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Two novel zero-current-switching dc-to-ac inverters: Class-L and Class-M 

resonant inverters are presented. They are especially suitable for high voltage applications 

because of their parallel resonant nature. Lamps, particularly fluorescent lamps in the 

lighting industry, possess a negative impedance feature and require high voltage to start 

the ignition process, require operating circuits tailored to meet their characteristics. The 

two inverters are well-suited in these applications. A detailed analysis, systematic design 

procedure and experimental verification of the two inverters are given. 

A Fundamental component analysis in the Fourier series expansion is applied for 

the analysis of the circuits. Steady state characteristics of the inverters, analytically 

described by the relationship between the output current and voltage are also graphically 

represented. This provides insight into the characteristics and design of the inverters. The 

techniques are extended and applied to analyze the zero-voltage-switching Class-D and 

Class-E resonant inverters. These four inverters form a family of dc-to-ac resonant 

inverters in terms of input and output characteristics. A unique design procedure is also 

discussed which is made possible fi^om the construction of constant-gain trajectories in the 

conductance (impedance) plane, where the conductance (impedance) consists of the 

resonant tank circuit and the load for a given operating fi-equency. 

One of the applications of the dc-to-ac inverters is dc-to-dc converter. The Class-

D dc-to-dc converters are illustrated as examples. The analj^ic techniques are also applied 

to the analysis of the dc-to-dc converters. The flow of the analysis start with the zero-
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voltage-switching (ZVS) dc-to-ac inverter and moves to the ZVS dc-to-dc converters, 

then the ZVS dc-to-dc converters regulated at fixed switching fi-equency are analyzed, and 

finally the ZVS dc-to-dc converter is regulated at a fixed switching frequency with a shunt 

inductor which operates over a wide range of load. A detailed analysis and design 

procedure for the ZVS Class-D dc-to-dc converter is discussed. An experimental 

verification of a 1-MHz ZVS Class-D converter is presented. Good agreement is obtained 

between experimental and theoretical results. 
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CHAPTER 1 

INTRODUCTION 

A fundamental goal of designing power processing circuits is the maximization of 

efiBciency and the minimization of the size and weight. The need for high-efificiency, light

weight power converters in military and aerospace applications motivated the 

development of switched-mode power conversion. In the switched-mode power process, 

the regulation of the power conversion is generally achieved through the control of the 

solid-state switching device(s). In addition to the switching devices, reactive components -

capacitors and magnetic devices, account for a large part of the weight and volume, and 

perform important fimctions in power conversion. The size and weight of these elements is 

scaled mainly by the switching fi-equency and is reduced by increasing the switching 

frequency. The advances of power semiconductor technology have made it possible to 

operate the switched-mode power converter at a higher switching frequency. Therefore, 

the converters can be made significantly smaller and lighter. Although the speed of the 

power semiconductor is not a limiting factor, the parasitic effects associated with high 

frequency operation such as leakage inductance of a magnetic device, transistor junction 

capacitance, and circuit stray inductance and capacitance, become a dominant limiting 

factor in high-frequency switched-mode power conversion. Parasitics cause high voltage 

spikes or high current spikes in the conventional square-wave pulse-width-modulation 

(PWM) converters because of abrupt transitions in the switching waveforms. In addition, 

the switching losses caused by the overlap of voltage and current in the transistor during 
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tum-on and turn-off transitions are so high that the power conversion efficiency is 

impaired. 

Resonant converters, as opposed to the rectangular waveforms of PWM 

converters, are power converters with piecewise sinusoidal waveforms. Because of the 

natural, quasi-sinusoidal waveforms, resonant converters are insensitive to many parasitics 

that preclude high-frequency operation in conventional square-wave topologies. An 

experimental resonant converter operating at radio frequencies has already been reported 

[1]. Other applications such as spacecraft power supplies [2], high frequency DC/DC 

converters [3, 4], a high voltage (140 KV) DC power supply for an X-ray tube [5, 6] and 

high frequency power supplies for traveling-wave tubes in radar transmissions [7] are 

implemented by the nature of the quasi-sinusoidal waveforms within the resonant 

converters. 
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1.1 Electronic Ballasts 

Power electronics in the lighting industry has also advanced along with the 

development of the high frequency switched-mode power conversion. The electronic 

ballast is one of the major applications of the switched-mode power converter in the 

lighting industry. Operation of fluorescent lamps at higher frequencies than the normal line 

frequencies of 50 or 60 Hz has a number of advantages. First, the ballast can be made 

much smaller; the large-size, heavy 50/60 Hz magnetic ballast is made smaller and lighter 

with the replacement of the high-frequency electronic ballast. Second, the lamp efficiency 

will be higher when operated at high frequencies. Figure 1.1 illustrates the relative 

luminous flux for 20-Watt and 40-Watt lamps as a function of operating frequency. The 

report [8] demonstrated noticeable improvements of the luminous flux of a lamp at high 

frequencies. Mainly, it is due to the ionized mercury/noble gas plasma can not recombine 

over the fast operating cycle. An experimental report [9] showed that favorable 

performance characteristics such as power factor and lamp efficacy (Lumens per Watt) are 

achieved with a lamp operated at 500 KHz compared with one that is operated at 60 Hz. 

Third, the lamp flicker problem; the high ripple harmonics in the lamp current and light 

output when operated at 50/60 Hz can disturb the human eye. This luminous ripple is very 

small and the flicker problem is unnoticeable when the lamp is operated at higher 

frequencies [8]. Resonant converters, with their nature of quasi-sinusoidal waveforms, 

lower electromagnetic interference, lower switching losses and greater tolerance for 

parasitics are naturally suited in electronic ballast applications. 
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Another fast-growing application of power electronics in the lighting industry is 

the backlight electronics in portable computers. The backlight electronics includes a 

DC/AC power inverter and normally, a cold-cathode-fluorescent-lamp (CCFL) to 

illuminate the liquid crystal display (LCD). A typical structure of the backlight electronic 

display in a portable computer is shown in Fig. 1.2. The fundamental design goal of power 

conversion processes of maximizing the conversion eflBciency and the minimization of the 

size and weight is significantly emphasized in the portable electronic applications. The 

backlight electronics and the LCD consume up to 30-40% of the total power and 25-35% 

of the total volume in a typical portable computer. Reducing the power losses during the 

conversion processes can extend the battery life which reduces the energy cost. It is 

therefore helpful, before the discussion of the design of a power converter in such 

applications, to understand some basic characteristics of the CCFL load. 
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1.2 Characteristics of Fluorescent Lamps 

Fluorescent lamps make good backlights for LCDs because of their low-intensity 

and uniform illumination when compared with other high-intensity discharge lamps such as 

metal halide and high-pressure sodium lamps. The light-producing part of a fluorescent 

lamp is a mercury/noble gas plasma arc which is sustained by a flow of electrons emitted 

by the cathode and collected by the anode. In alternating-current operation, the electrodes 

at both ends of the arc are usually identical and function alternatively as cathode and 

anode. The voUage drop across the lamp causes the acceleration of electrons, thus 

changing the electrical energy into electron kinetic energy. The electrons ionize mercury 

atoms to carry the current. The energy transfers occur, resulting in the excitation of 

mercury atoms to higher energy levels. The excited atoms return to a lower energy level 

by emitting the ultraviolet electromagnetic radiation characteristics of mercury. The 

phosphor coated on the interior of the fluorescent tube transforms this radiation into 

visible light. Cold cathode emission, also referred to as secondary emission, differs fi^om 

the usual hot cathode (thermionic) emission in that it eliminates the heating element by 

designing the tube with high cathode-fall vohage drop which pulls the electrons away from 

the cathode. This voltage also accelerates the positive mercury ions toward the negative 

cathode emitter. These positive ions approach the cathode and attract more electrons fi-om 

the cathode. A fraction of the electrons are released into the arc stream. Secondary 

emission requires a larger emitting surface than does thermionic emission for the same 

amount of current flow. A relatively larger area is required for high-current lamps. This 

may cause a long unlit area at the ends of the lamp [10]. At low currents, the cold-cathode 
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emitter is more eflBcient than a thermionic emitter because it does not require 

supplementary heating of the cathode. This is the main reason that the CCFLs are widely 

used in the portable electronic devices. 

Some important characteristics of the CCFLs should be examined based on the 

physics of the lamps in order to determine the criteria of designing a power converter that 

is suitable as a driving source. The starting voltage of a lamp is much higher than the 

normal sustaining (operating) voltage. The ignition of a lamp requires the ionization of 

atoms to produce new ion-electron pair. Excitation of an atom requires a minimum 

electron energy equal to the difference of the energy of the state to which the atom was 

excited and the energy of its original state. A suflBciently high potential across the lamp 

terminals is required to established ionization. The discharge initiation process is best 

described by the Townsend Avalanche [10], named after J. S. Townsend. This is 

illustrated in Fig. 1.3. A potential is applied between the negative cathode and positive 

anode, establishing an electric field between them. If the field strength is sufficiently high, 

the electron ultimately gains sufficient energy to ionize any atoms with which it may 

collide, and where there was once one electron in the gas, there will be two, as well as one 

positively charged atom. Both of these electrons are now in accelerating fields and can 

gain energy, they in turn can ionize other atoms, there will be four electrons, then eight, 

sixteen, ... 2" ...In addition to the Townsend's avalanche, a second condition must be 

satisfied before the discharge becomes "self-sustaining", each electron that leaves the 
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Mercury/noble gas 

Figure 1.3 Illustration of the Townsend avalanche process 

cathode must set in motion a chain of events that results in more electrons leaving the 

cathode. Then the discharge becomes self-sustaining and the field across the lamp 

terminals can be reduced significantly. One process by which this can be brought about 

depends on the positive ions. Recall that for every new electron liberated in the gas, a 

positive ion is formed. These positive ions are in an electric field that attracts them toward 
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the cathode. When they reach it, a fraction of the positive ions attract the electrons from 

the cathode which results in more electrons being emitted. This process, known as 

"secondary electron emission" is the condition that provides the self-sustaining discharge 

of the lamps. For example, the starting voltage of a typical CCFL is about 1000 to 1200 

Volts with its operating voltage in the range of300 to 400 Volts [11]. 

At some potential, electrons are emitted from the cathode due to both the external 

power source and the attraction of the approaching positive ions. The current increases 

continuously. The increasing of the current flow through the main body of the tube needs 

to be regulated before any failure of the system such as the rupture of a fuse, wiring, or 

discharge tube lead-in wires. The electric field required to maintain the discharge in steady 

state for a given current decreases with increasing current. The CCFLs possess this 

negative impedance characteristic, higher lamp current has lower voltage across the lamp 

and lower lamp current has higher vohage across the lamp. This is shown in Fig. 1.4, 

which plots the current against the discharge potential drop of a lamp. Curve (A) shows 

that the current in the lamp is lower which corresponding to higher impedance and higher 

voltage drop across the two electrodes. When higher current in the lamp, as shown in 

curve (B), lower vohage across the two electrodes is obtained, and the lamp has higher 

impedance. In other words, the power converter which drives this type of load, needs to 

provide some form of current limiting to prevent destruction from excessive current. 
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A lamp can be operated from dc, however, due to the migration effect within the 

lamp, one of the cathodes will be worn out and reduce the life of the lamps [8], Therefore, 

an ac waveform without a dc component is preferred to drive the lamp to equalize the 

electrode wear. AC waveforms in a conventional non-resonant converter are typically 

rectangular, with abrupt transitions. Such waveforms are a source of electrical mterference 

due to their large harmonic content at the abrupt transitions. The Fourier components of 

the waveforms roll off at -20 decibels (dB) per decade of frequency. Electromagnetic 

interference is one of the most important issues considered in all power conversion 

processes. In contrast to a PWM converter, a resonant converter has switching waveforms 

that contain pieces of sinusoidal waveforms. The resonant waveforms differ from the 

PWM rectangular waveform in a most important way; the resonant waveform is 

continuous, it does not have abrupt transitions. The spectrum of a continuous, resonant 

waveform rolls off at a rate of at least -40dB per decade. The harmonic advantage of ideal 

resonant waveforms over ideal PWM waveforms can be even greater when parasitics are 

considered. The high vohage or current spikes and their subsequent ringing cause a lot of 

high-frequency noise to be emitted by a PWM converter. A resonant converter can utilize 

these parasitics as part of the resonant elements and is expected to have lower harmonic 

emissions than a PWM converter at the same power level and operating frequency. 

Therefore, a sinusoidal waveform is better suited in driving the CCFLs than that of a 

rectangular waveform. 
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1.3 Outline of Discussion 

It is essential to have the power converter which drives the CCFL loads as shown 

in Fig. 1.5 to provide the following features: 

(1). High voltage for start-up 

(2). Balanced sinusoidal waveforms 

(3). Current limiting, ballast function 

(4). High eflficiency 

(5). Small size, light weight 

(6). Simple, low cost 

Single-stage dc-to-ac 
Power inverter 

Current linu ting 

Simple dimmable 
control 

Simple 2-\vinciing 
transformer 

CCFL 

Figure 1.5 An ideal power inverter and its CCFL load 
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There are a few circuit topologies being used in driving the CCFLs. Perhaps the 

most popular ones are the current-fed Royer inverters and the current-fed push-pull 

resonant inverters [11]. These two circuits provide most of the functions required of a 

CCFL. However, both suffer common disadvantages: complexity of the circuit and 

components and a two-stage power conversion process. These circuits are reviewed in 

Chapter 2, and a more design oriented analysis is given than previously found in the 

literature. A newly developed inverter named as the Class-L inverter which preserves the 

aforementioned features of an ideal inverter for CCFLs is presented in Chapter 3. A basic 

comparison of the performance of the Class-L resonant inverter with those of the other 

inverters is discussed. The Class-L inverter is a single-ended, zero current switching (ZCS) 

resonant inverter. It is composed of a single power switch, an inductor and a parallel 

resonant circuit. Although the circuit is simple, it is nonetheless difficult to analyze. State 

space averaging techniques used for the switched-mode PWM converters are unsuitable 

for analyzing the resonant converters because the natural time constant of the resonant 

converters is nearly the same as the switching period. Piecewise linear analysis can exactly 

describe the operation of the circuit. However, it is too complicated to express the results 

and has less meaning for applications. An alternative analysis using the fundamental-

component analysis in a Fourier series is presented, in which the characteristics of the 

Class-L inverter are plotted on the output plane, i.e., output current is plotted vs. output 

voltage for constant values of switching frequency. 

The circuit technique developed for the Class-L inverter is applicable to other 

lighting applications, such as the battery back-up emergency lighting in buildings and the 
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lighting systems for the automobile and aerospace industries. Higher power is required for 

these applications than what is needed in the portable electronic equipment from an 

inverter. The Class-M inverter is developed for these needs. It is a current driven, ZCS 

resonant inverter. The input current from the voltage source is essentially dc with little 

ripple. It therefore generates very low EMI even in the higher power applications. The 

Class-M inverter is implemented by adding a boost-like circuit, i.e., an energy-storage 

inductor and a shunt switch, in front of a Class-L inverter. This new inverter is introduced 

in Chapter 4, in which the theory of operation, analysis, synthesis and design of the 

inverter are described in detail. The analytical results are supported by the experiments. 

Many power electronic design problems can be solved by using the unique 

capabilities of resonant technology. Chapters 5 and 6 constitute the second part of this 

dissertation which mainly discuss the applications of the analytic techniques developed in 

both Chapters 3 and 4 to the other known but often diflScult-to-analyze dc-to-ac resonant 

inverters. The Class-D and the Class-E dc-to-ac inverters operated in zero voltage 

switching (ZVS) mode are the two typical examples. Because of the complexity of the 

circuit analysis and the effects of the circuit variations on the circuit in these two inverters, 

many research scientists and engineers have addressed different issues [12,13,14,15,16] 

associated with these inverters and tried to fine-tune and idealize the circuit operations. 

There are reports [1,7,17] which address the fundamental behavior of the inverters, which 

have provided some good analysis and experimental results. However, these reports still 

lack insight into the characteristics and design of the inverters. A parallel analytic 

technique applied to both the Class-D and the Class-E inverters is presented in Chapter 5. 
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Graphical representations and tabulated forms are emphasized to provide a visual picture 

of the circuit operation and give insights not readily obtained from purely mathematical 

treatments. During the process of the analysis, one of the basic circuit theories - the 

duality relationship is obtained and highlighted. 

Chapter 6 further extends the technique to analyze fixed-frequency, ZVS resonant 

dc-to-dc converters. The frequency modulation technique is usually introduced to regulate 

the output (voltage or current) of the resonant converters. However, the size and weight 

of the reactive components and thus the converter are determined by the lowest switching 

frequency. In some applications where the switching frequency varies over a wide range in 

order to regulate the output for a specified ranges of load and input voltage, resonant 

converters lose some of their positive characteristics and become impractical. A solution 

to the regulation of resonant converters is to operate the converters with a fixed switching 

frequency while maintaining the positive characteristics of the resonant converters. One 

technique to accomplish the control mechanism is to use a switch-controlled capacitor 

[17] in which an effective capacitance for the resonant capacitor is introduced resulted 

from the effect of the switch-controlled capacitor. That is, the resonant frequency is 

modulated to allow a fixed switching frequency operation and regulate the output of the 

converter. The analytical techniques developed in Chapters 3 and 4 are successfully 

applied to analyze the fixed-frequency resonant converter and are presented in this 

chapter. These theoretical results are verified on an experimental prototype of a 1-MHz 

zero-voltage-switching Class-D resonant dc-to-dc converter. 
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The flow of the analysis begins with a single-ended, ZCS Class-L dc-to-ac 

resonant inverter. Then a current-fed dual-ended, ZCS Class-M dc-to-ac resonant inverter 

is analyzed. It is then applied to the known ZVS Class-D and Class-E resonant inverters. 

Further, it is extended to the analysis and design of fixed-frequency, ZVS Class-D 

resonant dc-to-dc converters. Several possibilities for future work of applying this 

technique to other resonant converters (inverters) are discussed which could lead to 

broader applications. 
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CHAPTER 2 

DC-TO-AC INVERTERS FOR DRIVING THE CCFLs 

2.1 Introduction 

As was mentioned in Chapter 1, the CCFLs require special operating circuits 

tailored to meet their requirements. The high frequency ballast circuit has two primary 

fiinctions: application of sufl5cient open-circuit voltage to ignite the lamp and regulation of 

the lamp current. This chapter discusses several different kinds of popular inverter circuits; 

current-fed Royer inverter, current-fed push-pull resonant inverter, and series/parallel 

(LCC) resonant inverter. The discussion includes their basics, features and limitations. A 

general comparisons of these inverters are shown at the end of Chapter 3. 
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2.2 Current-fed Royer Inverter 

The current-fed Royer inverter is composed of two power processing stages; a 

current-fed buck regulator and a dc-to-ac Royer inverter [18], The circuit is shown in Fig. 

2.1. The Royer inverter is a self-oscillating dc-to-ac inverter which is composed of a four-

winding power transformer, two bipolar junction transistors and a resonant capacitor. The 

structure of the inverter is shown in Fig. 2.2 where N1-N4 designate transformer windings 

and number of turns of the windings. The two transistors alternately conduct and switch 

the input voltage across windings N1 and N2. Assume that Q1 is conducting, the input 

voltage is placed across winding Nl. Voltages with corresponding polarity will be induced 

in all other windings. The induced voltage in winding N4 makes the base of QI positive 

which further generates the base current in Ql, and Ql conducts with very little voltage 

drop between the collector and emitter. This induced voltage also holds transistor Q2 at 

cutoff. Transistor Ql continues to conduct until the flux in the core of the transformer T1 

reaches the saturation value. 

Upon saturation, several effects occur simultaneously; the collector of Ql rises 

rapidly to a value determined by the base drive circuit, the induced voltages in the 

transformer rapidly decrease. Transistor Ql is pulled further out of saturation, and the 

voltage across the collector and emitter rises, the voltage across Nl decreases further. The 

loss in the base drive causes Ql to turn off which in turn causes the flux in the core to fall 

back slightly and induces a current in the N4 winding to turn on the transistor Q2. The 

induced voltage in the N4 winding keeps Q2 conducting in saturation until the core 
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saturates in the opposite direction and a similar reversed operation takes place to complete 

the switching cycle. 

N3 CCFL 

PWM controller 

I sense 

Figure 2.1 Current-fed Royer inverter 
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K 
Q2 

Qi N4 

Figure 2.2 Royer-inverter part of the circuit 
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'm 
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Figure 2.3 Hysteresis curve of a core 
flux vs. magnetic field 
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Although this inverter circuit is composed of very few components, its proper 

operation depends on the complex interactions of nonlinearities of the transistors and the 

transformer, especially the transitions where the core of the transformer moves from an 

unsaturated state, to saturation, and back to an unsaturated state and the two transistors 

move from saturation to cut off, through their forward active regions, to cut off and 

saturation. This complexity is exacerbated by the variations of the transistors due to 

different processing procedures, the effects of temperature and other circuit parasitics. 

Also, the saturation flux density of a core varies with the change of temperature in the 

core. 

Consider the circuit diagram in Fig. 2.2, the output voltage across the N3 winding 

is a square wave in which the duration of each half-cycle is determined by the time 

necessary for the flux in the core to change from -<{)„, to +(j)m as shown in Fig. 2.3. Assume 

that the transistor and the winding resistances are negligible, the input voltage V; is applied 

across N1 (N2) which gives the following equation: 

(2.1) 

Integrate (2.1) over the half cycle, T/2 

1 
2 

(2.2) 

Therefore, 

(2.3) 
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where "F' is the frequency. For a given transformer, the frequency of the output voltage is 

proportional to the input voltage. It is therefore, necessary to add a pre-regulator in front 

of the Royer inverter to provide a fixed frequency at the output. In addition, the waveform 

at the output is shaped into a quasi-sinusoid by adding a resonant capacitor Cr across the 

primary winding of the transformer. The combination of these circuits forms the current-

fed Royer inverter. 

The equivalent circuit of the current-fed Royer inverter is shown in Fig. 2.4, where 

the transistor Q1 (or Q2) is driven into saturation and the core of the transformer is 

operating in its linear region. The parallel resonant inverter provides a boost characteristic 

so that the amplitude of the output voltage is proportional to the impedance of the load 

[3]. This feature is well-suited to lamp-drive applications since the impedance of the lamp 

is high before the ignition, and therefore a high start-up voltage is achieved. Circuit 

simplicity is the most attractive feature of applying this inverter in the lighting industry. 

However, due to the complex interactions between the circuit elements, the design and 

implementation of the inverter is usually under the "cut-and-try" routine and a set of 

components are particularly selected to a specific application. The inverter may fail to 

operate for example, when replacing the bipolar junction transistor which was 

manufactured with different processing procedures. The quality of the output waveform is 

also greatly impaired because the tolerance of components in the circuit affect the 

operation and thus, the output. Besides, the current-fed Royer inverter carries two 

different operating frequencies which are generated from the current-fed pre-regulator and 

the self-oscillating Royer inverter. A beating frequency is generated because of the two 
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different frequencies in a system and can vary over a wide range of the frequency spectrum 

due to the changes in the frequency of the self-oscillating Royer inverter. 

One improvement to the current-fed Royer inverter is to operate the inverter 

section in a non-self-oscillating mode. This is accomplished by replacing the two bipolar 

transistors with MOSFETs and driving the two transistors with PWM or pulse frequency 

modulation (PFM) signals. These signals are synchronous with the driving signal to the 

current-fed pre-regulator. In addition, the core of the transformer is always operated in the 

controlled-linear region. This leads to the development of the current-fed push-pull 

resonant inverter and its schematic is illustrated m Fig. 2.5. 

Figure 2.4 Equivalent circuit of the current-fed 
Royer inverter; L is the inductance of Nl, 

C=4Cr if N1=N2, and /? = 
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2.3 Current-fed Push-pull Resonant Inverter 

The current-fed push-pull resonant inverter is shown in Fig. 2.5 where the two 

transistors are MOSFETs and are driven directly from a controller. Assume that the gate 

bias for the MOSFETs is suflBciently large so that when the MOSFET is turned on, it is 

characterized by a negligible drain-to-source resistance R<faoii, and open circuit when it is 

turned off. The control for both the current-fed pre-regulator and the inverter can be 

implemented in a single integrated circuit as shown in Fig. 2.5. The regulation of the 

output is achieved through the modulation of pulse width of the drive signal to the pre-

regulator, which in turn provides a constant average voltage before the inductor Lb. The 

high reaaance inductor Lb provides a nearly constant current to the inverter stage. 

Co 

iir 
.CCFL 

TJLT Vcc 
drive 3 

drive 1 
drive 2 

(PWM 
controller) 

I sense 

Figure 2.5 Current-fed push-pull resonant inverter, Lb is sufficiently 
large that the current flowing into the inverter is nearly dc. 
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Switching devices Q1 and Q2 are driven alternately with 50% duty cycle. They are 

switched synchronously with the drive signal for switch Q3 in the pre-regulator. The 

equivalent circuit of the inverter is shown in Fig. 2.6a where L is the inductance of the 

primary winding of transformer Tl, CI connected across L is the equivalent capacitance 

of Cr as shown in Fig. 2.5, and C2 and R are the output capacitance Co and resistance Rl 

reflected to the primary of the transformer. Here, the CCFL load as shown in Fig. 2.5 has 

been modeled as a simple resistor Rl [19]. The output ballast capacitor Co is required in 

multiple-lamp structures because the operating voltage of a lamp decreases significantly 

after the ignition process, therefore, in multiple-lamp structures where lamps are 

connected in parallel, only one lamp can ignite successfully if the ballast capacitor is not 

placed in series with each lamp. 

2 

Figure 2.6a Equivalent circuit of the current-fed 
push-pull resonant inverter 
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The equivalent circuit as shown in Fig. 2.6a is a third-order system driven by a 

square wave current source. Solving the system equations to find the inductor current, 

capacitor vohage and the load current (voltage) involves third-order computations. For 

example, the state equations for the network shown in Fig. 2.6a for the first half cycle 

where the switches are in the "1" position, Is=I, can be written as: 

' .—•v. :  

(2.5) 

1 1 
=7q--B-(vci-Vcj) 

C2 R 

Equation (2.5) can be written in a standard form as: x' = ^ + where the vector " x 

represents the state variables, " A " is the system matrix and " u " is the input function, I: 

(2.6) 
"xl" \ ' 

= x2 = Vcl 
x3 

0 1 
L 

_1_ 1 

"a 
0 

RC\ 
1 

0 

1 

/?C1 
1 

RC2 RC2 

(2.7) 

BiU = 

0 

CI 

0 

•I  (2.8) 



Similarly, the current source Is=-I for the second half cycle where the switches are in 

"2" position, the "5 " matrix becomes: 

52« = CI 

0 

(2.9) 

One technique to solve the state equation is using the Laplace transformation, which 

gives: 

[X{s)\  = {si  -  ̂)"^x(0) + {si  -  A)~^Bu (2.10) 

where 

{sI-A)- '  = 

+ — ( - + — -—)-^-L-a-C2 
V RCl RCl) U R-L-CV 

A A 

[-— — 
V a  R Cl-CV \  R-cz) 

-L 
A 

s-L-Cl 

A 

s-L-Cl 

R-C\ L-ClJ 

(2.II) 

A = l  + s-C2-R + s^-( ,C\ + C2)-L+s^-R-L-Cl-Cl 



The state variables in (2.10) can be solved to give the time-domain solutions by taking the 

inverse Laplace transform. However, the results are written in a form such that the effects 

of the circuit elements on the operation of the circuit are not obvious and have little 

meaning in design applications. Two reports [20, 21] have addressed the application of 

this circuit as a CCFL driver, but neither one of them approached the design of the 

inverter through the complete analysis. Instead, empirical designs and simulations were 

carried out to establish the construction of the inverter for driving a CCFL load. An 

appropriate technique [22, 23] to analyze the circuit which includes the algebra on the 

Bode plot and the classic ac complex analysis is now introduced. 

Consider the circuit as shown in Fig. 2.6b, the magnitude of the impedance of the 

three branches: jcoL, l/j(oCl and (R+l/j(oC2) can be plotted in terms of magnitude vs. 

frequency. These are illustrated in Fig. 2.7. All the impedances are normalized with respect 

to 1 Q. The Bode plot for the parallel impedance Z(j(o) is approximated by the smallest 

magnitude of the three branches in a given frequency range, and can be simplified to 

Figures 2.8, 2.9 and 2.10 corresponding to three different cases: R>Roi, Roi>R> Ro2, and 

Ro2>R where Roi and R02 are defined as follows: 

(2.12) 
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Z(s=jQ)) 
V(S=50) 

4 , .  f2;r-A 
- I .  •sm^-

l/jmC2 

joL lyjcoCl 

Figure 2.6b Equivalent circuit of the current-fed 
push-pull resonant inverter when considering 
the fundamental component at the switching 
frequency 

The total impedance of Z(s=^'a) can be written in a simplified form according to the pole 

and zero locations in the Bode plot. These are written in the following equations; 

5 

0}„ 

1 1 ^ 1 + + 
Q 0>o 

r  \  
( R > R o i )  (2.13) 

Z(s) = R-

M - M  V 5; V (o„J 

( R oi>R > R O2 )  ( 2 . 1 4 )  

Z(s) = R-
1 + ^ 

s 
CO rM 

1 + ^ 
S 

f  ^ 
1 + -^ 

( R O 2 > R )  (2.15) 
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where 

I 1  ̂ R R 1 r~i 0 = GJ,=— ff l .  =  = J  
" \L-C1^ " ' L. " i?-a. V^-<^2. ®z,= 1 

R C 2  

60dB ^ 

jcoL 

R+(l/j(BC2) 

(1/jfflCl) V lOOHz \ frop^ncyC") 

L IKHz 
\ lOOKHz 

Figure 2.7 Impedance of joL, l/^coCI and (R+Iy5coC2) 
on the Bode Plot 

Magnitude 

OdB 
\ lOOHz \ IKHz \ lOKHz ^ lOOBCHz 

Frequency 

Figure 2.8 Total Impedance Z(j(B) when R>Roi 
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60 dB -

Magnitude 

OdB 

Frequency 

Figure 2.9 Total impedance Z(jco) when Roi>R> Ro2 as shown in (2.14) 

60 dB 

Magnitude 

I 100 Hz 10 KHz 100 KHz 
Frequency 

Figure 2.10 Total impedance Z(j(B) when Ro2>R as shown in (2.15) 
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Equations (2.13-2.15) simplify the original third-order impedance function into a second-

order closed form, which provides better insight into the eflfects of variations of the circuit 

elements on the total impedance. To illustrate the analysis, for example, consider the case 

ofR>Roi. Equation (2.13) shows that the total impedance Z(s) has a normal zero at s=0, a 

double pole at s=fflo and the amplitude of Z(s) at s={Do is R. The input is a switched dc 

current source and can be written in terms of a Fourier series: 

Assume that the parallel L-Cl tank is a high-Q network so that higher harmonics are 

negligible and only the fundamental component at the switching frequency is considered. 

Therefore, the voltage across the parallel resonant tank circuit V(s) is obtained as follows: 

2-7C-t I . I 
+—sm .. (2,16) 

2 

(2.17) 

Taking the inverse Laplace transform of V(s) 

v(0 = L-^{^(^)} = 

Or 

where (2.18) 

6\ = tan"' 1 
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The effects of the circuit elements on the voltage waveforms can rapidly be determined 

from (2.13) and (2.18). The results of this analysis are published in [23]. 

The current-fed push-pull resonant inverter has several features that make it 

attractive in driving the CCFL loads. First, a single controller is used in driving the switch 

in the current-fed pre-regulator and the switches in a push-pull inverter. Driving signals 

are synchronous to each other which in turn eluninates the beat frequency in the circuit. 

Second, a zero-crossing detector circuit can be implemented in the controller which senses 

the zero-crossing point of the voltage at the center tap of the transformer so that the turn-

on of Q1 and Q2 is in zero voltage switching mode. Third, the circuit is relatively simple 

and has low parts count. However, the circuit still experiences a two-stage power 

conversion and requires a relatively complex three-winding power transformer in the push-

pull stage. In addition, the cost of the three MOSFETs, the transformer and the integrated 

circuit is relatively high which sometimes becomes a major concern when selecting an 

inverter circuit for the CCFL applications. 
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2.4 Series/parallel LCC resonant inverter 

The series/parallel resonant inverter has the advantage of the best characteristics of 

the series and the parallel inverters. The advantages of the series and the parallel resonant 

converters are well described in [3, 24]. The LCC inverter consists of an inductor, two 

capacitors and two MOSFETs. The circuit is shoAvn in Fig. 2.II where the name "LCC" is 

derived from the elements Lr, CI and C2 in the resonant tank circuit. Both QI and Q2 are 

driven alternatively so that equivalently, the LCC resonant tank circuit is driven by a 

square-wave voltage source of which the magnitude is the input voltage Vg. The 

equivalent circuit of the inverter is shown in Fig. 2.12. The resonant tank circuit is 

designed as a band-pass network so that only the fundamental component at the switching 

frequency is being considered. Therefore, the input voltage Vs can be written as; 

Vs(t)=—-Vg- sin(a) • r) (2.19) 

where co is the angular switching frequency. The circuit in Fig. 2.12 is rearranged to its 

Norton equivalent circuit as shown in Fig. 2.13 where the Norton equivalent impedance 

Za(o3) is obtained as follows 

Z »  =  ( ' ; 0 . 4 + — ( 2 . 2 0 )  
V J(0 • CI/ V JO) •  C2J 

and the Norton equivalent current source In(cD): 

= y,{co)-j 7-T (2.21) 

Je>-Lr + -— 

^ JO) •  Cl  
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If the switching frequency is set at the resonant frequency of LI, CI and C2 elements 

determined by (2.19), the Norton equivalent impedance approaches infinity and the load 

(CCFL) is driven by an ideal current source. The resonant frequency is expressed as: 

Both PWM and PFM control techniques can be implemented as the controller for 

the LCC resonant inverter [25, 26]. Consider Fig. 2.12, the circuit has a unique feature in 

that it performs like a parallel resonant circuit to the load when the load impedance is high 

and like a series resonant circuit when the load impedance is low. The CCFL load is a high 

impedance device prior its ignition process. The parallel-like resonant inverter boosts the 

voltage at the resonant tank to provide the necessary start-up voltage for the CCFL. After 

the ignition process is completed, the impedance of the load decreases substantially and 

the eflfective resonant circuit is turned into the series-like resonant circuit. The regulation 

of the lamp current in the series resonant circuit becomes a relatively straightforward task. 

The other feature of the inverter is the simplicity of the transformer design where only two 

windings are needed. 

The two switches Q1 and Q2 and the resonant elements are configured as a bridge 

structure that the top switch Q1 requires a high-side driver or a p-channel device in place. 

The output regulation is achieved through the modulation of the switching frequency. One 

report [24] shows that about ±15% change of the SAvitching frequency is required to 

maintain the regulation of the output when the input varies from 8 Volts to 20 Vohs and 

1 (2.22) 
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the output load changes from full brightness to one-quarter brightness. The range of the 

switching frequency is further increased if further dim light is required. The size and 

weight of the reactive components and therefore, the inverter are determined by the lowest 

switching frequency. Therefore, narrow range of the operating frequency through the 

entire range of input voltage and load is preferred. 

There are some other circuits such as the half-bridge self-oscillating dc-to-ac 

inverter [27, 28] and the zero-current switching (ZCS) quasi-resonant inverter [29] that 

have also been reported as an electronic ballast to drive the lamp. The half-bridge self-

oscillating inverter functions like that of the current-fed Royer inverter and the ZCS quasi-

resonant inverter provides asymmetrical ac waveforms to the lamp that limits its 

applications in the lighting industry. 

Among these inverters, some provide better features for driving the CCFL load 

than others, yet none of them fits in well with the picture of an ideal inverter as shown in 

Fig. 1.5. The development of a dc-to-ac inverter which is one step closer to the ideal 

inverter for the CCFLs is required. This is described in the following chapter. 
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Figure 2.11 Series/parallel LCC resonant inverter as a CCFL driver 
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Figure 2.12 Equivalent circuit of LCC resonant 
inverter where the CCFL has been 
modeled as a resistor and reflected 
to the primary side 

i-wCD Z„((a) 

Figure 2.13 Norton equivalent 
of the LCC inverter as 
shown in Fig. 2.12 
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CHAPTERS 

ZERO CURRENT SWITCHING CLASS-L RESONANT INVERTER 

3.1 Introduction 

A single-ended, zero current switching dc-to-ac resonant inverter named the 

Class-L inverter is introduced in this chapter. The inverter is developed to meet the 

features required by the CCFL loads [42] as mentioned in Chapters 1 and 2. The circuit 

is relatively simple and can provide a nearly sinusoidal waveform at the output. Because 

of its parallel resonant nature, the Class-L inverter is well-suited for high voltage 

applications. Circuit operation is described in detail and a ballast application for driving a 

CCFL is illustrated. A general comparison of the performance of the Class-L resonant 

inverter to the other inverters are listed. The output characteristics of the Class-L 

resonant inverter are described in the output plane in which output current is plotted in 

terms of output voltage. A unique design procedure based on the resuhs of the analysis is 

presented to conclude the development of the Class-L resonant inverter. 
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3.2 Circuit Description and Principle of Operation 

The Class-L resonant inverter is composed of a single controlled switch and an 

external LC network connected in such a way that the switching of large voUage and 

large current do not occur simultaneously. Figure 3.1 shows the schematic of the Class-L 

inverter. The basic principle of operation of the inverter is to shape the current in the 

switch so that voltage and current waveforms of the switch are displaced in time from 

each other during the switching transitions. That is, during tum-on of the switch, the 

Control & drive 

Figure 3.1 Class-L resonant inverter 
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current in the switch does not rise until the voltage has fallen, and during tum-oflf of the 

switch, the current in the switch has Men to zero before the voltage rises; thus, zero 

current switching (ZCS) is achieved. The single switch as illustrated in Fig. 3.1, 

consisting of MOSFET Q1 and diode D1 is a unidirectional switch. The external 

network, also shown in Fig. 3.1, consists of an inductor L2 and a parallel resonant tank 

circuit LI-CI with which the load is coupled. Turn-on of the switch Q1 allows energy to 

transfer from the source to the load. Inductor L2 is connected in series with the switch 

and limits the current in the switch while flows to the resonant tank and the load, which 

in turn, generates a quasi-sinusoidal waveform across the load. The resonant circuit is 

designed so that only the fundamental component of the current in the switch at the 

switching frequency is flowing into the load. 

Figure 3.2 shows the equivalent circuit of the inverter shown in Fig. 3.1. The 

energy transferring components form a "L" shape, where of the Class-L inverter is 

named. For simplicity of the analysis, assume that all the circuit elements L2, LI, CI, D1 

and Q1 are ideal and the dc losses are negligible. The resonant tank is a high Q parallel 

tuned network so that higher harmonics of the resonant voltage are negligible. Therefore, 

a sinusoidal vohage across the resonant tank is assumed. Figure 3.3 illustrates the major 

waveforms associated with the inverter. For convenience of the analysis, the following 

notation is used for the analysis: 

Vg = input voltage 

Vsl = ON-OFF gate signal for switch Q1 



Il 2  = current in inductor L2 and switch Ql 

vl2 = voltage across inductor L2 

Vw = voltage across Ql and D1 

V = voltage across the parallel resonant circuit 

Vp = peak amplitude of the resonant voltage 

(|) = phase difference between Vsl and V 

y = phase interval when switch Ql conducts current 

a = phase interval between Vsw reaches zero and the turn-on of the switch Ql 

D = duty cycle of the drive signal Vsl 

Q = angular switching frequency 

9 = cot 

+ V. Y 

Figure 3.2 Equivalent circuit of the Class-L inverter 
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3.3 Circuit Analysis 

The first step of the circuit analysis is to determine the permissible region of 

operating the inverter in ZCS mode in terms of circuit parameters. Consider the 

waveforms in Fig. 3.3, the conducting interval y should be less than or equal to the on-

time of the switch such that there is no current flowing in the switch at the time when 

switch is turned oflf. The time interval a should be less than or equal to the tum-oflf time 

of the switch Ql. This requirement avoids a second current pulse generated in the 

inductor L2 which generates a high di/dt when turning off the switch. These conditions 

can be written in the following expressions; 

where "D" is the duty cycle - the ratio of the on-time to the total switching period of the 

switch. In addition to the ZCS operation, there are other modes of operation in this 

inverter where the conditions (3.1) and (3.2) are not satisfied simuhaneously. However, 

the ZCS operation has the advantage of low switching loss and no large current 

differential across inductor L2 during the switching transitions. Therefore, only the ZCS 

mode is considered here. To illustrate the operation of the circuit, assume that the duty 

cycle is fixed at 50%, the two boundaries for ZCS are; 

Y < 27C D (3.1) 

a<27t(l-D).  (3.2) 

Y = 7t (3.3) 

a = 7t. (3.4) 
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During turn-on of the switch, the voltage and the current associated with 

inductor L2 can be written as follows: 

VL2i&) = V^-V(0) (3.5) 

I ^ 
iLlid) = TT f V l iW9 <j)<0^+Y (3.6) 

CO-L2. '  
V 

Since the resonant tank is a high Q tuned network, a sinusoidal vohage across the tank is 

assumed 

V(0) = -fp-cos(d) (3.7) 

The fundamental component of the voltage across inductor L2, denoted as VL2rcan be 

derived from the Fourier series: 

2/r 

^ ° (3.8) 

Therefore, the fundamental current in inductor L2, lur is 

ja>-LI (3.9) 
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2tzD 

v.1 

2k 

V(0) 

Figure 3.3 Basic waveforms of Class-L inverter in Fig. 3.2 gate drive of Ql, 
current in Ql (L2), voltage across inductor L2, voltage across the 
resonant tank circuit and voltage Vsw. 
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The fimdamental of the output vohage Vof as derived from (3.7) is (-Vp). The 

conductance Y of the parallel resonant circuit Ll-Cl-R as shown in Fig. 3.2, taking into 

account that the conductance of the ideal tank circuit is zero at the switching frequency, 

can be written as the following expression: 

-Vp-ja>-Ll (3.10) 

Substitute the resulting expression from (3.8) into (3.10) gives 

(3.11) 

Normalize the conductance Y by (a)L2), denoted as Y' 

jL + ie-J^^ J + •(l-e"^'') (3.12) 

j t -m-Ll  

r=i 
K 

The current in inductor L2 reaches zero at 0 = y. carrying out the integration in (3.6) 

gives the relations between the peak voltage at the tank and the input voltage. 

sin^-sin(x + ̂ ) (3.13) 

The normalized conductance Y' is determined by the two quantities y and ({) in (3.12) 

after the substitution of (3.13) into (3.12). We must determine Y' so that the inverter is 

in ZCS operation. The two boundaries set by (3.3) and (3.4) relate to y and a. It is 

therefore helpful to write the quantity ^ in terms of y and a. 

The voltage across the unidirectional switch V^r, reaches zero at 0 = (j) - a, 

during tum-oflf of the switch 
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V.wl (0=<t)-a) = O (3.14) 

Since there is no current flowing through switch Q1 and inductor L2 during tum-ofif of 

the switch, equation (3.5) can be written as: 

V, -1 

cos(<!>-a) (3 15) 

Solving (j) angle in terms of y and a from (3.13) and (3.15) results in: 

tan® = -
smy -cosa 

l-cos^ +Y -sina 
(3.16) 

The region of lossless operation is determined by the acceptable values for y and 

(|). To trace the locus of the boundary, set y=7r, equation (3.16) can be written as 

_i 1- ;r-cosa ^ = tan' 
2 + ;r-sina 

(3.17) 

Sweep (j) according to the range of a angle, 0 <a<K and equation (3.16) results in: 

r=-' 
K 

/• — + — • sin(^) • e"-"* 
2 j: 

(3.18) 

Next, set a =7C, and sweep y from zero upward. The following equations are obtained 

^ = tan 

r=--
7C 

_i sm/ +Y 
1-cos;' 

(3.19) 

-l^y+sin(y) 

. ( i - v .h.e-'r] 
*^2 4 V ^ \ l-cos(r)j V ) 

(A=7T) (3.20) 



The resulting ZCS region is plotted in Fig. 3.4 with the imaginary part of Y' vs. the real 

part of Y'. Also shown are the regions of two examples, for which duty cycle D=0.3 and 

D=0.4. Choosing the operating point inside the enclosed region shown in Fig. 3.4 results 

in a Class-L zero current switching DC-to-AC inverter. In other words, selecting the 

circuit elements so that the normalized parallel conductance of LI-CI-R circuit resides in 

ZCS region results in high-efiBciency operation. 

Consider the circuit in Fig. 3.2, the normalized conductance Y' can also be 

written as the normalization of the parallel conductance of LI-CI-R 

(Q • L7. . L7. / 2 
r= +J—. (q,2 . . ci -1) 

R  L l ^  >  (3.21) 

Properly select the components LI, L2 and C with a specified load R, also in some cases, 

a specified operating fi'equency ©, then the inverter will operate in ZCS mode. Compare 

equations (3.12) and (3.21), for each operating point in the Y'-plane, there is a 

corresponding set of y and (j) angles. The voltage across the resonant tank circuit is then 

determined fi-om (3.13). The variations of load and/or the switching fi-equency affect the 

performance of the circuit. To characterize the effects, it is best to describe the output 

current and output voltage in terms of load resistances and/or switching frequencies. The 

following section describes the output characteristics of the Class-L inverter by the 

output plane plot. 
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0.5 

D=0.5 

•pj: boundary 

0.4 

•(A2) •(Al) 

0  
1  c. 

r e 
'5) m 
6 

0.2 

a=7t boundary D=0.3 

•(A3) 

0.1 

0.05 0 0.1 0.15 0.2 0.25 

Real part of V 

Figure 3.4 Regions of ZCS operation for Class-L inverter 
plotted in the normalized conductance plane, 
examples listed are duty cycle D= 0.3, 0.4, 0.5. 
The point (Al) is inside the ZCS boundary, (A2) 
and (A3) are outside ZCS region when D=0.5. 
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3.4 Output Plane Analysis 

To find the output characteristics for a given inverter, we need to find the 

solutions for the y and <j) parameters. This has been derived fi^om (3.13) in the last 

section. The output plane of the Class-L inverter is the plot of the normalized output 

current vs. the normalized output vokage with the switching firequency as a controlled 

parameter. This plot is usefiil for finding the operating point of the inverter when used 

with a nonlinear load such as a CCFL. 

Apply KirchhofPs current law to the inductor current Il2, which is the sum of the 

tank current luc and the load current lo as shown in Fig. 3.2. The current in L2 during 

turn-on of the switch can be written firom (3.6) as: 

(3.22) 

Expand il2(0) into Fourier series as follows: 

= hio + hix • cos(^) + I l22 • sin(^) (3.23) 

where 

iL2o=—\hi{d)de 
0 

1  '7 

(3.24) 
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1 
1^21 - j ̂l2 (^) " 

1 

TT-ojLI  

Vg • [cos(^> + r) + y- sin(^ +;') - cos^] + 

Vp • |^-^cos(2^ + 2y) -  sm(^ + ̂ )sin^ -  •jCos2^ + 

(3.25) 

7^22 j/£2(^)sinfli^ 

1 

TT-QlLl 

Vg • [sin(^ + /)-/cos(^ +-sin^] + 

+ 2y) -1 sin 2^ + sin ̂  cos(^ + 

(3.26) 

and iyj indicates the higher harmonics. The current, Il2 written as the sum of the current 

flowing into LI-CI resonant tank and the current into the load, is 

Substitute the expression of V(0) in (3.7) into (3.27) gives 

h2i0) = I DCcos^ + • CI - • sin0 

(3.27) 

(3.28) 

Equating the coefficients of the cosG and sin0 in (3.28) to (3.25) and (3.26) respectively 

resuhs in the following equations: 

-L = —J— 
R  a -  L I - K  

Vg [cos(^ + r) + y- sin(^ + y)- cos^] 

cos2(^ + y)- sya.(psm{(f) + y) -—cos 2^ + — 
(3.29) 
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Vg [sin(^ + r)-y- cos(^ + T') - sin 
1 

ca-Ll-TC 1 \ Y 
-—sin 2(^ +;') + sin ^7 cos(^ + y)-—sin2^ + — 

(3.30) 

Divide both sides of the equations (3.29) and (3.30) by Vp and the substitution of the 

result from (3.13), we obtain: 

^ ^ = -^cos2(j^ + /) + ̂ cos2^ + -^sin 2^ + ~sin 2(^ +-—sin(2^ + /) 

a) •Ll-Aoi-Cy 1 = 
V a-L\)  

-^sin2(^ + x) - -^sin2^ +—sin^sin(^ + y) -—sin^ ^ -—sin^ (^ + 7') + ~ J. . 
4 

^ . 
r 

Rearrange (3.29a) and (3.30a) 

co-Ll-n 

'r  
= sin(2^ + y) 

1 . 1  1  
—sin;' +—cos^ — 
2 y y 

0) •L2-4a)-C\ ^1-
^ a-LlJ 

fy I l  
—+—cosr — 
.2 y y) 

= cos(2^ + ̂ ) 

(3.29a) 

(3.30a) 

(3.29b) 

1 . 1  1  
—sm;' + —cos^ — 
1 y y 

Adding the square of (3.29b) and (3.30b) 

(oa-Ll-n^ r r-. _r ^ 1 ^ 
+ CO-Ll-moa-CV 

\  R ) \  (o-LV 
y 1 1 

, cosy H— 
CO •  L\)  2 y y 

(3.30b) 

1  .  1 1  
—sm;' h—cosx 
2 Y Y .  

Divide (3.29b) by (3.30b) gives: 

(3.31) 
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tan(2^+;') = 
a-LI-TV 1 

R a}-L2-m(0-C\ —] -  — -  — 
V (o-L\J 2 Y 

r 1 1 
cosy + — 

1 r r (3.32) 

For a given inverter, the circuit parameters LI, L2, CI, R and the operating 

frequency ca are known. Therefore, y angle can be determined from (3.31), and the 

quantity (j) is then determined from (3.32). The voltage across the tank is then determined 

from (3.13). 

The purpose of the output plane analysis is to predict the variations in circuit 

performance due to the load variations and/or the changes in the control parameter, in 

this inverter, the switching frequency. Here, the normalized output current J and the 

normalized output voltage M are used to describe the steady-state characteristics of the 

inverter. They are defined as: 

sinusoidal current through the load is Ip=Vp/R. The J vs. M trajectories can be plotted 

by varying the load resistance while keeping the switching frequency at constant values. 

First, find the corresponding y and (j) from (3.31) and (3.32) with each load resistance. 

Next, determine the corresponding voltage across the tank Vp from (3.13), and then 

(3.33) 

(3.34) 

where the characteristic impedance Ro is defined 
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calculate the corresponding J and M. These processes are repeated with different values 

of switching frequency. An example of the plot will be seen in the next section. 

The two ZCS boundaries as set by equations (3.3) and (3.4) can also be placed in 

the output plane. Substitute the first boundary y=7t into (3.29b) and (3.13) gives the 

following equations: 

a-ll-tu 2 . _, 
= — sm2^ (3.35) 

R K 

^ = (3.36) 
fg 2-sm^ 

Combine (3.35) and (3.36), and substitute the related variable with the definitions of J 

and M, the following equation is obtained: 

Substitute the second boundary a=7i into (3.29b) gives: 

(3.38) 
(0-L2-7C .  \  

= sm(2^ + Y) 
R 

1 . 1  1  
—sm^ H—cosy — 
2 y Y 

Also, equations (3.15) and (3.16) can be written under the condition a=7i, as: 

= (3.39) 
cosf 

= (3.40) 
1-cos;' 

Substitute the resuks of the above two equations and the definitions of J and M into 

(3.38), the following equation is obtained: 
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Ro 

a-Ll-n 
•M-

2 ^'-cos^' + siny 

l-cos;' 
-sin;' 

1  .  1 1  
—smy^ 1—cost' 
2 y r 

(3.41) 

where M is again calculated from (3.39) and (3.40) as 

1 
^{a=n) = •  

cos tan -1 y + smy 

l^i-cos^jy 

(3.42) 

The two ZCS boundaries as described by (3.37) and (3.42) can be plotted in the output 

plane. An example is shown in Fig. 3.5 where the two ZCS boundaries corresponding to 

(fs/fo) = fl are plotted . 
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Figure 3.5 The two boundaries of ZCS region; a=7c and y=% plotted 
in the output plane. Parameters used in the example are: 
Ll=130uH, L2=66.3uH, Cl=0.058uF. Q=(R/Ro) as defined in (3 
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3.5 Synthesis and Design of the Class-L Inverter 

The design of the Class-L inverter amounts to selecting the proper components 

L2, LI and CI to achieve ZCS operation for a given load, as well as achieve the proper 

output voltage. Consider equations (3.12) and (3.13), for each operating point chosen 

inside the ZCS boundaries, both y and (j) are determined from (3.12) and the conversion 

ratio as derived from (3.13) is found. That is, there is a set of y and (j) angles and a unique 

voltage conversion corresponding to any point in the Y' plane so long as the selected 

operating point is within the ZCS region. Connecting those points inside the ZCS region 

in the Y' plane which provide the same voltage conversion ratio forms a constant gain 

trajectory. Similarly, other values of constant gain trajectories can be plotted in the Y'-

plane. For example, the conversion ratio at the y=K boundary can be found by 

substituting (3.13) into (3.12). The real part of the normalized conductance Y' is then 

expressed as: 

Re[r] = ̂ -sin2?> (3.43) 
TT 

and equation (3.13) can be written as 

M = --— (3.44) 
2 sin^ 

Combining equations (3.43) and (3.44) gives the voltage conversion ratio as a function 

of the real part of the normalized conductance Re[Y'] 
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1 (3.45) 
,2 

To find the voltage conversion ratio for other points in the Y' plane may involve further 

mathematical manipulations. These can be accomplished either by analytic approach or 

by numerical approach. The numerical approach is straightforward. It is accomplished 

fi-om finding the y and (() for any selected point in the ZCS region fi-om (3.12), then 

determine the voltage conversion fi-om (3.13). Figure 3.6 shows the plots of constant-

gain trajectories in the normalized conductance plane. The plot provides essential 

information for designing Class-L resonant inverters. 

For a given specification, in which input voltage, output voltage and load are 

known, the voltage conversion ratio can be determined and the values of the resonant 

elements can be found. Select an operating point on the constant gain trajectory in the 

conductance plane with which the required conversion ratio is satisfied. Refer to 

equation (3.21), choosing an operating point near the origin of the plane results in a 

smaller value of inductance for L2. However, consider Fig. 3.4, the y angle is so small 

that higher peak-current stress occurs in the switch for the same amount of processed 

power. This is obviously seen fi-om the current waveform in the switch in Fig. 3.3. Once 

the operating point is chosen, both the real part and the imaginary part in the normalized 

conductance plane are determined. Inductor L2 is determined firom (3.21), provided the 

switching fi-equency is determined. The parallel resonant components LI and CI are 

selected to give low harmonic distortion on the tank voltage and the resonant frequency 
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of LI and CI is chosen below the switching frequency. The major trade-off between low 

harmonic distortion on the tank voltage and high current stresses on the components 

must be considered. For example, if LI is much larger than L2, then the resonant 

frequency of the total network is the parallel of LI and L2 together with CI when the 

switch is turned on. This frequency is substantially different from the resonant frequency 

of LI and CI. The waveform in the tank is thus distorted. However, since the inverter is 

designed for a specific power level, i.e. a specific voltage across the load resistor, the 

choice of LI will not change the voltage across the tank and therefore the larger its 

value, the lower its peak current stress. 
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3.6 Class-L Resonant Inverter as a CCFL Driver 

Analysis of the Class-L resonant inverter has been described in detail. The Class-

L resonant inverter can provide a low-distortion sinusoidal waveform. The parallel 

resonant configuration is suited in high voltage applications, because it leads to a step-

up, or boost conversion ratio, which leads to smaller transformer turns ratio, which in 

turn reduces the parasitic capacitance of the transformer. For the lamp-drive 

applications, it naturally provides the start-up voltage needed to initiate the ignition 

process for the lamp. The single-stage, single-ended zero current switching power 

conversion provides the simple, high-efiBciency and light-weight features for driving the 

CCFL loads. The implementation and an example of a Class-L inverter driving a CCFL is 

illustrated is this section. 

The V-I characteristics of the CCFL can sometimes be found from the data 

provided by the manufacturer or from a set of V-I tested data and use the first order 

approximation to model the lamp which has been demonstrated in [18]. The first order 

model is written as; 

where Vl is in Volts (RMS) and II is in "mA" (RMS). The load under test is a 3.2mm by 

160mm (Diameter by Length) white-light cold-cathode fluorescent lamp. Its start-up 

voltage is rated at 750 Vrms and operating voltage is 370 Vrms at 5 mA, which 

information is provided by the manufacturer. It is better, however, to characterize the 

CCFL with various power levels in order to provide a complete V-I curve of the lamp. 



Therefore, the first step of the experiment is to test the CCFL to fill in its V-I curve with 

a commercial push-pull resonant inverter. Table 3.1 shows the results of the 

measurements, fi"om which the two coeflBcients "a" and "b" in equation (3.46) can be 

determined; a = 2.321-10"^, b = 221-10'^. Assume that a given specification is listed as 

follows: 

• Input voltage Vg: 6 Volts to 15 Vohs DC 

• Load: the CCFL described above, and the load current varies from 0.5 mA to 4.75 

mA. 

To design a Class-L inverter as an electronic ballast for this lamp, first select an 

operatmg point on the constant gain trajectory at Y'=0.1+0.32. The lamp voltage at the 

current of 4.75 mA is about 340 Volts (RMS). Therefore the conversion ratio defined in 

(3.34) is 

(3.47) 
Vg-n  

where "n", the turns ratio of the transformer is 20. Assume that the switching frequency 

is 75 BCHz and the ratio of the switching frequency to the resonant frequency is 

approximately 1.3. The circuit elements are then determined from (3.21). They are: 

L2 = L\ = nO/rfl", and ci = 0.06/rF. The inverter as shown in Fig. 3.7 has 

been constructed to verify the analysis and design. Figure 3.8 shows the measurement of 

major waveforms which includes the drive signal for the switch, voltage across the 

switch, current in the switch, lamp voltage and lamp current. In this example, LI is made 

larger than L2 so that lower current stress is obtained in the tank circuit. The ratio of the 
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fundamental component to the RMS value of the lamp voltage is 0.96. This deviates 

slightly from the fimdamental-component-analysis assertion. Mainly, the measurement 

for the lamp voltage includes a 4-pF capacitance from the high-voltage probe which is 

added to the lamp load. The load is therefore no longer a resistive type. Further proofs 

from other techniques are not implemented here. Table 3.2 lists the measurements from 

the experiments which includes lamp voltages and switching frequencies with various 

lamp currents and fixed input voltage — load regulation. Table 3.3 shows the 

measurements of lamp voltage and switching frequency with various input voltages and 

fixed lamp current — input line regulation. For comparisons, the output plane plot for 

the inverter is shown in Fig. 3.9 where the predicted V-I curve for the CCFL from the 

data recorded in Table 3.1 and the measured data from the experiments are plotted. The 

changes in output voltage and current due to the changes in load and switching 

frequency are clearly seen from the plot. 
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Figure 3.6 Constant-gain trajectories of Class-L inverter; 
duty cycle =50% 
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Figure 3.7 Experimental circuit of Class-L inverter 
driving a CCFL 



Vrms Irms (mA) 
330 5.0 

348 4.0 

350 3.76 

356 3.56 

359 3.29 

362 3.12 

365 3.02 

371 2.87 

375 2.7 

380 2.51 

382 2.4 

386 2.1 

390 2.01 

394 1.85 

405 1.45 

413 1.23 

414 1.2 

417 1.07 

419 1.02 

421 0.96 

Table 3.1. V-I measurements of a CCFL driven 
by a current-fed push-pull resonant inverter 
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feCBOIz) fs/fo lL(inA) VlCVOU) J M 
77.50 1.34 4.74 343 0.661 2.53 
77.09 1.33 4.43 349 0.618 2.58 
76.46 1.32 4.32 346 0.602 2.55 
75.93 1.31 4.14 347 0.577 2.56 
75.45 1.30 3.97 352 0.554 2.59 
74.68 1.29 3.70 359 0.516 2.64 
74.30 1.28 3.61 357 0.503 2.63 
73.60 1.27 3.35 362 0.467 2.67 
73.06 1.26 3.12 366 0.435 2.69 
72.44 1.25 2.87 374 0.400 2.75 
71.88 1.24 2.68 380 0.374 2.80 
71.32 1.23 2.45 384 0.342 2.83 
70.69 1.22 2.19 389 0.305 2.87 
70.17 1.21 1.90 396 0.265 2.92 
69.56 1.20 1.56 411 0.218 3.03 
68.74 1.19 1.23 417 0.172 3.07 
68.38 1.18 1.02 422 0.142 3.11 
67.79 1.17 0.80 425 0.116 3.13 
67.24 1.16 0.65 426 0.091 3.13 
66.65 1.15 0.57 422 0.079 3.11 

Table 3.2 Measurements of V-I of the lamp driven by the inverter as shown in Fig. 3.7. 
Varying the load current by fixing the input voltage at 6.8 VoUs. 'T' and "M" 
are calculated firom "IT" and "VL". 'T' VS. "M" curve is plotted in Fig. 3.9. 
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Vg(Volts) 
Input voltage 

fs(KHz) 
Switching fiequency 

VL(Volts RMS) 
Lamp voltage 

6.10 80.2 392 
6.2 78.8 391 
6.4 76.54 391 
6.6 74.78 389 
6.8 73.1 389 
7.0 72.08 389 
7.2 71.12 389 
7.4 70.23 389 
7.6 69.48 389 
7.6 68.79 389 
8.0 68.22 388 
8.2 67.61 387 
8.4 67.13 387 
8.6 66.58 387 
8.8 66.17 387 
9.0 65.70 387 
9.2 65.41 387 
9.4 64.90 388 
9.6 64.60 389 
9.8 64.30 389 
10.0 64.0 388 
10.2 63.68 387 
10.4 63.35 386 
10.6 63.10 384 
10.8 62.82 384 
11.0 62.60 384 
11.2 62.32 384 
11.4 62.11 384 
11.6 61.90 384 
11.8 61.69 384 
12.0 61.52 383 
12.2 61.36 384 
12.4 61.18 383 
12.6 61.05 383 
12.8 60.83 383 

Table 3.3 Measurements of V-I of the lamp driven by the inverter as shown in 
Fig. 3.7. Varying the input voltage by fixing the load current at 3.07 mA. 
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13.0 60.69 383 
13.2 60.50 383 
13.4 60.35 383 
13.6 60.22 383 
13.8 60.07 384 
14.0 59.92 385 
14.2 59.78 385 
14.4 59.70 384 
14.6 59.55 385 
14.S 59.45 384 
15.0 59.35 384 
15.2 59.22 384 

Table 3.3 (continue) Measurements of V-I of the lamp driven by the inverter as 
shown in Fig. 3.7. Varying the input voltage by fixing the load current at 
3.07 mA. 

TGk SCod: lO.O.MS/s 53 Acqs 

I-I Cti Freq 
/3 0/<J2:<.^2 
Low signal 
a.TiplicuOe 
Ch3 RMS 
S.36rnV 

3- Ch2 RMS 
352 V 

R3 

Ci\A 100 V 
5.00MS 

6.'4'v 
CM3 lO.OiiiV 
Rcf3 lO.O.-nv 

Figure 3.S Measured waveforms of the circuit in Fig. 3.7. From top; drive 
signal for Ql, voltage across switch Vsw, current in switch Il2, 
lamp voltage Vl, and lamp current iLiSmA/div. It is seen that 
there is no current flowing in switch Ql at turn-on and turn-off. 
The probe used to measure the voltage across the lamp 
contributes about 4 pF capacitance to the load. This is included in 
the load impedance 
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0.75 

0.675 

0.6 

0.525 

0.45 

'o' 

^0j75 

0.3 

0.225 

0.15 

0.075 

0 

Figure 3.9 Output current vs. voltage of the Class-L inverter when 
driving a CCFL as shown in Fig. 3.7. Ll=130uH, L2=66.3uH, 
Cl=0.058uF; ZCS boundaries and V-I curve of a Lamp are 
shown. Ratio of switching frequency to resonant frequency 
is the controlled parameter. 
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Parameters Current-fed 

Royer inverter 

Current-fed 

Push-pull 

inverter 

Series/parallel 

LCC resonant 

inverter 

Class-L resonant 

inverter 

IC Controller PWM for 

current-fed pre-

regulator 

Synchronous 

PWM three 

outputs 

(drive) 

PFM PFM 

Power 

transistors 

1 MOSFET 

2 Bipolars 

3 MOSFETs I P-MOSFET 

1 N-MOSFET 

1 N-MOSFET 

Passive 

elements 

about 35 about 15 about 12 12 

Power 

transformer 

4-winding 

structure 

3-winding 

stmcture 

2-winding 

stmcture 

2-winding 

stmcture 

Turns ratio of 

transformer 

about 

1:5:5:1150 

about 1:1:130 about 1:100 1:20 

Size 0.75"x5.5"x0.5 0.75"x6"x0.5" not available 0.75"x4.5"x0.5" 

Estimated 

material cost 

$8.00 $10.50 $9.00 $5.50 

Switching mode hard switching hard switching hard switching zcs 

Table 3.4 A general overall comparisons among the inverters as a CCFL driver 
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3.7 Conclusion 

The example and experiment demonstrate that a 20% variation of the switching 

frequency is suflBcient to accommodate a two to one (2:1) input voltage swing and a 

10% to 90% load variations. A general comparison of the performances of the Class-L 

resonant inverter to the current-fed Royer inverter, the current-fed-push-pull resonant 

inverter and the LCC resonant inverter are listed in Table 3.4. The Class-L inverter 

greatly simplifies the structure of the power transformer (1:20 turns ratio, while the other 

circuits need 1:100 or higher) which reduces the winding capacitance of the transformer. 

It only uses one power transistor while the other circuit topologies require two or more 

transistors. The zero-current switching naturally provides low switching losses in the 

transistor. The measured ratio of the output power to the input power is about 83% at 

full load operation. The eflBciency for both the current-fed Royer inverter and the 

current-fed push-pull inverter is about 79%. There is no available product for the LCC 

serial/parallel inverter that the efiBciency of this inverter has not been measured. These 

show that the Class-L resonant inverter has a great potential in the lamp-drive 

applications in the lighting industry, and for instrument displays in both automobile and 

aerospace industries. 

Carefully examine the waveforms shown in Fig. 3.2, the current in the switch, 

also the current firom the dc source is a pulsating-like waveform. The peak current 

increases significantly in higher power applications especially when the conduction angle 

Y is small. This may impair the performance of electromagnetic compatibility of the 

system where the inverter is applied. To fill in the same type of applications in higher 



power environments, the Class-M resonant inverter is developed. This is introduced 

the next chapter. 
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CHAPTER 4 

ZERO CURRENT SWITCHING CLASS-M RESONANT INVERTER 

4.1 Introduction 

The Class-M inverter is a current-fed, zero current switching dc-to-ac resonant 

inverter [43]. From the topological stand point, the Class-M inverter is a derived circuit of 

the Class-L resonant inverter. As shown in Fig. 4.1, it is composed of a Class-L inverter 

cell and a boost-like front end ~ an input inductor and a shunt switch. The Class-M 

resonant inverter retains the features that the Class-L resonant inverter provides. Two 

switches used in the inverter feature zero current switching (ZCS) operation provide a 

nearly sinusoidal voltage waveform at the resonant tank. Due to the parallel resonant 

configuration, the Class-M inverter is naturally suited for high voltage applications. Also, 

because of the current-fed feature, the current provided from the input source to the 

inverter is essentially dc which minimizes the conductive electromagnetic interference. In 

addition, the current stress in the switches is low (as will be seen from the waveforms in 

the next section). These features make the Class-M resonant inverter attractive in high 

voltage and high power applications. 

Theory of operation and circuit analysis of the Class-M resonant inverters are 

described here in detail. Steady state behavior of the inverter is obtained through the 

results of the analysis and is characterized by the output voUage-current relationship. The 

permissible region of operating the inverter in ZCS mode is also determined, that is, the 

criterion of selecting the components so that ZCS operation is retained for a given range 
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of load. An analysis-oriented design procedure is developed. The theory of operation, 

circuit analysis and the design are concluded by experimental verification. 

Lf L2 

nrm rrrci 
^ '  

Vg 
D2 

Control & Drive 

Figure 4.1 Class-M resonant inverter 
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4.2 Theory of Operation and Circuit Analysis 

Figure 4.1 shows the ZCS Class-M resonant inverter, which consists of a high 

reactance input inductor Lf, a shunt switch Ql and D1 and a Class-L resonant inverter cell 

which is composed of L2, LI, CI, D2 and Q2. The two switches and the energy 

transferring components form a "M" shape, there of the Class-M inverter is named. The 

inverter is configured in such a way that the turn-on and turn-off of the switches are in 

ZCS operation. The two switches are implemented by a diode D1 in series with MOSFET 

Ql, and D2 in series with MOSFET Q2 which allow unidirectional current to flow. These 

can be implemented by bipolar transistors or other unidirectional switching devices. The 

parallel resonant circuit consists of the primary inductance (including the leakage 

inductance) LI, an external resonant capacitor CI, and the load Rl. The tank circuit is 

designed as a high Q tuned network so that higher harmonics of the resonant voltage 

across the resonant tank circuit are negligible. Figure 4.2 shows the equivalent circuit of 

the inverter as shown in Fig. 4.1. The current source Ig is derived fi-om the large inductor 

Lf placed in series with the dc vokage source. Assume that all circuit elements are ideal 

and the resistance losses in the inverter are negligible. The assumption will be justified 

fi-om the resuhs of the experiment in Section 4.5. The basic waveforms associated with 

this inverter are shown in Fig. 4.3. The following relevant notation is used for the circuit 

analysis: 
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Ig = input current 

V,i = ON-OFF gate signal for switch Q1 

Vt2 = ON-OFF gate signal for switch Q2 

I,x = current in switch Q1 and D1 

1,2 = current in switch Q2 and D2 

Vl2= voltage across inductor L2 

V = voltage across parallel resonant circuit 

Vp = amplitude of the resonant voltage V 

(j) = phase interval between V reaches zero and turn-off of switch Q1 

Y = phase interval when both switches Q1 and Q2 are conducting current 

D = duty cycle of the drive signal for switches Q1 and Q2 

(B = angular switching frequency 

0 =(Bt 

p = 27C (1-D) 

+VL2- P Y 
Q2 D2 L2 v(e) 

Vg.1 

Figure 4.2 Equivalent circuit of the Class-M inverter 
Y is the parallel conductance of CI, LI and R 
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The following analysis yields two important results; The first result establishes the 

region in which the Class-M inverter is operating in the ZCS mode. The second result 

describe the output characteristics of the Class-M inverter graphically by the output load 

line trajectories in terms of output current vs. output voltage plots. 

Referring to Fig. 4.2, the inverter is provided with an input current source through 

a large inductor Lf. The overlapping drive scheme for switches QI and Q2 as illustrated in 

Fig. 4.3 provides a path for the input current source and ensures that the turn-on and tum-

ofif of the switches are in the ZCS mode. The currents in both switches Ql and Q2 

resonate fi^om zero to Ig or firom Ig to zero during the period when both switches are 

turned on. The duration 'Y', referred to Fig. 4.3, is the interval during which both switches 

are turned on and the current in each switch is fi"om zero to Ig or firom Ig to zero. During 

this time interval, the sum of the output voltage V(0) and the vohage across inductor L2 is 

zero. Therefore, the voltage and current associated with inductor L2 are written as 

follows; 
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L2 

V(0) 

Figure 4.3. Basic waveforms of the Class-M resonant inverter. 
Overlapped-drive ensures ZCS operation. Sinusoidal 
voltage across the tank circuit is assumed. 
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v^^{e)=-vp-sm{e-<f) p<e<y^p (4.1) 

1 ® 
h2ie)=—-av^jwe p<e<y+p (4.2) 

a> Ll J 

where the sinusoidal voltage across the resonant tank circuit is assumed. 

V{e)^Vp-sxa{e-<f). (4.3) 

The first goal of the analysis is to determine the region of the ZCS operation in 

terms of y and (j), which are shown in Fig. 4.3 and in equations (4.1-4.3). The inductor 

current Il2, which is also the current flowing in switch Q2 remains at the input current Ig 

before switch Q1 is turned on. Also, the current reaches Ig after interval followed by 

the turn-on of switch Q2. That is, lL2(e=p)=Ig and lL2(e=p+x+Y)=Ig- Therefore, the flowing 

equations are obtained fi"om (4.1) and (4.2); 

h2 (^) = —^ - ̂ )] + Ig p<0<p-hr 
CO ' 

and 

y 
Ig = —— • \- cos(y3 + Y -(p) + co^p - ̂)1 7l+P<0<7i+P+Y (4.4) 

^ fl>-l2 •• 

Consider the waveforms in Fig. 4.3. The voltage across inductor L2 is part of the sinusoid 

of the tank voltage waveform when both switches Q1 and Q2 are conducting current. Its 

fundamental component Vijf can be written as: 

(4.5) 
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The fundamental current in L2 is the ratio of the fimdamental voltage across L2 and the 

impedance j(DL2. This gives 

Vr 
^L2f -

1.2 f 
j(0 • LI 

(4.6) 

The fundamental of the voltage across the parallel tank circuit denoted as Vof is obtained 

from (4.3) 

Vof=-j-Vp-e-'* (4.7) 

Therefore, the conductance Y, as shown in Fig. 4.2, can be written as the ratio of lL2f and 

Vof. By Carrying out the integration in (4.5), where Vl2(0) is derived from (4.1), the 

following equation is obtained. 

^Llf -Jy. e-j* + leJ* • e-J^ • (l - ) (4.8) 

From equations (4.6)-(4.8), the conductance Y is obtained as 

r= '12/ 

^Of 

1 

(o-L2-fr 
Jy ~ ^ j (4.9) 

The normalized conductance of Y with normalizing factor oL2 denoted as Y', is: 

T  =  Y ( o L l  =  -
K 

jy ~ j (4.10) 

At the turn-on of Q2, the current in inductor L2 rises from zero to Ig within the y 

interval. This current is maintained at Ig until the switch Ql is turned on, then the current 

decays from Ig to zero, which is also within the y interval. The assumption being made is 

that Ql and Q2 are driven by a drive signal which is 180 degrees out of phase. It is 
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necessary to satisfy the following condition to have zero current switching at the turn-on 

and tum-oflf of the switches: 

0<y^7c-P (4.11) 

Before Q1 turns oS^ the entire input current Ig is flowing in the switch Q2 and the 

inductor L2. The output voltage has to be less than or equal to zero for the current to 

flow. This implies the following condition: 

0<(j) (4.12) 

The normalized conductance Y' as shown in (4.8) can be plotted with its imaginary 

part vs. its real part for any values of y and (J). Therefore, the region of ZCS operation in 

the normalized conductance plane is an enclosed region bounded by the boundaries as 

determined by (4.11) and (4.12). To trace the loci of the boundaries, set y=P, and sweep (J) 

zero upward, and set (j>=0 and sweep y across its range. One example is illustrated in Fig. 

4.4 where the duty cycle for both Q1 and Q2 switches is assumed to be 75%. Choosing an 

operating point inside the ZCS region yields zero current switching for both switches. In 

other words, in designing the inverter, it is necessary to select the circuit elements for the 

inverter so that the calculated normalized conductance of the parallel Ll-Cl-R circuit is 

located inside the ZCS region in order to achieve a zero current switching operation. 

The second part of the circuit analysis is to determine the steady-state 

characteristics of the inverter once it has been designed. The voltage across the resonant 

tank can be determined once the parameters y and ()> are determined. This can be shown 
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from equation (4.4). Therefore, the efiFort of the following analysis is to find the solution 

for both Y and (j>. 

Referring to Fig. 4.3, the current in the inductor L2, Il2(6) is expressed in different 

time intervals as; 

coLl 
[cos(^ -<!>) + cos(^ -

Expanding il2(0) in terms of a Fourier series yields: 

^LI~ ̂ LIQ ^^LIV+ ̂L21 ''A/j 

0 < ^ < ^  

p<e<p+r 

P + Y ^d<7t-\- P 

}: + P<d<K + P^-y 

7t+p + y<6<ln 

(4.13) 

(4.14) 

where ihh indicates the higher harmonics, and the coefiBcients in (4.14) are obtained as 

follows: 

^l20 - z.— 
2^^ 0 

1 
Ii2\ = —• ^ I cosO • dO 

(4.15) 

(4.16) 
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1 
1^22 — fli_2(^)'Sinff-d0 (4.17) 

Carrying out the integration of (4.15), (4.16) and (4.17) 

I ^L20 - ~ (4.18) 

K 

2/gsin(/? + ;') + 

eo-Ll 

y cos(^) - 2 cos(yff - <f) sin(y5 + y) + 

2 cos(j5 -  ̂)sm(/3) + cos(2y5+y - ̂J)sin(/) 

hzi -
]_ 

n 
a - L I  

Y sin(^) + 2 cos(/5 - cos(y5 + 

~lcos{fi - ̂ )cos(y3) + sin(2y9 + y-<^)sin(/) 

(4.19) 

(4.20) 

The inductor current, Il2(9) is the sum of the current flowing in the LI-CI resonant tank, 

itk and the current in the load, io. Therefore, the following equation is obtained: 

^ (o-Ll ^ ^ ^ d9 R 
(4.21) 

Since the voltage across the tank circuit is expressed as in (4.3), equation (4.21) can be 

wntten as: 

hii.^ = lDC+Vp\o>-C\- • coie - (l>)+^sm{e-(f>) (4.22) 



0.8 

0.6 

0.4 

0.2 

•(A3) 

.(A2) 

0 0.1 0.2 0.3 0.4 0.5 

recv) 

Figure 4.4 Two boundaries of ZCS operation from equations 
(4.11) and (4.12) in the normalized conductance plane 
in which 75% duty cycle for Q1 and Q2 is assumed. 
The point (Al) is inside the ZCS region, (A2) and (A3) 
are outside the ZCS region. 
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Comparing equations (4.14) and (4.22), and equating the coefficients of the sinO and cos6 

terms results in the following equations: 

f f l j -C l  1  -cos^ -—•s in^  =——sin (y0  +  ; ' )  +  (  
V co-LV ^ R 7tV„ ' co-Ll tt ^ 

[ - jsin(2y5-<f)-ls\a{fi + -  ̂) + /cos^ + -jsin(2;9 + 27' - <f) + lco^p-<f)smP } 

(4-23) 

( a - C l  —^ •sin^ +—-005^ = -——cos(y9 + K)H ( 
^ (O-LV ^ R ;rV„ m-Ll-jt ^ 

Jcos(2y0-tf) + 2cos (y0  + ; ' ) cos ( / ? - s in^  - j co s (2^ + 2y -<p)-lcosPcos(y0-<f) } 

(4.24) 

Substituting the derivation of — from (4.4) into (4.23) and (4.24) yields 

e o C l - -
1 1 

a - L I  ( 0 - L 2 - Z  
/-•jsin2(y? + x) + -jsin2/3 |-cos^ 

= |-ffl-Cl + —?—+ - ^ 
CO- LI CO- Ll-7t 

Y -•jsin2^ + -jsin2(/? + ;') sin^ 

(4.25) 

(4.26) 
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Eliminating the sin<j) and coaj) terms in (4.25) and (4.26), the following equations are 

obtained: 

Equations (4.27) and (4.28) provide the solutions for both y and (j). Note that for a given 

inverter, the circuit parameters such as cd, LI, L2, CI and duty cycle D are known. 

Therefore, the conduction angle y can be determined from (4.27), and the phase interval ^ 

is then determined from (4.28). Therefore, the voltage across the resonant tank circuit as 

shown in Fig. 4.2 and in equation (4.4) is analytically determined. 

(4.27) 

(4.28) 
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4.3 Output Plane Analysis 

The output characteristics of the inverter described by the output current and the 

output vokage is graphically expressed by the plot of the normalized output current'T' vs. 

the normalized output voltage "M" in the foUowing discussions. They are defined as: 

where Ro= is the chararteristic impedance of the tank circuit. For a given inverter, 

the plots of J vs. M can be constructed by varying the load while keeping the switching 

fi"equency constant. These trajectories describe the steady state behavior of the inverter. 

An example of the plot is illustrated in Fig. 4.5 where the operating duty cycle for both 

switches is assumed to be 75% (P=0.57c). Note that the two boundaries for the ZCS 

operation fi-om (4.11) and (4.12) are also plotted in the plane. These are established 

through the following derivations; 

Substituting the boundary Y=0.57C in (4.11) into (4.27) yields 

(4.29) 

(4.30) 

(4.31) 

From the definitions in (4.29) and (4.30), the following equation is obtained. 

1 
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Similarly, substituting the second boundary ({>=0 of the ZCS operation into (4.4) and 

(4.26), the resulting two equations can be written as: 

(o ll i 
•^(#=0)=-^-;-- (4.33) 

R sin;' 

sin^ Y = Q (4.34) 1  1  . 2  sir 
R <o-L1-K 

Combining (4.33) and (4.34) results in 

1 (o-ll 
Ik RO 

(4.35) 

The two boundaries plotted in Fig. 4.5 are then constructed from (4.32) and (4.35). 
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NON-ZCS 
region 

0.5 
y=it/2 bomdary 

^=oboundarfr 0.4 
0=10 

J 0=20 

0.2 x(ipl) 
0=30 

0.1 

0=40 
is/fo = 1.16 

l^fo = 1.2 

ZCS region 
M 

Figure 4.5 Output plane plot of J vs. M of a Class-M resonant inverter. 
L2=30uH, Ll=25.8uH, Cl=0.1uF. Ratio of switching frequency 
to the resonant frequency ofLl-Cl denoted as fs/fo. The three 
trajectories corresponding to fs/fo= 1.12, 1.16, 1.20. Q=R/VLI/C1 
The point (opl) is chosen for the experiments. The two boundaries 
from (4.32) and (4.35) with fs/fo=1.2 are also plotted. 
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4.4 Design of Class-M Resonant Inverters 

The design the Class-M resonant inverter amounts to obtaining proper circuit 

elements such that the inverter is operated in the ZCS mode under the specified load and 

input line range. Referring to Fig. 4.2, the conductance Y of the parallel Ll-Cl-R, is: 

For a given inverter, the normalized conductance can be obtained and the corresponding 

operating point in the Y' plane is located (the plot of the imaginary part of Y' vs. the real 

part of Y'). The correspondmg y and ^ phase intervals can then be determined from 

(4.10). That is, once the operating point in the normalized conductance plane is chosen, 

the two critical parameters y and (J) can be determined. Then, the peak voltage across the 

resonant tank circuit as shown in (4.4) and the peak current in the load are then solved. 

The conversion ratio J as defined in (4.20) is determined. Similarly, the current conversion 

ratio can be found for any operating point inside the ZCS region in the Y' plane. For 

example, examine the points on the Y=7t/2 boundary, equation (4.10) becomes: 

(4.36) 

The normalized conductance Y' can be written as: 

r = a}L2-+j—(Q)^Ll-Cl-l (4.37) 

VI ^ ^ r = —  7  —  +  e - ' '  
7C 2 

(4.38) 

The real part of Y' is 

(4.39) 
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Substituting y=7c/2 into equation (4.4) yields: 

Ig =—^[sin^ + cos^] 
^ (o-LI'- •* 

[sin ̂  +cos (4.40) 

The real part of Y' as in (4.37) is cdL2/R. Therefore, equation (4.40) can be written as: 

Equation (4.42) dictates the current conversion ratio as a fimction of the real part of the 

normalized conductance on the y=7c/2 boundary. Similarly, the current conversion ratio is 

uniquely determined for any operating point inside the ZCS region in the Y' plane. 

Therefore, it is possible to construct the constant-gain trajectories in the Y' plane in which 

the current conversion ratios are constants. The results are shown in Fig. 4.6. With this 

plot, we are now in a position to design a Class-M inverter. 

For a given specification, the input voltage, output vokage and the output power 

are usually known. The input current can then be determined with an assumed conversion 

efficiency. Listed below is the procedure for designing a ZCS Class-M resonant inverter: 

1. Determine the current conversion ratio J. 

2. Refer to the constant-gain plot in the Y' plane and choose an operating point on the 

trajectory which satisfies the predetermined J in step 1. 

[r=Y] sin cos ̂  

Rewriting equation (4.41) by using (4.39) yields 

(4.41) 

(4.42) 
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3. Choose an operating frequency fs (sometimes, this is specified), L2 is determined from 

equation (4.37). 

4. The parallel resonant components LI and CI are selected to give low harmonic 

distortion on the tank voltage and the resonant frequency of LI and CI is chosen to be 

below the switching frequency of Q1 and Q2. 



J= =0.035 

J=0.141 
0.8 

J=0.212 

j=o.: 
0.6 
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0.4 OPl, 

0.2 

0.2 0.3 0.4 0.5 0 0.1 

Re(Y') 

Figure 4.6 Constant-gain trajectories of the Class-M inverter. 
Operating duty cycle for Q1 and Q2 is 75% 
The point (opl) is chosen for the experiments. 



107 

4.5 Experimental Verification of a Class-M Resonant Inverter 

An example illustrated below is the design of a Class-M inverter which provides 88 

Volts (RMS) ac sinusoid, 50 Watts output from a 12-Volt input source. The Class-M 

resonant inverter as shown in Fig. 4.1 has been constructed. Assume that the conversion 

efBciency is 85%. The step-by-step design procedures are as follows: 

1. The input current is 4.9 Amps, and the current conversion ratio is 0.164. 

2. Select an operating point on the constant-gain trajectory where J=0.17; 

Y'=0.14+j0.52, which is shown in Fig. 4.6 and is designated as (opl). 

3. Assume that the operating frequency of the inverter is 120 Hz and the resonant 

frequency of the Ll-Cl tank circuit is 100 Hz. Therefore, L2 is SOpiH, LI is 25.8|iH 

and CI is 0.1 nF. This gives Q=10. The input inductor Lf is chosen to provide a small 

amount (=10%) of ripple of the dc input current. 

The component values and the circuit parameters are determined and listed in Table 4.1, in 

which the designed parameters are highlighted. The measured waveforms from the 

experiments are shown in Fig. 4.7 including the drive signals for Q1 and Q2, the current in 

Q1 and Q2, and the output voltage V. The predicted results from the theoretical analysis 

and the results from the experimental measurements are listed in Table 4.2. The output 

characteristics of the inverter are plotted in the output plane as shown in Fig. 4.4 where 

(opl) indicates the selected operating point. Steady state behavior of the inverter is clearly 

seen from the plot in which the effects of load variations and/or switching frequency 

variations on the output voltage and current are obtained. Table 4.3 lists the measured 
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data from the experiments of which the load resistance varies from 79Q to 341Q while the 

switching frequency is 122 KHz. Table 4.4 lists the measured data in which the switching 

frequency is 116 KHz while the load resistance varies from 19Ci to 462Q. These measured 

data are placed in the J vs. M plane and compared with the predicted trajectories. The 

slight deviation of the predicted parameters from the measured data resides in the error in 

the prediction of the conversion efiBciency. However, the overall measured results confirm 

the validity of the analysis. The harmonic contents of the measured waveform of the 

output voltage are listed in Table 4.5 where the first forty harmonics are calculated. The 

total harmonic distortion (THD) is defined and calculated as 

rms 
(4.43) 

The power factor (PF) is defined as 

0.9996 
rms 

(4.44) 

High quality of the sinusoidal waveform at the output has been obtained which confirms 

the fijndamental-component-analysis assumption in Section 4.2. 



Vg 12 Volts 
Vo 88 Volts 

(RMS) 

RL 155 n 
b mKBz 

iiiiiiiii 30 uH 
iiilliilli 2S,S iiBl 
CI 0.liaF 
liiiiilii 165 iiH 

0.14+10.52 

Table 4.1. Specifications and circuit parameters 
of the Class-M resonant inverter of the 
experimental circuit 

Circuit parameters Predicted results Measured results 
R (Load) 1S5Q liiMiiiiiilill 
Vo (Output voltage) 88 Volts (RMS) 86.7 Volts (RMS) 
Po (Output power) SO Watts 48.81 Watts 
Ig (Input current) 4S Amps 4.8 Amps 
Ti (EfBciency) 85% 84.72% 
J (Conversion ratio) 0.17 0.167 

Table 4.2. Comparisons of circuit parameters between the predicted 
data and the measured data. 
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R(Ioad) V Ig (input) Ip (output) J M Q 

(output) Amps -de peak (nomialize (normalize (R/Ro) 

Vok value d current) d voltage) 

RMS 

79 54.6 3.9 0.977 0.25 1.23 4.92 

106 64.2 4.25 0.857 0.202 1.33 6.6 

122 70.4 4.55 0.816 0.179 1.36 7.6 

146 77 4.75 0.746 0.157 1.43 9.09 

154 80.4 5.0 0.738 0.148 1.42 9.59 

181 86 5.1 0.672 0.131 1.485 11.27 

194 94.2 5.55 0.668 0.124 1.495 12.08 

211 98.6 5.9 0.661 0.112 1.471 13.14 

227 102.8 6.02 0.641 0.106 1.503 14.13 

249 107.8 6.25 0.612 0.098 1.52 15.5 

284 114 6.40 0.568 0.088 1.556 17.68 

301 115 6.40 0.540 0.085 1.582 18.72 

320 119.2 6.55 0.527 0.080 1.602 19.92 

341 123.6 6.8 0.513 0.075 1.60 21.23 

Table 4.3 Measured data from the experiments. Ratio of switching frequency to 
the resonant frequency is 1.22. Input voltage is 11.97 Volts. 
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RGoad) V (ou^ut) 

Volt RMS 

Ig (input) 

Amps -de 

Ip (output) 

peak value 

J 

(normalize 

d current) 

M 

(normalize 

d voltage) 

Q 

(R/Ro) 

79 44.6 2.5 0.798 0.319 1.571 4.92 

87 46.2 2.49 0.751 0.302 1.633 5.42 

107.6 51 2.5 0.670 0.268 1.796 6.70 

125.1 56 2.65 0.635 0.240 1.867 7.79 

150 61.6 2.8 0.581 0.207 1.937 9.34 

222 78.4 3.35 0.499 0.149 2.061 13.82 

243 82.6 3.5 0.481 0.137 2.08 15.13 

285 89.8 3.65 0.446 0.122 2.166 17.75 

320 95.4 3.85 0.422 0.109 2.182 19.93 

366 101.6 4.0 0.393 0.098 2.236 22.79 

424 108.6 4.2 0.362 0.086 2.277 26.40 

462 112.8 4.3 0.345 0.080 2.31 28.77 

Table 4.4 Measured data from the experiments. Ratio of switching frequency to 
the resonant frequency is 1.16. Input voltage is 11.97 Vohs. 
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Figure 4.7 Measured waveforms. From top: drive signal for Ql as 
Vg,i, drive signal for Q2 as Vg,2, current in switch Ql as I.i, 
current in switch Q2 as I.2, and voltage across the resonant 
rank as V. The circuit is shown in Figure 4.1 and circuit 
parameters are shown in Table 4.1. 
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Harmonics Magnitudes (Volts) 
First to 6^ 86.6 0.96 2.10 0.12 0.30 0.05 

T'^to 0.04 0.04 0.04 0.01 0.03 0.03 

13^^ to 18^ 0.09 0.03 0.04 0.08 0.09 0.03 

19^to24'^ 0.04 0.02 0.02 0.04 0.04 0.03 

25^ to 30^ 0.05 0.01 0.06 0.01 0.03 0.01 

31''to36'^ 0.02 0.04 0.02 0.04 0.03 0.03 

37^to40'^ 0.03 0.03 0.03 0.04 

Table 4.5 Harmonics of the vohage at the tank circuit from the 
measured waveforms in Fig. 4.7. The total harmonic 

distortion based on the calculation of^-^ is 2.7% 
V '^rms 
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Figure 4.8 Comparisons of predicted vs. measured data in the J vs. M plane 
Solid curves are the predicted load line trajectories. 

A — measured data for J and M with switching frequency fs=I22 KHz 

• — measured data for J and M with switching frequency fs=ll6 KHz 

Resonant frequency of Ll-Cl is 100 KHz. 
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4.6 Conclusion 

The front-end of the Class-M resonant inverter including Lf and Q1 is configured 

like a continuous-mode boost converter which provides a nearly dc input current. This 

structure in turn minimizes the electromagnetic interference (EMI). Electromagnetic 

interference is one of the most important issues when designing any power processors. 

The Class-M resonant inverter, which generates minimum EMI, is well-suited in high 

power applications due to its zero-current soft switching and current-fed (input current is 

nearly a dc) features. The inverter, which consists of two power switches, is considered a 

dual-ended dc-to-ac power converter. However, it only requires simple ground-reference 

drives, which greatly simplifies the complicated drive circuit that the conventional dual-

ended converters experience. The two switches are driven with a duty cycle greater than 

50% to provide the path for the input current source. A 50-Watt Class-M resonant 

inverter has been designed and constructed according to the procedure presented. The 

measurements confirm the theoretical analyses. The fiindamental-component analysis of 

the Class-M resonant inverter is justified by the experimental results in which the total 

harmonic distortion of the output voltage waveform is about 2.7%. The ratio of the 

fundamental component and the root-mean-square is about 99.96%. 

The analytic techniques developed in Chapters 3 and 4 provide insight into the 

operation and design of the Class-L and the Class-M resonant inverters. These techniques 

are also applicable to the other resonant inverters (converters). The well-known Class-D 

and Class-E dc-to-ac power inverters are two examples. These are described in Chapter 5. 
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CHAPTERS 

AN UNIFffiD TREATMENT OF A FAMILY OF DC-TO-AC RESONANT 

INVERTERS 

5.1 Introduction 

The zero current switching Class-L and Class-M resonant inverters introduced in 

Chapters 3 and 4 are classified as voltage-controlled parallel resonant and current-

controlled parallel resonant circuits. Here, the voltage-controlled and the current-

controlled are referred to the input source to the inverters. The analytic techniques 

developed for analyzing the inverters provide insight into both the steady state 

characteristics and the design of the inverters. This is extended to the study of voltage-

controlled and current-controlled series resonant circuits. Two typical circuits are the 

well-known Class-D and Class-E dc-to-ac resonant inverters. 

Although both the Class-D and the Class-E dc-to-ac resonant inverters are simple 

in structure, the analyses of the circuits involve higher order computations and iterations. 

Numerous papers [13, 14, 16, 30-36] have been published in studying both inverters soon 

after the Class-D circuit was invented by P. J. Baxandall [37] in 1959, and the Class-E 

circuit was invented by N.O. Sokal and A.D. Sokal [38] in 1975. However, none of these 

papers provides a clear view of characterizing the steady-state behavior of the inverters 

nor did they provide a systematic design method for the circuits. The output-plane analysis 

and the conductance-plane synthesis methods have been developed for the treatment of 

the Class-L and the Class-M resonant inverters. These techniques can be applied to 
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examine the zero voltage switching (ZVS) Class-D and Class-E resonant inverters. From 

the circuit-structure point of view, the Class-D and the Class-E inverter circuits are the 

dual of the Class-M and the Class-L inverter circuits. Therefore, the analytic techniques 

described in both Chapters 3 and 4 are applicable to treat the Class-D and the Class-E 

resonant inverters. Some duality relationships are; The Class-D and the Class-E resonant 

inverters are operated at zero-voltage switching mode while the Class-M and the Class-L 

resonant inverters are operated at zero-current switching mode. The Class-D and the 

Class-E circuits belong to the series resonant inverters while the Class-M and the Class-L 

circuits belong to the parallel resonant inverters. Both the Class-D and the Class-L are 

voltage-driven resonant inverters while the Class-E and the Class-M are current-driven 

resonant inverters. The results of the analysis for both the Class-D and the Class-E 

resonant inverters are summarized into a form that direct comparisons can be made with 

the results of the analysis for the Class-L and the Class-M resonant inverters. A design 

procedure for both the Class-D and the Class-E resonant inverters is also presented in this 

chapter. 
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5.2 ZVS Class-D dc-to-ac Resonant Circuit 

Figure 5.1 shows the basic circuit of the Class-D resonant circuit. The Class-D 

inverter is a voltage-source series resonant inverter and is comprised of two MOSFET 

switches Q1 and Q2, two antiparallel diodes D1 and D2, a shunt capacitor C2 and a series 

resonant circuit Ll-Cl where the load R is connected. The two MOSFETs are driven with 

a nonoverlapping drive signal which alternatively turns on each switch with a duty cycle 

less than 50%. Switch Q1 is turned on when the vohage across Q1 is zero. The voltage 

remains zero as long as Q1 is turned on. When Q1 is turned ofl^ the current in the resonant 

tank discharges capacitor C2. Switch Q2 is not turned on until the voltage across 

capacitor C2 is zero at which time diode D2 is conducting. Therefore, turn-on of switch 

Q2 achieves zero-voltage switching. Similarly, when Q2 is turned off, the current m the 

resonant tank charges capacitor C2 to the upper supply rail that diode D1 will conduct 

prior to Q1 being turned on. The Ll-Cl resonant circuit is a high Q tuned network that 

will select out the fiindamental voltage across C2 and neglect all the higher harmonics so 

that a sinusoidal current in the tank circuit is assumed. 

5.2.1 Circuit Analysis 

Figure 5.2 shows the waveforms associated with the Class-D inverter shown in 

Fig. 5.1. (refer to Figures 5.1 and 5.2 for the notation used in the following analysis). The 

circuit analysis has two parts. First, the conditions for zero voltage switching operation in 

terms of circuit elements will be determined. Next, the output characteristics of the 
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inverter for given circuit parameters will be determined. To illustrate the circuit analysis, 

the operating duty cycle for Q1 and Q2 is assumed to be 25%. 

The conditions of ZVS operation for the Class-D inverter in terms of circuit 

elements are determined by the examination of the impedance Z of the resonant circuit and 

the load as shown in Fig. 5.1. The impedance Z is the ratio of the fundamental vohage 

across capacitor C2 and the fundamental current in the tank. Assume that the tank current 

is expressed as; 

The fundamental voltage across capacitor C2, Vc2f is obtained from the fundamental 

current in C2, Ic2f and the impedance of C2, l/5fflC2. Therefore, the following equation is 

obtained: 

(5.1) 

3;r 
2 

(5.2) 

2 

The fundamental current in the tank circuit, lucf is: 

(5.3) 

therefore, the impedance Z is obtained as: 



1 1 
at-CI Jt 

(5.4) 

Normalizing Z with the base of 1/(DC2 results in: 

Z'=Z-(0C2)=-
Tt 

Y Y+iey2# . ( J _ G  y2rj (5.5) 

+Vg-

Qi 
h»-

D1 

Q2 

2X 

+ 

Vc2 

D2 

Ic2 

C2 

LI 

_mrL_ 

+ Vuc 

CI 

+ 

VR, 

Idc 
/TN 

-Vg V 

Figure 5.1 ZVS Class-D resonant inverter. Gate drive signals 
for Q1 and Q2 are non-overlapped. 
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Figure 5.2 The basic waveforms of the ZVS Class-D resonant inverter; 
from top: gate drives for Q1 and Q2, voltage across C2, current 
in C2 and tank current luc. 
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Consider the waveforms shown in Fig. 5.2, the current in the tank circuit charges 

capacitor C2 from one supply rail to the opposite supply rail within a y interval when both 

switches Q1 and Q2 are turned off. Also, it is necessary to maintain positive or zero 

forward current in the diodes prior to the tum-on of the switches. These conditions are 

therefore written as: 

The two boundaries of the ZVS region in the Z' plane (imaginary part of Z' vs. real part of 

Z') are traced by setting Y=7t/2 in (5.5) and sweeping (j) from zero upward. Then setting 

(1)=0, sweep Y from zero to 7c/2. The results of these boundaries are shown in Fig. 5.3. The 

normalized impedance Z' as in (5.5) is the product of (a) C2) and the impedance Z, the 

series combination of LI-CI-R. Therefore, properly select the circuit elements such that 

the calculated value of the normalized impedance of the series Ll-Cl-R circuit is located 

inside the ZVS region and results in lossless switching. 

The second part of the analysis is to examine the steady-state behavior of the 

inverter once it is designed. The steady-state characteristics of the inverter are best 

described by the inverter's output voltage-current relationships. The following analysis 

results in determining the tank current and the voltage across the load in terms of y and (j) 

based on the Fourier series approach. 

(5.6) 

^ > 0  (5.7) 
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Figure 5.3 Region of lossless operation of the ZVS 
Class-D resonant inverter. Duty cycle is 25% 
for Q1 and Q2. The point (Al) is inside the 
ZVS region, points (A2) and (A3) are outside 
the lossless region. 
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Referring to Fig. 5.2, the vohage across capacitor C2 is expressed with different 

time intervals as; 

n2(«)= 

F_ —rsin(4-cos(^-
^ (o-C2^ ^ 

-V„ 

o<e<-
2 

-<e<-+r 
2 2 

2 2 
hn .  Ik —<e<—+r 
2 2 ' 

— + X < ̂  < 2;r 
2 

(5.8) 

Expanding Vc2(0) in terms of a Fourier series expansion and neglecting the higher order 

terms yields: 

^c2(^) = ^c20 +^c2i •cos^+F<,22 -sin^ (5.9) 

where 

K20 =-^lv,2{e)d9 (5.10) 

f'.2i = -K2(^)-cosa/0 

-cos/ H ^^-2-sin^-cosy+-jsin^ + X-cos^-'j-sin(2y-^)j 

(5.11) 

I 
V ,:,2=-\v,^{0)-sxnGde 

AVg -sin/ H ^l^-2-sin^-sinx -ycos^ + x •sin^ + -i-cos(2x 

-,(5.12) 
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The voltage across capacitor C2 is the sum of the voltage across the Ll-Cl tank, Ytk, and 

the load voltage, VR, in which VUC and VR are written as follows: 

V^{e)  = (oLl  
diM 

de mC\ 

= Vj .  +/_ -[(O-Ll  ^—1 •cos^-cos0 + /„ -{(O-Ll  ^—l-sin^-sin^ 
^ I  co-ClJ \  co-CV 

(5.13) 

(5.14) 

Equating the coeflBcients of the sin0 and cosG terms in equations (5.9), and sununing 

(5.13) and (5.14) results in the following equations: 

{(O-Ll  —1 •cosrf-iJ-sin^ 
V co-CV 

I 4 '  g 
=--cosr-—+ 

TT /„  (O-Cl-TT 

3 1 
-2-sin^-cos^ +—sin^ + X *cos^-Y'Sin(2/ - ̂ ) 

(5.15) 

0-Ll  

4 

1 co-CV 
smt^ + R-cos^ 

1 — • smy • — + 
TT I p CO -Cl-K 

-2 • sin^ • sin;' - y cos^ + / • sin ^ + -j • cos(2x - <f) 

(5.16) 

Equations (5.15) and (5.16) include circuit elements LI and CI, (Vg/Ip) and the two 

unknown parameters y and (|). It is intended to substitute (Vg/Ip) by the two parameters y 

and (J) to simplify the equations. The tank current charges capacitor C2 from one supply 

rail to the opposite supply rail while both switches are turned ofif. Applying charge balance 

on capacitor C2 results in the following equation: 
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(5.17) 
£ 
2 

Carrying out the integration results in; 

Vg sin ̂  + sin(;' - ̂ ) 
2 < o C 2  

Substituting (5.18) into (5.15) and (5.16) gives 

(5.18) 

cx)S^-/?-sin^ 

1 

CO-Cl- f f  
•jsin^ + X •cos^ + -j*sin(27' -^) 

(5.19) 

\(o-L\ —1 -sin^ + iJ-cos^ 
V CO •  CV 

1 

(0-Cl-7t  
ycos^H-;'  •sin^--j-cos(2; '  -( f)  

(5.20) 

Rearranging the sin(j) and cos<l) terms in (5.19) and (5.20) results in: 

(  T^ 1 1 r 1 ^ ffl-Ll VH—sm2y -coso-
l coCl oo-Cl-nV 2 )) ^ 

• 2 ^ SIN X 

<o-Ll 5— —fx-^-sin27'l]-sin^-
v 0) • CI (0 • C2 • ;r \  2 J) 

i? + 
(0-C2-K j 

'' • 2  ̂

R-  ̂

•sin^ = 0 

(5.21) 

^ CO •C2-7C J 
•cos^ = 0 

(5.22) 

Eliminating the sincj) or cos(l) term in (5.21) and (5.22), allows the following equations to 

be obtained: 



127 

o • CI a-Cl-TC 
1 r (5.23) 

1 Y sin2^ 

^ = tan -1 (5.24) 

a-CI-TV 

Equations (5.23) and (5.24) are the two final equations to find the y and ^ parameters. For 

a given inverter, the circuit parameters ©, LI, CI, C2 and R are known. The phase interval 

y can be found fi-om (5.23). The quantity (j) is then determined fi-om (5.24). Once these 

two quantities are determined, the current in the resonant tank can be determined 

analytically fi-om (5.18). The vohage across the load is then found. That is, once an 

inverter is designed, the circuit parameters are properly selected such that the inverter is 

operated under the ZVS mode. The tank current and the load vohage are found through 

the solutions of the y and ij) angles. 

t 

5.2.2 Output Plane Analysis 

Steady-state characteristics of the inverter at an operating point has been described 

in the last section. It is helpfiil to find out the variation of the output of the inverter when 

the inverter is subjected to any load variations and/or to the variations of the controlled 

parameter— switching fi-equency. Therefore, the steady-state characteristics of the inverter 

are best described graphically by the output current-voltage trajectories. The graph is 

constructed in terms of output current vs. output vohage. For convenience, the 
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normalized output current J and the normalized output voltage M are used instead. They 

are defined as; 

For a given inverter, the J vs. M trajectories can be traced by varying the load resistance 

while keeping the switching frequency constant, and determine the corresponding y and ({), 

and in turn, the corresponding J and M. Figure 5.4 shows an example of the output-plane 

trajectories of a Class-D resonant inverter. For instance, an operating point (pi) as shown 

in Fig. 5.4 is chosen which indicates a Class-D inverter driving a particular load (Q=Q4; 

here, Q is defined as the ratio of the characteristic impedance of the resonant tank to the 

load resistance; Q=Ro/R). As the load decreases, the operating point moves along the 

fixed-frequency trajectory (Tl) to points (p2) and (p3), etc. and corresponding to the 

coordinates (M2, J2) and (M3, J3) where the load current and voltage are obtained 

directly. If the load is kept constant while the switching frequency is varying, for instance, 

the operating point moves from (pi) along the fixed-Q trajectory (T2) to (p4), and the 

output voltage and current are now calculated from (M4, J4). Therefore, the effects of 

variations of the load and/or the controlled operating frequency on the circuit performance 

are clearly seen from the output-plane plots. 

J = ——— where (5.25) 

(5.26) 
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Another feature of the output-plane plot is that the boundaries of the ZVS region 

of the inverter given by y=7c/2 and (j)=0 can also be traced in the plane. Recall that the two 

boundaries are determined by (5.6) and (5.7). Substituting Y=JI/2 into (5.23) yields: 

a-LI  — 
1 I 

Q)-C\  l -a-Cl  \(o-Cl-n) 
+ R^ =0 (5.27) 

From the definitions of J and M in (5.25) and (5.26), equation (5.27) is written as; 

\Q}-Cl -7tJ 
( O L I - -

(u-Cl  2-co-  C2 
(5.28) 

Substituting (J)=0 into (5.22) results in: 

J, («»=o) 
A-co-C2-R„ 

K M,  
(5.29) 

Equations (5.28) and (5.29) are used to construct the two boundaries in the output plane. 

The two dotted curves in Fig. 5.4 illustrate the boundaries of the ZVS region of the 

inverter when fs/fo=f3. 



130 

(J)=0 boundary 

0.75 

Q = Q4 Q = Q3 Q = Q2 

Q = Q1 
0.6 

J4 
fs/ Fo = fl (P4) 

0.45 
(T2) J1 

fs/ Fo = £2 (PI) (P2) (P3) 

0.3 

fs/ b = G J2 

^ fo = f4 0.15 

Y=7T/2 
boundary 

6 10 8 2 14 0 

Ml M4 M2 M3 

Figure 5.4 Steady-state characteristics of a Class-D resonant inverter 
in the normalized output plane; fs/fo is the ratio of switching 
frequency to resonant frequency of LI-CI, fI<f2<C<f4; 

Q=Ro/R, Q1<Q2<Q3<Q4. Operating point moves from (PI) 
to (P2) and (P3) along the constant-frequency trajectory (Tl) 
when load resistance increases. The operating point moves from 
(PI) to (P4) along the constant-Q (load is fixed) trajectory 
(T2) when the switching frequency decreases. 
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5.2.3 Design of Class-D Resonant Inverter 

The design of the ZVS Class-D resonant inverter amounts to selecting the circuit 

elements so that ZVS operation of the inverter is obtained for a specified range of input 

voltage and output load. The normalized impedance of the series resonant circuit provides 

useful information in selecting the circuit elements so that the inverter operates in the ZVS 

mode. 

Rewriting equation (5.18) yields: 

Fg sin^ + sin(y 

Note that the normalized impedance Z' is also written as: 

The numerator in (5.30) is exactly twice as much as the real part of Z' as shown in (5.31). 

Therefore, the voltage conversion M can be written as: 

As mentioned in Section 5.2.1, for any point inside the ZVS region in the normalized 

impedance plane, there is a corresponding y and <J) as shown in (5.5). The current in the 

resonant tank and the vohage across the load are then determined. Connecting all the 

points which provide a constant value of M within the ZVS region in the Z' plane (as 

shown in Fig. 5.3) forms a constant gain trajectory. Similarly, for the other values of M, a 

set of constant gain trajectories can also be constructed. This can be accomplished either 

(5.31) 

2Re[Z'] 
(5.32) 

sin^ + sin(;'-^) 
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analytically or numerically. For instance, the voltage conversion ratio M on the f=Tdl 

boundary can be obtained by substituting y=Td2 into (5.5) and (5.32), which results in: 

M, (5.34) 
Sin ̂  +COS ̂  

Substituting the real part of Z' in (5.33) into (5.34) gives: 

ZRefZ'l 
M( x = = (5.35) 

[r=fj Jl-;r-Re[Z']+71 + ;r-Re[Z'] 

For any point on the Y=7C/2 trajectory, the voltage conversion ratio M is determined from 

(5.35). The other example is to determine the M values on the (|)=0 boundary. Substituting 

(j)=0 into (5.5) and (5.32) resuhs in; 

Z'(^o) = ^ - sinV + j^[y + ~ sin2^j (5.36) 

From (5.36) and (5.37), the following equation is obtained: 

(5-38) 

Again, the voltage conversion ratio for any point on the (j)=0 boundary is found from 

(5.38). Similarly, other points in the ZVS region on the normalized impedance plane can 

be found. Therefore, we can construct the constant-gain trajectories in the Z' plane where 

the voltage conversion ratio yields constant values. These are illustrated in Fig. 5.5. 
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Similar treatments are applicable to the analysis of the current-driven series 

resonant inverter. The Class-E circuit is an example and is discussed in the following 

section. 
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M=0.424 

Figure 5.5 Constant-gain trajectories of the ZVS Class-D 
resonant inverter. Duty cycle for Q1 and Q2 is 
25%. 
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5.3 ZVS Class-E dc-to-ac Resonant Circuit 

Figure 5.6 shows the basic circuit of the Class-E dc-to-ac resonant inverter. The 

Class-E circuit is a single-ended, current-driven series resonant inverter. It is composed of 

an input inductor Lf, a controlled switch Ql, a diode Dl, a shunt capacitor C2 and a series 

resonant circuit LI-CI with which the load R is coimected in series. Because of the large 

inductor Lf in series with the input source, the inverter is provided with a nearly dc current 

Ig from the input. The circuit is configured in such a way that the voltage across capacitor 

C2 reaches zero prior to the turn-on of the switch Ql, thus zero voltage switching 

operation is achieved. This condition is met when the charge put into C2 and extracted 

from C2 are balanced during turn-off of the switch. Normally, diode Dl will conduct 

before Ql is turned on. The series resonant circuit LI-CI is a high Q tuned network that 

will select the flindamental voltage across C2 and neglect all the higher harmonics so that 

a sinusoidal current in the tank circuit is assumed. 

5.3.1 Circuit Analysis 

Circuit analysis for the Class-E resonant inverter is somewhat similar to the 

analysis for the Class-D resonant inverter due to the common nature of the series-resonant 

circuit, and is similar to the treatment for the Class-L resonant inverter due to the duality 

relationship between the circuits. Figure 5.7 shows the basic waveforms associated with 

the Class-E inverter as shown in Fig. 5.6. The notation used in the following analysis shall 

be referred to the circuit in Fig. 5.6 and the waveforms in Fig. 5.7. The circuit analysis has 

two parts. First, the permissible region of ZVS operation in terms of circuit parameters 
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will be determined. Next, the steady-state output characteristics of the inverter for a given 

set of circuit parameters will be determined. To illustrate the circuit operation and 

analysis, the operating duty cycle for QI is assimied to be 50%. 

Consider the impedance Z of the series resonant circuit as shown in Fig. 5.6. This 

impedance can be written as the ratio of the flmdamental voltage across capacitor C2 and 

the fundamental current in the tank. Consider the waveforms in Fig. 5.7, and let the 

current in the tank be written as: 

The fundamental voltage across capacitor C2, Vc2f can be obtained from the fundamental 

current in C2, Ic2f, and the impedance of C2, ly3(nC2. The current in capacitor C2 is: 

I^{e)  = -Ip cosd (5.39) 

(5.40) 

The fundamental voltage across C2 is then written as: 

L ^ 

1 I 1 
(5.41) 

The fundamental current in the tank, lucf is: 

(5.42) 



Lf LI CI 

rnn 

D1_L_ C2 

C2 

Figure 5.6 ZVS Class-E resonant inverter. Large input 
inductor Lf provides nearly dc current Ig into 
the inverter. 



Is 

D1 

Figure 5.7 The basic waveforms of the ZVS Class-E resonant inverter; 
from top: gate drive for Ql, voltage across C2, current in C2, 
current in Ql and Dl, and tank current. 
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Carrying out the integration in (5.41) and from (5.42), the impedance Z is obtained. 

Z = 1 1 
on-CI 7t  71 + • (l-)  + J- (5.43) 

Normalizing the impedance Z in (5.43) with respect to the impedance of C2, results in the 

following equation; 

Z'= 1 

f—1 " /| + .(l - i• e-'* • (l - ) (5.44) 

It is intended to express the normalized impedance Z' in terms of only y and (J) in (5.44). 

Therefore, the parameter (Ig/Ip) in equation (5.44) is to be replaced by both y and (j). The 

charge put into capacitor C2 and extracted from C2 are balanced during the tum-ofif of the 

switch. This gives the following equation: 

j\ig + ip • = 0 
* 

Carrying out the integration in (5.45) results in: 

(5.45) 

L-.  
Ig sin^-sin(x + ( 

(5.46) 

Substituting (5.46) into (5.44), the normalized impedance Z' is written in terms of y and <|) 

as: 

Z'=-
n 

smffl-sm( 
(5.47) 
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At a 50% switch duty cycle, the charge balance on capacitor C2 occurs within half of the 

switching period. The diode D1 will conduct before the MOSFET Q1 is turned on to 

achieve ZVS operation. These conditions can be expressed as follows: 

(5.48) 

a<;r (5.49) 

Parameter a is implicit in (5.44). The relations among a, y and (j) can be seen as follows: 

During the on-time of the switch, the current in the switch reaches zero at 0=<j)-a, 

equation (5.40) can then be written as: 

(5.50) 
Ig cos(^-a) 

Substituting (5.48) into (5.46) and solving for tan(j) from (5.46) and (5.50) gives: 

, sin^'-z-cosa /c ci\ tan^ = — (5.51) 
1-cosx + y - since 

The normalized impedance Z' is now a function of parameters y and (j) only. The two 

boundaries of the ZVS region in the Z' plane (imaginary part of Z' vs. real part of Z') are 

traced by setting y=it and sweeping (j) from zero upward, and setting a=K and sweeping y, 

since the quantity <|) in (5.47) is replaced by y as in (5.51). The resulting region is 

illustrated in Fig. 5.8. Properly select the circuit elements such that the operating point is 

located inside the ZVS region, to allow lossless operation of the inverter. The next part of 

the analysis is to determine the steady-state behavior of the inverter. Mainly, determine the 

current in the resonant tank, once a proper operating point has been selected. From 
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equations (5.39) and (5.46), tiie current in the resonant tank can be determined if both y 

and (]) are known. The goal is thus obvious; find the solutions for both y and ((>. 

Consider the waveforms as shown in Fig. 5.7, the voltage across capacitor C2 can 

be written as: 

* (5.52) 

The fundamental component of Vc2(0) in a Fourier series is given by 

K2(^) = ̂ c20 +K21 •COS0 + Fc22 sin^ (5.53) 

where 

» (5.54) 
1 

2 - f r - c o - C 2  
j I g + I p  • c o s ( f > - I p  • c o s ( ^  +  r ) - / p  - X - s i n ^  



•A1 

0 0.1 0.2 0.3 

Re(Z') 

0.4 0.5 

Figure 5.8 Region of lossless operation of the ZVS 
Class-E resonant inverter. Duty cycle is 50% 
for Ql. The point (Al) is outside the ZVS 
region, points (A2) and (A3) is inside the 
lossless region. 
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v^i=-jv^{d)-cosad0 

1 
/g[cos(^ + y) + X- sin(^ +- cos^] 

n-ca-Cl 

+ 

-—cos2(^ + x) - sin ̂  • sin(^ + y) - —cos2^ + — 
4 4 2 

(5.55) 

^c22=-k2(^)-sinft/^ 
^0 

/g[sin(̂  + 7 )̂ - X • cos(̂  +- sin ji] • 
1 

n-at-Cl 1 1 
-—sin 2(^ +;') + sin ̂  • cos(^ + x) - — sin 2^ + Y 

(5.56) 

The voltage across capacitor C2 is also the sum of the voltage across the Ll-Cl tank, Vuc, 

and the voltage across the load, Vr, in which VOC and Vr are written as: 

(5.57) 

=--lp -R-cosd (5.58) 

Equating the coefficients of the sin0 and cosB terms in (5.53) and the summing (5.57) and 

(5.58) results in the following equations: 

(1 

K-co-Cl- R = 

—[cos <t>-y sin(^ + y)- cos(^ + + 

jCos2(^ +;') + sin^ • sin(^ + ̂ ) + icos2^ - -j 

(5.59) 
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;r- io-C2-^co-Ll  = 

•j^[-sin^ - y • cos(^+y) + sin(^+y)^ + 

1 1 y 
-—sin2(^ + T') + sin^ • cos(^ + y) -—sin2^ + ̂  

(5.60) 

Consider the waveforms in Fig. 5.7, the vohage across C2 reaches zero at 0=(j)+Y. 

Therefore, equation (5.52) can be written as: 

Ig sm(^-sm{(t ,  + r)  

Substituting (5.61) into (5.59) and (5.60) gives; 

n-co-Cl-R = sin(2^ + /) 
1 . 1  1  
—smr H cosr 
2 r r 

(5.62) 

71-co-C1-[q)-L\ - —+ —- =cos(2^ + y) 
V (o-CV 1 Y Y 

1 . 1  1  
—sinx + —-cosy 
1 Y r 

(5.63) 

Adding the square of (5.62) and (5.63) will eliminate the variable ({i, which gives: 

{kco • C2 • i?)^ + K-<a-Cl\a)-L\  L _ | _ 2 1  +  i _  
V a • CV 2 Y 

cosy 

Y Y 

1 . 1  1  
—smy + —•cost' 
1 Y Y 

(5.64) 

Dividing (5.62) by (5.63) results in: 

n • a-Cl-R 
tan(2^ +  y )  =  

;r-a-C2-\0}-Ll  —] -  — + — -
I a}-CV 2 Y 

COSY 

Y Y 

(5.65) 
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For a given inverter, the circuit parameters o, LI, CI, C2 and R are known. The phase 

interval y can be found from (5.64). The quantity ()i is then determined from (5.65). The 

current in the resonant tank, as shown in (5.46), is therefore determined analytically. 

5.3.2 Output Plane Analysis 

Similar to the analysis accomplished for the Class-D resonant inverter, the output 

characteristics of the Class-E resonant inverter are described graphically in which the 

output current is plotted in terms of the output voltage. Here, the normalized output 

current and the normalized output voltage are used and defined as: 

For a given inverter, the J vs. M trajectories can be traced by varying the load resistance 

while keeping the switching frequency constant, and determining the corresponding y and 

(|) for each load resistance, which in turn define the corresponding J and M. Figure 5.9 

shows an example of the load trajectories of a Class-E resonant inverter in the output 

plane. Similar to the arguments established for the Class-D inverter, the effects of 

variations of the load and/or the controlled switching frequency on the circuit performance 

are clearly seen from the graph. 

Two boundaries of the ZVS operation of the inverter set by y=7C and a=K can also 

be traced in the output plane. Substituting Y=TZ into (5.62) and (5.61) yields: 

(5.66) 

where (5.67) 
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;r-Q)-C2-/? = sin2^- — 
7t 

h  2 • = —-sinj 
I ,  rt  

(5.68) 

(5.69) 

Substituting the definitions of J and M, as shown in (5.66) and (5.67), into (5.68) and 

(5.69) and eliminating the variable ({> results in the following equation; 

1 

7t ( a C l - R „  

I t  
4- or 

(5.70) 

V=t) = Z'  4-M\r=>t){!v-a)-C2-R„y 

Substituting a=7C into (5.51) gives; 

, y + siny 
tan^ = 

I  + cosy 

Substitute (5.71) into (5.62) results in: 

(5.71) 

' ^{a=K) 
1 I 

^{a=/r) f^ tO-ClR,  
-sm 

O v 

/ 

2tan~^ 
Y + sva.Y 

\ / 

2tan~^ 
<I-cosyy 

\ 

\ <I-cosyy / 

sin;' cosx 1 
1 y Y 

-1 

(5.72) 

Equations (5.71) and (5.72) are used to construct the two boundaries in the J vs. M plane. 

These boundaries are shown as dotted curves as shown in Fig. 5.9. 
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Figure 5.9 Steady-state characteristics of a Class-E resonant inverter 
in the normalized output plane; fs/fo is the ratio of switching 
frequency to the resonant frequency of Ll-Cl, fl<f2<G; 
Q=Ro/R, Q1<Q2<...<Q5. Both a=7c and y=7t boundaries 
are plotted as an example when fs/fo=fl. 
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5.3.3 Synthesis of Class-E Resonant Inverter 

In designing a Class-E resonant inverter, the essential information needed resides 

in the plot of the normalized impedance plane. For any point inside the ZVS region of Fig. 

5.8, there exists a unique current conversion ratio. This is similar to the case when the 

design of the Class-D inverter was discussed in Section 5.2.3. For example, consider the 

current conversion ratio for the points on the y=7c boundary. Substituting y=iz into (5.47) 

and (5.61) gives: 

n 
.k 2 
7- + --sm( 

2 n 

la 2-sin^ 

The real part of Z' in (5.73) is written as; 

(5.73) 

(5.74) 

Re[Z"] = -^-sin2^ (5.75) 
Jt  

Rewriting (5.75) and from the basic trigonometric computations, the following equation is 

obtained; 

sin^ = 1 I 

vt 
(5.76) 

^ • refz] 
2 

1 - .  I -

\2 

The current conversion ratio on the a=7t trajectory, as shown in (5.74), is then 

determined, and written as; 
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T -JL 1 (5.77) 

Equation (5.47) provides a set of y and (J) for a given point inside the ZVS region in the Z' 

plane, which in turn yields a unique current conversion ratio as shown in (5.61). 

Connecting all the points which provide constant values of J Avithin the ZVS region forms 

a constant gain trajectory. This procedure is applied to construct the trajectories for 

different values of J and establish a set of constant-gain trajectories in the Z' plane. These 

are illustrated in Fig. 5.10. 
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5.4 Design of the Class-D and the Class-E Resonant Inverters 

The constant-gain trajectories in the normalized impedance plane provide the basic 

design information. For instance, for a given specification, the input voltage, output 

voltage and the output power are usually predetermined. The voltage conversion ratio as 

in the Class-D inverter or the current conversion ratio as in the Class-E inverter can be 

determined immediately. The next step is to select an operating point within the ZVS 

region that provides the calculated conversion ratio. After selecting a switching fi-equency 

(sometimes this is predetermined), then the shunt capacitor C2 is determined from (5.5) 

and (5.44). The resonant tank elements LI and CI are chosen to provide low harmonic 

distortion on the tank current and the resonant frequency of LI-CI is chosen to be below 

the switching frequency of the switch(es). These procedures are similar to the ones 

described in the design of the Class-L and the Class-M resonant inverters and are not 

repeated here. 
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Figure 5.10 Constant-gain trajectories of the ZVS Class-E 
resonant inverter. Duty cycle for Q1 is 50%. 
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5.5 Conclusion 

The analytic techniques developed for treating the Class-L and the Class-M 

resonant inverters have been applied to analyze and design the voltage-driven Class-D and 

the current-driven Class-E resonant inverters. The Class-L and the Class-M parallel 

resonant inverters are operated in zero current switching mode while the Class-D and the 

Class-E series resonant inverters are operated in zero voltage switching mode. The Class-

L and the Class-E are the single-ended circuit, and the Class-M and Class-D are dual-

ended circuits. The Class-L and the Class-D circuits are voltage-driven inverters while the 

Class-M and the Class-E circuits are current-driven inverters. Due to the duality 

relationships and some similarity among the inverters, a set of equations and parameters 

are listed in a tabulated form for direct comparisons. These are shown in the following 

Table. In addition, a set of graphical representations for the inverters are shown in Figs. 

5.11 to 5.14 which include: the basic circuits, the ZVS and ZCS boundaries, the constant-

gain trajectories, and the output planes. 
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TABLE 5.1 

1:G 

+ 

P 

The equivalent circuit model for the Class-L, 
the Class-M, the Class-D and the Class-E inverters. 

Class-D Class-E Class-L Class-M 
G 

G = Mm-L 

2(o-Cl -R 

J h  

r II
 

Q
 

III
 

III
 

J Iz  

m i l - —  
R 

G 

sxxLtp+snxij-(f) sm^-sin(^+y) sin^ — siii(^ + y) 

J Iz  

m i l - —  
R 

G 

sxxLtp+snxij-(f) sm^-sin(^+y) sin^ — siii(^ + y) 
sui^ + sin(y -^) 

P III
 

»
<
 

P ^ t  

Il
l a

. 

Topology Class-D Class-E Class-L Class-M 

ZVS (-D . 

E) 

ZCS (-L -

M) 

ySjc, 4"^0 ySic, as;c ySTC, aSJC 

Tank V or I Ipsm(0-(^) -Ip COS0 -Vp COS0 Vp sin(0-4) 
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Convenion 

ratio 

fp 
fg 

2a>C2 
Ig 

r  
f'g 

r  
ig 

a-L2 

Convenion 

ratio 

iin^-iin(^+)') iia^-iin(r + #) iin^ + iin(y-^) 

Normalized 

impedance or 

conductance 

Z =q}-C2-Z = 

1 

Z = ffl • C2 • Z = 

•>2 4 

1 

Ip 

J 

r"=f f l -Z2-r=  

J 2 4 

«• +^e-j* 
Ip 

J 

Y=q}-L2Y = 

1 Jr+je^^* 

Impedance or 

conductance 

Z = R + Ja)-Ll  + 

1 
joj • CI 

Z = R-i-  Jco-Ll-h 

1 
Jet) • CI 

r = —+ Jm-Cl + 
R 

1 
jco • L\ 

r = l + 7V»-C1 
i? ^ 

1 
+ 

y<u • £1 

Fourier series 

expansion 

Vc2 = 

^c20+^^c2lCOS^ + 

P;22sin^ 

Vc2 = 

^c20 +^^c2lC0S^ + 

V^22 

IL2 -

IL20 IL2\ COS^ ̂  

IL22 

IL2 -

Ilia ••• ^x,2icos0 + 
IL22 sin^ 

Tank current 

or voltage 

V,k = 

o}-Ll—i(0) + 
dO ^ '  

-^\iie)de 
(O-Cl^ ^ '  

Itk = 

..ciArw 

Iuc = 

KCLorKVL I l2 ~Idc +' 

Ro&Q _ f ir  
R o — J  

vc i  
D Ro~i/— > 

VCI  
^ _ fir 
Ro— - /—,  

VCI  

R 0=— 
Ro 

_ fir Ro— •! —— 
VCI 

R Q=— 
Ro 



Fourier series Coefficients 

Vc2O=0 

^c21=7^«c0sj' + 

——^-isin^cosj' +ysin^> + ycos^-ysin(2y -j>)j 
mo-02 

K22=i^gSiar + 

——^-zsin^siny - YC0s  ̂+ ;'sin^ + Ysm(2?' - ^ ) j  
.7m-CI 

K20 = 

K21 = 

K22 ~ 

"l" : 

^L20 -

^L2l -

^"^[2 +/p[cos«5-cos(?> + 7')-/sin?>]] 

/g[cos(<^ + y} + / sin(^ + /) - cos^] + 
1 

TUO-Cl 

1 

mo-CI 

•^cos2(^ + /)- sin^sin(^ + J') - 7COs2^ + -j 

/g[sin(^ + /)-?' cos(^ + 7') - sin^j + 

^sin2(^ + y)+sm^sin(^ +y)- js inl^  + — 

+^p[cos^-cos(^ + x)-xsin^]] 

Fg Jcos(^ + y} + y sin(^ + ?') - cosj)] + 
1 

mo • L2 

^L22 -
1 

JC(0-L2 

^cos2(^ + y)- sin^sin(^ + /)-\cos2(^ + -j 

Fg[sin((^ + y)~Y cos(^ + x) - sin^] + 

^sin2(^ + y) + sin^sin(^ + ?') ~ "jsin2^ + -j 

"m"; 

I - — h2o - 2 

V r 

I i2\  =^IgCOSY + —|-2sin(i>cos;' +ysm^ + ;'cos^--j-siii(2;' -

V r 

1122 = —Ig sin;' H —1^-2sinsin;' - ycos^ + y sin^> + -f cos(2;' -
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y solution 

V a-CI m-Cl-Tt)  m-Cl-JvJ 
"D": 

R^-
f • 1 

sm Y 
^(O-Cl-Kj 

{(oCln-t(f + 

= 0 

"E"; 

m •Cl-moa-L\  — \  - -  — c o s ; '  
V cu •  CV 1 Y T 

1 • 1 M n —sm/+—cos;'— =0 
1 Y Y\  

"L" : 

r iV r ro _r i i i Xco-Ll-n— + at-Ll-mco-Cv - —h cosy 
\  R) \  coLV 2 Y Y 

1 . 1  1  
—sm/ + —cos/ 
2 Y Y 

= 0 

"m": 

O) 

1 
•ci—! 

a-LI (D-L2-7t)  (o-L2-7CJ 

2 r • 2 sm / 
^(o-L2-tr^ 

= 0 

(j) solution 

"D": tan^ = 

sm"/ 
CO-Cl-n: 

-R 

"E": tan(2«> + /) = -

w-Ll ^ (-y + sinr cos/) 
co-Cl (o-Cl-n^ '  '  '  

o)-C2-iz-R 

0} 

"L": tan(2?> + /) = -
eo-L2-fr-  — 

R 

•12 •;rfa>-CI -f—- —cos/ 
V co-LV U /  /  J 

a  

sin^ / 1 

"M" : tan^ = eo'Ll-TC R 

o)-Cl ^ —(-/ + sin/ cos/) 
w-Ll (O-LI-K 



Functions of y=7c/2 and (jH) boundaries 

"d" : 
J  =  M R o  

Aq)-C2-RO 

f— \co-C2-7rJ \  
c o L l -

1 1 

(oCl 20J-C2 

"e" : 

/ = 

J = 

M-7t 

1 71 

<i)C2-rc-RoV M' 

J = M-i?oG)C2-;r[sin(2^+x)] 

Ro 

-I 1 1 
jsm^ + —cosx 

J = 4-
K 

(O-L2-7I\  M 

, . 1 1 
ysmx +—cos;' 

r r 

"m": 
f  1  1  -((o-C\ ^— 
\(o-L2-nJ \  CO-LI 2q)-L2J 

J  =  M R o -

0) • L2 j = 
M K R O  

Table 5.1 Continued 
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Figure 5.11(a) Class-D resonant inverter Figure 5.11(b) Class-E resonant inverter 
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Figure 5.11(c). Class-L resonant inverter Figure 5.11(d) Class-M resonant inverter 
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Figure 5.12(a) Boundaries of ZVS of 
a Class-D resonant inverter. 
Duty cycle = 25% 

Figure 5.12(b) Boundariew of ZVS of 
a Class-E resonant inverter. 
Duty cycle = 50% 
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Figure 5.12(c) Boundariew ofZCS of Figure5.12(d) Boundaries of ZVS of 
a Class-L resonant inverter. a Class-M resonant inverter. 
Duty cycle = 50% Duty cycle = 75% 
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Figure 5.13(a) Constant-gain trajectories 
of a Class-D resonant inverter 
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Figure 5.13(c) Constant-gain trajectories 
of a Class-L resonant inverter 
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Figure 5.13 (b) Constant-gain trajectories 
of a Class-E resonant inverter 
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Figure 5.13 (d) Constant-gain trajectories 
of a Class-M resonant inverter 
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Figure 5.14(c) Output plane of a 
Class-L resonant inverter 
fl<f2<G<f4; Q1<Q2<Q3<Q4 

Figure 5.14(d) Output plane of a 
Class-M resonant inverter 
n<£2<B<f4; Q1<Q2<Q3<Q4 
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CHAPTER 6 

ZVS CLASS-D DC-TO-DC CONVERTERS 

6.1 Introduction 

The switching-frequency modulation dc-to-ac inverters are suitable in various 

applications such as electronic ballasts in the lighting industry, electric heating in induction 

welding and radio transmitters. Applications like dc-to-dc converters often require fixed-

frequency operation. One major advantage associated with fixed-frequency operation is 

that the size and weight of the reactive components are no longer determined by the 

lowest switching frequency of the inverter. 

One of the techniques for regulating the dc-to-dc resonant converters is to 

modulate the resonant frequency in the converter [17], which is accomplished by use of a 

switch-controlled inductor or a switch-controlled capacitor in the resonant elements. In 

resonant circuits, higher voltage gain is obtained when the resonant frequency of the tank 

circuit is closer to the switching frequency. The switch-controlled inductance technique 

modulates the resonant frequency by varying the effective inductance in the resonant tank 

circuit while the switch-controlled capacitance technique modulates the resonant 

frequency by varying the effective capacitance in the tank. The switch-controlled 

capacitance technique has been applied to the study of the Class-E dc-to-dc converter 

regulated at a fixed switching frequency [17]. In that report, both the main switch and the 

auxiliary switch which modulates the average capacitance in the resonant tank circuit are 
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subjected to zero-voltage switching. Low switching losses and fixed switching fi-equency 

operation make this technique attractive in the dc-to-dc resonant converters. 

The switch-controlled capacitor technique is applied to the study of the Class-D 

resonant converters and is discussed in this chapter. The analytic techniques developed in 

the analysis of the Class-D dc-to-ac resonant inverters as shown in Chapter 5 are extended 

and applied to analyze the fixed-fi'equency ZVS Class-D dc-to-dc converters that operate 

over a wide range of load, in which a shunt inductor is added and placed in parallel with 

the input to the rectifier. Steady-state behavior of the converters is described by their 

output current and output voltage which are characterized graphically by the load 

trajectories in the output current vs. output voltage plot. A design procedure is established 

based on the results of the analysis. An experimental 150 Watt, 1-MHz dc-to-dc converter 

is also constructed to verify the analysis. 
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6.2 Progress in the Class-D Circuits 

Before the detailed analysis for the fixed-frequency ZVS Class-D dc-to-dc 

converter is presented, it is helpfiil to examine the progress of the Class-D circuits from 

the ZVS dc-to-ac resonant inverters to the ZVS dc-to-dc resonant converters, then the 

ZVS dc-to-dc resonant converters regulated at a fixed switching frequency, and the ZVS 

dc-to-dc resonant converters regulated at a fixed switching frequency with a shunt 

mductor which operates over a wide range of load. These four circuits are illustrated in 

Figures 6.1-6.4. The ZVS Class-D dc-to-ac resonant inverter has been discussed in detail 

in Chapter 5. This circuit is modified by adding a rectifier-and-filter circuit as shown in 

Fig. 6.2 to provide a dc output vohage. The circuit, as shown in Fig. 6.2, regulates the 

output voltage by varying the switching frequency. Figure 6.3 shows the converter 

operated at a fixed frequency where a switch-controlled capacitor (Qa-Da-Ca) has been 

added in series with the resonant tank. This converter achieves the regulated output 

voltage by varying the effective capacitance in the resonant tank circuit while keeping the 

switching frequency constant. Further, this converter is modified by adding a shunt 

inductor in parallel with the input to the rectifier to provide output-voltage regulation for a 

wider range of load variations. This is illustrated in Fig. 6.4. 

The resonant circuit has the effect of filtering out the higher harmonics so that 

essentially a sinusoidal current in the tank is obtained. It is important to note that the 

resistance seen from the LI-CI resonant circuit is not the same as the load resistance Rl 

due to the nonlinear nature of the rectifier. For a capacitive output filter, a square wave of 

voltage appears at the input to the rectifier while a sine wave of current is injected into the 
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rectifier. The linearized resistance seen by the resonant tank circuit is the ratio of the 

fiindamental voltage before the rectifier and the fimdamental current in the tank. The 

fundamental component of the square wave voltage is used in the ac analysis. The square 

wave vohage is expanded into a Fourier series as; 

f^(^) = l.p;.[^sin^+-jsin3^+j-sin50 + .... j (6.1) 

Vg 

Q1 ->1- Dl 

i<n 

+ 

Vc2^ C2 

+ Vuc-
c1_^li 

luc 

Q2 

-Vg 

D2 

Rl 

J 

Figure 6.1 A basic circuit of ZVS Class-D dc-to-ac inverter 
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Figure 6.2 A basic circuit of ZVS Class-D dc-to-dc converter 
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Figure 6.3 A basic circuit of fixed-frequency ZVS Class-D dc-to-dc converter 
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Figure 6.4 A basic circuit of fixed-frequency ZVS Class-D dc-to-dc 
converter with shunt inductor Lm 



168 

Therefore, the equivalent ac resistance seen by the resonant tank is the ratio of the 

fiindamental voltage and tank current. 

The linearization process of the rectifier and filter gives the ratio of Rac and Rl as —r-. 
n 

This impedance "gain" can be drawn by a transformer as shown in Fig. 6.5. The analysis of 

this dc-to-dc converter is identical to the one discussed for the dc-to-ac inverter in Section 

5.2, modified only by taking into account the effect of the nonlinear rectifier and filter 

circuits and placing the effective resistance in series with the LI-CI circuit as the load. 

The analysis for this dc-to-dc converter will not be repeated here. 

(6.2) 

8 

]( ^ V (dc voltage) 

—• CI LI 

Rac u 

a:l (a.^, 

Figure 6.5 Linearization process of rectifier and filter. 
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6.3 Fixed-frequency ZVS Class-D dc-to-dc Resonant Converters 

This section discusses the circuit of fixed-frequency ZVS Class-D dc-to-dc 

resonant converters. The regulation of the converter is achieved by modulating the 

resonant frequency of the tank circuit through the switch-controlled capacitor technique. 

Figure 6.3 shows the basic circuit of the Class-D resonant dc-to-dc converter 

regulated by the use of an auxiliary switch which modulates the capacitance of the 

resonant circuit. The converter has been modified from the dc-to-dc converter as shown in 

Fig. 6.2 by adding a capacitor Ca in series with the resonant tank circuit which is shunted 

by a controlled auxiliary switch which is made up of a MOSFET Qa and a diode Da. The 

tank current Itk is rectified and filtered before flowing to the output load. 

For consistency and simplification of the analysis, the following assumptions are 

made; 

1. All the dc losses in the converter are negligible. 

2. All the circuit elements are ideal. 

3. The resonant tank circuit is a high Q tuned network so that the higher harmonics of 

the resonant current are neglected. 

4. The operating duty cycle for switches Ql and Q2 is 25%. 

5. The resonant tank current is a sinusoid. 
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6.3.1 Circuit Analysis 

The waveforms associated with the converter are illustrated in Fig. 6.6. Refer to 

Figures 6.3 and 6.6 for the notation used in the following analysis. 

The auxiliary switch Qa is driven by a signal Vg„ which is synchronized with the 

current in the resonant tank. Switch Qa is turned on when the tank current reaches zero 

from negative to positive, that is, at a positive-going zero crossing point, and is turned oflf 

after the ON-time interval a. a is the duration of Vgsa. Controlling the phase angle a 

provides the regulation for the output. For example, if a=7i, all the tank current flows 

through the auxiliary switch Qa and Da in its positive and negative phase. There is no 

current flowing through capacitor Ca. Essentially, capacitor Ca is shorted and has no 

effect on the resonant elements LI and CI. This is the case when the circuit behaves 

identical to the one described in Section 6.2. If a=0, no current flows through the auxiliary 

switch Qa and Da. All the tank current flows through capacitor Ca. The auxiliary switch 

Qa and Da is equivalent to a opened circuit. Capacitor Ca is now an element of the 

resonant tank circuit. The equivalent resonant capacitance is the series combination of 

capacitor CI and capacitor Ca. The angular resonant frequency is equal to 

. If a is between zero and k, some part of the tank current flows through 

capacitor Ca, therefore it affects the resonant frequency of the tank circuit. The angular 

resonant frequency changes as the controlled angle a changes. The output voltage of the 

resonant frequency is between and summary, the 
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converter changes because of the resonant frequency changes. Therefore, the converter 

can be regulated at a fixed switching frequency and controlled by modulating the angle a. 

The main purpose of the analysis is to analytically determine the output of a 

converter and to obtain the effects of the controlled angle a on the performance of the 

circuit, or more specifically, the output. Consider the waveforms in Fig. 6.6. Two 

important parameters which determine the output of the converter are the y and ((> angles. 

The analysis below is concerned with finding the solutions for y and (j) based on the 

Fourier series approach. 

Applying KirchhofiFs voltage law on the series resonant circuit as shown in Fig. 

6.3 gives: 

KiiO) = (6.3) 
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Figure 6.6 Waveforms in Figure 6.3, a fixed fi-equency ZVS Class-D dc-to-dc 
converter. V,„, I,ux are the voltage and current of the auxiliary switch 
(Qa and Da). Ica is the current in capacitor Ca. 
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The voltage across the Ll-Cl tank, Vuc, is: 

OJ-LL^ 

= Vto^Ip-

de 

\o)-L\ —l-cos^ cos^ + /o- [co-Ll ^—]-sin^ 
I  (O-CV ' '  \  a-Cl) 

(6.4) 
sin^ 

where Itit(0)=lp sin(0-<J)) has been assumed as shown in the last chapter. 

The voltage across the auxiliary switch is non-zero when neither the MOSFET Qa 

nor the diode Da is conduaing. Referring to Fig. 6.6, the voltage can be written as; 

e 

<m-a 

Q)-Ca 
[cosa-cos(0-^)] <l> + a<d<<j> + a + tff 

Applying the fundamental-component analysis to V,u*(0) as in (6.5): 

^awc{^) = Ko •cose + V^2 -sin^ 

where 

Tt •  a-Ca 
[(«• - a) • cos a + sin a] 

I y^^~Y 
Ki=- !v^(0}-cosm 

^ A 

Tt-oj-Ca 
-•jCos^-sin2a -(;r-a)-cos^ 

(6.5) 

This voltage reaches zero at 0=(l)+a+v|/. Therefore, equation (6.5) gives: 

y/ = l7r-la (6.6) 

(6.7) 

(6.8) 

(6.9) 
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^a+yr 
Vai=- \v^{e)sxivm 

#+a 

j t<oCa 
- jsin^ • sinla - (;r - a) • sin^ 

(6.10) 

The voltage across the primary winding of the transformer Vd written in terms of the 

fundamental component of a Fourier series is: 

Vd{d)=Vao -cose+v^j sine (6.11) 

The higher order terms in (6.11) are also neglected. Assume that the turns ratio of the 

transformer is n: 1. The foUowing equations are obtained: 

(6.12) 

^ ^jr 2]r 
j (-«-fb)-cos ft/0 + j(n-fo)-cos6k/0+ j(-n -Vo)-cos Aid 
0 ^ fM-ff' 

7t 
rt • Fo • sin ̂  

2x ^ ^tc 
j( j-n-Vo)-smdd6+ ^{n-V6)-s\n.6d9 + ^(-n-Vo)-smdd6 
0 ^ 

= — -n-Vo-cos<f) 
71 

(6.13) 

(6.14) 

Referring to Fig. 6.6, the voltage across capacitor C2 is expressed in different time 

intervals as: 



175 

V„ -
« <0-C2 

(sin^-cos(0-^)) 

K2{0) = ' -f. 

-f„ -
®  ( 0 C 2  

(-sin^-cos(0-

O < 0 < -
2 

-<0<-+r 
2 2 

2 2 
3;r 

—  < 6 <  — + y 
2 2 

<B<2k  
2 

(6.15) 

Applying the fundamental-component analysis to Vc2 gives: 

yM=y,i^ +K21 •0080 + ̂ ^22 -sind 

where 

(6.16) 

K2o=^jK2(0)d0 = O (6.17) 

2jr 

K21=-jK2(^)-COSa/0 

^ ry ^ P = --V -COSY + — 
n ® 7t-(o-C2 

1 
^'.22=-ff;2(^)-sina/0 

?r * 

3 I 
-2 •-sin ̂  • cos;' + y sin ̂  + "X • cos^ - Ysin(2^ - ̂ ) 

(6.18) 

= —-kg -smx + 
;r ;r-G)-C2 

sin^-sinx -~cos^ + -y •sin^ + -jc0s(2;' 

(6.19) 

Equating the coefficients of the cos0 and sin0 terms on both sides of (6.3) from the resuhs 

of (6.7)-(6.19), the following equations are obtained: 
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\(o-Ll 1 
I Q)-C\) 

cos^ + 
n-co-Ca 

- c o s  ̂  •  s i n  2 a :  -  ( ; r  -  a )  •  c o s  ̂  /i-f„sin( 
It 

1 l„ h = —•<4F_ •COST' + 
00 • C2 

3 1 
-2sin^-cosx +—sin^ + ;' -cos^ - —sin(2y -^) 

I  -[a-LI ]-siii^ + —^ 
^ V (o-CV K-m- Ca 

--^sin^ • sin2a - (;r - a) • sin^ 

(6.20) 

+ —n-Vg -cos^ 
K 

=  — • s i n ; '  +  
coCl 

-2siii^-siny^ 008^ + ;^ •sin^ + —cos(2^ -^) 

(6.21) 

The voltage across capacitor C2 charges from one supply rail to the opposite supply rail in 

a Y interval. Consider the example of charging from the positive supply rail to the negative 

supply rail: 

It  

(6.22) 

Carrying out the integration resuhs in: 

2-0-c2 
V sin<^ + sin(x 

(6.23) 

Substitute (6.23) into (6.20) and (6.21) gives 

•11 ^—^i^cosji-f- ^ 
(oClJ ^ 

I 

0} —jcos^ • sin2a -(/r-a)- cos^ 

;r • <» • C2 

jr-Qj-Ca 

2 cosy • sin ^ - 2 cosy • sin(^ - j') - 2sin ̂  • cosy + 

•^sin^ + Y • cos^ - ̂510(2^ -

I, 

(6.24) 
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\(o-L\ —•sin^+ ^ 
V (D-CV z-a-Ca 

-y sin^ • sin2a - (;r - a) • sin^ 
4 V 

+ —«•—-cos^ 
I, 

1 

TT-O-CI 

2siny • sin^- Isiny • sm(^-Y)-lsva.(f>-siny 

-^cos^ + • sin^ + •icos(27' - ̂) 

(6.25) 

Rearrange (6.24) and (6.25) such that the sm(j) and cos<j) terms are separated: 

[v CD-CU It-Q)- Ca 
-•j-sin2a-(;r-a) ^ fy +—sinZy | i-cos^ 

K-oa-ClK 2 J f  
4 K = <—n-
n I p n-cj-Cl 

sm 

(6.26) 

\ \ a ) - L l  H ^-sinZa-(;r-a) sinZHl-sin^ 
[I (o-C\) 7Z-q)-Ca _ 1  _ tc-(o-C2\ 2 Jj  

4 K = ̂  n-
K I p n-Q)-C2 

sin ^'^•cos^i 

(6.27) 

Eflfectively, the switch-controlled capacitor Ca is in series with capacitor CI [41]. 

Combining the terms includmg CI and Ca in (6.26) and (6.27), and compare these 

equations with (5.21) and (5.22), we can write the equivalent capacitance Ce as; 

C. CI Ca\ 

-a sin2a^ 

T: 271 ) 
(6.28) 

Equations (6.26) and (6.27) are then simplified to the following equations; 
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\(0-Ll-
aCg n-oa-Cl 

r + i.u.2r]}-cos^ 

\n I„ K-m-Cl 
^ sin^t'l-sin^ 

(6.29) 

• LI j- ^—p^ir - tsinl;-]! • sinjs 
Q)-Cg n-o>-Cl\  2 J\ 

4 p; . 
n—— + — 

I„ K-a>-Cl 
^ sin^yl-cos^ 

(6.30) 

Combining equations (6.29) and (6.30) gives: 

N 2 /- . , \ 2 
4 n-V„ 

71 I  

/ • 2 f sm Y 

p ^7I(0-C2, 
(o-L\-

1 

ca-Cg jt-(o-C2 

( sin2?^ 
KIk-O-CI) 

tan^ = 

Q}-L\--
oj-Cg n-(o- CI.  

sin2x 
1K-(0-C1 

/ n 
U n-VA ( sin V ' 

U Ip J 

(6.31) 

(6.32) 

One would like to eliminate the variable "Ip" jfrom both (6.31) and (6.32) such that the 

only variables in these equations are y and (|). This is achieved by considering the circuit as 

shown in Fig. 6.3. The sinusoidal current flowing through the resonant tank circuit 

provides a square wave voltage at the input to the rectifier. The average current flowing 

out of the rectifier is: 

lavg " (6.33) 

This average current is exactly the load current lo. Therefore, equation (6.33) is written as: 
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(6.34) 

Finally, substituting (6.34) into (6.31) and (6.32) yields: 

(o-Cg TiaCl 
1 r 

(6.35) 

coLl ^ ^1-f  
a-Cg K-co-Cl) KItc 

( sin2;' ^ 
\2!r-aj-ClJ 

tan^ = 
'  8  ^ 2  ^  )  . f  s i n ^  

(6.36) 

Equations (6.35) and (6.36) are written in a form which is similar to the results of 

those derived for the Class-D dc-to-ac inverter in chapter 5. These are made clear by 

comparing Fig. 6.2 with Fig. 6.3 and equations (5.23) and (5.24) with (6.35) and (6.36) 

where the one-to-one comparison is obvious. The effective load resistance, R^, seen by the 

LI-CI resonant circuit in the converter is 

and the eflfective capacitance in the resonant circuit is Ce in which some part of the switch-

controlled capacitor Ca is placed in series with capacitor CI. 

For a given converter at a specific operating point, the circuit parameters co, LI, 

CI, C2, Ca, n, a, and Rl are known. The phase interval y can be found fi"om (6.35). The 

quantity <J) is then determined fi^om (6.36). The quantities y and (|) provide the solution of 

the current in the resonant tank as in (6.23). Therefore, the output voltage Vo is 

7t 
(6.37) 
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determined from (6.34). The steady-state characteristics of the converter are best 

described graphically by its output current in terms of output voltage, or the output plane 

of the converter. 

6.3.2 Output Plane of the Converter 

The normalized voltage and current are defined as follows: 

For a given converter, the J vs. M trajectories can be traced by varying the load resistance 

while keeping the controlled angle a constant. First, determine the values of y and (j), and 

then the corresponding values of J and M. Figure 6.7 shows an example of the output 

plane trajectories of a ZVS Class-D resonant dc-to-dc converter at a fixed-switching 

frequency. The controlled parameter is the conduction angle a for the auxiliary switch Qa. 

For example, an operating point (pi) as shown in Fig. 6.7 has been chosen which indicates 

a Class-D converter driving a particular load RLI. As the load resistance increases, the 

operating point moves along the fixed-angle trajectory (Tl) to point (p2) which 

corresponds to coordinate (M2, J2) where the load voltage and current are obtained 

immediately. If the load is kept constant while the controlled angle a is changing, for 

instance, the operating point is moved from (pi) to (p3) along the fixed-load trajectory 

(6.38) 

where (6.39) 
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(T2). The output voltage and current are now at (M3, J3). The graph provides a clear 

interpretation of the effects of variations of the load and/or the controlled angle a on the 

circuit performance. 

Since the switched duty cycle is set at 25%, the boundaries of the ZVS region 

given by f=Td2 and (|)=0 can also be traced in the output plane. These curves are traced by 

first substituting y=7c/2 into (6.35) and results in; 

(o-Ll — 
cj-C. 2-co-C2J 

= 0 (6.40) 

Substituting the definitions of J and M as in (6.38) and (6.39) into (6.40) results in: 

[r=-) ;r (r=-} \K-O>-C2) 
co-Ll-

a-Cg 2 •at-  C2j 
(6.41) 

Substituting (J>=0 into (6.23) and (6.30) gives the following equations: 

Ip _2 (o C2 

V sin;' 
(6.42) 

4-
n-Vg _ sin^ y 

~Tp Q)C2 
(6.43) 

Again, fi"om the definitions of J and M, equations (6.42) and (6.43) are combined and 

wntten as: 

Ji 
1 2-o}-C2-R„ 

M, 
(6.44) 

{#=0) 
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The two J vs. M functions as described by (6.41) and (6.44) can now be plotted in the 

output plane. To summarize, the steady-state charaaeristics of the converter can be 

described by its output current-voltage relationship and plotted in the plane in terms of the 

normalized current vs. the vohage. Also, the ZVS-boundary curves are placed in the same 

plane so that one can determine the limits of variations of load Rl and controlled angle a 

so that the converter is operated in the ZVS mode. 
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Q=100 

0=7 

(T2) 
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y=7c/2 boundary 
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0.6 0.4 o.g 

iM2 Ml M3 

Figure 6.7 J vs. M trajectories in the output plane of a fixed-frequency 
Class-D converter. C2=0.0227nF, Ca=0.0057tiF, C 1=0.0122^iF 
Ll=22.38|iH, switching frequency=350 KHz Point (pi) 
corresponding to a=0.97C and RLI load (Q=20). 
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6.4 Fixed-frequency Class-D dc-to-dc Converter With Shunt Inductor 

The fixed-frequency Class-D converter as described in Section 6.3 provides 

advantages of fixed-frequency operation and low switching losses. In that circuit, 

normally, the fiill-load operating point is designed so that the normalized impedance of the 

Ll-Cl and the equivalent load resistance is properly located within the ZVS region. The 

normalized impedance Z' as discussed in Section 6.3 is written as: 

Z' = o} C2 R^+ Ll-Cg -l) (6.45) 

As the load resistance increases, the real part of the normalized impedance Z' increases, 

and the operating point moves, for example, from (pi) to (p2) as shown in Fig. 6.8 along 

the horizontal direction in the Z'-plane. Increasing the load resistance further will move 

the operating point outside the ZVS region. This generates large switching losses in the 

MOSFETs especially when the switching frequency is very high, since the switching loss is 

proportional to the operating frequency and the square of the voltage across the switch 

when it is turned on. To allow a wider range of load variation and maintain circuit 

operation in the ZVS region, the dc-to-dc converter is modified by adding an inductor, 

Lm, in parallel with the input to the rectifier. This is shown in Fig. 6.4. The basic 

waveforms associated with the converter are shown in Fig. 6.9. The inductor Lm modifies 

the current into the rectifier. Assume that the current in the resonant tank is a sinusoid. 

The square-wave voltage across the input to the rectifier changes polarity at the time when 

the current into the rectifier reaches zero-crossing points. The amount of phase shift 

between the tank current, Itk, and the voltage across the input to the rectifier, Vj, depends 
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on the inductance of the shunt inductor, Lm, and therefore the current into the rectifier is 

no longer a sine wave. The equivalent load resistance seen by the shunt inductor is no 

g 
longer —n^R^. The advantage of adding the shunt inductor can be seen fi-om the total 

ft 

impedance of the input to the rectifier in the following analysis. 

6.4.1 Advantage of Adding Shunt Inductor Lm 

Consider the circuit diagram in Fig. 6.4 and its associated waveforms in Fig. 6.9, 

the current in the resonant tank is written as: 

The current in the inductor Lm, iLm is: 

(6.46) 

It 
(6.47) 

where (j)d is the phase shift between the voltage at the input to the rectifier and the current 

in the resonant tank. The current into the primary side of the transformer Irp is: 

sin(^ - <f>) --^sin^^ • - y + (6.48) 



1 

os 

Figure 6.8 Normalized impedance Z' of the Class-D converter 
Duty cycle = 25% for Q1 and Q2 in Fig. 6.3. As load 
resistance increases, operating point moves from (pi) 
to (p2) along the real part in the plane. 
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Figure 6.9 Waveforms in fixed-frequency Class-D converter with inductor Lm 
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The average of the current into the rectifier is the load current lo. TherefiDre, the following 

equation is obtained; 

n. / • n - j  ' ^ ~ \ r d - 9 ) r  2  f  T T  ^  

/ = 1- f sm(«-^) sia^j-
l <r 2 ; 

Carrying out the integration yields; 

\ie (6.49) 

n - I p  
lo = 2-costf i j  

z 
(6.50) 

Therefore, the ratio of the output voUage to the peak current in the resonant tank is 

(6.51) ^ = — -R^-COS^J 
Ip ^  

The impedance Zi of the input to the rectifier can be written as the ratio of the 

fundamental voltage across the input to the rectifier, Vdf, to the fundamental current in the 

resonant tank, Itkf. 

Z. = 'df K 

^ikf 

n-l  

K I. 

(6.52) 

Substituting (6.51) into (6.52) results in: 

7 8-n^ Z, =—:^-RL-cosipd e 
7t 

J^d (6.53) 

The voltage across the inductor Lm can be written as: 

n-V„ =co- Lm 
d9 

(6.54) 
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From the expression of II® in (6.47), equation (6.54) is written as; 

(6.55) 

Combine equations (6.51) and (6.55) the following equation is obtained: 

tan^,, = 
(O-Lm 

(6.56) 

Solving Rl in (6.56) and substituting the resulting expression into (6.53) gives the 

impedance of the input to the rectifier Zj in terms of Lm and the phase shift (j)d 

This is an equation of a circle with radius {(o Lm- —), and center at I 0, a - Lm - in 

the impedance plane (imaginary part of Zi vs. real part of Zj). The impedance Z as shown 

in Fig. 6.4 is the series combination of the resonant circuit Ll-Cl and Zi. Since the 

switching frequency is above the resonant frequency of Ll-Cl, it is convenient to break 

the tank circuit into an L-C circuit which is resonant at the switching frequency plus the 

residual inductance. This residual inductance is termed Lres [1, 7, 13, 14], which is the 

"left-over" impedance in the Ll-Cl tank circuit and is in series with Zi. This residual 

inductance adds to the imaginary part of the total impedance Z. Therefore, the total 

impedance Z is 

(6.57) 

4 
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Z = Z, +j<0-L^ 

\ }i J n 
eJ^*d 

(6.58) 

The equation for the total impedance Z is also a circle in which the center of the circle is 

moved upward by (co-Lres), when considering the "left-over" inductance in the resonant 

tank. This impedance contour can be placed in the normalized impedance plane by 

normalizing Z with l/(a) C2). The center and the radius of the circle are modified 

accordingly to 0, co •  CI co-L,^ +(0-Lm-Ar 
n 

"a f 
and 

4 "l 
gP-  Cl  Lm — 

n J 
This is 

illustrated in Fig. 6.10. As can be seen fi-om equation (6.56), as the load resistance 

increases, the phase shift (j)d increases. The operating point moves along the impedance 

contour upward. This is valid as long as the rectifier diodes remain in continuous 

conduction. If the load resistance is large enough, then there will be a time interval when 

none of the rectifier diodes conduct. This occurs when the slope of the inductor current is 

equal to or greater than the slope of the current in the resonant tank. Taking the derivative 

of (6.46) and (6.47), the phase shift associated with the boundary between continuous and 

discontinuous conduction is ()>dcri: 

<l>dcn =tan •'(f) (6.59) 

This corresponds to the critical impedance (Z'cri) in the normalized impedance plane and 

is shown in Fig. 6.10. If the impedance contour is placed inside the ZVS region in the 

plane, then the ZVS operation is maintained over a wider load range. In other words, 

when the load resistance increases, the operating point moves along the impedance 
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contour which is within the ZVS region instead of moving along the horizontal direction in 

the Z' plane when the shunt inductor Lm is not present. 

6.4.2 Circuit Analysis 

This section discusses the steady-state characteristics of the converter with Lm 

present, using the Fourier series approach. 

Consider the circuit diagram as shown in Fig. 6.4, apply KirchhofiTs voltage law to 

the loop as: 

K2 {0) = {&) + {0) + (0) (6.60) 

The difference between (6.60) and (6.4) for the circuit in Fig. 6.3 is in the voltage across 

the input to the rectifier Vd(0). In equation (6.60), the voltage Vd(0) is expressed 

differently due to the phase shift between the tank current and the voltage of the input to 

the rectifier, (j)d. Expanding Vd(0) in terms of a Fourier series (again neglecting the higher 

order terms) yields: 

•cos^ + f^12-sin^ (6-61) 

where 

= (6.62) 
0 

2K 

J(«-Fo)-cos6W^+ J(-M-Ko)-cos6y^+ ^{n-Vo)-co%6d6 
0 2;r-^j+^ 

= — -n-Vo- -  <f) 
7t 
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(6.63) 

2ar 
J(n-Fo)-sinft/^+ J(-«-Fo)-sin6k/^+ J(n-Fo)-sin6k/^ 
0 2x-4j+4 

= — -n-Vo-cos(^J -
;r 

(6.64) 

The fundamental components of the Fourier series for Vtk(0), V,ux(6) and Vc2(0) as in 

(6.60) have been derived and are shown in (6.4), (6.8)-(6.10) and (6.17)-(6.19). 

Therefore, equating the cosG and sinG terms on both sides of (6.60) results in the 

following equations; 

\co • LI +^sin27'l +-^^sin^^ i-cos^i 
at-C. K-to-C2\ 2 )  rc I„ 

4 V 

l;r Ip Tt-cj-Cl 
^ sin^xf'sin^ 

(6.65) 

1  1  r  1  .  ^  a n - v ^  •  ,  1  •  a  
•  LV r —sm2y + —smmj ^-smo 

(o C^ Tt-a-ClV 2 ) TV Ip 

1 
(6.66) 

4 V 
= •{ n-—cosSj + 

I ;r fr-0-C2 
sin xrcos^ 

Combine equations (6.65) and (6.66) by eliminating the sin(j) and cos<j) terms to obtain: 

' ' a  4n-f„ 

^' I p J 

^n-V„ . 

( siny y 
I nco • c2 J 

+ fi)-Zl--
(O-C, TtCO- Cl) 

(6.67) 

K - I ,  
sin^^ ( O - L \ -

oj-C. nco- C2j 
= 0 

Substitution of (6.51) into (6.67) gives: 
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COS(pa 
8/1^ -Rl 

n • f r, 1 — • s v a . l ( p j \  c o - L l -
n 

-r_!22l.]%l.ii-_l—r_ 
Kmo-ClJ \v (oCg mo-CI J 

6)-Cg TOO-CI 

(6.68) 

= 0 

For a given converter, ail tlie circuit parameters except y in (6.68) are known. The 

quantity y can be determined from solving equation (6.68). The quantity <|) is then 

determined from (6.65): 

tan^> = -

1 1 r 1 • o 1 CO-LI y+ —sm2?' + z——s\a.26j 
a-C, K-a-ClV 2 ) 

s i n  2  •  1  —rr -R^ -cos^ + 
K - a - C l  

sin^ y 

(6.69) 

Once Y and (J) are determined, the peak current in the resonant tank, as shovm in (6.23), is 

determined and the output voltage Vo, as shown in (6.59), is then determined. 
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Figure 6.10 Normalized impedance Z' seen from C2 in Fig. 6.4 in the Z'-
plane. Place the contour inside the ZVS region provides a 
wider range of load variations and maintains in ZVS operation. 
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6.4.3 Output Plane of Class-D Converter With a Shunt Inductor 

The results of the circuit analysis allow one to characterize the steady-state 

behavior of the converter. These are described by the output current-voltage trajectories. 

For consistency, the normalized output current J and the normalized output voltage M are 

used. They are defined as: 

(6.70) 
^8 

k 
(6-71) 

where Ro is the characteristic impedance of the resonant circuit. The J vs. M trajectories 

of a fixed-fi-equency dc-to-dc converter with shunt inductor are illustrated in Fig. 6.11, 

where Q is defined as the ratio Ro to the reflected load resistance. These trajectories are 

traced by varying the load resistance while keeping the control angle a as constant values. 

Again, the effects of the variations of load resistance and/or the control angle a are clearly 

seen fi'om the graph. 

The J vs. M trajectories in Fig. 6.11 show that the converter is like a voUage 

source while the output characteristics of the converter without the shunt inductor as 

shown in Fig. 6.7 is more like a current source. These are explained as follows: 

In the converter with the shunt inductor, the rectifier (load) is in parallel with 

inductor Lm (refer to Fig. 6.4). If the output voltage is increased due to any line/load 

changes, the voltage across the shunt inductor increases, and the current in the inductor 
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increases. Therefore, the current flowing into the rectifier is decreased, which in turn, 

reduces the output voltage. The output voltage is subjected to a negative feedback firom 

the power processing components. Thus, the output of the converter is like a voltage 

source. In the converter without the shunt inductor (refer to Fig. 6.3), the rectifier (load) 

is in series with the resonant tank circuit. The current-source-like characteristics 

associated with the series resonant circuit have been thoroughly studied and published [3, 

24], To summarize, adding the shunt inductor across the rectifier changes the output 

characteristics of the converter significantly. 
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Figure 6.11 J vs. M trajectories of a fixed-frequency Class-D converter with shunt 
inductor as in Fig. 6.4; C2=0.1723|iF, Cl=0.08345|aF, Ca=0.25|aF, 
Ll=2.96nH, Lm=0.15nH, turns ratio=l;13, switching frequency=350BCHz. 
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6.4.4 Design Example and Experiments of a Class-D Converter With a Shunt Inductor 

Since the fixed-frequency Class-D dc-to-dc converter with shunt inductor has the 

most circuit elements among the four circuits discussed above, the design of this converter 

consequently involves more considerations when compared to the design for the other 

three circuits as described in Figures 6.1, 6.2 and 6.3. Refer to Fig. 6.4. Design of the 

converter amounts to selecting the circuit elements C2, CI, LI, Lm and the turns ratio of 

the transformer for a given set of specifications such as: input voltage range, output 

voltage, output power, and switching fi'equency. 

One design procedure has been published in designing the converter [40]. The 

report developed a means of selecting the circuit elements from the input power stand 

point. In that approach, however there are some approximations made to arrive at the 

conclusion. Often, the results of the design are deviated from the predicted values. Since 

there is no clear way of correcting the deviations, one has to iterate the designs to achieve 

a satisfactory result. 

An analysis-oriented design procedure for the converter is developed based on the 

resuhs of the circuit analysis in the last section. Step-by-step procedures provide 

information to select circuit elements properly. 

Consider the circuit as in Fig. 6.4. Recall that the impedance Z is the ratio of the 

fundamental vohage across C2 and the fundamental current in the tank. It has been shown 

in equations (5.1-5.4) that Z is 
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^  = ^  
( o C l  

(6.72) 

The normalized impedance Z' is given by 

Z' = Z• (fl) • C2) = -^ -{l-) (6.73) 

The first step in designing the converter is to choose an operating point Zs' inside the ZVS 

region in the Z'-plane. This operating point corresponds to the minimum input voltage and 

maximum load current fi-om a specification. This is illustrated in Fig. 6.12. One can set the 

controlled angle a=0 at which the highest voltage gain is obtained. From equation (6.73), 

both Y and (|) are determined. 
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Figure 6.12 Normalized impedance plot of the design example (Zs') is 
selected at low-line full-load operating point. (Z'cn) is the point 
where the converter leaves CCM when load resistance increases. 
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Referring to the waveforms as shown in Fig. 6.9, the average input current from 

the voltage source is given by the following equation; 

The output voltage relates to the peak current in the tank given by (6.51) is repeated as 

K - V  / = (6.75) 
^ 2 w cos^^ 

From equations (6.74) and (6.75), equating the input power to the output power by 

assuniing that the efficiency of the power conversion is 100%, results in the following 

equation: 

For a specified converter, both input voltage and output voltage are known, the quantity 

(n-cos<l)d) is then determined. One can construct the constant-gain trajectories in the 

normalized impedance plot by including the normalization factor (n cos(|)d). One example is 

illustrated in Fig. 6.13. 

 ̂ it (6.74) -ir+Y*r 

/p-[-sin^+sin(7'-^)] 

Vg -sin^ + sin(^-^) 

Vg 2-«-cos^rf 
(6.76) 
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To achieve ZVS operation, the voltage across capacitor C2 charges from one 

supply rail to the opposite supply rail within a y time interval 

3Z 
i ^ 

i-'p (6.77) 
c y £  

2 

Carrying out the integration and substituting the result from (6.51) mto the resulting 

equation, the expression for the ratio of output voltage to the input vohage is 

^ = --(a Cl-R,-n-cos<f>,- . ^ ^ ^ (6.78) 
Vg n sin ̂  + sm^;' - ̂  j 

Assuming that the switching frequency has been selected, capacitor C2 is then uniquely 

determined from (6.78). 

Since the phase shift <j)d relates the impedance of the shunt inductor Lm and the 

turns ratio of the transformer (n:l) for a given load as in (6.56), the quantity (n-cos(j)d) 

places constraints on the choices for selecting the inductor Lm and the turns ratio n. 

Consider the impedance contour in Fig. 6.13, since it is a circle in the normalized 

impedance plane, the radius of the contour must be greater than or equal to the real part of 

the selected operating point Zs'. However, the radius should be small enough so that the 

impedance contour resides in the ZVS region. Properly selecting a radius p so that the 

load contour stays in the ZVS boundary gives a solution for the phase shift (J)d, since the 

following relation is obtained; 
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p-sm2(lfj =realpartof Z, sRe[Z,] (6-79) 

Once the angle (|)d is found, the turns ratio of the transformer is determined. This turns 

ratio may have to be adjusted to a proper ratio for practical magnetic designs. The angle 

(j>d is then adjusted accordingly, after which, an updated radius for the impedance contour 

is determined. Inductor Lm is determined from (6.56). The peak current in the resonant 

tank circuit Ip is found from (6.75) even though the resonant elements LI and CI have not 

been selected yet. 

The choice of LI and CI is a trade-oflf between low harmonic distortion on the 

tank current and high vohage stresses on the components. The smaller the characteristic 

impedance , the smaller the applied voltage stress to the components, the lower the 

quality factor Q for the series resonant circuit, and therefore the higher the harmonic 

distortion on the tank current. Normally, it is the capacitor CI which can be selected from 

the constraints of voltage and current ratings since the peak current in the tank has been 

determined. Once capacitor CI is selerted, inductor LI can be found from (6.68) since it 

is the only variable in the equation. 

The switch-controUed capacitor Ca is effectively in series with the resonant 

elements LI and CI when neither MOSFET Qa nor diode Da is conducting. The change 

of the effective capacitance is equivalent to the change of the "left-over" inductance Lres 

in the resonant circuit as discussed in Section 6.4.2, which is also equivalent to the change 

in the amount of shift of the impedance contour along the vertical axis in the Z'-plane, 

while the radius of the contour is kept constant with any changes in the resonant elements. 
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As input voltage increases and load current decreases, one means to maintain regulation at 

the output of the converter is to adjust the controlled angle a (on-time for the auxiliary 

switch Qa) which changes the eflfective capacitance in the resonant element and thus 

modulates the resonant frequency of the tank circuit. 

Consider Fig. 6.13, let the impedance contour move upward until it intersects the 

•y=7t/2 boundary at (j)d = (j)dcri =tan*'(7c/2). The intersected point (Z'cn) corresponds to the 

maximum input voltage and minimum load current where the converter still retains zero-

voltage-switching and continuous-conduction-mode operation. 

It is helpful, at this time to use a design example to illustrate the procedure 

developed above. The specifications of the example are 

Vg (input voltage) = SOVolts DC 

Vo (output voltage) = 350 Volts DC 

Pmx (maximum output power) =150 Watts 

The selected circuit parameters are 

fs (switching frequency) = 1 MHz 

D (switched duty cycle) = 33.3% 

1. Choose an operating point inside the ZVS region, for example: Z's=0.15+j0.2 

corresponding to the conditions: Vg = 50 Volts, and Rl = 800Q (150 Watts output). 

Solving for both the real part and the imaginary part of (6.73) gives y = 0.51 and 

(|>=0.12. The quantity (n*cos<|)d) is 
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2. Capacitor C2 is given by (6.78) 

V ;r rsin^ + sin(y-^)] 
CI = 1— , ^ ;i = 5\2rtF 

Vg 4 (w-cos^^) 

3. Choose the radius of the impedance p=0.19 gives 

yc?sin2^j =re[^/] 

^d=0A5 ,  n  =—,  
" 10.6 

let the turns ratio " ~ corresponding p and (pj are: 

p = 0.15, (fij = 0.85. Also, inductor Lm = 

4. Assume that the maximum pealc-to-peak voltage across the equivalent capacitor Ce is 

500 Volts. The peak current in the resonant tank as calculated from (6.75) is 8.103 

/ _  - 2  
Amps. Therefore, Ce is calculated as C. = — = S16nF 

CO-500 

5. Finally, inductor LI given by (6.68) is Ll=5.06nH. Also the "left-over" residual 

inductance Lres is 0.15|jH. 

6. The critical impedance (Z'crit) is the point where the load resistance increases until the 

converter leaves continuous conduction mode. The coordinate of this point in the Z'-

plane is 
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p-coJ t̂aa~  ̂ /3-siii^2t2n~^ y-yj + 

= (0J37, 0245) 

7. Move the impedance contour until the critical point intersects with the y = (l-2D)7t 

locus at which y = 0333 -jt, ^ = 0.79 

8. Substituting the results from step 7 mto step 3 gives the maximum load resistance 

Runix which represents the minimum load required at the output before the converter 

leaves continuous conduction mode. 

Rldux = 2.4Kn which corresponds to the output power at 50.9 Watts. 

9. The amount of shift of the impedance contour in the Z'-pIane is 0.36 which can be 

found from the geometrical calculations. This gives the equivalent "left-over" residual 

inductance of 1.77|iH in the resonant tank. Converting this 'left-over" inductance into 

the equivalent capacitance yields the capacitance for the switch-controlled capacitor 

Ca. 

Ca = 15.6nF which gives the value for capacitor CI. CI = 7.71(iF. 

The design example shows that the converter operates within the ZVS region and 

continuous condurtion mode from fiill-load operating point to about one-third load 

operating condition. If the load current is fiirther decreased, some mechanisms of adding 

pre-loads to the converter are needed in order to retain the same continuous current 

operating mode. However, adding pre-loads increases power dissipation in the converter 

and thus impairs the power conversion eflBciency. Temperature in the converter is 

increased, which in turn, impau"s the reliability of the product. To overcome this practical 
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problem, it is necessary to introduce an additional control parameter — a variable duty 

cycle to provide regulation for wider load variations. 

Consider the circuit as shown in Fig. 6.4 and its associated waveforms in Fig. 6.9, 

the normalized impedance Z' can be written for general cases in which the switched duty 

cycle for Ql and Q2 is D, as; 

z' = Ifyy + i. e/2(,>-2;ED). /-J2r _ aI (g 80) 

;r L 2 ^ 'J 

The time for charging and discharging of capacitor C2 from one supply rail to the opposite 

supply rail must be within (l-2D)7t interval to achieve ZVS operation. Therefore, the ZVS 

region varies with different values of switched duty cycle. Figure 6.14 illustrates three 

ZVS regions for three duty-cycle values, D=0.333, D=0.3 and D=0.2 respectively. Control 

of the duty cycle for the converter allows the operating point to be located in a much 

wider range in the Z' plane while retaining the ZVS operation. Consider the graph as 

shown in Fig. 6.14 as an example. Choose an operating point (Zl') inside the ZVS region 

at D=0.333 which corresponds to a low-line, flill-Ioad condition, and design the circuit 

elements according to the design procedure discussed in Section 6.4.4. As the load 

resistance increases, the conduction angle a for the auxiliary switch is adjusted to 

modulate the resonant frequency and regulate the output. This is equivalent to the 

movement of the impedance contour along the vertical axis in the Z'-plane; for instance, 

the impedance contour is shifted upward until it intersects with D=0.2 ZVS region at (Z2') 

where the phase shift between the tank current and the voltage across the input to the 

rectifier is tan''(7c/2). This point corresponds to a high-line, minimum load operational 
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condition. The additional control of changing the switched duty cycle allows the operating 

point to move from (ZT) to (Z2') rather than to (Z3') where the converter is operated at 

fixed duty cycle D=0.333 and retains ZVS and continuous-conduction operation. 

One design example is shown and summarized in Table 6.1 in which all the circuit 

parameters are listed. Also included are the comparisons of the permissible minimum loads 

for the converter between the cases where the converter is subjected to a fixed duty-cycle 

operation and a variable duty-cycle control. 
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Vgi input voltage +-50 Volts dc 

Vo: output voltage 500 Volts dc 

Pnux: maximum output power 150 Watts 

fs: switching frequency IMEIz 

Z': selected operating for low input 

voltage and maximum load 

0.15+j0.2 

y: for low input voltage & fiill load 0.51 rad. 

(J): for low input voltage & fiill load 0,12 rad 

C2 ;5.12nF 

n; turns ratio iQ:7S 

Lm: LSSnH 

LI 5.06 mH 

Ce 546 riF 

Table 6.1 Designed circuit parameters for the experiments 
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Fixed switched duty 

cycle 

Variable duty cycle 

D: duty cycle 0,34 0.3 to 0.34 

Critical impedance 

(before dcm operation) 

(Z3»cn>=0.14+j0.57 14+50.92 

CI 7.71 nF 16.03 nF 

Ca 15.58 liF 7.6 nF 

Vci: voltage stress on 

CI 

334 166 

Vca; vohage stress on 

Ca 

161 339 

Minimum load required 

for ZVS and CCM 

operation 

K,=^2.4KQ 

P== 51 Watts 

4.25 KQ 

2S.8 Watts 

(Table 6.1 continue) 

To achieve ZVS while still maintaining continuous-conduction operation, it is 

found that the converter can operate to a lighter load when the additional duty cycle 

control method is applied. 

To verify the analysis, the converter operated at 1 MHz as shown in Fig. 6.4 has 

been constructed. The effective switch-controlled capacitor has been lumped into the 
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equivalent capacitance CI during the experiments. The major waveforms of the converter 

are shown in Fig. 6.15. They are: drive signal for Q2, voltage across capacitor C2, current 

in the resonant tank, and voltage aaoss inductor Lm. Table 6.2 shows the measured data 

as well as the predicted data. The J vs. M plots of the converter are also shown in Fig. 

6.16. The predicted data are the results from the analysis which have been discussed in 

Section 6.4.3. 

Vg Ig Pi Vo lo Po n RL M for J for 

input input input output output output efifici output output output 

Volts Amps Watts Volts Amps Watts ency Ohms plane plane 

100 0.92 92 329 0.25 82.25 89.4 1316 0.843 1.24 

100 1.1 110 338 0.29 96.33 87.5 1165 0.867 1.44 

100 1.2 120 337 0.31 104.5 87.1 1087 0.864 1.54 

100 1.32 132 331 0.35 115.7 87.6 946 0.848 1.74 

100 1.42 142 324 0.38 122.5 86.2 852 0.831 1.89 

100 1.52 152 319 0.41 130.2 85.6 778 0.818 2.02 

Table 6.2 Measured data of the experimental converter 
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Figure 6.15 Measured waveforms for a ZVS Class-D converter with shunt 
inductor (Fig. 6.4). From top: drive signal for Q2, voltage across C2, 
tank currcnt r,ic, and voltage across Lm, Vd 
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Figure 6.16 Predicted and measured load trajectories of a Class-D 
converter. Circuit parameters are shown in Table 6.1. 

The other tests are to verify the efifects of the equivalent capacitance CI on the outputs. In 

other words, the equivalent capacitance CI has to be varied in order to regulate the output 

voltage of the converter. Table 6.3 shows results of the tests. The last row indicates the 

predicted load resistance when the converter leaves the continuous conduction mode. 

Waveforms associated with the circuit when load resistance is 1.97 BCH (converter 

operates in discontinuous mode) are also shown in Fig. 6.17. This can be seen from the 

voltage waveform across the inductor Lm. If the output rectifiers remain in continuous, 

then the voltage across the inductor should be a square wave. 



Vgiinput 

(Volts) 

Igiinput 

(Amps) 

Vo:output 

regulated 

loroutput 

(Amps) 

RLiIoad 

(Ohms) 

Cl:(nF) 

equivalent 

100 1.0 271 0.315 860 6.36 

100 0.7 271 0.225 1200 6.694 

100 0.57 271 0.185 1468 6.794 

100 (**) 0.38S 256 0.13 1970 6.994 

100 271 1924 7.64 

Table 6.3 Output regulation tests of the converter. The last row indicates 
the predicted values for the load resistance that converter 
starts discontinue mode (DCM) of operation. (**) indicates 
that the converter is operating in DCM. The associated waveforms 
are shown in Fig. 6.17. 
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ctfi-r w 
Ch3 lO.OmVO CM 50.0 V 

Figure 6.17 Nfeasurcd waveforms of (**) in Table 6.3. From top: drive 
signal for Q2, voltage across C2, tank current lit, and voltage across Lm, 
Vj. 
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6.5 Conclusion 

The fixed-frequency ZVS Class-D dc-to-dc converters have been discussed in 

Sections 6.3 and 6.4. A significant difference of the output characteristics between the 

converters with or without a shunt inductor in parallel with the input to the rectifier is 

shown. Figure 6.7 shows an example of the output characteristics of a dc-to-dc converter 

without a shunt inductor. When the load resistance changes, the output current is kept 

within small variations while the output voltage varies significantly. The converter behaves 

as a current-source to the load. On the other hand, the dc-to-dc converter with a shunt 

inductor, as illustrated from the examples of Figures 6.11 and 6.16 acts as a voltage-

source to the load. The converter without a shunt inductor is like a series resonant 

converter with effective load resistance in series with the tank circuit as shown in Fig. 

6.18a. As the load resistance increases, the quality factor Q defined as 0= ^ 

decreases and the vohage gain increases. The voltage gain vs. the ratio of the switching 

frequency to the resonant frequency is shown in Fig. 6.18b. This is a well-understood 

characteristic associated with a series resonant cbcuit [3, 24]. The converter with shunt 

inductor as shown in Fig. 6.4 is also a series resonant circuit. However, the effective load 

seen from the Ll-Ce tank circuit is the parallel combination of the shunt inductor and the 

load resistor. As the load resistance increases, output voltage rises, so does the reflected 

voltage across the shunt inductor, which in turn increases the current in the inductor and 

reduces the current flowing into the rectifier and output, and thus, the output vohage will 
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decrease. This is a negative feedback as far as output voltage is concerned. Therefore, the 

output of the converter is acting as a constant voltage source to the load. 

The design procedure for the fixed-frequency Class-D converter with shunt 

inductor presented in Section 6.4 provides a unique method of selecting the circuit 

elements for the converter. It eliminates the usual cut-and-try routines in designing the 

Class-D dc-to-dc converter. The design and experiment of a 1-MHz converter has been 

illustrated as an example. The experimental results agree well with the theoretical analysis. 

Smce the switched duty cycle for the converter is an important controlled 

parameter, it is necessary to include the results of the analysis for the general cases when 

the switched duty cycle is 'T)". The detailed treatments are illustrated in Appendix A. 

Also, a spreadsheet, written using MathCad [39] for designing the converter with any 

switched duty cycle D is provided in Appendbc B. That material concludes the analysis and 

design of the fixed-frequency ZVS Class-D dc-to-dc converters . 



Figure 6.18a Current source series resonant converter 

Output Voltage 

Input Voltage 

1 1^ 
switching frequency/resonant frequency 

2 

Figure 6.18b Voltage gain of series resonant converters. Higher 
gain is obtained when switching frequency is near 
resonant frequency. Also it is achieved with lower Q 
while keeping the ratio of switching frequency to the 
resonant frequency constant values. 
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CHAPTER? 

CONCLUSION 

Dc-to-ac inverters are one of the most important subsystems in the lighting 

industry. Resonant dc-to-ac inverters are especially attractive due to their natural quasi-

sinusoidal waves, low switching losses and low electromagnetic interference. 

Fluorescent lamps, in particular, the cold-cathode fluorescent lamps which need a 

very high start-up voltage to initiate the ignition process require an efficient dc-to-ac 

inverter that has the voltage boost nature. The zero-current-switching Class-L resonant 

inverter has been developed to provide such applications. The inverter provides positive 

characteristics in electronic ballast applications such as; high voltage for start-up, balanced 

ac waveforms, high efficiency, small size, light weight, adjustable dim-fiinction and low 

cost. An experiment accomplished in Chapter 3 verifies that this circuit topology is well-

suited in these applications. 

In the Class-L resonant inverter, the curtent fi-om the input source is a pulsating 

wave. For low power applications, the energy of the sub-harmonic emission from this 

pulsating wave does not impair the system performance significantly, but for higher power 

applications, the Class-L resonant inverters become less practical. The zero-current-

switching Class-M resonant inverter was developed for these applications. The inverter 

possesses the features that the Class-L inverter provides. In addition, the input current is 

essentially dc by placing a boost-like front-end between the source and the inverter cell. 
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Both the Class-L and the Class-M inverters are added to the well-known Class-D and the 

Class-E inverters to form a femily of resonant inverters. 

The transistors in the Class-D and the Class-E inverters are turned on and turned 

ofif at zero voltage, much like a zero-voltage resonant switch. The transistors in the Class-

L and the Class-M inverters are turned on and turned off at zero current, much like a zero-

current resonant switch. The duality relationship of the circuit topologies allow the 

generalized treatments for these inverters. A fundamental-harmonic analysis in a Fourier 

series has been applied for the analysis of the inverters. The steady state characteristics of 

the inverters are a function of the loads and the switching frequencies. These are seen from 

the output current and output voltage relationships. The duality relationship between the 

ZVS and ZCS techniques and the similarity among the inverters are made tractable from 

the summarized Table and Figures at the end of Chapter 5. 

The analyses are made by the assumption that the resonant tank circuit is a high Q 

tuned network and therefore a fundamental sine-wave vohage or current at the switching 

frequency is obtained in the resonant tank. This assumption is justified by the experimental 

measurements of a Class-M resonant inverter in Chapter 4 where a resistor has been used 

as the load. The assumption made the results of the analysis meaningful in design 

practices. The output characteristics of the inverters are graphically displayed which 

enable one to place any particular load curve in the plots and predict the circuit 

performance. These are illustrated in Figures 3.8, 4.5, 5.4 and 5.9. From the results, one 

identifies that both the Class-L and the Class-D inverters are current-source-like dc-to-ac 

inverters driven by a voltage source, and the Class-M and the Class-E inverters are 
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voltage-source-like dc-to-ac inverters driven by a current source. Applications where 

loads require either voltage source or current, high power or low power, high voltage or 

low voltage can be provided by one of these inverter circuits. 

The design of the inverters are made clearer and simpler with the construction of 

the constant-gain trajectories in the normalized impedance or conductance plane. These 

are shown in Figures 3.5, 4.6, 5.5 and 5.10. The plots provide essential information of 

selecting circuit elements so that high-eflficiency operation of the inverters are obtained. 

One of the applications of the dc-to-ac resonant inverters is the dc-to-dc 

converters. Complexity is the most common problem in the analysis of the resonant 

converters. In this new family of resonant converters, it is overcome by using the 

flmdamental-component-analysis technique. The Class-D dc-to-dc resonant converters 

have been illustrated as examples. The design of the fixed-frequency ZVS Class-D dc-to-

dc converter has been developed and illustrated in Chapter 6 based on the results of the 

circuit analysis. The method eliminates the usual cut-and-try routines in designing this dc-

to-dc converters. The experimental construction of a I-MHz, ZVS Class-D dc-to-dc 

converter has been accomplished and the analytical results have been verified. 
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Appendix A: General Analysis For Fixed-frequency ZVS Class-D dc-to-dc Converters 

With Shunt Inductor at Any Switched Duty Cycle (<50%) 

The switched duty cycle for Q1 and Q2 in Fig. 6.4 can be a controlled variable as 

long as it is kept within 50% of the switching period. 

Consider the circuit as shown in Fig. 6.4 and the waveforms shown in Fig. 6.10, 

apply Kirchhoffs voltage law at the resonant loop: 

where Vuc(0), V,ux(0) and Vd(0) are those written in equations (6.5), (6.8-6.11) and (6.48-

6.51) respectively. The voltage across capacitor C2 can be expressed as; 

(A-l) 

I 'M'-

2nD<G<2nD + y 

I fd)  + y <d<27d) + JT 

2Td) + 7c<9<7t + 27d) + Y 

7t  + 27tD + Y <9<27C 

(A.2) 

The fundamental component of Vc2(0) in terms of Fourier series given by: 

• cos^ + Vc22 •smd (A3) 
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where the Fourier coefficients are: 

f=2i =- (A-4) 

^C22 =-jK2(^)smai0 (A-5) 

Substitute the expressions for Vc2(0) in (A.2) into (A.4) and (A. 5) yields: 

^c21 = 

_1_ 

n 
Wg sin(2;cD +/) + 

<o-C2 

Y • cos^ - 2cos(2;z£) - ̂ )sin(2;cD +;') + 

2cos(2;cD -  ̂)sin2«f) +  ̂ sm{A}iD + 1y 

—jsin(4;i£) - (f) 

(A.6) 

^c22 = 

Jt  
-4kg cos(2;£d + Y) + 

a-CI 

Y • sin^ + 2cos(2;cD - ̂ )cos(2;i£) +;') 

-2cos(2;eD - (f)cos27iD + -^cos(4;cD + 1y 

+^cos(4;eD - ̂ ) 

(A-7) 

By equating the cos(0) and sm(0) terms of the sum of Vut(0), V,ux(0) and Vd(0) as in 

equations (6.4), (6.7-6.10) and (6.61-6.64), and (A.6) and (A?) gives the following 

equations: 
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n-co-Ca 
-^cosj^-sin2g-(;r-g)cos^j + ^ " ^sin(^(/ -^)+Ip = 

s\n{l7d) + y) • 
CO * C2, 

Y • cos^ -  ̂)sm(2;DD + y) 

•>rlca^7iD - ̂ivcklnD + 

•jsin(4;zD + 2^ - - ̂s\n{^}d) - <f) 

(A.8) 

n • a-Ca 
sin ̂  • sin 2a - (;r - a) sin ̂  

4-n-V„ 
cos{^j -4>) + 

o-Cl 
sin^ = 

-AtVg cos(2;iD + x) + 
coCl 

Y -smift + lco^lftD - ̂)cos(2;cD + y) 

-2 co^ljd) - <f)cosl7tD + -^cos(4;cD + 2/ - ̂ ) 

+-jcos(4;zD - <f) 

(A.9) 

Divide (A.8) and (A.9) by Ip and substitute (6.24) into the resulting equations, we obtain: 

\ 7C • CO-Ca 

- 4 - n - K  

—sin2a-(;r-a) 
2 ^ ^ 

+ • 
4 - n - K  .  

^•Ir  
-sin0j + cos^ 

fT-Ir ,  

I 

COS^,^ sin^ 

/r-Q)-02 

2 sin(2;rD + ^)[cos(2;zD - ̂ ) - cos(2nD +;' -  ̂)] 

+y cos^ - 2 cos(2;cD - ̂)sin(2;cO + ̂ ) + 

2cos(2;zD - ̂)sin2;zD + •jsin(4;zD + 2^ - ̂ ) - •^sin(4;cD 

(A. 10) 
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n-ca-Ca 
—sui2a-(jr-a) 
2 ^ ^ 

^ + f® • Li Isin^ 
7c -I„ V <o-CV\ 

COS^J cos^ (A-11) 

1 

7r-Q)-C2 

-2 cos(2;iD + y^cos(2nD -(p)- cos(2«D + ̂  - ̂)| + y sin ̂  

+2cos(2;tD - ̂)cos(2«D +- 2cos(2«D - ̂)cos2«D 

-y cos(4;cD + 2^ - ̂) + •jcos(4;zD -

Rearrange (A. 10) and (A.II) by separating the cos<|) and sin(|) terms yields: 

cos^ 

a L\ —sm2a + ;r-a ++ ^-sin^j 
co-Cl ;u-(o -Ca\2 J t t - I.  

I 

Tt-CO -Cl 
Y -•^sin2(2;zD + ;') + -jsin4«D 

•f sin ̂ |- ̂  cos + ^-^^sin^(2;zD + ;')-sin^ 2«oj| = 0 

(A 12) 

sin^ 

CO n 1 1 fl • o "l ^ " • L\ —sm2ar + «--a h --imSd 
CO-CI K-co-Ca\2 ) 

1 

n-co-C2 
y +-jsin2(2;zD + ;') + ̂ sin4;zD 

+cos^|^ cos<t>d + ^-^|sin^(2;z£) + ̂ )-sin^ 2;cDj| = 0 

(A-13) 

Solve sin(J) from (A. 12) gives: 
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sin^ = 

<o n 1 1 fl • ^ L\ -sin2a +;r-a +h 
( o C l  K - a } - C a \ l  )  7 c - I „  

•s\n<^a 

1 
7t - a > - C 2  

Y -  ̂sin2(2;z£) + y) + ^sin4;zD 

4  n  V g  ^ L_J_sin^(2;cD + ̂ ) + sin^ 2;z£)j| 

(A. 14) 

Equation (A. 14) is considered to be simplified by substituting the equivalent capacitance 

Ce as shown in (6.29) 

sinffl = -

(oL\-

1 

4 - n - V „  

G)-Cg n-oi-Cl TV-Ip 
•sin^^ 

k-(OC2 
-—sin 2(2«£) + + — sin 4;zD 

2 2 

l_^Likcos^^ + ^:;-[-sin^(2;ED + ̂ ) + sin^ 2;^] 
I TV * Ip  TV' Q) '  C'2,  ̂  

•cos^ (A. 15) 

Substitute (A. 15) into (A 13) results in; 

^•n-Vp 
COS(l>a + \(o-L\--

4-n-V„ 

a-Cg jc-m-Cl ^ ' Ip 
sin^<y 

(;r-fi)-C2) 
|sin^ ItiD-sir)} (2;cD + r)]' + sin 2{27iD + /) - -^ sin AtiD 

-|2 

• = 0 

(A. 16) 

The underlined part of the equation in (A 16) is further simplified to the follows; 
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underlined => sin"* (2;cD) - 2 sin^ (2^) • sin^ (2«D + y) + sin^ (2;zD + ;^) + 

sin^ (2f£> + y) • cos^ (2;cD + y) + sin^ (2;ED) • cos^ (2;ED) -

2 sin(2;iD +;') • COS(2;ED + - sin(2;ED) • cos(2;zf)) 

(A. 16.1) 

Apply some basic treatments of trigonometric functions, equation (A. 16.1) is written as: 

sin^ (2«D) + sin^ (iTd) + y)-2 sin(2;cD) • sin(2;ED + y) • cos;' 

Jurthermore 

sin^ (inD) + sin^ (iTdJi) • cos^ >' + sin^ / • cos^ (2^) - 2 sin^ {2nD) cos^ y 

sin^ {2nD) - sin^ [inD) • cos^ y + sin^ ^ • cos^ {2nD) 

sin^ y 

(A. 16.2) 

Therefore, equation (A. 16) is written as: 

4-wP; 

V 
COS^J CO-LI — 

4-n-V„ 

(O-Cg K • CO- € 2  ^ ' I p  
SlTLtpj 

{Ttw- C2)' 
-sinV = 0 

(A. 17) 

The following equation is directly found from (A. 15) 
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tan^ = 

o - L l -

1 

ca-Cg n-co-C2 K-Ip 
•sin^j 

Tcca-Cl 
- i sin 2(2;z£) + y) + ̂  sin 4;sD 

A ^ ^-^|-sin^(2;z£) + ;') + sin^ 2;cDjj 

(A.18) 

For a given converter, the quantity y is uniquely determined from (A. 17). The 

other critical parameter ij) is then determined from (A.18). Following these solutions, one 

can construct the output plane of the converter which characterizes the steady-state 

behavior of the converter. It is found that the solution of y is independent of the switched 

duty cycle as long as the converter is operated in ZVS mode. This can be proven from the 

equation of the normalized impedance Z'. 
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APPENDIX B 

Analysis-oriented Design Procedure For ZVS Class-D dc-to-dc Converters 

1. MCAD requires some initial "guess" when the "FIND" routine is executed It is used for 

finding the roots of y and (j) in the normalized impedance equation (5.5)in the Z'-plane 

once the operating point is chosen. 

• Input duty cycle D and operating fi-equency co 

D = 2 0.333 

(D = 2-71 • 1000-10 ,3 

• Give initial guess 

Yges - 0.3 

(jiges = 0.2 

S(yges,(|iges) 
71 

1 
J Ygesi-e 

-j -2-7ges , 
-j -Z-CD-n - ̂ ges) e - 1 

2 

given 

• The selected operaing point 

Re( S (y ges, (j) ges)) s 0.15 

• Im(S(yges,(t(ges))=:0.2 



:= Find(Yges,^ges) 

Z := -• 
n 

J  Y  +  e  

-j , 
- j  - l -CDi i  - 4 )6  '  -  1  

• Both y and <j) corresponding to the selected operating point are found 

Y =0.508 

(ji =0.115 

2. Input circuit parameters; input voltage +- Vg, output vohage Vo and load RL: 

Vg =50 

RL = 800 

Vo =350 

3. Find capacitor C2; 

K1 ^• (cos(7t -D-( | i )  +  cos(7 i  D  + Y 
2Vo 

^ Vo cos(7i D-(|>) -  cos(7i  D-i-y -  (|)) 
C2 = 11 

Vg 40RLK1 

C2 =5.118-10~^ 

4. Find the turns ratio of the transformer I ;N, and the shunt inductor Lm; 

rad = 0.2 



• Choose an appropriate radius for the load contour 

Nratio:=52!M 
K1 

Nratio = 10.746 

• The calculated turns ratio of the transformer 

N ;= 7.8 

• Designer's input of the real turns ratio of the trasnsformer 

((id = acos(KIN) 

• Adjusted (|)d angle after select the real turns ratio 

(|»d =0.848 

sin(2(iid) 

radnew = 0.151 

• Adjusted radius of the load contour 

1 RL Lm = — 
® tan((|id) N^ 

• Calculated value for shunt inductor 

Lm= 1.846-10"^ 
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5. Calculate capacitor Ce: this is the equivalent capacitance of CI and Caux in series 

• Peak current in the tank circuit 

Vo-Tt-N 

^ 4RLcos((jid) 

• Ip =4.051 

• Designer's choice of limiting the peak-to-peak voltage across capacitor Ce 

Vpp = 250 

Ce=-6 i -
oVpp 

Ce =5.158-10"^ 

6. Find inductor LI 

radnewcos(2-^d) + Im(Z) - radnew 
Lres = 

(b^C2 

Lres = 1.484-10'^ 

0)^LresC2 =0.03 

LI = (Lres) + —— 
co^-Ce 

LI =5.059-10"^ 
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7. Center location of the impedance contour in Z'-pIane; coordinate is (0, cntr) 

cntr=0.181 

8. Determine the critical impedance Zdcm' at which converter leaves CCM; at 

(j)crit=atan(7c/2), find the coordinate 

Zdcm' = realcri -i- j • imaged 

Zdcm'=0.137 +0.245i 

9. Shift the contour upward until it intersects 7=(1-D)7C boundary, the coordinate for the 

new critical impedance Z3' and the new center location; 

(|) guess = 0.4 

Y = (1 - D)-7I 

cntr = radnew+ (D^LresC2 

realcri := radnewcosl 2atan 

2 imagcri = radnewsin + (radnew) + o •Lres-C2 

f((ti guess) = Re — j y -i- e 
n 

given 

f((ii guess)=realcri 
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Bring this back to original equations to find out where it intersects with the upper 

boundary 

(ji cri = Find((i) guess) 

^cri = 0.786 

Z3' = -• 
n 

J  -y  +e  
-j -Z-CD-it -+0!) e 

• The operating point where the converter leaves CCM 

Z3'=0.137 +0.574i 

newcntr = Im(Z3') - radnewsinf2 atanf—| - ^ 

10. Find capacitors CI and Ca in the tank circuit 

upshft = newcntr- radnew 

• Total amount of distance shifted for the impedance contour from the origin 

upshft= 0.358 

upshft 
Lresnew = 

o^C2 

Lresnew = 1.774-10"^ 

• The equivalent residual inductance 

CI = ^ 
2 . , upshft 

ca LI —-— 
C2 
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CI =7.711-10'^ 

Ip-2 
Vcl = 

o-Cl 

Vcl =167.231 

• Peak-to-peak voltage across CI and Ca 

Ca . ( -L-±y'  
ICe CI 

Ca = 1.558-10 ^ 

V 2Ip  Vca = 
oCa 

Vca = 82.769 

11. Find minimum load at max. input voltage; this corresponds to the point where 

converter still in ZVS and CCM operation without changing duty cycle 

Vgmax := 50 

Vo cos(7t D - (kcri) - cos(7t D + Y - (kcri) 
RLmax = 7t — — /—-— 

''8™" 4.«,.C2.oos atan I 

, Load resistance and power 

RLmax= 2.404-10^ 

Vo^ 
=50.948 

RLmax 



Now introduce the multiple-control technique— add duty-cycle control 

• Enter desired duty cycle 

Dnew:= 0.3 

• The upper boundary of interval y 

y (1 - 2 Dnew)-7t 

(|>g := 0.01 

given 

g((j»g)=realcri 

<j> newcri = Find( (ji g) 

(j> newcri=0.235 

12. Find the intersected point Z2' at upper boundary after changing the duty cycle 

j -2 (Dnew it - • g) £ 

Z2' = 
1 

J  Y  + e  
j -ZCDnew jt - ̂ newcri) 6 

7t 2 

Z2'= 0.137 +0.67i 

nnewcntr = Im(Z2') - radnewsin 

nnewcntr= 0.606 



upshfbi = nnewcntr- radnew 

upshftn= 0.455 

upshftn 
Lresnew = 

g)^C2 

Lresnew = 2.251 • lO"^ 

Cln = 

Vein = 

2 ^ , upshftn 
(fl LI - — 

C2 

Ip-2 

oCln  

• Peak-to-peak voltage across Cln and Can 

^ / 1 1 
Can = 

Vcan 

^Ce Cln/ 

Ip-2 

©Can 

J RLmax= 2.839-10 

• Minimum load; resistance and power 

D Po = 
RLmax 

Po =43.146 
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