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High sensitivity grating interferometry has become an important method in 

experimental mechanics to measure, with submicron sensitivity, the in-plane 

displacements of nearly flat objects under load. This study looks to extend the use of 

this interferometric setup through modifications in both its software and hardware 

systems. The specific modifications to the interferometric setup focus on developing 

the system's ability to register sim\iltaneously both the in- and out-of plane 

displacements so that dynamic events may be examined with great precision and 

speed. 

First presented is the author's approach for mapping in- and out-of-plane 

displacements through modifications to a conventional grating interferometer. The 

relevant information on the in-plane (u) and out-of-plane (w) displacement fields is 

acquired in sequence by computer subtraction and addition, respectively, of the 

phases calculated fixsm the interferograms. To extend the method to the analysis of 

dynamic events, a few workable solutions for registering two interferograms at the 

same time are presented. Included in this discussion are suggestions for acquiring 

the orthogonal in-plane displacements u and v and the out-of-plane displacement w 

simultaneously in the modified grating interferometer. 

To achieve these ends, an optimal fiinge pattern analysis technique must be 

employed. The second part of the work details the analysis of different phase 

measurement techniques, focusing on the error sources inherent in each approach. 

New, error-reducing algorithms are presented and the influence of the intensity 



sample weighting (window function) on phase errors is described. A spatial, phase 

measiirement technique advanced by the author, the M-point technique, is chosen 

as the best choice for achieving fast analysis and high accuracy in displacement 

testing in the modified grating interferometric setup. 
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1. INTRODUCTION 

High sensitivity grating interferometry (also called moire interferometry^-^) 

has become an important method in experimental mechanics to measure, with 

submicron sensitivity, the in-plane displacements of nearly flat objects under load. 

The object under test, with a reflection type grating attached to it, is symmetrically 

illuminated by a pair of coherent plane wavefronts. The interference of the two 

diJBfraction orders reflected from the grating produces a fringe map of the in-plane 

displacements. For best results a coherent illumination system is required; however, 

the beginnings of the method can be traced to the time before the laser was 

invented^-''. 

1.1. BACKGROUND OF GRATING INTERFEROMETER 

The history of grating interferometry spans more than 40 years, but the idea 

of measuring the deformation of an object by attaching a grating to its surface and 

then observing the changes in the object grating through a comparison with an 

undefonned grating can be traced back well into the 19th century''-'. The first 

attempts were limited by the production of gratings that had a maximiun of 40 

lines/mm, which corresponds to a basic sensitivity of 20 |jm. Thus, only relatively 

large grating displacements could be determined. This sensitivity was insufficient 

for investigating deformations m the elastic region where the range oi' external 

forces acting on an object allows it to return to its initial form after the removal of 



the external forces. In addition, the conventional moire methods for in-plane 

displacements of an object under load suffered firom a rapid decrease in fringe 

contrast®-  ̂due to the finite spacing between two superposed patterns. 

The first to recognize that moire firinge patterns were very useful in 

describing the interference phenomena was Guild' in the early 1950's. His work 

inspired Post® to use the interference efifect for measuring in-plane displacements, 

increasing the sensitivity of the method enormously. Besides the technological 

hindrance presented by the relatively poor quality of the gratings. Post was really 

impeded by the lack of a decent source of long coherence; in other words, he didn't 

have the laser to work with. 

The invention of the laser and the development of techniques for producing 

gratings with a frequency of 4000 lines/mm allowed for the development in the early 

1980's of a different approach for measxiring in-plane displacements, an approach 

now referred to as grating or moire interferometry. The term, moire, is a bit of a 

misnomer because the observed fidnges are not strictly due to a moire effect but 

rather to the interference of the two diffiractive orders. This approach significantly 

increased the sensitivity of the grating method for determining in-plane 

displacements. The first interferometric setup, which was sensitive only to in-plane 

displacements, was put together by Matsumo and Takashima .̂ This setup, while 

increasing the sensitivity of measurement, did not yet employ automatic fringe 

pattern analysis, a high resolution, full-field technique for retrieving in-plane 

displacements from interferograms. The development of fringe pattern analysis 

increased the sensitivity of the grating method by another factor of ten. Detailed 



18 

histories of the development of grating interferometry have been presented by both 

Walker^® and Post". Within the last fifteen years, a number of different 

modifications to the basic grating interferometric setup have been undertaken. Some 

fociised on simultaneous registration of the orthogonal, in-plane displacements while 

others attempted to register both in- and out-of-plane displacements. A review of 

these modifications is provided la section 1.2 of this chapter. Chapter 2 details my 

work on combining both the registration of in-and out-of-plane displacements and 

the simultaneous registration of these displacements. 

Presently, the grating interferometric method has gained fairly wide usage, 

including such diverse uses as: 

• measuring both macro and micro in-plane displacement 

• fiiUy analyzing strains in the elastic and plastic regions, including residual stress 

analysis 

• analyzing composite materials, which are very difficiilt to model due to 

complicated microstructures 

• studying various types of joints, an important problem in firacture mechanics 

• investigating crack propagation 

• supplementing finite element analysis (FEM). 

Information provided fi"om grating interferometer allows the investigator to 

determine the areas of the object structure most likely to fail; thus, the grating 

interferometer is an important tool for many areas of industry where the behavior of 

an object or material can be investigated experimentally to achieve the best object 

performance tmder different environmental conditions. As an example, grating 
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interferometry has become a leading tool in the investigation of interconnections of 

electronic components where thermal strains are the major cause of fatigue failure. 

1.1.1. TECHNOLOGY OF SPECIMEN GRATINGS 

Before detailing the concepts and modifications of the grating interferometer, 

perhaps a brief explanation of how to prepsire an object for testing is necessary. In 

grating interferometry a specimen grating is attached to the object vmder test in 

order to provide a grid fi-om which in-plane displacements can be measured. A 

specimen grating is a reflective, phase-type grating, typically replicated fi-om a 

master grating, which is produced with a spcdfied shape of a grating pattern. A 

glass plate with a photosensitive layer (high- resolution, photographic, emulsion

like, holographic plate) is exposed to lUimiination by two intersecting, coherent 

beams. The two beams interfere at the plane of the plate, thus exposing the 

emulsion to both constructive and destructive interference. Afl»r developing the 

plate, the emulsion consists of a clear gelatin where destructive interference 

occurred and a gelatin containing silver crystals where constructive interference 

took place. During the drying process the clear gelatin shrinks more than the gelatin 

with silver crystals and a phase-tjqje diffraction grating is produced. Typically, two 

coherent beams have plane wavefi-onts, thus producing straight lines in the 

interference pattern; the density of the lines depends upon the angle between beams 

and the wavelength. The next step in production is to evaporate a thin layer ( about 
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200nm) of aluminum or some other reflective material onto the master grating. The 

replication process of producing a grating is shown in Fig. 1.1. 

STEP I STEP II 

glass plate 

master 
gra11ng {~=g=::)): :=:::;:::;:::;:=::;:::;:::;:~::;:::;::)=)))=:::;:::;:::;:=::::::;:::::=••••••••••••~~lslon ~} 

tested element f 

Figure 1.1. Replication process of grating. 

master 
gra11ng 

A drop of liquid epoxy (or other liquid adhesive) is put onto a cleaned 

specimen, and the master grating with aluminum is pressed using a certain load 

onto a specimen. Often, air bubbles appear in the liquid adhesive and can be 

removed by degassing the liquid in a vacuum chamber. After polymerization the 

master grating is torn from the specimen. Because the bonding between the 

aluminum and the liquid is stronger than between the aluminum and the master 

grating, the reflective phase grating becomes attached to the surface of the 

specimen. The master grating can then be used for a new replication of the grating 

onto another specimen. 

The diffractive gratings replicated from such master gratings have a low 

diffraction efficiency but are more than sufficient for most applications. The 



disadvantage of this method is that the depth of the grating grooves are shallow 

and the depth of these grooves can not be controlled. The preferred material is a 

photoresist, which is a photosensitive material for which the optimized depth of the 

grating grooves can be obtained by the controlled process of exposure and 

development. Cross-line gratings with a 1200 lines/mm can be produced with a 20 

percent diffraction efficiency in each of the first diffraction orders. The gratings must 

deform together with the specimen to avoid shear lag. The thinner the grating layer 

the better the results of deformation testing will be^ .̂ 

For most studies the thickness of the grating produced by this method 

(average thickness 25 fun) is sufficient. However, in micromechanics, which have 

very small fields of view, the thickness of the production of the reflective grating has 

been reduced to about 2 [im through the use of a different method^^- these grating 

are referred to as "zero thickness gratings". To produce a grating using this method, 

the specimen is covered first with a thin layer of highly reflective material and then 

with photoresist. The liqxiid photoresist is uniformly distributed over the specimen 

surface using centrifugal force. The grating is then exposed to the interference 

between two coherent beams. After developing the phase grating, dry ion etching is 

used to erode in vmiform fashion the photoresist and the reflective metal film. The 

remaining photoresist is removed chemically, leaving an ultrathin reflective phase 

grating. These very small thicknesses allow the lines of the grating to follow 

precisely the in- and out-of-plane displacements of a specimen. For this reason this 

type of grating is very attractive in the analysis of the severe strain gradients and 

material discontinuities that often appear in fractxire mechanics. High temperatvire 
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gratings have also been developed^^ for use in high temperature applications and 

residual stress analysis. Some new technologies are being developed by utilizing 

focused electron beams and ion beams, to produce high frequency gratings. 

1.2. REGISTRATION OF ORTHOGONAL IN- AND OUT-OF-PLANE 
DISPLACEMENTS 

1.2.1. IN-PLANE DISPLACEMENTS U AND V 

In recent years the literature in the field has documented several efforts to 

simultaneously record in-plane displacements, u and v, in two orthogonal 

directions Dadkhah et aL" suggested that a specific polarization of the 

coUimated beam, which is then reflected from a specimen grating with exactly 600 

lines per mm and a three mirror head, resulted in the orthogonal polarization of 

dififracted beam pairs, which then are separated by a polarizing beam splitter. Guo 

and Kobyashî s avoided the possibihty of ghost images caused by the eventual 

ellipticity of the beam polarizations by focusing each pair of diffracted beams for u 

and v displacements at different places in the spectrum plane. A little mirror placed 

in the spectrum then directed one psdr of beams to another camera. In Salbut's 

approach^®, which led to the simultaneovis registration of u and v displacements, the 

polarization states of different parts of the coUimated beam corresponding to the u 

and V displacements were controlled by half-wave and quarter-wave plates, 

resulting in the orthogonal polarization of the pairs of diffracted orders 

corresponding to the u and v displacements. A polarizing beam splitter separated 
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and directed the interference patterns to two different cameras or two different parts 

of a single camera. Further, a cross-pattern, the sum of two interferograms with 

carrier fringe frequencies in orthogonal directions, could be obtained, avoiding the 

necessity for any beam splitting element in the system. The cross-pattern was then 

processed using a two-directional automatic fringe pattern analysis technique". 

1.2.2. IN-AND OUT-OF-PLANE DISPLACEMENTS U,VANDW 

In most cases an object xuider load undergoes not only an in-plane 

displacement but also an out-of-plane displacement. While information about the in-

piane displacements is adequate for some applications, the out-of-plane 

displacement information is essential for a complete analysis of material or object 

structure behavior. Additionally a map of in-plane displacements can be obtained 

without the influence of out-of-plane displacements only by assxuning a very small 

out-of-plane object surface rotation. However, when this assumption does not hold 

true, as when the object surface includes considerable surface slopes, the 

conventional interpretation of fringe patterns is not valid and should be modified^®-

19.20.21.22 

In order to find the actual in-plane displacement value, the local surface slope 

must be determined. This task can be solved experimentally either by finding the 

out-of-plane displacement function and subsequently differentiating it, or by 

determining directly the derivative usiag optical means. The first approach requires, 

for example, the use of the Twyman-Green interferometer added to the conventional 
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grating interferometer'^-The second method capitalizes on the subtraction of two 

interferograms, either by using the moire technique" or computer softwarê .̂ 

The in- and out-of-plane displacements shotold be registered in the same 

optical system. Several methods for registering both in- and out-of-plane 

displacements in this way have previously been described^-^''-^''-^''. Some register the 

out-of-plane displacements independently from the in-plane displacements, and 

others take advantage of the fact that the diffraction orders carry information about 

in-plane 8is well as out-of-plane displacements. 

1.2.2.1. SEQUENTIAL AND SIMULTANEOUS REGISTRATION 

In a method developed by Basehore and Post^", which allowed for 

simultaneous registration of u and w displacements, a reference beam was 

introduced that interfered with two diffracted orders reflected from the specimen 

grating. However, the resulting three beam interference required further optical 

filtration, a significant disadvantage to the procedure. In addition, the v in-plane 

displacements had to be registered separately. Patorski'^ proposed a photographic 

super-position of two conjugate interferograms in order to obtain the out-of-plane 

displacements. The two diffraction orders were separated and a tiny pinhole was 

inserted sequentially in the spectrum of each diffraction order so as to generate a 

reference beam for each interferogram. As\mdi and Cheung^® used an additional 

reference grating which allowed them to simultaneously register u and w 

displacements. Wang and Chiang" proposed using a transmission grating which 

acted as a beam splitter in a combined Twyman-Green and grating interferometer. 
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Systems that also employed features of the Twyman-Green and grating 

interferometers were proposed by Czamek  ̂and Salbut'®- their method used an 

additional collimated beam and beam splitter. The work presented in chapter 2 (see 

also reference 29) describes a modified grating interferometer that extends the 

method proposed by Basehore and Post and avoids any ciunbersome optical filtering. 

All the methods discussed above, because they register interferograms sequentially, 

are best suited to analyzing object behavior under a static load. In addition, msiny of 

the early methods did not vise automatic interferogram analysis. Only with it's 

recent implementation has the retrieval of displacement information become rapid 

enough for on-line measurements and for full-field analysis, and the high accuracy of 

fringe pattern analysis has opened new possibilities for using grating interferometry 

in a wide variety of appUcations. 

In addition to detecting the in- and out-of-plane displacements for objects 

under a static load, recent interest in using grating interferometiy to analyze objects 

under load in time-dependent events (for example, for relaxation or heat transfer 

processes) has necessitated developing techniques to analyze fiiU-field displacements 

simviltaneously. In responding to this need, a new group of methods has been 

devised that allows for dsmamic measurements of full-field displacements. Methods 

for measuring time-dependent occurrences are more challenging as all three 

displacement maps (u, v - the orthogonal in-plane displacements) and w (the out-of-

plane displacements) must be registered simultaneously. Only a few methods for 

simultaneous registration of all three displacements exist. Asimdi and Cheung"^" 

developed their earlier method to accommodate for simultaneous registration of all 
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three u, v and w displacement maps. The drawback to this method is the difficulty 

in aligning the system with its object and reference gratings. In addition, the image 

of the fiinges that represents the out-of-plane displacements is viewed at an 

oblique angle requiring that the camera be properly inclined in order to account for 

key-stone distortion when object and image planes tilted. Salbut^® used part of the 

coUimated beam in an additional Twyman-Green path where a reference beam was 

formed for measuring the out-of-plane displacements. This system separated the 

interferograms using polarization techniques or different wavelengths so that the 

first interferogram contained information about in-plane displacements and the 

second contained the out-of-plane displacement information. The new approach to 

grating interferometry uses part of colimated beam as a reference beam to obtain 

two interferograms with the information about in-plane and out-of-plane 

displacements in each interferogram. The interferograms are spatially separated by 

by polarization techniques. 

1.3. NEW APPROACHES TO GRATING INTERFEROMETRY 

The work described here offers a new approach for mappiag in- and out-of-

plane displacements through the modification of the conventional grating 

interferometer and the computer processing of the interferograms. In this approach 

interferograms of the interference between the object grating orders and the 

reference beam are recorded. These interferograms can be captured sequentially 

• static occurrence) or simxiitaneously 'static or tune-dependent occurrences/. The 
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relevant infonnation about the in-plane (u,v) and out-of-plane (w) displacement 

fields is acquired in sequence by computer subtraction and addition, respectively, of 

the phases calculated from the interferograms. 

For comparison, a review is presented of how in-plane displacements are 

retrieved using a conventional grating interferometer and how in- and out-of-plane 

displacements are obtained in the modified grating interferometer. The results of 

the method proposed here are compared to the resvdts of the in-plane displacements 

obtained from a conventional grating interferometric approach. The results of out-of-

plane displacements are compared to those acquired using a Twyman-Green 

interferometer added to the conventional grating interferometer. 

The proposal of separate interferometric registrations of the two specimen 

grating diffiraction orders using a reference beam can be considered as the 

modification and extension of the ideas proposed by Basehore and Post^* and 

Patorski' .̂ In these papers the authors performed photographic super-position of the 

two conjugate carrier interferograms and spatial filtration to obtain good visibility 

patterns for further analysis. The proposal I present to process the phases of 

interferograms by computer is much simpler- it does not require a cumbersome 

process of generating conjugate carrier patterns and optical spatial filtration. A 

similar approach for in-plane displacement measurement was proposed by Maas and 

Vrooman^^; however, these authors were using phase-shifting speckle 

interferometry. 

Further, this work details the methods for simultaneously registering the in-

plane displacements u and the out-of-plane displacements w. First the modified 
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grating interferometer experimental setups for simultaneous registration of two 

interferograms is described, and then some examples from experimental results are 

presented. Finally, this work suggests a few ways that all three displacements u, v 

and w can be registered simviltaneously iising the modified grating interferometric 

setup. 

1.3.1. MODIFIED INTERFEROGRAM ANALYSIS 

The interferograms (also called Mnge patterns) obtained using an 

interferometer must be analyzed further in order to retrieve the displacement 

information encoded in them. The fuU-field, automated fi±ige pattern analysis 

techniques that were implemented in grating iaterferometry allowed in large part 

for its development and application in many areas of experimental mechanics. Some 

techniques fi-equently used result in a high degree of accuracy of the retrieved 

displacement maps while other techniques allow for the fast analysis of a single 

interferogram, thereby enabling the interferometer to monitor dynam;. changes in 

object behavior or material structure. 

New firinge pattern analysis techniques that feature higher accuracy of the 

retrieved phase (displacements) and shorter analysis time (especially in techniques 

which analyze a single interferogram) are in constant demand in order to further 

improve the performance of interferometers. Therefore, the second part of this work 

focuses on different techniques of interferogram analysis and their development 

(modifications). First, three common fiinge pattern analysis techniques, temporal 

(M-frame) phase measuring techniques (TPM), spatial (M-point) phase measuring 



techniques (SPM) and Fourier transform (FT) are described, and then their 

performance is analyzed and compared in relation to the different error sources 

inherent in each technique. Finally, a technique for deriving M-point and M-frame 

algorithms of reduced sensitivity to various error sources is described along with the 

newly derived algorithms. The reduced sensitivity of these new algorithms can be 

attributed not only to the large nvunber of intensity samples but also due to the 

different weighting functions for each intensity sample. Examples of algorithms for 

eight intensity samples that differ only in their sets of weighting functions (window 

functions) demonstrate their different sensitivities to error sources. This work 

concludes with the presentation of the design of algorithms in M-point technique for 

faster analysis of a single interferogram. The modifications to the fringe pattern 

analysis algorithms presented here lead to results of higher accuracy as well as to 

speeding the calculation process. 
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2. MODIFIED GRATING INTERFEROMETER 

In conventional high sensitivity grating interferometry, the object under test, 

with a reflection-type grating attached to it, is symmetrically illuminated by two 

coherent beams A and B (Fig. 2.1) at angles a and- a to the grating normal. 

B+l A-1 

• 

Figure 2.1. Schematic representation of conventional grating 

interferometer for in-plane displacement measurement. 

The interference between the two diffracted orders A..1 and B+ 1 reflected from the 

grating is recorded, which results in a map of the in-plane displacements. It is 

important to note that each of the diffraction orders carries information about both 

in- and out-of plane displacements; however, the out-of-plane displacements carry 

the same sign while the in-plane displacements are of the opposite sign. 
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The complex amplitudes of the two interfering diffraction orders A.^ and B+j 

in the plane conjugate to the surface of the si)edmen under load ran be represented 

as (see also reference 23): 

E^i(x,y) = exp{-i[-^{u(x,y)-kw'(x,y)]}, (1) 
a 

E?i(x,y) = exp{i[^{u(x,y)+kw'(x,y)]}, (2) 
a 

where d is the grating period, k=2TcA., X, is the light wavelength and u(x,y) is the in-

plane displacement function. The optical path change, w'(x,y), is related to the out-

of-plane displacement function w(x,y) by 

w'(x,y)=w(x,yXl+cosa). (3) 

It was assumed that out-of-plane displacements were such as to give only small 

variation in the slope of the wavefront. The amplitudes of the diffraction orders have 

been normalized to \mity. 

Equations (1) and (2) correspond to the illumination angle a, such that first 

diffraction orders reflected from the specimen grating propagate along the grating 

normal (i.e., the uniform field detection mode without introducing carrier/reference 

fiiinges). Thus, by the interference of the diffraction orders the information about the 

out-of-plane displacements vanishes and the interferograun carries information only 

about the in-plane displacements as shown in Eq. (4). 
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(4) 

For this reason, this interferometer is sensitive only to in-plane displacements. 

In the modified grating interferometer, an additional reference beam is 

introduced so as to interfere with each of the diffraction orders, (Fig. 2.2), and the 

interferograms are recorded separately. 

Specimen B+t A-1 
Grating 

B 

A 
REF 

Figure 2.2 Schematic representation of modified grating interferometer for 

in-plane and out-of-plane displacements measurements. 
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Two interferograms, described by Eqs.(5) and (6), 

Ia=E^i+Eref =2U+COS -^u(x,y) + kw' (x,y) (5) 

Ib=K+E REF = 2"^ 1+ COS •^u(x,y)+kw'(x,y) 
d 

(6) 

are registered and their phases <pA and (ps (Eq.(5) and (6)), respectively, are 

calcidated. 

tPB = 
2jc 

u(x,y)+kw'(x,y) (7) 

9A = -^u(x, y) + kw' (x, y) 
d 

(8) 

Computer subtraction of the obtained phase maps yields the in-plane displacements, 

(pu as in Eq.(9), while addition gives the out-of-plane displacements, 9w as in 

Eq.(lO). 

9 u  = 9 B -9A =2^u(x,y) 
d 

(9) 

( p w  = ( p B  + 9A =2kw'(x,y) (10) 
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The validity of this method was verified by comparing the results with data 

obtained using a conventional grating interferometer ( for in-plane displacements) 

with a Twyrnan-Green interferometer (for out-of-plane displacements) added to it. 

The experimental and comparative studies of conventional and modified grating 

interferometers are described in the next section. 

2.1. SEQUENTIAL RECORDING OF IN- AND OUT-OF-PLANE 
DISPLACEMENTS 

Figure 2.3 and Figure 2.4 shows the schematic representation of the 

experimental setups used for the comparative studies. 

Specimen 
Grating 

co 

!Laser He-Ne 1- - -Q-: - -

BSI 

Figure 2.3 Modified grating interferometry system used for the 

experiments. See text for symbol explanation. 



I Laser He-Ne 1- - -Q-: 

Specimen 
Grating 

M4 

II 

Figure 2.4. Conventional grating with Twyman Green interferometry 

system configuration used for the experiments. See text for symbol 

explanation. 
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Figure 2.3 relates to the modified grating interferometry approach with reference 

beam, and Fig 2.4 shows the conventional grating interferometry system with the 

Twyman-Green interferometer added. In the experiment both of these systems were 

combined to maintain like conditions throughout the experiment. 

In both methods (Figs. 2.3 and 2.4) one part of the illuminating plane 

wavefront beam, designated as I , from a collimator CO impinges on mirror Ml and 

is directed to the specimen and mirror M2. In this way the specimen grating is 



symmetrically illuminated by two beams A and B which generate diffraction orders 

A,i and B+j interfering along the grating normal. To obtain simultaneous presence 

of the diflfraction orders, as in conventional grating interferometry, stops Si and S2 

(or S4, as ra Fig. 2.4) are not introduced in front of mirror Ml. To obtain separate 

presence of the +lst and -1st diffraction orders, as is required in the modified 

grating interferometer, the insertion of either stop SI or S2 respectively is needed 

as ia Fig. 2.3. 

The other part of the illuminating beam, designated as II, serves as the 

reference beam in both methods. In the modified grating interferometer, the beam is 

directed through beam splitter BS2, and beam splitter BSl to the interferogram 

recording plane. Beam splitter BS2 should reduce the amplitude of the reference 

beam, matching it to the amplitude of the specimen gratiag orders. The reference 

beam REF should be either coUinear with the diffraction orders wht M-frame 

technique (see chapter 3) is used for automatic fringe pattern analysis or properly 

inclined to introduce the correct fringe carrier frequency when using • -.i-poiat 

technique. In the Twyman-Green interferometer, part II of the illiiminatiag beam is 

directed by mirror M3 through beam splitter BSl onto the specimen and onto mirror 

M4, which then serves as the reference beam REF (see Fig. 2.4). In the 

comparative experiment these two setups are realized simultaneously by setting 

beam splitter BSl fwm the modified method on top of beam splitter BSl (in Fig. 

2.4) and mirror M4 from the Twyman Green interferometer (to simplify the setup, 

beam splitter BS2 is used in place of mirror MS), creating two channels respectively, 

while the rest of elements are common for both channels. Lenses LI and L2 image 
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two intensity fields for those two channels simultaneously onto the CCD camera. 

The intensity^ signal is then sent to a computer which has an installed image 

processing card (firame grabber). The image of the fringes and the resulting phase 

are displayed on an analog monitor connected to the computer. Using this two-

channeled system ensures that the sample undergoes the same loading for each 

channel simultaneously, thus achieving the same experimental conditions for both 

methods. 

2.1.1. INTERFEROGRAM RECORDING 

Four-point bending of the test specimen was used to compare the 

effectiveness of the modified approach with that of the conventional grating 

interferometric method. The specimen under test is shown in Fig. 2.5. 

TOP VIEW 

I "" JLri 
hi 

SIDE VIEW , 

180 
N 

> 

Figure 2.5. Geometry of the specimen under test with the tested portion 

marked. The vertical and horizontal lines designate the tested cross-

sections. Distances given in mm. 
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The interferograms were recorded in the following order; 

1. Set of interferograms for unloaded specimen: 

a) Interferogram A_REF: -1st diffiaction order firom illuminating beam A (S2 

inserted) and reference beam REF (Fig. 2.3). 

b) Interferogram B_REF: +lst diffraction order from illuminating beam B (SI 

inserted) and reference beam REF (Fig. 2.3). 

c) Interferogram U_TG: 1st and -1st diffraction orders (reference beams blocked -

S3 inserted) (Fig. 2.4). 

d) Interferogram W_TG: Twyman-Green type of interferogram (S4 inserted) (Fig. 

2.4). 

These interferograms were recorded in order to subtract possible interferometer 

errors such as grating, mirror and lens imperfections. To simplify the mathematical 

expressions of the intensity distribution of the interferograms for ipecimen 

lander load, it is assumed that these imperfections can be disregarded, resiilting in a 

uniform intensity distribution for interferograms A_REF, B_REF, U_TG T : W_TG. 

This assximption does not influence the generality of the analysis. 

2. Set of interferograms for loaded specimen ( specimen bending using a 

micrometer screw): 

a) Interferogram A_REFL : (S2 inserted) (Fig. 2.3). The interferogram intensity 

distribution IA.REFL is given by Eq.(5). 

b) Interferogram B_REFL : (SI inserted) (Fig. 2.3). The interferogram intensity 

distribution IB.REFL is given by Eq.(6). 
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c) Interferogram U_TGL; (S3 inserted) for mapping in-plane displacement in 

conventional grating interferometiy (Fig. 2.4). The interferogram intensity 

distribution IU.TGL is given by Eq.(4). 

d) Interferogram W_TGL: (S4 inserted) for mapping out-of-plane displacements in 

Twyman-Green interferometer (Fig. 2.4). 

The interferogram intensity distribution IW.TCL is given by Eq.(ll) below; 

In single interferograms A_REF, B_REF, W_TG, A_REFL. B_REFL and 

W_TGL, the carrier frequency fringes were introduced by properly misaUigning the 

reference beam REF with respect to the grating orders or by properly misaUigning 

the reference beam with respect to the test beam in Twyman-Green path. Although 

the linear term corresponding to the carrier/reference fringes should be present, it is 

intentionally omitted for easier comparison of the information provided by the 

conventional and modified grating interferometric approaches (this linear term is 

normally subtracted diiring the phase extraction from the interferograms anyway). 

The carrier/reference fringes were introduced as the interferograms were analyzed 

xising the 5-point technique (see section 3.3). However, for the analysis of the U_TG 

and U_TGL interferograms of the interference between the first diffraction orders, 

the 5-frame technique was chosen. The 5-point technique could be used to analyze 

the interference between the first diffraction orders if a symmetrical propagation of 

2I1+COS •^w(x,y) (11) 
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the diffraction orders at angles +P and -P with resi)ect to the grating normal were 

introduced while the reference wavefront propagated along the grating normal. 

However, in this case the number of carrier fringes for the interference pattern for 

the diffiraction orders would be twice the number of carrier fringes in the 

interference pattern for the reference and each of the diffraction orders; thus larger 

errors due to incorrect number of carrier fringes (tilt miscalibration) could be 

introduced (see section 4.2.1). 

The M-frame technique, which allows for good control of phase shift 

calibration between wavefi"onts, results in a more accurate phase map than one 

obtained using the M-point technique, especially when tilt miscalibration is 

significant. Further, in this experiment the in-plane displacements were relatively 

small when compared to the out-of-plane displacements, and it was therefore 

important to detect small in-plane displacements with high accuracy to achieve the 

best reference displacement map. For the out-of-plane displacements this high level 

of accuracy was not so critical because the relative value between the high frequency 

error and the large out-of-plane displacements was fairly small. The M-frame 

technique allows for the maintenance of the propagation of the first diffraction 

orders Eilong the grating normal while the reference beam is propagating at some 

angle with respect to the grating normal. The M-frame technique could be used to 

analyze each of the phase maps; however, the goal of the work was to use the 

modified interferometer for the analysis of dynamic events. Thus, the analysis of a 

single interferogram was required and the M-point technique was an excellent 

method for retrieving phase from a single interferogram. In chapters 3 and 4 a 
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general comparative analysis of the different methods of phase measvirement is 

detailed to further illiistrate this point. 

As the M-frame technique was used for in-plane displacement retrieval with 

the grating conventional interferometric setup, the phase shift between U_TG 

(U_TGL) interferograms was introduced by rotating the plane parallel plate inserted 

into the path of the beam impinging onto the specimen. In both channels nothing 

was moved in the system except for stops SI, S2, S3 and S4 and the plane parallel 

plate. The loading conditions of the sample were exactly the same for both channels. 

Next, the phases (ji were calculated Gmm the interferograms listed above. To 

calculate in-plane displacements u or v using the modified grating interferometry 

method, the following operations on the calculated phases were performed: 

•t^B.REF ~0A_REF =<t>U_REF ^12) 

'I'B.REFL ~<l>A_REFi. ^'I'u.REFi. ^13) 

'T'U.REFI. ~<1>U_REF =0U 

where (t)u designates the in-plane displacement obtained in the modified grating 

interferometry approach with separate recording of the specimen grating diffraction 

orders with the reference beam. Subtracting the phases from Eqs. (7) and (8), we get 

<|)u =-^[2u(x,y)], (15) 
a 



42 

The result is the same as the one obtained using conventional grating 

interferometry, see Eq. (4). 

The following operations on the calculated pliases need to be done in order to 

find the out-of-plane displacements w: 

0 B_REF + <t> A.REF = W_REF ( 

'I'B.REPi. +'l>A_BEFi. =<l>W_REPt 

0W_BEPj. "^{'W.REF -0W ^18) 

where (J)  ̂ designates the out-of-plane displacement calculated using the modified 

grating interferometry approach. Summing the phases firom Eqs. (7) and (8) jdelds 

=2kw'(x,y). (19) 

Note that the required information concerning the out-of-plane displacements is 

mapped with the basic sensitivity Xy[2(l+cosa)], and the Twyman-Green setup has a 

sensitivity of Xy2, which follows from the angles of incidence and the viewing angles. 

The phases retrieved from the rnterferograms generated in the conventional 

grating interferometric configuration with the added Twyman-Green interferometer 

produces 
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^U_TGi. ~<I>U_TG -^UU (20) 

'I'w.TGi. ~'1'W_TG =0WW- (21) 

As previously noted, (|>uu and (jv^ coirespond to the arguments of cosine functions of 

Eqs. (4) and (11), respectively. It follows that the information about in-plane 

displacements provided by the two approaches is the same, whereas the information 

about out-of-plane differs by the factors as is seen by comparing Eqs. (11) and (19). 

2.1.2. EXPERIMENTAL RESULTS 

Figure 2.6 illustrates the comparison of in-plane and out-of-plane 

displacements determined using the conventional and modified grating 

interferometiy approaches. The cross-sections of the in- and out-of-plane 

displacement maps show that the results obtained using both methods agree very 

closely. 

However, there does exist a difference in the smoothness of the in-plane 

displacement results obtained; this difference occurs because the in-plane 

displacements were calculated using different techniques of firinge pattern analysis 

in each optical setup. The in-plane displacements in the conventional grating 

interferometric setup were calculated using the 5-frame technique, while in the 

modified grating interferometry setup the in-plane displacements were calculated 



IN-PLANE DISPLACEMENTS 
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\ \ 
modified 
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Figure and out-of-plane displacement values in selected cross 

sections along the x axis obtained using conventional and modified 

grating interferometry configurations. 
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xising the 5-point technique. The M-point technique usually results in a more rippled 

phase map (see chapter 4), a fact that can be clearly seen in the in-plane 

displacement map in Fig. 2.6. In order to decrease this error in the phase map, new 

error reducing algorithms were derived, which are described in chapter 5, and then 

were used in further investigation of modified grating interferometer. 

2.2 SIMULTANEOUS REGISTRATION OF U AND W DISPLACEMENTS 

I mentioned earlier that recording interferograms sequentially does not allow 

for the analysis of time-dependent events; the modifications discussed in this section 

detail the adjustments required in order to register simultaneously both the in- and 

out-of-plane displacements. Specifically, polarization features were exploited to 

accomplish the simultaneous registration. 

Figures 2.7 and 2.8 show the schematic representations for two of the 

experimental setups for the simtdtaneous registration of two interferograms ia the 

modified grating interferometer (note that figures are shown later in sections 2.2.1 

and 2.2.2). The first depicts the horizontal and vertical polarizations of the 

diffraction orders while the second shows the +45 and -45 degrees Unear 

polarizations of these orders. Both setups are based on the original modified 

interferometer for analysis of static occurrences discussed earlier. 

A modified interferometer for simultaneously registering interferograms no 

longer requires stops; however, it does reqxiire the addition of a few polarizing 

elements to establish the appropriate polarizations of the interfering wavefronts. My 



approach, employed the orthogonal polarization of the diflfraction orders while 

introducing a circular or linear polarization into the reference beam. If the reference 

beam is to be linearly polarized, it must be at an angle between the polarization 

angles of the diffraction orders. The beam splitter (i.e. polarizing beam splitter cube 

PBSC as in Fig. 2.7 or WoUaston prism WP as in Fig. 2.8) inserted into the common 

path of these three beams has two tasks: first, it separates the two orthogonal 

polarizations Qiere the diffraction orders), and second, it splits the reference beam in 

two, creating a reference beam for each of the diffiraction orders. The systems using 

two dififerent states of polarizations of the diffraction orders are described below. 

2.2.1 HORIZONTAL AND VERTICAL POLARIZATIONS 

To obtain horizontal and vertical polarizations of the diffraction orders, I 

introduced two half-wave plates HI and H2 into the original modified grating 

interferometer setup, see Fig. 2.7. 

The first half-wave plate HI, with the fast axis at the proper angle with 

respect to the angle of polarization of the light exiting the laser, must be placed 

between the laser and the pinhole to realize the horizontal polarization of the beam. 

The angle of beam polarization may be established by simply rotating the laser; 

however in order to achieve a finer adjustment of the beam polarization state, 

rotating an inserted half-wave plate HI, instead of the laser, seems more practical 

because it will not introduce any beam misalignment. The second half-wave plate 

H2 needs to be inserted in the path of either beam A or beam B somewhere between 
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the collimator CO and the specimen SG (in Fig. 2.7 the half-wave plate H2 is 

inserted into a path of beam A). Its fast axis should be at a 45 degree angle with 

respect to the horizontal polarization of the beam, thereby rotating the polarization 

by 90 degrees. These procedures result in the orthogonal polarization of beams A 

Figure 2.7. Modified grating interferometer for simultaneous registration 
of two interferograms using two cameras: horizontal and vertical linear 
polarization of diffraction orders Ai and B>i. See text for sjonbol 
explanation. 

and B. The horizontal or vertical polarizations incident on the specimen and mirror 

should remain unchanged in the reflected and diffracted Ai and B*i orders. 

However, due to diflferent imperfections (i.e. incorrect angles of polarizations, 

improper alignment of a polarizing beam splitter, rotation of sample) £ui additional 

quarter-wave plate should be introduced into either beams A or B (or both) to 

Laser He-Ne -[]$• fl-

HI 

5] CCDl 



compensate for the arising elliptical states of polarization (in Fig. 2.7 the quarter-

wave plate Q2 is inserted into the path of beam A). The two beams are then 

separated by the polarizing beam splitter cube PBSC and directed to two different 

CCD cameras. The reference beams for each of these diffraction orders are obtained 

by splitting the reference beam, designated as II, into two beams by the same 

polarizing beam splitter cube PBSC. Reference beam II can be either circularly or 

linearly polarized at an angle of 45 degrees. Circular polarization can be achieved by 

introducing a quarter-wave plate Ql into the reference beam, as shown in Fig. 2.7, 

while Unear polarization can be obtained by introducing a polarizer or half-wave 

plate (not shown in figure). The further decrease in the amplitude of each the 

reference beams allows for the close matching of the amplitudes of the reference 

beams with the diffraction orders, thereby obtaining better fringe contrast. The 

polarizing beam splitter cube PBSC directs two orthogonal components of the 

reference beam polarization state to two cameras, CCDl and CCD2, where they 

interfere with the diffraction orders. Two images firom two cameras can be captured 

simvdtaneously and forwarded for further fringe pattern analysis. 

2.2.2 +45 DEGREE AND -45 DEGREE POLARIZATIONS 

The second system, illustrated in Fig. 2.8, also utilizes the separation of the 

orthogonally polarized diffraction orders, but in this system the orders are polarized 

at +45 and -45 degrees instead of being horizontally and vertically polarized. 

In order to achieve this state of polarization, the laser's beam linear 

polsirization WEIS rotated as it left the laser to one of these angles using half-wave 
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plate HI, similarly as in the previous system. The polarization of the diffraction 

order A.i is rotated 90 degrees due to the single reflection of the specimen grating 

(reflection causes left to right polarization plane reversal), while the state of the 

polarization diffraction order remains the same as it xmdergoes an even number 

of reflections, once from mirror M2 and once from the specimen grating SG. 

M2 BSl 

Specimen 
Grating 

=i 
.A-L CCD 

H2 

CO 

Laser He-Ne HIk 
Hi Q1 

Ml 

PBS2 \-j 

Figure 2^. Modified grating interferometer for simultaneous registration 
of two interferograms using a single camera: •t-45 and <45 degree linear 
polarization 

Unfortunately, the single half-wave plate HI in this system of +45 and -45 

degree polarizations is not enough to estabUsh the ideally linear polarization of 

diffi-action orders A-i and B-t. The ellipticity of the diflfraction orders is even larger 

than in the case of the horizontally and vertically polarized beams incident on the 

specimen due to the new angles of polarizations which are different than 0 or 90 



degrees. Thus, the quarter-wave plate Ql, introduced before the pinhole, serves to 

compensate for the ellipticity of one the diffraction orders, while the second quarter-

wave plate Q2, introduced into the path of the beams, compensates for the ellipticity 

of the other diffiraction order. This compensation is necessary to avoid spurious 

fringes which would otherwise be noticeable in the interferograms. 

The separation of the beams can be achieved through the use of a polarizing 

beam-splitter cube (PBSC as in Fig. 2.7) or a Wollaston prism (WP as in Fig. 2.8) in 

both the +45 and -45 degree polarization system and the horizontal and vertical 

polarization system. 

In the +45 and -45 degree polarization system described here, the Wollaston 

prism WP separates the two diffraction orders at a small angle and splits the 

reference beam into two reference beams. In this way, two interferograms can be 

registered on a single camera. However, the prism then must be rotated 45 degrees 

about the optical axis and the interferograms are thus separated not vertically or 

horizontally but at a 45 degree angle. If the polarizing beam spUtter cube PBSC 

were used instead of the Wollaston prism WP, the beam spUtter PBSC wovdd also 

have to be rotated 45 degrees about the optical axis. When this is the case, the 

interferogram deviated by the beam splitter would be sent at 45 degrees to the x 

axis and rotated at 45 degrees about its axis. This system requires that the CCD2 

camera be awkwardly positioned. 

However, to avoid this difficulty an additional halfwave plate H2 may be 

inserted in front of the polarizing beam splitter, thereby rotating the linear 

polarizations +45 and -45 degrees to linear horizontal and vertical polarizations. 



Then, when the polarizing beam-splitter cube is used, the cameras can be positioned 

simply at 90 degrees with respect to each other as in Fig. 2.7. When the WoUaston 

prism is used, it need not be rotated and the vertical or horizontal separation of 

interferograms can be achieved as in Fig. 2.8. 

Certain advantages and disadvantages exist when using the WoUaston prism 

in either of the systems. First, the WoUaston prism's primary advantage is a higher 

polarization efiBciency, and second, the two interferograms are sheared with respect 

to each other and imaged on only a single camera. A disadvantage comes from the 

loss of resolution or the decreased area of the tested specimen as now two images 

are registered on one CCD array. Certainly, other polarizing beam splitters like a 

beam displacing prism may be introduced, but in most cases the WoUaston prism is 

the most cost effective. 

To reiterate, I claim no preference in using one setup over the other. Several 

problems, introduced by the half- or quarter-wave plates inserted into the collimated 

beam, exist in both systems. These problems, which are the focus of the discussion 

iQ the next section, include non-uniform performance of the plate over the active 

area and the possibility of the plate limiting the size of the beam which illximinates 

the specimen and th\is limiting the size of the tested area. For the system with +45 

and -45 degrees polarizations, it could be possible (but costly) to produce a coating 

for mirror M2 with the proper correction of the polarization for beam B, while the 

correction for beam A would be established by retarders inserted by the pinhole. 

Such a system would not have these problems and thus would be preferred. 
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2.2.3 ERROR SOURCES IN POLARIZATION METHOD 

Besides the advantages that polarization techniques bring to the modified 

grating interferometer, several disadvantages are also present. First, because more 

elements are introduced iato the optical system, a higher standard of performance is 

required of each of the elements. In addition, the size of the retarders placed in the 

coUimated beams may Umit the field of view of the tested sx)ecimen, and the 

retarders need to be of good quality over their whole area. A further difficulty 

accompanying the polarization technique is the possible presence of locally 

detectable low contrast spurioxis Mnges, as when a specimen with a large difference 

in local slopes is encoimtered. In this case the local angles of incidence are different, 

and thus a range of elliptical polarizations may be introduced, while compensations 

can be set for only a single state of polarization. Other problems that may be 

introduced by retarders have been described elsewhere; for a recent example see 

Poirson and Lanterier's article®^. 

The polarization state of the beam reflected firom the specimen grating not 

only dei)ends on the material used to manufacture the reflective grating and the 

mirrors and the angle of beam incidence and the angle of polarization, it also 

depends on the spacing, depth, shape and direction of the grooves of the specimen 

grating itselP .̂ Because of the number of factors that may influence the state of the 

polarization, experimentally aligning the angular positions of the half-wave and 

quarter-wave plates' fast axes is the best way to ensure linear and orthogonal 

polarizations. 
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2.2.4 EXPERIMENTAL RESULTS 

After aligning the system £ind properly setting the polarization state of each 

of the beams, two pairs of interferograms are recorded, the first before the sample 

is loaded and the second after it's loaded. The phase maps of the unloaded state are 

subtracted from the phase maps of the loaded state, removing in this way any 

systematic errors of the system. Systematic errors can arise from either system 

aberrations or specimen grating imperfections. 

The analyzed loaded sample, which is a horizontal beam that undergoes four-

point bending as represented in Fig. 2.5 is the same one used in the initial 

investigation of the modified grating interferometer discussed previously. Figure 2.9 

shows two interferograms for a loaded sample registered in the modified grating 

interferometer with horizontal and vertical polarizations of the diffraction orders 

and registered by two cameras. Figure 2.10 represents the in- and out-of- plane 

displacements retrieved from those interferograms as well as from the 

interferograms registered in an interferometer with the diffraction orders linearly 

polarized at +45 and -45 degrees. 
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NO LOAD 

AFTER LOADING 

Figure 2.9 Simultaneously registered interferograms in modified grating 
interferometer using two cameras and horizontal and vertical linear 
polarizations of diffraction orders. 
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IN-PLANE DISPLACEMENTS 
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Figure 2.10. In- and out-of-plane displacements simultaneously registered 
in modified grating interferometer with two different polarizations of 
diffraction orders: first horizontal and vertical, second +45 and -45 degrees. 



The displacements obtained for two different polarization systems have the 

same character and axe in good agreement with displacement maps shown in Fig 

2.6, which were obtained from the modified interferometer with a sequential 

registration of the interferograms. This result is expected because the validity of the 

modified grating interferometer's performance had been previously verified by 

comparing the results obtained from it with results gathered from a conventional 

grating interferometer paired with a Twjrman-Green interferometer to obtain both 

in- and out-of-plane displacements (see discussion in section 2.1.2). In the systems 

described here, only different polarization states were introduced into the beams, 

thus not disturbing the validity of the method. 

The description of the experimental setup emphasized the possibility of low 

contrast spurious fringes appearing due to a range of elliptical polarizations of the 

diffraction orders. However, in most cases the influence of these fringes is 

insignificant when calculating phase maps using the M-point method. Figs. 2.11 

and 2.12 show two pairs of displacement maps; the first is calculated from 

interferograms influenced by elliptical polarizations of the diffraction orders and the 

second is obtained from interferograms showing no influence from elliptical 

polarization. This was achieved by stopping each of the diffraction orders in turn. In 

the obtained phase maps, no measurable trace of spurious fringes is detectable. 

Both phase maps are comparable; however, the rms values for the displacement 

maps obtained from the system with residual polarization are slightly larger then 

the rms values for displacement maps obtained from the system without residual 
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Figure 2.11. Displacements maps obtained from system with residual 

polarization. 
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Figure 2.13. Difference in displacements maps obtained from systems with 
and without residual polarization. 
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polarization are slightly larger then the nns values for displacement maps obtained 

firom the system without residual polarization, indicating that the maps are 

influenced by the residual polarization. The difference in the displacement maps is 

shown in Fig. 2.13 where the rms values for the maps difference are insignificant 

(about 2.5% of the in-plane displacement's nns value and 0.4% of the out-of-plane 

displacement's rms value) for the measurement. 

2.2.5 INTERFEROGRAM ANALYSIS 

To retrieve the phase maps from the interferogram, a temporal phase-

shifting method can be used. However, analj'zing time-dependent events requires 

that information be retrieved from a single interferogram. To do this, I advocate 

using the M-point technique over the Fourier transform technique (see chapter 3 

and 4), for the algorithms used in the M-point method are simpler and the results 

are significantly better at the edges of the interferogram, areas that are very often 

important in experimental mechanics. Note that the M-point technique was already 

succsesfully implemented in the conventional grating interferometer^^-^''-^®, and this 

present work demonstrates that this same method is also very useful in the modified 

grating interferometric setup. 

Because the M-point technique requires an interferogram with many carrier 

fringes, the proper angles between beams ia the modified grating interferometer 

need to be introduced .The beams' orientation can be realized in one of two ways as 

shown in Fig. 2.14, parts a and b. First, the reference beam is slightly tilted with 
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respect to the grating normal, while the diflBraction orders propagate along the 

grating normal; or second, the reference beam can propagate along the grating 

normal while the diflBraction orders symmetrically deviate fix»m the grating normal 

(which can be introduced by a slight symmetrical change in the illumination angles). 

Note that in the first case the angles between the reference beam and the diflBraction 

orders are of the same sign, while in the second case the angles are of the opposite 

sign. Thios, the retrieved phases will also have opposite signs, a fact which must be 

takpn into account in further calculations. No case is preferred over another, 

however, it may be easier to align the system if the two difBraction orders propagate 

along the grating normal, the case that is employed in this work. 

a) b )  
B+l 

REF 

A-i 

A-i 

REF 

Figure 2.14. The beam orientation: a) reference beam at angle to the 

grating normal, b) reference beam along grating normal. 

To analyze the firinges, new error reducing M-poini techniques were 

developed to obtain phase maps relatively free from errors. New M-point techniques 

are described in chapter 5 and collected in Table 2. For the analysis of 
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simultaneoxisly registered fringes, the 6a-point technique was chosen. Notice that 

the cross-sections of in- and out-of-plane displacement maps shown in Fig.2.10 have 

less ripples than the displacement maps shown in Fig. 2.6 achieved using the 5-

point technique. 

2.3 REGISTRATION OF U, V AND W DISPLACEMENTS 

Generally, registering information about two mutually orthogonal in-plane 

displacements requires a reflective cross-type grating be attached to the object and 

sjrmmetrical two beam illuminations in orthogonal directions. This symmetrical 

illumination can be achieved in a couple difiEerent ways^ A compact, three mirror 

head^-^® is one fairly common way to obtain this illumination. In this method three 

different parts of a single collimated beam are reflected from the mirrors onto the 

object, while one part of the beam impinges directly onto the object. 

2.3.1 SEQUENTIAL REGISTRATION 

The conventional way to register v in-plane displacements is through the 

separate registration of the interference between the diffraction orders; this solution 

seems simplest. An alternate method places an additional set of polarization 

compensators into the collimated beam, thus establishing the orthogonal 

polarization (horizontal and vertical, or +45 and -45 degrees) of the diffracted 

orders. Beams illuminating the specimen are reflected from the mirrors at an angle 

different from the beams for u in-plane displacements; therefore, a different 
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polarization compensation is required. Two pairs of interferograms with encoded 

information (u+w, -u+w and v+w, -v+w respectively) could be recorded sequentially 

with only a short time interval separating the registration of the interferograms. 

Properly positioned stops would result in only one psiir of interferograms appearing 

in the system at a time. 

Another possibility is to iise a different combination of the beams' 

polarization states. Beams u+w and -u+w could be linearly polarized in the vertical 

direction, and beams v+w and -v+w could be linearly polarized in the horizontal 

direction. In this case we would need a stop that allows either pair of beams, u+w 

and v+w or -u+w and -v+w, to propagate in the system at the same time. A final 

possibility allows for the sequential registration of two cross-pattern interferograms 

instead of two pairs of interferograms; however, this method may result in larger 

errors. A plus to these last two methods is that the out-of-plane displacements are 

retrieved twice, which provides verification of the measurements taken. 

2.3.2 SIMULTANEOUS REGISTRATION 

However, the simultaneous registration of all three displacement 

components, u, v and w, is necessary for the analysis of time dependent events. I 

suggest three modifications to interferometric system that allow for the 

accomplishment of this task. 

First, all five beams could propagate simultEineously (four diffi-action orders 

linearly polarized and the reference beam polarized i.e. circularly). In this case the 

beam splitter separates the diffraction orders and splits the reference beam in two. 



resulting in two sets of three beams of like polarization. Two fringe patterns of three 

beam interference are then registered simxiltaneoxisly. The relative angles of the 

beams could be carefully chosen so that cross-patterns for interference between the 

reference beam and each of diffiraction orders would be obtained, but imfortrmately 

then the interferogram would have a third set of fringes in the diagonal direction 

frtjm the interference between diffraction orders. The Fourier transform fringe 

pattern analysis technique could be used to calculate a phase map for each of the 

three sets of fringes, or the diagonal fringes could be filtered out and the resulting 

cross-pattern be processed using a two directional M-point technique. The 

disadvantage here Ues in the difficulty in analyzing a complicated fringe pattern 

with many sets of fringes. However, for simple cases this technique could be 

efiective. 

In a second approach, the object could be sjnimietrically illuminated in each 

of the orthogonal directions by a Ught source of a different wavelength. Then one 

pair of diffiraction orders covdd be directed to one camera by a beam spHtter and an 

interference filter, and in this way separated from the interferograms with encoded 

information about the sum and difference of out-plane displacements and in-plane 

displacements in the other direction. This approach is similar to the one presented 

by Salbuti®.The disadvantage to this approach is that it requires additional optical 

elements and two light sources of different wavelengths. 

A third approach to additional and simultaneous registration of v in-plane 

displacements bears some resemblance to the method presented by Guo and 

Kobayashi'®. The diffraction orders for one direction of object illumination can be 



focused at a place in the spectrum plane different &om the focus of the diffraction 

orders for the other direction of object illumination and the reference beam. The 

position of the diffraction orders* spectrum can be controlled by the angle of object 

illumination. For v in-plane displacement, this can be done by tipping and tilting 

the top and bottom mirrors. A little mirror inserted into the spectrum plane can 

then redirect the separated two diffraction orders onto another camera where the 

interference Mnges representing classical v in-plane displacements for one direction 

can be registered. At the same time two other interferograms with encoded 

information about u in-plane displacements and w out-of plane displacements can be 

registered by a separate camera. The best firinge contrast for v ia-plane 

displacements will be observed when the diffraction orders have the same 

polarization, which can be achieved when the illuminating beam is polarized at 

about an angle of 45 degrees^®. For this reason the modified interferometer with +45 

and -45 degree polarization angles of the diffraction orders for u in-plane 

displacements is preferred. 

The above proposals for solving the problem of sequential and/or 

simiiltaneous monitoring of all three displacements in the three mirror four-beam 

illumination system interferometer should be treated as introductory ones. The 

description of an optimized solution will be treated separately in future work. 

2.4 SUMMARY 

High sensitivity grating interferometry is often used to determine in-piane 

displacements. Some modification to this system is required in order to obtain 
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informatioii about the out-of-plane displacements. The information about the out-of-

plane displacements is especially important because the in-plane displacements may 

be influenced by fictitious displacements caused by large object slopes. The problem 

of finding the actual in-plane displacement value can be solved by retrieving the out-

of-plane displacement function and differentiating it. The modified grating 

interferometric approach provides a practical solution for obtaining information 

about in-plane and out-of plane displacements. 

In the setup described in this chapter the conventional grating interferometer 

was modified by introduciiig an additional reference beam that interfered with the 

+1 and -1 specimen grating orders separately. From these two tjrpes of 

interferograms, phases were calculated using an automatic fiinge pattern analysis 

technique. Addition of the retrieved phases resulted in the out-of-plane 

displacements while subtraction yielded the in-plane displacements. The results 

were theoretically and experimentally compared with the results of in-plane 

displacements obtained firom a conventional grating interferometric setup; the out-

of-plane displacements were compared firom with those obtained from a Twyman-

Green interferometer added to the conventional grating system. The theoretical and 

experimental results agreed very well for in-plane and out-of plane displacements 

when small local slopes of the specimen siirface were introduced. The method has 

been verified for the four-point bending of an aluminum specimen with a 

rectangular cross-section. In addition, simultaneous registration of two 

interferograms yielding the in- and out-of-plane displacements (u and w) through 

the use of polarization techniques was presented. Two systems with two different 
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orthogonal states of polarizatioa for diffraction orders were proposed. It was 

proposed that interferograms coiild be registered by a single camera or by a pair of 

cameras, depending on the polarization splitting element used. Advantages and 

disadvantages of the introduced modifications were considered and experimental 

results presented. Further modifications to the grating interferometric setup 

allowing for the registration of all three displacement (u,v,w) measurements 

simultaneously and sequentially were suggested. 
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3. PHASE MEASUREMENT TECHNIQUES 

These days the output of an interferometer is t3T)ically sent to a firame 

grabber, and by means of a computer program the interferogram is analyzed and 

the information about the phase (wavefront) is retrieved. In the grating 

interferometer the retrieved phase represents the displacement map. This automatic 

process for analyzing interferograms allows for results to be obtained within 

seconds. A variety of interferogram analysis techniques exist for doing this, and 

each of them has dififerent strengths and limitations. Typically, these techniques are 

comprised of two facets; software, an algorithm written in form of a computer 

program to analyze the interferogram, and hardware, referring to the optical 

elements used to achieve an appropriate interferogram design. 

Some techniques require multiple interferograms while others require only a 

single one; some need stable environmental conditions and others do not; some do 

not EiUow closed-loop firinges while in others Einy shape of the fringes is permitted. 

Despite these differences, all the phase measurement techniques share sensitivities 

to certain error sources. The errors in the retrieved phase, which Eire inherent in 

phase-measTzrement techniques, vary in character and magnitude. An appropriate 

choice of fringe pattern analysis technique depends on the user's ability to 

understand the capabilities and Limitations of the various approaches. The following 

chapters can be viewed as an attempt to find the optimal techniques and algorithms 

for implementation in the modified grating interferometer detailed in the previous 
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chapter. The examination of phase measurement techniques that follows reviews 

the capabilities of several important approaches. 

3.1. BACKGROUND FOR PHASE MEASUREMENT TECHNIQUES 

Many different techniques for quantitative phase measiirement firom firinge 

patterns have been developed in the last fifteen years^^. Their wide range of 

applications in optical testing and metrology make these techniques important to 

the field of experimental mechanics for nondestructive testing of materials and 

structure behavior. The full-field analyses and the fast processing times guaranteed 

by the automatic phase measiurement techniques have increased the popularity of 

interferometric methods for a variety of scientific and industrial applications. 

Specifically, the addition of automatic fiinge pattern analysis to the grating 

interferometric setup has generated a variety of new applications for the method, 

and grating interferometry, with automatic interferogram processing, has become 

an important tool in displacement testing. 

Phase measurement techniques can be classified into two groups, temporal 

and spatial, as shown in Fig.3.1. Temporal phase-measurement (TPM) techniques 

measure the phase at a single point firom a sequence of interferograms (firames) as 

the interfering reference wavefi-ont is shifted in phase in a controlled way. The most 

popular t3rpe of TPM technique is the M-fi-ame technique, which requires a known 

relative phase shift between captured interferograms. Spatial phase-measurement 

(SPM) techniques extract the phase tnfonnation firom a single interferogram that 

has a large nvimber of tilt firinges acting as a carrier firequency. Note that spatial 
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techniques that have spatially separated interferograms (see for example reference 

38) will not be considered here. Excellent analyses of the different methods for 

analjrzing fringe patterns for grating interferometer have been performed, although 

in a quite different manner, by Takeda^® and Jozwicki et. al/°; however, these 

studies focused not on a quantitative but a qualitative analysis of the error sources 

in phase measxirement techniques, which is precisely the focus of this study. 

There are two types of SPM techniques; one processes the fringe data in the 

spatial domain while the other works in the spectrum domain. The first, the M-point 

technique (analogous to the M-frame technique), employs the same algorithms as M-

frame technique, but uses a signal from a consecutive sequence of points (pixels) in 

the space domain rather than the time domain. The second, the Fourier-transform 

(FT) technique uses a fast Fourier transform along with frequency filtering to 

extract phase from a single fringe pattern. 

PHASE MEASUREMENT 
TECHNIQUES 

TEMPORAL SPATIAL 

M-FRAME M-POINT, FOURIER TRANSFORM 

o 
Figure 3.1. Classification of the phase measurement techniques. 
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3.2. M-FRAME TECHNIQUES 

In TPM*^ '»2, the M-frame techniques use the data from a single pixel of an 

array for M consecutive frames of data taken while the phase shifter applies a 

known phase shift between the reference and the test beams. The intensity 

(irradiance) recorded by a detector for a single interferogram can be written as 

I(x, y, t) = I(x, y, t){ 1+Y (x, y, t) cos[(p (x, y, t)+a (x, y, t)]}, (22) 

where: 

I (x,y,t) is the measured intensity at a single pixel x,y at time t, 

Io(x,y,t) is the unknown average intensity, 

7(x,y,t)is the unknown fringe visibility, 

(p(x,y,t) is the imknown phase of the measxired wavefixjnt, and 

a(x,y,t) is the known phase shift between the test and reference wavefronts. 

Three unknowns (IQ, Y, <p) imply at least three data points are needed to find the 

phase distribution. The x £ind y designate coordinates of a pixel for which phase is 

calculated while the phase shift and the measured signal varies with time t. These 

M-frame algorithms are simple to calculate and provide very fast analysis times. 

There are a number of different algorithms which can be used for these methods. 

Relative phase shifts of 90° (7i/2) between data points are the most common. 

Since a minimum of three data points are necessary to solve Eq. (22) for the 

phase, the phase measurement can be done using the following equation: 



72 

<P = TAN"^ T—^ ' 
. 1  ^ 2 .  (23) 

where I ,̂ I2, and I3 are intensities recorded at a single detector point in three 

different interferograms with phase shifts of cc=0°, 90°, and 180° (0, n/2, 7t). This 

technique wiU be referred to as the 3-frame technique for TPM. 

The 4-franie technique, which is very commonly employed, uses four intensity 

values with k/2 relative phase shifts between points. It is written in the form 

A technique that is comparably insensitive to many systematic errors was 

introduced by Schwider and Hariharan et al.'*^ '*'' and is widely used in present-day 

commercial interferometere. This method (referred to here as the 5-fi:ame 

technique) employs 5 data poiats that have relative phase shifts of 90°. This simple 

algorithm is written as 

<P = TAN"^ J—T 
(24)  

(25) 



73 

The final M-frame technique discussed in this study was proposed by Carre'*® 

and assumes a constant phase shift fiitjm frame to frame that is not necessarily 

equal to 90°. The phase is retrieved by applying the equation 

All of these M-frame techniques can only determine the phase modulo 2jt. Phase 

ambiguities mxist be removed using a phase imwrapping technique. 

For the purposes of this work, the phase shift was simulated as stepped 

between data frames for the M-frame methods (as opposed to ramped or integrated). 

The phase shift can be realized ia many different ways (see for example reference 

46). The method I used to achieve the phase shift in the conventional grating 

interferometer was to tilt the plane parallel plate. Even though this solution may 

introduce some errors due to a nonlinear phase change with the linear rotation of 

the plate, it was the simplest solution considering the scope of the experiment. As a 

side note, Salbut and Patorski'*  ̂ proposed an interesting solution to phase shifting 

in grating interferometry that avoids the nonlinearity problem through the use of a 

polarization technique. 

3.3. M-POINT TECHNIQUES 

While the M-frame techniques use M frames registered sequentisdly in time, 

the M-point techniques'*  ̂use M consecutive pixels fr^m a single frame to calculate 

(p = tan 

(26) 



the phase. The phase shift between pixels in the M-point techniques is generated by 

adding tilt fringes across the interferogram. For the class of algorithms that uses 90® 

phase shifts between adjacent pixels, each fringe must cover fovur pixels; thus for 

example, in a detector array with 256x256 pixels 64 carrier fringes must be 

introduced across the array. 

The intensity (irradiance) recorded by a detector for a single interferogram 

can be written in the same way as in Eq. (22), but with one difference; the phase 

shift and the measured signal vary in space rather than in time, and thxxs the time 

variable designated as t could be eliminated or set to zero. These techniques use 

exactly the same algorithms as the M-frame techniques. For this reason, the names 

of the algorithms in the M-frame techniques carry analogous names: 3-, 4- and 5-

point (see Eqs. (23)-(25)). Note that in the M-point algorithms the indices of the 

sampled intensities refer to the pixel number not the frame. 

The M-point techniques also determine the phase modulo 2k. The carrier 

frequency tilt fringes resiilt in a large tilt of the measured surface causing many 

modiilo 271 phase steps to appear. Therefore, the phase modulo with many steps 

may be difficult to unwrap. The initially introduced tilt to the obtain the carrier 

frequency tilt fringes may need to be subtracted in order to reduce the number 

modulo 2K phase steps. This problem is considered in more detail in chapter 7. 

It is worth emphasizing again the close relation between the M-frame and 

M-point techniques. They employ the same algorithms to M points of data, with a 

known phase shift in either the time or space domain. When the phase shift varies 

in time by means of a phase shiftier, a few frames are registered; when the phase 
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shift varies in space, carrier frequency fringes are iatroduced and only single 

interferogram is registered. 

3.4. FOURIER-TRANSFORM TECHNIQUE 

The Fourier-Transform (FT) technique introduced by Takeda"*® and extended 

by Macy°° to handle two dimensional data needs more sophisticated and time-

consuming processing than either the M-point or M- frame method. Fringe pattern 

processing by the FT technique could be done within seconds if a pipehne processor 

were xised; however, a pipeline processor is an expensive computer system. As in the 

M-point technique, the FT technique uses a single interferogram with carrier fringes 

whose intensity can be written in the form 

where /Q ^ spatial carrier frequency introduced by adding tilt fringes to the 

interferogram. After calculating the Fourier transform of the interferogram, there 

are two sidelobes separated from a do term in the frequency domain. The desired 

phase information is contained in the sidelobes while the dc term contains 

information on the slowly varying background. To obtain the phase information, one 

of the sidelobes is selected using for example a rectangular filter window and an 

inverse Fourier transform is performed to obtain the fimction 

(27) 

c(x,y) = (1/2) Y(x,y) exp[i(p(x,y)]. (28) 
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The phase can then readily be determined by solving for 9 

(p(x,y) = arctan{Iin[c(x,y)]/Re[c(x,y)]}. (29) 

As in the M-point methods, the caloilated phase is modulo 2K. A phase unwrapping 

procedure must be applied to obtain continuous a phase function. 

3.5. COMPARISON OF TECHNIQUES 

The advantage of the SPM techniques is that only one image is necessary 

instead of three or more images separated in time as in the TPM. This advantage 

enables the analysis of dynamic events or measurements in adverse conditions, 

which is often the case when measuring displacements with a grating 

interferometer. One additional advantage is that SPM techniques do not require a 

special device to shift the phase. A disadvantage in using the SPM techniques is 

that the requirements on the detector are more stringent than in the TPM 

techniques; the reason for this is that the detector array must resolve a large 

number of firinges and the detector sensitivity should be uniform over the whole 

array. Because the single interferogram in SPM techniques must contain carrier 

fringes, which are obtained by adding tilt between the reference and tested beams, 

unwanted aberrations may be introduced to the measured wavefront which then 

increase systematic errors. The systematic errors due to unwanted aberrations in 

the system or grating imperfections are not a factor ra measurements taken using a 

grating interferometer because in this system the first set of interferograms is 
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captiireci before the load is applied to the specimen and any systematic errors are 

registered and then subtracted (as long as they do not change with rigid body 

motion). 

Between the two spatial techniques discussed above (the M-point and the 

FT), the simplicity and relatively short processing time of the M-point technique 

makes it the more attractive of the two options. Further, because my aim in 

modifying the grating interferometer was to retrieve the phase &x)m a single 

interferogram in the shortest possible time, the M-point method smted this purpose 

better. The preceding discussion briefly described the basic elements of each method. 

The next chapter focuses on the sensitivity of each technique to different error 

sources, thus allowing for an evaluation of both the strengths and weaknesses of the 

different phase measurement approaches. The errors in the M-point techniques will 

be the most extensively analjrzed. 
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4. ERROR ANALYSIS 

This chapter examines the influence of major error sources on phase 

calculation results. The two major errors encountered in phase measurement 

techniques are phase-shift miscalibration and nonlinearities in the detection system. 

This study compares the equivalent errors in each of the techniques discussed in the 

previous chapter with additional error source analysis added for M-point techniques. 

Computer simulation in one dimension was chosen as the method for studying these 

error sources because the method clearly reveals the character and magnitude of the 

errors. Included in this discussion is a brief encapsulation of the advantages anH 

disadvantages of each technique. The detailed analysis of error sources 

demonstrates that the M-point technique is the most appropriate for the analysis of 

interferograms registered simultaneously by the grating interferometer. 

4.1. M-FRAME TPM TECHNIQUES 

Errors for these techniques have been analyzed in detail elsewhere (see for 

example references 41, 51, 52). For completeness, a review of these errors is 

provided below. 

4.1.1. PHASE SHiFr MISCALIBRATION 

Linear phase shift errors can be due to miscalibration of the phase shifter. 

The actual phase shift can be expressed in the form 
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a' = a(l + o), ( 30) 

where a. is the expected phase shift and 8 is the normalized error. Phase shifter 

errors have equivalents in the M-point methods and are described in sections 4.2 

and 4.3. Phase shift miscalibration produces an error at twice the fringe frequency 

as shown in Fig. 4.1. The Carre method was designed to account for any constant 

phase shifts and is not sensitive to phase shift miscalibration. Because the 3- and 4-

frame techniques result in large errors, the 5-frame and Carre techniques are the 

best choices. Figure 4.2 shows peak-to-valley (P-V) phase error for different 

amounts of phase shifter miscalibration. 

-3-Frame 
- -4-Frame 
--·Carre 
----- 5-Frame 

90 180 270 360 

Phase (Degrees) 

Figure 4.1. 10% phase shifter calibration error forM-frame TPM. 
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Figure 4.2. Peak-to-vailey phase shifter calibration error for M-frame TPM. 

4.1.2. DETECTOR NONUNEARTiiES 

A detector can have a nonlinear response to the incident intensity. A partial 

solution to this problem is to adjxist the gain enabling the camera to work in the 

most Hnear portion of gain curve. The most common detector noolinearity is of the 

second order and can be written as 

^ = I + 5 I ^  ( 3 1 )  

where I' is detected intensity, I is the incident intensity, and 5 is a normalized error 

in the detected intensity. Figure 4.3 shows recorded intensity versus the actual 

intensity. 



1.0~----------------

.;'14---+-1' = I (Unear) 
1----~--~----*---~ 

0. 0 __ .......___.........__........._ _ __, 

Detector Nonlinearity 

0 = -25°/o 

0.0 0.5 
Incident Intensity 

1.0 

Figure 4.3. Actual versus recorded intensity values for a 2nd-order 
detection nonlinearity in M-frame TPM. 
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Figure 4.4 shows the resulting error for simulating a 10% second-order detector 

nonlinearity, and Fig. 4.5. shows the P-V error for a range on nonlinearity amounts. 

Using the Carre or 3-frame techniques, an error at four times the fringes frequency 

will be obtained. The 4- and 5-frame techniques are insensitive to these errors. 

Larger errors are caused by third-order detector nonlinearities. For this 

error, the detected intensity has the form 

(32) 

This error also produces a periodic phase error of four times the fringe frequency and 

is especially noticeable when using the 3- and 4-frames techniques. Figure 4.6 

shows a 10% third-order detector nonlinearity; figure shows the corresponding P-V 

error for a range of errors. The magnitudes of the P-V phase errors for second-
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Figure 4.4. 10% 2nd-order detector nonlinearity forM-frame TPM. 
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Figure 4.5. Peak-to-valley 2nd-order nonlinear detector error for M-frame 
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and third-order detector nonlinearities from Fig. 4.5 and Fig. 4. 7 indicate that at 

least four frames are needed to minimize the influence of the detector 
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Figure 4.6. 10% 3rd-order detector nonlinearity in M-frame TPM. 
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Figure 4. 7. Peak-to-valley 3rd-order nonlinear detector error in M-fram.e 
TPM. 
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4.2. M-POINT SPM TECHNIQUES 

Because the M-point technique seems to be the most suited for simultaneous 

analysis of in- and out-of-plane displacements, it is worthwhile to analyze some 

additional error soxirces for this method, specifically unequally spaced fiiiges and dc 

intensity variation across the firinges. In addition to the eilgorithms that employ a 

90° phase shift, this discussion wiU examine another algorithm, one which employs 

a 120° phase shift. This second analysis serves to highlight the influence that the 

number of required fiinges across the interferogram has on the phase error. The 

computer simiilation was conducted in one dimension on 256 pixels. 

If a phase shift of ocsO", 120°, and 240° (0, 27c/3, 47i/3) is implemented, then 

the following 3-point algorithm is used: 

This technique is referred to as the 3-point (120°) technique. (Note that the phase 

shift will only be used in reference to this technique because all of the other 

algorithms assume 90° phase shifts.) 

4.2.1. PHASE SHIFT CALIBRATION ERROR 

Ideally in the M-point techniques the phase shift (phase difference) between 

adjacent pixels should equal 90° or 120° depending on the algorithm chosen. The 

implication here is that each firinge should cover 4 pixels (3 pixels for phase shift 

(33) 
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120°) if the ideal tilt is introduced. However, it is rather impossible to introduce such 

an exact tilt, and a change in wavefront tilt will cause a change in the phase shift 

between pixels. In other words, the introduction of a different fringe spacing is 

equivalent to the miscalibration of the phase shifter in the M-frame techniques. A 

fringe cross-section with ideal and miscalibrated phase shift between pixels is 

illustrated in Fig. 4.8 for the case a=90°. Note that if the fringes with ideal phase 

shift were replicated, an infinite sinusoidal signal would be obtained. 

CALIBRATED 

1/4 A. TILT 
MISCALIBRATION 

(12.5o/o) 

Figure 4.8. lllustration of ideal and miscalibrated phase shift between 
pixels. 

The difference between the ideal tilt (90° or 120°) and the actual tilt (tilt 

miscalibration) is observable in the retrieved phase. Generally, this residual tilt is 

subtracted from the analyzed phase data for better examination of the remaining 

error character. Two errors terms are observed which depend on the amount of 
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miscalibrated tilt. The first is a high-frequency error at twice the carrier fringe 

frequency (2 pixels per fringe -just at the edge of Nyquist frequency) for small tilt 

miscalibration, and the second is an envelope error function modulating at four 

times the phase error frequency (4 ripples for each fringe of error in the carrier 

frequency). For large tilt miscalibration the high-frequency error is at double the 

difference of the ideal and miscalibrated carrier fringes frequency. 
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Phase of Miscalibrated Tilt (Degrees) 

Figure 4.9. One wave tilt miscalibration (phase shift error) in M-point 
techniques. 

The character of the phase error is caused by the aliasing effect between the 

frequency of error changes and the Nyquist frequency of sampling. The frequency of 

error changes is twice the frequency of the sum of the carrier and the miscall bra tion 

fringes, and the frequency is equivalent to less than one pixel per fringe in 

algorithms with a 90° phase shift. Figure 4.9 shows the phase error for one wave of 
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additional tilt across the 256 points having 64 waves of tilt in the carrier frequency 

for 90° phase shift (85.3 waves of tilt in the carrier frequency for 120° degrees phase 

shift). The tilt has been removed from the retrieved phase. Because in the 3-point 

(120°) algorithm, twice the frequency of ideal fringes already exceeds the Nyquist 

(1.5 pixels per fringe) , frequency of phase error shows slower high frequency 

oscillation and the envelope function looks more complicated. 

en 0.10 Q) 

> ca 3-Point 
~ (120°) --0 

3-Point -- 0.05 UJ 
Cl) 4-Point Cl) 

ca 
.c 
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-20 -10 0 10 20 

MiscaJibrated Tilt Error (%) 

Figure 4.10. Peak-to-valley tilt miscalibration error in M-point techniques. 

Peak-to-Valley phase errors are presented in Fig. 4.10 for phase shift errors 

between adjacent pixels in the range -20% to +20%. The P-V error functions are the 

same as for the M-frame TPM methods (see previous section). The Carre (PV=O) 

and 5-frame methods are the least sensitive to a miscalibrated phase shift. The most 

sensitive to miscalibration error is the 3-point (120°) technique (and so would be for 



S-frame (120°) technique). This is mostly due the close proximity of sampling 

frequency to the Nyquist limit. When 90° phase shifts are used, the sampling 

frequency increases and the error decreases for the M-point techniques, thus the 

M-point techniques with 90° phase shifts are preferred. What this study shows is 

that whenever carrier frequency in the interferogram is not correct, there are 

sinusoidal errors of the type shown in Fig. 4.9 present in the calculated phase. This 

also has implications into the measurement Limits of this technique in terms of 

surface deviations. 

4.2.2. UNEQUALLY SPACED FRINGES 

When analyzing an interferogram with real wavefront encoded in it, the 

wavefront deviation from flatness (or other shape of reference wavefront) is 

measured. Thus, the typical fringes in an interferogram are not equally spaced, 

which means that in the real interferogram the phase from pixel to pixel, which 

corresponds to the varying phase shift from frame to frame in M-frame techniques, 

is not constant. The phase error due to unequally spaced fringes shares similar 

characteristics with the phase error due to the miscalibrated tilt, except that the 

error is not constant across the interferogram. The amoimt of error in any one 

calculated point depends upon the phase differences between the m pixels 

surrounding the point where the phase is calculated. 

To illustrate the effect of unequally spaced fringes on phase error, the 

interferogram with a quadratic wavefront of P-V value equal 5 waves at one edge, as 



89 

shown in Fig. 4.11 was simulated and then analyzed with computer aid. Figure 

4.11 also represents a phase shift error at each pixel for all of the algorithms. 
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Figure 4.11. Added wavefront· also quadratic phase shift error. 
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Figure 4.12. Phase shift between pixels due to added quadratic phase 
error. 
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For the 90° phase shift algorithms, the phase shift starts out at 90° at pixel number 

one and gradually increases to a value of about 104° when five fiiages of quadratic 

phase are added. The resulting phase error (Fig. 4.13.) has the four cycles per finnge 

that the Unear error showed for a small deviation from a properly calibrated tilt. 

The deviation of the wavefront from the ideal tilt causes the fringe spacing to vary 

causing, the frequency of the error to vary also. The effect of aliasing between the 

frequency of the sampling points and the changing frequency of the error oscillations 

is clearly visible in the envelope of the error function. The aliasiag effect is stronger 

in the 3-point (120°) technique because the frequency of the error oscillations are 

shifted further from the Nyquist frequency than in the M-point (90°) techniques. A 

magnified view of the phase error in the 4-point technique is shown in Fig. 4.14.. 
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Figure 4.13. Error due to five waves of added quadratic phase. 
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Figure 4.14. Enlargement of a portion of Figure 4.13 

The P-V errors for any point in an interferograni can be estimated from Fig. 4.10 by 

detennining the amount of locally miscalibrated tilt. The phase error due to the 

unequally spaced fringes is not constant over the whole interferogram and strongly 

depends on the local slopes of the measured wavefront. The absolute value of phase 

error increases with the slope value (Fig. 4. 13 ), however it's value relative to the P-

V value of the wavefront is still small. The smallest maximum value of the phase 

error is achieved if the calibrated tilt is added at the wavefront slope, to the avarage 

of all the slopes 

4.2.3. DETECTOR NONLINEARITY 

Detector nonlinearities also produce high-frequency errors ; however, the 

error oscillates at the frequency of the fringes, not at twice this frequency as for 
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small tilt miscalibration. Figure 4.15 shows the error functions for the 3-point 

technique with a 10% second-order detector nonlinearity. There is rio noticeable 
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Figure 4.15. 10% 2nd-order detector nonlinearity for 3-point SPM using 
sampling points with different initial phases. 

error for the 3-point (120°), 4-point, and 5-point techniques when the correct carrier-

fringe frequency is used; however, when tilt miscalibration is present, the detector 

nonlinearity generates an error in addition to the tilt miscalibration error (see 

section 4.2.3.1).The amplitude of the error depends upon the initial phase of the first 

sampling point. Figure 4.16 illustrates the magnitude of the phase error due to 

detector nonlinearity as a function of the initial phase for 10% detector nonlinearity 

using the 3-point and 3-point (120°) techniques. No error is seen for the 3-point 

technique (solid line) when the initial phase is 45° . Note that when the initial phase 

is oo, the error will be maximal, and when the fringes are unequally spaced, the 

detector nonlinearity error will be more prevalent. 
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An interesting case arises for the 3-point (120°) technique. This technique is 

insensitive to second-order detection nonlinearity when tilt is properly calibrated, 

but for a different reason. The 3-fi3nie (120°) technique is, in fact, sensitive to the 

second harmonics for both cahbrated and miscalibrated phase shift^^. The character 

of the phase error for one fringe (360° tilt in phase) in the interferogram and a 10% 

detection nonlinearity is depicted by the dashed line in Fig. 4.16. Three identical 

ripples in the phase error (every 120°) are noticed for this one intensity fringe. This 

indicates that the error has a constant value for each of the three samples. The 

constant phase oSset depends upon the initial phase and is of no consequence 

because the measurement is relative and the mean is subtracted out. This indicates 

the relative insensitivity of this technique to detection nonlineaiities. However, 

when the fringes are miscaHbrated or unequally spaced, this 2nd-order nonlinearity 

error does influence the phase error. 
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Figure 4.16. Relationship between initial phase and maximum phase error 
for both 3-point techniques. 
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The P-V phase errors for a range of second-order detection nonlinearities are 

presented in Fig. 4.17 for different initial phase values. There is no noticeable error 

for the 3-point (120°), 4-point, and 5-point techniques when the correct carrier-fiinge 

frequency is used; however, when tilt miscalibration is present, the detector 

nonlinearity generates an error in addition to the tilt miscalibration error. Since it is 

difficult to control the initial phase for the fringe sampling with real data, it is 

possible and likely that the maximum error will be obtained. This maximiim P-V 

error versus the amount of second-order nonlinear detection error with no tilt 

miscalibration is plotted in Fig. 4.18. The maximum error amplitude for the M-point 

techniques is equal to the eqiiivalent M-frame technique. 
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Figure 4.17. Peak-to-Valley 2nd-K>rder nonlinear detector error for 3-point 
using sampling points with different initial phases. 
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Figure 4.18. Maximum Peak- to-Valley 2nd-order nonlinear detector error. 

4.2.3.1. COMBINATION OF MISCALIBRATED TILT AND DETECTOR NONLINEARITY 

Because both errors introduce a high-frequency fringe error, the two errors 

will interact. Figure 4.19 represents the phase error for one wave of tilt 

miscalibration and 10% second-order detector nonlinearity for the 3-point technique. 

Similar results are seen for the other techniques; however, the P-V amplitude of the 

error depends on the technique. 
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Figure 4.19 10% 2nd-order detector nonlinearity and one wave tilt 
miscalibration for 3-point SPM. 

4.2.4 DC ESTENSITY VARIATION ACROSS FRINGES 

It is nearly impossible to have a uniform intensity distribution across an 

entire image plane when the laser source is used or tested element has varying 

reflectivity. Non-uniform intensity across the interferogram does not influence the 

phase calculations in M-frame technique. The point-to-point error source in M-point 

techniques corresponds to the dc intensity variation from frame-to-frame in M-

frame techniques. In M-frame techniques this error source can occur when for 

example dye molecules®^ are used for shifting the phase. 

All of the commonly used phase measurement algorithms assume that the dc 

intensity is the same for all of the samples used to calculate the phase. Because the 

M-point techniques uses adjacent pixels to determine phase, phase errors can occur 

if the dc intensity varies across the image plane. To illustrate this limitation, the 
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change in de intensity across the array is simulated as a Gaussian function, 

representing the Gaussian falloff in intensity for most laser beams. In order to 

exaggerate the error, the value of the de intensity at the edge of the array is set to 

fall off to 1 % of the center as shown in Fig. 4.20. 
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Figure 4.20. Gaussian de intensity variation across array. 

The phase error due to the de intensity variation is shown in Fig. 4.21. This 

error gets linearly larger from the center to the edge of the array and contains a 

high frequency error at the fringe frequency. All of the techniques are sensitive to 

this error. At the edges of the array, the error has a maximum P-V value of about 

0.03 waves for all of the techniques. The 3-point (120°) and Carre techniques are 
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Figure 4.21. Phase error due to gaussian de intensity variation. 

98 

somewhat better than the other techniques; however, they have a small residual 

added tilt. The phase error depends not only on slope of intensity envelope variation 

but also on the local de intensity. For Gaussian attenuation this error can be kept 

below 0.01 waves P-V by keeping the de intensity within a factor of two at the edges 

relative to the center. 
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4.3. FOURIER-TRANSFORM METHOD 

The FT method of fringe-pattern analysis is a global method. The phase at a 

single point can not be determined using this method. For this reason, error analysis 

becomes more com plex55,56. 

4.3.1. LEAKAGE ERROR 

The FT method assumes that the interferogram is a continuous function of 

infinite size. To obtain an infinite size function, the fringe pattern is assumed to be 

replicated an infinite number of times. When the slope is discontinuous across a 

boundary between two replicas of the original function (called fringe error, see Fig. 

4.22), then an error occurs in the retrieved phase. This error is known as leakage 

NO FRINGE ERROR 
I \ (\ 
. . .., 

. \ i \ \/ v 
50% FRINGE ERROR 

Figure 4.22. Definition of fringe error. 
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and appears whenever there is not an integral number of fringes or when they don't 

line up across the interferogram. 

The discontinuities in the infinite function widen the sidelobes in the function 

spectrum. When the sidelobe is filtered in order to calciilate the inverse Fourier 

transform, part of the information describing the function is lost (or leaks away) as 

shown in Fig. 4.23 , and the original phase function can not be reconstructed, 

especially at the discontinuities. An additional effect at the discontinuities which is 

seen in reconstructed function is the Gibbs phenomena^^. 

NO LEAKAGE LEAKAGE 

Filter Window 

Figure 4J23. Leakage of energy in spectrum domain. 

Leakage is the most common and difficult problem to solve when using 

FT technique. Since phase errors due to leakage are reduced by weighting 

the 

the 
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fiinge pattern intensities at the edges to reduce discontinmties (see for example 

references 57 and 58), the computer anadysis used in this study employs a Hamming 

window (HW=0.08+0.46(l-cos27tx/X) where x=0 to X=size of interferogram). The 

leakage problem in the FT technique can be considered as equivalent to the 

miscsdibration problem in the other methods. The error in the retrieved phase for 

an integral number of fringes in the interferogram will be zero since no leakage of 

energy occurs in the frequency domain. This case is equivalent to the M-point 

methods with ideal 90° phase shifts. Any fraction of a fringe added across the 

interferogram causes a leakage problem. The phase error for 0.1 fiinge added across 

an interferogram with 16 Singes (corresponding to a 10% fiinge error) is shown in 

Fig. 4.24. This error does not depend upon the number of fiinges in the 

interferogram; rather, it depends only on the fractional mismatch of the fringes at 

the edges. Figures 4.24 and Fig. 4.25 compare the leakage error for two different 

filter window sizes used to isolate a sidelobe in the frequency domain. The leakage 

error has a very high amplitude at the edges of the array in the phase domain. The 

points at the edges are misleading in defining the phase P-V. The inner portion of 

the phase domain contains a modulating error that has a low amplitude. It shoiild 

be noted that the leakage error also depends on the initial phase of the first pixel in 

the interferogram. The data used for this example had zero phase at the first pixel. 

When the original interferogram is not weighted using a fiinction such as the 

Hamming window, the leakage errors are much larger. 
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To avoid large errors at the edges when calculating P-V, a few pixels around 

the edges of the phase domain need to be masked. The P-V phase error for fringe 

errors of -50% to +50% is shown in Fig. 4.26. This figure also shows the variation 
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Figure 4.24. 10% fringe error, filter window=20 pixels. 
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Figure 4.25.10% fringe error, filter window=lO pixels. 
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in the P-V phase error for masking 0%, 5%, and 10% of the total number of pixels on 

each side of the array. The leakage error can be significantly reduced by masking at 

least 5% of the pixels. Figure 4.28 shows a two-dimensional phase error for an 

integer number of fringes within a circular aperture where fringes were not apodized 

with any window function. The large errors all around the the edges of the aperture 

are due to the abrupt discontinuity of fringes. The only area with almost no error is 

at the sides of aperture in x direction, where due to the replication process an 

infinite sinusoidal intensity signal is fanned. 

waves 

P-V= 1.00A 

Figure 4.28. Two dimensional phase error due to the circular aperture and 
integer number of stright fringes for FT method. 

Another trap for the uncareful user of the FT method is the size of the 

rectangular window (detennined in pixels) used to filter the sidelobe in frequency 

domain. Sometimes the size of the filter window has to be changed because the 
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number of frequencies in the fringe function changes the size of the sidelobe in the 

frequency domain. A small filter window (a few pixels) yields a smoother error 

function, which has a larger error at the edges requiring a larger number of pixels to 

be masked in the phase domain. A larger window gives higher frequency and lower 

amplitude error in the middle and a more narrow high amplitude error at the edge. 

In experimental mechanics the most interesting areas are very often those at 

the edges. For example, the edges of cracks or joints are important areas of 

investigation in this field, and because the FT technique yields large errors at these 

places, it is imsuitable as a technique for analyzing material and structure behavior. 

A few different ways to eliminate these error at the edges were attempted in order 

to support the FT technique, for example, Kujawinska and Spik^® tried to eliminate 

these errors through a simple firinge extrapolation, but this method did not remove 

the discontinuities completely. A rather elegant way to extrapolate fringes was 

presented by Roddier and Roddier®'; however, this method required multiple 

calciolations of the Foiuier Transform. 

4.3.2. DETECTOR NONUNEARITIES 

In the Fourier transform technique the problem of detector nonlinearities 

giving rise to harmonics in the frequency domain was first investigated by Nugent®^ 

The FT method is insensitive to these errors as long as the harmonics are separated 

from the sidelobe representing the basic fiinge frequency. A wide range of 
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frequencies in a fringe pattern can force a large filter window, and in this case some 

or all of the second-order (or even the third-order) harmonics may be included. When 

the filter window includes part of a harmonic term, the phase error modvilates with 

the fr-equency of firinges as is shown in Fig. 4.29. For any order of detector 

nonlinearity, the error due to the first harmonic (a second-order nonhnearity) 

dominates, and higher-order harmonics are not noticeable. The difference between 

the second-order nonlinearily and a third-order nonlinearity is in the P-V value of 

the sinusoidal error as shown in Fig.4.30. 

From the analysis of the techniques discussed above, it can be concluded that 

the M-point techniques are the most suitable for use in a modified grating 

interferometer; they employ simple algorithms requiring less calculation time, they 

use only a single interferogram, the phase error is fairly uniform over the whole area 

of the interferogram, and the accuracy has been judged sufficient for many 
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displacement analysis applications34• However, new algorithms that are less 

sensitive to these error sources would facilitate greater accuracy in the technique, 

accuracy needed in order to broaden the range of applications for which grating 

interferometry could be used. 

4.4. REAL INTERFEROGRAM MEASUREMENT 

Up to this point, this study has concentrated on computer simulations of 

errors to get an idea of the limitations of each measurement technique. Because the 

M-point technique was chosen as the most suitable for investigating object behavior 

with the grating interferometer, real data from this interferometer were analyzed 

using 4- and 5-point techniques. Specifically, a modified grating interferometer was 
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used to detennine out-of-plane displacements for the specimen described previously. 

Notice that the registered fringes shown in Fig. 4.31 are not exactly straight and 

that their widths vary indicating variations in de fringe intensity and fringe 

visibility across the image. Figures 4.32 and 4.33 show displacement maps with 

subtracted tilt for better visualization of errors, obtained using the 4- and 5-point 

algorithms. In both maps, oscillations owing to one or more of the fundamental 

errors outlined in this study are noticeable. The predominant error sources evident 

are unequally-spaced fringes, variations in de intensity and fringe visibility across 

the data set. The 5-point algorithm has much less error than the 4-point. The 

difference between these two calculations is shown in Fig. 4.34. An error at the 

fringe frequency dominates , showing a P-V value of 1.4 waves and an nns of 0.1 

waves. This example illustrates the limitations of this technique and shows the 

need for improved algorithms that are less sensitive to tilt miscalibration and 

detector nonlinearity. In the following chapters I take up this issue, deriving and 

analyzing new algorithms for theM-point technique. 

Figure 4.31. Fringes registered in modified grating interferometer. 
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Figure 4.32. Displacement map "USing the 4-point technique (P-V = 4.0 
waves). 
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Figure 4.33. Displacement map using the 5-point technique (P-V = 3.8 
waves). 
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Figure 4.34. Difference between maps 

4.5. SUMMARY 

A study of the limitations of the temporal and spatial phase-measurement 

techniques shows that sizable errors exist which must to be considered. Choosing a 

fringe-pattern analysis technique requires weighing the effects of the different errors 

to determine the best technique; each application needs to be considered separately. 

Equivalent errors in phase shift miscalibration in both M-frame and M-point 

techniques limit the applicability of the 3- and 4-point and the 3- and 4-frame 

techniques. The phase shift miscalibration does not result in significant problems 

when the Carre or 5-frame and 5-point techniques are used. however, the error in 

phase will be still noticable for large shift miscalibrations as it was shown in section 
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phase will be still noticable for large shift miscahbrations as it was shown in section 

2.1.2. When detector nonlinearities are present, the 3(120°)-. the 4- or 5-point, or 

the 4- or 5-frame techniques are much preferred. For variations in dc fi*inge 

intensity all the M-point techniques have the same sensitivity, except for the 3-point 

(120°) and Carre techniques which perform a bit better. Errors due to this effect can 

be minimized by keeping the intensity at the edges of the interferogram greater 

than 50% of that at the center. The real test of any of these algorithms comes when 

measuring real data. The example presented in this study clearly shows the 

limitations of the M-point technique and thus necessity of developement of new M-

point algortihms that would be less sensitive to main error sources: tilt 

miscahbration and intensity nonlinearities. 

The FT method requires a solution to the large errors found at the edges of 

the interferogram; these errors are not acceptable when determining displacements 

at the boundaries of the specimen. To reduce errors due to detector nonlinearities in 

the FT method, introducing higher frequency fringes would help separate the 

fundamental carrier frequency from the harmonics. 

Table 1 summarizes main features of each of the three automatic phase 

measvuing techniques. 
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M-frame M-point Fourier-transform 

Domain time space spectrum 

Speed slow- fast medium 

Accuracy high medium medium-high 

Events static static and time varying static and time varying 

Table 1. Comparison of phase measuring techniques. 
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5. NEW ERROR-REDUCING ALGORITHMS 

An extended technique for deriving error compensating algorithms patterned 

on the sequential appUcation of the averaging technique is proposed in this chapter. 

Two classes— a and 6- of error-compensatiag algorithms are derived, using the 

extended averaging technique. Class a is based on the 4-frame technique (Eq. (40)) 

and class b on the 3-frame technique (Eq. (43)). In each class algorithms requiring 

up to 6 frames are derived (grouped in section 5.3), but further extensions to 7 

frames, and so on, are possible. The derivation of the algorithms in these classes is 

delivered using the M-frame techniques for the algorithms, as already existing 

algorithms were derived for the M-frame technique. However, the algorithms can be 

used in M-point techniques also as discussed previously. Because the M-poiat 

technique was chosen for the analysis in the grating interferometer, a computer 

simulation was used for the analysis of all of the presented M-point algorithms in 

order to see the behavior of phase errors in both classes. Additionally, an 

investigation of the spectra of sampling functions and their relation to the phase 

errors is given, providing a clearer understanding of the algorithms construction. 

From my analysis I foimd that the new 5-point algorithm and two new 6-point 

algorithms have smaller phase errors due to phase-shifl miscalibration than any of 

the common 3-,4- or 5-point algorithms. The same conclusions can be applied to the 

M-frame techniques. The 6-point algorithm from class b was chosen as the most 

efficient algorithm for the analysis of iaterferograms from grating interferometer. 
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5.1. BACKGROUND OF AVERAGING TECHNIQUE 

The M-frame and M-point techniques are based on the synchronous 

detection method, which was introduced to optics from telecommunications 

discipline by Bruning63 • The sinusoidal signal is sampled and correlated with 

sinusoidal and cosinusoidal reference signals. In interferometry the sampled signal 

is intensity modulated in sinusoidal fashion by shifting the phase of the reference 

wavefront. The phase of the signal can then be calculated according to the equation: 

M 

Limsin[27t(m -1) I M] 

tan <p = - -~=-=== ...... 1------------- (34) 

L lm cos[27t(m -1) I M] 
m=l 

where Im=l(x,y){l+y(x,y)cos(<p(x,y)+21t(m-1)/M)} is the intensity distribution in the 

sampled mth frame, <p(x,y) is a measured wavefront (phase), y(x,y) is the fringe 

contrast, and 2n:/M- is a temporal phase shift. For four acquired frames the phase 

shift equals rr/2, simplifying the equation to 

tan <p = _ lz - 14 
13- II 

which is the algorithm for the conventional4-frame technique64• 

(35) 
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Other simple phase-shifting algorithms exist; however, they result in rather 

high phase errors62 (or see chapter 4). Some of those algorithms are based on 

analytical solutions65 and others on the least-squares technique66,67, which is a more 

general phase calculating method utilizing the synchronous detection technique. In 

an attempt to reduce phase error, families of error-compensating algorithms with 

M+1 samples over one full period of signal were developed68,69, the most common of 

these being the 5-frame algorithm43,44• While still requiring a relatively low number 

of grabbed frames, this algorithm produces the smallest error resulting from phase

shift miscalibration and shows the least sensitivity to detector nonlinearity. A 

different approach to derivation of error compensating algorithms, called the 

averaging technique, was proposed by Schwider46 in 1983. I discuss Schwider's work 

in detail in this chapter. My approach, the extended averaging technique, is an 

extension of his technique for deriving algorithms. 

A new error-compensating algorithm can be calculated from an existing 

algorithm if two sets of data with a rr/2 phase shift in the initial phase are taken. 

This process may require the acquisition of twice as many frames and result in a 

rather complicated algorithm. However, if the averaging technique is applied to 

algorithms which require a rr/2 phase shift between frames, then only one more 

frame is needed and a simple algorithm can be derived. Recently, Schwider et al. 70 

derived a new 4-frame error-compensating algorithm with a rr/2 phase shift which 

produced smaller errors than the conventional 4-frame technique. 
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The work in this chapter demonstrates that the averaging technique can be 

applied sequentially, yielding each time new algorithms with progressively smaller 

errors. A discussion of both classes of algorithms is provided, starting with a review 

of the basic algorithms (sections 5.2.1 and 5.2.2) and continuing to the discussion of 

the new 5- and 6-frame algorithms. The S-frsune algorithm from class a and 6-frame 

algorithms from class a and h are new; they are derived in sections 5.2.3 and 5.3. 

These new error-compensating algorithms are less sensitive to phase-shift 

miscalibration than any other existing algorithm, while still requiring a reasonably 

small number of collected frames. The M-frame algorithm's tolerance for phase-shift 

miscalibration is esjjecially important for measTirements of wavefronts in a 

converging beam where the phase shift at the center is different then at the edges of 

the beam^^'^'^^. Because the M-point (versus the M-frame) technique was chosen as 

a method of interferogram analysis, the effectiveness of the new algorithms is shown 

in section 5.4 by comparing the 5- and 6-poiQt algorithms with widely- used 4- and 

5-point algorithms for phase errors due to phase-shift miscalibration, second order 

detector nonlinearity and change in dc intensity. The error analysis, by being based 

on computer simulation rather than theoretical derivation of the residual error, 

allows a closer approximation to acttial conditions. 

The basic source of errors in phase-shifting interferometry is phase-shift 

miscahbration. The resxilting phase error is proportional to cos2(p and sin29 of the 

measured phase cp. This error has been well examined, in theory, through 

experimentation, and by computer simulation''®-®!®^. In M-frame techniques, this 
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t3T)e of error can be a problem because the Singes are usually nulled out in order to 

avoid errors due to the different traveling paths of the reference and measured 

wavefronts, and a phase error at twice the fringe frequency results in only a few 

phase ripples across retrieved phase. This phase error is difficult to remove by 

filtering, (for example by 3x3 pixel filtering) because its period is usually greater 

than the size of the filter window; thus this error becomes part of the measured 

wavefront. In order to reduce this error, two data sets with a Jt/2 initial phase shift 

are taken and the resulting two phase maps averaged"'*. Schwider proposed that 

instead of calculating the phase map twice and then averaging them, the two data 

sets can be merged together into a phase calculation of the following form"*^. 

tanq) =— (36) 
D1 + D2 

where Ni and D2 are the numerator and denominator of Eq.(34) for each set of data. 

This is called the averaging technique. 

5.2. EXTENDED AVERAGING TECHNIQUE 

The averaging technique, when applied to two sets of m fi*ames shifted by 71/2 

in the initial phase, does not completely eliminate the twice the fringe frequency 

phase error as it follows firom Schwider first-order approximation^, but it does 

significantly reduce this error. Note that in the discussion of the techniques for 
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deriving the algorithms I refer solely to the M-frame techniques, following from 

Schwider s work; the analysis of the algorithms is accomplished using the M-point 

techniques, stemming from my work with the grating interferometer. The 

magnitude of the error is the same for either phase-measuring technique; however, 

the character of the error differs between the two, as shown in the previous chapter. 

The error-compensating algorithm for 2M frames can be calculated, although 

the resulting algorithm may be complicated due to the amount of data required. 

However, acquisition and processing time can be reduced if the phase shift between 

frames equals 7i/2. In this case, only one additional frame is needed because the first 

data set overlaps with the second, resulting in a fairly simple M+1 frame algorithm. 

This procedure can be reapplied successively to two sets of M+1 frames, thereby 

obtaining an M+2 algorithm with an even smaller twice the fringe frequency error. 

By appljring the averaging technique twice ia sequential fashion to data with 7t/2 

phase shifts between frames, only M+2 frames are required instead of 3M frames. 

Additionally, the phase error is reduced with each application of the procedure. The 

sequential derivations of the new error-comi)ensati[ig algorithms may be 

represented in the following forms. For the M-frame algorithm 

tan(pM= —. (37) 
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This is the basic equation for successive adgorithms in this extended averaging 

technique. The M+1-frame algorithm according to the averaging technique can be 

written as 

—-ISS-F 

Applying the averaging technique again the M+2-fraine algorithm is obtained: 

N- +N" _ N1 + 2N2 + N3 
tancp N^.^.2 — —zr TIT ) (39) 

D* +D" DI-I-2D2 + D3 

where Ni.2,3 and Di.2.3 are the numerators and denominators for first, second and 

third runs of data sets, and of first and second M+1 data sets. The equations 

for a greater number of fi-ames follow fi-om this procedure. 

When calculating error-compensating algorithms, the choice of the basic 

equation is arbitrauy, but for the best results the equation with smallest number of 

frames and smallest phase error should be chosen. In this study the well-known 3-

and 4-frame algorithms with 7t/2 phase shift are chosen as basic equations. By 

applying this technique sequentially the algorithm for any number of frames can be 

derived. The degree of tolerance for phase error and the nvunber of frames collected 

depends on the user's requirements. Note that the signal does not have to be 

sampled over its period (as in most algorithms) but rather over the multiple of 7i/2. 
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5.2.1. 5A-FRAME ERROR-COMPENSATING ALGORITHM DERIVED FROM THE 4A-
FRAME ALGORITHM 

Schwider" employed his averaging technique to the conventional 4-firame 

technique for two data sets 

U-I3 

I2-U ̂  (40) 

_I2-I4 _ (41) 
I5-I3 Dg 

and derived a 5-fi:ame error-compensating algorithm by substituting Eq.(40) and 

Eq.(41) into Eq.(36). 

^ 2(12-14) 
tanffls: —. (42) 

I1+I5-2I3  

The effectiveness of this technique V'as been studied by several authors^-*^-®®-®® (also 

see chapter 4). In PTamiTiing the residual phase error due to linear phase-shift 

miscaHbration in this technique, Schwider^ used first-order approximations for 

sin(e) and co6(e), where e is phase-shift miscalibration, and found that the residual 

error is only a constant ofiset and of no interest in measurement. The 5-firame 

technique was revised and more fully analyzed by Hariharan*^. Also Surrel®® 

presented a more general approach for calculating the residual error for phase-
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shifting methods. Both authors used 2nd-order approximations for sine and cosine 

functions and found that the P-V residual error is proportional to the square of the 

linear phase-shift misccilibration and the dependence on phase is proportional to 

siii2(p. These resxilts agree with the computer simulated errors obtained in chapter 4 

and by Creath®^ The P-V errors in the 5-fi:ame technique are significantly smaller 

then in conventional 4-fi:ame technique; however, the double frequency character of 

the phase error remains. This error-compensating method has become very popular 

in phase measuring interferometric systems because of its tolerance for phase-shift 

miscalibration. This 4-frame algorithm is the basic equation for algorithms in class a 

and is called 4a-&ame algorithm. The popular 5-&ame algorithm will be called here 

the 5a-&ame. 

5^^. 4B-FRAME ERROR-COMPENSATING ALGORITHM DERIVED FROM THE SB-
FRAME ALGORITHM 

Recently Schwider et al.™ re-employed the averaging technique in deriving a 

4-fi:'ame error-compensating algorithm from the 3-fr^me technique with ic/2 phase 

steps between frames. This 3-fr^ime algorithm is the basic equation for algorithms in 

class h and will be refereed to as 3b-frame. For the first set of data the equation is 

- Ii 212 -13 _ ^ 
Ii -13 Di 

and for second data set with vll offset 
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I'-1' ,44) 
I2" 213 +14 Da 

As a result an algorithm for a new 4-fraine technique was derived. 

-I1 + 3I2-13-14 tan(p = , (45) 
I1-3I3 + I2+I4 

The simpler form of this algorithm is: 

tan(<p + -) = . (46) 
4 II -12 -13 +14 

The experimental results presented in Schwider's paper show that this algorithm 

yielded smaller errors than the conventional 4-&ame technique. In calculating the 

residual phase error due to phase-shift miscaHbration the authors again used only 

first order approximations, which resulted in a constant ofiEset in phase. 

5.2.3. NEW SB-FRAME ERROR-COMPENSATING ALGORITHM DERIVED FROM 
THE 4B-FRAME ALGORITHM 

All of the developed error-compensating algorithms presented earlier in this 

chapter show much smaller errors than the algorithms they were derived from. 

Employing the extended averaging technique to the 4b-firame algorithm yields a new 
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5b-frame algorithm. The two equations for two sets of four frame data with initial 

7c/2 phase shift are in the form 

(47) 

This can be simplified to 

(48) 

' Ii 312 ~ I3 ~ I4 _ 
Ii" 313 +12 +14 D 

and 

I2 I3 • 314 +15 _ N2 
I2 " 313 +14 +15 D2 

Using Eqs. (47) and (48) in Eq. (36), the new algorithm is as follows: 

tancp = • (49) 
Ii + 212 - 613 + 214 +15 

\ _ 3l2~3l3-l4 + l5 

5.3. Two CLASSES OF ALGORITHMS 

Two basic equations, Eq. (40) and Eq. (43), have been chosen to derive the 

error-compensating algorithms using the ^tended averaging technique. I carried 

the derivations up to algorithms that employ six frames of collected data. These are 

grouped in Table 2. Algorithms in class a are based on the 3-frame technique; 

algorithms in class b are based on the 4-fi^mie technique. Each of the algorithms 
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is presented in two forms: the first for zero phase oSset in the reference signal, and 

the second with ofiset 7c/4. The issue of the phase oSset problem is explained in 

detail in the next chapter, but the bottom line is that essentially both forms result in 

the same errors firom the sources considered here because the resulting phase differs 

only by a constant oSset in the whole measured wavefront. The algorithms firom 

class a for M firames Eire referred to as Ma-firame algorithms and firom class b as Mb-

frame algorithms. These same algorithms are employed in spatial phase 

measurement techniques and are called Ma-point algorithms and Mb-point 

algorithms. 

5.4. ERROR COMPARISON OF MA- AND MB -POINT TECHNIQUES 
BASED ON COMPUTER SIMULATION 

This section compares the phase errors for the 4-, 5- and 6-point algorithms 

firom both classes, specifically examining linear phase-shift miscalibration, second 

order detector nonlinearily and variation in dc intensity. The phase errors and their 

P-V errors are presented in the form of plots. The analysis was done on computer 

gen^ated interferograms with 128 pixel resolution and eight-bit intensity 

resolution. 



126 
5.4.1. TILT (PHASE-SHIFT) MISCALIBRATION 

For the analysis of the characteristics of phase error, one interferogram with 

32 carrier fringes and one fringe of tilt miscalibration was generated. One fringe of 

tilt miscalibration corresponds to 4.5% phase-shift miscalibration. No noise was 

added for better observation of twice the frequency phase error. The results of phase 

errors are presented in Fig. 5.1 The basic 4a-point technique produces a large 
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Figure 5.1 One wave tilt miscalibration in Ma- and Mb-point techniques 
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phase- shift miscalibration error at double the fringe frequency. The phase error in 

the 4b- point and the 5a- point algorithm is much smaller and of the same value in 

both techniques. For the 5b-point and 6a-point algorithms the double fringe 

frequency error is even smaller but still noticeable. The 6b-point algorithm shows 

the smallest error; its value is insignificant for most of measurements. 

To show the differing sensitivities of each of the algorithms to phase-shift 

miscalibration, the P-V phase error versus the phase-shift error is diagrammed in 

Fig. 5.2. The P-V phase error plot shows that the 4b-point algorithm results in the 

same error as the 5a-point technique. From this same plot, moreover, it can be 
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observed that the 5b-point technique yields the same error as 6a-point technique 

requiring one less firame. Of all the techniques considered the 6b-point technique is 

the least sensitive to phase-shift errors. Unequally spaced fringes are a specific type 

of phase-shift miscalibration error source where the phase shift from point to point is 

not constant. Figure 5.3 represents the phase error due to the phase changing in a 

quadratic fashion fitim point to point, representing one wave of sphere (defocus) in 

the tested wavefront (see discussion in section 4.2.2). 

5.4.2. DETECTOR NONLINEARITY 

The algorithms of class a are not sensitive to 2nd-order nonlinearity when tilt 

is calibrated. The algorithms from class b have a periodic phase error dependence. 

g 0.025 

<— 4b-Point 
^— 5b-Point 0.013 

6b-Point 

4a-, 5a-, 
6a-Point 

0.000 
-20 -10 

2nd-Order Nonlinear Detection Error (% 

Figure 5.4. Peak-to-valley phase error versus percent of 2nd-order detector 
nonlinearity error. 
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The P-V phase error plot in Fig. 5.4 represents maximum error changes (detector 

nonlinearity is expressed in percent). The phase error due to 2nd-order detector 

nonlinearity for class b techniques exists; however, values are not very significant 

for most detectors. 

5.4.3. DC INTENSITY VARIATION ACROSS FRINGES 
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Figure 5.5. Phase error due to Gausian attenuation. 
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Similarly, as in section 4.4.4, phase error for the computer generated 

interferogram with calibrated tilt and Gausian attenuation was calcvilated and is 

presented in Fig. 5.5. For both classes phase error at the fiinge frequency exists 

with a linearly increasing amplitude of error. However, algorithms from class 6 are 

about 50% less sensitive than algorithms from class a. 

5.5. ERROR COMPARISON OF MA- AND MB -POINT TECHNIQUES 
BASED ON FOURIER ANALYSIS OF SAMPLING FUNCTIONS 

The sensitivity of algorithms to phase-shift miscalibration and detector 

nonlinearity can also be examined by looking at the spectrum of the sampling 

function 68,74,75^ However, to analyze algorithms in this way it is convenient to 

express the incoming and reference signals in different mathematical forms. The 

intensity signal at a given pixel can be written in the form 

I(t) = i[i+ Y cos(27n)t + (p)], (51) 

where v is the modulation frequency and t (note that t is now representing the 

spatial rather than the temporal phase shift) is a spatial phase-shift parameter. In 

the sjmchronous detection process the measured signal is correlated with the 

reference signal (Eq.(34)). The reference signals of frequency Vf and phase-shift 

parameter t, can be written in the form of functions; 
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= -sin(2jru^t) 

fjjCt) = cos(2m)^t) 
(52) 

where N stands for numerator and D for denominator. Ideally the frequencies of 

measured and reference signal should be equal (v=vf). If this is not the case, then 

phase-shift miscalibration occurs. 

For the conventional phase-stepping process, the functions &((t) and fb(t) are 

the equispaced samples which have sine and cosine weighting respectively (Eq.(34)) 

and can be called sampling functions. Generally, these samples can have additional 

weighting coefQcients and the sampling functions can be written as: 

where Om, Pm are the weighting coe£5cients of the mth discrete intensity sample, 5 is 

a delta function, and tm gives the sample position. For the chosen forms of the 4- and 

5-point techniques presented here, the sampling fimctions in the numerator and 

denominator are as follows: 

For the 4a-point algorithm: 

M 

fyCt) = -^am sin(27n)ft)8(t-TM), 
ni=l 

M (53) 

fn(t) =  ̂  Pn i  cos(27n) f t ) S ( t  - ) ,  

f N (t) = -5(t - y) - 5(t -^) + 5(t - set - ̂ ), 
4 4 4 4 

f D (t) = 5 (t - - 5 (t - —) - 5 (t - —) + 5 (t - — 
4 4 4 4 

(54) 
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For the 5a-point algorithm: 

fN(t) = -5(t-^)+5(t~), 
A A 

fo (t) = 5(t) / 2 -5(t - it)+5(t - 27C) / 2. 
For the 4b' point algorithm: 

(55) 

fN(t) = -5(t~)+5(t~), 
8 8 

fDtt) = 2 8(t-i)-S(t~)-5(t-% + 8(t~) 
4 4 4 4 

(56) 

For the 5b- point algorithm: 

fN( t )=g 

fD(t) = | 

ir '?7f 
5(t) - 48(t - —) + 46(t - —) - 5(t - 27c) 

2 2 

5(t) + 25(t - - 68(t - jc) + 28(t - —) + 5(t - 2ic) 
2 2 

(57) 

The maximal coefficients by delta functions were chosen to equal one. The graphic 

representations for chosen forms of all the techniques are presented in Fig. 5.6 and 

Fig. 5.7. 

As the number of sampling points increases, the weighting coefficients have 

their maximum value at the central sample and the values of the coefficients 

gradually fall off for the sxirroxinding samples. The importance of weighting 

coefficients has been discussed in a few papers®®-''*-''®-™, but the values of the 

weighting coefficients were never explicitly given. Recently de Groot derived 
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algorithms firom approximations of window functions; the basis of his derivations 

was image processing. I obtained fairly easily a set of weighting coefficients that 

significantly reduced error for the new 5- and 6-firame techniques using the extended 

averaging technique. In the next chapter I discuss the influence of the window 

function (weighting coefficients) on phase error in greater detail, since the shape of 

the window function can reduce errors quite significantly. 

In order to discuss the performance of algorithms, an examination of the 

firequency spectra of the sampling functions discxissed above must be considered. 

For the 4a- point algorithm: 

„ , . . ,7r -u . . ,3JC -u. , .371-0. FN (V) = -2ism(——) - 2isun.— ) exp(-i— ), 
4-Of 4 -Uf 4 Df 

^ / N r. /'t ^ o /37C . STC -D . FD ("U) = -2 cos( ) + 2 cos( ) exp(-I — ). 
4 \)f 4 -Uf 4 -Uf 

(58) 

For the 5a- point algorithm: 

FN(^) = -2isin(^—)exp(-i7t —), 
2 \)f -Uf 

FD(^) = -1 + C0S(7C—) 
Uf J 

exp(-i7c —). 
"Uf 

(59) 

For the 4b- point algorithm: 

FD(^) = 

„. .  -u .  . .  Stc u .  -2ism(--—) exp(-i — ), 
4-Uf 4 -Uf 

.37t -o , ^ si / • , cos( ) + cos( ) exp(-i ). 
4 Uf 4 \)f J 4 "Uf 

(60) 
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For the 5b- point algorithm: 

FN(v) = - | i  4 sin(-^—) - sin(7r —) 
2 \)f \)f 

exp(-ijr —), 
•Uf 

FD(^) = - -6 + 4 cos(——) + 2 cos(jc ~) 
2 Df "Of _ 

(61) 

exp(-i7c —). 
Uf 

The focus is on both the first and second harmonics of the spectrum, the first 

because it contains information about the tolerance to the tilt (phase-shift) 

miscalibration, and the second because it represents the algorithm's sensitivity to 

2nd-order detector nonlinearity. At the first harmonic (normalized firequency equal 

one) and nearby fi"equencies the gradients of the spectrum functions are important, 

for gradients of Fs and FD at the first harmonic describe the algorithm's sensitivity 

to phase-shift miscalibration. Figure 5.8 shows a graphic representation of 

amplitudes of FN and FD for sampling functions firom Fig. 5.6 and Fig. 5.7. For the 

4a-fi:ame algorithm the gradients at the first harmonic have different signs resulting 

in high phase error. For both classes, as the number of sampling points increases, 

the gradients around the first harmonic come into better alignment, thereby 

reducing the error due to phase-shift miscalibration. 

At the second order harmonic, the values of both si)ectra are important. If 

both spectra F.v and FD have a zero value at the same time at the second harmonic 

(normalized fi-equency equal to two), the algorithm is insensitive to 2nd-order 

nonlinearity or any other measurement nonlinearity which results in the second 
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harmonic in the ftinge pattern. All the algorithms from class a show such 

insensitivity. Algorithms from class b are sensitive to 2nd-order detector 

nonhnearity, but this sensitivity decreases with the increasing number of sampled 

points in measured signal. 

5.6. SUMMARY 

The 5a-frame and the 6a and 6b-frame error compensating algorithms are 

new to the field. I analyzed the sensitivity of the 4-, 5- and 6-frame algorithms to 

phase-shift miscalibration and detector nonlinearity. The new 5- and 6-frame 

techniques were shown to be the more tolerant to phase-shift niscahbration error 

than any other techniques considered. The algorithms from class a are not sensitive 

to 2nd-order detector nonlinearity when tilt is properly calibrated and fringes are 

equally spaced. The algorithms from class b show some sensitivity to 2nd-order 

detector nonlinearity, but the vEilues of the error are rather insignificant for most 

detectors. The phase error due to phase-shift miscalibration is smaller for algorithms 

firom class b than from class a with the same number of sampling (frames) points. 

Further development of this sequence of algorithms generates new algorithms that 

yield smaller and smaller phase errors. However, because fast analysis of data is a 

priority, a small number of sampling points (grabbed frames) is more practical. The 

6a-point/frame technique combines the advantage of high tolerance for phase-shift 

miscalibration with a reasonably short process time and no sensitivity to 2nd- order 

detector nonlinearity. For these reasons I chose it as the algorithm for use in the 
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modified grating interferometric setup that employed single interferogram analysis, 

as discussed in chapter 2. 
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6. WINDOW FUNCTION INFLUENCE ON PHASE ERROR IN 

PHASE-SMFTING ALGORITHMS 

This chapter presents five different, 8-point phase-shifting algorithms, each 

with a different window function. The number of points was chosen at eight rather 

then six (six-points was suggested previously to be suflBdnent for displacement 

measTirements) so that the different shapes of the window functions could be clearly 

visible. The window function plays a crucial role in determining phase (wavefiront) 

because it significantly influences phase error. A simple, 8-point algorithm that 

employs a rectangular window function is first presented and then alternate 

algorithms with triangular and bell-shaped window functions are given. The 

alternate algorithms were derived fitjm a new, error-reducing, multiple-averaging 

technique. The algorithms with simple (rectangular and triangular) window 

functions show a large phase error while the algorithms with beU-shaped window 

functions are considerably less sensitive to different phase error sources. In this way 

it can be seen that the shape of the window function significantly influences phase 

error. 

6.1 BACKGROUND OF ALGORITHM'S RELATIONSHIP TO THE SHAPE 

OF THE WINDOW FUNCTION 

The choice of algorithm used to calculate the phase greatly affects the kinds 

and magnitudes of the different error values and even the error characteristics (see, 
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for example chapter 3 and 4). Not only is the nximber of algorithms &om which to 

choose fairly large but the nximber of techniques used to derive these algorithms is 

also extensive. At first, when phase-shifidng techniques were gaining currency, 

single algorithms were reported for a particular interferometric application; only 

later were whole techniques described for the derivation of specific algorithms. 

Today, most algorithms assume a constant and known phase shift; there do exist 

techniques to derive algorithms for a non-constant but known phase shift or a 

constant but unknown phase shift, but these are not discussed here. Some popular, 

early techniques used the least squares fit to a sinusoidal function proposed by 

Morgan®''. Greivenkamp®® presented more general technique based on the least 

square fit, not necessarily deriving new algorithms but bringing together many 

existing methods. Womack'® transferred a temporal technique to spatial 

interferometry, emphasizing the importance of the window fiinction that the 

intensity is multipUed by. Larkin and Oreb®® presented a technique for designing 

symmetrical algorithms based on a Fourier description of phase-shifting 

interferometry that was first presented by Freischlad and KoKopouIos^®. This very 

elegant technique enables the derivation of algorithms that suppress a specific 

harmonic of the measured signal. Surrel®® contributed a technique based on 

averaging the first and last interferogram in order to reduce phase error. 

The averaging technique introduced by Schwider*® was the basis for my work 

on the extended averaging technique discussed in the previous chapter (see also 

reference 77). The importance of the window fiinction in reducing phase error was 

generally agreed upon by meiny of these authors, and the extended averaging 
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technique was used to explicitly derive the window function values (see chapter 5, 

and reference 77). de Groot's recent work™ derived new algorithms through integer 

approximation to the analjrtical windows function used in signal processing; his 

algorithms could be very insensitive to error sources. This chapter emphasizes the 

importance of the window function in phase-shifting interferometiy by presenting 

and analyzing a few algorithms with different window ftmctions but using a 

constant number of samples, thereby confirming the influence of window function on 

phase error. 

To illustrate the influence of window function on phase error, 8-point 

algorithms with different window functions and a 7C/'2 phase shift were chosen. The 

8-point algorithms show (more so than algorithms with less intensity samples) the 

influence that window function shape has on phase error. The five separate 

algorithms that were constructed are characterized by their window flmctions, 

which are rectangular, triangular, or bell-shaped. The triangular and bell-shaped 

functions were derived based on a new, error-reducing, multiple averaging technique 

that is closely related to the averaging®® and extended averaging techniques 

discussed in the last chapter. The mrdtiple averaging technique will be presented in 

section 6.2. Following that in section 6.3 are presented two equivalent sets of five 8-

point algorithms, and in section 6.4 influence of the shapes of the window functions 

on phase error is disciissed. Finally, section 6.5 contains an analysis of phase error 

based on both computer simulation and real data. Not only does the number of 

samples determine how efl5cient sin algorithm is but the choice of the window 

function also must be considered when selecting an appropriate error-reducing 
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algorithm. The algorithm with a rectangular window function is the most sensitive 

to phase-shift miscalibration error while the algorithms with bell-shaped window 

functions most effectively reduce the effects of phase-shift miscalibration. 

The general algorithm for calculating the phase (p(x) of measxired signal I(x) 

in the spatial, M-point techniques can be represented as^® 

^I„(x„)sin 
ffi^l 

1 
1 

<x> + e 

• 
1 

h(x„) 

Xlm(X„)COS 
m=X 

1 
1 

CD + a 

1 
1 

Wx^) 
(62) 

The measiured signal I(x) in each set of M pixels, is multiplied by the reference 

signal (sine and cosine respectively) and the window function, which is designated as 

h(x). The combination of the reference signal and window function is the sampling 

fimction ( called also a filter fimction). M designates the number of measured 

intensity samples (either points or frames), M is the sample number; 27c/K is the 

assumed phase shift between samples (also the sampling period) where K is an 

integer and 0 is the initial phase of the reference signal. Note that this algorithm is 

similar to the algorithm in the first equation &T>m the fi^m previous chapter, which 

is the general algorithm for the temporal, M-frame techniques. Additionally, Eq. (62) 

given above contains the window function h(x). Note that this window function could 

also be written as the weighting coefficients, which are the values of the window 

functions at the sampling points (see Eq. (53) of the previous chapter). However, in 

this chapter this form of the equation (with h(x)) was chosen because this chapter 

uses a different Fourier approach to the analysis of algorithms and their errors. 
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6.2 MULTIPLE AVERAGING TECHNIQUE 

The multiple averaging technique is similar to the averaging or extended 

averaging techniques; however, in the multiple averaging technique the algorithms 

are derived from averaging not two, as in two other techniques, but three (or more) 

algorithms for data sets shifted by TC/2. For example, the M+2-point algorithm can be 

derived by averaging three, M-point algorithms, while a different M+2-point 

algorithm can be obtained from the same, M-point algorithm but by applying the 

extended averaging technique twice. The new algorithm in each of the three 

techniques can be described either in terms of the algorithms from which the new 

algorithm was derived or in terms of the numerators and denominators of the 

algorithms from which the new one was derived. 

averaging technique: 

Ui + U2 
(63) 

extended averaging technique: 

(M + 2)9 =(M+1)9+(M+1), NI+2N2+N3 
Dj + 2D2 + D3 

(64) 

(M + 3)e =(M + 2)e+(M + 2)9 ,„,2=^ 
Ni+3N.,+3N3 + D, 
Dj + 3D2 + 3D3 + D4 

(65) 
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multiple averaging technique: 

(M+2)% =M8+M9+Me. ^Ni+Nz+Ng 
D 1 + D 2  +  D 3  

(66) 

(M + 3) *0 = Me + => Ni+Nz+Na+N, 
Di + D2 + D3 +D4 

(67) 

M and M+1 (and so on) designate the algorithm with this same number of samples 

in each data set. 0 and 9+n/2 (and so on) designate the initial phase of the reference 

signal used in the algorithm. Indices 1,2, 3,4 subscripted below the nimierators and 

denominators represent the first, second, third and forth sets of data. The relation 

between the three techniques, the averaging, the extended averaging and the 

multiple averaging, is shown in Fig. 6.1 below. 

(M+l)e=Me+M0+]t/2 

AVERAGING TECHNIQUE 

(M+l)e + (M+l)e+rc'2 M0 + M0+3J/2 + M0+;t 

(M+2)e + (M+2)0+,i/2 Me + Me+n/2 + Me+jc + M0+3it/2 

EXTENDED AVERAGING MULTIPLE AVERAGING 

Figure 6.1. Relation among the three averaging techniques. 
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The extended-averaging technique results in algorithms that are less 

sensitive to phase-shift miscalibration than the multiple-averaging technique, a fact 

demonstrated in next sections. However, for my goal here it is enough that the 

multiple averaging technique enables the derivation of the 8-point algorithms with 

characteristic window functions for the purpose of studying the effects of the shape 

of window functions on the phase error. 

8-POINT ALGORITHMS 

The first example of the 8-point algorithm employs simply a rectangular 

window function of value one, as most of the common algorithms (for example, 3-, 4-

point) do. The phase shift between pixels is assumed to be it /2, and initial phase 7i/4. 

Using the general synchronous detection algorithm given by Eq. (62) where M=8, we 

obtain the 8-point algorithm given in Eq. (68), which wiU be referred to as the 8-

RECT algorithm. 

8-RECT= I4+I5+I6 I7 Ig (gg) 
I,-I.,-l3-hI,+l5-Ie-I,-hl8 

If the M-point technique is used, the indices refer to the number of consecutive 

pixels in each set of eight pixels. This eilgorithm has no real application because 

there are many other algorithms which require a smaller number of intensity 

samples and yield better results (for example, the Schwider-Hariharan 5-point 

algorithm This window function shape is shown as a point of reference for the 
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other window function choices. All the rest of the algorithms were derived based on 

the multiple averaging technique described briefly in the previous section. 

The next two examples of algorithms employ triangular window functions. 

The first algorithm, the 8-TRI4 algorithm given in Eq. (69) is the sum of five 4a-

point algorithms (see second column in Table 1 in the previous chapter), with a 

shifted initial phase. The second, the 8-TRI5 algorithm given in Eq. (70), is the a 

sum of four 5a-point algorithms (see second column ra Table 1 in the previoiis 

chapter) with a shifted initial phase. 

(4B/4+43n'4+45j/4+47)o'4+49«/4)=» 

o mpj^ _ +2I2 -3I3 -4I4 +4I5+316 -2I7 -Ig 
- 1. -21, -3I3 +41, +41, -31, -21, +I3 • 

(5fl/4+5afl/4+557i/4+57n/4)=^ 

8-TRI5 =: +3I2 -5I3 -7I4 +7I5 +516 -3I7 - Is (03) 
I, -3I2 -5I3 +7I4 +7I5 -SIg -3I7 + I8 ' 

The window functions resiilt in the following values at the sampUng points, 

[1,2,3,4,4,3,2,1] and [1,3,5,7,7,5,3,1] respectively for each algorithm. The values 

(also called the weighting coefficients) at the sampling points of these and other 

window functions presented in this chapter are shown in Fig.6.2. 

The two algorithms given below have bell-shaped window functions; the 8-

BELL6 algorithm, shown in Eq. (71), was obtained by summing three shifted 
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Figure 6.2. Window functions shapes. 

windows for the 6a-poiiit algorithm (see second column of Table 2, in the previous 

chapter), and the 8-BELL7 algorithm, shown in Eq. (72), was constructed by 

stunming two shifted window functions for 7a-point algorithms derived using 

extended averaging technique. 

( 6fl/4+63n/4+65w'4)= 

8 - B E L L 6  -  ̂1  ~ 8 ^ 3  ~  1 ^ 4  +  - 4 I 7  - I g  .  

I, -4I2 -8I3 + IU4 -f IU5 -Big -4I7 -fig ' 
(69) 

(7r</*+7w)= 

8 — B E L L 7  =  ̂ i " ^ 5 l 2  I I I 3  —  I 5 I 4 - f - 1 5 I 5  +  l U e - S l y  —  I g  

Ii -5I2 - IU3 -H I5I4 I5I5 -  lUg -5I7 -His ' 
(70) 
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The window-functions values equal [1,4,8,11,11,8,4,1] and [1,5,11,15,15,11,5,1] 

respectively and are represented in Fig. 6.2. Worth noticing is the fact that the 8-

BELL7 algorithm, Eq. (72), belongs to the group of algorithms derived from the 4a-

point algorithm using the extended averaging technique. Further application of this 

technique would yield algorithms of higher number samples, i.e. 9-and 10- (and so 

on) point algorithms. 

It is certainly possible to derive other 8-point silgorithms in a similar way by 

using a different base algorithm i.e. 4b-point in Eq. (45): The 8-point algorithms 

described by Eqs. (68)-(72) can be constructed in a much shorter form, giving exactly 

the same phase results and saving a bit of computational time if they are derived 

from the 4a-point algorithm with initial phase of 0 (see first column in Table 2) 

instead of from the 4a-point algorithm with initial phase of 7c/4 (see second column in 

Table 2). 

The only difference between these shorter algorithms and the ones we 

presented above is in the initial phase of the reference sine and cosine signals. The 

following short explanation of the difference between algorithms with different 

initial phases is also an. explanation promised in previous chapter. If the initial 

phase in the reference signals is n /4, then at each sampling point the cosine and 

sine reference functions take an absolute value of V2/2, (which is not visible in the 

algorithms because it cancels out in the numerator and denominator). If an initial 

phase of zero is chosen, then every other intensity sample coefficient vanishes 

because at these points the sine or cosine equals zero. The different initial phase in 
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the reference signals results only in different form of algorithms and different 

ofifeets in calculated phase but the error character stays the same. 

Figure 6.3 presents the reference signals of the initial phase of 0 and n/4, 

clearly marking their values at the sampling points. Even though it appears that 

every other value of the window functions vanishes for the reference signals with 

initial phase equalling zero, the window function for both the shorter form and the 

longer one presented above sure exactly the same (see Fig. 6.3). 

a) initial phase=0 

sin(x) 

1 2 3 4 5 6 7 8 

cos(x) 

1 2 3 4 5 6 7 8 

b) initial phase = %IA 

sin(x+7c/4) ^ 

1/V2 

-1/V2 P\A7 
1 2 3 4 5 6 7 8 

COS(X+71/4) ^ 
1/V2 

-1/V2 
1 2 3 4 5 6 7 8 

Figure 6.3. Values of the reference signals, (designated by circles), at 
the sampling points for reference signal with initial phase equal a) 0 
and b) n/i. The correponding sample numbers are given below each 
reference signal. 
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The longer versions of the algorithms were constructed simply to show in the 

clearest way the shape of the window functions. What follows below are these 

shorter forms of the 8-point algorithms. 

8-RECT'=^^ (71) 
I1-I3+I5-I7 

(4o+4fl^2+4„+43B/2+4o): 

8-TRI4'=f^ o!^ ' 
I I  ~ 3 l 3  + 4 I 5  —  2 I 7  

(5o+5n/2+5,+53s/2): 

o rppTiri _ 3I2 -7I4 +516 Ig , c-yqx 

(6o+6,o^+6s)= 

8-BELL6'=^^^ m4+8l6 Is 
I,-8I3 + 1U5-4I/ 

(74) 

(7o+7^)= 

8-BELL7'=-^ 15L+llIfi I 8 . 

Il-lU3 + 15l5-5l7 ' 
(75) 

The 8-BELL7' algorithm was derived in the same way as the algorithm in Eq.(72), 

namely from averaging two 7a-poLat algorithms, but with initial am phase of 0. This 

7-point aigoritiun was also presented by de Groot and Deck"". The window function 

in 8-BELL7 algorithms (Eq. (72) and (77)) is an approximation to the Hanning 
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window (HW=0.5(l-cos27a:/3^for x=0 to X-size of the aperture) as it was shown by de 

Groot'®. 

6.4 WINDOW FUNCTIONS 

From a mathematical point of view, the convolution in the space domain of 

the measured quasi-sinusoidal signal with the reference sine and cosine signals can 

be thought of as using the Fourier techniques. Both the M-point and the FT 

techniques usually require only one fiinge pattern with carrier frequency fringes 

introduced; however, the M-point technique operates in the space domain while the 

FT works in the spectrum domain of the fringe pattern. In both techniques the 

fringe pattern is not an unlimited quasi-sinusoidal signal; the tnmcation of the 

signal results in the convolution of the xmlimited signal spectrum with the 

truncating function spectrum. The truncating function is referred to as the window-

function in this article. This convolution widens the spectrum of sinusoidal signals 

and may introduce additional high frequency components ("leakage problem" which 

was discussed in section 4.3.1). 

The Fourier transform technique uses a wide window function that is Hmited 

only by the size of the CCD array or the aperture of the fringe pattern (see Fig. 6.4 ). 

In contrast, the M-point technique uses a window function equivalent in width to a 

few pixels, or specifically in this case to 8-pixels. As the width of the rectangular 

window function increases, its spectrum narrows and the measured signal spectrum 

is represented more accurately. Therefore, the Fourier transform technique may 
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result in a higher level of accuracy 48,52,55 (see also chapter 4) than the M-point 

technique but only in the center of the interferogram. 

wn-point 

-
::.
0::. ::0::. :.··0 ,:. ,.·:0::. ::A:,. ::·.0::.::·A==. :=r , ~00000000 .. ..... ......... !\!Ii\!\!\ !'.'.: 

\.I u \/ \.} \) \I \I \J J \.J u u \) \/ \ ! \ j 

Figure 6.4. Intensity signal truncated by the rectangular window 
functions in FFT and inn-point techniques. 

Since the phase error depends on the characteristics of the window function 

spectrum, the common technique is to introduce the appodization in a window 

function. The cos4, Hamming or Hanning apodizations are the most popular in the 

Fourier transform technique57,58 • They significantly change the shape of the window 

function and their spectrum has a relatively narrow major lobe and low side lobes. 

Similar apodizations of the window function should certainly reduce the errors in the 

M-point technique. Because it is known that a larger number of intensity samples 

very often results in a smaller phase error, the specific influence of the window 

function must be isolated as the only factor in reducing the phase error. The work of 

this chapter is to document the importance of the shape of the window function by 

keeping the number of samples constant and simply changing the window function. 
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Hiis section examines the Fourier spectrum in a slightly different way than 

section 5.5. Instead of analyzing the spectrum of sampling fimctions of algorithms, 

the analysis of window fimctions is presented to show that the algorithms can be 

looked at with a different perspective. The reason for the change in perspective is 

that even looking at the analysis fixim a different point of view, we can draw similar 

conclusions. 

The measured sinusoidal signals are truncated, the first by the rectangular 

window function (8-RECT) and the second by the Hanning window function (8-

BELL7). Signals are sampled at eight points with spatial spacing s. Two fiill periods 

of the sinusoidal signal are enclosed within the window function giving an exact re/2 

change in phase from point to point as assumed by the algorithms. The Fourier 

spectra of those two modified signals, shown in Fig. 6.5 , result in the convolution of 

the window function spectra with two delta functions at the frequency of the input 

sinusoidal signal. Due to the discrete sampling of the input signal the spectrum is 

also calculated at discrete points designated as dots. When the ideal phase change 

7c/2 between pixels is introduced, the spectrum consists of a single pair of delta 

functions at the frequency of the input signal (because all the rest of the values at 

the discrete points of the sx)ectrum are at the zeros of the window function spectra). 

Thus, a discrete spectrum perfectly represents an unlimited input signal spectrum. 

However, when the phase change between pixels is something other than rc/2, the 

frequency of the measured signal changes and no longer are there two full cycles of 

the signal within a window. In the spectrum domain, the two lobes (one m the 
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\ 

\ FFT(8-BELL7) 

'. / FFT(8-RECT) 

'/ 

3s/8 4s/8= F~ 

Figure 6.5. Fourier spectra of signals multiplied by the 8-RECT and 
8-BELL7 window functions, shown only for a positive frequencies up 
to the Nyquist frequency. signals sampling spacing is s, the period of 
the measured sinusoidal signal equals 4s, the width of the window 
equals 8s. Dots represent sampling points in each spectrum. 

positive and the other in the negative frequency domain) are shifted with respect to 

the discrete points of the spectrum domain, thereby introducing some higher order 

harmonics to the main harmonic of the signal. The spectrum of the Hanning window 

has sm aller side lobes than the spectrum of the rectangular window function; thus, 

the· magnitude of unwanted higher order harmonics will be smaller. The small side 

lobes in the spectrum are more important than its narrow main lobe because a 
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continuously changing phase from point to point, which is inherent to the M-poiat 

technique, will always introduce higher harmonics. 

The next section analyzes the sensitivity of the 8-point algorithms to phase-

shift miscalibration using computer simulation, showing that algorithms with beU-

Uke window functions, are the least sensitive to phase-shift miscalibration. 

PHASE ERRORS 

Figure 6.6 presents a diagram of the P-V error due to Hnear phase-shift 

miscalibration. The 8-RECT algorithm is really the soim of two 4-poiat shifted in. 

phase by 27t; thus, it results in the same phase error values as the common 4-point 

algorithm for linear phase-shift miscahbration. Those errors are very large when, 

compared with any 8-point algorithm with a beU-shaped window function. The 8-

BELL6 and 8-BELL7 algorithms are all less sensitive to phase-shift miscalibration 

than any new error-reducing 5- or 6-pcint algorithm described in the last chapter. 

The 8-BELL7 algorithm, derived from the extended-averaging technique, is the least 

sensitive of all of the 8 point algorithms, indicating that the extended averaging 

technique is a better way to derive error-reducing algorithms than a multiple 

averaging technique. For a phase-shift miscalibration of 20 percent, the P-V phase 

error equals only 0.00003 of the wavelength when using 8-BELL7 algorithm as 

shown in Fig. 6.6. An error of this smeill scale is hardly comparable to the magnitude 

of the phase error due to the noise encoded ui the fringe pattern. Figure 6.7 

represents the phase errors for the three least sensitive 8-point algorithms. The 
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errors are due to a phase-shift miscalibratioii of 6.25%, which is equivalent to 2 

fringes tilt miscalibration per 128 pixels. 
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Figure 6.6. P-V phase error versus percent of phase shift 
miscalibration. 

Figure 6.8 shows the phase retrieved from the real data interferogram, nsing 

8-RECT and 8-BELL7 algorithms. The algorithm with the rectangular window 

function produces a phase with clearly noticeable ripples due to a phase-shift 

miscalibration. while in the phase produced by the algorithm with the bell-like 
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Figure 6.7. Phase errors for three 8-point algorithms due to 6.25% 
phase-shift miscalibration (2 fringes of tilt miscalibration). 

window function the ripples are not noticeable as they blend in with the errors due 

to some kind of noise in the Interferogram. Further, the influence of the noise is 

most significantly reduced in the 8-BELL7 algorithm because the spectrum of its 
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window has the smallest sidelobes of any of the 8-poiat algorithms presented here. 

It is important to note that when severe phase-shift miscaHbration occurs (due to 

any error source), the phase error may be so significant that the phase imwrapping 

procedure may fail if a poor error-reducing algorithm is used for phase calculation. 

8-RECT 
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8-BELL7 

" 1 0 <0 ' 
> o 
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0.0 
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pixels 

Figiire 6.8. Phase retrieved from real data using 8-RECT and 8-BELL7 
algorithms. 
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6.6 SUMMARY 

This chapter presented five 8-point algorithms that differ only in the shape of 

their window function. The ones which employ either a rectangular or a triangular 

window function result in large phase errors, while the algorithms with bell-shaped 

window functions are quite insensitive to phase-shift miscaHbration. The shape of 

the window function in the phase-shifting algorithms plays an important role in 

reducing phase error. The algorithm called 8-BELL7 shows the smallest sensitivity 

to different error sources. This algorithm was derived using the extended averaging 

technique^ indicating that this technique is an excellent method for constructing an 

error-compensating algorithm. The compensation for phase-shift miscalibration or 

other nonlinear errors covdd be done by first measttring the phase shift at each point 

and then introducing the measured phase shift rato an algorithm in an iterative 

way®^; however, this method seems to be quite time consuming. 
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7. FAST CALCULATION OF PHASE IN SPATIAL M-POINT 

This chapter presents modified algorithms for the M-point technique &om 

which the phase modulo 27C can be calculated in a much shorter time versus 

conventional algorithms and automatically subtract the carrier tilt. The algorithms 

are based on spatial synchronous detection techniques (recall that Womack brought 

these techniques to optics, see reference 78). The algorithms are termed "low pass" 

and are placed in opposition to the conventional "high-pass" algorithms in the M-

point technique. 

7.1 CONVENTIONAL M-POINT TECHNIQUE 

As discussed in the preceding chapters, the different algorithms for the M-

point technique can be described by the general form: 

where N is the numerator and D the denominator of the algorithm. The general 

procediire described by Eq. (78) results in many modvdo 2it phase fringes because a 

Izirge carrier tilt is introduced in phase; a schematic of the M-point techniques is 

represented in Fig. 7.1. A phase unwrapping procedure could be employed to these 

phase fringes at this point but typically is not beca\ise very often there are less than 

PHASE-smrriNG TECHNIQUES 

(78) 
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foxir pixels per phase fringe, which in the presence of noise can lead to improper 2K 

phase jiunp removal and the failure of the unwrapping procedure. For this reason 

the carrier phase tilt is first removed iising Eq. (79) and the arctan function is 

calculated again to bring back the 27C phase jumps using Eq. (80) (see also Fig. 7.1a). 

The X and y are integer numbers designating coordinates of the current pixel 

in the CCD camera. After such a procedure, only a few well-separated modulo 2k 

phase firinges without carrier tilt are obtained and the unwrapping procedure runs 

smoothly. The tilt-subtracting procedure and the additional arctan function require 

time, and according to this study are not necessary. I propose to caloilate these few 

phaise fringes without carrier tilt in one step by using the modified algorithm 

designated in Fig. 7.1b with new numerator N* and denominator D', while the fiill 

form of algorithm is presented and investigated in next few sections. The advantage 

of the conventional technique is the ability to choose to subtract any tilt for optimal 

separation of modulo 2n phase fringes. 

(p'(x,y)=(p(x,y)-x|- (79) 

(80) 
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(p' '=arctan(sin((p ')/cos(<p')) 
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NO tilt 

a) 

LOW-PASS 
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0 X 

b) 

Figure 7.1. Schematic of M-point techniques, a) high pass, and b) low-pass. 
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7.2 HIGH- AND LOW-PASS SPATIAL SYNCHRONOUS DETECTION 
TECHNIQUE 

The M-point technique, with its conventional algorithms and the modified 

ones presented in this chapter, is really only a special case of the high- and low-pass 

spatial synchronous detection (SSD) techniques described by Womack'®. He detailed 

the high-pass and low-pass SSD techniques, calling them quadrature sinusoidal and 

quadrature moire techniques, respectively. The M-point technique, through 

reference and deference to the SSD techniques, are divided into high- and low-pass 

M-point techniques. The pioriwse of this chapter is to present a series of low-pass M-

point algorithms that reduce the processing time for modulo 2n phase calculation. 

First, a brief description of the SSD techniques are given, and then special cases of 

the 3- and 4-point algorithms and aU algorithms with n/2 phase shift between 

spatial points (pixels on a CCD camera) are examined. 

7.2.1 HIGH-PASS SSD TECHNIQUE 

The high-pass SSD technique involves a convolution of the measured quasi-

sinusoidal signal I(x) (the spatial intensity distribution with carrier fiinges, in our 

case along the x axis) with the filter fimction (earlier called the sampling function), 

which is a sine (and cosine) reference signal multiplied by the window function h(x). 

The reference signal has to have a fi-equency similar to that of the measured signal. 
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Figure 7.2. Schematic of spatial synchronous detection techniques, 
high-pass and b) low-pass. 



167 

The algorithm for the high-pass SSD technique and discrete sampUng is given in Eq. 

(81). 

j;i„(x„)sin 
m=l 

'2n ' 
h(x-x„) 

]£l„(x„)cos 
m=l 

'2% ' 
(81) 

According to this algorithm, each set of intensity samples is multiplied by 

exactly the same values of the filter fimction. As a result of this operation in the 

space domain, very closely spaced modulo 2:c phase firinges are obtained. In the 

firequency domain this operation corresponds to the filtering of the two sidelobes of 

the measured signal firequency spectrum (see Fig. 7.2a). A diflFerent spatial phase 

measuring technique, one which operates in the firequency domaia, is the Fourier 

transform technique. In this technique, so as to avoid a large number of modulo 2jr 

phase firinges, the first order of the measured signal is shifted towards the origin and 

the inverse Foiirier transform is taken. This significant reduction ia the number of 

modulo 2% phase firinges can be realized in the space domain using low-pass SSD, 

which are described in the following section. 

7.2.2 Low-pass SSD TECHNIQUE 

In the low-pass SSD technique the measured signal I(x) is multiplied by the 

sine (and cosine) reference signal and then convolved with the window function h(x) 
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as shown in Eq. (82). However, for each set of samples new filter function values 

must be calculated, which requires additional numerical operations. The filter 

function values here are the sine (or cosine) values multipUed by the values of the 

window function h(x) for each set of pixels. 

^I„(x„)sin 
in=l 

23t . 
h(x-x„) 

Xl„(x„)cos 
in=l 

'2K ,  '  
h(x-x„) 

(82) 

This space domain operation corresponds to shifting the two sidelobes towards the 

origin in the fii^uency domain, and in the resulting phase we obtain nicely 

separated modialo 2K phase fidnges (see Fig. 7.2b). 

The synchronous detection technique generally compares the phase of a 

measiired signal with the phase of a reference signal of similar frequencies. In the 

high-pass technique the phase for each set of measured signal samples is compared 

with the sinusoidal signal of the constant phase, while in the low-pass technique the 

phase for each consecutive set of samples is compared with the sinusoidal signal of 

the phase which changes linearly from set to set of samples. In these general SSD 

techniques a frequency for the reference signal should be chosen which is very close 

in frequency to the measured signal so as to avoid large phase errors. 
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7.3 HIGH-PASS AND LOW-PASS M-POINT TECHNIQUES 

The M-poiat techniques are simply a special case of SSD techniques. In the 

M-point techniques the initial phase, the frequency and the sampling period of the 

reference signal are chosen so that the values of the filter functions for each set of 

pixels are very simple. 

7.3.1 4-POINT TECHNIQUE 

The 4-point (4-frame) technique is very often given as a simple case of high-

pass SSD (temporal synchrono\is detection) technique (see chapters 5 and 6) . The 

initial phase of the reference signal is assumed to be zero, the samphng period 

(phase shift between samples) to be Ji/2, and the frequency with four samples per 

period. The window function is assumed to be rectangular, always containing four 

samples of measured signal. In case such as this the filter functions for high-pass 

and low-pass techniques take only values 0,1,-1 and their graphic representation by 

black dots is given in Fig. 7.3. 
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Figure 7.3. Filter function values for 4-point, low-pass technique. 

The high-pass 4-point technique is described by Eq. (83). The low-pass 4-

point technique is described Eqs. (83) - (86) given below; 

(P=9"x=x =a^ctan 
-I ^ Ail A5 

l i - l  
(83) 

3 y 

<p-^ = (p"x=xon = arctan l 3 - I i  
u - h )  

(84) 
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<P-JC=(p"x=x0+2 = arc (85) 

<P-Y = arctan (86) 

In the high-pass 4-point algorithm the same filter fimction values are used for each 

set of four pixels. In the low-pass technique the values change firom set to set giving 

only four diEferent sets of filter functions and are repeated for each four new sets of 

pixels. It can be seen that simple assumptions converted rather complicated 

algorithms, Eqs. (81-82), to simple ones, Eqs. (83-86) 

It should be noticed that the complexity of the low-pass algorithms is at least 

the same if not simpler than that of the high-pass algorithms (numerator and 

denominator in consequent algorithms are the same except for the signs). For the 

low-pass 4-point algorithm with id2 phase shift only these four equations need to be 

applied sequentially to each four sets of pixels. Further, we note that the additional 

tilt subtraction and arctan function are not needed and nicely separated phase 

Singes can be obtained. 
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7.3^ M-POINT TECHNIQUES WITH 7C/2 PHASE SHIFT 

In general, for any high-pass M-point technique a fairly simple low-pass 

technique exists. The most common M-point techniques, those with a n/2 phase 

shift, are a family of techniques firom which low-pass algorithms can be generated 

using a very simple rule. The family of these techniques is presented in Table 2. 

Notice that as in the 4-point low-pass algorithm only the numerators and 

denominators change places and signs according to the rules given in Eqs. (87) -

(90), resxilting in four simple equations. The position of"-" minus sign in Eq. (81) of 

the high-pass algorithm is important; if this minxis sign is incorporated into the 

numerator, then follows Eq. (87), and if the minus sign is not included, then Eq. (88) 

and Eq. (90) switch places. Indices of 9" were this time omitted. 

(87) 

(88) 

(89) 

(90) 
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This rule follows firom the sine and cosine functions character as they are shifted by 

jt/2 with respect to each other. However, for M-point algorithms with a phase shift 

other than 70^2, this rule does not apply and the number of equations in the low-pass 

algorithm is different. 

7.3.3 3-POINT TECHNIQUE WITH 2LC/3 PHASE SHTFT 

If the assumed phase shift is different than 7i/2, then the number of the 

equations will change and each equation needs to be derived. The ideal carrier 

firequency of the fringes also changes. Shown in Eq. (91) is the algorithm for the low-

pass 3-point technique with 27c/3 (120°) phase shifL This technique requires carrier 

frequency of fringes equivalent to three pixels per fringe. 

(91) 

(92) 

(93) 

In this technique only three equations are needed for each three subsequent sets of 

three pixels. 
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7.4 NUMBER OF EQUATIONS FOR LOW-PASS M-POINT TECHNIQUE 

The nxunber of equations in a low-pass algorithm depends on the phase shift 

between pixels. This number can be calculated according to the rule: 

Number of equations = 27c / phase shift. (94) 

The number of equations does not depend on the number of samples. For example, 

for any algorithm with 7t/2 phase shift, the number of equations is four, while for 

algorithm with 2ro'3 phase shift, the number of equations is three. 

7.5 REAL IMAGES 

The high- and low-pgiss 5-point algorithms were implemented in a grating 

interferometric system The obtained phase maps for high- and low- pass techniques 

are identical, as shown in Fig. 7.4, indicating that no discernible difference exists in 

using either the high- or low-pass technique. Using the low-pass technique enables 

the phase mod\ilo 2n to be calculated 40% faster. The remainder of the procediire is 

exactly the same as for high-pass technique. 

The improvement in calcvilation time makes this technique very promising in 

real-time fringe pattern processing, especially for the measiu-ed phases of small 

slopes when an unwrapping procedure is unnecessary. The low-pass algorithms 
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should be used instead of the high-pass algorithms in those instances where the 

calibrated tilt must be subtracted. In applications where there exists a large 

miscalibrated tilt, it may be necessary to subtract not the calibrated tilt but an 

estimated tilt that is close in value to the miscalibrated tilt. In systems where it is 

essential to have a flexible value of the tilt subtracted, the high-pass algorithm 

a) 

IKI'PiO - ZTO 
D1tt : mua.2& 

r-u : 2943 
R11S : 337 .32 

c) 

IKPP iO - ZTO 
0Ait : m4.1U& 

P-U : 2942 
RIIS : 333 .72 

b) 

nmo - no 
htt : mua.2& 

r-v : 4 
R!IS : .32 

d) 

Figure 7.4. Sinusoidal fringes register ed in grating (moire) in terferometer 
(a), retrieved phase by 5-point technique, (b) high-pass, (c) low-pass, and 
(d) their difference. 
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should be used, for it does allow for the subtraction, of an inputed tilt value. For 

extreme tilt miscalibration, it may be wise to consider a change of pixel resolution. 

In Table 3 presented below, the low-pass algorithms for two common M-point 

techniques, 5-, 6-point (also called here 5a- and 6a-point techniques) are charted. 

Table 3. Low-pass algorithms. 

5a-point 6a-point 

2(1,-1,) -31,+41,-Is 
I1-2I3 + I5 Ii-4l3+3l5 

-I1+2I3-IS -I,+4l3-3l5 
2(1,-12) -31,+ 41,-16 

-2(1,-1,) 31, -41, + Is 
-I2+2I3-I5 -Il+4l3-3Ig 

I1-2 I3  + I5 II-h4I3-3IS 
-2(1,-1,) 31, -41, + Is 

7.6 SUMMARY 

This chapter described a low-pass, M-point technique for single fiinge pattern 

analysis. Complete algorithms for 4-point technique with 7c/2 phase shift and for 3-

point with 3n/2 phase shift were provided; in addition, detailed was a general 

procedure for deriving low-pass algorithms of these types, especially those with a Jt/2 
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phase shift. The advantage of the low-pass technique over the conventional (high-

pass) M-point technique manifests itself in the shorter calculation time of the 

modulo 2K phase fringes and in the automatically subtracted carrier tilt allowing for 

an easier phase imwrapping procedure while the simplicity of the algorithm stays 

basically the same. 
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Automatic interferogram analysis is very often an integrated part of present-

day interferometers. Depending on the interferometer application eind accuracy 

requirements a suitable phase measxirement technique needs to be chosen and the 

interferometer designed to produce a proper interferogram. These two steps in the 

interferogram with automatic phase calculation can be called the interferogram 

design. For the piurpose of automatic calculation of displacement maps in the 

modified grating interferometer, three basic phase measurement techniques 

(spatial, phase measurement (SPM), temporal, phase measurement (TPM), and 

Fourier transform (FT)) were reviewed and their errors analyzed. One of the aims of 

the modifications to the grating interferometer was the possibility of the analysis of 

dynamic events or measiirements in adverse conditions. From the techniques 

considered in this work the SPM techniques meet these requirements, for they 

reqiiire the registration of only one image instead of three or more images separated 

in time £is in the TPM techniques. An additional advantage when using the SPM 

techniques is that they do not reqiiire a special device to shift the phase. SPM 

techniques, however, do place more stringent requirements on the detector than for 

the TPM techniques. The reason for this is that the detector array must resolve a 

large nvunber of firinges and the detector sensitivity should be uniform over the 

whole array. Because the single interferogram in SPM techniques must contsiin 

carrier firinges, which are obtained by adding tilt between the reference and tested 

beams, unwanted aberrations may be introduced to the measured wavefiront which 
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then increase systematic errors. The systematic errors due to unwanted aberrations 

in the system or grating imperfections are not a factor in measvirements taken using 

a grating interferometer because in this system the first set of interferograms is 

captured before the load is applied to the specimen and any systematic errors are 

registered and then. Also the introduced tilt limits a maximum of measured phase 

(displacement) slope. 

Between two spatial techniques (the M-point and the FT), the simplicity, 

short processing time and relatively firee of error areas at the edges of interferogram 

in the M-point technique makes it the more attractive of the two options. The phase 

errors in the M-point algorithms were the most extensively analyzed and were based 

on a computer generation of interferograms. Choosing the algorithm requires 

weighing the effects of the different errors to determine the best technique. Tilt 

miscalibration and unequally spaced fi±iges, as the most common error sources, 

were extensively analyzed. Detector nonlinearity and dc intensity variation were 

looked at in the common algorithms up to the 5-point algorithm. 

It was determined that the common M-point algorithms limit the 

applicability of the M-point techniques. The limitations of the M-point technique 

brought up the necessity of development of new M-point algorithms that would be 

less sensitive to these aforementioned error sources. A new technique for deriving 

error reducing algorithms, called the extended averaging technique, was presented, 

and a 5a-point and the 6a and 6b-point error compensating Eilgorithms, new to the 

field, were shown to be the more tolerant to phase-shift miscalibration error than 

any other technique considered. From these two classes of algorithms, the 



180 

algorithms firom class a were not sensitive to second order detector nonlinearity 

when tilt is properly calibrated and fringes are equally spaced. The algorithms from 

class 6 show some sensitivity to 2nd order detector nonlinearity, but the values of 

the error are rather insignificant for most detectors. The phase error due to phase-

shift miscalibration is smaller for algorithms from class 6 than from class a with the 

same nimiber of sampling (frames) points. Further development of this sequence of 

algorithms generates new algorithms that yield smaller and smaller phase errors. 

However, because fast analysis of data is a priority, a small number of sampling 

points (grabbed frames) is more practical. The 6a-point/frame technique combines 

the advantage of high tolerance for phase-shift miscaUbration with a reasonably 

short process time and no sensitivity to second order detector nonlinearity. For these 

reasons it was chosen as the algorithm for use in the modified grating 

interferometric setup that employed single interferogram analysis. Further, the 

influence of the window fimction (weighting of intensity samples) was analyzed, 

based on five, different 8-point algorithms. It was shown that the algorithms with 

beU-shai)ed window fimctions were the most insensitive to phase-shift 

miscalibration. The algorithm called 8-BELL7 showed the smallest sensitivity to 

different error sources. This algorithm was derived using the extended averaging 

technique indicating that this technique is an excellent method for constructing an 

error-compensating algorithm. Finally, to speed up even further the process of 

interferogram analysis, a low-pass, M-point technique was developed that saved 

about 40% of the computational time needed to retrieve modulo 2K phase fringes. 
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The M-point techniques have been extensively used in the grating 

interferometer. High sensitivity grating interferometry is often used to determine in-

plane displacements. This interferometer was modified to also obtain information 

about the out-of-plane displacements. The interferometer was designed so the 

information about the in-plane and out-of-plane displacements can be registered 

simultaneously, and displacements were retrieved firom a single interferograms 

using the M-point technique with a preference of 6a-point technique. Further 

modifications to the grating interferometric setup allowing for the registration of all 

three displacement measurements (u,v,w) simultaneously and sequentially were 

suggested. The modifications to the grating interferometer show promising results 

for fiaU analysis of material and object behavior, including real-time monitoring of 

material behavior under adverse conditions. 
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AUGNMENT PROCEDURE FOR CONVENTIONAL GRATING INTERFEROMETER 

The alignment procedure detailed below refers to Figure 2.4 in the text. 

1) Align the coUimated laser beam and the vertical or horizontal linear state of 

polarization for the best contrast of fiinges. 

2) Insert mirror Ml perpendicular to the optical axis. 

3) Set the tested specimen with aluTnimim grating attached to it in a parallel 

position to mirror Ml but at an angle a, which is equivalent to the angle of 

the first order diffraction. 

4) Rotate mirror Ml so the coUimated beam illuminates the specimen. 

5) Put mirror M2 at angle 90 degrees to the specimen. 

• The zero orders of both beams reflected firom the grating will travel 

back towards the laser, and two spots created by those orders should 

be noticeable on the laser or somewhere close by. Those two spots are 

used to align the 90 degree angle between the specimen grating and 

mirror M2. By tipping and tilting mirror M2, align those two spots so 

that they are positioned on top of each other at the pinhole. This 

establishes an exact 90 degree angle between mirror M2 and the 

grating, as in and autocoUimator. 

6) Insert the first lens, Ll, of the imaging system. 
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7) Align the illumination angle; 

• Move mirror Ml back and forth and tilt it aroiind its vertical gyis 

until the two spots firom the plus and minus first diffraction orders 

appearing at the focal plane of lens LI are on top of each other. If the 

two spots are aligned, then the proper illumination angle of the object 

is established and the first orders propagate along the grating normal. 

8) Insert the second lens, L2, of the imaging system. 

• Telecentric imaging system is obtained giving constant magnification, 

even if the firinges are observed in the plane slightly out of foois. 

9) Insert the CCD camera at the plane conjugate to the specimen plane. 

ALIGNMENT PROCEDURE FOR MODIFIED GRATING INTERFEROMETER 

1) Complete all nine steps detailed in the alignment procedure for the 

conventional interferometer to obtain the nulled fidnge pattern. Remember 

that part of the coUimated beam will now be used as a reference beam. 

2) Insert beam splitter BS2 or polarizing beam splitter PBS2 next to mirror Ml. 

• Rotate the beam spUtter so the reference beam REF is perpendicular 

to the grating normal. 

3) Insert beam splitter BSl. 
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• Tip and tilt it until the beam spot at the focal plane between lenses LI 

and L2 are on top of the spots of the plus and minus first diffiraction 

orders. Move the camera to the plane conjugate with the specimen 

plane. The total beam splitting ratio should be so chosen that the 

amplitude of the reference beam matches the amplitude of each of the 

diffraction orders. 

4) Insert stops SI and S2, respectively 

• In firont of mirror Ml insert stop SI to observe interference between 

the reference and A,i beams; next, after taking stop SI out, insert stop 

82 to observe the interference between the reference and beams. 

In order to obtain the required number of fiinges in the interferogram, 

either rotate beam spHtter BS2 or mirror Ml. 

Note: It may be necessary to insert another beam spUtter or mirror to lengthen the 

optical path of the reference beam to match the optical path length of diffraction 

orders for better fiinge contrast. 

ALIGNMENT PROCEDURE FOR MODIFIED GRATING INTERFEROMETER FOR 
SIMULTANEOUS REGISTRATION OF INTERFEROGRAMS 

1) Complete all the steps previously detailed for aligning the conventional and 

the modified interferometers. 

2) Set up the laser beam polarization. 



185 

• To set up the laser beam polarization, insert a half wave plate just 

behind the laser at the proper angle so that the required polarization 

is obtained. For horizontal or vertical polarization insert a polarizer 

with its axis oriented in vertical or horizontal direction (In the 

experiment a horizontal polarization was assxuned.) By rotating a 

half-wave plate find a position for a minimum of transmitted light. 

Rotate the polarizer 180 degrees around its vertical axis. If the 

amount of transmitted light is different, change the angle of polarizer 

axis. Do this iteratively imtil the same amount of light is transmitted 

for both positions of the polarizer. Then rotate the half-wave plate for 

a minimnTn of transmitted light. This establishes the horizontal or 

vertical polarization. If a polarization at 45 or -45 degrees is required, 

rotate the half-wave plate by 22.5 degrees in either direction. Remove 

the polarizer. If the beam is not purely linear, an additional quarter-

wave plate can be inserted. For better purity of beam polarization, the 

Glan-Thompson polarizer can be used. 

Setup for the polarization of beam A (or B). 

• If the beam leaving the pinhole is horizontally polarized, then one of 

the beams A or B has to be converted to being vertically polarized by 

placing in its path a half-wave plate with its fast axis at 45 degrees 

with resi)ect to the fast axis of previous half-wave plate. The correct 

position of the axis can be established experimentally as discussed 
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above. Stop the reference beam; no fi±iges should be visible. If some 

are still visible, try to rotate the half-wave plate, although most 

probably a quarter-wave plate need to be inserted in order to correct 

for the ellipticity of the beams. 

Steps for inserting a polarizing beam splitter. 

• Insert a polarizing beam splitter (i.e WoUaston prism or cube) and 

observe the two images (on one or two CCD cameras). For 

polarizations of 45 and -45 degrees, an additional half-wave plate can 

be inserted into the coUimated beam just before the splitting element. 

This rotates all the components of the beams' polarizations to the 

horizontal and vertical. This avoids the inconvenient positioning of the 

cameras or the images on a single camera. 

Setup for polarization of the reference beam. 

• The reference beam can be circularly or linearly polarized. Circular 

polarization can be achieved by inserting a quarter-wave plate into 

the path of the reference beam. The fast axis of the quarter-wave 

plate should be at 45 degrees with respect to the angle of Unear 

polarization that is incident on the plate. It is not so critical to assvire 

perfect circular polarization. Linear polarization can be achieved by 

inserting into the path of the reference beam a half wave plate at a 

22.5 degree angle with respect to the angle of polarization of the 

incident beam, alternately, a linear polarizer can be inserted at 45 
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degrees. Again the angle is not so critical. By slightly rotating the 

half-wave plate the best amplitude ratio of the final two reference 

beams can be achieved. Now two interference fringe pattern with good 

contrast should be visible. If spurioiis fringes are still noticeable, 

additional quarter-wave plates may need to be inserted in order to 

correct the residual elliptical polarization. 

Steps for correcting elliptical polarization. 

• Insert a quarter-wave plate into the beam exiting the laser. Rotate 

the quarter-wave plate until the spurious fringes in one of the 

interferograms disappear. The ellipticity of one of the beams is now 

corrected. Insert a second quarter-wave plate into the other beam and 

rotate the plate until the spurious fringes in the other interferogram 

disappear. Both dififraction orders are now linearly and orthogonally 

polarized. 

Notice that in the modified interferometric system for simultaneous 

registration the reference beam was split into two reference beams, while in 

the system without simultaneous registration, the same reference beam was 

used for both dififraction orders. In order to obtain the best contrast fringes in 

the modified interferometric system for simultaneous registration, the 

intensity of the reference beam may need to be readjusted using polarization 

methods or an attennuator. 
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