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ABSTRACT 

The Bloch-Horowitz-Brandow (BHB) expansion for the effective 

interaction in mass-18 nuclei was evaluated by the method of double 

partitioning. That is, the BHB expansion for the effective inter

action was divided into two calculations for the purpose of approxi

mating separately the high- and low-energy (long- and short-range, 

respectively) effects so as to improve the approximation of each. 

This was done by approximating a high-energy effective interaction 

(for a larger, or "outer," model space) and then using that for 

the potential in terms of which the low-energy BHB expansion (for 

a smaller, or "inner," model space: the sd shell) is evaluated. 

The size of the outer model space was (fl being the frequency 

of the harmonic-oscillator potential defining the basis) larger than 

the smaller. A second calculation of the same type was done with 

an outer model space two major shells larger than the inner model 

space. The results, by comparison with earlier work by Barrett, 

show a trend that suggests that the (intermediate-range) tensor 

force is being poorly accounted for and as a result the convergence 

of the intermediate-excitation sums is poor, a finding similar to 

that found by Vary, Sauer and Wong. The convergence of the order-

by-order sum, however, seems to be improved as the outer model space 

is enlarged. The suggestion is made that the use of a better approxi

mation, if one can be found, to the effective interaction for the 

vii 
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outer model space (appropriate for including the effects of the tensor 

force) might improve the intermediate-excitation convergence. 



CHAPTER 1 

INTRODUCTION 

In the past, considerable success in explaining the properties 

of nuclei near the ground state has been achieved by simple phenomeno-

logical models. These models have been based either on analogies 

to macroscopic physics, such as rigid rotational models, or on thor

oughgoing simplifications of the quantum structure, such as truncation 

to limited Hilbert vector spaces. Because of this success, some 

workers in microscopic nuclear physics have attempted to use these 

successful phenomenological models as guides to the important phenom

ena in the microscopic domain. 

This program has two serious obstacles. The first difficulty 

is the current lack of fundamental knowledge of the internuclear 

interaction. This is not only the absence of a fundamental theory 

of the interaction, but also the lack of off-shell matrix elements. 

The second problem is the great complexity in the quantum structure 

available for excitation when more than 3 or 4 nucleons have been 

associated into a nucleus. 

This study concerns one of the microscopic approaches to 

a phenomenological model. The phenomenological model in question 

is the effective interaction in the mass-18 nuclei, particularly 

oxygen 18. This model is basically the truncation of the set of 

states available for excitation to the model space consisting of 

1 
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two-particle states made up of harmonic oscillator states in the sd 

shell. In the phenomenological approach, an effective Hamiltonian 

is fitted to the lowest energy levels of the mass-18 system and neigh

boring nuclei. This Hamiltonian is then applied to the calculation 

of other characteristics of mass-18 and neighboring nuclei, such as 

energy levels which were not fitted explicitly, electromagnetic transi

tion rates, and spectroscopic factors. The relative degree of success 

in this program (Talmi 1962, Federman and Talmi 1965, Arima et al. 

1968) has motived an analogous approach at the microscopic level. 

In particular, an effective interaction W is assumed to oper

ate in the model space mentioned, with the complete effective Hamil

tonian given by 

H e f f = H 0 + W ,  ( 1 . 1 )  

where Hq is the unperturbed Hamiltonian, usually taken to be a har

monic oscillator Hamiltonian. The next step is to approximate the 

full complexity of the true Hamiltonian operating in the full space 

by modifications to the effective interaction. 

The theory of this was originally developed, in the form 

of a perturbation expansion, by Bloch and Horowitz (1958) for the 

case, such as the one at hand, of a basis degenerate in the lowest 

(unperturbed) energy levels. This work was extended by Brandow 

(1967), who showed that the Bloch-Horowitz expansion could be sim

plified by cancelling a great many terms. 
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Brandow's approach was to start with Brill onin-Wigner per

turbation theory and to split it into a model space and an excitation 

space. That is, if HQ is some exactly solvable Hamiltonian, where 

CH0- E.)*I = 0 (1.2) 

for a complete set of eigenstates <)>.. of Hq, and V is the residual 

interaction (the observed internuclear potential minus the potential 

associated with H ), then the true wave function is given by 
o 

(HQ+ V)IL> = EI|>. (1.3) 

If ip is expanded in the unperturbed basis 

*l> = I a-t<P-; C *4) 
i 1 1 

then equations (1.2), (1.3), and (1.4) give 

(E - E.)a t  = <4> i  |V|^>. (1.5) 

The division of states <|>. into a model space and an expansion 

space, symbolized by the operators 

p = I !•,»<•,I (1.6) 
IED '  
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and 

(1.7) 

respectively, is normally made by taking the wave functions associated 

with the lowest E^. The goodness of the model then depends on the 

closeness of these model states to the true low-lying states. Accord

ing to equation (1.5), 

it is clear from equation (1.4) that 

(1.9) 

(1.10) 

= *n + 

E - H Q  

(1.11) 

if \j/Q has the obvious definition 

= PIJJ. (1.12) 
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Now the original idea was to produce an effective interaction W which, 

when operating on the model state wave function ^ (which should 

be as similar to as possible), would give the lowest eigenvalues 

of H operating on ip. That is, the effective interaction, operating 

in the truncated model space, should have the same eigenvalues as 

the full Hamiltonian, operating in the full Hilbert space. To achieve 

this, we require 

= Vij;, (1.13) 

which, when substituted into equation (1.5), gives 

(E - E i)a i  = <$.|Wj^D>. (1.14) 

or 

(E - E.)a. = I a .«(>. |W|<j> .>. (1.15) 
1 1 jeD J 1 J 

So far, no information has been lost, but equation (1.4) or (1.5) 

still spans the entire Hilbert space and is just as difficult to 

solve as equation (1.3) is. Truncation to a model space is effected 

by restricting the range of i to the model space D. This restricted 

set of equations is an eigenvalue equation for the finite matrix 

<<i>i |HQ+W 1 <f>i =» giving the eigenvectors a^ and the various corresponding 

energies E. 
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For a reasonable model space such as the sd shell (3x3 

two-particle states), which is the concern of this study, the solution 

of this eigenvalue equation by matrix diagonalization is a simple 

matter. Thus the basic problem becomes that of calculating the effec

tive interaction W. This is, of course, the reason that the concept 

of a model space is feasible as a phenomenological model in the first 

place. 

The method of calculating W lies in its definition, equation 

(1.13). Multiplying equation (1.11) by V gives 

V<J> = Vtyn + V Vi|>, (1.16) 
E - o 

which by application of equation (1.13) gives 

Wi|/n = Vt|/n + V Wi|/n, (1.17) 
U U E - HQ 

This is clearly satisfied if 

Q 
W(E) = V + V W(E). (1.18) 

E - H, o 

The obvious perturbation expansion for equation (1.18) is 

q q q , , 
W(E) = V + V V + V V V + .... (1.19) 

E - H o  E " H o  E ~ H o  

However, this is an expansion of the Brillouin-Wigner type, which 
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suffers from two disadvantages with respect to the Rayleigh-

Schroedinger form. 

The first disadvantage is that it is not a closed solution. 

The Rayleigh-Schroedinger expansion uses only the unperturbed energies, 

whereas the Brillouin-Wigner expansion must be evaluated simultaneously 

with the eigenvalue equation. The second problem is that, unlike 

the Rayleigh-Schroedinger form, Brillouin-Wigner expansions cannot 

be rearranged into the so-called 1inked-cluster form (Brandow 1969). 

A 1inked-cluster expansion is one in which there are no terms where 

the intermediate-state sums can be factored into a product of two 

or more sums. This is important because the 1inked-cluster form 

of the Rayleigh-Schroedinger expansion has many fewer terms than 

the Brillouin-Wigner expansion does. In particular, a 1inked-cluster 

expansion allows one to eliminate the enormous number of terms where 

the interaction is solely among the core states, at the negligible 

cost of including the true core energy in the calculation of the 

eigenvalues by means of equation (1.15), or equivalently, calculating 

energies relative to the core level (Barrett and Kirson 1973). 

Just such an expansion for the effective interaction was 

given by Brandow (1967). The part of the energy denominators depen

dent on the interaction energy, E - Eq, is factored out and inserted 

back into the expansion in terms of the expansion itself. Selected 

sets of terms are added together and found to cancel. All unlinked 

terms disappear in this procedure, so that the expansion contains 

only the completely linked valence terms, and has only unperturbed 
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energies appearing in the energy denominators, as indicated in equa

tion (1.20): 

W = V + c V - - V ] folded} l inked + .... (1.20) 
t - rk 0 0 

where Eq is the unperturbed valence energy. This expansion is re

ferred to as Brandow's folded-linked-valence-diagram expansion or 

the Bloch-Horowitz-Brandow (BHB) expansion. The term "folded" refers 

to special new terms which appear in the expansion for W which reflect 

the energy dependence of the solution of equation (1.19) by making 

W non-Hermitian. The energy dependence, or equivalently the non-

Hermiticity, of W is connected with the fact that the projections 

into the model space of the eigenfunctions are not necessarily 

orthogonal, and hence the effective interaction cannot be Hermitian. 

The BHB expansion is formally a very powerful tool for the 

solution of many quantum-mechanical problems. However, if one tries 

to apply it directly to the nuclear shell model, with harmonic oscil

lator basis states and a phenomenological internuclear potential, 

it breaks down badly. This is because equation (1.20) is essentially 

a power series in V, and the matrix elements of V in the harmonic 

oscillator basis are either infinite or impractically large. This 

large size comes from the "hard-core" nature of the potential, which 

produces very strong repulsive forces between nucleons at very short 

distances, and the lack of allowance for this by the unperturbed 

wave functions. While the true wave function essentially vanishes 
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in the region of the hard core, the unperturbed wave functions do 

not, leading to the difficulty mentioned. Moreover, it would be 

very difficult to take this into account in setting up the basis, 

because the basis is defined by a one-particle potential in the center-

of-mass (of the whole nucleus) coordinate system, whereas the hard

core forces are two-particle forces defined in the relative coordinates 

for each pair of particles. 

The normal solution to this dilemma is to solve the two-nucleon 

problem exactly by itselfs and then to include the results into 

equation (1.19) by redefining the potential and using a new projection 

operator Q1. This method, called Bruecknerization, is formally equiv

alent to the approach indicated by equation (1.18), except that now 

the intermediate excitations are limited to the set of unoccupied 

two-particle states above the energy of the model space for equation 

(1.16). The effective interaction in this space, called G, is then 

defined analogously with equation (1.13) by 

G<f>2p= V^2p» (1.21) 

where is an unperturbed two-particle state and the asso

ciated correlated (i.e., perturbed) two-particle state. The equation 

corresponding to (1.18) is 

Qpn 
G(u>) = V + V G(u), 

a) - H' 
(1.22) 
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where (^p allows only two-particle states above the model space 

for equation (1.18), and w is the starting energy at which G is 

computed. This is usually the energy of the initial unperturbed 

two-particle state and H 1 is the unperturbed two-particle Hamiltonian. 

Hence G is dependent on the model space used in equation (1.18). 

Equation (1.18) may be rewritten in terms of G. Solving 

equations (1.18) and (1.22) formally gives 

1 
W(E) = ( 1 - V ) 'V 

E - H o  

and (1.23) 

GU) = ( 1 - V —)V, 
0, - H0-

which is equivalent to 

- 1  - 1  ^ W(E) '= V -
E " H o  

and (1.24) 

Gfw)""^ V"1- ^2p 

u " Ho' 

Subtracting gives 

-1 1 Q " % 
W(E) G(m) ]= - 2p, 

E - Hq 
(1.25) 
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since w - H 1 must equal E - HQ when properly inserted in the expansion 

for W. This implies that 

W(E)_1= GCu>)-1( 1 - G(») Q " Q2p), (1.26) 

E " H o  

which results in 

Q -
W(E) = G(w) + G(u) & W(E) (1.27) 

E " H o  

by reversing the step from equations (1.18) and (1.22) to equation 

(1.24). Note that Q2p as used from equation (1.25) onward really 

means the Q2p of equation (1.22) multiplied by the appropriate multi-

particle unit operator to preserve the correct rank in the equation. 

The advantage of decomposing equation (1.18) into equations 

(1.22) and (1.27) lies in the fact that equation (1.22) may be solved 

exactly by means of the corresponding equation for the correlated 

wave function ^ (Barrett, Hewitt and McCarthy 1971). If G can 

be made to contain enough of the effects of the hard core, the matrix 

elements of G may be small enough to allow a perturbation expansion 

of equation (1.27). The Bri1louin-Wigner expansion of equation (1.27) 

is 

W(E) = G(w) + G(u>) G(u) + .... (1.28) 
E - H o  

This equation can be turned into a BHB expansion in the same way 



that equation (1.20) was, and the result is 

Q " Q?n 
W(E) = G(cd) + [ G(u) ^ G(u>) ] + .... (1.29) 

E - H folded, linked 
o o 

where the subscript "folded, linked" means that only linked diagrams 

are included. Eq is the unperturbed valence energy. 

Until recently, the low density of nuclei (the average nucleon 

separation is more than two times greater than the hard-core radius) 

led people to believe that short-range collisions would occur almost 

always between only two particles at a time. Hence accounting for 

the short-range contribution by G would leave only the tractable 

long-range part of the force for the perturbation expansion to take 

care of. However, as we shall see later in this study, there is 

an intermediate-range force (the "tensor" force) which is big enough 

and long-range enough so that multiparticle correlations (the higher-

order terms of the BHB expansion denoted by equation (1.29)) are 

large. 

The evidence for the view that Bruecknerization could tame 

the wild behavior of the matrix elements of V for the case of the 

sd shell in mass-18 nuclei came from two sources. The original work 

of Brueckner (Brueckner 1955, Brueckner and Levinson 1955, Brueckner 

and Gammel 1958) showed that the infinities of an idealized hard-core 

potential could be eliminated and a reaction matrix such as G could 

be used to give a reasonable approximation to the properties of 

nuclear matter. The work of Bethe and co-workers (Brandow 1966, 
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Day 1967, Rajaraman and Bethe 1967) indicated that in nuclear matter, 

the contribution of three-body clusters was small. Also, initial 

work on the approximation of the effective interaction in open shell 

nuclei in terms of G incorrectly indicated that some of the higher 

terms were unimportant (Kuo 1967b). 

The first open shell calculation (Dawson, Talmi and Walecka 

1962) using an approximate G as an approximation to W gave a correctly 

ordered oxygen-18 spectrum (for the first few states) and came within 

about an MeV of the correct ground-state energy. Later on, the dom

inant second-order term (core polarization) was included, and found 

to push the ground-state energy down, producing better agreement with 

experiment (Bertsch 1965). Kuo and Brown (1966), using an apparently 

better G, recalculated the core polarization term and obtained quite 

good agreement with experiment. With even better techniques (Kuo 

1967a), however, the results began to diverge from experiment. This 

caused Kuo (1967a) to include the other second-order terms. One 

contained a four-particle-two-hole intermediate state; the other 

included low-lying two-particle intermediate states formally excluded 

by the operator Q2p in equation (1.29). The inclusion of these two 

terms brought the ground-state level back into agreement with exper

iment. Kuo justified this on the grounds that his procedure for 

solving equation (1.22) underestimated the contribution of low-energy 

excitations, thus requiring that equation (1.29) be modified to com

pensate. That is, Q2p is assumed to be split into two parts, repre

senting those states included in the calculation of G and those 
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omitted. The contribution to Qg from the states omitted from the 

calculation of G results in these states reappearing in the calcula

tion of W. However, even if these results are accepted, Barrett 

and Kirson (1970) showed that the third-order terms, calculated with 

the same G used by Kuo, produced a major contribution which drove 

the calculated ground-state energy away from agreement with experi

ment once again. 

A theoretical basis for this procedure of Kuo's, of moving 

intermediate states from the calculation of G to that of W, was put 

forward by Brandow (1969), who suggested the idea of "successive 

partitioning," or, as it will be called in this paper, "double par

titioning." The idea behind this was that if intermediate excitations 

were moved out of a calculation where they were poorly accounted 

for and into the complementary calculation where their effect was 

well approximated, the accuracy of the calculation as a whole would 

be improved. Brandow pointed out that Kuo's calculation was (uninten

tionally) of this type. Brown (1971), making a virtue of necessity, 

expanded on this to suggest that any calculations using the Kuo G-

matrix elements, such as those of Barrett and Kirson (1970), which 

did not include the two-particle ladder term normally excluded by 

Q - Q^p, would be in error. It has also been suggested by Barrett 

(1974) that since the matrix elements of G are generally weakened 

by double partitioning, the convergence of a calculation of W by 

such a method should be expected to improve. 



15 

Preliminary calculations by Barrett (1974), using an exactly-

calculated G (Barrett et al. 1971) which corresponded exactly to 

the double-partitioning rules, indicated that the convergence of 

equation (1.29) is seemingly improved. The proper point where the 

division, or "partition," between the regions of the two approximations 

should be made was still in doubt, however. It is the purpose of 

the present study to try to determine the proper position for this 

division. This will be done by analysing the results of the calcula

tion as the division is moved through the Hilbert space. 

However, recent work has placed all such attempts to solve 

equation (1.27) in a new light. Schucan and Weidenmuller (1972, 

1973) have demonstrated that, just as Brandow (1967) suggested, the 

presence of states outside the model space at energies within the 

model-space spectrum destroys the validity of the whole BHB separation. 

In particular, Schucan and Weidenmuller have shown that the situation 

described above, referred to as the presence of "intruder" states, 

will cause the expansion (1.29) to diverge. The only known remedy 

is the expansion of the model space to include the intruder states. 

The work of Ellis and Osnes (1973) has led to the suggestion that 

the first few terms of equation (1.29) may offer a valuable approxi

mation to W in some other calculational framework. For example, these 

terms could be used in a calculation of W by Pade approximants (Hofmann 

et al. 1973, Krenciglowa et al. 1973, Vincent and Pittel 1973, Hofmann, 

Richert and Schucan 1974). However, if one wants to include the ef

fects of the intruder states explicitly, then matrix elements of W 



in a larger model space are required and would have to be calculated 

by some other technique (Hofmann, Lee et al. 1974). For the calcu

lation of this expanded-space W, or at least its sd x sd components, 

double partitioning could conceivably be used, either as an adjunct 

to a normal approach or as a framework for isolating the difficulties 



CHAPTER 2 

THEORY OF DOUBLE PARTITIONING 

Since the remainder of this dissertation will be concerned 

with equation (1.29), it is probably worth while to expand on its 

nature at this point. A useful tool for examining the structure 

of the expansion is the Goldstone-diagram representation. The corre

spondence between the diagrammatic and matrix element representation 

for the BHB expansion is given by Brandow (1967). 

The major features are: filled states outside the core 

("particles") and unfilled core states ("holes") are represented 

by upwardly and downwardly directed lines, respectively; matrix 

elements of G connecting single-particle states are denoted by a 

wavy line connecting two (possibly bent at the points of connection) 

lines. For example, a matrix element of the form <p-|h-| |G|h2P2>, 

where p (h) denotes a particle (hole) state, would be denoted by 

the Goldstone diagram shown in Figure 1. The outgoing (ingoing) 

lines denote the bra (ket) side of the matrix element, and the lines 

on the left (right) side of the diagram denote the first (second) 

index of the bra or ket. Connecting several such diagrammatic ele

ments together by the ends of the associated lines denotes a product 

of matrix elements, with the indices corresponding to the lines that 

have been connected together summed over all permissible intermediate 

states. Time schematically increases towards the top of the diagram. 



The time order of the interactions in the diagram is significant 

and diagrams with the same topological form but different order are 

considered distinct, as the energy denominators to be used in the 

evaluation of the diagrams are different. The energy denominators 

are different because these diagrams also represent distinct time 

histories when time-dependent perturbation theory is used, and the 

energy denominators become the repositories of this information 

upon transforming to the energy representation, as has been done 

in the definition of Goldstone diagrams. The elimination of two-

particle intermediate states by the appearance of Q " Q2p in equation 

(1.29) corresponds here to the prohibition of parts of diagrams 

like that shown in Figure 2, whenever there are no interactions 

(wavy lines) anywhere in the diagram intermediate in time (height) 

between the two interactions shown. Moreover, no intermediate state 

may consist solely of two lines representing states within the model 

space, although the diagram must begin and end with two such lines. 

The energy denominators refer to the entire intermediate state at 

a level between two G lines. 

If all possible diagrams following these rules are drawn 

and evaluated, their sum would be the Brillouin-Wigner expansion 

(1.28). This differs from the BHB expansion denoted by equation 

(1.29) in the two aspects mentioned in Chapter 1. The important 

difference is that the BHB expansion is a linked expansion, that 

is, each line is connected to the others by at least one G interaction. 

In addition, the expansion depends only on the eigenvalues of the 
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Fig. 1. Example of Goldstone diagram 

/V A 

Fig. 2. Second-order ladder diagram 
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unperturbed Hamilton!an. The BHB expansion is generated analogously, 

however, in that all possible diagrams permitted by BHB rules are 

drawn, evaluated, and summed. The diagram rules, then, are the 

determining aspect of the theory. 

The BHB rules, described by Brandow (1967) differ from 

Brillouin-Wigner rules in that only connected diagrams are drawn, 

and their energy denominators are E - H, rather than E - H . E^ oo oo 

and E are, respectively, the unperturbed and true energies, called 

"starting energies," of the initial two-particle state of the diagram. 

In addition to all normal linked diagrams, one must add the 

"folded diagrams" that resulted from expanding the interaction energy 

E - Eq out of the energy denominators. Formally, this produces an 

enormous number of additional diagrams, but in practice it is only 

a few, because most of the additional diagrams are cancelled by the 

unlinked diagrams of the original Brillouin-Wigner expansion. 

The folded diagrams required by the BHB rules may be obtained 

by the following procedure. Take n regular BHB diagrams, and connect 

them, ingoing lines to outgoing lines, into a "ladder" of diagram 

blocks. The diagram is now folded between each block so that each 

block now overlaps the one higher. All possible orderings, between 

but not within, blocks are included, with the exception that the 

highest G in any block must be below the highest G in the block that 

used to be above it. Repeat for all n and all other BHB blocks. 

The numerical significance of rearranging the blocks in this manner 

is that the energy denominators are changed thereby, and an additional 
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factor of -1 is introduced if n, the number of blocks, is even. 

The folded valence lines, usually circled in the diagram, are summed 

over the valence sub-space. These diagrams make W non-Hermitian. 

The reason that the effect of these diagrams is non-Hermitian is 

that the defining rules for generating them discriminates between 

top and bottom (or future and past). Another way of looking at the 

situation is that the model-space wave functions are projections 

of the true wave functions ^ and so are not orthogonal. Since 

is the eigenfunction of W, W cannot be Hermitian (Barrett and Kirson 

1973). 

One important detail of Brandow's diagram rules is the recom

mendation that G be anti-symmetrized by subtracting from it its ex

change term, and then only one diagram of each exchange class need 

be included. This suggests that when writing down all possible 

diagrams, the wiggly line symbolizing G should be shrunk to a dot, 

with the right and left sides interchangeable. This produces graph

ically the needed uniqueness; such a graphic form is called a "Hugen-

holtz diagram" (Hugenholtz 1957). 

At this point we can restrict the discussion to double par

titioning. As was mentioned, Brandow first suggested its use in 

nuclear effective-interaction calculations (Brandow 1969). Basically 

the procedure is to evaluate equation (1.29) for a fairly large model 

space containing the (smaller) model space of interest, and then 

to use the resulting effective interaction in the place of the V 

as used in the last chapter. Formally, the effective interaction 
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for the outer model space is set up by the relation 

Vd,= v* 
(2 .1 )  

and solved for. Then using W, in the role of V gives 

H2*D2" Wl' , 'D1 ' 
( 2 . 2 )  

This leads to the same overall expression for VJ^ as equation (1.13) 

does, but the equivalent to equation (1.27) is now 

Qo - Qi 
W 2 (E)  =  W ]  (E)  +  W- j  (E )  L  W 2 (E) .  (2 .3 )  

E " Ho 

The operator in equation (2.3) excludes all states within the 

larger model space D-j, whereas Q2 excludes all states within the 

smaller model space D^. Hence the only states for which the difference 

Q2 - Q-j is non-zero are those within the outer model space but outside 

of the inner model space. 

This procedure is similar to that of the "reference spectrum" 

method, which is used in nuclear-matter studies to calculate an exact 

G in terms of an approximate G. The underlying method, which in 

this work will be referred to as the "reference" method, is basically 

as follows. Suppose that one has two operator equations 

P +  pq 1 p 1  (2.4) 
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and 

?2~ P + (2.5) 

Then by the logic of equations (1.22) to (1.27) 

P2= P]+ P1(q2
_c '2^p2> 

1 2 2 2 
( 2 . 6 )  

if the necessary inverse operators exist. It is clear that this 

is the basis of Bruecknerization as well as that of double partition

ing, and it is also the basis for a very useful method of calculating 

6 (Barrett et al. 1971) in a manner similar to that of the original 

reference spectrum method. It now should be clear that if defined 

in terms of V, the only difference between G, W, W-j, and is the 

difference between the respective Q operators, that is, the selection 

of intermediate states to be summed over. This formal identity has 

been forcefully pointed out by Brown (1971). 

Now the stage is set for the description of the methods 

of this paper. We shall temporarily retreat to giving defining 

equations for the various effective interactions in terms of V, 

with the view in mind that to go back to the Bruecknerized form 

merely requires subtraction from the operant Q of Q2 and the sub

stitution of the appropriate G for V. The inner model space shall 

be defined as the sd shell, and the outer model space shall consist 

of the sd and one or more higher major shells. Alternatively (and 
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this is not quite the same), the outer model space may consist of 

those states not more than a given energy above the sd shell. 

The W-j for this paper is then defined by an equation like 

(1.18) except that Q excludes all those states that are to be included 

in the outer model space. These are relatively high-energy states, 

and hence represent an interaction over a short distance. Because 

of the low density of nuclei, and the (related) smallness of the 

contribution of three-body clusters in nuclear-matter calculations, 

we shall approximate the intermediate-state sum specified by 

as consisting solely of two-particle states. Because of this, 

becomes a G matrix, although not the one that would normally be 

used in the inner model space. Instead, it is the proper 6 for 

use in calculations in the outer model space. Therefore, the approxi

mation described above can also be looked at as approximating W-j 

by the first term of its BHB expansion in terms of G. Although 

this approximation will be used exclusively throughout this study, 

it is clear that one might usefully include more terms of the expansion, 

for example, the core polarization term. 

No matter what approximation one uses for W-j, the next step 

is to plug it into equation (2.3). The presence of in the 

homogeneous part of the equation restricts the intermediate-state 

sum to those states between the two model-space boundaries, including 

the two-particle ladder terms such as those shown in Figures 2 and 

3. This introduces an additional second-order term beyond those 

included in the usual BHB expansion. This term is shown in Figure 



25 

2. The additional third-order terms are shown in Figure 3 (each 

diagram is understood to represent both itself and its Hermitian 

conjugate). One way of looking at the reason for the introduction 

of these new diagrams is that the equation for came from an equation 

given in terms of V, and hence the two-particle ladders are permitted. 

Another way is to observe that the intermediate states of equation 

(2.3) complement those of the defining equation for W-j, and thus 

states left out of the latter must be included in the former. 

Since this study is the comparison of the work of Barrett 

(1974) with a parallel calculation to be done herein, there will 

be four categories of doubly partitioned calculation considered, 

corresponding to two types of partition (model-space boundary) and 

two choices of outer model-space size. The outer model space for 

Barrett was the sd and pf shells. Not only is this the inner model 

space plus one major shell, but also it is a good approximation to 

the set of intermediate states not more than 2)ta (where ft is the 

harmonic oscillator's fundamental frequency) above the inner model 

space, and hence both types of partition are taken care of by the 

one calculation. This study, then, will make calculations with an 

outer model space either of the sd, pf and sdg shells, or alternative

ly, of states not more than 4Jto above the sd shell. These two alter

natives will be referred to as partitioning on shell or on energy, 

respectively. 

It should be noted that although partitioning by shell or 

by energy would give essentially similar results for the one-shell 
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partition of Barrett, carrying the process one shell or energy incre

ment further produces a wide divergence between the two alternatives. 

For example, a 4Jto partition includes states all the way up to the 

sdgi shell, whereas a two-shell partition only goes as far as the 

sdg shell. Also, two new diagrams become pertinent and are shown 

in Figure 4. 

To make a calculation of the type to be undertaken here 

would be impossible, however, were it not for a method mentioned 

before for exactly calculating G-matrix elements appropriate to a 

given model space (Barrett et al. 1971). This method, which will 

be called the "BHM" method from now on, is based on the same sort 

of separation as equations (2.4) through (2.6). First, a "reference 
D 

G," G (w), is calculated using the simplest Q possible: the identity 

operator. Then the equivalent of equation (2.6) is used to calculate 

G in terms of the reference G, that is, 

G(to) = G^(oj) + G^(io) —^ G(OJ), (2.7) 
w - H ' 

0 

which is solved by matrix inversion: 

G(u>) = ( 1 - GR(u>) S " 1 )_1 G(w). (2.8) 
oi - H 1 

0 

D 
The reference G, G (w) is calculated in the relative-center-of-mass 

coordinate basis by numerically solving the Schroedinger equation 

for two nucleons in harmonic oscillator basis states interacting 
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Fig. 3. Third-order diagrams containing two-particle ladders 
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Fig. 4. The two new diagrams included in this study 
that were not included in BDP 



by means of a Hamada-Johnston potential (Hamada and Johnston 1962). 

G^ is then transformed to the two-(independent) particle basis by 

means of the Brody-Moshinsky transformation (Brody and Moshinsky 

1960). Since the Q operators used are simple to evaluate (being 

either 0 or 1) in this basis, the rest of the calculation is straight 

forward. 

The purpose of this calculation is to repeat Barrett's work 

(Barrett 1974) with an outer model space which is one step (either 

one shell or 2Jto) larger. The two calculations are then to be com

pared so as to determine the dependence of the convergence properties 

on the size of the outer model space. The reason this determination 

must be done by recalculation and comparison is that the efficiency 

of the method of double partitioning is not simply dependent on the 

mathematical structure of the theory, but rather on the detailed 

behavior of the nuclear force. One way of looking at what is accom

plished by double partitioning is to note that W-j is calculated at 

relatively high energies and is calculated at relatively low ener

gies. This allows one to use an approximation good at high energies 

(in this case, using G for W-j) to treat high-energy excitations, 

and a different one (in this case, the first three terms of the BHB 

perturbation expansion) which is hopefully good for low energy exci

tations. Each approximation will be good over a certain energy range 

If each range can be made to contain all the important excitations 

for which it is effective, the highest accuracy will be attained. 
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Figure 5 shows two possibilities for an outcome for this comparison 

each with its optimum outer model-space boundary shown. The abscissa 

of each graph represents the energy (or relative shell) of excitation 

in arbitrary units. The ordinate is meant to schematically represent 

the relative contribution to by excitations of each energy (also 

in arbitrary units). 

If the case shown in Figure 5a represents reality in the 

system under study, then the double-partitioning technique should 

be expected to be a considerable improvement. That is, if there 

is a considerable gap between the energies of the dominant short-range 

excitations and the energies of the dominant multi-particle excita

tions, so that an outer model-space boundary can be placed in the 

middle of this gap, each important excitation will be accounted 

for by a valid approximation. If, on the other hand, there is a 

sizeable overlap in the energies of these two categories of excita

tions, as is shown in Figure 5b, then each approximation will be 

trying to calculate effects it was not meant to handle, and will 

fail. 

As has been mentioned, the way selected here to find the 

best partition position is to repeat a doubly partitioned calculation 

with an enlarged model space (a "higher" partition position). As 

the partition moves through the region of unimportant excitation 

energy, if any, the rate of change in the effective interaction with 

respect to the changing energy of the partition will go-through a 

minimum. This is because the excitations transferred from the one 
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approximation to the other will be the unimportant ones. Further, 

the depth of the minimum in the rate of change of strength-shifting 

should correspond to the depth of the minimum in excitation importance. 

The usefulness of the double-partitioning technique is proportional 

to the depths of these minima. 

One of the obstacles to an effective use of double partitioning 

seems to be the tensor force. Its range is intermediate in the frame

work of this study, and so could fill in the minima mentioned above. 

In fact, Vary, Sauer and Wong (1973) have investigated the importance 

of excitations of various energies in the calculation of the second-

order three-particle-one-hole diagram, and have found that the tensor 

force causes excitations of as high as 10)to to be important. Of 

course, their G used excitations of all energies (their calculation 

was not doubly partitioned) and hence might be suspected of scrambling 

the effects of the two approximations, but other indications are 

that this is not the main problem. 

It might be mentioned in passing that there is nothing to 

keep one from triply partitioning the Hilbert space as an attack 

on the problem of the tensor force with its contribution at the 

intermediate energies. The idea would be to partition off each of 

the three categories of excitation; short range (hard core), inter

mediate range (tensor force), and long range (multi-particle), into 

regions of energy where each would be dealt with by the appropriate 

approximation. A good approximation for the tensor force's effects 

would be needed for this, of course, and to date no satisfactory 
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one is known. If this requirement is met, however, the criterion 

for gauging relative success would still be the depths of the minima 

mentioned above. 

The procedure for triple partitioning would be a simple ex

tension of that for double partitioning. One would expand in 

the appropriate G, probably keeping just the first term as at present, 

then solve equation (2.3) with some approximation suitable for the 

tensor force, using a - Q-j that would select the intermediate 

region. Then one should calculate the BHB expansion for in terms 

of W^. 

It should also be pointed out that the double-partitioning 

technique is philosophically related to the separation method (Scott 

and Moszkowski 1961) for calculating separately the long-range and 

short-range aspects of the effective interaction. The main difference 

is that the separation method is carried out in the coordinate repre

sentation for the potential, while double partitioning is done in 

the Hilbert space of intermediate excitations. 

Finally, it should be emphasized again that Schucan and 

Weidenmuller (1972 and 1973) have shown that the presence of intruder 

states at energies within the spectrum of the effective interaction 

will cause the BHB expansion for W to diverge, or at best, converge 

asymptotically. This almost certainly means that the perturbation 

expansion for at least one of the W.. in a multiply partitioned calcu

lation will diverge. There do indeed seem to be intruder states 

in the oxygen-18 spectrum, i.e. deformed states (states that have 



a high probability of having particles excited out of the core and 

into the valence shell). Therefore the inner model space must be 

enlarged to include these intruder states or else the divergent W. 

must be calculated by methods other than a perturbation expansion. 



CHAPTER 3 

METHODS OF CALCULATION 

Since the calculations of this study are very similar in kind 

to those of Barrett (1974—hereafter referred to as BDP), his descrip

tion of his calculations will suffice to describe the calculations 

of this study except as amended in the description that follows. 

As mentioned, there were two calculations done in this study. 

The one that was the most similar to BDP was the calculation that 

partitioned on shell. In it 6 was calculated with a Q operator that 

excluded two-particle states which had both particles in states not 

higher than the sdg shell. The region of the two-particle Hilbert 

space that was excluded is shown in Figure 6, where the two perpendic

ular coordinate axes denote the excitation energies of the particles, 

respectively. Logically, a calculation partitioning on shell would 

include al1 possible BHB diagrams that contain states no higher than 

the sdg shell. This would have produced excitation energies as high 

as however, and so the strict definition of the procedure was 

relaxed to permit only excitations of 2)to. The reason for not wanting 

such high excitation energies is basically that the idea of double 

partitioning is based on interaction range, which by the Heisenberg 

uncertainty principle is related to excitation energy. If partition

ing by shell were done consistently, the very high excitation energies 

would mix up the various ranges of interaction. 

34 



Consequently, this calculation was very similar to BDP. 

Both this calculation and that of BDP calculated the same diagrams 

as Barrett and Kirson (1970—referred to as BK in what follows) 

with the addition of the diagrams pictured in Figures 2 and 3. BDP 

describes the evaluation of these diagrams, but this study also 

adds the 2)ta excitations of the second-order and third-order ladder 

diagrams that connect to the sdg shell (Figures 2 and 3c, respective

ly). Also, the rather similar 2jto contributions were included in 

the calculation of the diagram corresponding to number 12 in the 

BK enumeration. As in BDP, the RPA diagram (number 16 of BK) was 

included, although its lowest excitation is 4/to. The diagram shown 

in Figure 4a was also included, but its effects were minor. The 

major factor, therefore, was the use of the G calculated for the 

enlarged outer model space. 

The other doubly partitioned effective-interaction calculation 

done in this study was the one that partitioned on energy. In this 

calculation, any intermediate state in any shell was allowed so long 

as it had an energy no greater than 4)ta. The wholesale introduction 

of 4jto excitations has several important new effects. One is that 

a number of BK diagrams—numbers 6(1), 6(2), 11(1) and 11(2)—can 

now be excited and must be included in the calculation. Moreover, 

there are two diagrams that were not listed by BK that also should 

be included. These are shown in Figure 4. It should be noted that 

they look like self-energy-insertion diagrams, but so long as the 
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intermediate two-particle state is outside of the inner model space 

(the valence shell), they are indeed legitimate diagrams for use 

with (assumed) self-consistent wave functions. 

The expression for the first one is the same as for BK number 

6(f), which it resembles, except for the deletion of the overall 

minus sign and for the change in the states to be summed over. 

These states, labelled by v in BK, consist of excitations in the 

sdg and sdgi shells. The energy denominators are adjusted accordingly. 

The expression for the second new diagram, which is analogous to 

BK number 9(1), is given by the BK formula for that diagram, except 

that the sum over the states y is changed to include just the sdg 

shell, and the energy denominators are adjusted accordingly. 

The other major difference between this study and BDP is 

that the G used for partitioning by energy has even more intermediate 

excitations taken out of it than the one used for partitioning on 

shell. The area in the two-particle Hilbert space that was excluded 

by the Q operator from the calculation of G is shown in Figure 7. 

Here all two-particle states with energy not greater than 4Jto were 

excluded by Q. 

For both of the calculations in this study, maximal parallelism 

between this work and BDP was maintained. The same computer codes 

as were used in BDP, modified to add the additional excitations, 

were used. The two diagrams not included in BDP were calculated 

by modifying codes for similar diagrams as used in BDP. Once all 

the diagrams were calculated, they, together with their Hermitian 
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conjugates when appropriate, were added up to give the effective 

interaction. This effective interaction was then diagonalized, 

using experimental relative single-particle energies of 0, .871, 

and 5.083 MeV for the unperturbed sd-shell (the states ^si/2' 

and 0d^2> respectively) energies, to give the excitation spectrum 

corresponding to the effective interaction in question. This, too, 

was done in the same manner and using the same computer codes as 

was done in BDP. 

This whole procedure was followed for several values of to, 

the starting energy of G (see equation 1.22). The values used were 

-3, 63, and 82 MeV. The significance of using a G whose starting 

energy is not the same as the energy of the diagram is that this 

procedure, in effect, introduces an energy gap in the excitation 

spectrum (some of the G interactions in some of the diagrams are 

properly calculated off the energy shell, but that is a separate 

issue that will not be dealt with in this discussion). It is believed 

(BDP) that there is a small gap between the occupied and unoccupied 

states in the spectrum and that this gap is approximated by using u 

values of roughly 60 to 80 MeV. However, the original work of Kuo 

and Brown (1966) used a G corresponding roughly to a BHM G with 

ui = -3. It is for this reason that BDP contains results for a = -3, 

63, and 83 MeV; since comparison with BDP is the goal here, the same 

values were used in this calculation. 



CHAPTER 4 

RESULTS 

In the remaining chapters, the following nomenclature will 

be used. A normal BHB calculation for the mass-18 effective inter

action will be referred to as 16. The particular calculation done 

by BK will be called I6/BK, whereas the similar calculation done 

by Barrett in BDP with BHM G-matrix elements will be called simply 

16. The doubly partitioned calculation that used an outer model 

space one shell bigger than the inner one, and reported in BDP will 

be called 110. The present calculation will be called 115, with 

the suffix "/shell" or "/energy" used to denote the respective type 

of partition. Throughout the tables and figures of this dissertation 

the sd shell states are denoted by the numbers 4 through 6 (the 

ls^2 and ^3/2 states, respectively). 

The first-, second-, and third-order contributions to W 

for 115/shell and 115/energy are shown in Tables 1 and 2, respectively. 

The relevant comparison is Tabic 1 and 2 of BDP, being a similar 

listing for 16 and 110. The complete break-down of the third-order 

totals is given in tabular form in the appendix. In using them 

for comparison, it should be noted that the values given in BDP 

for diagrams 9 and 9(f) are in error for values of w different from -3 

MeV. For w = 63, the BDP values should be multiplied by 16; for u 

= 82, by 256. In addition, it should be noted that the values given 



under 115/energy for the diagram shown in Figure 3b are reversed 

in order compared to the normal order. 

It can be seen that, on the whole, the diminution of terms 

from order to order improves as one goes from 16 to 110 to 115. 

115/shell is noticeably better than 115/energy in this regard, in 

the effective interaction if not in its eigenvalues. Figure 8 shows 

the variation in the eigenvalue spectrum as the different orders 

are included in the two 115 calculations, for each value of w (the 

two partitions give similar energies and are represented by the same 

line). The experimental energy of the ground state is contained 

within the range of the calculated energies, just as with prior cal

culations. However, the starting energy that causes the calculated 

ground-state energy to match the experimental value of -3.90 MeV 

has increased with respect to the prior calculations, 16 and 110, 

to about 45 MeV. 

Table 3 gives a comparison of a sampling of G-matrix elements 

calculated in 16, 110 and 115. It is clear that there is a general 

weakening. It also can be seen that the weakening in going from 

110 to 115 is much diminished from that seen in going from 16 to 

110 in the interactions connecting only even-angular-momentum states. 

This is not nearly so pronounced for the interactions connecting 

to odd-angular-momentum states. 
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Table 1. Order-by-order sums for W at J = 0, T = 1 in the I15/shel1 
partition. — Values are given for three values of w. 
The letter c refers to both particles in the outgoing 
state; a, to the ingoing state. 

u = -3 MeV 
c,a 

order 4,4 4,5 4 , 6 5,4 5, 5 5,6 6,4 6, 5 6,6 

1st -.94 -.56 -2 . 87 -.5 6 -1.86 — .46 -2.67 — .46 .23 
2nd -.92 -.22 -.53 -.22 -.11 -.13 -.53 -.13 -.42 
3rd .20 -.01 . 49 -.01 -.09 .04 .45 .03 -.35 

total -1 . 66 -.79 -2 . 91 -.79 -2.05 -.54 -2 .94 -.5 6 -.54 

a) = 63 MeV 

1st -1.51 -.74 -3.22 -.74 -2.29 - . 60 -3 . 22 -.60 -.20 
2nd -1.72 -.51 -1.06 -.51 -.34 -.34 -1.06 -.34 -.97 
3rd .20 -.11 . 73 - . 09 -.3 7 .05 .68 .01 -.41 

total -3.03 -1.37 -3.56 -1 .34 -3.GO -.89 -3.61 -.94 -1.57 

(o = 82 MeV 

1st -1.69 -.79 -3.32 -.79 -2.42 -.65 -3 .32 -.65 -.33 
2nd -2.10 — . 66 -1.31 —. 66 -. 56 -.45 -1.31 -.45 -1.23 
3rd .21 -. 18 .86 -.14 -.54 .05 .81 -.01 -.43 

total -3.58 • -1.63 -3. 77 -1. 59 -3. 52 -1.04 -3.83 -1.10 -2.00 
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Table 2. Order-by-order sums for W at J = 0, T = 1 in the 115/energy 
partition. -- Values are given for three values of oi. 
The letter c refers to both particles in the outgoing 
state; a, to the ingoing state. 

order 

u) = -3 

41 4 

MeV 

4,5 4 > 6 5# 4 

c,a 

5 j 5 5 * 6 bf 4 6> 5 6,6 

1 st -.92 -. 56 -2 . 88 -.5 6 -1.8b - .45 -2.80 -.45 . 25 
2nd -.78 -.30 -.74 -.30 .24 -.26 -.74 -.26 -.29 
3rd .26 . 03 . 70 .03 .03 .12 .65 .11 -.41 

total -1. 44 -.83 -2.91 -.83 -1.58 - . 59 -2.97 -.61 — .46 

u = 63 MeV 

1st -1.49 -.73 -3.24 -.73 -2.27 - .60 -3.24 -.60 -.17 
2nd -1.67 -.63 -1-12 -.63 -.30 -.50 -1.12 -.50 -.90 
3rd .21 -.12 .88 -.10 -.48 .10 .80 .06 -.43 

total -2.95 -1.48 -3.48 -1.46 -3.04 -1 .01 -3.56 -1.04 -1 . 50 

a) = 82 MeV 

1st -1.66 79 -3.34 -.79 -2.39 -.64 -3.34 -.64 -.29 
2nd -2.0 6 -.77 -1.42 -.77 -. 55 - .61 -1.42 -.61 -1.17 
3rd .19 -.20 .95 -.17 -.76 .08 .87 .03 -.44 

total -3.52 -1. 76 -3.81 -1.73 -3.70 -1.18 -3.88 -1.23 -1.90 
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Table 3. Sample G-matrix elements. — Matrix elements are given for 
various J, T and ir for w = 82 MeV, and are segregated by T. 

<a b|G|c d> 

a b c d, J^T 16 110 115/shell 115/energy 

1 5 4 4, l+0 1.706 1.449 1.242 1.135 

2 4 2 4, ro -3.242 -1.736 -1.252 -1.174 

4 4 4 4, l+0 -1.844 -1.425 -.972 -.708 

2 4 4 7, To 1.921 .763 .381 .372 

1 5 4 4, 0+l 1.514 1.444 1.431 1.420 

2 4 2 4, i~i -2.700 -2.338 -2.272 -2.234 

4 4 4 4, 0+l -1.920 -1.744 -1.686 -1.655 

2 4 4 7, n 1.848 1.467 1.394 1.371 



CHAPTER 5 

ANALYSIS AND CONCLUSIONS 

The first observation that should be made about the results 

of this calculation is that the individual terms of the expansion 

do diminish as the partition is moved up through the Hilbert space, 

in the case of u = 82. However, this is not true for to = -3. At 

this value, the expansion terms in general are diminished in absolute 

value in going from 16 to 110, but typically increase in going from 

110 to 115/energy, though they generally decrease in going from 110 

to I15/shell. Good examples of this overall behavior are the results 

calculated for BK diagrams number 2, 3, 4, 5, 6(f), 17 and 18, as 

well as the totals for each order (power of G). 

The convergence of the expansion (1.29) does seem to be 

improved in 115. By this is meant the tendency for the second-order 

total to be significantly smaller than the first-order term, and 

for the third-order total to be smaller yet. The smaller G-matrix 

elements undoubtedly play a part in this. It is also very likely 

that moving more of the tensor-force excitations out of the outer 

model-space effective interaction (which was approximated by its 

first-order term, a poor approximation for the tensor force) and 

into the multi-particle excitations improved the calculation from 

the stand-point of the tensor force. The tensor force would be espe

cially unlikely to be well-approximated by a G with a large gap between 
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low-lying shells, and hence the convergence might be expected to 

improve the most for the case of the small gap, which it does. 

In general, one might expect improved convergence in going 

to 115 due to the smaller matrix elements of G. In fact, this appears 

to be the reason that 115/shell has generally smaller diagram 

strengths. However, when one introduces the extra excitations that 

go with the weaker G, as one does in 115/energy, the strength reap

pears, as it should. This can occur in two different ways. One 

is that there arise in 115 new excitations, both in the form of new 

diagrams and also in that more excitations are included in the existing 

diagram sums. The other effect is that the energy gap that appears 

when one doesn't use a value of w equal to the starting energy of 

the diagram is lessened in effect for higher partitions. This is 

because the gap makes states above it harder to excite, and when 

a rising partition adds more shells in the accessible region below 

the gap, the size of the gap becomes less important. 

The improvement in the apparent convergence for the 110 

partition appears to be significantly greater than the additional 

improvement to be had in going to 115/energy. The improvement obtained 

in going from 110 to 115/shell is better than the latter, but as 

has been mentioned, the neglect of the higher excitations may be 

important. Hence one might conclude that the partition, when at 

115, may be in the vicinity of one of the minima pictured in Figure 

5, because of this decreased improvement. 



One can also see the effect noted by Vary et al. (1973) 

in the core polarization diagram (BK number 2). They discovered 

that the sum over excitations in this diagram does not converge rapidly 

when one uses Kuo G-matrix elements. By including higher excitations, 

as one does in double-partitioning, one obtains major changes in 

the value of this term. It is important to note, however, that Vary 

et al. used G-matrix elements corresponding approximately to those 

used here with w = -3 (Barrett and Kirson 1975). In the present 

work for w = -3, this effect appears; as the partition moves from 

16 up to 115/energy, the 4,4 element of the core-polarization term, 

for example, goes from -.53 to -.61 to -.56 to -.42, for 16, 110, 

115/shell and 115/energy, respectively. At the same time the 5,5 

element goes from .18 to .15 to .17 to .35. This comparison is made 

in the case of the doubly partitioned calculations by adding the 

core-polarization term to the result for the diagram shown in Figure 

3a, plus the Hermitian conjugate of the latter diagram. The corre

sponding numbers for w = 82 are -2.51, -2.32, -1.90 and -1.86 for 

the 4,4 element and -.50, -.64, -.49 and -.38 for the 5,5 element. 

Vary et al. obtained -.71 by summing the 2Jta excitations for 4,4 

and -.58 by including the 4Jta excitations. These two numbers corre

spond roughly to the ones obtained in 16 and 115/energy. However, 

their calculation ultimately converged on -.08 as even higher excita

tions were included. For the 5,5 matrix element, their corresponding 

results were .14 and .28, with an ultimate converged sum of .84. 

Comparing their numbers with those of this study suggests that 
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certainly at u = -3 the the same behavior is seen in both studies. 

In the a) = 82 calculation, the situation as regards the intermediate-

excitation sum convergence seems improved, since the results are 

not changing so drastically (relative to their total values) as for 

a) = -3. However, the improvement is not very great. 

The main difference between I15/shel1 and 115/energy is in 

the inclusion of the 4jfa excitations, as can be seen in the G-matrix-

element comparisons of Table 3. Hence the 4Jto excitations are clearly 

causing the great shifts in the result as the 4}to excitations come 

down below the energy gap. Unfortunately, this last bit of evidence 

is itself ambiguous. There is an outstanding inconsistency in the 

whole idea of introducing an energy gap in the excitation spectrum 

by means of evaluating G at small u, and then using this G in double-

partitioning. If one does this, and then moves the partition, then 

the gap is being moved up through the spectrum unintentionally. This 

is what is happening in the case at hand, and hence is preventing 

an unambiguous inference that the difference in the II5/shel1 and 

115/energy results is solely due to the difference in the extra exci

tations in the 115/energy calculation. It could also be due to the 

fact that since the partition lies between different states (though 

at the same general energy) in the two calculations, the slightly 

different location for the gap causes a different weighting of impor

tant levels. 

The final picture of the situation as suggested by the results 

given above is as follows. The result of Vary et al. is corroborated 



in the sense that in the case of a large gap in the excitation spectrum 

the intermediate-state sum converges slowly. Since Vary et al. indi

cate that this difficulty is due to the tensor force, it appears 

that Figure 5b is a more accurate picture of the situation than is 

Figure 5a. However, since the change between 16 and 110 is greater 

than that from 110 to 115, an apparent minimum has been reached in 

the range 2Jta to in the sense of Figure 5. One might therefore 

conclude that this minimum is the first one shown in Figure 5b. 

Since this is not the minimum where a partition could be placed in 

order to include the tensor force effects within the inner model 

space, one would have to do one of two things in order v.o make an 

effective doubly partitioned calculation. The first thing would 

be to calculate W-j by some method suitable for approximating the 

effects of the tensor force, instead of just using G for . The 

other possibility would be to triply partition the Hilbert space 

in the manner discussed in Chapter 2. Either way, however, a non-

perturbational technique such as the ones discussed at the end of 

Chapter 1, would probably be necessary in order to obtain an accurate 

approximation for W. 



APPENDIX 

TABLES OF VALUES FOR THE THIRD-ORDER DIAGRAMS 

Listed herein are tables of the values obtained for the third-

order diagrams in the II5/shel1 and 115/energy calculations, for 

J = 0 and T = 1. The header c,a reflects the fact that matrix elements 

of the form <c c|W|a a> are being listed. The numbers symbolized 

2 2 
by a and c are: 4, denoting the state (Od^) ; 5, denoting (lSy2) > 

2 6, denoting (Od^) • 

The diagram labels consisting of a number followed by a, 

b or c (e.g., 3a) refer to the figure in which the diagram is shown. 

The suffix "(1)" in such cases denotes the diagram as shown, while 

"(2)" refers to the diagram's Hermitian conjugate. The suffix "(f)" 

designates a folded diagram. These diagrams are listed separately 

in the case of 115/energy for reasons of space. 

Whenever a term value appears as 0.00, the value is exactly 

0. When it appears as .00, it has been rounded to that value. 

50 
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Table 4. Third-order 115/shell contributions to W for J = 0, T = 1 
and w = -3 MeV. 

BK 
diagram 
lumber 4 t 4 4,5 4.» 6 

C 

5,4 

,a 

5 , 5 5,6 6,4 6,5 6, 6 

4 -.27 -.09 -.11 -. 09 -.31 -.07 -.11 -.07 — .25 
5 .27 .03 -.01 . 03 .19 ' .04 -.01 . 04 .32 
7 .09 .01 .03 .01 .04 -.00 .03 - . 00 .11 
8 -.19 -.01 -.06 -.01 -.09 -.00 — .06 - . 00 -.25 
9(1) .06 . 03 .17 .03 . 09 .02 .31 .05 -.03 
9(2) .06 .03 .31 .03 .09 .05 .17 . 02 -.03 

10 -.04 -.00 -.03 -.00 -.00 -.00 -.03 - . 00 -.0 2 
12(1) .01 -.01 -.06 . 00 -.00 -.01 -.01 . 01 .02 
12(2) .01 . 00 -.0] -.01 -.00 .01 -.06 -.01 .02 
13(1) -.00 . 00 .00 -.01 -.01 -.01 -.03 - . 04 -.02 
13(2) -.00 -.01 -.03 . 00 -.01 -.04 .00 - . 01 -.02 
14(1) -.05 04 -.11 -.01 -.00 -.01. -.08 -.02 -.0 7 
14(2) - . 05 -.01 -.0 6 -.04 -.00 -.02 -.11 -.01 -.07 
15 -.13 -.09 -.15 -.09 -.16 -.04 -.15 - . 04 -.08 
16(1) -.02 -.01 -.05 -.02 -.06 .01 -.08 -.04 -.02 
16(2) -. 02 -.02 -.08 -.01 - . 06 -.04 -.05 .01 -.02 
17(1) .14 .04 .16 .05 .07 .04 .21 .02 .01 
17(2) .14 . 05 .21 . 04 .07 .02 .16 . 04 .01 
18(1) . 07 . 03 .12 . 04 -.01 . 01 .17 . 02 .01 
18(2) . 07 . 04 .17 .03 -.01 .02 .12 . 01 .01 
19(1) -.0? . 00 -.01 -.01 - .01 - .02 -.02 .01 -.00 
19(2) -.02 -.01 -.02 . 00 -.01 .01 -.01 - .02 -.00 
3a(l) -.05 -.02 -.02 -.05 -.02 -.01 -.09 -.01 -.0 4 
3a (2) -.05 -.05 -.09 -.02 -.02 -.01 -.02 -.01 -.04 
3b(l) -.02 -.01 -.02 -.00 -.00 -.00 -.02 -.01 -.01 
3b (2) -.02 -.00 -.02 -.01 -.00 - .01 -.0 2 -.00 -.01 
3c .01 -.01 -.02 -.01 -.01 -.00 -.02 -.00 .02 
4a (1) .01 . 02 -.02 . 00 -.04 . 00 -.02 . 02 .03 
4a (2) .01 . 00 -.02 .02 -.04 .02 -.02 . 00 .03 

total 03 -.10 .14 -.10 —« 34 -.04 .14 -.04 -.39 

6(f) .14 .08 .42 . 10 . 34 .08 .56 . 09 -.05 
9(f) -.06 -.03 -.17 -.03 -.09 -.02 -.31 -.05 .03 

ll(fl) . 00 .01 .02 .01 . 00 .00 .02 . 00 -.0 0 
11(f2) . 02 .01 .02 . 00 . 00 .00 . 02 .01 .01 
13(f) .07 . 03 .05 .01 -.01 .01 .02 .01 .05 

total 18 . 09 34 . 09 25 .08 .31 .07 .04 
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Table 5. Third-order 115/shell contributions to W for J = 0, T 
and w = 63 MeV. 

BK 
diagram 
number 4 , 4 4, 5 4# 6 5,4 

c,a 

5.5 5,6 6,4 6,5 6,6 

4 -.72 -.25 -.38 -.25 -.76 ,-.21 -.38 -.21 -.6 3 
5 .63 . 0 7 -.04 .07 .43 .07 -.04 .07 . 70 
7 . 33 .05 .15 .05 .09 .05 .15 .05 .34 
8 -.49 -.04 -.22 -.04 -.17 -.03 -.22 -.03 -.52 
9(1) .16 . 08 .35 . 04 .13 .03 . 50 .09 .03 
9(2) .16 .04 .50 .03 .13 .09 .35 .03 . 03 

10 -.07 -.01 -.06 -.01 -.00 - .01 -.0 6 -.01 -.0 4 
12(1) -.0? -.04 -.13 -.01 -.03 -.02 -.0 8 -.01 .03 
12(2) - . O P  -.01 -.OS -.04 -.03 -.01 -.13 -.02 .03 
13(1) -.00 -.00 .00 -.00 -.01 -.01 -.0 3 - .04 -.02 
13(2) -.00 -.00 -.03 -.00 -.01 -.04 .00 -.01 -.02 
14(1) -.19 - .03 -.27 -.04 -.01 - .04 -.22 -.05 -.16 
14(2) 19 -.04 -.22 -.08 -.01 - . 05 -.27 -.04 -.16 
15 -.36 -.21 -.31 -.21 -.48 -.10 -.31 -.10 -.23 
16(1) -.08 -.03 -.11 -.06 -.19 -.00 -.15 -.06 -.07 
16(2) — .08 -.06 -.15 -.03 -.19 -.06 -.11 -.00 -.07 
17(1) . 39 .11 .43 .13 .29 .12 .51 .09 .15 
17(2) . 39 .13 . 51 .11 . 29 .09 .43 .12 .15 
18(1) .23 .09 .32 .12 -.02 .06 .40 .08 .09 
18(2) .23 .12 .40 .09 -.02 .08 .32 . 06 . 09 
19(1) -.06 -.00 -.02 -.01 -.01 -.02 -.04 -.00 -.03 
19(2) -.0 6 -.01 -.04 -.00 -.01 -.00 -.02 - . 0 2  -.0 3 
3a (1) — .16 -.08 -.14 -.13 -.04 -.0 7 -.22 - .06 -.11 
3a(2) -. 16 -. 13 -.22 -.08 -.04 -.06 -.14 -.07 -.11 
3b (1) -.05 -.02 -.04 -.01 -.00 -.01 -.04 -.02 -.03 
3b(2) -.05 -.01 -.04 -.02 -.00 -.02 -.04 -.01 -.03 
3c -.00 -.01 -.03 -.01 -.02 -.01 " -.03 -.01 .01 
4a (1) .01 .03 -.03 -.00 -.09 -.0.0 -.03 . 0 3 .03 
4a (2) .01 -.00 -.03 .03 -.09 .03 -.03 -.00 .03 

total -.22 -. 32 .10 -.32 -.90 -.14 . 10 -.14 -.57 

6(f) . 36 . 17 .76 .20 .62 .16 .90 . 1 7 .05 
9(f) -.16 -.08 -.35 -.04 -.13 -.03 -.50 -.09 -.03 

H(fl) .02 .01 .03 . 01 .01 .01 .03 . 01 .01 
ll(f2) .05 . 02 .04 .01 .00 .01 .04 .02 .03 
13(f) . 16 . 08 .14 .05 . 03 .05 .10 .05 . 10 

total .42 .  21  .62 .23 . 53 .20 .57 15 1 6  
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Table 6. Third-order 115/shell contributions to W for J = 0, T = 1 
and a = 82 MeV. 

BK 
diagram 
number 4,4 4,5 4,6 

C 

5,4 

,a 

5,5 5,6 6,4 6,5 6,6 

4 -.99 -.34 -.53 -.34 -1.02 - . 28 -.53 -.28 -.85 
5 . 86 .09 -.05 .09 . 57 .09 -.05 .09 . 94 
7 .48 .08 .23 .09 .11 . 08 .23 .08 .48 
8 -.67 -.06 -.31 -.06 -.22 -.04 -.31 -.04 -.67 
9(1) .23 .11 .44 .05 .16 .04 .60 .12 .06 
9(2) .23 .05 .60 .11 o 16 .12 . 44 .04 .06 

10 -. Of< -.02 -.07 -.02 -.00 -.01 -.07 -.01 -.05 
12(1) -.0 4 -.05 -.18 -.01 -.04 -.02 -.12 - .02 .02 
12(2) -.04 -.01 -.12 -.05 -.04 -.02 -. 1 V -.02 .02 
13(1) -.00 -.00 .00 -.00 -.01 -.01 -.0 3 -.04 -.02 
13(2) -.00 -.00 -.03 00 -.01 - . 04 . OC - .01 - . 02 
14(1) -.2? -. 10 ' -.3 5 -.06 - .02 - .06 -.30 -.07 -.21 
14(2) -.27 -.06 -.30 -. ] 0 -.02 -<,07 -.35 - .06 -.21 
15 -.48 -.27 -.40 -.27 — . 66 -.13 -.40 -.13 -.31 
16(1) -.12 -.05 -.13 -.09 -.25 -.01 -.IB -.07 -.10 
16(2) -.12 -.09 -.3 8 -.05 -.25 -.07 -.13 -.01 -.10 
17(1) . 54 . 16 . 59 . 18 .40 .16 .69 .13 .23 
17(2) . 54 . 18 .69 • 1 6 .40 . 1 3 . 59 .16 .23 
18(1) .32 .12 .44 . 16 -.03 .09 . 52 .11 . 1 4 
18(2) .32 . 16 .52 .12 -.03 .11 . 44 .09 .14 
19(1) -.09 -.01 -.0 3 -.02 -.01 -.03 -.05 -.00 -.05 
19(2) -.09 -.02 -.05 -.01 -.01 -.00 -.03 - .03 - .05 
3a (1) -.25 -. 12 -.20 -.19 -.06 -.12 -.30 -.10 -.16 
3a (2) -.25 -.19 -.30 -.12 - .06 - . 10 -.20 -.12 -.16 
3b (1) -.06 -.02 -.05 -.01 - . 00 -.01 -.05 -.02 -.04 
3b (2) -.06 -.01 -.05 -.02 -.00 -.02 -.0 5 -.01 - .04 
3c -.01 -.01 -.03 -. 01 -.02 -.01 -.0 3 -.01 . 00 
4a (1) .01 .03 -.04 -.01 -.12 -.00 -.04 .03 .03 
4a(2) .01 -.01 -.04 .03 -.12 .03 -.04 - .00 .03 

total -.35 -.45 .09 -. 45 -1.22 -.21 . 09 -.21 -.67 

6(f) .48 .23 .95 .25 .77 .20 1. 09 .21 .11 
Mf) -.23 -.11 -.44 -.05 -.16 -.04 -.60 -.12 - . 06 

ll(fl) .03 . 02 .03 .02 .01 .01 .03 .02 .02 
n(f2) . 06 . 02 .05 . 01 . 00 .01 .05 .02 .04 
13(f) . 22 .11 .19 . 08 .05 .07 .15 .07 .13 

total . 56 .27 .78 .31 .68 .26 . 72 .20 » 2 3 
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Table 7. Third-order 115/energy contributions to W for J = 0, T = 1 
and w = -3 MeV. -- Normal particle-hole diagrams are listed. 

BK 
diagram 
number 4» 4 4,5 4,6 5,4 

c,a 

5,5 5, 6 6,4 6, 5 6,6 

4 -.31 -.08 -.10 -.0 3 -. 36 -.04 -. 1C -.04 - .22 
5 .38 . 05 .00 .05 . 29 .06 .00 .05 . 4 3 
6(1) 0. 00 0 . 00 0.00 . 01 . 03 .01 0.00 C.GO 0.00 
6(2) O.OC .01 0.00 0. 00 .03 0.00 C. 00 . 01 0. CO 
7 .08 .01 .02 .01 . 0 6 -.00 . OP. - . 00 . 1 L 
8 -.23 . 00 -.0 5 . 00 - . ?1 - .00 -.05 - . 00 -.3? 
9(1) .06 . 03 .22 .05 . i 7 . 0 4 .43 . 0 5 - . 06 
9(2) .06 .05 .43 .03 .17 . 0 5 .22 .04 -.06 

10 -.05 -.02 -.05 -.02 -•01 -.01 -.05 -.01 -.0 3 
11(1) -.CO - . 00 -.01 . 00 . 00 . 0 0 -.01 -.0 0 .00 
11(2) -.00 .00 -.01 - . 00 . 00 - .00 -.01 . 00 .00 
12(1) .01 -.02 -.07 . 00 .01 -.01 .00 .0 1 .01 
12(2) .01 . 00 . 00 -.02 . 0] . 01 -. 0 7 -.01 .01 
13(1) . 00 . 00 .01 -.00 - .03 -.01 -.05 -.03 -.04 
13(2) .00 - . 00 -.05 . 00 — .03 -.0 3 .01 -.01 -.04 
14(1) -.03 -.0 6 -.10 -.01 -.01 -.0 2 — .06 -.03 -.0 7 
14(2) -.0 3 -.01 -.0 6 -.06 -.01 - . 03 -.10 - .02 - .07 
15 -.17 -. 10 -.21 - . 10 -.20 -.03 -.21 -.03 -.08 
16(1) -.01 -.01 -.05 - . 02 -.Or .01 -.06 -.04 -.02 
16(2) -.01 -.02 -.08 -.01 -.06 - . 0 4 -.05 .01 -.02 
17(1) . 15 .06 .18 . 07 . 0 8 . 0 5 .24 . 0 2 - . CO 
17(2) . 15 .07 .24 . 06 . 0 8 . 0 2 .18 .05 -.00 
18(1) . 08 . 01 .13 .04 - . 00 .0 1 .22 .02 .02 
18(2) .08 . 04 .2? .01 - . 00 .02 .13 . 01 .02 
19(1) -.02 .01 -.03 -.03 -.01 — .01 -.03 -.0 2 .02 
19(2) -.02 -.03 -.03 . 01 - . 0 1  -.02 -.03 -.01 .02 
3a(l) -.10 -.04 -.04 -.03 -.03 - . 02 -.12 -.03 -.08 
3a (2) -.10 -.08 -. 12 -.04 - . 03 -.0 3 -.04 -.02 - .08 
3b(2) -.02 -.01 -.03 -.01 - . CC -.01 -.0 3 -.00 -.0 1 
3b( 1) -.02 -.01 -.03 -.01 - . 00 — .00 -.03 - . 01 -.01 
3c .03 -.01 -.05 -.01 -.01 -.0 1 -.05 -.01 .05 
4a (1) .04 .05 -.04 .01 -. oe .01 -.0 5 . 05 .07 
4a (2) .04 .01 -.05 .05 -.08 .05 - .04 .01 .07 
4b (1) -.01 -.01 .01 -.00 .01 - .00 .02 -.01 - . 02 
4b(2) -.01 - . 00 .02 -.01 .01 -.01 .01 -.00 - .0? 

total .05 -.09 .22 -.09 - . 28 .02 . 22 .02 -.43 
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Table 8. Folded third-order 115/energy contributions to W for J = 0, 
T = 1 and w = -3 MeV. 

BK 
diagram 
number 4,4 4,5 4, 6 5,4 

c,a 

5,5 5,6 6,4 6, 5 6,6 

6(f) . 20 . 12 .62 . 15 .48 .12 .79 .12 -.07 

9(f) -.07 -.04 -.22 -.05 -.16 -*04 -.42 -.07 .04 

ll(fl) -.00 . 01 .03 .01 .01 .01 .03 .01 -.01 

11(f2) .02 .01 .03 .00 . 00 .00 .03 .01 .01 

13(f) . 06 .02 .03 .01 -.02 .01 .00 .01 .05 

total .21 .12 .49 .12 .32 .10 .43 .09 . 02 
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Table 9. Third-order 115/ertergy contributions to W for J = 0, T = 1 
and w = 63 MeV. -- Normal particle-hole diagrams are listed. 

BK 
diagram 
number 4, 4 4,5 4 > 6 5 > 4 

c,a 

5*5 51 6 6,4 6,5 6, 6 

4 -.90 -.28 -.50 -.28 -.95 -.21 -.50 -.21 - .69 

5 . 79 . 03 -.04 .08 . 56 .09 -.04 .09 .87 

6(1) 

o
 

o
 

•
 

o
 0. 00 0.00 .01 .03 .01 0.00 

o
 

o
 

« 
o
 0 .00 

6(2) o
 

•
 
o
 

o
 

.01 0.00 0 . 00 .03 0.00 0.00 .01 0.00 

7 . 33 . 07 .14 .07 .14 .07 .14 .07 .33 

8 -. 55 -.02 -.22 -.02 -.44 -.01 - . 2? -.01 -.61 

9(1) . i e . 0 8 . 4 3 .08 .27 .07 .65 . 10 .01 

9(2) .18 .09 .65 .08 . 27 .10 .43 .07 .01 

10 -.09 - . 03 -.08 -.03 -.02 -.0 3 -.08 -.03 -.06 

11(1) -.01 -.00 -.01 -. 00 -.00 -.00 -.01 -.00 - . 00 

11(2) -.01 -.00 -.01 -.00 -. 00 -.00 -.01 -.00 -.00 

12(1) -.03 -.04 -.18 -.01 -.02 -.02 —. 0 Q -..0 0 .02 

12(2) -.0 3 -.01 -.09 -.04 -.02 - .00 -.18 - .02 .02 

13(1) .01 -.00 .01 -.01 -.01 -.01 -.05 -.02 -.04 

13(2) .01 -.01 -.05 -.00 -.01 -.02 .01 -.01 -.04 

14(1) -.20 -.13 -.27 -.05 -.04 -.07 -.22 -.09 -.18 

14(2) -.20 -.05 -.22 -.13 -.04 -.09 -.27 -.07 -.18 

15 -.46 -.2? -.45 -.22 -.63 -.09 -.45 - .09 -.27 

16(1) -.0 7 -.03 -.10 — .06 -.17 -.00 -.14 -.0 6 -.07 

16(2) -.07 -.06 -.14 -.03 -.17 -.06 -.10 - . 00 -.07 

17(1) .16 .51 .17 .36 .15 .60 .11 .16 

17(2) .45 . 17 .60 . 16 • 3 6 .11 .51 .15 .16 

18(1) . 29 .09 .40 .11 -.02 .06 .51 .09 .15 

13(2) . 29 .11 . 51 .09 -.02 .09 .40 .06 . 1 5 

19(1) -.07 .01 -.07 -.05 -.0 5 -.03 -.07 -.05 -.01 
19(2) -.07 -.05 -.07 .01 -.0 5 -.05 -.07 -.03 -.01 
3a(l) -.23 -.10 -.16 -.16 -. 05 -.09 -.26 -.09 -.17 
3a (2) -.2 3 -.16 -.26 -.10 -.05 — o 0 9 -.16 -.09 -.17 
3b (2) -.06 -.01 -.06 -.02 -.01 -.02 -.06 -.01 -.03 

3b (1) -.06 -.02 -.06 -.01 -.01 -.01 -.06 -.02 -.03 

3c .01 -.02 -.05 -.02 -.02 -.01 -.05 -.01 .03 

4a(l) .03 . 0 6 -.07 -. 00 -.17 -.00 -.0 8 .05 .06 

4a(2) . .03 -.00 -.08 .06 -.17 .05 -.07 -.00 .06 

4b (1) -.01 -.01 .01 . 00 .02 .00 .02 -.02 -.02 

4b (2) -.01 .00 .02 -.01 . 02 -.02 .01 . 00 -.02 

total -.29 -.37 .07 -.37 1 •
 

o
 

C
D
 

-.12 .07 -.12 -.60 
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Table 10. Folded third-order 115/energy contributions to W for 0=0, 
T = 1 and a) = 63 MeV. 

BK 
diagram 
number 4 > 4 4,5 4, 6 5,4 

c,a 

5,5 5,6 6,4 6,5 6,6 

6(f) • 46 .23 1.01 . 25 . 61 .21 1.10 . 2 2 .06 

9(f) -.19 - . OP -.41 - .OB -.2 5 -.0 7 -.6 3 -.12 -.03 

11 (fl) .02 .02 . 04 .02 .02 . 01 . C 4 .01 . 00 

11(f2) .05 ,02 .05 .01 .01 .01 .05 .02 .03 

13(f) . 16 . 07 .12 . 03 .02 .05 .Oc> .05 .10 

total • 50 .25 «81 .27 .61 .22 .73 . 18 .17 
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Table 11. Third-order 115/energy contributions to W for J = 0, T = 1 
and to = 82 MeV. -- Normal particle-hole diagrams are listed. 

BK 
diagram 
number 4 , 4 4,5 4,6 5 t 4 

c,a 

5 , 5  5,6 6,4 6, 5 6,6 

4 •1.21 -.36 - .71 -.3 9 -1. 26 -.2 9 -. 71 — .29 -.93 
5 1.0? . 10 -.06 . 10 . 71 .11 -. 06 .11 1.11 
6(1) 0.00 0. 00 0.00 .01 .03 .0 1 0. 00 0 .00 0. OO 
6(2) 0.00 . 01 0.00 o

 
•
 
o
 

O
 

. 03 0.00 0. 00 .01 0. oo 
7 . 4 7 . 10 .22 . 10 .19 .11 . 22 .11 . 5 2 
8 -.72 -.03 -.30 -.0 3 - . 54 -.02 30 -.02 -.76 
9(1) . 24 . 10 .52 . 10 . 31 . 0 8 . 75 .12 .04 
9(2) .24 . 10 .75 . 10 o 31 . 1 2 . 52 .08 .04 

10 -.11 -.04 - .09 -. 04 -.02 -.0 3 -.09 -.03 -.07 
11(1) -.01 -.00 -.01 -. 00 -.00 -.00 - . 01 -. 00 -.01 
11(2) -.01 — .00 -.01 -. oo -.00 -.00 -.01 -.00 -.01 
12(1) — . 0 l i  -. 06 - .2 3 -.02 — .04 -.03 -.13 -.01 . 01 
12(2) -.06 -.0? -.13 — .06 - .04 -.0 1 -.23 -.0 3 .01 
13(1) .01 -.01 .01 -.01 -.00 -.0 2 -.05 -.02 -.04 
13(2) . 0 1 -.01 -.05 -.01 -.00 -.0 2 . 0.1 -.02 -.04 
14(1) -.28 -.16 — .36 -.08 -.06 -.09 -. 30 -.11 -. 24 
14(2) -.28 -.03 -.30 -.16 -.06 -. 11 -. 36 -.09 -.24 
15 — .60 - .  2 8  -.56 -.23 -.35 -.12 -. 56 -.12 -.36 
16(1) -.10 - . 04 -.12 -.08 - .23 -.01 -.17 -.07 -.0 9 
16(2) - . 10 -.08 -.17 -.04 -.23 -.0 7 -. 12 -.01 -. 09 
17(1) .60 .21 .68 . 22 .51 .20 

cc • .16 . 25 
17(2) .60 . 22 .78 . 21 .£>1 . 1 6 . 6P .20 . 25 
18(1) .41 . 13 .54 . 14 - . 02 .08 o 65 .13 . 22 
18(2) .41 . 14 .65 . 13 - .02 . ] 3 . 54 .08 . 22 
19(1) -.10 . 02 -.10 -.06 -.07 -.0 4 -. 09 -.0 5 -.02 
19(2) -.10 -.06 -.09 . 02 -.07 - . 0 5  -. 10 -.04 -.02 
3a (1) -.31 -. 14 - .23 -.21 - . 07 -.1 3 -.3 6 -.12 -.23 
3a (2) -.31 -.21 -.35 -. 14 -.07 -.12 -. 23 -. 1 3 -.23 
3b (2) -.07 -.02 -.0 7 -.03 - .01 -.02 -.07 -.02 -. 04 
3b (1) -.07 -.03 -.0 7 -.02 -.01 -.02 -.07 -.0 2 -.04 
3c -.00 -.02 - .06 -.02 -.03 -.02 — .06 -.02 . 02 
4a(l) .02 . 07 -.08 -. 00 -.21 -.00 -.09 .06 . 06 
4a (2) .02 -. 00 -.09 . 07 -.21 . 0 6 -.08 -. 00 . 06 
4b(l) -.01 -.02 .02 . 00 .02 .00 . 03 -.02 -.02 
4b(2) -.01 . 00 .03 -.02 .02 -.02 .0? .00 -.02 

total -.45 -.51 -.02 -. 51 -1.51 1 • r\
) 

o
 

-.02 — .20 -. 68 
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Table 12. Folded third-order 115/energy contributions to W for J = 0, 
T = 1 and a) = 82 MeV. 

BK 
diagram 
number 4 ,4 4,5 4,6 

C 

5,4 

,a 

5 , 5 5, 6 6,4 6,5 6,6 

6(f) . 60 . 28 1.20 . 32 . 97 .26 1. 3 6 .27 .12 
9(f) -.25 -.12 -.50 -.10 -.29 -.0 8 -.72 -.14 - . 06 

ll(fl) .03 .02 .04 .02 .0? .02 .04 .02 .01 
11 (f 2) . 06 .03 .05 .02 .01 .01 .05 .02 .04 
13(f) .21 .10 .17 .08 . 04 . 07 .13 .07 .14 

total .64 . 31 .97 .34 .75 .28 . 89 .23 . 24 
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