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ABSTRACT 

Integral transport theory is used to compute transfer matrix 

elements for neutral particle streaming through r-z rectangular voids. 

The transfer matrix is utilized in a hybrid method; it interfaces with 

a conventional discrete ordinates calculation outside the void. Since 

the hybrid interface is accomplished within the inner iteration of an 

existing discrete ordinates code, standard sweeping schemes used in SN 

codes are not adversely affected. 

The resulting transfer matrix is independent of the multigroup 

energy structure used in a calculation. Further, the transfer matrix is 

not affected by changes in materials or cross sections outside the void. 

For these reasons, once a transfer matrix is calculated it can be used 

in a wide variety of problems containing a similar void. 

In this study, the transfer matrix hybrid, standard discrete 

ordinates, and Monte Carlo methods are applied to two sample problems to 

compare the accuracy of these methods. The Monte Carlo results are 

considered correct in order to compute errors in the deterministic calcu

lations. 

The transfer matrix hybrid method is more accurate than conven

tional SN methods; the ray effect, persistent in discrete ordinates 

calculations, is substantially reduced. In addition, the transfer matrix 

hybrid executes faster than higher order SN calculations. 

x 



CHAPTER 1 

INTRODUCTION 

Analysis of radiation shields and breeding blankets for fusion 

reactors requires computational methods for proper design. This work 

compares these numerical methods, emphasizing deficiencies in the popular 

discrete ordinates and Monte Carlo approaches. A hybrid method, con

sisting of discrete ordinates and integral transport solutions, for the 

deterministic calculation of neutral particle transport through voids, 

is developed and studied. This method improves the accuracy of discrete 

ordinates streaming calculations, allowing lower order quadratures to be 

used, resulting in reduced computer run time. 

The beginning of nucleonics studies for magnetic confinement 

fusion reactors (MCFRs) has identified a new variation on the void 

transport (or streaming) problem. Detailed calculations of particle flux 

distributions and reaction rates in materials exposed to significant 

radiation fields are required. Prior to fusion reactor studies, the 

streaming problem was important in fission reactor pressure vessel cavi

ties, vapor regions in LMFBRs during extreme accident conditions, and a 

variety of shielding problems. None of these required the detail needed 

in MCFR studies. The current effort is motivated by the need for faster, 

more accurate methods to calculate neutron and gamma ray transport in 

MCFR blanket-shield design studies. 

1 
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In this chapter, MCFR shielding and nucleonics problems will be 

reviewed. Current transport methods, as applied to streaming problems, 

are described and contrasted. Finally, potential solution methods to 

the void streaming problem will be summarized. 

Magnetic Confinement Fusion Reactor Nucleonics 

To the neutronics analyst, the major components of a typical 

large tokamak MCFR design are a toroidal plasma surrounded successively 

by a vacuum region, breeding blanket, radiation shield, and super

conducting field coils. Plasma physics considerations require penetra

tions in the shield and blanket, including vacuum ducts, neutral beam 

injection ducts, and divertors. Experimental designs include penetrations 

for diagnostic equipment. These penetrations introduce a direct line of 

sight to the neutron producing plasma, increasing leakage from the shield. 

The evacuated ducts are ideal channels for neutron and photon streaming. 

The nucleonics analysis must include calculations of system 

parameters such as tritium breeding ratio, total neutron and photon 

heating of cryogenics, and damage to the toroidal field coils. The 

analysis must also yield detailed spatial distributions of the heating 

and radiation damage rates in critical components. 

The blanket and shield are important regions for particle flux 

calculations. The blanket region takes advantage of the Li-6(n,a)H-3 

reaction to produce tritium (H-3), which is used to refuel the plasma. 

The rate of tritium production is another important result of fusion 

reactor design calculations. The function of the radiation shield is 

threefold: 
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1) Transfer the energy from neutron and photon heating away from 

the reactor, providing usable energy to a thermodynamic cycle. 

2) Reduce neutron and photon energy deposition in critical com

ponents, such as superconducting coils and radiation sensitive 

materials. 

3) Minimize the radiation doses to personnel during steady-state 

operation and shutdown maintenance. 

A complete calculation of radiation doses must include four 

source terms: neutrons, photons generated by inelastic neutron scatter

ing, photons emitted immediately following an absorption reaction, and 

photons emitted by decaying activated isotopes. Nucleonics transport 

codes generally treat only the neutron, inelastic photon, and prompt 

photon fluxes. Since the concentration of activated isotopes is time 

dependent, doses from that source are determined by a different class 

of models. 

The plasma region and ducts are filled with low density gases at 

-4 -6 
pressures in the range of 10 to 10 torr (Steiner, Becraft, and 

Sager 1981). Since the plasma and penetrations are important in the 

evaluation of blanket-shield design and performance, an accurate method 

for calculating neutral particle transport through voids is required. 

Transport Methods for MCFR Nucleonics Analysis 

There are two types of methods used for complicated (multi

dimensional and multiregion) neutral particle transport problems--

probabilistic and deterministic. Monte Carlo is the name conventionally 



4 

given to the probabilistic method. This method involves tracking the 

history of a sample of source particles. On the other hand, the deter

ministic method involves solutions to an approximate transport equation. 

The discrete ordinates (sometimes called SN) method involves a solution 

to the finite differenced integro-differential form of the neutral 

particle transport equation. As will be shown, both methods have de

ficiencies when applied to MCFR nucleonics problems. 

The nucleonics analysis of a MCFR is a three-dimensional problem. 

The Monte Carlo method allows a 3-D analysis, but is limited by computer 

time constraints. Analyses using discrete ordinates methods are fre

quently performed using two-dimensional, r-z geometry models (Abdou and 

Jung 1977, Seed 1980b). Typically, a deterministic 2-D analysis is 

limited to calculating detailed flux and heating distributions near 

blanket-shield penetrations. 

Monte Carlo 

The Monte Carlo method involves tracking the history of a sample 

of neutrons produced in the plasma. Accuracy of the results (e.g., 

fluxes at a surface, heating rates in a volume, etc.) depends upon the 

number of tracked particles that actually reach the surface or volume 

being tallied. Methods for accuracy improvement (variance reduction) 

are available in Monte Carlo codes (LASL Group X-6 1979), and utilized 

in MCFR nucleonics analysis (General Atomic Company 1977, Santoro et al. 

1974). 

The advantageous use of variance reduction techniques (e.g., 

source biasing, splitting surfaces, and Russian Roulette) in complicated 
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problems retains some similarity to an art form. Many man-hours and 

computer hours can be consumed determining a satisfactory set of vari

ance reduction techniques for application to a complicated problem, 

requiring significant overhead. Variance reduction allows the Monte 

Carlo analysis to be more accurate in a sub-region of a problem at the 

expense of accuracy elsewhere. If detailed, accurate results are re

quired throughout the system, for example, heating rate spatial distri

butions, the Monte Carlo method may not provide the results in a 

reasonable time. 

A recent study by Urban (1980) illustrated that 250,000 particle 

histories were required to accurately calculate the flux entering a 

neutral beam injector penetration. This large number of particle histo

ries makes numerous design runs prohibitive. Additional time-consuming 

runs, using results of the first run, were necessary to perform the 

actual duct shield calculations. The duct analysis is a deep penetration 

problem; accurate Monte Carlo results are known to be difficult to obtain 

in such problems. 

Monte Carlo shield design analysis is time-consuming for both the 

computer and the designer. Theoretically, Monte Carlo accuracy is 

limited by the available cross sections and the number of particle 

histories tracked. As a practical limit, availability of computer time 

bounds the total number of histories. In general, therefore, the Monte 

Carlo method does not provide all of the necessary information for MCFR 

design evaluations; it provides accurate results in specific sub-regions 

of the problem. In addition, these sub-regions must be identified before 
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the computation is made. If a result in a different sub-region or a 

different type of result is desired, the entire calculation must be re

run. Since many calculations are required to obtain a good blanket-

shield design, alternatives to Monte Carlo analysis are desirable. 

Discrete Ordinates 

Deterministic methods for neutral particle transport yield a 

numerical solution to an approximate transport equation. Discrete 

ordinates (Carlson and Lathrop 1968) is the most widely used determin

istic neutral particle transport method. Accuracy of the discrete 

ordinates method is limited by discretization of the angular and spatial 

variables. 

In general, a discrete ordinates analysis requires less overhead 

and computer time than a Monte Carlo analysis. The discrete ordinates 

method produces a solution throughout the system, providing a distinct 

advantage over probabilistic methods. Thus, complete heating rate dis

tributions and other spatially varying quantities are calculated in each 

run. Another advantage of the discrete ordinates method is that less 

overhead is required to prepare the problem, since there is less "art" 

involved. 

Errors arise in the discrete ordinates method due to the discre

tization of the transport equation. The ray effect is a well known 

phenomenon of the discrete ordinates method (Lathrop 1971), but it is 

only one manifestation of the discretization error. Errors in the dis

crete ordinates method will be discussed further in Chapter 2. Secondary 
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neutrons, from scattering and fission, mitigate these errors in higher 

density scattering and fissile media (Lathrop 1971, Miller and Reed 1977). 

Discretization errors are observed at their worst in a void streaming 

problem. Seed (1980b) reported that 90% of the time spent in a discrete 

ordinates analysis of a neutral beam duct shield was used to reduce the 

effects of void streaming. 

Discretization errors can be reduced, but not eliminated, by in

creasing the number of spatial cells and angular directions. These 

modifications may cause dramatic increases in computer run-time. The 

need for multiple iterations for blanket-shield design is again restricted 

by excessive computer time requirements. A faster, more accurate, deter

ministic method for void transport would fill a need in the nucleonics 

community. It would allow a larger number of design options to be 

studied, hopefully resulting in improved blanket-shield designs. 

Potential Solutions to the Void Streaming Problem 

This research will concentrate on deterministic solutions to the 

streaming problem. This emphasis is not meant to imply that probabili

stic solutions are not worthy of further study; however, the advantages 

of deterministic methods make their improvement especially useful. 

Modification of existing discrete ordinates difference equations 

has limited potential for improved performance in voids. Hybrid methods 

are considered to have more potential. Hybrid methods utilize two dis

tinct transport approximations, one method for the void, another for the 

remainder of the problem. The coupling between methods is limited to the 

surface of the void. 
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How to select an optimal streaming method, for use in a hybrid, 

is not yet clear. Maynard and Seed (1979) limited considerations to 

the following possibilities: diffusion theory, discrete ordinates, 

Monte Carlo, and integral transport theory. Diffusion theory is of 

little use here since it does not apply in a void. A discrete ordinates 

method will not eliminate ray-effects, and thus has limited potential. 

Monte Carlo and integral transport remain as the methods of choice. 

Monte Carlo has been used, as a part of a hybrid calculation, to 

perform streaming calculations. The results were later interfaced to a 

discrete ordinates code for MCFR penetration shielding calculations (Seed 

1980b). This type of hybrid is also used for streaming calculations in 

the analysis of reactor cavities (Lahti, Lee, and Courtney 1979). 

Application of a discrete ordinates-Monte Carlo interface requires 

multiple calculations and does not eliminate overhead. A discrete 

ordinates-Monte Carlo hybrid interferes with the spatial mesh sweeping 

in a discrete ordinates code. This approach leads to the separate calcu

lation of two coupled problems, with limited coupling allowed. 

Integral transport theory provides a more satisfactory approach. 

Integral transport theory can be used within the discrete ordinates mesh 

sweeping arrangement. Attempts are currently underway (Seed 1980a) along 

these lines in x-y geometry. The use of integral transport theory, 

without undue interference with the discrete ordinates spatial sweeping, 

will be the subject of this research. 

Potential solutions will have to be compatible with the existing 

two-dimensional discrete ordinates transport code, TWOTRAN-II (Lathrop 
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and Brinkley, 1973). Limited consideration will also be given to the 

possibility of future application of the method to the 2-D, deterministic 

nucleonics code TRIDENT-CTR (Seed 1979b). Only solutions for r-z 

geometry voids will be considered, since most deterministic MCFR calcu

lations are performed in that geometry. 



CHAPTER 2 

THE DISCRETE ORDINATES METHOD 

In this chapter the discrete ordinates method for solving the 

neutral particle transport equation is described. Particular emphasis 

is placed on topics relevant to the discussion of streaming problems. 

The first section of the chapter describes approximations used to obtain 

the discrete ordinates equation. The second section discusses the 

numerical methods used to solve the equation. The final section examines 

the deficiencies of the discrete ordinates method when applied to stream

ing problems. 

The following sections do not constitute a complete summary of 

the discrete ordinates method. The discussion is intentionally limited 

to topics necessary for discussion of streaming methods and interfacing 

with discrete ordinates methods. More complete treatments abound in the 

literature (e.g., Carlson and Lathrop 1968, Bell and Glasstone 1970, and 

Lathrop 1973) and are not considered here to minimize needless repetition. 

Approximations Used to Obtain the 
Discrete Ordinates Equation 

The discussion of the development of the discrete ordinates 

equation begins with the monoenergetic neutral particle transport 

equation, 

V*5iKR,n) + at(R)iKR,6) = S(R,fi) (2.1) 

10 



11 

where, Q. is the unit vector in the direction of particle motion, R is the 

general spatial coordinate vector, is the total cross section, 

is the particle angular flux, and S(R,n) is the particle source (which 

may include scattering, fission, and external sources). 

Equation (2.1) describes neutron transport within a differential 

phase space volume dp 

dp = dV • dfi , (2.2) 

where dV is the spatial differential volume element, and dft is a measure 

of the differential solid angle. 

This study is limited to r-z geometry and the r-z-0 coordinate 

system shown in Figure 2.1. Symmetry in the 0 direction is assumed. 

Therefore, n is within the full range, from -1 to 1; to takes the range 

0 to TT. 

The direction cosines y, £, and n are related by the following 

equations: 

p = /l-ri2 cosoj , (2.3a) 

£ = /l-n2 sinu) , (2.3b) 

1 = n2 + y2 + 52 • (2.3c) 

The components of the differential phase space volumes are de

fined as follows: 

dV = 2-rrrdrdz , (2.4a) 

d a = . (2.4b) 
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Figure 2.1. R-Z coordinate system. 
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Therefore, 

dp = rdrdzdoidn (2.4c) 

for the r-z coordinate system. 

Limiting consideration to the r-z geometry allows expression of 

the streaming term in the local r-z-to coordinate system. Equation (2.5) 

is the conservative form of the streaming operator in that system; 

V - Q i p  =  ±  . (2.5) 
Y r 9r r 3d 3z K J 

Thus the r-z form of the nonoenergetic transport equation is, 

H!ga..ii|a3.+ n|it0tt.s. (2.6) 

Spatial Mesh 

Solutions of the discrete ordinates transport equation are 

obtained throughout a finite, r-z domain. To derive the solution, the 

domain is partitioned into cells defined by an r-z mesh. A typical mesh 

cell and the notation used to describe it is shown in Figure 2.2. Cross 

sections and sources are assumed constant within each cell. In order to 

obtain a transport equation for a finite mesh cell, Equation (2.6) is 

multiplied by dV (Equation 2.4a) and integrated over the finite cell 

volume Ar^, Azj . The radial and axial flow terms become perfect differ

entials when p and n are assumed to be constant within the mesh cell. 

(This assumption is true for n, but not for y, as will be shown later.) 

The angular derivative is also assumed to be constant within the mesh 

cell. This approximation introduces an angular redistribution error, 
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z j + h  

z. , 
3 - h  

Figure 2.2. R-Z mesh cell and notation. 
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discussed more fully later in this chapter. The resulting equation is, 

~ (Ai+k Ai-%} du 

+ nB. [* . - ^ u] + Va t|» = VS . (2.7) 
1 J +-3 J ""a t 

Subscripts at cell centers (i, j, m) have been suppressed except where 

needed forclarity. Equation (2.7) has been simplified using the 

following definitions: 

v  =  77  {rUh - ri-0Az '  (2*8a)  

A. j, = 2TTr. t Az , (2.8b) 
1 —"2 JL—"2 

Bi =  i( rU- rU) • ( 2- 8 c )  

Equation (2.7) is the finite differenced transport equation for 

the r-z spatial mesh. It involves the angular fluxes at the cell 

boundaries as well as an average flux in the cell, i|>, and the angular 

derivative term. Each term in Equation (2.7) corresponds to a term in 

a particle balance equation. The terms on the left hand side correspond 

to; (left to right) radial flow, flow in the io direction, axial flow, and 

losses due to interactions. The right hand side represents source 

particles from all sources. 
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Discrete Ordinates Approximation 

The discrete ordinates approximation restricts the direction 

cosines to a discrete set of values. The quadrature sets are symmetric 

about both the y and n axes. For any given quadrature set (ym, £ , nm) 

only two direction cosines are independent. (Recall Equation 2.3.) In 

this work, the two independent variables will be ri and either y or to. 

Calculation of integrals over the angular portion of the phase 

space is replaced by a quadrature rule, described by Equation (2.9), 

f(n)dn = w f(y ,n ) 
*• J m vtm' nr 

(2.9) 

Aft 
m 

where wm is the quadrature weight. Integration over larger intervals is 

replaced by a summation: 

4tt 

M 
f(S2)dn = T w f(y ,n ) , 

 ̂ ' 
i
1 m v m' m m=l 

(2 .10 )  

where M is the total number of directions allowed in the calculation. 

Thus the angular portion of the phase space volume, dft, is replaced by 

w^ in the discrete ordinates approximation. Multiplying Equation (2.7) 

by dft and integrating over Af^ yields another form of the balance 

equation: 

y w [A. . \b. . - A. , ip. , ] - 2rr 
m mL i+% ri+%,m l-J^ yi-^,mJ 

dr dz 
diii 

Ar. Az. Afi 
l j m 

+ n w j -  iK i 1 + Vw o.ip = Vw S . (2.11) 
m m j+h,m j-h,m m t m m v 
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The selection of discrete cosines and the angular quadrature 

scheme does not require definition of surfaces for flow in the angular 

domain. In order to force the redistribution term into a particle 

balance form, assume that the redistribution term takes the form 

(A1+!s "  k i - h )  I l V %  -  " m - h  " V i s 1  '  ( 2 ' 1 2 )  

The terms are angular fluxes at boundaries between the 

discrete angular directions; the locations of the boundaries need not 

be defined. The function of the alpha coefficients is similar to that 

of the direction cosines in the spatial derivative terms. The alpha 

coefficients are introduced to define the proportionality between the 

angular fluxes and the flow into or out of the discrete angular 

direction. The particle balance equation becomes, 

^mWm^i+% ̂ i + h  + (^i+k 

[a , il> i-a i ip , 1 + ii w B[f. , ^-ll L  m + h  m + h  m - h  m - h  m  m  L  j + h  -  J - h  

+ w Vo.ip = w VS . (2.13) 
m tr m 

The alpha coefficients are defined by considering the case of 

divergenceless flow, i.e., Vcnp = VS. In this situation, fluxes at all 

of the spatial positions in the cell are equal to \p. After equating 

fluxes and cancelling terms, Equation (2.13) becomes, 

x , - a j = - y w  .  ( 2 . 1 4 )  
m+h m-% mm 
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Equation (2.14) establishes a recursion relation between suc

cessive alpha coefficients. In order to maintain Equation (2.13) as a 

particle balance relation, there must be no net gain or loss of particles 

due to the redistribution term. Multiplying the redistribution term in 

Equation (2.7) by dft and integrating over the angular portion of the 

phase space volume should yield zero particle production due to redis

tribution. Applying the quadrature rule from Equation (2.10) yields the 

rate of production due to redistribution 

M 
âm+% ̂ m+h am-h ah aM+h ̂ M+h ' (2.15) 

m=l 

Equation (2.15) is zero if a, = a.. } =0. This condition requires the 
-"2 

directions to be ordered so that no redistribution occurs into the first 

angular interval or out of the last angular interval. The alpha co

efficients are completely defined by the starting relation a, = 0 and 
•h. 

the recursion relation (Equation 2.14). 

A typical quadrature set is shown in Figure 2.3. Note that the 

cosines are arranged on levels of constant n- This arrangement is 

chosen because the local variable n does not change during particle 

streaming (as will be shown later). A detailed description of streaming 

in the local coordinate system will be included in Chapter 3. During 

streaming the variable to will decrease, approaching to = 0 for a long 

particle path. Streaming particles do not redistribute across the 

surfaces GO = IT and to = 0 shown in Figure 2.3. The cosines are arranged 

in a sequence such that to decreases in successive directions on each n 

level. 
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n 

Figure 2.3. Typical (S6) discrete ordinates quadrature set. 
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Solving the Discrete Ordinates Equation 

The discrete ordinates equation (Equation 2.12) is a particle 

balance equation to be solved for the angular flux \p. The discrete 

ordinates equation includes dependence on seven angular flux terms (ip, 

^ u> 4.1-» ^-i Va+i,' 'L J-> Three of these fluxes are boundary 
L—^ I+"2 J ~^2 J •*•'2 M--2 

conditions for the mesh cell calculation. Three more equations are 

necessary to obtain explicit solutions to the discrete ordinates equation. 

Diamond Difference Equations 

The most commonly used auxiliary equations are the diamond dif

ference equations: 

2ip = ip., + ip. , , (2.16a) 
rm vi+h,m ri-%,m J 

2ip = \b. + ip. . , (2.16b) rm Yj+h,m K J 

2ip = i + ^ i • (2.16c) 
m m+h rm-h *• 

Solving Equations (2.16) for ip j , ip. , , and j and sub-
m+'g 1+-2 J +-i 

stituting the solutions into the discrete ordinates equation yields a 

solution for ip; 

, VW Ai js>*i-js+</WAi-!S> Vj/VViV̂  

*" %Ai +̂ (Vif Ai-%> Wv2,vBi• Vot 

(2.17) 

Equation (2.17) is the solution of the discrete ordinates 

equation that allows an explicit solution for the flux at the center 



of cell i,j and in direction m. Similar equations can be developed 

which explicitly include the other boundary fluxes. 

Sweeping the R-Z Mesh 

Equation (2.17) allows an explicit calculation of from i/>. j , 
1—2 

ip. , , and i|> , . If y>0 and n>0, \p. j and i|i. j are the entering boundary 
j—2 m—s 1—2 j—2 

fluxes in angular interval m and cell i,j. Equations (2.16a) and (2.16b) 

may then be used to calculate ifj. j and ip. , , which may be used subse-
l+'S J +"2 

quently as entering fluxes for adjacent cells (i+l,j and i,j+l re

spectively) . This method suggests an explicit sweeping scheme where 

spatial progression through the mesh proceeds in the direction of 

particle motion. Relations similar to Equation (2.17) can be derived 

for other combinations of positive and negative values of and n • 

In this manner, explicit calculations can sweep through the entire 

spatial mesh. In TWOTRAN-II (Lathrop and Brinkley 1973) the progression 

is conveniently separated into two sweeps. The first is for downward 

(n<0) directions, the second is for upward (n>0) directions. 

At each j level (cells with the same j index), the sweep begins 

at the right system boundary, using boundary fluxes known from the in

put boundary conditions. The fluxes entering at all system boundaries 

are determined from the boundary conditions. An inward (y<0) calcula

tion is performed, and exiting boundary fluxes are stored for later use 

in adjacent cells. The sweep proceeds inward to i=l, then begins an 

outward sweep (y>0). When the outward sweep reaches the right boundary, 

the scheme moves to the next j level (i.e., j-1 if n<0 or j+1 if n>0). 
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In this manner the calculation is performed throughout the entire r-z 

mesh. 

Deficiencies in the Discrete Ordinates Method 

When the discrete ordinates method is applied within a void, or 

a pure absorber, errors in the streaming operator become dominant. 

This section highlights the two principal errors in the streaming 

operator: the ray effect and angular redistribution errors. 

The ray effect (Lathrop 1971) is so named because particles 

travel only along certain directions or "rays." This comes about due 

to the selection of a discrete set of directions for solution of the 

transport equation. The error is observed as spatial fluctuations in 

the angular flux solutions. The flux is lower where there are fewer 

directions connecting a point to the particle source. The flux is 

greater along the allowed directions. 

The ray effect can be reduced in streaming problems by selecting 

more quadrature directions. Computer run-times increase rapidly with 

higher quadrature order, limiting the total number of directions. For 

any reasonable number of directions, the ray effect will always be 

present. 

The angular redistribution error is introduced into the discrete 

ordinates equation in two steps. The first step is in the development 

of Equation (2.7). Obtaining Equation (2.7) required the assumption that 

y remain constant within each cell. In fact, y varies as a particle 

streams. The selection of a discrete quadrature set also requires the 
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constant y assumption. Therefore, this first error is actually a com

bined discrete ordinates-angular redistribution error. 

The second source of angular redistribution error is in the 

alpha coefficients, introduced in Equation (2.12). The differential 

equations governing angular redistribution, to be presented in Chapter 

3, are not used to define the redistribution coefficients. The co

efficients are defined so that particles are conserved, as in Equation 

(2.15). 

The effects of the angular redistribution error are more subtle 

than those of the ray effect. The redistribution error results in in

correct values of the direction cosines. Quantities proportional to the 

direction cosines, such as the particle current, will be inaccurate. 



CHAPTER 3 

SOLUTION OF THE INTEGRAL TRANSPORT EQUATION IN 

R-Z VOIDS 

In this chapter, solutions of the integral transport equation, 

in the r-z-co phase space described in Chapter 2, are developed. The 

equations describing the motion of the streaming particles are derived. 

In addition, the equations of motion are used to produce a qualitative 

description of particle streaming. Approximations for the angular flux 

are obtained from the discrete ordinates fluxes at the void boundaries. 

Finally, the average angular flux exiting the void, arising from a dis

crete ordinates angular flux entering the void, is calculated. Imple

mentation of the integral transport solution, creating a discrete 

ordinates hybrid, is the subject of Chapter 4. 

Integral Transport Equation 

The following equation, 

^ [,Kr ,z ,n ) ]  =  Q ,  (3 .1 )  

is the integral transport equation for a void containing an inhomogene-

ous isotropic source of particles; where Q is the particle source, and 

ds is a differential displacement along the path of the streaming 

particle, such that 

24 
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s = |R - iT| ; (3.2) 

R and R' are general position vectors (see Figure 3.1). The primed 

vector indicates the coordinates where the particle initially enters the 

void. In the solution to Equation (3.1), 

T|)(r, z,J2) = iKr',z',£r) + |R - R'| Q , (3.3) 

it is convenient to express the angular dependence in Equation (3.3) 

using the variables ui and n (see Figure 2.1 and Equations 2.3), as 

iKr ,z ,u ) ,n )  =  <K r ' , z ' , a ) ' ,n ' )  +  sQ .  (3 .4 )  

The length of the characteristic, s, retains its dependence on the 

initial and final coordinates through Equation (3.2). The primed 

coordinates indicate the location where the boundary value is applied to 

the ordinary differential equation being solved. 

Numerical solution of Equation (3.4) requires solving for the 

primed coordinates as a function of the unprimed coordinates. A mathe

matical description of the trajectories (or characteristics) of 

particles streaming through phase space is required to obtain these 

relationships. The development of characteristic equations in the phase 

space variables is the subject of the next section. 

Characteristic Equations 

Solutions for the characteristics of streaming particles are 

obtained by equating the two forms of the streaming operator presented 

in Equations (2.5) and (3.1) 
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'-------~ z 1 

r2 

Elevation View 

Top View 

Figure 3.1. Typical particle trajectories. 
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£ 3(riJ0 _ I 3(€»I0 + i± _ fty ,-35-) 
r 3r r 3co 3z ds 1 ' J 

Performing the partial differentiation of the first two terms yields, 

9<J> Ut J I" 95 "I 9^ _ dijj . 
P 3r ' r 3u r |_ ^ ̂  ' 

Partial differentiation of Equation (2.3b) produces the alternate ex

pression for y 

= (1-n2)^ coscj = y . (3.7) 
otO 

Substituting Equation (3.7) into the term proportional to ^ in Equation 

(3.6) produces the non-conservative form of the r-z-w streaming operator 

y 3r r 3w n 3z " ds " ( 

Equations (2.3a) and (2.3b) allow Equation (3.8) to be cast 

exclusively in the preferred angular variables (to and n) 

(l-n2)% coso) ̂  ^ + n ̂  ^ (3 9) 1 n j cosuj 3r r 3io 3z ds ' L,S'yj 

Applying the chain rule for partial differentiation to Equation (3.9) 

yields three coupled ordinary differential equations (ODEs) describing 

the characteristics: 

= (l-n2)^ cosuj , (3.10a) 



da) 
ds 

= n . (3.10c) 

Equation (3.10c) is decoupled from the other characteristic ODEs; there

fore, ti remains constant during streaming, as was mentioned earlier. 

The solution of the two coupled ODEs, Equations (3.10a) and 

(3.10b), is obtained in the following manner: (a) compute the deriva

tive along the streaming path, 

d ^ dtu dr 
(rcosw) = - r smto + cosw ̂  , (3.11) 

(b) substitute Equations (3.10a) and (3.10b) for the derivative terms 

in Equation (3.11), 

d(rcoscu) 
ds—~ = (l-nz) • (3.12) 

Therefore, since n is constant, 

rcosa) - r'cosw' = (1-n2)^ s ; (3.13) 

where, as before, the primed coordinates indicate the location where the 

boundary value is applied, and the characteristic length, s, is zero. 

A second characteristic equation is obtained by computing another 

derivative along the streaming path 

d  d c o . d r  
(rsinoi) = rcosoo + sinoj . (3.14) 

28 

= - (l-n2)% , (3.10b) 
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Substituting Equations (3.10a) and (3.10b) into Equation (3.14) yields 

(rsinco) = 0 . (3.15) 

Therefore, rsina) is also constant along a characteristic, and 

rsina) = r'sino)' . (3.16) 

Finally, Equation (3.10c) is solved independently, yielding the 

third equation for description of the characteristics 

z-z* = ns . (3.17) 

The characteristic length, s, can be eliminated from the 

characteristic equations by solving Equation (3.17) for s and substituting 

into Equation (3.13); two equations remain to determine the coordinates 

of the characteristics 

rcosui - r'cosoi' = Y(Z-Z') , (3.18a) 

rsina) = r'sinio^ , (3.18b) 

where y is a constant, defined as 

Y = 2 . (3.19) 
n 

Obtaining numerical solutions to Equations (3.18a) and (3.18b) 

is a complicated process. The methods used depend upon the geometry of 

the r-z cell being considered, as well as the angular coordinates of the 

particle when entering and exiting the void. A summary of methods used 
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is included as Appendix A. At this point, it is adequate to note that 

numerical solutions of the characteristic equations are obtainable in 

every case that is of practical interest. 

Qualitative Description of Motion During Streaming 

The characteristic equations, (3.18a) and (3.18b), and the 

relevant ODEs allow a qualitative description of the motion of streaming 

particles in the r-z-co coordinate system. Equation (3.10b) indicates 

that the following inequality applies for all a) in the range [0,tt]; 

g. = - (l-n2)31 < 0 . (3.20) 

Since Equation (3.20) shows that co is continuously decreasing, and using 

the definition of y (see Equation 2.3a), it is apparent that angular 

redistribution during streaming causes particles to move toward larger 

values of the direction cosine y. This motion explains the ordering 

of the directional solutions in the discrete ordinates method described 

in Chapter 2. Also, since oj remains constant during streaming when 

w=0 or co=ir, there is no angular redistribution at these limits of w. 

The lack of redistribution at UJ=0 and OJ=TT allows definition of the dis

crete ordinates alpha coefficients to be zero at these limits, lending 

theoretical support to the definitions used in Chapter 2. 

Particle motion in the z direction is described by Equation 

(3.10c). Increasing z, n>0, indicates upward motion; decreasing z, n<0, 

indicates downward motion. Since the radial and angular ODEs (Equation 

3.10a and Equation 3.10b) depend on n2, the radial and angular motion of 
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streaming particles is independent of the sign of n* This property will 

be used to advantage in Chapter 4. 

Particle motion in the radial direction is more complicated. 

Equation (3.10a) yields the following inequality for co in the interval 

[0,ir/2]; 

= (1-n2)32 coso) > 0 . (3.21) 

Particles in this range are traveling outward. Also, for a> in the 

interval [tt/2,it], 

g- < ° , (3.22) 

indicating that particles in this range are traveling inward. Due to 

the angular redistribution, described by Equation (3.10b), a particle 

may change from inward motion to outward motion during streaming. This 

trajectory is illustrated, along with other less complicated character

istics, in Figure 3.1. 

Equations (3.18a) and (3.18b) are the characteristic equations 

that allow computation of the coordinates of the point where a particle 

enters a void. If the characteristic length is desired, Equation (3.17) 

can be used to solve for s. The trajectories of streaming particles are 

straight in an x-y-z coordinate system, whereas, the non-linear ODEs 

describing particle motion, Equations (3.10), indicate that character

istics of streaming particles are curved in the r-z-io coordinate system 

used here. 



Boundary Conditions for the Integral 
Transport Equation 

The boundary conditions for the integral transport equation are 

angular fluxes of particles entering the void, £2 • ng < 0, where ns is 

the outward normal to the void surface. In a hybrid discrete ordinates--

integral transport method, entering fluxes at the surface of the void 

will be obtained from a discrete ordinates calculation or boundary 

conditions in discretized form. 

In this section, the discrete angular fluxes are used to extend 

the angular flux to the full range of w and n- Terminology is intro

duced to describe the spatial partitioning of the angular flux on the 

void surface. 

Angular Partitioning 

The angular redistribution and ray effect errors owe part of 

their origin to the discrete quadrature points used in the SN method. 

Therefore, as the first step in extending the discrete angular fluxes to 

all a) and n> angular intervals (bins) are defined in the vicinity of 

each discrete ordinate point. 

Applying the angular portion of the differential phase space 

volume element to a finite angular interval yields 

Ad) An 
AQ = w = " m , (3.23) 
m m 2ir v 1 

where n is within the range [-1,1], and UJ is within the range [0,TT]. 

Since quadrature points are arranged on levels of constant n, all Arim 

on a level are equal. Summing Equation (3.23) on a single ri level over 
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half of the range of to (0,IT/2) allows calculation of Arim, 

An, i=4 X< w • (3.24) 
level , , m v 

melevel 

Equations (3.23) and (3.24) are used to solve for 

2TTW 

Ato = t—- (3.25) 
m An, , v ' level 

This relation defines angular bin boundaries, to , and o> i , 6 ' m+h m-h 

about each quadrature point; they are defined such that 

Aw =o) i -  to ,  (3.26) 
m m+h m-h 

and Acom is always positive. An illustration of the bin boundaries, 

analogous to the case previously shown in Figure 2.3, is shown in Figure 

3.2. The particle angular flux within each bin is assumed to be inde

pendent of 0). 

Spatial Partitioning 

The boundary conditions for the void transport calculation are 

the angular fluxes at the void surface. Figure 3.3 provides a general 

description of a void spatial mesh, with the mesh being identical to 

that outside the void region. 

Boundary conditions are needed on only three surfaces of the 

void, the particular surfaces depend on the sign of Thus, when n>0, 

the initial conditions are applied on the surfaces r'=r , z'=zQ, and 

r'=rv; expressed equivalently with the indices i=l, j=l, and i=I. The 
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n 

V 

-n  

Figure 3.2. Typical quadrature set with angular bins. 
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i—i—i—i—i—i—r 
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v 

Figure 3.3. Void mesh terminology. 
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notation is simplified by introducing a parameter k'(r',z'), which 

refers to a segment of any one of the three surfaces where boundary 

conditions are applied. A summation on k' implies a summation over all 

three of the boundary condition surfaces. Boundary conditions for n<0 

are similar but the k' surfaces are r'=r , z'=z , and r'=r . 
o v' v 

To extend the discrete angular fluxes to the entire void boundary, 

angular fluxes are assumed constant on each surface of a spatial mesh 

cell, and equal to the discrete ordinates value. The extended angular 

flux is 

(o , , < oj" < u „ , and 
m-h m +*2 

•  2 - , =  1 ^ .  i f  J  n n , _ H  < n -  < Va and 

r",z' are on the surface 
described by k' , 

(3.27) 

where the quadrature cosine rip is a discrete value not necessarily 
X/ 

equal to n , the discrete ordinates value. The right hand side of 

Equation (3.27) is the discrete ordinates angular flux from a discrete 

ordinates calculation. 

Extending the angular flux to all k' boundaries, and combining 

the spatial and angular partitioning, may be accomplished by introducing 

the following step functions: 

M 
H r ' , z ' , w ' , n p  •  I  I  , xt - C3.28) 

k m =1 
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where, 
1 if w. 1 < 0)' < U) „ , , and r\ . , < n„ < n ,.i, 

__ m —in +"3 in —& m +-̂  
x£,k',m' ~ and r',z' are on the k' surface 

0 otherwise . (3.29) 

The angular flux representation in Equation (3.28) is the boundary value 

used later in the solution of the integral transport equation. It de

fines the angular fluxes only on the boundary surfaces, obtained from 

the discrete ordinates calculation outside the void. 

Derivation of the Average Angular Flux in a Bin 

The objective of the integral transport portion of the hybrid 

method is to calculate angular fluxes of particles exiting the void, 

f2»ns>0. Using the combination of the integral transport equation and 

the boundary angular flux approximation, Equation (3.28), a solution 

for the angular flux of particles exiting the void can be derived. 

Since the discrete ordinates method requires angular fluxes in discrete 

directions, the average angular flux in each bin is calculated for 

particles exiting the void. This average value will be used to provide 

coupling to the discrete ordinates method outside the void. 

The average angular flux in a bin, without accounting for the 

inner radius shadowing effect, is defined as: 

(iKr,z,n)) 
(m) 

2irAu) 
m 

da)ijj(r,z,a),n) . (3.30) 

Au) 
m 

Substituting the solution of the integral transport equation into 

Equation (3.30) yields 
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( ip (r , z ,n ) )^  =  (2TrAco m ) _ 1  dto |> (r* ,z ' ,o> ' ,n ' )  

+ Q s(r',z',u',n*)] (3.31) 

where the integration is over the co variable, but the integrand's 

dependence is shown explicitly in the primed coordinates. The u> depen

dence of the primed coordinates will be obtained through the use of the 

characteristic equations. 

To account for the shadowing effect, illustrated in Figure 3.4, 

the step function A(rQ) is defined, such that 

Incorporating A in Equation (3.31) yields an equation for the average 

angular flux that accounts for the inner radius shadowing 

— 1 
0 if y^(z-z')> (r2-ro2) 2 and co<sin (r0/r) 

(3.32) 
1 otherwise 

+ Q s(r',z',iu',n')] • (3.33) 

Substituting Equation (3.28) into the above equation gives 

o x̂£,k',m' ̂ k',m 

, (3.34) 



"shadowed characteristic" 

VOID 

MATERIAL 

Figure 3.4. Shadowing by the void inner surface. 
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where the k' variable represents all surfaces where the boundary con

dition is applied. Allowing the step functions to operate on s computes 

s on the same characteristics used for the boundary angular flux 

streaming calculation, enabling algorithms to calculate both of the 

integrals. Calculation of the non-zero range is accomplished using the 

step functions and the characteristic equations. 

In order to simplify the integrals, note that interchanging the 

integration and summation in Equation (3.34) yields, 

0) i 
M 1  h  

( H r . z . n  ) > l n "  =  ( 2 n t o )  I  I  ^ Atr 0 )X *  d»  
k m =1 1 J 

0) j 
m-h 

01 , 
m+h 

+ Q A(ro)X£,k',m' s da) / • (3.35) 

0) , 
m-h 

The subscript k(r,z) indicates the surfaces where the exiting flux is 

calculated, analogous to the k' surfaces for the entering flux. For r,z 

on the k surface, Equation (3.35) may be rewritten by identifying each 

individual term in the summation as follows: 

^(r ,z ,n £ ) ) ( " m ' )  =11 <JiKr,z ,n £ ) ) ( - n i , n i  , (3.36a) 
k' m' k' 

where, 

<iHr,z ,n £ )>£ l 1 , m ' )  = F k^k' , n °  0 1 0  +  Q  4"^ ( S )  '  

(3.36b) 
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(i) 1 m+h 

FU,m,m-) (x)  „ j A(ro)x t_k. )m, Xk,>B, d» , 

^m-h (3.36c) 

and A is either s or ip. 

The average flux evaluated in Equation (3.36b) has an important 

physical significance. It represents the average angular flux at r,z 

(located somewhere on the k surface) in bin m due to particles on 

characteristics that entered the void through the k' surface and bin m'. 

The streaming occurs along constant n^> located somewhere within the An 

limits on bins m and m'. 

Each of the integrands in Equation (3.36b) that contain \p, are 

constant within their non-zero range. The limits of the non-zero range 

are determined by the two step functions. When X=$ in Equation (3.36c), 

it may be simplified to 

0) 
lb 

(Z,m,m )/-.-) _ k ,m 
Fk,k- w ~ 2sr 
' m 

m+h 

Afro)xl,k-,m- * (3'37:) 

0) ! 
m-h 

This integral is evaluated by defining 

u) i 
m+h 

! Afr 1Y (Z ,m-h,m')  _  (£,m,m') 
J A(ro)XA,k',m' da) " ek,k- " ek,k' ~ A3k,k-
0) , 

m-h 

(3.38) 

Finally, using Equation (3.38) in Equation (3.37), the function F(I{J) 

becomes: 

= • <3-39)  
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Integrals in Equation (3.36c) that contain s are complicated by 

the dependence of s on 10 in some physical situations. If the boundary 

condition is applied on a constant z' surface, as in the case with terms 

containing a x. _ step function, s is constant and may be evaluated 
J6, j—u, m 

using Equation (3.17), 

s = -5^1 . (3.40) 
n 

Equation (3.40) may be substituted into Equation (3.36c) and integrated 

directly, as was done in the previous case. 

Integrands containing s and using a boundary value at the 

surfaces r'=r and r'=r require more attention since s is not constant, 
o v n 

Equation (3.40) still applies, but z' is no longer constant. Solving 

Equation (3.18a) for z-z' and substituting into Equation (3.40) yields 

= rcosui - r-cosa)-
ny 

Also, since cos2w' = l-sin2co', 

s = (ny)"1 [rcosuj - r'6 (l-sin2̂ ')'5] , (3.42a) 

where, 
1 if 0 < a)' < tt/2 

6 = |C°St0., = . (3.42b) 
|c°sa) | _1 if w/2 < ̂  < ̂  

Therefore, solving Equation (3.18b) for sinco' and substituting the 

result into Equation (3.42a) yields 

s = (ny) 1 [rcosa) - r'6(l - sin2a))'S] . (3.43) 
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Since s is the only variable within the integrand of Equation 

(3.36c) with a) dependence, consider the following indefinite integral: 

J sda) = ~ £r J cosa)da> ~ [1 - p?2" sin2a)]^da) J . (3.44) 

Note that 6 is constant within the range of integration. Since there 

are always bin boundaries at co'=ir/2; 6 will change at this boundary, but 

6 is constant within each individual integral. Applying Equation 2.583-1 

from Gradshteyn and Ryzhik (1965, p. 158), the second integral may be 

evaluated, 

sdeo = — sinoo - E(oi,r/r') , (3.45) 
J ny ny ^ 

where E is the Incomplete Elliptic Integral of the Second Kind, defined 

by Gradshteyn and Ryzhik (1965) in Equation 8.111-3 (p. 905), 

<P 

E(<j>,k) = (l-k2sin2a)'1da , (3.46) 

Note that Gradshteyn and Ryzhik (1965) restrict the parameter k2 

(not related to the k surface index) to values less than 1; that limita

tion is unnecessarily restrictive. Luke (1968) extended k to include 

the complete range of interest here, i.e., all positive values of the 

argument of the square root in Equation (3.44). Abramowitz and Stegun 

(1972) and Byrd and Friedman (1971) provide methods for calculation of 

Elliptic Integrals with k2 greater than unity. 
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Finally, applying Equations (3.38), (3.40), and (3.45) to 

Equation (3.36c) yields a solution for F(s) 

(z-z')A35^/™'m ^ for k' on z'=z surface and n>0 
k y k o 

2tt Aco n„ or k' on z'=z surface and n<0 
/ • « - • >  i  £  v  

F v I ™ ' ™  ( s )  =  \  r o  i  
k,k \ r 1 QU>m+}2,m ) 

rsinB-r'6E(g,r/r')I k'k 

Jek,k' 

for k' on r'=r surface and n>0 
o 

or k' on r'=r surface and n<0. 
v 

(3.47) 

The solution for angular fluxes exiting an r,z void, restated as 

Equation (3.36b), is now evaluated using Equations (3.39) and (3.47) for 

the F function. Physically, Equation (3.36b) is the angular flux at r 

and z in bin m from particles entering the void at the k' surface in bin 

m'. Note that in Equation (3.36b) is still a continuous variable; 

this property will be used in Chapter 4 in the evaluation of the compo-" 

nents of the transfer matrix. 



CHAPTER 4 

CALCULATION AND USE OF THE TRANSFER MATRIX 

The objective of this thesis is the development of an integral 

transport--discrete ordinates hybrid method for particle transport in 

problems containing voids. Integral transport solutions in r-z voids 

were developed in Chapter 3. This chapter is concerned with the practi

cal implementation of those solutions and interfacing them with a dis

crete ordinates calculation such that the standard spatial sweeping scheme 

is not destroyed. The development begins with two additional angular flux 

averaging processes that reduce ray effects. Then a method is developed 

to assure particle conservation within the void. The methods used to 

calculate transfer matrices are described. And finally, implementation 

of the transfer matrix algorithm in the TWOTRAN-II code (Lathrop and 

Brinkley 1973) is discussed. 

Eta Sub-Levels 

Equation (3.36b) is the result of the application of integral 

transport theory to particles streaming in a void. The average angular 

flux, calculated in Equation (3.36b), is a function of r, z, and 

The cosine in the z direction, n , is within the range of Arim- Since 

the ray effect is caused by discrete quadrature cosine values, the ray 

effect will persist in the z direction if a single is chosen. A 

logical method of reducing the ray effect is to use many ri0 values within 

45 
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each Anm- If NL different values are chosen within Arim, then the 

average result is defined as : 

i I . (4.1) 

The individual terms in the summation are average angular fluxes computed 

using Equation (3.36b); allowing Equation (4.1) to be re-written using 

Equation (3.36b), 

< * ( r , z ±  •  Q  F '̂"'5(s)| . 

(4.2) 

Since no assumptions were made in Chapter 3 concerning the 

variation of i|)(r',z',n^) with the value of r^, a simple dependence may 

be introduced in the following manner: 

^(r',z',n£) a g(n£) = f£ (4.3a) 

The weight function, f , is normalized such that 

NL 

NT = 1 C-3"' 

Values of f can be constant, or if isotropic particle flow is assumed 

f^ « l/r)z- Other definitions of f may be used if the angular flux 

variation in is known before the calculation. 

Equation (3.36c) indicates that 

F U,m,m') ( f ^ )  =  f ^ F U,m,m')  ^ ( 4 < 4 )  



therefore, substituting Equation (4.4) into Equation (4.1), 

1 
NL 

N{ {f F(£,~,m'") (l.JJ) + QFk(£,k,~,m'") (s)} 
£=1 ,Q, k,k 

47 

( 4. 5) 

Physically, Equation (4.5) is the average angular flux in bin m, at r,z 

on the surface k arising from particles entering the void on the k'" 

surface, on the n£ sub-levels in the m'" bin. 

The use of n£ sub-levels reduces the ray effect, since particles 

are transported along more directions. If the angular flux entering the 

void has a known distribution in n, that distribution can be used to 

determine the f£ weighting factors and provide a more accurate integra-

tion. 

Multiple Calculations on the Exit Surface 

Equation (4.5) calculates the average flux at a single point 

(r,z), located on a k surface segment (~ ·n >0). Averaging several m s 

angular flux calculations at different points on the k surface segment 

is possible without undue difficulty. If NS points are used to calculate 

tne flux 

( 4. 6) 

where the weight function, h , is defined according to the orientation 
n 

of surface, 

if k(r ,z ) is on a constant r surface 
n n 

if k(r ,z ) is on a constant z surface. n n 

( 4. 7) 
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In either case, the h function is normalized so that 
n 

NS 
m I \ =  1  •  < 4 - 8 '  

n=l 

The weight function is defined in the form used in Equation (4.7) because 

of the dependence of the phase space volume on r (see Equations 2.4). 

Elements of the Transfer Matrix 

Application of both of the averaging processes yields the final 

equation for the average angular flux exiting a cell and bin, 

<*>&-'' - etTj HI + • 

(4.9) 

Separating terms to identify the boundary flux source and the inhomo-

geneous source yields 

NS NL f.h 

<*>&-'' = Jj Jj nML "ft-'"''™ 

NS NL h _ 

« I I m^s F f" • C4-10> 
n=l £=1 ' 

The elements of the transfer matrices are most easily developed 

in two separate sequences, one for each term in Equation (4.10). The 

first development is for the source-free problem; a second transfer 

matrix is developed for an isotropic source without entering boundary 
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fluxes. The two transfer matrices may be used and the results added 

using Equation (4.10). 

Boundary Flux Transfer Matrix 

If there is no inhomogeneous source within the void, the only 

source of particles is through the void boundaries. Substituting into 

Equation (4.10) for the F function evaluated in Equation (3.36c) yields, 

for Q=0, 

, _ NS NL f h AB5£'™'m 5 

/ \ (m,m ) y y i n . k,k $ . ( . 
v'k,k' NS-NL 2ttAo) k',m' ' l4«AAJ n=l £=1 m ' 

but, in Equation (4.11) the discrete ordinates boundary angular flux, 

m,, is independent of the summation indices. Therefore, Equation 

(4.11) is used to define transfer matrix elements, t, for the boundary 

angular flux transport, 

= t(k,k';m,m')i^ (4.12a) 

where, ^ 
NS NL f h Apt '"!'m ) 

t(k,k ;m,m ) = £ £ NS-NL 2tt/W * (4.12b) 
n=l £.= 1 m 

Equations (4.12) define terms in the transfer matrix, consisting 

of coefficients which couple the exiting flux at one cell surface and 

bin with the flux entering another cell surface and bin. The transfer 

matrix is stored in computer memory and can be used as needed during a 

transport calculation. 
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Inhomogeneous Source Transfer Matrix 

A simpler transfer matrix is developed for the case of no flow 

into the void through the boundaries. Substituting Equation (3.47) into 

Equation (4.10) for all \p=0 yields 

, NS NL h 

^)k,k' = Q ^ E NL-NS C2irAVV ' n=l £=1 

\ z - z ~ )  , if k' is on a z' surface 

g(£,m+J2,m') 

Y~ [rsinp-r'6E(3,r/r')] k'k 

k,k' 

if k^ is on a r" surface . 

(4.13) 

Note that the only problem dependent parameter in Equation (4.13) is Q, 

the inhomogeneous source. Therefore Equation (4.13) may be summed over 

the primed variables k' and m'. Physically this step corresponds to 

integrating over all characteristics which exit the void through the 

surface segment k and angular bin m 

<•>; = i i wiT'1 
• < 4 - i 4 > 

k k' m'=l k'K 

An isotropic source transfer matrix, t^, may now be defined, such that 

(*)k = Q Vk'm) 
(4.15a) 
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where, 
M NL NS h 

t  ( k , m )  = 1 1 1 1  j j L ^ s  *  
(2irA%V~ 

4 k' m'=l £=1 n=l NL m * 

^ (z-z') constant z" surface 

(£,m+%,m") 
i k k ̂ 
— [rsin6-r'6E(g,r/r')] ' constant r" 
^  SL Q(£, m-J^m') surface 

ek,k' 

(4.15b) 

Equations (4.15) describe the source transfer matrix and how it 

may be used to calculate exiting angular fluxes from the isotropic 

source. 

Particle Conservation 

Equations (4.12) and (4.15) define transfer matrices based on 

calculations of the angular flux using integral transport theory; how

ever, the angular flux is not the only quantity of interest. It is 

desirable for the number of particles entering a void at a particular 

bin and surface to equal the number of particles flowing out of all other 

surfaces and bins. If this is true, the method conserves particles. 

Conservation is vital to the performance of discrete ordinates numerical 

schemes such as coarse mesh rebalance. Therefore, particle balance must 

be maintained within the void. 
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Conditions for particle conservation are developed independently 

for each of the two transfer matrices. The particle flows are calculated 

using the discrete quadrature directions used by the discrete ordinates 

method outside the void. The number of particles crossing a surface in 

bin m is calculated by the discrete ordinates method as 

N = fi • n A w t|» , (4.16) 
1 m s1 s m m v ' 

where Ag is the surface area of the surface segment. 

Boundary Flux Transfer Matrix 

The number of particles flowing into the void through a k' 

surface segment and bin m' is 

IN A , 
Nk',m'='tV * "k'l Ak'Wm-\-,m- ' C4-1?) 

where ft „ is the direction of the discrete ordinates flux entering the 

void. Also, the number of particles that entered the void through 

surface k' and subsequently flow out of any void surface is 

IVT ' = I I l« *"J \w 5 • (4.18) k ,m f L ' m k1 k mv/k.k v J 
' k m=l ' 

In general, the two particle flows in Equations (4.17) and 

(4.18) are not equal. Their ratio is calculated 

IN OUT 
P. , .. = N. , „ / N. „ , , (4.19) 
k,m k,m k ,m '  v  

and a new transfer matrix is defined as follows: 
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t*(k,k';m,m') = P, „ „ t(k,k';m,m') . (4.20) 
ic j in 

Then define the new angular flux at the k surface, 

<>*)k™k'') = t*(k,k';m,m')U/k%m. , (4.21) 

for the source-free situation. These angular fluxes, calculated 

using the t* transfer matrix, guarantee particle conservation within 

the void. 

Inhomogeneous Source Transfer Matrix 

For the source transfer matrix to conserve particles, the number 

of particles flowing out of the void must be equal to the number of 

particles emitted within the void. The number of particles exiting the 

void in r) level £ is 

0UT r r i- - i / \m \ ' I £JV\I  \V>>k • < 4 - 2 2 '  
k m=l 
me£ 

where is given by Equation (4.14). The number of particles produced 

in the void is 

M 
N = VQ I w . (4.23) 
i L, m ' m=l 

me 2, 

The ratio of the two particle balances is calculated as before, 

N£ 
e* = "OUT <4-24> 

N£ 
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Define a conservative source transfer matrix, t*, as follows: 

t*(k,m) = tp (k,m) (4.25) 

The t* transfer matrix again guarantees particle conservation. 

Properties of the Transfer Matrix 

Elements of the boundary flux transfer matrix are described by 

Equation (4.20), and the source transfer matrix is described by Equation 

(4.25). The transfer matrices are independent of the actual boundary 

fluxes for a given problem. They depend on the geometry and the 

partitioning of the spatial and angular variables on the void surface. 

The angular flux for particles exiting the void can be calculated using 

Equation (3.36b); 

= QtJ(k,m) + I I t*(k,k-;m,m-)tfrk. (4.26) 
k' m' ' 

Once a transfer matrix is calculated it may be usable in other 

problems; i.e., problems with the same void geometry and mesh. Since 

the transfer matrix is independent of the boundary flux, it is also 

group independent. A problem can be re-run with a different energy 

group structure without computing a new transfer matrix. Therefore, it 

is beneficial to store the elements of a transfer matrix and re-use them 

instead of recalculating the elements for each problem. 

The calculation of the transfer matrix is implemented as a 

separate overlay in TWOTRAN-II. If there are no voids in a problem the 

transfer matrix overlay is not called. The overlay may also read the 
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transfer matrix from a disk file instead of calculating it. The current 

version of the transfer matrix overlay calculates the boundary flux 

transfer matrix and accumulates cpu run-time information for the 

transfer matrix calculation. 

Storing the Transfer Matrix 

Individual terms in the transfer matrix must be available for 

use during execution of the inner iteration calculation. The version of 

TWOTRAN-II used here executes on the National Magnetic Fusion Energy 

Computer Center's CDC-7600 computer. The standard TWOTRAN-II code uses 

variable dimensioning of the LCM storage area, therefore any additional 

use of LCM reduces the maximum size of the problem that can be run. The 

transfer matrix is stored as a separate common block in the LCM area and 

does not use variable dimensioning. 

If boundary flux transfer matrix elements are stored to couple 

each exiting surface and bin with every other bin and surface, they would 

exceed the capacity of the computer. Fortunately, the qualitative de

scriptions of particle flow can be used to eliminate some of the non-

physical coupling elements. The number of locations required to store 

the boundary flux transfer matrix can be calculated using the following 

formulas, 

N(N+1)(N+2) 
[3I2 + 3J2 + 61J] if r 

storage = 12 L^x A
0 

N(N+1) (N+2) j-3I2 + j2 + 4IJ] i£ r̂ =Q ^ 

(4.27) 
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where N is the SN order of the boundary flux approximation, and I and J 

are the dimensions of the void as defined in Figure 3.4. Storage may be 

reduced by a factor of two if certain limitations are placed on the 

spatial mesh used on the r=constant surfaces. If the mesh is symmetric 

about the plane Z=%(Zq+Zv); the transfer matrix for n>0 is identical with 

that of the case for n<0. Since radial flow is independent of the sign 

of n, only one case need be stored. 

surface for a large problem, storage must also be allocated to store the 

angular fluxes at the boundaries of the void and the source transfer 

matrix. Usually, only the scalar fluxes are stored in TWOTRAN-II. The 

storage requirements for the boundary angular fluxes are normally much 

less than for the transfer matrices. The boundary angular flux array 

and the source transfer matrix are the same length. Each of the arrays 

requires the following number of storage locations for either upward or 

downward flow: 

These arrays are small compared to the boundary angular flux 

transfer matrix storage requirements, which may be as large as 15,000 

for some problems of interest. 

Because it is impractical to store angular fluxes at every cell 

storage 

(4.28) 
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Implementing the Transfer Matrix Algorithm 

The transfer matrix calculation is performed in a new overlay 

added to TWOTRAN-II, but application of the transfer matrix requires 

adding some sections of code to the existing inner iteration routines 

INNER, IN, and OUT. 

Calculation of the Transfer Matrix Elements 

Transfer matrix elements are calculated using a set of sub

routines developed for that purpose. Each routine was developed to 

solve for a specific flow situation. The routine names, and the physical 

situation to which each routine applies, are described in Table 4.1. All 

of the routines were developed for the case ri>0; cases which use n<0 

simply require a modification of the data input to the routines. 

The development and testing of these routines was a major portion 

of this study. Splitting the calculation into different routines takes 

advantage of known physical situations in the application of the charac

teristic solution methods described in Appendix A. 

The matrix element calculation routines were tested against the 

Monte Carlo code MCNP (LASL Group X-6). A variety of physical situations, 

with and without the inhomogeneous source, were modeled to verify the 

routines. The Elliptic Integrals needed for the source transfer matrix 

calculation are calculated using a modification of a routine based on 

the ALGOL 60 algorithm written by Bulirsch (1965). 

Using the Transfer Matrix in the Spatial Sweeping 

The inner iteration calculation is performed on rows of constant 

j. On a single row, there may be void cells and material (non-void) 



Table 4.1. Transfer matrix calculation routines. 

Surfaces 
Routine Entering Exiting Flow Description 

SS0R1 r" = r 
0 

z — z 
V 

Left to Top 

SS0R2 r '  = r 
0 

r = r 
V 

Left to Right 

TS0R1 z '  = z o z = z 
V 

Bottom to Top 

TS0R2 z '  = z 
0 

r = r 
V 

Bottom to Right 

TS0R3 z '  = z 
0 

r = r 
0 

Bottom to Left 

QS0R1 t "  = r 
V 

z = z 
V 

Right to Top 

QS0R2 T *  = r 
V 

r = r 
o 

Right to Left 

QS0R3 r" = r 
V 

r = r 
V 

Right to Right 

cells. Identification of void cells is made by comparing the i,j loca

tion of the cell with input void boundaries. Void descriptions, and 

other input data for the transfer matrix calculation, are described in 

Appendix B. 

Within the row calculation are individual cell calculations; 

the transfer matrix is split along the same hierarchy. The following 

discussions deal with the situation of upward particle flow, n>0. 

As a general rule, as many calculations as can be done are 

performed at the row level. This reduces calls to subroutines and 

subsequently reduces run time. Before any calculations (void or non-void) 

are performed, angular fluxes are stored for cells on row j that are on 

void boundaries. For upward flow, fluxes are stored along any bottom 
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void boundaries on the j level. The boundary fluxes are stored before 

they are over-written by TWOTRAN-II and before they might be needed in 

the cell calculations. Then control is passed to the cell calculation. 

The standard TWOTRAN-II row calculation begins at the outer 

surface cells, marches inward for directions y<0, then reverses and 

sweeps outward for directions y>0. When the hybrid method is used the 

first new test is to check whether the cell is a void cell. If it is 

not, control is passed to the standard discrete ordinates routines, IN 

or OUT. 

If the cell is a void cell, it is tested to determine whether 

it lies on a boundary where particles enter the void (the right boundary 

if y<0, the left boundary if y>0). Boundary angular fluxes are stored 

if these void boundaries are present. After the boundary angular fluxes 

are stored, all scalar and angular fluxes in the void cell are set to 

zero. The cell is checked to determine whether it lies on a boundary 

where particles exit the void (the left boundary if y<0, the right 

boundary if y>0). If such a boundary is present, the transfer matrix is 

applied to calculate the exiting angular fluxes. Control then passes to 

the standard coarse mesh flow calculation, and on to the adjacent cell. 

If a void cell is not on a void boundary, no more calculations are 

performed, reducing the run time. 

After the horizontal sweep is done, more calculations are done 

on the row level. The transfer matrix is used to calculate angular 

fluxes for particles exiting through the top of the void cells on the 

exit boundary. Vertical coarse mesh flows are calculated at each row 



boundary. This requires the vertical void boundary to coincide with a 

TWOTRAN-II coarse mesh boundary. The calculation then proceeds to the 

next row, etc. 



CHAPTER 5 

RESULTS OF SAMPLE PROBLEMS 

To evaluate the performance of the transfer matrix hybrid method, 

two sample problems are analyzed, using a variety of transfer matrix 

approximations. The discrete ordinates and Monte Carlo methods are 

applied to the same problems to provide results for comparison with the 

transfer matrix hybrid. The Monte Carlo results are used as "exact" 

answers to compute errors for the SN and transfer matrix results. 

In this chapter each of the sample problems is described and 

the performance of the methods is compared. Transfer matrix performance 

is evaluated by comparing particle fluxes and currents for specific sub-

regions and surfaces of each problem. Graphical presentation of the 

particle fluxes outside the test voids is used to illustrate the ray 

effect. Streaming methods are also compared by their computer run-time 

and memory requirements. 

Square-In-Square Test Problem 

A problem involving a square source in a square medium has fre

quently been used to study ray effects and deterministic transport 

algorithms. Lathrop (1968, 1971) first used the square-in-square (SIS) 

problem to study ray effects. More recently, Seed (1979a) used a SIS 

problem to study integral transport methods for deterministic streaming 

calculations in x-y geometry. In this study, an r-z analog of the x-y 

61 
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SIS problem is used to compare the performance of the discrete ordinates 

and transfer matrix hybrid streaming methods. The r-z square-in-square 

problem is also modeled using Monte Carlo methods to provide an accurate 

solution for comparison. 

Definition of the Square-In-Square (SIS) Problem 

The geometry of the SIS problem is described in Figure 5.1. The 

SIS problem contains no material; the entire system is a void and all 

cross sections are zero. The problem is monoenergetic but the results 

can be applied to energy dependent problems using the multigroup 

approximation. Vacuum boundary conditions are applied at all system 

boundaries except at r=0. At the cylindrical axis the boundary treat

ment depends upon the method of solution used in the test void. When 

discrete ordinates is used, a reflecting boundary condition is applied 

at r=0. When the Monte Carlo or transfer matrix hybrid is used, no 

boundary condition is necessary at r=0. 

The SIS problem consists of three regions at increasing distances 

from the origin. The first region, closest to the origin, is a void 

containing an isotropic inhomogeneous source. The two outer regions are 

voids without sources. The inner of these two, composing most of the 

system, is the test void. For deterministic calculations, streaming 

through the test void is calculated using either the discrete ordinates 

or transfer matrix hybrid method. 

Discrete ordinates is used in the outer region for all of the 

deterministic calculations. Scalar fluxes and flux integrals are 
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Figure 5.1. SIS problem geometry. 
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calculated within this region, allowing a consistent comparison of the 

accuracy of the two deterministic transport methods. The Monte Carlo 

analysis of the SIS problem is divided into the same regions defined in 

Figure 5.1. 

Monte Carlo Analysis 

The Monte Carlo analysis is performed using the MCNP code (LASL 

Group X-6). The MCNP modeling of the SIS geometry is presented in 

Figure 5.1. The isotropic inhomogeneous source is modeled using the 

standard cylindrical volumetric source, SRC4, in Version 2A of MCNP. 

The source is normalized to one particle per second and no source biasing 

is performed. 

There are three types of Monte Carlo tallies used to obtain re

sults for comparison with deterministic methods. The first tally is of 

surface crossings at the two surfaces on the outside edge of the test 

void (r=l cm, 0<z<l cm and z=l cm, 0<r<l cm ), as shown in Figure 5.2. 

The two results, and are the number of source particles that exit 

the top and right surfaces of the test void. 

The second type of tally is a volumetric flux integral (track 

length) tally within each of the two cells in the outer void region. 

This tally is proportional to the average flux within the cells. The 

result of the tally is the integral of the flux over the cell volume, as 

defined below 

X = <f>(r,z)dV . (5.1) 

Vcell 
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Figure 5.2. SIS cells and surfaces. 
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The total particle track lengths in the cells, A and XD, are proportion-
1 K 

al to the average scalar fluxes in the cells. The integral of the flux 

over the cell volume is used because that is the result calculated by 

TWOTRAN-II. This quantity is of physical significance since reaction 

rates and heating rates in each cell are proportional to the total track 

length in the cell. 

The third type of tally is a detailed flux tally, where each of 

the large cells in the previous flux tally is divided into ten smaller 

cells (Ar=Az=0.1 cm). These cells are identical to the mesh cells used 

in the deterministic calculations. Fluxes are tallied in these cells 

to obtain the spatial variation of the scalar flux just outside the test 

void region. 

No variance reduction techniques are used in the Monte Carlo 

analysis. Since the problem is monoenergetic and the entire system is a 

void, reasonable results are obtained without variance reduction. The 

data presented here are the result of a 100,000 particle simulation using 

MCNP. Statistical errors, at the la confidence level, are reported for 

each result. Error bars are drawn with all plotted Monte Carlo data, in 

some cases the error bars are not visible due to their small magnitude. 

Statistical errors in the Monte Carlo particle flow and flux integral 

calculations are less than 1%. The maximum statistical error in the de

tailed flux tallies is 6% and most are less than 1%. 

The results of the Monte Carlo simulation of the SIS problem are 

presented in Table 5.1. The Monte Carlo detailed flux results and error 

bars are shown in Figure 5.3. 1.3 minutes of CDC-7600 CPU time were re

quired for this calculation. 
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Table 5.1. Monte Carlo SIS average current and flux values, 

0.3697 ± 0.41% particles/second 

J,j, 0.1532 ± 0.74% particles/second 

XT 1.710E-2 ± 0.76% cm/second 

A^ 3.928E-2 ± 0.42% cm/second 

Discrete Ordinates Analysis 

Existing discrete ordinates methods are applied to the r-z SIS 

problem to evaluate their performance when applied to streaming problems. 

Standard TWOTRAN-II quadrature sets are used and all quadrature orders, 

including S2 through S16, are used. 

In order to compare SN results with Monte Carlo results, the 

fluxes and currents tallied in the MCNP runs are calculated in TWOTRAN-

II. The source in the discrete ordinates calculations is normalized to 

one particle per second. Edit zones are established in the TWOTRAN-II 

SIS model to calculate the relevant flux integrals and particle flows. 

The TWOTRAN-II coarse mesh and edit zones are shown in Figure 5.4; the 

numbers in each coarse mesh zone are edit zone numbers. 

In Figure 5.4, edit zone 1 is the source region, and edit zone 2 

is the test void. Leakage out of the top of zone 2 corresponds to the 

number of particles exiting the top of the void, as calculated by 

MCNP. Similarly, the right leakage from zone 2 corresponds to JD. The 

flux integrals in zones 3 and 5 correspond to X and XD calculated by 
1 K 

MCNP. 
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A plotting package was added to TWOTRAN-II allowing plots of the 

scalar flux along constant i or constant j indices. Using plots of 

these scalar fluxes, along with similar plots of the MCNP results, the 

detailed flux distributions outside the void are compared. The plotting 

package in TWOTRAN-II produces an ASCII input file for the plotting 

routine MAPPER developed at Los Alamos Scientific Laboratory. MAPPER 

allows different plots from several input files to be combined and 

plotted together. This capacity is used to plot SN and MCNP results 

together for direct comparison. 

Flux Integral and Particle Flow Results. Errors in the SN 

calculations of flux integral and particle flow are presented graphi

cally in Figures 5.5 and 5.6. The magnitudes of the errors do not 

decrease monotonically with increasing SN order. In the SIS problem, 

increasing the SN order can increase the errors in J and X. Of particu

lar interest is the large increase in the errors for S6 compared to those 

obtained using an S4 approximation. 

The fluctuations in the J and X errors do contain some regulari

ty. The errors are noticeably smaller for the SN orders 4, 8, 12, and 

16. Each of these approximations contain an even number of n levels in 

each quadrant. The reduced errors using these quadrature sets are due 

to the geometry of the void, and may not remain true for different void 

shapes. 

Excluding the case of S2, there is a consistent dependence of 

the error on the location of the cell or surface with respect to the 

source. Errors in the flux integral and particle flow out of the right 
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Figure 5.5. SN flux integral errors. 
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side of the void are consistently negative, while errors in are con

sistently positive. Errors in are of both signs, but the negative 

values are of much smaller magnitude. These observations indicate a 

consistent error in the SN solutions; the particle flow out of the top 

of the test void is too large, and the flow out of the right of the test 

void is too small. 

Finally, using SN to obtain X^ and X^ values within 10% of the 

MCNP values requires a quadrature rule of S12 or greater. Simultaneously, 

this quadrature rule restriction allows the calculation of particle flow 

results that are within 20% of the Monte Carlo values. 

Detailed Flux Distribution Results. The particle flow and track 

length results do not provide a complete evaluation of the accuracy of 

SN methods. The detailed flux distributions illustrate the ray effect. 

Figure 5.7 shows detailed flux plots for the S4 and S6 calcu

lations; MCNP results and error bars are also presented for comparison. 

Both of these plots illustrate the non-physical maxima produced by 

transport along discrete rays. Figure 5.8 presents the results of S10 

and S16 calculations, illustrating the persistence of the ray effect even 

when 144 directions (S16) are used. Maxima and minima are present, but 

these oscillations are smaller in magnitude than those in the lower 

order SN approximations. 

In contrast to the J and X data, the detailed flux distributions 

improve with increasing quadrature order. Each increase in quadrature 

order provides more directions for particle transport, reducing the magni

tude of the ray effect oscillations. 
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Transfer Matrix Hybrid Analysis of the SIS Problem 

The performance of the transfer matrix hybrid will be evaluated 

using the SIS problem. The hybrid results are compared to the results 

of the SN and Monte Carlo analyses. The transfer matrix analysis is 

limited to two angular flux approximations (S4 and S6) at the void 

boundary, referred to as TM4 and TM6 respectively. TM2 is not used 

because it, like S2, is unacceptably inaccurate. Also, TM8 approxima

tions and beyond are not used because the transfer matrices involve 

excessive computer storage requirements. 

In this section, transfer matrices are studied using the 

approximations discussed in Chapter 4. The number of n sub-levels, the 

number of exit point calculations on each exiting surface, and the 

geometry of the voids, are varied to obtain the best results without 

undue computer time requirements. 

The base case transfer matrix geometry is shown in Figure 5.9. 

This geometry was selected to minimize computer time and memory require

ments. The transfer matrix spatial sweeping algorithm executes faster 

if there is only one transfer matrix on a j level. Also, transfer matrix 

memory requirements are reduced for cases where i"o=0. A geometry other 

than this base case arrangement will be studied in due course. 

Accuracy of the transfer matrix algorithm is evaluated using 

comparisons with SN and Monte Carlo results. The values compared (A^, 

X_, J_,, J_) are defined in the previous two sections. 
K 1 K 

Flux Integral and Particle Flow Results. The SIS problem is 

solved using the transfer matrix geometry described in Figure 5.9. Two 



1 . 1  

1 . 0  

z 

(cm) 

VOID #2 

0 . 1  

VOID #1 

0  0 . 1  1 . 0  1 . 1  
r (cm) 

Figure 5.9. Base case SIS transfer matrix geometry. 
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base cases are calculated; TM4 using 60 n sub-levels per An interval, 

and TM6 using 30 n sub-levels. Both base cases calculate the exiting 

flux at three points on each exit surface. 

When executed on the CDC-7600 computer, each of these cases 

requires approximately 20 seconds of CPU time for transfer matrix 

computations. The errors, relative to the Monte Carlo values, in the 

four flow and flux integral parameters are shown in Table 5.2. Also 

shown in Table 5.2 is a figure-of-merit, which is the average of the 

absolute values of the errors for each case. The use of £ simplifies 

the comparison of the streaming methods, giving equal weight to each of 

the four results. 

Table 5.2 indicates that the transfer matrix calculations are 

more accurate than SN calculations using the same low order quadrature 

approximation. Overall, the transfer matrix results are more accurate 

than any of the SN calculations. 

Most striking in the TM4/S4 comparison is the improvement in XD 

and JD using the transfer matrix. The errors in and A_ also decrease, 
K  , . 1 1  

but not to the extent as those near the right surface. The TM6/S6 

comparison is distinguished by reduced transfer matrix errors in all 

values, due to the large errors in the S6 values, see Figures 5.7 and 

5.8. 

The computer time required to calculate each of these transfer 

matrices is approximately 20 seconds. Since either transfer matrix 

would be unchanged for multigroup problems and problems with different 

sources, the time required is not excessive. If a TM4 or TM6 calculation 
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Table 5.2. SIS comparison of transfer matrix and SN methods. 

% ERROR 

Case XR JT JR k 

TM4 4.6 -0.9 7.5 -3.1 4.0 

S4 7.8 -5.9 8.8 -9.2 7.9 

TM6 3.3 2.7 2.0 -0.9 2.2 

S6 18.7 -31.8 62.3 -31.6 36.1 

SIO 6.8 -14.0 27.3 -16.2 16.1 

S16 6.0 -9.1 4.1 -11.2 7.6 

MCNP* (0.8) (0.4) (0.7) (0.4) 

*MCNP errors are statistical error estimates. 

replaces an SIO or S16 calculation, inner iteration run times are reduced 

50% to 90%. This combination of increased accuracy and less computer 

time makes the transfer matrix hybrid an attractive alternative to SN. 

The penalty for the use of transfer matrices is paid in increased 

computer storage. For the SIS calculations presented in Table 5.2, the 

storage requirements were: 5379 words for TM4 and 14922 words for TM6. 

To examine the effect of variations of the transfer matrix 

geometry on the results, the SIS arrangement described in Figure 5.10 

is analyzed. The three transfer matrices for the regions shown are 

calculated using the same parameters as the previous TM4 calculation. 

In this calculation, the figure-of-merit, E,, increased from the base 
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Figure 5.10. SIS three transfer matrix geometry. 
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case value of 4.0% to 4.5%. This slight increase in the average error 

is accompanied by: an 18% increase in inner iteration CPU time, a 35% 

increase in transfer matrix computation time, and a 34% increase in 

transfer matrix storage requirements. Modification of the transfer 

matrix does not seriously affect accuracy but can increase the run-time 

and storage penalties associated with the transfer matrix hybrid method. 

A study is also performed to determine the effect of varying 

the number of ri sub-levels used in the SIS transfer matrix calculation. 

The results, consisting of n and transfer matrix computation time, are 

presented in Table 5.3. 

Table 5.3 illustrates the trade-off between transfer matrix 

accuracy and transfer matrix computation time. Therefore, choosing the 

number of sub-levels to be used depends upon the problem being considered. 

Whether or not the transfer matrices can be effectively re-used must also 

be considered in this trade-off. Experience with the use of the transfer 

matrix hybrid method will assist in making these assessments. 

The above analyses consider only the particle flow and flux 

integral computations. Consideration must also be given to the detailed 

flux solutions for the transfer matrix hybrid comparison. 

Detailed Flux Analysis. The detailed flux solutions outside the 

void play an important role in the overall accuracy of the void transport 

algorithm. The particle flow and flux integral parameters give a general 

idea of the accuracy of the void transport methods. A variety of de

tailed flux distributions could produce equally accurate particle flow 

and flux integral values. The detailed flux distributions allow 



82 

Table 5.3. Eta sub-levels and transfer matrix accuracy. 

Number of Computer 
ti sub-levels k time (sec) 

10 5.9% 7.7 

30 4.0% 23.0 

120 3.4% 91.1 

comparisons of the accuracy of void transport methods and their mitigation 

of ray effects. 

Figure 5.11 compares the detailed flux results of the S4 and base 

case TM4 calculations. The results indicate that TM4 is much more 

accurate than S4 for void transport. Similarly, Figure 5.12 compares 

detailed flux results of S6 and TM6 calculations. Both of these com

parisons illustrate the reduction of ray effects by the transfer matrix 

hybrid method. 

In order to be useful, low order transfer matrix approximations 

(TM4 and TM6) must be competitive with higher order SN calculations. The 

previous section illustrated that transfer matrix calculations of particle 

flows and flux integrals are more accurate than S16 calculations. Figure 

5.13 compares the base case TM4 detailed flux results with the S16 and 

Monte Carlo results. The accuracy of the two methods is comparable. 

However, fluxes calculated using the transfer matrix are smoother func

tions of position on the surfaces. Ray effects are of smaller magnitude 

in TM4 than in SI6. 
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Clearly, the TM4 results are at their worst near r=0 on the top 

surface, and near z=0 on the right surface. These regions correspond to 

values of n near 1.0 and 0.0 respectively. The reduced accuracy in 

these areas is due to the selection of discrete values. In each 

transfer matrix calculation there are maximum and minimum values of 

Thus, particle transport is limited to the region between the extreme 

n values. 

If more n sub-levels are used in the transfer matrix calcula

tion; the maximum ri value is closer to 1.0 and the minimum value is 

closer to 0.0. Figure 5.14 compares the detailed flux results of a base 

case TM4 calculation (30 sub-levels) with a 120 sub-level calculation. 

The additional sub-levels reduce errors near the extreme values of n. 

The penalty for the error reduction is a fourfold increase in transfer 

matrix computation time (see Table 5.3). 

The transfer matrix accuracy desired for a problem must be 

traded-off with computer time limitations. As is always the case for 

transfer matrix calculations, any possible future use of the transfer 

matrix must be factored into the run time-accuracy comparison. 

Cylindrical Elbow Test Problem 

The Cylindrical Elbow (CE) problem consists of a cylindrical duct 

with an elbow in it. The duct is surrounded by an absorbing shield 

(a,j = l cm, c=0). The CE test problem geometry is described in Figure 

5.15. An isotropic source emits particles at the lower end of the duct. 

The source and cross sections are independent of particle energy. This 

geometry is more typical of a MCFR problem than the SIS problem. Vacuum 
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boundary conditions are applied at the bottom, top, and outer surfaces 

as is in the SIS problem. The boundary condition at rQ=0 is also 

treated as described in the SIS problem when it must be specified. 

The geometry of the CE problem is such that particles cannot 

directly stream from the source to region 4 (see Figure 5.16). All 

particles reaching region 4 must first pass through the pure absorber. 

The CE problem is analyzed using Monte Carlo, SN and discrete 

ordinates - transfer matrix hybrid methods. The results of the various 

calculations are compared with the Monte Carlo values. Two types of 

results are used for the comparison. The first result is the ratio of 

particles crossing two surfaces in the system. The two surfaces are: 

the "outer duct surface" where (r=2.5 cm, 0.5 cm<z<9.0 cm) and the 

"end shield surface" (z=11.5 cm, r<2.5 cm). The surfaces are illus

trated in Figure 5.16. The ratio of flows, a, is defined as 

PARTICLE FLOW, OUTER DUCT SURFACE „ 
a PARTICLE FLOW, END SHIELD SURFACE 1} 

The a ratio defined here should not be confused with the angular re

distribution coefficients defined in Chapter 2. 

The second result involves the use of flux integrals, defined in 

Eq. (5.1), in specific regions of the problem. The four regions used 

for flux integral calculations and the surfaces for the flow ratio 

calculation are described in Figure 5.16. 

SN is used in the absorber region for all of the deterministic 

CE analyses. As in the SIS problem, SN is used in the void regions out

side the test void (regions 3 and 4 in Figure 5.16). Applying SN in 
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these regions allows a consistent calculation of particle flows and 

fluxes for comparison of results between deterministic calculations. 

Monte Carlo Analysis 

The MCNP geometry for the CE problem is described in Figures 5.15 

and 5.16. Cells are defined in the four test regions to allow calcula

tion of the necessary flux integrals. The pure absorber is modeled 

using a special cross section library obtained from William Urban (Los 

Alamos National Laboratory, Theoretical Division). 

The Monte Carlo simulation uses the MCNP code (LASL Group X-6). 

No variance reduction techniques are utilized in the calculations. 

Particle capture in the absorber regions is treated in an analog fashion. 

Enough particle histories are run to provide reasonably small statisti

cal errors in the relevant results. Table 5.4 presents the flux integral 

results of a 100,000 particle Monte Carlo calculation. The flow ratio, 

a, is calculated to be 35.06 ± 3.0%. The errors presented are the 

fractional error estimates at the la confidence level. The Monte Carlo 

simulation requires 0.75 minutes on the CDC-7600 computer. 

Discrete Ordinates Analysis 

All standard quadrature sets, between 2 and 16 inclusive, are 

applied to the CE problem. The spatial mesh is constant for all 

problems: Ar=Az=0.5 cm. The isotropic source is normalized to 1 

particle per second, to agree with the Monte Carlo analysis. 

Flow Ratio Analysis. SN calculations of the flow ratio, a, de

fined in Eq. (5.2), are presented in Figure 5.17. Errors in a are 



Table 5.4. Monte Carlo results for CE problem. 

• * * 1 X. 
1 

1 1.65607E-1 (0.0054) 

2 1.23241E-2 (0.0274) 

3 5.35289E-2 (0.0306) 

4 1.32861E-2 (0.0831) 

*Units: track length per time (cm/sec). 
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Figure 5.17. CE SN flow ratio results. 
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negative in all SN calculations except S4. Negative errors in a 

indicate that particle flow out of the end of the duct is greater, 

relative to the flow of the outer duct surface, than the Monte Carlo 

calculation indicates (see Eq. 5.2). These errors decrease monotoni-

cally with increasing SN order for quadrature orders greater than 8. 

The predominantly negative errors in a are consistent with the 

SIS problem results presented in Table 5.2. Both results indicate that 

the particle flow out of the end surface calculated by the SN method is 

too large. This generalization does not apply to the S4 analysis where 

the flow out of the top is too small. This anomaly is due to the ray 

effect, an interaction between the quadrature set and the system geometry. 

Flux Integral Analysis. Errors in flux integral calculations 

using SN approximations are presented in Figure 5.18. Errors in the S2 

calculation are not presented in the figure due to their large magnitude. 

The errors presented are calculated relative to the Monte Carlo values 

presented in Table 5.4. The magnitude of the statistical error estimate 

for each Monte Carlo flux integral calculation is also presented in 

Figure 5.18. 

Compared to the other flux integrals, Xi is well calculated using 

the SN method. Errors in Xj are less than 10% for all SN quadratures 

used. 

The flux integral in region 2 is well calculated by higher order 

SN calculations. The error in X2 presents a more complicated dependence 

on the SN order. Errors are less than 10% for quadrature orders greater 

than 8. As a general trend, the X2 error decreases with increasing 
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quadrature order. The largest error, greater than 120%, is calculated 

using the S4 approximation. 

SN calculations of X3 present an unusual dependence of the error 

on quadrature order; S4 calculates the most accurate results and S6 

computes the least accurate result. Increasing the SN order greater 

than S6 decreases the error, but it is never less than the 10% error 

calculated with S4. This unusual accuracy is probably due to a favor

able interaction between the S4 quadrature set, the CE geometry, and the 

location of region 3. 

SN calculations of X^ illustrate ray effects at their worst. S6 

presents the largest error, 3 orders of magnitude below the Monte Carlo 

result. The X^ error is a complicated function of SN order. Therefore, 

no distinguishable rule emerges to guarantee an accurate SN calculation 

of Xi+. The best generalization that can be stated is: Other than S6, 

the SN X^ results are correct within an order of magnitude of the Monte 

Carlo results. 

The flux integral results present an interesting contrast to the 

flow ratio analysis of the CE problem. Errors in the flux integrals Xj, 

X2, and x3 are consistently positive, indicating that the fluxes on the 

outer and end duct surfaces are too large. On the other hand, the flow 

ratio analysis indicates that the flow out of the end of the duct is too 

large, and flow out of the outer duct surface was too small. 

The SN calculations of X^ indicate that results correct to an 

order of magnitude are all that can be expected. The S6 result, being 

3 orders of magnitude below the Monte Carlo result, indicates a poor 
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interaction between the rays of the S6 quadrature set and the location 

of region 4 in relation to the source. 

Transfer Matrix Hybrid Analysis 

A variety of transfer matrix hybrid calculations of the CE 

problem are performed. The transfer matrix methods used are restricted 

to S4 and S6 angular flux approximations at the test void boundaries; 

higher order approximations require prohibitive amounts of computer 

storage. Accuracy of the various transfer matrix methods is compared 

using the a flow ratio and the four flux integrals discussed in the SN 

and Monte Carlo analyses. In addition, the average percentage error in 

the four flux integrals is computed for each case. The average error, 

e, is defined as 

e " 4 

i=l 

X.-X. l i,mc 
X. 
l ,mc 

x 100 , (5.3) 

where the mc subscript indicates the values calculated using the Monte 

Carlo method. 

In the following analysis two base case transfer matrix calcula

tions, TM4 and TM6, are used to compare the transfer matrix methods with 

SN and Monte Carlo calculations. Additional transfer matrix cases are 

used to study the accuracy of other transfer matrix calculations, using 

different transfer matrix arrangements, and different numbers of n sub-

levels. 

Transfer Matrix Base Cases. The arrangements of the three 

transfer matrix arrangements used in this study are illustrated in 
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Figure 5.19. The base case transfer matrix geometry involves two 

transfer matrices, the minimum number required for the CE problem, since 

transfer matrices are applied to rectangular regions in r-z space. The 

duct transfer matrix is calculated using 60 ti sub-levels per An interval. 

The elbow transfer matrix (#2) is calculated using one sub-level per An 

interval. The calculations are insensitive to the number of points on 

the exit cell surface. Therefore, either one or three points are used 

in the calculations. 

The base case transfer matrices calculate the flow ratio much 

more accurately than any of the SN methods. Table 5.5 presents the flow 

ratios and errors compared to the Monte Carlo value. 

These errors are less than the SN errors plotted in Figure 5.17. 

The minimum error in a calculated using SN is -14.4% using S16. The 

errors for S4 and S6 are 53.5% and -29.2% respectively. The TM4 and TM6 

errors in a approach the 3% statistical error in the Monte Carlo value. 

The transfer matrix values are within 2a of the Monte Carlo value, and 

therefore may be the more accurate results. 

The average flux integral errors, e, for the base case transfer 

matrix and SN calculations are presented in Figure 5.20. The use of the 

transfer matrix reduces E from 55.4% to 31.9% for TM4. The TM4 and TM6 

values are less than those for SN orders up to 8. SN orders 10 through 

16 calculate smaller average errors than either TM4 or TM6. It is dis

concerting that the average flux integral error for TM6 is greater than 

that for TM4. The reasons for this behavior become apparent only on more 

detailed analysis of specific flux integrals. 
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Table 5.5. Transfer matrix flow ratio comparison. 

Case a Error 

TM4 36.91 5.2% 

TM6 33.05 -5.7% 

M.C. 35.06 (3.0%)* 

*Monte Carlo error is the statistical error estimate. 
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Figure 5.20. CE average flux integral errors. 
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Figure 5.21 illustrates the ratio of the deterministic calcula

tions of to the Monte Carlo values. The figure illustrates the large 

error in the S6 calculation. The magnitude of the ray effect error 

is larger in the S4 and S6 calculations than in higher orders since there 

are fewer characteristics. Figure 5.21 illustrates that the transfer 

matrix method can improve on SN calculations but remains subject to 

interactions between the system geometry and quadrature sets. These 

interactions effect the results to a lesser extent than in the SN method. 

Accuracy gained through the use of the transfer matrix requires 

additional computer memory and time for the transfer matrix calculation. 

These requirements are summarized in Table 5.6. 

Alternate Transfer Matrix Calculations. The base case and two 

alternate transfer matrix geometries are described in Figure 5.19. Each 

of these arrangements is used to compute a and the flux integrals in 

order to compare the results with the base case geometry results. In 

addition, computer run time and storage requirements are compared. 

The use of three transfer matrices does not have a significant 

effect on e. Although e is unchanged, the flow ratio result is adversely 

affected. The error in a increases from 5.2% for the TM4 base case to 

76% for the three transfer matrix calculation. The computer time re

quired for the three transfer matrix calculation is 13.5% greater than 

in the base case calculation. The computer storage requirement is 8% 

less for the three transfer matrix arrangement. 

The five transfer matrix arrangement, described in Figure 5.19, 

is even less successful than the three transfer matrix arrangement. The 
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Table 5.6. Computer memory and run time comparison. 

Case Memory CPU Time 
(words) (sec) 

TM4 6165 9.7 

TM6 17094 17.1 

use of five transfer matrices increases e from 31.9% to 55.3%. The flow 

ratio error increases from 5.2% to 700%. Compared to the TM4 base case, 

computer run times increase 45% and the storage requirement is reduced 

by 10%. 

Although adding transfer matrices can reduce computer storage 

requirements, a significant penalty is paid in accuracy. Flow ratio 

results are adversely affected, as are the flux integrals to a lesser 

degree. Accuracy considerations indicate that the minimum number of 

transfer matrices should be used for a given geometry. 

Transfer matrix calculations, using the two transfer matrix 

arrangement, are performed using various numbers of sub-levels in each 

transfer matrix. The results for the variation of sub-levels in the 

first transfer matrix are presented in Table 5.7. 

The use of more sub-levels than the TM4 base case, 60, is of 

little value in decreasing e. There is a monotonic reduction in the a 

error. The trade-off between additional ri sub-levels and computer time 

must be applied for each individual case. In this problem there seems 
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Table 5.7. Results of duct transfer matrix sub-level variation. 

Case Sub-Levels £ a (error) CPU Time 

TM4 1 75.0% OO (°°) 1.7 sec 

TM4* 60 31.9% 36.9 (5.2%) 9.7 sec 

TM4 120 33.2% 35.7 (1.7%) 19.2 sec 

TM4 200 33.8% 34.5 (-0.5%) 31.9 sec 

*Base case. 

to be little motivation to use more sub-levels than are used in the base 

case. 

The use of additional n sub-levels is also attempted in the 

second transfer matrix region. Changing this transfer matrix cannot 

affect a, so the results are compared using e. Two comparisons are made, 

using TM4 and TM6. The results are presented in Table 5.8. 

The TM6 results behave as expected, e decreases when more sub-

levels are used in each n interval. The TM4 case shows an increase in 

the average error, caused by an increase in the error. This is due 

to an unfavorable interaction between the quadrature and the geometry. 

Thus, the ray effects are not completely eliminated by the transfer 

matrix method. 

In the second transfer matrix there is little justification to 

use more than one n sub-level in each interval. This uses the same 

number of characteristics as the discrete ordinates quadrature set. 
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Table 5.8. Results of elbow transfer matrix sub-level variation. 

Case Sub-Levels e CPU Time 

TM4* 60 31.9% 3.4 sec 

TM4 1 55.1% 0.2 sec 

TM6* 1 43% 0.4 sec 

TM6 40 40% 6.0 sec 

*Base cases. 

Since all particles reaching region 4 must pass through the pure absorber 

region, where a low order CS4 or S6) SN approximation is used, little 

benefit is derived from applying an accurate transfer matrix calculation 

to inaccurate fluxes obtained from this low order SN calculation. 



CHAPTER 6 

CONCLUSIONS 

This thesis has accomplished its original goal; an integral 

transport-discrete ordinates hybrid streaming method has been developed 

and studied. The integral transport method is implemented in TWOTRAN-II 

as a void transfer matrix. The results of sample problem analyses in

dicate that the discrete ordinates-transfer matrix hybrid provides 

improved streaming calculations compared to conventional SN methods. 

Although it is not always as accurate as a Monte Carlo calculation, the 

transfer matrix hybrid provides significant run time reductions for 

problems of interest. In addition, the transfer matrix hybrid retains 

the advantage of the SN method since solutions are obtained throughout 

the system. 

Although the transfer matrix hybrid provides a more accurate 

solution than SN methods, there are penalties involved with its use. 

The elements of the void transfer matrices are stored in computer memory, 

thus restricting the size of the largest problem that can be run. Addi

tionally, computer time is used during the calculation of the transfer 

matrix elements; transfer matrix accuracy can always be increased through 

the use of more sub-levels, and thus use more computer time. Since 

transfer matrices may be used for more than one calculation, the trade

off between transfer matrix accuracy and run time must be made 
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individually for each transfer matrix. The trade-off is further compli

cated by the fact that a transfer matrix can be used without regard to 

the energy structure used in a calculation. Only experience with the 

transfer matrix method in solving realistic problems will allow these 

trade-offs to be accurately made. 

In the course of this study, guidelines have emerged for the 

most accurate use of the transfer matrix hybrid method: 

(1) Use as few transfer matrices as possible for a given problem. 

(2) If there is a preferred direction for particle streaming, make 

the individual transfer matrix voids as large as possible in the 

preferred direction. 

(3) If the problem contains an isolated boundary source, make the 

transfer matrix void containing that boundary as large as 

possible, reducing the size of other transfer matrices as 

necessary. 

(4) Using many n sub-levels in a transfer matrix where all boundary 

sources come from low order SN calculations is not usually a 

cost effective calculation. 

These guidelines are preliminary and based on the sample problems studied 

here; any future applications of the transfer matrix hybrid method will 

refine and supplement this list. 

This study is the first step in the evolution of the transfer 

matrix hybrid method. During this study, many ideas arose for future 

enhancements of the method. Three of these stand out as most promising: 
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(1) Using different quadrature orders in different regions of the 

problem would allow more accurate transport in non-void regions 

to be coupled to low order transfer matrices. The higher order 

boundary fluxes could be used to generate better sub-level 

weighting factors at void boundaries. 

(2) Allowing the void transfer matrix mesh cells to be larger than 

the SN cells would reduce computer storage requirements and 

transfer matrix computation time. The reduced storage might 

allow higher order boundary angular flux approximations to be 

used for transfer matrix calculations. 

(3) Since it makes little sense to apply an accurate void transport 

method to inaccurate boundary fluxes, improved boundary flux 

approximations seem to be a potential approach for improving 

the accuracy of transfer matrices. 

Since TWOTRAN-II is limited to a rectangular r-z mesh, future 

study of the transfer matrix hybrid should shift toward the more general 

code TRIDENT-CTR (Seed 1979b), which allows triangular r-z mesh cells. 

Application of the transfer matrix hybrid to TRIDENT-CTR would require 

some new analytical work to replace parts of Chapter 3 and Appendix A, 

but realistic MCFR shielding problems can be analyzed only with the more 

flexible mesh available in TRIDENT-CTR. Since TRIDENT-CTR run times are 

longer than those for TWOTRAN-II, studies of optimum transfer matrix 

parameters will yield different results. Therefore, since the transfer 

matrix method will provide accurate results in streaming problems, future 



studies should be made only after modification of the existing method to 

run with the more generally applicable TRIDENT-CTR code. 



APPENDIX A 

SOLUTIONS OF THE CHARACTERISTIC EQUATIONS 

The characteristic equations (Eqs. 3.18a and 3.18b) must be 

solved in order to evaluate the elements of the transfer matrices de

veloped in Chapters 3 and 4. Recall that particle trajectories are 

described by their entering coordinates (r",z',<o') and exiting coordi

nates (r,z,to). (ri remains constant during streaming.) Only four of 

these coordinates are necessary to completely define a given trajectory, 

o n e  o f  t h e s e  m u s t  b e  e i t h e r  z  o r  z " .  

a method for solving them depends upon the coordinates that are known 

and the one that is to be solved in any given situation. Therefore, the 

following discussion is divided according to the five situations en

countered in the transfer matrix calculations. 

CASE I: Known Variables (r,z,w,r'), solve for (co'). 

Since Eqs. (3.18a) and (3.18b) are non-linear, the selection of 

This case is solved by rearranging Eq. (3.18b) as follows: 

1 ^r^sinqj" j (A. 1) 

CASE II: Known Variables (r,z,r',co"), solve for (to). 

Again rearranging Eq. (3.18b) yields: 

[r^sinoi^ 
r 

(A.2) 
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CASE III: Known Variables (r,z,r',z'), solve for (u)'). 

Recall Eq. (3.18a), 

Y(z-z') = rcosio - r'cosu)' (A.3) 

Using the identity sin2aj + cos2w = 1 and the parameter 6*=sign (cosco), 

Eq. (A.3) may be rearranged as follows: 

y(z-z') = 6*[r2-r'2sin2uj'] - r'cosui'' (A.4) 

Also, 

[y(z-z') + r'cosa)']2 = 6* [r2-r'2sin2u)'] (A.5) 

2 
Therefore, since 6* =1, 

y2(z-z') + 2y (z-z')r'cosuj' + r'2 (cos2u)'+sin2u)') = r2 (A.6) 

Finally, solving Eq. (A.6) yields 

(i) = cos -
1 [r2-r-2-Y2(z-z-)2 "1 

|_ 2Y(z-z')r' J lA,/J 

CASE IV: Known Variables (r,z,w,z'), Solve for (r') 

Recall Eq. (3.18a), 

Y(z-z') = rcosoj - r^cosco' (A.8) 

Using the identity sin2u>' + cos2w' = 1, Eq. (3.18a), and the definition 

of 6 (Eq. 3.42b), Eq. (A.3) may be rearranged; 

Y(z-z') = rcosw - 6 [r'2-r2sin2u>] 2 (A.9) 
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Rearranging and squaring Eq. (A.9) allows the dependence on 6 to be 

removed; 

[rcosoi - y(z-z')] = 62 [r'2-r2sin2aj] (A.10) 

Since 62=1, Eq. (A.10) may be solved for r' 

r' = [r2-2ry(z-z')cosw + y2 (z-z')2]'2 (A.11) 

and the solution is complete. 

CASE V: Known Variables (r,z,a)',z'), solve for (r'). 

Rearranging Eq. (A.6) shows clearly that it is quadratic in r"; 

r'2+2y (z-z')r'cosaj' + y2(z-z')2-r2 = 0 (A.12) 

which has the solutions 

t" = -Y (z-z')cosw' ± /r2-y2(z-z')2 (A.13) 

Selection of the sign of the root in Eq. (A.13) is based upon the angle 

to ; where 
crt 

r2 
sin2a) __ = 1 - -y-f ^rr (A. 14) 

crt y*(z-z')z *- J 

Define 6'=sign(a)-u> ^); numerical experiments indicate that the solution 

of Eq. (A.13) can be rewritten as 

r' = y (z-z')cosu)" + 6 Vr2-y2 (z-z')2 (A.15) 

where only the positive root is used. Since Eq. (A.15) includes 6', the 

range of u (either greater than or less than ucrt)> must be known prior 
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to the solution. In each case where solutions to Eq. (A.15) are needed, 

6' is known. 



APPENDIX B 

INPUT FOR TRANSFER MATRIX PATCH 

The following information is read using the standard input 

routines for TWOTRAN-II. The first transfer matrix data is on the first 

input card, in columns 13 to 18 (16); the variable NVOIDS is read. 

NVOIDS is the number of voids to be treated using the transfer matrix. 

If NVOIDS is less than or equal to zero, no further transfer matrix in

put is read, since no transfer matrices are to be used. 

If NVOIDS is positive, additional input is read immediately 

following the third CONTROL INTEGER CARD in the standard TWOTRAN input. 

That additional input is described below. 

[Card Number] 

[1] Comment line (Read using 18A4 format) 

The following record is repeated NVOIDS times. 

[2,1+NVOIDS] IDV0ID(1,K), IDV0ID(2,K), IDV0ID(3,K), IDV0ID(4,K), 

LIBVON(K), NSUB(K), NGSUB(K) 

where, 

IDV0ID(1,K) is the mesh number at the left of void K, 

IDV0ID(2,K) is the mesh number at the right of void K, 

IDV0ID(3,K) is the mesh number at the bottom of void K, 

IDV0ID(4,K) is the mesh number at the top of void K, 

LIBVON(K) is a library identification number, to be used in 
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extracting a transfer matrix from a disk file library of 

transfer matrices. 

|NSUB(K)| is the number of n sub-levels in each An interval to 

be used during computation of the transfer matrix for void 

K. (If NSUB(K) is less than zero, 1/ri weighting of angular 

fluxes is used in each bin.) 

NGSUB(K) is the number of points where exit fluxes are calculated 

on each boundary cell surface. 

[2+NVOIDS] NPLOT(l) ... NPLOT(20) 

These values describe indices for flux plots; if NPLC)T>0, 

constant i index is used, if NPLOTcO, constant j index is used. 

[3+NVOIDS] optional input line (not used) 

[4+NVOIDS] Comment line (Read using 18A4 format) 
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