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ABSTRACT 

Rock is a very heterogeneous material, containing structural weakness at all scales. These 

weaknesses include grain boundaries, pores, and cracks on the small scale, and joints, 

faults, and bedding planes on the large scale. Nonlinear rock deformation in the low-

temperature, low-confinement regime is due primarily to the growth of cracks fi'om these 

weaknesses and the coalescence of cracks to form macroscopic structural features . 

Another important aspect of rock deformation and failure is the statistical distribution of 

weaknesses in the initial microstructure. 

Borehole breakout is the process by which portions of a borehole wall fracture or spall 

when subjected to compressive stresses. Studies of borehole breakout in the past twenty 

years include experiments, field studies, and numerical modeling. With regards to the 

numerical modeling of borehole breakout, the rock surrounding the borehole is considered 

as a nonlinear continuum material in most of the previous approaches. Experiments and 

field studies, however, have shown that the heterogeneous and discontinuous nature of 

rock has a strong impact on the mechanics of borehole breakout. 

This dissertation describes a numerical model that has been developed to simulate the 

damage of rock and the corresponding non-linear stress-strain behavior, and also the 

progression of borehole breakout in heterogeneous and discontinuous rock by mixed mode 

crack growth, interaction, and coalescence. The rock is simulated as an elastic material 

containing a random distribution of cracks. As compressive load is applied, the initial crack 

grow, interact, and coalesce to form macroscopic fi^actures. The numerical model was 

developed by making a series of modifications to the displacement discontinuity code of 
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Crouch and Starfield (Crouch & Starfield, 1983 ). The most important modifications 

include modifying the boundary element for the calculation of stress intensity factors, 

adding Coulomb friction for closed portions of cracks, adding a crack generator, and 

adding an algorithm for crack coalescence. The numerical model is used to simulate the 

non-linear deformation and the progression of breakout in Westerly granite, and the results 

are realistic. 
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INTRODUCTION 

The increasing activities in geological, mining, civil, and even petroleum engineering have 

led to the intensive studies of rock behavior. Rock has been recognized as a unique 

material due to its discontinuous, heterogeneous and inhomogeneous nature. Almost all 

rocks contain discontinuities from small-scale microscale pores, grain boundaries and 

microcracks, to large scale fractures, bedding planes and faults. 

Many rock tests have been performed in the last three decades to explore the mechanical 

behaviors of rocks. Among the tests, the most representative one is the triaxial 

compression test. From the triaxial compression test, it has been observed that most rocks 

e.xhibit a non-linear stress-strain deformation. The non-linear stress-strain curve normally 

exhibits strain-hardening before the peak, a peak stress, and strain softening after the peak 

stress. 

To better understand the behavior of rock deformation, intensive microscopic studies of 

rock materials have been performed in the past 30 years. For example, the effect of 

microcracks on both moduli and the strain softening part of the stress-strain curve was 

analyzed by Cook ( 1965 ), and the influence of microcracks on the effective moduli of 

rocks was analyzed by Walsh (1965a,b). Subsequently, experimental observations of 

microcrack growth under differential compression have been made by Wawersik and 

Brace (1973), Hallbauer et al. (1973), Kranz (1980), Batzle et al. (1980), Fredrich and 

Wong (1986), and others. From these experiments it is confirmed that rock deformation 

is dominated by its microstructure and changes in its microstructure during deformation, 

and the non-linear stress-strain curve is greatly influenced by microcrack growth and 

coalescence. 
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To theoretically analyze crack growth, models have been developed to predict extensile 

crack growth by a variety of different mechanisms, including stress concentrations around 

pores ( Sammis and Ashby, 1986 ), Elastic mismatch between grains ( Dey and Wang, 

1981 ), Hertzian contact between grains (Zhang et al. 1990 ), and sliding along pre

existing cracks ( Nemat-Nasser and Horri, 1982; Ashby and Hallam, 1986; Kemeny and 

Cook, 1987 ). Basically, an assumption common to all these models is that the material 

surrounding the crack is linear elastic, and these models have been used successfully in 

predicting some aspects of observed behavior under simple loading conditions. In general, 

these micromechanical models represent a simplification of the actual micromechanisms 

that occur in the rocks being deformed. Even so, these micromechanical models have been 

successful in modeling many aspects of rock behavior under simple compressive stress 

conditions, such as material strength, strain hardening and strain softening, dilatation, rate-

dependence, and transient and tertiary creep. 

The modeling results in the previously mentioned analytical models suggest an important 

influence of the spatial distribution of cracks. The analytical models have taken into 

account crack interaction and coalescence, but only in a very simplified way. The models 

have served the purpose of showing how important crack interaction and coalescence is, 

and future important work in this area may be left to numerical models. The key work in 

part of this dissertation is to numerically simulate the effects of the growth and coalescence 

of a stochastic distribution of microcracks in rock on its strength and deformation. 
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Borehole breakout is the process by which portions of a borehole wall fracture or spall 

when subjected to compressive stresses. Studies of borehole breakout in the past twenty 

years include experiments (Gay, 1976; Bell and Gough, 1979; Hickman, 1985; Ewy et al., 

1990); field studies ( Zoback et al, 1985; Plumb and Hickman, 1985, 1986; Teufel, 1985; 

Maury, 1987; Zoback et al, 1987; Bock, 1988); and numerical modeling (Vardoulakis et al, 

1988; Zheng, 1989; Santarelli et al, 1992; Du & Kemeny ,1993). 

With regard to numerical modeling, in most of the previous approaches, the rock 

surrounding the borehole is considered as a linear or nonlinear continuum material. 

Experiments and field studies, however, have shown that the heterogeneous and 

discontinuous nature of rock has a strong impact on the mechanics of borehole breakout ( 

Ewy et al, 1990; Santarelli et al, 1992;). This dissertation describes a numerical model that 

has been developed to simulate the progression of borehole breakout in heterogeneous and 

discontinuous rock. The rock surrounding the borehole is simulated as an elastic material 

containing a distribution of cracks. As compressive load is applied, the initial cracks grow, 

interact, and coalesce to form macroscopic fractures. The numerical model is used to 

simulate the progression of breakout in Westerly granite, and the results are very realistic. 

Both mechanical and numerical crack models are based on the concepts of stress intensity 

factors introduced in fi^acture mechanics (Irwin 1957). In fracture mechanics, stress 

intensity factors denoted by Ki and Kn correspond to the opening and shear modes of crack 

deformations, respectively (Km is ignored in the 2D analysis presented in this dissertation). 

Crack growth occurs when K[ exceeds a critical value Kic for a crack under extension, or 

Kn exceeds a critical value Knc for a crack under shearing. Kic and Knc can be obtained 

through experiment. 
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Knc is an ambiguous quantity in rock fracture mechanics since under most conditions, rock 

under mode II loading still fails by the formation of tensile cracks. Because Ki and Kn are 

two quantitative indices used for the determination of crack growth, accurate calculations 

of Kiand Knare major efforts in studies of crack related problems.. 

For a simple pattern of cracks, Ki and Kn can be obtained by mathematical derivations, 

however, for a complex pattern of cracks, Ki and Kn can only be calculated numerically. 

With regards to numerical models for crack growth, the most commonly used ones can be 

categorized into two groups. 

(1) Finite element crack models 

Most finite element models use the finite element discretizing technique to approximate a 

problem domain into a number of elements, and within each individual element a closed 

form solution is applied. By regrouping all elements according to their constitutive and 

geometrical relations, a system of equations are formed, and after numerically solving the 

system equations and using numerical interpolations, the stress intensity factors can be 

obtained in the element(s) containing the tip(s) of a crack. Using a given crack growth 

criteria, whether a crack will grow or not is determined. A finite element model was used 

by Ingraffea (1985) to simulate crack growth in rock, and a review of finite element crack 

models has been given by Ingraffea (1985) and others. 
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(2) Boundary element crack model 

Many of the boundary element crack models are based on the Displacement Discontinuity 

Method (DDM). DDM is a two dimensional indirect boundary element method developed 

by S.L Crouch in 1976 (Crouch, 1976a,b). A brief review of DDM will be given in chapter 

one of this dissertation. A general Displacement Discontinuity (DD) model uses the output 

shear and normal displacements along the crack to calculate Ki and Kn values for each 

crack tip. By evaluating Ki and Kn, crack growth can be predicted. Most of the DD 

crack models are limited to determining only if crack grov^^h will occur under a given set 

of boundary conditions. Modeling the actual crack growth is more difficult and involves 

mixed-mode crack growth theory and assumptions. The DD crack model about crack 

coalescence has been used by Shen (1993) to simulate joint growth and coalescence. In his 

work, several parallel joints were studied. However, even though joint growth and 

coalescence were simulated, no non-linear stress-strain curves were predicted as a result 

of multiple crack growth and coalescence. 

In this dissertation, a model based on DDM has been developed, and with this model, the 

growth and coalescence of a distribution of multiple cracks has been simulated. Finally, the 

non-linear stress-strain curves have also been predicted as a result of the growth and 

coalescence of multiple cracks. 

The technical contributions of this work are: 

(1) A modified DD formulae for the calculations of Ki and Kn has been developed 

which is in excellent agreement with closed form solutions. 
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(2) Coulomb friction along closed portions of cracks has been added into an iterative 

scheme for the calculation of the correct frictional force along closed crack 

surfaces. 

(3) Both a crack growth criterion and an orientation searching algorithm have been 

implemented into the model. 

(4) Crack coalescence criteria has been developed. 

(5) A crack generator has been implemented into the model to generate a 

distribution of cracks for a given problem geometry. 

(6) The non-linear stress-strain behavior of rock due to crack growth, interaction and 

coalescence has been predicted using this numerical model. 

(7) Real microcrack properties have been used for the simulation of borehole breakout 

in Westerly Granite. 

(8) A modified quasi-frontal technique has been developed for the DDM to save 

computer memory. 

(9) An advanced data structure has been used to handle moving cracks. 

Additional features of the model are; 

(a) This model has no computational limitation on crack scale and can model macro-

scale discontinuities, such as joints and faults. 

(b) The model has given much insight into understanding the physical mechanisms 

behind non-linear deformation in rocks. 

(c) This model could be coupled with discrete element method to model large 

deformation of jointed rock( with both persistent and non-persistent joints). 

(d) The model has been used by a Ph.D. candidate at University of California at 

Berkeley for his Ph.D. dissertation on cemantatious material. 



CHAPTER ONE 

MODIFIED FORMULA OF DISPLACEMENT DISCONTINUITY METHOD 

FOR THE CALCULATION OF STRESS INTENSITY FACTORS 

1.1 Background 

The Displacement Discontinuity Method (DDM) developed by Crouch (1976) is an indirect 

boundary element method since the unspecified boundary parameters are obtained 

indirectly (Crouch 1976a,b). It is based on the Kelvin solution to the problem of a 

constant discontinuity in displacement over a finite line segment in a two dimensional plane 

of an infinite elastic solid. In DDM, a line crack can be approximated by a number of 

boundary elements, say N elements. It is imagined as a combination of many displacement 

discontinuities, and in terms of the boundary element method, it is approximated with many 

boundary elements, for example, N elements, of displacement discontinuities. Utilizing 

Kelvin's solution for the stress and strain fields caused by a single elemental displacement 

discontinuity, a numerical solution to the stress strain fields caused by a number of cracks is 

obtained by summing the effects of all N elements. A system of algebraic equations can be 

formed if the tractions on the crack surfaces and other non-crack surfaces are known, and 

the elemental displacement discontinuities will be obtained by solving this system of 

algebraic equations as in the conventional boundary element method. 

In DDM, a line crack is imagined as a line segment occupying a certain portion of the x axis, say 

the portion | x |< a, y=0. This line segment is distinguished with two surfaces by saying that one 

surface is on the positive side of y=0, denoted y=04-, and the other is one on the negative side, 

denoted y=0. The displacement discontinuity Di (i=x, y) over the line segment is defined as the 

difference in displacement between the two sides of segment as follows: 
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Di=ui(x,0_) -ui(x, 0+) 

or 

Dx=Ux ( X, 0_) - Ux ( X, 0+) l.l 

Dy=Uy ( X, 0_ ) - Uy (X, 0+ ) 1.2 

Because ux and uy are positive in the positive x and y coordinate directions, it follows that 

the Dx and Dy are positive as illustrated in Figure 1.1 

+Dx 

• +Dy 

2a 

•I 

Figure 1.1 Constant displacement discontinuity components Dx and Dy. 

It should be noted that a positive value for Dy suggests that the two sides of the crack 

overlap. There is no mathematical objection to the occurrence of an overlap, even though 

it is physically impossible. Later in this dissertation a method to prevent overlap and 

implement Coulomb friction is developed. 
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The elemental displacement discontinuities are defined with respect to the local 

coordinates s and n which represent the tangential and normal directions, respectively. The 

components of discontinuity in the s and n directions at the jth segment are denoted as EDs 

and DJn . These quantities are defined as follows: 

DJs = ui"s - ui"'"s 1.3 

DJn = ui'n - uj"'"n 1 -4 

In these definitions, uls and dn refer to the shear (s) and normal (n) displacements of the 

jth segment of the crack. The superscripts ' + ' and ' -' denote the positive and negative 

surfaces of the crack with respect to the local coordinate n. 

The effects of a single elemental displacement discontinuity on the displacements and 

stresses at an arbitrary point in the infinite solid can be computed as follows: 

Us=BssDs + BsnDn 1-5 

Un=BnsDs + BnnDn 1 -6 

c7S~A.ssDS + AsnDn 

cJn=AnsDs + AnnDn 1 -8 

Aij, Bij (i = s, n , j = s, n) are the boundary influence coefficients. 

These boundary influence coefficients have been derived in Crouch (1976a,b ). 
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The numerical procedure is to discretize the whole boundary into a number of boundary 

elements and the former equations are written as follows: 

For i=l to N 

n n 

Uis=Z BUssDis+Z By'snDin 1-9 

j=l >1 

n n 

OVZ BUnsDis+Z BUnnDin 110 

>1 >1 

n n 

ais= Z AUssOis+S AUsnDin 1-11 

>1 >1 

n n 

a'n=Z A'insPjs+y! AUnnDJn 112 

>1 >1 

After solving the above equations for dJs and Din , displacements and stresses at 

designated points in the body can be found by using the principle of superposition. 

The goal in this chapter is to develop a method using the described displacement 

discontinuity method to calculate the stress intensity factors. 

1.2 An overview of the numerical methods for the determination of stress 

intensity factors 
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For problems involving cracks and specifically crack growth, numerical methods play a 

very important role. For all but the simplest problems, numerical codes are necessary for 

the determination of stress intensity factors. For example, even for a body containing only 

a small crack and subjected to compression, analytical models do not exist if boundary 

interactions are to be taken into account. 

Generally, the numerical methods for the determination of stress intensity factors include 

the finite element method, boundary element method, finite difference method, boundary 

collocation method and several others. 

In this section, the numerical methods are only briefly discussed. For a more detailed 

review, see Ingraffea (1984). The two most commonly used numerical methods are the 

finite element method and the boundary method. With regards to the finite element 

method, a review has been given by Ingraffea (1985). 

Generally, three methods are available for computing the stress intensity factors using the 

finite element method. They are: 

1. The global energy release method 

2. The hybrid-direct method 

3. The displacement or stress correlation method. 

In the global energy release method, the rate of change of the total potential energy of a 

crack containing medium is calculated due to very small increments of crack length. 

Then, fi^om theoretical expressions for the rate of change of the total potential energy with 

changes in the Stress Intensity Factors (SIF), the SEFs can be computed at the tips of the 

given cracks. There are, however, some drawbacks to this technique. First, at least two 

computer runs are required to compute the SEF for pure mode I loading. Second, for 

mixed-mode loading, the total energy release is proportional to a fijnction of all the stress 
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intensity factors. Although improved techniques are available (Chan et al., 1970) for the 

decomposition of the total energy change into separate Ki and Kn, such decomposition 

involves at least four computer runs for a single computation. 

The hybrid-direct method takes its name from the fact that it computes stress intensity 

factors directly by making them nodal variables, along with displacements, in a hybrid 

finite element method. Although it is perhaps more accurate than the other two methods, 

its main drawback is that a special element stiffness matrix needs to be formed, which 

involves additional mathematical derivations and programming. 

A review of the third method, the stress-correlation method has been given by Chisholm 

and Jones (1977). This technique suffers from one or more of the following drawbacks: 

1. Some edge displacement incompatibility can exist between singular and non-

singular elements in a mesh. 

2. Special intermediate elements are necessary to provide complete compatibility, 

which also involves additional mathematical derivations and programming. 

The boundary element method is rapidly becoming a viable alternative to the finite element 

method in some classes of crack related problems. Compared with the finite element 

method for solving a two dimensional crack problem. The DDM has the following 

advantages. 

(a) In DDM, only the boundary of a domain being considered needs to be discretized, 

which leads to a smaller system of equations and a considerable reduction in the data 

preparation for the analysis. The governing differential equation is solved exactly within 

the domain and higher accuracy can be achieved; 
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(b) Approximation is required only on the boundary, once the system of equations has 

been solved, and explicit formulae are available to accurately determine interior values at 

desired points in the domain; 

(c) This method is particularly suitable for solutions of crack problems involving an infinite 

boundary with arbitrary geometry and loading conditions; 

(d) The DDM program for the basic solutions of a 2-D crack problem is available, and 

problems can be easily set up and solved. 

In DDM, in order to improve the accuracy, a high order element known as a crack tip 

element has been developed to take into account the nature of the stress singularity at the 

crack tip. However, there are still some drawbacks in this conventional technique as 

described in Du & Kemeny (1993). First, in order to specify the form of a crack tip 

element, an analytical solution of the SIF at the crack tip must be known, and if we assume 

that a crack is a line segment and has two tips at two ends, the two tips must also be 

geometrically symmetric under certain boundary conditions. Otherwise, it will be difficult 

to design the form of the crack tip element. Second, even though an appropriate crack tip 

element is designed, it will involve high order numerical interpolations for the calculation of 

the influence coefficients, and increase the complicity for this technique. In order to 

overcome these drawbacks, a modified special element has been developed. This new 

element gives an accurate estimation of the SIF and also the formulation of this element is 

simple and implementation into the displacement discontinuity method is straightforward. 

1.3 Objectives 
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Since the growth and propagation of a crack depends on the values of the crack tip stress 

intensity factors, an accurate determination of the stress intensity factor is important. The 

accuracy of the stress intensity factor calculations using the conventional displacement 

discontinuity method is known to be less than satisfactory. In order to improve the 

accuracy, a modified crack tip element has been implemented and the improvements on the 

accuracy is reported in a later part of this chapter. 

1.4 Modified formula for the calculations of stress intensity factors 

In this section, the stress intensity factor K as used in linear elastic fracture mechanics is 

briefly described. Additional details are given in Sih (1973) and others. 

A crack can deform in three basic modes as shown in Figure 1.2. 



(a) Mode I (or opening mode) (b) Mode U (or sliding mode) (c) Mode lU (or tearing mode) 
(ti=To=0.a^0) (o=To=O.Ti5tO) (a=ti = 0. To"0) 

Figure 1. 2 Three basic modes of crack loading 



In mode I, the opening mode, the crack surface displacements are perpendicular to the 

plane of the crack. This mode is the easiest to be produced experimentally on laboratory 

specimens. In mode 2, the sliding mode, the crack surface displacements occur in the plane 

of the crack and perpendicular to the leading edge of the crack. In mode 3, the tearing 

mode, the crack surface displacements are also in the plane of the crack but parallel to the 

leading edge. A combination of any two of the three fracture modes constitutes a mi.xed 

mode of loading. In this dissertation, only the 2D domain is considered, so only the in-plane 

modes 1 and 2 will be given consideration. 

Fracture mechanics states that a crack will advance when its stress intensity factor reaches 

a critical value Kc. This value of Kc, known as critical fracture toughness, has been shown 

to be a measurable material constant and controlling fracture parameter for a number of 

materials. 

The general solution for the stress and displacements near the tip of a crack subjected to 

modes I and II loading has been given Irwin (1957); 

=.^cosCj)[l-sin(j)sin(y)] -sin(j)[2+cos(j)cos(y)] 

Kr 0 0 30 Krr 0 0 30 
cos(j)[ l+sin(Y )sin(y sinCj )cos(j )cos(y) 1.14 

1.15 

K r  0  9  0 K r r  0 0 3 0  
cos(y)[ l+sin-(2 )] cos(^ ) [l-sinCj )sm(y)] 1.16 

3 0 Krr 0 7 0 
( I ) - ( J )  1.17 
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1.19 

2;^ (1+u) [(2k+l)sin(|) +sin(Y)] + 

0 30 
2jt (1+u) [(2k-3)cos(j) +cos(y)] 

1.20 

where k= (3-4u) for plane strain. 

also, for plane strain or plane stress problems. Km is zero. 

The shear and normal displacement discontinuities are given by equations 1.3 and 

By substituting specific 0 values into [1.19] and [1.20], respectively, we have 

Ux| 0= -7t 

KlI IT 

Ux I 0=+7C 

KlI [7 
= 2E 

Ds= [1,21]-[1.22] 



E '^(1+u) (2k+l) 1.23 

Uy I 9=-7i: 

Ki fT 
1-24 

Uy I 9=71 

Ki fT 
= 2E'\/27(l+")(2k+l) 1.25 

Dn=[1.24] - [1.25] 

Kl /T 
=-'E\l2^(^+''n2k+\) 1.26 

From [1.23] and [1.26], Ki and Kn could be expressed in terms ofDs and Dn 

(l+u)(l+2k)^"°") ^-27 

(lit E 

V (l+u)(l+2k) 1.28 
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Dn^O crack is closed 

crack is opened 

Ds>0 the two sides of crack slide away from each other 

Ds<0 the two sides of crack slide toward each other 

where E is Young's modulus, u is Poisson's ratio, r is the distance from the crack tip to the 

location where the displacements Ds and Dn are measured, and k= (3-4u) for plane strain. 

The equations have been traditionally used to estimate Ki and Kn with boundary element 

methods. In this case, r is the 1/2 length of the crack tip elements. 

The accuracy of the stress intensity factor calculations using equations 1.27 and 1.28 is 

shown to be less than satisfactory (Figure 1.3). In order to improve the accuracy, a 

modified crack tip element has been implemented as follows. 

First of all, it is assumed that the displacement discontinuity for the crack tip element is 

quadratic and is made up of two elements shown as below. 

1,2i 3 I 4 I 5 . i7iR 



DOi D1i D2i 

1 

3a 

Each of these elements is half the size of the non-tip elements and with nodes at the 

midpoints of the elements. 

The displacement discontinuity along the crack tip element can then be expressed as 

Di=Yi(x)Dii+Y2(x)D2i 1.29 

where 

x(x:- 3a , X xCx-a 
— Y 2 ( X ) = - ^  
2a^ 6a^ 

Yl(x)=- Y2(x)=-^^ 1.30 

and where a is the half length of the element and x varies from 0 to 4a. For the stress 

intensity factor calculation, the average displacement discontinuity from the crack tip to 

the middle of the second node has been utilized: 

E 
2.\ (l+u)(l+k)^'°5^ 

E ( I 
= (Ru'xHk) t ° 'YI(.X)DIS+Y2MD2s)^JJ Wa 
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and 

"(l+u)(l+k) t ^ ^2s]^2a 

Kl= (i+J)(i+k) (-Pn) [^0^^Yl(x)Dln+Y2(x)D2nn^ dxl/3a 

2 
-E . -  _  / j7 t  

,i.„)(Hki 15 °2"Wf '•" 

As a demonstration of tlie accuracy of the modified crack tip element, the stress intensity 

factors are compared with closed-form solutions for two collinear cracks subjected to a 

tensile stress, as shown in Figure 1.3 (this result is identical with the results for an applied 

shear stress parallel to the cracks). Also shown are the results from a traditional element 

using equations 1.27 and 1.28. The results from the modified element using equations 

1.31 and 1.32 are in excellent agreement with the closed form solution, and are significant 

improvements over the results calculated from equations 1.27 and 1.28. 
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Figure 1.3 Mode I stress intensity factor calculations for two collinear cracks under 

tension. Comparison of closed form solution, normal boundary element (BE) 

and modified boundary element (MBE). 



1.5 Conclusion 

The results from the previous section demonstrate that by utilizing a modified crack tip 

element, the stress intensity factors for complex problems containing cracks can be 

calculated. Before the model can be used to model the deformation and failure of rock 

under compression, some additional topics need to be discussed including mixed mode 

crack growth, friction along closed crack surfaces, and crack coalescence. 
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CHAPTER TWO 

THE THEORIES AND CRITERIA EVALUATIONS FOR CRACK INITL\TION 

AND PROPAGATION UNDER MIXED MODE LOADING 

2.1 Background 

Before the work of Erdogan and Sih (1963), much of the work on fracture mechanics was 

based on the assumption that crack growth would occur in a self-similar manner. 

A fundamental question is how cracks grow under mixed mode loading (The discussion is 

limited to modes I & II in this dissertation). 

Since Erdogan and Sih (1963) proposed the first fracture criterion for crack initiation 

under mixed mode I-II loading, various other criteria have been suggested. 

A review of mixed mode fi^acture criteria was given by Richard (1984 ). A common 

feature among these criteria is that they all try to predict the initiation and direction of 

crack extension under mixed mode I-II loading. The three criteria referred as the 

maximum tangential stress criterion, maximum energy release rate criterion, and minimum 

strain energy density criterion appear to be the most commonly employed and they are 

accordingly discussed below. 

2. la The maximum stress criterion: a-criterion 

Erdogan and Sih (1963) appear to have been the first to investigate crack extension under 

general in-plane loading and to examine the tangential stress a0 at the crack tip. They 

proposed a crack initiation in terms of the crack tip tangential stress a0 known as the 

maximum stress criterion or a-criterion, which is based on the following premises; 
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(1) Crack initiation takes place at the crack tip and crack initial extension occurs at 

an orientation 0 with respect to the original crack plane. 

(2) Crack initiation occurs in a direction in which a0 is a maximum, that is, 

2 
c a c  ( j 0  
ce =0 and .^2 <0 

(3) Crack initiation takes place when the maximum tangential stress a0m reaches 

the critical value of the material under consideration, i.e.a0m=cy0c. 

(4) The orientation in which the crack extends is perpendicular to the direction of the 

maximum stress a0m. 

According to this criterion, crack extension is governed by the crack tip stresses. Hence, 

an examination of the crack tip stresses and the maximum tangential stress only need to be 

undertaken. Originally, this criterion was only applicable to a crack under monotonic 

tension. But it may be e.xtended to the study of the mixed mode I-II cracking. 

2. lb The maximum energy release rate criterion: G-criterion 

The maximum energy release rate criterion was proposed by Erdogan and Sih in 1963. 

The energy release G is expressed as; 

G= Y (Al 1K2i + 2A12KiKii + A22K2ii); 

where Aij are coefficients and can be found in Erdogan and Sih( 1963 ); 
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and where E'=E / (l+u)(l+k). 

This criterion is known as the G-criterion, which states that; 

(a) Crack initiation takes place at the crack tip and in a direction with respect to the 

original crack plane. 

(b) Crack extension takes place in the direction along which the strain energy release 

rate is maximized. 

(c) Crack initiation occurs when the maximum strain energy release rate in the 

direction reaches a critical value. 

According to the criterion stated in (a), (b) and (c), the initial angle for crack propagation 

c^Ai 
can be determined by simply letting =0 and satisfying ^^2 <0, where 

^ = i" (A'l IK2I + 2A'I2KIKII + A'22K2ii) = 0 

where the coefficients A'ij (i, j = 1,2) are given by 

A ' i j  =7^  ( i , j= l , 2 )  

and 

d^G 
i" (A"l IK2I + 2A"I2KIKII + A"22K2ii) < 0 

where the coefficients A"ij (i, j =1, 2) are given by 

c^Ai 
A"ij = 7^ (i,j=l,2) 
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It can be seen that the solutions involve substantial, tedious algebraic calculations. For 

flirther details, reference would be made in Sih (1973). In this dissertation, the minimum 

strain energy density criterion has been used as the criterion for crack initiation and 

propagation and is discussed below. 

2. Ic The minimum strain energy density criterion; S-criterion 

The third basic approach, due to Sih (1973b, 1974), uses the strain energy density to 

account for the initiation of crack extension. The direction of crack growth is found on the 

basis that this corresponds to a maximum in potential energy. For a two dimensional 

fracture problem, the general expression for the strain energy density S can be expressed 

as: 

S= ^ (ai iK^i + 2ai2KiKii + a22K-ll) 2.1 

Where the coefficients aij (i, j =1, 2) are given by: 

ai l=y^ (3-4u) - cos(0))(l+ cos(0))] 2.2 

a 12=]^ -(1-2 u) + cos(0)] 2sin(0) 2.3 

a22^16^ 4(1- u)(l- cos(0))+(l+ cos(0))(3cos(0)-l)] 2.4 
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It is seen tiiat S is inversely proportional to the radial distance r measured from the crack 

tip and it increases as r decreases. When r approaches zero, S approaches infinity. 

Sih (1974) defined a strain energy density factor denoted by Sp as: 

SF = aiiK2i + 2ai2KiKii + a22K2n 2.5 

which is a function of 0 through the coefficients ajj for a given crack under a certain 

combination of Ki and Kn. The quantity Sp also indicates the local energy density on any 

radial plane intersecting the crack tip. 

The S-criterion is based on the following three fundamental hypotheses; 

(1) Crack extension 

The initial crack extension takes place in a direction along which the strain energy density 

factor Sp attains a minimum stationary value, i.e. 

d Sp 
=0 and 2 ^ ® which 0 = 0 m 2.6 

cd 

where 0m, corresponding to a minimum strain energy density factor, Spm. is the crack 

initiation angle with respect to the crack original plane. 

(2) Crack initiation 

Crack initiation occurs when Spm reaches a critical value^ Spc, i.e. 
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a I iK^i + 2ai2KiKii + a22K^n 

=SFC for0=0m 2.7 

where Spc is a material constant. 

(3) Evaluation of SP 

The quantity, Sp is evaluated along a contour r=ro, where ro can also be considered a 
Sp„ 

material property, and ro is proportional to Spm such that the ratio remains constant 

along the newly formed crack surface. 

It is seen that, with these hypotheses, the strain energy density criterion provides the 

direction of initial crack extension, the condition of crack initiation and the incremental 

crack extension for a crack under general in-plane loading. The initial angle for crack 

extension, 0m, follows from hypothesis (1) as 

a'l iK2i + 2a'i2KlKii + a'22K2n=0 2.8 

Where the coefficients a'ij (i, j =1, 2) are given by; 

a'l 1^J^[ sin20m - ( k - l)sin0m ] 2.9 

a'l2=yj^ 2cos20m - (k- l)cos0m - sin0m ] 2.10 
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a'22=J^ - 3sin2em ] 2.11 

and satisfies 

C bt 

dd^ a"i iK2i + 2a"i2KrKii + a"22K2n >0 2.12 

where the coefficients a"ij (i, j =1, 2) are given by 

a"ll=y^2cos20m-(k-l)cos0m] 2.1! 

a' 1 2=yJ^ -4sin20m + (k- 1 )sin0m ] 2.14 

a'22-jgQ[ - 6cos20ni + ( k - 1 )cos0ni ] 2.15 

where k=(3-4u). 

S-criterion and Poisson's ratio 

It is observed that 0m as obtained from equation 2.7 is a function of Kj / Kn- Unlike the 

a-criterion and the G-criterion in which ©m is independent of elastic constants, the S-

criterion, however, is dependent on the Poisson's ratio u. The inter-relationship of 0m 

versus Ki / Kn is also depicted from Sih (1973) in Figure 2.1 for u =0.333. It is seen that 

the predicted angle 0m by the S-criterion is in reasonably good agreement with that 

predicted by the a-criterion and the G-criterion. If 0m is plotted against the loading the 

loading inclination angle P, it gives the type of relationship shown in Figure 2.2. 
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Pure mode 11 Experimental scatter (Huang and Wang. 1985) 

.Maximum stress criterion 
^Maximum strain energy release rate criterion 

^Minimum strain energy density, criterion 
'plane strain (v = 1/3 ) 

.8 0.9 1.0 Ja 0.1 0.2 0.3 0.4 0.5 

Pure mode I 

Crack extension 

Figure 2.1 Crack extension angle as predicted by the three mixed mode criteria 
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Figure 2.2 Crack extension angle as a function of crack inclination angle (P) as 

predicted by the three mixed mode criteria 
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2.3 Pure mode I and II cracking and mixed mode I-II cracking 

for a single crack 

2.3a Pure mode I cracking. 

Firstly, for pure mode I cracking, i.e. Ki = Kic, Kn = 0 and Spm = Spc, equation 2.8 in 

conjunction with coefficients a'ij (i, j =1, 2) reduces to 

sinGm [ 2cos0m - (3-4u)-1 ] = 0 2.16 

Equation 2.16 is satisfied when 0m =0*^ or 0m = ±arc cos[(l-2 u)]. 

The second root 0m does not satisfy the inequality 2.6 because the elastic constant 

3-4u is in the range of 1< k< 3 and therefore, it is disregarded. Accordingly, the 

minimum value of Spm takes place at the initial angle 0m =0, which indicates that the 

crack extension occurs in the crack original plane. Corresponding to 0m =0, the minimum 

value of Sp is obtained from equation 2.3 as 

Spm ~ Sp (0m -0 ) 

=  a l lK i2  

2.17 

and the critical value of Sp is 

SFC = SS KC2 2.18 
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2.3b Pure mode II cracidng 

Secondly, for pure mode II cracidng, i.e. Kn=KnC. Ki=0 and SpM = SpC. 

equation 2.8 in conjunction with coefficients a'ij (i, j =1, 2) reduces to: 

sin 0m ( k-l-6cos 0tn) = 0 2.19 

Equation 2.19 is satisfied when Gm =0 or Gm = ± arc cos[(k-l)/6]. 

The first root Gm =0 does not satisfy the inequality 2.6, and therefore, it is disregarded. 

When Gm = ± arc cos[(k-l)/6], Sp possesses a global minimum value where the associated 

principle stress aQ is compressive. Accordingly, this root is also disregarded. 

Hence, a local minimum in Sp takes place at Gm = - arc cos[(k-l) / 6]. It is seen that Gm is 

a function of the Poisson's ratio, u, only, which is plotted in Figure 2.2 for both plane 

stress and plane strain conditions. The corresponding minimum value of Sp is obtained 

from equation 2.3 as 

Spm - Sp (Gm) 

= 322 Kii^ 

^4k-X-k^ ^ 
= ISZru 2.20 

and the critical value of Sp is 
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X'iK-X-K -7 
SFC = ISTjtu Kiic- 2.21 

Since Spc is a characteristic material constant and should not vary with fracture modes, a 

comparison of equation 2.18 with equation 2.23 gives the following relationship between 

Kic and Kuc : 

It is a function of the Possion's ratio and is depicted (Sih 1973) in Figure 2.2. 

It is observed that for the plane stress conditions Knc is definitely larger than KiC and for 

plane strain, Knc is greater than KiC if u is in the range of [ 0, 0.27 ], but KnC is 

predicted to be smaller than Kjc by both the a-criterion and the G-criterion. 

In this thesis. Westerly Granite is chosen to be the material for the modeling, and it has the 

value u = 0.25. Plane strain conditions are also assumed, and therefore because ot < x < 

ac, it turns out that KJC "^Knc. That is the reason why the S-criterion instead of a and G-

criterion was chosen as the criterion for the modeling of crack initiation and propagation. 

2.3c Mixed mode I-II cracking 

Thirdly, for mixed mode I-II cracking an angle for an initial crack extension 0m can be 

obtained for a given single crack with inclination angle, P, by making a substitution of 

Kp crs/rra sin^P, Kn= o "s/rta sinPcosP into equation 2.7 and solving for 0m. 
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With knowledge of 0m, a fracture toughness envelop for mixed mode I-II cracking in 

terms of the S-criterion becomes possible. 

Making a substitution of 2.13 into equation 2.7 yields 

ai iK^i + 2ai2KlKii + a22K.2n 

k'—l yy 14JC-1— k o 
= 8;rt; or ( 192^^ K2iic ) 2.22 

2.4 Evaluations of the three fracture criteria 

In general, the fracture initiation angles and the fracture envelops predicted by the three 

fracture criteria are in fairly close agreement with each other, even though they are based 

on different assumptions and fracture parameters. Limited experimental data do not show 

any one to be favored, which has been the problem in selection of the best fracture 

criterion for practical application (Sih, 1974 ). 

Ingraffea (1981) performed experiments on Indiana limestone and Westerly granite in 

mixed mode fracture and claimed that The S-criterion was the best followed by a-criterion 

and the G-criterion. Richard (1984) studied the mixed mode fracture problems on PMMA 

for both open and closed cracks and concluded that the a-criterion and the G-criterion 

were the best to predict crack initiation angle while the S-criterion was the best to predict 

the crack initiating behavior. In order to better understand and make best use of them, a 

comparison is made as follows. 
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2.4a Degree of conservatism of criteria 

It can be observed from the fracture envelopes based on the three criteria respectively, as 

shown in Figure 2.3, that the G-criterion is the most conservative and the S-criterion is the 

least conservative of the three. The G-criterion predicts a much smaller mode II fracture 

toughness KnC than the mode I fracture toughness, Kjc, while the S-criterion predicts a 

larger Knc than Kic for the Poisson's ratio u up to 0.3. Therefore, if the S-criterion is 

applicable to rocks, then Knc is definitely larger than Kic for rocks since most rocks 

have Poisson's ratios smaller than 0.3. Limited experimental data can not confirm this 

phenomenon since some researchers claim that for some rocks Knc is larger than KiC 

(Ingraffea, 1981; Sih, 1973a,b), but others conclude that it is not (Wang, 1987 ). 

In general, at a small ratio of Kn / Kj^ the three criteria show little difference, which can 

be seen from Figures 2.1 to 2.3. Fortunately, propagation of a crack takes place mostly in 

this region. Even though a crack initially extends under a high Kn / Ki ratio (pure mode 

II, for example) the propagation path then quickly turns to a direction perpendicular to 

which the tangential stress becomes a maximum and finally the path is perpendicular to the 

far-field tensile stress (if crack initiation is under tensile loading ). This phenomenon has 

been observed by a number of researchers such as Ingraffea (1977); Cotterell and Rice, 

(1980); Nemat-Nasser and Horii, (1982); and others. 
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Figure 2.3 Fracture toughness envelops based on various 

mixed mode fracture criteria 



2.4b Degree of complexity of criteria 

Physically, The a-criterion is the easiest to understand since it is similar to the well known 

conventional failure criterion. When the maximum tangential stress reaches the critical 

value of the material, crack extension takes place and the direction is perpendicular to the 

maximum stress. In addition to this, in the o-criterion only one of the six stresses 

components need be examined and the rest are neglected. Hence, this criterion is simple 

and direct, and often employed in practice. The G-criterion is related to the stored 

potential energy of the crack system and it belongs to the energy balance approach. This 

criterion is based on the fact that a crack initiation will take place if there is sufficient 

potential energy to be released. If the energy balance approach is well understood, the G-

criterion is not difficult to appreciate. However, since the crack extension plane is deviated 

from the original crack plane, the G distribution varies with the crack extension angle, 0. 

This makes the problem more complicated and difficult to apply. 

Amongst these three fracture criteria, the S-criterion is the most difificuh to understand 

and to use. It is based on the minimum strain energy density concept. When the minimum 

strain energy density attains a critical value of the material, the crack initiation takes place. 

The direction of crack initial propagation is the direction in which the strain energy density 

is minimized. Furthermore, Sih (1974) stated that the strain energy factor, Sp, can be 

broken down into Spv, the volumetric component of Sp, and Spd, the dilatational 

component of Sp, i.e. Sp = Spv + Spd 

The former part governs the fracture while the latter part controls the yielding. 

2.4c Effect of radial distance r from crack tip 



56 

The S-criterion differs fi^om the a-criterion and the G-criterion in that it is dependent on a 

material property, the Poission's ratio u, while the other two are independent of u. 

According to the S-criterion, different values of u can result in considerable difference in 

crack initiation angle and the predicted mode II fracture toughness. Unlike the G-criterion, 

the a-criterion and S-criterion involve a field variable, the radial distance r from the crack 

tip. At r = 0, both the tangential stress and the strain energy density are infinite. This 

makes the predictions by the two fracture criteria dependent on the value of r, which has 

been treated as a material property (Sih, 1974; Ingraffea, 1977; etc) and must be 

determined from experiments. If large enough specimens with sufficiently deep crack 

depths are used, r is a constant for the material under consideration. 

The procedure for determining r is as follows (Sih, 1973b): 

Firstly, computing the curves of 0m versus 3 for the a-criterion and the S-criterion for 

different values of the ratio r/a, where a is half of the central crack length; then, secondly, 

plotting the experimental data on the same figure as the 0m versus P ; and finally, 

examining which r/a ratio fits the data best and determining the value of r from the best 

ratio. 

Richard (1984) concluded that for PMMA ( Polymethymethacrylate ) specimens having a 

thickness of 3.2 mm and central crack length of 32 mm, the ratio of r / a = 0.01 is the most 

appropriate value for the two criteria. At this value of r, the tangential stress and the strain 

energy density respectively reach the critical values. The region around the crack tip where 

the material is yielded is the 'core region', as called by Sih (1974). 

In reality, this region is the plastic zone for metallic materials or the microcracking zone in 

rocks. 

2.5 Crack initiation under compression 
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In mining and geological engineering, compressive loading is much more common than 

tensile loading, so, the study of crack initiation and propagation under compression is 

more important. The fracture criteria discussed above are usually applied to crack 

initiation under tensile loading. When they are used to study the crack initiation under 

compressive loading, the problem is more complicated. It has been widely accepted that 

crack initiation under compression results from the crack tip local tensile stresses, which 

was first postulated by Griffith (1924). The pattern of crack initiation under compression 

is quite different from that under tension (Cotterell, 1969, 1972). Under compression, the 

crack initiation, propagation and specimen failure are not synonymous, rather each 

separately forms a particular fracture process. It is also observed that the crack initiation 

from a pre-existing crack tip does not lead to final failure of the specimen, since this initial 

crack propagation is eventually arrested at some point (Hoek and Bieniawski, 1965; 

Bieniawski 1967). 

For an ideal crack (i.e. line crack ) under compression, the crack faces inevitably tend to 

close. Once this has taken place, normal stress transmission becomes possible and a 

fnctional stress may be produced between the crack faces due to the relative movement 

between them (McClintock and Walsh, 1962). Therefore, it is necessary to discuss 

separately the two cases: with and without fHctional forces corresponding to an open and 

closed crack respectively. For a single open crack under unia.xial compression, the stress 

intensity factors can be calculated with a closed form solution. 

i.e. KtroyJlnT (r is half length of the crack. n=I, II, g= an , t ). 

A negative Ki means a compressive stress is acting at the crack tip and a negative Kn just 

indicates an opposite direction of the shear stress acting parallel to the crack plane. For 

this case, the crack initiation predicted by the three fracture criteria follows similarly as for 

a tensile load. As mentioned earlier in the solution of 0m from the three criteria, in 
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addition to the negative roots of the relevant equations which correspond to tensile 

loading, there exists another set of roots for positive 0m which corresponds to 

compressive loadings. A positive 0m for compression means that the crack propagation 

direction tends to be parallel to the direction of loading or normal to the direction of the 

minor principle stress for triaxial loadings, as Hoek and Bieniawski (1965a) stated. While 

in tension, the crack path extends to be parallel to the direction of loading and hence a 

negative 0m is obtained. Such phenomena have been observed by a number of researchers 

(Hoek and Bieniawski, 1965a; Fairhurst and Cook, 1966; Ingraffea et al., 1977; Nemat-

Nasser and Horri, 1982; Horri and Nemat-Nasser, 1985). 

For a distribution of open cracks, the closed form solutions for the calculations of stress 

intensity factors are no longer applicable because of the interactions among the cracks. 

The displacement discontinuity method is very suitable for solving this kind of open crack 

problem by simply giving a traction free boundary condition (i.e. cjn , cjs = 0 ) and 

assuming that the crack thickness is always greater than the normal displacement of the 

crack. However, for a distribution of cracks under compression, the cracks may be closed, 

and no simple boundary conditions can be applied since the friction may vary from one 

crack to another. A numerical procedure using Coulomb friction criterion is developed to 

update the boundary conditions and is discussed in chapter 4. 
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CHAPTER THREE 

MODELING CRACK GROWTH AND PROPAGATION 

UNDER MIXED MODE LOADING 

3.1 Background 

Experiments have shown that a fracture in rock under compression can grow in both mode 

I and mode II (Brace, Pauling & Scholz, 1966). Mixed mode fracture propagation is a 

complicated process, and in order to simulate the propagation process quantitatively, 

many microcrack models have been developed ( Kemeny & Cook, 1991; Kemeny, 1991; 

Li, 1993). Even though these microcrack models have taken into account some of the 

important crack parameters such as crack toughness, crack length, and fiiction coefficient, 

they are still limited by the crack geometry, boundary conditions, and the dynamic nature 

of crack growth, coalescence and propagation. A numerical model was developed using 

the Displacement Discontinuity Method to simulate the dynamic process of crack growth, 

coalescence and propagation. This numerical model simulates the whole process of crack 

propagation as a combination of many small incremental steps. In each step, Kj and Kn are 

calculated numerically, a modified Coulomb friction criterion is implemented, the S 

criterion is used as crack growth criterion, and some advanced data structure techniques 

such as pointer and tree cutting are applied to simulate the whole process of crack growth, 

coalescence and propagation. The numerical calculation of Ki, Knand the S criterion 

were described in chapter 2, and pointer and tree cutting techniques will be described in 

chapter 7. The modified Coulomb friction criterion and the incremental approach are 

reported in this chapter. 
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3.2 Coulomb friction along closed portions of cracks 

Since the body containing cracks will be subjected to compressive stresses, portions of the 

cracks may be closed and subjected to frictional forces. An iterative scheme has been 

implemented for the calculation of the correct frictional force along closed crack surfaces, 

as described below: 

1. A distribution of cracks is first generated. An initial run is made to estimate the 

shear and normal stresses induced along the cracks due to the problem boundary 

conditions and geometry (but not crack interaction). For this initial run the crack 

surfaces are locked using the boundary conditions us = un = 0 

(us= element shear displacement, Un= normal displacement). 

2. A initial determination is made whether slip will occur along the crack segments 

based on the results of step 1. If the normal stress for a crack segment is 

compressive, then the segment will slip if; 

i aSj I > I a^i I 

where 

= c^ + (-o"i) tan (p' 

and where a^i, o^i, o"i, ci, and (j)i are the frictional stress, shear stress, normal 

stress, cohesion, and fnction angle for crack segment i, respectively. If equation 

(3.1) is satisfied then the boundary conditions Un = 0 and os = a^i are applied to 

crack segment i. If the normal stress on crack segment i from step 1 is tensile. 

3.1 

3.2 
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then the boundary conditions a" = = 0 are applied to crack segment i. The 

boundary element code is then run for another iteration. 

3. Step 2 is repeated, resulting in an accurate calculation of the fnctional forces 

along each closed crack segment. These iterations are performed along with any 

crack growth that may occur. 

Following the iterative steps, all the boundary conditions on the cracks can be correctly 

calculated and updated , which is a key work for the boundary element method. 

On the basis of the crack growth criteria discussed in chapter 2, the path of crack 

propagation can be calculated incrementally, and the new crack tip positions are 

numerically calculated and discussed as follows. 

3.3 The sign definition of crack initiation angle 

The use of the displacement discontinuity method can allow the fracture mechanics 

parameters to be readily computed for a given crack problem. By assuming a virtual crack 

increment, the crack initiation direction can be determined by the G fracture initiation 

criterion as discussed in Chapter 2. 

In particular, the crack propagation path can be determined by assuming several crack 

increments. After each crack increment, the fracture parameters are recalculated and the 

corresponding crack initial angle of propagation is determined. 

Because the crack initiation angle is a numerical solution and involves finding the root of 

the relevant equations which correspond to the type of loading, there might exist several 

sets of roots which have different signs. Therefore, it is necessary to have a clear definition 
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for the signs of the initiation angle 0 in order to accurately calculate the crack propagation 

path. 

A right hand rule is defined for the propagation path, where 0 is positive for a 

counterclockwise rotation from the extension of the crack tip, and vice versa. Figure 3.1 

illustrates this rule. 

Figure 3.1 Illustration of the sign definition for crack initiation angle 

3.4 The new position of a growing crack 

The right hand Cartesian x-y coordinate system is used as shown in Figure 3.2 

yA 

Figure 3.2 Cartesian x-y coordinate system 
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There are two different geometric positions for an initial inclined crack and the new 

positions after growth will be discussed in case (a) shown in Figure 3.3 and in case (b) 

shown in Figure 3.4. 

Case (a) a> 90° 

Figure 3.3 The initial crack AB with an incline angle a> 90° 

becomes a new crack A'ABB' after growth. 

As shown in Figure 3.3, A' is the new position of tip A, and B' is the new position of tip B. 

The new positions of tip A and B are calculated as; 

Tip A 

Xnew = Xa - DLcos(P+0) 

Ynew =Ya+DLsin(P-i-6) 
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T i p B  

^new ~ ^A"*" DLcos(P-i-0) 

Ynew = YA - DLsin(p+e) 

Both in case (a) and case (b), DL is the crack increment length, P is the initiation angle, and 

0 is the crack incline angle with x axis. 

Case (b) a < 90° 

A 

B' 

Figure 3.4 The initial of crack AB with an incline angle a < 90° 

becomes a new crack AABB' after growth. 
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For case b, the new positions of tip A and tip B after growth can be similarly calculated as: 

Tip A 

^new ~ ^A"^ DLcos(P+Q) 

Ynew = Ya + DLsin(p+e) 

TipB 

^new ~ XB+ DLCOS(3+0) 

Ynew ~ Yb - DLsin(3+0) 

In the process of crack extension it is possible that crack intersection will occur. For such 

an event, a crack coalescence criteria is developed and discussed as follows. A flow chart 

showing the precedure shown in Figure 3.6. 

3.5 Crack coalescence criteria 

As a crack grows toward a stationary crack as shown in Figure 3.5(a), either the growing 

crack will grow past the stationary crack as shown in Figure 3.5(b) or the growing crack 

will coalesce with the stationary crack and blunt its tip as shown in Figure 3.5(c). 
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3.5 (a) 3.5 (b) 3.5 (c) 

Experimental and field evidence show that both phenomena is possible. For all the 

modeling work presented in this dissertation, the assumption is made that crack 

coalescence will occur and that the growing crack will blunt its tip against the stationary 

crack, as shown in Figure 3.5(c). 

The point of coalescence is calculated by searching for intersection points between a new 

crack segment that has been added and all other crack elements (these could also be new 

elements). For instance, consider Segment 1 with beginning (xi,yi) and end (x2,y2) and 

segment 2 with beginning (x3,y3) and end (x4,y4). The two segments can be written as: 

(x3,y3) 
(x2,y2) 

line 1 

(xl,yl) 
line 2 

yl) \ 
(x4,y4) 



67 

Line 1; x=(x2-xl) tl+ xl (0 <tl <1) 

y=(y2-yl)  t l+ yl  

Line2 ; x=(x4-x3) t2+ x3 (0 <t2 <1) 

y={y4-y3) t2+ y3 

tl= 

x3-xl  x3-x4 

y3-yl  y3-y4 
x2-xl  x3-x4 

y2-yl  y3-y4 

t2= 

x2-xl  x3-xl  

y2-yl  y3-yl  
x2-xl  x3-x4 

y2-yl  y3-y4 

The intersection will occur if tl and t2 calculated from the following determinants are both 

between 0 and I; 

If two crack segments are found to intersect, then the growing crack element will be 

terminated against the stationary element. If both segments are growing, then the shorter 

overlapping segment will be removed. The flow chart of the computer realization is 

shown m figure 3.5. As an example of crack coalescence as implemented in the model, the 

simulations of the growth of a single crack and the coalescence of two parallel cracks 

under compression are shown in figures 3.6 through 3.9. 
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Ifacn tenon 

Yes 

START, 

Increase 
load 

Stop 

Convert previous 
crack element into 
crack tin tlcniCTit 

If Gmax > Gc 
or Smax > Sc 

Calculate Dx and Dy for crack 
tip and boundary elements 

Set fracture cntenon 

Calculate strain ener^* before 
and alter an assumed crack 
mcrement 

Input data: trutial crack length, and 
boundarv conditions. 

Calculate pre-stresses at initial 
crack and assumed crack 
increment elements 

DetetTnine mtxed mode I-II 
stress intensity factots and 
crack initial groN^th angle 

Determine mtxed mode MI 
stress intensity factors and 
crack initial groN^th 
direction 

Calculate strain energx* release 
ra:e for a crack increment in 
anv assumed direction 

Renumber crack and boundary elements and 
adjust their boundary conditions accordingly 

Deterrine crack initial erovvih 
direction •'om the direction 
corresponding to the maximum 
G or minimum S 

Figure 3.5(d) Flow chart of the computer program using the displacement discontinuity 

method. 
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Figure 3.6 The propagation of a single inclined crack under tension 
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Figure 3.7 The propagation of a single inclined open crack under compression. 



Figure 3.8 Initial crack pattern 



Figure 3.9 Crack coalescence 
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CHAPTER FOUR 

DISTRIBUTION OF MICROCRACKS IN ROCK AND ITS COMPUTER 

REALIZATION 

4.1 Background 

Microscale discontinuities, such as grain boundaries, microcavities and microcracks exist 

in nearly all rocks. Many rock experiments have shown that the existence of the 

discontinuities greatly affects a wide range of physical properties, including elastic moduli, 

fracture strength, electrical resistivity, thermal conductivity and hydraulic conductivity. 

The developments of the technique of scanning electron microscopy (SEM) pioneered by 

Brace et al. (Brace et al., 1972) provides a quantitative method for the determination of 

microcrack geometry and its statistics. Numerous studies about the application of the 

technique of SEM to investigate the microcrack distributions in rock have been made since 

1972 and the micromechanics of rock deformation have been further developed since then 

by means of using this technique. 

A comprehensive review of the application of the SEM technique to obtain the statistical 

distributions of microcracks in rocks was presented by Kranz (Kranz, 1983). The studies 

of the distributions of microcracks in rocks using the SEM technique can in general be 

categorized into two approaches. The first approach, referred to as the 'direct approach', 

involves the direct measurement of crack length and orientation on a plane section. The 

second approach referred to as Mndirected approach' involves counting the number of 

intersections of an array of specifically designed parallel lines with microcracks in a plane 

section observed under SEM. By means of the statistical interpretation of the intercepts in 

different orientations, the anisotropy of a rock can be determined. 
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4.2 The distribution of microcracks and the character of defects 

In fracture mechanics, a material is usually idealized to be brittle, isotropic and 

homogeneous. In reality, microcracks in rocks cause the materials to be inhomogeneous 

and anisotropic. Inhomogeneity can be functional or random, largely depending on the 

functional variation of the mean characteristics at submicroscopic, microscopic, or 

macroscopic levels of material composition. Random inhomogeneity on a small scale 

usually reflects the deviation of the magnitude of material components, such as the sizes of 

crystals or particles; and on a large scale, it reflects a random variation of the mechanical 

properties of a single specimen, such as its hardness, deformation and strength, etc.. It is 

well known that the macroscopic mechanical properties of a material are greatly affected 

by the distributions of many microcracks in the material (Freudenthal, 1968). The 

variation of tensile strength of a solid with specimen size is mainly attributed to these 

microcracks. 

In this dissertation, the distribution of microcracks in Westerly granite was taken from the 

experiment resuks of the direct measurements by Hadley in 1976 and Wong in 1986 

(Hadley 1976; Fredrich and Wong, 1986 ), so only the direct approach is briefly described 

in the next section. A detailed description of the indirect approach can be found in T. F. 

Wong (1985). 

4.3 Direct measurement 

It has been recognized that the most careful study of the direct measurement of the 

microcrock distributions in rocks was performed by Hadley (1976), Fredrich and T. F. 

Wong (1986), and their results for Westerly granite unquestionably remains the most 
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comprehensive set of statistical data, and provide necessary additional constraints in 

modeling rock behavior, which will be briefly described as follows. 

(i) Distribution of microcrack location and orientation 

According to the experiments on Westerly granite (Hadley, 1976; Fredrich and Wong, 

1986), several principal observations have been noted. First, the spatial distribution of 

microcracks is relatively homogeneous. Second, Westerly granite is isotropic. Third, about 

two thirds of the grain boundary area in the samples were cracked and that the intercept 

density for intragranular cracks was roughly equal to that of grain boundary cracks. 

Crack apertures are relatively small, ranging from less than 0.03|im to 1.68u.m. 

Because of the isotropy and spatial homogeneity of the initial microcracks in Westerly 

granite, a uniform random distribution of crack orientations and locations was assumed. 

(ii) Distribution of microcrack size 

Direct measurements of crack length were performed by Hadley (1976) on unstressed and 

stressed samples of Westerly granite by using the scanning electron microscopy (SEM). 

Crack geometries were determined from a total of 3 SEM micrographs from two 

prestressed and one unstressed sample of Westerly granite. Sample areas chosen for study 

were selected as being representative of all similarly oriented cross sections of the 

particular sample that were seen ( about 2 cm- of area for each test specimen ). 

The area covered by each micrograph was about 1 mm^. Magnification was roughly 400x. 

Crack lengths in both the prestressed and the unstressed granite were measured from the 

micrographs. A single crack was defined to be any open flaw of aspect ratio less than I 

which did not change orientation by more than 20° over any significant portion of its 

length and which was either continuously open or bridged by material of exposed 

thickness no more than 3 crack widths or one tenth of the total crack length, which ever 

was less. Crack widths were taken directly from micrographs of the prestressed rock 
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either by measuring the gap with a scale or, for the very narrow cracks, by comparison 

with the appearance of cracks in the micrograph of the virgin rock. Crack widths so 

determined were spot checked by using the SEM at 23,000x. Agreement was always 

within a factor of 3 and usually within a factor of 2. In all, 344 cracks were measured in 

the unstressed sample and 632 cracks in the stressed sample. The smallest crack width that 

can be resolved is about 0.03 |im. The longest observed crack was 565 |am for the 

prestressed sample and 300 (j.m for the unstressed sample. Figure 4.1 is the plot of the 

crack length distribution. Heavy lines represent unstressed granite, and the shaded area 

represents prestressed granite. 
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C r a c k  L e n g t h ,  jJ. 

Figure 4.1 Crack length distribution. 



78 

Because crack apertures are negligibly small, line cracks were assumed. 

Based on the data presented in Figure 4.1, the length distribution of unstressed Westerly 

granite was tabulated as shown in Table 1. 

Table 1 The length distribution of unstressed Westerly granite 

Crack length Number 

0 - 4 m 157 

4 - 8 n m 120 

8 - 12 u m 40 

12 - 25 |a m 15 

25 - 50 m 6 

50 - 125 u m 4 

125 - 300 jj, m 2 

Total number 344 

A crack generator using the Monte Carlo technique was developed to generate a 

distribution of line cracks for a given geometry. More details are discussed in section 4.4. 
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4.4 Monte Carlo Simulation 

Monte Carlo simulation is commonly used as a tool to generate a number of independent 

random variables for problems with known probability distributions. 

The whole process of Monte Carlo simulation is to repeatedly generate a set of samples 

according to the sample probability distribution. As a sampling technique, the Monte Carlo 

technique shares the same problems of sampling theory; namely, the results are also 

subject to sampling errors. Generally speaking, Monte Carlo solutions from a finite 

number of samples are not exact unless the sample size is infinitely large. For a given set 

of generated random numbers, the simulation process is deterministic. As a general rule, 

Monte Carlo methods are used when the analytical solution methods are not available or 

are ineffective. Monte Carlo solutions are usually used to verify ,validate and approximate 

the analytical solutions. 

Monte Carlo simulation is most effective and practical if used with computers. For this 

purpose, the automatic generation of a required number of random variables with specified 

distributions can be realized. The whole process of Monte Carlo simulation is 

accomplished systematically for each variable by first generating a uniformly distributed 

random number between 0 and 1.0. The basis for this is as follows. 

Assume a random variable X with CDF Fx(x). Then, at a given cumulative probability 

Fx(x)=u, the value of X is 

x = F-lx(u) 4.1 

Now assume that u is a value of the standard uniform variate, U, with a uniform PDF 

between 0 and 1.0; then. 
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Fu(u) = u 4.2 

That is, the cumulative probability of U < u is equal to u. 

Therefore, if u is a value of U, the corresponding value of the variate X obtained through 

Eq. 4.28 will have a cumulative probability. 

Which means that if (ui^ u2,un) is a set of values from U, the corresponding set of 

values obtained through Eq. 4.1 are. 

It is observed that the generation of uniformly distributed random numbers between 0 and 

1 is basic in the generation of random numbers with a general probability distribution. The 

computer realization for generating uniformly distributed random numbers are generally 

based on recursive calculations of the residues of modulus m from a linear transformation. 

An example of a recursive relation for this purpose is 

P(X< x) = P[F-lx(U)<x] 

= P[U< Fx(x)] 

= Fu[Fx(x)] = Fx(x) 

xi = F-lx(ui); i=I,2, ...., n 4.3 

xi+i = (axi + c) (mod m) 4.4 

Where a, c and m are non-negative integers. If ki is the integer part of the ratio 

(axi + c)/m, then. 
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ki = Int [(axi + c)/m] 

Then the corresponding residue of modulus m is 

xi+i = axi + c - n^i 4.5 

Normalizing the values obtained from Eq. 4.32 by the modulus m, it is obtained, 

ui+1 =(xi+i)/m 4.6 

which constitute a set of random numbers between 0 and 1 with the standard uniform 

probability distribution. 

In reality, random numbers generated by a systematic procedure, such as that 

described above, can be duplicated, therefore, such generated random numbers are not 

really random; for this reason, in practical applications a large value of m should be 

assigned in the generation of ui. 

Although the above procedure for generating random numbers is basically deterministic, it 

can be shown (Thisted , 1988) that the numbers generated with large m appear to be 

uniformly distributed and statistically independent. In this dissertation, a random 

generator with a seed of 9 digital numbers gives a satisfactory result. 

4.5 Random crack generator 

Based on the experiments by Fredrich (1976), the distributions of initial crack location and 

orientation in Westerly granite were assumed to be uniformly random. 
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Before a crack is generated, three random variables between 0 and 1 are randomly picked 

with the crack generator to determine the x-y crack position, and the orientation. 

Based on the data in table 1, a specific number of cracks within each range of crack length 

were also generated. 

For a generated crack, the position is described by its x-y centers and is expressed with the 

inclined angle (0) of the crack with the x-axis. 

For a two dimensional plane geometry with bounded boundaries, an independent x or y 

can be generated inside the plane. 

For a rectangular boundary; 

X = Xpfiin -i- R ( Xmax - Xmin) 4.7 

y ~ ymin R- ( ymax - ymin ) 4.8 

Where xmin ( ymin) and xmax ( ymin ) are the coordinates of the lower bound and the 

upper bound of a rectangular boundary in the x (y) direction(s), respectively. 

R is a random number between 0 and 1 generated using the Monte Carlo technique. 

A program has been adopted to generate a real uniform random number R ( Kemeny, 

1990). 

Similarly; 

0 ~ 0min R (0max - ©min) 4.9 
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And 

L = Lmin + R ( Lmax - Ltnin ) 4.10 

For a plane problem, 0 is between 0° and 180°. 

The number of generated cracks is predetermined by the user(s). 

A line crack is shown as Figure 4.2 with (xl, yl) and (x2, y2) as the coordinates of its two 

ending points, and x, y as the coordinates of its center. 

(xl,yl) 

(x2, yl) 

Figure 4.2 A line crack in a two dimensional plane. 

A crack's geometrical position in a two dimensional plane can be uniquely defined by its 

two ending points, i.e. (xl, yl) and (x2,y2). 

For a rectangular plane with a given boundary, x, y, 0 and L can be generated with the 

crack generator according to equations 4.7, 4.8, 4.9 and 4.10. 
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From Figure 4.2, xl, yl, x2, y2 can then be calculated as; 

xl = X - 0.5 L cos(0) 

yl = y - 0.5 L sin(0) 4.12 

4.11 

x2 = X + 0.5 L cos(0) 

y2 = y + 0.5 L sin(0) 4.14 

4.13 

For a distribution of crack length, different crack numbers (ni, n2, nk) with different 

I-min(l), Lmax(l), Lmin(2), Lmax(2). Linin(k), Lmax(k) can be predetermined 

according to table 1 and a number of Ln (n=l, 2,..., k) can be generated using equation 

4.40. 

Figure 4.4 is an illustration of the generated cracks in Westerly granite with rectangular 

boundaries fit to match with the data presented in Figure 4.1. 
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Figure 4.3 The generated cracks in Westerly granite with rectangular boundary 
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A two dimensional thickwail hollow cylinder shown as Figure 4.4 are defined as; 

x  =  [R l+R(R2-Rl ) ] cos (P )  4 .15  

y  =  [R l+R(R2-R1) ]  s i n (P )  4 .16  

Where R1 and R2 are the inner and outer radius, and R is a random number generated by 

the generator, and P is the angle measured from x-axis to R1 or R2. 

R1 
R2 

Figure 4.4 Hollow cylinder boundaries. 

Figure 4.5 is an illustration of the generated cracks in Westerly granite with hollow 

cylinder boundaries fit to match the data presented in Figure 4.1. 
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Figure 4.5 The generated cracks in Westerly granite with circular boundary 
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4.6 Conclusion 

The basic concept in this chapter is to treat rock as a material containing inherent defects 

or microcracks which influence the fracture behavior of such materials. The statistical data 

obtained from the direct measurement were based on Hadley's work on Westerly granite 

and their results were used as the distribution of microcracks in this dissertation. 

Even though the work performed by Hadley (1976) was recognized as the most careful 

study to date and the results for Westerly granite remains the most comprehensive set of 

statistical data, there are still problems with this results. The characteristics of some of the 

cracks may be distorted because they intersect the plane of the micrograph obliquely. 

Also, cracks may not be cut at their widest point, and they often vary in width 

considerably and irregularly along their trace. Many cracks with aspect ratio less than 10"^ 

may have been missed. Due to the size of the sample areas chosen for study of about 

2.5cm-, there might be longer cracks (>300)im) that may appear in larger samples. 

Further work needs to be performed in the future in order to obtain the real distribution of 

microcracks in a large sample. In this dissertation, the initial cracks were assumed straight 

and it was assumed that the cracks did not initially intersect with each other. 
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CHAPTER FIVE 

NUMERICAL MODELING OF ROCK NON-LINEAR CONSTITUTIVE 

BEHAVIOR BY MIXED MODE CRACK GROWTH, INTERACTION, AND 

COALESCENCE 

5.1 Introduction 

It has been shown that when rock is subjected to a certain level of differential compressive 

stress, the properties of the rock become degraded due to the growth, interaction, and 

coalescence of microcracks. The growth, interaction, and coalescence of cracks under 

compression is also associated with nonlinearities in the stress-strain behavior of the rock. 
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Figure 5.1 Complete stress-strain curves for rocks 
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In portion A, the stress-strain curve is nonlinear due to the closure of microcracks by the 

applied compression. As the compressive stress increases, the slope of the curves 

increases until reaching portion B. The lateral strain in portion A is usually small. The 

stress-strain curve in portion B is usually linear until the compressive stress reaches 

approximately 70-90% of the material strength. Portion B is usually recognized as the 

elastic stage of the deformation, and the slope of the curve in portion B is taken as the 

elastic Young's modulus of the rock. The corresponding lateral strain in portion B is also 

linear. 

In portion C, the stress-strain curve displays a nonlinear behavior due to the growth of the 

existing microcracks, pore collapse and other irreversible changes. The lateral strain in this 

portion usually increases with axial strain at a faster rate than in portion B, indicating the 

dilatancy effect of the new cracks. The peak stress of portion C is usually taken as the 

rock strength, and this portion is usually called strain hardening deformation of the rock. 

After the peak stress, portion D shows a negative slope of the stress-strain curve. Portion 

D reflects the nature of rock failure as a result of the coalescence of many microcracks. 

Portion D is usually called strain softening deformation of the rock. 

Increasing confining stress suppresses dilatation, which may even be succeeded by 

compaction of porous rocks at high confining stresses. 

Dilatation is a result of opening mode or extensile microcrack growth within the rock. 

Rock strength, the orientation of the macroscopic failure plane, the dilatancy, and other 

mechanical features are greatly affected by the confining pressure. Both experimental and 

theoretical studies have also shown that nucleation, growth, and interaction of 

microcracks are considered to be the dominant, controlling micromechanisms of 

macroscopic failure; see, for example, Paterson ( 1958, 1978 ), Brace ( 1964 ), Fairhurst 

and Cook ( 1966 ), Scholz ( 1968 ), Friedman et al. ( 1970 ), Wawersik and Brace (1971) 
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, Peng and Johnson ( 1972 ), Hallbauer et al. ( 1973 ), Olsson and Peng ( 1976 ), 

Tapponnier and Brace ( 1976 ), Wong ( 1982 ), and Kranz ( 1983 ). 

It has been recognized that the complex stress-strain behavior reflects the microstructure 

of the rock and changes in this microstructure as a result of crack growth rather than the 

intrinsic properties of its constituent minerals. In order to understand the nature of the 

complex stress-strain behavior, many micromechanical models have been developed, and 

are briefly reviewed in the next section. 

5.2 Review of analytical micromechanical models 

Fracture mechanics theory has been commonly applied to many different aspects of the 

micromechanics of rock deformation and failure. In most of the previous approaches, rock 

is idealized as an elastic continuum containing cracks. When a far field stress is applied, 

the stresses near the crack tip can be expressed as a flinction of the stress intensity factors 

and the geometry of the system. Following the notation in chapter 1, the stress intensity 

factors are Ki, Kn, Kni, referring to the type of crack displacement modes. Based on the 

mechanisms for microcrack growth found in rock tests, stress intensity factor solutions 

have been developed by many researchers. These include stress intensity factor solutions 

for sliding along pre-existing cracks (Nemat-Nasser and Horri, 1982; Sammis and Ashby, 

1986; Kemeny and Cook, 1987), elastic mismatch between grains (Dey and Wang, 1981), 

Grain and pore crushing (Ashby and Hallam, 1986; Wong, 1990; Zhang 

et al., 1989), dislocation pile-ups (Wong, 1990; Kemeny & Cook, 1990) and others. These 

models are reviewed in details in Kemeny and Cook (1991). One of the important 

features of these models is that even though they are based on linear elastic fracture 
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mechanics ( LEFM), nonlinear stress-strain behavior can be predicted due to the growth 

of the cracks in a linear-elastic solid. 

Even though these models can reflect some of the important aspects of rock deformation, 

a common weakness of these models is that they all severely simplify the spatial 

distributions of microcracks, predict simplified crack growth and interaction, and are 

unable to cope with more complicated boundary conditions. A numerical model has 

more advantages over a theoretical one in many aspects. For instance, a numerical model 

can handle a fairly large number of initial cracks with almost all kinds of spatial 

distributions and boundary conditions. An important feature of the numerical model that 

has been developed in this dissertation is that it overcomes the common weaknesses in the 

analytical models, and reflects the reality of rock deformation due to the growth, 

coalescence, and interactions of multiple microcracks. 

5.3 Nonlinear rock deformation by crack growth, interaction, 

and coalescence 

One of the normal ways to understand the behavior of rock deformation is through 

laboratory tests. Rock tested in the laboratory under low temperature exhibit nonlinear 

stress-strain behavior which is attributed to the growth, interaction and coalescence of 

microcracks (Wawersik,1971; Hallbauer, Tapponier and Brace 1976; Kranz et al.l979 ). 

To demonstrate the influence of crack growth, interaction and coalescence on rock 

damage, some fairly large cracks ( 0.5 - 1mm) were initially chosen. 

For Westerly granite, these cracks represent the largest and thus the most influential 

cracks with regards to the behavior under mechanical loading. The crack parameters and 

initial distributions are summarized in table 2. 
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Table 2 Crack parameters of large cracks for Westerly Granite 

Crack orientations Random 

Crack lengths 0.5-1 mm 

Crack locations Random 

Friction coef 0.4 

Crack density 0.01 

Fracture toughness 1 Mpa 

Young's modulus 60GPa 

Poisson's ratio 0.25 

A computer generalized distribution of initial cracks using table 2 is shown in figure 5.2. 

The result of running this distribution of cracks with the model under unia.xial loading and 

under triaxial loading with a confining stress of 5 Mpa are presents in Figures 5.3 & 5.4, 

respectively. These results demonstrate that the model clearly simulates actual rock 

behavior, as defined in the text below. 

It is observed in Figures 5.3 & 5.4 that the macroscopic failure of a rock can be caused by 

the propagation and coalescence of multiple small cracks. 

Another important feature of the numerical model is that it can not only simulate the 

damage pattern but also the nonlinear stress-strain behavior of a stressed rock. 

The stress and strain information can be very easily obtained by simply recording the 

stresses and strains on the boundary elements. 

As is common with the boundary element method, the problem boundaries are discretized 

into a pre-determined number of boundary elements. The model is designed to store the 

stress and strain of every boundary element in each time step. 
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After each iteration, the stress and strain at each element of the top boundary are 

recorded, and the mean values, referred to as am and Sm, are calculated. The axial values of 

the average stress and strain, referred to as ain(a) and Sm(a). are calculated as follows: 

1 n 
cfm(a) = - Zaj 

" i= l  

1 n 
em(a) = - Zsj 

" i= l  

5.1 

5.2 

Where n is the total number of boundary elements at the top boundary. 

In the same way, the mean lateral stress and strain, referred to as am(l) and eni(l) are 

calculated using the boundary elements at side boundaries. 

The volumetric strain is then calculated as Sy = eni(a) + £m(l)-

By plotting am(a) vs. em(a) and 0m(a) vs. Sy, the complete stress-strain curves due to 

the loading of the model are obtained. 

To study the nonliner stress-strain behavior due to the propagation of multiple cracks, the 

experimental results of crack length distribution in table 1 by Hadley on Westerly granite 

were used. The crack parameters are summarized in table 3. 
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Table 3 Crack parameters for Westerly Granite with the experimental results of 

crack length distribution by Hadley 

Crack orientations Random 

Crack lengths As table 1 

Crack locations Random 

Friction coefficient 0.4 

Crack density O.OI 

Fracture toughness 1 Mpa >/m 

Young's modulus 60GPa 

Poisson's ratio 0.25 

A computer generalized distribution of initial cracks using table 3 is shown in Figure 5.5. 

The rock damage patterns under uniaxial and triaxial compression are shown in Figures 

5.6 and 5.7. 

Figure 5.8 and Figure 5.9 are the stress-strain curves produced from the model when 

subjected to uniaxial compression and triaxial compression with a confining stress of 5 

Mpa, respectively. 

From Figures 5.8 and 5.9, it is seen that the model is able to illustrate many features of the 

stress-strain behavior of Westerly granite. For example, in portion A of Figure 5.9, the 

stress-strain relationship is not linear because flat microcracks are closed due to 

compaction, in portion B, the stress-strain behavior is linear, portion C shows strain-

hardening due to the stable crack growth, and in portion D shows the strain-softening 

behavior due to crack interaction and coalescence. Also, the volume strain is initially 

compressional, dominated by the solid matrix compaction before the cracks begin to 

propagate. As cracks grow, the volume strain becomes dilatational. 

In order to obtain the strain softening part of the stress-strain curve, a constant 

displacement boundary condition was applied on the top and bottom boundaries. 
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5.4 Conclusion 

It has been shown that this numerical model has three unique features. 

First, by implementing a number of different sized microcracks with a stochastic spatial 

distribution, the model generates a nonlinear stress strain curve exhibiting both strain 

hardening and strain softening. The model calculates substantial crack strain due to crack 

interaction and coalescence which is not seen in any of the analytical models. 

Second, the model predicts a realistic pattern of crack growth and transition from 

microcrack growth to the formation of macrocracks. Third, the model simulates the 

transition from extensile macroscopic fracture under uniaxial compression to macroscopic 

shear fracture under confining stress. Like experimental results, the model predicts the 

prpper increase in strength with increasing confining stress. The predicted uniaxial 

compressive strength for Westerly granite is about 285 Mpa which is close to the 

laboratory result. Another significant feature of this model is that it provides a graphical 

output on the pattern of rock damage. 

The assumption of no initial crack intersections with each other and with boundaries may 

lead to some inaccuracy in the resulting crack growth. Also, for a larger sample, there may 

exsist some longer cracks than the longest crack reported in Hadley's experimental results 

and this may change the results of the model. 
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Figure 5.2 A computer generalized distribution of initial cracks using table 2 
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D 1=0.006 inches 

Figure 5.3 The rock damage pattern of Figure 5.2 under uniaxial compression 
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Di=0.0073 inches 

G2=5Mp3 

Figure 5.4 The rock damage pattern of Figure 5.2 under triaxial compression 



Figure 5.5 A computer generalized distribution of initial cracks using table 3 
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Figure 5.6 Tiie rock damage pattern of Figure 5.5 under uniaxial compression 
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Figure 5.7 The rock damage pattern of Figure 5.5 under triaxial compression 
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Figure 5.8 The stress-strain curves of Westerly granite under uniaxial and triaxial 

compression with confining stress of 5 Mpa using properties in table 2. 
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Figure 5.9 The stress-strain curves of Westerly granite under uniaxial and triaxial 

compression with confining stress of 5 Mpa using properties in table 3. 
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CHAPTER SIX 

MODELING BOREHOLE BREAKOUT BY MIXED MODE CRACK GROWTH, 

INTERACTION, AND COALESCENCE 

6.1 Background 

Borehole breakout is the process by which portions of a borehole wall fracture or spall 

when subjected to compressive stresses. Experiments and field studies have shown that the 

heterogeneous and discontinuous nature of rock has a strong impact on the mechanics of 

borehole breakout. For instance, the experimental study by Ewy (1990) shows that 

macroscopic spalling has its origin in the growth of small, opening-mode, splitting cracks 

oriented parallel to the borehole wall. Also, the work by Santarelli et al.(1992) shows the 

importance of pre-existing fractures on the mechanics of breakout in heavily fractured rock 

media. With regards to the numerical modeling of borehole breakout, many different 

approaches have been pursued, including boundary element models (Vardoulakis et al. 

1988; Zheng 1989), finite element models (Ingraflfer et al., 1980) and discrete element 

models (Santarelli et al., 1992). In most of these approaches, rock surrounding a borehole 

has been treated as a nonlinear continuum material, and the heterogenity of the rock has 

not been fully considered. Even though most of the models can predict the borehole 

breakout quantitatively, the discrete nature of the form for borehole breakout has not been 

dealt with. 

In this dissertation, a numerical model has been developed to simulate the progression of 

borehole breakout in heterogeneous and discontinuous rock. The rock surrounding the 

borehole is simulated as an elastic material containing a distribution of cracks. As 

compressive load is applied, the initial cracks grow, interact, and coalesce to form 
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macroscopic fractures and cause borehole breakout. The model used was that described 

in previous chapters of this dissertation. The numerical model is used to simulate the 

progression of breakout in Westerly granite, and the results are realistic. 

6.2 Simulation of Breakout in Westerly Granite 

The strain energy density criterion described in chapter 2 was used to determine the onset 

of crack growth and the direction of crack growth for each crack tip. 

The locations of the initial spalling of rock around the boundaries of a borehole are 

observed from the growth and coalescence of cracks around the borehole wall. These 

results could not be calculated using the analytical models described in the previous 

chapter. The model calculates the stresses and strains around the changing borehole 

geometry numerically. Borehole breakout results from the coalescence of microcracks to 

form macroscopic fractures. A description of the numerical model can be found in chapters 

2 and 3 and in Du & Kemeny (1993). 

Westerly granite was chosen as the rock and was assumed to be an elastic material 

containing a distribution of cracks as described in chapter 4. The representative parameter 

values are shown in Table 2. 

Two groups of modeling have been carried out. In the first group, a 1 inch (2.54 cm) radius 

borehole with zero inner pressure was subjected to far field a.xial and lateral stresses. To 

save on memory, only a quarter of the hole is simulated with roller boundary conditions 

along the two symmetry planes. Also because of computer memory restrictions, 

microcracks are only generated within one radius distance from the borehole. The 

simulation of borehole breakout in Westerly granite is shown in the following figures. 

Figure 6.1 shows the initial cracks before loading is applied, and 6.2a shows the crack 
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growth and coalescence that has occurred under far-field axial and lateral stresses of 180 

Mpa and 90 Mpa, respectively. 

In the second group, the random seed for the generation of the random crack distribution 

is changed, and figure 6.2b shows the breakout at the same stresses for an identical 

simulation. The breakout of a thick wail hollow cylinder in Berea sandstone is simulated in 

the next section. 

6.3 Simulation of breakout in Berea Sandstone 

Four groups of simulations of breakout in Berea sandstone were performed. 

In the four groups of simulations, borehole samples with different sizes were subjected to 

an increasing hydrostatic load with zero inner-hole pressure. This was done in order to 

investigate the effect of scale on borehole breakout. In the first group, the sample has an 

inner diameter of 15 mm, and a outer diameter of 45 mm. In the second group, the sample 

has an inner diameter of 25 mm, and a outer diameter of 75 mm. In the third group, the 

sample has an inner diameter of 30 mm, and a outer diameter of 100 mm. In the fourth 

group, the sample has an inner diameter of 50 mm, and a outer diameter of 150 mm. 

These borehole sizes were chosen to match with actual hollow cylinders of sandstone that 

were tested by P.J. Van den Hoek (Van den Hoek, et al., 1992). A comparison is then 

made between the model results and the laboratory results. 

Because of the absence of the results of actual crack distributions in Berea sandstone, the 

distributions of cracks are based on the laboratory sample observations (Zheng, 1989) and 

the indirect approach (Wong 1988). 
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In Zheng's SEM experiment on Berea sandstone, the frequency-crack length curves were 

drawn for different specimen. Based on the curves, a negative exponential function of 

crack frequency to crack length was assumed. 

In Wong's indirect approach, the survival probability of the critical microcrack in the 

volume V is : 

P(V)=l-e-CV 6.1 

Where C is constant. 

According to equation 6.1, it is seen that P(0) = 0 and P(co) = 1, which indicates that the 

occurrence of a microcrack requires a finite volume, and the greater volume a sample has, 

the greater chance it will have for a longer microcrack to exist. 

The (x, y) positions and the orientations of the initial cracks in Berea sandstone were 

assumed to be random, and the material property values for Berea sandstone were 

adopted from Myer and Kemeny (1992) as listed in Table 4. 

According to equation 6.1 and the experimental observations of Zheng (1989), the 

frequencies of the crack lengths in the unstressed Berea sandstone samples were assumed 

as listed in Table 5. 



Table 4 Material Properties For Berea Sandstone 

Crack orientations Random 

Frequency of crack length in a sample = e"^'"' Li= (0.1 - 0.35) mm 

C is a constant related to the size of a 

sample. 

Friction coefficient along cracks 0.3 

Fracture toughness 0.35 MPa 

Young's modulus 30GPa 

Poisson's ratio 0.25 



I l l  

Table 5 Tabulated Crack length distribution for Berea Sandstone 

Inner hole diameter Number Crack lengh 

15 mm 100 0.1 - 0.25 mm 

80 0.25 - 0.3 mm 

180 (total) 

25 mm 100 0.1-0.25 mm 

60 0.25 - 0.30 mm 

20 0.30 - 0.32 mm 

180 (total) 

35 mm 100 0.1-0.25 mm 

40 0.32 - 0.34 mm 

30 0.34 - 0.345 mm 

5 0.345 - 0.348 mm 

5 0.348 - 0.35 mm 

180 (total) 

50 mm 100 0.1-0.25 mm 

40 0.32 - 0.34 mm 

25 0.34 - 0.345 mm 

10 0.345 - 0.348 mm 

5 0.348 - 0.35 mm 

180 (total) 
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Using tables 4 and 5, the distributions of initial cracks in the samples were generated. 

Because of computer memory restrictions and the symmetry of the loading conditions, 

only one quarter of the borehole was simulated. 

An increasing hydrostatic load with zero inner-hole pressure was applied on the outer 

boundaries of the borehole samples until borehole breakout occurred. 

Figures 6.3 through 6.6 show the initial distributions of cracks as well as the breakout 

patterns for each of the four groups of samples. Breakout occurred due to the growth, 

interactions and coalescence of the initial microcracks into macroscopic fractures. 



Figure 6.1 The generated initial crack distribution in the first group 



b) 
I S O M p a  

90 

Figure 6.2 (a) The growth and coalescence of cracks and the resuhing borehole 

breakout in the first group. 
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180 Mpa 

90 Mpa 

Figure 6.2 (b) Identical simulation to Figure 6.2 (a) except that the random seed 

for the initial distribution was changed. 



Figure 6.3 (a) The generated initial crack distribution in the first group 
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Figure 6.3 (b) The growth and coalescence of cracks and the resulting borehole 

breakout in the first group. 
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Figure 6.4 (a) The generated initial crack distribution in the second group. 
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~P977 

Figure 6.4 (b) The growth and coalescence of cracks and the resulting borehole 

breakout in the second group. 
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7777 

Figure 6.5 (a) The generated initial crack distribution in the third group. 
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Figure 6.5 (b) The growth and coalescence of cracks and the resuhing borehole 

breakout in the third group. 
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7777 

Figure 6.6 (a) The generated initial crack distribution in the fourth group 
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Figure 6.6 (b) The growth and coalescence of cracks and the resulting borehole 

breakout in the fourth group. 
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In addition to predicting the patterns of the borehole breakout for borehole samples with 

different borehole sizes, the model can also provide the borehole collapse strengths, from 

which borehole size effects can be determined. The simulation of borehole size effects on 

the borehole strength is described in the next section. 

6.4 Simulation of size effects on the borehole strength 

The hollow-cylinder (HC) strength test has been used as a means of assessing the stability 

of open boreholes during drilling, completion and production. The HC collapse strength in 

the absence of an inner-hole pressure is used as an estimate of the load required to 

produce initial failure of a borehole in the field. 

In 1992, Van den Hoek (1992) performed a series of HC collapse tests on Berea 

sandstone to study the size effects of the HC samples on the collapse strength. 

From these tests, some interesting results were observed. For instance, the HC collapse 

strength was observed to decrease significantly when the sample hole size was increased 

fi-om small to medium, but to be roughly unchanged if the sample hole sizes reached a 

certain limit. Even though the test shed some light on the mechanisms responsible for the 

size effects, the test observations were not able to be explained completely. For this 

reason, the model from this dissertation has been used to simulate the same range of 

borehole sizes tested by Van den Hoek (1992). In the model, the stress causing stable 

cracks to grow was taken as the initial failure load , and the stress causing unstable cracks 

to grow was taken as the collapse load. By plotting the initial failure loads and the 

collapse loads vs. borehole inner diameters, borehole size effects were clearly observed in 

the model. First of all, the failure patterns of the different sized borehole samples are 

shown in figures 6.3 through 6.6. Secondly, Figure 6.7 presents the initial failure load and 
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the collapse load for each of borehole sizes and compares these results with the 

experimental results from Van den Hoek (1992). 
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Figure 6.7 Comparisons of the modeling and the experimental results of the size 

effects on hollow-cylinder initial failure load and collapse load. 
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6.5 Discussion and Conclusions 

From table 5 and Figure 6.7, it is seen that the 25 mm hole size sample contains more 

longer cracks than the 15 mm hole size sample does, so it has a lower strength. Also, the 

last two samples have longest cracks with about the same length, and therefore the 

strength of these two samples is about the same. 

The model results illustrate that the sample strength is dominated by the longest cracks, 

which is well known from the testing of samples in uniaxial compression. Also, this is in 

agreement with fracture mechanics, where it is known that longer cracks usually have a 

lower stress intensity factor and thus a lower stress to propagate (assuming the toughness 

is the same). 

From Figure 6.7, it is observed that the modeling and experimental results show the same 

trends but the two results are offset, with the modeling results showing overall higher 

strengths. The differences in load values may be explained by the fact that the Berea 

Sandstones used in the HC test and in the model have different uniaxial compressive 

strengths (USC). The one used in the experiments has a USC of 30 Mpa, and the crack 

parameters used in modeling ends up giving a USC of 50 Mpa. Therefore it is reasonable 

that the numerical modeling gave higher initial failure and collapse loads than the 

laboratory experiments. 
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6.6 Proposed further work 

The simulation of size effects on borehole strength in this dissertation was based on the 

assumptions about the initial microcrack distribution. Actual studies of the microcrack 

distributions in Berea sandstone have not been conducted. In order to accurately simulate 

this type of problem, careful and thorough statistical studies of the distribution of the 

initial flaws in Berea sandstone should be performed and implemented into the model. 



CHAPTER SEVEN 

PROGRAM AND IMPLEMENTATION 

7.1 Program overview 

The computer program called MCPC (Multiple crack propagation code) is a two 

dimensional boundary element code which simulates the multiple crack growth, 

interaction, and coalescence in rock. It can also be used to simulate the nonlinear 

constitutive behavior and borehole breakout of brittle rocks. 

The code presently runs on an Apple Macintosh computer but can easily be adopted t( 

IBM-PC computers as well. 

MCPP is a command-driven (rather than menu-driven) computer program. Although i 

menu-driven program is easier to use for the first time, the command-driven structure 

MCPP offers several advantages when used in engineering studies. 

1. The input is based on recognizable word commands that allow the user to 

identify the application of each command easily and in a logical fashion. 

2. The command and data are fi-ee format and can be entered through an 

'interactive' mode (i.e., via the keyboard) or 'file-driven' mode (i.e. stored in a 

data file and read in from diskette or hard drive). 

3. The command-driven structure allows the user to develop pre- and post

processing programs to manipulate MCPP input / output as desired. 
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7.2 Data structure used in the code 

7.2a Background 

As mentioned previously, the MCPC model has been developed by making a series of 

modifications to the displacement discontinuity code by Crouch and Starfield (1983). In the 

original code, once cracks and boundaries were discretized, their geometries and boundary 

element numbers were fixed. For the problem of crack propagation, with each growth 

increment of a given crack, the new boundary conditions are altered. As a consequence, the 

propagation of one crack may cause others to initiate, and cracks may interact with each 

other and coalesce with each other. To deal with such a moving boundary problem with 

changes in the number of elements and their geometry, new data structures must be 

designed as will be discussed in the following sections. 

7.2b The linked list 

Linear linked lists are used extensively in this model. A linked list contains an ordered file 

stored in main memory so that the records of the list are not generally in contiguous 

locations but each contains a pointer to the next data record according to the order relation 

on their key field. The data field value is expressed by D and the pointer by P. The 

advantage of using linked lists is that data can be easily added to or deleted fi^om the whole 

data sets through pointers without changing the data structure. This makes data searching 

and manipulating very easy. Figure 7.1 is an illustration of a linear linked list. 
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Figure 7.1 Illustration of a linear linked list 

In the model, all data are stored in a single main array that can hold real numbers and 

integers, mixed in whatever way is needed. This is achieved by an EQUIVALENCE 

statement in FORTRAN. 

Data elements are allocated dynamically from the main array, as required, and linked to the 

data structure by pointers. Data elements which are no longer needed (e.g. data from a 

overlap that has been deleted) are collected together in a heap. If new data elements are 

needed, this heap is checked before allocating fresh memory. It should be noted that linked 

list schemes take very little computer time to maintain; it only requires two or three integer 

assignments to delete or add an item to a linked list. No re-ordering is necessary. 

Every element in the data structure has an address in the main array; an 'address' is the 

index in the main array of the data element. For instance, elements are not referred to by 

user-given numbers, but by addresses in the main array. Normally, users do not need to 

know about addresses, because new elements, the new locations of growing elements, 

element contacts, etc., are identified by their coordinates. 
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Elements are numbered in a natural order from a user input file. The element addresses 

include; 

(1) the sequence number of the elements from which the new elements originated. 

(2) information about whether the element is a growing element or not in the previous 

iteration. 

The element data include: 

(3) the total element numbers in each iteration. 

(4) the element nodal number in each iteration. 

The addresses are updated by the pointer values. In the model, only crack tip elements 

participate in the generation of new elements, so, only those elements are linked into a list. 

Because all the element data are dependent on each other during each iteration, a circular 

list is designed as shown in Figure 7.2. 
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Iteration=i 

Dl(l) Dl(l) 

PI 
Dl(2) 

D2(l) D2(l) P2(l) -

D2(2) P2(2) D2(2) 

D3(l) 

D3(2) 
P3 

D3(2) 
i 

D4 

P4 

Iteration=i+l 

Figure 7.2 Illustration of circular list used in the model 

Two tip elements are assumed in each element group, say, tip 1 and 2. 

The actual meanings of D and P in Figure 7.2 are as follows. 

Dl(l) or D 1(2) and D2(l) or D2(2) are the tip 1 or tip 2 element nodal numbers in the 

previous and current iterations; D3(l) and D3(2) are the same as D2(I) and D2(2); D4 is 

the total element number in the current iteration. P1 is the number of the group to which 

the element belongs, P2(l) and P2(2) are the values forjudging the growth or ungrowth of 

tip I and tip 2 elements in the previous iteration, P3 is the value to find out if the total 

element numbers have been changed in the previous iteration, and P4 is the value to 

determine if element contacts occur. 

In FORTRAN, both a one dimensional array and an integer number can be used as a 

pointer and a data field value. Therefore, in the program, mowl(j) is used as Dl(l), 
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iTiow2(j) as Dl(2), mitlO) as D2(l), niit2(j) as D2(2), mowlQ") as D3(l), mow2 as D3(2), 

and an integer number jmax as D4. 

ngroup(i) is used as PI, indexl(i) as P2(l), index2(i) as P2(2), index(jmax) as P3, and 

imark(i) as P4. 

For all of the above, i is the nodal number of element i, and j is the number of the jth group 

to which element i belongs. 

If index I (i) or index2(i) =1, element i of tip 1 or tip 2 did not grow in the previous 

iteration, and if index l(i) or index2(i) =2, element i of tip I or tip 2 grew in the previous 

iteration. 

If indexQ'max) =I the total element number has been changed in the previous iteration. 

if If index(jmax) =0 the total element number has been unchanged in the previous iteration. 

If imark(i) =l(or 0), element i coalesces (or does not coalesce) with other elements. 

Two pre-processors are designed to manage the data sets. 

In the previous iteration, processor 1 assigns the numbers of the tip 1 and tip 2 elements to 

mowl and mow2, and the number of the source element groups to ngroup. 

In the current iteration, processor 2 assigns the numbers of the tip 1 and tip 2 elements to 

mitl, mit2, and the number of the source element groups to ngroup. 

Also, processor 2 assigns the values of 1 and 2 to index 1 and index2, and I and 0 to index 

and imark. 

jmax is the total element number after each iteration. 

jmax = max ( mitl(i), nnit2(i)). 

7.2c The tree cutting technique 

A simple binary tree consists of one root and a number of leaves. Figure 7.3 is an 

illustration of a simple binary tree. 
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Root 

Leave 

Tree 
hight = 2 

Figure 7.3 The illustration of a simple binary tree. 

The tree cutting technique is used, first, in the generation of a set of discrete non-

intersection elements, and second, in the cutting of the overlapping length of a growing 

element. 

For the n elements to be generated, each element has to be searched in order to check the 

possibility of intersections. 

If element 1 has Q1 intersection points, element 2 has Q2 intersection points, ..., and 

element n has Qn intersection points, the data structure of line intersections can be 

abstracted as a tree structure, and the total cutting times will be Q1 x Q2 x Q3... x Qn. 

In the graph-based model, each discrete line element is represented by a line and stored by 

a array of nodal data, which contain only the spatial coordinates. Each line is bounded by 

some specific boundaries and by other adjacent lines. 

Two types of information are stored. First, the pointers defining the element's topology 

(usually ordered nodal arrays), and second, the coordinates of the nodal points. 
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During program execution, both the pointer information and the coordinate data are 

updated by processors I and 2. 

Although all topological information can be derived from just the connectivity data stored 

in the program, numerous calculations may be required to do so. If geometric data are 

accessed frequently, it is more efficient to store the information in data structure than to 

recalculate it from element connectivity data. A typical geometrical representation of a line 

delineation in the code is shown in Figure 7.4. 

In Figure 7.4, Li represents the line having intersections, NIP is the total number of the 

intersection points with Li, and LOI is the total number of lines participating intersections. 

For example, Line 1 intersected by Line 2, Line 3 and Line 4 giving NIP=3 and L0I=3. 

During program execution, the NIP and LOI of each element are found out by following 

the algorithm ( described in chapter 3 ) and stored in the data arrays. 

Taking Figure 7.4 as an example, from the data stored, it is immediately known that line 1 

is intersected by line 2, line 3 and line 4, and has three intersection points. If the searching 

begins from element 1, and Q1 intersections are found on element 1, then the Q1 elements 

intersecting the element are cut, and the new element numbers will be n-Ql, so will the 

element nodal numbers be rearranged in a natural order. If no intersection is found on 

element i, then searching will skip to element i+1, and no cutting is performed 

on element i. 

In this way, the searching and cutting are carried out at the same time through all the 

elements, and a set of discrete non-intersection elements are generated. 
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Line 3 

Line 4 

NIP LOI 

Q l  L2, L3,... L(n) 

Q2 Ll,L2,...L(n) 

Qn Ll,L2,...L(n) 

Figure 7.4 A graph based geometrical representation of a line element intersection. 

Because the growth of a set of cracks do not follow a natural order, the cutting of a 

overlapping element length during crack growing will be more difficult, and a particular 

algorithm is needed to sort the data set before searching. The sorting algorithms is 

described as follows. 

Li 

Line i 

Line 2 

Line n 
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Because each growing crack has two tip elements, a binary tree sort is designed. The binary 

tree sort relies on the fact that a binary tree of n levels can have 2^ - 1 nodes. Each node 

can be used to store an element, so 2" - 1 elements can be located by tracing down n links. 

Adding a new crack or deleting a overlapping crack length can be easily handled by a 

sorted binary tree. For example, a newly generated crack from a crack tip is treated as 

inserting a item, and cutting an overlapping crack length as removing an item. 

Inserting or removing an item in a sorted binary tree is straightforward. It is added 

(removed) as a new (old) terminal node, whose position in the tree is obtained by tracing 

down the tree, taking at each node the left branch if the item is before the node item in the 

required order, and the right branch otherwise. A specified item in the tree can be located 

by a similar procedure. The tree requires additional memory for the pointers, of course, 

which can be provided in the storage allocated for the routine to sort a sequence of 

numbers, three one dimensional arrays have been used in this model, one to hold the keys, 

one to hold the left pointers, and one to hold the right pointers. 

The way in which the algorithm traverses the data and cuts the leaves of a tree may be 

represented by graphs. The algorithms to traverse the complete tree are available and 

adopted from the algorithms provided by Barton and Shapiro (1980). 

7.3 Program operation instructions 

7.3a The input file instructions 

All boundary contours are approximated by straight line segments. This program can deal 

with both rectangular and circular boundary problems. The circular boundaries can either 

be a no-hole round plate or a hollow cylinder. 



139 

(A) The rectangular boundary 

A rectangular boundary is shown as Figure 7.5 and its information is kept in a file named 

Bouninput.dat 1. 

Ill 

II IV 

I 

Figure 7.5 Rectangular boundaries 

The parameters which are read into the program fi-om Bouninput.dat 1 are: 

Xbeg, Ybeg, Xend, Yend, Kode, Rn, Bvs, Bvn, Numbl. 

Where (Xbeg, Ybeg) and (Xend, Yend) are the beginning and ending coordinates of 

boundaries I, II, III, or IV. 

Also Rn is the curvature radius of a curve, and Numbl is the boundary element number of 

boundaries I, II, III, or IV. For a rectangular boundary, Rn is 0. 

Kode, Bvs and Bvn are described in Crouch and Starfield (1983). 
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(B) Circular boundaries 

Circular boundaries are shown as Figure 7.6. 

The boundary information on boundary I is kept in a file named Bouncirl.dat, and the one 

on boundary II is kept in a file named Bouncir2.dat. 

xO, yO 

Figure 7.6 Circular boundaries 

The parameters which are read into the program from Bouncirl.dat and Bouncir2.dat are; 

(XO, YO), (Xbeg, Ybeg), R, Kode, Bvs, Bvn. 

(XO, YO) are the coordinates of circle center 0, and (Xbeg, Ybeg) are the coordinates of 

point A or B. 

R is the radius of circle I or II. 

(C) A roller cutter boundary 
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A roller cutter boundary is shown as Figure 7.7. 

The boundary information is kept in a file named Bouninput.datS. 

The parameters which are read into program fi-om Bouninput.dat3 are; 

(a) On the straight line 1 or 3; 

Xbeg, Ybeg, Xend, Yend, Kode, Rn, Bvs, Bvn, Numbl, jb 

All the above parameters are as same as those in file Bouninput.dat 1 except that jb is the 

number of boundary order. For example, jb=l for boundary 1, and jb=2 for boundary 2, 

etc. 

(b) On the circular boundaries 2 or 4 

XO, YO, Xbeg, Ybeg, Kode, Rn, Bvs, Bvn, Numbl, jb 

All the above parameters are the same as those in file Bouncirl.dat or Bouncir2.dat except 

forjb. 

3 

Figure 7.7 A roller cutter boundary 
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7.3b Program running procedures 

MCPC is written in FORTRAN 77, complied using the Absoft FORTRAN compiler and 

executed with McFortran / 020. The executable code is file MCPC.apl. 

Execute MCPC by clicking on MCPC.apl. The program will load the input files and 

prompt the user specified parameter integer numbers. 

(1) nch 

If nch =1, MCPC deals with at least one boundary, if nch = any other integer numbers, 

MCPP deals with no boundary. 

(2) number 

number is a boundary type integer. If number =1, 2, or 3, MCPC deals with rectangular, 

circular, or roller cutter boundary, respectively. 

If the boundary type is rectangular, the user needs to input: 

(3) nbl 

nbl is the total boundary element number. 

(4) nboun 

nboun is the straight side numbers of a rectangle. For example, nboun =4 for a rectangle 

or square. 

If the boundary type is circular, nbl is the total boundary element number of boundary 1, 

and user needs to input: 

(5) nber 

nber is the number of circular boundaries. For example, nber =1 for a single hole, or 2 for 

a thickwall hollow cylinder. 

(6) nb2 

nb2 is the total boundary element number of boundary 2. 
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The input parameters of a roller cutter boundary is as same as the ones of a rectangular 

boundary. 

(7) itpt 

itpt is a user controlled program iteration number, iteration (Itr) starts from 1 and 

increases by 1 only after crack(s) grows (grow) by one incremental length. The program 

will stop when Itr reaches the user input number. For example, if itpt = 5, the program will 

check whether there is a growing crack, and if there is, the growing crack(s) will grow by 

one incremental length, and so will Itr increase by 1 until Itr reaches 5. If there is no 

growing crack(s) during iteration, Itr will keep its previous value and the' program will 

either increase the load or allow the user to terminate running. 

(7) E 

E is the user input Young's Modulus. 

(8) gcc 

gcc is the user input critical fracture toughness. 

(9) pxx, pyy, pxy 

pxx, pyy, pxy are user input far field x-direction normal stress, y-direction normal stress, 

and shear stress, respectively. 

(10) delpxx, delpyy, delpxy 

delpxx, delpyy, delpxy are user input far field x-direction incremental normal stress, 

y-direction incremental normal stress, and incremental shear stress, respectively. 

(11) delb.xx, delbyy, delbxy 

delbxx, delbyy, delbxy are user input boundary x-direction incremental normal stress, 

and y-direction incremental normal stress, and incremental shear stress, respectively. 

(12) rdl 
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rdl is the ratio of the incremental length of a growing crack to the length of a crack tip 

element. 

(13) numos 

if numos = 0, program does not calculate the stress, strain and displacement within the 

body, if numos = any other numbers, it does. 

(14) ncboun 

if ncboun = 0, program does not calculate the stress, strain and displacement on the 

boundary, if ncboun = any other numbers, it does. 

The propagation of multiple cracks can be illustrated by a graphics executable code-

graphic.apl, and the users only need to input the total boundary element numbers after 

double clicking on graphic.apl. 
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