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ABSTRACT 

This Study investigated the relationship among three 

high school mathematics teachers definitions and beliefs 

about mathematical problem solving, their problem solving 

practices and how they teach mathematical problem solving. 

Each teacher was interviewed three times and observed once 

during a problem solving lesson. Data comprised of 

transcriptions of audio tapes, field notes, and completed 

problem solving checklists were used to prepare the case 

studies. 

While the definitions, practices and teaching of the 

teachers varied, the findings were consistent within each 

case. The results suggest that how teachers are taught and 

what they learn as students are related to how they teach 

mathematical problem solving. 
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INTRODUCTION 

Prospective teachers must be taught in a manner similar 
to how they are to teach -- by exploring, conjecturing, 
communicating, reasoning, and so forth. Thus, colleges 
of education and mathematical sciences departments 
should reconsider their teacher preparation programs in 
light of these curriculum and evaluation criteria. 
(National Council of Teachers of Mathematics [NCTM], 
1989, p. 253) 

University mathematics professors traditionally rely on 

lectures to deliver the content to students (Ferrucci, 

Yeping, & Carter, J., 1995; Harel, 1994). The notion that 

"prospective teachers must be taught in a manner similar to 

how they are to teach..." (NCTM, 1989, p. 253) is a call for 

change in how teachers are taught mathematics; university 

professors are being challenged to utilize many of the 

pedagogical methods their students will be expected to use in 

their own classrooms. I wonder why? Why should prospective 

teachers learn mathematics "in a manner similar to how they 

are to teach"? 

One reason often cited is the widely accepted claim that 

teachers teach as they were taught (Lortie, 1975; 

Mathematical Association of America [MAA], 1990; NCTM, 1991.) 

After all, prospective teachers often have their final chance 

to be taught mathematics at the University (Grossman, Wilson 

and Shulman, 1989); so, according to the claim stated above, 

their teaching is likely to be influenced by their university 

experiences. Perhaps it is not only how mathematics is taught 
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that influences teaching; I believe it may be what is learned 

about the content. Prospective teachers learn to do 

mathematics in many places, the habits they learn to use when 

doing mathematics are part of the knowledge they bring to 

their teaching. I have not found the relationship between the 

mathematical habits teachers have learned and their classroom 

practices to be clear. This relationship could provide 

another, perhaps compelling, reason for changing how 

university mathematics courses are taught. It is often the 

last place teachers have to develop the mathematical habits 

they are encouraged to instill in their own students. 

I have heard of, and seen, several university-sponsored 

programs for teachers that first address participants as 

mathematical problem solvers, then as teachers of 

mathematical problem solving. For these teachers the courses 

they took as pre-service education majors are not the last 

places they had to learn mathematics. In these programs the 

teachers have opportunities to learn and practice 

mathematical problem solving using problems and methods in 

line with the Curriculum and Evaluation Standards (NCTM, 

1989). Then, they work together on curriculum projects they 

can use when teaching mathematical problem solving. The 

teachers re-learn to solve problems using the strategies and 

techniques being called for today, to develop the habits they 

are expected to teach for themselves. Then, they are asked to 
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teach their students these techniques to use when solving 

mathematical problems. 

One such program has been documented by Thompson (1988) . 

She designed and implemented a workshop where teachers were 

mathematical problem solvers first. They had three weeks to 

become actively involved in problem solving as students 

themselves, learning to solve problems using a variety of 

methods and strategies. They were then given opportunities to 

reflect on the process and present what they learned or re-

learned about mathematical problem solving to their peers. A 

second component of the workshop dealt with instructional 

issues related to problem solving. 

During the first half of the program the facilitators 

modeled several approaches to use with non-routine problems, 

then the teachers were given a variety of problems to 

explore, experimenting with these approaches. Soon after 

their initial problem solving experiences, the teachers 

presented their solutions to their peers and led discussions 

about the problems they had solved. Once they could talk 

about the non-routine problems and their solutions they began 

the second component of the workshop. They discussed the role 

of teachers in problem solving lessons. 

The teachers kept journals while they were enrolled in 

the workshop. In their journals, many of the teachers wrote 

that they felt better prepared to teach problem solving at 

the conclusion of the workshop; they were more confident and 
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more knowledgeable about ways to help students solve 

problems. One commented, "... as I got better at solving 

problems, I was able to do a better job of teaching my 

students." (Thompson, 1988, p. 240). In fact, about half of 

the participants reported they taught more problem solving 

after the workshop than before. In this program there is 

evidence that suggests a relationship between the experiences 

a teacher has as a problem solver and how much time the 

teacher devotes to teaching problem solving. 

Based on the program described by Thompson (1988) and my 

interactions with participants in similar programs, I think 

there may be a relationship between teachers' own 

mathematical knowledge and their teaching of mathematics. 

Moreover, since many mathematics educators are calling for 

changes in how prospective teachers learn mathematics at 

universities and the existence of programs similar to the 

ones described above, the question remains -- why? This 

relationship has not been considered much by mathematics 

education researchers (Lester, 1986.) Changes are occurring 

without careful consideration given to why. The purpose of 

this study was to investigate this possible relationship. 

That is, does a teacher's knowledge and practice of 

mathematics relate to how he or she teaches? 
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This Study 

The term 'mathematics' is plural because it is a complex 

and vast field of knowledge. In order to better investigate 

the relationship between teachers' mathematical knowledge and 

teaching I needed to narrow the field somewhat. Therefore, I 

considered mathematical problem solving for the purpose of 

this study. Problem solving is an integral part of all of 

mathematics, it is woven throughout the various areas of the 

field. Teachers, who were once students themselves, learn to 

solve mathematical problems in all their courses. I 

considered what teachers know of and how they practice 

mathematical problem solving, and looked for evidence 

supporting the notion that this knowledge is related to what 

teachers do in their classrooms when teaching mathematical 

problem solving. 

I investigated the problem solving and instructional 

practices of three high school mathematics teachers and tried 

to determine if this relationship exists. Therefore, the 

purpose of this study was to examine the relationship among 

strategies and techniques three high school mathematics 

teachers talked about, used to solve problems themselves and, 

the strategies and techniques they presented, recommended, or 

encouraged when teaching mathematical problem solving. 

In order to study this relationship my research 

questions were: 
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• How does each teacher define mathematical problem 

solving? 

• What does each teacher value as mathematical problem 

solving? 

• How does each teacher practice mathematical problem 

solving when they solve problems for themselves? 

• How does each teacher teach mathematical problem 

solving? 

• How do the strategies and techniques the teachers use 

in each of these areas relate to one and other? 

Therefore, I investigated what teachers think about 

mathematical problem solving, their own problem solving, and 

their teaching of problem solving. I strove to determine if 

there was a relationship among teachers' knowledge and 

practice of mathematical problem solving, and how they teach 

problem solving. 

These questions were best studied using qualitative 

methodology. I developed three case studies of high school 

mathematics teachers using semi-structured interviews and 

non-participant observation techniques. A rationale for using 

these methods and the details of the design of the study are 

presented in Chapter Three. 

Sianificance 

The results of my study could be seen to validate the 

calls for change in the mathematics preparation and in the 

continuing education of mathematics teachers. If there is a 
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relationship between teachers' practice of mathematics and 

their teaching, the call of the NCTM (1989) will have to be 

answered. There would be a reason for "prospective teachers 

to be taught in a manner similar to how they are to teach..." 

(NCTM, p. 253). Having a reason to change is often more 

powerful than basing changes on assumptions; more university 

mathematics departments are likely to reconsider how their 

pre-service education majors learn mathematics. 

It is not only prospective teachers and university 

professors who are being called on to teach mathematics 

differently. Practicing teachers are being asked to adopt all 

or part of the Curriculum and Evaluation Standards (NCTM, 

1989) as well. Therefore, programs similar to the ones noted 

earlier in this chapter can also exist and flourish. 

Practicing teachers, as well as prospective teachers, may 

need opportunities to relearn mathematics, to reconstruct 

their knowledge of mathematics in order to re-evaluate their 

teaching practices. According to Wilson and Fernandez (1993), 

since it is the teacher who creates the environment where 

mathematics is encountered and learned by students, the 

mathematics teacher must be the first one in the classroom to 

learn the mathematics. 

I have structured the report of this study using five 

chapters. In Chapter Two I include a review of the literature 

related to the research questions; I connect this study to 

work that has come before. Areas of literature addressed 
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include mathematical problem solving, teacher beliefs and 

knowledge, curriculum representation and teachers as knowers 

of content. Chapter Three contains an argument supporting the 

decisions I made leading up to the design of this study. A 

detailed description of the study's research design is also 

included in Chapter Three. The cases of the three teachers 

are reported in Chapter Four. You will be introduced to 

Karen, Sara and Kim (all names used in this study are 

pseudonyms), the three teachers who agreed to help me with 

this research. Finally, in Chapter Five I will consider the 

three cases together and connect them to the literature 

presented in Chapter Two and make recommendations for teacher 

education and future research. 
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REVIEW OF RELATED LITERATURE 

In 1989 Che National Research Council recognized "... 

the urgent national need to revitalize mathematics and 

science education" (p. iii). This "need" existed as a result 

of two factors, the movement toward a more technologically 

advanced society and evidence suggesting that American 

students were not fulfilling their potential in mathematics 

education (National Research Council [NRC], 1989). 

Mathematics had served as a filter, preventing entire 

segments of the population from access to well paying and 

influential careers (NRC, 1989). The problem solving done in 

mathematics classes was viewed as rote, having little 

transfer to other content areas or to the students' lives 

(NCTM, 1989). How mathematics had been taught and learned was 

no longer considered appropriate (NRC, 1989) . This report, 

and subsequent documents published by NCTM (1989, 1991), set 

the stage for change in mathematics education. 

The 1990"s have been a decade of change in mathematics 

education. Extensive campaigns were created to inform 

mathematics teachers, school administrators and parents of 

changes to come. These campaigns appear to have been 

successful. Most people who consider mathematics education 

today are familiar with the called-for changes; many of the 

changes are evident in schools today. The ways in which 

mathematics is taught and learned have begun to change. 
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The call for changes in mathematics education has not 

gone unanswered; mathematics teachers are now expected to 

create curriculums and environments in their classrooms that 

are very different from past practice (NCTM, 1989, 1991). 

This is especially evident in the teaching of mathematical 

problem solving. Problems addressed in mathematics courses 

today are expected to reflect the complex lives of students. 

Moreover, the application of memorized algorithms is no 

longer considered problem solving. A variety of solution 

methods are to be encouraged so that individual strengths be 

developed and encouraged. Then, all students can become 

problem solvers (NCTM, 1989) . As a result, teaching problem 

solving as called for today no longer involves endless drill 

and practice exercises. Instead, mathematics teachers are 

being asked to "orchestrate discourse," thereby enabling 

students to discover the power of mathematical problem 

solving and the ways in which these skills can be applied in 

all aspects of their lives (NCTM, 1991).They are being asked 

to significantly revise their curriculums. 

Curriculum 

It is very difficult to separate curriculum and 

pedagogy, "... both curriculum and pedagogy involve 

transforming content in some way" (Doyle, 1992, p. 507). in 

this section, I will focus on issues of curriculum, in 

general, specifically related to mathematics and issues of 

curriculum as they impact teachers. In considering issues of 
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curriculum as they relate to teachers, it will become 

necessary to include, superficially, pedagogy. 

The term curriculum is defined many ways. One 

definition, Doyle's (1992), makes sense for this study. "As 

usually understood, curriculum refers to the substance or 

content of schooling" (Doyle, p. 486) . That is, the 

curriculum specifies what is to be taught by teachers and 

learned by students. Curriculums often include documents 

outlining what teachers should include when teaching 

particular classes and which textbook to use. Much of what is 

taught is determined by which materials are used by the 

teacher. Therefore, the text and worksheets a teacher uses 

often play a central role in determining the curriculum. 

"Discussions of curriculum typically focus on issues of 

content selection and arrangement that float well above the 

surface of particular classrooms" (Doyle, 1992, p. 486) . 

Researchers and policy makers are most concerned with what 

will be taught, when it will be taught, and how the content 

will be sequenced and placed in classrooms. These decisions 

are usually made by state or district boards. All curriculums 

include core subjects; "Mathematics is universally accepted 

as part of the school curriculum" (Romberg, 1992, p. 756). 

Mathematics Curriculum 

In the context of mathematics, Romberg (1992) states, 

"... 'curriculum' is defined as an 'operational plan' for 

instruction that details what mathematics students need to 
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know, how students are to achieve the identified curricular 

goals, what teachers are to do to help students their 

mathematical knowledge ..." (p. 749). In much of the 

literature he reviewed, Romberg found the view of mathematics 

adopted and turned into curriculum to be absolutist. That is, 

many people who write about curriculum, or design 

curriculums, see mathematics as a static, already discovered 

domain of knowledge. This view influences what they believe 

students need to know. People with this, absolutist 

perspective of mathematics take the content and form a 

hierarchical structure of the knowledge. The function of the 

curriculum is to take students through the hierarchy. 

Based on an absolutist view of mathematics, to know 

mathematics means to know mathematics means to have a set of 

facts under one's command. Mathematics curriculums have 

traditionally been designed with this understanding of 

knowing mathematics in mind (Romberg). Since the 1980's the 

stated goal of teaching mathematics has changed. Now, "the 

most commonly stated goal for teaching mathematics is that 

for both students and society, mathematics will fulfill a 

'long term' functional need" (Romberg, 1992, p. 756). This 

goal serves to acknowledge technological advances made 

resulting in a differently educated work-force. Therefore, to 

meet this goal the curriculum must change. Reform in 

mathematics education has served to challenge absolutist 

views of mathematics and affect the traditional curriculum. 
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The recently stated goals mean mathematics can no longer be 

viewed as static. The goals themselves imply an alternative 

view of mathematics and what it means to know mathematics. 

Now, according to Romberg, more educators involved in 

designing mathematics curriculums view the content as an, 

"... ever-evolving domain of knowledge." Using this dynamic 

view of mathematics, to know mathematics means to be able to 

do mathematics (Romberg). This new goal and alternate view of 

mathematics are part of the present reform in mathematics 

education, and they have impacted the curricular practices of 

policy makers and teachers. 

Romberg (1992) distinguishes between the aims and 

practices of a curriculum. That is, what is stated and what 

is practiced as the curriculum are not the same; there is a 

gap between what is written or presented as the mathematics 

curriculum and what happens in classrooms. This gap is larger 

in mathematics than in any other content area (Romberg, p. 

760). Two reasons for the existence of this gap are the 

materials used in schools and the pedagogical decisions made 

by teachers. Each of these serve to alter the stated 

curriculum and influence what students come to know about 

mathematics. The content is transformed by both the 

curriculum and teachers (Doyle, 1992). 

Teachers and Curriculums 

Earlier, I cited Doyle (1992) and Romberg (1992) 

concluding that the materials used in teaching help to define 
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the actual curriculum experienced by students. That is, the 

materials a teacher selects to use when teaching determines 

the curriculum in her classroom. This implies there are two 

curriculums, a more powerful statement than Romberg's notions 

of aim and practice. "There is a formal curriculum that 

defines the core substance of schooling and an experienced 

curriculum that is taught and learned in classrooms" (Doyle, 

p. 493) . 

According to Doyle (1992), research on the experienced 

curriculum focuses on content representation, but not lessons 

under ordinary school conditions. He holds up Lampert as a 

counter-example, but she is not an ordinary teacher. More 

studies are needed involving teachers. Two such studies have 

considered teachers who are practicing high school teachers 

and their implementation of the formal curriculum. Johnston 

(1993) and Cornett (1990) completed case studies of social 

studies teachers, looking at them as thoughtful designers of 

experienced curriculums. 

In a case study by Johnston (1993), she found that what 

a social studies teacher decided on as her experienced 

curriculum was related to her personal and practical 

knowledge. She considered what she knew about teaching and 

wanted her students to learn (a reflection of what she felt 

citizens needed in order to effectively contribute to 

society) while contemplating what would become her version of 

the curriculum. This deliberation resulted in what she did in 
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her classroom and what her students would experience. The 

decisions made by this teacher were, according to Johnston, 

"... a reflection of who she was as a person" (p. 475). In 

this case, the experienced curriculum was related to the 

knowledge of the teacher. 

Cornett (1990) worked with Sue, also a high school 

social studies teacher. He found she developed practical 

theories to use in developing the experienced curriculum 

implemented in her classrooms. These theories resulted from 

Sue's own beliefs about teaching and American history and her 

teaching experience and practices. In the end, Cornett found 

"Sue's theories and practices were highly congruent" (p. 

269). In this case, what the teacher believed and knew about 

her content and teaching was related to the curriculum her 

students experienced. 

In both these cases, and in general, the pedagogical 

decisions a teacher makes in order to follow, or ignore, the 

formal curriculum results in the experienced curriculum. In 

order to clarify this notion, Clandinin and Connelly (1992) 

think of teachers as conduits, a conduit between the formal 

and experienced curriculums. They stress that this is a two 

way conduit; the teacher not only interprets the formal 

curriculum for her students, but she may have input creating 

the formal curriculum. They call for teachers to have a voice 

in curriculum design. In order for this to happen, according 

to Clandinin and Connelly, "... The future direction for the 
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teacher as curriculum maker is an agenda shared with 

teachers. It has two parts: to listen to teachers' stories of 

their work and to construct together stories of teachers as 

curriculum makers" (p. 392) . Research, such as this study, 

undertaken to understand the knowledge and decisions teachers 

use to make their curricular decisions could serve to inform 

teachers, and curriculum makers, of the differences and 

effects of the formal and experienced curriculums. For this 

study, I am interested in the experienced curriculum of 

mathematical problem solving 

Mathematical Problem Solving 

According to Hembree (1992) the teaching and learning of 

problem solving is an important part of the mathematics 

curriculum. He views the focus on problem solving in tv/o 

ways. First, problem solving is a basic skill needed by all 

students. This concept is also stressed by NCTM in the 

Curriculum and Evaluation Standards for School Mathematics 

(1989), and by NRC in Everybodv Counts (1989). Second, 

problem solving is a complex mental activity; it is the 

characteristic that separates humans from machines (NRC). 

Since humans can initiate actions to solve problems, these 

actions must be practiced so they can be used wisely. 

Polya (1980) wrote, "Solving problems is human nature 

itself.... If education fails to contribute to the 

development of intelligence, it is obviously incomplete. Yet, 

intelligence is essentially the ability to solve problems 
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..." (p. 1). That is, according to Polya, the purpose of 

education is to contribute to a student's ability to solve 

problems. Therefore, the focus of education should be to 

enable students to exploit the power of their brains, not to 

treat their brains like machines (Davis, 1992). Teaching 

mathematical problem solving as if it were merely a sequence 

of algorithms to be mastered dulls the potential power of the 

brain. Instead, mathematical problem solving can be the door 

students pass through to access the power of the brain. 

Therefore, what teachers do with their classes is vital to 

students' success (Grouws, 1985). 

Students have always solved problems in mathematics 

classes, so why all the fuss? The problems traditionally 

presented have been artificial, primarily drills to practice 

memorized routines. Age problems, distance problems using 

river currents and mixture problems involving saline 

solutions do not usually reflect what goes on in the lives of 

students. Mathematics teachers are being called on to use 

problems that reflect the complexities of our students' 

world. This is seen as a way to empower students 

mathematically (NCTM, 1989) and to enable them to become 

mathematically literate (NRC, 1989). That is, we should teach 

problem solving in such a way that is useful beyond the 

mathematics classroom. To this end, we cannot merely teach 

students the steps needed to solve a specific problem; we 
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need to enable them to address problems and to initiate a 

process they can use to solve problems anywhere. 

Traditionally, the problem solving process has been 

taught as a sequence of steps. Students could successfully 

solve problems without understanding what they were doing or 

why they were using these steps. Problem solving is much more 

complex. It is the wise and thoughtful application of 

strategies. A good problem solver engages in a thoughtful 

cycle that begins with forming a plan, deciding what 

strategies to use, putting the plan into operation, 

monitoring progress, evaluating the effectiveness of the 

plan, and reflecting on the process once a solution is 

reached (Campione, Brown and Connell, 1988; Garofalo and 

Lester, 1985; Schoenfeld, 1987 and 1985; Polya, 1945). 

Instead of mindlessly applying a memorized algorithm, 

teachers are expected to help students develop habits of mind 

that enable them to engage in problem solving process, not 

merely solve problems. 

According to Schoenfeld (1980) strategies used to solve 

problems in the mathematics classroom should be "... 

independent of any particular topic or subject matter, that 

helps problem solvers approach and understand a problem and 

efficiently marshal their resources to solve it" (p. 9). It 

is no longer considered valuable to teach one strategy for 

solving mixture problems, another for distance problems, and 

so on. They should be able to solve problems; not certain 
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types of problems, but problems in general. Teaching students 

to use strategies that make sense to them will allow them to 

personalize the problem solving process; then they are more 

likely to learn how to engage in a problem solving process. 

Some of the strategies that are often used include drawing 

pictures, organizing data in a chart, making a model, solving 

a simpler problem, guessing and checking, and working 

backwards (e.g., Musser and Shaughnessy, 1980; NCTM, 1989; 

Schoenfeld, 1980). Allowing students to use the strategies 

that they are most comfortable with is likely to enable more 

students to develop their own problem solving habits and 

become successful problem solvers. 

This description of problem solving is representative of 

the present reform movement in mathematics education. 

Mathematics is no longer considered a special skill required 

of a subgroup of the population, nor is it viewed as limited 

to the mathematics classroom. Mathematics, particularly 

mathematical problem solving is viewed as a necessary life 

skill. Since the mathematics classroom has changed to 

incorporate these new views of mathematical problem solving, 

the role of the mathematics teacher has changed as well. Now 

teachers are expected to create a curriculum and an 

environment that are very different from much of current and 

past practice (NCTM, 1991). That is, teachers are expected to 

teach in ways that are dramatically different from how they 

were taught. It is widely accepted that teachers teach as 
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they were taught (Grossman, 1989; Lortie, 1975; MAA, 1991; 

NCTM, 1991) . These two statements create a dilemma for 

mathematics educators. If teachers teach as they were taught 

and since it is likely they were taught mathematics in ways 

very different from those called for today, teachers are 

trapped. Teachers are being asked to teach differently than 

they were taught. 

In the context of problem solving, the dilemma is quite 

obvious. Teachers are now expected to develop lessons using 

problems and solution methods that they have not experienced 

themselves as students, that they may not have learned. This 

condition is likely to affect their ability to create, even 

conceive of, an environment where the problem solving 

referred to by Polya (1980, 1945), Davis (1992), and NCTM 

(1989, 1991) can flourish. Teachers' knowledge and beliefs of 

content and teaching are parts of this dilemma. 

Pedagogical Content Knowledge and Beliefs 

I, like Richardson, Anders, Tidwell, and Lloyd (1991) 

feel teachers are "... knowing beings, and that this 

knowledge influences their actions" (p. 561-56). Beliefs and 

pedagogical content knowledge are explored in the next 

section. It is commonly held that knowledge and beliefs exist 

as distinct entities (Pajares, 1992; Thompson, 1992). Beliefs 

are held privately by teachers and made public through their 

actions (Pajares). Knowledge, on the other hand, is 

constructed with the support of a community (Thompson, 1992) 
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and is usually agreed upon as valid by a community having 

similar interests or endeavors, or it may be accepted based 

on the advice of experts (Pajares). I think the difference 

between the two is blurry. Beliefs influence one's ability to 

know, to construct knowledge. They can be seen as a lens 

through which knowledge is constructed. Therefore, beliefs 

influence how, and what knowledge one comes to hold. Beliefs 

are part of the cognitive structures of teachers, a form of 

knowledge. 

Two kinds of knowledge will be explored in the following 

section, beliefs and pedagogical content knowledge. Beliefs 

are the notions about teaching and learning mathematics 

teachers come to through their experiences or resulting from 

enculturation (Nespor, 1987). In order to make sense of the 

term pedagogical content knowledge, I have come to consider a 

metaphorical bridge. On one end of the bridge is the 

knowledge of pedagogy teachers construct; at the other end is 

the teachers' knowledge of, in this case, mathematics. 

Pedagogical content knowledge is found at the place where the 

bridge, built from both ends, meets. If the bridge does not 

meet, pedagogical content knowledge does not exist. 

Pedagogical Content Knowledge 

Literally, pedagogical content knowledge refers to 

knowing a content area, for example mathematics, with 

teaching in mind (Grossman 1989; Grossman and Richert, 1988; 

Marks 1991; Shulman, 1986). The parts of this literal 
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definition are stressed differently by those who consider 

this phenomenon. Shulman and Grossman call for teachers to 

know a content before they teach. They seem most concerned 

with teachers understanding the mathematics they will be 

called on to teach. A slightly different approach is taken by 

McDiarmid, Ball, and Anderson (1989). They stress what 

teachers do not know about mathematics, instead of what they 

need to know in order to teach. By placing the emphasis on 

teachers' lack of content knowledge they create a deficit 

model of pedagogical content knowledge. 

while pedagogy itself is not usually stressed in this 

literature, the connection between content knowledge and 

pedagogy is explored. Gudmundsdottir (1990) views the role of 

values as key in the development of pedagogical content 

knowledge. The values a teacher holds of mathematics, part of 

their content knowledge, influences pedagogical decisions. 

For example, mathematics teachers who believe that problems 

have one correct answer may not encourage students to 

investigate a variety of strategies when solving problems. 

The values, or beliefs, a teacher has about mathematics 

influence their pedagogical decisions. Thus, values teachers 

hold of mathematics are part of their pedagogical content 

knowledge. 

I have grown to consider pedagogical content knov/ledge 

to be a flexible understanding of mathematics (McNamara, 

1991). That is, pedagogical content knowledge is knowing 
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mathematics for more than your own use. As a teacher, having 

several types of and levels of understanding of mathematics 

will better prepare one to effectively facilitate the 

activities in a mathematics classroom (Gudmundsdottir, 1990; 

McNamara; McDiarmid, Bird, and Anderson, 1989; Marks, 1989). 

Like Marks, I think this is more than pedagogy and more than 

content, more than knowing a content with teaching in mind. 

Pedagogical content knowledge is how teachers understand, 

represent, and view mathematics for teaching. 

When teachers have a flexible understanding of 

mathematics they will be able to facilitate lively 

discussions, find and create relevant activities, and ask 

thought-provoking questions. These discussions, activities 

and questions are integral to today's mathematics classroom 

since telling students what to do to learn mathematics is no 

longer the ideal. Instead, teachers are being asked to 

understand content and pedagogy well enough to create an 

environment where students' differences are respected, where 

they discover meaningful mathematics and make it their own, 

and where they engage in mathematical problem solving that 

will transfer to other content areas and their lives. The 

knowledge necessary, but not sufficient, to do this is 

pedagogical content knowledge. The abilities of teachers to 

change how they teach is closely connected to what they think 

of, and believe about, mathematics. 
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Beliefs 

When Gudmundsdottir (1990) refers to values as part of 

the knowledge system of teachers, she is using one of the 

many synonyms for the word "beliefs." The term beliefs is 

restated in so many ways because it is a very difficult 

construct to deal with; "As a global construct, beliefs, does 

not lend itself easily to empirical investigation. Many see 

it so steeped in mystery that it can never be clearly defined 

or made a useful subject of research" (Pajares, 1992, p. 

308). Nevertheless, "... all teachers hold beliefs, however 

defined and labeled, about their work, their students, their 

subject matter, and their roles and responsibilities ..." 

(Pajares, p. 314). So, beliefs are part of teachers' 

knowledge structures. 

Rokeach (in Pajares, 1992) defined beliefs, according to 

Pajares, in a circular way. Beliefs, according to Rokeach are 

"Any simple proposition, conscious or unconscious, inferred 

from what a person says or does, capable of being preceded by 

the phrase 'I believe that ...'" (p. 313). This, like other 

definitions of the term, is vague, but that seems to be the 

best we can do with this idea. Instead of defining the term, 

it may be more helpful to understand what it is one looks for 

when uncovering beliefs. That is, what statements can follow 

the phrase, "I believe that ...". Beliefs must be inferred 

(Pajares, p. 314) . This is because they are, according to 
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Nespor (1987), "... stored in episodic memory" (p. 320). To 

claim a belief as a piece of one's knowledge is erroneous; 

beliefs are related through stories and memories. They are 

held, not known. Therefore, a researcher can infer the 

existence of a belief from the stories and anecdotes told by 

teachers. 

Since beliefs are a way of knowing resulting from 

experience and enculturation, they are hard to change. In 

fact, according to Pajares (1992) , "... the earlier a belief 

is incorporated into the belief structure, the more difficult 

it is to alter, for these beliefs subsequently affect 

perception and strongly influence the processing of new 

information" (p. 317). This can be seen in beliefs regarding 

mathematical problem solving. Beliefs engendered by the 

traditional instruction of mathematical problem solving 

include the notions that there is one, exact, neat solution 

to a mathematical problem. Moreover, problem solvers often 

believe this solution should be reached quickly by applying 

memorized algorithms (Hart, 1991; Thompson, 1988) . These non

productive beliefs can serve to inhibit students, preventing 

them from becoming creative, thoughtful problem solvers. 

These beliefs may still be in place when some of these 

students become teachers. After all, teachers were students 

in classes where they experienced problem solving that 

resulted in these beliefs. 
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People in today's society hold the notion that 

mathematical problem solving is difficult, that only truly 

talented individuals can have success solving problems. This 

belief has been allowed to grow unchallenged (Shaughnessy, 

1985). Many students do not succeed with mathematical problem 

solving because they, and their teachers, do not expect them 

to do well. Perhaps this is the real problem. Undoubtedly 

this belief limits students' abilities to value mathematical 

problem solving. This forms a wall between the problem 

solving studied in the classroom and the problem solving 

strategies students use in their lives. The types of problems 

that have been dealt with in the classroom have contributed 

to this barrier. Now, teachers are called on to use 

mathematical problems to help overcome this barrier -- to 

directly address this belief and to show that mathematical 

problem solving is valuable for everyone {NCTM, 1989). These 

teachers are also products of the system that has inculcated 

these beliefs. Therefore, it is conceivable that teachers may 

need to deal with these unproductive beliefs themselves. 

Since this belief was developed early in a teacher's life, it 

will not be easy to change. 

Hart (1991), during a mathematical problem solving 

institute, found that the beliefs held by teachers were often 

unproductive when it came to solving problems. The teachers 

she worked with believed there was only one way to find the 

solution to a mathematical problem. This particular belief 
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inhibited their mathematical problem solving abilities. 

Instead of exploring options and evaluating their progress, 

the teachers sought one correct method to solve problems. 

When they were seeking one correct solution process they were 

severely restricting their problem solving experience. The 

beliefs they held got in the way of mathematical problem 

solving. 

After the teachers were made aware of their beliefs and 

were encouraged to solve problems using strategies and 

techniques in line with the Curriculum and Evaluation 

Standards (NCTM, 1989) they re-learned to solve problems 

using a variety of approaches. Then, some of them indicated 

they were willing to try to implement some of the ideas from 

the institute in their own classrooms. That is, after their 

experiences as problem solvers in the institute, some of the 

teachers considered changing their teaching of problem 

solving and using the techniques and strategies they had 

experienced as students. This connection, teachers' personal 

understanding of a content area and how they teach that 

content, is not restricted to mathematics. 

Teachers as Knowers of Their Content 

Just as mathematics teachers are students of mathematics 

for a long time before they are teachers of mathematics, 

history and English teachers are students of their fields 

before becoming teachers. Wilson and Wineburg (1988) consider 

several social studies teachers' backgrounds and how they 
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teach history. In a similar study, Zancanella (1991) 

considers the relationship among how English teachers value 

literature, personal reading habits, and what they do when 

teaching literature. I will present these two studies in the 

following section; studies where teachers are considered as 

people who have come to know and practice what they later 

teach. 

Wilson and Wineburg (1988) introduce four history 

teachers, each having studied a different discipline within 

social studies as an undergraduate. Jane specialized in 

American history, Cathy in archeology. Bill in American 

studies where he specialized in economics and political 

science and Fred, who majored in international relations and 

political science. I will summarize the views and values each 

teacher held of history, their teaching of history, and how 

these were related. 

All the teachers felt facts were part of history. Jane 

viewed facts as parts of a "tapestry" (p. 528). History, 

according her, is a story containing facts and classic events 

to be interpreted. Her job, when teaching history, is to 

present these stories to her students. She wanted them to 

experience the context of the era they study, as well as 

learning the facts. Jane had her students view slides of art, 

listen to music and read literature to create a context for 

the facts. Then, she had them synthesize the information and 

make sense of the story. Jane wants her students to learn 
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from and value the past. Of all the teachers Wilson and 

Wineburg (1988) studied, Jane appeared the most comfortable 

teaching history; she had studied history herself and this 

was evident in her teaching. 

Cathy, the archeologist, acknowledged that facts existed 

in the study of history, but that they were not as powerful 

as gathering evidence. The interpretation of history was, in 

Cathy's mind, tied closely to finding artifacts to serve as 

evidence for a conclusion. When teaching she tried to have 

her students "stick close to the evidence" (p. 528). She felt 

the facts that were most valuable were those that could be 

"known with certainty," often because of the evidence 

gathered in support. Wilson and Wineburg (1988) concluded 

that "history was most frequently distinguished by its 

absence" (p. 532) in Cathy's class. She presented the geology 

and geography of countries including neither a reference to 

time nor a global context. She wanted her students to be 

"mini-social scientists" (p. 557); to use the lens of 

anthropologist, archeologist, or political scientist, for 

example. 

Bill and Fred had similar views of history; they also 

resembled each other in how they taught. They both disliked 

facts, thought they were dull and uninformative. Bill 

believed facts formed a foundation history was built on, that 

the meat of history is in considering alternate 

interpretations and conclusions based on accepted facts. Fred 
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sees history as a set of basic facts to be learned if one is 

to know history. When teaching, both men presented facts to 

their classes as an obligation to the curriculum. To make the 

facts more interesting, they included issues of political 

science, and in Bill's case, economics, to liven up the facts 

and create a context. Fred spent most of the class time going 

over current events with his students, discussing headlines 

of the day and analyzing current political happenings. 

According to Wilson and Wineburg (1988), he reluctantly used 

part of each class to cover the facts of history. The energy 

generated in discussions of current events was not evident 

when he covered history. Bill, too felt an obligation to 

cover the facts of history. Instead of discussing current 

events. Bill had his students complete projects involving 

social and cultural events of the era they were studying. He 

balanced his reference to political science with these 

activities. 

Bill and Fred, like Jane and Cathy, wanted their 

students to get a particular understanding of history after 

taking their classes. Bill wanted his students to understand 

that the past shapes the present, so knowing history meant 

his students were politically prepared to take part in 

society. Fred, on the other hand, felt the only important 

parts of history were those immediately relevant to his 

students' lives. The teachers' undergraduate education was 

related to their teaching of history, according to Wilson and 
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Wineburg (1988). "The curriculum they were given and the 

courses they subsequently taught were shaped by what they did 

and did not know [about history]" (p. 534). In other words, 

what these teachers believed and knew about history was 

related to how they represented history when teaching. 

Just as social studies teachers are students of a social 

science before teaching history, "English teachers are 

readers of literature long before they are teachers of 

literature" (Zancanella, 1991, p. 5). Using a qualitative 

case study design, Zancanella investigated several English 

teachers' personal approaches to reading literature, their 

attitudes and beliefs about teaching literature, and their 

teaching methods. One teacher in his study, Mr. Davidson, 

paid attention to the plot and structure of the story when 

reading. He, according to Zancanella, "... tends to speak 

about literature in rather abstract terms, using language and 

concepts from formal literature studies" (p. 11). When 

teaching literature Mr. Davidson asked questions of his 

students and often turned the class discussion toward 

literary themes and analysis. 

Another teacher profiled by Zancanella (1991) had 

different reading and teaching styles. Ms. Kelly enjoys 

reading adolescent literature; partly for herself, but also 

so that she could recommend books to her students. She 

especially enjoyed historical fiction. Reading a novel "... 

is a source of moral or ethical knowledge.... Ms.. Kelly 
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valued literature because it can both provide vicarious 

experience and help one grapple with moral questions" 

(Zancanella, p. 17) . when teaching, Ms. Kelly was caught in a 

dilemma. She felt compelled to teach competencies that were 

to be part of a standardized test her students would take at 

the end of the semester of the study, but she really wanted 

to teach students to experience the world through literature. 

She often started lessons with the basic competencies that 

were going to be tested in mind, but would end up leading her 

students to relate the literature to their own lives and 

problems. 

When considering all the cases he developed, including 

Mr. Davidson and Ms. Kelly, Zancanella (1991) found "... many 

aspects of the teachers' personal approaches are translated 

into ways of teaching ..." (p. 25). All the teachers asked 

questions of their classes when teaching literature, but the 

nature of the questions varied. In Mr. Davidson's class the 

goal of the questioning appeared to be a careful analysis of 

the literature, which is how Mr. Davidson talked about 

reading literature for himself. On the other hand, in Ms. 

Kelly's class the goal of most of the questioning was to 

imagine being in the world of the literature and using what 

was discovered in the story as morals to live by. This is 

also consistent with how Ms. Kelly read literature for 

herself. 
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I think reading can be viewed as problem solving. The 

reader must make sense of a text and follow it to a 

conclusion. In problem solving the solver must make sense of 

the problem and form conclusions. Mathematics teachers have 

personal approaches to problem solving, just as literature 

teachers have personal approaches to reading. Moreover, 

mathematics teachers form a view of mathematics as students, 

much as the teachers in Wilson and Wineburg's (1988) study 

formed an understanding of history before teaching history, i 

find it reasonable to hypothesize that teachers' personal 

approaches to mathematical problem solving may be related to 

their teaching of mathematical problem solving; just as the 

specialties of social studies teachers were related to what 

they did when teaching history (Wilson and Wineburg) and the 

personal approaches literature teachers had when reading is 

related to their teaching of literature (Zancanella, 1991) . 

Summary 

I find the changes in mathematics education both 

refreshing and scai^- The role of mathematics as a filter 

must stop. Changing how mathematics is taught and learned 

will serve to better prepare students to function more 

equally in today's society. If changes in mathematics 

education are being made just to satisfy a perceived need to 

change, reform is potentially dangerous. I fear that the 

continuity of students' mathematics education might be in 

jeopardy. I have observed some teachers and administrators 
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who are implementing dazzling and fun lessons in an attempt 

to become engaged in the reform movement. In some of these 

instances I think the mathematics is lost. Students are 

involved in activities that are not connected to any 

meaningful mathematical concepts; the curriculum becomes a 

sequence of projects and lessons with little attention being 

paid to the overall mathematics education of the student. 

Overall, I believe reform in mathematics education is good 

and called for. It will be successful when we change the 

teaching and learning of mathematics thoughtfully and slowly. 

Only then will the changes be worthwhile and long - las t ing. 

Teachers, in light of the current reform movement in 

mathematics education, are being asked to teach differently 

than they were taught. Mathematical problem solving is a 

focus of this change. How, and if, teachers make this change 

is often a result of their pedagogical content knowledge and 

beliefs as they are related to mathematics and what they 

create as the experienced curriculum for their students. 

These areas of the literature were explored earlier. Recall 

that the purpose of this study is to determine if there is a 

relationship among what teachers define as mathematical 

problem solving, do when solving problems and how they teach 

problem solving. That is, do teachers teach what they have 

learned? This is different from the theory, suggested by 

Lortie (1975), that teachers teach as they were taught. 
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Lortie (1975), in his study of the teachers from Five 

Towns, found the influence of former teachers was important 

to the teachers he talked with. Their practices were often 

connected to the practices of their own teachers. While 

students, these teachers did not analyze the teaching they 

observed, they were merely exposed to it. Nonetheless, they 

were impressed by some of the actions taken by their teachers 

and not impressed by other teacher actions they observed. 

Since they were not in a position to analyze or question 

their teachers' practices, they were not actually learning 

how to teach. Instead, they were learning about teaching. 

What they learned about teaching, according to Lortie, was 

"... intuitive and imitative rather than explicit and 

analytical, it is based on personalities rather than 

pedagogical principles" (p. 62). So, the experiences of 

teachers while they were students did not serve as an 

apprenticeship since they did not work along side their 

teachers, analyzing and being critical about the work. 

Instead, Lortie claims teachers undergo an "apprenticeship-

of-observation" while students, beginning the socialization 

process that serves to acquaint them with their future 

careers. 

Teachers do begin to learn about teaching during their 

apprenticeship-of-observation, "the students learn about 

teaching, gained from a limited vantage point and relying 

heavily on imagination, ... [the apprenticeship-of-
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observation] does not represent acquisition of the 

occupations technical knowledge" (Lortie, 1975, p. 62). 

Nonetheless, students (some of whom later become teachers) do 

learn things while studying with their teachers. In 

mathematics classes they learn to solve problems, often in 

specified ways. Often, they also learn and incorporate the 

beliefs of their teachers (Thompson, 1988). That is, while 

they are students, teachers learn to understand mathematics 

and form beliefs about the content and how it is practiced. 

Fisher (1988) concluded that the way teachers understood 

mathematics, particularly proportional reasoning, was the 

same as the way they presented the material when teaching. 

Moreover, beliefs held by teachers influence their 

instructional practices (Pajares, 1992; Hiebert and 

Carpenter, 1992; NCTM, 1991; Lester, 1988; Thompson, 1985). 

So, what teachers see while engaged in an apprenticeship-of 

observation is more than an informal view of pedagogical 

practices; they begin to build a structure of the content 

they will teach. 

Lortie (1975) was interested in the relationship between 

how teachers were taught when students and how they teach 

once they become teachers. The theory I explored can be 

placed along side this. I am interested in determining if 

there is a relationship between what teachers were taught 

when they were students of mathematical problem solving and 

their approaches to teaching problem solving, that is how 
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they teach problem solving. Like Lortie, I am interested in 

how teachers teach, but I am not considering how they were 

taught. I am interested in exploring what teachers learned 

while students, what they came to know and understand about 

mathematical problem solving. The teachers in Wilson and 

Wineburg's (1988) study had learned to understand history as 

students of particular fields of social studies. In 

Zancanella's (1991) study, English teachers had learned to 

appreciate literature in their own ways. In both studies the 

knowledge held by the teacher was related to how they 

approached teaching their subjects. In this study I attempted 

to do what Wilson and Wineburg did with social studies 

teachers and what Zancanella did with English teachers; 

investigate the relationship among what high school 

mathematics teachers believe about problem solving, practice 

when solving problems, and teach in problem solving lessons. 
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METHODOLOGY 

Recall the purpose of my study, to see if there is a 

relationship among what high school mathematics teachers say 

about mathematical problem solving, their practice when 

solving problems themselves and how they represent 

mathematical problem solving when teaching. I wanted to 

determine if this relationship exists naturally in the 

professional lives of teachers. According to Patton (1990), 

qualitative inquiry strategies are used when the researcher 

wishes to minimize research manipulation when studying 

naturally occurring phenomena. I wanted to investigate the 

relationship described above. I did not want to manufacture 

the relationship; I wanted to see if it occurs naturally. 

Therefore, I found it reasonable to use qualitative research 

methodology in this study. 

In this study I worked with three high school 

mathematics teachers, so my study has a multicase design 

(Bogdan and Biklen, 1992). I selected three teachers after I 

conducted a pilot study in preparation for this study. Data 

were collected using semi-structured interviews and non-

participant observation techniques. I looked at the data 

using methods of analytic induction, beginning with the 

results of, and what I learned from the pilot study. All of 

this is described in more detail in subsequent sections of 

this chapter. I begin with a description of my sense of 

induction, as a mathematician and then as a qualitative 
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researcher, then I interpret analytic induction as way to 

structure research. The specifics of my data collection and 

analysis follow. 

Induction 
Mathematical Induction 

Induction is a technique used by mathematicians to make 

sense of, and eventually resolve problems. Polya (Simon, 

1966), in a videotaped teaching episode explains the 

inductive process in detail. According to him, the first step 

in induction is to make a reasonable guess. When engaging in 

induction, Polya (Simon), reminds his class that a guess is 

not a proven fact, that it is simply a conjecture. Next, 

Polya (Simon), calls on the problem solvers to investigate 

the conjecture in an attempt to establish an inductive 

hypothesis. That is, to verify the guess in at least one 

case. If one case cannot be found to support the conjecture, 

then continuing the process could prove to be a waste of time 

and the process stops. At this point the problem solvers may 

choose to revisit the conjecture and revise it, restarting 

the inductive process. 

The third step in induction is to collect and organize 

more data that could support, or refute, the conjecture. Once 

these data are organized the problem solver should look for a 

pattern (Polya in Simon, 1966). Polya asserts that the 

inductive process is considered a success when a pattern is 

recognized, and repeated in enough instances (what 
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constitutes enough depends on the nature of the problem and 

the energy of the problem solver). Now, conclusions can be 

made based on the assembled data. At this point in the 

inductive process, Polya (Simon) reminds us that the 

conclusions are not rigorously proven facts. Nonetheless, if 

the pattern is made clear and repeated sufficiently, we can 

have confidence in the results; the inductive process was 

successful. 

I think this process can be used to explain 

investigating problems using qualitative research as well. 

While the results uncovered in qualitative research are not 

generalizable in the traditional sense, they are often 

powerful. If undertaken carefully and thoughtfully, 

qualitative research can serve to explain naturally occurring 

phenomena and be used to formulate powerful conclusions. I 

view my research in this study as an enactment of the 

inductive process. My conjecture is that there is a 

relationship among what a teacher says about mathematical 

problem solving, does when solving problems herself and does 

when teaching problem solving. 

This conjecture began when I read an article about 

English teachers. Zancanella (1991) found that teachers' own 

reading practices and beliefs were related to what they did 

when using literature with their classes. I reflected on my 

teaching experience after reading a report of this study. I 

had always found some types of mathematical difficult to 
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teach; I realized these were also problems I found hard to 

solve. This, in turn, reminded me of conversations with 

fellow teachers. I heard other mathematics teachers declare 

that they were reluctant to teach a certain type of problem 

solving. Reasons for these declarations were not usually 

included in the conversations; groups of teachers often just 

agreed. This sequence of thoughts, the Zancanella (1991) 

article, remembering personal experiences, and conversations 

with other mathematics teachers, resulted in my conjecture. I 

wondered if there was a relationship among what teachers 

said, how they practiced and taught mathematical problem 

solving. This presented a problem to consider; I had begun 

the inductive process. 

Next, I needed to establish a case where my conjecture 

could be seen; I needed to form an inductive hypothesis. I 

decided to design and implement a pilot study (see Appendix A 

for a copy of the pilot study) for two reasons. First, I 

wanted to practice research techniques before beginning my 

dissertation. Second, I was beginning the inductive process 

in that I was trying to establish my conjecture for one 

teacher. I found there was a relationship among what Joy (the 

teacher in the pilot study) said about mathematical problem 

solving, did when solving problems and how she taught problem 

solving. I established my inductive hypothesis in my work 

with Joy. 
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This brings me to the third step in the inductive 

process. Recall that this step, according to Polya (Simon, 

19 66) is to collect and organize more data to use to 

demonstrate, or deny, the conjecture. That is what I did with 

this study. I collected and organized data in an attempt to 

establish a pattern that supports my conjecture. In making 

sense of the data I used qualitative research techniques; I 

tied my sense of mathematical induction (described in this 

section) to analytic induction as described by Bogdan and 

Biklen (1992). My understanding of this type of induction is 

presented in the next section. 

Analytic Induction 

Bogdan and Biklen (1992) call for methods of analytic 

induction to be used when "... some specific problem, 

question, or issue becomes the focus of research. Data are 

collected and analyzed to develop a descriptive model that 

encompasses all phases of the phenomena" (p. 70). In this 

study I had a specific focus. I wanted to see if there was a 

relationship among what teachers said, how they practiced and 

taught mathematical problem solving. Therefore, it was 

reasonable that my study used methods of analytic induction, 

since I had a specific problem. Bogdan and Biklen (1992) 

identify a five step cycle for analytic induction. I will 

outline these steps and describe how l used them in my 

research below. 
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First, like Polya (Simon, 1956), Bogdan and Biklen 

(1992) assert that a conjecture should be developed early in 

the research. I did this with my pilot study. In my pilot 

study I investigated the relationship I was trying to 

establish, what Joy said about problem solving related to 

both her practices as a problem solver and as a teacher of 

problem solving. The relationship I have tried to establish 

existed with Joy; therefore I developed a conjecture, an 

inductive hypothesis to work from. 

Second, the researcher must continue to consider the 

conjecture as new data are collected (Bogdan and Biklen, 

1992) . One example of my doing this concerns how I 

considered, in the pilot study, what Joy said about 

mathematical problem solving to be biographical data. After 

revisiting my work with Joy, and as I began to talk with the 

teachers involved in this study I realized that this was an 

important part of the relationship I was investigating. There 

was more to what I was looking at than I had considered for 

the pilot study. I had been investigating the relationship 

between two areas, the teacher's solving problems and 

teaching problem solving. As I was reviewing the pilot study 

and beginning to collect data for this study, I decided I 

needed to consider the relationship among three parts, not 

only the two described above. In order to understand the 

teachers' problem solving and teaching of problem solving I 

needed to consider the teachers' definitions and beliefs of 
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mathematical problem solving. My conjecture developed as I 

collected data. This is the third part of analytic induction 

described by Bogdan and Biklen (1992); the conjecture will 

evolve as called for by the data. More examples of how my 

conjecture evolved are included later in this chapter. 

Fourth, to strengthen the conjecture, Bogdan and Biklen 

(1992) call for researchers to do purposeful sampling. Having 

well-thought-out reasons why certain cases are considered 

serves to strengthen the data and make results more powerful. 

After careful consideration I decided to employ both extreme 

case and homogeneous sampling techniques in my study (Patton, 

1990) . 

Actively seeking extreme cases serves to strengthen the 

inductive process; the pattern can be seen as strong if it is 

established for a variety of cases. To this end I identified 

three teachers who, according to their reputations, had 

rethought to different degrees what is meant to teach 

mathematical problem solving. In this sense, they represent 

extreme cases. Sara has a reputation of embracing the reform 

movement in mathematics education; she is known as a 

progressive teacher of mathematical problem solving. Karen, 

another teacher involved in this study, is a respected 

traditional mathematics teacher. She has not embraced the 

current reform movement in mathematics education, nor has she 

altered her teaching practices significantly. The third 

teacher I worked with, Kim, is curious about the changes she 
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has seen in teaching mathematical problem solving. She has 

considered changing her practice, and has begun to try some 

of the techniques recommended by the National Council of 

Teachers of Mathematics (1989), but has not yet decided how 

many of the reform practices she will adopt. These teachers 

represent extreme cases because of the choices they have 

made, or thought about making, in their teaching of 

mathematics. 

The purpose of homogeneous sampling in analytic 

induction is to investigate some particular subgroup of the 

population in detail. I am familiar with some research and a 

few issues in feminist pedagogy, having read enough to 

acknowledge there are different styles of problem solving and 

communication that can be attributed to gender. I realize I 

do not know enough about gender in this context to deal with 

it in my present study. Since the teacher I worked with in my 

pilot study was a woman, all the teachers I worked with in 

this study were women, making my sample homogeneous. Using a 

homogeneous sample will enable me to eliminate issues of 

gender for now. I realize any conclusions I may be able to 

make, once I have collected and analyzed my data will be 

limited to these women mathematics teachers and, perhaps, 

others very like them. 

The fifth and final step in analytic induction, 

according to Bogdan and Biklen (199 2), is having enough cases 

supporting the conjecture so the pattern can be accepted. 
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According to Lincoln and Guba (1985) enough means, "... there 

is redundancy; the conjecture is seen over and over." 

Remember, Polya (Simon, 1966) said that what constitutes 

enough in the inductive process depends on the nature of the 

problem and the energy of the problem solver. For this study 

I considered the three cases described earlier. Next, I will 

describe the data collection and analysis in detail. 

Data Collection 

Before I began to collect data I needed to find three 

teachers who met the criteria described earlier in this 

chapter, and with whom I could work. I began to collect data 

after i identified teachers who were willing to work with me. 

Data were collected in several ways. First, I asked each 

teacher to complete a survey I designed for the pilot study, 

and have since revised. (See Appendix B for a copy of the 

survey.) I wanted to learn about the professional and 

educational experiences of the teachers before our first 

interview. Next, I conducted two semi-structured interviews 

with each teacher, inter</iewing one teacher at a time. The 

third interview was scheduled after I attended a class, as a 

non-participant observer, taught by each teacher. I used a 

list of questions to guide the third interview, similar to 

the first two. All the interviews were audio-taped; I 

transcribed the tapes to facilitate the data analysis. I 

describe each part of the data collection process in more 

detail below. 
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Finding the Teachers 

After I determined the characteristics of the teachers I 

wanted to work with I began to identify teachers for my 

study. I thought of teachers I knew, and asked fellow 

mathematics educators to nominate female teachers who would 

represent the extreme cases I needed. I personally contacted 

two teachers I had worked with in other contexts, Sara and 

Kim, and asked them if they would work with me on this study. 

Both of them agreed to help me. One of these teachers, Sara, 

had embraced reform in mathematics education and changed her 

teaching of problem solving. Kim, the other teacher I 

contacted personally, has made some changes in how she 

teaches problem solving, but continues to learn more about 

reform mathematics and is in the process of reconsidering her 

teaching. 

while I was sending the survey to, and trying to 

schedule the first interview with, Sara and Kim, I sent 

letters to three other teachers identified by colleagues as 

potential participants. I presented a brief description of my 

study and asked if they would work with me. Two of the three 

teachers did not respond, one teacher, Karen, did and she 

agreed to work with me. Luckily, her reputation was 

consistent with the third case I called for in my extreme 

case design; she is considered by her colleagues to be a 

traditional teacher in that she has made fev/ changes in her 
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teaching practice at a time when many teachers have adopted 

reform practices. So, I had three teachers to work with who 

satisfied the requirements I defined earlier. I sent the 

introductory survey to Karen and continued to schedule the 

first interviews. 

The Interviews and Observations 

The interview questions were written in advance. (See 

Appendix C for the list of questions). I modified the 

questions used in the pilot study, hoping to improve on the 

flow of conversation and information learned in the 

interviews, particularly the first one. I consider the 

interviews semi-structured because I did not strictly adhere 

to the scripted questions. I found that the conversations 

that developed after the first few questions usually covered 

most of the topics I wanted to include. When the conversation 

wandered, or if something I wanted to learn was not covered, 

I used the scripted questions to re-focus the interview. 

The purpose of the first interview was to get to know 

the teachers and document their general thoughts about 

mathematical problem solving. I used the surveys to begin the 

conversation, finding out about the professional histories of 

each teacher. In each case we began by talking about how they 

prepared for their teaching career, where and what they had 

taught and any continuing education they had undertaken. The 

first interview continued to include a conversation about 

problem solving. We talked about their definitions of 
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mathematical problem solving, what it looked like, if it was 

important, and where it was found. At the conclusion of the 

first interview we made an appointment to meet again for the 

second interview. 

Before the second interview I transcribed our first 

conversation and took a copy of the transcript to give to the 

teacher. I asked her to read it and add any thoughts she may 

have had since our first conversation, or modify anything she 

read and felt needed explanation. I repeated this process 

after each interview (two teachers said they did not want a 

transcript of the third interview). No significant changes 

were made by any of the teachers. One teacher asked that I 

delete some personal information she included at the first 

interview. Since it was not relevant to the study, I deleted 

the information. 

At the second interview I wanted to learn about the 

teacher's own problem solving practice. One way I decided to 

do this was to have the teacher solve a few problems, I noted 

what I saw her do and later we talked about her work on each 

problem. Then, we discussed her problem solving practice in 

general. For the first part of this interview I needed 

problems to give the teacher to solve. Instead of insisting 

she solve certain problems, I wanted her to select problems 

to solve. I decided to have the teacher choose problems to 

solve because I thought it would minimize any anxiety the 

teacher may have had when working on the problems. 
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For my pilot study I had collected problems for this 

purpose. I wanted problems that were not too automatic, too 

routine for the teachers; problems that would elicit a 

variety of problem solving strategies. On the other hand, I 

did not want problems that were too involved. Moreover, I 

wanted several problems they could solve quickly, so that we 

would have time to talk about what they did and about their 

problem solving practices in general. I also consciously 

avoided problems traditionally included in high school text 

books, because teachers get very good at solving these and I 

did not think this type of problem would help me to 

understand problem solving practice. 

I collected a set of problems I thought would be 

helpful to include in my pilot study. Then, I asked several 

colleagues to solve them to determine which problems were 

most appropriate. After they solved the problems I asked them 

what they thought of the problems, if they were too easy or 

automatic and what strategies they used in their work. I used 

this information to decide whether I should include a problem 

in my collection for the study. I deleted some problems and 

kept the ones that seemed to satisfy the criteria described 

above. (See Appendix D for the problems.) I used this 

collection of problems with Joy during my pilot study; she 

solved three of them. 

As I prepared for the second interview of this scudy I 

reviewed what Joy did in the pilot study. Since she selected 
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three similar problems to solve, I did not observe as many of 

her strategies as I might have. I could have observed more 

aspects of her problem solving practices if she had solved a 

variety of problems. So, I divided the problems into three 

groups. One group of problems (group A) could be solved by 

assigning variables, writing equations and doing algebra. 

second group of problems (group G) involved shapes, invoking 

geometric situations as part of the solution. The third set 

of problems (group M) were different in that they involved 

number patterns not easily interpreted algebraically, nor 

geometrically. I decided to ask each teacher to select one 

problem from each group to solve at the second interview. 

While they were solving the problems I watched them work and 

recorded what I thought they were doing on a problem solving 

checklist I had created during my pilot study. 

I designed what I called a problem solving strategy 

checklist to use in the pilot study. I wanted a convenient 

instrument to use to document what Joy did when solving 

problems and teaching problem solving. So, I generated a list 

of problem solving strategies and techniques. First, I 

referred to the Curriculum and Evaluation Standards for 

School Mathematics (NCTM, 1989) and How to Solve It (Polya, 

1945) to generate my list. In order to include possibilities 

I may have overlooked I gave the list to several other 

mathematics educators and asked them to add any strategies 

and techniques they thought were missing; I added these to my 
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list. (A list of the strategies and techniques I used and my 

definitions of each are in Appendix E. Appendix F is a copy 

of the checklist itself.) After I used this list while 

collecting data for the pilot study, I added two additional 

strategies Joy used that were not on the original list. I 

made several clean copies of this list to use in this study. 

First, I used it while observing the teachers solve problems. 

Later, I used it while observing a class the teacher taught. 

I brought the three groups of problems and the problem 

solving strategies and techniques check list to the second 

interview. After I gave the teacher a copy of the transcribed 

first interview I asked her to select a problem to solve from 

group A to work on, then from group G, lastly from group M. 

While the teacher worked on a problem I noted what she did by 

entering a mark in the appropriate section of the check list 

for each time she did, or revisited, a strategy or technique. 

After the teacher finished each problem I asked her to talk 

about what she did, to describe her work in detail. This was 

included in the audio-taped portion of the interview. Then, I 

told her what I had noted on the check list. Sometimes my 

observations confirmed what she said she did; at other times 

my observations were erroneous, she did not do what I thought 

she was doing. Whenever this happened I noted the mark that 

was not accurate on the list. We repeated this process after 

each of the three problems she solved. 
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During the rest of the second interview we talked about 

the teacher's problem solving practices in general. I asked 

her if what she did earlier was representative of her problem 

solving practice. We continued to talk about what she did 

when solving problems. At the conclusion of this interview I 

presented a summary of her problem solving practice, as I 

understood it, and asked her if it made sense. We revisited 

details as needed until she agreed that an accurate summary-

had been created. Finally, I asked her to think about what 

she was teaching in the near future and asked to be invited 

to a class session where she was teaching problem solving. I 

transcribed the second interview before our next meeting so I 

could give it to her to review. 

In each case, I observed a class where the teacher said 

she was teaching problem solving. The activities of the class 

varied, depending on the teacher's definition of problem 

solving. I decided to be a non-participating observer, but I 

ended up helping students. Each teacher ended class with 

students doing work at their desks, the teacher walking 

around the classroom assisting students individually. Since 

several students wanted help, in each case I agreed to assist 

the teacher and helped, as many students as possible. At the 

beginning of each class the teacher presented a lesson. I did 

not participate in the classes during these times. Two of the 

teachers gave brief instructions to her class and then had 

students work in groups to solve problems. In order to obtain 
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data in these situations I asked the teacher to wear a 

microphone connected to the tape recorder. The teachers' 

interactions with groups of students were included in the 

data from the observations. 

I sat at the back of the room, while the teacher was 

addressing the entire class I took notes, documenting the 

arrangement of the room, what was posted on walls, what the 

teacher said, and what students said. I also included a 

careful rendering of the writing the teacher did on the 

chalkboard; copying, as accurately as I could the work she 

did at the chalkboard for the class. I also used the check 

list described earlier, making a mark in the appropriate 

section when I saw or heard the teacher use a particular 

problem solving strategy or technique. I placed a new mark 

whenever the teacher began to use a certain strategy or 

technique, while she continued to use that strategy or 

technique I did not place a new mark. This process started 

over when she began a new example or a new part of the 

lesson. The completed check list was part of the field notes 

written during the observation. 

After I observed a class we scheduled the third 

interview. In one case it took place the same day, in the 

other two cases about two weeks elapsed between the 

observation and the final interview. The purpose of the third 

interview was to talk about the class I observed. I wanted to 

see if the session I observed was a typical example of their 
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teaching and talk about what they did when teaching problem 

solving. I began this interview with my synopsis of the class 

and asked the teacher if she remembered the class differently 

or felt I had left something out. She filled in the details 

she felt I was unaware of, or had missed,. After this we 

talked about why she had done what she did when teaching the 

class, the teacher shared the reasons behind the pedagogical 

decisions she made in order to teach the class as she did. 

Since I wanted more information about the teacher's 

teaching of mathematical problem solving I asked her what she 

would like to see her students doing when solving problems. 

All of the teachers spoke of general things they wanted to 

see happen as a result of their teaching, often referring to 

the definition of problem solving established in the first 

interview. This was difficult for the teachers to explain in 

detail, so I followed up by asking them to think of a 

successful and unsuccessful problem solver and tell me about 

those students in detail. This part of our conversation gave 

me a sense of what the teachers attempted to teach when 

teaching problem solving. 

For this study my data included the introductory 

surveys, three audio taped interviews, work done by the 

teachers while they solved problem, an audio tape of the 

teacher teaching a class and field notes from my non-

participant observation that class. I transcribed the audio 

tapes of the three interviews and the class session; I used 



65 

these transcripts and the copy one teacher returned to me 

with comments as my data. These data sources were used to 

create a case study for each teacher involved in the study. 

Data Analvsis 

In this study the case developed for each teacher was 

the primary unit of analysis. I explored my research 

questions within each case study, concluding if there was a 

relationship among what the teacher said about mathematical 

problem solving, her problem solving practice and her 

teaching of problem solving. To do this I analyzed parts 

within each case corresponding to the elements of this 

relationship, then I put the parts together so I could 

consider the relationship for each teacher. Data analysis 

actually began when I transcribed the audio tapes. While this 

was a tedious and time consuming process, I found I developed 

a useful sense of the data. I became very familiar with the 

teachers after doing this and I began to think about creating 

the case for each teacher as I transcribed the tapes. The 

analysis had begun. 

The objective of each interview was organized around 

one of the three parts of the relationship I was 

investigating; since the ensuing conversations tended to 

wander, the three topics were somewhat dispersed among the 

interviews. So, I first coded the data for these three parts, 

what the teacher had to say about problem solving, what she 

practiced as a problem solver, and her teaching of problem 
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solving. Then, I separated the data into these three parts 

using a word processing program. 

I used this form of the data when writing the case of 

each teacher, in three parts. Since the data were rearranged, 

the case study of each teacher presented in Chapter Four is 

not in the same order that I had uncovered it in the 

interviews and observation. As I wrote each case I came to 

understand that what I was doing was creating three portraits 

of the teacher, one of her as she talked about problem 

solving, another of her as a problem solver, and a third of 

her as a teacher of problem solving. Each case concluded with 

a summary of the portraits, where I considered the strength 

of the relationship among the three areas I was 

investigating. Part of this summary required that I revisit 

the data; I used a pre-designed coding system for this part 

of the data analysis. 

The coding system I began with was the list of problem 

solving strategies and techniques used in the second 

interview and my class observation. The codes I used in the 

pilot study bothered me. As I began to use this as a tool to 

code the data with Karen, the first case I developed, I found 

some of the codes were unnecessary and others were missing. 

It seemed I was not looking only at problem solving 

strategies and techniques; I was considering more than how 

the teacher worked the problems she was solving, teaching, or 

talking about. I decided I was interested in how she 
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addressed both the problems and the problem solving process. 

At this point I revised and renamed the checklist. 

First, I decided some of the categories were unnecessary 

since anyone who is solving a problem must complete certain 

activities. So, I removed the categories "do calculations," 

"do arithmetic" and "read the problem" from the list. I 

replaced "appears frustrated" with "emotional response" and 

"use algebra" with "write algebra" since these phrases seemed 

more accurate in describing what I saw. In addition, I 

discovered new categories were called for as I coded the 

data. So, I added "be efficient," "consider options," "follow 

steps," "show work," "solve a related problem," "use 

algebra," "analyze data" and "analyze the problem" to the 

list. (See Appendix G for definitions of these codes.) 

I made a note to revisit the work that came before, if I 

found I needed to add any more categories in analyzing and 

writing the other two cases. This became a moot point, since 

I did not need to revise the list of codes again. At this 

point I paused to rethink what I was using this checklist to 

describe. 

Now, because the list of categories no longer 

represented only problem solving strategies and techniques, 

but included items that were more like habits, I felt I 

needed to rename the list. I considered several terms and 

settled on behavior. According to The American Heritage 

Electronic Dictionary (1990), a behavior is "an action. 
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reaction or function under specified circumstances." What I 

was attempting to identify in each portrait was the teacher's 

reaction to, and how she functioned while talking about, 

solving and teaching problem solving. I interpreted this to 

include the strategies and techniques she invoked, as well as 

the habits she exhibited. The new title of the list of 

categories was the problem solving behaviors checklist (it is 

Appendix H). 

I revisited the data in Karen's case, in its rearranged 

form, with this checklist. I identified passages where the 

teacher was spending time talking about, solving, or teaching 

a problem. Within each passage I determined which of the 

codes were referred to, or used by the teacher. If the 

teacher returned to the same code within the passage, I did 

not count it as another incidence since I viewed it as 

continuing the same example or train of thought. Therefore, I 

counted incidences when each code was initiated in a passage 

of conversation. Whenever the teacher, or I, changed to 

different point or example I started coding the data and 

counting again. (See Appendix I for an example of a coded 

passage.) 

Later, I organized the list of behaviors into three 

groups. I did this so I could create a figure to accompany 

each case. This figure would serve as a "snapshot" of each 

teacher, something that could, at a glance, give the reader a 

sense of the three portraits of Karen, Sara and Kim. One 
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group of behaviors included traditional problem solving 

strategies. I identified another group of strategies as 

reform-inspired. The rest of the behaviors could be 

identified as either traditional or reform, depending on how 

they were used; this became the third group of strategies. 

(See Appendix J for these groups.) When forming these groups 

I used the Curriculum and Evaluation Standards (NCTM, 1989) 

as a guide. Using this new system of organizing the coded 

data I made a figure to include with each case. 

Using the portraits and coded behaviors from each 

portrait, I wrote a conclusion regarding the relationship 

under investigation for each case. First, I looked for a 

relationship between portraits, two at a time. I did this 

three times in order to relate each portrait to the other 

two. Then, I considered all three portraits to determine if 

there was relationship among the three. I repeated this 

process for each teacher, that is case, in the study. This 

completed the information included in each case. 

I gave each teacher a copy of her case study. Later, I 

met with each teacher to find out if she felt she was 

portrayed accurately. Using this feedback, I revised the 

portraits as needed. Karen and Sara thought I should clean up 

their quotes so they sounded better. Karen thought she 

sounded unprofessional. I assured her that was not the case, 

that the conversation-like tone of the quotes made her case 

study believable. If her quotes were cleaned up, it would 
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appear I had changed the data. Sara was worried that readers 

would think she was not intelligent since she spoke using 

incomplete sentence. I told her that no one spoke in complete 

sentences in conversations like the ones we had and that the 

readers would understand. Sara continued to tell me she was 

not worried for herself, she was afraid I would "get in 

trouble" for choosing to work with someone who was not 

articulate. I assured her that I found her articulate and 

that this would not be a problem. Then, Sara said she liked 

how I summed up her quotes; that I wrote what she was 

thinking. I asked both Karen and Sara if I could leave the 

quotes as they were. Both agreed; saying they could identify 

themselves in the words. 

Karen found two passages in the biographical section she 

did not agree with and Kim identified one from the teaching I 

observed that she questioned. Together, we read the passages 

in the interview or field notes involved. Then, each teacher 

and I discussed what they really meant and I changed a few 

words in the case studies. These changes did not change the 

nature of the cases in any way; they were rather minor 

adjustments. Kim told me she was, "... amazed at the details 

I had picked up." She continued to note that the details of 

my account made her pause to think about her teaching, 

practice and notions of mathematical problem solving. Kim had 

never really thought about it in such detail before and 

concluded that she agreed with v/hat I noticed and wrote, that 
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it really was what she thought and did. After receiving this 

feedback, I completed each case study. 

After finishing the three cases, and including feedback 

from the teachers, I briefly considered the three cases 

together. I did this to determine if there were any patterns 

common to all the teachers. So, another unit of analysis was 

all the cases together. This step was an attempt to take the 

inductive process to another level. First, I attempted to 

establish a pattern within each case. I did this in order to 

verify, or deny, my inductive hypothesis. That is, try to 

logically determine whether what teachers talk about, do and 

teach as mathematical problem solving are related. In 

comparing the cases I was attempting to strengthen my 

conjecture, to predict if I believed the inductive hypothesis 

would be applicable to other teachers. Part of this 

conclusion is left to the reader. My job, as I saw it, was to 

create portraits of, and form conclusions about each teacher. 

I included my sense regarding the strength of my conjecture 

across the cases, but the readers will have to make their own 

decisions about the pattern being repeated enough to support 

my conjecture. 

Summary 

This study uses qualitative methodologies as a means to 

investigate a naturally occurring phenomenon. That is, I 

wanted to investigate (not manufacture) the relationship 

among what each teacher believes to be mathematical problem 
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solving, practices when solving problems and how she 

represents mathematical problem solving when teaching. I 

worked with three women who are respected high school 

mathematics teachers, so my study has a multicase design. I 

utilized purposeful sampling in order to strengthen the 

research. Since I worked with three women, my study uses a 

homogenous sample. I also identified three teachers who have 

very different approaches to teaching problem solving, in 

this way my study has a diverse sample. The data collected to 

use in v/riting the three case studies were analyzed using 

methods of analytic induction. 

I developed a conjecture after doing a pilot study and 

revised the conjecture considering what I learned from the 

pilot study and new data that were collected. The conjecture 

I developed for this study had three parts. I wanted to 

determine if there was a relationship among teachers' 

definitions of mathematical problem solving, how they solved 

mathematical problems and how they taught problem solving. In 

order to learn about these three domains I refined three 

interviews and a non-participant observation of a class I 

used in the pilot study. A problem solving behavior check 

list was developed and completed for each interview and the 

class. My data consisted of transcripts of the interviews and 

the problem solving lesson presented by the teacher, my field 

notes and completed problem solving behavior charts. 
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The case studies were written after separating the data 

into three sets: what each teacher said about problem solving 

in general, what she did when solving or talking about her 

way of solving mathematical problems and what she did or said 

about teaching problem solving. Each case study consists of 

three portraits written using one of the sets of the data; at 

the conclusion of each case study the portraits are 

summarized considering the conjecture. This appears in 

Chapter Four. In Chapter Five I consider the case studies 

together and tie them to the review of literature presented 

in Chapter Two. 
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FINDINGS 

In this chapter I introduce the three teachers I worked 

with for this study: Karen, Sara and Kim. Each case begins 

with a brief history of the teacher's professional life; 

then, I present three portraits of each teacher. In the first 

portrait, I represent the teacher as someone who has 

something to say about mathematical problem solving, her 

definition of it, examples she shared to clarify her 

definition, and her sense of how it is, or is not part of 

what she teaches. The second portrait is of the teacher as a 

mathematical problem solver herself. I write about the 

problems she solved, her techniques and habits as well as her 

description of her problem solving style. Third, is a 

portrait of the teacher teaching problem solving. I include a 

description of the class I was invited to observe, where the 

teacher said she would be teaching problem solving, and parts 

of a conversation we had about what she does when she teaches 

mathematical problem solving. These three portraits make up 

each case study. 

When I created the portraits described above I was 

careful to present the teacher as she appeared in the data. I 

did not include any interpretation of these data, other than 

that which was necessary to present the teachers in each of 

these three portraits. At the end of each case study I 

summarize the portraits and interpret what I found, that is 

who the teacher is as one who talks about, practices and 
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teaches problem solving. I compare the portraits within each 

case two at a time, then I consider all three portraits of 

each teacher in an attempt to determine if there is a 

relationship among what the teacher says, practices and 

teaches in regard to mathematical problem solving. 

Karen 

Karen is a high school mathematics teacher, having 

taught for 23 years. She began her teaching career at a 

junior high in the midwest, spending eight and a half years 

there. When she moved to the southwest she taught for three 

and a half years at a middle school, then transferred to a 

high school in the same district teaching there for eleven 

years. Karen usually teaches algebra two, advanced 

algebra/trigonometry and pre-calculus classes; she was also 

teaching algebra one the semester I visited her class. The 

high school where she teaches is an urban campus. The student 

population is quite diverse, using both ethnicity and 

socioeconomic status as descriptors. 

Karen began studying mathematics at a small college in 

the midwest five days after graduating from high school; she 

wanted to finish quickly so she could get married. In order 

to do this she attended school year round and took more than 

the usual number of courses each semester. Karen was a 

mathematics major. Since she was studying to be a teacher, 

she had to take a few teacher education courses in addition 

to the content courses required of mathematics majors. She 
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earned her bachelors degree in three years, including student 

teaching. 

After finishing the required classes in two and a half 

years, Karen student taught for a semester at a nearby high 

school. She said this was unusual; students at her college 

usually student taught for a quarter. She had the additional 

time in student teaching because she was in what she called 

an intern program. In this program she was considered a 

student teacher for a quarter and then she was hired, having 

a contract for the fourth quarter of the school year. Karen 

said the school counted on having student teachers serve as 

teachers for the last quarter of the school year. She earned 

one tenth of the usual teaching salary for her work that 

quarter. 

Karen has vivid memories of student teaching, "... the 

first day of student teaching my supervising teacher was at a 

math conference, so I had all five classes the very first day 

I went to my student teaching. It was baptism by fire." No 

other teacher was assigned to the classes, so Karen had five 

classes to teach on her own. When her supervising teacher 

returned, Karen said she "... had things pretty well under 

way by then." After finishing the semester teaching at this 

high school she found a job at a junior high in a neighboring 

city. She taught there until moving to the southwest, where 

she resumed her teaching career at another junior high 

school. 
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Karen has continued her studies since earning her 

bachelors degree, mostly studying computer programming. She 

took a few education courses to meet the certification 

requirements when she relocated to the southwest; Karen did 

not find these courses memorable. Karen remembers attending a 

Marilyn Burns workshop, called Math Solutions, one summer. 

More recently, she took several mathematics courses while on 

leave from her district for a year. During this year, the 

year before this study, she participated in a program 

sponsored by the mathematics department of a local 

university. The mathematics department provides high schools 

with substitutes for a year so teachers can spend the year at 

the university; they teach three classes and continue their 

study of mathematics and education. During this year Karen 

took a few mathematics courses, including calculus. Karen had 

taken these courses before, but felt they were sufficiently 

different to warrant revisiting them. She was particularly 

interested in experiencing calculus while using the graphing 

calculator to develop the mathematical concepts. 

Karen Talking About Problem Solving 

When asked to describe what is meant by mathematical 

problem solving, Karen's first response had to do with 

solving story problems. "Whether you use a chart, or if you 

guess and check, or whatever [problem solving is the] 

strategies to get something mathematical from some English 

statements." Karen called that statement her "first 
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impression." Soon she added, "... problem solving is 

actually, if I think more about it ... it's the whole 

strategy situation for solving any type of problem." 

As she continued to talk about problem solving, Karen 

referred to the skills required in problem solving as a "bag 

of tricks." These skills included knowledge of arithmetic and 

algebra. She also included skills developed specifically to 

deal with word problems. As one progresses through a study of 

mathematics more skills are added to one's bag of tricks. For 

example, a pre-calculus student would have more than 

arithmetic and algebra skills in their bag of tricks, they 

will have included geometry and trigonometry skills as well. 

In addition to serving as a supply of usable problem 

solving skills the bag of tricks serves as a foundation to 

build on when studying mathematics; 

... [in algebra one] it is arithmetic skills and 
building on those. Saying if you can add fractions in 
arithmetic, then you can add fractions in algebra 
because they are the, they are built on the same thing 
... and if you can factor and break up numbers in 
arithmetic, then you can factor and break up algebraic 
things. So we are building, it's just that the basis is 
arithmetic. 

The same is true in pre-calculus, according to Karen, except 

there would be a larger set of skills on which to build. 

Karen's definition of problem solving evolved to include 

more than word problems; she viewed any problem done in or 

for a mathematics class to be a valid problem solving 
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situation. An example of a non-word problem solving situation 

Karen used to explain this part of her definition follows: 

... in algebra one sometimes it's pretty rigid as far as 
showing them, like solving [systems of] equations ... 
you know, going through and, and they haven't seen the 
substitution method, or elimination, or graphing method. 
And then it is looking back after we finish the chapter, 
now if somebody says solve [a system of equations] you 
have three choices. If you want to do it by a sketch and 
just do some guess and check, that's fine, but you can 
probably save yourself some time and energy if you can 
get things to fit into one of these patterns and solve 
by substitution or elimination. ... now you have some 
methods to build on, and we are going to keep using 
those. 

This type of work represents another type of problem solving 

situation to Karen. Solving story problems is just one type 

of problem solving Karen includes in her definition of 

problem solving. 

Problem solving is more than skills to use according to 

Karen; it is knowing a variety of strategies for a variety of 

problems and being able to select an appropriate strategy for 

a given problem. Appropriate, to Karen, means selecting 

skills that allow one to reach the solutions efficiently. She 

alluded to this aspect of problem solving in the passage 

above, where she said the problem solver could work more 

quickly and with less effort. Karen finds that more 

sophisticated problem solvers do this; they will select 

strategies that enable them to get answers quicker and in 

fewer steps. By being efficient, problem solvers spend less 

time working and have a smaller chance of making an error 

(since there are fewer steps). For example, Karen spoke of 



80 

students simplifying rational expressions containing 

radicals: 

Since we've just done rationalizing the denominator 
everybody wants to rationalize every denominator. And so 
one student worked through that, and I said now did 
anybody else use anything that we've had in the past 
that can streamline this process and one kid spoke up, 
if you just reduce the fraction first of all, they're 
perfect square numbers, and so he did the whole problem 
in two steps and this other kid sitting there did this 
in eight steps and had to go through rationalizing the 
denominator. 

So, not only did it take the first student longer to solve 

the problem, but by using more steps they had more places 

where they could have made mistakes. 

Karen considers any mathematical proble.m a vehicle for 

problem solving, but word problems present additional 

challenges for problem solvers. She explained, 

... most students when they see things written out in 
paragraph style just panic and if you can get them 
comfortable with some strategies or some ways to solve 
regular problems and then show them how we can boil down 
words and get them into algebraic statements, so you can 
take care of any of these word problems by relying on 
things that you've already practiced on problems where 
they are already written out for you. 

So, an algebra student solving a word problem would still use 

the same bag of tricks they used before, but they need to 

have the additional skill of translating the story to 

mathematics in their bag of tricks. Karen views this as 

merely an additional step required by some problems, 

... like learning a second language. If you translate 
from Spanish to English, we're translating from English 
into an algebraic language, into mathematical systems 
... the more you can see key thing that will remind you 
of something that you, suggest to you that we want a 
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larger number, we want to add or subtract, or something 
like that. You can look for something to translate and 
that's going to make life much simpler. 

Students do this to get to the stage where they have a 

mathematical statement to solve, then they can use other 

skills they have in their bag of tricks. 

When it comes to word problems, some problems are better 

than others, according to Karen. A good word problem is one 

involving several concepts, where students have to think and 

put these concepts together. Problems that are too basic or 

too automatic are not good, because they do not require the 

solver to really think when finding a solution. Karen 

cautioned that what may be a good problem for students in one 

class may be too easy for a more advanced students. For 

example, a problem involving a simple geometric situation may 

be appropriate for an algebra one student, but too easy for a 

pre-calculus student. The latter student should be familiar 

with geometry, so s/he need problems appropriate for their 

level of study. Moreover, good word problems do not, 

necessarily, need to be relevant to students' lives. Good 

word problems, according to Karen, result in students 

thinking through a series of ideas; students must use some 

sort of process to obtain an answer. If students can just see 

the answer, then it is not a good word problem. Karen 

asserted that most word problems are at least good practice 

for organizing information. So, there are really no bad word 

problems for students to do. 
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Finally, Karen thinks problem solving must be viewed as 

part of a "big picture." One does not "... learn it [skills], 

forget it and go on to the next thing. Not just chunks, but 

an integrated part." Mathematics is cumulative, according to 

Karen; what students learn one year is part of the bag of 

tricks they bring to their next class. Not only do problem 

solvers select skills from their bag of tricks to use when 

solving current problems, they use it as a foundation for 

future study. Students' bags of tricks evolve as they 

continue their study of mathematics, filling up with more and 

more skills. Karen's version of problem solving is a process 

that evolves and develops over time. 

Karen as a Problem Solver 

Karen solving problems. 

When I asked Karen to solve a few problems I directed 

her to solve them as if they were an assignment she needed to 

complete; I told her to do whatever she needed to solve the 

problems, not with teaching in mind. I told her she could 

use a calculator if she wanted, Karen grabbed a graphing 

calculator she had nearby. She also got out a few pieces of 

blank paper, but I asked her to do her work on the paper with 

the problems printed on them. Then, she asked if there was a 

limit to the amount of time she could spend solving the 

problems. After I assured her she could work at her own pace, 

she began by selecting the problem she wanted to do first 
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from the collection of algebraic problems. She selected the 

following problem to do first: 

We were off on our first trip ever to Europe. Our plane 
left at noon, but the travel agent told us to be at the 
airport an hour ahead of time. So, we all left the house 
at 10 AM. to drive the 40 miles to the airport. However, 
for some reason, there was very heavy traffic, and my 
father could only average 20 miles per hour for the 
first 30 minutes. Both of my parents were getting more 
and more nervous before we got onto the freeway and the 
traffic cleared out. My mother asked me how fast we 
would have to go to get to the airport on time. What 
should have my reply have been? (Gay, 1992, p. 234) 

Karen worked quietly, first rewriting some parts from 

the problem on her paper. For example, she wrote "Noon" and 

drew a box around it. Next, she wrote "11:00 AM, 10 AM for 40 
1 

miles" and hr. 20 mph." Later, she told me she was noting 

all the numerical data, since she figured she would need to 

follow up on that information to find the solution. Then, she 

seemed to use a chart to organize the data. Later, when I 

asked Karen to confirm this she disagreed. She said, "I was 

writing where I was using proportions." I did not understand 

what she meant by this, so I asked if she was looking for a 

pattern. She said that was not her intent. I asked if she was 

making some sort of model to map the trip. Again, she 

disagreed. She explained, "... [it is more like] some facts 

... and get rid of all the extra information." What she had 

highlighted first, the numerical data, were "key facts," the 

information she really felt she needed to solve the problem. 
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So, she was using proportions to organize the numerical 

information. 

The second problem Karen chose to solve was from the 

geometry group of problems. 

For tax purposes, buildings are assessed at a rate of 
$189/m^. Rectangular: 8 m. by 13.75 m. L-shaped: 8.7 m. 
by 11 m. plus 8 m. by 9.5 m. The tax rate is $52 for 
every $1000 of assessment. What must the owners of each 
of these houses pay in real estate taxes? (Gay, 1992, p. 
769) 

Soon after reading the problem Karen drev; pictures of the two 

houses, seeing there were three rectangles all together. She 

later noted that she drew the pictures in her head before she 

had finished reading the problem, then she went back and 

finished reading the problem. Next, she calculated the area 

of each rectangle, writing the number sentence vertically on 

her paper and using her calculator to find the product. Then, 

she added the areas since they had the same tax rates. She 

multiplied the total area by 189 to get the total assessment, 

$53,241.30, and wrote a proportion "... $52 for every $1000 

assessed rate would be x compared to the total assessed 

value." She computed the cross product and solved for x, 

solving the problem. 

This time Karen checked her answer before acknowledging 

she had finished the problem. She said she was checking, "... 

to make sure I hadn't made any errors or transposing numbers 

or something like that." I mentioned she used her calculator 

for the computations on this problem and had not done that on 
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the previous problem. She replied that was because the 

previous problem had "nice numbers." With a chuckle she 

continued, "I'm trying to push technology in my classes, why 

don't I practice what I preach?" Her work on this problem 

resembled the work she did on the first one. The information 

she wrote was primarily numerical, there were a few words 

identifying what some numbers represented. She noted the key 

facts, got rid of extra information, and focused on the 

numerical data to solve the problem. 

The third problem Karen selected to solve was not a 

traditional problem solving situation found in mathematics 

texts. The problem stated: 

Of two neon signs, one blinks 80 times per minute; the 
other blinks 60 times per minute. The two signs are 
turned on at the same moment. How many times per minute 
will they blink together? (Gay, 1992, p. 305) 

Again, Karen began by writing numerical data "80 times/min. " 

and "60 times/min." Using this information she proceeded to 

solve the problem, she began by replacing a minute by sixty 

seconds and writing proportions to determine when the lights 

blinked. She counted by threes and looked for multiples of 

four; this process stopped when she reached twelve, noticing 

she had found the least common multiple of three and four. 

After recognizing this she listed all the multiples of twelve 

that were less than sixty; these, according to Karen, 

represented the solutions to the problem. 
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At one point during while solving this problem, before 

she began to list the multiples of three, Karen exclaimed "uh 

oh." I asked her why she did that, she said she noticed a 

mistake. Instead of thinking about three-fourths of a second, 

she had considered using four-thirds. After reviewing her 

logic, she decided to use three-fourths. When she was talking 

about what she did, Karen said she found key information and 

got at the numerical data again. 

Karen had a consistent approach to solving problem. She 

translated the problems to mathematical statements soon after 

reading the problem, focusing on the numerical information. 

Her work included notes she wrote to herself, reminders of 

what variables or quantities stood for. Her work was 

logically laid out; she wrote most of what she did in solving 

the problem. She worked quickly. Once Karen found her 

solutions she put her pencil down and leaned back in her 

chair, she seemed confident and secure with what she had 

done. 

Karen talking about her problem solving. 

Karen and I talked about her problem solving style in 

general after she had solved the problems. "I try to reduce 

it [the problem] to the bare facts ... [If I find] any extra 

information, toss it." Then, she determines if any additional 

information is needed, noting she may need to draw on related 

or previous knowledge to solve the problem. These steps are 

indicative of her self-described, "... very concrete 
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sequential, draw it [the information in the problem] out, or 

reduce it to the bare facts, " style of problem solving. She 

noted that she does not like to do work mentally, "I want to 

have everything right if front of me, in as concise form as 

possible." Karen says she does this "... so that I can go 

back and trace my steps and make sure that what I did was 

logical." Finally, Karen reiterated that she likes to be as 

efficient as possible. She wants her solutions to be concise, 

so sometimes she uses straight calculations (the first and 

third problems) and other times she uses algebra (on the 

second problem) . She claimed to not have noticed that in her 

work, but she guessed that she used whatever method seemed 

faster for a particular problem. 

Karen as a Problem Solving Teacher 

Karen teaching problem solving. 

I observed Karen teaching a second year algebra class. 

She was at her desk as students began to come in the room; 

several students stopped by her desk to chat before going to 

their assigned seats. Other students walked around the room 

to read school announcements, grade reports, or attendance 

information posted on the walls. At the first bell, a warning 

bell, students began to settle into their seats. Karen had 

already written four problems on the board for students to do 

as a review quiz, she told them to do this on their homework 

assignment. The problems were a review of simplifying 
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expressions having rational exponents. (See Appendix K for 

the quiz.) 

When the second bell sounded, indicating the start of 

class, students began working on the problems. Karen gave the 

following direction. 

One and two are simplifying. Then, in number three I 
would like you to give me what rules you used, or what 
you're were considering when you multiplied powers with 
like bases. Then, in number four, what happens when you 
divide. Tell me what the rule is, what are you using. 
You may even want to do numbers three and four before 
you do number one and two. 

While the students worked on the quiz, Karen took roll and 

prepared an attendance report to send to the office. 

Five minutes after the start of class Karen walked to 

the board and began going over the quiz. She told the class 

they would look at numbers three and four first; she asked 

for the rule for multiplying with powers if bases are alike. 

(When Karen asked questions, several students responded, 

without hesitation. These students often spoke without 

waiting to be called on.) In response to Karen's first 

question one student said "add." Karen asked "You add, what 

are you adding?" Another student responded "The powers." 

After acknowledging the student was correct, Karen formally 

stated the rule "... Whenever you are multiplying like bases 

you add their exponents." Then, she asked for the rule used 

to divide exponential expressions. A student said "subtract." 

Karen responded: 
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OK, you have to subtract those. Now, would there be any-
other way, let's say we have x to the third over x to 
the first ... Is there another way instead of 
subtracting exponents? ... if they're in the bottom, 
would there be another way available? 

Two students responded, one said "Move them [the term in the 

denominator] to the top," and the other said "Multiply by the 

reciprocal." Karen said the reciprocal technique was valid, 

but moved quickly to the other suggestion. She asked the 

student to explain his statement. The student said, "You 

could move that to the top and change the exponent." Karen 

finished the explanation, "All right, if you move that to the 

top so it's X to the negative first, which means we go into 

multiplication rules." 

Using the rules she had reviewed with the class she did 

numbers one and two on the review quiz. She drew circles 

around the "x's" and boxes around the "y's" to visually 

associate the parts of the problem. In number two she rewrote 

parts of the problem over to the side, to focus on the 

arithmetic required to add fractions. She made a reference to 

the lesson for the day, "We're going to build on that for 

[today's lesson]." The objective of the lesson was to be able 

to simplify expressions that contained variable exponents. 

Before she began the lesson, Karen asked if there were any 

questions on the homework. 

The assignment was to complete the front side of a 

photocopied sheet, twenty-two rational expressions to 

simplify using multiplication and division. On the back of 
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the sheet there were fifteen binomial products containing 

radicals students could simplify if they wanted to earn extra 

credit. One student asked to see number thirteen, 
x3 - 8 2x + 6 . , . 

7 * ^33 T J expression multiplied in this 

problem. Karen asked if anyone had an idea about how to start 

the problem. A student said, "Make common denominators." 

Karen paused, then said "How about if I asked you to 
2 15 

multiply, let's say ̂  [she wrote it on the board as she 

said it]?" The student again called for common denominators. 

Another student asked, "To multiply?" The first student now 

said "You could cancel." Karen, "OK, you cancel. You could 

cancel with the two and the eight, where it's four times a 

factor.... We could do that here [in number 13], you could do 

some canceling." She continued to factor the polynomials, 

with student suggestions, and simplified the expression. 

Since there were no more questions after Karen finished 

number thirteen, she read answers to the other problems so 

students could check their work. Then, a student asked for 

number thirteen on the extra credit side of the work-sheet; 

this problem was to multiply 

(SVT - 5) (sVs" + 5). Karen asked if the students noticed 

anything about the two binomials. Then, she told them: 

They're conjugates. If you look at those and see 
something that you recognize, that's going to help you 
out. What is true about conjugates in the FOIL process? 
Do you have to do all four multiplications? Let's make a 
real simple one, x minus three and x plus three. 
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(FOIL is an acronym standing for first, outer, inner and 

last; referring to the terms in the two binomials. These are 

the four parts of a binomial product.) She wrote (x + 3) (x -

3) on the board. "If you're going to multiply those out what 

do you know will happen?" A student said, "The inner and the 

outer [products] will cancel." Karen continued. 

Right, the outers and the inners will always cancel out, 
so you can shorten that problem down at least by 
recognizing what kind it is. If you had made that first 
connection by saying they're conjugates, so there's a 
short cut. 

She did the problem by using the "short cut," multiplying the 

first and last terms in the binomial. Students passed their 

homework and quiz paper to the front; Karen collected them 

before moving onto the lesson. 

Karen began the lesson by redirecting students' 

attention to the review problems, "I asked you to review what 

we were doing as far as multiplying with like bases and also 

dividing with like bases is what you are going to see in 

[today's lesson]." She wrote the problems in Appendix L on 

the board. She reminded students, for part "a" (x^y^xTy^), to 

add exponents since they were asked to multiply in the 

problem. "See what you can do with these. Break it up into 

small parts. You're going to end up with x and a power, a y 

and a power ... So, just concentrate on those parts as you 

go." She underlined and drew circles around the x's to 

associate them. "How would you take care of this, an x cubed 
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and an x to the power b over two if the rule is to add 

exponents?" A student suggested she put the three over a one, 

Karen said they would do that to get both exponents into 

"fraction form." She rewrote the x parts of the problem below 

where she had been working and, with student suggestions, 

found a common denominator for the three and b halves. Then, 

she added the exponents. After she noted there were not 

fractions in the y part of the problem, she asked students 

what they would write for y's exponent in the answer. She got 

the response "1 plus a" and directed students to write "a 

plus 1," for the solution. 

When Karen directed students' attention to part "b" 

(x^yp -
—^^3— of the example, she told them they had a couple of 

choices. She suggested they "... bring that [the expression 

in the denominator] up to the top and make it negative two, 

that's probably the fastest way." She reviewed, with student 

input, the rules used to simplify expressions having powers 

raised to powers. They had not covered this rule on the 

review quiz when class began. Once the problem was written as 

a multiplication problem, Karen had the students add 

exponents by doing the work on the board to obtain the 

solution. After asking if there were any problems with 

example "b", and getting no questions, she assigned homework 

and mentioned that it was due the next day. Included in the 
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assignment, besides simplifying exponential expressions, were 

a few word problems. 

Karen asked the students to read the one of the word 

problems; it read. 

The 420 kilometers to Merida took twice as long as the 
270 kilometers to Tulum. the disparity occurred because 
Raul drove 20 kilometers per hour faster when he went to 
Tulum. What were his times and rates to both 
destinations? (Saxon, 1984, p. 291) 

She asked students to classify the problem. Several students 

said, "distance." Karen reminded the class they had done many 

distance problems; she continued, "If we have two distances 

we can use two block equations. 420 and 270 are kilometers." 

She wrote "Dm = 420" and "Dt = 270" on the board, "D" 

represented distance and the letters stood for the cities in 

the problem. Karen was translating the words of the problem 

to algebra for her students. After noting distance equals 

rate multiplied by time, Karen erased "Dm" and "Dt," 

replacing each with "Rm • Tm" and "Rt • Df respectively. 

These were the block equations she referred to earlier. Now 

she asked the class what they needed to know before they 

could solve the system of equations, one student said "rate." 

Karen agreed, "Yeah, you need to know how R and T are 

related." As she read the problem, emphasizing key words, she 

wrote "Rt = Rm + 20" and "Tm = 2 Tt." She told them the now 

had a system of two equations with two unknowns to solve by 

substitution and left it for them to solve as homework. 



94 

The students used the rest of the class time to work on 

the assignment. As students worked, Karen walked around the 

room helping individuals who had raised their hands. It was 

very quiet in the classroom as students worked individually 

on the assignment. 

Karen talking about teaching. 

Later, I talked to Karen about the class session I 

observed. She said it was a typical day; beginning with a 

review quiz that ties into the lesson, going over homework, 

doing the new material and having time left over for students 

to begin the homework assignment in class. She mentioned, 

... there are days when they [the students] pair up and 
work together. But really informally. It's not like I 
say all right now get in groups and work. If they decide 
they want to work with somebody they slide to the back 
and work together. 

as an example of how other days could differ from the class I 

observed. 

I asked Karen what she tried to teach her students to do 

when solving problems, she said she wanted them to "... be 

able to sort through a variety of methods and decide which 

one's most efficient for that particular problem. To have 

options and realize they have options." She also wants them 

to know enough to formulate a question when they need help, 

not just give up on a problem without trying. She wants her 

students 

... to know enough to either get started or to ask some 
questions that could help them out. 'Cause some kids 
will just say, I don't get it. And you [the teacher] 
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have no clue as to where they are. But if they can at 
least give me some information, or some things that 
they've tried ... I can see if they're just getting 
stuck in a little arithmetic point, or if it's a major 
concept that they're not understanding. 

So, when teaching Karen wants to get a discussion going. To 

do this she asks the students questions about what they 

already know, showing them they know something related to 

what they are now learning, that they have somewhere to 

begin. Then, Karen feels the students will be able to 

formulate their own questions and have somewhere to begin 

when solving problems. 

It is important to Karen for students to review and 

remember the mathematics that came before the present class. 

She wants them to remember what they have already covered for 

two reasons, "One, to build up their confidence so that they 

think that, oh, this isn't something brand new again." She 

wants them to use what they have learned, to value and 

remember what has come before. The second reason to have 

students relate new material to old is, 

... to show them how math does build. That, if you will 
learn this that will enable you to go to the next stage. 
And if you accomplish and can do this process it will 
lead you to be able to do this. And it is limitless. You 
can just keep going and going if you are willing to 
build on the things that you know. 

Karen acknowledged she is teaching her students her view of 

mathematics, that it is cumulative and to succeed you need to 

remember and be able to apply what you have already learned. 
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Karen says she does not want to tell students how to 

solve problems, 

... it's real easy for them to ask questions and just 
say, will you do this for me. But if I can say just 
maybe a key word or ask a key question that will get 
them to thinking, and again that's a confidence builder. 

Karen feels this will teach students that they can solve 

problems- They may have forgotten a detail but they can make 

sense of the problem if they can learn the "key question" for 

themselves. Moreover, Karen presents various options to use 

when solving a problem; she wants students to learn that "... 

if there's only one way to do it, if you forget that one way 

you're stuck. But if there are a couple of ways ... you've 

increased your odds [of solving the problem]." Karen does 

stress that some options are more efficient than others. When 

teaching she wants to, "... point out some benefits [of a 

solving option], either as a time saver or less complicated 

and therefore fewer places to make errors." She tries to 

persuade students to use the most efficient method. 

Karen mentioned that how she teaches problem solving now 

is different from what she did earlier in her teaching 

career. 

Earlier in my teaching career I was going pretty much 
for, I want you to think the same way I'm thinking. And, 
I didn't allow for much freedom in letting them try on 
their own. I, I was just so worried about them learning 
and I wanted them to learn and think the same way I did 
because it was, it worked for me so why wouldn't it work 
for them. 
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She used, to direct students to solve a problem a specific 

way, instead of asking for them to share their ideas first. 

She feels she is now "Putting more responsibility on their 

shoulders as far as learning it [problem solving methods] and 

figuring out what they can use it for." Karen thinks this 

will eventually help students "... learn it [problem solving 

methods] more solidly than if I say this is the one [method] 

to use." She continued to note that she has not given 

students free reign to solve problems however they want, she 

often recommends a "step by step" method of problem solving, 

. . . because I think it makes students feel secure, and 
if students feel secure, they are much more likely to 
venture out. If they feel like they have no clue as to 
what to do, they just give up. And, so, I give a step by 
step process, but allow leeway or say that's not the 
only way you could do it. You could try this way, but if 
you want the most direct route this is what I'd go 
through and give them the option. 

So, Karen's students have options when they solve problems. 

She teaches a specific method to use when solving problems, 

but they do not have to do it her way. She will not mark them 

off for not using the methods she teaches, as long as they 

can obtain correct answers using strategies Karen determines 

are logical. 

I asked Karen how she thought this change in her 

teaching came about, she attributed it to watching other 

teachers and to 

... relaxing a bit myself and feeling I didn't have to 
be the authority with every answer. And seeing that, 
hey, there are some kids that are thinking along 
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different lines, and those are reasonable ways to get to 
the same end [the right answer.] 

Summary 

I interviewed and observed Karen in order to understand 

her views of problem solving in three ways, her definitions 

and sense of the process, as a problem solver herself, and as 

a teacher of problem solving. When Karen talked about problem 

solving she included all types of problems encountered in 

mathematics classes, word problems and routine, that is drill 

type problems. Problem solving, according to Karen, involves 

building and using a bag of tricks. That is, a cumulative 

collection of skills a problem solver has at her or his 

disposal and brings to any problem solving situation. A 

successful problem solver, according to Karen, thoughtfully 

uses his or her bag of tricks to obtain efficient and 

accurate solutions. Word problems present a special challenge 

for problem solvers, Karen noted that the ability to 

translate from English to mathematical symbols is a skill 

problem solvers should have in their bag of tricks. She used 

and referred to this skill when she was solving problem 

herself. 

Karen solves problems by first reducing the problem to 

what she calls the "bare facts." These facts are primarily 

the numerical data she obtains after reading the problem; the 

result of her translating the problem to mathematics. Part of 

the reducing process Karen uses is determining how the bare 
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facts are related, using arithmetic or algebra, to get the 

problem to a purely mathematical form that she can easily 

solve. She does this by looking for "key words" to translate 

to mathematical symbols and relationships. She organizes all 

of this information by writing brief notes to herself, mostly 

numbers with a few words reminding her how she got the 

mathematical version of the problem. She also highlights 

important details by drawing boxes around some of the numbers 

she obtained from the problem. Once the problem is rewritten 

in a mathematical form, Karen calls on the mathematical 

skills she has mastered to solve the problems; she uses her 

own bag of tricks. Moreover, Karen strives to obtain 

efficient solutions. Writing everything down as concisely as 

she can and applying the mathematical techniques that will 

enable her to obtain solutions quickly and accurately. 

When talking about problem solving Karen referred to a 

set of skills, she called it a bag of tricks, created by a 

problem solver to call on when solving problems. Karen uses 

such a collection of skills herself, when solving problems. 

Furthermore, she works efficiently and thoughtfully when she 

solves problems, laying out her work carefully so she can 

easily follow the logic. She tends to write everything she is 

thinking or doing, a habit she said she has always had when 

solving problems. These are precisely the skills Karen 

described when talking about problem solving; the problem 
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solving Karen talked about looks like the problem solving she 

practices. 

When teaching problem solving Karen said her job is to 

add skills to, and enable students to use their own bag of 

tricks. She wants to teach them to go through these skills 

and select the best ones for the problem at hand. That means, 

use the skills that enable the students to reach solutions 

efficiently. Karen values, and wants her students to value, 

the mathematics that came before the current class. Karen's 

belief that problem solving requires a cumulative sense of 

mathematics is evident in her definition and teaching of 

problem solving. She mentioned that a problem solver's bag of 

tricks is cumulative, formed over time. When teaching she 

connects the current lesson to what came before, having her 

students build their own bags of tricks. Karen said she does 

not tell students how to solve a problem, but acknowledged 

that she does teach them steps needed in a variety of problem 

solving processes. In addition, she mentioned she tries to 

push students toward using more efficient methods because 

using fewer steps will save them time and make them more 

likely to reach accurate conclusions. Being efficient when 

solving problems is also part of her definition of problem 

solving. Karen's definition of problem solving is evident in 

her teaching of problem solving. 

The work Karen did at the board while teaching problem 

solving was very deliberate. She often drew boxes or circles 
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around key pieces o£ the problem. Karen also showed all the 

work on the board, doing computations beside the original 

problem for the class to see. This was reminiscent of her own 

problem solving work. She drew boxes around important 

information and laid out all the work she did to solve the 

problems herself. (See Appendix M for a copy of her own work 

and Appendix N for my rendering of her board work.) It seemed 

she was presenting her own style of problem solving to her 

class; identifying key information, showing work and striving 

to be efficient in both contexts. She taught the problem 

solving she practiced. 

A summary of the Karen's case study presented in the 

following figure. 

FIGURE 1 
Summary of the three portraits of Karen. 
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Each star represents one time in an interview, or when 
teaching, Karen referred to a problem solving behavior 
classified as traditional, reform, or one that could be 
interpreted as either. 

A few things appear consistent among the three portraits 

of Karen. She spoke of efficiency as a valuable part of 

problem solving, tried to be efficient when she solved 
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problems and taught her class to use efficient strategies. 

When it came to word problems she spoke of translating to 

mathematics as an important skill for solving these types of 

problems, she identified and translated key words when 

solving problems, and she taught her class to look for key 

words or phrases to translate to algebra. For the most part, 

what she said about problem solving, did when solving 

problems and taught were consistent. 

Sara 

Sara is a high school mathematics teacher with 2 5 years 

experience. She earned her bachelors degree at a small 

Catholic women's college in the midwest, majoring in pure 

mathematics and minoring in education. Since she attended a 

women's college she felt she was not considered unusual for 

being a mathematics major. She believed this would have been 

a deterrent if she attended another, coed, institution. She 

explained: 

Women weren't involved in math at that time, but we 
didn't know that because we had all women. So, those of 
us who were math majors didn't stick out like we were 
weird or anything ... like at other schools you would. 
At other schools there would have been, maybe, one or 
two women in a class. . . 

She also recalled getting support from colleagues and 

teachers, if she needed help with working on problems she 

could turn to her teacher or her classmates. She said, "... 

we learned and had a good time." 
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The support Sara had while studying carried through to 

student teaching. Sara student taught at a junior high school 

in a neighboring town, continuing to be with a group of 

friends from the college. They all rode together to town and 

were dropped off at various schools; at the end of the day 

everyone was picked up and Sara returned to the college with 

her friends. She and her colleagues met frequently to talk 

about their student teaching experiences. She recalled 

hearing the dilemmas of other student teachers and noticing 

they all had similar problems. Sara referred to these 

meetings as support meetings. After Sara finished student 

teaching she graduated, but did not begin teaching 

immediately. She v/orked as a computer programmer for a year 

after graduation, then she relocated to the southwest and 

began her teaching career. 

Sara's first teaching job was at a junior high school, 

teaching eighth grade mathematics. She was involved in what 

she called a "math centers" class. This class was for, 

... kids who needed more TLC. So, they had, like, a 
games center and a logic center, and they had a 
laboratory kind of center where you had to do math 
experiments, and they had a test center and a practicing 
your skills center. We did those kind of things. 

Sara left the junior high to work at a high school closer to 

her home. She continued to serve as coordinator of a math 

centers class there, but found the work overwhelming and 

resumed teaching traditional mathematics courses. 



104 

Sara has continued her education beyond her bachelors 

degree in several ways. She took several graduate courses in 

counseling at a nearby university. Never intending to be a 

counselor she did this because, 

I had students who had, well I started teaching in the 
seventies and the schools didn't have counselors and my 
seventh and eighth graders, my eighth graders were, 
like, arrested and they had ... problems. I soon found 
out that I didn't need to know, like, advanced calculus 
and things. I needed to know how to deal with what they 
were facing. Yeah. So, that's why I took those kinds of 
classes, to help kids out somewhat. Also, to help me be 
able to teach them, "cause you can't really teach them 
when they're thinking about those other things. 

Since she needed to earn a masters degree for her permanent 

credential, and she did not want to do the final internships 

to complete a degree in counseling, she found a program in 

education that would accept most of her counseling units. She 

earned her masters in education. 

Sometime later, after about eighteen years of teaching, 

Sara took a summer workshop, called "Math Solutions," 

designed by Marilyn Burns. Sara remembered it fondly, calling 

it "fun." She enjoyed having the opportunity to, "... think 

in ways that you didn't know about before." A few years later 

she enrolled in a summer institute sponsored by the 

mathematics department at a nearby university. She said this 

was more challenging than the other workshop. This institute 

was, 

... a lot more focused into what you were going to 
teach. [Math Solutions] was a lot more exploratory, 
showing you new, different things and then when you got 
finished with [Math Solutions] it was hard, very hard, 
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to take what you had learned and put it into use in your 
classroom. ... in [the mathematics department institute] 
we spent the afternoons devising lesson plans of what we 
had learned [in the mornings], how we would use the 
things we had learned. 

Part of this experience included teachers presenting lessons 

they planned using the mathematics they studied. These 

lessons were collected and organized by topic, so at the 

conclusion of the institute each teacher had a set of lessons 

to use; Sara had lessons she could easily adapt to use with 

her students. 

The year before my study Sara, like Karen, worked for a 

year in the mathematics department at the university. She 

taught intermediate and college algebra, as well as the 

mathematics course required for elementary education majors. 

Sara also revisited mathematics by taking several mathematics 

courses during her year at the university, including two 

semesters of calculus. 

Sara Talking About Problem Solving 

Sara's first response, when asked to describe 

mathematical problem solving was: 
... a lot of times gathering data, analyzing what it 
means, what you're going to do with it.... mathematical 
problem solving to me now means way more than just, umm, 
using a formula and solving something or using some way 
that your are already taught. Because that's what math 
kind of used to be, a long time ago, but now, ... 
problem solving is, you're presented with something 
that, that you have no idea. It could be anything, you 
could use any of your math skills or just logic or 
things .. . 

So, mathematical problem solving cannot involve merely 

practicing skills already mastered. Instead, according to 
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Sara, problem solving is exploring ideas using mathematics 

and logic. 

In order for this new, more open and exploratory problem 

solving to exist, Sara described the problems needed, 

... usually they're problems that have more than one 
right answer. It could have more than one approach to 
them ... it would have to be something, like, different 
from anything that you had had before ... because it 
couldn't be routine. It would take the fun out of it if 
it had been something that you had already seen. 

Sara linked her definition of problem solving to fun. The 

more open, novel and exploratory a problem was, the more fun 

to be had by the problem solver. 

Mot only must a problem be novel and creative, problem 

solving needs to involve experimenting and exploring. If a 

problem is solved using memorized routine, it is not a 

problem solving situation, according to Sara. She illustrated 

her notion of appropriate problems and the solving process 

with an example of a problem she has used with all her 

classes. Sara paraphrased the problem: 

If you live five blocks south and five blocks west of 
[the high school] and you are going to always stay on 
the streets and you want to walk to school a different 
way every day, how many different ways could you walk? 

Sara uses problems like this one as projects and assigns one 

to all of her classes at the same time. Students have one 

week to solve and write up their solution. These problems are 

appropriate, according to Sara, because there are many ways 

to solve them; students at all levels can find solutions. 

Since these types of problems are sufficiently complex, 
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everyone has the opportunity to play with the data, explore 

and form conjectures; all levels of students can have fun 

with the problem. 

Sara continued, referring to the problem she used as an 

example, to describe how she believes problems should be 

solved, how creativity and experimentation come into the 

process. She explained: 

So, that's fun because it's [solving the path problem] 
something they [all students] can do just by, like, 
drawing the paths. OK, but then they pretty soon find 
out it is pretty hard so they need to look for a 
pattern, and then the pre-calculus kids can take that 
because it's going to be a binomial expansion. Like, you 
Icnow, X plus [a number] the quantity squared, or x minus 
[a number] the quantity [squared]; it's those 
coefficients that are going to be the vertices or the 
corners. So you can apply it to that. 

People with different mathematical backgrounds are likely to 

solve the problem differently, but that is good. Sara likes 

to see a variety of methods used to solve problems, it means 

the problem is a good one. 

Sara has not always believed these types of problems had 

a place in the mathematics curriculum, but she has changed 

her mind. 

I'm finding they [these creative problems] have more 
places in the math curriculum and this is really what we 
need, because now we have computers that can do what we 
used to learn in high school and college.... So why 
should we even learn it. I mean, practically, why should 
we even learn how to do, like, follow formulas. No one 
needs to follow formulas any more. 

Instead of teaching her students to follow formulas computers 

can now easily handle, Sara thinks she should teach students 
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"... different ways [to solve problems] and also their own 

ways that they can [use to] figure out and analyze 

situations. I can tell them if [their ways] are valid." So, 

students now need opportunities to develop and refine their 

own problem solving styles. Sara's job is to let students 

know if the techniques they develop are sound; challenging 

them to develop strategies that rely on their own logic. 

While she was talJcing about problem solving, Sara 

included her belief that problem solving should be a 

collaborative effort, when her students are solving problems 

they work in groups. She also encourages them to "... ask 

questions of anybody. They can'c just tell people [how to 

solve a problem], but if someone asks them, then they're 

allowed to tell them or explain; or, if they want they can 

ask their parents, or anybody." Talking to others adds to the 

experience, enhancing the experimentation Sara calls for in 

mathematical problem solving. Collaboration is an integral 

part of problem solving process Sara describes. 

Sara said she did not include much problem solving when 

teaching the year we spent time together, there was not 

enough time to cover the material called for by her 

colleagues at the high school where she is presently teaching 

and to do problem solving. Moreover, what was called problem 

solving in district guidelines was not really problem solving 

according to Sara. She gets, what she calls, "brave" 

sometimes and does some problem solving with her students. 
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but for the most part she sticks to the curriculum set by the 

department. She feels she is skipping problem solving to 

cover the traditional material in the text, with regrets, 

I am not sure that covering material means the kids 
learn it real thoroughly, but that's what's been decided 
here. So, we have some kids that can just get it all, 
and so that's good, because they can handle it, but they 
also enjoy the problem solving. 

She believes her students would enjoy mathematics more if 

they had more chances to engage in problem solving; she tries 

to fit it into her curriculum by occasionally assigning 

problem solving projects similar to the one described above. 

The definition and enactment of mathematical problem 

solving Sara talked about was, according to her, a relatively 

new development in her understanding of mathematics. She 

explained, 

... before I just thought of mathematics as really 
logical, deductive reasoning, and you always come out 
with one answer and it was right. You knew it was right 
and you could usually check it even, and, umm, you used 
formulas and things and you could develop your own 
formulas and, then you could put these things into a 
computer, you know. You could basically program a 
computer to do all these things, that it [mathematics] 
was all basically based on logic and you would, like, 
learn the process. 

Now, she thinks of problem solving in the ways described 

earlier. She has come to understand that deductive logic is 

not the only tool a mathematical problem solver has to use; 

"... now I think that, and I think that those other ways 

[e.g. trial and error] are valid, too." Sara attributed the 

change in her view of mathematical problem solving to the 
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Math Solutions work shop she attended; that experience 

challenged her to rethink what she had always considered 

valid mathematical practice. Since then, she has found other 

opportunities to relearn mathematical problem solving and has 

continued to think about what it is and how it is enacted 

with students. 

Sara as a Problem Solver 

Sara solving problems. 

Sara and I scheduled our second interview for a Friday 

afternoon; she knew I was going to ask her to solve some 

problems. She mentioned, before beginning, that she was tired 

and doing these on a Friday afternoon may have been a 

mistake. After laughing at this potential disability, she 

decided it was okay to proceed with the problem solving. I 

gave Sara the algebra set of problems and she selected the 

following problem to solve: 

You are planning to have champagne for your wedding 
reception and figure you will need 20 bottles. A special 
French brand costs $15 per bottle, while an acceptable 
(but cheap) domestic brand costs $7 per bottle. You 
would like to buy only the French brand, but you can't, 
since you have no more than $200 to spend on champagne. 
So, you figure you will buy the French champagne for 
serving early in the reception and the cheap kind for 
serving later. What is the largest number of French 
bottles you can buy, keeping to your budget of $200 and 
buying a total of 20 bottles? (Gay, 1992, p. 43) 

Sara read the problem and paused. Later, she told me she was 

"... thinking it [the problem] through." She did this before 

she began to do her work on paper. 
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Sara began solving the problem by writing some 

information across the top of her paper shortly after she 

finished reading. After writing the word "total," she copied 

the total price and number of bottles called for and the 

price of each kind of champagne, labeling these quantities 

"F" and "dom." She said she was not thinking about using a 

chart to organize the data, but was making a list of the 

important information in the problem. Next, she wrote a 

system of two equations with two unknowns, f and d. The 

algebra made sense, so she continued to solve the problem by 

solving the system of equations. Again, Sara paused; one of 

the solutions she obtained was a fraction, seven and a half. 

That did not make sense when buying bottles of champagne, so 

she chose to round the number down to seven. Then, she 

checked this solution by calculating how much the champagne 

would cost using this result. Since, it did not add up to 

more than two hundred dollars she felt she had found valid 

solutions. 

The next problem Sara selected to do was from the 

collection of geometry problems, it read: 

You work for the Perfect Packaging Company. Your 
supervisor tells you, "A large, rush order has just come 
in, and we need to send out 140 cartons as soon as 
possible. I'd like you to fill the cartons and tape them 
up. Before doing this you will need to pick up enough 
tape from the store room." "How much tape will I need?" 
you ask. The reply: "The cartons are 65 centimeters 
long, 25 centimeters wide, and 10 centimeters thick; and 
we tape them twice around the along way and use two 
strips across the top." How much tape will you need? 
(Gay, 1992, p. 543) 
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Sara said "Oh, shish, " after reading the problem. I asked her 

why. She replied, 

... because I had to draw a diagram.... I could tell 
right away that this was going to be one that you could 
kind of look at and figure out. You had to draw the 
diagram and think a little.... It's a little easier if 
you don't have to draw a diagram. 

I asked her why it was easier to solve a problem without a 

diagram; she said "Because it is usually quicker, I think ... 

Drawing a diagram means you have to sort of think about what 

you're doing." While she was saying this she looked over her 

work and noticed she did something wrong. She had drawn the 

tape going twice around the short way, not the long way. So, 

she did not have the correct numbers to add. She checked her 

work by doing the addition twice; she did not use the 

calculator I put on the table. Since she only checked her 

calculations, she had not noticed the error she made in the 

drawing. I asked if she would change her strategy because of 

the error. She said she would not, except, maybe, not do it 

on a Friday afternoon. 

I gave Sara the last set of problems. After some 

deliberation, she selected to solve the following problem. 

You are in charge of ordering emergency phone boxes for 
along the interstate from Tucson to Nogales. How many 
should you order? You know that: The phones are to be 
placed every 1056 ft. on both sides of the road. The 
length of road to be covered is 55 mi. No phones are 
needed at either end of the road to be covered. 1 mi. = 
5280 ft. (Gay, 1992, p. 183) 

It took Sara longer to decide which problem to solve from 

this set; I asked her why. She said it was because "the 



113 

fraction one [about crimes and misdemeanors] looked fun, but 

I thought this one looked easy." Then, she asked if she could 

take the fraction problem home to solve later, for fun. 

When she began to work on the phone booth problem, she 

read the problem and underlined "1056." She then "... drew 

the highway and changed the miles to feet, and then found out 

how many, umm, you need a phone every 156 feet, so how many 

sections that would be. Which is divide, and I used my 

calculator to do that." She labeled the drawing with the 

distance in feet, wrote "no" at each end of the line segment, 

and included the quotient she found. Then, she subtracted two 

from the quotient and multiplied by two without using the 

calculator to get her solution. Again, she checked her answer 

both for plausibility and for verification of the work she 

did. 

Sara talking about her problem solving. 

I asked Sara to describe her problem solving style. She 

was quiet for a moment, then said, 

I'm not abstract and I thought that I would be, 'cause I 
like abstract math, you know. I like kind of proofs and 
things like that sometimes, but, I, I find when I'm 
faced with a problem like this as a thing for me to do, 
is to get right down to basics and draw a diagram. 
Usually, you know, mark off different things or whatever 
and then, umm, then once I have a diagram, then usually 
I can think of, you know, then usually I can think of 
what else to do from there ... then I make a table of 
data from there, if I have to. 

I asked her to explain why she had not made a table of data 

when she worked on the problem I gave her. She indicated 
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these problems were relatively simple for her to figure out; 

the solution process just sort of "jumped into my mind." So, 

these problems did not require that she use all of her 

problem solving techniques. In fact, using Sara's definition 

of good problems, these were not actually problem solving 

situations for her. 

Sara referred to problems where the answer was not 

obvious when she continued to talk about her problem solving 

habits. In these cases, 

... I have to make some kind of chart or something and 
then I try to see relationships between, like, the 
entries of the chart. Then, sometimes if that doesn't 
work, then I have to just sort of guess and figure if 
the guess is too high or too low ... if my guess is too 
high, then I can guess lower and can get, at least, a 
reasonable answer. 

We continued to talk about her use of guessing and checking 

to solve a problem; she said she did not use this strategy 

much when she solved problems for the calculus course she had 

taken the year before we met. She said, "I would do diagrams 

and charts, but I didn't do that much guessing; I usually 

asked a friend before I got to the guessing stage." She 

laughed and continued. 

Well, it [guessing] doesn't give me any additional 
knowledge. Guessing and checking means that I got that 
answer for that problem, but I don't really have a 
thought process of how to work it out. So, that's, like 
my least favorite way of doing something, I guess. That 
I would rather talk to somebody who might give me 
another insight. You know, maybe between the two of us 
we could figure it out; but, also we could figure out 
not just the answer, but, like a thought process that's 
to me a kind of learning. 
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Sara applies what she learns from solving one problem to 

others. Guessing and checking does not inform her overall 

problem solving practice. 

Sara returned to the notion of working with a friend to 

solve a problem later in our conversation, citing it as one 

of her favorite strategies. When working with others she can 

... figure something out that you couldn't figure on 
your own. Like, maybe, your friend couldn't figure out 
his or her own ... Also, it seems like you know it 
better if you, like you are actually trying to learn it. 
Thinking about last year [when she studied calculus] 
when I was studying, umm, if I could explain it to the 
other person, and they could kind of explain it to me, 
then we both sort of knew it better than if just both of 
us had worked on it ourselves. 

So, Sara is a social problem solver in that she enjoys and 

values collaborating with colleagues when solving problem, 

and when learning mathematics. 

When solving a problem, Sara often begins by drawing a 

sketch or making some notes to help her understand the 

problem. Then, she uses a table to organize the information 

from her notes or sketch; sometimes she is able to make a 

jump to algebra or calculus at this point and quickly find 

the solutions. If not, she makes a chart to look for 

relationships and patterns she can use to interpret the 

problem algebraically or using calculus. She also uses a 

chart if she resorts to guessing and checking; she organizes 

her guesses. Lastly, she calls on friends, not only to help 

her, but to work with in constructing a solution together. 
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Sara as a Problem Solving Teacher 

Sara teaching problem solving. 

Sara invited me to visit her class on a day when she 

planned a problem solving lesson; one of the projects she had 

described in an earlier interview. I visited an Algebra Two 

class, but it did not really matter which class I observed, 

according to Sara, since she planned to have all of her 

classes do the same project. She had felt pressured by 

members of her department to complete a specific curriculum, 

so she had not taken time to have her students do a problem 

solving project recently. Sara planned this problem solving 

lesson to give students a break from the routine mathematical 

work they were doing. Sara described the problem solving 

project as fun. She thought the students were feeling 

pressure, since she had been pushing them through the 

material in the text; she wanted the students to have some 

fun for a change. 

when I entered the room the overhead projector was on, 

displaying an opening quiz, (see Appendix 0 for this quiz.) 

The quiz covered the third section of chapter twelve in the 

text, simplifying expressions containing common logarithms 

and scientific notation. There was also writing on the chalk 

board, an objective for the day and the problem for the 

project assignment. The objective stated, "Today we will 

review p. 569, find out about the last project, have a quiz, 
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and learn how to do [natural logarithms] and [inverse of the 

natural logarithm] on the calculator." The problem to be used 

for the project was written on another section of the board. 

Shortly after I arrived, Sara pulled down a screen to cover 

the problem. There was a handwritten poster above the chalk 

board, titled "Group Rules." There were three rules: 

1. You are responsible for your own work and behavior. 
2. You must be willing to help any group member who asks 

for help. 
3. You may ask the teacher for help only when everyone 

in your group has the same question. 

Sara's desk was in the front of the room facing the class; 

she was standing there as students entered the room. 

The desks were haphazardly arranged in the room in 

clusters of three or four. Some students came in and went 

directly to a desk and sat down; others stopped by Sara's 

desk to visit or take care of business. Sara chatted with 

students; she was smiling and laughing. The first bell, a 

warning bell, rang and most students moved to their desks and 

began to work on the quiz. After the second, and final bell, 

Sara stepped in front of her desk, looked over the class and 

said "shhh." Then, she moved back to her desk, sat down, and 

took roll. 

The students worked on the quiz and talked in their 

groups. I could hear a couple of the conversations In these 

groups students were comparing answers and telling each other 

how to do the problems. Several students approached Sara's 

desk to get help. At this point Sara stood and said, "...I'll 
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give you a little hint on number three, OK, because several 

people have asked me about that one." She wrote a similar 

problem on the board and set up the solution. Her hint 

amounted to giving students a formula to follow when solving 

the logarithmic equation. 

Sara had the students exchange papers, and she uncovered 

the answers on the overhead transparency; she walked around 

the room collecting papers and answering individual 

questions. When she had all the papers, she put them on her 

desk and asked if there were any questions on the homework 

assignment. She uncovered the problem she had written on the 

board before taking questions. Sara did a few of the problems 

from the homework on the chalk board and quickly presented 

the new material on natural logarithms. The homework, due 

next time, was in the text; she gave the assignment and asked 

students to turn their attention to the problem on the board. 

The problem was written as follows: 
Jan. 1, 1995. baby boy. baby girl. 

At 2 months they reach maturity and 
reproduce baby boy and baby girl. After 
maturity the parents reproduce every 
month. 

Jan. 1, 1996. How many pairs of bunnies will there be? 
Assuming none have met an untimely 
demise? 

Sara gave the following directions: 

On your paper write down this, this is your problem. 
It's due one week from today. As usual, if anybody, if 
anybody asks you for help you are allowed to give them 
help, but you're not allowed to just tell people how to 
do it, only if they ask. You can ask anybody at home; 
you can ask neighbors or, you know, your mom or dad. 
Call your Aunt; see if she knows. 
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A Student expressed a concern about getting the problem wrong 

and how that would effect her grade. Sara replied, 

OK, as usual I am going to be looking at your process. 
If you give me an ansiver, like you say the answer is 
twenty-one, even if that's right you'll get very little 
credit for it. Like, maybe, one-fourth credit. 

The students began to ask questions about the problem; 

several of them spoke at once. It appeared they were eager to 

understand the problem and begin work. Sara asked for quiet 

and explained the problem in detail. 

This [she pointed to what was written on the board] only 
has, like the basic details. OK, a rancher decided ... 
to raise bunnies. OK, she decides she is going to do it 
for one year. So, on January first. New Year's Day, she 
bought some nev/born baby bunnies. One was a boy, and one 
was a girl. OK, umm, the feed and grain store where she 
bought these baby bunnies says that at two months they 
reach maturity, and they reproduce. And so, each time 
they reproduce, we'll just say, they will give, they 
would reproduce and give at least one baby boy and one 
newborn that's a baby girl bunny in that litter. OK, 
there could be more, but we're just going to go with one 
newborn boy bunny and one newborn girl bunny. Then, 
after maturity the parents reproduce every month. So, 
every month they have a new baby bunny boy and a baby 
girl.... From January 1, 1995, we'll be stopping on 
January 1, 1996.... The answer, or the question you need 
to answer is how many pairs of bunnies will there be on 
January 1, 1996? And this assuming none have met an 
untimely demise.... In other words they didn't get eaten 
by dogs. 

After Sara's explanation, one student asked "The parent 

bunnies have bunnies, right? And, then, two bunnies each have 

two bunnies, right?" Sara responded, "Each couple has a pair, 

has a, each couple has a son and daughter." After a little 

more discussion and jokes about bunny reproduction, most of 

the students appeared to understand the problem. Many 
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students were laughing and talking with their groups already. 

Sara began to walk around the room checking on individual 

groups. 

Several students had raised their hands; Sara went to 

them first. In these conversations she reviewed the problem, 

since these students did not fully understand the situation. 

It was quite noisy in the room; students were working in 

groups, mostly talking about the problem and ways to solve 

it. One student was walking around the room asking questions 

of other groups, seeing what others were doing to get 

started. After completing a tour of the room, he returned to 

his group. Sara continued to walk around the room; she cam 

across one group that had not been able to start. They were 

struggling to find a way to approach the problem. She had 

them write the given information on paper, two bunnies. She 

pointed at the bunnies they drew and said, "...this one and 

this one produce?" The students in this group began to 

represent bunny reproduction on their papers. Sara continued 

to guide them through a couple of generations of bunnies. She 

looked over their work and said, "You've got it now," and 

moved to another group. Fifteen minutes remained in the class 

period; Sara told the class they could use the time to work 

on the problem. 

Several of the conversations Sara had with groups of 

students were quite amusing. For example, one student asked 

Sara, "I was wondering if maybe I could do fish?...I'm 
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allergic to bunnies." Sara laughed and said that would be OK, 

"They could be guppies ... I just picked bunnies because it 

was around Easter." The student continued, "I'm going to use 

clown fish, thank you for the suggestion. " Another group Sara 

checked with had already reached a solution, actually two 

different solutions. Sara noted, "You guys are both in the 

same group, and you totally disagree?" The students confessed 

they had done their own work, without consulting the members 

of their group. Sara continued, 

... that's like, oh, you could ... both do your own 
work, but now, maybe, you should talk to each other 
about it ... why don't you compare what you have and s 
how each other ... this is a huge span [between 
answers]. 

She left the group alone to discuss their solutions and 

methods. 

When Sara helped groups she did not tell them what to do 

to solve the problem. Instead, she usually asked questions to 

help them organize or begin a chart. Several students asked 

her if she knew the answer, she replied, "I did this problem 

two years ago, and I know how to do it, but I just forgot 

what the answer is." By this time most of the students had 

begun to solve the problem, so Sara asked the groups she 

visited to explain what they had done; she commented on the 

organization and logic of their work. During these 

conversations, Sara often smiled and laughed. 

One student caught my attention. He entered class a 

little late, sat with his group but had not done anything. He 
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did not do the opening quiz, did not open his book when Sara 

was going over the homework, nor did he take notes on the new 

material. At the beginning of the problem solving activity he 

was sitting slightly apart from his group, with his arms 

folded in front of his chest and leaning back in his chair. 

Now, he had moved closer to his group and was talking to them 

about the problem. He had begun to write details of the 

problem on his paper. It appeared he was engaged in the 

problem solving, that he had been drawn into the problem. The 

class was buzzing with problem solving; I heard many 

conversations about bunnies and one about fish; laughing and 

excited voices often interrupted the hum of conversation. 

Everyone was working on the problem. 

Sara talking about teaching. 

I asked Sara about the day I observed her class, if it 

was a typical day. She said it was in that they always 

started with the opening quiz, but that the quiz usually led 

into the lesson, so she did not always go over homework. The 

day was unusual, according to Sara, because they did problem 

solving. She had not done much problem solving since the 

beginning of the school year. That is why she invited me to 

class on that day because she was doing problem solving, and 

I had asked to see a problem solving lesson. She reminded me 

that the problem solving part of the lesson did not really 

begin until the class began to work on the "breeding bunnies" 

problem. 
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Sara said all the students "... got good answers [to the 

breeding bunny problem], whether or not they were exactly 

right, but they all got good methods of just, how to handle 

the problem." She continued to comment on the time spent in 

class that day. 

I think they had enough time in class to realize that 
they could do the problem .. . and they had methods 
figured out. Some of them changed their methods ... They 
were talking to someone who had, maybe, used another 
method than they had, or they thought of. Then, they 
would see that that other method was easier, and so they 
would go ahead and switch methods. That's all right with 
me, I would want them to pick any method they wanted.... 
It seems fun to give them the chance ... It can be their 
own problem and their own method of doing it. 

The time in class gave students a chance to play with the 

problem and get a feeling for it. Then they used the week to 

refine their methods and write up their solutions to turn in. 

Sara mentioned one method used by many students was to ask 

someone a question, "... I asked so and so, my method was to 

ask Marty." This is fine with Sara, "I think that's a valid 

method. It also takes a lot of the pressure off them, and, 

umm, cause the feel, I think they should have fun doing it, 

..." If they could not ask questions of others, Sara feels 

they might become "panic stricken." Then, they would not 

experience problem solving in a productive way, and they 

would not be likely to have fun. 

I wondered, and asked Sara, if she really did not know 

the answer to the breeding bunny problem. She said she did 

not, and that was on purpose. 
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I let them ask. anyone that they want for help, and it's 
good that I said that I didn't know the answer because 
they will try to get the answer out of me the very 
first day, and I think I would break down. So, it's good 
I didn't [know the answer]. 

Sara does not present herself as the authority in class when 

teaching problem solving, she believes, 

... that it's good for them to hear that the teacher 
might not know the answer ... yet when I say that to 
them, they look so odd. They're so surprised ... I think 
they expect the teachers to know all the answers. That 
there's no, umm, discovery on the part of the teacher, 
that the teacher is sort of just knowing, but, so it's 
good for them to see that I have to work this out to get 
the answer, too. 

Instead, she serves as a resource for students to call on 

when they are stuck. 

I asked Sara what she was doing when she circulated 

among the groups in class. She said she was not giving them a 

formula to use, that she was giving them some guidance. 

Telling students what to do would prevent them from having 

fun with the problem, but, 

... guidance is OK, but, I wouldn't even give guidance 
if they, I wouldn't want to give guidance if they didn't 
need guidance ... Different groups get stuck ... Then, 
they'll come up to you and they will, like need a hint, 
or just need something to help them get going. Then, so, 
that's when I give them some guidance. 

The key to teaching problem solving, according to Sara, is 

knowing when give students guidance and when not to 

intervene. 

After pausing to think about what she did when teaching 

problem solving, Sara added she tried, "... not to insist 

they [students] do it my way. Which is hard, because you have 
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to see [understand] all these different ways." This is a new 

way of teaching for Sara; she continued, 

I can teach them different ways now, and I can try to 
listen to ways they are thinking about a problem ... 
Before, I would say do this, you know, my way . . . Sort 
of a prescription way of doing it, a recipe, step by 
step. Now, I teach them by different ways and also their 
own ways that they figure out . . . are valid, and I can 
tell them they are valid. 

This has been a difficult transition for Sara. She liked the 

old way of teaching; it worked for her as a student. She had 

learned to apply memorized formulas and procedures to 

problems and was successful. She decided to change her 

teaching when she 

. . . had students who were not getting it [math], and I 
can tell you the students were nice; they tried their 
best; they did their homework. Algebra did not sink in 
and I thought there had to be some way of getting this 
to make sense to them. So, that's when I started to look 
for other ways [of teaching]. So, that's when I took 
[Math Solutions] and started being interested in some of 
these other things. 

Relearning mathematics was not enough to enable her change. 

She acknowledged she had to be brave to begin to change how 

she taught because "... to teach something you know perfectly 

well how to teach only you are going to teach it this 

different way, right? If you do it you, sometimes you flub it 

up. " Sara changed her practice of teaching problem solving 

thoughtfully and slowly; it has taken several years for her 

teaching to evolve into what I observed. 

I asked Sara what she would like to see her students do 

when they solve problems. She said, 
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I'd like to see them write down the problem, "cause when 
you do that I think they're restating it themselves and 
getting it in their mind. Umm, and then, I'd like to see 
them just start, like, doodling, trying to make sense 
out of [the problem]. They can try to put some, umm, 
data down that they can think of. 

I was not sure what "doodling" meant, Sara explained. 

It might be drawing pictures, if it's a word problem 
that has something to do with, where pictures would be a 
help, then drawing pictures. Umm, so, in our case we 
were doing the bunny problem, they had to [doodle], like 
make a list of how many one pair would have, to maybe 
draw these two bunnies as each a pair, that kind of 
thing. 

So, doodling is a way to get started on a problem. Not 

necessarily perfectly organized work, but some way of playing 

with the problem in order to begin to see what is happening. 

Once students have doodled, Sara wants them to, 

... start doing their organized, umm, data, and at that 
point I would like to see them talking with other people 
in their group because somebody else might be doing it 
[the organization] a different way and they can help one 
and other find mistakes by saying I did it like this. 

Sara feels this part of the problem solving process is 

crucial because, it is where students learn. She explained, 

I think that [talking to peers] really helps them. They 
have, each of them has their own method, and they don't 
agree. So, they have to come to some, first they have to 
come to the understanding of the other person's method, 
and that's learning. They have to be able to explain 
their own method extremely well, and that's also 
learning. [This is] more than just putting things down 
on paper ... 

This is why Sara has students work in cooperative learning 

groups, to learn from each other. She enjoys her students' 

discussions and methods, and she likes to see them solving 

problems their own ways. She said, "I try to appreciate them 
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for showing me ocher ways to see [problems], I really like 

that." She included the opportunity she has to learn more 

about problem solving in our conversation of teaching; it is 

part of her learning process as well. 

Summary 

I interviewed and observed Sara to understand her views 

of problem solving in three ways, her definitions and sense 

of the process, as a problem solver herself, and as a teacher 

of problem solving. When Sara talked about problem solving, 

she described the process as a form of experimenting. That 

is, gathering and analyzing data to make sense of the 

problem, then organizing the data to further explore the 

problem and reach a solution. Sara viewed problem solving as 

a creative activity; it should not be limited by rules or 

formulas. Not all of what Sara teaches is problem solving 

according to her definition. Much of what she teaches is 

algorithmic; students do not have the opportunity to 

experiment, so they are not engaged in problem solving. In 

order for a situation to truly represent mathematical problem 

solving, the problem must present a novel situation that 

cannot be solved immediately and may be solved by using a 

variety of methods. 

Throughout our discussion of problem solving Sara 

referred to problem solving as being an enjoyable 

undertaking; it should be fun for the problem solver. Part of 

the fun comes from experimenting and playing with the 
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problem; some of the fun results from collaborating with 

others when working on a problem. So, Sara believes problems 

should be solved with others, not alone. When this occurs, 

the exploration is broader since more minds are working on 

the problem and the problem solver has support. Colleagues 

are available to provide support for each other if someone 

becomes frustrated, and they can share in their success. 

Then, according to Sara, problem solving is fun. 

Sara obviously enjoyed solving the problems I gave her. 

She laughed several times and took copies of all problems she 

did not do home, to solve for fun later. Shortly after she 

read the problem, Sara began to make sense of the problem by 

quickly writing some notes to herself or by drawing a sketch. 

After this initial phase of jotting down information she 

returned to the problem and organized the data, sometimes in 

her mind and other times on the sketches. 

Sara used algebra to make sense of the wedding problem 

and relied primarily on arithmetic to solve the other two. in 

general, she says she tries to get a problem into a visual 

form, a diagram or table of data, before she begins to figure 

out the actual solution. If she is unable to make sense of a 

problem using these strategies, she will use guess and check 

not only to find the solution but to make sense of the 

problem. Once the problem makes sense, she can usually use 

algebra or calculus to solve it rather quickly; most of her 

work is in getting to the point where she can use the 
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mathematical skills she knows. Sara prefers not to work alone 

when solving problems. She enjoys, not only the company of 

friends when she is solving problems, but what she learns as 

a result of the collaboration. When she works with someone, 

she learns about their methods and refines her own work since 

she has to explain it to someone. This is when she learns 

something she can use when solving problems in the future. 

Sara described problem solving as creative 

experimentation. When she solved problems, she fooled around 

with the information contained in the problem before finding 

the solution. She experimented with the context of the 

problem to make sense of it then she used her mathematical 

background to construct solutions. Moreover, Sara stressed 

that problem solving should be collaborative and fun. This 

notion also appeared when we talked about her problem solving 

habits. Throughout or conversation, Sara referred to working 

with others; she usually collaborated with peers. I was also 

impressed by her demeanor when she solved the problems; she 

seemed to enjoy herself and insisted she take the others home 

to solve for fun later. I do not know if she solved them 

later, but she wanted to have the chance to solve them for 

fun. Sara practiced the style of problem solving she 

described. 

The arrangement of desks in her classroom and the poster 

about group rules, indicated that Sara has her students work 

in groups regularly. When setting up the problem solving 
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lesson with her students, Sara gave very little instruction. 

She presented the problem and told them what she expected 

them to turn in a week later. Then, she let them loose to 

solve the problem; the students were free to create their own 

solutions. As Sara interacted with groups she was playful, 

laughing, and joking with students about breeding bunnies. 

She also critiqued their organization of the problem and 

encouraged them to take time to play with the data and make 

sense of it before formulating a solution. She suggested they 

ask questions of others and work together. 

When we spoke about teaching problem solving, Sara said 

she would like to see her students begin the process by 

"doodling. " By this she meant to experiment with the data and 

conditions of the problem before selecting a method to use to 

solve the problem. Then, her roll as a teacher is to monitor 

their progress. She needs to identify students who need some 

help and who do not. If students appeared to be stuck or 

frustrated, then she provided "guidance." She did not 

prescribe a solution, but she gave them hints to lead them to 

a pattern in the data, or a way to organize the data that 

would enable them to find a method to use to solve the 

problem. Sara believes learning in problem solving occurs 

when students defend their own solution process, or make 

sense of the method a peer used to solve the problem. Without 

collaboration, this would not occur, so Sara had her students 

work in groups in order to learn and have fun. 
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Sara's view of teaching mathematical problem solving 

does reflect her definition of problem solving; it is an 

open, exploratory activity to be done with others. When 

teaching problem solving she encourages her students to 

doodle as a way to make sense of the problem; she did just 

that when solving problems herself. She drew pictures, wrote 

notes to herself; she doodled. (See Appendix P for an example 

of Sara's work.) Sara acknowledged that her doodling was a 

little different from that of her students since she was 

already good at algebra, but agreed that she did doodle. Sara 

said she learned when she had the opportunity to interact 

with friends while solving problems. She became one of the 

students she referred to when she talked about students 

learning when they discuss their solution methods, when 

teaching, she gives students a chance to learn in the same 

way she feels she learns, with others. Sara teaches the 

problem solving she practices. The following figure presents 

a summary of Sara's case study. 
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FIGURE 2 
Summary of Che three portraits of Sara. 
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Each star represents one time in an interview, or when 
teaching, Sara referred to a problem solving behavior 
classified as traditional, reform, or one that could be 
interpreted as either. 

Several themes occur in all three portraits of Sara, 

problem solving as experimenting, as a creative enterprise, 

and as a collaborative and enjoyable undertaking. The fun in 

problem solving is the result of the other common traits. 

According to Sara it is fun to analyze and make sense of 

data, to see different solution methods, and to work with 

others. In addition, problem solving results in learning when 

these three traits occur. This v/as apparent in what she said 

about problem solving, did when solving problems and how she 

taught problem solving. 

Kim 

Kim decided she wanted to become a mathematics teacher 

in elementary school; when she was in the fourth grade her 

family moved to a new part of the town, so she attended a new 

school. At this school the students were with different 

teachers depending on the subject. Her mathematics teacher 
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used a self-study program where students could progress 

through the curriculum at their own pace. Kim had to work 

hard, with the help of her teacher, to master "basic facts." 

Once she had accomplished this goal she was able to "sail 

through" the rest of the program. Kim remembers her teacher 

helping her accomplish much in her study of mathematics; it 

was then she decided to become a mathematics teacher and 

never changed her mind. 

Kim attended a university in the southwest majoring in 

mathematics education. According to Kim, this was the 

mathematics major meant for people intending to teach high 

school mathematics. In her junior year, she volunteered to be 

part of a program tutoring minority high school students who 

needed help with mathematics. Her volunteer experience turned 

into a paying job; she spent time in the classroom of a 

trigonometry teacher. She maintained contact with the 

department chair at this high school and was eventually hired 

to teach at this school. 

Kim student taught during the fall semester at another 

high school in town, her alma mater. Her cooperating teacher 

had been her mathematics teacher for three of her high school 

years. She remembered learning a lot about teaching from him. 

Kim taught pre-calculus and geometry while student teaching. 

Later in the semester, based on the advice of the department 

chair where she had volunteered, she added a general 

mathematics course to her student teaching load. This class 
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was formed by taking students from other sections of the 

course; teachers were asked to send students to this new 

section, Kim's class. According to Kim, she ended up with the 

trouble makers from the other teachers' classes, including 

the principal's son who was failing. Kim remembers the class 

as being really bad, but she learned a lot about teaching, 

surviving, and the politics of schools. 

Kim worked as a long term substitute during the spring 

semester of the year; she student taught at another area high 

school. The following fall she was hired at the school where 

she tutored while attending the university. Early in her 

teaching career Kim attended the university again, taking 

programming and sign language classes. She wanted to be able 

to teach programming classes, so she needed to learn a couple 

programming languages. After school Kim often worked as an 

interpreter, using her sign language training. She has 

continued taking courses at the university, studying "... all 

kinds of things, whatever interests me. If I hear of 

something interesting, I take it." All the classes were in 

the mathematics department, including the summer institute 

Sara attended. She also attended the Math Solutions workshop. 

Most recently, Kim was part of the teacher exchange program 

with the university; she spent the year before this study 

teaching entry level courses and studying, or revisiting, 

mathematics. During this year her studies included calculus 

and geometry. 
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Kim Talking About Problem Solving 

Kim's first response, when asked to describe what she 

thought was meant by the term mathematical problem solving 

was, "I think of puzzles. I always think of problem solving 

like a puzzle." She continued, 

... I think of all the different ways to approach a 
problem, trying to figure out what method might fit 
particular problems and then, trying to make some kind 
of guess at an answer. Then, logically decide if that 
guess is appropriate or adjust it. 

She indicated problem solving was not simply solving 

equations, that it required "... some real trial and error 

and struggling with different approaches. Something that 

doesn't immediately pop out." So, by Kim's definition, to be 

engaged in solving a problem one must experiment and work to 

find the solution. If the solution is easily seen, it is not 

really a problem solving situation. 

Problem solving, according to Kim, does not depend on 

the problem; it depends on how the problem is solved. She 

provided an example. If a teacher tells students 

... that the length of a rectangle is two more than 
twice the width and the area is 24, find the length and 
width. To me that is an arbitrary problem that has a 
very set method of solution that is mindlessly taught to 
students, an approach. As opposed to, I guess you could 
turn that into a real problem if you didn't give them 
any clues or the normal, standard way a teacher would 
set it up [using algebra]. If you just turned them loose 
and said, you know, what are all the different ways you 
could solve this problem? Put them in groups and, umm, 
you know, see if some of them could do it on a spread 
sheet. See if some of them would do it with trial and 
error. See, if you gave them graph paper, see if some of 
them could just logically puzzle it out. 
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So, according to Kim, it is not the problem that makes a 

situation problem solving; it is the approach one takes to 

solve the problem. A teacher may guide students to use a 

specific approach, but "... v/hen I think of real problem 

solving it's where you, you as an instructor, you have not 

already decided how they should solve it [the problem]," 

according to Kim. In a real problem solving situation, Kim 

feels, students need to be free to decide how they want to 

address the problem. If this is not the case, they will not 

be deciphering a puzzle; instead they will be following a 

prescription. This would not be real problem solving by Kim's 

definition. 

Kim indicated she found it easier to do problem solving 

with her geometry classes since the book she used had a 

problem solving section in each chapter. In the algebra book 

she used there was no problem solving, so to do problem 

solving with these students, she had to develop and implement 

lessons along with covering the text material. When doing 

problem solving, Kim often referred her students to a list 

posted on a wall in her classroom; the list was titled 

"problem solving strategies." The strategies listed were 

"Guess and check, draw a picture, make a chart, algebra, 

logic, model it [the problem], work backwards, make it 

simpler, arithmetic, look for a pattern," and at the bottom 

of the list the phrase, "JUSTIFY YOUR ANSWERS!!!" was written 

in bold print. 
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This list was generated by students early in the school 

year. She had her students ask family and friends to solve 

problems while they watched them work. The students took 

notes documenting problem solving strategies they saw used 

and brought them to class to share. The poster was the result 

of this activity; it contained the problem solving strategies 

her students observed. Kim reminded her students they could 

use any of these strategies when solving problems. Kim noted 

that the problem solving sections in the geometry book 

addressed all of their strategies. These sections included 

problems that could be solved using a particular strategy, so 

geometry students had opportunities to engage in problem 

solving. 

Kim values this type of problem solving, the type that 

is similar to working on a puzzle, because she thinks, 

... they [students] learn more math; they're more 
motivated. And I think they see a reason for the math 
when they are struggling with something and they 
realize, gosh I could use this idea. I could do it this 
way. I could use this fact, this whatever, you know, 
this property. So, I thing they, umm, I think it makes 
an impact on them. They remember it [mathematics] 
better, and it made more sense. 

She does not always have time to include it in the 

curriculums she teaches. 

Kim as a Problem Solver 

Kim solving problems. 

I met Kim after school one day for the second interview 

when I asked her to solve some problems. When I arrived, she 
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had a room full of students getting individual help. After 

tutoring students for about an hour, we began the interview; 

I asked her to solve some problems. Once she had a calculator 

out, pencil ready and paper in front of her, Kim indicated 

she was ready to begin. She asked, with a chuckle, if she had 

to explain the problem as though she were still tutoring. I 

said no and gave her the algebra set of problems to read. She 

selected the same problem Sara had done. 

You are planning to have champagne for your wedding 
reception and figure you will need 20 bottles. A special 
French brand costs $15 per bottle while and acceptable 
(but cheap) domestic brand costs $7 per bottle. You 
would like to buy only the French brand, but you can't 
since you have no more than $200 to spend on champagne. 
So you figure you will buy French champagne for serving 
early in the reception and the cheap kind for serving 
later. What is the largest number of French bottles 
you can buy, keeping to your budget of $200 and buying a 
total of 20 bottles? (Gay, 1992, p. 43) 

When solving this problem, Kim quickly assigned variables and 

wrote a system of equations. 

Kim confirmed she used algebraic methods to solve this 

problem. She said, when looking over her work. 

This one just fell right into a system of equations. So, 
I have fifteen times the number of bottles of French 
plus seven times the number of bottles of cheap wine 
equals, what, two hundred total. And, then the number of 
French bottles plus the number of cheap bottles equals 
2 0 .  

She solved the system of equations using the elimination 

method. As Kim read the problem, she broke it into smaller 

parts, pausing to write parts of the system of equations and 

returning to the problem after writing each equation. Once 
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she got the equations, she read the problem again to "... 

double check that I didn't, you know, that I didn't skim the 

problem fast and leave out something." Kim noted that she 

returned to the problem one more time, when she found the 

algebraic solutions were not whole numbers, so she, "... 

double checked myself, because I didn't use a calculator." 

The solution she reached indicated to use seven bottles of 

cheap wine; she wanted to see what would happen if she used 

eight bottles. "I justified that, yeah, that [eight bottles] 

would have been over [$200]." So, she not only checked to see 

that her work was reasonable, she confirmed her answer. 

The second problem Kim selected to do was a geometry 

problem; the same one Sara solved. It stated: 

You work for the Perfect Packaging Company. Your 
supervisor tells you, "A large rush order has just come 
in, and we need to send our 140 cartons as soon as 
possible. I'd like you to fill the cartons and tape them 
up. Before doing this you will need to pick up enough 
tape from the store room." "How much tape will I need?" 
you ask. The reply: "The cartons are 65 centimeters 
long, 25 centimeters wide, and 10 centimeters thick; and 
we tape them twice around the long way and use two 
strips across the top. " How much tape will you need? 
(Gay, 1992, p. 543). 

Kim began her work by reading the problem. She underlined the 

number of cartons and "two strips across the top." Later, she 

circled the word "thick." After a pause, she drew a picture 

of a box, drew lines around the box where the tape would go 

and wrote a note to double the distance around the box and 

across the top. She talked to herself while setting up her 

work for this problem. Once she determined what computations 



140 

she would need to find her solution, she wrote them as 

equations. During her work she paused frequently; later she 

agreed that she was thinking about the problem and her work. 

After she finished, Kim mentioned that she "... had to 

do a lot of assuming on this one;" she did not like this 

problem. She explained: 

When I first read it, ... this is real good, this is 
hands on and kind of, you know, makes sense. Then, the 
way it is written, it was very unclear. The word "thick" 
didn't make sense for a carton. If it was a book it 
would have made sense to me, but a carton isn't thick, 
to me. And then, "two strips across the top" didn't make 
sense. So, I had to assume that it was like a long 
carton and that it was split down the long way and you 
just want to tape that. 

She continued to note she had to sort of guess what was meant 

to solve the problem; once she decided to do this finding a 

solution required only arithmetic. 

While she was solving the problem, she talked to herself 

and appeared to be a little frustrated. I asked her to 

explain what was happening at this time. She said it was 

because she found the problem to be ambiguous. "That [the 

ambiguity] was frustrating, so that, that just reminds me to 

make sure that my problems [for her students] are clear." Kim 

also commented on talking to herself while working; she said 

talking helped her understand the problem. After reviewing 

the work she did, Kim agreed that drawing the picture helped 

her visualize the problem. She continued to note that she 

draws pictures whenever she can, then labels the picture 
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using information from the problem as a means to organize the 

problem. 

The third, and last problem, Kim decided to do was from 

the miscellaneous set of problems.. 

Four of five criminal cases are misdemeanors. The 
remainder are felonies. Two-thirds of all felony cases 
are solved, but two-thirds of all misdemeanors are not 
solved. What is the fraction of all crimes that are 
solved? (Gay, 1992, p. 376) 

She began solving this problem by interpreting the ratios 

given in the problem as fractions and stating them 

positively. That is, what did happen instead of what did not 

occur. Then she multiplied the two sets of fractions, again 

writing her work in the form of equations. She added these 

products to get her solution. At some point, while solving 

the problem, she drew five dots on her paper. 

When Kim described the process she used to solve this 

problem, she told me how she got the information that did not 

appear in the words of the problem, for example, that one-

fifth of the crimes were felonies. She then said, "... then 

two-thirds of the felony cases are solved, so that's two-

thirds OF [emphatically] one-fifth." By this she was implying 

that the word "of" indicated she should multiply the 

fractions. She continued to describe what arithmetic 

operations she did to obtain her solution. She read the 

problem several times and paused frequently when working. She 

said she was breaking the problem into parts, interpreting 

the information, and checking her work as she solved the 
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problem. Finally, she checked her answer to see if it was 

reasonable; this was when she drew the dots. She was not 

verifying the answer but deciding if it made sense. 

Kim talking about her problem solving. 

Kim and I talked about her problem solving style in 

general after she had solved the three problems described 

above. She began, "Well, definitely if there is any way I can 

draw a picture, I do it. I teach my students to do that; I 

just think that is a [good] way to organize your thoughts." 

She continued. 

If there is an algebra solution, I tend to fall into 
those real quickly; "cause the algebra, to me, just 
seems so logical.... I think that algebra and looking 
for a pattern are two ways that I tend to do problems. 

I asked her what she meant by "looking for a pattern," Kim 

recalled a situation where she used this strategy when 

solving geometry problems she assigned as homework. She 

routinely does all the problems she asks her students to do. 

Well, a lot of the problems we have had in geometry this 
year are finding a missing number, or, umm, generating a 
list of numbers that fit a particular [pattern]. Like, 
you might have points and you want to find the number of 
segments that connect them ... you look for the pattern 
and, then you can find a general rule. 

So, looking for a pattern entails organizing the information 

in the problem and trying to see a pattern that can be 

generalized mathematically and used to solve the problem. 

Kim had been using algebra as a favorite problem solving 

technique for years, since learning algebraic techniques 

herself. Using patterns to solve mathematical problems was a 
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relatively new development in her problem solving. She 

attributed learning, and using, this technique to the summer 

institute she attended at the university five years before 

our conversations. She was not sure it was something she 

used, like algebra, to determine a solution. Kim felt she 

drew pictures and looked for a pattern as a way to visualize 

the information, to organize and make sense of the problem. 

Then, she used algebra to find solutions. 

Kim as a Problem Solving Teacher 

Kim teaching problem solving. 

Kim invited me to attend a geometry class where she was 

doing a problem solving lesson. According to her definition 

of problem solving, that meant the students would be solving 

problems given minimal instructions. She expected them to 

struggle and come up with solutions using any strategy they 

felt was logical. The students, working in groups, were to 

solve the problem, write a description of the work and logic 

they used to reach their solutions and present the solution 

to the class. Kim used problems from the text; she pulled 

them from several of the problem solving sections found in 

each chapter. 

The desks were arranged in groups of four, with all four 

desks facing the front of the room, at the beginning of 

class. As students entered the room, each was given a playing 

card to use to form groups. Kim had made signs matching the 

playing cards she distributed earlier; she taped the signs to 
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a desk in each group. The students used these to decide where 

to sit. For example, students who had cards with jacks would 

all sit together in the desks labeled with jacks. It appeared 

Kim assigned students to groups randomly; later she told me 

it was not entirely random. She avoided grouping students 

who, based on her experience with the class, would not 

function well together in a group. She also gave a specific 

student a card to avoid having one group of, what she 

considered, weaker students. Otherwise, assignment to groups 

was random. 

Kim began class by reading answers to the homework due 

that day; then she asked if students had any questions about 

the assignment. Students, when called on, stated a number 

that corresponded to a problem they had trouble with. Kim 

listed these numbers on the board quickly. When there were no 

more questions, she began to do the problems. The unit they 

were presently studying involved the measurements of line 

segments and angles as they related to circles. Groups of 

problems in the text used the same picture; before class Kim 

had drawn these pictures of the board and labeled them with 

the given measurements. (See Appendix Q for my rendering of 

Kim's circle diagrams.) She told me later that she has her 

students re-draw these pictures on their paper when solving 

the problems. Kim did the requested homework problems, 

relying on the diagrams, on the board. 
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After answering all the homework questions, Kim had 

students pass the homework and playing cards to the front of 

the row. She collected them. The students seemed to 

understand what was going to happen next; they were turning 

their desks together so they faced the others in their 

groups. Kim asked them not to move yet and gave these 

instructions. 

At each of your tables [groups] I'm going to give you a 
problem to solve. Everybody gets a different problem, 
and, umm, I want to remind you that we've used all of 
these problem solving strategies [pointing at the 
problem solving strategies poster] that are on the 
board. We've done guess and check, we've made charts, 
we've used logic, ... worked backwards, we've done all 
of those things. Any of those methods are valid for the 
problems you will have today. 

She continued to tell them what the assignment was. 

I want you to do two things. I want you to first of all 
figure out what strategy is going to be useful to your 
problem, and then actually solve the problem. What I 
would like at the end of today is a paper that tells me 
the strategy you used; it [the paper] shows me what kind 
of logic, anything that helps you solve it, how you 
worked it out. Each group only needs to turn in one 
paper. And then, if we have time at the end of the 
period, we'll start this, this might not be until 
Monday, we will do presentations. Each group will get up 
and explain how they solved their problem and what they 
found the answer to be. 

After receiving these instructions students finished moving 

their desks, Kim walked around the class giving a problem to 

each group. 

While Kim went to each group, distributing the problems, 

she answered questions about the task, quickly. She reminded 

groups they needed to turn in one paper for the group and 
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that it was due at the end of class (in about thirty-

minutes) . She chuckled and smiled while making sure students 

knew what they needed to do to complete the assignment. 

Several times, with a grin, she told groups of students, 

"These are hard problems." After she completed one tour of 

the room, Kim returned to her desk to organize the homework 

papers she had collected. Soon, she returned to her students; 

she assisted groups and checked on their progress. 

First, Kim helped groups with raised hands; these groups 

had questions about terms in the problem. One group did not 

know what an egg timer was, another wanted to know if one was 

a prime number. Kim defined the terms for these groups. Once 

she had helped all the groups with raised hands; she stopped 

by groups and asked them to explain the strategies they were 

using. She would have someone in the group explain the work, 

ask another group member about the work. If this other group 

member did not believe or understand the solution, she would 

tell them to work some more. She quickly checked on groups; 

it appeared she was trying to get to everyone. 

Several groups finished their problem quickly. If she 

thought they had a reasonable answer, Kim would critique 

their written work. Often she would tell the students she 

could not follow their logic in the explanation they wrote 

and asked them to include more details. If students had 

satisfactorily completed a write up, Kim referred them to an 

extra credit problem they could do which she had written on 
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the board. With about ten minutes remaining in the period, 

all but one group had finished their problems; many groups 

were also finishing the extra credit problem; she had the 

groups begin their presentations. Only a couple of groups had 

time to present; the rest would finish the next school day. 

Kim talking about teaching. 

Kim told me the routine she used on the day I observed 

her class was one that she used about one-third of the time, 

she begins by going over homework and then presents the 

lesson. The other two-thirds of the time she begins with a 

warm-up activity. The warm up is either a problem reviewing 

material they covered before that was to be used in the day's 

lesson, or a problem that introduces the new material nicely. 

She likes to do the latter, but mentioned she has only a few 

problems serve to introduce a topic nicely. On the days she 

does a warm up activity, she goes over homework after the 

opener and then begins the lesson. Kim is frustrated with the 

forty-seven minute periods at the high school where she 

teaches because she rarely has time for students to begin 

homework in class. So, usually, class ends with the lesson. 

Kim reminded me that the only problem solving part of 

the lesson I watched was the group work her students did; the 

beginning was not problem solving. She has students work in 

groups most of the time they are doing problem solving; it 

has become part of the problem solving routine in her class. 

When students are engaged in problem solving in her class. 
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Kim would like to see them begin by "... talking to each 

other." Before they begin to solve a problem, she thinks 

everyone in the group needs to understand the problem then "I 

[Kim] like to see, it's really nice if I have some kind of 

hands on thing and I see different people reach in and touch 

the manipulatives. So, if I see that, I feel really good." If 

there are not manipulatives for the problem she would like to 

see "... everybody writing, and then stopping and consulting. 

I like that constant stop and consult, modify, stop and 

consult, modify kind of behavior." Finally, she thinks one 

person in the group should collect all the papers and "devise 

the final write up." 

After pausing to think, Kim continued, "I like to see 

everybody sitting there thinking." At these times Kim 

expected groups to be quiet. She explained what she meant, 

using an example. 

I can think of one particular, this one problem that we 
did for an assessment, that we had to do. They 
[students] had to look for a pattern, umm, in this 
problem and they, I kept noticing during the day that 
groups, that all of a sudden they'd get to a point where 
they'd all stop. They'd all stare at their papers, it 
was like they were processing it [the problem] and then, 
somebody would go, "oh, oh, oh," and then, they'd start 
talking again. I really liked to see that. 

Kim recalled a particular student who she felt was a 

successful problem solver. This student was able to explain 

what she had done to other people effectively. 

You know, most students will come up with an answer, but 
it's, I think one of the hardest things for any student 
is to be able to explain it.... She could do that very 
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well. Eveirybody in her group would, you know, v/hen they 
were done with the problem they knew exactly how they 
came up with it [the solution] and they all understood 
it. 

Kim felt there was more to successful problem solving than 

being able to find solutions. Being able to clearly 

articulate the process and the logic used to find a solution 

indicated insured students understood the process. 

Some students are good with coming up with answers, but 

they are not good problem solvers, according to Kim. This is 

because "... they cannot generalize it; they can't take that 

knowledge and, umm, take it over to the next problem and 

apply it." So, being able to transfer what is learned when 

solving one problem to other problems is another 

characteristic of successful problem solvers. She would like 

to teach students to build on what they know of problem 

solving, and can do when solving problems. Students who have 

learned to solve problems well can "... approach a problem 

from many different sides, ... use many different methods and 

see when one method would work better than another." These 

approaches are learned while solving previous problems. Kim 

was not sure she could teach this directly; she referred to 

practice and exposure as ways to learn to be an effective 

problem solver. 

Kim gives students opportunities to apply strategies to 

a variety of problems. They are likely to learn the skills 

they need to build on from this exposure to problem solving. 
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While exposing her students to problem solving, Kim will 

prompt students to try different strategies. She usually does 

this when students are stuck or unable to begin. Kim 

stressed, "... you don't direct them to do it one specific 

way, " that would result in the activity not being problem 

solving. Instead, her role as a teacher is to give hints to 

help students get started or unstuck, but allow them to 

continue in their own ways once they can continue to work on 

the problem. 

Kim recalled the beginning of her teaching career, 

indicating that she did not think about problem solving then. 

She said. 

There was no emphasis on problem solving. The whole 
emphasis when I started teaching was step one, step two, 
step three, step four, now you [students] do it. Uh oh 
[shaking her finger], you really didn't do step two, 
you're supposed to do step two next. 

After she began to do problem solving with students, she was 

not sure about how to grade their work. She said she, 

. . . flip flopped back and forth. Some years I would just 
be upset that students might be able to get an answer 
and here I was taking off credit because they didn't 
show their work the way that somebody wanted them to do 
it. They didn't show step two and I would nail them 
and, then the next year I would say that's not right, so 
I'd flip flop back and forth. 

She was team teaching with people who believed in following 

steps and felt pressured to do the same, but she was not so 

sure that was problem solving. Nevertheless, she continued to 

do what her colleagues did -- teach a prescriptive style of 

problem solving. 
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During this stage of her teaching career, Kim learned of 

the summer institute at the university. She had already begun 

to think about problem solving differently but had not really 

changed her teaching practices. At the university she found 

herself among people who were thinking like she was, there 

was more to problem solving than following a prescribed 

sequence of steps. It was then she "... started getting into 

the idea that you don't always have to have one method, one 

solution, one way to get a problem." This experience, 

according to Kim, "gave me the OK to do what I wanted to do." 

So, her grading policy changed to respecting all logical 

approaches to a problem, whether or not her colleagues 

supported this approach. 

Summary 

Kim considers problem solving to be like solving a 

puzzle. Solving a problem involves bringing any and all 

skills a problem solver has to the situation at hand. All of 

these skills, as long as they are logical, are valid to use 

when figuring out the puzzle presented in the problem. A 

situation is not problem solving when the freedom to use any 

strategy that makes sense to the problem solver is removed. 

That is, if a prescribed sequence of steps must be followed 

to reach the solution, then the puzzle aspect of the problem 

is destroyed and the activity is no longer problem solving. 

Problem solving, according to Kim, does not necessarily, 

depend on the problem; it depends on how the problem is 
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addressed by the solver. If given a certain degree of freedom 

and autonomy in determining how to reach a solution, many 

problems done in a mathematics class can be undertaken as a 

problem solving opportunity. 

When Kim solves problems herself, she likes to begin by 

making sense of the problem. To do this, she draws a picture 

whenever possible; she finds problems easiest to understand 

if she can see what is happening. If she faces a problem that 

is not conveniently represented by a diagram, Kim may use the 

data in the problem to look for a pattern she can use to find 

the solution. Once she has understood the problem, Kim 

usually uses algebra as a tool to reach the solution. From 

the diagram or pattern she has uncovered she will write an 

equation to solve. It is her habit to check her answers. 

Sometimes this entails reviewing the algebraic work she did; 

in addition, she considers her solution and the problem to 

determine if her answer is reasonable. On the problem Kim 

found ambiguous she talked to herself; later she said talking 

about the problem helped her understand it and determine how 

to solve it. 

Kim approaches problems flexibly. While she has favorite 

strategies to use in making sense of the problem, she 

considers alternatives; she does not rely on a single 

strategy to use when solving problems. In the problem solving 

she did for this study she drew diagrams, made a model, and 

checked her answers. Even when her work ended up to be 
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calculations, she wrote equations. By doing this, she 

organized her work algebraically. (See Appendix R for Kim's 

problem solving work on the crime problem.) She did not 

immediately form a conclusion about the problem; she drew 

pictures and interpreted numbers from the problem in order to 

make sense of the situations. Kim was thoughtful when she 

worked on the problems. She paused frequently to think about 

what she was doing; it was as though she were faced with a 

puzzle to figure out. 

When teaching problem solving, Kim presents problems to 

her students that can be solved in many ways. She reminded 

students of possible alternatives when giving instructions; 

as long as they can justify their answers logically, any 

solution method is valid. It was evident that her students 

were accustomed to solving problems in cooperative learning 

groups. Students began by talking about the problem with 

their peers, deciding on a strategy, and using it to reach a 

solution. The assistance Kim gave students was limited to 

defining terms found in the statement of the problem and 

critiquing their logic. She did not tell students what to do 

to solve the problem; she went along with their thinking when 

providing assistance. She taught problem solving consistent 

with her definition of the term. 

As a problem solver, Kim used pictures and looked for a 

pattern in the given information to get started. While I did 

not notice Kim telling students to make a chart, at the 
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beginning of class when she was doing work she did not 

consider problem solving, Kim used diagrams extensively to 

make sense of the problems involving circles. This is one of 

her favorite strategies to use when solving a problem. She 

also mentioned, when talking about teaching problem solving, 

that she likes to see students draw pictures or handle 

manipulatives in order to visualize problems. Kim mentioned 

the same techniques when she talked about how she likes to 

solve problems; she looks for ways to visualize the situation 

before using algebra to reach a solution. 

Kim talked to herself when solving the packaging 

problem; later she said she liked to talk about problems in 

order to make sense of them. Since she was working alone, she 

had no one but herself with whom to talk; the students in her 

class solve problems in groups. By putting her students in 

groups, Kim created a situation where her students could talk 

to each other when working on the problem; that is what she 

expects them to do. On the crime problem, perhaps the only 

problem consistent with her definition of problem solving 

since the algebra was not an automatic solution for her, Kim 

paused to think after reading the problem and on several 

occasions while working. This sequence of working and 

stopping to modify the work, while lacking the "consult" 

part, is reminiscent of the cycle of work she desires and 

expects from her students. 

Kim's case study is summarized in the figure belov;. 
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FIGURE 3 
Sumitiary of the three portraits of Kim. 

behavior talking about solving teaching 
1 
1 traditional 
1 

• • • * • • 

1 both • * 

1 
1 reform 
I 

• * • * • 

Each star represents one time in an interview, or when 
teaching, Kim referred to a problem solving behavior 
classified as traditional, reform, or one that could be 
interpreted as either. 

Kim's definition of problem solving as a puzzle to solve 

using a non-standardized routine composed of a variety of 

strategies to call on was consistent throughout the three 

portraits. This is seen in how she describes what makes a 

problem a problem, in how she talks about making sense of 

problems when solving them herself, and when she talked about 

teaching problem solving. She wants her students to make 

sense of problems by first understanding them, then coming up 

with strategies to use. Kim wants her students to find the 

solution to the puzzle presented by the problems at hand. 

It was difficult to describe how Kim taught problem 

solving since she mostly listened to students as she moved 

about the room. A few things were clear. After giving 

instructions, her students worked in groups; she expected and 

encouraged them to use their own logic and develop their own 

strategies and to be able to present them so that others 
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could follow their logic. Nevertheless, she encouraged 

students to use some of the strategies she had used to solve 

problems on the circle problems and when a group was not able 

to quickly decide on a strategy for their problem. One 

example, even though Kim did not consider this problem 

solving, was how she set up the circle problems in the 

homework review, using diagrams extensively. She also 

required students to include diagrams with their work. If she 

had taught problem solving any more directly, she would have 

contradicted her definition of the term. How Kim practiced 

and taught problem solving were related to each other and her 

definition of the term. 

Conclusions 

Karen is very task oriented when she is solving 

problems. The first evidence of this is seen when she 

describes her initial college experience. She was not 

permitted to marry until she graduated, so finished her 

college education quickly and got married. When solving 

problems, Karen said she liked to sort through the 

information in the problem and toss anything she considered 

irrelevant, reduce the problem to mathematical symbols, and 

then find the solution quickly. As a teacher, Karen likes to 

connect the problem solving she is teaching, (remember, all 

of the problems done in mathematics classes represent problem 

solving to Karen), to what her students should already know. 

She directs students to the most efficient strategies so they 
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can solve problems quickly and accurately. Karen called 

herself "concrete sequential" when it came to problem solving 

and organizing her life. She solved problems in a very 

systematic manner, following a series of steps. When 

teaching, Karen recommends a series of steps to students to 

follow when solving problems. When she set up the distance 

problem for her class, she used the series of steps she 

described as her own practice. Karen solves problems using 

the techniques she teaches. 

Sara felt she did very little problem solving with her 

students. To Sara, problem solving occurs when one is 

presented with a novel situation and asked to make sense of 

it through exploration and experimentation. Through this 

exploration, one learns to deal with data and information 

logically; how to actually resolve problems -- not merely 

find answers. The problem I gave Sara to solve were not, 

according to her definition, real problems. Nevertheless, 

when Sara spoke of her problem solving habits she indicated 

that she needs to spend time making sense of the situation. 

She does this by creating a table for the data, drawing a 

diagram or making a chart in order to explore patterns. Once 

Sara can see the relationships in the problem, she interprets 

it using mathematics and solves the problem. She will resort 

to guessing and checking, but feels this is not the best way 

to solve a problem because one does not learn anything to use 

in the future. Instead, Sara prefers to work with colleagues. 
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When explaining, or making sense of others explanations, Sara 

feels she really learns and becomes a more successful problem 

solving. Moreover, Sara enjoys this social context of problem 

solving. 

As a teacher, Sara feels she has little freedom to do 

problem solving with her students; she is trapped by a 

prescribed curriculum. Sara does sneak in real problem 

solving from time to time. She presents interesting and 

complicated problem to her students and gives them time to 

explore and experiment with the problems. Part of this time 

is in class; students work in groups when they are first 

given the problem so they can make sense of it together. If 

groups become stuck or frustrated, Sara gives them some 

hints. With the bunny problem, Sara had students organize the 

data of the problem into a table and make a chart documenting 

the bunny reproduction as a way of making sense of the 

problem. Students have a week to write up their solutions, 

and Sara encourages them to continue to work together or ask 

anyone they think would be helpful to assist them. Sara's 

students have an opportunity to learn to resolve problems 

through exploration and experimentation, and they are 

encouraged to solve problems socially. Sara enjoys problem 

solving when she can play with the data and explore the 

context of the problem when finding a solution. She also 

feels problem solving is best when she can work with friends. 
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This description also suits the problem solving she has her 

students experience when teaching. 

Kim considers problem solving valid when it involves 

some sort of struggle. Solutions that are reached by 

mindlessly applying a memorized algorithm indicate the 

problem was not appropriate; it did not elicit problem 

solving. Problem solving, according to Kim, should involve 

some type of analysis, and there should be more than one way 

to find the answer. Whether one analyzes the data, a diagram, 

a chart of guesses, something must be worked through in order 

to find the solution. When solving problems, Kim tries to 

draw a picture whenever possible; she likes to see the 

problem. She did this on two of the problems she solved. If 

she cannot see the problem using a picture, Kim tries to see 

the problem by looking for a pattern in the data. If she can 

find a pattern, then she can write a general rule using 

algebra and find the solution. 

Not all of the problems Kim teaches are really problem 

solving situations; most are too routine and do not give 

students an opportunity to analyze the situations. During the 

class I observed, Kim taught some of these routine problems. 

While not problem solving according to her definition, she 

did use one of her favorite problem solving techniques -- she 

drew detailed diagrams and solved the circle problems using 

pictures. Later in the lesson, the problem solving part of 

the lesson, Kim had her students work on more complicated 
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problems. She mentioned these problems were hard, and they 

would have use all they knew about problem solving to deal 

with them. She recommended they make charts or tables to make 

sense of the situations and look for patterns, telling them 

they needed to decide which strategy was the best for their 

problem. She expected these analysis tools to be presented 

with the solutions they wrote. Kim expected her students to 

struggle with the problem in ways similar to how she 

struggled when solving problems. 

Within the cases of Karen, Sara, and Kim there appears 

to be a relationship among what they say when talking about 

mathematical problem solving, do when solving problems, and 

how they present mathematical problem solving when teaching. 

In the next chapter, I will compare these three cases to see 

what can be learned from the teachers and how it adds to what 

we already know about teachers and their teaching practices. 
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CONCLUSIONS AND RECOMMENDATIONS 

The purpose of this study was to determine if a 

relationship among what teachers say about mathematical 

problem solving, do when solving problems, and how they teach 

mathematical problem solving exists. In order to investigate 

this relationship, I spent time with three high school 

mathematics teachers, Karen, Sara, and Kim. With these 

teachers this relationship exists. What they said about 

mathematical problem solving, practiced when solving 

mathematical problems, and how they taught mathematical 

problem solving were congruent. 

In this chapter I briefly review the three case studies 

I presented in Chapter Four and consider them together. 

Conclusions, based on the analysis of the three case studies 

together will be presented and related to the literature 

reviewed in Chapter Two. Finally, I will make 

recommendations, based on the results of this study, for 

teacher education and future research. 

Conclusions 

Karen. Sara, and Kim 

Karen, Sara ,and Kim are all respected high school 

mathematics teachers. Karen, the most traditional of the 

three, thinks any problem solved in mathematics classes 

represents mathematical problem solving. She solves problems 

by calling on the skills she has developed as a student of 

mathematics, when teaching, she views her role to be one 
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where she is adding skills to the mathematical knowledge 

students already have and teaching them to use their skills 

efficiently when solving problems. 

Sara, the most reform-minded teacher, feels problem, 

solving occurs when one explores and experiments with a 

problem. She likes to work with others when she is solving 

problems, so she can learn from the process. When teaching, 

Sara presents problems to her students that are not quickly 

solved. She has them work in groups to make sense of the 

problem and explore ways to find solutions. 

Kim acknowledged she has waffled on how she teaches and 

evaluates problem solving before coming to accept her current 

practice. To be a real problem, according to Kim's 

definition, there must be several ways to solve it, and the 

solver's job is to use their own logic to decide how to 

approach the problem and solve it. She likes to draw 

pictures, make tables, and identify patterns to find 

solutions to problems. Kim has her students practice a 

variety of problem solving strategies early in the year, so 

they have options to consider when solving problems; later, 

they are responsible for selecting the strategy they will use 

to solve the problem at hand. In the following sections, I 

will consider the definitions, practice, and teaching of 

problem solving of the teachers. 

Recall that I support reform in mathematics education, i 

think how mathematics is taught and learned needs to change 
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in order to prepare all students to function equally in 

society. I worry about the continuity of students' 

mathematics education and their experiences being connected 

to meaningful mathematics. In Karen's class, students are 

learning problem solving to enhance their mathematical 

skills. Since they do not practice creative, exploratory 

problem solving, they are not learning the potential power of 

mathematics. On the other hand, students in Sara's and Kim's 

classes engage in exploratory problem solving. While they are 

able to experience the creative nature of mathematics, I am 

not sure they are able to connect the problem solving they do 

to meaningful mathematics. 

The three teachers responded differently to being 

engaged in this study. Karen was curious about her 

colleagues; she wanted to read their cases and learn how they 

answered the questions she was asked. Sara commented that my 

summaries of her thoughts were what she really meant. She 

thought I related her thoughts more effectively than she did 

and wished she had sufficient knowledge of herself and her 

own practices to have talked about herself more clearly. Kim 

used the study to reflect on her teaching and problem solving 

habits. After reading her case and recalling our 

conversations, Kim told me she had never consciously thought 

about problem solving (her practice and teaching) in such 

detail. Participating in my study prompted Kim to reflect on 
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machemacical problem solving and her ceaching of maChemaCics 

in general. 

Definitions of problem solving. 

The teachers' definitions of mathematical problem 

solving varied greatly. Karen thought all the mathematics her 

students practiced was problem solving, while Sara thought 

they did it infrequently. To Sara, problem solving requires 

complex problems and time, plenty of time for students to 

experiment with the problem while working together. Kim 

considered problem solving to be more than the drill type 

problems Karen included in her definition. Problem solving 

occurred, according to Kim, when the solver sorts through 

strategies and selects one of several logical ways to 

approach the problem. 

Like Hembree (1992), all three teachers believe problem 

solving is an important skill. How that skill manifests 

itself differs, depending on each teacher's definition of the 

term. According to NCTM (1989) problem solving should be part 

of all mathematics classes. Only Karen would agree that she 

does some problem solving every day, but the problem solving 

she does would not satisfy the standards set by NCTM. Sara 

and Kim wish they could include more problem solving. The 

lack of time to complete a prescribed curriculum is what 

keeps Sara from doing more problem solving. Kim felt she only 

did problem solving with her geometry students because the 

text had problem solving sections in each chapter. In the 
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algebra texts she used, there were no such sections, so she 

would have had to design supplemental problem solving 

activities and make room for it in her curriculum. Just as 

Doyle (1992) and Romberg (1992) predicted, the text she used 

determined the curriculum. Like Sara, covering the material 

was Kim's primary goal; since problem solving was in the 

geometry text, she could cover the material as part of her 

curriculum and do problem solving. 

The problem solving cycle described by Campione, Brown 

and Connell (1988); Garofalo and Lester (1985); Polya (1945) 

and Schoenfeld (1987, 1985) included considering several 

strategies, choosing one, and implementing it mindfully. The 

cycle is completed when, after reaching a solution, the 

problem solver looks back on the process and evaluates his or 

her work. This cycle of problem solving is seen only in the 

definitions of Sara and Kim. They spoke of considering a 

variety of strategies and deciding on how to proceed after 

making sense of the problem. Only Sara spoke of learning 

something v/hile solving one problem, looking at and analyzing 

the process, to use on future problems completing the problem 

solving cycle described above. 

Karen thought of problem solving skills, not strategies. 

Two skills she referred to, drawing pictures and solving a 

simpler problem, were included by Musser and Shaughnessy 

(1980), NCTM (1989) and Schoenfeld (1980) as valuable problem 

strategies. Some of the other problem solving skills Karen 
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referred to, for example, translating the words of a problem 

to mathematics, are considered less valuable in recent 

literature. The different degree to which the three teachers' 

definitions are reflected in the problem solving literature 

is not surprising. I selected these three teachers based on 

their differing degrees of support for the reform movement in 

mathematics education; this variation is apparent in their 

definitions of problem solving. 

One thing the teachers did agree on was respecting 

logically valid work when grading. Even Karen acknowledged 

that some students had valid methods of solving problems that 

differed from what she taught. While she suggested students 

use methods she found most efficient, if the work she graded 

was logical and the solutions accurate, students could earn 

full credit. Both Sara and Kim had their students to do work 

based on their own understanding of the problems, so they 

expected the work to vary. As long as they could follow the 

logic a student used to solve a problem, the student earned 

full credit. In this way all three teachers assess the work 

of their students in ways called for by orchestrators of the 

reform. 

Problem solving practices and teaching. 

The problem solving practices of each teacher varied in 

ways similar to their definitions. Sara and Kim saw their 

problem solving as an exploratory process; the problems I 

gave them to solve did not really allow them to practice 
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problem solving in the ways they described. They both 

mentioned using tables of data to make sense of a problem, 

then trying to recognize patterns they could use to find 

solutions. Kim liked drawing pictures as another way to make 

sense of problems; Sara did this only when necessary because 

she thought it was difficult and meant the problem would be 

harder to solve. 

What Karen said she did when solving problems was 

evident in her problem solving work. When she solved problems 

at the second interview, she reduced problems to mathematical 

statements quickly and did the algebra or arithmetic 

necessary to find solutions. While this differed from the 

practices of Sara and Kim, it was consistent with her 

definitions of problem solving. In fact, all the teachers 

practiced, or said they practiced given appropriate problems, 

the problem solving they defined. 

Karen, Sara, and Kim taught problem solving very 

differently. Again, this reflects their different definitions 

and practices of mathematical problem solving. Karen taught 

her student to apply skills they had already mastered to the 

problem at hand. She usually organized a sequence of steps 

students could follow to reach an efficient solution on the 

problem, or set of problems, they were studying. When Karen 

described her problem solving, she broke the process down 

into a sequence of steps. She mentioned her sequence of steps 

was designed to enable her to reach a solution efficiently, 
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jusc as she encouraged her students to use the most efficient 

sequence of steps when she was teaching. 

All of the teachers serve as examples for Clandinin and 

Connelly's (1992) metaphor: teachers as conduit. Sara and 

Kim's experienced curriculums (Doyle, 1992) included the 

problem solving they defined. Sara managed to have all of her 

students experience problem solving, while Kim only did 

problem solving with her Geometry classes. Sara and Kim did 

differ in their teaching of problem solving and in the 

problems they selected to pose to their students. Sara had 

collected a set of problems that were sufficiently complex, 

so her students could spend several days formulating a 

solution and completing their report. The problems Kim used 

were in the geometry text and not as complex as Sara's. These 

problems were non-routine, but simpler than those used by 

Sara. The problems Kim used could sometimes be solved during 

one class period. Kim wanted her students to struggle when 

solving problems, but not for as long a time as Sara. Sara 

gave her students a week to complete their work, Kim a little 

more than a day. 

There were similarities in how Sara and Kim set up their 

problem solving lessons. They both had their students work in 

groups to solve their problems. The students in both classes 

were encouraged to consult one and other and work closely 

together when constructing their solutions. Sara had included 

working with peers as an important part of her problem 
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solving habits, so having her students work together 

reflected this part of her own practice. Kim did not refer to 

working with others when she spoke of solving problems, but 

she did talk to herself and mention that she liked to talk 

through problems she found challenging. By putting her 

students in groups, it is conceivable she was giving them an 

opportunity to talk; instead of talking to themselves, as she 

had, they could talk to each other. 

What Sara and Kim expected students to turn in was 

similar, except for the fact that Sara expected individual 

work and Kim wanted one write up for the group. Both teachers 

stressed that the correct solution was worth little; the 

explanation of the work and logic used to reach the solution 

was most important. This was made clear in the instructions 

each teacher gave in setting up the activity. Kim's 

instructions were much more detailed than Sara's when it came 

to how the students could solve the problems. Besides telling 

students what was expected of them, both Sara and Kim gave 

instructions regarding how to solve the problems. This is 

related to how they solved one of the problems during the 

second interview. I will leave looking at them as teachers 

for a moment to revisit them as problem solvers. 

Both Sara and Kim solved the packaging problem, and how 

they solved this problem reminded me of the types of 

instructions they gave for their problem solving lessons. 

This problem was, as Kim put it, ambiguous; it did not 
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include specific instructions regarding how to place the tape 

on the box. Sara, when she was describing her work, told me 

she just made some decisions about how to place the tape on 

the cartons. Kim expressed frustration when she discovered 

her strategy did not automatically work with the ambiguous 

problem. She asked me if it was okay to place the tape across 

the top of the carton in a specific way; when I said it was 

fine, she continued solving the problem. Sara was free to 

interpret the problem as part of her solving strategy and get 

on with solving it. Kim lacked the freedom to give herself 

permission to interpret the problem. This variation of 

freedom as a problem solver is evident in how the two 

teachers directed students to solve their problem. 

Kim had spent time throughout the year practicing 

specific strategies with her students. She wanted them to 

develop several strategies as if they were skills. For 

example, they had practiced solving problems using pictures, 

tables and looking for patterns, etc. Each section in the 

geometry text addressed one specific strategy and included 

problems that could be solved using that strategy. Kim liked 

this feature of the book. During the problem solving lesson I 

observed, Kim presented a list of strategies her students 

could use to solve their problems and directed them to pick 

one. Sara, on the other hand, just presented the problem. Her 

instructions dealt with the assignment and making sure 

everyone understood the problem; once she felt they 
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understood, she let them loose to solve it. Sara did not tell 

the class what strategies to consider or how they might 

begin. Some groups needed, what Sara called, guidance. She 

gave hints to groups needing help by suggesting they set up a 

table for the data, but mostly she let them create their own 

strategies. 

Kim was more direct in setting up her problem solving 

lesson; by suggesting strategies, she removed some of her 

students' freedom to explore and cast about for solutions. 

This was similar to the routine she set up for herself when 

solving the packaging problem. While not told what strategy 

to use, she decided on one and applied it; she was not free 

to reinterpret the problem after she chose a strategy. Sara 

allowed her students more freedom than Kim in creating their 

solutions. She encouraged them to just try things and to 

experiment before deciding how to go about reaching a 

solution. They were also free to interpret the problem 

(remember the guppies). This was reminiscent of the freedom 

she gave herself to make decisions while solving the 

packaging problem. 

In the cases of Karen and Kim, there were some 

inconsistencies in their definitions of problem solving and 

how they presented problem solving to their students. Karen 

told me she allowed students to use any methods or strategies 

they wanted when solving problems. Later, when talking about 

how she taught problem solving, she said she did teach 
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students specific routines to follow when solving certain 

problems. When teaching problem solving I saw Karen follow up 

the student suggested strategies she believed were best. When 

teaching, Karen did not encourage students to use a variety 

of strategies. 

Kim said problem solving occurred when students were not 

told how to solve a problem. Only then would problem solving 

occur. When talking about teaching problem solving, Kim gave 

the example of using the problem solving sections in her 

geometry text. She liked using these sections because each 

one addressed a specific problem solving strategy. In 

essence, by using these sections, Kim was telling her 

students how to solve problems. During the problem solving 

lesson I observed, Kim told students to use strategies they 

had learned earlier. She gave them some direction related to 

how to solve the problems. This conflicted with Kim's 

definition of problem solving. 

Both Sara and Kim recognized that they had changed their 

teaching practices significantly; this is seen in the freedom 

they do allow students when solving problems. Neither teacher 

told her student what steps to follow when solving their 

problems. I will explore the changes made by Sara and Kim, 

and not by Karen, in the following section. 

Problem solving teaching and change. 

Both Sara and Kim attended the "Math Solutions" program 

and the university sponsored institute; Karen attended only 
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the Math Solutions workshop. Sara recalled her experiences in 

the Math Solutions workshop as being important in helping her 

redefine mathematical problem solving by re-learning how to 

solve problems. The time she spent learning to solve 

interesting, non-routine problems was important to her 

understanding of problem solving but not to teaching problem 

solving. The Math Solutions workshop did not enable Sara to 

change how she taught problem solving; she attributed the 

changes she had made in teaching problem solving to the 

summer institute at the university. At this institute, part 

of each day was spent solving problems and another part of 

the day was spent developing lessons based on the problems 

they solved. In groups, teachers created lessons and 

presented them to their colleagues. All the lessons were 

collected and distributed the participants and the end of the 

summer. Sara could take these and use them with her students. 

According to Sara, it was this dual experience, learning and 

thinking about teaching problem solving, that enabled her to 

change her teaching practices. 

Kim did not mentions the Math Solutions workshop, other 

than the fact she attended. She did talk about the university 

institute and recognized it as an important influence on her 

teaching of problem solving. She had already begun to change 

her teaching, but this was limited to how she graded 

students' work. As I wrote before, she indicated she no 

longer required her students do their work her way. This 
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change in her grading practice came first, but she had not 

made any consistent changes in her teaching at this point. 

She had tried a few new teaching methods, but felt her 

colleagues at the school where she was teaching did not 

support her efforts. After attending the summer institute, 

Kim felt she did change how she taught problem solving. It 

was not developing lessons that empowered Kim to change, it 

was the experience with colleagues who were also interested 

teaching problem solving differently. .A.fter being part of a 

community supporting change in teaching problem solving, Kim 

felt she was free to try new ways of teaching problem 

solving. 

Both Sara and Kim had, at the Math Solutions workshop, 

time to relearn and experience new types of mathematical 

problem solving. Sara remembered solving "really hard" 

problems using all the mathematical knowledge she had in ways 

she had not thought of before. Instead of writing equations, 

she had to experiment with data, organize tables, and look 

for patterns to get to a solution. They continued to 

experiment with and relearn problem solving at the university 

institute. So, Sara and Kim had an opportunity to relearn 

problem solving in a new and different way. Gudmundsdottir, 

1990; McNamara (1991); McDiarmid, Bird, and Anderson (1989); 

and Marks (1989) considered understanding mathematics 

flexibly to be a part of a teacher's pedagogical content 

knowledge. Sara and Kim, after attending both workshops, had 
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developed a new and flexible understanding of problem 

solving. These experiences, and whatever made them attend 

these programs, enabled them to construct new pedagogical 

content knowledge. 

The university institute sounds similar to the those 

described in Chapter One (Thompson, 1988) and Chapter Two 

{Hart, 1991). One result of these workshops was teachers 

changing how they taught problem solving. While not 

documented for the summer institute Sara and Kim attended, it 

appears similar changes occurred. One plausible explanation 

for this phenomenon has been posited by Guskey (1986) . Sara 

and Kim were persuaded to change their teaching practices 

through relearning mathematical problem solving, having a 

resource of lessons already developed to use, and the support 

of a like minded community of educators. Then, they had 

success teaching their students using some of the new lessons 

they had the opportunity to develop. According to Guskey, 

this success helped them establish new beliefs about 

mathematical problem solving that have enabled them to 

sustain this change. 

This leaves Karen, while she mentioned she has changed 

how she teaches problem solving, it became clear during our 

interviews she has not altered her teaching practices very 

much. She said she respected a variety of student work, as 

long as it was logical, when grading papers. When she spoke 

of teaching problem solving, she said she liked to give 
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students steps to follow. This is reminiscent of the recipe

like teaching of problem solving Sara and Kim said they gave 

up in order to allow their students more leeway in 

determining how to solve problems. Moreover, Karen 

acknowledged that she encourages students to use, based on 

her opinion, the most efficient sequence of steps to solve a 

problem. These teaching practices are consistent with what 

Karen said she did earlier in her career. 

Karen attended only the Math Solutions workshop; she 

included this in the biographical information I elicited in 

our first interview, and she never referred to it again. This 

experience appears not to have been a powerful one, as it was 

for Sara. Karen did not attend the university sponsored 

workshop, so her professional experiences are not similar to 

those of Sara and Kim. According to Guskey (1986), it is not 

surprising that Karen has not changed her beliefs about 

problem solving, since she was not persuaded to try a new 

type of teaching with her students. 

Sara and Kim did not comment on the teaching practices 

of their teachers at either summer program they attended. 

They recalled being students of problem solving and with the 

opportunity to connect what they had re-learned about problem 

solving to teaching. What these teachers learned about 

problem solving and teaching problem solving was related to 

how they taught problem solving. 
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In Karen's case, she did not really re-learn problem 

solving. She attended the Math Solutions workshop because it 

was offered by her district; she was expected to complete the 

summer program. Karen did not re-learn how to solve 

mathematical problems, and she has not changed how she 

teaches problem solving. This, too, is consistent with the 

theoiry I am developing. Karen teaches the type of problem 

solving she understands, what she learned when she studied 

mathematics herself. All the teachers in this study teach the 

problem solving they have learned to practice. There is a 

relationship among how Karen, Sara and Kim define, practice 

and teach mathematical problem solving. 

Recommendations 

Teacher Education 

Schram, Wilcox, Lanier, and Lappan (1988) created a 

series of mathematics courses for pre-service elementary 

teachers where "... these prospective teachers experience 

mathematics much as their own students might" (p. 5). They 

did this because it was unlikely that teachers would adopt 

new styles of teaching as a result of presenting, examining, 

or discussing research studies. So, teachers need to 

experience the research. That is, as an educator of pre-

service teachers I can use the research to guide my teaching; 

I can create an environment where my students experience 

mathematics education reform in my classroom as students. 

Pre-service teachers can come to learn mathematics and 
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develop their pedagogical content knowledge while studying 

mathematics in ways they will be expected to teach. If they 

are anything like Sara and Kim, they will come to understand 

what it means to know, learn, and teach mathematics 

considering the reform. 

Karen did not attend the summer institute. Her decision 

not to participate in the workshop is important; she was 

neither ready, nor willing to change her beliefs related to 

and teaching of mathematical problem solving. This contrasts 

with the decisions Sara and Kim made. They decided to invest 

time and energy in rethinking what is meant by mathematical 

problem solving and how to teach mathematical problem 

solving. After making this decision, they attended the summer 

institute seeking information and colleagues to support their 

changes. 

Sara and Kim took time out to re-learn mathematical 

problem solving as students and as teachers. During the 

summer institute, they had an opportunity to re-learn 

mathematics in flexible ways that would serve their teaching; 

they gained pedagogical content knowledge (Gudmundsdottir, 

1990; McNamara, 1991; McDiarmid, Ball, and Anderson, 1989; 

Marks, 1989) . With this knowledge they were able to adopt new 

problem solving and teaching practices. 

Grossman, Wilson, and Shulman (1989) find developing all 

the content knowledge for teaching in academic departments at 

universities problematic. If the mathematical knowledge of 
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teachers is developed solely in mathematics departments and 

the pedagogical knowledge developed in education departments, 

how will the metaphorical bridge I referred to in Chapter Two 

be completed? If the bridge between content and pedagogy does 

meet, teachers will fall through; they will not develop 

pedagogical content knowledge. For Sara and Kim, this 

knowledge was important to their professional development. 

They were lucky that the institute they attended addressed 

both their content and pedagogical needs; many pre-service 

teachers are not so lucky. 

The last chance for many pre-service teachers to learn 

mathematics is at a university (Marks, 1991). Therefore, I 

call on mathematics and education departments to cooperate in 

designing and implementing teacher education programs. 

Whether it be in-service or pre-service teacher education, 

teachers need to stand on a bridge that meets to construct 

their pedagogical content knowledge. 

We find ourselves in an era of change; how and what 

mathematics is learned and taught is being challenged (MAA, 

1991; NCTM, 1989, 1991; NRC, 1989). I have seen changes occur 

in how mathematical problem solving is taught in many high 

school classes, including the classes of Sara and Kim. Change 

in the teaching of mathematics must not be restricted to 

elementary, middle, and high schools. Based on the results of 

this study, I feel teachers need to experience. as students, 

what they are expected to do as teachers. The methods used in 
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the education and content courses are powerful models, and 

can influence what teachers do with their own students. If we 

expect elementary, middle, and high school teachers to change 

their practices, then we must change ours. 

Future Research 

I worked with three, experienced women mathematics 

teachers. It would be worthwhile to consider the relationship 

among what a teacher believes to be mathematical problem 

solving, practices when solving problems and how they teach 

mathematical problem solving with more teachers. It would be 

interesting to investigate this relationship in male and new 

teachers, and mathematics educators and university 

professors. In doing this, the problems used to elicit the 

problem solving habits of the teachers should be 

reconsidered. Problems satisfying the definitions of the 

teachers should be used so the problem solving is more 

genuine. Moreover, it may be interesting to have groups of 

mathematics teachers work together in a laboratory setting. 

If the teachers wanted to consult each other, they could; if 

they wanted to use manipulatives or tools in finding 

solutions, they would be available. Most importantly the 

problems used cannot resemble, too closely, the problems they 

teach over and over. Since they have done some types of 

problems so often, they no longer need to think when finding 

solutions. So, having teachers solve such problems (for 
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example, the champagne problem) would not be helpful in 

eliciting their problem solving habits. 

The power of the professional development programs Sara 

and Kim attended is intriguing. More research could be done 

documenting the effects of such programs. In addition, it 

would be interesting to understand why some teachers embrace 

such programs and others choose to stay away. The results of 

some institutes similar to the one Sara and Kim attended have 

been addressed (Hart, 1991; Thompson, 1988), but I have not 

seen the reasons why teachers choose to attend such programs 

studied. Is it the programs themselves or the natures of the 

teachers who attend that result in the changes in beliefs and 

teaching? perhaps, by simply agreeing to attend, the teachers 

have already made the changes needed to enable them to alter 

their teaching. Would these programs have the same results if 

teachers like Karen attended? 

Pedagogical content knowledge is a relatively new area 

for research. How and where it is learned still needs 

investigated. Would creating an environment at universities 

where content and education departments cooperate result in 

teachers constructing pedagogical content knowledge? Since 

Sara and Kim changed their practice by developing pedagogical 

content knowledge after attending the university institute, 

this relationship could be explored. That is, does changing a 

teacher's pedagogical content knowledge result in changing 

their beliefs and/or instructional practices? 
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I have seen, and worked in mathematics departments where 

the reform movement is having an effect. Faculty and teaching 

assistants are mathematics teachers at universities. They are 

likely to have, independent of educational studies, 

constructed pedagogical content knowledge. It would be 

interested to see how they did this. These teachers are also 

knowers of, in fact experts in mathematics. How is their 

knowledge of mathematics related to their teaching of 

mathematics? Also worth studying is their definitions of 

mathematical problem solving and how it relates to their 

problem solving habits and teaching. If these teachers have 

changed their teaching (I have known several university 

teachers who have developed new teaching styles) what enabled 

them to change. We can learn about teaching and teacher 

education from this, often unheard from, collection of 

teachers. More research could be undertaken with this group 

of mathematics teachers. 

In my study I found there existed a relationship among 

what three teachers said when talking about mathematical 

problem solving, did when solving problems and taught as 

problem solving. I was careful to avoid looking for or 

investigating any causality among these three areas. As I 

consider my own problem solving and teaching practices, I am 

not sure what came first. Did I change how I teach problem 

solving because I learned how to solve problems differently, 

or did I learn how to solve problems differently because I 
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change how I was teaching? It is worth further study to see 

if there is an order in changes teachers make when rethinking 

mathematical problem solving. If such a cause and effect 

relationship existed, teacher educators could use this 

knowledge in their work. 

Some Final Notes 

As a mathematics teacher educator, i have felt compelled 

to change my teaching practices in the era of change. I have 

done this based on intuitive notions that teachers need to be 

taught in ways they will be expected to teach. Part of this 

intuition resulted from thinking about Lortie's (1975) 

notions of teachers undergoing an apprenticeship-of-

observation, but that was not all I considered. After 

investigating reform in mathematics education reform, it 

occurred to me the mathematics taught has changed; I came 

across problems I had never done as a mathematics student. I 

did not feel prepared to teach new types of problems. I did 

not want my students to find themselves in the same 

situation. So, besides undergoing an apprenticeship-of-

observation, I wanted my students to re-learn mathematics in 

ways congruent with the mathematics they would be expected to 

teach. 

The purpose of this study, then, was to confirm my 

intuition. I wanted to know if how teachers know mathematics, 

in particular mathematical problem solving, is related to 

their teaching. In other words, do teachers use what they 
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learn in mathematics classes as well as the teaching they 

observe to inform their own teaching practices. As a teacher 

educator I have felt a need to develop my own pedagogical 

content knowledge. Now, with research to back me up, I can 

call on my colleagues in mathematics and education to reflect 

on their own pedagogical content knowledge. I do not want to 

see teachers fall through poorly constructed bridges. 

Therefore, we must work together in teacher education; we 

need to cooperate and build bridges for educators to use when 

learning about mathematics and teaching. 



185 

APPENDIX A 

The Pilot Study: Jov 

My subject, Joy (a pseudonym), was usually a middle 

school teacher. She had been awarded a leave the year I 

worked with her to study and teach entry level mathematics 

courses at a nearby University. Joy was in her tenth year of 

teaching when I completed the pilot study. Since earning her 

bachelor's degree she had taken several mathematics courses 

for teachers, including a summer institute sponsored by the 

nearby University. The institute lasted four weeks. During 

this time participants were given the opportunity to solve a 

variety of interesting and challenging problems. It was held 

two summers before Joy and I discussed problem solving. I 

selected Joy for the pilot study because I could easily 

schedule time to work with her. 

Data was collected in several ways. First, she completed 

a survey I designed to learn about her professional and 

educational experiences. Next, I planned to conduct three 

structured interviews. I actually did only two, both were 

audio taped and the tapes transcribed. I used the first 

interview to learn what Joy considered to be mathematical 

problem solving, as a teacher and a person who engages in 

mathematical problem solving. During the second interview I 

asked Joy to solve several mathematical problems. In addition 

to keeping her work as part of my data, I asked her to 
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explain the methods she used after she finished each problem. 

I gave Joy copies of the transcripts so she could add 

whatever she may have remembered since our discussion and 

wanted to include, or clarify any statements she felt were 

misleading. After the interviews I went to a class where she 

taught problem solving. Shortly following the teaching 

observation met with her one last time to discuss the lesson. 

I developed a list of problem solving strategies using 

the Curriculum and Evaluation Standards (National Council of 

Teachers of Mathematics, 1989) and the suggestions of several 

mathematics teachers. Using this list of categories I coded 

the interviews, her problem solving, and her lesson using 

this list of problem solving strategies, adding to the list 

as needed. Then, I compared the strategies Joy used when she 

talked about, practiced, and taught mathematical problem 

solving. 

Findings 

Jov on Problem Solving. 

Joy credited her involvement in the summer institute 

with changing her mind about mathematical problem solving. 

When asked what she thought of when she heard the term 

problem solving she said, 

I think that for a long time what I thought of was story 
problems. Problem solving was always just story problems 
or word problems. Within the last couple of years, 
especially since I've been through [the summer 
institute] it took on more of a dimension, a wider 
dimension... having students work at different levels of 
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thinking I consider as being more problem solving than I 
did before. 

Joy continued to criticize the "story problems" traditionally 

presented in mathematics classes. She viewed these problems 

as routine, even boring. She thought students had a valid 

point when they said they did not care about these problems. 

According to Joy, "They're [students], like who cares how 

fast the river is going when so and so is riding upstream in 

a row boat... they have a very good point. Who does care?" 

Joy wanted her students to learn about their own 

thinking processes, to use inference or prediction skills to 

recognize patterns. These are the skills she feels are 

valuable to students because they can be applied elsewhere. 

When asked what she would like to see her students do when 

solving problems she responded, 

I think the most important thing that I would like to 
see them do is actually write something. Not just sit 
there and stare a problem, but actually start writing 
something. Whether it is drawing a picture, or rewriting 
the information that is give to them, or start thinking 
about things that they know and then just start working 
and see if something starts developing. 

So, doing something to initiate the problem solving process 

was important to Joy. 

Jov as a Problem Solver 

When asked to solve two problems Joy was worried she 

would not successfully solve them. "What if I can't do them, 

are they going to be too hard?... What if I get the wrong 

answer, will you laugh at me?" I assured her I would not 
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laugh and that if she found the problem too hard she could 

choose another to do. Joy appeared to be comforted by this 

and began to solve the problems. She worked quietly. After 

reading the problem a couple of times she began her solution 

process by rewriting the problem in her own words and 

symbols. I saw her pause frequently, she appeared to be 

thinking while looking off into space. Joy made charts to aid 

her in organizing the data. She appeared to be looking for a 

pattern, and later confirmed that she was doing just that. I 

saw her attempt to write algebraic expressions several times. 

She wrote most of the arithmetic expressions she evaluated on 

a calculator. Joy crossed out or erased her work several 

times. She spread her work all over the page. 

The strategies Joy used when doing these problems 

included re-writing the problem, making charts, looking for a 

pattern, breaking the problem into smaller parts, stopping to 

think, referring to the problem, and checking her answer. 

When she had finished she appeared confident in her answer, 

she did not ask me if they were correct. 

Jov Teaching Problem Solving 

I saw Joy teach problem solving in a couple of contexts 

on the day I visited her class. She explained how to do 

several procedural problems, that is problems that involve 

direct applications of algorithms or definitions. During the 

class I observed she also did three non-routine problems, 

that is rather complex problems that require thoughtful 
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solutions. For this study I focussed on the non-routine 

problems. 

Joy began each of these non-routine problems in the same 

way. She read the problem, in sections, to the students while 

interpreting the information on the board. When she had 

finished writing this initial information on the board all of 

the information given in the problem was restated, in Joy's 

words and symbols, for all to see. She shared her thinking 

with the class while writing information. Most of the time 

she was speaking she was also writing information on the 

board. 

Carefully, and at length, Joy described each problem, 

that is given conditions and the questions posed. Her work 

on the board was spread out, she tended to pace the length of 

the board while writing and solving the problem. She 

presented a couple of plans that could have been be used to 

solve each problem. For example she said, 

What I'm going to do is show you a way I went through 
and worked this problem. The first thing that I wanted 
to do was get really clear in my mind what (information 
in the problem) meant. So, I actually drew a couple of 
little diagrams... I could probably figure out the 
entire problem by doing this. However, it's going to 
take an awful lot of paper and the chances are I would 
loose track.... 

She erased this work and began solving the problem another, 

more efficient way. The plan she eventually chose to follow 

involved an algebraic concept and formula recently studied by 

the class. Joy continued to show all of her work while 



190 

writing on the board, even the calculations were written for 

the students to see. 

When presenting these solutions to her students Joy used 

several strategies. In addition to reading the problem 

several times and referring to it frequently she restated the 

information, broke the problem into smaller parts, and 

created charts, graphs and diagrams to organize the 

information. She also looked for patterns, wrote algebraic 

expressions and equations. When she finished her solution 

process checked her answer by thinking about the context of 

the problem, verifying the answer made sense. 

The strategies Joy used in each part of our work are 

represented in the following table. 
Summary of Findings 
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Joy's strategies when: 
Talking about Doing Teaching 
problem solving problem solving problem solvinc 

drawing a picture breaking the breaking the 
problem into problem into 

looking for smaller parts smaller parts 
patterns 

checking the checking the 
rewriting the plausibility of the plausibility of the 
conditions of the solution solution 
problem 

making charts looking for 
patterns 

looking for 
patterns making charts 

pausing to think making graphs 

rewriting the pausing to think 
conditions of the 
problem rewriting the 

conditions of the 
writing algebraic problem 
expressions 

writing algebraic 
expressions 

Conclusions 

I found several common themes when comparing what Joy 

said about problem solving, what she did while solving 

problems and teaching problem solving. In fact, the ways she 

talked about, solved problems, and taught problem solving 

were similar. She referred to, practiced, and taught many of 

the same problem solving strategies. 

When I asked Joy what she would like to see her students 

do when they were solving problems she said she wanted to see 

them start by writing something down, either draw a picture 
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or organize the information that was given in the problem. As 

a problem solver Joy began by rewriting what was stated in 

the problems, then used charts and diagrams to organize her 

thinking. When presenting solutions to her class Joy rewrote 

the problem in her own words and symbols on the board for her 

students to see. Next she interpreted, for the class, what 

was given in the problems using charts and diagrams. So in 

each instance she began with writing information dovm, then 

organizing the data presented in the problem. 

The strategies Joy referred to when talking about the 

problem solving she hoped to engender in her students 

included rewriting given information, drawing pictures, 

making charts, and looking for patterns. While solving 

problems I saw her rewrite the problem, make a chart, break 

the problem into smaller parts, and look for patterns. When 

she was teaching problem solving she restated the information 

given in the problem, made charts and diagrams, and looked 

for patterns. She used many of the same strategies in all 

three situations. 

Joy wanted to see her students write information down on 

their papers when working, not to sit and stare at a blank 

sheet of paper. She praised the students whose papers were 

"just filled with information." She thought these students 

had made progress in problem solving and that this habit 

would prove beneficial in their futures. What the students 

wrote and how they organized their work when they began to 
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solve a problem did not appear to be important to Joy. When 

she worked on the problems she selected she wrote quite a 

bit. Her work was not particularly organized. She would work 

for awhile in one place, move to the side to do computations, 

return to her previous work, or start all over in another 

spot. This pattern of work was also reflected in her board 

work when teaching. She started each problem at one end of 

the board and quickly filled up the space with information. 

She would move to empty spaces to do computations and fill in 

details where she had begun her worked. She walked up and 

down the length of the board several times. She scattered her 

work around the board, just like she spread her work all over 

the paper she used when solving problems for herself. It 

seemed that the value of writing information was evident in 

what she said, practiced and taught. 

In conclusion, I think what Joy said about problem 

solving matched both her practice as a problem solver and as 

a teacher of problem solving. Furthermore, how Joy organized 

her thoughts and work when solving problems and when teaching 

problem solving were the same. Therefore, I think Joy does 

teach the same style of mathematical problem solving as she 

has learned for her ovm mathematical problem solving. 



194 

APPENDIX B 

Introductory Survey 
Thank you for agreeing to participate in my study of problem solving. I 
will be calling you to make an appointment for the first of three 
interviews. Each interview will take no more than an hour. 

So that I can prepare for our first meeting, please take a moment to 
fill out the following questionnaire. Write on the back of the survey if 
you need more room for your response. For your convenience an envelope 
has been included for you to use. Please return the survey to me on or 

Cathy Miller 
c/o Department of Mathematics 

University of Arizona 
Tucson, AZ 85721 

(602) 621-8306 

Name: 

School: 

Times you are available: 

Phone number I can use to leave you a message: 

How many years have you taught mathematics? 

What courses are you presently teaching? 

Where did you get your Bachelor's degree? 

What was your major? 

Have you taken graduate courses? 

If so, where? 

Were these courses in mathematics? Education?, 

Other? If so, what? 

What mathematics or education inservice workshops have you 

participated in? (For example Making Math Count, Marilyn Burns, 

PRISM, district staff development....) 

Thank you for taking the time to complete this questionnaire. I look 
forward to meeting with you soon. 
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APPENDIX C 

Interview Oue.qr-ion.q 

First interview 

Introduce myself. 

Talk about the survey results, use this to begin to establish 
a rapport. Particularly about the graduate courses and 
inservice they might have been part of. 

Talk about my study -- I am looking at problem solving. 

Ask them about what they chink of when they hear the term 
"problem solving." 

What do you think problem solving is? 

Do you teach problem solving? 

I would like to visit your class on a day you are teaching 
problem solving, would you check your lessons and let me 
know next time when a convenient time would be. 

Second interview 

I will give the teachers a copy of the transcription of our 
first interview and ask them to read it if they have a 
chance before our next meeting and add any comments 
regarding its accuracy. 

Confirm the date of the observation. Schedule a time for a 
final interview sometime after the observation. 

I will ask the teacher to describe their own problem solving 
style in general (do I want to ask this at the beginning 
of the second interview)? 

Give the teacher one of the sets of problems and ask them to 
select one to solve. I will ask that they do any work 
they need to do on the paper provided. I will bring a 
calculator in case they do not have one handy. I need 
to tell them to solve the problem any way they want to, 
they do not need to do in the way they would for 
students. While they are working on the problem I will 
take notes and check appropriate problem solving 
strategies on the list. 
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APPENDIX C - Continued 

After they have completed a couple of problems I will ask the 
teacher to explain what they did to solve the problem. 
I will note what they said they did and audio tape this 
exchange (it may not be necessary to audio tape the 
solving interlude) . Then, I will shov; them the 
checklist and ask if they think what I noted is 
accurate. 

Third interview: 

Thank the teacher for having me in their classroom. I will 
share with them what I saw in the problem solving lesson 
and ask them if they think I interpreted the events 
correctly. I will ask if it was a typical day, anything 
I should know about as I look at what they did. 

I will ask them what they would like to see their students do 
when solving problems. Who in the class did they think 
was doing well (or usually does well on problem solving) 
and why? 

I will ask the teacher if they would like a copy of the 
transcript of this interview, if so I will mail it to 
them with a stamped, return envelope so they can make 
their comments and return it to me. 
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APPENDIX D 

The Problems 

Algebraic Problems 

Number Al 
You are planning to have champagne for your wedding reception 
and figure you will need 20 bottles. A special French brand 
costs $15 per bottle while an acceptable (but cheap) domestic 
brand costs $7 per bottle. You would like to buy only the 
French brand, but you can't since you have no more than $200 
to spend on champagne. So you figure you will buy French 
champagne for serving early in the reception and the cheap 
kind for serving later. What is the largest number of French 
bottles you can buy, keeping to your budget of $200 and 
buying a total of 20 bottles? 

Number A2 
The Southwestern gift shop sells herbariums for $20 each. At 
this price the chain sells 100 of them each week. Marketing 
consultants have told the chain management that for each 
decrease of $1 in the price, the chain can sell 10 additional 
herbariums each week. Should management lower the selling 
price to increase its income form herbariums? What should 
the price be so that its income from herbariums is as large 
as possible? The cost to the chain for each herbarium is $5. 

Number A3 
We were off on our first trip ever to Europe. Our plane left 
at noon, but the travel agent told us to be at the airport an 
hour ahead of time. So we all left the house at 10 a. m. to 
drive the 40 mi. to the airport. However, for some reason, 
there was very heavy traffic, and my father could only 
average 20 mph for the first 30 minutes. Both of my parents 
were getting more and more nervous before we got onto the 
freeway and the traffic cleared out. My mother asked me how 
fast we would have to go to get to the airport on time. What 
should my reply have been? 

Number A4 
A painter has formed a light pink by mixing 4 parts white 
with 1 part red. There are 2 liters of a darker pink that is 
half red and half white. How much white should be added to 
the darker pink to convert it to the lighter pink? 
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APPENDIX D - Continued 

Geometric Problems 

Number Gl 
Sawzy-Dusties is packaged in 4-in by 6-in by 10-in boxes. 
You are to design a cubical crate for shipping these boxes of 
cereal. It is to hold no more than 1000 boxes, and there is 
to be no wasted space inside. What should the (inside) 
dimension of the crate be, and how many boxes of cereal will 
each crate hold? 

Number G2 
You work for the Perfect Packaging Company. Your supervisor 
tells you, "A large rush order has just come in, and we need 
to send out 140 cartons as soon as possible. I'd like you to 
fill the cartons and tape them up. Before doing this you will 
need to pick up enough tape from the store room." "How much 
tape will I need?" you ask. The reply: "The cartons are 65 
centimeters long, 25 centimeters wide, and 10 centimeters 
thick; and we tape them twice around the long way and use two 
strips across the top." How much tape will you need? 

Number G3 
For tax purposes, buildings are assessed at a rate of 
$189/m2. 

Rectangular: 8 m by 13.7 5 m. 
L-shaped: 8.7 m by 11m plus 8 m by 9.5 m 

The tax rate is $52 for every $1000 of assessment. What must 
the owners of each of these houses pay in real estate taxes? 

Non-routine Problems 

Number Ml 
Four of five criminal cases are misdemeanors. The remainder 
are felonies. Two-thirds of all felony cases are solved, but 
two-thirds of all misdemeanors are not solved. What is the 
fraction of all crimes that are solved? 
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APPENDIX D - Continued 

Number M2 
You are in charge of ordering emergency phone boxes for 
along the interstate from Tucson to Nogales. How many should 
you order? You know that: 

The phones are to be placed every 1056 ft on both sides 
of the road. 

The length of the road to be covered is 55 mi. 
No phones are needed at either end of the road to be 

covered. 
1 mi. = 5280 ft. 

Number M3 
Of two neon signs, one blinks 80 times/minute; the other 
blinks 60 
times/ minute. The two signs are turned on at the same 
moment. How many times per minute will they blink together? 

(Note: all of the preceding problems are from Gay, 1992) 
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APPENDIX E 

Definitions of Problem Solving Strategies and Techniques 

Appears frustrated: The problem solver may make faces or 
verbally indicate they are frustrated by the problem 
solving process. 

Break mind set: The problem solver may pause and redirect 
their problem solving process. 

Break the problem into smaller problems: Separate components 
of the problem may be considered separately while 
solving the original problem. 

Check answer: Whenever the problem solver has reached a 
conclusion and they verify it's validity by putting it 
into the context of the problem. 

Do calculations: The mental or calculator aided numerical 
computations done while solving the problem. 

Draw a picture: A picture may be drawn to represent the 
conditions of the problem. 

Guess and check: Whenever the problem solver identifies a 
possible solution be guessing, followed by a check to 
verify the accuracy of the guess using the conditions of 
the problem. Subsequent guesses are made using what is 
learned in the check. 

Guess: The problem solver makes a guess and does not check to 
determine if it is accurate. 

Look for a pattern: Whenever the problem solver looks at the 
work they have completed in an attempt to identify a 
pattern that can inform the solution process. The 
pattern may be based on visual or quantitative data 
generated by the problem solver. 

Make a chart: Any use of a table to organize data in the 
analysis of the problem 

Make a model: The problem solver may use physical objects, or 
representations of physical objects to model the 
information in the problem 

Make a plan: The problem solver outlines a plan to use when 
solving the problem. This does not include any actual 
work toward a solution. 



201 

APPENDIX E - Continued 

Quit: Whenever the problem solver decides to stop the problem 
solving process before reaching a solution. 

Read the problem: The problem solver reads the entire problem 
at once. 

Refer to the problem: Whenever the problem solver refers to 
all or part of the problem during the solving process. 

Review work: Whenever the problem solver pauses in the 
solving process to look back at the work they have 
completed. 

Rewrite problem: Information is rewritten using words and/or 
symbols of the problem solver. 

Solve a related problem: The problem solver remembers a 
problem they have had experience with before that 
appears related to this problem. 

Solve a simpler version of the problem: The problem solver 
may create and solve a simpler version of the original 
problem. This may involve making numbers smaller, or 
considering smaller/related cases. 

Stop and think: The problem solver may stop to reflect on 
their work or plan, or reconsider the problem. 

Work backwards: The problem solver may start with the 
conditions in the problem that signify the problem is 
solved and create the situation that could have resulted 
in these conditions. 

Write algebra: Whenever the problem solver identifies 
unknowns using variables, writes equations, or solves 
equations. 
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APPENDIX F 

Problem Solving Checklist: 1 

analyze data I 
be efficient 
break mind set { 

break problem 
into parts 

i 

check answer I 
consider a 
related 
problem 
consider 
options 

I 

draw a picture 
emotional 
response 

1 

follow steps [ : 

guess I 

guess and 
check 

\ 
t 
I I 

look for a 
pattern 

t t I 

make a chart 
\ t 

make a model I 
make a plan I f I 
refer to the 
problem 

E 

relate to 
prior 
knowledge 

[ 

review work \ 

rewrite the 
problem 

t 

show work t t : 

stop and think 
translate to 
mathematics \ 

Work backwards i 

work with 
someone 
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APPENDIX G 

Definitions of New Codes 
Analyze the problem: Considering a problem by logically 

organizing the conditions of the problem in order to 
understand it prior to beginning to solve the problem. 
Analyze data: Looking at and playing with information 
relevant to the problem in an attempt to understand the 
problem and plan a solution. 

Be efficient: Whenever the problem solver decides on a 
particular action because it would save them time or 
steps when solving a problem. 

Consider options: Any time the problem solver pauses to think 
about different ways the problem could be solved. 

Emotional response: Whenever the problem solver expresses or 
exhibits an emotional response to the problem solving 
process. 

Follow steps: Whenever the problem solver refers to or uses a 
prescribed sequence of steps needed to solve a problem. 

Show work: Any time the problem solver writes down their work 
so they, and others, can see the solution process they 
employed. 

Solve a related problem: When the problem solver refers to, 
or writes another problem to solve in an attempt to 
inform the problem solving process with a problem. 
Usually, the problem referred to is a simpler version of 
the same problem. 

Use algebra: Any time the problem solver uses variables to 
make sense of the problem. 



204 

APPENDIX H 
Problem Solving Behaviors Check List 

1 emotional 
[response 
[break mind set 
break problem 

i into parts 
1 

1 check answer 1 
1 consider 
[options : 

i draw a picture 
1quess 
[guess and 
1 check 
1 look for a 
i pattern 

e 

E make a chart : 

s make a model 
1 make a plan : 

[be efficient : 

1 follow steps : 

1 refer to the 
\problem 

: I 

1 relate to 
1 prior 
i knowledge 

\ 
\ 

1 review work 
i rewrite the 
1 problem 

1 
I t 

[consider a 
i related 
1 problem 

t 

1 .. • 
t show work \ 
s stop and think i 
1 work with 
1 someone 
1 translate to 
1 mathematics 
[work backwards L-.X. .».• -
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APPENDIX I 

Example of Coded Data 

The following passage was taken from the second interview 

with Karen. She is describing her own problem solving 

practice, in general. The codes written at the left were used 

to count the behaviors she referred to in that passage. While 

she refers to, for example "translate to mathematics" several 

times, I counted it only once, the first time she referred to 

it, in the passage below. 

translate to Karen: Yeah, yeah. I would say so. I try to 
math reduce it just to the bare facts, and, uh, you 

know, any extra information toss it. Any 
information that's still needed, if I need to 

relate to past draw on anything, like if gravity would be 
knowledge considered, or something, and that's not 

mentioned in the problem or something like 
that. 
CM: So you mean drawing on other knowledge. 
Karen: Yeah, 
CM: OK. So, could you characterize your 
problem solving style, then? 

draw a picture Karen: Very concrete sequential, draw it out, 
or reduce it to the bare facts. 
CM: umm hmm. 
Karen: Uhmm, I'm a very visual person, so I 
want be everything right in front of me, in as 

be efficient concise form as possible. 
CM: umm hmm. Everything meaning the 
information in the questions in the problem? 
Karen: Yeah, right. Yeah, and any facts, and 

show work umm, I want to see where I'm going, umm, rather 
than just doing it in my head. 
CM: umm hmm. 

follow steps Karen: But, fairly concrete sequential, [she 
chuckles] 
CM: So, see where you are going, meaning like 
showing the work that you do? 

review work Karen: Yeah, so that I can go back and trace 
my steps and make sure that what I did was 
logical. 
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Classification of Problem Solving Behaviors 

Behavior Classification 
1 analyze data reform 
1 analyze 
i problem 

reform 1 
t \ 

1 be efficient traditional ! 
I break mind set reform I 
I break problem 
1 into parts 

traditional •! 

i check answer both i 
iconsider a 
related 
problem 

both I 

i consider 
options 

both 1 

draw a picture both 
emotional 
response 

both 

follow steps traditional 
guess both 
guess and 
check 

reform 

look for a 
pattern 

reform 

make a chart reform 
make a model reform 
make a plan both 
refer to the 
problem 

both 

relate to 
prior 
knowledge 

both 

review work both 
rewrite the 
problem 

reform | 

show work both i 
stop and think reform | 
translate to 
mathematics 

traditional 1 
1 

work backwards reform = 
1 work with 
someone 

reform 1 
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Karen's Review Quiz 

Simplify. 

1. x^y^x^xylO 
1 1 2  

y3X2yx3 
2 .  1 

X4 

3. Give the rule for multiplying with powers 

if bases are alike. 

4. How about dividing like bases? 
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Karen's Examples for the Lesson 

Simplify 
T b 

a) x-^ySx2y-'-

b 
(x3y2)2 

b) 
y2 
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A Sample of Karen's Problem Solving Work 

We were off on our first trip ever to Europe. Our plane left 
at noon, but the travel agent told us to be at the airport an 
hour ahead of time. So we all left the house at 10 a. m.- to 
drive the 40 mi. to the airport. However, for some reason, 
there was very heavy traffic, and my father could only 
average 20 mph for the first 30 minutes. Both of my parents 
were getting more and more nervous before we got onto the 
freeway and the traffic cleared out. My mother asked me how 
fast we would have to go to get to the airport on time. What 
should my reply have been? 

(O 

10 - (0'.3O '0 

^0 
SO 

p' / zk  k> 40 

L 1 K/\. ^DlrrJUy 
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Mv Rendering of Karen's Board Work 



APPENDIX 0 

Sara's Opening Quiz 

Solve. 
1. log448 - log4x = log46 
2. 2 log73 + 3 log72 = logv x 
3. log4(x +2) + log4 (x - 4) =2 
Express in scientific notation. 
4. 8,130,000 

5. 0.0325 
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A Sample of Sara's Problem Solving Work 

You are in charge of ordering emergency phone boxes for 
along the interstate from Tucson to Nogales. How many should 
you order? You know that: 

The phones are to be placed every 1056 ft on both sides 
of the road. 

The length of the road to be covered is 55 mi. 
No phones are needed at either end of the road to be 

covered. 

1 mi. = 5280 ft. 

; U i - 2'^o, 

[SB 



APPENDIX Q 

Kim's Circle? Drawing 
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A Sample of Kim's Problem Solving Work 

Four of five criminal cases are misdemeanors. The remainder 
are felonies. Two-thirds of all felony cases are solved, but 
two-thirds of all misdemeanors are not solved, what is the 
fraction of all crimes that are solved? 

T 
3 

J 
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