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Abstract
A variety of topics in large-signal and system-level power electronics are explored.
First, the load-sharing problem for converters with parallel- and series-connected outputs
is defined and explained. Requirements for load-sharing behavior are illustrated graphi
cally. Many classes of switching converters are capable of load-sharing aside from current-programmed-mode (CPM) converters, including but not limited to discontinuousmode (DCM) pulse-width-modulated (PWM) converters and resonant converters.
The input filter problem is studied for high-power-factor rectifiers (HPFRs) based on
the DCM flyback converter. Such HPFRs require an input filter to reduce switching noise
conducted to the AC line, but the filter can degrade the power factor and interfere with
converter operation. The analysis allows filter design that minimizes and balances these
effects. Intuitive and analytical approaches are given and compared. The analytical
approach uses phase plane methods usually used for resonant converter analysis. Although
the filter design is for a specific converter, the approach is applicable to any HPFR.
A single-quadrant negative resistor is synthesized from a DCM flyback converter. This
circuit is simple, efficient, and can handle power levels over lOOW. A design procedure
and small-signal analysis are given. Additionally, a set of large-signal dynamic circuit
models are presented for DCM PWM converters.
A general impedance synthesizer is developed based on a four-quadrant switching
converter. This circuit is used to create the negative resistance pseudoinverter, which puts
power onto the AC line for sale to a utility. To develop the pseudoinverter, the concept of
load reduction is employed. Potential stability problems are studied and a solution imple
mented. The synthesis of self-contained reactive components is also studied.
Extensive experimental verification substantiates the majority of the concepts in this
dissertation. Simulation is also used to support some of the analysis.
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Chapter 1
Introduction
Power electronic systems are electrical networks that consist of one or more power
converters, along with various control systems, filters, power sources and loads (power
consumers). Although the power converter or power supply is considered the key compo
nent of such a system, the fact is that all the components are essential. Furthermore, all
these components interact in varied and often unpredicted ways. In the past, while regu
lated power supplies were for the most part inefficient, they were low noise and tended to
stabilize systems since they dissipated a lot of energy. The advent of switch-mode supplies
has resulted in power converters that are very efficient, but that tend to be noisy and much
less stable in systems than their earlier counterparts. In addition, the proliferation of elec
tronic devices with switching supplies has placed high demands on electrical utilities.
The most conmion analysis of switching power supplies is based on linearized models
of switching power converters, e.g. the state-spaced averaged model for pulse-width-mod
ulated converters and the various y- or /i-parameter models of current-programmed and
resonant converters [1,2]. These models are essential for the design of the feedback regu
lators required on virtually all power supplies, which is usually accomplished using linear
feedback theory. Unfortunately, these models become less useful in power electronic sys
tems consisting of more than one converter, or where power converters are used in appli
cations other than DC-DC conversion. Additionally, other ways of thinking about power
converters and electrical energy can lead to otherwise neglected insights and useful prop
erties.
This dissertation covers four loosely related topics in large-signal and non-linear prop
erties of power electronic systems. As work progressed on this research, it was realized
that a complex, highly mathematical analysis of non-linear behavior of power converters
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was of relatively little use. Closed-form results from such models are few and far between,
and even when they exist, they are often of little use since the interaction between the con
verter parameters and the terminal behavior of the converters is not apparent from the
equations. Hence, it is not a treatise on the mathematical aspects of non-linear analysis;
rather, it is concerned with showing how non-linear and large-signal effect are both impor
tant to the development of power electronic systems and how they are often beneficial.
Each of the following four chapters is nearly self-contained, although they do reference
other chapters.
Chapter 2 deals with the idea of combining multiple power supplies to meet highpower loads. The basic idea is not new. However, some converters are better suited to
combined operation than others. The reasons for this have been thoroughly discussed, but
misconceptions are rampant, and no one has provided a general and correct explanation of
the phenomenon of power sharing among multiple power converters. Such an explanation
is provided in this chapter. Experimental verification is provided.
Chapter 3 smdies the input filter design for a particular class of high power-factor
(HPF) converters that operate at low power levels (~100W). Until recently, HPF rectifiers
were an expensive proposition, requiring fairly extensive control systems and boost con
verters, which are fairly expensive in practical implementations. The development of inte
grated HPF controllers solves one of these problems, but the boost topology is not well
suited to low power designs. In recent years a number of HPF topologies have been devel
oped that namrally have high power-factor without the need for a special control system.
These are inexpensive converters well suited to low power level applications. Unfortu
nately, this new class of HPF rectifiers rely on discontinuous operating modes (DCM) with
the resultant increase in switching noise and ripple. This chapter deals develops several
sets of criteria for the proper design of input filters for HPF rectifiers. Experimental verifi
cation is provided.
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Chapter 4 investigates the modeling of discontinuous mode (DCM) PWM converters,
and presents potential new applications that depend on the non-linear control and output
characteristics of such converters. It develops a set of power-conservative large-signal
models for basic DCM PWM converters. It also shows how very simple control systems
may be used to develop unusual and potentially useful behavior. Experimental verification
is provided.
Chapter 5 develops a general impedance synthesizer. This impedance synthesizer is
different from small-signal op-amp realizations in that it uses an efficient switching power
converter as its key component. Unlike op-amp based realizations, this impedance synthe
sizer is power conservative, i.e. it uses only the power that a physical version of the syn
thesized component would plus a small amount more to make up for converter losses.
Using this circuit, it is practical to synthesize self-contained reactive components. In addi
tion, an application of great potential value is developed, namely the negative resistance
pseudoinverter. This circuit presents a simple means for generators of small-scale electri
cal power to put power back on utility lines. A new view of such systems is developed that
both brings to light potential stability problems and suggests a simple and easily imple
mented solution. Experimental verification is provided.
Appendix A is contains a short analysis used to find initial conditions for some of the
problems of Chapter 3. The analysis ended up not being directly applicable to the prob
lem, but it is potentially useful for finding initial conditions and steady-state solutions in
problems involving resonant components and piecewise-sinusoidal waveforms, hence it
was included as an appendix.
Finally, contains a summary of conclusions from the main chapters. Since each chap
ter is mostly self-contained, detailed conclusions are given in individual chapters.
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1.1

Notation

The following notation for mathematical quantities is used in this thesis. All variables
constants represented by Roman alphabet characters are italicized, and those represented
by Greek characters are not. Table 1.1 sununarizes the three main types of variables used
and their notation.

Variable
format

Variable type

X

unrestricted variable

X

DC variable

X

small-signal ac flinearized) variable

Table 1.1

Summary of the variable types used in this thesis.
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Chapter 2

Output Plane Analysis of Load-Sharing in MultipleModule Converter Systems
Advances in modem electronic systems have placed increasing demands on power
supply technology. Power supplies must be increasingly reliable and efficient, and power
density requirements are increasing as well. For example, progress in computer technol
ogy has required increasing currents at lower voltages. The present standard for silicon
technology is based on 5V supplies, however this is rapidly moving towards the 3.3V
standard. The 2.2V standard is under investigation, and it has been suggested that a IV
standard is likely and necessary [3]. As the supply voltages drop and IC device density
increases, the demand for supply current increases as well. Single high-current converters
that process all the power in one stage have problems related to heat dissipation, expensive
high-power components and failure protection. An alternative means of meeting these
demands is to employ several separate converters that share the load requirements; hence,
the topic of multiple-module power supply (MMPS) systems is of high interest. Multiplemodule power supplies are also useful in systems that demand high reliability and high
availability due to the inherent redundancy of such supplies. This makes MMPSs useful in
space systems, biomedical systems, and telecommunication systems, to name a few repre
sentative applications.
Modular power systems have many desirable properties [4]. First, the thermal design
of high-current, low-voltage systems is simplified, since the use of multiple low-power
converters results in a lower peak heat density within the system. Second, the use of loadsharing modules provides flexibility, since changes in specifications can be met with
changes in the number of modules, rather than the design of a new converter. Third,
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MMPSs can be useful in high-reliability systems. The redundancy possible with multiple
converter modules provides greater system reliability, since an individual module failure
does not mean a system failure. The repair of such systems is simplified since on-line
replacement of faulty modules is possible. Also, since individual converters handle low
power levels, component stresses can be made lower and converter life lengthened.
Finally, by using a few standard modules, greater economies of scale can be achieved than
with a variety of custom designs.
This chapter covers the following topics: the load-sharing problem, classification of
MMPS systems, output plane analysis of load-sharing, common converters with loadsharing properties, quantitative measurement of load-sharing, simplified models for
MMPS systems, and experimental verification.

2.1

The DC Load-Sharing Problem

First, let us define the term load-sharing. Load-sharing refers to the ability of all con
verters in an MMPS to split and share the total load power. An MMPS with n converters
and load power P has ideal load-sharing if each converter in the MMPS delivers a power
of P/n to the load. A more quantitative description is given in Section 2.4, where a figure
of merit is defined.
The practical implementation of an MMPS is not straightforward. Consider the paral
lel two-supply system of Figure 2.1a, with each supply modeled as an ideal voltage source
with a small output resistance. Such a model is representative of the majority of commer
cial converters, which are usually designed to operate as voltages sources. If each con
verter is identical, each delivers the same current to the load, i.e., they share the load
equally. However, if the sources or output resistances differ even slightly, one converter
delivers most or all of the load current [5]. Since it is impossible to manufacture identical
converters, the load-sharing question is not a trivial one. The dual problem of the series
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connection (stacking) of current sources also exists (Figure 2.1b). Such systems are useful
in high voltage applications which require moderate to large current sources, such as
motor drives, welders, and discharge photon sources, e.g. lasers. X-ray tubes, and high
intensity discharge (HID) lamps. [6]. Finally, it would be useful to have a single module
that could share both current and voltage. Such a module could be used in a completely
general MMPS consisting of an a-seriesxZ^-parallel array of converters to obtain any
desired voltage and current (Figure 2.2). For example, if individual converters have a
nominal operating point of 5V @ lAand the supply specification calls for 15V @ 2A, one
could simply construct a 3x2 array of converters.

+

1 + Vi r-WWn

i
Figure 2.1

II

f

1

Vp

(a)

'41

(b)

V2 -

0
l2

Simple models of two-converter systems. Paralled "voltage"
sources are shown in (a), and series-connected "current" sources
in (b).
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b parallel

a senes

Control
Input

Figure 2.2

General multiple-module power supply, consisting of an axb array
of individual power supplies.

2.1.1 Classification of Load-Sharing MMPS Systems
Proposed solutions of the load-sharing problem have been the topic of several articles
[4-10]. These solutions can be divided into two categories, system-oriented and converter
oriented. System-oriented MMPS approaches employ a central controller that monitors
the load and all individual converters and adjusts individual converters to insure good
load-sharing, shown in Figure 2.3a. Schemes that require precise matching of converter
reference voltages and stringent regulation of the output voltage are included in this cate
gory, as are those which depend upon synchronization of switching signals. The central
control in the precise matching case is the one-time initial adjustment required to match
the converters (and possibly the power bus structure as well). In the synchronization case,
it can often be shown that the multiple-converter circuit is equivalent to a single converter
of the same topology, but with scaled component values. Converter-oriented approaches
use individual converters that have an inherent load-sharing property. This load-sharing
property may arise naturally in certain converters, or it may be generated by means of
feedback around the individual converters. In the latter case, the feedback loop is consid
ered to be part of the individual converter. Most practical converter-oriented schemes
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require an outer feedback loop for regulation of the entire system (Figure 2.3b), but this
single loop is much simpler than the multiple loops required for a system-oriented scheme.
Note that it is possible to combine both system- and converter-oriented approaches.

\f \ f y
Controller

Controller

Figure 2.3

MMPS systems can be classified into two groups: System-oriented
(a) and converter-oriented (b).

System-oriented approaches have several disadvantages. In schemes that use an active
controller to monitor and adjust individual converter outputs, the control system is compli
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cated, difficult to design, and expensive. Furthermore, the monitoring requirement may
require the use of otherwise unnecessary sensors on the individual converters, reducing
efficiency and increasing cost. Finally, such a system requires the use of a low-level signal
bus in what is typically a very high-noise environment. This can lead to errors, or worse,
instabilities. This rules out such approaches in all but the most demanding applications, in
which the controller cost is a small fraction of the total system cost. Schemes that require
the precise matching of converters are impractical for a variety of reasons, the primary one
being that components age and their values drift with time and temperamre. The precision
matching of components is difficult and expensive to begin with. Maintaining this match
ing over time and large variations in temperature is nearly impossible.
To be fair, system-oriented approaches do have some advantages. First, since all con
verters are monitored continuously, fault detection is simplified. This aids upkeep in main
tainable and/or redundant systems. Second, some system-oriented approaches allow one
to control the number of active converters. This is a useful method of in applications that
demand a large dynamic range [9].
Converter-oriented approaches also have advantages and disadvantages. Their chief
benefit is simplicity. Individual converters are such that they inherently share the load
more or less equally. A special control scheme to force load-sharing is therefore unneces
sary. Often, such converters may be removed or added to the system while it is operating.
The disadvantage is that a separate control loop is usually necessary to regulate the output
of the entire system; however, this control loop is can be quite simple, as it need only sam
ple the output of the total system, e.g. the load voltage, and the entire MMPS can be con
trolled as if it were a single big converter.
Most practical systems in use today are converter-oriented, although some combina
tion systems exist as well. In the rest of this chapter, we will examine converter-oriented
approaches exclusively.
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2.1.2 Present Converter-Oriented Load-Sharing Solutions
When the topic of MMPSs is discussed, it is nearly always assumed that the MMPS is
a system of converters with parallel-connected outputs to increase output current capabil
ity. While this view is unnecessarily limited, most presently used systems are of this type;
hence, this section will deal with current methods of implementing such systems.
Most converter-oriented approaches employ current-programmed mode (CPM) pulsewidth modulated (PWM) converters [1, 8, 11]. Their key feature is that an intemal con
verter current variable is sampled, compared to a reference, and the error signal is used to
control the duty-cycle of the converter, and hence its output. Let us illustrate by examining
a CPM buck converter, shown in Figure 2.4. The inductor current

is sampled and when

it reaches the reference current i^gf, the switch Q1 is turned off. This process is periodic
with a constant frequency F5. This system is considered to be a complete converter mod
ule which has as its control input the reference current /^. Since the inductor current is
approximately equal to the output current, the result of CPM is to make the converter
behave as a current source [8, 11], although in actuality the output current is a non-linear
function of load voltage [12], Since CPM buck converters approximate a current source,
their outputs may be connected in parallel and exhibit good load-sharing.
Current-programmed-mode PWM converters require some means of sensing current.
This is usually a resistor or transformer and additional circuitry as appropriate. In most
applications, a current sense resistor is used because it is cheaper and simpler to imple
ment, although a penalty is paid in lost efficiency. The current that is sensed is nearly
always an inductor current, since the result of this is simplified converter dynamics [I]. As
a result, the design of the feedback compensation network is also simplified. Other CPM
topologies, e.g. boost, flyback, etc. are also useful in paralleled-output systems. Although
it is no longer the output current that is being sensed, these converters still share current
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when the outputs are connected in parallel. Note that the output of these converters is not
like a current source, despite claims to the contrary.

Clock
(Freq.

Figure 2.4

Current-programmed-mode (CPM) buck converter.

Finally, although CPM converters are fairly well understood, they are not without their
problems. As mentioned, sensing current requires either a resistor or transformer. The use
of a current-sensing resistor reduces efficiency. Using a transformer to sense current is
potentially more efficient, but transformers are expensive. Furthermore, the use of a trans
former often requires the use of considerable additional circuitry to restore the DC level
on the secondary of the transformer. Both means of current sensing are susceptible to
noise generated by circuit parasitic components and other sources, which can cause a vari
ety of problems. Additional circuitry is often required for implementing the control
scheme, e.g. noise filters, differential amplifiers, or DC level restoration circuits. The
existence of these problems suggests that it is worth looking at other possibilities for loadsharing systems.
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2.1.3 The Need for an Intuitive and Correct Explanation of LoadSharing Behavior
There exist indications that other converters besides those of the CPM class exhibit
current-sharing behavior in parallel-connected systems, and several unsatisfactory expla
nations have been advanced. For instance, [1] suggests that PWM converters operating in
discontinuous conduction mode (DCM) "approach" current source behavior, and suggests
that these may be possible candidates for load-sharing converters. This conclusion is
drawn since the author generates a small-signal model that has a current source output
with a parallel output impedance. However, this has no meaning in the context of load
sharing. If we redraw the model as its Thevenin equivalent, have we lost the supposed cur
rent-sharing ability? The model was simply drawn as it was because it was convenient to
do so, and the conclusion drawn without further consideration. In fact, the small-signal
model is poorly suited to the determination or description of load-sharing. Another similar
argument is made for the DCM flyback converter, where the author solves for the output
current of the converter, and thus concludes that it behaves as a current source [44]. How
ever, the current is a strong function of the load, hence cannot be a current source. If the
output equation is solved for voltage, does that suddenly make the same converter a volt
age source, unable to share current in a practical system? In another paper, series resonant
converters are used in a parallel MMPS [13]. Their load-sharing ability is explained by a
short description of "charge packets," an explanation that misses the point. The author has
heard similar unsatisfactory explanations in discussing this matter with others. Finally,
nearly all discussion of load-sharing is limited to the case of current-sharing in supplies
connected in parallel. While this is the most common case, it is not the only possibility.
None of the previous explanations provide a good grasp of the true reasons that con
verters can exhibit general load-sharing behavior, nor do they provide any clue as to how
to approach matter quantitatively. Furthermore, none of the explanations are quite correct.
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and some are incorrect. The purpose of this chapter is to explain, in an intuitive way, the
conditions that allow good load-sharing behavior in power converters. It happens that it is
really a very straightforward phenomenon, if approached in a proper manner.

2.1.4 Alternative Load-Sharing Solutions
It has been hinted that there are other possible converters that exhibit load-sharing
properties. In fact, many converters have this ability. Some will work in parallel-con
nected systems, some in series-connected, and many in combinations of series- and paral
lel-connected systems. In the following sections, it will be show that many conmion
converters, including PWM, resonant, quasi-resonant and CPM, exhibit good load-sharing
under a variety of conditions.

2.2

Output Plane Analysis Of Converters
At the most basic level, the determination of converter load-sharing ability is a steady-

state problem, for if DC load-sharing is unachievable, the more general AC problem
becomes moot. This DC load-sharing behavior can be determined by the output plane (the
graph of the converter's output current versus output voltage), which completely repre
sents the converter's DC output properties.

2.2.1 Load Sharing, the Output Plane and Output Resistance
The reason conventional power supplies do not share current well is that they are
designed to be good voltage sources with a low output resistance. Consider the circuit of
Figure 2. la where the two voltage supplies are ideal (/?/ = /?2 = 0) and the voltages are dif
ferent

V2). Figure 2.5a shows the output plane corresponding to this situation. The

two ideal sources are represented by two vertical lines. Since the two sources are con
nected in parallel, they must have the same voltage Vp across them, which is represented
by the vertical line labeled Vp, There is no Vp line that intersects both the Vy and V2 lines,
hence this system has no solution. On the other hand, suppose we connect two differently
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valued ideal current sources in pandlel. The two current sources are represented by the
two horizontal lines in Figure 2.5b. A line representing Vp can be placed anywhere, hence
this system has a solution for any output voltage.
Now consider the more realistic situation of two converters with small output resis
tance and a slight voltage source mismatch. This is represented by the output plane in Fig
ure 2.6a. Due to the parallel connection, their terminals have the same voltage Vp,
represented by a vertical line in the output plane. The output current of each converter is
given by the intersection of the Vp line with the converter line. If the output resistance is
low, the slope of the converter lines is steep, and the difference between the output cur
rents 11 and I2 is large.

I
> ^

>

Vp

v,
(a)

Figure 2.5

^ ^

vF
(b)

Voltage (a) and current (b) sources connected in parallel.
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•V

VzV,

(f)

Figure 2.6

Various sources connected in parallel (a, b, c) and in series (d, e, f).

Figure 2.6b shows the effect of increased converter output resistance. The slope of the
converter lines is less steep, the difference between converter currents is smaller, and loadsharing is improved. This is expected, and it is commonly known that current-sharing is
improved by means of series resistor. This idea is frequently applied when paralleling
transistors [14]. Unfortunately, this is a poor solution when efficiency is a prime concern.
Now, suppose the individual power supply modules cannot be modeled by an ideal
voltage source with a source resistance. For example, suppose an individual module has a

constant power output characteristic, i.e., it always delivers a fixed number of watts to the
load. This means the converter's output current is inversely proportional to its output volt
age Eq. (2.1).

P=VI=>I=V

(2.1)

This output characteristic appears as a hyperbola in the output plane. Two slightly mis
matched converters are shown in Figure 2.6c. A Vp line can be drawn anywhere and still
intersect both converter lines, so this system works for any output voltage Vp Good cur
rent sharing can be obtained over a large range of output voltage. This is intuitive, since
the power delivered by each supply is fixed. Other properties of constant power source
converters are discussed in the context of the power-in/power-out (PIPO) model in [15].
The dual case of stacked converter modules is shown in Figure 2.1b, and the output
plane behavior is illustrated in Figure 2.6d-f. Since the modules are connected in series,
the same current

must flow through each module, represented by a horizontal line in the

output plane. Figure 2.6d shows the case with near-ideal current sources, where a small
difference in source currents means a large difference in module voltages. This is analo
gous to Figure 2.6a. Figure 2.6e shows the effect of decreasing output resistance in current
sources and Figure 2.6f shows the hyperbolic output characteristic. All these cases are
analogous to the parallel-converter cases.
Some observations may be made from the above discussion. First, for good current
sharing in parallel voltage supplies, the output resistance of those supplies cannot be
small, and for good voltage sharing in stacked current supplies, the output resistance of
those supplies must not be large. Thus, the more "ideal" the behavior of the converter
modules, the worse the load-sharing becomes. Second, as the constant power source case
shows, both parallel and series load sharing can be obtained with one type of module. In
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this case, one can only derive a small-signal incremental output resistance, which varies
with operating point. Thus, in general, output resistance as conventionally defined is not a
good measure or predictor of load-sharing behavior. However, one can easily see whether
a converter will perform well in a MMPS simply by taking a quick look at its output plane.
One can readily imagine a wide variety of output plane curves that show load-sharing, and
this suggests that there may be many converters which have load-sharing capability.

2.2.2 Some Common Converters With Load-Sharing Properties
This section shows that the following converters have load-sharing ability: the buck,
boost, and buck-boost converters operating in discontinuous inductor current mode
(DICM), the Cuk converter in discontinuous capacitor voltage mode (DCVM), the
clamped series resonant converter (CSRC), and the series resonant converter (SRC).
Load-sharing characteristics are determined by examination of converter output planes. To
facilitate the comparison of the converters, the following normalized variables are used:
V
M = — = normalized output voltage

(2.2)

8

J = —I = normalized output current

(2.3)

g

O = — = — = normalized load resistance

(2.4)

The variables V, I, and R are the converter output voltage, output current, and load
resistance, respectively.

is the converter input voltage, and Rq is a converter character

istic impedance that depends on the converter class.

2.2.2.1 Discontinuous Mode PWM Converter Output Planes:
The characteristic impedance Rq for all DICM PWM converters with a single discon
tinuous inductor current through inductor L is given by Eq. (2.5). The normalized load
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resistance is the reciprocal of the conduction parameter

used in analysis of DICM

PWM converters [16], where the L subscript denotes discontinuous inductor current
mode, and F5 is the switching frequency.
= 2LF^
0= — =

(2.5)
(2.6)

2LF,
The normalized output voltage M is identical to the voltage transformation ratio. From
the voltage transformation and mode boundary equations for the DICM converters given
in [16], the normalized output equations can be determined and plotted in the output plane.
For the buck converter,
V
M =y =
«

2

(2.7)

l + Jl+(4K^)/D^

From Eqs. (2.2)-(2.7), one obtains the normalized output current J

J =

(2.8,

The condition for DICM operation is
K^<\-D
J<il-D)M

(2.9)
(2.10)

The normalized output voltage M is continuous across the DICM boundary, so at the
boundary M = D (since this is a buck converter), and for DICM,
J< (1-M)M
Equations (2.8) and (2.11) are plotted in Figure 2.7a.

(2.11)
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The output plane equations for the boost and buck-boost are derived similarly. The
boost converter normalized output current and the DICM boundary are given by Eqs.
(2.12) and (2.13), respectively. These are plotted in Figure 2.7b.

J =

^
M-1
Af — 1

J<——
AT

(2.12)

(2.13)

The buck-boost converter has a normalized output current and DICM boundary given
by Eqs. (2.14) and (2.15), plotted in Figure 2.7c.
2

y = —
M

J<

M
^
(1+A/)

(2.14)

(2.15)

The Cuk converter is the dual of the buck-boost converter [17]. The dual of DICM
buck-boost operation is the discontinuous capacitor voltage mode (DCVM) operation of
the Cuk converter. For this mode, the characteristic impedance Rq is determined from the
energy transfer capacitor C/. The normalized load resistance Q is equal to the DCVM con
duction parameter Kq-

R = —^

"
Q =

(2.16)

2CiF,
= IRC^F^

(2.17)

Derivation of the output plane equation gives the output and DCVM boundary yields Eqs.
(2.18)-(2.19), which are plotted in Figure 2.7d.
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J =

J
M{\-D)'

J>

(2.19)
M

(a) Buck

0
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Output planes for common DCM PWM converters.

From Figure 2.7a-d, it is clear that for the DICM mode buck, boost, and buck-boost
and the DCVM mode Cuk converters can work in a parallel and/or series MMPS for some
or all of their discontinuous operating region. This is expected since the output equations
for each of these converters are hyperbolae, and are thus related to constant power source
converters. In fact, the DICM buck-boost and DCVM Cuk converters are constant power
source converters, since Eqs. (2.14) and (2.18) show that the product of the output current
and output voltage is a constant.
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2.2.2.2 Series Resonant Converters
Two types of series resonant converters (SRCs) are examined here, both represented in
Figure 2.8. The clamped SRC (CSRC) [18] is shown in Figure 2.8a, and the conventional
SRC (SRC) [19] in Figure 2.8b. Both converters are controlled by varying the switching
frequency, and the transistors are operated in a complementary fashion at a 50% duty
cycle. The normalized output variables Af, J, and Q are defined by Eqs. (2.2)-(2.4). The
characteristic impedance Rq is given below, along with a new normalized variable F, the
normalized switching frequency. F is the control parameter for the CSRC and the SRC.

tank characteristic impedance

(2.20)

normalized switching frequency

(2.21)

(2.22)
27t
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Figure 2.8

Clamped series resonant converter, or CSRC (a), and conventional
series resonant converter, or SRC (b).

For the variables in Figure 2.8 and for the desired mode of operation, the output power
of the CSRC is

P = V I = V^^CF^

(2.23)

and the normalized output equation is obtained from Eqs. (2.2)-(2.4), (2.20)-(2.22).
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J

(2.24)

2izM

Equation (2.24) is a hyperbola (Figure 2.9a), hence this converter acts as a constant
power source with the output power determined by the switching frequency. From our ear
lier discussion, this converter should work equally well for paralleled and/or stacked
MMPSs.
For the SRC operation above resonance, the output equation is given by

^ |l-4Af^sin^(7i/(2F)) _
cos (7C/ { I F ) )
It V '

(2.25)

Equation (2.25) describes an ellipse in the output plane, shown in Figure 2.9b. This
converter can be used in paralleled and/or stacked MMPSs for much of the output plane.
Figure 2.10 shows the curves for two SRCs of similar design and operating conditions
connected in parallel and series.

(a) CSRC
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(b) SRC
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Figure 2.9
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Output planes for CSRC (a) and SRC (b).
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Output planes for two SRCs, showing parallel current sharing (a)
and series voltage sharing (b).

2.2.2.3 Current Programmed Mode PWM Converters
It is interesting to examine the output planes of average current-programmed mode
PWM converters. The most commonly used buck-derived CPM converters do indeed
exhibit output behavior resembling a current source, in fact becoming a current source as
the components approach their ideal values, and these are used frequently in MMPS sys
tems. What about other PWM topologies' behavior, e.g. the boost and buck-boost, when
operated as CPM converters? They are known to work in parallel-output MMPSs, but they
do not behave as current sources.
The rest of this section derives the ideal output planes for the CPM buck, boost, and
buck-boost converters. The output equations for these converters assume that the inductor
current is equal to the control current. Although this is an idealization, it is good enough
for the purposes of this chapter. Although the author has done some research on non-ideal
CPM output planes, the topic subsequently addressed in more depth in [12]. The normal
ization used in the analysis is the same as for the DICM PWM converters given by Eqs.
(2.2)-(2.6), where the inductor L in Eq. (2.6) is the one whose current is sensed.
For the CPM buck converter, the normalized inductor current
malized control current

is equal to the nor

and since the inductor current equals the output current
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J = Ji= j,

(2.26)

Thus, the CPM buck converter behaves as a good current source.
The CPM boost converter output current I is equal to (1-D) times the inductor current.
Since inductor current

is equal to the control current

and for the boost converter, M -

1/(1-D ), the output equation is given by Eq. (2.27), and in normalized form by Eq. (2.28).
Equation (2.28)is plotted in Figure 2.11a.

/ = (1-D)z;= ^
M

(2.27)

J =M

(2.28)

Thus, the CPM boost converter behaves as a constant power source. This makes sense,
since for a given input voltage, control of input current means control of input power, and
thus the output power as well.
The CPM buck-boost converter output equation is derived in a similar manner. The
output equation is given by Eq. (2.29) and in normalized form by Eq. (2.30). Equation
(2.30) is plotted in Figure 2.11b.

L
I = (1 -D)/ = —^
\+M
J =

(2.29)

(2.30)
1+M

This analysis of CPM converters supports their use in paralleled systems. Further
more, the output planes of the CPM boost and buck-boost converters indicate their possi
ble use in stacked systems as well.
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Output planes for the CPM boost (a) and buck-boost (b) converters.

2.2.3 Comparison of CPM Converters and Their Alternatives
In most MMPS applications to date, CPM converters are used. The primary reason for
this is that they have been around for a while, and known to perform well in this sort of
application. However, the previous sections have shown that there exist many converters
that also perform well in MMPS systems. Hence, a comparison of CPM converters and
their alternatives is in order.
The CPM PWM converters and the alternatives discussed (DCM and resonant con
verters) all have load-sharing capability, but they differ in how this capability is achieved.
Current-programmed converters use an external current feedback loop to control the
switch current and modify standard PWM converter behavior. On the other hand, DCM
and resonant converters share the load naturally, without sensing any converter wave
forms. The latter can be an advantage, since in many cases, current sensing presents diffi
culties (see Section 2.1.2).
Switching frequency is another factor to consider. A main advantage of resonant con
verters is the high-frequency operation achievable due to reduced switching loss [19]. Dis
continuous mode PWM converters also may exhibit reduced switching loss due to zerocurrent or zero-voltage switching. In contrast, CPM converters have the same switching

41

loss as conventional PWM converters. This limits the maximum switching frequency and
places a lower bound on converter volume.
Another advantage of DCM and resonant converters is that one regulator/controller
may be used for all the converters in an MMPS. This reduces the volume and complexity
of individual converters, and diminishes the cost per converter. In contrast, a system of
CPM converters requires a separate current-mode controller for each converter in the sys
tem, in addition to the system voltage regulator.
To be fair, CPM converters have advantages of their own. First, discontinuous mode
PWM and resonant converters typically have high peak voltages and/or currents compared
to CPM PWM converters of the same power capability, i.e., the RMS currents and/or volt
ages are higher in DCM/resonant converters. This means that DCM/resonant converter
components must be able to handle higher power dissipation and/or must have lower resis
tance than comparable CPM components. Second, the relatively smooth inductor wave
forms of CPM converters sometimes result in reduced filtering requirements compared to
DCM/resonant converters. Third, the load sharing of DCM (not resonant) converters is
dependent on DCM operation. If load conditions change such that one crosses from DCM
to CCM boundary, load sharing will disappear. CPM converters do not share this problem.
Fourth, some CPM converters, such as the CPM buck converter, have inherent output cur
rent limiting (although this is true of some resonant converters, e.g. the SRC). Finally, the
transient and ac behavior of CPM converters has been studied at length, and it is known
that they function well in practical MMPSs.

2.2.4 Discussion
From the previous examples, one sees that the determination of whether a converter is
a good candidate for a particular MMPS is made simply by observing its output plane. If
one is concerned about the effects of component variation among individual converters.
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one can simply plot the output planes for the worst case variation. As can be seen from the
previous analyses, there are usually only one or two component values that affect the out
put plane, hence this is usually a simple matter. If one needs a more rigorous approach, see
Section 2.3.
This is also a good point to mention a few words about appropriate converters for
MMPS systems. The most universal supply for MMPS applications is clearly the con
verter with a constant-output-power characteristic, or P-source. Such a supply can share
voltage or current equally well for its full operating range. Since each supply delivers a
certain power, they can theoretically be connected in any pattern with a load (assuming the
graph of the entire system is connected and has no hinge nodes), and still share it equally.

2.3

Quantitative Analysis of Load-Sharing

The output plane provides a very good means of determining, in a qualitative way,
whether or not a converter is well suited for use in a MMPS. However, a general quantita
tive means of the measurement of load-sharing may be useful for a variety of purposes.
Some of these include comparison of converter topologies for particular applications, and
prediction of load-sharing in converters for a specified variability of pertinent component
values.
This section introduces the development of a figure-of-merit that may be useful for a
quantitative measure of load sharing. This topic is new and relatively unexplored; this sec
tion is not intended to develop this topic thoroughly, but rather to introduce it and to sug
gest avenues of research.

2.3.1 A General Load-Sharing Figure-of-Merit
In this section, we develop a general load-sharing figure-of-merit (FOM). In the most
common systems, converter outputs are connected in parallel, so the natural variable to
use is current. In a series system, one cannot use current (every converter carries the same
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current), so voltage is the natural choice. What about a series-parallel combination
MMPS? A mixed voltage-current FOM would be cumbersome at best, and probably not a
good indicator of both voltage and current sharing. The natural and most general choice of
variable is thus power.
Consider an MMPS that contains N individual converters, with a load that consumes a
power Pioad-

load-sharing occurs when each converter delivers a power PioaJN.

Assume that the power delivered by the
the

converter is given by P„; then, the deviation of

converter from ideal is given by P^ - Pioac/N. A simple FOM would thus be

P load
N

2

(2.31)

This is simply an RMS measure of the difference between actual and ideal situations,
normalized (divided) by the number of converters. According to Eq. (2.31), FOMq = 0
indicates ideal load-sharing, which becomes worse as FOMq increases. Finally, note that
Eq. (2.31) explicitly reflects the fact that the power

supplied by each individual con

verter is a function of the total load power Pioad- Po"" parallel systems, one should replace
power with current as the variable of interest, and for series systems, one should replace
power with voltage.
While the above measure is simple, it has at least two major limitations. First, it mea
sures load-sharing at one operating point only. In a practical application, one needs to plot
Eq. (2.31) for the entire specified range of output power. It would be useful to develop a
measure of load sharing that used one number to represent load-sharing for a given system
under many different conditions. One possible solution to this problem may be to take the
derivative of FOM with respect to the variable of interest. Second, Eq. (2.31) is a function
of load power. This presents difficulties when trying to implement Eq. (2.31) for convert-
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ers with a hyperbolic (power-source) output planes, and perhaps others as well. A solution
to this problem may be to make

and Pioad functions of load resistance Rioad-

23.2 Example of Load-Sharing FOM
Consider the following system of two parallel converters. The converters are commer
cial switching converters, POWER-ONE™ Model MAP130-1012 [20]. They are specified
to deliver 12V@12A, with an initial voltage tolerance of ±0.2V and a guaranteed load reg
ulation of <1%. Assume that the two-converter system can be modeled by Figure 2.1a,
with V/ = 12.1V, V2 = 11.9V, Rj = 8mi2, and R2 = 7mi2. The use of superposition allows
the simple computation of the individual converter currents Ij and l2-

/. =

V ^ - V ^+R^I
(2.32)
/?j + /?2

/. =

(2.33)
/?j + /?2

Then FOMq for this system is

J \ 2 i v ^ - v y + i{v^-v^) (^2-/?i) +i(/?2-/?i)V
(i?2-/?i)^
1

2(/22 + /?,)

75
2(/?2 + i?i)

(2.34)
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Using the component values given above,

FOMq = 47.115.00x10"^/-0.200I

(2.35)

Given that the desired maximum output current / = 24A for the specified converters, a
plot of FOMq for I e [OA, 24A] is shown in Figure 2.12. From it is seen that FOMq is far
from zero, indicative of very poor load sharing.

9.5 --

9 -FOM
8.5 --

5

Figure 2.12

2.4

I

10

15

20

Plot of FOMQ versus total current I for the two-converter system of
Section 2.3.2.

Simplified Small-Signal Model of Common Load-Sharing MMPSs

This section presents simple first-order DC and small-signal AC models for general aseriesxZ7-parallel MMPS systems. There are two simplifying assumptions made: (I) all
converters in the MMPS are identical, and (2) many converters can be modeled by a sin
gle-pole frequency response.
The assumption of identical converters is justified for the following reasons. First, the
necessarily complex model that accounts for converter variations is usually impractical to
use in the implementation of a real system. Second, the converters used in an MMPS are
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chosen such that they will share a load for a wide operating range. Through proper choice
of converter topology, one can minimize the effect of component variation. Thus, small
variations in components have only a small effect on sharing.
The assumption of a single-pole output response is justified in many, though not all,
cases. First, many converters that are likely to find a place in an MMPS, such as CPM and
DCM PWM converters, are well approximated by a single-pole response [X]. Second,
many other converters have frequency responses that include a dominant pole and no lowfrequency zeros, including the CSRC and SRC studied in this Chapter. Often, an adequate
control loop can be developed assuming that the dominant pole is the only pole.

2.4.1 DC Model of MMPS
The determination of the DC behavior of an flxi? MMPS is straightforward. For identi
cal converters:
M J. = aM

(2.36)

J J = bJ

(2.37)

where M j - and J j are the total normalized output variables for the MMPS and M and J are
the variables for an individual converter.
Consider an MMPS of clamped series resonant converters (CSRCs). The system out
put equation is easily derived from Eqs. (2.24), (2.36) and (2.37).

J =
^

(2.38)
MJ

ti

Since CSRCs behave as constant power sources, the normalized output power MjJjoi
the system is the product of the total number of converters ab and the normalized individ
ual converter power MJ.
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For an MMPS of SRCs, the system output equation is derived from Eqs. (2.25), (2.36)
and (2.37).

2bF{ l-4(M/a)^sin2(7c/(2F))
(2.39)

-T
/

2.4.2 First-Order AC Model of MMPS
Now consider the small-signal model for an individual converter (Figure 2.13a),
which is typical of converters with load-dependent DC output behavior. The equivalent
circuit model of the axb system is found by means of conventional circuit analysis tech
niques, the result shown in Figure 2.13b. Converters with a single-pole response have an
output impedance that is modeled by a parallel RC network, shown in Figure 2.13c, and
an MMPS constructed of such converters is shown in Figure 2.13d. To determine the com
ponent values of Figure 2.13d, one needs only to find the small-signal current variation
and the small-signal resistance

for an individual converter. Note that in Figure 2.13, /? is

the load resistance seen by an individual converter, and Rj is the load resistance for the
entire MMPS.
The determination of

and

for a converter is fairly simple. The small-signal nor

malized current jj\s given by -Eq. (2.40), where F is the DC value of the converter control
parameter and f is its small-signal variation. The normalized output resistance
by Eq. (2.41). The quantities

and

is given

are determined by Eqs. (2.3)-(2.4), (2.40) and

(2.41). The control variable is/= F + /.

(2.40)

(2.41)
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•' =

r

"9/

(2.43)

From Figure 2.13d and Eqs. (2.42)-(2.43), the control-to-output transfer function of
the MMPS model is
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(a)

Vj. = a v

hi

(b)

(c)

hi.

oT ~

Figure 2.13

Vj. = a v

(d)

Small-signal models: (a) general individual converter, (b) general
MMPS system, (c) single-pole individual converter, and (d) singlepole MMPS system.
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!=...(

•

(2.44)
Hence, the control-to-output DC voltage gain G^f. is given by Eq. (2.45) and the domi
nant pole frequency fp by Eq. (2.46).

(2.45)
control

cir^ + bR
P

iKbr^R^Cj.

(2.46)

where (97) / (3F) is determined from the appropriate output plane equation and
is the modulator gain. Equations (2.45)-(2.46) are valid for any MMPS employing
converters that can be modeled with a single-pole response.

2.5

Experimental Verification of Load-Sharing
Four resonant converters were constructed, which could be operated as either CSRCs

or conventional SRCs. Data are presented for several configurations of four converters.
Experiments performed include open-loop frequency response for various converter com
binations and verification of current sharing for the CSRC and SRC; and verification of
closed-loop operation. All quantitative experiments used one VCO to control all four con
verters.
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2.5.1 Open-loop Experiments
Table 2.1 gives the measured data for the CSRCs and SRCs. Component values given
are average values for the four converters. From Eqs. (2.38)-(2.39) and (2.45)-(2.46), the
predicted control-to-output DC gain

and dominant pole frequency fp can be deter

mined; these are shown in Table 2.2, along with the measured values. The measured G^c
and fp values were determined from plots of frequency response. The measured values
agree well with those predicted.
Parameter

Table 2.1

CSRC

SRC

V,[V]

35

30

L[\iH\

8.7

32.8

C[\iF]

0.150

0.115

F5 [kHz]

76.7

103

fO[kHz]

139

81.8

7.62

16.9

F

0.55

1.26

kVCO
[kHz/V]

31.5

56.2

Average value of converter parameters from four individual
converters.
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Type

a

b

VT,\y]

Gda
meas
[dB]

pred
[dB]

/„pred
[Hz]

fpTDeas
Hz

CSRC

1

4

1.54

7.97

5.64

5.1

188

160

CSRC

2

2

6.03

16.0

11.6

11.1

192

190

CSRC

4

1

24.0

32.0

17.6

17.6

193

190

SRC

1

4

1.54

7.49

22.4

22.9

138

160

SRC

2

2

6.03

15.0

28.3

29.1

140

160

Table 2.2

Predicted and measured small-signal parameters for various
configurations of four converters.

Load sharing was verified by operation of four parallel converters at the operating
point of Exp. #1 (CSRC) and Exp. #4 (SRC) of Table 2.2. The output current of each con
verter was measured and Table 2.3 gives the results, which indicate excellent load sharing.

Converter

#1

#2

#3

#4

CSRC out
put I

1.26A

1.38A

1.35A

1.27A

SRC output
/

1.21A

1.28A

1.25A

1.24A

Table 2.3

Output currents of four paralled converter modules.

To ensure that the load-sharing behavior was not an artifact of synchronous switching
signals, the four converters were also operated in a 2x2 configuration with a separate VCO
for each converter. The common VCO control voltage was adjusted for an output voltage
Vy= 16.0V (CSRC) and Vj-= 15.0V (CSRC) with a load R-p= 6.03^2. In each case, it was
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verified that no converter was synchronized with another, and that good current and volt
age sharing was maintained.

2.5.2 Closed-loop Experiments
Closed-loop experiments were performed to verify operation under more realistic
operating conditions. Line voltage Vg and load resistance Rj-v/ere adjusted and the output
voltage measured for a 2x2 CSRC array under closed-loop conditions, with an error amp
DC gain of about 300 and a reference voltage of lO.OOV. Output variation remained less
than 20mV for a variation in /?7-from 3.1 Iti to 7.02Q and a variation in Vg from 25.OV to
45.0V.

2.6

Conclusion

This chapter explores the DC load-sharing problem for multiple-module power sup
plies (MMPSs) by examining the output plane (the graph of a converter's output current
versus output voltage). The effect of converter DC output characteristics on load sharing
among multiple converters is examined, and it is shown that many classes of converters
exhibit good load-sharing characteristics.
The output plane of a converter determines its load-sharing properties. While the most
common concern is that of paralleled converters sharing the load current equally, the dual
problem of load voltage sharing in series connected converters also exists. Furthermore,
combination systems of a-seriesxZ>-paralIel converters are also of interest. It is shown that
the output plane provides a good graphical tool with which one can readily determine the
load-sharing capability of any given converter.
The output planes for several PWM-based converters are examined. The discontinu
ous inductor current modes (DICM) of the buck, boost, and buck-boost converters, as well
as the discontinuous capacitor voltage mode (DCVM) of the Cuk converter, all have the
potential to function in a parallel or series MMPS. In particular, the DICM buck-boost and
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DCVM Cuk converters behave as constant power sources. Such converters share current
and voltage equally well.
The output planes of two resonant converters, the clamped series resonant converter
(CSRC) and the series resonant converter (SRC), are also examined. The CSRC behaves
as a constant power source, hence it is useful in parallel or series MMPSs. The elliptical
output plane of the SRC is shown to indicate both current and voltage sharing ability. It is
also shown that these converters possess a built-in cut-out switch in case of module fail
ure.
The output planes of current-programmed mode (CPM) converters are examined. It is
shown that while the CPM buck converter is most useful for paralleled systems, the CPM
boost and buck-boost converters have both current and voltage sharing ability. Trade-offs
between the use of CPM converters and DCM/resonant converters for MMPSs are dis
cussed.
DC and small-signal models are developed for a general MMPS. The small-signal
model is useful for any MMPS which uses converters that can be adequately modeled by a
single-pole response. This model is applied to the CSRC and the SRC, and output equa
tions for an axb system of CSRCs and SRCs are given.
Experimental verification is provided for MMPSs using several configurations of four
CSRCs and SRCs. The simplified small-signal model is verified, and good agreement with
theory obtained. Current sharing in a parallel MMPS is verified for the CSRC and SRC.
Closed loop operation is verified for parallel and series MMPSs of CSRCs.
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Chapter 3
Input Filter Design for DCM Flyback High-PowerFactor Rectifiers
The recent proliferation of AC line-powered electronic equipment, driven in part by
the availability of efficient and compact switching power supplies, has placed unprece
dented demands upon utility supplies of electrical power. This can cause numerous prob
lems such as reduction of available line power, injection of noise and interference onto
power lines and into other equipment, reduced system efficiency, etc. Nearly all these
problems can be traced to two causes: 1) reactive and/or nonlinear load that result in suboptimal power factor, and 2) interference generated by the periodic switching action
present in the majority of modem power converters. There exist several specifications,
both enforced and proposed, that regulate the interference caused by line-powered elec
tronic devices [21]. All these problems are considered to be issues of power quality, a
topic that has recently garnered substantial attention [43].
One of the most important areas in the field of power quality is that of high power fac
tor rectifiers, or HPFRs. HPFRs can reduce or eliminate many of the aforementioned prob
lems [22]. In recent years, several specifications have been proposed to deal with the
increasing degradation of power factor due to line harmonics, the EEC-1000-3-2 standard
for household electronic equipment being one of the more prominent [23]. Several meth
ods exist for constructing HPFRs from switching converters; one promising technique
uses discontinuous-mode pulse-width-modulated (DCM PWM) converters to achieve
high power factor without the use of specialized control methods normally required [24,
25]. Unfortunately, this technique generates considerable interference at the switching fre
quency and its harmonics due to pulsating input current waveforms, hence converters
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which employ it require an input filter that provides sufficient attenuation at these frequen
cies. The improper design of such a filter can result in both degradation of power factor
and alteration of converter behavior.
This chapter presents a systematic filter design method for a HPFR based on the DCM
flyback converter. While the details are specific to this converter, the methods presented
are applicable to any HPFR that uses a PWM converter with pulsating input current. Many
aspects of this chapter should also be applicable to other HPFRs.
This chapter covers the following topics: It first reviews the concept of power factor
and high power factor rectifiers (HPFRs). It develops a design procedure for DCM flyback
converters in HPFR applications. It then develops several sets of criteria for the proper
design of the required input filter for DCM-based HPFRs. Both intuitive and analytical
criteria are presented. Finally, experimental verification is presented.

3.1

Basics of High-Power-Factor Systems

This section introduces the basic concepts and issues of high-power factor systems. In
a power system load, unity power factor is the desired ideal situation. This means that the
current and voltage are instantaneously proportional. This occurs only if the load is a lin
ear resistor. A more detailed description follows.

3.1.1 Definition of Power Factor for Utility-Powered Loads
Power factor (PF) is a measure of the reactivity and/or non-linearity of a given load
driven by a periodic source waveform. The general definition of the power factor of a
given load is given by Eq. (3.1) [21].

(P)
PF = —^—
V^RMS^RMS
I
where

(3.1)
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(P) = ^Jv(f)i(r)

= average load power

(3.2)

^RMS =

load voltage

(3.3)

^RMS ~

(0^' = RMS load current

(3.4)

oo

v(f) = VQ + JlJ^V^cosincot-e^)

(3.5)

n=1

I (0

= /q +

X
n=1

~

(3.6)

The variable ( P ) is the average power dissipated in the load, and v(f) and i(r) are the
voltage across and current through the load written as Fourier series, where V„ and /„ are
the RMS voltage and current magnitudes of the nth harmonic. Power factor can be consid
ered analogous to the reflection coefficient p used in transmission line analysis, in that it
measures the ratio of how much power available to the load is absorbed by the load and
how much is returned to the source. For passive loads, PF e [0, 1]. The ideal load from a
power factor standpoint is a linear resistor, which has unity power factor.
For line-powered loads, the source waveform is taken to be a sinusoidal voltage of
fixed frequency

usually 50 or 60 Hertz, and all waveforms are referenced to this sinu

soid. Hence,

(3.7)

(3.8)
n= 1

58

In this case, it can be shown that the power factor can be written as follows:

/j
PF = ycos ((l)j)

(3.9)

where // is the RMS value of line frequency component of the current i(t), I is the RMS
value of i(0, and (j); is the amount by which the line frequency current component lags the
line voltage.
Equation (3.9) shows that reactivity and nonlinearity are responsible for the degrada
tion of power factor. For a linear resistive load, 0; = 0 and /; = /, hence PF = 1. If the load
is linear and reactive, /; = /, but 0; E [-7t, 0) U (0, K], SO PF = cos((|);) E [0, 1). For purely
reactive loads such as inductors and/or capacitors, PF = 0. For a non-reactive nonlinear
load, (j)/ = 0 and PF = ////. Since the load is non-linear, harmonics will be generated, and
thus not all the load current will be at the line frequency. In this case, // < /, so PF < 1.

3.1.2 Sources of Low Power Factor in Typical AC-DC Converters
Most AC-DC power converters in modem electronic devices have a poor power factor,
typically around 0.5-0.7 [21]. This is a result of the peak-detector rectifier and its varia
tions, the most common version being the bridge rectifier with capacitor filter shown in
Figure 3.1. This circuit or its variants performs the basic AC-DC conversion in nearly all
line-powered equipment that requires DC voltage for operation.
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Unt

Figure 3.1

Common bridge rectifier.

The circuit operates in the following manner. Assume RC » Tn^/l, so that during one
line half-cycle, the capacitor voltage vq is relatively constant at some value less than the
peak value Vp/^ of the source sine wave. At the beginning of a line voltage cycle,

< v^,

so all bridge diodes are off. At the instant the line voltage magnitude exceeds vq, a diode
pair turns on and line current flows to charge C, until

< vq again. For the usual case of

small Lj, the line current pulse has large magnitude and can be quite narrow. This nonlin
ear process introduces both phase shift and harmonics into the line current waveform. For
a small stray impedance, power factor can be less than 0.5, increasing to an approximate
maximum of 0.75 as

increases.

3.1.3 Input/Output Characteristics
The discussion of Section 3.1.1 shows that in order to achieve an optimal unity power
factor, an AC-DC converter must present a resistive linear load to the line, i.e. it must act
as a resistor emulator [24]. Furthermore, in the ideal case, switching AC-DC converters
are lossless, i.e. all power into the converter must be present at the output. This property of
HPFRs puts them in the category of loss-free resistors (LFRs), i.e. components that have a
port which exhibits resistive behavior, but have one or more other ports where all power
into the resistive port is available as electrical energy [26].
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There exists an interesting and useful side effect of the resistive input behavior of a
lossless HPFR; namely, the output of such a device exhibits P-source behavior [24]. As
discussed in Chapter 2 of this document, this implies that HPFRs are good candidates for
use in multiple-module power supplies. This useful property is verified experimentally in
Section 3.7.

HPFC

Figure 3.2

Schematic representation of an ideal high-power-factor converter
(HPFC).

Figure 3.2 shows the ideal HPFR rectifier. Note that geffiov r^ is in lower case; this
quantity is in general a variable, usually a function of a control input. For an effective
input conductance g^ and an input voltage given by Eq. (3.10), we can compute the input
current and output power.
(3.10)
(3.11)

(3.12)
The output power p,- is a sinusoid with frequency Ifn^g and an average value

(3.13)

61

Note that p,- is independent of the load at the output of the HPFR, although the voltage and
current at the output will depend on that load.

3.1.4 Typical HPFR Systems
A complete HPFR AC-DC system is shown in Figure 3.3; this figure is representative
of most practical systems. The HPFR presents a time-invariant resistive load

to the

rectifier bridge and thus to the line, which provides the desired high power factor. The
EMI filter must be transparent at the line frequency and its first few harmonics in order to
prevent degradation of the power factor. The purpose of the storage capacitor C is to aver
age the HPFR output waveform (Eq. (3.12)), and to provide adequate holdup time if a line
dropout occurs. This capacitor is usually quite large, which slows the transient output
response of the HPFR unacceptably; hence, it is followed by a DC-DC post-regulator with
good transient response to provide a tightly regulated voltage to Rioadand Vioad'

power

'•/meW

^ given Rioad

is fixed, hence the HPFR sees a constant power load.

I'W^]

i,(t)

pSt)-

loadSload

HPFC

SloaeT^
load

Bridge
Rectifier

EMI
RIter

PostRegulator

1
Modulator

Figure 3.3

Complete HPFR system.

For the capacitor voltage
depend on

Error Amp

to be stable, we require that P,- = Pg. Since P^ and P^

and Rigad^ respectively, changes in either cause

to become unstable. In

addition, post-regulator converters will also have some input voltage range specification.
Both these facts dictate regulation of V^. Hence,

VQ

is compared to a reference and the
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error is used to adjust the input conductance
must have low gain at

otherwise

thus controlling P,-. This control loop

will be modulated at 2fii„g and degrade the

power factor, since in this case the HPFR input no longer presents a time-invariant resistor
to the line.
Note that some relatively recent switching converter topologies allow an alternative
placement of the storage capacitor in a position where it does not directly affect the con
trol-to-output dynamics; the result of this is that the HPFR may have good transient
response, and a second DC-DC post-regulator is no longer required [33].

3.2

Converters with High Power Factor

This section covers numerous approaches to achieving high power factor in a power
converter. The approach chosen in this Chapter is the DCM Flyback converter, which has
several useful features detailed below.

3.2.1 Conventional
The conventional approach to generating a HPFR is to use a control system to force a
conventional converter, typically a PWM boost converter, to have high power factor. The
first step is to continuously sample the input voltage and current. These signals are used to
generate a control signal that forces the converter input current to be proportional to the
input voltage, so that the converter input behaves as a resistor with value
the control system must also be able to change the value of

In addition,

in order to regulate the

average power out of the converter. Such control systems generally require at least one
analog multiplier, although the more sophisticated schemes include multipliers, squaring
circuits, and dividers; such circuits can be quite complex. While the control schemes can
be integrated, the boost converter topology is only economical at higher power levels.
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3.2.2 Natural
There exist several converters which have the potential to exhibit high or (ideally)
unity power factor. These converters exhibit this behavior naturally, and thus their control
system can be quite simple. This section considers PWM converters operating in discon
tinuous mode and some resonant converters.
Numerous PWM converters exhibit good power factor at the input when they are oper
ated in a discontinuous mode [25]. Some of these, such as the flyback (buck-boost) and
Cuk converters, have unity power factor in the ideal case.
It should also be mentioned that some resonant converters also have potential for oper
ation as HPFRs. For example, the dual of the clamped series resonant converter (CSRC)
[18] is a good candidate, since for a given switching frequency, its input power is propor
tional to the input voltage squared, i.e.

Pi

=

\Seff^s^

(3.14)

where the input conductance is a function of the switching frequency/^. The constant-fre
quency CSRC [27] and its variations have near-linear resistive behavior, and should be
useful for converters with high, if not quite unity, power factor.
It is likely that other converters exhibit high power factor as a consequence of their
natural behavior. When looking for such converters, examine the output plane. A con
verter with high power factor must have a hyperbolic output plane, since it must have a
nearly linear resistive input behavior.
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Operation and Design of a DCM Flyback HPFR

This section reviews the operation of a DCM flyback HPFR, and develops a practical
design procedure. The review covers only the details necessary to understand later mate
rial in this chapter. The design procedure corrects several problems with earlier procedures
developed by other researchers.
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3.3.1 Operation of a DCM Flyback HPFR.
This review of DCM flyback operation is discussed in terms of the buck-boost con
verter, which is equivalent to the flyback converter and simpler to understand, since a
transformer turns ratio need not be included. A buck-boost converter and the pertinent
waveforms are shown in Figure 3.4. The following assumptions are made: 1) all compo
nents are ideal, 2) output capacitor C is large enough that the output voltage V doesn't
change during a switching period, and 3) the duty cycle D< I.

D

t

DTr
•<r

DTc

t

^ t

t
Figure 3.4

Buck-boost converter and waveforms.

The switch Sj turns on and off once per switching period T^. At the beginning of each
switching period, Sj turns on, and remains on for time DT^. During this time, the current
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i£ increases linearly witli slope V^/L. At the expiration of time DT^, Sj turns off for the rest
of the switching period, i.e. a duration D'T^. Since the inductor current is non-zero, it
forces D; to turn on. The output voltage V then forces

to decreases linearly to zero, at

which point D/ turns off. The circuit remains in this state until the beginning of the next
switching cycle [16].
Recall that a high power factor implies that a load behaves as a linear resistor. To show
this is true for the DCM buck-boost (and flyback) converter, compute the average input
current. The charge transported by the input current ig during one switching cycle is
obtained by integrating ig over one switching period, i.e.

Jo

L
2

2L

^

(3.15)

The average input current <i^) is then

<'.> = F
= -i-D2 r2L
^
=

d'
ILF

V

^

(3.16)

Equation (3.16) shows that the average input current is proportional to the input volt
age, i.e. the input of the converter emulates a linear resistor whose value can be controlled
via the duty cycle D. We can write the effective input resistance as
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(3.17)

where RQ is the characteristic impedance of the buck-boost or flyback converter operating
in discontinuous mode, given by Eq. (3.18).

=

2LF,

(3.18)

33.2 Design Procedure for a DCM Flyback HPFR
In [24], there is a design procedure for determining component values for a DCM fly
back HPFR (Figure 3.5). However, this procedure is for a resistive load at the HPFR out
put, which is unrealistic. The result is more complicated and more conservative ±an
necessary, as well. The output load is better considered to be a DC voltage source.
Although Section 3.1.4 shows the load as a constant power source, in a realistic system the
feedback loop around the HPFR limits the total swing on the output of the HPFR (see Fig
ure 3.3). As a result, one needs only to know ±e minimum value of the voltage Vq Thus,
an improved design procedure is given below.

D

Figure 3.5

Schematic of a typical flyback converter.

The following specifications are needed to choose component values for the converter:
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Spec

Min

Vg (RMS)

Pi
Table 3.1

Max

V
•
* gmm

V

^Cmin

^Cmax

•
*P-imin

p.
^ imax

^ gmax

Necessary design specifications for a flyback
HPFR.

converter based

In addition, specified values are needed for the transformer turns ratio n and switching
frequency F5; the proper choice for these parameters remains part of the art of circuit
design and is thus assumed. The range of Vq is determined by the specifications of the
DC-DC post-regulator.
For HPF operation, the converter must operate in DCM. A condition for this is derived
in [1] and repeated here:
1

D.
1+

(3.19)

JlV.max
n V ^cmin

where n is the transformer turns ratio and Vg^^ax

'"put voltage. Now compute

the minimum effective input resistance Reffjtdn' which occurs at maximum P,- and mini
mum V,g-

_

_
eff,mn

From Eq. (3.17),

gmin
p
imax

(3.20)
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^0
= -i
D

R

(3.21)

where RQ is the characteristic impedance of the converter given by Eq. (3.18). Given F^,
and noting that the minimum

occurs at the maximum D, we solve for the maximum

allowed L that ensures DCM operation over the specified operating range.

L

max

=

2F^

(3.22)

A design example is given in Section 3.6.

3.4

Input Filter design for a DCM Flyback HPFR

The DCM flyback converter is a good candidate for low-power (<150W) HPFR appli
cations, due to its simple design and operation, and low component count. It also offers the
isolation and mrns ratio of a transformer, which provides design flexibility and galvanic
isolation, the latter often legally mandated. The rest of this Chapter will study the input
EMI filter design for the DCM flyback converter operated as a HPFR; the general princi
ples shown also apply to many other HPFRs, including BIBRED and BIFRED based
topologies [25].
Another problem faced by the switching converter designer is the fact that they gener
ate a large amount of interference, or "noise," due to the high-frequency switching of large
currents and voltages. The maximum amount of conducted, and in some cases radiated,
EMI must be below legally mandated limits for a product to be offered commercially. The
most commonly used standards are set by the FCC (United States) and VDE (Germany,
Europe) [21]. As a result, switching converters require an EMI filter at the input to the
converter. In the case of the DCM flyback converter, and other converters with pulsating
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input current, this filter must have high attenuation at the switching frequency and its har
monics. Such a filter can degrade either the power factor or the converter operation.
The rest of this section covers the design of a 2-poIe noise filter for differential mode
noise. Common mode noise is not covered, since the development of a common mode fil
ter is essentially independent of a differential mode filter [28].

3.4.1 The HPFR Input Filter Problem Defined
Consider the typical LC input filter of Figure 3.6. The design of such a filter for HPFRs
initially appears to be simple. First of all, the resonant frequency fp of the input filter is
usually decades above the control loop gain crossover frequency

[22]. As a result, the

input filter has little effect on the dynamic behavior of the closed-loop HPFR. In addition,
atfjQ the input of the HPFR appears as an effective positive resistance

so one needn't

worry about oscillation due to negative resistance, which is normally a concern [29].
Finally, current-fed converters (input inductor in continuous-conduction-mode (CCM)),
e.g. boost converters, already have low switching ripple at the line connection, so the
attenuation requirement of the filter can be less demanding. Converters that are voltage fed
and have a pulsating input current waveform, e.g. the DCM flyback HPFR, complicate the
design considerably.

,

Vline

:i/

-L'/

ON

5,

OFF

''fjine

AC line
Figure 3.6

Filter

Converter

Typical 2-pole LC input filter followed by a buck-boost converter
(equivalent to flyback converter) input stage.
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The basic problem to solve in the filter design is how to balance two goals that oppose
one another. First of all, the product

is determined by the specified attenuation at the

switching frequency. Then for proper operation, the converter must see a low impedance
voltage source looking into the filter at the switching frequency F5. This implies that Cf
should be large and thus Z^small. On the other hand, at the line frequency, the input of the
HPFR has a resistance

If

is too large and Lf too small, the combination of input

diode bridge and filter acts as a peak detector, degrading the power factor. Although this
paper details the filter design for the DCM flyback HPFR, these filter design principles
apply to any HPF converter with pulsating input current.

3.4.2 Choosing Filter Component Values
First, we must make sure the filter has the necessary attenuation. The transfer function
\Ilinens)/Igis)\ is shown in Figure 3.7. Assume we want an attenuation oy at F5, say o^>
60dB. Since the slope of the transfer function at F5 is -40dB/decade, we can compute the
desired comer frequency

(Eq. (3.23)), or determine it graphically. Then Eq. (3.24) gives

the product LfC^

(3.23)
Lf =

—

(3.24)

As can be seen, the choice of one component value implies the other value. It turns out
that it is much simpler and more inmitive to develop rules which specify the value of
as opposed to the value of

Cf,

Once Cf is chosen, I^is easily computed from Eq. (3.24).
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Figure 3.7

Asymptotic Bode plot for input filter tranter fimction IIiine(s)/Ig(s)l.

3.4.3 Minimizing Filter Effect on Converter Operation
It is desired to choose the minimum value for Cf that does not appreciably affect the
operation of the converter, since a larger value contributes to the peak-detector effect. A
simple, intuitive criterion is presented here, which is suitable for most applications. A
more exact criterion is developed in Section 3.5.2.
Since the present concern is the behavior near the switching frequency, assume that
^line

constant over several switching cycles. Furthermore, since the high frequency vari

ation of iiine is due to the converter switching behavior, and this component is severely
attenuated by the filter, model Z^with a current source, as shown in Figure 3.8a.
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Figure 3.8

*

EMI input filter models for frequencies near the converter
switching frequency Fy (a) and near the AC line frequency fii„g (b).

resonant

resonant
Si off
Figure 3.9

Sj on

Sjoff

Sj on

Distortion of flyback converter input waveforms due to the input
filter.

Now, suppose that 5; is off; then Vg increases linearly until Sj turns on. At this time, L
is connected in parallel with Cp forming a resonant circuit with resonant frequency/;. The
effect on the input voltage

and current

is shown in Figure 3.9. To prevent this reso

nance from affecting the operation of the converter, the resonant frequency (j)y should be
much less than the switching frequency F5. Then only a small portion of the resonant
cycle will occur, and the converter current ig will only show a slight deviation from the
ideal straight line. Note that a value of duty cycle

< 1 decreases the portion of the

resonant cycle, which allows the choice of a smaller Cf. A choice of resonant frequency <));
according to Eq. (3.25) ensures that the effects of Cy on converter operation can be
neglected. This corresponds to a choice of C^given by Eq. (3.26).
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(3.25)
max

(3.26)
(2kF^)^L
The value of I^is determined from Cy^and filter cutoff firequency fp.

3.4.4 Peak-detection e£Fect
If Cf is too large and Lf too small, the filter/HPFC combination is modeled by Figure
3.8b. This is the circuit for a conventional peak detection rectifier, which has poor power
factor and high harmonic content. The analytical determination of the waveforms for a
peak detector rectifier may be impossible; hence, the computation of power factor is done
numerically. Even this simulation is not straightforward, as a mathematical solution
requires an impedance of unknown and possibly nonlinear behavior in series with the volt
age source at the input. This has been plotted in Q- However, it is possible to determine
when the peak detection effect can be neglected, and when it becomes prominent.
Figure 3.10, which shows the input impedance of the filter as seen by the line, Zf u^g,
gives another view. For good power factor and low harmonic distortion, it is required that
the input impedance is primarily resistive at 2^,„g and the first few harmonics of the recti
fied sine wave input. Using Fourier series and Parseval's theorem, it is simple to show that
the DC and fundamental components {Ifune) of v/,-„g contain 99.1% of the total power.
Thus, if Zf ii^e

resistive up to 2^,„g, there should be minimal effect on power factor.
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Impedance of input filter as seen by line and bridge rectifier for two
values ofRg^ where Rejfl < Reffl.

For a given Cf, we can see from Figure 3.10 that as we increase

(decrease the con

verter power level), the comer frequency l//?gyCy decreases. As we reduce our converter
load, the peak detection effect becomes more pronounced. Recall that phase shift due to Cf
begins approximately one decade below

and since we are plotting an impedance,

this phase shift occurs between the line voltage and current. Thus, to avoid degradation of
power factor due to the peak detector effect, operate the HPFC such that

R.rr<
10.27r(24„J9
Figure 3.10 show this graphically:

4071/.. .C

(3.27)

just satisfies Eq. (3.27), whereas R^ does

not. Experimental verification of Eq. (3.27) and the peak detection effect is given in Sec
tion 3.7. Finally, note Eq. (3.27) this applies to any HPFR filter design, not just the DCM
flyback HPFR.
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3.5

Analysis of Input Filter Design

The above discussion regarding the choice of Cf is simple, and the criteria presented
are quite practical in terms of a real design. However, it is interesting to pursue this prob
lem a little further. In this section, we develop a more rigorous criteria for choice of mini
mum Cj: This is accomplished via phase plane analysis, a method usually reserved for the
solution of resonant and quasi-resonant converters; in mm, some methods presented here
and in Appendix A may turn out to be useful for the analysis of resonant and quasi-reso
nant converters.

3.5.1 Phase Plane Analysis of DCM HPFR Input Filter
The phase plane, a planar plot whose axes are each a state variable or derivative
thereof, is a useful tool for the dynamic analysis of two-dimensional systems. It allows
one to use geometrical relationships between trajectories in the plane in order to derive
information about the system, and can often simplify an analysis considerably. It is fre
quently used for the periodic steady-state analysis of resonant and quasi-resonant convert
ers, which have network time constants of the same order of magnimde as the switching
frequency [19, 30]. In general, the phase plane is limited to the analysis of two-dimen
sional systems, but in this case, we find it useful for the analysis of a system that has three
dimensions for part of a switching cycle.
To begin, we must describe the filter/converter input system with a set of state equa
tions for each interval. First, assume we can neglect the low-frequency variation due to the
rectified line waveform; thus v/,„g can be considered constant over several converter
switching cycles, and is thus written
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Converter input stage and EMI filter.

Figure 3.11 shows the EMI filter and the input stage of the converter. The inductor

L

and switch Sj form the input stage of the buck-boost (flyback) converter. Sj is switched
periodically with period T^. At the beginning of each period, Sy is tumed on for duration
DT^. SJ then turns off for the rest of the switching period, i.e. for D'T^ = ( 1-D )Ts During
this time L is disconnected from the input network and completely discharged by the out
put stage of the converter. For any given switching cycle. Interval 1 means 5; is on, other
wise we are in Interval 2.
We now write the state equations for the two intervals by inspection. For Interval 1,
when Si is on, the state equations can be written as follows:

_ 'Lf-'L
dt

(3.28)

-/

di Lf

^line

dt

^Cf

(3.29)

h

dt
Similarly, the Interval 2 state equations are:

L

(3.30)
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(3.31)
dt

Cj.

^
dt

(3.32)

Ljdie
— =0
dt

Note that since

(3.33)

can only flow during Interval 1, we can state that

= 0 during Inter

val 2. If we accounted for the actual inductor current in L after Interval 1, we would have
to consider not two but three intervals during a switching period (see Section 3.3 on DCM
flyback operation); this would complicate the analysis considerably.
In order to obtain maximum utility from the phase plane technique and to generalize
the analysis, we normalize the variables. Define the following quantities:

CO,

= ,

^

(3.34)

CO, = ^ =

(3.35)

LI L.

These values have the following physical meaning: cOi is the resonant frequency of the
converter and input filter combination when S; is on, and is used as the normalization base
frequency; oy is the resonant frequency of the EMI filter in isolation from other compo
nents; and /?/ is the characteristic impedance of the filter/converter combination, and is
used as the normalization base impedance. We use the filter input voltage Vn^g as the nor
malization base voltage. In addition, we note that

1 since C0y< coj and that
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L^= (k - l ) L

(3.37)

We now define the normalized circuit variables:

m

= normalized voltage

(3.38)

= normalized current

(3.39)

=

^lin.
iR,
J =

line
In normalized matrix form, the Interval 1 equations are

0

cOj -cOj

17

0

"

3

II

1
+ — 0),

dt 4/
k^-\t
-co, 0

.4.

Jl _

0

0

= A,x + bj

(3.40)

and the Interval 2 equations are

0

m
dt JLf
Jl

(Oj 0

—0),I 0 0

0

= AjX + b j

0

"

hf

0 0 Jl _

+

0

(3.41)

Recall that the phase plane is useful for 2-D systems. However, the first interval equa
tions represent a 3-D system; hence, we cannot directly apply phase plane analysis to the
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system. Note that the system of Eq. (3.40) is completely controllable; the controllability
matrix Q^j given by Eq. (3.42) can be seen by inspection to have fiill rank [31]. Observ
ability is assumed since all the state variables can be measured directly. Thus, the con
verter/filter combination is truly three-dimensional for at least part of each switching
cycle.

Q)
0

Qci

=

bj Ajbj Ajbj

—

0

^ Q

0

0

(3.42)

.4

1

We must somehow decide to find a subset of two state variables that are useful to the
describe the system in a manner that suits the problem at hand. The brute force approach is
to transform the system into Jordan Canonical Form and thereby obtain a decoupled repre
sentation of the system. Since this system has distinct eigenvalues (see Appendix A), this
is possible. We can then see if one of the state variables of the transformed system can be
ignored. An alternative approach is taken here, namely to use knowledge of the system to
decide on a reduced set of usable state variables.
Recall that we are trying to determine the minimum value of Cy that insures that the
converter operates in a HPF mode. Hence, the capacitor voltage niQf is important. Since
rnqy depends on both ji and jif, it makes sense that a linear combination of these two state
variables should be our other state variable. The obvious choice is the capacitor current
jcf, where

Jcf ~ h f

h

(3.43)
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Substitute Eq. (3.43) into Eqs. (3.40)-(3.41) to get

d, mcA
dt

0 0), mQ
-cOj 0

0
0),

jcf_

= AjX + bj

(3.44)

0 0),
mQ
dt

Jcf.

©i

m c/1

0
CO,

0

= AjX + bj

(3.45)

The variables ji and jifdo not need to be included in Eqs. (3.44)-(3.45), since the depen
dence of mQ- on ±ose variables is completely captured in the new variable 7qv and yc/
depends only on mQ- above equations are completely independent of it. Thus, we have
reduced the 3-D system to a 2-D system that retains the information required, i.e. the
capacitor voltage mcf.
The solutions for the state variables are easily obtained from Eqs. (3.44)-(3.45) by any
of several well-known methods, hence the details are not given here. For Interval 1, they
are

+Acos (C0jf-(t))

= -Asin(cOjr-<t))
and for Interval 2 they are

(3.46)

(3.47)
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1+fcBcos

(®l

1
r-(3.48)

Jcf = -^sin (y ^ - v)

(3-49)

where A, B, ({), and \|f are constants to be determined.
The phase plane diagram can now be constructed from Eqs. (3.46)-(3.49). Equations
(3.46)-(3.47) describe a circle of radius A that has center (l/lP', 0) in the mQ-y(ypiane, as
shown in Figure 3.12. Equations (3.48)-(3.49) describe an ellipse with minor axis of
length B in thedirection and major axis kB in the mQ-direction, and with center (1,0).
The bold line in Figure 3.12 shows the trajectory of the two variables.

h

t =Q

t=DT,

Figure 3.12

Phase plane trajectory for the input filter/converter combination.

The phase plane above is incomplete, namely due to the lack of knowledge of the con
stants A, B, 0, and \|r. If possible, these can be computed from geometrical relationships in
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the phase plane diagram; unfortunately, the author was unable to find a useful relationship.
However, it turns out that there is an analytical, non-iterative means by which the state can
be found at time f=0, given component and parameter values. Once this is known, the
exact phase plane is readily determined. This method is given in Appendix A of this docu
ment. For the purposes of this section, however, we will make some simplifying assump
tions in order to yield a more useful result.

3.5.2 Mode Boundary and Minimum Cy-Determination
In this section, we show that given a specified filter attenuation, if Cf '\s reduced suffi
ciently, the operating mode of the converter/filter system changes, with a resultant degra
dation in power factor. The minimum value of Cf for the maintenance of unity power
factor is given.
Recall the ideal (no EMI filter) and resonant waveforms for the converter input voltage
Vg, which is also the voltage across the filter capacitor Cy(Figure 3.9). As Cydecreases, the
resonant frequency coi of the waveform increases. If it increases enough, the capacitor
voltage can become negative. From Figure 3.5, we see that the output rectifier diode
clamps negative excursions of

to nV, which results in a nonlinear effective input resis

tance and degradation of power factor. In order to insure that this never happens, we want
to find the minimum value of"Cy that insures that

is always positive.

To begin, assume that the filter attenuation is large, so that the AC current through Lf
can be neglected, and thus Z^can be modeled by a DC current source (Figure 3.8a) with a
normalized value Ji^=

This is equivalent to letting Lf->oo in Eqs. (3.34)-(3.37), and

also implies that k —>00. The effect of this is that we now have a resonant state only in
Interval 1, described by
m^j. = Acos (cOjf- <|))

(3.50)
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j^j.= (-A) sin(a)jf-(t>)

(3.51)

This describes a circle of radius A centered at the origin of the phase plane. The Inter
val 2 state equations are given by

+

(3.52)

jcf = JIf

(3.53)

These equations describe a straight-line trajectory in the phase plane. From Eqs.
(3.50)-(3.53) we can sketch the entire phase plane for the input filter/converter combina
tion (Figure 3.13).

h- = DT,
Figure 3.13

Phase plane diagram of network of Figure 3.8a.
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Let us examine Figure 3.13 in more detail. Let S/ tum on at time tQ = 0. Sincey^CO) = 0
and

> 0, capacitor voltage mcf must begin increasing at Iq = 0, hence the trajectory

travels in a counterclockwise direction. This continues until Sj turns off at

= DT^.

Define the conduction angle a by
a = Q)jZ)r^

(3.54)

When Sj turns off, L is disconnected from the input filter. Since its current is non-zero,
this appears as a jump in the capacitor current

{from rp to t]+ on Figure 3.13). Now,

the current source charges CfSO that mqy increases linearly until the beginning of the next
switching cycle, when 5/ turns on.
Recall that we are seeking the boundary of operation at which mQ-can become nega
tive. As the conduction angle a is increased, mQ-(fi) comes closer to crossing the j^f-axis
and becoming negative. Define oc,^ be the largest value of a such that mqy remains posi
tive so

max

1

max ^

(3.55)

Since D,^ and 75 are specified by the converter design, if we can find oc,„ax^
find coi via Eq. (3.55), and thus we can find the minimum value of C^from

9=4"
(OjL

(3.56)
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1+

'nm

Figure 3.14

Phase plane diagram for input filter/converter operating at mode
boundary.

Under steady-state conditions, the average current through C^must be zero. Thus

0 = Jo V

Integrating and rearranging Eq. (3.57) yields
A [cos (({.) - cos
From Figure 3.14 we obtain

-(())] = /^/o, (1 -

(3.58)
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y^^=Asin(j>

(3.59)

and substituting Eq. (3.59) into Eq. (3.58) yields
A[cos(<t>)-cos(Q)j£)^^r5-(j))] = C0j(l-D^^)r^sin(l)

(3.60)

Substitute Eq. (3.55) into Eq. (3.60), expand and cancel terms to obtain
cos(t>-cos (a-(j>) = (1-D^^) a),r^sin<j)

(3.61)

From Figure 3.13 and Eq. (3.55)

f =

5

0.62)

(3.63)

Dmax
and substituting these into Eq. (3.61) yields

(3.64)

cos
which after some slight manipulation yields

cot ("^,-5]=

(3.65)

and thus
-tana„^,
= ^(.^
max

max'

1 o

(3.66)
^
'

We now substitute Eq. (3.55) into the above to obtain

= ( 1 - ^max'^ ® 1 ^5

(^.67)
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Although Eq. (3.67) is transcendental, we can plot (OiTs versus D,^, as shown in Fig
ure 3.15. Since

and

are known design parameters, for given values, we can find

©1. Since L is also a known parameter, we can find Cyc This procedure is verified by means
of simulation in Section 3.5.4
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Figure 3.15

Plot of maximum value of(Si\T^ versus duty cycle D.

3.5.3 Proof of non-degradation of PF
It has already been stated that if the filter does not affect the converter operating mode,
the power factor of the converter remains unity. On examination of the Interval 1 normal
ized state equation Eq. (3.40), we realize that there is no dependence on the input voltage
Viifjg. Hence, if we solve Eq. (3.40) for the Interval 1 normalized line current waveform.
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we find that this normalized current is a function of duty cycle D only, namely juneiP),
since all other variables are parameters. Average jumiP) over one switching cycle to get
the normalized average line current <jii„e{D)>. Unnormalize <jii„eiD)> to get

Thus, the average line current is proportional to the average line voltage, and unity power
factor is preserved.

3.5.4 Verification of Minimum Cy Analysis via Simulation
This section uses simulation to verify the use of Eq. (3.67) and Figure 3.15. The perti
nent component values and specifications are given in Table 3.2. The values for (HiTs were
determined from the program which plotted Figure 3.15, and Cy chosen by Eq. (3.68). In
addition, the final row of Table 3.2 includes the values of Cf given by Eq. (3.26). The
result of the simulation (using Cadence Design Tools' Analog Workbench) are shown in
Figure 3.16. In each case, the voltage VQ-just reaches zero without going negative by any
appreciable amount, thus verifying the analysis of Section 3.5.2.
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Run#I

Spec

Run #3

Run #2

60

60

60

4.274

4.274

4.274

42.5

42.5

42.5

LfiroH]

15

15

15

D

0.4

0.5

0.6

(HiTs

4.756

4.039

3.591

©1 [rad/s]

1.11x10^

945x10^

840x10^

C^[nF] from
Eq. (3.67)

19.1

26.3

33.3

Cy-[nF] from
Eq. (3.26)

174

272

392

Tsm

3.2

Component values ofbuckboost converter used to verify analysis of
Section 3.5.2.
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Figure 3.16

Simulation results for three values of duty cycle with

3.5.5 Discussion and Third Alternative Criterion for

Choice.

It is worthwhile to consider the results of this section and compare them with the
"rule-of-thumb" given by Eq. (3.26). The last two rows of Table 3.2 show an order of
magnitude difference. The guideline given in this section, although far less conservative
than Eq. (3.26), may not be of much practical benefit. As shown in Section 3.6, which
given a complete design example for a DCM flyback HPFR, even Eq. (3.26) results in a
filter inductor value Lf that is orders of magnitude greater than the converter inductor L.
Since one of the alleged benefits of the DCM HPFR topologies is low cost, and the fact the
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magnetic components in a converter are often the most expensive, this criterion is proba
bly not practical.
Another point to consider is that although the minimum value of

guarantees HPF, it

is likely that the power through the converter will differ from the design power due to the
different shape of the converter waveforms. Exactly how it differs has not been investi
gated, but it suggests that an iterative design process is likely. Additionally, in this case the
rounded waveforms of the converter suggest that it is close to behaving as a quasi-reso
nant converter, which may mean different filter design requirements.
One must also consider the fact that if C^is small enough, I^will become quite large,
and its impedance at

could become a substantial fraction of the converter effective

input resistance. This would also cause distortion of the input current waveform, with cor
responding power factor degradation.
Finally, it is important to ask if HPF is really needed for the entire load range. Stan
dards for testing injected line harmonics generally specify that the converter is tested
under full load [21, 23], while problems with peak-detection induced distortion occur at
lighter loads. A manufacmrer understandably chooses the most economical design that
meets the specification, and it is likely that this design would use the largest capacitor pos
sible that would not result in harmonic distortion under full load, since high-value capaci
tors are usually much cheaper than high-value inductors. The minimum Cf arrived at in
this section would only be useful if the converter requirements specified HPF across the
entire load range. For this latter case, actual component values arrived at in Section 3.6.2
suggest that the use of a DCM mode HPFR may not result in an economical design.
The following equation can be used to find the maximum value of C^that guarantees
HPF operation at full load. Equation (3.27) can be rewritten to give this maximum value
of 9
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Cf<
^
' ^fllnAg

(3.70)

For a given load power, the maximum /?qgr occurs at the maximum line voltage; hence in
this case,

R,ff =

(3.71)
max

and substitution of Eq. (3.71) into Eq. (3.70) yields

r <

P

Ziff

(3.72)

Equation (3.72) gives the maximum value of Cf in the input filter that guarantees HPF
operation at full load for a specified input voltage. Again, this applies to any HPFR filter
design, not just the DCM flyback HPFR.

3.6

Design Example

The following is a design example for the system used for experimental verification.
Section 3.6.1 covers the steady-state converter design, and Section 3.6.2 the filter design.

3.6.1 DC Design
The system is to have a maximum power level of 40W, obtained by using two paral
leled converters. These converters are driven 180° out of phase, and when combined in
parallel, are equivalent to a single converter with the same inductor value L (as long as the
maximum duty cycle

< ^.5). The effective switching frequency of this two-converter

system is twice that of the individual converters.
The specifications for a individual 20W converter are:
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Spec

Table 3.3

Min

Max

Vune

45VRMS

70VRMS

^load

24VDC

48VDC

P

OW

20W

Specifications for design example.

In addition, we choose a switching frequency F5 = 120kHz and a transformer turns ratio of
n = l. Then from Eqs. (3.l9)-(3.22),

D

= 1+

^1

Jiv

= 0.327

(3.73)

nV.

(3.74)
tmax

r

m«

=

D^R
^ = 45.1^lH
2F^

(3.75)

The characteristic resistance and conductance of this converter are
Rq = 10.8i2

(3.76)

Gn = — = 0.924S
°
R.

(3.77)

3.6.2 Input Filter Design
For the converter above, we want to have a filter attenuation oy= 60dB at the effective
switching frequency F5 = 240kHz. From Eq. (3.23),
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= 7.60kH2

(3.78)

Since the switching frequency has been effectively doubled, the maximum duty cycle (Eq.
(3.73)) has also been doubled to

= 0.654. Using the value of L from Eq. (3.75) and

Eq. (3.26),

C>

= 0.4I7^iF

(3.79)

!
= 1.05niH
(2t/yo) 9

(3.80)

Using the value of Cyfrom Eq. (3.79),

Lj =

This value of Zy is over 20 times the value of L. Although the peak current in L is sev
eral times that in

is still likely to be quite large, hence it is a good idea to try to

achieve a smaller value of Lf. Another practical problem with the large value of I^is that it
is quite difficult to make a reasonably sized ImH inductor with a self-resonant frequency
above the switching frequency Fj = 240kHz.
If we choose Cy based on Eq. (3.72) and assume a line frequency of 60Hz, we find
P
C<
= I.08|iF
^ AOnf lineV g,max
L, =

3.7

!

= 474nH

(3.81)

(3.82)

Experimental Verification

The system used to provide experimental verification closely resembles the design
example. The following system provided the experimental data: 40W input power with
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input voltage range of V/j„g = 45-70VRMS at fii„g = 60Hz, that consists of dual parallel
DCM flyback converters, with primary side magnetizing inductances L/ = 42|jH and L2 =
43^iH (measured) for the two converters and switching fi^uency F5 single = H7kHz
(measured). The two parallel converters are switched 180° out of phase, hence the can be
modeled as a single converter with an effective switching frequency F5 = 234kHz and
inductance L = 42.5|iH. They are followed by a commercial regulated DC-DC converter
with an input voltage range of 24-48 volts.

3.7.1 Steady-state Operation
The calculated characteristic admittance and impedance of the parallel-converter sys
tem are given on the following table. The measured values are presented in the same table
for comparison purposes. As one can see, the measured and calculated values agree quite
well.

Calculated

Table 3.4

Measured

^0

50.3Q

51.0

Go

0.0199

0.0196

Comparison of calculated and measured characteristic impedances
for the experimental system.

3.7.2 Input Filter Design
Two input filters were designed. Filter #1 and Filter #2. Filter #1 was designed in
accordance with Eqs. (3.80)-(3.81), while Filter #2 was designed to have twice the capaci
tance value and half the inductance value (comer frequency and attenuation unchanged).
The measured component values and computed comer frequencies for these filters are
given in the following table.
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/yoPcHz]

Cfim
Filter #1

1.0

485

7.2

Filter #2

2.0

260

7.0

Table 3.5

Filter component values for two different filters used for
experimental verification.

First, both filters surpass the minimal waveform distortion criterion of Eq. (3.26). The
waveforms for converter input waveforms for the Filter #1 are shown in Figure 3.17. As
predicted, there is no obvious distortion of the converter input current waveform. Note
that the input voltage waveform

looks as predicted in Figure 3.9. Note that it appears on

an expanded scale, and the relative magnimde of the ripple is quite small compared to the
DC value.

72
2.52-

~3

-71
-70

1.5-69
0.50-

-68

-67

-0.5
66
-6E-6 -5E-6 -4E-6 -3E-6 -2E-6 -1E-6 OE+0 1E-6 2E-6 3E-6 4E-6

Figure 3.17

Converter input waveforms with Filter #1 attached. The left-hand
scale is for the current waveform, and the right-hand scale is for
the voltage waveform.
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3.7.3 Peak Detector Effect
Measurement of the "onset" of peak detection by simply watching the current wave
form for distortion proved to be difficult and could not produce repeatable results. To
accomplish this measurement, the rectified sinewave voltage

across the filter capacitor

was measured using a digital oscilloscope. The idea is that peak detection implies that
enough energy is stored in C^that its voltage will not return to zero even when the line cur
rent does. The scope was used to monitor the minimum value of Vg. When the peak detec
tion effect was absent, a minimum voltage of about 0.8V was measured, which remained
constant over a range of duty cycle. The duty cycle of the converters was then lowered
until the minimum voltage rose to 1.2V (the scope resolution was 0.4V at the scale of the
input waveforms), and the duty cycle Dpj^ was noted at this point. The value of

was

then used to compute the value of i?q^at which the onset of peak detection occurred (these
calculations were accomplished using measured converter data). It was observed that fur
ther decreases in duty cycle below Dpi^ caused corresponding increases in the minimum
capacitor voltage, indicating increased minimum stored energy and a more prominent
effect. This method for the determination of the onset of peak detection proved to be
repeatable over several input voltages and data recording sessions.
Both Filter #1 and Filter #2 were used to provide data for this experiment. Data were
taken for three values of input voltage (45VRMS, 60VRMS, and 70VRMS), and are sum
marized in the following table.
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Vin

^pk

Filter #2
^pk

45VRMS

0.186

0.319

60VRMS

0.195

0.312

70VRMS

0.190

0.314

0.190

0.315

141Q

51Q

133Q

66Q.

Rgff from
Ef(3.27)

Table 3.6

Filter #1

Experimental verification for Eq. (3.21), which gives the onset of
peak detection as the converter effective input resistance increases.

The above data show that Eq. (3.27) gives a good indication of the boundary for the
peak detector effect. The explanation of the effect given in Section 3.4.4, namely that the
effect appears when the input begins to look capacitive at
3.18, where the input impedance of the filter as seen by the line,

is confirmed by Figure
was measured for

Filters #1 and #2 terminated with a lOOQ and 50Q resistor, respectively. These resistor
values are fairly close to the predicted values for peak detection onset (especially on a log
scale), and we can see that the phase response of the filter impedance starts to become
noticeable around 2fii„g, about -5°. Finally, Figure 3.19 shows experimental waveforms
that clearly illustrate the peak detector effect (Filter #2, Vn^g = 71VRMS, D = 0.08).
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100
80

O)

20

R

= 100 £2, FUter# 1

R

= 50 Q, Rlter#

-60 J
1x10 ^

1x10 ^

1x10 ^

1x10 ^

1x10 ®

Frequency [Hz]

Figure 3.18

Measured filter input impedance Zf ung near onset of peak-detection
effect.
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-0.002

Figure 3.19

3.8

0

0.002 0.004 0.006 0.008 0.01

Peak detection effect. Effect absent in bottom waveforms, shown for
comparison.

Conclusion

This chapter has examined the use of the DCM flyback converter for use in practical
HPFR systems. The HPF behavior of this converter is a natural byproduct of DCM opera
tion, hence these converters achieve high power factor with a minimum number of compo
nents and very simple control circuitry. As a result, they have been touted as being a good
converter for low-cost, low-power (1(X)-200W) HPFR application. Unfortunately, the
DCM operation of these converters results in a pulsating input current that generates sub
stantial EMI at the converter switching frequency and its harmonics. Such emissions are
required to be within the specifications of various regulatory agencies (FCC, VDE) in
order for a product to be put on the market. Hence, these converters require an input filter
that sufficiently attenuates the EMI without interfering with the operation of the converter.
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Note that there are a number of other DCM PWM converters that also have high power
factor, and that most of the methods of this chapter apply to them as well.
The input filter for the DCM flyback HPFR must initially meet certain constraints: (1)
it must sufficiently attenuate input harmonics, (2) it should not drastically affect the opera
tion of the switching converter, (3) it cannot substantially degrade the input power factor
of the converter, and (4) it must be economically viable. This Chapter shows that given a
specified attentuation requirement, one may systematically determine component values
for a two-pole LC input filter.
Constraint (2) yields a minimum capacitor value for the filter, which with filter attenu
ation oyand switching frequency F5 yield a value for Lf. There are two rules given for this
minimum capacitor value. The first is a heuristic "rule of thumb" that is simple to develop,
understand and apply, and it is quite effective. However, this rule is lacking from an ana
lytical standpoint, hence this problem is later analyzed in a more rigorous manner to yield
a much less conservative rule. Along the way various methods normally applied to the
analysis of resonant converter systems are employed.
Constraint (3) shows that the product of the effective converter input resistance
and the filter capacitance Cy-must be less than a certain quantity, otherwise the input of the
converter will result in peak detection of the voltage waveform, with a consequent degra
dation in the input power factor. As Cf increases, the range of HPF operation becomes
smaller. Thus, if HPF operation over a broad operating range the main concern, one would
choose the minimum Cy as detailed earlier.
In spite of the above arguments, there are several reasons not to choose the minimum
value of Cf. The minimum value of Cy results in the maximum value of Lf, and this gener
ates some problems. First and foremost, the maximum value of Z^can be an order of mag
nitude or more greater than that of the converter inductor L. Since the magnetic
components are likely to be the most expensive ones in the system, the economic advan
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tages of the DCM flyback are lost, and constraint (4) is violated. The actual design and
construction of practical large inductors is also be a substantial challenge.Second, when
converters are in the process of being qualified for the market, they are usually tested at
full load. Thus, if the converter need only meet regulatory requirements, it is better to
choose the maximum Cfto provide HPF at full load only, since large capacitors are often
much cheaper than large inductors. Third, choosing the absolute minimum Cf via Eq ()
changes the converter input waveforms, and thus the design of the converter (in as yet
unknown ways). Finally, if Lf is very large, it will have substantial impedance at the line
frequency and will also effect power factor. Thus, a third criterion for choosing Cf is
given.
As a result of the analyses of this Chapter, one can design the required input filter for
DCM PWM HPFRs, and determine whether or not they represent a viable choice for a
given system.
Finally, the analytical results of this chapter have been verified by simulation and
experiment, and good agreement obtained. Much of this work has been previously pub
lished by the author in [46].
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Chapter 4
A Single-Quadrant Power-Conservative Negative
Resistance Synthesizer
It is often the case that non-linear behavior is considered undesirable. After all, such
behavior is often complex, analytically intractable, and it can generate unusual, unex
pected, and unwanted effects in all sorts of systems. However, non-linear behavior is ben
eficial or even essential in many electronic systems. For example, nonlinearities abound in
communication system in the form of modulators/demodulators, automatic gain controls,
etc. Processes such as hysteresis provide noise immunity in digital systems. Nonlinear
processes produce gain in semiconductor and vacuum electronic devices, on which all
modem electronic systems are based.
This chapter shows how the non-linear behavior of the discontinuous-mode (DCM)
flyback can be exploited to synthesize an unusual circuit, the single-quadrant negative
resistor. Although the synthesis of negative resistors has been accomplished with op-amps
some time ago [34], the circuit in this chapter has the key advantage that it works at high
power levels and is nearly lossless, i.e. it consumes little more power than it delivers.
Such a converter has the potential to be useful in several applications. One such use
may be the reduction of load conductance as a means of increasing the capability of an
existing power supply system. The converter may also be useful in power filter design,
where negative resistors and synthesized reactances find useful roles [34].
The advantages of the system developed in this chapter are its extreme simplicity, low
cost, and ease of implementation. The system described in this chapter is limited to singlequadrant (uni-polar and uni-directional) operation, which limits its application to DC sys
tems. Chapter 5 describes a more universal system that does not have these limitation.
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This chapter first reviews a basic power-conservative model for converters which
behave as loss-free resistors (LFRs) [26]. Then some new large-signal, power-conserva
tive models are developed for DCM and CPM converters. These models are directly
related to the input and output plane characterization of power converters (see Chapter 2
and [35]). Next, it is shown how to synthesize a negative resistance using a DCM flyback
converter with minimal additional circuitry. A design procedure for this system is devel
oped, and experimental verification is presented.

4.1

Power-Conservative Large-Signal Modeling of DCIVI Power
Converters

Conventional continuous-conduction-mode (CCM) pulse-width modulated (PWM)
power converters have well-established and well-tested large-signal modeling techniques
[36, 37]. The key part of this model is the variable-ratio DC transformer. All CCM PWM
converters can be modeled by this method. The models arrived can be simply derived, and
can be used in simulation software to accurately represent both large-signal transient and
small-signal steady state behavior. Unformnately, such models for DCM PWM converters
are difficult to find. One other author has developed a set of large-signal power-conservative models for DCM converters [15]; unfortunately, how they were obtained was not
explained. In addition, their properties are not obvious from the models, hence they are not
much better than a set of equations. This section develops a set of models for basic DCM
PWM converters, and the methods may be extended to more complex converters via the
methods given in [38]. Although the primary purpose here is to set the stage for the nega
tive resistor development, these models are likely to be useful in their own right.

4.1.1 The Loss-Free Resistor Model, Power Sources, and Input/Output
Planes
Recall from Chapter 3 that any high-power-factor converter must look like a linear
resistor to the AC line. Since such converters are typically highly efficient switching con
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verters, nearly all power absorbed in this resistance appears at the output of the converter
to be used by the load. Hence, the term loss-free resistor G-FR) has been coined to
describe such behavior [15]. The input power of such a system is determined solely by the
resistance value R^oi the LFR and the input voltage v^. Since the input power is ideally
equal to the output power, the output of the converter behaves as a power source. This sys
tem can be modeled as shown in Figure 4.1.

Figure 4.1

Circuit model of the loss-free resistor (LFR).

The LFR model can be easily plotted in the input and output planes (Figure 4.2). Since
the input looks like resistor, we simply plot the characteristic of that resistor in the input
plane (Figure 4.2a). Although shown to be linear, this need not be true in general. The out
put plane of this converter is a hyperbola (Figure 4.2b), as discussed in Chapter 2.
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z

/

(a)

Figure 4.2

^ V
(b)

Input plane (a) and output plane (b) of the loss-free resistor (LFR)

4.1.2 Axial Shifts in the Input/Output Planes
Recall from Chapter 2 that many converters have an output plane that has a hyperbolic
shape similar to a power source, but that is shifted along either the current or voltage axis.
From the point of view of the output, such a shift can be modeled by connecting a current
source (in parallel) or a voltage source (in series) with a power source. This is shown in
Figure 4.3. However, the stated desire was to develop a power-conservative model. The
power delivered to or absorbed from the voltage or current source must be absorbed from
or delivered to somewhere. Since the system is assumed lossless, and the output plane is
completely modeled by either Figure 4.3a or Figure 4.3b, this other power must either be
absorbed from or delivered to the input of the converter. Exactly how it appears at the
input depends on the actual converter to be modeled.
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•^v
^shift

4p

t

^shift

V

(a)

Figure 4.3

shift

(b)

Output planes and corresponding output circuit models of axially
shifted hyperbolic output planes, both vertically shifted (a) and
horizontally shifted (b).

4.1.3 Modeling of Basic DCM PWM Converters
In this section, we model the DCM mode of the three basic PWM converter topologies
(Figure 4.4a-c), the buck-boost (equivalent with flyback), the buck, and the boost convert
ers, in the manner just described. The convention of Figure 4.5 will be followed, where d
is the control variable representing the duty cycle. The same normalization scheme devel
oped in Chapter 2 for DCM PWM converters is used here. The defining equations for the
scheme are repeated below for the reader's convenience.

m = — = normalized voltage

(4.1)
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j = —I = normalized current

(4.2)

q = — = — = normalized resistance
J
K

(4.3)

R, = 2LF,

(4.4)

where

In Eqs. (4.1)-(4.4), L is the value of the converter inductance and

is the converter

switching frequency. To aid the following discussion, define a new variable for normalized
power:

^0
V = —p = normalized power

(4.5)
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(a)

^ V

(b)

V

(c)

> — — >

Figure 4.4

The three basic converter topologies: buck-boost (a), buck (b) and
boost (c).
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Converter

Vg (mg = I)

Figure 4.5

Definition of input, output, and control variables for a power
converter. Normalized variables appear in parentheses.

4.1.3.1 DCM Buck-Boost (Flyback) Converter
This converter is thoroughly analyzed in Chapter 3 and in [24], and the results have
been verified; thus, just the results are given here. The input behavior of the converter is
modeled by a linear resistor whose duty-cycle dependent value is given by

-1 = r

= —

h

(4.6)

i

The output is modeled by a power source, i.e.
(

f = ^ =

V
_g

(4.7)

Veff)
The schematic model has already been shown in Figure 4.1, and the corresponding output
planes in Figure 4.2.

4.1.3.2 DCM Buck Converter
This analysis begins with the output plane equation derived in Chapter 2, Section
2.2.2.1. This is repeated here as Eq. (4.8).

Ill

j=

(4.8)

This can be rewritten as

/
2
j = - - /
m

(4.9)

The first term on the right-hand side gives the hyperbola of the power source, which has a
normalized power given by

(4.10)
This power is unaffected by the output, hence

must come from the input of the con

verter. The subscript/denotes this fact by naming this power the forward power. In order
to model the input component that generates this power, unnormalize Eq. (4.10) to get
2

2

V
This implies that a linear resistor of value

(4.1.)

/RQ appears across the converter input.

The second right-hand side term of Eq. (4.8) subtracts from the normalized output cur
rent, hence it is represented as a current source. Thus, the output of the converter is repre
sented as shown in Figure 4.6. The orientation of the current source in the output indicates
that it absorbs power. This power must flow to the input side of the converter. Since the
normalized output voltage m appears across this current source, the normalized value of
this power is given by Eq.(4.12). The r subscript denotes the fact the fact that in our model
this power flows from the output side of the converter to the input side.

(4.12)
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The obvious question is, how does

appear on the input side of the model? Again,

the simplest way to answer this question is to unnormalize 4*;. to compute the actual power

2

p =

2

2

= V —

(4.13)

From Eq. (4.13) it can be seen that this represents a current source across the input, as
shown in Figxire 4.6.
The AC model is quite simple to derive from the DC model. Since the converter oper
ates in DCM, the discontinuous current in the inductor means that it has little or no effect
on the averaged converter dynamics [16]. As a result, it does not contribute to the model.
The output capacitor, however, appears directly across the output of the converter in both
the averaged and non-averaged models. Nowhere in the above derivation is it stated that
we are using DC values, hence the derived model is good for both AC and DC.

—d

Figure 4.6

Large-signal model of the DCM buck converter

4.1.3.3 DCM Boost Converter
The development of the DCM boost converter model is similar to that for the buck
converter. Equation (2.12), repeated below, gives the output characteristic for the boost
converter.
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j = /-Jm-1

(4.14)

In this case, we cannot directly break up Eq. (4.14) into a power source and some other
element by inspection. The solution is to solve Eq. (4.14) for the normalized output volt
age m (Eq. (4.15)).

/n = —+ 1
j

(4.15)

Hence, the output of the boost converter can be described by a power source in series with
a voltage source with a normalized value of one, as shown in Figure 4.7. As with the buck
converter, the power for the power source \|/^ comes from a linear resistor across the input
of the converter with a normalized value S. From the orientation of the voltage source in
series with the output power source, it is evident that this source also delivers power to the
output. Since this source has a current j flowing through it, the normalized power deliv
ered by this source is
(4.16)
The power delivered by this voltage source also must come from the input. To see how
this is modeled on the input side, unnormalize Eq. (4.16) to get

2
V

2
V

1
V

/?„

,

(4-"'
^0

0

^0 V

8

This appears on the input side as a current source with value i, or normalized value j. Thus,
the normalized averaged model for the DCM boost converter is given in Figure 4.7.
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Figure 4.7

4.2

Large-signal model of the DCM boost converter.

Synthesis of Negative Resistance with the DCM Flyback
Converter

In order to make a linear negative resistor from the DCM flyback converter, consider
the input and output of the converter. First, a negative resistor delivers power rather than
absorbs it, hence the synthesized negative resistance must appear at the output of the con
verter. Equation (4.7), which describes the output, can be rewritten as
2
V

iv = p = —
V/

(4.18)

It is reasonable to assume the voltage source Vg to be constant, hence it will be denoted by
Vg. Then substitution of Eq. (4.6) into Eq. (4.18) yields

p =

(4.19)
^0

Notice that the converter output power p is proportional to both Vg^ and d^. Recall that the
power into a linear resistor is proportional to the square of the voltage across that resistor.
Now, if we make the duty cycle d of the flyback converter proportional to the output volt
age V, i.e.
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d = Kv

(4.20)

where K is some constant (it is not the dicontinuous conduction mode parameter of [16]),
then the power out of the converter is

P =

(Kvf

J

V

(4.21)

^0
Now the output power p of the converter is proportional to the output voltage v^, hence the
output port of the converter behaves as a linear resistor, say with value R^. Since the
power flows out of the port, the value of this resistor is negative, so that

/?! = —^

(4.22)

One might ask what is special about this approach. After all, with proper sensing and
signal processing, one could achieve the same result with any switching converter. In fact,
this latter approach is taken in Chapter 5. The answer is that the approach of this chapter
has several advantages over the more brute force approach of Chapter 5. First of all, it is
simple. No current sensing is required, which simplifies the system tremendously (see
Section 2.1.2). No error amp or high-gain feedback loop is required, either. As a result,
there is no required stability analysis, and no compensation circuitry or additional amplifi
ers required. This not only reduces complexity, it also reduces volume, expense, and
power consumption. The last is important because all real switching converters require
support circuitry that consumes power and thus reduces efficiency. As a result of the
above, low power implementations are practical. The second major advantage is that the
bandwidth of this circuit is high. Since the inductor dynamics do not contribute a pole to
the system, the bandwidth is limited only by the output filter and the converter switching
frequency.
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To be fair, this circuit does have some disadvantages. First, the DCM flyback converter
is limited to power levels of approximately 100W-200W due to the limitations of available
electronic components. Second, the circuit depends on DCM behavior for its proper oper
ation, so one must insure that the circuit remains in DCM. Although the design procedure
of Section 4.3 takes care of this for a specified set of constraints, one must make abso
lutely certain that the design constraints are not violated by the network to which the neg
ative resistor is attached. Third, the converter is unipolar, meaning that V must always be
positive (see Section 4.5), and this cannot be overcome by the use of an unfolding circuit.
This further limits the applications of the circuit.

43

Design of the DCM Flyback Negative Resistor

In order to implement the DCM flyback negative resistor, it is necessary to develop an
analysis that leads to results usable for design purposes. The following sections accom
plish this task. First, a DC design procedure that generates the main converter design from
a set of specifications is developed. Following this, a design example is presented, the
result of which is used as an aid in the construction of the converter that provides the
experimental results of Section 4.6.

43.1 DC Design Procedure
First consider the schematic of a flyback converter, shown in Figure 4.8. The operation
of the flyback converter is reviewed in detail in Section 3.3, and will not be repeated here.
The main inductor current waveform is shown in Figure 4.9.
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n:l

Figure 4.8

Simplified schematic of flyback converter.
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Figure 4.9

D,T,

Inductor current waveform for flyback
operation.

converter in DCM

First, we start with a set of specifications, shown in Table 4.1. Since the design proce
dure a DC problem, variables in this section are represented with capital letters.

Supply voltage
Maximum output voltage

V
^ max

Negative resistance magnitude

Ri

Switching frequency (or period)

Fs(Ts)

Table 4.1

Minimum set of specifications required for negative resistor design.
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For proper operation, the converter must operate in DCM. For this to be the case, we
require that
D+D , < 1

(4.23)

From Figure 4.9, note that

(4.24)
Substitution of Eq. (4.20) into Eq. (4.24) and some algebra reveal that
Di = nKV^

(4.25)

Thus, we need to choose a maximum value for D and Dj. This choice is left to be guided
by the designer's experience, as it is an underdetermined problem from an academic view
point.
Once D and Dj have been chosen, we can choose the value of K. From Eq. (4.20),

K =

V max

(4.26)

From Eq. (4.25), we can compute the transformer turns ratio n:

^1
n = —
V K

(4.27)

8

From the required value for /?i and Eq. (4.22), we can compute the converter parameter
/?o:

= -R^iKv/
Finally, we can compute the converter inductance value L.

(4.28)
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L=

(4.29)
2Fc

43.2 Design Example
The following design example is the guideline for the development of the converter
constructed to verify the analysis of this chapter. The specifications are given in Table 4.2.

24V

Table 4.2

"max

y

50V

Ri

-100

Fs

250kH2

Specifications for negative resistor design example.

Choose Dfnax = 0-5 and D; = 0.35. These choices are somewhat arbitrary, although
their sum must be less than one (Eq. (4.23)). Although their values do not affect the design
procedure, they do affect practical aspects of the converter design, and the values chosen
yield a workable design. Then Eqs. (4.26)-(4.27) yield the following:

K =

D.
max

n =

D.

50V

= 0.01 V '

0.35

= 1.46

(4.30)

(4.31)

(24V) (O.OIV ^)
The value of 1.46 for the turns ratio is not very practical to implement, so use a value of n
= 1.5. Then Eq. (4.32) yields a value for Dj that is not too far from the original choice.

Z), = nKV^ = (1.5) (O.OIV ') (24V) = 0.36
The rest of the converter parameters are chosen using Eqs. (4.28)-(4.29):

(4.32)
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•)

Rq = -/?J {KV^) - = -(-lOOQ) (0.01 V

_1

• 24V)

^

= 5.760

L = ^ =
= ll.S^iH
2F^
2 • 250kHz

(4.33)

(4.34)

4J.3 Output Filter and Voltage Sensing Network
Since the negative resistor is implemented with a switching converter, most practical
applications require a filter to attenuate the switching frequency ripple and its harmonics.
Similar methods to those developed in Chapter 3 may be used to choose filter component
values, but the topic will not be explored further in this chapter.
In order to generate the duty cycle, we must sense the output voltage somewhere.
Again, we would like to attenuate the switching ripple so that the duty cycle is not modu
lated by the switching frequency. It might seem that sensing the voltage

would work,

since this would be filtered by the output filter. However, the output filter is designed pri
marily to attenuate current ripple components. As a result, the voltage

may depend

strongly on the impedance used to terminate the output filter. It is a better choice to sense
the voltage v at the converter output. The capacitor of the LC filter will reduce voltage rip
ple somewhat, and another filter is used to provide additional attenuation of the switching
ripple. A simple RC filter is all that is necessary. A diagram of the entire system is shown
in Figure 4.10, where K=K(s) represents the RC filter response and the PWM gain.
Another advantage of this approach is that it makes the converter design more indepen
dent of the filter design.
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Figure 4.10

4.4

Block diagram of negative resistance synthesizer with output filter.

Small-Signal Analysis

A small-signal analysis of this circuit is necessary to determine the firequency response
of the DCM flyback implementation of the negative resistor. The small-signal analysis
will assume that the time-averaged model of the DCM flyback is suitable, i.e. that all sig
nal frequencies are sufficiently less than half the switching frequency F5 that sampling
effects can be neglected.

4.4.1 Small-Signal Analysis Without Output Filter
Since the system under study is used to generate an impedance, it is natural to develop
a small-signal model that gives the impedance, or equivalently the admittance, of the con
verter. The LC output filter will be neglected initially, in order to highlight some interest
ing dynamic properties of the converter itself. The model developed is such that it is
relatively simple to add the filter to it later. Figure 4.11 is helpful to the analysis. Figure
4.1 la shows a block diagram of the original converter system, and Figure 4.1 lb shows the
result of linearizing the system.
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^ I

(a)

1 +—

^ i

(b)

2D

Figure 4.11

Block diagrams of the negative resistance synthesizer, nonlinear (a)
and linearized small-signal (b).

To begin the solution for the impedance (or equivalently the admittance) of the con
verter, recall that the gain K=K{s) is a single-pole function of frequency to filter switching
ripple present on the output. Then the duty cycle d is given by

d = K{s)v =

K.
(4.35)
1-

0)..
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Each signal x is assumed to be in the form of a DC value X with a small-signal variation x,
as shown in Eq. (4.36).

X

= X+ x

(4.36)

The squaring function is linearized as follows,

dix^) = 2Xx

(4.37)

The linearization of the reciprocal function is given by

d{x'^) = ^x
r

(4.38)

Finally, the linearized product operation is given by
dixy) =Xy+Yx

(4.39)

Comparison of Eqs. (4.37)-(4.39) with Figure 4.1 la yields Figure 4.1 lb.
To compute the output admittance, use Figure 4.11b to write the output current i as a
function of v:

I

r.2\
v"
=

Kr.

(2D)

(4.40)

1-A
V

The DC value of P is given by

P = -^D2

and the DC value of D is given by

(4.41)
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D = K^V

(4.42)

Substitution of Eqs. (4.41)-(4.42) into Eq. (4.40) and some algebra yields the following
relationship for the output admittance.

(4.43)
Thus, we see that the converter admittance alone (without the LC output filter) has a polezero combination. The transfer function of Eq. (4.43) is an all-pass function [34] which
has constant amplitude and a phase shift that varies from -180° to 0°. This result is some
what surprising. At low frequency, y is negative as desired. One expects the pole at cOp,
since the signal that commands output power, d, is the output of a low-pass filter, which
decreases with increasing frequency. However, one must remember that d is only a smallsignal variation about a DC value D. Consider what happens at high frequency, when d
becomes small due to the pole. The converter now behaves as a DC power source with the
power controlled by the DC value of D. The small-signal voltage v is not attenuated, and
since the output now behaves as a constant power source, ? is now proportional to the
inverse of v , hence the 180° shift in phase to a positive admittance y, which is modeled by
the right-hand plane zero.

4.4.2 Inclusion of the Output Filter
It is a simple matter to include the output filter in the small-signal model. While bruteforce computation can be used to solve for the output impedance z of the converter with
output filter, and such a result is given by Eq. (4.46), a useful estimate of z can be obtained
using Bode plot algebra. This latter analysis is also given in this section.
Since the converter port is modeled by an admittance y, the admittance of the parallel
capacitor C^can simply be added to the admittance to yield
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(4.44)
It follows that

= - + sL
yi
'

(4.45)

Substitution of Eq. (4.45) into Eq. (4.44) and a good amount of computer-aided algebra
yields

(4.46)

where

(4.47)

Thus, Eq. (4.46) gives the output impedance of the entire converter including the LC out
put filter.
While Eq. (4.46) is useful for generation of plots of frequency response, it is not very
helpful for generation of understanding of the system. To the latter end, it is instructive to
construct an asymptotic Bode plot of the frequency response. In this case, we construct the
plot for the case where co^ < ©j, which is the more complicated case. The magnitude plot
is simplest, so consider it first. The output impedance z is given by the reciprocal of Eq.
(4.43).
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(4.48)

The magnitude of z is

(4.49)

R

This is shown in Figure 4.12a, where it is plotted with a dashed line. The impedance of the
filter capacitor, Xq^ appears in parallel with z; it is also plotted with a dashed line in Fig
ure 4.12a. At low frequencies,

»|z|, hence the impedance zi of the parallel combina

tion is approximately z. At high frequencies,
©1 occurs where

« lz|, so Zj =

The comer frequency

= |z|.

The impedance X^oi the output inductor (plotted with a dashed line in Figure 4.12a)
appears in series with zi- At low frequencies, |z,j
Zg = Zj

so the output impedance

is well approximated by zi- At high frequencies, |z,| «

so

The comer frequency 002 occurs where [Xj = |zj|, which in the example shown in Fig
ure 4.12, occurs when

= \X(^j.

(4.51)

From die previous discussion and the three dashed lines representing |zl, \X^J^, and
the solid line representing |z^| is easily drawn (see Figure 4.12a).

,
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The phase response is somewhat more complex, but the asymptotic phase plot can be
constructed in a manner similar to the amplitude plot [39]. The details are not given here,
but the result is shown in Figure 4.12b.
Figure 4.12 is very useful for observing the effects of component and parameter values
on the firequency response of the system. Changes in values are inunediately reflected in
the plot, and trends are easily seen. This is in contrast with Eq. (4.46), where one must
solve for the roots of the denominator and numerator. While this is analytically possible,
the results are too cumbersome to be of any use.
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Asymptotic Bode plot of the magnitude (a) and the phase (b) of the
converter impedance for the case when (Dp < COj. Dashed lines
show the asymptotes of individual terms, while solid lines show the
overall response.
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4.5

Necessity for Unipolar Operation.

This section discusses one of the main limitations of this circuit, namely its singlequadrant (or unipolar) operating region. While single-quadrant operation may seem cor
rectable by means of an unfolding circuit (an active circuit that behaves as the opposite of
a rectifier), this will not work with this circuit. The reasoning follows: The necessity of fil
tering the output voltage waveform before generating the duty cycle signal means that the
signal to the PWM will have some phase shift. As a result, the duty cycle d will be some
what delayed with respect to the voltage v. If this delay is small, it seems that it could be
neglected. However, if the instantaneous value of the voltage v approaches zero, this delay
cannot be tolerated. Figure 4.13 shows why. Note that due to the phase shift, when v
reaches zero, say at time fy, d is non-zero. Since the output power p is proportional to the
square of duty cycle, the converter will try to deliver a finite power into a voltage of zero,
resulting in infinite current. In an actual converter, as the voltage becomes small, the cur
rent will increase until the converter operating mode shifts to continuous conduction mode
(CCM), and proper operation will be lost. In fact, even in CCM, a non-zero duty cycle will
force the converter to try to deliver infinite current into a load if the input-output relation
ship between Vg, v and d is violated. To prevent this undesirable behavior, the voltage v
must always remain positive, and the converter must operate in a single quadrant of the ivplane.
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V

Figure 4.13

4.6

The effect of phase shift due to K(s) when the voltage v approaches
zero.

Experimental Verification

This section contains the experimental verification of the DC and small-signal AC
behavior of the single-quadrant negative resistance converter. The circuit uses a two-pole
LC output filter and a single-pole filter for the output voltage sensor. First, the measured
values of key parameters are given in Table 4.3.
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Value

Parameter

12.5
301

Table 4.3

Cf , U i F ]

0.384

Fs,[kHz]

255

v,,\y]

24.0

n

1.5

Ko,\y^]

0.010

©/, [rad/s]

93.0k

(HpJ, [rad/s]

417k

(Dp2, [rad/s]

5.86k

Parameters of experimental converter.

The measurement semp used is shown in Figure 4.14. The 40i2 resistor in parallel with
the output insures that the net resistance in the entire network is positive in order to pre
vent any instabilities in the network. The lOii resistor is used to prevent the very low
impedance of the DC supply from reducing the perturbation produced by the AC supply
during small-signal AC measurements; this switch is closed for DC measurements. The
value of 22V assigned to the DC source is the value used during small-signal AC measure
ments. The measured signals

and

are used to produce the experimental data.
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network
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Resistance
Synthesizer

i.

V,O

(to network analyzer)
Figure 4.14

Test setup used to take experimental data. The switch in parallel
with the WW resistor is closed for DC measurements and open for
AC measurements.

4.6.1 DC Experiments
The first experiment is a measurement of the DC output characteristic. This was
accomplished by sweeping the voltage between 0 and 25V and recording the results,
which are displayed in Figure 4.15. The straight line is a curve fit to the data; this line has
a slope of 0.0082 and a y-intercept of -0.0056. It is seen that over most of the range of
voltage, the circuit behaves as a good negative resistor, the magnitude of which is the
reciprocal of the slope (Eq. (4.52)). The predicted value is given by Eq. (4.53). As one can
see, these values are fairly close. Since converter losses reduce the output power and thus
the output current below the predicted value, this would tend to increase the measured
magnitude of the resistance over the predicted value, which is what is seen.
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The missing data at the low end of Figtire 4.15 is due to a problem with the PWM chip
used in the construction of the experimental converter, namely that its operation was
erratic for duty cycles below about 0.08 or so. This made it impossible to get repeatable
data for low voltages.

R. = — — S = 122Q (measured)
'
0.0082

^0

/?j =

(4.52)

= 111Q (predicted)

(4.53)
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Figure 4.J5
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10
15
Output voltage V [V]

20

25

Plot of negative output current -io versus output voltage VQ. The
straight line is a best-fit curve.

4.6.2 Small-signal AC Experiments
In order to verify the small-signal model, measurements of Zg were performed using
two different pole frequencies for the function /(^(j), o)pi=417krad/s (^i=66.4kHz) and
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Q)p2=5.86krad/s (/^2=933Hz). The two cases show what happens when (Op > (DI and cOp <
©1 , respectively. The frequency response predicted by Eq. (4.46) is plotted in the same
graph as the measured data to ease comparison between the two. The converter parameters
are given in Table 4.3.
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Figure 4.16 shows excellent agreement between the predicted and measured data, for
both magnirnde and phase. The high pole frequency (66.4kHz) of the output voltage sens
ing network means that at the frequency of the pole-zero pair of Eq. (4.44), the admittance
of the filter capacitor dominates, and the pole-zero pair has little contribution.
Figure 4.17 shows the effect of reducing the voltage sensing network pole frequency
to 933Hz. The match between predicted and measured data is not quite as good as in Fig
ure 4.16, although it is still quite good. The predicted magnitude response shows a small
effect due to the pole-zero pair that is not obvious in the measured response. The predicted
phase response is somewhat higher that the measured response below lOkHz, although the
shape of the response is correct. These discrepancies could be due to a number of factors,
among them the fact that the converter model is quite simple and no losses were included.

4.7

Conclusion
In this chapter a circuit was invented that synthesizes a negative resistance from a

common, inexpensive flyback converter. Such a circuit has potential for use in a variety of
applications including, but not limited to, reactance and impedance synthesis, high-power
filter applications, and load reduction in power systems (see Chapter 5 for more details).
First, the loss-free-resistor/power source model of the flyback converter was reviewed.
It was then extended to cover the main types of DCM PWM converters. While the
extended model was not employed further in this chapter, it may prove useful for other
applications to which the flyback converter is not well suited. It may also prove useful for
the non-linear modeling of power converters in general.
Next, the negative resistance converter was developed from the DCM flyback con
verter by controlling the duty cycle directly from the output voltage. This technique is
simple and inexpensive, hence it is well-suited to the lower-power applications where fly
back converters are frequently found. The generation of the negative resistance depends
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on the inherent non-linear behavior of the converter, although the synthesized negative
resistance is inherently linear over a wide frequency range. A DC design procedure is
developed to allow quick and simple design of the converter and voltage sensing gain.
A small-signal model is developed since such a model is essential to use the circuit in
practical systems. Due to the fact that the key component of the negative resistance syn
thesizer is a switching converter, its frequency response is limited. Furthermore, the
switching action of the converter generates pulsating current and voltage waveforms that
must be filtered to remove the switching frequency and its harmonics. The requirement for
such filtering modifies the output voltage that is sensed and thus modifies the response of
the system, including the introduction of non-linearities in the generated resistance. It is
also shown how the unavoidable phase shift due to the required filtering results in the
necessity for single-quadrant (unipolar and unidirectional) operation.
Finally, the DC and small-signal AC models are verified using an experimental proto
type. This prototype was designed using the design procedure developed in this chapter,
and good agreement with the procedure and the DC model is obtained. The small-signal
models are verified under two different conditions and good agreement is obtained.
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Chapter 5
A Negative Resistance Pseudo-Inverter for Line-Utility
Interface Applications
In this chapter a circuit is developed that behaves as a low-loss general impedance
synthesizer. This is a circuit of broad potential application. Some of the applications pre
sented in this chapter are the synthesis of high-power reactive components and the devel
opment of the negative resistance pseudoinverter.
The impedance synthesizer developed in this chapter, unlike op-amp implementations
of the same idea, is low-loss and power conservative. It is implemented with a switching
converter as its main component, hence power is not dissipated in the converter. In fact,
reactive power is stored and released, just as with a real reactive component.
The key application for this circuit, from which the chapter derives its tide, is the neg
ative resistance pseudoinverter. This circuit is similar to an inverter in that it is used to put
power back on an AC line. Its main application is for those who generate small-scale
power, and wish to either sell it to the utility supplier and/or supplement utility power.
This circuit accomplishes this task via load reduction, which will be discussed in this
chapter.
The topics covered in this chapter are the development of the general impedance syn
thesizer, the synthesis of reactive components, the development of the negative resistance
pseudoinverter, the design of a prototype general impedance synthesizer, and experimental
verification for a synthesized inductor and the negative resistance pseudoinverter.

5.1

General Impedance Synthesis with a Four-Quadrant Converter

Different approaches can be taken to synthesize impedances. Op-amp circuits have
been used for this purpose for quite some time [34]. The main disadvantage of that
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approach are first that it is extremely inefficient, as the circuits are almost completely dissipative. This limits their practical use to signal processing where signal power levels are
small. For applications requiring power processing, other approaches must be taken.
In Chapter 4 it was seen that some impedances such as negative resistances could be
synthesized using the flyback converter. While the circuit developed was simple and inex
pensive, this approach had some drawbacks. First, it had a limited operating range due to
unipolar operation. Second, since it was based on the flyback converter, its maximum
power level is limited to about 150W based on available component technology.
In this section, we develop a general impedance synthesizer. This circuit is based on
switching converter technologies, hence it efficient and can be used for power signals. The
basic building block is a four-quadrant converter (Figure 5.1). A four-quadrant converter
is bipolar and bidirectional, which means that at least one port (in this case the right-hand
one) handles signals of any polarity, and that power can flow both directions (left-to-right
and visa versa). These properties make the definitions of input and output somewhat mis
nomers, but for the purposes of this chapter, the bipolar right-hand port will be referred to
as the output, and the left-hand port as the input. For the work in this chapter, a full-bridge
buck converter is used (Figure 5.2). Note that since the converter is bidirectional, if the
input/output port conventions were reversed, this same converter would be considered a
boost converter.
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Full-bridge four-quadrant buck converter.

A block diagram of the general impedance synthesizer is shown in Figure 5.3. The
operation is straightforward. The output current i of the converter is sensed and a highgain feedback loop is used to force the output current to be approximately equal to a refer
ence current

The current ir^\s a function of the output voltage v, so that
(5.1)

Thus, the output impedance z of the system is given by
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Since any polarity of i or v is possible, the gain K^is) is arbitrary in principle. A variety of
transfer functions for K^(s) can be easily implemented by numerous means. Thus, if a cer
tain impedance z* is desired, the required

can be found by Eq. (5.2).

4-quadrant
switching converter

T,W

KJ(S)
KJs)

Figure 5.3

Block diagram of general impedance synthesizer

This approach to impedance synthesis might be considered to be rather "brute force",
but it has several strong points. First of all, it does not depend on a particular switching
converter topology. Second, a large variety of possible impedances can be generated that
can function over a large range of voltages and currents. Third, very high power levels can
be handled. For example, the full-bridge topology has been used in multi-kilowatt applica
tions [40].
To be fair, the circuit does have some drawbacks. First, for general impedance synthe
sis, a bi-directional current sensing scheme capable of sensing DC is required. This pre-
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eludes the use of current-sensing transformers (since they can only sense an AC current),
one of the major means of current sensing in power electronic circuits. As a result, either
current sensing resistors or Hall-effect sensors must be used. Second, the four-quadrant
converter requirement means that the converter design tends to the complex and expen
sive. Third, the usable bandwidth of the system will be substantially lower than the
switching frequency (see Section 5.3). Note that with the exception of limited bandwidth,
these problems become less important as power levels become large, since a high-power
converter will be expensive and complex anyway, and the cost of current sensing becomes
a small fraction of the total cost.

5.1.1 Synthesis of Reactive Components
The synthesis of reactive components such as inductors and capacitors is straightfor
ward. For instance, if it is desired to synthesize a inductor, let

K,{s) = ^0
—
s

(5.3)

z = —^ = —

(5.4)

Then

which means that an inductor with value L=\/KQ has been synthesized. The synthesis of a
capacitor is obvious.
There are some fine points that must be considered when attempting the synthesis of
reactive components. Reactive components are elements that store and release energy. A
genuine inductor stores energy in the form of magnetic flux, and a capacitor stores it as
charge. An non-dissipative system used to synthesize reactive components must also be
able to store and release energy from the output port of the system. Thus, in the system of

144

Figure 5.3, the voltage source Vg must be capable of both delivery and absorption of
energy, as fast as the bandwidth the rest of the network all the way down to DC. A good
implementation of such a source is a rechargeable battery in parallel with a capacitor. The
capacitor can respond to high frequencies while the battery, with its near-constant voltage,
acts as a very large capacitor that can store and release large amounts of energy.
Another consideration is that the actual network will not have 100% efficiency. If the
voltage source Vg is implemented as suggested, its stored energy will gradually decrease
to make up for the losses in the converter and signal processing circuitry. In a practical
system, this energy must be replaced or the synthesized component will fail. It is sug
gested here that this energy be supplied by means of a converter with a loss-free-resistor
(LFR) model (see Chapter 3 and 4, also [26]). The resistor port of the LFR can be con
nected in series or parallel with the synthesized component, as shown for the case of an
inductor with series resistance in Figure 5.4a. Such a network can form a completely selfcontained synthesized reactive component, modeled as shown in Figure 5.4b. Note that
any genuine inductor will also have series loss due to winding resistance.
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General impedance synthesizer

<r

Loss-free resistor (LFR)

(a)
Figure 5.4

(b)

Self-contained synthesized inductor and equivalent circuit.

5.1.2 Arbitrary Impedance Synthesis
The output voltage sensor transfer function Ky,{s) can in principle be arbitrary. Of
course, the real system will have limitations such as finite bandwidth, losses, converter
input and output impedances, and so forth. However, within these boundaries, a large vari
ety of impedances are still possible. Thus, capacitors and inductors are not the only possi
bilities; for instance, it should be possible to synthesize complex impedances and negative
components, such as negative resistors, inductors, and capacitors.
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5.1.3 Appiications of the General Impedance Synthesizer
The general impedance synthesizer has several potential applications. For instance,
very large inductance values could be synthesized that may be impractical to achieve con
ventionally. Such inductors could be used as components in LC ladder filters, or for
power-factor correction. In fact, even negative inductors find use in some filter design
problems [34]. The system could function as a high-power-factor rectifier (Chapter 3) by
the generation of a linear resistance. Finally, it can be used to generate a negative resis
tance, which will be used in the main thrust of this chapter, beginning in the next section.

5.2

The Negative Resistance Pseudoinverter

The number of people who generate electrical power on a small scale is slowly but
constantly increasing [45]. A small percentage of these actually generate more power than
they can use. Most of the rest can only supplement utility power. Either of these situations
presents number of potential problems.
Most small-scale sources of power are poorly regulated and/or DC, while most appli
ances are made to run on AC utility power. Although 12V appliances are available [42],
they are expensive and uncommon. Hence, an inverter is usually necessary to converter
the generated power into the equivalent of utility power.
Those capable of supplying all their electricity needs must deal with the following
issues: Common sources of small-scale power, such as windmills or photovoltaic batter
ies, tend to be erratic and unpredictable. As a result, some form of energy storage is neces
sary to smooth out the generated power, storing electricity when generating conditions are
good, and releasing it when they are poor. The amount of energy storage required may be
prohibitively expensive, so when possible, a better solution may be to have a utility con
nection as a backup. Due to relatively recent court decisions [40], large utilities are
required to buy back power from small-scale power generators, hence surplus power may
be sold back to the utility.
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Those who can only generate enough electricity to supplement utility power are faced
with the problem of integrating their local power generation capability with the utility
power system. Simple inverters cannot be used since they usually have no provision for
being synchronized with the line frequency. Furthermore, most inverter circuits act as
voltage sources, hence they are not well suited to be connected to utility power, which
often behaves as a very good voltage sourcewith a low source resistance (see Chapter 2).
These problems can be viewed in another way, by considering the problem of load
reduction. By convention, a load consumes power, hence load reduction implies that the

power consumption is somehow reduced. If power is added to the system by a small-scale
generating facility, then the load on the utility power system is reduced (another, probably
wiser, means is to reduce the load by reducing total power consumed). When smdied from
the load reduction point of view, the answer to adding power to the utility system becomes
obvious: Since a load is a resistor, to reduce the load, one adds a negative resistor to the
system to subtract from the load resistor (Figure 5.5).

line

L
Figure 5.5

J

Load reduction via the connection of a negative resistor to the load.

Although a simple negative resistor was developed in Chapter 4, this is not suitable for
the purpose since it is a single-quadrant converter. This section develops the negative
resistance pseudoinverter, a circuit whose main purpose is to reduce the utility load by
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adding small-scale generated power to the line to reduce the total load. The generation of
negative resistance is accomplished with the general impedance synthesizer described in
Section 5.1.

5.2.1 Stability Problems with Related to Negative Resistance
As might be expected, a negative resistance in a system could lead to stability prob
lems with the system. In simple terms, resistors are dissipative elements that tend to stabi
lize a system. As the potential in a system grows, the resistors dissipate more energy. A
negative resistor has the opposite effect, namely that as the potential in a system grows,
the negative resistor puts an increasing amount of energy into the system. As a result, neg
ative resistors have a destabilizing effect. For a system with both positive resistors and
negative resistors, the net contribution of all resistors must be positive, or the system will
be unstable.
To see how this applies to the pseudoinverter application, first consider the simple
model of a utility power system consisting of a voltage source V/,„g with some source
resistance

~ 0 and a number of loads connected in parallel, as shown in Figure 5.6a.

Since the loads are in parallel, it is expedient to think of them in terms of conductances
rather than resistances. Hence the system can then be modeled as in Figure 5.6b, where
Gy represents the total load conductance. Now suppose the owner of one of the loads con
nects a negative resistor in parallel with his or her load; this adds a conductance -G to Gy,
thus reducing the total load, so that the new total load has a conductance G^^« = G^^ - G,
as shown in Figure 5.6c. As long as |-Gl < G^^, the total load is positive and the system is
stable. In a realistic utility, the latter is likely to be the case, since many positive loads are
connected to the system and the total conductance is very large. The total load is supplied
by power utilities whose generating capacity is in the hundreds of megawatts, in some
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cases gigawatts. For the negative load -G to cancel Gy, it would have to be capable of
supplying a similar amount of power, which is highly unlikely.

line

Vline

(b)

Figure 5.6

(C)

Simple model of an AC line with multiple loads (a) which are then
combined into a single equivalent load (b). In (c) the load is
reduced by the addition of a negative conductance (or resistance).

The model of Figure 5.6 is useful for understanding the stability problem, unfortu
nately, it is highly unrealistic. The individual loads are likely to be non-linear and timevarying. This isn't really a problem, though, since as long as the total load is positive, the
system remains stable. The real problem occurs because the loads are also frequencydependent. While they will have a high conductance at the utility line frequency, their
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admittance at other frequencies will vary tremendously. Furthermore, the impedance of
the interconnects may also become prominent. The impedance or admittance of the net
work will thus be variable with frequency, time-varying, and reactive. As a result, the con
nection of a negative resistor to such a network has a reasonable chance of resulting in
instability at some frequency.

5.2.2 Solution to Stability Problem
There is an elegant solution to the stability problem. It is to make the resistor be nega
tive for a small band of frequency centered at the line frequency, and of large positive
value elsewhere. In the general impedance synthesizer, this is accomplished by using an
inverting bandpass filter for the voltage sensor gain K^is). Consider the response of a
fourth-order Butterworth bandpass filter, shown in Figure 5.7 and given by Eq. (5.5),
where

COQ

is the radian center frequency and

is the radian half-power (-3dB) band

width.
2

2

T

= -T-r
i
2
2 r
J +^2Gig^ + (2©Q + C0gjy)5 +

i

5
+ ©0

If K^is)=-Tgpis), then the output impedance of the converter will be

z = —=
—
/i:^(5)
Tgpis)

(5.6)

The output impedance z given by Eq. (5.6) is plotted in Figure 5.8. Examination of
Figure 5.8 reveals that it is ideal for the pseudoinverter application. At the center fre
quency ©0, it reaches its minimum magnitude, which would correspond to the maximum
value of conductance. At this frequency, the phase is 180°, hence the impedance (or con
ductance) is negative, as desired. As the frequency moves away from COQ, the magnitude of
the impedance rises rapidly, while the phase simultaneously approaches 0° or equiva-
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lently, 360°. Hence the output looks like a large positive resistance only slightly different
from QJo- This means that the system effectively drops out of the picture as we move away
from the center frequency.
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Figure 5.7

Magnitude and phase response of a fourth-order Butterworth
bandpass filter.
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Output impedance of the negative resistance pseudoinverter.

5.23 Benefits of Approach
The approach taken for load reduction has several benefits. First, the system need only
process the power that it puts out on the line. Second, it only adds power at the line fre
quency and removes itself from the line at other frequencies. Third, its operation is simple
to understand and implement. While other schemes need complex circuitry to lock on to
the line frequency and disconnect from the line if undesired frequency components
become large [40], the scheme developed in this section has no such requirements.

5.3

Design of Experimental Prototype
An experimental prototype was designed and built to verify the ideas presented in this

chapter. The prototype chosen was a low-voltage, low-power system, so that the details of
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construction would not overshadow the proof of basic principles. Only the high-level
design details are given here. This is justified since although the design of the system is
quite challenging, it is straightforward in principle.

53.1 The Converter
The converter used for the system is a four-quadrant full-bridge buck converter, with
an LC post-filter to provide sufficient attenuation of switching harmonics while still pro
viding reasonable control bandwidth. The buck converter has the advantages of simplicity
and a linear control-to-output function. The main disadvantage of this converter is that the
output must be left floating with respect to the input and the output is not galvanically iso
lated from the input. The converter was designed to meet the specifications given in Table
5.1.

24V

Table 5.1

Vout (max)

20V

lout (max)

2A

Max output current ripple

0.1%o.p

Switching frequency

250kHz

Desired specifications for the four-quadrant buck converter used
inthe experiments of this chapter.

A schematic of the basic converter is given in Figure 5.9. The details of the MOSFET
drive circuitry and PWM are omitted (let it suffice to say that standard integrated circuits
were used to accomplish these functions). There are a few deviations from the standard
converter topology that are worth pointing out. The standard configuration constructed
originally had such severe conmion-mode (CM) output voltage at the switching frequency
that sensing the output voltage with a conventional differential amplifier was impossible.
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First, the main output inductor L j was split into the coupled pair L/^ and L/g. This
allowed both output terminals to be separated from the bridge legs by an high impedance,
which greatly reduced CM signals at the output. L/^ and L/jj are wound on the same core,
and have the same total number of turns as the original inductor. No gain in mass or loss
resulted, and the converter behaves the same as with the original Lj, except for the
reduced CM noise. In addition, a standard CM inductor

and split output capacitor Ci

was used to further reduce CM noise on the output. The CM inductor has negligible effect
on the desired differential output signal.
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Figure 5.9

Schematic offour-quadrant buck converter with low common-mode
output voltage and post-filterfor reduced output ripple.

53.2 The current control loop
The output current control loop is a key part of the system, as it determines how well
the synthesized impedance behaves. To begin, a model for the switching action of the con
verter is needed. For frequencies that are substantially less than half the switching fre
quency F5, an averaged model can be used. For the four-quadrant full-bridge buck
converter, this model is an ideal transformer with a variable tums ratio n = 2d - \, where
d is the duty cycle [37]. For the purposes of this chapter, the input voltage Vg will be

assumed constant. The converter can then be modeled as shown in Figure 5.10.
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L,=240^lH

i

L,=24iiH

^

C,=1.5nF

Figure 5.10

Averaged model of converter of Figure 5.9.

Note that the current sensed is not the output current, but rather the current through L/.
This is the case because it is much simpler to sense this current, and it is justified since a
properly designed L2"Q postfilter should be nearly transparent to the circuit in the useful
bandwidth of the filter. The sensed current i is compared to the reference current i^gf, and
the error amplified, passed through a phase-lead compensator, and fed to the PWM. The
phase-lead compensator was put in the current control loop to insure approximately 45°
phase margin assuming ideal (lossless) components in the converter. The current control
loop was designed to have a unity gain crossover of 7.9kHz, assuming lossless or low-loss
operation.
The achieved loop gain 7/(5) is shown in Figure 5.11, measured with the converter out
put shorted, i.e.

= 0. The loop gain is highly dependent on the converter load and this

is unavoidable. To see why, consider the open-circuit case. Under such a condition, the
only path for current to flow is through Cj. Obviously the DC gain is zero in this case
since current DC current cannot flow through a capacitor. Since the pseudo-inverter appli
cation will normally see a near short-circuit as a load, this is not a problem. Note that the
DC loop gain depends highly on the losses in the converter; in fact, if the converter were
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lossless, the DC loop gain would be infinite due to a pole at zero. The peak in the phase
response at 3.5kHz is due to the phase-lead compensator. As seen, the phase margin is
much higher than the design goal of 45°. This is due to the losses in the converter which
shift the pole at zero (due to Lj) to some frequency above the loop gain crossover fre
quency. The actual crossover frequency is 5.6kHz, which is an error of about -0.15 decade,
not too far off the desired 7.6kHz. The blip in the response at 20kHz is due to a resonance
between the post-filter elements Cy and LiThe control to output response is shown in Figure 5.12, measured with the converter
output shorted. For this measurement, it is the converter output current io^t that is mea
sured. Again, the large peak at 20kHz is due to the resonance between the post-filter ele
ments C/ and L2. This peak could easily be reduced by damping this filter response, but
this was deemed urmecessary for present purposes. In fact, it is possible that the load itself
will have substantial resistance at 20kHz and sufficiently damp the response.
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1 I I mil
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X
X
ITT—
Frequency [Hz]

Figure 5.II

Current loop gain Ti(s) with output shorted.
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Closed-loop control to output response iout(s)/ireKs) with the output
shorted.

5.3.3 The Effect of Finite Converter Output Impedance
Since the purpose of the current control loop is to cause the converter to behave as a
controllable current source, it is natural to expect that the system will have a impedance.
This is important since it places a limit on the maximum impedance (or minimum admit
tance) that can be synthesized. The measured admittance
loop system is shown in Figure 5.13.

closed-
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Figure 5.13

Closed-loop output admittance of the basic converter.

5.3.4 The Output Voltage Sensing Network.
The output voltage sensing network consists of a differential amplifier to measure the
output voltage at the converter output terminals and the voltage gain KJ^s). A standard opamp differential amplifier was used. Such a circuit does not have good CM rejection at
high frequencies, in particular the converter switching frequency, but is simple and cheap.
It was far easier and cheaper to reduce the CM noise generated by the converter than to
implement a better differential amplifier, as discussed in Section 5.3.1. The function Ky,{s)
is considered further in Section 5.4, which presents experimental results.

5.4

Experimental Verification

Two experiments are discussed in this section. In the first, a high-value inductor is syn
thesized and measured to demonstrate the idea of reactive component synthesis. In the
second, the pseudo-inverter is both measured and connected to the AC line, and used to
deliver power to the utility.
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5.4.1 Inductor Synthesis
The basic idea behind inductor synthesis is straightforward. An ideal inductor has an
impedance zi{s)=sL. Equation (5.2) shows that we need

K.ls) = -i-r = 1
Zi^ (^)
sL

(5.7)

There is one point to consider, namely that in synthesizing an inductor, the actual circuit
may have a slight voltage offset that appears at the output port of the synthesizer. If the
synthesized inductor is ideal, it may integrate this offset, resulting in an inductor current
that increases linearly until the converter saturates. To prevent this possibility, the pole in
Eq. (5.7) can be made slightly negative. The effect on the synthesized inductor will be to
add a series resistance.
In this experiment, a lOmH inductor was synthesized. It was decided that the inductor
would have a low-frequency zero in its impedance at a frequency of 1Hz to simulate a
series resistance. Thus,
Zi^is) = 0.01 (5 + 27C)

(5.8)

Then the voltage sensor gain should be

^v(^) =

5 + 27C

(5-9)

This is easily implemented by a number of means. In this case a standard op-amp singlepole low-pass filter is used.
The results for the synthesized inductor are given in Figure 5.14. It behaves as an
inductor up to about 600Hz. The measure value of inductance from lOHz to 150Hz is
9.8mH, very close to the desired lOmH, and well within the tolerance of the components
used. At about 630Hz, the impedance of the synthesized inductor becomes greater that the
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output impedance of the converter (see Figure 5.13), and we can no longer expect induc
tive behavior. This is seen very clearly in Figiire 5.14.

100

Phase

40

-20

-40
-60

-80
CO

X

LO

Figure 5.14

X

T-

X

T-

O

o

X

X
r-

T-

If)

o

X
T-

Measured impedance of synthesized lOmH inductor.

5.4.2 Negative Resistance Pseudoinverter
In this section the negative resistance pseudoinverter is tested. The bandpass filter was
constructed to have a center frequency of 60Hz and a bandwidth of 6Hz. It was decided
that a maximum converter output current of 2Ap.p and output voltage 36Vp.p was a good
choice since it was not near the design limits of the converter. This yields negative con
ductance magnitude of 2A/36V=55.6mS (negative resistance magnitude of 18fl) at the
line frequency. The center frequency gain of the bandpass filter should then be
TgpU2K60) = 0.056 = -25.1dB

(5.10)
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Figure 5.15 shows the response of the bandpass filter. The measured center frequency is
60.5Hz with a gain of -25. IdB.
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Figure 5.15
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Measured response of fourth-order Butterworth bandpass filter.

The BP filter was placed in the system and the output impedance of the system mea
sured. The results are shown in Figure 5.16, which gives a narrowband view (a) and a
wideband view (b). Note that in the wideband view, the output impedance of the system at
high frequencies is simply the output impedance of the converter (compare to Figure
5.13).

163

200

60'

50-

r150

1

\; I/

1 >
Mag

® 40-

•

:

1A

i J/N-i /I
i !\ i

1-100

/ .

1-50

/ i
/! 1

I 30-

0
^-50

§"20-

\

Phase

10

i

2x10^

70

-100

/ i ' i
1 < ' i

i
i

0-.

^ '

•

-

^-150

!

200

2x10^

1x10^
Frequency [Hz]

•

i !

i
!

; i i i
M i l

iii

M i l

200

;
illj :

150

i i i N

100

1 !

CQ
2 40
(D
2 30

1 i

iili

'

i i

j

! 1

1 p
1

•

^

if

§) 20-

i

^ 10-

:

0-

-i
:!
-10- Tt
— TT

1-

oo
U5 T-

! i i!

i '1
;11
•i 1

i ; 1

1

! ' !

!

50

I

0
-50

1^1 1
' h jise

•

i

1

1

^' i ! 1
' ^1
^ 1
i
I I 1 -m —I—n

; !:
III!r

ii

';i

O
X

f-'S

CO

O
X

i

\

i

:

ii:l;

-100
-150

-1 1 I I I ! — -200
to
O
O
X

i

-TtT

cvi

\

i

ill
!

(b)

!

i • *
"vL-i-i-

i ! • ' •
1

1

' r ii
^ !

ifi

''\\f
f '•'j i
I ;
! ^ 1

Co

O

ili

M ag

(a)

Frequency [Hz]
Figure 5.16

Narrowband (a) arul wideband (b) measured frequency responses
of the negative resistance pseudoinverter. The apparent
discontinuity in the phase response is an artifiact due to the network
analyzer not unwrapping the phase response, and is not a real
discontinuity in the response.
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Finally, the pseudoinverter was connect to the AC line through a variac (variable trans
former), so that the voltage rating of the prototype converter was not exceeded. The output
voltage and current were measured and it was verified that the converter was putting
power back onto the AC line. Some waveforms are shown in Figure 5.17. As can be seen,
the current reaches about lA when the voltage is about 18V, as desired. First, note that
although the line voltage waveform is distorted, the current waveform generated by the
pseudoinverter is a very pure sine wave; this is due to the narrow bandwidth of the band
pass filter. Also note that the current lags the voltage slightly. This is due to the fact that
the center frequency of the filter was slightiy higher than the specified 60Hz. In fact, the
measured current phase lag is about 10°, whereas the predicted lag from the data for Fig
ure 5.16a shows about 8.5° at 60.0Hz. Setting the exact frequency with the implementa
tion of the bandpass filter used is quite difficult. Other filter implementations exist that
might be easier to adjust, such as switched capacitor filters. In addition, a wider bandwidth
could probably be used, which would reduce the sensitivity of the system somewhat.
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5.5

Measured voltage and current waveforms when connected to line
through a transformer

Conclusion
In this chapter a generalized, low-loss impedance synthesizer was developed. This cir

cuit uses a feedback loop to regulate the output current of a four-quadrant switching power
converter. This reference current for this control loop is derived by sensing the output volt
age of the converter and filtering it. The filter can be used to program an arbitrary output
impedance for the converter output.
The synthesis of reactive components was discussed, in particular the synthesis of
inductors. The potential benefits of this approach ar that it may be possible to synthesize
very large inductors capable of handling high power. Such inductors are often impractical
to construct in the conventional manner. Note that since the converter is low-loss, the
energy storage aspect of the inductor must be considered. It was proposed that energy
could be stored in and released from a rechargeable battery, which could be modeled as a
very large capacitor. In addition, it was shown how one could use a loss-free-resistor
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(LFR) type supply to supply energy lost to converter inefficiencies, and how one could
construct a completely self-contained synthesized reactive element.
The negative resistance pseudoinverter was then developed. This circuit is proposed
for applications that require the delivery of power to an AC line. A new viewpoint for such
problems is given, namely that of load reduction or cancellation via the addition of nega
tive resistance to the positive load resistance. Stability issues of connecting a negative
resistance to a largely unknown network were discussed, and a solution found. The solu
tion was to make the resistor negative for a narrow band of frequency about the line fre
quency, where it is known that the load will be large. This system replaces the need for a
line-frequency synchronized inverter.
The design and development of a prototype general impedance synthesizer is dis
cussed. This converter is used to synthesize an inductor and implement a negative resis
tance pseudoinverter. Experimental data for both applications is presented, and good
agreement with predictions obtained.

167

Chapter 6
Conclusion
This dissertation has covered a broad range of topics in power electronics. The com
mon thread of these topics is that they each made use of, described, or analyzed large sig
nal and/or nonlinear behavior. Although this might suggest that the analyses given are
complex, and the results narrowly applicable, this is not the case. For each topic, useful
analytical tools are developed that are general in scope, simple to apply, and provide
insight into the problems. As a result, much useful information is provided, and several
avenues for continued research are opened.
In Chapter 2 the problem of load-sharing behavior in converters was studied. This
chapter provides a simple, general, and correct explanation of load-sharing behavior in
multiple converter systems. It is predicted that numerous converters have good load-shar
ing ability, and this is verified experimentally. Although the analysis reveals useful tools
and necessary results, most of the work applies to the DC load-sharing problem. While
this is an essential first step, in practical systems the dynamic behavior must be consid
ered. A simple first-order small-signal model is presented, however this model is not ade
quate for all tasks, and does not allow one to exact the maximum potential operation of
most switching converters. Furthermore, this model only considers only control-to-output
response and output impedance, and neglects input impedance and audio susceptibility. A
thorough study of the dynamic behavior of multiple-module power supply systems for
converters is an obvious next step.
Chapter 3 examined input filter problem for high-power-factor (HPF) converters. Spe
cific guidelines were developed for HPF rectifiers based on the discontinuous-mode
(DCM) flyback converter, but the methods used are much more general. The main prob
lem with the use of such converters is that the input filter is potentially the limiting factor
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in these converters. It is possible that in many applications, the filter design given may
cost much more than the converter itself. To make the DCM PWM based HPF converters
reach their potential, the use of filters with more than two poles may be necessary. Rela
tively little work has been done in this area to date, although it has much potential.
In Chapter 4 an elegant means of synthesizing an efficient negative resistor was
invented that is practical at power levels up to 100W-200W. This is accomplished without
current sensors or high-gain feedback loops by exploiting the inherent nonlinear control
function of the DCM flyback converter. The main limitation of this circuit is its single
quadrant operation, which cannot be avoided. In addition, a set of large-signal power con
servative dynamic circuit models of the basic DCM PWM converters are developed.
These models are potentially useful, however much work remains to be done with them.
The models must be validated, and it should be possible to extend these models to cover
the entire class of DCM PWM converters. Finally, it may be possible to use similar mod
els for some classes of resonant and quasi-resonant converters as well.
Chapter 5 developed an efficient general impedance synthesizer. This circuit can be
used to synthesize reactive components such as capacitors and inductors, including their
energy storage characteristics. Furthermore, the circuit can be used to synthesize more
complex impedances, and this capability is used to invent the negative resistance pseudoinverter. This latter device provides a simple means of placing surplus small-scale gener
ated power back on the utility lines. Both the synthesis of inductors and the pseudoinverter
concept are verified. However, both these ideas need additional work to reach the level of
practical use. For instance, it is shown in the chapter that the synthesis of self-contained
reactive components is possible, but this was not pursued further. This possibility has tre
mendous potential for the synthesis of high-value, high-power inductors with small vol
umes and weight, an impossible task with conventional methods. For the pseudoinverter,
practical applications require operation in the multi-kilowatt range, which will undoubt
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edly present a new set of challenges. Furthermore, the analysis of its dynamic interaction
with the AC line should be pursued more deeply to verify proper operation under all con
ditions.
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Appendix A
Computation of Initial Conditions for Analytical
Solution of DCM Flyback High Power Factor Converter
Input Waveforms under Steady-State Conditions
Recall that in Section 3.5, an analysis of the input waveform for the discontinuousmode flyback high power factor converter was developed to produce a criterion for the
choice of the input filter capacitor Cf (see Figure 3.12). In this analysis it was argued that
the input inductor Lf would be large enough to behave as a current source, which simpli
fied the analysis considerably. However, it is instructive to consider the case when the lat
ter is not true.

A.l

Analysis

The analysis begins with the matrix form of the normalized dynamic equations for
each interval of interest, given by Eqs. (3.41)-(3.42), which are repeated here as Eqs.
(A.1)-(A.2). In normalized matrix form, the Interval 1 equations are

0
'"c/

hf
Jl_

lio),

p -]
'"c/

II

dt

CO, -COj

kf

l^-\

= AjX

0)

+ b,

and the Interval 2 equations are

Jl_

0
1
+ — (0,
0

(A.1)
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£
dt hf
J'l

0

o)j 0

0
1

—Q), 0 0 ^Lf + — (0
0

0 0 Jl_

0

A2X + b2

^^2)

In order to compute the converter waveforms, we need to know the initial conditions at
the beginning of each interval. When the system has reached periodic steady-state, these
will remain invariant from cycle to cycle, and the waveforms can be computed from Eqs.
(A.1)-(A.2) using one of several well-understood means for solving linear differential
equations. The following paragraphs give a non-iterative method for the computation of
these initial conditions.
Let us denote the initial (I.C.) and final (F.C.) conditions for Intervals 1 and 2 during
the nth cycle by

x^
X

Q = I.C. of

cycle. Interval 1

(A.3)

J = F.C. of

cycle. Interval 1

(A.4)

= I.C. of w''* cycle. Interval 2

(A.5)

fly ,S = F.C. of

cycle. Interval 2

(A.6)

These are illustrated in terms of the vCf waveform in Figure X. Since the jL = 0 at the
beginning of each switching cycle, and the other state variables are determined from the
final conditions of the previous switching cycle, we can write
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100
XR,ft0 = 0 1 0

1,2

(A.7)

000
Since tlie jL = 0 during the second interval, given Eq., the initial condition for jL at
the beginning of this interval must be zero, hence

'•«, 1+

100
010
000

V 1-

(A.8)

We can now write the final conditions of each interval in terms of the previous one by
means of standard linear systems theory, i.e.
DT^
A^DTs
f A^(.DT,-x)
x /I,,I- = e '
x n0 + J e
h 1. d i

(A.9)

£>'n
AAD'T,-z)
_ /^D'Ts.
x_ , = e
x_n, 1+
,. + \ e
' "h^dT:

(A.10)

n, 2

Substimting Eq. (A.7) into Eq. (A.9) yields

*n. l -

DTs

A,DT, 1 0 0
= ^

A,(Dr^-T)

J^

0 1 0 *r-1.2+

(A.11)

000
and substituting Eq. (A.8) into Eq. (A.10) yields

A.D'T,
n,

2

100

D'Ts

010
000

J
0

r

A,{D'Ts-x)

Finally, substitution of Eq. (A.l 1) into Eq. (A.12) gives

(A.12)
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V2

=

eA,D'Ts

= eA^D'Ts
'

100
010
000

A,DT,

on

D'T^
A,(Dr^-T)
f AAD'T,-Z)
b,rfT
h^dx + \ e
0 1 0 *„-1.2+ I «
100

J

0

000

100
100
1 0 0 DT,
A,DT,
p A^DT^ T
A,D'Ts
, -T+e
bjifx
010e
0 1 0 X n-U2
010 I e '
000
000
000
D'T^
»

(A.I3)

Given Eqs. (A.1)-(A.2) and (A.13), only the final conditions of each switching cycle
are necessary to completely determine the waveforms for all time. Hence, let the final con
ditions of the

switching cycle be denoted by x„, so that
(A.14)

*n = *n.2
Thus, we can write
X = C^x
n

, +c,

0 n -1

(A.15)

I

where

1 0 0 A,DT, 1 0 0
= e A.D'T,
'
0 10e
0 10
000
000
1 0 0 DT,
A,D'T,
c, = e
010

000

(A.16)

D'T,
AAD'T,--:)

h^dx

(A.17)
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Equation (A. 15) can be used to solve for the steady-state value of the final condition
vector, denoted by Xoo, which equal to the steady state value of the initial condition vector
as well. This can be used in conjunction with Eqs. (A.1)-(A.2) to solve for the steady-state
converter/filter input waveforms. Equation (A.15) can be iterated to find a value for x^,;
however, it is interesting and potentially useful to take an analytical approach. From Eq.
(A.15), using decreasing values of index n, we have

= CoX^_2+ (^"'"CQ + CQ) Cj
( k

-it+l

\

ic;
V=o

Letting n = k , w e can find x„+l in terms of

(A.18)

XQ, i.e.

n

+I
*n + l ~ ^0

J

^O"*"

(A.19)
V=0

y

Now take the limit of Eq. (A.19) as n-^oo. We recognize that in order for the summa
tion on the right-hand side of Eq. to converge, lim„_^ IICQ"!! = 0. Thus,

= lim

n —> oo

+1
^0 *0"*"

ICo<
vy = 0

r

\ -]

I Co

V=o

/'

{A.20)
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It now remains to determine Cj and the geometric series of CQ. The computation of CQ
and Ci from Eqs. (A.16)-(A.17) is straightforward, albeit complex. The computation was
accomplished with the aid of Mathematica™, and is not shown here; the results are given
in the MATLAB script at the end of this section.
The infinite geometric series of C Q is computed by first computing the spectral decom
position of CQ.

Xj 0 0

C = V 0 A.2 0

(A.21)

0 0 A.,
where V is the modal matrix (normalized eigenvector matrix) and

and X3 are the

eigenvalues of CQ. Note that in this case, the eigenvalues must be distinct for finite, non
zero filter conponent values. Since there are no dissipative components, all eigenvalues
must have zero real parts. Since CQ is real, all complex eigenvalues must appear as com
plex conjugate pairs. For finite, non-zero filter conponent values, this means one conjugate
pair and one eigenvalue at the origin. By applying the formula for the sum of an infinite
geometric series, we get
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'^1 0 0
lira X c i = V bm T 0 ^2 0
FL —> OOy=o
7=0
0 0 ^3

0

1-A..
= V

0

I

0

,-l

0

,-i

1-^2
1
1-A,.

0

(A.22)

Substitution of Eq. (A.22) into Eq. (A.20) gives Eq., the steady-state final/initial con
dition Xoo-

1-X,
X

0
1

= V

0
0

V~^c.

(A.23)

I -^2

0

0

1
\-x.

A.2 MATLAB Program for Computatioii of Initial Conditions
Below is listed a MATLAB program that computes this value by the method just
given. This program is verified in the following section.Finally, note that this method may
be of possible use in the analysis of resonant and quasi-resonant converters, where it is
often necessary to compute initial and/or final conditions of intervals in a switching cycle.

% file: filtinit.mat
%
% This M-file solves and displays the input waveforms
% for a DCM flyback with an 2-pole LC input filter.
%

% It first solves for initial conditions at the beginning
% of each interval.
% Converter parameters:
Vg = 60
D = 0.2
L = 40e-6
Lf = 500e-6
Cf = 2e-6
Fs = 240e3
% Normalization
Lparallel = 1/(1/L + 1/Lf)
wO = 1/sqrt(Lparallel*Cf)
wf = 1/sqrt(Lf*Cf)
RO = sqrt(Lparallel/Cf)
k = wO/wf
k2 = l-l/k^2;
% The normalized initial state of the converter with input filter
% at the beginning of the nth cycle can be computed by
%
%x(n) = C0*v(n-1) + cl
%
% where x = [mCf, jLf, jL]' and matrix CO and vector cl are
% computed from the converter parameters given above.
% First, compute necessary constants:
alpha = wO*D/Fs;
beta = wf*(1-D)/Fs;
cosa = cos(alpha);
sina = sin(alpha);
cosb = cos(beta);
sinb = sin(beta);
k2 = l-l/k'^2;
Gamma = [1, 0, 0;
0, 1, 0;
0, 0, 0];
% Then
Phil = [0, 0, 0; 0, k2, l/k'^2; 0, k2, l/k'^2];
phil = phil + [cosa, sina, -sina;
-sina/k'^2, cosa/k''2, -cosa/k'^2;
k2*sina, -k2*cosa, k2*cosa];
phi2 = [cosb, k*sinb, 0;
-sinb/k, cosb, 0;
0, 0, 1];

convl = [(1-cosa)/k^2;
( (k''2-l) *alpha + sina )/k'^4;
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(k'^2-1) *(alpha - sina)/k'^4];
conv2 = [1-cosb;
sinb/k;
0];

% and thus
CO = phi2*Ganima*phil*Gainma
cl = phi2*Gainina*convl + conv2
% Compute spectral decomposition of CO.
tV,L] = eig(CO)
%
%
%
%

Check to see if infinite geometric series will converge, i.e.,
if the magnitude of the eigenvalues are >=1, the infinite
series will not converge.
If it converges, compute it; otherwise, print warning and exit.

if max(incix(abs(L))) < 1,
Linf = inv(eye(3)-L),
else
error('The system will not converge with these component values.')
end
% Compute the normalized initial conditions at the beginning
% of the switching cycle for the converter/filter combination,
% under averaged steady-state conditions.
xinf = (V*Linf/V)*cl
% Un-normalize to get initial values for inductor Lf euid cap Cf.
VCfO = xinf(l)*Vg
ILfO = xinf(2)*Vg/RO

A.3

Verification of Analysis via Simulation

Simulation methods were used to validate the analysis of this appendix. Table A.l
shows the results for four different conditions. As one can see, the results are quite good.
In addition, the plots shown in Figure 3.16 were run using initial conditions determined by
the MATLAbTM program given in this section. While precise numerical values were not
obtained, when the entire results of those simulations were viewed, there was no discemable startup transient, which supports the results of the analysis.
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Ps
[kHz]

[V]

D

L
mi

[mH]

9
m

^Cf,
pred.
[V]

sim.
m

pred.
[mA]

Ilfsim.
[mA]

234

60.0

0.400

42.5

15.0

33.3

78.5

78.2

606

615

234

60.0

0.400

42.5

0.100

500

60.9

60.9

488

496

250

60.0

0.400

40.0

1.00

500

60.9

60.7

486

495

250

60

0.400

40

5.00

100

64.8

63.7

513

521

Table A.1

Parameters and results for verification of the analysis and
MATLAB^^ program presented in this appendix. The predicted
values ofV(yand Iwere obtained with the MATLAB^^ program,
and the simulated values obtained using Analog Workbench^^.
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