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ABSTRACT 

Recent breakthroughs in effective interaction and effective operator techniques allow 

us to take a new look at this field that has seen limited progress in the past twenty years. 

A comparison of the old and new techniques will shed some new light on the use of 

effective interactions and effective operators in shell model calculations of light nuclei. 

Three different methods of calculating the effective interaction and effective opera

tors are described and compared. A large model-space no-core shell-model calculation 

for ®Li is used as the basis for comparison. In the no-core calculation all nucleons are 

active in a model space involving all configurations with energies up to ShQ. The second 

method is a perturbation expansion for the effective interaction and effective operators, 

using an inert ''He core and two valence particles. In particular, the electric quadrupole 

and magnetic dipole operators are studied to determine the effective charges to be used 

in connection with one-body operators in this shell-model space. The third method is a 

model-space truncation scheme, which maps operators in a large model space into oper

ators in smaller, truncated model spaces. The effect of going to larger excitation spaces 

will be examined as well as the convergence trends regarding increases in the excitation 

space. The results from these three approaches are compared in order to gain new insight 

into the nature of effective interactions and operators in truncated model spaces. 

We find that by going to energies of 8hQ. we can accurately reproduce the experi

mental values for the binding energy, excitation spectrum, electric quadrupole moment 

and magnetic dipole moment of ®Li and that there is a definite model-space dependence 

for these operators. To obtain results similar to the StiQ ones in a truncated 2hQ model 

space we use effective operators and effective charges. Effective charges of approxi

mately l.le for the effective proton charge and 0.3e for the effective neutron charge are 

obtained in the perturbation-expansion technique, while the model-space truncation cal

culations yield effective charges of 1.5e for the proton and .36e for the neutron. These 
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values can be compared with empirically obtained values of « 1.5e and « O.oe. 
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CHAPTER 1 

INTRODUCTION 

1.1 The Shell Model and Effective Operators 

In trying to understand nuclear structure on a microscopic scale some assumptions need 

to be made. First, it is assumed that the nucleus is comprised of nucleons (i.e., protons 

and neutrons), which are fermions, whose states in a given nucleus can be classified 

according to their quantum numbers, because of the Pauli Principle. An individual nu-

cleon state is given by the quantum numbers [n, j(ls), t, t.] where n is the principle 

quantum number, j is the total angular momentum, consisting of the vector sum of the 

orbital angular momentum, 1, and the intrinsic spin, s, and finally, t is the isospin with 

its z-projection, tj. The nucleons within a nucleus have energies, which depend upon 

these quantum numbers. It has been observed that these energies tend to be separated by 

fairly large gaps between certain groups of quantum states that are themselves clustered 

closely together. These gaps are dependent upon the above quantum numbers and divide 

the energy levels into shells, leading to a shell structure, referred to as the nuclear shell 

model. 

In the nuclear shell model it is assumed that the properties of the nucleus, i.e., charge 

radius, binding energy, excitation spectra, electric and magnetic moments, etc., are deter

mined primarily by nucleons in the outermost or highest energy shell occupied according 

to the Pauli Principle and that the nucleons in the lower, closed shells do not contribute 

significantly to the properties of the nucleus [1]. This significantly reduces the complex

ity of the numerical calculations, since only the outer or valence nucleons are involved 

in the calculation. Traditionally, the properties of the valence nucleons taken within their 

single-particle shell or within their major shell, are used as the lowest-order approxima

tion in calculating nuclear-structure properties. 
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The starting point for all nuclear-structure calculations is with the nucleon-nucleon 

interaction. This bare, two-nucleon interaction is detennineci empirically from exper

imental scattering data and from the ground-state properties of deuteron. The exact, 

analytical form of the nucleon-nucleon interaction is not known, but it is fitted to the 

experimental data and yields a satisfactory two-body potential, with which meaningful 

calculations can be carried out. When performing calculations of finite nuclei, we must 

account for the interactions between all of the individual nucleons within the nucleus. 

This yields a many-body problem that cannot be solved exactly, since there are more 

than two-body forces involved, yet the system is too small to be treated as an approxi

mate infinite body system with no surface effects. Also one cannot solve the Schrodinger 

equation in the infinite Hilbert space but only in some finite, truncated model space. 

Thus, there is a need for effective interactions to be used in calculations of finite nuclei. 

A two-body force can be approximated from experimental data, but the physical system 

being studied involves more than just two-body interactions. This has lead to the intro

duction of approximations or models to try to determine the structure of an appropriate 

effective interaction. 

In the standard shell-model approach introduced by Mayer and Jensen [1] with early 

calculations performed by Elliott and Flowers [2, 3] and Talmi [4], one assumes that 

the nucleons move in a mean field (i.e., central potential well) generated by the average 

interaction among the nucleons [5, 6]. To decrease the number of degrees of freedom, a 

doubly magic (i.e., closed) core is assumed and the particles outside the core are consid

ered as valence particles. The energy of the system will be the sum of the energy of the 

core, as calculated in the mean-field approach, plus the single-particle energies of the va

lence nucleons, i.e., the energies of the valence nucleons with the core, plus the effective 

interactions among the valence nucleons. For example, in ®Li there is a ''He core with one 

valence proton and one valence neutron. The binding energy of ®Li would then be given 

by the energy of the ''He core plus the single-particle energies of the valence proton and 

the valence neutron and the interaction energy between the proton and the neutron. This 

interaction energy is not due to just the bare nucleon-nucleon interaction, because part 

of the nucleon-nucleon interaction has already been accounted for in the central poten
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tial and because the truncation of the model space has not been taken into consideration. 

Instead one starts with the bare nucleon-nucleon interaction and calculates the effective 

interaction by taking these considerations into account. 

The effective interaction has many complicating factors that must be considered. 

First, the two-body effective interaction between valence nucleons is still affected by 

the presence of the core nucleons through the Pauli Exclusion Principle. There needs 

to be a means of preventing these valence nucleons from scattering into states that are 

already occupied by other nucleons; this is carried out through the use of a Pauli projec

tion operator. Second, the central potential must be determined using some choice for 

the bare nucleon-nucleon interaction. Third, the size of the model space used in the cal

culations must be considered, i.e., the effect of truncation from the infinite Hilbert space 

to the finite model space. Any calculation must be done in a finite model space, which 

will lead to the exclusion of physical states that lie outside the model space. The effect 

of truncating to a finite sized space and of excluding certain configurations needs to be 

studied. 

There arises a similar need for effective operators within the framework of shell 

model calculations. The quadrupole moment of for example, would be determined 

by the single valence neutron outside of a closed core in the shell model. The 

core particles would couple to zero angular momentum and give no contribution to the 

quadrupole moment, and since the valence neutron is electrically neutral, it also would 

not contribute to the quadrupole moment. Since it has been experimentally determined 

that has a non-zero quadrupole moment, we need some method of explaining this 

moment within the framework of the shell model. An effective operator can be used to 

account for the interactions between the core and the valence particles. The valence neu

tron in must have some pull on the core nucleons, thus polarizing them and producing 

a net quadrupole moment. Empirically, this can be explained by giving the valence neu

tron in a non-zero effective charge. The quadrupole moment of ^*^0 can be viewed 

as being provided by the valence neutron with an effective charge and no contribution 

from the core. Phenomenologically, this effective-charge concept can be used in the shell 

model to describe the quadrupole moments of a wide range of nuclei. 
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1.2 Perturbation Theory 

In the 60's and 70's much work was performed in the area of perturbation-theory calcula

tions of effective interactions and effective operators. Much of the formal theory behind 

this was introduced by Bloch and Horowitz [7] and by Brandow [8, 9] and first applied 

in detail by Kuo and Brown [10]. (See the review articles by Barrett and Kirson [11], 

Ellis and Osnes [12], and Kuo [13] for more details and an extensive list of references on 

this subject.) Early shell-model calculations using perturbation-theory effective interac

tions yielded impressive results at the time, although later problems arose regarding the 

question of convergence of the perturbation-theory expansion [14, 15, 16]. Perturbation-

theory results for effective operators, e.g., effective charges, were never as successful 

as the effective-interaction results, yielding poor agreement with the empirical effective 

charges [11, 12, 17, 18, 19, 20, 21]. 

The need for an effective interaction arises from the fact that we cannot exactly solve 

the Schrodinger equation in the infinite Hilbert space, 

, (1.1) 

so we look for an approximate solution in a truncated model space using perturbation 

theory. To this end we split the Hamiltonian H into an unperturbed portion HQ, which 

has an exact solution (1.2), plus a perturbation V, i.e., 

(1.2) 

H = HQ + V , (1.3) 

H, = Yl̂ Ti + Ui), (1.4) 
X 

and 

^ (1 .5 )  
i<j i 

where Ti is the kinetic energy, C/,- is the one-body potential, and Vij is the two-body in

teraction between nucleons. Since the one-body potential Ui gets added and subtracted 

to H, the exact results should be independent of UI. However, there may be some de

pendence upon Ui in an approximate calculation, so we choose Ui in such a way that it 
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is both easy to work with and is a physically reasonable choice for a one-body potential. 

In the calculations of this dissertation we choose a harmonic-oscillator potential to use 

as our one-body potential. 

In order to reduce the number of degrees of freedom involved in the calculation we 

split the Hilbert space into two portions, one being the model space, in which we wish 

to work, being spanned by the set of states |$i) with i = 1,2,3, and the other 

being the remainder of the Hilbert space spanned by the set of basis states |$i) with 

i = d + l,d + 2,oo, 

[•J) = fail#,) = + E a,14.,). (1.6) 
1=1 «=i T=D+Y 

We can define projection operators P and Q, which, respectively, project into and out of 

our model space. 

p = E mm ,  
j=i 

(1 .7 )  

Q 

with 

= E  l« i ) (4 ' i l ,  
i=d+l 

(1 .8 )  

=  P, (1 .9 )  

Q' = Q. (1 .10 )  

PQ = 0 ,  ( l . l l )  

1  = P + Q.  (1 .12 )  

Since the operators P and Q are defined in terms of the eigenfunctions |$i) of the unper

turbed Hamiltonian HQ, they must satisfy the following commutation relations 

[P , / fo ]=0 ,  [ Q , H O ]  =  0 .  (1 .13 )  

We can now define our model space wave function |^^), as 

= (1 .14 )  
t=i 
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We now require the effective Hamiltonian, Heff, to reproduce some subset of dimension 

d of the true eigenvalues Ei, within the model space spanned by the states 1*5''), 

(1.15) 

If we multiply the Schrodinger equation (1.1) on the left by P and Q and insert the 

identity (1.12) we obtain 

P H { P  +  Q ) \ < I ! )  =  E P \ ^ )  (1.16) 

QH{P + Q)\<l!) = EQ\^) (1.17) 

Solving equation (1.17) for Ql^f) and substituting this into equation (1.16) we obtain, 

using equations (1.9) through (1.12), 

1 
P H P  +  P H Q  Q H P  p|^) = EP|^) . (1.18) 

^ E - Q H Q ,  

We now use equations (1.3), (1.11), and (1.13) to obtain the equation for the effective 

Hamiltonian, He//, which operates on that portion of the wave function within the model 

space and provides us with an effective interaction Veff that also operates strictly within 

the confines of our model space. 

1 
HO + V + VQ 

E - Q H Q  
QV P\<IF) = EP\^) 

H E F F  =  H O  +  V  +  V Q  

=  H o  +  K f f  

where 

V,JF = V + VQ 

1 
E - Q H Q ^  

QV 

(1.19) 

(1.20) 

(1.21) 

(1.22) 

1 
QV 

^ E - H Q - Q V Q  

To put equation (1.20) into a more useful form we will make use of the identity 

(1 .23 )  

i  =  i ( x - K )  +  l y  

or, multiplying from the right by 1 / { X  —  Y ) ,  

1 
\R X - Y  X  X  X ~ Y '  

(1 .24 )  

(1 .25 )  
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Using X = E — HQ and Y = QVQ produces the following equations 

^ - H!- QVQ)  

= V + VQ-IR^QVE„ (1.28) 
H — I1.Q 

Equation (1.29) can be expanded by iteration to produce 

K ; , ^ V  +  V - ^ r ^ V  +  V y ^ V - - ^ V  +  - - -  ( 1 . 3 0 )  
tj — liQ ±1/ — ilQ C/ — /IQ 

The calculation of the effective interaction K// involves the evaluation of matrix el

ements of the perturbation V. This perturbation V, is the nucleon-nucleon interaction, 

which produces strong short-range repulsion, often given phenomenologically in the po

tential as a repulsive hard core, a repulsive hard core. In evaluating the matrix elements 

of V, the wave functions have a finite, nonzero value near the origin. This nonzero 

value of the wave function, coupled with the repulsive hard core of the nucleon-nucleon 

interaction, causes the matrix elements of V to become infinite, or at least very large. 

Large or infinite matrix elements prohibit the use of perturbation theory. Brueckner and 

coworkers [22, 23,24, 25, 26] solved this problem by introducing a new operator, called 

G, satisfying the identity 

G m = v m .  ( 1 . 3 1 )  

where l$i) and are the unperturbed and perturbed two-nucleon wave functions, 

respectively, and G has finite matrix elements within the model space. The G-matrix in 

equation (1.31) is the infinite sum of two-particle scattering terms in the nuclear medium 

to all order, expressed diagrammatically in Fig. 1.1 and given by the expression 

G { U J )  =  V  +  V ~ ^ ^ G { U } ) .  (1.32) 
U - HO 

This G-matrix now replaces V as the perturbation in the effective-interaction expansion. 

In equation (1.32) V is the free nucleon-nucleon (N-N) interaction. The starting energy 
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/ \  

G = 

/\ 

VW 

/ \  

/ \  
/ \  

+ w/ \  /\ 

Represents a G-interaction <ablGlcd> 

b / \  

/ \  v\ 

/ \  z / \  

Represents a V-interaction <ablVlcd> 

Figure 1.1: G-matrix interaction in terms of V interactions. 

u represents the initial energy of the two nucleons in the medium. Ho is the unperturbed 

Hamiltonian of the system, and is the Pauli projection operator, which projects onto 

two-particle states that are not already occupied. The G-matrix is evaluated using the 

method of Barrett, Hewitt and McCarthy [27] which is similar to the reference-spectrum 

method [28], in that a reference matrix is calculated and the reaction matrix, or G-

matrix, is then obtained by matrix inversion. The calculation of the G-matrix used in the 

calculations of this dissertation uses the Nijmegen II nucleon-nucleon interaction [29] in 

a two-particle -space shown in Fig. 1.2 and defined such that 

(1.33) =  0  for {Ni +  N2) < 8 ,  A ' ' i  =  0 ,  or yV2 = 0 , 

= 1 for all other Ni and N2 , 

with Ni = 2ni + li and N2 = 2n2 -f-12 • 

Setting =0 for Ni + N2 < 8 forces the intermediate excitations, corresponding to 

states w and x, or y and z, in Fig. 1.1, to have an energy greater than ShQ. We will refer to 

the G-matrix calculated with a Q^-space defined this way as an ShQ, G-matrix. Setting 

= 0 for N\ =0, or N2 = 0 prevents us from scattering into intermediate states 

which are in the Osi/2 state, which is already fully occupied, because the Pauli Exclusion 
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Figure 1.2: Q^-space projection operator for a Shfl calculation of ®Li (a)with wings and 
(b)without wings. 

Principle prevents us from scattering into these states. These portions of the Q^-space 

are referred to as the "wings" of the Q^-projection operator. In calculations which do 

not assume there is a fully occupied "^He core, these Osi/a states may be accessible and 

the wings may not be needed in the calculation of the G-matrix. For calculations without 

wings we use the Q^-operator of Fig. 1.2(b) defined such that 

= 0 for {Ni + N2) < 8, (1.34) 

In theory the wings should extend to infinity, computational limits necessitate putting a 

finite limit on the extent of the wings. In a study of the effect of truncating the wings 

at different values Barrett, Hewitt and McCarthy [27] found that there is little effect in 

extending the wings past N = 10. In our study we have truncated the wings at N = 10. 

The G'-matrix is taken as the first-order term in the perturbation expansion for the 

effective interaction. Second-order terms include all diagrams that have two G interac

tions in them. Third-order terms for the effective interaction will include all diagrams 

containing three such interactions, etc.. The diagrams for the effective interaction and 
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the equations used to evaluate them can be found in Barrett and ICirson [14], 

In the perturbation-expansion calculation for effective operators the first-order cor

rection will include simple interactions between the valence particles and the core, al

lowing excitations of nucleons within the core to higher-lying states. Higher-order cor

rections include more complex interactions involving the excited core and valence parti

cles. The first-order correction is typically chosen to include all possible configurations 

that involve only one interaction beyond the lowest-energy configuration possible, which 

connects with the operator being evaluated, as shown in Fig. 1.3. This will involve one 
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/\ 
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(a) (b) (c) 

Figure 1.3: (a)Zeroth- and (b),(c), first-order one-body diagrams for the effective opera
tors. 

intermediate state, which is at an excited energy with respect to the ground state. A 

second-order correction takes this same idea one step further, yet it increases the com

plexity of the calculation dramatically. The second-order correction includes all configu

rations with two interactions beyond the lowest energy configuration, thus allowing two 

intermediate excited states for each configuration. A few examples of the second-order 

diagrams are shown in Fig. 1.4 All first- and second-order diagrams for the perturba

tion expansion of effective operators and the equations used to evaluate these diagrams 

may be found in Siegel and Zamick [17]. Including more interactions and allowing all 

possible configurations of the nucleus will cause the model calculation to more closely 

resemble the actual physical system, but computational limits have restricted efforts to 

allowing only certain types of configurations or calculating only up to a finite order in 

the perturbation expansion. 
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Figure 1.4: A few of the second-order one-body diagrams included in the calculation of 
the effective operators. 

The order-by-order convergence of these two perturbation expansions is not well-

behaved. It has been shown [27] that the perturbation expansion for the effective in

teraction is at best asymptotically convergent, while the order-by-order convergence of 

the effective-operator perturbation expansion shows a similar lack of smooth conver

gence [19]. This brings up the issue of how far can we, and how far should we, take 

the calculations. Going to each higher order brings about a dramatic increase in the 

complexity of the calculations involved, yet there is only a subtle reward in the form of 

slightly improved results. Improvements in computer technology may allow calculations 

of higher-order terms in perturbation theory, but this may not be worth the effort, since 

the perturbation-theory expansion ultimately diverges. So, although the perturbation-

expansion approach yielded impressive results in some cases [11, 12, 30], it seems as if 

the perturbation-expansion approach to effective interactions has probably been taken as 

far as is practical. Consequently, a new approach must be attempted. 

In theory, the particles involved in the calculation should be allowed to be excited 

to any intermediate state, allowing any set of quantum numbers and any energy level 

possible, thus producing an infinite space. It is not possible to calculate in this infinite 

space, thus we truncate to a finite model space. The size of this finite model space is 

limited by the computational facilities available. As the model space grows larger and 

larger, the calculation will more closely resemble the physical system being studied. 

Thus, the question is raised, how large a model space is required to calculate nuclear 
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structure to an acceptable degree of accuracy? Also, what is the effect of going to larger 

and larger model spaces? And, are there different, or better, methods of calculating that 

will be easier, quicker, or more accurate within a given size model space? 

Even though work has continued on the effective interaction problem since 1975, 

there has been limited progress. Calculations have been done, which include all interme

diate configurations up to third-order in the interaction for V^ff, but there has been little 

progress to take this to the next logical step and include fourth-order terms or higher 

in the calculation, because of the tremendous size of such calculations. While config

urations that should have a significant contribution to the calculation, such as the Ran

dom Phase Approximation (RPA) and Tamm-Dancoff Approximation (TDA) diagrams, 

shown in Fig. 1.5, have been sunruned to higher order [3, 31], no calculation including 

all fourth-order diagrams has been completed. Also, one still does not understand how to 

avoid the divergence problem for the perturbation expansion or how to calculate correctly 

and accurately the effective interaction and other effective operators to use in standard 

shell model calculations. 
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Figure 1.5: (a) Core polarization diagram for the effective interaction. (a,b,c) Contribu

tions to core-polarization in the Tamm-Dancoff Approximation (TDA) diagrams used in 

evaluating the effective interaction. (d,e,f) Contributions to core-polarization in the Ran

dom Phase Approximation (RPA) diagrams used in evaluating the effective interaction. 

In shell model calculations there has always been something that has been left out 

of the calculation, either in the use of a finite model space, only doing the perturbation 

expansion to a given order, and/or by excluding certain types of configurations. As a 

consequence of these omissions, the results obtained are only an approximate match for 

the actual physical system being studied. 

1.3 No-core Calculations 

A recently developed method takes advantage of the greater computational capability 

of today's modem computers to avoid the exclusion of certain configurations from the 

calculation. Instead of limiting the calculation to a few valence nucleons and removing 

the additional degrees of freedom associated with the core particles not involved in the 

calculation, this new method involves all nucleons in the calculation; thus there are no 

excluded configurations, as all states within a given model space are allowed. There is 
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no core of particles, from which to excite particle states, leaving hole states in their place 

in the core. This new method keeps the shell-model structure for the particles, but there 

is no core, thus the name no-core shell model [32, 33]. 

Although there is evidence of shell closure [34], which indicates the presence of 

a core, the core is not completely inactive in determining the structure of the nuclei. 

Hence, the physical motivation to include all particles in the calculation. The effect of all 

particles within the nucleus being studied must be included in the calculation. In the no-

core calculation the occupation of states by the particles in the nucleus is limited only by 

the Pauli principle and the energy restrictions determined by the model space. Since there 

is no assumed inert core of particles in the no-core calculation, the possibility of there 

being an unoccupied Osi/2 state to scatter into exists. Since there may be unoccupied 

states in the Osi/2 shell, the wings on the Q^-operator used in calculating the G-matrix 

elements, shown in Fig. 1.2, may not be needed. Because we obtain slightly different 

G-matrix elements when we use different Q^-operators we will study the effect that 

including wings has on the calculations. For the purpose of comparison, both the no-

core and the perturbation-expansion calculations are done with and without wings. 

The no-core approach uses a large model space, in which all A nucleons of a given 

nucleus are active for a complete NhQ. basis space with a large value for N [35]. By 

working in a complete NhQ with a single-particle harmonic-oscillator Hamiltonian as 

our unperturbed Hamiltonian, we can guarantee that all excluded configurations involve 

an energy of at least {N -f 2)hQ, which should limit any intruder-states difficulties to 

the less interesting physical states higher in the spectrum [15, 16]. That is, the larger 

the value of N, the better the guarantee that we have included the major configurations 

making up the physical low-lying states. At the same time, the no-core basis simplifies 

the form of the effective interaction, since there are no hole states [35], and also allows 

us to compute energies relative to the vacuum. In this case, the effective interaction can 

be interpreted as a general /1-nucleon G-matrix and associated folded diagrams. For 

sufficiently large model spaces, the perturbation expansion for the effective interaction 

may be reasonably expressed in terms of only the two-nucleon Bruckner reaction matrix 

(or G-matrix) [24, 25] in the no-core space plus all folded diagrams developed from 
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it [36, 37]. We can also determine other effective operators, such as effective charges 

[38]. This approach allows us to study how numerical results depend upon the size of the 

model space as well as upon omitted many-body effects. 

The results for this no-core approach improve as larger model spaces are included 

in the calculation. Infinite model spaces should be used, but calculations can only be 

carried out in a finite-sized space. Improvements in computer technology may allow 

calculations in larger and still larger model spaces, but we will never be able to go to 

the infinite limit. Currently, calculations for light nuclei have been accurately completed 

but going to heavier nuclei increases the number of particles involved in the calculation 

and greatly increases the number of states within a given model space. Computational 

limits effectively restrict accurate calculations to nuclei with valence particles in the Os 

or Op shells. This no-core technique gives us a new approach in our attempt to calculate 

nuclear structure through the use of simpler effective interactions and operators and has 

yielded encouraging results. 

1.4 IVIodel Space Truncation 

Another recently developed formalism may help us to study the effect that model-space 

truncation has on the effective interaction and other effective operators. In a large model 

space a no-core calculation using free nucleon charges can be used to determine the ma

trix elements of one-body operators. This large model space can then be truncated to 

a much smaller space. In order to get similar values for the binding energy, excitation 

spectrum, and electromagnetic moments in this smaller space, we need to use an effec

tive Hamiltonian and effective operators, usually in the form of effective charges. The 

transformation operator maps a larger model space that uses bare operators into a smaller 

model space that uses effective operators. The use of this transformation operator allows 

us to study and construct effective Hamiltonians and operators that may then be com

pared with effective Hamiltonians and operators obtained by other techniques, such as 

empirical fits or perturbation-theory calculations. 

Through the use of this transformation method, we may see the effects of truncating 
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from a large model space to a smaller one, which is one of the difficulties that arises from 

trying to construct effective operators. As mentioned earlier, calculations for interactions 

and operators should theoretically be carried out in an infinite space. Obviously, this 

cannot be done, so we calculate in as large a finite model space as is computationally 

practical. The exact effect of this infinite-space-to-finite-space truncation is not well 

understood, although it has been studied ever since the first shell-model calculations. 

Through the use of this model-space transformation operator, we are better able to study 

the nature of the model-space truncation. 

In the past considerable effort has been devoted to deriving the effective interaction 

used in shell-model calculations from the nucleon-nucleon interaction [9, 7, 30, 12]. On 

the other hand, much less work has been done to understand the effective operators em

ployed in calculating different nuclear, usually electromagnetic, properties. In particular, 

a microscopic derivation of effective operators has been only partially successful. It is 

well known that effective proton and neutron charges must be employed to describe the 

E2 transitions and moments. These charges are quite different from the free nucleon 

charges, typically the values of « 1.5e and « 0.5e are obtained for both light and 

heavy nuclei. Attempts to derive these charges microscopically, usually by perturbation 

[12], or by an "expanded shell-model" approach [39, 40], yielded much smaller values. 

It should be noted that these effective charges correspond to a severely truncated single-

major-shell model space. The question arises as to what causes the nucleon properties 

to change so significantly; is it mostly the result of the space tmncation or the fact that 

nucleons are bound? Also, the non-nucleonic degrees of freedom may play an important 

role. Other interesting questions are: how important are the higher than one-body parts 

of the effective operators and what is the j-dependence of effective charges? 

In this dissertation we investigate how severe space truncation affects the Hamil-

tonian and the electromagnetic operators. We use a large-space 8hCl shell-model cal

culation for ®Li, with a microscopically derived two-body interaction, to construct an 

effective Hamiltonian and effective electromagnetic operators, which will exactly repro

duce the 8hQ results in the Op-shell for the (Os)'^(Op)^ dominated states. This enables 

us to compare the resulting effective operators with the bare one-body Op-shell operators 
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and to extract the relevant effective charges, which allow us to determine the amount of 

renormalization, to study their j-dependence, and, eventually, to quantify the two-body 

content of the effective operators. Also we perform the same derivation from the cor

responding GhQ calculation to study the dependence on the space size and compare the 

rate of convergence for the effective Hamiltonian and the effective operators. 
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CHAPTER 2 

FORMALISM 

2.1 Perturbation Theory 

2.1.1 Effective Hamiltonian 

The perturbation-expansion diagrams for the effective interaction follow the work of Bar

rett and Kirson [14] and Kassis [41]. These diagrams involve interactions of the valence 

nucleons with particles from the core as well as interactions between the valence parti

cles themselves. The order of a given perturbation diagram depends upon the number 

of interactions involved in that particular diagram. The first-order effective interaction 

is simply the G-matrix. Second-order terms for the effective interaction are obtained 

from all two-body diagrams that have two interactions involving G and include the core-

polarization, the two-particle-four-hole, and the second-order-ladder diagrams [14, 42]. 

The first- and second-order diagrams are shown in Fig. 2.1. In calculating the G-matrix 
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Figure 2.1: First- and second-order diagrams for the effective interaction. 

we take an infinite sum of all two-particle ladders obtained using a K-interaction, as de

picted in Fig. l.I and expressed in equation (1.32). The Q^'-operator in equation (1.32) 
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causes the intermediate excitations to have an energy greater than ShQ. Diagrams with 

intermediate excitations less than or equal to 8/ifi are in the = 0 space and are not in

cluded in the calculation of the G-matrix. Obviously, exciting two particles to an excited 

state with an energy less than 8/ifi should be allowed physically and should be included 

in the calculation. Thus, we include the two-particle ladder diagrams, which have inter

mediate excitations in the = 0 space, because these configurations are not included in 

the calculation of the G-matrix. Calculations by others, such as Ellis and Siegel [18], use 

a G-matrix, which has a Q^-space that matches the model space, such as the G-matrix 

calculated by Barrett, Hewitt, and McCarthy [27], for which the = 0 space includes 

only certain major shells, such as the Os and Op and s — d shells for an calculation. In 

their calculations all intermediate excitations outside the model space have been included 

in the calculation of the G-matrix elements and, therefore, there should be no ladder dia

grams of the form in Fig. 2.1(d). This core-polarization diagram represents a long-range 

correlation, which is produced by the short-ranged nucleon-nucleon interaction. In the 

core-polarization process valence particle (a) excites a particle (p) out of the core, leaving 

behind a hole (h). This excited particle then interacts with the other valence particle (b) 

and decays back into the core, filling the hole state. The other second-order process is the 

diagram shown in Fig. 2.1(c). This diagram has a 4 particle-2 hole (4p-2h) intermediate 

state, which represents a correlated or deformed state of the nucleus. In this state there 

are two particles, which are excited from the core, leaving behind two holes to be later 

filled by the initial valence particles. Third-order terms in the perturbation-expansion 

calculation of the effective interaction include the standard diagrams given by Barrett 

and Kirson [14], having three interactions involving G as well as the third-order-ladder 

diagram [42] and folded diagrams. The total third-order effective interaction is taken to 

be the sum of all first-, second- and third-order diagrams. 

The perturbation-theory calculation of the effective interaction begins by calculating 

the effective single-particle energies, using the same two-body G-matrix elements as in 

the large-model-space, no-core calculation. The single-particle energies used in evalu

ating the denominators of the two-body diagrams are calculated using a second-order 

perturbation expansion that involves evaluating the three one-body diagrams, shown in 
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Fig. 2.2 and evaluated through equation (2.1). The total single-particle energy to second-

order is 

^total _ _j_ ^2p-lh £3p-2h ^2.1) 

h-. ,Pl h 

(a) (b) (c) 

Figure 2.2: First- and second-order one-body diagrams used to evaluate single particle 
energies. 

In general, Hg/f is an A nucleon operator, but the usual procedure is to approximate 

it by its one-body part, Hq, and a two-body part in terms of powers of G. The effective 

interaction is evaluated to third-order in the perturbation expansion. All terms contribut

ing to the two-body effective interaction are computed with the same G-matrix elements 

and starting energy used in the no-core calculation involving eight major shells, and 

intermediate excitations of up to 6hQ are allowed in calculating all second- and third-

order terms. This effective two-body interaction replaces the simple G-matrix in the 

final perturbation-expansion calculation of the energy levels of ®Li. Third-order terms 

contributing to the effective single-particle energies were calculated for the two Op states 

and were determined to be 4.652 MeV for the Opi/2 state and 1.425 MeV for the Ops/o 

state relative to a ''He core. In general, the sum of all 16 third-order terms was small, be

ing only 8% of the sum of the second-order terms for the Op-shell single-particle energies 

on average. Consequently, it was decided not to calculate the third-order contributions 

to the single-particle energies used in calculating the effective two-body interaction. Fi

nally, the energy spectrum of ®Li is determined by diagonalizing the computed single-
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particle energies and the effective two-body interaction in the Op shell. 

The effect of allowing more intermediate states to be involved in the calculation is 

studied by including all configurations with energies of AhO., 6hQ, and ShQ, correspond

ing to excitation energies of 2hQ, 4hQ,, and 6hQ above the ground-state configuration. 

Allowing higher-excitation energies will include more configurations in the effective-

interaction diagrams, as well as the effective-operator diagrams, and will more closely 

approximate the ideal condition of an infinite excitation space. In this study we adopted 

an energy truncation scheme over a truncation on shells. These two different excitation 

spaces are shown in Fig. 2.3. A truncation, which allows all configurations with two-
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Figure 2.3: (a) A triangular excitation space which truncates the allowed states by their 
energy, (b) A square excitation space which truncates the allowed states by their shells. 

particle states in a given shell, say the p-f-h shell, is illustrated as point A in Fig. 2.3(b). 

This configuration would correspond to an energy of LOHCL, or an excitation energy of 

8hQ above the ground state of ®Li. This same truncation scheme would not allow one 

particle to be excited into the p-f-h-j shell while the other particle remains in its unex-

cited Op-state, illustrated as point B in Fig. 2.3(b). This configuration would correspond 

to an energy of SHQ or an excitation energy of 6HQ above the ground state. Figure 2.3(a) 

illustrates how an energy truncation scheme will allow configurations at lower energies. 



35 

such as point B, but will not allow configurations above a certain energy cut off, such as 

point A. 

We have chosen to adopt an energy-truncation scheme over a truncation on shells, 

because truncating on energy allows us to eliminate the spurious center-of-mass motion 

exactly, when we are working in a harmonic-oscillator basis [43, 44, 45]. Limiting con

figurations to a given energy also seems to have more connection to the physical state 

than limiting configurations to a given set of shells. 

2.1.2 Effective Operators 

The perturbation-expansion diagrams for effective operators included in our study follow 

the work of Siegel and Zamick [17]. Zeroth-order terms for effective charges are simply 

matrix elements of the bare operators. The two first-order terms, including their exchange 

diagrams, contain one intermediate state and have one interaction between the valence 

particles and the core particles. These zeroth-order and first-order diagrams are shown 

earlier in Fig. 1.3. The two first-order diagrams are evaluated using equation (2.2). 

p,h ~ tp- th) 

X j:(2J+l)(2r+l) .  
\ 

K A  A  \ JT \ r > \ I A  A  \ J T \  

(2i6 +1) 
{{h3HY'\G\{Uh)n 

\ 
^ T 1/2 1/2 ̂  

W  
J  j b  j a  J  \ T  1/2 1/2 y 

{pliO'-'hY) (2.2) 

The operator Pp^ exchanges the labels p and h, which changes diagram 1.3(b) into di

agram 1.3(c). The energy denominator terms (e.g., Ea) are the single-particle energies 

calculated in equation (2.1). The W terms are Racah coefficients and the reduced ma

trix element convention of Mavromatis, Zamick and Brown [46] is employed, where the 

reduced matrix element ljp\[0^'^hY) is defined by 

(p\OM\h) = {LMjhmf,\jpTnp)(j)\[0^^hY) . (2.3) 

Second-order terms for effective operators include all terms with two intermediate 

states and have two sets of interactions involving the core and excited particles. Some 
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examples of the second-order diagrams for the effective operator were shown earlier in 

Fig. 1.4. Figure 1.4(a) is an example of a second-order diagram obtained by inserting 

a G-interaction into a first-order diagram, in this case diagram (b) of Fig. 1.3, creating 

a ladder diagram as discussed in Chapter 2, section 1.1. Figures 1.4(b) and (c) are ex

amples of second-order diagrams, which have no counterpart in first-order. Figure 2.4(a) 

illustrates an example of a second-order diagram, which is not included in our calcula

tion, because it contains a wave function renormalization diagram. By wave function 
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Figure 2.4: Wave function renormalization diagrams not used in the effective-operator 
calculations. 

renormalization we mean any diagram, which has the electromagnetic operator (the E2 

or Ml operators in this study) connected to an initial or final state in such a way that it 

may be separated from the rest of the diagram, leaving behind one of the diagrams of 

Fig. 2.4(b) or (c). The remainder of diagram 2.4(a), everything below p3, just serves to 

renormalize the wave function, giving us state p3 instead of the initial state a. Since we 

do not include the wave function renormalizations of Fig. 2.4(b) and (c) in the calcula

tion of our bare operators, we will not include diagrams such as 2.4(a), which contain 

these wave-function-renormalization portions within them. 

The two-particle interaction used in the effective-operator calculations is the same G-

matrix used in the large model-space no-core calculations and in the effective-interaction 

calculations, discussed earlier. These G-matrix elements were calculated using the Ni-

jmegen N-N potential [29] in a space limited to all configurations with energies up to 

6hQ. above the ground-state configuration. The same set of G-matrix elements was used 



37 

in all three excitation spaces and for first- and second-order calculations. 

Instead of using approximate energy denominators set equal to multiples of hQ, as 

done by Siegel and Zamick, we utilize energy denominators determined from calculated 

single-particle energies obtained through the same second-order perturbation-expansion 

procedure used in the effective-interaction calculations, as described in Section 2.1.1. 

This will give a more accurate description of the differences in the energies of the par

ticles involved in determining the energy denominators.  All configurations up to 6hQ 

above the ground state are included in the calculation of the energy denominators. The 

same single-particle energies were used in all calculations, regardless of the size of the 

intermediate excitation space being used for the effective-operator diagrams. 

In calculating the effective charges for ®Li, the result for each diagram was divided 

by the zeroth-order diagram for normalization, thus the renormalized zeroth-order term 

is identically one for both the T=0 and T=1 cases i.e., the isoscalar and isovector terms, 

respectively. Normalization corrections to the wave function were not included. The 

effective proton charge Cgyy and the effective neutron charge e"yy are given in terms of 

the isoscalar effective charge evaluated with T=0, and the isovector effective charge 

elf J, evaluated with T=l, according to the following equations 

= (2.4) 

= (2.5) 

where and egyy are determined by evaluating the different diagrams to various orders 

in the perturbation expansion (See Ref. [17] for example). 

2.2 No-Core Shell Model 

In a very large model space the effective two-body interaction among the nucleons should 

essentially be the G-matrix plus all folded diagrams derived from it. The G-matrix is sim

ply the sum of all two-particle ladder excitations given by equation (1.32) and repeated 

here for reference. 

G{uj) = 1/ + V ^ G{uj) (2.6) 
U! - HQ 
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In this study the Nijmegen IIN-N potential [29] is used in determining the G-matrix. 

In an earlier investigation Zheng et al.  [47] showed that in no-core calculations the 

sum of all folded diagrams can be reasonably approximated by calculating the two-body 

matrix elements of G for different starting energies according to the energies of the two-

particle states. The approximation suggested by them was 

a; = Cq -I- Cft + A, (2.7) 

where Ci is the harmonic-oscillator single-particle energy for the state i  and A represents 

the interaction energy between the particles a and b. In general, A is state dependent, 

but Zheng et al. [47] found that good results could be obtained using a constant value 

for A. In a later work Zheng et al. [32] found that G plus all of its folded diagrams 

tend to overbind light nuclei, due to the omission of higher-order many-body effects, 

if the model space is not sufficiently large. Consequently, they decided to treat A as a 

parameter to obtain the correct binding energy for the model space utilized. In this way 

A also serves as a term to treat effectively the omitted many-body effects. In this study 

A is chosen to be -25 MeV, so as to match the ground-state energy of ®Li for the no-core 

calculation having a model space of eight major shells. This same A is used to determine 

uj in all no-core model-space calculations in this paper. 

In order to gain insight into the model-space dependence of the no-core calculation, 

three different model spaces are investigated. For these three model spaces we use G-

matrix elements evaluated in such a manner as to include all two-particle states with 

unperturbed energies up to 4hQ, 6hQ, and 8hCl, corresponding to excitations of 2hQ, 

4hQ., and 6hQ. above the lowest-energy configuration of ®Li, respectively. Harmonic-

oscillator states are used for computing the two-body matrix elements of G, following 

the procedure of Barrett, Hewitt, and McCarthy [27], and a harmonic-oscillator energy of 

h^=l4 MeV is utilized. Using complete harmonic-oscillator spaces allows us to project 

out the spurious center-of-mass components in the wave functions [43,44,45]. 



39 

2.3 Model Space Transformation Operator 

Once 8hQ no-core calculations for ®Li have been performed, we can use these results to 

investigate truncation effects on the large-space operators. The many-particle calculation 

was done using the Many-Fennion-Dynamics Shell-Model Code [48] in the m-scheme 

with dimensions approaching 2x10^. As in the previous large-scale no-core shell-model 

calculations [32, 35], a reasonable description of the electromagnetic properties has been 

achieved using free nucleon charges. Our aim here is to study the renormalization of 

these operators, when the model space is severely truncated. 

For the 2hCl. dominated states of ®Li it is possible to formulate an equivalent descrip

tion purely in the Op-shell. We may divide the basis states of the 8hQ calculation into 

two subspaces, using the projectors P and Q, P + Q = 1. Here the P-space is spanned 

by the states |(0s)''(0p)^), where the (Os)'' configuration is taken to be an inert 'He core. 

There are 10 such states in the Mj = 0 m-scheme calculation and 8 in the Mj = 1 calcu

lation, respectively. The Q-space is then formed by the rest of the almost 200,000 states. 

The effective P-space Hamiltonian may be constructed by employing the Lee-Suzuki 

starting-energy independent similarity transformation method [37], which gives the ef

fective Hamiltonian PHeaP = PHP -h PHQcrP, with the transformation operator cx 

satisfying a = QaP. In the case when the full-space eigenvectors are known, like in the 

present situation, where we first do a full-space no-core calculation, this operator may be 

obtained directly. Let us denote the P-space states as lap), and those which belong to the 

Q-space, as lag). Then the Q-space components of the eigenvector |A;) of the full-space 

Hamiltonian can be expressed as a combination of the P-space components with the help 

of the operator cr 

(aqlk) = 5]<Q:Q|o"|Q!p){ap|':) • (2.B) 
ap  

If the dimension of the model space is dp, we may choose a set K of dp eigenvectors 1/:), 

for which the relation (2.8) will be satisfied. In our case we choose those states, which 

have the dominant 2hQ. component. Under the condition that the rfp x dp matrix {q;p|A:) 

for I A:) E ICis invertible, which is satisfied in the present application, the operator cr can 
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be determined from (2.8) as 

{aQ\a\ap) = J^(q!q|^) [(Q:p|A:)]"^ . (2.9) 
k&K 

Consequently, the effective Hamiltonian can be constructed as follows 

(2.10) {'yp\Hf,f{\ap) = Yi 
ke /c  

{'yp\k)Ek{k\ap) + ̂ {'yp\k)Ek{k\aQ){aQ\a\ap) 
QQ 

It should be noted that P(^) = J2qp |q:p)(q:pI^) for \k) e /C is a right eigenvector of 

(2.10) with the eigenvalue Ek. The Hamiltonian (2.10) is, in general, non-Hermitian, or 

more accurately quasi-Hermitian. It can be Hermitized by a similarity transformation, 

which is determined from the metric operator P{1 +a^cT)P. The Hermitian Hamiltonian 

is then given by [49, 50] 

H,(,= [p{l+a^cx)pf H,ft[P{l+a^a)P]~' . (2.11) 

Similarly, a corresponding effective operator Oea can be constructed for any full 

space, e.g., electromagnetic, operator O, so that it exactly reproduces the full space re

sults for the P-space eigenstates. A double-similarity transformation [51] leads to the 

P-space operator associated with the Hamiltonian (2.10) in the form 

6e(r= [P{l+a^a)P]~'{P + Pa^Q)d{P + QaP) .  (2.12) 

The operator associated with the Hermitian P-space Hamiltonian (2.11) is then obtained 

as [51, 52, 53] 

OefF = [P{l+a^a)P]"'{P + Pa^Q)d{P + QaP) 

x[P{l + a^cr)PY^ . (2.13) 

Our primary aim is to derive Op-shell effective electromagnetic operators. In the 

full-space calculation we employed the one-body E2 and M1 operators 

= e''^(i + 4,i)r?r<2l(6i)+e°Et,(|-i.,)r?5'«'(ei), (2.14) 
i=l 

A 
r<"" = 

i=l 

+(I - + 9sSi)] . (2.15) 
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with the free nucleon charges = e, e" = 0 and free nucleon ^-factors gf = 1,^" = 

0^5? = 5.586, and p" = -3.826. The P-space operators are constructed by the applica

tion of Eq. (2.13). We calculate the P-space operator and separately the orbital and 

spin parts of the Ml operator. The calculation is performed in the m-scheme and subse

quently transformed to the J, T basis. To get all the reduced matrix elements, full-space 

calculations with Mj = 0 and My = 1 must be done. 
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CHAPTERS 

RESULTS 

3.1 The Effective Interaction 

3.1.1 No-Core Results 

There is a strong model-space dependence to the effective-interaction calculations, par

ticularly for the smaller model spaces, as shown in Fig. 3.1. The effective-interaction 

calculations show a significant difference between the 4/ifi calculation and the 6hQ. cal

culation of the binding energy and excitation spectrum for ®Li. In a 4/if2 space the first 

excited J=\ T=0 state and the first J=2 T=l state are inverted, while the other states are 

in the correct order.  The correct ordering and general spacing of states is obtained in 6hQ 

and ShQ spaces. The 4hQ, calculation tends to be about 20% weaker than the 6hQ. calcu

lation. When the calculations are extended to a 8hQ. model space there is only a minor 

change in the binding energy and excitation spectrum, tending toward better agreement 

with the experimental data. The difference in the binding energies and excitation spectra 

between the 6hQ calculation and the ShQ. calculation is minimal, typically being only a 

few percent. Figure 3.1 shows the convergence of the binding energy and spectrum as 

the size of the model space grows from 4hQ. to 8hQ. The 8hQ. binding energy is fitted to 

the experimental value by our choice of A = —25MeV. The no-core calculations of the 

excitation spectrum are seen to be converging as the size of the model space increases. 

The ordering of states matches the experimentally determined ordering for the six low

est states [54]. The next four calculated excited states are also shown. The effect of 

including wings on the Q^-operator for the various model spaces is also shown in Table 

3.1. 
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Figure 3.1: No-core results showing the model-space dependence of the effective inter

action using a G-matrix calculated with wings. 
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AhQ. 6hQ ShO. Exp. 

State wings no wing wings no wing wings no wing 

Ground State 

(J=1,T=0) -24.18 -26.82 -31.61 -32.23 -31.924 -32.067 -31.996 

Spectrum 

Ex (J=3,T=0) 2.277 1.599 2.908 2.779 2.828 2.760 2.186 

Ex(J=0,T=l) 3.470 3.632 3.749 3.852 3.678 3.706 3.563 

Ex (J=2,T=0) 3.834 3.974 5.010 5.149 4.986 5.018 4.31 

Ex (J=2,T=1) 6.647 6.606 6.733 6.805 6.630 6.650 5.366 

Ex (J=1,T=0) 6.561 6.389 7.819 7.908 7.371 7.413 5.65 

Ex (J=2,T=1) 11.113 11.226 11.001 11.150 10.706 10.749 NA 

Ex(J=l,T=l) 12.285 12.504 12.133 12.315 11.716 11.769 NA 

Ex (J=1,T=0) 13.335 13.691 13.642 13.865 12J34 12.794 NA 

Ex (J=0,T=1) 15.203 15.740 15.386 15.667 14.420 14.495 NA 

Table 3.1: No-core results for the binding energy and excitation spectrum of ®Li using 

a G-matrix calculated for a Q^-operator with and without wings in various model space 

sizes. 

In general, the effect of the wings on the excitation spectrum is not large, as there is 

no change in the ordering of states when the wings are added or removed for any of the 

model spaces studied. Going to a larger model space will mean that there are more states 

excluded by the Q^-operator, which will result in the overall G-matrix elements being 

weaker. When we go to a larger model space more states contribute to the interaction. 

The net result  is that by diagonalization in a larger space we compensate for weaker G-

matrix elements by including more states in the calculation of the effective interaction. 

Including wings in the calculation of the G-matrix also causes the Q = 0 space to be 

larger, making the overall G-matrix elements weaker. Because the size of the wings is 

finite, and some of the states that are in the wings of a AhVt calculation are included 

in non-wing portion of the larger Q^-space calculations, the number of states included 

in the wings decreases as we go to larger Q''-spaces. Because there are more states in 
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the wings of a smaller Q^-space calculation, there is a greater difference between the 

calculations with and without wings in the smaller model spaces. This can easily be seen 

in Table 3.1. The inclusion of wings in the Ah^ model space reduces the binding energy 

by 2.64 MeV, which is about 10%, while the reduction in the binding energy in the 6hQ. 

and ZMl model spaces is about 2% and .5% respectively, with similar trends being found 

for the excitation energies. 

3.1.2 Perturbation-Expansion Results 

The no-core calculation in the full 8^0 model space is used as a "theoretical experi

ment" against which the perturbation-theory results are compared, as shown in Fig. 3.2. 

Upon reviewing the calculations of Thoresen, Zheng, and Barrett [55], we discovered 

that the G-matrix elements used for the perturbation-theory effective-interaction calcu

lations were obtained using A = -30 MeV, instead of A = —25 MeV, as was used in 

all other calculations. This serves to decrease the single particle energies by a about 0.2 

MeV and produces an almost uniform downward shift of the entire spectrum by a few 

hundred keV. The ordering and general spacing of states remains intact. 

The ground-state energy for the no-core calculation is taken to be the Coulomb-

corrected binding energy of ®Li relative to the binding energy of ''He, which is -4.700 

MeV [56]. It is seen that for the second- and third-order calculations the general order

ing and spacing of the states is correct, with the exception of the first excited J=l, T=Q 

state being pushed below the first J=2, T=\. state in the third-order calculation. The 

spacing of states will be affected by states above them with the same J and T values. 

The first excited (/=0, r=l), (J=2, T=l), and (J=I, T=0) states are all pushed down by 

their respective higher-lying excited states. In most cases the third-order effect is small 

compared to first and second-order effects. It can also be seen that as more diagrams 

are included, by going to higher order in G, the r=0 states, in general, become more 

attractive, while the r=l states become more repulsive, which has been shown to be the 

case for a wide range of nuclei [57]. 
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Figure 3.2: Perturbation expansion of the effective interaction shown order-by-order. 

Including wings in the calculation of the G-matrix used in the perturbation expan

sion for the effective interaction has little effect on the binding energy and excitation 

energies calculated for ®Li. The figures of this section show results using a G-matrix 

calculated with wings. Calculations have also been done using a G-matrix calculated 

without wings and there is no observable difference in the excitation spectrum figures 

with and without wings. The calculations of the binding energy of ®Li completed without 

wings in the Shfl space were consistently lower in energy by about 0.05 MeV. Similarly, 

the excitation energies calculated without wings were lower by about 0.01 to 0.04 MeV. 



47 

This small reduction is caused by both the different G-matrix elements used and slightly 

smaller single-particle energies used in the calculation without wings. When the same 

6hQ, second- and third-order matrix elements obtained from a G-matrix with wings is 

used in combination with the single-particle energies obtained without wings, the result

ing binding energy and excitation spectrum lie between the results calculated strictly with 

and without wings. Thus, the wings have an effect on both the single-particle energies 

and the matrix elements, although this effect results in a very small modification of the 

binding energy and excitation spectrum obtained in the calculations. 

Figures 3.3 and 3.4 show the results for the sum to third-order in G as the allowed 

intermediate-state excitations increase from IhQ. to 6hVt. The difference between these 

two figures is in the treatment of the energy denominators. The spectrum shown in 

Fig. 3.3 from [55] uses single-particle energies that are calculated in excitation spaces 

that match the intermediate-state excitations of the diagram being evaluated. Thus, the 

energy denominators are different in the IhQ., AhVt, and 6hQ. intermediate-state excitation 

calculations. Since many shell-model calculations use experimental values or multiples 

of hO. for their energy denominators, we show results in Fig. 3.4 using the same single-

particle energies, all obtained using 6hVt intermediate-state excitations. The difference 

between these two figures clearly illustrates that the energy denominators provide a major 

contribution to the difference in the various intermediate-state excitation calculations. 

In Fig. 3.3 and 3.4 we see that the third-order perturbation expansion for the effective 

interaction becomes more attractive as greater intermediate-state excitations are allowed. 

When compared with the no-core calculation in the same model space, the perturbation 

expansion in G for intermediate-state excitations of 6/iQ shows greater attraction for 

low-lying states than the no-core calculations with the same allowed excitations. This 

discrepancy cannot be due to omitted higher-lying excitations, because the original no-

core calculation only involved excitations up to 6/ifi. Consequently, this difference is 

probably due to missing higher-order folded diagrams, which may account for neglected 

many-body forces. These many-body forces are overall repulsive and would serve to 

bring the perturbation spectrum back up towards agreement with the no-core spectrum 

[58]. 
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Figure 3,3: Perturbation expansion to third-order for the effective interaction with differ

ent allowed excitation energies. The 2HQ, 4H^, and 6HQ. excitation spectra use energy 

denominators obtained from IhQ, 4hQ, and 6hQ. excitation calculations, respectively. 

The G-matrix used for the perturbation results in this figure was obtained using A = -30 

MeV. 
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tained using A = -25 MeV for both the no-core and the perturbation-theory calculations. 
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3.1.3 Model-Space-Truncation Results 

The perturbation-expansion calculations and the no-core calculations presented in the 

proceeding sections use a G-matrix that was calculated using a single Q-operator, A = 

-25 MeV, and = 14 MeV. The study of effective charges by Navratil, Thoresen, and 

Barrett [38] utilized a G-matrix evaluated using a different method. Instead of using 

the same Q^-operator for all configurations, a having a dependence upon 

the energy of the spectator, or noninteracting, nucleons was employed. In this method, 

different Q^-operators are employed in evaluating the G-matrix for configurations with 

different spectator energies, hence, the name multi-valued G-matrix approach. The G-

matrix used in [38] also uses the Reid93 nucleon-nucleon potential [29] and a harmonic-

oscillator parameter of hfl. = 17.2 MeV. 

Using Eqs. (2.8) through (2.11) and a full-space Hamiltonian obtained from a multi

valued energy-independent G-matrix [60], we constructed the effective Hamiltonian, 

whose matrix elements, after performing the transformation from m-scheme to JT basis, 

are presented in Table 3.2. In the same Table the well-known Cohen-Kurath Op-shell ma

trix elements [59] are shown. These were obtained by a least-square fit to experimental 

binding energies, relative to "^He, and excitation energies of ,4 = 6 - 16 nuclei. To make 

a meaningful comparison, the calculated binding energy of "^He, 27.408 MeV, obtained 

by using the same no-core approach in the ZMl space [60], was added to the diagonal 

matrix elements of our Hamiltonian. Note that by diagonalizing the Hamiltonian in Table 

3.2, we get the same excitation energies as those from the ZhQ. no-core calculation given 

in the third column of Table IV of Ref. [60]. We also present the effective Hamiltonian 

obtained in the same way from a 6hQ. calculation. Note that the dimension of the 

calculation is more than an order of magnitude smaller than that of the %hQ. calculation. 

The effective interaction used in this calculation was obtained from the %hQ, multi-valued 

interaction by leaving out the set corresponding to the %hQ. space. Let us mention that the 

change in the low-lying eigenenergies in the two calculations is not substantial and the 

ordering of levels is identical. We observe that our calculated matrix elements differ in 

some cases from the phenomenological ones. Let us point out, however, that our matrix 
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elements provide a better description of ®Li states than those of Cohen-Kurath. This can 

be understood as the latter matrix elements were fitted to a large number of nuclei across 

the entire Op-shell. 

{2ji2j2 , J T \ H \2h2M, J T )  Eff Eff-4 CK 6-16 
(11,01|^|11,01) 6.772 7.165 4.88 
(ll,011/f|33,01) -2.756 -3.201 -5.32 
(33,011/^133,01) 0.493 -0.970 0.52 
(11,10|//"jll,10) 3.999 4.202 0.28 
(ll,10|ffll3,10) -0.776 -0.988 -1.39 
(13,10ii/|13,10) -0.788 -1.333 -2.64 
(11,101^133,10) 2.086 2.464 1.09 
(13,10|i/i33,10) -4.107 -4.708 -4.02 
(33,10\H\33,10) 0.815 -0.707 0.12 
(13,llli7|13,11) 5.780 5.308 4.76 
(13,20|i7|13, 20) 0.199 -1.366 -0.32 
(13,21|fl"|13,21) 4.303 3.514 2.76 
(13,21|i7|33,21) 1.377 1.613 2.21 
(33,21|/f|33,21) 2.694 1.162 2.61 
(33,30|iy|33,30) -1.842 -3.771 -3.42 

Table 3.2: The Op-shell effective Hamiltonian matrix elements, in MeV, obtained from 
8/ifi, second column, and from 6hQ, third column, calculations for ®Li. The calculated 
binding energy of ''He, 27.408 MeV, obtained by using the same method in the SHQ 
space [60], was added to the diagonal matrix elements in order to make a meaningful 
comparison with the Cohen-Kurath phenomenological matrix elements [59], presented 
in the fourth column. 

3.2 Effective Operators 

3.2.1 No-Core Results 

Effective-operator calculations using the large-model-space no-core calculations show 

good agreement with experimental values, as shown in Table 3.3. With a A chosen as 

-25 MeV to reproduce the experimental binding energy of ®Li, the electric quadrupole 

moment, magnetic dipole moment, and root-mean-square proton radius, calculated in the 

ShQ model space, are all within about 10% of their respective experimental values. 

Just as there was a model-space dependence to the effective-interaction calculations. 
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4hn 6hn Experiment 
Operator wmgs no wmg wmgs no wmg wmgs no wmg 
B.E. -24.18 -26.82 -31.61 -32.23 -31.92 -32.07 -32.00 
E2 -.039 -.108 -.075 -.109 -.089 -.092 -.082 
Ml 0.861 0.860 0.850 0.850 0.844 0.844 0.822 
Rp (rms) 2.072 2.028 2.061 2.046 2.075 2.069 2.38 

Table 3.3: No-core results for the binding energy (B.E.), electric quadrupole operator 
(E2), magnetic dipole operator (Ml), and the root-mean-square proton radius (Rp (rms)) 
calculated in different model-space sizes for a G-matrix calculated with and without 
wings on the Q^-operator. 

there is a similar model-space dependence to the effective-operator calculations. Cal

culations for the magnetic dipole moment of the ground state of ®Li show a consistent 

model-space dependence. Going from a AhQ. calculation to a 6hQ. and a ZMl calculation 

decreases the value obtained for the magnetic dipole moment by about 1% with each 

increase in the model-space size, slightly larger when going from a AMI to a 6hQ calcu

lation, slightly less when going from a 6hQ calculation to a 8hQ calculation. This trend 

of a decreasing calculated value of the magnetic dipole moment with each step up in the 

model-space size is in the right direction and the calculated magnetic dipole moments 

are close to the experimental value. 

The calculated root-mean-square proton radius is somewhat smaller than the experi

mentally determined value. There is a slight model space dependence for the calculated 

value, where the calculated root-mean-square proton radius tends to increase as the size 

of the model space increases. Just as the binding energy was pulled in different di

rections, due to a weaker G-matrix being counteracted by including more states in the 

calculation with a larger model space, the root-mean-square proton radius also has com

peting contributing factors. Going to larger model spaces increases the binding energy, 

which pushes the radius down. This same increase in the model space introduces states 

having a greater portion of their wave function at a larger radius. From the results ob

tained, particularly for the calculations without wings, it is apparent that this second, 

wave function effect, dominates resulting in a larger root-mean-square proton radius, as 

we increase the size of our model space. This model-space dependence is too small to 



53 

account for the discrepancy between the calculated and the experimentally determined 

values, the calculated value being about 15 % smaller than the experimental value. This 

is a long-standing problem, where calculations which reproduce the correct binding en

ergy tend to give a radius that is too small and calculations, which produce the correct 

radius, tend to underbind the system [5]. Since we have chosen to reproduce the correct 

binding energy by our choice of A = -25 MeV in the starting energy, we can expect to 

calculate a radius that is too small. 

Calculations of the electric quadrupole moment for the ground state of ®Li closely 

match the small, negative experimental value of -.082. Calculations involving 4hQ ener

gies give us a small, negative value that is on the order of the experimental value. Going 

to larger model spaces improves the result giving us a value that is very close to the ex

perimental value for the electric quadrupole moment of ®Li. The trend of convergence of 

the electric quadrupole moment with larger model spaces is not so consistent as the trend 

observed in the calculation of the magnetic dipole moment. The electric quadrupole mo

ment also has competing contributions. There is a strong dependence pushing the 

electric quadrupole operator in the same direction as the root-mean-square proton radius. 

Going to larger model spaces also includes more states, which contribute to the electric 

quadrupole operator. These additional states come from high excitation energies, which 

tend to have wave functions, which extend out to large radii. Some of these additional 

states give a positive contribution to the electric quadrupole operator, while other states 

give a negative contribution. The poor convergence of the electric quadrupole operator 

indicates that it is sensitive to the contributions from higher excitation energies. The 

radial dependence and the inclusion of conflicting higher-lying states leads to the slow 

convergence of the electric quadrupole operator. 

The difference between the results obtained with and without wings for the effective 

operators depends upon the operator studied. For the magnetic dipole operator, the Osi/2 

state cannot be connected with the higher-lying states contained in the wings. Thus, 

there is no direct contribution to the magnetic dipole operator from the wing portion 

of the Q^-operator and the effect of the wings upon the calculation of the magnetic 

dipole moment is essentially nonexistent. The root-mean-square proton radius exhibits 
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a noticeable difference, when calculated with and without wings. In each of the model 

spaces studied the calculation with wings results in a smaller binding energy, increasing 

the radius. The wings also include states with a greater portion of their wave function 

at large radii. The combination of these two factors leads us to expect that calculations 

with wings will result in a greater calculated root-mean-square proton radius, which we 

observe in Table 3.3. The number of states included in the wings decreases as we go to 

larger model spaces, so we would expect the difference in the root-mean-square proton 

radius between the calculations with and without wings to diminish in the larger model 

space calculations. The diminishing effect of the wings on the root-mean-square proton 

radius can also be clearly seen in Table 3.3. Similarly, the contribution to the electric 

quadrupole operator from the wings decreases as we go to larger model spaces. In all 

model spaces studied, including the wings in the calculation of the G-matrix causes the 

no-core calculation of the electric quadrupole moment to be smaller than the calculation 

without the wings. The calculations for the electric quadrupole operator with and without 

wings grow closer together as we increase the size of the model space. The strong r^-

dependence and the contributions from the expanded portions of the model space cause 

the electric quadrupole moment to show the greatest dependence upon the wings of the 

three operators calculated. 

3.2.2 Perturbation-Expansion Results 

In evaluating the various diagrams, single-particle energies, calculated to second-order in 

perturbation expansion, were used to determine the energy denominators. These single-

particle energies were calculated using 

ei = ti + Ui, (3.1) 

where Ui was determined by evaluating the first- and second-order diagrams shown ear

lier in Fig. 2.2. For the purpose of comparison with calculations done by others [17, 18], 

all diagrams have also been evaluated using multiples of HQ. for the energy denominators. 

When using energy denominators, which set the single-particle energy spacing be

tween major shells to be multiples of HQ, the single-particle energy spacing within a 
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major shell is set equal to zero. This is not the case when using calculated single-particle 

energies as the energy for each single-particle state within a major shell is calculated 

individually. The energy spacing between major shells using calculated single-particle 

energies, instead of multiples of HQ., tends to be larger for the lower-lying states and 

smaller for the higher-lying states, as shown in Table 3.4. The calculated single-particle 

energies shown in Table 3.4 are calculated using the G-matrix with wings. The same 

single-particle energies calculated using the G-matrix without wings gives essentially 

identical results. The energies calculated using wings tended to be slightly larger, al

though this difference was less than 1%. The energy denominators are calculated as the 

energy difference between single-particle states. Since the single-particle energies calcu

lated with wings were consistently larger, the difference between single-particle energies 

of two states would be about the same in both the calculations with and without wings. 

In short, including wings has essentially no effect on the calculated energy denominators 

used in evaluating the perturbation-expansion diagrams. 

The difference in energy denominators using calculated single-particle energies re

sults in about a 10% reduction in the total effective charges, when compared with the 

traditional method of using multiples of hCl, as can be seen in Table 3.5. Looking at 

the sum of the second-order diagrams in Table 3.5, we see that the 2hQ. excitation space 

effective charges are much smaller, when using calculated energies, while there is less 

of a difference between the two methods for the effective charges calculated in the 4hQ. 

and ShQ intermediate-state excitation spaces. In the case of the 2hQ. excitation first-

and second-order diagrams, the energy denominators obtained from calculated single-

particle energies are larger and the resulting diagrams are smaller. All second-order 

diagrams have two energy denominators, which may have calculated energy gaps that 

are smaller than the energy gaps determined from multiples of when we go to higher 

intermediate-state excitations. 
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State 
Calculated^"' single 

particle energy 
Average energy above 
Osi/2 state for the shell 

Energy above Osi/2 state 
using multiples of 

OSi/2 -19.0 — — 

Opi/2 
0p3/2 

3.7 
1.2 

21.4 14 

lSi/2 
0(^3/2 
0<^5/2 

10.8 
16.6 
14.7 

31.7 28 

lPl/2 
lp3/2 
0/5/2 
0/7/2 

23.7 
21.6 
27.2 
25.9 

43.6 42 

2SI/2 
l<^3/2 
l'^5/2 
O57/2 
0^9/2 

30.2 
33.3 
31.3 
36.1 
35.2 

52.2 56 

2pi/2 
2p3/2 
1/0/2 
1/7/2 
0/l9/2 
0/111/2 

40.5 
38.8 
42.4 
40.6 
44.2 
43.6 

60.7 70 

3SI/2 
2^3/2 
2^5/2 
I57/2 
1^9/2 
Oili/2 
0^13/2 

47.0 
49.0 
47.2 
50.5 
49.2 
51.7 
51.3 

68.4 84 

3pi/2 
3p3/2 
2/5/2 
2/7/2 
l/l9/2 
1^11/2 
Ojl3/2 
Ojl5/2 

56.4 
55.0 
57.5 
55.7 
58.4 
57.4 
59.1 
58.8 

76.3 98 

Table 3.4: Single-particle energies used in determining energy denominators, as calcu

lated to second-order in a perturbation expansion. ^"^(See text and equation (3.1)) 
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A configuration, which is included in the 6hQ excitation space, but not in the IhO. 

or 4hQ. excitation spaces, may have one of the energy denominators corresponding to 

a 2hQ excitation, or a 4hQ, energy, and one corresponding to a 6hQ excitation, or a 

AhQ, energy. Thus the calculated energy denominator would be smaller than 6hCl for the 

"6hQ." intermediate-state excitation and larger than 2hQ. for the "2hQ" intermediate-state 

excitation. Hence, we will see less reduction, or even an enhancement, of the diagram 

using calculated single-particle energies, when compared to the same diagram evaluated 

using energy denominators that are 2hQ and 6hQ. This effect can be clearly seen by 

looking at the 2fiQ excitation, 4fiQ. excitation, and 6hQ excitation contributions to the 

sum of the second-order diagrams shown in Table 3.5. 

2,4, and 6hQ excitation contributions to 

first- and second-order totals of Opi/2 — 0p3/2 

multiples of HQ. 

T=0 T=1 

Calculated s.p.e. 

T=0 T=1 

2hQ excitations first-order .3270 -.1493 .2650 -.1243 

2hQ, excitations second-order 

ihO, excitations second-order 

6hQ. excitations second-order 

-.0992 -.1289 

.1171 -.0244 

.0528 -.0226 

-.0288 -.0712 

.0913 -.0226 

.0530 -.0218 

Total and 2"*^ order for all configurations within a given model space 

2hQ. excitations total 

(2 -1- excitations P'+2'"' total 

(2 + 4 -t- 6)hQ excitations P'+2"'^ total 

.2278 -.2782 

.3449 -.3026 

.3977 -.3252 

.2362 -.1955 

.3275 -.2181 

.3805 -.2399 

Qth + 1'' + 2"'' order 

(2 -f- 4 -f- 6)hQ excitations 

proton neutron 

1.0363 .3615 

proton neutron 

1.0703 .3102 

Table 3.5: Perturbation-expansion calculation showing the dependence of effective 

charges upon the type of energy denominators used. Results shown are for the 

Opi/2 — 0p3/2 transitions calculated without wave function renormalization diagrams. 

Using slightly different G-matrix elements and single-particle energies alters the re

sults of the effective-operator calculations by a very small amount. When effective-

operator calculations are compared using a G-matrix computed with and without wings 
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there is less than a 1 % difference for the electric quadrupole operator as well as the orbital 

and spin portion of the magnetic dipole operator. Similarly, the result of using single-

particle energies calculated using G-matrix elements with and without wings also yields 

less than a 1% difference in the effective charges obtained for the effective operators. 

This result holds for the AhQ, 6hVt, and ZMl spaces as well as for first and second-order 

calculations. Since we see only a small effect from including the wings in the calculation 

of the G-niatrix for both the effective interaction and the effective operator calculations, 

we can safely conclude that the contribution of the wings plays no significant role in 

perturbation-expansion calculations. 

Because the calculations are done in a finite-sized model space, we also investigate 

the effect of including more intermediate states. For this portion of the study the same 

%hVt G-matrix elements, calculated using the Nijmegen n N-N potential, were used for 

all three choices for the intermediate-state excitations. The same energy denominators, 

determined from calculated single-particle energies, were also employed in all three cal

culations. The only difference between the three different intermediate-state calculations 

is that additional excited states have been allowed to be included in the calculations. The 

largest intermediate-state space includes all the configurations that are included in the 

smaller spaces and obviously yields exactly the same results for these lower-lying config

urations. Allowing a larger intermediate-state space will involve configurations at higher 

energies; these configurations will have larger energy denominators and the contribution 

from each higher-lying configuration should be smaller. While the contribution of each 

individual configuration is generally smaller with a larger intermediate-excitation space, 

the number of configurations greatly increases with each increase in the excitation-space 

size. These two effects are pulling the convergence of the calculation in opposite direc

tions. In a larger space the energy denominators are larger, leading to convergence, yet 

there are more configurations that contribute, leading away from convergence. 

The results of the effective-charge calculations for T=0 and T=l in the various model 

spaces are shown in Table 3.6. In the first-order diagrams, only the configurations that are 

exactly 2hQ. above the ground state contribute. This is because the operator involved is an 

interaction between the Osi/2 hole state and a particle state, and only the 0^3/2 and 0^5/2 
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particle states have non-zero matrix elements of the transition operator with the Osi/2 

state. Having the hole states limited to the Osi/2 state also excludes the possibility of a 

pure 2hD. excitation configuration in the Random Phase Approximation (RPA) diagrams 

shown in Fig. 3.5(e-h). 
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Figure 3.5: Examples of the TDA (a-d) and RPA (e-h) graphs used in evaluating effective 

operators. 
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Op 1/2 — 0p3/2 0P3/2 - 0p3/2 

T = 0 T= I T = 0 T= 1 

2Ml excitations P' order .26497 -.12428 .22569 -.13281 

4^Q excitations I®' order — — — — 

excitations 1®' order — — — — 

2hQ. excitations 2""^ order TDA .05165 .01152 .04778 .01218 

AhO. excitations 2"'' order TDA .01584 .00401 .01459 .00430 

6/iQ excitations 2"'' order TDA .00357 .00105 .00326 .00114 

2hQ. excitations 2"'' order RPA — — — — 

4hQ. excitations 2"*^ order RPA .02258 .00477 .01911 .00530 

excitations 2"'' order RPA .00676 .00174 .00560 .00196 

2hQ, excitations 2"*^ order total -.02885 -.07118 -.03457 -.06301 

4hQ. excitations 2"'' order total .09133 -.02256 .08538 -.02124 

6hQ. excitations 2"'' order total .05299 -.02181 .05059 -.02105 

2hQ excitations l^'+2"'^ total .23612 -.19546 .19112 -.19582 

AhO. excitations P'+2"'' total .09133 -.02256 .08538 -.02124 

6hQ. excitations P'+2"'' total .05299 -.02181 .05059 -.02105 

Table 3.6: Iso-scalar and Iso-vector components of effective charges for various dia

grams using calculated single-particle energies and an S^fiG-matrix with wings. Num

bers listed are contributions due to the expanded portion of the intermediate-excitation 

space only, calculated without wave function renormalization diagrams. 

Because there are no additional contributions to the zeroth- and first-order terms from 

excitations greater than 2hQ., we are left only the second-order diagrams for investigating 

the intermediate-excitation space dependence. In general, the contribution from the ex

panded portion of the excitation space for each individual diagram decreases as the size 

of the intermediate space grows, although there are a few cases where the QhQ. excitation 

contribution is of the same size or slightly larger than the excitation contribution, 

which is in turn of the same size or larger than the 2hVL excitation contribution for the 

same diagram. 
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In the paper by Siegel and Zamick [17] they also study the effect of going to a larger 

excitation space. Their method of determining the excitation space differs from the one 

in this study, in that they restrict their space by allowing all configurations for particles 

within a given shell. In the current study we restrict the intermediate excitation-space to 

all configurations within a given energy limit. The calculations by Siegel and Zamick 

leave out configurations with a single-particle in a high-lying shell and a lower energy 

than some of their included configurations. The calculation in the current study does 

not include configurations obtained within a given shell that are at higher energies than 

the limit set on intermediate-state excitations. Some conclusions can still be drawn from 

the similarities of going to larger excitation spaces. In the Siegel and Zamick paper 

they looked at the convergence of the TDA and RPA diagrams and assumed that these 

diagrams would adequately estimate the effect of intermediate-space truncation. Their 

calculations show that the contributions from the larger excitation space for the TDA 

and RPA graphs are about one order of magnitude smaller than the contribution from 

the smaller excitation spaces. In our calculation the contribution from each of the suc

cessively larger excitation spaces decreases by roughly a factor of four for the TDA and 

RPA diagrams. Yet, when we calculate the sum of all second-order diagrams, we do not 

observe the same convergence that was found for the TDA and RPA studies. In fact, 

the second-order total contributions from the different intermediate-state spaces are of 

comparable magnitude and some are even of different sign. This can be seen both in 

the results for T=0 and T=l, shown in Table 3.6, and in the effective proton and neutron 

charges shown in Table 3.7. The intermediate-state excitation-space truncation does not 

show strong convergence, although the major contribution to the effective charges does 

come from 2hQ. excitation contributions. 
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Opi/2 - 0p3/2 

proton neutron 

0p3/2 — 0p3/2 

proton neutron 

Zeroth-order 1 0 1 0 

First-order 2hQ. excitations 

First-order AhQ excitations 

First-order 6hQ excitations 

.07035 .19463 .04644 .17925 

Second-order TDA 2hQ. excitations 

Second-order TDA 4/if2 excitations 

Second-order TDA QhQ, excitations 

.03159 .02007 

.00993 .00592 

.00231 .00126 

.02998 .01780 

.00945 .00515 

.00220 .00106 

Second-order RPA 2hQ. excitations 

Second-order RPA 4hQ excitations 

Second-order RPA 6hQ excitations 

.01368 .00891 

.00425 .00251 

.01221 .00691 

.00378 .00182 

Second-order Totals 2IiQ. excitations 

Second-order Totals AhQ. excitations 

Second-order Totals 6hQ excitations 

-.05002 .02117 

.03439 .05695 

.01559 .03740 

-.04879 .01422 

.03207 .05331 

.01477 .03582 

order 2hQ. excitations 

order 4hQ excitations 

I3t^2^d order 6hQ excitations 

.02033 .21580 

.03439 .05695 

.01559 .03740 

-.00235 .19347 

.03207 .05331 

.01477 .03582 

2hQ+4hQ.+6hQ 

order total 1.07031 .31015 1.04449 .28260 

Table 3.7: Proton and neutron effective charges for various diagrams obtained using 

calculated single-particle energies, an 8/lfiG-matrix with wings and without including 

wave function renormalization diagrams. 

In studying the order-by-order convergence of the diagrams, we see again that the 

diagrams evaluated with T=0 show better convergence than the diagrams evaluated with 

T=l. The second-order diagrams are all significantly smaller than the two first-order 

diagrams for T=0. The sum of second-order diagrams is about an order-of-magnitude 

smaller than the sum of the two first-order diagrams. The second-order diagrams for 
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T=1 are all individually smaller than the two first-order diagrams, but the sum of the 

second-order T=l diagrams is approximately the same size as the sum of the two first-

order T=1 diagrams. 

When the isoscalar and isovector contributions are combined to produce proton and 

neutron effective charges, via Equations (2.4) and (2.5), the different convergence trends 

for the T=0 and T=1 diagrams cause problems for the convergence of the effective proton 

and neutron charges. The neutron effective charge is dominated by the 2hQ first-order 

diagrams, being about twice the size of the sum of all second-order diagrams. The pro

ton effective charge does not show a similar dominating term. The second-order totals 

show a strong excitation space dependence. The 4hQ and 6hQ second-order totals are 

of opposite sign and similar magnitude to the 2hQ second-order total and tend to cancel 

any major contribution from the second-order diagrams. It is unclear if going to larger 

excitation spaces will result in any significant contributions from second-order diagrams. 

Although the RPA and TDA diagrams show good convergence as the excitation space in

creases, other second-order diagrams, particularly ones of opposite sign, counteract this 

convergence trend. The sum of all second-order diagrams is marginally largest for the 

2hCl excitation contributions for the effective proton charge but the same cannot be said 

for the effective neutron charge. 

The effective neutron charge is of the order of 0.3 with about two-thirds of this com-

ming from the first-order diagram. The effective proton charge is slightly larger than 

one, with the major contribution coming from first-order and, at least in a 6hQ excitation 

space, no significant contribution comming from second-order diagrams. 
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II
 

s-d shell 

Matrix element Order -Od5/2 Ods/2 -lSl/2 Ref. 

proton neutron proton neutron 

Kallio-KoIItveit Qth ^ 1.144 .406 1.101 .285 SZ70 
Kallio-Kolltveit 1.173 .544 1.061 .381 SZ70 
Kallio-Kolltveit TDA 1.305 .510 1.197 .347 SZ70 
Kallio-Kolltveit RPA 1.378 .555 1.236 .371 SZ70 
Kuo-Brown Qth ^ pt 1.096 .307 1.111 .251 SZ70 
Kuo-Brown IDA 1.209 .378 1.193 .309 SZ70 
Kuo-Brown 0"'-f-P'-l-2"'^ RPA 1.243 .398 1.216 .327 SZ70 
BHMl Qth ^ 1.099 .258 1.115 .219 ES71 
BHMl Qth ^ ^ 1.042 .314 1.020 .254 ES71 
BHM2 0</i + ist 1.145 .615 1.147 .512 ES71 

BHM2 Qth 2nd 1.114 .683 .971 .540 ES71 

A= 15 p shell 

Matrix elements Order Opi/2 -Op3/2 0P3/2 -Op3/2 Ref. 

proton neutron proton neutron 

Kallio-Kolltveit Qth ^ 1.224 .629 SZ70 
Kallio-Kolltveit 0"'+P'+2'"' TDA 1.502 .805 SZ70 
Kallio-Kolltveit Ot'i + pi+2"''RPA 1.635 .886 SZ70 
Kuo-Brown Qth 1.188 .483 1.120 .451 SZ70 
Kuo-Brown Qth TDA 1.377 .603 1.301 .557 SZ70 
Kuo-Brown 0£/i + pt+2"'' RPA 1.442 .644 1.362 .588 SZ70 

A=:6 p shell 

Nijmegen Qt/l + isi 1.089 .238 1.059 .223 — 

Nijmegen 0"'+r'4-2"'' TDA 1.149 .275 1.118 .258 — 

Nijmegen 0"'-t-P'+2'"^RPA 1.175 .291 1.141 .270 — 

Nijmegen Qth ^ js£ _j_ ^ynd 1.036 .361 1.012 .342 — 

Table 3.8: Comparison of effective charges obtained from other perturbation-expansion 

calculations using different nucleon-nucleon interactions. All of the studies listed above 

use energy denominators that are multiples of HQ, including the results from the current 

study, shown in the final four rows. 
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Excitation Opi/2 -- Opi/2 Opi/2 -- 0p3/2 Op3/2 - 0p3/2 

Space H
 

II
 

o
 

T= 1 H
 

II
 

o
 

T= 1 

O
 

II T= 1 

2 h£L 1-part -0.0765 0.0243 -0.0135 0.0147 0.0279 0.0213 

4 Ml 1-part -0.1020 0.0410 -0.0220 0.0253 0.0307 0.0361 

6 1-part -0.1146 0.0527 -0.0296 0.0310 0.0267 0.0432 

2 h£l s-part 0.0174 -0.0439 -0.0135 -0.0364 0.0375 -0.0228 

4 hCt s-part 0.0329 -0.0537 -0.0220 -0.0452 0.0753 -0.0286 

6 hD. s-part 0.0400 -0.0560 -0.0319 -0.0481 0.0943 -0.0304 

2 hO. 1+s total -0.0591 -0.0196 -0.0270 -0.0217 0.0654 -0.0015 

4 Ml 1+s total -0.0691 -0.0127 -0.0440 -0.0199 0.1060 0.0075 

6 Ml 1+s total -0.0746 -0.0033 -0.0615 -0.0171 0.1210 0.0128 

Opi/2 -- Opi/2 Opi/2 -- Op3/2 Op3/2 - Op3/2 

proton neutron proton neutron proton neutron 

2+4+6 hO. 1-part -0.0310 -0.0837 0.0007 -0.0303 0.0350 -0.0083 

2+4+6 Ml s-part -0.0080 0.0480 -0.0400 0.0081 0.0320 0.0623 

2+4+6 Ml 1+s total -0.0390 -0.0357 -0.0393 -0.0222 0.0670 0.0540 

Table 3.9: Perturbation-expansion calculation of the magnetic dipole moment of ®Li 

using calculated single-particle energies and an 8/inG-matrix with wings. 

The results for the perturbation-expansion calculation of the magnetic dipole mo

ments of ®Li are shown in Table 3.9. As the size of the excitation space increases the 

convergence of the T=0 and T=1 elements is well behaved for both the orbital and spin 

portion of the dipole moment matrix elements. The best convergence occurs in the T= I 

spin contribution to the magnetic dipole operators, where each increase of 2h^ in the 

excitation space gives an additional contribution, which is approximately one fourth of 

the lower-excitation-space contribution. In these particular matrix elements the major 

contribution comes from the 2 W. excitation configurations with relatively small con

tributions from higher-lying excitations, which tend to decrease as the excitation energy 

gets larger. 
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The vast majority of the diagrams used to evaluate the magnetic dipole operator give 

zero contribution due to the relatively small number of non-zero bare magnetic dipole 

matrix elements. The bare Ml matrix element is nonzero only when the initial and final 

states of the operator have the same quantum numbers n, 1, s, my and tj. All first-order 

diagrams, shown in Fig. 1.3, give zero contribution to the magnetic dipole operator be

cause the operator connects a Osi/2 hole state with a higher lying particle state which has 

a different value for the quantum numbers n and/or 1. Since the zeroth-order contribu

tion does not change and the first-order contribution is identically zero for all states, it is 

difficult to make any statement about the order-by-order convergence of the perturbation 

expansion. Even the TDA and RPA diagrams, which have traditionally been evaluated 

to higher order in calculations of other effective operators, are identically zero, so we 

are unable to pursue the order-by-order convergence of the magnetic dipole operator any 

further. 

The results obtained from perturbation-theory calculations of the magnetic dipole 

operator are consistent with results obtained from other calculations [20, 46]. All of 

the TDA and RPA diagrams, which we evaluate to give zero contribution, also have zero 

contribution in other studies involving one or two nucleons outside a doubly magic closed 

shell. The second-order corrections to the magnetic dipole operator are small with the 

majority contribution to these operators coming from the zeroth-order term. 

3.2.3 Model-Space-TVuncation Results 

In Table 3.10 we present selected matrix elements of pieces of (2.14), namely the opera

tors 

E2 = + (3.2) 
1=1 

/I 
Ml = + (3.3) 

t=l 

Ms = • (3.4) 
t=i 

These matrix elements are reduced in J and for = 0. The second column shows the 

matrix elements of the effective operators, as obtained from Eq.(2.13) and the procedure 
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outlined above. Note that these operators, when used with the eigenvectors of the effec

tive Hamiltonian obtained from (2.11), whose matrix elements are shown in Table 3.2, 

give the same mean values and transition rates as the original one-body operators (3.2) in 

the no-core model space. Also note that the effective operators are two-body operators, 

unlike the original full-space operators, which are one-body operators. 

Let us first discuss the E2 operator. In the third column of Table 3.10 the reduced 

matrix elements of the operators (3.2), evaluated in the P-space, i.e. the Op shell, are 

shown for comparison. We observe, that there is a striking difference in the renormal-

ization of the isoscalar and isovector matrix elements of (E2)efr. The former are much 

larger in magnitude than the latter in comparison with the unrenormalized values of the 

operator (3.2). Apparently, there is no chance to approximate the effective operator as 

(3.2) multiplied by some effective charge. Instead, it is possible to mimic the mentioned 

isoscalar-isovector effect by approximating the effective operator as a combination of 

one-body proton and neutron operators with different effective charges, e.g., 

(E2).,r « + 
t=l 

~ , (3.5) 
t=l 

where only valence nucleons contribute in the sums. A better approximation may be ob

tained when the effective charges become j-dependent, e.g., Yiij in the 

second-quantization form. We calculated the effective charges from the reduced matrix 

elements of the appropriate operators by a least-square fit. The resulting j-dependent, 

as well as j-independent, effective charges are presented in Table 3.11, and the corre

sponding reduced matrix elements are shown in the fourth and fifth columns of Table 

3.10. First, we observe that this kind of approximation works very well. Moreover, the 

pure two-body matrix elements, which cannot be reproduced by an approximation of the 

type (3.5), are almost a factor of ten smaller than the largest one-body matrix elements. 

Second, the calculated effective charges = 1.527e, e^fj- = 0.364e are close to the 

phenomenological ones mentioned in the introduction. Third, the j-dependence of the 

effective charges is rather moderate. 
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0) Eff ob ob eff-j ob eff 

(11,10|E2(13,20) 5.916 2.739 5.539 5.179 

(11,10|E2|13,21) -3.101 -2.739 -3.256 -3.184 

(13,20|E2|13,21) 2.137 2.092 2.321 2.432 

(13,211E2|13,21) -3.612 -2.092 -3.605 -3.956 

(13,101E2|33,21) -2.481 -1.937 -2.303 -2.251 

(13,101E2(33,30) -6.295 -3.240 -6.554 -6.128 

(33,01|E2|33,21) -3.942 -2.236 -3.854 -4.229 

(33,21|E2|33,30) 4.122 3.742 4.152 4.350 

(ll,10|E2lll,10) 0.501 0.0 0.0 0.0 

(11,10|E2|33,30) 0.649 0.0 0.0 0.0 

(11,01|M1|11,10) -0.902 -1.155 -0.912 -0.949 

(ll,10|Mllll,10) 1.560 1.633 1.585 1.621 

(13,11|M1|33,10) -0.439 -0.646 -0.509 -0.531 

(13,21|M1|33,21) -0.603 -0.646 -0.586 -0.641 

(33,01|M1|33,10) -1.098 -1.291 -1.096 -1.061 

(33,301M1|33,30) 3.122 3.055 3.106 3.032 

(I1,01|M1133,10) -0.100 0.0 0.0 0.0 

(ll,011Mslll,10) 0.289 0.289 0.280 0.270 

(ll,10(Ms|ll,10) -0.336 -0.408 -0.360 -0.383 

(ll,10|Ms|13,20) 0.804 0.913 0.829 0.856 

(ll,10|Ms|13,21) -0.819 -0.913 -0.839 -0.855 

(33,01|Msl33,10) -0.618 -0.646 -0.620 -0.604 

(33,30|Ms|33,30) 1.460 1.528 1.476 1.433 

(ll,01|Ms|33,10) 0.041 0.0 0.0 0.0 

Table 3.10; Selected reduced matrix elements of the proton E2, in h/mQ, and Ml, in 

/iN, operators. Here, (O) = (2ji2j2, ^iT'i|6|2j32j4,In the second column the 

Op-shell effective operator matrix elements, obtained from the ShQ calculation for ®Li, 

are presented. The third column shows the corresponding proton one-body (ob) oper

ator matrix elements. The fourth and fifth columns display the matrix elements of the 

one-body operators with j-dependent and ^-independent effective charges, respectively. 

These operators are combinations of one-body proton and neutron operators. 
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From the phenomenological studies it is well known that the magnetic dipole transi

tions and moments can be in most cases described, at least in light nuclei, by using the 

operator (2.15) with small modification of the ^-factors. 

Also the effective orbital and spin operators obtained in our study are much less renor-

malized, when compared to the starting one-body operators, than the electric quadrupole 

operator. It is reflected in the second and third parts of Table 3.10. The isoscalar-isovector 

effect is much smaller, and, in the case of the spin operator it is almost non-existent. Un

like the case of the quadrupole operator, the effective dipole operator matrix elements 

are, on average, smaller in comparison with one-body ones. A perhaps surprising re

sult is, however, the observation that the orbital part is more renormalized than the 

spin part and, moreover, a neutron orbital part is generated with an effective (/-factor 

^"eff = 0.085. The proton ^-factor is about 10% quenched = 0.907. The spin part 

is quenched by about 6%, e.g., = 0.937^p -I- 0.001(7", and from the isospin symme

try = 0.937^" -I- 0.00l^P. As in the quadrupole operator case, the j-dependence is 

also moderate for the magnetic dipole operator effective charges, but the pure two-body 

matrix elements are relatively smaller. 

The J-independent effective charges extracted in the same way from the 6hQ. calcu

lation are also presented in Table 3.11. We observe that the renormalization is smaller 

in this case. This reflects the fact that, for example, the E2 transition rates obtained in 

the 6hn, calculation are weaker than those calculated in the ShO. space. Our observation 

here is that the effective Hamiltonian converges more rapidly than the E2 operator with 

respect to the full-space size change. 

To quantify the two-body content of the effective Op-shell electromagnetic operators, 

we evaluate the quantity R = where the 

Oij denote the matrix elements between the Op-shell two-body states i and j. In this 

way we estimate the part of the effective operators, which cannot be expressed as a 

combination of one-body operators. When using one-body operators with j-dependent 

(3.6) 
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charges, we obtain a two-body contribution of 10.1% for E2, 3.8% for MI, and 3.2% 

for Ms, respectively. For the one-body operator with j-independent effective charges the 

two-body contributions are 12.3% for E2, 5.3% for Ml, and 4.4% for Ms, respectively. 

Clearly, the magnetic dipole operators are better approximated by combinations of one-

body operators. 

6  1  3  o •> e  1 3  11 C 3  3  0 9 C 3  3  
2 2 

e  1  i  C l l  

E2 1.606 0.417 1.417 0.307 - -

Ml 0.848 0.060 0.933 0.084 0.880 0.090 

Ms 0.914 -0.006 0.963 0.003 0.925 -0.043 

^eff CefF eeff-6 < f f - 6  

E2 1.527 0.364 1.302 0.244 

Ml 0.907 0.085 0.931 0.063 

Ms 0.937 0.001 0.953 -0.003 

Table 3.11: Effective charges of the proton quadrupole, magnetic orbital and magnetic 

spin operators, derived by least-square fits to the corresponding Op-shell effective oper

ators obtained from the ShQ calculation for ®Li using the multi-valued starting-energy-

independent G-matrix and hQ= 17.2 MeV, as discussed in the text. Both the j-dependent 

and J-independent effective charges are shown. Also, the j-independent effective charges 

obtained in the same way from the 6hQ. calculation are presented in the last two columns. 

For the definition of the effective charges see Eq. (3.5). 

For a direct comparison with the effective charges obtained in the perturbation-

expansion calculation we recalculate the effective charges in this model-space trunca

tion scheme using the same interaction used in the perturbation calculation, namely, a 

single-valued G, obtained with the Nijmegen II nucleon-nucleon potential, a harmonic-

oscillator parameter HQ = 14 MeV, and a fixed A = -25 MeV. The effective charges 

obtained with this interaction are shown in Table 3.12. 
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E2 1.184 0.272 1.080 0.215 - -

Ml 0.890 0.036 0.954 0.061 0.910 0.068 

Ms 0.939 -0.012 0.972 -0.001 0.943 -0.031 

^eff fieff pP ®efF-6 

E2 1.141 0.272 1.087 0.189 

Ml 0.934 0.061 0.948 0.047 

Ms 0.955 -0.005 0.966 -0.005 

Table 3.12: Effective charges of the proton quadrupole, magnetic orbital and magnetic 

spin operators, derived by least-square fits to the corresponding Op-shell effective oper

ators obtained from the 8^f2 calculation for ®Li using the single-valued starting-energy-

dependent G-matrix and /zQ = 14 MeV, as discussed in the text. Both the j-dependent 

and J-independent effective charges are shown. Also, the j-independent effective charges 

obtained in the same way from the 6Af2 calculation are presented in the last two columns. 

For the definition of the effective charges see Eq. (3.5). 

A comparison of the effective charges in Tables 3.11 and 3.12 shows that the effec

tive charges obtained with the single-valued G-matrix are considerably smaller than the 

effective charges obtained with the multi-valued G-matrix. A major factor in this differ

ence is the choice of the harmonic-oscillator parameter. The one-body operators for the 

electric quadrupole elements contain a factor of l/hVl, calculations with a larger value of 

hQ will have smaller one-body operators and will require larger effective charges. The 

multi-valued calculation was evaluated with = 17.2 MeV, while the single-valued cal

culation was evaluated with h£l = 14 MeV. The dependence of the electric quadrupole 

operator on the harmonic-oscillator parameter hVL should decrease as we increase the 

size of our model space. The ratio of the single-valued and the multi-valued calcula

tions of the electric quadrupole operator in the O^Q excitation space should be 17.2/14, 

while in the larger spaces the difference should be much smaller. Because the effec

tive charge for the electric quadrupole operator is essentially the ratio of the operator 
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obtained in the large space and the operator obtained in the OhQ excitation space and 

because the difference between the two calculations in a large model space should be 

small, the two different effective charges should scale approximately the same as the 

excitation space operators. From this HQ. dependence we can expect the electric 

quadrupole effective charges calculated with 17.2 MeV should be larger by a factor 

of 17.2/14 « 1.23. This hO, dependence accounts for some of the difference between 

the two sets of effective charges, but the interactions used in the calculations also con

tribute to this difference. The electromagnetic transitions are weaker in the single-valued 

calculation, which also contributes to the differences in the effective charges. 
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CHAPTER4 

CONCLUSIONS 

To summarize, the goal of this project was to study different microscopical ap

proaches for calculating the properties, e.g., binding energies, excitation spectra, elec

tromagnetic operators, etc., of light nuclei, and in particular, ®Li. In this regard, a large 

basis-space no-core calculation using a microscopically derived two-body effective in

teraction and all nucleons active gives a good reproduction of the known spectrum of ®Li. 

Consequently, we can use the results of the no-core calculation as those of a "theoretical 

experiment," against which we can compare standard perturbation-theory calculations 

for the effective interaction and other effective operators. Such a comparison is use

ful because we know the input to the no-core calculation and how it differs from the 

perturbation-theory calculations for the effective interaction and other effective opera

tors. 

In the case of the perturbation expansion for the effective interaction we find results 

consistent with previous investigations [61], namely: 1) the second-order terms (e.g., the 

core-polarization process) generally lead to atu-action for T=0 states and repulsion for 

T=1 states, and 2) the third-order T=0 contributions are sizable, while the third-order 

T=1 contributions are small and more-or-less negligible. 

Because we use the same harmonic-oscillator basis for both the no-core and effective-

interaction calculations, we know that differences in the calculations are not due to mean-

field effects. Also, because the no-core calculation is truncated at 6hQ. excitations above 

the ground-state configuration, corresponding to a total energy of ShQ, we know that 

discrepancies in the effective-interaction calculation are not due to omitted higher-lying 

excitations. In fact, the only major difference between the two calculations is the treat

ment of effective many-body forces. (There are no real many-body forces in either cal

culation.) The no-core calculation has effective three- and higher-body forces, due to 
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diagonalization of G in the space of six nucleons being active for energies up to 8/ifi. 

The effective interaction is only for two-body interactions, which are diagonalized in the 

Op shell for two active nucleons. Consequently, the results of our calculations clearly 

demonstrate that the failure of our effective interaction to reproduce the no-core results 

is due to the omission of these effective many-body interactions, which are obviously 

repulsive for T=0, because the low-lying states are too attractive compared with the no-

core results. Because all the features of our effective-interaction results are the same 

as previous, standard effective-interaction investigations, we conclude that, without ad

equate treatment of effective many-body interactions, effective-interaction shell-model 

calculations will fail to accurately describe nuclear spectra. The disagreement will be

come worse as the number of valence nucleons increases, since the many-body effects 

will increase relative to the two-body effects. 

The same large basis-space no-core calculation that gave us good results for the ef

fective interaction is also used to calculate the electric quadrupole and magnetic dipole 

moments of ®Li, yielding good agreement with experiment. We again use the no-core 

calculation as a theoretical experiment for the purpose of comparison with the stan

dard perturbation-theory calculations of effective operators. The results from the electric 

quadrupole operator give us more information about perturbation-theory calculations of 

effective operators than the results of the magnetic dipole calculation. For the electric 

quadrupole operator we find that the use of single-particle energies, instead of multiples 

of h^, for the energy denominators has a small effect, favoring larger effective neutron 

charges for calculations with energy denominators, which are multiples of HQ.. 

Unlike the calculation for the effective interaction, the order-by-order convergence of 

the perturbation expansion for effective charges is better for T = 0 states than for T =1 

states. When we look at the proton and neutron effective charges, we see that the proton 

effective charge has small and opposite contributions coming from first- and second-

orders, while the effective neutron charge has its first-order contribution about twice as 

large and of the same sign as the second-order contribution. The effective charges that 

we obtain, &n « 0.3 and Cp ^ 1.1, are similar to the effective charges obtained in other 

perturbation calculations with larger nuclei. The effective charges obtained through a 
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perturbation expansion show good agreement with the effective charges obtained through 

a model-space truncation calculation, when the same interaction and harmonic-oscillator 

parameter are used. 

When we look at the convergence of the perturbation-expansion calculation as the 

size of the excitation space grows we come to a different conclusion than the one reached 

by Siegel and Zamick [17]. The study by Siegal and Zamick calculates the RPA diagrams 

in a larger excitation space and find that it is well-behaved. From this they conclude that 

other diagrams will also be well-behaved. In our study we also find that the RPA dia

grams are well-behaved, when we go to larger excitation spaces, but when we sum all 

second-order diagrams, we find that the sum does not show the same well-behaved con

vergence trend as the RPA diagrams do. Although the major contribution to the effective 

charges does come from the low-lying IhQ excitations, the contribution due to higher ex

citation energies does not drop off enough to warrant discarding the contributions from 

excited states of higher energy. It appears that the electric quadrupole moment is more 

sensitive to higher-lying excited-state contributions than is the effective interaction. 

Including wings in the definition of our Q^-operator makes more of a contribution 

in the smaller model-spaces. When we go to an ZhQ. space, the wings contribute very 

little to both the effective interaction and the effective operators, because we truncate 

the wings at lO/in. (Contributions of the wings above lOhQ may be neglected [27].) In 

smaller model spaces the wings contribute differently to different operators. The electric 

quadrupole operator appears to be the most sensitive to the wings, but in an ShQ space 

the difference is only a few percent. Thus, in smaller model spaces the wings should be 

carefully considered, but in larger model spaces there is only a minor contribution from 

the wings. 

Since the zeroth-order effective charges are fixed and the first-order contributions 

are zero for the magnetic dipole operator, there is little that can be concluded about the 

convergence of this operator. It is worth noting that there is very little contribution to both 

the orbital and the spin portion of the magnetic dipole operator from second-order. This 

is consistent with the findings of the model space tmncation results for effective magnetic 

dipole charges, i.e. g-factors. Similar to the findings from the calculation of the electric 
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quadrupole operator, the effective charges we obtain from the perturbation expansion for 

the magnetic dipole operator show good agreement with the effective charges obtained 

in the model-space-truncation calculation, when using the same single-valued G-matrix 

in both calculations, as summarized in Table 4.1. 

Opi/2 ~ Opl/2 OPl/2 - 0p3/2 0p3/2 ~ Op3/2 
proton neutron proton neutron proton neutron 

E2 perturbation — — 1.07 .31 1.04 .28 
E2 space truncation — — 1.18 .27 1.08 .22 
Mil perturbation .97 -.08 1.00 -.03 1.04 -.01 
Mil space Uiincation .91 .07 .89 .04 .95 .06 
Mis perturbation .99 .05 .96 .01 1.03 .06 
Mis space truncation .94 -.03 .94 -.01 .97 -.001 

Table 4.1: Comparison of effective charges obtained through a perturbation-expansion 
calculation and a model space truncation calculation. Both results are for a single-valued, 
8/if2 G-matrix using the Nijmegen n nucleon-nucleon potential and hn = 14 MeV. 

Our "theoretical experiment" is taken to be the ShQ no-core calculation. This large 

model-space no-core calculation produces results that are in reasonable agreement with 

actual experimental values for the binding energy and excitation spectrum and for the 

effective operators in the truncated space, i.e.. Op shell. Computational constraints limit 

us to calculations up to BhQ in energy. Looking at the trend of convergence as we go 

from AhO. to 6hQ to we see that the excitation spectrum is converging toward the 

experimentally obtained values. Although it is unclear how much the results will im

prove in the ideal limit of an infinite energy, we can see that already we obtain results 

that are much closer to the experimental values than perturbation calculations that have 

been the norm for effective interaction calculations for so many years. The effective op

erator calculations for the electric quadrupole operator and magnetic dipole operator also 

demonstrate good agreement with experiment and we should expect results to improve 

even more as we go to even larger model spaces. 

We have also shown that model-space truncation is sufficient to generate operator 

renormalization, which is characterized by effective charges compatible with those used 

in the phenomenological applications. We have found that the isoscalar and isovector 
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parts of the operators are renormalized differently, particularly in the case of the electric 

quadrupole operator. This difference in renormalization is the source of a non-zero neu

tron effective charge. As in the case of the effective interaction, these findings are based 

on a no-core ShQ calculation for ®Li with a two-body interaction derived microscopically 

from the Nijmegen II nucleon-nucleon potential, from which the 2hQ Op-shell effective 

Hamiltonian, electric quadrupole, and magnetic dipole operators were constructed. The 

obtained effective operators are two-body operators. We have shown, however, that they 

may be well approximated by one-body operators. Their two-body content is about 10% 

for E2 and about 4% for Ml operators, respectively. We also studied the dependence of 

the renormalization on the size of the full space. We observed a non-negligible differ

ence between the effective E2 charges extracted from the ShQ calculation in comparison 

to those obtained from the 6hQ calculation. On the other hand, the changes in the effec

tive Hamiltonians obtained in the two calculations are less pronounced. 
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