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ABSTRACT 

Mechanical fasteners remain the primary means of load transfer between 

structural components made of composite laminates. As, in pursuit of increasing 

efficiency of the structure, the operational load continues to grow, the load carried by 

each fastener increases accordingly. This accelerates initiation of fatigue-related cracks 

near the fasteners holes and increases probabiliQr of failure. Therefore, the assessment of 

the stresses around the fastener holes and the stress intensity factors associated with edge 

cracks becomes critical for damage-tolerant design. Because of the presence of unknown 

contact stresses and the contact region between the fastener and the laminate, the analysis 

of a pin-loaded hole becomes considerably more complex than that of a traction-free hole. 

The accurate prediction of the contact stress distribution along the hole boundary is 

critical for determining the stress intensity factors and is essential for reliable strength 

evaluation and failure prediction. 

This study concerns the development of an analytical methodology, based on the 

boundary collocation technique, to determine the contact stresses and stress intensity 

factors required for strength and life prediction of bolted joints with many fasteners. It 

provides an analytical capability for determining the non-linear contact stresses in 

mechanically fastened composite laminates while capturing the effects of finite geometry, 

presence of edge cracks, interaction among fasteners, material anisotropy, fastener 

flexibility, fastener-hole clearance, fnction between the pin and the laminate, and by-pass 

loading. Also, the proposed approach permits the determination of the fastener load 
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distribution, which significantly influences the failure load of a multi-fastener joint. The 

well known phenomenon of the fastener tightening torque (clamping force) influence on 

the load distribution among the different fastener in a multi-fastener joints is taken into 

account by means of bi-linear representation of the elastic fastener deflection. Finally, 

two different failure criteria, maximum strains averaged over the characteristic distances 

and Tsai-Wu criterion, were used to predict the failure load and failure mode in two 

composite-aluminum joints. The comparison of the present predictions with the 

published experimental results reveals their agreement. 



1. INTRODUCTION 

Wide use of bolted and riveted joints attracted attention of numerous researchers 

to the problems of the stress analysis of such structures. The stress state in a mechanical 

joint is dependent primarily on the geometry and material anisotropy of the lower and 

upper laminates, loading conditions, fastener-hole clearance, fastener flexibility, and the 

friction between the structural components. Mechanical joints consisting of many 

fasteners with a staggered pattem further complicate an already rather complex analysis 

for single-fastener joints. Load distribution among the fasteners significantly influences 

the failure load of multi-fastener joints. The presence of the unknown contact stress 

distribution and the contact region between the fastener and the laminates and the 

interaction among the fasteners results in a complex non-linear problem. In the case of 

multi-fastener joints, the commonly accepted approach is based on first determining the 

load distribution among the fasteners in order to identify the critical (most highly loaded) 

fastener for a subsequent single fastener analysis for local stress distribution. However, 

this type of analysis disregards the interaction among the fasteners located in close 

proximity to each other. 

Although a considerable amount of work on the behavior of composite joints with 

a single fastener has been reported in the literature, both the experimental and the 

analytical/numerical consideration of multi-fastener joints are rather limited. The 

majority of the experimental investigations is confined with two fasteners in tandem. 

Rowlands et al. (1982) and Hyer and Liu (1984) obtained the isochromatic fringe 



patterns in their investigations of such a configuration. However, they could not 

determine the spatial distribution of the contact stresses around the pin-loaded holes from 

the photoelastic measurements. Experimental investigations concerning complex fastener 

patterns report only the failure load. These results indicate that the failure load per 

fastener decreases with increasing complexiQr, i.e., the joint ef^ciency decreases with 

increasing number of fasteners. 

Except for the recent study by Griffin et aL (1993), analytical/numerical models 

concerning the stress and load distribution of mechanical joints with staggered fasteners 

are non-existent because of the required complexity. By enforcing the appropriate 

symmetry conditions, a row of staggered fasteners were considered through a finite 

element model with gap elements. In the case of mechanical joints with fasteners either 

in tandem and/or parallel to each other, Xiong and Poon (1994) and Eriksson et al. (1995) 

presented results based on a two-stage analysis. The analytical approach by Xiong and 

Poon utilizes a variational formulation in conjunction with complex stress functions 

introduced by Lekhnitskii (1968) for anisotropic plates with a single hole. This approach 

considers each laminate of the joint separately. Their coupling is achieved through the 

fastener displacements of which are permitted only in the direction of loading. In this 

approach, the presence of multiple fasteners is included in an average sense because of 

the limitation of the variational formulation. The Hrst stage of their analysis provides the 

local deformation along the hole boundaries of one of the laminates subjected to the 

external boundary conditions and the prescribed cosinusoidal bearing stress representing 

the fastener load at each hole boundary. The local deformations and the fastener 



deflections are imposed as displacement constraints in the subsequent analysis to 

determine the contact stresses (fastener loads) and the contact region in the second 

laminate. Subsequently, these fastener loads are imposed as prescribed cosinusoidal 

bearing stress for the Hrst stage of the analysis, and the iterative process continues until 

constraint conditions are satisfied. 

The approach by Eriksson et al. (1995) first establishes the fastener load 

distribution to identify the most critical fastener site, and then solves for the stress 

distribution around this fastener hole. The fasteners and holes are not modeled explicidy 

in the first stage of the finite element analysis; however, they are represented by spring 

elements that are connected to node points on the lower and upper laminates. While 

disregarding the influence of the contact stress on the interaction among the fasteners, the 

subsequent finite element analysis provides the contact stresses and the contact region for 

a pin-loaded hole. 

In addition to the aforementioned analyses, Oplinger (1978) determined the stress 

distribution in an orthotropic laminate subjected to a uniform load normal to a single row 

of pin-loaded holes under certain simplifying assumptions of symmetry and periodicity. In 

the case of two fasteners in tandem, Rowlands et al. (1982) determined the contact stresses 

by using an incemental finite element analysis with an iterative solution procedure. They 

discussed the significance of variations in load distribution among bolts, friction, material 

properties, spacing, pin-hole clearance, and end distance on the contact stresses. Also, 

Oplinger and Gandhi (1974) discussed the effects of multiple fasteners in parallel or series 

on the mechanical joint design. 



In the presence of radial edge cracks emanating from the boundary of the hole, the 

load exerted by the fastener on the edge of the hole creates both radial and tangential 

contact stresses, resulting in combined stress intensity factors for opening and sliding 

modes, Ki and ^n. respectively. The transmission of these unknown contact stresses 

through an unknown contact region and the presence of radial cracks render this problem 

highly nonlinear. Because of the importance of this subject, this problem has been 

investigated analytically and numerically. Except for the finite element modeling 

conducted by Chiang and Rowlands (1991), none of the other analytical models are 

satisfactory. The main discrepancy among these analytical models is that the distributions 

of the contact stresses and the contact region are assumed to be known a priori. 

Therefore, they cannot be used to examine the effect of pin-hole clearance and friction 

between the fastener and the hole boundary on the stress intensity factors. 

The stress analysis of a single lap joint is rather complex and three-dimensional in 

nature. A detailed three dimensional analysis of the stress distribution near the fastener 

hole is computationaly rather demanding even for a single-fastener joint. Most of the 

three-dimensional analyses available in literature are limited to single-fastener 

configurations and frictionless contact. Weissberg etai (1988) developed a 3-D finite 

element model of a single-lap joint with one protruding head bolt and compared the 

computed joint sti^ess with that of the one measured experimentally. In a rather 

comprehensive numerical investigation, Purin (1996) smdied single-lap joints of 

composite and aluminum plates with a single fastener in the presence and absence of 

friction between the plates. 



In a two-dimensional analysis, one of the primary factors determining the stress 

state in structural components of a multi-fastener joint is the distribution of the load 

among the fasteners. Generally, determination of the load distribution is a statically 

indetermined problem, which cannot be accurately solved by means of simplified strength 

of material approaches. To find the load distribution among the fastener in a multi-

fastener shear-loaded joint by means of any of existing numerical methods, it is necessary 

to know the fastener flexibility. Numerous expressions for fastener flexibility as a 

function of the joint geometry, material properties of the joined members, and other 

factors, have been proposed to date. All these formulas can be divided into two main 

groups of empirical expressions and theoretical models. Empirical expressions were 

obtained merely by curve fitting of the experimental data based on the engineering 

models such as the modeling of the fastener as a beam on an elastic foundation. 

Also, semi-empirical expressions were constructed at a number of major 

aerospace companies on the basis of extensive experimental testing. An extensive survey 

by Von Weme (1994) provides a list of difiierent expressions, developed at Grununan, 

Boeing, Douglas, etc. Although limited by the range of parameters covered in 

experiments, these empirical formulas render surprisingly close values of the bolt 

flexibility within the scope of their applicability. 

On the other hand, purely theoretical approaches firom the second group rely on 

the analytical modeling of the fastener-plate interaction to predict the joint flexibility. 

They range from a simplified qualitative one-dimensional model of a fastener as beam 

under the known shear load, as described by Von Weme (1994), to considerably more 



complex models involving the numerical solution of high-order differential equations of 

the bending of a beam on elastic foundation, as introduced by Ramkumar et al (1986). 

While not requiring costly experimental measurements, these approaches may provide 

flexibility values with acceptable accuracy. The main disadvantage of such approaches is 

the lack of experimental "response"—if the model does not capture all the significant 

features of the real joint. There exist no methods to improve the model on the basis of 

experimental data. 

In the most of the analytical/numerical studies of the composite joints, the 

frictional interaction between the joined components is neglected. In engineering 

practice, however the initial torque is used to introduce the clamping forces in the 

fasteners, causing the friction contact between the joined members. In the presence of 

contact zones around the fasteners, friction could transfer part of the shear load as 

evidenced by experimental investigations by Weissberg et al. (1988), Palmberg (1991), 

and Purin (1996). The presence of no-slip Mction zones near the initially tightened 

fasteners results in reduction of bearing stresses in the fastener holes and also affects the 

load distribution between the fasteners in multi-fastener joints. As shown by Weissberg 

et al. (1988), the extent of the no-slip friction zones and their influence on final stress 

distribution depend on the clamp force of each fastener. 

Experimentally measured values of the applied load transferred by friction vary 

significantly. Concerning steel bolts in one- and two-row joints for different values of the 

installation torque, Palmberg (1991) reported that for double-lap joints, the load 

transferred by friction is in the range of 32 to 45 percents of the applied shear load. In 



single-lap joints, the share of the load transferred by frictional mechanism decreases to 14 

to 34 percents. Also, Weissberg et ai (1988) experimentally smdied two-bolt single-lap 

shear joints and showed that the amount of shear load transferred by the friction 

mechanism is proportional to the tightening torque. In order to increase the accuracy of 

fastener force distribution analysis, they introduced the concept of "apparent" joint shear 

stiffness. They confirmed that the high tightening torque reduces the apparent bolt 

flexibility because of the presence of friction zone surrounding the fastener hole. The 

load-deflection diagram, experimentally recorded by Weissberg and co-authors, 

comprises two distinct zones—a friction zone and an elastic one. Furthermore, Palmberg 

(1991) observed a known tendency of decreasing frictional load share after a number of 

fatigue load cycles. Von Weme (1994) asserts that the clamping force of the fastener may 

decrease also due to creeping of the composite component, leading to reduction of 

friction force. 

There are no experimental and analytical/numerical investigations of multi-

fastener laminate joints with edge cracks in the literature. Also, it is apparent that 

analytical investigations of bolted joints consisting of two or more fasteners without any 

symmetry requirements are limited and inadequate. Furthermore, the stress intensity 

factors for multi-fastener joints with potential edge cracks are needed in order to employ 

damage tolerant design concepts during the design process. Thus, a comprehensive 

analysis methodology is required in order to predict the contact stresses Goad transferred 

by each fastener) and the stress intensity factors associated with edge cracks in 

mechanical joints with arbitrarily located fasteners. Although finite element analysis is 



useful in the evaluation of a complex Joint geometry, its use is problematic for iterative 

design calculations for optimizing laminate construction in the presence of single and 

multiple fasteners. 

Therefore, the goal of this study is to develop an analytical/numerical approach for 

analysis of multiply connected anisotropic plates joined by arbitrary located mechanical 

fasteners. This approach must provide the stress and strain Oelds for single- and double-

lap joints with unknown contact regions, as well as the stress intensity factors for edge 

cracks emanating from the fastener holes. It should capture the effect of the fasteners 

clamping force on the load distribution among different fasteners in a multi-fastener 

joints. Comparison of the stress distribution , stress intensity factors and the failure 

parameters obtained with this technique and those computed by the finite element method 

as well as with the experimental results is necessary to prove the accuracy of the present 

approach. 
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2. SOLUTION METHOD 

2.1 Boundary Collocation Technique 

The proposed approach utilizes the complex analytic functions introduced by 

Lekhnitskii (1968) for analyzing simply connected infinite anisotropic domains. Modified 

mapping collocation technique proposed by Bowie and Neal (1970) permits the use of 

these analytic functions for simply connected anisotropic domains with finite boundaries. 

In the proposed technique, a region with multiple internal boundaries, as shown in Figure 

2.1, is partitioned into simply connected sub-domains. The continuity of displacement and 

traction components is enforced along the common boundaries of these sub-domains. If 

several regions are joined by mechanical fasteners, the fastener displacements (and 

transferred forces) are treated as unknowns. The unknown contact lines are found in 

iterative algorithm checking the conditions on fastener-hole contact surface. 

The two-dimensional stress field in the considered region(s) is approximated by a 

set of the separate fields in the constituting sub-domains. In each sub-domain, the stress 

field is established by constructing the solution for Airy's stress function, F^Ock, yt), 

satisfying the compatibility condition derived by Lekhnitskii (1968) in the form 

«22 +aL)—r—^r- -la\^ ^-+2a f. f=0 (2.1) 
" d x t  B x l d y l  "  d y \  

in which the sub- and superscript k denotes the k-th sub-domain with external boundary, 

Bk, defined with respect to the local Cartesian coordinates (xt, yt). As shown in Figure 

2.1, the origin of this coordinate system located at (Xt, Yf^ coincides with the center of the 
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Figure 2.1 Region partitioned into sub-domains 



internal boundary, , in the fc-th sub-domain. The in-plane laminate compliance 

coefficients, a* (1,7 = 1, 2, 6), relating the strain and stress components in the k-th sub-

domain as 

«1I a 12 

1 

1 a 12 ^22 «26 4 

—
>

 

J a 16 ^26 ^66. 

(2.2) 

can be expressed in terms of the elastic material constants, £l. ET, GU, and vlt, defined 

in the material coordinate system. For the anisotropic it-th sub-domain with N layers, the 

compliance coefficients are calculated as 

N 

—^k 
-1 with (2.3) 

n=l 

in which / Ms the thickness of the n-th lamina and represents the stiffness for the 

n-th orthotropic lamina referred to the local coordinate system of the it-th sub-domain, i.Xk 

,yk)-

As shown by Lekhnitskii (1968), the compatibility equation (2.1) can be rewritten as 

d d 
J J d y ,  d x ^  

d d 
•thk (2.4) 

{ d y t  

where are the roots of the characteristic equation 

a „ —  2 a , g / i ; t  +  ( 2 a i 2 + a 6 6 ) / i t  ~^26l^k ^22 ~ ® 

In the case of an orthotropic plate, the characteristic equation simplifies to 

(2.5) 
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+ |r = 0 (2-6) 
^LT 

For finite non-zero elastic constants the characteristic equation has either complex or 

purely imaginary roots. The roots, and for an orthotropic plate are purely 

imaginary with their complex conjugates. The complex characteristic coordinates for the 

/:-th sub-domain, z\k and Z2k, are defined as 

^ik =^t yt with / = I, 2 (2.7) 

This permits decomposition of Airy's stress function in terms of two analytic functions, 

F\k(z\k) and Fuizik), in the form 

Fkixk ,yid = '2' Re[Fijt(zit) + F2jc(z2jd] (2.8) 

By introducing complex functions 

1 with z= 1,2 (2.9) 
dZjjc^ 

the expressions for the stress and displacement components in the /^-th sub-domain 

become 

(T;,=2Re[«&;,(z„)+o;,(z,,)] 

Txy =—2Re[/ijj<I>,4 (z,j (2.10) 

Ux =2Re[p ii^u(Zu)+P2*^2*(2 

Wy =2Re[^,jtO,|.(z,j)+^2t'^2t (^2i 



where and <7^ (^ = 1,2) are given by 

P ik~^ 11^ ik'^^ IZ~^ 16 f^ik ^2 [ 

Qik~^l^^^ik "^^21 ̂  ̂ ik ~^26 

and the prime denotes differentiation with respect to the corresponding argument. The 

unknown complex coefficient permits the rigid-body translation of the sub-domain 

The analytic functions u) and ^zt(.Z2t) ^ expressed in the form of 

truncated series in terms of the mapping functions and ^ 

^ X k ^ ^ l k  )~®0i ^\k "^^nk ^Ik ) 
fE=:I 

N 
^2k^4lk )~Pok ^^^2k ^2k Pnk ^2k ) 

nsl 
(2.12) 

ffsl 

where a„4 and are unknown complex coefficients. The mapping functions, and 

^Ik , map the internal boundary of the sub-domain to a unit circle and the outer boundary 

to the exterior of this unit circle. Mapping is conformal because the mapping functions 

are analytic. In the case of elliptical internal boundary, the mapping functions are given 

by 

Zik±Jz^-al-flatbl 
with 1=1,2 (2.13a) 

ak-iHitbk 

where at and bt are major and minor axes of the ellipse along local x and y axis in the A;-th 

sub-domain. The mapping functions for an internal line crack can be obtained by setting 



bk equal to zero. As shown by Bowie (1956), a circular hole with double radial edge 

cracks of length q can be modeled with the following mapping functions: 

If the considered sub-domain does not include the hole, only the positive power terms in 

the expressions (2.12) are retained, and an arbitrary value is assigned to the radius of the 

void hole, Ok-

The unknown complex coefficients, , At > Yi ^ determined by enforcing 

the continuity conditions at collocation points on common boundaries (shown in Figure 

2.2), and the boundary conditions - at the other points. Along with the boundary 

conditions in terms of displacements and stresses (normal to the boundary and shear) in 

the form (2.10), the traction boundary conditions can be imposed through the resultant 

forces Fx(5) and Fy{s) in the form 

where the upper and lower signs refer to the exterior and interior boundaries of the 

region, and the subscript P corresponds to an arbitrary collocation point, from which the 

path coordinate s is measured. 

If a known force (with given components and P^) is applied to a rigid pin in 

contact with the internal boundary of the i^-th sub-domain, additional conditions are 

imposed as 

(2.13b) 

(2.14) 

±F/j)=2Re[<&„(z„)+ <I»2,(z2,)]-2Re[<&„(z,^t)+ 
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RC[AKIT^ (/i,4 A^T POT )l=^x* 
(2-15) 

Re[4;r/ft(aot +^ot)]=^/ 

where tk denotes thickness of the k-th sub-domain. The expressions in the left-hand side 

correspond to the components of the resultant force, derived by Lekhnitskii (1968) for a 

pin-loaded hole in an infinitely large isotropic plate. For a fastener joining two or more 

regions (when the load transferred by the fastener is not known a priori), conditions of 

zero sum of all transferred loads is imposed instead: 

y Re[4;rzY^ (/z,^ )]=0 
t (2.16) 

^Re[4;r/f, (ap, +POT)]=^ 
K 

where summation is performed over all the sub-domains joined by the fastener. 

As ) functions include a multi-valued logarithmic term, the conditions for 

single-valued displacement components are explicitly imposed for each sub-domain: 

^Ok Pzk 

(2.17) 

In order to increase numerical accuracy of the solution, the continuity and boundary 

conditions are imposed at more collocation points than it is necessary for determining the 

unknown coefficients (X^, and . This results in an over-determined system of 

linear algebraic equations in these coefficients. The solution of this system in least-

square sense yields the expressions for thus enabling the calculation of 

displacements and stresses at each point in the sub-dommn using Equations (2.10). 
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If there is a line crack in the fc-th sub-domain, the corresponding stress intensity factors Ki 

and Ka can be obtained directly, as shown by Sih etal. (1965), 

As shown in Figure 2.2, a region partitioned into sub-domains includes "external", 

"internal", and "common" types of collocation points associated with the external, 

internal, and common boundaries of the sub-domains, respectively. Prescribed boundary 

conditions of stress and/or displacement components are imposed at the "external" and 

"internal" collocation points. The continuity of the stress and displacement components 

are enforced at the "common" collocation points. 

The boundary conditions for normal and tangential (with respect to the boundary) 

stress and/or displacement components at the j-th collocation point of the /fe-th sub-

domain are expressed in matrix form as 

FKK FHK 

in which zj refers to the crack tip. 

C2.18) 

2.2 Numerical Procedure 

(2.19) 

2Re[t][Pt«^tmxJ 
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with <7/ and r/ representing the normal and tangential stress, and ui and v{ 

representing the normal and tangential displacement components. The transformation 

matrices, s{ and , are given by 

s{ = 

and 

cos^ 0j( sin^ 2cos sin 

-cos0i(sin0]( cos0;(sin0;( cos^0j[-sin^0;( 

cos0j( sinQi 

-sin0]( cos0-( 

(2.20) 

where is the angle between the local x axis and the normal to the boundary at the y-th 

collocation point of the /fc-th sub-domain, as shown in Figure 2.3. 

The matrices and , reflecting the characteristics of the material properties, are given 

by 

1 1 and Pt = 
Plk Ptjc 

^2K. 
(2.21) 

The matrix is defined by the coordinates of the collocation point as 

<B,= <I>U 0 

0 <|)L 

where 
with 1= 1 , 2  

(2.22) 

The constant matrices I and m are defined as 

1= 
1 0 0 

0 I 0 
and m= 

1 0 1 

0 1 -i 



Figure 2.3 Orientation of the normal aty-th collocation point 
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The vector Xt consists of the unknown coefficients, leading to the solution of the 

problem: 

Zt={aI,Pl,yJ (2.23) 

in which 

Pi — Alt' — 

Imposing boundary/continuity conditions at collocation points of all the sub-domains 

results in an over-determined system of algebraic equations in the form 

Re[Cx]=b (2.24) 

in which C is a complex coefficient matrix of order (total number of condition) by (total 

number of unknown), and the unknown vector % is defined as 

'Xp—»XK} (2.25) 

in which 

is a vector of unknown fastener displacements, with Am denoting the displacement 

components of the m-th fastener 

The structure of C matrix in the governing system of Equation (2.24) reflects the 

topology of the problem. For example, the matrix C for a two-bolt joint shown in Figure 

2.4 takes the form: 



! 

sub-domain 1 sub-domain 2 

sub-domain 3 sub-domain 4 

Figure 2.4 Sample two-bolt joint U) N> 
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C[, 0 C„ 0 0 0 

0 C4 0 C22 0 0 

€ [ 3 0 0 0  C33 0  

0 0 0 0 C44 

0 0 q, 0 0 

0 0 0 0 q. 

(2.26) 

in which is a vector with non-zero elements corresponding to the boundary conditions 

at those collocation points on the internal boundary of the Ar-th sub-domain, that are 

currendy in contact with the y-th fastener; is the matrix corresponding to the unknown 

coefficient vector, Xt > for the boundary conditions in the ;t-th sub-domain, and arises 

from the compatibility conditions at collocation points in the fc-th sub-domain on the part of 

the boundary, adjacent to the ^-th sub-domain. If there are no fasteners in the problem, the 

set of unknowns (2.25) does not contain vector, and matrix C does not have the 

corresponding blocks. 

The system of Equation (2.24) can be rewritten in the form 

As values of prescribed displacement and stress boundary conditions may differ by orders 

magnitude, and because the solution of the over-determined system (2.27) is obtained in 

least-square sense, it may be unstable, especially if the solution is not normalized with 

Dd=b  (2.27) 

where 



34 

respect to the laminate properties. To increase the stability of the solution, both sides of 

Equation (2.27) are pre-tnultiplied by a diagonal matrix S: 

D.d=b. (2.28) 

where 

D, =S D and b, b 

in which 

Based on extensive numerical investigation, the scaling parameters, Sj, are unity for 

stress boundary conditions, and £l - for displacement boundary conditions. 

The solution by the least-square procedure requires the pre-multiplication of 

Equation (2.28) by Dj, resulting in 

D' d=b* (2.29) 

where the symmetric matrix D* and the vector b* are given by 

D*=DjD, and b"=Djb, 

2.3 Quasi-Frontal Approach 

The solution to problems with many regions partitioned into large number of sub-

domains becomes computationally intensive. In order to alleviate the large memory 

requirements and reduce computation time, a quasi-frontal approach to the assembly and 

solution of the least-square matrix is introduced. Along with the efficient memory 
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allocation scheme, a wavefront reduction algorithm is used to rearrange the unknown 

coefficients in vector d of the system (2.29) so as to obtain a minimal band width in the 

associated coefficient matrix D*. 

Before the applying the wavefront reduction algorithm, D* matrix constructed 

from C matrix (2.26) for the two-bolt joint shown in Figure 2.4, using the "natural" order 

of unknown (fastener 1, fastener 2, sub-domain 1,..., sub-domain 4), is fully populated in 

the form: 

Dfi 0 K 0 0^3 0 

0 DL 0 0 DL 

Dr, 0 DM D.2 0 0 

0 DL 0 0 

0 0 0 D33 D34 

0 0 0 D34 D44 

It is possible to achieve a band structure of the matrix employing the method of Sloan 

(1989). This method, originally developed for finite element applications, is based on the 

optimization algorithm that rearranges nodes of a finite element model according to their 

position in node connectivity graph. First, this algorithm seeks for two most distant 

nodes of the graph and considers them as the first and the last nodes in the new sequence. 

Next, it rearranges other nodes according to their distance from the first node and to their 

connectivity with active (already considered) nodes. 

In the context of the boundary collocation technique, a connectivity graph is built 

for groups of unknown coefficients associated with each sub-domain as well as for 

unknown fastener displacements. For the two-bolt joint example, the optimized sequence 
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of unknown (sub-domain 1, fastener 1, sub-domain 2, sub-domain 3, fastener 2, sub-

domain 4) results in a modified D* matrix possessing a band structure 

D,. Dr. I>,2 0 0 0 

Dn Dfi 0 K 0 0 

D,2 0 0 DL 0 

0 0 D33 0 D34 

0 0 DL 0 DL Dl 
0 0 0 D34 DL D44 

2.4 Fastener Flexibility and Initial Clamping Force Effect 

The approach concerning rigid fasteners has been presented in the previous 

sections under the assumption that the centers of the circular cross-section of the fasteners 

have the same coordinates through the thickness of the joint. This assumption is 

implemented by using the same fastener displacements of they-th fastener, Aj, from the 

vector of the unknown coefficients (2.25) in the expression for boundary conditions at the 

points within the contact zones at all the sub-domains joined by this fastener. 

To model the flexible fasteners, it is necessary to introduce the fastener 

compliance, St, defined as 

(2.30) 

where 8^ is the relative displacement of the k-th fastener cross-sections under the shear 

load Pfc. 



In this study, the approach presented by Xiong and Poon (1994) has been adopted to 

calculate the compliance of the i^-th f^tener as 

\2KEJ, 

Ui J 12E, I, [ 
1+-

.1  .  
(2.31) 

where the shear coefficient parameter, K, has a value of 1.33, and Eth and GkAk are the 

bending and the shear rigidity of the fastener, respectively. 

For a flexible fastener, its displacement components in the lower plate (second region) 

become 

(i=x,y) (2.32) 

where Fit denotes components of the force, which the second region imposes upon the 

fc-th fastener. The expressions for these components in terms of the unknown 

coefficients, associated with the corresponding sub-domain of the second region, are 

given by formulas (2.15). Using the relationship between the displacements of the 

fastener cross-sections connecting the upper and lower plates, the boundary condition for 

the normal displacement at the y-th collocation point within the contact zone on the A:-th 

fastener hole in the p-th region can be written as 

"ny '®/ )=cosSy + sinGy -  (2.33) 

where p = \ , 2  denotes the region number and is the initial clearance. 

To capture the first-order effects of the interplate frictional interaction caused by 

fastener tightening torque in a multi-fastener joint, the apparent fastener flexibility 

approach is used. Based on the experimental investigations available in the literature, it is 



observed that large tightening torque reduces the joint flexibility because it creates 

friction zones surrounding the fastener hole. By considering the effective joint flexibility 

as an apparent fastener compliance, it is possible to capture the first-order effects of 

interplate friction, a signi^cant factor in the distribution of the load among the fasteners. 

In a single-lap joint, shown in Figure 2.5, initial fastener tightening and the 

subsequent application of the shear load P cause the onset of the following contact zones: 

two semi-cylindrical fastener-plate contact zones and a zone of contact interaction 

between the upper and lower plates. As shown in Figure 2.6, the shear forces acting upon 

each of the plates comprises the fastener bearing force, P^, and the interplate friction 

force, f F, which equilibrate the applied shear load, P. Assuming the Coulomb friction 

law, the maximum friction force between the joined plates, PuaxF^ is estimated as 

(2.34) 

where /is the friction coefficient and Pc - the fastener clamping force. 

Considering the fastener load-deflection diagram with apparent fastener flexibility as a 

function of the applied load as illustrated in Figure 2.7 and denoting the share of the 

shear load transferred by the friction mechanism as the expressions for the bearing and 

the friction components can be written as 

P f = ̂ P and Pb=(K)P 

When the applied shear load, P, is less than its critical value. Pen the friction force ratio, 

is constant and has the maximum value, ^ Max> which is a characteristic of the joint. 

When the applied load exceeds Per, the shear load transferred by friction mechanism, Pp, 
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i /̂ \ 
-

\\ 
contact zones 

Figiire 2.5 Interaction between the structural members in a single-lap joint 

P. 

Figure 2.6 Shear forces acting upon the top plate in the presence of the interpiate friction 

apparent flexibility 

Fastener deflection. 5 

Figure 2.7 Bi-linear approximation of the joint load-deflection diagram 



retains the maximum value of /Pc, as given by (2.34). This fastener load-deflection 

diagram is supported by an experimental observation by Weissberg et ai (1988). Their 

study also revealed that shear load transferred by the friction mechanism is linearly 

related to the tightening torque. 

Therefore, the apparent compliance of the k-th fastener, , can be written as a 

function of the shear load transferred by this part of the joint, P^, in the following form: 

5.= (2.35) 

P.>PI \JPC^ 
P, , 

where Sk is elastic compliance of the fastener given by (2.31), P!^ is the clamping force 

of the ^-th fastener, and the critical force, f *, is given by 

f 
P^ = Jir^ (2.36) 

*9 Max 

In this model, the maximum ratio of the friction force, C Max > is the characteristic 

of the joint dependent on the geometry of the joint, material properties of the joined parts, 

coefficient of friction, and other factors. The explicit analytical derivation of the 

expression for ^ Max becomes intractable. Therefore, the viable solution is to determine 

this parameter based on the experimental measurements of the amount of shear load 

transferred by the friction mechanism. 
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2.4 Failure Analysis 

For the designer, the objective of the stress analysis is to predict the failure load 

and the failure mode (bearing failure, shear-off and net tension failure), associated with 

bolted joints in composites, by employing suitable failure criteria. Many existing failure 

criteria are applicable to composite laminates. They differ by the underlying 

assumptions, but all of them require comprehensive experimental investigation to 

determine the material failure parameters. Determination of the material parameters 

(such as characteristic distances) for a particular failure criterion, is merely a curve fitting 

of the extensive experimental data, regardless of the theoretical basis of the criterion. 

Today, there is no commonly accepted failure criterion that singly dominates in 

engineering practice. As given by Sun et ai (1996), an AIAA Failure Criteria Survey 

indicate that 80% of the respondents employ one of the four following criteria: Maximum 

Strain, Maximum Stress, Hill-Tsai, and Tsai-Wu. In spite of its known limitations. 

Maximum Strain criterion is still the most commonly used criterion with 30% of the 

respondents applying it. The more advanced interactive criteria, Tsai-Wu and Hill-Tsai, 

together reached only 30%. 

Among the two of the most commonly applied criteria. Maximum Strain and 

Tsai-Wu, Maximum Strain is a simple limit criteria disregarding the interaction of the 

deformations in different directions, which may lead to overestimation of the laminate 

strength under multi-axial stress conditions. It separately compares the axial strains in the 

fiber coordinate system with the ultimate strain values: 
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^=l (2.37) 
n 
^=1 
•Je 

where Xz,Yz, and Sz are failure strains of a lamina in longitudinal (fiber direction), 

transverse direction, and shear, respectively. If the actual strains are negative, 

corresponding compressive ultimate strains, and Y^, are used instead. 

In contrast, Tsai-Wu criterion is an interactive one because all the of the stress 

components influence the failure prediction: 

Fi (Tjj O22 "^^1 ̂ 11 ^72 ^22 "^^^2 ^22 ^66 ^11 (2.38) 

where 

^ X'' Y' ' XX'' YY'' 

Fi2 determined experimentally 

with X, X\ Y, Y\ and 5 being tensile and compressive strength in longitudinal direction, 

tensile and compressive strength in transverse direction, and shear strength, respectively. 

Sun et ai (1996) noted that in the absence of additional experimental results, F\2 

parameter of Tsai-Wu criterion can be assumed zero without noteworthy influence on the 

failure prediction. 

The failure criteria are applied to each ply of the laminate separately to determine 

the particular ply that fails first, as well as the mode of that failure. In this study, the 

weakest ply determines the strength of the whole laminate, i.e. no stiffness reduction 



models were used to reduce the stiffness of the whole laminate due to an individual ply 

failure because of the following two reasons. First, the initial ply failure of typical quasi-

isotropic or nearly quasi-isotropic laminates, most widely used in the structures with 

mechanical joints, occurs at the load levels immediately preceding the final failure. 

Second, the use of the 2-D approaches, assuming the averaged laminate properties to 

determine the global stress distribution, is questionable in the situation when some of the 

plies have failed locally and the rest continue to carry the load. 

In the present method, the global stress distribution is determined under the 

assumption that the laminate is homogeneous with averaged material stiffness (2.3). The 

stresses computed by the method of boundary collocation are integrated through the 

laminate thickness to obtain the resultant forces at any location within the analyzed sub-

domain: 

Nx = o-xxt, N\=<Tyyt, NXY = fxyt (2.39) 

where is the total laminate thickness 
I 

Note that due to the two-dimensional nature of the present analysis, the laminate lay-up is 

considered symmetric and the resultant moments are zero. 

The stress values in the material coordinate system in each ply, required for 

application of the failure criteria (2.37) and (2.38), are computed fr^om the resultant forces 

(2.39) using the classical laminated plate theory. According to this theory, the values of 

the mid-plane strains at each particular point within the i^-th sub-domain are computed as 
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-
 >

 K 

< II NY 

where is the laminate stiffness matrix, given by (2.3) 

Pre-muitiplying the strain vector by the stiffness matrix for the n-th orthotropic lamina 

referred to the reference coordinate system results in the lamina stresses in with respect to 

this coordinate system. The stress and strain components in the Hber (material) 

coordinate system are obtained by rotating the corresponding tensor to the ply orientation 

angle. 

To evaluate the strength of the laminate near the stress concentration area, such as 

a fastener hole, the failure criteria (2.37) and (2.38) should be applied at some point(s) 

near the hole. There exist two main approaches for the failure analysis of the fastener 

holes. One is the averaging of the corresponding parameter (such as the strain ratio in 

Maximum Strain criterion) over some characteristic distances. The second approach 

suggests the evaluation of the failure criterion at some points located at the characteristic 

distance of the hole. In both approaches, the characteristic distances are parameters of the 

material and joint geometry (shape of the hole). The integration paths used in the failure 

analysis of a load fastener hole with Maximum Strain criterion is shown in Figure 2.8. 

The different paths are used for different failure modes: the characteristic distance 

defines the path for the net-section failure mode analysis, - for the shear-out mode, 

and Oq' " for bearing failure mode. In contrast, the Tsai-Wu criterion is applied at 



Figure 2.8 The integration paths (characteristic distances) for 
the averaging in Maximum Strain failure criterion 

Figure 2.9 A path, concentric to the fastener hole, along which 
the point criteria are applied 



separate points (rather than averaged over some region), which are located along the path, 

concentric to the fastener hole, at a characteristic distance OQ from the hole boundary, as 

illustrated in Figure 2.9. The failure mode is derived from the analysis of the prevailing 

stress at the point, where the Tsai-Wu criterion (2.28) reaches the maximum. 

With the consistent values of the characteristic distances, both types of failure 

criteria, interactive and non-interactive, predict the same value of the failure load if the 

points of failure are under predominantly one-dimensional stress state. As this condition 

is often satisfied (e.g., points in net-section failure regions are roughly under 

unidirectional tension), the different failure criteria render similar joint strength. 



3. NUMERICAL RESULTS 

This study presents numerical results for five different joint configurations, 

demonstrating applicability of the present approach for solving variety of important 

problems. 

3.1 Stress Distribution in a Composite Plate with 

Four Arbitrary Located Stress Concentrators 

In order to evaluate the accuracy of the proposed technique for the analysis of 

multiply connected regions in the presence of the strong interaction between the stress 

concentrators (closely located circular and elliptical holes, cracks, and rigid inclusions), a 

test problem shown in Figure 3.1 has been solved. A rectangular plate, 100 mm in width 

and 200 nmi in height, is clamped along the bottom edge. A uniform tension, a* = 1 

MPa, is applied to the top edge of the plate. The region, representing the studied plate, is 

partitioned into four sub-domains of equal length and width—Lt — 50 mm and Hk — 100 

mm, respectively. The center of the elliptical hole, with the major and minor axes given 

by a\ = 30 mm and bx - 10 mm, defines the origin of the local coordinate system of the 

first sub-domain, (xi, yi), at the center of this sub-domain. The line crack in the center of 

the second sub-domain has the total length 2^2 = 30 nrni. A circular hole of the radius as 

= 10 mm is located at the third sub-domain, the center of the hole is specified by the 

global coordinates X = 65 mm and Y = 125 mm. At the center of sub-domain 4 there is an 

elliptic inclusion with axes 04 = 20 mm and = 50 mm. The laminate lay-up is given by 

[O5 /±45, /90°]s, where the lay-up angle is measured from the loading direction. The 
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111 m 111111111 
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Figure 3.1 Multiply connected region containing elliptical and circular 
cutouts, a crack, and an elliptical inclusion 



lamina properties are £L=131GPa, £T=13.1GPa, C?LT = 6.2GPa, and vlt = 0.3, 

while the inclusion is isotropic with the elastic constants E - 400 GPa and v = 0.3. 

In order to verify the results obtained with the boundary collocation method, a 

finite element model shown in Figure 3.2 has been developed. The finite element 

analysis was conducted by using a modified version of PAPST, a program originally 

developed by Hilton and Wilmarth (1982). The model includes 1700 isoparametric 

12-node quadrilateral (or 9-node triangular) elements, totaling in 17442 degrees of 

freedom. At the same time, the total number of collocation points in the model for the 

boundary collocation method is 2724 with the number of degrees of freedom—1196. The 

variation of the axial stresses along the boundary of the inclusion is shown in Figure 3.3, 

Figures 3.4 and 3.5 display the variations of he circumferential stress, cxee, along the 

boundaries of the elliptical an circular holes, respectively. Along all the boundaries, the 

maximum difference between the stress values obtained by both methods is less than 2%. 

Agreement between the values of the opening mode stress intensity factors, Ki, listed in 

table 3.1, is also inspiringly close. 

Table 3.1 Comparison of the stress intensity factors, Kifa*yjn^ 

Boundary Collocation Technique Finite Element Method 

Left crack tip 1.219 1.199 

Right crack tip 1.242 1.224 

Also, the variation of the stress field in the form of the contour plot elucidates the 

interaction between the stress concentrators (see Figure 3.6). 



Figure 3.2 Finite element mesh of the region 
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Figure 3.3 Variation of the axial stresses along the inclusion boundary 
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Figure 3.4 Variation of the circumferential stress along the elliptical hole boundary 
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Figure 3.5 Variation of the circumferential stress along the circular hole boundary 
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Figure 3.6 Variation of the normal stress in the loading 
direction over the region 



3.2 Contact Stresses in Bolted Composite and Aluminum 

Plates with Uniformly Located Eight Fasteners 

A typical multi-fastener joint comprising a composite laminate, fastened to an 

aluminum plate with eight uniformly distributed fasteners, has been studied. Because of 

the presence of symmetry, only half of the joint with four fasteners are explicitly modeled 

as shown in Figure 3.7. Each fastener has a radius of at = 3 nun (Jc = I,...,4). The 

laminate lay-up is quasi-isotropic [(±45/0/90)3]s with El = 147 GPa, Et = 11 GPa, Glt = 

5.3 GPa, and vlt = 0.3. The compliance of a titanium fastener is computed using the 

expression (2.31) for the bolt material properties given by Ejfc=l 10 GPa and = 0.29. 

The dimensions of the sub-domains in the composite laminate and the aluminum plate are 

specified by L\=L^=30mm, 1)4=1^ = 44.5 mm, L^=30mm(/7= 1, 2 andyt = 2,3), 

= 28.5 nmi, and their thickness is t;^ = 3.046 mm {p =1, 2 and k =1,..., 4). The 

positions of the fasteners in relation to the boundaries of each region are given by h;^ = 

13.5 nmi {p =1,2 and^=l,..., 4) and 1]^= 15 mm(p= 1,2 andfe=I, 4exceptfc?£ I andp 

^ 2), and if = 29.5 nmi. The aluminum plate and the laminate are subjected to a uniform 

tension of (J. = 28.8 MPa, as shown in Figure 3.7. Each of the sub-domains includes 344 

collocation points, 164 and 180 along the external and hole boundaries respectively. The 

number of terms in series representation (2.12), N, is equal to 10 for each sub-domain, 

leading to a total 6082 unknowns in the system (2.29). In the absence of fnction, the 

variation of the normalized radial and circumferential stresses, a„(ja,Q)la^ and 
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Fastener 

Figure 3.7 Half of an eight-fastener joint modeled in analysis 



I / (2at), along the boundaries of the fastener holes both in 

the aluminum and the composite plate is shown in Figures 3.8-3.11. It is clearly seen 

from these figures that the usual assumption of cosinusoidal radial stress distribution is 

not always valid—the by-pass load changes the bearing stress distribution by decreasing 

<j^ in the middle of the contact line. The nature of the interaction among the fasteners is 

characterized by the variation of the normal stress in the x-direction (Figure 3.12). The 

loads exerted by each fastener are computed to be F,^= 631 N, F,y = 14 N, = 566 N, 

F,, = 2 N, Fj, = 582 N, Fj^ = -7 N, 681 N, and F,, = -20 N. 

3.3 Load Distribution Among the Fasteners in the Eight-Fastener 

Joint with Different Bolt Clamping Forces 

The eight-fastener joint problem, considered in the previous section, has been 

modified to study the effect of the initial tightening on the load distribution among the 

fastener. All of the parameters of the joint remain the same, except for the bolt material. 

It has been changed to steel with the elastic properties given by £ = 200 GPa and v = 0.3. 

The use of the steel fasteners with larger stiffoess than that of titanium bolts lead to 

apparently uneven load distribution among the inner and outer fasteners. In the absence 

of the frictional interaction between the joined plates (see Figure 3.13 and Table 3.2), the 

shear load transferred by fastener 4 is 1.49 times higher than the load taken by fastener 3. 

To model the effect of the initial tightening, the apparent flexibility approach 

described in section 2.4 has been used. Two levels of the clamping forces at fasteners 2 
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Figure 3.8 Radial stresses along the hole boundaries in the laminate 
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Figure 3.9 Circumferential stresses along the hole boimdaries in the laminate 
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Figure 3.10 Radial stresses along the hole boundaries in the aluminum plate 
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Figure 3.11 Circumferential stresses along the hole boundaries in the aluminum plate 
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Figure 3.12 Variation of the normal stress Cx in the composite laminate 
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Figure 3.13 Fastener load for different clamping forces at fasteners 2 and 3 

Table 3.2 Fastener load for different clamping forces at fasteners 2 and 3 (N) 

Fastener I 2 3 4 

No initial tightening 681.6 497.1 529.8 788.1 

Clamping force of400 N 634.0 536.3 565.5 733.9 

Clamping force of600 N 620.4 544.3 581.5 718.7 



and 3, PC = 400 N and 600 N, have been considered. In the absence of experimental data 

for the maximum share of the friction force, ^ Max. the value of 0.34 was used on the 

basis of the experimental results reported by Palmberg (1991). Under these assumptions, 

the shear loads exerted by each of the fasteners are computed to be more evenly 

distributed—the ratio of the fourth fastener force to that of the fastener 3 diminishes to 

1.30, for =400N, to 1.24, for =600 N. Decrease in the maximum fastener 

load, caused by the application of the tightening torque to the inner fastener, increases the 

strength of the joint and the total efficiency of the structure. 

It is necessary to mention that even though the proposed approach does not 

separate the total load, transmitted by the fastener itself and by the surrounding friction 

zones, into the two corresponding components, it captures the change in the load 

distribution among the fasteners. In the considered problem, the most highly loaded 

fastener does not have initial tightening, thus, the predicted stresses near this fastener hole 

are the actual ones. 

3.4 Contact Stresses and Stress Intensity Factors in Bolted Composite 

and Steel Plates with Arbitrary Lx>cated Three Fasteners 

The following problem concerns analysis of the stress distribution and 

determination of the stress intensity factors associated with the cracks in the composite 

laminate, which is fastened to a steel plate with three fasteners as shown in Figure 3.14. 

The laminate lay-up is [Oio/±454/902] with El = 202.75 GPa, Ex = 6.97 GPa, Glt = 5.27 

GPa, and vlt = 0.26. Each fastener has a radius of at = 9.525 mm (k = 1,.. .,3). The 
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Figure 3.14 Three-bolt joint of a steel plate and a composite laminate 



fasteners are assumed to be rigid. The dimensions of the sub-domains in the steel plate 

are specified by Hf = 57.2 mm, I^ = 200 mm, H.l= 95.3 mm, and 1^= 100 mm, and their 

thickness is 1^ = 25.4 mm (A:=l,..., 3). The positions of the fasteners in relation to the 

boundaries of each region are given by hf= 19.0 mm, if = 100 mm, h^s 76.2 mm, and 

12 = 76.2 mm. The dimensions of the sub-domains in the composite laminate are 

specified by = 66.63 mm, L\ = 92.25 mm, H^= 63.55 mm, and Ll^=r 47.63 mm, and 

their thickness is t^ = 25.4 mm 3). The positions of the fasteners in relation to 

the boundaries of each region are given by h{ = 19.0 mm, 1,' = 47.63 mm, h2= 44.45 mm, 

and lj = 23.81 mm. The steel plate is subject to zero displacement constraints at the free 

end, while the laminate is loaded by an integral force P = 11.63 MPa. Instead of a 

specified stress distribution, a condition of uniform vertical displacements of the laminate 

upper edge is imposed to model the symmetry line of the joint. One of the fastener holes 

in the composite laminate has radial edge cracks perpendicular to the direction of loading 

of length ci. 

To verify the boundary collocation model, a problem without the cracks has been 

solved first. Griffin et al. (1993) studied the described joint with no cracks both 

experimentally and numerically, and obtained the values for the fastener loads shown in 

Table 3.3 in comparison with the results of the present analysis. Apparently, the fastener 

load distribution, obtained by means of the boundary collocation technique, is closer to 

the experimental results than the finite element values computed by Griffin et al. using a 

commercizd finite element code. 
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Table 3.3 Percentage of the load exerted by each fastener 

Central Left, Right 

Experiment * 38.0 32.0 

FEM* 41.0 30.0 

Present Analysis 38.4 30.8 

' obtained by Griffin et al (1993) 

The variation of the normalized stresses along the boundaries of the fastener holes is 

depicted by Figures 3.15, 3.16, with defined as 

In the joint with cracks, the crack lengths ranging from 3 mm to 20 mm have been 

studied. In order to estimate the accuracy of the stress intensity factors estimation, the 

results have been obtained with both the boundary collocation technique and the finite 

element method. The finite element analysis was conducted by means of a modified 

version of PAPST, using the finite element model shown in Figure 3.18. The FEM 

model includes 4460 finite elements with 23126 nodes resulting in 46184 degrees of 

freedom, while the boundary collocation model comprises 6 sub-domains with 3593 

collocation points and has 944 degrees of freedom. Even though the total number of 

degrees of freedom in the boundary collocation model is less than 2% of that number in 

the finite element model, the proposed technique provides the close stress intensity factor 

predictions. The variation of the opening mode stress intensity factors, Ki, for 5 crack 

lengths is shown in Figure 3.19 and Table 3.4. Also, the variation of the normal stress in 
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Figure 3.15 Stresses along the hole boundaries in the steel plate 
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Figure 3.16 Stresses along the hole boundaries in the composite laminate 
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Figure 3.17 The boundary collocation model of the three-bolt joint 
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Figure 3.18 The finite element model of the three-bolt joint 
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Figure 3.19 Variation of the opening mode stress intensity factor 
as a function of the crack length 

Table 3.4 Comparison of the stress intensity factors obtained with boundary 
collocation technique and the finite element method (MpaVm) 

Crack Length, 

c, (mm) 

Boundary Collocation 

Technique 

Finite Element 

Method 

Crack Length, 

c, (mm) 

K, K„ K, K„ 

3 1338.7 -109.4 1350.2 -131.9 

5 1400.3 -90.3 1434.6 -64.2 

10 1614.9 22.2 1646.3 -69.7 

15 1768.4 62.2 1932.5 -34.7 

20 2427.4 11.0 2468.7 -23.6 
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the loading direction (Figure 3.20) reveals the nature of interaction between different 

stress concentrators in the joint. 

3.5 Failure Prediction in Bolted Composite and Aluminum 

Plates with Two and Four Fasteners 

The last two problems demonstrate the use of the proposed technique in 

conjunction with the failure criteria described in section 2.5 to predict the failure load and 

failure mode for composite laminates in multi-fastener joints. Two joint configurations, 

previously considered by Ramkumar ef a/. (1986) in their experimental investigation, 

have been studied. 

Both joints are geometrically identical (see Figure 3.21), except that in the two-

bolt joint fasteners 1 and 4 are omitted. There is no friction between the aluminum plate 

and the composite laminate joined by the steel bolts. Each fastener has the radius of 

Uk = 3.97 mm. The laminate lay-up is \Q^±A5^90] with the lamina properties 

El = 127.55 GPa, Et = 13.1 GPa, Glt = 5.86 GPa, and vlt = 0.3. The elastic constants of 

the aluminum plate are E = 68.95 GPa, v = 0.3. The compliance of the steel fasteners is 

computed using the expression (2.31) for the bolt material properties given by 

E = 206.84 GPa and v = 0.3. The edge of the aluminum plate is clamped, while the 

laminate is loaded by the uniform tensile stress, cy*, of 100 MPa. 

The boundary collocation model for the two-bolt joint is shown in Figure 3.22. 

Sub-domains 1,3,6, and 8 do not have holes, but origins of the local coordinate systems 

of these sub-domains are located at the centers of the corresponding holes in the four-bolt 
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Figure 3.20 Variation of the normal stress in the loading direction 
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Figure 3.22 The boimdary collocation model of the two-bolt joint 



joint. The total number of the collocation point in 8 sub-domains of this model is 10156. 

The number of terms, N, in series representation (2.12) differs from 10 for sub-domains I 

and 6, to 30 for sub-domains 2 and 7, resulting in the total numbers of degrees of freedom 

(twice the number of complex unknown coefRcients) of 670. 

The boundary collocation model for the four-bolt joint includes only half of the 

sub-domains—due to the presence of the symmetry, only first four sub-domains are 

modeled explicitly. In this case, 4 sub-domains contain 5798 collocation points, the 

number of terms, N, in series representation (2.12) is 20 for sub-domains 1 and 4, and 

20—for sub-domains 2 and 3. 

The non-symmetrical fastener location in the two-bolt joint combined with the 

considerable difference between the thickness of the joined plates results in non

symmetrical deformation of the joint, shown in Figures 3.23,3.24. The boundary 

collocation technique predicts practically equal load distribution between the two 

fasteners, which favorably compares with the experimental results by Ramkumar et al 

(1986), who measured the percentages of the load transferred by fastener 2 and 3 to be 

53% and 47%, respectively. 

The deformed shape and variation of the normal stress in the loading direction, 

(Txx, for the four-bolt joint are shown in Figures 3.25 and 3.26. The proposed technique 

renders the percentage of shear load transferred by each of fasteners I and 3 versus that of 

fasteners 2 and 4 to be 24.1% versus 25.9%. The corresponding experimental values 

reported by Ramkumar etal (1986) are 24% and 26%. 
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Figure 3.23 Deformed shape of die two-holt joint 
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Figure 3.24 Variation of the normal stress in the loading direction 
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Figure 3.26 Variation of the normal stress in the loading direction 



To predict the failure load and the failure mode, the Maximum Strain criterion for 

the strains, averaged over the characteristic distances (see Figure 2.8), has been used first. 

The characteristic distances and the ultimate strain values for the used lamina were taken 

from Ramkumar et al. (1986) report: a" = 2.54 mm, = 6.35 mm, 6.35 mm, 

X^ = 0.012, Xe = 0.0175, and 5^ = 0.012. The failure load values, , predicted with 

the Maximum Strain criterion for the two- and four-bolt joint are 20.6 MPa and 27.6 MPa 

(corresponding to the total applied forces of 48.64 kN and 65.06 kN), respectively. The 

failure mode is the net-section failure and in both cases it takes place near the hole of 

fastener 2. The experimentally measured failure forces were 44.0 kN and 74.39 kN for 

two- and four-bolt join, respectively. The normalized strain variations over three 

characteristic distances in the zone of the initial failure (fastener hole 2) in the four-bolt 

joint are shown in Figures 3.27-3.29. It is worth noticing that even though the maximum 

value of the normalized shear strain near the hole (Figure 3.29) is higher that that of the 

normal strain in the net-section failure zone (Figure 3.27), the former diminishes faster 

and, as a result, the predicted mode is the net-section failure. 

In addition to the Maximum Strain, Tsai-Wu criterion was used for the failure 

analysis of the four-bolt joint. The following values of the ultimate stresses have been 

used: Z = 2.17 GPa, X' = -2.01 GPa, K = 67 MPa, X' ~ -2.07 GPa, and 5 = 1.1 GPa. The 

characteristic distance, OQ, determining the location of the points where Tsai-Wu criterion 

is applied (see Figure 2.9), of 0.5 mm was used in analysis. The values of the normalized 

failure load, /a', are shown in Figure 3.30 at different locations around the fastener 
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hole 2, where the initial failure is predicted again. As with the Maximum Strain criterion, 

the initial failure is predicted to occur in the 0 degree ply at 6 = 90°, which corresponds to 

the net-section failure zone. The failure load is computed to be 26.7 MPa. In contrast to 

the non-interactive Maximum Strain criterion, Tsai-Wu criterion also predicts the failure 

onset (at slightly higher load levels) in 0 degree ply at bearing failure zone as well as in 

±45 degree plies at 0 = 135° and 0 = 225°. 

It is necessary to mention, that the two considered joints are friction-free, 

therefore, the predicted failure parameters are accurate in the sense that they do not rely 

on any additional simplifying assumptions. In the presence of friction, the present 

method renders conservative strength predictions, because the fnctional interaction 

between the joined components is included into analysis only through decreasing the 

apparent flexibility of the fastener. This leads to better evaluation of the load distribution 

among the fasteners in milti-fastener joints, but overestimate the stress concentration near 

the fastener holes. Although many researchers, such as Von Weme (1994), Ramkumar et 

al. (1986), Eriksson et al. (1995), suggested not to rely on the positive effects of the 

fastener initial tightening and recommend to make the strength predictions on the basis of 

analysis of the frictionless joints, the present technique is applicable for the analysis of 

the joints with initially tightened fasteners. 



4. CONCLUSIONS 

An analytical/numerical approach based on modified boundary collocation tech

nique for determination of both contact stresses and stress intensity factors in mechanical 

joints with arbitrarily located multiple fasteners has been developed. This approach is 

capable of modeling of all of the various effects, such as finite geometry, fastener flexibi

lity, fastener-hole clearance, presence of edge cracks, friction, by-pass loading, and inter

action among fasteners. Comparison of the results from the present approach with those 

obtained by finite element analysis as well as experimental data, reveals the high accuracy 

of this technique. With only a small fraction of the number of degrees of freedom 

required for a typical finite element model, the boundary collocation model provides the 

stress and stress intensity factor prediction with the error typically less than 2%. 

To extend the modified boundary collocation technique to analysis of joints 

involving larger number of fasteners, additional study is necessary to investigate the 

numerical stability of the method. This may involve the consideration of the number of 

terms in the series given by equation (2.12) required to obtain the solution with the 

necessary accuracy, number and location of collocation points in conjunction with the 

number of terms, and their influence on the accuracy of boundary condition satisfaction. 

Also, additional experimental investigation of the frictional interaction of the joint 

members may help to refine the apparent joint flexibility model. Better estimation of the 

maximum friction force share, ^ Max > the key parameter of the proposed bi-linear fastener 

compliance model, is crucial for the analysis of multi-row joints with initially tightened 

fasteners. 
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