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ABSTRACT

The purpose of this research is (1) to develop a multi-objective fuzzy regres
sion (MOFR) tool to overcome the shortcomings of the existing fuzzy regression
approaches while keeping the good characteristics, and (2) to study systems with
uncertain elements, using the example of rainfall-runoff process to illustrate the ap
proach.
Previous research

heis

shown that fuzzy regression performs superior compared

to statistical regression in some cases. On the other hand, fuzzy regression has also
been criticized because it does not allow all data points to influence the estimated
parameters, it is sensitive to data outliers, and the prediction intervals become wider
as more data are collected.
Here, several MOFR techniques are developed to overcome these problems by
enabling the decision maker select a non-dominated solution ba^ed on the tradeoff
between data outliers and prediction vagueness. It is shown that MOFR provides
superior results to existing fuzzy regression techniques, and the existing fuzzy regres
sion approaches and classical least squares regression are specific cases of the MOFR
framework. The methodology is illustrated with examples from rainfall-runoff mod
eling, more specifically, conceptual rainfall-runoff (CRR) models are analyzed here.
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One of the main problems in CRR modeling is dealing with the uncertainty asso
ciated with the model parameters which is related to data and/or model structure. A
fuzzy CRR (FCRR) framework is proposed herein where every element of the CRR is
assumed to be uncertain, taken here as fuzzy. Parameter calibration of FCRR models
using newly developed fuzzy regression techniques is also investigated. Applications
are provided for a linear CRR model, the experimental two-parameter (TWOP.AR)
and the six-parameter (SIXPAR) models.
The major findings can be summarized as follows; (1) FCRR enables the decision
maker to gain insight about the CRR model sensitivity to uncertainty of the model
elements, (2) using MOFR for the calibration of FCRR leads to non-convex, con
strained, non-linear optimization problems, (3) fuzzy least squares regression model
yields to more stable parameter estimates than the non-fuzzy regression model. (4)
the methodology is applicable to any dynamic system with discrete modes.
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CHAPTER 1
INTRODUCTION

1.1

Motivation

Previous research has shown that fuzzy regression might perform superior com
pared to statistical regression in the following cases: when the data set is insufficient
to support statistical regression analysis, when statistical distributional assumptions
cannot be justified, if the aptness of the regression model is poor, when human judge
ments are involved (i.e. inputs and/or outputs are fuzzy numbers), and if the errors
are associated with the indefiniteness of the model structure and with the vagueness
of human perception of the model (in contrast with the statistical case where the
errors are associated with observations). On the other hand, fuzzy regression has
also been criticized. Some of the problems with existing fuzzy regression are: fuzzy
regression does not allow all data points to influence the estimated parameters, it is
sensitive to data outliers, and the prediction intervals become wider as more data
are collected.

16

Therefore, it would be desirable to have a fuzzy regression technique which over
comes these problems. As it will be further illustrated in the Chapter 4, these prob
lems are related and will be referred as the "data outliers problem". In this research,
several MOFR techniques are developed to overcome the data outliers problem by
enabling the decision maker select a non-dominated solution bcised on the tradeoff be
tween data outliers and prediction vagueness. Outliers and prediction vagueness are
two naturally conflicting objectives, that is, if we allow vagueness to be unrestricted
in magnitude we can find a vagueness value to cover all data points; on the other
hand, if we allow the number of outliers equal to the number of data points, we can
basically have zero vagueness. The methodology is illustrated with examples from
rainfall-runoff modeling, more specifically, conceptual rainfall-runoff (CRR) models
are analyzed here.
One of the main problems in CRR modeling is dealing with the uncertainty asso
ciated with the model parameters which is related to data and/or model structure. It
is usually desirable (1) to know the sensitivity of the CRR model with respect to its
parameters, and (2) to obtain interval parameter estimates accounting for data uncer
tainties. Traditional uncertainty analysis utilizes probability theory, which requires
distributional assumptions on the uncertain quantities; furthermore, computational
difficulties arise from multiple convolutions in the usual case of dealing with several
non-normal dependent random variables. Fuzzy logic appears to be a suitable alter
native to deal with data and/or model structure dependent uncertainties. A fuzzy
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conceptual rainfall-runoff (FCRR) framework is proposed herein to deal with these
uncertainties: every element of the CRR is assumed to be uncertain, taken here as
fuzzy. After fuzzifying the CRR system, different operational modes are formulated
using fuzzy rules. CRR models mathematically represent a dynamic system with
discrete modes. Therefore without loss of generality, the methodology and the argu
ments developed herein would apply to any dynamic system with discrete modes.
After developing the FCRR model, the next issue is the calibration of the model
parameters. This results in a fuzzy optimization problem which can be analyzed un
der the fuzzy regression framework. Note that regression is a general term to denote
finding relations between variables, and without loss of generality every optimization
problem can be treated under regression analysis. Consequently, we would like to
investigate the calibration issues of FCRR models using newly developed fuzzy re
gression techniques. As shown in the literature, in general, fuzzy regression yields to
mathematical programming problems. Since CRR models are usually non-linear and
non-convex in structure, one would expect to face difficulties for the fuzzy regression.
For this reason, we have selected three CRR models with different complexity. The
first model is a linear CRR model which would yield to fuzzy linear regression prob
lems. The other two models are the experimental two-parameter (TWOPAR) linear
reservoir model, and a simplified version of the Sacremento soil moisture account
ing model of the U.S. National Weather Services river forecast system (SAC-SMA)
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known a s the six-parameter (SIXPAR) model. Both TWOPAR and SIXPAR mod
els are non-linear and non-convex, and provide insight into some of the important
behaviors of more complex CRR models. Both models have been extensively studied
in the literature under controlled experimental setting in order to demonstrate the
difficulties faced in the calibration of CRR models.
The purpose of this research can be summarized eis follows:
• First, to develop the tool of multi-objective fuzzy regression to overcome the
shortcomings of the existing fuzzy regression approaches while keeping the good
characteristics.
• Second, to study systems with uncertain elements using the example of rainfallrunoff process to illustrate the approach.

19

1.2

Organization of the Dissertation

The dissertation is organized cis follows: After presenting the motivation of the
research in Chapter 1, the fundamentals of fuzzy logic and multi-objective decision
making, which are used in this dissertation, are presented in Chapter 2. In Chapter 3,
the two major directions of fuzzy regression, namely, fuzzy linear regression and fuzzy
least squares regression are elaborated. In this chapter, a comprehensive literature
review on fuzzy regression is provided, and the advantages and disadvantages of using
the existing fuzzy regression techniques are discussed. Chapter 4 presents two MOFR
techniques developed herein; bi-objective fuzzy regression and three-objective fuzzy
regression, which overcome the problems in the existing fuzzy regression techniques.
Furthermore, several lemmas are provided in order to investigate the properties of
the proposed MOFR techniques. After presenting the mathematical representation
of the CRR models as well as a literature review in the first part of Chapter 5,
FCRR models are developed in the second part of Chapter 5. The proposed FCRR
methodology is applied to a linear CRR model, and to the experimental TWOPAR
and the SIXPAR models. Chapter 6 provides applications and results. This chapter
is divided into two major parts. In the first part, a sensitivity analysis paradigm
using FCRR is presented. Then in the second part, MOFR and fuzzy least squares
regression are applied to calibrate the linear CRR, and the experimental TWOPAR
and SIXPAR models. Finally, the dissertation is concluded with Chapter 7, which
includes a summary, discussion and conclusions.
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CHAPTER 2
FUNDAMENTALS

This section summarizes the fuzzy and the multi-objective decision making frame
works used in this dissertation. For more details on fuzzy logic, the reader is referred
to Bardossy and Duckstein (1995), Dubois and Prade (1980), Kaufmann and Gupta
(1991), Zimmermann (1985). Details on multi-objective decision making may be
found in Goicoechea et al. (1982), Szidarovszky et al. (1986), Vincke (1992), Duck
stein and Tecle (1993) and Ozelkan and Duckstein (1996).

2.1

2.1.1

Fuzzy Logic

Fuzzy sets and fuzzy numbers

/i is a fuzzy subset of X if A = {(i,^^(i)),

i E X}, where X is a set

(universe). For hydrologic modeling X is usually 3?"^. Here, /z^(x) € [0,1] is the
membership of x in A. The more x belongs to A, the closer /z^(x) is to 1 and the less
X belongs to A, the closer //^(x) is to 0. If the membership interval [0, 1] is replaced
by the set {0,1} then A can be regarded as a regular subset of X .
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The a-level set of the fuzzy subset A is the set of those elements which have
at least a membership: i4(a) = {(x : /x^(x)) > a}. If such a set is an interval,
the Q-level set may be considered as the fuzzy counterpart of a statistical confidence
interval. Here a = 0 would mean 100 % confidence interval.
A Fuzzy Number (FN) is a fuzzy subset which is normal, convex and defined
on the set of real numbers. Normality is satisfied if 3z s.t.
is satisfied if Va, 6, c € X , s.t. a < b < c ,

= 1. Convexity

> m i n { f i ^ ( a ) , f i ^ { c ) ) . A FN can be

considered as a generalization of the interval of confidence (Kaufmann and Gupta,
1991). It represents an infinite number of intervals whose size is nonincreasing with
increasing membership function value.
A FN is called generalized left right fuzzy number (GLRFN), if its mem
bership function satisfies the following (Bardossy and Duckstein, 1995):
L
~'

x<x., /3>0
1

R

X. < X < x',

(2-1)

X > x', S > 0

where, L and R are strictly decreasing functions defined on [0,1] such that L { z ) —
R{z) = 1,2 < 0 and L{z) = Riz) = 0,2 > 1. For x. = x*, we get the classical
definition of left right fuzzy numbers (LRFN) (Dubois and Prade, 1980). In
particular, the function L{z) = 1 —

and R{z) = 1 — z'''^ satisfy the conditions

for LRFNs. Furthermore, for pi =

= 1, we get trapezoidal fuzzy numbers

(TrFNs) and for pi = pfi = I and x. = x*, triangular fuzzy numbers (TFN)

22

z.

0
Runoff
Figure 2.1: Illustration of a fuzzy number, membership function, a-level set for
observed Zt runoff.
are obtained. Figure 2.1 gives an example for TFNs and a-level set for an observed
runoff value.

2.1.2

Functions of FNs and fuzzy arithmetic

Functions of FNs are calculated by means of the extension principle. Let

Ai, . . .,Ak be fuzzy subsets defined on ^"1,. .., X k , y = /(xi, • • • ,xa')»
and B =

Ak) then
s u p ( m i n ( / z ^ j ( x i = / ( x i , . . . ,x k ) .

f^eiy)

€ Xk Vt,

€ Xk'^k)
(2.2)

=

0 elsewhere
For operational purposes on FNs, it is usually more practical to use a-level set
notation as /1(a) = [ai(a),02(0;)] where ai(a) = inf{x :

= a} and 02(0) =

sup{x : /x^(x) = a}. For GLRFN the a-level set notation yields: A(a) = [z. —
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0 L ~ ^ { a ) , x ' + SR~^(a)] where jS and S are as defined in equation (2.1). Through
application of the extension principle, it can be shown that the following arithmetic
operations hold for FNs (Kaufmann and Gupta, 1991);

i(a)(+)5(a) = [at(a) + 6i(a),a2(a) + 62(a)],

(2-3)

A(a)(-)B(a) = [01(0) - 62(0), 0 2 ( 0 ) - 61(a)],

(2.4)

A(a)(x)5(a) = [min5A/,max5A/],

(2.5)

where Sm = {ai(a) x 61(0;),01(0;) x 62(0:),^2(0;) x &i(o:),^2(0:) x 62(a)}
A(a)(:)B(a) = [min^o, maoc^o],

where S o = {ai(a) : 61(a), ai(a) :

(2.6)

(a), 02(0:) : 61(a), a2(<^) • ^(c^)}i and defined
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only if B(a) does not include zero.

y4(a)^^®'= [min 5p, max 5p],

(2.7)

where S p = {ai(a)'''^°'\ ai(a)'^^°'^ 02(0)^'^"^ 02(0)^^°"^}. If A and B are defined in
Si'*', then the multiplication and division operations further simplify as follows:

^(a)(x)^(a) = [ai(a) x 61(a), a2(a) x 62(a)],

(2.8)

i(a)(:)B(a) = [ai(a) : 62(a),a2(a) : 61(a)].

(2.9)

The inverse of a FN is defined as A~^ if A does not include zero, and such that
/l(a)~^ = [1 : a2(a),l : ai(a)]. Using this notation, division can alternatively be
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denoted eis i4(Q;)(:)B(a) = i4(a)(x)5(Q)''^. Furthermore, because of piecewise lin
earity, TrFNs and TFNs can be represented as ^4 = (ai(0),ai(l),02(1),a2(0))'rrFN
and A = (ai(0),ai(l),a2(0))'ppj^, respectively, which allow fuzzy arithmetic opera
tions to be performed more conveniently.
It can be verified that VA,B,C € 3?+ (i(+)B)(x)C = (i(x)C)(+)(B(x)C)
(distributivity) holds. Multiplication and addition are commutative and associative,
whereas subtraction and division are neither conamutative nor associative. In this
dissertation, all fuzzy operations will be performed at a selected a-level set. Note
that fuzzy arithmetic operations are completely different from stochastic variable
operations, which basically rely on the convolution of random variables. As men
tioned before, in case of non-normal dependent random variables it might be rather
difficult, if not impossible, to obtain closed formulations for uncertainty modeling
that includes convolution operations (see e.g. Resnick, 1992). On the other hand,
compared to stochastic variable operations, fuzzy algebra or arithmetic is relatively
easy, and usually yields closed formulation of uncertainty.

2.1.3

Comparison of FNs: fuzzy ranking and dominance

Comparison of FNs is required in many decision-making problems. As it will
be explained later, especially regarding the CRR model structure, the degree of
dominance of one FN over another needs to be evaluated. Comparison of FNs has
been investigated by many researchers in the context of "fuzzy ranking" or '^uzzy
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dominance", for example, Bortolan and Degani (1985), Zhu and Lee (1992) provide
overviews and comparisons of various techniques. Recently, Ozelkan and Duckstein
(1997) have defined different properties of fuzzy ranking relations in order to prove
the necessary conditions required for the fuzzy optimality of fuzzy scheduling rules.
Scheduling rules are applied to various systems including water management systems
in order to perform tasks in an optimal fashion based on different management cri
teria. Ozelkan and Duckstein (1997) have used fuzzy versions of traditional shortest
processing time and earliest due date rules to minimize the completion time and
lateness of tasks, respectively.
For building FCRR models, we will use a similar idea as in Shrestha and Duckstein
(1997) to compute the degree of dominance of a FN. More specifically, as will be
explained in the next section, a degree of dominance relation will be used to compute
the fulfillment of fuzzy rules in FCRR models. The computation is performed at a
selected a-level as foUows: Let A and B be two FNs; to evaluate the truth value of
a statement A{<)B let D = A{—)B and b{a.) = [cfi(a),rf2(a)], let the truth value
at level a be (Figure 2.2)
0
h{a)

=

if (ii(a) > 0
i f ^.(o)<0and<i3m>0

1

if d^^cx) < 0

(2-10)
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II {a)=

a - level set

A

0

A

D = A(-)B

Figure 2.2; Computation of the fulfillment of a fuzzy statement A ( > ) B .
Fmally, // = /J /,(a) da is evaluated for the whole FN. Similarly, the truth value at
level a of A(>)B is computed as the complement of /[(a):

igia) = l - I i ( a )

(2.11)

yielding for the whole FN: ^ = /J /^(a) da.

2.1.4

Fuzzy rule-based modeling

In general, a fuzzy rule consists of a set of explanatory variables called premises
given in the form of FNs with membership functions

and a conse

quence Bi also in the form of a FN such that:

If

ai 6 i.,1

G

02 € Aia

0

...

0

aK £

then

b € Bi, (2.12)
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where O is a logical operator specified according to the application. Usually, rules
are formulated using "AND" or "OR" operators. The choice of the logical operator
in (2.12) depends on the physics of the problem.
Applications of fuzzy rule-baised modeling can be found in Ozelkan et al. (1996,
1997). Ozelkan et al. (1996) provides a comparison of a fuzzy rule-based tech
nique with multivariate linear regression to model the relationship between largescale monthly atmospheric circulation patterns (CPs) and monthly areal precipita
tion in Arizona and part of New Mexico. This example illustrates the non-linear
mapping capabilities of fuzzy rule-based models. In that paper, it is shown that a
fuzzy indexing followed by a fuzzy rule-based model has the potential for monthly
areal precipitation prediction. In another example, Ozelkan et al. (1997) have used
fuzzy rules to classify CPs. In that study, a multi-objective fuzzy rule-based classifi
cation technique has been developed in order to obtain the parameters of the fuzzy
rules.
The fuzzy rule-based framework used for building FCRR models will now be
briefly summarized. In general, for the CRR models, "AND" operators follow nat
urally from the algorithmic flow of the models. "AND" operators can be computed
using any t-norm (Bardossy and Duckstein, 1995). Here we will use the product
norm as
K

=

(2.13)
fc=i
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In contrast to ordinary (crisp) rules, fu2zy rules allow partial and simultaneous ful
fillment of rules. This means that instead of the usual case when a rule is applied or
is not applied, a partial applicability is also possible. Rules are usually constructed
from a data set or defined by experts based on the physics of the problem (e.g. see
Ozelkan et al., 1996, Bardossy and Duckstein, 1995). In the case of CRR models,
each operational mode of the CRR system can be considered as an expert defined
rule. As described in the subsequent sections, for the CRR model, the membership
function

will measure the truth value of the "IF" switches along the algo

rithmic flow of each mode (Figure 2.3). Each mode shows a possible route on the flow
diagram. In a traditional crisp model only one of these modes (routes) would apply
depending on the branch directed by the "IF-THEN" switches. In a fuzzy model,
the three modes may occur simultaneously to different extents, so as to reflect the
uncertainty in the process. As explained in Section 1.1.3, this concept has been
analyzed in the literature under fuzzy ranking or dominance (Bortolan and Degani,
1985, Zhu and Lee, 1992, Ozelkan and Duckstein, 1997). Here, equations (2.10) and
(2.11) will be used to compute the degree of applicability of any given CRR rule.
Since the rule base is already defined in CRR models, we will not go into details
of various rule derivation techniques. Finally, the response of the fuzzy rules to a
given input vector (ai(^),..

can be computed as

(2.14)
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Figure 2.3: (a) An algorithmic flow diagram resulting from "IF-THEN" rules. Each
"IF" represents a branching decision process (e.g. IF X > K) and C, represents the
model subcomponent computation on each branch, (b) Modal decomposition of the
hypothetical flow diagram given in (a).
where B { t ) is the estimated fuzzy value of b { t ) . The parenthesis in (2.14) is used to
denote fuzzy arithmetic operation. Furthermore, whenever a crisp consequence or
output is desired, a so-called defuzzification operation is performed on B{t)^ using
for example the fuzzy mean:
fo
fo

da:

(2.15)

to yield a crisp output from the fuzzy rules.
For more details on fuzzy logic the reader is referred to Bardossy and Duckstein
(1995), Dubois and Prade (1980), Kaufmann and Gupta (1991), Zimmermann (1985).
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2.2

Multi-Objective Decision Making

In general, a multi-objective decision making (MODM) problem can be stated
as follows (Goicoechea et al., 1982):

min-dominate F{a) =

where A is the action space, and f : A

E A},

(2.16)

is the criterion function differentiating

the possible actions, a G A. The expression "min-dominate" in (2.16) reflects the
fact that there is no optimum in MODM but only a compromise solution; this point
is further developed below.
One aim of an MODM technique may be to find the solution set such that it has
the non-dominated (or non-inferior, or efficient) solutions. This solution set is called
the efficient set or Pareto set (Figure 2.4). A point a' € A is Pareto optimal
for the function F{a) = {/i(a),...,/;v(a)} iff ^ a €

v4

such that /„(a) < /n(a") Vn

and /n(a) < /n(a") for at least one n. In other words, going from one non-dominated
solution point to another, one improves at least one objective but worsens at least
another one. After determining the Pareto set, an MODM procedure is applied to
seek the best compromise solution based on the decision maker's (DM's) implicit
preferences.
In general, MODM techniques can be classified on the basis of the decision making
process as (1) Outranking, (2) Distance-based, (3) Value or utility, (4) Directionbased, and (5) Mixed (Duckstein and Tecle, 1993).

Outranking techniques aim
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Figure 2.4: Illustration of Pareto Set for a two objective problem.
to find a preference order among a finite set of alternatives based on some out
ranking relation such as ELECTRE (Roy, 1973), preference ranking organization
method for enrichment evaluations (PROMETHEE) (Brans et al. 1985), and ana
lytical hierarchical process (AHP) which is only a concordance analysis (Saaty, 1980).
Distance-based methods aim to get as close as possible to the most satisfying solution
by means of a distance measure, e.g., compromise programming (Zeleny, 1973), econstraint method (Marglin, 1967), game theory (Nash, 1950, 1953; Harsanyi, 1959;
Szidarovszky et al., 1984). Value or utility techniques define the preference structure
of a decision maker formally based on certain axioms. Multiattribute utility theory
(MAUT) (Keeney and RaifFa, 1976) is one example of a utility type of MODM tech
niques. Direction-based techniques are interactive schemes in which the DM selects
the preferred direction for the search of a compromise solution, e.g., surrogate worth
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trade-ofF method of Haimes at al. (1975). Finally, the mixed techniques are the ones
which do not fit into the first four, e.g., generating techniques such as multi objective
simplex method of Zeleny (1974), and multi criterion Q-analysis (MCQA) (Hiessl et
al., 1985) which combines outranking and value concepts. Some other MODM tech
nique classification criteria can be listed as the timing of the DM's articulation of
preferences (i.e. prior, progressive, posterior), single DM versus multiple, fuzzy ver
sus crisp, discrete versus continuous, and so on.
Two examples of the application of MODM techniques can be found in Ozelkan
and Duckstein (1996) and Ozelkan et al. (1997):
In Ozelkan and Duckstein (1996), a hydro-ecological management problem is
analyzed by means of MODM techniques. The MODM techniques used are (1)
PROMETHEEl-I, II, (2) geometrical analysis for interactive assistance (GAIA), (3)
MCQA-I, II, III, (4) compromise programming, (5) cooperative game theory. The
comparison of the results show that there is not really a substantial ranking difference
between the methods.
In Ozelkan et al. (1997), a multi-objective fuzzy rule-bcised classification (MOFRBC)
technique has been developed to estimate the parameters of fuzzy rules used to clas
sify atmospheric circulation patterns. The methodology is illustrated by means of
an Arizona case study. More specifically, compromise programming (Zeleny, 1973)
has been applied in order to solve the MODM problem.
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Figure 2.5: Illustration of compromise programming.
In this dissertation, we have used two distance-based techniques, namely, the
e-constraint and compromise programming techniques to solve the multi-objective
fuzzy regression (MOFR) problem. These two techniques, which are described in
the next section, have been selected because they are well established, transpar
ent and allow relatively easy formulations which can be solved using existing linear
programming (LP) packages. Other techniques could have been used as well.

2.2.1

Compromise programming

Compromise programming developed by Zeleny (1973) seeks the action a that
minimizes the Lp norm defined as

(2.17)
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where u;„ are the objective function weights to be given by the DM, and 1 ^ p < oo
has to be selected 2is the balancing factor indicating compensation between deviations
(p = 1 perfect compensation, p = oo no compensation). /* and

are the Utopia

(ideal) and so-called nadir values for the individual objective functions, respectively

(Figure 2.5). Finally, the MODM problem can be formulated as
nain L p { a )
s.t.

(2.18)

ae A
Note that if the objective functions are linear, formulation (2.18) results in LP
problems for p = 1 and p = oo (where

Loo

(a) = max {/n (a),

= 1, • • -, A'^}), which

can be solved using any LP software package.

2.2.2

e-constraint method

The e-constraint method (Marglin, 1967) allows the DM the ability to specify
bounds on the objectives in a sequential manner:
min f i { a )
s.t.
(2.19)
a€
(o) <

/n

Cn,

n = 1,...,/- 1,/+ 1,...,j V

where e is selected as a fraction of /* (Figure 2.6). Similarly, if the objective functions
are linear, then the formulation given in (2.19) can be solved using an LP solver as
well.
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Figure 2.6: Illustration of e-constraint method.
Details on MODM may be found in Goicoechea et al. (1982), Szidarovszky et al.
(1986), Vincke (1992), and Duckstein and Tecle (1993) and Ozelkan and Duckstein
(1996).
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CHAPTER 3
FUZZY REGRESSION

In general, regression analysis can be considered as the search for relations among
variables (Bardossy, 1990):
0, = P{XuQ)

Vi,

(3.1)

where Xt is the vector of input data (which includes the model states) (e.g., amount
of ground water storage, rainfall), 0 is the parameter vector (e.g. C and K for
TWOPAR) and Ot is the output (runoff), which we are trying to predict. Generally,
there is no solution to equation (3.1), because errors associated with the model
estimates constitute conflicting objectives, thus resulting in a multi-objective decision
making problem (Figure 3.1). Therefore some relaxation method is needed. In
classical regression analysis this is done by introducing a stochastic error term e,
with E[et] = 0, and if possible, homoscedasticity of the errors such that Var[(.t] = cr^

Ot — P ( X t , 0) +

(3.2)
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Y=a+bX

X
Figure 3.1: Illustration of the infeasibility of finding a physical relationship with
et = 0 y t .
Another way of relaxation used in the fuzzy regression (FR) methodology is to
take the parameter vector, 0 as a fuzzy quantity;
d,=^P{X,,Q).

(3.3)

For the TWOPAR model, the fuzzy parameter vector is 0 = {C, K}, which can
be expressed at a selected a-level set cis 0(a) = {C(a) = [ci(a), C2(a)], A'(a) =
[^i(q;), t2(of)]}- Thus, for FR at a selected or-level set, each fuzzy parameter requires
that two parameters (lower and upper confidence limits) be estimated. We thus
have 2x2 = 4 parameters to estimate for the TWOPAR and, similarly, 6 x 2 = 12
parameters for the SIXPAR model. As shown in literature (Tanaka et al., 1982,
Bardossy, 1990), there are infinite many solutions to the FR problem; the aim is then
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to seek the optimal fuzzy parameter vector 0*, such that a measure of vagueness (or
fuzziness) of the prediction is minimized.
There are mainly two directions in fuzzy regression model building: fuzzy lin
ear regression (FLR) as proposed by Tanaka et al. (1982) and its variations, and
fuzzy lecLst squares regression (FLSR) as developed by Diamond (1988) and Celmins
(1987a,b). Before summarizing the research done in each of these two directions, the
reasons of why and when to use FR are discussed below.

3.1

Why and When to Use Fuzzy Regression?

Some of the major reasons listed in literature for using fuzzy regression analysis
instead of statistical regression analysis can be summarized as follows:
• when the data set is insufficient to support statistical regression analysis (Bardossy et al., 1990, 1992; Bardossy, 1990)
• when statistical distributional assumptions cannot be justified (Tanaka et al.,
1982)
• if the aptness of the regression model is poor (Kim et al., 1996)
• when human judgements are involved, i.e. inputs and/or outputs are fuzzy
numbers (Tanaka et al., 1982)
• if the errors are associated with the indefiniteuess of the model structure and
with the vagueness of human perception of the model in contrast with the
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statistical case where the errors are associated with observations (Tanaka et
al., 1982).

3.2

Direction 1: Fuzzy Linear Regression

Since the development of FLR by Tanaka et al. (1982), there have been many
modifications and alternatives to the original model. In general, a fuzzy regression
model can be formulated as
min V
s.t.
0,(a) c/'(;e,(a),0(a))

(3.4)
vi,

where V denotes the vagueness measure to be minimized, Otia) and /t(-^£(a), 0(a))
are the a-level sets for observations and predictions, respectively. In the remainder
of this section we will use Pt to denote Pt[Xt;Q) for the sake of simplicity. The
constraints in (3.4) basically say that the predicted values should include the ob
served ones (Figure 3.2). Note that Pt is a function of the input vector Xt(a) =
(zi.t(a),... ,Xiv.t(Q:))^ and parameters 0(a) = (^i(a),...,0yv(a))^. For FLR, we
have Ptia) = Xj(a)^( x )0(a). Furthermore, recognizing that the observations and
predictions can be represented as intervals at chosen a-levels such that Ot(Q!) =
[Oi,t(a), 0/?,£(a)] and Pt{oc) = [PlA^)i PrA<^)]'> each constraint in formulation (3.4)
can be replaced by two equivalent constraints as follows:
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1

a - level set

0
Runoff
Figure 3.2: Illustration of the conditions for FLR: at a selected a-level predicted
runoff Zf includes the observed Zt runoff value.

min V
s.t.
OlAOI) ^

(3.5)

< PRA<^)

The original FLR model treated uncertainties associated with system structure, and
thus considered the linear regression parameters to be fuzzy. Although the model
allowed output data to be fuzzy, it considered only crisp (non-fuzzy) input ("in
dependent variables") data. The objective function V was taken as the spread of
the parameters, which were represented by symmetrical triangular fuzzy numbers
(TFNs). In a subsequent paper, Tanaka (1987) proposed the minimization of the
spread of the predictions instead.
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FLR, which leads to a linear programming solution has found applications in
many areas (see e.g Hesmathy and Kandel, 1985; Bardossy et al., 1990; Ramezani
and Duckstein, 1992; Kandel and Langholz, 1992; Hsu, Ozelkan, and Duckstein, 1993;
Ganoulis and Duckstein, 1995; Chang et al., 1996). Bardossy (1990) and Bardossy
et al. (1993) generalized FLR to non-linear regression cases where also Left-Right
fuzzy numbers (LRFNs) (Dubois and Prade, 1980) were used. Furthermore, Bardossy
(1990) differentiated four vagueness criteria, namely, maximal spread, average spread,
area under the membership function of fuzzy prediction and sum of fuzzy function
evaluations at each input observation. He hats also shown that, for the latter two
criteria, additional symmetry eissumptions are required to obtain unique solutions to
the FLR problem.
A slightly different point of view on fuzzy regression was presented by Sakawa
and Yano (1992), who also introduced fuzzy input data in the formulation. They
considered the possibility and necessity conditions for fuzzy equality as defined by
Dubois and Prade (1988) to define three bi-objective fuzzy regression formulations,
PI, P2 and P3

cis

given below. Their formulation, which used vagueness as one

objective, and maximization of the a-level set as another one is as follows:
PI:
min-dominate {V, —a}
s.t.
Pos(6t = Pt) > a Vt

(3.6)
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P2:
min-dominate {V, —q}
s.t.
Nes((9f C

(3.7)

A ) > a Vf

P3:
max-dominate {V.a}
s.t.

(3.8)

Nes(0{ D Pt) ^ Oi "it
where "dominate" is used to denote the identification of the non-dominated solutions
for the multi-objective problems (see Section 1.2 for details), V = UtiPi.t ~ ^R.t)i
and Pos and Nes denote possibility and necessity, respectively. Possibility and ne
cessity are two of the qualifiers which are used to cissess the uncertainty of an item.
Probability, plausibility and credibility can be listed

as

some other qualifiers. Possi

bility can be considered as a measure of material difficulty of performing an action
or as a subjective judgment that does not commit much its maker. On the other
hand, necessity is a more stronger notion which in a subjective sense amounts to cer
tainty. Possibility is evaluated with respect to the set-theoretic intersection between
the contents of two sets (or propositions), whereas necessity is evaluated with respect
to set-theoretic inclusion (Dubois and Prade, 1988). As shown in Sakawa and Yano
(1992), the formulations given in equations (3.6) - (3.8) also lead to LP problems if
the prediction function is a linear (fuzzy) function as in FLR. These models will be
elaborated further in Chapter 4.
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3.3

Direction 2: Fuzzy Least Squares Regression

The other direction in fuzzy regression model building was developed by Dia
mond (1988). His method solves an unconstrained least squares problem and yields
solutions analogous to ordinary least squares. The FLSR formulation is
(3.9)
t
where Pt{ot) = X£(Q;)^(x)0(a) as in FLR, and D^{-) is a distance measure between
observations and predictions. The distance measure defined by Diamond (1988) is
o'(6<.A) = E(Ct,,(o)-Fi„,(o))^+(Ot,,(i)-Pi„,(i))^+(Ofl.,(o)-OR.,(o))». (3.10)
t

Along the same line, Bardossy et al. (1992) used a somewhat more general distance
measure (which is a generalization of the Euclidian distance) to derive the FLSR
normal equations:
D'(d„P,) =

['{{OlA") - PL.,M)' + (OR.,(c<)-OR.,ic)y}fM da, (3.11)
^ «/o

where /(a) is a continuous function on [0,1] such that f { a ) > 0 if a > 0 and
fo /(<^) da = 1/2. As shown in Bardossy et al. (1992), (3.11) yields the ordinary
least squares estimators when the model input and output are assumed to be crisp
(non-fuzzy).
Celmins (1987a,b), on the other hand, looked at a more general problem of LS
fuzzy model fitting which includes FLSR (fitting a fuzzy linear function) as a special
case. The work of Ishibuchi and Tanaka (1992) may also be included into the same
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category; they have used a feedforward neural network to approximate the FLR
solution. This neural network-based approach allows non-linear functional mappings,
and resembles very much a weighted least squares regression technique. There are
other fuzzy regression models such as the one proposed by Xizhao and Minghu (1992),
who use a minmax estimation principle to obtain model parameters by means of
approximating functions. Xizhao and Minghu (1992) also demonstrate that FLR
least squares estimators can be obtained solving a quadratic programming problem.
Their model, which requires the selection of a loss function, allows fuzzy input and
output. Chang and Lee (1996) also use a fuzzy weighted least squares regression
framework, where the model parameters are eissumed to be imprecise as in the original
FLR model.

3.4

Drawbacks of Fuzzy Regression

Besides the advantages of FR which were listed in Section 3.1, there have been
many criticisms on the original FLR formulation. On the other hand, FLSR has
been criticized very little because of its similarity with the traditional least squares
regression, whose problems have long been known. Savic and Pedrycz (1991) noticed
that the FLR structure does not allow all data points to influence the estimated pa
rameters; they have thus proposed a two step hybrid procedure named as fuzzy least
squares linear regression (FLSLR). The first step estimates the most likely values of
the fuzzy parameters in a classical least squares estimation framework, the second
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step uses these parameter estimates in equation (3.1) to obtain parameter spreads.
Celmins (1987a,b) criticized FLR because in some cases it results in crisp parameter
estimates, which does not allow the decision maker (DM) to have any idea about the
interval of confidence of such a crisp parameter given any new observed data point,
i.e. FLR may be insensitive to some data uncertainties. Celmins (1987a,b) proposed
LS crisp models to fit fuzzy data as well as least squares fuzzy models to fit crisp data
using conical membership functions. In response to Celmins, Tanaka and Ishibuchi
(1991) used quadratic membership functions for the fuzzy parameters, as in Savic
and Pedrycz (1991), a two step procedure for finding a solution so as to keep the
formulation within an LP framework. Later, Tanaka et al. (1995) extended formula
tion formulation (3.1) to exponential membership functions. Jozsef (1992) has shown
that FLR has scale dependency, i.e. "goodness of fit" of the model changes with a
linear data transformation unlike the classical linear regression models. Redden and
Woodall (1994,1996) have shown that the original FLR formulation as well as that of
Sakawa and Yano's (1992) suifer from ignorance of repeated measures, sensitivity to
data outliers, wider predictive intervals as more data are collected and the presence
of an infinite number of solutions. They have also noted that the two-step procedure
of Savic and Pedrycz (1991) overcomes the infinite number of solutions problem.
Subsequently, Peters (1994) has proposed an alternative approach to FLR which is
more robust to outliers and presents the feature that all data points contribute to
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the parameter estimates. Peters' formulation is
max A = ^
s.t.
( 1 — A)po — V > —do

(3.12)
(1 — At)p£ +

PR,t{oc) > OR,t{oc)

Vf

(1 - At)p( - PL,t{oc) > - O L , M
0 < At < 1

Vi,

where do, Pt,t = 0 , . . . ,T are parameters specified by DM.
Formulation (3.12) has its basis in the fuzzy linear programming concept (Zimmermann, 1987), as illustrated in Figure 3.3. First, a membership function is defined
for each constraint. The problem then is formulated as the maximization of the mem
bership value denoted by A. The positive side of it is that this technique is robust
to data outliers. The drawback is that the parameters do, Ptii = 0,... ,T needs to
be specified by the DM or the analyst. The MOFR model presented in the next
chapter is designed such that the DM does not need to specify these parameters.
Furthermore, MOFR will also be extended to address the problems in Sakawa and
Yano's (1992) model.
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Figure 3.3: Fuzzy constraints based on fuzzy linear programming concept, 6,- is used
to denote the right hand side of a linear constraint (Peters, 1994, Zirrunermann,
1987).
3.5

Summary

FLR as developed by Tanaka et al. (1982) and extended by Sakawa and Yano
(1992) is a good technique for analyzing uncertainty when ordinary regression anal
ysis does not work, but it has some problems:
• It does not allow all data points to influence the estimated parameters (Savic
and Pedrycz, 1991).
• It is sensitive to data outliers (Redden and Woodall, 1994, 1996).
• Prediction intervals become wider
Woodall, 1994, 1996).

as

more data are collected (Redden and
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X
Figure 3.4: Problems with FLR.
• It may yield some crisp parameter estimates (Celmins, 1987a,b).
• It is scale dependent (Jozsef, 1992).
It would therefore be desirable to have a FR technique which overcomes these
problems. As illustrated in Figure 3.4, it appears that the first three of these problems
are related, thus they will be called the "data outliers problem".
Using fuzzy linear programming, Peters (1994) reformulated Tanaka et al.'s (1982)
model to address the data outliers problem. The positive side is that this technique
is robust with respect to data outliers. The drawback is that the parameters da,
Pt,t

= 0,..., T need to be specified by the DM or the analyst. Furthermore Peters'

(1994) model does not address Sakawa and Yano's (1992) extension (3.6)-(3.8). In
the next chapter, the MOFR model will be presented, which is designed such that
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the DM does not need to specify these parameters. Furthermore, MOFR will also
be extended to address the problems in Sakawa and Yano's (1992) model.

CHAPTER 4
MULTI-OBJECTIVE FUZZY REGRESSION (MOFR)

As explained in the previous chapter, there are problems with FLR. In this section,
two MOFR models are proposed in order to address the data outlier problem (i.e.,
non-influential data points, sensitivity to data outliers, wider prediction intervals as
more data are collected). The first model is a bi-objective fuzzy regression model
which deals with the data outliers problem of Tanaka et al.'s (1982) FLR model. The
second model which uses three objectives, addresses the same problem in Sakawa
and Yano's (1992) formulation. Furthermore, it is shown that the existing regression
models are specific ca^es of the proposed techniques.
The underlying idea for the MOFR models is the tradeoff between data outliers
and prediction vagueness (Figure 4.1). Outliers and prediction vagueness are two
naturally conflicting objectives, that is if we allow vagueness to be unrestricted in
magnitude, we can find a vagueness value to cover all data points; on the other
hand, if we allow cis many outliers as the number of data points, we can basically
have zero vagueness. Note that the former ca^e coincides with the FLR as proposed
by Tanaka et al. (1982). As also mentioned by Peters (1994) outliers can be modeled
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Vagueness

Pareto Solutions

Outliers
Figure 4.1: Tradeoff between data outliers and prediction vagueness
by introducing soft boundaries to the FLR model: based on this idea, the following
MOFR is formulated:
MOFR:
min-dominate {V,

, c l . t , crj, •. •, €r ,t }

s.t.
(4.1)

PlAO^) - OLAO^) < ^L,t, OR,t{oi) - PRA<^) ^ ^R,t
>0

where

vf

VF

and eR,t can be considered as relaxation variables (RVs). In general, RVs

might constitute conflicting objectives as in the case of error terms in classical regres
sion. Next, based on (4.1), the bi-objective and the three-objective fuzzy regression
models will be developed.
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4.1

Bi-Objective Fuzzy Regression (BOFR)

In practice, solving equation (4.1) is not easy, therefore as in the case of classical
regression, RVs can be aggregated, e.g., using an L-p norm

where

1 < p < oo shows the compensation level. As explained in Chapter 1, most commonly
used compensation levels are p = 1 meaning full compensation from which we obtain
sum of RVs,

p = 2

sum of squared RVs, and

p

= oo, yielding maXt{eL,t,

and

meaning no compensation is allowed. In fact, generally, vagueness V is also defined
as an aggregated expression of the individual prediction vagueness after using an Li
norm in order to obtain LP formulations. Thus, equation (4.1) can be rewritten as
a bi-objective fuzzy regression (BOFR):
BOFR

min-dominate {V, E^}
s.t.
(4.2)
~

^L,u eR.t > 0

< ££,,«, O f t , £ ( a ) — P / i , « ( a ) <

V<

VZ

In formulation (4.2), all constraints are active therefore all data points are contribut
ing to the parameter estimation. The solution of (4.2) is the set of non-dominated
solutions or Pareto solution set. The final compromise solution is chosen accord
ing to the DM's relative preference of the two objectives. The following lemmas are
provided to show that in fact, the FLR models of Tanaka et al. (1982), Tanaka,
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(1987) and Peters (1994), FLSR of Diamond (1988), and classical Lj, regression are
specific cases of BOFR.
Lemma 4-1-'
(a) FLR of Tanaka et al. (1982). Tanaka (1987) (b) FLR of Peters (1994) (c) FLSRof
Diamond (1988) and (d) classical crisp (non-fuzzy) Lp regression models are specific
cases of BOFR.
Proof:
(a) Let

= 0 VL Then by inspection, BOFR (4.2) yields equation (3.5).

(b) Let p = 1 and

= ^R,t =

— ^t)pt V<, where pf 6 3? defined by the DM and

At € [0,1], then (4.2) gives
min-dominate {V, E^}
s.t.
(4.3)
Pl.M -

a^ € [0,1]

< ( 1 - At)p£, OR^t{ot) - pR,t{a) < ( 1 - A()p(

V/

vf

which can be solved using the e-constraint method (see Chapter 1) as:
min
s.t.
V < ey

(4.4)

P l, M ~ O L ,t{cc) < ( 1 - A J p t ,

at 6 [0,1]

vf

OR,i{a) - PR,t{oc)

< ( 1 - \t)pt
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where the vagueness objective V is constrained by ey. Furthermore, letting ey =
Jo + (1 — A)po and recognizing that min {E^ = 2^((1 — AJpt} = max

AtPt},

we obtain Peters' (1994) formulation given in (3.12). The only slight difference is
that in (4.4) the Af are weighed with the DM defined parameters

pt

(which reflect

DMs implicit preferences).
(c) Let

p = 2

then

- O l j M ? + (PH.,(a) - OnAa)?]

= E(4.. + 4.) >
t

(4.5)

t

Similar to (b), formulating BOFR using e-constraint technique with V added to the
constraint set as V < oo, would yield FLSR where the distance measure D^(Ot, Pt) =
ZtiiPLAo) - OuM)' + ( PRAC ^) - cr (a))2]
,t

(d) Let output data be crisp. Using the e-constraint technique in BOFR with ad
ditional constraint V < 0 would then give by definition P lA ^) = PrA^^) — Pt,
OlA*^) = OrAoc) = Of Furthermore, let
min

Vf. Then

=

s.t.
V<0

(4-6)

|ot(a) - pi(q)| < ct
£« > 0
Note that (4.6) yields

= 2

vf

Vt, 1 < p < oo

^

~ Pt{o'-)V^ that results in the minimiza

tion of \Ot{Q) — Pt(Q)|P, which is Lp regression by definition.
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4.2

Three-Objective Fuzzy Regression (TOFR)

Formulation (4.2) requires the selection of an a-level. As seen in equations (3.6)(3.8), the possibilistic models of Sakawa and Yano (1992) determine the a-level
through optimization. To take care of the non-influential data points resulting from
redundant constraints, a similar approach as in equation (4.2) can be applied to these
possibilistic models. Pi, P2, and P3 given in equations (3.6)-(3.8) can alternatively
written as (Sakawa and Yano, 1992):
PI:
min-dominate {V, —a}
s.t.

(4.7)

or (q) > PlA^)->

< PRA^)

,t

P2:
min-dominate {V, —a}
s.t.

(4.8)

0l7 > PLAC^),

< pft,,(a)

Vt

P3:

max-dominate {V, a}
s.t.
OlA")

(4.9)
<

P I T , OR.t(a) > PhT

Vi

For crisp output data, PI and P2 result in formulations equivalent to that given
by BOFR and P2 becomes equivalent to Tanaka et al.'s (1982) and Tanaka's (1987)
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(3.5) model. Furthermore, for crisp output data there is no feasible solution for P3
(4.9), unless the input-output data represents a perfectly noiseless relation. Even for
fuzzy input-output data it is possible that P3 be infecisible (see the example given
by Sakawa and Yano (1992)). Next, these observations are formally summarized in
the following lemmeis:
Lemma 4-2:
For crisp output data Pi and P2 (Sakawa and Yano, 1992) result in formulations
equivalent to those given by Tanaka et al. (1982) and Tanaka (1987) (3.5) at any
selected Q-level set.
Proof:
By definition, if the output data are crisp, we have Ol,£(q:) = OH,t(a) = Ot, then
for a selected a = a'. Pi, P2 and (3.5) give
min V
s.t.
Ot > PC. Ot < p^;,

(4.10)
w

Lemma 4-3:
For crisp output data P3 (Sakawa and Yano, 1992) does not have a solution, unless
the input-output data represents a perfectly noiseless relation.
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Proof:
By definition, if the output data are crisp, we have Oi^tioc) = OR,tict) = Of, then
for a selected a = a" P3 gives:
max V
s.t.

(4-11)

Ot < PIT, Ot > par
Adding the constraints in (4.11) and canceling Ot from both sides, we obtain Pji^ <
P^T which contradicts the definition of the left and right bounds of the a-level set,
and is only feasible when Pf{^° = ^2,7"

Substitution of Pf{T =

~

into (4.11) further gives
max V
s.t.
Ot < Pt, Ot > Pt

(4.12)
Vt

which is feasible if and only if Ot = Pt, Vi. Note that this condition will be satisfied
if and only if Ot is sampled from a perfect (noiseless) functional relation. Finding
such an approximating function that agrees with measurements at specific locations is
called "interpolation" whose scope is quite different from that of a regression analysis
(see e.g. Yakowitz and Szidarovszky (1989) for details on interpolation). Thus, for
a linear regression problem Ot needs to be sampled from a perfect linear functional
relation which is practically impossible in real world problems.
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Next, using similar ideas 35 in formulation (4.2), the models given in equations
(4.7)-(4.9) are extended to a three-objective fuzzy regression (TOFR) formulation cis
follows:
TOFRl:
min-dominate {V, —q, E^]
s.t.
(4.13)

PL,M - OR,t{,Oi) <
^L,T, CRT >0

OL,tiQ) - PRAO') 6 ^R,t

vi

VF

T0FR2:
min-dominate {V, —a, E^}
s.t.
(4.14)
PLA<^) - OLA'^ - o c ) <

cl.t, ^r,t >0

eu, ^^k,i(l - q) - /'«,«(«) < er,t

vf

vt

T0FR3:
max-dominate {V, a, —
s.t.
(4.15)
OcAoi) - PlA^ - 01) < eL,u PrA^ - a) — OrAo') ^ ^R,t
^L.t, CR.T >0

Vt

Finally, some properties of TOFRl, T0FR2, and T0FR3 are investigated by the
following lemmas:
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Lemma 4-4'
Pi, P2, and P3 of Sakawa and Yano (1992) are special cases of TOFRl, T0FR2,
and T0FR3, respectively.
Proof:
Let

= tfi t = 0 V<. Then equations (4.13)-(4.I5) yield equations (4.7)-(4.9).

Lemma 4-5:
For crisp output data TOFRl and T0FR2 result in formulations equivalent to those
given by BOFR (equation (4.2)) at any selected a-Ievel set.
Proof:
By definition, if the output data are crisp, we have Ol A^) = Oi?,t(Q:) = Of, then
for a selected a = a' TOFRl, T0FR2, and BOFR yield:
min-dominate {V, E^}
s.t.
(4.16)
^l.t ~
^l,t,

^
>0

Ot — P^ t —
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4.3

Example

In this section, MOFR is applied to the same example problem as given by Pe
ters (1994). The solutions for MOFR are obtained using compromise programming
and e-constraint techniques (Chapter 1). More specifically, Li and Loo

used for

compromise programming in order to obtain LP formulations. For the e-constraint
solution the vagueness objective function V has been constrained in all cases. Symmetricity of the RVs is assumed (i.e. e£„t = e/?,t = €t). Symmetrical TFNs are used
to represent fuzzy quantities, i.e., L(z) = R(z) = 1 — z, x. = x' and

= 5 (equation

(2.1), Chapter 1).
Note that the e-constraint technique determination of the thresholds for V requires
knowledge of the physical problem; further, an iterative procedure may be required to
reach a solution. On the other hand, since both objectives V and E'' are minimized,
maybe it is appropriate to constrain one of the objectives with another one, e.g., V
<

PqE

^ similar to the formulation of Peters (1994). In the same rain of thought,

the MOFR formulations proposed later in Chapter 4 require that

In

general, this can yield a high upper bound for V. Therefore, it would be desirable to
let e^ t, e^ ( 6 3? instead. One problem with this change is that we need to guarantee
that the MOFR formulation is bounded. Below, we show that, in fact, constraining
V using a function of the RVs (E*") yields to bounded feasible solutions.
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Lemma 4-6:
For the solution of MOFR using e-constraint technique, V < poE^ with
+ ^R,t)

=

^L,ti ^R,t € ^ yields bounded feasible solution.

Proof:
The proof follows from the fact that 0 < V < poE^. Therefore, min

is bounded

by 0.
Figure 4.2 gives the Pareto optimal solutions for the BOFR problem obtained
using the e-constraint technique. This methodology allows the DM to choose a
compromise solution reflecting his/her implicit preferences on objectives V and E^.
Here, we have chosen K < 5. The corresponding parameters are provided in Table
4.1 along with the estimated parameters for Tanaka at al.'s (1982), Tanaka's (1987),
Peters' (1994) and BOFR compromise programming Li and Loo solutions. As seen in
this table, BOFR model clearly indicates the data outlier (observation number 5) in
the output set; the RV

for the fifth observation takes very high values, whereas the

non-outlier data have values near zero. In this table, the RV values given for Peters'
(1994) model correspond to the At values defined in Chapter 1, equation (3.12), where
0 < At < 1 Wt. A Aj value closer to zero indicates an outlier data point. Figure 4.3
provides a comparison with Tanaka et al.'s (1982) and Tanaka's (1987) method,
Peters' (1994) method and solutions in terms of the predicted values. One observes
that, Tanaka et al.'s (1982) and Tanaka's (1987) method is sensitive to data outliers
yielding a very wide prediction interval. On the other hand, the model provided by
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Peters' (1994) and the BOFR model proposed compensate the outlier. Compared to
Peters (1994) model, BOFR can be considered advantageous, since BOFR does not
require selection of the model parameters do = 0,po = 100, pi = ... = pio = 10 by
the DM as in Peters (1994).
The results corresponding to Pi and P2 (Sakawa and Yano, 1992) (equations
(4.7)-(4.9)) and TOFRl and T0FR2 models (equations (4.13)-(4.15)) are not shown
because for crisp output data, Pi and P2 are equivalent to Tanaka et al.'s (1982)
model, and TOFRl and T0FR2 to BOFR model, as mentioned in Section 4.2. As
also mentioned in the same section, in general, P3 does not provide feasible results for
crisp output data. On the other hand, T0FR3 results are feasible and an e-constraint
solution is provided in Figure 4.4.
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Figure 4.2: Obtaining Pareto optimal solutions for BOFR for the example from
Peters (1994) using e-constraint technique (for a = 0 level set).
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Table 4.1: Estimated parameters for Peters' (1994) example
Parameter Tanaka at Peters BOFR: e-const. BOFR: f-const. BOFR:
V" < 5
V < S.e,
al. (1982) (1994)
Li
0
(I
0
1
-0.064
0
0.100
0
-0.027
1
0
0.600
0.409
0
0.989
0
-0.055
0.200
0
1
0
^4
4.300
0
0.610
3.817
3.981
0.300
0
1
-0.082
0
^6
0.400
0
0.990
-0.046
0
0
0
1
-0.509
0
€8
0
-0.373
0.200
1
0
0.900
0
1
0.264
0
ClO
2.250
0.600
0.229
0.258
0.600
2:5
2.400
0.271
0
0.408
0
00
0.900
0.950
0.974
0.967
0.900
0
0.025
0
0.017
0.064
V
24.0
3.5
0.0
4.1
5.0

BOFR:
Loo

0
0
0.106
0
3.900
0
0.102
0
0
0
0.229
0.271
0.974
0.025
4.1

65
Tanaka et al.; BOFR viritht*0
Vi
I

Peters: c^-0,Pg-1GO.p,-...-p,g-iO
12 •

10 •

8 •

X

S 6•

4•
2
0 -

0

2

4

6

8

10

X

X

BOFRrc-const V s Z.11
c.

BOFR: E-const. V s 5

12

12 -

10

10 •

8

8 •

s 64

4'

2

2 •

0

0-

0

6

8

0

10

2

4

6

X

X

bofr:l,

BOFR: L

12

12r

10

10 •

8

8 •

6

8

10

8

10

2 6

4

4•

2

2

0
0

0-

6
X

8

10

0

2

4

6
X

Figure 4.3: Example from Peters (1994). Comparison of BOFR with Tanaka et al.'s
(1982), Tanaka's (1987) and Peters' (1994) models.
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Figure 4.4: Obtaining Pareto optimal solutions for T0FR3 for the example from
Peters (1994) using e-constraint technique (for a = 0 level set).
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4.4

Summary

Two MOFR models are developed in order to address the data outliers problem.
The first model, BOFR, deals with the data outliers problem in Tanaka et al.'s
(1982) FLR model, whereas the second model, TOFR, addresses the same problem
in Sakawa and Yano's (1992) formulation. The underlying idea for the MOFR models
is the tradeoff between data outliers and prediction vagueness (Figure 4.1). Outliers
and prediction vagueness are naturally two conflicting objectives, that is if we allow
vagueness to be unrestricted in magnitude, we can find a vagueness value to cover
all data points; on the other hand, if we allow eis many outliers as the number of
data points, we can basically have zero vagueness. The properties of the BOFR and
TOFR models are investigated, and it is shown that the existing regression models
are specific cases of the proposed techniques.
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CHAPTER 5
FUZZY CONCEPTUAL RAINFALL-RUNOFF (FCRR)
MODELS

In the first part of this section, mathematical representation of CRR models are
reviewed, and associated problems cited in the literature are presented. In the second
part, a FCRR model is developed in a fairly general context using fuzzy arithmetic,
fuzzy rule-based modeling and fuzzy dominance concepts. Applications to three CRR
models are presented for illustration purposes. The models in increasing complexity
are linear CRR, TWOPAR and SIXPAR models. The results are fairly general, and
can be applied to any dynamic discrete mode system.

5.1

CRR Models

Rainfall-runoff process is usually modeled through (1) CRR models and (2) sys
tem theoretic approaches (Klemes, 1982; O'Connell and Clarke, 1981; Sorooshian,
1983; Young and Wallis, 1985; Singh, 1988). CRR models are considered as phys
ically based because they are designed to reflect the mechanisms which govern the
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hydrologic cycle. On the other hand, system theoretic approaches establish an inputoutput mapping without physical considerations. For this reason, these models are
referred to

cls

black box approaches.

In general, a CRR model is composed of sub-modules which reflect mechanisms
governing elements of the hydrologic cycle, where each sub-module is coupled to
others. In addition, because of the threshold parameters representing the capacity
of the conceptual storage tanks, CRR models are "modal" in structure. As noted by
Gupta and Sorooshian (1983), this modality behavior is equivalent to the branching
structure in an algorithmic flow diagram resulting from "IF-THEN" rules. This
concept is illustrated in Figure 2.3. Thus, a CRR model can be represented in a
state-space framework as follows (Gupta and Sorooshian, 1983):
if mode m of sub-module 5
(5.1)
Z'r

=

gsAXU.Ut.Q')

is activated at time t

where m = 1,..., M, s = 1,..., 5, f = 1,..., T, and X''"^ and

are the vector of

sub-module states (e.g., amount of ground water storage) and outputs (e.g., runoff)
at time t for operational mode m and f/f is the vector of sub-module inputs (e.g.
rainfall). Using (5.1), the overall sub-module state and output can be expressed as
M
m=l

z.' = EM
m=l

(5.2)
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where

{

1

if mode m of sub-module s is activated at time t
(5.3)
0 otherwise

with

f//, 0*) = 1- Note that the activation of a mode is equivalent

to saying that all the "IF" switches along the path of the mode have a "TRUE"
value. The formulation given in equations (5.1)-(5.3) is slightly different from that
in Gupta and Sorooshian (1983), who have decomposed the entire CRR system into
modes in spite of the modal decomposition of each sub-module. In fact, for crisp
CRR models both representations are equivalent, but for the development of FCRR
model, consequences (outputs) from each sub-module need to be evaluated and fed
into (or coupled with) the subsequent process(es) sub-module.
DiiBculties in parameter identification of conceptual rainfall-runoff (CRR) models
have been well recognized by the hydrologic community (Kitanidis and Bras, 1980;
Sorooshian and Dracup, 1980; Sorooshian et al., 1983; Sorooshian and Gupta, 1983,
1985; Gupta and Sorooshian, 1983, 1985a,b; Duan et al., 1988, 1992; Gan and Surges,
1990a,b; Gan and Biftu, 1996). Some of the factors contributing to the uncertainty
of model parameters are the imprecision in data collection, inadequacy of the data to
explain the physical process, errors in model structure, choice of objective function
used in the parameter identification process, and global convergence properties of the
optimization algorithm used to calibrate the CRR model. Sorooshian and Dracup
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(1980) have pointed out that the choice of objective function based on the stochas
tic properties (e.g. based on maximum likelihood theory) of the rainfall-runoff data
might improve parameter estimation. Gupta and Sorooshian (1983) and Sorooshian
and Gupta (1985) have proposed reparametrization to improve uniqueness and ob
servability properties of the CRR parameters. Duan et al. (1992) have developed
a global optimization algorithm named shuffled complex evolution (SCE-UA),
which consistently locates the global optimum, and proves to be an efficient and
effective technique; but as stated by Gan and Biftu (1996), because of the identifiability problem in CRR models, even sophisticated optimization techniques might still
fail to solve real life problems. A slightly different perspective was followed by Yapo
(1995), who has formulated the parameter estimation problem in a multiobjective
optimjzation framework. In his research he proposed a new multiobjective global
optimization algorithm, namely, Multiobjective Complex Evolution, and presented
an application to a bi-objective CRR model using daily root mean square and heteroscedastic maximum likelihood estimator to analyze the tradeoff between fitting
high and low flow values (the former fitting better the high flows, and the latter the
low flows).
Based on the above mentioned research endeavors, it is usually desirable (1) to
know the sensitivity of the CRR model to parameter uncertainty, and (2) to obtain
interval estimates for parameters so a5 to account for data uncertainties. Traditional
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uncertainty analysis utilizes probability theory, which requires distributional assump
tions on the random variables and computational difficulties arising from multiple
convolutions in the usual case of dealing with several non-normal dependent random
variables. In this dissertation, alternative fuzzy logic-based approaches are inves
tigated for the purpose of CRR modeling. Fuzzy logic, as explained in Chapters
2 to 4, provides a framework for dealing with model uncertainty. The proposed
FCRR methodology is not meant to be a substitute for probabilistic or stochastic
approaches, but as it will be shown later, can be useful when distributional assump
tions cannot be justified and/or computational problems cannot be overcome. In
recent years, fuzzy logic has also been applied in hydro-climatological systems mod
eling (Bardossy et al., 1990, 1993; Bardossy and Duckstein, 1995; Bardossy and
Disse, 1993; Hsu et al., 1993; Ganoulis and Duckstein, 1996; Pesti et al., 1996;
Ozelkan et al., 1996,1997). Here, we will utilize concepts such as fuzzy arithmetic
(Kaufmann and Gupta, 1991), fuzzy rule-baised modeling (Bardossy and Duckstein,
1995; Ozelkan et al., 1996,1997) and fuzzy regression as described in Chapter 3.
The methodology is illustrated using the linear CRR model, experimental twoparameter (TWOPAR) linear reservoir model and a simplified version of the Sacremento soil moisture accounting model of the U.S. National Weather Services river
forecast system (SAC-SMA) known as six-parameter (SIXPAR) model. After build
ing the FCRR models, model parameters are estimated by a fuzzy regression ap
proach. The resulting optimization problem is solved using SCE-UA of Duan et al.
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(1992). It is shown that the fuzzy logic framework enables the decision maker to
gain insight into the model sensitivity to any element of the CRR model exhibiting
uncertainty, especially sensitivity to the input data.
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5.2

FCRR Models

In this section, FCRR models are developed and applied to the fuzzification of
a linear reservoir model as well as the TWOPAR and the SIXPAR models. Before
continuing with the model development, we would like to note that the formulations
given in (5.1)-(5.3) are fairly general and apply to any dynamic discrete mode system.
Similarly, the results presented here would apply to any fuzzy dynanoic discrete mode
system.
The first step is to fuzzify the parameters and variables of the CRR model using
FNs and fuzzy functional operations as described in Chapter 2. Here, it is assumed
that every element of the CRR system can be fuzzy. The relationships for the FCRR
model can be then represented as follows:
xr

if mode m of sub-module 5

=

(5.4)
zr =

9s,m

{xu.u,%e')

is activated at time

t

and as a fuzzy extension of equation (5.3),

2' =

(5.3)

where fs.miX'^^, U',&') € [0,1] is referred as the fulfillment degree of operational
mode m = 1,..., M within a sub-module s = 1,..., 5 with

=

I. The parantheses are used to emphasize the fuzzy arithmetic operations. Thus,
the crisp CRR model given in equations (5.1)-(5.3) is a special case of the FCRR
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model given in (5.4)-(5.5), where
h,Tn{^t-ii^n

^ {O?!}- Notice that, because

takes on values in [0,1], unlike the crisp CRR model, each mode of

the FCRR system might be applied with a certain degree of fulfillment. As explained
in Section 3, although we will not explicitly state this in the notation, operations on
FNs will be performed at a selected a-level.
Next, the details of the concept will be illustrated using the linear CRR (Hsu,
Ozelkan, and Duckstein, 1993), the TWOPAR and the SIXPAR models in the follow
ing sections. Both the TWOPAR and the SIXPAR models provide insight into some
of the important behaviors of more complex CRR models. The TWOPAR model
(Sorooshian and Dracup, 1980; Sorooshian and Gupta, 1983; Gupta and Sorooshian,
1985; Sorooshian, 1985; Duan et al., 1988, 1992) and the SIXPAR model (Gupta
and Sorooshian, 1983, 1985a,b; Sorooshian and Gupta, 1985; Duan et al., 1992) have
been extensively studied in the literature under controlled experimental setting in
order to demonstrate the difficulties faced in the calibration of CRR models.
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5.2.1

Fuzzy linear CRR model

Figure 5.1 gives a representation of the linear CRR model analyzed here. As will
be explained in the application section, the model is based on the Lucky Hills subbasin of the experimental watershed Walnut Gulch in Arizona. Linear CRR model
has only one mode due to the infinite reservoir level assumption i.e. 0 < Xj < oo
and is characterized by the following continuity relation:
zj,. - zy+i.. +

= ^.

(5 «)

where Xt = f{Zj^t,Zj+i^f,Ut) (units of length) is the reservoir level (state of the
model) of the downstream, Ut is the rainfall, Zj^t and

(units of length/time)

are the channel flow from the upper and lower storage tanks, respectively. Assuming
a linear functional relationship for the reservoir level Xt, and replacing the derivative
term in (5.6) with a forward difference relation yields the following equation:
Zj+i,t = Cq +

+ C-iZj^i + CzZj^t-\ + C^Ut + C^Ut-\

(5.7)

where Co is constant and C,, z = 2,5 are parameters which can be obtained as:

at+k'i

^2

af+ki

^3 ~ a£+a'i

~ at+ki

^5 — ai+a'i

'

The fuzzification of the linear CRR model is performed as follows:
= Co{+)CiZj+i^t-i{+)C2Zj^t{+)C3Zj^i-i{+)C4LIt{+)CsUt-i

(5-9)

Note that (5.9) is essentially a linear model in all of its parameters. Thus the
parameters can be obtained using a FLR model.
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Figure 5.1: Representation of a Linear CRR model
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5.2.2

Fuzzy TWOPAR model

Figure 5.2 gives a representation of the TWOPAR model. There are two param
eters to be estimated ;

K

(1/units of time), the recession coefficient and

C

(units of

length), the threshold parameter which reflects the capacity of the reservoir. Here, St
(units of length/time) and Rt (units of length/time) are the interflow and overland
flow from the reservoir, respectively. The combination of the inter and overland flows
g i v e t h e c h a n n e l flow

(Zt)-

The fuzzification of the TWOPAR model is performed as follows: Let Xt-i (units
of length) be the fuzzy reservoir level (state of the model) at the beginning of the
time interval t and Ut be the fuzzy rainfall (units of length) during time interval t.
Then, the fuzzy intermediate state can be written as follows:

(5.10)

The two modes of the TWOPAR system can be reformulated as fuzzy rules:
Rule 1: if Xt(<)C' then
Xt,, = (l(-)^)(x)(X,.,(+)f7,); Am = 0 ; 5 m =/^(x)(.^,_,(+){/,)
Rule 2: if JCt{>)C then
Xt,2

= (1( - ) A ')(X)C;

=

Xt-^{+)Ut{-)C-,St,2 = K{^)C

Let 7(1, It,2 he respectively the fulfillment of rules 1 and 2, which can be computed
as in equations (2.10) and (2.11). The consequence state and output from the fuzzy
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}•
Figure 5.2: Representation of a TWOPAR model
rules 1 and 2 can then be evaluated as

= a,t(x)^ij( + )/2,i(x)-^£,2)
rt = a,«( x) a,i(+)/2,t(
= a,t(x)*?«.i(+)-^2,«(x)'5£,2-

(5-11)
(5.12)
(5.13)

Finally, the TWOPAR runoff can be obtained as

Zt = Rti+)St.

(5.14)

A numerical application of this equation is given in the "Application" section.
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5.2.3

Fuzzy SEXPAR model

Figure 5.3 gives a representation of the SIXPAR model. As mentioned before,
SIXPAR model is a simplified version of the SAC-SMA model. Although some
of the hydrologic components such as evaporation and tension water reservoirs are
not included in SIXPAR, the major components of the SCA-SMA model, which
are the two-layer structure and the percolation feature, are still preserved. There
are six parameters to be studied :

and

(1/units of time) are the recession

coefficients of the upper and lower zone storages, and

and

(units of length)

are the threshold parameters which show the capacity of the storages. The other two
parameters, A and W which are dimensionless, are part of the percolation relation
Pt- Here, Rt^ St, and Bt (units of length/time) are the overland flow from the
upper reservoir and interflows from the upper and lower storages, respectively. The
combination of the inter and overland flows give the channel flow Zt.

and

(units of length) represent the storage levels (state of the model) and Ut (units of
length) the rainfall (input) during time interval t. The SIXPAR model computes first
percolation, then lower zone relations, and finally the upper zone state and outputs.
The SIXPAR model flow diagram and the modal decomposition are shown in Figure
5.3. Next, the relations associated with each of these processes are presented in terms
of fuzzy operations.
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Percolation:
Let D = {C^{—)Xl'_i){-.)C^ be the lower zone deficiency ratio, then the percolation
computation is carried out as follows:
Rule Pi: if b{<)A then
a.i = (x,'i,(+)f/.)('-)c'''(x)
:''(x)a''-(+)(c''(-)c'-(x)a:'-)(x)(z)(:)a)'*' ;
=

Rule P2:

where

(5.15)

iXlMWi)
if

D(>)4

then A.2 =

+ ft;

£,"2 =

0,

is used to denote the remaining water in the upper storage after percolation

process takes place. The consequences from the percolation sub-module are then
obtained as:

a =

><) a,l(+)/p2,i( x )a,2

(5.16)

= /pi,^(x)a'fi(+)/p2,«(x)a^2

(5.17)

where /pi,t and /pj.t are rule fulfillments computed similar to (2.10) and (2.11).
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Lower Zone:
Let Xj = Xt^i + Pt be the fuzzy lower zone intermediate state then the lower zone
computations follow as:
Rule Ll: if

{^)C^ then

Bt,^ =

= ^ A - ) B u 4^1 = 0

Rule L2: if k^t{>)C^ Kmf{<)C^ then
(5.18)
4.2 =

Xta = f- Et,2 = 0

Rule L3: if Xt(>}C^ ANDt(>)C^ then
Bt ,3 =

Xt ,3 =

4^3 = fi-)C^

l
.
.
where E denotes the excess water from the lower storage and T = X^ ( — )C^( x)K^.
-

i.

Then, the lower zone consequences form the lower zone rules can be computed eis:

Bt

= ^Ll,t(x)4.l( + )^L2,£(x)4,2( + )-^L3,«(x)4,3

(5.19)

X^"

= /£,l,t(x)-^u( + )/i,2,t(x)-^^'2( + )^i'3,t(x)Xj^3

(5.20)

Et = /M,t(x)4^,(+)42.i(x)£,^2(+)/^3.e(x)E,^

(5.21)
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Upper Zone:
' r be the upper zone intermediate state, then similar to the perco
Let X^ = ~u + Ei
lation and lower zone processes, the upper zone computations follow as:
Rule Ul:

if

(<)C^ then

xi;, =

su = k"(x)x^;flu

=0
(5.22)

Rule U2; if

(>)C^ then

x^ —

^i/i,i(^)-^u(+)-^[/2,t(x)^t^2

(5.23)

/ui.t(x)5t.i(+)/t/2.t(x)5£.2

(5.24)

a = /i/i.t(x)^t,i(+)/i/2.t(x)«£,2

(5.25)

St

=

Finally, the SIXPAR runoff can be obtained as

= ^£(+)'?«(4-)-^t.

(5.26)

Figure 0.3: Representation of a SIXPAR model
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5.3

Summary

In the first part of this section, mathematical representation of CRR models are
reviewed, and associated problems cited in the literature are presented. In summary,
parameter identification of CRR models poses difficulties which may be:
• Data Related: Imprecision in data collection and inadequacy of the data to
explain the physical process.
• Modeling Related: Errors in model structure, poor choice of objective function
used in the parameter identification process, and unsatisfactory global con
vergence properties of the optimization algorithm used to calibrate the CRR
model.
Ba^ed on the cited research, it is usually desirable (1) to know the sensitivity of
the CRR model to parameter uncertainty, and (2) to obtain interval estimates for
parameters so as to account for data uncertainties. Fuzzy logic, which provides a
framework for dealing with model uncertainty has potential applicability for CRR
modeling.
In the second part of this section, a FCRR model is developed in a fairly gen
eral context using fuzzy arithmetic, fuzzy rule-based modeling and fuzzy dominance
concepts. Applications to three CRR models are presented for illustration purposes.
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The models in increasing complexity are linear CRR, TWOPAR and SIXPAR mod
els. The results are fairly general, and can be applied to any dynamic discrete mode
system. The study presented in the rest of this dissertation consists of:
• Sensitivity of CRR using fuzzy framework,
• Investigation of calibration issues of FCRR models.
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CHAPTER 6
APPLICATION AND RESULTS

In the first part of this section, a paradigm is presented to use FCRR technique
to enable the DM to gain insight about the model sensitivity with respect to the
elements constituting the CRR model. The concept is illustrated using the TWOPAR
and the SIXPAR models. The fuzzy linear CRR model is excluded from this analysis
because linearity in the parameters makes a sensitivity analysis trivial.
Then in the second part, parameter identification of FCRR models using fuzzy
regression techniques is investigated. It is shown that MOFR, which in general leads
to constrained optimization problems (Chapter 2), can be applied to estimate the
parameters of the linear CRR model. On the other hand, for the TWOPAR and
the SIXPAR models which are non-linear, model parameters are identified using
FLSR which yields unconstrained mathematical programming problem. An experi
mental design methodology has shown that the FLSR yields more robust parameter
estimates than crisp optimization.
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6.1

FCRR for Sensitivity Analysis Purposes

The sensitivity analysis methodology can be summarized as follows:
Step 1: Obtain CRR model parameters using classical optimization techniques.
Step 2: Select input variable(s) and/or parameter(s) to be analyzed.
Step 3: Introduce fuzziness to the selected CRR element(s).
Step 4: Run FCRR using the defined fuzziness to generate fuzzy runoff.
Step 5; Measure impact of fuzziness using sum of squares vagueness (SSV), where
SSV is defined as
ssvw =

(81)
t

Suppose the optimal parameter values have been determined as crisp numbers
using classical methods, but the rainfall data, and thus the parameters are considered
to be uncertain. In our case, the selected true parameter values are as follows: for
the TWOPAR: K = 0.5 l/hr and C = 50 mm, and for the SIXPAR
= 0.2 1/^r,

= 20 mm,

= 10 mm,

= 0.5 Ifhr, A = 0.31, and W = 3. The parameter

values for the SIXPAR model are the same experimental values as in Duan et al.
(1992). The sensitivity scenarios include the (1) rainfall Ut fuzzy, (2) individual
parameters being fuzzy i.e. two cases for TWOPAR, and six cases for SIXPAR, and
(3) all parameters and rainfall being fuzzy. Altogether, four experimental scenarios
for the TWOPAR and eight for the SIXPAR are analyzed in order to identify the
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individual and combined effect of the parameters and rainfall data on the CRR
system output. Furthermore, each sensitivity scenario is computed for 5 %, 10 %, 15
%, 20 %, 25 %, and 30 % vagueness. All computations are carried out at the a = 0
level set, which does not restrict the generality of the approach.
Figures 6.1 and 6.3 give the SSV for the channel flow for the different sensitivity
cases. In case of the TWO PAR model, the output vagueness is seen to be more
sensitive to parameter C than to rainfall or K (Figure 6.1). Similarly, for the SIXPAR
model, it is found that for vagueness < 15 %, parameter
then comes rainfall, C^,
effect of rainfall,

and

results in more vagueness,

. On the other hand, for vagueness > 20 %, the

is followed by

in terms of runoff vagueness. In general,

the SIXPAR model is least affected by A and W . For both the TWOPAR and
the SIXPAR models, increasing vagueness results in an increasing runoff vagueness
except for

of SIXPAR, for which a decrease from 10 % to 20 % is observed (Figure

6.3). Figures 6.2 and 6.4 give the rainfall series, storage levels, percolation (for the
SIXPAR) and channel flow for sensitivity Ccise 1 for 5 % vagueness scenario. As it
can be seen, the effect of uncertainty is well observable in the outcome through the
proposed fuzzy methodology.
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Figure 6.1: Sensitivity analysis of TWOPAR model: Sum of square vagueness (SSV)
of simulated fuzzy channel flow for different sensitivity scenarios.
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Figure 6.2: Sensitivity analysis of TWOPAR model by introducing 5 % vagueness
to rainfall data, C{mm) and K{\/hr): Fuzzy rainfall series, storage level, and the
channel flow (... Upper Fuzzy Confidence Level _ Lower Fuzzy Confidence Level)
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Figure 6.3: Sensitivity analysis of SIXPAR model: Sum of square vagueness (SSV)
of simulated fuzzy channel flow for different sensitivity scenarios.
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6.2

6.2.1

Parameter Identification of FCRR Using FR

MOFR to c£dibrate the linear CRR model

In this application, MOFR is solved using compromise progranuning and e-constraint
techniques. More specifically, Li and Loo are used for compromise programming in
order to obtain LP formulations. For the e-constraint solution the vagueness ob
jective function V has been constrained in all cases. The RVs are assumed to be
symmetric (i.e.,

= ^R,t = ^t) and fuzzy quantities are represented by symmetrical

TFNs (i.e., L{z) = R{z) = 1 — z, z. = x' and 0 = 6 (equation (2.1), Chapter 2)).
The data are obtained for the subwatershed "Lucky Hills" of the experimental
watershed "Walnut Gulch". There are three rainfall-runoff events: 27 July, 1973; 01
Aug, 1974; 17 July, 1975. The 01 Aug, 1974 event is used for simulation and the
other two events, for validation purposes.
Results are provided for the case where runoff observations are assumed to be
10 % fuzzy. Figure 6.5 shows the Pareto optimal solutions for the BOFR problem
obtained using the e-constraint technique. Comparison of BOFR solutions with that
of Tanaka et al. (1982) is provided in Figure 6.6 for the simulation event. Similarly,
Figure 6.7 shows the results for TOFRl, T0FR2, and T0FR3. The validation
results are shown in Figures 6.8 to 6.11. The results show that BOFR and TOFR
are capable of modeling the rainfall-runoff events. As seen from the results, BOFR is
more robust to data outliers, whereas, since in Tanaka et al.'s model the constraints
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are crisp, it results in a wider prediction interval. In the case of TOFR, Sakawa &
Yano's P3 model does not yield feasible solutions, whereas T0FR3 does. This agrees
with the restilts of Lemma 4.3 presented in Chapter 4. The parameter estimates are
provided in Tables 6.1 to 6.4. For the TOFR results the a level objective is optimized
among q = 0, 0.5, and 0.75 levels. The results presented in Figures 6.7, 6.9, and
6.11 correspond to the selected a = 0.5 level.
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Figure 6.5: Obtaining Pareto optimal solutions for BOFR for the rainfall-runoff
example using e-constraint technique (Output 10% fuzzy).

Simulation Event, Lucky Hills - 1 Aug, 1974
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Figure 6.6: Rainfall-runofF estimation using BOFR; Simulation event Lucky Hills,
1 Aug, 1974 and comparison of the results with Tanaka et al.'s (1982, 1987) model
(Output 10% fuzzy).
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Figure 6.7: Rainfall-runofF estimation using TOFR: Simulation event Lucky Hills,
1 Aug, 1974 and comparison of the results with Sakawa & Yano's (1992) model,
a = 0.5 (Output 10% fuzzy).
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Figure 6.8: Rainfall-runofF estimation using BOFR: Validation event Lucky Hills.
27 Jul, 1973 and comparison of the results with Tanaka et al.'s (1982, 1987) model
(Output 10% fuzzy).

100
Sakawa & Yano. Pi

b=Q.5

TOPHI:0=0.5. e-csnst

20
30
time (min)

20
30
time (min)

40

Sakawa & Yano, P2£e=0.5

T0PH2:0=0.5, e-canst. V < 1. e.

20
30
time (min)

20
30
time (min)

Sakawa & Yano. P3xt=0.5

TOFH3: a=O.S.e-canst. V2 S e.
I

I

NO FcASIBLS SOLUTION

20
30
time (min)

20
30
time (min)

Figure 6.9: Rainfall-runoff estimation using TOFR: Validation event Lucky Hills,
27 Jul, 1973 and comparison of the results with Sakawa
Yano's (1992) model,
Q = 0.5 (Output 10% fuzzy).
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Figure 6.10: Rainfall-runofF estimation using BOFR: Validation event Lucky Hills,
17 Jul, 1975 and comparison of the results with Tanaka et al.'s (1982, 1987) model
(Output 10% fuzzy).
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Figure 6.11: Rainfall-runoff estimation using TOFR: Validation event Lucky Hills,
17 Jul. 1975 and comparison of the results with Sakawa Sz Yano's (1992) model,
a = 0.5 (Output 10% fuzzy).
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Table 6.1: Estimated parameters for the rainfall-runoff example: runoff 10 % fuzzy
BOFR: e-const. V < E.-c,Parameter
Tanaka et al.
q
a
0.75
0
0.5
0.5
0.75
0
0.062
0.045 0.043 0.041 0.062 0.062
0.227
0.024 0.044 0.084 0.202 0.216
j3o
0
0
0
0
0
0
0
13.132 30.978 66.670
0
0
/3i
0
0
0
0
0
0
0
8.205 16.516 33.136
0
0
02
0
0.844 1.053 1.158
0
0
0
0
0
0
0
0
03
2.210
1.013 0.877 0.809 2.210 2.210
0
0.355
0.372
0.408
0
0
04
0.215
0.254 0.225 0.210 0.215 0.215
0
0
0
0
0
0
05
V
8.6
7.7
8.2
25.9
47.2
89.8

Table 6.2: Estimated parameters for the rainfall-runoff example: runoff 10 % fuzzy
(cont.)
Parameter
BOFR: Loo
BOFR: Li
a
a
0.5
0.75
0
0.5
0.75
0
0.060 0.062 0.062 0.064 0.063 0.060
0.012 0.020 0.016
0
00
^ 0.010 0.021
xj
0
0
0
0
0
0
0
0
0
0
0.630 0.364
01
0
0
0
0
0
0
0
0
1.489 3.111 5.944
0
02
0
0
0
0
0
0
0
0
0.141
0
0
0
03
=^4
2.210 2.210 2.210 2.210 2.210 2.211
0
0
0
0.167 0.136
0
04
0.215
0.215
0.215
0.215
0.215
0.212
^5
0
0
0.026 0.024 0.001
0
05
V
0.4
0.1
0.1
7.8
8.7
8.3

104

Table 6.3: Estimated parameters for the rainfall-runofF example: runoff 10 % fuzzy
(cont.)
P3
Parameter
Sakawa & Yano: Pi
P2
Q
a
a
0.75
0.75
0.5
0.5
0.75
0.5
0
0
0
0.042
0.044 0.046 0.040 0.042 0.043 infeas infeas infeas
0.015 0.028 0.056 0.020 0.044 0.092 infeas infeas infeas
00
infeas infeas infeas
0
0
0
0
0
0
10.837 24.293 51.205 17.846 30.978 57.242 infeas infeas infeas
0
0
infeas infeas infeas
0
0
0
0
10.837 15.322 51.205 8.310 16.516 32.927 infeas infeas infeas
02
1.634 1.477 1.262
1.949
L053 0.948 infeas infeas infeas
0
infeas infeas infeas
0
0
0
0
0
03
0.498
0.945
infeas infeas infeas
0.263
0.616 0.741 0.877
^4
0
0
0
0.017 0.372 1.083 infeas infeas infeas
0A
0.132
0.154 0.165 0.196 0.225 0.239 infeas infeas infeas
infeas infeas infeas
0
0
0
0
0
0
Ps
V
17.2
38.4
80.8
21.3
47.1
98.8 infeas infeas infeas

Table 6.4: Estimated parameters for
(cont.)
Parameter
TOFRl
Q
0
0.5
0.75
0.056 0.057 0.058
0
0.007 0.026
00
0
0
0
0
0
0
/3i
0
0
0
^2
5.104 6.690 6.474
02
1.219 0.276
0
^3
0
0
0
03
1.137
1.857
2.111
^4
0
0
0
04
0.143
0.233
0.244
^5
0
0
0
05
V
3.9
5.4
6.6

the rainfall-runofF example: runoff 10 % fuzzy
T0FR2
a

0
0.054
0.005
0
0.926
0
4.910
0
0
2.050
0.032
0.268
0
5.2

0.5
0.063
0.020
0
0.684
0
3.111
0
0
2.209
0.136
0.215
0.024
8.2

0
0.75
0.060 0.062
0
0.033
0
0
0.364 3.803
0
0
0
0
0
0
0
0
2.210 2.210
0
0.413
0.215 0.215
0
0
11.2
2.9

T0FR3
a
0.75
0.5
0.062 0.062
0
0
0
0
15.85 39.959
0
0
0
0
0
0
0
0
2.210 2.210
0
0
0.215 0.215
0
0
30.7
12.1
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6.2,2

Use of FLSR to calibrate the TWOPAR & SDCPAR models

In this part of the analysis, we have tried to capture the parameters of the FCRR
models after perturbing synthetically produced rainfall and runoff data. Since we
are making our analysis at the a = 0 level, each parameter is replaced by an inter
val; thus as explained in Chapter 5, four parameters for the TWOPAR and twelve
for the SIXPAR need to be estimated. For experimental design purposes, both heteroscedastic (error variance is proportional to the magnitude of measurement) and
homoscedastic (constant error variance) error effects at 10 %, 20 % and 0 % (error
free) cases are investigated. The 25 possible different experimental scenarios are
simulated, and the parameter estimates are obtained using FLSR technique as ex
plained in Chapter 8. The resulting non-linear optimization problem is solved using
the SCE-UA method of Duan et al. (1992). For FLSR, the fuzziness of the rainfall
and runoff are assumed to be equal to the contaminated error magnitude, i.e., if the
rainfall is 10 % error contaminated (heteroscedastic or homoscedastic), 10 % fuzzi
ness is assumed; e.g., if rainfall Ut = 10 mm then fuzzy rainfall Ui = [9,11] mm.
As mentioned in Section 4, if the rainfall and runoff are assumed to be crisp, then
ordinary least squares estimates are obtained for the parameters. Here, we have
computed the ordinary least squares estimates for comparison purposes. The results
of the experimental study are given in Figures (6.12) to (6.17). The x-axis in these
figures show the percent of error contamination and type of error. For example, "10
he" shows 10 % heteroscedastic error; thus, in Figure (6.12) and (6.13) for the "0-10
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he" case, one finds C = [8.95,10.13] K = [0.480,0.515], meaning that the storage
capacity and recession parameters can take on values in these intervals at the q = 0
level.
One can verify that in the no error and no fuzziness case, the optimization scheme
should recover the true model parameters. Our studies have shown that, although for
the fuzzy TWOPAR model the true parameters were easily recovered, for the fuzzy
SIXPAR model the true parameters could not be recovered when all six parameters
were estimated, i.e., multiple runs using SCE^UA algorithm resulted in premature
convergence of the model parameters to different local optima. This result complies
with the findings of other researchers, who have realized difficulties in the identifiability of CRR models (Gupta and Sorooshian, 1983; Sorooshian and Gupta, 1985,
Gan and Biftu, 1996). This point has been emphasized in the literature, especially
the problems associated with the percolation process (Gupta and Sorooshian, 1983).
For this reason, in the present study, percolation process parameters are excluded
from the optimization and fixed at their true values. After this adjustment the re
maining four parameters were successfully recovered. The results provided for the
SIXPAR model in Figures (6.14) - (6.17) include optimization results of the four
fuzzy parameters.
For the TWOPAR model, it has been observed that even in cases where crisp
optimization resulted in unstable parameter estimates, fuzzy case gave more reason
able estimates (see cases 20 he - 0, 20 he - 20 he, 20 he - 20 ho, 10 ho - 20 he. 20 ho
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- 20 he). Similarly, for the SIXPAR model more reasonable estimates were obtained
for 0 - 20 he , 20 he - 20 he, 10 ho - lOhe, 10 ho - 20 he, 20 ho - 20 he cases, when
rainfall and runoff data are assumed to be fuzzy.
For an objective comparison of the crisp and fuzzy least squares parameter esti
mation, relative sum of squares error (RSSE) between the estimated parameter and
the true parameter value is computed:

(6.2)

J
where dpj^ 6tj represent the predicted and true parameters, respectively. The com
parison results are provided in Table 6.5. The RSSE values agree that for the
TWOPAR and the SIXPAR fuzzy estimates are more stable than the crisp ones.
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Figure 6.12; Fuzzy regression estimates for the TWOPAR parameter C and their
comparison with the crisp estimates under different experimental error scenarios (he:
heteroscedastic, ho: homoscedastic)
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Figure 6.13: Fuzzy regression estimates for the TWOPAR parameter K and their
comparison with the crisp estimates under different experimental error scenarios (he:
heteroscedastic, ho: homoscedastic)
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Figure 6.14: Fuzzy regression estimates for SIXPAR parameter
and their com
parison with the crisp estimates under different experimental error scenarios (he:
heteroscedastic, ho: homoscedastic)
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Figure 6.15: Fuzzy regression estimates for the SIXPAR parameter
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Figure 6.17: Fuzzy regression estimates for the SIXPAR parameter
and their
comparison with the crisp estimates under different experimental error scenarios
(he: heteroscedastic, ho: homoscedaistic)
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6.3

Summary

In the first part of this section, a paradigm is presented to use FCRR technique
to enable the DM to gain insight about the model sensitivity with respect to the
elements constituting the CRR model. In the case of the TWOPAR model, the
runoff was seen to be more sensitive to parameter C than rainfall or K. Similarly,
for the SIXPAR model, it is found that for vagueness < 15 %, parameter
in more vagueness, then comes rainfall,

, and

vagueness > 20 %, the effect of rainfall,

is followed by

results

. On the other hand, for
in terms of runoff

vagueness. In general, the the SIXPAR model is leaist affected by A and W. For both
the TWOPAR and the SIXPAR models, increasing vagueness results in an increasing
runoff vagueness except for

of SIXPAR, for which a decrease from 10 % to 20 %

is observed.
In the second part of this section, parameter identification of FCRR models using
fuzzy regression techniques is investigated. It is shown that MOFR, which in general
leads to constrained optimization problems (Chapter 2), can be applied to estimate
the parameters of the linear CRR model. On the other hand, for the TWOPAR
and the SIXPAR models which are non-linear, model parameters are identified using
FLSR which yields unconstrained mathematical programming problem. An experi
mental design methodology heis shown that the FLSR yields more robust parameter
estimates than the crisp optimization case.

CHAPTER 7
SUMMARY, DISCUSSION AND CONCLUSIONS

In the first part of this dissertation, after motivating the use of fuzzy regression
for uncertainty analysis, several MOFR methods (BOFR, TOFRl, T0FR2, and
T0FR3) have been proposed to enable the DM select a non-dominated solution
bcLsed on the tradeoff between data outliers and prediction vagueness. Outliers and
prediction vagueness are two naturally conflicting objectives, that is, if we allow
vagueness to be unrestricted in magnitude, we can find a vagueness value to cover
all data points; on the other hand if we allow the number of outliers equal to the
number of data points, we can basically have zero vagueness.
Properties of BOFR and TOFR have been investigated, and it has been shown
that both the existing fuzzy regression and the classical Lp regression techniques are
specific cases of the proposed methodology, i.e. with proper substitutions, the FLR
of Tanaka et al. (19S2, 1987) and Peters (1994), the bi-objective formulations of
Sakawa and Yano (1992), FLSR of Diamond (1988), and the classical Lp regression
models can be obtained.
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In traditional uncertainty analysis, either the distribution of the runoff random
variable needs to be estimated or numerous simulations need to be carried out to get
an estimate of the uncertainty interval associated with model predictions. In the case
of non-normal and dependent random variables, obtaining a closed form solution is
usually rather difficult if not impossible. Simulation runs can be also very expensive
computationally for complex models. In the second part of this dissertation, a new
fuzzy logic based technique, FCRR is proposed for analyzing the uncertainties in
CRR models.
Calibration of FCRR has been investigated using fuzzy regression techniques.
MOFR is applied to identify the parameters of a linear CRR model. The results
show that MOFR has excellent potential for reliable rainfall-runoff modeling and for
reducing possible model error in the case of uncertain data. Two non-linear FCRR
models, namely TWOPAR and SIXPAR have been analyzed using FLSR, leading to
unconstrained optimization problem.
The main conclusions of this analysis can be summarized as follows;

• The FCRR model provides an explicit formula for investigating system uncer
tainties without any distributional assumptions, and does not require repeated
expensive runs.
• Standard CRR modeling is a specific case of FCRR. i.e. if non-fuzziness is
assumed then the original CRR model is obtained.
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• FCRR enables the decision maker to carry out sensitivity analysis on both
model input and model parameters so as to pinpoint the more influential pa
rameters on the prediction vagueness.
• Calibration of FCRR using FLSR with fuzziness introduced into rainfall and
runoff yields more stable parameter estimates than the crisp case (when nonfuzziness of rainfall and runoff are assumed).
• FCRR model requires more parameters to be estimated than the standard CRR
model since, for each parameter, upper and lower confidence limits need to be
evaluated. Essentially, the total number of parameters is doubled.
• As in the ca^e of the SIXPAR model, model components, such as percolation
process, involve identifiability problems and do not allow even a sophisticated
global optimization algorithm, such as SCE-UA, to converge to the true pa
rameters; this fact remains true for the no-noise scenario.
The major contributions of the research presented herein can be summarized as
follows:
• Several MOFR techniques have been developed to take into account the data
outliers. It is shown that existing fuzzy regression approaches and classical
lea^t squares regression are specific cases of MOFR.
• A fuzzy rule-based approach to model dynamic discrete mode systems (i.e.
systems with "IF-THEN" algorithmic flow) has been proposed. This approach
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enables to nnodel fuzzy "IF-THEN" switches where more than one consequence
might occur, each with different extent of partial fulfillment.
• A FCRR framework to deal with data and/or model structure related uncer
tainties in CRR models has been proposed. It is shown that FCRR enables the
DM to gain insight about the model sensitivity with respect to the elements
constituting the CRR model.
• Parameter calibration of FCRR models using newly developed fuzzy regression
techniques has been investigated. It is shown that the use of MOFR for the
calibration of FCRR leads to constrained non-linear optimization problems.
Applications of MOFR are provided for a linear CRR model, which results in
a convex and linear optimization problem, whereas the non-linear non-convex
TWOPAR and the SIXPAR models have been analyzed using the FLSR tech
nique which results in unconstrained optimization problems. Experimentation
with various input-output error scenarios has shown that the FLSR model
yields more stable parameter estimates than the non-fuzzy model.

Some of the suggestions for future research can be summarized as follows;

• Conversion of constrained MOFR problem to an unconstrained one:
The non-linear MOFR problems which in general can be formulated in a non
linear constrained mathematical programming framework can be solved us
ing the "Lagrangian relaxation" and "tangential approximation" techniques
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(Bazarcia et al, 1979). Application of these techniques will enable the conver
sion of the constrained problem to an unconstrained one.
Application of the two-step procedure of Savic and Pedryz (1991) to solve
MOFR:
Use of a two-step fuzzy regression procedure as in Savic and Pedryz (1991) to
first estimate the most likely parameter values using leaist squares, and then to
estimate the fuzzy interval. This way the smaller, thus relatively ecisier opti
mization problems will be solved at each step. For the second step in Savic and
Pedryz (1991) approach, the "Lagrangian relaxation" technique can be applied
as

discussed previously.

Application to more complex CRR models:
Fuzzy representation and calibration of a more comprehensive CRR model such
as SAC-SMA may be investigated. As stated in Chapter 5, the TWOP.A.R and
SIXPAR models which are analyzed herein are simpler representations of more
complex CRR models and they are usually used for experimentation. The
difficulty of going from simpler model to a more realistic complex model is to
solve harder optimization problems.
Analysis of extreme hydroclimatological events:
Extreme events can be viewed as data outliers. The relaxation variables defined
in Chapter 4 for MOFR techniques measure the significance of an observed
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data point as a data outlier. Therefore, MOFR approach can be useful in
identification of extreme events.
• Application in other areas:
The results presented in this dissertation are fairly general, and can be applied
to any dynamic system with discrete modes. Therefore, it would be interesting
to analyze conceptual models in other areas such as water quality, groundwater
transportation and General Circulation Models.
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