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ABSTRACT 

One problem of interest to the oceanic engineering community is the detection 

and enhancement of internal wakes in open water synthetic aperture radar (SAR) 

images. Internal wakes, which occur when a ship travels in a stratified medium, have 

a "V" shape extending from the ship, and a chirp-like feature across each arm. The 

Radon transform has been applied to the detection and the enhancement problems 

in internal wake images to account for the linear features while the wavelet transform 

has been applied to the enhancement problem in internal wake images to account for 

the chirp-like features. Although the Radon transform accentuates linear features, 

there have been several difficulties applying this transform to the wake detection and 

enhancement problem because the transform is not localized. In a recent article by 

Copeland et. al., a localized Radon transform (LRT) was developed and was shown 

to reduce the speckle noise. In this dissertation, another derivation of the LRT is 

obtained which shows that this transform is equivalent to the Radon transform with 

a rectangular window function. Several properties not considered in the article are 

derived using the new formulation. Another transform which has been applied to 

internal wake images is the wavelet transform. In a recent paper by Teti et. al., 

the wavelet transform was applied to slices through internal wakes in SAR images. 

Although the wavelet transform reduced the speckle noise in SAR wake images, it 

required extracting a line from the image. In this dissertation, a wavelet localized 
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Radon transform is developed which performs the wavelet transform on all lines in 

an image without explicitly extracting slices of the image. The fundamental theory 

for this transform is developed and several examples are considered. This transform 

is then expanded to include features which occur over a region with a significant 

length. The fimdamental theory for this new transform, a localized Radon transform 

with a wavelet filter, is developed and several examples are provided. These new 

trainsforms are then incorporated into optimal and sub-optimal detection schemes 

for images with linear features, including ship wakes, which are contaminated by 

additive Gaussian noise. 
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Chapter 1 

Introduction 

The detection and the enhancement of internal wakes in open water synthetic 

aperture radar (SAR) images is an extremely difficult problem for several reasons. 

First, although some information about the shape of the wake is known a priori, the 

actual location of the wake is not known. In addition, the wake detection and en

hancement problems are complicated because often there is significant background 

noise. The objective of this research is to develop new techniques for analyzing fea

tures of internal wakes in SAR images, with the ultimate focus being the detection 

of internal wakes. The remainder of this chapter provides a brief overview of SAR 

followed by an outline of this dissertation. 

1.1 Overview of Synthetic Aperture Radar 

Synthetic aperture radar, an active radar system which produces high reso

lution images, has become extremely useful in remote sensing including imaging 

the ocean surface and imaging internal ship wakes [1-3]. SAR is an active system 

and thus it performs effectively irrespective of daylight. Typically, SAR systems 

operate in the microwave regions and are not significantly affected by moisture or 

cloud cover since the atmospheric transmission is nearly 100% in this region. Thus, 
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Figure 1.1: Geometry of a synthetic aperture radar (a) in three dimensions and (b) 
illustrating ground range parameters. 

SAR provides all day and all weather operation. The simplified geometry for a 

typical SAR system is shown in Figures 1.1 (a) and (b). The antenna on the SAR 

system moves at a constant altitude (either on a satellite or airplane) parallel to the 

region which is being examined. A series of radar pulses are emitted perpendicular 

to the flight path and the returned echos are stored for processing. By processing 

the returned echo in a sophisticated matter, it is possible to improve the azimuth 

resolution significantly as compared to classical real antenna radar (RAR) systems. 

In addition to high resolution in azimuth, a pulse compression technique developed 

for RAR systems to achieve high resolution in range is used commonly in SAR sys

tems. Thus, a SAR system produces images with high resolution in both azimuth 

and range. 

SAR systems have become widely used in the area of remote sensing, both for 

land and open water images. Although SAR systems are able to generate images 
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with a high resolution, the images often have a grainy appearance due to error in 

the phase information, called speckle noise [2,3], which occurs in coherent systems. 

Speckle noise is one of the main sources for degradation in SAR images, and 

many different types of enhancement and detection techniques have been designed 

in an effort to minimize the effects of speckle. One method of reducing speckle 

noise is to "average" regions which cover the same region of an image, either across 

successive time images or by combining multiple images of the same scene. Mul-

tilook processing provides a method of averaging looks from a single aperture by 

breaking the aperture into N subapertures [1-3]. Each subaperture provides an 

independent look at an area of the image. By averaging each subaperture incoher

ently, the speckle variance is reduced by a factor of N. However, because multilook 

processing averages over pixel widths, the reduction of speckle noise is obtained at 

the  expense  o f  dec reas ing  t he  r e so lu t ion  by  a  fac to r  o f  N.  

Many SAR systems are capable of obtaining multi-polarized and multi-frequency 

images simultaneously. Thus, another method of reducing speckle noise is by com

bining images of the same scene. In [4], a polarimetric whitening filter (PWF) 

is derived which provides an optimal method of combining the three complex ele

ments HH, HV, and VV of the polarimetric scattering matrix to minimize speckle 

noise assuming the correlation coeflficients and ratios of intensities between the 

complex elements are known for every pixel. This technique reduces the standard 

deviation-to-mean ratio by 4.8dB relative to a single-channel \HH\^ image. In [5], 

polarization diversity is derived. Unlike the PWF, this algorithm could be applied 

to both intensity and amplitude representations of the signal. In addition, polar

ization diversity, when applied to multifrequency polarimetric SAR data, reduced 
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the standard deviation-to-mean ratio by 3.9dB. 

In addition to the averaging techniques just described, many advanced math

ematical methods have been developed and applied to enhancement and detection 

problems in S AR images. For example, wavelet denoising filters were developed and 

shown to provide a reduction in speckle noise when applied to SAR land images 

[6] and slices of open water SAR images [7]. Radon transform based methods have 

been applied to the wake detection and enhancement problems in open water SAR 

images [8-10]. Neural networks have been utilized to improve texture and image 

segmentation [11] and to obtain an open water wake detector [12]. 

Many of the mathematical methods which are applied to SAR images have 

properties specifically suited to the application. For example, the neural network 

algorithms designed for image segmentation [11] and for internal wake detection 

[12] have significantly diflferent structures. In [11], a three step image segmentation 

algorithm is developed to study the texture of various regions in an image. In 

the first step of the algorithm, a filter specifically designed for extraction of texture 

information is utilized. In [12] a very diflferent problem, the wake detection problem, 

is investigated. In this problem, the linear features of the wake are used in the 

development of the neural network. Within the context of this dissertation, several 

new transforms are developed. These transforms are designed specifically to take 

advantage of the "V" shape extending away from the ship and the distinct chirpnlike 

pattern across each wake arm and aid in the detection problem in open water SAR 

images. 



1.2 Outline of Dissertation 

The Radon transform accentuates linear features in images and has been ap

plied successfully to the enhancement and detection problem in SAR open water 

images [8-10]. Because the Radon transform is not a local transform, several prob

lems exist when the transform is applied to SAR images in noisy environments 

[8,9]. In [9], the domain of the Radon transform is constrained, creating a localized 

Radon transform. In Chapter 2, another derivation of this transform is provided 

which allows one to see that the localized Radon transform is equal to a Radon 

transform with a simple rectangular window function. The new form of the local

ized Radon transform is used to derive several relationships to the Radon transform 

and to show that it is an invertible transform. Lastly, several examples, including a 

small section of a simulated and real SAR wake, illustrate how the localized Radon 

transform accentuates linear line segments. 

The wavelet transform is used to filter a slice through an open water SAR im

age and showed a reduction of speckle noise in [7]. In Chapter 3 a new transform, 

the wavelet localized Radon transform (WLRT), is derived. The WLRT performs 

a wavelet transform on all slices of the image. Unlike the wavelet transform in 

the algorithm presented in [7], the WLRT does not require extracting lines exter

nally prior to the transform. Fundamental properties of the WLRT are derived 

and several examples are provided to show how features are accentuated with this 

transform. Although the WLRT is extremely useful at enhancing features which 

occur on the line, it has difficulty when the features occur over a significant length. 

Therefore, another transform, the localized Radon transform with a wavelet fil

ter (LRTWF), is derived which accounts for this behavior. Several examples are 
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provided which illustrate the benefits of this transform. 

In Chapters 2 and 3, three transforms are developed which accentuate various 

linear features in images. In Chapter 4, these transforms are incorporated into a 

detection scheme. A brief review of the basic composite detection problem and 

two common detectors, a Neyman Pearson detector and a Maximum Likelihood 

detector, are provided. Then several examples illustrate how the new transforms 

can be used to simplify the detectors. Lastly, the performajice of each detector is 

evaluated for a simulated SAR image. 

A summary of the research presented in this dissertation, and some possible 

directions for continued work are given in Chapter 5. Following the summary are 

three appendices. The first two appendices give a brief overview of generalized func

tions and the Fourier transform. The last appendix includes several mathematical 

calculations used in Chapter 4. 
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Chapter 2 

The Localized Radon Transform 

The Radon transform was first introduced in 1917 [13]. Over the past 80 

years it has become extremely useful in many areas, particularly in tomography 

[14-17]. One distinguishing feature of the Radon transform is its ability to aid in 

the detection and enhancement of Unear features. However, there have been several 

key difficulties with the Radon transform when it is applied to the wake detection 

and enhancement problem [8,9]. First, although the wake is a "V" shape, each 

arm is not a perfect line. The Radon transform may not produce significant peaks 

for features with even a small amount of curvature in noisy environments. Second, 

although the Radon transform produces maxima for linear features which cover the 

entire extent of the image, this is not always the case for shorter linear features 

in noisy environments. The importance of both problems depends on the relative 

levels of the signal ajid the noise in the image. 

In the past, the main strategy of combating the problems associated with lin

ear features which do not cover the extent of the image or have a small amount 

of curvature was to filter the data either before or after the Radon transform. For 

example in [10], the Radon transform was incorporated into a simple automatic 

detection algorithm. Both preprocessing and postprocessing were utilized to reduce 
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the number of false alarms. Alternatively, in [9] a new transform, the localized 

Radon transform, examined linear features by restricting the domain of the Radon 

transform. This method showed promising results when it was applied to the en

hancement of linear features in images, both for slightly curved features and features 

which do not cover the entire extent. 

In this chapter, a brief overview of the Radon transform is provided followed by 

an alternative approach to localizing the Radon transform. In the new approach, 

the Radon transform is restricted to a line segment with a rectangular window 

function. This localized Radon transform is compared to [9] and shown to be 

equivalent. Several key relations between the Radon transform and the localized 

Radon transform, not presented in [9], are derived. These properties are applied 

to show invertibility of the localized Radon transform. The chapter concludes with 

several examples illustrating the benefits of this new transform. 

where / is a continuous function with compact support, i.e. / G Co(R^), 0 < 0 < tt, 

—oo < p < GO, and S is the Dirac delta function [14,16]. The RT calculates 

t h e  i n t e g r a l  o f  t h e  f u n c t i o n  /  o v e r  a l l  p o s s i b l e  l i n e s ,  p a r a m e t e r i z e d  b y  0  a n d  p ,  

in the two-dimensional plane. This property leads to the usefulness of the RT in 

tomography and in detection and enhancement of linear features in images. Note 

that continuity of the function / is essential because of the delta function. A further 

2.1 The Radon Transform 

The definition of the two-dimensional Radon transform (RT) is 

(2.1) 
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Figure 2.1: Coordinate change used in an alternate formulation of the Radon trans
form. 

discussion of generalized functions, including a precise definition of the Dirac delta 

function and properties of test functions, is given in Appendix A. 

Another formulation of the RT can be obtained by applying the substitution 

X = —usin0 + UCOS0 y = ucos9+ vsm6, (2.2) 

or equivalently 

•u = —a;sin0 + y COS0 u = icos0 + ysin0, (2.3) 

where the relationship between the (x, y )  and (w, v )  coordinate systems is shown in 

Figure 2.1. Using this substitution, we can write the RT as 

9{P, d )  = J J dudv  f {  —us in9  +  vcos9 ,ucosd  +  vs in9 )  S (v  —p)  

= J du  f{—us in9+pcos9 ,ucos9+ psm9) ,  (2.4) 

where / € Co(R^), 0 < 0 < tt, and -co < p  <  o o  [14,16]. 

The RT can be written in terms of Fourier transforms using the projection-slice 

theorem [14]. In operator form, the projection-slice theorem states that 
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where Tit % are the two ditaensional Fourier transform operator, the one 

dimensional Fourier transform operator along the radial direction of the RT, and 

the RT operator respectively [14]. The projection-slice theorem can be used to 

identify the inverse RT as 

Thus, the inverse RT can be determined by performing a one dimensional Fourier 

transform followed by an inverse two dimensional Fourier transform. Although the 

implementation is straightforward in continuous space, implementing the RT in 

discrete space, is more difficult. In order to apply the projection-slice theorem, an 

interpolation step between rectangular and polar coordinates is performed which 

may introduce a significant amount of error [14,16]. Several other methods of 

implementing the forward and inverse RT have been developed and are discussed 

in [14,16]. 

The RT of three images, a line, a line segment, and a curved feature are shown 

in Figure 2.2 for three noise levels. In this figure, the signal to noise ratio (SNR) 

is s^s/(7^. The transforms are shown using a gray scale, where white represents a 

mciximum and dark represents a minimum. In the case of a line, a well isolated 

bright spot occurs in the RT. This spot is visible even when the SNR is 15dB. For 

an SNR of 20dB, the spot is clearly visible. In the case of a line segment, a bright 

spot occurs in the RT; however, the spot is not as localized as in the case of the 

line. For an SNR of 15dB, the spot is difficult to detect visually. However, when the 

SNR is 20dB, the spot is visible. In the last example, the RT of a curved feature is 

shown. Unlike the previous cases, a small isolated curved feature occurs in the RT. 

This feature is difficult to see in the presence of noise, both for SNR values of 15dB 

and 20dB. Thus, the RT emphasizes linear features which cover the entire extent 
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Test Image Noise Free SNR=20dB SNR=15dB 

(b) 

(c) 

Figure 2.2: The RT of a (a) line, (b) Une segment, and (c) curved feature for 
various noise levels. Note that the horizontal and the vertical axis for the image 
are —5<x<5 and —5 < y < 5 respectively and the horizontal and vertical axis 
for the RT are 0 < 0 < tt and —5 < p < 5 respectively. 

of the image better than features which do not cover the entire extent of the image 

or have some curvature. 

2.2 The Localized Radon Transform 

The Radon transform is very useful at accentuating lines in images. However, 

line segments and lines which have a small amount of curvature may not produce 

significant peaks in noisy environments because the transform is not localized. Next, 
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Figure 2.3: Dlustration of the parameters of the LRT. 

a localized Radon transform (LRT) is derived which restricts the Radon transform to 

line segments by applying a rectangular window function. An alternative derivation 

of this transform, found in [9], is discussed in detail in Section 2.2.2. 

2.2.1 The Forward Transform 

The LRT of a function / e Co(R^) is defined as 

where S is the Dirac delta function, A 6 R"^, p, g 6 R, 0 G [0,7r), and W\ is a 

window function 

The parameters of the LRT are illustrated in Figure 2.3. For the purposes of this 

work a rectangular window is suflBcient. However, it is possible to implement a 

more generalized window. 

Like the RT, the LRT calculates the line integral over all lines in an image 

parameterized by the coordinates (p, 9) in the two dimensional plane. However, now 

{TZ^°' ' f) ip,9,q) = J J dxdy f{x,y) 5{xcos9+ ysin6 -  p) 

X Wx{—xsm6 + ycos9 — q),  (2.5) 

1, |ar|<A/2; 
0, elsewhere. 

(2.6) 
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the integration is performed with a window function, a simple rectangular function 

of length A. Note that the window determines the portion of the line which is being 

analyzed in a manner similar to the window function in the Short-Time Fourier 

Transform [18-20]. Unlike the RT, the LRT transforms a function of two variables 

to a function of three variables. In addition, the window function depends on the 

parameter A. Thus, although the transform is localized, it is significantly more 

complex than the Radon transform. 

Another form of the LRT can be obtained by substituting 

The window function is substituted into the above expression which yields 

Note that Equations (2.5), (2.7), and (2.8) are equivalent. 

2.2.2 Relationship to the Localized Radon Transform in [9] 

The region of integration of the Radon transform is the entire plane. By 

reducing the region of integration, the Radon transform can be localized. In [9], 

the LRT is defined as 

X = —usin0 + ucos0 y = ucos6 -\-vs\n9 

into Equation (2.5). Thus, 

(n'- ' ' f )(p,e,q) = Jduf(-u sinB + pcos6,ucos6 + psind) Wx{u — q).  (2.7) 

'Xmax fVm&x 
dy dx /(x,y) 5{p — xcosO — ysinO),  (2.9) 
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Region of 
Integration 

Figure 2.4: Illustration of the parameters of the LRT as defined in [9]. 

where 

2^min = min(p cos 0 — a sin 0, p cos 0 — (cr + A) sin d),  
^max = max(p cos 0 — (T sin 9, p cos 6 — {a + X) sin 0),  
2/tnin = /3 sin 0 + cr cos 0, 
Umax = psm0 + acos9, 
a is the shift parameter, 
A is the length of the line integration, 

and 6 is the Dirac delta fanction, A G R"*", p,(j G R, 0 E [0,7r).^ The parameters 

p and 0 are the exact parameters used in the Radon transform and determine the 

line of integration. The parameters a and A specify the point on the line where the 

integration begins and the length of the integration respectively. Note that the value 

of the parameter A is chosen prior to the transform and determines the amount of 

localization, i.e., a smaller A represents more localization. The relationship between 

the parameters of the localized Radon transform is illustrated in Figure 2.4. 

^Note that the definitions of imin ajid Xmax in [9] have a typographical error. The quantity 
p sin 0 should be replaced by p cos 6. 
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Definition Definition 
in [9] in Dissertation 

P P 
9 9 
a 9 +A/2 
A A 

Table 2.1: Relationship between the parameters of the LRT definition of [9] and 
this dissertation. 

Claim The definit ions of  the LRT given in Equation (2.9) which was presented 

in [9] and Equation (2.5) in this dissertation are equivalent with the parameter 

relationships shown in Table 2.1.  

Proof: 

A simple calculation is performed to show that the transforms are equivalent. 

The function 2:sin0 + ycosO — a + A/2) is identically equal to one in the 

domain of integration, so Equation (2.9) can be written as 

- r^Tmax rymax 
( '^p°' ' / )(^,PiO-) = / /  dx dy f{x,y) 6{p-xcQs6-ysmO) 

X xsin0 + y COS0 — cT + A/2). 

Since W\{—xsinO + ycos9 — a + X/2) and 5{p — xcos6 — ysm0) restrict the inte

gration to the line segment defined by the domain, the domain of integration can 

be extended to the entire plane 

= j Jd x  d y  f { x , y )  5 { p - x c o s e - y s i n e )  

X Wx{—xsm9 + ycos9 — a + X/2).  

Substituting the parameters q + X/2 and p for a and p, we find 

{'R.^f){9,  p,a) = J J dx dy f{x,  y) S{p- x c o s 9  -  ysin 9 )  
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X l 'rA(—a;sin0 + ycos^ — g) 

Thus, the two transforms are equivalent. • 

The LRT in Equation (2.9) is defined by restricting the region of integration of 

the RT and thus it is necessary to explicitly define a reduced region of integration. 

In the formulation of the LRT given in Equation (2.5), only a line length needs to 

be specified to determine the size of the window function. 

2.2.3 Relationship to the Radon Transform 

The new formulation given in Equation (2.5) clearly shows that the RT calcu

lates the integral of lines in the plane, while the LRT calculates the integral of line 

segments in the plane. These two transforms are closely related and three theorems 

are presented which show relationships between the two transforms. The first two 

theorems show that the RT can be recovered from the LRT for discrete q and con

tinuous q respectively. The last theorem shows that when the window size becomes 

large the LRT is essentially the RT. 

Theorem 2.2.1 FOT any N ^ and X 6 R"*", 

(7i/)(p,9) = i f: (K'"/)(p.e.?„) (2.10) 
n=—OO 

where qn = ^A. 
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Proof: 

The proof of the above expression can be found by a direct calculation. Ap

plying the definition of the LRT in Equation (2.8), we find 

1 °° 1 °° /•'7n + -
— Y, 53 /  dufi-usinO + pcos9,ucose +psme).  

n=—oo •' n=—oo 

Since qn = ^A, the above expression can be written as 

J 00 00 

— Yl c^^'" ' /)(p,^.9n) =-^ Y j n I du f{-usin6COSB,ucos9  ̂ psinO).  
n=-oo •'* n=-oo •'^(•^"2) 

The summation can be split into two summations 

y t, (K'"/)CP,«.?n) 
ri=-oo 

~ ^ ^ / ml ^sin0+pcos0, iicos0+ psin0), 
i7i=0n=—00 •^("•'"^"2) 

and the second summation and integration are combined to produce 

1 » 1 roo 
— 53 ("/?• °V)(P)^,9n) = -TTY j  duf[-us\ne+pcosd,ucos9 + psm9) 
•' n=-oo m=0 °° 

/OO 

rfit /(—u sin 0 + p cos 0, cos 0 + p sin 0) 
-00 

= W ) { p , d ) ,  

which completes the proof. • 

The last theorem shows that the RT can be recovered from the LRT when 

for any N E A similar method can be used to recover the RT when 

q is continuous. 
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Theorem 2.2.2 For any A € R"*", 

(K/)(}i,9) = (2.11) 

Proof: 

As with Theorem 2.2.1, the proof is obtained by direct computation. Substi

tuting the definition of the LRT in Equation (2.8), we find 

1 roo 1 fo® ri+^ 
-  dq {H f)(p,6,q) = -  / dq duf{-usm0 + pcos9,ucos6 + psinO).  
A J  —oo A J—oo Jq—j 

Since f  ^  Co, the order of integration can be interchanged, 

\[  dq {'Jl^° '^f)(j) ,9,q) = \  [ [ ^ du dq f{~usin6 + pcos9,ucos9 + psind) 
AJ—OO Ay—ooJU —y 

and the inner integration is performed to produce the result 

y/  dq {'R.^°'^f){p,6,q) = f du/{—usinO + pcos9,ucos9 + psinO) 
A y—oo J —00 

= inf) ip,9),  

which completes the proof. • 

In the past two theorems, the RT was recovered from the LRT. Next, we 

examine the transform when the localization parameter A becomes large. 

Theorem 2.2.3 For every 9 € R, 

= lim {1l^'^f) ip,9,q).  
A—•OO 

(2.12) 
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Proof: 

Since / € Co(R-^), there exists an > 0 such that when + y"^ > B? then 

f{x,y) is identically equal to zero. Assume q is given. Select A > 2{R+ |g|). Note 

that for u > +R + and u < —R — |g | ,  the function f{—u sin0 + pcos 9, ucos6 + 

psind) = 0. 

The LRT can be written as 

{TZ f){p,  9,  q) = / duf{—usin9+pcos9,ucos9+psin9).  
Jq-R-\q\ 

Since / is identically equal to zero outside of the integration bounds, the LRT can 

be written equivalently as 

{'Jl^° '^f){p,9,q) = [ duf{—usin9 + pcos9,ucos9+psm9) 
J —OO 

= m){p,9),  

which completes the proof. • 

2.2.4 The Inverse Transform 

In the previous section, several relationships between the RT and the LRT were 

shown. Since it is well known that the RT is invertible, these relationships can be 

used to show invertibility of the LRT. For example, using Theorem 2.2.1, we find 

/ = (2-13) 

Equivalently, using Theorem 2 2.2, we find 

J = n- '{j jdqin' ' ' f) (p ,9,q)y  (2.14) 
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Thus, the inverse of the LRT requires one additional step compared to the inverse 

RT. 

2.2.5 Numerical Implementation 

The LRT has been developed using the RT coordinates (p, 6 ) . However, the 

transform can be defined equivalently in terms of rectangular coordinates. Define 

the rectangular parameters (a, P) as 

a = qsind + pcosO ^  = qcosO — psinO. (2.15) 

The LRT can be written as 

= J J dxdy f{x,y) S{(x -  a)cos9 + {y -  P)sin9) 

X (x -  a) sin0 + (?/—/3) COS0), (2.16) 

in terms of (q,/?). Note that the transforms in Equations (2.5) and (2.16) are 

equivalent. 

Another formulation of the LRT can be obtained in terms of Fourier transforms, 

where the notation for the Fourier transform is provided in Appendix B. Appljdng 

Parseval's theorem to Equation (2.16), we find 

r /•/• - 4 sin f^(-^ sin 0 + 1/cos 0)) 
(K'"/)(a,9,/J) = / d(dufii,y) - },%. • (2.17) 

J J A ^(—^smt/+ i/cosp) 

Conveniently, the LRT in rectangular coordinates can be obtained by taking 

the discrete Fourier transform of the image, multiplying by 

V 4sin ( |(-^jtsin0 + I//COS0)) 

^ A |(—^fcsin^ + f/cos0) 
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Figure 2.5: Diagram of the implementation of the LRT. 
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Figure 2.6: Description of the LRT which illustrates how the three dimensional 
transform is viewed. 

and then taking the inverse Fourier transform, as illustrated in Figure 2.5. Since 

an analytical form of the Fourier transform of the rectangular window function 

is known, the rotation information is introduced by the window function and an 

interpolation between rectangular and circular coordinates step is not needed. Note 

that the rotation transformation given in Equation (2.15) can be applied to the 

rectangular form of the LRT to obtain the transform coordinates p and q. Figure 

2.6 illustrates the method used herein to view this transform. 



37 

2.3 Examples 

The LRT was designed to aid in the detection of localized linear features. 

Next, two examples illustrate how the localized Radon transform accentuates linear 

features. 

2.3.1 Linear Features in Noise 

In Figure 2.2, the Radon transform for three images, a line, a line segment 

and a curved feature are shown for the error free case and for SNR=15dB and 

SNR=20dB. The LRT for the same test images are examined herein. 

The LRT of a line segment is shown in Figure 2.7 where A = 5, the length of 

the segment. The transform is shown using a gray scale, where white represents a 

maximum and dark represents a minimum. In the noise free case, a strong maximum 

occurs when 0 = 20 degrees. In addition, the maximum is extremely well isolated 

in p. In q, the maximum is not as well localized, but still identified easily. When 

noise is added to the image, the maximum is for the 15dB and 20dB cases. 

The LRT of a line is shown in Figure 2.8 where A = 5. In the noise free 

case, a strong horizontal line is present in the LRT domain when 0 = 20 degrees. 

When p and 9 equal the Radon transform coordinates of the line in the image, the 

window function covers the line for all values of q. Unlike the line segment case, 

the maximum in the LRT domain is a line, not an isolated point. This behavior is 

discussed in more detail in the next example. Note that the linear feature is visible 

for the SNR=15dB case and clearly visible for the SNR=20dB case. 
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In Figure 2.9, the LRT of a curved feature is shown. For the error free case, 

an interesting behavior is noted. At the top of the image, the curved feature is 

very similar to a vertical line. In the LRT domain, this results in a strong response 

when 0 = 0 degrees. Toward the middle of the image, the feature occurs at roughly 

9 = 20 degrees. In the LRT domain, this results in a strong response at 0 = 20 

degrees. Likewise, the curve has a feature similar to a line at 0 = 40 degrees toward 

the bottom of the image. This feature corresponds to a strong response at 0 = 40 

degrees in the transform domain. Thus, the LRT is able to extract more information 

about the curved feature than the Radon transform. Note that the feature at 0 = 20 

is easily identified when SNR=15dB, while all three features 9 = 0, 20, 40 are all 

visible when SNR=20dB. 
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Test Image Noise Free SNR=20dB SNR=15dB 

Figure 2.7: LRT of an image with a hne segment. Note that the horizontal and the 
vertical axes for the image are —5 < x < 5 and —5 < j/ < 5 respectively and the 
horizontal and vertical axes for the {q,p) block in the LRT are —5 < 9 < 5 and 
—5 < p < 5 respectively. 
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Figure 2.8: LRT of an image with a line. Note that the horizontal and the vertical 
axes for the image are —5 < a; < 5 and —5 < y < 5 respectively and the horizontal 
and vertical axes for the (q, p) block in the LRT are —5<q<5 and —5 < p < 5 
respectively. 
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Test Image Noise Free SNR=20dB SNR=15dB 

Figure 2.9: LRT of an image with a curved feature. Note that the horizontal and 
the vertical axes for the image are —5 < x < 5 and —5 < y < 5 respectively and 
the horizontal and vertical axes for the {q, p) block in the LRT are —5<q<5 and 
—5 < p < 5 respectively. 
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2.3.2 Effect of the Window Size 

As shown in Section 2.3.1, the LRT accentuates a line segment effectively in 

noisy environments, when the length of the line segment is known. However, in 

practice, the length of the line segment is not known exactly. Next, the effect of 

error on the window parameter is investigated. 

The LRT of a line segment of length L=32 pixels is shown in Figure 2.10 for 

three values of A. For all three cases, a strong horizontal feature appears in the 

LRT domain at the angle of the line segment, 20 degrees. However, the horizontal 

features in the transform domain have different forms depending on the value of 

A. For example, when A is equal to the length of the line segment, the horizontal 

feature has a sharper maximum. 

An analytical expression for an arbitrary horizontal slice through the LRT can 

be found by substituting the parameters of the angle OQ and the position of the line 

Po into the definition of the LRT, 

S{q) = {TZ^°' ' f){po,Oo,q) = j  j  dxdy f{x,y) 5{XCOS9Q + ysmBo -  PQ )  

X W\{—x sin 9o + y cos 9q — q) 

creating a function of the variable q. For the case of a line segment, the above 

expression reduces to a convolution between the window function W\ and the linear 

feature W^, i.e., 

S{q) = (7^^°7)(po,0o,9) = /duWciu -  s) Wxiu -  q) 

where do and po are the parameters which represent the location of the linear feature 

in Radon transform coordinates and the parameters s and L represent the location 
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Test Image A = 16^/2 A = 32 A = 32\/2 

Figure 2.10: LRT of an image with a line segment for three window lengths. Note 
that the horizontal and the vertical axes for the image are —5 < x < 5 and —5 < 
y < 5 respectively and the horizontal and vertical axes for the (g,p) block in the 
LRT are -5 < qf < 5 and —5 < p < 5 respectively. 
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Effect of Lambda on Slices of LRT 
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Figure 2.11: Illustration of the cross section of the LRT of an image with a line 
segment when the window function width has an error. 

of the line segment and the length of the feature respectively. A simple calculation 

can be done to show that 

' 0 ,  k  -  s |  <  +  A ) ;  
i(L +  X ) - \ q -  s|, i(L - A) < |g - s| < |(L + A); S{q) = 

when X < L and 

S{q) = 

| 9 -s |  <  KL-A);  

'  0 ,  | 9 -5 |  <  | (A +  L) ;  
i (A +  L ) - \ q -  s i  i (A - L ) < \ q - s \ <  i (A +  L); 
L \q -  s\ < iiX -  L)-,  

when X> L. In Figure 2.11, the slices of a line segment image are shown for various 

L. Note that when X = L, the slice has well defined maximimi. However, when 

A ^ L, the slice has a flat value. This feature can be observed in the test image in 

Figure 2.10. 
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2.4 Summary 

In [9] a localized Radon transform was introduced which restricted the region 

of the Radon transform. This transform was shown to be useful in enhajicing 

linear features which do not cover the entire extent of an image. An alternative 

derivation, as compared to [9], was introduced in this dissertation and was shown 

to be equivalent. The LRT defined in this dissertation uses a simple rectangular 

window function to restrict the domain. However, other window functions such as 

the Hamming, Hanning, or Bartlett window could be used to produce another form 

of the LRT. 

Once the LRT was defined, several properties not discussed in [9] were derived. 

First, three theorems established relationships between the LRT and the RT. These 

results lead directly to show the invertiblity of this transform. Next, an alternate 

form of the LRT was derived using Parseval's theorem. This form provided a 

useful method of implementing the LRT similar to the direct Fourier method of 

implementing the RT. In addition, a method of viewing this three dimensional 

transform was provided. 

Two examples illustrated how the LRT accentuates linear features. The first 

example showed that the LRT was able to accentuate line segments in noisy envi

ronments. In addition, it was shown that if the noise level was low enough, the LRT 

was also able to accentuate lines and slightly curved features. The second example 

investigated the effect of error on the selection of A. It was shown that even if there 

was some error in A, the linear feature was still accentuated. 



46 

Chapter 3 

Two Dimensional Wavelet Transform with Linear 

Parameters 

The wavelet transform has become a very popular tool in signal and image 

processing in the last 10 years [21-26]. The wavelet transform examines a signal in 

terms of shifts and scales of a mother wavelet. Since high frequencies are examined 

at a sharper resolution, the wavelet transform provides a method of examining a 

signal at significantly different scales "equally," creating a useful time-scale repre

sentation. 

Most commonly, a separable two dimensional wavelet transform (i.e., two one-

dimensional wavelet transforms performed sequentially in the horizontal and vertical 

directions) is applied to images. However, the separable two dimensional wavelet 

transform is not well suited for capturing arbitrary linear features. Thus, the linear 

feature may not be accentuated by the wavelet transform and information about 

the location of the line might be difficult to determine. 

Recently, the wavelet transform has been applied to the detection and enhance

ment problem in SAR images [11,27,28], including open water ocean images [7]. 

In [7], a wavelet transform filter was applied to azimuth slices of the wake. This 

filter reduced the speckle noise while it preserved the scattering envelope of the ship 
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wake. Although the wavelet transform was proven to be useful for examining SAR 

wake images, it required extracting a line in the image. Ideally, a method which 

does not require explicit extraction of line segments is desired. 

In this chapter, two transforms which apply the wavelet transform to arbitrary 

linear features are derived after a brief overview of the wavelet transform. The first 

transform, a wavelet localized Radon transform, performs the wavelet transform on 

all lines in an image. Several examples are presented which illustrate how various 

linear features are enhanced. The second transform, the localized Radon transform 

with a wavelet filter, modifies the wavelet localized Radon transform to better 

account for linear features which have a non-zero length. Again, several examples 

are presented which illustrate the usefulness of these transforms. 

A Lebesgue integrable function i/j on the real line, i.e. ip G >C^(R), is said to 

be an admissible wavelet if it satisfies the admissibility condition 

where V is the Fourier transform of 0 which is defined in Appendix B. Define a 

family of wavelet functions as 

where V is called the mother wavelet, a, 6 G R, and a^O. Note that each wavelet 

in the family preserves the norm. Then, the forward wavelet transform of a 

function / 6 >C^(R) is defined as 

3.1 The Wavelet Transform 

(3.1) 

(3.2) 

(3.3) 
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Figure 3.1: The (a) second derivative of a Gaussian function and (b) its wavelet 
domain representation. 

'M 

The wavelet ^ can be chosen to match the application. 

It can be shown that the following identity, called the resolution of identity, 

holds [21] 

(3.4) 

Therefore, the resolution of identity can be used to recover the original signal / as 

/  =  ̂  / /  <<6 ^ {r"' f)  {a, b) r' (3.5) 

where the equality is in the "weak" sense, i.e., for an arbitrary function g 6 >C^(R.) 

the inner product of left hand side of Equation (3.5) with g is equivalent to the the 

inner product of the right hand side of Equation (3.5) with g. 

The second derivative of a Gaussian function and its wavelet transform are 
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Figure 3.2: The (a) second derivative of a Gaussian function with multiple features 
and (b) its wavelet domain representation. 

Wavelet Domain 

Time Domain 
100— 

10 — 

a 1 

0.1 H 

0.01—i 

(a) (b) 

Figure 3.3: The (a) chirp-like function and (b) its wavelet domain representation. 
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shown in Figure 3.1. The transform is shown using a gray scale, where white 

represent a maximum and dark represents a minimum. For this example, the second 

derivative of a Gaussian function is chosen as the wavelet and thus matches the 

signal perfectly. There is a strong peak when the scale parameter a equals unity 

and the shift parameter h is zero. Also, there are two strong negative peaks on either 

side of the maximum in the wavelet domain. These peaks correspond to the value 

of scale and shift when the minima of the function axe aligned with the maximum 

of the wavelet. In addition, observe that the function in the wavelet domain is 

symmetric in b. This is a result of a symmetric function and symmetric wavelet. 

The wavelet transform is able to distinguish features with different scales and 

positions in the time domain. In Figure 3.2, another second derivative of a Gaussian 

with a scale of 0.1 and a shift of -2 is superimposed on the signal in Figure 3.1 (a). 

The wavelet transform of the function is shown in Figure 3.2 (b) where the second 

derivative of a Gaussian function is selected as the wavelet. Two maxima occur 

in the wavelet domain: one at a = 0.1 and b = —2 and the other at a = 1 and 

6 = 0. Thus, the wavelet transform provides a method of distinguishing multiple 

time domain features. 

A chirp-like function and its wavelet transform are shown in Figure 3.3 (a) and 

(b) respectively. For this example, the wavelet is chosen to be the chirp-like function 

and matches the signal exactly. The maximum of the wavelet transform occurs at 

a scale of one and a shift of about one, which correspond to the scale and location 

of the original function. In addition, a series of maxima and minima occurring 

as the scale decreases and the shift increases across the transform domain. This 

pattern is a result of the various maxima and minima of the wavelet aligning with 
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the various maxima and minima of the signal for various scales and shifts. Note 

that since the wavelet and the function are not symmetric, the wavelet transform 

is not symmetric. 

3.2 The Wavelet Localized Radon Trzinsform 

In the previous section, the examples illustrated how the wavelet transform can 

accentuate features in signals. In this section, a wavelet localized Radon transform 

(WLRT) is derived which performs the wavelet transform on arbitrary lines of the 

image. This transform was first introduced by the author in [29] and was show-n 

with a simple detector in [30]. 

3.2.1 The Forward Transform 

For the WLRT, a function ip is considered to be an admissible wavelet if -0 E 

£^(R) and if it satisfies 

Note the is equal to the constant 0^/, given in Equation (3.1) multiplied by 

the constant TT and thus the admissibility conditions for the wavelet transform and 

the WLRT are equivalent. The usefulness of adding the constant TT and the origins 

of the admissibility condition can be seen in the proof of the resolution of identity 

which is presented in Section 3.2.2. 

In the general RT, the kernel has support only on a linear region. Using this 

(3.6) 
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X 

Figure 3.4: niustration of the parameters of the WLRT. (Note 9 < 0 in figure.) 

idea, we define the WLRT kernel as 

where 5  is the Dirac delta function and ^0 is a one-dimensional wavelet. The pa

rameters d and q define the line of integration, b represents the wavelet shift as 

illustrated in Figure 3.4, and a represents the scale of the wavelet. Note that q is 

equal to the RT parameter p and 9 is equal to the RT parameter 9 shifted by 90 

degrees. The reason for this choice of parameters will become obvious in Section 

3.4. Unlike the kernel of the wavelet transform, the kernel of the WLRT given by 

Equation (3.6) is not a wavelet, in either one or two dimensions since the kernel 

does not preserve norm. However, the function ^ is a wavelet and is considered 

to be the wavelet associated with the WLRT. 

The forward transform of the function / is defined as the inner product of / 

with Thus, 

xcos9  +  ysm9  — b  

a  
^ 5(—xsin0 4-ycos0 — g), (3.7) 
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X 5{—xs ind+ ycos9  — q ) .  (3.8) 

Like the RT, this transform can be written symbolically with a delta function and 

the original coordinate system. 

The WLRT can be described physically in terms of the RT and the WT. 

For example, the WLRT can be thought of as a generalized LRT. The window 

function has inherent parameters for shift and scale, or more precisely is a wavelet. 

Equivalently, the WLRT may be considered a wavelet transform which is performed 

on every possible line (parameterized by 9 and q) in a plane. 

Another formulation of the WLRT can be obtained by applying the substitution 

given in Equations (2.2) and (2.3). Thus, the WLRT can be written as 

—9sin0+ucos^ ,  9cos0+us in0 )  —^  ip ( -— 
\/H V « / 

where the integration over u  has been performed. Equivalently, using Parseval's 

identity, we find 

{T""f) (a ,b ,q , e )  =  I rff/•'•"(?) (3.9) 

where 

/'•^(O = J dv  f {—qsmd+ vcos6 , v s in9+  qs in9 )e~^^^ .  (3.10) 

3.2.2 The Inverse Trginsform 

Before the inverse transform is defined, a resolution of identity is established 

using a technique similar to the method used in [21]. 

( r - " -7 ) (a ,6 ,g ,0 )=  J  dv f i  
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Theorem 3.2.1 The resolution of identity 

g) = (3.11) 

holds for the WLRT if f,ge C^K^) D C(R2). 

Proof: 

Applying the definition of the inner product with the forward wavelet transform 

given in Equation (3.8), we find 

^  j j J jMdp^db  ( r "" / )  Mq ,e )  {T- ' "g ) ( , a ,b ,q . e )  

= dodp^db [/<if/'•»«) v/w;Ri)e-«' 

X \jd(' e-f' 

In a manner similar to [21], Parseval's Theorem is applied to the integral to produce 

^ ^ IJIJcK dp /-•'(() WW) 

where and are defined similar to Equation (3.10). By applying Fubini's 

Theorem, we can simplify the integral to 

wlrt . . . 

Again, Parseval's Theorem is applied to the integral to produce 

Q wlrt . . . 
^RPUIRTJ^ RPVIRTGS^ _ _Ji_— J J J^G f {—ps in9  +  v  COS 9 ,  p  COS 0 + w sin 6)  

X g(—psinff + vcos9,pcos9 + vsind). 

Lastly, the substitution x = —psinff + vcos0 and y = pcos0 + usin0 is made and 

the expressions is simplified, 

^  w l r t  . . .  

(T-'»f,T""g) = jj jd9 dx dy f(x,v) g(x,y) 
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which completes the proof. • 

Once the resolution of identity has been established, the inverse transform is 

found to be 

The expression for / given in Equation (3.12) is well defined in the weak sense. 

3.2.3 A Rectangular Formulation 

In defining the WLRT, a wavelet transform was performed on a line identified 

by parameters 9 and q. Equivalently, the transform can be defined in terms of 

rectangular coordinates. Define the following transformation 

which is illustrated in Figure 3.5. The parameters a and represent the rectangular 

coordinates at the center of the wavelet. The relationship between the WLRT 

coefficients and the rectangular coordinates is a simple rotation. 

The above transformation can be used to obtain the transform kernel 

/ = ^ 9.») (3-12) 

a  =  bcos9  — qs inO P  =  bs in .6  +  qcos9 ,  (3.13) 

{x  — a) cos 9  +  {y  — P)  sin 9  

a  

X 6  {—{x  — a ) s in9  +  {y  — P)  cos9 ) .  (3.14) 
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Figure 3.5: Rectangular coordinate change in WLRT. (Note 9 < 0 in figure.) 

Because the transform is equivalent to the WLRT, the admissibility condition is 

identical and given by Equation (3.6). Therefore, the WLRT can be written in the 

following rectangular form 

= J  f  dxdy f ( x , y )4 i ' ' ^ ' ' ( z , y )  

X  S  { - { x  — a) sin 9  +  {y  — P)  cos Q) , (3.15) 

with inverse transform 

/ = ("• 'I'""'''- P.16) 

where the equality is defined in the weak sense. 

3.2.4 Numerical Implementation 

Up to this point, the fundamental theory for the WLRT has been developed. 

Next, a method of implementing this transform, similar to the direct Fourier method 

of implementing the RT, is discussed. In the direct Fourier method for the RT, a 
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continuous form of the RT is developed which used only the Fourier transform. 

This continuous form then is discretized to obtain the direct Fourier method. A 

similar procedure is applied here to the WLRT in order to obtain a direct Fourier 

implementation method. 

By applying ParsevaJ's Theorem to the rectangular form of the WLRT given 

in Equation (3.15), we find 

(3.17) 

Thus, the WLRT can be written in terms of Fourier transforms and a multiplication 

by a wavelet. 

In discrete space, the WLRT o i  a .  M  x  N  image can be written as 

1 M-l iV-l M-l iV-l 

= TT^ E E E E (3,18) 
) ;fc=o /=0 m=0 n=0 

where = \J\a\ip{a{'^kCos6 + i/(Sin0)). The WLRT can be obtained in three 

steps. First, a two dimensional discrete Fourier transform (DFT) is performed on 

the image. The result is multiplied by the Fourier transform of the wavelet. Lastly, 

a two dimensional inverse DFT is performed to obtain the WLRT of the original 

image. A schematic for this procedure is shown in Figure 3.6. Note that this is 

a discrete implementation of a continuous wavelet transform. In this method, the 

WLRT is given in terms of the rectangular coordinates. The rotation transformation 

given in Equation (3.13) can be applied to the rectangular form of the WLRT to 

obtain the transform coordinates, b and q. 

The direct Fourier method of implementing the WLRT and the direct Fourier 

method of implementing the RT have one distinct difference. The direct Fourier 
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Figure 3.6: Diagram of the implementation of the continuous WLRT. 

method of calculating the RT involved an interpolation between the inverse and 

forward Fourier transform steps [14,16]. However, an interpolation is not needed in 

calculating the WLRT. In the direct Fourier method of calculating the WLRT, the 

rotational information is introduced by the wavelet. Thus, the calculation of the 

WLRT does not require an explicit transformation between rectangular and polar 

coordinates. In a sense, the wavelet is used to perform the interpolation. 

The WLRT of an image produces a function of the four variables {a ,b ,q ,9 ) .  

There are several different ways in which one can view the WLRT. In order to easily 

see the eflfects of scale and angle, we examine the {q, b) plane for several values of 

9 and a as illustrated in Figure 3.7. Using this method, features which occur at 

different scales or angles are dominant in different (a, 6) blocks. For simplicity, we 

assume that the images considered are square and that the range of q and b are 

equivalent to the range of the horizontal and vertical axis of the original image. 
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Figure 3.7: Description of the WLRT which illustrates how the four dimensional 
transform is viewed. 

3.2.5 A Variation of the Wavelet Localized Radon Trans
form 

In defining the WLRT, a wavelet transform is performed on all lines param

eterized by the Radon coordinates, 9 and q. However, it is possible to create a 

transform for a single value of 0, which we will call a rotational wavelet transform 

(RWT). The details for the development of this transform are similar to that of the 

WLRT and are omitted. 

The kernel of the RWT is defined as 

, a . b . o ^  ,  f x cosO +  ys ine -b  

vW V " 

Unlike the case of the WLRT, the kernel is parameterized by a single 6 value. The 

function tp satisfies the the condition 

= ^ |.A«)P<oo, (3.20) 

j (5(—xsinfi+ ycos0 - g). (3.19) 
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which is the standaxd one dimensional wavelet transform admissibility condition 

(or equivalently the WLRT admissibility condition divided by tt). The forward 

transform is defined as the inner product of the function / with Thus, 

(T" f ) (aA( i )  = U,r* - ' )  (3.21) 

X (J(—xsin0 + ycos0 — g) 

= f du  f {—qsm9  +  v  cos6 ,qcosd  +  vsm9)  —^  ip  [ -—^  ) .  
VH V ° / 

As with the WLRT, a resolution of identity holds. It can be shown that 

CM9) = {'r'"f,T^9)- (3.22) 

The inverse transform is found to be 

(T™/) (a, 6, q) r"" (3.23) 

using the resolution of identity. Similar to the WLRT, equality is in the "weak" 

sense. 

The forward RWT is equivalent to the forward WLRT evaluated at a single 

value of Q. Thus, we see that the WLRT has a significant amount of redundancy 

provided by the parameter 9. However, unlike the RT, each value of 9 by itself can 

produce an invertible transform. 

3.3 WLRT Examples 

Several examples are presented which illustrate how the WLRT accentuates 

linear features in images. The first example illustrates the effect of localization of a 



61 

mm. 
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Figure 3.8: Sample functions with a linear feature. 

feature to a line on the WLRT domain. Then the effect of multiple linear features 

in the transform domain are considered. Lastly, several images with a section of a 

wake, both simulated and real, are examined in the WLRT domain. 

3.3.1 Linear Region of Support 

For the first example, the image is obtained from the function, 

f i i ( x , y )  =  / i (a ;cos7  +  ys in7 )e~^^~^®' ° ' ' " ^ ' ' "® ' ' ' ~ ' ^ ) ^ ,  

where h  G Co(R) and 0 < 7 < tt. As the parameter R becomes large, the exponential 

term causes the function to approach zero outside the line —x sin 7 + y cos 7 = 0. 

A sample function with h{v) = (1 — and 7 = —70 degrees is shown for 

i? = 1 and /? = 10 in Figures 3.8(a) and (b). 

Substituting /R into the definition of the WLRT and simplifying, we find 

(a, b ,  q , e )  =  I  dv  h { -q  s in{9  - j )+v  005(6  -
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When ^ = 7, the transform reduces to 

(T™/K){a,6.,,7) = e-'^ j 
= e-^'(7^'"'/i)(a,6), (3.25) 

a one dimensional wavelet in (a, h)  scaled by an exponential in q .  

In the limiting case, i? —»• oo, the function becomes 

S{x , y )= \ im f^ ( x , y )  =  /  +! / s in7 ) ,  - xAn j  +  ycos i  =c - ,  
R-KX> 1 0, elsewhere, 

= h{x  cos 7 + y sin 7) 5-xsin7+v COS 7—0 

where h  G Co(R-) and S  is the Kronecker delta function. Calculating the limit of 

Equation (3.25), we find 

lim (V^h )  (a, 6, g, 9)  = 27r 5 , . ,  (a, b) .  
it—>00 

The results show two important properties for linearly supported functions. First, 

the support of the transform domain reduces to the two dimensional plane 

{(a, 6, g, 0)1 g = c and 6  =  7}. 

Second, the problem simplifies to a standard one dimensional wavelet transform. 

The WLRTs (with wavelet i p {v )  = (1 — for the sample functions in 

Figures 3.8(a) and (b) are illustrated in Figure 3.9 and Figure 3.10 respectively. The 

transforms are shown using a gray scale, where white represents a maximum and 

dark represents a minimum. There are several properties that can be noted in the 

figures. A maximum occurs at 0 = —70 degrees, a = 1, q = 0, and 6 = 0 in both 
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Space Oonafti 

Figure 3.9: WLRT of the sample function with i? = 1. Note that the horizontal and 
the vertical axes for the image are —4 < x < 4 and —4 < y < 4 respectively and 
the horizontal and vertical axes for the {q, b) block in the WLRT are —4 < g < 4 
and —4 < 6 < 4 respectively. 
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Figure 3.10; WLRT of the sample functioQ with R = 10. Note that the horizontal 
and the vertical axes for the image are —4 < a; < 4 and —4 < y < 4 respectively and 
the horizontal and vertical axes for the {q, b) block in the WLRT are —4 < g < 4 
and —4 < 6 < 4 respectively. 
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figures, the true angle, scale, and position associated with the sample functions. 

The maximum of the WLRT is much more pronounced in Figure 3.10 where R is 

larger. This is because as R increases, the transform approaches a Kronecker delta 

function along the line x cos 7 + y sin 7 = c. In addition to the maximum, there is a 

distinct peaks-and-troughs pattern that occurs in both figures at 0 = —70 degrees 

and a = 1. Using Equation (3.25), we find the trajisform at 0 = —70 degrees and 

a = 1 reduces to 

{T^Ir) (1,^,9,7) = j dv^p iv )  i p {v -b ) .  

Although the pattern is most pronounced at the exact d  and a  associated with the 

sample function, a similar pattern is still present with a 20 degree error in 0 or a 

factor of 2 error in scale. Thus, even with a significant error in both scale and angle, 

this transform has useful information. 
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3.3.2 Multiple Linear Features 

In the previous example, a single linear feature was examined. In this example, 

consider the image 

N 
f { x , y )  = lim /R(x,y) = J] /i((a:cos7„ +ysin7„ - 6„)/a„) 5-xsin7n+ycos7n=c„. 

n=0 

A calculation similar to the previous example can be performed to show that 

Ito (T™/„) (a, b, q, 9) = 27r f; 5,.^ (a„, b„). 
n=0 

Thus, linear features with different values for the position parameter q  and angle 

9 appear in different {q, 9) planes. In addition, even if the linear features have the 

same {q, 9) planes, the features are resolved just as they would be using the standard 

wavelet transform. 

Two images and their corresponding WLRT with R = 10, the second derivative 

of a Gaussian as its linear feature function, and the second derivative of the Gaussian 

as the wavelet are shown in Figures 3.11 and 3.12. Two linear features are present 

in the first image, a linear feature with scale of a = .5 and angle 0 = 30 degrees 

and a linear feature with scale of a = 1 and angle 9 = —70 degrees. In the WLRT 

domain, the two signals are the dominant features present in their corresponding 

{a, 9) block. In the next image, a linear feature with scale of a = .5 and angle 

9 = —70 degrees is superimposed over a linear feature with scale of a = 1 and 

angle 9 — —70 degrees. Even though the features are not distinguishable in the 

space domain, each feature is clearly present in its corresponding (a, 9) block of the 

WLRT domain. 
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Figure 3.11: WLRT of two spatially separated linear features. Note that the hor
izontal and the vertical axes for the image are —4 < a: < 4 and —4 < y < 4 
respectively and the horizontal and vertical axes for the (g, b) block in the WLRT 
are —4 < g < 4 and —4 < 6 < 4 respectively. 
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Figure 3.12: WLRT of two superimposed linear features. Note that the horizontal 
and the vertical axes for the image are —4 < x < 4 and —4 < y < 4 respectively and 
t h e  h o r i z o n t a l  a n d  v e r t i c a l  a x e s  f o r  t h e  ( q ,  b )  b l o c k  i n  t h e  W L R T  a r e  — 4  < g < 4  
and —4 < & < 4 respectively. 
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Figure 3.13: Simulated wake. 

Wavelet in Time Domain 
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Figure 3.14: Chirp-like wavelet. 

3.3.3 Simulated Wake 

The past two examples considered single and multiple linear features in an 

image. In this example a simulated wake, shown in Figure 3.13, is examined. The 

wake has two pronounced features. First, extending from the location of the ship, 

there are several visible lines. These lines decay as the distance from the ship 

increases. Second, a chirp-like pattern occurs across the wake and expands as the 

distance from the ship increases. For this example the wavelet shown in Figure 

3.14, which has a chirp-like feature similar to the wake, is used in the WLRT. 
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A region of the wake which has only the upper arm present and its correspond

ing WLRT are shown in Figure 3.15. Several important properties can be noted 

from the figure. The WLRT has strong linear features, with large positive and neg

ative values, occurring at 225, 270, and 315 degrees. In Figure 3.16, slices at these 

angles are taken from the upper arm image and show that the simulated wake has 

a shape similar to the wavelet, creating a strong response in the WLRT domain. At 

270 degrees, there is a strong horizontal line present. The horizontal pattern is due 

to the chirp-like feature in the wake having a similar scale and vertical position (or 

wavelet paxameter b) across the image. The linear pattern moves down the image, 

with both large positive and negative values, as the scale increases, with the first 

strong maximum occurring at o = l/\/2. Physically, this represents the wavelet as 

it moves across the various maximum and minimum in the wake arm and is similar 

to the behavior of the one dimension chirp-like function examined in Figure 3.3. At 

225 and 315 degrees a linear pattern pattern occurs with slopes +1 and —1 respec

tively. At these angles, the chirp-like feature has a similar scale across the image 

but the wavelet parameter b is proportional to q at 225 degrees and proportional 

to —q at 315 degrees across the image. The first strong maximum line occurs at a 

scale of a = 1 for 0 = 225 and 6 = 315 degrees, \/2 larger than the scale for the first 

maximum a.t 9 = 270 degrees. This increase in scale is expected because the scale 

of the slices at 0 = 225 and 9 = 315 degrees is roughly \/2 larger than the scale at 

9 = 270 degrees as seen in Figure 3.16. 

The next region that is extracted is a section with a lower arm only. The region 

and its corresponding WLRT are shown in Figure 3.17. The extracted region has a 

shape similar to the upper arm region reflected across the vertical axis and rotated 

by 180 degrees. The WLRT for the lower wake has a similar pattern to that for 
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0500 0.707 ijn 1.41 2.00 2.03 4JI0 

Figure 3.15: WLRT of a simulated wake image with the upper arm. Note that the 
h o r i z o n t a l  a n d  t h e  v e r t i c a l  a x e s  f o r  t h e  i m a g e  a r e  — 2  <  x  <  2  a n d  — 2 < y < 2  
respectively and the horizontal and vertical axes for the {q, b) block in the WLRT 
are — 2 < g < 2 and —2 <b <2 respectively. 



72 

0.5 

-0.5 

-1.5, 
0.4 0.6 0.8 

0.5 

-0.5 

-1.5, 02  0.4 0.6 0.8 

(a) (b) 

0.5 

-0.5 

-1-5, 
0.2 0.4 0.6 0.8 

(c) 

Figure 3.16: Slice through the Upper Arm at (a) 9  = 225, (b) 6  = 270, and (c) 
0 = 315, where d is defined in terms of the Radon transform parameters. 
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the upper wake image. Dominant features at 45, 90, and 135, degrees are present. 

The dominant features are similar to those in the the upper wake at 225, 270, 315 

degrees reflected across the vertical axis in each (g, b) block. 

The last region of the simulated wake which is extracted includes both upper 

and lower arms. The image and its WLRT are shown in Figure 3.18. Similar to the 

single arm case, horizontal lines occur at 270 and 90 degrees for the upper and lower 

arms respectively. However, the horizontal lines are not as clearly defined due to 

some interference from the opposite arm. In addition, the linear features occurring 

at 225 and 315 degrees for the upper arm image and at 45 and 135 degrees for the 

lower arm image also occurs in the image with both arms. 

This example illustrates how the WLRT offers a unique method of viewing 

the features of the wake. For example, the features of each wake arm are clearly 

separated in the WLRT domain, occurring with roughly 180 degree separations. In 

addition, strong responses are present in the WLRT domain, even if the angle of 

orientation has an error up to 45 degrees. 

For this problem, a wavelet with similar features to the wake was examined. 

Similar results occur as long as the wavelet has a chirp feature which is "close" to 

the same shape as the wake. By examining the known dispersion relation for the 

wake, a more suitable wavelet may be constructed. 
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Figure 3.17: WLRT of a simulated wake image with the lower arm. Note that the 
h o r i z o n t a l  a n d  t h e  v e r t i c a l  a x e s  f o r  t h e  i m a g e  a r e  — 2 < x < 2  a n d  — 2 < y < 2  
respectively and the horizontal and vertical axes for the {q, b) block in the WLRT 
are —2<q<2 and —2<b<2 respectively. 
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Figure 3.18: WLRT of a simulated wake image with both arms Note that the 
horizontal and the vertical axes for the image are —2<x<2 and — 2 < y < 2 
respectively and the horizontal and vertical axes for the {q, b) block in the WLRT 
are —2<q<2 and —2<b<2 respectively. 
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Figure 3.19: Wake in SAR image. 
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Figure 3.20; Chirp-like wavelets used in SAR image. 

3.3.4 SAR Image 

In this example, a section of a wake in a SAR image, shown in Figure 3.19, 

is examined. Similar to the previous problem, the WLRT is used to identify the 

chirp-like feature. 

The extracted region of the SAR image with an upper arm present and its 

WLRT with the chirp-like wavelets in Figure 3.20 (a) and (b) is shown in Figures 

3.21 and 3.22 respectively. Similar to the single arm images studied in the previous 
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example, an isolated horizontal line occurs at the angle associated with the wake, 

260 degrees appears for both choices of wavelets. The position of the horizontal Une 

increases as the scale increases, due to the wavelet moving from across the wake. 

Similar to the previous example, there is a strong pattern occurring at 215 and 305 

degrees, ±45 degrees from the position of the wake. 

This example shows that the VVLRT can provide a unique method of examining 

a wake even in the presence of noise. The wake is clearly visible in the WLRT 

domain even with a 45 degree error in orientation. 
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Figure 3.21: WLRT of a SAR wake image with the upper arm using the wavelet 
shown in Figure 3.20 (a). Note that the horizontal and the vertical axes for the 
image are —2 < x < 2 and —2<y<2 respectively and the horizontal and vertical 
axes for the (q, b) block in the WLRT axe —2 <q <2 and —2 < 6 < 2 respectively. 
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Figure 3.22: WLRT of a SAR wake image with the upper arm using the wavelet 
shown in Figure 3.20 (b). Note that the horizontal and the vertical axes for the 
image are —2 < a: < 2 and —2<y <2 respectively and the horizontal and vertical 
axes for the (9, b) block in the WLRT are —2 < g < 2 and —2 < 6 < 2 respectively. 
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3.4 The Localized Radon Transform with a Wavelet Filter 

The WLRT provided a method of accentuating features of an image which 

occur on a line. The localized Radon transform with a wavelet filter (LRTWF) 

presented in this section, emphasizes features which occur on a line and allows the 

feature to occur over a non-zero length perpendicular to the linear feature. 

3.4.1 The Forward Transform 

In the WLRT, the kernel had support on a linear region, which resulted in 

multiplying the wavelet by a Dirac delta function. For the LRTWF, the kernel now 

has support over a non-zero length. Thus, the kernel is obtained by multiplying the 

wavelet fimction by a window function, 

where IV^ is given in Equation (2.6) and the wavelet V satisfies Equation (3.6). 

Note that the argument in the window function has the exact form as the argument 

of the window function in the LRT and the argument of the delta function in the 

WLRT. 

The forward transform is defined as the inner product of the function / with 

the kernel Thus, 

^ xsin0 + ycos0 — g) (3.26) 

J Jdxdyf{x, , (Xcos9 + ysmO — h 
m 

a 

X W\{—xsm6 + ycos9 — q).  (3.27) 
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Another formulation of the LRTWF can be obtained by applying the substitution 

given in Equations (2.2) and (2.3). Thus, 

{T""-'J){a,b,q,e) = 11 dudvfi-u sin 0 + u cos 9, v cos 0 + u sin 0) 

where g, 6 € R, a G R"^, and 9 € [0, tt). 

3.4.2 Relationship to the WLRT 

The WLRT and the LRTWF have kernels of similar forms. The following 

theorem relates the two transforms. 

Theorem 3.4.1 For a, g, 6 6 R, a and 9 G [0,2ir),  

l 'q+X/2 

Iq-Xl2 

Proof: 

/  dg'(T""maM,S) = {T""' 'mci,b,q,9).  (3.29) 
J a—\j2 

In Appendix A, it was shown that W = 6 ,  where U is the step function. Thus, 

W[{x) = i  -  (,+ 

This result can be used to establish the above theorem trivially. • 

3.4.3 Numerical Implementation 

A method of implementing the WLRT was developed which used an approach 

similar to the direct Fourier method of implementing the Radon transform. In this 

section, a similar method is used to implement the LRTWF. 
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The rectangular form of the LRTWF can be written as 

J J ^{a{^ cose+ u sine)) 

s i n  ( s i n 9 +  1 / c o s 6 ) ]  ^  
X iil__ LL p«(5a+i//3) n '^n'i 

i(-fsin« + :/cos9) • 

in terms of Fourier transforms by applying Parseval's theorem to the definition of 

the LRTWF given in Equation (3.27). Thus, the LRTWF can be written in terms 

of Fourier transforms and a multiplication by a wavelet and a window function. 

Similar to the LRT, a rectangular window is sufficient. However, it is possible to 

consider more general window functions. 

In discrete space, the LRTWF oi a. M x N image is 

- I  AF-L AT- l  M-L AT- l  

(T"""SU = 7T7TO E E E E «? K (3.31) 
k=Q /=0 m=0 n=0 

where = yi^i^(a(^jfcCos0 + i//sin0)) and W^i = M^(—^^sin^ + z/; cos0). The 

LRTWF can be obtained in three steps. First, a two dimensional DFT is performed 

on the image. The result is multiplied by the Fourier transform of the wavelet. 

Lastly, a two dimensional inverse DFT is performed to obtain the LRTWF of the 

original image. A schematic for this procedure is shown in Figure 3.23. In this 

method, the LRTWF is given in terms of the rectangular coordinates. Equation 

(3.13) can be applied to the rectangular form of the LRTWF to obtain the transform 

coordinates, b and q. 

Similar to the WLRT, an interpolation is not needed in calculating the LRTWF. 

In the direct Fourier method of calculating the LRTWF, the rotational information 

is introduced by the wavelet and the window function. The LRTWF of an image 

produces a function of the four variables (a, 6, g, 0). The LRTWF is viewed in the 

same manner as the WLRT, as illustrated in Figure 3.7. 
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Figure 3.23: Diagram of the implementation of the continuous LRTWF. 

3.5 Examples 

It was shown in Example 3.3.1 that the WLRT accentuated features which oc

cur on a narrow line more effectively than features which occur over a larger length. 

This is not the case for the LRTWF. The first example considers features which 

occur over a significant length in the region of the image for two different patterns. 

Then, the two wake images which examined with the WLRT, are examined with 

the LRTWF. In both cases, the features of the wakes in the images are shown to 

be more pronounced in LRTWF domain. 
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3.5.1 Pattern 

Consider the function / that occurs over a fixed length of an image, 

fnix,  y) = h{x cos 7 + y sin 7) Wx{-x sin 7 + y cos 7 — c) 

where Wx is a window function of length A. Note the form of this image is similar 

to the image considered in Example 3.3.1. For this image, the parameter A may be 

significant compared to the length of the image. 

The LRTWF is shown for a sample function with h{v) = (1 — and 

7 = —70 degrees in Figures 3.24 and 3.25 for A = 16 pixels and A = 32 pixels 

respectively. For A = 16 pixels, the maximum of the transform is well isolated and 

occurs in the 6 = —70 degree and a = 1 block. When the length of the feature is 

double, A = 32 pixels, the dominant block becomes more pronounced. However, 

the feature is not as isolated in the parameter q. This behavior is very similar to 

the behavior in q in the LRT. 

Another sample function, a chirp-like function, and its LRTWF is shown in 

Figures 3.26 and 3.27 for A = 16 pixels and A = 32 pixels respectively. For this 

sample function, the dominant block a = 1 and 0 = 315 has a strong maximum 

which is more pronounced when A = 32 pixels. In addition there are other strong 

responses, both relative maxima and minima, for a = .5, a = 1, and a = 2. These 

extrema occur when the wavelet is aligned with other peaks and troughs in the 

image at various the scales and shifts. Thus, the LRTWF is able emphasize the 

chirp-like features which occur over a significant region of the image extremely well. 
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Figure 3.24: LRTWF of a second derivative of a Gaussian function with A = 16 
pixels. Note that the horizontal and the vertical axes for the image are —4 < x < 4 
and —4 < 2/ < 4 respectively and the horizontal and vertical axes for the (q, b) block 
in the LRTWF are —4 < 9 < 4 and —4 < 6 < 4 respectively. 
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Figure 3.25: LRTWF of a second derivative of a Gaussian function with A = 32 
pixels. Note that the horizontal and the vertical axes for the image are —4 < a: < 4 
and —4 < y < 4 respectively and the horizontal and vertical axes for the {q, b) block 
in the LRTWF are —4 < ^ < 4 and —4 < 6 < 4 respectively. 
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Figure 3.26: LRTWF of a chirp-like function with A = 16 pixels. Note that the 
horizontal and the vertical axes for the image are —2 < re < 2 and —2 < y < 2 
respectively and the horizontal and vertical axes for the (g, b) block in the LRTWF 
are —2<q<2 and — 2 < 6 < 2 respectively. 
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Figure 3.27: LRTWF of a chirp-like function with A = 32 pixels. Note that the 
horizontal and the vertical axes for the image are —2 < x < 2 and —2 < y < 2 
respectively and the horizontal and vertical axes for the {q, b) block in the LRTWF 
are —2<q<2 and —2 < 6 < 2 respectively. 
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3.5.2 Simulated Wake 

In the previous example, it was shown that the LRTWF was able to accentuate 

linear features which occur over a wide region. Since wakes have this behavior 

locally, the LRTWF is shown for three sections of the simulated wake, the upper 

arm, the lower arm, and both arms in Figures 3.28, 3.29, and 3.30 respectively, 

where A is chosen to be 64, the length of the image. 

For the upper arm, there is a dominant behavior, both maxima and minima, 

occurring aX 9 = 270 degrees. This is a result of the wavelet being aligned with the 

various peaks and troughs of the image. In addition, at 0 = 90 degrees, 180 degrees 

out of phase, there is a significant response noted. However, unlike the WLRT of 

this image shown in Figure 3.15, the transform has a small response at all other 

angles. 

For the lower arm, a dominant behavior occurs at 90 degrees. In addition, 

there is a significant behavior occurring at 270 degrees. Thus, the lower arm has a 

similaj behavior to the upper arm, but is 180 degrees out of phase. 

In Figure 3.30, we see that the dominant behavior of both the upper and lower 

arms is present when both arms are examined together. In addition, the symmetry 

of the wake is observed easily by the similarity in the behavior at 90 and 270 degrees. 
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Figure 3.28: LRTWF of upper arm of simulated wake. Note that the horizontal and 
the vertical axes for the image are —2 < a: < 2 and —2 < y < 2 respectively and 
t h e  h o r i z o n t a l  a n d  v e r t i c a l  a x e s  f o r  t h e  { q ,  b )  b l o c k  i n  t h e  L R T W F  a r e  — 2 < q < 2  
and — 2 < 6 < 2 respectively. 
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Figure 3.29: LRTWF of lower arm of simulated wake. Note that the horizontal and 
the vertical axes for the image are — 2 < x < 2 and —2<y<2 respectively and 
t h e  h o r i z o n t a l  a n d  v e r t i c a l  a x e s  f o r  t h e  { q ,  b )  b l o c k  i n  t h e  L R T W F  a r e  — 2 < q < 2  
and —2<b<2 respectively. 
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Figure 3.30: LRTWF of both arms of simulated wake. Note that the horizontal and 
the vertical axes for the image are —2 < a: < 2 and —2 < y < 2 respectively and 
t h e  h o r i z o n t a l  a n d  v e r t i c a l  a x e s  f o r  t h e  { q ,  b )  b l o c k  i n  t h e  L R T W F  a r e  — 2 < q < 2  
and — 2 < 6 < 2 respectively. 
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3.5.3 SAR Image 

In the past images, we saw that the LRTWF accentuated features in a simu

lated wake. Next, the LRTWF is performed on the SAR image in Figure 3.19 with 

the wavelet in Figure 3.20(b). Three values of A for the window function, 16, 32, 

and 64 pixels are tested for this example because the wake is not perfectly straight. 

The results are shown in Figures 3.31, 3.32, and 3.33 respectively. 

In all three cases, we see a strong narrow horizontal line occurs at 0 = 260 

degrees and a — .5, .707, 1.0, 1.41. These features represent the dominant behavior 

of the wake in the LRTWF domain. In addition, there are several narrow horizontal 

lines occurring at i9 = 80 degrees, 180 degrees out of phase with the dominant 

behavior. As the parameter A increases, the noise level at other angles decreases. 

Thus, this transform accentuates wake features in images in noise very effectively. 

However, in addition to the thin lines which are a result of the wake, there are 

also several large values in the transform domain which occur when the scale is too 

large. Thus, the scale of the wavelets must be chosen appropriately to accentuate 

wake features in noise. 
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Figure 3.31: LRTWF of SAR image with A = 16 pixels. Note that the horizontal 
and the vertical axes for the image are — 2 < x < 2 and — 2 < y < 2 respectively and 
the horizontal and vertical axes for the {q, b) block in the LRTWF are —2 < g < 2 
and — 2 < 6 < 2 respectively. 
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Figure 3.32: LRTWF of SAR image with A = 32 pixels. Note that the horizontal 
and the vertical axes for the image are —2 < x < 2 and —2<y<2 respectively and 
t h e  h o r i z o n t a l  a n d  v e r t i c a l  a x e s  f o r  t h e  { q ,  b )  b l o c k  i n  t h e  L R T W F  a r e  — 2 < q < 2  
and —2<b<2 respectively. 
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Figure 3.33: LRTWF of SAR image with A = 64 pixels. Note that the horizontal 
and the vertical axes for the image are —2 < x < 2 and —2 < y < 2 respectively and 
t h e  h o r i z o n t a l  a n d  v e r t i c a l  a x e s  f o r  t h e  ( q ,  b )  b l o c k  i n  t h e  L R T W F  a r e  — 2  < q < 2  
and — 2 < 6 < 2 respectively. 
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3.6 Summary 

Although the wavelet transform is an extremely useful transform in image 

processing, the most common separable two dimensional wavelet transform does 

not have parameters for arbitrary lines in the image. Thus, features which occur on 

arbitrary lines may not be emphasized or easily identified in the wavelet domain. 

In this chapter two transforms, the wavelet localized Radon transform (WLRT) 

and the localized Radon transform with a wavelet filter (LRTWF) were derived. 

These two transforms introduced linear parameters to a two dimensional wavelet 

transform. 

The first transform which was introduced, the WLRT, performs a wavelet 

transform on arbitrary lines in the image, creating a four dimensional representation 

of the signal. The basic theory for this transform was established along with a 

method of implementing and viewing this transform. It was shown, through several 

examples, that this transform accentuates features which occur on a localized linear 

region. In addition, it was shown that the WLRT was able to accentuate segments 

of wakes, both for simulated and real SAR data. 

The LRTWF also performs a wavelet transform over arbitrary linear features 

in an image. However, this transform assumes that the feature occurs over a non

zero length, which may be a large portion of the image. The basic theory for 

this transform was established and a relationship to the WLRT was shown. Then, 

a method of implementing and viewing this transform, similar to the WLRT, was 

established. Several examples illustrated that this transform was able to accentuate 

features which were not isolated to a line more effectively than the WLRT. 
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Chapter 4 

Composite Detection 

In Chapters 2 and 3 localized transforms were established which enhanced 

various linear features in images. For both the LRT and the LRTWF, lines, slightly 

curved features, and linear features which covered only a small extent of the image, 

were accentuated, even in the case of a large amount of noise. In addition, these 

transforms provided a significant amount of information about the the location, i.e., 

position and angle, of the linear features. 

This chapter examines methods to quantitatively detect linear features in im

ages. A brief overview of the composite detection problem is provided. Then 

several examples are presented which illustrate how the localized transforms, LRT 

and LRTWF, can be used to develop a detection scheme. 

4.1 The Detection Problem 

In a traditional binary hypothesis problem [31,32], we assume that 

I'- (4.1) K : X = n + s, 

where x is the observation vector of length M, n is a noise vector of length M, 

and s is a known signal of length M. In order to simplify the problem, we assume 



99 

that the elements in the vector n are observations from independent and identically 

distributed (i.i.d.) Gaussian random variables with mean ^ = 0 and variance cr^. 

In radar images, the signal is often unknown or, at best, has unknown param

eters. Thus a revised binary hypothesis is needed. Assume we have the following 

binary hypothesis problem, 

H: x = ll 
K : X = n + s(7), ^ ' 

where x and n are defined as before, and the signal s is parameterized by the 

random variable 7. Note that the signal 3(7) and the unknown parameter 7 are 

general and can be specified by the application. 

For the binary hypothesis problem given in Equation (4.2), the probability 

density function of the observation given H is 

/(-|H) = (4-3) 

and the probability density function of the observation given K and 7 is 

/(''IK. 7) = . (4.4) 

The conditional Ukelihood ratio of the binary hypothesis problem given the param

eter 7 is 

L(X|7) (4.5) 

where SNR = 3(7)^3(7)/cr^ and the unconditional likelihood ratio of the binary 

hypothesis problem is 

L(x) = £;^[L(x|7)]. (4.6) 



100 

4.2 Neyman Pearson Detector 

The Neyman Pearson (NP) detector maximizes the correct detection probabil

ity for a fixed false alarm probability [31,32]. For this detector, a decision rule is 

obtained by setting a threshold on the likelihood ratio, i.e., 

i(x) ^ (4.7) 

Similar to the known signal case, the composite NP detector compares the 

likelihood ratio L{x) = E[L(x|7)] to a given threshold. In order to simplify the 

problem, we assume that 8(7)^3(7) = 1 and that the parameter 7 has the values 

= {TITO.TI, (4.8) 

with equal probability. Note that the signal in the formulation of the problem is 

normalized so the SNR is equal to cr~^ and is independent of the parameter 7. 

Since the density of 7 is uniform, the expectation reduces to an average, i.e., 

i,(x) =E[£(x|7)) = (4.9) 
^ 1=0 

Thus, the composite NP detector has the same form as the detector in Equation 

(4.7) where Z/(x) is given in Equation (4.9). A diagram illustrating this detector is 

shown in Figure 4.1. 

4.2.1 Numerical Implementation Issues 

Although the NP Detector is optimal for i.i.d Gaussian noise in the sense of 

maximizing the probability of detection for a constraint on the false alarm prob

ability, implementation of this detector may lead to numerical overflow problems. 
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Figure 4.1: Decision nJe for the composite NP Detector. 

The mean and the variance of the detector statistic under hypothesis H are 

Eh[L(X)] = 1, VarH[L(X)] = -1 (4.10) 

and the mean and the variance of the detector statistic under hypothesis K are 

EK[i(X)] = C,., VarK[i(X)| = D,. - C^, (4.11) 

where 

^ i=0 j=0 

and 
, Q-lQ-lQ-l 

(4 13) 
i=0 j=Q Jt=0 

with the calculations for Equations (4.10) and (4.11) shown in Appendix C. Since 

s(7i)^s(7j) <1, ^ 

W i=0  ̂

and 
Q-LQ-L 

i=0 j=Q 

Thus, 

C." < 7^ i: E e^'•<•">''"'•1 = 6="". 

min I ie™'' - 1, o| < VarHli(X)l < e^'"' - 1, (4.14) 
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and 

< EK[i:(X)] < (4.15) 
Q 

Equation (4.14) and (4.15) indicate that the variance of L(X) under hypothesis H 

and mean of L(X) under hypothesis K are of order An illustration of these 

bounds is shown in Figure 4.2. Note for Q less than 10'' and an SNR of 15dB, 

these bounds indicate that the mean under h)^othesis K and the variance under 

hypothesis H will be at least 10®. Since 

1 Q~~^ 1 
n , > _L V = —e^SNR 

- Q ' h  Q '  

and 
1 Q-lQ-lQ-l 

y 1=0 j=0 k=0 

it can be shown that 

max o| < VarK[I'(X)] < (4-16) 

Equation (4.16) indicates that the variance under hypothesis K is of order 

An illustration of this bound is shown in Figure 4.3. Note for Q less than 10^ and an 

SNR of 15dB, the variance under hypothesis K will be at least 10^". Consequently, 

significant computational problems may occur when the signal is present with a 

large SNR. 

The numerical problems can be reduced, without affecting the detector, by 

multiplying the original test statistic L(x) and the threshold LQ by a constant. For 

example, consider multiplying L(x) and the threshold LQ by Then 

E„[L(X)]=e-S''", 

min - e-"™.o| < Var„[i(X)| < - e""™, 
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i < EK[i(X)l < 1, 

and 

max - 1, o| < VarK[i^(X)] < 

Unfortunately, the computational problems for large values of SNR are present be

cause the variance of the test statistic under hypothesis K is or order There

fore, these simple methods of scaling may not eliminate the numerical overflow and 

underflow problems. 

4.2.2 Modified Neyman Pearson Detector 

The numerical problems described earlier can be avoided if the detector is 

modified. The largest term of the expression for L(x) in Equation (4.9) is factored 

to form the sum 

L(x) = i ̂  
^ t=0 

where 

M = mM{x^s(7)}. (4.18) 

Because the statistic L(x.) is strictly positive, the detector may be implemented as 

i(x) = ^ + la j > i. ^ (4.19) 

where lo = In(QLo) + |SNR. Since the logarithm term can be bounded as 

0 < In < in(Q), 

the mean has the bound 

0 < E [ Z ( X ) ] - < I n ( Q )  
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Figure 4.2: Error bounds for the (a) variance of L(X) under hypothesis H and (b) 
the mean of L(X) under hypothesis K. 
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Figure 4.3: Error bounds for the variance of L(X) under hypothesis K. 
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Figure 4.4: Decision rule for the approximation of the composite NP Detector. 

and the variance has the bound 

Var[;(X)l - ivarM| < (l|E[M]H-lii(e)) ln(Q). 

Define 

A = |-^(x^s(7i) - Af) < r| (4.20) 

where T is chosen to be a large number. Then the expression in Equation (4.19) 

can be approximated as 

+ I (4.21) 

A diagram illustrating this detector is shown in Figure 4.4. 

The expression for /(x) in Equation (4.21) is an approximation of the log like

lihood ratio of the NP detector given in Equation (4.19), and the relationship can 

be seen by a simple calculation. Expanding the logarithm function, we find 

|f(x)-f(x)l = In ^E j - In j 

= ^ g^(x^s(7i)-A1) - i ̂  + C> I 53 
t^A <igA 

For i 0 A, (x^s(7,) — M) < —T. So, 

|Z(x) - /(x)| < Qe (4.22) 
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Figure 4.5: Decision rule for the composite ML Detector. 

Thus, if T is laxge, l {x )  provides a good approximation to /(x). 

4.3 Maximum Likelihood Detector 

Maximum Likelihood (ML) detectors compare the maximum value of a test 

statistic to a fixed threshold [31,32]. For this work, the ML detector is 

max{L(x|7)} = max |e~2 ^ Lo ^ 
7  7 > -  J >  — ^ K .  

An equivalent formulations is 

max{x^s(7)} > (4.23) 

where IQ = cr^ In(Lo) + jSNR. A diagram illustrating this detector is shown in 

Figure 4.5. Similar to the Neyman Pearson detector, we assume that s(7)'^s(7) = 1 

and the parameter 7 has the values of the set 0.^ given in Equation (4.8) with equal 

probability. 
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4.3.1 Numerical Implementation Issues 

The actual statistics for the ML test statistic are diflScult to calculate for a 

given signal. However, in Appendix C, it is shown that 

and 

respectively, and that 

limEfl IT->0 

lim E k  
tr->0 

lim VarH 
a--*o 

max 
7 

max 
7 

{X''s(7)} = 0 

= 1 

max 
, 7 

{X''s(7)} = 0 

and 

lim VarK 
O--+0 

max-
7 

(4.24) 

(4.25) 

(4.26) 

{X''s(7 )} ]=0  (4.27) 

respectively. Thus, as the SNR increases, the mean values of the test statistic under 

hypothesis H and K are zero and one, while the variances tend to zero. 

4.4 Examples 

In the previous section, the basic theory for two detectors, the NP detector and 

the ML detector, are established for a signal with a random parameter. Next, several 

examples are presented and it is shown that the transforms derived in Chapters 2 

and 3 can be used to simplify the detector implementation. 
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4.4.1 Line 

Consider a sample image Sjnn{p,d) with a linear feature given by 

and normalizing the function so that 

M-l M-1 
E E Smn{p,d?  = 1 
m=0 n=0 

where the width of line w is known and the Radon transform coordinates 9 and p 

are unknown. For convenience, the image Smn{p,0) is defined as the vector 

s{p ,9)  =  [soo{p ,d)  so i{p ,9)  . . .  SQM{p,d)  

-  SMoip^d)  SMI(JP,0)  • :  s^ fM{p,9)] ' ^ .  (4.29) 

Thus, the normalization condition can be written simply as s (p ,9) ' ^s{p ,9)  = 1. 

Assume that the random variables 9 and p are mutually independent and uniformly 

distributed on 

= {p|Po,Pi, (4.30) 

Qfl = {01^0) ^1)-"i ^j-i} (4.31) 

respectively. This detection problem for a line in an image is a special case of the 

detection problem defined in Section 4.1 where 7 = {p,9) with 

^P.e = {(p,0)|p6fip,0€n0}. (4.32) 

Since the quantity x^s(p, 0) can be written as 

p+w/2—\. 

x^s(p,^)= 9{pQ,d)  
po=p-w/2 



109 

where g is the RT of the image, as defined in Equation (2.1), the decision rule for 

the approximate NP Detector in Equation (4.21) is 

r(x) = ^ + In 
/ pi+xu/2-l 

H 9{Po,d j ) -M 
\po=Pi- f / 2  

< H 

K 

(4.33) 

where 

M = max 
(p. 

A  =  <  { i , j )  

{ Pi+w/2-l 1 

E ^(po' %) \' 
Po=Pi-w/2 J 

1 / Pi+w/2-1 \  ) 

-J E s(po,«i)-^ <-r . 
\po=Pi-w/2 J J 

and T is chosen to be a large number. Similarly, the decision rule for the ML 

detector is 

{p+uj/2-l 1 -4. H" 
E ff(PO^ r. • (4.34) 

po=p-v,/2 J > ^ 

Thus, the test statistic for this detector is found by taking the maximum of the 

Radon transform summed over the known line width. 

The results of the NP and ML detectors are shown for a 64 x 64 pixel image 

with 

Qp = {p|-2,-1.875, ...,1.875} 

Qg = {010,20, ...,160} 

in Figure 4.6 (a), (b), and (c) for three line widths 2 pixels, 4 pixels, and 8 pixels 

respectively where SNR=s(p, 0)^s(p, 0)/(T^ = cr~^. For all receiver operator curves 

(ROCs) examined, both the NP and ML detectors produced curves which coincided. 

Note that in all three cases, as the SNR increases, the ROC curve improves. How

ever, there is a strong dependence of the width of the line on the ROC. In Figure 
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Figure 4.6: Performance of the RT detector for three line widths. 
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Figure 4.7: Effect of line width on the performance of the RT detector. 
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Figure 4.8: Effect of sampling in (a) p and (b) 9 on the performance of the RT 
detector for a hne width w = 4 pixels and SNR=10dB. 
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4.7, the ROC curves for several line widths are shown at two values of SNR. Note 

that as the line width becomes larger, the ROC improves for the cases considered. 

In Figures 4.6 and 4.7, we assumed that (p, 6) are elements of a discrete set. 

Ideally, we would like these parameters to be elements of a continuous set. For 

example, the parameter p could be contained in the set, 

fip = [-16,16), 

or the parameter Q could be contained in the set 

= [0,180). 

In Figure 4.8 (a) and (b), the NP and ML detector are applied to the continuous set 

for p and 9 respectively for a fixed line width and SNR. Note that as the sampling 

parameter for p ox 6 becomes finer, the ROC curve improves in both cases. 
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4.4.2 Line Segments 

In the previous example, the NP and ML detectors were applied to an image 

with a line at an unknown position and orientation. Next, consider a test im

age Smn{p,S,q) with a line segment of known width w, known length A, unknown 

location p and q, and unknown orientation 0 given by 

e  a  s  _  f  Wx(-XmSin0+ ynCOS0 -  q) ,  Ixmcos0  +  s in0  -  pj  <  w;  
elsewhere. 

(4.35) 

Further, the function is normalized so s (p ,0 ,q)^s (p ,0 ,q)  = 1, where the vector 

form given by Equation (4.29) is utilized. The random parameters p, 0, and q are 

mutually independent and uniformly distributed on 

= {PIPo ,PI ,-,P/-I } (4.36) 

ng =  {0l0o ,0 i , . . . ,0 j - i }  (4.37) 

(4.38) 

respectively. I f  j  =  (p ,  0 ,  q)  then the detection problem for the line segment is a 

special case of the detection problem defined in Section 4.1 where 7 = {p,0,q). So, 

^(PAQ) = {(p> 9)|p e Jlp, 0 e Qg, g G Q,}. (4.39) 

For a line segment, the quantity x^s(p, 0,  q)  can be simplified using the LRT, 

p+u;/2—1 
x^s(p, 0,q)= £ (po, 0,  q)  

Pq=P-U;/2 

where is the LRT of the image. Therefore, the decision rule for the approxi

mate NP detector in Equation (4.21) is 

r(x) = ^+ln 
, / pi+wl2-l 

E  [ - ^  E  ( ^ ^ ° ' ' s ) ( p o ,  0 j ,  q k ) \ - M  
V ^ \po=Pi-w/2 

< H 

K 

(4.40) 
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where 
Pi+u;/2-l 

^ ̂ ^ Oj,  Qk)  

A =  < { i , j , k )  
1 / p,+u;/2-l 

-2 E (7^^'"=s)(po,^,g)-^| <-TL 
\P0=P<-t£;/2 ' ' 

and T is chosen to be a large number. The decision rule for the ML detector for 

the line segment is 

(p+u;/2-l 1 „ 
^ {n^°^s){pQ,d,q)\ r. • (4.41) 

Po=p-«;/2 J > ^ 

The results of the NP and ML detectors are shown for a 64 x 64 pixel image 

with 

Qp = {p| - 2,1.875, ...1.875} 

Qg = {0|O,2O,...,16O} 

Q, = (ql-2,1.875, ...1.875} 

in Figure 4.9 (a)-(f) for two line widths, 2 pixels and 4 pixels, and three segment 

lengths, 8 pixels, 16 pixels, and 32 pixels. For all ROC curves examined, both the 

NP and ML detectors produced curves which coincided. By comparing the left 

column results with the right column results, as the width of the line increases, 

the performance for a fixed SNR improves similar to the line in Example 4.4.1. In 

addition, comparing rows, we note that the performance of the detectors improves 

as the length of the line increases for the cases considered. 

The original formulation of the detection problem assumed that the length of 

the line segment is known. Unfortunately, in some applications this might not be 

the case. In Figure 4.10, the LRT detector with several values of A is applied to a 
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Figure 4.9: Performance of the LRT detector for two line widths and three line 
lengths. 
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Figure 4.10; Effect of error on A on the performance of the LRT detector for a 
line width w = 4 pixels, a line length A = 16 pixels, and (a) SNR=13dB and (b) 
SNR=16dB. 

line segment of length 16 pixels for two values of SNR. We note the performance of 

the detector is dependent on the value of A. For example, when the value of A has 

an error of a factor of \/2, either too small or too large, the ROC curve is changed 

significantly. In addition, we note for this example, the effect of an error on A is 

more significant when the value of A is too large. 

4.4.3 Pattern Examples 

Next we consider images with features similax to the images considered in 

Section 3.5.1, 

,  / N ,  f xcos9  +  ys inO — b \  „  .  
fn ix^y)  =  h i  j Wx{-xsm9 + ycos9  -  q) ,  

where Wx is a window function of length A. For this problem, we assume the length 

of the feature A is known and the location, orientation, and scale of the feature, 

given by the  coordinates  a ,  q,  b ,  and 9 are  unknown.  The random parameters  a ,  q,  
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6, and 6 are assumed to be mutually independent and uniformly distributed on 

— •ffl|oO} Oi) . - - J  fl/—i}" 

= {b\bo ,b i ,  

Qg = —) ^L-l} 

respectively. Hence, if 7 = (a, b, q, 9) then 

f2 .y  =  {(<2,  b ,  q ,  9) \a  6  VLa,  b  €  q  G 6  G f ia} .  

For this sample image, the quantity x^s(a, 6, q, 9) can be simplified using the LRTWF 

as 

x^s{a,b,q, e )  = {T"""sna,b,q,0). 

Therefore, the decision rule for the approximate NP detector is 

r(x) = ^ + In 
<72 

< , H 
K 

E exp f-i hi, f t ,« , ) )  -  jm) 

j,A:,0€A ^ ^ ^ 
(4.42) 

where 

M = max (r''''"'^s)(ai, bj, qk, 9i) 

A = {(i,i,A:,/) |i((r""''s)(ai,6j.ft.e,)-A<) <-t}, 

and T is chosen to be a large number. The decision rule for the ML detector for 

the line segment is 

max {x^s(6,9,0,9)} = niax {(r''''"'-''s)(a,6,qr,0)} ^ ?• 
(a,b,q,0) ^ •' (a,6,<7,fl) J > —)• A 
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The results for the NP and ML detector are shown in Figure 4.11 when h is 

the second derivative of a Gaussian function with 

Qa = {a|.25,.5,...,4} 

Qb = {6|-2,-1.875, ...,1-875} 

n, = (gl-2,-1.875,..., 1.875} 

Qg = {0| - 90,-70,..., 70} 

for images with three values of A. We note that for all three cases, when the SNR 

is above 13dB the performance of the detector is very good. The effect of error 

on A for this image is shown in Figure 4.12. Similar to the previous detector, the 

performance of the detector is worse when the length of the feature is not known. 

For example, when A = 16 pixels, the true length of the feature, the performance 

of the detector is the best. As the parameter A varies, the performance is not as 

good, with the two worst performances occurring at A = 4 and A = 64: the values 

of A with the largest error. Note that for this sample image the effect of error on A 

does not affect the performance as significantly as the case of a line segment. 

Next, we consider a chirp-like function. The results for the NP and ML detector 

are shown in Figure 4.13 with 

fia = {a|.25,.5,...,4} 

= {6|-2,-1.875, ...,1.875} 

fi, = {g|-2,-1.875, ...,1.875} 

Qg = {0|O,45,...,315} 

for images with three values of A. Note that since the chirp-like function is not 

symmetric, we expand the range of 9. In all three cases, when the SNR is above 
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Figure 4.11: Performance of the LRTWF detector for three line lengths for the 
second derivative of the Gaussian function. 
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Figure 4.12: Effect of error on A on the performance of the LRTWF detector for the 
second derivative of the Gaussian function with a line length A = 16 pixels when 
(a) SNR=13dB and (b) SNR=16dB. 

13dB the performance of the detector is very good. However, the performance for 

this image is not quite as good as the second derivative of a Gaussian function. 

The effect of error on A for this image is shown in Figure 4.14. Similar to the 

previous example, the performance of the detector is worse when the length of the 

feature is not known. For example, when A = 16 pixels, the true length of the 

feature, the performance of the detector is best for both 13dB and 16dB. As the 

value of A changes, the performance of the detector is not as good. Again, the worst 

performance occurs when A has the largest amount of error. However, similar to the 

second derivative of a Gaussian function, the error on A in this example does not 

affect the performance of the LRTWF detector as signijBcantly as the performance 

of the LRT detector. 
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Figure 4.13: Performance of the LRTWF detector for the chirp-like function for 
three line lengths. 
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Figure 4.14: Effect of error on A on the performance of the LRTWF detector for 
the chirp-like function with a line length A = 16 pixels when (a) SNR=13dB and 
(b) SNR=16dB. 

4.4.4 Simulated Wake 

Next, we investigate the detection of a simulated wake. The wake detection 

problem is significantly more complex than the previous problem even though the 

chirp-like feature has some properties which are very similar to the local behavior 

of a simulated wake. In the previous example, once the parameters were randomly 

selected, the exact shape in the image was known. In the simulated wake, these 

parameters are unknown and an exact analytical expression is not possible. 

For this example, we assume that the sample image is obtained using the 

image shown in Figure 3.13. First, the wake is rotated by 9, where 0 is a uniformly 

distributed random variable on 

9 e  {0,45, ...,315} 

Then, a 64 x 64 pixel region is randomly selected from a 192 x 128 region of the 
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original image containing the wake. Next, Gaussian noise is added to the signal. 

For this example, the SNR is defined on the entire image and thus, the local SNR 

on various 64 x 64 region may be different. 

In Examples 3.3.3 and 3.5.2, we saw that the transform produces strong linear 

features with large values, both maxima and minima. For this reason, we consider 

a modified decision rule for the ML detector, 

(iSft «.«.?)} = ,355, > 'o (4.44) 

We assume the following range of parameters for the detector 

fia = {a|.5,.707,l,...,4} 

^6 = {6| - 2,-1.875,..., 1.875} 

f), = {9I - 2,-1.875,..., 1.875} 

= {0|O,45,...,315}. 

Because the value of A is not known, results of this detector are shown in Figure 

4.15 for three window function lengths. We note the performance of the detector 

improves significantly once the SNR is above 20dB. In Figure 4.16, the performance 

of the detector is shown for fixed SNR when A varies. We note that for this example, 

the performance of the detector is more significantly affected by the parameter A 

for large SNR. 
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Figure 4.15: Performance of the LRTWF detector for the simulated wake for three 
line lengths. 
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Figure 4.16: Effect of error on A on the performance of the LRTWF detector for 
the simulated wake when (a) SNR=15dB and (b) SNR=20dB. 

4.5 Summary 

In Chapters 2 and 3 several mathematical transforms were examined that qual

itatively accentuated various linear features in images. In this chapter, a precise 

method of detecting the linear features using the RT, the LRT, and the LRTWF 

was presented. First, a brief overview of the composite detection problem was pro

vided and two commonly used detectors were discussed. The first detector, the 

Neyman Pearson (NP) detector, has a decision rule based on the likelihood ra

tio. However, in practice several numerical problems occurred when this detector 

was implemented directly. A modified version of the detector was derived to avoid 

numerical problems when calculating the test statistic. The second detector, the 

Maximum Likelihood (ML) detector, has a decision rule based on the maximum 

and is a much simpler detector. 

Next, we investigated the performance of the detectors on several examples. 
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The first example considered was an image with a simple line. It was shown that the 

quantity in the test statistic x^s(7) could be simplified using the Radon transform. 

The performance for the detector was discussed including the effect of line width 

and sampling in both p and 6. The second example considered was an image with 

a line segment. For this image, it was shown that the quantity in the test statistic 

x^s(7) could be simplified using the LRT. Again the performance of the detector 

was examined and the effect of the correct length of the window function A was 

investigated. The third example considered was an image with a pattern across a 

significant length. Again, we saw that the detectors could be simplified, this time 

using the LRTWF. The performance for the LRTWF detector was shown for two 

sample functions, the second derivative of a Gaussian and a chirp-like function. For 

the three examples, the line, the line segment, and the pattern, both detectors, the 

NP detector and the ML detector, had identical performance. The last example 

that was considered was an image with a region of a simulated wake. For this 

problem, development of a precise detection scheme was not possible because an 

exact analytical expression for the wake was not know. For this problem, a modified 

ML detector, similar to the detector used in the pattern example for a chirp-like 

feature, was considered. The performance of this detector was examined including 

the effect of the window parameter A. 
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Chapter 5 

Summary 

Development of robust schemes for detection of internal ship wakes in synthetic 

aperture radar (SAR) images is of interest to the oceanic engineering community. 

Internal wakes occur when a ship travels in a stratified media, producing a "V" 

shape extending from the ship and a chirp-like feature across each arm. In this 

dissertation, three mathematical transforms were developed which accentuate fea

tures of the internal wake, including the linear feature and the chirp-like feature, in 

images. These transforms were then incorporated into optimal and sub-optimal de

tection schemes for images with linear features, including ship wakes, contaminated 

by additive Gaussian noise. 

The localized Radon transform (LRT) has been shown [9] to be effective at 

accentuating features in SAR open water images. In Chapter 2, another derivation 

of the LRT was provided which showed that this transform is equivalent to the 

Radon transform (RT) with a rectangular window function. Several relationships 

between the LRT and the RT were derived using the new formulation of the LRT and 

were used to show invertibility of the LRT. In addition, a method of implementing 

the LRT, similar to the direct Fourier method of implementing the RT, and a 

method to view the LRT were developed. 
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In order to illustrate how the LRT accentuates linear features in images, two 

examples were considered. The first example consisted of three test images con

taminated in additive Gaussian noise: a line segment, a line, and a curved feature. 

In the first case, the line segment was perfectly matched to the LRT and a strong 

response was produced even with a significant amount of noise. Both the line and 

the curved feature were also emphasized in the transform domain. However, when 

noise was added to the system for these images, the peak in the LRT domain was 

not accentuated as well as the line segment test case. In the second example, the 

eflfect of error on the size of the window was examined. It was shown that the linear 

feature was still accentuated even when there was a significant amount of error in 

the window size. 

Although the LRT was able to account for the linear feature of the wake, it was 

not able to account for the chirp-like feature which occurs across each arm in the 

wake. In Chapter 3, two transforms were derived which examine patterns across 

an image, including chirp-like features and wakes. The first transform, the wavelet 

localized Radon transform (WLRT), performs a wavelet transform across all slices 

of an image. The second transform, the localized Radon transform with a wavelet 

filter (LRTWF), expands the WLRT to include features which have a significant 

length. 

In Chapter 3, the fundamental theory for the WLRT was established. First, 

the basic transform was presented and invertibility was shown. Then a technique 

for implementing the transform, which is similar to the direct Fourier method for 

the RT, was derived. Lastly, a method of viewing this transform was provided. 

Once the fundamental theory for the WLRT was established, several examples 
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were considered. In the first example, a function with support on a linear region 

was examined. It was shown that the linear feature was most pronounced in the 

(a, 9) block associated with the true parameters of the feature. In addition, as 

the feature became more localized to the line, the (a, 0) block associated with the 

true parameters in the transform domain became more accentuated. The second 

example illustrated that multiple linear features can be examined simultaneously 

in the WLRT domain, even if they are superimposed. The last example illustrated 

that a segment of a wake transforms into a horizontal line in the WLRT domain. 

However, for the multiple linear feature case, the resulting horizontal lines will occur 

at several different values of scale a. This is a result of the wavelet moving across 

the various maxima and minima of the chirp-like feature of the wake. 

Although the WLRT was able to accentuate features localized to a line, features 

which occur over a non-zero length are not emphasized significantly in the transform 

domain. The LRTWF expanded the WLRT to linear features which occurred over 

a significant length. The fundamental theory for this transform was developed and 

a relationship to the WLRT was provided. Similar to the WLRT, a method of 

implementing the LRTWF similar to the direct Fourier methods for the RT was 

established. It was shown that the LRTWF can be viewed in the identical manner 

to the WLRT. 

Several examples illustrated how this transform accentuates patterns which 

occur over a significant region of the image. The first example considered two 

different patterns; the second derivative of a Gaussian and a chirp-like pattern. 

In all cases, a strong peak occurred in the (a,0) block associated with the true 

scale and angle of linear feature. In addition, unlike the WLRT, the feature in the 
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transform domain became more pronoimced as the length of the feature increased. 

The last two examples considered a simulated wake image and a SAR wake image. 

In both cases, a horizontal line appeared in the transform domain, similar to the 

case of the WLRT. However, the horizontal line was significantly more pronounced, 

both in the true (a, 0) block associated with the feature and compared to the (a, 0) 

blocks at other angles. 

The LRT, WLRT, and LRTWF all provided a qualitative method of viewing 

various linear features in images. In Chapter 4, a quantitative method of examining 

these features was obtained. First, the basic theory for the composite problem 

when the image of interest was contaminated by additive white Gaussian noise was 

provided. Then, the structure and implementation of two detectors, the Neymaa 

Pearson (NP) detector and the Maximum Likelihood (ML) detector, were discussed. 

It was shown that for images with certain features, the quantity x^s(7) used in the 

test statistic could be simplified using the transforms developed in Chapters 2 and 

3. For all examples considered, the NP and ML detector had identical performance. 

The first example that was considered was detection of a line in an image. 

It was shown that the detector could be written in terms of a RT. Results for 

this detector were presented including the effect of line width and the eflfect of 

sample size in both p and 9. Next, it was shown that the NP and ML detectors 

for a line segment can be written in terms of a LRT. The results of the detector 

were examined for line segments of various lengths and widths. Lastly, it was 

shown that the detectors performed significantly worse if the length of the line 

segment was not known exactly. The third example considered an image which 

had a pattern occurring over a length of the image. It was shown for this case 
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that the detector could be written in terms of the LRTWF. Results were presented. 

Similar to the LRT it was shown that the detectors performance levels were affected 

significantly by correctly knowing the length of the feature. The last example which 

was considered was a simulated wake. Because of the additional complexity of this 

example, only the ML detector was studied. The performance of the detector was 

shown including the effect of the size of the window function. Currently, the detector 

has not been applied to real SAR wake images because of the unavailability of a 

sufficient number of images. 

The transforms presented in Chapters 2 and 3 accentuated various linear fea

tures in images very effectively. However, there are two areas which need further 

investigation. First, for the LRT and the LRTWF, a rectangular window function 

was used to restrict the portion of the line in the image which was begin analyzed. 

Although this window was sufficient for this work, a more generalized window could 

be implemented easily for both transforms. Second, in the WLRT and the LRTWF, 

a wavelet was used to account for the chirp-like features of the wake. Although both 

transforms were able to accentuate this feature, the wavelet was not matched per

fectly to the wake. Further research into development of a wavelet matched to the 

physical properties of the wake is needed. 

In Chapter 4, two detectors, the NP detector and the ML detector were de

veloped. However, in Chapters 2 and 3 it was shown that the LRT, the WLRT, 

and the LRTWF have information about the location and orientation of the linear 

features in the image. Another problem that would be useful to investigate is the 

estimation problem. 

The two detectors developed in Chapter 4, the NP detector and the ML detec
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tor, were designed and examined in additive Gaussian noise. However, it is known 

that noise in SAR images is not Gaussian and not additive. A further investigation 

needs to be performed to determine how to incorporate these physical problems of 

radar noise into the problem. 
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Appendix A 

Generalized Functions 

Singular functions appear in many engineering and science problems. A stan

dard example is the Dirac delta function, denoted by S(x—Xo). Although the delta 

function has many "nice" properties, it is not a function, at least in the classical 

sense of function theory. The basic theory of generalized functions, which includes 

the delta function, is reviewed [33-35] herein. 

Before a generalized function can be defined, the concepts of a test function 

and a continuous linear functional are needed. A test function <f) is an infinitely 

diflferentiable function with bounded support, i.e. (j) € C^(R). The set of all test 

functions is called the test function space and denoted /C. Note that the space of 

test functions forms a linear space. We say that / is a continuous linear functional 

on /C if there exists some rule according to which we can associate with every (j) € JC 

a number (/, <^) satisfying the following conditions: 

(a) For any two numbers q :i  and 0:5 and any two functions <^i and <^2 in IC, (/, ai0i+ 

Oi2<l>2) = Q:i(/i <Pi) + 02)-

(b) If the sequence 0i, (^21 ••• i ••• converges to zero in IC then (/, 0i), (/, ̂ 2)1 

••• ) ••• converges to zero. 
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The first and second conditions represent linearity and continuity respectively. 

A generalized function / is a continuous linear functional on IC. The space of 

all generalized functions is denoted by /C'. A distribution / E Kl' is called regular if 

there exists a locally integrable function g such that 

for every ( F )  G  I C .  All other generalized functions are called singular. 

The Dirac delta function S { X — X Q )  is the continuous linear functional defined 

as 

Since there is no locally integrable function satisfying Equation (A.l), the Dirac 

delta function is a singular generalized function. Note that this is a standard defi

nition of the Dirac delta function. In practice, the delta function is written in the 

form of Equation (A.l). However, it is important to recognize that this is a sym

bolic representation and precisely means the functional given in Equation (A.2). 

In addition, in practice the space of functions on which the delta function acts is 

relaxed from to Co or C. Continuity is the essential property for the function 

space associated with the Dirac delta function in order to preserve a continuous 

linear functional. 

Unlike classical functions, the derivative of a generalized function always exists 

and is given in terms of a functional. The derivative of a generalized function f is 

a generalized function g where 

(A.1) 

{ s { X - X Q ) , ( f ) { X ) )  =  ( i >{xq) .  (A.2) 

{!,<!>) = (A.3) 



135 

Similar to classical functions, the derivative of / may be denoted as /' or d f / d x .  

Another common generalized function is the step function U defined as 

(A-4) 

Although the step function is a function in the classical sense of function theory, it 

is not differentiable at the point x = 0. However, a simple calculation can be done 

to show that the derivative of the step function is the generalized function S, 

= (W,-0') 

= —J dxU{x) (i>'{x) 

= — [ dx(f>'{x) 
Jo 

= ^(0) = 

Note that this result is used extensively in engineering applications. 

Similar to differentiation, the Fourier transform of a generalized function is 

given in terms of a functional. Define the space of slowly increasing functions Z as 

all entire functions tp satisfying the condition 

|s|'Ws)|<C,e"M, (A.5) 

where the constants a and Cq may depend on tp. Note that the standard Fourier 

transform defined in Appendix B establishes a one-to-one mapping between /C and 

Z and is proven in [33]. The Fourier transform of a generalized function f e K.', 

denoted /, satisfies the condition 

27r(/, 0) = (/, (A.6) 
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where ( f )  E  I C ,  ^  £  Z ,  f  £  Z ' ,  and Z' is the space of generalized function associated 

with the space of test function Z. Note that Equation (A.6) has the exact same 

form as Parseval's theorem for functions in jC^(R) given by Equation (B.3). 

In many applications, the result, is desired. Using the definition of the 

Fourier transform of a generalized function, we find 

(5 J) = 2Tr{S,4>) 

= 27r<^(0) 

= = (i>>-

Thus, 5 = 1. Note that this result is used in many engineering applications. 
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Appendix B 

Fourier Transform 

The Fourier trajisfonn has become a fundamental mathematical tool used in 

many scientific and engineering applications. The definition and key properties of 

the Fourier transform are provided and the notation used throughout this disserta

tion is established. 

The Fourier transform of a function / G is defined as [36-38] 

m  =  J  d x f i x )  (B.l) 

with the inverse transform defined as 

d^mS' (B.2) 

where the equality is in terms of The expression 

2 n { f , g )  =  { l g ) ,  (B.3) 

called Parseval's theorem, can be proven easily. The Fourier transform is defined 

for functions in £^(R). For the case of generalized functions, the definition of the 

Fourier transform is given in terms of a functional as illustrated in Appendix A. A 

list of common Fourier transform pairs is given in Table B.l. 
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f i x )  m 

5 { x  - x o )  g-tCio 

si^ - ̂o) 

f i x  -  b )  

/(f) |a|/(a^) 

/{^) e-'^''|a|/(aO 

Table B.l; Useful Fourier transform pairs 

The two dimensional Fourier transform is obtained by taking the Fourier trans

form in the horizontal and vertical direction sequentially. Thus, the two dimensional 

Fourier transform of a function / G £^(R^) is defined as [36-38] 

/ ( C > ^ )  =  y y  d x  d y  f { x , y )  (B.4) 

The inverse transform is defined as 

y )  =  (B.5) 

where the equality is in terms of C^. Similar to the one dimensional Fourier trans

form, Parseval's theorem in two dimensions, 

{ 2 7 r ) ^  { f ,  g )  =  { f , g ) ,  (B.6) 

can be proven easily. 
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Appendix C 

Calculation of Detector and Estimate Statistics 

In Chapter 4, the Nejmaan Pearson detector and the Maximum Likelihood 

detector were examined. Several important statistical quantities were used in order 

to discuss the performance of the detectors. Results presented in Chapter 4 are 

derived in this Appendix. 

C.l Neymsui Pearson Detector 

Recall, for the Neyman Pearson (NP) detector the decision rule is based on the 

likelihood ratio, L(x) = E-^[L(x|7)]. The mean and variance for both hypothesis H 

and K can be found by direct calculations. 

Under hypothesis H, the mean is 

The definition of the likelihood ratio is substituted into the above expression, 

Eh[L(X)] = Idx L(x)/(x|if). 

If dxd^ /(x|/i:,7)/(7). 
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Since 7 has values in the set defined in Equation (4.8) with equal probability, 

the result is simplified to produce 

E„[£(X)] = ̂  /(x|J(r,7.) = 1, (C.l) 
t=0 •' 

where Q is the number of elements of Note that the mean of L(X) under 

hypothesis H is independent of both the signal to noise ratio (SNR) and the signal. 

The variance under hypothesis H may be written in terms of the second moment 

of the likelihood ratio, 

Varn[i(X)] = E„[L(X)^] - 1. 

The second moment is 

BH[(i(X))'] = /ix(i(x))V(x|/f) 

where the definition of the likelihood ratio was used. Substituting the density 

functions into the above expression, we find 

where SNR = cr"^. Note that the SNR is independent of 7 by construction in 

Section 4.1. An algebraic manipulation and simplification is performed, 

EhWX)^] = 
W i=o j=o 

^ p-^(x-(s(7i)+s(7i)))''(x-{s(7i)+s(7j))) 

(2^0-2)^^/2 
1 Q-lQ-1 

= ^ E E 
V ,=0 j=0 
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which completes the calculation for the second moment. Thus, 

VarH[I(X)] = a2-l (C.2) 

where 

C.' = E E (C.3) 
^ t=0 j=0 

Note that unlike the mean under hypothesis H, the variance depends on both the 

signal and the SNR. 

Under hypothesis K, the mean of L(X) is 

E K 1 L ( X ) ]  =  J  J  D X D I  U X )  M  M K . J )  

where the definition of the likelihood ratio was applied. Substituting the density 

functions, we find 

<3-1 Q-l 

Q '  S S ' '  J  -

The above expression is simplified 

EK[i(X)l = ^ E E 

EkWX)] = 
** i=0 j=0 

X f d-X ^ p-5^(*-(s(7i)+s(7j)))''(x-(s(7.)+s(7j))) 
J  (27rC72)A^/2 ^ 

= (C.4) 

where C^2 is given by Equation (C.3). Note that the variance under hypothesis H 

and the mean under hypothesis K have a similar form. Also, note that unlike the 

mean under hypothesis H, the mean under hypothesis K is dependent on both the 

signal and the SNR. 
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The variance under hypothesis K can be found by calculating the second mo

ment of the likelihood ratio under K, 

VarK[X(X) ]=EK[ i (X )2 ] -a22  

similar to the calculation under hypothesis H. The second moment is 

EK[i{X)^]  =  |/dxrf7iWV(x|iir.7)/(T) 
= I/// ixd-ididi' T) /(7) /(V) Hi') 

where the definition of the likelihood ratio was applied. The density functions for 

7 is substituted into the previous expression and simplified to produce 

1  Q - l Q - l Q - l  
EK(i(xn = 

V i=o i=0 k=0 

X f dx -J (27ro-2)A^/2 

i=0 j=0 k=0 

X f dx ^ --^(x-(8(7i)+s(7, )+s(7fe)))^(x-(s(7.)+s(7. )+3(7t))) 

J (27ra2)Af/2 
Q_1Q_IQ_1 

_ — ^ ̂  ̂  g^[s(7i)^s(7;)+s(7>rs(7fc)+s(7fc)^s(7i)] (C.5) 

i=0 j=Q k=0 

which completes the calculation. Thus, the variance under hypothesis K is 

VarK[L{X)]=D,2-Cl2 (C.6) 

where C^2 is given in Equation (C.3) and 

1  Q - l Q - l Q - l  
^ (C 7) 

i=0 j=0 k=0 

Note that the expression for the variance under hypothesis K is dependent on both 

the signal and the SNR. In addition, the expression is significantly more complicated 

than the expression for the variance under hypothesis H. 
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C.2 Maximum Likelihood Detector 

The ML detector has a decision rule based on the quantity, mM{L(x)}. Be

cause of the additional complexity introduced by the max function, the statistics 

for this detector are studied asymptotically. 

Before the statistics are examined, a few simple relationships are noted, a set 

is defined, and a limit is calculated. The expected value of and for an 

observation vector x of i.i.d. Gaussian random variables with mean /z = 0 and 

variance tr^ are 

E[|-^m|] = /^x^27ro-2)W2^ 

and 

E[^m] = /'^*(27r(T2)A^/2® ^ 

= / xl, = (T^ (C.9) 

respectively. Using the Cauchy Schwarz inequality and simplifying, we find that 

the following bound exists, 

X f - l  M - l  M - l  
Yi km(7)| < \ S 1 E |sn(T)P = ^Ms(7)^S(7) = Y / M ,  (C.IO) 

m=0 ' m=0 n=0 

where 3(7) is defined in Chapter 4. Define the set Aj 

Ai = {x I x^s(7i) > x^s(7j) V J} . (C.ll) 

which is useful in calculating the ML statistics. Lastly, we prove the limit of an 

integral. 



144 

Fact 

For any i ^ j, 

Jim dx /(x|/C 7j) = 0 (C.12) 

where Ai is defined in Equation (C.ll). 

Proof: 

Assume e > 0 is given. The following bound can be shown easily, 

r r 
d x f { x \ K , j j )  =  1 - ^ /  d x f { - x \ K , j j )  

kjti 

<  1 - [  d x f { x \ K , j j ) .  
J A J  

Since s(7j) is an interior point of Aj for every j, there exists a 6j such that 

iSij. (s(7j)) C Aj. Define S = min{5j}. Then by construction, 

f  d x  f i x \ K ,  7j) <  1 -  /  ^  d x  f { x \ K ,  j j )  
J A i  J B s i s i - y j ) )  

<  f  d x f { x \ K , j j ) .  
yx0S«(s(7j)) 

Substituting the probability density function into the right hand side of the above 

expression and applying a simple change of coordinates, we find 

Since 

there exists an i? > 0 such that 

/ dx exp f-ix^x") < e. J\x\>R (27r)^/2 2 J 
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Thus, if cr > y then 

which completes the proof. 

< e 

• 

Next, four claims are established. The first two claims show that the means 

asymptotically approach 0 and 1 under hypothesis H and hypothesis K respectively. 

The second two claims show that the variances asymptotically approach zero under 

both hypotheses. 

Claim 1 The mean under hypothesis H asymptotically approaches 0, 

lim Eh  
<T-*0 

max 
7 

= 0. (C.13) 

Proof; 

The mean of the ML decision rule may be written as 

'H m^|X^s(7)| = J dx max 

= / <ix x''s(7j) f ( x \ H ]  
i=0 
Q - l M - l  .  

=  /  d x  X m  f { A H )  
i=0 m=0 

where Aj is defined in Equation (C.ll). Using the triangle inequality and the results 

from Equations (C.8) and (C.IO), we find the following bound, 

Q-l M-l 

Q-l M-l J. 

< km(7i)l / dx /(x|ff) 
- A — n J 

Q-l M-l . 
max{X^s(7)} < Y, Mli)\ J^ dx \Xm\ f{x\H) 

i=0 m=0 
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Since, 

we find 

Q-l M - l  
= ^ 'E, M7i)\ J-

t=0 m=0 V TT 

i=0 TT TT 

lim 
<7—^0 

E, max 
7 

{X''s(7)} 
2 M  

< limQo-A/—= 0 
~ (r->0 V TT 

lim Eh  
o-^O 

max 
7 

{X^s(7)} = 0 

which completes the proof. • 

Claim 2 The mean under hypothesis K asymptotically approaches 1, 

limEK 
ir-^O 

max 
7 

{X''s(7)} = 1. 

Proof: 

The mean of the ML decision rule can be written as 

(C.14) 

EK max{X^s(7)} -1 = EK {(X - s(7))^s(7)}J 

= niax{(x-s(7))^s(7)} fix\K,'yj) 
^ j=0 •' ^ 

=  A n  X )  /  d x  s { j i )  f { x \ K , j j ) .  
Q i=0 j=0 

An algebraic manipulation is performed, 

E K 

Q-lQ-l 

max{X^s(7)} -1 = pr $3 S / (x - s(7j))^s(7i)/(xjii:, 7j) 
L ^ ' 'J y ,=0 j=o 

+ A S n / (s(7j) -s(7t)rs(7i) /(x|iir,7j) 
y i=0 j=0 
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^ I dy. (x-s(7j)) s(7f) /(x|iir,7j) 
,  Q - L Q - L  

= 5 E E X 
y t=0 j=0 

^  Q - \ Q - L  
+ n Y ^ Y .  (s(7i) - s(7i)) s(7i) f  d x  f { x \ K , - f j ) .  

y i=0 >=0 
3¥^i 

The triangle inequality is applied to the previous expression and simplified, 

Ek  max{x^s(7)}] - l| 

^ ^ E E |(x - s(7j))^s(7i)| /(x|i<:,7i) 

+  A  E  E  2 f  rfx f { x \ K ,  7i) (C.15) 
y i=0 j=o 

where the property s(7j)^s(7,) < s(7i)^s(7t) = 1 is utilized. Next, we examine each 

term in the right hand side of the above equation separately. 

The first term in Equation (C.15) can be written as 
Q - L Q - L  

|(x-s(7y))^s(7i)| /(x|ir,7j) 
^ 1=0 i=o 

Q-lQ-lM-l . 
= 7) E E E km(7i)l I  d x  |x^-5^(7i)| /(x|i^,7i)-

W .-n •'A, ^ i=0 j=0 m=0 

Using the results of Equations (C.8) and (C.IO), we find 

| ( x - s ( 7 j ) ) ^ s ( 7 i ) |  f i x \ K , j j )  

Q - L Q - L M - L  

TT  ̂ 7) E E E |Sm(7i)l 0- \/5 
^ i=0 j=0 m=0 

[W 

-

< Q (7I 
2M 

TT 

Thus, 

E^.^x |(x-s(7j)rs(7i)| f { x \ K , j j )  
^ 1=0 j=0 ' 
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2 M  
 ̂ is ® "V IT = "• 

Next, we calculate the limit of the second integral in Equation (C.15). Assume 

e > 0 is given. By Equation (C.12), there exists an i? > 0 such that ifa > R then 

'Ai 

So, we find the following bound 

Q - L Q - L  
H /(x|Ar,7j) 
V :=0 j=0 ' 

Q - L Q - L  

Thus, 

^ S E |(s(7j) - s(7i))^s(7i)| dx /(x|/i:,7j) = 0. (C.17) 

Using the limits in Equations (C.16) and (C.17), we find 

lim 
(T-»0 ' K  max 

7 
{x^s(7)} 

^ |(x-s(7j))^s(7i)| /(xl/r,7j) 

+  i i f J J  i  E  E  | ( s ( 7 i )  -  s ( 7 i ) ) ^ s ( 7 £ ) |  f  d x  f { x \ K ,  j j )  
V i=o j=o '  '  

i¥'i 
< 0. 

Thus, 

h h i e k  <7-+0 
max 

7 
{x^s(7)} = 1 

which completes the proof. 
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Claim 3 The variance under hypothesis H asymptotically approaches 0, 

lim VaxH 
<7—fO 

max 
7 

{X^s(7)} = 0. (C.18) 

Proof: 

Before the asymptotic variance is found, the second moment is calculated. A 

substitution can be done to show that 

21 r / . . \ 2 
E, (m^{X^s(7)}) = J d K f f f { K )  ^m^{x^s(7)}) 

= E / (x^s(7i))^. 
1=0 

Using the triangle inequality, we find 

21 Q-i 
(m^{X^s(7)}j = 5^^ rfx//y(x) (x^s(7f))^ 

< IT / /ff(x) (x^s(7i))^ 
t=0 •' 

Q-1 M - l  M-l . 
= H Sm(7i)Sn(7i) / dx /fl-(x) X,„X„ 

~^0 n=0 •' 

H H |5m(7i)Sn(7.)l I dx fnix) \XjnXn\ 
m=0 n=0 
n^n 

M-l - \ 
+ S «m(7i)^ I dx /iy(x) ) . 

m=0 / 

The following bound is found by substituting the results of Equations (C.8), (C.9), 

and (C.IO) 

Q-i 
< E 

:=0 

(max{X^s(7)}) 

/ 
2 A/—1 M—l M—l 

" U S  k m ( 7 t ) 5 n ( 7 . ) l  +  5 1  S m h i f  
m=0 TT m=o n=0 

<3-1 
= 

i=0 
\ 

<3-1 M-l M-l 

^ E E |Sm(7i)Sn(7t)l 
1=0 m=0 n=0 

\ 

/ 
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Q-l 
<  J ^ M a ^  =  M Q a ^  

1=0 

Thus, 

So, 

lim 0-—>0 E, < lim MQa = 0. 
~ <r->0 

lim Varn 
<r-+0 

max 
7 

= lim E H 
<r->0 

= 0 

which completes the proof. 

{X^s(7)}] 

(max{X^s(7)}) lim (Eh  
cr-*0 \ 

max 
7 

{X^s(7)} j 

• 

Claim 4 The variance under hypothesis K asymptotically approaches 0, 

lim VarK a-yQ max 
7 

{X^s(7)} = 0. (C.19) 

Proof: 

Similar to Claim 3, we first find the asymptotic second moment. The definition 

of a second moment can be used to obtain the following equality, 

(max{X^s(7)}) -1 = ^ [(max{x^s(7)}) -E 
Q j=o 

Q - l  Q - l  

m K i j )  

= [(x^s(7f))^ - l] /(x|iir,7j). 
V i=o j=o 1-^ 

Note that 

(x^s(7.))^ - 1 = ((x - s(7j))^s(7i))^ + 2(x - s(7j))^s(7i)s(7j)^s(7i) 

+ (s(7j)^s(7i))^-l. 
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So the previous expression can be rewritten as 

' K  (max{x^s(7)}) - 1  

= ^ E E ((x-s(7i))^s(7i))^ /(x|ir,7i) 
Q i=o j=o 

+ i E Z 2 s(7i)rs(7i) [ dx (x-s(7j))^s(7i) f{x\K, - f j )  
y t=:0 j=o 

+ A E E [(s(7i)^s(7,))^ -l\ f dx /(x|iir,7j). 
W i=o i=o -I 

The triangle inequality is applied to the right hand side of the above expression and 

simplified, 

2" 
E K  - 1 

Q - L Q - L  

(max{x^s(7)}) 

^ E [ rfx ((x-s(7j))^s(7i))^ /(x|i^,7j) 
V i=o i=o 

+ E E 2 / rfx |(x-s(7j)rs(7,)| /(x|/!r,7;) 
W i=o i=o ' 

+ ( C . 2 0 )  
y .=0 J=0 

where the property |s(7j)^s(7t)| < s(7j)^s(7j) = 1 was used. Next, we examine the 

limit of each term in the right hand side of Equation (C.20) separately. 

The first term in Equation (C.20) can be written as 

( ( x - s ( 7 j ) ) ^ s ( 7 f ) ) ^  f { ^ \ K , ^ j )  
V ,=0 i=0 

1  Q - L Q - L  M - L M - L  
<  A E E E  E  l 5 m ( 7 i ) 5 n ( 7 i ) l  

^ i=0 J=0 m=0 n=0 

X I  rfx {Xm -  Smhj))  (2:„ -  Sn{7j))f{x\K, Jj)  
J A i  

1 Q-1Q-1M-1A/-1 
|Sm(7i)®n('y:) I 

^ t=0 j=0 7n=0 n=0 
n^m 
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^ /\ ^ r n i l j ) )  i ^ n  ^n(7j))/(*|-^) Tj) 
j a,-

1 Q-1Q-IA/-1 
+ O E E E «m(7.)^ 

^ i=0 j=0 m=0 

X f  d x  { X m  -  S m { j j ) f f i x \ K , J j ) .  

Using the results of Equations (C.8), (C.9), and (C.IO) 

J .  ^  ( ( x - s ( 7 j ) ) ^ s ( 7 i ) ) ^  f { x \ K , ^ j )  
^ i=0 j=0 • 

So, 

1 Q-i-Q-l M-1 M-i 9 

s  A E E  E  E  |Sm(7t)^n(7t)| 
^ i=0 j=0 m=0 11=0 

n^m 
1 Q-lQ-lAf-1 

+ 5] S IZ Sm(7t)^ 0-^ 
i=0 j=0 m=0 

,  q - i q - i a / - !  a f - 1  

^ n H IT |5m(7i)Sn(7.)l 
^ i=0 j=0 m=0 n=0 

< QM(x^ 

((x-s(7y))^s(7.-))^ /(x|i^,7i) 

< lim Q M a  = 0. 
— <x-yO 

Thus, 

E /! ((x-s(7j))^s(7i))^ /(x|ii:,7j) = 0. (C.21) 
V t=0 j=0 

The second term in Equation (C.20) can be written as 

Q-lQ-l 
iZ E2 [ d x  |(x-s(7j))^s(7i)| f { x \ K , j j )  
y i=o j=Q ' ' 

1  Q - l Q - l M - l  .  

~ n E 2 A 
^ i=Q j=Q m=0 

n Q-1(3-1A/-1 . 
g E 5Z E 2 |s^(7i)|^ rfx |x„, -s„i(7j)| /(x|i^,7j). 
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Using the results of Equations (C.8) and (C.IO), we find 

|(x-s(7j)rs(7i)| f{-x.\K,jj) 
W i=0 j=0 •'^i ' ' 

Q - l Q - l M - l  

^  o E E E 2 kmCT.)! \ l z  
^ 1=0 j=0 m=0 TT 

< 2aQ 

So, 

I Z 2  ^  r f x  | ( x - s ( 7 i ) ) ^ s ( 7 i ) |  f { x \ K , j j )  

2M 
< lim2crQ \ = 0. 
— (r->0 V TT 

Thus, 

E2 / rfx |(x-s(7j))^s(7i)| /(x|i^,7j) = 0. (C.22) 
^ t=0 j=0 ' 

The limit of the third term in Equation (C.20) was calculated in Claim 2 and is 

given in Equation (C.17). 

The result of Equations (C.17), (C.21), and (C.22) are applied to Equation 

(C.20) 

21 
lim <r—>0 E K  (m^{X^s(7)}) 

^ Y. ((x-s(7j))^s(7i))^ 

E2 j d - x  |(x-s(7y))^s(7i)| /(x|i^,7j) 
" V ,_0 j-Q •'^i 

= 0. 



154 

Thus, 

So, 

lim Var K 
<T-40 

limEK 
<r-tO 

(max{x^s(7)}j = I (C.23) 

max 
7 

{X '"s(7)}] 

(^max{X''s(7)}) = limEK 
(T->0 lim f E K 

<7-^0 V 
max 

7 
{X^s(7)} ) = 0 

which completes the proof. 
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