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ABSTRACT 

This dissertation describes mainly researches on the chaotic properties of some classical 

and quantum mechanical systems. New phenomena like the three-dimensional uniform 

stochastic web and multiply riddled behavior are presented with numerical results. 

In the introduction, a short history and basic principles about chaotic dynamical 

systems are reviewed, which include the concepts of Lyapunov exponents and Poincare 

sections. 

In Chapter 2, we first discuss the Hamiltonian system, followed by the perturb

ation and KAM theory, then introduce Arnold diffusion and the existence of stochastic 

webs. We close this chapter with a system which can generate a three-dimensional uniform 

stochastic web. 

In Chapter 3, the relationship between deterministic chaos and quantum mechan

ics is studied. A quantum mechanical system called the tetrahedral array of Josephson 

junctions in which the deterministic chaos can exist is presented. At the end, we gen

eralize such systems to any dimension and expect that chaos should survive in a higher 

dimensional case. 

In Chapter 4, in addition to the introduction of the riddled behavior, three ex

amples in which multiply riddled behavior can occur are given and illustrated by graphs. 

The generalization of these systems is also made and we still expect that multiply riddled 

behavior will exist in these generalized systems containing more degrees of freedom. 
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CHAPTER 1 

Introduction 

1.1 General Description 

Chaos theory may be said to have started in about 1890 with the work of the French 

mathematician Henri Poincarefl]. For many, chaos theory already belongs to the greatest 

achievements in the natural sciences of this century, and it is having an important impact 

in fields like medicine, biology, geology as well as many others, including chemistry and, 

of course, physics. 

Chaotic dynamics is a consequence of mathematics itself and hence appears in a 

broad range of physical systems. Thus, although the mathematical representation of these 

physical systems can be very different, they often share common properties. 

In this introductory chapter, we will provide some of the basic concepts, and 

introduce some of the methods employed in the study of chaotic dynamics. 

1.1.1 Dynamical Systems 

A dynamical system [2] may be defined as a deterministic mathematical prescription for 

evolving the state of a system forward in time. Time here either may be a continuous 

variable, or else it may be a discrete integer-valued va.riable . An example of a dynamical 

system in which time ( denoted t ) is a system of N first-order, autonomous, ordinary 
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differential equations, 

(dx i /d t )  

{dx 2 /d t )  

(dxpf /d t )  

which we may often write in vector form as 

= (1.2) 

where x  is an TV-dimensional vector. This is a dynamical system because, for any initial 

state of the system a?(0) we can in principle solve the equations to obtain the future system 

state x(t) for t > 0. The space ( xi,x2, • • .,x^ ) is referred to as phase space, and the 

path in phase space followed by the system as it evolves with time is referred to as a flow 

or trajectory. 

In the case of discrete, integer-valued time ( with n denoting the time variable, 

n = 0,1,2,... ), an example of such a dynamical system is a map, which we write in 

vector form as 

2-71+1 =  x n  ) .  (1*3)  

Again, x„ is an TV-dimensional vector. Given an initial state a?o, we obtain the state at 

t ime n — 1 by x \  = M{ x Q  ) ,  then  we can  de termine  the  s ta te  n = 2 by x 2  = M{ a? i  ) ,  

and so on. Thus given an initial condition x0 we generate an orbit (or trajectory) of the 

discrete time system : Xq, Si, a?2i 

When we describe the dynamical properties of systems, both maps and differential 

equations are very common and important, sometimes they can even be transformed into 

each other. We will use both alternatively in following chapters. 

= F!{x i ,X2 , . . . ,XN) ,  

=  F 2 {X I ,X 2 , . . . , xn) ,  

=  F n{x i ,X 2 , . . . ,XN) ,  
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1.1.2 Deterministic Chaos and Nonlinearity 

The use of the word chaos implies some observations of a dynamical system, and that these 

observations or behaviors of the system vary unpredictably, and are extremely sensitive 

to initial conditions. We often say behaviors are chaotic when there is no discernabie 

regularity or order, and we may refer to spatial patterns as chaotic if they appear to have 

less symmetry than other, more ordered states. 

However we must make clear that we are not speaking of a observation of random 

events such as the flipping of a coin. Chaotic dynamics refers to deterministic development 

with chaotic outcome. Another way to say this is that from moment to moment the system 

is evolving in a deterministic way, i.e. there exists a prescription, either in terms of 

differential or difference equations, for calculating their further behavior from given initial 

conditions. So all the dynamical chaos we consider here is deterministic chaos. 

Whenever dynamical chaos is found, either in classical or in quantum mechanical 

systems , it is accompanied by nonlinearity. Nonlinearity in a system simply means that 

the measured values of the properties of a system in a later state depend in a complicated 

way on the measured values in a earlier state. By complicated we mean something other 

than just proportional to or differing by a constant, or some combination of these two. 

Naturally an uncountable variety of nonlinear relations is possible, depending perhaps on 

a multitude of parameters. As we look deeper into specific causes of chaos, we shall see 

that chaos is not possible without nonlinearity. 

Of course, nonlinear relations are not sufficient for chaos, but some form of non-

linearity is necessary for it[3]. 

1.2 Lyapunov exponents 

Lyapunov exponents[4-8] play an important role in chaos theory. They provide a com

putable, quantitative measure of the degree of stochasticity for a trajectory of a system. 
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Roughly speaking, the Lyapunov exponents of a given trajectory characterize the mean 

exponential rate of divergence of trajectories surrounding it. 

1.2.1 Lyapunov exponents of a continuous flow 

We now define the Lyapunov exponents for the flow x( t )  generated by an autonomous 

first-order system, as in Eq. (1.2) 

^  = F( x( t )  ). (1.4) 

Consider a trajectory in iV-dimensional phase space and a nearby trajectory with initial 

conditions xq and xq + 8x,o, respectively. These two evolve with time yielding the tangent 

vector SX(XQ, t) with its Euclidean norm 

d(x 0 , t )  =  | |  Sx 0 {x 0 , t )  || . (1.5) 

For convenience, we write w = Sx .  The time evolution for w is found by linearizing Eq. 

(1.1), to obtain 

f = E ( x ( t ) H  

(1.6) 

i?  dP 
h -  W ' 

where E is the Jacobian matrix of F.  We now introduce the mean exponential rate of 

divergence of two initially close trajectories 

a(xo ,  w)  =  lim lim 7 In ^f°'^ • (1.7) 
v ' t-K» d(o) -*o  t  d (x 0 ,0 )  v  '  

It can be shown that a exists and is finite. Furthermore, there is an iV-dimensional basis 

e,- of w such that for any w, a takes on one of the N (possibly nondistinct) values 

<7f(®0) = ff(^o,e,-), (1.8) 
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which are the Lyapunov characteristic exponents. These can be ordered by size 

> 02 > > ... > <tn. (1.9) 

It is very important that the Lyapunov exponents are independent of the choice of metric 

for phase space. 

When we have a Hamiltonian flow x  =  [p,  q )  and 

<-> 
where p,  q  are the generalized momentum and coordinate respectively, the Lyapunov ex

ponents have a particular symmetry 

cr,- = -aN_i+1 , (1-11) 

and this is a very useful relation for calculating the Lyapunov exponents of a Hamiltonian 

system. 

1.2.2 Lyapunov exponents of a discrete map 

For the N-dimensional map, as in Eq. (1.3) 

2-n+l  =  x n  ). (1.12) 

the situation is quite similar as in the flow, we can just define <xmap through Eq. (1.7) 

with t replaced by n, leading to the N Lyapunov exponents crjnap. Equivalently, one can 

introduce the eigenvalues A; (re) of the matrix 

A n  = [D(x n ) -D(x n . 1 ) - - -D 1 ] 1 / n ,  

(1.13) 

rj d M  
U  —  d x  i  

where D is the Jacobian matrix of M. The Lyapunov exponents are then given by 

map _ in |Af(7l)|- (1-14) 
* n—>oo v v  '  
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1.3 Poincare sections 

There is another important tool called Poincare surface of sections[9] used a lot in study

ing the chaotic dynamics of a system. Consider an iV-dimensional flow x(t), as in Eq. 

(1.2). We choose a surface M which consists of generalized momentum pi and generalized 

coordinate q;. The surface is transverse to the flow of the system which means that tra

jectories pierce right through it and do not approach it tangentially. A surface with this 

property is called a Poincare surface of section. 

The dynamics of the system can be described with a transformation T defined on 

such a section. As shown in Fig. 1.1, Given an initial point P on the section, we follow 

the corresponding trajectory until the section is entered again. That point is taken as 

T ( p )  a n d  b y  t h e  s a m e  p r o c e d u r e  a n  i m a g e  p o i n t  T ( P )  i s  d e f i n e d  f o r  a l l  i n i t i a l  p o i n t s  P  

of the section. The transformation T is called a Poincare map. In place of a "complete" 

trajectory, we may consider the corresponding iterates of the Poincare map. For example, 

a periodic trajectory matches up with a fixed point of the Poincare map or one of its 

iterates, a quasi-periodic flow may have a smooth curve on the section, and a chaotic orbit 

always has lots of random points on the section. So by carefully examining the plot of 

the Poincare section, we can detect the regularity, stability, and other interesting features, 

such as a strange attractor, of the system. 
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T(P) 

Figure 1.1: The Poincare map transforms the point P into T(P) defined by the first reentry 
point of the trajectory starting at P in the shown cross-section M. 

f 
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CHAPTER 2 

Chaos and Hamiltonian Systems 

Hamiltonian systems are a class of dynamical system that occur in a wide variety of 

circumstances. Moreover, Hamiltonian mechanics and its structure are also reflected in 

quantum mechanics, as we will see in the following chapter. Thus, in this chapter we will 

introduce Hamiltonian systems and study the role that chaos plays in these systems. A 

new three-dimensional uniform stochastic web generated by a Hamiltonian system is also 

introduced. 

We begin this chapter by reviewing some basic and important concepts in Hamilto

nian mechanics. 

2.1 Hamiltonian Systems 

The dynamics of a Hamiltonian system is completely specified by a single function, the 

Hamiltonian, H(p, q, t). The state of the system is specified by the generalized momentum 

p and generalized coordinate q. Here the vectors p and q have the same dimensionality, 

which  we denote  N.  Hamil tonian ' s  equat ions  which  de te rmine  the  t ra jec tory  [p( t ) ,q ( t ) )  

that the system follows in the 2iV-dimensionaI phase space are given by 

d g  _  d H ( p , q , t )  
d t  ~  d q  '  

d £  _  i  d H ( p , q , t )  
d t  d p  

In the case that the Hamiltonian has no explicit time dependence, H = H(p,q) ,  we can use 

Hamil tonian ' s  equat ions  to  show tha t ,  as  p and q vary  wi th  t ime,  the  va lue  of  H(p( t ) ,  q ( t ) )  

2.1) 
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remains a constant. That is 

d H _ d q d H , d p d H _ n  ( t >  

dt  d t  dq  d t  dp  K  > 

Thus, identifying the value of the Hamiltonian with the energy E of the system, we see 

that energy is conserved for time independent systems. Also the volume elements in phase 

space are conserved because of Liouville's theorem. The fact that volumes do not change in 

conservative systems implies immediately that they display no attracting regions in phase 

space, i.e. no attracting fixed point, no attracting limit cycles and no strange attractor. 

Nevertheless, chaos can still exist in conservative systems as well as in dissipative systems, 

and there can be chaotic regions in phase space densely interweaved with regular regions. 

2.1.1 Integrable Systems 

A Hamiltonian Ho{p,q)  is called integrable if one can find a canonical transformation 

S(q ,  j )  which  t ransforms p,  q  to  new var iab les  8,  j  :  

(2.3) 
oq d j  

such that in the new coordinates the Hamiltonian depends only on the new momentum j, 

i.e. S(q,j) is a solution of the Hamilton-Jacobi equation 

= (2.4) 

and the equation of the motion in the action-angle variables j  and 9 

'•> 9H° n k dH0 -VA 
'"—oT = 0 ' 9 =-W s " i 3 ) '  (2'5) 

can easily be integrated to 
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j  =  c ,  0  =  wt  +  5,  (2.6) 

where c and <5 are constant vectors. 

The existence of n integrals of the motion ( j \ ,  j2,. . . ,  j n )  confines the trajectory in the 

2 TV-dimensional phase space (gi, q2, •.., qn, Pi,Pi, • • • , Pn) of an integrable system to an 

TV-dimensional manifold which has the topology of an TV-torus. So we can interpret uj(j) 

as an angular velocity vector specifying trajectories on the TV-torus, and trajectories on a 

torus  a re  N f requency  quas iper iodic  i f  there  i s  no  vec tor  of  in tegers  m = (mi ,  m 2 , . . . ,  mpf)  

such that 

m • C3 = miUi + m2W2 h TUN^N = 0, (2.7) 

except when m is the trivial vector with all of it's components zero. Orbits on the iV-torus 

are periodic and close on themselves when 

CS =  mu o, (2.8) 

where l jq  is a scalar. 

Thus, for integrable systems, we can view the phase space as being completely occupied 

by TV-toruses and almost all of which are in turn filled by N frequency quasiperiodic 

orbits. 

2.1.2 Perturbation and KAM Theory 

After we understand the TV-torus structure in 

would like to know what happens if we add a 

Hamil tonian  Ho(j )  

the phase space of integrable systems, we 

perturbation eHi(j,6) to the unperturbed 

H(l f f )  =  Ho( j )  +  eH 1 ( j , e ) .  (2.9) 
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We are interested in determining whether this perturbed Hamiltonian has ^-dimensional 

tori to which its orbits are restricted. If there are tori, there is a new set of action-angle 

variables (j', 0') such that 

H(le) = H'(j ') ,  (2.10) 

where, in terms of the generating function 5, we have 

(2.H) 
80 dj '  

The Hamiltonian-Jacobi equation for S is 

_ 
H{-E ,6) = H'{j ') .  (2.12) 

o6 

One approach to solve Eq. (2.12) for S might be to look for a solution in the form of a 

power series in e, 

S = So + tSj + £2S2 + .. • • (2.13) 

For So, we use So = j'  • 6 which when substituted in Eq. (2.11) gives j '  = j ,  & = 0, 

corresponding to the original action-angle variables applicable for e = 0. Substituting the 

series Eq. (2.13) in Eq. (2.12) gives , 

HoG' + e^ + ...) + eH1(j' + e^ + ...,e) 

Expanding Eq. (2.14) for small e and retaining only the first order term, we have 

hoi?) + £fjr|| + ̂  °) = h>0')-

We next express 6) and Si(j ' ,  6) as a Fourier series in the angle vector 9 

(2.15) 
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Hi = • exp( im • 0), (2.16) 

Si  = ]T)S i , a (?) • exp(im • 0 ) .  (2.17) 
tS 

where m is an iV-component vector of integers. Plugging these Fourier series into Eq. 

(2.15), we obtain 

Si  = i  - exp{ irh  •  u ) . (2.18) 
a m-uT 0 { j ' )  

where ojq = (dHo/dj )  is the ./V-dimensional frequency vector for the torus corresponding 

to action j. So now we have to ask whether the infinite sum in Eq. (2.18) converges. It 

is obvious that Eq. (2.18) does not work for values of j for which m • u>o(j) = 0 for some 

value of m, and this is the famous problem of vanishing denominators [10]. These j define 

resonant tori of the unperturbed system which are typically destroyed by the perturbation 

for any small e. On the other hand, there is still a large set of very nonresonant tori. These 

are tori for which <3 satisfies the condition 

|m-tD| >/<•(£) | m | (N+1\ (2.19) 

for all integer vectors m except the zero vector. Here |ra| = \mi\ + |m2| -I b |m/v| and 

K(uf)  > 0 is a number independent of m. For w satisfying Eq. (2.19) , the series Eq. 

(2.18), and others of similar form giving 52,53,... converges. After all, even given that all 

the terms of 5 exist and can be found, we would still be faced with the problem of whether 

there is a convergence of the successive approximations to 5 obtained by taking more and 

more terms in the series in Eq. (2.13). This question was answered by a celebrated 

theorem of Kolmogorov, Arnold and Moser, the so-called KAM theory. The theory states 

that at sufficiently small values of e, and in the absence of a degeneracy, i.e. under the 

condition 
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Det 
d 2 H 0  

# 0, (2.20) 
dj i  d jk  

most (in the sense of the Lebesgue measure of the phase space) of the invariant tori of 

the unperturbed integrable Hamiltonian survive. We say that a torus of the unperturbed 

system with frequency vector C3o survives through the perturbation if there exists a torus 

of the perturbed (e ^ 0) system which has a frequency vector u;(e) = K(e)£jo, where 

K{e) goes continuously to 1 as e —»• 0 and such that the perturbed toroidal surface with 

frequency cl;(e) goes continuously to the unperturbed torus as e —>• 0. For large enough 

e, the perturbation eH\ destroys all tori. For example, when N = 2, the last KAM torus 

which will be destoryed is the one for which the frequency ratio is the worst irrational 

number[10]. 

2.1.3 Arnold Diffusion and Stochastic Webs 

Following the perturbation theory, now we consider the situation where an integrable 

system is perturbed. Due to the perturbation, tori begin to break up and are replaced 

by chaotic orbits. For the case of N = 2 these chaotic regions are necessarily sandwiched 

between surviving KAM tori. In particular, if such an orbit is outside (inside) a particular 

torus, it remains outside (inside) forever. Because of this sandwiching effect, the chaotic 

orbit of a slightly perturbed integrable two-degree-of-freedom system must lie close to the 

orbit on a torus of the unperturbed integrable system for all time. Hence, two-degree-of-

freedom integrable systems are relatively stable to perturbations. The situation for N > 3 

is different because chaotic orbits are not closed by tori anymore, and hence their motions 

are not restricted as in the case of N = 2. 

In fact, it is quite natural to assume that all chaotic parts created by destroyed 

tori can form a single connected ergodic chaotic region which is dense in the phase space. 

Under this assumption, a chaotic orbit can, in principle, come arbitrarily close to any 

point in phase space. This phenomenon was first demonstrated by V. J. Arnold and is 

known as Arnold diffusion[ll]. 
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A stochastic layer also forms under the influence of a perturbation at the position 

of a separatrix of the unperturbed motion[12,13]. Different stochastic layers may join, 

forming a connected network call a stochastic web. A stochastic web may penetrate right 

through an unbounded region of phase space, then an unbounded random walk of a particle 

or a system along the web channels is possible. The possibility of the existance of a web 

and the causes of its appearance were also first pointed out by Arnold. He demonstrated 

that, under the condition when KAM theory is valid, if 

N > 2 , (2.21) 

a global web is formed and Arnold diffusion takes place along it. Rigorous results[14] 

and physical examples[15] showed that the thickness of a web should have the order 

exp(—constant/y/e), while the diffusion time is correspondingly long. 

Now we know that a stochastic web is a single connected network of stochastic 

layers over all of the phase space allowing Arnold diffusion. The Hamiltonian that leads to 

the web, in quite a general sense, can be treated as the combination of a skeleton part (web 

with zero width) and a perturbation part. Even under such a perturbation, the trajectory 

in the neighborhood of the skeleton is characterized as chaotic, and the main shape of the 

skeleton still survives over the entire phase space. A uniform web has the property that 

the width of the web is on average invariant under translations of the coordinates in phase 

space. The famous Zaslavsky web[16,17] is characterized by some kind of order remaining 

in phase space; for instance, the quasicrystal symmetry. 

We will study a three-dimensional uniform stochastic web which is generated by 

a Hamiltonian system in the next section. 

2.2 A System Generates a Three-Dimensional Uniform Stochastic Web 

In this section, we will present a classical system which generates a three-dimensional 

uniform stochastic web. In addition, it is also a classical analog of the quantum mechanical 
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model of a tetrahedral array of Josephson junctions (6J2T) which will be introduced and 

disscussed in chapter 3. It means that this Hamiltonian system generates an identical flow 

of the 6 J2T and obeys identical equations of the motion under suitable choices of dependent 

variables. We can find a quite similar situation in the three Josephson junctions in a loop 

As we will see, knowledge of this classical analog greatly facilitates the analysis 

and understanding of the trajectories of the system in phase space as they move along a 

surface of constant energy. We will find there is an associated three-dimensional uniform 

stochastic web, the first such example of a 3D web. This web has some differences from 

the 2D and AD uniform stochastic web of others[16-20]. 

Consider the classical Hamiltonian 

where i , j = 1,2,3,4. The prime over the double summation denotes i  ̂  j  and will be used 

in the following chapters without further explaination. This Hamiltonian means that there 

are four particles, each of unit mass, interacting with sinusoidal forces. The equations of 

motion are 

(3J2L) [18,25]. 

H = %ZiPt - |e£ ' i j  cos (a,- - xj) ,  (2.22) 

^ = Pi . ifr = -£ ej 8in(®i - ay). (2.23) 

By defining 

u = > v  = T,p» (2.24) 

and (for i = 1,2,3) 

xi — x{ x4 , y{ — pi — p4 , (2.25) 

we have 

(2.26) 
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and 

(dXi/dt)  = Y i t  

0dYi/dt) = -e{ 2 sin + £;[sin Xj - sinpf,- - X,)]}. 
(2.27) 

Also, 

H = H 0  + Hi,  (2.28) 

where 

H° = l y l '  (2.29) 

and (i , j  = 1,2,3) 

-c{EicosX,- + i E-icospf; - X,-)} . 
(2.30) 

Notice that the standard form of Hamilton's equations of motion are not preserved in 

terms of the noncanonical variables of Eqs. (2.24) (2.25). Nevertheless, Eqs. (2.26) 

through (2.30) are all correct. Ho is the correct expression for the center-of-mass kinetic 

energy, and Hi is the correct expression for the internal energy. 

If we set e = 1, Eq. (2.27) becomes identical to Eq. (3.23), which are the equations 

of motion for 6 J2T, thus demonstrating that Hi describes the classical analog to 6 J2T. By 

setting Hi equal to some constant energy Ei, we can a generate five-dimensional surfaces 

of constant energy in the six-dimensional phase space (X,-,  5^-).  The trajectory of 6J2T 

will lie along some such surfaces. 

Fig. 2.1 shows 2D sections of the 3D perspective plots of a particular surface. Fig. 

2.2 and Fig. 2.3 show 3D perspective plot and 2D projections of an actual trajectory on 

the same surface. An integration step of At = 0.01 is used. A total of 2 X 104 integration 

steps are ploted. 

The unperturbed (e = 0) portion of the Hamiltonian of Eq. (2.22) is nondegen-

erate since the four quantities ((dH/dpi) = p,) are functionally independent. This means 

that H satisfies the condition of the KAM theory and is nearly integrable. Thus, in turn, 

Hi also satisfies the condition of the KAM theory. Since the number of degree of freedom 
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of Hi is three, Arnold diffusion in phase space can occur. Because the unperturbed por

tion of Hi is associated with free-particle motion, this diffusion will be fast (Levy random 

flights[21]). 

We define the three-dimensional section X\X2X% by choosing fixed values of the 

three Y{ in the 6D phase space. Fig. 2.4 and Fig. 2.5 show the 3D perspective sections 

in (X1X2X3) for two different surfaces of constant energy. Note that all sections having 

the same value of 

E'l = + \ £ (V- -  Yj) 2} ,  (2.31) 
« i.i 

will have identical surfaces of constant energy in the 3D X1X2X3 space. Define a set of 

lines perpendicular to the X{ axis such that 

X {  = (2n {  + 1)tt , (Xj  -  X k )  = (2n'{ + 1)tt. (2.32) 

where n;, 7ij are arbitrary integers (positive or negative). One can define three such sets as

sociated with the three X{ axes. Three sets of lines mutually intersect are the separatrices 

associated with the energy 

Ei = E'i + 2e. (2.33) 

As shown in Fig. 2.5 (c) and (d), these lines are the skeleton of the three-dimensional 

uniformal stochastic web in XiX2Xz space. In Fig. 2.6 we find these webs, however, are 

very different from those of Refs. [16] or [20]. 

The first difference results from the very fast Arnold diffusion associated with 

Levy random flights in the X1X2X3 space. In practice, it is impossible to tell whether or 

not there is a uniform stochastic web in the XiX2X3 space by generating a conventional 

3D Poincare section or projection plot of the flow. Figs. 2.7 and 2.8 illustrate the difficulty. 

This problem is eliminated by making so-called reduced X1X2X3 plots (either 
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projection or Poincare section). If X{ > irv(i  = 1,2,3), where v is some small integer, 

replace X{ by (Xi -  2nv).  Thus, if  Xi = ( t tu + 8),  replace i t  by (-nu + 5).  If  Xi < nv,  

replace Xi by (X,- + 2nv). Thus, if X{ = (—TVV — 5), replace it by (+7rz/ — 6). This is 

equivalent to 

X{ —• --KV + (Xi + 7ru) mod (27ru),  (2.34) 

choosing v to be some small integer. We now have 

—nu < xi < 7tv. (2.35) 

This does not violate the physics of the problem, since X{ are phase angles in 

the quantum treatment of 6J2T. Fig. 2.9-2.11 show X\X2X3 reduced and projection 

plots for several choices of the e. All three cases appear to be chaotic. Fig. 2.12-2.13 

show X1X2X3 reduced Poincare section for a particular trajectory; They represent the 

3D uniformal stochastic webs. 

A second difference lies in the fact that there is a continuous infinity of possible 

Poincare sections all illustrating the same 3D uniformal stochastic web. These Poincare 

sections are those indexed by the values of Yj which satisfy Eq. (2.31) for given values 

of Ei, and Fig. 2.12 illustrates such Poincare sections, where one can detect the same 

horizontal, vertical and diagonal lines appearing in Fig. 2.5. There is some spread in the 

thickness of the web, both because of the size of e and the finite thickness of the Poincare 

cuts. 

In Fig. 2.14 we show the XiYi projection plot. Note that the trajectory is periodic 

in Xi, bounded in Yi. Fig. 2.15 illustrate the bounded YiYj projection plot of an apparently 

chaotic trajectory. 

So far, we have shown the existence of the three-dimensional uniform stochastic 

web in a Hamiltonian system which is the classical analog to the quantum mechanical 

system 6 J2T, and that will be the topic of the next chapter. 
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(a) 

Y3 

Y2 

(b) 

Figure 2.1: (a)-(b) 2d sections (x2 = x3 = yi = 0, -3 < y2 < 3 in the step of 0.6) of 
the 3d perspective drawing of the constant energy surface e\ = -1.26(e = 1) from two 
different angles. 
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Figure 2.2: (a)-(b) 3D (Xi-X^yi) perspective drawing of a trajectory on the constant 
energy surface with the initial conditions Xi = 0.3, X2 = 0.7,^3 = 0.0, Yi = 0.6, 
y2 = 1.1, y3 = 0.0. 



Figure 2.3: (a)-(b) 3D (X3Y1Y2) perspective drawing of a trajectory of Fig. 2.2 
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Figure 2.4: (a)-(b) 3D sections in the X1X2X3 space (y2 = Y$ = 0, Y\ = 2, 
—5 < x3 < 5 in steps of 0.5) of a constant energy surface e\ = 0.66(c = 1). 
(a)YX = 2(±0.05); {b)Yx = 3(±0.05). 
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Figure 2.5: (c)-(d) Separatrices (Y2 = V-j = 0,yi = 0(±0.002)) of a constant energy 
surface E\ = 2.0(e = 1). (d) is the projection of (c) in the X1X2 plane. 
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Figure 2.6: (e)-(f) 3D drawing (Yi = Y3 = 0, Yi = 3(±0.002)) of a constant energy surface 
Ei = 2.0(e = 1). (f) is the projection of (e) in the XiX2 plane. 
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Figure 2.7: (a) A X1X2X3 projection plot of the flow (e = 1) with the initial conditions 
X\ = 0.57T, X2 = n, X3 = 1.57r,yi = Y2 = Yz = 0, and energy E\ = 2.0, At = 0.01; 
number of integration steps, 1 X 10s. (b) The projection plot of (a) in the XiX2 plane. 



40 

240 

220 

180 

160 

100 120 80 90 110 

(c) 

225 

220 

215 

210 

205 

200 
110 112 114 116 118 120 

X1 

Figure 2.8: (c) The blowup of rectangle indicated in Fig. 2.7 (b) in the X1X2 plane with 
the same initial conditions, (d) The blowup of (c) as indicated. 
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(b) 

Figure 2.9: (a) 3D X1X2X3 reduced [v  = 2)projection plot of the flow (c = 0.01) with 
the same initial conditions as in Fig. 2.7. At = 0.05; number of integration steps, 1 X 105. 
(b) The projection plot of (a) in the X\X2 plane. 
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Figure 2.10: (a) 3D X1X2X3 reduced {v — 2)projection plot of the flow (e = 0.5) with 
the same initial conditions as in Fig. 2.7. At = 0.05; number of integration steps, 1 x 105. 
(b) The projection plot of (a) in the X1X2 plane. 
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(a) 

(b) 

Figure 2.11: (a) 3D X1X2X3 reduced (i> = 2)projection plot of the flow (c = 1.0) with 
the same initial conditions as in Fig. 2.7. At = 0.05; number of integration steps, 1 X 105. 
(b) The projection plot of (a) in the X1X2 plane. 
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Figure 2.12: (a) ZD X1X2X3 reduced (u = 2) Poincare section plot of the flow (c = 1.0) 
with the same initial conditions as in Fig. 2.7. At = 0.05; number of integration steps, 
1.6 X 107. Ei = 2(+0.02) (b) The projection plot of (a) in the X1X2 plane. 
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Figure 2.13: (a) 3D X1X2X3 reduced (f = 2) Poincare section plot of the flow (e = 1.0) 
with the same initial conditions as in Fig. 2.7. At = 0.05; number of integration steps, 
1.6 X 107. Ei = 3(+0.02) (b) The projection plot of (a) in the X\X2 plane. 
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(a) 

(b) 

Figure 2.14: (a)-(b) X\Y\ and X2Y2 projection plots of the flow (using reduced X, co
ordinate, v = 2, e = 1) with initial conditions of Fig. 2.7. At = 0.01, number of integration 
steps 1 X 105. 
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(b) 

Figure 2.15: (a)-(b) Y1Y2 and Y2Y3 projection plots of the flow (using reduced X{ coordin
ate, v = 2, e = 1) with initial conditions of Fig. 2.7. At = 0.01, number of integration 
steps 4 X 104. 
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CHAPTER 3 

Chaos in Some Quantum Mechanical Systems 

3.1 Deterministic Chaos in Quantum Mechanics 

We know that it is not difficult to find physical systems that exhibit deterministic chaos 

(extreme sensitivity to initial conditions) when treated by classical mechanics. It is com

monly believed, however, that, aside from certain unphysical examples, systems treated 

quantum mechanically do not exhibit the same kind of deterministic chaos[22]. A quantum 

system we consider here means that it can be described by a Hamiltonian h which follows 

the Schrodinger equation 

= , (3.1) 

where if) is the wave function. 

Because the Schrodinger equation is linear, the existence of chaos in quantum mechanics is 

quite unacceptable to most people. However, in recently years, there are several examples 

which have shown that this concept is not true. These cases include periodically kicked 

quantum spin (PKQS)[23], a many-body quantum mechanical system consisting of a very 

large number of two types of interacting bosons subject to a time-dependent external 

force[24], and a model of three Josephson junctions in a loop (3J2L)[25], etc. These three 

successful examples mentioned above were suggested by Dr. Parmenter, my advisor, 

and the idea is that a necessary (but by no means sufficient) condition that a quantum 

mechanical system can exhibit deterministic chaos is that the portion of the Hamiltonian 

involving the degree of freedoms which are chaotic be a functional of either the wave 
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function or the density matrix describing the state of the system. This condition holds 

exactly in all three cases as well as in the one we will introduce in next section. Due to 

particular interests in the quantum mechanical model of the Josephson junction, in this 

chapter we will study a tetrahedral array of Josephson junctions in detail and discuss 

some general properties of its generalization in the last section. 

3.2 A Tetrahedral Array of Josephson Junctions 

A model of three Josephson junctions[26-29] in a superconducting loop (3J2L) has been 

studied thoroughly in ref. [25]. Here we would like to generalize the 3J2L to a tetrahedral 

array of Josephson junctions (6 J2T) and study its chaotic dynamics. 

Consider a regular tetrahedron for the structure of the 6«/2T, as illustrated in Fig. 

3.1, and we label the electrodes i = 1,2,3,4. The four vertices are the four electrodes; 

each of the six edges contains a junction connected to the two electrodes at the ends of the 

edge. The six Josephson junctions[30,31] form a tetrahedral array. Thus each electrode 

is shared by three Josephson junctions and there are four loops total, one associated with 

each face of the tetrahedron. The presence of four loops suggests that the possibilities for 

deterministic chaos are greater in 6J2T than they are in 3J2L, where such chaos has been 

demonstrated[25]. In addition, we already showed in section 2.2 that it is associated with a 

three-dimensional uniform stochastic web. So in this section we will show numerically that 

this 6 J2T system is capable of exhibiting deterministic chaos and it satisfies the condition 

that the Hamiltonian is a functional state of the system. 

This 6J2T system consists of four sets of a very large number of interacting 

bosons(Cooper pairs), each set associated with a vertex. The Hamiltonian is 

where a,- are bose destruction operators and Ck are constants. The a; and their Hermitian 

conjugates obey the commutation relation = 8{j. The angular brackets denote an 

expectation value with respect to the state of the system. In the ground state, each set 

(3.2) 
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Figure 3.1: Tetrahedral array of Josephson junctions 
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has an equilibrium number no, which is very large (e.g. 1020). In the excited states we 

shall consider, the deviations from the equilibrium values are many powers of ten smaller 

than no- Of course, the total number of all four sets of bosons, 4no, is strictly conserved. 

Thus we may make c-number replacements without loss of accuracy, 

a,- ->• rj)i , at ->• V* , (3.3) 

ipi being an effective wave function. 

The Heisenberg equation of motion for a,-

ih(d/dt)a.i  = [a,-, H], (3.4) 

becomes the matrix Schrodinger equation 

ih(d/dt)V = Hef/V , (3.5) 

where 

( / y>i 
l  

C3 C3 
\ 

C3 

C* 
CO 

,  He j f  — 

CO 
CO 

M2 

C3 

C3 

/*3 

C3 

c3 
(3.6) 

I ^) k C3 C3 C3 H ) 

and 

Hi = ci +c2|V>>|2, (3.7) 

again, i  = 1,2,3,4. Writing 

Eq. (3.5) gives 

ipi = nJ2exp(iSi).  (3.8) 
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h(dni/dt) = 2c3 T,'i , j[(n in j)1 / 2sin(Sj - 5,)], 

-h(dSi/dt) = + E,'i[(«i/«,-)1 / 2  cos (Sj -  Si)].  

Next, we define the quantities 

and use the fact that 

Vij 

Qi 

sij 

io 

= (2c) 

= 2e(rii  -  n0),  

= Si -  Sh  

= (4 n0e/h)c3 ,  

(3.10) 

K- - n0 \  < n0 ,  (3.11) 

we have 

(dQi/dt) = J0 £j sin(5; - Sj),  

(3.12) 

{dSi/dt) = (2 e/H)Vi -  (c3 /h) E'j cos (Sj -  Si).  

We now associate the equations with our 6J2T system as shown in Fig. 3.1. Assume a 

temperature much lower than the superconducting transition temperature, so that there is 

negligible normal current in each junction. Then V{j is the voltage across junction ij, and 

Sij is the phase difference across the junction. Qi is the unbalanced charge on vertex i ,  

while n; is the number of Cooper pairs on the vertex. We have implicitly assumed that the 

phase Si is a constant everywhere on vertex i. This will be true as long as the current in 

the superconducting loop is sufficiently small that negligible magnetic fields are generated. 

This condition is satisfied if 

LI0  < <j>0  = (h/2e), (3.13) 

where L is the self-inductance of the loop and <j>o is the flux quantum[32]. 
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Any unbalanced charge on a superconducting vertex will immediately redistribute 

itself on the three junctions connected to the vertex. This means that 

Qi = CaE' j(V i-V j),  (3.14) 

where C3  is the shunt capacitance of each junction. It follows that 

V i-Vj = {4C. )- l(Qi-Q i) .  (3.15) 

Since the total charge on the array is a constant, which we assume to be zero, that is 

E<2.' = °. (3.16) 
i  

it follows that there are really only three degrees of freedom, not four, in this system. 

Thus, for i, j = 1,2,3, we define 

s{ = (si — si), 

QT = (QI — $4)1 

and the characteristic frequencies 

w0= (I0 /8C3hn0)x /2 ,  

fi0 = (4 7i0e)-1 J0. 

Eqs. (3.12) and (3.15) now give 

^(dQi/dt) = -2sinS,- - - sin(5j - Si)],  

(3.17) 

(3.18) 

(3.19) 

fto 1(dS{/dt) = (ui0 /Q0)2Qi + X]j[c°s5j- cos(5j - 5;)]. 

The fact that |n,- — «o| <C no implies that Qi < 1. In a typical Josephson junction, the 

two characteristic frequencies uio and Qo are widely different in magnitude, (e.g. ~ 

IO10 sec-1, ~ 10~5 sec-1), so we have 
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Wo ^ fto (3.20) 

As a consequence, the cosine term on the right hand side of Eq. (3.19) may be dropped[33]. 

Thus, for i,j = 1,2,3, 

Wo 2 {d 2 Sl /d t>)  = -2sinSi- Ej[sin3*-sin(S7-3i)]. (3-21) 

We define the unit of time such that Wo = 1. Define the six independent variables 

Xi = Si ,  Y {  = (dSi/dt).  

So that we have six coupled nonlinear first-order differential equstions , 

(3.22) 

(dXi/dt) = Yh  

(<dYi/dt) = -2 sin Xi - EjtsinXj - sinpf,- - X,)]. 

(3.23) 

Again, i ,  j  =  1,2,3. 

The 6 X 6 Jacobi matrix corresponding to Eqs. (3.23) is composed of four 3x3 blocks 

Mmn(m, n = 1,2); where Mu — M22 = 0, Mu = I, and M21 is given by 

-M21 = 

1a\ + 62 + 63 0,2 — 63 a3 ~ 62 

ai — 63 2a2 + 63 + 61 0,3 — bi 

fli — 62 0,2 ~ 61 2ct3 + 61 + 62 

(3.24) 

here 

ai = cosXi, 61 = cos(A"2 - -X3)) 

a2 = cosX2, 62 = cos(X3 - Xi), 

o3 = cosX3, 63 = cos(X2 - Xi). 

(3.25) 
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It is readily shown that the characteristic multipliers (eigenvalues) A of the Jacobi matrix 

are given by the equation 

det(M21 - A2/) = 0. (3.26) 

Note that the trace of the Jacobi matrix is zero, indicating a conservative flow for Eqs. 

(3.23). 

Let us consider the stationary state solutions. These occur when each X{ is either 

zero or w, independently of the others. In table 3.1 we show the four cases corresponding 

to the stationary state. The coefficients a,-,6,- and eigenvalues A2 corresponding to these 

Table 3.1: The possible values of X,- in the stationary state 

Case xi *2 *3 
1 0 0 0 
2 7r 0 0 
3 0 7t 7t 

4 7t 7t 7t 

four cases are shown in table 3.2. 

Table 3.2: The coefficients a,,6,- and eigenvalues A2 corresponding to four stationary cases 

Case a. bi A2 

1 ai = Ct2 = (I3 = 1 bi = 62 = &3 = 1 -4,-4,-4 
2 a\ = —1, 0,2 = 03 = 1 h = 1, b2 — 63 = 1 4,-2,-2 
3 ai = 1) a2 = 03 = —1 bi = 1) b2 = &3 = -1 4,0,0 
4 ai = Ct2 = 03 = — 1 bi = 62 = &3 = 1 4,-2,-2 

Since a positive real part of any A indicates instability, we see that only case 1 

is stable, but case 2,3,4 are unstable. Case 1 corresponds to all four electrodes of 6J2T 
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having the same phase S. It occurs when 

X x  = x2 = x3 = 0, 
(3.27) 

Yi =Y2  =Y3  = 0. 

This is the ground state of the system. The presence of this stable fixed point in phase 

space for the equation of motion indicates that they are near-integrable. 

Eqs. (3.23) have been integrated numerically using the fourth-order Runge-Kutta 

method and doing the calculations double precision (15 significant figures). The integration 

step size was At = 0.01. Fig. 3.2 and Fig. 3.3 shows projection plots and Poincare sections 

for one quasiperiodic trajectory. Figs. 3.4-3.6 show the same for a chaotic trajectory, 

and Fig. 3.6 (a) shows that this chaotic trajectory is bounded in Yj and Y2. Fig. 3.7 

shows the value of Lyapunov exponents over an interval of 105 integration steps for both 

trajectories, the exponents being calculated by the numerical procedure of Wolf et a/[34]. 

The fact that all six exponents asymptotically vanish for the first trajectory shows that it 

is quasiperiodic. The chaotic nature of the second trajectory is demonstrated by two of 

the six exponents having asymptotic values of ±0.2. 

Despite the fact that He j j  is hermitian in the time dependent matrix Schrodinger 

equation, Eq. (3.5), the scalar product of two distinct $ can change with time, by virtue 

of the functional dependence of Hejj on \P. Thus the norm of the difference between 

two distinct \P, both solutions to Eq. (3.5), may be time-dependent. This allows for the 

possibility of extreme sensitivity to initial conditions. 

In summary, we have shown that the Hamiltonian of Eq. (3.2) can exhibit determ

inistic chaos. As has already been pointed out, both H and Hejj are Junctionals of the 

state of the system. So it satisfies what we have previously speculated: a necessary condi

tion that a quantum mechanical system can exhibit deterministic chaos is that the portion 

of the Hamiltonian involving the degrees of freedom which are chaotic be a functional of 

either the wave function or the density matrix describing the state of the system. 
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Figure 3.2: Quasiperiodic trajectory with initial conditions Xi = 0.3, Xi = 0.3, X3 = 0.2, 
Yi = 0.1, y2 = 0.3, Y3 = 0.2. At = 0.01; number of integration steps, 3 X 104. (a) A 3D 
X1X2Y1 projection plot, (b) The projection plot of (a) in the X1X2 plane 
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Figure 3.3: (a) Quasiperiodic trajectory with same initial conditions in Fig 3.2. plotted 
in the Y3X3 plane . (b) Poincare section ofY3 vs X3 when |JV"i| < 0.001 and X^Yi > 0.0. 
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Figure 3.4: Chaotic trajectory with initial conditions Xi = 1.3,^2 = 
Xz = 1.5,yi = 4.2,Y2 = 2.4,Y3 = 1.6. At = 0.01; number of integration steps, 3 X 104. 
A 3D X1X2X3 projection plot, (b) The projection plot of (a) in the X1X2 plane 
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Figure 3.5: Chaotic trajectory with same initial conditions in Fig 3.4. (a)^2 mod 4tt vs 

Xi mod 47T. (b) Y3  vs X3 mod 4ir.  
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Figure 3.6: Chaotic trajectory with same initial conditions in Fig 3.4. (a)Y2 vs Yi. (b) 
Poincare section of Yjj vs Yi when Xi mod 2w = 0 and X%, X3 < 0.0 (Points are enlarged 
properly for visibility). 
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Figure 3.7: Lyapunov exponents vs Time, (a) Quasiperiodic trajectory of Fig. 3.2. (b) 
Chaotic trajectory of Fig. 3.4. 
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3.3 Generalization of Josephson Junctions System 

In last section, we introduced the tetrahedral array of Josephson junctions (6 J2T), which 

is the higher dimensional generalization of three Josephson junctions in a loop (3J2L). 

Actually, it is possible to generalize the Josephson junctions model further to any dimen

sion. The equations of motion for the generalization are identical to Eqs. (3.23), only 

now 

i  = 1,2,. . . ,  n. (3.28) 

There are n independent X{ and n independent Y{. This generalized model con

sists ofVn = (n+1) vertices, each vertex coupled to every other vertex through a Joseph-

son junction. There will be Jn = (l/2)(ra)(n4- 1) junctions in the array; there will be 

Ln = (1/6)(TC — l)(ra)(n + l) three-junction loops in the array. These values can be arrived 

at by considering what happens when the number of vertices is increased by one. We must 

have 

jn+1 — jn H" 

lri+1 — ln "f" 

Thus, we can find the values of V„, Jn, Ln for any n. Table 3.3 shows the values 

of them for first  several values of n. 

So 6 J2T corresponds to n = 3 and 3J2L corresponds to n = 2. An attempt to 

study the chaotic dynamics of the higher dimensional model can be easily made theoret

ically, but the computational efforts it takes will increase rapidly in higher dimensional 

cases. It is quite reasonable to expect that deterministic chaos can exist in higher dimen

sional models (n > 4). Actually, we will study the properties of loop synchronization in 

the 10 Josephson junctions array in section 4.2; in that case, n — 4. 

(3.29) 



Table 3.3: The values of Vn ,  Jn ,  Ln  for n = 1 to 6 

n Vn Jn Ln 

1 2 1 0 
2 3 3 1 
3 4 6 4 
4 5 10 10 
5 6 15 20 
6 7 21 35 
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CHAPTER 4 

Multiply Riddled Behavior of Some Systems 

4.1 Riddled Behavior 

Recently it has been shown[35,36] that chaotic systems with a simple, very common type 

of symmetry can display a striking new kind of behavior called riddled behavior. In 

particular, these systems may have an attractor whose basin of attraction is such that 

every point in the basin has pieces of another attractor's basin arbitrarily nearby[37]. 

That is, if f0 is any point in the first attractor's basin, then the phase space ball of radius 

e centered at Fo has a nonzero fraction of its volume lying in a another attractor's basin, 

and this is so no matter how small the e is. Thus there is always a positive probability that 

an arbitrarily small uncertainty in r0 will put the initial condition in another attractor's 

basin. We say that the first basin is riddled by the second basin. And in more general 

cases, there will be more than two basins which compete with each other and make riddled 

behavior. 

A general set of conditions under which riddled basin can occur are[38]: (1) There 

is an invariant subspace M whose dimension d\j is less than that of the phase space dp. (2) 

The dynamics on the invariant subspace M has a chaotic attractor A for initial conditions 

on M. (3) For typical orbits on A the Lyapunov exponents for infinitesmal perturbations 

in the directions transverse to M are negative, so that A is also an attractor in the full  dp  

dimensional phase space. (4) At least one of the transverse Lyapunov exponents, although 

negative for almost any orbit on A, experiences finite time fluctuations which are positive. 

(5) There is another attractor not in M. 
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In this chapter, we will give some systems which exhibit the riddled behavior 

and introduce the new and more generalized phenomena called multiply riddled behavior. 

Differences between our systems and those studied before[35,36] will also be discussed. 

4.2 Multiply Riddled Behavior of a Conservative System 

As mentioned in last section, there has been considerable interest in the nature of riddled 

behavior of certain chaotic systems[35,36,39-42]. For such systems, it is impossible to tell 

from given initial conditions what trajectory in phase space the system will ultimately 

follow. Neighboring initial conditions may lead to widely divergent trajectories. Contrast 

this with deterministic chaos where, despite the sensitivity to initial conditions, the tra

jectory will be restricted to some definite region of phase space, a strange attractor for 

a nonconservative system[43,44]. Riddled behavior leads to a level of uncertainty much 

greater than that associated with deterministic chaos. 

As far as we know, every example of riddled behavior considered up to now 

has been associated with a nonconservative system. It is the boundary of the basin of 

attraction that is riddled, and the basins of attraction do not exist for conservative systems. 

Nevertheless, we will present here an example of a conservative system exhibiting riddled 

behavior. Futhermore, the system exhibits multiply riddled behavior, something not seen 

in the past. Such behavior is associated with the breakdown of synchronization of the 

system[45-47]. It has been recognized recently that one way to achieve riddled behavior is 

by synchronizing the chaotic trajectories of pairs of coupled subsystems. In the example to 

be considered here, desynchronization can occur through any one of many exit channels, 

each coupling to different regions of phase space. This is what is meant by multiply 

riddled behavior. 

The first example is an extension of the model of the Josephson junctions system 

as in section 3.3. Again we consider a generalized system of (u + 1) vertices. Each 

vertex is coupled to every other vertex by a Josephson junction. There will be a total of 
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(l/2)(u)(u+ 1) junctions and (l/6)(u- l)(u)(u+ 1) three-junctions loops in the array. 

This might be consider a simple complex system. The equations of motion are 

(dXi/dt) =Yi ,  

(4.1) 

(dYi/dt) = -2 sin X {  -  £,[sin Xj - sin(Xi - X,)], 

for i , j  = 1,2, 

Here Xi is the phase difference across the Josephson junction connecting vertices 

i and u+ 1; Y{ is proportional to the voltage difference across the same junction. Just as 

we found in section 2.2, a classical system can be found leading to identical equations of 

motion and there are uniform stochastic webs associated with it. Consider the classical 

time-independent Hamiltonian 

H = \ Y ,p2i-\L2 cos(<xi ~ ®j)- (4-2) 

where i , j  = 1,2,. . . ,  v + 1. We have (v + 1) particles, each with unit mass, interacting 

with sinusoidal forces. Defining X{ = (X{ - x„+i), V; = (p,- - p„+i), we get Eq. (4.1) 

for the equation of motion. The 2v x 2v Jacobi matrix associated with the equations of 

motion is composed of four v x v blocks. The upper left and lower right blocks are null 

matrices; the upper right block is a unit matrix, the lower left  block is the matrix M, 

given by 

-Mij = Sij[2 cos Xi + £/ cos(A"i - X/)] ^ ̂  

+(1 - 5{j)[coaXj -  cos(Xi -  Xj)]. 

It follows immediately that any eigenvalue A of the Jacobi matrix satisfies the equation 

det\M{j — X26{j | = 0. (4.4) 
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For the purpose of studying riddled behavior, we set v = 2n to be an even integer. Assume 

that pairwise synchronization occurs in the form of 

X! = X2, x3 = x4,  . . . ,  x2n.1 = x2n, 
(4.5) 

Yi = y 3 ,  y 3  =  y 4 ,  . . . ,  y 2 „ - i  =  y 2 „ .  

The determiniant of Eq. (4.4) can now be simplified by the following procedure. 

Subtract column 2 from column 1, column 4 from column 3, column 2i from column 2i — 1, 

for i = 1,2,..., n. Next add row 1 to row 2, row 3 to row 4, row 2i — 1 to row 2i, for 

i = 1,2,..., n. Finally reorder the rows and columns of the determinant in the sequence 

1,3,5,..., (2n— 1), 2,4,6,..., (2ra). The matrix of the resultant determinant is composed 

of four nx n blocks, the upper right block being the null matrix, the upper left being the 

diagonal matrix Dij, where 

—Dij = Sij[cosX2i + 2 + 2 ^ cos(X2i — -X^2/)]) (4-6) 
i 

the lower right block being the matrix M,j, where 

—Mjj — S{j [ 3 cos J^*2t + 2 cos(^2i ~ X21)] 

+2(1 - £ij)[cosX2j - cos(X2 i  -  X2 j)] .  

Eq. (4.4) now becomes, for i ,  j  = 1,2, . . . ,  n,  

(4.7) 

cosX2i + 2 + + 2 y ] cos(J^2t ~ -^2/) — 0, (4-8) 
i 

and 

(4.9) 
det { S { j  [ 3 cosX2 i  + A2 + 2 Yl'i  cos(X2 i  - X2/)] 

+2(1 - 5,j)[ cosX2 j  -  cos(X2 i  -  X2 j)]} = 0. 

If we assume the pairwise synchronization of Eq. (4.5), then the equations of motion, Eqs 

(4.1) become 
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(dX2 i /dt) = Y2 {  ,  

(4.10) 

(dY2 i /dt)= -3 sin X2 ,• - 2 Y^j[sin X2 j  - sin(X2 j  -  X2«)].  

The equations of motion for X2 i- i  and Y2{-\ are identical with those of X2 i  and 

Y2i. The 2n X 2n Jacobi matrix J associated with Eq. (4.10) is composed of four n x n 

blocks. The upper left and lower right blocks are null matrices; the upper right is a unit 

matrix; the lower left block is the matrix M of Eq. (4.7). It follows that the eigenvalues 
r>j 

of J are identical to those of Eq. (4.9). The n values of A given by Eq. (4.8) determine 

the stability of the synchronization. If 

» 

—A; = cos X2 j  + 2 + 2 ) ' cos(-Y2t — X2 /) > 0, (4.11) 
i 

holds true for all n values of A; everywhere on the synchronized trajectory, then all A,-

are pure imaginery and the trajectory is marginally stable. But if any one of the above 

inequalities breaks down at some point along the trajectory, then the synchronization 

becomes unstable and the trajectory leaves the 2n dimensional subspace along a direction 

parallel to the eigenvector associated with the A,- which is real and positive. The sector of 

the full An dimensional phase space into which the trajectory initially moves depends on 

which A,- goes positive. 

As a numerical example, we consider the simplest case where multiply riddled 

behavior can occur, the case v = 2n = 4. This system corresponds to an array of 

five vertices, ten Josephson junctions and ten three-junction loops. For visualization 

purposes, think of four of the vertices at the corners of a regular tetrahedron, the fifth 

vertex at the center of the tetrahedron. The pairwise synchronization of the four degree of 

freedom causes all ten three junction loops to be synchronized. The numerical procedure 

consists of picking some initial conditions consistent with Eq. (4.5) and integrating the 

flow of Eq. (4.10). Along with the numerical integration, the largest Lyapunov exponent 

is calculated by the usual procedure[34]. As the integration proceeds, one continually 
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monitors to see if the two inequalities of Eq. (4.11) are satisfied. If they are satisfied 

throughout the integration, then the chosen initial condition represents an initial point 

of stable synchronization in the four dimensional subspace. If one of the two inequalities 

breaks down at some points along the trajectory, then the initial condition represents an 

initial point of one of the two possible kinds of synchronization instability. 

Figs. 4.1 - 4.6 indicate the presence of stability versus instability of synchron

ization for a variety of initial conditions. In the presence of instability, the two kinds 

of symbols indicate which instability is occuring. These figures graphically indicate that 

doubly riddled behavior is present. Our experience is that synchronization trajectories are 

always chaotic in the region of riddled behavior. It is reasonable to expect that multiply 

riddled behavior will also occur for systems containing more than four degrees of freedom. 

This has been confirmed for the cases of six and eight degrees of freedom. 

In the next two sections, we will show that multiply riddled behavior can also 

exist in a uniform stochastic web which is generated by a stroboscopic map as well as in 

the conservative flow considered here. 
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Figure 4.1: (a) Synchronization versus initial position. 150 X 150 points. 
0 < Yi = Y2 < 10, 0 < Y3 = Y4 < 10, Xi = X2 = 1, X3 = X4 = 1. Synchron
ization: blank. Desynchronization: +(Ai > 0), o(A2 > 0). (b) Blowup of the region 
contained in the rectangle in (a). 



Figure 4.2: (a) Blowup of the region contained in the rectangle in Fig. 4.1 (b). (b) Blowup 
of the region contained in the rectangle in (a). 
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Figure 4.3: (a) Synchronization versus initial position. 150 X 150 points. 
4 < X3 = XA < 10, 0 < y3 = y4 < 6, Xi = X2 = l, Yi = v2 = 3. Synchron
ization: blank. Desynchronization: +(Ai > 0), o(A2 > 0). (b) Blowup of the region 
contained in the rectangle in (a). 
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Figure 4.4: (a) Blowup of the region contained in the rectangle in Fig. 4.3 (b). (b) Blowup 
of the region contained in the rectangle in (a). 
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Figure 4.5: (a) Synchronization versus initial position. 150 x 150 points. 
0 < Xi = X2 < 6.5, 0 < X3 = X4 < 6.5, Fi = Y2 = 1, Y3 = Y4 = 1. Synchron
ization: blank. Desynchronization: +(Ai > 0), o(A2 > 0). (b) Blowup of the region 
contained in the rectangle in (a). 
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Figure 4.6: (a) Blowup of the region contained in the rectangle in Fig. 4.5 (b). (b) Blowup 
of the region contained in the rectangle in (a). 
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4.3 Multiply Riddled Behavior of a Uniform Stochastic Web 

Consider a set of (v + 1) identical harmonic oscillators which are impulsively coupled. 

The Hamiltonian is 

H = \j2(Pi+u2xi)-\l<^J2^s{x i-x j) Yl S(t-nT), (4.12) 
i tj n=-oo 

where i,j = 1,2,..(i> + 1). 

The equations of motion are 

I OO 
X, + u2Xi + uK ^2 sin (a:,- — xj) ^ S(t - nT) = 0. (4-13) 

j n=—oo 

In the intervals between successive kicks, the equations of motion can be integrated. This 

allows the possibility of constructing a stroboscopic map. Let be the value of x,- at 

time t = nT, and let wi/; in  be the value of of X{ infinitesimally prior to t = nT. 

The resultant map is 

(4.14) 

(4.15) 

•Ei.n+l 

2/i',n+l 

a b 

—b a 

®«,n 

Vi,n K Xvi Sin(xi,n ®j,n) 

where 

a = cos ljT , b = sinwT. 

Define 

— xi,n %v+l,Tt j 

^t',n = Vi, n Vv+l,n > 
(4.16) 
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where now i = 1,2,..., v. 

We now have the 2u-component map 

x{,n+1 = bY{in 

-bK{2s\nX i%n + Ej[sinXJ)n - sin(Xj,n - X,-,n)]}, 

(4.17) 

^t',n+l = ~bXitn + 

-aK{2smX i<n + £j[sinXj,n ~ sin(^> ~ ̂ «>)]}. 

This is the generalization to v degrees of freedom of the triple-twist map (u = 2), 

generator of a four-dimensional stochastic web[20]. 

The 2v X 2v Jacobi matrix Jn associated with this map is composed of four v x v 

blocks 

, aI + bKMn bl , 
Jn = | | , (4.18) 

—bI + aKMn al 

where / is the v X v unit matrix, and Mn is a v x v matrix where 

Mj.n — $ij[ 2cOsA";iT1 + 5Z;c°s(-^i,n -^/,n)] . . 
(4.19) 

-{-(1 — 5{j ) [COS Xj jTl — COS 

The eigenvalue equation associated with Jn is 

jncn — ^nCni 

and 

cn = n 

^2n 

(4.20) 

(4.21) 
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where Cin and C2n are u-component column vectors. Thus 

[(fl An) + bKMn]cin = —b I C2n , 

(4.22) 

(—6/ + aKMn) Cin = — [a. — An) I C2n > 

from which it follows that 

[(a - An)2 I+(a- An)bI<Mn + b2I - abI<Mn] cln = 0. (4.23) 

The corresponding determinantal equation is 

det \M i j tn  - A^0-| = 0, (4.24) 

where 

A; = (bKAn)-X[(a - An)2 + b2 ]. (4.25) 

By solving Eq. (4.24), we find v values of A^. For each value of \'n we solve the quadratic 

equation 

A2 - (2a + bK\'n)\n + 1 = 0. (4.26) 

For a pair of values of A„. 

Recall that for a map instability is associated with 

|A„| > 1. (4.27) 

We restricted ourselves to cases where there is a resonance between the impulsive kick 

and each harmonic oscillator, so that 

wT = ( 2?r/q ) , (4.28) 
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where q is an positive integer. We can further restrict ourselves to values of q which 

generate uniform stochastic webs; i.e. webs which are periodic in all 2v dimensions X{ 

and Y{. This requires[16,17,48,49]: 

q = 3,4, or 6 . (4.29) 

Note that we can make the stochastic web have multiply riddled behavior by 

synchronizing various degrees of freedom in exactly the same way used with arrays of 

Josephson junctions as illustrated in last section. Both problems involve solving the de-

terminantal Eq. (4.24), associated with the matrix Mn. This will give explicit expressions 

for those A^ associated with possible destabilization of the synchronization. If any of the 

corresponding A„, obtained by solving Eq. (4.26), satisfy Eq. (4.27), then destabilization 

has occured. 

Table 4.1 shows the value of a = cos(wT), b = sin(wt) where uiT = 2k/q corres

ponding the three different q. 

Table 4.1: The values of a, b for three values of q 

q  a b  
3 -1/2 \/3/2 
4 0 1 
6 1/2 \/3/2 

From Eq. (4.26), we have 

^ = |{(2a + bK\'n) ± [( 2a + bI<X'n)2 - 4]1/2}, (4.30) 

if (a + (l/2)bKX'n)2 < 1 then |A„| = 1, this is the condition for stability of the map. If 

(a+ (l/2)bK\'n)2 > 1 then |An| > 1, this will cause the instability to occur. So there is 

stability if 
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2V3 > I<X'n > =fy/3, 9 = 3, 

2 > I<X'n > -2, g = 4, (4.31) 

§\/3 > I<X'n > -2\/3, 9 = 6, 

otherwise there is instability. 

Now we consider the possibility of doubly riddled behavior for v = 4, where we set 

xi  = x2 ,  x3  = x4 ,  yi  = y2 ,  y3  = y4  .  (4.32) 

Thus, the map becomes 

-^i,n+i — a^i,n + bYi tn  — bK{3 sin X\ tTl  

+2[sinX3,„ - sin( X3in - Xiin)]}, 

X3,n+1 = aX3,n +  ̂ .n — bK {3 sin X3 tn 

+2[sinXx,„ - sin( Xlin - X3)„)]}, 

^1,Ti4*1 — k^l,n "t" aK{3 sin 

+2[sinX3,„ - sin( X3,n - Xi,n)]}, 

(4.33) 

i"3,n+i = —bX3,n + aY3in — aK {3 sin X3i„ 

+2[sinXi,n - sin( Xi,„ - X3,n)]}, 

this map is a generalized Zaslavsky map associated with a kicked oscillator model[20]. 

Also, we have 
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Ai,n = -[ 2 + cosJfi,n + 2cos( Xh n  -  X3 ,n  )  ] ,  

(4.34) 

^2,n = —[ 2 + cosX^> n  + 2cOs( Xz,n ~ X\,n  )  ] ,  

so that 

1 > A'1)n , A'2,n > -5 . (4.35) 

From Eq. (4.31), in the case of v — 4, there will be no instability if 

> I< > =fV3, q = 3, 

f > K" > TT, 9 = 4, (4-36) 

|V3 > I< > yf-v/3) q = 6. 

Figs. 4.7 - 4.12 show the presence of stability versus instability of the synchronized 

map for a variety of initial conditions. As were used in last section, different kinds of 

symbols indicate which instability is occuring. Again, these figures indicate the existence 

of doubly riddled behavior. The presence of multiply riddled behavior is also expected in 

a stroboscopic map which contains more than four degrees of freedom. 
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(a) 

(b) 

Figure 4.7: (a) Synchronization versus initial position. 100 X 100 points, q = 3,/<" = 0.24, 
0 < xi = x2 < 20, 0 < x3 = x4 < 20, y\ = yi — 1, y3 = y4 = 0.5. Synchronization: 
blank. Desynchronization: o(Aj > 1, or both Ai and A2 > 1 simultaneously ), +( only 
A2 > 1). (b) Blowup of the region contained in the rectangle in (a). 
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(b) 

Figure 4.8: (a) Synchronization versus initial position. 100 X 100 points, g = 4, K = 0.41, 
0 < X\ — X2 < 20, 0 < X3 = X4 < 20, Yi = Y2 = 1, y3 = y4 = 0.5. Synchronization: 
blank. Desynchronization: o(Aj > 0, or both Aj and A2 > 0 simultaneously ), +( only 
A2 > 0). (b) Blowup of the region contained in the rectangle in (a). 
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Figure 4.9: (a) Synchronization versus initial position. 100 X 100 points. q = 6,K = 0.7, 
0 < Xi = X2 < 20, 0 < X3 = X4 < 20, Yi = Y2 = 1, Y3 = Y4 = 0.5. Synchronization: 
blank. Desynchronization: o(Ai > 0, or both Ai and A2 > 0 simultaneously ), +( only 
A2 > 0). (b) Blowup of the region contained in the rectangle in (a). 
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Figure 4.10: (a) Synchronization versus initial position. 100 x 100 points. 
q = S,K = 0.24, 1 < Xi = X2 < 5, 2 < Yi. = Y2 < 7, X3 = X4 = 0, Y3 = Y4 = 0. Syn
chronization: blank. Desynchronization: o(Aj > 0, or both Ai and A2 > 0 simultaneously 
), +( only A2 > 0). (b) Blowup of the region contained in the retcangle in (a). 
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Figure 4.11: (a) Synchronization versus initial position. 100 X 100 points. 
q = 4, /C = 0.41, 1 < Xi = X2 < 5, 0 < Yi = Y2 < 6, X3 = X4 = 0, Y3 = Y4 = 0. Syn
chronization: blank. Desynchronization: o(Ai > 0, or both Aj and A2 > 0 simultaneously 
), +( only A2 > 0). (b) Blowup of the region contained in the rectangle in (a). 
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Figure 4.12: (a) Synchronization versus initial position. 100 X 100 points, q = 6, K = 0.7, 
1 < Xi = Xi < 5, 0 < Y\ = y2 < 6, X3 — X4 = 0, V3 = Y4 = 0. Synchronization: blank. 
Desynchronization: o(Ai > 0, or both Ax and A2 > 0 simultaneously ), +( only A2 > 0). 
(b) Blowup of the region contained in the rectangle in (a). 
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4.4 Multiply Riddled Behavior of a Damped Uniform Stochastic Web 

In this section we want to consider what happens to the multiply riddled behavior of a 

uniformal stochastic web when damping is introduced, so that the system is no longer 

conservative. In the interest of simplicity, let us first consider a single damped harmonic 

oscillator that is periodically kicked. After constructing the stroboscopic map for this 

problem, it will be obvious how to construct it for the damped uniform stochastic web. 

The equation of motion for the damped harmonic oscillator is 

OO 
x + 2Xx + UJQX + wKf(x) ^ 8(t-nT) = 0, (4-37) 

n=—oo 

where A is the damping factor. 

Define 

y = w-1( x + Xx) , u> = (UQ - A2)1/2. (4.38) 

In the interval (n — 1 )T <t < nT between kicks, we have 

x(t) = ea;p(-A<)[ Ancoswt + jB„sinw£], 

(4.39) 

y(t) = exp{—A£)[—A„sinut + Bn coswi]. 

Define xn and yn to be the values of x(t) and y(t) infinitesimally prior to t = nT. Thus 

xn = exp{—\nt)[ An cosomT + Bn sinumT], 

(4.40) 

yn = exp{-An£)[-An sin wnT + Bn cosunT]. 

x(t) is continuous at t = nT, but y(t) changes discontinuously by an amount —Kf(xn). 

This means that 



An+1 = An + Kf(xn)exp(XnT) sinumT, 

Bn+1 — Bn — K f(xn)exp(XnT) cosurnT. 

Thus we have 

xn+i= exp(-Xnt){ (cosu;T)xn + (sinuT)[yn-Kf(xn)]}, 

2/n+i = exp(—Xnt){(—sinLoT)xn + (cosu;T)[ yn - Kf(xn)]}. 

For typographical reasons, we define 

Note that 

Thus 

Zn+i = c { axn + b[yn - Kf(xn)]}, 
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(4.41) 

(4.42) 

a = cos ljT , b = sinwT , c = exp(—XT) . (4.43) 

a2+ b2 = 1 , 0  <  c  <  1  .  ( 4 . 4 4 )  

(4.45) 

yn+1= C  {-bxn + a [ y n - I< f (xn)]}. 

Now consider a set of (u +1) identical damped harmonic oscillators which are impulsively 

coupled. The equations of motion are 

i oo 

X i  + 2Xi{ + UQX i  + uK ^2 sin(xt- - X j )  ^ S(t - nT) = 0, (4.46) 
j n=-oo 

where i ,  j  =  1 , 2 , . . . ,  v  +  1 .  

In the intervals between successive kicks, the equations of motion can be integrated. So 
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again this allows the possibility of constructing a stroboscopic map in exactly the same 

way used for the single damped harmonic oscillator. We define 

Hi = u *( al,• + Azt) , w = ( u>o - A2)1/,2
t (4.47) 

and also define and j/t)n to be the values of X{ and y{ infinitesimally prior to t = nT. 

Thus 

®t,n+l 

2/«,n+1 ) 

(4.48) 
2/«,n K Ej sin(®,"iTl ^j,n) 

The effects of the damping show up only in that everything on the right-hand side of Eq. 

(4.48) is mutiplied by the factor c. 

Define 

Xi,n — ®i,n ®v+l,n i 

^i',71 = l/i,n ~ 2/u+l,n i 

(4.49) 

(4.50) 

where now i =  1 , 2 , . . . ,  v. 

We now have 2v component map 

= C "f* byiin) 

-cbK{2smX i<n + Ej[sinXJ)n - sinpfj,„ - X,•,„)]}, 

1 = C ( bX{ n + dYiji) 

-caK{2s\nXi,n  + Ej[sin^j,n - sin(X,> - X,•,„)]}. 

The 2v x 2v Jacobi matrix associated with this map differs from that of the 

undamped map only in that every matrix element is multiplied by the factor c. It follows 

that the eigenvalue of Jn is smaller by a factor c compared with the eigenvalue for the 

undamped case. Thus the eigenvalue A„ is given by 
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A„ = i c {(2a + bKX'n) ± [( 2o + 6/CA'J2 - 4 J1/2}, (4.51) 

where 

det | M;j,n - A'n«y | = 0, (4.52) 

and 

Mij,n — { 2 cos Xi t„ + COS(Xi^ n  X^ n )  }  
(4.53) 

+ (1 — 8{j){ cosXj,n — cos(X,in — -Xj,n)}. 

So we have: 

for stability 

|A„| < 1 if | 2a + bK\'n | < (c + c 1 ), (4.54) 

for instability 

|An| > 1 if \2a + bKX'n \ > (c + c 1 ). (4.55) 

For the same reason as in the undamped case, we only consider the cases when q = 3,4,6. 

Define 

s = c + c-1 (4.56) 

Then there is stability if 
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^( s+1)  > KX'n > ^§ ( s - l ) ,  q — 3 ,  

s > K\'n > -s, g = 4, (4.57) 

^ ( s -1 )  > K\'n > ^/§(s+l)> 9 — 6, 

otherwise there is instability. 

Again, we use the method of synchronization for the map, that is, for v = 2n 

x 1 = x 2 ,  x 3  = x 4 ,  . . . ,  x 2 n - 1  = x 2 n ,  

Vk=ya ,  Y3  = Y4 ,  . . . ,  y2„-l=^2n, 

we have the generalized eigenvalues A(- and the map 

(4.58) 

A;.n = -{cosX2 i < n  + 2 + 2 £>s(X2l-„ - X2 j ,n)}.  (4.59) 
j 

X2i,n+1= c{(aX2i>n + bY2 i ,n) 

—bK[ 3 sin X2i<n + 2 [sin X2 j< n  + sin(X2,,n — X2 j< n)]  ]} ,  

(4.60) 

^2t,n+l = C {(—bx2itn + ay2itn) 

—aK[ 3 sin X2 i < n  + 2 £j-[sin X2 j ,n  + sin(X2l> - X2 j ,n)]  ]} ,  

for i = 1, 2 , . . . ,  v/2. 

Here we consider the v = 4 case, which corresponds to doubly riddled behavior 

of the damped uniform stochastic web. Fig. 4.13 - 4.18 illustrate the presence of doubly 

riddled behavior. Again, it is quite reasonable to expect that multiply riddled behavior 

can exist in such a system containing more than four degrees of freedom. 

In summary, in this chapter we have shown three examples, two conservative and 

one nonconservative, which exhibit the first seen multiply riddled behavior . It should be 
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noted that all three cases have several things in common, especially the eigenvalues and 

Jacobi matrices, even though the sources of these models are quite different. It might 

mean that the phenomenon of multiply riddled behavior is not rare for some synchronized 

complex systems. 
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Figure 4.13: (a) Synchronization versus initial position. 100 X 100 points. 
q = 3, I< = 0.25, c = 0.99, 0 < Xx = X2 < 20, 0 < X3 = X4 < 20, Yi = Y2 = 0, 
y3 = y4 = 0. Synchronization: blank. Desynchronization: o(Ai > 1, or both Ai and 
A2 > 1 simultaneously ), +( only A2 > 1). (b) Blowup of the region contained in the 
rectangle in (a). 
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Figure 4.14: (a) Synchronization versus initial position. 100 X 100 points. 
q = 4,I< = 0.41,c = 0.99, 0 < Xx = X2 < 20, 0 < X3 = X4 < 20, Yi = Y2 = 0, 
^3 = Y4 = 0. Synchronization: blank. Desynchronization: o(Ai > 0, or both Ai and 
A2 > 0 simultaneously ), +( only A2 > 0). (b) Blowup of the region contained in the 
rectangle in (a). 
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Figure 4.15: (a) Synchronization versus initial position. 100 X 100 points. 
q = 6, K = 0.75, c = 0.99, 0 < Xi = X2 < 20, 0 < X3 = X4 < 20, Y1 = Y2 = 0, 
y3 = y4 = 0. Synchronization: blank. Desynchronization: o(Ai > 0, or both Ai and 
A2 > 0 simultaneously ), +( only A2 > 0). (b) Blowup of the region contained in the 
rectangle in (a). 
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Figure 4.16: (a) Synchronization versus initial position. 100 X 100 points. 
q = 3, I< = 0.25, c = 0.99, 1 < Xx = X2 < 5, 2.5 < Yi = Y2 < 8.5, X3 = X4 = 0, 
I3 = Y4 = 0. Synchronization: blank. Desynchronization: o(Ai > 0, or both Ai and 
A2 > 0 simultaneously ), +( only A2 > 0). (b) Blowup of the region contained in the 
rectangle in (a). 
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Figure 4.17: (a) Synchronization versus initial position. 100 X 100 points. 
q = 4, I< = 0.42, c = 0.99, 1 < Xi = X2 < 5, 1 < Yi = Y2 < 7, X3 = X4 = 0, 
Y3 = Y4 = 0. Synchronization: blank. Desynchronization: o(Ai > 0, or both Ai and 
A2 > 0 simultaneously ), +( only A2 > 0). (b) Blowup of the region contained in the 
rectangle in (a). 
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Figure 4.18: (a) Synchronization versus initial position. 100 X 100 points. 
q = 6, I< = 0.75, c = 0.99, 1 < Xi = X2 < 5, 1 < Yi = Y2 < 7, X3 = X, = 0, 
y3 = y4 = 0. Synchronization: blank. Desynchronization: o(Aj > 0, or both Ai and 
A2 > 0 simultaneously ), +( only A2 > 0). (b) Blowup of the region contained in the 
rectangle in (a). 
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