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ABSTRACT 

This dissertation investigates the nonlinear optics of circular-grating distributed-

feedback (CGDFB) semiconductor lasers. Included are gain saturation, index sat

uration. and self- and cross-phase modulation third-order nonlinearities. 

After a brief review of the historical and technical background needed to under

stand our results, a numerical model is developed for gain saturation. This model 

includes a radially-varying nonlinear gain and a uniformly-distributed grating loss 

in the solution of the coupled-mode equations. The results show that lossy, high-

power operation results in an optimum coupling strength for efficient conversion of 

pump power into useful output power. Results also show a multi-mode spectrum for 

large coupling strengths, a consequence of mode selection governed by a spatially-

varying gain distribution. Single-mode selection entails operating at appro.ximately 

the optimum coupling coefficient determined for efficient pumping. 

These results are extended by including the gain/index coupling described by the 

linewidth enhancement factor. A unique feature of this coupling is the possibility of 

above-threshold, single-mode operation over a limited power range, even for the case 

of large coupling coefficients. Similar results are obtained for the circular-grating 

distributed-Bragg-reflector (CGDBR) laser. The excess spontaneous emission rate 

associated with the nonuniform CGDFB radial (longitudinal) field profiles is also 

calculated. The resulting above-threshold linewidth closely follows the inverse-

power dependence predicted by the Schawlow-Townes relation. 
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To include third-order nonlinearities, we derive coupled-mode equations which 

describe self- and cross-phase modulation effects via an intensity-dependent refrac

tive index. It is then shown that the circular- grating structure acts as an all-optical 

switch. We also find that an additional rr/'Z phase shift at the center of the grat

ing permits the possibility of self-pulsing cylindrical gap solitons. For a positive 

nonlinearity (no > 0), it is shown numerically that these solitons are not physically 

allowable. That is. for a passive structure, time-dependent self-pulsing behavior is 

damped by the l/3r factor in the self- and cross-phase modulation terms. This 

damping can be compensated for by the addition of gain. In this case, self-pulsing 

with an excellent contrast ratio is obtained. 

The numerical methods used to obtain both steady-state and time- dependent 

solutions are also described. The steady-state results are obtained using a multi

dimensional Xewton- Raphson technique known as the "shooting" method. Time-

dependent data use a fourth-order predictor-corrector technique. The stability of 

the time-dependent solutions to the exact coupled-mode equations is reviewed. 

Coupled-mode equations based on a large-radius approximation for the Hankel 

functions are found to be stable over a wider range of variables. Numerical tests 

used to verify the time-dependent software are described. 
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CHAPTER 1 

INTRODUCTION 

Due to their stable single-mode behavior, distributed-feedback (DFB) semicon

ductor lasers are an important component in high-speed fiber-optic telecommuni

cation systems [l]. This stability is a direct result of the wavelength-dependent 

reflectivity provided by a Bragg grating. That is. a forward-propagating wave in

teracting with a periodic grating produces backward-propagating reflections (or 

"feedback"), with the peak response occurring for a grating spacing .V ecjual to 

one-half the internal wavelength. Consequently, only those wavelengths resonant 

with the grating will be efficiently directed out the ends of the laser, from where 

the light may then be coupled to an optical fiber. 

For applications such as high-power coherent arrays, distributed-feedback con

cepts can also be used to design surface-emitting lasers [2|. As shown in Section 

1.3, a Bragg grating with a periodicity equal to twice that required for edge (or 

end) emission will emit light perpendicular to the direction of propagation, as well 

as coupling the forward- and backward-propagating waves. In this way. an array of 

surface- emitting DFB lasers can be phase-locked, increasing the array brightness 

in proportion to the square of the number of emitters. 

This versatility as a single-frequency, surface-emitting source of coherent light 

is a major factor in the DFB laser's technological utility. These benefits, how

ever. are not without cost. Specifically, the single-frequency operation requires a 

phase-shifted grating at the center of the laser, so that added complications are 

introduced during fabrication [3]. In addition, the linear geometry results in a 
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non- circular (surface-emitting) beam, requiring circularizing optics to modify the 

intensity distribution over the cross-section. 

The recently-proposed circular-grating DFB laser [4] provides solutions to these 

difficulties in a natural way. By using concentric, circularly-symmetric grating lines 

to couple radially-propagating cylindrical waves, the surface-emitted beam is also 

circular. As an additional benefit, the cylindrical waves propagating through the 

origin naturally produce the phase-shift required (=A/4) for single-mode operation 

[5]. As a result, the circular- grating distributed-feedback (CGDFB) laser provides 

the single-frequency, surface-emitting capabilities of the conventional DFB. without 

the need for circularizing optics or specialized fabrication. 

To date, the theory describing CGDFB behavior has emphasized threshold re

sults. Equally important are the nonlinear, above-threshold properties of the.se 

lasers. This dissertation develops this theory for both the static and dynamic re

sponse. In Chapter 1, we review the historical development of conventional DFB 

and CGDFB lasers, as well as give a brief tutorial on the physical principles of 

operation. We then develop the CGDFB gain and index saturation properties 

in Chapters 2 and 3. respectively, emphasizing the above-threshold spectral re

sponse. In Chapter 4. where we look in detail at the nonlinear dynamics, including 

self-pulsing, bistability. and the possibility of cylindrical gap solitons. Chapter 5 

discusses the numerical methods used in the previous chapters. The final chapter 

provides a summary and conclusions. 
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1.1 Background 

In this section, we review the historical development of both the conventional 

DFB and the circular-grating DFB laser, comparing and contrasting their impor

tant features. 

The conventional DFB laser was first developed by Kogelnik and Shank in their 

1972 paper [6]. This paper used coupled-mode theory to analyze the counter-

propagating waves in a periodic, distributed-feedback medium. By assuming small 

variations in the gain or index, a pair of coupled-mode equations were obtained 

from Maxwell's wave equation. Solutions to this pair of equations produced a 

number of significant results, among them the variation of threshold gain with de

tuning from the Bragg frequency for various values of the coupling coefficient. In 

the case of index-coupled gratings - that is, the grating periodicity is provided by 

small perturbations in the index of refraction - and assuming no end reflections, 

the detuning curve showed the existence of a photonic band gap (or "stop band") 

centered on the Bragg frequency, indicating that certain frequencies (including the 

Bragg frequency) can not propagate through the DFB structure (see Ref. [6], Fig. 

5). Associated with this gap are 2 modes with equal threshold gains, symmetrically 

located on both sides of the Bragg frequency. This implies a multi-mode spectrum, 

in the absence of design modifications (facet reflections, for example) which select 

one mode over the other. 

Hill and Watanabe extended the threshold results of Kogelnik and Shank by 

including a nonlinear gain saturation appropriate for an above-threshold, homoge

neous gain medium [7]. By also including parasitic losses - for example, material 

absorption or grating scattering - the solutions to the coupled- wave equations then 
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showed 2 important results. First, large DFB coupling coefficients - equivalent to 

large mirror reflectivities in a Fabr\--Perot cavity - are not optimum for converting 

pump power (unsaturated gain) into useful output power. Instead, the inclusion 

of losses results in intermediate values of coupling (kR % 1) that are most effi

cient. Second, their results continued to show the existence of a stop band and it's 

associated multi-mode spectrum, for all above-threshold power levels. 

To solve the multi-mode problem of index-coupled DFB lasers. Haus and Shank 

proposed the use of a A/4-shift in the grating pitch, located at the center of the 

device. The effect is to "produce an additional phase shift of 7r/2 in each of the 

forward- and backward-traveling waves" [8]. The extra phase shift results in an 

allowed mode at the Bragg frequency, with a large difference (discrimination) in 

gain between this fundamental mode and the higher-order side modes. For this 

reason, there is no doubt that Haus' and Shank's suggestion was, at the time, the 

single most significant advance in the technological development of the DFB laser, 

as it allowed dynamically stable, single-mode operation of a semiconductor laser. 

Unfortunately, their results were valid only near threshold, and it was not un

til about 10 years later that Soda et al. explained the multi-mode behavior that 

experimentalists were obtaining above-threshold [9]. They found that an intensity-

dependent refractive index results in a phase shift which partially cancels the effects 

of the A/4-shift in the grating pitch. The effect is most pronounced for large cou

pling coefficients, which have larger fields in the center of the laser, and therefore 

more easily saturate the built-in grating shift. Because the index is coupled to 

the gain. Soda et al. used the term "spatial hole burning" to describe their re

sults, though this clearly occurs on a non-interferential scale larger than the field 

wavelength A. 
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While Kogelnik, Hill, Haus, Soda, and coworkers were developing the theorv' 

of active DFB lasers, there was at the same time research exploring passive DFB 

devices, particularly in application to optical switching and bistability. In the first 

of many papers in this area, Winful et al. showed that the steady-state, nonlinear 

coupled- mode equations resulted in bistable behavior [10]. That is, by including 

an intensity-dependent refractive index (optical Kerr effect) for both the forward-

and backward-propagating waves, they showed the existence of both transmitting 

("on") and reflecting ("off) states for a given input intensity. The mechanism for 

this behavior is an intensity-dependent shift in the Bragg condition. Note that this 

shift must depend on the initial field conditions, if a path-dependent bistability is 

to result. 

In a later paper. VVinfuI and Cooperman showed that the transmitting state is 

unstable [11]. These instabilities take the form of self-pulsing behavior, i. e.. a 

continuous-wave (CW) input results in a pulsing output. The pulses are periodic, 

with a larger driving intensity producing a higher-frequency output. This pulsing 

can be understood as a competition between the linear and nonlinear response. Also 

note that when a critical input intensity is exceeded, the pulses become chaotic. 

This is a result of the same dependence on initial conditions - sensitivity in the case 

of chaos - that are necessary for bistability. 

While Winful and Cooperman also mentioned the possibility of nonlinear soli-

tons. it was not until about 5 years later that Chen and Mills developed this theory 

for periodic structures [12]. In particular, they showed that a refractive-index non-

linearity can be utilized to allow transmission at the Bragg frequency, even though 

the linear response is highly reflective. For total transmission, the soliton-type 

sech'-field distribution is called a "gap soliton" (because it allows transmission in 
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the band gap) or nonlinear resonance [13]. The transmission can be explained by 

noting that the nonlinearity changes the phase of the fields, thus shifting the stop 

band to different frequencies. This is also the mechanism for bistability, except the 

soliton "on" state has 100 percent transmission. 

Given that conventional DFB structures exhibit multi-mode output, bistability. 

self-pulsing, chaos, and gap solitons, the motivation for exploring the nonlinear 

optics of circular-grating DFB devices is clear. This dissertation develops these 

properties in detail. In Chaps. 2-3. we determine the conditions under which 

multi-mode behavior occurs in CGDFB lasers. In Chap. 4. we emphasize third-

order nonlinearities. As with the conventional DFB. CGDFB simulations show self-

pulsing, though with a reduced contrast between maximum and minimum output 

amplitudes. Also of interest is the possibility of nonlinear gap solitons in CGDFB 

devices. As will be shown, these can exist (though are not guaranteed) if we 

physical!}- set the grating phase equal to 7r/2 at the origin. 

In addition to the historical perspective provided by this section, it is also useful 

to briefly review the physical principles of operation of DFB structures. This is done 

in the next 4 sections, where we discuss Bragg reflection from a periodic medium 

(Section 1.2). and how this is used in a periodic grating to provide surface emission 

(Section 1.3). We also summarize the coupled-mode equations which quantify DFB 

performance (Section 1.4), as well as review the nonlinear effects central to the body 

of this dissertation (Section 1.5). 
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1.2 Bragg Reflection 

To understand surface emission from a distributed-feedback grating structure, 

we must first review the concept of Bragg reflection from a periodic medium. We 

start with the simplest structure, namely: a quarter-wave stack. As shown in Fig. 

1.1, this consists of alternating layers of high/low index materials, with each layer 

one-quarter of a wavelength thick. An incident, forward-propagating plane wave is 

partially reflected at each material interface, as described by the Fresnel relations. 

The idea behind Bragg reflection is that the waves from each interface must add 

up in-phase. creating a strong reflection in the backward-propagating direction, 

depending on the index difference between the materials and the thickness of the 

stack. In this way, a "stop band" is created for wavelengths at (and near) the Bragg 

frequency. 

A quantitative expression for this situation is obtained by considering the in-

phase reflections. At first glance, it seems that these reflections add up out-of-phase. 

as 2 passes through a quarter-wave thickness results in a phase-difference of one-

half wave. In fact, in-phase reflection occurs because we have neglected the extra 

half-wave shift a field undergoes in reflecting from low-to-high indices. Since this 

extra phase shift does not occur for a high-to-low interface, we can view the 2 

quarter-wave layers as a single unit, with period .V equal to one-half wave. This 

immediately gives the Bragg condition for normal-incidence, monochromatic fields 

where p is a positive integer (p=1.2,3...) describing the grating order. Ao is the 

vacuum wavelength, and the effective index Xe// is given in terms of the stack 
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Fig. 1.1 - Schematic of a quarter-wave thin-film stack. Shown are the incident 

(I), reflected (R), and transmitted (T) intensities. 
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indices ni and na 

( '•2' 
721 + TI2 

Equation 1.1 is also commonly stated in terms of the Bragg wavenumber 3o (where 

the "o" subscript now indicates the Bragg condition) 

= P \  (1-3) 

Detailed calculations of the stack reflectivity and the width of the stop band for 

specific indices, non-normal incidence, wavelength detuning effects, etc. can be 

found in Ref. [14], Typical results are shown in Fig. 1.2. 

1.3 Surface Emission 

The analysis of the previous section is incomplete, in that it can not explain 

surface emission from a distributed-feedback structure such as a thin-film stack. 

That is. it is found experimentally that light propagating through a DFB laser 

can be scattered in directions not predicted by the simple thin-film model. This 

includes directions normal to the direction of propagation, a very useful property 

in the design of surface-emitting devices. The purpose of this section is to explain 

how this occurs. 

Referring to Fig. 1.3, we consider an optical waveguide with a periodic perturba

tion in refractive index (i. e., an index grating). As is well known, the unperturbed 

waveguide allows energy propagation in the forward direction, by forcing the fields 

to travel in a zig-zag pattern. The bounce angles are governed by the transverse res

onance condition (phase shift) at the film-cover and film-substrate interfaces, and 

result in an effective index Ng// < u/ [15]. This effective index has no connection 

with that given by Eq. (1.2). 
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Fig. 1.2 - Reflectivity vs. detuning for conventional DFB structure. The detun

ing d=p-f3o is the deviation from the Bragg frequency. 

K R=5.0 

KR=1.0 
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Substrate 

Fig. 1.3 - Waveguide geometry for surface emission from a DFB structure. The 

scattering angle 9c is shown for the harmonic. 
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The addition of a Bragg grating which satisfies Eq. (1.1) has 2 effects. First, the 

grating creates backward-traveling waves which also satisfy the resonance condition. 

Second, for particular grating orders p=2,4,6.... rays will also be scattered from 

the waveguide in a direction normal to the grating (i.e. surface emission). The 

mechanism for this behavior is as follows. 

Due to the interaction of the evanescent field with the index grating, the grat

ing modulates the phase of the forward-propagating field. This is a result of the 

variations in effective index associated with the changes in waveguide thickness. 

A consequence is that spatial (wavenumber) harmonics are generated, in the same 

way frequency harmonics are created by the phase variation of a temporal field. 

Since the index modulation is assumed small in comparison with the background, 

the sidebands created are the same as that of a frequency-modulated field. The 

resulting harmonics are of the form 

3m = 3o + m^ (1.4) 

where 3m is the wavenumber of the spatial harmonic, and m is the associated order 

number. Note that the magnitude of the spatial harmonics must be less than or 

equal to 3o- since the refractive index of the cover is less than that of the film. This 

restricts m to negative integers {m=0. —1. —2...). Also note that the direction of 

3m is along the grating (z-direction). For a scattered wave to be phase matched 

with the spatial harmonics in this direction, it is necessary that 

2-
= —-n^sin^c (1-5) 

where Uc and are the refractive index and propagation angle in the waveguide 

cover. Substituting Eqs. (1.3) and (1.5) in Eq. (1.4). we obtain what is known as 



p m Oc Direction 

1 0 +90 forward 

-I -90 backward 

2 0 +90 forward 

-1 0 normal 

—2 -90 backward 

Table 1.1: Scattering angle 6c (in degrees) and direction of energ>' propagation, for 

a pth-order grating and an mth-order beam. 

the grating equation 

ncSinOf. = + m^. (1.6) 

A more useful form of this equation is obtained by substituting Eq. (1.1) in Eq. 

(1.6). and noting that for a semiconductor, nc ~ Xg/y. Therefore 

'2 m 
sin Or = 1 + -— (1.7) 

P 

from which we calculate the scattering angle for a given mth-order beam and pth-

order grating. Typical results are shown in Table 1.1. Of particular technological 

interest are second-order Bragg gratings (p=2) and first-order beams (m=—1). 

which have zero wavenumber component along the grating. We thus obtain emis

sion normal to the waveguide. 

The above analysis does not address the issue of how much of an incident beam 

will end up in each order. Refs. [16]-[17] found that the power splitting for a 

conventional DFB depends on parameters such as the grating depth, grating shape, 

waveguide mode, etc. The basic approach to these calculations involves the use of 



23 

the DFB coupled-mode equations. The next section briefly explains the form of 

these equations. 

1.4 Coupled-Mode Equations 

The coupled-mode equations are the basis for most calculations involving either 

active or passive DFB structures. For the conventional DFB, they are derived from 

Maxwell's wave equation by assuming counter-propagating, longitudinal fields of 

the form 

E { z .  t )  = exp (i/ioz) -f- B { z )  exp { - i S o z ) ]  e x p { - i u ; t )  (1.8) 

where A(z) and B(z) are the amplitude envelopes of the forward- and backward-

propagating waves, respectively, and a; is the angular frequency. Note that E(z,t) is 

a TE-polarized scalar field which does not vary with the transverse (xy) coordinates. 

For an index-coupled grating, the periodicity is modeled as a complex refractive 

inde.x with a sinusoidal variation in the real part 

n { z )  =  H o  - h  r i i  c o s ( 2 3 o ^ )  + igc/uj (1-9) 

where c is the speed of light in vacuo, and we have assumed that the variation in 

effective index is small in comparison with the background index (ni n,,). the 

g a i n  g  i s  s m a l l  o v e r  a  o n e - w a v e l e n g t h  d i s t a n c e  ( g  J g ) :  a n d  t h e  g r a t i n g  d e p t h  A h  

i s  m u c h  s m a l l e r  t h a n  t h e  w a v e g u i d e  t h i c k n e s s  ( A h  h g ) .  

Substituting Eqs. (1.8)-(1.9) in the scalar wave equation and using the slowly-

varying envelope approximation (SVEA). we equate phase-matched terms to obtain 

the conventional DFB coupled-mode equations for A(z) and B(z) 

= i[(d - i g ) A ( z )  + KB(r)] (1.10) 
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-  w ) B { z )  +k.4(z)] (1.11) 

where the coupling coefBcient K describing the linear coupling of the counter-

propagating fields is given by 

K — TrnJXo (1-12) 

and we have assumed 3 % So- It follows that 

3- - 3"  ̂
S = — ^ ^ 3 - 3 o  ( 1 . 1 3 )  

is the detuning from the Bragg condition. 

For the circular-grating DFB. the coupled-mode equations are derived using a 

different approach [18]. By treating both the grating periodicity and the gain as 

a weak source term in the wave equation, we obtain an inhomogeneous equation 

solvable using a free-space Green's function in cylindrical coordinates. As described 

in Appendix .A, the electric field is then expanded as a sum of outward- and inward-

going waves with amplitude envelopes --lr„(r) and Bmi'') 

E ( r . e ) =  f; + (1.14) 
m=-oc 

where m is the azimuthal mode number (no connection with beam order), and 

are the Hankel functions describing outward- and inward-going 

cylindrical waves [analogous to the exponential functions exp (±iJr) governing 

forward- and backward-propagating plane waves]. Excluding azimuthal coupling 

(but not dependency) for cylindrically-symmetric structures, the resulting CGDFB 

coupled-mode equations for Am(r) and Br„(r) are then given by [4] 

( U o )  

+ B„(r)WS'l d-K) 
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The complex coupling function Krn(r) is given by [4] 

K m { r )  =  - i g o m  +  ' 2 K  c o s { 2 P o r  - fi) (1.17) 

where Qom is the unsaturated modal gain and Q is the phase of the grating at the 

origin. 

It is difficult to interpret these equations intuitively in their exact form. For

tunately. an approximate form is available in the asymptotic limit for Jr 1. 

Substituting this large-radius approximation for the Hankel functions 

^ yGTexp [±i(5r - m~l2 - 7r/4)j. (1.18) 

Eqs. (1.15)-(1.16) may then be written as 

- i9om)Mr) - (-l)"'«:B(r)exp(-/Q) (1.19) 

=  - i { S  -  i g a m ) B { r )  -  (-l)'"K.4(r) exp { + i Q ) .  (1.20) 
ar 

Comparison of these approximate CGDFB equations with the conventional DFB 

equations reveals an interesting feature of the circular-grating device. We consider 

the circularly-symmetric (m=0. or "even") mode. We then substitute a A/4 grating 

phase Q.=Ti/2 in Eqs. (1.19)- (1.20), and obtain the conventional DFB equations! 

In other words, the CGDFB laser has an inherent A/4-shift, readily explained as a 

Guoy phase-shift effect for cylindrical waves propagating through the origin [5]. It 

is for this reason that numerical simulations show the absence of a stop-band for 

both the A/4- shifted conventional DFB [40] and the Q=0 circular-grating DFB. 

1.5 Nonlinear Effects 

In previous sections, we have assumed that DFB properties such as modal gain, 

refractive index, coupling strength, etc. are independent of field strength. For large 
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intensities, this assumption is no longer valid, and a number of new effects are a 

result of this nonlinear response. In this section, we briefly review these effects. 

The simplest nonlinearity for an active CGDFB laser is that of above- threshold 

gain saturation. That is, the modal gain in Eq. (1.17) decreases with intensity in 

the form [35] 

° 1 + [|--l„(r)P + |B„(r)|'|/r 

where ffm(r) is the radially-varying saturated modal gain. This equation clearly 

shows the (normalized) 1/r-intensity distribution for the circular-grating geometn,'. 

The motivation for including Eq. (1.21) in the CGDFB coupled-mode equations is 

twofold. First, the above-threshold utilization of gain for conventional DFB lasers 

was found by Hill and Watanabe to var>- with output power, waveguide losses (such 

as surface emission), and coupling coefficient K [7]. Second, it was noted in Section 

1.1 that the conventional A/4-shifted DFB laser exhibits multi-mode behavior above 

threshold. Given the similarities between the conventional DFB and the CGDFB 

laser, we might expect equivalent behavior for the circular-grating devices. Our 

analysis of gain saturation in Chap. 2 shows that this is in fact the case. 

A unique feature of a semiconductor laser is the strong coupling between gain 

(amplitude) and refractive index (phase). This coupling is a result of the index 

change associated with a change in carrier density (plasma effect). Consequently, 

gain saturation must also result in index saturation effects. As described in Chap. 

3. these are quantified by the linewidth enhancement factor b (also known as the 

antiguiding factor). Inclusion of this factor in the solution of our coupled mode 

equations entails replacing gom in Eq. (1.21) with [1] 

ffom ^ ffom(^ "I" (1.22) 



Our results in Chap. 3 show that the effect of b is to select the higher-frequency 

modes, thus permitting above-threshold single-mode operation over a limited power 

range. 

As described in Section 1.1, an intensity-dependent refractive index plays an 

important role in the high-power behavior of passive DFB devices. For circular-

grating DFB structures, the radially-varying refractive index n(r) takes the form 

n{r) = no + ni cos(24r - Q) -1- n2\Amir)Hl^^ + (1.23) 

where n? is the nonlinear refractive index due to the optical Kerr effect in the 

waveguide medium. As derived in Appendix A. the resulting nonlinear coupled-

mode equations are given by 

(1.24) 

if - IT = (1.23) 

where .A. = Am(r.t). B = B^(r,t), V g =dujfd3 is the group velocity, and - =u,'n2/2c 

is the strength of the nonlinear coupling. In conjunction with the linear coupled-

mode equations (1.15)- (1.16), these nonlinear equations are solved in Chap. 4. 

As with the conventional DFB. CGDFB simulations also show self-pulsing, though 

with a reduced contrast between maximum and minimum output amplitudes. Also 

of interest is the possibility of cylindrical gap solitons in CGDFB devices. As 

mentioned previously, the CGDFB laser has an inherent A/4-shift which allows a 

gap mode at c)=0. For a grating phase Q=0. gap solitons are therefore not allowable. 

However, by physically setting Q=7r/2 at the origin, we compensate for the effects 

of the inherent shift, and find that nonlinear gap solitons are now possible in these 

devices. 
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CHAPTER 2 

GAIN SATURATION 

In this chapter, we report numerical results for gain saturation in circular-grating 

distributed-feedback semiconductor lasers. Our model includes a radially-varying 

nonlinear gain and a uniformly- distributed grating loss in the solution of the 

coupled-mode equations. Our results show that lossy, high-power operation re

sults in an optimum coupling strength for efficient conversion of pump power into 

useful output power. Our results also show a multi-mode spectrum for large cou

pling strengths, a consequence of mode selection governed by a spatially- varying 

gain distribution. Single-mode selection entails operating at approximately the 

optimum coupling coefficient determined for efficient pumping. 

2.1 Introduction 

The threshold properties of circular-grating distributed-feedback (CGDFB) and 

circular-grating distributed-Bragg-reflector (CGDBR) lasers are well- established 

[24]-[25]. These properties include the threshold gains and associated detunings 

from the Bragg frequency, the effects of grating phase on multi-mode operation, 

and the use of intensity distributions to determine over- or undercoupled conditions. 

To date, however, the above-threshold properties of circular- grating lasers have not 

been reported, except as experimental results [26]-[29]. 

The interest in understanding the above-threshold properties is threefold. First, 

one of the potential applications for circular-grating lasers is in surface-emitting 
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high-power array configurations [28] requiring efficient conversion of available pump 

power into useful output power. The conversion efficiency of Fabry-Perot lasers was 

shown by Rigrod to depend on both internal losses and unsaturated-gain coefficient, 

assuming a homogeneous medium and an approximately constant intensity along 

the cavity axis [30]. He later extended this analysis to include the axially-varying 

intensity distribution associated with small mirror reflectivities, in which case the 

conversion efficiency also varies with end-mirror coupling [31]. Similar results have 

been obtained by Hill and Watanabe for linear-grating distributed-feedback lasers, 

where they numerically show the dependence of pump conversion on output power, 

parasitic losses, and coupling coefficient [7]. 

Second, recent experiments with circular-grating lasers report difficulty in achiev

ing single-mode operation near threshold. For example. Erdogan and Hall [29] re

port a device which has a threshold pump power of about 60 mW. but does not 

achieve single-frequency operation until the pump power exceeds 400 mW. This 

suggests that the modal discrimination due to gain and/or grating asymmetries 

varies with laser intensity. An above-threshold analysis of this effect may therefore 

prove beneficial. 

Finally, the 1/r-dependence of the circular-geometry intensity distribution re

sults in large local intensities near the origin. This leads to an above-threshold, 

spatially-varying gain saturation, whose inclusion in our numerical model is essen

tial for understanding high-power device design. More specifically, we assume a 

saturable, uniformly-pumped small-signal gain gom from which is obtained useful 

output power. We also assume an unsaturable. uniformly-distributed grating loss 

ag. We ignore all mechanisms for an intensity- dependent refractive index, along 
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with any microscopic carrier effects such as diffusion. We also neglect spatial hole-

burning due to interference effects. However, because of both the 1/r-intensity 

dependence and the grating losses, gom still saturates non-uniformly such that the 

rates at which the field loses and gains energ\' are equal. It is this power depen

dence of the uniformly-pumped unsaturated gain which we numerically model in 

this paper. 

2.2 Theory 

Our starting point is the coupled-mode equations for cylindrically-symmetric 

CGDFB structures. For this case. Erdogan and Hall analyze a uniformly-pumped 

semiconductor- waveguide laser with a TE-polarized scalar field (Fig. 2.1). They 

derive coupled-mode equations for the radially outward- and inward-going wave 

amplitudes .-1^ and Bm for a field with azimuthal mode number m [4] 

^ = • (^) Am(r)/f™(,£)r)[.-l„(r)//i;'(Jr) + B^{r)HS\3r)] (2,1) 

^ (2.2) 

where 3 is the waveguide radial propagation constant, and H[^'-' are the well-known 

Hankel functions of order m describing inward- and outward-going cylindrical wave 

propagation, respectively. The complex coupling-function Km(r) characterizes the 

gain and refractive- index distributions, and is given by 

K'mir) = i[ag -  + 2«:cos(25or - Q) (2.3) 

where K is the coupling coefficient for a grating with a small grating depth (A/i <<ho) 

Jo is the radial propagation constant for a field Bragg-matched with the first-order 
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Substrate 

Fig. 2.1 - Schematic of circular-grating distributed-feedback semiconductor 

laser. Top view shows radius R and electric field polarization for circularly-symmetric 

(m=0) radial mode; cross-section shows output power PQ. 
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grating period A, Q is the grating phase at r=0, Qg is a uniform grating-loss (which 

may also represent internal losses, surface emission, etc.), and srm(r) is the spatially-

varying saturated gain, which for an on-resonance field with uncoupled radial modes 

is given by 

" 1 + P{r)/C{r)Isat 

where .4rn(r) and Sm(i') are normalized such that the P(r)=|-4rn(r) + in a 

differential annulus. C{r) is the cross-sectional area, and Isat is the gain-medium 

saturation intensity. Substituting for C{r)=l-Krd, where d is the thickness of the 

active layer, we obtain 

" l+(|.-i„(r)P + |B„(r)P)/r-

Xote that the small-signal or unsaturated gain gom in Eq. 2.5 is uniform throughout 

the cavity, the power P(r)=|.4m(r)|--i-|Bm(r)|- is in units of saturation power, 

we have defined the saturation power per unit radius P^at—^'^dlsat as a radially-

independent quantity [to make explicit the 1/r dependence in Eq. (2.5)], we have 

assumed a linear current/gain relationship, and we have ignored the interference 

term in P{r) since the field magnitudes are unequal everywhere except a small 

region near the origin. 

To soh'e for the unsaturated gain gom as a function of laser output power, we 

numerically integrate Eqs. (2.1)-(2.5) for a first-order CGDFB using a fourth-order 

Runge- Kutta algorithm [33]. In contrast with Refs. [24]-[25], we can not arbitrarily 

assign a value of 1 to the |A(0)|=|B(0)| boundary conditions at the origin, and solve 

for values of gom and detuning 5=3-3o which satisfy the boundary condition at r=R; 

|5(i?)| = 0 (2.6) 
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Instead, we must find values of |A(0)|=1B(0)| which also satisfy an additional 

boundary condition at r=R: 

= (2.7) 

where we have dropped the subscripts from the fields, and Po is the output power 

from the outer edge of the laser, measured in units of gain-medium saturation 

power. 

Physically, the condition on |B(R)( is due to the absence of an incoming wave at 

the outer edge of the laser. The condition on |A(R)| is a result of energ}^ conserva

tion. as described by Haus for linear-grating DFB lasers [34]. For circular-grating 

lasers, we follow a similar procedure, multiplying Eq. (2.1) by A*. Eq. (2.2) by B*. 

and adding these 2 equations and their conjugates. Using the large-radius approx

imation (^Jr:^l) for the Hankel functions [32], assuming a real coupling coefficient 

K, and considering phase-matched terms, we obtain 

^[l--l(r)r~ - |5(r)r-] = 2[gmir) - Q;5][j.-l(r)|- + |5(r)|-]. (2.8) 

Integrating Eq. (2.8) from r=0. where |A(0)|=|B(0)|, to r=R. where |B(R)|=0. we 

find 

|.-l(fl)|= = 2 ["[gUr) - a,l(|.4(r)|^ + |B(r)|'] dr (2.9) 
Jo 

This equation states that the power emitted from the edges of the laser equals the 

power generated in the gain region minus the grating losses. Thus, the boundary 

condition on |A(R)| is a direct consequence of energj^ conservation. Also note that 

the integration from r=0 is consistent with the use of the large-radius appro.xima-

tion, as a typical GaAs laser operating at 0.85 i-im has a value of 3 ̂  25 /im~'. 

Numerically, it is convenient to start the integration of the coupled- mode equa

tions at r=R with Eqs. (2.6)-(2.7) as the boundary conditions. The integration 
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then continues to r=0, at which point |A(0)|=|B(0)| if the assumed values of gom 

and d are valid solutions. This produces accurate results for mode number m up to 

8, after which extremely large values of |Arn(0)| and [Bm(0)| prevent a comparison 

of the two quantities, even after excluding a small segment near the origin from the 

integration. For m >8, we found it necessary to start the integration at the origin, 

and search for those values of gom- and |Am(0)|= |Bm(0)| which simultaneously 

satisfy the boundary conditions given by Eqs. (2.6)-(2.7). 

2.3 Numerical Results and Discussion 

In this section, we present numerical results for solutions to the gain- saturated 

coupled- mode equations for the first-order structure described in Ref. [4]. Figure 

2.2 plots the dependence of unsaturated gain gom on detuning 6 for CGDFB output 

power levels of 10"'^ and 10 (measured in units of saturation power). The plot 

assumes real coupling coefficients «:R=0.1, 0.5. and 2.5: the grating loss agR=0.0. 

Note that the radius R=120 /im for Fig. 2.2 and all following figures. Also note 

that, while the solutions we find give values of gom larger than the threshold case, 

they are still small enough to ignore any dependence of the coupling coefficient K 

on gom- That is. the index- coupled approximation described in Ref. [4] is still 

valid. 

For Po=10''^, Fig. 2.2 shows that we obtain the threshold results of Ref. [4]. For 

above-threshold power, we find a larger unsaturated gain is required to produce a 

larger output. This is expected, as a larger initial pump power is needed to create 

more laser output power. We also find a decrease in unsaturated gain as the 

coupling coefficient is increased. As explained below, this indicates a maximum 
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Fig. 2.2 - Unsaturated gain vs. detuning for Po= 10"^ and 10: 03=0.0; /cR=0.1, 

0.5, and 2.5. Closed circles indicate even radial modes, for which Q=0 and m=0; 

open circles indicate odd radial modes (fi=7r/2 and m=0, which is equivalent to 

Q=0 and m=l). Continuous curves are obtained by varying Q from 0-27r for m=0. 
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conversion of pump power into output power for larger /cR. Finally, we note that 

the gain curves flatten for the above-threshold results. This decreases the gain 

difference between the lowest-threshold (even) mode at dR=0 and the (odd) radial 

side-modes, increasing the probability of a side-mode lasing at higher powers. 

In Fig. 2.3, we look at the effects of grating losses for PO=1.0. We again plot the 

unsaturated gain vs. detuning. The grating losses are now a3R=0.25 and 0.50: the 

coupling coefficient «:R=2.5. Our results show a new effect, namely: the appearance 

of side radial-modes with a lower unsaturated gain than the central m=0 mode at 

()R=0. The spectrum of a CGDFB laser operating above-threshold may therefore 

show multiple-modes at frequencies on either side of the Bragg frequency, assuming 

a negligible variation of refractive index n with carrier density .V. In the case of 

large dn/dN effects. Soda et ai. have also shown a multi-mode spectrum, though 

in their case the high-power lasing modes are the central and positive-detuning side 

mode for a strongly-coupled, phase-adjusted linear-grating DFB laser [9]. 

While not displayed in Fig. 2.3, numerical simulations show that our side-mode 

effect requires grating losses, above-threshold output power, and overcoupled «R. 

The reason for the influence of grating losses and high power is explained below 

in connection with Figs. 2.8 and 2.9. The role of overcoupling is as follows. In 

Fig. 2.4. we plot the unsaturated gain vs. kR for grating losses agR= 0.0. 0.25. 

and 0.50. The figure assumes a lowest-threshold m=0 mode at (JR=0 for PO=10"'^. 

Clearly, a larger grating loss linearly increases the small-signal gain for any acR. In 

addition, the larger acR are more efficient at converting unsaturated gain into useful 

output power (though with diminishing returns). This is expected, as the higher 

reflectivity of the larger coupling coefficients reduces the small-signal gain needed 

to initiate lasing at threshold. 
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Fig. 2.3 - Unsaturated gain GOM  ̂ vs. detuning SR/TT for Fo=l. Grating Losses 

QjR are included in both plots; real coupling «;R=2.5; mode is central radial mode 
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Fig. 2.4 - Unsaturated gain vs. coupling for central radial modes. Included are 

effects of grating losses. Output power Po=10~^. 
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At above-threshold output powers, we obtain different results. These are shown 

in Fig. 2.5, where Po=lOr and we now plot Qom vs. kR for both the central 

m=0 mode and the first side-modes (m=l at dR s: ±7r). The side-mode results 

are discussed below; for m=0, we find that large couplings are no longer efl&cient. 

Instead, an optimum coupling at k:R=1 is most efficient at converting pump power 

into useful output power. This is a result of a tradeoff, for a given above-threshold 

output power, between 2 competing factors; (1) the reduction in small-signal gain 

due to the higher average circulating power in the larger-zcR cavity; and (2) the 

increase in small-signal gain due to the decrease in circulating power for the larger 

grating losses. 

This tradeoff is illustrated in Fig. 2.6. where we plot the radially- varying 

circulating power P(r)=|A(r)p-f-|B(r)|" for both lossless and q;3R=0.5 gratings. 

The output power Po=10; the coupling coefficients are 0.1. 0.5, and 2.5: data were 

obtained at half-period points on the grating. Also note that the plots are not 

normalized: therefore, the edge-emitted power at r=R is given by Eq. (2.7). 

Two trends are evident from the figure. First, the average circulating power 

Pc is larger in the larger-^R cavities (s; 100 for «:R=2.5 vs. % 2 for «:R=0.1). 

since the transmission through the large-coupling gratings is small. This directly 

reduces the required small-signal gain gom (Fig. 2.2) for a constant power output. 

Second, the circulating power decreases as the grating losses increase, by as much as 

40% at r/R=0.8o for the «:R=2.5 results. This increases the required small- signal 

gain, with the larger coupling strengths giving the largest increase, as e.xpected 

physically for large losses in comparison with the unsaturated gain. Thus, the 

optimum coupling for efficient conversion of pump power into output power 

shifts towards lower acR, with the larger shifts occurring for higher output powers 
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Fig. 2.5 - Unsaturated gain vs. coupling for central radial modes (m=0 at 

^'R=0) and first side-modes (m=l at (JR % ±7r). Grating losses are included; the 

output power is above-threshold (Po=10). 
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Fig. 2.6 - Power (in units of saturation power) vs. CGDFB radius for various 

couplings and grating losses. Mode is central radial mode; Po=10. For /cR=0.1, 

the power distributions are essentially identical for both lossless and lossy gratings. 
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and grating losses. Note that, over the range of powers and couplings considered, 

both gain saturation and grating losses are required for this effect. This is due to the 

fact that, by increasing the coupling in the case of threshold power or no losses, the 

circulating power increases faster than the grating transmission decreases, resulting 

in a drop in small-signal gain. By including both high power and grating losses, 

however, the circulating power increases at a slower rate (it is reduced by the 

grating losses), until at K > KO it is increasing slower than the transmitted power 

decreases. The required small-signal gain thus increases. 

For completeness. Fig. 2.7 shows how the saturated gain 5m(r) varies with 

CGDFB radius for the d=0 mode. VV'e see that, in the absence of grating losses, 

the overcoupled laser (kR=2.5) is saturated through % 25% of the cavity, indicating 

an efficient conversion of small-signal gain into useful output power. The smaller 

coupling coefficient, on the other hand, shows a less-efficient utilization of pump 

power, since gmi'') —>-0 only near the origin. The figure also shows the effects of 

including grating losses. For small kR. grating losses decrease the efficiency of the 

pump conversion: however, the general shape of the distribution is unchanged, in

dicating a preference for the ()=0 mode. For large coupling coefficients, though, the 

gain distribution is radically changed by the grating losses, allowing the possibility 

of alternative modes with a more efficient utilization of pump power. Thus, it is 

the larger couplings which permit the appearance of side radial-modes. 

The specific coupling strength at which the side-modes dominate is obtained 

numerically. Returning to Fig. 2.5. the point of intersection of the m=0 and m=l 

curves (for a given grating loss) is where both modes are equally likely to lase. 

At larger couplings, the m=l modes have a lower unsaturated gain. At smaller 

couplings, the side-modes will be suppressed, with the largest A^om occurring at 
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couplings (kR « 0.5) less than the optimum for power transfer. In the design of 

practical CGDFB devices, then, the lowest unsaturated gain is not necessarily the 

best criterion for coupling selection. 

The appearance of side radial-modes with a lower unsaturated gain also indicates 

a more efficient utilization of gain for these modes. That is, the small-signal gain 

is more efficiently converted to output power for the side modes than the central 

mode, as indicated by a more complete saturation of small-signal gain. This is 

shown in Fig. 2.8, where we compare the saturated gain distributions f7m(r) for the 

m=0 and m=l modes, with and without grating losses, for Po=lO and kR=2.5. 

The figure clearly shows a more complete saturation of gain, on average, for the 

m=0 mode of a lossless laser. The inclusion of losses, on the other hand, favors 

the m=l modes. Thus, the multi-mode spectrum for high- power, overcoupled 

CGDFB lasers is a result of mode selection governed by a spatially-varying gain 

distribution. 

The gain distributions in Fig. 2.8 are. in part, a result of the power distributions 

P(r). These are plotted in Fig. 2.9, where the power distribution for the m=0 mode 

is strongly reduced by grating losses (particularly at the edges), but the m=l modes 

are largely unaffected. This reduction in circulating power decreases the saturation 

(Fig. 2.8), increasing the small-signal gain required to initiate the m=0 mode 

(Fig. 2.3). Thus, the selection between modes is directly affected by how the 

grating losses modify the power distributions. Note that this is not influenced by 

the 1/r-intensity distribution. While not shown in the figure, we also note that 

the shapes of the power distributions are essentially unchanged by adding grating 

losses at threshold, or in going from threshold to above-threshold for a lossless laser. 
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Therefore, both grating losses and above-threshold power levels are required for the 

calculated multi-mode effect in CGDFB lasers. 

2.4 Conclusions 

We have shown that lossy, high-power operation of circular-grating lasers results 

in an optimum coupling strength for efficient conversion of pump power into useful 

output power. This is due to a tradeoff between the reduction in small-signal 

gain for larger fcR-cavities. and the increase in small-signal gain due to grating 

losses. For large coupling strengths, we have also shown the appearance of side 

radial-modes with a lower unsaturated gain than the central Bragg mode. This is a 

consequence of mode selection governed by the spatially-varying gain distribution 

associated with the grating losses. For negligible changes in refractive index with 

carrier density, a multi-mode spectrum is obtained. If this is not acceptable in a 

particular application, single-mode selection entails operating at approximately the 

optimum coupling determined for efficient pumping. 
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CHAPTER 3 

INDEX SATURATION 

3.1 Introduction 

For the A/4-shifted conventional DFB laser, it has been observed experimentally 

that above-threshold operation results in multi-mode behavior for large coupling 

coefficients [9]. The observed wavelengths are the central and positive-detuning 

(high-frequency) modes. In explaining these results, Soda et al. proposed that the 

variation of refractive index with carrier density (plasma effect) allows a phase shift 

which partially cancels the built-in A/4-shift. The high-frequency mode then has 

a small-signal gain comparable to that of the central Bragg mode. These results 

were later generalized by Aoki et al. to include the variation of gain with carrier 

density (differential gain) via the linewidth enhancement factor [36]. 

In the previous chapter, we also found the possibility of above-threshold, multi-

mode behav^ior for large CGDFB coupling coefficients. Unlike the conventional 

DFB, we found that the positive- and negative-detuning side modes will lase. These 

results are incomplete, however, in that the strong coupling between gain and 

refractive index in a semiconductor laser has been ignored. This coupling is a result 

of the increase in refractive index associated with a reduction in carrier-density-

dependent gain, such as that considered by Aoki et al.. Gain saturation is thus 

accompanied by index saturation in semiconductor devices. The purpose of this 

chapter is to numerically model the spectral consequences of this index saturation in 

CGDFB lasers. Included are both mode selection and single-mode linewidth. We 
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also discuss results for the circular-grating distributed-Bragg-refiector (CGDBR) 

laser. 

3.2 Theory 

As in Chap. 2, the active-region gain gm{j') in a circular-grating semiconductor 

laser saturates in a radially-var\-ing form 

/ \ 1^^07Tl(l + ibi) 

l + [|,4^(r)P + |5^(r)n/ r -

where F is the field confinement factor [not included in Eq. (2.5)], and the carrier-

induced index saturation is taken into account via the average linewidth enhance

ment factor b (also called the anti-guiding factor) [37]. For a high-index material 

such as GaAs. b is approximated by [38] 

_ ... dn/dN _ An 
" d g / d N ^  ° A g  ^  

where ko is the free-space wavenumber. n and N are the effective index and carrier 

density, respectively, of the gain medium, and g=gm/i^+^b) is the electronic gain. 

The use of an average 6=constant is based on the assumption of small changes in 

carrier density, so that the variations of both index and gain with carrier population 

[i. e., the slopes in Eq. (3.2)| are approximately linear at the lasing wavelength. 

However, for a circular-grating laser with high 1/r-intensities near the origin, the 

variation in carrier density can be significant. The resulting b is then lower at the 

center than that assumed in our model (see Ref. [38]. Fig. 1). neglecting thermal 

effects (which tend to increase 6 in regions of higher intensity). 

Two refinements of our model are therefore possible. First, the use of a radially-

varying b{l{v)) is implied by the above discussion. This entails calculating the slopes 
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in Eq. (3.2) at each radial point. Second, an alternative approach is to express 

the index saturation directly in a form similar to that of the gain saturation of Eq. 

(3.1). Specifically, for a near- resonant semiconductor with a non-Kerr index [39] 

nm(r) = nth -  , , ( \ \2\1 
1 + (|--im(r)|- + |B^(r)|2)/r 

where nth is the refractive index at threshold, and f^Usat is the change in index due 

to carrier inversion above threshold. As lasing progresses, the index increases back 

to it's threshold value, more quickly at the origin than at the edges of the laser. 

This refinement to our current model will be included in our future work. 

For the CGDFB laser, Eq. (3.1) is used in conjunction with Eqs. (2.1)-(2.3) to 

obtain the numerical solutions given in Section 3.3. For the CGDBR laser (Fig. 

3.1), the numerical model divides naturally into separate descriptions for the gain 

and grating regions. In the active gain region, there is no longer grating coupling 

of the inward- and outward- going waves. The field equations then take the form 

(3.4) 

(3.5) 

where /v'm(r) now includes a constant active-region loss aa and the saturable gain 

9mi^) 

A'M(r) = /[FTA - g m i r ) ] .  (3.6) 

For the CGDBR grating region, the coupled-mode equations are identical to Eqs. 

(2.1)-(2.2). The coupling function /v"m(r), however, now includes both saturable 

and unsaturable losses 

Kmir) = + ̂ ^(r)] -f- 2KCos(23or -  Q) (3.7) 
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Substrate 

Fig. 3.1 - Schematic of circular-grating distributed-Bragg-reflector semiconduc

tor laser. Shown is a central gain section surrounded by a passive, first-order grating 

section. 
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where dg is a constant grating loss, and Q:m(r) is the radially-varying saturable 

modal loss. Note that am(r) saturates in the same form as Eq. (3.1); where 

the small-signal loss aom replaces gom- Numerical solutions to these equations are 

discussed in Sect. 3.4. 

3.3 Numerical Results - CGDFB 

In this section, we present numerical solutions to the gain- and index-saturated 

coupled-mode equations (2.1)-(2.3) for the CGDFB laser described in Ref. [4]. 

Figure 3.2 shows the effects of non-zero b for «:R=2.5 and 0:3=20 cm~^ (for R=120 

^m). Rather than gain vs. detuning, we now show how the multi-mode spectrum 

varies with output power. 

The figure clearly shows that at threshold (/'o=10"^). the m=0 mode will lase 

(it has the lowest unsaturated gain) while the other modes will be suppressed 

(because of the large A^omR)- However, as the output power is increased, the gain 

difference between the m=Q and the m=4-l mode decreases, until at Po=0.7. both 

modes are equally likely to lase (the m=—1 mode is still suppressed, since A(/omR 

>0.05 - see Ref. [9], p. 811). At slightly higher powers, we obtain a single-mode 

(m=+l) spectrum. At even higher powers, the m=0 mode is suppressed, while the 

m=±l are approximately equally likely to lase. The above-threshold spectrum of 

a CGDFB laser therefore runs through a variety of frequencies as the output power 

is increased, at least for the range of parameters considered here. Note that in the 

case of b =0. the m=±l curves are identical, resulting in the mode spectrum shown 

in Fig. 2.3 (for which single-mode operation is not possible). The primary effect 
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Fig. 3.2 - Unsaturated gain vs. output power for 6=4. Both muiti- and single-

mode output are possible, depending on the power level. 
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of index saturation, then, is to allow single mode operation over a limited power 

range, even for large coupling coefficients. 

In Fig. 3.3, we show the effects of varying kR. We set to non-zero constants 

the linewidth enhancement factor, the output power, and the grating losses. Our 

results show a minimum for the m=0 curve, while the m=±l curves show an 

inverse relation with coupling. From the point of view of spectral output, the figure 

shows that the larger couplings are most likely to result in multi-mode emission. 

Specifically, the point of intersection of the m=0 and m=+l curves is where both 

modes are equally likely to lase (kR=2.4). At larger couplings, the m=±l modes 

have a lower unsaturated gain. At smaller couplings, both side-modes will be 

suppressed, with the largest Agom occurring at couplings (/cR ^^2 1.2) less thaa the 

minimum in the m=0 curve. 

As in Chap. 2, we do not find multi-mode behavior at high-power unless grating 

losses are present. Accordingly, we plot in Fig. 3.4 the power distribution P(r) for 

6=4.0, Po=1.0, and «:R=2.5. Note that the distribution for the m=0 mode is 

strongly reduced by grating losses, but the m=+l mode is largely unaffected. This 

reduction in circulating power increases the unsaturated gain required to initiate 

the 771=0 mode (Fig. 3.2). Thus, CGDFB mode selection is directly affected by 

how the grating losses modify the power distributions. Note that, in comparison 

with 6=0. the distribution is now strongly modified at the center of the laser, rather 

than at the edges. The net effect on modal selection is, of course, the same. 
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Fig. 3.4 - Power distribution for m=0 and m=l modes, 6=4. Grating losses 

strongly modify the m=0 mode, thus increasing the unsaturated gain. 
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3.4 Numerical Results - CGDBR 

We have also obtained numerical solutions to the gain- and index-saturated 

coupled-mode equations (3.4)-(3.7) for the CGDBR laser described in Ref. [24]. .A.s 

with the CGDFB laser, our results show the possibility of above-threshold multi-

mode operation. Referring to Fig. 3.5, we see that the gain difference Ag^m between 

the central radial mode (m=0) and the positive-detuning side mode (m=-f 1) ini

tially decreases as we move above threshold. The two modes are equally likely to 

lase at a higher power (?„ s; 1.0) than in the CGDFB case. Note that the trends 

shown in Fig. 3.5 are also consistent with the A/4-shifted conventional DFB results 

of Soda et al. [9] and Aoki et al. [36]. 

.A.S shown in Sect. 3.3. grating losses play a critical role in creating multi-mode 

output for high-power CGDFB lasers. Fig. 3.6 shows that, for large losses, multi-

mode behavior is also possible at threshold for the CGDBR laser. The figure plots 

the variation of small-signal gain with grating loss. Our calculations clearly show 

that, near threshold, multi-mode or single side-mode behavior is possible for high-

loss CGDBR lasers. As discussed in more detail in Sect. 3.6, this behavior has also 

been observed experimentally. 

3.5 Above-Threshold Linewidth 

In previous sections, we have examined the effects of the linewidth enhance

ment factor 6 on above-threshold modal selection in CGDFB and CGDBR lasers. 

As pointed out by Henry, however, single-mode linewidth is also governed by the 

strong gain/index coupling found in a semiconductor device [40]. Following Henry's 

notation, this linewidth Az/ is fully described by the modified Schawlow-Townes 
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equation 

+ 6^) (3.8) 
<3/1 ro 

where we have ignored the power-independent Unewidth, hv is the photon energy, 

a/ is the facet (mirror) loss, Vg is the group velocity, Po is the output power per facet. 

Tisp is the population inversion factor, and Ksp is the (excess) spontaneous emission 

factor [43|. For a given b, Eq. (3.8) clearly shows the reduction in linewidth as 

output power is increased. Less obvious are the effects of above-threshold operation 

on the spontaneous emission factor. The purpose of this section, then, is to compare 

the threshold and above-threshold Ksp for the CGDFB semiconductor laser. 

Qualitatively, K^p is an enhancement of spontaneous emission in the lasing mode 

which depends on two effects. The first is a direct result of gain-guiding, where the 

curved wavefront of a gain-guided laser captures a larger fraction of spontaneous 

emission than the pure index-guided device [41]. These results for the CGDFB 

laser have been presented elsewhere for threshold conditions [42], and will not be 

repeated here. 

The second is a result of both outcoupling losses and nonuniform field profiles 

for index-guided devices, a consequence of nonorthogonality of the longitudinal 

modes [43]-[44]. For example. Hamel and Woerdman have shown that for a Fabry-

Perot cavity, either a decrease in the facet reflectivity (for which outcoupling losses 

are higher) or varying individual facet reflectivities while keeping losses constant 

(for which the field profile is less uniform) enhances the spontaneous emission rate 

[44]. For the DFB cavity, the outcoupling losses are dependent on the coupling 

coefficient, and generally result in larger Ksp than for the Fabry-Perot [45]. The 

CGDFB laser has the additional feature that, due to the perfect reflectivity at 

one of the "facets" (i. e., the origin), the field profile is inherently nonuniform. We 
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thus expect the CGDFB laser to have a fairly large enhancement of the spontaneous 

emission rate. 

Quantitatively, the calculation of the spontaneous emission factor proceeds as 

follows. For a semiconductor laser which has cylindrical symmetry in the (x.y)=(r.0) 

plane and a general structure in the transverse dimension Ksp is given by [41] 

( f n \Em{r . e . z ) \ ^ rdrd9dzY  
Asp = — (3.9) 

\niEl{r.e.z)rdrdedzr-

where Erni^^.O.z) is the field distribution for an e'""® azimuthal variation. Assuming 

that the gain is uniform along the transverse dimension, the field can be approx

imately factored as =E^{v.6)Et{z), where Ei is the transverse field dis

tribution. Then Ksp can also be factored as Ksp=KtKr. where h't and K'r are the 

excess spontaneous emission factors due to the transverse and radial field distribu

tions. respectively. For index guiding in the transverse dimension (as is presently 

the case), Kt is unity. We therefore obtain 

_  { f  I \Em{r , e ) \ - rdrdey  
Ksp = \ = — 3.10 

\ f fE l ( r . d ) rdrde \ - ^  

The evaluation of Eq. (3.10) requires the field distribution Em[^.9). For the 

CGDFB laser, this field is given by [25] 

Em{r.e) = X Vp[F^(r)e""''] (3.11) 

where Vp is the v /6  Laplacian in cylindrical coordinates, and Et{ z )  is the (normal

ized) transverse field distribution. Then from Eq. (23) of Ref. [4] 

F„{r) = ,7,[A„{r)H'J, H 3 T )  +  (3.12) 

Substituting Eq. (3.12) in Eq. (3.11) to obtain the radial field component 

+ B^(r)H<J>(.3r))f (3.13) 
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Note that the radial component is zero for the circularly-symmetric m=0 mode. 

Similarly, for the tangential component we obtain 

Ee{r . e )  =  e (3.1-1) 
" dr dr " dr ' dr 

where the derivatives of the Hankel functions are well known, and the field deriva

tives dA/dr and dB/dr are given by Eqs. (2.1)-(2.2). 

After integrating Eq. (3.10) analytically for the 0-dependence. Eqs. (3.10)-

(3.14) were solved numerically for the enhancement factor A'^p for various radial 

and azimuthal modes. The numerical integration of Eq. (3.10) used the extended 

trapezoidal rule described in Chap. 4 of Ref. [33]. 

Our results for the spontaneous emission factor are shown in Table 3.1. The 

table shows how A'jp varies with coupling kR for a uniform pump-beam radius 

ro=oc. The results are for the central radial mode (m=0) at ()=0. We see that, 

for a given output power (Po=10~'^). a decrease in coupling coefficient results in an 

increase in spontaneous emission enhancement of the linewidth. This is expected, 

as smaller kR have larger outcoupling losses. These results are also comparable 

with the conventional DFB results of Wang et al. [45], in spite of the nonuniform 

CGDFB field distribution. 

While not shown in Table 3.1, our high-power (Po=l,10) data are identical to 

those in the table to within 0.5 percent, even with uniformly-distributed grating 

losses Qg. The Ksp factor in Eq. (3.8) may then be treated as a constant over all 

power levels. The single-mode linewidth thus maintains the simple inverse-power 

dependence given by Eq. (3.8), neglecting the linewidth rebroadening found at very 

high power [47]. This surprising result indicates that the field distributions retain 
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KR KS, 

2.5 1.03 

0.5 3.41 

0.1 44.95 

Table 3.1; Spontaneous emission factor vs. coupling for m=0 

similar shapes both at- and above- threshold. This is easily seen by replotting the 

curves of Fig. 2.6 with a linear vertical scale. 

3.6 Comparison with Experiment 

Experimental results addressing the modal properties of CGDFB lasers for vari

ous coupling strengths have recently been presented by Olson and Hall [48]. Unfor

tunately. a comparison of their results with the numerical calculations presented in 

this chapter are not fully conclusive. This may be due to experimental conditions 

(such as slight grating or pump asymmetries, or thermal effects at high power) 

which we have not included in our model. For example, for KR='2.7 gratings. Ol

son and Hall obtained results that were typically single-mode at all power levels. 

This includes a fundamental m=0 mode at threshold, but an m=30 mode at 15X's 

threshold pump power. While our calculations show a significant reduction in the 

gain difference AgomR between the m=0 and m=30 modes as we proceed above 

threshold, our model does not predict the m=30 single-mode behavior at the power 

levels considered. 
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Despite these disagreements, the general trends predicted by our model seem 

to fit the experimental results. For example, the results quoted above are for a 

"shallow" (small coupling) grating. It is seen that the mode maintains it's "even" 

character well above threshold. At the same time, Olson and Hall also report that 

their "deep grating" devices change from an even mode near threshold (as seen by 

the null in the center of the far-field distribution) to an odd mode (as seen by the 

bright spot in the center of the far field). These results are fully consistent with 

the trends shown in Figs. 3.2 and 3.3. 

We have also observed single side-mode behavior for the CGDBR devices made 

in our laboratories. To date, we have not attempted a systematic study of which 

side mode is lasing under what conditions. We have, however, found that by 

minimizing the grating losses (by avoiding, as described in Ref. [49], the multi-

quantum-well step-like increase in absorption on the blue side of the band gap), 

single-fundamental-mode behavior is obtained. This is fully consistent with the 

results shown in Fig. 3.6. 

3.7 Conclusions 

This chapter includes index saturation effects in the solution of the coupled-mode 

equations. .\s in Chap. 2. we have shown the existence of an optimum coupling 

coefficient for conversion of pump power into useful CGDFB output power. This 

is again a consequence of modal selection governed by grating losses. As shown in 

Fig. 3.2, a unique feature of index saturation is the possibility of above-threshold, 

single-mode operation over a limited power range, even for the case of large coupling 

coefficients. We have obtained similar results for the CGDBR laser. For both 
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lasers, the single-mode operation is due to the index-saturation selection of the 

high-frequency solution. Experimental verification of these results is inconclusive 

at this point. 

We have also obtained results for the enhancement of single-mode linewidth 

Az/ due to the excess spontaneous emission factor Ksp. For a given coupling /cR 

and linewidth enhancement factor b, we have found that Ksp may be treated as a 

constant over a large power range. The linewidth then maintains the inverse-power 

dependence given by the modified Schawlow-Townes equation. 
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CHAPTER 4 

SPATIO-TEMPORAL DYNAMICS 

4.1 Introduction 

The third-order nonlinear response of distributed-feedback (DFB) structures 

exhibits a number of interesting effects. In the first of many papers in this area. 

VVinful et al. showed that an intensity- dependent refractive index results in bistable 

behavior [10]. The availability of two (or more) output states for a given input state 

is due to the change in the Bragg condition as the index varies with intensity. Note 

that this change must depend on the initial field conditions, if a path-dependent 

bistability is to result. In a following paper. Winful and Cooperman showed that 

the time-dependent nonlinear coupled-mode equations predict self-pulsing (or. in 

the case of large input intensities, chaos) [11], It was later realized by Chen and 

Mills that these same third-order nonlinearities could be used to transmit a field 

without attenuation at the Bragg frequency, even though the linear response is 

highly reflective [12]. These so-called "gap solitons" were then shown by Winful 

et al. to be unstable (self-pulsing) for large couplings or small detunings from the 

Bragg condition [13]. 

The circular-grating DFB structure has three novel features which indicate that 

it's time-dependent response will differ from the conventional DFB. First, the 1/r-

distribution associated with cylindrical wave propagation has the potential for pro

viding the large intensities needed for nonlinear refractive index effects. Unfortu

nately, the 1/r-intensity also decreases the field strength at large radii. As shown 
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below, this decrease governs the nonlinear response. Second, Radic et al. have 

shown that the A/4-shifted nonlinear DFB structure requires small switching pow

ers in comparison with the unshifted case [22]. Given the inherent A/4 (Guoy) 

phase shift for cylindrical waves propagating through the origin, we might expect 

similar behavior for the CGDFB device. Finally, previous work for the nonlinear 

DFB assumes nonrefiective boundary conditions. This assumption is not valid for 

the circular-grating case, as the reflectivity is necessarily unity at the origin. 

Based on previous time-dependent work with conventional DFB structures [20]. 

it is not clear that distributed-feedback nonlinearities are feasible for use in an 

all-optical, high-speed bistable switch. Specifically, the slowly-varying reduction in 

input intensity needed to maintain a high-output "on" state is nor consistent with 

fast (< 1 ns) logic operations. We therefore emphasize the use of the nonlinear 

refractive index no in a self-oscillating pulse generator, as described by Winful et 

al. for the conventional DFB [13]. One possible implementation is a nonlinear 

CGDFB structure employed as a self-pulsing source for high-speed switching of a 

vertical-cavity surface emitting laser (VCSEL). This is shown in Fig. 4.1, where we 

assume an inward-going CW driving field B{R) at the outer radius R of the grating, 

as might be supplied by an exterior CGDFB laser. In the following spatio-temporal 

analysis, we ignore any interaction between this laser, the nonlinear grating section, 

and the VCSEL. 

4.2 Theory 

In Appendix A, we derive the nonlinear coupled-mode equations for the circular-

grating geometry. Including both linear and intensity-dependent refractive indices. 
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Fig. 4.1 - Schematic of circular-grating vertical-cavity surface-emitting laser. 
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the time-dependent CGDFB coupled-mode equations are then given by 

(4.1) 

i f - f  =  

+ 2|.-l/fi;f ]S (4.2) 

where A = Amir . t ) ,  B  =  Bm{r , t ) ,  =  H^ ' -H ,3r ) .  V g =dufd3  is the group ve

locity, and the nonlinear coupling Both grating losses and saturable 

gain gm are included in the linear coupling function 

Km = i(ag - 5m) + '2Kcos{2i%r - Q) (4.3) 

and the saturated gain is given by 

For the linear, time-independent case, Eqs. (4.1)-(4.2) are seen to reduce to Eqs. 

(2.1)-(2.2). In Section 1.4, it was shown that these equations are equivalent to 

the conventional DFB when the grating phase Q=~/'2. For the nonlinear case, 

the Hankel functions in Eqs. (4.1)-(4.2) are unique to the circular-grating. In 

particular, note the role of these functions in the self-phase modulation (SPM) and 

cross-phase modulation (XPM) terms, resulting in the 1/r-intensity dependence 

associated with cylindrical wave propagation. This dependence is not found in the 

nonlinear conventional DFB [10], and as shown below, significantly modifies the 

third-order CGDFB response. 
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The solutions to these equations are based on removing the explicit space-time 

dependence of the partial differential equations (4.1)-(4.2) with the coordinate 

transformations 

n/2 
P=—{^gi + 'r) (4-5) 

n/2 T = —{VGT - r) (4.6) 

such that and from which we obtain the ordinary differential equa

tions 

dA .~3r\/2 , 

dp 4 

|,-1} (4.7) 

|B} (4.8) 

which can be integrated using a number of techniques. We have chosen the finite-

difference predictor-corrector method of de Sterke et a/, for it's fourth-order accu

racy [21]. 

Due to numerical instabilities associated with the and products 

in the linear terms of Eqs. (4.7)-(4.8). we do not solve these equations directly. As 

explained in Sect. 5.3, we instead use the large-radius approximation for the Hankel 

functions to obtain 

= i{5  4- iag — igTn)A - { — l)'^KBe -I-

dp 
9 

i73-y-[|.4|-+ 21B1-].A (4.9) 
n uV 

rlR 
\Pl—— = i{6 H- iocg — igTn)B -h ( —l)'^Ac.4e + 

UT 
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for the modified coupled-mode equations, and 

" l+2[|-4P-h|5|2]/7r5r 

is the saturated gain. 

The integration of Eqs. (4.9)-(4.10) proceeds along the characteristic coordinates 

p and r described by Eqs. (4.5)- (4.6). The relationship of these coordinates to 

the real CGDFB radial (=r) and time (=i) coordinates is shown in Fig. 5.1. 

The predictor-corrector integration technique of de Sterke et al. uses known field 

information at 3 grid points to predict the values at the ne.xt 2 points. The details 

of the equations used are described in Sect. 5.2. .Vote that the technique is stable 

for non-stiff problems, as is presently the case. 

Numerically, we have found that the stability of Eqs. (4.9)-(4.10) also depends 

on the radius R and the value e describing the approach to r=0 for our integration. 

.A-ll results reported here use R=2o /im and e= 10""' fim. The choice of R is 

based on the selection of a reasonable physical size for the grating surrounding the 

V'CSEL. The choice of e is less obvious. Here we simply note that smaller values 

(e= 10~®/im) result in unstable responses for certain combinations of nonlinear 

parameters, typically either near a resonance of the CGDFB cavity or for very 

large driving amplitudes. 

4.3 Numerical Results and Discussion 

In this section, we present numerical results for the integration of the large-

radius approximation coupled-mode equations (4.9)-(4.10). We obtain data for the 

linear and nonlinear transmission, self-pulsing behavior, and gap soliton formation 

in CGDFB structures. We assume an inward-going CW driving field B{R) at the 



radius R. This field is applied over a rise time tr='2.0 in the slowly-varying manner 

of de Sterke et al. [20]. All field values are initialized to zero at the beginning of 

each calculation. We also assume an off-resonant (non-absorbing) wavelength for 

B{R), so ag is set to zero. Finally, all simulations use a modal index m=0. 

4.3.1 CGDFB Transmissivity 

To obtain a large nonlinear response, it is necessary to detune the driving field 

to a wavelength which is near the edge of the stop band. This minimizes the field 

strength necessary to shift the grating from a reflecting to a transmitting state. 

To first order, this information is typically obtained from the linear reflectivity vs. 

detuning curves, such as that shown in Fig. 1.2. For the passive CGDFB structure, 

however, the boundary condition at the origin forces the reflectivity |.4(0)/B(0)|-

to be unity for all values of detuning, coupling, etc. The resulting curve shows 

that the circular grating has an infinitely-wide stop band when used as a reflective 

device. 

Fortunately, we are interested in the transmission of the CGDFB structure. 

For example, since we are interested in self-pulsing of a V'CSEL, it is necessary to 

calculate the inward-going field at a non-zero radius corresponding to the size of 

the VCSEL. In the present work, we ignore the VCSEL radius, and obtain data for 

the transmittance T=\B{e,t)/B{R)\^ at the radius e noted in Sect. 4.2. Our results 

are based on the time-dependent code described in Chap. 5. using a propagation 

time Tit= 50 (measured in units of radial propagation time) so that all oscillations 

have damped out. Also note that, for reasons explained in Sect. 4.3.3. we set the 

grating phase Q at the origin equal to 7r/2. 



73 

Our results are shown as the solid curve in Fig. 4.2, where we assume the 

linear coupling KR=2.O, the nonlinear coupling 7/2=0.0, and the unsaturated gain 

^om=0.0. A number of interesting features are evident in this curve. First, we 

clearly see a stop band and associated band edge for the CGDFB structure in 

transmission. Second, the amplitude of the transmitted field is generally larger 

for negative detunings. This includes transmission ratios greater than one at the 

cavity resonances where f2=0.57rq=27rm. It is important to note that the reBectivity 

is still unity at these resonances. Finally, the detuning at which cavity resonances 

occur is not symmetric about the Bragg frequenc^^ The Q=7r/2 mode is found at a 

detuning of 2; —0.9-. Additional modes for m=—1 (negative detuning) and m=l 

(positive detuning) are also shown at SR ^ —1.7- and I.Stt, respectively. Similar 

asymmetries have also been found for the nonlinear conventional DFB when end 

reflections are included in the coupled-mode equations [51]. 

The important result from the solid curve in Fig. 4.2 is that negative detunings 

give maximum contrast between reflecting and transmitting states. This is also 

illustrated by the dashed curve, which shows the effects of an instantaneous third-

order nonUnearity for negative detunings with 7/2=0.1. For this positive no, the 

curve shows the red-shift of the Q=7r/2 mode to lower frequencies. As an important 

consequence, the transmittance of a driving field initially tuned to this peak of the 

linear response will be significantly reduced at higher powers [from T=12.35 for 

B{R)=L.O to r=0.60 for 5(/2)=6.0]. The nonlinear circular-grating structure thus 

acts as an all-optical limiting switch. Also of interest is the reduction in amplitude 

for the lower frequencies. In comparison with the conventional DFB (see Ref. [22], 

Fig. 4). this is unique to the CGDFB device. As explained in the next section, this 
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F i g .  4.2 - Grating transmission vs. detuning for both linear (7i?=0.0) and 

nonlinear (7i?=0.1) gratings. Parameters are: kR=2.5 and S(i?)=1.0. In addition, 

f2=7r/2 for all results in this chapter, except as noted. 
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is a result of the (dimensionless) l//^r factor in the self- and cross-phase modulation 

terms of the coupled-mode equations. 

4.3.2 Self-Pulsing 

To see this, we numerically study the nonlinear temporal response of passive 

and active circular gratings. For the conventional DFB, a steady input can result 

in a self-oscillating transmission [11]. For the passive CGDFB device, we have 

not observed this self-pulsing response. Instead, we have noted an extended ring

ing, whose damped amplitude cannot be called self-oscillation. Typical results are 

s h o w n  i n  F i g .  4 . 3 .  w h e r e  w e  p l o t  t h e  t i m e - d e p e n d e n t  f i e l d  r a t i o  \ B { e . t ) / B { R ) \ .  

Neglecting the 2/7r numerical factor, this behavior is due to the 1/3T factor in the 

self- and cross-phase modulation terms found in the nonlinear components of the 

coupled-mode equations (4.9)-(4.10). Specifically, this factor reduces the imaginary 

component of the field at the larger radii. For small self- and cross- phase effects, 

the grating acts essentially as a linear device, for which self-pulsing is not found. 

This can also be seen by looking at the value of r s: 1 / 3  which divides the 

grating into 2 distinct physical regimes. For r less than this value 0.04 /xm). the 

intensity-dependent refractive index is enhanced by the small radius. For larger 

values, the nonlinearities are diminished. For a grating size /? » 1/3, the dimin

ishing effects dominate the overall response, and self-pulsing is again seen to be 

"damped" by the circular-grating geometry. 

Based on the results of Radic et aJ. for the nonlinear, phase-shifted conventional 

DFB [22], we have also run simulations for the equivalent CGDFB case (Q=0). 

These results are given in Fig. 4.4. A comparison with Fig. 4.3 shows that the fi=0 
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Fig. 4.3 - Nonlinear temporal response. Parameters are: 7i?=0.1, di?=0.0, 

KR=O.O, and 5(/?)=20.0. 
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grating transmissivity is si 64X's that of the Q=7r/2 case. The initial oscillations, 

however, still decay into a non-self-pulsing state. 

For an active grating, we obtain different results. Such a grating might consist 

of an erbium-doped glass waveguide (e. g.) to avoid the negative n2 found near 

the bandgap of a semiconductor [55]. Results are shown in Fig. 4.5, where we now 

assume an unsaturated gain ^oTn=0-04 (16 cm~^) in Eq. (4.11). and B(i?)=10.0 due 

to the numerical instabilities associated with larger values. Note that we exclude 

index saturation from the calculation. The curves show self-pulsing with an ex

cellent contrast ratio between the "on" and "off' states. Unfortunately, the mean 

transmitted power is only 3 percent of the incident (at dR=— 1.4-). A complete 

study of the effects of gain on this transmissivity will be included in our future 

work. 

4.3.3 Cylindrical Gap Solitons 

We have previously noted that the inherent A/4 phase shift associated with 

cylindrical wave propagation through the origin creates a gap mode at the Bragg 

frequency. In this case, there clearly cannot be any gap solitons. However, by 

physically adding an additional A/4 shift at the origin, we can compensate for the 

Guoy effect, and thus obtain a stop band for the Q=7r/2 device. 

This is shown in Fig. 4.6. where we re-plot the data of Fig. 2.2 with an emphasis 

on the Q=7r/2 modes. We also include results for kR= 5.0. The dashed lines show 

the variation of small-signal gain with detuning, as in Fig. 2.2 (where allowable 

modes for r2=0 are shown as both open and closed circles). The solid lines show 

the dependence of small-signal gain on coupling coefficient. Allowable modes for 

a grating phase r>=7r/2 are shown as closed circles. The plot clearly shows that 
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Fig. 4.4 - Nonlinear temporal response for Q=0. Parameters are the same as 

those given for Fig. 4.3. 
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Fig. 4.5 - Self-pulsing for nonlinear CGDFB laser. Parameters are: gomR= 0.04 

(w=16 cm~^), 6R=-1ATT, KR=O.O, and B(/?)=10.0. 
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Bragg modes at <)=0 are not possible over a large coupling range. The existence of 

this stop band thus allows the possibility of cylindrical gap solitons. Note that the 

active-grating modes occur at detunings that are fully consistent with the time-

dependent (passive structure) results of Fig. 4.2. 

Whether or not these spatial solitons are observed depends on the nonlinear 

transmissivity T of the CGDFB structure. A gap soliton requires unattenuated 

transmission at the Bragg frequency [13]. Our simulations show that T decreases 

at ()'=0 as we increase the driving field. This covers a range where B(R) varies 

from 1.0 (where r=0.0134) to 25.0 (where r=0.00972). Note that larger driv

ing fields were numerically unstable. For comparison, the conventional DFB has 

chaotic output for a field strength of ^ 5.0 (assuming kR=2.5. dR=0.0. jR=0.1. 

and DFB length L=25 pim. giving an average T ^ 0.6). We thus conclude that un

stable (self-pulsing) cylindrical gap solitons are not physically allowable in passive 

CGDFB structures with a positive nonlinearity. (Note that this does not exclude 

the possibility of stable solitons whose peak amplitude is not found near the grat

ing origin. Such solitons might be found through a systematic study of the grating 

dispersion for various wavelengths and powers.) 

4.4 Conclusions 

We have shown that including an intensity-dependent refractive index in the 

time-dependent solutions to the CGDFB coupled-mode equations results in a num

ber of novel effects. We first show that the addition of a 7r/2 phase shift at the 

center of the grating is necessary to create a stop band for the linear response. 

The transmission of a field initially tuned to a linear resonance outside this stop 
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Fig. 4.6 - Unsaturated gain vs. detuning for Q=7rl2 modes (indicated by closed 

circles) as KR is varied (solid lines). The dashed lines show the variation of 

with detuning for a given KR. The absence of linear modes at 5=0 is a necessary 

condition for the existence of cylindrical Bragg solitons. 
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band is then significantly reduced by the third-order nonlinearities. The passive 

CGDFB structure thus acts as an all-optical switch. The additional phase shift 

also permits the possibility of unstable (self-pulsing) cylindrical gap solitons. For 

a positive nonlinearity (n2 > 0), it is shown numerically that these solitons are 

not physically allowable. Finally, we have also found that for a passive structure, 

self-pulsing behavior is damped by the l/3r factor in the self- and cross-phase mod

ulation terms of the coupled-mode equations. This damping can be compensated 

for by the addition of gain. In this case, self-pulsing with an excellent contrast ratio 

and small mean transmissivity is obtained. Note that all results are valid only in 

the regime of the large-radius approximation. 
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CHAPTER 5 

NUMERICAL METHODS 

This chapter describes the numerical methods used to obtain the results of 

Chaps. 2-4. Included are the the boundar\'-value techniques used to solve the 

steady-state equations of Chaps. 2-3. as well as the initial-value techniques used 

to solve the time-dependent coupled-mode equations of Chap. 4. We also discuss 

approximations to the coupled-mode equations which have stable numerical solu

tions. We conclude the chapter with a description of the tests used to verify our 

software. 

5.1 Steady-State Solutions 

The steady-state solutions to the coupled-mode equations (CME's) given in 

Chaps. 2 and 3 are based on a numerical technique known as the shooting method 

[33]. The method starts by integrating ("shooting") the CME's over the radius R 

with a given set of known parameters (og. 3o, k). The unknown variables (gom 

and J) are also assigned initial values. If these guesses are valid solutions, the 

calculated fields will match the laser's boundary conditions [such as Eq. (2.7)]. If 

the boundary conditions are not matched, we choose new values of ggrn ^nd S until 

they are. The essence of the shooting method lies in how these new values are 

determined. As explained below, the basic approach is to use a multi-dimensional 

Newton's method. As a result, the success of the shooting technique depends 

critically on how close the initial guesses are to the actual solution. 
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As described in Chap. 2, we integrate the CME's from a known boundary-

condition at r=R using a fourth-order Runge-Kutta algorithm. Even with intelli

gent guesses for gom and S, this first integration will most likely not result in the 

condition A(0)=B(0) at the other "boundary'" (i.e., the origin). So the difference 

between these fields allows us to define a two-component discrepancy vector F 

Fi = REAL[A{0) - S(0)] 

Fo = IMAG[A{0) - 5(0)] 

(5.1) 

(5.2) 

where the correct values of our unknown variables will result in Fi= Fo ~ 0 within 

a specified amount (typically 10~^). 

In principle, it is possible to independently step through values of gom and S 

to find what combination produces a valid solution. This is clearly inefficient. .A. 

better approach is to see how Fi and Ft vary with gom and S 

BF f) F 
Fiig + ̂ g. S + SS) ^ Fiig, d) -f -^:\g -f- -h ... = 0 (5.3) 

ag ad 

dFo dFo 
Foig + At?, 6 + Ad) F-iig. d) -t- -^^9 + + ... = 0 (5.4) 

where g H gom, and we have linearized F by including only first-order terms in the 

Taylor series expansion. Rearranging 

§11 
dg dS 

dfx dFi 
dg dS AS 

F i i g . d )  

F 2 [ g - S )  

(5.5) 

where we calculate the partial derivatives numerically, allowing us to solve for A^ 

and Ac). Note that this requires 2 additional integrations of the CME's: one to find 

the change in Fi and F2 for a small change in g (while d is held constant); the second 

to find the change in Fi,2 for a small change in d (while g is held constant). The 
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solutions to Eq. (5.5) are added to the old values of g and 5: the new values are then 

used to integrate the CME's for the next comparison of A(0) with B(0). Solutions 

for g, S and the field distributions A(r) and B(r) are obtained when |A(0)-B(0)| < 

10-^ 

5.2 Time-Dependent Solutions 

The solutions to the time-dependent coupled-mode equations (4.1)- (4.2) use a 

finite-difference method developed by de Sterke et al. [21]. The method is based 

on the integration of the modified coupled-mode equations (4.7)-(4.8) along the p 

and T (characteristic) coordinates. The relationship of these coordinates to the real 

CGDFB radial (=r) and time (=t) coordinates is shown in Fig. 5.1. Note that the 

finite-difference step size along the characteristics is h=R\/2/N, where N-t-1 is the 

number of equally-spaced grid points along the radius R. 

number of techniques are available for integrating the ordinary differential 

equations (4.7)-(4.8). Neglecting (for the moment) the issues of stability and com

putational efficiency, we are interested in the method with highest accuracy. One 

approach is the split-step Fourier method, which is third-order accurate [56]. The 

Runge-Kutta technique used in the solution of the steady-state equations also turns 

out to be, for this problem, third-order. This is due to the neglect of information of 

the coupled field at the half-steps in the grid shown in Fig. 5.1 [21]. One approach 

which does use this information, and might then be expected to be more accurate, 

is the predictor-corrector. 

Predictor-corrector techniques are based on extrapolating the values of previous 

points on the finite-difference grid to obtain the next value. The accuracy of the 
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Fig. 5.1 - Coordinate system showing the relation between the real (r and t) 

coordinates and the characteristic [p and r) coordinates along which the nonlinear 

coupled-mode equations are integrated. The dashed lines indicate time steps; the 

dotted lines indicate characteristic directions. 
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technique depends on the number of previous points used in the extrapolation. 

For example, a 3-point parabolic approximation results in numerical solutions with 

4th-order accuracy. Using the notation dA/dr=f(r,A.B), the 4th-order predictor 

used to integrate Eq. (4.7) is given by [21] 

4 8 
-"̂ n + l ~ -•̂ n—1 + Bn-l) -"̂ n—1/2? 

+ff{r..A„.B„)] (5.7) 

where we have dropped the modal subscript m from the fields, the new subscripts 

(nil, e.g.) indicate the p or T position on the grid, and the same equations apply 

to Eq. (4.8). 

As noted by the superscript in Eqs. (5.6)-(5.7). the predictor serves only to 

provide initial values for An+i/'i and A^+i- When substituted in the original ODEs. 

a new 3-point approximation (the corrector) can be generated. The corrector used 

to obtain our time-dependent results is given by [21] 

+ A[^/(r„ .4„, B„) + i/(r„+,„, 

-i/(r„«,.4™„B™,)] (.5.8) 

•"Init = B„) •+• ^/(rn+i/2, ^i+1/2) 

+ g/(r„,r..-lS,.B™,)| (.5.9) 

The stability of the integration procedure thus appears to be a direct result of the 

implicit corrector. However, by substiting Eqs. (5.6)-(5.7) in Eqs. (5.8)-(O.9). we 

see that the method is actually explicit. Predictor-corrector techniques therefore 

lose their strong stability properties for stiff problems [33]. 
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5.3 Numerical Approximations 

Even for a set of differential equations which are not stiff - as is the case for our 

results - numerical instabilities are still possible. These are related to the minimum 

step size required for stable evolution of a finite-difference equation. In particular, 

there is no absolutely stable (i. e., independent of step size) finite-difference method 

with accuracy higher than second order [57]. Since we are using a fourth-order 

technique, we might expect step-size instabilities in our results. These are shown 

in Fig. 5.2, where we have divided a 10 ^m radius into N=224 equally-spaced 

steps, and calculated the linear spatio-temporal response using predictor-corrector 

solutions to Eqs. (4.7)- (4.8). Both larger and smaller N cause the instability to 

grow exponentially, with a critical N=NCT. required for optimum results at large t. 

We have not yet found what this value of Ncr might be. 

VVe have also observed fast spatial oscillations in our results. An example is 

shown in Fig. 5.3, where we plot the radial distribution of the outward-going field 

for an m=0 mode which has been time-evolved from noise. The spatial frequency of 

the oscillations is ss 23. From Eqs. (4.7)-(4.8), we see that the linear terms contain 

Hankel functions of power 2 which also oscillate at 23. Following these 

oscillations requires a spatial resolution N which results in excessive computing 

time (as this time ~ -V-). Numerical removal of these oscillations is thus clearly 

useful. 

Two techniques are available. The first method uses field envelopes to remove 

the 2P oscillations. It also appears to be stable for N%100. The technique is 

based on expanding the cosine factor in Kr„(r) as a sum of exponentials, noting 

that 3 % 3O, and discarding the non-phase-matched terms. Using this envelope 
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Fig. 5.2 - Unstable temporal response for the time evolution of the exact coupled-

mode equations (4.7)-(4.8). Parameters are KR=2.5 and B{R)= 1.0. The phase 

shift Q=0.0 for all results in this chapter. In addition, the nonlinear coupling 

7i?=0.0 for Figs. 5.2-5.5. 
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Fig. 5.3 - Spatial oscillations in the outward-going field \A{r)\ for the time 

evolution of the exact coupled-mode equations (4.7)-(4.8). Parameters are KR='2.O 

and B(i?)=10~^; the (normaUzed) evolution time t/T{t=50.0. 
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approximation, the modified coupled-mode equations (4.7)-(4.8) are given by 

+ 2\bh'S'?\a (s.io) 

~ = + BH'S'KM] + 

+ 2|.-l/fi;f IB (5.11) 

where the Ki(r) are defined by 

Ki{r) = i[aj - g^(r)] (5.12) 

=  K C O s ( — ( 5 . 1 3 )  

K^{T) = KCOs{+V.)e~^°'' (5-1-1) 

.\'ote that the nonlinear terms are unchanged by the approximation. Also note 

that full azimuthal dependence of the CME's is maintained through the modal 

dependence m of the Hankel functions 

The second method uses the large-radius approximation for the Hankel func

tions. Using Eq. (1.18) and again expanding the cosine terms in Eq. (4.3). the 

modified coupled-mode equations (4.7)- (4.8) may be written as 

\/2^ = + iag - i^m(^)]--i - + 

^T-4-[|.4|-+ 2|^n.-l (.5.15) 
/T UT 

\/2^ = i[() + ickg — igrn{T^)]B + (-l)"'K,Ae'^'" + 

ir4-[|B|' + 2|.4|-]B (3.16) 
n uT 
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where fast spatial oscillations are clearly absent. Note, however, that we are now 

restricted to azimuthal mode numbers m=0 (even) or 1 (odd), as m=0.2,4... pro

duces equivalent results (as does m=l,3,5...). 

Results using both approximations are shown in Fig. 5.4, where we again show 

the radial distribution of the outward- and inward-going fields for the conditions 

of Fig. 5.3. In addition, both approximations are stable for reasonably small X 

(«100). We have therefore used Eqs. (5.10)- (5.16) for all results shown in Chap. 

4. 

5.4 Software Verification 

While the accuracy and stability of our numerical methods have been examined 

in previous sections, we have not yet looked at the issue of software veracity. That 

is. a systematic and rigorous verification of software is essential before we can rely on 

it's results. This section therefore examines the question: are the numerical results 

obtained correct? We emphasize in our discussion the time-dependent solutions of 

Sec. 5.2 using the large-radius approximation of Sec. 5.3. 

The simplest test of our time-dependent software is that of linear reflectivity. 

Due to the perfect reflection of an inward-going wave at the origin, the reflectivity 

|A(R)|=1 for a unit amplitude driving field B(R). This is true for all combinations 

of linear grating conditions {k. 6. etc.). Typical results are shown in Fig. 5.5. and 

verify the accuracy of the software's linear response. Note that the error varied 

inversely with the number of points N in the spatial discretization. For N=44S. we 

obtained an error of less than 0.8 percent for kR=1 (Fig. 5.5). For larger couplings 

(Fig. 5.6) we obtained larger errors, due primarily to numerical losses associated 
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Fig. 5.4 - Radial distributions of outward- and inward-going fields for the time 

evolution of the large-radius-approximation coupled-mode equations (4.9)-(4.10). 

Results match exactly the steady-state solutions. Parameters are the same as in 

Fig. 5.3. 
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with the finite-difference discretization of continuous differential equations [58]. 

We have also looked at the time evolution of the nonlinear reflectivity, including 

both self- and cross-phase modulation terms (rR=0.1). These results are shown in 

Fig. 5.7, where again the outgoing field |A(R)| is the reflectivity per unit amplitude 

of ingoing source field B(R). We thus verify the accuracy of the software's nonlinear 

results, with an error of 0.5 percent for N=448. Note that the numerical losses 

which appear in the linear reflectivity are not present in the nonlinear case. We do 

not yet know why this occurs. 

Finally, we verified the spatial distributions generated by the time- dependent 

code. Specifically, we looked at the time evolution of an above-threshold m=0 

mode including gain saturation. These were previously shown in Fig. 5.4. .-Vfter a 

propagation time of 50 round-trip periods 10 psec), the results are essentially 

identical to those of the steady-state software described in Sec. 5.1. With this 

final verification, we feel confident that numerical results generated by the time-

dependent code are correct. 
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Fig. 5.0 - Time-dependent linear reflectivity at r=R for 
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Fig. 5.6 - Time-dependent linear reflectivity at r=R for kR—5.0. 
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Fig. 5.7 - Time-dependent nonlinear reflectivity at r=i? for KR—O.O. 

are 7/?=0.1 and 5(/?)=1.0. 
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CHAPTER 6 

CONCLUSIONS 

In addition to the obvious benefits of a circularly-symmetric, low- divergence 

output beam, the circular-grating DFB structure was shown to have three impor

tant properties which distinguish it from the conventional DFB. These are the 

perfect reflectivity of one of the "facets" (the origin), the inherent 7r/2 Guoy phase 

shift as the cylindrical waves propagate through the origin, and the 1/r-intensity 

distribution. 

As described by Henry, both the high facet reflectivity and the A/4- shift on 

reflection are exactly the conditions necessarv' to produce a gap mode in the con

ventional DFB [40]. Bragg modes created in this way also have excellent side-mode 

suppression at threshold. For the CGDFB laser, we have shown that grating losses 

and an above-threshold, 1/r gain saturation create two side modes with a lower 

small-signal gain than the gap mode. This is a consequence of mode selection 

governed by the grating losses. High-power operation also results in an optimum 

coupling coefficient for efficient conversion of pump power into useful output power. 

Design of a CGDFB laser with this optimum coupling also restores the Bragg fre

quency as the favored mode. 

The 1/r-intensity distribution also plays a role in the saturation of the gain-

medium refractive index. This is included in our numerical results through the 

linewidth enhancement factor describing the amplitude/phase coupling found in a 

semiconductor device. Our results show the possibility of above-threshold, single-

mode operation over a limited power range, even for the case of non-optimum 
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coupling. We have also found that the enhancement of the single-mode linewidth 

due to the excess spontaneous emission factor is constant over a large power range. 

The 7r/2 phase shift also affects the third-order nonlinear response. We first 

show that an additional A/4 shift is necessary to create a transmission stop band 

in the linear regime. The added shift thus permits the possibility of unstable (self-

pulsing) cylindrical gap solitons. For a positive nonlinearity. it is shown numerically 

that these solitons are not physically allowable. This is due to the 1/Jr factor 

in the coupled- mode equations, which damps out self-pulsing behavior for the 

passive CGDFB structure. This damping can be compensated for by the addition 

of gain. In this case, self-pulsing with an excellent contrast ratio and small mean 

transmissivity is obtained. 
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Appendix A 

NONLINEAR COUPLED-MODE EQUATIONS 

In this Appendix, we derive the nonlinear coupled-mode equations solved in 

Chap. 4. The derivation uses a Green's-function technique developed by Hall 

[IS]. The basic approach is to treat the intensity-dependent nonlinearity as an 

inhomogeneous source term in the wave equation. Solutions are then obtained by 

convolving the Green's function with the source term. 

In cylindrical coordinates, the time-independent wave equation describing the 

distribution of the scalar electric field E(r.0) for a nonlinear medium is given 

by 

1 d , dE. 1 d^E ^2 r- ^ r/ AN , 1 ^ 
-TT-C''-^) + + 3 E = = -47r/(r.0) (A.l) 
r or or n dd~ c-

where 3=ujno/c, we have assumed a time-harmonic field at frequency aj. and the 

nonlinear polarization is given by [10] 

P.\L = -^rion-ilEl-E (A.2) 
47r 

It follows that 

fir.B) = ^^n„n,\E\-'E (A.Z) 
47r 

Solutions to Eq. (A.l) are obtained by solving the equivalent Green's-function 

equation for G(r,r') 

= -f 

Assuming no inward-going waves at r—> oc. the solution to Eq. (A.4) is given by 

[18| 

G(r.r') = i»ffl'>(,J|r-r'|) (A.o) 
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The solution to Eq. (A.l) is then given by the convolution integral 

E{r.9) = T'' R G{r.r')f{r'.e')T 'dr'd9' (A.6) 
Jo JO 

To obtain the coupled-mode equations, we note that for a given mode m. we 

can express E(r,0) as a sum of an outward- and inward-going wave with amplitude 

A^(r) and Bm(r) 

E(r.0) = + B„(T) H'S'(l3r)\e'""' (A.7) 

Note that this expression for E(r.0) neglects any self- and cross- phase modulation 

terms between modes (though still includes these effects for the counter-propagating 

waves of any particular mode). By expanding the Hankel function in Eq. (A.5), it 

can be shown that the coupled-mode equations are then given by [18] 

S{r.Q')d6'  (A.8) 
ar 1 Jo 

f{r.e')d6' (A.9) 
ar 2 JO 

To evaluate the integrals in Eqs. (A.8)-(A.9). we first multiply the field terms in 

Eq. (A.3) 

\E\-E = + 

+ 2\A^(r)H^J,W" (A.IO) 

where and we have ignored terms of power larger than one. 

Substituting in Eqs. (A.8)-(A.9) and considering phase-matched terms, we obtain 

the CGDFB nonlinear coupled-mode equations 

+ 2|B„(r)H«>|»|.-l„(r) (A.U) 
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+ 2|.4„(r)^»f IB„(r) (A.12) 

where 7=u;n2/2c is the strength of the nonUnear coupling. For a slowly-varying tem

poral envelope, and assuming an instantaneous nonlinearity, the time-dependent 

equations are then given by 

— + (A.13) 

IB (A.14) 

where A=Am(r,t), B=Bm(r,t), and \'g=dLufdd is the group velocity. It is these 

equations which we numerically solve in Chap. 4. 
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