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Abstract 

Metal fatigue is generally considered to be the most important failure mode in 

structural and mechanical design. But there ate general large uncertainties in the design 

factors. Therefore it is recommended that fatigue analysis and design be based on 

probabilistic and/or statistical methods. To date, most of the work on reliability based 

design of high-cycle fatigue critical components subjected to random stresses has been 

based on the characteristic S-N approach. Reliability analysis employing the fracture 

mechanics crack growth model is still in its infancy. A comprehensive model for fatigue 

reliability assessment based on a fracture mechanics approach is presented. 

The overall goal of this study is to develop a practical model and computational 

procedure for obtaining the statistical distribution of the time-to-failure of a single fatigue 

critical component under general non-zero mean and wide band stationary Gaussian 

stress processes. The theme of this proposed research is to merge and extend recently 

developed technologies on crack closure fatigue crack growth modeling, time-variant 

reliability and first-passage concepts, and advanced structural reliability computational 

methods giving full consideration to engineering applications. 

A first passage approach using an advanced crack growth model and an efficient 

structural reliability computational procedure is proposed. Failure is denned as the event 

that the first time the random stress process exceeds the strength of the component But 

strength degrades with time as the fatigue crack grows. Assuming a stationary Gaussian 

stress process, the barrier upcrossing is modeled as a Poisson clumping process. And the 

threshold level of residual strength is derived using a crack-closure fatigue crack growth 

model. Fatigue design factors are modeled as random variables. An implicit expression 



14 

for time-to-fatigue-failure T is derived in terms of the random fatigue design factors. 

The cumulative distribution function of T can be estimated efficiently and accurately by 

an advanced mean value pioceduie togethra* with a log transfonnation on select variables. 

Contributions of this study include: 

(1) Development of a time-variant first-passage fatigue reliability model employing the 

Poisson upcrossing approach thereby combining the synergistic effects of fatigue and 

fracture failure modes. 

(2) The introduction of a refined fatigue crack growth model, which includes the crack 

opening stress concept and the rainflow cycle counting principle, to predict crack 

growth under wide band random stresses. The model is capable of accommodating 

effects of mean stress and bandwidth factor of the stress process. 

(3) Development and demonstration of methods and strategies of structural reliability 

analysis to accommodate large variances of the design factors. 

(4) Gaining an understanding of the physical process of fatigue fracture failure behavior 

by identifying the important design factors through a sensitivity study. 

(5) Close comparison of mathematical forms between various fatigue/fracture limit 

states. 
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Chapter 1 Introduction 

1.1 Overview 

Fracture failure precipitated by high-cycle fatigue cracking has been considered to 

be a principal failure mode in mechanical and structural components, especially in the 

motor vehicle, marine and aircraft industries. However, the fatigue process is 

complicated, extremely sensitive to material characteristics, machining and fabrication 

processes, component geometries, loading histories and environmental conditions. The 

design of fatigue critical components remains a considerable challenge. Predicting 

fatigue life and/or assessment of the reliability of an existing structure continues to be a 

major research topic in modem structural and mechanical engineering design. 

Briefly, the physical process of the fatigue fracture failure behavior can be 

described as follows. Fabricated structure frequendy contains flaws and defects whose 

size and distribution are dependent on the material, geometry and fabrication procedures. 

Under the action of cyclic tensile service loads, these defects may grow into fatigue 

cracks 1 (Figure l.La) and propagate at points of stress concentration (Figure 1.1.b). As a 

fatigue crack experiences sub-critical growth, the net cross section of the material 

decreases and the residual strength of the component deteriorates with the fatigue crack 

size a(t). The ultimate capacity or strength of the structure decreases (Figure 1.1.c) and 

the service failure rate increases monotonically with time t. Fatigue fhurture occurs as a 

^ For simplicity, it is assumed herein that the initiation period &om a material "molecular" defect to a 

detectable fatigue crack is negligible. Furthermore, there exists only one countable crack whose initial 

size is a, at time t =0. 
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quasi-static failure the first time that the remote stress^ S(t) exceeds the residual strength 

Jt,(t) of the fatigue weakened component (Figure l.l.d). The time-to-failure T (fatigue 

life) is defined as the elapsed time at which the component experiences the fatigue-

firacture-failure (Figure l.l.d). Because the service loads fluctuate with time and there are 

inherent uncertainties in material properties, both S(t) and Jt,(r) are random processes. 

Therefore time-to-failure T is a random variable. 

The failure just described is essentially a "first-passage problem" in stochastic 

process theory; T is the first-passage-tin:ie. According to the first-passage concept, the 

failure probability P^(f) over the time duration [0,t] is defined by the probability of the 

first occurrence that Jl,(r) is upcrossed by S(r) within [0,r] as: 

= (1.1.1) 

The goal of analysis is to characterize the T by its cumulative distribution function 

(CDF). Given the CDF of T, the failure probability at any time t, Pp{t), is simply the 

CDF value of T at r, and vice versa: 

PA') = Fr{l) = P[T^'] (1.1.21 

2 It is also called far field or nominal stress. It is the gross section nominal stress calculated by assuming 

the absence of a crack and/or a stress concentration. 
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The fatigue crack a( t )  is initiated and 
propagates at points of stress concentration 
under cyclic tensile stresses. 

Remote stress is a 
random process. Si t )  

Crack length, a 

umc, t 

Failure occurs when the tcmote stress 
exceeds the residual strength. —i 

Residual strength. /?, 

S(0 

1.0 time, t 
Time-to-feilure: T 

Goal of analysis: 
Derive the CDF of the rime-to-failure. 

Figure 1.1 Time-dependent first-passage fatigue-firacture-failure. 



18 

1.2 Motivation of This Study 

The piimary motivation for the present study is the need for a comprehensive 

fatigue reliability analysis ooodel employing a fracture mechanics approach. There has 

been a significant amount of work on the topic of high-cycle fatigue reliability analysis 

associated with the characteristic S-N approach. The lognormal and the Weibull 

formats respectively have been introduced by Wirsching [1984] and Munse et al. [1982] 

to predict fatigue reliability of welded joints. Although the use of S-N curves remains 

the primary design approach for fatigue control in many mechanical and structural 

systems, a fracture mechanics model, first introduced by Paris & Erdogan [1963], 

quantifies the evolution of a fatigue crack. Moreover, a maintenance plan and the fatigue 

damage tolerance design concept (see, e.g., [Fuchs & Stephens, 1980; Weaver, 1985]) 

may be established only through a fracture mechanics approach. Nimierous 

{deterministic) fracture mechanics fatigue crack growth models, having various features 

and degrees of sophistication, for prediction of fatigue life have been proposed (see, e.g., 

[Cheng, 1988; Dominguez & Zapatero, 1992; Elber, 1976; Jeng et cd., 1993; Newman, 

1981; Schijve, 1980; Van Stone, 1988; Veers, 1987].) And many fracture mechanics 

fatigue reliability analyses have been developed using elementary models, (see, e.g., 

[Guedes Scares & Garbatov, 1996; Kung & Wirsching, 1992; Millwater et al., 1995; 

Wirsching & Chen, 1988; Wirsching cf a/., 1987; Wirsching et al., 1991; Yang & 

Manning, 1990; Yang & Manning, 1994]). There is need for a comprehensive study of 

fatigue reliability analysis employing recentiy developed fatigue crack growth models, 

modem quasi-static fracture failure criteria, the time-dependent first-passage concept and 

advanced reliability computational methods. 
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1.3 Goals of This Study 

The overall goal of this study is to develop a practical model and computational 

procedure for reliability assessment of a single (high-cycle) fatigue critical component 

with a pre-existiiig initial ciack-like flaw subjected to a general non-zero mean and wide 

band stationary Gaussian stress process, giving consideration to strength degradation 

associated with fatigue cracking and uncertainties in all design factors. More precisely, 

the main purpose of this study is to derive the CDF of the time-to-failuze as an (explicit or 

implicit) function of the design parameters. 

Secondary objectives will include: 

(1) Compare the performance of the widely used but elementary fatigue failure criteria, 

fatigue crack growth models, and reliability methods with the more refined and 

accurate procedure proposed herein. 

(2) Perform a sensitivity analysis to gain an understanding of the fatigue process 

identifying the importance of each factor on reliability. 

(3) Define methodologies for employing the proposed fatigue reliability model and 

computational procedure for 

(i) reliability assessment of an existing structure, and/or 

(ii) development of probability based fatigue design criteria. 

1.4 Scope of Work 

1.4.1 Theme of This Study 

The failure scenario described in the Section 1.1 will be referred as "time-

dependent first-passage fatigue-fracture-failure" in this study. The keyword "time-
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dependent" is used bccause important properties, e.g. S(r), a{t), and (r) etc., 

are all time-variant^; The keyword "fatigue-fracture-failure" is used to emphasize the 

synergistic effect of fatigue and fracture. The keyword "first-passage" is used to 

emphasize that fatigue and fracture failure modes can be combined through the first-

passage concept Presented herein is a fatigue reliability model which includes the above 

concepts. A reliability model is used to construct the C3)F of the time to failure by 

employing an advanced reliability method. 

1.4.2 Practical Issues Associated with Fatigue Reliability Modeling 

Some important issues raised herein to be studied in this research are addressed 

briefly as follows: 

(1) In the current practice of structural engineering the CDF of the time to failure is 

commonly constructed using a fatigue/fracture limit state approach. However, 

time-variant properties are often neglected in conventional fatigue models. Either 

the deterioration of the ultimate strength of the component due to the fatigue crack 

growth is ignored or the random stress process is simplified as a dme-invariant 

characteristic random variable. Thus, fracture and fatigue are usually treated as 

separate failure modes^: Fracture failure is frequendy modeled as a constant 

ultimate strength subject to extreme loading conditions (see, e.g., Fig. 4.1) [Marley, 

^ When a property is not a function of dme. it is termed as time-invariant in this dissertation; otherwise, 

it is said to be time-variant. 

^ Note that, error might be introduced in reliability assessment when fatigue and fracture are treated as 

separated failure modes (the synergistic eHiect of fatigue and fracture is neglected) unless one is 

predominant over the other. 
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1991; Mardndale & Wirsching, 1983]. Fatigue failure is indicated when a growing 

fatigue crack exceeds a given value (see Fig. 4.2). A more descriptive model has 

been provided by the (Poisson) upcrossing approach [Guers & Rackwitz, 1986] 

which not only considers time-variant characters of deteriorating residual strength 

and the fluctuating stress process but also properly models the synergistic effects of 

fatigue and fracture. The present research will employ the Poisson upcrossing 

approach to assesses the reliability of a single component and compare results with 

the simpler nxxiels. 

There has been considerable interest in investigating structural fatigue-fracture-

failure probability under stationary Gaussian stress processes based on time-variant 

reliability and/or first-passage concepts. Guers and Rackwitz [1987] and Marley 

[Marley, 1993; Marley & Moan, 1992] evaluated the time-variant first-passage 

reliability by utilizing FORM/SORM on an "upcrossing" limit state. Tsurui et al 

[1989] analyzed a time-variant reliability model by performing importance 

sampling. However, the time-variant first-passage fatigue reliability subjected to a 

general non-zero mean, wide band random stress process has not been studied. 

Because the stress process will generally have a non-zero mean and wide band 

character, the mean stress and the bandwidth factor are anticipated to have 

significant effects on predicted life. Thus there is a need to study effects of the 

bandwidth factor and the mean stress on the fatigue reliability. 

It is generally accepted (and assumed herein) that: 

(i) the rainflow cycle counting method is the most appropriate way of modeling 

wide band fatigue damage [Dowling, 1972]; and 

(ii) the crack opening stress concept should be employed to address the mean 

stress effect in fatigue crack growth modeling [Newman, 1981]. 



22 

It is suggested in this study that; 

(i) Pemg's model be used to predict the fatigue crack growth curve (Pemg, 

1989; Pemg & Ortiz, 1989]; and 

(ii) Vanmarcke's semi-analytical formulation be used to estimate the first-

passage time [Vanmarcke, 1975]. 

(3) The time-variant reliability model employing the upcrossing approach is relatively 

complex in that it requires considerably greater computational effort and CPU time 

than conventional fatigue/fracture limit state and/or time-invariant approaches. 

Current reliability assessment algorithms are not always computationally efficient 

and often cannot accommodate the large variances associated with the 

fatigue/fracture design factors. There is a need to smdy structural reliability 

computational methods and implement an efficient method tailored to the unique 

features of the fatigue reliability problem. It is suggested in this study that: 

(i) the advanced mean value (AMV) procedure, developed by Y.-T. Wu [Wu et 

aL, 1989; Wu et aLy 1990], be used for probability estimates; and 

(ii) logarithm transformations be applied on select basic variables and on the limit 

state function to "manage" the large variance problem (the logarithm 

transformation usually has a variance reducing effect on the random 

variables). 

1.4 J Primary Focus of This Study 

In summary, this work will focus on; 

(1) Studies of fatigue crack growth prediction employing the firacture mechanics 

model which includes the rainflow cycle counting to model wide band stresses 

and the crack opening stress concept to model the mean stress effect. 
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(2) Studies of the fatigue reliability analysis employing a time-variant first-passage 

concept using the upciossing approach. 

(3) Studies on the distribution of the first-passage time for random processes. 

(4) Studies of the performance of conventional (traditional and simpler) 

fatigue/fracture limit state approaches. 

(5) Studies of structural reliability computational methods. 

(6) Studies of how to perform reliability analyses when some variables have 

"relatively" large variances. 

1.4.4 Outline of Chapters 

The dissertation will proceed as follows: 

• Various reliability computational methods are discussed in Chapter 2. An extension 

of the AMV procedure (referred to as the "AMV+Log" procedure herein) which 

combines suggestions (3-i) and (3-ii) in Subsection 1.4.2 is developed in Section 2.5. 

Example I in Section 2.7 solves a conventional fatigue reliability model by employing 

different reliability computational methods. 

• The first-passage fatigue reliability modeling according to the Poisson upcrossing 

approach is presented in Chapter 3. Basic assumptions employed throughout this 

study, and mathematical equations for fatigue crack growth prediction and residual 

strength modeling, are stated in Section 3.1. The conventional computational 

procedure for the upcrossing approach is highlighted in Section 3.2. A. new 

computational methodology for constructing the CDF curve of the first-passage time-

to-failure is proposed in Section 3.7. Example n in Section 3.8 validates this 

currently proposed computational methodology. 
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• Various commonly used basic fatigue reliability models employing conventional 

fatigue/fracture limit state approaches are summarized in Chapter 4. A comparison 

between the upcrossing limit state, a Marley's time invariant formulation [Marley, 

1991], and other conventional limit states is made in Section 4.2. 

• Fatigue reliability analyses according to the currently proposed model are 

demonstrated in Chapter 5. 

• Chapter 6 provides concluding remaiics. 

• Because of their importance to a fatigue reliability analysis, residual strength 

modeling, fatigue crack growth curve prediction, and the distribution of the largest 

stress peak will be addressed individually in appendices. Significant concepts and 

issues, along with literature surveys, and mathematical derivations will be stated and 

commented in greater detail therein. Fatigue crack growth prediction employing an 

equivalent constant amplitude approach is described in Appendix B. A residual 

strength model considering both ductile and/or brittle fracture is derived in Appendix 

C. The distribution of the largest stress peak of a stationary Gaussian stress process is 

presented in Appendix E. 
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Chapter 2 Reliability Computational Methods 

2.1 Introduction Remarks 

Computational methods for evaluating failure probabilities are described in this 

chapter. Advantages and disadvantages, along with a literature survey of different 

available reliability methods are fint discussed. 

(1) MCS — When the failure probability is evaluated by Monte Carlo simulation 

(MCS), then (1) additional information about the confidence intervals can also be 

estimated, and (2) any desired level of accuracy can be achieved at the cost of extra 

computation. However, for many problems of practical interest, the probability of 

failure is very small (say, 10*3 to 10"^), and Monte Carlo simulation becomes 

relatively inefficient 

(2) FORM/SORM — Failure probabilities can be evaluated by fast probability 

integration (FPI) numerical techniques based on limit state reliability analysis 

methods. Several FPI algorithms, of varying degrees of sophistication and 

refinement, based on the response surface and/or the design point concepts have 

been developed since 1965, e.g., mean value first order second moment method 

(MVFOSM) [Cornell, 1960], Hasofer-Lind method [Hasofer & Lind, 1974], first-

order reliability method (FORM) [Paloheim & Hannus, 1974; Rackwitz & Fiessler, 

1978], second-order reliability method (SORM) [Breitung, 1984; Ditlevsen, 1979; 

Fiessler et al., 1979; Tvedt, 1983; Wu & Wirsching, 1987], and advanced mean 

value (AMV) method [Wu et al., 1990], etc. FORM and SORM are popular, as 

generally they are reasonably accurate and computationally efficient. Moreover, 
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FORM/SORM methods can directly provide probability sensitivity factors (not 

available from MCS without considerable additional computation). The 

disadvantages of the FORM/SORM relative to MCS are: (1) They provide no 

estimate of the accuracy of the results; (2) They require the limit state function to be 

specified explicidy and sufficiently smooth (say, continuous and differentiable)^ so 

that a typical optimization algorithm can find the design point (3) They are only 

applicable to problems involving continuous random variables (no discrete 

variables). (4) Usually the FORM/SORM methods require several (maybe at least 

500 to 1000) limit state fimction evaluations to construct the first- or second-order 

response surface and search the design point(s) by an optimization algorithm per 

point probability estimate. 

(3) Hybrid methods — There are several variance reduction techniques available which 

can be used in conjunction with MCS to reduce the computational time; for 

example, importance sampling [Ang et ai, 1989; Ang et al., 1992; Engelung & 

Rackwitz, 1993; Harbitz, 1986; Melchers, 1989], adaptive importance sampling 

[Bucher, 1988; BCaramchandani etal., 1989; Mori & EUingwood, 1993; Wu, 1992], 

directional simulation [Bjerager, 1988], and conditional expectation approach 

[Karamchandani & Cornell, 1991]. Among them, imponance sampling and 

adaptive importance sampling seem to be the most effective. Often, a combination 

of the methods (FORM/SORM + MCS + variance reduction) can be effective, /.e., 

use of FORM to locate the design point(s), thus identifying the sampling density for 

importance sampling. Simulation is then used to provide a check of the FORM or 

SORM results, including an estimate of the accuracy. 

^ Therefore, for complicated, implicitly defined limit state functions, a original limit state function is 

usually approximated by a simple polynomial by applying the response surface concept. 
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(4) AMV — The AMV procedure, developed by Y.-T. Wu [Wu et al.y 1989; Wu et al., 

1990], can be viewed as an efficient most-probable-point (MPP) search procedure 

that can additionally provide an CDF solution as well as probabilistic sensitivity 

analysis. The AMV solution generally provides an extremely good approximation 

to the CDF. Validation of the AMV solution has been established by considerable 

experience in many practical problems of interest (See, e.g., [Cruse et al., 1988; 

Millwater etal., 1995; Tomg & Wu, 1991; Wu, 1994; Wu etal., 1993].) It can be 

shown that only n-k-k + 1 limit state function evaluations are required for the AMV 

procedure to construct a response distribution function curve of k discrete points 

with acceptable accuracy (where n is the total number of the random variables 

involved in the performance function). Considerable savings in computational 

effort can be appreciated because a fatigue reliability problem using fracture 

mechanics may involve a time consimiing computation of the fatigue crack growth. 

One significant advantage of the AMV over the FORM/SORM is that the limit state 

function in AMV can be specified implicitly. 

Details on these computational methods and their applications on structural reliability 

have been well documented. (See, e.g., Ang and Tang [1984; 1975], Ditievsen [1981], 

Thoft-Christensen and Baker [1982], Augusti et al. [1984], Madsen et al. [1986], and 

Melchers [1987].) A comprehensive review of recent developments of FORM/SORM 

and MCS can be found in a paper by Bjerager [1990]. Various MCS schemes can be 

found in the book by Rubinstein [1981]. 

It is well known that the optimization algorithms employed in most FPI methods 

might break down (incorrectly finding a local minimum distance point, and slow or 

unstable convergence) when the random variables have relatively large coefficients of 
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variation and/or the limit state function is relatively complicated and nonlinear. The 

"AMV+Log" procedure, an extension of the AMV procedure, which combines the AMV 

procedure with a log transformation(s) can overcome these numerical difficulties. The 

computational steps for the AMV+Log procedure are presented in this chapter. 

This chapter will proceed as follows. The terminology and some basic concepts 

related to limit state reliability analysis methods are defined in Subsection 2.2.1. First 

and second order reliability methods (FORM/SORM) are briefly summarized in 

Subsection 2.2.2. The first-order probabilistic sensitivity factor is defined in Subsection 

2.2.3. The lognormal format is summarized in Section 2.3. Because the usage of the 

advanced mean value (AMV) procedure is still not well widely understood, it is discussed 

in some detail in Section 2.4. The "AMV+Log" procedure is described in Section 2.5. 

Use of Monte Carlo simulation (MCS) as a limit state reliability method is briefly 

described in Section 2.6. A preliminary example based on a conventional fatigue 

reliability model is presented in Section 2.7 to demonstrate the performance of various 

reliability methods. A program code developed by Dr. Wu employing his own equivalent 

least-square-fitted three-parameter-normal algorithm [Wu & Wirsching, 1987] will be 

modified for FORM/SORM, AMV, and/or AMV+Log analyses. 

2.2 Limit State Reliability Method 

2.2.1 Basic Concepts of the Limit State Reliability Method 

• Limit state surface, g-function, and safety index 

To use limit-state reliability analysis methods, one must state for each set of 

values of the basic design variables whether or not the structure has failed. According to 
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limit state formation, a limit state surface^ {L^.'six) = 0) is a mathematical description of 

a boundary between failure iOp:g{x)<0) and safe (^2s:^(x)>0) regions in design 

parameter space, ^(x) has been caUed the "failure fimction", the "performance function", 

the "limit state function", or just simply the "g-function"; denotes a 

value of a n-dimensional random vector X 2 {X,,X2,-".X,), a collection of all random 

variables involved in the limit state function. These may include loading variables, 

material properties, geometry variables, statistical estimates, and model uncertainty 

parameters, etc. The variable Z s g(X), obtained by replacing the parameters x,'s in the 

performance fimction with corresponding random variables X/s, is coimnonly referred as 

the "safety margin", the "response variable", or the "performance variable". Because the 

response variable is a function of random variables, it is also a random variable. 

The probability of failure is simply the probability measure over the failure region 

p , = s o ]  a . 2 . 1 )  

where f ^ { x )  is the joint probability density function of X ^ .  The reliability (probability 

of survival) Pg is calculated as l-Pp, and the generalized safety index (or called the 

reliability index) P is defined as 

^ = (2.2.2) 

where is the inverse of the standard normal distribution function. 

2 It is also called a failure sur&ce. 

^ If some of the basic variables are discrete, the integration over the corresponding densities is 

substituted by a summation over finite probabilities. 
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• Appronmate response surface concept 

In general, the multidimensional integral in the Equation 2.2.1 cannot be 

evaluated analytically except in a few special cases^; direct numerical integration is 

feasible only for problems of low dimension (say, n = 1 or 2). Therefore, a response 

surface g^(x) = 0 is constructed, usually as a polynomial surface, to approximate the true 

limit state surface g(x) = 0. The failure probability is then estimated as the probability 

content over g^(x) ̂  0 accordingly. 

2 J.2 First and Second Order Reliability Method 

• Computational steps 

The FORM/SORM methods are based on the concept of the response surface in a 

transformed reduced space. The FORM/SORM basically consist of 3 steps (Figure 2.1): 

(1) transformation of X into a independent standard normal vector U, (2) response 

surface approximation of the limit state surface in the U -space, and (3) computation of 

probability corresponding to an approximating failure region. More detail is provided as 

follows. 

4 For example, when the basic variables X are jointly normally distributed and independent and the 

limit state surface is a hypeiplane or a hyperparaboloid, the failure probability can be evaluated 

exactly. 
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X-space 

• i : median point 
^1 

': design point 

I2,;g{x)<^ w \ ^ s - g U ) > 0  
^ 1 

11 ^ x ' 8 U )  =  0  

Pr=P[s{X)<.0\ 

Nonlinear Tran^ormation: T 

u = '^U); ^.(«) = «[t(x)] 

Iv sAb) = Oir*L^: gix) = 0 

0 <-» x; u <-» X 

Pp^oKM ~ ^O] = ^{~Prom) 

PFSOUI ~ P\Su.SOIMil£i ^ 

8H.F0KMifi) ~ (S ) IF + PFOKM ~ ̂  

SmJOUfia) ~ ̂  

FOUt 

U-space 

^TOJW=|«*i| = V"/+'4 

••«.(«) <0 
^s-S.(jf)>0 

Lu:gSu) = 0 

Figure 2.1 FORM and SORM. 
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Transfonnadon of X into an independent standard normal vector U. 

The first st^ in the FORM/SORM methods is to transform the generally dependent 

basic random vector £ = in X^-space into a "reduced" random 

vector U. - in the so-called U -space (where the reduced variables 

Ui's are almost always chosen as multiply independent normal random variables 

such that the rich properties and well documented theorems associated with normal 

distributions can be employed) by a generally non-linear transformation T : 

u = r{x) or x = T'iu) (2.2.3) 

The relationship between limit state fimctions g^(u) in the -space and g{x) in the 

X -space is defined by the transfomiation T as 

where T~' is the inverse transformation and « s •••,«,) denotes a value of a 

n-dimensional random vector U. The most fi^quendy cited transformation is the 

Rosenblatt transformation [Rosenblatt, 1952] which is applicable if the joint 

distribution /^(i) of the basic variables is available [Ang & Tang, 1984; Madsen et 

al, 1986]. Note that: 

(i) The limit state surface in U-space is = 0. 

(ii) If AT. 's are mutually independent, then the Rosenblatt transformation simplifys 

«»(«) = g['2'(i)] or = (2.2.4) 

to 

(2.2.5) 
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(iii) The median point i in the JiT-space is m^ped into the origin 0 of the U-

s p a c e  b y  t h e  R o s e n b l a t t  t r a n s f o r m a t i o n :  u  =  0  =  T ^ x j .  

(2) Response surface approximation of the limit state surface in U -space. 

The second step involves searching for a design point The design point u is 

defined as the point on the limit surface Lv-'sSn) ~ ̂  ^ closest to the origin in 

the U -space. Therefore u is the solution to a minimization problem subject to one 

constraint: 

that must be solved by a constrained optimization algorithm. See Liu & Der 

Kiureghian [1991] for a comprehensive review on various optimization methods 

available. The Rackwitz-Fiessler (R-F) algorithm [Rackwitz & Fiessler, 1978] is a 

widely used method for solving u in structural reliability applications. The 

procedure of the R-F algorithm can be found in Ang & Tang [1984] and Madsen et 

al. [1986]. Note that: 

(i) The design point is also called the most probable point (MPP) in the C/ -space 

in the sense that it has a maximum joint probability density (hence it is the 

most likely point at which failure will occur) in the failure region g.(u) ^ 0. 

(ii) x' = the corresponding point u, is called the design point in the ^-

space®. 

(3) Ctomputation of probability corresponding to an approximating failure region. 

^ fed = - V"/+"2+•••"« vector u. 

® Note that x* is not necessarily the MPP in the JT -space. 
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Finally a response surface g^(u) = 0 (an approximating surface of the true limit 

state surface g^(u) = 0) in the [/ -space is constructed by utilizing the information 

associated with the design point u* (e.g., curvatures of the limit state surface 

guCu) = 0 at u') and the probability measure over the approximating failure region 

g^(u) ̂ 0 is calculated as an estimate of the failure probabili^. 

In FORM, the response surface is constructed as a hyperplane tangent the limit state 

surface at the design point u' while the limit state surface is approximated by a 

second order hyper-surface in SORM. In general, the accuracy of the probability 

estimate is improved by SORM. 

• Signiflcance of the design point 

(1) It can be shown that 

(i) the magnitude of the first-order reliability index'^ PFOKM simply ||tt*|| (the 

minimum distance from the limit state surface g^(u) = 0 to the origin in the 

U -space) 

(ii) the sign of Pfoxa is the same as that of (the value of the performance 

fimction at the origin in the £/ -space), and 

(iii) the first-order hyperplane is 

Pf = PlsiK) ̂ 0] = P[g«(T-'[t/]) ̂ o]bP[g„[T-'[U]) ̂ o] 0.2.1) 

PFOKM = |JFL = (2.2.8) 

SuJORM^^ ~ (— ) - PfORki ~ ̂  (2.2.9) 

^ The FORM reliability index is also a Hasofer/Lind reliability index [Hasofer & Lind, 1974]. 
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where a - u /|{u*|. The discrepancy between the estinoated and the true failure 

probabilities (i.e., Pfjronu ~ ) depends on how well the true limit 

state surface g^(u) = 0 in the £/-space can be represented by its linear 

approximation. 

(2) Sometimes u* is also called the best approximation point because this point defines 

the first-order reliability index fipojot provide a good 

approximation to Pp. This will be the case at least (1) if Pp is small, (2) if u is the 

only point closest to the origin without any other competitive points on the limit 

state surface g,(«) = 0, and (3) if the principle curvatures of the limit state surface 

at u in the -space are not too large in magnitude. The reason for this is that the 

joint probability density function of the reduced variables U_ decreases very 

quickly, namely as exp(—y). with the distance r firom the origin. And hence the 

area of integration giving the major contribution to the failure probability is 

essentially most around the neighborhood of the design point u. 

(3) The most critical and time consuming pan of the FORM/SORM analysis is the 

process of finding the design point(s) and a constrained optimization employing the 

gradient vector of the limit state function is usually required for this purpose. 

2.2.3 First-Order Probabilistic Sensitivity Factors 

Reliability sensitivity analysis is in general performed to identify the model 

parameters that have the most effect on the estimated safety index as part of structural 

reliability assessments. An overview of various definitions and concepts for probabilistic 

sensitivity factors can be found in References [Madsen et al., 1986; Mansour & 

Wirsching, 1994]. The most firequentiy applied sensitivity factor is the so-called the first-
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order probabilistic sensitivity factor (in {/-space) which can be obtained automatically 

£rom FORM/SORM and be used to determine the importance of a random variable. 

• Sensitivity factor in {/-space 

The first-order probabilistic sensitivity factor a* associated with the i-th 

coordinate is defined as the direction cosine of the vector from the origin to the design 

point u* in the 1/ -space: 

Each a* is a relative measure of the sensitivity of the first-order reliability index Ppoiuf 

(and therefore the point probability Pp^FoitM^ the change in the value of u*. Note that: 

first-order probabilistic sensitivity factors. 

(2) Because a] is based on the first-order reliability method, a] is a "good" 

probabilistic sensitivity measure only if Ppj^om is a good approximation to the true 

probability [Deamaley et al., 1995]. 

(3) In a reliability study, basic variables having a "small" a' might be assumed to be 

constant and equal to their mean (or median) values in subsequent analysis, thus 

simplifying the probabilistic analysis. 

• Sensitivity factor in ^-space 

Consider a sensitivity factor, , as a measure of the sensitivity of Pfokm 

respect to a basic variable X, at x in the original ^-space. can be expressed as a 

function of or* by applying the "chain rule" of the differential calculus; 

'FORM 
(2.2.10) 

(1) Therefore a*'s defined by the Equation 2.2.10 are "normalized' 
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^;= 
dX: 

-[^1 ^ = a. 
U^/J 

(2.2.11) 

Note that: 

(1) It can be shown that if all AT/s are mutually independent («, = (•*. )])» 

[dui / dx^^. - II + for a random variable Xi having a lognormal 

distribution with COV and \dujdx^^. for X^ having a normal 

distribution with standard deviation . For AT, having a distribution other than 

normal or lognormal, the following form must be used [Madsen et a/., 1986]: 

L^.-J 

fxX"') 
(2.2.12) 

where 0(») is the standard normal PDF, ^"'(•) is the inverse function of the 

standard normal CDF, and (x. ) and (x, ) are the PDF and CDF for the random 

variable respectively. 

(2) Unlike a*'s, ^*'s have not been normalized (that is, * I-) 

2.3 Lognormal Format 

The lognormal format plays important roles in probabilistic mechanics, e.g., 

Galambos and Ravindra [1978] used it for load and resistance design (LRFD) code 

development, Wirsching [1984] used it to formulate an S-N curve-based fatigue life 

prediction model. The lognormal format is briefly simunarized as follows. 

A response variable Z s g ( X )  is said to have a lognormal format if g ( X )  is a 

multiplicative function of all random design factors: 
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g(s)=BYixr (2.3.1) 
iml 

and all Xi's have lognonnal distributions with median x,- and COY ; 

AT, - ) for i = 1,2,-.n (2.3.2) 

where 5 and all a.'s are constants. Define X;slnXi Then all ^,'s are 

normally distributed with mean Inx- and standard deviation <T^ = : 

Xi ~ InXi, ^In(^I+CxJ j for/ = /,2,---,n (2.3.3) 

Define Zs/ng(^). Then 

Z = lnB + InX, = InB + ̂ ajc^ (2.3.4) 
1=/ i=y 

Because linear combination of normal variables is normally distributed, Z has a normal 

distribution with mean 

= /nB + = /nB + ^11 
1=/ ' i'l . 1=/ 

(2.3.5) 

and variance 

<1=i«f4=t" '  
/=/ «•«/ L 

The (failure) probability of ^ z] can be evaluated exactly as 

Pf = ^ z] = ^ z] = ^ /nz] = 

(2.3.6) 

^  I  ^ 

O"-\. z J 

(2.3.7) 

The reliability index is 
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P = ̂  (2.3.8) 

The i-th coordinate of the design point in U-space is 

u'=-afi^ (2.3.9) 

The t-th coordinate of the design point in X-space is 

x\ = ex^c^u' + (2.3.10) 

The probability sensitivity factor in U -space is 

a-G-
a ; = — — ( 2 . 3 . 1 1 )  

^2 

The probability sensitivity factor in X -space is 

(2.3.12) 

Note that, the random variable Z (=^(^)) has a lognormal distribution with median 

i = BY{xt (2.3.13) 
iij 

and COV is defined by 

7+ci=n(i+ci, f (2.3.14) 
1=/ 

The CDF of g ( X )  is a straight line in a lognonnal probability plot having slope 
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d(-p) _ 7 _ 1 

d{lnz) ^ln(l+C^) 
(2.3.15) 

2.4 Advanced Mean Value Method 

A CDF curve for a response variable Z = g(£), might be constmcted by applying 

FORM/SORM to g(X) at every pre-selected CDF level Zj (where Zj has been called a 

" Z-level" of Z): 

J = 0.4.1) 

or it can be approximated by an empirical CDF obtained from an MCS procedure. 

However, when the limit state function is complicated and/or implicitly defined, neither 

MCS or FORM/SORM is practical. A far more computationally efficient procedure 

called the Advanced Mean Value (AMV) method developed by Y.-T. Wu [Wu et al., 

1989; Wu et al., 1990] are summarized in some detail in the following subsections. 

2.4.1 Computational Steps of the AMY Procedure 

The AMV procedure is based on the linear response surface concept in the 

original AT-space (unlike FORM/SORM approximating the limit state surface g^{u) = 0 

by a first- or second-order response surface in the 1/-space.) The computational steps of 

the AMV procedure is summarized as follows (Figure 2.2). 
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MPPL 

X-Space 
(3-ii) 

"7[g(i)Sz^]=p^ 

(3:i) 
«(2) = 2/ = «(i*') 

K 7, 
L(2-i) 

\ 8,{x) = 2i, = g,{x') 

L a )  
«/(i)=«fe) 

"2 U-Space 

r w *• 

\ 4-^ 

(2-ii) 
The corresponding failure surface 
of g^(x) = z/j in the U-space: 

(2-u) 

Pj=P[8„jrOKM(£)-2Jj=0] 

(2-ii) 
The linear approximation of g j ^ ( u )  =  2 1  j  ' •  
Su.Fonu{\^ ~ 

Pi 

'Tirst move" to update 
the CDF level firom zij to 

MV CDF solution 

AMV CDF solution 

2^y=S,U'') Z/=«U*') «(H) 21 or 2 

Figure 2,2 AMV procedure. 
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(1) A response surface approximation of the limit state fimction in X -space. 

An approximate linear performance fimction, called the mean value (MV) limit 

state function is first constructed by the Taylor's series expansion of the 

exact limit state fimction g(x) at the mean point (or other 

proper points, e.g. the median point): 

g(i) = gin) + - f^i) + ̂ (i) (2.4.2) 
i=; "*«• 

where /i, is the mean of a random variable X ^ ;  H { x )  represents the higher-order 

terms. The mean value limit state fimction is defined as 

= + (2.4.3) 
«•«/ 

where values of dg(j^/dxi's might be obtained numerically by perturbing, e.g., 

0.1 for each AT, around the mean point®: 

dXi O.lCi 

a. is the standard deviation of the random variable Xi. A total of n + / ^(x)-

fiinction evaluations are needed for the Equation 2.4.4 (n evaluations for 

i-1.2,--,n and additional one for ^(^).) 

(2) The mean value CDF solution is obtained by applying FORM/SORM on g j ( X )  at 

CDF levels of interest consecutively. 

8 The value of 0.1 is arbitrary. 
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(i) Select the CDF levels' zj/s of the MV response variable 

(ii) Calculate the point probability 

Pi=T[g,(£)Sz,,\ (2.4.5) 

and locate theMPP's, x*''s, on limit state surfaces, g j ( x )  -  z i j  ( j  = !,•••,k), by 

FORM or SORMio. 

(iii) |(ziy,py)| j s /,•••,itj is the MV solution for the CDF curve of /b-data-points. 

(3) Using the information obtained from FORM/SORM, make the "fint move" to 

update the CDF level (may be viewed as updating the response surface to calibrate 

the CDF solution.) 

= = (2.4.6) 

where z i j - g i [ x > )  and j  =  Extra k  ^(x)-functionevaluations 

are needed for updating the CDF levels. The AMV procedure claims that: 

)' Pj = ^ j = i'—'k] (2.4.7) 

is the AMV approximation for the CDF curve of -data-points. 

' The CDF level of g,{X) is called the Z7-level to distinguish it from the Z-level of g{X). 

Note that: 

(1) Even though the response surface g , ( x ) ~ z i j  =  0  in the X  -space is linear, the corresponding 

surface g^(u) — zij = {7 in C/-space is anticipated to be nonlinear because that the transformation T 

is generally non-linear. 

(2) Although there might be SOO-IOOO gj(x)-function evaluations involved for FORM/SORM to 

lo c a t e  X '  a n d  t o  c a l c u l a t e  p .  f o r  e a c h  Z 7 - l e v e l ,  C P U  t i m e  n e e d e d  i s  h o w e v e r  " s m a l l "  b e c a u s e  g , ( x )  

is a simple linear function. 
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(ii) The design point on the limit state surface g(x)^Zj =0 in the AT-space is 

approximated by x''; the first-order probabilistic sensitivity factor for ±e 

random variable Xj at the y-th CDF levels is approximated as a'' = u'' /||u*'| 

[Wu et aU 1993]; and the safety index for the y-th CDF level is pj = ). 

2.4.2 Mathematical Interpretation 

By adding the constant to both sides of gjQQ ^ zij in the Equation 2.4.5, 

the probability statement P[g;(i) ̂  z/y] = Pj can be re-wiitten as 

Because g(x) = gj(x) + ff(x) (per Eqs. 2.4.2 and 2.4.3), zij = gi[xi) and Zj = g[xi), 

The performance variable can be approximated by GI{]Q + H{X> ), if 

^tii) = anticipated to be valid if 

Note that: 

(1) The standard deviations of g(*), gA£) ^UL) can be always estimated by applying the MCS 

having a small sample size. 

(2) The mean and the standard deviation of the MV response variable g, (X )  can be estimated by the 

mean value first order second moment method (MVFOSM) as: 

(2.4.8) 

z j j  +  H ( x ' )  =  g , ( x ' )  +  )  =  g [ x ' )  =  Z j  (2.4.9) 

distribution of g j ( X )  i s  not too skewed); 

= iXw ^^ covariances, Cov(*,,^y)'s, are small, e.g. COV < 15%). 
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(2) the order of magnitude of H at x' is far more less than that of g, (i.e., 

)]), and/or if furthermore 

(3) 8{K) gjiX) have a "similar" distribution shape. 

Then, the "first move" of the AMV procedure (i.e., zij -> Zj per Eq. 2,4.6) is a direct 

consequence of 

gQC)sg,(X)+H(x') a.4.10) 

Following the concept of the first-order second moment method, the above 

assumptions^^ (i) and (2) must be at least satisfied so that the AMV solution becomes 

validated. In spite of the number of assumptions are required, AMV procedures have 

been shown to be accurate for many practical problems. Generally, the AMV 

approximation at CDF levels in the neighborhood of g{x) at the mean point /z (the 

Taylor's expansion point) should always be good. 

• Discussion 

It seems reasonable to replace the linear MV peiformance function gj{x) with a 

polynomial that includes the second order terms of the Taylor's series expansion such that 

the three assumptions outlined in the above can be much more easily satisfied. However; 

(1) A probability assessment according to a second-order response surface (either in the 

X- OT U -space) is generally very accurate and is likely the best one that can be 

achieved by employing an FPI method. Thus, if it is possible to estimate a "second-

order" probability efficiently and accurately, then there is no need to employ the 

A stronger condition to replace assumptions (1) and (2) will be that 0[//(x)]«0[g;(*)] for all 

possible values of x. 
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AMY procedure which gives no infonnation about the order of magnitude of the 

probability estimate enor. 

(2) Moreover, a second-order Taylor series may be parabolic, elliptic, or hyperbolic. 

Therefore, a decision must be made beforehand which form should be chosen to 

construct the response surface. And the most probable point locus^^ (MPPL) 

becomes much more difficult to be identified and traced. Because, a typical 

FORM/SORM generally employs a gradient vector (on limit surfaces in the V-

space) optimization algorithm to identify the design point(s). Very often the 

optimization subroutine will mistake a local minimnm as the global minimum point 

(design point). A second-order hyper-surface in the AT -space is likely to have many 

local minimum point(s) in the 1/-space; A linear hyperplane in the AT-space 

guarantees only one local minimum point in the -space. 

In summary, the main advantage, namely the efficiency, will likely decrease if the g,{^ 

function is replaced by a second-order polynomial. Moreover, it does not guarantee 

improved accuracy. 

2.4.3 Quality of the AMY Solution 

The success of the AMY procedure relies on the assumption that the MY 

performance function gj(x) can be used as a response surface to find the most probable 

point locus (MPPL) of g(x). Therefore, the quality of the AMY solution of the CDF 

curve depends crucially on how close the approximate locus is to the exact one; it can be 

checked by the following simple criteria: 

Let X*' be the most probable point (MPP) associated with the y-th limit state surface g(x)- =0. 

The trace of the MPFs on different Z-levels is called the most probable point locus in the AT -space. 
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(I) Generally, the most probable point locus should be smooth for a "well" behaved 

performance function. 

(II) If AT, is a strength- (stress-) like variable, its coordinate x* at the design point x in 

the ^-space should increase (decrease) with Z-level. It should be self-evident 

whether a variable is strength- or stress-like by examining the physics from which 

the performance function is derived. 

(HI) The failure probability should increase with Z -level. 

Usually the above simple criteria are sufficient to determine if the optimization algorithm 

has identified the wrong design points. If there is a question regarding the correcmess of 

AMV solution , then the AMV+ iteration procedure (Appendix A)i^ [Wu et ai, 1989; 

Wu et a/., 1990] might be applied to improve the quality of the CDF curve. Also the 

AMV+Log procedure proposed herein might be used. 

2.5 AMV+Log Procedure 

The GOV of the time-to-failure T is generally large due to relatively large 

uncertainties associated with material properties and service loading processes. The 

"first-move" in the AMV procedure may be unable to update ±e performance level 

correctly. A logarithm transformation can (1) linearize a g-function having a form of 
n 

, (2) produce a variance reduction effect on the random variable, and (3) 
ill 

can make a skewed distribution become more symmetric. Considering that a response 
n 

surface of the time to failure often has a form of g { X )  = , it is suggested herein 

The procedure is particular useful when the curvature (about the MPP) in the 17 -space is 

primarily caused by the non-normal to normal transfonnation [Wu, 1994]. 
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that logarithm transformations on select basic variables as well as the time-to-failure T 

be applied to treat the large variance design factors prior to linearizing the limit state 

function at the mean value. 

2^.1 Computational Steps of the AMV-t-Log Procedure 

The AMV+Log procedure is simply the standard AMV procedure in a new space, 
A A 

denoted as the AT-space herein. The relationship between the X and the AT-spaces is 

specified by the following transformation; 

(1) The 1-th transformed random variable X, in the new X -space is defined as 

* Computational steps 

The computational steps of the AMV+Log are simunarized in the following: 

In Xi if a log transformation is applied on 

Xi if no log transformation 
(2.5.1) 

A 

(2) The limit state function in the JT -space is defined as 

(2.5.2) 

A 
(1) Generate a linear response surface approximation in X -space. 

A linear response function in A*-space, to be used to calculate the point 

probability and to identify the MPP is defined as: 

(2.5.3) 
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dXi 0.1<Ti 

where fii is the i-th ccx>rdinate of the new expansion point /I, and O.id, is the 

perturbation incrensent for the new random variable Xi in the -space. <t, may be 
A ^ 

chosen as the standard deviation of Xf, and fi may be chosen as the mean point in 
A 

the AT-space, 

» _ if a log transformation is applied on 

[fix, if no log transformation ^ 

Note that: 

(i) If Xi has a lognormal distribution with median i, and CX3V C,., then fi.. = 

/'tax, =H^i) and a, = 
A 

(ii) For an AT,- not having a lognormal distribution, and <T, can be either 

estimated by MCS with small sample size or approximated as /i. = ) and 

<T, = + Cx,) as if it were a lognormally distributed random variable 

where i, and arc the median and GOV of the X^ respectively. The later 

approach will be used in this study. 

Apply FORM/SORM to Equation 2.5.3 at pre-select CDF levels of interest, z j j  

A 

(y = in the JT-space: 

(i) to locate the design points, u'^ and x*', in the C^- and ^-spaces; 

(ii) to calculate the first-order probabilistic sensitivity factors, a'^ and , in the 

U- and -space. 

(iii) to calculate the point probabilities 

Pj = -P[i(i) ̂  zij] j = 12,-'.k (2.5.6) 
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Note that the relationship between a'' and i'' is specified by 

if all AT/s all mumally independent (See Eq. 2^.11.). 

Make the "first-move", 

J = I.2.-;k (2.5.7) 

where Zj s= and x' is the design points in the -space. Moreover, 

'l«®sz;] = ''[''>{«(i)}s/n{2j] = i'[i(i)sl,.] J = I,2,-,k (2.5.8) 

Thus, 

Pj =p\g,[^^zi^: i; =exi^g{x')]; j = l.-.k^ (2.5.9) 

is the AMV+Lx)g approximation for the CDF curve of /t-data-points. 

Note that, the relationship between the design points in the X-space and x' in 

the X -space is specified by 

_ exp^x/ j if a log transformation is applied on AT,-
x/ if no log transformation (2.5.10) 

If all AT/s all mutually independent, the relationship between the sensitivity factor 

1*^ in the ^ -space and in the AT -space is specified by 

/jjc*^ I if a log transformation is applied on 

|*i if no log transformation ^ 
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2S.2 Guidelines on the Use of the Log Transformation 

The advantages of applying the log transfonnation to a random variable (and/or 

limit state) and guidelines on the use of the log transfonnation are discussed and 

summarized in this subsection. 

• Beneficial effects of log transformation 

H 
(1) The log transfomiation linearizes a ^-fimction having the form g { X )  =  f i l l * . " .  

i-l 

Define Z s l n g { X )  and X, s InXi. Then 

Z = lnB + InXi = InB + (2.5.12) <Repeat Eq. 2.3.4> 
i«/ 

(2) The log transformation usually can make a skewed distribution more symmetric and 

closer to a normal distribution. 

(3) The log transformation almost always has a variance reduction effect on the random 

variable, especially for a lognormal (or lognormal-like^^) variable. As a simple 

demonstration, consider a lognonnaUy distributed random variable X with median 

X and coefficient of variation Cj. Let K be a new random variable that is defined 

as the log of X .  Then Y  is normally distributed with mean f l y  -  I n x  and standard 

deviation Cy The following cases in the Table 2.1 show that how 

the CXDV can be greatly reduced after the log transformation. 

When a randoin variable has a distribution which has a similar shape at tail region(s) as that of another 

lognonnal random variable having the same COV and/or median, it is referred as a lognormal-like 

random variable herein. 
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Table 2.1 Variance reduction by Log transformation. 

X''£J^(x,Cr) Y s l n X - N i f i r . G y )  

= Inx ; (Ty = + Cj) 

Cy - Cy /|/iy| 

Kc-LN^SOX), 0.15) InKc " N(438. 0.15) =0.054 

€"0^(2.17x10-*. 0S4) lnC''Nirl995. OJl) 0.025 

a, ~ LN{0.01, OJO) Ina, 0.47) C^.. ̂ 0.102 

With respect to structural engineering reliability concerns, the distribution shape at 

the left/right tail is most important for a strength/stress-like random variable 

because the maximum likelihood failure point (design point) is expected to occur 

therein for a well-designed structure. The extreme-value (EVD), lognormal, 

Weibull, and normal distribution families are the most frequently used models in 

structural reliability analyses. Distributions of an extreme-value (EVD), a 

lognormal, a Weibull, and/or a normal random variable might have very similar 

shapes in their tail regions depending on the distribution parameters; e.g., CDFs of a 

normal and a lognormal distributed random variables having the same median and 

COV are almost indistinguishable when the COV is small (say, GOV < 10%). 

Figure 2.3 shows comparison(s) of PDFs and CDFs between a lognormal random 

variable and another one having a different distribution type but the same median 

and COV: (a) lognormal versus Weibull, (b) lognormal versus EVD, and (c) 

lognormal versus exponential. 
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Figure 2.3 QDFs and PDFs for random variables with the same median and COV. 
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Note that the log transformation does not necessarily guarantee that both the 

variance reduction and symmetric distribution effects will be achieved. As an example, 

consider a exponentially distributed random variable with parameter A, AT ~ £XP(A). 

The PDF of X is fjix) = Xe-*'. The CDF of X is Define Y^ln{X). 

Then, the PDF and CDF of F are /^(y) = eVx(^) and Fy(y) = respectively. The 

PDF's of X and Y are plotted in Figure 2.4. Given X, the PDF of Y becomes more 

symmetric but the magnimde of the COV increases. For X = l, h^=(TX-1; whereas 

Hr =-0587, Gy =1302, and Cy=2217 when estimated by MCS with sample size 

equal to 10^. When the parameter A increases, scatter of Y increases, the modal value of 

Y decreases, and the PDF shifts to left. 

• Non-linearity of the limit state function in the U -space Induced by the T(*). 

A linear limit state function in ^-space is generally non-linear in U -space and 

vice versa because the ^'(•) in Eq. 2.2.3 is generally a nonlinear transformation. To show 

how the nonlinearity of a limit state function will be induccd by the Rosenblatt 

t ransformation, the contour of g^(u) in the t/-space corresponding to g(x) = Xj+X2 and 

g(x) = iog(xj)+X2 in AT-space for Xj ~ N{0,1) and Xj having a distribution type other 

than normal (Xj and Xj are assumed to be independent) are plotted in Figures 2.5 and 

2.6 respectively. 
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Figxire 2.4 Effects of log transformation on an exponentially distributed random variable. 
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Figure 2.5 Non-Unearity induced by the Rosenblatt transformation. 
Contours of g(x) = + jCj in the U -space where ATj ~ N{p, 1) and Xj 

having a distribution type other than normal. 
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Figure 2.6 Non-linearity induced by the Rosenblatt transformation. 
Contours of g{x) = ln[xj) + in the -space where AT, ~ Nip, 1) and 

Xi having a distribution type other than normal. 
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* Guidelines on the use of the log transformation 

A 

Hiere will be trade-off between beneficial effects of linearization in the AT-space by 

employing the log transformation and the harmful nonlinearity effects in the {/-space 

induced by the transformation T(«). Mareover, variance reduction and symmetry effects 

after a log transformation might conflict with each others (See Fig. 2.4). Some guidelines 

for a decision to apply the log transformation are suggested in the following. It should be 

advised that they are only general guidelines and not rules that required to be followed 

restrictedly. 

(1) If g{X)  has a lognormal format, then apply log transformations to all basic random 

variables and the response variable. 

(2) If g(X)  resembles a multiplicative function of random design factors (Eq. 2.3.1) 

and/or the GOV of ^(^) is large, then consider to apply the log transformation to 

the response variable and to select random variables. Which random variable 

should be selected for log transformation is suggested in the following; 

(i) If AT, is lognormally distributed, apply the log transformation. 

(ii) If X, is a random variable having large GOV, consider the log transformation. 

(iii) If is a random variable having a "highly" skewed distribution, consider the 

log transformation. 

(iv) If Xi is normally distributed, then avoid the log transformation. 

(v) Avoid applying log transformation to an exponentially distributed random 

variable. Because the exponential distribution belongs to the Weibull family, 

take caution when applying the log transformation to a Weibully distributed 

random variable. 
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(3) When it comes down to the decision whether to apply the log transformation to a 

random variable X, or not because there is trade off between (1) the linearity in the 
A 

AT-space and the induced non-linearity in the (/-space, (2) variance 

reductionAncrease effect in the -space, and (3) symmetry effect on the 
A 

distribution of the X„ the rule of thumb is to favor linearizing important random 
A 

design factors in the AT-space. 

• Cominents 

Some comments are as follows; 

(1) Note that design points (m*) and/or first-order sensitivity factors (a*) in the U-

space identified by the FORM/SORM, AMV, and AMV+Log methods are 

different. However, design points {x) and/or sensitivity factors (^*) in the AT-

space should be compatible to each others. The main usage of the sensitivity 

factors is to identify those less important random variables with respect to the 

probability estimate that they might be treated as constants in the subsequent 

reliability analyses to save computational time (if necessary). 
A 

(2) Note that the linear performance function in the AT-space constructed by the 

AMV+Log procedure has a form of 

8i (i) = a. + X + X (2.5.13) 
imm*l 

where x. = InXi, (/ = is a select variable that a log transformation is applied 

to; and a,'s = are coefficients obtained from numerical perturbations. 
A 

A response surface of = f; in the AT-space corresponds to that of 

g,{x) = 'B{x) X n(x.r = exp{zi) (2.5.14) 
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in the ^-space where ®(i)s6ap(a,)x Therefore, if the 
imm*l 

expression of the ^-function does not resemble the form of Eq. 2.5.14 at all, then 

the AMV+Log solution can be awkward. 

(3) The proposed AMV+Log procedure is not a general reliability computational 

method but a special version of the AMY method (combining with the lognormal 

format) tailored to assess the fatigue reliability. However, it is expected to work on 
Ifl 

any limit state having a lognormal-like format; that is g(X)  = where 
1=/ 

has a lognormal-like distribution and is a random function with relatively 
m 

small variance comparing to . 

2.6 Monte Carlo Simulation as a Limit State Reliability Method 

A Monte Carlo simulation (MCS) for reliability analyses is briefly summarized as 

follows. 

(1) The probability Ff of Eq. 2.2.1, fi(x)dx = ^ 0], 

can be estimated by a Monte Carlo integration (denoted as MCS/MQ herein) as 

= ew{.a,)xejJ'^a,x^xejJ Xo.*.-
V <•/ J > 

= exp{a,) X n(x.)^ X «pf ) 
M \l^*l J 

= exp{a,)xf[{x,y' X 
ml 

='s{^xii{x,y 

jmmil 



61 

(2.6.1) 

where x,- is the i-th sample point according to the PDF ^(x), n, is the total MCS 

sample size, and indicator function which is defined as 

(2) The QDF for a response variable Z = g{X)  of Eq. 2.4.1, ^z(zy) = - Zy ^ . 

ij = 1.2,---,k), can be approximated by an empirical ODE obtained from a Monte 

Carlo simulation. The empirical CDF curve is constructed as 

where Zj is the y-th rank of the sorted random sample, Fj is the empirical CDF 

corresponding to Zj, Xj is a random sampled point according to the PDF /^(x), and 

n, is the total MCS san^le size. 

Note that MCS is based on binary tries where sampled points are cataloged as either 

"fail" or "safe" ('hit" or "miss"). For large sample sizes the probability estimate has an 

approximate normal distribution with mean p = n/n, and standard deviation 

where q = l -p ,  n, is the sample size, and n is the total number of sampled points that 

hit the failure region. Given the sample size n,, a confidence interval with an 

approximate confidence coefficient i-a for the p can be calculated as^® [Dudewicz & 

Mishra, 1988] 

if 8{x,)^0 

i f  gU)>0 
(2.6.2) 

(2.6.3) 

/ 

(2.6.4) 
V 

Here p represents the probability estimate for either the Pp in Eq. 2.6.1 or a Fy in Eq. 2.6.3. 
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The minimum sample size n, required so that p is within ± 10% of Pp with probability 

of i — a can be derived from Eq. 2.6.4 as 

{0.10'Ppf 
(2.6.5) 

For /-a =90% . = 1.65; for i-ct =95% , <t>-'{I-al2) = 1.96. Figure 

2.7 shows the sample size n, required to achieve the probability estimate with 90% and 

95% confidence. For a well-designed engineering structure, the failure probability Pp 

will be of the order from 10~^ to W". Thus, the required sample size should be on the 

order of 10^ to 10'. 
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Figure 2.7 MCS sample size versus probability estimate. 
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2.7 Preliminary Example I 

The CDF of cycles to failure of a welded joint subjected to a solely brittle fracture 

failure mode under a stationary narrow band Gaussian stress process is estimated by 

employing a conventional fatigue reliability approach. An optimization breakdown of the 

FORM/SORM is shown in the Preliminary Example I. 

• Definition of the problem 

It is assumed that (1) the Paris law applies; (2) the stress intensity factor range 

threshold, = 0; (3) S(t) is a narrow band Gaussian stress process with zero mean, 

^ls=0', (4) static failure is defined by pure brittle firaicture; and (5) the geometry factor 

has a form of Y(a) = Xa~^ where m^ — m/2 +1 <0. As a consequence of the 

assumptions and an equivalent constant amplitude model employed (See the E3 model in 

Subsection B.6.3 for details.): 

The fatigue crack size at cycle life N is then, 

aiN) = [(CA"5"AS;;;r'"")(m^ -ml2 + l)N+ 

(2.7.1) <SeeEq.3.1.19> 

The cycles to failure (i.e., the expected number of stress cycles required for a crack to 

grow to its critical value where is yet to be defined), iV^, is 

— Se r® n 7 7'il7 
- m/2 +/) 

Note that a random variable B has been applied to the equivalent Miner's stress range in 

Equation 2.7.2 to account for the stress modeling error. 
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Where: 

• The effective stress range has a Rayleigh distribution. 

• The equivalent Miner's stress range, evaluated based on amplitude of 5(r), is 

4S,=V2oi[^r(2 + i^j (2.7.3) <^7er Eq. B.6.20> 

• The fatigue crack propagation coefBcient is equal to the Paris coefficient at an /?-ratio 

equal to zero^®: C-Cg. 

• The critical crack size is defined by the "expected britde firacture length" (per Eq. 

4,1.13) at which fracture toughness is set equal to the stress intensity factor (See 

fatigue limit state (FAl-i) in Subsection 4.1.2 for details.); 

K,=Y{a,)BAS^^ 
, , , (2.7.4) 

Therefore, 

(2.7.5) 
V «« J 

• Data 

The information related to design factors is given in the following table. All units are in 

U.S. system (Refer to Table 3.2.) 

For /ij = 0, the actual /{-ratio is R^= -1. However because it is generally assumed that compressive 

stress contributes no fiatigue crack growth, the equivalent Miner's stress is consequently evaluated 

based on amplitude of S{t), and the Paris coeflicient is taken at -ratio equal to zoo. 
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Table 2.2 Data for the Preliminary Example I. (All units are in U.S. system.) 

m = 2.74 Ms = 0 

k = 1.0 <Ts=243 Ksi 

^ = 0 ^^=57.0 Ksi 

X~LN(x,C^)  Ct=<'iW X~LN(x,C^)  

H^=lnx;a.  =^ln{l+Cl)  

Ct=<'iW 

a.-LNiO.Ol, 050) (inch) a, slna," N{-^.60. 0.47) | C-^ = 0.102 

B-LN^LO,  020)  BslnB-NiO.O,  0 .198)  

C,''LN{2.17x10-^, 054) C,slnC,''N(-19.95, 051) c. =0.025 

Kc-LNiSO.O. 0.15) (KsiViii) kc^lnKc' 'N{438,  0 .15)  C. =0.034 
*C 

• Limit state expressions 

The goal of analysis is to determine the CDF of N^. The CDF of Nf. is 

F„^(N)^P[Nc&N] 

(1) To use a FORM/SORM, it is convenient to write the failure event as an equivalent 

event in terms of a fracture failure. 

F^^(iV)=i'[A:.£A:(Ar)] (2.7.6) 
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where K{N) is the "equivalent" stress intensity factor at life N. 

K(N)  = Y[a{N)]BAS ^JM(J^ 

. (2.7.7) 

Substituting Eq. 2.7.1 for a{N),  then 

UN) = 

{(C.A'"B"AS'r;r'"'^)(m^ - m /2 + l )N + (2.7.8) 

Substituting the data of Table 2.2 into Eq. 2.7.7, the limit state surface^^ is 

Kc = 65A64B • [-037{65A64Bf''* •C,*N + (2.7.9) 

(2) For the AMV procedure, the (mean value) linear approximation to the limit state 

function in the original AT-space, obtained by numerical perturbation on Eq. 2.7.2, 

is 

Nc, i fv= 4 .837^10'  

+86.01(Kc -Hg^)-U18 y.lO'iB-Hg) (2.7.10) 

-1.861 X 10"(C, -He,)-1853 x 10'(a, -/z.,) 

(3) For the AMV+Log procedure, the linearized performance function at the X -space 

is 

Noting that Nf.{x) = N at the limit state surface. 
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NC.YV=IL019 

M).137{Kc - )- 2.«80(i -/I,) (2.7.11) 

where N(. = lnNc, a,slna,, BslnB, C, =lnC,^ andkf.=lnKc. 

• Results and discussion 

(1) Plotted in Figure 2.8 (a lognonnal probability plot) are the estimates of the CDF of 

Nc constructed by the various reliability methods. Notations used in Figure 2.8 are 

summarized in the following table. 

Table 2.3 Notations used in Figure 2.8. 

Reliability 

Method 
Probability 
Statement 

Notation in Fig. 2.8 

(i) MCS«5 Eq. 2.7.2 MCS (sample size = 10®) 

(ii) FORM/SORM£ Eq. 2.7.6 FORM/SORM 

(ii) AMV§ Eq. 2.7.10 AMV 

(iv) AMV+Log^ Eq. 2.7.11 AMV+Log 

(V) Analytical Eq. 2.7.18* LognormalFormat; Fff_(N) 

* To be derived later in this section. 

^ MCS: Monte Carlo Simulation. 

^ First or second order reliability method 

§ Advanced mean value method 

i AMV method with log transformations. 
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Figure 2.8 CDF curves of the cycles to failure (Preliminary Example I). 
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As shown in Fig. 2.8, the AMV+Log solution corresiwnds closely to the MCS's. 

Moreover it is valid for wider range of the CDF level. FORM/SORM seems to fail 

in this application; it breaks down in the tail regions {N ^ 10^ and/or N < 10^). 

The MCS sanaple statistics are provided in Table 2.4. 

Table 2.4 Sample statistics from MCS for Preliminary Example I. 

Sample statistics of Nf. (sample size = 10^) 

mean standard deviation median GOV 

82672 77896 59817 0.9422 

(2) Given X = x (the median value of a vector of design factors), the deterministic 

conditional median^ crack size, a{N), as a function of fatigue stress cycles N is 

ai.N) = - m/2 + /)iV + 
^m/2+J 

(2.7.12) 

a{N) is shown in Fig, 2.9. For the critical crack size equal to 

ac = 112 = 1.49 (2.7.13) 

the deterministic conditional median cycles to failure is thus calculated as 

Here, "detemunistic" implies that no reliability computational method is required, and "conditional 

m e d i a n "  m e a n s  t h a t  r e s u l t s  a r e  b a s e d  o n  m e d i a n s  o f  d e s i g n  f a c t o r s  (X = i ) .  
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Nr = 6.20E4 (2.7.14) 
(c,ArB''AS;;7r'"'j(m^ -m/2+1) 

Comparing with the "true" median value (= 5.98E4; Table 2.4) obtained from 

MCS, Nc is very close to This implies that the deterministic conditional 

median crack size curve a{N) can be used for predicting the trend of the fatigue 

crack growth. 

3^ 

0.0*l(y 1.0x10* 2.0x10* 3.0x10* 4.0x10* 5.0x10* 6.0x10* 7.0x10* 

Fatigue cycles, N 

Figure 2.9 Detenninistic conditional median crack size (Preliminary Example I). 
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(3) As shown in the Figure 2.9, the remaining fatigue cycles for the crack size > 5^ 

contributes little to the life. Therefore, in practice it is often assumed that the 

critical crack size is infinity in order to simplify the limit state^i. For ^2^ -> <», the 

cycles to failure in the Eq. 2.7.2 becomes 

-m/2 + j)  
as flg —> oo (2.7.15) 

In this example, AL has a lognormal format (Section 2.3) because the random 

design factors (a,, B, and C.) are all lognormally distributed. For the data given in 

Table 2.2, is lognormally distributed with median (per Eq. 2.3.13) 

jm^-in/2+7 

- m / 2  +  J )  

^ 0.0/^-^ 
(2.17 X10-^ • 1"' • f • 37"* • ii^^){-037) 

-7201y.l0* 

and GOV (per Eq. 2.3.14) 

(2.7.16) 

x(7 + Cjj'''''x(/+Cj)'""'-/ -2 \(-")' 

=i/(/+0J'P'' 

= 0.887 

The CDF of can be calculated exactly (perEq. 2.3.7) as 

In{N)- ln[NSj  

(2.7.17) 

Ff,_(N)  = PlN^^N] = 0  (2.7.18) 

See the fatigue limit state (FAl-ii) in Section 4.2. 
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The GDF curve of iV. is also plotted in Fig. 2.8 for comparison; it is a straight line 

in this lognonnal probability plot The curve shifts to lightAeft as the median 

increases/dccreases; and the slope of the curve decreases with the COV C^_, and 

hence the COV value of any random design factor. 

(4) The CDF solution of Nc should be more conservative than that of i.e., given 

fatigue cycles N, the predicted failure probability Ff,_(N) should be less than 

Thus, the AMV CDF solution of Nf. in the left tail cannot be correct 

because its CDF is smaller than that of in Fig. 2.8. This situation will become 

more clear when the behaviors of the MPPLs are examined. Figure 2.10 shows the 

projections of the most probable point loci solved by FORM/SORM, AMV, 

AMV+Log (of  the  Nc) and lognormal  fonnat  (of  the  NJ) on a  two dimensional  N-

x' subspace where x' denotes the coordinates of the random variable a,, 5, C., or 

Kf. at design points (MPPs) in the AT -space. Following the simple checking criteria 

outlined in the Subsection 2.4.3 that the coordinates of a strength-like variable ( 

should increase and a stress-like variable (a*, B*, and/or Cj) should decrease with 

fatigue cycles N, it can be concluded that the AMV CDF solution of Nc is suspect 

at tail regions where the its MPPL behaves oddly. 

22 In other words, given the level of failure probability (/v.(^-) and/or the predicted fatigue 

cycles should be larger than N. 
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Figure 2.10 Most probable point loci (Preliminary Example D-
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(5) Hgue 2.11 shows the first-order probabilistic sensitivity factors (Subsection 2.2.3) 

aj in 17-space and in X^-space calculated by the AMV+Log procedure 

(Subsection 2.5.1). Fracture toughness Kg., which is a strength variable, has 

negative sensitivity factors and is the least important random design factor. It is 

interesting to notice that the stress modeling error B is the most important design 

factor in this example despite having the smallest GOV. Note that: (1) The of 

each random variable shown in Fig. 2.11 has been re-scaled by multiplying by its 

respective median; (2) Also included in the Fig. 2.11 for comparison are sensitivity 

factors (represented by lines) according to the lognomial format of iV. (Eq. 2.7.15). 

See Section 2.3 for additional detail on the lognomial format 
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Figure 2.11 First-order probabilistic sensitivity factors (Preliminary Example I). 
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(6) Generally, the AMV procedure is computationally very efficient and can provide 

approximate CDFs. However, there exists a preferred space that the performance 

function should be linearized. This space might be the original AT-space, a log 
A 

transformed AT-space, (or even the independent standard normal U -space [Khalessi 

et aL, 1991]) chosen by the analyst In addition to the X -space specified in the Eq. 

2.7.11, two more log transformed spaces are also included herein for employing the 

AMV+Log method: 

(i) The linearized performance function by numerical perturbation at the InNf . -

a,-B-C,-Kc space is 

J#v = ^0 787 + / .776 X JO'^FKC - Mr ) - 2.803{B - /i, ) 
^ (2 7 19) 

A 
where Nf. slnNf.. 

(ii) The linearized performance function by numerical perturbation at the InNc-

a,-B-lnC,-Kf. space is 

N C M V ^  1 0 . 9 1 6  + 1 . 7 7 6  x 10-'[KC - Mjt )" 2.803[B ~ /z,) 
I \ / N ' (2.7.20) 

A A 
where Nc = InNc and C, s InC,. 

The results of AMV+Log CDF solutions of Nc in three different X -spaces are 

summarized in Figure 2.12. Also included in the Fig. 2.12 for comparison are the 

AMV and MCS solutions for the N^., and the lognormal format solution for N^. It 

is interested to see that the quality of CDF solution is improved as the number of 

log transformations(s) on select random variable(s) increases in this particular 

example. 
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Chapter 3 Poisson Upcrossing Approach 

First-passage fatigue reliability modeling based on the Poisson upcrossing 

approach is described in this Chapter. Basic notation and assumptions for fatigue 

reliability modeling, and the mathematical equations required for equivalent fatigue crack 

growth curve prediction and residual strength modeling are summarized in Section 3.1. 

The conventional procedure for computing first-passage failure probability is highlighted 

in Section 3.2. More technical detail and mathematical derivations follows in the 

succeeding three sections. An implicit expression for the first-passage time-to-failure T, 

required by the AMV (and/or AMV+Log) procedure to assess the CDF of the T, is 

derived in Section 3.6. A new computational methodology for efficient and accurate 

first-passage fatigue reliability assessment is proposed in Section 3.7. An example is 

presented in Section 3,8 to validate the proposed method and to demonstrate advantages 

and disadvantages among various applicable approaches (summarized in Table 3.3) for 

calculating the CDF of the T. 

3.1 Basic Assumptions and Mathematical Formulae for Fatigue 

Reliability Modeling 

Equation 1.1.1, F;,(f) = P^min{lJ,(r)-S(t)}^oj, is only a "symbolic" fatigue 

reliability model for assessing the probability of "time-dependent first-passage fatigue-

fracture-failure" under an arbitrary random stress process. In general, the precise 

expression for Pp is complicated because it involves the interaction between the residual 

strength RJj) and the remote stress S(t) which are related because Rg(t) is a function of 

a(r) whereas «(r) itself depends on S(t). Therefore a series of simplifying assumptions 
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for an adequate model of a(t ) ,  R , ( t )  and S(t) are required before Pp(t)  can be 

estimated. Basic notation, assun^tions, the mathematical equations for fatigue crack 

growth and residual strength modeling employed herein are provided below. 

3.1.1 Basic Notation and Sources of Uncertainties 

• Classification of uncertainties and basic notation 

Remote stress 5(r)will be modeled as a random process. Basic design factors, 

e.g. material properties, crack propagation parameters, modeling errors, etc., arc assumed 

to be "time-invariant" random variables. A random variable (or a random process) will 

be denoted by a "bold" capital letter, a specific value will be lower case. X is used to 

denote a vector of all time-invariant design factors^. A specific value of X is denoted by 

X. The notation "*1^ = x" or "•(jc" will be used to indicate a conditional property. When 

it is clear in the context that conditional properties are being referred to (e.g., derivations 

of fatigue crack growth curve in Appendix B and residual strength modeling in Appendix 

C), the notation " "jx" will be dropped. Note that: 

(1) Because each component in a Monte Carlo simulation associates a different set of 

values of time-invariant random variables, X = Xj refers to component 1, and so 

forth. For example, Pf{t^2) represents the conditional failure probability at time t 

of component 2 under random stresses. 

(2) The notation Pf{^, which was just defined as the value of the conditional failure 

probability at a specific time t  given X ^ x ,  will be also used to denote the implicit 

function expression of conditional failure probability. To emphasize that this 

function depends on t, and x, sometimes the notation Pf(t;x) is used instead. 

^ A constant design factor may be thought of a random variable with zero variance. 
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Moreover, when x is replaced by X,  it means that Pf( t ;X)  is a random function 

expression. The same notation rule apply to all other conditional properties. For 

example means the value of residual strength at a specific time t given 

X = x, and R^{t;x) (or /^(rji)) denotes the implicit function expression for the 

residual strength. 

(3) The term "conditional median" means that results are based on medians of design 

factors (X = x). Far example, P/(4i) will be called the conditional median failure 

probability. 

(4) In most illustrations in this study, the failure probability (or the QDF of the time-to-

failure) will be plotted in a lognormal or normal probability plotting scale where a 

probability is represented by its standard normal variate ^"'C*) is the 

inverse function of standard normal distribution. 

• Sources of uncertainties 

The coefficient of variation (COV) of time-to-failure in controlled laboratory 

fatigue tests has been observed to range from 30 to 150% for metallic materials. But in 

practice, uncertainty in fatigue life results from: (1) the time-variant randomness 

associated with the stress process, and (2) time-invariant uncertainties of the design 

factors over the component sample population. Design factors associated with both the 

fatigue process (e.g., the empirical parameters of fatigue crack growth rate equation) and 

structural performance (e.g., yield strength, ultimate strength, and firacture toughness of 

the material) exhibit considerable scatter. Moreover, the coefficient of variation of stress 

at fatigue sensitive points (stress concentrations) can also range from 10 to 30% and even 

higher in some cases. And to account for possible modeling error in structural response 

analysis (e.g. finite element analysis), one approach is to introduce a random variable B 
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as stress modeling error. The multiplication of the stress modeling error B and the 

equivalent Miner's stress range (Eq. 3.1.15), will be used as an "effective 

fatigue load" in a reliability model. Important design factors in the fatigue model which 

possess significant uncertainties are summarized in the following table [Wirsching, 

1992]. 

Table 3.1 Source of uncertainties. 

Design factor 

(for metallic materials) 

Commonly used statistical 

distribution 

Anticipated 

GOV 
Initial crack size a. lognormal, exponential. 40-60% 

Elber fatigue propagation coefficient Cg lognormal, WeibuU. 40-60% 
Yield strength <7^ normal; lognormal, WeibuU. 5 ~ 15% 

Ultimate strength normal; lognormal, WeibuU. 5 ~ 15% 
Fracture toughness normal; lognormal, WeibuU. 10 ~ 15% 

Stress modeling error B normal; lognormal. 10 ~ 30% 

• SI and U.S. Unit Systems 

Units associated with design factors related to fatigue/fiacture are summarized in 

Table 3.2. Both SI and U.S. unit systems are provided. 



82 

Table 3.2 Units of design factors. 

Design factor SI Unit U.S. Unit 

Length millimeter (mm) inch (in) 
ie.g., initial crack size a,) = 25.4 mm 

Force Newton (N) pound (lb) 

(e.g., P in Fig. 3.1) = 4.448 N 

Stress or strength MPat Ksi* 
(e.g., yield strength a,) = 6.895 MPa 

Stress intensity (range) MPa Vmm KsiVin 
= 34.75 MPa Vmm 

Fracture toughness Kc MPa Vmm^ Ksi Vin = 34.75 

MPa Vmm 
Power spectral density function Wj{s) MPa2/Hz Ksi2/Hz 

Fatigue crack growth rate daldN mm/cycle in/cycle = 25.4 mm/cycle 

Fatigue propagation exponent Nondimensional Nondimensional 

{e.g., Paris exponent m) 

Fatigue propagation coefficient^ 8 5 
(e.g., Elber coefficient Cg) 

t Pa = N/m2; MPa = N/mm2. 

¥ psi = lb^2; ]Qp - io3 psi. 

^ MPa Vmm = NAnin"^. 

§ The empirical fatigue propagation coefHcient is defined by the fatigue crack growth 

law. Let Of and C(js denote the Paris (or Elber) coefficient in the SI and U.S. unit 

systems respectively. Both Paris and Elber laws has the power law relationship of 

daldN - C(2Wr)". The conversion between and are derived as follows. 

daldN (in/cycle) = Cys[4Ar (Ksi Vin)]'" 

daldN (25.4 mm/cycle) = (34.75 MPa Vnam)]"" 

daldN (mm/cycle) = 0.0394 x (34.75)" x Cys[4Ar (MPa Vmrn)]" 

But daldN (mm/cycle) = (MPa Vmm)]". Therefore, Cgj can be converted 

fiom Cfjs  &s Cs i -  0.0394 x (34.75)'" x C^j. Similarly, Cys = 25.4 x (0.0288)" x C^,. 
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3.L2 Fatigue Critical Component 

In practice, a typical fatigue critical structural component may thought of as a 

plate having a sharp crack whose surface is perpendicular to the direction of loading, i.e., 

subject to mode I cyclic tensile loading. Geometric configurations and their associated 

geometry factors (denoted as Y(a) herein) of cracked plates under tension, which are 

frequently encountered in structural engineering applications, are defined in Figure 3.1. 

• Geometry factor 

The geometry factor Y(a)  is a dimensionless function that must be obtained from 

a fracture mechanics analysis [Dowling, 1993; Fuchs & Stephens, 1980; Paris & Sih, 

1965; Sih, 1973; Tada et al., 1973; Wu & Carlsson, 1991]. Y{a) will depend upon the 

crack size, the crack shape, and the component geometry. Geometry factors for those 

simple cracked plates shown in Figure 3.1 are as follows. 

(1) Welded joint — The geometry factor for welded joints can be specified by a general 

form as [Gumey, 1979]: 

Y{a)  = Xa^ (3.1.1) 

where A and ^ are empirical parameters. 

(2) Through thickness central cracked plate [Dowling, 1993] — 

(3.1.2) 

(3) Through thickness edge cracked plate [Dowling, 1993] — 

0265{1 - #•)' + {0.857 + 02(55 ̂ )/(7 - if) 

1.122 for 
(3.1.3) 
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Through thickness edge cncked plate 
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Y(a) = 1.0 as W—> 

Welded joint; Y(a)  = LSa' '  ' "  
Y( ,a)-*0 asa 
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a/W (W = SOOnun) 

Central cracked plate 

Y{a) = ̂ sec{-^) 

Edge cracked plate 

+{0.857+0265f)l{l - •#•)" 

Welded joint 

Y{a)=Xar^ 

Figure 3.1 Component configuration and their associated geometry factors. 
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• Stress intensity factor range 

Y{a) is required to calculate the stress intensity factor range AK which characterizes the 

severity of the "local" stress around the crack tip. The stress intensity factor range is 

defined as (Paris & Erdogan, 1963] 

AKsYia)SS'Jm (3.1.4) 

where AS is the (remote) stress range. 

3.1.3 Quasi-Static Failure Modes and Residual Strength 

Principal failure modes associated with cyclic tensile stress are yielding, brittle 

and ductile fracture, and fatigue [Dowling, 1993]. ftacture implies a component is 

separated into two or more pieces. Yielding is referred to gross plastic deformation such 

that serviceability is lost Fatigue is failure due to repeated loading and involves the 

gradual development and growth of cracks. Failure defined herein is fracture due to high-

cycle fatigue-induced structural degradation^. It will be assumed that there is no gross 

yielding of member during fatigue crack propagation and hence low-cycle fatigue will not 

be considered. 

• Residual strength 

Residual strength /^(r) for components shown in the Fig. 3.1 can be derived in 

terms of crack size and material properties according to suitable quasi-static fracture 

failure criteria. For relatively brittle high yield strength materials (usually having low 

 ̂ Note that fatigue life (high-cycle) of practical interest ranges from 10  ̂to 10  ̂loading cycles. 
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fracture toughness AT^), the residual strength at time t based on the brittle dacture failure 

criterion is calculated as 

r[a(t)T^ia(t) (3.1.5) <po-Eq.C1.2> 

where a(t)  is the crack size at time r, Y(a) is the geometry factor, and is the fracture 

toughness of the material. For normally ductile low yield strength materials (usually 

accompanied by a relatively high AT^.), the residual strength at time t based on the ductile 

fracture failure criterion is calculated as 

^(0 = <^a (3.1-6) <per Eq. C.2.2> 

where 

+ (3.1.7) 

is the flow stress, is the ultimate strength, and is the yield strength of the material. 

To account for the possible transition between the brittle and ductile fracture modes as 

fatigue cracks grow and remote stresses fluctuate with time, it is suggested herein that the 

R6 model [Harrison et ai, 1979; Milne et al., 1986], a two (fracture failure) criteria 

approach, be used to calculate the residual strength: 

sec''< exp 
212/^(0 

(3.1.8) <^er Eq. C.3.3> 

where R^{t) s /[y[fl(r)ynB(f)} and are the ductile and 

brittie fracture thresholds which have been defined in Equations 3.1.5 and 3.1.6 

respectively. See Appendix C for more details on residual strength modeling. 
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3.1.4 Assumptions Associated with Stress Processes 

The xemote stress process S(r) will be assumed to be, in general, a wide-band 

stationary Gaussian process having a non-zero mean and an one-sided power spectral 

density^ (PSD) function Wg{f). Furthermore, it is assumed that the "effective" 

(conditional) barrier upcrossings can be modeled as a (non-homogeneous) Poisson 

process. Discussion of these assumptions follows: 

(1) Gaussian process — It has been observed that many physical processes associated 

with dynamic loads and vibration in structural engineering application resemble 

gaussian processes. Furthermore, because non-gaussian processes are 

mathematically complicated, gaussian processes are widely used as approximations 

in engineering and physical science applications. 

(2) Stationary process — No random process is truly stationary in engineering practice. 

Nevertheless, for practical purposes it is often adequate to assume that a process is 

stationary. In some cases a non-stationary process may be divided into separate 

periods of stationary behavior [Newland, 1984; Veers, 1987]. 

(3) Ergodic process — The ergodic property is a necessary condition for the Poisson 

barrier upcrossing assumption. An ergodic process is a stationary process for which 

any one sample function is completely representative of the process as whole'^. The 

important consequence of the ergodic property is that temporal statistics (also called 

the sample statistics) of each record are the same as the ensemble statistics. 

 ̂ The word "power" is attached because Wg{f) has units of energy per unit frequency in random 

vibration {plications. 

 ̂ If a process is ergodic, it must be stationary. The converse is not necessarily true. For engineering 

purposes, it is commonly assumed that a stationary process is equivalent to an ergodic process [Veers, 

1987]. 
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Averaging the value of different realizations of the process at a single time is the 

same as averaging a single realization over time. 

(4) Poisson barrier upcrossings — Under stationary stress processes, and a slowly 

deteriorating residual strength, the Poisson barrier upcrossing assumption is 

reasonable (Figure 3.2) [Vanmarcke, 1975]. See Section 3.3 for additional 

discussion. 

In summary, for engineering applications, an (ergodic) stationary Gaussian process is 

often a good approximate descriptive model for random loading processes [Dominguez & 

Zapatero, 1992; Veers, 1987]. It is both simple to implement and often accurate. 

When the level of the lesidual strength is high and constant with lime, 

the expected rate of banier upcrossing v^. is a constant. 

Events of occunences of barrier upcrossings appioxiinateiy 

constitute a homogeneous Poisson process. 

ume, t 

When the lesidual strength deteriorates with time, 

the expected rate of barrier upcrossing (({z) increases with dme. 

Events of occurrences of barrier upcrossings approximately 

constitute a non-hoinogeneoiis Poisson process. 

time, t 

hlgure 32 Poisson barrier upcrossing assumption. 
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3.1.5 Assumptions Associated with Fatigue Crack Gro^h Prediction 

Fatigue craclc growth is driven by effective stress ranges of the stress process and 

governed by fatigue propagation laws. Residual strength is a function of crack size and 

material strength. Therefore fatigue crack growth (and hence residual strength) is a 

evolutionary (or non-stationary) process that is related with the stress process. In general, 

evaluation of first-passage failure probability associated with the two correlated random 

processes is likely to be too complicated to have a closed form expression. A real time 

simulation^ may be required. 

• Crucial simplification 

The crucial simplification on the (conditional) fatigue crack growth prediction 

commonly made is that given the time-invariant values of random design factors (^ = x), 

the conditional crack growth of a fatigue critical component subjected to any realization 

of the stationary stress process S(f) can be best represented by its mean curve (with 

respect to the random stress process)® with sufficient accuracy regarding the estimation of 

the conditional failure probability. It is assumed herein that the conditional fatigue crack 

growth curve (and hence the conditional residual strength /^(rji)) is uniquely 

determined given X = x. Justification for this simplification is given as follows: 

(1) Because the coefficient of variation of the number of cycles to grow the crack to 

size a given X=x, decreases with increasing crack size and becomes relatively 

small [Wu, 1993], the error of the estimated fatigue life based on the conditional 

 ̂ This implies a time consuming cycle-by-cycle approach for realizations of a(() /̂ (r), and 5(r) are 

lequiied. 

 ̂ Given ̂  = x, the uncertainties associated with the conditional crack growth curve a((|x) is due purely 

to  the  random stress  process  S{ t ) .  
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mean curve can be assumed to be negligible for high-cycle fatigue applications. 

(See also Section B.5.) 

(2) Fluctuations of the crack growth process are anticipated to be far smaller than the 

remote stress process. For engineering purposes, it is reasonable to assume that the 

conditional fatigue crack growth (and hence the conditional residual strength) 

process can be de-coupled from the random stationary stress process and 

represented by an equivalent  "smooth" curve given X=x. 

• Other assumptions 

Other assimiptions are: 

(1) A fatigue crack is present at the very beginning of the service life. A crack 

inidation phase is assumed to be non-existent. This assutopdon is widely employed 

in fabricated structures. For example, it has been observed in experimental data on 

welded structures that unavoidable defects behave like pre-existing fatigue cracks 

[Barsom & Rolfe, 1987; Kirkemo, 1988; Ortiz, 1985]. 

(2) The Elber law [Elber, 1971] which is equivalent to the Paris law [Paris & Erdogan, 

1963] plus the crack opening stress concept is assumed to predict fatigue crack 

growth. 

(3) Sequence effects, i.e., crack growth behavior changes when the sequence order of 

stress cycles are altered, are assumed to be negligible under stationary random stress 

processes [Dominguez & Zapatero, 1992; Dowling, 1993; Schijve, 1976]. This 

assumption is an essential requirement for an equivalent constant amplitude stress 

approach. Experimental evidence has indicates this assumption to be generally 

valid for continuous random stress processes. 
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(4) An equivalent constant crack opening stress exists under stationary random 

stress processes [Boutle & Dover, 1977; Elber, 1976; Jono et al.^ 1984; Kikukawa 

era/., 1981; Kikukawa era/., 1977; Newman, 1981; Ranganathan era/., 1992]. The 

existence of an equivalent constant crack opening stress is a direct consequence of 

the negligible sequence effect assumption. 

(5) The Palmgren-Miner linear damage rule [Hibberd & Dover, 1977; Miles, 1954; 

Ranganathan et al., 1992] is assumed to be applicable for deriving an equivalent 

Miner's stress range AS^ and an equivalent number of stress cycles N^{t). 

3.1.6 Equations for Fatigue Crack Growth Prediction 

Equations associated with Pemg's fatigue crack growth curve prediction model 

[Pemg, 1989; Pemg & Ortiz, 1989] based on an equivalent constant amplitude approach 

are summarized in this subsecdon. 

The stress process S(r) is assumed to be stationary Gaussian having a non-zero 

mean fig and an one-sided power spectral density (PSD) function Ws{f). Upon 

integrating the Elber equation, the (conditional) crack length a(r) at time r can be 

specified by 

More details on fatigue crack growth modeling are provided in Appendix B. Terms in 

Eq. 3.1.9 are explained in the following. 

• The Elber equation is 

(3.1.9) <perEq. B.5.11> 

(3.1.10) cper Eq, B.3.4> 



92 

where, 

is Elber effective stress intensity factor range; 

m is the Paris exponent; 

Cg is the Elber fatigue propagation parameter which is defined as 

Q = (3.1.11) <perE(i. B.3.15> 

C„ is the Paris coefi5cient ax R = 0, is specified in Eq. 3.1.17-2. 

a, is the initial crack size. 

A/^(f) is the equivalent number of stress cycles which is defined as 

N (t)  = v  t  
" (3.1.12) <perEq.B.5.12> 

where 

= (3.1.13) <perEq.B.4.9> 
' 27r(X^ 2n\m2 /  ̂ -m 

is the expected peaking rate of the stress process S(r). 

(3.1.14) <^erEq.B.4.6> 

is the /-th spectral moment; W^(/) is the one sided power spectral density (PSD) 

fimction in finequency domain. 

AS^ is the equivalent Miner's stress range, defined as 

dvdp 

(3.1.15) <^erEq. B.5.14> 
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Pt is a generalized spectral bandwidth factor, defined as 

AH -2hB-l k = 2lm (3.1.16) <per Eq. B.4.5> 

5,^^ is the equivalent crack opening stress, defined by Newman's crack opening 

stress equation [Newman, 1984] with arguments = fig-4<Ts, 

and /? = {Hs -4(TS)/{HS +4<JS): 

S = f (s S R B n \ = 
\S^=RS^ i f^rS^<S^ {ci .<R) 

(3.1.17) <perEq.B.3.6> 

where, 

_(A,+AjR + A2R^+A3R^ 

A^ = {0.825-0.34P^ + 0.05Pl) 

Aj={0.415-0.07ip^)^ 

A2 ~ 1 A^ ~ Aj Aj 

A,=2A,+Aj-I  

l > R t O  

-1^R>0 

cos 
V ^^0 yj 

("Pr)  

(3.1.17-1) 

(3.1.17-2) 

(3.1.17-3) 

(3.1.17-4) 

(3.1.17-5) 

(T„ is the flow stress (Eq. 3.1.7) and is the plastic constraint factor (See 

Subsection B.3.4.) 

Note that: 
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(1) The two dimensional numerical integration in Eq. 3.1.15, with (±<») replaced by a 

very large number (say, Hs±5Gg), can be evaluated accurately by a 40-point 

Gauss-Legendre quadrature algorithm [Ffess etal., 1992]. 

(2) To ensure the accuracy of the fatigue crack growth integration in Eq. 3.1.9, 

is first divided into sub-intervals '-',0^.1.0^ =fl(0] according to 

the order of magnitude of the integrand [y(a)V«zJ Then every sub-interval is 

integrated by a 40-point Gauss-Legendre quadrature formula subroutine: 

l^\r(,ahl^'da = [y(ah/^'<fa (3.1.18) 

(3) For a welded joint whose geometry factor having a form of Y(a) = Xa~^ and 

m^-mll + lKO^ the equivalent fatigue crack size at time t can be integrated 

analytically and expressed in a close form as 

<J(0 = 4'V„(')] = [(CA-4S-®-")(m|-m/2 + (3.1.19) 

(4) For reliability analyses, a random variable B, called the stress modeling error, is 

often applied to the equivalent Miner's stress range to account for the error 

associated with the stress calculation from a solid mechanics analysis (e.g., a finite 

element code). Moreover, a random variable Dj, called fatigue damage correction 

factor herein, is usually applied to the general fatigue load, N^{t){B^^y, to 

account for the modeling eiror resulting from the Palmgren-Miner linear damage 

accumulation rule. 

3.2 Conventional Computational Procedure 

Following the Poisson upcrossing approach [Guers & Rackwitz, 1987; Marley, 

1991], the failure probability assessment proceeds as follows: (1) The conditional failure 
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probability, for a given component having design factors X = x and subjected to time-

variant randomness associated with the stress process, is derived from first passage 

theory; (2) The unconditional failure probability, to account for time-invariant 

uncertainties associated with fatigue design factors varying from component to 

component, is formulated according to the theorem of total probability and evaluated by 

applying an reliability computational method. The conventional procedure for computing 

the first-passage faUure probability is outlined as follows. More detailed description is 

given in the subsequent sections. 

(1) Given a component to be investigated = i), the (expected) conditional failure 

probability P/(r{x) with respect to S(r) can be formulated in a closed form under 

the Poisson barrier upcrossing process assumption as [Guedes Soares & Garbatov, 

1996; Tsurui etal., 1989]: 

where ^ is a random vector denoting a collection of all design factors and v(r|x) is 

the time-dependent Poisson intensity to be determined as described in the next 

section. Equation 3.2.1 accounts for the time-variant randomness associated with 

the stress process. (See Section 3.3.) 

(2) Because the values of the design factors might vary from component to component, 

the failure probability should be estimated based on the total probability over the 

sample population of fatigue critical components. The unconditional total failure 

probability Pp{t) can be formulated in terms of the conditional according to the 

theorem of total probability as: 

(3.2.1) 

(3.2.2) <perEq. 3.4.1> 
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where /^(*) is the joint probability density function (PDF) for the time-invariant 

random vector and 12^ is the sample space of the random vector X_. This 

accounts for the time-invariant uncertainties associated with other design factors. 

(See Section 3.4.) 

(3) An efficient numerical evaluation of Eq. 3^.2 can be p^omied using suitable limit 

state reliability analysis methods (c.^., FORM/SORM or MCS). FORM/SORM 

will compute Pp finom, 

(0 = ^ ̂ >] (3^.3) <per Eq. 3.5.2> 

where, 

gM.y:t)  = y-  F^'[pf{^)]  (3.2.4) <per Eq. 3.5.3> 

is the limit state function. F is an auxiliary continuous random variable, defined by 

making a change of variables [Wen & Chen, 1987]: 

y{t;x)  = F;'[p^{t \^]  (3.2.5) <per Eq. 3.5.1> 

is the inverse of the cumulative distribution function of Y, Fy{y) .  (See 

Section 3.5 for details.) 

The above computational procedure is the conventional way to evaluate the 

(unconditional) probability of the time-variant first-passage fatigue-fracture-failure at 

time f, Pp{t). In this study, one step further is taken to derive an implicit expression for 

the time-to-failure T (Section 3.6) so that the very efficient AMY (or AMV+Log) 

procedure can be apply to obtain the GDP of the T at pre-selected r's of interest 



97 

33 Poisson Intensity of Barrier Upcrossings 

Formulation of first-passage failure probability and three difterem methods for 

estimating the Poisson intensity for the barrier upcrossing process are presented in this 

section. 

(I) Expected barrier upcrossing rate by 5(r) as the estimate of the Poisson intensity 

Cramer [Cramer, 1966; Cramer & Leadbetter, 1967] has shown that for: (1) a 

deterministic and constant barrier curve'', (2) an ergodic Gaussian process which 

possesses a continuous sample function derivative, and (3) a process whose values lying 

"far apart" on the time scale are only weakly correlated, then: (1) the (homogeneous) 

Poisson barrier upcrossing is asymptotically exact as the threshold level increases to 

infmity (a reasonable estimate is obtained for R^> and (2) the Poisson intensity is 

simply the expected barrier upcrossing rate (Figure 3.3.b). Therefore the common 

assumption made for the first-passage formulation in high-cycle fatigue applications is 

that the conditional barrier upcrossings (given X=x) can be modeled by a 

(nonhomogeneous) Poisson process with the conditional expected barrier upcrossing 

rate®; 

 ̂ Note that, with the simplification on the conditional crack growth curve described in the Subsection 

3.1 .̂ the conditional residual strength ,̂(r{x) is simplified to a deterministic smooth curve as a 

function of the conditional mean crack growth curve a((|x) and de-coupled firom the stress process 

S{t) accordingly. 

 ̂ The expected rate for a Gaussian stress process upcrossing a deterministic non-constant but smooth 

barrier curve can be derived according to the generalized Rice formula [Cramer & Leadbetter, 1967; 

Madsen et al., 1986; Rice, 1954]. 
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vj. {t^) = V. (3.3.1)9 

as a reasonable estimate for the intensity. Where 

I 
V » = (3.3.2) <per Eq. B.4.8> 

iTCffs 

is the expected mean-stress-level upcrossing rate; 

(3.3.3) 
<^s 

is the nonnalized barrier curve; is the conditional residual strength (Eq. 3.1.8) 

which is a function of a(4*) (Eq. 3.1.9); Cj and are the root mean square (RMS) 

values for the stress process S(r) and its derivative S(r) respectively; and is the mean 

of the stress process S(f) 

Under the Poisson barrier upcrossing assumption, the conditional failure 

probability can be expressed in a closed forai as [Dudewicz & Mishra, 1988]: 

PfW) = ^ V(T|x)rfT] (3.3.4) 

where v(/lx) = (rjx), R^{0^) is strength of component at r = 0, S - cr^) denotes 

the "marginal" distribution of the random process S(f), P[/^(Ojx)>S] is the initial 

9 Notation /or (r|i] means that the (non-homogeneous) Poisson intensity v is estimated by 

the banner upcrossing C+") late of the residual strength threshold /?, by the stress process 5(r) /or 

e n v e l o p e  p r o c e s s  R{t) .  

In an analysis of stochastic theory, it is customary to shift the origin of the coordinate system for a 

stationary random process so that its mean is zero. The effect of mean can be added back later if 

needed. 
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reliability, and v(-r{x)</r| is the reliability conditional on initial survival. Because 

the initial barrier level should be always high enough for a well designed structural 

system such that p[/^(0(x) > 5]» 7, the conditional failure probability can be simplified 

to 

Pr{^ « 7 - o?7[-JV(t1x)Jrj (where v(r|x) = vj, (4)) (3.3.5) 

(II) Expected barrier upcrossing rate by the envelope process as the estimate of the 

Poisson intensity 

Usually the expected upcrossing rate can be used as a reasonable 

estimate for the Poisson intensity of the conditional barrier upcrossing process. However, 

in fatigue applications the threshold level may not always be relatively high throughout 

the component's service life because the residual strength deteriorates with time due to 

fatigue crack growth. Clumping phenomena (barrier upcrossings in cluster) occurs when 

the barrier level is low, especially when the stress is also a relatively narrow-banded 

process (Figure 3.3.a). Under these circumstances, the occurrences of the barrier 

upcrossing are not independent, and the waiting time between barrier upcrossings is 

expected to be bimodally distributed p^ursching et al., 1995]. Thus the Poisson barrier 

upcrossing assumption may no longer be a valid assumption. It has been suggested the 

expected upcrossing rate by the envelope process l{(r) can be used as an improved 

Poisson intensity estimate for cases involving low barrier levels and narrow band stress 

processes [Lyon,  1961].  The expression for  the expected barr ier  upcrossing rate  by R{t)  

is [Madsen et al., 1986] 

V*. (4) = (3-3.6) 
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where 

-mj 
(3.3.7) 

is the RMS value for the derivative of the envelope process it(r); 

m. =(2xyjj 'w,{f)0 (3.3.8) <per Eq. B.4.6> 

is the /-th spectral moment of S(t) ,  and Wg{f)  is the one-sided power spectral density 

(PSD) function. 

(m) Vanmarcke's semi-analytical formulation 

Vanmarcke [1975] argued that the Poisson assumption can be still reasonable if 

each cluster of barrier upcrossings is treated as a single "effective" upcrossing (Figure 

3.3.C). Under various combinations of stress bandwidth and barrier level, the expected 

"effective" upcrossing rate by the Vanmarcke's semi-analytical formulation is: 

(3.3.9) 

where 

(3.3.10) <perEq. B.4.11> 

is a generalized spectral bandwidth index [Vanmarcke, 1972]. 

It can be shown that: 

(1) q = 0 if  S( t)  is theoretically nanow band, and q = l \ f  theoretically wide band. 



101 

(2) Vanmarcke's Poisson intensity v(*|i) approaches the barrier upcrossing rate 

(rjx) by S{t)  as for relatively wide band stress and a relatively 

high threshold level. 

(3) Vanmarcke's Poisson intensity v(r{x) approaches to the barrier upcrossing rate 

(rjx) by the envelope process *(r) as ^r(rjx) 0 for relatively narrow band 

stress and a low threshold level. 

Because Vanmarcke's semi-analytical formulation covers all possible situations during 

the service life of structure, it is selected in this study to estimate the Poisson intensity of 

the barrier upcrossing process. 

• Clumping phenomena and efTective barrier upcrossings. 

To show discrepancies among barrier upcrossings according to the above three 

formula, a qualitative discussion is given as follows. Simulations of stationary Gaussian 

stress process S{t) and its envelope process /f(f) for three different PSD's are conducted 

by a fast Fourier transform (FFT) method and shown in Figure 3.3. All three cases 

shown in Fig. 3.3 have a zero mean and an RMS of 20. The stress process in case a, 

having an irregularity factor a equal to 0,993, is almost theoretically narrow band; the 

stress processes in case b (a = 0.764) and c (a = 0.781) are relatively wide band-

In Fig. 3.3, realizations of stationary Gaussian stress process S(r) and its envelope 

process R{t) are denoted by solid and dot lines respectively. Furthermore, constant 

barrier curves are drawn and barrier upcrossings are identified manually. The barrier 

upcrossings by S(t) and R(t) are denoted by hollow circles and squares. The barrier 

upcrossings by l?(f) can be further distinguished as "effective" and "non-effective" 

upcrossings. A Vanmarcke's "effective" barrier upcrossing is defined as a barrier 
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upcrossing by R(t) ,  which is followed by at least a baziier upcrossing by 5(r) within half 

an envelope cycle range. Others that do not meet the above criterion are treated as non

effective and discarded from counting events of the Poisson barrier upcrossing process. 

Effective and non-effective barrier upcrossings are denoted by solid and hollow squares 

respectively in the case c, 

Qumping phenomena arc clearly shown in cases a ( r = 7 line) and case c in Fig. 

3.3, especially for case a where the barrier level is low and stress is a narrow band 

process. Case a (r = 2 Une) and case b (r = i line) show that (r) can provides a 

reasonable estimate for the Poisson intensity of the (conditional) barrier upcrossing 

process if the barrier level is high enough, no matter whether the stress is narrow or wide 

band. Case c shows that the Vanmarcke's formulation must be used to model the 

effective upcrossing process when the barrier level is low and the bandwidth is relatively 

wide. 
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For low bsnier level and relatively nairowbanded 

ttiess process, (be batrier upcrossings are not Pnooo-

like. Poisscn intensity may be estimated by 

The basierv|icn>ssingsccnstitntaasymp(odcaDy exact 

Poisson proceu when the bairier level goes to infinity. 

Poiswn intensity may be estimated by 

Notations: 
— it(r): Envelope process of the stress process. 
—- 5(r): The stationary Gaussian stress process. 

o The banier upcrossings by S(r) 
• The effective barrier upoogings by 11(f) 

a The non-ef&ctive banier upcrossings by it(() 

U«(0 

! /?.=//,+Oi 

The eCfeaive banier upoossings constitute appRRimately a Poisson process. 

• The effective batrierupcrossing is defined as the batrierupcrossing byJt(r)i whichisfoDowedby atleast a 

bairier upcrossing by S(t) within half an envelope cycle range. 

• Under various combinations of bairier level and stress bandwidth, ihe PoisaoD ioensity can be best 

estimated by the Vanmarcke's aemi-analytical fonnolatioo. 

One-sided power spectral density functions used for the above 

( • )  

100 •: 
at'20 
a=Q.995 
q = 0.058 

( b )  

2 

18 22 f (Ht)  

W.(/) 
9, s20 
a^O.764 
q^0.46S 

( C )  

4 

10 210 f (Hz) 

a, >20 

amO.781 
gm 0.433 

10 100 f{Hx) 

Hgiire 3.3 Clumping phenomena and effective banier upcrossings. 
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• Hazard function 

Note that Equation 3.3.4 can also be derived by inteipreting the Poisson intensity 

v(r|x) as the hazard function (also called the failure rate function) which is defined as the 

probability of failure at the time t  conditional on survival until time t .  By definition of 

the hazard fiuiction, 

the cumulative distribution function of the (conditional) time-to-failure r|^, Fy|^(rji), 

can be obtained by integrating Eq. 3.3.11, 

(3.3.12) 

Thus, the (conditional) failure probability at time t  is 

p,(l|l) = P[r S = j] = f^(lls) = /- P[«.(0(s) > S]op[-JV(t|x)<iT] (3.3.13) 

where is the probability density fimction of the conditional time-to-failure and 

['-•FrixCli)] = ''[^(%)>S]. 

3.4 Unconditional Failure Probability Pp{t) 

Given the vector of random design factors, the unconditional failure probability 

Pp(t) over [0,t\ can be expressed as (according to the theorem of total probabilities): 

Ppit) = Pf{^fi{x)dx (3.4.1) 

where /x(i) is the joint probability density function for the time-invariant random vector 

is the sample space of the random vector X. 
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The failure probability integration in the Equation 3.4.1 can be viewed as the 

expected value of P/(r|£) with respect to X, and solved by the Monte Carlo simulation 

(MCS) on conditional failure probabilities: 

where x, is the value of the i-th sample point according to the joint PDF /^(x), and n, is 

the total MCS sample size. 

3.5 Limit-State-Based Expression for Pp{t) 

The expression for Pp{t)  in Equation 3.4.1 can be re-formulated by applying a 

transformation on first introduced by Wen & Chen [1987], such that P^(r) will 

have a suitable format to be evaluated by a limit state reliability analysis method- "Wen's 

transformation" is a change of variables from r to y: 

where F is an arbitrary continuous random variable that is independent of X and has the 

cumulative distribution function Fyiy). is the inverse function of Fy{y). The 

limit-state-based expression for Pp(t) is (See Appendix D for derivation.) 

where ~ is the joint probability density function of X and Y and 

fy iy)  is the PDF of the Y. The "upcrossing" limit state function to be used for 

probability evaluation by FORM/SORM is defined as 

(3.4.2) 

(3.5.1) 

(3.5.2) 

(3.5.3) 
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or altonatively, 

gi{^y:t)=^Fy{y)-Pf{^ (3,5.4) 

Consequently, the upcrossing limit state smface and the failure region are specified by 

8f{Ly>t) = 0 and gf{^y;t) ̂  0 respectively. The unconditional failure probability is 

^f(0 = i'[«/(Xy;0^o] (3.5.5) 

and can be assessed by Monte Carlo integration (MCS/MQ) as: 

~ (3.5.6) 
'V 

where fe,}',) is the /-th sample point according to ±e joint PDF /x(i)/j'(y), n, is the 

total MCS sample size, and is the indicator function which is defined as 

J U ^ g,(&.y,:t)s.o 
,y g^(x..,x;0 > 0 

Alternatively, Equation 3.5.5 can be solved by a fast probability integration (FPI) method 

employing FORM/SORM. 

• Comments 

Some comments are provided in the following; 

(1) Suppose Y is chosen to be exponentially distributed with parameter one. The CDF 

is 

F,{y) = I-expiry) (3.5.8) 
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Substituting Equations 3.5.8 for and 3.2.1 for into Equation 3.5.4, the 

failure region (gf{x,y;t) S 0) specified by the upcrossing limit state becomes 

^r(y) - Pf{^) = [^ - ap(-y)] -1/ - exp[-JV(r;x)^/T]| ̂  0 (3.5.9) 

and can be further simplified as 

y - JV(T;x)rfT ^ 0 (3.5.10) 

(2) No matter which distribution type for Y is assumed, the same failure probability 

estimate should result However, the choice of distribution type of Y may affect the 

failure probability estimate numerically when an evaluation is performed by 

utilizing different FPI programs. For example, when Y is chosen as a standard 

normal random variable, the expression for the failure region becomes 

-/«[/- ̂ (j)] - j'̂ v(t;x)dT < 0 (3.5.11) 

Although the expression in the Equation 3.5.11 is different from that in the 

Equation 3.5.9, the probability contents over failure regions specified in either Eq. 

3.5.9 or Eq. 3.5.11 will be exactly the same^^. In this study Y will be selected as an 

exponentially distributed random variable with parameter one. 

(3) The upcrossing limit state has "stress-versus-strength" characteristics. Define a 

term called "accumulated fangue Poisson damage at time r" as 

V{t;X) = j'v(t;X)d'C (3.5.12) 

 ̂̂  - //i[i - ̂ K)] is exponentially distributed with parameter one if F - N{0,1) .  
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Then, for F ~ EXP{J), Y represents a "strength-like" random variable and V{t;X) 

represents "stress-like" random variable^^. The unconditional failure probability is 

assessed as  probabil i ty of  V{t;X) exceeding Y: 

Pp{t) = P\Y-Vit;X)^0] (3.5.13) 

(4) The upcrossing limit state can be inteipreted as follows: 

(i) From a mathematical viewpoint: The failure probability expression is 

transformed from the "X-t"  space to the "X-Y" space. 

(ii) From a physical viewpoint: V(4x) = JJ is the (expected) number of 

"effective" bairier upcrossings within the time interval [0,t\ given X = x. 

The value of F = y represents the maximum allowable number of barrier 

upcrossings for a conditional failure probability at time r less than Pf{t^ 

given X=^x. 

3.6 An Implicit Expression of Time to Failure T 

The computational approaches just described (i.e., Eqs. 3.4.1 and 3.5.13) are 

conventional ways to assess the first-passage fatigue reliability. However, those 

approaches have some drawbacks, mainly computational inefficiency. Either Equation 

3.4.1 or 3.5.13 has a suitable format for the more efficient AMY (and/or AMV+Log) 

procedure. An implicit expression for the first-passage time-to-failure T, required by the 

AMV (or the AMV+Log) procedure to assess the CDF of the T, is derived herein. 

Because 

Note that a conventional fatigue failure limit state has fonn of /*,(r) = p\a^ - a(t:X) S O].  
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Fr(t)=PIT £']=PA')=r[g,{s,r.i) s o] 
(3.6.1) 

(per Equations 1.1^ and 3.5.5), the time-to-failuie T(x,y) is defined implicidy by the 

relationship gf(X,Y;T) = 0. Given X = x and Y = y, the value of the T{xjy) can be 

solved as the root  of  the equation g^{^y;t)  = 0 (or  y-V{t;x)  = 0 i f  Y~ EXP{1).)^^.  

And the CDF of T at time t, Fj.(t), (or the uncondidonal failure probability within time 

interval [0,f], P/rCO) is 

Note that probability measures over either T(2[,Y)^t  or gf{X,Y;t)^0 are equal, and 

both relationships T{x,y)-t = 0 and gf(x,y;t) = 0 de^e the same limit state surface in 

the "X-Y-t" space. "T{^y)-t" wiU be referred to as the implicit upcrossing limit state 

function herein. 

The CDF solution for T{X>Y) in Equation 3.6.2 can be approximated by an 

empirical CDF curve which is constructed by a sequence of /i,-discrete points from a 

Monte Carlo simulation on T{^y) as: 

where is the z-th rank of the sorted random sample, f- is the empirical CDF 

corresponding to (i,}*) is a random sampled point according to the joint PDF 

is the total MCS sample size. Alternatively, the Equation 3.6.2 can 

be solved by the AMV or AMV+Log procedure. 

PA')=FA')='•[nil') s«]=j^^^^f^A£.y)dsty 

where r(x,y) is the root of y - V{t;x)  = 0,  and Y ~ EXP{1) (3.6.2) 

h = T{^'yi)> Fi={i-OJ)/n,;  i = (3.6.3) 

The root finding subroutine "zbrent" in Reference [Press et al^ 1992] will be used to define the implicit 

limit state function for the time-to-failure in this study. 
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Note that the above derivations are based on the assumption that the initial 

reliability, i- Pf{CI^ = i*[/^(Ojx) > s], is extremely high and can be set to equal to one 

(which is true for almost all engineering applications) where is strength of 

component at t - 0 ,  S  denotes the "marginal" distribution of the random 

process 5(r). Nevertheless, to account for the initial reliability (substimting Eq. 3.3.4 

instead of 3.2.1 for into the Equation 3.5.4), the more general expression for the 

upcrossing failure region, for F ~ EXP{1), is {.cf. Eq. 3.5.10) 

y + //i[i--p^(0;x)]-JV(T;x)dT^O (forf>0) (3.6.4) 

Consequently, the Eq. 3.5.13 becomes 

PpiP) = P[^(0; ; y ) -S^O]  if r = 0 

p[y  + ln{l - p^iO;X)} - V(t;X) ̂  o] if f > 0 

(3.6.5) 

and the Eq. 3.6.2 becomes 

PM = PrW = Plran S l] = 

where r(x,y) is the root of y + - p^iO;^ - V(r, x) = 0 (for t>0) (3.6.6) 

3.7 Proposed Methodology for Constructing the CDF of T 

The general goal of fatigue reliability analysis is to construct the cumulative 

distribution function of the time-to-failure A -discrete-point "response" CDF 

curve for T, 

However, often only a single point probability of failure is required, e.g., failure probability at the end 

of service life — P[r < Fj] where 7, is the given service life. 
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{{Pi'<it  Pi ='lrst,]; j  = l ,2,- ,k} (3.7.1) 

where t /s  are pre-specified values of time of practical interest, may be constructed by 

applying a suitable reliability computational method (i.e., MCS, FORM/SORM, AMV, or 

AMV+Log, etc.) to a proper failure probability expression {e.g. Eqs. 3.4.1, 3.5.13, or 

3.6.2). Various computational approaches that can be employed to evaluate the CDF of 

the (unconditional) time-to-failure T at discrete points in Eq. 3.7.1 are summarized in 

Table 3.3 and discussed in the following. 

Terminologies used herein are first explained before proceeding the discussion. 

With consecutive mathematical manipulations, it leads to three basic different forms of 

expression for estimating the first-passage failure probability Pp(t) based on the 

upcrossing approach. 

(1) When a reliability method is employed to an expression of Pp(t)  according to the 

definition of total probability (e.g., Eq. 3.4.1), it is referred to as computational 

approach I in Table 3.3. 

(2) When a reliability method is employed to an upcrossing limit state, obtained by 

applying the Wen's transformation (e.g., Eq. 3.5.13), it is referred to as 

computational approach n in Table 3.3. 

(3) When a reliability method is employed to an implicit time-to-failure expression 

(e.g., Eq. 3.6.2), it is referred to as computational approach HI in Table 3.3. 
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Table 3.3 

Computational approaches to evaluate the time-variant first-passage fatigue-firacture-
failure probability, P,,(t) (or the CDF of the time-to-failuie T, 

Approach Failure Probability Expression 
Applicable Reliability 
Computational Methods 

I' 

Ppif) - (fMi (Eq- 3.4.1) 

where 

Pf (4i) - ̂ [-Jo (Eq- 3.2.1) 

MCS 

Pp{t)  = P[y - V{t;X)  ̂  0] (Eq. 3.5.13)* 
MCS/MQ 

FORM/SORM 

in' 

Fj. (0 = P[Ti^Y) ̂  f] (Eq. 3.6.2)* 

Given X = x and Y = y,  T{^y)  is the root of 

the equation y - V(r;x) = 0 

MCS 

AMV 

AMV-f-Log 

f Fj-( i)  = F[r S f] = Fje(i) <per Eq. 3.6.1>. Note that the succeeding statements following the bullet 

symbols apply to all computational approaches. 

• Goal of fatigue reliability analysis: Evaluate the CDF of T at discrete-points: 

{{P;'0)| P/=^J = </wEq.3.7.1>. 

•  v{ t :x)  or v(/l*) is the Var.marcke's Poisson intensity specified in the Eq. 3.3.9: 

v(f ;x) = 

• y{t:IL) a £v(t,- X)d'C <per Eq. 33.12>. 

 ̂ Note that different choices of the auxiliary random variable Y will result in different expressions (See 

Prel iminary  Example  II  in  Sect ion  3 .8 . )  Eqs .  33 .13  and 3 .6 .2  are  for  y  -  EXP{1) .  

 ̂ Eq. 3.4.1 is according to the definition of total probability. 

 ̂ Eq. 3.5.13 is derived from applying the Wen's transformation to Eq. 3.4.1. 

3 The "implicit" time-to-failure T{ ,̂Y) in Eq. 3.6.2 is derived from Eq. 33.13. 
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• Discussion 

(1) Monte Carlo simulation can always be employed to solve all the above failure 

probability expressions (i.e. Eqs. 3.4.1,3J.13, or 3.6.2). However, the fundamental 

shortcoming of the MCS is that large sample sizes, and hence computational time, 

are required to achieve reasonable results. As shown in Fig. 2.7, MCS requires an 

enormous sample size to obtain "accurate" estimates of the small probability of 

failure. 

(2) To solve Equation 3.5.13 using approach n, FORM/SORM is more efficient than 

MCS. However, because the upcrossing limit state function is extremely non-linear 

and complicated (per Eq. 3.5.12), and the design factors have large COV's {per 

Table 3.1), FORM/SORM may encounter numerical difficulties in locating the 

design point(s). 

(3) Another drawback for employing either a FORM/SORM or a MCS method is that 

because of the double exponential fonn of the conditional failure probability p^(%) 

(per Eqs. 3.3.9 and 3.2.1), round-off error^^ might occur in evaluating the 

upcrossing limit state function when an optimization algorithm in the 

FORM/SORM, or a sampling procedure in MCS, is being activated. 

(4) The AMV procedure can also fail when solving the Equation 3.6.2 in approach IH 

because the "first-move" may be unable to update the CDF levels to the correct ones 

because of the relatively large variance and the extreme non-linearity associated 

with T{X,Y).  

It has been reported that the order of magnitude of can be as small as 10'"'° at some given 

value of X = x [Marley, 1991]. 
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(5) A method using approach m is a much more efficient way to construct a response 

Q)F curve for the time-to-failure T. The reasons arc: 

(i) A reliability method (/.c., MCS or FORM/SORM) must be applied at every 

pre-selected tj (y = 1,2,—) in the approaches I or Hi®. Thus, it is necessary to 

employ MCS or FORM/SORM a total of k times in order to obtain a fc-

disciete-point CDF curve of T. 

(ii) In contrast, to solve the CDF of T at all discrete points specified in Eq. 3.7.1, 

the approach IH requires applying a reliability method (either MCS, AMV or 

AMV+Log procedure) to Equation 3.6.2 only once. 

(iii) Comparing Eq. 3.6.2 {i.e., the implicit upcrossing limit state) in the approach 

HI with Eq. 3.5.13 {i.e., the upcrossing limit state) in the approach U, 

additional computational effort will be required in the root finding subroutine. 

However, because AMV or AMV+Log procedure is a much more efficient 

reliability method than FORM/SORM or MCS^"^, approach IE can still be a 

superior way to solve the CDF of T than the approach n if the AMV or 

AMV+Lx)g procedure is applied. 

In summary, the program codes {i.e., MCS sampling procedure, FORM/SORM 

algorithms, or even the AMV method) may fail when assessing the first-passage fatigue 

reliability because; (1) numerical difficulties due to the double exponential form of the 

first-passage failure probability expression, (2) the fatigue/firacture design factors have 

Approach I or n in Table 3.3 will be referred to as a "point-by-poini" method herein. 

It has been show in Chapter 2 that only n + k + 1 limit state function evaluations of T{x,y) are 

required for the AMV or AMV+Log procedure to construct a response distribution function curve of k 

discrete points with acceptable accuracy (where n is the total number of the random variables involved 

in the performance function T{X, y)). 
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large COV's, and/or (3) the upcrossing limit state is extremely nonlinear and complicated. 

Neither MCS, FORM/SORM or AMY is practical approach to the general first-passage 

fatigue reliability problem. It is proposed herein that the CDF of T (Eq. 3.7.1) should be 

constructed by 2q)plying the AMV+Log procedure to Equation 3.6.2 (/.e., the implicit 

upcrossing limit state) in order to minimize the number of function evaluations and to 

deal with large variance and non-linearity associated with An example to 

validate the currently proposed new computational methodology is presented in the next 

section. 

3.8 Preliminary Example n 

Preliminary Example II illustrates the different computational approaches outlined 

in Table 3.3. This is also one of the cases where the AMY procedure fails to provide a 

correct solution. 

• Definition of the problem 

Consider the form of the conditional failure probability. 

where X is a value of an exponentially distributed random variable X with parameter 

one^®. Thus, according to the definition of unconditional failure probability (per Eq. 

3.4.1; i.e., computational approach I in Table 3.3), 

I.e., it is assumed that the conditional cfTective barrier upcrossings can be modeled as a homogeneous 

Poisson process, and moreover the conditional effective Poisson intensity have an exponential 

distribution with parameter one. Note that this is unlikely to happen in practical situations though. 

Pf{t\x) = l-exp(rxt) (3.8.1) 

(3.8.2) 
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In this particular example, Pp{t) can be easily integrated analytically as 

= (3.8.3) 

Applying the Wen's transformation y(f;x) = Fy'[p^(4*)], with different choices of the 

continuous auxiliary random variable F, the upcrossing Umit state function gf{x,y;t) 

(per Eq. 3.5.3; computational approach n in Table 3.3) and the expression for the 

response variable of the time to failure T{x,y) (per Eq. 3.6.2; computational approach EQ 

in Table 3.3) will have the following various forms: 

Table 3.4 Various limit states for the Preliminary Example H. 

Auxiliary random variable Y 
Upcrossing limit state 
function gf{x,y;t) for 

computational approach n 

Expression of the time 
to failure T{X,Y) for 

approach m 

Y -  EXP(1) y-xt T  =  Y I X  

Y-Uniformip.l) y-[l-exp{rxt)] T = -ln(l-Y)/X 

Y-NiP.l) <^{y)-[l-exp{rxt)] T = -ln[l-<I>{Y)]lX 



117 

• Results and discussion 

The CDF curves constructed by employing various reliability methods (MCS, 

AMV, and AMV+Log) with different choices of the F are plotted in Figure 3.4 (in a 

lognormal probability plotting paper scale). Notation used in Figure 3.4 are summarized 

in the following table. 

Table 3,5 Notation used in Figure 3.4. 

Reliability 

Method 

Auxiliary 

Variable 

Computational 

Approach 

Notation in Fig. 3.4 

AMV Y ~ £XP(/) m AMV: Y-EXPd) 

AMV+Log* Y ~ £XP(/) m AMV+Log: Y~EXP(1) 

MCS Y ~ EX.P{1) m MCS: Y~EXP(1) 

MCS Y - U i p j )  m MCS: Y~U(0,I) 

MCS Y-NiO,!) m MCS: Y~N(0,1) 

FORM/SORM Y ~ EXP{1) n FORM/SORM: Y~EXP(1) 

Analytical It Analytical solution: FT(t) = 1 - l/(t+l) 

V Log transformations are applied on both random variables X and Y. 

i See Eq. 3.8.2. 
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Figure 3.4 CDF curves of time to failure (Preliminary Example II). 
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Some discussion follows: 

(1) Validation of Equation 3.6^. 

For Y ~ EXP{1), the expression for T is T{X,Y) -YIX. The CDF of the T , can 

be derived analytically according to the definition of a cumulative distribution function 

as: 

Jlx i t  

= r[ = \/ri.xt) f j ,{x)dx 

(3.8.4) 

For X ~EXP{1), the PDF of X is fx( x )  =  e x p ( - x ) ;  for Y - EXP{1), the CDF of Fis 

Fy{y) - l-exp{-y), then Eq. 3.8.4 becomes 

= \l[l-exp{-xt)]exp{-x)dx = (3.8.5)19 

Comparing Eq. 3.8.5 with 3.8.3, it is concluded that 

F^(f) = P[r(Ar,F)^r] = P^(/) (3.8.6) 

Thus, the probability statement of Equation 3.6.2 is verified by the example herein. I.e., 

the expression for the response variable of the time to failure T{x,y) is specified 

implicitly by the relationship gf{x,y;T{x,y)) = 0. 

The PDF of the r is/r (/) = //(/+ 7)  ̂
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(2) Choice for the distribution type for the auxiliary random variable Y can be 

arbitrary. 

As shown in the Hgure 3.4, the MCS solutions for y ~ U{0,1) and Y ~ EXP(1) according 

to the computational approach m are exactiy the same^^. Discrepancy between the MCS 

solutions for Y "NiPJ) and the other two is due to that the random number sequence 

(used by the Box-Muller method to generate the normal deviates) is different firom that for 

the uniform (or the exponential) deviates. Thus, it is concluded herein that the auxiliary 

random variable F in the Wen's transformation can be of any distribution type as long as 

it is continuous. 

(3) Comparison of various reliability methods. 

As shown in the Figure 3.4, all CDF curves constructed by employing different reliability 

methods (except the AMV solution) match well with the analytical solution. The reasons 

for failure of the AMV procedure are: 

(i) For employing the AMV procedure, the linear (MV) performance function of the g-

function, "g{x,y) = ylx" (where Y - EXP{1)), is "gy(x,>') = i + 3'-x". By 

performing Monte Carlo with small sample size, the standard deviations for the 

and the -functions are estimated as a^ = 11637 and =1.424 respectively. 

According to comment (I) in Subsection 2.4.2, the large numerical difference 

between the standard deviations implies that the AMV CDF solution may 

malfunction. 

(ii) The behavior of the most probable point locus (MPPL) violates the single checking 

criteria outlined in the Subsection 2.4.3. See the circled points in Figure 3.5.a: 

20 Note that the dotted line for Y 

solid line for Y ~ EXP{1). 

~ U{0.1) can not be seen in Fig. 3.4 because it is covered by the thin 
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(a) the most probable point locus identified by the AMV procedure is not smooth, 

(b) X (F) is a stress- (strength-) like random variable, however its coordinates at 

design points, a:**s (/'s), do not decrease (increase) with the Z-level of time-

to-failure. 

(iii) Figure 3.5.b shows the most probable point loci (MPPLs) identified by the AMV 

procedure and by the FORM/SORM. The AMV's MPPL differing significant from 

the FORM's (except nearby the mean point) suggests that the linear MV 

performance function gj(x,y} -l+y—x is a poor approximation for the extremely 

nonlinear ^-function g{x,y)^ylx. Moreover, even though the MV performance 

function is linear in the X -space, there are obvious break-downs of design points 

searching in the AMV procedure (circled by dot lines in Figures 3.4 and 3.5.b) 

because of the induced non-linearity in the t/-space by the transformation T(*). 

Please refer to the Subsection 2.5.2 for additional comments. 
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Figure 3.5 Most probable point loci (Preliminary Example II). 
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Chapter 4 Fatigue/Fracture Limit States 

Fatigue/Eractuie failure limit states used in common engineering practice under 

random stresses are summarized in Section 4.1. To distinguish these from the upcrossing 

approach introduced in Chapter 3, they are called conventional limit states herein. A 

comparison of the mathematical forms of the upcrossing and the conventional limit states 

is provided in Section 4.2. 

4.1 Conventional Limit States 

Two ixiajor failure modes which may occur under tensile random stresses are 

fracture! and fatigue^. In current practice of structural engineering, possible synergistic 

effects of fatigue and fracture is often neglected; fracture and fatigue failures are treated 

as separated modes. Their associated limit states are derived as follows. 

4.1.1 Fracture Limit State 

Elementary fracture limit states are based on the "non-deteriorating structure" 

assumption, i.e., time invariant concept Time variant stress and strength are generally 

simplified as time-independent random constants over the service life. The stochastic 

stress process S{t) is replaced by a characteristic (extreme-value) random variable^ S, 

! Fracture implies a component is separated into two or more pieces. 

 ̂ Fatigue is due to repeated loading and involves the gradual development and growth of cracks. Fatigue 

failure implies that a crack grows to an unaccq)table size. 

^ I.e., effects of fatigue stress cycles are combined and represented by a single load (a concept of 

ccHnbined random load effect) [Melchers. 1992; Rackwitz & Fiessler, 1978]. 
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[Melchers, 1992; Rackwitz & Fiessler, 1978], and fracture resistance is assumed to be a 

time-invariant random variable R^. The failure probability over the service life is 

assessed as the probability of the stress 5. exceeding the strength R/. 

P,=PlS,^R,] (4.1.1) 

• Marley's time-invariant fomiulation 

Marley [1991] presented a fracture limit state (denoted herein as the limit state 

FPn). Given the service life the failure event is assumed to occur if the total 

maximum stress over the time interval [0,t\ exceeds the residual strength at the end of 

the service life (Figure 4.1). The failure probability within [0,t] (or QDF of time-to-

failure at time t) is estimated as 

M ' ) = P A t ) = s  s _ - ( 0 ]  ( 4 . U )  

where R,{t;X) is the residual strength (Appendix C), and S is the largest peak of 

the random stress process S{t) within [O.t] (Appendix E). For a stationary Gaussian 

stress process S(r) with mean and RMS value CTj, the random variable S M) has 

an approximate extreme-value distribution (EVD) [Ang & Tang, 1984; Cartwright & 

Longuet-Higgins, 1956; Davenport, 1964; Gumbel, 1958; Madsen et al., 1986; Rice, 

1954] with CDF, 

= -««)]} (4.1.3) <perEq.E.0.7> 

where parameters u, and a, are defined as 

= + 2 (for 0 < a £ I )  (4.1.4) <perEq. E.0.11> 
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^ T M (for 0<a^l) (4.1.5) <perEq.E.0.13> 
<^s 

(= v^.f) is the expected number of mean-sticss-level upciossings within \P,t\, and a 

is the iiregularity factor^. 

Failure is assumed to occur when the total tnaTimiiTri stress 

within [0,r] exceeds the residual strengthRJ{t) at time t. 

5(0 

time 
Note that decreases and increases with t. 

Figure 4.1 A sample function of stress and strength for the fracture limit state 

specified by Marley's time-invariant formulation. 

4 Detailed derivation for the asymptotic distribution of S is provided in Appendix E. 
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Note that: 

(1) The estimated faUure probability Pp(t) according to Eq. 4.1.2 is time-variant 

(increases with time r) because R^{t;x) decreases and increases with r. 

(2) Because strength is modeled at the minimum and the stress at the maximum values, 

Marley's time-invariant formulation provides an upper bound to the failure 

probability. (See Section 4.2 for additional discussion.) 

(3) Marley's model does not describe the first-passage fatigue-fractin*e-failure. As 

shown by the sample in Fig. 4.1, even though the stress process S{t) does exceed 

the constant strength level (the dashed straight line in Fig. 4.1), it never 

upcrosses the residual strength curve R^(t) (the solid curve). Therefore, the failure 

event defined by the limit state FPTI is unrealistic. 

(4) The term "time-invariant formulation" may be misleading because all R^it;x) 

depend on time r. However, it is the original notation that is 

used by Marley (and adopted herein) to emphasize that given time r, the strength 

is assiuned to remain constant (non-deteriorating) over [0,t] in the model. Note 

that given time r, the stress is also assumed to be time-invariant in Marley's 

model. 

• Implicit expression for '^FPTl for employing the AMV (or AMV+Log) procedure 

Analogous to evaluating the CDF of Tp„ using the AMV (or AMV+Log) method 

(Section 3.6), the CDF of time-to-failure (denoted as Tppjj) according to the limit state 

FPTI can also be estimated by the AMV (or AMV+Log) method if the (implicit) 

expression for "^FFTT is available. The probability statement for estimating the CDF of 

^r^iT (')• employing the AMV or AMV+Log procedure is described as follows. 
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Because time t is embedded in the parameters u. and a, of the distribution function of 

5 >(f). (through the relationship the implicit expression for "^FPTI 

can not be obtained directly as the root of ~^ Eq. 4.1.2. 

By the fundamental transformation law of probabilities. in Eq. 4.1.2 can be 

related to an "auxiliary" random variate by 

(4.1.6) <SeealsoEq.4.2.7> 

where /^^(•) and /v(*) are CDFs of random variables S ^(0 and Y respectively. 

(1) For Y having a unifoim distribution over (0,1), Fy (y) = y; Eq. 4.1.6 gives 

S^it) = Hs + 'a M-faWn 
n 

(4.1.7) <See also Eq. 4J1.9> 

where h s ̂ 2ln(n^,^ = Thus, the implicit expression for "^Fpn and the 

probability statement to estimate the CDF of by employing the AMV or 

AMV+Log procedure are specified by the following equation. 

m = Fr^ (') = S»] 

where Tpp^{y,^ is the root of + faf-faWl 
n 

n = ̂ 2ln(n^.) = ̂ 2ln[v^jp^) mdY-UiO.l) (4.1.8) 

(2) For Y having an extreme-value distribution (EVD) with parameters a, = / and 

= 0*, Fy(y) = exp[-exf{-y^\Eq. 4.1.6 gives 

 ̂ Note that despite the same symbol Y is used for denoting the auxiliary random variables, the Y here 

has no direct relationship with the one used in the upcrossing approach. 

* For a, = / and u,=0, the mean of the F is Hr= 0J772 (the Euler number) and the standard 

deviation of the F is = ;r /  Vtf = 1J825. 
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The CDF of Tpp„ can be obtained by the following probability statement using the 

AMV or AMV+Log procedure. 

where is the root of /^s ^ 

h = ̂ 2/n(v) = ̂ 2ln(vy,^) and F - EVD(a, = /.M. = O) (4.1.10) 

4.1.2 Fatigue Limit States 

Fatigue failure is said to occur when the crack length (or depth) a(r) at time t  

exceeds a critical crack size denoted as (Figure 4.2): 

=> Fatigue failure (4.1,11) 

Fatigue failure occurs when the 

crack grows to its critical size.~ 

Time, t 

Figure 4.2 Fatigue limit state. 
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The failure probability within [0,t\ (or CDF of time-to-failine at time r) is estimated as 

To employ the AMV (or AMV+Log) procedure, the time-to-failure according to a fatigue 

limit state (denoted as Tc) can be obtained as the root of the equation 

• Choices for 

Common choices of in engineering application are summarized as follows. 

Fatigue limit state (FAl)S — Based on fracture considerations. 

The firacture failure criteria may be incorporated into the fatigue limit state by defining 

the critical crack size as an "expected" firacture length: 

(i) When brittle fracture is anticipated, the critical crack size is defined by the 

"expected" brittle firacture length where the stress intensity factor equals to 

fixture toughness, i.e., the root of the following equation 

With the introduction of the crack opening stress concept (Section B.3) and 

equivalent Miner's stress range (Section B.5) in Appendix B, a possible choice 

for the characteristic stress is Another obvious choice for is the 

overall maximum stress 5^*. 

(ii) Similarly, when ductile fiacture is the main concern, the critical crack size for a 

cracked plate (Figure 3.1) may be defined by the "expected" yield length as 

S A notation used herein to denote the limit state type, e.g., "Cracture limit state (FPTI)" for the M l̂ey's 

time-invariant formulation, and (FA2) for the fatigue limit state of type two, etc. 

(4.1.12) 

o(Tc;x)-a,(x) = 0. 

(4.1.13) 
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(4.1.14) 

(iii) Both brittle and ductile can be considered in a single model. The "R6" model, 

according to a two (fracture failure) criteria approach, described in Appendix C is 

used, may be solved as the root of the R6 limit state (Eq. c.32) with the remote 

stress replaced by the S^. For a cracked plate (Figure 3.1), is defined by 

Fatigue limit state (FA2) — Based on engineering judgment 

The remaining fatigue life beyond the critical crack lengths defined above is usually 

negligible in most engineering applications. For simplicity, an arbitrary choice of is 

sometimes made. This would be a crack size that the engineer considers unacceptable. 

Two other popular choices for are: 

(FA2-i) Sometimes if is chosen as infinity the fatigue limit state can be greatly 

simplified {e.g., see Eq. 2.7.15). The time-to-failure using this limit state will be 

denoted as T.. 

(FA2-ii) Another obvious choice of is the width of the component, W. The time-to-

failure using this limit state will be denoted as . 

Fatigue limit state (FA3) — Based on serviceability considerations. 

Because of serviceability requirements, sometimes the crack size must be restricted to be 

less than some pre-determined critical crack length (or depth). For example, the critical 

crack depth could be defined as the wall thickness of a pressure vessel. Although the 

(4.1.15) 
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fatigue serviceability failure mode is very important in some applications, it will not be 

considered explicidy in this study. 

4.2 Comparison of Limit States 

Upon examination of the various fatigue/fracture models, some remarks are 

provided in this section. 

42A A Conversion between a Fracture and a Fatigue Limit State 

A basic format for conventional fatigue analysis is to specify failure in terms of 

crack size. Fracture failure criteria are usually specified as strength versus stress. The 

fatigue limit state (FAl) can be converted into a basic fracture limit state format The 

following failure probability statements are equivalent to each othei^: 

F R W = ' ' F ( 0 A ® - ]  Basic fatigue limit state format: in 
terms of crack sizes. 

P,(t) = P[F[«(I)]S,V«I(<) £ R{A^)S,4M^\ 

Because Kc - Y{a^)s^^jui^, 

/V(0 = />[J'[AW]S.i/«'(')AKC] 

Limit state is specified in terms of 
stress intensity factor versus fracture 
toughness. 

Because L?,»(T, ^) - . 

/V(0 = P[5C^LI^(R;£)]. 

Basic fracture limit state format; in 
terms of characteristic stress versus 
residual strength. 

If S f .  is chosen as S  then the fatigue limit state (FAl) is identical to the Marley's 

time-invariant formulation (FPTI). 

 ̂ As an example, only brittle firactuie is considered. 
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4^^ Upcrossing Approach versus Mariey's Time-Invariant Formulation 

A comparison between the two limit states according to the upcrossing approach 

(Eq. 3.5.5) and the Mariey's time-invariant formulation (Eq. 4.1.2) is described in the 

following. First, both Eqs. 3.5.5 and 4.1.2 will be re-written into similar mathematical 

forms. Their differences are then discussed. For the sake of illustration and comparison, 

the following derivation is assumed to be for a component with a constant (non-

deteriorating) strength subject to a stationary (narrow or wide band) Gaussian stress 

process S{t) having a mean and an RMS value a^. 

• Limit state FPP {per the upcrossing approach) 

A limit state according to the Poisson upcrossing approach will be denoted as the 

limit state FPP herein. If the auxiliary random variable Y in Eq. 3.5.3 is chosen as an 

imiformly distributed variate within {0,1) instead of an exponentially distributed variate 

with parameter one, the probability statement according to the upcrossing approach (Eq. 

3.5.5) becomes 

or P,(l) = p[i-r2op{-V(0}] (4.2,1) 

where V(i) s \ v { t )dz  is the "accumulated fatigue Poisson damage at time t"  defined in 

Eq. 3.5.12. As the residual strength is assumed to be constant, the (conditional) barrier 

upcrossings is a homogeneous Poisson process. The (conditional) Poisson intensity of 

Vanmarcke's semi-analytical formulation is constant and equal to 

V = -exp{^-^j2Tcqr^exp^^r^^ (4.2.2) <per Eq. 3.3.9> 
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where is the expected mean-stress-level upcrossing rate of S(t) defined in Eq. 3.3.2, 

r is the normalized residual strength, and is a generalized 

spectral bandwidth index defined in Eq. 3.3.10'^. Consequently, 

V{t) = vt  

= [/ -exp(-V^<7r)]£a53^-|H j 

= «p[/n(n ,)]• [l-exp[-^qr^exf^Y^^ 

= [/ - «p(-V2jr<7r)]«p^-|p - 2/n(n .)] j 

= [i - cxp(-V^<7r)]«p^—j[r^ - n^] j 

=> V{t) = [/ -  exp^-^litqr^ •  exp^^[r + nJr - n] j (4.2.3) 

where - exp{^-'j2nqr^^ accounts for the stress bandwidth effect on the fatigue Poisson 

damage. Finally, substituting Eq. 4.2.3 for V(r) and letting U^l-Y in Eq. 4.2.1, Eq. 

4.2.1 is re-written as 

Pp{t) = P U k ei?^|--[/-exp(--Si?r)]*ci5p^—j(r+n)(r-n) 

for 0 < <7r < oo (4.2.4) 

Some comments are as follows. 

(1) Both auxiliary random variables Y and U = l-Y employed in the above 

derivations arc uniformly distributed within (0,1) where Y may be viewed as a 

strength-^t threshold, and U may be inteipreted as a jrrm-like random variable. 

q = 0 if 5(0 is theoretically narrow band, and q = l if theoreticaUy wide band. 
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(2) Given mean and RMS value <Tg of a stress process 5(f), and normalized barrier 

level r, fatigue (Poisson) damage at a specific (= V(t), increases with 

Ae stress bandwidth factor q (i.e., as the stress becomes more narrow.) 

(3) For qr-*oo the barrier level is very high), the Poisson intensity can be 

modeled by "the expected barrier upcrossing rate by S(t)" as 

v = (4.2.5) -^erEq. 3.3.1> 

and consequently 

r  r  7 .  . 1 1 1  
as qr-^oo (4.2.6) Ppif) = ^ 6a?>|-€ap[^-|(r + n)(r-n) | 

Note that Pp according to Eq. 4.2.6 is an upper bound relative to Eq. 4.2.4. 

• Limit state FPTI (p^rMarley's time-invariant formulation) 

By the fundamental transformation law of probabilities, S . can be related to 

another "auxiliary" random variate U as 

= (4.2.7) 

where Fs^(*) and ¥„{<) are cumulative distribution functions for S_ • .  and V 

respectively. Let 1/ be an uniformly distributed random variable within {0.1). 

 ̂ It should be pointed out that the expected mean-stress-level upcrossing rates, v .̂'s, of two stress 

processes having the same and but different '̂s are not necessarily the same. Therefore, given 

the service life [0,i], the stress cycles n^.'s within [O.r] for the two stress processes of the same iig 

and can be different; the smaller the bandwidth factor q is (the stress process becomes more 

nam)w band), the larger the n .̂ is. 



135 

Substituting = (Eq. 4.1.3) and F„{JJ)-V into 

the Equation 4.2.7 gives 

a. 
(4.2.8) 

Furthermore, by substimting Eqs. 4.1.4 and 4.1.5 for parameters u, and a,, S can 

expressed in terms of the uniform variate U as 

(4.2.9) 

where and Substimting the expression specified in the 

Equation 4.2.9 for 5 and for if,(0. Equation 4.1.2 is finally re-written as follows 

= p  

=p  

"" A^S ^ ^m£xk 

n 

^ = P\^U exp^ex[^-h{r-nf^^ {fat 0<a^l) (4.2.10) 

where r s [/?, - is the normalized residual strength. 

Eq. 4.2.10 has a form similar to that of Eq, 4.2.6 or 4.2.4. In other words, the 

limit state FPTI is equivalent to a limit state FPP but with the fatigue Poisson damage 

defined differently as 

V = exp(-n[r-n]) (4.2.11) 
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Note that the fatigue Poisson damage defined for Eqs. 4.2.6 and 4.2.4 are 

V = exj^^r + njr - n]j (^ -> <») and V = ^7- exp{^-4^qr^ • exp\^^r + njr - n] 

(for 0 < q r < o o )  respectively. 

• Faflure probability estimate according to the FFTI limit state is conservative. 

The following discussion will be based on conditional properties (i.e., given 

X = x). First, it should be noted that given the value of r, exp[-V] is the conditional 

"fatigue Poisson reliability" and l-exp[-V\ is the conditional failure probability where 

V denotes the (conditional) fatigue Poisson damage for the limit state FPTI or FPP. 

Without considering possible residual strength deterioration and bandwidth effect, 

the only discrepancy between the probabilities predicted by limit states FPTI and FPP is 

primarily due to the difference between the "accumulative fatigue Poisson damage" 

exponents, i.e., n[r-n] for the FPTI in Eq. 4.2.10 versus 3['" + wj'"- «] for the FPP in 

Eq. 4.2.6 (or Eq. 4.2.4). The larger the exponent is, the smaller the fatigue damage is. 

Because 2[r + «][r-«] is always larger than rt[r—n] under different values of r, i.e., 

i[r + h\r-n\ - f^r-n\ = j[[r-nf t 0, the (conditional) failure probability estimate 

according to the time-invariant formulation (Eq. 4.2.10) should be consistendy larger 

than that by the upcrossing approach (Eq. 4.2.6 and hence the Eq. 4.2.4) under the 

assumption of constant residual strength. 

When the bandwidth of the stress process (defined by the parameter ^) is taken 

into consideration, the bandwidth effect is reflected by the factor ^l-ejq>{^-^!2nqr^ in 

the upcrossing approach (Eq. 4.2.4); whereas, it is not properly included in the Marley's 

time-invariant model (Eq. 4.2.10) because the CDF of S ^ for a specific (Eq. 4.1.3) 

is not affected by the bandwidth factor 9 if the mean and the RMS value of the 
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stress process 5(r) remain unchanged^. Figure 4.3 shows the curves of conditional 

reliability probability, CQ>[-V], according to the limit states FPTI (Eq. 4.2.10) and FPP 

(Eqs. 4.2.4), as functions of stress cycles under various combinations of stress 

bandwidth (defined by q) and barrier level (defined by r)io. Given the value of r, the 

failure probability curves of the FPP (Eq. 4.2.4) will approach the asymptotic curve (Eq. 

4.2.6) as q increases (the stress process becomes more wide band). The conditional 

reliability curve according to the FPTi (Eq. 4.2.10) is independent of q and always 

provides an lower bound for all the other curves. Note that Fig. 4.3.b (r = 4) shows the 

overall picture whereas Fig. 4.3.a (r = 6) only shows region where the reliability is high. 

In summary, no matter what the bandwidth of the stress process is, Eq. 4.2.10 

(Marley's time-invariant formulation), comparing to Eq. 4.2.4 (upcrossing approach), 

provides a conservative (larger) estimate for the failure probability under the assumption 

of constant residual strength. Moreover, if possible degradation of material strength is 

also required to be taken into account, because residual strength is modeled by its 

minimum value, a further conservative assumption is introduced in the Marley's time-

invariant formulation. Failure probability estimates in descending order are described by 

Eqs. 4.2.10,4.2.6, and 4.2.4. 

 ̂ The bandwidth effect is only partially reflected in the mean-stress upcrossing rate through the 

deflnition of n .  = v .f .  O 0  

10 Note that n e 
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Figure 4.3 Fatigue Poisson reliabilities according to the FPP and FPTI limit states 

under various combinations of stress bandwidth and barrier level. 
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A23 Discussion 

• Similarities and differences among the upcrossing and conventional limit states 

Limit state terminologies having been classified previously and described herein are; 

(1) A fatigue limit state is to be used for specifying fatigue failure in terms of crack 

length versus its critical size. See e.g., 

^r(0 = (0 = ^ ^ciK)] <per Eq. 4.1.12> 

(2) A fracture limit state is to be employed for specifying fracture failure in terms of 

stress versus strength. See e.g., 

PAt) = W = ^ 5«.k(0] <per Eq. 4.1.2> 

(3) The upcrossing limit state derived in the Section 3.5, i.e., 

/V(r) = P[Y - V(t;X) ̂  O] <per Eq. 3.5.13> 

may be thought of as describing "accumulated fatigue Poisson damage" V(t;X) 

versus its threshold value Y. 

The former two are conventional limit states. The upcrossing limit state is the current 

proposed model. A reliability estimate based on a conventional limit state is referred to 

as a conventional limit state approach in this study, whereas, it is called the upcrossing 

approach if based on the upcrossing limit state. 

From a mathematical form point of view, all limit states have similar basic 

formats. Moreover, one limit state can always be converted into another format as 

demonstrated in the previous subsections 4.2.1 and 4.2.2. In that sense, conventional 

limit state approaches are compatible with the upcrossing approach. However, the failure 
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event defined in each limit state represents different physical meanings. The so-called 

fracture and fatigue failure modes (or fracture and fatigue limit states) are coupled and 

closely related to each other through fatigue damage (which might be indicated by crack 

size, residual strength, or the fatigue Poisson damage defined in Eq. 3.S.12). In fact, the 

fatigue and fracture limit states can be viewed as representing different stages of the 

fatigue process. The component breaks when the fatal fiacture failure event defined by a 

fracture limit state occurs at the end of the fatigue process. The fatigue failure event 

defined by a fatigue limit state may occur during either the crack propagation or the final 

fracture stage depending on the scale of the specified critical crack size a^. A 

fatigue/firacture reliability model should have considered both limit states simultaneously. 

However the current common practice in structural engineering is either that the 

reliability is assessed according to only the dominant failure mode or that the fracture and 

the fatigue limit states are specified and then evaluated separately. Depending on a 

particular engineering application, the separate treatment of limit states approach may be 

defensible. But in general this artificial separation of the limit states is inconsistent and 

unrealistically over-simplified and may, in some cases, lead to incorrect engineering 

decision. Only the proposed upcrossing limit state is capable of incorporating both 

fatigue and fracture failures simultaneously (called the fatigue-fracture-failuie in Chapter 

1) by a single limit state, and hence the possible synergistic effects of fatigue and fr^ture 

is included in the reliability model. 

• Drawbacks of conventional limit states 

The drawbacks of a conventional fatigue limit state are: (1) Possible firacture 

failures for very brittle materials before fatigue crack length/depth penetrates to the 

critical size may not be properly included in the model. (2) The critical crack size 
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may be difficult to define. Q)mpaTed with the upcrossing approach, the drawbacks for 

the time-invariant formulation approach are: (1) The fracture failure event defined in the 

Marley's time-invariant model does not have a suitable physical meaning (Subsection 

4.1.1). (2) It cannot model the bandwidth effect of the stress process properly. (3) It does 

not account for the time variant propmy of the residual strength. 

• Advantages of conventional limit states 

Conventional limit states have an advantage over the upcrossing limit state in 

reliability evaluation because of their relatively simpler forms. A fatigue limit state is 

most straight forward. Design employing the time-invariant formulation approach is 

conservative, and it is anticipated to give reasonable results in engineering applications, 

especially under relatively high and slowly deteriorating residual strengths. 

• Summary of fatigue/fracture limit states 

With increasing in mathematical complexity and decreasing in simplified 

assumptions (and hence increasing in applicability), the conventional fatigue limit states 

(denoted as "FA" in Table 4.1), the Marley's time-invariant formulation (denoted as 

"FPTI" in Table 4.1), and the first-passage upcrossing approach (denoted as "FPP" in 

Table 4.1) might be viewed as simplified versions of the general expression of the first-

passage fatigue-fracture-failure under an arbitrary random stress process specified in 

Equation 1.1.1 (denoted as 'TP" in Table 4.1). Limit states, their associated assumptions, 

and corresponding failure probability expressions are summarized in Table 4.1. 

Examples will be provided in the next chapter to compare CDF solutions of time to 

failure employing the different limit states given here. 
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Table 4.1 Summary of limit states and their associated failure probabilities. 

Limit State and Failure Probability Notation and Assumptions 

Failure occurs the first time the stress 
exceeds the residual strength. 

i',(t) = P[j^_{«;(T)-S(T)}SO] 

General first-passage failure (FP) 

The barrier upcrossings may not constitute a 
Poisson process. The upcrossing rate must be 
derived. 

Failure if 

Pp(r) = P[V(r;^) ̂  Y] (Eq. 3.5.13) 

where 

V(r;^) s £ v(Tl^)dT, Y ~ EXP{1) 

and v(i{^) is the effective upcrossing 
rate defined in Eq. 3.3.9. 

First-passage "Poisson" fatigue fracture (FPP) 

If S{t) is a stationary Gaussian stress process 
and residual strength R,{t) is deteriorating 
slowly and smoothly, then the effective barrier 
upcrossings constitute a (nonhomogeneous) 
Poisson pnx;ess, and the Poisson intensity is 
simply equal to the effective upcrossing rate. 

Failure if Sj. S 

Ppit) = P[Sc ^(Eq. 4.1.2) 

where 

Sc = the largest peak stress 5 over 

Time-invariant formulation (FPTI) 

Given the service life [0,t],  the stress Sf. and 
the strength Rc are assumed to be time 
invariant throughout the service life. The 
stress is model^ based on the combined load 
effect concept The strength is modeled 
conservative as the residual strength R,{t) at 
the end of the service life. 

<Continued in the next page.> 
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Table 4.1 Summary of limit states and their associated failure probabilities (Continued). 

Failure if crack size is larger than the 
critical size: a{t;X) ̂  a^. 

P,{t) = P[a{t:X) ̂  a,] (Eq. 4.1.12) 

Conventional fatigue limit state format (FA) 

The interaction between the random stress 
process S{t) and the residual strength RJ^t) is 
not considered explicidy. The fatigue damage 
is indicated in terms of crack sizes. 

(FAl): is specified as an expected 
fixture length (Eq. 4.1.13,4.1.14, 
or 4.1.15.) 

(FA2): is specified based on engineering 
judgment. 

(FA2-i): a^-*oo 

(FA2.ii): a,=W 

(FA3); is specified acconiing to 
serviceability requirement 

• More comments 

Note that the extreme-value stress must be properly modeled to use a time-

invariant formulation approach, and the effective upcrossing rate must be derived for 

employing a first-passage upcrossing approach. Applicability of these two approaches 

are discussed in the following. 

(1) Under stationary Gaussian stress processes, the first-passage Poisson upcrossing 

approach is the most general model. 

The only assumption required for the currently proposed first-passage Poisson 

(FPP) upcrossing approach is that the cyclic tensile stress process S{t) must be 

modeled as a stationary Gaussian process. Under stationary Gaussian stress 

processes, if residual strength is deteriorating slowly and smoothly, the effective 
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banier upcrossings constitute a (nonhomogeneous) Poisson process and the Poisson 

intensity is simply equal to the effective upcrossing rate. Therefore, the proposed 

first-passage Poisson upcrossing approach is the most general and flexible model 

for fatigue reliability assessments under stationary Gaussian stress processes. It 

may be mathematically complicated but it is more physically meaningful than 

others. Moreover, as computational time is considered, all approaches should be 

equivalent if the AMV or AMV+Log procedure is en^loyed. 

(2) Under arbitrary stress processes, a time invariant approach may be more applicable 

than the first-passage upcrossing approach. 

For a general (evolutionary and non-Gaussian) random stress process, the Poisson 

barrier upcrossings assumption is usually not applicable. A much more 

sophisticated mathematical formulation for the upcrossing rate will be required for 

the first-passage fatigue-fincture-failure probability assessment (Eq. 1.1.1). Thus, 

the fatigue reliability model using a first-passage upcrossing failure criterion is 

probably not suitable for engineering applications under an arbitrary random stress. 

Because, (1) the largest peak stress distribution is easier to model than to derive the 

upcrossing rate, and (2) the residual strength should deteriorate slowly and 

smoothly under high cycle fatigue, a time invariant formulation approach similar to 

the limit state FPTI is expected to provide a reasonable (high cycle) fatigue 

reliability estimate under an arbitrary random stress. 

• Summary 

The advantage of the upcrossing approach over the conventional fatigue/fracture 

limit state approaches under stationary Gaussian stresses is that not only can it couple the 

fracture and fatigue failure modes by a single time-dependent upcrossing limit state but 
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also account for the strength degradation due to propagating cracks. Moreover, the first-

passage Poisson (FPP) upcrossing ^proach may be extended to include (1) the fatigue 

failure due to serviceability requizement (i.e., the fatigue limit state FAS mentioned in 

Subsection 4.1.2) and/or (2) the maintenance plan. The extended upcrossing limit states 

are briefly described in Appendix F for future reference. 
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Chapter 5 Demonstrations of Fatigue Reliability Analysis 

5.1 Introduction Remarks 

Fatigue reliability analyses perfoimed herein will include: the mean stress effect 

and bandwidth factor of a random stress process; the geometry factor of a component; 

and ductile/brittle fracture of material. It is assumed that the "first-passage time to 

fatigue-fracture-failure" (denoted as or simply T) of the Srst-passage upcrossing 

limit state together with the Vanmarcke's Poisson intensity semi-analytical formulation, 

the R6 fracture resistance model, and the Pemg's crack opening fatigue crack growth 

model, gives the most accurate fatigue reliability assessment Effects of employing other 

conventional limit states (Chapter 4) on the fatigue reliability assessment will be 

compared closely with that of the upcrossing approach (Tfpp), especially the Marley's 

time-invariant formulation and a lognormal format approximation (denoted as 

Enors associated with the relatively simple lognormal format will be examined. 

A fundamental theme of this research is to compare fatigue reliability assessments 

of different combinations of limit state formulations (Chapter 4), models of fatigue 

stresses (Table B.2), and/or the computational approach (Table 3.3). However, if 

differences in distribution type and order of magnitude for the design factors related to 

component geometry, oiaterial strength, stress process are all taken into consideration, 

examination of all possible combinations is not feasible. The strategy herein is to 

demonstrate the performance of the algorithm developed in this study and draw some 

important conclusions regarding engineering applications. 
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First, some notations are explained. In the subsequent reliability analyses, time-

to-failures of the first-passage Poisson upcrossing approach (the limit state FPP), the 

Marley's time-invariant formulation (the limit state FPTI), the fatigue limit state (FA2-i), 

and the fatigue limit state (FA2-ii) will be denoted as and 

respectively. The lognoimal format approximations for the 7. and 7,^ will be denoted as 

T^jm and T„jjf respectively. 

This chapter will proceed as follows. 

(1) Mathematical equations required for reliability analyses are summarized in Section 

5.2 for easy reference. 

(2) Definition of an example problem (Fig. 5.1) and basic data set (Table 5.1) are 

provided in Section 5.3. Parameters required for numerical evaluation of reliability 

are first calculated therein. 

(3) A "deterministic" analysis is performed in Section 5.4 where conditional curves of 

first-passage failure probability P/(4£). Poisson barrier upcrossing rate v(r{z), 

normalized residual strength r(rji), and fatigue crack growth a{t^) based on 

medians of design factors are examined. The physical problem specified by the 

basic data set is classified accordingly (e.g., a narrow or wide band stress, ductile or 

brittle fiticture etc.) 

(4) In Section 5.5 Monte Carlo simulations are employed to solve the CDF's of Tp^p, 

and T^. Two very important conclusions that will be drawn therein are: 

(i) the first-passage time to fatigue-fracture-failure (T^pp) has approximately a 

lognormal format (or distribution), and (ii) accuracy of the stress model (i.e., the 

estimate of general fatigue load) is one of most significant factors in the fatigue 

reliability analysis. 
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(5) In Section 5.6, various fast probability integration (FPI) reliability methods, 

including the MV, AMV, AMV+Log, and FORM/SORM, are employed to 

construct the CDF curves of 7^ and It will be concluded therein that the 

AMV+Log procedure is the most robust, efficient and accurate method. 

(6) In Section 5.7, the AMV+Log procedure is employed to analyze a series of 

examples which are defined differendy by slightly changing the data specified in 

Table 5.1, e.g., material properties; mean stress and/or power spectral density (PSD) 

of stress process; medians, variances, and/or distribution types etc. of random 

design factors. Effects of mean stress, stress bandwidth parameter, geometry factor, 

and brittle/ductile fracture etc. and their combinations on the first-passage time to 

fatigue-fracture-failure probability will be investigated carefully. 

5.2 Summary of Mathematical Equations 

Most equations used have been derived in previous chapters or appendices. They 

are re-stated for easy reference. 

• Fatigue crack growth curve 

If the geometry factor is assumed to have a form of Y{a)=^Xa^ with 

m^-ml2-¥ 1<0, then crack size at time t is 

a(f) = ~ml2-\-l)N^ (f) + af 

(5.2.1) <per Eq. 3.1.19> 

Note that: 
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(1) If ^ = 0 in Eq. 5.2.1, then geometry factor equals constant A. Furthermore, if 

A = i, then geometiy factor equals one (i.e., it is assumed that there is no "local" 

stress concentration around the crack dp.) 

(2) For other fonns of geonaetry factors (e.g., central or edge cracked plates specified in 

Hg. 3.1), ait) must be integrated numerically. 

(3) Expressions for the fatigue propagation coefGcient C, the effective Miner's stress 

range and the total nimiber of equivalent effective stress cycles N^{t) depend 

on the equivalent constant amplitude approach used. For Pemg's model, C = Q, 

N^{t) - Vpt, and is evaluated by Eq. B.5.14 or B.5.15. 

(4) A random variable B has been applied to the in Equation 5.2.1 to account for 

stress modeling eiror. 

(5) For comparing time-to-failure's subjected to stress processes with the same mean 

stress and RMS value but different bandwidth, the time-to-failure (T) is commonly 

"normalized" into a cycles-to-failure {N^) by the following equation. 

(5.2.2) 

where is the rate of (equivalent) effective stress cycle per second. For Pemg's 

model, = v^. However, in this study most failure probabilities are solved as 

functions in terms of time instead of stress cycles. 

• Residual strength 

The residual strength for a structural component (Figure 3.1) can be defined by 

the R6 limit state, based on the two (fracture failure) criteria approach. 

Jt 
exp 

2/^(0 J 
(5.2.3) <per Eq. C.3.3> 
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where —a{t)\a^lW (see the R1 model in Table C.l) and 

/^(r) H /^[a(t)\yjmi(tj^ (see the R2 ooodel in Table C.1) are the ductile and brittle 

firacture thresholds defined in Eqs. C2.2 and C.1.2 respectively. Note that for a constant 

geometry factor and Elber law (or Paris law) with m = 3, the residual strength 

decreases linearly with time r. 

(5.2.4) 

• Limit states 

One major goal in this study is to compare the performance of different fatigue/fracture 

limit states. Those considered are: 

(1) Limit state FPP for the upcrossing approach (r„p) 

(i) To employ the MCS, AMV, or AMV+Log method using computational approach 

in outlined in Table 3.3, the CDF of Tppf at Ff{t), (or, the failure probability 

within time interval [0,r], Pp{t)) is 

P,{t)^Fr{t)  = P[T„,{X,Y)^t] 

TpppiXj-y) is the root of y + //j[i- P/(0;2)]- = 0 

(5.2.5) <Repeat Eq. 3.6.6>^ 

 ̂ For high initial reliability, Eq. 5.2.5 can be simplified to 

PAt) = FAt>P[Tpr.UL.Y)^t] 

T „p{ x , y )  istherootof y-V(t„,;x) = 0,and Y - E X P { I )  (5.2.6) <RepeatEq,3.6.2> 
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where i-/;^(0|x) = P[/!;,(0ji)>S] is the initial reliability, V(t;x) is the 

"accumulated fatigue Poisson damage at time r" defined in Eq. 3.5.12; 

= f^v(t;X)dt (5.2.7) <Repeat Eq. 3.5.12> 

v(t;x) = (r;x)[/ - exp[-^l^qr{t;x)]^ (5.2.8) <Repeat Eq. 3.3.9> 

{t;x) - (5.2.9) cRepeat Eq. 3.3.1> 

(5.2.10) <RepeatEq.3.3.3> 

Y-EXPil) (5.2.11) 

S''N{^ls,<Ts) (5.2.12) 

1 - = i>[/2,(0(x) > S] = 0[r(OU)] 

where <&(•) is the standard normal distribution. 

(ii) To employ the MCS or FORM/SORM using computational approach n outlined in 

Table 3.3, the QDF is 

Pp{0) = P[RJiO;X)-S^0] if f = 0 

(5.2.13) <RepeatEq. 3.6.5>2 

p\y + ln[l - Pf{0;rS\ - V{t:X) ̂  o] if f > 0 

 ̂ For high initial reliability, Eq. 5.2.13 can be simplified to 

(5.2.14) <RepeatEq.3.5.13> 
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(iii) To employ the MCS using computational approach I outlined in Table 3.3 (/.e., 

theorem of total probability), the CDF is 

(5.2.15) <RepeatEq. 3.4.1> &(f) = PpCi) = Pf(^fg{3^dx 

P/C'ji) = 1- > 5]6ap|-JV(rJi)dr| (5.2.16) <Repeat Eq. 3.3.4>3 

(2) Fracture limit state FPTI for the time-invariant formulation {Tp^jj) 

(i) To solve the CDF of Tp^ by the FORM/SORM reliability method, the proper 

reliability statement to be employed is 

W=P,W = £S_^(0] 

The CDF of 5 A t )  is specified by Eq. 4.1.3: 

(^) = exp{-exp[-aXs - «.)]} 

with parameters and a, defined as 

u,=/is + (Ts^2ln(n^,) 

(5.2.18) <RepeatEq. 4.1.2> 

(5.2.19) <RepeatEq. 4.1.3> 

(5.2.20) <RepeatEq. 4.1.4> 

2/n(B.) 
(5.2.21) <RepeatEq. 4.1.5> 

where (= v^.r) is the expected number of mean-stress-level upcrossings within 

[ 0 , t ] .  

 ̂ For high initial reliability, Eq. 5.2.16 can be simplified to 

Pf[{^ «1 - «p[-J[v(Tli)<iT] (5.2.17) <RepeatEq. 3.2.1> 
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(ii) Depending on the distribution type of auxiliary random variable either of the 

following probability statements can be employed to solve the CDF of 

(f) by applying the AMV or AMV+Log procedure. 

(a) If F is chosen as having a uniform distribution over {0,1), then the CDF of 

is governed by 

P f U ) = PT^ (')= s  ( ]  

n-
n 0*5 — Rui^FPTI where T^p^iy,^ is the root of /Zj + 

ns^2/ii(n,.) =^2(n(v wiY ~V(O.I) 

(5.2.22) <RepeatEq. 4.1.8> 

G)) If y has an extreme-value distribution (EVD) with parameters a, = / and 

«,=(?, then the CDF of Tpp^j is specified as 

PA<)=Ft  ̂(')='\T,̂ QLy) s (] 
where r^(y,j)istherootof /is + f/i+|j<Ts-^(W.'j) = <' 

n = and K - EVD(a. = l,u. = 0) 

(5.2.23) <Repeat Eq. 4.1.10> 

(3) Conventional fatigue limit state (7^) 

A much simpler conventional fatigue limit state approach (FA2) is also included 

herein for comparison. Assuming Y{a) = Xa~^ and - m/2 + i<0, the expression for 

the time that the crack grows to its critical size {per Eq. 2.7.2) is 

 ̂ Note that despite the same symbol Y is used for denoting the auxiliary random variables, the Y here 

has no direct relationship with the one used in the upcrossing £q)proach. 
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m^-mf2+l -mf-m/2+I 
T ®£ ZS (K 2 2A) 

The critical crack size might be chosen according to the fatigue limit state (FA2-i) or 

(FA2-ii): 

(i) Fatigue limit state (FA2-i) 

Time for the crack to grow to infinity, T. (/.e., as «»), is 

-ml 2 + 1) (5.2.25) 

The CDF is 

Ppit) = PT, it) = P[r. ^ r] (5.2.26) 

(ii) Fatigue limit state (FA2-ii) 

The expression for time-to-failure the crack grows to component width, (i.e., T(. 

with = W), is 

~ + (5.2.27) 

The CDF is 

Pr(l) = Fi, (0 = ''[r, £ t] (5.2J8) 

(4) Lognormal fonnat approximation ( 

The limit state function for T. specified in Eq. 5.2.25 is a multiplicative function 

of all random design factors. Even though T. generally does not have a exactly 
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lognormal format (unless 7*. is a multiplicative function of all random design factors, and 

all random variables are lognormally distributed)^, a lognormal format approximation 

(denoted as 7.^ herein) is anticipated to be a fine response variable for the T.. The 

lognormal format approximation for can be constructed as follows: 

(1) Replace every non-lognormal random variable of "important" design factor {e.g., 

the fatigue propagation coefficient C, the stress modeling error B, and the initial 

crack size a,)® in the limit state function of T. with a lognormal one having the 

same median and GOV. 

(2) Other random variables that have small probability sensitivity factors are assumed 

to be constants and equal to their individual medians (see Subsection 2.2.3). 

Therefore, the T^jjf has an exact lognormal format. For the specified in Eq. 5.2.25: 

(1) The median of T^jj/ is calculated as 

T-—:—^ V (5.2.29) 

(2) The CXDV of is calculated as (per Eq. 2.3.14) 

-I (5.2.30) 

(3) The CDF of can be easily calculated (per Eq. 2.3.7) as 

 ̂ See Section 23 for additional details on the lopoimal format 

 ̂ From the Preliminary Example I in Chapter 2 and odier investigators' studies, the fatigue propagation 

coefficient C, the stress modeling error 5, and the initial crack size a, have been identified to be 

significant design factors for the fatigue reliability assessment under random stresses. See subsequent 

examples fCH  ̂ more verification on this. 
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Note that: 

(1) The CDF curve of will be a straight line in a lognonnal probability plot, 

(2) Because the fatigue propagation coefficient C, fatigue propagation exponent m and 

equivalent Miner's stress range depends on the equivalent constant amplitude 

approach employed, different equivalent Miner's stress approaches result in shifting 

and/or changing the slope of the QDF curve of 

The CDF of is anticipated to give a reasonable approximation for the CDF of r_ in 

fatigue reliability applications. 

5.3 Definition of Problem 

5J.1 Deflnition of Problem 

In the succeeding fatigue reliability analyses, it is assumed a fatigue critical 

component of 7075-T6 aluminum alloy sheet (see Fig. 3.1), subject to a stationary 

Gaussian stress process S{t) with an one-sided power spectral density (PSD) function 

Ws{f) and a mean The problem is illustrated in Figure 5.1. Basic data for relevant 

design factors is given in Table 5.1. All units are in SI system (Refer to Table 3.2.) It 

will be assumed that the PSD function has a rectangular shape specified by three 

parameters; Wq for the height, and f i and f2 for the left and right cut off frequencies. The 

parameters defining the PSD function for the basic data set are: Wq = 405, fi = 9.375, f2 = 

10.625. 

(5.2.31) 
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Design factors associated with the component : 

7075-T6 
Aluminum 

5(r) is defined by the one - sided power spectral 

density function and the mean stress 

Stress modeling error is specified by the random variable B. 

Figure 5.1 Definition of problem. 
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Table S. 1 Basic data set 

Characteristics of stationary Gaussian stress process 

£[5_—] - 100.0 MPa -  -0.80 (Tg - 22.5 MPa V. -  10.032 V, - 10.007 
o 

£[s^] - -80.0 MPa Ag - 0.251 fig -  10.0 MPa € - 0.0719 q - 0,0361 

fx -  9.375 Hz f2 -  10.625 Hz Wo -  405 MPa^/Hz a - 0.997 Pt - 0.999 

Constant design factor 

Pp - 3.0 (Plainstrain) d • 3 nn W - 500.0 mm 

0 • 1 m - 3.0 

Random design factors 

Name Distribution 
Type 

Mean Standard 
Deviation 

Median cov 

Auxiliary variable, Y Exponential 1.0 1 1.0 

Paris coefiBcient, C Lognormal 1.26E-11 6.32E-12 1.13E-11 0.5 

Elber CoeCGcient, Cg c^=c{i-A,y 2.689E-11 0.5 

Fracture toughness, Kf.  
(MPaVmm) 

WeibuU 860.0 129.0 872.3 0.15 

Initial crack size, a, (mm) Lognormal 1.295 mm 0.259 1.27 0.2 

Stress modeling enor, B Lognormal 1.005 0.1005 1.0 0.1 

Ultimate strength, <T, (MPa) Nomial 550.0 55.0 550.0 0.1 

Yield strength, <7̂  (MPa) Normal 482.0 48.2 482.0 0.1 

AU units are in SI system. Refer to Table 3 2  for description of the SI unit system. 

f is a generalized spectral bandwidth fiKtor used by Vanmarcke's semi-analytical formulation. 

P^'isa generalized spectral bandwidth factor used by Pemg's model 

.] is the equivalent stress ratio. 

and are the expected peaking and zero-upcrossing rates of S ( t ) .  Their unit are cycle/second. 
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5J.2 Basic Data Set 

The basic data specified in Table 5.1 and Fig. S.l arc explained as follows. 

• Data related to the stress process 

The mean of the stress process 5(r), fig is 10 MPa. For the one-sided power spectral 

density function H^(/) specified in Fig. 5.1, the RMS value of the S(t), (Tg, can be 

calculated as equal to 22.5 MPa (Eq. B.4.7). Also calculated and listed in the Table 5.1 

are the expected peaking rate = 10.032 Hz (Eq. B.4.9), the expected mean-stress level 

upcrossing rate = 10.007 Hz (Eq. B.4.8), the irregularity factor a = 0.9974 (Eq. 

B.4.4), and the spectral width parameter e = 0.0719 (Eq. B.4.10) of the stress process 

S(f); and the (generalized) bandwidth factors q = 0.0361 (Eq. B.4.11) and Pt = 0.999 

(Eq. B.4.5) where q and are required for the Vanmarcke's semi-analytical fonnulation 

and the Pemg's model respectively. The expected largest peak stress E, and 

smallest trough stress £, ̂ , — which are required for calculating the equivalent R -

ratio ^ [5 t], and hence the equivalent crack opening stress 5,^^ 

(Eq. B.3.6), the equivalent fatigue propagation coefficient C^, — are calculated as 

Us ±4Gs respectively by assuming Zp = 4 (for =2000, per Eq, E.0.16). Therefore, 

[S^] = 100 MPa, [S^] = -80 MPa. and = -0.80.  I t  can be seen that  S(t)  

is almost a theoretical narrow band process with a small mean. 

• Geometry factor 

In the succeeding analyses, it is assumed that the geometry factor is equal to one, 

Y = 1.0, unless otherwise specified-
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• Plastic constraint factor 

According to Subsection B.3.4, the plane stress plastic zone size is calculated (at 

maximum stress level E. [5_^] = ICX) MPa, crack size a = d^ = 1.27 mm, and flow 

stress (T, - d, = 516 MPa) as 0.048 mm OBq. B.3.9). Consequently the plastic constraint 

factor (Eq. B.3.10) can be i^roximated as 3.0 {le., pure plane strain condition). 

• Elber coefficient Q 

The parameter A^, required to convert the Paris coefficient at R^O, C^, to the Elber 

coefficient C^, is calculated by the following equation: 

co^—s®-] 
. I 2a, J 

A, = {0.825-0.34P^ +0.05P\) (5.3.1) <?76rEq. B.3.6-2> 

Consequently, 

Q = (5.3.2) <pcrEq.B.3.15> 

Note that: 

(1) Ag is a random variable because it is a function of random design factors. 

However, its variation is expected to be very small, and hence A„ can be treated as 

a constant. For = 3, flow stress = 516 MPa, and = E, ̂  = 

100 MPa, parameter A„ is thus calculated as A, = 0251. 

(2) Cf has approximately the same distribudon type as C, does. 

(3) Moreover, the median of the can be approximated as 

CjSC,(i-4)"- (5.3.3) 

Note that, if C, is lognormally distributed and both parameters A^ and m are 

constants, then Eq. 5.3.3 is exact. For the data given in Table 5.1, is calculated 
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as Cg~lJ3x lOr" • (i - 0251)'^ = 2.689 x IQ-" for = 3 (and Q s 9.629E-11 

• Residual strength 

For the data given in Table 5.1, Kc /[d,V^F] is calciilated as 0.043. From Fig. C.2, the 

£tacture failure mode can be thus assumed to be purely brittle. Figure 5.2 shows residual 

strength curves as functions of crack size according to various ductile/brittle fracture 

resistance models defined in Table CI; all strengths except that of the R2 model based 

on the ductile fracture resistance assumption are essentially indistinguishable. Therefore, 

most cases in the subsequent analyses calculate the residual strength according to the R1 

model based on the brittle fracture resistance assumption instead of the R6 model based 

on the two (ductile/brittle fracture failure) criteria approach. 
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RlrPuiely brittle fracture - - R3: Minimum (Rl, R2) 

— - R2: Purely ductile fracture R6 ductile/brittle fracture 

R2 

Rl. R3. & R6 

5.0*10' -

0.0*10̂ ' SJhlO' 1.0*10* 1.5*10* 2.0*10* 2.5*10* 3.0*10* 3.5*10* 4.0*10* 43*10* 5.0*10* 

Crack size, a 

Figure 5.2 Residual strength versus crack size (Subsection 5.3J2). 
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5.4 Deterministic Conditional Median Results for 

Here, "deterministic" implies that no reliability computational method is required, 

and "conditional median" means that results are based on medians of design factors 

iX~x). For the data given in Table S.l and assuming no 'local" stress concentration 

(i.e., geometry factor Y{a) = /; parameters A = i and ^-0), conditional median curves 

of crack growth a(r{x) (Eq. 5.2.1), normalized residual strength r(rjx), (see Eqs. 5.2.4 

and 5.2.10), upcrossing rates (Vanmarcke's effective Poisson upcrossing rate v(r{£); the 

expected rate of residual strength curve upcrossed by the stress process S(r), 

and the expected rate of residual strength curve upcrossed by the 

envelope process R { t ) ,  defined in the Section 3.3), and failure probability 

Py.(rjf) are shown in Figure 5.3. The upcrossing rates are plotted in a "logio" scale, and 

the pf{^ (Eq. 5.2.16) is presented by the standard normal variate. The initial strength 

of the component is approximately /ig + lSas, and gradually drops linearly with time. 

Under such high residual strength, the initial reliability can be assumed to equal one. 

Because of the high residual strength throughout the range of interest, the Poisson 

intensity estimates of the various upcrossing rates are almost indistinguishable. For 

f > 5-5 X iO', the residual strength will eventually deteriorate to less than fig + 4<Js, and 

slight differences among the Poisson estimates begin to show. However, the final stage 

of the fatigue fracture failure process contributes little to the failure probability 

assessment. Therefore, the conventional practice of using the (r|i), the expected 

barrier upcrossing rate of residual strength curve /^(rjx) by the random stress process 

5(r), as the Poisson intensity is justified in this example. 



log 10 (conditional upciossing rate) 

Normal variate of conditional failure probability • 

<y» 
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• Summary comment 

In summary, the problem specified in Table 5.1 and Fig. 5.1 is a thick (plane 

strain) component of brittle material with a high level and slowly deteriorating residual 

strength subjected to a narrow band stress process having a relatively small mean. Note 

that, in many structural applications, the responded component stress process tends to be 

relatively narrow band [Veers et al., 1989]. The aluminum alloy (relatively brittle), steel 

(relatively ductile), and titanium alloy (which has material ductile/brittle properties lying 

between steel and aluminum alloy) are the most widely used materials in structures. 

Furthermore, the residual strength level should be high and slowly deteriorating for a well 

designed structure. Therefore, the data specified in the Table 5.1 is typical of practical 

application situation. 

5.5 MCS results for 7^ ,̂ r., and 

Using the example of Table 5.1, the CDFs of time to failures of the various limit 

states, including conventional fatigue limit states FA2-i (T.) and FA2-ii (7^), time-

invariant fracture limit state FPTI are compared with that of the "first-passage 

time to fatigue-fracture-failure" iTpfp). Because Monte Carlo simulation (MCS) is 

straightforward, its results can be monitored easily. MCS with small sample sizes 

(whenever feasible) will be executed first to get familiar with the characteristics of the 

limit state functions (especially, and before doing any serious reliability 

analyses by other more efficient computational methods. The MCS solutions will be 

treated as bench mark results for fast probability integration (FPI) solutions. MCS results 

are summarized in the following. 
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For the basic data set given in Table 5.1, the empirical CDF curves of time-to-failures : 

(1) r^(Eq. 5.2.5), 

(2) Tppjj (Eq. 5.2.22) with the auxiliary random variable Y specified as an uniform 

distribution, 

(3) (Eq. 5Ji.27), and 

(4) r.(^. 5.2.25) 

are estimated by employing Monte Carlo simulation (sample size = lO^). They are 

ploned in Figure 5.4 on a lognormal probability plot 

(lognormal probability plot) 

u, 
a 
u 

Lognormal format 

 ̂ approximation for Z., 
ts o ;c 

'5, 
E V 

rm 

FPP 

1.0x10® 1.0*10* 

Time to failure (second) 

Figure 5.4 Empirical CDFs of time-to-failures (Section 5.5). 
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For both Pp-3 (plain strain condition) and - i (plain stress condition), the MCS 

sample statistics of 

(1) the time-to-failures 'fw Irt and r.; 

(2) the equivalent crack opening stress 5^^ (per Eq. B.3.6 with /{-ratio equal to 

= e.. [S_ ]̂ = -0.8): and 

(3) the Miner's stress range AS^ (Eq. 8.5.14)"^ 

are summarized in Table 5.2. 

Table 5.2 Sample statistics £rom MCS (Section 5.5). 

Monte Carlo Sample Statistics (sample size = ICP) 

"̂ FPTl "̂ FPP r. op<*̂  

Mean 55899 60720 16119 80842 — 21.948 25.674 

Standard deviation 33291 35823 44807 47113 — 0.281 0 .204 

Median 47947 52471 66828 70291 70050 21.978 25.652 

cov 0.596 0 .590 0 .584 0 .583 0 .617 0 .0128 0 .0079 

It ^Fm Tyr 0P'*1 AS 

Mean — 180198 232159 244445 — 45.640 11.631 

Standard deviation — 107970 137429 144493 — 0.733 0 .334 

Median — 154098 199714 210677 211000 45.725 11.590 

COV — 0.599 0 .592 0 .591 0 .617 0 .0161 0 .0287 

 ̂ and 4S„ are random variables because the equivalent crack opening stress depends on the 

flow stress a. = (c, + a,) / 2 which is specified as a random design factors in this example. 
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Also included in Fig. 5.4 and Table 5.2 are results of lognormal foimat approximation for 

the r., Eqs. 5.2.29,5.2.30, and 5.2.31). Some observations and discussion arc 

as follows. 

• All limit states are compatible. 

Time-to-failuies shown in Fig. 5.4 all appear to be lognormally distributed with 

almost the same CX)V value (i.e., same slope) but differences in median value. Some 

observations are; 

(1) T„p is considered the most accurate. 

(2) The CDF curve of Tp/jt provides the most conservative solution, r. is the least 

conservative. 

(3) The CDF curves of 7^, r„, and arc very close to each other. 

(4) The CDF curve of time to failure according to the Marley's time-invariant 

formulation (provides a conservative approximation relative to that according 

to the upcrossing approach iTppp). 

Some comments are: 

(1) The FPTI approach is a physically flawed model because the failure event defined 

by the FPTI limit state does not describe the first-passage fatigue-firacture-failurc. 

Nevertheless, the CDF of time to failure of Marley's time-invariant formulation 

(Tppjj) provides a conservative and excellent approximation relative to the currentiy 

proposed Poisson upcrossing approach (Tppp) for this specific example. 

(2) The failure event defined by a conventional fatigue limit state (i.e., T^) is the most 

straight forward. It has a relatively simpler form than the FPP or the FPTI limit 

state. Many fatigue design codes adopt this approach. However the choice of the 

critical crack size is arbitrary according to an engineer's own judgment. If the 
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critical size in a fatigue limit state can be specified properly (rather than W or 

ee), the CDF of (Eq. S.2.24) in theory could be adjusted to match either of Tf„ 

or Therefore, as structural code development and calibration is considered, 

die FPP (or the FPTI) approach can be utilized to provide a proper cridcal crack size 

for a fatigue limit state. 

• MCS is not efndent. 

The CPU time required for obtaining each CDF solution is about 10~25 minutes 

in a mini-super computer CONVEX 240C®. Moreover, considering that (1) crack growth 

usually requires numerical integration^, and (2) large sample sizes (much larger than 10^) 

are necessary for low probability estimates, the inefficiency of MCS is evident. The 

MCS should be considered only as a final resort in applications. 

• Empirical distribution of 5,^^ and AS^. 

The equivalent crack opening stress 5,^^ and the equivalent Miner's stress range 

are random variables because is a function of random variables of material 

strength (represented by the flow stress <r,), maximum peak stress (5 >) .  and  

component thickness (represented by the plastic constraint factor (see Eq. 3.1.17); 

and depends on (see Eq. 3.1. IS). Figure 5.5 shows the empirical distributions 

of the S,,and the 45^ for pp-3. Both and have approximately normal (or 

 ̂ According to the author's experience, the running time of a Intel Pentium 100 machine for a single user 

is about the same as diat of the CONVEX 240C under multiple users. Note that the running time will 

be certainly much longer than the CPU time depending on the number of users logging in the 

CONVEX machine. 

 ̂ Note that in this example a{t) is specified in a closed form by Eq. S.2.1. 
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lognormal)^o distributions with very small variances. In general both and 

could be treated as constants; however all examples performed in this chapter do not 

utilize this simplification. 

<Part of Table 5J> 

Summary of MCS results (sample size = 10^) 

AS t 

Mean 21 .948  25 .674  

Standard deviation 0 .281  0 .204  

Median 21 .978  25 .652  

CXDV 0 .0128  0 .00794  

(a) Normal probability 
plotting paper scale 

0?) lognonnal probability 
plotting paper scale 

AS. 

3- 3-

cT' 2-

0 -

- 1 -

-2--2-

-3--3-

20 21 22 23 24 25 26 27 28 29 30 10 50 

stress level, s, or 45^) stress level, s, (5^  ̂or 4$"^) 

Figure 5.5 Empirical distributions of 5^^ and (Section 5.5). 

For a random variable of small variance, it is difficult to distinguish whether the distribution type is 

normal or lognormai. 
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• Thickness effect. 

The empirical CDF curves of the for plane stress = and plane strain 

= 5) conditions are plotted in Fig. 5.6. All possible CDF curves of the should 

lie between Pp-3 and under the same level of Miner's stress range but different 

component thicknesses. The thickness of component affect the crack opening stress 

behavior and hence the orders of magnitude of the Miner's stress range and the 

Elber coefficient Q. In this particular example, it is found here that the thickness effect 

on is about factor of 2 and on the time to failure estimate can be as high as a factor 

of 3 (refer to Table 5.2). Therefore, if the thickness effect of structural component is not 

considered properly, substantial error in life prediction will be introduced. 

• Design based on a conditional failure probability curve is erroneous. 

A simple design approach that has been employed in fatigue analysis is to assess 

the reliability based on a conditional failure probability curve P/(%). A reasonable 

choice of x is the median. Figure 5.7 shows the curves (per Eq. 5.2.16) based on 

the median in normal probability plotting paper scale. Also included in Fig. 5.7 is the 

unconditional failure probability Pp{t) (i.e., the empirical CDF of time to first-passage 

failure Tppp, obtained from MCS) for comparison. As shown in Fig. 5.7, 

compared with Pp(t) ,  fatigue design based on a conditional failure probability curve 

p^(4x) is erroneous. Note that the conditional failure probability P/(^) is resulted 

purely from uncertainties of the stress process. The very small variation of 

compared with that of (0» implies that the uncertainty of time to first-passage failure is 

primarily due to variation of material properties and secondarily from stress process. 
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Tppf : Elber law; plastic constraint factor 3 

— Tppf: Elber law; plastic constraint factor Pp = I 

Oogncrmal probability plot) 

2-

1 -

-3-

1x10* 

Time to failure (second) 

Figure 5.6 Thickness effect on CDF of time-to-failure; same stress level (Section 5.5). 
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(normal probability plot) 

6 -

conditional "median" failurc 

probability: 
4 -

^ n O 0-

unconditional failure probability -

P,{t) (i.e, CDF of 7-, Fr(r)) 

— -2-

-6 -

0.0*10° 1.0x10* 2.0*10* 3.0*10* 4.0*10* 5.0x10* 6.0x10* 7.0*10* 8.0*10* 9.0x10* 1.0x10  ̂

Time to failure (second) 

Figure 5.7 Conditional versus unconditional failure probabilities (Section 5.5). 
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• Tfpp may have an approxiiiiate lognormal format 

Considering the observations and facts: 

(1) The time to failure of the fatigue limit state (FA2-i), i.e. the time for the crack to 

grow to infinity, is 

^m£-m/2*l 
T — * 

for Y{a)-Tjcl̂  and m^-m/2+l<0 (5.5.1) <RepeatEq. 5.2.25> 

In this example, all important random design factors a,, B, and Cg are 

lognormally distributed (see sensitivity analysis in Subsection 5.6.3). The 

equivalent Miner's stress range is a random function of other random design 

factors Oj, <r,, and etc. However (or, has a very small variance 

and can be treated as a constant. Therefore, has an almost exact lognormal 

format (/.e., ). 

(2) The empirical CDF curve of is an almost straight line that is approximately 

parallel to that of r„, in a lognormal probability plotting paper (Fig 5.4). 

Thus, it can be concluded that: 

(1) For this example, Y(a) = 1 {i.e.,  Y(a) = Aa~^ with A = 7 and ^ = 0), all important 

random design factors a,, B, and Cg lognormally distributed, the Tpfp should have 

an approximate lognormal distribution with approximately the same GOV as the 

r.'s but a di£ferent median. 

(2) Under more general circimistances, i.e. Y{a) = Xa~^ and -m/2 + l<0,rhe limit 

state function of the first-passage time to fatigue-fracture-failure should have 

the following form of 



175 

iarY{a)~Xa^ (5.5^) 

where h{^^,a^,Kf.,Oj,a,,d,iis,as,'"^ is an unknown random function with a 

much smaller variance compared to /C^B"]. In other words, the first-

passage time to fatigue-fracture-failure "^FPP is an approximate multiplicative 

ftmction of all intporronf random design factors. 

For many fatigue applications, the important random variables are likely to have 

lognoimal or lognormal-like distributions. Thus '^rrp has an approximate lognormal 

format (or distribution). This discovery is an important conclusion in this study. The 

"lognormal-like format of the Tpff" will be accepted as presumption in the succeeding 

fatigue reliability analyses even if geometry factor is not equal to one or does not have the 

form of Y(a) = Xa~^. (Note that, the exponent of a, in the expression 

Ibecomes unknown if geometry factor does not have a form of 

Y{a) -  Xa~^.) Because the AMV+Log method is expected to work well on a limit state 
m 

having a lognormal-like format: that is g(X) = where AT, has a lognormal-
i'l 

like distribution and is a random function with relatively small variance comparing 
JW 

to (See Chapter 2 for additional details.) This discovery suggests that the 
i=/ 

AMV+Log procedure can succeed in estimating the QDF curve of the Tfff. 

• Lognormal format approximation 

Small differences in the CDF curves of T^, and T. in Fig. 5.4 

suggests that the limit state used may not be as critical as the accuracy of general fatigue 
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load^i, C X N^{t) X AS^. Assuming that the time to failure can be approximated by the 

lognonnal format then the CDF is fully defined by its median and COV. The COV 

can be calculated as = 0.617 per Eq. 5.2.3. Given the median the CDF at any 

specific time to failure, t ,  can be easily calculated according to Eq. 5.2.31. 

(5.5.3) <RepeatEq. 5.2.31> 

The median, for a lognonnal distributed time to failure, is the same as the "conditional 

median", specified by Eq. 5.2.29. 

-m/2 + j )  

for Y (a) = and m ^ - m l 2  + 1  < 0  (5.5.4) <RepeatEq. 5.2.29> 

where is the expected rate of effective stress cycles per second. But the values of v^, 

m, C and depend on the adopted constant amplitude approach. Thus, the most 

significant factor in a fatigue reliability analysis is the evaluations of the general fatigue 

load CxiV^(f)xAS:;;i2 

To see how significant the fatigue load estimate is on the fatigue reliability 

assessment (or fatigue life prediction), conditional medians of: (1) the fatigue propagation 

coefficient C, (2) equivalent Miner's stress range 45^, and (3) time to failure 

based on different equivalent Miner's stress ranges (Table B.2) are calculated and listed in 

Table 5.3. It is assumed herein that the EO model outlined in Table 5.3 (Pemg's model) is 

^ ^ Note that unlike the fatigue load defined in Section B.S, fiatigue propagation coefficient is included in 

the definition of general fatigue load. 

No«:6o„E,.5.5.4. = 
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the nx)st accurate. Moreover, the f^jjf of according to the Pemg's model 

(denoted as in Table 5.3) will be treated as the reference case. 

Table 5.3 

Time to failures according to various equivalent constant amplitude approaches. 

Model Crack Growth Law C AS «* 
f t  

EO Elbei*(^,=3) C£=2.69E-11 25.65 1.QIQ5EA 1.00 

EO Elba* (^,=7) C£=9.63E-I1 11.60 2.110E5 3.03 

E2£ Paris C, = 1.13E-11 — 7.110E4 1.01 

E3-a§ Paris C„ = 1.13E-11 69.97 8.235E3 0.12 

E3-bt Paris C, = 1.13E-11 34.98 6.588E4 0.94 

E3-c^ Walker Cv(R^) = 1.921E-12 69.97 4.832E4 0.69 

Table 5.3 is explained as follows. 

• = where is the expected rate of effective stress cycles per second. 

Under the current testing condition of a narrow band stress process having a small 

mean, = 70 in all models considered herein. 

• For all models, the fatigue propagation exponent m = 3, and Y{a) = 1 {i.e.,  X-1 and 

^ = 0); m^-ml2+l =-0J. 

• Under narrow band stresses, the fatigue stress has a Rayleigh distribution. 

is based on range. 

. 7j = V2CT5 if AS is based on amplitude, and 7] = 
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^ f is or 

* Cg =Co(i-i4„j (sec Eq. 5.3.2). (Eq. 5.3.1) depends on component thickness 

(represented by the plastic constraint factor ^^). 

^ For the E2 model, instead of the is used, which can be calculated as 

=QG{a;AK^)^-^^]"'da/(c„v^J''/SS:^) (5.5.5) <perEq. B.6.13> 

where G{a:AK^) is the threshold correction factor defined by Eq. B.6.17. For 7075-

T6 aluminum, stress intensity factor range threshold equals 87.0 MPaVmm. 

§ Assuming a relatively high mean stress, AS^ is thus calculated based on fatigue stress 

range. 

t Assuming small mean stress effect, is thus calculated based on fatigue stress 

amplitude. 

i For the Walker law, AS^ must be calculated based on fatigue stress range. The 

Walker coefficient is calculated as 

= (5.5.6) <?jerEq.B.6.5> 

where = -0.8 herein. For 7075-T6 aluminum alloy, 

[0 if/?<0 
y = • (5.5.7) 

\0.64 Otherwise 

Therefore, y = 0 and C[R^) = 0^1 + 0.8 f  = 0.17C„ = 1.921E-12. 

In summary, comparing to Pemg's model, various constant amplitude approaches 

examined here provide approximate and conservative solutions (the estimated time to 

failure is smaller) under the condition of narrow band and small mean stress in this 

example. However, none considers component thickness effects. 
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5.6 FPI Results for and 

In this section, various reliability methods (Chapter 2) are applied to estimate 

time-to-failures of and Tffjf according to different computational approaches (Table 

3.3). The AMV+Log method will be identified as the most feasible reliability method to 

perform the analysis in terms of both accuracy and efficiency. Note that: 

(1) When a reliability method is employed with an expression of Pp{t)  according to the 

definition of total probability, it is referred to as computational approach I. 

(2) When a reliability method is employed with an (upcrossing) limit state, (obtained by 

applying the Wen's transformation), it is referred to as computational approach IL 

(3) When a reliability method is employed with an (implicit) time-to-failure expression, 

it is referred to as computational approach m. 

5.6.1 AMV+Log solutions for Tp„ and Tfpjj 

Figure 5.8 shows the AMV+Log and MCS CDF solutions for r„p and 

using computational approach HI outlined in Table 3.3. Notation used in Fig. 5.8 are 

summarized in Table 5.4. 
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Table 5.4 Notation used in Figure 5.8. 

Reliability 
Method 

Time to 
Failure 

Auxiliary 
Variable 

Probability 
Statement 

Notation in Fig. 5.8 

AMV+Log ^n» y-£XP(i) Eq. 5.2.5 Tppp; AMV + Log on ( Tppp, ao, 

C,B) 

AMV+Log ^Ftn Y-UiO.l) Eq. 5.2.22 Tppn; AMV + Log on (Tppri. ao, 

C,B);Y~U(0,1) 

AMV+Log "^Fwn Y~EVD Eq. 5.2.23 Tppn; AMV + Log on (Tppn, ao, 

C, B); Y~EVD 

MCS* Tppp Y-EXPil) Eq. 5.2.5 Tppp; MCS 

MCS* "^pm Y-UiO.l) Eq. 5.2.22 Tppn; MCS 

* The MCS solutions are obtained firom Section 5.5 and are considered to be the bench 

mark herein. 
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— T^MCS 

W MCS 

o Tppp; AMV + Log on (Tppp io. C, B) 
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Time-to-failure, t (second) 

(lognormal probability plot) 

Figure 5.8 AMV+Log CDF solutions for Tp„ and Tpp„ (Subsection 5.6.1). 
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Some observations and discussions arc as follows: 

(1) The CDF solutions of and obtained by the AMV+Log method not only 

match those by the MCS almost exactly but also provide much wider ranges, up to 

± 8 standard deviations (not fully shown in Fig. 5.8 though). 

(2) For t<l(/  (i.e., Fr^(t)<OJ or AMV+Log solution for 

"^rrn with Y "UiOJ) (Eq. 5.2.22) is not available because of an optimization 

breakdown resulting from the Y having a ODF with zero slope(s)^2. But if the F is 

chosen alternatively as an EVD distribution: Y ~ EVD{a^ = l,u^ - O) (Eq. 5.2.23), 

then the CDF of full range can be solved by the AMV+Log method without 

difGculty. Therefore, the choice of distribution type of an auxiliary random variable 

(/.«., Y in Eq. 5.2.22 or 5.2.23 for and/or Y in Eq. 3.5.3 for T„p) does affect 

the probability estimate numerically. See comment (2) in the Section 3.5 for 

additional discussion. Note that: 

(i) The auxiliary random variables used for constructing the CDFs of Tpfp and 

are not directiy related even though the same symbol Y is used herein to 

denote them. 

(ii) The auxiliary random variable F in Eq. 4.1.6 or 5.2.23 for T/,^, and/or Y in 

Eq. 3.5.3 for T„p might be viewed as presenting the time-variant randomness 

associated with the stationary Gaussian stress process S(r). 

The main reason for this is tliat a typical optimization subroutine in conjunction with the non-linear 

transformation between the AT - and U -spaces, embedded in a computational reliability program code, 

generally has trouble dealing with a distribution having a zero slope at the design point. Theoretically, 

the equivalent normal tail principle (three-parameter equivalent nonnal) is used to fit the CDF, the 

PDF, and the derivative of the PDF at the design point. Therefore, if the PDF of a basic random 

variable has a zero slope, then the program code might break down [Wu & Wirsching, 1987]. 
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(3) Note that a transformation resembling the change of variables according to Eq. 

4.1.6, [5^(r)] = Ff(Y). can always be appliedi'* before evaluating the 

probability when it makes the numerical evaluation easier. Furthermore, the choice 

of an auxiliary random variable Y does not necessarily have physical meaning. 

(4) The linear response fiuction for the AMV+Log method for obtained by 

numerical perturbation in the -space is 

= 10.892 - 0.0162{Y - FLY) 

-^.983lCg-fi^ ) +3.628X10''(KC-MKC) 

-0̂ Sl{a.-M,_)-2.949{B-,l,) 

+2.«<55 X /O-* (or. - )+2 J(57 X /O"* (ff, - /I,) 

where TpppSln{T„p), a,=lna,,  BslnB, and Cg=lnCg. The standard 
A 

deviation of the is (TF =0567. Note that, if the log transformation is 

applied to an exponentially distributed auxiliary random variable Y, the AMV+Log 

will fail to give a satisfactory CDF solution for the Tpfp because the exponential 

distribution is very skewed. Thus, the log transformation is not applied to Y when 
A 

the linear performance function Tp„jgy is constmcted herein. Furthermore, design 

factors Kf., or, and are anticipated to be less important Tzndom variables with 

respect to probability assessment (Subsection 5.6.3), and therefore no log 

transformation is applied to any of them. 

Certainly the expression of the limit state function will change after the transformation. 
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(5) The linear response function for the AMV+Log method for "^PFTI is 

= 10.858 -0J42(r -

-0.955(4-/1^ )+3.904 
/  X  / - X  ( 5 . 6 . 2 )  

-0.664(a,-fi,^)-2S54(B-,i.) 

+2.871 X10-^ (a, -H^)+2.873 x l(r'[a^ - ) 

for Y "UiO,!); or 

Tm.itv = J0.803 - 0.0143{Y - fly) 

-0.9861Cg + 4.751 x 10'*[k^. - ) 

-0.702[a, 2.958[B -

+2.874 X W^(a, - )+2.876 x 70-'(<r, - ) 

for Y" EVD{a^ = l,u,-l) where fppjjSln{T^) a,=lna,,  B = lnB, and 
A 

Cg s InCg. No log transfonnation is applied to either of Y, Kf., o,, and a^. The 

standard deviations of the fpf„ are =0.664 for Y "17(0,1) and 

= 0S73 for Y ~ EVD{a, = = /). 

5.6.2 Effect of Reliability Approach on Failure Probability Assessment 

As mentioned in Chapter 3, there are various ways that can be employed to estimate ±e 

CDF of the tune to first-passage fatigue-fracture-failure Tfff. Fig. 5.9 shows various 

CDF's of Tf,„ solved by different reliability approaches. The term "reliability approach" 

used herein denotes a combination of reliability method introduced in Chapter 2 and 

computational approach outlined in Table 3.3. It will assumed herein that the AMV+Log 

solution (case 1 in Table 5.5) is accurate. The efficiency, robusmess, and accuracy of 

other reliability approaches will be compared carefully with the AMV+Log solution in 

this subsection. First, notation used in Fig. S.9 are summarized in Table 5.S. 
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Table 5.5 Notation used in Figure 5.9. 

Reliability 
Method 

Computational 
Approacli 

Probability 

Statement 
Notation in Fig. 5.9 

1 AMV+Log m Eq. 5.2.5 AMV + Log on (Tppp, ao, C, B); 

m; Y~EXP(1) 

2 MV in Eq. 5.2.5 MV; m; Y-EXP(l) 

3 AMV m Eq. 5.2.5 AMV; m; Y-EXP(l) 

4 MCS i« Eq. 5.2.15 MCS;I 

5 MCS/MC? Eq. 5.2.13 MCS; H; Y~EXP(1) 

6 FORM/SORM m Eq. 5.2.13 FORM/SORM; H; Y~EXP(1) 

7 MCS/MCI* nt Eq. 5.6.4t MCS; n; Y~N(0,1) 

• Except for case (7), the auxiliary variable is chosen as an exponentially distributed 
random variable with parameter one, Y ~ EXP{1), in all other cases. In case (7), Y is 

chosen as a normally distributed random variable with zero mean and standard 
deviation equal to one, Y ~ N{0.1). 

t With Y - N(p,I),  the equation 5.2.13 becomes 

(0) = P[/ i (0;X)-S^O] if  t  = 0 

/V(0 = ' (5.6.4) 
p [y  - ^ o] if r > 0 

where Pfit; X )  is specified by the in the Eq. 5.2.16 with x  replaced by X .  

* MCI means Monte Carlo integration. 

^ A reliability method must be applied once at every specific time if probability is 

estimated according to the computational approach I or n. Times to be investigated 

are t = 10^ and lO^ in cases (4) ~ (7). 
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AMV + Log on (Tppp. to. C. B); IH: Y-EXP(l) 

-• - MV:ni;Y-EXP(l) 

-0- AMV; ffl; Y-EXP(l) 

O MCS:I 

« MCS; n; Y~EXP(1) 

• FORM/SORM: n; Y-EXP(I) 

+ MCSiD; Y-N(0.1) 

(lognormal probability plot) 

case 6 

•a 

case 4,5, & 7 0 -

case2 
> -2-

o -3- case4 & 5 

case 6 
-4-

case3 case 1 

l.OxlO^ l.OxlO^ 1.0x10^ l.OxlO^ 1.0x10® 
Time-to-failure, t (second) 

Figure 5.9 Comparison of various reliability approaches on the CDF of Tppp 

(Subsection 5.6.2). 
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Discussion is provided as follows. 

(1) Computational ^pioach I is accurate but not efficienL 

If computational approach I is adopted, then it is required to calculate the 

unconditional failure probability Pp{t) by a numerical integration according to the 

definition of total probability (Eq. 5.2.15). Monte Carlo simulation is employed as 

the numerical integration subroutine to estimate Pp{t) at r = 10* and t-l(f in case 

(4). As shown in Fig. 5.9, despite time consuming calculations, results of the MCS 

method using computational approach I (case 4) match the AMV+Log solution 

(case 1). 

(2) Computational approach n may be problematic. 

(i) In case (7), Pp{t)  at f = 10" and t = 10^, with the auxiliary random variable 

being chosen as Y ~N(0,7), are estimated by MCS using computational 

approach n. The result at t = 10^ is reasonable. However, for t = 10^, a 

breakdown of sampling Pf{t;x) occurs due to the double exponential form in 

the conditional failure probability expression (Eq. 5.2.16). 

(ii) In case (5) and (6), Pp{t)  at t  = 10* and t = 10^, with the auxiliary random 

variable being chosen as K - EXP(l), are estimated by MCS and 

FORM/SORM respectively. 

(a) The MCS (case 5) gives reasonable results. 

(b) The results obtained by the FORM/SORM (case 6) are clearly in error. 

Moreover, the CPU time required for the optimization subroutine 

embedded in the FORM/SORM program code to locate the design points 

are 41 and 134 minutes for t = 10* and t —10^ respectively. The main 

reason that FORM/SORM has such difficulty is likely due to the 

difference in orders of magnitude between the exponentially distributed 

auxiliary random variable Y and the accumulated fatigue Poisson 
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damage V(t;X) (Eq. 5.2.7). Figure 5.10 shows the empirical CDF of 

the V(t;X) at t = which has a mean of 2392 and a standard 

deviation of 1537 (cf. the mean and the standard deviation of the F are 

both equal to one). It is interesting to see that V(t;X) has approximately 

a normal distribution. 

(c) Note that FORM/SORM in conjunction with computational approach n 

would be the current method of choice for estimating the first-passage 

fatigue-fracture-failure probability using the upcrossing limit state by 

most investigators. In this example, it is shown that this approach is not 

eSicient and may be not accurate. 

(normal probability plot) 
BO 

3-

OQW 

73 -I-

Oxicfi UIO' 2x10' SxKP 4*10' SxlO' 6»I0' TxIO' UIO' 9*I0' 

Accumulated fatigue "Poisson" damage at time « 10* sec. 

Figure 5.10 En^irical ODF of the accumulated fatigue "Poisson" damage, V(t;X), 

at time = 10^ (Subsection 5.6.2). 
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(3) The AMV solution is accurate and efficient in this example. 

The linear response MV function for the AMV method (obtained by numerical 

perturbation) in the original JiT-space is 

Tm.iiv = X + 7.720 xlO^{Y-iiy) 

'3.474X 10"{C^'Hc^)+17J23[KC ) 

"2321X10'[a, - /i..) -1348 y.lO^{B-fig) 

+13.44l(a, - )+I3.448(a, - ) 

The means and standard deviations of Tpff ^y and obtained from Monte Carlo 

simulations are: /ly =46880, GT -26606, iir =60720, and 

= 35823. Because and 0"^^ are close (refer to Subsection 2.4.2), It is 

anticipated that the AMV method will provide a good approximation to the CDF. 

Note that: 

(i) Only a portion of the MV solution (case 2) is shown in Fig. 5.9 because 

negative Zl-levels cannot be plotted in a log scale paper. 

(ii) The CDF estimated by the AMV method (case 3) is reasonable considering 

that the relatively large distance between the MV and AMV CDF curves must 

be accomplished by the "first move". 

(4) Many analytical reliability methods provide approximate probability assessments 

using a response surface concept. There exists a preferable space for a particular 

type of limit state function, on which the response surfaces should be constructed 

and probability is evaluated. A first or second-order response surface in the £/-

space is constructed in FORM/SORM. In the AMV method, the performance 

function is linearized in the AT-space, and the "first-move" is then employed to 

calibrate probability estimates. In the AMV+Log method, the preferable space is 

the X space defined by Eqs. 2.5.1 and 2.5.2. Furthermore, both (1) the Wen's 
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transfonnation 3.5.1) used to doive the upcrossing limit state (Eq. 3.5.3), and 

(2) the fundamental transfomiation law of probabilities (Eq. 4.1.6) used to derive 

the implicit time to failure for assessing the CDF of 7,^ may be viewed as 

transformations to obtain preferable spaces. 

• Summary 

In summary, the AMV+Log procedure in conjunction with computational 

approach m is the most suitable reliability approach to perform fatigue reliability 

analyses under random stresses. Thus, it will be the primary approach to be employed in 

the succeeding examples. 

5.6.3 Sensitivity analysis 

Figure 5.11 shows projections of the maximum probable point locus (MPPL; or 

the trace of design points) of the identi^ed by the AMV and the AMV+Log 

procedures, onto a t-u subspace where u denotes the coordinates of a reduced random 

variable at design points of various time-to-failure levels in the 1/ -space. The AMV's 

MPPL behaves slightly eccentric at the left tail which is circled by the doted line in the 

Fig. S.ll.b (see Subsection 2.4.3). Note that the traces of coordinates of Y, <T,, and or 

almost coincide with each other in Figures 5.1 l.a and 5.1 l.b. 

Shown in the Figure 5.12 are: 

(a) the first order probability sensitivity factors of the identified by the AMV+Log 

method in the C/ -space; 

(b) the first order probability sensitivity factors of the identified by the AMV 

method in the £/ -space; and 



191 

(c) the first order probability sensitivity factors of the with 

Y ~ EVD{a^ = i,«, = O) identified by the AMV+Log method in die £/ -space. 

AU three plots conclude that uncertainties associated with material strengths {Kc, a,, 

and or), and the random stress process S(t) (represented by the auxiliary random 

variable Y) are secondary comparing with those related to the fatigue propagation 

parameters (Cg and a,), and the stress modeling error B with respect to fatigue 

reliability assessment in this example (a narrow band stress process with a small mean, 

and a high level and slowly deteriorating residual strength). All material strengths 

(especially the ultimate strength and the yield strength o^) might be treated as 

constants in a fatigue reliability model to save computation time. Note that despite small 

sensitivity factor of the Y, it should not be treated as a constant because it is used to 

fomiulate the upcrossing limit state. 
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(a) Loci of coordinates of design points (MPPLs) 

identified by the AMV+Log procedure in the U-space. 
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(b) Loci of coordinates of design points (MPPLs) 

identified by the AMV procedure in the U-space. 
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Figure 5.11 MPPLs of the Tppp identified by the AMV and AMV +Log procedures 

in the (/-space (Subsecdon 5.6.3). 
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(a) Sensitivity factors identified by the AMV+Log for Tppp 
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Figure 5.12 Sensitivity factors of the and (Subsection 5.6.3). 
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5.7 Effects of Design Factors 

The following examples are performed by AMV+Log method by changing the 

parameters {e.g., distribution type, and order of magnitude etc. of design factors) of the 

basic data set listed in Table 5.1. Capabilities of the program code developed in this 

study will be fully demonstrated in the following examples. 

5.7.1 Effects of Random Design Factors 

• Effects of variances of design factors 

Figure 5.13 shows various CDF curves of by changing the COV's of design 

factors: 

(1) the GOV of the initial crack size a, is changed from 0.2 to 0.5 (denoted as "Cao = 

0.2 -> 0.5"); 

(2) the COV of the Elber coefficient Cg is changed from 0.5 to 0.2 (denoted as "Cc = 

0.2 -> 0.5"); 

(3) the COVs of the initial crack size a, and the stress modeling error B are changed 

from 0.2 to 0.5 and from 0.1 to 0.2 respectively (denoted as "Cao = 0-2 -> 0.5; CB = 

0.1->0.2"); and 

(4) the CDF of the Tppp of the basic data set specified in the Table 5.1 is also included, 

as the reference curve for comparison (denoted as "Reference case"). 

All CDF curves are solved by the AMV+Log piocedure with log transformations applied 

to Tyfp, a,, Cg, and B. Because the distribution types of design factors remain the same 

as Table 5.1, all CDF solutions still have lognormal format characteristics. As expected, 

the COV of the time-to-failure of Tppp increases (i.e., the slope of the CDF curve 

decreases in Fig. 5.13) with the COV of an individual random variable. 
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Figure 5.13 Effects of COVs of design factors (Subsection 5.7.1). 
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• Effects of distribution type of design factors 

Figures 5.14 ~ 5.16 show various CDF curves of using distribution types of 

design factors different from those in Table 5.1, their medians and CX)Vs remaining the 

same. 

(1) Fig. 5.14 shows the CDF where stress modeling error B is changed £rom lognoimal 

to extreme-value distribution (EVD). 

(2) Fig. 5.15 shows the CDF where the Elber coefficient Cg is changed fipom lognormal 

to WeibuU. 

(3) Fig. 5.16 shows the GDF where the initial crack size a ,  is changed firom lognoimal 

to exponential. Note that, the exponential is a one-parameter distribution whereas 

the lognormal is a two-parameter distribution. To make comparison, all CDF 

curves illustrated in Rg. S.16 are obtained by assuming that the initial crack size a, 

has a median 1.27 of and a COV of 1.0, which corresponds to a mean of 1.832 and a 

standard deviation of 1.832 for a exponentially distributed a,; and a mean of 1.295 

and a standard deviation of 1.295 for a lognormally distributed a, (t/., a, is 

lognormally distributed with a median of 1.27 and a COV of 0.2 in Table 5.1.) 

Note that: (1) All CDF curves are constructed by the AMV+Log method with log 

transformations applied to and B. (2) To construct the linear performance 
A 

function in the ^ space for the AMV+Log procedure, will be used as the 

perturbation increment where ^u,x,  and X, represents a basic random 

variable ({.£., a,, Q, or B herein) on which a log transformation is applied (Refer to 

Section 2.5 for additional details on the log transformation.) (3) For verification of the 

AMV+Log solution, an empirical CDF obtained from a MCS with sample size equal to 

10^ is included in each figure. (4) Moreover, the AMV+Log CDF curve of the basic data 
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set (denoted as "Reference" therein) is also plotted in each figure for comparison. 

Because all important random variables C^, B, and a, are lognormally distributed in the 

reference case, the CDF solution for the reference case may be viewed as the lognormal 

format approximation for the in each case. 

Reference: B - LN; AMV + Log on (Tppp, ao, C, B) 

B-EVD;MCS 

+ B - EVD; AMV+Log on (Tppp* ao- C, B) 

(Lognormal probability plot) 

6 -

4-

2-

-4-

- 6 -

- 8 -

-10 

1x10* 

Time-to-failure, t (second) 

Figure 5.14 Effects of distribution types of design factors — B ~ EVD (Subsec. 5.7.1). 
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Reference: C - LN; AMV + Log on (Tppp, ao, C. B) 
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Figure 5.15 Effects of distribution types of design factors — Cg" Weibull 

(Subsection 5,7.1). 
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Additional discussion is provided as follows. 

(1) All AMV+Log CDF curves oiatch the empirical CDF curves obtained from Monte 

Carlo simulations. Furtheimore, AMV+Log can provide solutions of much wider 

probability ranges than MCS's. 

(2) Because the EVD of B (with a median of 1.0 and a COV of 0.1) in Fig. 5.14 is 

lognormal-like (see Fig. 2.3.b), the CDF curve is almost identical to the reference 

curve (where B is lognomally distributed.) 

(3) Figs. 5.15 and 5.16 clearly demonstrate that the CDF curve of the time to failure 

may be different from a lognormal format when the distribution of one of important 

random variables is changed firom a lognormal to another distribution type. The 

differences of the CDF curves between the new and the reference case at the 

left/right tail in the Fig, 5.15 or 5.16 reflects the facts that there are large 

discrepancies of the CDF curves between a lognormal and a non-lognormal in the 

tail regions; Fig. 2.3.a shows the difference between CDF curves of a lognormally 

and a Weibully distributed random variable Cg having a median of 1.13E-11 and a 

COV of 0.5; and Fig. 2.3.c. shows the difference between the CDF curves of a 

lognormally and an exponentially distributed random variable a, having a median 

of 1.27 and a COV of 1.0. Because CG, B, and a, are all stress-like random 

variables, the behavior of their distributions in the leftMght tail affect that of the 

time-to-failure at the right/left tail. 

(4) Also shown in Fig. 5.16 is the AMV+Log CDF curve for which the log 

transformations are applied only to B, CjB (without a,), denoted as "ao ~ 

EXP, Cao = 1-0; AMV+Log on (Tppp, C, B)" in Fig. 5.16. Comments on applying 

the log transformation for a,: (i) not all important design factors are properly 

reflected in the linearized MV response function in the ^-space if the log 

transformation is not applied to the a,, and (ii) variance of the linearized MV 
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function will increase if the log transformation is applied to the a,. Coic^ared to 

the MCS solution, the CDF solution without the log transformation on the a, does 

not seem to provide satisfactoiy results. Thus it is shown in this example that it is 

significant to linearize all important design factors by log transformations when 

constructing the linear MV response function. 

In simmiary, the AMV+Log procedure with proper log transformations on select basic 

random variables can provide a satisfactory CDF solution for the first-passage time to 

fatigue-fracture-failure If all important basic random variables have lognormal or 

lognormal-like distributions, then is approximately lognormally distributed, and a 

lognormal format approximation may provide a reasonable fatigue reliability estimate. 

Moreover, relative to design, a stress/strength-like random design factor is only required 

to be lognormal-like at right/left tail region in order to apply the lognormal format 

approximation. 

5.7.2 Effects of Deterministic Design Factors 

The following cases are performed by changing the form and/or value of the 

geometry factor specified in Table 5.1. 

• Effects of the geometry factor 

Shown in Fig. 5.17 are CDF curves of ^FPP if the fatigue crack is assimied to be a 

through thickness (1) central iY(a) = -yjseclj^) where W is the structural component 

width), or (2) edge (.Y{a) = 0265{l- + {0.857+0265^)/(/ — crack type (refer 

to Fig. 3.1). Shown in Fig. 5.18 are CDF curves of Tfpp assuming that the geometry 

factor has a form of Y{a) = Xa"^ with | = 0.125, and A = 2 or 3. The CDF of Tpfp for 
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Y(a) -1 {i.e.., assuming no local stress concentration) is included in both figures for 

comparison. Geometry factors as functions of crack size a are shown in Fig. 5.19. 

6 -

J:4-

uT 
e 2 
O 
V A 

•g 
> 

o 
Z 

0 -

-2-

-4-

-6 

Reference: Y(a) = 1 

Through thickness edge crack 

Through thickness central crack 

(Lognomial probability plot) 

Ej. s 6.068 for central crack; 

6.608 for Y(a)=l. 

I 
4.012 for central crack: 

4.010 for Y(a)=l. 

F.J. s 1.963 for centzal crack; 

^ 1.962 for Y(a)=l. 

-1.102 for central crack; 

-1.103 for Y(a) «1. 

-2.153 for central cradq 

-2.154 for Y(a)=l. 

I  I  I  I  i i i |  "T I  I  I  M  I  l l |  

1x10^ 1x10^ IxlO^ 1x10® 
time to failure, t (second) 

I  I  I  i  I  I i l  

1x10^ 

Figure 5.17 Effects of crack type (Subsection 5.7.2). 
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Figure 5.18 Effects of geometry factor (Subsection 5.7.2). 
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Some discussion is provided as follows. 

(1) For through thickness central or edge cracks, the fatigue crack growth curve can not 

be expressed in a closed form (see Eq. 3.1.9). It must be obtained implicitly by 

numerical integration. Furthermore, to ensure the accuracy of the integration of the 

crack growth relationship, Eq. 3.1.18 is employed. The CDF results for the special 

case of Y(a) = l by numerical integration (per Eq. 3.1.18) and by an analytical 

expression (per Eq. 3.1.9) are identical. Therefore, the numerical integration 

subroutine for the fatigue crack growth equation implemented in the program code 

is verified to be correct Note that value of must be solved as root of equation 

y + /n[/-p^(0.ac)]-V(f„p;x) = 0 (Eq. 5.2.5) for Y~EKP(1). V{tppp;x) is the 

fatigue Poisson damage, a voy complex integration function of crack size (per Eqs. 

5.2.7, 5.2.8, and 5.2.10). Therefore, if the expression of crack size must be 

determined implicitly by numerical integration, computational time will increase 

considerably. 

(2) Both CDF curves for through thickness (central or edge) cracks shown in Fig. 5.17 

are obtained by employing numerical integration of the crack growth law. 

Although the geometry factor for the through thickness central or edge crack differs 

from unity as the crack grows (see Fig. 3.1 or 5.19), it can be approximated as 

constant for alW 0 (because Y(a) 0 as a/W 0 for a central crack, and 

Y(a) 1.122 as alW-^0 for an edge crack). Because the fatigue failure 

probability is dominated by small crack sizes: 

(i) both CDF curves appear to be lognormally distributed and are parallel to that 

of Y(a) = 1 (i.e., they have the same COV); 

(ii) the CDF for the through thickness central crack is almost identical to that of 

y(fl) = 7;and 
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(iii) the time to failure for the through thickness edge crack has the smallest values 

because it has the largest geometry factor (1.122). 

(3) Shown in Fig. S. 18 are CDF curves of 7,^ assuming that the geometry factor has a 

form of Y(a) = Xa~^ with $ = 0.125. 

Q) For A = 2, the CDF appears to be lognormally distributed except in the left 

tail where the slope of the CDF curve changes. The geometry factor may be 

assumed to be a constant without producing a large error in the fatigue 

reliability analyses. 

(ii) For A = 3, the lognoimal characteristic disappears. The CDF curve may be 

viewed as three piecewise straight segments. The steep rise of the slope of the 

CDF curve in the right tail reflects the fact that the geometry factor increases 

rapidly for a^d^-127 in Fig. 5.19. Moreover, the behavior of the 

geometry factor for a S should correspond to the slope change of the CDF 

curve in the left tail. 

• Effects of residual strength modeling 

Shown in Fig. 5.20 are CDF curves of time to failure when the residual strength is 

calculated using the different models outlined in Table C.l. Because 7075-T6 aluminum 

alloy is a relatively brittle metal, the R1 model (assuming pure brittle fracture failure 

mode) and the R6 model (according to the two &acture failure criteria approach) are 

essentially identical. The CDF employing the R2 model (assuming pure ductile fracture 

failure mode) is similar to the other two solutions; it also has lognormal characteristics. 

Most of the fatigue life of a structural component proceeds under small crack sizes (see 

the conditional median fatigue crack growth curve in Fig. 5.3). Therefore, residual 

strength throughout the service life may be viewed as about time invariant, and its order 
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of magnitude can be estimated by setting the crack size equal to the median value of the 

initial crack size, a,. The initial conditional medians of residual strength of the R1 

and the R2 {R^) models are calculated as follows: 

/^(r = = l)  = -  aJ<T, IW = [500-127]x5161500 = 514.7 

/^(r = = i) = K, = 8723 NJ C X  127 = 436J 

The difference of the CDF curves between R1 and R2 models in Hg. 5.20 reflects the fact 

that the calculated initial conditional median values of residual strength are different but 

numerically close. 

Note that the closeness between and calculated above should be viewed 

as a coincidence in this example. Generally, a brittle residual strength calculated from a 

ductile model may result in severe error (and vice versa.) The advantage of the R6 model 

is that the proper ductile or brittle properties of the material can be accounted for 

automatically at the expense of more computational time. In this example, the 7075-T6 

aluminum alloy is a relatively brittle material, and the R1 model provides a good 

approximation. No obvious effect on the reliability estimate due to the brittle-to-ductile 

fracture transition behavior occurs as the fatigue crack grows. However, the fracture 

transition may be important for titanium alloys which have material behavior of both 

britde and ductile character. 
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Figure 5.20 Effects of residual strength modeling (Subsection 5.7.2). 
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• Effects of Paris exponent 

Shown in Fig. 5.21 are Q>F curves of time to failure with the crack growth law 

having different values of the Paris exponent, m. The Paris exponent is a "stress like" 

design factor. Time-to-failure decreases with increase in the Paris exponent 

(Lognonnal probability plot) 

m = 2.5 

Reference case: m = 3 

m = 2.1 

Time-to-fallure (second) 

Figure 5.21 Effects of Paris exponent (Subsection 5.7.2). 
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• Effects of mean stress and bandwidth factor 

Shown in Fig. 5.22 are CDF curves for two different power spectral density (PSD) 

functions of stress process having various mean stresses. See footnotes denoted as ¥ and 

£ in Table 5.6 for parameters defined by these two PSD's. The two spectra give the same 

RMS value of 22.5. Both 7,^ and solutions are investigated. All CDF curves of 

will be denoted by continuous curves. All GDF curves of are described by 

symbols. To compare effects of bandwidth, cycles-to-failure instead time-to-failure is 

used in Fig. 5.22. The cycles-to-failure is equal to time-to-failure by multiplying the 

expected rate of occurrences of the effective stress cycles (the peaking rate for Pemg's 

model). Notation used in Fig, 5.22 are summarized in Table 5.6. 
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Table 5.6 Notation used in Figure 5.22. 

Time to 
failure 

Mean 
stress //; 

Irregularity 

factor a 

Notation in Fig. 5.22 

1* "^ppp 10 0.9974 Sm = 10; FPP; irregularity factor =1.0 

2£ 10 0.735 Sm = 10; FPP; irregularity factor = 0.735 

3£ 60 0.735 Sm = 60; FPP; irregularity factor = 0.735 

4£ Tppp 330 0.735 Sm = 330; FPP; irregularity factor = 0.735 

5* "^FFn 10 0.9974 Sm = 10; FPTI; irregularity factor =1.0 

6£ "^FPTI 10 0.735 Sm = 10; FPTI; irregularity factor = 0.735 

7£ "^Fm 60 0.735 Sm = 60; FPTI; irregularity factor = 0.735 

8£ "^Fm 330 0.735 Sm = 330; FPTI; irregularity factor = 0.735 

y The parameters defining the PSD function for the basic data set specified in Fig. 5.1 

are: Wq = 405, fi = 9.375, fz = 10.625. The corresponding parameters related to the 
stress process are calculated as follows: = 22.5, = 10.0065, = 10.0325, a 

= 0.9974 ~ 1.0, fi, =0.9991, q =0.03606, e =0.07190. 

^ The parameters defining the PSD function are changed to Wq = 1, fi = 10, f2 = 

516.25. The corresponding parameters related to the stress process are calculated as 
follows: 0-5 =22.5, =300.985, v, = 399.887, a =0.753, fi, =0.864, q =0.486, 

e = 0.658. 
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Figure 5,22 Effects of mean stress and bandwidth factor (Subsection 5.7.2). 
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Some observations are summarized as follows. 

(1) It is observed that all CDF solutions of 7^^ provide good and slighdy conservative 

approximations for the CDF of Tf^f under various combinations of bandwidth and 

mean stress. 

(2) When the mean stress increases, fatigue damage increases and the cycles-to-failure 

decreases (comparing case 2 with cases 3 and 4 in Fig. S.22). Moreover, the slope 

of CDF curve increases slighdy with the mean stress. 

(3) Case 4 or 8 reflect the situation that the initial reliability is relatively low due to the 

relatively high mean of the stress process. 

(4) The influence of mean stress and bandwidth factor on the effective upcrossing rate 

(and hence the reliability assessment) under high barrier levels is limited as 

examined by the fact that the CDF curves of T„p and Tp^ are essentially the 

same. Because Marley's time-invariant formulation (Tp^) does not reflect the 

bandwidth effect properly in the model (see Subsection 4.2.2), effects of the 

bandwidth factor and/or the mean stress on the reliability assessment are reflected 

through the calculated magnitude of Miner's stress. 

(5) Because (1) different equivalent constant amplitude approaches (see Section B.6) 

gives wide range of general fatigue load estimates under relatively wide band stress 

processes, and (2) the error of estimated fatigue life due to a miscalculation in 

Miner's stress range evaluation will be amplified by a factor to m power, the 

accuracy of Miner's stress range evaluation is a very significant factor for fatigue 

life prediction. 

(6) Considering the following observations, it may be concluded that Marley's time-

invariant formulation is the most practical reliability model. 

(i) The CDF of the time to failure according to the Marley's time-invariant 

formulation consistently provides a conservative but good 
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approximation relative to the cunently proposed Poisson upcrossing approach 

{Tfff) under various combinations of niean stress level and bandwidth under 

stationary Gaussian stress processes. 

(ii) For a general (evolutionary and non-Gaussian)^^ random stress process, the 

extreme-value stress must be properly modeled in order to use the FPTI 

approach. The effective upcrossing rate must be derived in order to employ 

the FPP approach. Considering that it is easier to model the largest peak stress 

distribution than to derive the effective upcrossing rate, the FPTI approach 

may have a slight edge over the FPP approach. Therefore, despite the fact that 

the FPTI approach is a physically flawed model under stationary Gaussian 

stresses, but it may be the best practical model for fatigue reliability 

assessment under a more general (evolutionary and/or non-Gaussian) random 

stress process. 

Fatigue occurs over a time scale much longer than that for which the environmental conditions may be 

considered stationary. Moeover, the environmental load is generally not Gaussian in practice. 
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Chapter 6 Concluding Remarks 

A general fatigue/fracture reliability model under random stresses based on time-

variant reliability concept and first-passage Poisson upcrossing approach has been 

developed in this study. Important features that have been implemented in the model are: 

(1) Pemg's model [Pemg, 1989], which utilizes the crack opening stress concept in a 

fracture mechanics approach to take account of the mean stress effect, and the 

rainflow cycle counting principle to consider the wide band fatigue damage, is 

employed to predict the equivalent fatigue crack growth curve; 

(2) The elasto-plastic R6 model [Harrison et al., 1979; Milne et a/., 1986] is used to 

model residual strength; 

(3) Vanmarcke's semi-analytical formulation [Vanmarcke, 1975] is used to estimate the 

Poisson intensity of the effective barrier upcrossing process; 

(4) The theorem of total probability is used to account for the time-invariant 

uncertainties associated with the design factors; 

(5) Wen's transformation [Wen & Chen, 1987] is applied to derive the upcrossing limit 

state; and 

(6) The AMV+Log procedure [Wu et al., 1990] is used for the probability evaluation. 

The critical assumption for this model is that the cyclic tensile stress process must be 

modeled as a stationary Gaussian process. The estimated failure probability of this model 

is time-variant. The program code developed in this study includes all important 

practical considerations regarding fatigue reliability assessment under random stresses, 

i.e., effects of the mean and the bandwidth factor of a stationary Gaussian stress process, 

the possibility of ductile and/or brittie fracture failure mode during the fatigue process, 
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and residual strength degradation due to a propagating crack. The program is capable of 

establishing the CDF of the first-passage time to fatigue-fractuie-failure efficiendy for 

design purposes. 

6.1 Signiflcant Contributions 

The significant contributions of this research are: 

(1) Comprehensive overviews and literature surveys of fatigue-fracture failure process 

(Section 1.1), fatigue crack growth prediction (Appendix B), residual strength 

modeling (Appendix C), Poisson-based first-passage formulation (Section 3.3), 

various fatigue/fracture limit states (Chapter 4), and advanced structural reliability 

computational methods (Qiapter 2). 

(2) Development of the computationally efficient AMV+Lxjg procedure, an extension 

of the AMV method, capable of treating the complicated non-linear (implicit) 

upcrossing limit state which includes large variance random variables (Section 2.5). 

Applications of the AMV+Log method to fatigue reliability analyses includes the 

following important derivations. 

(i) An implicit expression for the first-passage time to fatigue-fracture-failure 

{i.e., the implicit upcrossing limit state defined in Eq. 3.6.2), crucial for 

applying the AMV+Log procedure to solve the CDF of the time to failure, is 

derived in Section 3.6. 

(ii) The implicit time-to-failure expression of Marley's time-invariant formulation 

(Eq. 4.1.8 or 5.2.5) in a format for employing the AMV or AMV+Log 

procedure is developed in Subsection 4.1.1. 

(iii) The AMV+Log strategy is demonstrated to be effective when dealing with in 

the implicit upcrossing limit state. Computational steps of the AMV+Log 
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procedure are outlined in Subsection 2.5.1. Guidelines for applying the log 

transformations are outlined in Subsection 2.5.2. 

(iv) Specific application of the AMV+Log procedure in conjunction with the 

implicit upcrossing limit state to fatigue reliability assessment under random 

stresses is addressed in Section 3.7 and denoonstrated in Chapter 5. 

(3) It is proved mathematically that Marley's time-invariant formulation always 

provides a conservative Qarger) failure estimate comparing to the proposed more 

accurate Poisson upcrossing approach (Subsection 4.2.2). Close comparison of 

mathematical forms between various fatigue/fracture limit states is provided and 

discussed extensively in Chapter 4. 

6.2 Important Conclusions 

The important conclusions of this study are summarized as follows. 

• Conclusions regarding reliability methods 

(1) There is no general applicable reliability method, except possibly Monte Carlo 

simulation (MCS), which can be applied universally to all structural engineering 

reliability analyses. However for high cycle fatigue reliability analyses, the MCS is 

not efficient because of time consuming calculations involving in the equivalent 

crack growth curve prediction. An alternative to MCS is the fast probability 

integration (FPI) method. FPI methods investigated in this study include the first or 

second order reliability methods (FORM/SORM) and the advanced mean value 

method (AMV). Each FPI method has advantages and disadvantages for fatigue 

reliability assessment under random stresses. 

(i) Analyses employing first or second order reliability methods (FORM/SORM) 

can be problematic because the FORM/SORM might break down during the 
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optimization process locating the wrong design point(s) due to the 

complicated and non-linear fatigue/£racture limit states. 

Oi) Even though the advanced mean value method (AMY) has proved to be 

applicable to most engineering applications, it does not always provide correct 

CDF solutions for the time to failure. 

(iii) There is a preferable space that the linear mean value (MV) performance 

function should be linearized for the AMY method The AMV+Log method, 

tailored to the particular implicit perfomiance fimction of the time to failure in 

fatigue reliability analyses, is developed by linearizing the performance 

function in a new space where log transformations are applied to the limit 

state function and select basic random variables. The proposed AMV+Log 

method is found to be very effective and efficient for providing an accurate 

CDF solution for the time to failure. 

(2) The quality of the AMV+Log (or AMV) solution can be checked (i) by comparing 

the standard deviations of the original and the MV response functions, or (ii) by 

examining the behavior of the MPPL. Finally, a Monte Carlo simulation using a 

small sample size can always be performed to partially verify the AMV+Log 

solutions. 

• Conclusions regarding fatigue fracture failure process modeling 

(1) The design factors which are relatively important are the initial crack size c,, the 

stress modeling error B, and the fatigue propagation coefficient C. They 

contribute most of scatter of fatigue life. Material strengths (or, o;, etc.) are 

secondary. The calculated equivalent Miner's stress AS^may be treated as a 

constant. 
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(2) Effects of the mean and the bandwidth of stress process to a first-passage fatigue 

reliability assessment subject to random stress processes employing an equivalent 

constant anq>litude i^proach according to a fracture mechanics fatigue crack growth 

model have two important aspects: (i) estimation of the general fatigue load 

CxA/^(r)xAS'^ (mainly the equivalent Miner's stress range AS^) and (ii) the 

calculated first-passage upcrossing rate. It is found in this smdy that: 

(a) The effects of the mean stress and the bandwidth factor of the stress process is 

reflected more on the Miner's stress range evaluation than on the first-passage 

upcrossing formulation. 

(b) The accuracy of Miner's stress range evaluation is the most significant factor 

for fatigue life prediction because the error of estimated time to failure due to 

a miscalculation in Miner's stress range evaluation will be amplified by a 

factor to m power. Therefore, a significant factor in fatigue reliability 

assessment (or fatigue life prediction) is the essumed equivalent constant 

amplimde approach (i.e., estimates of Miner's stress range, fatigue 

propagation coefficient, C, and number of effective stress cycles, 

(3) The thickness of the component affects crack opening stress behavior and hence the 

order of magnitude of Miner's stress range. In examples presented in Chapter 5, it 

is found that if the thickness effect is neglected, the error introduced to the time to 

failure estimate can go as high as a factor of 3 4. 

• Conclusions regarding fatigue/fracture limit states 

(1) All fatigue/fracture limit states (i.e., FPP, FPTI, and FA's etc.) examined in this 

study are compatible with each other because they may be converted from one to 

another. 
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(2) The proposed first-passage Poisson (FPP) upcrossing approach is the most general 

and flexible model for fatigue reliability assessment under stationary Gaussian 

stress processes. It may be mathemadcally complicated but it is more physically 

meaningful than others. Moreover, as computation time is considered, all 

approaches are equivalent if the AMV or AMV+Log method is used. 

(3) The first-passage time to fatigue-fracture-failure 7)^ is approximately a 

multiplicative function of all important random design factors. For many 

applications, it will have an approximate lognormal format An analytical solution 

according to the lognormal format approximation T^jj, may provide a good 

estimate for Tj,„ if all important random design factors have lognormal or 

lognormal-like distributions. 

(4) Despite the fact that the FPTI approach is a physically flawed model (the failure 

event defined by the FPTI limit state docs not describe the first-passage fatigue-

fracture-failure), the QDF of the time to failure according to the Marley's time-

invariant formulation always provides a conservative and generally good 

approximation relative to the proposed Poisson upcrossing approach {Tppp) under 

stationary (narrow or wide band) Gaussian stresses. Furthermore, it may be the best 

practical model for high cycle fatigue reliability assessment under a more general 

(evolutionary and/or non-gaussian) random stress process. 

(5) The failure event defined by a conventional fatigue limit state 0'.e., if a'^a^, then 

fatigue failure.) is most straight forward. Most fatigue design codes adopt this 

approach. However the choice of the critical crack size is arbitrary according to 

an engineer's own judgment. As structural code development and calibration is 

considered, the FPP or the FPTI approach can be utilized to gmde the choice of the 

critical crack size for a fatigue limit state. 
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6.3 Future Work 

Suggested future work might include the following: 

(1) For brittle materials (e.g., aluminum alloys) the R1 britde fracture resistance model 

(comparing to the R6 model) accurately models residual strength with respect to the 

final fatigue reliability assessment for the examples examined in this smdy. 

However, transition behavior between brittle and ductile fracture may occur for 

other materials under different environmental conditions. Further examination of 

the use of the R6 model and the effect of the friLcture transition behavior on fatigue 

reliability assessment for structural engineering materials steel, aluminum, and 

titanium alloys) should be conducted. 

(2) Chapter 5 shows that the time-invariant formulation (FPTI) approach can always 

provide an excellent and conservative solution for the first-passage Poisson (FPP) 

upcrossing time to failure under stationary Gaussian stress processes. However, the 

examples presented in this study are very limited. More comparison between 

fatigue reliability assessments according to the FPP and the FPTI approaches under 

different combinations of mean stress, bandwidth, and residual strength level are 

required to further qualify the applicability of the FPTI limit state. 

(3) Fatigue occurs over a time scale much longer than that for which the environmental 

conditions may be considered stationary. Moreover, the environmental load is 

generally not Gaussian. A time-invariant formulation is expected more effective 

than the first-passage upcrossing approach under these circumstances (see 

Subsection 4.2.3). The possibility of employing a time-invariant formulation to 

solve the time-to-failure under an arbitrary random stresses process should be 

investigated. 
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(4) The applicability of the AMV+Log procedure for solving the extensions of 

upcrossing limit states including the fatigue serviceability failure and maintenance 

plan suggested in Appendix F should be verified. 

6.4 Summary 

In summary, a synthesis, extension, and application of recent developments in 

fatigue crack growth modeling and structural reliability technology with emphasis on 

reliability considerations has been established in this study. A comprehensive study on 

fatigue reliability assessment under random process was performed. A general model 

which accounts for all important aspects of first-passage fatigue-firacture-failure process 

has been developed and solved by the efficient and accurate AMV+Log reliability 

method. Results of the proposed fatigue reliability assessment computational procedure 

are compared closely with several conventional approaches. Through this smdy, more 

understanding of the physical process of fatigue-fracture-failure behavior by identifying 

the important design factors through a sensitivity analysis is achieved. 
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Appendix A The AMV+ Procedure 

The extra iteration steps lequiied for the AMV-(- in addition to those in the AMV 

procedure are listed below (Figure A.1): 

Steps (1) through (3) are the same as the AMV procedure. 

(4) Construct the linear performance function gi^.{x) by linearizing g(x) at the AMV's 

most probable point x*'  for every Zj level (j  = Extra k{n + l)  

performance fimction evaluations are required. 

(5) Second move — Let zij = Z j  ( j  =  l , 2 , — , k ) .  Calculate the point probability 

Py = P[8L  (£)  ̂  ]  and locate the MPP's 's  on every gj^.  (x) = zi'J ( j  = l,-",k) 

byFORMorSORM. 

(6) Third move — Update the CDF levels: zJ s ). Extra k(2 + n)- ' l  performance 

function evaluations are needed. 

{(zj'.Py)! zt =g(i+'), p* =P\g\^{X)^2i]\; j = is the AMV+ solution for 

the CDF curve of it-data-points. 

The iteradon procedure might be continue by repeating the steps 4 through 6 (letting = 

zJ in the fourth step). However, computational experience has shown that often little 

improvement will be realized. 



MV QDF soludon 

"First move" to update 
the CDF level from zi-, to z,-

AMV CDF solution 

3rd move 

! 2nd move 

Z l :  

Figure A. 1 AMV + iteration procedure. 
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Appendix B Fatigue Crack Growth Prediction 

B.1 Introduction Remarks 

A fatigue crack growth prediction model is based on firacture mechanics concepts. 

A model is basically a crack growth law (equation) plus a cycle counting method for wide 

band random stresses along with other practical considerations. There are several 

empirical crack growth laws [Elber, 1971; Forman et aL 1967; Lai, 1994; Panda & 

Nicholas, 1991; Paris & Erdogan, 1963; Van Stone, 1988; Walker, 1970]. These forms 

are derived &om curve-fitting constant-amplitude testing data of the fatigue crack growth 

rate da IdN versus the (remote) stress intensity factor range In general the stress 

process is random and thus the mean stress and bandwidth factor are important 

considerations in crack growth prediction. The crack growth model should include the 

following considerations: 

(1) The crack opening stress concept^ should be included to treat the mean stress effect. 

(2) The rainflow cycle counting principle should be included to model the effects of 

wide band stresses. 

(3) The expression for da/dN should have a simple form as a separable function of the 

stress range and the crack size (e.g., the Paris and Elber laws) such that it is possible 

^ It is reasoned by Paris [1963] and generally accepted that the rate of crack extension da / dN should be 

correlated with the stress intensity range AK because /iK serves the same function under cyclic 

loading as the stress intensity fisctor AT for static loading. I.e., AK characterizes the sevoity of the 

local stress (due to a combination of the remote stress level, the crack length, and the geometry 

configuration) around the crack tip. 

2 It is also called the crack closure concept or the crack opening displacement concept 
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to apply an equivalent constant amplitude stress approach in order to save 

computational time. 

This appendix summarizes the derivation of an equivalent Miner's stress range 

AS^ and number of stress cycles N^{t) for crack growth curve prediction employing a 

crack growth model which accounts for all significant practical issues. It is assimied that 

stress is a stationary Gaussian wide band process having a non-zero mean and wide band 

characteristics. This appendix will proceed as follows. A general description of fatigue 

crack growth laws is given in Section B.2. The mean stress effect is discussed in Section 

B.3 in which the fatigue crack closure concept (Subsection B.3.1), Elber law (Subsection 

B.3.2}, crack opening stress equations (Subsection B.3.3), thickness effect on the plastic 

constraint factor (Subsection B.3.4), and the relationship between the Elber and Paris 

laws (Subsection B.3.5) are introduced. Important practical issues regarding sequence 

effects (Subsection B.4.1), cycle counting and rainflow stress distributions (Subsection 

B.4.2), and equivalent crack opening stress (Subsection B.4.3) under stationary Gaussian 

stress processes are addressed in Section B.4. An equivalent fatigue crack growth curve 

prediction model employing an equivalent constant amplitude concept, developed by 

Pemg [Perag, 1989; Pemg & Ortiz, 1989], is summarized in Section B.5. Because of its 

importance in fatigue crack growth prediction, more equivalent constant amplitude 

approaches based on the Paris law and/or the Weibull distributed effective stress range 

assumptions are provided in Section B.6. 
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B2 Basics of Fatigue Crack Growth Law 

• Geometry factor 

Given the remote tensile stress range AS and the geometric configuration, 

da/dN is measured by the length increment of crack extension per stress cycle,  and AK 

is calculated as 

AK H Y{a)AS^ (B.2.1) 

where Y{a) is the geometry factor, a dimensionless fimction based on actual distribution 

of stresses in the neighborhood of the flaw. y(a) depends on the crack size, the crack 

shape, and the component geometry. Geometry factors for various configurations can be 

found in the fracture mechanics literature, e.g.,[Dowling, 1993; Fuchs & Stephens, 1980; 

Paris & Sih, 1965; Sih, 1973; Tada et al., 1973; Wu & Cailsson, 1991]. 

• Effective stress intensity factor range 

Because the stress intensity factor is undefined in compression, it is assumed that 

the stress intensity factor K is taken as zero if S is compressive. Therefore, it is 

generally accepted that the effective stress range AS under constant-amplitude loading 

should be defined as follows. (Refer to Figure B.l.) 

if5_^5^>0 

if 5^ > 0 and 5^ ̂  0 

ifS^^O 

(B.2.2) 

0 

I.e. 

AS = max[0. (B.2.3) 
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Effective stress range is measured 
relative to zero level under 
constant-amplitude loading 

45 = S„.-5_ 

AS = S 

' S  < 0  ^max 

AS = 0 

S..: 

Figure B. 1 Effective stress range under constant-amplimde loading. 

• The sigmoidal-shaped da I dN—AK curve and the Paris law 

Given the material type and the stress ratio a. typical log-log plot of da I dN 

versus M* test-data-fitted curve for a metal is shown schematically in Figure B.2. This 

ciuve has a sigmoidal shape that can be divided into three regions. 

^ Given constant amplitude stress levels, 5^ and the stress ratio is deHned as R =  I .  
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da! dN 
HI 

m 

(log-log scale) AK 

Figure B.2 Sigmoidal behavior of fatigue crack growth rate da I dN versus stress 

intensity factor AK. 

(1) The behavior in region I exhibits a vertical asymptote threshold value of cyclic stress 

intensity factor range, , below which cracks growth does not ordinarily occur 

under cyclic stress fluctuations. That is, if AK ^ AK^ then da / dN = 0 (no crack 

propagation) [Marci, 1992]. 

(2) Region n represents a region of intermediate values of AK where the crack 

propagation behavior may be often represented by a power law relation which is 

essentially a straight line on the log-log plot: 
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•  ̂= C(4«rr (B.2.4) 
ON 

where both the fatigue crack propagation coefficient C and exponent m are 

empirical parameters depending on the material and environmental conditions. 

Equation B.2.4 was first suggested by Paris and Erdogen [1963] and is known as the 

Paiis-Erdogen fatigue crack growth equation (or singly the Paris law.) 

(3) Li region UI the curve becomes steep and the fatigue crack growth rate is veiy high 

due to rapid unstable crack growth just prior to final firactuie of the test specimen. 

Note that ±ere are many empirical fatigue crack growth equations that may fit the whole 

sigmoidal-shaped fatigue crack growth data better than does the Paris law. However, the 

ranges of validation and flexibility of these empirical equations come with increasing 

complexity and parameters of the equations and hence the expense of more experimental 

data. The Paris law is still the most prominently employed empirical fatigue crack 

growth equation in common engineering practice. The reasons of justification for 

employing this simple Paris law are (1) region HI contributes very littie to the overall 

fatigue life and can be neglected in fatigue life estimation without any serious 

consequence, and (2) the predicted fatigue life is conservative Ganger than acmal life) if 

the power law in region n is extended to the region I by assuming AK  ̂= 0 [Dowling, 

1993; Fuchs & Stephens, 1980]. 

* Stochastic versus probabilistic law 

To account for the fact that the growth rate data {daldN) is scattered about the 

crack growth law due to inevitable inhomogeneous randomness inherent in materials 

[Viikler et al., 1979], the fatigue propagation coefficient in fatigue crack growth laws has 

been considered as a stochastic process [Didevsen, 1986; Langley, 1989; Lin & Yang, 
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1983; Ortiz & Kiremidijian, 1987; Ortiz & Kiiemidijian, 1988; Spencer & Tang, 1988; 

Tanaka & Tsurui, 1987; Veers et al., 1989; Winterstein & Veers, 1988; Winterstein & 

Veers, 1989] or a random variable [Yang & Donath, 1983; Yang & Manning, 1990; Yang 

et al., 1983]. A stochastic crack growth law is one in which the fatigue crack propagation 

coefficient is treated as time-variant randomness and modeled as a stochastic process. A 

probabilistic crack growth law is one where the fatigue propagation coefficient is 

modeled as a time-invariant random variable. Realizations of predicted fatigue crack 

growth curves are irregular and cross each other by employing a stochastic law, whereas 

they are smooth and do not cross each other by implementing a probabilistic one. Test 

data suggest that stochastic laws better reflect the nature of fatigue crack growth 

behavior. Moreover, the probabilistic law tends to underestimate the variance of the 

crack length for small crack growth increments [Ortiz & BCiremidijian, 1988]. However, 

the means and/or variances predicted by either law are close to each other as cracks grow 

larger under high-cycle fatigue loadings [Ichikawa, 1987; Langley, 1989; Ortiz & 

Kiremidijian, 1988]. Thus the stochastic law is necessary for problems involving only 

smaU increments of crack growth. Because the probabilistic law is much easier to 

integrate (cf. A "stochastic integration" is required to solve the fatigue crack growth rate 

equation when a stochastic law is employed.), it is employed in this smdy .̂ 

4 For most applications, uncertainties associated with the initial crack size and the stress processes have 

a dominant influence on the variance of the final ciack size, and this serves to enhance the applicability 

of the probabilistic growth law approach. 
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The EfTect of Mean Stress 

In general, mean stress has a significant influence on crack growth behavior. This 

mean stress effect is commonly referred to as the i?-ratio effect because for a given AK, 

increasing R increases daldN in z. manner analogous to the effect of mean stress on 

S—N curve. The general effect of /? on a  ̂/ dN - AK curve obtained according to the 

Paris law is illustrated in Fig. B.S.a .̂ 

da _ 
dN~ C(4Arr; &KmY(a)iS-fm 

4S = 
t-

if > 0 and5. S0 
i fS^ SO 

daldN 

jC o/o 
rTx/\m, 
i / i  

jr ^ >/f,  
m, >m, 

!• 9 (loK-loR scale) 

if S^>S^>S  ̂
if 
if 

AK 

(a) 
The R-rado effea is cleaily shown in the Patis law. 

da/dN 

From Pans 
toBbcr 

flog-log scale) 

The R-taoo effect is integrated into the Bber law 
by considenng plasticity induced ciadc closure. 

Figure B.3 Mean stress effect 

5 For different values of i?-ratio, the Paris crack propagation exponent m tends to increase with R but is 

approximately constant (The daldN curve gets steeper.) whereas the stress intensity factor range 

threshold decreases and the Paris coefficient C increases with R (The daldN curve shifts to 

the left) 
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B.3.1 Crack Closure Concept 

The crack closure concept has the promise of providing an improved model to 

account for the mean stress effect The physics of crack closure is briefly described as 

follows: 

Upon continuous cyclic loading, the material in front of the advancing crack tip 

undergoes monotonic and then reversed plastic straining repeatedly as a consequence of 

the elastic-plastic material straining behavior. As the load cycle progresses with time, the 

crack grows and those residual plasticities generated by the previous loading history will 

be eventually left behind the crack tip and reside along the upper and lower surfaces of 

the crack. The plasticity induced crack closure occurs because the crack remains fully or 

partially closed until all the residual plasticities around the crack tip are overcome by the 

current uploading. The stress above which the crack is fully open and hence physically 

present is called the crack opening stress 5 .̂ The significance of the plasticity induced 

crack closure on the fatigue crack growth is that the crack can not be extended until the 

crack is effectively open, i.e., s ̂  s .̂ (See Figure B.4 for illustration.) The crack 

opening stress concept should be implemented into the crack growth model whenever 

possible because the crack closure concept can explain the plasticity induced crack 

growth mechanism, the ^-ratio effect under constant amplitude loading, and sequence 

effects under variable-amplitude loading [De Koning, 1981]. A review on crack closure 

behavior for single overload, programmed and block loadings is given by Kumar [1992]. 

Comprehensive and extensive reviews on the signiHcance of the crack closure can be 

found in [Newman & Elber, 1988]. 
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Constant-amplitude loading: Stationary stress process: 

-AAA-j--?^-- S„ » constant - 4 

Plastic wake = superposition of plastic 
zones generated by previous loading 
cycles. 

Under constant-amplitude or stationary 
random stress process, the crack opening 
stress is approximately constant 

Residual compressive plastic 
deformation inside the plastic wake 
keep crack surfaces closed. 
The crack can not be fiilly opened and 
hence extended until the stress level is 
larger than the crack opening stress. 

Figure B.4 Crack closure concept 
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Elber Law 

To account for the significance of the plasticity induced crack closure, Elber 

[1971] defined an effective stress range as (Figure B.4) 

(B.3.1) 
0 otherwise 

i.e. 

4S'^=max[0, 5^-/nax(5 ,̂5„^)] (B.3.2) 

where is the stress level to be determined by a crack opening equation (see 

Subsection B.3.3). Consequently the Elber effective stress intensity factor AK  ̂ is 

defined as 

AK  ̂= AS^Y{a)  ̂ (B.3.3) 

Elber's crack closure fatigue crack growth equation has the same form as the Paris law, 

(B.3.4) 

where the Elber fatigue crack propagation coefficient Q is an empirical parameter that is 

independent of -ratio; m is identical to the Paris exponent Note that: 

(1) Under constant an^litude stresses, the crack opening stress 5  ̂is constant, whereas 

becomes irregular under variable-amplitude stresses. Furthermore, an 

equivalent crack opening stress 5,̂  ̂ exists under a stationary stress process. 

Determination of 5,, and is described in Subsection B.3.3 and Subsection 

B.4.3 respectively. 
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(2) Under constant amplitude stresses, the stress level will always be larger than or 

equal to the minimum stress level S ,̂ whereas 5,, might be smaller than in 

some stress cycles under variable amplitude stresses (Figure B.4). 

(3) defined in Eq. B.3.1 will be called the Elber effective stress range herein as 

distinct from the Paris effective stress range AS defined in Eq. B.2.2. 

(4) The Elber effective stress range AS  ̂(Eq. B.3.1) is measured relative to the crack 

opening stress at which the crack is fully open and physically present, whereas 

the Paris effective stress range AS (Eq. B.2.2) is measured relative to zero or the 

minimum stress level. Thus, AS  ̂ will always be smaller than AS under constant-

amplitude stresses. The relationship between AS^ and AS is illustrated 

schematically in Figure B.S. 

(5) Using the crack closure concept, the fatigue growth rate data under constant-

amplitude cyclic loading at different values of -ratio falls into a single regressive 

curve when the fatigue crack growth rate da I dN is correlated with the Elber's 

effective stress intensity factor range AK  ̂(Fig. B.3.b). Thus the discrepancy on 

da / dN- AK curves for various values of /?-ratio caused by the mean stress effect 

can be explained successfully as a result of ignoring the residual plastic 

deformations remained along the crack surfaces and around the crack tip [De 

Koning, 1981; Elber, 1971; Newman, 1982; Schijve, 1988]. 

(6) Although Cf is independent of the /?-ratio in the Elber law, additional effort is 

required to determine the crack opening stress 5,̂ . In other words, the effon on 

constructing the relationship between C and /?-ratio in the Paris law is analogous 

to that of finding the crack opening stress equation that describes the relationship 

between S  ̂and -ratio in the Elber law. 
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In sunsmaiy, the Elber law is simply the Paris law plus the crack opening stress concept 

Because the Elber law is more physically meaningful than the Paris', it is chosen to 

predict the fatigue crack growth in this study. 

• S  =  S .  

Elber effective 
s t r e s s  r a n g e  ( R  <  0 ]  

Paris effective 
stress  range ( /?  <  0)  

tfUXX 

Elber effective 
s t r e s s  r a n g e  ( R  >  0 ]  

^etr ~ ^max ~ 5 =5 

5.-5.  op 

Paris effective 
s t r e s s  r a n g e  ( R  >  0 )  

AS = S^-S^ 

w 
op 

—r-
0.2 -1 -0.8 -0.6 -0.4 -0.2 0 

-T r-
0.4 0.6 0.8 

Figure B.S Effective stress ranges based on the Paris and the Elber laws. 

B.3 J Crack Opening Stress Equations 

To use the Elber law, the level of the crack opening stress must be determined. 

The magnitude of 5,̂  under constant-amplitude loading can be estimated by direct 
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experimental measuie [Mageed et al.^ 1992], by analytical solution [Ibrahim et al., 1986], 

or by numerical simulation [McQung & Sehitoglu, 1989; Newman, 1984; Zhang et al., 

1992]. The crack opening stress equation is then obtained from curve-fitting the 

measured or calculated data by a regression technique: 

S„ = U(S .̂K.<r.,0,) (B.3.5) 

where o; = (o", + <r,) /2 is the flow stress, o; is the plastic constraint factor ,̂ 

is the effective yield stress on the crack plane, a, is the uniaxial yield strength and 

(T  ̂is the uniaxial ultimate strength. 

Various formulations of crack opening stress equations for different structural 

materials are summarized in Table B.l and illustrated in Figure B.6''. As shown in Hgure 

B.6, the crack opening stress depends primarily on the stress ratio R, the maYimnm stress 

level and secondarily on the specimen thickness (which can be represented by the 

plastic constraint factor the material strength (which can be represented by the flow 

stress cj;), and crack length. Generally speaking, increases with ^-ratio and material 

strength o;, and decreases with the maximum stress level and the thickness of the 

plate. For a high i?-ratio (say R'̂ 0.7 " 0.8) and a thick plate Oarge value of j3̂ ), 5̂  ̂

approaches the minimum stress level S .̂ 

 ̂ The plastic constraint factor is also called the thickness or three dimensional constraint £actor. Values 

of can range firom 1 (at the pure plane stress condition for a very thin plate) to 3 (at the pure plane 

strain condition for a very thick plate). 

 ̂ Note that, most formulations in Figure B.6, excq>t Newman's, do not reflect the secondary factors of 

thickness effect and material strengths on their crack opening stress equations. They are applicable 

only for situations that are similar to the testing conditions. 
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• Newman equation 

The Newman (crack opening stress) equation [Newman, 1984] is obtained from 

curve-fitting finite element results. The Newman equation is capable to predict crack 

opening stress subject to different combinations of component thickness, material type, 

and stress ratio occurring in various applications. It is chosen to predict crack opening 

stress in this study; 

where 

Ag + Aj/ l  + A2R^ + AjJt '  

A„ + A.R 
(B.3.6-1) 

A, ̂ (0.825 - 0.34P^+0.05Pl) cos 
\ J 

(B.3.6-2) 

0 

(B.3.6-3) 

A2 I Ag A J Aj 

A,=2Ag+A,-l  

(B.3.6-4) 

(B.3.6-5) 
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Table B. 1 Summary of crack opening stress equations. 

Material type. 
Reference. 

Method. 
Equation. 

Elastic-plastic 
[McClung & 
Sehitoglu, 1989] 

Numencai modeiytiiM simulation. 

Elastic-plastic [Zhang 
etal., 1992] 

Numerical modeJ/rEM simulation. 

• Elastic-plastic 
2024-T3,7075-T6, and 
7075-T76 A1 [Ibrahim 
et al., 1986] 

Analytical model/Analytical solution. 

where 
C; ^0.63-¥0.2375tan{R) 

Cj=0.5<5(/-^) 

Cj=L45-0.45R 
for positive R, and 

c, =0.63+0.2375tan[^) - 0.0442tan' (^) 

Cj = 1.45+0.45[^) 

for negative R. 
Elastic-plastic 
[Newman, 1984] 

Analytical oKXiei/htiM simulation. 
Equation B.3.6 

• Low alloy steel [Hao 
&Li. 1994] 

Experimental data. 

^ = 0.361+0.345R + 0.294R^ 

• Aluminum alloy [Bell 
& Creager, 1974] 

Experimental data. 

^ = 0.347 + 0.053(1+RY"" 

• Titanium alloy [Bell 
& Creager, 1974] 

Experimental data. 
^ = 0.332 + 0.068(1 + Ry-^ 

2024-T3 Al [Elber, 
1971] 

Experimental data. 

^ = 0.5 + O.IR + 0.4R' for -0.1<R< 0.7 

2024-T3 Al [Schijve, 
1981] 

Elber's experimental data [Elber, 1971]. 

^ = 0.45 + 0.22R + 0.21R^ + 0.12R^ 
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Table B.l Summary of crack opening stress equations (Continued). 

Material type. 
Reference. 

Method. 
Equation. 

7075-T6 A1 [De 
Koning, 1981] 

Experimental data. 
^_^{0.45-^0.2R-0.15ie +0.9R^-0.4R* if R>0 

^"[0.45 + 0.2/? i f -O.5<R^0 

2024-T3 A1 [Mageed 
etal., 1992] 

Experimental data. 

•^ = 0.372 + 0.239R-0.056R' 0.1 <R <0.4 

7075-T6 A1 [Mageed 
etal., 1992] 

Experimental data. 

^ = 0.454-1.07R^ 2.6571^ 0.1 <R <0.4 

7475-T7351 A1 [Zhang 
etal., 1987] 

Converted firom da/dN -  AK data without actually measure 
^ = 0.38 + 0.25R + 2.3R'  + 0.14R^ for R^O 

2219-T851 A1 [Katcher 
& Kaplan, 1974] 

Experimental data. 

•lf^ = 0.32'0.23R + 0.91R^ for R>0 

Ti-6A1-4V [Katcher & 
Kaplan, 1974] 

Experinoental data. 
•^ = 0.27-0.09R + 0.82R' for R>0 

7175-T651 A1 
[Clerivet & Bathias, 
1979] 

Experimental data. 

•1̂  = 0.6-̂ -0.41̂  for R>0 

Mild steel [Kurihara et 
al., 1985] 

Experimental data. 
^ = 0.5 f {1.5-R) 

§ Without direct measure levels of crack opening stress under different R-ratio, the crack opening 
stress equation and daldN • data (Elber equation) are converted £rom da/dS • AK data 

(Paris equation) by a regressioa technique. 
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0.9-

0.8-
Clerivet; 7175-T631 

Newman; = 0 
0.6-

Zhmg; 7475-T7351 

Migeed; 2024-T3 

Ma(eed:7Q7S-T6 

Schijve; 2024-T3 De Konini; 7(J75-T6 

0.4 

Newman; = 2;^ = 0.4 

Newman; = 3; 0.8 " Kaicher; 2219-T831 
/ 

Kaichcr;Ti.<Al-4V Kisihm; mild fteel 
0.1-

•0.8 -0.6 -0.4 -02 0 0.6 -1 02 0.4 0.8 1 

Figure B.6 Comparison of crack opening stress equations. 
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B.3.4 Three-Dimensional Aspects of Crack Closure 

To use the Newman crack opening stress equation (Eq. B.3.6), the value of the 

plastic constraint factor must be properly estimated. Two ways to determine are 

summarized as follows. 

(I) Regression technique 

The value of can be estimated by least-square-errors on the calculated crack opening 

stresses as fimction of (per Eq. B.3.6) versus empirical data. More detail can be found 

in Newman [1982]. 

(n) An analytical expression 

An approximate expression for estimating the plastic constraint factor as a. function of 

thickness d of the plate using a simplified model developed by De Koning [1981] is 

derived in the following. 

In the De Koning model, the three-dimensional aspect of crack closure is modeled by 

considering a plane-stress plastic zone of size and thickness near the surface of 

the plate, and a plane strain plastic zone in the midsection (See Figure B.7 for 

nomenclature.) 
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Crack growth direction 

I 

Crack front 

Shaded area = plastic behavior. 

p.* ~ Plane stress plastic zone size 

y~ Plane strain plastic zone size 

II Thickness of the plane stress layer 

yp = Average plastic zone size 

plate thickness 

Hgijre B.7 Nomenclature for the De Koning model. 
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The "average" size Yp of the crack-tip plastic zone extending in virgin material in a sheet 

specimen with thickness d is oKxleled as 

' rp^+2SYp^(Y,^ 'Y,^)/d i f  SY,^<dl2 

if  5Y,^tdl2 

(B.3.7) 

where S is defined by an empirical relation as 

8 = 
72; 

(B.3.8) 

Yp  ̂ and , are the plastic zone sizes for plane stress and strain conditions for very thin 

and thick specimen respectively. 

Sizes of /p, Yp  ̂ and Yp  ̂ are estimated here as [Bowling, 1993; Fuchs & Stephens, 

1980]; 

/p = 

P-* -r 

n 

K. 
\2 

V <̂ 0 y 

' k .  
B G 

I 
Yp.. ^ 

^mox 

if plane stress: ^^=1 

' ^ l<Pp<l 

if plane strain: 3 

(B.3.9) 

Substituting Eqs. B.3.8 and B.3.9 into Eq. B.3.7, the plasdc constraint factor can be 

then expressed in terms of thickness d as 

-fHh if rp,<dl2 

P.- (B.3.10) 
1  i f  Y p , ^ d f 2  
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The curves of the plastic constraint factor versus the plate thickness d for different 

values of  ̂is plotted in Figure B.8. 

Because the average plastic zone size y, (and hence in front of the advancing 

crack tip strongly depend on crack type, component geometry (i.e. geometry factor 

y(a)), material (i.e. o;), crack size a, and maximum stress level (i.e. S^), the cracked 

plate approaches the plane stress condition gradually as the fatigue crack grows. As a 

first order approximation, the optimum value of might be calculated with equal 

to ^ .̂[5 under a stationary Gaussian stress process where a„ is the initial 

crack size and [5 i] is defined in Subsection B.3.3. 

Note that: 

(i) For most practical cases, ranges from 2.0 to 2.5. 

(ii) The commonly used thickness requirement criterion for the plane strain condition is 

[Dowling, 1993; Mageed et al., 1992] 

i f  d^2S{K^lcj f  then = 3 (B.3.11) 

where d S 2J{K^corresponds to 5 £ 0.0042 (See Eq. B.3.8 and Fig. B.8.) 
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6 = 0.01 3 = 0.001 
2.8 

2.6 

2.4-

U O 
s2.2-

5 = O.J 

2 -

5 = 0.5 

5 = 0.7 
1.6- 5 = 

1.4-

1.2-

6 5 8 0 2 4 7 9 1 3 10 
Plate thickness, d 

Figure B.8 Plastic constraint factor as function of plate thickness. 
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B Conversion from Paris Coefficient to Eliier's 

The value of the Elber coefficient can be easily converted £rom that of the 

Paris coefficient when the crack opening stress equation is given. From Equations B.2.2 

and B.3.1, the relationship between the Paris effective stress intensity factor range AK 

and the Elber's is 

i f  s^>s^>s,  

(B.3.12) 

AK otherwise 

Substituting the at i? = () in the Newman equation for in Equation B.3.12 the 

relationship between AK and u R = 0 becomes 

AK^=(l-Ag)AK for R^O (B.3.13) 

Equating Paris law with Elber law and then substimdng by Equation B.3.13, it 

follows that 

=c.(4*r)- =q(4*:^)"=Cj(7-4.)"(4*:r (B.3.14) 

then, the Elber coefficient can be expressed as a function of Q, Paris exponent m and 

as 

C£=Q(i-A„r 03.3.15) 

where C„ is the Paris coefficient at /? = 0. 
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B.4 Practical Issues Regarding Fatigue Crack Growth under Random 

Stress Processes 

B.4.1 Sequence Effects 

Under constant-amplitude loading, stress ranges are clearly defined. However the 

stress amplitudes vaiy irregularly with time in most practical situations. It is well known 

that fatigue crack growth behavior under variable-amplitude loading can be greatiy 

affected by the load sequence. Retardation after an overload, the delayed retardation (or 

even arrest) for a very large overload, and the acceleration due to a large underload are 

commonly cited sequence effects. Sequence effects are likely to be important only where 

comparatively high overloads occur predominantly in one direction (e.g. service loads of 

some aircraft) whereas less effect is expected if overloads occur in both directions. In 

general, retardation effects are usually more prevalent than acceleration effects. 

Therefore neglect of sequence effects ficequently provides a conservative prediction of 

fatigue life that will be sufficient for engineering purposes in many cases [Dowling, 

1993; Schijve, 1976]. Moreover, for a stationary random stress process, the loading 

sequence appears to be well defined in statistical terms, occasional relatively high 

overloads are not expected, and hence sequence effects can be negligible [Dominguez & 

Zapatero, 1992; Schijve, 1976]. Some experimental results of sequence effects on fatigue 

crack growth produced by the interaction of occasional overloads can be found in 

[Chanani, 1977; Gray, 1976; Himmelein & Hillbeny, 1976; Schijve, 1979; Schijve & 

Broek, 1962]. The significant consequence of negligible load sequence effect under 

stationary random stress processes is that the order of effective stress cycles can be 

altered such that constant amplitude stress approach (which replaces the original random 
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loading sequence with a constant amplitude stress process) becomes feasible; otherwise a 

cycle-by-cycle approach is probably unavoidable. 

B.4 J Cycle Counting and Rainflow Stress Distributions 

Under vaiiable-amplitude spectrum stress processes, usually the stress cycles are 

not well defined. Thtfatigu  ̂stress cycles of the loading record must be identified and 

counted by a suitable cycle counting method before any fatigue crack growth law can be 

applied. There are several stress cycle counting methods, e.g., peak counting, racetrack 

filtering counting [Veers etal., 1989], range-pair counting [Chang & Hudson, 1981], 

zero-crossing counting, local range counting, and rainfiow cycle counting [Endo et aL, 

1967; Mitsunaga & Endo, 1968; Wu & Sun, 1990; Zhu et al., 1993], that might be used 

to count^dentify the fatigue stress cycles. For stationary stress processes, fatigue stress 

ranges counted by a suitable cycle counting method are anticipated to be identically (yet 

not necessarily independent) distributed. For a narrow band stress process, the stress 

cycles are clearly defmed; all cycle counting methods give the same results. However, in 

a wide band stress process the stress cycles are irregular and poorly defined. In general, 

the irregularity factor a, RMS value and mean fig are indices of the distribution of a 

fatigue stress range of a stationary wide band stress process. 

The two most commonly used cycle counting methods are the local range and the 

rainflow methods. The advantage of the local range method is that the fatigue stress 

range of a stationary Gaussian process can be derived analytically and be approximated 

by a Rayleigh distribution [Ortiz, 1985]. However the local range method significandy 

 ̂ Irregular (variable amplitude) stress cycles after identified and organized by a cycle counting method 

will be called a fatigue stress cycle sequence herein to distinguish itself from the "original" sequence. 
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under estimates fatigue damage resulting in un-conservative design because the overall 

larger amplimde and lower finequency cycles are not identified [Veers et al., 1989]. The 

advantage of the rainflow cycle counting method is that it counts every part of overall 

stress range once and only once. Furthermore, it can preserve the sequence of the 

corresponding stress-strain hysteresis loops and identify a mean stress for each fatigue 

stress cycle as well. Upon consideration of strain energy dissipation and fhictography 

smdies of the fatigue test specimens, it has been shown that the rainflow method is the 

preferred stress cycle counting method [Dowling, 1972; Frendahl & Rychlik, 1993]. The 

only disadvantage of the rainflow algorithm is that it is difficult to determine analytically 

the probability distribution(s) of a rainflow stress cycle. 

The analytical distribution of a rainflow counted stress range has been studied by 

Rychlik [Frendahl & Rychlik, 1993; Lindgren & Rychlik, 1987; Rychlik, 1987; Rychlik, 

1988; Rychlik, 1989; Rychlik, 1992]. Most investigators [Corazao, 1981; Lutes et al., 

1984; Wirsching & Light, 1980; Wirsching & Shehata, 1977; Wu, 1993; Zimmerman, 

1983] analyzed it by applying regression techniques on simulated fatigue damage data of 

various spectral densities. A conmion conclusion is that the rainflow distribution is 

WeibuU-like at least at the upper tail [Ortiz & Chen, 1987]. 

Ortiz and Chen [1987] showed that the probability density function of a rainflow 

counted stress range, which is defined as H = where and are 

random variables represent peaks and troughs respectively of a rainflow-counted stress 

cycle sequence, can be obtained, with irregularity factor a replaced by a generalized 

spectral bandwidth factor (definition for is given at the end of this subsection), by 

extending the analytical Rayleigh distribution from the local range results. 
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/.w 2 ,^Pk^S J 
(B.4.1) 

Pemg [1989], continuing Ortiz's work, not only verified Ortiz's results but also derived 

joint distributions (for S ,̂ 5 ,̂ and H = S —S  ̂etc.) of a rainflow stress cycle 

under a stationary Gaussian stress process. Pemg's results are summarized as follows. 

(1) The joint probability density function for the stress range 

B = and the minimum stress level of a rainflow counted stress 

cycle is 

•ii-pi {2Ms) 
jexp 

^Pk^S 
(B.4.2) 

(2) The joint probability density function fg ^^(PfV) for the mayiminn stress level 

and of a rainflow counted stress cycle is 

r  f \  1 A P + v--2^s p-v 

i2PtOsf 
exp 

f P-v 

,2Pk^S J 
(B.4.3) 

where a is the irregularity factor and is a generalized spectral bandwidth factor; 

V • rru a = -s-=-=^ 
Vp -Jr^ 

(B.4.4) 

-\1I2 

/fc = 2/  m,(misthe Paris exponent) (B.4.5) 

(B.4.6) 
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is the ^th spectral moment; Wg{f) is the one sided power spectral density (PSD) 

function in frequency domain. 

Note that. 

<T. 5(0 — (B.4.7) 

is the standard deviation (RMS value) of S^'\t) which is the /-th derivative of the 

stationary Gaussian stress process 5(r); 

" 27C (Tg 2nVmg 

is the expected (zero) mean-stress upcrossing rate; 

V =- 2.= _i  (B4 9) 
2n <7. 2jt\m2 

is the expected peaking rate. The spectral bandwidth parameter is 

e = ̂ l~a' = I—^ (B.4.10) 
V 

Another generalized spectral bandwidth parameter used for Vanmarcke's Poisson 

intensity estimate (Section 3.3) is defined as 

I.JUL. (B.4.11) 

If a = i, then 6 = 0, <7 = 0, ^t = 0 and S(r) is a theoretically narrow band process. If 

a = 0, then e = l, q-1, /3t = i and S(f) is a theoretically wide band process. For 

0<a<l, spectral bandwidth parameters e, q, and are not necessarily equal to each 

others. 
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B.4 J Equivalent Constant Crack Opening Stress 

The earliest investigation on the fatigue crack opening stress under a stationary 

spectrum loading is due to Elber [1976] who found that the crack opening stress of 2024-

T3 aluminum is essentially constant and independent of (initial) crack length under 

repeated blocks of "short" pseudo-random spectrum loading. More experimental [Boutle 

& Dover, 1977; Elber, 1976; Jono et aU, 1984; Kikukawa et al., 1981; Kikukawa etal., 

1977; Ranganathan et al, 1992] and numerical [Newman, 1981] results have supported 

Elber's observation that the crack opening stress can be approximated as a constant under 

a stationary random stress process. 

The model suggested herein is based on: (1) the fact that the crack opening stress 

S,̂ (r) under stationary Gaussian stress processes should be stationary with fluctuations 

far smaller than the remote stress process Sit);  (2) Schijve's [1980] hypothesis' that the 

equivalent constant crack opening stresses under repeated blocks of short spectrum 

loading should be primarily controlled by the largest stress and the smallest stress 

of the spectrum and equal to that observed under constant-amplitude condition with 

the maximum and minimum stresses equal to and S ,̂ respectively; and (3) Elber's 

observation; as also suggested by Pemg [1989] that S,̂ (r) be replaced by an equivalent 

crack opening stress and be estimated by substituting the expected values of the 

largest peak stiress [5 .,] and the smallest trough stress into a suitable 

crack opening stress equation {e.g. the Newman equation or others in the Table B.l)!^: 

' Schijve's hypothesis is based on the fact that the largest and smallest stresses of the short spectnmi 

loading have most significant effect on the crack closure behavior in view of the sizes of monotonic 

and reversed plastic zones created by them. 

See Appendix E for the derivation of [S**] • 
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(B.4.12) 

where 

['^<-"']^^v [^—*1" equivalent i?-ratio; 

+^i»Os is the expected value of the largest stress peak within a 

block size of n o 

 ̂ ~2p^s is the expected value of the smallest stress trough within a 

block size of n «; o 

Y - 0.5772157 is the Euler's constant; 

is the expected number of S{t)  upcrossing its own (zero) mean 

within a time interval At. 

The block size must be carefully chosen: (1) it can not be too large such that the 

"short" spectrum assumption is violated, and (2) it can not be too small such that the 

ergodic assumption is invalid. According to experimental results, the size of of the 

order of several thousand cycles (where Zp is about 4.0.) gives reasonable results. 
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B.5 Equivalent Constant Amplitude Approach based on Elber Law 

According to Elber [1976], two load sequences are said to be equivalent in crack 

growth if both crack growth mode and crack length at failure are the same. The goal in 

this section is to illustrate how to replace a stationary Gaussian fatigue stress process by 

an equivalent constant amplitude loading sequence having cycles and stress range 

using concepts discussed in previous sections (Elber law, equivalent crack opening 

stress, negligible sequence effects, andrainflow cycle counting). 

General Description for a Cycle By Cycle Approach 

First a cycle by cycle approach is briefly introduced for comparison. Employing 

the Elber equation (Eq. B.3.1), the crack length increment Az, due to the action of the i-

th Elber effective stress range , can be calculated as 

Al, = c44*r ,̂)" =C£[4S,/(a,W^" (B.5.1) 

where a, , is the fatigue crack size at the i-th stress cycle. In a cycle by cycle approach, 

the crack length at time equal to r, a(r), is thus calculated as 

"(') "(0 

ait) = flo + X (B.5.2) 
I"/ 

where is the initial crack size, and n(t)  is the total number of rainflow counted stress 

cycles within [O. t ] .  The difficulties of a cycle by cycle approach are: (1) sample records 

of the stress process must be known, and (2) the term inside the 

summation on the right hand side of Eq. B.5.2 must be calculated cycle by cycle. Given a 

sample record of stress process 5(f), magnimdes of Elber effective stress ranges AJ^  ̂'s, 
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responsible for driving fatigue cracks to propagate, for evaluating 

are illustrated in Figure B.9 and summarized as follows. 

(1) fatigue stress cycles are counted and identified finom the original stress cycle 

sequence by a proper cycle counting method {e.g., rainflow or local range). The 

rainflow cycle counting method should be employed (Subsection B.4.2). The 

counted/(2ftg«  ̂stress cycle sequence will be denoted as 

where and are the minimum and maximum stress levels of the /-th 

fatigue stress cycle respectively. (Note: Fatigue stress cycles will differ from the 

original stress cycle sequence.) 

(2) Magnimdes of effective stress ranges are derived from the fatigue stress cycle 

sequence according to physics of a suitable fatigue crack growth law (i.e., the Paris 

law of Eq. B.2.2 or the Elber law of Eq. B.3.1). It is suggested in Subsection B.3.2 

that the Elber should be employed. The ^ective stress range sequence will be 

denoted as = /,•••,n(t)} where is the i-th effective stress range. 

(Effective is used here to distinguish itself from the original and fatigue stress cycle 

sequences.) 



258 

(a) Original Stress Process. 

(b) Rainflow Counted Fatigue Stress Ranges. 

Crack opening stress 

( C )  Effective Stress Ranges. 

Figure B.9 niustration of original, fatigue, and effective stress cycle sequences. 
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B.5.2 General Description for an Equivalent Constant Amplitude Stress Approach 

An equivalent constant amplitude stress ^)proach employing the Elber equation is 

derived as follows. By separating the crack size and the effective stress range, £q. B.5.1 

can be re-written as 

Az 

Ci\r(aylm^ 
= ̂ 5. (B.5.3) 

Consequently, 

«(i) 
(B.S.4) 

iasoj 

For high-cycle fatigue, the crack growth increment at each stress cycle is assumed to be 

small. Thus, the suimnation on the left hand side of the Equation B.5.4 can be replaced 

by an integration. 

7 (t\ 

•^P [na)VS]""^fa = £ASJ, (B.5.5) 

The integration on the left hand side of the Equation B.5.5 may involve numerical 

difficulty due to complexity of the geometry factor. The summation over all effective 

stress ranges to the power m on the right hand side of the Equation B.5.5, depending on 

the fatigue crack propagation exponent and the loading history, is called the (generalized) 

fatigue load at the time t [Pemg, 1989]. The general fatigue load will be denoted here as 

"(0 
£.(() = (B.5.6) 
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Under a detenninistic (variable amplitude) loading sequence, the fadgue load can 

be expressed in tenns of an equivalent constant aniplitude stress. 

 ̂ r Si' 1 
L(») = £ ASJ,. = n(d = n(i)JS^ = ii(t)AS; (B.5.7) 

i*I L J 

where AS^ s is known as an equivalent Miner's stress range. The term 

"Miner's stress" is used to emphasize that is derived by utilizing the Palmgien-Miner 

linear accumulative damage rule [Hibberd & Dover, 1977; Miles, 1954; Ranganathan et 

al., 1992]. 

Assimie: (1) n(t) is large for high-cycle fatigue applications, (2) sequence effects 

are negligible, and (3) an equivalent crack opening stress exists under stationary stress 

processes. Then each effective stress range counted by the rainflow cycle counting 

method will be identically distributed to each other, though not necessarily independent 

Under stationary high-cycle fatigue stress processes L(r) at time r can be estimated by its 

mean without significant error. (See discussion (1) at the end of this section.): 

£[I,(l)]=iV^(()4i; (B.5.8) 

where 

NJt)sE[n(t)] (B.5.9) 

is the expected rainflow counted number of stress cycles, and 

45^=(£[4S^])"" (B.5.10) 

is an equivalent Miner's stress, and AS^ is Elber effective stress range. Relative to a 

cycle by cycle approach, the advantage of an equivalent constant amplitude stress 
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approach is that if the distribution function of the AS^ is known, then can be easily 

calculated. 

• Equivalent crack length expression 

Once AS^ and N^(t) are available, the equivalent crack length at time f, a(r), 

can be expressed implicitly (or explicitly if has a closed form.) in 

terms of Cg, m, and AS^: 

j'^'\Y{a)^f^"'da = C^NJt)AS:^ (B.5.11) 

• Discussion 

(1) Because both the counted number of cycles n(t) and magnitudes AS^i of effective 

stress ranges are random under stochastic stress processes, the fatigue load L(r) 

defined in Eq. B.5.6, evolving with time, is a random process. For large the 

marginal distribution of L(t) can be approximated as a normal by the central limit 

theorem if the can be assumed to be independent and identically distributed. 

Assume the random variable has a mean and a standard deviation o*. Then 

the mean and the standard deviation of L{t) are and (T^N^(t) 

respectively, and hence, the COV of L(t) (= <Twill approach zero as 

goes to infinity. Therefore, for high cycle fatigue, it is assumed that L(r) 

can be estimated by its mean, and the equivalent fatigue crack growth curve (Eq. 

B.5.11) derived here can be used in a first-passage fatigue reliability model without 

significant error. 

(2) The derivation for an equivalent constant amplitude stress approach is outlined in 

Rgure B.IO. 
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Original sample record of stress process S{t). 

\ Fatigue stress cycle counting (Subsection B.4^) — 
Rainflow or local range. 

Rainflow counted fatigue stress cycle sequence: 

i Physics of fadgue crack growth — 
Elber (Eq. B.3.3) or Paris law (Eq. B.2.4). 

Effective stress cycle sequence: 

Sequence effects are negligible under stationary Gaussian stress 
processes (Subsection B.4.1). 

Distributions of a counted fatigue stress cycles (Subsection 
B.4.2). 

Equivalent constant amplitude stress approach (Section B.5): 
«(0 

= E[»(t)]E 4SJ = (Eq. B.5.8) 

I 
Equivalent crack size, fl(r): (Eq. B.5. 11) 

Figure B.IO Outline of constant amplitude stress approach 
for prediction an equivalent crack length under random stationary stress processes. 
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BJ3 Summary of Perng's Results 

Pemg [1989] showed that 

(1) The equivalent number of effective stress cycles according to rainflow cycle counting 

is the expected number of peaks of the stationary Gaussian stress process in the time 

interval \0,i\: 

(B.5.12) 

where / <T^) is the expected rate of peaks. 

(2) The equivalent Miner's stress range using the Elber law, and employing the 

equivalent crack opening stress concept (or the equivalent i?-ratio concept), and 

theoretical rainflow stress (joint) distributions can be expressed analytically as [Pemg & 

Ortiz, 1989] 

4S;;=E[4S5.] 

=4(s_ - s^r|s„ >S^> >S^> 

+4(5- > S„^ a s^] 

=/„ A"/®(*. (p - ">''^<4' 

where is evaluated by the Newman crack opening stress equation (Eq. B.3.6) at 

fas^Q are the joint probability density 

functions specified in Equations B.4.2 and B.4.3 respectively. 

Note that the expected value in Equation B.S.13 must be evaluated by flying the theorem 

of total probability according to the conditions specified in the Elber law (Eq. B.3.1). 
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The closed form expressions for AS^ under stationary narrow and wide band 

stress processes, derived by Pemg [1989], are summarized as follows. 

(i) Wide band stress process (0 £ ct < /): 

(B.5.14) 

(ii) The result for theoretical narrow band stress process (a = ly Pt = l) can be 

obtained by letting I in Equation B.5.14: 

where H{») is the Heaviside step function. 

* Discussion 

Some remarks are: 

(1) Equation B.5.14 can be further simplified if mean stress gets very large, 

Because 

the second term in the Equation B.5.14 is zero, and 
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(") L as//,— (B.5.17) 

Thus the first term in the Equation B.5.14 becomes 

AS- = hrfg{h)dh for n,-*oo (B.5.18) 

where fgih) is the theoretical probability density function for the rainflow stress range 

given in the Equation B.4.1. In other words, if the mean stress level is large (say, 

> 0), all that is required to evaluate the equivalent Miner's 

stress is the marginal distribution of the stress range, fa(h) (cf. joint PDFs (,) and 

(,) are needed in the Eq. B.5.14.) 

AS- = e[/1SJ] = 4if-] = b[(S_ - )-] for ft,(B.5.19) 

When the mean stress is not relatively large, the equivalent Miner's stress evaluated by 

Equation B.5.19 might result in some error due to neglect of the contribution from 

^ ~ ̂ «p.*q) |̂ ««r > ^ • 

(2) For reliability analyses, a random variable B ,  called stress modeling error, is often 

applied to \ht fatigue stress ranges AS's (and hence the effective stress ranges AS^'s and 

the equivalent Miner's stress range AS^) to account for the error associated with 

assumptions made in the stress calculations. Moreover, a random variable Dj, called 

fatigue damage correction factor herein, can be applied to the general fatigue load, 

to account for modeling error resulting from the Palmgren-Miner linear 

accumulative damage rule. Other design factors in a fatigue crack growth model that 

possess significant uncertainties and are required to be modeled as random variables for 

reliability analyses are: initial crack size a,, fatigue propagation coefficient C, fracture 

toughness ifj., yield stress or, and ultimate strength <r,. 
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B.6 Equivalent Constant Amplitude Approaches based on Paris Law 

The general fatigue load 

is the driving force for fatigue crack growth. Methods for computing and 

based on the Paris law and/or a Weibull distributed effective stress range assumption are 

discussed in this section. 

B.6.1 Equivalent Paris Coefficient 

When the Paris law is utilized, the fatigue crack growth integration equation (see 

Eq. B.5.5) becomes 

where 45.- is a Paris effective stress range^^^ ^ = and C(/?;.) are die i?-ratio 

and the Paris coefKcient at the j-th countedfatigue stress cycle respectively. Because the 

Paris coefficient depends on R -ratio and changes from cycle to cycle under random stress 

processes, it can not be separated from the general fatigue load. The Paris coefHcients 

C{Ri)'s on the right hand side of the Equation B.6.2 should be substituted by a single 

equivalent value. Otherwise a cycle-by-cycle approach must be employed. Thus, the 

fatigue crack growth integration equation based on the Paris law and an equivalent 

constant stress amplitude approach is expressed as 

JS[t(0] = Ar,(r)4S; (B.6.1) <Repeat Eq. B.5.8> 

,. ii(i) 
^\r(ay[lS^ da= ) 4 s r  (B.6.2) 

Xo distinguish itself from the notation for a Elber effective stress range, is used h  ̂to 

denote the Paris'. 
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= c(/?^)iv^(f)45; (B.6.3) 

The equivalent number of cycles is the same as Elber's but the equivalent Miner's stress is 

defined differently as 

AS^=(4^'"]P 3.6.4) 

where 4S is a random variable representing Paris effective stress ranges AS/s in Eq. 

B.6.2. 

Resembling the equivalent constant crack opening stress concept for the Elber law 
under stationary stress processes, the Paris coefficient at R^sE. /E„ [S ..]. 

may be used as the equivalent value [Veers, 1987]. If the value of is not 

available, the value at R = 0, C, (most common in practice), or alternatively 

(B.6.5) <per Eq. B.6.10> 

adopted from Walker equation (where y is a material property to be decided might be 

used as an approximation. The derivation of Eq. B.6.10 and Walker equation are stated 

as follows. 

Walker equation has the following form; 

~ = (B.6.6) 
ON 

or 

(B.6.7) 
dN ^ 
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where C„ is the Paris coefficient at R~0; AK = AK I{1 - R)''^ is the "equivalent" zero-

to-maximum {R s 0) stress intensity factor (range) that causes the same growth rate as 

the actual and R combination in the Paris law; = C, /(/—is the Walker 

(fatigue propagation) coefficient; and x is an empirical material constant Note that the 

stress intensity factor range here must based on the "full" fatigue stress range, i.e., 

dK^Y{ayJm(S^-Sj\ no matter whether is positive or negative. 

A value of y can be obtained from data at various R values (at least two set of 

daldN-AK data) by a trial and error procedure (See [Dowling, 1993] for additional 

details.) Important properties related to / are summarized in the following. 

(1) Typical values of y for various metals arc about 0.5 but can vary fiom 0.3 to nearly 

I.O. For example, y-0.42 for AISI 4340 steel, y = 0.64 for 7075-T6 A1 and 

y = 0.65 for 2024-T3A1. 

(2) A value of y = i gives AK = AK and this implies no /?-ratio effect 

(3) For compression loading (/? < 0), y is set to be equal to zero, by the assumption 

that the crack is closed at (or below) zero load, so that ^ = K^. 

Utilizing Walker equation, the fatigue crack growth integration equation becomes 

Applying an equivalent -ratio concept for an irregular stress process (substituting R^ 

for all /?/s). Equation B.6.8 becomes 

(B.6.8) 

(B.6.9) 

and 
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cv(«,)=7j7fr^ (B-sio) 

B.6  ̂ Weibull Distributed Stress Ranges 

The CDF of ^ is required to evaluate the equivalent Miner's stress in Eq. 

B.6.4. A common model is to assume that the Paris effective stress range AS has a 

Weibull distribution^^. This assumption is widely used by designers in the marine 

structures, aircraft, and ground vehicle industries [Chen & Mavrakis, 1988; Kung & 

Wirsching, 1992; Wirsching, 1984]. Reasons of justification for Weibull distributed 

stress range assumption are: 

(1) The theoretical distribution of stress range for a stationary Gaussian narrow band 

stress process is Rayleigh which is a special case of Weibull. 

(2) Observations have shown that the Weibull distribution provides a reasonable model 

for the long term^^ distribution of stress ranges in ships and offshore stmctures. 

(3) It is generally concluded that the distribution of a simulated effective stress range 

(identified by rainflow and the Paris law) of a stationary Gaussian wide band stress 

process is Weibull [Wu, 1993] (at least at the right tail.) 

The Weibull distribution function for the stress range AS is given as: 

Note that Weibull effective stress range assumption can be made without knowing whether the original 

stress process is gaussian or not 

It is generally established for a specific structure by observations made over an extended period of 

time. 
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F^{s)-l-exp (B.6.11) 

where the Weibull shape parameter g, and the scale parameter T] must be properly 

estimated. 

B.6J Equivalent Miner's Stress Ranges 

Various models for computing the equivalent Miner's stress range and the 

equivalent number of cycles N^{t) in Eq. B.6.3 or B.6.9, other than the Pemg's model 

(referred to as the EO model in Table B.2), under stationary Gaussian stress processes 

based on the Paris law (or the Walker law^^j and/or the Weibull distributed stress range 

assumption are included in the following. First, important assumptions associated with 

each model are stated. Then, formulas for and N^{t) are given. Finally a 

comparison of these models are provided in Table B.2. 

(El) Assume that: (1) the Paris law (or the Walker law) is applicable, (2) theoretical 

rainflow stress distribution is available, and (3) = 0. Then, 

(i) The equivalent Miner's stress range can be obtained by substimting zero for 

in Equations B.5.15 and B.5.14. 

(ii) The equivalent number of effective stress cycles is equal to v^r. 

(E2) Assume that (1) the Paris law (or the Walker law) is applicable, (2) the effective 

stress range is Weibull distributed, and (3) * 0. 

IS Note that when the fatigue propagation coefHcient is evaluated according to the Walker law, AS'̂  must 

be based on the "Mi" fatigue stress range. 
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When stress intensity factor range threshold is taken into account, the effective 

stress range in Equation B.22 must be modified to 

.1: ifS^^S^>0 and {S^-S^)Y{a)^^AK^ 
- AK^ /[r(a)V5B] rf and S^{a)-^ t 

0 Otherwise 

(B.6.12) 

Equation B.6.3 is thus modified by introducing a term called threshold correct 

factor G{a) [Wirsching c/a/., 1987]: 

\'^\G{a)Y{a)4^''da = (B.6.13) 

where 

(i) AS,=(£[4S-])"' = T) 
Um 

(B.6.14) 

Note that the WeibuU parameters r] and q must be properly specified, 

(ii) Based on the theoretical peak distribution of a Gaussian random process and 

the effective stress ranges defined in £q. B.2.2, it is suggested that the 

equivalent number of effective stress cycles under wide band processes be 

calculated as [Wu, 1993] 

t (B.6.15) 

For narrow band processes, the equivalent number of effective stress cycles is 

equal to 

(iii) /"(•) is the Gamma fimction 
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ria)sj^x"'e-'dx 
(B.6.16) 

(iv) G(a) is evaluated as 

<y(a) = ef i+2. maW^T Y" 

—J J 
(B.6.17) 

\ 

and 

(B.6.18) 

is the incomplete Gamma function. For AK^ = 0, the threshold correct factor 

G(a) is equal to one. 

(E3) Assimie that (1) ±e Paris law (or the Walker law) is applicable, (2) the stress 

process is approximately narrow band, and (3) AK^, = 0. 

For a stationary Gaussian narrow band stress process, the fatigue stress range has a 

Rayleigh distribution which is a special case of the Weibull with g== 2. 

(i) The equivalent Miner's stress range is estimated as follows. 

Note that majority of fatigue applications involves positive /{-ratios and mean stresses e.g. large 

residual tensile stress in the welded joints as a result of uneven cooling from the molten state after 

welding, pretension in a tension leg platform (TLP) tension system, or cabin pressure in airplane 

fuselage. 

(a) If it is further assumed that all minimum stress levels are positive^® 

(S^j>0; and ^-rario Ri>0), then the effective and fatigue stress 

ranges are the same, and — The equivalent Miner's stress 

range is 
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AS, = (2V2<Ts|/^2+/| (B.6.19) 

(b) If s 0 =» an effective stress range is half of a fatigue stress range and 

V = ̂ Os. 

4S,=V2asrr(j+/)] (B.6J0) 

(c) Under a narrow band assumption, a better way to consider the mean 

stress effect is to use the Walker law where the fatigue propagation 

coefficient is evaluated by Eq. B.6.10, = 

and the effective is the same as the fatigue stress range. 

AS,=(2V20i)[r(2+/j 
llm 

(B.6.21) <Repeat Eq. B.6.19> 

(ii) The equivalent number of effective stress cycles is assumed to be equal to 

V J. O 
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Table A summary of methods for evaluating equivalent Miner's stress ranges. 

Notation EO E15 E2 E3 

Fatigue crack growth law Paris (or Walker) law* V V V Fatigue crack growth law 

Elberlaw V 

Stationary Gaussian stress process assumption 4 V V 

Considering stress intensity factor threshold V 

Considering mean stress 
effect 

including the crack 
opening stress concept 

V Considering mean stress 
effect 

by R-ratio* 4 4 V V 

Considraing bandwidth 
factor 

by making theoretical 
narrowband assimiption 

V Considraing bandwidth 
factor 

by rainflow cycle 
counting 

V V 

Weibull distributed effective stress range (assumption) Vt vt V < 
Key Reference [1] [11 [2] ConvaitioBil 

Note that all models require the assumption of negligible sequence effects. 

^ When the Paris (or Walker) law is employed, the fatigue propagation coefficient is 
evaluated at = E. [5-,-,]/£. [5 t]. If the Walker law is adopted, then the 

equivalent Miner's stress range must be calculated based on the "full" fatigue stress 

range. 

§ The equivalent Miner's stress range is obtained by substituting zero for in the 

Equations B.S.15 and B.5.14. 

t As shown in the Eq. B.4.1, a rainflow counted stress range has a Rayleigh distribution 

which is a special case of WeibuU's. 

[1] [Pemg,1989] 

[2] [Wirschingcrfl/., 1987] 
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Appendix C Residual Strength Modeling 

Fracture will occur eventually as fatigue cracks a(t) develop and grow with time. 

The fracture mode may be brittle or ductile. The physical difference between the two 

modes is that there is gross yielding prior to ductile fracture, and localized yielding at the 

crack tip prior to brittle fracture. In reality many fractures of materials, e.g. steel, in 

engineering applications exhibit a combination of brittle Ginear-elastic) and ductile 

(elasto-plastic) fracture behavior. Models for residual fixture resistance are described in 

the following sections. 

C.l Brittle fracture failure 

For relatively brittle high yield strength materials (usually having low fracmre 

toughness Kc), yielding prior to fracture is small. The brittle fracture failure criterion is: 

where a is the crack size, y(a) is the geometry factor, S is the remote stress, and is 

the fracture toughness of the material. The term on the left hand side of the inequality is 

called the stress intensity factor and denoted as K. The corresponding brittle fracture 

threshold strength at time t is 

K = Y(a)S^Ina^Kc => Brittle fracture (C.1.1) 

Y[a{t)]^7ca{t) 
(C1.2) 
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C.2 Ductile fracture (or yielding) failure 

For normally ductile low yield strength materials (usually accompanied by a 

relatively high Kc), gross yielding is likely to occur before the component breaks under 

tensile loading. Ductile fracture failure is anticipated to happen when considerable 

plastic defomiation occurs due to yielding when effective net section stress^ o; exceeds 

the yield strength (or the flow stress cj of the material. Therefore the ductile 

fracture is basically limited by the yield strength. The ductile fracture failure criterion is 

thus defined as: 

<T, => Ductile fracture (C.2.1) 

where + <T,)/2 is the flow stress, and is the ultimate strength of the material. 

Consequently, the ductile fracture threshold (or yielding resistance against remote stress 

process) for the structural components shown in Figure 3.1 can be specified as 

= (C.2.2) 

C.3 Two criteria approach for fracture failures 

Brittie fracture may also occur in normally ductile material; and vice versa. For 

example, under continuous cyclic tensile loading, failure may change from a ductile to a 

brittle mode in normally ductile materials as cracks become large due to fatigue crack 

growth. To account for possible mixed failure modes of brittie and ductile fracture, it is 

 ̂ Contrary to remote stress S. (7, is a true "local" stress that accounts for the presence of crack. The 

relationship between S and a, for the structural component shown in the Figure 3.1 is 

o" ,  =  S l { l ~ a l w ) .  
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suggested that a two criteria {^)proach be used. The two criteria approach is an empirical 

method that combines the brittle/ductile failure mechanisms of materials. Among various 

equations proposed by different authors, the R/E1/R6 model [Harrison et dl., 1979; Milne 

et at., 1986] is widely used [British Standard Instimtion, 1991; Tsurui, 1989]. It is 

selected for the present study. According to the R/H/R6 (or simply "R6") failure 

criterion: 

K^<K' Setfe (C3.1) 

where 

Sr (C.3.2) 

is the R6 limit state. K ^ s K  I  K f .  and < T g  are the normalized brittle and ductile 

fracture stress respectively. The residual strength for the structural components shown in 

the Hgure 3.1 according to R6 limit state is 

K 
sec -1 exp r^^(oY 

2 Kiit)] 
(C3.3) 

where R^{t) = /^Y[a{t)yna{t)^ and R^{t)s\w-'a{i)\oJW are the ductile and 

brittle fracture thresholds which have been defined in Equations C.1.2 and C.2.2 

respectively. 

Some comments are: 

(1) A good approximation to the above R6 limit state is 

\1IS 
K = ( i - s r )  (C.3.4) 
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The two forms for the R6 limit state are illustrated in Figure C.l. 

(2) The brittle and ductile fracture failure modes should be viewed as separate but 

competing events. Either one may occur first depending on the combination of 

material strengths, crack size and remote stress level involved. coixesponds to 

linear-elastic (brittle fracture) and 5^ to the plastic (ductile fracture) failures 

respectively in the two criteria approach. A bilttie fracture mode is anticipated for 

» S, and ductile fracture for AT,« 5, in failure region (AT, > AT*). When the 

order of magnimdes of and 5^ are competitive, then a mixed fracture failure 

mode is likely. Different fracture failure modes are identified and shown in Figure 

C.l. 

(3) Residual strength as a function of fatigue crack size according to the above three 

models arc summarized in Table C.1 and illustrated in Figure C.2; the geometry 

factor Y{a) is set to equal to one for simplification. All residual strengths R^, 

and per Eqs. C.l.2, C.2.2, and C.3.3 respectively) are normalized by dividing by 

(T„ the crack size a is normalized by W, and serves as an index to 

indicate whether the dominating mode is ductile or brittle fracture. For different 

values of all fall into a single thick solid line, and respective 

iGgS and ^ /(T„'s are represented by thin solid and dot lines in the Figure C.2.2 

Ductile (brittie) fracture prevails for large (small) values of And, it is 

clearly shown in Figure C.2 that for a ductile = or brittle 

la,, la,, and R, la, may also be expressed in tems of AT,, S,, <T,, and 5 as: 

^ = l~alW 
<̂ o 

^=-{l-alW)sec-' 
a. It 

exp 
Sr Sj 

(CJ.5) 

(C3.6) 

(C3.6) 
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{ K c  /[<T,= 0.125) fracture predominant mode, comparing with R6 residual 

strength significant error will be introduced by employing an incorrect residual 

strength model. 

(4) Note that, the is the upper limit of R^. Because as S^/K^ increases to infinity 

(given the crack size), the exponent in the Equation C.3.3 goes to zero, the 

argument of the inverse secant function becomes one, sec~'{l) = nl2, then 

approaches to R^. 

(5) Note that the residual strength according to the R6 limit state, as shown in the 

Figure C2, can be alternatively modeled reasonably well by the minimum value of 

ductile and brittle residual sQengths: 

(C3.8) 
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1.2 

Brittle fracture 

Brittle/ductile 
fracture failure modes 

0.8-

SkT 0.6-

Safe region: 

K R < K  0.4- Ductile 
fracture 

0.2-

0.2 0.4 0.8 1.2 

Figure C. 1 R6 limit state — A static fracture failure criterion according to the two 
(fracture failure) criteria approach. 
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Table C. 1 Summary of residual strength modeling 
Notation Residual strength Failure modes considered 

R1 ~ r{a^ 
Brittle fracture failure 
mode only 

R2 
Ductile fracture failure 
mode only 

R3 S^(q) = Brittle/ductile fracture 
failure modes 

R6 
R-6 limit state; Brittle 
and/or ductile fracture 
failure modes 

Ki.o)iOo 

0.8-

ea 

S 0.6-

Normalized ductile 

fracture threshold: 

R^{a) la ,= l -a lW 

t/i 

a 0.4-

0.2-

As Kc /[o", V^w] decreases, 

=» brittle fracture prevails. 

0.2 0 0.4 0.6 0.8 1 
a/W 

Figure C.2 Residual strengths as functions of fatigue crack size. 
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Appendix D 

The Limit-State-Based Expression for the Unconditional 
Failure Probability Pp{t)  

The limit-state-based expression for the unconditional faUine probability Pp{t) by 

applying the Wen transformation to Eq. 3.4.1 is derived in detail in this appendix. For 

simplification, it is assimied that the expression for the conditional failure probability 

Py(r{x) is available (implicitly or explicitly) and there is only a single time-invariant 

random design factor X in having PDF /i(x) and sample space Then, 

the Eq. 3.4.1 can be written as. 

Applying Wen's transformation, Fy[y(r;x)] = P/(r}x), to Eq. D.O.I, where F is an 

auxiliary random variable independent of X and having CDF Ff{y) and PDF /^(y), Eq. 

D.0.1 becomes 

Substituting /y(y) = and y(f;x) =/v'[p/(?U)] Eq. D.0.2 

consecutively. 

Pp(i) = W'i* = J3.IZ ^"^'^'^^fxWriy)dydx (D.0.3) 

where /v'(*) is the inverse function of /v(*). (Note that, the notation of the dummy 

variable in the Eq. D.0.3 has been changed from Tj to y.) Recognizing the integration 

(D.0.1) 

(D.0.2) 
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domain in Eq. D.0.3 is specified by Eq. D.0.3 can be further re

written as 

Because Y is chosen as a random variable that is independent of AT, the joint PDF 

of X and Y is simply the multiplication of the marginal PDFs: fxy{x,y) = /^(•*)/y(>'). 

the Eq. D.0.4 can be further simplified to 

(D.0.5) <Repeat Eq. 3.5.2> 

Eq. D.0.5 is the limit-state-based expression for the unconditional failure probability 

Pp{t). This can be solved using a fast probabilistic integration (FPI) method where the 

limit state function is defined as 

gf[x ,y: t )  =  y -  iv'[P/C^l^)] (D.0.6) <Repeat Eq. 3.5.3> 

or 

gf{x ,y; t )  = Fy{y) -py-(rlx) (D.0.7) <Repeat Eq. 3.5.4> 

Consequentiy, the limit state surface and the failure region (integration domain) are 

specified by gf{x,y:t) = 0 and gf{x,y;t) S 0 respectively. 

Note that, the above derivation up to Eq. D.0.4 is valid for any continuous 

differentiable function iv(*) where both its inverse function and differential 

fAy) = iPriy) exist. 
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Appendix E Distribution of the Largest Peak 5, wuxh 

In this appendix, the distributions of the largest peak (/.e., the overall maximum 

peak 5 and the smallest trough for a stationary Gaussian process 5(r) within a 

time interval 4r are provided. First, the expression for the exact distribution of S . by 

applying the "extreme value theory" [Gumbel, 1958] to the Rice distribution [Rice, 

1954] is given. Then, the approximate asymptotic distribution of the S . is derived. 

Finally the expected value of S,^ within a block for a size of mean-level-

upcrossings, ^ [5 t]. is presented. 

• Exact distribution of 5. 

According to extreme value theory, the exact distribution of the largest peak 

for a stationary Gaussian process S{t) within a time interval 4r, corresponding to a block 

size of Kp peaks, is [Ang & Tang, 1984] 

where Fp {p) is the Rice distribution^ 

-41-0^ Os ) 

\ 2 *  / 

-a»exp 1 f  -a»exp 
2 ^ > V  (̂ s J 

(E.0.1) 

(E.0.2) 

0(.) is the standard normal distribution fimction; a is the irregularity factor, /is and (Tg 

are the mean and RMS value of the 5(r) respectively. 

 ̂ The Rice distribution is the CDF of a "local" peak counted by a local range method [Ortiz, 1984; 

Pemg, 1989]. 
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• Asymptotic distribution of 5_-_. 

For large the distribution of approaches its asymptotic form. The 

asymptotic form of an extremal distribution does not necessarily depend on the exact 

form of the initial distribution. Rather, it depends mainly on the tail behavior of the 

initial distribution in the direction of the extreme. By use of the asyn^totic expansion^ of 

the standard normal distribution function 4>{x) 

(E.0.5) 

Equation E.0.2 (for a  * 0 )  becomes [Madsen et al., 1986] 

 ̂ A series is said to be an asymptotic expansion of a function f { x )  if 
kmc 

for n = 7.2-",as x-»«» (E.0.3) 

and it is written as 

/w (E.0.4) 

where 0(*) is the big oh Bachmann-Landau order of magnitude symbol. 
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Therefoie the initial Rice distribution of the local peak has an exponential decaying 

right tail (far a^O): 

(P)" (p) = J-a»exp i 
"*2 I <̂ s ) 

as p (E.0.6) 

Hence, the asymptotical distribution of the largest peak has a Gumbel's type I asymptotic 

extremal distribution^ 

= exp{-exp[-a^{s - «.)]} 

where u, and a, can be decided exactly by the following formula'^: 

(E.0.7) 

(E,0.8) 

Or they may be solved approximately by employing Eq. E.0.6 as follows: 

M^l-a*exp 
n. 

f \ 2 "  

2 I 5̂ J 

(E.0.9) 

(E.0.10) 

M, = + as^2ln(a • n^) = + as^2ln{n^.) (forO<a^/) (E.0.11) 

and 

3 

4 

It is commonly called the type I extreme value distribution of maxima (denoted as EVD) for short 

Note that u, is the characteristic largest value of the initial variate (u, is also the mode of the largest 

variate); a, is an inverse measure of dispersion of the largest variate. 
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(for 0 < a ^ l )  (E.0.13) 

where = v^»i4r = (a*v^)4r = a*/j^ is the expected number of mean-level-

upcrossings within a time interval At; and are the expected mean-level-

upcrossing and peaking rates respectively of S{t)\ a = /v^ is the iiregularity factor. 

• Expressions for £, and £, [S^] 

The mean and the standard deviation of the largest peak within a block for a 

size of mean-level-upcrossings can be determined from the EVD (Eqs. E.0.7, E.0.11, 

and E.0.13) as 

respectively, where 0.5772/57 is the Euler's constant and Zp is defined as 

[Cartwright & Longuet-Higgins, 1956; Davenport, 1964] 

[5«ax*] = ««+ ̂ s/i, + ZpGs (for 0<a^l) (E.0.14) 

and 

(E.0.15) 

(E.0.16) 

For iLg = 0, the COW of S is 
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(for 0 < a ^ l )  (E.0.17) 

The asymptotic distribution of the smallest valley S^, can be obtained by 

(E.0.18) 

Thus the smallest valley has the mean 

(for 0 < a ^ l )  (E.0.19) 

and with the same standard deviation as that of the S 

• Discussion 

(1) The values of Z,. and Cg^ as functions of the (for 0<a^l) 

according to the asymptotical results are tabulated in Table E.l. 

(i) The mean of the largest peak 5 increases with ; the standard deviation 

decreases with n ,. 

(ii) Zp is approximately equal to 4 for being the order of several thousand 

cycles. 

(iii) Uncertainties associated with the for large is small. 
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Table E.1 Z,, (T^^, and versus 

V ns^2/n(n.) II 1 II e
 

10.0 2.146 2.415 0.598 0.2476 

100.0 3.035 3.225 0.423 0.1311 

200.0 3.255 3.433 0.394 0.1148 

500.0 3.526 3.689 0.364 0.0987 

1000.0 3.717 3.872 0.345 0.0891 

2000.0 3.899 4.047 0.329 0.0813 

3000.0 4.002 4.146 0.321 0.0774 

4000.0 4.073 4.215 0.315 0.0747 

5000.0 4.127 4.267 0.311 0.0729 

1.0E4 4.292 4.426 0.299 0.0676 

1.0E5 4.798 4.919 0.267 0.0543 

1.0E6 5.256 5.366 0.244 0.0455 

L0E7 5.678 5.779 0.226 0.0391 

1.0E8 6.070 6.165 0.211 0.0342 

§ For Us = 0. 



290 

(2) The effects of the expected mean-level upcrossing numbers on the distribution 

of the overall maximum peak for an irregularity factor a = 0.7 is shown in 

Figure E.I. As increases, the COW (Eq. E.0.17 for fig = 0) decreases and the 

exact PDF of the S ifs^{s) = dFs^{s)lds per Eqs. E.0.1 and E.O^) becomes 

more peaked and approaches its asymptotical approximation (Eq. E.0.7 with 

parameters and a, specified by Eqs. E.0.11 and E.0.13 respectively). The 

convergence rate depends on the value of a; the larger value of the a, the faster it 

converges. 

(3) According to Eqs. E.0.11 and E.0.13, the asymptotic cumulative distribution 

function (Eq. E.0.7) for 5 ^ within At of a. stationary Gaussian process depends 

only on the mean /z^, the RMS value (Tj, and the expected mean-level upcrossing 

numbers (= no matter what value of the irregularity factor a is. 

However, this is not the case as shown in the Figure E.2 in which exact PDF's of the 

S for different values of a and the asymptotical approximation at = 10* are 

plotted. Figure E.2 shows that the asymptotic distribution will over-predict the 

5 for small values of a. The discrepancy between the exact and the asymptotic 

distributions is due to neglect of the higher order terms in the Eq. E.0.6 upon 

approximating the right tail of the Rice distribution. 

(4) Note that: 

(i) Because for theoretically narrow band processes (ct = /), the Rice distribution 

is identical to a Rayleigh distribution: 

Ppjp)='^-exp 
\ J 

(for a = l) (E.0.20) 
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No asymptotical approximatioii at the right tail (per Eq. E.0.6) is necessary, 

and hence, all the above asymptotical results regarding the overall maTimnm 

peak 5 are cxocf for a = L 

(ii) For relatively wide band processes (0 < a < i), Eq. E.0.7 with parameters 

and a, specified by Eqs. E.0.11 and E.0.13 respectively can only be used as 

an approximation; however, it is asymptotically exact as oo. 

(iii) For a theoretical wide band process (or = 0), the Rice distribution becomes 

normally distributed: 

\ J 

ifora-O) (E.0.21) 

The parameters and a, should be solved by substimting Eq. E.0.21 into 

Eqs. E.0.8 and E.0.9 respectively. The final expression of Zp for a = 0 is 

In conclusion, the asymptotic distribution of Eq. E.0.7 with parameters and a, 

specified by Eqs. E.0.11 and E.0.13 respectively is a good approximation for a relatively 

narrow band processes («->/) under a long time duration (say, > 10^). Moreover, 

as oo, it is asymptotically exact for a * 0. For a relatively wide band processes, 

modeling the overall maximum stress peak S . according to the asymptotic distribution 

leads to a conservative design (i.e., over-estimating the value of the S results to a 

larger failure probability assessment) 
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a = 0.7 

Asymptotical PDF 

Exact PDF 

V 
1.0xl0P 1.0x10' 1.0x10^ l.OxlO' 1.0x10* 1.0x10® 1.0x10® 1.0x10^ 1.0x10* 1.0x10® l.Oxlo"" 

25 

n.=10' 

-0.15 

x: 
X 

E 

-0.1 

n.=10 

0.05 

5 6 7 3 4 g 2 

Rgure E.1 PDFs of S for various n » O 
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n. =/0' 

Asymptotical PDF 

Exact PDF 

1.4 

Tfi 0.8 

0.6 

0.4 

a = 0.1 a = 0.9 
0.2 

5 6 4 3 2 

^ ~ i^maxh ^ 

Figure E.2 PDFs of S-_l for various a. 
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Appendix F Extensions of Upcrossing Limit State 

The first-passage Poisson (FPP) upciossing approach may be extended to include 

(1) fatigue failure due to a serviceability requirement (/.e., the fatigue limit state FAS 

mentioned in Subsection 4.1.2) and/or (2) a maintenance plan. Extended upcrossing limit 

states are not investigated in this study; they are only briefly described for reference as 

future work (Section 6.3). 

• Upcrossing limit state include the serviceability failure mode. 

Consider a component subject to random stresses. The first-passage Poisson 

fatigue-fracture-failure occurs the first time that the remote stationary Gaussian stress 

process S(r) exceeds the residual strength /f,(f). The fatigue serviceability failure 

happens when the crack length grows to a pre-specified critical size a,. Failure occurs 

whenever a first-passage fatigue-fracture or a serviceability failure criterion is met first 

The two failure modes may be considered together in the upcrossing lunit state with a 

slight modification in the expression of conditional failure probability. The new 

expression for the conditional failure probability is derived as follows. 

Given values of design factors X = x, the equivalent conditional fatigue crack 

growth curve a(45)i and hence the conditional residual strength curve ^(?ix), the 

conditional Poisson intensity v(r[x), and the conditional first-passage Poisson failure 

probability /7y(i{x), has been assumed to be deterministic in terms of the mean fatigue 

load, £[L(r)] = N^(f)AS^ (Eq. B.5.8). However, the fatigue load L{t) has an 

approximate normal distribution according to the central linait theorem (see Subsection 

B.5.2). Because the crack size a(r{x) (and hence the conditional failure probability 
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p^(/{x) within the time interval [0,/]) is function of L{t) at a specific time r, both a(f{x) 

and />/(t|x) are random variables if the fatigue load is considered as a random variable 

having a normal distribution. When the critical crack size a, due to serviceability 

requirement is considered, given time r, the conditional crack size at time r, is 

either larger (or equal to) or less than the a, (refer to Fig. F.l): (1) when a(4*) S a„ the 

conditional failure probability is equal to one; (2) when a(r{x) < a,, P/(^) is the same as 

before {per Eq. 3.3.4). Therefore, a new "expected" conditional failure probability 

p^(r|x) within the time interval [0,t], considering both serviceability and fracture 

failures, with respect to the stress process (the fatigue load), can be evaluated as 

P/('W = < a,]^L(o[P/ ('U)|o(^li) < «.]+^ «.] (F-0-1) 

where means a expectation with respect to the fatigue load L(r). Replace Pf{t^ 

with P/(%) in derivation of the limit-state-based expression for the unconditional failure 

probability, denoted as ^(r) here (see Section 3.5). It follows that Pp{t) can be 

estimated by MCS, FORM/SORM, AMV, or AMV+Log reliability methods. 

Note that it is not practical to estimate ^(r) by either MCS or FORM/SORM 

because the calculation in Eq. F.0.1 is very lengthy and time consunaing. However, when 

AMV or AMV+Log procedure is employed, calculation of Eq. F.0.1 is required only very 

few times to obtain the CDF of time to failure. 
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Conditional failure probability without 

considering the fatigue serviceability failure. 

1.0 

When the crack size is larger 

than a„ the conditional failure 

probability jumps to one. 

time, t 

Figure F. 1 Conditional failure probability for the upcrossing limit state including 

the fatigue serviceability failure. 
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• Upcrossing limit state including a maintenance plan 

Similar to the above derivation, the conditional failure probability expression 

including a maintenance plan, denoted as Pf{^ here, must be derived first to evaluate 

the unconditional failure probability, denoted as Pfif). is affected by the crack 

size <2(4^) at a particular inspection-and-repair time. First, the repair strategy of a 

maintenance plan is described as follows. 

Given the (deterministic) conditional equivalent crack size at a particular 

inspection-and-repair time r, three outcomes are possible: 

(1) The crack is not detected if ^ a(^); the probability is P\a^ ^ ^(45)] based on 

the probability of detection (POD) curve ̂  in a given environment where is the 

random variable used to describe the POD curve. 

(2) The crack is detected and repaired if > a(*lx) and fl(f|x) S a/, the probability is 

P[fl(fli) <a^r\ ^ fl,] where a, is the threshold crack size. Repair will be 

performed on any detected crack which exceeds a^. 

(3) The crack is detected but not repaired if > a{t̂ ) and a{̂ ) < a/, the probability 

is P[fl(f|x) <a^r\ a(flx) < a,]. 

It can be assumed that inspection-and-repair occurs instantaneously. After repair, the 

strength of the component will, in practice, be different from the initial component. 

However for simplicity, the repaired member will be assumed to be renewed. Moreover, 

design factors associated with the repaired member are assumed to be independent of but 

identically distributed as the old ones. Furthermore, the a/s (defined by the POD curve) 

^ POD curve is to qualify the uncertainties of inspection and to describe the capacity of a particular 

maintenance program in a given environment 
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at each inspection-and-repair point may also be considered as independent identically 

distributed random variables. 

Assume there sat k-1 inspections during the service life [0,r,] and that [0,r,] is 

divided into k sub-intervals: [0,r,] = [0,?/]u—=r,] where tj 

{ j k - 1 )  i s  t h e  t i m e  t o  t h e  y ' - t h  i n s p e c t i o n  a n d / o r  r e p a i r .  T h i s  i s  a  ( n o n -

deterministic) chain system with total of 3^~' possible sequences where the crack size 

a(fylx) represents the state of system at time tj. Let X denote the collection of (random) 

design factors associated with the component Initially X = Xgi and X = Xj_, for t  

within the time interval [tj^i.tj) if the component is repaired at tj_j where Xj denotes the 

new set of the updated design factors after the y'-th inspection-and-repair checking point. 

Because there exits uncertainties in crack detection (defined by random variables 's), 

the conditional crack size, a(4^), and hence the conditional failure probability including 

the maintenance plan, denoted as Pf{t^o) here, is a random function given the initial 

condition X^Xg. Because b^[i^X„) is a random function, it is not suitable for Wen's 

transforation. 

For simplicity, the non-deterministic chain system may be modified to a 

deterministic system by assuming that tiie values of all time-invariant random variables. 

I.e., and Xj are available in advance. The value of X, x, will 

change to Xj at time tj if the component is repaired, i.e., a^^ >a{tj^ and 
A 

Otherwise Xj will be left alone and will not be picked up by the X. Let X be the 

collection of all and Xj, (j = l,--,k — l). Thus, given ^ * the Pf{t^ of a single 

component can be formulated implicitiy by closely tracing the path of equivalent fatigue 

crack growth curve a(4i) (refer to Fig. F.2). Thus, Pf{^) is a deterministic function. 

The unconditional failure probability including the maintenance plan P^(r) can be 
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evaluated as the expected value of conditional probability P/('{£) with respect to X. It 

A 
follows that the limit-state-based expression for the Pp{t) can be derived by applying 

Wen's transformation and solved by FORM/SORM, AMV, or AMV+Log reliability 

methods accordingly. 

• Discussion 

Note that both upcrossing limit states just mentioned above include multiple 

failure modes. The AMV or the AMV+Log procedure currently adopted only identify 

the most significant design point (i.e., the design point on the limit state surface of the 

most dominant failure mode). However, it is expected that there exists one predominant 

failure mode, and/or the limit state surface might be smooth or piece-wise connected, 

especially the upcrossing limit state including the maintenance plan. Therefore, the 

AMV or AMV+Log method may still provide a reasonable failure probability estimate. 

Applicability of the AMV+Log or its further extension should be further investigated. In 

the worst case, the upcrossing limit states including the fatigue serviceability failure or 

the maintenance plan can always be solved by the Monte Carlo simulation. 
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NcHe (hat: 

= z,) > fj is ihe intitial reliability itr« 0 where S - N{iif,(Tt\ 

is the conditional reliability at lime / conditioning survival at r s r,. 

P,(^'l) = '  -

i'[«,(0j* = Xo)>5| X e^-j['v(tj£,)rff] X 

= X,) > 5| X v(^/ 
P/('li=i) = ' -

/'[ff.lol* II V X
 

e*p[-J[v(ri2,)rfr] 

am a{M») 
1 1 
1 1 
1 1 
1 1 
f 1 
1 j 1 

Crack detected ! / ! f 
but not repaired.: ' 1 / 

Crack delected yv ! ' » / 
and repaired. W \ ' '• # 

\ ^ • X 

V 1 
1 

1 
1 

J
 

1 
\
 1 1'

. 
_ 

^
 1 

Crack noi,,-.-^^^ 
detected. | 

Or 

Xo 

X = Xo x = x, 

•J 

K2 

2 = 2/ 

h 

Ks 

2 = 2/ 

time, t 

Figure F.2 Conditional failure probability for the upcrossing limit state including 

maintenance plan. 
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