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ABSTRACT 

Numerous studies of the behavior of speculative prices have shown 

that the empirical distribution of such returns is consistently more 

peaked and fat-tailed than a Gaussian, and often positively skewed. 

Strong evidence is presented indicating that such returns are better 

modeled by two- and three-component normal mixtures. By varying the 

means, variances, and probability weights of the component normals, a 

wide variety of peaked, fat-tailed, and symmetric or skewed distribu

tions may be represented with very tractable mathematical expressions. 

Examination of the returns of 116 CBOE firms over three two-year 

periods indicates a high percentage of good fits for such normal mix

tures, based on the chi-square statistic. Further, inspection of the 

parameters estimated for the two-component normal mixture reveals that 

the larger variance is quite frequently not associated with the lower 

probability weight as hypothesized by Mandelbrot and others. A new 

method of selecting class-boundaries is proposed to improve the relia

bility of the chi-square goodness-of-fit test. Using simulation, this 

method is found to be superior to the traditional Mann-Wald equi-

probable approach, particularly for low priced securities. 

Using the assumption of risk-neutrality and a mixture of normals 

density for the underlying security returns, the mixture call option 

pricing model is derived. Call option prices are shown to be weighted 

sums of Black-Scholes prices, with solutions to the mixture model con



verging to Black-Scholes solutions as the number of periods to expira

tion becomes large. Using the parameters obtained from typical mixture 

densities of actual CBOE firms, mixture model prices are generated and 

compared with Black-Scholes prices. It is found that out of the money, 

near term options are underpriced by Black-Scholes relative to the 

mixture model. The closer to expiration and the farther out of the money 

the option, the more Black-Scholes under-prices relative to the mixture 

model. Additionally, the fatter tailed and more positively skewed the 

underlying security returns distribution, the greater the differences 

between the two call option pricing models. 

xi 



CHAPTER 1 

INTRODUCTION 

Development of the first model descriptive of price behavior in 

security and commodity markets is generally credited to Louis Bachelier 

[1], who in 1900 suggested that such prices follow a random process 

known as Brownian motion. The model can be described as follows: let 

Z(t) represent the value of. the random price at any point in time, t. 

Brownian motion then implies that the difference in price between any 

two time periods, say Z(t + At) and Z(t), is normally distributed with 

mean of zero and variance proportional to the time interval At. It is 

further implied that the price differences of any two non-overlapping 

time intervals are independent.* This revolutionary idea was destined 

to become the focus of volumes of subsequent financial research, provid

ing the embryo which has evolved into many of the theories underpinning 

current models. 

It was not until 1963 that Bachelier's Brownian motion theory met 

its first serious challenge. On the basis that empirical distributions 

of price changes were often too "peaked" relative to samples from normal 

distributions, Benoit Mandelbrot [19] hypothesized that distributions of 

* Z(t) is mathematically a Wiener process. A more general Wiener 
process having a non-zero mean as well as time-dependent variance 
accounts for the "drift" of stock prices. 

1 
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the stable Paretian family fit speculative prices more closely. A 

stable Paretian, or simply stable, distribution is any distribution 

which is invariant under addition such that the sums of independent and 

identically distributed stable variables have the same distribution as 

their summands, except for origin and scale. Unfortunately, in only two 

cases is the density function well defined: (1) when the characteristic 

exponent, a, equals one, the Cauchy distribution, and (2) when a equals 

two, the Gaussian distribution. And, in only one case, the normal, is 

the population variance finite. 

Mandelbrot, closely followed by Eugene Fama [10] and later by 

others, showed that the leptokurtic ("peaked" and "fat tailed relative 

to the normal distribution) stable distributions consistently fit actual 

prices better than their counterpart Gaussian distributions. An addi

tional refinement to the model substituted the differences of the 

natural logarithms of prices for the prices themselves (see Fama [10], 

pp. 45-46). The variable of concern then is not the price in period t, 

Pt, but xfc+1, where 

x
t+1 = lo9e ^t+1* " loge (Pt* 

= loge (Pt+1 / Pfc>* 

If prices themselves are modeled by a normal distribution, negative 

prices could be expected - certainly an unrealistic assumption in many 

cases. But using logged price differences, or log-relatives, implies 

that prices remain strictly positive. Log-relatives also help compen

sate for the "funnel effect" of increased variance at higher price 

* Often referred to as the "log-relative" and henceforth synonymous with 

"returns". 
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levels frequently exhibited by speculative prices. Additionally, the 

natural logarithm of the ratio of ending price to starting price repre

sents the return of the underlying asset when continuously compounded.* 

Later, in 1977, Greene and Fielitz [12] provided additional 

evidence that returns were better described by the infinite variance 

stable distributions than by the Gaussian. They found that many series 

of common stocks exhibited long-term dependence and concluded that 

returns should have an infinite variance due to the "persistent" statis

tical dependence. 

Despite this evidence the stable Paretian hypothesis was never 

fully accepted, partially due to difficulties in the application of the 

theory. First, stable non-Gaussian distributions have variances which 

are infinite and sample second moments which are highly unstable over 

time. Although many series of stock returns exhibited this non-

stationary sample variance, the implication that standard least-squares 

statistical estimation techniques were inappropriate evoked much resis

tance to the stable theory. Second, the techniques for estimating the 

characteristic exponent are not even now well developed. And third, 

except for the normal and Cauchy, distribution functions for stables are 

unknown. 

The first viable alternative to the stable Paretian theory was 

presented in 1967 by James Press [25]. Press proposed, as was suggested 

by Mandelbrot a few years earlier [19], p. 403, that log-relatives 

* It is not difficult toshow that normally distributed log-relatives 
are equivalent to lognormally distributed prices. If stock prices 
obey a lognormal distribution the process is termed "geometric 

Brownian motion". 
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followed a distribution which is a mixture of normal densities* More 

specifically, Press* model is a Poisson mixture of normals such that 

N(t) 
Z(t) = C + Z Y + X(t) 

k=1 * 

Here, the differences of the logged prices, Z(t), are a function of some 

2 
constant C, plus a Wiener process X(t) with variance t and mean zero, 

plus a sum of independent Wiener processes, Y^, each with variance 

2 
a2 and mean 0. In addition, N(t) is a Poisson distributed random vari

able with parameter Xt. Thus, for any given N(t), Z(t) is a sum of two 

2 
independent normal distributions, one with variance t and mean zero, 

2 
and the other with variance N(t) and mean N(t) 0. If the probability 

that N(t) = i is p^, z(t) will be distributed as a mixture of an 

infinite number of independent normal densities such that 

Z(t) ~ E 
i=0 

00 

2 2 
p.^ N(i9, io2 + 

2 
where N( M ,  a ) is the normal density function. 

This model attempted to link a Poisson process which generated 

"events" to the distribution of returns. Unfortunately, drawbacks to 

the model were twofold. First, estimation of the model parameters was 

difficult; and second, the few empirical results obtained produced fits 

which weren't much better than those of the stable Paretian. Despite 

these major shortcomings, Press' model did have an important impact on 

the development of other models involving a stochastically determined, 

or subordinated, variance. 
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Between 1967 and 1977 several other models of security returns 

emerged, each a different mixture of normal distributions. In 1967 

Mandelbrot and Taylor [20] introduced a process in which log-relatives 

were distributed as sums of normals with n, the number of independent 

sums, obeying a stable Paretian law. Later, in 1972, Peter Praetz [24] 

presented a model which was an inverted gamma sum of normals. A year 

later, Peter Clark [5] produced a mixture model in which n followed a 

lognormal distribution. Finally, in 1977, Randolph Westerfield [28] 

introduced a model in which sums of normal distributions were subor

dinate to trading volume. Two of these models warrant further inspec

tion. 

As mentioned, the model proposed by Praetz consisted of a 

specific type of mixtures of normal distributions in which the number of 

normal sums follows an inverted gamma distribution. This resultant 

distribution is precisely the scaled t-distribution. To verify the 

model an empirical study was made of 462 weekly observations from each 

of seventeen share price indices of the Sidney Stock Exchange. Chi-

square goodness-of-fit tests provided strong evidence that the scaled t-

distribution better described a portfolio of returns than did the nor

mal, compound events, or stable Paretian distributions. In 1974 Blatt-

berg and Gonedes [3] provided additional empirical evidence to support 

the superiority of the Student model over the stable Paretian. 

Westerfield maintained that price changes result from the accumu

lation over time of new information. If this accumulation of bits of 

information can be described as the sum of many independent random 

variables in which the number of sums is itself a random variable, then 
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the price changes must follow what is known as a subordinated stochastic 

process* The transactions time subordinated model thus implied that 

observed peakedness in calendar time models would diminish if an adjust

ment were made for the volume of trading. Hence, the larger the trading 

volume for a given period, the larger should be the variance of the 

associated price change. 

Westerfield also produced the first large-scale empirical 

evidence of the validity of the subordinated stochastic model relative 

to common stock returns. Chi-square goodness-of-fit tests based on 412 

daily observations for each of 315 securities provided strong support 

for the subordinated model when compared to the stationary stable model. 

The last notable contribution to price change models was made by 

Cox and Ross [8] in 1976. They proposed several alternatives to the 

"smooth" diffusion processes described above in the form of "jump 

processes". A single jump process might be modeled such that the magni

tude and associated probability of a discrete and discontinuous jump 

occurring over any interval of time follows a Poisson process. Cox and 

Ross also demonstrated that this discontinuous process could be added to 

a Wiener process to obtain an even more general process. The focus of 

their research was more theoretical than empirical, with the ultimate 

intent of developing an option valuation model, and consequently, to 

date the jump model has received little empirical validation. 



CHAPTER 2 

MIXTURES OF NORMAL DISTRIBUTIONS 

Mixtures of normal distributions are not new to the study of 

physical phenomena. They have been used in applied disciplines such as 

Physics, Chemistry, and Hydrology to model various stochastic proces

ses. Nor are mixtures of normals new to the study of the stock mar

ket. As early as 1963, Mandelbrot [19] suggested that the fat-tails, 

relative to a normal density, exhibited by "speculative prices" could be 

explained by a "contaminator" in the distribution of prices which had a 

large variance yet small probability of occurrence. Later, as discussed 

previously, more sophisticated models assuming very specific types of 

normal mixtures were proposed by several authors. 

Mixture Densities 

Distributions which result from the weighted stuns of two or more 

different density functions (usually from the same family) are called 

"compound" or "mixed" distributions. The resultant mixture may further 

be categorized by the family to which the component distributions 

belong. Such families of compound distributions previously studied 

include the Gaussian, Poisson, exponential, binomial, gamma, lognormal, 

and Gumbel.* The purpose of this section is to examine some of the 

properties of the normal mixture. 

* For references, see Cohen [6]. 

7 
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A mixture of normals may be defined by its density function, 

which is 

where 

k 

f(x) = £ fp. f.(x)l 
i=1L 1 

Z p. = 1 

p .  > 0  f o r  e a c h  i  

and 

f.(x) = 

a 
exp 

2 2 
-.5(x-u.) /a. 

1 1 
for each i 

The parcimeters of the distribution therefore include k means, k 

— 2 
variances, and k proabaility weights, P^* These probability weights 

will henceforth be referred to as simply "probabilities" or "weights". 

The nfcl1 central moment of f(x) taken about the origin may be 

written as 

k p a, 
M* = Z Ip.f x n  f.(x) dx 
n i=1[PxJ -

with the n*"*1 central moment being 

"n = fi(x) <**] 

For convenience, let 

mi = ui " 
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The first non-central and the first five central moments of f(x) are 

formulated as 

= E 
Pi yi 

M1 
= E m. 

X 
= 0 

M2 
= 

E 
Pi 

, 2 2V 
(ai + mi> 

M3 
= E 

Pi 

2 2 
m. (3a. + m.) 
X I X  

M4 
= 

E 
pi 

4 2 2 
(3aT + 6mf a. 

X XX 
+ 

mi) 

"5 
= 

E 
pi 

m. (15a? + 1Om? 
XX X 

2 4N a. + m.) 
X X 

An intuitive description of the random process involved in sampling from 

a mixture of k normals could be given as follows* Consider the above 

mixture, f(x). The probability that a randomly sampled value from f(x) 

2 
will be distributed normally with mean, u^, and variance, a^, will be 

the weight, p^. Figure 1 illustrates this phenomena using a mixture of 

two normals. The highest curve, f(x) is a mixture having mean of zero 

and variance of unity. f(x) is a sum of the two smaller curves, each of 

which is a normal density multiplied by its respective weight. Notice 

that the area under each of the smaller curves corresponds to its prob

ability weight, and that for any value of x, f(x) is equal to the sum of 

the ordinates at x of each of the smaller curves. By choosing unequal 

means, variances, and weights for the component distributions, we have 

obtained a mixture density which is positively skewed and peaked rela

tive to a standard normal. 



10 

§-3.00 0.00 1.00 2.00 -2.00 -1.00 

HEflN =0.0 
VflRIflNCE = 1.0 

0.4 
0c4 
0.6 

HEflN 
VflRIflNCE 
WEIGHT 

o»-i 

HEflN =0.6 
VflRIflNCE = 1.3 
WEIGHT = 0.4 

oQ_ Q-o 

3.00 0.00 -1.00 1.00 2.00 -3.00 -2.00 
VRLUE FOR RANDOM VRRIRBLE 

Fig. 1. A Mixture of Two Normal Distributions 



11 

It should be noted that a mixture, or sum of normally distributed 

random variables produces a distribution which is always Gaussian, as 

opposed to the mixture of Gaussian densities described above* This 

leads us directly to a comparison of the properties of mixtures relative 

to their component normal distributions. 

Properties of Mixtures of Normal Densities 

Leptokurtic. When component means are equal, a mixture always 

has more mass in the center than its normal counterpart. This "peaked" 

appearance is a function of the relative magnitudes of the component 

variances and their probability weights. Thus, a mixture may appear 

very peaked if the ratio of the component variances differs substan

tially from one. If the means of the component normals are not equal, 

the mixture density may be multi-modal. The farther apart the means 

are, the more pronounced the effect. 

Skewed. When the component means are equal, the mixture density 

is always symmetric. Unequal means may produce a distribution which is 

either positively or negatively skewed. 

Fat-tailed. A symmetric mixture of normals will always have more 

mass in the extreme tails than a normal density with the same mean and 

variance. The point at which the mixture density becomes greater than 

the normal varies, depending on the parameters involved. 

The above properties of mixtures have consistently been found to 

be exhibited by security returns. Such series are most often found to 

be peaked in the middle, shallow near the inflection point, fat in the 

tails, and to a lesser degree, somewhat positively skewed. 



CHAPTER 3 

FITTING AND TESTING MIXTURES OF NORMALS 

Although some empirical evidence exists for a few very specific 

mixture models, no analysis of unrestricted parameters for mixtures of 

two or more normals has been performed for security returns data. One 

possible explanation for the lack of such a study is that estimation of 

the unrestricted parameters can be a difficult task even for the case of 

only two component normals. Without some simplifying assumptions, 

estimation of all of the parameters for three component normal mixtures 

may require a very sophisticated algorithm and considerable computer 

time. In this section we will briefly discuss some of the alternatives 

for estimating mixture parameters, and also evaluate two competing 

goodness-of-fit tests. 

Parameter Estimation 

There are two basic methods for solving the above problem, the 

first being the method of moments. Karl Pearson in 1894 [23] first 

demonstrated that a single nonic (ninth degree) polynomial could be 

derived from a system of six normal distribution moment equations. He 

then proposed that the mixture parameters could be derived by equating 

the sample moments of an empirical distribution to the theoretical 

moments and then solving the nonic equation. Unfortunately, finding 

12 
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solutions to this nonic equation may be quite difficult Additional 

work by Charlier and Wicksell [4] and Cohen [6] later extended Pearson's 

work by presenting techniques which did not require a direct solution of 

the nonic equation. Another drawback to the method of moments is that 

there may be multiple solutions to a given problem, or worse still, 

none* 

The second general technique for estimating mixture parameters is 

the graphical technique. Due to the difficulties encountered in solving 

the moment equations, especially for mixtures of more than two normals, 

various iterative procedures have been developed. These algorithms 

generally begin by developing a histogram from the empirical observa

tions. Then through an iterative routine, possibly non-linear program

ming, the parameters are chosen so as to minimize some value, such as 

the chi-square test statistic. In this way, algorithms can be tailored 

to the individual problem, thus reducing the high computational time 

often necessary. Another method for reducing the complexity of the 

calculations is to make simplifying assumptions about the parameters. 

Such assumptions might include equating one or more of the means, vari

ances, or probabilities, or specifying ai simple relation between them. 

The algorithm used in this study to estimate normal mixture para

meters is an iterative graphical technique developed specifically for 

the types of distributions found in security price data. In addition to 

being leptokurtic, these distributions are almost universally unimodal 

and predominantly positively skewed. Parameters were selected so as to 

minimize the chi-square test statistic, which as will be seen, has some 

important implications for testing the empirical fit. 
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Goodness-of-fit Tests 

If we fit a density function to an empirical distribution, we 

must have some means of assessing the accuracy of the fit. One commonly 

2 used test is the w test proposed by Kolmogorov and Smirnov in [17], pp. 

466-477. This test is completely distribution-free when HQ holds. The 

disadvantage of the test is that, except under very special conditions,* 

the distribution must be fully specified, i.e., all parameters must be 

predetermined as opposed to being estimated. On this basis, then, we 

2 must reject the w test as being unsuitable for mixtures of normal 

distributions. 

The second frequently used non-parametric test is the chi-square 

2 
test. In contrast to the w test, Hoel [15] p. 232, states that "The 

2 
X test is applicable when the cell probabilities depend on unknown 

parameters, provided that the unknown parameters are replaced by their 

maximum-likelihood estimates and provided that one degree of freedom is 

deducted for each parameter estimated." Kendall further shows that 

. . 2 
the minimum-x estimator approaches the maximum-likelihood estimator for 

. . 2 
large samples [16] pp. 55-56. Thus, the minimum-x estimators provided 

by the above iterative algorithm are essentially maximum-likelihood 

2 
estimators, and as such meet the requirements of the x test. 

A more difficult problem arises in the application of the 

2 
X test. To perform the test, the data must be arbitrarily divided into 

k classes. Two interrelated decisions must be made: (1) the number of 

2 
* M.A. Stevens [27] presents a guide to using the w statistic when the 

parameters from a normal or exponential distribution are to be 
estimated. Darling [9] has also investigated the w test where one 
parameter is unspecified. 
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classes, and (2) the boundaries for each class. The most widely 

accepted solution is that proposed by Mann and Wald [21] , where the 

boundaries for each of the k classes are set so that each class contains 

equal probability, 1/k, under the null hypothesis. Additionally, the 

best k size is shown to be a function of the significance level and the 

sample size. A more recent study by M. A. Hamdan [14] p. 678, shows 

that, for a normal distribution, "the optimum partition corresponds to 

equal-class width of abut 0.4 standard deviation with pooling of the 

terminal classes, and this is slightly more powerful than the equal 

class-probability partition." He also demonstrates that between ten and 

twenty classes will ensure a reasonably sensitive test. Because of 

2 
Hamdan*s evidence, and reasons to follow, the x tests performed in this 

study used generally equal width intervals, pooling in the tails, and 

about 13 cells. 

At this point one might be reasonably content to use the more 

powerful equal width intervals in contrast to the traditionally accepted 

equi-probable cells, but a much more potentially profitable refinement 

remains. To begin, let us look at the actual returns generated by 

common stocks. The variable of interest in this study is the daily log-

relative, x^, computed using the daily closing price, P^, where 

xt = loge (Pt+1 7 V 
" lo% (Pt+1} ~ lo% 

If we approximate the distribution of x ,  assuming all parameters are 

stationary across time, with a normal, stable, mixture of normals, or 

any other continuous distribution, we do so knowing that x is in fact a 
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discrete random variable. We know that any price must be some multiple 

of 1/8, since even 1/8's are the smallest units in which common stocks 

trade, and hence the log-relative, xt, at any point in time must also be 

a discrete random function of the stock price. The point to be made is 

that even though we know the log-relative is a discrete random variable, 

it is nevertheless appropriate to approximate it by a continuous distri

bution as has been done countless times in the finance literature. 

The fact that xfc is discrete has some very important implications 

2 
for the determination of the class-intervals m the x test. Let us 

construct a simple example. Suppose that the price of a stock in period 

t-1 equals $100. Assuming for simplicity that the price in period t 

cannot differ by more than 3/8, the only possible values xfc, the log-

relative can have are 

Price 99 5/8 99 6/8 99 7/8 100 100 1/8 100 2/8 100 3/8 

xt . 100 -.376 -.250 -.125 .000 .125 .250 .374 

Notice that xfc has values which are approximately even increments of 

-2  
.125 x 10 . If the stock remains close to a price of $100 then the 

-2  
increments will also be close to .125 x 10 . At $110 the increments 

- 2  
are approximately .114 x 10 , while at $90 they are about .139 x 

-2  
10 . Thus, if the stock price ranged between $90 and $110 we would 

expect to see changes of +1/8 represented by log-relatives ranging 

-2  -2  -2  
between .114 x 10 and .139 x 10 , changes of +2/8 between .227 x 10 

—2 —2 —2 and .277 x 10 and changes of +3/8 between .340 x 10 and .416 x 10 



If we were to construct a x test to fit a density to observed 

log-relatives, it would seem quite unreasonable to construct cell-

intervals having ranges which could not possibly contain any data. In 

—2 —2 9 
the above example, the ranges .139 x 10 to .227 x 10 and .277 x 10 

-2 and .340 x 10 can contain no data as long as the security price 

remains between $90 and $110. A sensible approach, assuming one cell 

per possible 1/8 price change, would be to place each cell so that the 

center of its probabiity mass, under the null hypothesis, concides with 

the average value of the log-relative for that change. Figure 2 illus

trates this technique for a security with only five possible price 

changes. The heavy vertical lines delineate each of the class-

2 
boundaries for the x test. Centered within each cell is the mid-point 

of the range of the standardized log-relative for that price change. 

In reality, of course, more than five price changes typically 

have a high probability of occurrence. But, moderately low priced 

and/or low volatile securities have normal price ranges narrow enough 

that the above technique (with possible pooling) could provide substan

tially better results than the equi-probable cells method. 

The procedure then for "optimizing" the class-boundaries is to 

use the average price, P, at which the security sold during the period 

in question and the standard deviation of the log-relative, s, to deter

mine a cell width. Assuming that the data will be pooled only in the 

tails, each of the interior cells will have a width, w, such that 

sw = loge [(p + 1/8) / P] 

Since the 0/8 price change is typically close to the center of the 

distribution of log-relatives, an odd number of cells is used so that 
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Test When Price Changes Are Discrete 
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the middle cell may be centered about zero- The class-boundaries are 

then 0 + (k + V2 )w where k = 0, 1, 2, ..., n, with the last boundaries 

being +_ infinity. This method will produce 2n + 3 cells. Certainly, if 

the 1/8 price changes produce too many cells, the size of the cell width 

may be made multiples of w, or cells in the tails may be amalgamated. 

The justification for delineating cell-boundaries as described 

lies in its reasonableness. Each class is determined uniquely by the 

average price at which the stock sold during the period sampled and by 

its standard deviation. It is common practice to make the classes 

dependent on the standard deviation, we have merely added a similar 

random variable, the mean, as an additional dependency. In reference to 

using the standard deviation to determine class-boundaries, Kendall [17] 

p. 448, states "... intuition suggests that since the asymtotic theory 

holds for any set of k fixed classes, it should also hold when the 

class-boundaries are determined from the sample. That this is so when 

the class boundaries are determined by consistent estimation of param

eters in the regular case was shown for the normal distribution by ... 

We may thus neglect the random variations of the class boundaries so far 

2 
as the asymtotic distribution of x / when Hq holds, is concerned." It 

can readily be seen that for any period in question, as we increase the 

number of log-relative observations, the estimates of the mean and 

standard deviation, P and s, will approach fixed values. Further, as 

the number of observations becomes large the k classes, whose boundaries 

are determined exclusively by the sample parameters P and s, must also 

approach fixed values. Thus, according to Kendall, the asymtotic 

2 
X theory must hold. 
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The chi-square tests used in this study were constructed so that 

the average value of the price changes was centered within each cell. 

The number of price changes within each cell depended upon the average 

price of the stock and its variability. A stock with a very low price 

and variability might have only one 1/8 price change per cell, while a 

high priced, highly variable stock could have many. The largest number 

of cells which was allowed was thirteen, price changes being agregated 

first from the tails and then inward until this constraint was satis

fied. The smallest number of cells allowed was nine, and only in a few 

cases were the 1/8 changes so large that this condition could not be 

met, in which case thirteen equi-probable cells were used. In addition, 

the largest absolute Z-value for the next-to-last cell was arbitrarily 

set to 1.9 in order to maintain sufficient observations in the tails. 

Figure 3 shows the enpirical histogram of standardized log-

relatives for a typically low-priced, moderately volatile common stock, 

upon which is superimposed a normal density and a more peaked mixture of 

normals density. Note the "gaps" in the histogram when equi-probable 

cells (under a normal null hypothesis) are used, due to the phenomenon 

V 2  

discussed above. The normal * test statistic is 330.6 while that of 

the mixture is 199.6. Figure 4 shows the same data after applying the 

• 2 
"optimized" technique described above. The x values have decreased to 

87.4 and 9.7 respectively due to the "smoother" appearance of the histo

gram. 
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A Simulation 

In order to determine how well the optimized technique for 

2 
determining x cell-boundaries compares with the equi-probable approach, 

a conqputerized simulation has been developed. Its purpose is to simu

late discrete prices from a typical mixture of normals density for a 

2 
given security price level. Two x tests may then be performed, one 

using the optimized approach and the other the equi-probable, with the 

null hypothesis that the simulated distribution is indeed generated from 

the mixture density. If these tests are performed many times for simu

lated data, we would expect to see a values, each the probability of a 

Type I error, which are uniformly distributed on the interval 0-1. 

2 
Similarly, two additional x tests, one optimized and one equi-probable, 

may be performed on the same data, but with the null hypothesis that the 

simulated data are generated by a normal density of the same mean and 

variance as the mixture. In this case, a powerful test would reject a 

high proportion of the simulated distributions as being non-normal, thus 

maintaining a low 3 / the probability of a Type II error. 

In order to compare the Type I and Type II error probabilities 

associated with each of the two methods of establishing cell-boundaries, 

the simulation was organized as follows. For each of twenty-six differ-

2 
ent price levels, 100 simulations of a x test, each test having 500 

price observations, was performed using simulated data. Since the 

2 
X tests used in this study were also conducted on sets of approximately 

500 trading days, comparability is thus insured. Since it was hypothe

sized that lower prices would adversely affect the performance of the 
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2 
X tests, twenty-six price levels were chosen, ranging from about $5 to 

$700. 

For each price level then, 100 series of prices, each with 500 

observations, were generated. The prices forming each sanqple of 500 

observations were generated randomly, after fixing the starting price, 

in discrete 1/8th increments in a manner such that their log-relatives 

were produced by a mixture density. The mixture density used, as will 

be discussed more fully in Chapter 4, is one typical of the distribution 

of many actual common stocks, being more peaked and fat-tailed relative 

to the normal. More specifically, the following steps outline the 

method by which the discrete prices were generated. 

1. Set t = 1. 

2. Set Pfc, the starting price, to some initial value. 

3. Generate a single random log-relative from a mixture density of 

given parameters. This may be accomplished in two steps. First, 

select at random one of the component normals of the mixture 

density, with each component having a selection probability equal to 

its probability weight. Second, generate a random log-relative 

having a normal distribution with mean and variance equal to those 

of the selected component normal. This log-relative will then in 

effect have been selected from the mixture distribution. 

4. Determine which even 1/8th price change produces a log-relative 

closest to that generated in step 3. The price associated with this 

price change is then the new randomly generated discrete price, 

Pt+r 
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5. Increment t by one and repeat steps 2 through 5 until the desired 

number of prices have been obtained. 

It is important to note that the average price of the randomly 

generated series will not in general be the same as the starting price, 

due to the randomness of successive price changes. For this reason, the 

average price levels used in Tables 1 through 3 are not round numbers. 

In addition, all simulated values were generated from a single 

two-component normal mixture with the following parameters: 

P 1  =  0 . 0  

w 2  =  ° * °  

a* = (1.96) (.02)2 

<j* = (0.36) (.02)2 

P1 = 0.4 

P2 = 0.6 

Remembering that the simulated prices were in all cases generated 

from a mixture distribution, two sets of hypotheses were constructed in 

order to measure the magnitude of Type I and Type II errors associated 

2 
with both forms of the x test. 

Hq: The randomly generated log-relatives are distributed as a 

mixture of two normals with the above parameters. 

H : The log-relatives come from some other distribution. 

I 
Hq : The randomly generated log-relatives are distributed as a 

normal with the same mean and variance as the mixture density. 

H : The log-relatives come from some other distribution. 
cl 
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And further define the following: 

= The highest probability of rejecting a true null hypothesis, 

2 
HQ» given the test statistic x.« That is, the probability of 

2 2 
obtaining a x value greater than x^ when the log-relatives 

were generated from a mixture density, is the probability 

of a Type I error for case i. 

a = The average over all 100 o^'s , for a given price level. 

0^ = The highest probability of accepting a false null hypothesis, 

• 2 
Ho, given the test statistic x^* That is, the probability of 

2 2 
obtaining a x value less than x^ when the log-relatives were 

generated from a mixture density. 0^ is the probability of a 

Type II error for case i. 

3 = The average over all 100 (J^'s, for a given price level. 

2 
As already mentioned, the probability of obtaining a x test 

2 
Statistic greater than x^/ a^» should be uniformly distributed on the 

interval 0-1. For each of the twenty-six price levels examined a two-

2 
tailed Kolmogorov-Smirnov D statistic was computed on the 100 x values 

to test the null hypothesis that the are indeed uniform. Note that a 

K-S D value greater than 1.63 will lead to rejection of the null at the 

.99 level of significance. Also, if the are uniform, a should be 

approximately one half• 

Table 1 conpares the average Type I and II errors associated with 

both the optimized and equi-probable methods of determining class-

boundaries. The values of a, K-S D, and its associated significance 

level are used to measure the error associated with rejecting HQ when 

the simulated distribution is actually generated by a mixture density. 



Table 1 

AVERAGE 
PRICE 

Averaqe Type I and Type II 
Error Probabilities for Optimized 

And Equi-Probable Chi-Square 

***** EQUI-PRQBABLE CELLS ***** 

K-S D AVERAGE 
ALPHA 

UNIFORM 
PRQB. 

AVERAGE 
BETA 

******* OPTIMIZED CELLS ******* 

AVERAGE K-S D UNIFORM AVERAGE 
ALPHA PROB. BETA 

5.15 0.000 10.00 0.000 0.000 .270 3.74 0.000 .000 
6.95 0.000 10. OC 0.000 0.000 .408 1.95 .001 .001 
9.67 O.OOC 10.00 0.000 0.000 .455 1.24 .092 .001 

14.49 0.000 10.00 0.000 0.000 .470 1.03 .238 .008 
20.90 .003 9.77 0.000 • 001 .423 1.56 .015 .014 
32.00 .111 7.20 0.000 • Oil .435 1.74 • 0u5 .008 

39.84 .314 2.80 0.000 .021 .440 1.62 .010 .017 
51.71 .326 2.96 0.000 • 016 .483 1.07 .202 .018 
59.01 • 365 2.76 0.000 • 012 .502 1.11 .170 .014 
70.87 .410 1.47 .026 • 025 .535 .73 .661 .027 
82.68 .410 1.84 .002 • 012 .503 .70 .717 .017 

93.25 .486 .93 .351 • 031 .533 1.15 .144 • 026 
96.48 .440 1.04 .234 • 032 .523 .96 .319 • 023 
112.78 .522 .74 .648 • 021 .547 .96 .314 • 023 

122.71 • 551 1.58 .014 • 036 • 567 1.29 .072 • 028 
129.75 .492 .84 .481 .023 .477 .77 .597 .013 
146.57 .641 2.53 0.000 .033 .601 1.79 .003 .023 
164.87 .599 1.76 .004 .031 .598 1.74 .005 .034 
175.27 .609 2.23 .000 • 029 .580 1.62 • Oil .036 
201.20 .555 1.45 .029 • 022 .576 1.31 .065 .02 2 
253.58 .597 1.85 .002 • 017 .617 2.10 .000 .014 

307.40 .497 .58 .887 .025 .567 1.15 .144 .021 
346.37 .522 .78 .576 .023 .556 1.29 .071 .015 
402.91 .540 1.40 .040 .022 .555 1.20 .1x0 .017 

505.50 .577 1.79 .003 .047 .602 1.85 .002 .046 
714.6C .555 1.51 .021 .027 .560 1.34 .055 .028 
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The value of 3 is similarly used to measure the error associated with 

accepting Hq , that the log-relatives, come from a normal distribution, 

when they are actually a mixture. The most striking fact demonstrated 

I 
by Table 1 is that the equi-probable technique rejects both H and H in 

o o 

virtually all cases where the average price is less than $15, showing a 

total inability to differentiate between the two nulls. In sharp con

trast, the optimized technique produces substantially higher averages of 

the a^, ranging from .27 to .47 for the same price levels. Although 

this technique shows a tendency to reject more true nulls than would be 

2 
the case if the test statistic were x distributed, there is a much 

stronger ability to distinguish between the two nulls for very low 

prices while still maintaining a low 3» 

For average prices between $20 and $100 both the optimized and 

the equi-probable methods begin to perform much better, as indicated by 

the increasing a's and the higher probabilities of the being uni

formly distributed. Throughout this price range though, the optimized 

method yields consistently better results than the equi-probable 

method. As with the lower price levels, there is still a tendency, 

although not as strong, for both methods to reject more true nulls than 

expected for an unbiased test* As the average price climbs past $100 

the discrete prices become relatively more continuous and consequently 

both methods produce similarly good results. 

Table 2 presents Type I errors, specifically, the percent of the 

time the true mixture null, Hq, was rejected by the equi-probable and 

optimized techniques for each of three levels of significance, 99%, 95%, 

and 90%. If the test statistic were x distributed we would expect to 



Table 2 

Percent of Time True 
Mixture Null Rejected 

AVERAGE EQUI-PROBABLE CELL-BOUNDARIES 
PRICE 

***** ALPHA VALUE ***** 

.01 .05 .10 

5.15 100 100 100 
6.95 100 100 100 
9.67 100 100 100 
14.49 100 100 100 
20.90 98 96 99 
32.00 66 75 79 
39.84 28 31 34 
51.71 18 30 35 
59.01 15 22 31 
70.87 5 13 22 
82.68 2 12 22 
93.25 5 12 16 
96.48 5 13 19 
112.78 3 8 13 
122.71 1 5 8 
129.75 2 9 18 
146.57 1 3 6 
164.87 2 3 5 
175.27 0 1 4 
201.20 0 0 5 
253.58 1 3 8 
307.40 0 3 10 
346.37 0 4 12 
402.91 3 6 12 
505.50 1 4 6 
714.60 0 1 5 

OPTIMIZED CELL-BOUNDARIES 

***** ALPHA VALUE ***** 

.01 .05 .10 

5 20 32 
6 18 24 
6 9 19 
7 11 16 

13 17 23 
12 17 22 
10 16 24 
6 11 16 
5 10 18 
1 1 6 
3 7 9 
2 6 9 
3 8 15 
4 4 4 
1 3 7 
2 7 14 
1 4 5 
1 2 6 
1 4 6 
1 1 6 
1 4 9 
1 3 5 
1 5 10 
1 5 11 
2 7 9 
1 4 10 



30 

see 1% of the simulations rejecting Hq at the 99% level (a = .01), 5% at 

the 95% level (a = .05), and 10% at the 90% level (a = .10). The 

pattern evidenced by Table 1 is even more clearly depicted here. For 

very low prices the equi-probable technique is utterly useless, 

rejecting Hq for all samples. For moderated prices the equi-probable 

performs better in terms of Type I errors, but not nearly as well as the 

optimized technique. For higher prices both techniques yield good 

results. 

Table 3 presents Type II errors using the percent of the time the 

f 
false normal null, H , was accepted by each technique for the same three 

o 

levels of significance. The higher the power of the test, 1-0, the 

lower we would expect the tabulated percents to be. For price levels 

under $20, the optimized has less power than the equi-probable, but for 

these levels the equi-probable method produces a meaningless test since 

it indiscriminately rejects both the true and false nulls. For price 

levels above $20, the optimized is about equal in power to the equi-

probable at the 99% level of significance, but is somewhat more powerful 

for both the 90% and 95% levels. 

One further consideration is in order. It could be argued that 

for prices under $30 the optimized method performed better than the 

equi-probable method due to the former technique's use of a smaller 

number of cells for some of the tests. Remember that the number of 

cells for both tests was arbitrarily set at 13, but for very low price 

levels the optimized method automatically reduces the number of cells to 

conform to the smaller number of probable discrete changes. In order to 



Table 3 

Percent of Time False 
Normal Null Accepted 

AVERAGE EQUI-PROBABLE CELL-BOUNDARIES 
PRICE 

***** ALPHA VALUE ***** 

.01 .05 .10 

5.15 0 0 0 
6.95 0 0 0 
9.67 0 b 0 
14.49 0 0 0 
20.90 2 1 0 
32.00 15 6 4 
39.64 19 13 8 
51.71 25 8 2 
59.01 22 7 2 
70.87 23 10 8 
82.68 25 7 2 
93.25 23 13 9 
96.48 37 16 13 
112.78 30 12 4 
122.71 34 15 12 
129.75 24 12 9 
146.57 32 17 11 
164.87 32 14 7 
175.27 38 11 7 
201.20 32 11 5 
253.58 25 10 5 
307.40 30 13 7 
346.37 28 12 6 
402.91 27 16 5 
505.50 42 16 11 
714.60 33 16 8 

OPTIMIZED CELL-BOUNDARIES 

***** ALPHA VALUE ***** 

01 .05 .10 

0 0 0 
2 0 0 
2 0 0 

10 6 2 
16 5 4 
16 5 2 
21 10 5 
29 8 5 
28 7 2 
28 12 8 

20 9 4 
27 13 7 
35 16 9 

31 12 6 
31 12 10 
16 6 3 
32 16 6 
38 13 7 
27 14 6 
30 11 6 
22 8 5 
32 12 5 
29 6 2 
30 8 3 
40 17 11 
31 11 6 
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determine whether the equi-probable would perform differently using a 

2 
smaller number of cells, a third set of x tests were run for the equi-

probable using the same number of cells for each case as did the 

optimized. The results tabulated for the 13-cell equi-probable method 

in Tables 1 through 3 were found to be identical to the equi-probable 

method using the same number of cells as the optimized techique. The 

smaller number of cells used by the optimized method for very low price 

levels can thus be discounted as the reason why this technique is 

superior to the ecrui-probable. 

In conclusion, the traditional Mann-Wald equi-probable method of 

2 
establishing class-boundaries produces a meaningless X goodness-of-fit 

test when used with low security prices, say under $20 or $30. For 

price levels up to about $100, the optimized method clearly performs 

better than the equi-probable in terms of both Type I and Type II 

errors. As prices increase above $100, the differences between the two 

techniques become smaller due to the relatively more continuous data 

generated at higher price levels. 



CHAPTER 4 

EMPIRICAL RESULTS FOR NORMAL MIXTURES 

As discussed in the first two chapters, security returns almost 

universally do not appear to be well described by the normal distribu

tion. Many researchers have documented the distribution of such returns 

to be typified by more peaked and fat-tailed functions than the 

Gaussian, such as certain mixtures of normal densities. In order to 

determine how well normal mixtures may fit historically observed common 

stock returns, this chapter focuses on an empirical experiment using the 

methodological tools developed in the preceeding chapter. 

The Data 

The set of firms chosen for the empirical analysis includes 114 

of the 120 trading on the Chicago Board Options Exchange (CBOE) as of 

January 1, 1981. Six of the 120 firms were dropped due to missing data 

in one or more of the three two-year periods examined: 1974-75, 1976-77 

and 1978-79. Each two-year period contained about 505 daily observa

tions which were obtained from the CRSP data base. These returns have 

already been adjusted for stock splits and dividends*. The average price 

2 
data used to define the x class-boundaries was taken from the Compustat 

monthly file. The mean of twenty-four monthly high and low prices was 

computed to obtain the average price at which each stock traded for each 

of the three periods. 
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Each of the daily returns was transformed to a log-relative by 

adding one, then computing the natural logarithm of this sum. To sim

plify comparisons between periods and firms each two-year series was 

standardized by subtracting the mean and dividing the resultant figure 

by the sample standard deviation. 

The selection of a two-year period was made for two reasons. 

First, a preliminary analysis indicated that fewer than four or five 

2 
hundred observations might cause difficulties for the x tests. Since 

equi-distant intervals were to be used, the cells in each tail would 

contain far fewer observations than centrally located cells. With five 

hundred plus observations, the smallest cells typically contained twenty 

to thirty observations, satisfying the generally accepted minimum of 

five. Second, the smallest feasible sample size is desirable for the 

reason that the shorter the time period, the less likely that the param

eters of the distribution change. Certainly, stationarity of the param

eters must be an implicit assumption made in this and similar studies. 

The Models 

Each of the 342 standardized data series was tested against a 

normal distribution and five different mixture distributions. The 

models and their assumptions are as follows: 

Model A. Mixture of two normals with means equal to zero, variances 

unrestricted, and probability weights unrestricted. 
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Model B. Mixture of three normals with means equal to zero, variances 

one and two unrestricted, variance three fixed at .60s prob

ability weights one and two unrestricted, and probability 

weight three fixed at .45. 

Model C. Mixture of three normals with means equal to zero, variances 

one and two unrestricted, variance three fixed at .60, and 

probability weights unrestricted. 

Model D. Mixture of three normals with any two means equal but otherwise 

unrestricted means, variances one and two unrestricted, vari

ance three fixed at .60, probability weights one and two unre

stricted, and probability weight three fixed at .45. 

Model E. Mixture of three normals with any two means equal but otherwise 

unrestricted means, variances one and two unrestricted, vari

ance three fixed at .60, and probability weights unrestricted. 

Model F. Normal distribution with mean equal to zero and variance equal 

to unity. 
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Table 4 sumarizes these models -

Table 4 

Summary of Models* 

2 2 2 
>del D.F. U1 ii 2 m3 a1 a2 a3 p1 p2 p3 

A 8 O O O O O O U U O  

B 8 0 0 0 U U .60 U U .45 

C 70 0 0 U U .60 U V U 

D 7 U" U" U"* U U .60 U U .45 

E 6 U" U" U" U U .60 U U U 

F  1 0  0 0 0  1  0 0  1 0 0  

* D.F.: Degrees of freedom based on 13 cells in the x test. 
U: Unrestricted parameter. 
U': Two of three mean parameters equal, but otherwise unrestricted. 



The choice of the above models was based primarily on computa

tional efficiency and the conservation of degrees of freedom. Each 

parameter estimated causes a loss of one degree of freedom in the 

2 
X goodness-of-fit test. Thus, equating two means not only reduces the 

computational difficulty, but preserves one degree of freedom. Addi

tionally, degrees of freedom may be saved by prespecifying the value of 

a parameter, as was done with the third mean and variance in models B 

and D. It will be noted that all models lost one degree of freedom to 

start with and one each for the sample mean and variance used to stan

dardize the data. 

The fixed variance of .60 and mean of .45 were arrived at as a 

result of examining many fits of data from the same firms used here, but 

of earlier time periods. This was accomplished by varying the third 

variance and weight and observing the number of "good fits," based only 

on model B for computational efficiency. The results seemed to indicate 

that the third variance produced more good fits when it was fixed near 

.60, plus or minus about .10. In contrast, the third probability weight 

was very insensitive, with values between .10 and .60 producing a 

similar number of good fits. 

The Results 

Figures 5 through 8 present several of the excellent fits 

obtained from mixtures of normals. In all cases, the less peaked curve 

is a normal (0, 1). The first three figures demonstrate the higher 

probability mass in the right tail for positively skewed distributions 

when fit by mixtures of normals. The probability reported, PROB, is 
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the level of significance for the mixture fit- CS refers to the 

2 
X value; and, ALPHA refers to the appropriate probability weight. 

Table 5 presents the frequency and percent of good fits for each 

of the six models at three levels of significance. Henceforth a "good 

fit" will refer to a case where the critical value for a given level of 

2 
significance exceeded the x test value. 

Table 5 

Frequency and Percent* of Good Fits 
Based on 342 Observations 

Level of Significance 
.10 .05 .01 

Model A 171 205 247 
(50.0) (59.9) (72.2) 

Model B 182 205 296 
(53.2) (59.9) (73.4) 

Model C 173 206 256 
(50.6) (60.2) (74.9) 

Model D 171 206 247 
(50.0) (60.2) (72.2) 

Model E 213 248 284 
(62.3) (72.5) (83.0) 

Model F 39 55 95 
(11.4) (16.1) (27.8) 

* Percents in parentheses. 
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Table 5 demonstrates the inadequacy of the normal distribution 

(model F) to describe the leptokurtic, and often skewed data. That the 

Gaussian distribution is most often inadequate has been aptly demonstra

ted by other studies. The fits of the mixture models presented here 

compare favorably to those of other models discussed in the litera

ture. Westerfield's 1977 [28] paper shows that the subordinated sto

chastic model produced better fits than the stable Paretian model, based 

on a sample of 315 securities. Using the results of the most favorable 

characteristic expoenent, the subordinated model fit 54.9% of the secur

ities at the 5% level of significance. The mixture models presented 

here fit between 59.9% and 72.5% at the same level, depending on the 

model selected. 

It is useful to look at models A through F in a different 

manner. Let us define the "best model" to be the model, A through F, 

which has the best fit (or highest level of confidence) for an individ

ual case. Table 6 shows the frequency and percent of the cases in which 

each model was classified as the "best model," after excluding from 

consideration any model which was not a good fit at the given level of 

significance. Note that model C fit well at the .10 level in 173 of 342 

cases, yet one of the other models was a better fit in all but six of 

these cases. Similarly, the normal model was also dominated by one of 

the mixture models in all but seven cases, after excluding cases which 

were not fit by any model at the .10 level. 

An interesting insight into the behavior of the mixture param

eters follows from the examination of the variances and probability 

weights obtained from good fits of model A to the empirical 
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Table 6 

Frequency and Percent* of Best Model Occurence 
Based on 342 Observations 

Level of Significance 
.10 .05 .01 

Model A 43 45 48 
(12.6) (13.2) (14.0) 

Model B 43 45 50 
(12.6) (13.2) (14.6) 

Model C 6 7 8 
(1.8) (2.0) (2.3) 

Model D 57 64 71 
(16.7) (18.7) (20.8) 

Model E 72 87 104 
(21.1) (25.4) (30.4) 

Model F 7 7 7 
(2.0) (2.0) (2.0) 

Bad Fits 114 87 54 
(33.3) (25.4) (15.8) 

* Percents in parentheses. 

distribution. It has been hypothesized (see J&ndelbrot [19] p. 403) 

that security returns are distributed as mixtures of two normals, one 

with a small variance and a large weight and the other, the 

"contaminator", with a large variance and a small weight. Figure 9 

shows the relationship between the smaller variance and its weight using 

the 171 cases where model A fit well at the .10 level. Although there 

are a few more weights above .5 than below, it can easily be seen that 

values are well dispersed between zero and one. Figure 10 similarly 
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shows the relationship between the larger variance and its weight-

Certainly, these results produce strong evidence that the weight of the 

larger variance is often the higher weight, thus implying that the 

"contaminator" may frequently have the smaller variance. 

2 
One further result of the X goodness-of-fit tests deserves 

comment. In the preceeding chapter it was hypothesized that fixing 

class-boundaries based on the average stock price would yield an im-

2 
provement in the x value over equi-probable-based cells. Using the 

2 
lowest x value of either of models A or B, the former method of deter-

2 
mining cell-boundaries led to a 27% decrease in the x test statistic 

value over the later. Although there were actually relatively few cases 

where "optimizing" the class-boundaries caused a substantial increase in 

the significance level obtained from equi-probable cells, it neverthe

less presents a potentially large improvement over current methods. 



CHAPTER 5 

MIXTURE MODELS FOR CALL OPTIONS 

In 1973 Black and Scholes proposed what is to date the most 

widely accepted model for the valuation of call options. The derivation 

of the model relys on the establishment of a hedged portfolio, short in 

stock and long in call options. The ratio of stock to options is con

tinually adjusted so that a profit (or loss) in the stock portion of the 

portfolio is offset by a loss (or profit) in the option portion. Hence, 

any returns which accrue over time to the portfolio will be risk-free, 

and options must then be priced so that holders of this risk-free 

portfolio must earn the risk-free rate. A detailed derivation of this 

model may be found in Smith [26] or Haley and Schall [13]. 

The utility of the Black-Scholes model lies in its ability to 

value the call option as a function of only five variables: the stock 

price, exercise price, time to expiration, risk-free rate, and vola

tility. The primary assumption made is that log-relatives are normally 

distributed with a known variance. The model itself appears to perform 

well in a wide variety of circumstances. 

If one is willing to accept the assumption that the market is 

composed only of risk-neutral investors, Cox and Ross [7] show that the 

same model proposed by Black and Scholes can be derived in a much more 

48 
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direct fashion. The outline of this derivation as presented in Smith 

[26] follows: 

Let T = time to expiration 

p = continuously compounded risk-free rate 

C = present value of call option 

C* = value of call option at expiration 

S* = stock price at expiration 

X = exercise price 

L'(S*) = a log-normal density function 

2 
a = variance [loge (Sfc / S .j)] 

* = indicates "at expiration" 

Also assume 

2 
(1) C is a function of only S, X, T, p, a • 

(2) Two assets which are perfect substitutes must earn the 

same rate of return. 

(3) The market is composed only of risk-neutral investors. 

Assumptions (2) and (3) imply that in equilibrium all assets will 

earn the same rate of return, the risk-free rate. 

At expiration, T*, the value of the option is 

C* = Max (0, S* - X) 

But, S* is a random variable, and in general, C* will not be 

known. So we will solve for E (C*). 

E(C*) = / " Max(0, S* - X) L" (S*) dS* 
4 i CQ 

= /_£ (0) L'(S*) dS* + Jx" (S* - X) L" (S*) dS* 
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But, a call option must be priced so that the current call price 

is the discounted terminal price, so that 

C = E(C) = e~pT E(C*) 

-pT 
= e ' (S* - X) L'(S*) dS* 

Letting X = Y = E 

* - 1 

-pT 

and using theorem 22, p. 16 of Smith [26] 

(5-1) C = S N 'In (S/X) + (p + a /2) T 

A VT~ 

- e"pT X N 
In (S/X) + (o - q /2) T 

A V"T~ 

where N(q) = J 
r Q 1 2 

= ' exp (Z /2) dZ 
V2TT 

This is precisely the same solution which Black and Scholes 

obtain. Notice also that the assumption that stock prices are log-

normally distributed is equivalent to the log-relatives being normally 

distributed. 

Symmetric Mixture Call Option Model 

At this point, let us make a new assumption about the distribu

tion of the underlying log-relatives. Let the log-relatives be dis

tributed as a mixture of k independent normal distributions with equal 
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2 2 2 
means, each having variances of a , a , ..., a with associated prob-

I £, K 

abilities P-j' P2' • • •' Pfc such that 

E p. = 1 
1 

p .  > 0  f o r  a l l  i  
1 

Now, if only one period is left to expiration, i.e., T=1, the prob

ability that the last log-relative will be generated from normal distri

bution 1 is p^, from normal 2, , etc. The value of the call to a 

risk-neutral investor must be equal to the expected value of the call, 

so that if the mixtures are independent 

(5-2) C. = E(cr) = Z p. E(C; 0.) 
1 1 j=iI J H 

where 

C" is the value of a call option assuming underlying log-
n 

relatives are mixtures of normals, given n periods to 

expiration. 

E(C ; a) is the ejqpected value of a Black-Scholes option given n 
11 

periods to expiration and volatility a. 

Further, if n periods remain until expiration, the fair value of 

a call option can be computed in a similar manner, assuming that the n 

sums of k mixtures are independently distributed. 
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The density of a sum of n independently distributed Z.'s, each Z 
3 j 

being a mixture of k independently distributed normals, for which each 

of these normal distributions 

= probability of occurrence 

|i. = mean 
1 

= variance 

is' 

(5-3) 
Z f(x) = r1, ..., rk 

r > 0 
i 

2 r. = n 
i 

ni 

V •" VHj=1 P j  V (x) 
k 

where 

g_ i •••/ (x) is the density of the normal distribution 
r1 k 

N 4 i,(ri 
and the density of N(y, a ) is 

h (x) = 
V2TT 

exp 
~(x—u) 

2 a2 

Now, since the g^ > • ••, (x) are normal distributions, then f(x) 
r1 k 

is a weighted sum of normal distributions such that each weight is 

greater than or equal to zero and their sum is unity. Hence, f(x) is 

itself a mixture of normal distributions. Knowing this, we can proceed 

* Appendix A contains a proof for the distribution of n independent 

summands of k independent mixtures. 
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directly to the valuation of a call option given any n periods to expir

ation, assuming the distribution of underlying log-relatives is a 

mixture of k independent normal distributions. 

Let each of the summands from equation 5-3 be represented by the 

subscript i, where i = 1, 2, ..., m.* We will then have m weights for 

..., (x), such that 

Then, from equation 5-2, the value of the call option will be a 

weighted sum of Black-Scholes solutions with T=1, interest rate equal to 

the continuously compounded rate for the entire period, and volatility 

equal to V., Thus, 

and 

m 
E W. = 1 

i 

(5-4) 

* m = /k + n-1 \ [11] , p. 38. If k = 2, m = n+1. 

\ k-1 / 
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If n is large, the number of computations involved in solving equa

tion 5-4 are quite large. But, as will be shown, for large n, the 

solution to 5-4 is the standard Black-Scholes formula. 

Invoking the Central Limit Theorem, we can state that the n 

independent weighted summands of k independent normal mixtures with 

finite variances and equal means approaches a normal distribution as n 

becomes arbitrarily large. This limiting normal distribution has the 

same mean and variance equal to the weighted sum of the original k 

variances. 

This limiting condition implies then, that as the number of 

periods to expiration becomes large, the weighted sum of k mixtures will 

2 
be approximately normal with variance = a , when 

a2 = E (p. 
i-Ax V 

Thus, with n sufficiently large, equation 5-4, the symmetric mixture 

model, will obtain the same solution as equation 5-1, the Black-Scholes 

model. 

Skewed Mixture Call Option Model 

Although the mixture densities presented in Chapter 4 were quite 

successful in modeling skewed returns, no mention has been made of how 

skewness will affect option pricing. The symmetric mixture model just 

discussed assumes that each of the component normal densities of the 

underlying returns has the same mean, thereby implying no skewness, yet 

examination of the 342 sampled empirical densities in Chapter 4 reveals 



55 

a high proportion of firms with positively skewed returns- This section 

examines an extension of the symmetric mixture option model which 

enables the incorporation of non-symmetric returns distributions having 

unequal means for their component normal densities, thus producing a 

more complete and realistic model. 

Recalling that the expected value of a call option at expiration 

is a function of the stock price at expiration, the exercise price, and 

the log-normal density function, 

E(C*) = f (S*-X) L* (S*) dS* 
A 

and, using theorem 22, p. 16 of Smith [26] , with X=Y=iJ> = 1, then 

E(C*) = eP'T s N(a) - X N(b) 

where 

a = ln(S/X) + (p' + CT2/2) T 

ffV? 

b = ln(S/X) + (p' - g2/2) T 

OVT~ 

N(q) = exP <Z2/2) <3Z 

and p' is the appropriate risky rate such that 

o 'T 
e = E(S*/S) 
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But, a call option must be priced so that the current price is equal to 

the expected future price discounted by the risk-free rate, p. Thus, 

E (CS; o, p') = e"pT E( C*) 

= e"pT [ep'T S N(a) - X N(b)] 

(5-5) = e(p'" P)T S N(a) - e"pT N(b) 

where 

s 
E(C ; a, p') is the expected value of a call option with vol

atility a and risky discount rate p'. 

Notice that equation 5-5 is 

equation, 5-1. Indeed, if p' = p, 

quite similar to the Black-Scholes 

then 

P)T _ „ 

and equation 5-5 reduces to the Black-Scholes formula. The only major 

difference between the symmetric and skewed models is the inclusion of 

an additional parameter, p', in the skewed model. This parameter may 

vary for each of the component normal densities in the underlying 

returns distribution, providing a framework which allows each of the 

component means to represent different individual risky discount 
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rates. The skewed model then incorporates a means for differentiating 

the value of two call options having varying degrees of skewness. 

Similar to equation 5-4, the value of a call option using the 

skewed mixture model is 

(5-6) 
m 

CS = E 
n i-1 

Wi E(C ; V , p^) 

where 

s 
is the value of the call assuming underlying log-relatives 

are mixtures of component normal densities with different 

means, given n periods to expiration. 

th 
is the volatility or standard deviation of the i normal 

density, g (x), as previously defined. 
V rk 

As a final consideration in the skewed model, the question arises 

as to what risky rate is appropriate for each pV* As will be shown 

later, a conservative estimate for the value of a call can be made if 

the means of the k component normal densities, are chosen such that 

their weighted sum equals the risk-free rate, p. Stated algebraically 

then, the are adjusted proportionately so that 

p = i,(pi -i) 

Selecting the individual component means in this manner will maintain 



the "shape" of the underlying distribution of returns, and further 

insure that the call value is not overstated. 



CHAPTER 6 

EMPIRICAL ANALYSIS OF THE BLACK-SCHOLES 
AND MIXTURE OPTION MODELS 

Chapter 3 of this paper discussed methods of fitting and testing 

mixtures of normal densities to price log-relatives, while Chapter 4 

presented strong empirical evidence that such mixtures do indeed 

describe the behavior of common stock returns. Using the assumption of 

risk-neutrality, Chapter 5 derived both a symmetric and skewed mixture 

model of call option pricing. These models differ from the Black-

Scholes model primarily in the assumption that underlying returns are 

mixtures of normal densities as opposed to Gaussian. This section 

provides the logical extension of the preceeding sections by providing a 

comparison of the theoretical prices obtained from both mixture models 

with the Black-Scholes model using the empirically determined distribu

tion parameters. 

Symmetric Model Results 

Tables 7 through 10 present the relative differences between the 

symmetric mixture and Black-Scholes model prices for various in, at, and 

out of the money options with up to thirty calendar days to expira

tion. Individual cells contain the quantity 

(Mixture - BS) / BS 

59 



Table 7 

Comparison of Mixture and Black-Scholes Call Option 
Pricing formulas: Volatility = .30; V1/V2 = 5.00 

RISK-FREE RATE « .15 PR0B1 « .40 

CELL VALUES: (MIXTURE - BLACK-SCHOLES) / BLACK-SCHOLES 
NOTE * ****** IMPLIES VALUE LARGER THAN 99.99 

ACROSS: STOCK PR ICE / EXERCISE PRICE DOWN: DAYS UNTIL EXPIRATION 

CALENDAR TRADING 
DAY .75 •

 
C
D
 
o
 

.85 .90 .95 

O
 
o
 

•
 

c—
4 

1.05 1.10 1.15 DAY 

1.44 ****** ****** ****** ****** 4.034 -.070 .002 .000 .000 1 
2.89 ****** ****** ****** 15.421 .491 -.037 .003 .000 .000 2 
4.33 ****** ****** 67.508 2.788 .145 -.024 .003 .000 .000 3 
5.77 ****** ****** 11.551 1.069 .053 -.018 .002 .001 .000 4 
7.21 ****** 52.329 4.102 .541 .019 -.014 .001 .001 .000 5 
8.66 ****** 15.668 2.020 .314 .005 -.011 .001 .001 .000 6 
10.10 71.803 6.844 1.180 .197 -.001 -.010 .000 .001 .000 7 
11.54 26.251 3.706 .76 2 .131 -.004 -.008 .000 .001 .000 8 
12.98 12.437 2.289 .525 .090 -.006 -.007 -.000 .001 .000 9 
14.43 6.971 1.539 .379 .064 -.007 -.006 -.000 .001 .000 10 
15.87 4.375 1.098 .283 .046 -.007 -.006 -.000 .001 .000 11 
17.31 2.970 .817 .216 .034 -.007 -.005 -.000 .001 .000 12 
18.75 2.135 .627 .169 .025 -.007 -.005 -.000 .001 .000 13 
20.20 1.601 .494 .134 .019 -.006 -.004 -.001 .001 .000 14 
21.64 1.239 .396 .108 .014 -.006 -.004 -.001 .000 .000 15 
23.08 .984 .323 .088 .011 -.006 -.004 -.001 .000 .000 16 
24.53 .797 .267 .073 .008 -.006 -.004 -.001 .000 .000 17 
25.97 .657 .223 .060 .006 -.005 -.003 -.001 .000 .000 18 
27.41 .549 .189 .050 .004 -.005 -.003 -.001 .000 .000 19 
28.85 .464 .161 .042 .003 — e 005 -.003 -.001 .000 .000 20 
30.30 .396 .138 .036 .002 -.005 -.003 -.001 .000 .000 21 



Table 8 

Comparison of Mixture and Black-Scholes Call Option 
Pricing Formulas: Volatililty = .50; V1/V2 = 5.00 

RISK-FREE RATE » .15 PR0B1 « .40 

CELL VALUES: (MIXTURE - BLACK-SCHOLES) / BLACK-SCHOLES 
NOTE: ****** IMPLIES VALUE LARGER THAN 99.99 

ACROSS» STOCK i PRICE / 1 EXERCISE PRICE DOWN: DAYS UNTIL EXPIRATION 

CALENDAR TRADING 
DAY .75 .80 .85 .90 .95 1.00 1.05 1.10 1.15 DAY 

1.44 ****** ****** * * * * * * 12.316 .512 -.071 .007 .001 .000 1 
2.89 ****** ****** 9.270 1.116 .049 -.038 .003 .002 .000 2 
4.33 ****** 12.323 1.985 .348 -.004 -.025 -.000 .002 .001 3 
5.77 19.619 3.483 .806 .149 -.014 -.018 -.001 a 002 .001 4 
7.21 6.225 1.563 .417 .072 -.015 -.014 -.002 .002 .001 5 
8.66 2.894 .867 .245 .038 -.014 -.012 -.002 .001 .001 6 
10.10 1.640 .540 .155 .020 -.013 -.010 -.002 .001 .001 7 
11.54 1.043 .362 .103 .010 -.012 -.009 -.002 .001 .001 8 
12.98 .714 .255 .071 .004 -.011 -.008 -.002 .000 .001 9 
14.43 .514 .186 .050 .001 -.010 -.007 -.002 .000 .001 10 
15.87 .384 .140 .036 -.001 -.009 -.006 -.002 -.000 .001 11 
17.31 .295 .107 .027 -.002 -.008 -.006 -.002 -.000 .001 12 
18.75 .232 .084 .020 -.003 -.007 -.005 -.002 -.000 .001 13 
20.20 .185 .066 .015 -.004 -.007 -.005 -.002 -.000 .000 14 
21.64 .150 .053 .011 -.004 -.006 -.004 -.002 -.000 .000 15 
23.08 .123 .043 .008 -.004 -.006 -.004 -.002 -.000 .000 16 
24.53 .103 .035 .006 -.004 -.006 -.004 -.002 -.000 .000 17 
25.97 .086 .029 .004 -.004 -.005 -.004 -.002 -.000 .000 18 
27.41 .073 .024 .003 -.004 -.005 -.003 -.002 -.000 .000 19 
28.85 .062 .020 .002 -.004 -.005 -.003 -.002 -.000 .000 20 
30.30 .053 .017 .001 -.004 -.004 -.003 -.002 -.001 .000 21 



Table 9 

Comparison of Mixture and Black-Scholes Call Option 
Pricing Formulas: Volatility = .30; V1/V2 = 8.00 

RISK-FREE RATE • .15 PR0B1 « .40 

CELL VALUES: (MIXTURE - BLACK-SCHOLES) / BLACK-SCHOLES 
NOTE! ****** IMPLIES VALUE LARGER THAN 99.99 

ACROSS: STOCK 1 PRICE / 1 EXERCISE PRICE DOWN: DAYS UNTIL EXPIRATION 

CALENDAR TRADING 
DAY .75 .80 .85 .90 .95 1.00 1.05 1.10 1.15 DAY 

1.44 ****** ****** ****** ****** 5.579 -.107 .003 .000 .000 1 
2.89 ****** ****** ****** 24.407 .682 -.057 .004 .000 .000 2 
4.33 ****** ****** ****** 3.997 .212 -.037 .004 .000 .000 3 
5.77 ****** ****** 18.976 1.493 .081 -.027 .003 .001 .000 4 
7.21 ****** ****** 6.242 .753 .032 -.021 .002 .001 .000 5 
8.66 ****** 27.722 2.954 .439 .010 -.017 .001 .001 .000 6 
10.10 ****** 11.218 1.690 .278 -.000 -.014 .001 .001 .000 7 
11.54 51.186 5.778 1.080 .186 -.005 -.012 .000 .001 .000 8 
12.96 22.372 3.452 .741 .129 -.008 -.011 -.000 .001 .000 9 
14.43 11.315 2.271 .534 .092 -.009 -.009 -.000 .001 .000 10 
15.87 7.095 1.596 .399 .067 -.009 -.008 -.000 .001 .000 11 
17.31 4.663 1.176 .305 .049 -.010 -.008 -.001 .001 .000 12 
18.75 3.271 .898 .239 .037 -.009 -.007 -.001 .001 .000 13 
20.20 2.407 .704 .190 .028 -.009 -.006 -.001 .001 .001 14 
21.64 1.838 .563 .154 .021 -.009 -.006 -.001 .001 .001 15 
23.08 1.445 .459 .125 .016 -.008 -.006 -.001 .001 .001 16 
24.53 1.161 .379 .104 .012 -.008 -.005 -.001 .001 .001 17 
25.97 .951 .317 .086 .009 -.008 -.005 -.001 .001 .001 18 
27.41 .791 .268 .072 .006 -.007 -.005 -.001 .000 .001 19 
28.85 • 666 .228 .061 .004 -.007 -.004 -.001 .000 .000 20 
30.30 .567 .196 .052 .003 -.007 -.004 -.001 .000 .000 21 



Table 10 i 

Comparison of Mixture and Black-Scholes Call Option 
Pricing Formulas: Volatility = .50; V1/V2 = 8.00 

RISK-FREE RATE « .15 PR0B1 » .40 

CELL VALUESs (MIXTURE - BLACK-SCHOLES) / BLACK-SCHOLES 
NOTE: ***••* IMPLIES VALUE LARGER THAN 99.99 

ACROSS* STOCK 1 PRICE / 1 EXERCISE PRICE DOWN: DAYS UNTIL EXPIRATION 

CALENDAR TRADING 
DAY .75 .80 .85 e 90 .95 1.00 1.05 1.10 1.15 DAY 

1.44 ****** ****** ****** 18.111 .729 -.109 .010 .001 .000 1 
2.89 ****** *•**•* 14.042 1.519 .086 -.059 .005 .003 .000 2 
4.33 ****** 19.834 2.795 .485 .001 -.038 .000 .003 .001 3 
5.77 34.027 5.156 1.118 .213 -.017 -.028 -.002 .003 .001 4 
7.21 9.827 2.234 .581 .107 -.021 -.022 -.003 .002 .001 5 
8.66 4.337 1.222 .343 .057 -.020 -.018 -.003 .002 .002 6 
10.10 2.3 88 .758 .219 .031 -.019 -.015 -.003 .001 .001 7 
11.54 1.494 .508 .147 .016 -.017 -.013 -.003 .001 .001 8 
12.98 1.014 .358 .102 .007 -.015 -.011 -.003 .001 .001 9 
14.43 .727 .263 .073 .002 -.014 -.010 -.003 .000 .001 10 
15.87 .542 .198 .053 -.001 -.013 -.009 -.003 .000 .001 11 
17.31 .416 .152 .039 -.003 -.012 -.008 -.003 -.000 .001 12 
18.75 .327 .119 .029 -.004 -.011 -.008 -.003 -.000 .001 13 
20.20 .262 .095 .021 -.005 -.010 -.007 -.003 -.000 .001 14 
21.64 .213 .076 .016 -.006 -.009 -.006 -.003 -.000 .001 15 
23.08 .175 .062 .012 -.006 -.009 -.006 -.003 -.001 .000 16 
24.53 .146 .051 .009 -.006 -.008 -.006 -.003 -.001 .000 17 
25.97 .122 .042 .006 -.006 -.008 -.005 -.003 -.001 .000 18 
27.41 .104 .035 .004 -.006 -.007 -.005 -.002 -.001 .000 19 
28.85 .088 .029 .003 -.006 -.007 -.005 -.002 -.001 .000 20 
30.30 .076 .024 .002 -.006 -.006 -.004 -.002 -.001 .000 21 
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where 

Mixture = Call option price using the symmetric mixture model 

(equation 5-4) 

BS = Call option price using the Black-Scholes model 

This quantity will be referred to as the "relative difference". 

Each of these four tables presents the relative difference for 

nine ratios of stock price to exercise price, beginning with a deep out 

of the money option (.75) and ending with a deep in the money option 

(1.15). Each of these ratios is further categorized by time until 

expiration. Two units of time are tabled: the calendar day and the 

trading day. Since the distribution of returns was based on approxi

mately 253 trading day observations, the average time until expiration 

in terms of calendar days would be 365/253 times the number of trading 

days remaining. Each of the tables assumes a risk-free continuously 

compounded annual rate of 15%. In two of the tables the underlying 

annulaized volatility, or standard deviation of the log-relatives, was 

assumed to be 0.30, while the other two assumed a volatility of 0.50. 

These levels represent moderately low and moderately high volatility 

respectively. For the symmetric mixture model, it was assumed that two 

component normals, with ratios of component variances equal to either 

5.00 or 8.00 and weight of the higher variance equal to 0.40, were 

descriptive of the underlying returns distribution. The ratio values 

were chosen to represent somewhat high and low figures relative to the 

empirical findings of Chapter 4 based on model A. Other values for the 

parameters could be 
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tabulated, but these were chosen to represent in limited sDace the 

largest number of stocks sampled. 

All of the last four tables illustrate to varying degrees that 

far out of the money options are underpriced by the Black-Scholes model 

relative to the mixture model. In addition, the nearer to term the 

option and the farther out of the money, the more pronounced is the 

relative difference. Options at or in the money, or options with sub

stantial time to expiration, are priced similarly by both models. 

Comparison of the four tables reveals two other important obser

vations. First, the higher the ratio of the component variances for the 

symmetric mixture model, i.e., the more peaked and fat-tailed the 

returns distribution, the larger in general is the relative difference 

between the two option pricing models. This of course alludes to the 

fact that for deep out of the money options, the probability mass in the 

right tail of the underlying returns distribution has substantial impact 

on the option price. 

A second observation is that for very deep out of the money 

options, the lower the volatility of the security, the higher in general 

is the relative difference between the mixture and Black-Scholes 

prices. A possible intuitive explanation of this phenomenon is that the 

large observed differences occur only in far out of the money near term 

options. Thus, for lower volatility stocks, at a given ratio of stock 

to exercise price, an option will be farther out of the money than a 

higher volatility stock with the same ratio of stock to exercise 

price. Because it is farther out of the money, we would expect the 
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relative differences between the two models to be greater for the less 

volatile security. 

Finally, all four comparison tables illustrate a convergence of 

the symmetric mixture and Black-Scholes models as the time to expiration 

increases. For options 5% to 10% out of the money, relative differences 

converge to less than 6% in about one week and three weeks respectively, 

depending on the distribution of underlying returns. For very deep out 

of the money options, convergence may require as much as six weeks to 

expiration. 

Removing the Assumption of Risk-Neutrality 

One important concern in the derivation of the symmetric mixture 

model is the assumption that the investor is risk-neutral, as discussed 

in Chapter 5. Risk-neutrality further implies that in equilibrium all 

assets will earn the same rate of return, the risk-free rate, p. If in 

reality the risky and riskless rates differ, the question arises as to 

which rate to use for the mixture model. Fortunately, it is not diffi

cult to show that, within reasonable limits, the choice of the rate is 

not a critical factor. As the number of periods to expiration becomes 

small, which is generally true for cases where the mixture and Black

Scholes prices differ markedly, the discount rate has a very diminishing 

effect on the price of the option. Indeed, as pT 

approaches zero, p drops out of the mixture model (equation 5-4) 

entirely. 

For near term options, then, we would expect that the appropriate 

rate should be somewhere between the risk-free and the risky rates. 



Thus, the problem becomes an empirical question as to how much the 

solutions to the mixture model vary using different rates of return. 

Table 11 presents a series of relative differences between the symmetric 

mixture and Black-Scholes models similar to those computed in the pre

vious four tables. But instead of one relative difference for each time 

period and ratio of stock to exercise price, there are two. The first 

of these is computed exactly as the relative difference was in the other 

tables, i.e., both models use the risk-free rate. The second value 

though is computed with the risky rate substituted for the riskless rate 

in the mixture model, while the Black-Scholes model continues to use the 

appropriate risk-free rate. The resultant two figures may then be 

looked upon as lower and upper bounds of the relative differences 

between the two models. We thus have an empirical method of assessing 

the magnitude of the bias introduced by the problem of the most suitable 

discount rate. 

Examination of Table 11 reveals that, using a risk-free rate of 

15% and a risky rate of 20% for the given set of distribution param

eters, there is little difference between individual sets of relative 

differences. The agreement between the two relative differences is 

especially close when the disagreement between the models is the highest 

- precisely the relationship we would hope to find. Consequently, in 

the cases in which it would be most advantageous to use the symmetric 

mixture model, the less effect the question of the appropriate rate has 

on the relative difference of the two models. Using an example from 

Table 11, an option 15% out of the money with 11.54 calendar days to 

expiration has a 26% difference between the solutions obtained from the 



Table 11 

Comparison of Mixture and Black-Scholes 
Call Option Formulas Using Two Kates 

RISK-FREE RATE « .15 RISKY RATE » .20 VOLATILITY • .40 
MIXTURE DATAJ V1/V2 « 5.30 PR0B1 » .40 

CELL VALUES * (MIXTURE - BLACK-SCHOLES) / BLACK-SCHOLES 
FIRST VALUE* MIXTURE AND B/S BOTH USE RISK-FREE RATE 
SECOND VALUE: MIXTURE USES RISKY, B/S USES RISK-FREE 

NOTE* ***** IMPLIES VALUE LARGER THAN 99.99 

ACROSS: STOCK PRICE / EXERCISE PRICE DOWN: DAYS UNTIL EXPIRATION 

CALENDAR TRADING 
DAY 75 •

 00
 

o
 

•
 

C
D

 
V

JI
 

.90 .95 DAY 

1.44 (***** *****) (**«**,****«) (*****, *****) (65.87,67 .20) ( 1.29, 1 .321 1 
2.89 (**«** *****) (*****,*****) (60.79, 62.69) ( 3.01, 3 .11) ( .17, .19) 2 
4.33 (***** *****) (*****,*****) ( 6.85, 7.14) ( .85, .90) ( .04, .06) 3 
5.77 (***** *****) (16.13,16.97) ( 2.24, 2.37) ( .37, .41) ( .00, .03) 4 
7.21 (41.75 44.38) ( 5.37, 5.72) ( 1.07, 1.16) ( .19, .24) ( -.01, .02) 5 
8.66 (13.30 14.25) ( 2.56, 2.77) ( .61, .69) ( .11, .15) ( -.01, .02) 6 
10.10 ( 6.03 6.53) ( 1.47, 1.62) ( .38, .46) ( .07, .11) ( -.01, .02) 7 
11.54 ( 3.35 3.67) ( .94, 1.07) ( .26, .33) ( .04, .09) ( -.01, .02) 8 
12.98 ( 2.10 2.35) ( .65, .76) ( .18, .25) ( .03, .08) ( -.01, .03) 9 
14.43 ( 1.43 1.63) ( .47, .57) ( .13, .20) ( .02, .07) ( -.01, .03) 10 
15.87 ( 1.03 1.20) ( .35, .45) ( .10, .17) ( .01, .06) ( -.01, .03) 11 
17.31 ( .77 .93) ( .27, .36) ( .07, .14) ( .01, .06) ( -.01, .03) 12 
18.75 ( .59 .74) ( .21, .30) ( .06, .13) ( . 00, .06) ( -.01, .03) 13 
20.20 ( .47 .61) ( .17, .26) ( .04, .12) ( .00, .06) ( -.01, .04) 14 
21.64 ( .38 .51) ( .14, .23) ( .04, .11) ( .00, .06) ( -.01, .04) 15 
23.08 ( .31 .44) ( .11, .20) ( .03, .10) ( -.00, .06) ( -.01, .04) 16 
24.53 ( .26 .38) ( .09, .18) ( .02, .10) ( -.00, .06) ( -.01, .04) 17 
25.97 ( .22 .34) ( .08, .17) ( .02, .09) ( -.00, .06) ( -.01, .04) 18 
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two models when the risk-free rate is used in both equations. But when 

the risky rate is substituted into the mixture model, this figure is 

increased to 33%. Certainly, knowledge that Black-Scholes is under-

pricing an option somewhere between 26% and 33% (relative to the mixture 

model) is potentially profitable. 

In general, as exemplified by Table 11, the higher the rate used 

in the symmetric mixture model the higher the value of the call and, for 

well out of the money options, the more Black-Scholes underprices. Thus 

the use of the lower risk-free rate in the mixture model provides the 

most conservative estimate of the relative difference between the Black-

Scholes and mixture models. 

Skewed Model Results 

Tables 12 through 16 display the relative differences between the 

skewed mixture and Black-Scholes model prices for several in, at, and 

out of the money options with up to thirty calendar days to expira

tion. Similar to Tables 7 through 10, each cell contains the quantity 

(Mixture - BS) / BS 

where 

Mixture = Call option price using the skewed mixture model (equation 

5-6) 

BS = Call option price using the Black-Scholes model 

This quantity will again be referred to as the "relative difference". 

Each of the next five tables displays relative differences for 

options whose underlying distribution of returns are either symmetric or 



Table 12 

Comparison of Mixture and Black-Scholes 
Call Option Pricing Formulas: Skewness = .000 

V».30i V1/V2-5.50; Pl».40j R«.15J Ml* .00j M2 — .00 

CELL VALUES: (MIXTURE - BLACK-SCHOLES) / BLACK-SCHOLES 
NOTE: ****** IMPLIES VALUE LARGER THAN 99.99 

ACROSS: STOCK PRICE / EXERCISE PRICE DOWN: DAYS UNTIL EXPIRATION 

CALENDAR 
DAY .75 .80  .85 .90 .95 1.00  1.05 1 .10  1.15 

TRADING 
DAY 

1.44 ****** ****** ****** ****** 4.367 -.078 .002 .000 .000 1 
2.89 ****** ****** ****** 17.227 .533 -.041 .003 .000 .000 2 
4.33 ****** ****** 78.818 3.042 .159 -.027 .003 .000 .000 3 
5.77 ****** ****** 13.011 1.160 .059 -.020 .002 .001 .000 4 
7.21 ****** 61.667 4.538 .586 .022 -.015 .001 .001 .000 5 
8.66 ****** 17.951 2.214 .340 .006 -.012 .001 .001 .000 6 
10.10 86.369 7.701 1.287 .214 -.001 -.010 .000 .001 .000 7 
11.54 30.759 4.122 .830 .142 -.005 -.009 .000 .001 .000 8 
12.98 14.296 2.526 .571 .098 — .006 -.008 -.000 .001 .000 9 
14.43 7.902 1.690 .412 .070 -.007 -.007 -.000 .001 .000 10 
15.87 4.908 1.202 .307 .051 -.007 -.006 -.000 .001 .000 11 
17.31 3.308 .892 .235 .037 -.007 -.006 -.000 .001 .000 12 
18.75 2.364 .684 .184 .028 -.007 -.005 -.001 .001 .000 13 
20.20 1.765 .538 .146 .021 -.007 -.005 -.001 .001 .000 14 
21.64 1.363 .432 .118 .016 -.007 -.004 -.001 .001 .000 15 
23.08 1.080 .352 .096 .012 -.006 -.004 -.001 .000 .000 16 
24.53 .873 .291 .079 .009 -.006 -.004 -.001 .000 .000 17 
25.97 .718 .243 .066 .006 -.006 -.004 -.001 .000 .000 18 
27.41 .600 .205 .055 .005 -.006 -.003 -.001 .000 .000 19 
28.85 .506 .175 .046 .003 -.005 -.003 -.001 .000 .000 20 
30.30 .432 .150 .039 .002 -.005 -.003 -.001 .000 .000 21 o 



Table 13 

Comparison of Mixture and Black-Scholes 
Call Option Pricing Formulas: Skewness = .078 

V«.30i V1/V2-5.50; Pl».40 J R«.15i Ml« .04j M2--.03 

CELL VALUESx (MIXTURE - BLACK-SCHOLES) / BLACK-SCHOLES 
NOTE . ****** IMPLIES VALUE LARGER THAN 99.' 99 

ACROSS: STOCK 1 PRICE / EXERCISE PRICE DOWN: DAYS UNTIL EXPIRATION 

CALENDAR TRADING 
DAY .75 

o
 

00 •
 .85 .90 .95 •

 
o
 

o
 

1.05 1.10 1 .15 DAY 

1.44 ****** ****** ****** 4.770 -.078 .002 .000 .000 1 
2.89 ****** ****** ****** 19.593 .618 -.041 .003 .000 .000 2 
4.33 ****** ****** 93.913 3.474 .205 -.027 .002 .000 .000 3 
5.77 ****** ****** 15.328 1.348 .089 -.020 .001 .000 .000 4 
7.21 ****** 76.251 5.330 .700 .044 -.015 .000 .001 .000 5 
8.66 ****** 21.895 2.613 .420 .023 -.013 -.000 .001 .000 6 
10.10 ****** 9.318 1.533 .275 .012 -.011 -.001 .001 .000 7 
11.54 38.974 4.973 1.001 .191 .006 -.009 -.001 .001 .000 8 
12.98 17.903 3.051 .701 .138 .003 -.008 -.001 .001 .000 9 
14.43 9.818 2.050 .515 .103 .001 -.007 -.001 .000 .000 10 
15.87 6.071 1.467 .392 .079 -.000 -.007 -.001 .000 .000 11 
17.31 4.085 1.099 .306 .062 -.001 -.006 -.001 .000 .000 12 
18.75 2.921 .851 .245 .049 -.002 -.005 -.001 .000 .000 13 
20.20 2.186 .677 .199 .040 -.002 -.005 -.001 .000 .000 14 
21.64 1.694 .550 .165 .033 -.002 -.005 -.001 .000 .000 15 
23.08 1.349 .454 .138 .027 -.002 -.004 -.001 .000 .000 16 
24.53 1.098 .380 .117 .023 -.003 -.004 -.001 .000 .000 17 
25.97 .910 .323 .100 .019 -.003 -.004 -.001 -.000 .000 18 
27.41 .765 .277 .086 .016 -.003 -.004 -.001 -.000 .000 19 
2 8.85 .651 .239 .075 .014 -.003 -.003 -.001 -.000 .000 20 
30.30 .560 .208 .065 .012 -.002 -.003 -.001 -.000 .000 21 



Table 14 

Comparison of Mixture and Black-Scholes 
Call Option Pricing Formulas: Skewness = .225 

V-.30J V1/V2-5.50J P1-.40J R-.15; Ml- .12j M2--.08 

CELL VALUES: (MIXTURE - BLACK-SCHOLES) / BLACK-SCHOLES 
NOTE: ****** IMPLIES VALUE LARGER THAN 99.99 

ACROSS: STOCK PRICE / EXERCISE PRICE DOWN: DAYS UNTIL EXPIRATION 

CALENDAR TRADING 
DAY .75 .80 .85 .90 .95 1.00 1.05 1.10 1.15 DAY 

1.44 ****** ****** ****** ****** 5.497 -.078 .002 .000 .000 1 
2.89 ****** ****** ****** 24.172 .773 -.041 .002 .000 .000 2 
4.33 ****** ****** ****** 4.302 .290 -.027 .001 .000 .000 3 
5.77 ****** ****** 20.050 1.705 .146 -.020 -.001 .000 .000 4 
7.21 ****** ****** 6.920 .913 .086 -.015 -.001 .000 .000 5 
8.66 ****** 30 .3.')7 3.399 .568 .055 -.013 -.002 .000 .000 6 
10.10 ****** 12.725 2.014 .387 .038 -.011 -.002 .000 .000 7 
11.54 57.623 6.736 1.333 .'280 .028 -.009 -.003 .000 .000 8 
12.98 25.935 4.123 .949 .211 .021 -.008 -.003 .000 .000 9 
14.43 14.008 2.776 .710 .165 .016 -.007 -.003 -.000 .000 10 
15.87 8.572 1.997 .552 .132 .013 -.007 -.003 -.000 .000 11 
17.31 5.730 1.506 .441 .108 .010 -.006 -.003 -.000 .000 12 
18.75 4.085 1.178 .360 .090 .009 -.005 -.003 -.000 .000 13 
20.20 3.056 .946 .300 .076 .007 -.005 -.003 -.000 .000 14 
21.64 2.372 .778 .253 .065 .006 -.005 -.003 -.001 .000 15 
23.08 1.895 .650 .217 .057 .005 -.004 -.003 -.001 .000 16 
24.53 1.549 .552 .187 .049 .005 -.004 -.003 -.001 .000 17 
25.97 1.291 .474 .164 .044 .004 -.004 -.003 -.001 .000 18 
27.41 1.093 .412 .144 .039 .004 -.004 -.002 -.001 -.000 19 
28.85 .937 .361 .128 .035 .003 -.003 -.002 -.001 -.000 20 
30.30 .813 .319 .114 .031 .003 -.003 -.002 -.001 -.000 21 



Table 15 

Comparison of Mixture and Black-Scholes 
Call Option Pricing Formulas: Skewness = 379 

V-.30i V1/V2-5.50; P1-.40J R«.15i Ml« .20i M2 — .13 

CELL VALUES! (MIXTURE - BLACK-SCHOLES) / BLACK-SCHOLES 
NOTE * ****** IMPLIES VALUE LARGER THAN 99.99 

ACROSSi STOCK PRICE / EXERCISE PRICE DOWN: DAYS UNTIL EXPIRATION 

CALENDAR 
DAY .75 .80 .85 .90 .95 1 .00  1.05 

TRADING 
1.10 1.15 DAY 

1.44 ****** ****** ****** ****** 6.198 -.077 .001 .000 .000 1 
2.89 ****** ****** ****** 28.950 .929 -.040 .001 .000 .000 2 
4.33 ****** ****** ****** 5.176 .374 -.026 -.001 .000 .000 3 
5.77 ****** ****** 25.343 2.078 .203 -.019 -.002 .000 .000 4 
7.21 ****** ****** 8.684 1.134 .128 -.015 -.003 .000 .000 5 
8.66 ****** 40.447 4.261 .721 .088 -.012 -.004 .000 .000 6 
10.10 ****** 16.726 2.533 .502 .065 -.010 -.004 -.000 .000 7 
11.54 81.356 8.776 1.689 .372 .050 -.009 -.004 -.000 .000 8 
12.98 35.981 5.345 1.212 .287 .040 -.008 -.004 -.000 .000 9 
14.43 19.158 3.592 .917 .229 .033 -.007 -.004 -.001 .000 10 
15.87 11.597 2.586 .719 .187 .027 -.006 -.004 -.001 .000 11 
17.31 7.690 1.955 .581 .156 .023 -.005 -.004 -.001 .000 12 
18.75 5.452 1.534 .480 .132 .020 -.005 -.004 -.001 .000 13 
20.20 4.065 1.239 .404 .114 .018 -.004 -.004 -.001 .000 14 
21.64 3.149 1.023 .345 .099 .016 -.004 -.004 -.001 .000 15 
23.08 2.515 .861 .298 .087 .014 -.004 -.004 -.001 .000 16 
24.53 2 e 058 .735 .261 .076 .013 -.003 -.004 -.001 .000 17 
25.97 1.717 .636 .230 .069 .012 -.003 -.003 -.001 .000 18 
27.41 1.456 .556 .205 .063 .011 -.003 -.003 -.001 -.000 19 
28.85 1.252 .491 .184 .057 .010 -.003 -.003 -.001 -.000 20 
30.30 1.089 .436 .166 .052 .009 -.003 -.003 -.001 -.000 21 

•vl u> 



Table 16 

Comparison of Mixture and Black-Scholes 
Call Option Pricing Formulas: Skewness = .670 

V».30j V1/V2-5.50; P1-.40J R-.15J Ml« .38; M2 — .25 

CELL VALUES: (MIXTURE - BLACK-SCHOLES) / BLACK-SCHOLES 
NOTE i ****** IMPLIES VALUE LARGER THAN 99.99 

ACROSS * STOCK PRICE / EXERCISE PRICE DOWNS DAYS UNTIL EXPIRATION 

CALENDAR TRAD > ING 
DAY .75 .80 .85 .90 .95 1.00 1.05 1.10 1.15 DAY 

1.44 ****** ****** ****** ****** 7.192 -.071 .001 .000 .000 1 
2.09 ****** ****** ****** 36.534 1.195 -.033 -.001 .000 .000 2 
4.33 ****** ****** ****** 6.724 .524 -.020 -.004 .001 .000 3 
5.77 ****** ****** 35.102 2.753 .306 -.014 -.006 .001 .001 4 
7.21 ****** ****** 12.024 1.536 .206 -.010 -.007 .000 .001 5 
8.66 ****** 60.708 5.901 1.000 .150 -.008 -.007 .000 .001 6 

10.10 ****** 24.826 3.521 .713 .116 -.006 -.007 -.000 .001 7 
11.54 ****** 12.895 2.362 .540 .093 -.005 -.007 -.000 .001 8 
12.98 57.844 7.798 1.710 .426 .077 -.004 -.007 -.001 .001 9 
14.43 30.301 5.220 1.305 .347 .065 -.004 -.006 -.001 .001 10 
15.87 18.083 3.751 1.035 .289 .056 -.003 -.006 -.001 .001 11 
17.31 11.854 2.838 .845 .246 .050 -.002 -.006 -.001 .001 12 
18.75 8.328 2.232 .705 .212 .044 -.002 -.005 -.001 .001 13 
20.20 6.166 1.808 .600 .186 .040 -.001 -.005 -.001 .001 14 
21.64 4.755 1.499 .518 .164 .036 -.001 -.005 -.001 .001 15 
23.08 3.785 1.267 .453 .147 .033 -.001 -.004 -.001 .001 16 
24.53 3.091 1.088 .400 .132 .031 -.000 -.004 -.001 .001 17 
25.97 2.577 .946 .356 .120 .028 .000 -.004 -.001 .001 18 
27.41 2.187 .832 .320 .110 .026 .000 -.003 -.001 .001 19 
28.85 1.882 .739 .290 .101 .025 .001 -.003 -.001 .001 20 
30.30 1.640 .661 .264 .093 .024 .001 -.003 -.001 .001 21 
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positively skewed, with values of skewness ranging from 0.000 to 

0.670. Of course a skewness of zero implies that the symmetric mixture 

model is also applicable, the symmetric model being a special case of 

the skewed model in which all means of the component normals are 

equal. Table 12 then provides a means of comparing the relative differ

ences between the symmetric and skewed models for several different 

levels of skewness, each with the same set of underlying parameters. 

These parameters are 

V = 0.30 = annualized volatility of the underlying returns 

V1/V2 = 5.50 = ratio of the first component variance to the second 

P1 = 0.40 = probability weight for the first component normal 

R = 0.15 = annualized risk-free rate (weighted average of the two 

component means) 

M1 = Standardized value of first component mean (dependent on 

skewness and P1) 

M2 = Standardized value of second component mean (dependent on 

skewness and P1) 

These parameters were chosen over a large number of other possible 

combinations to represent the most typical values exhibited by a CBOE 

firm. Certainly, other values could be tabulated, but would add little 

to the results to be discussed. 

The levels of skewness used in Tables 12 through 16 were also 

chosen to represent skewness exhibited by actual historical returns 

distributions of CBOE firms. In particular, skewness values of 0.000, 

0.078, 0.225, 0.379, and 0.670 correspond to the 21.3, 30.0, 50.0, 70.0, 

and 90.0 percentiles of skewness found in the 342 periods of CBOE 
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returns discussed in Chapter 4. Simply stated, 87.7% of the sampled 

firms had skevmess greater than 0.000, 70% had skewness in excess of 

0.078, etc. Thus, Tables 12 through 16 use levels of skewness which 

were exceeded by 87.7%, 70%, 50%, 30% and 10% respectively of the firms 

sampled. 

Each of these five tables further illustrates that out of the 

money, near term options are underpriced by Black-Scholes relative to 

the appropriate mixture model. The closer to expiration the option and 

the farther out of the money, the more Black-Scholes underprices, and 

the greater the relative difference. Options at or in the money, or 

options not near expiration, are priced similarly by both Black-Scholes 

and the mixture models. 

The above findings are true in general for both the symmetric and 

skewed mixture models relative to Black-Scholes. For the levels of 

skewness typically exhibited by common stocks, then, the general result 

that Black-Scholes underprices near term out of the money options will 

continue to hold regardless of the amount of this skewness. It will be 

noted, however, that highly negatively skewed returns, which are 

atypical of CBOE firms, may produce results not in agreement with the 

above observations. 

The most important conclusion to be drawn from Tables 12 through 

16 is that for out of the money near term options, the more positively 

skewed the underlying returns distribution, the higher the call should 

be priced, and the more Black-Scholes will underprice relative to the 

mixture model. Intuitively it can be seen that the more positively 

skewed the underlying returns distribution, the larger the probability 
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of a substantial positive change in the common price, and consequently 

the higher the probability that the option will finish in the money. 

Hence, the higher the call should be priced. The Black-Scholes model 

has no provision for incorporating skewness, or for that matter, even 

symmetric tails of greater mass than Gaussian, and subsequently under-

prices such options. 

The strong effect positive skewness has on deep out of the money 

near term options is exemplified in Tables 12 through 16. Taking an 

option 5% out of the money with two weeks to expiration, the relative 

difference between the skewed mixture and Black-Scholes models increases 

from -.007 to .001 to .016 to .033 to .065 as skewness increases from 

.000 to .078 to .225 to .379 to .670. For farther out of the money 

options this effect is even more dramatic, as can be seen by taking a 

similar option which is 10% out of the money. Here, the relative 

difference increases from .070 to .103 to .165 to .229 to .347 as 

skewness increases as above. Similarly, it will take longer, in terms 

of time to expiration, for the mixture price to approach the Black-

Scholes price if underlying returns are skewed than if they are not. 

As a final consideration, it will be noted that all tabulations 

involving the skewed mixture model were made by adjusting the individual 

component means so that their weighted sum equals the risk-free rate. 

Since this produces the lowest possible value which could be assigned to 

each mean, the resultant option values for the skewed model will be 

minimum call prices, for the higher the discount rate, the higher the 

option price. The relative differences for out of the money near term 

options between Black-Scholes and the skewed mixture model must there
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fore be conservative estimates* A choice of any higher discount rate 

for the skewed model's component means would lead to even greater rela

tive differences for such options than those presented herein. 

Market Prices of Call Options 

A number of studies have been undertaken to compare actual market 

prices of call options to the theoretical Black-Scholes prices. Unfor

tunately, the conclusions as to where Black-Scholes over- or underprices 

options relative to the market are quite contradictory. For instance, 

the long and widely held results of Black [2] , p. 693, and Merton [22] , 

p. 140, that deep out of the money options sell for more than their 

Black-Scholes value is directly opposed to the findings of MacBeth and 

Merville [18]. A major shortcoming of many such empirical studies is 

that far out of the money or near maturity options are excluded from the 

analysis. These are precisely the options for which the mixture model 

is most important. 

One excellent study of market option prices by MacBeth and 

Merville [18] in 1980 reports that deep out of the money options with a 

short time to expiration are underpriced relative to the market by the 

Black-Scholes model, and even more underpriced by the Cox model. This 

evidence is consistent with the results obtained herein from the mixture 

models which produce higher prices for such options and more closely 

parallel market expectations. We have then a strong indication that the 

market is already aware of the associated deficiency in the Black— 



79 

Scholes model due to higher actual market prices for near term deep out 

of the money options. 



CHAPTER 7 

SUMMARY 

Countless studies of the behavior of speculative prices have 

shown that the empirical distribution of securities returns is consis

tently more peaked and fat-tailed than a Gaussian, and often positively 

skewed. Other models have been devised to account for the deficiencies 

of the normal density, such as the stable Paretian, compound events, 

scaled t, and the subordinated transactions time models. The last three 

of these are very specific types of mixtures of normal densities. This 

study examines a more general model of security returns imposing few 

restrictions on the parameters of two- and three-component normal mix

tures. By varying the means, variances, and probability weights of the 

component normals, a wide variety of peaked, fat-tailed, and symmetric 

or skewed densities may be represented with very tractable mathematical 

expressions. 

The results of an empirical examination of 116 CBOE firms over 

three two-year periods indicate a very high percentage of close fits for 

such normal mixtures. In many cases a simple symmetric two-component 

normal produces a good fit, while for others a skewed three—component 

normal is necessary to adequately reoresent the errpirical density func

tion. An inspection of the parameters estimated for the two-component 

normal mixture reveals that the larger variance is quite frequently not 

80 



81 

associated with the lower probability weight as hypothesized by 

Mandelbrot and others. Additionally, a new method for selecting the 

best class-boundaries is proposed to improve the reliability of the chi-

square goodness-of-fit test used in this and similar studies. This new 

method is tested against the traditional M&nn-Wald equi-probable 

approach, and in a simulation is found to be vastly superior for low 

priced securities and even markedly superior for moderately priced 

securities. 

Using the assumption of risk-neutrality and a symmetric mixture 

of normals density for the underlying returns, the symmetric mixture 

call option pricing model is derived. This model is then extended to 

produce the skewed mixture model which allows for unequal means in the 

component normal densities. These call option valuations models are 

shown to be weighted sums of the Black-Scholes model, with solutions to 

the mixture models converging to Black-Scholes solutions as the number 

of periods to expiration becomes large. The difference between the two 

mixture models and the Black-Scholes model is most pronounced in the 

price of near term deep out of the money options, where Black-Scholes 

underprices relative to the mixture models. This fact is supported by 

observations of Black, MacBeth and Merville, and Merton along with the 

beliefs of many practitioners. It is also shown that in general, for 

near term out of the money options, the more peaked, fat—tailed, and 

positively skewed the underlying returns distribution, the more Black-

Scholes underprices relative to the mixture models. 

A further analysis of the mixture models allows us to relax the 

assumption of risk-neutrality based on empirical evidence that the model 
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prices of near term options are insensitive to reasonably different 

discount rates« It is finally demonstrated that any increase in the 

discount rate used by the mixture models necessitated by the lack of a 

totally risk-free hedge would result in even greater differences between 

the Black-Scholes and mixture model prices for near maturity out of the 

money options. Hence, the tables presented herein represent a conserva

tive estimate of these differences. 



Appendix A 

The Distribution of n Independent Summands of k Independent Mixtures 

Let 

where 

V 

Let 

Xj ~ N (ji_.  ,  (J j  ) 

(Xj are not necessarily independent, for the moment) 

Y  =  ( Y r  Y f c )  

where k 
L  Y .  =  1  

3 

and 

j-1 

P (Y. = 1) = p. 
3 3 

P (Y. = 0) = 1 - p. 
3 3 

n  
£  p .  =  1  
j-1 3 

Assume X and Y are independent: 

Let k 
Z  =  E / X. Y . )  ( Z i s a  m i x t u r e  o f  k  n o r m a l s )  Z  ( x .  Y . )  

j=1\ ^ Jj 

then 
P (Z < x) = E[P(Z < x/Y)] 

and using independence 

= Z p . [P(X . < x)l 
1=1 

]L 3 J 
83 



84 

and further 

E p . (2ir a2)"*5 

j-1 ^ 3 
exp 

'5(y - M..) 
dy 

Now, assume the are independent. 

Let the characteristic function of Z be 

f(u) = E[exp(iuz)] 

= E{E[exp(iuz) / Y]} 

and using the above, 

/ 2 2 
k I a. u 

= E p .exp I iu u 

j-1 3 \ D 

Let Zjt •••/ Zn be independent with the same distribution as Z. Then 

E | exp(iu E Z J | = [f(u)]n 

and using the multinomial expansion 

E n! 

r1 rk 
r. > 0 
x 

E r^ = n 

ri!r2!**,rk!/j=1 
p.. exp I iup. 

2 2 
o. u 
-J 
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