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ABSTRACT 

Rock contains discontinuities at all scales. These discontinuities make 

rock behave in a complex way. This dissertation discusses a new approach to 

underground design based on the theory of rock fracture mechanics. Due to 

the important role of coal for energy in the US, coal which is classified as a 

weak rock was selected as a test material. 

The mechanism of deformation and failure of coal obtained from the 

McKinley Mine and the Twenty Mile Coal Mine were studied by observing 

the distributions of length, orientation, and spacing of the pre-existing as well 

as stress-induced cracks. Different types of laboratory tests were employed to 

observe the different scales of cracks and to obtain different t)^es of crack 

information. The crack information is dependent on the scale used. The 

cracks propagate along the intersections of the pre-existing cracks, and both 

extensile and shear crack growth occurs depending on the direction of the 

load relative to the bedding planes. 

An analytical model that takes into account both shear and extensile 

crack growth was developed to predict the nonlinear stress-strain behavior of 

coal including strain-hardening and strain-softening. In order to solve 

problems with complex boundary conditions, this model was implemented 

into two and three dimensional finite element programs. The 

implementation involved a series of modifications that took into account 
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stress transformation, transverse isotropy, and the calculation of the effective 

elastic moduli due to aacks. Simple examples were taken to verify the results 

of the numerical analyses. 
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CHAPTER 1 

INTRODUCTION 

1.1 Background 

Rock, a geological material, is different from other engineering 

materials. Engineers have been confronting the needs to design with rock as a 

structural material in mining, civil, and other engineering areas for a longer 

period of time than any other material since the Stone Age. But the field of 

rock mechanics would not exist, were it not for the fact that rock is dominated 

by its complex behavior. In particular, rock has the contradictory 

characteristics that it is both strong and brittle. Ancient people selected rock as 

their tool material because it is strong enough for their goal, brittle so that it 

can be shaped, and most importantly it is available everywhere. 

A designing process based on a non-geological material (i.e. automobile 

or space shuttle) consists of a series of steps, such as designing the global 

geometry, calculating the external loads to be applied, and selecting the 

properties and geometry of the material. But in rock structures, the external 

loads can not be obtained precisely due to the complex and largely unknown 
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distribution of stress in the ground. Also, the properties and geometry of the 

material can not be controlled but only selected from one site or another. 

The reason why rock is different from others is that it is not 

continuous. The discontinuities in rock include pores, fissures, cracks, joints, 

bedding planes, faults, and so forth. They significantly reduce the tensile 

strength of rock. That is why the ancient structures were designed to be loaded 

in compression. The arch shape caused compressive rather than tensile 

stresses to be transmitted through the structure. Loading rock in compression 

also results in nonlinear stress-strain behavior, produces variability in test 

results, and introduces a strong scale effect [Brace, 1972; Wong, 1982; Kranz, 

1983; Kemeny, 1987]. 

It is because rock is so complex that the topic of this dissertation has 

been chosen: a new approach to underground pillar design based on the 

theory of rock fracture mechanics. There are two main topics in this 

dissertation. (1) How do discontinuities affect the behavior of rock? (2) How 

does one use this knowledge to design a structure in rock? Before proceeding 

to the background of the above questions, it is necessary to define the scale of 

the discontinuities that this dissertation is dealing with. According to Irwin 

and de Wit (1983), fracture mechanics is defined as follows: 

" the fracture of materials in terms of the laws of applied mechanics and 

the macroscopic properties of materials. It provides a quantitative treatments. 
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based on stress analysis, which relates fracture strength to the applied load 

and structural geometry of a component containing defects." 

The defects mean various sizes of discontinuities. But fracture mechanics is 

interested in when and how the discontinuities initiate, propagate, and 

coalesce. The mechanism of initiation or creation of discontinuities is 

explained in the microscopic scale: a crack is initiated when sufficient stress 

and work are applied on the microscopic level to break the bonds that hold 

atoms together. Therefore, unless it is concerned with the mechanics of 

earthquakes and faulting, fracture mechanics is usually about small 

discontinuities called cracks. In this frame of scale, commonly, a single crack 

is called microcrack, and a band or a linkage of multiple cracks is called 

macroscopic crack. The followings are several definitions of a microcrack as 

given by different researchers. 

Sinunons and Richter (1976): "an opening that occurs in rocks and has one or 

two dimensions smaller than the third. For flat microcracks, one dimension 

is much less than the other two and the width to length ratio, termed crack 

aspect ratio, must be less than 10"^ and is typically 10'^ to 10'^. The length 

typically is of the order of 100 [im or less." 
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Hadley (1976): "any open flaw of aspect ratio less than 1 which did not change 

orientation by more than 20° over any significant portion of its length and 

which was either continuously open or bridged by material of exposed 

thickness no more than 3 crack widths or one tenth of the total crack length, 

whichever was less." 

Atkinson (1991): "On the microscopic scale the ideal crack is a penny-shaped 

(planar) opening with long dimensions less than the diameter of individual 

grains within the host rock An isolated joint (a crack on a mesoscopic 

scale) is a discontinuity left by a complicated rupture event cutting a large 

number of grains Microcracks are those planar discontinuities that are too 

small to be seen within a hand specimen. Their longest dimension is of the 

order of one to several grain diameters (about 100 to 1000 microns) with small 

dimension of the order of 1 micron." 

According to the above definitions, a microcrack should be flat in shape and 

be about grain size in length. Here, in this dissertation, not only pre-existing 

but also stress-induced cracks are of interest. Therefore, the scale of the cracks 

will range from hundreds of microns to however large the boundary allows 

the crack to grow. 

The theories of rock fracture mechanics, which were established 

several decades ago, have been answering the first question at the beginning 
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of the previous section (How do discontinuities affect the behavior of rock?). 

The theories have explained the distribution of pre-existing as well as stress-

induced microcracks in rock and the mechanisms of their initiation, 

propagation, interaction, and coalescence leading to the non-linear stress-

strain behavior of rock and finally to a macroscopic failure [Hadley, 1976; 

Wong, 1982; Wang & Kemeny, 1992]. To the second question (use of the 

theories to design in rock), micromechanical models have been developed 

from the theories of rock fracture mechanics, and these models have been 

used in the design process of a rock structure [Cotterell & Rice, 1980; Costin, 

1985; Ashby, 1985; Sammis, 1986; Nemat-Nasser & Horii, 1987; Wang & 

Kemeny, 1993]. The relevant background of rock fracture mechanics and 

design methods for underground pillars are briefly introduced in the 

following sections. 

Rock is one of the oldest construction materials, and fracture is one of 

the most difficult problems that engineers face. Cracks begin to grow well 

below the peak stress of materials loaded in compression. The problem is how 

to quantify the way in which cracks affect the strength of the material. Griffith 

published his famous paper on a quantitative connection between fracture 

stress and flaw size in 1921 [Griffith, 1921]. He did a stress analysis around an 

elliptical hole, which had been performed by Inglis (1913) several years before. 

He concluded that a flaw becomes unstable when the strain energy change is 

sufficient to overcome the surface energy of the material. He applied his 
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model to predict the relationship between the strength and the flaw size of 

glass specimens. But the knowledge on fracture was not specifically organized 

imtil World War n, when Liberty ships fabricated by welding instead of by 

riveting for faster and cheaper results were found to fail because the welds 

contained crack-like flaws and there was a local stress concentration 

[Anderson, 1991]. Irwin extended the Griffith approach to metals [Irwin, 1948]. 

Westergaard (1939), Orowan (1948), Mott (1948), and Williams (1959) are other 

researchers who established the concept of fracture mechanics. It started with 

linear elastic fracture mechanics which led to the development of nonlinear 

and time-dependent fracture mechanics. 

Certainly, the cracks in rock reduce the strength in tension. But since 

rocks are under compressive stresses most of the time, the behavior of cracks 

under a compressive stress field is of most interest. Under a hydrostatic 

compressive stress field, cracks tend to close, increasing their aspect ratio, 

resulting in an increase of frictional resistance between their surfaces in 

contact, and reducing the hydraulic connectivity. This makes cracks more 

stable and less likely to propagate. At the same time, under a deviatoric 

compressive stress field resulting from differential loads across the 

boundaries of a rock mass, microcracks can grow, interact and coalesce in 

response to locally-induced regions of tensile stress which can significantly 

differ in sign, magnitude, and direction from the macroscopic stress field 

[Shea, 1988; Shaoquan, 1989; Kemeny, 1987, 1991, 1993]. When the local tensile 
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stress exceeds the local strength of rock, niicrocracks and fissures are generated 

and/or allowed to propagate [Kranz, 1983; Zheng, 1989]. The local tensile stress 

usually results from heterogeneities such as grain boundaries, cavities, 

inclusions, mismatching mechanical and thermal properties, and different 

orientations of cleavage planes in adjacent grains [Zheng, 1989; Wang, 1994]. 

The pre-existing and stress-induced microcracks can be either extensile or 

shear depending on whether the crack surfaces close to the crack tip move 

perpendicular or parallel to the instantaneous plane of propagation, 

respectively. According to Kranz (1983), the majority of microcracks are 

extensile, with the orientation of less than 30° from the macroscopic 

maximum stress direction. Crack densities increase as the applied stress 

approaches the strength of the rock. 

The theories of rock fracture mechanics are essential tools in the stages 

of mine development, operation, and remediation. Therefore, one way to 

estimate the importance of rock fracture mechanics is to look at the 

importance of the mining industry today. Table 1.1 presents the general scale 

of the mining industry in the United States by production and employment. 

From the table, coal is evidently the largest single item produced by volume 

and value. The United States contains coal resources which are among the 

largest in the world, and coal represents the nation's largest single energy 

resource [Ward, 1984]. As shown in Table 1.2, coal is consumed in a variety of 

ways including power plants, steel mills, roofing, medicines, dyes, film, etc. 
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Table 1.1 U.S. mineral industry trends (1995, estimated) 
Total mine production (Million dollars) 

Metals 13,200 
Industrial minerals 24,400 
Coal 19,700 

Employment (Thousands of production 
workers) 

Coal mining 86 
Metal mining 42 
Industrial minerals, except fuels 81 

Source: USBM, DOE, EIA (http://minerals.er.usgs.gov) 

Table 1.2 U.S. coal consumption by usage (1992)* 
Usage Thousand Short Tons 

Utilities 779,860,000 
Industry 73,891,000 

Coke Plants 32,366,000 
Residential/Commercial 6,153,000 

Exports 102,516,000 
Total 994,786,000 

* Source: 1994 Keystone Coal Industry Manual, p 156 
& Quarterly Coal Report, DOE/EIA-0121 

Table 1.3 U.S. electric utility generation by fuel source (1992)" 
Source Million Kilowatt-hours 

Coal 1,575,895 
Natural Gas 263,872 
Petroleum 88,916 

Nuclear 618,776 
Hydro 239,559 
Other 10,200 
Total 2,797,219 

Source: 1994 Keystone Coal Industry Manual, p 156 
& Monthly Energy Review, DOE/EIA-0035 

http://minerals.er.usgs.gov
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Actually, each person in the United States uses about 12 pounds of coal or coal 

by-products a day [USBM, 1994]. In particular, coal is the most important 

energy source in this country as shown in Table 1.3. The dissertation, 

therefore, is mostly focused on coal; its mechanics of deformation and failure, 

and design methods for coal mines. 

Coal is a sedimentary rock, composed essentially of lithified plant 

debris. The initial sediment formed by this process is a moist, spongy material 

called 'peat', but this becomes compressed, dried and modified in both texture 

and composition over 300 million years due to diagenesis associated with 

burial and tectonic activity. The properties of coal depend, to some extent, on 

the nature of the various components in the original organic accumulation, 

including both the forms of vegetation and the degree of degradation or decay 

that they have suffered prior to burial [Evans & Pomeroy, 1966; Meyers, 1981; 

Ward, 1984]. The classification of coals by the American Society for Testing 

and Materials (A.S.T.M. D388-77) is extensively used. It is based on two 

fundamental properties of practical significance, the fixed carbon content and 

the calorific value as shown in Table 1.4. Coal that has a fixed carbon content 

of 69% or more is classified according to the value of that property. If the coal 

has a fixed carbon content below 69%, classification is based on its calorific 

value. 

In the United States, coal-bearing strata occur to a varying extent in 

parts of 37 states [Averitt, 1975]. The coal ranges from lignite to anthracite in 
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Table 1.4 A.S.T.M. classification of coals by rank' 
Class Fixed carbon Volatile matter Calorific value 

limits (%)^ limits (,%Y limits (Btu/lb)^ 
I. Anthracitic 

Meta-anthracite >93 < 2  

Anthracite 92-98 2-8 
Semi-anthracite 86-92 8-14 

II. Bituminous 
Low-volatile 78-86 14-22 
Medium-volatile 69-78 22-31 
High-volatile A <69 >31 > 14,000 
High-volatile B 13,000-14,000 
High-volatile C 11,500-13,000 

in. Subbituminous 8,300-11,500 
IV. Lignitic < 8,300 
' From A.S.T.M. D388-77 
^ Dry mineral-matter-free (dmmO basis: The coal is considered to consist 

solely of volatile matter and fixed carbon. 
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rank, with a general geographic distribution as presented in Figure 1.1. Most 

of the anthracite and bitununous coal is located in the eastern part of the 

country, occurring in late Carboniferous (Pennsylvanian) strata. Apart from 

the Pennsylvanian sequences, the most significant coals in the country are the 

extensive beds of late Cretaceous age in the eastern part of the Rocky 

Mountains region. These coals are mainly of high volatile bituminous to sub-

bituminous rank, deposited in a broad area between New Mexico in the south 

and Montana in the north. Lignites and sub-bituminous coals of Tertiary age 

are also found in many parts including an extensive area of Paleocene to 

Eocene beds in North Dakota, Colorado, Wyoming and Montana. 

The fracture of coal and the forces required to break it depend greatly 

on the innate weakness [Klepaczko, 1983; Szwilski, 1985; Singh, 1986; Friesen, 

1987; Zipf, 1990]. The bedding planes are one obvious source, where bonding 

between successive layers of deposition has not fully taken place. Other planes 

of weakness in coal beds, particularly in bituminous coals, are generally 

referred to as 'cleats'. They are represented by sets of parallel fractures, usually 

oriented perpendicular to the bedding of the seam. One set of fractures, called 

the 'face deaf, is usually dominant, with individual planes being straight and 

persistent. A second set, known as the 'butt deaf, is normally present at 

approximately right angles to face cleat, but the fractures are relatively short, 

often curved, and tend to terminate on the face cleat planes [Ward, 1984; 

Laubach, 1991]. The spacing of cleat planes varies from less than 1 mm to 
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around 30 cm [McCulloch, 1974; Ward, 1984]. The geometric characteristics of 

these features of weakness are their planar geometry and their persistence. 

There are two principal engineering properties of fractures which are 

significant in an underground mining context. The first is the low or zero 

tensile strength in the direction perpendicular to them. The second is the 

relatively low shear strength of the surfaces. Both of these properties are 

considered in the excavation design procedure. Usually, working faces tend to 

be established parallel to the face cleat direction, and advance takes place 

mainly perpendicular to it to obtain maximum efficiencies of production 

[Khair, 1989; Prucz, 1989]. 

The two basic methods of extracting coal are 'surface mining' and 

'underground mining'. Surface mining, the process of removing all the 

material from the ground surface down to and including the coal seam, has a 

number of advantages over underground techniques, including greater 

recovery of in-situ resources, greater safety, and a greater level of overall 

productivity [Haramy, 1988]. The disadvantages, however, are unfavorable 

impact on the surrounding environment at least in the short term. The 

surface mining techniques are divided into two main methods. In strip 

mining method, the material above the seam is emplaced directly from the 

digging equipment used to remove it from the ground, in an area 

immediately adjacent to the working face. In open-pit mining method, the 
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overburden is moved from the face to an emplacement site some distance 

away by an haulage or transportation process. 

Underground mining, where excavations in the seam are joined by 

orUy narrow openings to the surface, is used when the coal resources are 

located at depths that can only be worked by underground methods. 

Approximately 70% of U.S. minable reserves of coal are located at a depth 

which, with current technology, can be mined only by underground methods 

[ Meyers, 1981]. Therefore, the application of underground excavation 

methods and the technological advancement of these methods will be of 

utmost importance. The mining methods most commonly employed in 

industrial practice are introduced in the following sections, although there 

are other methods used with historical or local significance. 

Room and pillar mining is generally thought of as a two-stage 

extraction process. The first part of the operation involves driving a series of 

intersecting openings through the seam, leaving 'pillars' of solid coal between 

them. The entry height is usually determined by the thickness of the coal 

seam and the entry width is determined by either the size of the equipment 

and/or the mining conditions. The size of the pillars created by the system of 

entries and cross-cuts depends on the thickness of the overburden, the 

allowable subsidence at the surface, and the composition and strength of the 

immediate roof and floor material. In shallow seams, the coal pillars may be 

relatively small, and a large percentage of the reserves may be recovered. As 
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the depth of the seam increases, larger pillars are necessary resulting in a 

considerable drop of the percentage recovery. Theories of rock mechanics that 

are applied to determine the size of the pillars will be discussed later in this 

chapter. The second stage of the room and pillar mining is the pillar 

extraction process. Once a production area with cross-cuts is completed, as 

much coal is taken from the pillars as possible. The roof is allowed to collapse 

into the abandoned area forming a 'goaf or 'gob'. The room and pillar mining 

method is applied in nearly flat-lying or lenticular orebodies, and the 

thickness of the overburden sets the limit to the applicability of it. At greater 

depths, longwall mining method is relatively more feasible in the economical 

aspect [Peng, 1978; Meyers, 1981; Ward, 1984; Brady & Brown, 1993]. 

Longwall mining involves the removal of coal from a single working 

face. The working area is protected by hydraulic roof supports, and as more 

coal is extracted, these supports are moved forward so that the roof behind 

them collapses to form a goaf. Longwall mining is carried out by one of two 

basic methods: longwall advance, where the face is moved into virgin coal 

away from the main entry area; or longwall retreat, where a series of narrow 

openings is driven around the panel to be extracted, and the face moved back 

from the far end towards the area of initial entry. 

Shortwall mining is a modified form of longwall retreat mining with 

the smaller panel width. By reducing the panel width, the equipment 

investment of supports will be significantly saved. But the small working 



space limits the operational procedure and the equipment configurations, 

resulting in relatively poor productivity. 

In the following sections, the background of coal pillar design methods 

is briefly introduced. In underground coal mines, coal pillars have various 

functions including roof support, surface protection, panel isolation, shaft 

protection, rockburst control, etc. With the advance of techniques in 

automation, continuous mining methods are used more often than ever, 

where coal must be left in place either temporarily or permanently in the 

form of regular pillars or barrier pillars. It is of interest to maximize the 

extraction ratio while maintaining adequate pillar sizes to assure safety and 

continued operation of the mine. Therefore, the proper design of coal pillars 

plays an important role in any mining operation. There are two important 

parameters to be determined for conventional pillar design: load and 

strength. 

In order to design the proper size and shape of pillars, the load which 

pillars will support needs to be determined. At the present time, there are two 

major approaches to determine the load: the tributary area approach and 

elastic-deflection theory. In the tributary area approach, the weight of the 

overburden acting over the pillar and entry is considered to be uniformly 

distributed over the cross-sectional area of the pillar [Holland, 1962; Obert & 

Duvall, 1967; Peng, 1978]. This assumption is not valid since the stress 

concentration in the corners is higher than that in the center of the pillar, and 
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the magnitude of the stress changes according to the advance of mining 

activity and the pillar width-to-height ratio. This approach is still widely used 

in practical mining applications due to its simplicity. In the approach using 

elastic-deflection theory, it is assumed that the coal seam is elastically 

compressed by a relatively stiffer roof and floor due to the advance of the 

stope [Sheorey, 1986]. This approach involving a complicated formulation is 

not widely used at present. 

The strength of a pillar is dependent on both the size and the geometry 

of the pillar. With regards to size, the strength is higher for smaller pillars 

and decreases exponentially as the size of the pillar increases until it reaches 

an asymptotic value which is the lower limit of the strength and represents 

the strength of the in-situ coal pillars [Evans & Pomeroy, 1966; Hustrulid, 

1976; Peng, 1978; Logie, 1983]. Thus, the strength measured in the laboratory 

should be used with great care. Coal pillar strength depends even more on the 

shape of the pillar than on its size. The shape effect has been studied by many 

researchers. They use one of four methods; laboratory compression tests 

[Hollard, 1962; Overt and Duvall, 1967], large-scale in-situ tests [Bieniawski, 

1982], closed-form derivation [Wilson, 1972], and case studies of actual 

collapsed and stable pillars [Salamon & Munro, 1967; Sheorey, 1987]. They 

determined the strength of pillars with various pillar width (W) to height (H) 

ratios based on the cubical pillar strength. 
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The methods to obtain the strength of a pillar described above are all 

based on the ultimate strength approach, where a pillar will fail as soon as the 

applied load reaches the ultimate strength of the pillar. It presumes that the 

load-bearing capacity of a pillar reduces to zero at the moment its strength is 

exceeded. In contrast, in methods that take into account the progressive 

failure of a pillar, the existence of defects or a non-uniform stress distribution 

in the pillar is emphasized. Failure initiates at the most critical point and 

propagates gradually to ultimate failure. The underlying theory for coal pillar 

failure is rock fracture mechanics. According to the Coal Mine Health and 

Safety Act, the structural elements of the opening should be kept in perfect or 

nearly perfect condition to be safe for use. It is clear that the failure initiation 

as well as the ultimate failure are major concern in the safety act. 

1.2 Objectives 

In this dissertation, a new approach to modeling the deformation and 

the failure of coal is developed and applied to coal pillar design. The approach 

is to model explicitly the process involved in coal deformation and failure. In 

coal, the primary structural features at the laboratory scale are cleats and 

bedding planes. The coal sample containing cleats and bedding planes are first 

represented by an analogous three-dimensional pattern of cracks. Under 

compressive loading, these cracks will grow, interact, and coalesce to form 
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macroscopic fractures and faults. The progressive evolution of the crack 

network under compressive loading also results in nonlinear stress-strain 

behavior. There are many advantages to this approach. First of all, size effects 

are built in. If a statistical distribution of initial cracks is assumed, this 

distribution will be scale-dependent and scale effects will be predicted. 

Secondly, coupled effects are also built into this approach. The changes in the 

thermal and hydraulic properties due to the evolution of the crack network 

can be calculated in a straight forward manner using the principles of rock 

fracture mechanics. Finally, the crack relationships from this approach can be 

easily implemented into a finite element method to model complex pillar 

geometries. This approach has been used successfully in modeling tuff [Wang 

and Kemeny, 1992], sandstone [Myer et al., 1992], granite [Kemeny, 1991], and 

other rocks. 

The approach involves four steps, as illustrated in Figure 1.2 and 

described below. 

Stqj 1: Sample Testing and Digital Imaging. In this step, coal samples are 

subjected to various conditions in the laboratory to induce progressive crack 

growth. The purpose of this step is to investigate the physics involved in the 

deformation and failure of coal. This involves studying the initial crack 

network of coal, and the evolution of the fracture network when coal samples 

are subjected to different compressive stresses. Several testing techniques are 
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utilized to obtain fracture images, including resin injection and SEM analyses. 

All images obtained are digitized in the computer using a flatbed scanner (for 

SEM images) or a digital video camera. 

Step 2: Characterization and Model Development. From the digital images, 

image processing techniques are used to characterize the initial crack 

distribution and the progressive damage of the coal at various stages of 

deformation. This involves obtaining information on the primary fracture 

parameters, including crack length, orientation, spacing, and density. Based 

on these results, a mechanical model for the fracture evolution in coal is 

developed. The model is based on the principles of rock fracture mechanics. 

The accuracy of the model is validated by simulating the crack evolution and 

the nonlinear stress-strain behavior of laboratory tests. 

Step 3; Implementation of Model into FEM Codes. Once the crack model has 

been validated, it is implemented into 2D and 3D finite element codes. Each 

element can contain a statistical assemblage of cleats, bedding planes, and 

joints. In each element, the crack model is used to calculate the growth, 

interaction, and coalescence of cracks in that element resulting in nonlinear 

deformation. Also, stress-induced anisotropy is introduced in each element, 

and the elastic constants are changed according to the crack growth. 



Pillar Design Examples 

Implementation of Model Into FEM 
Stress-induced Anisotropy 
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Mechanical Model Development 

Figure 1.2 Illustration of the approach developed for coal pillar design 



Sfep 4: Pillar Design Examples. For the demonstration of the model, three 

dimensional coal pillars are modeled. A set of runs are made with different 

pillar dimensions, loading conditions, and material properties. The results 

are compared with actual pillar behavior to determine the accuracy and 

usefulness of the model. 

1.3 Layout 

This dissertation is organized into several chapters. In Chapter 2, 

general information on coal samples used in this dissertation is presented. 

The coal samples were obtained from Twenty Mile Coal Mine, Colorado and 

McKinley Mine, New Mexico. General geology, formation, and field of the 

sources are introduced. Also, the physical properties of the two types of coals 

are presented. Uniformly spaced discontinuities are a characteristic feature of 

coal. The classification of the discontinuities and the general scale of the 

discontinuities are discussed. 

In Chapter 3, the results and the analyses of various laboratory tests are 

presented. To help elucidate the process of crack growth in coal, a creep test 

was performed. The pre-existing and stress-induced cracks are examined to 

obtain statistical information on crack length and orientation. A rheological 

model was applied to the result of the creep test. To study the pattern of 

deformation of failure of coal samples, uniaxial tests were conducted with 
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and without resin injection. With resin injection, resin with fluorescent dye 

was allowed to penetrate through all the connected fractures in order to 

observe the pattern of pre-existing cracks and their growth when cut and 

illuminated with a fluorescent light. Under load, pre-existing cracks tend to 

grow in directions subparallel to the direction of the maximum principal 

stress. As the load approaches the peak stress, spalling starts to occur in areas 

of high crack density. Finally, at the peak stress, major fractures are created 

subparallel to the maximum principal stress direction, along with significant 

failure of sample. A series of scanline surveys were conducted on unloaded 

and loaded samples. The statistical information of crack spacing and 

frequency of loaded and unloaded samples are introduced. The results based 

on geometric probabilistic approach are compared with the results from the 

direct measurement. 

Based on the results and analyses in the previous chapter, a mechanical 

model is developed in Chapter 4. Microscopic studies indicate that two 

primary mechanisms for rock fracture in coal occur, extensile crack growth 

from pre-existing cracks, and shear cracking either from preferentially aligned 

discontinuities or through the connection of en-echelon arrays of extensile or 

pre-existing cracks. The model compares the stress intensity factor with the 

critical stress intensity factor (fracture toughness) and if the stress intensity 

factor for a given crack is greater than the fracture toughness, the crack is 

allowed to grow. As cracks grow, interact with each other, and coalesce, the 
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model calculates the deformation and the resulting non-linear stress-strain 

behavior. The model describes the growth of extensile cracks and the 

transition to shear faulting. 

In Chapter 5, the mechanical model is implemented into two and three 

dimensional finite element programs. First of all, input parameters of 

material properties, crack information, and boundary conditions are 

determined. The program decides the magnitudes and orientations of 

principal stresses. Stress-induced anisotropy is introduced in the direction 

parallel to the maximum stress. Then, the stress-strain matrix is modified for 

the condition of transverse isotropy. As cracks grow, the new effective elastic 

moduli are calculated based on the principles of rock fracture mechanics. 

Therefore, the implementation of the model mainly consists of stress 

transformation, calculation of stress intensity factors, modification of the 

stress-strain matrix for anisotropy, and calculation of effective elastic moduli. 

Simple examples are finally taken. 

In Chapter 6, conclusions are drawn from the laboratory observations, 

modeling works, and numerical analyses, followed by suggestions and further 

study plans. 
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CHAPTER 2 

SELECTION OF TEST MATERIAL 

2.1 Introduction 

Rocks may be considered as weak in the sense that they consist of low 

strength, intact materials or weak in the sense that due to the presence of 

pervasive fracturing, a rock mass behaves in a weak manner. Either way such 

rocks pose particular problems of engineering, falling somewhere between 

the areas of interest occupied by soil mechanics and rock mechanics. Weak 

rocks are often difficult to describe, to sample, to test and ultimately can cause 

major problems for engineering works. Weak rock is usually defined by its 

cohesion and uniaxial compressive strength. According to the ISRM 

Commission of Classification of Rocks (1981), rock which has its uniaxial 

compressive strength between 2 and 20 MPa is classified as weak rock. Weak 

rocks also have the characteristics of slaking, swelling, and high porosity. One 

possible way to classify weak rocks is based on their origin. Oliveira (1990) 

classified weak rocks according to the following four consequences: poor 

bonding conditions of components, weathering of components (swelling of 



43 

clay minerals), tectonisation (shearing due to folding and faulting), and the 

presence of cavities (voids and caverns). 

Keeping these considerations in mind, coal is definitely classified as a 

weak rock. Coal is a sedimentary rock consisting mainly of the residue of 

degraded biologically, physically, and chemically altered plant tissues and 

plant tissue extracts. Coalbeds are generally well layered and stratified parallel 

to the bedding planes. The average uniaxial compressive strength of coal is 

about 15 MPa. Coal is weak due to a combination of poor bonding 

(argillaceous nature of sedimentary origin), shearing (fractures), and the 

presence of cavities (soft inclusions). In addition to being weak, the design of 

coal pillars presents additional problems including the size and shape effect, 

and the interaction with relatively more competent roof and floor strata. 

In this dissertation, the deformation and failure mechanism of coal as a 

weak rock is examined for a new coal pillar design approach based on rock 

fracture mechanics. The general properties of coal are given in the next 

section. Also, published data of coal by different researchers are summarized. 

Finally, two source locations, McKinley and Twenty Mile Coal Mine, are 

desCTibed. 
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2.2 General description of coal 

Coal is a mixture of combustible, metamorphosed, plant remains that 

vary in both physical and chemical composition. Coal commonly contains 

numerous closely spaced fractures that exert control on coal quality, stability, 

and minability. The fractures include bedding planes and cleats. Bedding 

planes are discontinuous surfaces where the bonding between successive 

layers of deposition has not completely taken place. Bedding planes are 

usually horizontal, and do not have a strong effect on the geometric 

configuration in mine operations. Cleats are the natural vertical system of 

fractures in coal that are equivalent to joints in other sedimentary rocks. The 

origin of cleats is related to either compaction and coalification or tectonic 

forces. Two cleat sets in an orthogonal pattern are designated face and butt (or 

end) cleats. Face cleats are commonly planar, smooth-sided fractures that 

usually comprise the most prominent fracture set. According to McCulloch 

(1974), face cleats were formed as extension fractures during structural 

deformation while butt cleats were formed as release fractures during erosion 

and uplift. One objective criterion for distinguishing face and butt cleats is the 

apparent timing relationship revealed by abutting and crosscutting relations. 

Based on abutting relations, face cleats are the earliest formed fractures. Butt 

cleats formed later and in most cases intersect and terminate against face 

cleats at angles of approximately 90°. Some data on cleat spacings and other 



45 

information for several different types of coal are sumnnarized in Table 2.1. 

In addition to its traditional application to coal mine design and safety, 

information on coal fracture patterns has recently been used for planning 

coalbed methane exploration and development [Harpalani, 1983, 1991; 

Durucan, 1986; Ates, 1988; Owili-Eger, 1989; Laubach, 1991; Gamson, 1991, 

1993]. Cleat strike and spacing are important in coal mining, because the coal 

is more readily mined in the face-cleat direction [McCulloch et al., 1974; 

Laubach et al., 1991]. These attributes of coal fractures, and the occurrence of 

zones of fracture intensification, are also important in the assessment of roof 

stability, pillar stability and preferred directions of gas and water flow in coal 

mines. 

Coal strength is an important parameter for the design of pillars. Coal 

is a relatively weak material with a compressive strength between 1 and 20 

MPa depending on the size of the sample and the confining conditions. In 

addition, due to the presence of cleats and bedding planes, coal is not 

isotropic. As a result, coal has different elastic properties in the three 

mutually orthogonal directions. 

Another important feature of coal is its significant variation of 

mechanical properties according to the change of moisture content and the 

amount of clay present. It is known that the presence of moisture significantly 

reduces the strength of coal [White & Mazurkiewicz, 1989; Arnold, 1991]. 



Table 2.1 Mechanical properties and fracture scales of coals 

Author Sample Size Oj 
(MPa) 

Ol 
(MPa) 

<>(°) E (CPa) Moist. Crack 
Content Length 

(%) (mm) 

Crack 
Spacing 

(mm) 

Crack 
Width 
(mm) 

Remark 

Wilson 
(1962) 

British coal 1" Diameter 
Cylinder 

<34.5 5.5 
-51.7 

30.0 
-40.5 

McCulloch 
ct al. 

(1974) 

Yorkshire 
coal field 

60 
4.2 

For Durain bands 
For clean and bright coal 

Atkinson & Ko 
(1977) 

6 U.S. coaJs 
from WV, 
PA, NM, 

UT, WY. MT 

2" Diameter 
Cylinder 

< 10 5.5 
-77.9 

47.4 
-56.7 

1.7 
-10.7 

-25.4 
Face 

Cleat 

Triaxial tests. Cohesion ranges 
from 0.49 MPa to 3.2 MPa. 

Szwilski 
(1984) 

No. 5 scam 
in Eastern 
Kentucky 

12" Cube 

0-5.6 

0-5.6 

0.7 - 4.2 

0.7 - 4.2 

E,=3.64 
E,=3.61 

Ej=5.70 
E,=2.90 

Ratjack triaxial tests with 
borehole deformation 
measured. E„„>E„^>E^. 
Borehole perpendicular to 
the bedding planes. 

Borehole parallel to the 
beddine planes. 

Tang 4c Peng 
(1988) 

Upper 
Freeport 

seam 

5.60 2.02 

While & 
Mazurkicwics 

(1989) 

Nemo coal, 
Moberly, 
Missouri 

1.5" Cube 22.3 
19.6 

15.8 
12.5 

1.65 
1.08 

1.53 
1.06 

3.7 
12.0 

3.7 
12.0 

Load perpendicular to the 
bedding planes. 

Load parallel to the bedding 
planes. 

Chen & 
Harpalani 

11.2 0.04 Crack width = Crack 
aperture. 

Zipf& 
Bicniawski 

(1990) 

2.45 
-7.72 

- 1 
to tens 
of cm 

Dynamic Young's Modulus 

Palmer & 
Sparks 
(1991) 

Black 
Wanior 

Basin, AL 

1.59 
-4.76 

Induced fractures by 
downhole TV Camera 

Laubach, 
Tremain, & 

Ayers 
(1991) 

Fruitland 
Formation, 
San Juan 

Basin, NM 

10-100 
20 

1 -3 

1-300 
3-63 
1 ~3 

5 
In-situ 
Face cleat 
Vertically disoont. deal 
Microfracture 

41  ̂



Table 2.1 Continued 

Author Sample Size a, 
(MPa) 

o. 
(MPa) 

( > ( ° )  E (CPa) Moist. 
Content 

(%) 

Crack 
Length 
(mm) 

Crack 
Spacing 

(mm) 

Crack 
Width 
(mm) 

Remark 

Camson, 
Beamish, & 

Johnson 
(1991, 1993)) 

Permian 
coal, Bowen 

Basin, 
Australia 

1 - 2  c m '  0.1 -
corc 

0.3-2 0.1 -2 Macrofracture 
Face cleats 

Kulandcr St 
Dean 

(1993) 

Pennsylva-
nian & 

Permian 
coal 

Several 
mm 

to 2 m 

In-situ 
Domain boundaries and 
trend reported 

2U)ang 
ct al. 

(1995) 

Alma Scam, 
WV 

3" cube 17.3 
-25,8 

-1 

Jeon 
(1995) 

McKinley 
Coal Mine, 

NM 

2" Diameter 
Cylinder 

5.5 
-24.4 

0.60 
- 1.02 

- 10 43 
-10.2 

Scanlinc survey 
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In conclusion, the general properties of coal can be only given in a 

qualitative manner owing to the large variability. The variability of coal 

results from the difference of chemical and physical environment during 

formation, including rank, ash content, moisture content, fracture pattern in 

terms of spacing, frequency, filling material, and relative orientation, etc. On 

the other hand, for a specific coal from a specific location, the properties can 

be determined with a relatively high accuracy. This is important for design 

and explains the importance of characterization. The different properties of 

different coals are well published by many researchers as shown in Table 2.1. 

2.3 McKinley Coal 

McKinley is Pittsburg & Midway Coal Company's largest mine. Located 

20 miles northwest of Gallup, New Mexico (Figure 2.1), it began operation in 

1962. Half of the mine is on the Navajo Reservation. As a surface mine, 

McKinley has a production capacity of 6 million tons a year, of which 1 

million tons are still unoperational. Recoverable reserves total more than 170 

million tons of coal, about half of which remains to be produced. Coal is 

mined from depths of up to 200 feet, using a combination of truck/shovel and 

dragline stripping techniques. McKinley has two loading facilities. One is 

dedicated to unit-trains, using a computerized load-cell system to pre-
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measure coal to the exact capacity of the railcars. The second facility loads 

shorter trains operating at a rate of about 750 tons an hour. Both facilities are 

served by the Atchison, Topeka & Santa Fe Railway. 

Five late-Cretaceous-age coal zones in the Gallup field are being mined 

at McKinley. In each zone, there are three to five seams minable ranging from 

18 inches to 8 feet in thickness. The Gallup field is on the southwestern edge 

of the San Juan Basin, extending southward into the shallow, northward-

plunging syncline called the Gallup Sag. North of the town of Gallup, the 

Cretaceous coal-bearing beds are overlapped by Tertiary strata of the Chuska 

Mountains. The coal-bearing units in the Gallup field are the Gallup 

Sandstone, the Dilco and Gibson members of the Crevasse Canyon Formation 

and the Cleary Coal Member of the Menefee Formation. All of the coal beds 

within these units are lenticular and only a few show more than two miles of 

lateral continuity. Coals in the Gallup Sandstone are of limited extent. The 

basal Dilco Member of the Crevasse Canyon Formation contains five thick 

coal seams, the Black Diamond bed being the most extensive. The Cleary-

Gibson Member also contains five commercial coal beds. One seam is locally 

12 feet thick. These coals generally are of high-volatile C bituminous apparent 

rank. 

Considerable blocks of coal have been mined out by the underground 

mines between 1880 and 1951. An estimate of the remaining strippable coal 

under less than 250 feet of overburden is 801 million toris. These are being 
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mined now. The weighted average of 155 as-received analyses from the 

Gallup field Dilco and Cleary-Gibson coals is presented in Table 2.2. 

2.4 Twenty Mile Coal 

Located 18 miles southwest of Steamboat Springs in Colorado's Routt 

County (Figure 2.2), Cyprus Amax Coal Company's Twenty Mile is recognized 

as one of the most technologically advanced underground coal mines in the 

industry equipped with longwall and continuous miner systems, setting a 

new world record for production of 689,759 tons of clean coal per month 

[www.newswire.ca/release/February 1996]. Opened in 1983, longwall mining 

panels were expanded in 1993 to 840 feet wide and 11,000 feet in length to 

provide for expanded production. The product is a very clean burning coal 

with a high energy content. Coal reserves are estimated at 140 million tons. 

The Yampa field in the Green River region is being mined at Twenty 

Mile. The southeast arm of the large Green River coal region is located in 

Moffat and Routt counties in northwest Colorado. The perimeter of the 

Green River region is defined by the base of the Upper Cretaceous Mesaverde 

Group. A major part of the region contains multiple coal beds in several 

formations below a depth of 3,000 feet. The coals in the Green River region 

are principally high-volatile C bituminous in rank and vary in thickness 
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from approximately 3 to 20 feet. The average properties of coal are presented 

in Table 2.3. 

2.5 Summary 

Coal is the largest single item produced by volume and value in the 

U.S. mining industry. About half of the production is from underground coal 

mines, most of which face coal pillar design problems. So far, coal pillar 

design has been based on the ultimate strength approaches. But it is necessary 

to apply the progressive failure approach to improve the productivity and the 

safety of mines. To apply the progressive failure approach, information on 

fractures in coal such as crack length, crack orientation and crack density 

should be considered. In nature, the fractures vary in both size and frequency 

depending on the environmental conditions when the coal is formed. In this 

chapter, the general information of coal was presented and the various 

properties of different coals were collected and tabulated. 

In the next chapter, fracturing of coal samples obtained from the 

McKinley Coal Mine and the Twenty Mile Coal Mine are carefully observed 

and analyzed in several different types of laboratory tests. Stress induced 

cracks at different levels of stress are also examined. The distributions of crack 
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length, crack orientation, crack density are then used as input parameters for 

the models which will be discussed later. 
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Table 2.2 Average properties of McKinley coal 

Analyses Amount 
Moisture Content (%) 14.5 

Ash Content (%) 14.0 
Volatile Matter (%) 36.8 
Fixed Carbon (%) 55.9 

Sulfur (%) 0.5 
BTU/lb 9,850 

Table 2.3 Average properties of Twenty Mile coal 

Analyses Amount 
Moisture Content (%) 10.3 

Ash Content (%) 9.8 
Volatile Matter (%) 34.6 
Fixed Carbon (%) 45.1 

Sulfur (%) 0.45 
BTU/lb 11,200 
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CHAPTERS 

TESTS AND ANALYSES 

3.1 Introduction 

In this chapter, the mechanics of deformation and failure of coal under 

compression is observed from different types of laboratory tests to develop a 

proper mechanical model. At the same time, the distributions of length, 

orientation, and spacing of the pre-existing as well as the stress-induced cracks 

are also observed as input parameters for the model that is developed. It 

should be noted that all the coal samples were kept in water since it is known 

that the mechanical properties of coal are sensitive to the change of the 

moisture content [White & Mazurkiewics, 1989; Arnold, 1991]. But when 

exposed to air for a test, a coal sample starts to dry out. It can cause an extra 

deformation. The measurements made in the laboratory tests may include 

the deformation due to the drying cycle. However, the results are still 

applicable because a coal pillar in field suffers a repeated drying and wetting 

cycle due to the variation of the humidity. 
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In a creep test, crack growth is monitored with a video camera and 

their statistical information is obtained. In imiaxial compression tests, a series 

of coal samples are prepared with bedding planes at different angles to the 

axes of the samples to observe the deformation and failure mechanisms. 

Also, a resin injection technique is used to examine the crack distribution 

inside the samples at different levels of stress. Scanline surveys are conducted 

to obtain the statistical information of crack spacing and frequency of loaded 

and unloaded samples. The results and analyses are presented in the 

following sections. 

3.2 Creep test to monitor crack growth 

3.2.1 Introduction 

One of the difficulties in monitoring the growth of cracks in brittle 

materials in laboratory compression tests is the short duration over which the 

crack growth occurs. In many cases, the crack growth is unstable, resulting in 

crack growth for at most several seconds. In order to slow down the 

progression of the crack growth under uniaxial load, a creep test has been 

conducted. The creep behavior of rock is itself a subject that requires 

considerable investigation. Creep is defined by time-dependent deformation. 
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A creep test is usually intended to study the following problems: (1) The 

deformation caused during long-time creep may result in malfunction of the 

structure. (2) The stress distribution during a creep process is different from 

that in the elastic state. (3) Rupture may occur very abruptly after a certain 

amount of creep deformation has developed. In the low temperature, low 

pressure regime, the mechanics of crack growth during a creep test are almost 

identical to those under a triaxial test using standard strain rates of 

sec-^ (Atkinson, 1991). 

There are some difficulties in experimental procedure for the creep test. 

The most difficult one is the choice of stress, since each creep test is expected 

to take a considerable time, e.g. several days, weeks, or months. If the stress 

chosen is too high, failure occurs too soon. If the stress is too low, there will 

be little or no deformation at all. Therefore, it is common to use 70% of the 

ultimate compressive strength for strong rocks and 50-60% for weak rocks 

with a high moisture content (Farmer, 1983). But there is still the difficulty of 

maintaining the load constant over a long period of time. To avoid these 

difficulties, incremental stress or constant strain is sometimes applied. In the 

incremental creep measurements, the stress is increased by fixed amounts at 

regular intervals, but these experiments are difficult to interpret. In the latter 

case, termed a relaxation test, the decline in stress is monitored when strain is 

held constant. The other difficulties of creep measurements are keeping the 

temperature and moisture content constant, since the strains are so small. 
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There are two types of mechariisms to explain creep in rocks, mass flow 

and cracking (Goodman, 1989). Some rocks e.g. rock salt, sands, and shales, 

creep with mass flow involving movement of dislocations and 

intracrystalline gliding, or migration of water and movement of clay layers. 

On the other hand, hard rocks like granite and limestone will creep when the 

deviatoric stresses are sufficient to cause new crack growth. As the applied 

stress increases, the network of cracks changes through the lengthening of old 

cracks and the initiation of new ones. 

3.2.2 Test results 

A creep test on a Twenty Mile coal sample was conducted for 33 days. A 

rectangular coal sample of 1.971" by 1.186" by 1.408" (5 cm x 3 cm x 3.58 cm) 

was prepared so that one of the faces of the sample could be imaged using a 

digital video camera (Figure 3.1). The bedding planes were placed 

horizontally, and the load was applied perpendicular to the bedding planes. 

To determine the value of the creep stress to be applied to the sample of 

Twenty Mile coal, a few preliminary point load tests and uniaxial 

compression tests were performed. Uniaxial compressive strengths of 2800 psi 

(19.3 MPa), 2800 psi (19.3 MPa), and 4700 psi (32.4 MPa) were determined from 

the point load tests, and 3200 and 3200 psi (22.1 MPa) from the uniaxial 
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compression tests. Based on the preliminary tests, the compressive strength of 

the Twenty Mile coal was determined to be approximately 3000 psi (20.7 MPa) 

when the load is applied perpendicular to the bedding planes. The creep stress 

was irutially set to 2000 psi (13.8 MPa) which is about 70% of the minimal 

strength (2800 psi) obtained to prevent early failure of the test sample. As the 

creep test proceeded, it became obvious that the strength of the sample was 

greater than 3000 psi since no cracking and very little displacement was 

occurring. Therefore, incrementally the stress was increased. Also, the load 

fluctuated on a daily basis due to the lack of a servo-controlled device on the 

laboratory equipment. Neither of these problems, however, should alter the 

interpretation of the crack growth pattern. 

Figure 3.2 shows the strain of the sample as a function of time. The 

strain fluctuated daily since the load changed daily. The load was increased by 

100 psi (0.69 MPa) each day starting from 2000 psi (13.8 MPa) and kept constant 

for 4-5 hours during which the deformation was measured. The load was 

then allowed to drop without any measurement of the deformation for the 

rest of the day due to the loss of the hydraulic pressure of the loading frame. 

The whole test took 33 days, but the continuous time frame with 

measurement of the deformation was about 6 days long as shown on the 

abscissa in Figure 3.2. The strain increased monotonously until the sample 

failed except at 480,000 seconds, where a sharp increase of strain occurred due 

to a local spalling-out along the left side of the sample. The sample failed at 
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4200 psi (29.0 MPa) which is greater than the average strength but within the 

scatter of the strength results. The reason is that the sample was just stronger 

than the average of those tested due to sample-to-sample variation. In the 

creep test, the strain due to constant or incremental load is of interest rather 

than due to relaxant load. Therefore, the data points lying on the upper edge 

of Figure 3.2 are to be interpreted. The creep behavior is analyzed using a 

rheological model later in this chapter. 

Figure 3.3 shows a plot of axial stress vs. axial strain during the test. A 

number of loading-unloading cycles occurred due to stress relaxation and 

subsequent reloading, and these were used to determine Young's moduli at 

various times during the test. Young's moduli decreased with time from the 

initial value of 1.09 GPa to the value of 0.63 GPa just before failure. The 

decrease is due to the growth of cracks, as discussed by Goodman (1989, pl85). 

The range in Young's moduli for this test belong to the range of those 

suggested by Evans and Pomeroy (1966) and given by the Keystone Coal 

Industry Manual (1992). A permanent strain of about 15% of the total strain 

occurred, as is evident from Figure 3.3. 

The deformation of the sample during the creep test was monitored 

using a high resolution digital video camera. From the record of the 

deformation, six images were selected for detailed image processing analyses. 

These images are referred to as Stages 1 through 6,1 being the image in its 

initial state, and 6 immediately prior to failure. The images were corrected to 
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fit the same area and to have the same overall gray level distribution, which 

was necessary to take into account changes in lighting conditions and changes 

in the zoom setting of the camera. Figure 3.4 and Figure 3.5 are examples of 

the images taken at Stages 2 and 5 after area and gray level corrections, 

respectively. There are remarkable differences between two images, including 

local breakage on the left side and spalling-out on the top and the right part of 

the sample. In Table 3.1, the information of each image which was obtained 

from the image analysis before and after corrections is presented. Digital 

images were processed on a Macintosh computer using the NIH Image 

program from the National Institute of Health. For one of the images from 

Stage 2, a binary image was created by thresholding the 256 gray level image 

into an image with only white background and black fractures as shown in 

Figure 3.6. From this binary image Image calculates the position, orientation, 

and aperture of each fracture. Table 3.2 summarizes the results of this 

analysis. The data in this table are scaled in pixels which are later converted 

into a metric scale. From this analysis. Figure 3.7 and Figure 3.8 give the 

relationship between crack length and crack orientation for Stages 2 and 5, 

respectively. Each small circle with a dot in the center represents a crack with 

the specific length and orientation. The minimum crack length detected was 

about 2.5 mm which is the limit of the resolution of the camera. The 

maximum crack length was around 19 mm, which is the dimension of the 

sample. The crack distribution for Stages 2 and 5 represent the initial state and 
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the state near failure of the sample, respectively. In Stage 2, most cracks were 

parallel to either the face cleats or the bedding planes. On the other hand, in 

Stage 5, the cracks subparallel to the direction of loading have grown and new 

shorter aacks have also formed with random orientations. It was noted that 

the overall gray scale value of the image correlated with the level of cracking 

in the sample. Since the cracks appear dark in the image compared with the 

light background, as cracks grow, dark gray levels become prevalent in the 

image. Therefore, the overall gray scale value increases with crack growth as 

shown in Figure 3.9. For similar reasons, the variance of the gray level values 

was also found to increase with increasing crack growth. The average gray 

level and the variance in the gray level provide simple measures of crack 

growth in coal samples subjected to load. 

3.2.3 Analysis based on a rheological model 

The time-dependent deformation from creep tests on rock is often fit to 

exponential or power functions. Rheological models are commonly used to 

define the types of creep behavior. There are two fundamental models, the 

Hookean (linearly elastic) model represented by a spring, and the Newtonian 

(perfectly viscous) model represented by a dash-pot. Based on these two basic 

models, more complicated systems can be built up. Among several well 
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Figure 3.1 Testing set-up with a brief description of the sample 
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Figure 3.3 Stress-strain changes during the creep test 
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Figure 3.4 Image taken at Stage 2 (Height= 0.985") 

Figure 3.5 Image taken at Stage 5 
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Table 3.1 Description of each selected stage 

Before Any Correction 
Stage 1 Stage 2 Stage 3 Stage 4 Stage 5 Stage 6 

Time(min) 10 6969 8321 8625 8715 8720 
Width(pixel) 444 540 540 532 536 568 
Height(pixel) 329 324 318 315 314 305 

Area(pixel) 146076 174960 171720 167580 168304 173240 
Mean 162.69 133.37 152.42 148.45 159.24 176.79 

Std. Dev. 20.43 33.46 30.98 31.54 36.95 45.73 
Min. 69 12 27 29 22 24 
Max. 251 254 254 254 254 254 

After area corroction and gray scale calibration 
WidtMpixel) 542 545 545 543 541 545 
Height(pixel) 316 314 315 315 314 314 

Area(pixel) 171272 171130 171675 171045 169874 171130 
Mean 137.68 133.42 140.32 146.57 156.24 175.13 

Std. Dev. 26.87 32.93 34.96 34.44 38.10 47.66 
Min. 15 16 15 17 17 17 
Max. 253 254 255 254 254 255 
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Figure 3.6 Binary image of Stage 2 processed by Image 
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Table 3.2 Description of each crack at Stage 2 

Number Area X y LcnfCth Major Minor Angle 
1 18.00 66.17 254.22 32.97 16.87 1.36 109.38 
2 28.00 76.25 249.11 56.97 20.41 1.75 101.42 
3 18.00 391.28 253.78 32.14 15.29 1.50 106.34 
4 32.00 274.91 246.41 58.97 29.31 1.39 100.84 
5 25.00 8.56 244.56 38.36 18.14 1.75 139.62 
6 27.00 111.89 236.89 51.31 23.29 1.48 97.39 
7 20.00 28.40 237.05 40.14 15.51 1.64 17235 
8 123.00 173.84 235.02 234.36 60.73 2.58 179.49 
9 36.00 14.42 225.81 65.67 16.81 2.73 142.68 

10 24.00 101.00 222.50 44.14 21.77 1.40 103.09 
11 161.00 254.04 228.23 297.88 54.17 3.78 177.22 
12 229.00 315.70 210.81 421.34 58.81 4.96 4.75 
13 24.00 283.67 221.17 38.28 16.17 1.89 129.26 
14 26.00 107.81 216.77 48.14 17.02 1.95 88.07 
15 17.00 27733 21933 31.31 13.33 1.62 10033 
16 17.00 269.88 216.88 33.66 19.23 1.13 92.00 
17 62.00 202.47 216.84 118.21 45.38 1.74 5.56 
18 64.00 151.78 202.72 98.78 44.64 1.83 34.09 
19 50.00 281.14 179.64 96.14 44.73 1.42 95.97 
20 38.00 301.50 185.00 70.97 28.95 1.67 98.17 
21 21.00 7.67 191.00 44.18 18.77 1.42 134.87 
22 154.00 316.23 168.27 254.18 46.87 4.18 2438 
23 6.00 23.50 180.33 15.73 8.32 0.92 147.40 
24 67.00 61.19 153.99 120.77 44.24 1.93 97.36 
25 146.00 179.97 157.53 245.79 45.67 4.07 21.83 
26 14.00 20.64 165.36 28.14 9.12 1.95 77.12 
27 14.00 312.29 160.79 26.49 13.56 1.31 100.27 
28 29.00 72.07 153.97 50.63 17.21 2.15 81.64 
29 42.00 159.24 159.26 79.38 23.92 2.24 7.78 
30 28.00 248.54 156.96 54.90 30.12 1.18 5.62 
31 95.00 25.29 109.56 195.60 47.05 2.57 9338 
32 122.00 283.90 121.60 185.08 52.10 2.98 43.84 
33 SO.OO 91.76 129.26 100.97 46.86 1.36 94.90 
34 34.00 207.32 145.18 65.73 34.89 1.24 5.04 
35 38.00 201.18 128.32 74.90 33.95 1.43 2.30 
36 61.00 301.16 105.79 108.77 28.75 2.70 92.98 
37 36.00 381.50 121.44 75.73 33.40 1.37 1.40 
38 85.00 296.39 76.25 164.91 58.23 1.86 104.39 
39 26.00 387.50 105.50 52.56 19.81 1.67 4.42 
40 33.00 166.67 97.33 61.38 27.52 1.53 9.79 
41 55.00 225.31 88.84 105.38 32.80 2.14 3.34 
42 48.00 165.50 85.00 86.70 33.55 1.82 15.09 
43 18.00 281.83 83.33 34.90 17.07 1.34 171.76 
44 65.00 144.05 39.05 112.08 42.84 1.93 109.40 
45 78.00 255.67 76.71 147.87 42.24 2.35 176.11 
46 26.00 315.92 78.12 48.56 19.36 1.71 177.19 
47 26.00 323.69 62.19 49.31 22.37 1.48 100.02 
48 71.00 178.15 64.85 135.04 62.99 1.44 6.49 
49 76.00 255.22 34.43 138.77 31.03 3.12 92.19 
50 39.00 276.77 56.44 77.73 42.31 1.17 5.67 
51 64.00 314.08 28.45 119.46 44.10 1.85 93.60 
52 50.00 24.50 31.52 98.97 33.91 1.88 93.35 
53 69.00 349.14 50.22 138.56 54.44 1.61 1.49 
54 46.00 7.72 32.63 91.36 8.97 6.53 116.21 
55 15.00 327.27 40.87 29.31 12.75 1.50 108.03 
56 48.00 284.71 32.08 90.21 31.66 1.93 6.49 
57 74.00 352.65 30.27 145.38 54.05 1.74 17730 
58 54.00 111.85 19.65 92.43 27.19 2.53 19.77 
59 1.00 37.50 0.50 2.83 1.13 1.13 0.00 



69 

180 

-S- 135 
o 
O) (D 

g 90 

c 
® 

° 45 

0 
0 5 10 15 20 

Crack length (mm) 

Figure 3.7 Relationship between crack length and orientation at Stage 2 
• °
 

o
C 

o
 

o
 

1 
1 

i 

1 ' ' ' ' 

o 

Ub ' 1 1 1 1 1 1 

D ^ 

1?̂ . 
o 

o 

D ^ 

1?̂ . 
cso o 5 

°
 8

 

"a"""" 

o 
—1—1—1—i— 

o 

0 
—1 (P 1— 

180 

o 135+--
£ O) 0) T3 
C 
.2 
5 c 
(S 

90-

45-

o o 

•  ' o l  I  t o  P  
o 

o 

^ o 

8 
tr° 

•Q 

o o 
o 

0 9 o 
O" -o--O •o 
o G G 
o G 8 
o o G 

G o o G G 
o-

a.. 

0 o 

.k.. 

8 
6 o 

o 

8 

..Q.. 

•o-

O 
Q o o 

15 20 

^ 1  l ° | Q |  P  P  

0 5 10 
Crack length (mm) 

Figure 3.8 Relationship between crack length and orientation at Stage 5 



70 

200 

150 
o 
03 > 

S 100 (O 
s 
o 

50 

0 

0 100 200 300 400 500 600 
Time (xlOOO sec) 

Figure 3.9 Mean and variance of gray scale value as a function of time 

( 

. ' ' ' ' ' ' ' ' 
. , . I 

J ^ 
( > / -( 

Mean 
-o—^ / -( 

- -

< 

- -o ^ ; 
< 5 

Variance 
, . , , 

; 



71 

known simple linear viscoelastic models. Burgers model fits well to the creep 

behavior of rocks. Figure 3.10 shows the typical creep behavior of rock. Figure 

3.11 presents the theoretical behavior of the Burgers model, where it should 

be noted that the model only traces strain up to the onset of tertiary creep. The 

application of a compressive stress, a, to this model would result in a strain e 

which is given by the following equation, where t is elapsed time. 

The component at/rii represents the irrecoverable strain due to viscous flow 

in the dashpot t]i. The slope of the linear portion of Figure 3.11 gives a 

measure of the viscosity Tii. The recoverable component <3/E\ is the 

instantaneous strain occurring in the spring Hi and the recoverable 

component (a/E2)[l-exp(-tE2/'n2)] is due to the closing of the spring E2 agairist 

the action of the dashpot ri2-

From Figure 3.2, the instantaneous strain of 0.013 (1.3%) and the 

applied stress 13.8 MPa (2000 psi) give Ei of 1.06 GPa. And the slope (2.24x10'® 

/sec) gives the viscosity, rii, of 9.24x101^ poise, which is reasonable for 

bituminous coal (Evans & Pomeroy, 1966). By curve fitting, E2 and ri2 are 3 

(3.1) 
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GPa and 5x10^ poise, respectively. The true static modulus Eg is given by 

Equation 3.2. 

1/ES=1/Ei+1/E2 (3.2) 

The true static modulus of the sample is about 0.78 GPa, which falls between 

1.09 GPa and 0.63 GPa obtained from the stress-strain relationships in Figure 

3.3. 

3.3 Uniaxial compression tests 

Coal has a characteristic systematic fracture network consisting of 

bedding planes and two mutually perpendicular set of cleats. These 

discontinuities strongly affect the deformation and failure of coal. In most 

cases, the bedding planes lie horizontally. However, depending on excavation 

geometry and the in-situ stress state, the maximum principal stress may be at 

various angles relative to the discontinuities. Therefore, uniaxial tests were 

conducted with the direction of the load at various angles relative to the 

bedding planes. The strength anisotropy which is the variation of 

compressive strength with loading direction, has been already established in 

detail by many researchers (Chappell, 1989; Prucz & Fu, 1989; Goodman, 1976). 
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Hence, the primary purpose of the tests is to understand the mechanisms 

involved in coal deformation and failure when the direction of the principal 

stresses varied with the orientation of discontinuities. 

Most bituminous coals disintegrate during either the coring or 

machining stages. Therefore, many researchers have prepared their own 

respective specimens to ensure the quality of the experiments (Harpalani, 

1984,1988,1990; Szwilski, 1984; Druncan & Edwards, 1986; Voltz, 1988; Ates & 

Barron, 1988; Khair et al., 1989; White & Mazurkiewincz, 1989). In this study, 

several 2 inch diameter coal specimens were cored out of lumps from the 

McKinley Coal Mine, New Mexico, with the three different angles of 0°, 45°, 

and 90° relative to the bedding planes. Great care was taken during the coring 

and grinding stages, employing high rotational speeds and slow feeding rates 

for the core drill bit and grinding blade. 

The results of the tests are summarized in Table 3.3. All the samples 

failed in a very brittle mode showing a little strain hardening behavior. The 

maximum and minimum values of strength were obtained from Sample UX-

BPO and UX-BP45-1, respectively. The Young's moduli fell between 0.587 and 

1.02 GPa, and the Poisson's ratio varied from 0.114 to 0.167. These values 

agree with published data by Evans and Pomeroy (1966). However the 

strength anisotropy can not be obtained from the results of these tests due to 

the large scatter in the tests results. For instance, for the 2 samples tested with 

bedding planes 45° with the loading direction, one sample failed at 5.5 MPa 
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and the other at 18.8 MPa. This inconsistenq^ is mainly due to the variation of 

environmental conditions in which the coal is formed, and unidentified 

repeated drying and wetting cycles (Arnold, 1991; White & Mazurkiewicz, 

1989). 

However, even though there is a large scatter in the results, the pattern 

of deformation and failure of the samples are still of interest. From the 

uniaxial compression tests, details of the deformation and the failure were 

carefully examined. In all samples the behavior was linear up until the point 

of failure. Distinct differences in the way the samples failed were found 

depending on the orientation of the bedding planes relative to the loading 

direction. Figure 3.12 presents sketches of failed samples with three different 

angles of bedding planes relative to the direction of the load. In Figure 3.12, 

the black and the dotted planes are the bedding plane and face (predominant) 

cleat directions, respectively. The load was applied parallel to the axes of the 

samples, which is vertical in the figure, and the solid lines denote the surfaces 

of failure. All the samples broke along the intersections of discontinuities. 

The sample with horizontal bedding planes (Figure 3.12 (a)) had a relatively 

higher strength than others resulting in crushed zones with fine powder in 

the middle and the central sides of the sample which were caused by shear 

localization. Cracks propagated along the intersection of the bedding planes 

and the cleats where extensile crack propagation was predominant. The 

sample with the bedding planes angled with 45° (Figure 3.12 (b)) showed shear 
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failure along the bedding planes. At the top and the bottom of the sample, 

local crushed zones developed. There were some vertical planes of failure 

due to the extension of the existing cleats. The sample with vertical bedding 

planes (Figure 3.12 (c)) showed splitting failure due to extensile crack growth. 

In summary, it was observed throughout the tests that the cracks propagated 

eilong the intersections of pre-existing discontinuities, and both shear and 

extensile crack growth occurred depending on the direction of the load 

relative to the bedding planes. 

3.4 Uniaxial compression tests with resin injection 

In order to examine the damage in a sample due to uniaxial loading, a 

new test scheme was developed. In this scheme, a 2 inch (5 cm) diameter coal 

sample subjected to uniaxial stress was simultaneously injected with epoxy 

resin mixed with fluorescent dye. After drying, the sample was cut into 

several slices to observe the three dimensional crack distribution. The idea 

was that the resin with dye would penetrate through all the connected 

discontinuities, and when cut and illuminated with a fluorescent light, the 

pattern of pre-existing cracks and their growth could then be observed. This 

injection technique has been successfully used by Cavanaugh and Knutson 

(1960), Pittman (1970), Gardner (1980), and Wang and Kemeny (1992). 
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Table 3.3 Results of uniaxial compression tests of samples from McKinley 
Coal Mine, New Mexico 

Sample Angle Between Strength Young's Poisson's 
Load and (MPa) Modulus Ratio 

Bedding Planes (GPa) 
(Degree) 

UX-BPO 90 24.4 0.942 0.157 
UX-VBP-1 0 10.6 0.597 0.167 
UX-VBP-2 0 9.27 0.842 0.114 
UX-VBP-3 0 15.4 1.02 0.135 
UX-BP45-1 45 5.53 N/A N/A 
UX-BP45-2 45 18.8 0.755 0.135 
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Injection methods can utilize either Woods metal or epoxy resin. Resin has 

the advantage that it is less viscous than Woods metal and can thus penetrate 

into smaller cracks and pores. For this test plan, a special resin injection cell 

was made of transparent plastic as shown in Figure 3.13. The cell consists of a 

plastic hollow cylinder (Cast Acrylic Clear Tube, 0.25" Wall Thickness), two o-

rings (3/16" diameter) and ports. The o-rings at the top and the bottom of the 

cell hold the sample inside the cell and more importantly prevent the leakage 

of vacuum pressure and resin. The ports are designed to connect the vacuum 

pump and resin reservoir to the cell. 

The test procedure was as follows. A coal sample slightly longer than 

the cell (4 inch long) was inserted in the cell applying silicon grease around 

the o-rings. Resin glue (3M Scotch 2216 Epoxy Adhesive) was applied on both 

ends to seal the cell. The cell was put in the loading frame, and the load was 

applied. Two uniaxial loads of 200 lbs and 500 lbs (equivalent to 0.44 MPa and 

1.1 MPa) were used each on two different coal samples. Under the load, the 

cell was connected to a vacuum pump (Leybold Trivac, 1 /3 HP), and a 

pressure of 200 millitorr (= 2.632 x 10"^ atm, 1 Torr = 1 millimeter of mercury 

= 1.316 X 10-3 ATM) was applied for two days. Then the vacuum pressure was 

discormected and the resin was injected through the same port (Figure 3.13 

(a)). Scotchcast Resin No.3 from 3M Scotch consisting of two components was 

used. The two epoxy components were mixed in the ratio of 40% Part A and 
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60% Part B. Adding a small amount of methyl ethyl ketone reduced the 

viscosity. A fluorescent dye (Kodak Rhodamine B) was thoroughly mixed in 

the resin (3 gm of dye per 250 ml of resin). To enhance the efficiency of the 

injection, some modifications were made in which the vacuum pressure was 

applied even after the resin was injected (Figure 3.13 (b)). Once resin was 

injected, it was allowed to cure. The epoxy resin normally sets in three weeks 

at room temperature. For rapid setting, the resin was heated around the cell 

using a light bulb and insulation. During the setting, the cell was pressurized 

at about 200 psi with nitrogen gas to keep the resin inside the small cracks. 

The resin was allowed to set completely for normally 3 days. Then, the 

cell was carefully cut into 3 slices with a thin diamond saw, from which 6 

digital images (front and back of each slice) were taken with a digital video 

camera. Figure 3.14 is an example of one of the digital images of the cracks. 

The image was taken on the slice 11.6 mm apart from the bottom of the 

sample which was uniaxially loaded to 0.44 MPa. The procedure of the image 

processing was the same as used in the creep test explained earlier. 

The results of the image processing are presented in Figures 3.15 

through 3.23. Figure 3.15 and Figure 3.16 are scatterplots of crack lengths in 6 

different images when the uniaxial load was 0.44 and 1.1 MPa, respectively. A 

small circle with a dot in the center of it denotes a crack. On the abscissa, the 

distance measured from the bottom of the sample was presented. In Figure 

3.15, for instance, a group of cracks at 11.6 mm from the bottom of the sample 



81 

are observed in the image of that particular section. There are 71 cracks in 

total in Figure 3.15 of which the minimum and the maximum length are 2.50 

mm and 45.2 mm, respectively. In Figure 3.16, there are 67 cracks, and they are 

between 2.38 mm and 37.5 mm. In both cases, there are many short cracks 

whose lengths are less than 25 mm and a few long cracks greater than that. 

Also, there were no major differences in crack lengths in terms of the distance 

of the section from the bottom of the sample. The applied uniaxial stresses of 

0.44 and 1.1 MPa are far less than the strength of the samples. Therefore, it 

was assumed that there is no change in the distribution of crack length due to 

the applied uniaxial stresses. Figure 3.17 shows the distribution of all 138 

(71+67) cracks observed in the two samples. The distribution of crack length 

appears to follow a Poisson's distribution. Alternatively, if a large interval is 

employed on the axis of crack length, it seems to follow an exponential 

distribution. In addition, it should be noted that the limit of the resolution of 

the digital video camera prevented the small cracks from being detected. It is 

reasonable to assume that there exists many small cracks that so undetected, 

and that the distribution of crack length follows an exponential distribution. 

Hadley (1976) and Wong (1985) carefully observed crack lengths of Westerly 

granite by direct and geometric probability methods, respectively, and 

suggested an exponential distribution for crack lengths. 

Figure 3.18 and Figure 3.19 are scatterplots of crack orientations of the 

samples loaded up to 0.44 and 1.1 MPa, respectively. The two cylindrical 
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samples were cored from a lump of coal in such a way that the bedding planes 

are horizontal. After resin injection, the slices were cut parallel to the bedding 

planes. Therefore, the cracks observed on the slices are mostly face and butt 

cleats, which are separated by 90°. In Figure 3.18, there are distinctive clusters 

of cracks subparallel to 0° and 90°. One objective criterion for distinguishing 

face and butt cleat is the apparent timing relationship revealed by abutting 

and cross cutting relations. Based on abutting relations, face cleats are the 

earliest formed fractures. Butt cleats formed later and in most cases intersect 

and terminate against face cleats. But, in this case, it is not clear which set of 

cracks are face cleats as shown in Figure 3.14. In Figure 3.19, the clustering of 

crack orientations is not well defined by a 90° separation, but the distribution 

of crack orientations is definitely not random, but rather shows a few sets of 

fractures. Following the same presentation as for crack lengths, a histogram of 

crack orientations is plotted in Figure 3.20. There is a peak near 90° which is 

one set of fractures, and it seems to have a normal distribution around the 

peak. The other peak near 180° is not as clear as the peak near 90°. It is known 

that one set of cracks (face cleats) is dominant over the other set of cracks (butt 

cleats). 

Figure 3.21 and Figure 3.22 present the relationships between crack 

length and orientation for two samples. A small circle with a dot in the center 

denotes a crack having a particular length and orientation. It is observed that 

relatively long cracks favor the orientation of cleats, especially near 90° in 
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Figure 3.21. Relatively short cracks have a scattered pattern. Any crack growth 

in the samples would be due to the widening and extension of pre-existing 

cracks. 

Another measure of crack distribution is the crack density as defined by 

Equation 3.3: 

X=N-a2/A (3.3) 

where, x is the crack density (dimensionless), N is the number of cracks in a 

specific area A, and a is the average length of the cracks. Table 3.4 summarizes 

the data obtained from the tests showing how the crack densities are 

calculated. Figure 3.23 shows a plot of crack density in the sample. The 

average of the crack density is 1.17. 

3.5 Scanline Survey 

Statistical data on the distribution of microcracks in coal is required for 

numerical modeling. The distributions of crack length and orientation have 

been obtained from a series of tests including the creep test and compression 

tests with resin injection. The other parameter is crack spacing, which 

determines the number of cracks in a given unit area or volume. The best 

and the most accurate way to obtain the statistical data of microcracks is a 
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Figiore 3.14 Digital image of cracks on the slice 11.6 mm apart from the 
bottom of the sample when loaded up to 0.44 MPa 
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Figure 3.21 Relationship between crack length and orientation when imiaxial 
stress is 0.44 MPa 

Figure 3.22 Relationship between crack length and orientation when uniaxial 
stress is 1.1 MPa 
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Table 3.4 Summary of crack lengths at each different section 

Applied Distance from Average 
Uniaxial the Bottom of Crack 

Stress Section the Sample Number Length Crack 
(MPa) Number (mm) of Cracks (mm) Density 

1 11.6 13 16.4 1.82 
2 14.1 15 9.89 0.725 

0.44 3 25.9 10 14.7 1.07 
4 28.4 12 11.6 0.801 
5 63.5 6 16.9 0.842 
6 66.0 15 12.6 1.18 
1 14.4 6 18.1 0.967 
2 16.9 6 16.7 0.830 

1.1 3 33.0 13 14.6 1.36 
4 35.6 10 15.6 1.21 
5 47.9 16 14.0 1.54 
6 50.4 16 14.8 1.73 
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direct measurement of crack length, orientation, and spacing as performed 

using the NIH Image program on video images and Scanning Electron 

Microscopy images. This approach, however, is ambiguous because sections 

have to be prepared to view the material in the interior of the sample and in 

the process of preparation, surface damage and cracking are almost inevitable. 

The other approach, called a scanline survey, is a procedure that involves 

counting the number of intersections which an array of parallel lines make 

with microcracks in a plane section (Underwood, 1970). The scanline surveys 

were conducted on coal samples from the McKinley Coal Mine, New Mexico. 

Magnifications of Ix and lOx were used with an optical microscope to 

investigate the effect of scale on the results. 

An unloaded rectangular coal sample of 140 mm x 120 mm x 120 mm 

as shown in Figure 3.24 was used in the scanline analysis. The sample was cut 

to have horizontal bedding planes which are parallel to the xy plane in the 

figure. Three scanlines were surveyed along two perpendicular directions on 

2 sides of the rectangular sample. A total of twelve scanlines were surveyed 

on Plane A and Plane B, as shown in Figure 3.24. The results are presented in 

Figure 3.25 to Figure 3.32. Figure 3.25 presents the results of the survey along 

the scanlines in the z-direction on Plane A. The scanlines in the z-direction 

are numbered zl, z2, and z3 as shown in Figure 3.24. Also, two magnification 

scales of Ix and lOx were used for the survey. In the plot, crack frequency 

(numbers of cracks/cm) in the vertical axis is plotted as a function of the 
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distance across the scanline with 1 cm interval in the horizontal axis. For 

example, the scanline survey along Line z2 on Plane A with a magnification 

of lOx was marked with the symbol of a small rectangle with a dot in the 

center. In the first 1 cm along the scanline, there exist 5 cracks. In the same 

way, the crack frequency ranges from 4 to 11 along the entire length. The 

pattern of the crack frequencies as a function of the distance across the 

scanline was fairly uniform with an average of 5.6 cracks/cm at a lOx 

magnification and 2.3 at a Ix magnification. In Figure 3.26, the results of the 

survey along the z-direction scanlines in Plane B are presented. The average 

crack frequencies are 5.9 and 1.3 cracks/cm for lOx and Ix magnifications, 

respectively. Since the scanlines in the z-direction intersect mostly bedding 

planes as shown in Figure 3.24, the crack frequencies in the z-direction give 

the best information on bedding planes. Figure 3.27 and Figure 3.28 present 

the results of the survey in the x- and y-directions, respectively. The average 

crack frequencies are summarized in Table 3.5. The scanlines in the x- and y-

directions mostly intersect with face and butt cleats, respectively, as shown in 

Figure 3.24. The average crack frequencies of the face and butt cleats are about 

half of the frequency of the bedding planes. 

Figure 3.29 through Figure 3.32 present the crack spacing distributions 

obtained from the survey. For example, the number of cracks of which the 

spacing is between 0 and 0.5 mm is about 23% of the total number of cracks 

across the scanline z2 in Plane A with the magnification of lOx in Figure 3.29. 
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The overall distribution of the crack spacing looks like either an exponential 

or a Poisson's distribution at the magnification of lOx. But, at the 

magnification of Ix, the amount of data is not large enough to get a statistical 

distribution. Similar to the previous crack frequency analyses, the scanlines in 

the z-direction give the best information on the bedding planes. As shown in 

Figure 3.29 and Figure 3.30, the average crack spacing of the bedding planes is 

about 1.7 mm at the magnification of lOx and about 5.7 mm at the 

magnification of Ix. The average spacings are summarized in Table 3.5. The 

maximum spacings of bedding planes are 6 mm and 17 mm at the 

magnification of lOx and Ix, respectively. Figure 3.31 and Figure 3.32 present 

the information on the crack spacings of cleats. The type and the range of the 

distribution are almost identical for these two cases. However, the maximum 

crack spacing of 19 mm is almost twice the maximum crack spacing of the 

bedding planes. This shows that cleats are not as frequent as bedding planes in 

the sample analyzed. 

Scanline surveys were also performed on two uniaxially loaded 

samples. The purpose of these surveys was to examine the changes of crack 

frequencies and spacings when the amount and the direction of the applied 

load vary. Figure 3.33 shows one of the two samples. A standard cylindrical 2 

inch diameter coal sample was prepared with vertical bedding planes. The 

uniaxial load which is parallel to the direction of the bedding planes was 

applied up to 15.4 MPa which caused cracks to grow but did not break the 
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sample. The sample was then cut in half across the central cross section. As 

shown in Figure 3.33, four scanlines were surveyed across the bedding planes 

(z-direction) and face cleats (x-direction), where the z-direction is always 

across the bedding planes for convention. The applied uniaxial load induced 

many cracks parallel to the direction of the load which in this case is parallel 

to the bedding planes. This resulted in a large increase of crack frequency in 

the z-direction as shown in Figure 3.34. There is also an increase in crack 

frequency of the cleats as shown in Figure 3.35. Therefore, the crack spacing 

decreased significantly in both z- and x-directions. The results are 

summarized in Table 3.5. 

The other standard cylindrical 2 inch diameter coal sample was 

prepared with horizontal bedding planes. The sample was uniaxially loaded 

up to 31 MPa without failure. The sample was cut in the middle as shown in 

Figure 3.38. Four and three scanlines were surveyed across the bedding planes 

and face cleats, respectively. In this case, the applied uniaxial load caused 

many stress-induced cracks in the direction of the face cleats as presented in 

Figure 3.40. The crack frequency of the bedding planes also increased in Figure 

3.39. In the same way, the crack spacings decreased as evident in Figure 3.41 

and Figiu-e 3.42. 

The results in Table 3.5 show that the average crack frequencies of the 

bedding planes are about 0.575 and 0.18 at lOx and Ix magnifications, 

respectively. The crack frequencies of face cleats (0.23) and butt cleats (0.26) are 
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almost the same at lOx magnification. The data at Ix magnification are less 

precise as evident in Table 3.5, due to the poor resolution. When loaded, the 

crack frequencies increase by approximately a factor of three in the direction 

perpendicular to the direction of the load: for bedding planes (1.55/0.575) and 

cleats (0.73/0.23). In the direction parallel to the direction of the load, crack 

frequencies doubled as shown by the numbers of 0.59/0.23 and 1.03/0.575. 

Crack spacings have almost the same variation as crack frequencies. 

3.5.1 Geometric probability analysis 

Geometric probability analysis is the procedure of counting the number 

of intersections which a test array of parallel lines make with microcracks in a 

plane section. From the analysis, crack density and anisotropy are determined 

by considering the number of intercepts as a function of test array orientation. 

The analysis well established by Underwood (1970) is widely used in material 

science, and the procedure is commonly referred to as 'quantitative 

stereology'. The validity of the analysis for rocks was substantiated by Wong 

(1985) by comparing the independent sets of data for Westerly granite 

obtained by direct measurement (Hadley, 1976) with that obtained by the 

geometric probability technique. Direct measurement is a basic and the most 

accurate method to obtain information on crack length and orientation. But 
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Figure 3.25 Crack frequency from the scanline in the z-direction on Plane A 
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Figure 3.26 Crack frequency from the scanline in the z-direction on Plane B 
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Figure 3.27 Crack frequency from the scanline in the x-direction on Plane A 
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Figure 3.28 Crack frequency from the scanline in the y-direction on Plane B 
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Figure 3.29 Crack spacing distribution along the z-direction on Plane A 
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Figure 3.30 Crack spacing distribution along the z-direction on Plane B 
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Figure 3.31 Crack spacing distribution along the x-direction on Plane A 
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Figure 3.32 Crack spacing distribution along the y-direction on Plane B 
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Figure 3.33 Scanline survey scheme of a loaded sample when the applied 
uniaxial stress is 15.4 MPa (=2240 psi) and the bedding planes are parallel to 
the direction of the load 
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Figure 3.34 Crack frequency from the scanline in the z-direction 
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Figure 3.35 Crack frequency from the scanline in the x-direction 
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Figure 3.36 Crack spacing distribution along the z-direction 
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Figure 3.37 Crack spacing distribution in the x-direction 
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Bedding Plane 

Figure 3.38 Scanline survey scheme of a loaded sample when the applied 
uniaxial stress is 31 MPa (=4480 psi) and the bedding planes are perpendicular 
to the direction of the load 
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Figure 3.39 Crack frequency from the scanline in the z-direction 
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Figure 3.40 Crack frequency from the scanline in the x-direction 
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Figure 3.41 Crack spacing distribution along the z-direction 
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Figure 3.42 Crack spacing distribution along the x-direction 
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Table 3.5 Average crack frequencies and spacings from the scanline surveys 

Sample Plane Direction 
Crack Frequency* 

(Number of cracks/mm) 
Crack Spacing* 

(mm) 
A z 0.56(0.23) 1.73(4.33) 

Unloaded A X 0.23(0.16) 4.11(6.03) 
B z 0.59(0.13) 1.69(7.07) 
B y 0.26(0.093) 3.74(10.2) 

Loaded z 1.55 0.0962 
Load J BP X 0.59 0.131 
Loaded z 1.03 0.0628 

Load J. BP X 0.73 0.164 

* Numbers in parentheses are at Ix magnification, otherwise at lOx 
magnification. 
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there are difficulties in this method. Resolution problems occur when a crack 

is too small and in this case a higher magnification is needed. Also, for a high 

density of cracks, different degrees of connectivity make it difficult to 

determine the number of cracks that should be counted as separate entities. 

Therefore, geometric probability analysis is more efficient to determine crack 

length per unit area or crack surface area per unit volume. 

The measurements in geometric probability analyses are expressed 

using statistical equations that relate points, lines, surfaces, and volumes in 

space. The basic standard stereology notations are summarized in Table 3.6. 

The five variables shown in Table 3.6 are dependent on the type of 

microstructure involved. Underwood (1970) divided the types of 

microstructure into three classifications. They are isometric, partially 

oriented, and completely oriented structures. In an isometric structure like 

unstressed granite or gabbro, the grains and the cracks have an equal 

probability to intersect any test array of lines. On the contrary, in a completely 

oriented structure, the discontinuities have specific orientations and spacing, 

and the orientation of the axes needs to be specified. In real structures, a 

completely oriented structure is rarely found. The coal sample taken from 

McKinley Coal Mine is categorized into a partially oriented structure. 

In coal, some or all straight line segments of cracks lie parallel to 

bedding planes and two sets of cleats. The remaining segments are assumed to 

be oriented randomly. The number of crack intersections per unit length for 
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an array oriented perpendicular to the bedding plane (orientation axis) is 

denoted by and those for an array perpendicular to the face and the butt 

cleat denoted by PL*, and PL''. Then the length of lineal elements per unit test 

area and the surface area per unit test volume Sy are given as follows for 

the case where PL* « P^^. 

To characterize the degree of orientation of a system of partially oriented lines 

in a plane, the length of oriented lines only per unit area is divided by the 

total length of all lines in the system per unit area. This fraction gives a scale 

of anisotropy varying from 0 for isotropy to 1 for a completely oriented system 

of lines. The ratio is called the degree of orientation Q, and is defined by 

= Pl'' + (7t/2 -1) Pl" mm/mm^ (3.4) 

Sy = (Jt/2) Pl^ + (2 - 7t/2) PL* mm^/mm^ (3.5) 

(3.6) 

= (PL^ - PL") / [PL== + (4/7U - 1) PLI (3.7) 

where the subscripts 12 and 23 refer to lines (1) in a plane (2), and to surfaces 

(2) in a volume (3), respectively. 
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Based on Equations (3.4) through (3.7) and the averaged crack 

information in Table 3.5, the statistical data are summarized in Table 3.7. Both 

and Sy values are larger for samples that have been subjected to load. The 

anisotropy of the unloaded sample is about 0.47. When the sample is loaded 

in the direction parallel to the bedding planes, the degree of anisotropy 

increased to 0.51 due to the stress-induced cracks in the direction to the 

maximum stress. On the other hand, when the load is applied in the 

direction perpendicular to the bedding planes, the degree of anisotropy 

decreased to 0.21 since the bedding planes become less dominant due to the 

growth of cracks in the cleat directions. 

As a comparison of the data obtained by geometric probability analysis 

with those by direct measurements, the crack length information obtained 

from the two resin injection samples mentioned earlier is presented in Table 

3.8. The area of the section for measurement is a horizontal cross section of 

the 2" diameter cylindrical sample. This gives an area of 2026.83 mm^. M is 

the number of cracks per unit area. The average crack length is denoted by 

<a>, and M<a> is the total length of cracks per unit area. The two M<a> 

values are equivalent to L^'s from the unloaded sample in Table 3.7. The 

M<a> values from the direct measurement are smaller than those from the 

geometric probability analysis. There are two possible reasons for this. First of 

all, there is a difference in the magnification. In the direct measurement, the 

section was video-taped and processed using image processing software, in 
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which case the magnification is not specified. In the direct measurement on 

the other hand, the section was cut parallel to the bedding planes, and the 

cracks contained in the section are mostly face and butt cleats, which are less 

frequent than bedding planes. The crack density % defined by Equation (3.3) is 

equivalent to Sy when unit thickness is considered. The two values of x's 

shown in Table 3.8 are the averaged values from Figure 3.23. They are 

comparable with Sy's given in Table 3.7. 

3.6 Microscopic examination 

Microcracks in coal samples were examined using Scanning Electron 

Microscopy (SEM). The observation was made on a JEOL 840A SEM in the 

Arizona Material Laboratory of the Department of Material Science 

Engineering. The surface of the sample was polished down to 1 micron using 

diamond paste, and then finished with carbon coating. The acceleration 

voltage was between 15 and 25 kv. The finest resolution expected was on the 

order of 100 Angstrom. The purpose of the SEM observation was to examine 

isolated micropores, microcracks, and to determine the minimum crack 

width into which resin could be injected. Figure 3.43 and Figure 3.44 present 

two examples of SEM images taken from a coal sample. Small white circular 

dots in the images are thought to be micropores and/or dust particles. They 
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Table 3.6 Basic stereology notations and their definitions 

Symbol Dimension Definition 
PL mm"' Number of point intersections per unit length 

of test line 
LA mm/mm"' Length of lineal elements per unit test area 
Sv mm'^/mm"^ Surface area per unit test volume 

1̂2 None Degree of orientation of a system of lines in a 
plane 

2̂3 None Degree of orientation of a system of surfaces in 
a volume 
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Table 3.7 Statistical data of cracks obtained by geometric probability analysis at 
the magnification of lOx 

Unloaded BP J Load BP 1 Load 
Plane A Plane B (15.4 MPa) (31 MPa) 

(1/mm) 0.56 0.59 1.55 1.03 
P," (1/mm) 0.23 N/A 0.59 0.73 
py (1/mm) N/A 0.26 N/A N/A 
(mm/mir?) 0.69 0.74 1.89 1.45 

Sy (mm^/mm^) 0.98 1.04 2.69 1.93 

^23 

0.48 0.45 0.51 0.21 

^23 0.53 0.50 0.56 0.24 

Table 3.8 Statistical data of cracks obtained by direct measurements of resin 
injection samples 

Resin Injection Sample #1 
(0.44 MPa) 

Resin Injection Sample #2 
(1.1 MPa) 

Area (mm^) 2026.83 2026.83 
N 71 67 

M (1/mm^) 0.035 0.033 
<a> (mm) 13.3 15.1 

M<a> (mm/mm^) 0.47 0.50 

1 1.07 1.27 
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are sparsely and randomly distributed in roughly circular shapes with 

diameters on the order of tens of microns. It was originally intended to 

identify isolated micropores to check whether they would affect the 

deformation and failure of coal. This was considered important because the 

non-interconnected micropores would prevent resin from being injected and 

result in misleading results. However, the results of the SEM analysis 

indicated that both because of their small size and density, isolated pores are 

not considered as important as microcracks. 

The distributions of pre-existing microcracks in coal observed from 

SEM observations are presented in Figure 3.45 and Figure 3.46. There are 65 

cracks in total observed from the SEM images; 27 from Image #1 and 38 from 

Image #2. The microcrack length seems to follow either an exponential or 

Poisson's distribution with the maximum length of 1.2 mm. As before, it is 

assumed that it follows an exponential distribution. Microcrack orientation 

also has a similar distribution as observed in the previous section with two 

peaks around 90® and 180°. The relationship between crack length and 

orientation is shown in Figure 3.47. Around 90° and 180°, there are distinct 

clusters, which means there also exists a characteristic orthogonal fracture 

network on the microscopic scale. The surface area of the sample observed is 

approximately 2.318 mm by 1.786 mm. Therefore, the crack density is about 

7.85 cracks/mm^. 
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The crack width at which resin was injected was observed. As described 

earlier and shown in Figure 3.13, there were two methods of resin injection 

employed, and the second method was found more efficient to inject resin 

into small cracks. The minimum widths observed for these two methods are 

100 and 10 microns, respectively. When compared with the size of isolated 

micropores, microcracks observed by the resin injection technique are found 

to give sufficient detailed information on the attributes of microcracks in coal. 

3.7 Summary 

In this chapter, the mechanisms of deformation and failure of coal 

obtained from the McKinley and Twenty Mile Coal Mines were studied by 

observing the distributions of length, orientation, and spacing of the pre

existing as well as the stress-induced cracks. Different types of laboratory tests 

were employed to observe different scales of cracks and different types of 

information on cracks. The purpose of studying the microcrack characteristics 

of coal in this chapter was (1) to get general information on cracks in coal, (2) 

to obtain input parameters for crack models to be used, and (3) to use as a 

check on the model results. The results from this chapter are summarized 

below. 
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Figure 3.43 SEM Image #1 of pre-existing microcracks in coal 

Figure 3.44 SEM Image #2 of pre-existing microcracks in coal 
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Figure 3.45 Histogram of microcrack lengths from SEM observations 
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Figure 3.46 Histogram of microcrack orientations from SEM observations 
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Figure 3.47 Relationship between pre-existing microcrack length and 
orientation in coal from SEM observations 

Figure 3.48 Microcrack of coal injected with resin (Width is about 100 
microns.) 
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Figure 3.49 Microcrack of coal injected with resin (Width is about 10 microns.) 
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In the creep test, the length of pre-existing cracks were about 7 mm on 

average with a maximum of 20 mm. The crack length just before failure was 

about 8.1 mm on average. The crack orientations were mainly 0° and 90° to 

the direction of the load. In the uniaxial tests, the cracks propagated along the 

intersections of pre-existing cracks, and both shear and extensile crack growth 

occurred depending on the direction of the load relative to the bedding 

planes. The crack information was obtained using the resin injection 

technique. The crack lengths were about 12 mm on average and followed an 

exponential distribution, and the crack density was about 1.17. The crack 

orientations followed a bimodal normal distribution. In scanline surveys, the 

spadngs of bedding planes were 1.71 and 5.7 mm at lOx and Ix magnifications, 

respectively. The crack spacing of the cleats were 2.93 and 8.1 mm at lOx and 

Ix magnifications, respectively. When loaded, crack frequencies remarkably 

increased due to the crack growth. Microscopic examination by SEM gave 

crack lengths of about 0.36 mm on average with a maximum of 1.2 mm. The 

crack density was about 7.85 cracks/mm^. 

The crack information obtained in this chapter is comparable with 

those from other researchers given in Table 2.1 in Chapter 2. Laubach (1991), 

Gamson (1993), and Zhang (1995) found average crack spacings in coal of 

about 1 mm at the microscopic scale. On the other hand, Atkinson (1977), 

Harpalani (1990), and Zipf (1990) observed hand specimens of coal in which 

the crack spacing is on the order of tens of millimeters. Thus a mojor 
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conclusion in this chapter is that crack spacing in coal depends on the scale at 

which the measurements are made. In this chapter, measurements were 

made at two scales and these agree with measurements at similar scales in the 

literature. 

The crack information observed at different scales will give different 

results when used as input parameters for crack models. For instance, when 

simulating a coal pillar, macroscopic crack information is more important 

than microscopic crack information because macroscopic cracks are much 

more favorable to grow than microscopic cracks. On the other hand, when 

simulating a laboratory test sample, macroscopic crack information is not 

important, since the small intact laboratory sample already excludes the cracks 

larger than the size of the sample. Therefore, for the best results, crack 

information should be obtained at the specific scale of the problem. 
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CHAPTER 4 

MECHANICAL MODEL OF DEFORMATION AND FAILURE 

4.1 Introduction 

Based on the results presented in the previous chapter, a mechanical 

model for the deformation and failure of coal at the laboratory scale is now 

presented. The typical mechanism of deformation and failure is schematically 

illustrated in Figure 4.1. Initially, the coal consists of an orthogonal network 

of cracks that represents the face cleats, butt cleats and bedding planes. Under 

load before the peak stress, long cracks tend to grow in the direction 

subparallel to the maximum principal stress, and small cracks are formed in 

relatively random orientations. As the load approaches the peak stress, 

spalling starts to occur in the areas of high crack densities. Finally, at the peak 

stress, major fractures are created subparallel to the maximum principal 

stress, along with significant failure of the sample. 

The microscopic examinations indicated that two primary mechanisms 

of fracturing occur in coal; extensile crack growth from pre-existing cracks, 

and shear cracking either from preferentially aligned discontinuities or 
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Figure 4.1 Schematic illustration of the progress of crack growth in coal under 
uniaxial load. 
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through the connectiori of en-echelon arrays of extensile or pre-existing 

cracks. 

In this chapter, the theoretical background of the sliding crack model 

for extensile cracks and the shear crack model for shear cracking are 

introduced. In the modeling process, specific distributions of crack 

orientations and lengths are generated to match with the experimental 

observations. Numerical methods to generate those distributions are 

described. Finally, the models are run and nonlinear stress-strain curves for 

coal are calculated. 

4.2 Theoretical background 

In this section, the sliding and the shear crack models are utilized to 

simulate both axial crack growth and shear failure. In all the modeling work 

in this section, a two dimensional, linear elastic, isotropic, and homogeneous 

material is assumed which contains a given configuration of cracks. Also, the 

material is subjected to only axial and confining compressive stresses. More 

complicated boundary conditions such as those appropriate for underground 

design are considered by implementing the models described in this section 

into a finite element model, as described in Chapter 5. 



126 

4.2.1 Fracture mechanics 

Fracture mechanics consists of analyzing the stress around a crack and 

formulating a fracture criterion based on certain critical parameters of the 

stress. The displacement field of cracks is distinguished by three modes 

(Figure 4.2). Mode I is the opening mode in which the crack wall 

displacements are normal to the crack. There are two shear modes: Mode 11, 

in which the displacements are in the plane of the crack and normal to the 

crack edge; and Mode EH, in which the displacements are in the plane of the 

crack and parallel to the edge. Assuming that the crack is planar and perfectly 

sharp with no cohesion between the crack walls, the crack-tip stress and 

displacement solutions are given as follows; 

<j,j = K„(2in-r'''fii(0) 

u, ={K„/2E){r/2>i)V^f,{e) 

where i and j=x, y, or z, n=I, 11, or m, r is the distance from the crack tip, and 9 

is the angle measured from the crack plane. is called the stress intensity 

factor and depends on the loading configuration and boundary conditions of 

the crack system. fjj(6) and iJiQ) are well defined function of 9 and depend on 

the loading mode [Lawn, 1993]. 
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(a) (b) (c) 

Figure 4.2 The three crack propagation modes: (a) opening mode, (b) sliding 
mode, (c) tearing mode 
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The strain energy release rate, G, is defined by the loss of energy per 

unit of new crack separation area formed during an increment of crack 

extension, and has a relationship with the stress intensity factor K as follows; 

K|^ , K||^ , Kiii^(H-v) 
E' E' E 

where E'=E for plane stress, E'=E/(l-v^) for plane strain, E is Young's modulus, 

and V is Poisson's ratio. The condition of crack propagation is met when the 

strain energy release rate G is equal to the critical value of G,. called shear 

fracture energy. In rock, this criterion is used mainly to describe shear 

faulting. Under pure mode I loading, tensile fracturing occurs when the mode 

I stress intensity factor, K,, becomes equal to the fracture toughness, K[c. 

4.2.2 Sliding crack model 

The sliding crack model shown in Figure 4.3 (a) was first proposed by 

Brace et al. (1966) as one of the dominant micromechanical processes 

responsible for inelastic dilatancy and stress-induced anisotropy in rocks 

subjected to compressive stresses. Under compressive deviatoric stress, the 

wing cracks propagate along a curved path with an angle ultimately 
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Figure 4.3 Sliding cracks with (a) curved wing cracks by Brace (1966), and (b) 
long wing crack approximation. 
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reaching a stable orientation parallel to the direction of the maximum 

principal stress. Sliding crack models have been developed by Nemat-Nasser 

and Horii (1982), Kachanov (1982), and Steif (1984). Zaitsev (1985) and 

Kemeny & Cook (1987) developed long wing-crack approximations to the 

sliding crack model for computational simplicity. This model has been 

successfully used to simulate extensile crack growth under compressive 

stresses for many rock types including granite, sandstone, and limestone 

[Kemeny;1987, 1991, 1993]. In the long wing crack configuration shown in 

Figure 4.3 (b), the stress intensity factor solution was obtained by considering a 

straight, axially oriented crack with symmetrically opposed point forces at the 

center of the crack. The long wing crack approximation has also been 

extended to the cases of parallel and collinear cracks. For the isolated (non-

interacting) sliding crack, the K, solution is given by: 

^ 21oT^OS9-^^ (4.1) 
VTCl 

where, 21„ is the initial crack length, 0 is the crack orientation from 

horizontal, and 21 is the length of the crack wing, z* is the effective shear 

stress along the sliding portion of the crack due to a, and aj as given in 

Equation (4.2) and shown in Figure 4.4. 
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= a-i(sin G cosG - p. cos^ G) - 02 (sinG cosG + |isin^ G) 

Figure 4.4 Kinematic diagram to obtain the effective shear stress t* along the 

sliding portions due to a, and cTj. 
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T* = CT|(sin 9 cos 0 - |i cos^ 0) - (y2(sin 0 cos 0 + p. sin^ 0) (4.2) 

where \L is the coefficient of friction. The non-linear stress-strain curves for 

specific crack configurations are calcxilated using the principles of linear 

elastic fracture mechanics. In the long wing crack approximation, it is 

assumed that the wing crack tips extend when the mode I stress intensity 

factor K, is equal to or greater than the fracture toughness K,c. The stress-strain 

behavior is linear until the crack growth criterion for the initial crack of 

length 21o is met. As the load is increased and crack growth occurs, the stress-

strain behavior becomes nonlinear due to the growth of the crack. For the 

crack length greater than 21„, the non-linear stress-strain curve is calculated by 

selecting a series of values of 1. For values of crack length greater than 1^, the 

axial stress necessary to cause the crack to grow is obtained by solving 

Equation (4.1) for as follows: 

(K[c + 
+ 02 (sin 0 cos 0 + |i sin^ 0) 

21o COS0 (4.3) 
sin0cos0-|icos-0 

where K^. is fracture toughness, is the initial crack length, 1 is crack length, 0 

is the crack orientation from horizontal, and |i is the coefficient of friction. 



133 

The corresponding axial strain is obtained using Castigliano's Theorem, 

which is explained in Chapter 5, Section 5.3.3. For an elastic body of width 2w 

and height 2h, the axial strain due to a single crack is obtained as follows; 

crack _ 81o^cos0(sin0cos0-|icos2 6) 

(2w)(2h)E' 
2x*cos0, 1 1 1 1 

In^—a2 -—1 
K 1. I o y 

(4.4) 

where p. is the coefficient of friction, x* is given in (4.2), E'=E/(l-v^) for plane 

strain and v is Poisson's ratio. Considering N non-interacting cracks and 

adding in the elastic strain, the total axial strain of the body £3'°'"' assuming 

plane strain is given in Equation (4.5). 

total 1 - V 2  
a-i - Cj + 8xc(sc - |ic^)-| —— <12 

1 - v  K L 
— - 1  (4.5) 

where s=sin0, c=cos0, N=total number of cracks in the body, and A=(2w)(2h). 

The term % is referred to as the crack density and is given in Equation (4.6). 

X=NI„VA (4.6) 
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Using the isolated sliding crack model that does not consider crack 

interaction, it is difficult to simulate the actual strain hardening and softening 

behavior that is seen in rocks. An extended model that considers an axially 

aligned column of sliding cracks as shown in Figure 4.5 was suggested by 

Kemeny and Cook (1987b). This model takes into account of crack interaction, 

through the parameter 1/b. Crack coalescence into a single splitting crack 

occurs when l/b=l. The stress intensity solution is given by Equation (4.7), 

where b is the separation of cracks, and x* is given in (4.2). 

K , = ^  ZLt *cos0 

K") 
- © 2  J 2 b t a n f ^ ^  

bsin 
V2b.  

(4.7) 

The cracks starts to slide simultaneously when the crack growth criterion 

Ki=K,c is met, and the axial stress and the axial strain at that moment 

are calculated as given in Equations (4.8) and (4.9), respectively. 

^ic 2̂ 

<yc = 21oCOs9 
Gi (sin 0 cos 0 + )i sin^ 0) 

sin0cos0-|icos^0 
(4.8) 
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Figure 4.5 Sliding crack model consisting of a column of sliding cracks of 
length 21 and separation 2b. 
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total _ I_v2  _  V 16%cos0(s in0cos0-n .cos2 0 )  
^2 + o-i-

1-v  
T*cos01n-

'"(S) tan 

-02  f in  
° tan ""(t] ^#^1 

(4.9) 

4.2.3 Shear crack model 

As observed in several tests in the previous chapter, cracks do not 

always grow in the direction of the maximum principal stress. First of all, due 

to the pre-existing discontinuities in certain orientations, cracks may 

preferentially grow along the direction of these discontinuities rather than 

the direction of the maximum principal stress. This was seen in the coal 

sample with bedding planes aligned 45° with the direction of loading. 

Secondly, imder confining stress, the growth of long axial cracks is suppressed 

and shear fractures develop due to the interaction and coalescence of en-

echelon arrays of short extensile cracks. In order to model the growth of shear 

cracks due to both the above reasons, a shear crack model has been developed. 

The single shear crack model is presented in Figure 4.6. The shear crack is 

closed under compression and grows straight in its own crack plane. The 

stress intensity solutions are given in Equation (4.10). 



137 

G2 

Figvire 4.6 Shear crack model with a single crack of length 21„ and angle 0. 
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-  Kill  -0 

K„ =T'^V7Cr (4.10) 

In the same manner as for the sliding crack model, the stress for crack growth 

and the associated strain for a body containing N shear cracks in given by: 

Or = A 

G E 
% +a2(sin0cos0 + }isin2 0) 

(1-V^)7Cl 
sin0cos0-jicos-9 

(4.11) 

total 1_V2 
Gi ^CT2 +2X^'^*(siri9<^os9-|icos2 0)| f— 

Vo, 
-1 (4.12) 

where is the shear fracture energy which is equivalent to the fracture 

toughness for the extensile crack case. 

4.3 Nonlinear stress-strain curves for coal 

From the two micromechanical models described in the previous 

section, nonlinear stress-strain curves for coal are calculated and compared 

with laboratory data for two cases. In Case I, a creep test, scanline surveys and 

resin injection tests provide the average length and spacing of the pre-existing 
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cracks in coal of about 10 mm and 5 mm, respectively. Two hundred pre

existing cracks are considered in a 5 cm by 10 cm standard coal specimen with 

an exponential distribution of crack length and the maximum crack length of 

about 50 mm. In Case II, SEM observation gives the average crack length and 

crack density of 0.25 mm and 7.85 cracks/mm^ respectively. A total of 2500 

cracks with a maximum crack length of 1.2 mm in the surface area of 12.5 mm 

by 25 mm are considered in this case. In both cases, each crack has a specific 

initial length, orientation, cohesion, and coefficient of friction. The cracks 

grow either in mode I or mode II, depending on fracture toughness K,c and 

shear fracture energy Gc-

4.3.1 Case I 

4.3.1.1 Generating initial crack lengths 

Pre-existing crack lengths in rocks are known to follow a certain tjq^e of 

distribution. For example, Hadley (1976) suggested an exponential distribution 

of initial crack lengths for Westerly granite. In this section, the method for 

generating random crack lengths following a specific distribution observed 

from the laboratory is introduced. A total of 191 initial crack lengths of coal 

are collected from the creep test (53 cracks), and resin injection test #1 (71 
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cracks) and #2 (67 cracks) in the previous chapter. Figure 4.7 shows the 

histogram of the initial crack lengths. Except for the interval of 0 to 0.005 m, 

they follow an exponential distribution with the maximum initial crack 

length between 4.5 and 5 cm. Crack lengths were measured by digital image 

processing techniques in the creep test, and by optical microscopy in the resin 

injection tests, of which the resolution is on the order of tens of millimeters. 

The limited resolution resulted in many small cracks being undetected as 

shown in the first interval of the histogram. 

Next, to find a parameter characterizing the exponential distribution, 

crack lengths are plotted on an exponential probability plot as shown in 

Figure 4.8. In the vertical axis, the crack lengths are plotted in meters. In the 

horizontal axis, the cumulative percentage and standard variate are plotted. 

For a perfect exponential distribution, all the data point will lie on a straight 

line. The slope of the straight line determines the spread of the data. The 

coefficient of correlation R of 0.993 shows a good match to an exponential 

distribution. The density function and the cumulative distribution function 

(CDF) of an exponential distribution are given in Equation (4.13) and (4.14), 

respectively. 

fx(x) = A.e"^; x>0 

F s ( s )  =  l - e ~ ® ;  s > 0  

(4.13) 

(4.14) 
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Crack length (m) 

Figure 4.7 Histogram of 191 initial crack lengths observed in coal. 
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Figure 4.8 Exponential probability plot of initial crack lengths. 
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where, X is the parameter, and s is the standard variate. The distribution has a 

mean 1/X, and variance H/X)^. To construct a probability plot. Equation (4.14) 

is solved for s. Then, the probability variable x is given in Equation (4.15), 

where X is the reciprocal of the slope of the probability plot [Ang & Tang; 

1985]. 

x = -iln[l-I^(x)] (4.15) 

From the slope Ml of the straight line in Figure 4.8, the mean is 0.0093 m, and 

X is about 108 (= 1/0.0093). The intercept MO shows that there are few or no 

cracks shorter than 3 mm. 

To generate random initial crack lengths following an exponential 

distribution as analyzed above, uniform random numbers between 0 and 1 

are first generated. The following algorithm is an example of generating 

random numbers, where iseed is an arbitrary starting value. 

k=iseed/127773 
iseed=6807*( iseed-k*127773)-k*2836 
i f ( iseed. I t .0)  iseed=iseed+214748364 7 
RANDOM=float (iseed) *4 . 656612875e-10 (4.16) 

Next, values for the exponential distribution with parameter X are generated 

by Equation (4.17) [Edwards & Hamson; 1989, Hamming; 1973]. 



x=~ln[RANDOM] 
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(4.17) 

A histogram of the generated exponential random crack lengths is presented 

in Figure 4.9. To avoid the effect of the limitation of resolution, the 

nunimum crack length was set to 0.005 m. The number of cracks generated 

(149) is the total number of cracks (191) minus number of cracks less than 

0.005 m (42) in Figure 4.7. The general shape and magnitude of Figure 4.7 and 

Figure 4.9 match quite well. 

4.3.1.2 Generating initial crack orientations 

Following the same procedure that was used for crack lengths in the previous 

section, a totcil of 191 initial crack orientations are plotted in Figure 4.10. The 

two peaks around 90° and 180° reflect the characteristic feature of the coal 

network, namely, bedding planes and cleats. Around each peak, crack 

orientations seem to follow a normal distribution. In Figure 4.11, all 191 crack 

orientations are plotted on a normal probability plot. Near 90° and 180°, 

straight lines were fitted to the data points. The matches were not perfect, but 

satisfactory for the purpose of characterizing the general distribution and to 

generate random numbers from it. Figure 4.12 shows two normal probability 

plots around the two peaks. The results of linear regression are given in Table 
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Figure 4.9 Histogram of 149 initial crack lengths generated by exponential 
random number generator. 
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Table 4.1 Results of linear regression of crack orientations in Figure 4.12 

Y=MO+Mlxnorm(X) Slope 1 Slope 2 

MO 89.7270 183.4258 
Ml 16.7629 20.4492 
R 0.9869 0.9926 
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4.1. MO is the value at 50% cumulative percentage, that is, the mean. 

Therefore, MO values represent the two peak values. The Ml values give the 

spread of the data around the mean. The spreads around the two peaks are 

very sinular. The coefficients of correlation, R, indicate good matches to 

normal distributions. 

Values for the normal distribution with a mean 0 and a standard 

deviation 1 are produced by taking two uniform random numbers between 0 

and 1 (RANDOMl and RANDOM! from (4.16)), and using Equation (4.18) 

[Edwards & Hamson; 1989]. 

For values from the NormaKp., a^) distribution. Equation (4.19) is used. 

xi = [-21n(RANDOMl)]^/^ cos(27C • RANDOM2) 

or X2 = [-21n(RANDOMl)]^/^ sin{27C • RANDOM2) 
(4.18) 

x = axi+|i or CJX2+11 (4.19) 

Figure 4.13 shows the histogram of generated random crack orientations 

following a bimodal normal distribution. Comparing with Figure 4.10, the 

match is satisfactory. 
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Figure 4.10 Histogram of 191 initial crack orientations observed in coal. 
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Figure 4.11 Normal probability plot of initial crack orientations. 
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4.3.1.3 Procedure and resulting plots 

In this section, the procedure for calculating the nonlinear stress-strain 

curves is introduced with resulting curves presented. Based on the laboratory 

tests and observations, both the extensile crack model and the shear crack 

model are used. Figure 4.14 is the flowchart for the calculation. First, input 

parameters are selected for the body and cracks. Table 4.2 summarizes the 

parameter values. Next, crack parameters are assigned to each crack. Then, for 

the whole body, the minimum stress required for the most favorable crack to 

grow is calculated. At least one crack will grow at this stress level. The elastic 

strain is calculated at this point, and the crack(s) is allowed to grow by a small 

amount. Initially, the cracks are designated as either extensile or shear cracks. 

Depending on the crack type, stress and inelastic strain are calculated for the 

new crack length. Finally, the total strain is obtained. In the process, the 

number of active cracks is counted. When the size of any one of the cracks 

becomes greater than the size of the body, the modeling is completed. 

Figure 4.15 shows model-generated stress-strain curves of coal at three 

different confining stresses. Initially the crack growth results in strain 

hardening stress-strain behavior. In the strain hardening portion of the 

curve, more and more cracks start to grow as the load increases. As the cracks 

become longer, they start to interact with each other and shear cracks begin to 

grow. Both crack interaction and shear crack growth contribute to the start of 
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Figure 4.14 Flowchart to calculate nonlinear stress-strain curves 
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Table 4.2 Parameter values for coal in Case I 

Volume 0.005 m^ (5 cm x 10 cm) 
Number of cracks 200 

Initial crack length 5 mm to 5 cm (exponential distribution) 
Initial crack orientation 90® to 180° (bimodal normal distribution) 

Cohesion 0.7 to 1.5 MPa (uniform distribution) 
Coefficient of fi-iction 0.2 

Young's modulus IGPa 
Poisson's ratio 0.15 

Fracture toughness 0.06 MPaVm 
Shear fracture energy 800 Joules/m^ 
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Figure 4.15 Nonlinear stress-strain curves for coal in Case I 
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strain softening where the sample progressively weakens. The peak stress 

occurs immediately prior to strain-softening. The model subjected to uniaxial 

stress gives a peak stress of 10 MPa, which matches the experimental results. 

4.3.2 Case II 

In this case, the crack information from SEM observation is used. The 

procedure is identical to the procedure for Case I. From the two images taken 

as shown in Figures 3.43 and 3.44,65 microcracks in total were analyzed. It is 

assumed that crack lengths follow an exponential distribution based on 

Figure 3.45. An exponential probability plot of crack lengths is presented in 

Figure 4.16. From the slope of the linear fit, a X value of 3125 (=1/0.00032) was 

determined. The distribution of crack orientations given in Figure 3.46 is not 

satisfactory to measure the parameter value. Therefore, the data from Case I is 

used instead. Parameter values in Case n are summarized in Table 4.3. Figure 

4.17 shows the resulting stress-strain curves. The patterns of curves are 

similar to those in Case I. But, due to larger number of cracks, the amount of 

strain is greater in this case. 
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Table 4.3 Parameter values for coal in Case II 

Volume 3.125e-4 m^ (12.5 mm x 25 mm) 
Number of cracks 2500 

Initial crack length Maximum 1.2 mm (exponential) 
Initial crack orientation 90° to 180° (bimodal normal) 

Cohesion 0.7 to 1.5 MPa (uniform distribution) 
Coefficient of friction 0.2 

Young's modulus IGPa 
Poisson's ratio 0.15 

Fracture toughness 0.15 MPaVm 
Shear fracture energy 800 Joules/m^ 
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4.4 Summary 

In this chapter, a mechanical model for the deformation and failure of 

coal has been developed based on the observations made from the laboratory 

tests. It was successful to model the complex process of crack growth in coal. 

The model was used to predict the nonlinear stress-strain behavior including 

strain hardening, strain softening of coal when given crack information in a 

specific area or volume. 

For the complex boundary conditions, the model is implemented into 

the finite element program. In each element, cracks are allowed to grow and 

the nonlinear stress-strain behavior is applied to obtain the overall stress and 

displacement distribution. Chapter 5 will discuss the implementation of the 

model into FEM. 
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CHAPTER 5 

NUMERICAL ANALYSES BASED ON THE MODEL 

5.1 Introduction 

Confronting complicated engineering problems, many methods of 

solution have been developed. These include analytical or closed form, 

numerical, and empirical solutions. For problems involving complicated 

geometries, loadings, and material properties, it is not easy to obtain analytical 

mathematical solutions. An analytical solution gives an exact mathematical 

expression at any point of the body and is derived by solving ordinary or 

partial differential equations. For most problems of practical significance, 

closed form solutions can not be obtained. Empirical solutions can solve 

complicated problems only after very extensive and systematic testings. Also, 

empirical solutions are limited to the specific geometries or boundary 

conditions for v^rhich they were developed. Hence, numerical methods are 

relied on for acceptable solutions. Due to the availability of large high-speed 

computers, techniques using numerical methods have been greatly enhanced. 

Numerical methods are most advantageous for problems involving 
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cximbersome calculations with complicated boundary conditions. Most 

numerical techniques make use of discretization, in which a complex 

problem of large extent is divided or discretized into small equivalent 

components. Examples of numerical methods include the Finite Difference 

Method (FDM) [Brown, 1983], Boundary Element Method (BEM) [Brady, 1979; 

Yeung & Brady, 1982; Brebbia, 1984], Finite Element Method (FEM) 

[Zienkiewicz, 1977; Bathe, 1982], Distinct Element Method (DEM) [Lemos & 

Cundall, 1985; Cundall, 1987], and Discontinuous Deformation Analysis 

(DDA) [Shi, 1988]. 

In this chapter, the model developed in the previous chapter is 

implemented into a finite element model. To adapt the finite element 

method, several modifications are made. A certain number of cracks are 

placed in each element with statistical microcrack parameters, and as cracks 

grow in certain elements, their properties are modified. In order to solve the 

non-linear crack growth problem, an iteration scheme has been 

implemented. Finally, simple examples are taken. 

5.2 Finite element method 

The finite element method is used to find approximate solutions of 

differential equations. The finite element formulation results in a system of 
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simultaneous algebraic equations rather than requiring the solution of 

differential equations. As a result, it yields approximate values of the 

unknowns at discrete numbers of points in the continuum. There are two 

general approaches associated with the finite element method. In the 

displacement approach, displacements in an element are assumed to be the 

unknowns, and the principle of minimum potential energy is used. In the 

equilibrium approach, stresses are assumed to be unknown, and the principle 

of minimum complementary energy is used to solve the problem (Desai & 

Christian, 1977; Logan, 1986). For computational purposes, the displacement 

approach is more desirable, since its formulation is simpler due to the smaller 

number and bandwidth of the stiffness equations. Therefore, in this chapter, 

the displacement method is used. Most subroutines used in the program are 

taken from Smith's "Programming the finite element method" (1988). The 

general steps of the finite element method are as follows. 

Step 1: Choose a suitable coordinate system, and number nodes 

(Discretization). 

The force vector {F^} and displacement vector {5"^ for each element are related 

by the element stiffness matrix [K«^]. 
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{F} = [Ke]{5^ (5.1) 

Step 2: Choose a displacement function [f(x, y, z)] that defines displacement 

{6(x, y, z)} at any point in element. 

The state of displacement {5(x, y, z)} at any point (x, y, z) within the element is 

represented by a displacement function [f(x, y, z)] and unknowns {a}. 

{5(x, y, z)} = [f(x, y, z)] (a} (5.2) 

Step 3; Express the state of displacement {5(x, y, z)} at any point within the 

element in terms of nodal displacement {5®}. 

Substituting the values of the nodal coordinates into equation (5.2), 

{5^} = [A]{a} (5.3) 

where the [A] matrix is determined by the displacement (shape) function [f(x, 

y, z)l and the coordinates. Then 
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{a} = [A]-M5"} (5.4) 

and substituting equation (5.4) into equation (5.2), 

{6(x, y, z)} = [f(x, y, z)][A]-M5'^ (5.5) 

where [f(x, y, z)][A]-i is called a shape function. 

Step 4: Relate strain {e(x, y, z)} at any point in element to displacement {5(x, y, 

z)} and hence to nodal displacements {5*^}. (Strain-displacement relationship) 

The strain at any point in the element is given by derivatives of 

displacements. And displacements are given by the [A] matrix and the 

unknowns {a} as shown in equation (5.3). Therefore, the strain is represented 

by another matrix [C] and unknowns {a}. 

{£(x,y,z)} = [C]{a} (5.6) 

On substituting for {a}, using equation (5.4), 
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{E(x,y,z)} = [C][A]-M5'^ (5.7) 

or 

{8(x,y,z)} = [B]{5^ (5.8) 

where 

[B] = [C][A]-^ (5.9) 

Stqj 5: Relate internal stresses {cy(x, y, z)} to strains {£(x, y, z)} and to nodal 

displacement {5®}. (Constitutive Law) 

Hooke's law gives the relationship between stresses and strains. 

{o(x, y, z)} = [D]{e(x, y, z)) (5.10) 

Substituting equation (5.8) into (5.10), 

{G(x,y,z)} = [D][B]{5^ (5.11) 

Step 6: Replace internal stresses {a(x, y, z)} with statistically equivalent nodal 

forces {F®}, relate nodal forces to nodal displacements {5*^}, and obtain the 

element stiffness matrix [K<^]. (Static Equilibrium) 
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The internal work done per unit volume is given by 

Wint = {e(x, y, z)F{a(x, y, z)} (5.12) 

The total internal work is obtained by integrating over the volume of the 

element. 

J Wjntd(vol) = I {e(x, y, z)}T {a(x, y, z)}d(vol) (5.13) 

Substituting (5.8) and (5.10) into (5.13), 

j'' Wi„td(vol)= j''([B]{5'=})T[D][B]{5«^}d(vol) (5.14) 

And external work done by the nodal loads Wcxt is 

Wcxt = {5^}{F^} (5.15) 

Therefore, 

{P} = [pB]T[D][B]d(voI)]{5^ (5.16) 
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Comparing equation (5.16) with (5.1), 

[Ke]=pB]T[D][B]d(voI) (5.17) 

Step 7: Establish the stress-displacement matrix [H]. 

The stress-displacement matrix [H] that relates the internal stresses in the 

element (g(x, y)} to its nodal displacements is determined. 

5.3 Implementation of the model into the finite element program 

The non-linear stress-strain relationship described in the previous 

chapter was implemented into two and three dimensional finite element 

programs. Figure 5.1 presents a flowchart for the non-linear crack growth 

program. 

Step 1: Input 

{o(x,y)} = [D][B]{5^ (5.11) 

[H] = [D][B] (5.18) 
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Material properties including elastic constants, coefficient of friction, fracture 

toughness, and cohesion are assigned to the body. These values have already 

been obtained from the laboratory tests. General crack informations are also 

given to the body. They are distributions of crack lengths and orientations 

established in the previous chapter. The body is meshed into appropriate 

small elements. The dimension and boundary conditions of each element are 

determined. Two different loading conditions are considered. In the 

laboratory scale, a constant axial displacement condition is used. But to 

simulate the in-situ loading condition, it is more reasonable to use constant 

load due to the overburden weight rather than to use constant displacement. 

In both cases, the top and the bottom of the body (i.e. a laboratory test sample 

or a pillar) are laterally constrained to take into account friction between 

sample and end plate for the simulation of the laboratory test and to take into 

account the anchoring effect of the pillar. These lateral constraints are 

additional boundary conditions for the problem. 

Step 2: Assigning initial material properties 

Initially, the body, i.e. all the elements, is assumed to be an isotropic, elastic 

material, with only two independent elastic constants. Young's modulus E 

and Poisson's ratio v, governing the material behavior. At the onset of crack 

growth in an element, the material behavior becomes transversely isotropic 
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and the extent of the anisotropy depends on the amount of crack growth. In 

this case, five independent elastic constants Ei, vl, E2, vz, and Giare required. 

These elastic constants are calculated in a subsequent step. At this step, two 

elastic constants E and v are assigned to each element. Each element has a 

certain number of cracks. The number of cracks N is a fimction of the aack 

density x and the size of the element. Each crack has its own length and 

orientation which are randomly generated by numerical processes to give the 

known distributions as observed in the laboratory (Figure 5.2 (a)). The length 

and the orientation of a crack are assumed to be independent. Thus, separate 

processes are used to generate random numbers. 

Step 3: Finite element solutions and iterations 

The finite element program calculates the displacements at each node and 

stresses at the center of the element (Figure 5.2 (b)) according to the boundary 

conditions as presented in Section 5.2. The program is iterated with a small 

increment of load, and at each iteration, the potential for crack growth is 

evaluated. The cracks preferentially grow in the direction of the maximum 

principal stress (Figure 5.2 (d)), resulting in stress-induced anisotropy (Figure 

5.2 (e), Wong, 1985; Zheng, 1989). The most important modification of the 

elastic, isotropic finite element program for stress-induced anisotropy is to 
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change the D matrix in Equation (5.10). To have the D matrix modified, the 

principal stresses at the center of the element are obtained (Figure 5.2 (c)) by 

solving Eigen value and Eigen vector problems (Brady & Brown, 1993). The 

components of the D matrix should also be modified. The modification of the 

D matrix is fully described in the following three sections. 

5.3.1 Transverse isotropic elasticity 

Rocks commonly contain cleavage, stratified layers, and regularly 

spaced discontinuities, as frequently found in rocks like shale and mica. These 

rocks are naturally anisotropic. Other rocks are isotropic in their natural state 

but become anisotropic due to aack growth. Cracks in a brittle material under 

compressive load tend to grow parallel to the direction of the maximum 

principal stress (Wong, 1985; Zheng, 1989). This results in a kind of anisotropy 

called transverse isotropy. In a transversely isotropic material, there is a plane 

of isotropy (e.g. the plane of bedding), and an axis of symmetry (e.g. axis 

normal to the bedding planes). In this case, there are five independent elastic 

constants. The elastic constitutive equations for this case are shown below in 

two examples. 

When xy plane is the plane of isotropy (Figure 5.3 (a)), the elastic stress-

strain behavior is given by: 
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"EX" • 1 -Vi -V2 0 0 0 

Ey -Vi 1 -V2 0 0 0 

1 -V2 -V2 E1/E2 0 0 0 

Yxy El 0 0 0 2(l + v-i) 0 0 ^xy 

Yyz 0 0 0 0 E1/G2 0 ^yz 

.Yzx. 0 0 0 0 0 EI/G2. .^zx. 

When yz plane is the plane of isotropy (Figure 5.3 (b)), the stress-strain 

behavior is given by: 

"EX '  •Ei/E2 -V2 -V2 0 0 0 'Ox'  

-V2 1 -Vl 0 0 0 ^y 
Ez 1 -V2 -Vl 1 0 0 0 

Yxy 'El  0 0 0 E1/G2 0 0 ^xy 

Yyz 0 0 0 0 2(1+ Vt) 0 ^yz 

-Yzx. 0 0 0 0 0 E1/G2. ."^zx. 

where [e]=[C'][cy] and [C] is a compliance matrix. The stiffness matrix [D] is the 

inverse of [C], i.e. [a]=[C']-Hel=[D][e]. 



169 

Start 

Yes 
Another Iteration ? 

Input 
Material Properties 
Crack Information 

Boundary Conditions 

Crack Growth Checked 
Stress-Induced Anisotropy Applied 

Elastic Constants Modified 

Assigning Initial Material Properties 
Elastic Constants to Each Element 

N Cracks to Each Element 
Crack Information to Each Crack 

REM 
D Matrix Modified 

Displacements at each node calculated 
[Principal] Stresses in Each Element Calculated 

Figure 5.1 Flowchart of implementation of the model into FEM program 
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\ 

(d) (e) 

Figure 5.2 Illustration of stress induced anisotropy: (a) Cracks exist in an 
element with known distributions, (b) There are six components of stress in 
the middle of the element due to the external forces, (c) The six components 
of the stress are transformed to three principal stresses, (d) Cracks grow in the 
direction parallel to the maximum principal stress, (e) The preference of the 
crack growth forms the transverse isotropy. 
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5.3.2 Stress transformation 

The state of stress at a certain point in a body can be written in different 

forms depending on the choice of the reference axes. A different orientation 

for the reference axes often makes problems easier to handle. In Figure 5.4, 

two sets of reference axes are drawn; a set of old (x, y, z) axes and a set of new 

(1, m, n) axes. By the equilibrium of force in a free-body Oabc as shown in 

Figure 5.5, the stress transformation equation is written by 

[a-] = [R][a][RF (5.21) 

or 

^ ^ 1  ^Im ^ n l  I x  ly k T  
• • x y  I x  m ^  

^ x '  

'^Im m  ' ^ m n  
= 

m ^  m y  m ^  
" ^ x y  Gy ' ^ y z  m y  ny (5.22) 

^ n l  
T  
" • m n  ny ^ z x  I z  m ^  

^ Z .  

where [a], [a*] are the stress matrices relative to the x, y, z axes and 1, m, n axes, 

respectively, and [R] is a rotation matrix. 1^ represents the projection on the x 

axis of a unit vector oriented parallel to the 1 axis (Brady & Brown, 1993). 

Equation (5.22) can be expanded as follows: 
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• 
" Ix' Iz' 21xly 21ylz 21zlx "c^x" 

m^^ TV, 2 ITly 2mxmy 2mym2 2m-,mx ay 

__ n/ "^z 2nxny 2nyn^ 2n^nx <^z 

Ix^x lymy l^my+lym^ lymz + Iz^riy l^mz + lzm^ Xxy 

^mn ^x'^x myny '^z^z m^ny +mynx myn^ + m^ny ^yz 

n*lx nyly ^z^z lyn^ + Iz^ly .^zx. 
(5.23) 

In a two dimensional case, where the old axis z is fixed so that z and n axes are 

identical, the rotation matrix [R] reduces to a simpler form. Figure 5.6 

illustrates the case. 

Ix 'y Iz cosP sinp 0 

m^ my mz = -sinp cosP 0 

Hx ny Hz 0 0 1 

(5.24) 

By substituting Equation (5.24) into Equation (5.23) and expanding. 

a-j = cos^ P + cTy sin^ p + Ix^y cos P • sin P 

Om = cJx sin^ P + CTy cos^ P - 2Xxy cos p • sin P 
On = Oz (5.25) 

X i m  = ^xy (cos^ p - sin^ p) - ( Gx - oy )cos P  • sin p 

'Cmn= V^°®P~'^zxSinp 

' cn l  = 'czx  cosP + tyzsinp 

In a plane stress condition. Equation (5.25) reduces to 
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cos^P sin^P Zcospsinp 
= sin^P cos^P -2 cos p-sin p ay 

-cosPsinP cos p-sin P cos^ P - sin^ P '^xy 

5.3.3 Changes of elastic moduli 

To calculate the displacements of an elastic body containing cracks, 

Castigliano's Theorem is very useful. The principles of virtual work are used 

to derive the theorem (Reismann & Pawlik, 1980). In Castigliano's theorem, 

the component u, of the displacement vector u in the direction of the load Pi 

is given by Equation (5.27) below (Reismann & Pawlik, 1980, Sokolnikoff, I.S., 

1956). 

3U * u , = —  ( 5 . 2 7 )  

U* is the strain energy stored in the body. The displacements of the uncracked 

body are obtained using standard elastic equations. The additional 

displacement due to crack growth is obtained by the theorem when the stress 

intensity factor solution is known. The energy release rate G is a function of 

the 3 stress intensity factors, and G is related to the strain energy as follows: 
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Ki_ + £LI_ + .Em_(i + v) (5.28) 
E' £• E 

G = i^ (5.29) 
2 ai 

Thus the strain energy for a body containing cracks can be determined by 

integrating G over the length of the crack. The total displacements Ut of an 

elastic body containing cracks are obtained by the sum of the displacements of 

an elastic body Ue and the displacements due to the crack growth as follows. 

Ut = Ug + 

= Ue + 

_a_ 
8p 

dp 

I 2Gdl 

(5.30) 
K in a + v)Wl 

To obtain the changes of elastic moduli due to the transverse isotropy, a 

simple sliding crack model was utilized (Figure 5.7) along with its associated 

stress intensity factor solutions. 
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-z 

(b) 

Figure 5.3 Transversely isotropic bodies for which (a) xy plane is the plane of 
isotropy, and (b) yz plane is the plane of isotropy. 
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Figure 5.4 Stresses acting on an infinitesimal element in the old reference 
axes X, y, z and in a new reference axes 1, m, n 
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Figure 5.5 A free-body diagram representing stress transformation 
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Figure 5.6 Rotation of axes in a two dimensional case (fixed z-axis) 
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• Determination of Ei 

When = 0 (Figure 5.7 (b)). 

K,''. = _ 21„ay(sc-^c')c 

VtuT VTCT 
(5.31) 

where s and c stand for sin0 and cosG, respectively. And by Hooke's law. 

£ =—— => E =—— 
^ E ' e fcy 

(5.32) 

Then on considering N cracks, by Equation (5.30), 

Cy N 
Ey =-^ + 

E 2h 

1 41o^ay^(sc-|ic2)^c-

TCIE 
dl 

16N1o^(sc-HC2)^C2 1 
1 + In — 

7c(2h)(2w) lo 

(5.33) 

Therefore, 



Ei = 
16Nlo^(sc-^ic-)^c^ 1 

1 + -i—-— In— 
7c(2h)(2w) lo 

180 

(5.34) 

Determination of Ei 

When Gy = = 0 (Figxire 5.7 (c)). 

K,°' =-a,V7d (5.35) 

And 

e = — E = — 
" E ^ e ^2 '^x 

(5.36) 

Then with N cracks. 

a„ N 
Ex =-Tr+— 
" E 2w 

a L r' ^,1 

dq E 

(2h){2w) 
-1 

'o y 

(5.37) 

Therefore, 



Determination of G2 

When = Gy = 0 (Figure 5.7 (d)). 

And 

T xy G,=^ h 
Yxy 

Then with N cracks. 

Y = — 
G 2h 

-dl 

T xy 
1 + -

NI„^7C 
(2h)(2w)(l + v) 

'iT 
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Therefore, 

G,= 

1 + Nl„ 7C 
(5.42) 

(2h)(2w)(l + v)[|^l„ 
- 1  

• Determination of vz 

When ax=Txy=0,  

V2=-^ (5.43)  

With a fictitious force q in the x direction. 

' 

'21oay(sc-nc-)c 
> 2 

V N 
£Y — CJw H 

a 
- f '  

'21oay(sc-nc-)c 
dl 

V N 
£Y — CJw H dl 

E y 2w aq EJI ,  2h 
dl 

aq 

8Nl„^(sc-^c^Wi 1  

(2h){2w) J 

Therefore, 
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SNIQ^Csc - ̂c^)c 

V2=--^ = 
(2h)(2w) 

1 
— - 1  

V^o J 

1 + 
16Nlo^(sc-^ic^)^c^ 

7c(2h)(2w) 
In 

1 
(5.45) 

vlo 

• Determination of Vi 

When CTx=Txy=0' 

£y Oy V| =—2-, e =-v-^ 
Ev E 

-V-
Vl=-^ (5.46) 

Therefore, 

Vi=-
^ 16Nlo^(sC-}ic2)2c2 , f 1 

7c(2h)(2w) 

V 

•In 
V^o y (5.47) 

^ ^ 16Nlo^(sc-^c^)^c^ 
7r(2h)(2w) v^o y 

Again, if there exist N cracks in an element with different orientations 

and lengths, the strain occurring in the element is the sum of the elastic 

strain and the strain that all the cracks make. Considering a two dimensional 
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body of 5 cm by 10 cm only with a single crack of 1 mm long, the changes of 

effective elastic moduli are demonstrated as shown from Figure 5.8 to Figure 

5.11. As the crack grows, both effective Young's moduli Ei ^ff and E2,cff 

decrease, where Ei,eff and E2,off are in the direction perpendicular and parallel 

to the axis of symmetry, respectively (Figure 5.8). The change of Ei,cff depends 

on the orientation of the crack as shown in Figure 5.9, but it is far less than 

that of E2,eff- Then, the change of E2,cff is a strong measure of the transverse 

isotropy. If the crack grows infinitely, E2,off decreases until it is identical with 

G2,eff' Equations (5.38) and (5.42), their relationship is obtained as follows; 

lim 

1 + 2N1O^7I 
(2h)(2w) v^o y 

- 1  

E/12 
2N7T 

(2h)(2w) 

(5.48) 

lim 
1/1 

G/P 

1 + -
(2h)(2w)(l + v) 

Ntc 

E/12 

2N7C (5.49) 

(2h)(2w)a + v) (2h)(2w) 

From Equations (5.48) and (5.49), 

lim Et off = lim G-, „ff (5.50) 
1/1 _,oo \ / i  
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Effective Poisson's ratio eff decreases as crack grows depending on the 

orientation of the crack as shown in Figure 5.10. The normalized value shows 

that the maximum change in this case is about 0.03%. On the contrary, the 

effective Poisson's ratio V2,eff/ changes as much as 5 to 10% as shown in Figure 

5.11. It should be noted that the effective Poisson's ratio V2,cff increases when 

the orientation of the crack is greater than 11.31° which is also shown in 

Figure 5.9. In the plot, the coefficient of friction was given by 0.2, and the 

friction is overcome when the angle is greater than 11.31° which is obtained 

by tan-KO.2). 

Single crack growth in the above example gives only a small change of 

the effective properties of the sample. In reality, rock has multiple cracks and 

they can grow simultaneously. In Figure 5.12 and Figure 5.13, the changes of 

the effective elastic properties of an element containing multiple cracks are 

presented. In this example, an element of 6.25x6.25 mm^ contains 200 cracks 

with Young's modulus of 1 GPa, Poisson's ration of 0.15, and coefficient of 

friction of 0.2. In Figure 5.12, the effective elastic moduli remarkably drop as 

cracks grow. E, reduces as much as 45% when the crack lengths increase by 

20 times. E2^gf and Gj ,.ff decrease to very small values when the cracks grow 

eight times of their initial length. Effective Poisson's ratio v, ^ff also decreases 

according to the crack growths as shown in Figure 5.13. But V2.c({ rapidly 

increases, which explains the dilatation of the sample. Gerrard (1977) 
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(b) 

is r- •Ox 

a, = = 0 

K = -c, 

(C) 

O, = Oy = 0 

K||^" =-^xy-J^ 

(d) 

Figure 5.7 Simple configuration of a sliding crack model with no interaction: 
(a) general, (b) when cj^=x^= 0, (c) when = T^y = 0, and (d) when = Cy = 0 
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Figure 5.8 Change of effective Young's and shear moduli as a function of 
crack growth (when E=lxl09, lo=l mm, 2h=10 cm, 2w=5 cm, |j.=0.2) 
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Figure 5.9 Change of elastic moduli as a function of crack orientation (when 
E=lxl09, l/lo=5, 2h=10 cm, 2w=5 cm, |i=0.2) 
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Figure 5.12 Change of effective Young's and shear moduli as a function of 
crack growth (when A=6.25x6.25 mm^ N=200) 
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Figure 5.13 Change of effective Poisson's ratios as a function of crack growth 
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summarized the published experimental data of anisotropic elastic constants. 

The data generally agree with those derived above by the simple crack model 

in this section. 

5.3.4 Procedure of the implementation 

From Equation (5.11), the stress matrix {a(x, y, z)} at the center of each 

element is obtained, which consists of a*, cjy, <5^, Xxy, Xyz, and x^x- However, for 

stress-induced anisotropy, the D matrix should be modified in advance. And 

to use the D matrix according to the anisotropy, the axis of symmetry should 

be determined. In the very previous iteration of the program, if any crack 

grows, it is assumed that there is stress-induced anisotropy. Therefore, in the 

i'h iteration, (1) the stress matrix in each element is transformed using the 

principal stresses to determine the axis of symmetry, (2) stress-induced 

anisotropy is determined by the direction of the maximum principal stress, 

and (3) the components of D matrix is modified for the next (i+1)'^^ iteration. 

Now, by solving Eigen values and Eigen vectors in the i'^^ iteration, the 

principal stresses {dpCx, y, z)}i and their direction cosines [V]j are obtained. The 

direction cosine matrix [V]; is identical with the transformation of rotation 

matrix, [R]i^, in Equation (5.21). In the next (i+1)'^ iteration, stress matrix [a]i+i 

is obtained as follows. 
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[CT]i+i=[Dli[e]i+i (5.51) 

where the superscript * means that the reference axes in the previous 

iteration are used. So, [D*]i is a stress-strain matrix for transverse isotropy and 

the reference axes are based on the principal stresses in i'^ iteration. To solve 

Equation (5.51), stress and strain matrices should be transformed to the 

reference axes in i'^ iteration by Equation (5.21). 

[R]i[a-]i^i[R]iT=[Dli[R]i[e1i.i[R]iT (5.52) 

where [R]i'^=[V]i. Then, 

[a1i^i=[R]iT[D1i[R]i[e1i,i (5.53) 

or 

(5.54) 

Comparing Equations (5.51) and (5.53), the D matrix is transformed after all. If 

there are two systems with different reference axes. Equation (5.53) can be 

simply used. 
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5.4 Examples of numerical analyses 

The micromechanical crack model was implemented into finite 

element programs and executed to simulate both the laboratory scale uniaxial 

test and the field scale pillar problem. Both two dimensional and three 

dimensional programs were used. The input parameters and boundary 

conditions are explained in the corresponding sections. 

5.4.1 Laboratory scale uniaxial test 

A laboratory scale uniaxial test was simulated using the finite element 

program with the crack model as described in the previous sections. In the 

first step, parameters necessary for the model are determined. A Young's 

modulus of 1 GPa and a Poisson's ratio of 0.15 were already obtained from the 

laboratory tests. Laboratory direct shear tests have not been conducted, but the 

coefficient of friction was assumed to be 0.2, and cohesion was assumed to be 

between 0.7 and 1.5 MPa for the analysis based on the published test results 

(Evans and Pomeroy, 1966). A Gc of 200 Joules/m^ was used, which is 

appropriate for the scale and the strength of sample. For two dimensional 

analysis, a standard compression test sample which has 2 inch diameter and 4 

inch height was simulated. A quarter of the central cross section of the sample 
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was meshed into 32 elements which is 6.25 mm by 6.25 mm. The distribution 

of crack lengths is assimied to follow an exponential distribution of which the 

maximum value is about 1.2 mm. Crack orientation is assumed to follow a 

bimodal normal distribution. Table 5.1 summarizes the parameter values. 

In the laboratory, a sample is usually loaded with a displacement 

controlled loading rate to obtain post-failure strain softening. Under a stress 

controlled load, a sample normally fails violently and shows no post failure 

behavior. Therefore, the displacement controlled load is used as a loading 

condition. The center of the sample is fixed assuming that the load is applied 

from both top and bottom of the sample. In most cases, friction is also present 

at the rock-end plate interface which results in bulging out near the middle of 

the sample. Friction is added in the model by not allowing lateral movement 

of the nodes at the ends of the sample. Figure 5.14 shows the boundary and 

loading conditions. Nodal numbers are presented in the parentheses, and 

displacements in each node are also numbered. A load of 10 MPa is initially 

applied to the body, which gives 0.0005 m of equivalent displacement at the 

top of the sample. The deformations and the stress distributions are shown in 

Figure 5.15 at four different iterations, i.e. four different steps of crack growth. 

Cross marks and circles denote the nodes of the undeformed and the 

deformed body, respectively. At the top of the sample, there is no lateral 

displacement due to the friction, and at the middle of the sample, there is an 

expansion due to the Poisson's effect, which increases as the loading 
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increases. The maximum principal stresses generally act parallel to the 

direction of load throughout the sample. The minimum principal stresses are 

noticeable only at the top of the sample due to the friction. At the upper right 

comers, there is a distortion of the stress distribution because of the frictional 

boundary condition. 

Figure 5.16 (a) through Figure 5.16 (h) show the results of uniaxial 

compression of coal in terms of the changes of the elastic properties given 

earlier. In the analysis, the initial displacement of 0.0005 m was given. In each 

iteration, the load was increased by a factor of 10% and cracks were allowed to 

grow. As cracks grow, the effective elastic moduli changed, which is a good 

measure of the damage of the sample. Figure 5.16 (a) through Figure 5.16 (e) 

present the change of the effective elastic moduli after 9 iterations. There is 

shear localization in the middle of the sample at an angle of 60° which is 

generally observed in the laboratory. As explained above, the change of the 

effective Young's modulus E2,cff is a very good measure of the damage 

involving transverse isotropy, since its change is bigger than the other 

constants. Figure 5.16 Q?) shows that E2,cff changes by as much as 50%. It 

should be noted that the contours in the figures are extrapolated and there are 

some misleading values in the corners and boundaries. The pattern of the 

change of effective elastic moduli shown in Figure 5.16 (a) through Figure 

5.16 (e) is very similar. Figure 5.16 (f) gives the numbers of active cracks. The 

elements with active cracks form the failure surface as observed in the 
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laboratory. Figure 5.16 (g) shows the change of the effective Young's modulus 

E2^ff after 12 iterations. Comparing with Figure 5.16 (b), there is a noticeable 

damage progression in the sample. Based on the Mohr-Coulomb failure 

criterion, the failed elements are cross marked in Figure 5.16 (h). The friction 

angle <1) was assumed to be 30°. The failure mode is identical with what was 

observed in the laboratory and described in Chapter 3. 

In a three dimensional case, a rectangular brick sample is analyzed. In 

the analysis, one eighth of the sample is meshed into 128 elements which is 

6.25mm by 6.25mm by 6.25mm. Figure 5.17 shows the meshes and the 

boundary conditions. The same amount of displacement was applied to the 

body as in the two dimensional case. The displacements at nodes and stress 

distributions in elements agree with those obtained in the previous analysis. 

The stress distribution in the body is shown in Figure 5.18. Along the center 

of the body, the stresses are all vertical but near the top and the sides, they are 

distorted in orientations. The changes of effective elastic moduli are also 

generally identical with the 2D case. The program was iterated as cracks grow. 

Once any crack touches the boundary, the program stopped and the number 

of active cracks in each element was obtained. Over 60 runs of the program, 

the number of active cracks in each element was summed up. Figure 5.19 

presents that number of active cracks, which are marked by size and grey scale 

of circles. The five small figures are rotated by 15° increments clockwise at 

each step. The small black square at the top corner of each figure denotes the 
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origin of the axis. It should be noted that there are few cracks in the upper 

niiddle of the sample and a larger number of cracks along the diagonal. 

5.5 Summary 

In this chapter, the mechanical model was implemented into two and 

three dimensional finite element programs. First of all, input parameters of 

material properties, crack information, and boundary conditions were 

determined. The stress-induced anisotropy was introduced in the direction 

parallel to the maximum stress. Then, the stress-strain matrix was modified 

for the condition of transverse isotropy. As cracks grew, the new effective 

elastic moduli were calculated based on the principles of rock fracture 

mechanics. Simple examples were finally taken. 
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Table 5.1 Parameter values for coal in a laboratory scale 

Initial crack lengths Maximum 2 mm (Exponential distribution) 
Crack orientation Random (Bimodal normal distribution) 
Cohesion 0.7 to 1.5 MPa 
Coefficient of friction 0.2 
Shear fracture energy 200 Joules/m^ 
Young's modulus IGPa 
Poisson's ratio 0.15 
Number of cracks 100/element 
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Figure 5.17 Three dimensional finite element meshes and their boundary 
conditions for a rectangular sample 
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Figure 5.18 Stress distribution in the three dimensional body 
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CHAPTER 6 

CONCLUSIONS 

In this dissertation, the deformation and failure mechanisms of rock 

subject to compressive stresses have been studied. And their applications to 

practical design problems are carried out. Although the studies are 

concentrated mostly on coal from Twenty Mile Coal Mine in Colorado and 

McKinley Coal Mine in New Mexico, the major discoveries and conclusions 

obtained throughout the research are equally applicable to general rock 

mechanics and fracture mechanics. The laboratory tests were performed with 

maximum care and the equipment was operated with technical expertise. It is 

expected that there exist errors especially in numerical data, and they may be 

quite big, when dealing with geological materials. The major discoveries and 

conclusions are summarized as follows. 

1. The failure mode of coal is dependent on the orientation of bedding planes. 

For vertical bedding planes, coal fails in splitting mode with several vertical 

columns. When the bedding planes are inclined, coal breaks in a shear mode 

along the bedding planes. Coal with horizontal bedding planes fails along the 
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intersection of bedding planes and cleats. Under uniaxial compressive stress, 

in general, cracks in coal propagate along the intersections of pre-existing 

discontinuities, and both shear and extensile crack growth occurs depending 

on the direction of the load relative to the bedding planes. 

2. Coal has a characteristic feature of orthogonal fracture network consisting 

of bedding planes, face, and butt cleats. The cleats are regularly spaced 

discontinuities created in the geological process of folding and bending. To 

characterize the pre-exiting fracture network in coal, different types of 

laboratory tests were performed. It should be noted that the frame of scale is 

quite important. The distribution of cracks in coal was observed using optical 

microscope and scanning electron microscopy. In both cases, crack length 

follows an exponential distribution, and crack orientation follows a bimodal 

normal distribution. In the optical microscopic scale, the average crack length 

was about 13 mm and the maximum crack length observed was about 50 mm. 

On the electron microscopic scale, the average crack length was 0.3 mm and 

the maximum crack length was 1.2 mm. The crack density in this case was 

7.85 cracks/mm^. 

3. To determine the crack spacing, scanline surveys and geometric probability 

analyses were conducted. The average crack frequency at the magnification of 

lOx was about 0.6 and 0.25 (1/mm) for bedding planes and cleats, respectively. 
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The crack density obtained was about 1.02, which matches well with that from 

direct measurement. The degree of orientation which is a measure of 

anisotropy increased when the load was applied parallel to the bedding 

planes, but decreased when the load v/as applied perpendicular to the bedding 

planes. 

4. A new resin injection technique was successfully used. A special acrylic 

cylindrical cell was devised to inject resin more efficiently while applying 

uniaxial compressive stress. Using vacuum pressure and compressed 

nitrogen, resin was successfully injected into cracks on the order of 10 

microns. 

5. SEM observation revealed that there exist sparsely and randomly 

distributed isolated micropores in coal. They are about 10 microns in 

diameter. The isolated micropores are much smaller than microcracks, and 

they have little effect on the deformation behavior of coal. 

6. Coal is an extremely brittle and friable material so that shaping a sample as 

well as obtaining reliable physical data are very difficult. Also, coal properties 

are very sensitive to changes in moisture content. Therefore, special care 

should be taken when handling and shaping coal. Coal should be kept in a 

place where the humidity is constant to prevent drying and wetting cycles. 
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When cutting coal, a high rotational speed and a slow feed of blade should be 

employed. 

7. Under load, cracks grow subparallel to the direction of the load and new 

short cracks are created with more scattered orientations from the direction of 

the load. 

8. The sliding and shear crack model was used to calculate the nonlinear 

stress-strain curves of coal using parameter values obtained from the 

laboratory tests. The model and parameter values successfully predicted the 

nonlinear behavior of coal observed in the laboratory including strain 

hardening, strain softening, and dilatancy. 

9. The model was implemented into a finite element program. Simple cases 

were used to verify the results of the program. Changes of effective elastic 

moduli and the number of active cracks were checked according to crack 

growth. The results nicely matched the deformation and failure pattern of 

coal observed in the laboratory. 
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Concluding this dissertation, it is obvious that there are many 

questions and topics that should be studied. Further study subjects are listed 

below. 

1. The correlation between crack length and crack orientation as a function of 

crack growth should be studied. 

2. More complicated loading and boundary conditions should be used to 

validate the usefulness of the finite element program that has been 

developed. 
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