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ABSTRACT 

Direct Numerical Simulations (DNS) of the incompressible Navier-Stokes equa

tions are used to investigate the effect of wall suction on transition in a flat-plate 

boundary layer. The Navier-Stokes equations are cast in vorticity-velocity formu

lation. The streamwise and wall-normal derivatives are discretized with compact 

differences, with a pseudospectral treatment of the spanwise derivatives. Two dif

ferent methods are used for the time integration. In most calculations, an explicit 

four-stage Rimge Kutta method is used. In some cases, a semi-implicit combination 

of a three-stage Rimge-Kutta- and a Crank-Nicolson method is used. 

Several case studies are performed. The first case treats the effect of a single row 

of suction holes, aligned in the spanwise direction, on the evolution of a ToUmien-

Schlichting wave. It is foimd that suction through small holes leads to noticeable 

nonlinear effects on disturbances with large spanwise wavenumbers. 

The effect of suction on secondary instability with regards to a large-amplitude 

ToUmien-Schlichting wave is investigated in the second case study. The suction 

configurations here are a permeable wall, spanwise slots, and streamwise slots. It 

is found that sufficiently strong suction suppresses the secondary instability. The 

different suction configurations are equally effective. 

The role of the Klebanoff-mode in boundary layer transition is the subject of the 

third case study. A numerical model of the Klebanoff-mode is presented that agrees 

well with experimental observations. It is shown how the interaction between the 

Klebanoff-mode and a Tollmien-Schlichting wave can cause transition. Wall suction 

is found to be an effective means to prevent transition and maintain laminar flow 

even in the presence of high-amplitude Klebanoff-mode fluctuations. 

In the last case study, the limit of very strong suction through holes is inves

tigated. It is shown how the suction holes generate streamwise vortices that can 

become unstable and lead to bypass transition. 
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NOMENCLATURE 

x , y ,  z  streamwise, wall normal, and spanwise coordinates 

^max begin, end of integration domain in streamwise direction 

xb begin of buffer domain in streamwise direction 

ymax height of integration domain 

Xc x-coordinate at center of suction slot or -hole 

d  slot width or hole diameter 

s distance between centers of adjacent slots or holes 

t  time 

u, u, 10 streamwise, wall normal, and spanwise velocity components 

Vc suction velocity at center of holes / centerline of slots 

Ua suction velocity distribution over the surface x, z 

V suction velocity averaged over the surface 

u u-amplitude of disturbance at the inflow boundary 

V u-amplitude of disturbauce at a suction/blowing slot at the wall 

Urms root-mean-square u velocity fluctuation 

ufj:, LJy, uis streamwise, wall normal, and spanwise vorticity components 

Uoa mean free-stream velocity 

V dynamic viscosity 

Tu free-stream turbulence level 

6 displacement thickness 

^0 displacement thickness at inflow boundary 

^99% boimdary layer thickness 

Re Reynolds number 

Rex Re bcised on distance x from the leading edge = Uoaxlv 
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Res Reynolds number based on displacement thickness = Uoo^fv 

Recr critical Reynolds number: for Re > Recr, 

the boundary layer is unstable to small disturbances 

a streamwise wavenumber 

7 spanwise wavenumber 

A wavelength 

a," growth rate 

uj circular frequency 

/ frequency 

/* frequency in Hz 

F nondimensional frequency = 2irf ' i / fUl^ x IC* 

T period of a ToUmien-Schlichting wave 

Wc weighting factor for upwind/downwind biased differences 

stretching parameter for grid-stretching in y direction 

a\{ decay factor for v at the free-stream boundary 

ml number of x grid points 

m2 number of y grid points 

ichoke number of x gridpoints in buffer domain 

ichoks number of x gridpoints between buffer domain 

and outflow boundary 

K number of 3-D spanwise Fourier modes 

Ax stepsize in x direction 

Af time step 

C F L  Courant-Friedrichs-Levy number = UAt/Ax 
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fufc, fvjt, fwfc amplitudes of volume forces 

xffc, yf;T X, y  coordinates of center of volimie forces 

affc, bffc X, y decay constants of volimie forces 

TT Fourier transform 

ST Fourier-sine transform 

FST free-stream turbulence 

LSE linear stability theory 

OSE Orr-Sommerfeld equation 

SQE Squire equation 

TS Tollmien-Schlichting 
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1. INTRODUCTION 

In a flat-plate boundary layer the flow is usually laminar near the leading edge. At 

some downstream distance, fluctuations appear and the flow becomes more and more 

unsteady and seemingly chaotic, until finally a fully turbulent flow is established (see 

Figure 1.1). The change from a laminar flow into a turbulent flow is called transition. 

While both the laminar and the turbulent state of a flat-plate boundary layer are 

unique (at least in a statistical sense), the transition process that leads from one to 

the other is not. There appear to be several distinct transition mechanisms, only a 

few of which are imderstood. 

The present work shall consider only the simplest example of a boundary layer, 

namely the thin layer formed by an incompressible fluid of constant density p and 

constant kinematic viscosity u moving past a smooth, flat-plate at a constant free-

stream velocity Uoo such that the mean motion of the fluid is two-dimensional. 

Herein, this flow shall be termed a flat-plate boundary layer. When the flow is 

laminar, the boundary layer is very well described by Blasius's similarity solution 

of Prandtl's boundary layer equations, hence it is often referred to as a Blasius 

boundary layer or Blasius flow. 

The free-stream velocity and the viscosity, together with an appropriate length 

scale, define the Reynolds number Re. A widely used definition of the local Reynolds 

number in flat-plate boundary layers is Rer = i/oo^/fi where x is the distance from 

the leading edge of the plate. Another definition of the local Reynolds number, which 

is primarily used in laminar boundary layers, is Re^ = Uoo^ju, where 8 is the displace

ment thickness. In a Blasius boundary layer, the displacement thickness 8 is approx

imately one third of the boundary layer thickness ^99%, and Rej = I.72077\/Rcx-

In the next two sections, the current state of research in the areas relevant to the 

proposed work is reviewed, and the basic concepts of laminar-turbulent transition 

and of laminar flow control are presented. 
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1.1 Laminar-Turbulent Transition 

1.1.1 Linear Stability Theory and Transition 

In the "classical" view, laminar-turbulent transition in a boundary layer on a flat-

plate is seen as the result of four distinct processes (Morkovin 1993), as illustrated 

in Figure 1.1: receptivity - linear instability - secondary instability - breakdown. 

In the first stage, receptivity, disturbance waves in the boundary layer are ex

cited by external perturbations such as surface roughness, surface vibrations, sound 

waves, free-stream turbulence (FST), or unsteady pressure gradients. Much progress 

has been made in the understanding of boundary layer receptivity to sound (Crouch 

1994, Choudhari &: Streett 1994, Saric, Reed &: Kerschen 1994). Theory, experi

ments and numerical calculations are in good agreement, and there are few open 

questions. Receptivity to spanwise vorticity in the free-stream (convected gusts) is 

also well understood (Kerschen 1990). In contrast, the problem of boundary layer 

receptivity to free-stream turbulence is still unresolved. 

Beyond a certain critical Reynolds number Recr, disturbance waves inside the 

boundary layer may become amplified due to a lineaj instability of the steady mean 

flow. The initial growth of these disturbance waves is described by linear stability 

theory (LST). By asstmiing a locally parallel mean flow, LST can be mathematically 

formulated as an eigenvalue problem governed by two ordinary differential equations. 

The Orr-Sommerfeld equation (OSE) for the wall-normal velocity component v is 

coupled to the Squire equation (SQE) for the waU-normal vorticity component uiy 

(Bertolotti 1991). The eigenvalues of this system determine the wavelength and the 

growth rate of disturbance waves, while the eigenfunctions determine their shape. 

Depending on their streamwise and spanwise wavenumbers, disturbances are expo

nentially amplified or damped. The amplified waves are called Tollmien-Schlichting 

(TS) waves. According to LST, the most amplified TS-waves are plane waves (zero 

spanwise wavenumber). 
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When the amplitude of a TS-wave has reached a suflBciently high level, the TS-

wave and the steady mean flow together can be thought of as a new base flow. In a 

coordinate system that moves with the phase speed of the TS-wave, this base flow is 

approximately steady in time but periodic in the streamwise direction x. This peri

odic base flow becomes susceptible to a Floquet-type secondary instability (Herbert 

1988). This instability gives rise to disturbances which are typically oblique (i.e. 

with non-zero spanwise wavenumber). At this stage, disturbance growth becomes 

so strong that turbulent spots and breakdown to turbulence occur within a short 

streamwise distance. A comprehensive overview of instability mechanisms in shear 

flows is given by Bayly, Orszag & Herbert (1988). 

1.1.2 Natural Transition 

The major shortcoming of the above transition scenario is that it caai only be 

observed in carefully controlled experiments, i.e. in specially designed wind- and 

water timnels where free-stream turbulence, ambient noise, and vibrations have 

been reduced to a minimum. Whether this route to turbulence is prevalent in 

free flight is an unresolved issue. Under "natural" conditions commonly found in 

wind tunnels with FST levels Tu > 0.1%, transition appears to be preceded by 

streamwise streaks in the boundary layer. These streaks are now commonly referred 

to as the "Klebanoff-mode" (or K-mode), after P.S. KlebanofF who first described 

them (KlebanofF & Tidstrom 1959, KlebanofF 1971). His basic findings have been 

confirmed in numerous experiments by other researchers (Arnal & Juillen 1978, 

Kendall 1985 and 1992, Westin et. al. 1994a and 1994b). 

The streamwise streaks associated with the KlebanofF-mode are fundamentally 

different both from TS-waves and from the structures commonly observed in tur

bulent boimdary layers. They are longitudinal structures inside the boundary layer 

that appear to be caused by free-stream turbulence. Characteristic features of the 

KlebanofF-mode are its low frequency and its high amplitude. Fluctuations as high 
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as Urmj/t4o=15% have been observed in boundary layers before the appearance 

of turbulence. This is in strong contr«ist to the amplitudes commonly observed 

in TS-waves, where a value of Urms/^4o=l-5% is usually an indication of immi

nent transition to turbulence. Also in contrast to TS-waves, the amplitude of the 

Klebanoff-mode increases algebraically in the streamwise direction, being roughly 

proportional to y/x. 

The structures are long in the streamwise direction and narrow in the spanwise 

direction, with a characteristic spanwise length scale of a few boundary layer thick

nesses. At present there is no consensus whether this spanwise scale is imposed 

by the scale of the free-stream turbulence or whether it is an intrinsic scale of the 

boundary layer. In the wall normal direction the structures extend across the whole 

boundary layer. 

To date, there is no comprehensive theory concerning the origin and stream-

wise development of the Klebanoff-mode. There have been several theoretical stud

ies of the development of steady spanwise perturbations in a Blasius boundary 

layer. Crow (1966) used an asymptotic expansion to study the response of a Bla

sius boundary layer to steady spanwise perturbations of the free-stream velocity 

U{z) = Uoo{^ -f esin(70)). Within the limits of his analysis wyfUoo -C 7X <C Uool^li 

he found that the shape of the boundary layer profile in x, y was imaffected by the 

perturbation, while the spanwise variation of the boundary layer thickness was pro

portional to ek. Goldstein and coworkers investigated the effects of steady normal 

(Goldstein, Leib &: Cowley 1992) and spanwise (Goldstein & Leib 1993) free-stream 

perturbations on a boundary layer by solving the three-dimensional boimdary layer 

equations. In both cases they found strong growth of steady streamwise vortices 

which eventually caused the boundary layer to separate. Bertolotti (1993) found 

that, in the absence of free-stream perturbations and any other forcing, steady vor

tices decay in a Blasius boundary layer. 

The role of the Klebanoff-mode in laminar-turbulent transition is still not un
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derstood. When the FST level is increased, the amplitude of the Klebanoff-mode 

increases as well, and the transition to turbnlence occurs further upstream in the 

boundary layer. There is, however, no clear link between the Klebanoff-mode and 

any known instability or transition mechanism. Because of the intensity of the over

all fluctuations, it is quite difficult to measure the amplitudes of TS-waves in the 

presence of the Klebanoff-mode. Kendall (1992) reported that naturally occurring 

TS-waves appeared in the form of wave packets. Their growth depended on their 

amplitude, and their spanwise extent appeared to be related to the spanwise scale 

of the Klebanoff-mode. These characteristics are in contrast to those of artificial 

wave packets in an otherwise quiescent boundary layer, whose growth and spanwise 

spreading is well described by linear stability theory (Gaster & Grant 1975). Westin 

et. al. (1994b) artificially excited a time harmonic TS-wave with a vibrating ribbon 

in the presence of free-stream turbulence. They found that as they increased the 

FST level, the amplitude of the Klebanoff-mode increased as well, but the amplitude 

of the TS-wave decreased. Nevertheless, they also observed that increasing the FST 

level did move the transition point further upstream. 

1.2 Laminar Flow Control and Drag Reduction 

In engineering applications, an important difference between laminar and tur

bulent boundary layers is that the latter cause much higher drag due to the larger 

shear stress at the wall (skin firiction). Since drag is often quite undesirable, there 

have been nimierous attempts to reduce the drag of boundary layers. At low to 

moderate Reynolds numbers. Laminar Flow Control (LFC) appears to be the most 

useful means to reduce drag. Its purpose is to maintain a laminar boimdary layer 

and to prevent or delay transition to turbulence. Any educated attempt to do so 

requires an understanding of the relevant transition mechanisms. 

In LFC, suction through the wall can be a very effective means of stabilizing a 

laminar flow and of suppressing the growth of disturbances. LST analysis shows that 
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continuous suction through the wall can substantially increase the critical Reynolds 

number of a boimdary layer, i.e. the distance from the leading edge up to which 

small disturbances are damped. In the theoretical limit, sufficient wall suction 

applied to a two-dimensional boundary layer on a flat-plate leads to the asymptotic 

suction profile with a critical Reynolds number Re5=70,000, which is more than 130 

times larger than the critical value of the Bla^ius boundary layer (Schlichting 1987). 

These impressive theoretical results prompted early trials with wall suction in wind 

tunnel experiments and in flight tests; see Wagner et. al. (1992) for a historic 

review. However, continuous wall suction is impractical for most aeronautical LFC 

applications; it requires a permeable surface which cannot carry the structural loads 

encountered in aircraft skin panels. Thus, in practice, wall suction is usually applied 

through slots or holes (Harris et. al. 1992). 

When discrete suction slots / holes are used, the waU normal velocity is zero over 

most of the surface and varies rapidly over the suction slots / holes. This can give 

rise to undesired effects that can limit the efficiency of LFC and even lead to early 

transition: First, the receptivity of the boundary layer may be increased by the 

rapid flow variations near the suction holes, i.e. the boundary layer becomes more 

susceptible to external disturbances such as sound waves or free-stream turbulence. 

Second, in the case of suction holes, the streamwise vortices resulting from the 

flow into the holes can be imstable to small perturbations in the flow. Goldsmith 

(1957) performed a series of experiments to investigate the limits of suction for LFC. 

Indeed, he foxmd that there was a critical suction strength beyond which suction 

caused transition to turbulence. 

The effects of suction on the development of TS-waves in a flat-plate boundary 

layer have been investigated theoretically (Choudhari 1990, Kerschen 1990, Crouch 

1994, Choudhari & Streett 1994), numerically (Reed & Nayfeh 1986), and experi

mentally (Reynolds & Saric 1986). There is good agreement of theory, experiments, 

and numerical calculations, and there are few open questions left. 
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In contrtist, not much is known about the effects of suction on streamwise streaks. 

LFC experiments are typically performed in low-turbulence wind tunnels, where the 

Klebanoff-mode plays no discernible role in transition. To date all experimental 

work on the Klebanoff-mode has focused on controlling the transition location by 

adjusting the free-stream turbulence level. No attempt has been made to use LFC 

techniques, in particular suction, in the presence of the Klebanoff-mode. 
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2. SCOPE OF THE PRESENT WORK 

In this work, direct numerical simulations based on the complete Navier-Stokes 

equations are used to investigate the effect of suction on the laminar-turbulent tran

sition in a flat-plate boundary layer. The suction configurations under consideration 

axe a single row of holes in the spanwise direction, slots in the spajiwise and stream-

wise directions, and distributed suction through a permeable wall. 

The Navier-Stokes equations are solved inside a rectangular integration domain 

above the flat-plate. Starting with the steady Blasius boimdary layer, steady suction 

is applied and the calculation is continued until the flow has again reached a steady 

or, in some cases, periodic, state. Instead of trying to calculate the complicated 

flow through holes, slots, or porous sheets, the suction is modeled by specifying a 

negative t; velocity distribution as a boundary condition at the wall. Comparisons 

with experiments show that this simple approach captures the relevant physics even 

for high suction velocities. 

Once the flow with wall suction has converged to a steady state, the effect of 

the suction on TS-waves and on other disturbances inside the boundary layer can 

be studied. Disturbance waves are generated by time-harmonic excitation of the 

flow at the inflow boundary, by a suction/blowing strip at the wall, or by unsteady 

volume forces in the free-stream. Again the calculation is continued until a globally 

periodic state is attained. The results are then analyzed in the time domain and, 

after a Fourier transform, in the frequency domain. 

The Navier-Stokes equations in vorticity-velocity formulation are presented in 

chapter 3. The ntmierical model is described in chapter 4, and the finite difference 

approximations are detailed in appendix C. Special emphasis is placed on new nu

merical techniques that were developed in the course of this research. These include 

a space-time integration scheme with split compact differences for wave propaga

tion, non-equidistant compact differences to approximate derivatives on stretched 
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grids, eind an improvement of the buffer-domain technique to eliminate reflections 

of waves at the outflow boimdary. 

Several case studies that focus on different zispects of the transition process are 

performed. In chapter 5, the effect of a single row of suction holes on a low-amplitude 

TS-wave is studied. This represents an idealized case of laminar flow control. Suc

tion is used to suppress the linear instability of the steady base flow to small dis

turbances. The study here focuses on the influence of different hole diameters in 

the generation of three-dimensional disturbances by the scattering of the incoming 

two-dimensional TS-wave. 

Chapter 6 covers the effects of suction on the secondary instability of high am

plitude TS-waves. This is the third stage of the classical transition scenario. Both 

fundamental resonance and subharmonic resonance are considered. The primary ob

jective here is to determine the different effects of spanwise suction slots, streamwise 

suction slots, and distributed suction through a permeable wall. 

In chapter 7, a nimierical model of the Klebajioff-mode is presented. Both linear 

and nonlinear calculations are performed to verify that the model captures the most 

important features of the response of a flat-plate boundary layer to free-stream 

turbulence. The interaction of the Klebanoff-mode with a TS-wave and its relevance 

to laminar-turbulent transition is investigated in chapter 8. The effect of suction on 

Klebanoff-mode induced transition is studied in chapter 9. 

In chapter 10, the limits of very strong suction as a means of laminar flow con

trol are studied. The calctilations in this chapter are numerical simulations of ex

periments by Goldsmith (1957). The objective of the present study is to obtain 

more detailed results than Goldsmith could in his experiment, and to answer some 

open questions regarding the applicability of his results to laminar flow control in a 

boundary layer. 

Overall conclusions drawn from the different case studies are presented in chapter 

11. 
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3. GOVERNING EQUATIONS 

The governing equations axe the incompressible, unsteady Navier-Stokes equa

tions in vorticity-velocity formulation (Fasel, Rist & Konzelmajin 1990). Taking 

the curl of the momentum equations eliminates the pressure terms. Using the fact 

that both the velocity and the vorticity vectors are solenoidal, one obtains three 

vorticity transport equations for the streamwise (a;^), normal (wy), and spanwise 

(wj) components of the vorticity 

duz dc db 1 2 /o 1 \ 

The nonlinear terms resulting from convection and vortex stretching are 

a = u cji — u Wy + ub Wx — Wy (3.2a) 

b = w u}y — VLJz — vb(^z — vuizB (3.2b) 

C = UU}z — WUJx + Ub<jiJz + • (3.2c) 

The vorticity is defined as 

dv dw 

dw du 
dx dz 
du dv 
dy dx 'Z • 

(3.3a) 

(3.3b) 

(3.3c) 

and u, V, w are the velocity components in the streamwise (x), normal (y) and span-

wise {z) directions, respectively (see Figure 1.1). 

Equations (3.2a),(3.2b),(3.2c) are written for a calculation in disturbance flow 

formulation. The total flow is split into a steady, 2-D base flow and an unsteady 
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disturbance flow 

ut{x, y, 2, t) = UB(X, y) + U(x, y, 2, t) (3.4) 

vt{x, y, 2, t) = UB(X, y) + v{x, y, 2, t) (3.5) 

wt{x, y, 2, f) = w{x, y, 2, t) (3.6) 

WRT(a;, y, 2, <) = Wr(x, y, 2, f) (3.7) 

WyyCx, y, 2, <) = u;j,(x, y, 2, f) (3.8) 

'^zT(a; ,  y, 0 = WjB(a: ,  y )  + i^z ix ,  y, 2, t )  , (3.9) 

and terms involving only the base flow quantities ub,vb,<jJzb have been subtracted 

out. 

In these equations, the velocities are normalized by the free-stream velocity Uoo-

The spatial variables x, y, 2 are normalized by a reference length L, and the time t 

is normalized by UoojL- The global Reynolds number is defined as Ke=UooLlv. 

From the definition of the vorticity, and again using the fact that both the velocity 

and the vorticity vectors are solenoidal, one obtains three equations for the velocity 

components 

17" aT 
d^w d^w duy d^v 

d^u d'^u duly d^v /o in \ 
^ 

When used together with an appropriate finite-difference discretization of the 

x,y derivatives (see chapter 4), this formulation of the velocity equations does not 

require the vorticity values Wj at the wall for the calculation of the right-hand 

sides of equations (3.10a) - (3.10c). The calculation of the wall vorticity will be 

discussed on page 35. 

The flow is assumed to be periodic in the spanwise direction 2. Therefore, the 

flow field is expanded in Fourier cosine and sine series with K spanwise Fourier 



33 

modes. Thus, each variable is represented by a total of 2K+1 Fourier modes: The 

2-D spanwise average (i.e. the zeroth Fourier mode), K sjonmetric Fourier cosine 

modes, and K antisymmetric Fourier sine modes 

K 

u(x ,  y ,  z ,  t )  =  t/o(x, y, 0 + y ,  t )  cos{ jkz )  
k=l 

2K 

+ Z) Uk{x,y,t)s\n{'ikz) 
k=K+l 
K 

v(x, y, z, t) = Vo{x, y,t) + J2 y, t) cos{jkz) 
k=l 

2K 

+ 53  Vk{x ,y , t )  s in i^kz)  
k=K+l 
K 

w{x ,  y ,  2, t )  =  Wo{x ,  y , t )  +  Wkix ,  y ,  t )  sin(7fc2) 
k=l 

2K 

+ Wk{x ,  y, t )  cos(7fc2) 
k=KJr\ 
K 

Uj^{x, y, z, t) = y,t) + '^ y, 0 sin(7ifcz) 
k=l 

2K 

+ 53 0 COs(jkZ) 
k=K+l 
K 

ujy{x, y, 2, t) = fiyo(x, y, 0 + E fsin(7fc2) 
Jt=i 

2K 

+ Z) ^^yfc(a:,y,0cos(7fcz) 
fcsif+l 
K 

UJ^{x, y, 2, t) = fizoCx, y,i) + Y1 ' 0 COs(7Jt2) 
fe=l 

2K 

+ S ^Zk{x,y,t)sm{'ykz) 
k=K+l 

where the spanwise wavemmiber is 

Ik = < 

lirk 

2Tr{k - K) 

\ < k < K  

K ^ - \ < k < 2 K  

(3.11a) 

(3.11b) 

(3.11c) 

(3.11d) 

(3.11e) 

(3.1If) 

(3.12) 
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and is the spanwise wavelength of the lowest spauiwise Fourier mode. The order 

of the indices k in equation (3.11) corresponds to the storage order of the spanwise 

Fourier modes in the FORTRAN code. 

The nonlinear terms a, 6, c are expanded as 

K 

a(x, y, z, t) = /lo(x, y, f) + 13 fsin(7fc2) 
Jt=i 

2K 

+ ^ Ajk(x,y,f)cos(7fc2) (3.13a) 
k=K+l 

K 

b(x, y, z, t) = Bo(x, y, 0 + 53 cos(7fc2) 
A:=L 

2K 

+ 53 Bk{x,y,t)sm{jk2) (3.13b) 
h=K+l 

K 
c(x, y, z, t) = Co(x, y,t) + Yi Ck{x, y, t) cos(7fcz) 

k=l 
2K 

+ 53 C'ifc(a:,y,0sin(7fc2) (3.13c) 
fc=K'+l 

In many controlled transition experiments, the flowfield is also symmetric with 

respect to 2 = 0. In this case, only the first K \ Fourier modes are used in the 

calculation, i.e. u, v, Wj are symmetric w.r.t z=0, while w, u)x, Uy are antisymmetric. 

Because the mean flow is two dimensional, Wq^ fiio, flyo and Aq are zero in this case. 

This simplification reduces the computational effort by one half. AU calculations 

presented in this work were carried out with this symmetry constraint. 

Substitution of these expansions into the vorticity transport equations (3.1a), 

(3.1b), (3.1c) and the velocity equations (3.10a), (3.10b), (3.10c) yields the governing 

equations in Fourier-space 

d^zk _ dCk dBk I ^ He") 
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2.,  „  asi.k 

a'H'i j,„ an,j , an „ 

= (3-15c) 

where the Laplacian operator is transformed into 

A crucial aspect of the vorticity-velocity formulation is the fact that the vortic

ity values at the wall cannot be computed from the vorticity transport equations 

(3.1a), (3.1b), (3.1c). Rather, they shoidd be computed from the velocity fields to 

maintain consistency and ensure overall conservation of mass and zero-divergence of 

the vorticity. The following relations are used to evaluate the vorticity at the wall 

y = 0: 

sfa.t a^a,, ,S'v, , d^v,, 

ny^ = 0 (3.17b) 

dn.,_ _ d'v.d'vk 2 

dx dx^ dy^ ^ ^ ^ 

Eq. (3.17b) follows from the definition of the nonnal vorticity (3.3b) together with 

no-slip boundary conditions for the velocities at the wall, i.e. (4 = 0 and Wk = 0. 

Given the normal velocity 14 and the normal vorticity their derivatives can 

be computed at the wall y = 0. The streamwise vorticity is then computed by 

solving equation (3.17a). Once flxfc is known, Q.zk is computed by integration of 

(3.17c), starting at the inflow boundary. 
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4. NUMERICAL MODEL 

4.1 Boimdaxy Conditions 

The governing equations (3.14a) - (3.15b), (3.15c) are solved inside a rectangular 

integration domain xo < a: < Xmon 0 <y < ymax, with periodicity in the spanwise 

direction z. The computational domain is shown schematically in Figtire 4.1. 

4.1.1 Inflow Boundary Conditions 

At the inflow boundary at X = XQ, all velocity and vorticity components are speci

fied. In addition, all x derivatives needed for the compact difference approximations 

of the governing equations are also specified. Imposing derivatives as boundary 

conditions may appear to be an overspecification of the problem. However, apart 

from solid walls and boundaries "at infinity", any computational boundary is nec

essarily a cut through the physical flowfield. Consequently, the numerical boimdary 

conditions specified at such a boundary should take into account the physics of 

the flow. In fact, Bertolotti (1994) defines realizable boundary conditions for the 

Navier-Stokes equations as a cut (e.g. at x = xq) of a flow field that is itself a so

lution of the Navier-Stokes equations, which in turn was computed with realizable 

boundary conditions, etc. Morkovin (1993) calls for environmentally realizable dis

turbances, i.e. for boundary conditions that can be causally linked to disturbances 

that occur in nature. The issue of proper boundary conditions for computational 

fluid dynamics has been hotly debated among fluid mechanics scholars. At the heart 

of the matter lies a discrepancy between boundary conditions that are permissible 

to obtain a mathematically well posed problem, and boundary conditions that are 

"physically meaningful". On the one hand, one may impose mathematically proper 

inflow boundary conditions that lead to a unique and numerically stable solution 

that cannot be physically realized in any experiment. An example of this type of 

boimdary condition are the inflow conditions specified in certain numerical simula
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tions of transient growth of disturbances in boundary layers (Henningson, Berlin & 

Lundbladh (1994). On the other hand, if a flow is known to be a physically mean

ingful solution of the Navier-Stokes equation, then the derivatives of the relevant 

variables (velocity, vorticity) are also known. Thus, one could reasonably expect 

that the consistent specification of additional derivatives at the boundaries should 

not cause numerical problems. As an example, the parabolized stability equations 

require inflow boundary conditions that specify, in fact, the dependent variables and 

their first two streamwise derivatives (Bertolotti 1991). 

In the present work, the steady part of the flow at the inflow boundary is taken 

as the solution of the Blasius boundary layer equations; hence, all derivatives are 

known and can be specified in a consistent maimer. Moreover, since the calculations 

are usually started with the Blasius solution as the initial condition, the flow at the 

inflow boundary is also consistent with the initial flowfield 

In some calculations, a time-harmonic ToUmien-Schlichting wave is specified at 

the inflow boundary. Since this wave is a solution of a previous Navier-Stokes 

simulation, all derivatives can be consistently specified. However, if such a peri

odic solution is suddenly imposed as an inflow boundary condition for an otherwise 

steady Blasius boundary layer, there wiU be an initial transient adjustment of the 

flow, until periodicity is attained. While this transient adjustment is a valid solu

tion of the Navier-Stokes equation, it is unphysical, because it cannot be realized in 

an experiment. Thus, in this case, only the periodic results, after the initial tran

sient, can be considered physically meaningful, since they can be reproduced in an 

experiment. 

4.1.2 Wall Boundary Conditions 

At the wall at y=0 no-slip conditions are imposed on u and iw. The normal 

velocity v is zero over the solid part of the wall and is specified across the suction 
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openings. For suction slots, 

u(0 = Ucsin^(7r|) (4.1) 

where Vc is the suction velocity at the center of the slot, d is the slot width, and 

0 £ ̂  ^ is the coordinate across the slot, i.e. ^ = x for spanwise slots and ^ = z 

for streamwise slots. This suction function is plotted in figure 4.2. For suction holes, 

u(0 = Uccos^('r^) (4.2) 

where 0 < r < is the radius of the hole. The shape of this function over a suction 

hole is the same as that of equation (4.1) 

In addition to prescribing v, dv/dy = 0 is imposed at the wall to ensure conser

vation of mass. 

4.1.3 Free Stream Boundaxy Conditions 

At the free-stream boimdary at y = ymax the flow is assumed to be irrotational. 

This assimiption is usually satisfied to machine precision in numerical calculations. 

Thus, all vorticity components and their derivatives are set to zero. A Robin bound

ary condition is specified for the disturbance velocity 14 

dy 
= -OLMVk (4.3) 

Vmox 

This condition imposes exponential decay Vk oc exp(—awy) of disturbances at the 

free-stream. In the case of a TS-wave, this exponential decay follows from linear 

stability theory, where is the wavenumber of the TS-wave. For sufficiently large 

ymax the solution is quite insensitive to the value of a^f. 

4.1.4 Outflow Boundary Conditions 

Near the outflow boundary at x = Xmax a buffer domain technique is used to 

prevent reflections of disturbances (cf. section 4.7). At the outflow boundary, all 

second derivatives in x are set to zero. 
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4.2 Initial Conditions 

The incompressible Navier-Stokes equations (3.14a), (3.14b), (3.14c), (3.15a), 

(3.15b), (3.15c) are parabolic with respect to time t. Thus, initial conditions must 

be prescribed in the whole computational domain. In all calculations the disturbance 

flow quantities u, u, it>, ujx, Wy, and u>z are initially set to zero. The solution of the 

Blasius boundary layer equation is used as initial conditions for the baseflow ug, 

vb, and 

4.3 Disturbance Generation 

4.3.1 Inflow Disturbances 

In the calculations of chapters 5, 8, and 9, a time-harmonic 2-D ToUmien-

Schlichting wave is imposed eis an inflow boundary condition. In this case, all 

necessary amplitudes and phases are computed from the Fourier analysis of a previ

ous Navier-Stokes calculation to ensure consistency of all flow quantities and their 

streamwise derivatives. 

4.3.2 Suction/Blowing through the WaU 

In the calculations of chapter 6, the Tollmien-Schlichting waves are generated by 

time harmonic suction/blowing through a narrow strip at the wall. 

Vk{x, t) = VkVs(x) cos(u;< -I- $fc) (4.4) 

where Vk, the amplitude and phase for each spanwise Fourier mode, lo is 

the circular frequency, and Vs(x) is a shape function that is zero outside the suc

tion/blowing strip and is 

xi < X < xc : ",(0 = :^(729^® - 1701^'' -h 972^^), ^ (4.5a) 
4o Xc — Xi 

x c < x < x 2 :  t ; , ( e )  =  - i ( 7 2 9 e ® - 1 7 0 1 ^ ^ + 9 7 2 ^ ^ ) ,  ^  ( 4 . 5 b )  
4o 3*2 
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Xi,X2 are the beginning and end of the strip, respectively, and Xc = (xi +X2)/2 is 

its center. Thus, the net volume flow through the strip is zero at any time. This 

technique has proved to be very effective in generating clean disturbance waves (Rist 

1990). The velocity function is plotted in figure 4.3. 

A different technique is used to generate the steady disturbances in chapter 6. 

Here, the velocity at the wall is specified as 

Vk{x, t) =  Vk s i n ^ f x - ^ — ( 4 . 6 )  
^ X2 ~ 

This is the same function as that used for suction slots in equation(4.1). 

4.3.3 Volume Forces 

To generate streamwise vortices outside the boundary layer for the calculations 

in chapter 7, a (unsteady) volume force .F(x, y, z, t) = [fu,fv,fw] is added to the 

Navier-Stokes equations. 

^  +  ( u  •  V ) u  =  - V p  +  — +  /  ( 4 . 7 )  

Its components are 

fu = fujt exp ~ cos{ukt + ^k) 

+ ~ cos((jJkt + ^k) (4.8a) 

fv = 53 ^fcexp|-(^ af^^^)^ ~ + 

2iC -T 
+ 53 ^ifcexp|-(^ *')^}sin(7fcg)cos(a;fcf+ ^fc) (4.8b) 

k=K+l ^ •' 

fw = 53 fwfcexp|-(^ af^^^^' ~ + 

2iC ^ 

+  5 3  f w f c  e x p  ( - ( — 7 — u r  sin(7fcz) cos(u;fcf + ^k) (4.8c) 
k=K+l ^ 
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Here, xffc, y^, af/k, and bf^ define the geometry of the forcing of each spanwise 

Fourier mode, while ujk and define its frequency and phase. The notation of the 

spanwise Fourier indices k corresponds to that in equation (3.11) on page 33. 

In the actual calculations, the curl V x .F is used as a source term on the right 

hand side of the vorticity transport equations. 

4,4 Time-Integration 

In this work two different methods were used for the time integration of the 

vorticity transport equations (3.14a) - (3.14c). The first is a four-stage explicit 

Runge-Kutta scheme which is very accurate, up to order ©((Af)"*). The second 

combines a three-stage explicit Runge-Kutta scheme with a semi-implicit Crank-

Nicolson scheme for better numerical stability. This second scheme is accurate of 

order 0( (Ai)^). 

4.4.1 Four-Stage explicit Runge-Kutta Method 

This method is based on the classical fourth order Rimge-Kutta method (Ferziger 

1981, p.79). An outline of the scheme is given in equation (C.84a). As an explicit 

method, it is only conditionally stable. In many calculations presented here, the 

grid spacing in y near the wall was so fine that the major stability restriction for the 

time step comes from the waU-normal diffusion terms ldy^{Q.xki ^zk) 

the vorticity transport equations. For a numerical stability analysis, these terms 

can be modeled by the ordinary differential equation 

f = -./ (4.9) 

where p is the largest eigenvalue of the finite difference operator. For this model 

equation, the stability of a given numerical scheme depends only on the product 

pAt. For the diffusion operator, p is dominated by its real part. Therefore, the 

fourth stage corrector was modified to allow for a larger real part of the eigenvalues. 
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in return for reduced formal acau-acy. In figure 4.4 the amplification 

after one time step is plotted vs. the product /jAf, for real p > 0. The method is 

stable if < 1. These curves show that the lower order schemes are 

much more stable than the fourth order scheme, although the results of calculations 

with pAt > 1 axe physically meaningless. 

In practice the second order scheme, given by equation (C.85b), is sufificiently 

accurate, while allowing for a time step that is twice as large as that allowed by the 

standard fourth order scheme (equation (C.85d)). The first order scheme (equation 

(C.85a)) is too dissipative for unsteady calcidations. 

Thus, in those calcidations where the four-stage Runge-Kutta scheme is used, 

the wall-normal diffusion terms are integrated with the second order scheme. The 

nonlinear terms dAkjdx and dCkjdx are integrated with the fourth order scheme, 

but with an additional switching of the spatial differencing ^ at alternating time 

steps (cf. section 4.6.2). All other terms in the vorticity transport equations are 

integrated with the standard fourth order scheme. 

At each Runge-Kutta stage, the calculation proceeds as follows: 

1. Compute the nonlinear terms Ak, Bk, Ck of the vorticity transport equations, 

defined in equations (3.2a) - (3.2c) and (3.13a) - (3.13c) (cf. section 4.5). 

2. Compute the right hand side of the vorticity transport equations (3.14a) -

(3.14c) (cf. sections 4.6.1 and 4.6.3 and appendix C.l). Split compact differ

ences with biasing are used to compute the streamwise derivatives dAkjdx and 

dCk/dx (cf. section 4.6.2). 

3. Integrate the vorticity transport equations over one substep, according to equa

tions (C.84a) - (C.84d). 

4. Taper the disturbance vorticity to zero near the outflow boundary (cf. section 

4.7). 
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5. Filter the vorticity in the streamwise direction (of. section 4.8 and appendix 

C.6). 

6. Solve the Vjt-Poisson equation (3.15a) (cf. section 4.9 £md appendix C.2). 

7. Solve the Wk Poisson equation (3.15b) (cf. section 4.10 and appendix C.3). 

8. Solve the Uk Poisson equation (3.15c) (cf. section 4.10 and appendix C.3). 

9. Solve equations (3.17a) and (3.17c) to obtain the vorticities Slxkj ^zk the 

wall (cf. section 4.11 and appendix C.4). 

Since there are no boundary conditions for the wall vorticity components and 

ftzki the finite difference stencils are chosen such that the wall vorticity at the new 

time level is not needed until step 9. 

4.4.2 Thxee-Stage Runge-Kutta/Crajik-Nicolson Method 

For some calculations, the explicit schemes described above are stiU too restric

tive, i.e. the maximum time step required for numerical stability is much smaller 

than the time step necessary for numerical accuracy. In these cases, a combined 

three-stage Runge-Kutta / Crajik-Nicolson scheme is used. At each stage of the 

Runge-Kutta scheme (equations (C.86a)- C.86c)), the calculation proceeds as fol

lows: 

1. Compute the nonlinear terms Ak, Bk, Ck of the vorticity transport equations, 

defined in equations (3.2a) - (3.2c) and (3.13a) - (3.13c) (cf. section 4.5). 

2. Compute the explicit right hand side terms rhs of the vorticity trajisport equa

tions (3.14a) - (3.14c), excluding the waU-normal diffusion terms 

l/Re5^/5y^(fijrjt,nyj(.'(^- sections 4.6.1 and 4.6.3 and appendix C.l). 

Here, central compact differences (without biasing) are used for the streamwise 

derivatives dAkjdx and dCktdx (cf. section 4.6.2). 
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3. Compute the explicit wall-normal diffusion terms 

(jjyy = (c^- appendix C.l, equations (C.15) and 

(C.18) ). 

4. Using the explicit right hand side f  =rhs- \ -u ) y y ,  advance the vorticity in time, 

according to equations (C.86a) - (C.86c). These vorticity values are used to 

start the iteration below. 

5. Compute the wall-normal diffusion terms implicitly with a Crank-Nicolson 

scheme. Since there is no boundary condition for the vorticity at the wall, 

an iteration procedure is used. 

(a) Using the previous vorticity values inside the domain, solve the l4-Poisson 

equation (3.15a) (cf. section 4.9 and appendix C.2). 

(b) Solve equations (3.17a) and (3.17c) to obtain the vorticities firfc, ^zk at 

the wall (cf. section 4.11 and appendix C.4). 

(c) Using the wall vorticity values (after underrelaxation, see below) as bound

ary conditions, calculate the new vorticity values inside, using equations 

(C.87) and (C.88). 

6. After the iteration has converged, taper the disturbance vorticity to zero near 

the outflow boundary (cf. section 4.7). 

7. Filter the vorticity in the streamwise direction (cf. section 4.8). 

8. Solve the Vjt-Poisson equation (3.15a) (cf. section 4.9 and appendix C.2). 

9. Solve the Wk Poisson equation (3.15b) (cf. section 4.10 and appendix C.3). 

10. Solve the Uk Poisson equation (3.15c) (cf. section 4.10 and appendix C.3). 

11. Solve equations (3.17a) and (3.17c) to obtain the vorticities ^xki ^zk at the 

wall (cf. section 4.11 and appendix C.4). 
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For the iteratioa of the Crank-Nicolson scheme to converge, an underrelaxation 

must be used to update the vorticity. The vorticity values in equations (C.87), 

(C.88) used in step 5c above are relaxed as 

where j is the wall-normal grid point index, n is the stage of the Runge-Kutta 

scheme, / is the iteration level, and Imax is the total number of iterations. In practice, 

six iterations are sufficient for convergence 

4.5 Computation of Nonlineax Terms 

The nonlinear terms Ak, Bk, Ck of the vorticity transport equations are evalu

ated pseudospectrally, using fast sine and cosine transforms (Swarztrauber 1982) to 

convert from Fourier space (a:, y, k) to physical space (x, y, z) and back. To avoid 

aliasing errors, the values of a, 6, c in physical space are calculated on 3/2K spanwise 

collocation points (Orszag 1971). 

4.6 Discretization of Spatial Derivatives 

In the governing equations, the spatial derivatives in the x, y directions are dis-

cretized with finite differences. The finite-difference approximations used are listed 

in appendix C. 

4.6.1 x-Derivatives 

In the streamwise direction x the grid points are equally spaced from i=l at 

the inflow at x = xq to i = ml at the outflow at x = x^ox- Hence, x(i) = xoH-(i — 

I) Ax. Inside, from i=2 to i = ml —1, all derivatives are approximated with fourth 

order compact differences. At the inflow boundary i=l, the function values and 

max 

max 

m _ _ rn,l I £ 
J  2^^ 2  

(4.10b) 

(4.10a) 
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all necessary streamwise derivatives are specified to ensure fourth order accuracy 

and consistency. At the outflow boundary i = ml, all second derivatives are set to 

zero. The first derivatives on the right hand sides of equations (3.15a) - (3.15c) 

and of equation (3.17a) aire computed with one-sided differences (equation (C.3)). 

The treatment of the nonlinear terms dAkfdx and dCkldx of the vorticity transport 

equations (3.14a) - (3.14c) near the outflow boundary is detailed in section 4.6.2. 

4.6.2 x-Derivatives of Nonlinear Terms 

When the four-stage explicit Rimge-Kutta scheme is used for the time integration, 

the streamwise derivatives dAk/dx and dCkjdx in the vorticity transport equations 

(3.14b) and (3.14c) are approximated by split compact differences. At consecutive 

substeps of the Runge-Kutta scheme, the numerical scheme alternates between up

wind biased differences (equation (C.l)) and downwind biased differences (equation 

(C.2)). For example, when upwind-biased differences are used to compute /o, 

downwind-biased differences are used to compute //, Since the equations are 

nonUnear and coupled, the order of the biasing itself is reversed at every other time 

step to avoid any undesired overall biasing. 

When the combined three-stage Runge-Kutta / Crank-Nicolson scheme is used 

for the time integration, the biasing factor is set to Wc=l, i.e. the derivatives are 

approximated by central compact differences. 

In either case, a weighted average of fourth order compact differences and first 

order upwind differences (equation (C.4)) is used near the outflow boundary 

/'(x) = c(x)/;^p„rt(x) -I- (1 - c(x))/ip^„<i(x) (4.11) 

Upstream of the gridpoint i=:ml — ichoke—ichoks the weighting function c(x) = l, 

i.e. f'{x) is computed with fourth order compact differences. Between the gridpoints 

i = ml — ichoke—ichoks and i = ml—ichoks, the weighting function c{x) gradually 

decreases from 1 to 0 over a region of ichoke gridpoints. From i = ml—ichoks to 
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i=ml ,  the  der ivat ives  axe  approximated by the  upwind di f ferences  only .  The added 

damping from the upwind differences reduces reflections from the outflow boimdary. 

The weighting function c(a:) used here is the same as used for the direct damping of 

the vorticity (cf. section 4.7). 

The average of the two difference formulae (C.l) and (C.2) is the usual centrai 

compact difference formula for the first derivative. However, when used in this spUt 

form, they provide a much better approximation than the usual central difference 

formula. 

First, note that the leading order terms of the truncation error of the two formulae 

are equal in magnitude and opposite in sign. Since they are used at consecutive sub-

steps of the Rimge-Kutta scheme, one can write the leading term of the truncation 

error as 

+(1 - + o((AxnAtf) 

« (1 - We)4$^(Az)^(A0 . 

Hence, the method is still formally fourth order accurate. A further understanding 

of this method can be gained by analyzing its dispersion relation. Consider the 

model equation 

with periodic boundary conditions in x. One can then apply a Fourier transform in 

X to obtain 

^ + iai// = 0 (4.14) 

where i = -y/^ and a is the streamwise waveaumber. The solution of this equation 
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after one time step At is 

+ ^ ̂ -iaUAt _ g-iwAi .4 15) 

m 

where w is the circular frequency. 

The dispersion relation of the exact solution is 

^ = a (4.16) 

where a and u; are real nimibers. Note that all waves have the same phase speed, 

and that they are neither amplified nor damped. 

When equation (4.13) is integrated numerically, i.e. with finite differences in x 

and a Runge-Kutta method in t, the solution will be different. Instead of equation 

(4.15), we expect a solution of the form 

/CHlM = ^ -\OAt (4 17) 
/(') 

The dispersion relation of the numerical scheme can be written as 

d>(a, CFL)A< 
CFL 

where 

= a Ax (4-18) 

CFL = ^ (4.19) 

is the Courant-Friedrichs-Levy number. 

The modified frequency w is now generally complex and depends nonlinearly on 

the wavenumber and the CFL number. A positive imaginary part u;,- corresponds to 

exponential damping of waves, in contrast to the properties of the exact solution. 

A negative imaginary part u;,- corresponds to exponential growth, i.e. to nimiericaJ 

instability. 

The weighting factor Wc in equations (C.l) and (C.2) can be adjusted to provide 

"optimal" damping of numerical errors in the sense that grid-mesh oscillations with 
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a wavenumber a = ir/Az axe completely eliminated. For a given CFL number, this 

"optimtun" value of Wc can be found from 

This relation holds so long cis the values of CFL and Wc are within the stability 

limits of the scheme. The stability boundary CFLmoi vs. Wc is plotted in figure 4.5. 

For a given biasing factor Wc, CFL numbers above the curve will lead to numerical 

instability. 

In figure 4.6 the normalized imaginary part of the modified frequency, a>, A</CFL, 

is plotted vs. the normalized wavenimiber, aAx, for several fourth order accu

rate schemes: Standard five point central differences, compact central differences, 

compact split differences with Wc=0, and weighted compact spUt differences with 

Wc=0.2. In each case, the fourth order Runge-Kutta scheme is used for time inte

gration. The CFL number in this example is CFL=0.5, and the optimal weighting 

factor according to equation (4.20) is Wc=0.2. Indeed, the two curves with split 

compact differences show strong damping of waves with wavenumbers aAx > 2, i.e. 

of waves with a resolution of fewer than 3 points per wavelength. 

Figure 4.7 shows a more detailed view of the previous graph near the ordinate 

axis. Apparently, the split compact differences cause stronger damping of waves than 

the central differences. With a biasing factor of Wc=0.2, a wave with wavenumber 

aAx = ir/2, i.e. with 4 grid points per wavelength and 8 time steps per period, loses 

2.4 percent of its amplitude over each period. However, at a finer resolution with 

a wavenumber aAx=l (6 points per wavelength, 12 steps per period), a wave loses 

less than 0.3 percent of its amplitude per period. Most importantly, these damping 

losses can be made arbitrarily small by reducing the CFL number, i.e. by reducing 

the time step At. Note also that the central difference formulae do not cause any 

damping at the highest wavenmnbers. 

The normalized real part of the modified frequency, a>rA</CFL, is plotted in 

(4.20) 
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figure 4.8. With standard central diflFerences, the numerical solution is seen to de

part from the correct solution for wavenumbers aAx> 1. It reaches a maximum at 

aAx=1.82 and returns back to zero for higher wavenumbers. This indicates that 

waves with a resolution of fewer than 6 points per wavelength propagate at the 

wrong phase speed, they lag the correct solution. More importantly, the group ve

locity of these imderresolved waves reaches zero at aAx=1.82. This means that any 

numerical error at this wavenimiber will not propagate at all. Worst of all, the group 

velocity of the least resolved waves is negative, i.e. short scale numerical errors will 

actually propagate upstream, with the shortest possible waves, grid-mesh oscillation 

with aAx = TT, having the absolute largest (negative) group velocity. As shown in 

figure 4.7, these spurious waves are not damped at all. Since these properties are 

inherent in the spatial finite difference operator, only an increase in the number of 

spatial grid points can improve the accuracy of the solution. Thus, increasing the 

resolution of a physically meaningful wave from 4 grid points per wavelength to 8 

grid points per wavelength will clearly improve its accuracy. However, it will not 

affect any short scale numerical errors that may be caused by roundoff. 

Matters are not much better for the central compact differences. On the positive 

side, the departure from the correct solution and the threshold of zero group velocity 

occur at higher wavenumbers, at a Ax >1.5 and aAs=2.07, respectively. On the 

negative side, the group velocity of the shortest waves has a much larger (negative) 

value than in the case of central differences. Again, these waves are not damped. 

In contrast, the split compact differences reproduce at least the correct sign of 

the group velocity, i.e. they do not cause upstream propagation of numerical errors. 

And with the "optimal" biasing factor of Wc=0.2, the phase- and group velocities of 

all waves except for grid-mesh oscillations are very close to the correct values. Also, 

recall that in this case grid-mesh oscillations are completely damped. 

Since the computational effort for all four methods is about equal, the use of split 

compact differences can produce enormous improvements in accuracy at no extra 
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cost. 

4.6.3 y-Derivatives 

In the wall-normal direction y an exponential stretching is used to cluster grid 

points near the wall (Anderson 1984, eqn. 5-216) 

Here j is the index of the grid points in the y direction, i.e. j=l is at the wall 

(t/=0) and j = m2 is at the free-stream {y = ymax)i while is a parameter to control 

the clustering of grid points. —» l"*" clusters all points at the wall, ^ oo 

distributes points on an equidistant grid. It is important to note that the grid 

stretching used here is not done by a coordinate transformation. Rather, the finite 

difference approximations for the derivatives with respect to y are constructed for a 

nonequidistant grid. While this approach is tedious, it yields higher accuracy than 

the traditional method of grid stretching by a coordinate transformation. Intuitively, 

this can be seen from the fact that, when a coordinate transformation is used, only 

one parameter (the metric) can be adjusted in a given finite difference formula, 

while the technique used in this work allows the adjustment of all coefficients in 

the formula. For higher order formulae with many coefficients, this should give a 

substantial improvement. 

As an example, consider the function 

At y=0, the first derivative is df fdy=0. Typical grid parameters for the calculations 

in this work are ymax=0.15 and m2=80. Given the fimction values on the grid points, 

one can numerically calculate the derivative using the finite difference formula (C.6). 

^ 4. IN i-(i-i)/(m2-i) 

(4.21) 

(4.22) 
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Alternatively, one could use equation (4.21) to define a coordinate transform from 

the physical coordinate y to a mapped coordinate 7/, where 

such that the grid is equidistant in the mapped coordinate system. AT/ = 1 /(m2—1) = 

0.12658228 x 10"^. The derivative can then be calculated as 

T = rr dy  dy  dr j  

where the transformation metric is given by 

^ ̂ W25) 
''f w(̂ -̂(l--̂ )')(logW + l)-log(/5-l)) 

and the finite-difference formula (C.8) can be used to calculate the derivative, with 

Ay replaced by AT/ = l/(m2—1). 

The results are plotted in figure 4.9. The first curve shows the nimierical deriva

tive computed from equation (C.6), plotted over the stretching parameter The 

second curve shows the niunerical derivative computed according to equation (4.24) 

with the finite difference coefficients from equation (C.8). For large values of /?, 

as the grid approaches the limit of equidistant spacing, the two numerical results 

converge to an asymptotic value. This value is close to the leading term of the trun

cation error of eq.(C.8), plotted as a straight line near the bottom of the graph. For 

smaller values of /3, as the grid points become clustered near the wall, the accuracy 

of both numerical derivatives improves. However, while the error of equation (C.6) 

goes to zero as desired, the error of equation (4.24) does not. Rather, it swings 

about zero without reaching the proper limit. 

To gain higher accuracy at the wall, one could also use a one-sided compact 

difference approximation, such as the one given in equation (C.70). This formula is 

used to compute the derivative d^?lyjdydx at the wall. In this Ccise, the derivatives 

at the points j =2,3,4 are known; thus, the derivative at j=l can be computed 
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in a straightforward manner without solving a system of equations. The use of 

a coordinate transform together with the equidistant formula (C.79) requires some 

care. The derivatives at j=1,2,3,4 must be divided by the values of the trajiformation 

metric at these points, i.e. 

The leading term of the trimcation error of equation (C.79) contains an odd 

derivative. Thus, to allow for a comparison of the numerical results with this term, 

the function used here is 

The results of the compact-difference derivatives are plotted in figure 4.10. While 

the overall accuracy is two orders of magnitude better than that of the standard one 

sided derivatives described above, the qualitative trend is the same. For large values 

of /?, the error approaches the leading term of the tnmcation error for an equidistant 

grid. For small values of the error of equation (C.70) approaches zero, while the 

error of equation (4.26) does not. 

These results confirm that it is preferable to derive a finite difference formula 

specifically for a stretched grid, rather than to use a coordinate transform combined 

with an equidistant grid in computational space. 

4.6.4 y-Derivatives in the Vorticity Transport Equations 

The finite difference approximations for the y-derivatives dAkfdy, dBk/dy and 

llKed'^fdy^{Ctxki f^zfc) are listed in appendix C.1.1. Since the derivatives at the 

wall are not known a priori (i.e. from boundary conditions), they are not used in 

the calculation of the derivatives inside the integration domain. 

(4.26) 

(4.27) 
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4.7 Damping of Disturbances near the Outflow Boundaxy 

The buffer domain technique is a very effective method to avoid reflections of 

disturbance waves at the outflow boundary (Kloker, Konzehnaim & Fasel 1993). In 

the present work, this technique is used near the outflow boundary and, in some 

calcidations, also near the inflow boundary. Upstream of the outflow boundary, 

between i = ml — ichoke — ichoks and i = ml — ichoks, the disturbance vorticity is 

gradually ramped down to zero using 

/(x) = c(x)/t(x) (4.28) 

where frix) is the vorticity «is computed from the vorticity transport equation, 

before damping, f{x) is the vorticity after damping, and c{x) is a weighting function 

that varies smoothly over ichoke gridpoints, from c{x) = 1 at i = ml—ichoke—ichoks 

to c(i)=0 at i = Tn\—ichoks. From i = ml—ichoks to i = ml, the disturbance vorticity 

is set to zero. The x-location at ichoke—ichoks is defined as X=XB- Kloker, 

Konzehnann & Fasel (1993) used a fifth order polynomial for the weighting function 

c{x) to ensure smooth first and second derivatives at the beginning cind end of the 

damping. 

c(^) = 1 - 6^® + 15^'' - 10^^ (4.29) 

where 

i — (ml — ichoke — ichoks) ,, 
i = T-r-r ^ (4-30) 

ichoke — 1 

i = ml — ichoke — ichoks,. . . ,  ml  — ichoks — 1 (4-31) 

This function is antisymmetric w.r.t the midpoint of the buffer domain, i.e. 

c(l/2 + s) = I-C(1/2-5)  ,  0<5<1/2 (4.32)  

During the course of the calculation, this damping is performed at every stage of 

the Runge-Kutta time integration. The effect of applying this damping function n 
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times can be written as 

f ix )  = C»(jr)/T(i) (4.33) 

In figure 4.11, the function c"(^) is plotted vs for n=l, n=50, ra=100, and n=150. 

While c(^) varies smoothly between 1 and 0, repeated application of the damping 

causes a rapid drop at the beginning of the damping domain, as can be seen from the 

curves for larger n. This is clearly imdesired, as such a sudden jump in the vorticity 

might act just like a boimdary, causing reflections of waves. Since f{x) in equation 

(4.28) consists of traveling waves, the dropoff due to repeated damping should be 

counterbalanced by the downstream propagation of these waves. In practice, the 

phase speed of waves in a boimdary layer is on the order of one third of the free-

stream speed.  With a  typical  CFL number of  0 .5 ,  a  wave t ravels  one spat ia l  s tep Ax 

in six time steps At. Thus, with the four-stage Runge-Kutta scheme, the damping 

fxmction is applied 24 times for every step Ax a wave advances. The buffer domain 

extends typically over two wavelengths, e.g. ichoke=40 for a wavelength A = 20Ax. 

After one half period of 30 At, the wave has propagated 10Ax downstream into 

the buffer domain. After the damping has been applied n=120 times, the wave 

has propagated a distance of ^=0.25. As seen from figure 4.11, this distance is not 

enough to coimter the severe attenuation caused by the damping. Indeed, the figures 

in Kloker, Konzelmann & Fasel (1993) show a very rapid change of the flow within 

the first few grid points of the buffer domain. 

In some of the calculations here, the buffer domain technique with the damping 

fimction discussed above did not work. Waves were reflected from the jimction at 

the upstream end of the buffer domain and destroyed the results inside the com

putational domain. Therefore, a new damping function was devised that took the 

convective nature of the flow into account. 

(4.34) 

The constants in equation (4.34) (and in equation (4.35) below) were found through 
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numerical experiments. The new damping function is plotted in figure 4.12, again 

for n=l, n=50, n=100, and n=150. While there is a steep dropoff near the end 

for n=l, the curves for higher values of n are much smoother than in the previous 

figure. This damping function performed very well in the calculations presented in 

this work. 

In some calculations involving streamwise vortices, reflection of vortices at the 

inflow boundary turned out to be a problem. In these cases, the buffer domain 

technique was also applied near the inflow boundary, with the damping function 

increasing from 0 to 1 over ichokel gridpoints. 

Upstream of i = l+ichoksl, the disturbance vorticity is set to zero. 

4.8 Filtering of the Vorticity in Streamwise Direction 

To avoid the emergence of grid-mesh oscillation in x, the vorticity components 

are filtered at each stage of the Runge-Kutta time integration. The filter used here 

is a five point compact difference filter proposed by Lele (1992, equations (C.2.1) 

and (C.2.10.b)) which is applied from i=3 to i = ml—2. The equations are given in 

appendix C.6. 

4.9 Solution of the V Poisson Equation 

The normal velocity Vk is the solution of equation (3.15a). First, equation (C.21) 

is used to compute the derivative dQ,gk/dx. Once this derivative is computed, the 

right hand side rhs of equation (3.15a) can be calculated. Note that the right hand 

(4.35) 

where 

^ i — (1 + ichoksl + 1) 
ichokel — 1 

1  =  1 +  ichoksl +  1 , . . . ,  1  +  ichoksl + ichokel 

(4.36) 

(4.37) 
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side is only computed at grid points away from the wall, thus, the values of the ilxk 

and fljjt a-t the wall are not needed. Next, apply equation (C.34) to discretize the x 

derivative of v on the left hcind side. This yields the equation 

1 
(Ax)2 

12 V dy' 

+ I0[rhsij,k - + -rlVij^k) 
dy^ ij,k 

+ (rhsi+ij^k + 

where 

rhs = jk^xk -

i+lj,k 

dClzk 
dx 

7|K+W,t)) 

and the indices i,j refer to the x,y position on the grid, respectively. 

Now define 

fi<i,k - •^{rhsi.ij^k + 10r^s.-,j,ifc + rhsi+ij,k) 

inside at i = 3,..., ml — 2, 

f2j,k = ~ ( rhsij,k + I0rhs2j,k + rhs3,j,k) 

1 I_u . _J_^ 
' 12 dy^ \,J,k 11 (Ax)2 

next to the inflow boundary and 

fml—\,j,k —  ̂  ̂ ( ^hs,nl—2,j,k "I" 1 j,A: "1" 

1 _L.v 1 
(Ax)2 "t" ,c)'^k^ml,j,k 

mlj,k 

(4.38) 

(4.39) 

(4.40) 

(4.41) 

(4.42) 
12 dy' 

next to the outflow boimdary. Thus, the known values of 14 and its y derivative at 

the boundaries are included in the right hand side /. The equation for 14 is now 

(  (Ax)2 

f I I ^ 2\u. 
V(Ax)2 12 dy^ 12 ' ' 'v  ~  

+ 
1 d' 

- ~tk)Vi-ij,k + {- + 
10 

(Ax)^ 12 dy 

(4.43) 
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Following Swaxztrauber (1977 and 1982) a Fourier sine-trajisform is applied to equa

tion (4.43). This yields the following equation for each Fourier mode m 

/ / 1 1 <P 1 ox , . / 2 10 cP 10 
V HAx)2 + 12 dy^ cos(o-„») + ( ^^-yk) 

+ " 15^') •^'""'0 

where' denotes a transformed quajitity. The wavenimaber of the i-th streamwise 

Fourier mode is 

o-.- = ^—r\ 
ml — 1 

Equation (4.44) can be further rearranged to yield the final ordinary differential 

equation for each Fourier mode k,m at each y grid point j. 

(PV 
-J^ + KLV = KRf (4.46) 
dy^ 

where 

AC. = 12 2cos((T^)-2 _ 2 
(Ax)2 2cos(o-„i) + 10 '' 

2cos((rm) + 10 

This equation is solved for each Fourier mode in m, y, k space. The finite diflFerence 

approximations used for the discretization of this equation are listed in appendix 

C.2.3. The solution is then transformed back into i, y, k space. 

4.9.1 Calculation of V at the Outflow Boundary 

During the procedure described above, the values of at i = ml are needed. 

In fact, these values are computed before the Poisson equation is solved inside the 

integration domain. At the outflow boundary, the second derivative of Vk on the left 

hand side of equation (3.15a) is dropped, leaving an ordinary differential equation 

for Vk- This equation is solved with compact differences in y, just like equation 

(4.46). The values of 14 at the boundary are then used as a boundary condition for 

the solution inside the integration domain. 
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4.10 Solution of the U,W Poisson Equations 

Since the left hand sides of equations (3.15b) and (3.15c) only contain derivatives 

in X, they can be discretized in a straight forward manner with compact differences. 

Because of the derivative boundary condition for Uk at the outflow boundary, one

sided differences are used for the discretization of equation (3.15c) at i = mL The 

finite difference approximations of the derivatives are listed in appendix C.3. 

4.11 Calculation of the Wall Vorticity 

For the calculation of the vorticity at the wall (equations (3.17a) and (3.17c)), 

the Laplacian of Vk and the mixed derivative d^^yjdxdy are needed at the wall. 

The Laplacian V|Vfc at the wall is the solution of equation (C.64). At this stage 

in the calculation, Vk is known everywhere, and V\Vk='ik^xk~^^zklis known on 

the grid points j =2,3,4. Thus, equation (C.64) can be rearranged into a tridiagonal 

system of equations for at the wall. 

Since is zero at the wall, it would be straightforward to compute the derivative 

d^y^ldy with one sided differences. However, by using compact differences, one can 

achieve substantially higher accuracy and also ensure a divergence-free vorticity 

vector at the wall. Taking the y-derivative of the divergence of the vorticity yields 

d'^O.y^ _ d^VLxk 
dxdy dx^ dx 

+ . (4.49) 

Thus, d^Cly^fdxdy can be computed on the grid points j =2,3,4 with very high 

accuracy. Once the derivatives at these points are known, equation (C.70) can be 

used to solve for the derivative at the wall. 

When d^Clyi^/dxdy and V|Vfc at the wall have been calculated, Cl^k can be com

puted by solving equation (3.17a). Finally, is computed by numerical integration 

of equation (3.17c), starting at the inflow boundary and marching downstream. 
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4.12 Implementatioii and Validation 

The numerical method was progrcimmed in FORTRAN 77 to nm on a variety of 

computers, including Sun workstations, Silicon Graphics parallel supercomputers, 

and Cray vector supercomputers. The internal consistency of the computer code 

was verified by testing it with analytical vorticity fields and comparing the resulting 

velocity fields and time derivatives with the exact solutions. The stability, accu

racy, and convergence of the numerical method was determined in numerous test 

calculations for boundary layer and wall jet flows. The results of those calculations 

were compared with results from appropriate similarity solutions and with results 

from the parabolized stability equations (PSE). A detailed comparison of PSE and 

Navier-Stokes results can be found in the diploma thesis of Schwolow (1994). 

In each of the case studies in the present work, several test calculations were 

performed to establish appropriate values of the relevant numerical parameters. In 

each case, the spatial and temporal discretization, the size of the integration domain, 

and the boundary conditions were adjusted until further refinement did not change 

the relevant solution parameters (e. g., the maximum amplitudes of the dominant 

disturbance components) by more than 2%. 
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5. EFFECT OF SUCTION ON A 
TOLLMIEN-SCHLICHTING WAVE 

In this study, the mean Blasius boundary layer was perturbed by suction through 

one row of holes aligned along the spanwise direction. At the inflow boundary a 2-D 

TS-wave was imposed. The frequency / of this wave was chosen such that it was 

initially damped. In the absence of suction, the TS-wave crossed the lower branch of 

the neutral stability curve at the x-location of the suction holes and was amplified 

thereafter. The hole spacing s in the spaaiwise direction z was chosen such that 

s ~ Xts-

To investigate the effects of the suction holes on the TS-wave, five numerical 

simulations were performed: One calculation of the evolution of the TS-wave in the 

absence of any suction (as a reference case), three calculations with suction holes of 

different diameters, and one calculation with a suction slot in the spanwise direction. 

These suction configurations are sketched in figure 5.1. 

5.1 Computational Parameters 

The suction parameters are chosen such that the total suction flow is the same 

in all four calculations with suction. The suction flow rate per hole and the hole 

spacing are those of typical laminar flow control applications. The four-stage Rimge-

Kutta scheme was used for the time integration, with second order accuracy for the y 

diffusion terms (cf. section 4.4.1). The biasing factor in the split compact differences 

for the nonlinear terms was Wc=0.3 (cf. section 4.6.2). In each case, the calculation 

started with a Blasius boundary layer flow as initial condition. At f=0 both steady 

wall suction and periodic forcing at the inflow were turned on, and the calculation 

was carried on for 53 TS-periods T=l/f. Once the flow had reached a periodic state, 

data from one TS-period were used for a Fourier analysis to determine amplitudes 

and growth rates. The parameters used in the simulations are summarized below. 
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So = 1.24 (Rcfi = 606), xb = 2.22 (Rej = 810), x^ar = 2.52 (Rej = 864) 

Vmax = 0.05925 (= 9.8^o), "Af = 36 

suction holes/slot centered at Xc = 1.4 (Reg = 644) 

2-D TS-wave forced at the inflow boundary: 

F = 4/3, u = 2.16 X 10"®, XTS « 28^o 

Suction Through Slot (Case SL) 

(f = 3.2 X 10-2(« 5.35o), vc = 0.8 x IQ-^ 

ml = 641, Ax = 2 X 10-3, m2 = 40,/3 = 1.017, K = 0 

At = 9.425 X 10-^ T/At = 500 

Suction Through Large Holes (Case LH) 

s = 16 X 10"^ (w 26^o), = 6.4 X 10"^ (« ll5o)I UC = 2.5 x 10"^ 

ml = 321, Ax = 4 X lO'^, m2 = 40, ^3 = 1.017, K = 10 

At = 3.142 X 10-^ T/At = 150 

Suction Through Medium Holes (Case MH) 

5 = 16 X 10-2 26<!»O), = 3.2 X 10"^ (« 5.ZSo), = 10-^ 

ml = 641, Ax = 2 X 10-3, m2 = 40,/3 = 1.017, K = 20 

At = 9.425 X 10-^ T/At = 500 

Suction Through Small Holes (Case SH) 

s = 16 X 10-2 26<5O), = 1.6 X IQ-^ (« 2.65o), = 4 x lO'^ 

ml = 1281, Ax = 10-3, m2 = 40, ^ = 1.012, K = 40 

At = 6.283 X 10-^ T/At = 750 

5.2 Change of the 2-D Mean Flow 

The primary effect of suction on the amplification/decay of 2-D TS-waves is due 

to the change of the 2-D mean flow. Figure 5.2 shows the u-velocity component of 
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the 2-D mean flow distortions induced by a suction slot, and large, medium, and 

small suction holes, respectively. All curves show cin increcise of the velocity near 

the wall, which is expected to stabilize the flow. A close inspection reveals that the 

change in the mean flow due to the suction slot is slightly stronger thaji that due to 

the holes, particularly for the velocity profiles at x=\A and x=1.44. However, the 

differences between the four cases are very small, and vanish farther away from the 

holes / slot. 

5.3 Effect of Suction on the 2-D TS-Wave 

The amplification rate —a,-= log(uamp) of tbe TS-wave is plotted in figure 

5.3. As expected from the 2-D mean flow distortions in the previous figure, there are 

only minute differences between the curves corresponding to the slot and the holes. 

In all four cases with suction, the growth rate is reduced relative to the reference 

case, and the effective reduction diminishes further downstream. 

5.4 Streamwise Vortices Generated by Suction Holes 

Each suction hole generates a pair of counter-rotating streamwise vortices that 

extend downstream. A three-dimensional contour plot of the streamwise vorticity 

Wx generated by the large suction holes is shown in figure 5.4, as seen at an oblique 

angle from upstream. For better visibility, the y-coordinate is stretched by a factor 

of 10 in this plot. The region shown extends from the center plane of one suction hole 

at z=0 to the center plane of the adjacent suction hole to the right at 2=0.16. In the 

streamwise direction x, it extends from the inflow boundary at x=1.24 to 1=2.04. 

In the wall normal direction, the region extends to y=0.02, or approximately to one 

boundary layer thickness. The streamwise vortices are generated over the holes and 

decay as they extend downstream. In addition to these vortices, there are streaks of 

streamwise vorticity along the wall. These streaks are due to the wall shear induced 

by the vortices. Hence the vorticity of the streaks has the opposite sign of the 
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vorticity in the vortices. Directly over the holes, above the main vortices, there are 

also regions of intense vorticity, with two small vortex stems extending downstream. 

The vortices generated by the medixmi suction holes are plotted in figure 5.5. 

They axe stronger than those generated by the larger holes, paxticularly the stream-

wise vorticity streaks at the wall. 

Figure 5.6 shows the vortices generated by the small holes. Again, they are 

stronger than those from the larger holes. The two additional vortices near the top 

that were barely visible in the first two cases are now well developed. 

These differences are an indication that nonlinear effiects axe becoming important 

for smaller hole diameters. 

5.5 Generation of 3-D Disturbance Waves 

The interaction of the unsteady 2-D disturbance and the steady 3-D flow field 

caused by the suction holes leads to the generation of imsteady 3-D disturbances. 

This is in contrast to the calculation with the suction slot, which did not introduce 

additional 3-D disturbances into the flow. The amplitudes of several spanwise har

monics of the 3-D disturbances generated by the suction holes are plotted in figvire 

5.7. The index k indicates the spanwise wavenimiber of each disturbance as a mul

tiple of the fundamental spanwise wavenumber 71 = 27r/5 = 39.27. The solid curves 

correspond to the case of large suction holes, the short-dashed curves are for the 

case with mediimi suction holes, and the long-daished curves are for the case with 

small suction holes. In all cases, only the disturbance components with A;=0 (i.e. 

the 2-D TS-wave) and with k=l (i.e. with 7=39.27) are amplified at the end of the 

integration domain, while all higher spanwise modes (i.e. fc > 1) are damped. Only 

disturbances with the frequency of the TS-wave, F=4/3, show significant ampli

tudes, other frequencies are therefore not shown here. This is an indication that the 

unsteady flow evolves linearly, i.e. the TS-wave does not introduce any nonlinearities 

beyond those seen in the previous section. 
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The streamwise wavenumbers a of the 3-D disturbance waves axe plotted in figure 

5.8. There is good agreement between the curves for all three simulations, except 

for the higher spanwise modes (A:=2,3,4) in the case of small suction holes plotted 

in the bottom graph. These qualitative differences axe due to the differences of the 

steady flow (recall the vortex structure of figure 5.6). 

To better assess the effect of the hole diameter on the generation of 3-D waves, the 

2-D Fourier transform of the suction velocity at the holes FT{a,k)=^T {u,(x,2)} 

is computed. In figure 5.9, FT is plotted vs. a, for the spanwise modes &= 1,..., 4. 

From these curves it is seen that FT increases as the hole diameter decreases. Also, 

as the holes become smaller, FT{ot, k) becomes less dependent on both a and k. 

If the effects of the suction are due to a linear mechanism, then the amplitude 

Afc of an oblique disturbance of streamwise wavenumber otk, spanwise wavenumber 

Ik = ^71 and frequency Fts depends linearly on the amplitude of the TS-wave 

and on the Fourier transform of the suction velocity at the appropriate streamwise 

wavenumber a, = — QTS| 

A{ak,k, FTS) = A (ATSCots, 0, FTS) • — ^TSI, ^,0)) (5.1) 

i.e. the streamwise and spanwise wavenumbers and the frequency must match. The 

function A can be found by an asymptotic analysis (Choudhari &: Kerschen 1990). 

Because of the strong variation of Ok (recall figure 5.8), it is difficult to determine 

the correct value of ak for the spanwise modes fc = 4,5. Fortunately, the function 

FT(Q, k) is rather flat for a < 6 (for any given k). Thus, the error in equation 5.1 

due to the ambiguous choice of at amoimts to less than 0.1%. 

The amplitudes of the 3-D disturbances in figure 5.7 were rescaled by the ap

propriate value of FT{a,k), and the resulting curves are plotted in figure 5.10. If 

the linear relation 5.1 holds, then the scaled amplitude curves for a given spanwise 

wavenumber index k should be the same for all three suction hole diameters. 

Indeed, the scaled curves for all three holes are in good agreement for A: = 1,2. On 

the other hand, there is a systematic deviation for the higher spanwise wavenumbers 
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with A: = 3,4, where the smaller holes are seen to have a stronger effect on the 

disturbance amplitude than predicted by the linear approximation. 

5.6 Discussion 

The deviation of the different amplitude curves in figure 5.10 is an indication 

that nonlinear effects of the suction are no longer negligible for disturbances with 

higher spanwise wavenumbers. Given the rather small suction velocity, even for the 

small holes, this may be surprising at first. However, consider the nonlinear term 

db/dy in the vorticity transport equation (3.1b). This term involves the derivative 

d'^v^Idxfdz, which scales as a-^k in wavenumber space. Close to the holes, where 

the Fourier transform FT{a, k) rema this nonlinear term may no longer be negligible. 

It should be emphasized that the nonlinear effects observed here are due to the 

interaction of the suction holes with the steady boundary layer flow. This nonlin-

earity alters the stability and receptivity characteristics of the boundary layer. In 

contrast, the presence of the unsteady TS-wave does not introduce any additional 

nonlinearities. 
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6. EFFECT OF SUCTION ON SECONDARY 
INSTABILITY 

When a 2-D TS-wave has reached a sufficiently high amplitude, secondary insta

bility can occur, as discussed in section 1.1.1. In a flat-plate boundary layer, there 

are two basic types of secondary instability, fundamental resonance and subharmonic 

resonance. 

In the case of fundamental resonance, the 2-D TS-wave with frequency Fts and 

streamwise wavenumber cuts interacts with an oblique disturbance wave with the 

same frequency Fts and streamwise wavenumber axsi but with a non-zero spanwise 

wavenumber 7. 

In the case of subharmonic resonance, the 2-D TS-wave interacts with an oblique 

disturbance wave with half the frequency F = lf2FTs and streamwise wavenimiber 

a = l/2Qr5, again with a non-zero spanwise wavenumber 7. 

A detailed Floquet analysis (Herbert 1988) shows that subharmonic resonance 

occurs at lower amplitudes of the TS-wave than fundamental resonance. Thus, 

subharmonic resonance is often considered the relevant path to transition in a low 

free-stream turbulence environment, while fundamental resonance is assumed to 

occur in the presence of high free-stream turbulence levels (Aireau & Casalis 1994). 

In this chapter, the effect of suction on secondary instability is investigated. 

Three different suction geometries are considered, for both fundamental resonance 

and subharmonic resonance, as sketched in figure 6.1. 

1. Uniform suction through a porous wall. 

2. Suction through slots aligned in the spanwise direction. 

3. Suction through slots aligned in the streamwise direction. 

The spacing 5 and width d  of the suction slots is chosen such that the relevant length 

scales induced by the suction are much smaller than the length scales of both the 
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2-D TS-waves and the 3-D oblique waves involved in the resonajice. In each case, 

calculations aje performed for two different suction levels: 

i. Weak suction with a suction velocity u = 0.5 x lO""*. 

ii. Strong suction with a suction velocity t; = 2.0 x 10"'*. 

Here, v  denotes the average suction velocity over the whole surface. According 

to Schlichting (1987), an average suction velocity t; > 1.2 x lO"'* is sufficient to 

suppress the linear instability of a flat-plate boundary layer. Thus, the weak suction 

(u = 0.5 X lO""*) is not expected to inhibit the onset of secondary instability. Rather, it 

can be used to assess the effectiveness of the different suction geometries. This would 

allow optimization of the suction design for a given application, minimizing the 

added weight and power requirements of the suction mechanism. For comparison, 

reference calculations without suction are performed for both fundamental resonance 

and subharmonic resonance. 

In these calculations, the only additional drag component due to suction is the 

increased skin friction. Consider the case of strong suction with u = 2.0 x 10""*. 

At x=l.l (Rer=110000), the friction factor c/ increases by 10% from 2.0 x 10"^ 

to 2.2 x 10"^. Further downstream, at x=7.1 (Rer=710000), c/ increases by 33% 

from 7.8 X lO"'* to 1.04 x 10"^. This is considerably less than the 400% increase 

to the turbulent value c/ = 4 x 10"^ at x=7.1 that would be caused by transition 

(Schlichting 1987). Thus, the increase in friction drag due to suction is negligible 

compared to the increase that would be due to turbulence. 

6.1 Subharmonic Resonance 

The parameters for this case were chosen to match those of Fasel, Rist & Konzel-

mann (1990). Each calculation started with a Blasius boimdary layer flow as initial 

condition. At f=0 steady wall suction was turned on, and the calculation was car

ried on for 60 TS-periods. Once the new base flow with suction was converged. 
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both the 2-D TS-wave and the initial 3-D oblique wave were generated by peri

odic suction/blowing through a slot in the wall, according to equations (4.5a, 4.5b). 

The calculation was then continued for another 30 TS-periods. Once the flow was 

periodic, data from two TS-periods were used for a Fourier analysis. 

6.1.1 Computational Pajameters 

xq = 0.7 (Rej = 455), xb = 5.47 (Rej = 1273), x^ax = 6.46 (Rej = 1383) 

ymox = 0.09 (= 205o), = 50, = 1.04, om = 34 

2-D TS-wave forced through suction/blowing slot 

between x = 1.1 (Re^ = 570) and x = 1.25 (Res = 608): 

F = 1.24, v = 2x 10-3, « 0.18(« 4l5o) 

3-D oblique disturbance wave forced through suction/blowing slot 

between x = 0.9 (Reg = 516) and x = 1.05 (Reg = 558): 

F = 0.62, v = 2x 10"®, = 0.2, 7 = IOTT = 31.42 

Reference Calculation 

ml = 577, Ax = 10"^, Wc = 0, K = ̂  

At = 3.378 X 10"=^, T/At = 150 

Uniform Suction 

ml = 577, Ax = 10"^, Wc = 0, K = A 

At = 3.378 X 10-3, ^ 150 

suction from x = 0.9 (Reg = 516) to x = 5.2 (Reg = 1241) 

case SR-0.5: u=0.5 x lO""* 

case SR-2.0: t; = 2 x IQ-'' 
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Spanwise Suction Slots 

ml = 3457, Ax = 1.667 x IQ-^, = 1, K = A 

At = 1.689 X 10-3, T/At = 300 

86 suction slots aligned in the spanwise direction, 

from X = 0.9 (Re5 = 516) to x = 5.2 (Res = 1241) 

5 = 0.05(« ll^o), d = 0.025(« 5.56o) 

case SR-0.5: t; = 0.5 x 10""*, Vc = 2.355 x lO"'* 

case SR-2.0: t; = 2 x 10-"*, Vc = 9.422 x lO"'* 

Streamwise Suction Slots 

ml = 577, Ax = lO'^, w^ = 0, AT = 32 

At = 2.534 X 10-3, T/At = 200 

4 suction slots per spanwise wavelength Ar of the 3-D oblique disturbance wave, 

aligned in the streamwise direction 

from X = 0.9 (Res = 516) to x = 5.2 (Rej = 1241) 

s = 0.05(w ll5o), d = 0.025(w 5.5(!>o) 

case SR-0.5: 5 = 0.5 x lO""*, Vc = 2.355 x lO-'' 

case SR-2.0: t;=2 x lO"'*, Vc = 9.422 x 10"'* 

6.1.2 Wealc Suction 

Just as in chapter 5, the primary purpose of suction is to change the 2-D mean flow 

profile, thus reducing the amplification of waves due to linear instability. Figure 6.2 

shows the u-velocity component of the 2-D mean flow distortions induced by suction 

through a porous wall, slots aligned in the spanwise direction, and slots aligned in the 

streamwise direction, respectively. The differences between the curves are negligible. 

In the case of the streamwise suction slots, suction also causes a steady 3-D change 

of the flow field. Figure 6.3 shows the amplitudes of steady u perturbations with 

different spanwise wavenumbers 7 = 31.42fc. Because the spacing of the suction slots 
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is chosen such that there «ire 4 slots per spanwise wavelength Aj, only the spanwise 

modes whose index k is a. multiple of 4 show significant amplitudes, other modes are 

therefore not shown here. In figure 6.4, the u-velocity profiles of the spanwise Fourier 

mode fc=4 (7=125.66) are plotted vs. y. A comparison with figure 6.3 shows that 

the 3-D perturbations are substantially smaller than the 2-D perturbations. Figure 

6.5 shows isocontours of the streamwise vorticity lu;r|=0.1. The plot shows the flow 

between the center planes of two adjacent slots from z=0 to ^=0.05, from x=0.7 to 

x=5.1, and up to y=0.576. Again, the vortices induce streaks of high streamwise 

vorticity along the wall below, just as in chapter 5. 

In figures 6.6, 6.7, and 6.8, the u-amplitudes of select disturbances are plotted. 

Mode (A:=0,/=1) is the 2-D TS-wave, and mode (A:=l,/=0.5) is the subharmonic 

oblique wave. All other modes are nonlinearly generated. The main indicator of 

the resonance is the strong growth of mode (A;=l,/=0.5). Figure 6.6 shows that 

the suction does indeed reduce the growth of the TS-wave and of its first harmonic 

(A:=0,/=2). However, the suction strength is not sufficient to delay transition. 

Rather surprisingly, the resonance sets in earlier when suction is applied, al

though the subsequent growth rates of the disturbances are smaller. A possible 

explanation for this development is the following: As pointed out in section 1.1.1, 

the Floquet theory of secondary instability is based on the assumption that the 

base flow, composed of the steady boundary layer and a high-amplitude TS-wave, 

is periodic in the x direction. This assumption is best satisfied when the amplitude 

of the TS-wave is near its maximum. Since the wall suction reduces the growth rate 

of the TS-wave, it reaches this amplitude maximum farther upstream. Hence, the 

resonance sets in earlier. On the other hand, the growth rates of the oblique subhar

monic disturbance is a function of the TS-amplitude. Thus, the reduced amplitude 

of the TS-wave results in a smaller growth rate of the subharmonic. 

Figure 6.8 shows that the streamwise suction slots generate noticeable distur

bances with a spanwise wavenumber 7=125.66 (^=4) which are absent in the other 
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calculations. Thus is appaxently due to an interaction between the unsteady distur

bance waves that are present in all calculations and the 3-D steady perturbations 

caused by the suction slots (see figure 6.3). For example, the disturbance (fc=4,/=l), 

which heis the highest amplitude, is a result of the interaction between the steady 

perturbation (A:=4,/=0) and the 2-D TS-wave (fe=0,/=l). Note, however, that the 

amplitudes of these disturbances, as shown in figure 6.8 (and also mode (fc=3,/=0.5) 

in figure 6.7), are directly related to the amplitudes of their generating modes. Thus, 

they are not directly involved in the resonance mechanism, i.e. they are a passive 

byproduct, rather than an active element in the resonance. The figures also show 

that the growth rate of the subharmonic wave (fc=l,/=0.5), which is the main result 

of the resonance, is the same for all three calculations with suction. 

6.1.3 Strong Suction 

The effect of the suction on the steady flow is shown in figures 6.9 - 6.12. These 

figures are analogous to those in the previous section. Note that the scaling in 

figures 6.9 and 6.11 and the contour level in figure 6.12 are changed by a factor of 

4 to account for the higher suction rate. This allows a direct comparison of the two 

cases, and any differences due to nonlinear effects can easily be discerned. Indeed, 

the figures of the two cases show remarkable agreement, with only small quantitative 

differences. This agreement is in contrast to the qualitative differences that were 

observed for the different hole diameters in chapter 5. Note, however, that the 

maximum suction velocity here is Uc=9.422 x 10""*, as compared to Uc=4 x 10"^ in 

the case of small holes in chapter 5. In addition, suction slots cause rapid changes 

of the flow only in one direction, i.e. across the slot, while suction holes cause 

rapid changes in both x and z. Therefore, for a given average suction velocity u, 

nonlinearity is expected to be more important for holes thaji for slots. 

The effect of the strong suction on the resonance, however, is quite different from 

that of the weak suction, as evident from figures 6.13, 6.14, and 6.15. In all three 
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calculations with suction, the resonance is suppressed. 

6.2 Fiiiidainental Resonance 

The parameters for this case were chosen to match those of Rist (1990). Each 

calculation staxted with a Blcisius boundary layer flow as initial condition. At Z=0 

steady wall suction was turned on, and the calculation was carried on for 100 TS-

periods. Once the new base flow with suction was converged, the 2-D TS-wave 

was generated by periodic suction/blowing through a slot in the wall according 

to equations (4.5a,4.5b). The initial 3-D perturbation w«is generated by steady 

suction/blowing through a slot according to equation (4.6). The calculation was 

then continued for another 10 TS-periods. Once the flow was periodic, data from 

1 TS-period were used for a Fourier analysis to determine amplitudes and growth 

rates. 

6.2.1 Computational Parameters 

xo = 1-15 (Res = 584), xb = 3.15 (Rej = 966), x^ax = 3.71 (Res = 1048) 

Umax = 0.09 (= 205o), rn2 = 50, /3 = 1.04, um = 30 

2-D TS-wave forced through suction/blowing slot 

between x = 1.3 (Res = 520) and x = 1.55 (Rej = 677): 

F=l.l, u = 5x10-2, « 0.2(« 36(!)o) 

steady 3-D oblique disturbance forced through suction/blowing slot 

between x = 1.3 (Reg = 520) and x = 1.55 (Re^ = 677): 

u = 1.3 X lO-'', A^=0.15, 7 = 41.89 

Reference Calculation 

ml = 257, Ax = 10"^, Wc = 0, /^ = 4 

Af = 2.856 X 10-2, r/A< = 200 
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Uniform Suction 

ml = 257, Ax = 10"^, Wc = 0, K = 4: 

At = 2.856 X 10-3, ^ 200 

suction from x = 1.35 (Re^ = 632) to x = 3.05 (Reg = 950) 

case FR-0.5: u=0.5 x lO""* 

Ccise FR-2.0: u = 2 x lO""* 

Spanwise Suction Slots 

ml = 1537, Ax = 1.667 x 10"^, w^ = 1, K = 4: 

At = 1.785 X 10-3,  ̂320 

34 suction slots aligned in the spanwise direction, 

from X = 1.35 (Res = 632) to x = 3.05 (Reg = 950) 

s = 0.05(w 8.65o), d = 0.025(w 4.35o) 

case FR-0.5: u = 0.5 x lO-'', Uc = 2.355 x 10-'» 

Ccise FR-2.0: u = 2 x 10-'*, Vc = 9.422 x IQ-"* 

Streamwise Suction Slots 

ml = 257, Ax = 10-^, Wc = 0, K = 24 

At = 2.856 X 10-3, T/At = 200 

3 suction slots per spanwise wavelength of the 3-D oblique disturbance wave, 

aligned in the streamwise direction 

from X = 1.35 (Res = 632) to x = 3.05 (Rej = 950) 

s = 0.05(« 8.6(Jo), d = 0.025(w 4.3^o) 

case FR-0.5: u = 0.5 x 10-"*, Vc = 2.355 x lO-'' 

case FR-2.0: u = 2 x lO""*, Uc = 9.422 x 10~* 

6.2.2 Weak Suction 

The changes of the steady flow due to suction are very similar to those seen in 

section 6.1, as illustrated in figures 6.16 - 6.19. In figure 6.17, only steady modes 
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with spanwise indices fe=3,6,9,12 are plotted, corresponding to the harmonics of the 

slot spacing wavenmnber. The region in figure 6.19 shows the flow between the center 

planes of two adjacent slots from z=0 to z=0.05, from x=1.15 to i=3.05, and up 

to j/=0.576. In figures 6.20, 6.21, and 6.22, the u-amplitudes of select disturbances 

are plotted. Mode (A:=0,/=1) is the 2-D TS-wave, and mode (A:=l,/=0) is the 

steady perturbation. All other modes are nonlinearly generated. The main indicator 

of the resonance here is the growth of mode (A:=l,/=1). Because of the much 

higher amplitude of the TS-wave, the influence of suction is less distinct than in 

the subharmonic calculations. Also, transition occurs more rapidly here than in the 

calculations with subharmonic resonance. Again, the weak suction is not sufficient 

to delay transition. 

Just as in the subharmonic calculations, the interaction between the unsteady 

disturbance waves and the 3-D steady perturbations caused by the suction slots 

generates disturbances with spanwise wavenumbers that are multiples of the slot 

spacing wavenimaber. Again, these disturbances play a passive role in the transition 

process. All other disturbances are less amplified when suction is applied, without 

significant differences between different suction geometries. 

6.2,3 Strong Suction 

The effect of the suction on the steady flow is shown in figures 6.23 - 6.26. These 

figures are analogous to those in the previous section. Again, the scaling in figures 

6.23 and 6.25 and the contour level in figure 6.26 are changed by a factor of 4 to 

account for the higher suction rate. The agreement between the figures for the 

different suction strength is very good again. 

The amplitudes of the disturbance waves are shown in figures 6.27, 6.28, and 

6.29. In all three calculations with suction, the resonance is suppressed, and the 

disturbance amplitudes at the end of the integration domain are substantially lower 

than in the reference cfise. 
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6.3 Discussion 

Several conclusions can be drawn from the results presented in this chapter. First, 

wall suction is clearly capable of delaying transition even in the presence of large-

amplitude TS-waves. Thus, suction is not only an effective means of influencing 

the linear instability of a flat-plate boundary layer, but it also is quite effective in 

preventing (nonlinear) secondary instability. This may be important in applications 

where high-amplitude TS-waves are directly generated by receptivity. 

Second, there is no appreciable difference in the efficiency of the different suc

tion geometries studied here. Suction through a porous wall, streamwise slots, and 

spanwise slots is equally effective. In particular, while streamwise suction slots gen

erate streamwise vortices, these vortices remain passive with regard to the transition 

process. 

The suction parameters in this case study were carefully selected such that the 

spacing between suction slots (streamwise or spanwise) was much smaller than the 

relevant lengthscales of the resonance. This is manifest in the ratio of slot spacing 

to slot width s/d=2, which is much smaller than the ratio found in typical LFC 

applications s/d > 5. In the case of streamwise slots with larger slot spacing, the 

resulting spanwise perturbations of the steady flow may well play an active role in 

the resonance mechanisms of secondary instability. In this case, suction through 

spanwise slots would be more suitable. 

Thus, overall, spanwise suction slots are preferable over streamwise slots. When 

narrowly spaced, they are as good as streamwise slots. When widely spaced, they 

are not likely to trigger secondary instability, and are thus potentially much better 

than streamwise slots. 
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7. A NUMERICAL MODEL OF THE 
KLEBANOFF-MODE 

In this chapter an attempt is made to model the effect of free-stream turbulence 

on a laminar flat-plate boimdary layer. It should be stated at the outset that this 

study is not intended to be a complete direct ntunerical simulation of the evolution 

of free-stream turbulence in the presence of a boundary layer, and of its influence 

on the flow inside the boimdary layer. Such a simulation would have to capture a 

wide band of wavenumbers and frequencies, requiring hundreds of grid points in all 

three spatial coordinates and majiy thousand time steps. It would reach the limits 

of today's most powerful computers, without necessarily providing more physical 

insight than a simplified model. However, such a simulation may be necessary to 

obtain complete quantitative agreement with experiments. 

Here, the goal is to find a ntmierical model that is sufficiently simplified to allow 

practical simulations, yet realistic enough to capture the relevant physical mecha

nism. A review of the experimental results from section 1.1.2 can serve as a starting 

point. All experimental reports agree on certain characteristics of the Klebanoff-

mode fluctuations inside flat-plate boundary layers (Arnal & Juillen 1978, Kendall 

1985 and 1992, Westin et. al. 1994a): 

1. very low frequencies compared to TS-waves 

2. distinct spanwise scaling, C?(6 — 125). 

3. streamwise growth oc \/x 

4. high amplitudes Urma = 0(10%f7oo) 

The strong response of the boundary layer appears to be limited to a very nar

row band of the wavenumber-frequency spectriun. Furthermore, the growth of the 

disturbances (proportional to •y/z> instead of, say, exponential) suggests that the 
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receptivity of the boundary layer to free-stream turbulence is distributed, rather 

than concentrated at the leading edge or at a surface imperfection. This conjec

ture is further supported by theoretical studies of the evolution of steady spanwise 

perturbations in a boundary layer (Bertolotti 1993). Also, if the free-stream tur

bulence is sufficiently homogeneous, the combined effects of most turbulent eddies 

on the boundary layer would tend to cancel each other. Most of the influence of 

free-stream turbulence on the boundary layer would then come from those eddies 

that are closest to the edge of the boimdary layer. 

These considerations suggest the following approach to a simplified niunericcJ 

model for the generation of the KlebanofF-mode: Low-frequency volume forces are 

used to generate unsteady vortices in the free-stream. The volume forces are con

centrated near the leading edge of the plate, between the edge of the boundary layer 

and the free-stream boundary. The details of the forcing algorithm are given in 

section 4.3.3. This forcing generates long, narrow, streamwise vortices. Once gener

ated, the vortices are swept downstream by the free-stream, and they are sufficiently 

attenuated inside the buffer domain (see section 4.7) so that they do not cause any 

reflections at the outflow boundary. Also, this method of generating free-stream vor

tices ensures that no vorticity reaches the inflow or free-stream boundaries. While 

the vortices are exponentially damped in downstream direction, they cause span-

wise perturbations of the free-stream velocity, and these are continuously forcing the 

boundary layer. To assess the validity and accuracy of the numerical model, the re

sponse of the boundary layer to these imsteady free-stream vortices in the numerical 

simulations is compared to the response of boundary-layers to "real" free-stream tur

bulence mecisured in experiments. Good qualitative (and quantitative) agreement 

between the numerical and experimental results can be considered as a validation 

and confirmation of the numerical model. 

In section 7.1, the linear evolution of a flat-plate boimdary layer subject to steady 

and low-frequency free-stream vortices is investigated. The results of these cal
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culations provide the necessajy information for the selection of the appropriate 

wavenumber-frequency combinations for later, nonlinear calculations. They also 

serve as benchmarks to determine the correct forcing amplitudes to obtain a de

sired fluctuation level inside the botindary layer. In section 7.2, the effects of low-

amplitude, unsteady free-stream vortices on a boundary layer are calculated using 

the full nonlinear Navier-Stokes equations. The response of the boundary layer to 

high-amplitude unsteady free-stream vortices is investigated in sections 7.3 and 7.4. 

7.1 Linear Evolution of Spanwise Perturbations 

For the calculation in this section, the Navier-Stokes equations were linearized 

about the Blasius boundary layer flow. The three-stage Rimge-Kutta/Crank-Nicolson 

method was used for the time integration. Available experimental data provide a 

range of spanwise wavenimibers and frequencies to consider for the numerical simu

lation: Kendall (1985) measured a typical spanwise spacing between streaks of 126 

at a Reynolds number Re5=1740, which corresponds to 7=30 in the present nondi-

mensional units. Westin et. al. (1994a) foimd a spanwise spacing of 76 at Re5=890 

and of 5.5^ at Re5=1260, corresponding to 7=100 and 7=90, respectively. They 

also found that the energy density spectrum inside the boundary layer, at Rei=890, 

had a majcimum near F=0.1. It was flat for lower frequencies and dropped off for 

higher frequencies. 

With this in mind, the calculation was performed with four spanwise wavenum-

bers ranging from 7=30 to 7=120 and with two frequencies: F=0, i.e. steady per

turbations, and F=0.1. This calculation will be referred to as case "LIN". The 

parameters used in the calculation are summarized below. 
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7.1.1 Computational Parameters 

Xo = 0.1 {Res = 172), xb = 6.55 (Rej = 1393), Zmox = 8.1 (Re« = 1549) 

ml = 801, Ax = 10"^, Wc = 1 

ymax = 0.15 (= 875o), m2 = 80, ^3 = 1.02, qa/= 28 

At = 7.854 X 10-=^ 

free-stream perturbations generated by volume forces 

with spanwise wavenumber 7=30fc, 1,... ,4 

xfjk = 0.5 (Res = 385), yf^ = 0.04 (= 235o) 

affc = 3.3 X 10-2, bffc = 5 X lO'^, fu^ = 0, &k = 0, f^k = 0.1 

ca^e LIN-0: F = 0 

case LIN-0.1: F = 0.1 

7.1.2 Results 

The u-amplitudes of the disturbances inside the boundary layer are plotted in 

figure 7.2 for steady disturbances (case LIN-0) and in figure 7.3 for unsteady dis

turbances (case LIN-0.1). In both cases, disturbances with a spanwise wavenumber 

7=60 have the highest amplitudes. A comparison between the two figures shows 

that the amplitude of steady disturbances is generally higher than those of unsteady 

fluctuations with the same spanwise wavenumber. 

The shape of the curves in figure 7.2 suggest that the amplitude difference be

tween the spanwise modes k=l and k=2 is mostly due to the higher initial ampUtude 

of mode A:=2, while the further growth of the two modes is not very different from 

each other. This is confirmed by the growth rates plotted in figure 7.4, where mode 

fc=l is seen to have the highest amplification rate near the end of the integra

tion domain. The initial amplitude of each mode is determined by the receptiv

ity of the boimdary layer directly below the volume forcing, while the subsequent 

growth/decay is due to the balancing of the internal bovmdary layer dynamics and 

the continuous external forcing by the convected free-stream vortices. In some sense. 
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the initial amplitude due to the volume forcing in the simulation is the numerical 

equivalent of the initial 2maplitude due to leading edge receptivity in an experiment. 

As for the unsteady disturbances, a compairison of the amplitudes in figure 7.3 and 

the growth rates in figure 7.5 reveals that the highest growth rate is in fact that of 

mode A;=4 throughout most of the integration domain, while mode fc=2 comes in 

a distant third. For higher Reynolds numbers, however, one can expect the lowest 

spanwise mode fc=l to become dominant. 

In figures 7.6 through 7.11, the amplitude and phase profiles of the spanwise 

modes k=2 are plotted vs. the normal coordinate y, at the streamwise location 

x=3.7. In these plots, all amplitude curves <ire normalized by the u-amplitude of 

the steady mode fc=2, since that mode has the highest amplitude at that x location. 

Thus, the amplitude profile u(y, F = 0,k = 2) has a maximum of 1. The phases 

are normalized by TT, and the y coordinate is normalized by the local displacement 

thickness 6. 

The free-stream vortices are clearly distinguishable in the plots of the normal 

and transverse velocities v and w and the streamwise vorticity ujx. The center of 

the vortices, at yfS=4:.5, is marked by a local maximum of the w-amplitude, and by 

a phase reversal in v and CJ^. Inside the boundary layer (y/S <3), the fluctuations 

are dominated by u and by its contribution to the normal and spanwise vorticity 

components. The streamwise vorticity component Uj., which does not contain any 

derivative of u, is two orders of magnitude smaller than Wy and Ux. These observa

tions suggest that the boundary layer response to free-stream turbulence is primarily 

a spanwise modulation of the streamwise velocity. Thus, the streaks seen in exper

imental flow visualizations are not streamwise vortices but mere artifacts of this 

spanwise modulation. Such an interpretation of the Klebanoff-mode agrees with 

the experimental observations by Kendall (1985), who describes it as "a periodic 

thickening/thinning of the boundary layer". The spanwise periodic variation of the 

boundary layer thickness is also present in the numerical simulation, as illustrated 
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in figure 7.12 (not drawn to scale). 

Further insight into the nature of the Klebaaoff-mode can be gained from the 

amplitude scaling in x and y. In figures 7.13 and 7.14, the ratios of the u-ampUtudes 

/l(x)/A(x = 0.5) are plotted. The amplitudes of the steady disturbances are seen 

to scale as whereas the amplitudes of the imsteady disturbances do not scale 

with any power of x. While the streamwise growth of the steady perturbations is 

higher than observed in the experiments (oc the streamwise growth of the 

unsteady disturbances with frequency F=0.1 is lower. Hence, one can expect that 

it is possible to find a suitable combination of frequencies between F=0 and F=0.1 

such that the average (i.e. nns) amplitudes exhibit the proper scaling in x. In 

figures 7.15 - 7.18 the u-amplitude profiles are plotted vs. y, at several streamwise 

locations x. In these plots, all amplitude curves are normalized to a maximum of 1, 

and the y coordinate is normalized by the local displacement thickness 5(x). The 

steady disturbance modes A:=l,2, plotted in figure 7.15 scale remarkably well with 

this normalization. Except for the first streamwise location x=1.3, the amplitude 

profiles neatly collapse into one curve. The above scaling does not work quite as 

well for the steady disturbance modes fc=3,4, plotted in figure 7.16. It is certainly 

noteworthy that the most amplified modes are those whose amplitude profiles are 

self-similar. The unsteady disturbances, plotted in figures 7.17 and 7.18, do not fit 

this scaling. 

The curves in figures 7.13 and 7.15 suggest a self-similarity of the u velocity 

profiles of the form 

u(x, 7/) oc x^^*1({tj) (7.1) 

where W is a suitable function of the Blasius similarity variable 

'' = 7fel= 

By inspection, a good approximation of the Navier-Stokes results is found to be 
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given by 

u(x, y, z) = CFST X̂ l\f' - |/")/" cos(7z) (7.3) 

where CpsT is a receptivity coefficient and /(?/) is the solution of the Blasius equation 

This function is plotted in figure 7.19. The Navier-Stokes results, scaled by are 

plotted for comparison. 

To get a better understanding of the evolution of the unsteady disturbances, lines 

of constant pheise are plotted vs. x, y in figures 7.20 and 7.21. The phaise curves 

inside the boundary layer are bent toward the wall, this could explain Kendall's 

observation that disturbances appear to move toward the wall. The phases inside 

the boundary lag those outside, indicating that the phase velocity varies across the 

boundary layer. This is confirmed by plots of the phase velocity c in figure 7.22. 

Outside the boundary layer, at y=0.106, c«l. Near the wall, c varies considerably, 

increasing from c=0.55 for mode k=l near the upstream end of the integration 

domain at x=0.1 to c=1.05 at x=5. Except for mode A;=I, the values of c are 

lowest near the amplitude maxima in yAmax- A comparison of the phase velocity 

c{x,y = yAmax) with the curves in figures 7.17 and 7.18 shows that c{x,y = yAmax) is 

considerably less than the velocity of the Blasius boundary layer at those locations. 

7,2 WeaMy Nonlinear Evolution of Spanwise Perturbations 

In this section, the development of low-amplitude disturbances was investigated 

using the full, nonlinear Navier-Stokes equations. Since the ultimate goal is to model 

the effects of free-stream turbulence, only imsteady perturbations with frequency 

F=O.I were considered. Also, to allow for the nonlinear generation of higher span-

wise wavenumbers, K=20 spanwise Fourier modes were used in the calculation. The 

first spanwise Fourier mode fc=l had a spanwise wavenumber 7=30, corresponding 

to A.=0.20944. All other computational parameters were the same as in the linear 

//" -I- 2f" = 0 (7.4) 
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calculation in section 7.1 (see page 80). This allows for a direct comparison of the 

calculations, and for an assessment of nonlinear effects. This simulation will be 

referred to as case "NL-weak". 

The u-amplitudes of the disturbances inside the boundary layer axe plotted in 

figure 7.23. The curves for disturbances with frequency F=O.I are virtually identical 

to those in 7.3. Since disturbances with other frequencies are not generated by direct 

forcing but through nonlinear interactions, their amplitudes are much smaller than 

those of the forced disturbances with F=0.1. 

The growth rates of the forced disturbances with F=0.1 are plotted in figure 7.24. 

Again, the curves are almost identical to those of figure 7.5. These figures indicate 

that nonlinear effects are negligible in the development of the forced modes. The 

rms-amplitude of the u disturbance, averaged over t and z, is plotted in figure 7.25. 

The maximiun rms-amplitude is less than 2% Uoo- This is a low value compared to 

Klebanoff-mode rms-amplitudes in experiments, which can be as high £is 15%. 

In figxire 7.26 the amplitude profiles Urms and the mean flow distortion Um/d are 

plotted vs. y. As before, the amplitudes are normalized to 1, and the y coordi

nate is normalized by the Blasius displacement thickness S. No apparent scaling is 

discernible in these plots. 

Time signals u(t) are plotted in figure 7.27. The curves show the evolution of u 

in time at several x locations, in the center plane z=0, at the respective y location 

of maximum amplitude. Note the deformation of the curves for increasing x. While 

the signal at z=1.3 is almost identical to that of a pure sine-wave, that at a:=6.1 

is somewhat reminiscent of a sawtooth wave. This shape change is not due to 

nonlinear effects, since these were shown earlier to be negligible. Rather, it is due to 

the different phase velocities of the individual spanwise Fourier modes that combine 

to form the physical signal at z=0. In figtire 7.28 the instantaneous u velocity is 

p l o t t e d  v s .  z ,  a t  t h e  s a m e  x , y  l o c a t i o n s  a s  i n  t h e  p r e v i o u s  f i g u r e .  A t  e a c h  x , y  

point, two curves are plotted: one shows u at a time t corresponding to a wave crest 
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in figure 7.27, the second corresponding to a wave trough. Because they are all in 

phase, the different spanwise Fourier modes combine to form a traveling bump at 

z=0 (and at z = n\z, n = 1,2,3,...). 

7.3 Single Wavenumber Excitation of the Klebanoff-Mode 

In this section, the nonlinear evolution of a high-amplitude disturbance wave 

with frequency F=0.1 and spanwise wavenumber 7=60 was calculated. Again, 

the full nonlinear Navier-Stokes equations were used, with 20 spanwise Fourier 

modes. However, since there was no forcing of disturbance components with a 

spanwise wavenimiber 7=30, the lowest spanwise wavenumber in this calculation 

was chosen as 7=60. For the sake of consistent labeling of modes, this Fourier 

mode will be referred to as k=2. Thus, the calculation was carried out with span-

wise Fourier modes = 0,2,4,6,..., 38,40, corresponding to spanwise wavenumbers 

7 = 0,60,120,..., 1200. Only the spanwise Fourier mode k=2 was forced, with a 

forcing amplitude fwit=l. All other computational parameters were the same as 

in the linear calculation in section 7.1. This calculation will be referred to as case 

"NL-r. 

The u-amplitudes of the disturbances inside the boundary layer are plotted in 

figure 7.29. Due to the higher forcing amplitude, the curve for F=O.I, fc=2 is shifted 

up by one unit on the ordinate axis relative to the curve F=0.1, k=2 in figure 7.23. 

A close inspection also reveals that its shape is slightly different: Initially, the 

amphtude in figure 7.29 is lower than expected, but then it grows more strongly 

in X than the corresponding curve in figure 7.23. The much higher amplitude level 

causes the nonlinear generation of numerous other modes. The nonlinear modes 

with the highest amplitudes are mode F=0, A:=4 and mode F=0.2, k=2. Note that 

the shape of the amplitude curves of the steady mode F=Q, fc=4 is substantially 

different from that of the linear calculation in figure 7.2. 

The growth rate of the forced disturbance F=0.1, k=2 is plotted in figure 7.30. 
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For X < 2, it is lower than the corresponding growth rate plotted in figure 7.5. For 

X > 2, however, it is higher, confirming the observation from the amplitude ciu^res. 

This change of the growth rate is clearly a nonlinear effect. The rms-amplitude of the 

u disturbajice, averaged over t and z, is plotted in figure 7.31. The maximum rms-

cimplitude is higher than 10% C/QO, which is on the order of the rms-amplitude levels 

measured in experiments. Equally important is the fact that the rms-amplitude 

curve scales as x°"®, which is only slightly higher than the y/x scaling observed in 

experiments. 

In figure 7.32 the amplitude profiles Urms and the mean flow distortion Umfd are 

plotted vs. y. As before, the amplitudes are normalized to 1, and the y coordinate 

is normalized by the Blasius displacement thickness 6. The rms-amplitudes are 

nearly self-similar, while the mean flow distortion curves agree only up to the first 

maximum at yf 6=0.9. The self-similar shape of the rms-amplitude profiles can again 

be expressed in terms of the Blasius function /{ri). 

u,™(x, J,) = CfsT x°V - (7-5) 

This scaling fimction is slightly different from that in equation 7.3, reflecting a shift 

of the maximum toward the wall. In figure 7.33, the similarity function is plotted, 

along with the results from the Navier-Stokes calculation and experimental data. 

There is good agreement between the Navier-Stokes results, the data from Westin 

et. al. (1994b) at Re5=890, and the data from Kendall (1985) at Re5=1233 in 

the inner part of the boundary layer, up to the maximum rms aplitude at y/5=1.3. 

In the outer part of the boundary layer, the experimental rms values axe higher 

than the numerical values, and they approach a higher value at the free-stream. 

The discrepancy near the free-stream is most certainly due to the different origin 

of the free-stream perturbations. In the experiments, free-stream turbulence was 

generated by placing grids into the flow, which mainly excited longitudinal (u) 

fluctuations (Westin et. al. 1994a). In the numerical simulations, the free-stream 
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vortices were generated by volume forces in the spanwise direction, exciting primarily 

w fluctuations. 

Overall, the agreement between the numerical simulation and the experimental 

data is surprisingly good. The forcing of a single disturbajice component outside 

the boundary layer is sufficient to produce a disturbance flow inside the boundary 

layer whose key characteristics match those of the Klebanoff-mode. 

Time signals u{t) are plotted in figure 7.34. The curves show the evolution of u 

in time at several x locations, in the center plane z=0, at the respective y location 

of maximum amplitude. The change of the signal from a sine wave at x=1.3 to a 

sawtooth wave further downstream is obvious. 

In figure 7.35, time signals u{t) are plotted at x=4.9, at different spanwise loca

tions. The top curve, at z=0, corresponds to the fourth curve in figure 7.34. 

Instantaneous velocity profiles u { y ,  z )  are plotted in figures 7.36 and 7.37. The 

corresponding velocity profiles of the total flow UT{y,z) = UKUb + are plotted 

in figures 7.38 and 7.39. These figures illustrate the change of the velocity pro

file cissociated with the thickening-thinning of the boundary layer in the spanwise 

direction. 

A more detailed view of the velocity profiles is given in figures 7.40 and 7.41. 

In these figures, the total flow uy at x=4.9 is plotted vs. y/^, at different times 

t and spanwise locations z. In addition to the thickening-thinning of the bound

ary layer, these curves also show another distinct characteristic: The profiles at 

(2=0,i/r=l), (2=0,</r=3.5), (0=0.02618,^^=3.5), and (0=O.O7854,</r=3.5) are 

inflectional. This has important consequences for the stability of the flow, these will 

be discussed in the next chapter. 

7.4 Multiple Waveniunber Excitation of the KlebanofF-Mode 

The parameters for this simulation were similar to those of the previous simula

tion in section 7.3: Mode F=0.1, fc=2 was forced with a high amplitude fw;t=l- In 
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addition, however, modes F=0.1, A:=1,3,4 were also forced, with the low amplitude 

fwfc=0.1. /if=20 spcinwise Fourier modes were used, the lowest span wise mode being 

fc=l with 7=30. All other computational parameters were the same as in the linear 

calculation in section 7.1. This simulation will be referred to as case "NL-mult". 

The u-amplitudes of the disturbances with frequencies F = 0,..., 0.3 inside the 

boundary layer are plotted in figures 7.42 - 7.45. Disturbances with higher frequen

cies were present, but with very small amplitudes. The highest amplitude curves 

(with amplitudes > 10"^ are virtually identical to those in figure 7.29. However, 

the presence of the additionzd three forced modes leads to the nonlinear generation 

of several modes that were not present (or very small) in figure 7.29, most notably 

modes with k=l. The curves in figure 7.43 indicate that the evolution of the forced 

modes with small forcing amplitude (F=0.1, fc=l,3,4) is quite dilFerent from that in 

the linear and low amplitude calculations in sections 7.1 and 7.2. This is confirmed 

by the growth rates plotted in figure 7.46. The growth rate of the high amplitude 

mode F=0.1, k=2 is identical to the one in figure 7.30 from section 7.3 and close to 

those in sections 7.1 and 7.2. The growth rates of the low-amplitude modes F=0.1, 

A;=l,3,4, however, are rather different from those in sections 7.1 and 7.2, indicating 

that the nonlinear interaction with mode F=0.1, k=2 is more important than the 

linear dynamics intrinsic to those modes. The evolution of the rms-amplitudes in x 

and y is the same as in section 7.3. They are plotted in figures 7.47 and 7.48. 

The curves of u{t) in figures 7.50 and 7.52 and of u{z) in figure 7.51 are also very 

similar to those of the previous section. 

Overall, the low amplitude forcing of the additional spanwise modes does not ap

pear to have a significant impact on the characteristics of the "numerical Klebanoff-

mode", compared to the single mode forcing in section 7.3. 
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7.5 Discussion 

The results presented in this chapter provide some insight into the nature of the 

Klebaaoff-mode. 

1. The boundary layer response to the excitation by free-stream turbulence is con

centrated in a very narrow band of wavenumbers and frequencies. Specifically, 

the fairly imiversal spanwise scale of the Klebanoff-mode fluctuations, mea

sured in nimierous experiments in different facilities, appears to be an intrinsic 

scale of the boundary layer. 

2. Due to the nature of the boundary layer receptivity, it is not necessary to force 

a broad-band spectrum of the turbulence in the free-stream to obtain the key 

characteristics of the Klebanoff-mode. The calculations in this work showed 

that the forcing of a single disturbance component in the free-stream suflBces 

to obtain the proper scaling of the fluctuations inside the boundary layer. 

3. The preferred spanwise scale of the disturbances is similar for linear and for 

nonlinear, high-amplitude fluctuations. The streamwise growth and the wall-

normal scaling of the velocity profiles, however, are dependent on the ampli

tude. The growth rates and u{y) profiles of linear disturbances with the fre

quency selected here, F=0.1, are substantially different from those measured 

in experiments. On the other hand, nonlinear disturbances with large ampli

tudes similar to those meeisured in experiments exhibit the proper scaling in 

both X and y. Hence, due to its high amplitude, the characteristics of the 

Klebanoff-mode appear to be intrinsically nonlinear. 

4. The low values of a>x, compared to iVy and u., indicate that the low-frequency 

fluctuations associated with the Klebanoff-mode are not streamwise vortices. 

Rather, they are spanwise variations of the boundary layer thickness. 
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8. INTERACTION OF THE KLEBANOFF-MODE 
WITH A TOLLMIEN-SCHLICHTING WAVE 

From experiments and from the calculations in the previous chapter it is ap

parent that the Klebanoff-mode does not directly cause transition, at least not for 

disturbance amplitude levels Urma < I5%C/oo- Thus, there must be some instability 

mechanism, which may be affected by, but is distinct from, the Klebanoff-mode, that 

causes transition. Experimental evidence suggests that TS-wave play a crucial role 

in transition even in the presence of the Klebanoff-mode. Kendall (1985 and 1992) 

observed natural TS-wave packets in the bovmdary layer and confirmed their expo

nential growth. He and Westin et. al. (1994b) showed that artificial excitation of 

TS-waves had a strong effect on transition. An incre2ise in the forced TS-amplitude 

lead directly to an increase in the number of turbulent spots observed further down

stream, and caused transition to occur earlier. However, Westin et. al. (1994b) also 

found that the ensemble averaged growth rates of artificially induced 2-D TS-waves 

were smaller than predicted by theory (for a Blasius boundary layer without the 

Klebanoff-mode), and that an increase of the Klebanoff-mode-amplitude resulted in 

a decrease of the TS-wave growth rates. These findings, seemingly contradictory, 

point to the important role that is played by intennittency in this transition route. 

In the present numerical investigation, the interaction between the Klebanoff-

mode and TS-waves is studied by introducing 2-D TS-waves into the unsteady 

boundary layer flows computed in sections 7.3 and 7.4. 

In section 8.1, the linear development of a plane and an oblique TS-wave is 

computed. This calculation serves as a reference case as well as to determine suitable 

amplitude levels for TS-waves in the later, nonlinear simulations. The frequency 

F=1 of the TS wave is chosen such that it is ten times the frequency F=0.1 of 

the free-stream vortices that excite the Klebanoff-mode. In section 8.2, a 2-D TS 

wave is added to the Klebanoff-mode flow calculated in section 7.3. In section 8.3, 
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a TS-wave is added to the flow from section 7.4. Finally, using the KlebanofF-mode 

flow from section 7.4, the amplitude of the TS-wave is increased to the point where 

it is high enough to cause transition. 

8.1 Linear Evolution of TS-Waves 

This calculation was performed using the linearized Navier-Stokes equations. It 

will be referred to as case "TS-reP. The nximerical method was the same as in 

section 7.1. The following numerical parameters were used: 

xq = 0.1 (Rej = 172), XB = 6.55 (Re^ = 1393), Xmox = 8.1 (Rej = 1549) 

ml = 801, Ax = 10"^, Wc = 1 

ymax = 0.15 (=87^o), m2 = 80, = 1.02, 0^ = 28 

At = 7.854 X 10-3, ^ gg 

TS-waves forced through suction/blowing slot between 

X = 0.48 (Rej = 377) and x = 0.72 (Re^ = 462): 

F = 1, u = 1 X 10"=^ 

2-D wave: w 0.23 

3-D oblique wave: w 0.25, \z — 0.2094, 7 = 30 

There is nothing new about the results of this calcidation, they aje only included 

here for comparison with the results of later, nonlinear calculations. The amplitude 

curves of the two TS-waves are plotted in figure 8.1. The corresponding growth rates 

are plotted in figure 8.2. The 2-D TS-wave is amplified over a substantial part of 

the i-integration domain, from z=1.8 to x=5.6, while the oblique wave with 7=30 

is amplified otdy from x=1.8 to x=3.2. Waves with frequency F=\ and spanwise 

wavenumbers 7=60 and higher are damped throughout the integration domain; 

they are therefore not included here. The phase velocities of the waves are plotted 

in figure 8.3. In contrast to the phase velocities of the low-frequency disturbances 

in figure 7.22, the phase velocities of the TS-waves do not change with y. They 

are also much lower than those in figure 7.22. In figures 8.4 - 8.9, the amplitude 
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and phase profiles of the velocity components of the TS-waves are plotted vs. y, at 

severjil streamwise locations x. 

8.2 Single Wavenumber Excitation of the Klebanoff-Mode 

In this section, a 2-D TS wave w«is added to the KlebanofF-mode flow calculated 

in section 7.3. The parameters for the generation of the 2-D TS wave were the same 

as in section 8.1. This calculation will be referred to as case "TS-NL-1". After the 

calculation, the Klebanoff-mode flow computed in section 7.3 was subtracted from 

the flow computed in this section. This decomposition allowed a separation of the 

TS-wave (and of any nonlinear interaction) from the KlebanofF-mode. 

In figure 8.10, the amplitudes of disturbance waves with frequency F=I and 

spanwise wavenumbers 7 = 30A: are plotted. Apart from the 2-D TS-wave with 

spanwise wavenvunber 0, only waves with spanwise indices fc=4,8 have significant 

amplitudes. These waves are due to nonlinear interactions between the 2-D TS 

wave and the steady components F=0, A:=4,8 of the Klebanoff-mode. Indeed, the 

steady modes with the highest amplitudes in figure 7.29 are those with fc=4, 0, and 

8. Of those, the steady mode k=0, the 2-D mean flow distortion, is responsible for 

the lower amplitude of the 2-D TS-wave compared to the linear reference calculation. 

The amplitude curves in figure 7.29 suggest that other important nonlinear inter

actions would involve the 2-D TS-wave and modes F=0.1, fc=2,6 to generate modes 

F=0.9,l.l, fc=2,6 and mode F=0.2, A:=4,0, to generate modes F=0.8,1.2, A;=0,4,8. 

All these nonlinearly generated waves will be referred to here as TS-disturbances. 

The amplitudes of disturbance waves with frequencies F=0.9 and F=l.l are plot

ted in figure 8.11. Only waves with spanwise indices k=2 and k=G have significant 

amplitudes, just as expected from the amplitudes in figure 7.29. Figure 8.12 shows 

the amplitude curves of TS-disturbances with frequencies F=0.8 and F=1.2, with 

the dominant modes fc=0,4,8. A noteworthy aspect of these plots is the fact that 

the highest amplitude is not attained by the 2-D TS-wave with A:=0, but by the 
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disturbance wave with A:=4. Equally important, the 2-D TS-wave is less ampliiied 

than that in the linear calculation in figure 8.1. This reduced amplification agrees 

qualitatively with the measurements by Westin et. aJ. (1994b). 

The phase velocities of TS-disturbances with frequency F=1 are plotted in figure 

8.13. These curves show that TS-disturbances with frequency F=l have roughly 

the same phase velocity as the linear 2-D wave. This is in contrast to the linear 

reference case, where the oblique wave with k=l had a significantly higher phase 

velocity than the 2-D wave. Thus, the aonlinearly generated oblique waves appeeir to 

be phase locked to the 2-D wave. The phase velocity curves of the TS-disturbances 

with frequency F=0.9,l.l are plotted in figure 8.14. Again, waves with the same 

frequency have about the same phase speed. Also, the TS-disturbances with higher 

frequency have a higher phase velocity than those with lower frequency, which is 

consistent with linear stability theory. 

So far, the amplitude and phase velocity plots have provided information about 

the evolution of the TS-disturbances in frequency-wavenumber space. Additional 

insight into the nature of the disturbance waves can be gained by considering 

their evolution in physical {x,y,z) space and in time. Time signals u{t) of the 

TS-disturbances at different x locations are plotted in figure 8.15. These curves 

correspond to the curves in figure 7.34. The total flow would be a superposition of 

the respective curves in both figures, added to the steady Blasius flow. In figure 

8.16, time signals u{t) are plotted at z=4.9, at different spanwise locations. The 

top curve, at z=0, corresponds to the fourth in figure 8.15. The corresponding time 

signals of the KlebanofF-mode are plotted in figure 7.35. From the curves in figures 

8.15 and 8.16 it is readily apparent that the different Fourier modes seen in the 

amplitude plots correspond to an amplitude modulation of the original TS-wave. 

A comparison with the instantaneous u velocity profiles of the Klebanoff-mode 

in figures 7.36 - 7.39 reveals that the strongest fluctuations of the TS-disturbance 

coincide with localized regions of negative u velocity of the Klebanoff-mode, i.e. 
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with a (locally) thickened boundary layer. Take, for example, the top curve at 

2=0 in figure 8.16. The strongest fluctuations occur aroimd tfT=3.5 (modulo 10), 

whereas a period of relative calm occurs around t/T=8.5. On the other hand, the 

situation is reversed at 2=0.05236, the fifth curve in figure 8.16. Figure 7.36 shows 

that at f/r=3.5, the KlebanoflF-mode it velocity is negative near the wall around 

2=0 and attains a (positive) maximum around 2=0.05236. Accordingly, figure 7.38 

shows that the slope at the wall du/dy of the total flow is decreased at 2=0 and 

increased at 2=0.05236. It is known from linear stability theory that increasing 

the boundary layer slope at the wall stabilizes a flow, while decreasing the slope 

destabilizes the flow. Furthermore, figures 7.40 and 7.41 show that the velocity 

profiles have an inflection point over some range of z and t. These inflection points 

may further increase the instability of the flow. These observations suggest the 

following explanation for the amplitude modulation of the TS-wave: 

The time scales of the low-frequency KlebanofF-mode and of the high frequency 

TS-wave are an order of magnitude apart. Thus, the KlebanofF-mode can be super

imposed onto the steady Blasius boundary layer and act as a new, time dependent 

base flow for the TS-wave. On the fast time scale of the TS-wave, the new base 

flow is steady, with the time entering as a parameter. TS-waves that propagate in 

a region (locally in space and time) of negative u of the Klebanoff-mode would thus 

experience a more unstable base flow than the mean flow and be more amplified. 

On the other hand, those TS-waves that propagate in a local region of positive u of 

the Klebanoff-mode would experience a more stable base flow, and be less amplified. 

Since the Klebanoff-mode is periodic in z and t and propagates in x, the change of 

the local stability characteristics causes the formation of 3-D TS-wavepackets from 

an initially 2-D TS-wavetrain. This transient nature of the flow is, of course, lost 

in the ensemble averaging typically performed in experiments, and in the Fourier 

amplitude of the 2-D wave. In fact, the steady, 2-D mean flow is more stable than 

the Blasius flow, due to the momentum transfer from the free-stream to the wall 
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induced by the Klebanoff-mode. As a result, the amplitude of the 2-D TS wave, 

averaged over t and z, is 58% lower than the reference amplitude in section 7.1. 

On the other hand, the maximum velocity fluctuation of the wavepackets plotted 

in figure 8.16 corresponds to an aunplitude that is 107% higher than the reference 

vcilue. Such high-amplitude wavepackets may well be precursors of turbulent spots. 

8.3 Multiple Wavenumber Excitation of the Klebanoff-Mode 

Analogous to the simulation in the previous section, a 2-D TS wave was added 

to the the Klebanoff-mode flow calculated in section 7.4. The parameters for the 

generation of the 2-D TS wave were the same as in section 8.1. This calculation 

will be referred to as case "TS-NL-mult". After the calculation, the Klebanoff-mode 

flow computed in section 7.4 was subtracted to yield the TS-disturbances. 

Amplitude curves of selected TS-disturbances are plotted in figures 8.17 - 8.21. 

Because of the more broad-band nature of the Klebanoff-mode spectrum (see sec

tion 7.4), there axe more possibilities of notdinear interactions. Thus, more spanwise 

Fourier modes have significant amplitudes here than in the previous section. How

ever, the amplitude curves of those modes which are present both in the previous 

calculation and in this calculation are almost identical. Hence, the major contri

bution of the additional spanwise modes is the excitation of a more broad-band 

disturbance spectrimi. 

The pheise velocities of TS-disturbances with frequency F=l are plotted in figure 

8.22. Again, the nonlinearly generated disturbance modes are phase-locked to the 

2-D TS-wave. Time signals u{t) of the TS-disturbances are plotted in figures 8.23 

and 8.24. There are no significant differences between these curves and the curves 

plotted in figures 8.15 and 8.16. 

In figures 8.25 - 8.36, the amplitude and phase profiles of the velocity components 

of TS-disturbances with frequency F=1 and spanwise wavenumbers 7=0,30,120,240 

(fc=0,1,4,8) are plotted vs. y, at several streamwise locations x. A comparison of 
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these curves with the reference curves for modes k=Q and A:=l in figures 8.4 - 8.9 

shows the following differences: 

At x=1.3, for fc=l, the majdmum of the u-amplitude profile is slightly closer to 

the wall (as compared to the linear reference calculation), and the lu-amplitude is 

much smaller. Also, u and v are in phase up to y/S=:l.5, while they are out of phase 

by 7r/2 in the linear calculation. 

At x=3.7, for k=0, the u-amplitude profile is slightly deformed. For k=l, the 

m£iximum of the u-amplitude profile is again closer to the wall, and the to-amplitude 

is smaller. 

At x=6.1, for fc=0, the u-amplitude profile has developed three distinct maxima, 

the largest being near the wall. The u phase changes by 2ir between the first and 

second maxima, in contrast to the constant phase in the linear case. For fc=l, the 

w-amplitude is smaller, and its maximum is closer to the wall. 

8.4 Transition 

In this section, the calculation of section 8.3 was repeated, with the forcing ampli

tude of the 2-D TS-wave increased to u = 2 x 10"^. This simulation will be referred 

to as case "TS-trans". The amplitude increase had a profound impact on the re

sulting flow: In the previous calculations, the amplitudes of the TS-disturbances 

attained a maximum near x=5 and decayed thereafter. In this calculation, am

plitude growth did not subside. Instead, transition to turbulence started at x=4. 

Since the computational grid was too coarse to properly resolve a turbulent flow, 

the integration domain had to be shortened to Xmox=6.1, with the buffer domain 

starting at XB=4.76. Further downstream, the insufficient spatial resolution caused 

numerical instability. 

Amplitude curves of the resulting TS-disturbances with frequency F=1 are plot

ted in figure 8.37. Note that even though disturbances are artificially damped in 

the buffer domain downstream of xs=4.76, the amplitudes continue to grow as 
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far downstream as x=5.5, a sign of the strong disturbance growth cissociated with 

transition. 

The streamwise development of the TS-disturbance fluctuations is illustrated in 

figxire 8.38. The scale of the ordinate axis is reduced by a factor of two relative to 

figure 8.23, proportional to the increased forcing amplitude. Thus, the top curve 

of figure 8.38, at x=1.3, appears identical to the top curve of figure 8.23. Further 

downstream, however, significant differences appear, and the signal at x=4.9 is sub

stantially different from that of the previous calculation. In figure 8.39, time signals 

u{t) are plotted at z=4.9, at different spanwise locations. Due to the strength of the 

fluctuations, the scale of these curves is reduced fourfold relative to the correspond

ing curves in figure 8.15. The maximum fluctuation in figure 8.39 corresponds to a 

u-amplitude of 20%, which is on the order of the Klebanoff-mode fluctuations. Such 

a magnitude of u suggests consideration of the amplitudes of the combined distur

bance flow Klebanoff-mode TS-wave, instead of the TS-disturbances only. This 

allows an evaluation of the nonlinear feedback of the TS-wave onto the Klebanoff-

mode. 

The amplitudes of select disturbances are plotted in figures 8.40 - 8.46. Down

stream of x=3.5, all amplitude curves except for mode F=0.1, k=2 deviate sub

stantially from the corresponding curves in section 7.4, showing strong growth up 

to x=5.5. The growth rates of the forced disturbances with frequency F=0.1 are 

plotted in figure 8.47. Again, these curves differ from those of 7.46 downstream of 

x=3.5. The u rms-amplitude is plotted in figure 8.48. Up to x=4, the amplitude 

curve is very similar of those in figures 7.31 and 7.47. A minor difference is that the 

curve here scales as x°'®®, which is slightly closer to the experimental results than 

the curve in the previous section. Downstream of x=4, the rms disturbance level 

rises rapidly, another sign of transition to turbulence. 

Time signals u{t) are plotted in figure 8.49. In the top curve, at x=1.3, the 

superposition of the TS-wave and the Klebanoff-mode is easily recognizable. The 
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next two curves, at x=2.5 smd x=3.7, still resemble the sawtooth waves of figure 

7.50. The last curve however, at x=4.9, is qualitatively very different from that of 

the Klebanoff-mode without the TS-wave. The curves u{t) at x=4.9 in figure 8.50 

bear no resemblance to those in fig\ire 7.52, either. These observations indicate that 

the Klebanoff-mode is essentially limited to laminar the boimdary layer region and 

does not persist beyond the transition to turbulence. 

Time signals u{t) near the streamwise maximum of the disturbance amplitudes, 

at x=5.38, are plotted in figtire 8.51. The fourth curve from the top, at 2=0.03927, 

shows velocity peaks at t/T=lQ (modulo 10). On the other hand, the sixth curve, 

at 2=0.06545, shows the strongest fluctuations at t/T=5. In the other curves, 

fluctuation maxima occur at both tfT=5 and t/T=lO. These local fluctuations can 

be interpreted as incipient turbulent spots. 

Contourlines of the instantaneous disturbance flow u, Wi, and cuj at the first fluc

tuation maximum, t/T=5, axe plotted in figures 8.52 - 8.54. These plots are cuts 

through the flowfield at different z planes. For technical reasons, the cutting planes 

are on the negative z axis, but keep in mind that u and uiz are symmetric w.r.t. 2=0, 

and (Jx is antisymmetric. The contourlines of the streamwise vorticity ujx are partic

ularly indicative of TS-disturbances, because the Klebanoff-mode contribution to u3x 

is rather small, see section 7.1. These Ux isocontours confirm the packet-like nature 

of the disturbance waves. Two wave packets cire visible in the plots, with a region of 

smaller fluctuations between them, around x=4. The contours of the downstream 

packet near x=5.2 correspond to the fluctuation maximum at t/T=5 in figure 8.50. 

Their pattern is typical of the breakdown in fundamental resonance, see Rist (1990) 

and Rist & Fasel (1995). This is confirmed by the 3-D isocontours of the total 

spanwise vorticity -{-uiz^Kieb -\-^z,TS plotted in figures 8.58 and 8.59. These plots 

show two different types of structures: The long, narrow vorticity "tubes" at 2=0, 

2=0.10472, and 2=0.20944 are associated with the Klebanoff-mode. Hence, their 

dominant spanwise scale is 7=60, i.e. A-=0.10472. The other set of structures are 
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vorticity "tongues" centered at z=0.10472, with a spanwise wavelength A.=0.20944, 

corresponding to 7 = 30. The shape of these vorticity "tongues" is typical of the 

vorticity structure associated with a Lambda-vortex, characteristic of fundamental 

breakdown to turbulence. The breakdown of this wavepacket appears to be caused 

by a resonance between the 2-D TS-wave and an oblique wave with 7=30. Further 

evidence that the fluctuation peak near tfT=5 in figure 8.51 is indeed due to a fun

damental breakdown is given by the three-dimensional isocontours of the streamwise 

vorticity CJ^, plotted in figures 8.60 and 8.61. As discussed before, the vorticity 

of the Klebanoff-mode is very small. Hence, the KlebanofF-mode is not visible in 

these plots. TS-waves, on the other hand, and the Lambda-vortex associated with 

the fundamental breakdown do have a sizable component. This fact is reflected 

in the shape of the ufx isosurfaces, which are indicative of a Lambda-vortex. For 

comparison, vorticity isosurfaces of the fundamental resonance calculation without 

suction from section 6.2 are plotted in figures 8.62 and 8.63. Note the similarity 

between these structures and those in figures 8.58 - 8.61. 

Instantaneous profiles of the total velocity u{y, z) are plotted in figure 8.68. The 

spatial distance between the two figures, X2—xi=0.22, corresponds to the distance 

that a TS-wavepacket, traveling at a velocity c=0.355, would cover during one TS-

period T. The convective speed c=0.355 was determined by inspection; it is also 

close to the phase velocity of TS-disturbances with a frequency F=l, as shown in fig

ure 8.22. Hence, these u profiles are those associated with the traveling wavepacket 

during the development of the Lamb da-vortex. 

The interpretation of the second fluctuation peak in figure 8.51, near </r=10, 

follows that of the first one. The events associated with this wavepacket are much 

more energetic and they occur a bit farther upstream, as illustrated by the time sig

nals in figure 8.51 and by the contourplots in figures 8.55 - 8.57. The isocontours 

are plotted in figures 8.64 and 8.65. The long vorticity tubes of the KlebanofF-mode 

are now offset by 0.05236 in the spanwise direction relative to those in figures 8.58 
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and 8.59. The reason for the offset is the phase shift of the Klebanoff-mode due 

to the time delay of one half period between the two fluctuation maxima. Another 

importeint difference is that there are now two Lamb da-vortices, aligned with the cjj 

tubes of the Klebanoff-mode. Apparently, the breakdown of this second wavepacket 

is due to a resoneince between the 2-D TS-wave and an oblique wave with 7=60, 

i.e. half the spanwise wavelength of the breakdown of the first wavepacket. The 

corresponding Ux isocontours are plotted in figures 8.66 and 8.67, and the u velocity 

profiles are plotted in figure 8.69. These plots confirm the shorter spanwise scale of 

this breakdown. 

In addition to the calctdations presented here, several other calculations were 

performed to verify the relevance of the above results. In those calculations, dif

ferent fundamental spanwise wavenumbers 71, disturbance spectra amp(/, fc), and 

amplitudes were used. The results of those calculations showed that, for a given rms-

amplitude of the Klebanoff-mode, a more broad-band spectrum of the Klebanoff-

mode reduced the threshold amplitude of the TS-wave necessary to trigger transi

tion. This was expected in light of the results in sections 8.2 and 8.3. However, 

the mechanism remained the same, transition was always a result of fundamental 

resonance. No indication of subharmonic resonance was observed. 

8.5 Discussion 

The results of this chapter lead to the following interpretation of the interaction 

between the Klebanoff-mode and a Tollmien-Schlichting wave. 

I. The low-frequency, high-amplitude fluctuations of the Klebanoff-mode, added 

to the steady mean flow, form a new "base flow" for the high-frequency TS-

waves. Due to the nature of the Klebanoff-mode, this new base flow is periodic 

in z and t .  
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2. A locally positive u velocity of the KlebanofF-mode, corresponding to a thin

ning of the boundary layer, stabilizes the local flow, while a locally negative u 

velocity, i.e. a thicker boundary layer, destabilizes the flow. 

3. Due to the periodic change of the boundary layer stability, an initially 2-D TS-

wavetrain undergoes differential amplification as it travels downstream, evolv

ing into 3-D wavepackets. 

4. When the fluctuations of a wavepacket are suflBciently strong, a fundamental-

resonance Floquet instability sets in and triggers the breakdown of the wavepacket 

into a turbulent spot. 
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9. EFFECT OF SUCTION ON THE 
KLEBANOFF-MODE 

To evaluate the efficiency of suction as a means of delaying "natural" transition, 

the caiculations of section 7.4 and 8.4 were repeated with the addition of wall suction. 

9.1 Evolution of the Klebanoff-mode 

First, the evolution of the KlebanofF-mode was computed. This simulation will be 

referred to as "K-suction". The parameters for this simulation were the following: 

XQ = 0.1 (Rej = 172), xb = 6.55 (Rej = 1393), Xmax = 8.1 (Re^ = 1549) 

ml = 801, Ax = 10"^, Wc = 1 

Vmax = 0.15 (= 87<Jo), m2 = 100, /3 = 1.03, C^M = 28 

K = 20, 7i = 30 

Ai = 7.854 X 10-3 

imiform suction applied from x = 0.4 (Re^ = 344) to a; = 7.5 (Re^ = 1490), 

with v = 2 X 10"'*. 

free-stream perturbations generated by volume forces 

with spanwise wavenumber 7 = 30fc, 1,... ,4, F=0.1 

xfjt = 0.5 (Res = 385), yf^ = 0.04 (= 23^o) 

AFFC = 3.3 X 10"^, BFJK = 5 X 10"^, FUJT = 0, ^JT = 0 

7 = 30,90,120 (&= 1,3,4): fwfc = 0.1 

7 = 60 (fc = 2) : fwjt = 1 

The u-amplitudes of several disturbance modes are plotted in figures 9.1 - 9.7. 

These amplitudes are substantially higher than the corresponding amplitudes in 

section 7.4. The growth rates plotted in figure 9.8 are also higher than those in 

section 7.4. Wall suction appears to increase the growth rates of the Klebanoff-

mode. The rms-amplitude of the u disturbance is plotted in figure 9.9. In contreist 
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to the rms-amplitudes in sections 7.3 - 8.4, it does not scale with any power of 

X. In figtire 9.14 the amplitude profiles Urms and the mean flow distortion Umfd are 

plotted vs. y. As before, the amplitudes are normalized to 1, ajid the y coordinate is 

normalized by the Blasius displacement thickness 6. In contrast to the cases without 

suction, there is no self similarity apparent in these plots. Also, the maxima of the 

curves are shifted closer to the wall. 

Even though the rms-amplitude of the u velocity is very high (larger than 20%), 

the unsteady motion of the boundary layer is not what one would consider turbu

lence. This is evident from the time signals u{t) plotted in figure 9.15. As before, 

the signal has the shape of a sawtooth wave, although the teeth of the last curve, 

at x=6.1, appear quite worn out and dull. 

9.2 Interaction with a TS-wave 

After the calculation of the KlebanofF-mode in the previous section had reached 

a periodic state, a 2-D TS-wave was added through a suction/blowing slot. This 

simulation will be referred to as "K-TS-suction". The parameters of the TS-wave 

were the following: 

TS-waves forced through suction/blowing slot between x = 0.48 (Re^ = 377) and 

X = 0.72 (Res = 462): 

F = 1, t) = 2 X 10-3 

Apart from the suction, these parameters are the same as in the calculation 

in section 8.4 that lead to transition. As in chapter 8, the Klebanoff-mode flow 

computed in section 9.1 was subtracted from the flow computed in this section 

to obtain the TS-disturbances. The amplitudes of TS-disturbances with frequencies 

F=l are plotted in figure 9.17. Just as in chapter 6, the suction velocity v = 2x 10"'' 

was sufficient to suppress transition. The time signals of the total flow were virtually 

identical to those of the previous section, without any sign of incipient turbulent 

spots. 
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9.3 Discussion 

The effects of suction on the Klebanoff-mode, ajid on the interaction between the 

Klebanoff-mode and a ToUmien-Schlichting wave, are summarized below. 

1. Wall suction increases the growth rate of the Klebanoff-mode. 

2. The miiximum of the Urms fluctuations is shifted closer to the wall compared 

to the Klebanoff-mode without suction. 

3. The urrna-amplitude no longer scales as a power of x in streamwise direction, and 

the urrna-amplitude profiles are no longer self-similar in wall normal direction. 

4. Even though wall suction increases the rms-amplitude of the Klebanoff-mode, 

it decreases the amplitude of a TS-wave. This amplitude decrease is sufficient 

to prevent transition. 
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10. LIMITS OF VERY STRONG SUCTION 

10.1 Review of the Experiments 

In the 1950's Goldsmith (1957) performed a series of experiments at Northrop 

Aircraft to investigate the effects of suction holes on the boimdary layer flow in the 

entrance region of a circular pipe. Suction was applied through one row of holes 

equally spaced along the circumference of the pipe. A schematic representation of 

this setup is given in figure 10.1. Further downstream in the pipe, a microphone 

measured the wall pressure fluctuations. From these fluctuations Goldsmith deter

mined if the flow was laminar or turbulent. In addition, in a few experiments he 

used smoke for flow visualizations to determine the nature of the flow. 

Goldsmith found that for suflSciently low suction rates the flow remained laminar. 

When the suction strength exceeded a critical value, he found transition to turbu

lence. When the suction rate was further increased, the flow returned to a laminar 

state. The experiments showed that the effects of the suction could be satisfactorily 

described by two nondimensional parameters, a nondimensional wall shear 

where 

UB ... streamwise velocity of the unperturbed basic flow 

V ... viscosity 

s  . . .  spacing between centers of adjacent holes 

d ... hole diameter 

AQfAz ... suction flow volume per unit length along the circumference of the pipe. 

(10.1) 

and a nondimensional suction flux 

(10.2) 
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For a given geometry and base flow, T is constant and T varies linearly with in

creasing suction strength. 

For these two parameters Goldsmith found a "critical suction curve". A part 

of this curve is shown in figure 10.2, with T on the abscissa and T on the ordi

nate ajds. For values of the parameters T, T to the left of the critical suction 

curve, the smoke visualizations showed that each hole generated a pair of steady 

streamwise vortices that extended downstream. For values T, T in between the two 

branches of the curve, the vortices of adjacent holes merged to form horseshoe vor

tices that periodically shed in the downstream direction, leading to rapid transition 

to turbulence. For values T, T to the right of the suction curve, there were again 

stable vortices. These, however, were aligned in the azimuthal direction instead of 

extending downstream (see figure 10.2). 

In addition to its significance for LFC, this phenomenon is very interesting from 

a stability point of view: Usually, boundary layers are only convectively unstable, 

i.e. disturbances are amplified (or damped) as they propagate downstream. In con

trast, the vortex shedding observed in the experiment may an indication of absolute 

instability, analogous to the vortex shedding behind a circular cylinder. 

10.2 Scope of the Numerical Simulations 

A major finding of the experiments was that the critical suction curve is inde

pendent of the precise shape of the boundary layer profile, because ordy the wall 

vorticity appears in T of equation (10.1). This allows a flat-plate boundary layer 

to be substituted for the pipe entrance boundary layer in the numerical simulation 

of the experiment, thus queisi "unrolling" the pipe onto a plate. The periodicity 

in the spanwise direction z in the numerical simulation corresponds to the natural 

periodicity in the aizimuthal direction B in the experiments. In addition, symmetry 

w.r.t the plane z=0 was imposed to reduce the memory and CPU-time requirements 

of the simulation. The integration domain is similar to the one with suction holes 



107 

sketched in figure 5.1. 

An essential difference between the pipe entrance boundary layer and a flat-plate 

boundary layer is that in the former, all fluid must enter through the pipe inlet. It is 

therefore possible, with suflBciently strong suction, to "suck away" just about all the 

fluid from upstream. Indeed, Goldsmith reports that in the parameter range to the 

right of the critical suction curve in figure 10.2, where he observed stable vortices 

in azimuthal direction, the volume flow through the suction holes was larger than 

the voliane flow through the exit of the pipe. In a flat-plate boundary layer, on the 

other hand, there is a limitless supply of fluid from the free-stream. Therefore, only 

the left branch of the critical suction curve is relevant to laminar flow control in 

external flows. It is therefore the subject of the present investigation. 

With the above assimiptions, three nmnerical simulations Cl, C2, and C3 were 

performed, eis indicated in figure 10.2. In all three calculations, the nondimensional 

wall shear was T=404. In the calculation Cl (subcritical case) the nondimensional 

suction flux was .F=35, corresponding to a point in the stable region to the left 

of the critical suction curve. In the calculation C2 (weakly supercritical case) the 

nondimensional suction flux was ^=46. This point is just inside the unstable re

gion of the parameter space. It should be noted that there is considerable scatter 

of the original experimental data in this region. In the calculation C3 (strongly 

supercritical cjise) the nondimensional suction flux was .F=58, which is well inside 

the unstable region. 

10.3 Computational Parameters 

The four-stage Runge-Kutta scheme was used for the time integration, with 

fourth order accuracy for the y diffusion terms (cf. section 4.4.1). The biasing 

factor in the split compact differences for the nonlinear terms was Wc=0.3 (cf. sec

tion 4.6.2). No grid stretching was used in y. The following parameters were used 

in the simulations: 
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Uoo = 15 m/s, 1/ = 15 X 10~® m'^/s 

xo = 480 nun (Reg = 1192), Xc = 506 mm (Re^ = 1224) 

xb = 525 mm (Rej = 1247), Xmax = 552 mm (Re^ = 1278) 

Vmax = 7.425 mm (= 6.25o) 

ml = 961, Ax = 0.075 mm , m2 = 100, Ay = 0.075 mm 

K = 10, Af = 4 X 10"® s 

s = 2.007362 mm (« 1.7^o), d = 1.0287 mm (« 0.96^o) 

Case Cl 

Case C2 

Case C3 

Vc = 0.6£/oo 
Vc = O.SUoo 

Vc — Uoo 

10.4 Subcritical Case Cl 

During the simulation of case Cl, trailing vortices emerged from the holes as 

expected and extended downstream. Once the vortices had reached the outflow 

boundary, the flow field attained a steady state. This is in agreement with the 

experimental observations. 

A three-dimensional contour plot of the magnitude of the streamwise vorticity 

\u}x\ is shown in figure 10.3, with all lengths given in mm. Within the limits of the 

3-D perspective, the region shown is drawn to scale in x, y, z. It extends from the 

center plane of one suction hole at 2=0 to the center plane of the adjacent suction 

hole to the right at 2=5. In the streamwise direction x, it extends approximately 

1.5 hole diameters upstream of the hole centers and approximately 6 hole diameters 

downstream. In the wall normal direction, the region extends to approximately one 

half the boundary layer thickness. The streamwise vortices generated by the holes 

are clearly visible. Near the hole, the shape of the vortices is similar to that of 

the vortices in chapter 5. Here, however, the vortices are two orders of magnitude 

stronger, and they grow in the downstream direction. Also visible are again the 

streaks of streamwise vorticity along the wall, induced by the vortices above them. 
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Between the vortices is a small region of separated flow, identified by contonrs of 

it=0, which extends about three hole diameters downstream of the holes (see figure 

10.4). 

From figure 10.3 one can observe that vortices from adjacent holes axe closer to 

each other than vortices from the same hole, as shown schematically in figure 10.5. 

Consequently, the main interaction between those vortices causes a mutual up

lifting, i.e. as the vortices extend in the downstream direction they move away from 

the wall .  Figure 10.6 shows contours of the streamwise vorticity in the plane z = s/S. 

These plots essentially represent a cut through a vortex core. Superimposed on the 

vorticity contours are the velocity vectors (u,u) of the undisturbed boundary layer 

flow. 

Near the holes, the vortices are still close to the wall, where the slope of the 

(undisturbed) boimdary layer is fairly constant. Thus as the vortices are lifted up, 

they move into a fluid layer with increased mean streamwise velocity. This leads 

to vortex stretching, which results in an increase of vorticity in the downstream 

direction. Further downstream, as the vortices approach the edge of the boundary 

layer, the mean streamwise velocity no longer increases in the vertical direction, 

and the growth of streamwise vorticity levels off'. In figure 10.7, the streamwise 

vorticity Ux at the vortex core is plotted versus the downstream distance x—xc- At 

the holes, the vorticity attains a maximum and then falls off rapidly over a distance 

of three hole diameters. This distance is the same as the extent of the recirculation 

region mentioned above. From there on, the vorticity increases again, and grows 

approximately proportional to y/x. After 18 hole diameters, the vortices have risen 

to the edge of the boundary layer, and the growth becomes weaker. 

10.5 Weakly Supercritical Case C2 

For this case the flow field near the holes is qualitatively not very different from 

the previous case, as shown in figures 10.8 and 10.9. Two vortices emerge from each 
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hole, and initially they appear steady. However, after 20 hole diameters downstream 

one can observe small fluctuations in the form of a periodic (both in space and 

time) thickening and thinning of the vortices. This is shown in figure 10.10. This 

behavior is reminiscent of the sinuous mode disturbances that are observed in vortex 

instabilities. Finally after 30 hole diameters the vortices break up, as illustrated in 

figure 10.11. 

A Fourier analysis of the fluctuations shows a distinct peak at 1714 Hz. In the 

usual nondimensional unit for stability investigations F = 27r/j//t/oo^ x this 

corresponds to F=7.18. This is much higher than any frequency in the amplified 

TS-band for the Blasius boundary layer. 

For further analysis, the phase of the UJX Fourier mode corresponding to 1714 Hz 

was calculated near the y, z location of the vortex core. In figure 10.12, this phase is 

plotted versus downstream distance X—Xc, at constant y=1.5, z=0.753. The phase 

is fairly constant over the first 15 diameters downstream of the hole. From there 

on it exhibits the typical pattern of a traveling wave, with the phase increasing by 

27r over every wavelength. From the slope of the phase curve one can compute the 

phase speed of the fluctuations, which is about 45% of the free-stream speed. 

In figvire 10.13, the Fourier amplitude corresponding to the phase in figure 10.12 

is plotted. After about 15 diameters downstream of the hole the amplitude begins 

to grow: This correlates with the change of the phase pattern in the previous figure. 

10.6 Strongly Supercritical Case C3 

For the third case C3, the flow is qualitatively very different from the first two 

cases. The fluctuations are strong already at the suction holes, and it appears 

that there is vortex shedding. This can be seen from the 3-D contour plots of the 

magnitude of the streamwise vorticity (figure 10.14) and of the magnitude of the 

total vorticity (figure 10.15). In figures 10.16 and 10.17, contours of the spanwise 

vorticity ijJx in the plane z=0 are plotted over x — x^, y, at different time steps. 
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Vortices axe generated at the suction holes and are convected downstream. Figure 

10.18 shows time signals of the spanwise vorticity Wi at several downstream locations 

X, at constant y=2.25, z=sf2. The bottom curve, barely visible, is for x—Xc= —3.75 

mm, the x increment between subsequent curves is 7.5 mm. Thus, the top curve is 

for X—Xc = 41.25 mm. The vertical offset between consecutive curves corresponds to 

cUj = 150. From these curves the periodicity of the vortex shedding near the holes is 

clearly discernible. Further downstream the time signals resemble more and more 

those of a turbulent flow. Note that in figure 10.18 only every twenty-fifth computed 

point was used for the plotting. 

Again a Fourier analysis of the fluctuations was performed. Now the frequency 

of the vortex shedding is approximately 770 Hz, which is much lower than the 

peak frequency in case C2. This correlates with Goldsmith's observation that the 

shedding frequency decreases with increasing suction strength. In figiire 10.19, the 

phase of the Wj component of the 770 Hz fluctuation is plotted versus x. Contrary 

to the case C2, the phase exhibits a traveling wave pattern starting immediately at 

the holes. The phase speed, inferred from the slope, is again 45% of the free-stream 

speed. 

10.7 Discussion 

The computational results are in good qualitative (for lack of quantitative data) 

agreement with the experimental results. They confirmed the location of the lower 

branch of the critical suction curve, and its universal character, i.e. the curve is 

applicable both to pipe flow boundary layers and flat-plate boundary layers. In 

addition, these results are a further confirmation that the cos^ function for the 

suction velocity (cf. section 4.1.2) is a reasonably good model. 

Of particular interest are the results of calculation C2, the weakly supercritical 

case. From the experimental data it was not quite clear how the transition from the 

stable to the unstable region in parameter space takes place. In principle, it could 
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be either due to vortex instability, or due to an instability of the recirculation region 

that forms between the vortices. Goldsmith attributed the observed turbulence to 

vortex shedding from the hole, which sets in once the suction strength is above the 

critical threshold. In contrast, the present calculations indicate that, at least for 

some combination of the parameters (^, T), the transition is caused by a vortex 

instability. 

As the suction strength is further increased, one can expect the onset of insta

bility growth in the vortices to move upstream and eventually to coalesce with the 

recirculation region, leading to the vortex shedding observed in the experiments 

(and in calcidation C3). 

A major difference between the pipe-entrance boundary layer and the flat-plate 

boundary layer is that the former is much more stable. Indeed, Goldsmith did not 

observe transition in the absence of suction. In contrast, beyond a critical Reynolds 

number, the Blasius boundary layer is unstable to small disturbances. Transition 

to turbulence will occur sufficiently far downstream, even with the lowest suction 

strength (case Cl). In view of this, the critical suction curve assumes a different 

character for the flat-plate boundary layer. It separates regions where transition is 

guaranteed to occur due to suction effects alone from those where transition may 

be caused by other instability mechanisms. 
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11. DISCUSSION AND CONCLUSIONS 

In this work, Direct Numerical Simulations based on the complete Navier-Stokes 

equations (DNS) were used to study the effect of wall suction on transition in a 

flat-plate boundary layer. The keywords here, which are the main topics of this 

thesis, are DNS, waU suction, and transition. 

DNS has several advantages over traditional methods such as experiments and 

theory. Compared to theory, e.g. asymptotic methods, DNS fully accounts for all 

terms in the Navier-Stokes equations, without being limited to parallel or weakly 

non-parallel flows, small amplitudes, constant pressure across the boundary layer, 

etc. Compared to experiments, DNS provides the complete flowfield with all vari

ables, without any spurious, random errors due to uncontrollable environmental 

perturbations. The latter characteristic is particularly important in the study of 

turbulence and its effects on boimdary layer transition, as discussed in chapters 7 

and 8. One should not heap (deserved) praise on DNS, however, without also men

tioning its weaknesses. Prominent among them are the high computational costs 

cissociated with calculations of high Reynolds nimiber flows, and the contentious is

sue of appropriate boimdary conditions. A potential pitfall of any numerical method 

is sloppiness in its use, i.e. a reliance on numerical results without a thorough ver

ification of those results by means of theory or experiments. It is hoped that the 

results presented in this work will stand the test of verification, particularly the 

results of chapter 8. 

The numerical method was presented in chapter 4. Several new techniques that 

were developed during the course of this research were discussed in detail. These are 

the discretization of the convective terms with split-compact differences, the use of 

non-equidistant compact differences in the wall-normal direction, and an improve

ment of the buffer-domain technique to prevent reflections of waves at the outflow 

boundary. It should be emphasized that these new techniques are not restricted to 
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the Navier-Stokes equations in vorticity-transport form. The split-compact differ

ences and the improved buffer domain technique are well suited for wave propagation 

problems in many areas of mathematical physics. The non-equidistant compact dif

ferences provide a substantial improvement over conventional finite differences for 

problems with boundary layer characteristics that require highly stretched grids. 

Other parts of the numerical method were adopted from textbook methods or 

from research publications. All finite-difference approximations used in the numer

ical method are listed in the appendix. It is hoped that the discussions, references, 

and listings provided here are sufficient for an interested practitioner of the art to 

understand the algorithm and, if desired, to reprogram it. 

Wall suction as a means of laminar flow control was the second topic of this 

thesis. Chapter 5 treats the effect of suction on the best-studied aspect of boundary 

layer transition, namely, on the growth of a 2-D Tollmien-Schlichting wave. In 

this study, suction was applied through one spanwise row of suction holes. By 

maintaining a given total suction flow rate, the effect of the hole diameter on the 

generation of 3-D disturbance waves was investigated. At the suction levels used 

in this study, differences in the hole diameter had no significant effect on the mean 

2-D flow. However, it was foimd that suction through smaller holes created stronger 

streamwise vortices. Thus, the hole diameter did have an effect on the steady 3-D 

flow. As a result, the effect of suction on the 2-D wave was predominantly linear. 

On the other hand, nonlinear effects became noticeable for 3-D oblique waves with 

large spanwise wavenumbers, even for small overall suction flow rates. 

In chapter 6, the effects of suction on the secondary instability of a high-amplitude 

TS-wave were investigated. In this chapter, suction was performed through a porous 

wall, through slots in the spanwise direction, and through slots in the streamwise 

direction. It was found that the streamwise suction slots generated streamwise 

vortices, just as the suction holes had done in the previous chapter. It was also found, 

however, that these streamwise vortices had no bearing on the ability of suction to 
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delay transition. When the suction velocity was suflBciently high, the secondary 

instability was suppressed, cind the flow remained laminar. This was observed for 

all three suction configurations, for both fundamental resonance and subharmonic 

resonance. However, the slot spacing in this study was carefully selected such that it 

was much smaller than the relevant wavelengths of the resonance. In most practical 

laminar flow control applications, the slot spacing is substantially wider than here. 

In these cases the streamwise suction slots may well enhance secondary instability. 

Thus, overall, spanwise suction slots are preferable. 

The transition scenarios considered in chapters 5 and 6 were fairly idealized. They 

involved the evolution of isolated, carefully selected disturbances, i.e. TS-waves, in 

an otherwise unperturbed Blasius boundary layer. In most practical flows, TS-

waves are only part of a broad spectrum of disturbances. What sets them apart 

is, first, that they are exponentially amplified, and second, that they are much 

better understood than other types of disturbances. It has been known for many 

years, however, that low-frequency fluctuations in the boundary layer, known as the 

Klebanoff-mode, have a major influence on transition, at least in windtunnels. The 

quest for a deeper understanding of the nature of the Klebanoff-mode and of its role 

in transition was the third topic of this research. In chapter 7, a simple numerical 

model of the Klebanoff-mode was presented. A key feature of experimental studies 

of the Klebanoff-mode is their statistical nature. The Klebanoff-mode is caused by 

the random fluctuations of free-stream turbulence, which are impossible to control 

in a quantitative manner. In the nvunerical simulations, on the other hand, the 

"numerical free stream turbulence" can be arbitrarily specified. The surprisingly 

good agreement between the numerical results and the available experimental results 

gives rise to the hope that the conclusions drawn from the numerical model will 

eventually be verified by experimental means. It should not be too difficult to verify, 

for example, the claim that the spanwise scaling of the Klebanoff-mode is an intrinsic 

property of the boundary layer, and not imposed by the free-stream turbulence. On 
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the other hand, experimental measurements of the streamwise vorticity are not easy. 

Thus, it may take a while to obtain experimental data to prove or disprove the claim 

that the streamwise vorticity component of the Klebanoff-mode is very small. 

A possible role of the KlebanofF-mode in boimdary layer transition was put for

ward in chapter 8. In this scenario, the high-amplitude Klebanoff-mode locally al

tered the stability properties of the boundary layer, affecting the growth of TS-waves. 

The periodic change of the boundary layer instability caused an amplitude modu

lation of the TS-waves in space and time. According to this transient-instability 

model, TS-waves should occur in narrow packets whose spanwise scale is deter

mined by the Klebanoff-mode. The time-averaged amplitude of a 2-D TS-wave, on 

the other hand, should be lower than in a Blasius boundary layer. Both of these ef

fects have indeed been observed in experiments. The numerical results indicate that 

transition under these circumstances is caused by a fundamental-resonance type 

secondary instability, which is also often referred to as Klebanoff-type resonance. 

Hence, the presence of the Klebanoff-mode modifies the cleissical mechanisms of 

linear and secondary instability, rather than introducing a new instability. These 

results also await experimental verification. 

Returning to the subject of wall-suction, chapter 9 covered the effect of suc

tion on the Klebanoff-mode. While suction strongly increased the amplitude of the 

Klebanoff-mode, it did suppress the resonance and maintained laminar flow. 

Chapter 10 considered the possibility of overdoing laminar flow control, i.e. of 

applying suction that is too strong. The suction configuration, a single row of holes 

in spanwise direction, was similar to that in chapter 5, while the suction strength was 

an order of magnitude higher. It was shown how the resulting strong vortices caused 

bypass transition of the boundary layer, without any external unsteady disturbance 

input. 

The strong increase of the Klebanoff-mode fluctuations due to suction in chapter 

9, together with the vortex-instability observed in chapter 10, raises the possibility 
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of transition due to an instability that is unrelated to TS-waves. While such an 

instability was not observed in the low Reynolds number flow considered here, it 

may well occur at the higher Reynolds numbers aimed for in lajninar flow control. 

This issue may be a worthwhile subject of future work. 
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APPENDIX A: LIST OF CALCULATIONS 

Chapter Case Description 

5 SL small-amplitude TS-wave, suction through one spanwise 
slot 

LH small-amplitude TS-wave, suction through one spanwise 
row of laxge holes 

MH small-amplitude TS-wave, suction through one spanwise 
row of medium holes 

SH small-amplitude TS-wave, suction through one spanwise 
row of small holes 

6 SR-0.5 large-amplitude TS-wave + 3-D subharmonic wave, av
erage suction velocity t; = 0.5 x lO""* 

SR-2.0 large-amplitude TS-wave -f 3-D subharmonic wave, av
erage suction velocity u = 2 x 10""* 

FR-0.5 large-amplitude TS-wave -1- 3-D fimdamental wave, aver
age suction velocity u = 0.5 x 10""* 

FR-2.0 large-amplitude TS-wave + 3-D fundamental wave, aver
age suction velocity v = 2 x 10"'* 

7 LIN linear evolution of the Klebanoff-mode, free-stream forc
ing of steady and unsteady disturbance modes with span-
wise wavenumbers 7=30,60,90,120 

NL-weak weakly nonlinear evolution of the Klebanoff-mode, free-
stream forcing of low-amplitude, unsteady disturbance 
modes with spanwise wavenumbers 7=30,60,90,120 and 
amplitude fwjt=0.1 

NL-1 nonlinear evolution of the Klebanoff-mode, free-stream 
forcing of a single, high-amplitude unsteady disturbance 
mode with spanwise wavenumber 7=60 and amplitude 
fWfc=l 

NL-mult nonlinear evolution of the Klebanoff-mode, free-stream 
forcing of one high-amplitude, unsteady disturbance 
mode with spanwise wavenumber 7=60 and amplitude 
fwit=l; and of three low-amplitude, unsteady disturbance 
modes with spanwise wavenumbers 7=30,90,120 and am
plitude fwjt=0.1 
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Chapter Case Description 

8 TS-ref linear evolution of a 2-D and a 3-D TS-wave 

TS-NL4 nonlinejir interaction between the Klebanoff mode of 
case NL-1 and a  2-D TS-wave with axnpl i tude v = 
1 X 10"^ 

TS-NL-mult nonlinear interaction between the Klebanoff mode of 
case NL-mult and a 2-D TS-wave with amplitude 
u = l X 10-3 

TS-trans nonlinear interaction between the Klebanoff mode of 
case NL-mult and a 2-D TS-wave with amplitude 
u = 2 X 10"^, leading to transition 

9 K-suction effect of uniform suction with u = 2 x lO-"* on the 
evolution of the Klebanoff-mode of case NL-mult 

K-TS-suctioa effect of uniform suction with u = 2 x lO""* on the 
interaction between the Klebanoff-mode a 2-D TS-
wave of case TS-trans 

10 CI numerical simulation of very strong suction: subcrit-
ical case 

C2 

C3 

numerical simulation of very strong suction: weakly 
supercritical case 

numerical simulation of very strong suction: strongly 
supercritical case 



APPENDIX B: FIGURES 
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Figure 1.1 Idealized sketch of transition process on a flat-plate. 

Figure 4.1 Sketch of computational domain. 
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Figure 4.2 Velocity profile across a suction slot. 
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Figure 4.3 Velocity profile across an unsteady suction/blowing slot. 
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Figure 4.4 Amplification f{ t  + At) / f{ t )  after one Runge-Kutta step, plotted over 
pAt.  x-x- 1st order, 2nd order, +-+- 3rd order, o-o- 4th order, exact 
solution. 
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Figure 4.5 Stability boundary CFLmoj: vs. Wc of the fourth order Runge-Kutta 
scheme with split biased compact differences. 
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Figure 4.6 Normalized imaginary part of modified frequency cI>,Af/CFL, plotted 
vs. normalized wavenumber aAx, for several fourth order finite difference schemes: 
o - o -  s tandard  cent ra l ,  +-+-  compact  cent ra l ,  weighted  compact  sp l i t ,  x - x -

compact split, exact solution. 
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Figure 4.7 Detail of normalized imaginary part of modified frequency u;,A</CFL, 
plotted vs. normalized wavenumber aAx, for several fourth order finite difference 
schemes: «-o- standard central, +-+- compact central, weighted compact split, 
x-x- compact split, exact solution. 



126 

UJrAt 

CFL 

Figure 4.8 Normalized real part of modified frequency WrAi/CFL, plotted vs. nor
malized wavenumber aAx, for several fourth order finite difference schemes: o-o-

standard central, +-+- compact central, weighted compact split, x-x- com
pact split, exact solution. 
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Figure 4.9 Error of the numerical derivative d/dy of / = cos(10y/ymax)  at the 
wall y = 0 with standard differences, plotted over the stretching parameter /?. 
Calculation with 80 grid points. +-+- df/dy F.D. derived for stretched grid, o-o-

df/dy coordinate transform with F.D. for equidistant grid, leading term of 
truncation error for equidistant grid. 



128 

2.5e-06 

2e-06 

1.5e-06 

1e-06 

5e-07 

/' 0 
ly=0 

-5e-07 

-1e-06 
1.1 1.5 2 3 4 5 10 15 20 

Figure 4.10 Error of the numerical derivative d / d y  of / = sin(10j//t/max) at the wall 
y = 0 with compact differences, plotted over the stretching parameter Calcula
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Figure 4.11 Effect of applying the damping function c(^) = 1 — 6^® + 15^"* — 10^^ n 
times o-o- n = 1, +-+- n = 50, n = 100, x-x- n = 150. 
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Figure 4.12 Effect of applying the damping function c(^) = exp(—x'^/io) (l — 
n times o-o- n = 1, +-+- n = 50, a-a- n = 100, x-x- n = 150. 
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Figure 5.1 Computational domain with suction slot (top) and holes (bottom). 
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Figure 5.2 2-D meanflow distortion induced by suction through a slot (•), large 
holes (O), medium holes (V), and small holes (A). Curves show the difference 
between the mean flow and the Blasius boimdary layer (without suction) Um/div) = 
u{y) — u(,i{y) at (from left to right) x = 1.36, 1.40, 1.44, 1.64, and 1.84. Suction 
slot/holes centered at x=1.4. One unit on the abscissa corresponds to u = 0.01, i.e. 
the maximum mean flow distortion with a suction slot at x = 1.44 is Ujnjd,maxlUoo = 
0.22 X 10-2. 
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Figure 5.3 Amplification rate a,(x) for reference case without suction (o), suc
tion through a slot (•), suction through large holes (O), suction through medimn 
holes (V), and suction through small holes (A). 



Figtire 5.4 Case LH: Contourlines of streamwise vorticity Ux = ±0.05, large holes. 
View from upstream (top) and from downstream (bottom). Shaded surfaces indicate 
negative vorticity. Suction holes are indicated by thick solid lines. 
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Figure 5.5 Case MH: Contourlines of streamwise vorticity = ±0.05, medium 
holes. View from upstream (top) and from downstream (bottom). Shaded surfaces 
indicate negative vorticity. Suction holes are indicated by thick solid lines. 
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Figure 5.6 Case SH: Contourlines of streamwise vorticity ujx = ±0.05, small holes. 
View from upstream (top) and from downstream (bottom). Shaded surfaces indicate 
negative vorticity. Suction holes are indicated by thick solid lines. 
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Figure 5.7 Amplitudes of disturbances with frequency F = 4/3 and spanwise 
wavenumber 7 = 39.27fc. The curves are k = 0 (•), A:=l (O), k = 2 (V), fc = 3 (A), 
and fc = 4 (o). Solid curves are for large holes, short-dashed curves are for medium 
holes, long-dashed curves are for small holes. 
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Figure 5.8 Streamwise wavenumber a of disturbances with frequency F = 4/3 and 
spanwise wavenumber 7 = 39.27fc. The curves are fc = 0 (•), = 1 (O), k = 2 (V), 
i = 3 (A), and A: = 4 (o). Top: large holes, middle: medium holes, bottom: small 
holes. 
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Figure 5.9 Fourier transform FT{a,k)  of the suction velocity v{x,z) ,  for different 
suction hole diameters and spanwise wavenumbers 7 = 39.27fc. Top left: fc=l, top 
right: k=2, bottom left: k=Z, bottom right: fc=4. The curves are for large holes (O), 
medium holes (V), and small holes (A). 
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Figure 5.10 Amplitudes scaled by FT of disturbances with frequency F = 4/3 and 
spanwise wavenumber 7 = 39.27fc. The curves are k = l (O), k = 2 (V), fc = 3 (A), 
and k = 4: (0). Solid curves are for large holes, short-dcished curves are for medium 
holes, long-deished ciurves are for small holes. 
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Figure 6.1 Computational domain with suction slots aligned in streamwise direction 
(top) and spanwise direction (bottom). 
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Figure 6.2 Case SR-0.5: 2-D meanflow distortion induced by suction through a 
porous wall (•), spanwise slots (O), streamwise slots (V). Curves show the dif
ference between the mean flow and the Blasius boundary layer (without suction) 
^mfd{y) = u{y)—Ubi{y) at (from left ro right) x= 1.0, 1.5, 2.0, 2.5, 3.0, and 3.5. One 
unit on the abscissa corresponds to u = 0.Gl, i.e. the maximum mean flow distortion 
induced by suction through the porous wall at i = 3.5 is Umfd,maxlUoQ = lA8 x 10"^. 
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Figure 6.3 Case SR-0.5: u-amplitudes of steady perturbations with spanwise 
wavenumber 7 = 31.42A: induced by suction through streamwise slots. The curves 
are fc=4 (•), A;=8 (O), fc=12 (V), k=lQ (A), k=20 (o), fc=24 (•). 
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Figxire 6.4 Case SR-0.5: Steady perturbation u{y)  with spanwise wavenumber 
7=125.66 (^=4) induced by suction through streamwise slots, at (from left ro right) 
x= 1.0, 1.5, 2.0, 2.5, 3.0, and 3.5. One unit on the abscissa corresponds to u = 0.01. 
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Figure 6.5 Case SR-0.5: Contourlines of streamwise vorticity |a;j;| = 0.01. View from 
upstream (top) and from downstream (bottom). 
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Figure 6.6 Case SR-0.5: u-amplitudes of disturbances with frequency F= 1.24/ and 
spanwise wavenumber 7=31.42A;. The curves are (A; = 0, /= 1), 

(fc = l , /  = 0.5),  (A; =  2, /  = 0),  (A; =  0, /  = 2).  The calculations are 
for suction through a porous wall (•), suction through spanwise slots (O), suction 
through streamwise slots (V), and reference case without suction (no symbols). 
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Figure 6.7 Case SR-0.5: u-amplitudes of disturbances with frequency F= 1.24/ and 
spanwise wavenumber 7 = 31.42fc. The curves are {k= 1,/= 1.5), 

(fc = 2,/=1),  (A; =  3, /= 0.5),  ( / :  = 2, /  = 2).  The calculations are 
for suction through a porous wall (•), suction through spanwise slots (O), suction 
through streamwise slots (V), and reference case without suction (no symbols). 
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Figure 6.8 Case SR-0.5: u-amplitudes of disturbances with frequency F= 1.24/ and 
spanwise wavenumber 7 = 31.42^;. The curves are (fc = 4,/ = 0), 

( k = 4 ,  /  =  0 . 5 ) ,  (fc=4,/ = l), (fc=4,/=1.5). The calculations are 
for suction through a porous wall (•), suction through spanwise slots (O), suction 
through streamwise slots (V), and reference case without suction (no symbols). 
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Figure 6.9 Case SR-2.0: 2-D meanflow distortion induced by suction through a 
porous wall (•), spanwise slots (O), streamwise slots (V). Curves show the dif
ference between the mean flow and the Blasius boundary layer (without suction) 
UJNFDIY) = U{y)—UBI{y) at (from left ro right) x = 1.0, 1.5, 2.0, 2.5, 3.0, and 3.5. One 
unit on the abscissa corresponds to u = 0.04, i.e. the maximum mean flow distortion 
induced by suction through the porous wall at a; = 3.5 is tim/(i,moi/f/oo = 5-73 x 10"^. 
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Figure 6.10 Case SR-2.0: u-amplitudes of steady perturbations with spajiwise 
wavenumber 7 = 3I.42fc induced by suction through streamwise slots. The curves 
are fc=4 (•), k=8 (O), k=l2 (V), it=16 (A), k=20 (o), A:=24 (•), k=28 (•). 
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Figure 6.11 Case SR-2.0: Steady perturbation u { y )  with spanwise wavenumber 
7=125.66 (fc=4) induced by suction through streamwise slots, at (from left ro right) 
x= 1.0, 1.5, 2.0, 2.5, 3.0, and 3.5. One unit on the abscissa corresponds to u = 0.04. 
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Figure 6.12 Case SR-2.0: Contourlines of streajiiwise vorticity |a;3;| = 0.04. View 
from upstream (top) and from downstream (bottom). 



153 

-1.0 

-1.5 

-2.0 

-2.5 

-3.0 

-3.5 

logio(«)-4.0 

-4.5 

-5.0 

-5.5 

-6.0 

-6.5 

"^•^1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 
X 

Figure 6.13 Ca^e SR-2.0: u-amplitudes of disturbances with frequency F = 1.24/ 
and spanwise wavenumber 7 = 31.42A:. The curves are (fc = 0,/=l), 

{ k = l , f  = 0.5), (fc = 2,/ = 0), (fc = 0,/ = 2). The calculations are 
for suction through a porous wall (•), suction through spanwise slots (O), suction 
through streamwise slots (V), and reference case without suction (no symbols). 
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Figure 6.14 Case SR-2.0: u-amplitudes of disturbances with frequency F  =  1.24/ 
and spanwise wavenumber 7=31.42fc. The curves are (fc=l,/=1.5), 

(A; = 2,/= 1), (fc = 3,/ = 0.5), ( k  =  2 ,  f  =  2 ) .  The calculations are 
for suction through a porous wall (•), suction through spanwise slots (O), suction 
through streamwise slots (V), and reference case without suction (no symbols). 
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Figure 6.15 Case SR-2.0: u-amplitudes of disturbances with frequency F  =  1.24/ 
and spanwise wavenumber 7 = 31.42A;. The curves are (A; = 4,/ = 0), 

(fc = 4,/ = 0.5), (fc=4,/ = l), (fc=4,/ = 1.5). The calculations are 
for suction through a porous wall (•), suction through spanwise slots (O), suction 
through streamwise slots (V), and reference case without suction (no symbols). 
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Figure 6.16 Case FR-0.5: 2-D meanflow distortion induced by suction through 
a porous wall (•), spanwise slots (O), streamwise slots (V). Curves show the 
difference between the mean flow and the Blasius boundary layer (without suction) 
umfd{y) = u{y)—uti{y) at (from left ro right) x= 1.5, 2.0, 2.5, and 3.0. One unit on 
the abscissa corresponds to u = 0.01, i.e. the maximum mean flow distortion induced 
by suction through the porous wall at a:=3.0 is Umfd,maxlUoo = l-^^ x 10"^. 
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Figure 6.17 Case FR-0.5: u-amplitudes of steady perturbations with spanwise 
wavenumber 7 = 41.88A; induced by suction through streamwise slots. The curves 
are k=3 (•), k=6 (O), k=9 (V), k=l2 (A). 
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Figure 6.18 Case FR-0.5: Steady perturbation u(y) with spanwise wavenumber 
7=125.66 (&=3) induced by suction through streamwise slots, at (from left ro right) 
x= 1.5, 2.0, 2.5, and 3.0. One unit on the abscissa corresponds to u = 0.01. 



Figure 6.19 C<ise FR-0.5: Contourlines of streamwise vorticity = 0.01. View 
from upstream (top) and from downstream (bottom). 
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Figme 6.20 Case FR-0.5: u-amplitudes of disturbances with frequency F = 1.1/ and 
spanwise wavenumber 7=41.88A:. The curves are (A; = 0,/= 1), 

{ k  =  l ,  f  =  0 ) ,  (A: = 0, / = 2), (A: = 1, / = 1). The calculations are 
for suction through a porous wall (•), suction through spanwise slots (O), suction 
through streamwise slots (V), and reference case without suction (no symbols). 



161 

-1.0 

-1.5 

-2.0 

-2.5 

-3.5 

-4.0 

-4.5 

-5.0 
2.4 2.8 1.4 1.6 1.8 2.0 2.2 2.6 

X 

Figure 6.21 Case FR-0.5: u-amplitudes of disturbances with frequency F =  I.l/ and 
spanwise wavenumber 7 = 41.88^:. The curves are (fc= l,/ = 2), 

(fc = 2,/ = 2), (fc = 4,/= I), (A: = 4,/ = 2). The calculations are 
for suction through a porous wall (•), suction through spanwise slots (O), suction 
through streamwise slots (V), and reference case without suction (no symbols). 
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Figme 6.22 Case FR-0.5: u-amplitudes of disturbances with frequency F=\.\f and 
spanwise wavenumber 7=41.88A:. The curves are (k = S,f = 0), 

(fc = 3,/= 1), (A: = 3,/= 2), (A; = 3,/ = 3). The calculations are 
for suction through a porous wall (•), suction through spanwise slots (O), suction 
through streamwise slots (V), and reference case without suction (no symbols). 
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Figure 6.23 Case FR-2.0: 2-D meanflow distortion induced by suction through 
a porous wall (•), spanwise slots (O), streamwise slots (V). Curves show the 
difference between the mean flow and the Blasius boundary layer (without suction) 
"m/(i(y) = "(y)—«6/(y) at (from left ro right) x = 1.5, 2.0, 2.5, and 3.0. One unit on 
the abscissa corresponds to u = 0.04, i.e. the maximum mean flow distortion induced 
by suction through the porous wall at x=3.0 is Um/rf,mai/f4o = 4.58 x 10"^. 
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Figure 6.24 Case FR-2.0: u-amplitudes of steady perturbations with spanwise 
wavenumber 7 = 41.88A; induced by suction through streamwise slots. The curves 
are k=Z (•), A:=6 (O), A:=9 (V), A:=12 (A), fc=15 (o), Jb=18 (•). 
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Figure 6.25 Case FR-2.0: Steady perturbation u(y) with spanwise wavenumber 
7=125.66 (A;=3) induced by suction through streamwise slots, at (from left ro right) 
a;= 1.5, 2.0, 2.5, and 3.0. One unit on the abscissa corresponds to u = 0.04. 
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Figure 6.26 Ceise FR-2.0: Contourlines of streamwise vorticity \(JJX \ = 0.04. View 
from upstream (top) and from downstream (bottom) 
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Figure 6.27 Case FR-2.0: u-amplitudes of disturbances with frequency F= 1.1/ and 
spanwise wavenumber 7=41.88^. The curves are (fc = 0, / = 1), 

(A: = l,/ = 0), { k  =  0 , f  =  2 ) ,  (fc = 1,/= 1). The calculations are 
for suction through a porous wall (•), suction through spanwise slots (O), suction 
through streamwise slots (V), and reference case without suction (no symbols). 
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Figure 6.28 Case FR-2.0: u-ampUtudes of disturbances with frequency F= 1.1/ and 
spanwise wavenumber 7 = 4I.88A:. The curves are (& = !,/= 2), 

(fc = 2,/ = 2), (fc = 4,/ = l), (fe = 4,/ = 2). The calculations are 
for suction through a porous wall (•), suction through spanwise slots (O), suction 
through streamwise slots (V), and reference c«ise without suction (no symbols). 
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Figure 6.29 Case FR-2.0: u-amplitudes of disturbances with frequency F= 1.1/ and 
spajiwise wavenumber 7=41.88fc. The curves are (^=3,/=0), 

(fc = 3,/= 1), (A: = 3,/= 2), (A; = 3,/ = 3). The calculations are 
for suction through a porous wall (•), suction through spanwise slots (O), suction 
through streamwise slots (V), and reference case without suction (no symbols). 



170 

y 
'max 

\ 

L 
volume forcing 

streamwise vortices 

*0 *max 

Figure 7.1 Computational domain with volume forcing of free-stream vortices. For 
better visibility, the j/-coordinate is magnified 15 times relative to the x-coordinate. 
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Figure 7.2 Case LIN: Amplitudes of steady disturbances with span wise wavenumber 
7 = 30fc. The curves are for k=l (•), k=2 (O), k=S (V), fc=4 (A). 
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Figure 7.3 Case LIN: Amplitudes of disturbances with frequency F=0.1 and span-
wise wavenumber7 = 30A:. The curves are for fc=l (•), k=2 (O), fc=3 (V), fc=4 (A). 
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Figure 7.4 Case LIN; Growth rates a,(z) of steady disturbances with spanwise 
wavenumber 7 = 30A:. The curves are for A:=l (•), k=2 (O), fc=3 (V), k—A (A). 



174 

1.0 

.9 

.8 

.7 

.6 

.5 

-a. 

.4 

.3 

.2 

.1 

0 

.1 

.2 
0 

X 

Figiire 7.5 Case LIN: Growth rates a,(x) of disturbances with frequency F=0.1 and 
spanwise wavenumber 7 = 30fc. The curves are for k=l (•), k=2 (O), k=S (V), 
fc=4 (A). 
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Figure 7.6 Case LIN: Amplitude- and phase profiles of u vs. y / 6  at x=3.7. Left 
figure: ( • ) Blasius profile ug, ( O ) amplitude of steady disturbances with spanwise 
wavenumber 7=60 Uo,2, ( V ) amplitude of unsteady disturbances with spanwise 
wavenumber 7=60 and frequency F=0.1 uo.i,27 normalized with uo,2- Right figure: 
Phase of unsteady disturbances with spanwise wavenumber 7=60 and frequency 
F=0.1 (divided by tt). 
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Wcmp X 100, UBX 1000 
Figure 7.7 Case LIN: Amplitude- and phase profiles of v  vs. y j S  at i=3.7. Left 
figure: ( • ) Blasius profile ug (magnified by 1000), ( O ) amplitude of steady 
disturbances with spanwise wavenmnber 7=60 1)0,25 normalized with uo,2 (magnified 
by 100), ( V ) amplitude of unsteady disturbances with spanwise wavenumber 7=60 
and frequency F=0.1 uo.i,2> normalized with uo,2 (magnified by 100). Right figure: 
Phase of unsteady disturbances with spanwise wavenumber 7=60 and frequency 
F=OA (divided by tt). 
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Figure 7.8 Case LIN: Amplitude- and phase profiles of w vs. y/6 at x=3.7. Left 
figure: ( O ) amplitude of steady disturbances with spanwise wavenumber 7=60 wo,2i 
normalized with uo,2 (magnified by 100), ( V ) amplitude of unsteady disturbances 
with spanwise wavenumber 7=60 and frequency F=0.1 two.i,2, normalized with uo,2 
(magnified by 100). Right figure: Phase of unsteady disturbances with spanwise 
wavenumber 7=60 and frequency F=0.1 (divided by tt). 
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Figure 7.9 Case LIN: Amplitude- and phase profiles of CJX VS. y / S  at x=3.7. Left 
figiire: ( O ) amplitude of steady disturbances with spanwise wavenumber 7=60 
cJco,25 normalized with tio,2j ( V ) amplitude of unsteady disturbances with spanwise 
wavenumber 7=60 and frequency F=0.1 Wxo.i.a? normalized with uo.a- Right figure: 
Phase of unsteady disturbances with spanwise wavenumber 7=60 and frequency 
F=0.1 (divided by tt). 
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Figure 7.10 Case LIN: Amplitude- and phcise profiles of ujy vs. y / 6  at x=3.7. Left 
figure: ( O ) amplitude of steady disturbances with spanwise wavenumber 7=60 
ujyg 2, normalized with uo,2, ( V ) amplitude of unsteady disturbajices with spanwise 
wavenumber 7=60 and frequency F=0.1 ^ normalized with uo,2- Right figure: 
Phase of unsteady disturbances with spanwise wavenumber 7=60 and frequency 
F=0.1 (divided by TT). 



180 

10 10 

9 9 

8 8 

7 7 

6 6 

4 4 

3 3 

2 2 

1 1 

Q . t . I . I 

O 00 vq TT «N ® ^ <=> 
0 
-80 100 

^zamp ' ^zphaae 

Figure 7.11 Case LIN: Amplitude- and phase profiles of Wj vs. y / 8  at x=3.7. Left fig
ure: ( • ) Blasius profile U)ZBI ( ^ ) amplitude of steady disturbances with spanwise 
wavenumber 7=60 Wzo,2j normalized with tzo,2i ( ^ ) amplitude of unsteady distur
bances with spanwise wavenumber 7=60 and frequency F=0.1 ^20.1,25 normalized 
with uo,2- Right figure: Phase of unsteady disturbances with spanwise wavenimiber 
7=60 and frequency F=0.1 (divided by tt). 
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Figure 7.12 Ccise LIN: Variation of boundary layer thickness ^99% in spanwise di
rection, visualized by contours of u = 0.99. Top: steady perturbations. Bottom: 
unsteady fluctuations, F=0.1. For better visibility, the spanwise variation of the 
boundary layer thickness is magnified 10 times relative to the Blasius boimdary 
layer thickness. 
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Figiire 7.13 C«ise LIN: Amplitude ratio A(x)/A(z=0.5) of steady disturbances with 
spanwise wavenumber 7 = 30k. The curves are for fe=l (•), k=2 (O), fc=3 (*), 
fc=4 (A). The straight lines are a 
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Figure 7.14 Case LIN: Amplitude ratio A { x ) I A { x  = 0.5) of disturbances with fre
q u e n c y  F = 0 . 1  a n d  s p a n w i s e  w a v e n u m b e r  7  =  3 0 A : .  T h e  c u r v e s  a r e  f o r  k = l  ( • ) ,  
k=2 (O), k=3 (*), k=A (A). 
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Figure 7.15 Case LIN: Normalized amplitude profiles of steady disturbances u(x, y), 
plotted vs. the normal coordinate y scaled by the local displacement thickness 5(x). 
The curves are: ( O ) x=1.3, ( V ) x=2.5, ( A ) x=3.7, ( o ) x=4.9, ( • ) z=6.1. 
The Blasius profile UB is shown for comparison ( ). Left figure: fc=l, 7=30. 
Right figure: fc=2, 7=60. 
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Figure 7.16 Case LIN: Normalized amplitude profiles of steady disturbances u(x, y), 
p l o t t e d  v s .  t h e  n o r m a l  c o o r d i n a t e  y  s c a l e d  b y  t h e  l o c a l  d i s p l a c e m e n t  t h i c k n e s s  6 { x ) .  
The curves are: ( O ) z=1.3, ( V ) x=2.5, ( A ) x=3.7, ( o ) z=4.9, ( • ) x=6.1. 
The Blasius profile UB is shown for comparison ( ). Left figure: fc=3, 7=90. 
Right figure: A:=4, 7=120. 
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Figure 7.17 Case LIN: Normalized amplitude profiles of disturbances u { x , y )  with 
frequency F=0.1, plotted vs. the normal coordinate y scaled by the local displace
ment thickness S{x). The curves are: ( O ) z=1.3, ( V ) x=2.5, ( A ) x=3.7, 
( o ) x=4.9, ( • ) x=6.1. The Blasius profile UB is shown for comparison ( ). 
Left figure: A;=l, 7=30. Right figure: fc=2, 7=60. 
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Figure 7.18 Ccise LIN: Normalized amplitude profiles of disturbances u { x , y )  with 
frequency F=0.1, plotted vs. the normal coordinate y scaled by the local displace
ment thickness 5(x). The curves are: ( O ) x=1.3, ( V ) x=2.5, ( A ) x=3.7, 
( o ) x=4.9, ( • ) x=6.1. The Blasius profile ug is shown for comparison ( ). 
Left figure: fc=3, 7=90. Right figure: A:=4, 7=120. 
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Figure 7.19 Case LIN: Amplitude profiles of steady disturbances u(x, j/), plotted 
vs. the normal coordinate y scaled by the local displacement thickness 8{x). The 
curves are: ( O ) Navier-Stokes, A:=l, scaled by ( o ) Navier-Stokes, fc=2, scaled 
by ( ) similarity fimction —  T ] / Z f " ) f " ,  ( ) Blasius velocity 
U B = f ' -
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Figure 7.20 Case LIN: Lines of constant phase of disturbances with frequency F=0.1, 
p l o t t e d  o v e r  ( x ,  y )  ( n o t  d r a w n  t o  s c a l e ) .  T o p :  7 = 3 0  ( A : = l ) ,  B o t t o m :  7 = 6 0  { k = 2 )  
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Figure 7.21 Case LIN: Lines of constant phase of disturbances with frequency F=0.1, 
plotted over {x,y) (not drawn to scale). Top: 7=30 (A:=3), Bottom: 7=60 (fc=4) 
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Figure 7.22 Ca^e LIN; Phase velocity of disturbances with frequency F=0.1 and 
spanwise wavenumber 7 = 30A:. The curves are for k=l (•), k=2 (O), A;=3 (V), 
fc=4 (A), at three different distances from the wall: Outside the boundary layer at 
y = 0.106 ( ), near the wall at y = 7.8 x 10"* ( ), and at the y location of 
maximum amplitude ( ). 
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Figvire 7.23 Case NL-weak: Amplitudes of disturbances with frequencies 
F=0 ( ), F=0.1 ( ), and F=0.2 ( ) and spanwise wavenumber 
7 = 30fc. The curves are for fc=l (•), k=2 (O), k=3 (V), fc=4 (A). 
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Figure 7.24 Case NL-weak: Growth rates a,(x) of disturbances with frequency 
F=0.1 and spaxiwise wavenumber 'y = 30k. The curves are for k=l (•), k=2 {O), 
ifc=3 (V), ib=4 (A). 
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Figure 7.25 Case NL-weak: Root mean square disturbance Urm«(3;)-
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Figtire 7.26 Case NL-weak: Normalized profiles of root mean square disturbance 
Urms (left figure) and mean flow distortion Umjd (right figure), plotted vs. the 
normal coordinate y scaled by the local displacement thickness ^(x). The curves 
are: ( O ) x=1.3, ( V ) x=2.5, ( A ) x=3.7, ( o ) x=4.9, ( • ) x=6.1. The Blasius 
profile UB is shown for comparison ( ). 
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Figure 7.27 Case NL-weak: u plotted vs. f/T, for several streamwise locations x, 
in the plane 2=0. Each curve is taken at the respective y location of maximum 
ampUtude. Top curve at x=1.3, bottom curve at x = 6.1, x-increment between 
consecutive curves is 1.2. The vertical offset between consecutive curves corresponds 
to u = 0.1. 
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Figvire 7.28 Case NL-weak: u  plotted vs. z ,  for several streamwise locations x .  
Each curve is taken at the respective y location of maximum amplitude. The two 
curves at each x  location correspond to the maximum ( ) and minimum ( 
- -) values in time of the curves in the previous plot. Top pair of curves at x=1.3, 
bottom pair at x = 6.1, x-increment between consecutive pairs is 1.2. The vertical 
offset between consecutive pairs corresponds to u = 0.1. 
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Figure 7.29 Case NL-1: Amplitudes of disturbances with with frequencies 
F=0 ( ), F=0.1 ( ), F=0.2 ( ), and F=0.3 ( ) and spanwise 
wavenumber 7 = 30k. The curves are for A:=0 (•), k=2 (O), k=i (A), k=6 (•), 
fc=8 (T). 
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Figure 7.30 Case NL-1: Growth rate a,(i) of disturbance with frequency F=0.1 
and spanwise wavenumber 7 = 60. 
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Figure 7.31 Case NL-1: Root mean square disturbance Urms{x). The straight line 
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Figiire 7.32 Case NL-1: Normalized profiles of root mean square disturbance Ums 
(left figure) and mean flow distortion Umjd (right figure), plotted vs. the normal 
coordinate y scaled by the local displacement thickness 5(a;). The curves are: 
( O ) x=1.3, ( V ) x=2.5, ( A ) x=3.7, ( o ) x=4.9, ( • ) x=6.1. The Blasius profile 
ug is shown for comparison ( ). 
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Figure 7.33 Case NL-1: Amplitude profiles of root mean square disturbances 
Urms{x,y)., plotted vs. the normal coordinate y scaled by the local displacement 
thickness S ( x ) .  The curves are: ( ) Navier-Stokes, scaled by ( ) 
similarity function —  T ] / 5 f " ) f " ,  ( ) Blasius velocity U B  = f ' , { ^ )  exper
imental data Re5=1233 from Kendall (1985), ( o ) experimental data at Rej=890 
from Westin et. al. (1994a), ( • ) experimental data at Re5=1260 from Westin et. 
al. (1994a). 
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Figure 7.34 Case NL-1: u plotted vs. tjT, for several streamwise locations i, in the 
plane z=0. Each curve is taken at the respective y location of maximum amplitude. 
Top curve at x=1.3, bottom curve at x = 6.1, x-increment between consecutive 
curves is 1.2. The vertical offset between consecutive curves corresponds to u = 0.5. 
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Figure 7.35 Case NL-1: u plotted vs. t / T  at z=4.9, for several spanwise locations 
z. Each curve is taken at the respective y location of maximum amplitude. Top 
curve at z=0, bottom curve at z=0.10472, z-increment between consecutive curves 
is 0.01309. A vertical offset of 0.5 corresponds to u=0.5. 
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Figure 7.36 Case NL-1: Disturbance velocity u plotted over (y, 2) at x=4.9 and at 
tlT=\ (top) and tfT=3.5 (bottom). 



Figure 7.37 Case NL-1: Disturbance velocity u plotted over { y , z )  at x=4.9 and at 
tlT=6 (top) and tfT=8.5 (bottom). 
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Figiire 7.38 Ccise NL-1; Total velocity UT plotted over { y ,  z )  at x=4.9 and at t f T = l  
(top) and tfT=3.5 (bottom). 
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Figure 7.39 Case NL-1: Total velocity ur plotted over (y, z) at z=4.9 and at tfT=6 
(top) and t/T=8.5 (bottom). 
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Figure 7.40 Case NL-1: Profiles of the total velocity UT{y) at x=4.9 and at z=0 (left 
figure) and 0=0.02618 (right figure), plotted vs. the normal coordinate y scaled by 
the local displacement thickness <y(i).  The curves are: (  •  ) tfT=l, ( O ) tfT3.5, 
( V ) t/T=6, ( A ) t/T=S.5. 
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Figure 7.41 Case NL-1: Profiles of the total velocity uriy) at x=4.9 and at 
2=0.05234 (left figure) and 2r=0.07854 (right figure), plotted vs. the normal co
ordinate y scaled by the local displacement thickness S{x). The curves are: 
( •  ) t/T=l, ( O ) f/r3.5, (  V ) t/T=6, ( A ) t/T=8.5. 
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Figtire 7.42 Case NL-mult: Amplitudes of steady disturbances with spanwise 
wavenumber 7 = ZOk. The curves are for fc=0 (•), k=l (•), k=2 (O), k=3 (V), 
fc=4 (A), fc=5 (0 ) ,  k=6 (•), k=7 (•), k=8 (•). 
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Figure 7.43 Case NL-mult: Amplitudes of disturbances with frequency F=0.1 and 
spanwise wavenumber 7 = 30A:. The curves are for fc=0 (•), fc=l (•), fc=2 (O), 
fc=3 (V), k=4 (A), k=5 (0), A:=6 (•), A;=7 (•), k=8 (•). 
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Figure 7.44 Case NL-mult; Amplitudes of disturbances with frequency F=0.2 and 
spaawise wavenumber 7 = 30A;. The curves are for k=0 (•), k=l (•), fe=2 (O), 
&=3 (V), k=A (A), k=5 (o),  A:=6 (•),  k=7 (•), k=8 (•). 
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Figure 7.45 Case NL-mult: Amplitudes of disturbances with frequency F=0.3 and 
spanwise wavenumber 7 = 30A;. The curves are for k=Q (•), k=l (•), k=2 (O), 
fc=3 (V), k=4: (A), k=5 (o), k=6 (•), k=7 (•), k=8 (T). 
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Figure 7.46 Case NL-mult: Growth rates a,(x) of disturbances with frequency 
F=0.1 and spanwise wavenumber 7 = 30fc. The curves are for k=l (•), k=2 (O), 
fc=3 (V), fc=4 (A). 
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Figure 7.47 Case NL-mult: Root mean square disturbance Urma(a;). The straight 
line is oc 
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Figure 7.48 Case NL-mult: Normalized profiles of root mean square disturbance 
"rm5 (left figure) and mean flow distortion u^fd (right figure), plotted vs. the 
normaJ coordinate y scaled by the local displacement thickness ^(a;). The curves 
are: ( O ) x=1.3, ( V ) x=2.5, ( A ) i=3.7, ( o ) x=4.9, ( • ) x=6.1. The Blasius 
profile Ufi is shown for comparison ( ). 
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Figure 7.49 Case NL-mult: Amplitude profiles of root mean square disturbances 
Urmsixiy), plotted VS. the normal coordinate y scaled by the local displacement 
thickness ^(x). The curves are: ( ) Navier-Stokes, scaled by ( ) 
similarity function — T//5/")/", ( ) Blasius velocity UB = /', 
( ^ ) experimental data Re5=1233 from Kendall (1985), ( o ) experimental data at 
Rej=890 from Westin et. al. (1994a), ( • ) experimental data at Re5=1260 from 
Westin et. al. (1994a). 
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Figure 7.50 Case NL-mult: u  plotted vs. t f T ,  for several streamwise locations x, 
in the plane z=0. Each curve is taken at the respective y location of maximum 
amplitude. Top curve at x=1.3, bottom curve at x = 6.1, x-increment between 
consecutive curves is 1.2. The vertical oflFset between consecutive curves corresponds 
to u = 0.5. 
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Figure 7.51 Case NL-mult: u plotted vs. 2, for several streamwise locations z. 
Each curve is taken at the respective y location of maximum amplitude. The two 
curves at each x location correspond to the maximxun ( ) and minimimi ( 
- -) values in time of the curves in the previous plot. Top pair of curves at x=1.3, 
bottom pair at x = 6.1, x-increment between consecutive pairs is 1.2. The vertical 
offset between consecutive pairs corresponds to u = 0.5. 
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Figxire 7.52 Case NL-mult: u plotted vs. t/T at x=4.9, for several spanwise locations 
z. Each curve is taken at the respective y location of maxiinuin amplitude. Top 
curve at 2=0, bottom curve at 2=0.10472, 2-increment between consecutive curves 
is 0.01309. A vertical offset of 0.5 corresponds to u=0.5. 
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Fig\ire 8.1 Case TS-ref: Amplitudes of TS-waves with frequency F=l and spanwise 
wavenumber 7 = 30fc. The curves are for k=0 (•) (2-D wave), k=l (•) (3-D wave). 
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Figure 8.2 Cjise TS-ref: Growth rates a,(x) of TS-waves with frequency F=l and 
spanwise wavenumber 7 = 30fc. The curves are for k=0 (•) (2-D wave), k=l (•) 
(3-D wave). 
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Figure 8.3 Case TS-ref: Phase velocity of TS-waves with frequency F=1 and span-
wise wavenumber 7 = 30A:. The curves are for k=0 (•) (2-D wave), k=l (•) (3-D 
wave). 
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Figure 8.4 Case TS-ref: Amplitude- and phase profiles of TS-waves with frequency 
F=1 and spanwise wavenumber 7 = 0, plotted vs. y/S, at z=1.3. Left figure: 
Amplitudes (normalized such that max(u)=l). Right figure: Phases (divided by TT). 
The curves are: ( • ) u-velocity, ( O ) u-velocity. 
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Figure 8.5 Case TS-ref: Amplitude- and phase profiles of TS-waves with frequency 
F=1 and spanwise wavenimiber 7 = 30, plotted vs. yfS, at z=1.3. Left figure: 
Amplitudes (normalized such that max(u)=l). Right figure: Phases (divided by TT). 
The curves are: ( • ) u-velocity, ( O ) u-velocity, ( V ) lo-velocity. 
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Figure 8.6 Case TS-ref: Amplitude- and phase profiles of TS-waves with frequency 
F=1 and spanwise wavenumber 7 = 0, plotted vs. yfS, at 1=3.7. Left figure: 
Amplitudes (normalized such that max(u)=l). Right figure: Phases (divided by TT). 
The curves are: ( • ) u-velocity, ( O ) u-velocity. 
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Figure 8.7 Case TS-ref: Amplitude- and phase profiles of TS-waves with frequency 
F=1 and spanwise wavenumber 7 = 30, plotted vs. y/S, at x=3.7. Left figure: 
Amplitudes (normalized such that max(«)=l). Right figure: Phases (divided by TT). 
The ciu-ves are: ( • ) u-velocity, ( O ) u-velocity, ( V ) to-velocity. 
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Figure 8.8 Case TS-ref: Amplitude- and phase profiles of TS-waves with frequency 
F=1 and spanwise wavenumber 7 = 0, plotted vs. y/6, at x=6.1. Left figure: 
Amplitudes (normalized such that max(U)=l). Right figiire: Phzises (divided by TT). 
The curves are: ( • ) u-velocity, ( O ) u-velocity. 
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Figiire 8.9 Case TS-ref: Amplitude- and phase profiles of TS-waves with frequency 
F=l and spanwise wavenumber 7 = 30, plotted vs. y/S, at 1=6.1. Left figure: 
Ampl i tudes  (normal i zed  such  tha t  max(u)= l ) .  R ight  f i gure :  Phases  (d iv ided  by  r ) .  
The curves are: ( • ) u-velocity, ( O ) u-velocity, ( V ) tw-velocity. 
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Figure 8.10 Case TS-NL-1: Amplitudes of TS-disturbances with frequency F=1 
and spanwise wavenumber 7 = 30^. The curves are for k=0 (•), k=4 (A), k=S (T). 
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Figure 8.11 Case TS-NL-1: Amplitudes of TS-disturbances with frequency 
F=0.9 ( ) and F=l.l ( ) and with spanwise wavenumber 7 = 30A:. The 
curves are for fc=2 (O), k=6 (•) .  
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Figure 8.12 Case TS-NL-1: Amplitudes of TS-disturbances with frequency 
F=0.8 ( ) and F=1.2 ( ) and with spanwise wavenumber 7 = 30fc. The 
curves are for A;=0 (•), k=A (A), fc=8 (•). 



234 

.50 

.48 

.46 

.44 

.42 

.40 

.38 

.36 

.34 

.32 

.30 
0 

X 

Figure 8.13 Case TS-NL-1: Phase velocity of TS-disturbances with frequency F=1 
and spanwise wavenumber 7 = 30fc. The curves are for k=0 (•), A;=4 (A), k=8 (T), 
at y = 0.0126. 
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Figure 8.14 Case TS-NL-1: Phase velocity of TS-disturbances with frequency 
F=0.9 ( ) and F=l.l ( ) and with spanwise wavenumber 7 = 30fc. The 
curves are for k=2 (O), k=6 (•). at y = 0.0126. 
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Figure 8.15 Case TS-NL-1: u plotted vs. t / T ,  for several streamwise locations x, 
in the plane z=0. Each curve is taken at the respective y location of maximum 
amplitude. The curves are, from top to bottom, at x=1.3, 1=2.5, x=3.7, x=4.9, 
and x=6.1. A vertical offset of 0.1 corresponds to u=0.1. 
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Figure 8.16 CaseTS-NL-I: u plotted vs. t/T at x=4.9, for several spanwise locations 
z. Each curve is taken at the respective y location of maximum amplitude. Top 
curve at z=0, bottom curve at 0=0.10472, z-increment between consecutive curves 
is 0.01309. A vertical offset of 0.1 corresponds to u=0.1. 
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Figure 8.17 Case TS-NL-mult: Amplitudes of TS-disturbances with frequency F =1 
and spanwise wavenumber 7 = 30A:. The curves axe for A;=0 (•), k=l (•), k=2 (O), 
k=3 (V), fc=4 (A), A:=5 (o), k=6 (•), k=7 (•), A:=8 (•). 
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Figure 8.18 Case TS-NL-mult: Amplitudes of TS-disturbances with frequency 
F=0.9 and spanwise wavenumber 7 = 30k. The curves are for k=0 (•), k=l (•), 
k=2 (O), k=Z (V), ifc=4 (A), k=5 (o), ifc=6 (•), fc=7 (•), k=S (T). 
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Figure 8.19 Case TS-NL-mult: Amplitudes of TS-disturbances with frequency 
F=l.l and spanwise wavenumber 7 = 30A:. The ciirves are for A:=0 (•), A:=l (•), 
k=2 (O), k=Z (V), fc=4 (A), ib=5 (0), fc=6 (•), fc=7 (•), fc=8 (•). 
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Figure 8.20 Case TS-NL-mult: Amplitudes of TS-disturbances with frequency 
F=0.8 and spanwise wavenumber 7 = 30A:. The curves are for k=0 (•),  k=l (•),  
k=2 (O), ib=3 (V), k=4: (A), k=5 (o), k=6 (•),  k=7 (•),  k=8 (T). 



242 

-1.0 

-1.2 

1.4 

-1.6 

-1.8 

-2.0 

-2.6 

-2.8 

-3.0 

-3.2 

-3.4 

-3.6 

-3.8 

-4.0 
0 

X 

Figure 8.21 Ccise TS-NL-mult: Amplitudes of TS-disturbances with frequency 
F=1.2 and spanwise wavenumber 7 = 30^;. The curves are for k=Q (•), k=l (•), 
k=2 (O), k=Z (V), k=4 (A), k=5 (o), k=6 (•), k=7 (•), k=8 (T). 
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Figure 8.22 Case TS-NL-mult: Phase velocity of TS-disturbances with frequency 
F=1 and span wise wavenumber 7 = 30A;. The curves are for k=Q (•),  k=l (•),  
A:=4 (A), k=8 (•), at y = 0.0126. 
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Figure 8.23 Case TS-NL-mult: TS-disturbances u plotted vs. t f T ,  for several 
streamwise locations x, in the plane z=0. Each curve is taken at the respective 
y location of maximum amplitude. The curves are, from top to bottom, at x=1.3, 
x=2.5, x=3.7, x=4.9, and x=6.1. A vertical offset of 0.1 corresponds to u=0.1. 
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Figure 8.24 Case TS-NL-mult: u  plotted vs. t / T  at x=4.9, for several spanwise 
locations z. Each cxirve is taken at the respective y location of majdmum amplitude. 
Top curve at z=0, bottom curve at 2=0.10472, 2-increment between consecutive 
curves is 0.01309. A vertical offset of 0.1 corresponds to u=0.1. 
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Figure 8.25 Case TS-NL-mult; Amplitude- and phase profiles of TS-disturbances 
with frequency F=l and spanwise wavenumber 7 = 0, plotted vs. y/S, at x=1.3. 
Left figure: Amplitudes (normalized such that max(u)=l). Right figure: Phases 
(divided by tt). The curves are: ( • ) u-velocity, ( O ) u-velocity. 
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Figure 8.26 Case TS-NL-mult: Amplitude- and phase profiles of TS-disturbances 
with frequency F=\ and spanwise wavenumber 7 = 30, plotted vs. yjS, at x=1.3. 
Left figiire: Amplitudes (normalized such that max(u)=l). Right figure: Phases 
(divided by tt). The curves are: ( • ) u-velocity, ( O ) u-velocity, ( V ) lo-velocity. 
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Figure 8.27 Case TS-NL-mult: Amplitude- and phase profiles of TS-disturbances 
with frequency F=l and spanwise wavenumber 7 = 120, plotted vs. y/S, at x=1.3. 
Left figure: Amplitudes (normalized such that niax(u)=l). Right figure: Phases 
(divided by tt). The curves are: ( • ) u-velocity, ( <C> ) u-velocity, ( V ) u;-velocity. 



249 

5.0 5.0 

4.5 

4.0 4.0 

3.5 3.5 

3.0 3.0 

° 2.5 

2.0 2.0 

1.5 1.5 

1.0 1.0 

.0 o 00 VO TT ° Tf vq 00 p 
cimp 

Figiire 8.28 Case TS-NL-mult: Amplitude- axid phase profiles of TS-disturbances 
with frequency F=l and spanwise wavenumber 7 = 240, plotted vs. y/S, at x=1.3. 
Left figure: Amplitudes (normalized such that max(u)=l). Right figure: Phases 
(divided by tt). The curves are: ( • ) tx-velocity, ( O ) u-velocity, ( V ) to-velocity. 
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Figiire 8.29 Case TS-NL-mult: Amplitude- and phase profiles of TS-disturbances 
with frequency F=1 and spanwise wavenumber 7 = 0, plotted vs. y/5, at x=3.7. 
Left figure; Amplitudes (normalized such that max(u)=l). Right figure: Phases 
(divided by tt). The curves are: ( • ) u-velocity, ( O ) u-velocity. 
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Figure 8.30 Case TS-NL-mult: Amplitude- and phase profiles of TS-disturbances 
with frequency F=l and spanwise wavenumber 7 = 30, plotted vs. y/6, at x=3.7. 
Left figure: Amplitudes (normalized such that majc(u)=l). Right figure: Phases 
(divided by tt). The curves are: ( • ) u-velocity, ( O ) u-velocity, ( V ) iw-velocity. 
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Figiire 8.31 Case TS-NL-mult: Amplitude- and phase profiles of TS-disturbances 
with frequency F=l and spanwise wavenumber 7 = 120, plotted vs. y/5, at i=3.7. 
Left figure: Amplitudes (normalized such that max(u)=l). Right figure: Phases 
(divided by tt). The curves are: ( • ) u-velocity, ( O ) u-velocity, ( V ) i«-velocity. 
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Figure 8.32 Case TS-NL-mult: Amplitude- and phase profiles of TS-disturbances 
with frequency F=1 and spanwise wavenumber 7 = 240, plotted vs. y/S, at x=3.7. 
Left figure: Amplitudes (normalized such that max(u)=l). Right figure: Phases 
(divided by tt). The curves are: ( • ) u-velocity, ( O ) u-velocity, ( V ) t«-velocity. 
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Figure 8.33 Case TS-NL-mult: Amplitude- and phase profiles of TS-disturbances 
with frequency F=l and spanwise wavenumber 7 = 0, plotted vs. y/S, at x=6.1. 
Left figure: Amplitudes (normalized such that max(u)=l). Right figure: Phases 
(divided by tt). The curves are: ( • ) u-velocity, ( O ) u-velocity. 
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Figure 8.34 Case TS-NL-mult: Amplitude- and phase profiles of TS-disturbances 
with frequency F=l and spanwise wavenumber 7 = 30, plotted vs. y/6, at x=6.1. 
Left figure: Amplitudes (normalized such that max(it)=l). Right figure: Phases 
(divided by tt). The curves are: ( n ) u-velocity, ( O ) u-velocity, ( V ) to-velocity. 
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Figure 8.35 Case TS-NL-mult: Amplitude- and phaise profiles of TS-disturbances 
with frequency F=l and spanwise wavenumber 7 = 120, plotted vs. y/S, at x=6.1. 
Left figure: Amplitudes (normalized such that max(u)=I). Right figure: Phases 
(divided by tt). The curves are: ( • ) u-velocity, ( O ) u-velocity, ( V ) velocity. 
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Figure 8.36 Case TS-NL-mult: Amplitude- and phase profiles of TS-disturbances 
with frequency F=1 and spanwise wavenumber 7 = 240, plotted vs. y/6, at x=6.1. 
Left figure: Amplitudes (normalized such that max(u)=l). Right figure: Phases 
(divided by tt). The curves are: ( • ) u-velocity, ( O ) u-velocity, ( V ) t/;-velocity. 
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Figure 8.37 Case TS-trans: Amplitudes of TS-disturbances with frequency F=1 
and spanwise wavenumber 7 = 30fc. The curves are for fc=0 (•), k=\ (•),  k=2 (O), 
fc=3 (V), ifc=4 (A), k=5 (o), k=6 (•),  k=l (•),  k=8 (T). 
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Figure 8.38 Case TS-trans: TS-disturbances u  plotted vs. t / T ,  for several stream-
wise locations x, in the plane ^=0. Each curve is taken at the respective y location 
of majcimum amplitude. The curves are, from top to bottom, at x=1.3, x=2.5, 
x=3.7, and x=4.9. A vertical offset of 0.1 corresponds to u=0.1. 
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Figvire 8.39 Case TS-trans: TS-disturbances u plotted vs. t / T  at i=4.9, for several 
spanwise locations z. Each curve is taken at the respective y location of maximum 
amplitude. Top curve at z=Q, bottom curve at z=0.10472, z-increment between 
consecutive curves is 0.01309. A vertical offset of 0.5 corresponds to u=0.5. 
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Figure 8.40 Case TS-trans: Amplitudes of steady disturbances with spanwise 
wavenumber 7 = 30A;. The curves are for fc=0 (•), k=l (•),  k=2 (O), k=3 (V), 
k=4 (A), k=5 (o), k=6 (•).  
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Figure 8.41 Case TS-trans: Amplitudes of disturbances with frequency F=0.1 and 
spanwise wavenumber 7 = 30k. The curves are for fc=0 (•), k=l (•),  k=2 (O), 
k=3 (V), ifc=4 (A), k=5 (o), fc=6 (•). 



263 

0 

-.2 

-.4 

-.6 

.8 

-1.0 

-1.6 

-1.8 

-2.0 

-2.2 

-2.4 

-2.6 

-2.8 

-3.0 
0 2 3 4 5 7 6 

X 

Figure 8.42 Case TS-trans: Amplitudes of disturbances with frequency F=0.2 and 
spanwise wavenimiber 7 = 30A:. The curves are for fc=0 (•), k=l (•),  k=2 (O), 
k=3 (V), k=4: (A), k=5 (o), k=6 (•).  
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Figure 8.43 Case TS-trans: Amplitudes of disturbances with frequency F=0.3 and 
spanwise wavenumber 7 = 30fc. The curves are for A;=0 (•), fc=l (•), k=2 (O), 
fc=3 (V), ib=4 (A), k=b (0),  ib=6 (•).  
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Figure 8.44 Ca^e TS-trans: Amplitudes of disturbances with frequency F=\ and 
spanwise wavenumber 7 = 30A:. The curves are for fc=0 (•), k=\ (•), fc=2 (O), 
fc=3 (V), fc=4 (A), A:=5 (0), /t=6 (•).  
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Figure 8.45 Case TS-trans: Amplitudes of disturbances with frequency F=1.5 and 
spanwise wavenumber 7 = 30A;. The curves are for k=0 (•), k=l (•), k=2 (O), 
k=3 (V), fc=4 (A), k=5 (0),  k=e (•). 
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Figure 8.46 Case TS-trans: Amplitudes of disturbances with frequency F=2 and 
spanwise wavenumber 7 = 30Ar. The curves are for k=0 (•),  k=l (•),  k=2 (O), 
jfc=3 (V), k=4 (A), k=5 (o), fc=6 (•). 
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Figure 8.47 Case TS-trans: Growth rates a,(x) of disturbances with frequency 
F=0.1 and spanwise wavenumber 'y = 30k. The curves are for k=l (•), k=2 (O), 
fc=3 (V), k=4 (A). 
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Figure 8.48 Case TS-trans: Root mean square disturbance Urmsi^)- The straight 
line is a 
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Figure 8.49 Case TS-trans: u plotted vs. i/T, for several streamwise locations 
X, in the plane 2=0. Each curve is taken at the respective y location of maximum 
amplitude. The curves are, from top to bottom, at x=1.3, x=2.5, x=3.7, and x=4.9. 
A vertical offset of 0.5 corresponds to u=0.5. 
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Figure 8.50 Case TS-trans: u plotted vs. t f T ,  at z=4.9, for several spanwise loca
tions z. Each curve is taken at the respective y location of maximum amplitude. 
Top curve at z=0, bottom curve at 2=0.10472, z-increment between consecutive 
curves is 0.01309. A vertical offset of 0.5 corresponds to u=0.5. 
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Figure 8.51 Case TS-trans: u  plotted vs. t / T ,  at x=5.38, for several spanwise 
locations z. Each curve is taken at the respective y location of maximum amplitude. 
Top curve at z=0, bottom curve at z=0.10472, ^-increment between consecutive 
curves is 0.01309. A vertical offset of 0.5 corresponds to u=0.5. 
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Figure 8.52 Case TS-trans: Contours of u,ujx,(^z at t / T = 5 ,  plotted over x , y .  
Shaded regions indicate negative values. First plot (top): u{x,y,z = 0). Second 
plot: ujz{x,y,z = 0). Third plot: a;j;(x,t/, z =—0.02617). Fourth plot (bottom): 
u>z{x, y,z = —0.02617). 
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Figure 8.53 Ccise TS-trans: Contours of u)x,uz at t/T=5., plotted over x , y .  Shaded 
regions indicate negative values. First plot (top): u;x(x, y,z = —0.05236). Second 
plot: u;2(x,y,0 =—0.05236). Third plot: Wi(x,y, 2=—0.07854). Fourth plot (bot
tom): u;j(x,y, 2 = —0.07854). 
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Figure 8.54 Case TS-trans: Contours of u,a;j at t/T=5., plotted over x,y. Shaded 
regions indicate negative values. First plot (top): u(x,y, 2 = —0.10472). Second plot 
(bottom): u;j(x,j/, 2 = —0.10472). 
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Figure 8.55 Case TS-trans: Contours of u,u)x,ujz at t f T = 1 0 ,  plotted over x , y .  
Shaded regions indicate negative values. First plot (top): u{x,y,z = 0). Second 
plot: a;j(a:,y,0 = 0). Third plot: a;r(x,y, 2: =—0.02617). Fourth plot (bottom): 
u;;(x, y, 2 = —0.02617). 



277 

Figiue 8.56 Case TS-trans: Contours of ujx,uJz at t / T = l O ,  plotted over z,y. Shaded 
regions indicate negative values. First plot (top): u;i(x,t/,2 =—0.05236). Second 
plot: a;.(x,y,0 =—0.05236). Third plot: u;i(x,j/,2=—0.07854). Fourth plot (bot
tom): u;j(x,y, 2 = —0.07854). 
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Figure 8.57 Case TS-trans: Contours of at t f T = l O ,  plotted over x , y .  Shaded 
regions indicate negative values. First plot (top): u(x,y, 2 = —0.10472). Second plot 
(bottom): a;j(x,j/,z = —0.10472). 
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Figure 8.58 Case TS-trans: Contours of constant total vorticity 0727=50 at t f T = A  
(top) and tfT=5 (bottom). View from upstream. 
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Figure 8.59 Case TS-trans: Contours of constant total vorticity a;j2'=50 at tlT=4: 
(top) and tfT=5 (bottom). View from downstream. 
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Figure 8.60 Case TS-trans; Contours of constant vorticity Ux = ±10 at t fT=4:  
(top) and t/T=5 (bottom). View from upstream. Shaded surfaces indicate negative 
vorticity. 
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Figure 8.61 Case TS-trans: Contours of constant vorticity a;j; = ±10 at f/r=4 (top) 
and t/T=5 (bottom). View from downstream. Shaded surfaces indicate negative 
vorticity. 
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Figure 8.62 Ceise TS-trans: Comparison with fundamental resonance. Contours of 
constant total vorticity ujs'j'=70 at t/T=0.55. View from upstream (top) and from 
downstream (bottom). 
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Figure 8.63 Case TS-trans: Comparison with fundamental resonance. Contours of 
constant vorticity = ±10 at </r=0.55. View from upstream (top ) and from 
downstream (bottom). Shaded surfaces indicate negative vorticity. 
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Figure 8.64 Case TS-trans: Contours of constant total vorticity u;j2'=100 at t f T = 9  
(top) and at t/T=lO (bottom). View from upstream. 
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Figiire 8.65 Case TS-trans: Contours of constant total vorticity Wzt-ssIOO at t f T = 9  
(top) and at t/T=lO (bottom). View from downstream. 
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Figure 8.66 Case TS-trans: Contours of constant vorticity a7x = ±10 at t / T = 9  (top) 
and at tfT=10 (bottom). View from upstream. Shaded surfaces indicate negative 
vorticity. 
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Figure 8.67 Case TS-trans: Contours of constant vorticity a;i = ±10 at tlT=9 (top) 
and at tfT=lO (bottom). View from downstream. Shaded surfaces indicate negative 
vorticity. 
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Figure 8.68 Case TS-trans: Total velocity UT plotted over { y , z )  at x=5.18, t / T = A  
(top) and at x=5.40, t/T=5 (bottom). 
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Figure 8.69 Case TS-trans: Total velocity UT plotted over {Y,Z) at x=4.92, t fT=9 
(top) and at x=5.16, tlT=lO (bottom). 
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Figure 9.1 Case K-suction: Amplitudes of steady disturbances with spanwise 
wavenumber 7 = 30A;. The curves are for k=0 (•), k=l (•), k=2 (O), fc=3 (V), 
k=4: (A), k=5 (o), k=6 (•). 
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Figiire 9.2 Case K-suction: Amplitudes of disturbances with frequency F=0.1 and 
spanwise wavenumber 7 = 30A:. The curves are for k=0 (•), k=l (•), k=2 (O), 
fc=3 (V), fc=4 (A), fc=5 (0) ,  k=6 (•). 
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Figtire 9.3 Case K-suction: Amplitudes of disturbances with frequency F=0.2 and 
spanwise wavenumber 7 = 30fc. The curves are for k=0 (•), k=l (•), k=2 (O), 
k=3 (V), fc=4 (A), k=5 (o), k=6 (•). 
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Figure 9.4 Case K-suction: Amplitudes of disturbances with frequency F=0.3 and 
spanwise wavenumber 7 = 30A;. The curves are for k=0 (•), fc=l (•), fc=2 (O), 
k=3 (V), fc=4 (A), k=5 (o), k=6 (•). 
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Figure 9.5 Case K-suction; Amplitudes of disturbances with frequency F=l  and 
spanwise wavenumber 7 = 30A:. The curves are for k=0 (•), fc=l (•), k=2 (O), 
fc=3 (V), fc=4 (A), k=5 (o), k=6 (•). 
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Figure 9.6 Case K-suction: Amplitudes of disturbances with frequency F=1.5 and 
spanwise wavenumber 7 = 30A;. The curves are for k=Q (•), k=l (•), k=2 (O), 
k=3 (V), fc=4 (A), k=5 (0) ,  fc=6 ( • ) .  
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Figure 9.7 Case K-suction: Amplitudes of disturbances with frequency F=2 and 
spanwise wavenumber 7 = 30fc. The curves are for k=0 (•), k=l (•), k=2 (O), 
fc=3 (V), k=4 (A), k=5 (o), jb=6 (•). 
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Figure 9.8 Case K-suction: Growth rates Q,(x) of disturbances with frequency 
F=0.1 and spanwise wavenumber 7 = 30fc. The curves are for k=l (•), k=2 (O), 
k=3 (V), fc=4 (A). 
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Figure 9.9 Case K-suction: Root mean square disturbance Urma(a;). 
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Figure 9.10 Case K-suction: Amplitudes of steady disturbances u with spanwise 
wavenumber 7 = 30fc, plotted over (y, A:). Top: x=3.1. Bottom: i=4.1 
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Figxire 9.11 Case K-suction: Amplitudes of steady disturbances u with spanwise 
wavenumber 7 = 30A;, plotted over (y, A;). Top: x=5.1. Bottom: x=6.1 
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Figirre 9.12 Case K-suction: Amplitudes of disturbances u with frequency F=0.1 
and spanwise wavenumber 7 = 30fc, plotted over {y,k). Top: x=3.1. Bottom: x=4.1 
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Figure 9.13 Case K-suction: Amplitudes of steady disturbances u with frequency 
F=0.1 and spanwise wavenumber7 = 30A:, plotted over {y,k). Top: x=5.1. Bottom: 
x=6.1 
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Figiire 9.14 Case K-suction: Normalized profiles of root mean square disturbance 
Urms (left figure) and mean flow distortion Um/d (right figure), plotted vs. the 
normal coordinate y scaled by the local displacement thickness S{x). The curves 
are: ( O ) x=1.3, ( V ) x=2.5, ( A ) x=3.7, ( o ) x=4.9, ( • ) x=6.1. The Blasius 
profile ub is shown for comparison ( ). 
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Figure 9.15 Case K-suction: u plotted vs. ^/T, for several streamwise locations x, 
in the plane z=0. Each curve is taken at the respective y location of maximum 
amplitude. The curves are, from top to bottom, at x=1.3, x=2.5, x=3.7, x=4.9, 
and 1=6.1. A vertical offset of 0.5 corresponds to u=0.5. 
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Figure 9.16 Case K-suction: u plotted vs. 2, for several streamwise locations x .  

Each curve is taken at the respective y location of maximum amplitude. The two 
curves at each x location correspond to the maximum ( ) and minimum ( 
- -) values in time of the curves in the previous plot. The curves are, from top to 
bottom, at x=1.3, x=2.5, x=3.7, z=4.9, and x=6.1. One unit on the ordinate axis 
corresponds to u = 1.0. 
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Figiire 9.17 Case K-TS-suction: Amplitudes of TS-disturbances with frequency F=1 
and spanwise wavenumber 7 = 30A;. The curves are for A:=0 (•), k=l (•), k=2 (O), 
k=3 (V), ib=4 (A), k=5 (o), k=6 (•), k=7 (•), k=8 (T). 
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Figure 10.1 Experimental setup. 
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Figure 10.2 Critical suction curve, from Goldsmith (1957). 
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Figure 10.3 Case CI: Contourlines of streamwise vorticity |u;i| 
upstream (top) and from downstream (bottom) 
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Figure 10.4 Case Cl: Contourlines of u=0, viewed from upstream. Suction holes 
are indicated by thick solid lines. 

A. r 
mutual 
liftup 

mutual 
liftup 

Figure 10.5 Schematic of holes with trailing vortices, view from top. 
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Figure 10.6 Case Cl: Sideview of vortices. Contours are levels of streamwise vor-
ticity Wi, arrows are velocity vectors of undisturbed boundary layer flow at left edge 
of plot. Drawn to scale in x^y (in mm); x—x^ is distance from center of holes. 
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Figure 10.7 Case Cl: Streamwise vorticity |a;j;| at the vortex core, plotted over 
downstream distance X—Xc (in mm). 
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Figure 10.8 Case C2: Contourlines of |a;j;| =30, x —Xc = ~3.75 ... 7.5. 
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Figure 10.9 Case C2: Contourlines of Iwi] = 60, X — X c =7.5... 18.25. 
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Figure 10.10 Case C2: Instantaneous contourlines of |a;i| = 90, X—Xc=is.25. 
at t = 9.2 X 10"^ (top) and at < = 9.4 x 10"^ (bottom). 
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Figure 10.11 Case C2: Instantaneous contourlines of jcjil = 90, 2—a:c=30.00... 41.25 
at f = l.l X 10"^ (top) and at f = 1.14 x 10"^ (bottom). 
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Figure 10.12 Case C2: Phase of u>x Fourier component with frequency 1714 Hz, 
plotted versus i at constant i/=1.5, 2=0.753. 
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Figure 10.13 Case C2: Amplitudeof Wi Fourier component with frequency 1714 Hz, 
plotted versus x at constant y=1.5, z=0.753. 
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2.007 

Figure 10.14 Case C3: Instantaneous contourlines of |a;r| =40, x—Xc = —3.75 ... 7.5. 
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Figure 10.15 Case C3: Instantaneous contourlines of |a;| = 90, x—a:c=—3.75... 7.5. 
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Figure 10.16 Case C3: Instantaneous contours of spanwise vorticity in the plane 
2=0, plotted over x — XctV, f = 7,9,11,13 x 10"'* s. 
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Figixre 10.17 Ccise C3: Instantaneous contours of spanwise vorticity Wj in the plane 
z=0, plotted over x—xc,y, at f = 15,17,19,21 x 10"'' s. 
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Figure 10.18 Case C3: UJ^ plotted versus t, for several downstream locations x at 
constant t/=2.25, z=s/2. Bottom curve for x—xc= —3.75 mm, x increment between 
subsequent ctirves is 7.5 mm. Vertical offset between curves corresponds to = 150. 
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Figure 10.19 Case C3: Phase of u- Fourier component with frequency 770 Hz, 
plotted versus x — xc at constant y=2.25, 2=s/2. 
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APPENDIX C: FINITE DIFFERENCE 
APPROXIMATIONS 

C.l Vorticity Transport Equations 

C.1.1 x-derivatives 

Upwind biased compact differences for Ck) inside, at i = 2,..., ml — 1 

x((2 - We) fU + 4// + Vfcf'i+i) 

= (~(5 — 2wc)/t_i + 4(1 — Wc)/i + (1 + 2wc) fi+i) (C.l) 

where Wc is a weighting factor between 0 (fully biased differences) and 1 (central 

compact differences). 

Downwind biased compact differences for (^k) inside, at i = 2,..., ml — 1 

^(wc fU + 4 // + (2 - Wc) f'i+i) 

= + 2wc) fi-i - 4(1 - Wc) fi + (5 - 2wc) fi+i) (C.2) 

1 

Second order upwind differences for -^{AktCk) at the outflow, at i = ml 

2Ax 
(C.3) 

First order upwind differences for ^(^fc> Ck) for blending near the outflow, 

at i = ml — ichoke — ichoks,..., ml — ichoks 

r 1 A (C.4) 
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Central compact differences for ^vki ^zk) inside, at i = 2,..., ml — 1 

+ 1 0 / r + -  2 / ^ + / < « )  

[-40'-)'--] 

C. 1.2 y-derivatives 

One sided differences for Bk) at the wail, at j = 1 

f[ = hrdyi /i + hrdyj /z + hrdyj /a + hrdy4 + hrdyj /s + hrdyg fe (C.6) 

where 

hrdyi = u u h h h 

,  J  _ ^2^3fe4^5 ,Q y ,  N  

' " h,{h2 - hr){h^ - h^){K - h^){K -hr) ^ ' 

1 1  hih^,  

^ ^ ~ ~ h 2 { h 2 - h r ) { h 3 - h 2 ) { h , - h 2 ) { h s - h 2 )  ^  • '  

I I  hxh^h^hz ,Q —  

^ ~ h^{h^ - kr){h^ - h2)ih^ - h3){hs -hs) ^ ^ 

1  1  , p  y  N  

h^{h^-hi){h^-h2){h^-h3){hs-h^) ^ ' ' 

1  1  _  hxh2hzh^ 

~ hs{h - hi){hs - h2){hs - h3){hs - h^) ^ ' 

and hj = yj+i - yi. 

In the limiting case yj^i — yj = Ay = const.^ 

f[ = ^ (-137 h + 300 /2 - 300 h + 200 h - 75 /s + 12 /e) 
60Ar/ 

(C.8) 
la®/, 
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Compact differences for Bk) near the wall, at j = 2 

bfaby + cfaby = grabyi /i + graby, fi + grabyj fs + graby4 /t 

+ grabyg /s + grabyg /e (C .9) 

where 

bfaby = 1 (C.lOa) 

" ~Ao(Al + 1)2(^2 + 1)(A3 + IjC"! + 1) 
hihih^hi — Ihihzh^ — hxh^h^ — hxh^h^ — hih^h^ ir>j\ 

graby2 — u u u u u (C.lOd) 
IIQN\N2IIZ^A 

, hih^h/i 
grabyg — 

hohii^hi + l){h2 — hi){h3 — hi){h4 — hi)^ 

X (shihihsh^ + — 4/11A3A4 — Zhih^h^ — (C.lOe) 

—Zhihih^ "t" 5̂ 1 A4 "t" Ah'^h^ — 4^j/i2^3 — Shihih^ 

-^bh^hs + Ah^h^ + bh^hi -I" Ah\h-^ — Qh\ — 

" hoh2{h2 + \){h2-\lY{h^ - h2){h - hi) 

" 'hoh^ih^ + l)(/l3 - \inh3 - h2){h, - /I3) 

" hoh^ih^ + l)(/l4 - /ll)2(/l4 - h2){h^ - h^) 

h o  = y 2 - y i ,  and hj = yj+2 - 2/2 

In the limiting ca^e yj+i — yj = Ay = const., 

Y^(60/^ + 120/^) = ^^(-6/1 - 125/2 +80/3 + 60/4 - 10/5 + fs) 

(C.ll) 
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O 
Compact differences for ^fc) inside, at j = 3,..., m2 — 1 

afaby + bfaby /,' + cfaby = araby fi-i + braby + craby /,+i (C. 12) 

where 

r^fr + 1) 
afaby = ^ ^ ' (C.13a) 

bfaby = (C.13b) 

cfaby = (C.13c) 

araby = (C.13d) 

braby = ~ (C.13e) 

craby = (C.13f) 

= Vj - yj-i, and rAj = yj+i - yj. 

In the limiting case yj^i — yj = Ay = const.. 

+4/; + + /i+i) + 

o2 
Compact differences for ~-j(Q,3.i.,Qyi^.,Clzk) near the wall, at j = 2 

(C.14) 

bfd2y /j' + cfd2y = grd2yi fi + grd2y2 /a + grd2y3 fs + grd2y4 U 

+ grd2ys /s + grd2y6 h (C.15) 

where 

bfd2y = 2/11/12^3/14 "t" A2A3A4 — — 1h\h^h^ 

—3fejft2^4 — 2/11^2^4 "f" 3h^h4 (C.16a) 

—3ft|fe2^3 — 2/11^2^3 "I" 4Aj/i3 4" 

+4/1J/i2 + 3/11/12 — 5/11 — 4Aj 
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cfd2y = 

grd2yi = 

hihoh'. hihsh. (C.16b) 

ho{hi + 1)(A2 + 1)(^3 + l)(ft4 + 1) 

X (zh^h^h^ — Zhih2h^h'^ — — Zhih^hsh^ + h\h,2hzl^ 

—5AjA3^4 + — 5A^A2^4 — Zh^h^h^ 

+Ah\h2h\ + Ah\h\hz — hh\h2h^ 

X {Zhlhlhl - 3hih2hlhl - Zh2hlhl - Zh\hlh\ + Zh^hlh\ 

-\-Zh\h\ — Zh\h\hzh\ — Zh\hzh\ + ̂ ^^12^3^4 

+6^IA2^3^4 "i" 3ft2^3^4 — h'^h^h^ 

-Zhihshl - Zhlhlhl + Zhxh\h\ + Zhlh\ 

+A:h\h2h\ — h\h2h\ — Zh\h2h\ — Ah\h\ 

—3/1^^4 — 3^1^2^3/14 — Zh^h^h^ -f- AjA2^3^4 

-\-^h\h2h^h\ + 3^2^.3/^4 "F — h^h^h4 

—Zhih^h/i -|- h^h^h^hn + Shih^hsh^ -\- Zh^h^h^ (C.16cl) 

—Zh^h^h^ -\- -f- Ah^h'^h^ — 

—Zhih\hi — 5/11^2^4 — 3/11/12A4 + h\h2h4 

+5/it/i4 + Ahlh4 - Zhlhlhl + Zhihlhl 

+Zh\hl + Ah\h2hl - h\h2hl - Zhxh2hl 

-Ah\hl - Zh\hl + Ah\hlh:i - h\hlhz 

—Zh\h^hz — 5h^h2h2 — 3AjA2^3 ~t" 

+5/11A3 + 4^1 A3 — 4/11A2 — ^h\hl 

4-4^1^3^4 — Zh'^h^h^ "h 4A|ft2^4 — Zhih'^h.'^h^ (C.16c) 

•\-Zh^h2h:ih4 — Qh'^h2h3h4 — ^h,xh2hzh4 — ^fi^hsh. 
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-\-5h^h2 "I" 

2 

" hlihr + l){h2 - ftx)(A3 - /ii)(ft4 - Ai) 

X (Shlklhl - Ghihihlhl - Shihlhl + 6hihlhl + Ulhl 

—Ghih^hsh^ — + 10A^A2^3^4 "t" 12/11^3/13^4 

+3/13^3^4 — 10^1^3^^ — Ghih^h^ -}- Qhih^fi^ 

+Zhlhl - lOhlhihl - 6hih2hl - ehihlhlh^ 

— - \ -  1 0 A ^ ^ 3 ^ 3 A 4  - f -  \ ^ h \ h 2 t t ^ h ^  - | -  % h 2 h ^ h n  ( C . 1 6 e )  

— — 6^1 ̂ 3^4 10^x^3/13^4 12^1/13^3/14 

"1-3^2^3/^4 — 15^1^3/13^4 — 30Ax/i3^3A4 — I2/11A3A3/14 

-f-15^x/l3A4 "t" 10^^^3/14 — 10^1^3/14 — 6^1^2/14 

-|-15ftj/l2/l4 -f- 10ftxft2A4 6/11^3^3 + 3/13^3 

— — %h\h2h\ — \Qh\h\h2 — %h\h\hz 

+15/11^3^3 + 10h^h2h3^ 

,2 ^ 
/l§/l2(/i2 + l)(/l2 - /ll)(/t3 - /l2)(/l4 - /i2) 

X (3/i2/i2/i2 _ Zhihlhl - dhlhl - Ah\hzh\ + h\hzhl 

+Zhxhzhl + 4/1^/1^ + zh\h\ - Ah\hlhA (C.16f) 

-t-ft^/13/14 "l" 3hih^h<i -|- -1- Sh^h^fi^ 

—h\hzh^ — ^h\hi — Ah\h^ + 4^^^3 

-{•Zh\h\ — — Ah^hsJ 

grd2v = — 
® /i§/i3(/»3 + i K k s  -  h r ) ( h 3  -  h 2 ) ( h ^  -  k s )  

X {dhlhlhl - Uihlhl - Zhlhl - Ah\h2h\ + h\h2hl 

+3/11/13/14 + ^h\hl + Zh\hl - Ahlhlh^ (C.16g) 

•\-}i^h^h^ -{- Shih^h^ -|- 5Aj^3^4 -j- 3h^h2h4 
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—h\h2hi — hh\h\ — ^h\h^ + ̂h\h\ 

•\-Zh\h\ — hh\h2 — 4^1 A2) 

CTd2v« = — 
hlh^ih^ + l)(/i4 - hi){K - h2){h4 - hs) 

X (3^1 ̂ 2^1 - Zhxh\h\ - 3A2^3 - Ah\h2hl + h\h2hl 

+2h^h2hl + ̂ h\hl + Zh\hl - ̂h\hlhz (C.16h) 

-f- Zh\h^h^ 5Aj^2^3 3/ijft2^3 

—h\h2hz — bh^h^ — Ah^hs + Ahlh^ 

+3hlhl-5h*h2-4:h%) 

ho = y2-yu and hj = yj+2 - Vi-

In the limiting case t/j+i — yj = Ay = const.. 

^ (24 + 156 f ^ )  = (7 /i + 178 /2 - 398 /a + 236 f ,  -  2 5  f s + 2  f e )  

(C.17) 

180(Ay) 

1 av 

Compact diiferences for -^^^{Qxki^yki ^=fc) inside, at j = 3,..., m2 — 1 

afd2y /j'_i + bfd2y f" + cfd2y = ard2y /j_i + brd2y fj + brd2y fj+i (C.18) 

where 

atd2y = -llllzpLLl (C.19a) 

bfd2y = ('• + l)(r'^+3'-+l) (^.1%) 

ctd2y = (C.19c) 

ard2y = (C.19d) 

brd2y = (C.19e) 

crd2y = (C.l9t) 
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= Vi - Vj-i, aad rAj = yj+i - yj. 

In the limiting case yj+i — yj = Ay = const., 

C.2 V Poisson Equation 

C.2.1 Right Hand Side 
Q 

Compact differences for -^{^zk) inside, at i = 2,..., ml — 1 

U f U  + * f i + f U i )  =  + /f+i) + 

(C.20) 

2Ax 

C.2.2 Derivatives on Left Hand Side 

(C.21) 

a2 
Compact differences for -^^(Vfc) near the wall, at j = 2 

oy 

amfv/t + bmfv /2 + cmfv fz + dmfv/j = gmrv/( + bmrv/j' + cmrv/3 (C.22) 

where 

, 2/ix amfv = 
h i { K ^ m h 2 + \ Y  

X {zh\h% - l^hyh\ - \2hl - Ah^hl (C.23a) 

+nh\hl - \2hih\ - Ibhl + \2h\h2 

+28Ajfe2 "1" \hh\h2 "t" 12A| -f- 28ft| -|-15^^^ 

bmfv = 
hlh2 

X {Zhxhl - 9hl - Ulh2 + Shihi (C.23b) 

"1-6^2 4" 8^1 — 3/11 — 3^ 

cmfv = 
hiih^ + inh2 - h^) 

X ( l 2 h i h 2  +  9 h \  —  2 ^ h \ h 2  —  2 A h \ h 2  (C.23c) 

—6^2 "t" 10/i| + \2h\ 3^ 



331 

dmfv = 2/ii 

gmrv = 

klh2{h2 + mh2-hr) 

X [shl - 2hi - 3) 

2hi 
ho{ki + 1)^(^2 + 1) 

X {zh\h\ — Zh\h\ — Zh\ 

—Ah^h2 ^2 "i" 3^1 ̂ 2 •(" 4Aj 3Aj^ 

bmrv = 3/ii ̂ 2 + h2 — Ak\ — 2h\ 

1h\ ̂ 2 — ^2 — h\ cmrv = ; : 
+ 1 

ho = y2-yi, and hj = yj+2 - y2-

In the limiting Ccise yj+i — yj = Ay = const., 

(C.23d) 

(C.23e) 

(C.23f) 

(C.23g) 

(Ay) 
^(127/: - 216 /2 + 81 /, + 8 A) = -^30/{ + 72/^' + 18 

Ay 

Central compact diflFerences for •U-^iVk) inside, at j = 3,..., m2 — 2 
o y  

(C.24) 

amfv /j_i + bmfv/j + bmfv fj+i = amrv/"_i + bmrv f" + cmrv/j^j (C.25) 

where 

amfv = 

bmfv = 

cmfv = 

amrv = 

bmrv = 

cmrv = 

r + 1 
(Ay)2 
1 

(Ai)^ 
r(r^ — r — 1) 

12 
(r + l)(r^ +3r + 1) 

12 
+ r — 1 
12 

(C.26a) 

(C.26b) 

(C.26c) 

(C.26d) 

(C.26e) 

(C.26f) 



332 

Aj = Vj - Vj-u and rAj = - y,. 

In the limiting case yy+i — yy = Ay = const.^ 

1 
(Ay)= •(/i-l-2/y+/j+i) = f'j + 

1 a®/ 

L 240%' 
(Ayr+... (C.27) 

pa 
Central differences for -^-^[Vk) near the free-stream boundary, at j  = m2 — 1 

ay 

amfv/j_i + hmivfj + bmfv/j+i = f" (C.28) 

where 

amfv = 

bmfv = 

cmfv = 

(r + l)(Ay)2 

2 

r i A j y  
2 

r(r + l)(Aj)2 

Aj = Vj -  yj-u and rAj = yj+i  - yj .  

In the limiting case yj+i — yj = Ay = const.,  

1 

(C.29a) 

(C.29b) 

(C.29c) 

(Ay)' 
:(/i-i -  ^ f j +  f j + i )  —  f j  

r 1 ^2 
12 ay" 

(C.30) 

q2 
One sided differences for -^{Vk) at the free-stream boimdary, at j  = m2 

oy 

hnifv/,_2 -f- amfv/j_x -1- bmfv/,- = /j' bfst/j (C.31) 

where 

hmfv 

amfv 

bmfv 

bfst 

3(5-f-l)2(A,)2 

2(5-1-1) 
s { A j y  

2( ( 5  -f-1)^ -|- s -|- 2) 
( s  +  m A j y  

2{s -h 2) 

(s + l)(Aj) 

(C.32a) 

(C.32b) 

(C.32c) 

(C.32d) 
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Aj = Vj - Vj-i, and sAj = yj-x - yj-2-

In the limiting case yy+i — yj = Ay = const., 

5(i^(-/y-a+8/,..-7/,)=/;-^3^ [-ig(A,f + ...] (C.33) 

(fi 
Ceatral compact differences for -^-^iVk) inside, at i = 2,..,, ml — 1 

ox 

- 2/, + /,+,) = + lo/r+rui) 

C.2.3 Combined Left Hand Side 

Compact differences for V near the wall, at j = 2 

amfd4 fx + bmfd4 /2 + crnfd4 Jz + dmfd4 = bnird4 rhs2 + cmrd4 rhsz (C.35) 

where 

amfd4 = (C.36a) 

bn,fd4 = b - n f a  + ( c . 3 6 b )  
KR 

EMFD4 = (C.36C) 

dmfd4 = (C.36d) 
KR 

bmrd4 = bmrv (C.36e) 

cmrd4 = cmrv (C.36f) 

Here, the factors KL , KR are given by 

_ 12 2cos((r.)-2 ^ rn 17 \ 
(AiP2cos(ff.) + 10 (C.37a) 

"" = , 
2COS(<T,) + 10 

The wavenimiber of the z-th streamwise Fourier mode is 
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where ml is the number of x-grid points, and the spanwise wavenumber 7 is 

defined by equation (3.12). 

Central compact differences for V inside, at j = 3,..., m2 — 2 

amfd4 /j_i + bmfd4/j + cmfd4 fj+i 

= amrd4 rhsj^i + bmrd4 rhsj -}- cmrd4 r/ts,+i (C.39) 

where 

amfv + amrvKi, 
amfd4 = 

KR 

bmfv + bmrv/C£, 
bmid4 = 

KR 

cmfv + cmrv/c£, 
cmfd4 = 

KR 

anird4 = amrv 

bmrd4 = bmrv 

cnird4 = cmrv 

Central differences for V near the free-stream boundary, at j  = m2 — 1 

amfd4 fj-i + bmfd4 fj -f- cinfd4 fj+i = rhsj (C.41) 

where 

a„.fd4 = ̂  
KR 

bmfd4 = 
KR 

cmfd4 = 2^5  ̂
KR 

One sided differences for V at the free-stream boundary, at j  = m2 

hmfd4 fj-2 + amfd4 fj-i + bmfd4 fj  = rhsj -|- bfst4 V (C.43) 

(C.40a) 

(C.40b) 

(C.40c) 

(C.40d) 

(C.40e) 

(C.40f) 

(C.42a) 

(C.42b) 

(C.42c) 
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where 

hmfd4 = (C.44a) 
KR 

anifd4 = — (C.44b) 

^^d4 = h m W + K , - h i s t a M  (c.44c) 
KR 

bfst4 = (C.44d) 
KR 

Ay = yj — yj-i, sAj = yj-i — yj-2i OA/ is the decay-factor at the free-stream 

boundary, and V is the Fourier-sine transform in x of the inhomogeneous part 

of the free-stream boundary condition, i.e. 

5ub(X, ymax) 
V = 5t| - QMVB {X ,  V m a x )  +  (C.45) 

y^Vmax ' dy 

Here, VR is the normal velocity of the base flow at the free-stream. In the case 

of a calculation in disturbance flow formulation, the term V is zero. 

C.3 U,W Equations 

C.3.1 Right Hand Side 

Central compact differences for -^{Vk) inside, at j = 3,... ,m2 — 2 

afdy /j_i + bfdy /j -f cfdy /-^.i = ardy /j_x + brdy /,• -|- brdy /y+i (C.46) 

where 

afdy = (C.47a) 

bfdy = (C.47b) 

cfdy = (C.47c) 

ardy = (C.47d) 
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brdy = 

crdy = 

(r- l)(r + l)^ 

Ai 
2r + l 

Ai 

(C.47e) 

(C.47f) 

Ay = Vj - yy-i, and rAy = yy+i - yj. 

In the limiting case yy+i — yj = Ay = const.. 

1 d^f. 
+4 / , ' + / i + i )  -  / ' - I  +  [ + i i o •  (C.48) 

Central differences for -^{Vk) near the free-stream boundary, at j = m2 — 1 

f'j = ardy fj-i + brdy/y -|- brdy /y+i 

where 

ardy = 

brdy = 

crdy = 

(r + l)Ay 

r — 1 

rAj 
1 

r(r + l)Aj 

Ay = yj - yy-i, and rAy = yy+i - yy. 

In the limiting case yy+i — yy = Ay = const.. 

One sided differences for -^{Vk) at the free-stream boimdary, at j = m2 

/• = srdy_,_2 fj-2 + srdyj_i /y_i -f srdyy /y 

where 

srdy_,_2 = 

srdy_,_i = 

srdyy = 

1 
((,+ l)2_(,+ l))Ay 

({s + ly - (s + I))Ay 

(5-fI)2-l 
( ( , 4 . l ) 2 _ ( , +  l ) ) A y  

(C.49) 

(C.50a) 

(C.50b) 

(C.50c) 

(C.51) 

(C.52) 

(C.53a) 

(C.53b) 

(C.53c) 
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Aj = Vj -  yj- i ,  and sAy = yj^i  - yj-2.  

In the limiting case yj+i — yj = Ay = const., 

0 / d^k \ 
Compact differences for ~^) at i = 2,..., ml — 1 

^ ( / L ,  + V I  + / U i )  =  ̂ ( -  /••-• + /<+i) + • • •] 

C.3.2 Left Hand. Side 

Central compact differences for [/k, Wk inside, at z = 2,..., ml — I 

((A^ ~ 12^^) ~ ((A^ 12^^) ((Ax)2 ~ 

= ^{rhsi^i + 10 rhsi + rhsi+i) + • • • (C.56) 

One sided differences for Uk at the outflow boundary, at i = ml 

C.4 Wall Vorticity 

C.4.1 Laplacian of V at the Wall 
q2 

Compact differences for -^-^{Vk) at the wall, at j = 1 

amd2v fx + bmd2v/2 + cmd2v fs + dmd2v /i 

= ard2v /" + brd2v + crd2v + drd2v f" + trdtv f[ (C.58) 

where 

3 
amd2v = 

h\hlhl 

X {%h\hl - \2hxhlhl - nh\hlhl - I2h\h2hl 
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+8h\hl - Uhlhl + Uhih^hl + 29h\hlhl 

-\-29h\hlhl + Uh*h2hl - mlhl + Shlht 

+I4hihlht - Z2h\h\hl - nh\h%h\ - 'i2h\h\h\ (C.59a) 

-1-14^1^2^3 + 8h\h\ - -1- 29h\hlhl 

-llh\h\hl - nh\h\hl + 29h\h\hl - I2h\h2hl 

-\2h\hlhl + 29h\h\hl - Z2h\h\hl + 29h\h\hl 

-\2h\h\hl - I2h\h\hz + Uh\h\hz -1- Uh\h\hz 

-\2h\h%hz -h '&h\h% - \lh\h\ H- 8/i®/i^) 

L J9 ^h\h\ 
h\{h-h{){h^-h,) 

X {8h2hl-2'Qhxhl-\lhlhl-\-2Zhih2hl (C.59b) 

-f-35/i|A3 "!• Sh^h^ 4" 2^h\h^h^ — 77^j/i2^3 

-2<Qhihl-^Zbh\hfj 

cmd2v = 2h\hl 

<lmd2v = 

hl{h2 - hi){h3 - h2) 

X (20h2hl-8hihl-^5hlhl-23hih2hl (C.59c) 

+nh]hl -1- llhihlhs - 2Zhlh2h3 - 8/1̂ /13 

-Zbh\h\ + 2Qh\h^ 

2h\hl 
h\{ h z  —  h i ) { h 3  —  A2) 

X (35hlhl-77hih2hl + Z5hlhl-20hlh3 (C.59d) 

-\-23h\h2h3 -f- 23Ajft2^3 — 20/ij/i3 4- 8hih^ 

—\7l^h^ 4" 8h^h^ 

ard2v = 8^2^3 — 19^1/12/13 + 8/11/13 — 17^2^1 4- 22hih\h% 

4-22A1/12/13 — 17h^h^ 4- 8h^h^ 4- 22hih^h^ 



-12h\hlhl + 22h\h2hl + Sh\hl -

+22hlhlhz + 22h\h\hz - 19h%h3 + %h\h\ 

-Uh\h\->rSh\h\ 

brd2v = — 
2(^2 ~ ^l)(^3 — ^l) 

X — ^hih\ — 17^2^1 + lhih2h\ 

-j-SAjAg -f- 8^2^3 ~t" T— llAjft2^3 

—Shihl + bh\h^ 

h\hl 
crd2v = — rm rr 

2{h2 — hi){h3 — A2) 

X ^6/12/13 — Shihl — 5^2^! — lh\h2h\ 

+VIh\h\ + \\h\h\hz — lh\h2hz — 8h\hz 

—hh\h\ + 6h\h-^ 

drd2v = 
2(^3 — h i ) { h z  —  ^2) 

X [bhlhl - nhxh2hl + hh\hl - 6h% 

-{-Thih^h^ + 7^1 ̂ 2^3 — -I- Shih^ 

-I7hlhl + 8h%) 

X (sh^hl — I2hihlhl — 12/1^^2^3 + Sh^hl 

— nh2h^ + 14/1x^2^3 + 29K\h\h\ + 14^1 ̂ 2^3 

-nh\h\ + Sh\hl + Uhxh\hl - Z2h\hlhl 

—32Ajft2^3 + 14/1^/12/13 "t" 8h^h^ — 12^1 ̂ 2^3 

+29h^hthl - Z2h\h\hl + 29h\hlhl - \2h\h2hl 

— \2h\h^h3 + lAh^h^h^ + lAh^h^h^ — 12Ax^2^3 
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(C.60a) 

(C.60b) 

(C.60c) 

(C.60d) 

(C.61a) 
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+8hlhl - nh*h* + Shlhl) 

where h j  =  yy+i -  t/ i .  

In the limiting case yj^i — yj = Ay = const., 

(Ay) 
^(-745/i + 1080/2 - 135/3-200/4) 

= 12 A" - 396 /^' - 234 - 12 /J' + —210 f[ 
Ay 

(C.62) 

L 96 ay' 
(C.63) 

Compact differences for ^ ̂  ~lk^k at the wall, at t = 2,..., ml — 1. 
ax oy 

" Si S2 Si drd2v 10 drd2v drd2v 
ri r2 ri T/ crd2v 10 crd2v crd2v 
qi q2 qi 

V  =  
brd2v 10 brd2v brd2v 

. Pi P2 Pi . ard2v 10 ard2v ard2v 

VlV 

+ 

0 
0 
0 

0 
0 
0 

0 
0 
0 

trd2v 10trd2v trd2v 

Here, the symbolic matrix notation 

dy 
^ (C.64) 

0-i-\A,k 0,iA,k ai+l,4,A: 
at-l,3,fc 0«,3,fc (ii+l,3,k 

ax-l,2,Ar Ot,2,*r a«+l,2,it 

flt-l,!,* ^i,l,k at+l,l,jk . 

/ 

stands for the simi 

Ot-l,4,A: /t-l,4,Jfc + 0,-,4,Jk fi,4,k + ai+l,4,k fi+l,4,k + 0'i-l,3,k /t-l,3,Jfe + 

The coefficients of the left hand side are given by 

Pi = 127^^ + amd2v — ard2v 7^ 
^ (Ax) 

P2 = ~24^^^ + 10(amd2v — ard2v 7^) 

(C.65) 

(C.66) 

(C.67a) 

(C.67b) 
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qi= 12^^+ bmd2v-brd2v72 (C.67c) 

q2 = + 10(bind2v — brd2v 7^) (C.67d) 

ri = 127^^ + cmd2v — crd2v 7^ (C.67e) 
(Aa:j 

r2 = "24^^^ + 10(cmd2v — crd2v 7^) (C.67f) 

51 = 12^^^. a + dmd2v — drd2v 7^ (C.67g) 
(Ax)'' 

52 = —24^^^j + 10(dmd2v — drd2v 7^) (C.67h) 

C.4.2 Right Hand Side of Qxk Equation 

Compact differences for inside, at i = 2,..., ml — 1, and sX j = 2,..., 4 

+4/;+y;..) = + n») [+Î 0(a-)V... (C.68) 

Compact differences for oiffiifc) inside, at i = 2,..., ml — 1, and at j = 2,..., 4 
ox 

+ 10/r + fi'+i) - -2/. + fi+i) 

Compact differences for ^ (~^^) at j = 1 

qrdyi f[ + qrdyj /a + qrdyg /g + qrdy4 

= prdyi /i + prdyj /j + prdyj /a + prdy4 /» (C.70) 

where 

qrdyi = 1 

h\hl 

(C.71) 



342 

2(^2^3 + ̂ 1^3 + ̂ 1^2) ( f ~ ,  -C\ 
prdyi = 7-7-7 {C.75) 

/ll/l2"3 

2hlhl(h2h3 - 2/ii/i3 - 2/ii/i2 + 3ft?) 

k i ( , k , - h , n h - h y r  ' ' 
'ih!^lii^{2h2hz — h\h^ — 3^2 "i" 2h\h^ 

2^1^2(3^3 ~ 2^2^3 — 2hih3 + hih2^ 

-  k i ) H I > 3  -

and hj = yj+i - yi. 

In the limiting case yj+i — yj = Ay = const.^ 

(3/( + 27/^ +27/^ +3/;) = ^(-11/1-27/2+27/3 + 11/4) 

C.4.3 Left Hand Side of Qxk Equation 

Central compact differences for Clxk inside, at i = 2,... ,ml — 1 

((Alj2 " l2^^) ~ ((AI)2 12^^) ((Ax)2 " 12^0 

= + rhsi+i) •*•••• (C.80) 

C.4.4 Left Hand Side of Equation 
QO 

Finite difference integration of near the inflow, at i = 2 

/i = /(-.+^(5/;-,+8/;-/;+,) [^0(^^)'+---] (c-81) 

Finite difference integration of inside, at i = 3,..., ml — 1 

/i = i(3/i-2+24/,-,)+^(i7/;.. + i4/;-/;^,) [10(Ax)»+...] (c.82) 
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5ft, Finite difference integration of at the outflow, at z = ml 

fi = fi-2 + -^(//-2 + 4/i-l + fi) 
r 1 5®/ 

L 90 ax® 
(Ax)® + (C.83) 

C.5 Time Integration 

C.5.1 Four-Stage explicit Runge-Kutta 

ft = /o + -^ /o 

/it — /o + "2" 

fixi = fo + A.t //-

/ = fiv = /o + -  ̂( c RA - fo + bltK fi + CrK fa + dRK fiii) 

The coefficients of the final corrector stage are 

(C.84a) 

(C.84b) 

(C.84c) 

(C.84d) 

apifc = 3.60897, bfu^ = 2.04 

o-RK = 0.11 

ork" = 0.65 

O-RK = 1 

^RK = 3.92 

bRK = 2.70 

bRK = 2 

CRK = 0.34206, = 0.00897 (C.85a) 

for a 1st order scheme, 

CflK = 1.86 , (fflic = 0.11 (C.85b) 

for a 2nd order scheme, 

CRK =2.00 , dRK = 0.65 (C.85c) 

for a 3rd order scheme, 

CRK = 2 , dRK = 1 (C.85d) 

for a 4th order scheme, 

C.5.2 Three-Stage Runge-Kutta 

/.• = /o + A/̂  

fii = fo + hf'i 

flit = /o + - ( /o + 

(C.86a) 

(C.86b) 

(C.86c) 
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C.5.3 Crank-Nicolson 

Compact differences for the integration of ^®3,r the wall, at j = 2 

= - (^ grd2yi) /® - grd2y2 + bfd2y) (C.87) 

—A^(bfd2y rh^~^ + cfd2y 

where At is the time step, Re is the Reynolds number, and rhs is the explicit 

part of the vorticity transport equation without the y diffusion terms. The 

superscript n refers to the stage i, ii, in of the Runge-Kutta scheme, and the 

superscript 0 denotes the previous time step. The coefficients are given by 

equation (C.16a). 

Compact differences for the integration of flyi., 0.zk inside, at j = 3,..., m2 — 1 

(JS; ~ + (21; ^ 

= - ard2y + afd2y) brd2y + bfd2y) ff (C.88) 

—ft(afd2y rhs^zl + bfd2y rhs^~^ + cfd2y rhs^^l^ 

where the coefficients are given by equation (C.19a). 
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C.6 Filtering of the Vorticity in Streamwise Direction 

^Fp'i-2 + OipFi-i + -|- OLpFi+i + ̂ FFi+2 

= afi  +  2 • ^ ' + 0  2 ( C . 8 9 )  

where /,- are the unfiltered quantities, F, are the filtered quantities, and the 

coefficients are 

ap = 0.6522474 = 0.1702929 

a = (2 + 3aF)/4 6 = (9 + ISap + 10^f)/16 (C.90) 

c = (ap + 4/3F)/4 J = (6/9f — 1)/16 
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