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ABSTRACT 

The subject of this study is rainfall-runoff 

forecasting and flood warning. 

Denote by {(X(t),Y(t))} a sequence of equally spaced' 

bivariate random variables representing rainfall and runoff, 

respectively. A flood is said to occur at time period (n+1) 

if Y (n+1) > T where T is a fixed number. The main task of 

flood warning is that of deciding whether or not to issue a 

flood alarm for the time period n+1 on the basis of the past 

observations of rainfall and runoff up to and including time 

n. With each decision, warning or no warning, there is a 

certain probability of an error (false alarm or no alarm). 

Using notions from classical decision theory, the optimal 

solution is the decision that minimizes Bayes risk. 

In Chapter 1 a more precise definition of flood 

warning will be given. A critical review (Chapter 2) of 

classical methods for forecasting used in hydrology reveals 

that these methods are not adequate for flood warning and 

similar types of decision problems unless certain Gaussian 

assumptions are satisfied. 

The purpose of this study is to investigate the 

application of a nonparametric technique referred to as the 
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k-nearest neighbor (k-NN) methods to flood warning and least 

squares forecasting. The motivation of this method stems 

from recent results in statistics which extends 

nonparametric methods for inferring regression functions in 

a time series setting. Assuming that the rainfall-runoff 

process can be cast in the framework of Markov processes 

then, with some additional assumptions, the k-NN technique 

will provide estimates that converge with an optimal rate to 

the correct decision function. With this in mind, and 

assuming that our assumptions are valid, then we can claim 

that this method will, as the historical record grows, 

provide the best possible estimate in the sense that no 

other method can do better. 

A detailed description of the k-NN estimator is 

provided along with a scheme for calibration. In the final 

chapters, the forecasts of this new method is compared with 

the forecasts of several other methods commonly used in 

hydrology, on both real and simulated data. 



CHAPTER 1 

INTRODUCTION 

1.1 Background., Scope, and Purpose 

Researchers in hydrology have, in the past, invested 

considerable effort to develop models for on-line 

rainfall-runoff forecasting within the watershed .framework. 

Accurate forecasts are of vital importance for optimal 

control of reservoirs and for flash flood warning systems. 

The importance of such research is clear from the findings 

of Clarke (1980) at the National Weather Service. He 

estimated that in the United States alone, floods cause over 

$2 billion worth of damage and approximately 200 deaths a 

year. 

While flood warning seems to be the main motivation 

for research in the area of rainfall-runoff forecasting, a 

review of hydrological literature reveals that very little 

research addresses the problems involved in deciding whether 

or not to issue a flood warning. Viewing flood warning in 

the context of statistical decision theory, it appears, as 

will be argued later, that standard models for rainfall-

runoff forecasting are not adequate. An exception is the 

work of Yakowitz (1985a, b, c) and. Yakowitz et al. ( 1983 ), 

1 
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in which a nonparametric regression technique is developed 

which appears very suitable for attacking the types of 

decision problems that arise in the context of flood warning 

and reservoir operations. 

The subject of this study is on-line rainfall-runoff 

forecasting, with particular emphasis on a prototypical 

flood warning problem. A nonparametric regression method 

referred to as the k-nearest neighbor (k-NN) method is 

suggested and applied to both real and simulated data. 

Interest in the k-NN estimators has been motivated 

by recent development of these methods to infer regression 

functions in a time series context (Yakowitz et al., 1983; 

Yakowitz, 1984, 1985a, 1985b; Coulomb, 1984; and Nguyen, 

1984 ) . 

It is believed that this study is the first to 

utilize the nearest neighbor techniques for rainfall-runoff 

forecasting. To establish the potential and the relative 

merits of the nearest neighbor methods, comparisons are made 

with several other commonly used forecasting models. These 

comparisons are based on theoretical arguments and also on 

the performance of these estimators using real and simulated 

rainfall-runoff data. 

Although this study provides a new approach and 

potentially significant advances in the application of 

nonparametric methods for rainfall-runoff forecasting, the 
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results and the ideas should be of interest to practitioners 

in other areas of time series analysis and nonlinear 

modelling. For this purpose, a detailed step-by-step 

description of the implementation of the k-NN method is 

supplied, along with a procedure for model calibration. Of 

particular interest should be the graphical representations 

of the nearest neighbors and their successors, which form 

the basis of the predictions. These graphs also provides 

insight about the accuracy of the estimates. 

The outline of this study is as follows: the 

remainder of this chapter contains a brief description of 

the rainfall-runoff process, as well as the formulation of 

the two types of decision problems of interest. The first 

problem is that of obtaining a least-squares errors 

prediction of future rainfall-runoff. The second is a 

prototypical flood warning problem. 

Chapter 2 contains a brief review of. traditional 

modelling approaches and a discussion of the shortcomings of 

these models with * respect to the least-squares forecasting 

problem and the prototypical flood warning problem. 

Chapter 3 gives an introduction to the nearest 

neighbor methods and the application of these methods in 

time series analysis. Herein is also a review of important 

theoretical results from the nonparametric estimation 

literature. 
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• Chapter 4 discusses the problems associated with the 

calibration of the k-NN methods. A heuristic scheme for 

model selection is suggested, along with a detailed 

step-by-step explanation of how these methods are applied to 

runoff forecasting and the prototypical flood warning 

problem. In the final part of this chapter, the k-NN method 

and the particular features of this estimator are 

illustrated on synthetically generated data sets. 

Chapter 5 contains experimental comparisons of the 

nearest neighbor method and various other rainfall-runoff 

models to real rainfall-runoff data supplied by the 

Agricultural Research Service (ARS) and by the National 

Weather Service (NWS). 

Chapter 6 contains a summary and discussion of 

experimental results and conclusions. 

1.2 Formulation of the Least-Squares 
Rainfall-Runoff Forecasting Problem 

For the purpose of this study, and along the lines 

of transfer function modelling approaches, we may think of 

the watershed system in terms of a black box within rainfall 

acting as input to the system and runoff as output. Let 

{(X(i ),Y(i)): i = 1, 2, . . .} represent rainfall and runoff 

measurements (X(i) = rainfall and Y(i) = runoff) at equally 

spaced time intervals, i. Let Z^(n) be a random vector 
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containing the past history of the rainfall-runoff process 

up to and including the present time, n, i.e., 

Z(n) = (X(n), Y(n), X(n-l), Y(n-l), . . . , X(l), Y(l)). 

Remark: To be consistent with standard time series 

literature, a capital letter is taken to represent a random 

variable, and a small letter denotes a numerical value. 

The rainfall-runoff forecasting problem can now be 

formulated as follows: given observations of the initial 

portion of the time series up to and including the present 

time, n, the objective is to estimate the runoff, y(n+t), at 

some future time point, n+t. (For notational convenience, 

it will be assumed that t = 1.) 

A predictor is defined as a function or rule for 

estimating future output of the system based on previous 

history, Z{n). 

A prediction, y(n+l) of y(n+l), can then be written 

as 

y(n+1) = gn(z(n)) 

where gn is a function that maps the past history z(n)eR^n 

into y(n+l)6R'\ The predictor g^ should be chosen so that 

the estimate y(n+l) is close, in some sense, to the true 

value of the runoff, y(n+l). 
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In classical estimation theory (Graybill, 1976), the 

measure of "closeness" is usually defined in terms of the 

expected square error between the estimator and the true 

value. An estimator ?(n+l) = gn<Z(n)) of Y(n+1) is said to 

be a minimum variance estimator if it satisfies the 

following conditions: 

E(((Y(n+1) - Y(n+1))2|Z(ft)) 1 E(((hn(Z(n)) - Y(n+1))2|Z(n)), 

for all other functions h (Z(n). It is well known 
n — 

(Graybill, 1976) that the optimal unbiased estimator that 

satisfies the above criterion is given by conditional 

expectation of Y(n+1) given _Z(n), i.e., 

?(n+l) = gn(JZ(n)) = E (Y ( n+1) |_Z( n) ) 

The estimator E ( Y ( n+1) |_Z ( n) ) being a conditional expectation 

of the random variable Y(n+1) given Z^(n), is known as the 

conditional minimum variance unbiased estimator of Y(n+1) 

given Z^(n) = z^(n). 

1.3 The Flood Warning Problem 

The following is a prototypical formulation of a 

flood warning problem (Yakowitz et al. , 1983). As before, 

let X(i) and Y(i) be random variables representing rainfall 

and runoff, respectively. Let _Z(n) be a feature vector, 

p(y,^) and p(v|zj denote the joint and the conditional proba

bility density function of the random variable (Y ( n+1) ,_Z ( n ) ) 



and (Y(n+1) | Z(n) = jz(n)), respectively. Let T be a fixed 

number. A flood is said to occur at time n+1 if Y(n+1) > T. 

The task of the decision maker is, at time n, to decide 

whether or not to issue a flood alarm for the time period 

n+1. Thus, the decision set consists of two actions, 

warning (W) and no warning (N). 

Define the loss function, L(a,y(n+1)), as 

L(a,y(n+1)) = 

L(0) if a = W and y(n+l) T, 

L(l) if a = N and y(n+.l) > T, 

0, otherwise. 

In other words, L(0) is the cost incurred in the case of a 

false alarm, and L(l) is the cost in the event that a flood 

occurs and no warning is issued. The optimal Bayes decision 

rule tells us to select the action that minimizes the 

expected loss, i.e., the minimum of 

R(W,z^n)) and R(N,_z(n)) 

where 

R(W,_z(n)) = E[L(0)|_Z(n) = ^(n)] 

= J L (W,y)p(y|_z(n) ) dy = L ( 0 ) *P (Y ( n+1) _<_ T|_Z(n) = :z(n)), 

and 

R(N,z(n)) =E[L(l)|z(n) =z(n)] 

= Jh (N, y ) p (y | z( n) ) dy = L( 1) *P (Y ( n+1) > T|zjn) = z_(n)). 
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Note here that the loss function is a step function (piece-

wise linear) and not a quadratic function. In this case, as 

will be argued in later chapters, linear models, together 

with classical estimation theory, are not applicable unless 

certain Gaussian assumptions are satisfied. The ability to 

approximate an optimal solution depends essentially on how 

well we can infer the probability law of the rainfall-runoff 

process, i.e., the conditional probability density function 

f(y|2i) of the conditional random variable (Y ( n+1) |_Z ( n) = 

z(n)). 

It is clear that the loss function suggested here is 

highly simplified. However, it is easy to see how this loss 

function can be extended to cover more general losses. A 

more realistic loss function was suggested by Krzysztofowicz 

et al. (1983). Their loss function included several levels 

of flood warnings representing the severity of property 

losses, and it also accounted for various human factors. 



CHAPTER 2 

RAINFALL-RUNOFF MODELS, A LITERATURE REVIEW 

2.1 Introduction 

It is common practice in hydrology to distinguish 

rainfall-runoff models as belonging to one of two 

categories: (1) conceptual models, or (2) black-box (or 

transfer function) models. In conceptual models, the system 

is split up into subsystems whose properties are well 

understood either from experimentation or empirically 

established relations. These subsystems are then linked 

together in their logical order to obtain a model of the 

whole system. In contrast, with transfer function models no 

assumptions are made about the internal characteristics of 

the process. Instead, input and output from the system are 

recorded. Techniques from statistical and system analyses 

are then used to infer a suitable model that describes the 

dynamics of the system within a predescribed accuracy. 

The objective of this chapter is to review the 

hydrological literature on rainfall-runoff models and point 

out some of the shortcomings of these models with respect to 

the flood warning problem and the rainfall-runoff 

forecasting problem. 

9 
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Section 2.2 provides definitions and general 

concepts concerning modelling, model identification, fore

casting, and parameter estimation. Section 2.3 provides a 

critical review of transfer function models, and Section 2.4 

discusses conceptual models. 

2.2 Basic Definitions and Concepts 
in Modelling and Forecasting 

2.2.1 Models and Model Sets 

Before discussing different approaches to rainfall-

runoff forecasting, it is necessary to provide a few defini

tions . 

jz(n) is a vector of past observations of the process 

up to and including the present time, n. That is, 

z(n) = (x(n), y(n-l), . . . , x(l), y(l)), 

where 

x(i) is the input to the system at time i, 

y(i) is the output from the system at time i 

A model set is defined as a family of models (functions), 

designated by a set of parameters 0, which maps the past 

observations of the system, z(n) , into the output of the 

system. In the notation of Ljung (1984), 

M(9) = a particular model corresponding to the fixed 

parameter value 

M =  a  s e t  o f  m o d e l s ,  i . e . ,  M =  { M ( 0 ) J } .  



In general, the relationship between past observations _z(n) 

and output y(n) can then be described by an equation of the 

form, 

y(n) = gM.(z(n) ,0,n) . (2.1) 

Here,' 'gM( (_z ( n) , 0 ,n) is a function of z^(n) with parameters 0 

and n. In the above equation the relationship between input 

and output is assumed to be exact. In practice, however, 

most systems contain various noise sources and model 

inaccuracies that cannot be explained by a deterministic 

model. To account for such random disturbances, a noise 

term e(n) is added to the model. The model then takes the 

form 

y(n) = gM(z(n),0,n)+e(n). (2.2) 

2.2.2 Predictors and Prediction Errors 

A predictor Y(n+1,Q) of the output Y(n+1) will be 

defined as a function for estimating the output of the 

system at time (n+1) given knowledge of past observations of 

the process up to and including time (n). In the notation 

of Ljung (1984), a prediction y(n+l,0) of y(n+l) issued at 

time n can be written as 

y(n+1,9) = gM(z(n),0,n). (2.3) 
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where 

z(n) = (x(n), y(n), x(n-l), y(n-l), . . . , x(0), y(0)). 

Note that the predictor is a deterministic function that 

maps z;(n) into the prediction of the output of the system. 

Assumptions that have been made about, for example, the 

stochastic properties of the noise process, have been used 

only as a tool for arriving at the particular estimator 

SM( •/S,n). 

The prediction error, e(n,9), is defined to be the 

error between the true output y(n) and the prediction 

y ( n, 9 ), i.e., 

e(n,9) = y(n,Q) - y(n). (2.4) 

Let f(x|n,9,z(n-1)) be the conditional probability density 

function of the prediction error e(n,9) given the past 

history z^(n-l). If f (x | n, 9 , z{ n-1) ) is completely specified 

it is then a simple task to compute quantities such as 

P(e(n,9)6B) = J  f(x|n,9,z ( n-1))dx. (2.5) 

xeB 

A model in which the probability distribution of the condi

tion error is known will be referred to as a probabilistic 

model. 
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Once f ( x | n, 9 , z_( n-1) ) is known, the solution to the 

flood warning problem and similar decision problems can 

easily be obtained. 

2.2.3 Model Selection and 
Parameter Estimation 

In the above discussion, it has been assumed that 

the models and the predictors are known functions with fixed 

parameter values. In practice, however, neither the model 

nor the model set are known and each has to be chosen by the 

user. The choice of possible candidates that should be 

included in the model set is usually limited by the availa

bility of numerical routines for parameter estimation, 

computer limitations, required accuracy, etc. Once a family 

of models M= {M(0)|9GR } has been selected, it remains to 

estimate the parameters, 9, corresponding to the "best" 

model. There are several criteria for choosing parameters. 

The most common is the so-called least-squares criterion. 

As an example, consider first a simple linear model 

of the form 

Y(n) = a(l)X(n-l) . . . a(k)X(n-k) + e(n). 

( 2 . 6 )  

where 

X(i) = input 

Y(i) = output 

e(i) = zero mean noise term 
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A natural predictor, $(n,a) of Y(n) is, of course, given by 

$(n,a) = a(i)X(n-l) . . . a(k)X(n-k). (2.7) 

However, since the parameters a(i) are usually not known, 

they have to be estimated. To fix the notation, let 

?(n,a) = a(i)X(n-l) + . . . + a(k)X(n-k) 

( 2 . 8 )  

be an estimator of Y(n). ?(n,a) is said to be a linear 

minimum variance estimator of Y(n) if 

E((?(n,a) - Y(n) ) 2 | x (n-l) , . . . X(n-k)) _<_ 

E((g(n,b) - Y(n))2|X(n-1), . . . X(n-k)) (2.9) 

for all other functions g(n,b) of the form g(n,b) = 

b(l)X(n-l) + . . . + b(k)X(n-k). If the e(i)'s are i.i.d. 

with zero mean and independent of the input, then the linear 

minimum variance estimation is unbiased. Also, it turns 

out that the linear minimum variance estimator is uniquely 

determined by the first and the second moments of the random 

vector (Y(n),X(n-1), . . . ,X(n-k)) and therefore this 

estimator is sometimes referred to as a second-order 

estimator. 

It is important to note that the linear minimum 

variance estimator is in general not the same as the minimum 

variance estimator E(Y(n)|X(n-1), . . . , X(n-k)), that is, 
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the conditional expectation of Y(n) given (X(n-l), . . . , 

X(n-k)). An important exception is the case in which the 

random variables 

(Y ( n) , X ( n-1) , . . . , X ( n-k.) ) 

are jointly Gaussian distributed. In this case the linear 

minimum variance estimator actually coincides with minimum 

variance estimator (Anderson and Moore, 1979). 

A natural estimate of the linear minimum variance 

estimator is obtained by choosing the parameters of the 

model to minimize the sum of the squares of the prediction 

errors, i.e., choose 9 such that 

n n 
V (0) = I  e(i,Qr = I (y(i,0) - y(i)r 
n  i=l i=l 

( 2 . 1 0 )  

is minimized. The corresponding estimator, which is known 

as the least-squares estimator (LSE) can be obtained 

analytically through the so-called normal equations. Undnr 

the assumption that the e(i)'s are i.i.d. with zero mean, 

the LSE converges in mean square as n tends to infinity to 

the linear minimum variance estimator. 
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2.3 Applications of Transfer Function 
Models for Rainfall-Runoff Forecasting 

2.3.1 The Unit Hydrograph 

The unit hydrograph (Nash, 1959) is one of the most 

commonly used models for short-time rainfall-runoff forecast

ing. The unit hydrograph can be thought of as a combination 

of a conceptual and a black-box model. Before discussing 

the unit hydrograph in greater detail, it is necessary to 

establish some notation. 

Excess precipitation, x (i), is defined as the 

amount of rainfall that does not penetrate the upper soil 

layers (Dooge, 1970). The runoff resulting from excess 

precipitation is called direct surface runoff, y (i). It is 

usually assumed that the volume of excess precipitation from 

a rain storm is equal to the volume of the corresponding 

surface runoff. Parts of the rainfall infiltrate through 

the ground to join the ground water table. The contribution 

to runoff due to increased groundwater level is called base 

flow, Yb(i)-

The essence of the unit hydrograph is the assumption 

that relationship between excess precipitation and surface 

runoff is linear. In the above notation the discrete 

version of the unit hydrograph is given by the convolution 

equation. 

n 
y_(n) = I h(j)x (n-j) + e(n), (2.11) 

j=0 
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where 

h(l), . . . ,h(n)) = real valued coefficients deter

mining impulse response function 

e(n) = noise terms 

Since the early development of the unit hydrograph, 

there have been many publications concerning methods for 

estimating the parameters from measured rainfall-runoff 

data. The following list contains some of the most commonly 

employed parameter estimation techniques: 

- the method of moments, Nash (1959) 

- ordinary least-square method, Snyder (1955) 

- Wiener-Hopf method, Eagleson (1966) 

- transform (spectral) methods, Eagleson (1967) 

- Kalman filtering techniques, Szollozi-Nagy (1976), 

and Rodrigues-Iturbe et al. (1977) 

- recursive least-square method, Cuckie et al. (1980) 

- graphical method, Linsley et al. (1982). 

Despite the research in improving parameter 

estimation, it is questionable whether this research has 

significantly improved runoff forecasting. In fact, much of 

this research is redundant in the respect that some of these 

methods lead to the same result. For example, in the case 

of a finite calibration set the Wiener-Hopf method, as 

suggested by Eagleson, is identical to classical 
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second-order estimation. Under the assumption that the 

errors are i.i.d. with Gaussian distribution and independent 

of the input process, the maximum likelihood estimators are 

the same as least-squares estimators (Graybill, 1976). 

Furthermore, assuming that the process is stationary, both 

the recursive least-squares method applied by Cluckie et al. 

(1980) and the Kalman filter method as applied by 

Szollosi-Nagy (1976) converge to the classical least-squares 

estimators. 

So far it has been assumed that surface runoff, base 

flow, and excess precipitation can be obtained from measure

ments. In general, however, these quantities cannot be 

measured and must be determined indirectly from measurements 

of total rainfall and runoff. The following methods, which 

are described in Linsley et al. (1982), will be used in this 

study. 

The first step in calibrating the unit hydrograph is 

to separate the base flow from the total hydrograph. Refer

ring to Figure 1, the volume under the dotted line connect

ing points A and B represents base flow. Point A is usually 

(Dooge, 1977) taken to be the volume of the total runoff 

just prior to the start of the rainfall. Several methods 

have been suggested in the literature for determining point 

B and the shape of the function connecting the points A 

and B. Linsley et al. (1982) write: 
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Figure 1.1. Excess precipitation and base flow. 
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. . . for application of the unit hydrograph concept 
the method of separation should be such that the 
time base of direct runoff remains relatively 
constant from storm to storm. This is usually 
provided by terminating the direct runoff at a fixed 
time after the peak of the hydrograph. As rule of 
thumb, the time in N days may be approximated by N = 
b*A**.2, where A is the drainage area and b is a 
coefficient. The value of b can be taken to unity 
when A is measured in square kilometers and .8 when 
A is in square miles. 

The function connecting A and B is rather arbitrary, and a 

straight line is often chosen to represent the base flow. 

Once the base flow is identified, the excess precipi

tation can be separated from the total rainfall by, for 

example, the <£-index method. Here the excess precipitation 

is taken to be the difference between total rainfall and a 

constant, <t>, which must be chosen to satisfy the mass 

balance equation. That is, the volume of excess precipita

tion of the total rainstorm must be equal to the volume of 

the surface runoff of the storm. 

2.3.2 Shortcomings of the 
Unit Hydrograph 

The application of the unit hydrograph to rainfall-

runoff forecasting has several shortcomings. First, the 

assumption of linearity between surface runoff and excess 

precipitation was recognized early on to be an approximation 

(Amorocho, 1963). The nonlinearity in the surface-runoff 

process is also substantiated by traditional flow models 

which are based on physical laws (Pebbles et al. , 1981). 



Secondly, recall that the fundamental quantities measured 

are the total runoff and the total rainfall. Since the unit 

hydrograph is based on excess precipitation, a quantity that 

cannot be defined unless the total volume of the rainstorm 

is known, the unit hydrograph cannot be computed in an 

on-line fashion. 

In connection with the choice of the shape of the 

base flow line, Klemes (1982) writes: "The separation line 

is an operational device that has little or no significance, 

and the great efforts spent on the refinement of its shape 

have not improved unit hydrograph modelling at all." 

Because of the above-mentioned reasons, the unit hydrograph 

does not appear to be very suitable for runoff forecasting. 

2.3.3 A General Class of Linear 
Difference Equation Models 

Before discussing a rather general class of linear 

difference equation models known as ARMAX models, three 

simpler processes that have been used extensively for river 

flow forecasting will be mentioned. 

2.3.3.1 Autoregression Process. Let X(n) be a wide 

sense stationary process defined by 

X(n) = a(l)X(ri-l)+ . . . a(m)X(n-m) + e(n), 

(2.12) 
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where {e(n)} is a sequence of i.i.d. random variables with 

zero mean and |a(j)| < 1 for 1 _£ j _£ m. Then (X(n)} is an 

autoregressive process of order m (Karin and Taylor, 1975). 

If the e(n)'s are i.i.d. and independent of the input, the 

classical least-squares methods for estimating the para

meters {a(j):l _<_ j _<_ m} will result in estimators that 

converge asymptotically to the linear minimum variance 

estimator (Priestly, 1981). 

2.3.3.2 Moving Average Process. Let {e(i):i = 

1,2...} be independent, identically distributed random 

variables with zero mean and finite variance, and let a(0), 

. . . , a(m-l) be real valued scalars. A moving average 

process of order m is defined by 

m-1 
X(n) = I a(j)e(n-j). (2.13) 

j=0 . 

The estimation of the least-squares parameters of a moving 

average process is a nontrivial problem. The fact that the 

residual errors can not be represented as a finite linear 

combination of the random variables (X(l), . . . ,X(n)) 

makes it difficult to formulate the explicit form of the 

maximum likelihood function (Priestly, 1981, p. 356). For 

this reason the problem of obtaining parameter estimates 

does not fall within the standard least-squares framework. 

Box and Jenkins (1970), however, provide a numerical 



nonlinear identification procedure that, under the Gaussian 

hypothesis, converges to the approximate maximum likelihood 

estimates. 

2.3.3.3 ARMA Models. An ARMA process is a combina

tion of an autoregressive and a moving average process. An 

ARMA model of order (k,l) takes the form 

X(n) + a(l)X(n-l)+ . . . a(k)X(n-k) = 

b(1)e(n)+ . . . +b(1)e(n-1) (2.14) 

where the a(i)'s and the b(i)'s are real parameters, k,l, 

are the order of the AR and MA processes, respectively, and 

the e(n)'s are i.i.d. zero mean noise terms. 

In modelling of time series an ARMA process often 

gives a more parsimonious representation of the process than 

a pure AR or MA process alone. 

A nontrivial problem in ARMA modelling is that of 

determining the model order (k,l). It is well known that 

neither the AR nor the MA process has a unique 

representation (Karlin et al., 1975). The AR process can be 

formulated as an equivalent moving average process of 

infinite order and conversely. The concept of parsimony 

(Box and Jenkins, 1970) suggests that when choosing between 

equivalent models, a "best" model is the one containing the 

smallest number of parameters. 
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A standard technique for choosing the model order is 

to successively fit models of increasing order and compute 

the residual mean square error until no improvement can be 

achieved. Akaike (1973) and Hannan (1980) have developed a 

test statistic known as the Akaike's Information Criterion, 

AIC, and a set of rules for choosing between model orders. 

2.3.3.4 ARMAX Models. A natural extension of the 

ARMA models are models of the form 

Y(n) = a(l)Y(n-l)+ . . . a(k)Y(n-k) + b(l)X(n) + 

b(2)X(n-l)+ . . . b(l)X(n-l) + c(l)e(n) + . . . + 

c(m)e(n-m) (2.15) 

These models are referred to as ARMAX models (Ljung, 1983) 

and are used extensively for modelling linear dynamic 

systems with output Y(n) and input X(n). 

An ARMAX model has two advantages over a linear 

model of the form 

y(t) = b(l)x(t) + b(2)x(t-l) + . . . x(t-l) + e(t). 

(2.16) 

First of all, it often gives a more parsimonious representa

tion of the dynamics of the system. As an example, in the 

case of a river with base flow, a model given by Equation 

2.16 would not be very suitable as a model of the 

rainfall-runoff since, in the absence of rainfall this model 
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would always give a zero output. Thus, unless the number of 

parameters was very large, this model could not explain the 

existence of base flow in between rainstorms. 

The second advantage of an ARMAX model over the 

model in Equation 2.16 is referred to as flexibility. 

Flexibility (Ljung, 1983) is the ability of a model to 

describe all the variations of the dynamics of the 

particular process. By feeding back the prediction error as 

input, the ARMAX model is, in a sense, self-adjusting. The 

unit hydrograph does not possess this property. 

Kashyap and Rao (1973) appear to have been the first 

to discuss the application of ARMAX-type models for 

rainfall-runoff forecasting. They derived a recursive 

method for parameter estimation and applied several ARMA 

models for 1-day-ahead river flow forecasting on the Wabash 

River. Szollozi-Nagy et al. (1976) applied ARMAX models for 

surface runoff forecasting. Their publication is mainly 

devoted to the problem of formulating the ARMAX model in a 

state-space format and the subsequent application of a 

Kalman filter for least-squares estimation of the state-

variables . 

Patry and Marino (1982) applied an ARMAX model for 

rainfall-runoff forecasting in an urban watershed in which 

rainfall was modelled directly without base flow separation. 

In an urban watershed it is assumed that linearity is a 
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reasonable assumption since nonlinearities due to the soil 

moisture and the infiltration are negligible. 

In the above-mentioned models the variables were 

taken to be scalars. Extension of the ARMAX model to a 

multivariate input model is straightforward. Todini (1978) 

suggested a multivariate ARMAX model to incorporate 

nonlinearities due to soil moisture within the linear 

structure. The idea is to use several linear submodels in 

parallel, for which each submodel is used to approximate the 

rainfall-runoff relationship for a given soil moisture 

level. The above approach can be thought of as a piecewise 

linearization of the transfer function. This type of model 

was also applied by Cooper and Wood (1982a, b) , who devel

oped a method for calibration of this model. 

They discussed the use of a canonical correlation 

procedure in combination with Akaike's information criterion 

to determine the structure and order of the model. They 

also applied this model for runoff forecasting on real 

rainfall-runoff data. The results indicate that their 

models perform very well. 

A drawback of multivariate ARMAX models of the above 

type is the large number of parameters. Another problem of 

multivariate models is the identification of model 

structure. Priestly (1981, p. 690) writes: "finding unique 
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multivariate ARMA models is one of the major problems in 

multivariate time series analysis." 

Another method for incorporating nonlinearities 

while retaining the structure of a linear model was used by 

O'Connell et al. (1980). The idea is to filter the input 

through a nonlinear function and then apply the result as 

input to a linear model. 

In summary, there are several shortcomings of 

applying linear models to rainfall-runoff forecasting. 

Firstly, the rainfall-runoff relationship is, in general, 

not linear. In the case the input is filtered through a 

nonlinear equation, the choice of filter function is a 

nontrivial matter. Secondly, methods for choosing model 

order and estimating parameters for multivariate ARMAX 

models have not been fully investigated (Priestly, 1981). 

Thirdly, the main criticism of second-order models concerns 

their application to flood warning and similar decision 

problems. Unless the Gaussian assumptions are satisfied, 

second-order models are not applicable to infer loss 

functions other than those that are quadratic. 

2.3.4 Nonlinear Transfer 
Function Models 

To obtain a more realistic representation of the 

rainfall-runoff process, many hydrologists, including 

Amorocho and Diskin, have shown interest in nonlinear 



transfer function models. Amorocho (1967) seems to have 

been the first to investigate the application of nonlinear 

models. Based on the development of Wiener (1958), he 

assumed that the input-output process could be represented 

by a functional Volterra series, i.e., 

y(t)= J" 1 ( si) x( t-si )dsl+yy"h2 ( si, s2 ) x (t-si) x (t-s2 )dslds2 . . . . 

(2.17) 

in which hi(si),h2(si,s2), . . . are generalized kernel 

functions. The basic difficulty of these models is that 

they contain a large number of parameters. As an example, 

Amorocho (1971) mentions that for a simple second-order 

model with the ordinate discretized into one hundred 

intervals, the total number of parameters exceeded 5000. 

This problem (Amorocho et al., 1971) may be overcome if one 

assumes that hl(),h2() . . . can be expressed as known 

functions with a few parameters. However, the choice of 

appropriate kernel functions is a nontrivial problem. 

Diskin and Boneh (1972), for example, assumed that the 

rainfall-runoff process could be adequately represented by a 

Volterra series of second order with second-order kernel 

given by 

h2(sl,s2) = M((s2 + s2)/k-2sls2/k/k)e xp(-(sl + s2)/k) . 

( 2 . 1 8 )  
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Other second-order kernels have been suggested by Napior-

kowski et al. (1977) and Amorocho et al. (1973). 

Amorocho and Brand.sbetter (1971) also described a 

method to estimate the ordinates of the kernels by expanding 

the kernel functions into a finite set of orthogonal 

polynomials. Patry and Marino (1934) studied the model of 

Amorocho and suggested some rules to estimate model order. 

2.4 Conceptual Models 

In conceptual models the mechanism that converts 

rainfall into runoff is modelled by physically and empiri

cally derived relationships. For example, in the Sacramento 

model (Burnash et al., 1979) used by the National Weather 

Service, rainfall-runoff characteristics are expressed by 

submodels describing the transportation of water through the 

soil mantel. The soil is divided into several vertical 

zones which are interconnected. The storage and flow of 

rain water through each zone is modelled by equations repre

senting leaky reservoirs of finite volume. , The conversion 

o-f rainfall into runoff is then described in terms of the 

transportation of v/ater through these different soil zones. 

In a critical review by Sorooshian (1983), several 

shortcomings of conceptual models for on-line 

rainfall-runoff forecasting were pointed out. He mentions, 

for example, that the many simplifying assumptions usually 

made (such as assumptions of linearity, time invariance, and 
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lumping of variables) often lead to poor forecasting 

performance. 

Another problem, related to the calibration of the 

conceptual models. is the choice of loss function. 

Sorooshian (1983) points out that choosing a loss function 

to minimize the prediction error may lead to physically 

unrealistic parameter estimates. Another problem lies in 

the identification of the parameters of these models. 

Sorooshian and Gupta (1983) report that even for a rather 

simple two-parameter model it is impossible to obtain a 

unique identification of the parameters, even under ideal 

conditions. It should also be pointed out that if the model 

assumptions are incorrect, the physical interpretation of 

the parameters becomes meaningless. 

Until recently most conceptual models have been 

viewed as purely deterministic models, and thus their 

application to flood warning problem is out of the question. 

Recently there have been attempts to incorporate within the 

structure of conceptual models probabilistic assumptions 

about the forecasting error. Kitandis and Bras (1980) 

formulated the Sacramento model in a state space format and 

applied a Kalman filter to estimate the prediction error. 

While this approach is theoretically straightforward, the 

numerical problems in handing nonlinearities appear rather 

difficult. Moreover, unless one is willing to accept the 
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Gaussian assumptions that usually go with the Kalman filter, 

this type of model does not apply to the flood warning 

problem and other decision problems where the loss function 

is not quadratic. 

2.5 Summary 

It should be apparent from the preceding discussion 

that one must exercise discretion when selecting an 

appropriate model for rainfall-runoff forecasting. The most 

commonly used models, along with their pitfalls, have been 

outlined in this chapter. 

The unit hydrograph, although commonly used for 

short-term rainfall-runoff forecasting, is not an appropri

ate model. It cannot be computed in an on-line fashion, and 

the assumption of linearity is seldom satisfied. 

ARMAX models are flexible and can be adapted to 

perform well within the framework of rainfall-runoff 

forecasting. Several variations of the models can be 

obtained by experimenting with various transformations of 

the data and the noise process. Despite their flexibility, 

however, O'Connell et al. (1980) question whether or not 

linear transfer function models are even appropriate for 

rainfall-runoff modelling and whether or not further 

research in methods for parameter estimation will increase 

the quality of already existing models. 



Even though nonlinear models appear to be a more 

reasonable approximation of the rainfall-runoff process than 

linear models do, their application may be prohibitive. The 

problem of choosing shape functions seems insurmountable. 

To quote Yakowitz (1985), "The choice of shape function 

becomes a murky and confusing subject." 

The main criticism of the above-mentioned models 

concerns their application to flood warning and similar 

types of decision problems. Recall that to solve the type 

of simplified floodwarning problem discussed in Chapter 1, 

it is necessary to be able to infer object of the type 

P(Y(n) > T|Z(n) = z). 

While many researchers suggest that flood warning is the 

primary motive of hydrological forecasting, they fail to 

point out that quadratic loss functions make no sense in 

this context. 



CHAPTER 3 

REVIEW OF NONPARAMETRIC REGRESSION ESTIMATORS 

3.1 Introduction 

The purpose of this chapter is to give an explana

tion of nonparametric regression methods and their 

application to least squares forecasting and to review 

pertinent results of nonparametric regression estimation 

literature. 

The theory of nonparametric regression methods has 

mainly been developed to infer regression functions of the 

type E(Y(n)|:Z(n) = z) for the case in which {Y ( i ) , ( i ) ) : 1 £ 

i _<_ n} constitutes a sequence of i.i.d. random observations, 

Y(i)6R1 and Z(i)SRd. 

Recently, Yakowitz (1979, 1984, 1985a, 1985b) and 

Coloumb (1984), among others, have extended these methods to 

infer regression functions when the obsevations are not 

i.i.d. 

The material in this chapter is organized into three 

main sections. Section 3.2 provides a general discussion 

and some of the intuitive ideas behind nonparametric 

regression estimation from i.i.d. observation. Section 3.3 

contains a review of results of nonparametric regression 
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estimation in a time series setting. Section 3.4 addresses 

the use of nonparametric methods for decision making in the 

context of Markov processes. The concluding section 

provides a detailed comparison of the k-NN regression 

estimators with classical second-order estimators. 

3.2 An Intuitive Discussion of the 
Nearest Neighbor Regression 

Estimator for the i.i.d. Case 

Let {_Z(i),Y(i): 1 _£ i _<_ n} be an i.i.d. sequence of 

1 ci pairs of observations, Y (.i) GR and ZI(i)GR , and let f(y|zj 

be the unknown conditional distribution of Y(n) given ZJn) = 

:z. The independent random vector, Z^(n), will be referred to 

as the feature vector. 

The objective here is to infer regression functions 

of the type 

mU) = E(h(Y(n) ) |_Z(n) = •z) = Jh (y ) f ( y | z) dy , 

(3.1) 

where h( ) is a Borel-measurable function. 

Note: If h( ) is taken to be the indicator function 

defined by 

!1, if Y(i ) <_ T, 

0, otherwise 

(3.2) 
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where T is a real number, then the probability P(Y(n) _< 

T|_Z(n) = z) can be expressed as a regression function, i.e., 

P (Y ( n) £ T|Z(n) = z) = E ( h ( Y ( n ) ) |_Z ( n) = z) . 

• (3.3) 

Assume first that the range of M of _Z(i) is finite. 

Let T be an arbitrary number within the range of Y. An 

estimate of the regression function m(z,) can be obtained by 

averaging over all h(Y(i)), whose corresponding ZJ i) are 

exactly equal to z. That is, 

m (z) = I (l/k(n))h(Y(i ) ) (3.4) 
{ i : Z_ (i) = z] • 

where k(n) is the number of observations _Z(i) from the 

sequence {Z_(i),Y(i): 1 _<_i _<_ n} that are exactly equal to z. 

In the case h(Y(i)) is the indicator function defined in 

Equation 3.2, then ^n(z) is an estimate of the conditional 

probability 

P(Y(n) ± T|Z(n) = z) . 

That is, 

mn(z) = Pn(Y(n) T|z(n) = z ) 

I (l/k(n))I[Y(i) £ T]. 
{i:Z(i)=z} 

(3.5) 



If the {_Z(.i),Y(i)} are i.i.d random variables, then by the 

strong, law of large numbers (Billingsley, 1976), the 

estimator, 

f»n(Y(n) £ T| Z(n) = z) , (3.6) 

converges with probability 1 to P(Y(n) <_ T|ZJn) = z) . 

If the domain of the random variable Z^(n) is 

continuous or very large, this estimator would not ' work 

since very few or none of the _Z (.i) ' s may be equal to z. The 

basic idea of the nonparametric regression techniques is to 

make use of the information on Y(i)'s, whose corresponding 

Z(i)'s are close to the z. 

Let k(n) be an integer depending on the sample size 

n, and denote by B(n:zJ the smallest d-dimensional ball 

centered at z which contains the k(n) observation of the 

{ZJ i) , 1 <_ i <_ n} , which are closest to z, measured in 

Euclidian distance. Watson (1964) proposed the following 

esimator of the regression function, m(jz), 

m (z) = I (l/k(n))h(Y(i)), (3.7) 
{i : Z_(i) SB (n: z) } 

Stone (1977) considers a more general class of 

regression estimators of the form 
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n 
m (z) = V W(n,i,z)h(Y(i)), (3.8) 
n-

where W(n,i,z_) = W(z,Z_(l),. . . ,Z^n)) is a weight function. 

This weight function not only allows that more 

weight be given to observations close to z^ than to those 

neighbors far from but also allows weighting with respect 

to the direction. The estimator in Equation 3.8 reduces to 

the Watson kernel estimator by appropriate choice of weight 

functions. Let 

K(z_) = (27T)d//2 exp(-(z^ + z^ + . . . z^)/2). 

(3.9) 

The nonparametric Watson kernel regression estimator of m(zj 

then is 

n 
I h (Y (i) ) K ( (Z (i) -z) /a (n) ) 

rh (z) = (3.10) 
n — n 

I K ( (Z_(i) -z) /a (n) ) 
i = l 

where a(n) is a positive number chosen by the user. 

Stone derived a set of general conditions on these 

weight functions W(n,i,sO in order to obtain an 

Lp-consistent estimator ^n(^) °f the regression function 

m(Zj. That is, an estimator is said to be Lp-consistent if 

E | rhn (_Z) - m(Zi)|P - > 0 as n -> °°. (3.11) 



Stone's work gives minimal conditions for this type of 

consistency, e.g., if k(n) -> 00 and k(n)/n -> 0 then the 

k-NN estimator in Equation 3.7 is consistent in Lp. Stone 

proved that for any regression function m(z^) that is j times 

differentiable, there is an upper bound for how fast ^n(^) 

can converge to m(jz) in the Lp norm. This can be expressed 

as 

E|mn(_z) - m(_z)|^ = 0(n~r), (3.12) 

where the rate r = 2j/(2j+d) and d is the dimension of the 

feature vector. For the k-NN estimator defined by Equation 

3.7, Mack (1981) showed that if m(z^) is twice differentiable 

(  4  /  4 +cl)  and k(n) increases as n the optimal rate is actually 

obtained. 

3.3 Nonparametric Estimators for Time Series 

In the previous section it has been assumed that the 

observations are i.i.d. The following section is a review 

of results which extend the k-NN and the kernel methods to 

infer regression functions from sequences of random 

observations that are not i.i.d., in particular for 

sequences that satisfies that Markov assumption. 

Before stating essential results, a few definitions 

will be needed. 

A time series V(n) (V(n) may be vector-valued) is 

said to be a Markov process of order d if for every n the 



distribution of (V(n)|V(n-1), . . . , V(n-d)) is the same as 

the distribution of (V(n)|V(n-1), . . . , V(n-d), V(n-d-l), 

, V(1)). Furthermore, if the distribution of V(n) 

does not depend on the. time n, then the time series is said 

to be stationary. 

A stochastic process is said to be mixing if the 

dependence of two statements of the process decreases 

sufficiently fast as the distance between them increases. 

The mixing condition of particular interest here is the 

so-called G2 condition, which was introduced by Stone 

(1979). Let {V(i)} be a stationary Markov process of 

order d. Then the G2 condition is satisfied if for some 

integer v and a real number r < 1 and any bounded continuous 

function h the following condition is satisfied 

E(E(h(V(v),V(v+1), . . . ,V(v+d))|V(1),V(2), . . . ,V(d))2 

< r2E(h(V(1), V(2), . . . ,V(d)). (3.13) 

Recall that a minimum variance unbiased predictor of 

V(n) given past observations _Z(n-l) of the process is given 

by the conditional expectation of V(n) given Z_(n-1). In 

particular, if {V(n)} is a Markov process of order d then 

the minimum variance unbiased estimator of V(n) is the 

conditional expectation of V(n) given 



(V(n-l), . . . , V(n-d)), 

i.e., 

E(V(n)|V(n-1), . . . , V(n-d)). (3.14) 

The following results of Yakowitz (1985a, ta, c) will 

serve as a foundation for this study. Let {V {i) } be a 

stationary ergodic Markov process of order d. 

Let _Z(i) = (V(i), . . . , V(i-d+l)) and let ron(j±) be 

the Kernel regression estimator defined in Equation 3.10 of 

the regression function 

m(jz) = E ( h (V( n) ) | V ( n-1) = v(n-l), . . . , V(n-d) = v(n-d)) 

= /h(v)f(v|z)dv. (3.15) 

Assume, further, that m(z^) and the stationary pdf-n(z) of the 

random vector _Z(n) are bounded and twice continuously 

dif ferentiable and that m(Z_(i)) and h(Y ( i + 1) |_Z ( n) = z) have 

finite fourth moments. If a(n) is a sequence of numbers 

such that 

n(z(n))^ -> 00 and na(n)^+^ -> 00 

then for any z such that ir(z) > 0 

n(a(n)d)1//2 (mn(_z) - m(jz)) (3.16) 

is asymptotically normal, with mean zero and finite 

variance. Moreover, with appropriate choice of bandwidth 

parameter, a(n), Yakowitz (1985b) showed that the 
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Watson-kernel estimator, fn (z_) of m(jz) converges in 

quadratic mean and that the convergence takes place with the 

Stone's optimal rate. Yakowitz also showed that a standard 

ARMA process with white noise terms can be embedded in a 

process that satisfies the G2 condition and concluded that 

Watson kernel regression estimators can be used to obtain 

asymptotically consistent, in mean square error, estimators 

of the ARMA predictors. 

Coulomb (1984) also considered the problems of 

inferring the autoregression function of a p-th order AR-

process. Under stronger mixing conditions than used by 

Yakowitz, he was able to obtain strong consistency results. 

That is, he showed that the kernel regression and the k-NN 

estimators converge uniformly, with probability one, to the 

regression function m(z^) . 

The following theorem is due to Yakowitz (1985b): 

Let {V(i)} be a stationary Markov process of order d 

satisfying the G2 condition. Let ^n(^) be the k-NN 

estimate of the regression function m(zj where k(n) is 

chosen to be proportional to n^^^+c^. If ir(_z) and 

f(v|z_) are twice continuously dif f erentiable and the 

variance of V(n+1) given _Z(n) = z is a continuous, then 

for any _z in the support of T T, the expected square error 

n/a . . . \\ 2 —4/(4+d). E(mn(zJ-m(z)) = 0(n ). 
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Moreover, Yakowitz also showed that the rate of this 

convergence is optimal in the sense that it attains the best 

obtainable convergence rate which is given by Stone ( 1979 ) 

for nonparametric regression estimators. 

Without the G2 condition, but with ergodicity, 

Yakowitz estimator is still consistent but no rates on the 

convergence have been obtained. For this reason and the 

fact that the k-NN estimator can be interpreted in the 

context of patter recognition (this will be shown next) the 

k-NN estimator of Yakowitz is of particular interest in this 

study. 

3.4 Pattern Recognition and the Prototypical 
Flood Warning Problem 

In this section, it will be shown how the k-NN 

nonparametric regression estimation methods can be 

interpreted as pattern identification methods and used for a 

rather general class of decision problems in the context of 

Markov processes. 

3.4.1 Elements of Bayesian 
Decision Theory 

Before discussing the pattern recognition problem, 

some elements of Bayesian decision theory will be 

introduced. 

Using standard notation (Degroot, 1970), let f(y|_z) 

and f(y,z^ be, respectively, the joint and the conditional 



probability density function of the random variables (Y,_Z) 

and (Y| Z = z) . The decision maker observes the random 

variables Z and must make a decision; the consequences of 

this decision will depend on the outcome of the unobserved 

value of the random variable Y. Let P be the set of all 

possible decisions and L(y,jz,p) be the loss (or rev/arc?.) 

incurred from the decision pep and the outcome Y = y. Let 

L(z^p) be the expeicted loss given Z = z and the decision p, 

i.e., 

L(z,p) = E(L(Y,z,p)) = L(y,_z,p)f (y|z)dy. (3.17) 

The optimal Bayes decision, p*, is the decision that 

minimizes the expected loss, i.e., 

L(z,p*) = inf E(L(Y,z,p)). (3.18) 
p6P 

3.4.2 k-NM Pattern Recognition 
in Markov Processes 

Let {V {i) : i=l _<_ i <_ n} be a stationary ergodic 

Markov sequence of order d. For pattern classification, it 

is assumed that V(i) belongs to a finite set of patterns P = 

{1, 2, . . . . , M}. At each time t, the decision maker 

observes the random vector ^(i) = (V(i), . . . , V(i-d+l), 

the distribution of which depends on the unobserved pattern 

of V(i + 1). The objective is to choose a pattern p that 
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would minimize the expected value of some loss function 

L(y,z,p) , where L(y,j:,p) is the loss incurred for choosing 

pattern p, when the random variable V(i+1) given Z(i) = z(i) 

actually belongs to pattern y. That is, choose d*eP such 

that 

L(z^p*) = min E (L (V ( i + 1) ,_z , p) 
p6P 

M 
= min I L(y,_z,p)P(V(n+l) 6y | _Z ( n) = z). 
pep y=l 

(3.19) 

Note, in the case the conditional probability density 

function is known the choice of pattern class is equivalent 

to the previously formulated decision problem. 

In the case the conditional probability density 

function, £{y\z) is unknown, the k-NN pattern method, which 

will be described next, provides a rule for selection of 

pattern. This rule is based on past correctly classified 

observations and the loss function L(y,_z,p). Let {V (i) : 1 

i <_ n-1} represent the historical data and assume that each 

observation is classified correctly as belonging to some 

pattern pSP. Let _z be the value of the observed feature 

vector Z^(n) and let B(n:z^ be the d-dimensional ball 

centered at z containing the k(n) closest nearest neighbors 

of z from the observations {_Z(i): i = 1, . . . , n-1}, and 

let 
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P (yIz ) (3.20 ) n 1 — 

be the relative frequency of the k(n) nearest neighbors of 

{Z (i): 1 _<_ i _<_ n} that are classified as belonging to 

pattern y. 

The k-NN rule selects the pattern associated with 

the unclassified observation ZJn) = z such that the 

following risk function is minimized 

M 
a ( Z,p) = I L(y,_z,p)f> (y|z). (3.21) 

Y=1 

•The k-NN rule was first introduced by Fix. and Hodges (1951). 

For the case that the random variables (_Z (i) , V(i)) are 

i.i.d., they proved that if 

k(n) -> and k(n)/n -> 0 (3.22) 

then ftn(£,p) is a consistent estimate of the Bayes risk 

function 

M 
R(z,p) = I L(y,z,p)P(V(n+l)ey|_Z(n) = z) . 

Y=1 
(3.23) 

In the case the V(i)'s constitute a Markov process 

of order d, satisfying the assumptions in the theorem of 

Yakowitz (1985b), then the nonparametric k-NN estimate of 

the loss function L(y,z,p)P(y|z) given by 
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L(y, z,d)P (y | z.) = I l/k(n)L(y,_z,d)I(V(i + l)Gy) 
{i : Z (i) SB (n: z) } 

(3.24) 

where I(V(.i + l)0y) = 1 if V(i+l)€y, and zero otherwise, con

verges in mean square to L( y, z , d) P ( V( n+1) 6y\Z( n) = _z ( n) ) , as 

n tends to infinity. 

3.5 Comparison of Nonparametric 
Regression Estimators with Classical 

Second-Order Estimators 

At this stage some of the major differences betwen 

the nonparametric estimators and the second-order estimators 

will be summarized. 

First, recall that the objective is to infer a 

predictor function of the form 

m(:z) = E ( h (V ( n+1) ) | _Z( n) = z) , 

where V(n) is a stochastic process and Z(n) is a vector 

containing the historical record of the process. 

The main features of the nonparametric regression 

estimators are: 

1. The regression function is not assumed to satisfy 

the standard assumptions allowing second-order 

estimation techniques. That is, no explicit form of 

the functional relationship betwen V(n+1) and Z^(n) 

is assumed. 
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2. Under rather nonrestrictive assumptions, such as 

ergodicity, stationarity, and continuity, the 

nonparametric estimates of the regression function 

m(^) converge in mean square as n tends to infinity. 

3. If {V(n)} is an ergodic Markov process satisfying 

certain mixing conditions, then the nonparametric 

estimators converge in mean square with a rate that 

is optimal in the sense that no other nonparametric 

estimator can converge faster. 

4. Nonparametric methods can be used to infer rather 

general loss functions. For example, in the 

prototypical flood warning problem then the loss 

function is a step function and not quadratic. 

5. A drawback of the nonparametric estimators compared 

to second-order estimators is the slightly slower 

convergence rate. 

So far only certain theoretical properties of 

nonparametric methods have been discussed. The particular 

advantages and disadvantages when applying these models for 

rainfall-runoff forecasting is deferred to the end of the 

next chapter. 



CHAPTER 4 

APPLICATION OF THE K-NN METHODS TO 
RAINFALL-RUNOFF FORECASTING 

4.1 Introduction 

The purpose of this chapter is to give a detailed 

description of the application of the k-NN methods to 

rainfall-runoff forecasting and to show how ideas from 

pattern recognition apply to the prototypical flood warning 

problem. To illustrate the ideas and the problems involved, 

these methods will be applied to several synthetically 

generated data sets. 

The outline of this chapter is as follows. Section 

4.2 describes the application of k-NN methods to 

least-squares rainfall-runoff forecasting and flood warning. 

Section 4.3 addresses the questions whether the assumptions 

required to obtain consistency are valid in the context of 

rainfall-runoff forecasting. In Section 4.4 a method for 

calibration of the k-NN estimators is proposed. In Section 

4.5 the k-NN forecasting technique is applied to simulated 

data. 

48 
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4.2 The Application of the k-NN Techniques 
for Least-Squares Rainfall-Runoff 
Forecasting and Flood Warning 

Let {X(i),Y(i)): 1 _<_ i _<_ n} be random variables 

representing rainfall and runoff, respectively. It will be 

assumed that there exist two integers, p and q, such that 

the sequence {Z^(i)} where the Z(i)'s are vectors of the form 

Z_(i) = ( Y ( i ) , . . . , Y( i-p+1) ,X( i ) , . . . ,X(i-q + l)) 

(4.1) 

constitute a Markov process. Let h be the coordinate 

function defined by 

h(Z(i)) = Y(i). (4.2) 

A minimum variance unbiased prediction of Y(n+1) given _Z(n) 

= jz(n) is then given by the conditional expectation of 

Y(n+1) given _Z(n) = z(n) , i.e., 

m(zj = E(h(Zi(n+l) ) |_Z(n) ) = E (Y ( n+1) | _Z ( n) = z^(n)) 

(4.3) 

In view of the discussion in Chapter 3 and the 

formulation of the 1-step-ahead least-squares forecasting 

problem, Equation 4.3, it is now easy to see how the k-NN 

nonparametric methods can be applied. 

Let B(n:^) be a (p+q)-dimensional ball in pv'P+c3^ 

containing -the k(n) nearest neighbors, JZ(i) of z measured 
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in Euclidian distance. The k-NN dstimate of the regression 

function m(z^) is then given by 

ni (z) = I h(Z(i+l))/k(n), 
{i :Z_(i) SB (n: z) } 

(4.4) 

where k(n) is defined as in the theorem of Yakowitz in 

Chapter 3. 

Similarly, the solution to the prototypical flood 

warning problem defined in Chapter 1 can be obtained by 

choosing the function h as follows: 

!1 if y(n) > T 

0 if y(n) 1 T, (4.5) 

and apply the estimator in Equation 4.4. 

4.3 Assumptions and Their Validity 

Recall the theorem of Yakowitz, stated in Chapter 3. 

The convergence results of the nonparametric estimators were 

obtained under the assumption that the underlying process 

constitutes a stationary, ergodic Markov process satisfying 

the G2 mixing condition. 

The following two sections discuss the validity of 

the assumption made and problems involved with the 

calibration of the k-NN estimators. 
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4.3.1 Stationarity 

The assumptions of stationarity, i.e., that the 

probability density functions f(y|z^ and TT(.Z) of the random 

variables (Y( i + 1) |_Z ( i ) = z(i)) and ^(i), respectively, do 

not depend on the time, n, is, in general, not valid for the 

rainfall-runoff process, because of seasonal variations. 

However, to avoid seasonal variability, the historical 

record will be seasonalized, i.e., each' season will be 

studied separately. Thus, the assumption that the process 

is approximately stationary will be assumed valid. 

4.3.2 Mixing Conditions 

Consider the random vectors { Z (  i) ) : 1_< i£n) } . If 

these vectors were observations of a stationary process of 

independent random observations the classical law of large 

number guarantees the convergence of the nonparametric 

estimators. In the application to rainfall-runoff forecast

ing the observations are clearly not independent. 

As pointed out in Chapter 3, mixing conditions are 

rather technical assumptions used to show that the depen

dency between two random variables of the time series is 

asymptotically negligible as the time between them becomes 

large. Under these mixing conditions the nonparametric 

estimators in time series behave similar, in the limit, to 

nonparametric estimators in the i.i.d. case. Coloumb (1984) 

used the so-called 56-mixing to obtain strong consistency 
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result, i'.e., he showed that the nonparametric kernel and 

k-NN estimators of the regression function converge 

uniformly with probability one. 

Yakowitz (1985) assumed the less restrictive mixing 

condition referred to as G2-mixing. If this G2 condition is 

satisfied or if the dependence between two observations 

decreases sufficiently fast as the time between them 

increases, one would also expect that this estimator would 

converge in mean square with a rate equivalent to the best 

attainable rate obtained by Stone (1979). 

In the case of rainfall runoff forecasting within 

the watershed framework, the assumption that the G2 or any 

other mixing condition is satisfied does not seem overly 

restrictive. Even in the case the G2 mixing condition is 

not satisfied, one can rely on the results of Yakowitz 

(1985a). As pointed out in Chapter 3, Yakowitz has shown 

that one can obtain consistent k-NN estimates without mixing 

assumptions. However, rates of convergence can no longer be 

assured. 

4.3.3 The Markov Assumption 

Let {V( i) : l_<_i_<n} be a stationary ergodic process. 

The assumption that V(i) is a Markov .process of order p 

implies that the distribution of 

(V(n+1)|v(n),V(n-1),...,V(n-p+l) 
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is the same as the distribution of 

(V(n+1)|V(n),V(n-1),...,V(n-p),V(n-p-l),...,V(0))). 

In case of rainfall-runoff, the Markov assumption 

appears very natural and it has been used by several 

hydrologists; see, for example, Krzystofowicz et al. (1983) 

and references therein. 

The Markov assumption is appealing for several 

reasons. First, it allows the estimation of quantities such 

as P(Y(n+l) < T|_Z(n) = :z(n)) and so can be used for any deci

sion problem; not just for linear least-squares forecasting. 

Second, the Markov assumption can easily be extended to 

incorporate additional information such as soil moisture, 

weather forecasts, etc. Third, the Markov assumption 

appears to be less restrictive than the assumptions used in 

second-order estimation theory. 

4.4 Calibration of the k-NN Estimator 

In the application of the k-NN method the user has 

certain options in the choice of 

1. the feature vector, 

2. the metric for measuring the distance between 

nearest neighbors, and 

3. the number, k(n), of nearest neighbors. 



• 54 

4.4.1 Choice of Feature Vector 

The choice of feature vector is similar to the 

problem of choosing the order and the structure of a linear 

model. , It is probably the most, important factor in 

obtaining an efficient predictor. Selecting an appropriate 

feature vector requires a careful tradeoff between a good 

description of the process and parsimony of variables. 

Also, a feature vector that is too big will result in a 

larger prediction error. This follows from the fact .that 

the quadratic convergence rate of the estimator depends on 

the dimension of the feature vector. Several tests for 

inferring the order of a Markov process have been developed 

by Billingsley (1967) and Denny et al. (1974), among others. 

The basic approach taken in this study for selecting a 

feature vector is to compare the performance of models with 

different feature vectors, i.e., to compare residual mean 

square prediction errors to see if higher order models are 

worthwhile. 

4.4.2 Choice of Scale Factors 

The second option is that of choosing an appropriate 

metric to measure the distance between two observations. If 

each coordinate is measured in the same units and each is of 

equal importance, then the natural choice would be the 

Euclidean metric. That is, the distance between two vectors 

x and y. measured as 
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« d ^ 
||x-yI I  = I (x(i)-y(i)) . (4.6) 

i = l 

In the rainfall-runoff forecasting application, it 

seems reasonable to assume that some of the coordinates of 

the feature vectors are more important than others. For 

example, consider the prediction of tomorrow's runoff. It 

seems likely that the coordinates representing today's value 

should be more important than one representing yesterday's 

and the day before yesterday's values, etc. Thus, one would 

like to have a metric that reflects the relative importance 

of the individual coordinates. As an example, one can use a 

metric of the form 

| | x~Y. | | 2 =1 a(i)(x(i)-y(i))2 (4.7) 
i=l 

where each coefficient, a(i), weighs the relative importance 

of individual coordinates. Thus, in this study the "choice 

of metric" is equivalent to using a Euclidean metric and 

choosing factors a(1),...,a(d) to scale the coordinates of 

the feature vectors. 

Choosing "optimal" values for each a(i) is a 

nontrivial problem. In this study the following procedure 

for choosing these scale factors is proposed: First, split 

the calibration data set, {y(i),z(i): 1 _<_ j _<_ n} into two 

parts, a learning set consisting of the first N observations 

and a validation set consisting of the remaining n-N observa
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tion. For each observation, ( y ( j ) ,z_ ( j ) ) in the validation 

set define mN(.z(j),a) to be the value of the k-NN estimate 

constructed from the data {y(i),x(i): 1 _<_ i _<_ N} which 

belong to the calibration set and where a = (a(i), 

,a(d)) are the coefficients that determine the particular 

metric. Define 

n . 
H(a ) = I (h(y(i + 1)) - m (z(i),a)) . (4.8) 

i=N+l 

The objective here is to choose an a such that K(a) is 

minimized. Unfortunately, standard optimization methods 

based on gradient direction searches cannot be used since 

H(a) has zero partial derivatives almost everywhere. In 

this study, the following nonlinear optimization algorithm 

to obtain an a such that H(a) is minimized is suggested: 

The method uses the coordinate axis d.efined by a = (a(l), 

,a(d) as search directions. More specifically, the 

method searches along the directions of D. where D. is a 
J J 

vector of zeros except for a one at the j-th position. 

Thus, along the direction of the variable a(j) is 

changed, while all other variables are kept fixed. 

4.4.3 Choice of the Number of 
Nearest Neighbor, k(n) 

Finally, the third option requires choosing a 

suitable value of k(n), the number of nearest neighbors. To 

assure that the k-NN estimators converge in mean square 



57 

error, the theorem in Yakowitz (1985) tells us that the size 

k(n) should be proportional to 

nr where r=(4/(4+d), (4.9) 

where d is the dimension of the feature vector. The "best" 

number of nearest neighbor k(n) will also be selected by the 

split sample method. 

4.5 Simulation Experiments 

In the following experiments the k-NN estimator is 

tested on synthetic generated data set. The purpose of 

these experiments .is to illustrate the method used for 

calibration and to demonstrate some of the features of the 

k-NN technique. 

4.5.1 Experiment 1 (Least-
Squares Forecasting 

In this experiment the data were generated from a 

known ARMAX model given by 

Y(t)=2.18Y(t-l)-1.493Y(t-2)+.293Y(t-3)+.142X(t-l) 

+.214X(t-2)-.212X(t-3)+D(t). (4.10) 

D (t) is a disturbance which is independent of the input 

process generated by the moving average relation 

D(t)=a(n)-l.08a(n-1)+.288a(n-2), (4.11) 
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where {a(n)} is an i.i.d. noise process with zero mean. 

This model, described by Akiake (1978), is said to 

approximate the yawning response of a ship to rudder input 

under a stochastic environment. Following the experiment of 

Akiake, the noise sequence {a(n)} and the inputs {X(n)} were 

selected randomly from two Gaussian distributions with zero 

means and variances .36 and 25, respectively. The Gaussian 

observations were generated by a Box-Muller transformation 

(Hogg and Craig, 1978). 

Two sets of experiments were performed using 

different length of the calibration set and different test 

sets. The following sets were used: 

Calibration Set Test Set 
Sequence Number Sequence Number 

Experiment 1 1-1000 1000-1100 

Experiment 2 1-2000 2000-2100 

To select a "best" model a split sampling procedure 

was used. That is, the calibration set was partitioned into 

a learning set and a verification set. Using the algorithm 

described in previous section, the estimators were chosen as 

the one giving the smallest mean square prediction error 

over the verification set. The following k-NN estimators 

were obtained: 
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Experiment 1 

Feature vector = (X(i ) ,X(i-1),Y(i),Y(i-1),Y(i-2) 

Number of nearest neighbors = 4 

Scale coefficients = 2.75, 1.25, 16.75, 0.50, .013 

Experiment 2 

Feature vector = (X(i),X(i-1),Y(i),Y(i-1),Y(i-2)) 

Number of nearest neighbors = 5 

Scale coefficients = 2.25, 1.75, 26.25, 0.50, .0625 

In order to see how well the k-NN method can predict 

one-step-ahead ship response to a rudder input, it was 

compared to the predictions of an ARMAX predictor. 

In this experiment the parameters of the ARMAX 

predictor was estimated using a recursive Maximum Likelihood 

method developed by Ljung (1983). The order of the model 

was chosen to be identical to original model from which the 

data were generated. The result of these comparisons is 

shown in Table 4.1 and Figures 4.1 and 4.2. 

Table 4.1. Comparison of MSE of the k-NN and 
the ARMAX estimates. 

Test Set k-NN ARMAX 

1 0 0 0 - 1 1 0 0  

2 0 0 0 - 2 1 0 0  

1. 82 

1. 55 

0 .  6 2  

0 .  6 2  
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Figure 4.1. Comparison of ARMAX and k-NN one-step-ahead 
predictions on test set 1. 
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Figure 4.2. Comparison of ARMAX and k-NN one-step-ahead 
predictions on test set 2. 
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The ARMAX estimator resulted in smaller MSE than 'the 

k-NN estimators. This was expected, since (1) the ARMAX 

predictor was chosen to have the same linear form as the 

model from which the data was generated, and (2) under the 

Gaussian assumption, the predictor which was obtained by 

recursive parameter estimation method is known to converge 

to the optimal minimum variance estimator (Ljung, 1983). 

However, comparing the graphs in Figures 4.1 and 4.2, it is 

clear that the k-NN estimates performed rather well. 

Of particular interest right now is to look in 

detail at the nearest neighbors and their successors which 

were used to form the estimates in the previous experiment. 

Consider the one-step-ahead estimates of the points 

of the sequence marked by 2033-2035. The nearest neighbors 

used for computing the nonparametric estimates at these 

points are shown in Figure 4.3. 

Since this type of graph will be used in subsequent 

chapters, a detailed explanation of how it should be 

interpreted is given next. The dotted lines (I) mark the 

runoff of the past three days. The end point at the 

right-hand side represents the true value of the output at 

time n+1, i.e., the value to be predicted. The solid lines 

represents the nearest neighbors and their successors. The 

predictions are formed by averaging over the successors of 

the nearest neighbors. 



Figure 4.3. Graphical representations of nearest neigh
bors and their successors. 

a. For event 2033. 

b. For event 2034. 

c. For event 2035. 
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Neighbors Rainfall 
(n-U 

Rainfall 
tn) 

Runoff 
<n-2> 

Runoff 
(n-U 

Runoff 
(n) 

Runoff 
(n-t-1) 

Feature 
Vector 

2.24 -5.01 -2. 47 3.62 7.19 9.27 

2.44 0.47 -2.24 2.26 7.23 11.90 

0.91 -2.72 -3.46 3.70 6.18 10.10 

Nearest 

Neighbors 
3.77 -3.97 0.21 3.59 7.97 11.11 

0.55 -1.36 -1.14 1.19 6.45 9.32 

0.419 -6.06 -2.61 2.10 8.30 11.95 

Y(1-1) Y(I-2) 

predicted 

a ct u a I 

N E A R E S T  S U C C E S S O R S  
NEIGHBORS 

Figure 4.3a. For event 2033. 
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Neighbors Rainfall 
(n-1) 

Rainfall 
(n) 

Runoff 
(n-2) 

Runoff 
(n-1) 

Runoff 
(n) 

Runoff 
(n+1) 

Feature 
Vector 

-5.01 2.95 3.62 7.19 9.27 9.41 

-5.53 4.71 5.44 8.50 9.39 9.40 

-4.88 -3.81 4.53 ' 7.73 8.65 7.5S 

Nearest 

Neighbors 
-6.61 2.85 5.84 7.41 8.43 6.72 

3.36 0.18 6. 45 9.05 10.00 10.50 

4.01 7.29 5.77 7.17 8.17 8.36 

Y(I-1) Y(I-2) 
actual 

predicted 

U-O 
U. 

N E A R E S T  S U C C E S S O R S  

N E I G H B O R S  

Figure 4.3b. For event 2034. 
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Neighbors Rainfall 
(n-1) 

Rainfall 
(n) 

Runoff 
(n-2) 

Runoff 
(n-1) 

Runoff 
(n) 

Runoff 
<n*l) 

Feature 
Vector 

2.95 -2.18 7.19 9.27 9.41 11..',0 

2.88 -2.11 9.40 8.14 10.00 10.61 

1.71 05.33 7.07 8.06 9.86 10.83 

Nearest 

Neighbors 
1.66 -0.99 5.24 8.12 9.36 12.05 

3.69 -7.61 8, .23 7.79 9. 43 9.46 

2.79 0.00 9.55 9.96 8.74' 8.00 

Y(H) Y(I-2) a ct u a 1 

pred i ct e d 

LuO 
LL 

S U C C E S S O R S  N E A R E S T  
N E I G H B O R S  

Figure 4.3c. For even 2035. 
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Since 'the rainfall coordinates of the feature vector 

cannot be shown in these figures, the numerical values of 

the nearest neighbors and their successors are also shown in 

Figure 4.3. 

From these tables and graphs, it can be concluded 

that the nearest neighbors do provide information about 

future output. The closeness of the successors of the 

nearest neighbors expresses the idea that objects that look 

alike should behave in a similar way. It is also 

interesting to note that (see Figure 4.3) the true values of 

the outputs at times n+1 were contained within the range of 

successors of the nearest neighbors. 

4.5.2 Experiment 2 
(A Decision Problem) 

Recall the formulation of the prototypical flood 

warning problem. The main obstacle toward solving this 

problem is that of inferring probabilities of the type 

P(Y(n+l)>T|Z(n)=z) (4.12) 

where T is some arbitrary but fix number. The equivalent 

problem is to infer a regression function m(z^) of the type 

m(z)=E(hT(Y(n+l)|z(n)=z(n)) (4.13) 

where hT(y) is an indicator function given by 

hrj, ( y) = 1 if y 2. T/ an(3 o otherwise. (4.14) 
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For purpose of demonstration, again consider the 

data generated in the previous experiment and take the 

critical level to be T = 10. The learning set is taken to 

be the first 2000 observations and the test set consists of 

the sequence of observations from 2000 to 2100. The 

objective here is, at each time n, to estimate the 

probability that the output Y(n+1) at time n+1 is greater 

than T. 

• First each point of the historical record (the 

calibration set) was classified as being a flood or no flood 

event depending on whether h(y(i+l) associated with the 

feature vector jz(i) was 0 or 1. .Taking _Z(i) to be the same 

feature vector as in the previous experiment, the 

probabilities P(Y(n+1)>T\z(n)=z) is then estimated by 

P (Y(n+1)>T|Z(n)=z)= £ (1/5 )h(y(i + 1)) 
{i : Z_(i) SB (n: z) } 

(4.15) 

The results of the estimations are shown in Figure 4.4 and 

in Table 4.2. 

From Table 4.2 and Figures 4.3 and 4.4, one can see 

how the probability estimator behaves. At the point 2035 is 

the first time the output y(t) crosses over the critical 

level. At time 2034 the probability estimate that this 

would happen was P=0.6. A similar indicator is given at the 

next overcrossing, which occurs at time 2048. 
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Figure 4.4. k-NN one-step-ahead probability 
test set 2. 
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Table 4.2. Output level Y vs. probability of exceeding 
level T. 

Time (t) Output Level Y(n) P(Y(n)>T|Z(n-1)=z(n-1)) 

1 32.91536 1.0 
2 32.42857 1.0 
3 25.49277 1.0 
4 17'. 06842 1.0 
5 12.57214 1.0 
6 9. 75376 0.8 
7 7.03463 0.0 
8 4.70271 0.0 
9 3.83881 0.0 
10 4.31758 0.0 
11 6.08721 0.0 
12 5.94014 0.0 
13 3.99492 0.0 
14 3.26661 0.0 
15 1.85776 0.0 
16 -0 . 58637 0.0 
17 -3.35555 0.0 
18 -6.38073 0.0 
19 -9.54956 0.0 
20 -10.47804 0.0 
21 -10.87656 0.0 
22 -9.08585 0.0 
23 -9.18181 0.0 
24 -11.92487 0.0 
25 -15.9423 0.0 
26 -16.12508 0.0 
27 -12.96177 0.0 
28 -12.20773 0.0 
29 -9.46297 0.0 
30 -5.84446 0.0 
31 -2.47413 0.0 
32 3.62360 0.0 
33 7.19095 0.0 
34 9.26715 0.8 
35 9.41287 0.2 
36 11.42346 0.6 
37 12.28865 1.0 
38 13.9094 1.0 
39 11.91671 1.0 
40 9.40129 0.6 
41 6.71245 0.0 
42 5.27093 0.0 
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Table 4.2. -- Continued 

Time (t) Output Level Y(n) P( Y ( n) >T |_Z ( n-1) =z (n-1) ) 

43 1. 21467 0.0 
44 -2.64418 0.0 
45 -2.27659 0.0 
46 1.13900 0.0 
47 5.10252 0.0 
48 9.12727 0.0 
49. 12.07456 0.6 
50 14.31525 1.0 
51 16.73105 1.0 
52 17 . 0778 1.0 
53 15.00083 1.0 
54 14.43113 1.0 
55 12.12954 1.0 
56 10.82822 0.6 
57 7.09753 0.0 
58 5.13171 0.0 
59 6.84566 0.0 
60 5.07961 0.0 
61 3.05178 0.0 
62 1.38675 0.0 
63 1.89607 0.0 
64 1.08988 0.0 
65 0.06285 0.0 
66 -2.19979 0.0 
67 -0.82358 0.0 
68 2.18521 0.0 
69 1.21206 0.0 
70 -3.21023 0.0 
71 - -8.59578 0.0 
72 -12.14089 0.0 
73 -15.83459 0.0 
74 -19.46899 0.0 
75 -21.69901 0.0 
76 -24.40833 0.0 
77 -25.62192 0.0 
78 -29.63077 0.0 
79 -32.89534 0.0 
80 -34.38465 0.0 
81 -33.24663 0.0 
82 -32.00599 0.0 
83 -27.87909 0.0 
84 -23 . 47286 0.0 
85 -22.39952 0.0 
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Table 4.2. -- Continued 

Time (t) Output Level Y(n) P( Y ( n) >T |_Z ( n-1) =z ( n-1) ) 

86 -19.26542 0.0 
87 -17.90191 0.0 
88 -14.24378 0.0 
89 -10.47209 0.0 
90 -7.08881 0.0 
91 -8.15435 0.0 
92 -7.00116 0.0 
93 -7.03264 0.0 
94 -7.52400 0.0 
95 -4.46870 0.0 
96 -1.09283 0.0 
97 2.17480 0.0 
98 4.70025 0.0 
99 7.15313 0.0 
100 5.10820 0.0 
101 5.03801 0.0 
102 3.45864 0.0 
103 2.37168 0.0 
104 2.23406 0.0 



CHAPTER 5 

A COMPARISON OF DIFFERENT MODELS ON 
REAL RAINFALL-RUNOFF DATA 

5.1 Introduction 

In this chapter the k-NN methods will be compared 

with several other models on real rainfall-runoff data. The 

models that v/ill be compared to the k-MN estimators are: 

1. the unit hydrograph, 

2. ARflAX models, and 

3. the Sacramento watershed model. 

5.2 Description of the Data 

Two data sets were used for these experiments. The 

first comes from Cochocton, Ohio and the second from Bird 

Creek, Pennsylvania. To make the comparison as fair as 

possible, we used the "split sample" method as described in 

Chapter 4. Each model was calibrated on the first part of 

the data set and compared by computing the mean square 

prediction error over the test set. 

5.2.1 Coshocton Watershed 

Location: Ohio 

Size: 303 acres 

Rain gauge: 000108 

72 



Runoff gauge: 

Length of Record: 

26030 

1939-1964 (recorded in break point 

format) 

Units: 

Runoff: ft^/s 

Rainfall: inches 

The Coshocton data set was provided by the 

Agricultural Research Service (ARS). Since the data were 

recorded in breakpoint format, i.e., a recording was made at 

every time point when a change occurred, the data was first 

discretized into equally spaced (12-hour) intervals. 

The data set was then plotted and scanned to detect 

seasonal variations. The data showed to distinct seasons 

and for purpose of these experiments the period February to 

April (inclusively) were used for this study because these 

periods showed the most activity. Figures 5.1a and 5.1b 

show plots of the rainfall and the runoff for t-hc years 1939 

and 1940, respectively. 

For this particular watershed, the calibration set 

consisted of seasonalized (February-April) data from the 

years 1939 to 1960, and the prediction test set consisted of 

seasonalized data from the remaining years, i.e., years 1961 

to 1964. 
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Figure 5.1. Rainfall-runoff, year 1939. 
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5.2.2 Bird Creek. 

Location: Ohio 

2 Size: 2344 km 

Length of Record: 2400 observations of runoff recorded 

at 24-hr intervals; 9600 observations 

of rainfall recorded at 6-hr inter

vals 

Units: 

Rainfall ram 

Runoff m^/s 

The Bird Creek data were recorded by the National 

Weather Service (NWS). The first 2000 runoff measurements 

were used for calibration and the remaining 400 for testing 

and comparison. Figures 5.2a, b and c shows graphs of the 

prediction test set. 

It is clear from these graphs that the 

rainfall-runoff response of this watershed is quite 

different from the Coshocton watershed. The rainfall-runoff 

response is much more regular. Also, there is approximately 

a 24-hour lag time between the peak of the rainstorm and the 

peak of the corresponding runoff response. The main reason 

for choosing this watershed was that we were able to obtain 

the NWS's Sacramento model, which was already calibrated on 

this data set. 
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Figure 5.2. Rainfall-runoff prediction test set, Bird 
Creek. -- (a) Test set 2000-2100; (b) Test set 
2100-2200; and (c) Test set 2200-2300. 



5.3 A Comparison of Models on 
Real Rainfall-Runoff Data 

5.3.1 Experiment 1 

In this experiment we compare the k-NN estimator to 

an ARMAX model and the Sacramento model on rainfall-runoff 

data from the Bird Creek watershed. The Sacramento model is 

a conceptual rainfall-runoff model, which has been developed 

by Burnash et al. ( 1970) at the California-Nevada River 

Forecast Center, Sacramento, California. We next describe 

the calibration procedure used for each model. 

5.3.1.1 Calibration of the Sacramento Model. The 

calibration of the Sacramento model was carried out by the 

National Weather Service in cooperation with the Department 

of Hydrology at the University of Arizona. For further 

details of the method used, we refer to the manual for the 

Sacramento Watershed model (Burnash et al., 1980). 

5.3.1.2 Calibration of the k-NN Model. To cali

brate the k-NN model the procedure described in Chapter 4 

was used. The learning set consisted of the first 1600 

observations and the verification set of the next 100 

observations. 

The feature vector was chosen to contain the past 

three days of runoff and the past two days of rainfall, 

i.e., 

Z(n)=(Y(n-2),Y(n-l),Y(n),X(n-l),X(n-2)). 
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where X(n) = average rainfall during the period n, with norm 

given by The corresponding scale coefficients, 

a=(al,a2,a3,a4,a5) that minimized the loss function 

1700 _ 
H(a) = I (y(i+l)-m1600(z(i),a,k)) . 

i=1600 

over the verification set is shown in Table 5.1 for 

different k. 

Thus the "best" 24-hour ahead K-NN predictor was 

found to be 

?(n+l) = mn(z(n)) = £ Y(i+l)/4 
{i:Z(i)SB(n:z)} 

wi th 

||Z(n)||2 = 7.25Y(n)2+3.50Y(n-l)2+7.00X(n)2+0.50X(n-1)2. 

Table 5.1. Calibration of the K-NN estimators. 

Optimal Value of the Scale 
Number Coefficients of Sum of the 

of Nearest Square Predic-
Neighbors Y(n-2) Y(n-l) y(n) x(n-l) x(n) tion Error 

k=3 0. 00 0. 50 2. 50 3. 75 7. 75 57, 433. 0 

II 0. 00 3. 50 7. 25 0. 50 7. 00 27, 482. 9 

k=5 0. 00 0. 00 5. 375 3. 50 5. 25 65 , 032 . 9 

k=6 1. 063 0. 00 1. 25 2. 88 7. 82 53, 232. 1 



5.3.1.3 Calibration of the ARMAX Model. Let ARMAX 

(k,l,n) denote an ARMAX model of the form 

y(t+1)=a(1)y(t)+...+a(k)y(t-k)+b(1)X(t)...+b(1)X(t-1)+ 

c(l)e(t)+...+c(m)e(t-m), 

where 

y(t) = runoff 

X(t) = rainfall 

{e(t)} are noise terms which are assumed to be i.i.d, and 

independent of the input. Once the order, k, 1, and m, of 

the model are determined, the parameters are estimated using 

a recursive parameter estimation method developed by Ljung 

(1983). To choose the "best" model order, several models of 

order (k,l,m), where k,l and m range from 1 to 4 were 

compared. The recursive estimation algorithm was 

initialized over the first 1600 observations. The sum of 

the squares of the prediction errors were then compared over 

the following 100 observations. Thus, exactly the same data 

set was used for calibrating the ARMAX model as was used for 

calibrating the k-NN estimator. The results of the 

calibration are shown in Table 5.2. 

Thus the "best" model was found to be an ARMAX 

(3,3,3). The k-NN, the ARMAX, and the Sacramento model were 

then applied to the prediction test set, i.e., the last 300 

observations of the data set. The results of this 
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comparison on the test set are shown in Figure 5.3 and in 

Table 5.3. 

Table 5.2. Comparison of SSE of different 
ARMAX models. 

Model SSE 

ARMAX(2,4,2) 45414.71 

ARMAX(2,3,2) 45211.63 

ARMAX(2,3,3) 40759.58 

ARMAX(3,3,1) 40392.94 

ARMAX(3,3,3) ' 38655.65 

ARMAX(4,3,3) 46715.79 



Figure 5.3. Comparison of 
the Bird Creek 

a. A comparison of k-NN, 
tions on Bird Creek for 

b. A comparison of k-NN, 
tions on Bird Creek for 

one-day-ahead predictions on 
test set. 

ARMAX., and Sacramento predic-
the period 2000-2100. 

ARMAX, and Sacramento predic-
the period 2000-2100. 

c. A comparison of k-NN, ARMAX, and Sacramento 
tions on Bird Creek for the period 2000-2100. 

predic-



81 

CO 
\ SACRAMENTO on 
£ 

uT 
LL 
O 
z: 480.0 
ZD 
QZ 

320.0 

160.0 

0.0, 
60.0 0.0 40.0 

( d a y s  
co 

ARMAX E 
640.0 

LL 
LL 
O 

160.0 

0.0, 

( d a y s )  CO 

m 
K-NN £ 

640.0 

LL 
LL 
O 

100.0 0,0 
( d a y s )  

T I M E  ( t )  

Figure 5.3a. Bird Creek, 2000 -2100. 



82 

LL. 
LL 
O 
z: 
ZD 
cc 

AA 

•V. m 
e  

U_ 
LL. 
O 
Z 
ZD 
CH 

LL. 
U_ 
O 
Z 
ZD 
QC 

-&JL 

SACRAMENTO 

ARMAX 

K-NN 

LL 
T I M E  ( t )  

•pradlctad 

- actual 

ea.o icao 
( d a y s )  

•pradlctad 

- actual 

loao 
( d a y s )  

predictad 

actual 

100.0 

( d a y s )  

Figure 5.3b. Bird Creek, 2100-2200. 



83 

800.0 

SACRAiMENTQ 
V) 

LL 
LL 
O 

ISO.O 

0.0. 
0.0 za o 

(days) 

ARMAX E 

u_ 
LL 
O 

predicted 

actual 

CC 

0.0 60.0 

K - N N  03 
m 

E w 940.0 
LL 

predicted 

actual 

LL 
O 

0.0 

(days) T I M E  ( t )  

Figure 5.3c. Bird Creek, 2200-2300. 



84 

Table 5.3. Sum of residual square errors over the 
prediction test set. 

Sequence No. k-NN Sacramento ARMAX 

1-100 

101-200 

201-300 

119,381 

274,826 

36,406 

390.683 

902.684 

88,904 

120,373 

390,650 

32,822 



5.3.2 Experiment Two 

In the next experiment we apply the k-NN model, the 

ARMAX models, and the unit hydrograph for predictions on the 

Coshocton watershed. Since there is little or no lag 

between rainfall and runoff response, we chose models of the 

form 

y(n+1)=f(x(n+1),x(n),...x(u-l),y(n),...,y((n-k))+e(n+1). 

That is, perfect knowledge of the rain for time period n+1 

is assumed. 

5.3.2.1 Calibration of the Models. To calibrate 

the ARMAX models and the k-NN estimators, the same method as 

described previously was used. The calibration set was 

split into two parts. The learning part constituted the 

first 17 years of seasonalized data and the verification set 

of the following year, i.e., year 1956. The results of the 

k-NN and the ARMAX calibration are shown in. Tables 5.4 and 

5.5, respectively. 

The best ARMAX model was found to be order (2,3,3), 

i.e., 

y(n+l)=a(l)y(n)+a(2)y(n-l)+n(l)x(n+l)+b(2)x(n)+b(3)x(n-l)+ 

c(l)e(t+l)+c(2)e(t)+c(3)e(t-l). 



Table 5.4. Calibration results of the k-NN estimators. 

Optimal Value of the Scale 
Number Coefficients of Sum of the 

of Nearest Square Predic-
Neighbors n(n-2) n(n-l) y(n) u(n-l) u(n) tion Error 

II 0. 00 1.25 0. 63 0. 00 5. 25 341. 4 

k=5 0. 00 0.063 2. 687 1. 625 2. 50 304 . 5 

k = 6 0. 00 0.25 3. 625 1. 75 3. 25 351. 2 



Table 5.5. Comparison of SSE of different 
ARMAX models. 

Model SSE 

ARMAX(2,4,2) 392.495 

ARMAX(2,2,3) 389.64 

ARMAX(2,3,3) 363.04 

ARMAX(3,2,2) 374.06 

ARMAX(3,3,3) 365.66 

ARMAX(2,3,4) 366.33 
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The "best" K-NN predictor was found to be 

y ( n+1) =m (jz ( n) ) = I Y(i + l)/5 
{ i:Z(i)6B (n: z) } 

with Z_( n) = ( X ( n+1) ,X(n) ,Y(n) ,Y(n-l) ) 

and norm determined by 

||Z(n)||2 = 2.5*X(n+1)2 + 1.625*X(n)2 

+ 2.69Y(n)2 + 0.625Y(n-1)2. 

5.3.2.2 Calibration of the Unit Hydrograph. In 

comparing the unit hydrograph model with the k-NN methods, a 

rather serious problem arises. As pointed out in Chapter 2, 

the unit hydrograph models require that baseflow (±) and 

excess precipitation x
s(i) to be estimated to account for 

nonlinearities in the rainfall-runoff relation. The method 

used here for calibration of the unit hydrograph is the one 

discussed in Chapter 2. 

The base flow was approximated by a straight line 

and the excess precipitation was estimated using the (6-index 

method. 

The unit hydrograph 

ys(t )=a(1)xg(t) + a(1)xg(t-1)+...+a(11)xg(t-k)+n(t) 
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with y (t) and (t) representing surface runoff and excess 

precipitation, respectively, was then calibrated over all 

rainstorms in the calibration set using a standard maximum 

likelihood method, FTVJENX, from the IMSL library. The order 

of the unit hydrograph was determined by calibrating several 

models of increasing order until no significant improvement 

in the SSE was achieved. The calibration of the unit 

hydrograph resulted in the following parameter estimates: 

a(0 ) =60 .06 4 a(l)=16.288 a(2)=11.381 a(3)=11.988 

a(4)= 8.795 a(5)= 7.411 a(6)= 6.457 a(7)= 3.796 

a(8 ) = 2.411 a(9)= 2.899 a( 10 )=0 . 559 a(ll)=0.010 

To predict the total runoff, y(t), the formula 

Y(t) = ys(t) + yb(t) 

was used. Next, the three calibrated models were applied to 

the prediction test set. The SSE resulting from applying the 

models are shown in Table 5.6 and in Figures 5.4, 5.5, 5.6 and 

5.7. 



Table 5.6. Comparison of SSE of the models 
over the prediction test set. 

Year UH ARMAX K-NN 

1961 1045.4 1167.2 927.8 

1962 127.2 127.1 133.9 

1963 1284.9 1327.4 1170.1 

1964 918.4 423.3 398.1 
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Figure 5.5. Comparison of the ARMAX, the unit hydrograph, 
and the k-NN estimates for year 1962. 
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Figure 5.6. Comparison of the ARMAX, the unit hydrograpth, 
and the k-NN estimates for year 1963. 
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Figure 5.7. Comparison of the ARMAX, the unit hydrograph, 
and the k-NN predictions for the year 1964. 
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5.4 Summary of Experimental Results 

The results of the forecasting experiments shows that 

the K-NN estimator, certainly is an alternative to the unit 

hydrograph, the Sacramento model, and the ARMAX models. In 

fact, the K-NN estimator appeared better in most instances. 

The comparisons of the Bird Creek showed that the K-NN 

estimator and the ARMAX model did much better than the 

conceptual Sacramento model. This is rather surprising, in 

view of the fact that the. historical record contains very 

little information; it contained very few rainstorms. Also, 

the conceptual model had an unfair advantage in the sense that 

it was calibrated on the prediction set as well as the 

calibration set. 

In comparing the k-NN estimator with the ARMAX 

estimator on the Bird Creek, the K-NN estimator did slightly 

better. However, the differences did not appear to be very 

significant. 

On the Coshocton watershed the k-NN estimator 

performed better than both the ARMAX and the unit hydrograph 

models. The graphs indicate, however, that none of the three 

models seemed to do exceptionally well. The reason for this 

seems to be the large noise in the data. It is also 

interesting to note that the ARMAX model actually performed 

better than the unit hydrograph predictor. Since the ARMAX 

estimator was applied directly to the data and not to base 
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flow and excess precipitation data, this result in itself is 

interesting. 

To see why all of these estimators failed completely 

to predict an increase in runoff at a few instances, one can 

look at the nearest neighbors. A comparison is also made to 

an event where the K-NN estimator did exceptionally well. 

Consider the following event where the predictors 

failed: 

Event 1, time period 58-60 1963 (Figure 5.5). 

The nearest neighbors of these events are shown in Figure 

5.8. 

At time 58 there was an increase in runoff. This 

came as a surprise to all of the predictors since the runoff 

during the past three days indicated a decrease in runoff. 

Moreover, no rainfall appeared on day 58 nor on the previous 

days. The successors of the nearest neighbors all indicated 

a constant or decrease in runoff. 

During the next two time periods the neighbors were 

not very close to the true feature vector and their 

successors are rather scattered. Thus, in this case one 

would not expect the prediction to be accurate. 

Next, consider the rain storm starting at time t=138 

during 1964 (see Figure 5.5). Here the K-NN does predict 

extremely well. Figure 5.9 shows the nearest neighbors for 



this event. In contrast to the previous case, the nearest 

neighbors are very close to the feature vector. Moreover, 

the successors give an accurate prediction of what really 

happened at time n+1. 



Figure 5.8. Graphs of the nearest neighbors and their 
successors for events 58 through 60, year 
1963 . 

a. Nearest neighbors per event 58, 1963. 

b. Nearest neighbors for event 59, 1963. 

c. Nearest neighbors for event 60, 1963. 
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Figure 5.8a. Nearest neighbors per event 58, 1963. 
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Figure 5.8b. Nearest neighbors for event 59, 1963. 
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Figure 5.8c. Nearest neighbors for event 60, 1963. 
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Figure 5.9. Graphs of the nearest neighbors and their 
successors for events 140, year 1964. 



CHAPTER 6 

SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS 

In this study a new method for rainfall-runoff 

forecasting has been investigated. The particular method of 

interest is a nonparametric regression method referred to in 

statistics as the k- nearest neighbor (k-NN) method. 

The approach to runoff forecasting in this disserta

tion is based on a Markov assumption. Let 

{X( i) ,Y( i ) ) : l_<_i_<n} be random variables representing rainfall 

and runoff, respectively, and .let 52(n) be a feature vector 

containing the past q days of rainfall and r days of runoff, 

i.e., Z_( n) = ( X ( n) , . . . ,X(n-q),Y(n), . . . , Y (n- r) ) . The Markov 

assumption requires that the condition distribution of 

(Z_(n) |JZ(n-l) ) 

is the same as the conditional distribution of 

(Z(n)|Z(n-l),Z(n-2),...,Z(0) ). 

If h(") is a Borel measurable function, then both 

least-squares rainfall-runoff forecasting and the proto

typical flood warning problems can be solved by inferring a 

regression function of the form 

102 
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E ( h(_Z( n+1) | Z( n) = z ( n) ) . 

The main arguments for making the Markov assumption 

were: 

1. The Markov model can be used to obtain conditional 

probabilities of event defined on Y(n+1). For 

example, the Markov assumption allows us to make 

statements such as "what is the probability that 

Y(n+1) is greater than some level T." Thus, with 

such estimates the Markov model can be used to infer 

certain types of decision problems. 

2. The Markov model can be easily extended to incorpor

ate auxiliary information such as soil moisture, 

snow melt, rainfall forecasts, etc. 

The main contribution of this study is the 

application of a very recently developed method for 

inferring regression functions, within the framework of 

Markov processes. Also,, in this study a method for 

calibration of the k-NN estimators was proposed. This 

method uses a nonlinear search algorithm for choosing 

appropriate scaling of the individual coordinates of the 

feature vector as well as choosing the number of nearest 

neighbors, k(n). It turns out, and this was shown by the 

experiments, that these considerations are rather crucial in 

obtaining a good predictor. 
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While the application in this study only concerns 

rainfall-runoff forecasting and flood warning, the ideas 

described here can certainly be applied in other areas of 

time series analysis. 

In this study the nonparametric methods were also 

compared to some commonly used methods for runoff 

forecasting. Based on theoretical arguments, the following 

conclusions were made: 

1. Classical models for rainfall-runoff forecasting, 

such as second-order models, which include linear 

transfer function models, the unit hydrograph and 

time series models, are not suitable for decision 

problems where the loss function is not quadratic. 

2. In the case of least squares forecasting, since it 

is well known that the rainfall-runoff process is 

not linear, second-order methods can only provide a 

linear approximation of the rainfall-runoff 

relationship. 

3. The numerical methods for calibration of multivari

ate linear models are rather complicated. 

Under the assumption that the rainfall-runoff 

process falls within the Markov assumption, then the 

nonparametric methods have several advantages over the 

second-order methods: 
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1. Nonparametric methods can be used for decision 

problems 

2. The nonparametric k-NN estimators will converge in 

mean square to the optimal minimum variance unbiased 

regression estimator. Note here that no assumption 

of linearity is made, nor is it assumed that an 

explicit functional relationship between the rain

fall and the runoff is known. Moreover, if the 

Markov process satisfies a certain mixing condition, 

then the nonparametric estimators converge to the 

true values with a rate that is optimal in the sense 

defined by Stone (1979). 

3. The k-NN technique is very easy to implement on a 

computer. 

From a practical point of view, and from the 

experimental results, the following conclusion was made. 

The nonparametric methods are certainly competitive 

to the unit hydrograph and the ARMAX models. In fact, the 

nonparametric methods resulted in more cases in a smaller 

least-squares prediction error. 

An interesting feature of the k-NN technique that 

was demonstrated is that it is possible to get an intuitive 

idea of the uncertainties attached to the estimates. In the 

case the nearest neighbors are not very "close to the 
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feature vector, one may conclude that there is a large 

uncertainty in the estimate. 

A problem in connection with the k-NN estimation is 

the prediction of extreme events. In these cases the 

statistical information contained in the historical records 

are, by definition, very sparse and thus one would not 

expect the estimates to be very accurate. However, similar 

dilemmas arise in using second-order methods to predict 

extreme events. Second-order estimates are only good for 

linear interpolation within the range of the data. Outside 

the range of the calibration set, second-order predictions 

are just extrapolations, and thus there is no reason to 

believe that these estimates should be very accurate unless 

the underlying model is known a priori. 

6.1 Recommendations for Future Studies 

An area where research is needed is the choice of 

feature vectors. By including more information in the 

feature vector, such as the soil moisture, baseflow, snow 

melt, rain forecasts, etc., it may be possible to predict 

runoff with better accuracy. The calibration of the k-NN 

estimators is another area where research is needed. In 

this study a variant of a cross-validation scheme was used. 

This procedure is very costly, and it may be possible to 

devise more efficient schemes. 
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