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ABSTRACT 

In this thesis, properties of particle trajectories associated with the de Broglie-

Bohm causal interpretation of quantum mechanics are studied. These trajectories are 

shown to exhibit deterministic chaos and adiabatic invariance under certain conditions. 

The very basic elements of the causal interpretation are presented in the first 

chapter. These include the equations of motion for the particle and the quantum potential. 

A brief discussion of the philosophically agreeable features of the theory is also included. 

In Chapter 2, properties of chaotic systems are studied. We define deterministic 

chaos for a flow and present methods for calculating the maximum Lyapunov exponent. 

The properties of the different types of systems and the conditions that lead to chaos in 

these systems are analyzed. 

We study in detail the specific example of the two-dimensional harmonic oscillator 

in Chapter 3. We find that different types of trajectories include those which are periodic 

and chaotic. The necessary conditions for obtaining chaos are determined for a 

superposition of stationary states. 

Systems which are qualitatively similar to the harmonic oscillator are covered in 

Chapter 4. These include the two-dimensional infinite well, an infinite well bisected by a 

finite barrier, and a Rydberg atom in an external electromagnetic field. 
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In Chapter 5, the effect of a spin V^ wavefunction is considered. The causal 

equations of motion for a spin Vi particle are introduced. We find that chaotic trajectories 

are easily obtained. 

The causal analogue of the geometric phase is defined in Chapter 6. This phase is 

shown to be an adiabatic invariant for periodic trajectories. We define the geometric 

fi-equency for both periodic and aperiodic trajectories. 

Finally, in Chapter 7 we examine trajectories associated with stationary states. We 

define necessary conditions for chaos to arise in the trajectories. The properties of 

entangled boson and fermion systems are analyzed. 
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1 INTRODUCTION 

1.1 The causal interpretation 

In the causal interpretation of quantum mechanics'"^, a particle has a well-defined 

position and momentum at all times. Trajectories are determined by the wavefunction 

*P(r,/) and initial position of the particle. The single-particle wavefunction can be 

expressed in polar form as 

with R and S real functions of r and t .  This form is substituted into the Schrddinger 

equation 

where V is the classical potential energy. After separating real and imaginary parts, the 

following two equations are obtained. 

T(r,0 = R{r,t)ex^{iS{r,t)ln),  (1 .1)  

(1.2) 

dR-
+ V- R^— =0, (1.3) 

dt m 

and 

dS (VS)' h' V'R —+.b—i- + y 
dt 2m 2m R 

=  0 .  (1.4) 
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The first equation is the continuity equation and expresses the conservation of probability. 

An ensemble of particles with a distribution of initial positions consistent with |^(r,0)p 

will have a distribution of positions at a later time t  consistent with |*F(r,/)|^. The second 

equation looks like the classical Hamilton-Jacobi equation for a particle in a potential V + 

O, where 0 is the quantum potential and is given by 

h" V'R 

The momentum and energy of the particle are identified as 

p = VS = mjp'^ (1.6) 

and 

dS /-I i \  E = -~ = — + 0 + V. (1-7) 
d( 2m ~ 

Here 

and 

7 = —[vp*V^-TV^*l = /?'V5 (1.9) 
2mi '• ^ 

are the probability density and current density respectively. In addition to equation (1.6), 

an equivalent equation of motion is 

dv 
m— = -V{0 + V), (l.IO) 
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^x) 

Q(x) 

Figure 1.1 Arbitrary wavefiinction magnitude and corresponding quantiun 
potential for single particle in one dimension. 

which is just Newton's second law. The initial velocity is not optional but rather is 

determined by the initial wavefiinction and particle position through equation (1.6). 

Generally, the energy of the particle is not constant unless the wavefiinction is a stationary 

state. However when F is not explicitly dependent upon time, the ensemble average is 

constant and equal to the expectation value of H in the usual interpretation, 

Wx = (^}.  (1.11) 

For any Hermitian operator corresponding to an observable of the system, the ensemble 

average of the observable will be equal to the expectation value of the operator. 

The quantum potential does not depend on the magnitude of the wavefiinction, but 

rather on the shape of the magnitude. Figure 1.1 shows the magnitude of an arbitrary 

single-particle wavefiinction in one dimension and the corresponding quantum potential. 

X 

{E) = \R'  ̂  + 0 + V 
2m " 

-  —V +V 
Im 
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Notice that as the wavefunction approaches zero, the quantum potential remains 

significant. 

As the particle travels along its path, it encounters areas where the quantum 

potential is increasing in space which act to slow the particle down as it approaches these 

areas. Generally, in the vicinity of a local maximum of the magnitude R, there will be a 

corresponding local maximum of the quantum potential - thus the particle spends more 

time where the probability of finding it is higher, as expected. Likewise, if the particle is 

receding from these areas, it is accelerated and travels faster through areas corresponding 

to lower probabilities. A particle with a real stationary state wavefunction is at rest - the 

quantum potential is independent of time and balances the external potential V. By taking 

combinations of stationary states as the wavefunction of the particle, 0 becomes a 

function of time, and the trajectories are chaotic for some initial conditions under certain 

circumstances. 

For a system of n interacting particles, the wavefunction becomes a function of the 

n coordinates of the particles, i.e. 

= i?(r„...,r„,0exp(/.S(r„...,r„,0/^). (1.12) 

The many-body quantum potential energy is 

(1.13) 

The momentum of particle / is 
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p,(r,,...,r„,0 = y = (1.14) 

Alternatively, 

'",^ = -V,(0+nU,„ y = (1.15) 

The force on any particle is dependent upon the instantaneous positions of the other 

particles. This nonlocal interaction is inherent to the theory. 

In the case of many-body systems, the quantum potential need not be time 

dependent to give rise to chaos. For a stationary entangled wavefunction, the quantum 

force exerted on a particle does not necessarily balance the classical force. Even when the 

classical force - is independent of the positions of the other particles, the quantum 

force - V,0 may indeed depend upon the positions of the other particles. The quantum 

potential is time-independent, and the energy of the system is strictly conserved in this 

situation. 

1.2 Philosophical merits 

One of the more attractive aspects of the causal theory is the simple explanation of 

the two slit experiment. Traditionally, we are forbidden to even talk about which hole the 

electron goes through. This is very troubling when first introduced to quantum 

mechanics, and it seems that eventually we just come to accept it. According to the causal 

theory, the wave of the particle travels through both slits, while the particle does indeed 

go through one or the other. 
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There is no need for the mysterious 'collapse' of the wavefiinction nor for an 

outside observer to bring about this collapse. The process of measurement must include 

the apparatus as part of the wavefiinction of the system. The total wavefiinction evolves 

according to Schrodinger's equation. After the process is completed, the wave packets of 

the measuring device corresponding to the different outcomes of the measurement cease 

to overlap, and the system is effectively left in an eigenstate of the measurement. 

The transition to the classical world is readily handled. This happens when the 

quantum potential of the system O approaches zero. 

Finally, the theory is nonlocal, which BelP has shown must be the case for any 

theory to describe reality. 
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2 METHODS 

2.1 Conservative and nonconservative flows 

Consider a set of n autonomous first-order differential equations specified by 

^ = F(j:), j: = (ar,,x2...xj, F(x) = [F,(jc),F2(j:),...,F„(x)]. (2.1) 

A differential surface element of dimension n - I will sweep out a differential volume 

element of dimension n at a rate according to 

^  = Fix)dS.  (2.2)  

The rate of growth of a volume rebounded by a surface S can be found by integrating over 

the volume and using the divergence theorem to be 

dV 
— = \Tx{J)d"x, (2.3) 

where 

/(A:) = ^^, (2.4) 

is the Jacobian matrix of F. For a conservative flow, the enclosed volume will remain 

unchanged as a surface evolves, thus the trace of /is equal to zero at all times. 

The equations of motion for a trajectory in the causal interpretation are of the form 



21 

^ = F{x,t) = -ImfH'Cjc,/)-'VH'Cjc, / ) ] .  
u« in ^ ^ 

(2.5) 

The evolution of m particles in a </-dimensionai coordinate space can be considered as a 

flow of a single trajectory in an w = /w-rf-dimensional space. If the equations of motion are 

explicitly dependent upon time, we can convert these n differential equations to a set of 

« + 1 autonomous equations by adding a differential equation for t  -

Notice that is equal to zero, and will have no effect on the trace of the n-

dimensional Jacobian matrix. 

Energy is not necessarily a constant of the motion since the effective potential can 

be time-dependent. Flows associated with this type of system are not conservative. 

Consequently at any instant of time, spatial volumes may be growing or shrinking. 

However, the equations of motion can be derived from a Hamiltonian. Therefore volumes 

in the 2«-dimensional phase space are invariant because of Liouville's theorem. If an n-

dimensional volume in configuration space is growing, then the corresponding n-

dimensional volume of the momentum space must be shrinking, and vice versa. For a 

wavefunction of a superposition of localized stationary states, particle trajectories are 

bounded and their energies are finite. If the time-average rate of growth of the volume of 

the configuration space is positive, then trajectories would be unbounded which is 

inconsistent with the assumed wavefimction. If the time-average rate of growth of the 

volume of the configuration space is negative, then the time-average rate of growth of the 

(2.6) 
dt 
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volume of the momentum space must be positive. This implies unbounded trajectories in 

momentum space which is also inconsistent with the wavefunction. Therefore, the time-

average trace of /must be equal to zero, as is found numerically. 

2.2 Definition of chaotic trajectories 

As stated earlier, the equations of motion can be expressed as 

dx 
= F(x,t) ,  = (2.7) 

Here F may not be explicitly dependent upon time. The rate of divergence of trajectories 

enclosing that of the particle is characterized by the maximum Lyapunov exponent, cwt 

Deterministic chaos (extreme sensitivity to initial conditions) is defined as the exponential 

divergence (amox > 0) of nearby trajectories. Let us linearize equation (2.7) to obtain 

d8x 
= /(x,/)5x. (2.8) 

where again J is the Jacobian matrix of F{x,t),  and is a small displacement in x{t) 

6x, 

8x, 

5x. 

(2.9) 

Denoting eigenvalues and corresponding normalized eigenvectors of /as A,, (/ = l...«) and 

<Pi, respectively, we can express as a linear combination of these eigenvectors as 



1 = 1 

with Qi a time dependent coeflBcient. Now equation (2.8) becomes 

^ = / ix,t)hx = S X, (/)a, (/)(p. (0 

Differentiating |6jc |^, 
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(2.10) 

(2.11) 

^̂ ^̂  = 25>r~ = 25;<i,(0-|),(0S>.,(')a,(')<P,('). (2 12) 

and using 

2(& •S»)X..(0 < < 2(5ac •8»)X_(0. (2.13) 

(where "kma and are the largest and smallest of the n eigenvalues of /,) we obtain 

limits for |Sx(t)|, i.e.. 

|S*(0)|exp \dt"k^n{n < |&x(0| < |Sx(0)|gj[p 

The largest Lyapunov exponent is defined as 

(2.14) 

^ru^(Xo)= Hm f-KO.5jr(0)->0 
l^^[5x(Xo,/)| 

/ |&x(JC„,0)lj 
(2.15) 

Note the dependence of cw upon Xo, the initial position of the trajectory. Different initial 

positions can lead to trajectories with different Lyapunov exponents. We can deduce fi^om 

equation (2.15) only that the largest Lyapunov exponent will be somewhere between the 

time averages of and A^. 
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In an autonomous first-order system (taking equation (2.6) into account if 

necessary) trajectories in an Ai-dimensionai space will have n Lyapunov exponents. These 

exponents characterize the exponential rate of divergence along n time-dependent basis 

vectors, e,. For the non-autonomous system, the Lyapunov exponent c, associated with 

the t direction e, is zero since trajectories do not diverge nor converge in this direction. 

2.3 Single-particle chaotic trajectories 

For single-particle systems we will consider non-autonomous flows. The 

Poincare-Bendixson"* theorem states that for a set of nonlinear autonomous differential 

equations, three degrees of fi^eedom are necessary for chaos to arise. We can consider t as 

an extra degree of fi"eedom, thus we need only two spatial degrees of fi-eedom, x and y. In 

the absence of a magnetic field, the equations of motion are 

where r = (x^y) is the position of the particle in two dimensions. As before, we linearize 

equation (2.16) to obtain 

where 6r is a small displacement in r and J is the Jacobian matrix of v(r,/). Explicitly, 

(2.16) 

(2.17) 
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dv^ dv^ 

(2.18) 

dx dy 

The eigenvalues of J are 

^mn ~ 2 1*^11 -^22 •^22) ''^'^12*^21 j ' 

^mar ~ 2 *^22 *^22) •^^•A2"^21 (2.19) 

From equation (2.16) it follows that / is Hermitian (Jn =J2u) so that the eigenvalues are 

real. As derived in section 2.2, the largest Lyapunov exponent will be between the time 

averages of A,„,„ and 

Consider the Lyapunov exponent associated with the direction orthogonal to Cmax 

(6r) and to Cf. Let hs be an infinitesimal displacement in r orthogonal to 6r. The direction 

of this vector is governed by 5r, but its magnitude is determined by 

(2.20) 

We have 

6r = [a, (/)<p, (0 + (/)(p2 (O], 

6s = |6si[a,(0^ + ̂ 2 (0^] ' [^2(0<P,(0 -iJf,(0<P2 (O] 

(2.21) 

Differentiating |5r|^ and |6sp, and using (2.11), we obtain 
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= 2(J., + X,)dt = 2Tr(/)rf/. (2.22) 
II I i 

Integrating and taking the limit as 6r(0) and 8s(0) go to zero, and as t  goes to infinity, the 

above expression becomes 

This result is not surprising since the volume of an ellipsoid with principal axes 

oriented in directions defined by the basis veaors will grow as exp[(o-max + a-mm + oi)^]. 

Since volumes are conserved on a time average, the sum of the Lyapunov exponents must 

be zero. 

2.4 Two-particle autonomous chaotic trajectories 

Chaos can be obtained when the quantum potential is time-independent. When this 

is the case, the equations of motion are autonomous. For a stationary entangled 

wavefunction, energy is a constant of the motion reducing the number of independent 

degrees of fi"eedom by one. Therefore we need four variables in order that chaos may 

occur. Hence we use a wavefunction of two particles moving in two dimensions. This 

system can be thought of as a single flow in four dimensions on a three-dimensionsal 

0 

(2.23) 

Thus 

(2.24) 



surface. For two non-interacting particles in the absence of a magnetic field, the equations 

of motion for particle / (/ = 1,2) are 

^ ('"i. '*2) = ̂  , ''2)V, T(r,, r,)], (2.25) 

where r, = (x,j;,) is the position of the particle in two dimensions. 

2.5 Calculation of time-averaged Tr(/) and maximum Lyapunov exponent 

The time average Tr(7) is 

J ' 
^ = lim (2.26) 

Again, J may or may not be explicitly dependent upon time. We define 

(2.27) 
* fi=I 

where A/„ is the numerical time step at t„, 

n 

t = (2.28) 
1=1 

and 

+AK'.),'.)] 

is an approximation to the trace of the Jacobi matrix during Hence 

X = lim Xs • (2.30) 
.V-»QO 
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To find (7max, WB need to numerically solve equation (2.8). Implicitly defining a„ 

as 

|Sr(r,)| = £'-^-|8K<,-A/,)|. (2.31) 

we can approximate cw by taking a time average of the a„.^ After calculating cr„, we 

renormalize dr(t) at each step (consequently |5r(/„ - A/„)| = 1.) By taking the natural log 

of both sides of the above equation and defining 

ln|8r(/j|, (2.32) 
iV n=I ',V n=I 

we obtain 

o-mox = O-,,. (2.33) 
.V-»<c 

Notice that the dependence of cw on A/„ is imbedded in ln|8r(/„)|»ln|l + vA/„| % vA/„, 

where v is an effective speed of dr. For a chaotic trajectory, Omax will be independent of 

the orientation of S^t=0). Different initial configurations of <5r^^=0) will align with each 

other after a finite period of time - <5K0 continually pursues the direction of the 

eigenvector corresponding to the largest eigenvalue of J(r,t), (fWxit) It should be noted 

that ^0 at any instant of time may not be aligned with ?Wt(0. and in fact may actually be 

orthogonal to (pmJj) at some instants. 
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2.6 Periodic and aperiodic trajectories 

Assume to be a superposition of M > 2 mutually nondegenerate stationary 

states, 

(2.34) 
1=1 

where E, ^heo, is the energy eigenvalue of the stationary state ^,(r) and c, is a 

coefficient. We define G{x,y,t) as the magnitude squared of the waveflinction. With 

real stationary states and coefficients, G has the form 

Gix,y,i) = f¥(r,t)f =G(r, ̂ cosgj,/), (2.35) 

and 

^ = (2.36) 
j>i 

where CD,y s co, - co, and //r) is a function of the coordinates. If the % are commensurate, 

then the system (magnitude of the waveflinction and particle trajectories for all initial 

conditions) is periodic. If the Q},j are incommensurate (implying M > 2,) then the system 

is aperiodic. There are two types of aperiodic trajectories associated with this system. 

Type I trajectories are characterized by having well-defined boundaries. This type of 

trajectory stays within a simply connected boundary and is space filling. Conversely, type 

n aperiodic trajectories have no well-defined boundaries, and these paths look chaotic. 

Indeed the defining characteristic of the two aperiodic types is the largest Lyapunov 
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exponents. A type I trajectory has a largest Lyapunov exponent equal to zero and 

consequently is not chaotic. A type II trajectory has a largest Lyapunov exponent wliich is 

positive and hence is chaotic. 

Complex coeflBcients can be expressed as a magnitude c„ and a phase p,. Now 

'V(r,t) = f^L,vXr)e-"''-''\ (237) 
f = l 

|^(r,/)|' = G(r, cos(«y/ ~<p,)), (2.38) 

and 

~ = (2.39) 
j>i 

where (py = (pt - Now even if the % are commensurate and M > 2, the state function is 

periodic, but most trajectories are aperiodic. As before, there are two types of aperiodic 

trajectories associated with this system. However, unlike the case with real coefficients, 

the type I trajectories are characterized by having well-defined boundaries which can now 

be not simply connected. Only special initial conditions and coefficients will lead to 

periodic trajectories. The period of these trajectories is an integer multiple of the period of 

the corresponding wavefunction. 

If one or more of the stationary states are complex, 

¥,ir) = ¥,Sr)+iiif,Sr), (2.40) 

we have 
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I'PCrOf (2.41) 
yx J>t 

and 

^ Z [/> ('') sin(ty^/ -(Pg)^g:, (r) cos(ty^/ - <p,j)], (2.42) 
j>i 

where gij(r) is another function of the coordinates. Again, the wavefunction is periodic, 

and almost all trajectories are aperiodic - even with M = 2, type I trajectories have well-

defined boundaries which are not necessarily simply connected, and only special initial 

conditions and coefficients will lead to periodic trajectories. Like the case of complex 

coefficients, the period of these trajectories is an integer multiple of the period of the 

corresponding wavefunction 

2.7 Numerical methods 

Particle trajectories are rendered using a fourth-order Runge-Kutta method with 

constant or variable time steps (A/.) Employing a constant time step, we have no way to 

control the numerical error involved in the integration. However with a variable At, the 

error can be restricted. The velocity (v^, Vy) of the particle is calculated at t and tit) using 

a time step A/. The velocity is then calculated twice with A//2 - once at t and r(/), and 

once at f+A//2 and r(/+A//2). An error can be calculated from the difference in the 

particle's position at /+A/ resulting from the two methods. 
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|v(r,/,A/)-}[v(r,/,iA/) + v(r,/ + }A/,iA/)]| 
error = ̂ ^ ; ; . (2.43) 

lvfr./.A/)l 
I ^ ' "I 

If the relative error is above some acceptable limit 8, the time step is decreased by a factor 

of 2, and the velocity is recalculated. If the error is smaller than s, the value for the 

velocity is kept. If the error is smaller than s/2, the value for the velocity is kept, and the 

time step is increased by a factor of 2'\ By slowly increasing At, we insure that the error 

does not jump to far above 8/2 towards 8, thus creating a need to adjust At too often. 

Variables are given extended precision (10 bytes) which provides at least 19 significant 

figures. This is more than suflficient, since typical relative errors at each step are 

controlled to within an 8 of 10"' to 10"'^. 

In some situations, the velocity becomes so great and the error so large that the 

time step becomes vanishingly small. These situations arise when the particle is near a 

nodal point of the wavefunction (i.e. where = 0.) This can be seen in equation 

(2.44) below 

/ \ ^ v(r,0 = 
2mi 

Aj/ * * 
(2.44) vp * 

Note that the velocity is infinite at a nodal point - one would not expect it to spend much 

time near this point since the probability of it being there is zero. If the time step drops 

below an acceptable minimum A/mm, the trajectory is forged using a constant At = A/mm 

until the error becomes acceptable again. 
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Since 5r(/) depends upon the values of J(r(t),t) and r(/), we cannot readily 

integrate 8r(0 using the A/ which is used in calculating the trajectory. However, since 

(even in the variable time step case) we compute two consecutive integration steps using 

the same A/, by saving the values of and r{t) at times t, /+At, and /+2A/, we can 

utilize a fourth-order method with a time step twice as big as the step used for calculating 

the trajectory, i.e. A/sr = 2A/. 
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3 THE TWO-DIMENSIONAL QUANTUM HARMONIC OSCILLATOR 

3.1 Isotropic quantum harmonic oscillator, real coefficients 

Consider a spinless particle of mass /w in a potential 

n x , y )  =  j ( x ' + y ' ) .  (3.1) 

After switching to dimensionless coordinates (position in units , momentum 

in units of {tiyfinkY^, energy in units of hyjklm, and time in units of ^m/k,) the time-

dependent Schrodinger equation becomes 

o 

dx. 
+ f-T - i x ' + y ' )  (3.2) 

The stationary states are of the form 

¥n^nSx,y,t) = y/„^{x)ii/„p)e (3.3) 

where 

= (1 fh- = 0' 1. 2,..., (3.4) 

are the energy eigenvalues of the states. 

First, we will take a linear combination of nondegenerate states yAm, if/w, and 

^/ll, and obtain 
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3111 Y J } 

a) ro = 0 b) medley 

Figure 3.1 Periodic trajectories (period 2%) of isotropic harmonic 
oscillator for wavefunction of equation (3.5) with parameters a = 2. 
6 = 4. Horizontal (j:) and vertical (v) axes extend from [-2. 2). 

t , 2 
= ̂  ^ \\+axe"+bxye'^"^", (3.5) 

where a and b are real constants. The equations of motion for this system are 

dx 
s —=-G"'[asin/+A>'sin2^], (3.6) 

=-G"'^'x[arsinf+ sin2/], (3.7) 

where 

G = |^(x,>/,Of = 1 + (ox)^ + (6;i[5/)^ +laxcost+ 2bxy\cos2t+cixco%t\. (3.8) 

Notice the form of V;^ and Vy, and that the (a„ are commensurate {cooo = \, coio = 2, cou = 

3 .) As stated in section 2.6, the magnitude of the wavefunction, R, (and subsequently O,) 

and all trajectories associated with this system are periodic, and both R and associated 
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trajectories have a period of ITI . Figure 3.1 shows paths for a few different initial 

positions with a = 2 and 6 = 8. At / = 7t, the particle's velocity is zero, and during 

t = [tc, 2K], it retraces its path. Short trajectories correspond to slow particle speeds and 

longer trajectories to faster average speeds. The pigtail trace in the lower-left quadrant of 

b) is that of a fast moving particle near a singularity where ^ = 0, and 0 = -oo. As the 

singularity moves, the particle orbits it a few times. Smaller velocities are generally 

associated with areas of larger wavefunction magnitude. 

Figure 3.2 shows the time development of the magnitude squared of the 

wavefunction for this system with a = 2 and b = S.. The four peaks indicate a dominating 

presence of if/n. Figure 3.3 illustrates the behavior of the quantum potential associated 

with the wavefunction. Notice the deep chasms in areas where the magnitude of the 

wavefunction is small. The potential falls oflf as x and y get large. This is balancing the 

classical potential - as the particle moves away from the origin and x and y axes, the total 

potential gets flat and results in little movement of the particle. Also notice that at / = 0, 

the areas where O is maximum (white) are right next to areas where it is minimum (black.) 

The singularity is approaching from the left and heading towards the bottom of the figure. 



a)f= 0 b) / = Tu'S 

C ) t =  7t/+ d) t  = 371/8 

Figure 3.2 R' of isotropic hannonic oscillator for wavefiinction of 
equation (3.5) with parameters a = 2. b= 8. Horizontal (x) and vertical 
(y) axes extend from [-2, 2]. 



a) r = 0 b ) t =  7 1 / 8  

c ) t =  TUA d) / = 37t/8 

Figure 3,3 Quantum potential of isotropic harmonic oscillator for 
wavefimction of equation (3.5) with parameters a = 2.6 = 8. 
Horizontal (x) and vertical (v) axes extend from [-2, 2], Darker 
regions correspond to lower potentials 
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3 .2 Anisotropic quantum harmonic oscillator® 

Now consider spinless particle of mass /n in an anisotropic potential 

V { x , y )  =  H x '  + i c y f ] .  (3.9) 

where c is a constant. After switching to dimensionless coordinates the time-dependent 

Schrodinger equation becomes 

The stationary states are of the form 

I) •'(I) (3.10) 

= ¥n, {c'-y)e 
i -

(3.11) 

where 

= [T(1 +^) +«x , A7;,, Hy = 0, 1, 2,... . 

Again, we will take a linear combination of ^/lo, and y/iu and obtain 

(3.12) 

^(^.>',0 = e '1^1 +axe'" +bc^-xye''^^''^'' (3.13) 

where a and b are real constants. The equations of motion for this system are 

v^ = ̂  = -G * |asin/ + 6c'_vsin[(l + c)/]|, 
dt 

^y-^-  s in (c / )  +  s in [ ( l  +  c ) / ] } ,  

(3.14) 

(3.15) 

where 
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- 1 + (ax)^ + c{bxyY -i- 2aa:cQS/ + 2^^c=ji3'|co^(1 + c)/] + arcos(cO}. (3.16) 

If c is rational, then the energy eigenvalues will be commensurate, and all 

trajectories are periodic. However, when c is irrational, the energy eigenvalues are 

incommensurate, the magnitude of the wavefimction and all trajectories are aperiodic, and 

some trajectories may be chaotic. 

As a specific example, let us look at a system with parameters a  =  \ , b =  1, and c = 

. The paths shown in Figure 3.4 display the transformation and destruction of a type I 

simply cormected boundary as initial conditions are changed. The trajectory in Figure 3 .4 

d) is chaotic. 

3 .3 Isotropic quantum harmonic oscillator, complex coeflBcients 

With complex coefficients, chaos is attainable without incommensurate energy 

eigenvalues. Once again, using a linear combination of ^oo, and y/n, we obtain 

^(x,;;,/) = e"'^''^'''\\+axe"^"'''^ +bxye-"-^'-'^^y", (3.17) 

where a and b are the magnitudes of the complex coeflBcients, and (pa and (pb are the 

phases of the coeflBcients. 
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b) xq —0.4. _Vo — 0 

d)jro = -I.2. yo = 0 

Figure 3.4 Trajectories for system associated with wavefimction of 
equation (3.13) for t = [0. 100] with parameters a = I. = I. and 

Horizontal (x) axis extends from [-3.5.0.5]. Vertical Cv) 

a.\is extends from[-2, 2]. 
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The equations of motion are now 

V, = ̂  = -G"' {asin[/ - <pj[ + bys{r{lt -<??,]}, (3.18) 

= ̂  = -G''6x{axsin[r ̂ (p^-(Ph] + sin[2/ , (3.19) 

where 

G s |vp(x.>;.r)|2 

= l + (ax-)^ +{bxyf +2ixccos[/-^^] + 2Ajij'|cos[2/-^!7j]+axcos[/ + ̂ ^ (3 20) 

Particle trajectories may be chaotic even though the wavefunction is periodic. For most 

values of (pa * <Pb, trajectories in general will be aperiodic. The phases act as delays in the 

equations of motion so that now there will be no time when the velocity is zero. 

As a specific example, let us look at a system with parameters a = 3, b = 2, (pa = 0, 

and (pb = idl. Figure 3.5 indicates the four basic types of trajectories possible for this type 

of system. The first trajectory in Figure 3.5 a) has a type I simply connected boundary. 

Moving the initial x position out a little farther results in a trajectory with a type I 

boundary which is not simply connected in Figure 3.5 b). As the initial condition of x is 

changed further, the trajectory becomes chaotic in c), and finally nearly periodic in d). 

Periodic trajectories for the case of complex coefficients differ fi-om those in the 

case of real coefficients. Now periodic trajectories are not just lines where the particle 

stops and then retraces its path, but instead they are convoluted loops. Initial conditions 

that give rise to a truly periodic trajectory certainly lie near those of Figure 3.5 b) and d). 
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a) xo = 1.2, vo = 0 b)xo=  1.4. Vo =  0 

c) Xo = 1.6. yo = 0 d)xo= 1.8. ^0 = 0 

Figure 3.5 Trajectories for system associated with wavefiuiction of 
equation (3.17) for t = [0, 500] with parameters a = 3. b = 2. g}a = 0. 
and (pi = idl. Horizontal (x) and vertical Cv) axes extend fix)m [-2. 2], 
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a) r = [0. 2-10^] b) blowup of a), f = [0, 5-10®], 

Figure 3.6 Poincare map of trajectory associated with wavefimction of 
equation (3.17) for Xq = 1.7. yo = 0; with parameters a = 3.b = 2. 
<Pa = 0, and (pb = Tc/2. In a), horizontal (or) and vertical (y) axes extend 
from [-2. 2]. 

Since the wavefunction is periodic (t = 2 K,)  we can consider ( p =  (  mod t as a 

periodic variable and create a Poincare section at ^ = 0, or f = Arc, where n = 0,1,2 ... The 

flow can then be thought of as occurring in the three dimensions (x, y, <p) so that 

trajectories will lie on or within a torus. Consider a flow which is on the surface of a 

torus. This is essentially a flow in two dimensions, hence there is no chance for chaos. 

For a chaotic trajectory, the flow is within a torus and is space filling. To create the 

Poincare map, we sample the position of the particle each time it crosses a plane defined 

by ^ = 0. 

Figure 3.6 shows the Poincare map for a chaotic trajectory. The map reveals 

islands of stability (white areas) where the chaotic trajectory never wanders. These 

sections are where the type I trajectories flow. At the center of the islands are elliptic 
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fixed points where the map becomes just a periodic series of dots corresponding to a 

periodic trajectory. 

3 .4 Isotropic quantum harmonic oscillator, complex stationary states 

When one or more of the stationary states that comprise the waveflinction are 

complex, we need to superpose only two stationary states to produce chaotic trajectories. 

Let 

, (3.21) 

with 

y/^{x,y) = e'\ y/^{x,y) = {ae"''x + be"'''y)e'^-''''\ (3-22) 

Here a and b are the magnitudes of the complex coefiBcients, and q)a and 9% are the phases 

of the coefficients. The equations of motion are 

=  -G' 'a { s in [ / -+  A^'s in l^  - ,  (3.23)  

= ̂  = -G''^{sin[/ - <p,] +£Dfsin[^p^ - ̂ i^]}, (3.24) 

where 

= \-\-{axY -^ibyY +2oxco^t-(p^^ + 2by\co^t-%^+axco^(Pi (3 25) 

When the phase angles (pa and <pb are equal, the system is essentially a superposition of two 

real stationary states. The motion in this case is strictly periodic, and in this case the 
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trajectory is just a diagonal line. When % and <pb are not equal, particle trajectories may 

be chaotic. Figure 3.7 shows how increasing the phase diflFerence affects the trajectory. 

The general motion is clockwise about the origin, and all trajectories except d) are chaotic. 

Let us further look at an example with a = b, (pa = TZJ I ,  and ^ = 0. With these 

parameters, the wavefunction is a superposition of an .J state (m = 0) and a P state (/w = -

1), both are eigenfunctions of the angular momentum operator (in two dimensions.) 

Figure 3.8 a) and b) show the magnitude of the wavefunction and quantum potential at 

time zero. The wavefunction is periodic and the shape does not distort, it simply rotates 

clockvvdse around the origin. The same is true for the quantum potential. Notice the two 

local maxima in the quantum potential - one at the top of the figure where the 

wavefunction is maximum, and one at the bottom where the wavefunction is small. Figure 

3.8 c) shows a typical quasi periodic trajectory for this system. The general motion is 

clockwise about the origin corresponding to m = -1. The Poincare map for different 

trajectories reveals no chaotic regions. This is due to the fact that the wave function and 

quantum potential do not distort but only rotate. Now the wavefunction has the 

form ̂ {r,Q, with ^=(p-ct (c a real constant,) and we obtain 

(3.26) 

and 

dC dV 
-^ = Im - c  =  h { r , 0 .  (3.27) 
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a) (j)a = 7t/16 b) (pa = 7^/8 

C) (pa = 7C/4 d) = 7t/2 

Figure 3.7 Trajectories for system associated with wavefunction of 
equation (3.21) with parameters a = 6 = 1. ?% = 0, jto = 1.5, and.vo = 0. 
Horizontal (x) and vertical Cv) axes extend from [-2,2]. 



a) ^-(/ = 0) b) 0it = 0) 

c) xo = 1.0, vo = 0, / = [0,200] d) Poincare map 

Figure 3.8 R~, O, typical trajectory, and Poincare map for system 
associated with wavefunction of equation (3.21) with parameters a = b 
= 2. (pa = 71/2. and (pb =0. Horizontal (x) and vertical (y) axes extend 
from [-2, 2]. 
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Hence the equations of motion describe a flow in two dimensions, one short of the three 

degrees of freedom required for chaos by the Poincare-Bendixson theorem. Each line of 

dots in the Poincare map corresponds to a single trajectory. Trajectories around the 

elliptic fixed point at the bottom are those of fast moving particles orbiting the singularity 

in the potential. The elliptic fixed point at the top is a circular trajectory. As a and b get 

smaller and approach zero while still keeping the form of equations (3.21) and (3.22), the 

singularity moves out towards infinity, and the wavefimction is a pure S state. As a and b 

get larger, the singularity moves towards the origin, and the wavefianction approaches a 

pure P state. For a pure P state, the trajectories are all circles. The energy of the particle 

is constant and dependent upon the initial radius. 

When the wavefianction is of the form 

'V{x,y,t) = g{x±iy,t), (3.28) 

(which is the case in the previous example when a = b, (pa = Till, and ?% = 0) the Tr(7) is 

equal to zero for all /, and Xmn{t) = -"Knasit). This is evident in the followdng expression, 

Tr (y ) -VMn^.  (3  29 )  

If we superpose angular momentum eigenfiinctions with m eigenvalues of the same 

sign or zero, the wavefimction can be written in polar coordinates as 

^(x±/>;,0 = h(r,(Z) + 0, (3.30) 



a) <pa = Tdl b) (pa = nlA 

Figure 3.9 Chaotic trajectories of s>'stem associated with wa\'efunction 
of equation (3.21) with <pb = 0, a = 2.6 = 1. xo = 1.6, yo = 0. and 
t = [0. 200], Horizontal {x) and vertical Cv) axes extend from [-2, 2]. 

It is clear that the wavefunction, and hence 0, rotates without distorting shape. These 

cases will not exhibit chaos. If the m eigenvalues are of differing signs, the wavefunction 

does distort, and chaos is present. 

Now let us consider what happens when a and b are different from each other. We 

can write 

(ae'"' X + be"^y) = - be"^ )(x + iy) + (ae'"- + be"^ )(x - /)/)]. (3.31) 

The wavefunction is now a superposition of angular momentum with m eigenvalues of 

differing signs, namely /n = 0, +1, -1. Neither R nor 0 maintain their shape as they rotate 

about the origin, and trajectories may be chaotic like those shown in Figure 3 .9. Figure 

3.10 shows Poincare maps for chaotic trajectories as a and b differ increasingly. Notice as 

a becomes larger than b, the chaotic region grows bigger. In Figure 3.11, we see the 
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effect of changing the phase <pa. Calculations of the time-averaged Lyapunov exponent Gn 

and trace of the Jacobian matrix Xn are show in Figure 3 .12. As expected, Gn is positive 

providing numerical evidence that the trajectory is chaotic. 

Finally, Figure 3.13 shows the evolution of an initially uniformly distributed set of 

1024 particles. The particles start in a small square situated at (1.35, 0). The initial 

square is stretched and folded - another signature of chaos - until finally in d), the 

distribution resembles the Poincare section for this system. Particles within the stable area 

flow on a torus while those in the chaotic region swirl about. 

We have shown the ease of which chaos is obtained. In general, only two 

stationary states are required. The coefBcients multiplying these states need to be 

complex. This will more often than not be the case, since purely real or imaginary 

coefficients are very special cases. 
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c) a= 1.4. 6 = 1 d) a = 2. 6 = 1 

Figure 3.10 Poincare maps of chaotic trajectories of system associated 
with wavefunction of equation (3.21) with (pa = idl. ?% = 0. and 
t = [0, 2-10^]. Horizontal (x) and vertical (y) axes extend from [-2. 2|. 
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c) <Pa = nlA d) (Pa = nl% 

Figure 3.11 Poincar^ maps of chaotic trajectories of system associated 
with wavefunction of equation (3.21) with a = 2,b =1. ^ =0, and t  = 
[0, 2-10^]. Horizontal (x) and vertical Cv) axes extend from [-2. 2]. 



0 01 

Figure 3.12 Plots of cryandx.vfor chaotic trajectory of Figure 3.9. 



( 
/ 

a) t  = in b) f = IOtc 

C) / = I47t d) / = SOtt 

Figure 3.13 Stretching and folding of initially uniform distribution of 
particles associated with wavefimction of equation (3.21) with a = 2. 
6 = 4. = 0,. 9% = id2,. The particles start in a 0.1x0.1 square with 
the lower left hand comer at (1.35.0). Horizontal (x) and vertical Cv) 
axes extend fix)m [-2. 2], 
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4 OTHER SYSTEMS 

4.1 Particle in a box, complex stationary states 

The analysis of the particle in a box parallels that of the harmonic oscillator. As 

before, chaos emerges only when we have one or more of the following : incommensurate 

eigenfrequencies, complex coefficients, or complex stationary states. We will look at only 

one example and superpose two stationary states, one of which is complex. Consider a 

two-dimensional square box potential (in dimensionless coordinates) -

V ( x , y )  =  
|0; 0<x<7C, 0<>'<7t 

[cjo, otherwise (4.1) 

The time-dependent Schrddinger equations is 

o 

dx. 
+ -T +  V i x , y )  (4.2) 

The stationary states are 

¥n,n, ix,y,t) = sin(«,x)sin(«,>/)e' 

with energy eigenvalues 

(4.3) 

= 2 +"2' ); "1 ."2 = 1>2,3,. . (4.4) 

The wavefunction we use is 
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'V{x,y,t) = y/S^,y,t)^y/^{x,y,t), (4.5) 

with 

¥A^,y,t) = ¥n = sin(x)sin(j/)e-", (4.6) 

and 

¥bix,y,t) = 2/>2, + = [2/sin(2x)sin(j/) + sin(x)sin(2>/)]e'^". (4.7) 

Here y/t is a superposition of degenerate states, hence there is only one frequency {co,]) in 

the equations of motion as before. 

Figure 4.1 c) shows a typical trajectory for this system. The particle starts in the 

lower left-hand comer of the box and travels in a clockwise fashion. Unlike the harmonic 

oscillator, no combination of y/a and y/t will form a wavefiinction that simply rotates 

(resulting fi^om the fact that the stationary states are not eigenfiinctions of angular 

momentum,) and there are always some initial conditions that lead to chaos. Notice the 

similarity of the Poincare map to that of the harmonic oscillator. Again, we see the space 

filling chaotic region surrounding islands of periodic and quasi-periodic regions. 
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d) Poincare map of trajectory, t  = [0.. 10'] 

Figure 4.1 R-. O, typical trajeaory, and Poincare map for system 
associated with wavefunction of equation (4.S). Horizontal (r) and 
vertical Cv) axes extend from [0,7t]. 
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4.2 Two dimensional box bisected by finite barrier 

The process of tunneling becomes intelligible in the causal interpretation. The 

quantum potential acts to reduce the classical potential felt by a particle. Here we look at 

a particle in a box which is bisected by a tunnelable barrier. We define the potential in 

dimensionless coordinates as V(x^) = Fi(x) + Vz(y) with 

W ,  0 < x ^ < i a x y  

V ^ ( x )  =  ' 0 ,  ( a x f < x ^ < K ^  

00, 7C^ < X^ 
(4.8) 

and 

0, 0 < < 7C 

00, otherwise 
(4.9) 

The stationary states are of the form 

(<x,y, t) = \i/„ (x)yr„ (y) exp(-/£„„/); n,m = 1,2,3 (4.10) 

where 

A„ coshC^'^x), n odd 

sinh(7„x), n even 

(4.11) 

sin(/ny), Q < y < T Z  

0, otherwise (4.12) 

Here 
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E ^  =  e „ + E „ ,  e „  =  W ,  (4.13) 

and 

r.'^2W-k,'. E,<w (4.14) 

The continuity of the wavefunction at [x] = ±7t gives 

I sin k„{\ - a)iz /sinh(;^„a tc) , 

[sin ^„(l -a)it /cosh(;'„an), 

sin[^„(,l -a)ii\/sinh^x„a k) , n even 

sin ^„(l -a)it /cosh(;'„a n), n odd (4.15) 

From the requirement that the first derivative of the wavefunction be continuous at |jc| = 

±7c, we obtain 

The k„ are found by recursively solving the above expressions. 

The eigenfrequencies are dependent upon the barrier width and height, and thus 

are generally incommensurate. Therefore, we do not need to consider complex 

coeflBcients nor complex stationary states to produce chaos. 

Note that a superposition of three or more eigenfunctions will produce an 

aperiodic wavefunction. This being the case, we cannot construct a Poincare map. 

n even 

n odd 
(4.16) 
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a) Particle trajectory b) ^"(/ = 0) 

Figure 4.2 a) Trajectory for system ofequation (4.17) with initial 
conditions Xq = I. Vo = 1. b) Probability density at r = 0. Horizontal 
axis (x) e.xtends from [-rt, n] and vertical axis (y) from [0.7t]. 

We use as an example 

= (4.17) 

with parameters a = 0.25, fV = 2, a = 1, and 6=1. The eigenfrequencies of these 

stationary states are £ii = 1.069, Ezi = 1.117, and E22 = 2.617. Since En and E21 are so 

close together, the particle trajectory shown in Figure 4.2 has a slow horizontal oscillation 

associated with the diflference of these frequencies. Likewise we see a faster vertical 

oscillation with frequency En - En. The particle starts at a point where the probability 

density is large, and more or less follows the flow. 

Another example which leads to more chaotic trajectories is 

'V{x,y,t) = (4.18) 

with parameters a  = 0.2, W = A , a  =  0.4, and b = \ .  The evolution of the magnitude of the 

waveflinction squared is shown in Figure 4.3. 
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c) r = 8 d) f = 16 

Figure 4.3 R'  for system of equation (4.18). Horizontal axis (x )  
extends from [-tc. tt] and vertical axis (v) from [0. ti]. 

The quantum potential O is not continuous due to the discontinuity of the classical 

potential (the second derivative of the wavefunction is not necessarily continuous.). In 

equations (1.6) and (1.7), we see that p is a continuous function of jc since it depends only 

on the wavefunction and its first derivative, and that E is also continuous since it depends 

only on the first derivative with respect to time of the wavefunction. Therefore, at any 

instant of time the sum V+0 = E- p^Hm is continuous at the edge of the barrier. 

The quantum potential affects the classical potential by lowering the barrier and 

allowing the particle to penetrate it. Figure 4.4 displays the effective potential at various 

times for the system of equation (4.18). Notice that at / = 0, the potential across the 
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a) r = 0 b) t  =  4  

c) t  =  S  d) t=  16 

Figure 4.4 Effective potential (V~Q) for system of equation (4.18). 
Horizontal axis (x) extends from [-tc, n] and vertical axis (v) from 
[0. K]. 

barrier is relatively flat and of same height as regions outside the barrier (darker regions 

correspond to lower potential.) As time evolves, the potential is higher on average inside 

the barrier. 

Figure 4.5 shows a typical chaotic trajectory for this system. The particle spends 

most of its time on one side of the barrier or the other, occasionally tunneling through to 

the other side. The causal interpretation thus gives a concise explanation of tunneling 

time.' 
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a) / = (0..200I b) r=[0..500I 

Figure 4.5 Particle trajectory for system of equation (4.18) with initial 
conditionsxo= \.yo= I- Horizontal axis (x) extends from [-n, it] and 
vertical axis (v) from [0.7t]. 

4.3 Rydberg Atom 

A Rydberg atom behaves as an electric dipole when moving in an electromagnetic 

field. Consider a dipole moving with velocity r in a laboratory fi"ame with an electric field 

E(r) and a magnetic field Bif). For a small velocity, the dipole experiences an electric 

field given by 

E '  =  E  +  r x B  (4.19) 

Therefiare the Lagrangian is* 

=  + d \ E { r )  +  r ^ B { r ) ] ,  (4.20) 

where m, and d are the mass and moment of the dipole respectively. We restrict the 

motion to two dimensions (x-y plane.) The fields are crossed - the magnetic field is 

constant and points in the z direction, and a radial electric field acts in the x-y plane so that 

the Lagrangian takes the form 
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- ^  =  +  f i x y  - y x ) -  |(x' + y ^ ) .  (4.21) 

Here g and k are constants related to the fields. The term proportional to g is known as 

the Rontgen energy. The conjugate momenta are 

dJ! . g dJ! . g 

Thus the Hamiltonian is 

g  r  ( 4 - 2 3 )  
H = p^x + Pyy-j; = H, 

where 

1 . , I 

2 m '  2  
(4.24) 

V ^mj 

and 

L = xpy-yp^. (4.25) 

To quantize these expressions we substitute the corresponding quantum mechanical 

operators for p and r. Defining 

o)^km-'+\g'm'\ (4.26) 

we again use dimensionless coordinates - position in units of -sjtimco, time in units of 

fij"', momentum in units of h, and energy in units of tico. The Hamiltonian operator is 

then 
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where c s g{2mco) '. When c is zero, there is no magnetic field present, and the problem 

is identical to the two-dimensional harmonic oscillator. The eigenfiinctions of this 

Hamihonian are simultaneously eigenfiinctions of Ho and L. The eigenvalues of Ho are 

« + l (/7 = 0, 1, 2,...,) and those of L are m = -n,-n + 2,...n-2,n. Thus the energy 

eigenvalues of H are (/? +1 - cm). The eigenfiinctions of H \n polar coordinates for 

m = ±n are 

(4.28) 

also 

¥i,o(r^<P) = [r^ - = ' ' .  (4.29) 

Superposing ^/oo, i{/n, and y/io, we obtain the wavefiinction 

4'(x,3/,0 = +6(x' +/ -l)e-"']e-". (4.30) 

with a and b real constants. We still have 

(4.31) 

however, the equations of motion are now 

(4.32) 

and 
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dy dS 

Note that now the Jacobian matrix is not Hermitian, 

, d'S , 2-^ 

^ 8xdy 

The eigenvalues of the Jacobian matrix may be complex, however, the method of 

calculating the maximum Lyapunov exponent is the same. 

Let us start with a  =  0 ,  b  ̂ 0 ,  and c 0 in equation (4.30). By differentiating r  

and using equations (4.32) and (4.33), we find 

dr _idx idy i 
— = xr'-— + yr'- — -r~-
dt dt ^ dt 

( dS dS\ 

\ ex dyJ 
= r-'rVS. (4.35) 

Since Y is now a function of r and / and not of <p, the waveflinction does not rotate, and 

the equation of motion of r depends only on r and t. This describes a flow in only two 

dimensions, and therefore there is no possibility of chaos. This is what we find 

numerically. When c is rational, the motion is periodic, and when c is irrational, the 

motion is quasi-periodic. 

With a ^ 0 , b  =  0 ,  and c 0, the motion of R  is pure rotation, and again we find no 

chaos. We see various trajectories for this system in Figure 4.7, including chaotic 

trajectories for the cases with both a and b finite. 

From equation (4.30), the period rof the waveflinction is finite when c is rational. 

For example, when c = I the period of the waveflinction is tt, and with c = 1.25 the period 
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a) / = [0. 2-10^] b) Blowup of a), t  = [0.4-10^] 

Figure 4.6 Poincai^ map of trajectory associated with equation (4.30) 
with parameters a  =  b=  I .  In a), horizontal (x )  and vertical (y )  axes 
extend from [-2.5, 2.5]. 

is Stc. When c is irrational, the period is infinite and we cannot make a Poincare map, 

since the map involves sampling the trajectory at times t = nr. 

Although the trajectories in Figure 4.8 differ as c changes,, notice that the end 

points of the four trajectories at r = Stc are the same. This time is an integral multiple of 

each of the different periods corresponding to the different c. For reasons which are not 

obvious, the magnitude of the position r(t) for the for the four different paths is the same. 

This implies that the equations of motion for r are independent of c and the polar 

coordinate (f). In Figure 4.8 a), the endpoint of the trajectory corresponds to the eighth 

point of the Poincare map; for b) the first point; c) the fourth; and d) the second. It is 

interesting that the Poincare map remains invariant as c changes. Figure 4.6 shows the 

map with a = 6 = 1, for all c. 



a) Trajeaories for a = 0. 6 = 1. c = 2 

Figure 4.7 Particle trajectories for system of equation (4.30). 
Horizontal (x) and vertical (y) axes extend from [-2.5. 2.5], a) 
Multiple trajectories, b). c). d) Single trajectories for t = [0. 100]. 
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a) c = 1. r=7t b) c = 1.25. r= Stt 

c) c = 1.5, T =  4ii d) c = 2. r= 2ti 

Figure 4.8 Particle trajectories for system of equation (4.30) with 
parameters a = b = 1.XQ = -0.5, vo =0. and t = [0, STt). Horizontal (x) 
and vertical (v) axes e.\tend from [-2.5. 2.5]. 
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5 SPIN'/2 

5.1 Equations of motion 

The wavefunction of a nonrelativistic spin particle can be written as a two 

component spinor 

^(r,r) = RexpiiS / h) 
-~a  e  e -^cosy 

• Q 
e - smj 

(5.1) 

where R, S, (p, and 9 are real functions of position and time. The local expectation value 

of the spin s of the particle is given by 

s = (5.2) 

where the components of the vector CT are the Pauli spin matrices. It follows that s is 

pointing in the direction designated by the angles <p and 9. Additionally, the spin of the 

particle is pointing with unit probability in this direction. In the absence of magnetic fields, 

the charge density and current density due to the motion of the particle are 

(5.3) 

and 

eh 
y = —[4'^V4'-(W^)^]. (5.4) 
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where e and m are the charge and mass of the particle. Recall that we can write an 

expression for the momentum in terms of the mass, current density, and charge density 

asp = mjp'\ We can insert equation (5.1) into this expression to obtain equations of 

motion in terms of S, q), and 6. Alternatively, we can insert equation (5.1) into the time 

dependent Pauli equation 

where fj. is the magnetic moment of the particle, cris again the set of Pauli matrices, Aq and 

A are the external electric and vector potentials, and T is an external scalar potential. 

Setting the external vector and electric potentials to zero, we operate on the above 

(5.5) 

equation from the left with and separate real and imaginary parts to obtain the 

equations 

V5-—cos^V^j =0, (5.6) 

which is the continuity equation, and 

V5-—cos^V^) I +V + 0 + 0^ = 0 (5.7) 

Here 

(5.8) 

is the familiar quantum potential due to the shape of the wavefunction, and 
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a=^[sm'e{Vpf+(V0'] (5 9) 

is a new potential which depends upon the spin portion of the particle's wavefunction. 

Equation (5 .7) can be thought of as a Hamilton-Jacobi equation, and we can identify the 

momentum as 

p = m—= VS-^cos0V<p. (5.10) 

The motion can be considered as that of a charged particle moving in a potential V+ 0 + 

Qs and effective magnetic field 8 = "^ x A, with the vector potential given by 

A = ^cos6W(p. (5.11) 
2e 

Like the momentum at / = 0, the initial values of the angles cp and 9 are determined by the 

initial position of the particle. 

If the Hamiltonian is independent of the spin of the particle, the spin components 

of the stationary states will be constant in time. In this case, a solution to the time-

dependent Pauli equation is 

^(r,/) = 
e''-^ cosy 

e'^^'siny 
-"V e '-''"COSY 

sin-T 
(5.12) 

where y/n is the space portion an energy eigenfunction, 03„ is the corresponding 

eigenfi^equency, and % and 6„ designate the constant direction in which the spin of the 

particle points when in this stationary state. After much algebra, we find the equations of 

motion to be 
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p -  +^) + sin^sin^sinCfu^^/ -^)Vt^V—, (5.13) 
i.k •• * ¥k 
j>k 

with R given by 

n n - -

=^y^/ +2^[cos-YCOs4-cos(Q;y+-^) + sin^sin4-cos(fijy-^)^^^/i. (5.14) 
J M '• •* j>k 

Here we have defined-ty^, and Notice that the d„ act in 

coefficients multiplying the space portion of the eigenfiinctions, and that the (p„ act as 

temporal delays in the above equations. 

5 .2 Isotropic quantum harmonic oscillator 

Consider a particle with spin Vi moving in a harmonic oscillator potential. We 

construct a wavefiinction consisting of two stationary states (here there is only one o^t) 

= ^/ooCi (5.15) 

where 

c „ -
e '''"cos-f-

sin-f-
(5.16) 

is the spin portion of the superposed wavefiinction, and ci and C3 are real constants. 

If the are all identical, they will play no roll in the equations of motion. The 

system is then a superposition of real stationary states with real coefficients and 

commensurate eigenfi-equencies. Therefore all trajectories are periodic. 
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When the (p„ are all equal, we eflfectively have real coeflBcients. Since the delays in 

the cosine and sine fiinctions of equations (5.13) and (5.14) are zero, the trajectories are 

again periodic for the same reasons given in section 2.6 even though the 9„ may be 

different from one another. 

When the three spin orientations of the eigenfiinctions are approximately equal, the 

resultant spin of the particle is predominately oriented in their direction. In Figure 5.1, we 

see two examples of this, the two cases differ only in initial conditions xo and y<j. In Figure 

5.1 a) the trajectory is of Type I having a well defined boundary. The trajectory in Figure 

5 .1 c) is chaotic. 

If ̂  = 3̂, again trajectories are periodic for all initial conditions. However, if 

^3, the trajectories may become chaotic. Figure 5 .2 shows trajectories with identical initial 

conditions for various ft. Note that although the direction designated by ^3 in all four 

cases is the same (ft = 0,) the difference in (pi has a definite effect on the trajectory of the 

particle. In Figure 5 .3 the shapes of the different terms of the total potential are shown. 

From equation (5.9), Oj > 0, and we see that it effectively reduces the magnitude of the 

potential in Figure 5.3 c). 

In Figure 5.4 we see trajectories and corresponding Poincare maps for systems 

where all the angles are different. The difference in the two is only q>i. Thus, changing 

only one angle can have a drastic effect. The Poincare map in c) shows that almost all 

initial conditions will lead to chaos, the exception being the small white island of stability. 
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p
 II 0
 

II 

i n .  

/ 

b) spin of a) 

c) xo=l.yo = 0 d) spin of c) 

Figure 5.1 Particle trajectories (a & c) and corresponding spin 
trajectories (b & d) for system associated with wavefiinction of 
equation (5.15) with parameters C2 = 1. C3 = 2. ^ ^ ^ = 7c/4. 
<Pi = 0, <p2 = 71/16. and <p3 = 7t/8. Horizontal (or) and vertical Cv) axes 
extend from [-2, 2] (a & c.) Overview of unit sphere (b & d.) 
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A . 

a) (p3 = 7c/16 b) <^3 = 7t/8 

c) (1)3 = 7t/4 d) ^3 = 71/2 

Figure 5.2 Trajectories for system associated with wavefunction of 
equation (5.15) with parameters cj = I, cj = 2. M = 7c/2. ^ = ft = 0. 
<P\ = (f>i = O.X(, = and.vo = 0. Horizontal (x) and vertical (y) axes 
extend from [-2. 2]. 
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Figure 5.3 Potentials at / = 0 associated with wavefimction of equation 
(5.15) with parameters c; = 1, C3 = 2, ^ = Jt/2, ^ = 6^ = 0. 
<P\ = (fh-Q, and (pi = idl. Horizontal (x) and vertical (y) axes extend 
from [-2. 2], 
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a) 9^ = 0 b) Poincare map of a) 

c) qh = TUl d) Poincare map of c) 

Figure 5.4 Trajectories and Poincare maps associated with 
wavefiuiction of equation (5.15) with parameters c; = 2. C3 = 3, 
6\ = id5. &> = 37t/4, 6i = nil, cpi = 57i/3, q>i = Tz,xo = 1. and vo = 0. 
Horizontal (x) and vertical (y) axes extend from [-2, 2]. 
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6 ADIABATIC INVARIANCE OF THE GEOMETRIC PHASE' 

6.1 Periodic trajectories 

Returning to the isotropic harmonic oscillator, we further investigate the properties 

of periodic trajectories. Let us take as a wavefunction a superposition of two stationary 

states, one of which is complex 

'^{x,y,l) = y/^{x,y)e " , (6.1) 

with 

We choose this wavefunction to limit the possibility of non-generic resuhs due to radial 

symmetry. Since the eigenfrequencies are commensurate (coi = I, (02 = 2,) this 

wavefunction is periodic with period r = 2K. As we saw previously, particle trajectories 

can also be periodic. We designate the period of a particle trajectory by f. In Figure 6.3, 

we see various periodic trajectories of this system v^ath different initial conditions. The 

periods of these trajectories are all odd integer multiples of the period of the 

wavefunction ( f = nr.) 

Inspection of the Poincare map in Figure 6.1 a) reveals the location of the initial 

conditions that lead to these periodic trajectories. At the center of the large moon-shaped 

area of stability in the right half of the figure is an elliptical fixed point which leads to the 
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a) / = [0. 2-10^] b) Blowup of a), t = [0. 1.5-10^ 

Figure 6.1 Poincare map for system associated with wavefunction of 
equation (6.1). In a), horizontal (x) and vertical (y) axes extend from 
[-2.5. 2.5). 

periodic trajectory in Figure 6.3 a). Recall that construction of the map involves sampling 

the trajectory at t = nln. Keeping this in mind, we see at the center of the three areas 

surrounding this main island are fixed points which are initial conditions leading to the 

trajectory with period 6% in Figure 6.3 b). The areas containing the fixed points of 

trajectories with periods IOtc and Htc can faintly be seen on the outskirts of the figure. In 

Figure 6.1 b), we see a blowup of a section of the map that reveals smaller islands. At the 

center of three alternating surroimding islands are fixed points which will lead to a period 

of 3 times the period of the larger island, or IStc. 

It is not known why the fiindamental periods are odd multiples of r However, 

trajectories with periods of even multiples of T do exist as perturbations on the odd 

multiple periods. Such a case is show in Figure 6.2. Each line is a series of dots 
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a) Poincaremap b) r = 407t, « = 20. xo = 0.11901 

Figure 6.2 Section of Poincare map and perturbed periodic trajectory-. 
In a), horizontal (x) a.\is e.\tends fiom [0.20.0.S2]..and verticd Cv) 
a.\is extend from [1.88. 2.11 j. In b). horizontal (x )  and vertical Cv) 
axes e.xtend from [-2.5. 2.5]. 

corresponding to a single trajectory, except for the series of four, which is one trajectory. 

At the center of the tori is a fixed point corresponding to the trajectory with period 5 r. At 

the center of the surrounding four tori, are four fixed points corresponding to a periodic 

t r a j e c t o r y  w i t h  r  = 2 0  T .  
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b) T = 6Tt, « = 3, xo = 0.11901 a) T = In ,  n=  1. XO = 0.68710 

d) r = 147t, n = 7. Xo = 2.44137 c) r = IOtt, n = 5.XO = 2.07797 

Figure 6.3 Periodic trajectories of system associated with wave 
fimction of equation (6.1) with initial conditions XQ > 0. _vo = 0. 
Horizontal (x) and vertical (v) axes extend from [-2.5. 2.5]. 
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6.2 Geometric phase 

Here our goal is to formulate an expression of the geometric phase in the causal 

interpretation analogous to that of the conventional view. Lets consider the general 

system of a particle in a tune-independent potential for which the eigenfunctions of the 

Hamiltonian are localized so that the energy eigenvalues are discrete. A normalized 

solution to the time-independent Schrodinger equation can then be expressed as 

where Ci is a coeflBcient. Assume that the energy eigenfrequency differences coy^o),-

are commensurate so that each is an integer multiple of a fundamental fi"equency (o. Let 

the smallest eigenfrequency be coq. Now, for th > 0, 

(6.3) 

0), =(0^ +n^(o. (6.4) 

Consequently, the period of the system is 

(6.5) 

and 

'¥ir,l + T) = e-*Wir,t). (6.6) 

We have implicitly defined the phase of the state (ft as 
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, 'yo (6.7) 
^ = C0a'^ = 2n— .  

(O 

The dynamic phase of a system is defined as'° 

(6.8) 
0 ' 

Here H is the Hamiltonian operator, and v  is the dimension of the configuration space. 

The phase of the state can be expressed in terms of the dynamic phase (j>d and the 

geometric phase (̂ g as 

= -<!>,• (6.9) 

For convenience, we have defined as the negative of the conventional definition. 

Consider a causal trajectory of period f = nr. A suitable choice for the phase of 

the trajectory is 

(6.10) 

Analogous to equation (6.8), let us define the dynamic phase the trajectory as the time 

integral of the local expectation value of the Hamiltonian over the period of the trajectory. 

I.e. 

r 

^  =  r ' .  ( 6 . 1 1 )  

Here 4' is a function of r and /, and is evaluated along the trajectory at the position of the 

particle r{t). From the time-dependent Schrodinger equation, we find 
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r ' 

Making use of the convective derivative 

d  d d r  

and the expression for the momentum of the particle 

dr  h_.  4^ 

we obtain 

r 

<l>j=n(j>-\-{fim)'^^dtp^ . (6.15) 
0 

Following the previous expression of phase (f), we have 

^ = (6.16) 

so that the geometric phase of the trajectory is 

r 

^g={nm)'^jdtp\ (6.17) 
0 

We can rewrite this as 

<pg = h'^ j p • dr (6.18) 

which is proportional to the action integral of the trajectory. 
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6.3 Adiabatic invariance 

We wish to know whether or not the geometric phase is invariant to a slow change 

in time of a parameter of the system. A quantity which does not change is referred to as 

an adiabatic invariant. When the Hamiltonian of a classical system is not explicitly 

dependent upon time and the equations of motion are separable, then the action integral is 

an adiabatic invariant." However, this is not the case for causal particle trajectories since 

in general the equations of motion are not separable and the Hamiltonian may depend 

explicitly upon time. 

To test the invariance of numerically, we will slowly increase the energy of the 

state by adding a small term to the quantum Hamiltonian so that 

+ (6.19) 

with 8 « 1. This has the effect of slowly increasing the eigenfrequencies of the stationary 

states. From the time-dependent Schrodinger equation, we obtain 

^/(r,0 = exp 
~ . f 

/ f 
-TW ̂ /(r,0) -> exp 

. t 
y / {r ,0)  (6.20) 

so that 

(6.21) 

This afiFects the appearance of the eigenfrequencies and mass in the particle equation of 

motion such that 
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«y,-> iyj(l + 6/) /n->/7i(l + 28/)''. (6.22) 

Explicitly, the equation of motion becomes 

dr 
— = m" (1 + 28/)p(r,/(l + 8/)). (6.23) 

Over successive periods, we calculate the geometric phase 

Jc//(l + 280p'(r,/(l + 8/)) (6.24) 

where l„ is the time when the trajectory crosses a predetermined plane in the configuration 

space. The phase is adiabatically invariant if it displays no linear dependence on € and 

hence t  and n.  

For the harmonic oscillator, the above transformation is equivalent to 

simuhaneously changing k and /n in a such manner that 

k^k(\  + 2zt )  m-^m{\  +  2z ty \  (6.25) 

This results in no change of the trajectory spatially, however the particle traverses the path 

with increasing frequency as time passes. Evidence that the geometric phase is an 

adiabatic invariant is shown in Figure 6.4. The graphs show no long-term dependence on 

n. The small fluctuations in the phase are due to the inaccuracy of the initial conditions 

with respect to the exact initial conditions that give rise to a truly periodic trajectory. 

These fluctuations can be made vanishingly small as the initial conditions are made more 

precise. 
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Figure 6.4 Plots of for trajectory- shown in Figure 6.3 a) for 

adiabatic increase of H with s= 0.001. 



90 

Rather than changing k and m together, consider varying only one adiabatically. 

Hoiding m constant, and varying k as 

k-^k{\  +  2z t ) \  (6.26) 

equation (6.21) still holds, but now 

T(r,/) -> (1 + 2zty  ̂ ((1 + 2E0^r,^(l + 8/)) (6.27) 

so that 

^ = m-\\ + 2etyp((l + 2s/)^r,/(l + 8/)), (6.28) 
at  

and 

'^1 
j£/f(l + 28/)p^((l + 280-r,^(l + 8/)). (6.29) 

This adiabatic increase of k slowly shrinks particle trajectories as shown in Figure 6.5. 

i _i 
Since the characteristic length of the harmonic oscillator is h^-{mk) ', this is expected. 

Notice the irregular manner in which the trajectories transform. Trajectories shrink faster 

as 8 gets larger. Plots of shown in Figure 6.6 reveal larger fluctuations than those of 

the case where H varies adiabatically. These fluctuations (which disappear as 8 —> 0) are 

not due to the inaccuracy of the initial conditions as before, but rather to the difSculty of 

defining t„. Here we have defined t„ as the time when the particle crosses fi"om the lower 

right hand quadrant to the upper. Since the trajectory is not truly periodic during this 
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adiabatic process, these times fluctuate. However, the mean remains constant, and we 

conclude that is invariant. 

Now consider keeping k constant and varying m as 

m m{\ + 2zty^, (6.30) 

again equation (6.21) still holds, but now 

H'(r,0 -> (1 + 28/)"= "{"((l + 28/)"= r,/(l + 8/)) (6.31) 

so that 

^ = /w"'(l + 28/)'/>((l + 28/)"=r,/(l + 8/)), (6.32) 
at  

and 

^ =(fim)"' \d t ( \  +  lz t )p^{{ \  +  lz ty ' -r , t { \  +  z t ) ) .  (6.33) 

This adiabatic decrease of m slowly expands particle trajectories as shown in Figure 6.7. 

The trajectories still transform irregularly, and they expand faster as 8 gets larger. Plots of 

<l>^ shown in Figure 6.8 reveal fluctuations similar in magnitude and nearly 180° out of 

phase with those of the case where k varies adiabatically. The fluctuations are once more 

due to  the dif lBculty  of  def ining t„ .  



a)e= lO\xo = 2.44137 b) e = 2-lO-\xo = 2.44137 

c) E = I0•^ xo = 0.11901 d) e = 2-10'\ jcq = 0.11901 

Figure 6 . 5  An adiabatic increase of k  slowly shrinks periodic 
trajectories of system associated with equation (6.1) with initial 
conditions atq > 0, Vo = 0. Each trajectory is 20 revolutions. Horizontal 
(x) and vertical (y) axes extend from [-2.5. 2.5]. 
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4.61$ 
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Figure 6.6 Plots of for trajectory shown in Figure 6.3 a) for 

adiabatic increase of k with e= 0.001. 



a) e = lO-\ jco = 0.68710 b) e = 2•10•^Jro= 0.68710 

c) e = lO•^ xo = 0.11901 d) e = 2-10-\ Xo = 0.11901 

Figure 6.7 An adiabatic decrease of m  slowly expands periodic 
trajectories of system associated with equation (6.1) with initial 
conditions xo > 0. yo = 0. Each trajectory is 20 revolutions. Horizontal 
(jc) and vertical (y) axes extend from [-2.5. 2.5]. 
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Figure 6.8 Plots of for trajectory shown in Figure 6.3 a) for 

adiabatic increase of m with e= 0.001. 
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*0 

Figure 6.9 Geometric firequency for trajectories of sy stem 

associated with equation (6.1) with initial conditions xo = [0. 1.3], 
Vo = 0. 

6.4 Geometric frequency and aperiodic trajectories 

When the trajectory is aperiodic, the period is infinite and hence the phase is 

undefined. We define the geometric frequency of a trajectory as 

t 

^  =  l i m ( f t m / ) ( 6 . 3 4 )  
f-»co 0 

which is valid for all trajectories. 

In Figure 6.9 we see ^ plotted vs. differing initial conditions XQ. The smooth 

portions of the graph correspond to areas where trajectories have well-defined boundaries. 

At the extremities of these sections are initial conditions that lead to periodic trajectories 

(see Figure 6.1.) The jagged portions correspond to chaotic trajectories. The unevenness 

of these sections is due to the fact that we have approximated ^ over a finite period of 
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Figure 6.10 Different approximations to . For^U^,. 

t = [0. 2-10^1. For = [0- 5-10^]. 

time. As / oc, these fluctuations will become smaller. 

Figure 6.10. 

Evidence of this is shown in 
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7 ENTANGLED STATIONARY STATES'^ 

7.1 Conditions for chaos 

In all the previous examples of systems exhibiting chaos, we have constructed a 

wavefunction from a superposition of stationary states with different energy 

eigenfrequencies. In this case, the wavefunction is a fiinction of time and hence the 

equations of motion are not autonomous. Also, since the quantum potential is generally 

dependent upon time, the energy of the particle is not constant. We have found that in 

order for chaos to occur, two degrees of freedom are needed. 

However, if the wavefunction is a single stationary state, then the equations of 

motion are autonomous, the quantum potential is independent of time, and the energy of 

the particle is strictly conserved. Consider a particle moving in a v<-dimensional 

configuration space. Since the energy is a constant of the motion, the number of 

independent degrees of freedom is reduced by one to v - 1. The trajectory of the particle 

will flow on a manifold of dimension v - 1. For a trajectory flowing in three dimensions, 

there are only two independent degrees of freedom. Thus there is no chance for the 

trajectory of a single particle in a stationary state to exhibit chaos. 
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As we discussed briefly in section 2.4, we need at least four degrees of freedom to 

obtain chaos. A suitable system consists of two noninteraaing particles. The equations of 

motion for particle / (/ = 1,2) are 

f- = v,(r„r,) = ̂ Itn[>P(r„r,)-'V,'{'(,;,r,)) (7 1) 

If the wavefunction is factorizable, i.e. 

= (fi )¥i ('•2). (7-2) 

then the equations of motion reduce to 

^ = V ,  ( r ) = ) ]  >  

which are simply those of single particle states. In this case the motion of one particle 

independent of the other. If the y/, are stationary states, the particles remain at rest. 

In order to produce chaos, we need to use a wavefunction which is entangled so 

that the motion of the particles is correlated. Consider two noninteracting identical 

particles with an entangled stationary wavefunction 

(7.4) 

When the second term in equation (7.4) is added to the first, the wavefunction describes 

either spin 0 bosons or spin Vz fermions with antiparallel spins. When the second term 

subtracted from the first, the wavefunction describes spin Vi fermions with parallel spins. 

The total energy of this system is 
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E = E^+E, (7.5) 

and is conserved. In the traditional interpretation, upon measurement, each particle has a 

fifty percent chance of having energy equal to Ea when found in \f/a, or energy Eb when 

found in y/b. However, in the causal interpretation, the energy of each particle is always 

defined and is not necessarily conserved. The particles can exchange energy via the 

quantum potential 0. Although energy of a single particle may in fact fluctuate, the sum 

of their energies is constant. The energy of particle / is given by 

where, in terms of the magnitude of the wavefiinction R, 

IV, 'R (7.7) 
2 R 

Although O, can be ascribed to the energy of particle /, this is not the quantum potential 

felt by the particle. Recall that an alternative equation of motion is 

dv 
-^ = -V,(0 + n. (7.8) 

with Q = Oi  +  Qi .  Since 0\  and O2 may be functions of both particle coordinates, the 

particle can be influenced by each of these potentials. 

7.2 Entangled harmonic oscillators 

As a specific example, consider the system of two noninteracting identical particles 

in a harmonic oscillator potential. We use an entangled wavefiinction 
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(7.9) 

where 

¥o{x)  =  e~^' '  

yr , ix)  =  { lx ' - \ )e-^- '  

(7.10) 

are the three lowest energy eigenfiinctions. The total energy of this system (in terms of the 

dimensionless units used previously) is 

E = E^ +E, =3 + 2 = 5. (7.11) 

We can rewrite the wavefunction as 

(7.12) 

where 

A^(ly , ' - \ )y ,±( ly , ' - \ )y^ (7.13) 

and 

B^{ly , ' - \ )x ,±{ ly , ' - \ )x , .  (7.14) 

The equations of motion describe a single flow through a four-dimensional space and are 

given by 

dx^ 

It 

BB ^dA 

ex, ex. 
(7.15) 
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Here 

G = A'+B\  (7.16) 

and X, denotes one of the four coordinates. Calculation of the maximum Lyapunov 

exponent is straight forward, following section 2.4 with 5r now a four-component vector. 

The largest Lyapunov exponent has been calculated for trajectories of this system 

and has been found to be positive for most initial conditions. The time average of the 

trace of the 4x4 Jacobian matrix associated with the causal equations of motion is found 

to be zero for reasons discussed previously. Figure 7.1 shows log-log plots of the 

approximations ax and Xxof a chaotic trajectory. 

Few initial conditions lead to trajectories with well-defined boundaries. Figure 7.2 

displays two periodic boson trajectories. The trajectory in a) is stable, and nearby initial 

conditions lead to quasi-periodic trajectories as shown in b). The particle trajectories are 

mirror images of each other. For fermions, negation of rio would also lead to periodic 

trajectories. In this case both particles would share the path on the right. The trajectory 

in c) is unstable. Here the bosons share the same trajectory. The fate of the periodic 

trajectory for particle 1 is shown in d). If the particles were fermions, we could negate rio 

and the resultant trajectories would be reflections of each other about the x axis. 
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Figure 7.1 Plots of ctn and xn for chaotic flow with initial conditions 
Xio ~ 0,_Vio ~ 0, X20 — I, and 1/20 ~ "I-
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a) rio = (0. -1.475). r^o = (0. 0.9). x = 21.69 b) Ao = (0. -1.5), = (0.0.9). r = [0, 50] 

c) r,o = (-1.602, 0). f2o = (1. 0), x = 6.102 d) particle I with ic's of c). t = [0. 200j 

Figure 7.2 Periodic boson trajectories for system associated with 
wavefunction of equation (7.9). In a) and b). particle I is on left and 
particle 2 on the right. In c), both particles execute same trajectory. 
Horizontal and vertical axes extend fix)m [-2. 2]. 
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Notice that unlike the aperiodic single particle trajectories, the velocity of the 

particles can become zero. This occurs at points on the trajectory where the path has 

sharp points. However, the velocity of the four-dimensional flow is never equal to zero. 

Since the flow is autonomous, zero velocity would imply a fixed point in the phase space. 

Therefore the particles never have zero velocity at the same time. 

In Figure 7.3 we see chaotic boson trajectories of this system. In Figure 7.3 b) the 

trajectories have tight spirals which occur simuhaneously and during which the particles 

have very high kinetic energy. Notice that the particles are not near each other when this 

happens. While rendering these spirals, the particles are circling singularities in the 

quantum potential. These singularities correspond to points in phase space where ^ = 0. 

Since the particles are bosons, we would not expect these singularities to be near points in 

phase space where the particles are near each other. In fact, since y/i is an odd function of 

X, a singularity exists at the point in phase space where ri = -r2. 

In contrast, for fermions the particles have a small probability of being near each 

other. The chaotic trajectories in Figure 7.4 a) show that the particles are mar each other 

while orbiting a singularity which is at the point where r\ = r2. 
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Particle 2. x^o = 1. Vjo = I a) Particle I. a:io= l.y io  = 0 

b) Particle 1. rjo =-0.8 .,Vio =-O-S Particle 2. = 1, v^o = I 

Figure 7.3 Boson trajectories for system associated with waveflmction 
of equation (7.9) for t = [0. 50], Horizontal (xi left, x; right) and 
vertical Cvi left, v: right) axes extend from [-2, 2], 
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Particle 2. = I. y;o = I a) Particle I. xio= l.>' io  = 0 

b) Particle I, jtio = O. vio = 1 Particle 2, = I, v;o = I 

Figure 7.4 Fermion trajectories for system associated with 
wavefunction of equation (7.9) for / = [0,50]. Horizontal (xi left, x; 
right) and vertical (vi left, v: right) axes extend from [-2, 2]. 
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The flow exists essentially on a surface of three dimensions. Note however, that 

although this surface is of constant energy, it is not denned by the energy. All trajectories 

in the four-dimensional coordinate space are of the same energy. For a time-independent 

Hamiltonian system in two dimensions, initial conditions of three of the variables x, y, p^, 

and py, define the initial value of the fourth. For our causal system, any three of the initial 

conditions of xi, yi, xi, and yi, do not specify the value of the fourth. We could create a 

Poincare map for this system by finding three independent variables. From these variables 

we could map points on a two dimensional surface. However, finding these three 

variables would be a difficult task. 

The probability density for the boson system is shown in Figure 7.6 for which the 

corresponding trajectory is Figure 7.3 a). This is the density I^ix\, given ri, the time 

dependent position of particle 2. Note that the time dependence of the density is due to 

the fact that rz is changing. The quantum potential for this system is shown in Figure 7.6. 

This is the potential as seen by particle 1 given the time dependent position of particle 2. 

Again, the time dependence of the potential is due to the fact that ri is changing. In turn, 

rz is affected by ri, the position of the position of particle 1. The potential is displayed as 

a function of Q{xi, y\) with Xz and yz used as parameters. Here, specific initial conditions 

have been used to explore the shape of Q. Different initial conditions would lead to 

different trajectories which would certainly change the series of instances of Q. Note the 

resemblance of the probability density and the quantum potential. 



a) t =  1.750 b) t =  1.875 

c) r = 2.000 d) r = 2.250 

Figure 7.5 Boson probability density yO for system associated 
with wavefimction of equation (7.9). with parameters xio = 1. Vio = 0. 
*20 = I, and vm = 1,. Horizontal (xO and vertical (yO axes extend 
from [-2. 2]. 
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c) r = 2.000 d) t = 2.250 

Figure 7.6 Boson quantum potential Q{xi,yi) as seen by particle 1 
with parameters xio = 1, yio = 0. Xzo = 1, and v:o = I, for system 
associated with wavefiinction of equation (7.9). Horizontal (xi) and 
vertical (vi) axes extend from [-2. 2]. 
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Figure 7.7 Particle 1 energy for boson system 
with parameters ;c|o = 0. _vio = 1, = 1. 

y:o = 1. Average energy E•̂  = 2.49 over t = [0. 

100], 

The energy of particle 1 of the boson system is plotted verses time in Figure 7.7. 

The energy fluctuates wildly, but the average energy =2.49, which is right around 2.5 

as expected. 

We expect the average separation of the particles to be larger for the fermion 

system than for the boson system. Indeed this is what we find. In Figure 7.8 the particle 

separation for a chaotic boson system is shown. Figure 7.9 shows the separation for 

fermions. The average separation of the bosons = 1.02, while for fermions = 1.85. 
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Figure 7.8 Particle separation for boson system with parameters 
xio = 0, ,vio = 1. ^^20 = 1, y:o = 1. Average separation = 1.02 o\er 
t = [0. lOOj. 
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Figure 7.9 Particle separation for fermion system with parameters 
Jfio = 0. vio = 1. X20 = 1. V:o = I- Average separation = 1.85 over 
r=[0. 100]. 
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