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ABSTRACT 

The objective of this study was to enable the removal of developer depletion and diffusion 

effects (ie., adjacency effects) from noisy photographic images, thus, providing a potential for 

improvement in the reliability of restored object and aerial image estimates. The investigation was 

based on the use of a previously formulated image restoration model which characterized the 

exposure, latent image and development interactions of the photographic process in terms of 

statistical estimation theory. This study addressed the application and appropriate modification of 

the formulated model in the removal of adjacency effects from noisy images of selected line targets. 

Literature pertaining to the inital observations of adjacency effects, their recognition as a 

nonlinear chemical development effect and the pertinent models (forward) used to predict their 

effects was reviewed. This was followed with a review of the statistical restoration (inverse) model 

and its comparison to previously derived forward models. 

X-ray quanta exposures were then used to obtain noisy photographic images, free of optical 

scattering effects, for the purpose of empirically determining a chemical spread function to 

characterize chemical adjacency effects. Photographic images were obtained that contained lines of 

0.010,0.100 and 1.000 mm widths to enable comparison between the magnitude of the chemical 

spread function and the Eberhard effect. A segmented polynomial (cubic spline function) approach 

was used to calculate the chemical spread function. Separate light quanta exposures were used to 

obtain gross grain density sensitometric curves and noisy line images. The covering power 

relationship between mass of developed silver and diffuse density was empirically derived for 

Panatomic-X film processed without agitation in D-76 developer (diluted 1:1). 

xii 



Empirical verification of the statistical restoration model was achieved. Chemical adjacency effects 

were successfully removed from noisy line images using an appropriately scaled version of the 

statistical restoration model. The spatial frequency content of the noisy line images was 

approximately 1,10,15,20,25 and 40 cycles/mm. The proportionality factor, used to scale the 

chemical spread function required in the restoration model, was found to be equivalent to the ratio 

of the empirically derived chemical spread function and a magnitude estimate of the Eberhard 

effect The maximum diffuse density correction for edge effects was found to be 0.14, or 

approximately 11.1% of the gross grain density level, 1.20. Similiar diffuse density corrections for 

fine line images were found to range between 0.14 and 0.36, or approximately 11.1% to 28.3% of the 

gross grain density level associated with a specific line element 



CHAPTER 1 

INTRODUCTION 

Scientific applications of photographic film to obtain information about various object 

scenes have been well documented. In some of these applications, particularly in aerial 

reconnaissance and astronomical photography, the information gathering capability of the 

photographic material is stretched to its limits. Cases of very low contrast images nearing the 

sensitivity threshold of the film, resolution requirements limited by granularity and mensuration 

requirements of the order of a few micrometers are typical examples. Due to the importance of these 

applications analytic methods have been developed in an attempt to make maximum use of the 

recorded information. The evolution of these methods has required that they accurately model the 

complicated physical process that takes place during exposure and development of the material. In 

addition, that the resources required to use the model be reasonable for the application intended. 

The subject of this thesis concerns the development and application such a model. The 

inherent nonlinearities of the photographic process are investigated in the context of a model 

capable of enabling the restoration of noisy photographic images. 

Problem Definition 

The problem was to develop an analytical characterization of the photographic process 

sufficient to the task of obtaining a reliable estimate of the object that produced a noisy 

photographic image. Because the photographic image consists of a random distribution of silver 

grains, it is reasonable to expect that the restoration of a noisy image can be accomplished by the 

application of statistical estimation theory. An initial formulation of this kind has been developed, 
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predicated on a statistical model relating the developed image, the latent image, the exposure image 

and the estimated object (Burke, 1974). This study addresses the theoretical development and initial 

experimental investigation of a portion of this statistical model. Primary emphasis is placed on 

compensation for developer depletion and diffusion effects (ie. adjacency effects). Edge and line 

target x-ray exposures were used to quantify nonlinear diffusion effects. 

Restoration procedures were initiated by removal of these nonlinear effects from 

photographic line images without the requirement of noise smoothing procedures. Several 

assumptions made during the development of the model are reviewed in terms of experimental 

results. Several recommendations for future work are given to add ftjrther clarification to the limits 

to which this model can be applied. Extensive software was developed toward the application and 

understanding of the model. 

Historical Background 

Early scientific applications made use of only the large-area sensitometric characteristics of a 

photographic material (Hurter and Driffield, 1890). As time passed, however, changes in density 

level were observed that could not be explained by the theory of the characteristic curve. These 

effects were mainly attributed to local changes in the rate of development and inhibiting action of 

reaction products (Colson, 1898). 

The chemical nature of these effects was recognized but the details were disputed. One of 

the initial systematic studies of these effects provided the first densitometric evidence of their 

existance (Eberhard, 1912, and 1926). In these studies Eberhard referred to the "Nachbareffekt" 

which was translated as "adjacency effect". Further insight was then provided by many investigators 

and several descriptors were adopted such as Eberhard effect, Kostinsky effect, Ross effect and edge 

effects which include border and fringe effects (Barrows and Wolfe, 1971). 
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The true significance of adjacency effects was not appreciated until after the application of 

Fourier techniques in the analysis of optical systems (Duffieux, 1970; and Hopkins, 1950 and 1956) 

and television systems (Schade, 1951 and 1955). This approach was widely used in the 

characterization of optical and photographic systems (Fellgett and Linfoot, 1955; O'Neill, 1955; 

Marechal 1956; and Ingelstram, 1956). A thorough review of the overall significance of these and 

other investigators is well documented (Ingelstam, 1960; Mees and James, 1966; and Dainty and 

Shaw, 1974). 

Initial applications to the treatment of adjacency effects emphasized the caution that must be 

used in applying a linear systems theory to a nonlinear problem (Powell, 1959 and 1961; Hendeberg, 

1960). In the presence of adjacency effects the output spatial frequency response would not be 

independent of the input target as demonstrated by edge, line and sine wave input targets. Early 

mathematical models were proposed to predict the spatial frequency response, but none really 

described the overall physical process (Eyer, 1958; and Sayanagi, 1960). 

The first significant attempt at a physical description was Kelly's (1960) three- stage, 

nonlinear isotropic model. Kelly combined Fourier methods of system analysis with the large-area 

characteristic curve (zero frequency characterization) to obtain descriptions for three successive 

physical processes defined as optical scattering, large-area sensitometry and chemical diffusion. This 

was immediately followed by a description of experimental techniques that could be used for 

determining the optical scattering and chemical diffusion spread functions (Kelly, 1961). The model 

predicted output density values for given input exposure values and set the basic framework for 

future models. 

The chemical diffusion transfer function was considered as a negative feedback component 

of shorter bandwidth than that of the positive image component (Schade, 1974). The use of such a 

linear filter to represent the nonlinear diffusion process was further investigated with additional 

models proposed (Simonds, 1964; Nelson, 1971). 



4 

Simonds attempted to account for linear and nonlinear interactions by using optical and 

chemical spread functions that were combined prior to large-area sensitometric correction. Nelson's 

model expanded upon Kelly's (1960) third stage through the use of an isotropic nonlinear formula. 

The model predicted film density values corrected for adjacency effects for a given input exposure 

profile. It was very significant in that it related terms that represented image density values free of 

development retardation to an inhibitation or retardation term based on the use of a chemical 

spread function. Nelson experimentally verified that the model accurately predicted adjacency 

effects for edge exposures of moderate and low contrast The model was also used to predict the 

apparent overall system modulation transfer function (Higgins, 1971; Kriss, Nelson and Eisen, 

1974). 

A diffusion model was then presented that predicted adjacency effects in viscous 

development processes (Ehn and Silevitch, 1974). This model was not limited by an experimentally. 

detennined chemical spread function as were the previous empirical models of Kelly, Simonds and 

Nelson. This model, known as the Eikonix forward diffusion model, was based on dynamic rate 

equations describing the fundamendal diffusion process. The model is very detailed in its 

description of the process and apparently quite accurate. It represented the state of the art for 

modeling and predicting adjacency effects for given input exposures. 

Outline of Remaining Chapters 

In image restoration the objective is to predict (restore) the object from an image that may 

have been degraded by noise, nonlinearities or system bandwidth limitations. In terms of adjacency 

effects the purpose is to remove the inherent film processing nonlinearity from a given photographic 

image which may be substantially degraded by film grain noise and resolution limitations of the 

image forming system. 
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Burke (1974) had considered electro-optical image forming systems in terms of the 

restoration of blurred and noisy images. A statistical model based on a Unconditional Maximum 

Likelihood Estimator (U.M.L.E) was developed and experimentally verified for diffraction blurred 

images of stellar objects, line and bar images. 

Chapter 2 addresses the theoretical development of Burkes electro-optical restoration model 

and its application to the restoration of noisy photographic images containing adjacency effects. Its 

relationship to some of the previously developed historical models is systematically defined. Chapter 

3 presents the empiric.'J approach used to provide photographic images. These images were used to 

determine a required input to the model, the chemical spread function, as well as object images 

degraded by adjacency effects and film grain noise. The microdensitometer data sampling of these 

images and initial data preprocessing are discussed in Chapter 4. The data analysis required to 

determine the chemical spread function and the restored photographic images is reviewed in 

Chapter 5. In addition, the experimental verification of the model is provided. Conclusions and 

recommendations for future investigation are given in the final chapter. Appendices are included 

which review all significant mathematical developments supporting the statistical model. 



CHAPTER 2 

DERIVATION OF STATISTICAL RESTORATION MODEL 

Adjacency effects are reviewed in terms of their known modifications on edge and fine line 

images (Nelson,1971). The statistical restoration model, developed by Burke (1974), is then reviewed 

in terms of its proven application to the restoration of blurred and noisy images. The model is then 

extended to include photographic adjacency effects based on apriori knowledge of a chemical spread 

function. The functional steps of this model and some of the historical models reviewed in Chapter 1, 

are then compared. 

Edge and Line Effects . 

Consider the one-dimensional case of a sharp exposure boundary (edge) of figure 2.1. Once 

development has been initiated, more developer solution will be depleted on the side of higher 

exposure than on the side of lower exposure. Simultaneously, development inhibiting reaction 

products will build up at a much higher rate on the side of higher exposure than on the side of lower 

exposure. The development inhibiting reaction products from the side of high exposure and the fresh 

developer from the side of low exposure will diffuse in all directions. As some of the inhibiting 

reaction products diffuse across the boundary to the side of low exposure, they strongly inhibit 

development and cause a low density band, called the "fringe effect". At the same time, some 

relatively fresh developer diffuses across the boundary to the side of high exposure; this enhances 

development and produces a high'density band, called the "border effect". Both the "fringe effect" 

and the "border effect" are called "edge effects". 

6 
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Alternatively, the photographic lines of figure 2.2 serve to demonstrate the influence of 

adjacency effects on images of different sizes and at different exposure levels. For a given exposure 

level the density difference between edge and fine line images emphasizes the adjacency effect and 

creates the interesting sensitometric feature of small-area and large-area D-Log H curves. The 

adjacency effect on lines can be explained as a special case of edge effects since for wide lines the 

equivalent of two edges exist. Near the sides of the line the typical border and fringe effects occur 

while in the middle of the line a gross density trough exists due to the depletion of the developer, the 

creation of development inhibiting reaction products and the lack of fresh developer being able to 

diffuse over the long distance from the sides of the line. Alternatively, iines of narrow width (fine 

lines) do not have a large mass of silver being developed to cause depletion so that the constant 

supply of fresh developer enhances their development 

Definition of Terms 

The problem is to characterize the photographic process for the purposes of obtaining an 

accurate estimate of an ideal aerial image from a noisy photographic image. In applying statistical 

estimation theory to this problem a set of definitions were developed based upon the general 

schematic realization of the photographic process presented by Kelly (1960), but restructured in terms 

of a restoration process as indicated in figure 2.3. 

It is the relationship between the developed image and the ideal image that we desire. 

Consider that we take each of the schematic image spaces and conceptually divide them into an anay 

of smaller cells as indicated in figure 2.4. Then we count the number of photons (photo electrons) that 

could be detected in each cell during some finite exposure time. Based upon such an arrangement we 

can define the following quantities: 

= "ideal image" = number of photons that would be counted in the k^1 cell of the ideal 

(Gaussian) image of an unknown scene by a perfect quantum detector (unit quantum efficiency). 
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Cj = "exposure image" = number of photons (photoelectrons) counted in the j^1 cell of the 

actual imperfect image by an imperfect quantum detector. For the photographic case, we will assume 

that cj includes the effects of light scattering in the emulsion. The cells of the exposure image are 

large enough to contain many grains and the "photoelectrons" are conduction electron-hole pairs 

produced photoelectrical^ in the grains. 

fj = "latent image" = number of emulsion grains in the cell that have a probability 

greater than 1/2 of being developed, in the absence of adjacency effects. This also defines what is 

meant by a "developable grain". 

mj = "developed image" = number of developed grains in the i^1 cell (measured), 

gj = "large area grain density" = number of developed grains in the i^1 cell when the 

exposure is "uniform". 

sjk = "point spread function" ; The quantity Sj^ aK gives the expected number of photons 

(ensemble mean) from the k^ element of an ideal image scene that would be counted at the j^1 

element of the exposure image by a perfect detector. 

Ajj = "chemical spread function" ; The quantity fjAjj<mj> gives the most probable number 

of developable grains in the i^1 element of the emulsion that are not developed because of reaction 

products produced in the development of the j^1 element 

The ideal aerial image is what would be obtained for a perfect imaging system, ie., one of unit 

quantum efficiency and Kronecker delta spread function. Each quanta entering it from a given object 

element would be imaged at the geometrically conjugate image element. The ideal image, cr, would 

then contain <TJ, counts of quanta at the kdl element. If we can estimate the vector a with the 

components ctj, then we have all the pertinent information available for describing the object during 

the given exposure time. In addition, the actual object distribution, defined by <c> with components 
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<cj,>, can be estimated by recording an infinite number of ideal images, cr, and forming their cell-by-

cell (ensemble) averages, 

Optical Scattering Stage 

Burke's (1974) previously verified restoration model for blurred and noisy images applies 

directly to the optical scattering stage of the photographic restoration model. The emulsion spreads 

the quanta it collects from a given cell in the ideal image over several cells in the exposure image with 

a quantum efficiency of /?. This spreading is described by an optical point spread function s^ which 

in effect is a probability density function. It is the probability that a quantum from the ideal image 

cell k will be counted at the j^1 exposure cell. 

Thus, given the ideal image, cr, we characterize the most probable (the statistically expected) 

exposure image by the vector <e>, whose components <ej> are given by 

r 

<£j> = /? 2^ sjkffk 

where 

sjk = sjk = * 

The area under the point spread function follows from the conservation of energy. 

Note that this does not relate the actual exposure image, e, to the ideal image, cr. Such a 

deterministic relation cannot be defined. We cannot specify the exact location of a single quanta 

emitted by the ideal image in the actual exposure array. 

We can, however, look at the statistical relationships between the ideal image, tr, and the 

exposure image, e. Knowledge of the statistics, ie. mean, variance, etc. are based on knowledge of the 

probability density functions (p.d.f.'s) describing the process. 

Consider the conditional p.d.f. of the ideal image 

P(cr/<cr>) = P(cr,<a>) / P(<cr>) (2.2) 
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Neglecting the relatively minor consequences of photon correlations, we assume that the counts, ak, 

are statistically independent poisson variates with means, (Rice, 1954). Then the conditional 

p.cLf. becomes P(cr) given by 

P(cr) = n ((exp{-<<7k>} <ak>ak) / ak!) ' (2.3) 
K 

Since the quantum efficiency of detection, /?, is small for the photographic process, the 

exposure image can similiarly be described as 

P(e/<e>) = P(e) = n. ((exp{-<cj>} <ejA / cj!) (2.4) 

where 

<£j> = p 2k sjk«Tk 

We now have all the statistical relationships necessary to describe the diffusion model. An 

estimate of the ideal image, crk*, can be obtained through application of an Unconditional Maximum 

Likelihood Estimator (U.M.L.E.) (Middleton, 1960; Van Trees, 1968). This maximizes the joint 

probability density function (j.p.d.f.) for a given estimate, <jk*, of the random variable, ck (Appendix 

A). For the poisson models of e and cr, this leads to the estimates 

ffk* = <ak> exp{-/3 2. ((cj-<ej>) / <cj>) Sjk} (2.5) 

where 

<ej> = A2kSjkV 

This estimate yields a set of simultaneous nonlinear equations for of the unknown quantities 

crk* and <ak> in terms of the number and distribution of known recorded counts, cj, in the exposure 

cells. The cj are known since they are physical measures. The cell-by-cell statistical means, <ak>, of 

the ideal image, or, are unknown because we have based our theory on an experiment for which a 

single finite exposure time is used. Thus, there are twice as many unknowns as there are equations. 
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To overcome this problem we can make some assumption regarding the most likely estimate 

of the ideal image, ctj,. We employ the Poisson model which has equal mean and variance values. 

Assuming a most likely estimate of the ideal image, crj^, as being <crk>, use of the Poisson model 

yields an expected rms error of (Appendix B). It thus seems reasonable to seek a solution of 

Eq. (2.5) in which CTJ,* approaches <CTJc>. 

Applying iterative techniques to Eq. (2.5), we seek a new estimate of oj/n+^ based upon 

the previous estimate of used on the right-hand side. Initially we assume that the best estimate 

of ajr is the data ej. Thus, the first estimates can be stated as ak* = <cr^> where 

= 2. Sjj,ej (2.6) 

<ej> = 2^ sjk<<Tk°> 

The total number of counts, 2 are preserved from each iteration to the next. The 
n A 

recursive relation for the (n+1) estimate is, thus, 

*k(n+1) = °k(n) exp{-/? 2. ((ej / fi 2j Sjjo/*)) -1) sjk} (2.7) 

with 

2  a k ( n >=2.e :  
k *• j •> 

Chemical Diffusion Stage 

The statistical methods applied to the optical diffusion model can similiarly be applied to the 

chemical diffusion stage. There is, however, greater difficulty due to the combination of the statistical 

nature of the latent image process and the nonlinear chemical diffusion effects. 

The primary process, latent image formation, cannot be observed and absorbed quanta in an 

exposure cell do not necessarily lead to the formation of silver atoms in that cell. The theory of latent 

image formation initially proposed by Gumey and Mott (1938), and supported by considerable 

experimental evidence (Mees and James, 1966, pg. 90), defined the basic process. 
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A photoelectron, raised to the conduction band of the silver halide crystal by the absorption of 

light quanta, migrates to a preferred site on the grain. A silver ion is then attracted to the site and 

, combines with the photoelectron to form a speck of silver. The process repeats, with the absorption of 

more light quanta, until a stable latent image is obtained. Thus, a minimum of several quanta must be 

absorbed to obtain a stable latent image. Actually, more are required, since all of the absorbed quanta 

and all of the photoelectrons subsequently produced do not necessarily contribute to latent image 

formation. The primary process is therefore one of low quantum efficiency. 

A secondary process, chemical amplification (development), then transforms the silver halide 

crystal to a silver grain. During this secondary process developer depletion and the formation of 

development inhibiting reaction products produces a nonlinear change in the rate of development. 

Thus, development based on the statistics of the latent image formation step is altered in a nonlinear 

fashion. 

The absorption process can be characterized in terms of the latent image, fj which describes 

the number of developable grains in the j^1 cell of the exposure image. By latent image we mean "any 

exposure-induced change which increases the development probability from < 0.5 to > 0.5", when 

developed in the absence of adjacency effects (Mees and James, 1966). Note that since the silver 

halide crystals are randomly distributed in the emulsion, fj is not a deterministic quantity. Also, the 

one dimensional realization of a developed latent image is a fine line image which includes 

photographic grain noise. This definition allows us to describe the latent image in terms of developed 

silver grains per unit area (mass of silver). 

In general, the developed image can be defined in terms of mj, the measured number of 

grains per unit area that are actually developed in the i^1 cell. Also, a third function, gj, will be used 

to describe the number of grains per unit area that would be obtained for large areas of uniform 

exposure, (ie. large area sensitometric characteristics). 



The functions m, f and g are interrelated stochastic processes. They are best remembered as 

follows: m is the measured grain density; g is the gross scale grain density; and f is the fine scale 

grain density that would be obtained in the absence of adjacency effects. 

In the primary process, f, the grains are distributed at random over a very large area with 

independent and identical statistics. The grain locations in each cell can be described by Poisson 

statistics (Benton, 1971; O'Neill, 1963, pp. 115-120). Since the number of incident photons per unit 
* 

area during exposure time is also Poisson (Rice, 1954), we can characterize the latent image, f, as 

being a compound Poisson process (Feller, 1968, pp. 288-293). 

The measured density, in, is a much more complicated process. In the absence of adjacency 

effects it could also be described as a compound Poisson process because the measured number of 

grains in the i^1 sample, rrij, would depend only on the number of developable grains, fj, in that area. 

However, the developer depletion and reaction products alter the number of developed grains, mj, in 

the final image. The most accurate method used to account for the process would be in terms of the 

time rate of change, during development, of the probability that a grain in the i^1 sample would 

develop. However such a method would involve solution of stochastic partial differential equations. If 

we assume that the effects of chemical diffusion are small with respect to the initial strength of the 

developer, as is usually the case, then their major effect on the statistics of mj is that of reducing the 

mean <mj>. This allows the characterization of adjacent samples, mj and mj, as being statistically 

independent. They are weakly correlated over the area of the chemical spread function (diffusion 

reaction products). 

Based on this assumption the average adjacency effect (expectation value) can be described as 

<mj> = fj(a-2. Ajj<mj>) (2.8) 

The term af- represents the number of grains that would be developed in the absence of 

adjacency effects, where a is a constant determined for particular film/developer combinations and 



18 

development time. The term f;2. A::<m:> gives the average number of developable grains that are 
j 

inhibited bccausc of adjaccncy effects, where the matrix Ay describes the adjaccncy effect in terms of 

a chemical spread function (CSF). Such a description indicates the nonlinear relationship between the 

average number of developable grains <mj> and the latent image as expected from previous 

experimental efforts (Nelson, 1971). It also indicates that the chemical development depends upon 

* 

the random variable describing the number of developable grains in the latent image, f, not on the 

ensemble average of the latent images, <f>. 

Additional insight to this description can be gained by reconsidering the edge effect depicted 

in figure 2.1. Now, however, consider the edge in terms of the density levels that would be obtained 

after development in both the presence and absence of adjacency effects as shown in figure 2.5. In the 

absence of adjacency effects, ie. developer depletion and migration effects, a higher density level, f, is 

obtained on both sides cf the edge. When we include developer depletion, but no migration, a lower 

density level, g, is obtained on both sides of the edge. This represents the gross grain solid area 

density. When development depletion and migration are included we obtain the developed image, 

m, characterized by the expected fringe and border effects. 

In the case where we have a uniform exposure (regions I and V of figure 2.5) the measured 

grain density, mj, is equal to the gross grain density, gj, characteristic of the large-area sensitometric 

curve. In terms of Eq. (2.8) this means that <m^> = <mj> for all j within that area spanned by the 

chemical spread (unction. Since the term 2 Ajj<mj> is a convolution process and <mj> = gj, a 

constant, Eq. (2.8) reduces to 

<gj>= fjta-A^) (2.9) 

<gi>= <*$/(! + Afj) 
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Fig. 2.5. Edge effect 
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where 

A = 2. A;: = //A(x,y)dxdy 
J y 

To express the measured grain density, <mj>, in terms of the gross grain density, <gj>, for the 

entire edge profile (regions I through V of figure 2.5), we solve Eqs. (2.8) and (2.9) for the fine grain 

density, fj, and equate to obtain 

<mj> = <gj>(a-2. Ajj<m.j>) / (a-A<gj>) (2.10) 

The relationships between the important physical stages are now defined in terms of the 
* 

statistically independent Poisson-distributed random variables, m, f and g. The U.M.L.E. can again 

be applied, as in the case of the optical diffusion stage, to maximize the j.p.d.f..of the latent image, fj, 

and the measured grain density, rrij. Thus we want 

P(m,f) = P(f) P(m/f) (2.11) 

A  

The conditional p.d.f., P(fn/f) is based on the previous assumptions that the measured 

number of developable grains, mj, are uncorrected Poisson-distributed random variables with means, 
* 

<mj>, which depend upon all the components of f. Thus, 

M 
P(m/f) = n. , P(mi/<mi(f)>) (2.12) 

i= l  1  1  

P(m/f) = n M (exp{-<m^>} <mj>m^ mj! 

The latent image follows from these same assumptions, so that 

XT f 

p(0 = n._i (exp{-<fk>}<fk> k) / f k !  (2.13)  

Then the U.M.L.E., fk*, that maximizes the joint p.d.f., given by Eq.(2.11), can be shown to 

yield (Appendix C) 

fk* = fk exp{S. ((mr<mj>) / <mj>) a<mj>/ 9fk| f _ f »} (2.14) 
1 K Jl 
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which is dependent upon the rate of change of the measured mean grain density with respect to the 

individual components of f. An explicit expression for this derivative can be obtained from Eq. (2.8) 

using the assumption that the adjacency effect is small so that the quadratic and higher order terms 

can be neglected (Appendix D). This yields 

3<mj>/ 3fj, = (a-2. Ay<m.j>)Sy, - <mj>A^(a-2^ Aj,j<mj>) 

/ (a-2. Ajj<mj>) (2.15) 

which, when inserted in Eq. (2.14) provides the U.M.L.E. of, 

fj,* = fj, exp{(a-2. Aj,j<mj>) (((mk-<mk>)/ <mj,>) 

-2. (((mi-<mi>)/ Aik)/ (a-2. Ajj^)))} (2.16) 

This set of nonlinear equations is similiar to those of Eq. (2.5) which defined the ideal image 

estimate, b, in terms of the exposure image, e. Proceeding as before and assuming that the most likely 

latent image estimate, fk* is its mean value, <fj,>, we have 

fk* = <fk> (2.17) 

and 

mk = <mk> 

An iterative solution for fj^n + ̂  could be obtained from fj^. Then Eq. (2.9) would be 

utilized to obtain an equivalent gross grain density, <gk>, in terms of fj,*. The gross grain density 

would then be related to the exposure, ej, through the use of the characteristic curve. 

The application of such a procedure would be quite time consuming and costly due to the 

complexity of the iteration procedures involved in estimating the latent image, fk*. It is quite possible 

that such a procedure would only be necessary when very large adjacency effects are present 
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Looking again at Eq. (2.16) we see that the best estimate of is fj. multiplied by an 

exponential describing the chemical spread function effects in terms of the noisy image (mj-<mj>). 

If we ignore the noise in this stage and project it all to the exposure image, the iterative relations there 

will treat it as if it were quantum noise in the exposure. In this case the best estimate of fk* is 

fj," = <fj,> for mj, = <mj->. Then from Eq. (2.8) 

fj,* = mj/ (or-2^ Ajy-nij) (2.18) 

and from Eq. (2.9) 

<gj,> = affc*/ (1+Afjr*) = amj./(a+Amj,*2^ Aj^mj) (2.19) 

We now have an explicit measure of the gross density in the sample in terms of the 

measured grain density in all samples. 

Photographic System Model 

The photographic system model can now be described it terms of Eq. (2.7), Eq. (2.19) and the 

characteristic curve. The covering power relationship 

mk = Pdk
p (2.20) 

where 

mk = mass of silver per unit area (grain density) 

dk = diffuse film density 

P = photometric equivalent 

n = nonlinear exponent determined from experimental measurement 

The overall systems model then reduces to a "recipe" consisting of the following explicit 

relationships as schematically represented in figure 2.6. 

1. Conversion of photographic image diffuse density values, , to equivalent mass of 

silver/unit area, fn, using the covering power realtionship, Eq. (2.20). 
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Fig. 2.6. Burke's photographic system restoration model. 
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2. Determining the gross grain density, <g>, (equivalent to the estimated latent image, f*) 

using Eq. (2.19). 

3. Converting the gross grain density, <g>, (mass of silver/unit area) to an equivalent gross 

diffuse density using the inverted covering power relationship based on Eq. (2.20). 

4. Converting the diffuse density values, <dg>, to equivalent exposure values, e, using the 

characteristic curve. 

5. Estimating the ideal image, cr, from the equivalent exposure, e, using the nonlinear iterative 

set of Eqs. (2.6) and (2.7). 

The effects of the characteristic curve are well known (Mees and James, 1966 and Nelson, 

1971) and the optical scattering stage has been previously verified (Burke, 1974). Thus, the main 

emphasis of this research involves the investigation of steps 1 through 3. This will provide a 

preliminary verification of the chemical diffusion portion of the model. 

System Model Comparisons 

The photographic system model based on statistical theory is unique in that it addresses the 

restoration of noisy images influenced by adjacency effects. The models that existed prior to the 

derivation of the statistical restoration model were mostly forward-working models in that they 

predicted an image given an input exposure profile uncorrupted by large amounts of photographic 

noise.The reverse-working restortation models did not account for photographic grain noise. 

Nelson's model (1971) was the most accurate forward-working model due to the proper use of 

the large-area sensitometric stage to separate the optical scattering and chemical diffusion stages and 

the conversion of diffuse densities to mass of silver units. Nelson predicted the ensemble averaged 

gross grain density, <m(x)>, given the input exposure profile and an empirically determined chemical 

spread function. Schematically, the model can be represented as shown in figure 2.7. 
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Assuming an input edge exposure profile and a typical large-area sensitometric curve the 

input to the chemical diffusion stage consists of a density edge profile. Converting the density edge 

profile to mass of silver units yields the basic form of Nelson's chemical diffusion stage: 

<m(x)> = <g(x)> + B<g(x)>2 • <g(x)>/b(£)<g(x-£)>d£ (2.21) 

where 

<m(x)> = ensemble averaged measured mass of silver/ unit area 

<g(x)> = ensemble averaged gross grain mass of silver 

b(£) = chemical spread function (CSF) 

B = area under chemical spread function 

Nelson verified that this model accurately predicted adjacency effects for edges of moderate contrast. 

Burke's model can be related to the forward prediction of Nelson's by comparing Eq.(2.21) to 

Eq.(2.10) and assuming relatively small adjacency effects, ie. A<gj> < a, (Appendix E). 

<mj> = <gi> + (A/a)<gi>2 - <gi>2j(Aij/a)<gi> + (2.22) 

The assumption A<gj> <a tends to reduce the effects of the last term of Eq.(2.22) making the two 

relationships nearly identical for the case of relatively small adjacency effects. Since Nelson indicated 

that his model predicted densities containing larger errors for higher contrasts, it is probable that the 

last term of Eq. (2.22) will provide a more accurate estimate. It should also be noted that the two 

chemical spread functions are related by the proportionality factor, a, and are equal only for the case 

a =1. 

Just prior to Burke's publication, Ehn and Silevitch (1974) published a forward model based 

on an approximate solution of a formal chemical diffusion model (this model was derived 

independently of Burke's at about the same time). The formal diffusion model was very rigorous due 

to its characterization of the rate of development by the use of partial differential equations. It used 

the approximation that a small area mass of silver, N(§), convolved with a chemical spread function, 
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K0(s), (consisting mainly of low spatial frequencies) could be replaced with a large-area mass of 

silver, Nj(s), convolved with the same chemical spread function. Using this approximation the model 

reduced to 

N(s) = Nj(s) (l-exp{-A+kK0(s) ®nj(s)})/ (l-exp{-A+kNj(s)}) (2.23) 

where A and k are constants and K0(s) is a unit area chemical spread function. All are empirically 

determined for a given development process. Schematically the model can be represented as shown in 

figure 2.8. Under the restrictive conditions of low contrast edges the model has also been shown to 

reduce to a form equivalent to Nelson's model. 

More recently, the inverse of this model has been derived in order to obtain the effective 

exposure distribution corresponding to a given optical density (Silevitch, Gonsalves and Ehn, 1977). 

The derivation requires solution of the nonlinear integral Eq. (2.23) when the denominator is taken as 

a point nonlinearity 

f(x) = x/(l-exp{-A+kx}) (2.24) 

which yields 

fCNj(s)) = N(s)/ (l-exp{-A+kK0(s) ®N^)}) (2.25) 

The procedure, as shown schematically in figure 2.9, would normally require an iterative 

solution. Such an approach has been shown to work with reasonable accuracy in approximately 15 

iterations and is still a topic of current research. However, a "one-shot" inversion technique was also 

developed based on the assumption that the small area mass of silver, N(s), could be used as the 

initial estimate of the large area mass of silver, Nj(s), required by the right side of Eq. (2.25). This 

estimate is made assuming that the convolution with the chemical spread function will smooth the 

resulting error. 
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The model, using this assumption, has been demonstrated to provide quite accurate results for 

an edge, a sinusoid distribution and a more general scene consisting of a combined edge, trianglular 

function and line exposure. The model has also demonstrated some noise suppression due to the use 

of the convolution process with the chemical spread function. It was not, however, intended to 

perform an optimization of restored images degraded by noise. 

The use of rigorous development rate equations to model the physical process suggests that a 

high level of accuracy should be obtained. However, a realistic tradeoff must be made for this 

accuracy due to the complexity of the solution even with the use of a "one shot" inversion technique 

and the computer time required for data reduction and evaluation of the nonlinear coefficients. 

Comparison of figure 2.6 and 2.9 indicate the additional steps required by this iterative technique. 

Although a thorough experimental comparison of all the models is desireable it is beyond the 

scope of this research. The state of the art is adequately identified by the preceding review of the 

theory of Burke's model and a relative comparison to all other known models. The experimental 

requirements to provide preliminary verification of the chemical diffusion stage, as suggested by this 

theory, must now be considered. 



CHAPTER 3 

EXPERIMENTAL APPROACH 

The experimental approach is reviewed in terms of overall design considerations, 

descriptions of the important laboratory apparatus and the film exposure/processing procedures 

used to obtain developed film images that satisfy the requirements of the statistical restoration 

model. The chemical spread function is the most important variable in experimentally evaluating 

the removal of adjacency effects for this model. Thus, the emphasis of the experimental approach 

was on the accurate evaluation and use of this variable. 

Experimental Design 

The experimental design was based on the verification of the statistical restoration "recipe" 

given by Eq. (2.19). There are primiarly two data sets that are required by this model and, thus, two 

experimental procedures to be. considered in the overall design. The first involved the method used 

to determine the chemical spread function, which describes the primary chemical diffusion process. 

The second was concerned with the generation of film images such that a variety of images were 

available to allow comparisons to the types of images analyzed by some of the historical models. 

Nelson's (1971) publication contained a very detailed account of the experimental 

procedures used to obtain chemical spread functions. Calibrated x-ray exposures of edge targets 

provided images with very sharp boundaries due to the efficient absorption of x-ray quanta by 

photographic films. Optical scattering phenonena, typical of light quanta exposures, did not occur 

with x-ray quanta. Even relatively small amounts of secondary radiation at higher exposure levels of 

x-ray quanta provided very little change in edge and line boundary widths. Based on these results 

31 
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Nelson's procedure was selected for determination of the required chemical spread functions. In 

addition, it should be noted that Nelson's chemical spread function, for a given film/developer 

combination, is simply a scaled version of that required by Eq. (2.19) as previously indicated by 

comparison of Eq's. (2.21) and 2.22). Several exposure levels were considered to ensure that 

variations in shape and area of the chemical spread function could be investigated. 

The method selected to generate film images consisted of light quanta exposures with an 

object target in direct contact with a black and white negative film material. The target was 

illuminated by incident plane waves to provide a uniform distribution of energy and unity 

magnification. Thus, the target was representative of the true aerial image profile. This eliminated 

the potential requirement of calculating aerial image degradation in terms of system transfer 

functions and magnification scale factors. 

In addition to the gross grain density values provided by edge targets exposed to x-rays, it 

was important to obtain fine detail line density profiles from variable width line targets exposed to 

x-rays. This enabled the investigation of the Eberhard Effect so commonly associated with adjacency 

effects. It also allowed comparison with Nelson's observations on the relationship between the 

resultant magnitudes of the fine line and gross grain film density values. 

Radiometric Sources 

X-ray quanta exposures were produced using a Bracke-Seib X-Ray Unit and a target/film 

holder apparatus similiar to the one described by Sherwood (1967), The unit contained a General 

Electric CA-7 x-ray diffraction tube, a beryllium window and a tungsten target with a 0.10 mm. x 10 

mm. projected focal slit The projected focal slit was located a distance of 76 cm from the film 

exposure plane. All exposures were made using a 20 kv peak voltage without filtration. The film 

platen was designed to hold 35 mm film strips in a vacuum cassette. Registration pins were provided 

to position the film accurately during exposure. 
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The light quanta exposures were produced using the contact printing technique with a point 

source. The selection of a point source, as opposed to a collimated projection system, simplified the 

experimental procedure. The point source consisted of a General Electric, 250 watt, frosted light 

bulb placed direcdy behind an opaque surface containing a 3 mm pinhole. The point source was 

placed 152 cm from the film plane which consisted of a vacuum cassette that held the target master 

in contact with a 35 mm film strip. The ratio of the source to film plane distance and the pinhole 

diameter was 1520/3 507. Thus, the illuminated pinhole is an accurate representation of a point 

source over a region approximating 50 mm in diameter on the film plane (Smith, 1966, pg. 182; 

Wyatt, 1978, pg. 44). 

The uniformity of the illumination was measured at 10 mm spacings across the film plane 

using an E.G. & G. Model 550-1 Radiometer/Photometer with a 1 mm detector aperture. An 

average of three measurements were taken at each individual location to provide the illumination 

contour plot given in Figure 3.1. A region 5 cm in diameter, centered on the optical axis, was found 

to provide a uniform illumination with a maximum error of 1.0 %. 

Object Target Descriptions 

The object test target used for x-ray exposures was similiar to those described by Sherwood 

(1967) but of fixed width. It was made of two platinum alloy layers surrounding a precison ground 

steel block, as shown in Figure 3.2. The test target consisted of a "tri-slit" arrangement in that three 

fixed width slits were physically located on a single target and abutted along their lengthwise 

dimension, as shown in Figure 3.3. The slits were 10,100 and 1000 micrometers in width and each 

was 10 mm in length. Thus, all x-ray line images were simultaneously exposed and all fit within the 

width of a 35 mm film strip. The 75 micrometer thickness of the platinum slits was based on the 

tradeoff of making the slits thick enough to eliminate the transmission of low concentrations of x-

rays, yet thin enough to minimize reflection and scattering of x-rays off the vertical faces of the slits. 



Fig. 3.1. Illumination contour plot. 

The test target used for light quanta exposures had to be capable of providing a variety of 

high contrast images and yet be small enough to be contained in the 50 mm diameter region of the 

film plane that satisfied the point source approximations. It was preferable to use only one target to 

minimize the number of exposures and thus the amount of film to be processed. It was also 

desireable to process all x-ray and light quanta exposed film simultaneously to eliminate film 

density variations due to processing differences. In view of these requirements, an Ealing 

Corporation High Resolution Test Target was selected. 

The Ealing target consists of three groups of high contrast bar targets covering an area 16 

mm x 16 mm centered in a 50.8 mm square of 1.52 mm thick glass plate. Each of the three groups 

has eleven sets of fifteen bar targets providing a spatial frequency range for all groups of from 1 to 

1000 line pairs per millimeter (lp/mm), as indicated in Table 3.1. The frequency ratio between 

successive sets is 10 and the density difference between opaque and transparent regions is greater 

that 2.0. The maximum variation in width between light and dark bars is less than 5 % over the 1 to 

300 lp/mm range. The bars contained in this spatial frequency range provided all the images 

necessary to compare fine line and gross grain film density values. 
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Table 3.1. Resolution target spatial frequency values. 

Group 1 Group 2 Group 3 

1.00 10.00 100.00 

1.26 12.59 125.90 

1.58 15.85 158.50 

2.00 19.96 199.60 

2.51 25.12 251.20 

3.16 31.63 316.30 

3.98 39.82 398.20 

5.01 50.14 501.40 

6.31 63.13 631.30 

7.95 79.48 794.80 

10.00 100.00 1000.00 

Film and Process Selection 

The selection of film type and processing conditions was based primarily on obtaining 

images that contained significant amounts of adjacency effects. In addition, a commerically available 

35 mm film size was preferrable to simplify film procurement and to fit available film vacuum 

cassettes. Films capable of providing very high resolving power were not required since the 

adjacency effect has been observed in films of lower resolution. However, it was desireable that the 

resolving power exceed the 100 lp/mm resolution required by the 10 micrometer line widths used 

for x-ray quanta exposures. 
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The film and developer selected were Eastman Kodak Panatomic-X processed in D-76 

(diluted with an equal amount of water). Panatomic-X developed in D-76 (1:1), using brush or 

continuous agitation, was known to exhibit strong spatial interactions due to adjacency effects 

(Simonds, 1964 and 1965; Nelson, 1971). However, it was decided to develop the film without 

agitation since this would amplify the magnitude of the adjacency effects previously obtained by 

Simonds and Nelson (Wolfe and Barrows, 1947). 

Published data was not available that accurately described the resolving power or the 

modulation transfer function of Panatomic-X exposed to an object target contrast of greater than 

100:1 and processed without agitation of the developer. This was not unreasonable since films are 

typically processed with agitation. However, the apparent modulation transfer function (includes 

optical scattering and chemical diffusion) for Panatomic-X, processed in D-76 (1:4) for 7 minutes 

with continuous agitation, was known to have a cutoff frequncy (modulation transfer factor 10 %) in 

the range of 170 -180 cycles per mm as shown in Figure 3.4 (Nelson, 1971). The elimination of 

development agitation would tend to localize the development and enhance adjacency effects 

(Wolfe and Barrows, 1947) while significantly reducing the gross grain sensitoinetric response (Mees 

and James, 1966, pg. 357). The reduced sensitometric response would reduce the absolute value of 

the zero-frequency components of the image. Thus, it was expected that the apparent transfer 

function would be bandlimited to a considerably lower cutoff frequency. An indication of this 

frequency response was provided by the film images of the high resolution test target exposures. 

Experimental Procedure 

Initial sensitometric exposures were made to define the desired exposure levels for both x-

ray and light quanta exposures. These were followed by an additional sensitometric exposure series 

and then the final target exposure series. 
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Fig. 3.4. Apparent modulation transfer function for E.K. 

Panatomic-X for two development conditions (Nelson, 1971). 

t 
The sensitometric x-ray quanta exposures were made using a 10 mm x 30 mm platinum slit 

target master with exposure times as indicated in Table 3.2. The construction of the target was 

similiar to that shown in Figure 3.2. Several exposure levels were used to ensure that gross diffuse 

density values in the approximate range of 0.6 to 1.5 were obtained. This would allow subsequent 

comparison of chemical spread functions for several exposure levels without the high density peak 

of the edge effect or the maximum fme line density value from reaching the saturation level of the 

film/developer combination. The final x-ray exposures were then made using the target shown in 

Figure 3.3 over the exposure range identified by the sensitometric phase. 

The sensitometric light quanta exposures were made using a calibrated Eastman Kodak 

Sensitometric Step Tablet No. 5. The step tablet contained 11 M-type carbon density steps 

laminated in acetate with nominal increments of 0.3 density units. An initial exposure of 16 seconds 

provided a characteristic curve with a sufficiently large exposure latitude to allow selection of the 

final high resolution test target exposures as given in Table 3.2. 
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Table 3.2. Experimental exposure and processing parameters. 

Exposure Parameters 

Target Radiation Type Time 
(Seconds) 

Sensitometric Slit X-Ray (20 kv., 20 ma.) 0.5,1,4,16,64,128 

Tri-Slit X-Ray (20 kv., 20 ma.) 0.5,1,4,16,32,128 

Carbon Step Tablet Photometric 16 

High Resolution Photometric 1,2,4,8,16 

Processing Parameters 

Step Chemical Time Temperature 

Development D-76 (1:1) 7min. 20 deg. C 

Stop SB-1A 30 sec. 20 deg. C 

Fix Rapid Fix 5 min. 20 deg. C 

Wash Water 30 min. 20 deg. C 

Rinse Photo-flo lmin. 20 deg. C 
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All of the final x-ray and light quanta exposures, including sensitometric replicates, were 

contained on 35 mm film strips and exposed for similiar time intervals to eliminate possible density 

variations due to reciprocity law failure (Mees and James, 1966, pg. 132). The film strips were taped 

together, lengthwise, and processed simultaneously in an Ansco 35 mm processing tank. All of the 

exposed film was processed within one hour of the first exposure to minimize latent image decay. 

The processed sensitometric step tablet images were immediately measured on a MacBeth TD-203-

A Quanta Log Densitometer to ensure that the desired gross diffuse density values were obtained. 



CHAPTER 4 

DATA SAMPLING AND PREPROCESSING 

In preparation for use of the image restoration "recipe", Eq.'s (2.19) and (2.20), the 

experimental data was digitally sampled and some preprocessing functions were performed. This 

included selection and calibration of two microdensitometer scanning systems and conversion of 

diffuse density values to equivalent mass of silver units. The procedures used to perform these data 

sampling and preprocessing tasks are discussed in the following sections. 

Description of Microdensitometer Systems 

The conversion of the experimentally derived photographic images to digitally sampled data 

files was performed using two digital microdensitometer scanning systems. The x-ray exposed line 

images and the high resolution line image groups, representing spatial frequencies greater than 10 

lp/mm (groups 2 and 3), were digitized using a Mann-Data Micro-Analyzer operated by Mead 

Technology Laboratories in Dayton, Ohio. The 1 lp/mm resolution target image element (group 1, 

element 1) was digitized using a modified Zeiss SPM05 microdensitometer system provided by Xerox 

Coiporation and located in Webster, New York. 

Exact specifications and some applications of both instruments have been well documented 

and will not be reiterated in this discussion (Data Corporation, 1970; Butler, 1973; Swing, 1976; 

Lehmbeck and Jakubowski, 1979). It is sufficient to state that both instruments have overall system 

transfer functions that exceed the necessary resolution limits required by this study. Also, each has a 

film stage capable of holding the photographic film very flat and translating it in increments of less 

than 0.001 mm with sufficient precision. Each instrument was independently calibrated, in terms of 

41 
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overall system transfer function response, for the conditions under which it was used. The results of 

the tests are reported following a discussion of digital scanning parameteric requirements. 

Data Sampling Requirements 

The selection of the microdenstiometer parameters used for the scanning of the photographic 

images was governed by two factors. First, the necessity to satisfy the requirements of the Whittaker-

Shannon sampling theorem (Bracewell, 1965, pg.189-215; Goodman, 1968, pg. 21-25) and second, a 

desire to eliminate a number of data preprocessing steps usually required for the correction of the 

optical transfer function associated with a digital scanning microdensitometer (Jones, 1967; 

Schowengerdt, Antos and Slater, 1974; Schowengerdt, 1975). 
1 

Sampling Theorem Requirements 

The maximum spatial frequency contained in the photographic images must be less than the 

resolution limit of Panatomic-X processed under the development conditions described in Chapter 3. 

An estimate of this value was obtained by reading the resolution value of the high-resolution target 

images. 

A monocular Bausch and Lomb microscope with a total magnification of 250X (12.5X 

eyepiece and a 20X objective with a 0.4 numerical aperture) was used to view the resolution target 

and a photographic film image. The original target was observed to provide 1000 lp/mm (Group 3, 

line number 1) as specified by the manufacturer. This ensured that the target and the microscope 

would not be the limiting factors of the observed resolution on the film. The maximum resolution 

observed on the photographic image of the high resolution target was 100 lp/mm (Group 2, line 

number 11). 

Based upon this estimation of the maximum resolution of the film, the maximum dimension 

of the aperture used for microdensitometer measurements could be no greater than 0.010 mm. To 
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satisfy the sampling theorem a maximum sample spacing of 0.005 mm would be required, assuming a 

bandlimited frequency response. 

Digital Preprocessing Considerations 

Fulfillment of the minimum requirements of the sampling theorem typically requires the 

necessity of additional data preprocessing steps. Under this condition the overall transfer function of 

the microdensitometer system, determined by the product of the optical transfer function (OTF) of 

the microdensitometer optics and the spectrum of the scanning aperture, has a cutoff frequency just 

exceeding the desired cutoff frequency of the photographic film image. Thus, during the digital 

sampling process the higher frequnecy components contained within the photographic film images 

are significantly attenuated. This attenuation is removed by dividing the overall OTF of the 

microdensitometer system into the discrete Fourier transform of the transmission values of the 

digitally sampled image. This correction stage is absolutely necessary if the intent of the task is to 

accurately determine the MTF of an imaging system or some photographic film. 

However, this study is primarily interested in the influence of adjacency effects on 

photographic film images which are known to enhance images containing reasonably low spatial 

frequency content (Nelson,1971). Thus, it seems reasonable to select the scanning parameters such 

that the OTF of the microdensitometer system meets the minimum requirements of the sampling 

theorem for the cutoff frequency of the film and, in addition, provides a minimum attenuation 

(approximately less than 10 percent) in a specified lower frequency band. Under such conditions the 

influence of adjacency effects on photographic film images could be analyzed without the necessity of 

correcting for the microdensitometer OTF. Image degradation that might result in the higher spatial 

frequency range would be less dependent on adjacency effects and not important to the purpose of 

this investigation. 
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Selection of Film Scanning Parameters 

The scan apertures and sample spacings that were selected for the microdensitometer scans 

were based on the image content of specific film areas and on the previously described data 

sampling and preprocessing considerations. The selected image scanning parameters are summarized 

in Table 4.1. 

The photographic image areas of interest consisted of the variable width (0.010,0.100,1.000 

mm) x-ray exposed line set and selected 1 lp/mm to 100 lp/mm line groups obtained from the high 

resolution test target images. 

Table 4.1. Microdensitometer scanning parameters for film images. 

Imagery Micro Objectives Scan Aperture Sample 

Type densitometer Influx Efflux Geometry Size Spacing 

Type (Mag./ N.A.) (Mag./ N A.) (mm.) (mm.) 

Inconel-edge Mann-Data 10 X/0.25 10 X/ 0.25 rectangular 0.001x0.080 0.0005 

X-Ray slits Mann-Data 10 X/0.25 10 X/0.25 rectangular 0.001 x 0.080 0.0010 

Inconel-edge Mann-Data 10 X/ 0.25 10 X/ 0.25 circular 0.005. 0.0025 

Resolution 
target 

Mann-Data 10 X/0.25 10 X/0.25 circular 0.005 0.0025 

Photographic 
edge 

Zeiss 8 X/ 0.20 4 X/ 0.10 rectangular 0.005 x 0.080 0.0025 

Resolution 
target 

Zeiss 8 X/ 0.20 4 X/ 0.10 rectangular 0.005 x 0.080 0.0025 



45 

The x-ray exposed line images contained large aspect ratios due to their 10 mm length, as 

shown in Figure 3.3. This length was much larger than the distance over which development diffusion 

and depletion effects could occur for panatomic-x film. Thus, the central region of these line images 

could contain only one dimensional (perpendicular to the length of the line) edge and Eberhard 

effects. Microdensitometer scans on these regions were performed with a one dimensional slit 

aperture. 

A 0.001 mm slit width was selected for these image scans since exposures to x-ray quanta 

exhibit far less optical scattering than images exposed to light quanta. This aperture width is typical of 

that used by Nelson (1971) and should eliminate image degradation below approximately 100 

cycles/mm caused by the microdensitometer OTF degradation. The 0.001 mm sample spacing was 

sufficiently small to accurately locate the high density cusp (a characteristic of the edge effect) of the 

1.000 mm lines and the central peak of the 0.010 mm lines. The equivalence of the sample spacing 

and the scan aperture width did not create an alaising problem since the effective cutoff frequency of 

the film (ignoring film grain noise) was approximately 100 cycles/mm. The slit length was set at 

0.080 mm to reduce the film grain noise. 

The 1 lp/mm resolution target images were also scanned with a one dimensional slit aperture. 

Again, the aspect ratio of these line images were sufficient to allow for investigation of one 

dimensional edge effects. However, since these images were created through exposure to light quanta, 

having greater optical scattering properties, the selected slit dimensions were 0.005 x 0.080 mm. .The 

sample spacing was 0.0025 mm to satisfy the sampling theorem requirements. 

For the higher spatial frequency line image groups, 10 lp/mm and greater, a 0.005 mm 
i 

circular scanning aperture was selected with a sample spacing of 0.0025 mm. The entire central 

portion of the high resolution test target image, groups 2 and 3, was sampled two dimensionally to 

allow for subsequent analysis over a wide range of line image sizes. 
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Microdensitometer Calibration Test Results 

The microdensitometers were calibrated based on the measurement of their respective OTFs. 

High quality edge targets were scanned and the data was analyzed following standard edge gradient 

analysis (EGA) procedures (Scott, Scott and Shack, 1963; Findley and Marshall, 1965; Schowengerdt, 

1975). The edge derivative was determined using the method of finite differences. 

Mann-Data Micro-Analyzer 

The edge target selected for the calibration of the Mann-Data Micro-Analyzer consisted of a 

medium contrast (10:1) Inconel edge coated on a glass substrate. The edge was of very high quality 

and v/as successfully used in previous calibration tests, for Q.QQl mm slit apertures. Light scattering off 

the metallic edge surface had not previously caused significant transfer function degradation for 

properly focused objectives. 

The setup configuration used matched numerical aperture (NA) objectives with the limiting 

aperture established by the influx objective (sample scanning mode). Assessment of the coherence 

properties of the optical beam and their effect on linearity of operation were not measured. However, 

a previous investigation using the Micro-Analyzer in the sample scanning mode with matched NA 

objectives had been reported (Swing, 1976) to closely approximate theoretical linear performance. 

An edge scan using the 0/301 x 0.080 mm slit aperture was performed with a sample spacing of 

0.0005 mm. The results of the EGA, as shown in Figure 4.1, represent the product of the actual OTF 

of the Micro-Analyzer and the spectrum of the scanned edge. The theoretical OTF of the Micro-

Analyzer was derived from the product of the spectrum of the 0.001 mm slit aperture, sine (x/0.001), 

and the theoretical OTF of a diffraction-limited 0.25 NA objective. Comparison of the spectrum 

provided by the edge scans and the theoretical OTF of the Micro-Analyzer indicate that the Micro-

Analyzer is performing very near its diffraction limit below 140 cycles/mm. This also implies that the 

spectrum of the input edge target is nearly unity below this same spatial frequency limit. The 
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Fig. 4.1. Calibration edge spectrum. 

Mann-Data Micro-Analyzer (0.001 mm. x 0.080 mm. s!it). 
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differences between the two curves above 140 cycles/mm could be due to degradation of either the 

edge spectrum or the Micro-Analyzer performance. However, this spatial degradation occurs beyond 

the spatial frequency limits of concern in this investigation. 

Three separate edge scans were performed using the 0.001 x 0.080 mm slit aperture to verify 

proper focusing of the microdensitometer objectives and to check slit alignment. The objectives were 

defocused and then refocused between scans. The location of best focus was based on maximizing the 

PMT signal, as read on a chart recorder, while the objectives were adjusted with the edge in the 

sample plane. A viewing microscope, an integral part of the Micro-Analyzer, allowed observation of 

the scanning aperture and the edge target, simultaneously. The slit aperture was initially aligned to 

the edge and then the edge was translated, on the image plane platen, parallel to the long dimension 

of the slit aperture. Visual verification of alignment was made over the entire length of the edge 

(which was much greater than the slit length) prior to each replicate scan. The results of the replicate 

scans, as represented by the edge scan spectra shown in Figure 4.2, indicate that the calibration was 

repeatable and operational errors were not significant. 

Potential hysteresis effects were also investigated by performing two edge scans in opposite 

directions, one starting on the high contrast side of the edge and one starting on the low contrast side 

of the edge. The resulting edge scan spectra, shown in Figure 4.3, indicate that potential hysteresis 

effects were not significant 

Calibration of the 0.005 mm circular aperture was performed using a similiar edge scan 

procedure with a sample spacing of 0.0025 mm. Five edge scans were performed in two orthogonal 

directions (corresponding to the x and y platen translation directions). The edge spectrum for each 

direction of each scan was calculated and averaged to provide the results shown in Figures 4.4 and 

4.5. The theoretical OTF of a diffraction- limited 0.25 NA objective, the theoretical spectrum of a 

0.005 mm circular aperture and their product, the total theoretical Micro-Analyzer OTF are shown 
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in Figure 4.4. Comparison of the theoretical Micro-Analyzer OTF and the two calibration edge scan 

spectrums indicate that the MicroAnalyzer is operating near its diffraction limited capability over the 

entire 200 cycle/mm spatial frequency band for each scan direction. 

Modified Zeiss SPM05 

Subsequent to data collection using the Micro-Analyzer it was determined that additional 

microdensitometer scans were required for the low spatial frequency bars, 1 lp/mm, of the resolution 

target images. A modified Zeiss SPM05 microdensitometer with a 0.005 x 0.080 mm scan aperture 

was used at a sample spacing of 0.0025 mm. The Inconel edge target was no longer available so a 

photographic edge was used. The edge, exposed on a Eastman Kodak 649GH High Resolution Plate, 

was actually one side of a bar within the 1 lp/mm line group on the original high resolution target 

used during the exposure of the Panatomic-X film images. Since the resolution of this target had 

previously been observed to be at least 1000 lp/mm it was concluded that the edge sharpness would 

be adequate. 

The Zeiss microdensitometer used an overfilled system configuration (influx NA = 0.20, 

efflux NA = 0.10). with the limiting aperture established by the efflux objective (image scanning 

mode). In general, this is not the optimum microdensitometer system configuration. However, it has 

been shown that such a configuration is capable of providing a very good spatial frequency response 

with only slight degradation over the lower spatial frequency band of interest in this study 

(Swing,1976). 

The Zeiss microdensitometer edge scans were performed following the same general 

procedure described previously for the Micro-Analyzer edge scans. Comparison of the calibrated 

edge scan spectrum with the theoretical diffraction limited microdensitometer OTFs are given in 

Figures 4.6,4.7 and 4.8. A greater deviation from the theoretical prediction for the Zeiss calibrated 

edge spectrum is shown to exist than was noted for the previous Micro-Analyzer results. This was 
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anticipated, however, especially for the higher spatial frequency band due to the system configuration 

used by the Zeiss microdensitometer. Since the Zeiss microdensitometer was used for scanning only 

the very low frequency bar images, this performance was deemed acceptable. It should be noted that 

the edge profiles created from the digital data did not exhibit the presence of edge ringing effects, a 

known characteristic of microdensitometer nonlinear (coherent mode) operation. 

Sensitometric Calibration 

The diffuse density values of the large area sensitometric step tablets, created as described in 

Chapter 3, were measured using a calibrated Macbeth TD-203-A Quanta Log Densitometer equiped 

with a 4.0 mm aperture. The mean value and standard deviation of three replicate measurements of 

each step are given in Table 4.2. The measurement variability was not very significant. It should be 

noted, however, that these measurements represented selected film areas. Visual observation of the 

step tablet and high resolution target images indicated areas of gross nonuniformity. These areas of 

nonuniformity were attributed to the fact that lack of agitation during developm ent of a photographic 

film can cause local development depletion. These areas were readily identified and separated from 

the uniform areas of development through visual observation and densitometer measurement 

verification. All film areas used to support digital data analysis and image restoration computations 

were selected from uniform areas of development.. 

Characteristic Curves 

The sensitometric characteristics for the film exposures to x-ray quanta are given in Figure 

4.9. As indicated, the selected exposure levels provided a 0.65 to 1.39 large-area diffuse density. 

This allowed subsequent evaluation of chemical spread functions and the Eberhard Effect for several 

exposure levels without truncation of edge or line peaks due to sensitometric saturation at the high 

dens i ty  l eve l s .  The  x- ray  exposure  l eve l s  s e l ec t ed  to  ob ta in  the  t r i - s l i t  images ,  a s  g iven  in  Tab le  3 .2 ,  



Table 4.2. Large area diffuse density data. 

Exposure Step Diffuse Density 

r Number Number Mean Std. Dev. 

Exposure to 1 0.65 0.010 

X-ray quanta 2 0.76 0.022 

3 0.96 0.032 

4 1.19 0.034 

5 1.33 0.035 

6 1.39 0.045 

Exposure to Base +Fog 1.30 0.026 

Light quanta 1 1.14 0.031 

2 1.07 0.020 

3 0.93 0.018 

4 0.77 0.021 

5 0.65 0.017 

6 0.52 0.015 

7 0.38 0.022 

8 0.33 0.018 

9 0.30 0.020 

10 0.30 0.017 

11 0.29 0.015 
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are marked on Figure 4.9. The average minimum diffuse density value found in the central portion 

of the 1 mm wide line images should clearly correlate to the gross diffuse density values given by this 

sensitometric curve. This comparison was made during subsequent digital data analysis as described 

in the next chapter. 

The sensitometric characteristics for exposures to light quanta are given in Figure 4.10. The 16 

second exposure used for the carbon step tablet provided almost the entire toe to shoulder region of 

the curve. Even though the density saturation level was not reached it was imminently close, based 

on the saturation density level of 1.39 obtained for the x-ray quanta exposures. The light quanta 

exposure levels used to obtain the high resolution target images, as given in Table 3.2, are also 

marked on Figure 4.10. 

A comparison of Figures 4.9 and 4.10 serves to emphasize the difference between the 

absorption rate of x-ray and light quanta. The maximum slope of the sensitometric curve for x-ray 

quanta occurs for zero exposure while that for light quanta occurs at some midrange exposure value. 

This is expected since a single x-ray quanta can initiate the developement of one or more silver grains, 

whereas several light quanta are required for the same purpose (Dainty andShaw, 1974,pg. 50). 

Callier's Q Factor 

The characteristic curves described the relationship between diffuse density of the step tablet 

images and the input exposure values. The measurement of photographic images containing fine 

detail requires the use of a microdensitometer, which measures specular density values. 

Unfortunately; diffuse density values are not equivalent to the specular density values. The specular 

density is always greater than the diffuse density. Their relationship is defined by the Callier Q factor, 

the ratio of specular to diffuse density. This ratio is a function of film/developer type, the 

microdensitometer optical system geometry and the density range of interest (Mees and James, 1966, 

pg. 420-421). 
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The microdensitometers used in this study contained supporting electronic subsystems which 

could vary the slope (gain) and the intercept (zero adjust) of the measured output signal values. Thus, 

the recorded specular density values were adjustable over a relatively wide range of output values. 

Prior to the measurement of the tri-slit or resolution target images, the microdensitometers were 

calibrated using the step tablet which was exposed in the same manner as the specific target images to 

be scanned. The electronic subsystem was adjusted in an attempt to equate the microdensitometer 

output specular density values to the standard diffuse density values for each step of the calibration 

step tablet 

All calibration step tablets were scanned using the microdensitometer parameters given in 

Table 4.1. Three replicate scans, consisting of 600 samples, were made of each step. The mean and 

standard deviation of the measured specular density values resulting from these scans are given in 

Table 4.3. The relationship between the measured specular and diffuse density values are plotted in 

Figures 4.11 and 4.12 for the two microdensitometers. The specular and diffuse density values were 

found to be nearly identical over the density range provided by the step tablet This indicates that a 

constant Callier Q factor existed over this density range and the mircodensitometer calibration 

procedure simulated the multiplication of the actual specular density values by a constant to obtain 

equivalent diffuse density values. 

All calibration step tablets were scanned using the microdensitometer parameters given in 

Table 4.1. Three replicate scans, consisting of 600 samples, were made of each step. The mean and 

standard deviation of the measured specular density values resulting from these scans are given in 

Table 4.3. The relationship between the measured specular and diffuse density values are plotted in 

Figures 4.11 and 4.12 for the two microdensitometers. The specular and diffuse density values were 

found to be nearly identical over the density range provided by the step tablet This indicates that a 

constant Callier Q factor existed over this density range and the mircodensitometer calibration 
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Table 4.3. Large area specular density data. 

Exposure Step Specular Density Specular Density 
Mann-Data Zeiss 

Number Number Mean Std. Dev. Mean Std. Dev. 

Exposure to 1 0.64 0.029 

X-Ray quanta 2 0.77 0.022 

3 0.98 0.027 

4 1.20 0.032 

5 1.34 0.036 

6 1.39 0.034 

Exposure to Base +Fog 1.29 0.043 1.28 0.037 

Light quanta 1 1.19 0.024 1.15 0.027 

2 1.09 0.020 1.07 0.023 

3 0.95 0.019 0.92 0.031 

4 0.79 0.026 0.76 0.025 

5 0.66 0.020 0.65 0.018 

6 0.54 0.013 0.53 0.021 

7 0.39 0.029 0.37 0.027 

8 0.34 0.010 0.33 0.016 

9 0.30 0.018 0.29 0.015 

10 0.30 0.015 0.29 0.012 

11 0.30 0.012 0.28 0.010 
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procedure simulated the multiplication of the actual specular density values by a constant to obtain 

equivalent diffuse density values. 

The use of a step tablet, exposed and processed under the same conditions as the 

photographic imagery to be scanned, is a standard microdensitometer calibration procedure. A 

problem in the use of this procedure does arise, however, when the imagery contains density values 

which exceed those provided by the calibration step tablet. Such is the case when studying images 

containing adjacency effects. The peaks of edge and fine line images have diffuse density values 

which exceed the gross diffuse density values provided by the step tablet images. This is 

demonstrated by the Eberhard effect and is particularly true in this investigation since the maximum 

gross diffuse density values obtained were quite low due to the lack of agitation during development 

One solution to this problem is to ensure that the operation of the microdensitometer is linear 

over the maximum density range of interest. Then it is reasonable to assume that if a linear 

relationship exists between specular and diffuse density over a more limited range, it can be 

extrapolated to the higher density values. The microdensitometers used in this study were calibrated 

using the step tablet procedures previously described and then checked for linearity over a larger 

density range using Eastman Kodak No. 96 Neutral Density (ND) Filters, providing diffuse density 

values of 0.3,1.0,2.0, and 3.0. The relationship between specular and diffuse density using the ND 

filters is also shown in Figures 4.11 and 4.12. The microdensitometers had a linear response over the 

entire density range of interest The reduced slope of the ND filter relationship represents the effects 

of the differences in the scattering properties between the material structure of the ND filters 
* 

(colloidal carbon plus selected dyes in gelatin) and the photographic grain structure of the step tablet 

images (Eastman Kodak, 1969). 
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Mass of Silver Conversion 

The conversion of optical diffuse density to equivalent mass of silver units was performed 

using an x-ray fluorescence analysis technique (Moore, Happ and Stewart, 1961; Mees and James, 

1966, pg. 419). The technique used a digital recording x-ray spectrometer to measure fluorescent 

intensity, based on scintillation counts, which was linearly related to the mass of silver units within 

plus or minus 1.5% up to about 500 micrograms of silver/sq. cm. Correction values were then applied 

when the mass of silver exceeded 500 micrograms/sq. cm to maintain linearity. The samples that 

were used for this measurement were taken from a replicate set of step tablet exposure images made 

for this purpose. 

The relationship between measured mass of silver and diffuse density can be expressed 

accurately by use of a power series, but is usually approximated by the covering power relationship 

given by Eq, (2.20). The results of the actual mass of silver measurement and their comparison with 

the covering power relationship, for P=0.775 and n = 0.5, are given in Figure 4.13. Measured mass 

of silver values could not be obtained above the 1.39 maximum diffuse density value of the step tablet 

images. However, the covering power relationship is known to provide sufficient accuracy to much 

higher diffuse density values (Nelson, 1971). Since the covering power curve fit the measured data 

quite accurately over the measured set of diffuse density values, it wasused for all mass of silver 

conversion requirements of this investigation. It is also interesting to note that the measured results 

shown in Figure 4.13 are also similiar to those found by Nelson (1971) for Panatomic-X processed in 

D-76 (1:4) for 7 minutes. 
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CHAPTER 5 

IMAGE RESTORATION ANALYSIS 

The application of the image restoration "recipe" to the photographic line images can now be 

considered. The determination of Nelson's (1971) CSF is reviewed in terms of edge data 

preprocessing procedures, the application of a CSF algorithm to the edge image pixels and the 

impact of several experimental x-ray exposure levels on the calculated CSF results. This is followed 

with a review of the data preprocessing procedures used to calculate the Eberhard Effect (EE) from 

x-ray exposure data. Comparisons are made between the magnitude of the EE and CSF area values. 

The restoration "recipe" is then partially applied to various one-dimensional line image 

patterns. Intermediate results such as the chemical transfer function (CTF) and the reduction product 

term, the convolution term in Eq. (2.19), are provided. 

Determination of the Chemical Spread Function 

Nelson's (1971) CSF was calculated from the data provided by the microdensitometer scans of 

the line images 1.0 mm in width. As discussed in Chapter 4, five independent scans were made of 

each of the twelve line images using a 0.001 x 0.080 mm slit aperture and a sample spacing of 0.001 

mm. The data was preprocessed and analytically fit with cubic spline functions to provide a reduction 

in the noise obtained in the edge derivative. The CSF was then calculated for several exposure levels 

and the results were compared in terms of CSF areas and profiles. 

Edge Data Preprocessing 

The data provided by the individual microdensitometer scans of the 1 mm line images 

exhibited a significant amount of noise. To reduce some of this noise several line images were 
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averaged (Blackman, 1968). The data contained in each replicate microdensitometer scan was shifted 

until the peak density point of one edge of each image was aligned. The data was then averaged point 

by point over the five scan records to provide an average line image for each of the twelve x-ray 

exposures. 

Five representative edge images were then selected from the twelve averaged line images. The 

selected edges, shown in Figure 5.1, were created using the five highest x-ray exposure levels given in 

Table 3.2. The selection criterion was based on the desire to apply the initial part of the restoration 

"recipe" using CSF's of various magnitudes. As indicated in Figure 5.1, the selected edges contained 

a wide range of apparent adjacency effects and diffuse density levels. The edge density values 

illustrated include a film base density of 0.25. 

During the selection process it was observed that the average line image profiles provided by 

the replicate exposure levels were nearly identical. Also, the average line images provided by the 

lowest x-ray exposure level exhibited a very small amount of apparent adjacency effect and 

contained some film processing nonuniformities which eliminated them from further analysis. 

Nelson's CSF Algorithm 

The CSF's used in this study were derived using an analytic version of Nelson's (1971) 

normalized edge derivative approach. Nelson (1971) assumed a symmetrical CSF and calculated one 

side of it using the derivative of the high density side of an edge exposed to x-ray quanta and the 

relationship 

b = (n Dn-1 dD/dx)/(D2
n|D2

n - D^l) (5.1) 

where 

b = magnitude of CSF 

D = density value of upper portion of edge 

n = nonlinear exponent given in Eq.(2.20) 
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dD/dx = first derivative of the upper portion of the edge at a 

distance x (micrometers) from the edge boundary 

Dj = large-area density at low density side of edge 

D2 = large-area density at high density side of edge 

In Nelson's (1971) investigation of adjacency effects, the film base density was subtracted from all 

image density values prior to calculation of the CSF or any other function. This procedure was 

followed in this study since nonlinear film processing effects can only inhibit development of latent 

image density values. 

The direct application of this approach to the edge data shown in Figure 5.1 provided an 

unacceptably noisy CSF. The noise present in the edge was amplified by the edge derivative process. 

An illustration of this effect for edge number 5 is shown in Figure 5.2. The CSF has forced 

symmetry so that it is expected that the left and right halves should be identical. However, a CSF 

representative of the physical diffusion and depletion process should not contain the dual negative 

peak or the large noise amplitude that is evident in figure 5.2. 

Similarity to Edge Gradient Analysis (EGA) 

The effect of the noise contained in the derivative of the edge on the CSF and its Fourier 

transform, the CTF, have not been documented. However, the effect of the noise can be predicted 

reasonably well through its similiarty to EGA techniques, which have been well documented (Scott, 

Scott, and Shack, 1963; Barakat, 1965; Tatian, 1965; Jones and Yeadon, 1969; Swing and McCamy, 

1969). An excellent summary review on the application of these techniques to the analysis of noisy 

edge images has been written by Schowengerdt (1975). 

The primary differences between standard EGA and Nelson's (1971) approach lie not in the 

method, but, in the functional form and the portions of the edge trace that are used in the analysis. If 

the entire edge trace was used, all of the errors associated with EGA would apply. An optimum edge 
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scan length would have to be determined due to a tradeoff between OTF errors caused by edge 

truncation (Rabedeau, 1969; Tatian, 1971; Dutton, 1975) and the noise generated by longer scan 

lengths (Takeda and Ose, 1974). Point discontinuities and the nonmonotonic behavior associated 

with adjacency effects might cause further complications even in some of the EGA approaches which 

do not require explicit differentiation (Tatian, 1965). 

Fortunately, it is not necessary to use the entire edge to obtain the CSF and the CTF, since the 

edge includes both optical scattering and chemical development effects. Nelson (1971) has shown 

that the CSF and CTF can be obtained from the analysis of only the 1 jgh density side of the edge. 

The chemical diffusion and development depletion effect'; occur over a large spatial distance 

from the edge boundary. Thus, a long data record is required in the analysis, most of which contains 

significant signal information. This eliminates, for all practical purposes, any truncation error that 

might have existed in the calculation of the CTF. In addition, the result of a very long and slowly 

varying signal is a CTF bandlimited to very low spatial frequencies. The variance due to edge noise, 

being quadratically related to spatial frequency (Schowengerdt, 1975), cannot be very large within 

this bandlimiL 

Edge Noise Smoothing Algorithms 

The usual edge noise effects for the evaluation of the CTF are not as important then, as in 

standard EGA applications. However they do play an important role in the determination of the 

precise location of the peak of the edge and the area under the CSF. 

For these reasons several noise smoothing options were initially considered. These included a 

fixed width window recursive filter approach and analytic least squares fit methods using either 

exponential functions or segemented polynomials. The recursive filter approach was not pursued 

because an error due to data averaging within the window was anticipated near the edge boundary. 
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The exponential algorithms offered a very simple method of analytically fitting the entire high 

density side of the edge with a single algorithm. However, the accuracy was unknown. The segmented 

polynominal approach had been successfully applied in a number of applications. It also represented 

an approach which was extendable should one wish to evaluate the entire edge in order to calculate 

the apparent OTF. 

The first analytic approach considered the application of two exponentially decaying 

algorithms of the fonn 

+ C2 exp {"Cj x} (5.2) 

and 

Ci + C2 exp {• (C3 x + C4 x2)} (5.3) 

where 

= large-area density on high side of edge 

C2 = difference between peak edge density value and Cj 

C3, C4 = constants defined by least squares fit 

x = distance from edge boundary in mm 

Analytic fits were made on the high density side of all the edges given in Figure 5.1 using a 

least squares error approach. Several general trends were noted. 

1. The least squares error term was usually minimized for values of that were less than the 

peak density value. This was not acceptable since it would tend to reduce the magnitude of the CSF. 

2. The analytic fits generated by Eq. (5.2) and Eq. (5.3) were not significantly different. 

3. The exponential fit using a single curve could not follow the variable rate of change in the 

slope of the edge data. 

An illustration of one of the best analytic fits, in terms of a small least squares error term and 

observations of the fit, is shown in Figure 5.3. Since both exponential functions provided nearly 
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identical results only the function associated with Eq.(5.2) was plotted. This function was found to be 

1.45 + 0.78 exp {• 16.11 x} (5.4) 

The inital rate of change of the actual data is obviously much greater than the exponential 

function. Then it gradually decreased until it was less than the exponential function. Clearly, Figure 

5.3 indicates an unacceptable edge fit. 

The segmented polynomial approach was based on an extension of the application of 

segmented 2nd degree polynomials to D log H curves (Levine,1976). For segmented 2nd degree 

polynomials the individual segmented functions must be equal at their common boundary locations 

(knots) and the first derivatives of these adjacent functions must also be equal at the knots 

(Fuller,1969). An extension to segmented 3rd degree polynomials (cubic spline functions) was 

preferred since it has been found to minimize the oscillatory effect often found in polynomial fitting 

methods and also provided high quality estimates of derivatives of the original functions (Barosi, 

1973). 

The empirical function, called a cubic spline, is obtained by fitting piecewise cubic 

polynomials to some predetermined curve segments. The method of the piecewise fits provides a 

continuous function at the knot locations as well as continuous first and second derivatives at these 

locations. 

The approach used in the application of the cubic spline functions was based on the spline 

algorithms developed by deBoor and Rice (1968a, 1968b). The algorithm was provided a given set of 

knot locations and varied them one at a time in order to determine the knot locations that minimized 

the least squares error term. The process was initiated with the right most interior knot and preceeded 

sequentially to the left most interior knot. The basic cubic spline function was given by 

S(T) = ((C(I,3) D + C(I,2)) D + C(I,1) D + Y(I) (5.5) 
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where 

T = the interval I 

D = the independent distance variable given by D = T-XK(I) 

C = the array containing the coefficient values 

Y = the array containing the Y-intercept values 

XK = the array containing the knot locations 

The spline coefficients were computed based on the fact that the knots locations were ordered. 

The spline algorithms were capable of sequentially varying up to twenty eight knots. For the 

edge fits only seven knot locations were used since the upper edge profiles were slowly varying 

functions. The initial knot locations were independently set at distances of 0.000,0.025,0.050,0.075, 

0.100, 0.200,0.400 and 0.600 mm from the edge boundary. The optimal knot locations, spline 

coefficients, Y- intercept values and least squares error terms resulting from the cubic fits are given in 

Tables 5.1 through 5.5. The corresponding analytic fits are illustrated in Figures 5.4 through 5.8. In 

each case the cubic spline function provides an excellent fit to the original edge profile. 

Calculation of Smooth CSF's 

The segmented polynomials of the cubic spline approach provided an analytic edge with 

continuous first and second derivatives. Since derivative discontinuities were eliminated the 

derivative for each segmented polynomial was calculated and used for the derivative term required by 

Eq. (5.1). The CSF's were calculated using 600 samples spaced at 0.001 mm along the edge profile. 

This ensured that the entire CSF would be obtained. 

The results from this procedure are shown in Figures 5.9 through 5.13. Note that they were 

all truncated at values less that 3.0 % of the peak amplitude. The peak negative values were found to 

range from approximately 0.013 to 0.019. Also, the largest negative peak value occured for edge 

number 2, a low exposure edge, rather than edge number 5, the highest exposure edge, as initially 

expected. 



Table 5.1. Cubic spline parameters: Edge number 1. 

Knot Spline coefficients Y-Intercept 

Locations Y(I) 

(mm.) C(I,3) C(I,2) C(U) Density 

0.000 
-4313.953 373.310 -12.116 1.189 

0.028 
- 7.607 5.158 -1.350 1.047 

0.122 
-6.722 3.033 -0.587 0.960 

0.347 
11.665 -1.506 - 0.243 0.905 

0.473 
-40.119 2.901 -0.068 ' 0.873 

0.517 
81.761 - 2.482 -0.049 0.872 

0.600 

Least squares error: € = 0.0067 



Table 5.2. Cubic spline parameters: Edge number 2. 

Knot Spline coefficients Y-Intercept 

Locations Y(I) 

(mm.) C(1,3) C(I,2) C(I.l) Density 

0.000 
-4994.422 558.379 - 23.552 1.614 

0.036 
• 50.517 18.980 - 2.767 1.257 

0.154 
- 9.099 1.089 - 0.398 1.112 

0.250 
57.886 -1.526 • 0.439 1.076 

0.267 
-1.219 1.515 -0.440 1.068 

0.367 
- 2.688 1.150 - 0.173 1.038 

0.600 

Least squares error: € = 0.01725 



Table 5.3. Cubic spline parameters: Edge number 3. 

Knot Spline coefficients Y-Intercept 

Locations Y(I) 

(mm.) C(I,3) C(I,2) C(I,1) Density 

0.000 
-2284.728 347.017 -19.692 1.838 

0.049 
- 31.452 12.512 - 2.146 1.437 

0.195 
15.498 -1.238 -0.504 1.293 

0.364 
-196.330 6.629 0.409 1.247 

0.403 
183.519 -16.341 0.030 1.262 

0.447 
• 56.146 7.986 - 0.339 1.247 

0.600 

Least squares error: € = 0.01915 



Table 5.4. Cubic spline parameters: Edge number 4. 

Knot Spline coefficients Y-Intercept 

Locations Y(I) 

(mm.) C(I,3) C(I,2) C(U) Density 

0.000 

0.053 

0.122 

0.180 

0.441 

0.528 

0.600 

• 2556.259 413.732 - 24.220 2.119 

-2.992 5.999 -1.904 1.617 

-19.534 5.385 -1.125 1.513 

-2.816 1.956 - 0.695 1.462 

4.271 - 0.248 - 0.250 1.364 

26.520 0.872 - 0.195 1.343 

Least squares error: € = 0.1362 



Table 5.5. Cubic spline parameters: Edge number 5. 

Knot 

Locations 

Spline coefficients Y-Intercept 

Y(I) 

(mm.) C(I,3) C(I,2) C(I,1) Density 

0.000 

0.036 

0.095 

0.175 

0.353 

0.540 

0.600 

- 6436.797 733.387 - 31.771 2.271 

• 184.542 38.213 - 3.993 1.778 

- 9.763 5.728 -1.415 1.637 

- 8.433 3.375 - 0.684 1.556 

7.578 -1.141 • 0.285 1.493 

-110.109 3.099 0.081 1.450 

Least squares error: € = 0.01375 
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Further insight into the significance of the negative peak variations were obtained from the 

CSF area calculations. Two area values were calculated, one for the entire width of 1.200 mm and one 

for the truncated width of 0.366 mm for each CSF. The results shown in Table 5.6 indicate that the 

CSF's for edges number 2 through 5 had nearly the same areas whereas edge number 1 had a much 

smaller area. Thus, the negative peak and the CSF area values were nearly the same, with one 

exception (edge number 1) even though the edge gross grain density values were significantly 

different. This was further supported by plots of the integrated area under the CSF as shown in 

Figure 5.14. Note that the curve associated with edge number 1 had a significantly slower rate of 

change compared to the remaining integrated area curves which were all quite similiar. Also, the 

curves demonstrated the effect of the truncation of the CSF's on the integrated area. The integrated 

area is a slowly varying, almost linear function outside the truncation region. 

Table 5.6. Chemical spread ftmction area values. 

Edge Number Chemical Spread Function Width Edge Number 

1.200 mm. 0.366 mm. 

1 0.779 0.673 

2 1.055 0.885 

3 1.010 0.814 

4 1.071 0.891 

5 1.023 0.875 

The overall results indicate that either the CSFs are relatively independent of exposure, 

beyond a given threshold exposure level, or that the lack of agitation used during development 
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process suppressed the peak density values and thus suppressed the absolute magnitudes and areas of 

the CSFs. Further comment on this relationship is withheld until the results of the EE have been 

reviewed. 

Evaluation of the Eberhard Effect 

The evaluation of the EE was based on a comparison of selected density values within the 

0.010 mm fine line and the 1.00 mm broad line images. Several magnitude estimates of the EE were 

calculated from both the experimental data and one data set published by Nelson (1971). In addition, 

the magnitudes are compared to the previously calculated CSF area values. 

EE for Exposure Levels 

The data provided by the five replicate microdensitometer scans of each of the twelve line 

images indicated that a selection of six of the scan line profiles adequately represented all images. 

The exposure replicates were virtually identical with the exception of the lines receiving the lowest 

x-ray exposure level. One of the two low exposure replicates contained film processing 

nonuniformities. The five replicate microdensitometer scans of each line image provided nearly 

equivalent peak density values that were all within plus-or-minus 0.03 of the average peak value. 

Preprocessing of the six fine line images was not required. Averaging of the entire data profile 

provided by the five replicate microdensitometer scans was not necessary since only the peak density 

values were of primary' interest. Also,minimal microdensitometer transfer function degradation 

occured before the 100 cycle/mm spatial frequency cutoff of the 0.010 mm fine line images. 

The Eberhard results provided by the line and large area images show the general type of 

pattern, illustrated in Figure 5.15, typically found for various film-developer combinations. The 

center curve, representing the density value found in the central region of the 0.100 mm line images 

at each exposure level, has been included to provide insight into data trends for intermediate line 
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widths. The film base density of 0.25 has been subtracted from the actual density values to provide 

the relative diffuse density values shown in the figure. 

Magnitude Estimate of the EE 

The results of Figure 5.15 seem to support Nelson's observations that the "magnitude" of the 

EE increases in a nonlinear manner with the increasing large area density level. The magnitude of the 

effect, being defined as the density difference between the fine line and large area sensitometric 

curves, shown in Figure 5.15, at each large area density level. However, closer observation of the 

experimental data indicates that the relative rate of change between the fine line and large area 

sensitometeric curves starts to decrease for the upper three exposure levels. It appears that the 

adjacency effect initially caused a rapidly increasing EE which gradually decreased. Additional 

confirmation of the observation is indicated in Figure 5.16 and 5.17. These figures provide plots of 

the EE values as functions of large area mass of silver and relative diffuse density, respectively. The 

initial rapid increase and eventual thresholding of the EE is quite obvious. 

The calculated EE values of the experimental data compared to those estimated from 

previously published fine line and large area sensitometric curves (Nelson, 1971) are also shown in 

Figure 5.16 and 5.17. The later data set was obtained by estimating data points from the EE and mass 

of silver conversion curves provided in Figures 4 and 6 (lower left) of Nelson's (1971) publication. 

These published curves were experimentally derived from Panatomic-x film processed in D-76 for 7 

minutes with continuous agitation. A film base density of 0.20 was assumed in the calculation. 

The comparison of the two data sets confirms previous observations concerning the reduction 

of the rate of change of the EE for the experimental data. It also illustrates the limited range of the 

developed mass of silver obtained for a given film-developer combination when developer agitation is 

not performed. The lack of development agitation initially provided a large adjacency effect because 

of strong local development diffusion and depletion. However, the same lack of agitation limited the 

peak density to much lower values than would normally be achieved. This combination of factors 
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provided the very large initial EE followed by a substantially lower limit on its magnitude then would 

be achieved for a continously agitated process. 

The results of Figures 5.16 and 5.17 also relate to the area values, given in Table 5.6, for the 

truncated CSF's. The area values quickly reached threshold for relatively low exposure values. The 

oscillations in area for edges number 2 through 5 represent combined variations in the edge density 

levels, edge noise effects and numerical errors generated by the least squares fit using cubic spline 

functions. 

Eberhard Ratio Calculations 

Nelson (1971) also observed that, in general, as the large area density level increased the EE 

increased by an amount that was proportional to the square of the large area density level. The rule 

was found to be accurately obeyed by some film-developer combinations but only approximately by 

others. Also, conversion of the rule from density values to mass of silver units improved the accuracy 

of the relationship. 

Nelson's (1971) ratio, NR, can be analytically stated as 

NR = (f-g)Zg2 (5.6) 

where f and g represent the fine line and gross grain mass of silver values, respectively. 

It should be recalled that comparisons of Nelson's model to the restoration model have been 

previously discussed in Chapter 2. The mathematical derivation of the restoration model proceeding 

this comparison included an algorithm, Eq. (2.9), which related fine line and gross grain mass of silver 

values to the area under the chemical spread function. This algorithm can be written as 

A = MR = (afi-g)/fi g (5.7) 

Assuming a value of a = 1, Eq. (5.6) and Eq. (5.7) become quite similiar. The value of A, 

which will be refered to as the model ratio, MR, will always be less than NR in the presence of 

adjacency effects since f > g. 
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The results of the application of NR and MR to both the experimental data and Nelson's 

published data, are illustrated in Figures 5.18 through 5.21. The ratio values are plotted as functions 

of both large area mass of silver and density values for the case a = 1. The intermediate and final 

calcualtion results are listed in Table 5.7 and 5.8. 

The relative magnitude of MR is found to be greater than NR as predicted. The application of 

both ratio values to Nelson's published curves indicate a nearly linear relationship particularly for 

large area relative diffuse density values above approximately 0.9. 

Nelson's (1971) observations, which lead to Eq. (5.6), appear to have been limited to a density 

range above a given density threshold value. At very low large area relative diffuse density values the 

fine line and large area density values must converge. Thus, NR and MR must begin at a zero value 

for this low density value. In the analysis of both the experimental data and Nelson's (1971) published 

curve data, the low large area relative diffuse density value was approximately 0.1 assuming a film 

base density value of approximately 0.2. The extrapolated values shown in Figure 5.18 through 5.21 

serve to roughly approximate this behavior. 

At saturated large area density values the fine line density values must also become saturated. 

Thus, NR and MR must approach a constant value in the saturated density regions. Its quite possible 

that this constant ratio value is approached well below the density saturation threshold as Nelson's 

(1971) data appears to suggest. The fine line and large area sensitometric curves from which Nelson's 

(1971) data was estimated did not reach a density saturation threshold. 

A comparison between the estimated data, Figures 5.18 and 5.19, and the experimental data, 

Figures 5.20 and 5.21, again emphasizes the effect of the amount of development agitation. The ratio 

values for the experimental data are much higher that those associated with the estimated data set 

over the limited density range available. Also, the ratio values never achieved a constant level for the 

experimental data due to the premature thresholding of the fine line density values. 
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Table 5.7. Calculation ofEberhard ratios from experimental data. 

Line Number SD-Db 8m.s. fD-Db 
f Im.s. 

1 0.400 0.487 0.760 0.671 

2 0.530 0.561 1.150 0.826 

3 0.770 0.676 1.770 1.024 

4 0.930 0.743 2.020 1.094 

5 1.060 0.793 2.190 1.139 

6 1.170 0.833 2.350 1.180 

Line Number E.E. 

*m.s." S m.s. 

N.R. 
(f-g)/g2 

M.R. 
(f-g)/(fg) 

B/(f-g)/(fg) 

1 0.184 0.776 0.563 

2 0.265 0.842 0.571 1.180 

3 0.348 0.761 0.502 1.760 

4 0.351 0.636 0.432 1.880 

5 0.346 0.550 0.383 2.330 

6 0.347 0.500 0.353 2.480 

Djj = density of film base 

g D.Db = gross grain density -

g m s = gross grain mass of silver 

f D-D^ = line density -

fms = fine line mass of silver 

B = area of empirical c.s.f. 



Table 5.8. Calculation of Eberhard ratios from Nelson's published data. 

Line Number gD-Db Sm.s. fD-Db f 1 m.s. 

1 0.42 0.65 0.56 0.804 

2 0.91 1.21 1.28 1.540 

3 1.18 1.44 1.81 1.890 

4 1.44 1.69 2.34 2.150 

Line Number E.E. 

^ m.s." S m.s. 

N.R. 
(f*g)/ g2 

M.R. 
(f-g)/(fg) 

1 0.154 0.364 0.295 

2 0.330 0.225 0.177 

3 0.450 0.217 0.165 

4 0.560 0.196 1.540 

Djj = density of film base f = fine line density -

g = 8ross Sra^n density - fms = fine line mass of silver 

g m s = gross grain mass of silver 
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The comparison of the MR, as applied to the experimental data, to the previously calculated 

CSF area values is also illustrated in Figures 5.20 and 5.21. The CSF area range is that given in Table 

5.6. The CSF area values are much higher that those predicted by the MR for the a = 1 case. The 

ratios of the CSF area values to the MR are given in Table 5.7. For the four cases where the CSF area 

has reached its peak the CSF area was found to be approximately 1.75 to 2.5 times higher than the 

MR value. 

Application of Image Restoration "Recipe" 

The first three stages of the image restoration "recipe", which implement the removal of 

chemical adjacency effects, are applied to one dimensional edge and line images. The descussion 

begins with a description of the selected images, data resampling procedures and analytic insight into 

the application of the gross grain mass of silver algorithm (GGMSA) given by Eq. 2.19. This is 

followed with a brief review of the software methodology and detailed discussions of the one 

dimensional restoration results. 

Selection of One Dimensional Images 

A line, 0.500 mm in width, was selected from the 1 cycle/mm line set, group 1, element 1 

(group number - element number - line number, 1-1-8). The 0.500 mm line width was sufficiently 

large, compared to the truncated CSF width of 0.366 mm, that it could be considered a large area 

image consisting of two edges. The lines were scanned with a 0.005 x 0.080 mm slit aperture using a 

sample spacing of 0.0025 mm as previously discussed in Chapter 4. 

Line images containing higher spatial frequencies were chosen after reviewing a large quantity 

of line image profiles provided by the two dimensional (raster) microdensitometer scans of group 2 

and group 3 of the high resolution target images. As discussed in Chapter 4, these groups were 

scanned with a 0.005 mm circular aperture using a sample spacing of 0.0025 mm in both dimensions. 

Table 5.9 provides a complete list of all lines used in the analysis. 



110 

Table 5.9. Selected line images for use in restoration "recipe". 

Group Element Line Spatial 

Number Number Number Frequency 

(cycles/ mm.) 

1 1 8 1.00 

2 1 1-15 10.00 

2 3 1-15 15.85 

2 4 1-15 19.56 

2 5 1-15 25.12 

2 7 1-15 39.82 

A one dimensional, as opposed to a two dimensional, analysis was preferred to simplify the 

software requirements and minimize computer CPU time. The literature has adequately documented 

the circular symmetry of the CSF such that a one dimensional analysis fully describes the physical 

process. In an extension of this theory to psychophysical perception a two dimensional analysis would 

be required. 

Data Resampling Considerations 

The results of the line image profiles provided by the two dimensional microdensitometer 

scans indicated a misalignment between the odd and even numbered scan lines of less than one 

sample spacing, 0.0025 mm. The misalignment was attributed to an error in the film platen position as 

it moved in opposite directions while raster scanning the film image. The probable source of the 

error was an irregularity in the triggering mechanism used to initiate the image sampling process for 

each scan line. Rather than writing a subroutine to realign the image scans the data was analytically 
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resampled at a 0.005 mm sample spacing. This eliminated the error between scan lines. High quality 

images were now available in each of the two orthogonal scan directions. The 0.005 mm sample 

spacing satisified the minimum requirements of the sampling theorem as discussed in Chapter 4. 

Review of Gross Grain Mass of Silver Algorithm (GGMSA) 

Some insight into the applicability of the GGMSA to the photographic line images can be 

obtained from consideration of two special cases, an edge image and an isolated fine line image. 

In the case of an edge image, the mass of silver of the developed image, <mjc>, is equivalent to 

the gross grain mass of silver, <gk>, in regions I and V of Figure 2.5. The GGMSA then becomes 

<gk> = a<gj>/ (a .+ A<gj> - 2 Ajk<gj» (5.8) 

since <gk> = <gj> is a constant, this reduces to 

<gk> = a<gk>/ (a + A<gk> - <gk>2. Ay (5.9) 

. A,-v is sin The 2. Ajk is simply the area under the CSF, A, such that 

<gk> = a<gk>/ (a + A<gk> • A<gk>) (5.10) 

<gk> = a<gk>/ a = <gk> 

Thus, the algorithm will only effect the mass of silver of the developed image in areas which 

do not approach a constant level of large area mass of silver. 

For an isolated fine line image, the mass of silver of the developed image, <mk>, becomes fk 

to yield 

<gk> = a fk/ (a r Afk 2. Ayfj) (5.11) 
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Assuming fj to be a very narrow function its relationship to Ajj can be described by invoking 

the sampling properties of the Dirac delta function (Bracewell, 1965, pp. 69-97; Gaskill, 1978, pp. 50-

66) to obtain 

<gk> = afk/ (a + Affc-Cg) (5.12) 

where Cs is the magnitude of the sample taken on the CSF. Since Afk» Cs 

<gk> ~ afk/ (a + Afk) (5.13) 

we find that the peak value of fk could be substantially reduced dependent upon the values assigned 

to a and A. Assuming a = 1.0 and A = 0.9, a reasonable assumption as previously shown, 

<gk> = fk/(l + 0.9fk) (5.14) 

which predicts a value <gk> = 0.572 for fk = 1.180, provided by Table 5.7. The predicted value of 

<gk>, being much lower than the experimentally obtained gross grain mass of silver value of 0.833, 

again provided by Table 5.7, implies that the CSF required by the restoration model is a scaled 

version of Nelson's (1971) CSF. This was investigated as discussed in the following sections. 

Analysis Approach 

The procedure followed in performing the restoration analysis is sumarized in Figure 5.22. 

The CSF calculation procedures, previously discussed, are outlined in the left column of the figure. 

The selection, resampling and analysis procedures followed for the line images are shown in the right 

column. As in the case of the CSF calculations the film base density was subtracted from the film 

image density prior to conversion to mass of silver values. 

The GGMSA was applied to the line image mass of silver values in two stages. First, the 

reduction product term, consisting of the convolution of the CSF with the line image, was calculated. 

The reduction product term was then used as a data input in the final GGMSA calculation. 
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Fig. 5.22. Restoration analysis procedure. 
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The discrete convolution required to calculate the reduction product term was perfomed in 

the frequency domain using a Fast Fourier Transform (FFT) algorithm. The application of the FFT 

approach is a more efficient approach then performing the direct convolution. The computation time 

is proportional to N Log2 N for the frequency domain approach as opposed to for the direct 

convolution approach (Brigham, 1974, p. 110). 

Image overlap effects due to cyclic convolution (Anuta, 1970; Brigham, 1974, p. 200) were 

eliminated by restructuring the data using the relationship 

N = P + Q -1 (5.15) 

where 

P = period of line spectrum data 

Q = period of CTF 

N = total period of data array 

The spatial frequency bandlimit of the CTF was estimated to be approximately 10 to 20 

cycles/mm since the truncated CSF contained a large impulse type function with a width of 

approximately 0.085 mm. In order to obtain a reasonable number of spatial frequency samples over 

this interval a sample spacing of 1/3 cycle/mm was selected. Since N = l/( dx df) and dx = 0.005 

mm, the desired value of N was 600 samples. To achieve this the CSF, being 0.366 mm in width, 

contained 72 samples and was surrounded by 264 zero values. The line image data was restructured in 

a similiar manner dependent upon the record length of the image data being analyzed. 

Restoration of Line Images 

The restoration results obtained for the images listed in Table 5.9 are discussed in this section. 

The inital image restoration results included all intermediate and final functional forms, such as the 

CSF, CTF, input image profile, reduction production term and restored images profiles. Subsequent 
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restoration results include only the significant changes that occured to some of these functional forms. 

Multiple plots are provided in certain cases to emphasize certain important functional differences. 

Initial Large Area Image (1 cycle/mm) Restoration. The restoration model was initially 

applied to the large area density values provided by the line images that were 0.5 mm in width. The 

value of the proportionality constant, a, was set equal to unity. 

The actual CSF used in the analysis, obtained from edge number 5, and its frequency domain 

equivalent, the CTF, are illustrated in Figures 5.23 and 5.24. As expected, the CTF had a low 

frequency impulse and negligible amplitude beyond approximately 10 cycles/mm. The abrupt 

change in the amplitude observed in the low spatial frequency region was created by the choice of the 

1/3 cycle/mm frequency space sampling interval. Finer precision would have provided a smoother 

function. However, this had negligible impact on the accuracy of the results. Six sample points 

already existed before the 2 cycle/mm cutoff frequency of the 0.5 mm line image as illustrated in 

Figure 5.25 through 5.29. These figures also illustrate density and mass of silver profiles for line 

images l-l-(7-9). The entire restoration analysis was performed only for line 1-1-8 since it was 

representative of all 15 remaining line images. 

The filtering performed by the CTF on the target spectrum is illustrated in Figure 5.30. As 

expected, only the low frequency content remains and even that is significantly attenuated. The 

reduction product term is illustrated in Figures 5.31 and 5.32. The attenuation perfonned by the low 

frequency CTF bandlimited filter is readily apparent in the reduction product term. 

The comparison of the restored line image gross grain mass of silver to the original mass of 

silver, illustrated in Figure 5.33, indicates the removal of all sharp edge boundary values. It also 

indicates that a considerable smoothing of the edge has occured. A function defined as the correction 

ratio, the ratio of the restored mass of silver to the orginal mass of silver, is illustrated in Figure 5.34. 

This function illustrates the proportional magnitude of the restoration achieved. A unity value 

signified that the original image was not affectd by the GGMSA. 
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Fig. 5.28. Mass of silver profile for 0.5 mm. line width (line number 8). 
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Fig. 5.34. Correction ratio for 0.5 mm. line width (line number 8). 
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The restored gross grain density images are illustrated in Figures 5.35 and 5.36. These results, 

along with gross grain mass of silver results, indicate that the GGMSA performed more than a 

restoration operation. It significantly attenuated the edges beyond the removal of adjacency edge 

effects. A second observation is that the GGMSA modified the original image only near the edge 

boundarys. The large area gross grain density remained the same as predicted by Eq. (5.8). 

CSF Impact on Large Area Image Restoration. The attenuation of the edge boundarys could 

only be attributed to the magnitude of the CSF. The large area image restoration was repeated using 

the CSFs illustrated in Figures 5.9 through 5.13. 

The restoration results calculated from the use of CSFs obtained from edge numbers 2 

through 5 were quite similiar. Thus, only the results obtained from using two of the CSF's are 

illustrated in Figures 5.37 through 5.40. The two CSF's selected were obtained from edge numbers 1 

and 5, which represented a large x-ray exposure range. A maximum difference of approximately 0.05 

was found in the amplitude of the two CTFs, as illustrated in Figure 5.37. Similiar results were 

found for the product of the CTFs and the large area image spectrum. The correction ratio and gross 

grain density profiles both illustrate thai: the differences between the CSFs had a very small impact 

on the overall restoration of the large area image. This also suggests that small errors in the accuracy 

of the calculated CSFs, such as truncation error and least squares fit error, would have negligible 

impact on the restored images. 

Thus far, observations of both the EE and the initial restoration results have indicated that 

the area of the CSF's maybe unreasonably high for the restoration model. This was also theoretically 

supported in the comparison of the restoration model to Nelson's (1971) model, as indicated in Eq. 

(2.22). The CSF of the restoration model was noted to be proportional to Nelson's (1971). 

Additional insight into the importance of this proportionality factor, /?, was investigated using 

the CSF obtained from edge number 5 and a range of /? values which varied from 1 to 10. Selected 
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gross grain mass of silver restorations, for /} values of 1.0,1.75,2.5 and 10.0, are illustrated in Figure 

5.41. The correction ratios and the gross grain density restorations are illustrated in Figures 5.42 and 

5.43, respectively. CSF magnitude variations of this order are found to provide significant differences 

in the restored images. A value of /? in the range from 1.75 to 2.5 appeared to eliminate the adjacency 

effect without attenuating the edge boundary. This was the range of the ratio previously observed to 

exist between the area under the CSF and the magnitude of the value of the Eberhard ratio, MR. 

This suggests that the magnitude of MR could be used as an independent measure of the 

proportionality constant, /?, to provide the scaling factor for Nelson's (1971) CSF. Unfortunately, this 

cannot be absolutely verified in the present study due to the development limitation of the fine line 

density values. However, the range of variation in p from 1.75 to 2.5 provided restored images that 

were quite similiar. This included at least one value, /? = 1.75, which did not appear to be limited by 

fine line development. 

Line Image Restoration (10 cycles/mm). The image restoration procedure was applied to the 

10 cycle/mm line set, 2-l-(l-15), using the CSF obtained from edge number 5 and b = 2.5. The 

results, illustrated in Figures 5.44 and 5.49, indicated that the model restored the fine line density 

values to the gross grain density level of the large area images (1 cycle/mm). 

It is also interesting to note that the restoration algorithm had a greater effect on the extreme 

lines in the group than on the central lines. It appears that the combined group of lines behaved 

similiar to a large area. The restoration algorithm not only restored the fine lines but also tended to 

remove the edge effect associated with a large area. The development activity must have been greater 

at the ends of the line pattern and became less or more depleted towards the center of the line 

pattern. 

Line Image Restoration (19.56 - 39.82 cycles/mm). The restoration procedure was repeated 

for the line sets with spatial frequencies of 15.85 (2-3-(l-15)), 19.56 (2-4-(l-15)), 25.12 (2-5-(l-15)) and 
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39.82 (2-7-(l-15)) cycles/mm. The final gross grain density restorations are illustrated in Figures 5.50 

and 5.51. The line sets containing the three lowest spatial frequencies all had peak line density values 

which were restored to approximately the gross grain density level. The final restoration results for 

these line sets were quite similiar to those obtained for the 10 cycle/mm line set. 

The 39.83 cycle/mm line set, illustrated in Figure 5.51, was restored to a density level below 

that of the gross grain density level. Since initial line density values were near or below the gross grain 

density level this result was logical. The original density level of the line set was probably limited by 

the film transfer function which would have an amplitude of approximately 0.6 at 40 cycles/mm. 

The density profile located between the 15.85 and 39.82 cycle/mm line sets, illustrated in 

Figure 5.51, results from a microdensitometer scan through the elements in group 3 of the high 

resolution target. Since the original target elements contained spatial frequency values ranging from 

100 to 1000 cycles/mm the individual line images were not resolved. Note that the higher density 

peaks were slightly smoothed to lower density values. 
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CHAPTER 6 

CONCLUSIONS 

The scope of this dissertation was concerned with the influence of adjacency effects on the 

restoration of noisy photographic images. The method of study was to review the theoretical 

development of a statistical restoration model (Burke, 1974) and to perform the first experimental 

application of this model to the removal of adjacency effects from selected photographic line images. 

The objective was the verification, including appropriate modification, of the statistical restoration 

model. The restoration results presented herein have verified that this objective has been satisfied. 

The statistical restoration model has successfully compensated for developer depletion and diffusion 

effects, ie., adjacency effects, from several areas within a noisy photographic image. A scaling 

parameter, /?, was used to reduce the smoothing effects of an empirically derived chemical spread 

function. 

Summary of Results 

The important results obtained during this investigation are outlined below. However, caution 

must be observed in the generalization of these results because they were derived from the 

application of the statistical restoration model to only one film-developer-process combination. 

1. The first three steps of the restoration "recipe" have been successfully applied to the 

restoration of photographic line images with spatial frequency content ranging from approximately 

1 through 40 cycles/mm. The results, summarized in Table 6.1, have indicated that peak edge and 

fine line density values have been restored to gross grain density levels and that the maximum 

magnitude of the restoration achieved was approximately 28 % of the gross grain density level. 
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Table 6.1. Restoration summary for magnitude of correction. 

Spatial Density % Gross Descriptive 

Frequency Correction Grain Density Comments 

(cycles/ mm.) (AD) (A D/ G.G.D.) 

1.00 0.14 11.1 Edge image 

10.00 0.15 - 0.23 12.8 -18.2 Line image 

15.85 0.14 - 0.35 11.7 • 28.3 Line image 

19.56 0.14 - 0.36 14.4 - 27.8 Line image 

25.12 0.16 - 0.24 14.4 - 20.7 Line image 

39.82 0.09 - 0.28 8.8 - 26.3 Line image 

Chemical spread function from edge number 5 

Nominal gross grain density value (G.G.D.) = 1.20 

p = 2.50 A//? = 0.35 

Note: A D and % G.G.D. calculations based on individual 

line density values. These were not necessarily the 

same as the nominal G.G.D. value. 

Restoration of edge effects on large-area images were used to establish the scaling parameter 

required by the GGMSA. The edge effects were reduced by as much as 0.14 density units or 11% of 

the gross grain density level. Subsequent application of the GGMSA to fine line images resulted in 

density corrections ranging from approximately 0.14 to 0.36 density units, 8.8% to 28.3% correction, 

for line widths ranging from 0.500 mm to approximately 0.020 mm. Finer line images, approximately 
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0.0125 mm in width, were also restored but the magnitude of the restoration could not be measured 

since the restored peak line density values were below the gross grain density level. 

2. Nelson's (1971) CSF and EE were calculated for Panatomic-X, processed without agitation 

in D-76 developer (diluted 1:1), at six different x-ray quanta exposure levels. The lack of 

development agitation was found to limit the peak edge and line density values, thus limiting the 

magnitude of both the CSF area values and the EE. The average values of the CSF area and the EE 

were, 0.673 and 0.866, respectively, for the four highest exposure levels. This limitation was 

emphasized through comparision to data estimated from previously published results (Nelson, 1971) 

using EE magnitude ratio values. 

3. A magnitude estimate, MR, of the EE was derived from the theoretical restoration model 

and compared to an estimate, NR, based on Nelson's observations of previous data. The MR was 

shown to be a scaled version of NR yielding lower relative values. The scaling factor was the ratio of 

the gross grain mass of silver to the fine line mass of silver, g/f, for the condition that a = 1. 

The comparison of the MR values to the CSF area values, calculated using Eq. (5.1), indicated 

that the CSF area values were significantly greater by a factor ranging from 1.75 to 2.5. Use of this 

proportionality factor, fi, in the restoration algorithm, GGMSA, indicated that adjacency effects were 

successfully removed over this entire range. Based on this observation, the average value of the CSF 

area required by the statistical model for this film-developer combination was A = 0.346 (assuming 

fi = 2.5). 

The use of this scaling factor did not alter the functional form of the statistical model given by 

Eq. 2.8. However, the implications in the comparison to Nelson's (1971) forward model, given by Eq. 

(2.21) and Eq. (2.22), are that A = B/ fi for a — 1. The constant of proportionality, fi , was used to 

scale the CSF, rather than a as described in these equations. This allowed a to remain at or near 

unity so that a large number of grains, afj, were not developed in the absence of adjacency effects. 
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A value of afj = 2.5 did not appear to be reasonable. Additional verification of this technique 

would be required before any generalized statement could be set forth. 

4. The study included the first known application of segmented polynomials (cubic spline 

functions) to the investigation of adjacency effects. This is significant because the application of the 

cubicyspline function can be extended to the investigation of the entire edge effect. A more accurate 

estimate of the apparent MTF might be obtained due to the greater accuracy of the analytic piecewise 

fit and the inherent edge noise reduction properties of an analytic function. 

Experimental Error Sources 

1. The largest potential contributer to error in the analysis of this data was the diffuse density 

nonuniformity of the film caused by lack of agitation in the development process. The maximum 

measured density nonuniformity was found to be 0.27 at the maximum gross grain density level of a 

sensitometric step tablet image. Great care was taken to avoid these areas of nonuniformity during the 

selection of all images analyzed in this study. The largest standard deviation observed in the large-

area specular density value was 0.43, as given in Table 4.3. Although nonuniformities did not appear 

to exist in the fine line images, this was not statistically verified due to the difficulty in separating 

them from nonlinear diffusion and depletion effects. 

2. The measured specular density values were not corrected for the microdensitometer OTF. 

The most significant error would have been for the high resolution target images scanned with a 0.005 

mm circular aperture. From the spatial frequency content of the line images selected for restoration, 
* 

less than 40 cycles/mm, a maximum attenuation of 7 % could have occured. However, the bandwidth 

of the CTF filter was of the order of 10 cycles /mm which would have reduced the attenuation error 

to less than 2%. 

3. The noise associated with the edge data used for the calculation of the CSF had an 

insignificant impact on the results. First, the analytic cubic spline function smoothed the noise; 
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second, variations in the CSF, larger than potential noise errors, were shown to have a relatively 

minor effect on the restoration of the images. No attempt was made to smooth or reduce the noise 

that existed in the photographic line images beyond the smoothing properities of the convolution 

process required by the GGMSA. The intent of the model was to remove the adjacency effects from 

images in the presence of noise and perform noise reduction in the optical scattering statistical 

estimation stage. A review of the restored images will verify that the spatial frequency noisr 

relatively high with respect to the CTF bandlimit, had little effect on the algorithm. 

Recommendations 

The first four recommendations regarding future application of this model are bas 

problems encountered during the analysis of the experimental data and observations mad 

the review of the literature. The last, and potentially very important, is based on the applic 

this statistical approach to nonsilver photoconductive materials. 

1. The lack of development agitation provided large adjacency effects at relatively lo 

exposure levels. However, it also created large areas of density nonuniformity and a limitation 

maximum density values obtained. The application of this model should be considered for a film -

development process using development agitation. Several film-development combinations might be 

considered including viscous development which exhibits significantly large adjacency effects. Such 

an investigation would provide additional insight into the relationship between the EE and the CSF 

area value required by the statistical model. A generalized relationship might then be verified. 

2. The limits of the model should be investigated for photographic images containing variable 

levels of signal-to-noise ratios. This would provide the insight from which one could determine the 

relative importance of addressing the removal of adjacency effects as part of the restoration process. 

Adjacency effects would not be as important at very low signal-to-noise ratios. 
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3. The application of all five stages of the restoration "recipe" should be considered for the 

restoration of noisy two-dimensional images. This could be related to a psychophysical investigation 

of image quality for given targets or a photointerpretation measurement task using low contrast aerial 

images. 

4. A controlled experiment should be performed to compare the range of application of the 

two known adjacency effect inversion models. A systematic comparison should be made between the 

statistical restoration model and the Eikonix inverse diffusion model (Silevitch, Gonsalves and Ehn, 

1977) for a variety of film-developer combinations, noise attributes and image types. 

5. The statistical restoration methods used to derive the present restoration model should be 

applied to photoconductive and electrophotographic films and photoreceptor coatings. These 

materials are capable of exhibiting image properties representative of photographic images which 

contain very large amounts of adjacency effect. They also encompass a wide range of signal-to-noise 

level depending upon the specific photosensitive material and the properties of the liquid/solid 

developer applied to the material. 



APPENDIX A 

U.M.L.E. OF THE IDEAL IMAGE 

An estimate of the ideal image, b, is obtained from the probability density function (p.d.f.) of 

the ideal image, P(cr), and the conditional p.d.f. of the exposure image, P(e/<e>). The estimate is 

obtained through application of an Unconditional Maximum Likelihood Estimator (U.M.L.E.). The 

ideal and exposure p.d.f. given by Eq. (2.3) and Eq. (2.4) are 

P(cr) = nk ((exp{- <ak>> <ak>ak)/ ak!) (A.l) 

P(c/<e>) = P(E) = nj ((exp{- <ej>} <£j>£J)/ej!) (A.2) 

where 

<£j> = fi 2k sjk ak 

AnU.M.L.E. of cr, given e, is that a = cr*. It maximizes the joint p.d.f. of e and cr through setting 

its partial derivative with respect to ak equal to zero. 

P(e, c r )  =  P ( e /  cr) P(cr) = maximum 

. 9/ dck [P(e, a) P(a)]ffk = ^ =0 (A.3) 

Rather than maximizing P(e, a) itself, we maximize its natural logarithm, which obtains a maximum 

value for the same a as P(e,cr). 

J 
In P(e/ <£>) = 2 (- <c;> + CJ In <e;> • In e:!) 

J=L J J J J 

3/ 9(rk [ In P(e/ cr)] = 2 J (- d/ 3<rk <ej> + (Cj/ <ej>) 9(<ej>)/ 0<rk) 

= 2. _ * ((ej - <ej>) / <£j>) a<£j>/ dak (A.4) 
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In P(tr) = 2 K (• <<xk> + crk In <ak> - In trk!) (A.5) 
It •• X 

Using Stirling's approximation for In ak! 

In <xk! = - <xk In ak + (rk (A.6) 

and inserting into Eq. (A.5) we obtain 

K 
3/ 3<rk[InP(CT)] = 2 (In<<rk> 3<rk/3ak- <rk(l/ crk)3CTk/ 3<xk 

- In ffk 3ak/ 3ak + 3txk/3ak) 

= (In <<rk> • In ak) 

= In (<ak>/ crk) for k = k (A.7) 

Taking Eq. (A.4) and Eq. (A.7) and equating to satisfy Eq. (A.3) we obtain 

In (ak/ <<xk>) = / ((ej * <ej>)/ <£j>) 3<ej>/3ak (A.8) 

where 

3<ej>/3ak = 3/3ak (J3 2fc Sjk ak) = Sjk 

Therefore, the U.M.L.E. of the ideal image, crk*, is 

ak* = <pk> exp {- (i 2 [(ej • <ej>)/ <ej>] Sjk} (A.9) 

where 

<ej> = sjl al* 



APPENDIX B 

RMS ERROR OF THE IDEAL IMAGE 

The root-mean-square error (R.M.S.E.) associated with the most likely estimate, <ak>, of the 

ideal image, <rk, is derived assuming Poisson statistics. 

M.S.E. = E{[ak-<ak>]2} 

= E { CTj,2 - 2ffjc<(Tk> + <<Xk>2 } 

= <ffk>2 * 2<crk>2 + <ffk>2 = ' <CTk^ 

R. M. S. E. = (<ak
2> - <ak>2)1/2 (B.1) 

but, in general the variance is 

VARIANCE = E { X2 } - E { X }2 = <X2> - <X>2 (B.2) 

thus 

R. M. S. E. = (VARIANCE)1/2 (B.3) 

Since, for a Poisson process, the mean and the variance are equal 

VARIANCE = <<xk> (B.4) 

and 

R. M. S. E. = (VARIANCE)1/2 = ( <ak>)1/2 = ak 
1/2 (B.5) 
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APPENDIX C 

U. M. L. E. OF THE LATENT IMAGE 

* 

An U.M.L.E. is obtained for the latent image, f^, from the conditional p.d.f., P(m/f), and 

the p.d.f. of the latent image, P(f), assuming Poisson statistics. 

The required conditional p.d.f. of the measured grain density given the latent image and 

the p.d.f. of the latent image, from Eq. (2.12) and Eq. (2.13), can be stated as 

P(m/ f) = n M P(m/ <m;(f)>) 
i= l  1  1  

= n. ^ ( exp { *<m;>} <mj>m') m:! (C.l) 
i = l 1 1 1 

P(f) = n N ( exp { -<fk>} <fk>V fk! (C.2) 

* 

To obtain the estimate we must find the F which maximizes 

P(m,f) = P(f) P(m/ 0 = maximum (C.3) 

Following the procedure of Appendix A, we form the partial derivatives of Eq. (C.3) with respect 

to each fj and equate them to zero. 

3/ 3fj [ P(f) P(m/ f) ] = 0 (C.4) 

* » 

Since In P(m,f) becomes a maximum for the same f value as Eq. (C.3), we use it to 

simpilify the procedure. Thus, 

M 
In P(m/ f) = 2 (-<m;> + m: In <m:> - In (m;!)) (C.5) i= l  i i i  i 

9/ dfk [ In P(m/ f) ] = 2. ,M (-9<m:>/ Bfi. 
i= l  1  *•  

+ mj(l/ <mj>) 3<mj>/ 3fk) 
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3/ 0fk [ In P(m/ f) ] = 2._1
M (-1 + m/ <mj>) 0<mi>/ 3fk) (C.6) 

In P(f) = 2r=1
N (-<fk> + fk In <fk> • In fk!) (C.7) 

Using Stirling's approximation for In fk! 

In fk! = fk In fk + fk (C.8) 

and inserting into Eq. (C.7) and taking the partial derivatives we obtain 

3/ 9fk [ In P(f) ] = 2 N ( In <fk> 3fk/ 3fk - fk(l/ fk) 3fk/ 3fk 

• In f"k 3fj,/ 3fk + 3fk/ fk) 

=  \ = 1
N ( to < f k

> - to f k
)  

= In (<fk>/ fk) for k = k (C.9) 

Now, inserting Eq. (C.6) and Eq. (C.9) into Eq. (C.3) we obtain 

2._^ (^ - <mj>)/ <mj>) 3<mj>/ 3fk + In (<fk>/ fk) = 0 

M 
- In (<fk>/ fk) = ((mj - <mj>)/ <mj>) 3<mj>/ 3fk 

M 
In (fk/ <fk>) = 2 ((mj - <mj>)/ <mj>) 3<mj>/ 3fk (C.10) 

* 

which for fk = fk* we obtain the vector fk* that maximizes P(f,m). 

M 
fk* = <fk> exp {2._^ ((mj - <mj>)/ <mj>)3<mj>/ 3fk} (C.ll) 



APPENDIX D 

DERIVATION OF DIFFERENTIAL MEAN GRAIN DENSITY 

An explicit expression is derived for the rate of change of the measured mean grain 

density with respect to the individual components of the latent image, 9<mi>/ 0fk. Using Eq. 

(2.8) 

<mj> = f-( a - 2. Ajj<mj>) (D.l) 

we find 

3<mj>/ Sffc = a • 2^ A^mj) • fj 2 Ay 3<mj>/ 3fj, 

^ik = ^ik( a " ^ijmj^" *i ^ij^jk (D.2) 

This can be rewritten in terms of the matrices 

D = [ Dik 1 

C = [ 5jk ( o. - 2 Ajj<mj>) ] 

B = [ fj Ajj ] (D.3) 

which, when combined with Eq. (D.2) provide 

D = C - BD (D.4) 

By factoring the matrix D and defining I as an identity matrix, this simplifies to 

C = (I + B) D (D.5) 
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Solving for D, we obtain the differential mean grain density in terms of the inverse 

relationship 

D = (I + B) 4 C (D.6) 

which can be expanded in terms of a binomial series 

(I + B) _1 C = (I - B + B2 • B3 + ) C (D.7) 

The magnitude of B is a function of the subscript j during the convolution of the chemical 

spread function Ay with the differential mean grain density. The absolute value of B must be 

smaller for values of j ^ i than for j = i since the chemical spread function is only centered at i 

for j = i. 

h Ajj < fi Au (D.8) 

In addition, the absolute magnitude of « 1 so that Ay f- < 1 . Thus, only the low 

order terms of Eq. (D.7) can have significant magnitude. Matrix D becomes 

D = C - BC (D.9) 

Combining Eq. (D.2) and Eq. (D.9) 

^ik = ^ik( a " Ay<mj>) - 2 BjjCjjj 
J J 

= 6yj.( a - 2. Ajj<mj> - 2. fjAjj(5jj,( a • 2^ Ajj<mj>)) 

= Sik( a - 2. Ajj<nij>) - 2. f-A^ S^mjVfj) (D.10) 

where the 5jj. eliminates all terxms except j = k to yield 

Djk = ^ik( a ' Ajj<nij> - fjAy^j^/ f^ (D.ll) 
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Combining with Eq. (D.l) the differential mean grain density becomes 

3<mj>/ fj, = a - 2. Ajj<mj>) 

• Ajj,( <mj>( a  -2. Ajcj<mj>)/ ( a  -  2. Ajj<mj>) 

= a - 2. Ajj<mj>) 

- Ajk<mj>( a - 2^ Ay<mj>)/ ( a  - 2. Ajj<mj>) (D.12) 

Inserting into Eq. (2.14) the U.M.L.E. fk* reduces to 

fjj* = <fj,> exp {2. ((mj - <mj>)/ <m^>) 3<mj>/ 

fjj* = <fk> exp {2. ((mj - <mj>)/ <mj>) (( 6jj,( a • 2. A;j<m:>) 
i J 

- Ajjc<mj>( a - 2. Ajcj<mj>)/ (a - 2. Ajj<mj>)))} 

fk* = <fk> exp {2. (( 6y,( a - 2. Ajj<mj>)(mj - <m^>)/ <mj>) 

- 2. Aik<mj>(( a - 2. Akj<mj>)/ ( a - 2^ Ajj<mj>)) 

(mj - <mj>)/<mj>)} 

fjr* = <ffc> exp {( a - 2. Ajcj<mj>)(mji • <m^>)/ <m^>) 

- ( a • 2. Akj<mj>) 2. A^mj - <mj>)/ ( a - 2. A^mf)} (D.13) 

to obtain Eq. (2.16), the most likely latent image estimate, f^*. 

ffc* = <fj-> exp {( a - 2. Ajcj<mj>) [(mj, - <mj,>)/<mk>) 

- 2. (mj - <mj>) Ajj, / ( o - 2 Ajj<mj>)]} (D.14) 



APPENDIX E 

THEORETICAL COMPARISON TO NELSON'S MODEL 

A comparison is given between the statistical restoration model and Nelson's model. Based 

on the initial relationships of the statistical model, as derived in Chapter 2, it is shown that the 

lower order terms of the statistical model are in agreement with Nelson's model. In addition, it is 

probable that the higher order terms associated with the statistical model make it more accurate 

than Nelson's for higher contrast images. 

From Eq. (2.10) 

<mj> = <gi>( a • 2 Ajj<mj>)/ ( a - A<gj>) (E.1) 

reorganizing in terms of A/ a 

<mj> = <gi>( 1 - 2. (Ajj/ a) <mj>)/ ( 1 - (A/ a) <gj>) (E.2) 

and multiplying through by the denominator (1 + (Aa) <gj>) 

<mj> = <gj>( 1  + (A/ a )  <gj>) ( 1 - 2 .  (Ay/ aKmf)/ 

( l - ( (A/a )< g i >) 2 )  (E .3)  

Now, for low to moderate density profiles, such that the adjacency effects are low, we can assume 

that A<gj> < a providing 

(1 - ((A/ a) <gi>)2 ) ~ 1 

<mj> = <gj>( 1 + (A/ a) <gi>) ( 1 - 2 .  ( A y /  a )  < m j > )  ( E . 4 )  
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and we may approximate <mj> by <gj> to obtain 

<mj> = <gi>( 1 + (A/ a) <gi» (1-2. (Ay/ a) <gi>) 

= <giX 1 + (A/ a) <gi> - 2. (Ay/ a) <gi> 

• (A/ a) <gi> 2. (Ay/ a) <gi» 

= <gi> + (A/ a) <gi>2 - <gi>2. (Ay/ a) <gi> 

- (A/ a) <gi>2 2. (Ay/ a) <gj> (E.5) 

Comparing to Nelson's model, from Eq. (2.21) we see that the chemical spread function, 

Ay, is proportional to Nelson's, B, and only equal for the case a = 1. In addition, the only 

other difference in the form of the models is the presence of the higher order terms in the 

statistical models. These terms may cause the necessary adjustment to make the statistical model 

more accurate for higher density levels. 
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