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ABSTRACT 

This study investigated domains within the tasks 

of ordination, cardination and natural number. In addi

tion, it examined the sequencing of the development of 

established domains between ordination, cardination and 

natural niimber. 

One hundred and forty-eight children were indivi

dually given a test designed to ascertain the presence of 

arithmetic related skills. The task of cardination was 

designed to detect the ability to associate numbers with 

sets containing a group of elements ranging from one to 

five. The task of ordination was designed to detect the 

ability to associate a number with a relative position 

within a group of ordered objects. The task of natural 

number assessed children's ability to add numbers with 

a sum equal to five or less. 

Latent structure analysis was used to analyze the 

results. Four different models were used in order to estab

lish domains within each task. The four models that were 

used tested independence, equiprobability, ordered rela

tions and asymmetrical equivalence. 

The results showed two domains for cardination. 

One item in a set constituted one domain while three and 
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five items in a set constituted a second domain. The do

main for ordination included relative positions one, three 

and five. In regards to natural number, the results showed 

a permeable domain. There was some indication of ordering 

but it was not strong enough to yield separate domains. 

The same models were then used to compare across 

the different tasks. The results showed that the easiest 

cardination domain developed before ordination and natural 

number. The results also showed that the ordination task 

was equivalent to one of the natural number tasks. All of 

the other comparisons between cardination, ordination and 

natural number yielded asymmetrically equivalent relations. 

That is, there was an ordering but the ordering was not 

strong enough to establish separate domains. 



CHAPTER 1 

INTRODUCTION 

One area of concern in developmental psychology 

has been the order of development of cognitive skills. 

The understanding of these developments is important, 

especially for educators, who are concerned with optimi

zing the teaching of these skills. 

A great deal of research has been devoted to 

attempts specific to the cognitive development of mathe

matical constructs.. If we can understand the manner in 

which certain mathematical constructs develop, then it may 

be possible to teach mathematical skills to young children 

in a more efficient manner. Fundamental to this research 

is a need to establish domains which are necessary for the 

acquisition of superordinate mathematical constructs. Do

mains that seem logical to the adult mind, may in fact have 

no empirical validity when applied to children. This is a 

problem which has plagued developmental research for quite 

some time. 

Based on logic, mathematicians and philosophers 

have attempted to establish theories that explain the man

ner in which mathematical skills develop. Three theories 

that have developed are the ordinal theory, the cardinal 

theory and a theory that integrates the former two. 

1 
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Philosophy of Number 

Natural numbers can be described as positive, 

whole numbers that are greater than zero. Fractions, irra

tional numbers and negative numbers are not considered part 

of the natural number system- Gonchar (1976) states that 

the natiiral momber system is concrete and represents real 

entities in the physical world. Therefore, the numbers one, 

two and three are natural numbers and a part of the natural 

number system. 

Each of the numbers in the natural number system has 

two important properties. First, the number can be used for 

classificatory purposes and second it can be used for 

relational purposes. The use of numbers for the purpose of 

classifying is known as cardination while the use of natural 

numbers for relational purposes is known as ordination. 

Ordination 

The theory of ordination views the natural number sys

tem as a series of ordered progressions. The number "one" re

fers to the first in the series while the number "two" 

refers to the second, etc. The theory of ordinality is 

based on five postulates that were developed'by the Italian 

mathematician, Peano, and have been reproduced by Brainerd 

(1973a) and Gonchar (1976). The five postulates are: 
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Postulate I: 

Postulate II: 

Postulate III: 

Postulate IV: 

Postulate V: 

It can be seen from these five postulates that 

ordering is the basis of the theory. Four of the five pos

tulates include the term "successor" which indicates that 

there is an ordered progression in the system. With the 

ordinal system, the meaning of a number can only be under

stood by the manner in which it is arranged. The number 

"three" has no inherent meaning but has meaning only when 

we consider its relatio'.iship to other numbers. That is, 

the number "three" is preceded by the number "two" and pre

cedes the number "four". It is only when we consider order 

in the infinite series of natural numbers, that each number 

develops its own identity and meaning. 

Consider the following asymmetrical quantitative 

relationship among three variables. Variable A is greater 

than variable 3 and B is greater than C. If the relationship 

0 is a number 

The successor of any number is a 

number 

No two numbers have the same 

successor 

0 is not the successor of any number 

Any property which belongs both to 0 

and also to the successor of every 

number which has the property, belongs 

to every number 
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between variables A and B holds, and the relationship 

between B and C holds, then it can be concluded that vari

able A is greater than variable C. This is the "minimum 

ordinal proposition" and is the basis of the ordinal theory 

of number development (Brainerd, 1973a). 

The ordinal theory of number development presupposes 

that all mathematical skills are based on ordering. That 

is, number can be reduced to a "primitive idea" and 

numbers are generated by a premathematical knowledge which 

is a part of the cognitive make up of human beings (Brainerd, 

1973a). 

If ordination is the basis for mathematical and 

number development, then there are implications for the 

development of mathematical skills in children. One might 

expect the behavioral counterpart of ordination to appear 

prior to other skills. If ordinal skills appear in the 

absence of other mathematical skills then there is some 

indication that ordination is a more primitive skill, and 

that it is the basis for other mathematical skills. 

Cardination 

The second theory of number was formulated by 

Russell (1919). Russell's theory of number development 

states that the inherent ordering of the system is not the 

most important property of the natural number system. He 
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maintains that the most important property of natural num

ber relates to classes. In other words, a number refers 

to an event that is composed of a given number of elements. 

For example, the cardinal view of number considers "five" 

to be a collection of elements containing five members. 

Therefore, when we say that there are "five" cats we know 

that there are a finite number of elements. If we also say 

that there are "five" dogs, then we know that there are the 

same number of elements in the class "dogs" as there are 

in the class "cats". If we say that there are "five" dogs 

and "six" cats then we know that the group of cats is 

different in number from the group of dogs. The number 

allows us to characterize the collection as being similar 

to any other collection that contains the same number and 

different from those with any other number. 

The theory of cardination assumes that cardinal 

abilities are more "primitive" than other mathematical 

skills. That is, cardination is a more fundamental com

ponent of an individual's cognitive makeup, and other math

ematical skills are dependent on cardinal abilities. 

Philosophers or mathematicians advocating the 

cardination theory would say that natural number skills are 

based on cardination or that natural number is based on 

cardination (Brainerd, 1973b). A developmental psychologist 

would state that cardination appears prior to natural 

number or ordination skills. Just as we expect ordination 
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skills to appear first if the ordination theory is correct, 

we would expect cardination skills to appear prior to other 

skills if the cardination theory is correct. Moreover, 

we could say that cardination skills will develop prior to 

ordination skills. 

Integrated Theory 

A final theory on the development of nuitiber has been 

advanced by Piaget (1952). it is not a unique theory, but 

combines both the ordinal and the cardinal theories. Piaget 

probably developed his theory because it was more consistent 

with observations of children than any of the previously 

mentioned theories. "Piaget's conception, thus is that 

natural numbers are both 'classes of equivalent classes' 

and intrinsically ordinal" (Brainerd, 1973a, p. 255). 

In Mathematical Epistimology, Beth and Piaget (1966) 

assert that number is both an ordered progression and a class 

at the same time. •• They also assert that it is the union 

of these two constructs that give the meaning to number. 

With regards to the development of number, 'Beth and Piaget 

(1966, p. 259) state "the development of number does not 

occur earlier than that of classes (classificatory structures) 

or of asymetrical transitive relations (serial structures), 

but there is, on the contrary, a simultaneous construction 

of the structures of classes, relations and numbers." 
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Furthermore, in defense of an integrated theory, 

Beth and Piaget (1966) argue that the ordinal theories of 

number always include notions of class and the cardinal 

theories always include notions of order. Although it may 

be implicit there are components of both theories contained 

within each other. If Piaget's theory is correct then we 

would expect ordination skills and cardination skills to 

develop at about the same time (Brainerd, 1973a). That is, 

ordination is not more "primitive" than cardination or vice 

versa. Both skills are fundamental to the development of 

mathematical and natural number skills, and there should be 

no discernible difference in their development. 

The three theories of number development leave us 

with hypotheses that can be empirically tested. The ordi

nation theory implies that ordination skills should develop 

prior to cardination skills in young children. On the 

other hand, the cardination theory implies that cardination 

skills develop prior to ordination skills. Finally, 

Piaget's theory implies that cardination and ordination 

should appear at about the same time and they should develop 

in synchrony. 

Tasks could be developed that test cardination 

skills and ordination skills in children. If the ability 

to perform ordinal tasks appears in the absence of cardinal 

tasks then the theory of ordination is supported. On the 
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other hand if cardination skills appear in the absence of 

ordination skills then the cardination theory is supported. 

If there is no clear-cut development of one of the skills 

prior to the other skill then Piaget's theory is supported. 

Theoretical perspectives on the developmental se

quence of skills assume that the skills constitute homogr 

eneous competencies. For example, there is an implicit 

assumption that the ordering of three objects is no differ

ent than ordering five objects. In fact the complexity of 

the task may vary and skills that appear the same, actually 

may not be from the same domain. A domain refers to a 

group of related skills that develop at about the same time. 

Some tasks within a domain could be more difficult than 

others. However, if the skills are not strongly ordered 

then they may constitute the same domain even though there 

is some difference in the level of difficulty. Before test

ing the relationship between skills, it would be wise to 

establish domains within a skill. 

One of the purposes of this study was to examine the 

order of development of ordination, cardination and natural 

number. However, before the order was determined across 

skills, items within each skill were tested to see if 

they constituted one homogeneous domain. Samples from each 

domain within a skill were compared in order to 

determine the interrelationships between the different 



9 

domains within cardination, ordination and natural number. 

If ordered domains exist then teaching strategies in schools 

may be affected. 

If either cardination or ordination skills develop 

first, or if they develop at the same time, then there may 

be implications concerning the order in which these skills 

should be taught in the schools. For example, Bingham-Newman 

and Hooper (1974) found that preschool children could be 

taught to seriate with transfer effects to other situations. 

The same study failed to show an ability to teach classifi

cation skills. This suggests that seriation skills should be 

taught before cardination skills. These results were 

supported by Becher (1974) who found it possible to teach 

conservation of number skills, to four and five year old 

lower socioeconomic students, with a "conservation approach". 

It is suggested that the methods used to teach pre-

arithmetic skills be revised from a "set theory" approach to 

some other approach (Becher, 1974). 

Additional support was given by Sethi and Dicker-

scheid (1977) who taught children to acquire and retain 

seriation skills. Based on the results, it was suggested 

that schools should incorporate seriation experiences into 

their programs. A model containing content, secquencing and 

design of materials was included in the report. 



10 

with regards to arithmetic instruction, Brainerd 

(1975) believes that arithmetic instruction is mostly com

putational and that the logical concepts, on which natural 

number is based, have largely been ignored. The "new math" 

is cited as an attempt to change these methods. 

The "new math" resulted in a system of instruction 

based largely on classes and numerical computations based 

on classes. Brainerd (1975, p. 376) believes that this was 

a mistake and states, "children (and probably adults) do 

not grasp the basic ideas of the theory of classes very 

well". Based on his results, Brainerd believes that we 

should alter the methods of teaching arithmetic so that 

"relations" are emphasized instead of "classes". Brainerd 

(1975, p. 377) further states that "the theory of relations 

provides a crucial psychological advantage, namely, it is 

attuned to the developmental level of elementary schoolers". 



CHAPTER 2 

REVIEW OF THE LITERATURE 

Research Related to Developmental Ordering 

Studies Supporting the Ordinal Theory 

Although a great deal of research has been performed 

to assess the development of children's skills in arithmetic 

related tasks (Wang, Resnick and Boozer, 1971; Bingham-

Newman and Hooper, 1974), very little of the research has 

been concerned with the interrelationships of ordination 

and cardination skills. 

Brainerd (1973a, 1974) and Brainerd and Fraser 

(1975) have added some support for the ordinal theory of 

number development. In one of his studies, Brainerd (1973a) 

used the conceptual domains of length and weight in order 

to assess ordination skills in kindergarten children. In 

order to assess cardination skills, a task was devised 

that tested different combinations of one-to-one corre

spondence, one-to-many correspondence and many-to-one 

correspondence. 

The results showed that there were three distinct 

levels of ordination. These levels included (1) complete 

inability to order, (2) ability to order spatially, i.e. 

left to right, but an inability to perform purely 

11 



quantitative ordering that is independent of spatial posi

tion. Children at this level understand ordering in some 

situations but not in others, and finally, (3) the ability to 

order objects quantitatively without reference to spatial 

position. Children at this level perform perfectly in all 

situations and Brainerd (1973a) believes that this is due 

to the fact that each ordered progression that is con

structed is now purely ..quantitative. 

With regards to cardination, three distinct levels 

were also found. These included an inability to quantify 

any of the classes by way of correspondence. Children at 

this level would judge the size of a row of elements based 

upon the length of the rows only. Thus children would 

perceive a longer row as having more elements than a shorter 

row. Children at level two have the ability to correctly 

quantify pairs of classes where there is a one-to-many 

correspondence or a many-to-one correspondence. Thus 

children would respond correctly if the rows were the same 

length but unequal in number, but not when they are of 

unequal length and equal number. Level three involves the 

complete ability to quantify classes involving unequal 

numbers of elements. This result is consistent with that 

of Piaget (1952) in that both researchers found three 

levels of cardination. 

The protocols of each child were cross classified 

so that each child fell into one of the three levels of 
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development for both ordination and cardination. The 

statistical analysis showed that ordination skills to appear 

prior to cardination skills. That is, a child would be 

more likely to reach level two of ordination before level 

two of cardination- Children would also be more likely to 

reach level three of ordination before they reached level 

three of cardination. These results are opposed to Piaget's 

contention that ordination and cardination emerge syn

chronously. 

A second experiment by Brainerd {1973a) studied the 

developmental relationship between ordination and cardination, 

ordination and arithmetic proficiency, and cardination and 

arithmetic proficiency. The tasks for ordination and cardina

tion were the same as those in the previous study. In order 

to assess arithmetic proficiency, each of the subjects was 

presented with sixteen addition problems and sixteen subtract

ion problems. The problems were presented both verbally and 

in written form. 

The results for ordination and cardination were the 

same as in the previous study. That is, the highest level of 

ordination, as measured, appeared prior to the highest level 

of cardination. In order to study the interrelationship of 

ordination and cardination with arithmetic proficiency, it 

was necessary to operationally define three levels of 

arithmetic proficiency in addition and subtraction. 
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Children who answered five or fewer of sixteen problems 

correctly were identified as below average. Those who 

correctly answered between six and twelve were identified 

as average and those who got thirteen to sixteen correct 

were identified as above average. All of the subjects were 

again cross classified on all three of the skills in 

question. 

The statistical analysis indicated that it was 

possible to achieve high levels of ordination without having 

achieved high levels of arithmetic proficiency. With re

gards to cardination, the results indicated that it was 

possible for subjects to attain high levels of arithmetic 

proficiency in addition and subtraction without having 

attained high levels of cardination (Brainerd, 1973a) . Thus, 

these results indicate that ordination develops before 

natural number proficiency and that natural number profi

ciency develops before cardination. However, the tasks under 

consideration may not constitute a single domain, as in

ferred in the study. These results also disagree with those 

of Beth and Piaget (1966) who theorize that these three 

skills develop at about the same time. 

Instead of using arithmetic proficiency as a test 

of natural number skills, Brainerd and Fraser (1975) decided 

to use number conservation as a test of natural number 

ability. The ordination and cardination tasks were 
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similar to those previously employed (Brainerd, 1973a). 

Number conservation was assessed by manipulating the number 

and density of rows of chips. This is a typical test of 

number conservation and has been employed by others (Piaget, 

1952) . The results show that the order of development is 

ordination, natural number,and cardination, when number 

conservation is used as the criterion for natural number 

skills. However, the results found above are contradicted 

by Henry (1976), who found that the understanding of 

cardinal-ordinal relationships is preceded by the acquisi

tion of number conservation. In this study the children's 

ability to integrate number, length, and density was used 

to determine conservation abilities. This conservation of 

number task is similar to the cardination task described by 

Brainerd (1973a). Cardinal-ordinal ability was determined 

by asking a child questions about a doll placed in various 

positions on a staircase. The questions included "How 

many steps would she have to cliinb in order to get here?" 

etc. These questions have been described elsewhere 

(Piaget, 1952). 

In the same study, it-was found that children who 

could conserve number had a strong preference for a number 

dimension. In order to determine preference, children were 

asked to classify sets of objects based on either number, 

length or density. Children who could not conserve pre

ferred to classify the set based on length. 
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In a study mentioned previously, Brainerd and 

Fraser (1975) analyzed the relationship of ordination, 

cardination and "number as class". In the task for "number 

as class", the subjects were expected to sort cards into 

mutually exclusive groups based on the number of objects 

appearing on the card. The cards differed along three 

dimensions (color, foirm and number) . The results showed 

that ordination appeared first, followed by "number as 

class" and finally by cardination. one of the problems 

with this study is that "number as class" appears to be an 

exact test of cardination abilities. 

It doesn't seem plausible that "number as class" 

should develop before cardination because they seem to be 

the same skill. This should only happen if the items 

used are more complex in one of the tasks. For example, 

Brainerd (1973a) identified three levels of arithmetic 

proficiency with addition and subtraction problems. How

ever, the arithmetic problems used may not constitute a 

single domain. Hence, some children may have been proficient 

within a given natural number domain without showing 

proficiency in an ordination or cardination domain. Per

haps some of the problems are more complex than others. 

A better method for Brainerd (1973a, 1975) would 

have been to establish domains within the tasks of ordina

tion, cardination and "number as class". He could then 
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have compared separate domains within each skill with the do

mains in the other skills. The easiest domains as measured 

within a skill could then be compared if we want to make 

statements about the initial development of skills. It would 

not be fair to compare the most difficult domain of one task 

with the easiest domain of another task and then make state

ments concerning the order of development of the entire 

concept. 

Brainerd (197 4) employed a different method for 

evaluating ordinal and cardinal representations of the first 

five natural numbers. The subject was to point to the 

number that went with the triangle. If the experimenter 

pointed to the second triangle then the subject was expected 

to point to the number "two". The task for cardination was 

similar except that the stimulus card contained either one, 

two, three, four or five triangles. 

Pretests were given and those subjects who showed no 

understanding of ordinal or cardinal properties of natural 

number symbols were assigned to either a treatment procedure 

or a control procedure. The treatments included either 

training in ordination or training in cardination. The 

results of posttest indicated that the ordinal property of 

the first five natural numbers is more easily trained than 

the cardinal counterpart. The results also show that the 

effects of training in ordination were longer lasting than 

effects of training in cardination. In addition, there 
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was no evidence of a transfer effect from ordination train

ing to cardination, nor was there any from cardination 

training to ordination. This led to the following con

clusion by Brainerd (1974, p. 53'4) . "This finding may be 

construed as being at least indirectly supportive of the 

model of number development postulated in the ordinal 

theory. If the model is correct, then one would expect 

little or no cross transfer in preschool subjects who are 

just beginning the initial ordinal phase. On the other 

hand, if number development is a unitary process (as in 

Piaget's scheme of things) substantial cross transfer should 

be observed." 

Many of the tasks used to assess ordination skills 

have been used by Piaget (19 54) and others (Bingham-Newman 

and Hooper, 1974 and Flavell, 1963). Most of the research

ers used the term "seriation" to describe ordination skills. 

In general, seriation tasks require an individual to 

discriminate and order various objects based on length. It 

appears as if seriation is a specialized form of ordination. 

Both skills are concerned with the ordering of objects. 

However, tests of seriation may not be adequate 

tests of ordination skills, in the formal mathematical 

sense. Although an individual is expected to "order" 

objects, they are not expected to show any mathematical 

orderi-ng. They are merely expected to arrange objects on 
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a perceived dimension without regard to any mathematical 

concepts, such as the ability to associate a number with a 

relative position. 

Once again there may be separate domains among 

seriation tasks. That is, some seriation tasks may be 

easier than others. For example, the ability to order 

seven objects may not be in the same domain as the ability 

to order two objects. This possibility is supported by 

Blackstock and King (1973) who found that the ability to 

recognize a seriated configuration precedes the development 

of the ability to construct one. 

The prior study has shown that tasks which seem 

logically related may actually have different levels of 

complexity. With regards to this possibility. Stock and 

Flora (1975) state that Brainerd's conclusion that ordinal 

concepts precede cardinal concepts is premature. "An 

equally plausable hypothesis is that the particular cardina-

tion task used by Brainerd is more difficult than the 

ordination task, independent of any consideration of the 

quantitative aspects of the task" (Stock and Flora, 1975, 

p. 4). A more complex ordination task may be more difficult 

than a cardination task. 

One possible method for solving this problem 

would be to determine the levels of complexity within a 

task. Researchers could then compare levels within the 
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task with levels within another task. For example, the 

easiest cardination task as measured, could be compared with 

the easiest ordination task. The most difficult task of card

ination could be compared to the most difficult level of 

ordination. Any or all combinations could be compared. If 

the easiest level of ordination develops before the easiest 

level of Cardination only then can we say that ordination 

develops before cardination. 

Studies Supporting the Cardinal Theory 

In support of the cardinal theory of number develop

ment, Siegel (1971a) found that the ability to recognize 

ordinal position develops later than the ability to under

stand magnitude and equivalence. Magnitude skills were 

assessed by having a child observe a series of two rows 

of dots and then pointing to the row with more elements. 

Equivalence was assessed by showing the child a row of 

dots and then asking the child to point to one of two rows 

of dots that contain the same number of elements as the 

stimulus. In the test of ordination, the child was expected 

to "press the second picture" in a series of either two, 

three or four. This is a" different test of ordination 

than those previously discussed, since the word "second" 

indicates relative position in a series. 



However, in a later study, Siegel (1974) found 

results that supported the ordinal theory of number develop 

ment. Siegel (1974, p. 911) states "quantitative concepts 

which rely on the understanding of transitive asymmetrical 

relationships^ defined in this study by the 'magnitude-

same-density' task, precede the development of cardinal 

concepts of number, which were tested, to a greater or 

lesser extent, by the other tasks in this study." 

"Magnitude-same-density" refers to a task in which there 

were two sets of dots containing a different number of 

elements, but the elements all had equal intervals between 

them. Thus the row with the greater number of dots was 

longer. In order to pass the "magnitude-same-density" 

task, children merely had to recognize the longer of the 

two rows. In the discussion, it is hypothesized that the 

discrepancy between these results and previous results 

(Siegel, 1971a) may be due to a significantly easier magni

tude task in the present study (Siegel, 1974). 

Williams (1977) has shown that cardination in count

ing is attained before either ordination in counting or the 

cardination of the correspondence operation. In this 

investigation the children were supposed to find and mark 

a house with seven windows (cardination) and mark the 

seventh bird in a row of ten (ordination). 
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Studies which support the cardinal theory 

suffer from some of the same problems that have been 

previously mentioned. For example, Siegel (1971a) instructed 

children to pick a stimulus with "more" dots, ranging from 

one to nine, in order to determine cardination skills. 

This may be a less complex task than pressing the'"second" 

picture. The word "second" may be a word with which 

children are unfamiliar. Children may not know that the 

word "second" refers to position "two" even though they can 

associate the numeral "two" with the relative position 

"two". The complexity of these tasks should have been 

empirically demonstrated before generalizations were made 

about the development of skills in children. The study by 

Williams (1977) was limited to the number "seven" thereby 

limiting the generalizations that could be made. 

Findings Supporting an Integrated Theory 

Most of the research supporting an integrated 

theory has been demonstrated by the French philosopher and 

educator, Jean Piaget. The findings by Piaget (1952) 

have been based mostly on case studies. That is, the 

results have not been empirically demonstrated through 

experiments. Rather, they have been based on informal 

observations of childrens' behavior with regards to math

ematical skills. 
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Piaget (1952) discusses some of the studies which led 

him to conclude that ordination skills and cardination skills 

develop together. In one of these studies Piaget asked 

children to order a group of sticks from smallest to largest. 

The children were told that they were to build a "staircase". 

Piaget then placed a doll in various positions on the stair

case and proceeded to ask the children questions about the 

doll's position on the staircase. 

These questions included, How many steps have been 

climbed? How many steps remain to be climbed? etc. Based 

on questions such as these Piaget concluded that there are 

three levels of ordination and cardination. Stage 1 refers 

to a complete inability to demonstrate these skills while 

stage 3 refers to the complete ability to demonstrate these 

skills. Level 2 is a transition stage in which children 

sometimes pass and sometimes fail. Whether they pass or 

fail is often dependent upon trial and error. Piaget (1952) 

refers to this as "systematic correspondence" and he believes 

that the concreteness of the task may affect the ability to 

succeed. 

Piaget's observations have led him to believe that 

each of the levels mentioned above, develop in close syn

chrony. That is level two of ordination develops at the 

same time as level two of cardination. Level three also 

develops at the same time in both skills. Piaget cites other 

observational studies which yield the same results. 
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Based on these results Piaget believes that it is 

both the ordinal properties and the cardinal properties 

that give number its meaning. Piaget (1952, p. 157) states 

"the concept of class does not preceed that of number, but 

is acquired simultaneously, the two concepts being 

interdependent." Piaget (1952, p. 157) goes on to say 

"classes are therefore, in a sense, non-seriated numbers 

just as numbers are seriated classes, and the psychological, 

as well as the logical constitution of classes, relations 

and numbers is a single development, whose respective 

changes are synchronic and."interdependent." 

However, Piaget fails to give empirical evidence 

for his findings and also fails to consider the complexities 

of his task. There may be some experimenter'effects that 

are influencing Piaget's conclusions. If Piaget expects a 

certain outcome then his expectancies may affect his 

conclusions. This is especially true because Piaget's 

studies are observational and not experimental. 

Statistical Techniques for 
Developmental Investigations 

The ability to determine developmental priorities 

rests with appropriate statistical procedures for determin

ing if tasks are equivalent or ordered. Brainerd's research 

(1973a) is based on a procedure known as ordinal analysis. 

Another method that could be used is latent structure analy

sis . 
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Ordinal Analysis 

Ordinal analysis has been used by Brainerd (1973a) 

to study the developmental sequence of cardination and 

ordination. This technique involved the use of the bi

nomial expansion to compare "off diagonals". That is, the 

number of subjects who were at a higher level on one of the 

variables (i.e. ordination) than the second variable 

(i.e. cardination) were compared to the total number who 

were not at the same level. One of the problems with this 

technique is that it fails to consider all of the subjects 

who are achieving at the same level of proficiency on both 

of the variables. In fact, the subjects who are performing 

at the same level should be considered because Piaget's 

theory contends that these skills develop together. 

Froman and Hubert (1980) have criticized this 

technique stating that when a large number of subjects 

appear in the off diagonals, a significant effect can occur 

even if the off diagonals are equal. Froman and Hubert 

(1980) also express concern about the failure to consider 

the cells in the main diagonal. If we consider all of the 

cells the results may yield statistical independence. How

ever, the ratio of the off diagonals may show significance 

even when the entire matrix indicates independence. 
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A second problem that has been mentioned earlier 

is the failure of developmental research to consider the 

complexity of the tasks that are being studied. There may 

be several domains for ordination and cardination and com

parisons within domains should be made, before general

izations are made about the development of cognitive con

structs. The next section attempts to describe some tech

niques that could be used for establishing domains and 

developmental ordering, across domains and tasks. 

Latent Structure Analysis 

Until recently there has been very little success 

at studying ordered relationships. One of the reasons that 

has hampered the study of ordered relationships and pre

requisite skills is inadequate statistical techniques. 

Goodman (1978) has pioneered new statistical tech

niques involving latent structure analysis which are well 

suited for the analysis of hierarchial and ordered relation

ships. Although these techniques have been used mostly in 

survey research (Goodman, 1978) they have been used to 

study the sequencing of algebra skills in children (Bergan, 

Cancelli, and Towstopiat, 1980). 

The statistical techniques associated with latent 

structure analysis incorporate the use of contingency 

tables and the chi-square statistic in order to determine 
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equivalence relationships among variables and order 

relationships among variables. Different models can be 

tested and that model in which the expected cell frequencies 

are closest to the observed cell frequencies can then be 

said to provide the best available fit for the data. 

There are various models that can be used for the 

testing of ordered relationships between variables and for 

equivalence between variables. These models can be con

structed to reflect variations in the skill level for sets 

of items assumed to assess attainment of a skill. In this 

study, the variables included different levelfs of profi

ciency in ordination, cardination and written natural numbers. 

Latent structure models can be used to generate 

maximum likelihood estimates of expected cell frequencies 

that will indicate expected response patterns under the 

assumption that the model being examined is true. Different 

models can be tested by assessing the correspondence between 

the estimates of the expected cell frequencies and the 

observed cell frequencies using a chi-square statistic. The 

chi-square statistic will be small when the observed 

frequency is very close to the expected cell frequency. 

When the chi-square is low, it can be said that the model 

fits the data. The models used in the present study are 

intended to establish domains, and distinguish between 

ordered' and equivalence relations among ordination, cardi

nation and natural number. 
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Model of Independence. The model of independence 

utilizes the chi-squared.statistic in order to deter

mine if two items are independent. This model is interpre

ted in the same manner as a Pearson-chi square statistic. 

If the analysis yields a low chi-square then we could say 

that the model fits the data. The interpretation would be 

that the items are independent. If the chi-square was 

high then we would say that the items are dependent. 

Model of Symmetrical Equivalence. This model . 

utilizes the chi-squared statistic in order to deter

mine if two items are of equal difficulty. If two items 

are of equal difficulty and logically related, then it can 

be said that they are from the same domain. A domain refers 

to a group of related items or skills that develop at 

about the same time. Consider the case of two items each 

of which can be scored as pass or fail. This would yield 

a 2 X 2 cross classification matrix. In the upper left 

hand corner would be the subjects who failed both of the 

items. In the lower right hand corner would be subjects 

who passed both of the items. In the off diagonal cells 

would be the subjects who passed one item while failing 

'the other item. 

If the items were equivalent then we would expect 

the same frequency in the off-diagonal cells. This could 

be statistically tested by using the chi-nquared 



statistic. The expected cell frequency would be one-half of 

the total in the off-diagonal cells. If the result is a low 

chi-square then we could say that the model fits the data 

and the items are equal in difficulty and not ordered. It 

is for this reason that the term syrranetrical equivalence is 

used synonomyously with equiprobability. If Piaget's theory 

of close synchrony is correct, then we would expect this 

model to fit the data well. That is, we would expect an 

equal number of subjects in each of the off-diagonal cells. 

Model for Ordered Relations. The model for ordered 

relations utilizes the chi-squared statistic in order 

to determine if two items are from different domains. In

stead of expecting equal frequencies in the off-diagonals, 

we would expect a greater number in one of the off-diagonal 

cells. That is, we would expect more people to pass the 

easier item and fail the more difficult item than vice-versa. 

This could arbitrarily be tested at the 0.05 level of 

significance. In one of the off-diagonal cells we would 

expect frequencies equal to 99% of the total in the off-

diagonals. In the remaining off-diagonal cell we would 

expect 1% of the total in the off-diagonal cells. 

If the chi-squared statistic yielded a low 

chi-square then we could say that the model fits the data. 

Therefore, we could say that the items are from different 
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domains and ordered. If Piaget's theory is correct, then 

we would not expect this model to fit the data. 

Model of Asymmetrical Equivalence. If none of the 

previously mentioned models fits the data then we would 

expect the model of asymmetrical equivalence to apply. In 

this model we would expect a larger frequency in one of the 

off-diagonal cells but not enough so that the model of 

ordered relations best fit the data. The expected cell 

frequency in the off-diagonal cells that best fit the data 

would be somewhere between 50% and 99% of the total fre

quency in the off-diagonal. 

The model- of asymmetrical equivalence can be viewed 

as a default model. If none of the other models fit the 

data then the model of asymmetrical equivalence applies. 

This can be interpreted as saying that the items are unequal 

in difficulty but they are from the same domain. 

•Latent structure analysis offers researchers 

the technology to establish domains. The failure 

to consider the domain question has interferred with 

the adequate understanding of cognitive development. Now 

that the technology is available it is expected that a great 

deal of research will focus on the establishment of domains 

and ordering among domains. This should increase our under

standing of developmental relationships. 
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Purpose of the Study 

The first purpose of the study was to examine the 

effects of complexity on domain structure regarding 

ordination, cardination and natural number. The models 

that were discussed above were used to establish domains 

for the tasks in question. It is possible that there are 

separate domains within cardination, ordination and natural 

number. For example, the model for ordered relations may 

be the best fit for tasks within the construct called 

cardination. This possibility was empirically established. 

The second purpose of the study was to determine the 

order in which the domains develop. It is possible that the 

constructs ordination, cardination and natural number are 

interwoven in a complex manner when their domains are con

sidered. The same models were used to test this possibility. 

The development of these constructs is important for the 

understanding of cognitive development relative to mathe

matics . 



CHAPTER 3 

METHOD 

Subjects 

One-hundred and forty-eight volunteers were selected 

from preschools and elementary schools in Tucson, Arizona. 

The children used in the study were selected from preschool, 

kindergarten and first grade. This age range was selected 

in order to maximize the frequencies of children who passed 

the easier items while failing the more difficult items. 

This would yield the greatest variability and provide data 

for determining domains and ordering among domains. The 

selection of participants was based on the completion of a 

parent approval form. The children were basically from 

middle-class homes. However, the study included a represent

ative sample of children from Mexican-American and Black 

ethnicity. 

Materials 

There were four sets of stimuli: pretest stimuli, 

ordination stimuli, cardination stimuli and natural number 

stimuli. 

Pretest 

The pretest stimuli consisted of a cardboard strip 

of dimensions 12-1/2 cm x 12-1/2 cm. It contained the first 

32 
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five natural numbers which were randomly assigned to one of 

five positions: top-left corner, top-right corner, bottom-

left corner, bottom-right corner and center. 

Ordination 

The ordination stimuli consisted of three cardboard 

strips 12 cm x 30 cm. On one of the strips there was a draw

ing containing five cats of varying size, equally spaced and 

arranged from smallest to largest. On the other strip there 

was either a series of triangles or a series of rectangles 

arranged from smallest to largest and equally spaced. The 

triangles and rectangles all had a base of 3 cm. and a height 

ranging from 1 cm. to 5 cm. 

Cardination 

The cardination stimuli consisted of three sets of 

five cardboard strips 6 cm x 12 cm. On the first set was a 

drawing containing one, two, three, four and five cats of 

equal size. The second set contained stars and the third 

set contained circles. 

Natural Number 

The natural number stimuli consisted of ten natural 

number addition problems. Five of the problems were randomly 

selected from the domain of problems which have a sum of 

five or less. Each of the problems was repeated and placed 
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on the problem sheet in a random order. The problems that 

were used were 1+1, 2+1, 1+2, 3+2, and 2 + 3. 

Tasks 

The tasks for cardination, ordination and natural 

number included the first five numerals. This was done as 

a logical attempt to control for difficulty. That is, it 

seems more logical to compare the ability to associate the 

numeral one in a cardination task with the same numeral in 

an ordination task, than with another numeral. It is for 

this reason, that the numerals 1, 3 and 5 were used in the 

ordination and cardination task, and sums of five or less 

were used in the natural number task. 

Procedures 

Pretest 

The number board was placed in front of the child. 

The experimenter pointed to each of the numbers in a random 

order and asked the child to identify each number. Only 

children who identified all of the numbers were allowed to 

continue in the experiment. Only three subjects were 

eliminated for failing the pretest. The pretest was used in 

order to help ensure that children were passing or failing 

the tasks based on their ability to understand the concepts 

in questiO'n and not on their ability to recognize numbers. 
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Cardination 

The experimenter demonstrated the task by randomly 

placing in front of the child the five cardboard strips con

taining cats. The experimenter would point to the strip con

taining four cats and say "If I pointed to this one, you would 

point to the numbsr four over here," while pointing to the 

number four on the number board. The experimenter removed 

the cats and randomly placed either the set of circles or the 

stars in front of the child. The experimenter would point 

to the strip that contained either 1, 3, or 5 circles or 

stars and say "Point to the number that goes with this one." 

The procedure was repeated so that all three of the numbers 

were used. The order of presentation was randomized. The 

experimenter would then present the remaining set of stimuli, 

either circles or stars, and repeat the procedure. The sets 

of stimuli were counterbalanced in order to prevent order 

effects. For scoring purposes, each trial constitutes one 

item, yielding a total of six scorable items for the card

ination task. 

Ordination 

The experimenter demonstrated the task by placing the 

series of cats in front of the child. While pointing to the 

fourth cat the experimenter would say, "If I pointed to this 

one, you would point to the number four over here," while 

pointing to the number four on the number board. The 
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experimenter removed the cats and placed either the rectan

gles or the triangles in front of the child. The experimenter 

would point to either position 1, 3, or 5 and say "Point to 

the number that goes with this one." The procedure was 

repeated until all three positions were used. The order of 

presentation was randomized. The experimenter presented the 

second set of stimuli, either triangles or rectangles, and 

repeated the procedure. The sets of stimuli were counter

balanced to prevent order effects. 

Natural Number 

The experimeter placed the sheet of addition prob

lems in front of the child. While pointing to a problem the 

experimenter would say, "How much is apple(s) plus 

apple(s)?" This was repeated for all of the problems. 

The tasks of ordination, cardination and natural 

number were presented randomly to all of the subjects. The 

demonstration was used for ordination and cardination in 

order to help ensure that the child understood the nature 

of the task. In order to minimize any learning, the stimuli 

used in the demonstrations were cats and the number four. 

Neither the cats nor the number four were used in any of the 

scorable items. 
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Scoring Procedures 

All of the items were scored pass-fail. Ordination 

and cardination items were judged correct if the child point

ed to the appropriate number on the number board. The 

natural number items were judged correct if the child either 

wrote the correct answer or verbalized it. 

Models Utilized 

Since all of the items are scored pass or fail, all 

of the responses can be classified in a series of 2 x 2 

matrices. The cell in the upper left hand corner contains 

occurrences in which both items are failed while the lo.wer 

right hand corner are occurrences in which both items are 

passed. These two cells constitute the main diagonal. The 

off-diagonal cells are occurrences in which one item is 

passed while the other item is failed. 

Comparisons were made between circles and stars in 

order to determine if the stimuli were in the same domain. 

That is, circle-one was compared with star-one, circle three 

with star three and circle five with star five. It was 

expected that the stars and circles would be in the same 

domain since they differed only in regards to the symbol 

used. The same comparisons were made with respect to tri

angles and rectangles in the ordination task. 

In order to determine if cardinal numbers one, three 

and five were in the same domain, each response was cross 



classified. For example, cardinal number one was cross-

classified with cardinal number three. Each of the models 

discussed in Chapter 2 was used for all combinations (i.e., 

cardination one with cardination three, cardination three 

with cardination five and cardination one with cardination 

five). This procedure was repeated for ordination and for 

natural number in order to determine domains. Finally, 

each of the models was again used to determine the order of 

development of established domains. This was done by 

sampling various items from each domain within each skill 

and then cross-classifying the responses. The same models 

were used for determining equivalence, independence or 

ordering. 



CHAPTER 4 

RESULTS 

The models that were discussed in Chapter 2 were 

used to establish domains within the constructs of ordina

tion, cardination and natural number- These domains were 

then compared across constructs. 

The alpha levels are interpreted in a manner dif

ferent than usual. Since the goal is to find models that 

fit or explain the data, "an acceptable -model is the one with 

the smallest chi-square. A small chi-square will generally 

fail to reach significance at the selected alpha level. If 

the results fail to reach significance then the hypothesis 

represented by the model may be accepted (Bishop, Fienberg, 

and Holland, 1975)• However, if a model reaches significance 

at the selected level, then the model does not afford an 

adequate fit for the data. 

The first analysis tested stars and circles from 

the cardination task. This was performed in order to 

determine if stars and circles were in the same domain. 

Since the task differed only along the dimension of the 

symbol used, it was expected that they would be in the same 

domain. This also served as a type of reliability test 

for the cardination task. 
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Table 1 shows the chi-sq-uare values for three com

parisons. The first one compared circles and stars using 

the cardinal number one, while the second and third compar

isons tested cardinal numbers three and five. With the• 

model of equiprobability all of the comparisons failed to 

reach significance at the 0.05 level. Therefore, it can 

be said that equiprobability provides an acceptable fit for 

the data and it can be said that circles and stars are in 

the same domain with respect to the cardination task. 

Table 1. Chi-square value under the model of equiprobability 
for cardination. 

Comparison Chi-Square df p 

Stars 1 with Circles 1 0.20 1 >.5< .7 

Stars 3 with Circles 3 0.14 1 >.7< .8 

Stars 5 with Circles 5 0.00 1 >.99 

The model of equiprobability was also used in order 

to test if triangles and rectangles were from the same 

domain. Table 2 indicates that they are from the same 

domain. All of the comparisons failed to reach significance. 

Table 3 compares the natural number addition problems. 

It tests the model of equivalence for the same item given 

twice. This is essentially a reliability check to see if 
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Table 2. Chi-square values under the model of equi-
probability for ordination. 

Comparison „ df o Square 

Triangle 1 with Rectangle 1 0.00 1 >.99<1 

Triangle 3 with Rectangle 3 0.50 1 >.3<.5 

Triangle 5 with Rectangle 5 2.15 1 >.1<.2 

Table 3. Chi-square values under the model of equi-
probability for natural nimber problems given 
twice. 

Natural Number Chi-Square df 
Problem 

2 + 3  1 . 6 6  1  > . 1 <  . 2  

1 + 1  4 . 1 9  1  < . 0 5  

1 + 2  0 . 4 8  1  > . 3 <  . 5  

2 + 1  0 . 0 4  1  > . 8 <  . 9  

3 + 2  0 . 8 1  1  > . 3 <  . 5  



the subjects performed consistently on an item. The results 

show that all of the items were performed consistently 

e x c e p t  f o r  i t e m  1 + 1 .  

Table 4 shows the three possible comparisons for 

the cardination task. Since circles and stars were shown to 

be from the same domain, it was only necessary to use the 

data from one of the sets of stimuli for the comparisons. 

The use of stars was randomly chosen for this purpose. 

The results indicate that the task involving one 

star is from a different domain than either three stars or 

five stars. Table 4 also shows that .since none of the models 

fit for the comparison of star three to star five, the two 

items may be assumed to be asymmetrically equivalent, as 

discussed in Chapter 2. 

Table 4. Chi-square values under different models for the 
cardination task. 

Comparison df Chi-square for each model 

Equiprob-
• ability Ordered Indepen

dence 

Star 1 with Star 3 1 12. 47 * 0.18 b 50. 83 * 

Star 1 with Star 5 1 21.06 * 1.57 ̂  28.63 * 

Star 3 with Star 5 1 6.73 * 12.44 * 48.22 * 

a Alpha Level >.2< .3 
b Alpha Level >.5< .7 
* Alpha Level <.05 
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Table 5 shows the three possible comparisons for the 

ordination task. Triangles were randomly chosen for analysis 

since they were from the same domain as rectangles. The 

results indicate that the model of equiprobability is the 

best fit for two of the comparisons and the model of 

asymmetrical equivalence is the best fit for the remaining 

items. These findings support the hypothesis that the 

ordination tasks examined in the study are all in the same 

domain. 

Table 5. Chi-square values under different models for the 
ordination task. 

Comparison df Chi-square for each model 

Equiprob
ability Ordered Indepen

dence 

Triangle 1 
with Triangle 3 

1 2.19^ 47.17 * 22. 62 

Triangle 3 
with Triangle 5 

1 0.02^ 127.80 * 26. 03 

Triangle 1 
with Triangle 5 

1 16. 62 18.85 45.47 

a Alpha Level >. 
^ Alpha Level >. 
* alpha level < 

1< 
8< 
.05 

.2 

.9 
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Table 6 shows the possible comparisons for the natural 

number task and the chi-square values under different models. 

Since 1+1 was unreliable it was not used in the analysis. 

The results indicate that, in general, the natural number 

tasks appear to be asymmetrically equivalent. The comparison 

of - 2 + 3 to 1 + 2 is the only pair that appear to be ordered. 

The comparison of 2 + 1 to 3 + 2 is the only pair that appear 

to be equiprobable. Both of these comparisons failed to 

reach significance at the .05 level. 

In general, these findings indicate that the natural 

number problems are best fit by a model of asymmetrical equiv

alence and thus form a single domain. However, in the com

parisons between ordination, cardination and natural number, 

all of the arithmetic problems were tested with the two 

domains for cardination and the one domain for ordination. 

Table 6. Chi-square values under different models for the 
natural number task. 

Comparison df Chi-square for each model 

Equiprob-
ability Ordered Indepen

dence 

2 + 3 with 1 + 2 1 49.86* 2.71^ 40.79* 

2 + 3 with 2 + 1 1 14.45* 24.50* 43.82* 

2 + 3 with 3 T 1 4. 62* 41.23* 54.69* 

1 2 with 2 + 1 1 12.97* 46.10* 32.48* 

1 + 2 with 3 + 2 1 32.91* 7.20* 52.42* 

2 -1. 1 with 3 + 2 1 2. 98^ 66.39* 43.5 2* 

a.A.lpha Level >.Q5< TT 
*Alpha Level <.05 
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Table 7 shows the pairwise comparisons among the 

established domains and the natural number problems. The 

task utilizing five stars was randomly chosen to represent 

its domain. Since the ordination task yielded an asymi-

metrically equivalent domain, all of the triangles were 

used in the comparisons across tasks. 

The results indicate that the model for an 

ordered relation provides the best fit between cardination-

one element and ordination-fifth position. However, when 

cardination-one element is compared with ordination-position 

one, the ordered relation no longer holds. Because ordi

nation-position one is easier than position-five, the less 

stringent asymmetrical equivalence model now provides the 

best fit. 

When cardination-one element is compared with the 

natural number problems, the model for ordered relations 

provides the best fit for three of the four comparisons. 

All of the remaining comparisons involving the cardination 

tasks were best fit by the model of asymmetrical equiv

alence, with the exception of star-one element with 

t r i a n g l e - t h i r d  p o s i t i o n  a n d  s t a r - f i v e  e l e m e n t s  w i t h  2 + 3 .  

These comparisons were best fit by the model of independence. 

Rectangle-third position was then compared with 

star-one element to see if the independence model remained 

the best fit. The model of independence did not provide a 



Table 7. Chi-square values under different models for 
ordination, cardination and natural number. 

Stars 1 with 
Triangle 1 1 23. 26* 8. 48* 12. 59* 

Stars 1 with 
Triangle 3 1 43. 93* 13. 38*. 1. 28b 

Stars 1 with 
Rectangle 3 1 54. 23* 5. 30* 4. 85* • 

Stars 1 with 
Triangle 5 1 58. 16* 41° 14. 13* 

Stars 1 with 2+3 1 120. 59* • oof 3. 87* 

Stars 1 with 1+2 1 52. 95* 5. 39* 5. 06* 

Stars 1 with 2+1 1 91. 99* . 08^ 6. 95* 

Stars 1 with 3+2 1 105. 58* • 
03® 4. 88* 

Stars 3 with 
Triangle 3 1 31. 49* 19. 69* 22. 65* 

Stars 5 with 
Triangle 5 1 20. 37* 27. 32* 22. 15* 

Stars 5 with 2+3 1 78. 53* 9. 73* 3. 35a 

Stars 5 with 2+3 1 74. 00* 11. 42* 7. 98* 

Stars 5 with 1+2 1 21. 26* 31. 94* 16. 75* 

Stars 5 with 2+1 1 52. 40* 12. 29* 12. 40* 

Stars 5 with 3+2 1 63. 84* 7. 40* 10. 34* 

Triangle 1 with 2+3 1 77. 48* 3. 95* 12. 36* 

Triangle 1 with 1+2 1 11. 05* 75. 14* 6. 20* 

Triangle 1 with 2+1 1 37. 83* 31. 74* 7. 23* 

Triangle 1 with 3+2 1 52. 68* 20. 04* 6. 87* 

Triangle 5 with 2+3 1 41. 82* 17. 72* 18. 98* 

Triangle 5 with 1+2 1 • 
08<i 145. 88* 15. 59* 

Triangle 5 with 2+1 1 11. 79* 74. 50* 13. 02* 

Triangle 5 with 3+2 1 20. 59* 63. 19* 7. 14* 

^>.05 <.l ^ >.2 <.3 *^>.5 <.7 '^7<.8 ®>.S<.9 

^ >.95 <.98 * <.05 
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good fit with the alternate item. This discrepancy can 

probably be attributed to the low frequency (six) in the 

0-0 cell when using stars and the slightly higher frequency 

(eight) in the 0-0 cell when using rectangles. 

When the alternate item of 2 + 3 was compared with 

triangle-position five the model of independence no longer 

provided an adequate fit of 'the data. The data was best 

fit by the model of asymmetrical equivalence. 

Most of the comparisons between the ordination task 

and the natural number problems were best fit by the model of 

asymmetrical equivalence. The only exception was in com

paring triangle-fifth position with 2+3. This was best 

fit by the model of symmetrical equivalence. 

Figure 1 shows the pairwise ordering of the tasks. 

All of the cardination tasks are easier than both ordination 

and natural number skills. Ordination appears easier than 

natural number skills with the exception of 1 + 1 which is 

easier than ordination-position three. The remaining 

natural number problems are the most difficult among the 

tasks. 



Cardination—one item 

Cardination—three items 

Cardination—five items 

Ordination—position one 

Natural Number—1+1 

Ordination—position three 

Ordination—position five 

Natural Number—1+2 

Natural Number—2+1 

Natural Number—3+2 

Natural Number—2+3 

Figure 1. Pairwise ordering of tasks from easiest 
to most difficult. 



CHAPTER 5 

DISCUSSION 

The results of the analysis show that there are 

several domains for the tasks in question. Although the 

ordination task collapsed into one asymetrically equiv

alent domain, the cardination task did not. In fact, the 

cardination task yielded two separate domains. One of the 

domains for cardination was limited to the set containing 

one element while the second domain included sets containing 

three and five elements. 

In order to determine if one skill develops before 

another, an assumption must be made. That is, if one task 

is passed while another is failed, we need to assume that 

the item that was passed has developed before the item that 

is failed. If this can be assumed, then the results indicate 

that the ability to associate the numeral "one" with one 

element in a set, develops before the ability to associate 

a numeral with a set containing three or five elements. 

Therefore, it can be concluded that cardination is not one 

homogeneous skill but at least two separate skills that 

develop in an orderly manner. 
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On the other hand, the task of ordination as measured 

does constitute one homogeneous skill. That is, the ability 

to associate relative position with a numeral, develops at 

the same time whether the relative position is one, three or 

five. While some of the tasks were easier than others, the 

difference was not great enough to constitute separate 

domains. 

The task of natural number skills also tended to 

collapse into one permeable domain. Although there was an 

ordering by difficulty within the domain, it was not strong 

enough to establish separate domains, except in the com

p a r i s o n  o f  2  +  3  w i t h  1 + 2 .  T h e  a b i l i t y  t o  s o l v e  1 + 2  

developed prior to the ability to perform 2 + 3. All of the 

other comparisons showed asymmetrically equivalent development. 

When the skills of ordination, cardination and 

natural number were compared with each other, the results 

showed that the cardination task involving one element 

developed prior to that of any of the other tasks. These 

results are incompatible with those of Brainerd {1973a) and 

Brainerd (1974) who found that ordination developed prior 

to cardination. These results are also incompatible with 

Piaget's theory which states that all of the skills develop 

in close synchrony (Piaget, 1952). One explanation for 

Brainerd's (1974) results may be due to a failure to 

establish separate domains within the cardination task. 
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When the cardination domain involving three or five 

elements is compared with ordination and natural number, the 

results indicate that these tasks are asymmetrically equiv

alent. That is, they are all in the same domain but they 

are of unequal difficulty. The order of difficulty from 

easiest to most difficult appears to be cardination, 

ordination and natural number. Nevertheless, the easiest 

cardination task develops first among these three concepts. 

The results of this study have implications for 

research in developmental psychology. One implication is 

that it may be necessary to establish separate domains among 

items before making statements about their development. In 

this case, it was shown that there are at least trvo separate 

domains for the concept cardination. These domains need to 

be empirically established in order to better understand the 

interrelationships among domains. What appears to be a 

homogeneous task to a researcher, may not in fact be a 

homogeneous task to a child. Therefore, researchers should 

be cautious when comparing the development of different 

skills. 

A second implication is that there may be more domains 

v;ith regards to the development of ordination,' cardination 

and natural number. Further research may yield a myriad of 

domains when different items (e.g., lo stars) are used. 

The results may indicate that the concepts in question are 

interwoven in a very complex manner. 
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In summary, the results show that cardination 

skills develop prior to ordination and natural number skills. 

These results are supportive of a set theory approach to 

teaching arithmetic skills and may influence the manner in 

which these skills are taught in the schools. 

In the past, most arithmetic instruction has been 

largely computational in nature. However, in recent years 

a "new math" has been introduced. The "new math" emphasizes 

computations based on classes. Brainerd (1975) believes 

that the new math has been a failure from a developmental 

point of view. But, instead of returning to a system based 

on computations, Brainerd suggests an alternative approach 

to the teaching of mathematics. The features of the "newer 

new math" would emphasize an understanding of relational 

concepts rather than class concepts. 

Since the results of the study contradict those of 

Brainerd (1973a, 1974) it might be premature to alter the 

methods of teaching arithmetic in the schools. If the order 

of development of these skills affiects the manner in which 

children learn more complex mathematical skills, then the 

results of this study are compatible with a set theory of 

instruction. That is the set theory approach may be better 

attuned to the manner in which children learn arithmetic. 
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One of the problems that must be considered before 

instructional changes are suggested, relates to the manner in 

which these skills are now taught. All of the children 

involved in this study were currently attending school. It 

seems logical to test school children since this is the 

age at which these skills develop. However, the method of 

instruction in the schools may effect the development of 

these skills. For example, if children are taught ordination 

tasks, then ordination skills may develop first. This may 

account for the difference between these results and those of 

Brainerd (1973a) . 

One method to solve this problem would be to select 

a sample of children who manifest these skills but do not 

attend school. This prospect is not very tenable because of 

the difficulty in finding subjects who manifest the skills 

but do not also attend school. A second alternative would 

be to access different curriculums and their effect upon 

these skills. 

In general, there is a need for more research .in 

this area, especially in the identification of domains 

within the skills that are of concern. Perhaps it would be 

best to reserve judgment about the teaching of arithmetic 

until these domains are better understood. 



APPENDIX A 

OBSERVED CELL FREQUENCIES FOR 

THE TASKS BEING STUDIED 
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A.l. Observed cell frequencies for the cardination task. 

Star 1 Star 3 Star 5 
Cell Circle 1 Circle 3 Circle 5 

00 8 16 25 

10 2 3 5 

01 3 4 5 

11 135 125 113 

0 = fail 

1 = pass 
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A.2. Observed cell frequencies for the ordination task. 

Cell 
Triangle 1 
Rectangle 1 

Triangle 3 
Rectangle 3 

Triangle 5 
Rectangle 

00 28 43 39 

10 8 18 11 

01 . 8 14 19 

11 104 73 79 

0 = fail 

1 = pass 
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A.3. Observed 
problems 

cell frequencies 
given twice. 

for the natural number 

Cell 2+3 1+1 1+2 2+1 3+2 

00 90 41 52 70 85 

10 3 12 11 12 12 

01 14 4 8 13 8 

11 36 91 77 53 43 

0 = fail 

1 = pass 
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A.4. Observed cell frequencies for comparing items within 
cardination. 

Star 1 Star 1 Star 3 
Cell Star 3 Star 5 Star 5 

00 11 10 17 

10 9 20 13 

01 0 1 3 

11 128 117 115 



59 

A.5. Observed cell frequencies for comparing items within 
ordination. 

Triangle 1 Triangle 3 Triangle 1 
Cell Triangle 3 Triangle 5 Triangle 5 

00 26 37 31 

10 31 21 27 

01 10 20 5 

11 81 70 85 
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A.6. Observed cell frequencies for comparing items within 
the natural number task. 

2+3 2+3 2+3 1+2 1+2 2+1 
Cell 1+2 2+1 3+2 2+1 3+2 3+2 

00 58 77 85 50 57 71 

10 2 6 8 33 36 22 

01 46 27 19 10 3 12 

11 42 38 36 55 52 43 

0 = fail 

1 = pass 



61 

A.7. Observed cell frequencies in the cross-classification 
of matrices of pairwise companions. 

Cell 
00 

Cell 
10 

Cell 
01 

Cell 
11 

Star 1/Triangle 1 3 28 3 109 

Star 1/Triangle 3 6 51 5 86 

Star 1/Rectangle ! 3 8 53 3 84 

Star 1/Triangle 5 6 51 5 86 

Star 1/2+3 10 94 1 43 

Star 1/1+2 8 52 3 35 

Star 1/2+1 10 73 1 64 

Star 1/3+2 10 83 1 54 

Star 3/Triangle 3 14 43 6 85 

Star 5/Triangle 5 23 35 7 83 

Star 5/2+3 25 79 5 39 

Star 5/2+3 26 72 4 46 

Star 5/1+2 22 38 8 80 

Star 5/2+1 25 58 5 60 

Star 5/3+2 26 67 4 51 

Triangle 1/2+3 33 71 3 41 

Triangle 1/1+2 21 39 15 73 

Triangle 1/2+1 27 56 9 56 

Triangle 1/3+2 29 64 7 48 

Triangle 5/2+3 52 52 6 38 

Triangle 5/1+2 35 25 23 65 • 

Triangle 5/2+1 43 40 15 50 

Triangle 5/3+2 44 49 14 41 

0 = fail 

1 = pass 
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STIMULI USED IN THE CARDINATION TASK 
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2  1 1 2  3  
+ 3 +1 +2. "*"1 

1 1 3  2  2  
+ 1  + 2  ^ ^ 2  + 1  + 3  
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T H E  U N I V E R S I T Y  O F  A R I Z O N A  
T U C S O N ,  A R I Z O N A  8 5 7 2 1  
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COLLEGE OF EDUCATION 

Department of Educational Psychology 

Dear  Parent :  

I  am conduct ing  a  s tudy in  order  to  de termine  the  sequence  in  
which  young ch i ldren  develop  cer ta in  ar i thmet ic  and re la ted  
ab i l i t ies .  This  s tudy wi l l  inc lude  about  150 s tudents  se lec ted  
f rom preschool  to  grade  1 .  .  

The  s tudy v / i l l  assess  a  ch i ld ' s  ab i l i ty  to  order  a  group of  
s t icks  f rom smal les t  to  la rges t ,  the  ab i l i ty  to  unders tand  con
cepts  such  as  f i r s t ,  second,  th i rd ,  e tc . ,  and a  ch i ld ' s  ab i l i ty  
to  add and subt rac t  one  d ig i t  numbers .  The  focus  of  th i s  s tudy 
i s  to  de termine  which  of  these  sk i l l s  develops  f i r s t  and which  
sk i l l s  a re  necessary  for  the  development  of  o thers .  

In  order  to  assess  these  sk i l l s  i t  wi l l  be  necessary  to  take  
your  ch i ld  f rom the  c lass room on one  occas ion  for  about  one-
quarter of an hour .  

/ 

I f  you a re  wi l l ing  to  le t  your  ch i ld  par t ic ipa te  in  th is  s tudy,  
p lease  s ign  th is  form and have  your  ch i ld  re turn  i t  to  h is  teacher .  
Your  par t ic ipa t ion  i s  grea t ly  apprec ia ted .  

S i  

James  Skorney 
Graduate  S tudent  

Chi ld ' s  Name (P lease  Pr in t )  

Bi r thdate  (P lease  Pr in t )  
Yes ,  I  approve  of  my ch i ld ' s  par t ic ipa t ion  in  the  s tudy 

No,  I  do  not  approve  of  my ch i ld ' s  par t ic ipa t ion  

Signature  of  Parent  
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Instructions 77 

Pretest 

Place number board in front of child. Point to a number and say 
"What number is this?" Repeat until all five numbers are correctly 
identified or until you are sure that the child can not identify all of 
the numbers. 

Cardination 

Demonstration - place cats in front of child in a random order. 
Point to the card with 4 cats and say "If I point to this one, you would 
point to the number 4, over here." 

Cardination - Stars 

Place the number board and randomized stars in front of the child. 
Experimenter will point to the group containing stars and say, 
"Which of the numbers goes with this one?" After the response say 
"How do you know?" 

Repeat procedure with group containing stars. 
Repeat procedure with group containing stars. 

Cardination - Circles 

Repeat same procedure using circles. 
Repeat same procedure using circles. 
Repeat same procedure using circles. 

Ordination 

Demonstration - place cats in front of child (smallest on child's 
left). Point to the 4th cat and say "If I point to this one, you would 
point to the number 4 over here." 

Ordination - Triangles 

Place number board and triangles (smallest on child's left) and 
repeat the procedure using triangle number . After response say 
"How do you know?" 

Repeat procedure using triangle . 
Repeat procedure using triangle . 

Ordination - Rectangles 

Repeat procedure using rectangle number . 
Repeat procedure using rectangle number . 
Repeat procedure using rectangle number . 

Natural Number - Give the child a pencil and the sheet with addition 
problems. Point to the first problem and say "How much is ^apple(s) 
plus apple(s)?" Repeat the procedure until all the problems are 
complete. Score a response correct if it is either correctly verbalized 
or written. 
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Scoring Sheet 

Child's Name Date of Birth 

Date of Test School Grade 

0 = Fail 1 = Pass 

Pretest 

Cardination - Stars using 1 

3 

5 

Cardination - Circles using 1 

3 

5 

Ordination - Triangles using 1 

3 

5 

Ordination - Rectangles using 1 

3 

5 

Natural Number 2+3 

1 + 1 

1 + 2 

2 + 1 

3 + 2 

1 + 1 

1 + 2 

3 + 2 

2 + 3  
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