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ABSTRACT 

Images acquired by ground-based telescopes are severely degraded by atmospheric 

turbulence efiFects. New algorithms are presented for restoration with super-resolution 

of satellite object images from sequences of turbulence-degraded observations. Super-

resolution refers to recovery of Fourier spectral components outside the optical sys

tem passband. Modern wave front sensor (WFS) can measure the optical distortions 

caused by the atmosphere. Such measurement can be used for (1) control of an adap>-

tive optics (AO) system; (2) for post-processing of the uncompensated image: and (3) 

for a hybrid approach involving partially compensated images. This study focuses 

on the second of these approaches. Quantitative simulation of imaging through tur

bulence and WFS are used to demonstrate the performance of new super-resolving 

multifrjime algorithms based on Bayes maximum a posteriori (MAP) criterion. The 

original and object images are assumed to have Poisson statistics. The resulting 

Poisson MAP algorithms extend the single freime version to the multifraune case. 

Super-resolution is demonstrated for realistic conditions. 

In the blind deconvolution problem, both the original image and the degrada

tions must be derived simultaneously from the recorded images without the aid of 

WFS. We investigate this problem and propose a new multiframe algorithm based 
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on Bayes maximum likelihood. Strict constraints such as positivity and finite band

width are incorporated using nonlinear reparameterizations. Nonlinear conjugate 

gradient techniques are employed along with implementation on the massively par

allel IBM SP2, in order to meet the computational demands of these algorithms. 

Super-resolution is demonstrated for realistic circumstances. 

On a related subject, nonlinear interpolative vector quantization (NLIVQ) is pre

sented as a tool for the novel application of vector quantization (VQ) to super-

resolution of diffraction-limited images. The algorithm is trained on a large set of 

image pairs, consisting of an original and its diffraction-limited counterpart, and 

exploits the statistical dependence between blocks of pixels in the two images. The 

discrete cosine transform (DCT) is used to manage the codebook complexity and 

simplify training. Simulation results are presented which demonstrate improvements 

in the visual quality and peak signai-to-noise ratio. A study of restored image spectra 

reveals modest super-resolution. The prospects for this technique are promising. 
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CHAPTER 1 

INTRODUCTION 

1.1 Super-Resolution 

Ideal optical systems are linear and spatially shift-invariant. They also have 

a band-limited optical transfer function (OTF) which suppresses spatial frequency 

components above an optical cutoff frequency. This fact translates into blur and loss 

of important detail in the images recorded by the system [I]. Super-resolving image 

restoration is concerned with correcting the blur and recovering spatial frequency 

components beyond the optical cutoff in a meaningful way. In theory, the result is a 

restored image in which details too fine to be captured by the optical system are made 

clear, or super-resolved. Super-resolution research has been a laboratory-confined 

specialty area in the field of image restoration for a long time. Recent studies, 

however, have shown that super-resolution is achievable in practical situations [2]. 

A basis for seeking super-resolving algorithms is the fact that the Fourier trans

form of a spatially limited object is cin analytic function, a property which refers 

to infinite differentiabihty everywhere. A Taylor series expansion about a point in 

the object spectrum in the optical passband can be used to extrapolate and recover 
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the entire spectrum. This procedure is known as analytic continuation [1]. In the

ory the relationship between the object and its image is unique in the absence of 

noise and exact recovery is possible. In the presence of noise, the super-resolution 

problem is inherently unstable and ill-posed. Unique recovery of the original scene 

is not possible and a solution is usually defined as an element of a set of feasible 

solutions which are consistent with some constraints. Additional knowledge about 

the original scene must be used to constrain the solution by reducing the size of the 

feasible solution set. Typical examples of such knowledge are; (1) a limited region of 

support in which the object of interest is smaller than the extent of the image; and 

(2) image positivity due the physical nature of light. By itself, a support constraint 

has been shown to produce only modest recovery of the restored spectrum outside 

the optical passband [3]. The combination of support and positivity constraints is 

more potent, and is the basis for most current super-resolution work. The most 

important theoretical result to date in super-resolution research is the lower bound 

on frequency extrapolation from this combination of constraints, where accurate ex

trapolation has been shown to be inversely proportional to the size of the object 

region of support and the noise level in the image [2]. 

There are many approaches to image restoration in the literature, but not all 

can super-resolve. For example, linear, shift-invariant, methods such as generalized 

inverse filtering and optimal Wiener filtering cannot super-resolve [2]. An interesting 



example of a linear, shift-variant, super-resolution algorithm is the closed form solu

tion to the Gerchberg-PapouUs algorithm [4], also known as a projection onto convex 

sets (POCS) algorithm [5]. However, most super-resolution algorithms are nonhnear 

and have been derived firom Bayesian maximvun Ukelihood [Richardson-Lucy] and 

maximum a posteriori estimates [7] [8], the maximum entropy method (MEM), to 

name a few. For more information on super-resolution history and background, the 

reader may consult Hunt's recent survey [9] or Sementilli's dissertation [10]. 

This dissertation is a two-part study in super-resolving image restoration. The 

first part concerns space object (SO) image restoration from observations made by 

ground-based telescopes through the earth atmosphere. Turbulence-induced inho-

mogeneities in the index of refraction of air cause rajidom distortion of the light waves 

propagating from the object. The relatively new technology of wave front sensing 

(WFS) can provide estimates of the distortion affecting a particular image by mea

suring the phase of the incoming optical wave front. These WFS measurements may 

be combined with knowledge of the telescope optics to estimate the overall effect of 

the atmosphere/telescope combination [21]. Our work is based on the proposition 

that WFS measurements can be used in this way to restore the SO image. Be

cause of the typically low hght levels in short-exposure astronomical images (which 

translates into poor signal-to-noise ratios), it is necessary to use long sequences of 

observations in order to gather enough data to make reasonable restoration efforts. 



Hence there is a requirement for image restoration algorithms to incorporate mul

tiple observations and WFS data into a single restoration framework. To this end, 

we present multiframe versions of the Poisson maximum a posteriori (MAP) algo

rithm derived by Hvmt and Sementilli. The super-resolution properties of these new 

Poisson MAP algorithms are demonstrated with quantitative simulation of image 

formation through turbulence and WFS system performance. 

Additionally, there is growing interest in the astronomical community regarding 

image restoration from images with unknown blur. This is known as the blind de-

convolution problem [11]. For the case of turbulence-degraded image sequences, the 

original image and the blur aflFecting each image in the sequence of data images must 

be recovered simultaneously. As might be suspected, this is a much more difficult 

problem than that described earlier. Ambiguities in the solutions abound and must 

be controlled using a variety of constraints. We present a new algorithm which is 

based on Bayes maximum likelihood estimation with strictly enforced constraints 

on the original image and blurring functions. The algorithm is implemented using a 

nonhnear conjugate gradient technique on a massively parallel IBM SP2 computer 

at the Maui High Performance Computing Center. Our simulations demonstrate 

super-resolution under realistic conditions for complex extended satellite objects. 

In the second part of this study, nonlinear interpolative vector quantization 

(NLIVQ) provides a basis for a novel application of vector quantization (VQ) to 

super-resolution of diffraction-limited images. Imaging through turbulence is not 
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addressed in this part. VQ is generally considered an image data compression tech

nique, and although it has been applied to a variety of signal processing tasks, this is 

the first time it has been used for image restoration. In this case, the algorithm both 

compresses and restores the diffi-action-Iimited image. The algorithm is trained on 

a large set of image pairs, consisting of an original and its diffraction-Umited coun

terpart, and exploits the statistical dependence between blocks of pixels in the two 

images. It can then restore images which belong to the same class but are not in the 

training set. The discrete cosine transform (DCT) is used to manage the codebook 

complexity and simpHfy training. Simulation results are presented which demon

strate improvements in the visual quality and peak signal-to-noise ratio. A study 

of restored image spectra reveals modest super-resolution. The prospects for this 

technique are promising. 

1.2 Summary of Contributions 

The main contributions of this work are as follows: 

• New multifirame super-resolution algorithms based on Poisson maximum a pos

teriori estimation are presented for restoration of turbulence degraded images. 

These algorithms rely on wave front sensing to provide estimates of the blur 

affecting each image in the sequence of data images. Quantitative simulation of 

image formation through turbulence and wave front sensor system performance 

are used to demonstrate super-resolution capability under realistic conditions. 
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• A multiframe blind deconvolution/super-resolution algorithm based on Bayesian 

maximum likelihood estimation is presented for restoration of turbulence de

graded images. A nonlinear conjugate gradient method is used to implement 

the algorithm numerically. Again, quantitative simulation of image forma

tion through turbulence is used to demonstrate super-resolution capability is 

demonstrated under realistic conditions. 

• We present the first apphcation of vector quantization to image restoration and 

super-resolution. This is accomplished via supervised training of a nonlinear 

interpolative vector quantizer. 

1.3 Overview of the Dissertation 

The remaining chapters of this work are organized as follows. A discussion of 

image formation through turbulence is presented in Chapter 2. An overview of image 

restoration in atmospheric turbulence is presented in Chapter 3. New multiframe 

super-resolution algorithms for turbulence-degraded images are presented in Chapter 

4. In Chapter 5, we present a discussion of simulation methodology and results 

for the multiframe super-resolution algorihthms. The nonlinear vector quantizer 

algorithm is discussed in Chapter 6. Conclusions are presented in Chapter 7. 
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CHAPTER 2 

IMAGE FORMATION THROUGH TURBULENCE 

The process of image formation is central to the restoration problem. As shown 

in Figure 2.1, the basic components of image formation are the object plane, the 

optical propagation medium, the optical system, and the image plane. In this scheme, 

light energy from the object plane propagates through the medium and the optical 

system to form an image on the image plane. The object and image plane irradiance 

distributions will be denoted by and g{x,y), respectively. The medium and 

the optical system together constitute a mapping, denoted by the operator /<{•}, 

between the two-dimensional object and image spaces. 

A general statement of the process is given by 

9 { x , y )  =  L { f { ^ , T ] ) }  Q n { x , y )  (2.1) 

where Q n ( x , y )  refers to a point by point operation with the noise process n ( x .  y ) .  

The discussion which follows will define these quantities with some rigor and show 

how to incorporate optical turbulence effects into the imaging operator. 
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Figure 2.1: Image formation schematic. 

2.1 Basic Concepts in Imaging 

A rigorous definition of the operator L{ } can be derived by first considering 

how an image is formed by a very simple optical system, followed by an extension of 

this result to those more complicated. First, consider the optical system consisting 

of only an exit aperture. Let the coordinates (u. f) reference a two-dimensional 

p l a n e  c o l o c a t e d  w i t h  t h e  a p e r t u r e ,  a n d  d e f i n e  t h e  e x i t  a p e r t u r e  f u n c t i o n .  P { u . v ) .  

as equal to unity in the aperture and zero elsewhere. Further, assume that the 

aperture is illuminated by a normally incident uniform plane wave from a distant 

monochromatic point source (monochromaticity. or narrow spectral bandwidth, is 

an assumption that will be maintained throughout this dissertation). The problem 

is then to determine the complex amphtude of the optical field at points of interest 

on the image plane [1]. 



According to scalar diffraction theory,^ the complex amplitude of the field at a 

source free point in free space must obey the Helmholtz equation 

(V^ + A:2)U = 0 (2.2) 

where U { x ,  y , z )  =  U  ( x ,  y ,  z )  exp [—{ x ,  y ,  z ) ]  is the time-independent phasor no

tation for the field with amplitude, U, and phase, 0. The constant, k, is the wave 

number given by A: = 27r^ = where u is the optical frequency, c is the speed of 

light in the medium, and A is the wave length. General solutions of the wave equa

tion have been derived by Kirchoff, Summerfeld, and others, but are difficult to use 

in practice because they include nonlinear phase terms. In some cases, one can make 

approximations and simplify matters. In particular, when the distance between the 

aperture and the image plane is much greater than the lateral offset in the region 

of interest on the image plane, one can make the Praunhofer approximation. The 

observed optical field distribution on the image plane is known as the Praunhofer 

diffraction pattern of the aperture, and can be written simply as 

/

OO rOO 
/ P(u,v)U(u, t;)exp 

•OO J ~oo 

where K is a complex constant, U (u, v) is the complex field in the aperture, and r 

is the distance between the aperture and the image plane. By making a change of 

'Scalar diSraction theory rests on the assumption that a treatment of the scalar amplitude of 
one transverse component of either the electric or magnetic field is sufficient, even though they are 
coupled through Maxwell's equations. The other component is assumed to propagate independently 
in a similar fashion. The assumption is accurate if the aperture is large compared to the wavelength 
and the fields are observed many wavelengths from the aperture. 

.27r 
- j — { x u  +  y v )  

Xz 
dudv (2.3) 
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variables 

u V 

this can be recognized as the Fourier transform^ of the rescaled aperture distribution 

(evaluated at spatial frequencies fx = j^ and fy = ^) [1]: 

U(x,y) = /  /  P { X z u ,  X z v ) U  ( X z u ,  X z v )  exp [—j27r [ x u  +  y v ) ]  d u d v  

A well known diffraction pattern caused by a circular aperture, known as the Airy-

pattern, is shown in Figures 2.2 and 2.3. 

The Praunhofer diffraction result can be generalized to any optical system de

signed to produce diffraction-limited images. This catch-all term applies to systems 

which convert a diverging spherical wave at the entrance aperture to a spherical 

wave converging to a point on the image plane. In other words, such systems are 

"in focus." The generalization is accomplished by defining the exit pupil function. 

P, which describes the effective aperture size and shape of the system's last optical 

element. The reason for doing so is the surprising result that all diffraction effects for 

the system can be associated with this function [1]. The preceding optical elements 

are important for determining the spatial dimensions of the pupil function (which 

^The t^'o-dimensionaJ Fourier transform of an arbitrary function / is defined as 

J —OO J — OO 

X ^ z ^ K T  { P { X z u ,  X z v ) \ J  { X z u ,  X z v ) }  .  

F i L . f y )  =  J ' l f i x . y ) }  

f  ( x .  y )  exp\ - i 2 T T  { f ^ x  + /^y)] dxdy. 
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Figure 2.2: The Airy pattern. 
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Figure 2.3: Airy pattern crossection (through maximum). 



may be smaller than the physical size of the element due the presence of a prior 

limiting aperture). The image plane field distribution can be foimd by substituting 

the exit pupil function for the aperture function in Equation 2.3. 

The Fourier relationship implies that it is possible to apply certain concepts from 

linear systems theory. The impulse response of the optical system, called the coheTent  

point spread function (PSF) of the optical system, is defined as the field distribution 

produced by a unit ampUtude point source at the object plane origin: 

h e  { x ,  y )  =  X ^ z ^ K - T  { P  { \ z u ,  X z v ) }  .  (2.4) 

Diffraction-limited optical systems are spatially shift-invariant. Shifting the source 

away from the origin on the object plane causes the field distribution on the image 

plane to shift correspondingly, but its shape does not change. 

Of course, images are usually the result of more than one point source. It is 

therefore important to make the distinction between images formed by multiple 

sources having fixed or statistically independent phase relationships. These two cases 

are referred to as coherent and incoherent illumination cases, respectively. The fields 

emitted by multiple coherent sources are phase-locked, and the field distribution 

on the image plane is a superposition of the individual fields. The result exhibits 

destructive and constructive interference effects typical of coherent optics. A key 

fact regarding coherent hght systems is their linearity in complex field amplitude. 

Assuming without loss of generality that the magnification of the optical system is 
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equal to unity, the combination of linearity and spatial shift-invariance imphes that 

the field on the image plane can be written as the convolution 

/OO poo 

/  hc ix  -  ̂ , y  -  rj )  Uo (^, r j )  d^dr j  
•OO J —oo 

=  { h c * U o ) { x , y )  (2.5) 

where the notation {he  *  Uo) {x ,  y )ve iers  to the convolution (he  * Uo) evaluated at 

The fields emitted by multiple incoherent sources are statistically phase indepen

dent. The fields produced on the image plane will therefore have random phase, 

implying that the quantity of interest is the expected value of the field's squared 

magnitude (or intensity). With the brackets (•) denoting the expectation, the ex

pected intensity distribution is given by 

{ I { x , y ) )  = (|U,(i,j,)|^> 

/ roo poo 

=  (  / h e ( x  -  ̂, y  -  r i ) U o i ^ , T ) ) d 4 d r ] x  
\J —OO J —oo 

r r K (^ - r, y - v') u: (r, r,') d^'dA 
J-oo J -oo / 
/OC poo poo pOO 

/  /  /  h c i x - ^ , y - r ] ) h l { x - ^ \ y - r ] ' )  X  
•OO J —oo J —oo J —oo 

(Uo (^', v ' )  u: (r, v ' ) )  d ^ d v d ^ ' d r j '  (2.6) 

For an incoherent object, the autocorrelation function (Uo (^, r j )  U* (^', r j ' ) )  is equal 

to zero if ^ (^',7?')' is therefore proportional to a Dirac delta function. 
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The sifting property of the delta function simplifies Ekiuation 2.6 to 

(/(x,y)) = f f \h^ix-^,y-r])f {\IJa 
J —oo J —oo 

= ('!.«<|U.(?,r;)|'))(l,!/) (2,7) 

where hi = \hcf is defined as the incoherent point spread function of the optical 

system. 

It is clear that a linear, spatially shift-invariant, relationship exists between the 

object and image plane intensity distributions. This is one of the fundamental results 

in optics, one on which the restoration results in this work are predicated. To come 

full circle, the terms in Equations 2.1 and 2.7 can be related by defining 

g U , y )  =  ( / ( i , y ) )  

L { f }  &  h . f  

Substituting these definitions into Equation 2.7 yields the imaging equation 

/OO roo 

/  h (x  -  ̂ , y  -  T]) f {^ ,r i )d^dT]  
•OO J —oo 

= (/i*/)(x,y) (2.8) 

Taking the Fourier transform of Equations 2.8 yields 

where G, H, and F, are the transforms of g, h, and /, respectively. The function 

H is known as the incoherent optical transfer function (OTF) of the optical system. 
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and is usually normalized to unity at { f x ,  f y )  = (0,0). Likewise, one can define the 

coherent OTF, He-, from the linear, spatial shift-invariance, of Equation 2.5: 

//c = 

= X h ^ ' K P i - X z f . ^ - X z f y )  

Examining the relationship between H  and H e  leads to some interesting insights. 

First, applying the correlation property of the Fourier transform to the incoherent 

PSF yields 

H i f x j y )  =  

= N - ' T { h , i x , y ) h : { x , y ) }  

=  N ~ ^ J ^ { h c i x , y ) }  * T { h c { x , y ) }  

= N - '  (AVK) ' P  i - X z f x , - X z f y )  *  P '  i - X z f x .  - X z f y )  (2.9) 

where • refers to correlation [1], and the term is a factor which normalizes the 

OTF to unity at (/i,/y) = (0,0). 

Thiis, the incoherent OTF is simply the autocorrelation of the coherent OTF. 

which is in turn related to the exit pupil function. For a circular exit pupil function 

of diameter, the incoherent OTF is known as the Struve function and is shown in 

Figures 2.4 and 2.5. It is important to note that diflfraction-limited systems are 

band-hmited with an optical cutoff frequency. Object spectral energy at spatial 

frequencies higher than the optical cutoff frequency are completely suppressed. 



Figure 2.4: Incoherent OTF (Struve function). 

0 

0 

0 

0 

Figure 2.5: Incoherent OTF crossection (through maximum). 
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2.2 Imaging Through Atmospheric Turbulence 

2.2.1 The Kolmogorov Theory of Turbulence and Resolution 

Ground-based astronomical observations recorded at optical wavelengths contain 

defects as a result of optical aberrations caused by turbulent eddies of air in the 

Troposphere.The heating axid cooUng of the earth's surface by the sun produces large 

scale air movements which develop turbulence. Kolmogorov's theory of turbulence is 

based on the hypothesis that energy cascades from larger to smaller scale movements 

in fully developed turbulence, eventually dissipating as heat at the smallest scales 

because of viscous friction [12] [13] [14].^ The atmosphere through which a telescope 

must view the sky is in constant motion and possesses a complex index of refraction 

structure at any given moment. This structure is a function of local variations in 

temperature and humidity. A basic result, due to Kolmogorov, is that the power 

spectrum of the index of refraction structure over a wide range of scales is given by 

(/c, z )  = 0.033C^ (2 )  K - y -  (2.10) 

where k = ||/c||2 is the spatial wave number, C\ (2 )  characterizes the strength of the 

index of refraction fluctuations at a particular altitude and is known as the structure 

function: and z is the altitude. is known as the Kolmogorov spectrum [15] [16]. 

The statistics of the phase ip{f) of a horizontal monochromatic wave front after 

passing through a layer of turbulence are shown to be Gaussian with zero mean. 

^The physical concept of energy cascades was originally put forth by Richardson. 
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This follows from the choice of layer thickness dz "... to be large compared to the 

correlation scale of the inhomogeneities but small enough for diffraction effects to be 

negligible over the distance dz" ([15], 292). Assuming that the layers are statistically 

independent, the total phase distortion imparted to the optical wave front at ground 

level can be expressed as the sum of that caused by each layer. The Central Limit 

Theorem imphes that the total phase distortion is also a Gaussian random field [19], 

The statistics of the wave front phase at ground level are typically described in terms 

of the coherence function 

Bo (e) = exp 

^  ^  ( r  + I  

=  j  C l { z ) d z  

is known as the structure function of the phase; ^ ^ [15]. We have omitted 
2 

the steps in the derivation which connect the Kolmogorov spectrum of the index of 

refraction fluctuations to the statistics of the wave front phase, but the interested 

reader may consult [15] or [16] for details. 

The last point to make is regarding the relationship between resolution and tur

bulence. This can be expressed in terms of the coherence function of the phase 

shown above and is based on Strehl's criterion as originally derived by FVied [20]. 

where 
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The important result 

B,(c)=exp {-3.44(1) 

states that resolution will be limited by the telescope if the aperture diameter is 

smaller than the Pried parameter tq and will be hmited by the atmosphere when 

the aperture is larger than tq. A large value of Tq impUes good seeing, while a small 

value of To implies poor seeing. 

2.2.2 Long Exposure Versus Short Exposure Images 

As mentioned above, the structure of the cells in the field of view is time-varying 

because of winds which shift and chum the cells. Thus, the phase distortion must 

also be viewed as a temporal random process. It is common to make a distinction 

between "short exposure" and "long exposure" images. During short exposure image 

acquisition, the turbulence structure of the atmosphere is effectively "frozen" and the 

image is distorted only by the optical aberrations in the line of sight. A short expo

sure image must be recorded in less than 0.001 s to completely freeze the turbulence 

structure, although images recorded in less than 0.01 s generally qualify because the 

larger scale cells are immobile. Images acquired by smaller telescopes are affected 

mainly by random displacements of the image. This is a result of large scale cells 

which give a "tilt," or Hnear trend, to the random phase of the wave front. Larger 

telescopes with higher angular resolution reveal the spreading and blurring caused 

by the smaller scale turbulence cells. These images have a modulated appearance 
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and are generally called speckle images. In spite of their appearance, there is object 

spatial frequency information up to the diffraction limit of the telescope encoded in 

the image. Long exposure images integrate the time-varying optical distortions and 

can be thought of as the sum of a large niunber of short exposure images. Because 

they superpose the randomly displaced short exposure images, they are much more 

severely blurred and do not make good candidates for restoration. One would much 

rather work with the short exposure images [13]. 

Following Dainty [21], a point source of unit amplitude at the origin of the object 

plane produces a field distribution, A{u,v), in the exit pupil of the optical system 

after propagation through the atmosphere. The function A{u,v) represents the 

distortion of the wave front. The generalized exit -pupil function of the telescope 

is defined as the product of the distorted wave front and the telescope exit pupil 

function. The coherent OTF of the combined atmosphere/telescope system is given 

by the Fourier transform of the generalized pupil function 

H e  ( /x ,  f y )  =  aVK>1 - X z f y )  P  i - X z f , ,  - X z f y )  

and the incoherent OTF follows from Equation 2.9: 

The incoherent FSF can be computed by taking the inverse Fourier transform of 

the incoherent OTF. In order for the imaging system to be spatially shift-invariant, 

the wave front from all object sources must acquire the same distortion. A (u. v). The 
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angular extent for which this is true defines that portion of the field of view referred 

to as the isoplanatic patch [15]. Anisoplanatic image formation is not addressed in 

this work. 

2.3 Sources of Noise in Imaging 

Having defined the imaging operator, L {•}, the image formation description will 

be complete after defining the noise process n{x,y). Most modern astronomical 

observations are recorded with photoelectric systems, which introduce two kinds 

of noise: (1) photon noise resulting from the statistical nature of the interaction 

between light and the photodetecting surfaces in the detector; (2) thermal nmse 

introduced by the circuitry which measures the photodetector output [22]. Photon 

noise is usually modelled with a Poisson probability density function with parameter 

n, representing the mean arrival rate of photons at the detector. The probability of 

detecting n photons can be written 

{ r } n T e x p { - r r f i }  

n\ 

where the parameter 77 refers to the quantum efficiency of the detector. In general, 

the physical process of light emission from the object is also statistical. Thus, the 

statistics of the detected hght are doubly stochastic. In many cases of interest, the 

emission of light can be approximated as a Poisson process, resulting in a compound 

Poisson process for the overall emission and detection of light. Since the variance of 
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the detected signal is equal to t/ti, it is clear that photon noise is signal-dependent. 

The signal-to-noise (SNR) at the detector can be written as 

SNR = -~= = \/^ 
y/m 

It is clear from this relationship that the SNR will be poorer at low light levels 

[23]. In astronomical imagery, the light levels are usually low enough to justify 

the assumption that photon noise predominates. Images for which photon noise is 

dominant are referred to as "quantum-limited," and are of primary interest in this 

work. 

Thermal noise is usually modelled as a zero-mean additive Gaussian process. In 

this work, we assume that thermal noise is negUgible for quantum-Umited images. 

This is reasonable given the development of advanced CCD sensors. There are 

sensors developed at Lincoln Laboratory of MIT which can achieve read-out rates 

consistent with speckle imaging and introduce only 5 to 10 electrons of read-out 

noise into the data. 
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CHAPTER 3 

IMAGE RESTORATION IN ATMOSPHERIC 

TURBULENCE 

3.1 Classical Deconvolution 

Astronomical image restoration can be based on either long or short-exposure 

images. The earliest examples of image restoration in astronomy concern the treat

ment of long exposure images. The nature of the long-exposure OTF, Hi, has been 

studied extensively and very good theoretical models have been available since the 

1960's. In particular, Fried's radially symmetric model [20] is given by 

H i  i f )  =  ( H i f ) )  

e x p  -3.44— 
ro 

T ( f )  

where tq is the Pried "seeing" parameter, and T  (/) is the OTF of the telescope. It 

has been accurately confirmed by numerous experiments and may serve as a basis 

for deconvolution. In order to use this model, one must make caxeful measurements 

of To simultaneously with the acquisition of the image, since it can vary rapidly. 

Other estimates of Hi can be found by measuring the PSF from the image of an 

unresolved star, referred to as the reference star, in the isoplanatic patch. Taking 

the Fourier transform of the reference star image yields an estimate of the OTF. 



It is also common simply to assimie a Gaussian form for Hi [15]. The difficulties 

involved in restoring long exposure images can be traced to the exponential decay 

of the OTF, which usually drops below the noise level well before the optical cutoff 

frequency of the telescope. As a result it is very diflBcult to approach the resolution 

limit of the telescope in the restored images. 

Short exposure images contain spatial frequency information up to the diffraction-

limit of the telescope, albeit encoded by the speckle pattern. They are therefore a 

natural choice for restoration. The short-exposure OTF for a particular image is a 

realization of the stochastic phase distortion appearing across the telescope aper

ture. Because of this the OTF must be measured by some means and cannot be 

estimated from the seeing parameter, or from a statistical expectation. Early re

sults from simulations of short-exposure image restoration, which were better than 

those from long-exposure images, offered support for the view that they do indeed 

contain more high frequency information than long exposure images. However, the 

shortened exposure time reduces the amount of light recorded, resulting in commen-

surately lower signal-to-noise ratios due to photon noise. This dictates the use of 

long sequences of images in order to provide robust recovery [15]. 

With an estimate of the OTF, whether long or short-exposure, a number of 

techniques are available to perform the deconvolution. Early approaches such as 

inverse filtering and Wiener filtering axe still in use, although they have lost ground 

to nonlinear algorithms based on maximum entropy (ME) and Bayesian estimation. 
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3.1.1 The Richaxdson-Lucy Algorithm 

The method of choice within the astronomical community, especieilly for Hub

ble Space Telescope (HST) imagery, is the Richardson-Lucy (RL) algorithm. First 

published in an obscure USSR pubUcation by Tarasko in 1969 [24] [25], it was sub

sequently rediscovered in the west by Richardson in 1972 [26], and again by Lucy 

in 1974 [27]. It is an iterative algorithm for computing the Bayesian metximum-

likelihood (ML) estimate given by 

where p i g \  f )  is the conditional probabiUty of observing the image given the object. 

Assuming that the object, PSF, amd image, are sampled from continuous distrib

utions, the algorithm is derived by viewing the PSF as a probability law for the 

distribution of object plane energy on the image plane. The algorithm is stated as 

a Picard iteration, or contraction-mapping, and is given by 

where * denotes discrete convolution, n denotes the iteration count, and i and j index 

elements in the arrays /, g, and h. The RL algorithm developed a large following in 

the astronomical community when it was used to restore pre-COSTAR HST imagery. 

According to Adorf, Hook, and Lucy [28], it is popular for a number of reasons: (1) 

it is conceptually simple and easy to use; (2) it conserves image intensity: (3) it 

maintains the positivity of the estimate implicitly: and (4) it enjoys the status of an 

/ =argmaxp(£?| /) 
/ 
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expectation maximization (EM) algorithm for quantum-limited data. Even though 

it is a nonlinear algorithm, it has been shown to exhibit photometric linearity over a 

dynamic range of at least six stellar magnitudes. This probably explains why it has 

superceded the maximum entropy method, which is notorious in the astronomical 

community for corrupting the photometry of the data [29]. 

3.1.2 The Maximum Entropy Method 

The maTimum entropy method (MEM) still has many adherents in the astronom

ical community. A numerical package for MEM restoration called MEMsys is one 

of a suite of restoration methods offered to astronomers working with HST imagery. 

It is based on the appealing principle that one should find an estimate of a distri

bution which satisfies the constreiints, but which has as little predictive power as 

possible [31]. In this way, the estimate says as Uttle as possible about the true dis

tribution and reduces the risk of making false assertions. In image restoration, this 

often translates into requiring the restored image to be "smooth" almost everywhere 

[19]. The basic problem is to estimate the original image in accordance with linear 

constraints (data consistency), i.e. 

/ =m^ //(/) = - y / (x) log if (x)) dx 

subject to the constraint that 

9  =  f * h  
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where H is the entropy of /. Of course, there are many variations on this theme 

not covered here. In general, there is no closed form solution of this problem and it 

must be solved numerically with methods from the calculus of variations [32]. The 

MEM is a reasonable choice for astronomical imagery which often consists of point 

sources on a smooth background. The MEM is also a super-resolving algorithm. For 

a discussion of this and methods of minimum cross-entropy as applied to the image 

restoration, see Nadar's dissertation [34]. 

Other algorithms of note are used in the astronomical community, include projec

tion onto convex sets (POCS) and the various CLEAN algorithms. For information 

on these and others of interest, see [33] and [25]. 

3.2 Speckle Imaging 

In 1970, A. Labeyrie published a technique called stellar speckle interferome-

try which revolutionized large telescope astronomy [35]. It was the first attempt 

to achieve diffraction-Umited imaging with large telescopes observing through the 

atmosphere. Prior to this, interferometric measurements required two fairly small 

telescopes separated from each other by a long basehne. Noticing that the speckles 

in short exposure images were of about the same size as the PSF of the diffraction-

limited telescope, Labeyrie reasoned that high frequency information about the ob

ject was present in the image and could be recovered by suitable image processing 

[21]. 
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In his technique, a large number of short exposure images are acquired and their 

power spectra are added together to form an estimate of the image power spectrum. 

This does not result in the loss of high spatial frequency information caused by 

adding together short exposure images. In fact the summation increases the signal-

to-noise ratio of the estimate because of noise cancellation. Recall that the recorded 

image is given by 

where H is the atmosphere/telescope OTF. The image power spectrum is given by 

\ G  =  \ H  { h J y f  \ F  

Taking the ensemble average yields 

(|G (/.,/,)!'> = { \ H { h J , ) f ) { \ F { ! , J , ) f )  

where { \ H  {fx, fy)^) is known as the speckle transfer function. The speckle transfer 

function has been extensively studied and is understood to depend on the seeing 

parameters, which are time varying. Estimates of the speckle transfer function 

are usually derived from a bright unresolved reference star in the field of view. 

Techniques have aJso been proposed for measuring the seeing parameters and using 

theoretical models. With an estimate of the transfer function, the expected object 

power spectrum can be recovered by inverse filtering 
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although many factors can undermine the accuracy of the estimate in practice [21]. 

Speckle interferometry can provide a good estimate of the object power spectrum 

up to the diftaction Umit of the telescope. The problem is that the phase spectrum 

is lost. In general, it is impossible to recover a unique image of the object because of 

fundamental ambiguities in the phase recovery problem [21]. In the simple case of a 

symmetric object, it is easy to convert the powt^r spectrum into the object autocor

relation function, and in turn compute the object image itself. For unsymmetrical 

objects, numerous methods have been proposed which enable unique recovery for 

many cases of interest. Two of the most populeir are the Knox-Thompson and Bis-

pectrum methods, which will be considered briefly for illustration purposes. The 

combination of speckle interferometry and phase recovery is referred to as speckle 

imaging. 

3.2.1 Knox-Thompson Phase Recovery 

Following Dainty [21], this method begins with a second order statistic known as 

the image cross-spectrum, defined as 

(G(/.,/V)G-(A + A/.,/, + A/,)) 

= F  (/x, /,) F- (/x + f y  +  A/,) {H { f „  f y )  H- {/, + A/„ + A/,)> 

Taking the logarithm and equating the imaginary parts yields 
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^  {(G ( / . .  fy)  G- (A + A/„ /, + A/„))} 

= ^ {/ (/.. A)} - ̂  {/ i f .  + A/x. /, + A/,)} + 

^ {(ff (/., /y) (/x + A/„ /. + A/,))} 

where the operator Z{ } returns the phase of its argument. By making the assump

tion that H has a Gaussian shape, it is possible to show that 

{ ( H  i f . ,  f v )  H -  (/. + A/,. /, + A/,))} = 0 

resulting in a recursion equation for the object phase given by 

^{(G(/.,/„)C?-(/r + AA,/, + A/,))} = /{/(/.,/„)}-

This equation is usually solved on a discrete grid of spatial frequencies. 

3.2.2 Image Bispectrum Phase Recovery 

The bispectrum method is based on a third-order statistic, known as the image 

triple correlation function, defined as 

{ B { f . J y J .  +  A f , J y  +  A f y ) )  

=  { G  ( / , ,  f y )  G  (A +  AA, f y  4- A/,) (?* (2/, + A/x, 2 f y  +  A f y ) )  

=  F { f , ,  f y )  F  (A  -h  AA,  f y  +  A f y )  F '  (2 / ,  +  A/ , ,  2 f y  +  A f y )  

{ H  (A. f y )  H  (A +  AA, f y  +  A f y )  H *  (2/, + A/.. 2/, + A/,)) 
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where the term { H  f y )  H  ( f ' ^ J y )  H *  (/; + f'y + /^')) is referred to as the 

bispectrum transfer function. A technique for reconstructing the object phase from 

the bispectrimi, qualitatively similar to that of the Knox-Thompson method, results 

in another recursion equation. It rests on the result that the object phase can be 

written as 

Z{F(2/ ,  +  A/„2/ ,  + A/ , )}  = Z{F(/ . , / , )}  + Z{F(A4-AA,/„  + A/ , )}  

-Z { B  ( f x ,  f y ,  f x  + A/r ,  f y  + A/y)} 

See [16] for details. 

3.3 Wave Front Sensing and Adaptive Optics 

The most significant advgince in astronomical image processing since speckle in-

terferometry has to be wave front sensing (WFS). WFS systems allow direct mea

surement of the phase of the complex field in the pupil of the telescope, and there

fore provide direct information about the atmospheric phase disturbances. Without 

WFS capability, estimates of the atmosphere/telescope OTF must be made from the 

recorded images themselves, after the introduction of photon noise. This is espe

cially problematic for quantum-limited short-exposure images. With a WFS system, 

one must still have a reference star in the isoplanatic region around the object of 

interest, but the requirement for quasi-monochromatic light can be relaxed. This 
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allows more light from the steir to be used for the measurements. In addition, high-

powered lasers which can illuminate a spot in the upper atmosphere are now able 

to provide an artificial reference star when a natural one is unavailable. There are 

three possible uses of this type of information: 

• To chemge the shape of the telescope mirror in real time to compensate for the 

phase distortions and sharpen the recorded image-an approach referred to as 

adaptive optics (AO) 

• To use estimates of the atmosphere/telescope OTF, derived from WFS data, 

for deconvolution of the turbulence-degraded images (known as deconvolution 

from wave front sensing, or DWFS) 

• To adopt a hybrid approach and combine partial AO compensation with post-

detection deconvolution to remove residual compensation errors 

3.3.1 Adaptive Optics 

The concept of WFS and AO was originally presented by Babcock in 1953, who 

was director of the Mount Wilson and Palomar Observatories. It was beyond the 

technological capabihties of the time and the first AO system wasn't built until the 

1970's. The first operational AO system was constructed by the U. S. military on 

a telescope at the HaJeakula observatory on Maui, where it was used for satellite 

surveillance purposes [37] [36], 
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WFS systems estimate the random phase in the telescope pupil by making an 

array of spatial gradient measurements and then applying a phase reconstruction 

technique to the samples. In the Hartmann sensor, for example, the optical wave 

front from the reference star is diverted to an array of lenslets, each of which in 

turn produces an image of its portion of the wave front on an array of optical 

detectors. The local phase gradient across the lenslet aperture displaces the sub-

image in exactly the same way that the overall tilt of the wave front displaces the 

entire image. The critical performance issues for a WFS are the spacing of the 

gradient samples in the telescope pupil eind the accuracy of the individual phase 

gradient measurements [16]. 

The measurements of the phase gradient must be converted into control signals 

and sent to the system which changes the telescope optics. This is usually done 

by changing the shape of the flexible primary mirror using an array of piston-like 

devices, called actuators, which push and pull on the back of the mirror. In general, 

the spacing of the actuators must be close enough to change the shape of the mirror 

suflBciently to correct for most of the opticeil distortion. The Pried parameter tq 

provides a good measure of the minimum spacing for "full compensation." If the 

actuator spacing is less than tq, the AO system will provide full compensation of the 

atmospheric phase distortion and will be able to change the shape of the mirror to 

conform to a very close approximation of the phase function. Systems with larger 
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spacing are referred to as "partially compensated," and cannot remove all of the 

phase distortion. See [16] for further details. 

3.3.2 Post-Detection Processing from WFS Data 

Post-detection processing offers an alternative to building the costly controls sys

tems and deformable optics at the core of an adaptive optics system. It is also a good 

way to bring existing large telescopes into the new era of astronomical imaging. The 

WFS portion of the AO system is relatively inexpensive and can be added to any 

existing telescope. Instead of transforming the WFS data into control signals, one 

only has to reconstruct the phase function, combine it with knowledge of the tele

scope optics, and compute the OTF for the atmosphere/telescope combination. One 

then performs deconvolution. In the next chapter, new algorithms will be presented 

to tJike advantage of this approach [16]. 

3.4 Bhnd Deconvolution 

All of the methods discussed above rely in some sense on deconvolution of the 

measured point spread function from the recorded image. When rehable measure

ments of the PSF are not available it is still possible to recover both the original 

object and the PSF from the recorded image to a surprising degree. This is known 

as blind deconvolution. Blind deconvolution is inherently more difficult than decon

volution and is fraught with ambiguity. In addition, one must be careful to avoid the 



trivial solutions (where the object converges to the recorded image while the PSF 

converges to the Dirac delta function, or vice versa) since these will be consistent 

with the observed image as well. As will be seen below, one must make thorough 

use of a priori knowledge in order to succeed. 

The seminal work in this area was pubHshed in 1968 by Oppenheim, et. al. [38] 

and in 1975 by Stockham, et. al. [39]. These works were based on superimposing 

signals in combination with homomorphic filtering. For Stockham, et. al., the 

problem at hand was removal of the reverberation caused by the recording horn 

used on old phonograph recordings. It was shown that it was not feasible to correct 

the unknown phase distortions for one-dimensional signals without an ensemble of 

identically distorted signals. Lane and Bates pubhshed results showing that the 

Fourier transform of a -dimensional function (A' > 1) having compact support 

was zero on continuous surfaces called zero-sheets. The sheets were of dimension 

2K — 2 and resided in a space having effectively 2K dimensions. This information 

could be used to perform bhnd deconvolution using a single image, i.e. without using 

ensembles. However, such methods were extremely sensitive to noise in the data. 

For recent publications along these lines see [41] and [42]. 

The publication of [43] spurred much of the current interest in blind deconvolution 

in the astronomical community. Their approach was based on alternating convex set 

p r o j e c t i o n s  s u c h  a s  p o s i t i v i t y  o f  t h e  o b j e c t  a n d  P S F  a n d  d a t a  c o n s i s t e n c y  { f * h  =  g ) .  

Stability in the presence of large amounts of noise was problematic, but the method 
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proved to be very promising. Davey et al.[44] found improvements by incorporating 

the Wiener filter into the iterations and using a support constraint for the object 

estimate. Miura's group improved the method further by employing the Richardson-

Lucy algorithm instead of the Wiener filter [45]. 

Holmes [46] employed the expectation maximization approach for Poisson data 

and arrived at dual Richardson-Lucy iterations for the object and PSF. Positivity 

constraints were imphcit assuming positive initial estimates. To this were added 

constraints on the PSF such as radieil symmetry and the bandlimit associated with 

the diffraction-limited cutoff frequency of the optical system. Improvements to 

Holmes' approach were presented by Schulz for bhnd deconvolution from sequences 

of tvirbulence-degraded images [47]. Schulz incorporated penalty functions to steer 

the estimates away from the trivial solutions. Using multiple frames eliminated the 

case where the object converged to the recorded image. The penalty function was 

designed by Schultz to become large if the object got too close to the delta function. 

Additionally, he demonstrated the effectiveness of reparameterizing the PSF func

tions directly in terms of the phase aberrations in the telescope pupil. This reduced 

the number of free parameters in the estimates. Lane approached the multiframe 

problem using data consistency with a penalty function to enforce constraints [48]. 

The conjugate gradient method was used to perform the minimization. This yielded 

more robust performance on simple objects than the Ayers and Dainty or Davey et. 

al. algorithms. The algorithm, like many others, worked well on simple objects but 
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failed on more complicated extended objects. Jefferies and Christou improved Lane's 

algorithm by employing positivity, data consistency, support, band-limit, multiple 

image, and Fourier modulus constraints [49]. They demonstrated super-resolution 

of simulated binary stars, star clusters, and relatively simple extended objects. The 

Lane and Jefferies and Christou approaches axe characterized by their use of "soft" 

constraints that are not strictly enforced. 

Conan and Thiebaut [50] improved upon the above by reviving Biraud's approach 

[51] to strictly enforced constraints and combining that with Holme's maximum like

lihood formulation and Schulz's reparameterization of the PSF in terms of pupil 

phase errors. Constraints are enforced by employing nonlinear reparameterizations 

of the object and PSF with desirable properties. The conjugate gradient method 

was employed to achieve greater numerical efficiency. However, they did not employ 

multiple frames. We present algorithms in the following chapter which extend the 

work of Thiebaut and Conan to multiple frames and with different constraint for

mulations. The results presented later compare well with those of others, especially 

on extended satellite objects. 
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CHAPTER 4 

MULTIFRAME SUPER-RESOLUTION ALGORITHMS 

In principal, using multiple observations results in better restorations when the 

image data are influenced by noise or other random effects. In this chapter, sev

eral multiframe restoration approaches are presented. A multiframe version of the 

Bayesian maximum a posteriori estimator of Hunt and Sementilli [7] is presented. 

The conjugate gradient method appUed to Bayesian maximum-likelihood objective 

functions is also presented. And last, the conjugate gradient method is applied to the 

maximum likelihood and least-squares formulations of the blind deconvolution prob

lem. Except for the latter, it is assumed that estimates of the atmosphere/telescope 

point spread function are available from WFS data. 

4.1 Algorithms for Deconvolution from Wave FYont Sensing 

Let and represent a sequence of observed images and the se

quence of atmosphere/telescope PSF which correspond to them, respectively. In 

this chapter, we will adopt the discrete-to-discrete image formation model in which 

the object, recorded, and PSF images are discrete distributions [22]. Bayes rule 

provides a complete description of the conditional probabilistic relationship between 
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the object, /, and the sequence of recorded images: 

= (4.1) 
P { { 9 k } )  

There are two estimates derived from equation 4.1: 

• the maximum Ukelihood (ML) estimate: 

/ =arg max p  ( { ^ f c } |  / ,  {/it}),  
/ 

• and the maximum a posteriori (MAP) estimate: 

/ =argmax p  ( { ^ f c } |  / ,  { h k ) ) p  ( / ,  { h k } ) .  
f 

4.1.1 The Multiframe PMAP Algorithms 

The main advantage of the MAP formulation over the ML is the inclusion of 

prior knowledge about the statistics of the object. These formulations rely on the 

standard assumption that the ensemble probability density function p{{gk]) is a 

slowly varying function in the neighborhood of the maximum. Some have questioned 

this practice because the probability density function p({gfc}) is general unknown. 

However, we will follow this well established procedure. The derivation presented 

here is an extension of that presented in [10]. 
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Assuming that the observed images are statistically independent,' the maximum 

a posteriori (MAP) estimate is given by 

/ = argmaxp({^A:}|/, {/ifc})p(/, {/ifc}) 
/ 

= argmax]][p(5fc | / , / i fc)p( / , / i jk)  
f k 

= argmax Y l p i g k l f ,  h k ) p { f ) p { h k )  
^ k 

= argmaxp(/) JJp(^jt|/,/ifc)p(/iA:). (4.4) 
^ k 

Taking the natural logarithm of the right hand side of equation 4.4 yields 

/ =arg max /' ^ lnp(/iA:) + Inp (/) j . (4.5) 

Since the natural logarithm is a monotone increasing function, an estimate which 

maximizes equation 4.5 will also maximize equation 4.4. Assume that the ensemble 

of point spread functions which generated the obsei-ved images are known. Even 

though they are realizations of a spatio-temporal stochastic process, their individual 

probabihties can be ignored for purposes of solving equation 4.5. The resulting MAP 

'It is important to note that the assumptions about statistical independence are acknowledged 
to be generally incorrect. They are made solely for the purpose of mathematical tractability. The 
images in the observed ensemble show similarities with one another due their common ancestry 
from /. F\irthermore, each image possesses an intricate spatial correlation structure. However, it 
can be said with confidence that the covariance 

{ { 9 i { x , y )  - § i { 3 : , y ) ) { 9 j { x , y )  - g j { x , y ) ) )  =0,  (4.2)  

V (x, y), and i 7^ j. It should also be noted that within an observed image it is reasonable to assume 
that the covariance 

((5i(ar, y )  -  g i { x ,  y ) )  i g i { x ' ,  y ' )  -  g i { x \  y ' ) ) )  = 0 (4.3) 

if ( x , y )  ^  ( x ' , y ' ) .  In other words, the statistical fluctuations due to photon noise are correlated 
only to the extent that they are signal dependent. 
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estimate is 

/=argmax J^lnp(^A:|/)+lnp/(/). (4.6) 
^ k 

Solution of equation 4.6 can be obtained by noting that it is sufficient to solve 

the system of equations 

d  
^ • ^ [ ^ P i 9 k \ f ) ]  

4.1.1.1 Poisson Emission Object Model 

^  d f i ,  
[lnp/(/)] = 0, (4.7) 

/ 

At this point is necessary to specify the probabihty density functions referred to 

in equation 4.7. As discussed in Chapter 2, the photon emission is a Poisson random 

process, so the probability density function for the number of photons emitted by 

object point source fij can be written as 

. . A^'^exp {-/,,} 
P y f l j )  —  r  I 

J i j -

with mean emission rate fij. The probability density function of the object, assuming 

statistical independence of points in the object plane is 

(4.8) 

4.1.1.2 Poisson Observation Model 

Let be the ensemble of observed images along with the ensem

ble of point spread functions. In this notation the indices for the observed images 
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correspond directly with the point spread function from which they resulted. Ap

proximating the statistics of the measured irradiance {gk)xy in the image plane by 

the Poisson observation model yields 

((/ * exp {-(/ * hk)^y} 

(y*:)xy' 

where {gk)xy = (/ * represents the mean photon arrival rate. The point spread 

function of the optical system acts as a probability law concerning where a photon 

emitted from a point in object plane will be detected in the image plane [55]. As

suming that the points in the plane are statistically independent, the probability 

density function of the observed image is 

p(9.i f . h . ) =n . (4.9) 
x , y  \ 9 k ) x y  

With the assumption that the photon counts in each observed image are statis

tically independent, the probability density function of the image ensemble {gjt} is 

given by the product of the density functions in equation 4.9 

= X Y p { 9 k \ f . h k )  
k  

TTTT 1111 I 
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4.1.1.3 The Multiframe PMAP Algorithms 

The partial derivatives necessary to evaluate Equation 4.6 can be computed as 

The notation refers to the adjoint of hk- For real signals, this corresponds to 

spatial reversal, i.e. The convolution with could just as easily 

be written as a correlation with hk- Making use of 

Equation 4.10 is not possible without some additional knowledge about the object. 

This term can be useful for incorporating models for the object in the form of 

Markov random fields as was demonstrated in [10]. In the absence of such a model, 

it is simpler to adopt the heuristic approach that the latest estimate embodies the 

best knowledge about the object prior distribution. Making the substitution /.j = 

fij yields the baseline multiframe Poisson MAP. 

In practice, this algorithm was found to be numerically unstable and that a 

normalization factor in the exponential proportional to the number of frames was 

[lnp/(/)] = In/ij - \niij 

and exponentiating yields the multiframe Poisson MAP iteration 

(4.10) 

The object mean arrival rate fij is generally unknown and implementation of 
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necessary. The form of the algorithm implemented successfully was 

/3-"'=/5n®>=p 
k 

(4.11) 

where the normalization term produces a geometric mean of the exponential correc

tion factors. 

The computational requirements of this algorithm increase linearly with the num

ber of frames. A more eflacient algorithm, which we refer to as the incremental ver

sion, may be derived by using the single frame PMAP algorithm with a different 

pair {gk,hk} at each iteration. These pairs may be drawn at random from the data 

set without replacement, or in sequence. If drawn in sequence the algorithm can be 

written as 

where ((n))/^ denotes the integer remainder of n divided by K. The incremental 

algorithm avoids the normalization term in the exponential. Consequently, it has 

the same computational requirements as the single fraime version while retaining the 

advantages of multiple observations. As will be seen in Chapter 5, the incremental 

and baseline versions of the algorithms offer nearly identical super-resolution results. 

This suggests that the incremental algorithm is preferable in most circumstances. 

(4 .12)  
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4.1.2 Nonlineax Conjugate Gradient Multiframe Maximum Likelihood DWFS with 

Strict Constraints 

The multiframe maximimx likelihood estimate can be reformulated as a minimiza

tion problem 

and solved by any number of numerical optimization techniques. Such methods 

usually require a closed form expression for the gradient, although it is possible to 

computed it numerically at each iteration. In this section, we present the equations 

for the multiframe maximum likeUhood estimate using the reparameterization ap

proach first espoused by Biraud [51]. It is presented as a by-product of the blind 

deconvolution algorithm discussed below. We assume Poisson statistics for the ob

served image and proceed from there to closed form expressions for the objective 

function and its gradient. Making the distributional substitution in 4.13 yields 

/ =argmin [-Inp /, {/ifc})] (4.13) 
/ 

J ( f )  =  

( / * ^ f c ) x v  - ( / * ^ f c ) x y )  ( 4 - 1 4 )  
fc x ,y  
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An expression for the gradient can be found easily 

and a strict positivity constraint is imposed on / by reparameterizing it as f = 

where 9? is free to take on any value. 

Enforcing constraints in this manner was proposed by Biraud [51], and revived 

recently for blind deconvolution of astronomical images by Thiebaut and Conan 

[50]. In comparing these types of formulations with penality functions, they found 

that results were significantly better using the strict formulations. This supplied the 

impetus for using them in this work. One could suppose that the nonlinearity of the 

constraint reparameterization would make the objective function more difficult to 

solve because of an increase in the number of local minima. However, this was not 

found to be troublesome in practice. Results produced by this formulation and the 

multiframe Poisson MAP algorithms above were found to be nearly identical for the 

DWFS problem. Comparisons with other algorithms for blind deconvolution were 

not carried out in this work, and so we cannot verify their findings in this regard. 

Continuing the derivation of the gradient, the components of the gradient can be 

found in terms of (p by applying the chain rule from cedculus: 

d J { f )  _  d J i f ) d f , ,  

d^ij dfij d^ij 

(4.15) 
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The conjugate gradient method is becoming very popular for solving inverse prob

lems [52]. It converges much faster than gradient descent techniques or contraction 

mappings by employing line searching along so-called conjugate gradient directions. 

This avoids much of the "back-tracking" which takes place with gradient descent 

methods. The direction of descent at a particular iteration is a recursive function 

of previous search directions. Convergence can be problematic depending upon the 

particular formulation being used. For a good discussion of the details of the con

jugate gradient method, see Schewchuk's white paper [53]. The subroutines in [54] 

were used to produce the results in the next chapter. 

4.2 Multiframe Maximum Likelihood Blind Deconvolution 

In this section, we extend the work of Conan and Thiebaut to the multiframe 

case and derive strict bandwidth constrEiints for the PSF estimates. The method of 

Conan and Thiebaut centers around a repaxameterization of the PSF estimates in 

terms of the phase aberrations in the telescope pupil. This precludes the algorithm 

from correcting amplitude distortions introduced by the atmosphere. Therefore, the 

approach presented here is more general. Once more, Poisson statistics are assumed 

for the object. The objective function and object gradient components are given by 

Equations 4.14 and 4.15, respectively. It is necessary to compute the components of 

the gradient corresponding to the PSF estimates. 
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A three-fold repaxameterization of the point spread function enforces positivity, 

unit volume, and finite bandwidth simultaneously. This is given by 

(f * 

i'J' 

where the Vfc are the free parameters and ^ is a low pass filter designed to imposed 

a finite bandwidth on the PSF. The cutoff frequency of ^ should be set to half of 

the optic cutoff frequency of the optical system because squaring the result of ^ * i/>jt 

results in a doubhng of the bandwidth. Again the nonlinear conjugate gradient 

method [53] was used to solve the problem using the following closed form solution 

for the gradient components. The gradient in terms of the ipk parameters can be 

foimd using the chain rule from calculus: 

d J { f , { h k } )  ^ d J { f , { h k } ) d { h k \  U ^ V - k i )  

In this derivation we assume that J  is the maximum likehhood criterion for Poisson 

data, as given by Equation 4.13. The first half of the problem is to solve for • 

This is given by 

a . T ( f ( h u \ )  [ /  n u  \  .1 
(4.18) 

d J j f A h k } )  

d ihk)mn 
- I ) *  

f  * h k  

in a derivation similar to that in Equation 4.14. The other half of Equation 4.17 is 

Q / C  \  

9(^fc) "' solution of this involves some tedious algebra and is given by using the 

derivative of a quotient formula from calculus: 

* V'fc)L 

E 
y . j '  
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^2 ^m-m',n-Ti' 

S I ^i'-m',j'-n' {'^k)m'n> 
i\j* y m ' . n '  

\ f Y] a 
^m'.n' j 

E (^ * ̂ k)ly 
i'J' 

H I S ^i'-m'J'-n' {'^k)jn'n' 
i'J' \ m ' , n '  

(«f * 0fc) 2 a 
'"n 9(V'*:), I X] ^i'-m'j'-n' {'^k)m.>n' 

i'J' \  m ' , n '  

IZ I ^i'-m'J'-n' {^k)m'n' 
i' J' y "i' ,n'  ̂

where the two-dimensional convolution has been expanded. Taking the derivatives 

inside the summations yields some further progress 

z , n — j  I ^ ̂ Tn—m',n—n' i^k)m'n' ) (^ * ^k){'j' 
dihk)^r. 
d 

t'.y 

IZ (<f * ^k)lj' 

2 (^ * i^k)mn I YL ^i'-m',j'-n' {Wk)jn'n' 
i'J' \jn',n' 

* '^k)lj, 

This equation can be simpUfied by collapsing the notation for the convolutions where 

appropriate yielding 

dihk)^.. 
* '(Pkfmn J2 * ^k)lj' 

•J 

J 
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2 (^ * i^kfrnn E 

E * V'fc)?'/ 
v' J 

Note that E (^ * '4^k%j> in the first term of the numerator cancels one such term 
i 'd '  

in the denominator, and * tpk)^n can be used with one of the denominator terms 

to reconstitute hk. The equation can be simphfied considerably by making these 

changes and collapsing the explicit convolution sums: 

d {^k)mn _ * ^Pkfmn " 2 [(^ * 

i 'J '  

The final results follows from combining Equation 4.18 and 4.19: 

d J U A h k } )  ^ r - d J { f , { h k } ) d { h k ) ^ ^  

(4.19) 

d { ^ k ) i i  
= E 

9{hk)mn 

= -E 
Qk 

- 1  * r  
f * h k  

2^rn~i ,n- j  (C *  "  2 [(^ *  Ipk)  *  

/ 

E (^ * i^k)i,f 
\ i 'J '  

* V'fc)L - 2I 
mn 

-1 * 

2 ( M .  

2 ^ m — i , n — J  •  

E (^ * '^k)lj-
i ' ,3 '  

* ̂ k )  
9k 

f  * h k  

- 1 U /+ U ̂  
•J 

9k 

f * h k  
- l U /  + {hk\ 
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1.  n  = 0 

2. r = -^ eL si-

I  =^niexp| i  l )  (Basel ine)  

=/»exp , g»"))/c _ 1 \ ^ h-*- , (Incremental) 

4. n = n + 1 
4. if n = Umax, then stop, else repeat step 3 

Table 4.1; Steps involved in the multiframe PMAP DWFS edgorithms. 

With closed form expressions for the objective function and it's gradients, the 

problem may be solved with any number of gradient descent-type methods. The 

method of conjugate gradients was chose here for its numerical efficiency. The solu

tion was implement using the routines in [54] coupled with subroutines to compute 

the objective function and the gradients. 

4.3 Algorithm Summaries 

In this section, each of the algorithms discussed earlier are summarized in tables 

showing the basic steps involved in the computations. Table 4.1 shows the steps 

involved in the multiframe PMAP aigorithms; Table 4.2 shows the steps involved in 

computing the multiframe conjugate gradient maximum likelihood DWFS algorithm: 

and Table 4.3 shows the steps involved in the multiframe maximum likeUhood blind 

deconvolution algorithm. 
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Equations for objective function J  and it's gradients 

J (V?") = - Efc Ex.y {i9k)ry In [((V5")^ * /ifc) J - ((V")^ * /lfc)xy) 

r  i ^ ^ \ \  =  M Z m  =  M £ l l £ S .  =  T  J / "  2 S  { ] ^ k  

and define the notation / {ip") as the lexicographically 
stacked vector of gradient values 

Outline of Nonlinear CG method 

1. InitiaUzation 
n = 0 

f" = %/F = y ̂  E£=I 9k 
(f» = r" — —J (yj") 

2. Line search 
Find q" that minimizes J ((^" + Q:"rf") using the Secant method 
3. Compute new estimate 

= ip"- + a"(i" 
4. Compute new conjugate gradient direction 

= — J 

= max < ———r ^,0 \ . the Polak-Ribiere form 
{ m f r -  ' " J  '  

fjn+\ ^ ̂ n+\ ^ jn+1^ 

4. n = n + 1 
5. if n = nmax) then stop, else repeat step 2 

Table 4.2; Steps involved in the multiframe conjugate gradient DWFS algorithm. 
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Equations for objective function J  and it's gradients 

J (</?", t/;^ . . . , tAk) = - Ea: Ex.s, (^ifc)xy ^ 

lyj 

- if""? * 

xy/  

f ( ^ n ) \  -  d J i r )  _  ann _ o n 
vV' ;iy - a^s;v - 9/,>5 av?, ~ 2^k 

Ik 

((C *'/'*:) (/fe-l) 
f  C-i/,"\| = 9 J ( , f , { h k } )  _  

\v'.j' 

-  ( ( ? » f c )  •  E „ „  [ ( a  -1)  *  ™ 

and define the notation / {ip^ : ip^ :...: tp^) as the lexicographicaUy 
stacked vector of gradient veilues 

Outline of Nonlinear CG method 

1. Initialization 
n = 0 

¥?" = v/F = yĵ  Ef=i 9 k  

^k — \/^ where the are initially wide Gaussians 
d" = r" = -/ (v?'' : 05^ : ... : t/;^) 
2. Line search 
Find a" that minimizes J ([y?" :  :  . . .  :  0^] + q^cT*) using the Secant method 
3. Compute new estimate 
[v?"+i ; -0;^+^ : ... : = [V?" ; 1/;^' ; ... ; i/)^] + Q^d" 
4. Compute new conjugate gradient direction 
r"+i = -/ (9«+i ; 7/;^+! ; ... ; 

r /y.n + 1 \^^y.n+1 _^n \ ^ 
= majc < ^0 r - Polak-Ribiere form 

(f+1 = r"+i + 

4. n = n + 1 
5. if n = Tijnax, then stop, else repeat step 2 

Table 4.3: Steps involved in the multiframe conjugate gradient blind deconvolution 
algorithm. 
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CHAPTER 5 

MULTIFRAME RESTORATION RESULTS 

A quantitative simulation of multiframe restoration of atmospheric turbulence-

degraded images is presented in this chapter. Unfortunately, real space object and 

wave front sensor data were not available at the time of this writing. Two cases of 

interest are presented: (1) restoration of uncompensated images from WFS data; 

and (2) restoration of images by blind deconvolution. In both cases, it is necessary 

to simulate distortion of the optical wave front by the atmosphere and the creation 

of speckle images. The former also requires simulation of the WFS system followed 

by translation of the WFS data into an estimate of the atmospheric phase distor

tion. Once this is accomplished, one can compute the resulting image from the 

atmosphere/telescope OTF. The next section covers some of the simulation issues 

in detail, after which the resiilts are presented. 

5.1 Simulation Methods 

5.1.1 Phase Screen Generation and Image Formation 

The optical wave front after passage through the atmosphere is usually modelled 

as a two-dimensional Gaussian random field with a Kolmogorov power spectrum, 

referred to as the phase screen. A number of approaches to generating such a field 
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exist, but the most common consists of applying an inverse Karhunen-Loeve transfor

mation to a two-dimensional uncorrelated gaussian random field. The KL transform 

matrix is derived from the Kolmogorov power spectrima using the Wiener-Kinchine 

theorem to compute the correlation matrix corresponding to the spectrum. This 

works quite well and is fairly simple to implement [16]. After generation of the 

phase screen, two further steps are taken. The "tilt," or Unear trend, of the phase 

screen is removed by subtracting a plane determined by the method of least squares 

applied to the phase data. This results in the centering of each image. Wave front 

"piston" error (non-zero mean) is corrected by subtracting the mean. These basic 

steps are followed through the simulations presented below. 

5.1.2 Wave Front Sensor Simulation 

As mentioned earher, WFS systems measure the spatial gradient of the phase 

screen at an array of sampUng points. The key parameters for this measurement are 

the number of sampling points and the accuracy of the measurements. The accuracy 

of the measurements is a function of the size of the subapertures in the Hartman 

WFS and the amount of hght gathered by the subaperture. The standard deviation 

of the phase difference across each sub-aperture (dividing by the sub-aperture length, 

Isa, give the gradient) is given by 
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where n denotes the photon count in the sub-aperture, and 77 denotes the efficiency 

factor of the Hartman WFS (a cajionical value in the literature appears to be 1.5) 

[17]. It is important for the sub-apertures to be smaller than tq to obtain the best 

accuracy. Equation 5.1 is used to generate simulated phase gradient measurements 

by introducing a normally distributed measurement error, e ~ iV(0,cr^). 

5.1.3 Trajislation of WFS Data 

The translation of WFS phase gradient measurements into an estimate of the 

phase screen can be done by defining a linear transformation of the phase gradient 

measurements to weights in an eigenfunction expansion of the phase screen. If the 

phase gradient measurements for the sub-apertures axe collected together in a column 

vector s, define the linear transformation matrix M such that 

where the vector c contains the weights for the elementary function expansion. It is 

then necessary to find the matrix M which minimizes the squared-error 

where ti) (u, v) is the phase function in the aperture. The general solution is given 

c = Ms 

N  2 

t = l  

by 

M = ^ 



where the matrix H is a Jacobian which contains the sensitivities of the slope mea

surements to changes in the elementary function weights [16]. Various elementary 

functions could be employed here, but the Zernike polynomials aie most commonly 

employed in this field. They are a set of radially symmetric, orthonormal basis 

functions [18]. 

5.2 Simulation Results 

The results presented in this section demonstrate the capabiUties of the algorithms 

proposed in the previous chapter. Every effort has been made to use simulated 

data of high quaUty since real images of space objects could not be obtained (uch 

data exists but is classified and could not be used in this study). The HYSIM3 

simulation software developed at the Air Force Institute of Technology was used to 

generate the test data. The parameters of the simulated speckle images were chosen 

to create images similar to those that would be recorded through the 1.6 m space 

surveillance telescope located at the U.S. Air Force Maui Optical Station. For the 

simulation, each wave front sensor subaperture corresponds to a 10 cm subaperture 

in the telescope aperture. This provides full compensation capability for tq > 10 

cm. 

All images are of 256x256 resolution and the optical cutoff of the instrument cor

responds to approximately half of the folding frequency. No upsampling is carried 

out, although in many practical situations the recorded images are Nyquist-sampled 



70 

m,; Photons/Image Photons / Subaperture 
0 65,590,000 600,300 
4 1,648,000 15,083 
8 41,390 378 

Table 5.1: Expected image and subaperture photon counts as a function of object 
visual magnitude (1.6 m telescope with 10 cm subaps.). 

or even under-sampled. In such cases, it is necessary to upsample the restorations in 

order to avoid aliasing caused by the super-resolution of the restored image [7]. The 

main simulation variables are the FVied parameter tq, which indicates the severity 

of the atmospheric turbulence, and the brightness of the space object, as measured 

by its visual magnitude rriv. Most of the results are presented for tq = 10 cm, which 

is the canonical value. Some results are presented for 7 cm and 15 cm, representing 

poorer than average and better than average seeing, respectively. Three visual mag

nitudes are considered: an extremely bright object of 77i„ = 0, a moderately bright 

object of ttTt, = 4, and a faint object of m-u = 8. These choices correspond to high, 

moderate, and low signal-to-noise ratio cases. Table 5.1 contains the expected pho

ton counts for images acquired through the 1.6 m telescope as well those expected 

in each subaperture of the Hcirtmann sensor. 

Figm-e 5.1 show examples of short-exposure images of the 0CNR5 Russian satel

lite object used for these simulations. The degradations are severe and the effects of 

photon noise are evident in the = 4 and ntu = 8 examples. 

The best presentation of the restoration results seems to be the restored image 

with a range-compressed Fourier transform magnitude image. Other possibilities 
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include the family of one-dimensional curves comparing the restored image with 

the original in terms of phase error, SNR. correlation, or covariance versus radial 

distance from (/i,/y) = (0,0). However, the super-resolution details evident in the 

two-dimensional range-compressed spectra get lost in the data reduction process. 

Therefore, none of those results are presented here in the interest of brevity. 

5.2.1 Multiframe Poisson MAP Results 

Two versions of the multiframe PMAP algorithm were presented in Chapter 4: 

the baseline and incremental versions. From testing both of these algorithms, it 

was found that the results produced by the two were nesurly identical in all cases. 

This is striking because the computations appear quite different. Many cases were 

considered and the near equiv-alence was uniform throughout. All of the results 

presented in this section for the PMAP algorithm were produced by the incremental 

version. 

Figures 5.2 through 5.7 show the Poisson MAP algorithm restorations from un

compensated images for different numbers of frames, objects with varying visual 

magnitudes, and for varying Fried psirameter values. The algorithms were allowed 

to run for 1000 iterations. In many cases, this corresponds to early termination of 

the algorithm's progress (a crude form of regularization). Clearly, using more frames 

produces better restorations in all cases. The other critical factor is the brightness 

of the object. Super-resolution is clearly e\-ident in the spectra of the restorations 
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Figure 5.1: Sample speckle images of the 0CNR5 satellite object (ro = 10 cm). 
Upper left: original object; upper right: rriy = 0 image; lower left: my = 4 image: 
lower right: Tn^. = 8 image 
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from = 0 data £ind for the 50 and 200 frame restorations from m,, = 4 data. For 

fainter objects, more frames are required to maintain the quality of the restoration. 

The restorations from niu = 8 data demonstrate that the algorithms are near the 

lower limits of acceptable performance and that 200 frames are required to obtain 

a reasonable restoration. Both the SNR of the data and the worsening performance 

of the WPS system are contributing factors in the decline of performance with de

creasing object brightness. The original object image or its spectrum is included in 

all of the images for direct comparison. 

5.2.2 Nonlinear Conjugate Gradient Multiframe Maximum Likehhood DWPS With 

Strict Constraints 

Results from the multiframe maximum likelihood restoration with a strict pos-

itivity constraint on the object estimate are shown in Figures 5.8 and 5.9. These 

restorations were produced after 40 iterations of the nonlinear conjugate gradient 

method. Only 200 frame results are shown to point out their similarity to those 

produced by the PMAP algorithm. This is not too surprising in view of the results 

presented in [34] in which many of the Bayesian algorthms are shown to be equiva

lent to minimum cross-entropy algorithms under certain distributional assumptions, 

i.e. Poisson data. The conjugate gradient technique offers a considerable acceler

ation of the computation in terms of iterations although total program execution 

time is approximately the same as that of the baseline PMAP. The algorithm was 
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Figure 5.2: Multiframe DWFS results produced by the incremental Poisson MAP 
algorithm {m^ = 0). Upper left: original object; upper right: 10 frame result; lower 
left: 50 frame result; lower right: 200 frame result. 
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Figure 5.3: Multiframe DWFS results produced by the incremental Poisson MAP 
algorithm {m^ = 4). Upper left: original object; upper right: 10 frame result; lower 
left: 50 frame result; lower right: 200 frame result. 



Figure 5.4: Multiframe DWFS results produced by the incremental Poisson MAP 
algorithm (m^ = 8). Upper left; original object; upper right; 10 frame result; lower 
left; 50 frame result; lower right: 200 frame result. 
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Figure 5.5; Multiframe DWFS results produced by the incremental Poisson MAP 
algorithm {niv = 0). Upper left: original object spectrum; upper right: 10 frame 
result spectrum; lower left: 50 frame result spectrum; lower right: 200 frame result 
spectrum. All spectra are range compressed with logio(l + | • p). 
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Figure 5.6: Multiframe DWFS results produced by the incremental Poisson MAP 
algorithm = 4). Upper left: original object spectrum; upper right: 10 frame 
result spectrvun; lower left: 50 frame result spectrum; lower right: 200 frame result 
spectrum. All spectra are range compressed with log^o(l + | • p). 
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Figure 5.7; Multiframe DWFS results produced by the incremental Poisson MAP 
algorithm (ttIu = 8). Upper left: original object spectrum; upper right: 10 frame 
result spectrum; lower left: 50 frame result spectrum; lower right: 200 frame result 
spectrum. All spectra are range compressed with logio(l + | • P)-
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Figure 5.8: Multifraxne DWFS results produced by the multiframe maximum likeli
hood algorithm from 200 frames. Upper left: original object; upper right: = 0 
result; lower left: m„ = 4 result. 
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implemented in C code on the parallel IBM SP2 using the Message Passing Interface 

(MPI) in order to make the execution time manageable. 

5.2.3 Nonlineeir Conjugate Gradient Multiframe Maximum Likelihood Blind De-

convolution with Strict Constraints 

Figiires 5.10 through 5.12 show the results of the nonlinear conjugate gradi

ent multiframe maximum Ukelihood bhnd deconvolution algorithm with strict con

straints: strict positivity on the object estimate; and strict positivity, unit volume, 

and bandwidth constraints on the PSF estimates. 200 frame results were not avail

able at the time of this writing due to problems with the IBM SP2. The performance 

of these algorithms is not as good as the DWFS results, adthough they are surpris

ingly good given the complexity of the satellite object. Most other algorithms pub

lished do not perform well on extended objects. These results are encouraging and 

super-resolution is evident in the restorations, although not to the same degree as 

the DWFS results. These results suggest that a crossover point exists for which the 

blind algorithm would outperform the DFWS approaches if given images acquired 

through a larger aperture. Future study of the algorithm will be directed at deter

mining this crossover. Also, a support constraint was not used even though satellite 

objects such as the one used in these studies are always of finite extent. Such a 

constraint would improve the results even further. The algorithm was implemented 
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Figure 5.9: Multiframe DWFS results produced by the multiframe maximum likeli
hood algorithm from 200 frames. Upper left: original object spectrum; upper right; 
rriv = 0 result spectrum; lower left; rriv = 4 result spectrum; lower right: 200 frame 
result spectrum. All spectra axe range compressed with logjo(l + | • |^). 



in C code on the parallel IBM SP2 using the Message Passing Interface (MPI) 

order to make the execution time manageable. 
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Figure 5.10: Multiframe restoration results produced by the majcimum likelihood 
blind deconvolution algorithm {rrio = 4). Upper left: original object image; upper 
right: 10 frame result; lower left: 50 frame result; lower right: 200 frame result. 
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Figure 5.11: Multiframe restoration results produced maximiun likelihood blind de-
convolution algorithm {my = 4). Upper left: original object spectrum; upper right: 
10 frame result spectrum; lower left: 50 frame result spectrum; lower right: 200 
frame result spectrum. All spectra are range compressed with logiQ(l + 1 • P). 
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Figure 5.12: Head-to-head comparison of multiframe maximum likelihood blind de-
convolution and multiframe incremental Poisson MAP DWFS results (m^ = 4). 
Upper left: 200 frame blind deconvolution result; upper right: 200 frame DWFS 
result; lower left: 200 frame blind deconvolution result spectrum; lower right: 200 
frame DWFS result spectrum. All spectra are range compressed with logio(l +1 • |^)-
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CHAPTER 6 

A VECTOR QUANTIZER FOR IMAGE RESTORATION 

6.1 Introduction 

Vector quantization (VQ) is another name for what Shannon called block source 

coding subject to a fidelity criterion [56]. Coding of this type maps consecutive, 

usually non-overlapping, segments of input data to their best matching entry in a 

codebook of reproduction vectors. In the context of image coding, VQ is gener

ally considered a data compression technique. However, VQ algorithms have been 

presented which perform other signal processing tasks concurrently with compres

sion. These span the range from speech processing tasks such as speaker recognition 

and noise suppression, to image processing tasks like half-toning, edge detection, 

enhancement, classification, reconstruction, and interpolation. For a survey of these 

applications with references to the original work, see [57]. Since the pubHcation of 

[57], other papers have been published which employ VQ for image processing tasks 

such as texture classification [58], image classification [59] [60], remote sensing im

age analysis [61], nonlinear interpolation and geometric correction of remote sensing 

images [62], medical image classification and analysis [63] [64], and automated visual 

inspection [65]. 
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In this paper, we present a VQ algorithm for image restoration based on non

linear interpolative VQ (NLIVQ) [66]. The algorithm is trained with a large set of 

image pairs (consisting of original images and their blurred counterparts) which are 

assumed to be representative of the class of images of interest. In order to avoid 

computationally expensive iterative training, we use the fact that a discrete cosine 

transform (DCT) compression system can be viewed as a special case of VQ. This re

sults in higher quality codebooks and much greater computational efficiency. These 

matters and the simulation results will be discussed in more detail in the following 

sections. 

The image, g { x , y ) ,  of an object formed by a diffraction-limited optical 

system with point spread function (impulse response) h { x , y )  is given by the two-

dimensional convolution 

where x ,  y ,  and r/ are coordinate pairs in the image and object planes, respectively. 

The problem of estimating /(^, r;) given knowledge of g{x,y) and h{x, y) is referred 

to as the inverse problem. This is the problem to which we will apply the VQ 

algorithm. 

(6.1) 
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6.2 Vector Quantization 

6.2.1 VQ Background 

Let X be a normed vector space of dimension m x -  A vector quantizer on X  is 

defined by a set of vectoi-s called a codebook, C = {ci, C2,.... Cjv}. where c, 6 X. 

= {1.2,.... N } .  Let d { - .  •) be the metric induced by the norm, and define 

the Voronoi (nearest neighbor) region in X corresponding to as 

R ,  =  { x  £  X  :  d { x , C i )  <  d { x , C j ) y j  € Jat} . (6.2) 

The vector quantizer V  is simply a mapping V  :  X  C .  where x i—» c,, if r € i?,. 

The codebook C  is central to the performance of the VQ. If Q is a random process 

with range X, the optimal VQ is defined as the one which minimizes the distortion 

D  =  E [ d { Q . V ( Q ) f ]  (6.3) 

= / d( x .V{ i ))'dFq( z ) .  (6.4) 
Jx 

where F Q { X )  is the probability distribution function of Q .  In order to solve this 

problem analytically, it is necessary to know FQ{X) explicitly. This is seldom the 

case in practice, which leads to assiunptions about the form of the distribution or to 

empirical solutions based on a large nvunber of observations. The following properties 

are necessary- but not sufficient for VQ optimahty [56]. 
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VQ Optimality Conditions 

Nearest Neighbor Property. Given a codebook C  C  X ,  V  must map an input 

vector X to the codebook entry which produces the minimum distortion, i.e., 

V  ( x )  =  C i  e C ,  ?  d { x , C i }  <  d ( x , C J ) ,  (6.5) 

Vi e Jn-

Centroid Property. Let {i?i, R^ , ..., R n} be the Voronoi regions of V with 

P ( Q  E  R i )  > 0, Vi G J n- Then each codebook vector must be the centroid 

o i R i .  

c ,  =  E[Q \QeRi \  (6.6) 

The most straightforward VQ training method is the generahzed Lloyd algorithm 

[68]. It applies the nearest neighbor and centroid optimality properties as alternat

ing constraints on an existing codebook. The resulting iteration produces a new 

codebook with distortion less than or equal to the old one. The Lloyd iteration can 

be stated as follows. 

The Lloyd Quantizer Design Iteration 

(a) Compute the Voronoi regions R^ for the codebook by enforcing the nearest 

neighbor property. 
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(b) Compute the new codebook C„+i, such that = E  [ Q \ Q  € i?t] by enforcing 

the centroid property. 

At convergence, the resulting codebook satisfies both of the optimality conditions. 

In practice, the Lloyd iteration will converge to a locally optimal codebook. The 

computational demands of training and implementation increase exponentially with 

codebook size. 

6.2.2 Optimal NLIVQ Theory 

Let X  and Y  be normed vector spaces of dimension m x  and m y .  and norm-

ind u c e d  m e t r i c s  d x  a n d  d y .  L e t  Q x  a n d  Q y  b e  r a n d o m  p r o c e s s e s  w i t h  r a n g e s  X  

£ind Y, respectively. The problem is to design a mapping Vni : X Y, based on 

vector quantization of both spaces, which minimizes the average distortion defined 

as 

D  =  E [ d y { Q y ,Vr, t { Q x ) ) ' ]  (6.8) 

=  E [ E [ d y { Q y , V M x ) ? \ Q x ] ]  (6.9) 

= J^J^dy{y,Vni{x)fdFQy^Q^{y\x)dFQ^{x). (6.10) 

The case for which mx < my is called the nonlinear interpolative vector quanti

zation problem; the mx = my case is called the optimal VQ nonlinear estimation 
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(VQNLE) problem; and the m y > rny case is the optimal VQ dimensionality reduc

tion (VQDR) problem. A block diagram of the NLIVQ process is shown in Figure 

1. 

The most general approach to solving this optimization problem would be to 

apply the optimality properties in the previous section as constraints in both spaces, 

deriving the partition regions simultaneously. Such an approach would require a 

distortion measure vmifying the effects of partitioning each space. This problem was 

addressed by Gersho in [69], where it was noted that the partition regions produced 

by such a measure would not have to be convex or cormected. 

Alternatively, assume that an optimal VQ for Qx is given. It is then simpler 

to design a VQ for Qy which is conditionally optimal. That is, given an optimal 

VQ Vx, and its codebook Cx = {cx,, c.v,,cy^^ } ^ designed to quantize Qx. 

design a codebook Cy = {cy-,, cyj,..., C Y which minimizes the distortion 

where P r^ .  = P  ( Q x  ^ Vni • Cy now maps x cyi [{ x E Rxi-

If the probability distributions of the sources are unknown, the optimization 

problem can be solved empirically using a large number of observations as follows. 

Assume that a random source with sample space V generates a large set of outcomes 

{z/fc}. •'o each of which is associated a vector x^ 6 X. This association may be 

D  (6.11) 

(6.12) 



[nput Vectors 

Vector 
Preprocessing 

Codebook VQ Encoder 

Intcrpolative 
Codebook 

I 
NUVQ Decoder 

Vector 
Postprocessing 

t 
Interpolated 

Output Vectors 

Figure 6.1: Block diagram of the NLIVQ processing paradigm. 



94 

deterministic, as would result from feature extraction or subsampling, or it may 

result from a more general statistical dependence on ijk. The large set of pairs 

{(2:fc. y*:)} defines the optimal NLIVQ [66] because the Voronoi partition of X induces 

a partitioning of Y. Therefore, a codebook Cy = {cy,, Cy^ } C K may be derived 

having elements 

In general, the NLIVQ will be effective when the vector pairs are highly correlated, 

as is usually the case when the vectors in X are derived systematically in some 

fashion from those in Y. 

6.2.3 Nonlinear VQ Image Restoration 

For the image restoration problem, define Qx and Qy as above. In this ap

plication, they are vector processes corresponding to the intensity values of pixel 

groupings from blurred and unblurred images, respectively. For simplicity, assume 

that m.v = tuy and that the blurred imagery is oversampled sufficiently to avoid 

aliasing in the restored imagery if the algorithm achieves super-resolution. It is pos

sible to include upsampling in the NLIVQ design. Formally, the image restoration 

algorithm can be derived as foUows. 

Let be a sequence of image pairs, where F' and G' are the original 

and diffraction-limited N x N images, respectively. Decompose each image pair of 

the sequence into iV/ x M blocks which will serve as the VQ training data. Let 

(6.13) 
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/**and. be block k from and G', respectively. Assume that the encoder E. 

decoder D, and the associated codebook C, are given for a VQ that minimizes the 

distortion 

D  =  E  (6.14) 

The process for choosing the quantized block g can be written as 

= D (E (5''=)) = argmin d  .  
Ci6C 

(6.15) 

where c/ refers to entry I of C. 

We define the nonlinear VQ restoration algorithm as a new decoder D*. and its 

associated codebook C*. which minimizes the conditional expectation 

D  =  E  E {g^'^) = I (6.16) 

where E returns the index of the matching codebook entry. For a given set of training 

data, let |: E {g^^) ~ Define entry I of C* as the centroid of Ri. or 

(6.17) 

Finally, the nonlinear VQ restoration Eilgorithm is given by 

f '  =  D '  { E { g " ' ) ) = c l  (6.18) 

where is the restored image block. 
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6.3 Codebook Design Algorithms 

The centred issue is the design of the codebook C; the restoration codebook 

C* follows directly from C. Two codebook design algorithms were implemented: 

standard Lloyd algorithm training and a new technique based on the discrete cosine 

transform (DCT). The Lloyd algorithm is commonly used in VQ codebook design 

because of its simplicity, but it comes with a heavy computational requirement. This 

was the motivation for the DCT-based scheme, which is non-iterative, and allows 

much larger codebooks than would be practical with the Lloyd algorithm. 

DCT-based Encoder Design 

(1) Given input blocks g^'' from the N diffraction-limited images, as defined above. 

compute the DCT of each block. 

(2) Compute the mean fj^n and variance cr^„, where m, n c Jm- of each one of the 

transform coefficients 

^ N K 

~ TTk  ̂̂  (6.19) 
i=l fc=l 

^  N  K  

i=l fc=l 

where K is the number of blocks per image. 

(3) Allocate the L available bits among the transform coefficients to minimize the 

mean-squared error distortion of the quantized DCT blocks. 
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(4) If Imn is the number of bits allocated to the { r n . n )  DCT coefficient, design 

the (scalar) Lloyd-Max quantizer having 2^™" levels for that coefficient. The 

coefficient is assumed to be Laplacian distributed. 

(5) Define the fixed-length vector quantizer encoder E as the concatenation of the 

binary codes for the transform coefficients. If the desired output is the code

word index, then define this as the decimal equivalent of the binar\' word. 

The next step is to compute the codebook C for the nonlinear V^Q decoder. 

This follows directly firom the encoder design in deterministic fashion and can be 

summarized as follows. 

Nonlinear VQ Decoder Design 

(1) For each input block derived from the set of N diffraction-limited images. 

as defined above, compute the index produced by the encoder E =  q .  

(2) Add the block as defined above, to the rurming siun for codeword and 

increment the counter s* for that codeword. 

(3) After all blocks in the data set have been processed according to steps (1) and 

(2). compute each codeword in C as the average of each running sum according 

to 
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Note that computing the mean and variance statistics for a large data set is the 

only computationally demanding aspect of the design procedure. The requirements 

of the Lloyd algorithm on the same data set would be much greater. As a result, 

the algorithm can produce larger codebooks than wotild be feasible with the Lloyd 

algorithm. An additional benefit is reduced disk storage, due to the nonnecessity of 

recording the codebook C. Only the parameters needed to define the DCT trans

form coder need be saved since the encoder produces the codeword index directly. 

Of course, it is necessary to record the codebook entries of C*. The DCT-based 

restoration process is depicted in Figure 2. 

The use of a VQ decoder in conjunction with a DCT based encoder was considered 

in [67] in the context of improving the decompression performance of the JPEG 

standard. The single codebook VQ was infeasible in that application due to the 

large (8x8) vector size induced by JPEG. A computationally simpler approach 

involving "sum-codebooks" was adopted in that work. 

6.4 Simulation Results 

The simulations described below are intended as a "proof of concept," rather 

than an exhaustive analysis of the performance characteristics of the nonlinear VQ 

restoration technique. 

This VQ algorithm implementation operates on mean-removed image blocks. Es

timation of the mean of the restored block is dealt with as a separate problem. This 
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allows all of the bits available to be used in representing the AC information of the 

block, resulting in better performance. Restoration of the block mean can be done 

easily with an auxiliary process relying on a Wiener filter restoration, after which the 

auxiliary image is discarded. Alternatively, one could design another VQ algorithm 

for this purpose. 

The parameters for the results below are: £in image block size equal to 3 x 3 pix

els, and eleven bits for the mean removed image blocks. Assuming a nominal eight 

bits for the mean yields a bit rate of approximately 2.1 bits/pixel. The training set 

of uncorrupted images was comprised of twenty 512 x 512 images of varied subject 

matter ranging from portraits and landscapes, to aerial views of urban areas. Fil

tering with a simulated diffraction-limited OTF produced the corresponding set of 

twenty blurred images. The optical cutoff of the filter was set to half the folding 

frequency. No noise was added to the filtered images. 

Figures 3-5 show crops from the original, diffraction-limited, and restored images 

for an urban image with a lot of edge content similar to some of the training data. 

DC values for the mean-removed blocks in the restored image were computed from 

an inverse-filtered image. This image was then discarded. There was only a slight 

difference ("0.1 dB) between this image and one produced using the actual DC 

values computed from the uncorrupted image. In general, peak signal to noise ratio 

(PSNR) values of images processed by our algorithm improved by 1.5 to 2.5 dB. 

indicating a quantitative improvement in the images. This was true for images both 
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in and out of the training set. This would suggest that the training set was large 

and varied enough to provide good estimates of the statistical relationships between 

vectors in the two spaces. Moreover, there is a substantial improvement in perceived 

image quality. 

Figures 6-8 show the logarithm of the Fourier transforms of these images. From 

these figures, we conclude that there is evidence to demonstrate that super-resolution 

is occurring. A study of the spectrums of the restored image and the original in the 

vicinity of strong spectral features reveals that object information seems to have 

been recovered outside the optical passband. The optical cutoff frequency has been 

marked to make the comparison easier. The extension is modest corresponding to no 

more than a ten percent extrapolation of the spectrum. This aspect of the algorithm 

performance will need further study, but the results are promising. The performance 

of the algorithm within the passband is also encouraging. 

6.5 Conclusion 

The application of NLIVQ to the image restoration problem is but one of many 

possible uses for this interesting technique. In this case, the NLIVQ training process 

determines the important statistical properties of the data and accomplishes the 

design of a nonlinear restoration algorithm. The results indicate that reasonably 

good passband restoration was accomplished, and there is evidence to demonstrate 

modest super-resolution. Further research will involve attaining higher bit rates. 
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using larger sets of training data, and experimenting with different encoder/decoder 

structures. It is also interesting to note that NLIVQ is similar in many respects to 

a multilayer neural network, which leads one to believe that similar results could be 

achieved with that approach. 
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Figure 6.3: Crop from original test image (256 x 256; 8 bits/pixel). 

Figure 6.4; Crop from diffraction-limited test image (256 x 256; floating point pre
cision). 
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Figure 6.5: Crop from restored image (256 x 256; 2.1 bits/pixel). 

;vvix:' 

-X' . 

Figure 6.6: Fourier spectrum of the original test image (In (l + range compres
sion). 
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Figure 6.7: Fourier spectrum of the diffraction-limited test image (In (l + |-1^) range 
compression). 

Figure 6.8; Fourier spectrum of the restored image with demarcation of the optical 
cutoff fr-equency (In (l 4- |-|^) range compression). 
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CHAPTER 7 

CONCLUSIONS 

One of the aims of this research was to demonstrate super-resolution from se

quences of speckle images. Although real images were not available, the high quality 

of the simulated images used for the study allows us to assert with confidence that 

it is feasible. A Monte Carlo type study was not carried out due to the exorbitant 

requirements for data storage and processing time, but we have no reason to ex

pect that such a study would find otherwise. Our initial interest was deconvolution 

from wave front sensing data and we have demonstrated that super-resolution is 

possible in this mode. The multiframe algorithms proposed for this task were pre

sented in Chapter 4 and were based on Bayesian estimation. Super-resolution results 

for tilt-compensated images were presented and were compared with that which is 

achievable from adaptive optics compensated images. Given telescopes of equal size, 

better results are achievable from post-processing of adaptive optics compensated 

images because focusing the image prior to detection yields a higher image SNR. 

However, there are practical limits on the size of a fully compensated telescope. 

Thus, one can assert that a modest increase in instrimient size coupled with wave 

front sensing and post-processing would offer superior performance. The cross-over 

point has not been determined and must await further study. 
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After establishing the feasibility of super-resolution firom wave front sensing and 

post-processing of speckle images, we turned to the problem of super-resolution from 

blind deconvolution. We found that problem inherently more unstable and ill-posed 

than that above. After much effort, we found a very effective algorithm with enough 

constraints to regularize the solution and demonstrate super-resolution. The quality 

of the results, all other parameters being equal, were not quite as good as those 

presented above. However, we make a similar assertion that a crossover point exists 

for which our blind deconvolution algorithm will achieve superior results from a 

larger instrimient. Again, this will have to await further study. 

The nonlinear interpolative vector quantizer concept was applied to restoration 

of diffraction-limited images. Vector quantization has been gaining applications in 

signal processing besides its traditional use for data compression. However, this was 

the first application to image restoration. As such, the results for super-resolution 

were preliminary and most of the restoration was clearly within the passband of 

the optical system. However, the prospects are promising that larger block sizes or 

innovative approaches to managing codebook complexity may yield more convincing 

sup er-resolution. 
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