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ABSTRACT 

Easy to explain and difficult to solve, the traveling salesman problem. TSP. is 

to find the minimum distance Hamiltonian circuit on a network of n cities. The 

problem can not be solved in polynomial time, that is, the maximum number of 

computational steps needed to find the optimum solution grows with n faster than 

any power of n. Very good combinatoric solution approaches including heuristics 

with worst case lower bounds, exist. 

Neural network approaches for solving TSP have been proposed recently. In 

the elastic net approach, the algorithm begins from m nodes on a small circle 

centered on the centroid of the distribution of cities. Each node is represented by 

the coordinates of the related point in the plane. By successive recalculation of the 

position of nodes, the ring is gradually deformed, and finally it describes a tour 

around the cities. 

In another approach, the self organizing feature map, SOFM, which is based 

on Kohonen's idea of winner takes all, fewer than m nodes are updated at each 

iteration. 

In this dissertation I have integrated these two ideas to design a hybrid method 

with faster convergence to a good solution. On each iteration of the original elastic 

net method two n x m matrices of connection weights and inter node-city distances 

must be calculated. In our hybrid method this has been reduced to the calculation 

of one row and one column of each matrix, thus. If the computational complexity 

o f  t h e  e l a s t i c  n e t  i s  0 ( n  x  m )  t h e n  t h e  c o m p l e x i t y  o f  t h e  h y b r i d  m e t h o d  i s  0 { n - \ - m )  

The hybrid method then is used to solve the basic vehicle routing problem. 

V'RP, which is the problem of routing vehicles between customers v that the 

capacity of each vehicle is not violated. .A. two phcise approach is used. In the first 

phaise clusters of customers that satisfy the capacity constrain are formed by using 

a SOFM network, then in the second phase the above hybrid algorithm is used to 



io 

solve the corresponding TSP. 

Our improved method is much faster than the elastic net method. Statistical 

comparison of the TSP tours shows no difference between the two methods. Our 

computational results for VRP indicate that our heuristic outperforms existing 

methods by producing a shorter total tour length. 
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Chapter 1 Overview and Scope of the Thesis 

1.1 Introduction 

The traveling salesman problem' TSP' is a benchmark in combinatorial opti

mization. Imagine a salesman starting from his home city and wanting to visit all 

cities in his list exactly once and return home. He desires to make his tour as short 

as possible. Although we are dealing with an optimization problem, we cannot 

use differential calculus because the domain (our choices) is not over a continuum 

set but over a discrete set (set of all tours). Thus we need different optimization 

methods, than those in calculus. 

The term 'traveling salesman problem' Wcis used for the first time in the math

ematical literature about 1931-1932. It is unknown who brought that name to 

the mathematical circle but it is well known that Merril Flood is responsible for 

publicizing it within the mathematics ajid operations research community. 

The complexity of TSP, its similarity with the cissignment problem and the 

transportation problem, and its application to real world problems made it a pop

ular problem within the operations research area. Many problems can be for

mulated as instances of TSP, such as, production scheduling, vehicle routing, job 

sequencing, computer wiring, clustering a data axray. 

There are different versions of TSP such as, the bottleneck TSP, the time-

dependent TSP, and the stochastic TSP. In this dissertation I will concentrate on 

the Euclidean TSP, which is a TSP with all cities located in a two dimensional 

Euclidean plane, and the I2 norm is used to measure distances [49]. 

1.2 Mathematical Models 

There are different mathematical models for TSP, some of them are discussed 

ne.xt. 
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©. © ©, © 
Figure 1.1, subtours 

1.2.1 TSP and Assignment Problem 

TSP can be formulated as a restriction of the assignment problem'. Let 

Xij = 1 if city j follows city i in the tour and 0 otherwise, 

d i j  be the distance from city i  to city j ,  and 

N  b e  t h e  s e t  o f  c i t i e s  w i t h  n  =  | jV |  

Then TSP is: 

minimize ^"=1 Ei=i 1 • U 

subject to Iir=i ~ ^ i (^^•-) 

Ey=ia:,i = l for all i (1.3) 

xo€{0,l} (1.4) 

"no subtour allowed" (1-5) 

A subtour is a disjoint cycle on less than n  cities. This formulation without the 

last constraint is exactly the assignment problem which is not a difficult problem 

to solve. The Hungarian method, for example, may be used[58]. With constraint 

1.5 in effect, the simple problem is transformed to a relatively difficult problem. 

The difficult nature may be verified by a "simple'' example with 4-cities where 

Xi2 = X21 = X34 = X43 = 1 and Xij = 0 otherwise. The constraints 2.2 - 1.4 are 

satisfied but not 1.5 since we have a subtour (see Fig.1.1). There are number of 

'See Appendix 
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ways to enforce 1.5 mathematically. For instance it can be modeled with: 

E ^0- <\S\-l ( 1 . 6 )  

or 

«€S 

for every proper -nonempty subset S of N. There are 2" — 2 constraints of the form 

1.6 or 1.7. 

1.2.2 TSP and Quadratic Assignment Problem 

TSP can also be formulated a s  a quadratic assignment problem. Let 

Vjri = 1 if city X is the i^'stop on the tour and 0 otherwise. 

dxy be the distance from x to y, and 

N be the set of cities, with n = |iV| 

Then TSP is: 

minimize Er=i E!y=i E"=i (1-^) 

subject to Iir=i = 1 a-11 X (1.9) 

E"=iyx. = l for alii (l.IO) 

fr.€{0,l} (I.ll) 

There is no subtour elimination constraint, but the objective function is nonlinear 

a n d  n o n c o n v e x ,  a n d  h e n c e  a g a i n  d i f f i c u l t  t o  s o l v e  f o r  l a r g e  n .  

1.3 Complexity 

Although the domain of TSP is finite ( set of all tours ), it does not imply that 

TSP is an easy problem to solve. The number of tours of n cities is (n — l)!/2 and 
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implementatioa of the explicit enumeration in a computer would require about n l  

elementary operations. Computing the solution to a 50-cities TSP may require 

thousands of years [58] . 

In order to explain the concept of the complexity of a problem, we need some 

beisic definitions [24]. A problem will be a general question to be answered, usually 

possessing several parameters, or free variables whose values are left unspecified. A 

problem is described by giving: (1) a general description of all its parameters, and 

(2) a statement of what properties the answer, or solution, is required to satisfy. 

An instance of a problem is obtained by specifying particular values for all the 

problem parameters. Algorithms are general step-by-step procedures for solving 

problems. In general we are interested in finding the most efficient algorithm 

for solving problems. By the most efficient algorithm, one normally means the 

fastest. 

The time requirements of an algorithm are conveniently expressed in terms of 

a single variable, the size of a problem instance, which is intended to reflect the 

amount of input data needed to describe the instance. Even though the definition 

of the size of a problem is not unique and depends on the encoding scheme and 

the computer model, it does not change the class of the complexity of a problem. 

The time complexity function for axi algorithm expresses its time requirements 

by giving, for each possible input length, the largest amount of time needed by the 

algorithm to solve a problem instance of that size. A polynomial time algorithm is 

defined to be one whose time complexity function is 0{P{n)) for some polynomial 

function p, where n is used to denote the input length Any algorithm whose time 

complexity function can not be so bounded is called an exponential time algorithm. 

This distinction is particularly relevant to the large problems. Computer scientists 

believe that an algorithm is a good solution to a computational problem only if its 

-A function f ( n )  is 0 { g { n ) )  whenever there exists a constant c  such that \ f ( n ) \  <  c|g(n)| for 
all values of n > 0 
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Function Approximate values 
n  10 100 1000 

nlogn 33 664 9966 
1000 10® 10^ 

2" 1024 1.27 X 10^° 1.05 X 10^°^ 
n! 3628800 10158 4 X 10"'® 

Table 1.1, Comparison of polynomial time and exponential time functions 

Function Size of instance Size of instance 
solved in one day solved in one day in a 

computer 10 times faster 
n  10^2 10^3 

nlogn 0.948 X 10^^ 0.87 X 1012 
n ^  lo-* 2.15 X lO"' 
2" 40 43 
n! 14 15 

Table 1.2, .Advancement of technology and its effect on different time complexity 
functions 

complexity grows polynomially with the size of the problem instance. Tables 1.1 

and 1.2 give some idea why polynomial time functions are preferred [58]. 

The time complexity as defined is a worst-case measure, provides a performance 

guarantee that may be pessimistic but at least will never be violated. There are 

some exponential time algorithms that have been quite useful in practice, such as 

simplex algorithm for linear programming, but examples like this are quite rare. 

Thus far we have divided the algorithms into two classes, namely those with 

polynomial time complexity and those with exponential time complexity. This 

idea has been extended to the set of decision problems^. A decision problem is 

in claiss P if there is a polynomial time algorithm which solves the problem. The 

class NP is defined by means of nondeterministic algorithm. Such an algorithm 

decision problem is one whose solution is yes or no 



is assumed to be composed of two separate stages, the first being a guessing stage 

and the second a checking stage. A nondeterministic algorithm "solves" a decision 

problem 11 if the following two properties hold for all instances I in the domain of 

n, (Z^n)-

• If / € Vn, where Yn C Dn, then there exists some structure S that, when 

guessed for input I, will lead the checking stage to respond "yes" for I and S. 

• If / ^ y'rii then there exists no structure S that, when guessed for input 1. 

will lead the checking stage to respond "yes" for I and S. 

.A, nondeterministic algorithm that solves a decision problem IT is said to operate 

in a "polynomial time" if there exists a polynomial p such that for every instance 

Z € in, there is some guess S that leads the deterministic checking stage to re

spond "yes" for I and S within time p{lengtk[I]). The class NP is defined to be 

the class of all decision problems II that, under reasonable encoding schemes, can 

be solved by polynomial time nondeterministic algorithms. 

Remark: An optimization problem can be polynomially transformed to a corre

sponding decision problem [24] , [58]. 

It is mostly believed that P  ^ N P ,  however this conjecture is still unproved. If 

P ^ NP, we can define the class of NP-compIete decision problem as those 

problems in NP that every problem in NP is polynomially transformable to them. 

Roughly speaking NP-complete problems are the hardest problems in NP (see 

Fig.1.2). 

1.4 Solution Approaches 

There are in general two solution approaches to TSP. 

I. Exact Methods where the focus is on the optimality of the solution. However, 

since the general TSP is NP-complete. there must be special structure in 
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NP 

^"P-Complet^ 

CD 

Figure 1.2, The set of decision problems 

the problem instance, for these methods to be effective. Algorithms using 

dynamic programming [11], [36] , cutting planes, branch and bound, or. a 

combination of the last two methods are from this family [29] . [21] . [32] , 

[17]. 

2. Heuristics or approximation methods where the focus is on finding a good 

solution quickly. In general, they can be divided into two different categories 

according to whether they construct a single feasible solution ( such eis nearest 

neighbor rule"* ) or whether they improve a given initial solution ( such as 

interchange method, see 1.4.2.2 ). The analysis of their performance is mostly 

done by finding the worse Ccise bound which guarantees that the heuristic 

solution will be within some percentage of the optimal solution. In some 

cases probabilistic analysis has been done. 

1.4.1 Exact Methods 

Enumerative methods; branch and bound, implicit enumeration and cutting 

planes solve a discrete optimization problem by breaking up its feaisible set into 

''Let C = {ci, Co,c„} be the given set of cities, let the first city in the tour to be ci, i.e. 
Crti) = ci, if the partial tour build up so far is < Cx(i).Ci(2), ...Cx(i) > with k < n. then choose 
for Cr(t+i), that city c which is not yet in the tour and that . among all such cities, is the closest 
one to Cy( jt) 



2:5 

successively smaller subsets, calculating bounds on the objective function value 

over each subset and using these bounds to discard certain subsets from further 

consideration. The bounds are obtained by replacing the problem over a given 

subset with an easier (relaxed) problem, such that the solution value of the latter 

bounds that of the former. The procedure ends when each subset has either pro

duced a feasible solution or has been shown to contain no better solution than the 

best one already found. The best solution found during the procedure is a global 

optimum. For detailed discussion of these methods see[57] and [49]. 

1.4.1.1 Branch and Bound Methods 

For any problem P, we denote by v { P )  the value of an optimal solution to 

P. The essential ingredients of any branch and bound procedure for a discrete 

optimization problem P of the form min{f{x)\x 6 5} are: 

i) A rela.xation of P, i.e., a problem of the form min {^(x)|x € T} such that 

S  C T  a n d  f o r  e v e r y  x , y  e  S  t h e n  f { x )  <  f { y )  i m p l i e s  g { i )  <  g { y ) -

ii) A branching or separation rule, i.e., a rule for breaking up the feasible set 5, of 

the current subproblem P,- into subset 5,i, S,-2, •••iSiq such that = 5,. 

iii) A lower bounding procedure, i.e., a procedure for finding or approximating 

from below v{Ri) for the relaxation Ri of each subproblem Pi. 

iv) A subproblem selection rule, i.e., a rule for choosing the next subproblem to 

be processed. 

Additional ingredients, that are useful are: 

v) .An upper bounding procedure, i.e., a heuristic for finding feasible solutions 

to P. 
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vi) A testing procedure, i.e., a procedure for using tiie logical implications of 

the constraints and bounds to fi.x the values of some variable ( reduction, 

variable fixing ) or to discard an entire subproblem ( dominance tests ). 

The branch and bound procedures used in practice for the TSP differ among them

selves in many details, but all of them can be viewed as variants of one of two major 

versions. Prior to using any of these versions, a relaxation R of the TSP must be 

chosen. Both versions require a list of active subproblems. They differ in that one 

version solves a relaxed subproblem Rk only when node k is selected and taken 

off the list, while the other version solves each rela.xed subproblem as soon as it is 

created, before it is placed on the list. 

Relaxations: 

The following types of rela.xations of the TSP have been used to date. 

• The assignment problem with TSP cost function. In the formulation of 

section 2.1, if we drop constraint 1.5, then we have an eissignment problem 

(AP). 

• Lagrangian relaxation. To construct a Lagrangian relaxation of TSP we need 

to consider an integer programming formulation of the TSP such as those 

in sections 2.1 or 2.2 and then try to combine some constraint(s) with the 

objective function in a Lagrangian setup by introducing multipliers. Two 

major relaxations of this type are: 

i) The 1-tree problem with: Lagrangian objective function. 

ii) AP with: Lagrangian objective function. 

Branching Rules: 

Two criteria for a good branching rule are: 

• It must generate as few successors of a node as possible. 
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• It must exclude many solutions from eacii subproblem. 

These two criteria are often conflicting, and based on a trade off between these 

criteria, different branching rules have been proposed. 

Bounding Procedures: 

As it is the case with the branching strategies, there are many schemes for calcu

lation of lower-bound. One often has a choice between bounds that are relatively 

tight but require relatively large computation time and bounds that are not so 

tight but can be computed fast [58]. 

1.4.1.2 Branch and Cut- LP Relaxation 

The cutting plane method can be used to solve integer linear programming, 

ILP. Consider the ILP in standard form 

{min cx\ Ax = 6, i > 0, integer}. 

An LP relaxation of ILP is obtained if the integer constraint is dropped from 

the decision variables. The continuous solution to LP is not usually integer. By 

limiting (cutting) the feasible set of the relcuxed LP such that no integer feasible 

point is excluded, however, we will be able to construct feasible integer solution 

to the ILP from a feasible solution of the corresponding relaxed LP. A linear 

constraint that does not exclude any integer feasible points is called a "cutting 

plane" or simply a "cut". Cuts are added to ILP one at the time until an integer 

feasible solution is reached. 

One way to generate these cuts is by using the Gomery algorithm see [29]. 

Crowder and Padberg [17] have combined the idea of cutting planes as well 

as branch and bound, and they obtained excellent computational result for the 

symmetric TSP. 
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1.4.2 Heuristic Methods 

There are different type of heuristics for the solution of TSP. Some of them are 

discused next: 

1.4.2.1 Euler tour- Matching Methods 

Let G = (V, E) be a complete graph, where vertex set V denotes the cities, 

edge set E is the inter-city connections, n = |V|, and is an n x n inter-city 

distance matrix. 

Using the above graph and matrix. Christofiedes [14] devised the following 

algorithm for the solution of TSP. 

• By using Kruskal or greedy algorithm, find the minimum spanning tree T 

with distance matrix 

• By using the Kuhn-Munkres algorithm for optimal Jissignment problem, find 

a complete matching M among a complete graph of odd-degree nodes of T. 

• Establish a multigraph G' with nodes {l,2,...,n} and edges consisting of those 

in T and M. 

• By using Fleury's algorithm (See A.l), find an embedded tour in an Euler 

walk in G'. 

This is an approximate solution, which, in the worst case, is within 50% of an 

optimal solution. To see this, note that the graph G' is Eulerian. because if a 

node had an even degree in T, it has the same degree in G'. If it has an odd 

degree in T, it has one more edge, coming from the matching M, incident upon it. 

Furthermore, G' is certainly connected, because it contains a spanning tree as a 

subgraph namely, T. 
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Figure 1.3, 

To prove the 1/2 error bound, recall that the graph G' consists of T and M: 

hence the cost of the resulting tour r satisfies 

Where f is the shortest tour. Also, let {zi, Z2m} be the set of odd-degree 

nodes in T, in the order that they appear in f. In other words 

f = [c(oi-iCtii2 • • • ci2Tn-ii2m<^2m\i whcre the a's are (possibly empty) sequences of 

nodes from {1,2, Consider the two matchings of the odd-degree nodes 

Ml = {[2l,i2],[«3,24],---Ji2m-l,i2m]} and M2 = {[^2, z's], [24, ^'s], • • • , [^2m, Zl]}-By 

the triangle inequality (see Fig.1.3) c(f) > c { M i )  -f c { M 2 ) .  However. M is the 

optimal matching, and so C(T) > 2c(M), or 

C ( T )  <  c(G') = c ( T )  +  c ( M )  (1.12) 

Now, 

c { T )  <  c ( f )  (1.13) 

c { M )  <  ̂ c ( f )  (1.14) 

Substituting 1.13 and 1.14 in 1.12 we get 
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Figure 1.4, (a) A TSP tour, (b) A 2-change of the tour in (a). 

or 
c(r) -c(f) ^ 1 

c(f) - 2 

A 

1.4.2.2 Interchange Methods 

This is a neighborhood search which considers an instance of TSP and a corre

sponding tour, removing k edges from the tour and replacing them with k different 

edges. In so doing, the best objective value eind the corresponding tour ever met are 

recorded. This is called the k-change algorithm see Fig. 1.4. Lin and Kernighan's 

heuristic which is bcised on this idea is one of the best and eaisiest to implement 

TSP heuristic. 

1.4.2.3 Simulated Annealing Methods 

The Metropolis algorithm is a Monte Carlo-type algorithm for simulating a 

collection of atoms in thermal equilibrium at a given temperature. This algorithm 

starts from a nonequilibrium initial state and considers one atom at a time and 

computes the change in the energy of the system which results from a random 
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change of that atom. If the energy decreases or stays the same, that change is 

accepted, and the new configuration will be used for the next step. If the energy 

increases, the change will be accepted with a probability that depends on the 

proposed energy chctnge. The probability of accepting a higher energy configuration 

decreases with decreasing temperature. For practical reason Metropolis used a 

probability formula similar to the Boltzman - Gibbs distribution, i.e., 

P (accept an energy increeise of AE ) = (1-15) 

where T is temperature and b is a parameter that determines how the probability 

changes with temperature (annealing schedule). In practice, one fixes T and per

forms many iterations of the Metropolis algorithm until the energy of the system 

stops changing and only random variation about equilibrium energy are observed 

from one iteration to the next. If T is decreased, a new equilibrium arrangement 

will be reached. Decreasing T gradually to zero results in a final configuration that 

is a minimum energy state for the collection of atoms [53]. 

S. Kirkpatrick, Gelatt, and Vecchi observed, based on Metropolis' idea, that to 

determine which arrangement of atoms has the lowest total energy is analogous to 

finding the values of the decision variables in a combinatorial optimization problem 

that minimize the objective function. They applied the Metropolis approach to 

the TSP and represented the tour of the TSP by a list of the number of the cities 

in the order visited. A new tour is formed by searching the 1-neighborhood ® of the 

previous one, i.e., interchanging two city indices that are adjacent in the list. In 

an experimental study [44], it ha5 been suggested that the smallest neighborhood 

structure yields the best solution quality on the average. 

Some neighborhood of the tour will yield a decrease in the total length, while 

the others will yield an increase. To apply the Metropolis algorithm we start with 

®Given a tour X , the j-neighborhood of X is defined to be all the tours obtained when j-cities 
indices are chosen from X, mixed in any order and then reinserted into the vacancies realized 
from their selection [44]. 



a suboptimal tour and randomly generate a neighborhood of the tour. If the length 

of the new tour is less than that the initial tour, it is accepted. If the new tour 

is longer, it is accepted only with a probability that depends on the amount by 

which the tour would be lengthened, i.e., 

P( accept a length increase of AZ ) = (1-16) 

where b determines an annealing schedule, and T czin be thought of as a tempera

ture in that it measures the degree of disorder attributable to changes in the tour 

from one iteration to the next. To find the tour of the minimum length, we begin 

with a high T and run the algorithm until a steady state is reached. When the 

tour length no longer decreases consistently but only varies randomly from one 

iteration to the next, we decrease the temperature slightly and continue iterations. 

Ultimately, a new equilibrium length is obtained that is lower than the previous 

value. Continuing this process until T = 0 yields a final tour with a very low total 

length, perhaps even the optimal one [20]. Since this method is a probablistic 

one the worst caise analysis of this method is not possible, however you can find a 

probablistic analysis in [4] 

1.4.2.4 Space-Filling Curve 

Space-filling curves are continuous mappings from R onto B?. Such a mapping 

was first constructed by Peano and Hilbert in the 1890s. Assume 0 is a continuous 

mapping from C = [0,1] onto the unit square 5 = [0,1]^ The space-filling heuristic 

is then performed as follows: 

i) For each point p 6 5 to be visited, compute a. 9 £ C such that p = 

ii) Sort the points by their corresponding 0's. The sorted list is a tour. 

This heuristic visits points in the order of their appearance along the space-filling 

curve [6|. 
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In the next sections I will describe the necessaxy background for neural networks 

and their application to TSP. 

1.5.1 Neurocomputing 

Neurocomputing® is a new approach to information processing that does not 

require algorithm or rule development. It is an alternative to programmed comput

ing. Typical areas of application are pattern recognition, data analysis (clustering), 

controls, sensor processing, and optimization. It is comprised of three main areas 

of activities 1) Architecture and Theory, 2) Implementation, -3) .Application. 

Neurocomputing was started in 1943 by W. McCulloch and W. Pitts [52]. In 

1949, Donald Hebb [34] proposed a specific learning law for the synapses of neurons 

and in 1951 the first neuro-computer (the Snark) was constructed by Marvin 

Minsky [54]. The Snark never actually carried out any particularly interesting 

information processing function, but it provided design idecis that were used later 

by other investigators. The first successful neurocomputer (the Mark I Perceptron) 

was developed during 1957 and 1958 by Frank Rosenblatt and others [61]. By the 

mid 1960s Minsky and Papert proved mathematically that a perceptron could not 

implement the EXCLUSIVE OR (XOR) logical function. (/(0,0) = /(1,1) = 

0,/(0,1) = /(1,0) = 1) [55]. They left the impression that Neural Network (NN) 

research had been proven to be a dead end. By the early 1980s, DARPA (Defense 

Advanced Research Project Agency) resumed funding on NN projects. In the years 

1982 to 1986, John Hopfield's papers on NN [40], marked a breakthrough in this 

field. 

®The main references for this part are [35], [37] 
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mput output 

Figure 1.5, .A. generic processing element. 

1.5.2 Neural Networks 

An NN is a parallel distributed information processing structure in the form 

of directed graph with some restrictions [35]. It consists of a finite number of 

processing elements (PE) or nodes see Fig.1.5 

The transfer function uses input signals and local memory to produce output 

signals ( see Fig. 1.6) .The geometry of the connection is specified using intercon

nection matrix M = [m,j] where m,j = 1 if node i is connected to node j and 0 

otherwise. 

There are two common concepts in the NN literature: training and learning. 

Two different methods of training are used; 

i) supervised training when inputs and outputs are known, and 

ii) unsupervised training which has two major parts: 

a) graded training (also known as the reinforcement training), used when 

inputs are known, but the correct output is not usually known although a 

better output, if it e.xists, can be recognized. 

b) self organization is used when only the inputs are known and NN 

modifies itself in response to the inputs. 

Training is done with an appropriate learning law. .A learning law is a subfunction 

of a transfer function which adapts input - output behavior of the NN by adjust-
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Figure 1.6, some examples of transfer functions 

ing the connection weights stored in local memory, or by changing the transfer 

functions. Learning laws ( and their developers) can be divided as follows: 

1) coincidence learning (Hebb), 

2) performance learning (Widrow), 

3) competitive learning (Kohonen), 

4) filter learning (Grossberg), and 

•5) spatiotemporal learning (Kosko, Klopf). 

Among these leaxning laws, one which is promising for this research study is the 

Kohonen learning law. 
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Figure 1.7, Kohonen Layer 

1.5.3 Kohonen Learning Law 

Kohonen learning is a self organization training principle as opposed to a su

pervised training principle. The baisic idea is to have a layer of PE arrange their 

weight vectors such that these weight vectors are distributed in with a den

sity approximately proportional to the probability density function "/j" that the 

X input vectors used to train the layer are selected. Fig. 1.7 shows one layer of 

a Kohonen network. The n PEs of this layer each receives n inputs Xi,i2 J'n 

with an assigned weight Wij . When each X vector is entered into the Koho

nen layer, the PEs compete on the basis of which of them has its weight vector 

W; = {wi\,wi2. ....Win)^ closest to X (as measured by a distance function D). The 

winning PE emits the signal z,- = 1, and the other PEs emit r, = 0. The Kohonen 

learning law, after competition is done, can be stated as: 

+ a{X~W°''^)zi (1.17) 
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Figure 1.8, A typical feedforward associative network 

where 0 < a < 1. 

Thus, only the winning Kohonen PE actually gets to modify its weight and the 

learning law can be restated as: 

1.5.4 Associative Networks 

An associative network is a NN with a single functional layer designed to map 

user-selected vectors Xi, Xk into user-selected vectors Y\,Y2, ...Yk respec

tively, where Xi € BT" and ¥{ € /?". The primary classification of associative 

networks is into feedforward and recurrent classes. In a feedforward associative 

network (see Fig.l.S), the X-vector input to the single functional layer of PEs 

leads to the y''-\'ector output in a single feedforward pass. In a recurrent associa

tive network (see Fig.1.9), the output signals of the PEs of the layer are connected 

to those same PEs as input signals. The basic idea is that the network must con-

new for the winning PE. 
for the others. 

(LIS) 
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Y' output 

Figure 1.9, A typical recurrent associative network 

verge (at least asymptotically a s  t  CXD) to a stable state which is then read out 

as the final Y' output of the network. There are three basic goals in the design of 

recurrent associative networks. 

1. Given any initial state, the network should always converge to some stable 

state. 

2. The stable state to which the network converges should be the one closest to 

the initial state, by some metric. 

3. It should be possible to have as majiy stable states as desired. 

Only the first one of these can be achieved with eissociative networks, however all 

of them can be achieved using mapping networks. 

1.5.5 Mapping Networks 

The approximation of a mathematical function or mapping (using examples 

of the mapping's action) is a central issue in subjects such as pattern recogni
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tion, control theory, and statistics. Each of these subjects has developed many 

approaches to approximate a mathematical fimction. However, essentially all of 

these approaches revolve around the least-sum-of-squared-errors method of Carl 

Gauss and these methods can be viewed as variants of the methods of statistical 

regression analysis. 

Unlike statistical estimators, a NN estimates a function without a mathematical 

model of how outputs depend on inputs. They are model-free estimators. The 

problem addressed by mapping neural networks is the approximate implementation 

of a bounded mapping or function / : A C BP' iT" from a bounded subset 

.A. of n-dimensional Euclidean space to a bounded subset f[A] of m-dimensional 

EucHdean space, by means of training on examples (Xi, Ki), (-Y2, V2), (AV. Yr) 

of the mapping's action, where Yk = f{Xk)- We can generate such examples of 

a mapping / by selecting Xk vectors randomly from .A. in accordance with a fixed 

p r o b a b i l i t y  d e n s i t y  f u n c t i o n  p { X ) .  

There are beisically two types of mapping networks: feature networks and pro

totype networks. A feature network implements a functional input/output rela

tionship that is expressed in terms of a general, modifiable functional form. This 

functional form is modified (typically via the adaptive setting of weights by means 

of the application of one or more learning laws within the PEs of the network) to 

fit the specific mapping that is to be approximated. Backpropagation is an exam

ple of feature networks. Prototype networks are based on unsupervised training. 

Kohonen's network, as discussed in section 1.5.3, is an example of a prototype 

network. 

The existence of mapping networks is guaranteed by Kolmogorov's mapping 

theorem which states that any arbitrary continuous function from [0,1]" to the 

real numbers R can be represented in terms of functions of only one variable. 
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Figure 1.10, Hopfield Network 

1.5.6 Hopfield Network 

A Hopfield network is a recurrent associative network. As shown in Fig. 1.10, 

the PEs' outputs are wrapped around to become the inputs to the system and the 

weights can be given any real value ^with Wij = wji to guarantee convergence to 

the stable states or "attractors" axid wu = 0. The Hopfield network PEs transfer 

function or in other words the dynaxnics of the Hopfield network is given by 

1 if Ei=i WijXf > Ti 
= (1.19) 

-1 MlLUwijXf  <Ti  

where Ti is the given threshold. The PEs are updated one at a time (asynchronously)® 

but they must be updated at the same average rate, so a uniformly random up

dating schedule is often specified. The subsequence movement of the network's 

state vector "X" on the hyper cube{ —1,1}" is therefore not uniquely defined by 

'Wij can be determined by generalized Hebb rule, namely Wij = l/^V^ A', A'j wherel! is over 
all possible choices of component of the initial vector A' on the and y"" nodes. 

®They can be updated synchronously, there is no significant change in the result. See [1] 
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the initial state. 

The Hopfield network does not have a learning law associated with its transfer 

function. The IV matrix is assumed to be specified in advance. Each PE (i) has 

a hyperplane perpendicular to the Wi vector and is located at a directed distance 

Til\Wi\ ( measured from the origin along Wi with the positive distance measured 

in the direction of Wi ). If the hyperplane parses through the vertices of the 

hypercube {—1,1}" then we modify the W or T/s to avoid these vertices. If we 

adopt the convention that none of the n hyperplanes would be allowed to contain 

any of the 2'^ vertices of the hypercube { — 1,1}" then we could have the dynamic 

rule or updating law as: 

XP"" = sgn(X: mjXf - r.) (1.20) 
i=i 

sgn(x) = (^. (1-1) 

where 

rr*-i I 1 / 
^ — 1 if X < 0 

In application usually T,- = 0, thus 

Xr"" = sgn(^ W.,Xf') (1.22) 
i=i 

The behavior of the Hopfield network can be determined by means of energy 

function corresponding to it. This energy function is also called the Lyapanov 

function, Hamiltonian, or objective function[37]. 

H ( X )  =  -  E  E  W i j X i X j  + 2 Z TiXi  (1.23) 
t=i j=i 1=1 

or, in vector form, 

H { X )  =  - X ' W X  +  2 T ' X  (1.24) 

where X^ = (Xi, X2,..., .V„) and = (Ti, r2,.... r„). It can be shown that: 

1. H(X) is always decreasing, 
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2. H(X) must have an absolute minimum value, 

3. Each time H changes it must decrease by at least some fixed minimum 

eimount, 

4. H reaches some minimum value in a finite number of steps (state changes). 

Thus no matter what the initial state is, the Hopfield network always converges to 

a stable state in a finite number of PE update steps. However the network does not 

always go from an initial state to the neaxest stable state (with distance measured 

using the Hamming distance®). Sometimes it goes to a stable state that is further 

away than the nearest stable state, and there is no known method to avoid this 

problem. This is similar to not knowing at which airport your airplane will land, 

though you are sure that you land in an airport[4S]. 

1,5.6.1 Continuous-Valued Nodes 

The original updating rule, Xi = sgn^^j WijXj), can be generalized by making 

the output of a PE (node) a continuous variable instead of a binary 0/1 or ±1. This 

is more realistic for real neurons, is sometimes more convenient for analog hardware 

implementation, and in some contexts makes analysis easier[37]. We consider onh' 

the case where the output VJ of unit i is (in equilibrium) a continuous function of 

its net input u,: 

Vi  = g(ui)  = giY.WiiV,)  (1.25) 
j  

Vi corresponds to Xi used in binary case. The activation (or transfer) function g { u )  

is nonlinear and has a saturation nonlinearity so that g{u) c as u +oc or 

g { u )  — ) •  A :  a s  u  — >  — o o  ( s e e  F i g . 1 . 6 ) .  T y p i c a l  a c t i v a t i o n  f u n c t i o n s  i n c l u d e  t a n h { ^ u )  

for a [-1,1] range and the sigmoid function fpiu) = for a [0,1] range. 

There are several updating schemes for the PEs. 

®The Hamming distance between two binary numbers means the number of bits that are 
different in the two numbers. 
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1. asynchronous, i.e., one unit at a time according to the equation 1.25, 

2. synchronous, i.e., at each time step, all PEs axe updated simultaneously 

according to the equation 1.25, and 

3. continuous, i.e., all PEs continuously and simultaneously change their out

puts towards the values given by the equation 1.25. In addition, the u^s 

change continuously according to u,- = WijVj. 

The third scheme is new and is of particular interest for the circuit implementa

tions. It can be represented by the system of differential equations: 

r ~  =  - K  + g ( u i )  =  - K  +  s ( i :  W i ^ V ^ )  ( 1 . 2 6 )  

where are suitable time constants. The desired state satisfying 1.25 is an 

attractor of 1.26. The following similar dynamical rule arises from allowing the 

inputs U{ continuously approach their correct values with Vi = g{ui) 

always true: 

r~ = -Ui + ̂  WijVj = -u, -h E (1.27) 
i J 

This equation has the same equilibrium solution 1.25 as equation 1.26, and attrac

tor structures of the two equations are identical if the matrix W is invertible. The 

appropriate energy function corresponding to 1.27 is 

H = -\l2Y,WiiViVi + Y. r 9'\v)dv (1.2S) 
ii 1 ° 

1.5.6.2 Hopfield Network and TSP 

The basic property of the Hopfield network is that there is a method to find the 

minimum of energy function H. By construction of an appropriate energy function 

for the circuit (network) and a strategy' for interpreting the state of the outputs 

as a solution, an optimization problem may be mapped onto the network. The 
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Figure 1.11, The convergence of the 10-city analog circuit to a tour. The linear 
dimension of each square is proportionai to the value of V^t 

solution to the n-city TSP consists of an ordered list of n cities. To map TSP 

to this network we need a representation scheme which allows the digital output 

states of the neurons to be decoded into this list. This is done by a permutation 

matrix, i.e., the final location of any individual city is specified by the output states 

of a set of n neurons. For example, for a 5-city problem, if city A is in the second 

position of the tour which is the solution to the problem then, this is represented 

by the second neuron having aji output Vj = 1 with all other outputs at 0: 

0  1 0  0  0  

In the n X  n square representation, this means that in an output state describing 

a valid tour there can be only one "1" output in each row and each column, all 

the other entries being zero. Likewise any such array of output values, called a 

permutation matrix, can be decoded to obtain a tour (solution). See Fig. 1.11. 

To enable the N — neurons in the TSP network to compute a solution to 

the problem, the network must be described by an energy function in which the 
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lowest energ}' state (the most stable state of the network) corresponds to the best 

tour. This can be separated into two requirements. First, the energy function must 

favor strongly stable states of the form of a permutation matrix, rather than more 

general states. Second, of the n! such solutions, all of which correspond to valid 

tours, it must favor those representing short paths. The energy function 1.29 has 

these properties 

r  i  i  I  r ^ y  

C/2{Y,T.^^ - "f + 
r I 

E (1.29) 
r y^x i 

where 14, = 1 if city x is the stop on the tour, 0 otherwise. A. B, C, and D 

are positive parameters found by experimentation and d^y is the distance between 

cities X and y. The resulting minimum energy is the tour length. 

1.6 The Elastic Net Method 

The elastic net method is a geometrical heuristic for TSP. A tour can be viewed 

as a mapping from a circle to the plane so that each city in the plane is mapped 

to by some point on the circle. The neighboring points on the circle are mapped 

as close as possible on the plane. The heuristic is a procedure for the successive 

recalculation of the positions of a number of points in the plane in which the cities 

lie. The points describe a closed path which is initially a small circle at the center 

of the distribution of cities and is gradually elongated, non-uniformly, to pass near 

all the cities and thus define a tour (see Fig.l.r2). Each point on the path 

moves under the influence of two types of forces. The first moves it towards those 

cities to which it is the nearest and the second pulls it towards its neighbors on 

= 0.2, 3 = 2.0, Kinitiai = 0.2 , Kttrminai = 0.01 and was reduced by 1% every 2.5 
iterations. F-1, F-2. F-3. F-4. are at P',3000''",5000"". 7476"" iterations, respectively. 
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Figure 1.12, Example of the progress of the elastic net method for 30 cities ran
domly distributed in the unit square. 



4.5 

the path, acting to minimize the total path length. 

Let the coordinates of the position of a typical city i  be denoted by the vector 

Xi and those of a typical point j on the path by Yj. Then the rule for the change 

A?} in the coordinates Yj of point j at each iteration is: 

Ay, =aY.Wij{Xi  - + /?A-(V-+, - iY j  + V}-,) (1.30) 
t 

where the constants a and ^ determine the relative strengths of the forces from the 

cities and the forces from its neighbors on the path. Sequencing of Yj defines the 

geometry. Different sequence of Yj's results in different solutions. Reduction of the 

length parameter K controls the gradual increase of the association between each 

city and a particular section of the path. The coefficient Wij specifies the influence 

of city i on path point j, and is a function of the distance <f,j = HA', — ij H and K. 

The weight Wij is normalized so that the total influence of each city is equal, i.e.. 

wi, = <p{dij,K)/'£^{dik,K) (1.31) 
k 

where (p{di j .  K)  is a positive bounded decreasing function of di j  that approaches 

zero  for  di j  >  K.  

If (f>{dij,K) = ezp(—, an energy function can be defined as : 

H = -aK EE A') + 012 E !>•}+. - y,\' (1-32) 
«• j J 

This function has the property that AYj = — A'|^ . In the limit where K 

tends to zero and the number of points m on the path tends to infinity, the global 

minima of the energy function is the optimal solution of the TSP [18]. 

There are some research questions related to this algorithm. 

• Does it converge to a feasible solution? 

• What are the values of ir,_, at convergence? 
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• Is there a best set of parameter values for the algorithm? 

• Since it is a geometrical approach, what is the effect of different sequencing 

of the nodes along the initial path? 

• Is it possible to improve this algorithm? 

• Is there any other real world application for this algorithm? 

In this dissertation, we investigate these questions. The dissertation is orga

nized as follows. 

Chapter 2; Covers convergence and stability of the elastic net method. Chap

ter 3; in this chapter, beised on factorial experimental design, the effects of the 

parameters of the elastic net method on performance are measured, and statistical 

comparison of the results is conducted. Chapter 4; in this chapter initialization of 

the elastic net method with different geometrical curves is considered, and statisti

cal comparison of the results is conducted. Chapter 5; introduces a hybrid method, 

combining the elastic net method and the self organizing feature map. Statisti

cal comparison between the original elastic net and this new improved version is 

covered as well. Chapter 6; explains a heuristic for the solution of the basic vehi

cle routing problem, and shows some computational results. Chapter 7; outlines 

further research directions. 
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Chapter 2 Convergence and Stability of the 
Elastic Net Method 

2.1 Introduction 

As it wcLs mentioned in section 1.6, the elastic net method is a geometrical 

heuristic for TSP. This heuristic is a procedure for the successive recalculation 

of the positions of m points or nodes in the plane of the n cities . The nodes 

describe a closed path which is initially a small circle centered at the center of the 

distribution of the cities. This path gradually elongates, to pass "near" all the 

cities and therefore defines a tour. Each node moves under the influence of two 

types of forces, namely the city-node forces and inter-node forces. The dynamics 

of the heuristic is given by: 

AV- = - Vj) + 0K(Yj^i-2Y, -h i^-i) (2-1) 
t 

where the coordinates of the position of a typical city i  are denoted by the vector 

X{ and those of a typical path point j by Yj. The constant a determines the 

relative strengths of the forces between the cities and the points on the path and 

determines the relative strengths of the forces between the points and their 

neighbors on the path. Reduction of the length parameter K controls the gradual 

increcise of the eissociation between each city and a particular section of the path. 

The coefficient Wij specifies the influence of city i on path point j, and is a function 

of the distance dij = ||,Y,- — 1^|| and K. The weight Wij is normalized so that the 

total influence of each city is the same, and described by 

The convergence and stability of the elcistic net method will be discussed in the 

next sections. 
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2.2 Stability 

For a dynamical system, stability is usually the most important criteria to be 

evaluated. There are established stability criteria for a linear time-independent 

( autonomous ) system. However, if the system is nonlinear or linear but time-

dependent, the stability einalysis is not easy. 

One way to prove stability for a system defined with arbitrarily many inter

locked differential or difference equations is the application of the second method 

of Lyapunov ( which is also called the direct method of Lyapunov ). In this method 

we need to find a Lyapunov function ( to be defined )for the system. The Lya

punov approach offers a shortcut to proving global stability of a dynamical system 

by guaranteeing the existence of the stable points, but not their number or nature. 

To explain this concept some preliminary definitions are in order. For detailed 

discussion of this subject see [64] and [59]. 

2.2.1 Definitions 

System: The system we consider for our discussion is defined by 

x  =  f i x , t )  (2..3) 

where a; is a state vector (n-dimensional vector) and f { x , t )  is an n-dimensional 

vector whose elements are function of Xi, X2, • • • > and t. We cissume that 

the system of equations 2.3 has a unique solution for the given initial condi

tion, and we shall denote it by where x = Xq a.t t = to and t is 

the observed time. Thus, 

( f ) { 0 ; x o , t o )  = x o  

Trajectory: Points along a solution of the system 2.3 can be viewed as a (n -1-1) -

tuples {t,x{t)), a path traced out in (n -I- 1) dimensions, a time coordinate 



t ,  and a n-dimensionaJ state coordinate x .  Solutions may be regarded in 

t h e  n - d i m e n s i o n a l  h y p e r p l a n e  a s  a  p a j c u m e t r i c  c u r v e  g i v e n  b y  x [ t ) ,  w i t h  t  

as a parameter. This curve is simply the projection of the (n + l)-tuple 

{t,x{t)) onto the hyperplane of the state variables. The curve x{t) is called 

a trajectory or orbit ajid the hyperplane is called the phase plane. 

Equilibrium state: In the system of equations 2.3, a state Xg where 

f { X e , t )  = 0 for all t  (2.4) 

is called an equilibrium state of the system. For nonlinear systems , there 

may be one or more equilibrium states. Determination of the equilibrium 

states does not require solution of 2.3, but only the solution of 2.4. Any 

isolated equilibrium state (i.e., isolated from each other) can be shifted to 

the origin of the coordinates, or /(0,t)= 0, by a translation of coordinates. 

Stability in the sense of Lyapunov: Let Xe be an equilibrium state. We define 

S(<5) = {so : ||«0 - Xell < 

and 

5(e) = {so : ||0(<; Xo,^o) — ®e||  < e for all t  >  fo} 

where 6  and e  are positive real numbers, and {|a;|| is the Euclidean norm of 

X. An equilibrium state x^ of the system of equations 2.3 is said to stable in 

the sense of Lyapunov if, for each 5(e), there is an 5(6) such that trajectories 

starting in 5(5) do not leave 5(e) as t increases indefinitely. See figure 2.1-

(a). The real number 6 depends on e and, in general, also depends on Iq. If 8 

does not depend on to, the equilibrium state is said to be Uniformly stable. 
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s(€). S(€), SF€ K 

(C) 

Figure 2.1, (a) Stable equilibrium state and a trajectory, (b) asymptotically stable 
equilibrium state and a trajectory, (c) unstable equilibrium state and a trajectory. 

Asymptotic stability: An equilibrium state Xg of the system of equations 2.3 is 

said to be asymptotically stable if it is stable in the sense of Lyapunov and 

if every solution starting within S{8) converges, without leaving 5'(e), to Xg 

as t increases indefinitely. See figure 2.1-(b). 

Instability: An equilibrium state x^ is said to be unstable if for some real number 

e > 0 and any real number <5 > 0, no matter how small, there is always a 

state Xq in 5{^) such that the trajectory starting at this state leaves 5(e). 

See figure 2.1-(c). 

Positive definiteness of scaleir functions: A scalar function ff(x) is said to 

be positive definite in a region Q ( which includes the origin of the state 

space) if ff{x) > 0 for all nonzero states x in the region fi and H(0) = 0. 

A time-dependent function H { x , t )  is said to be positive definite in a region 

n ( which includes the origin of the state space) if it is bounded from below 

by a time-independent positive definite function, that is, if there exists a 

positive definite function H{x) such that 

H { x , t )  >  H { x ]  for all t  >  t o  

H { 0 .  i )  =  0  f o r  a l l  i  >  I q  



51 

Negative definiteness of scalar functions: A scalax function H { x )  is said to 

be negative definite if —H{x) is positive definite. 

Quadratic forms: ScaJar quadratic functions play aji important role in the sta

bility analysis based on the second method of Lyapunov. An example is 

H{x) = x'Px where x' is the transpose of x and P is real symmetric ma

trix. The positive definiteness of the quadratic form H{x) can determined by 

Sylvester's criterion, which states that the necessary and sufficient conditions 

that the quadratic form H{x) be positive definit#^ are that all the successive 

principal minors of P be positive. 

2.2.2 Second Method of Lyapunov 

In 1982, A.M. Lyapunov presented two methods for determining the stability 

of dynamic systems described by ordinary differential equations. The first method 

consists of all procedures in which the explicit form of the solutions are used for 

the analysis. The second method, on the other hand, does not require the solutions 

of the system. Therefore the second method is quite convenient for the stability 

analysis of nonlinear systems, for which exact solutions may not be easily obtained. 

From classical theory of mechanics, we know that a vibratory system is stable 

if its total energy (a positive definite function) is continually decreasing (which 

means that the time derivative of the total energy must be negative definite) until 

an equilibrium state is reached. 

The second method of Lyapunov is based on a generalization of this fact: if 

the system has an asymptotically stable equilibrium state, then the stored energy 

of the system displaced within the domain of attraction decays with increasing 

time until finally assumes its minimum value at the equilibrium state. For purely 

mathematical systems, however, there is no simple way of defining an "'energy 

function." In order to circumvent this difficulty. Lyapunov introduced the so-
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called Lyapunov function, a fictitious energy function. For a simple system, we 

may be able to guess suitable Lyapunov functions; but, for a complex system, 

finding a Lyapunov function may be quite difficult. 

Theorem 1 Lyapunov main stability theorem. Suppose that a system is 

described by 

X  =  f { x . t )  

where 

/ (O,  f )  =  0  for all t 

If there exists a scalar function H{x,t) having continuous, first partial derivatives 

and satisfying the following conditions, 

1 .  H { x , t )  i s  p o s i t i v e  d e f i n i t e .  

2 .  H { x , t )  i s  n e g a t i v e  d e f i n i t e .  

then the equilibrium state at the origin is uniformly asymptotically stable. 

Note: H i x , t )  =  d H { x , t ) / d t  =  =.V/f •  i 

Any scalax function H { x , t )  that satisfies the hypotheses of the above theorem 

is called a Lyapunov function. A Lyapunov function often measure the energy of a 

physical system. A quadratic form in the system state variables (or velocities) ap

proximates the system's energy, whether potential or kinetic. The negative of the 

system energy provides a good guess for a candidate Lyapunov function. Mono-

tonicity of a Lyapunov function provides a sufficient but not necessary condition 

for stability and asymptotic stability. Inability to find a Lyapunov function, how

ever, does not prove instability. A Lyapunov function summarizes the total system 

behavior. At each moment a single real number represents the entire system. 

Example. Consider the system given by 

Xi = X2 — Xi(Xi -f-X2) 

= -Xi - X2(Xi + X2) 
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The origin (xi = 0, X2 = 0) is the only equilibrium state. To determine its stability, 

we define a scalar function H{x) by 

H { x )  = Xj + x| 

which is positive definite. The time derivative of H { x )  along any trajectory is 

H { x )  =  2 x i x i  +  2 x 2 X 2  =  — 2 ( x i  +  x ? ) ^  

which is negative definite. This shows that H { x )  is continually decreasing along 

any trajectory; hence H{x) is a Lyapunov function, and the equilibrium state at 

the origin of the system is uniformly eisymptoticaJly stable. 

2.2.3 Stability and Convergence of the Elastic Net 

For neurai-network purposes a Lyapunov function needs only to decrease and 

be bounded. Bounded decreasing Lyapunov functions provide an intuitive way to 

describe global " computations" in neural networks and other dynamical systems. 

The dynamical system passes through transient states as the Lyapunov function 

decreases. Since the Lyapunov function is bounded it must come to a stop, the 

stopping point corresponds to system equilibrium. It may correspond to the learn

ing or recall of pattern information or to the solution of a combinatorial optimiza

tion problem. In the system of difference equations 2.1, time is not included as an 

independent variable. It is a continuous nonlinear autonomous dynamical system 

because: 

• The instantaneous vectors of activiations Vj's are function of time. i.e. 

r(0 = (r:(0,V2(0,...,>m(^)). 

• The synaptic (connection weights) dyncimics 2.2 is also a continuous nonlin

ear autonomous dynamical system. W{j = f{Y{t)) = h{t) for some functions 

/ and h. 



• The control parameter K is a monotonic decreasing function of time. 

• In practice, deformation of the rubber band is a continuous phenomenon 

implying that the system describing the deformation also is continuous. 

The stability of the elastic net algorithm means that its output defines a feasible 

solution to the TSP. To consider this stability, one should note that the update 

equations (2.1) are integrable so that AYj = —A'|^. for an energy function ( 

Lyapunov function) H given by 

H = -aA-5:fa£eip(-4/2A-^) +^/2X:|K,« - (2.5) 
i i i 

hence any change in Yj according to (2.1) results in a reduction in the value of 

H. Durbin et. cd. [19], showed that if there is at least one node within a distance 

of 0{y/K) of each city, then H remains bounded, and the local minima of H will 

eventually be reached by iterative reduction of H according to the equation 2.1 . 

Therefore at the local minima o{ H a. tour will be defined by the positions of Vj "s. 

2.3 Convergence 

In this section we determine the weight between a city and its converging and 

non-converging nodes at the limit when the algorithm produces a tour. 

Theorem 2 Assume that one and only one node converges to any city, and that 

all nodes stay inside the unit square (YjS hounded ), then at the limit when —+ 0. 

t h e  w e i g h t  b e t w e e n  a  t y p i c a l  c i t y  p  a n d  i t s  c o n v e r g i n g  n o d e  j  i s  e q u a l  t o  1  { w p j  =  1 ) .  

and the weights between the rest of the nodes and the city p will be zero, {wpt = 

0  f o r  I  j ) .  

Proof: For the first part of the theorem, let Yj be the only converging node to the 

city Xp 
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exp{~dlJ2K'^) 
^pj ~ 7 J2 /.-) J:'2 \ ( --6) E;=iea:p(-«^//2A2) 

expi-dij/'lK^) 

eip(-<iJ,./2A'») EE, 

1 

=xp(4^) 

1 

l+Er=i./^,exp(^^) 

(2.7) 

(•2.S) 

(2.9) 

(2 .10)  

From the assumption that Yj —»• Xp for any I ^ j we have (i^i > - which implies 

—< 0 therefore 

hm X. exp( E hmejpC ^ "^) ^ 0 

thus by the equation 2.10 Wpj —* 1. 

On the next part we prove that the weight between city p and any other node 

except j will be zero which means other nodes are not attracted by the city p and 

node j remains on p to define a tour. 

To show this, consider the equation 

_ expHliW_ ,, ,,, 

""" EE, 

If we add up the both sides of this equation over j, then we have 

Y i o -  = y  (0 19) 
h feEr=iexp(-^,/2A'2) 

exp{-cPj2K^) 

ZZi exp(-4/2A'2) 
= 1 

(2.13) 

Thus we have 

ICpi + Wp2 + • • • + li'pj + • • • + U'pm = 1 (-• 14 ) 



Since Yj is the only node converging to the city Xp, by part 1 of the theorem 

Wpj = 1 therefore equation 2.14 implies that Wpi = 0 for all I  ̂ j 4!̂  

The assumptions made in theorem 1 are realistic, in the sense that any optimal 

solution of TSP has the required properties. If the Y'fs are not bounded within 

the unit square then the resulting tour cannot be optimal. Additionally, if more 

than one node converges to a city, in most cases there will be a cross over point 

that implies a non-planar ^ tour is produced and is not optimal. However we can 

drop the uniqueness eissumption in theorem 1 and modify the argument in part 1. 

For simplicity assume the two nodes Yj and Yh converge to the city Xp {dph = 

dpj). Equation 2.8 can then be written as 

1 

~ -tP -i-d? -<fi 4-d? (2 .16)  
expC—1^) + exp(—^r-^) + exp(—f^) 

1 

2 + exp( 2k^) 

by an argument similar to that made at the end of part 1, the ^ term in the 

above equation tends to zero, resulting in Wpj = Wph = 1/2 . If there are n' nodes 

converging to the city Xp, then 

w. pji ;i ~ — • • • — Wpj^, — 1/n (2.17) 

In part 2 the same argument can be repeated for Yk to prove that Wih = 0 for 

i ^ p. Thus we have the following theorem. 

Theorem 3 Assume n' nodes converge to a city p and that all the nodes stay 

inside the unit square ( Yjs bounded). At the limit when k Q then, the weight be

tween a typical city p and its converging nodes , i'jj, • • •, Yj^. is equal to Ijn' .i.e. 

4f edges of a tour intersect only at their ends (vertices) it is called a planar tour, otherwise 
it is called nonplanar 
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W p j i  =  W p j ^  =  • • •  =  W p j ^ .  =  1 / n ' ,  a n d  t h e  w e i g h t s  b e t w e e n  t h e  r e s t  o f  t h e  c i t i e s  

and these nodes will be zero, (iw.jj = Wij^ = • • • = W{j^. = 0 for i ^ p) 

Corollary 1 The solution from the elastic net algorithm is stable in the sense that 

when it produces a tour, then that tour does not change with further execution of 

the algorithm. 

Proof: A?} will be zero for the nodes converging to the cities. Therefore, there is 

no change in their coordinates after convergence. Even if the coordinates of the 

non-converging nodes change , the resulting tour defined by all nodes stays the 

same, since the weights are zero {k —> 0).4> 
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Chapter 3 Parameter Setting 

3.1 Introduction 

The elcLstic net algorithm is an updating rule for the coordinates of m nodes 

{Yj.j = 1,2, initially located along a circular rubber beind. This rule is 

given by: 

Ai'j =  ~ ^ j )  - ' r  0 K  (i^+i — + Vj-i) (3.1) 
i 

where 

_  e x p ( - d f j / 2 K ^ )  

here dij is the distance between city i and node j, and K is the annealing factor. 

The algorithm requires the setting of a, 0, m and a reduction procedure for K. 

Our objective is to evaluate the effect of these pairameters on the performance 

of the algorithm using the objective of minimizing the tour length.^ Durbin and 

Willshaw [18] considered 5 sets of 50 randomly positioned cities. Since the number 

of cities can increase the complexity of the problem, we consider 5 sets of 100 

randomly positioned cities for our cinalysis. Their layouts axe shown in figure 3.1 

One can gain insight on the "best" setting of the parameters by experimenta

tion. Experimentation, however is expensive and time consuming. To put this in

formation in a scientific setting, we apply the idea of the " Design of Experiments"' 

(see [39] and [56]). Therefore, we look for the levels of the factors (parameters) 

that lead to an optimum response ( the shortest tour length)-with as little exper

imentation as possible. The common strategy of changing one factor at a time 

^We were also interested in the effects of these parameters on the e.xecution time, however 
during the course of calculations the algorithm has to be terminated because the denominator of 
equation 3.2 is numerically equivalent to zero. The terminal positions of YjS still define a tour 
but they are not within the required f distance of the corresponding city, therefore comparison 
of the CPU time is inaccurate and we eliminated the CPU time from our objectives. 
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Figure 3.1, The Layout of the Five Different City Sets 



and leaving the rest unchanged does not lead to the best factor values. We use 

factorial designs, where all factors are varied simultaneously and, in each complete 

experiment, all combinations of the levels of the factors axe investigated. Based 

on initial pilot runs, we chose two levels, low and high, for each factor. We have 

a total of '2* combinations. The levels chosen, which are the results of preliminary 

exploration with the algorithm and the different factors, are as follows: 

Q at 0.15 and 0.25, ^ at 2 and 4, m at 1.5n and 3n, where n is 100. For the 

reduction procedure of K, we followed the idea of Arat et al [4] and use a geometric 

cooling schedule. Therefore we considered two reduction rate levels for K which 

are 92% and 99%. All the 2"* possible combinations were applied to the layouts 

shown in 3.1. The results of our experiments were obtained using a SUN 3/60 

workstation. 

The elastic net method does not define the final tour by an ordered list of cities. 

Its output is the final location of the nodes and then the line segments between the 

nodes define a tour that requires graphing software for visualization and off-line 

calculation of the tour length. 

To guarantee the same quality of solution for different values of a parameter, 

we stop the algorithm when there is a node within a distance e = 10"'' from each 

city. 

The results of the experiment are shown in tables 3.1 through 3.5. The first 

column of each table represents the factor combinations. A special natation is used 

for this representation. In general a factor combination is represented by a series 

of lower case letters. If a letter is present, then the corresponding factor is run at 

the high level in that combination; if absent, the factor is run at its low level. For 

example, factor combination a/? indicates that both factors are at their high level 

and factors m and K are at low level. The combination with all factoij at the low 

level is represented by (1). 
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Factors Planar Non-planar 
Levels Tour Length Tour Length 

(1) 8.42557 
q; 8.46501 
(3 8.44977 

a/3 8.46393 
m 8.63784 

am 8.67349 
(3m 8.39259 
a(3m 8.46140 

k 8.00371 
ak 8.01965 
pk 7.63467 

a (3 k 7.81247 
mk 8.34482 

amk 8.32302 
pmk 7.99076 

a(3mk 8.01445 

Table 3.1, Tour length for the set 1 
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Factors Planar Non-planar 
Levels Tour Length Tour Length 

(1) 7.91565 
a 8.07364 

P 8.01407 
ap 8.00343 
m 8.03863 

am 8.52220 
Pm 8.11203 

aPm 8.12373 
k 7.66760 

ak 7.72612 
pk 7.38814 

ocPk 7.64488 
mk 7.86255 

amk 7.94898 
Pmk 7.76121 

apmk 7.72964 

Table 3.2, Tour length for the set 2 



Factors Planar Non-planar 
Levels Tour Length. Tour Length 

(1) 7.52849 
a 7.51270 

P 7.15130 
a(3 7.43157 
m 7.58690 

am 7.77900 
(3m 7.41464 
aPm 7.64823 

k 7.48413 
ak • 7.55028 
Pk 7.38628 

a (3 k 7.39366 
mk 7.55085 

amk 7.72041 
(3mk 7.51842 

a(3mk 7.53017 

Table 3.3, Tour length for the set 3 
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Factors Planar Non-planar 
Levels Tour Length Tour Length 

(1) 8.25017 
a 8.17305 
P 8.44199 

a(5 8.20613 
m 8.33206 

am 8.41364 
(3m 8.35285 
a(3m 8.12965 

k 8.13457 
ak 8.11884 
/3k 7.73887 

a^k 8.05120 
mk 8.16964 

amk 8.62785 
j3mk 8.22448 

a(3mk 8.09517 

Table 3.4, Tour length for the set 4 
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Factors Planar Non-planar 
Levels Tour Length Tour Length 

(1) 8.31045 
a 8.17799 
p 8.01883 

a/3 7.86383 
m 8.32888 

am 8.56441 
Pm 8.16522 

a/3 m 8.11469 
k 7.86949 

ak 7.92757 
pk 7.72591 

apk 7.93002 
mk 8.12504 

otmk 8.63257 
pmk 7.81059 

ocdmk 7.88539 

Table 3.5, Tour length for the set 5 



The entries in the second and third columns are the tour lengths. They are 

classified cls planar and nonplanar. If edges of a tour intersect only at their ends 

(vertices) it is called a planar tour, otherwise it is called nonplanax. Given a 

nonplanar tour it is possible to obtain a plamar tour from it with shorter tour 

length than the original nonplanar one. Therefore planar tours are preferred in 

the optimization context. 

.A,s it is already mentioned we are looking for the parameter configuration which 

results in the shortest tour length among all of the experiments. To find these 

values we use regression analysis which is a statistical technique for the modeling 

and investigating the relationship between two or more variables. In this type of 

application usually there are three objectives in the analysis. The first is to find a 

suitable relationship between the variables. The second is to measure the strength 

and adequacy of the relationship. The third is to make use of the relationship to 

obtain estimates and predictions for one of the variables. It could also be used for 

process optimization or process control purposes. Regression models axe often fit to 

data when the true functioned relationship is unknown. Multiple linear regression 

models are often used as approximating functions. The data of table 3.1 shows 

that the optimum solution 7.63467 of the sixteen experiments, i.e. the best we have 

seen corresponds to the combination a = 0.15, 0 = 4: ,m = 1.5n , K = 99%. The 

optimal solution 7.38814 of table 3.2, the optimal solution 7.73S87 of table 3.4, and 

the optimal solution 7.72591 of table 3.5 correspond to the same combination of 

factors. Therefore, for 100 cities problems tested, we found that the best values of 

parameters to produces the shortest tour length were a = 0.15, /3 = 4, m = 1.5n, 

A' = 99%. We verify this result by the application of multiple regression analysis 

using SYST.A.T. 
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3.2 Regression Analysis 

SYSTAT allows the user to consider different regression models to investigate 

the effects, of the parameters such as, the main effects, two-factor interaction, etc.. 

on the response. For example the main effects model for our problem is 

I = Co + ciQ: + C2y5 + caiif + C4m (3..3) 

where L is the tour length and coefficients c q , C i , - - - , C 4  are unknown parameters 

values that must be estimated from the experimental data. We can then substitute 

the estimates into equation 3.3 to get the predicted tour length L. The differences 

between the actual and predicted tour length, L — L, are called residuals. SYST.A.T 

finds least-squares estimates for the coefficients. Because the prediction model will 

not fit the data perfectly, it is necessary to add an error term (e) to the model: 

L = CQ + Cia + C20 + C3K -t- C4m + e (3.4) 

Residuals are estimates for the true (e) errors. 

We entered the data into the SYSTAT in a block form as it is shown in the 

figure 3.2. It is an 80 x 20 matrix where the first column consist of the tour length 

for set 1 through set 5 respectively. Matrix A is the contrast constants for the 2'^ 

design which is given in the table 3.6. In this matrix -1 corresponds to the low 

level of the factor and +1 corresponds to the high level of that factor. The last 

four columns are referred as Ei, E2, E3, and E4, which represent the problem type. 

In other words, they correspond to set 1 through set 4. We do not add a column 

for set 5 to avoid singularity of the matrix. 

3.2.1 Regression Assumptions 

Any statistical statement in this chapter about the output of SYST.A.T requires 

the following assumptions: 
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Figure 3.2, Representation of the Data Entered into the S\ STAT 
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Q 3 al3 m am 0m a0m k ak 0k a0k mk amk 3mk a3mk 
(1) - 1 - 1 1 - 1 1  1  - 1 - 1 1 1  - 1  1 - 1 - 1  1  
a 1 - 1 - 1 - 1 - 1 1  1 - 1 - 1 1  1  1  1  - 1  - 1  
/? - 1 1 - 1 - 1 1 - 1  1 - 1 1 - 1 1  1  - 1  1  - 1  

Q0 1 1 1 - 1 - 1 - 1  - 1  - 1 - 1 - 1 - 1 1 1  1  1  
m - 1 - 1 1 1 - 1 - 1  1 - 1 1 1 - 1 - 1  1  1  - 1  

am 1 - 1 - 1 1  1  - 1  - 1  - 1 - 1 1 1 - 1 - 1  1  1  
0m - 1 1 - 1 1 - 1  1  - 1  - 1 1 - 1 1 - 1 1  - 1  1  

a/3m 1 1 1 1 1 1  1 - 1 - 1 - 1 - 1 - 1 - 1  - 1  - 1  
k - 1 - 1 1 - 1 1 1 - 1 1 - 1 - 1 1 - 1 1  1  - 1  

ak 1 - 1 - 1 - 1 - 1  1  1  1 1 - 1  - 1  - 1 - 1 1  1  

0k - 1 1 - 1 - 1 1 - 1  1  1 - 1 1  - 1  - 1 1 - 1  1  
a0k 1 1 1 - 1 - 1 - 1 - 1 1 1 1 1 - 1 - 1  - 1  - 1  
mk - 1 - 1 1 1 - 1 - 1  1  1 - 1 - 1  1  1  - 1  - 1  I  

amk 1 - 1 - 1 1 1 - 1 - 1 1 1 - 1 - 1  1  1  - 1  - 1  

0mk - 1 1 - 1 1 - 1 1  - 1 1 - 1 1 - 1  1  - 1  1  - 1  
a3mk 1 1 1 1 1 1 1 1 1 1 1 1 1  1  1  

Table 3.6, Contrast Constants for the 2"* Design 

• The form of the model is correct. 

• The errors e are normally distributed with distribution centered at 0. 

• The errors e are independent. 

• The errors e have constant variance 

The assumptions are usually not perfectly satisfied in practice. We verify these 

assumptions using different residual plots. 

The output of SYSTAT for the main effects, two-factor interactions, three-

factor interactions , four-factor interactions and the complete model ( addition of 

the problem type ) are given in tables 3.7 through 3.11 respectively . The effect of 

a factor is defined as the change in response produced by a change in the level of 

the factor. 
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MODEL L = COHSTAHT+A+B+K+M 

DEP VAR: L H: 
ADJUSTED SQUARED MULTIPLE R: 

VARIABLE COEFFICIEHT 

80 MULTIPLE R: 0.498 SQUARED MULTIPLE R: 0.248 
.208 STAHDARD ERROR OF ESTIMATE: 0.32521 

STD ERROR STD COEF TOLERANCE P(2 TAIL) 

COHSTAHT 
A 
B 
K 
M 

7.99317 0.03636 0.00000 . .22E+03 0.00000 
0.04343 0.03636 0.11963 1.00000 1.19446 0.23606 

-0.08751 0.03636 -0.24107 1.00000 -2.40694 0.01855 
-0.11632 0.03636 -0.32042 1.00000 -3.19917 0.00202 
0.09778 0.03636 0.26935 1.00000 2.68929 0.00882 

SOURCE 

REGRESSION 
RESIDUAL 

ANALYSIS OF VARIANCE 

SUM-OF-SQUARES DF MEAN-SQUARE 

2.61091 
7.93201 

4 
75 

0.65273 
0.10576 

F-RATIO 

6.17178 

P 

0.00024 

DURBIN-WATSON D STATISTIC .415 
FIRST ORDER AUTOCORRELATION .784 

Table .3.7, Output for the Main-effect model 
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MODEL L = COHSTAHT+A+B+K+M+AB+AM+BM+AK+BK+MK 

DEP VAR: L H: 80 MULTIPLE R: 0.518 SQUARED MULTIPLE R: 0.268 
ADJUSTED SQUARED MULTIPLE R: .162 STANDARD ERROR OF ESTIMATE: 0.33435 

VARIABLE COEFFICIEHT STD ERROR STD COEF TOLERANCE T P(2 TAIL) 

CONSTANT 7.99317 0.03738 0.00000 .21E+03 0.00000 
A 0.04343 0.03738 0.11963 1.00000 1.16181 0.24932 
B -0.08751 0.03738 -0.24107 1.00000 -2.34114 0.02212 
K -0.11632 0.03738 -0.32042 1.00000 -3.11171 0.00271 
M 0.09778 0.03738 0.26935 1.00000 2.61577 0.01093 
AB -0.02240 0.03738 -0.06172 1.00000 -0.59935 0.55090 
AH 0.01152 0.03738 0.03174 1.00000 0.30823 0.75884 
BM -0.02967 0.03738 -0.08173 1.00000 -0.79375 0.43006 
AK 0.01384 0.03738 0.03811 1.00000 0.37011 0.71243 
BK -0.02602 0.03738 -0.07167 1.00000-0.69601 0.48876 
MK 0.01867 0.03738 0.05142 1.00000 0.49939 0.61909 

ANALYSIS OF VARIANCE 

SOURCE SUM-OF-SQUARES DF MEAN-SQUARE F-RATIO P 

REGRESSION 2.82947 10 0.28295 2.53108 0.01166 
RESIDUAL 7.71345 69 0.11179 

DURBIN-WATSON D STATISTIC .376 
FIRST ORDER AUTOCORRELATION .801 

Table 3.S. Output for the two-factor interactions model 



MODEL L = COHSTAHT+A+B+K+H+AB+AM+BM+AK+BK+MK+ABM+ABK+AHK+BMK 

DEP VAR: L H: 80 MULTIPLE R: 0.528 SQUARED MULTIPLE R: 0.279 
ADJUSTED SQUARED MULTIPLE R: .124 STAHDARD ERROR OF ESTIMATE: 0.34197 

VARIABLE COEFFICIENT STD ERROR STD COEF TOLERAKCE T P(2 TAIL) 

CONSTANT 7, .99435 0 .03861 0 .00000 . 21E+03 0. 00000 

A 0, .04461 0 .03861 0 .12289 0 .98039 1 . 15534 0. 25218 

B -0. .08870 0 .03861 -0 .24433 0 .98039 -2 .29703 0. 02485 

K -0. .11514 0, .03861 -0 .31716 0 .98039 -2 .98178 0. 00403 

M 0. .09660 0, .03861 0 .26609 0 .98039 2 .50166 0. 01489 
AB -0, .02359 0, .03861 -0 .06497 0 .98039 -0 .61084 0. 54344 

AM 0. .01034 0, .03861 0 .02848 0 .98039 0 .26778 0. 78972 

BM -0, .02849 0. .03861 -0 .07848 0 .98039 -0 .73780 0. 46329 

AK 0. .01502 0. .03861 0 .04137 0 .98039 0 .38892 0. 69861 

BK -0, .02720 0, .03861 -0 .07493 0 .98039 -0 .70442 0. 48369 

MK 0. .01749 0, .03861 0, .04817 0 .98039 0 .45283 0. 65218 

ABM -0. 03188 0, .03861 -0, .08782 0 .98039 -0 .82559 0. 41206 

ABK 0. ,00934 0. .03861 0 .02574 0 .98039 0 .24196 0. 80957 

AMK -0. 01251 0, .03861 -0, .03445 0 .98039 -0 .32385 0. 74709 

BHK 0. 00946 0. .04326 0 .02585 0 .79365 0 .21865 0. 82761 

SOURCE 

REGRESSIOH 
RESIDUAL 

ANALYSIS OF VARIANCE 

SUM-OF-SQUARES DF MEAN-SQUARE 

2.94162 
7.60130 

14 
65 

0.21012 
0.11694 

F-RATIO P 

1.79674 0.05809 

DURBIN-WATSON D STATISTIC .343 
FIRST ORDER AUTOCORRELATION .819 

Table 3.9, Output for the three-factor interactions model 



MODEL L = COHSTAHT+A+B+K+M+AB+AM+BH+AK+BK+HK+ABM+ABK+AHK+BHK+ABMK 

DEP VAR: L H: 80 MULTIPLE R: 0.530 SQUARED MULTIPLE R: 0.281 
ADJUSTED SQUARED MULTIPLE R: .113 STANDARD ERROR OF ESTIMATE; 0.34413 

VARIABLE COEFFICIEHT STD ERROR STD COEF TOLERAHCE T P(2 TAIL) 

CONSTANT 7 .99402 0 .03887 0 .00000 . .21E+03 0 .00000 

A 0 .04428 0 .03887 0 .12197 0 .98000 1 . 13924 0 .25885 

B -0 .08836 0 .03887 -0 .24341 0 .98000 -2 .27352 0 .02636 

K -0 .11547 0 .03887 -0 .31808 0 .98000 -2 .97106 0 .00418 

M 0 .09693 0, .03887 0 .26702 0 .98000 2 .49406 0 .01522 

AB -0 .02325 0, .03887 -0 .06405 0 .98000 -0 .59827 0 .55177 

AH 0 .01067 0, .03887 0 .02940 0 .98000 0 .27465 0 .78447 

BM -0 .02882 0 .03887 -0 .07940 0 .98000 -0 .74163 0 .46102 

AK 0 .01468 0, .03887 0 .04045 0 .98000 0, ,37778 0 .70684 

BK -0 .02687 0. .03887 -0 .07400 0 .98000 -0 .69123 0 .49192 

MK 0 .01782 0. .03887 0 .04909 0 .98000 0. .45851 0 .64814 

ABM -0 .03221 0. .03887 -0 .08874 0 .98000 -0 .82885 0 .41027 

ABK 0 .00968 0. .03887 0 .02666 0 .98000 0. .24901 0 .80415 

AMK -0 .01217 0, .03887 -0 .03352 0 .98000 -0. .31313 0, .75520 

BMK 0 .00678 0. .04397 0 .01853 0 .77778 0. .15417 0, .87796 

ABMK -0 .01674 0, 03887 -0 .04611 0 .98000 -0. .43072 0, .66812 

AHALYSIS OF VARIAHCE 

SOURCE SUM-OF-SQUARES DF 

REGRESSION 2.96359 15 
RESIDUAL 7.57933 64 

[-SQUARE F-RATIO P 

0.19757 1.66831 0.08070 
0.11843 

DURBIH-MATSOH D STATISTIC .337 
FIRST ORDER AUTOCORRELATION .821 

Table 3.10, Output for the four-factor interactions model 
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MODEL L = COHSTAHT+A+B+K+M+AB+AM+BH+AK+BK+MK+ABH+ABK+AMK+BMK+ABMK+, 
E1+E2+E3+E4 

DEP VAR: L H: 80 HOLTIPLE R: 0.930 SQUARED MULTIPLE R: 0.864 
ADJUSTED SQUARED MULTIPLE R: .821 STANDARD ERROR OF ESTIMATE: 0.15446 

VARIABLE COEFFICIEHT STD ERROR STD COEF TOLERAHCE T PC2 TAIL) 

CONSTAHT 8 .09028 0 .03869 0 .00000 . .21E+03 0 .00000 

A 0 .04428 0 .01744 0 .12197 0 .98000 2.53823 0 .01376 
B -0 .08836 0 .01744 -0 .24341 0 .98000 -5.06543 0 .00000 

K -0 .11547 0 .01744 -0 .31808 0 .98000 -6.61954 0 .00000 

M 0 .09693 0 .01744 0 .26702 0 .98000 5.55678 0 .00000 

AB -0 .02325 0 .01744 -0 .06405 0 .98000 -1.33294 0 .18759 

AM 0, .01067 0 .01744 0 .02940 0 .98000 0.61193 0 .54289 

BM -0, .02882 0 .01744 -0 .07940 0 .98000 -1.65237 0 .10368 

AK 0, .01468 0 .01744 0 .04045 0 .98000 0.84170 0 .40330 

BK -0. .02687 0 .01744 -0 .07400 0 .98000 -1.54007 0 . 12880 

MK 0. .01782 0 .01744 0 .04909 0 .98000 1.02157 0 .31109 

ABM -0. .03221 0 .01744 -0 . 08874 0 .98000 -1.84669 0 .06973 

ABK 0. .00968 0 .01744 0 .02666 0 .98000 0.55479 0 .58110 

AMK -0. .01217 0 .01744 -0 .03352 0 .98000 -0.69767 0 .48808 

BMK 0. .00678 0 .01974 0 .01853 0 .77778 0.34350 0, .73242 

ABMK -0. .01674 0 .01744 -0 .04611 0 .98000 -0.95966 0, .34108 

El 0. .16764 0 .05461 0 . 18472 0 .62500 3.06986 0, .00321 

E2 -0. .18115 0 .05461 -0 .19960 0 .62500 -3.31720 0, .00155 

E3 -0, .59462 0 .05461 -0 .65518 0 .62500 -.llE+02 0, .00000 

E4 0. 12683 0 .05461 0 .13975 0 .62500 2.32252 0. ,02361 

SOURCE 

REGRESSION 
RESIDUAL 

ANALYSIS OF VARIANCE 

SUM-OF-SQUARES DP MEAN-SQUARE F-RATIO 

9.11150 19 0.47955 20.10105 
1.43143 60 0.02386 

P 

0.00000 

DURBIH-WATSON D STATISTIC 1.316 
FIRST ORDER AUTOCORRELATION .335 

Table 3.11, Output for the complete model 
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3.2.2 Describing and Interpreting the Regression Output 

We use table 3.11 for the complete model to explain and interpret the outputs. 

First, look at the ANALYSIS OF VARIANCE section. The SUM OF SQUARES 

column gives a breakdown of the total sum of squares (the sum of squared dif

ferences of dependent vaxiable L from its mean) a) The regression sum of squares 

(9.11150) is the sum of squared deviations of the predictions from the Z. where 

L = it/80 while, b) the residual sum of squares (1.43143) is the sum of the 

squared errors from the regression, i.e. 5Zf°i(£ — Z.,)^. The DF column gives a 

breakdown of the 80 total degree of freedom from the SO observations. One df 

is allocated to the constant, 19 to the REGRESSION (one for each predictor) 

and the remaining 60 to the RESIDUAL. The MEAN-SQUARE is the ratio of 

the SUM-OF-SQU.ARES to its DF. The F-RATIO 20.10105 is the ratio of two 

MEAN-SQUAREs, 0.47955 and 0.02386. 

Under the null hypothesis that each coefficient of the variables in the model is 

zero, the F-RATIO has the F distribution with 19 numerator degrees of freedom 

and 60 denominator degrees of freedom. The null hypothesis says that there is 

no relationship between the predictors and L. We test this hypothesis by seeing 

if the observed F-RATIO is in the upper tail of the F distribution, or, in other 

words, the observed F-RATIO is much larger than would be expected under the 

null hypothesis.( F.oi.is.eo = 2.35 and Foi,2o,6o = 2.20). The P column gives a p-

value of 0.00000, representing the probability under the F curve beyond 20.10105. 

This value is 0 to five decimal places, which means less than 0.000005. This is 

much less than 0.01, so the regression is significant at the 1% level. We could 

instead say that we reject the null hypothesis at the 1% level and infer that the 

value of parameters are relevant for predicting L. 

.At the top of the table 3.11, the SQUARED MULTIPLE R (0.864) is the 

ratio of the REGRESSION SUM OF SQU.A.RES (9.11150) to the total sum of 



squaxes (10.54293). Sometimes this is called the coefficient of dttermination. It is 

interpreted as the fraction of the vaxiajice of L that is attributed to the regression. 

With the predictors plus a constant term, the sum of squared errors is 86.4% less 

than it would be with just the constant ( the mean of L). This regression accounts 

for 86.4% of the variability in the L. The MULTIPLER R ( 0.930) is just the 

square root of the SQUARED MULTIPLE R, and it is also known the multiple 

correlation coefficient. If there were only one predictor, this would be the absolute 

value of the correlation between the predictor and the dependent variable. 

The ADJUSTED SQUARED MULTIPLE R (0.821) attempts to adjust the 

SQUARED MULTIPLE R for the number of predictors. The reason is that the 

SQUARED MULTIPLE R always increases or remains constant when additional 

predictors axe added, so it can give an exaggerated idea of the regression's predic

tive ability. The downward adjustment compensates for the upward bias of the 

SQUARED MULTIPLE R. 

The STANDARD ERROR OF ESTIMATE (0.15446) is the square root of the 

MEAN SQU.ARE for residual (0.02386). This gives a form of average error size 

for the prediction of the 80 tour lengths. The coefficients for a and m are positive 

and for 0 and k are negative, which implies that for the minimization of the tour 

length, two parameters a and m should be set at their low level and the other two 

parameters /? and k should be set at their high level. This result is in accordance 

with the experimental results recorded in tables 3.1 to 3.5. 

The STD ERROR column lists the estimated standard deviations of the coeffi

cients. The STD COFF column shows the coefficients that would be obtained if all 

of the variables were standardized. Standardization involves subtracting the mean 

and then dividing by the standard deviation. If there were just one predictor, STD 

COEF would be its correlation with the dependent variable. 

The TOLERANCE column indicates the redundancy of each predictor, relative 
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to the other predictors. It ranges from 0 to 1; a value near 0 means that it is 

almost 100% predictable from the others. .A. value near 0 would cause trouble in 

interpretation of coefficients. Tolerance values less than 0.10 are troublesome, but 

the values in table 3.11 axe all greater than 0.50, so there is no indication of trouble 

here. When there is a low tolerance, so that a predictor is nearly predictable by 

others, the data axe called collinear oz multicollinear. 

The T column shows the ratio between the COEFFICIENT and the STD ER

ROR. If the population coeflBcient is 0, then this has the t distribution with degrees 

of freedom n—p—1= 80 — 19 — 1 = 60. Here, n is the number of cases (SO) and 

p is the number of predictors (19). 

The last column, p(2 TAIL), is the corresponding p-value, the probability of a t 

this large in absolute value. For example, the t for a is 2.5382.3, and the probability 

of a i this large in absolute value is 0.01376. The coefficient is significant at the 

5% level, because this p-value is less thaxi 0.05. In terms of hypothesis testing, we 

reject the null hypothesis that the coefficient is 0, at the 5% level. All main factors 

ctre significant at 5% level, however all the interactions are not significant at 5%. 

One might think to drop all the terms that are not significant from the model. 

However, it is important to bear in mind that the individual tests are correlated, 

so each of them is changed when one of the terms is dropped. If the least significant 

term is dropped, others might then become significant. A frequently used strategy 

for reducing the number of predictors involves the following steps: 

1. Eliminate the least significant predictor if it is not statistically significant. 

2. Refit the model. 

3. Repeat steps 1 and 2 until all predictors are statistically significant. 

We followed this strategy' and we found that Q ,  i3. A', m, and adm are the most 

significant factors. 
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SYSTAT prints the Durbin-Watson D statistic and first order autocorrelation 

at the end of each output. Both statistics mecisure the correlation between the 

adjacent observations. Ordinarily, this is a concern only for data collected in time 

sequence, and does not apply to our case. The D statistic is also the standard 

method of verifying the independence eissumption for the errors. The first order 

autocorrelation is on scale of -1 to +1, like the correlation. The D statistics is on 

scale of 0 to 4, where 0 corresponds to strong positive correlation, 2 corresponds 

to no correlation, and 4 corresponds to strong negative correlation. 

Table 3.11 shows that addition of the problem types E i ,  E 2  ,-£"3 and improves 

the result of the analysis, for example, a which is significant at 25% in the table 3.10 

becomes significant at 1% in table 3.11. This phenomenon leads to the investigation 

of the effect of the problem type on the factors levels. To study this behavior we 

consider the most significant factors q, A', m, and Q/?m. We run SYST.A.T 

for the model given by equation 3.5 on the complete SO data points, then we run 

SYST.A.T for the model given by equation 3.6 on each 16 data points corresponding 

to each city set. These results are given in the tables 3.12 through 3.17. Table 

3.1s contains the corresponding coefBcient for each factor. For each case given in 

the tables 3.12 through 3.17, there is a column in table 3.IS. 

L = CQ + CiQ + €2,3 + C3A' + c^m + csa^m + C^EI + + cgEs + C9E4 + e (3.5) 

L = co + cia + C2/3 + C3A' + C4m + Csa/Sm + e (3.6) 

If problem type has no effect on the level (value) of a parameter, then coeffi

cients of that parameter in the model 3.6 used on each data set must be the same 

as the coefficient of the same parameter in the model 3.5 used for all sets. Table 

3.1s shows that for each parameter these coefficients are not the same. However 

in order to make any conclusion, we need to apply statistical hypothesis testing. 
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MODEL L = C0HSTAHT+A+B+K+M+ABH+E1+E2+E3+E4 

DEP VAR: L H: 80 MULTIPLE R: 0.916 SQUARED MULTIPLE R: 0.839 
ADJUSTED SQUARED MULTIPLE R: .818 STAHDARD ERROR OF ESTIMATE: 0.156 

VARIABLE COEFFICIENT STD ERROR STD COEF TOLERANCE T P(2 TAIL) 

CONSTANT 8.089 0.039 0.000 207 .840 0.000 
A 0.043 0.017 0.120 1 .000 2, .495 0.015 
B -0.088 0.017 -0.241 1, .000 -5, .028 0.000 
K -0.116 0.017 -0.320 1, .000 -6, .683 0.000 
M 0.098 0.017 0.269 1, .000 5. 618 0.000 
ABM -0.033 0.017 -0.091 1. .000 -1. .899 0.062 
El 0.168 0.055 0.185 0. .625 3. 046 0.003 
E2 -0.181 0.055 -0.200 0, .625 -3. 291 0.002 
E3 -0.595 0.055 -0.655 0, .625 -10. 803 0.000 

E4 0.127 0.055 0.140 0. .625 2. 304 0.024 

ANALYSIS OF VARIANCE 

SOURCE SUM-OF-SQUARES DF MEAH-SQUARE F-RATIO P 

REGRESSION 8.846 9 0.983 40.553 0.000 
RESIDUAL 1.697 70 0.024 

DURBIN-WATSON D STATISTIC 1.416 
FIRST ORDER AUTOCORRELATION .287 

Table 3.12, Effect of the problem type for the most significant factors on all problem 
sets 
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MODEL L = COHSTAHT+A+B+H+K+ABM 
PROBLEM SET 1 

DEP VAR: L N: 
ADJUSTED SQUARED MULTIPLE R: 

VARIABLE COEFFICIENT 

16 MULTIPLE R: 0.953 SQUARED MULTIPLE R: 0.908 
.862 STAHDARD ERROR OF ESTIMATE: 0.113 

STD ERROR STD COEF TOLERAKCE P(2 TAIL) 

CONSTANT 8. .257 0.028 0. .000 . 293 .251 0, .000 

A 0, .022 0.028 0, .075 1.000 0. .777 0. .455 

B -0. .105 0.028 -0. .357 1.000 -3, .716 0. .004 

M 0, .098 0.028 0, .333 1.000 3, .467 0. .006 

K -0, .239 0.028 -0. .815 1.000 -8, .492 0, .000 

ABM -0. .004 0.028 -0. .012 1.000 -0. .129 0. .900 

SOURCE 

REGRESSION 
RESIDUAL 

ANALYSIS OF VARIANCE 

SUM-OF-SQUARES DF MEAN-SQUARE 

1.250 
0.127 

5 
10 

0.250 
0.013 

F-RATIO 

19.714 

P 

0.000 

DURBIN-MATSON D STATISTIC 1.355 
FIRST ORDER AUTOCORRELATION .308 

Table .3.13, The most significant factors model for problem set 1 



MODEL L = COHSTAHT+A+B+M+K+ABH 
PROBLEM SET 2 

DEP VAR: L H: 16 MULTIPLE R: 0.947 SQUARED MULTIPLE R: 0.896 
ADJUSTED SQUARED MULTIPLE R: .844 STANDARD ERROR OF ESTIMATE: 0.103 

VARIABLE COEFFICIEHT STD ERROR STD COEF TOLERAHCE P(2 TAIL) 

COHSTAHT 7 .908 0, .026 0. .000 . 307 .788 0, .000 

A 0, .063 0. .026 0, .251 1 .000 2 .462 0. .034 

B -0, .061 0, .026 -0, .243 1 .000 -2 .384 0. .038 

M 0. .104 0. .026 0, ,413 1 .000 4 .052 0. .002 

K -0, .192 0. .026 -0, .762 1 .000 -7 .477 0. .000 

ABM -0. .039 0. .026 -0. .153 1 .000 -1 .503 0, ,164 

SOURCE 

REGRESSION 
RESIDUAL 

AITALYSIS OF VARIANCE 

SUM-OF-SQUARES DF MEAH-SQUARE 

0.912 5 
0.106 10 

0.182 
0 .011  

F-RATIO 

17.267 

P 

0.000 

DURBIH-WATSOH D STATISTIC 2.408 
FIRST ORDER AUTOCORRELATIOH -.283 

Table 3.14. The most significant factors model for problem set 2 



MODEL L = COFSTAHT+A+B+M+K+ABM 
PROBLEM SET 3 

DEP VAR: L H: 16 MULTIPLE R: 0.912 SQUARED MULTIPLE R: 0.833 
ADJUSTED SQUARED MULTIPLE R: .749 STAHDARD ERROR OF ESTIMATE: 0.080 

VARIABLE COEFFICIEHT STD ERROR STD COEF TOLERAHCE P(2 TAIL) 

CONSTANT 7, .495 0. .020 0. .000 . 376. .605 0 .000 

A 0. .076 0. .020 0. .494 1 .000 3. .819 0 .003 

B -0. .060 0. .020 -0. .393 1 .000 -3. .040 0 .012 

M 0. .099 0. .020 0. .642 1 .000 4, .962 0 .001 

K -0. .022 0. .020 0. .142 1 .000 1. .099 0 .297 

ABM -0, .005 0. .020 -0, .034 1 .000 -0, .264 0 .797 

SOURCE 

REGRESSION 
RESIDUAL 

ANALYSIS OF VARIANCE 

SUM-OF-SQUARES DF MEAH-SQUARE F-RATIO 

0.315 5 
0.063 10 

0.063 
0.006 

9.945 

P 

0 .001  

DURBIH-WATSOH D STATISTIC 1.827 
FIRST ORDER AUTOCORRELATION -.074 

Table 3.15, The most significant factors model for problem set 3 



MODEL L = CONSTAHT+A+B+M+K+ABH 

PROBLEM SET 4 

DEP VAR: L H: 16 MULTIPLE R: 0.722 SQUARED MULTIPLE R: 0.522 
ADJUSTED SQUARED MULTIPLE R: .283 STANDARD ERROR OF ESTIMATE: 0.168 

VARIABLE COEFFICIENT STD ERROR STD COEF TOLERANCE T P(2 TAIL) 

CONSTANT 8.216 0.042 0.000 195, .651 0.000 

A 0.011 0.042 0.056 1.000 0. ,254 0.804 

B -0.061 0.042 -0.319 1.000 -1. .460 0.175 

M 0.077 0.042 0.401 1.000 1, .832 0.097 

K -0.071 0.042 -0.371 1.000 -1. .695 0.121 
ABM -0.066 0.042 -0.345 1.000 -1. .579 0.145 

AHALYSIS OF VARIANCE 

SOURCE SUM-OF-SQUARES DF MEAN-SQUARE F-RATIO P 

REGRESSION 0.308 5 0.062 2.184 0.137 
RESIDUAL 0.282 10 0.028 

DURBIN-WATSOH D STATISTIC 2.137 
FIRST ORDER AUTOCORRELATION -.079 

Table -3.16, The most significant factors model for problem set 4 
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MODEL L = COHSTAHT+A+B+H+K+ABH 
PROBLEM SET 5 

DEP VAR: L H: 16 MULTIPLE R: 0.864 SQUARED MULTIPLE R: 0.746 
ADJUSTED SQUARED MULTIPLE R: .619 STANDARD ERROR OF ESTIMATE: 0.162 

VARIABLE COEFFICIENT STD ERROR STD COEF TOLERANCE T P(2 TAIL) 

COHSTAHT 8.089 0.040 0.000 199 .948 0.000 

A 0.045 0.040 0.178 1.000 1 .117 0.290 
B -0.142 0.042 -0.560 0.933 -3 .395 0.007 

M 0.104 0.042 0.408 0.933 2 .473 0.033 

K -0.101 0.040 -0.398 1.000 -2 .498 0.032 

ABH -0.031 0.043 -0.124 0.875 -0 .728 0.483 

AHALYSIS OF VARIANCE 

SOURCE SUM-GF-SQUARES DF MEAI-SQUARE F-RATIO P 

REGRESSION 0.769 5 0.154 5.872 0.009 
RESIDUAL 0.262 10 0.026 

DURBIH-WATSOS D STATISTIC 2.411 
FIRST ORDER AUTOCORRELATIGH -.265 

Table .3.17. The most significant factors model for problem set 5 

Factors All sets Set 1 Set 2 Set 3 Set 4 Set 5 
a 0.043 0.022 0.063 0.076 0.011 0.045 
i3 -0.088 -O.lOo -0.061 -0.060 -0.61 -0.142 
k -0.116 -0.239 -0.192 -0.022 -0.071 -0.101 
m 0.098 0.098 0.104 0.099 0.077 0.104 

aBm -0.033 -0.004 -0.039 -0.005 -0.066 -0.031 

Table 3.IS, Coefficients of the most significant factors 



So 

Our null hypothesis is that; problem type has no effect on the level (value) of a 

parameter, in other words level (value) of a parameter is not data dependent. Let 

Hq be the coefficient of a parameter for aJl sets and n be the mean coefficient of 

the same parameter for different data set. Then we are testing 

HQ: n  =  f iQ 

Hi : f i  ^  fiQ 

This is a two-tailed test and the test statistics used to test it is Tn-i = s/'J^ 

Tn-i  is the t  distribution with n — 1 degree of freedom. X is the sample mean that 

estimates the true population mean. 5 is the sample standard deviation 

52 ^ UXi - xy  ̂  nEA7-(E-v.)^ 
n — 1 n(n — 1) 

and n is the sample size. 

If HQ  is true, X is estimating y-o, and hence the difference between X and H Q  

should be small. .A. small observed value of the test statistic is an indication that 

HQ should not be rejected. Or it is rejected for unusually large value of the test 

statistic in either the positive or negative sense. 

We also reject HQ  if the corresponding p — value  ̂  

X - f i o  
p — value =  2 P [ T n - i  >  

S/y/n 

is deemed to be too small to have reasonably occurred by chance. There are no 

rigid rules concerning how small  a  p — value must be to cause us to reject  HQ.  k 

rough rule of thumb is that HQ should not be rejected for p — values that exceed 

.10. 

Our result for each parameter is as follow: 

a : X = .0428. fiQ = .043, S = .0263, T4 = —.017, and p > .8. therefore unable 

t o  r e j e c t  H Q .  

"The p—value  of a test is the probability that the test statistic will assume a value as extreme 
as or more extreme than that seen under the assumption that the null value is correct. 
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i3 : X = -.1956, /zq = -.088, 5 = .2342, = -1.028. and .2 < p < .5. 

therefore unable to reject HQ. 

m : X = .0964, fio = .098, S = .0112, T4 = —.3194, and .5 < p < .8. therefore 

unable to reject HQ. 

K : X = —.125, fiQ = —.116, S = .0889, T4 = —.2264, and p > .8. therefore 

unable to reject HQ. 

Thus for our data sets we are unable to reject the null hypothesis that the 

values of parameters axe the same for different data set. 

3.3 Using Residual Plots to Verify Assumptions 

Residuals from a factorial experiment play an important role in assessing model 

adequacy. There are a number of useful ways to look at the residual data to assess 

the success of the regression: 

1. Plotting dependent variables against the predicted values shows how well the 

regression fits the data. 

2. A plot of residuals against the predicted values magnifies the vertical spread 

of the data so you can assess w^hether the regression assumptions are justified. 

3. A normal plot of the residuals helps to assess whether the regression assump

tion of normality is justified. 

Figures 3.3 through 3.9 show the different useful plots for the complete model. 

Fig.3.3 shows that the regression fits the data fairly well. Fig.3.4 does not reveal 

any unusual or diagnostic pattern. The normal probability plot of the residuals in 

Fig.3.5 does not indicate a severe problem with the normality assumption. Figures 

3.6, 3.7, 3.8 and 3.9 do not indicate any unusual variability for any of the factors 
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Figure 3.6, Plot of residuals vs. levels of a 



0400 

0300 

0200 

QlOO 
m 
I 0000 m oc 

-0.100 

-0200 

-0300 

-0400 
-2.000 -1000 0000 1000 2.000 

Seta Levels 

Figure 3.7, Plot of residuals vs. levels of (3 

0400 

03CX) 

0200 

0100 

f 0000 o 
it 

•0.1 oo 

-0200 

-0.300 

-0400 
-2.000 -1.000 0 000 1000 2 000 

Ks Reduclion Levels 

Figure 3.8, Plot of residuals vs. levels of K 

r 1 

• • 
• • 
1 
1 

• 
i • 

I 
1 
1 

1 
1 
• 

1 
1 • 

< • 
1 
: 

» • 
• 

i 

• 
' 



C400 

0.300 

0.200 

OIOO 
a 
 ̂ 0000 <B cr 

-0100 

-0200 

-0300 

-0400 
-2000 -1000 0.000 1000 2.000 

L(^vt:ls oI in 

Figure 3.9, Plot of residuals vs. levels of m 

3.4 Summary 

In this chapter we considered the parameter setting for the elastic net algorithm 

using a 2'' factorial experimental design. For our 100 city problems the best value of 

the parameters to produce the shortest tour length axe a = 0.15, = 4, m = 1.57i 

and k = 99%. For our problems, these values are independent of the problem type. 



91 

Chapter 4 Initialization of the Elastic Net with 
Different Geometrical Curves 

4.1 Introduction 

The elastic net method is a geometrical approach to the solution of TSP. To 

this point, the algorithm has been started by placing the nodes on a small circle 

at the center of the distribution of the cities. If we substitute this initial circle 

by a curve with a different geometry, many questions such as, does a different 

geometrical curve affect the final output in terms of forming a legitimate tour, the 

tour length, and execution time, or give rise to a planar or non-planar tour, may 

be asked. 

Suppose that the algorithm is initiated by a circle and is terminated before 

converging to a tour. Now, assume that the resulting deformed circle is used to 

initiate the algorithm in a re-run. It is natural to expect that execution time 

decreases in the second run. This concept leads one to suspect that it may be 

worthwhile to investigate the possibility of using different geometrical shapes cis 

the starting curves for the initialization of the algorithm in an attempt to reduce 

execution time. 

Our choice of the initial curves is virtually unlimited. The question is, therefore, 

what kind of curves is "best" to use for a TSP with a given number of cities, based 

on a well-defined performance measure such as the minimum execution time or 

minimum tour length. There does not exist any analytical "emswer" to the above 

posed question, but an attempt is made here to investigate the effect of starting the 

algorithm with different initial curves, using numerical experiments. Certainly, one 

cannot expect to investigate all possible curves, since such an "all out'' investigation 

will be expensive. For this reason, we have limited our search to some caises such 

as space filling curves, different radius circles and different tours. 
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Two space filling curves used for initializing the algorithm as described in sec

tion 4.2. The algorithm is initialized with a tour and the results are discussed in 

section 4.3. Initializing the algorithm with a circle of a different radius is studied 

and described in section 4.4. The chapter is summarized in section 4.5. 

4.2 Starting with a space-filling curve 

Instead of a circle of radius r, we now place the initial nodes on a space-filling 

curve and analyze the behavior of the algorithm. A space-filling curve or Peano 

curve is a continuous nondifFerentiable curve in that passes through every point 

of the unit squaxe at least once. Peano (1890) was the first to give an example 

of such a curve, and Hilbert (1891) gave a geometrical construction method [38]. 

In this study we introduce two different space-filling curves and compare their 

performance. 

4.2.1 Space-filling curve 1 

The first curve is due to I.J. Schoenberg [3]. Let <p be defined on the interval 

[0.2] by the following formulae: 

4 > i t )  =  

0, if 0 < i < 1/3, or if 5/3 <  t  <  2 .  

Z t  - 1, if 1 / 3  < t <  2/3, 
1, if 2/3 < t  <  4/3, ^ • ' 

I -3f-h5, if4/3<<<5/3. 

Let 6 { t  -I- 2) = 6 { t )  and define two functions /i and /2 by the following equations: 

On J I .-jn 
n=l •" n=l " 

Now, let / = (/ii/z) and let F denote the image of the unit interval [0,1] under /. 

Then F '"fills'' the unit square, i.e.. T= [0,l]x[0.1]. For a proof, see [3]. Figure 4.1 

shows 100 points on F. 
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Figure 4.1, 100 points along space-filling curve 1 

4.2.2 Space-filling curve 2 

The second curve is constructed by successively partitioning the unit square. 

S, as shown in Fig. 4.2. For a complete description, refer to [6]. The A:''' par

tition consists of 2^ identical triangles. One verte.x of each triangle is marked to 

distinguish it from the others. The unit interval, C, is similarly partitioned into 

subintervals, as shown in Fig. 4.3, and marked at one endpoint. 

The curve , U\ maps each subinterval of C onto the subtriangle of S. accord

ing to a binary labeling. It maps the marked endpoint of the subinterval to 

the marked vertex of the triangle. Note that ib is not one-to-one, for e.xample. 

v!'(l/16)=0(3/16)=(O,l/2). Therefore, repeated points are deleted in our com

puter output. Fig.4.4 shows some points on 

For statistical comparison we used 12 different layouts as shown in Fig. 4.5 

through 4.7 with different sizes n= 30,50,75.100. The e.xperiment Wcls done on a 

SUN workstation, and the tour lengths were calculated by summing the distances 

between nodes. The values of a = 0.15. i = 4, and A' = 99% for all runs were 
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(a) (b) 

Figure 4.2, Successive partitions of the unit square S into 2^ identical triangles, 
each containing a marked vertex, (a) k = I, (b) k = 2, (c) k = 3, (d) k = 4. 
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„ 0» . 01 „ 10 „ k=2 

,«10 ,001 ,010 Jll„100 ,,101,110 Jll, 1 ^ 3  

Figure 4.3, Successive partitions of the unit interval C into 2* identical subintervals. 
each containing a marked endpoint at the left end 

Figure 4.4, Some points on space-filling curve 2 
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Figure 4.5, The layouts for the set 1 through 4 

kept the same. Because SUN is a sharing processor system, for more accuracy 

the execution time recorded is the average of three runs over three different time 

periods. The algorithm is terminated when the distance e between each city and 

its converging node satisfies e < lO"**. 

We now initialize the elastic net algorithm by these curves. Fig. 4.8 shows the 

final tours produced by the eleistic net algorithm using different starting curves on 

set 1 (30 cities). 

The application of space-filling curves on data set 2 results in a nonplanar tour 



Figure 4.6, The layouts for the set 5 through 8 



IM t2.n>ta0 

Figure 4.7, The layouts for the set 9 through 12 
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(1} 

Figure 4.8, Tours produced by starting the elastic net, (a) by a circle, (b) by 
space-filling curve 1 and (c) by space-filling curve 2 
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Figure 4.9, A nonplanar tour produced by space-filling curve 1 

depicted in Fig. 4.9. This occurs since there are some non-neighboring points 

along the curve that are attracted by the same city and a crossing is produced. 

Therefore, the final tour is not planar and cannot be an optimal solution. 

Table 4.1 suggests that starting the algorithm with the space-filling curve I 

does not produce a planar tour in most ceises. We therefore eliminate it from 

further consideration for the remainder of this study. 

If we disregard those non-planar solutions produced by space-filling curve 2 

from table 4.1, we may then compare both the starting circular curve and the 

space-filling curve 2 for their execution times. In addition their resulting tour 

lengths can also be compared by using the Wilcoxon signed rank test. Let IQ be the 

execution time for the circle and ^2 be the execution time for the space-filling curve 

2. We assume that [IQ — ^2) is a continuous variable with a symmetric distribution 

and each pair (io, ̂ 2) represents a random sample from a bivariate distribution. 

Table 4.2 shows the results obtained from the Wilcoxon signed rank test. The null 

hypothesis is that the expected execution time for the circle is less than or equal 



101 

Set n m Circle S.F.C.l S.F.C.2 Set n m 
time tour length time tour length time tour length 

1 30 41 31.26 4.833 32.31 4.829 32.06 4.833 
2 30 81 62.20 4.942 60.63 non-planer 61.90 4.942 
3 30 81 62.98 4.030 62.01 4.284 62.20 4.030 
4 50 81 109.43 5.063 103.66 non-planar 105.20 non-plcinar 
5 50 81 107.00 5.581 105.86 non-planar 104.21 5.581 
6 50 81 112.05 5.745 104.21 non-planar 106.10 5.745 
7 75 145 310.95 6.721 291.20 non-planar 290.38 6.857 
8 75 145 309.45 7.176 287.6 non-planar 289.55 non-planar 
9 75 145 313.23 6.888 290.51 non-pianar 290.03 non-planar 

10 100 145 372.50 7.796 358.90 non-planar 360.10 non-planar 
11 100 145 357.5 7.786 364.30 non-planar 356.00 8.043 
12 100 145 353.00 7.709 349.70 non-planar 346.30 7.877 

Table 4.1, Execution time and the tour length for the elastic net method with 
different starting curves 

to ^2 (^0 — ^2) rank of |fo — ^2! signed ranks Ri 
31.26 32.06 -0.8 2 -2 
62.20 61.90 0.3 1 1 
62.98 62.01 0.97 3 3 

107.00 104.21 2.79 5 5 
112.05 106.10 5.95 6 6 
310.95 290.38 20.57 8 8 
.357.50 356.00 1.5 4 4 
353.00 346.30 6.7 7 7 

W = i:Ri =32 

Table 4.2, Execution time, circle vs. space-filling curve 2 



102 

to the execution time for the space-filling curve 2 , i.e. HQ  : £"(^0) < -£'(^2), and the 

alternate hypothesis is Hi : E{to) > -£"(<2)1 i-e, the algorithm started with space

filling curve 2 outperforms the original elastic net. This is a one sided (upper-tail) 

hypothesis test. The null hypothesis should be rejected at a significance level if 

W = > Wi^a where Wi^a is the critical value obtained from statistical 

tables, or if n is laxge it can be approximated by 

Wi-a = 2(1 -  a)y/n(n + l)(27i -f-1)/6 

where z(l — a) is the standard normal z value such that a proportion (1 — a) of the 

area is to the left of r(l —q). If we let a = 0.05 then I'Ko.ss = (1.645)(14.2S) = 23.5. 

This tells us that if the null hypothesis is true and if our assumptions are valid, then 

in only one out of twenty trials would W exceed 23.5. Since W = JI, Ri = 32, we 

reject the null hypothesis. In fact, there is less than a = 0.008 (::(! — a) = 2.241) 

chance of obtaining a W value as large cis 32. One may tend to jump to the 

conclusion that the results obtained will suggest a superiority of the performance 

in a smaller execution time for the space-filling curve 2. However, it is apparent 

that more comprehensive test runs are necessary to draw a definitive and solid 

conclusion and the factor of nonplaxiar output must be considered. 

For the comparison of the tour length, let IQ  be the tour length for the circle 

and I2 be the tour length for the space-filling curve 2. In table 4.3. the results of 

the Wilcoxon signed rank test are given (using the assumptions of the previous 

analysis.) Even though the signed rank test assumes that tied observations are 

impossible, two types of ties do occur in practice. The first type produces a tour 

length difference of zero for the matched pair being considered. This is the case for 

the first five pairs in table 4.3. In this situation, the observations are disregarded 

and n, the number of differences, is reduced. The second case occurs when two or 

more matched pairs have equal nonzero absolute differences. The tied observation 

can each be given the mean of the ranks that would be assigned if there were no 
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IQ h  (/0-/2) rank of |/o — /2I signed ranks i?, 
4.833 4.833 0 - -

4.924 4.924 0 - -

4.030 4.030 0 - -

5.581 5.581 0 - -

5.745 5.745 0 - -

6.721 6.857 -0.136 1 -1 
7.786 8.043 -0.257 3 -3 
7.709 7.877 -0.168 2 -2 

Table 4.3, Tour length, circle vs. space-filling curve 2 

such tie. 

The null hypothesis for this part is that HQ  :  E{lo) < E[l2),  and the alternate 

hypothesis is Hi : E{IQ) > £'(^2)- The null hypothesis should be rejected at 0.05 

significance level if w = > 1^0.95, where 100.95 = (1.645)^3(4)(7)/6 = 6.16. 

Since i?,- = —6 6.16, we do not reject the null hypothesis. Therefore, it 

appears that starting with a space filling curve does not significantly improve tour 

length. 

4.3 Starting with different sized circles 

In this section we consider the effect of the radius of the initial circle on execu

tion time and tour length. Five values of r, 0.1, 0.2, 0.3, 0.4, and 0.5 are considered 

over the data sets number 1, 4, 7, and 11. with corresponding size n= 30, 50, 75. 

and 100. For r= 0.5, the rubber band moves out of the unit square in all cases eval

uated, therefore we dropped it from consideration. The results of the experiments 

are given in the tables 4.4 and 4.5. The same values of q = 0.15, 0 = 4,m = 1.5n. 

and K = 99% are used for each set. 

To investigate the effects of the different levels of r on the tour length, a statis-
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set n r=.l r=.2 r=.3 r=.4 

1 30 5.12170 5.12170 5.15074 5.12146 
4 50 6.00134 6.00134 6.00134 6.00134 
7 75 7.34445 7.21022 7.19740 7.19213 

11 100 7.52661 7.52661 7.52661 7.52661 

Table 4.4, Tour length (L) for different values of r 

set n r=.l r=.2 r=.3 r=.4 

1 30 59.10 59.93 60.89 59.60 
4 50 100.96 153.720 158.64 153.96 
7 75 235.060 350.77 348.70 344.330 

11 100 1418.89 1238.77 1241.78 1237.75 

Table 4.5, Execution time (T) for different values of r 

tical regression analysis was used to fit a linear model on the data in table 4.4. We 

considered two model forms. The first is L = /?o + /3ir + e where /3o is the constant 

term( the average tour length from the experiments ) and e is the error term. Here 

we ignored the effect of n, the problem size. We employed the SYST.A.T statistical 

software to analyze the data [63]. Our assumptions are: 

• The form of the model is correct. 

• The errors e are IIDN{0,a^).  

Result of the analj'sis are given in table 4.6. 

The null hypothesis Ho says that the size of r hcis no effect on the tour length, 

i.e. E{ tour length for r = 0.1) = E{ tour length for r = 0.2) = 

E{ tour length for r = 0.3) = E{ tour length for r = 0.4) and the alternative hy

pothesis Hi is that the size of r affects the tour length. Under the null hypothesis of 

0 for the coefficient of the r in the model, the F-RATIO from table 4.6 has the F dis

tribution. with 1 numerator degree of freedom and 14 denominator degrees of free-
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MODEL L = COHSTAHT+r 

DEP VAR: H: 16 MULTIPLE R: 0.013 SQUARED MULTIPLE R: 0.000 
ADJUSTED SQUARED MULTIPLE R: .000 STAHDARD ERROR OF ESTIMATE: 

VARIABLE 

COHSTAHT 

r 

COEFFICIENT 

6.501 
-0.110 

STD ERROR 

0.632 
2.307 

STD COEF TOLERANCE 

0 .000  
-0.013 1.000 

1.032 

P(2 TAIL) 

10.290 
-0.048 

0 . 0 0 0  

0.963 

SOURCE 

REGRESSION 
RESIDUAL 

ANALYSIS OF VARIANCE 

SUM-OF-SQUARES DF MEAN-SQUARE 

0.002 
14.900 

1 

14 

0.002 
1.064 

F-RATIO 

0.002 

P 

0.963 

DURBIN-WATSON D STATISTIC .171 
FIRST ORDER AUTOCORRELATION .813 

Table 4.6, Effect of r on tour length 
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dom. We reject the null hypothesis if the observed F-RATIO is much larger than 

what would be expected under the null hj-pothesis. The F-RATIO of 0.002 is less 

than Fo.05,1,14 = 4.60, therefore we are unable to reject the null hypothesis. The P 

column gives a p-value of 0.963 which meajis 2P[Fa,i,i4 > 0.002|/fo2-s^rue] = 0.963. 

or /'[IT'isI > 0.048|/fo2'Sfnie] = .963. Since p-value is large, we are again unable to 

reject HQ. The SQU.ARED MULTIPLE R of 0.000 says that this regression model 

accounts for 0 % of the variability in the tour length, in other words the value of 

r is insignificant in prediction of tour length. 

The second model used in our study is L = 00 + + e. The additional 

term /Sin is included here in order to see the effect of r for different n values. With 

the same assumptions as made in the first model, the results of analysis are given 

in table 4.7. 

The null hypothesis is that the coefficient of r and n are zero, that is to say. r 

and n have no effect on the tour length. The analysis of variance part of the table 

4.7 reveals that the F-R.A.TIO of 107.877 is significant at 1% because it is larger 

than Foi,2,i3 = 6.70. Therefore, we reject the null hypothesis. However the P(2 

TAIL) value for r is 0.850, and for n is 0.000, this means that r is insignificant and 

n accounts for all variability. . 

The analysis of the execution time is given in tables 4.8 and 4.9 for the two 

different models. The null hypothesis is that the size of r has no effect on the 

execution time. With similar argument as before, from the data on the tables 4.S 

and 4.9 we cannot reject the null hypothesis. 

Therefore the final conclusion of these experiments is that the initial size of 

the radius of the rubber band has no significant effect on the final tour length and 

execution time. 
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MODEL L = CQHSTAHT+r+n 

DEP VAR: L H: 
ADJUSTED SQUARED MULTIPLE R: 

16 MULTIPLE R: 0.971 SQUARED MULTIPLE R: 0.943 
.934 STANDARD ERROR OF ESTIMATE: 0.255 

VARIABLE COEFFICIEHT STD ERROR STD COEF TOLERANCE P(2 TAIL) 

CONSTANT 

r 

n 

4.230 
-0 .110  

0.036 

0.220 
0.571 

0.002 

0.000 19.240 0.000 
-0.013 1.000 -0.193 0.850 

0.971 1.000 14.687 0.000 

SOURCE 

REGRESSION 

RESIDUAL 

ANALYSIS OF VARIANCE 

SUM-OF-SQUARES DF MEAN-SQUARE • 

14.055 

0.847 
2 
13 

7.028 
0.065 

F-RATIO 

107.877 

P 

0.000 

DtlRBIN-tfATSON D STATISTIC .660 
FIRST ORDER AUTOCORRELATION .625 

Table 4.7, Effect of r and n on the tour length 
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MODEL T = COHSTAIT+r 

DEP VAR: T H: 16 MULTIPLE R: 0.001 SQUARED MULTIPLE R: 0.000 

ADJUSTED SQUARED MULTIPLE R: .000 STANDARD ERROR OF ESTIMATE: 525.797 

VARIABLE COEFFICIENT STD ERROR STD COEF TOLERANCE P(2 TAIL) 

CONSTANT 

r 

454.446 

-3.050 

321.984 

1175.718 

0.000 
-0.001 1.000 

1.411 
-0.003 

0.180 
0.998 

SOURCE 

REGRESSION 
RESIDUAL 

ANALYSIS OF VARIANCE 

SUM-OF-SQUARES DF MEAN-SQUARE 

1.861 
3870475.857 

1 

14 

1.861 
276462.561 

F-RATIO 

0.000 

P 

0.998 

DURBIN-WATSON D STATISTIC 2.203 
FIRST ORDER AUTOCORRELATION -.201 

Table 4.8, Effect of r on execution time 



109 

MODEL T = CONSTAHT+r+n 

DEP VAR: T H: 
ADJUSTED SQUARED MULTIPLE R: 

16 MULTIPLE R: 0.894 SQUARED MULTIPLE R: 0.800 
.769 STANDARD ERROR OF ESTIMATE: 244.303 

VARIABLE COEFFICIENT STD ERROR STD COEF TOLERANCE T P(2 TAIL) 

CONSTANT 

r 
n 

-611.191 
-3.050 
16.716 

210.435 
546.278 

2.321 

0.000 
-0.001 

0.894 

1 .000  

1.000 

-2.904 
-0.006 

7.201 

0 .012  
0.996 
0.000 

ANALYSIS OF VARIANCE 

SOURCE 

REGRESSION 
RESIDUAL 

SUM-OF-SQUARES DF MEAN-SQUARE 

3094585.628 

775892.089 
2 1547292.814 
13 59684.007 

F-RATIO 

25.925 

P 

0.000  

DURBIN-WATSON D STATISTIC 2.239 

FIRST ORDER AUTOCORRELATION -.158 

Table 4.9, Effect of r and n on the execution time 
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Figure 4.10, Different tours produced by the nearest neighbor algorithm for differ
ent initial cities on set 1. 

4.4 Starting the elastic net with a tour 

In this section we initiate the elastic net algorithm by a tour and investigate 

the output of the algorithm. To construct a tour, we use the nearest neighbor 

algorithm [49]. This algorithm can be defined as. follows. 

1. Start with a partial tour consisting of a single, arbitrarily chosen city oi. 

2. If the current partial tour is fli, • • • ,afc, and k < n. Let Cit+i be the city not 

currently on the tour, which is closest to ajt and then add Ok+i to the end of 

the tour. 

.3. Stop when the current tour contains all the cities. 

Using this algorithm, different tours are obtained for each data set depending upon 

the city selected as the initial city. See Fig. 4.10. 

The nodes are placed at cities and for each axe in the tour a node is also placed 

at the midpoint of each arc. Fig. 4.11 shows the initial locations of the nodes along 

the corresponding tour. We considered all 12 data sets with the nodes located at 



I l l  

Figure 4.11, Locations of the nodes along a non-planar tour. 

the described positions along the different tours. All tours resulting from the 

application of the nearest neighbor were non-planar. Fig. 4.12 shows progress of 

the algorithm when it is staxted with a nonplanar tour. 

In order to find out if the non-planar nature of the initial tour can significantly 

change the output we constructed random planar tours on the 12 data set and 

then 2n nodes were placed on the cities and on the arcs of the tours. See Fig. 4.13 

for an example of the locations of the nodes along a starting planar tour. 

Fig. 4.14 depicts progress of the algorithm when it is initiated with a planar 

tour. 

In these cases, the tension-like forces between the nodes are dominant, forcing 

the nodes positioned at the cities to leave their locations. ( This does not contradict 

the last corollary of chapter 2, because in this case K has not converged to 0 at 

the beginning. ) Then the deformed tour changes to another tour. 

Our statistical analysis shows no significant difference in tour length or execu

tion time from initializing the algorithm by a tour. 
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Figure 4.12, Progress of the elastic net method when it is started with a nonplanar 
tour. 
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Q at &2 aj 04 05 oc 07 ai o» t 

Figure 4.13, Locations of the nodes along a planar tour 

set n circle tour 
1 30 4.69654 4.70814 
4 50 5.59277 5.59976 
7 75 6.66943 6.65695 

11 100 7.77340 7.66627 

Table 4.10, Tour length produced from initiating the algorithm by a circle or a 
tour. 
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Figure 4.14, Progress of the elastic net method when it is started with a planar 
tour. 
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4.5 Summary 

Based on numerical experiments we measured the effects of three different ini

tializing strategies (space filling cxirves, circles, and tours) on the tour length and 

execution time for the solution of TSP by the elastic net method. We used statis

tical hypothesis testing, regression analysis and ANOVA to get insight on different 

initialization strategies. We found that: 

• Initialization of the algorithm with space-filling curve 2 can reduced the 

execution time, although it produces a higher tour length. 

• The initial radius of the rubber band hais little effect on the tour length and 

execution time. 

• Starting the aJgorithm with a tour has no significant effect on the tour length 

and execution time. 
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Chapter 5 An Improved Elastic Net Algorithm 

5.1 Introduction 

The effects of the parameters a, /?, A', ajid m as well as initialization of the 

algorithm with different sized circles and space-filling curves were considered in 

chapters 3 and 4. We concluded that the parameter values or the geometric shape 

of the initied curve did not result in a major improvement in the performance of 

the elastic net algorithm as measured by the tour length or execution time. 

The complexity of each iteration, reduction of K, of the elastic net algorithm 

requires mn operations to calculate city-node distances, mn operations to calcu

late inter connection weights and the last mn operations to ccdculate AV} values. 

Therefore its time complexity function can be represented by T{n,m) = 3mn for 

each iteration and the number of iterations depends on the reduction schedule of 

K. One way to improve an algorithm's running time is to reduce the order of its 

complexity. To do this we use the concept of the Self Organization Feature Map 

(SOFM). 

In chapter 1 we introduced the idea of the competitive learning and the Koho-

nen's self organization feature map (SOFM). The architecture of one Kohonen's 

layer is repeated in Fig. 5.1 We use the following example to describe this type 

of network. Fig. 5.2 is a graphical representation of the training process and the 

network. 

The feeler mechanism has a fixed joint (shoulder) and a movable joint (elbow). 

For each point (x,y) the corresponding unique angles A and B can be read out 

from the angle sensors of the feeler mechanism's joints. Mapping from {A.B) to 

{x.y) is a continuous nonlinear map. We want to design a network to be able to 

recognize the position of the pointer of the feeler mechanism. The network is a two 

dimensional network consist o( n x n = N PE, each of them has a two dimensional 
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Figure 5.1, One Kohonen Layer 
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Figure 5.2, A SOFM network 
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weight vector Wi attached to it. To initialize the process, these weights are assigned 

to be the coordinates of iV points rajadomly chosen according to a fixed probability 

density function p from a circular ( or rectangular) neighborhood at the center of 

the feeler mechanism domain. Each PE receives X = [A.B) as an input and also 

it receives inputs from other PE. When an input K is entered to the network, a 

competition take place. The distance between the X and each tU,- is determined 

according to an already defined metric. Then the PE that its Wi is the closest to 

X is declared as the winner and its output r,- is set to 1, and outputs for the rest of 

the PEs are set to zero. .A.fter the w-inner is selected, the network begins a weight 

adjustment for the winner PE and its neighboring PEs. This weight adjustment 

is the Kohonen's learning rule 

f)(A'— j from the neighborhood (5-1) 

The learning rate aj{d,t) is dependent on the distance between the j"* PE in the 

neighborhood and the winner PE, and also on the time. At the beginning of the 

process aj{d,t) for the winning PE is neax to I and for the other PEs within the 

neighborhood fall off as a function of distance from the winning PE. For PE's 

outside of the neighborhood a is set to zero. As time progresses, the neighborhood 

size shrinks and the a values within the neighborhood cdso decreases towards zero. 

Follow^ing the weights adjustment a new point from the feeler mechanism domain 

is selected at random according to the probability density function p and the 

whole process starts over. The process is terminated when the weights adjustment 

becomes negligible Fig.o.3 shows the weight vectors mesh which results from this 

training after thousands of iterations. 

Therefore the algorithm can be stated as follow: 

1. Initialization: Start with appropriate initial values for the weight strengths 

W = {if'ij}. In the absence of any a priori information. W can be chosen 

randomly 
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Figure 5.3, Final distribution of the weight vectors of a rectangular network when 
training data are chosen from a triangulax domain 

2. Choice of input: Choose a random vector X from the input space, based on 

the desired probability density p{X)^ 

3. Output; Determine the corresponding PE (node), z, with weight vector H'', = 

{wii, WI2-,..., WINY ^ closest to the input vector X = (xi, X2,..., Xn) as mea

sured by some metric function D. Set the output r,- for this PE equal to 1. 

and the output for the rest of the PE must be set to zero. 

4. Adaptation: Carry out a "Kohonen learning step" by changing the weight 

vectors Wj of the winning PE and its neighboring PEs according to the 

equation 5.1 and keep the weight vectors of the PEs outside the neighborhood 

unchanged. 

5. Change of a: The goal of the algorithm is to produce a set of weight vectors 

Wi which best approximate the input space to the extent that it is possible. 

't stands for the transpose 
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In order to achieve this goal, q "the learning rate" must gradually approaches 

to zero. Appropriate choice for the rate of decrecise of a is important to obtain 

good result. 

6. Continue with step 2 

7. Termination: terminate the algorithm, when the weight adjustments are 

negligible. 

5.2 An Improved Algorithm 

The following observations are the basis for our improved version of the algo

rithm: 

1. We may relate the vectors of the coordinates of the nodes in the elastic 

net algorithm to the weight vectors in the Kohonen's algorithm. However, 

the major difference is that in each iteration of the elastic net algorithm, 

the coordinates of all nodes are calculated even if there is no change in the 

coordinates. However in Kohonen's algorithm, one or a few weights are 

updated. 

2. Our numerical study shows that after a few iterations of the elcistic net 

method, the majority of the Wij values become zero (See appendix B for a 

computer print out of these weights). Therefore we should avoid recalculating 

these Wij 

To improve the elastic net algorithm, we apply the concept of the SOFM. The 

assumption made here is that the nodes that lie far from each given city have a 

decrecised influence on the city as compared to the nodes in the neighborhood of 

the city. Thereby, for a given city we disregard the effect of all the nodes that lie 

outside of a desired neighborhood of the city, due to their insignificant attraction 
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forces. The improved aJgorithm thus obtained, is laid out as follows. 

Let: 

X : the position vector of a city. 

Y : the position vector of a node on the band. 

n : number of cities. 

m : number of nodes on the band. 

K : a control factor. 

Hi: number of internal iterations for each value of K. 

nj maximum of ni-

A": the initial vedue of K. 

a : corresponds to city-node attraction force 

3 : corresponds to inter-node attraction force 

step 0) Select a random permutation of the cities, define this permutation as the 

selection list. Let i be the index of the cities in this list. ^ 

step 1) Set i = 1, K = A'*, and ni = 1. 

step 2) Find node j '  which is closest to city i.  

step 3) Using modular m arithmetic, for j = j' — p to j '  + q, calculate: 

(5.2) 

Aj/j = awijixi - yj) -h 0k{yj^i - 2yj -h i/y+i) (5.3) 

where p and q are integers, such that j '—p and i '+q represent a desired band 

neighborhood of node j ' .  The function <f>{.) remains (f>(d,k) = {e~'^ )/{'2k^). 

Values of a, /?, m must be set properly for the convergence of the algorithm. 

-In the next section we consider the effect of the different permutation (ordering or sequencing 
of the cities. This sequencing defines initial geometry. 



step 4) If z < n, then set z = z + 1 go to 2 

If i = n, then set 2 = 1 and nj = ni + 1 go to 2 

If 2 = n and rii = nj, go to 5 

step 5) Reduce k according to some reduction schedule, set i = I and ni = 1 go to 2 

step 6) Terminate the algorithm either b}' fc —+ 0, or if there is a node within a 

prescribed e distance from each city. 

The complexity of the improved algorithm for each iteration (each value of Ic) 

may be evaluated as follows: for each city there are m operations to find the closest 

node to that city, p + q + l operations for calculation of Wij and p + q-\-l operations 

for calculations of Ayj. Therefore, the time complexity function for each iteration 

may be given by T'(m,n) = n(m + 2p + 2g + 2). Since p + q m the value of 

n(m + 2p + 2q + 2) is considerably smaller than 3mn, the time complexity of the 

original algorithm. This is a significant gain in the time efficiency of the algorithm. 

5.3 Parameter Setting 

Similar to the original elastic net algorithm, parameters a, /?, K and m have 

major influence on the performance of the algorithm. In order to find the best 

possible values for these parameters, we use factorial designs in the same way that 

we used it in chapter 3. Based on initial pilot runs and preliminary exploration 

with the algorithm, the following high and low values for the parameters are: 

a at 0.8 and 1, d at 0.05 and 0.15, m at 1.5n and 3n and two reduction rate 

levels for K at 92% and 99%. All the 2'* possible combinations were applied to the 

same geographies used in chapter 3 and shown in the Fig. 3.1. Since the order of 

the cities affects output, we use the ordering of the cities from chapter 3. for all 

experments in this chapter. Again a SUN 3/60 workstation was used. Note that 

the improved version does not define the final tour by an ordered list of cities. Its 



Factors Planar Non-planar 
Levels Tour Length Tour Length 

(1) 8.09289 
a 8.02600 

P 7.92398 
a(5 8.17283 
m 7.88582 

am 7.89612 
l3m 8.70587 
aPm 8.23698 

k 7.92341 
ak 8.31763 
l3k 8.08001 

a/3 k 8.61856 
mk 8.64738 

amk 8.03435 
0mk 8.55879 

apmk 8.55175 

Table 5.1, Tour length for the set 1 

output is the final location of the nodes and then the line segments between the 

nodes define a tour that requires graphing software for visualization and off-line 

calculation for the tour length. 

To guarantee the same quality of solution for different values of a parameter, 

and for the purpose of comparison and consistency with the data obtained in 

chapter 3, we stop the algorithm when there is a band node within a distance 

e = lO""* from each city. 

The results of the experiment are shown in tables 5.1 through 5.5. 

The first column of each table represents the factor combinations. Presence of 



Factors Planar Non-planar 
Levels Tour Length Tour Length 

(1) (.S iQ (8 
a 7.80234 
(3 7.95368 

a/3 7.64362 
m 7.77586 

am 7.84688 
l3m 8.15536 

a(3m 8.09789 
k 7.97293 

ak 7.41142 
,3k 7.92934 

a/3 k 7.66642 
mk 7.74220 

amk 7.83344 
j3mk 8.35796 

a/3mk 8.45780 

Table 5.2, Tour length for the set 2 
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Factors Planar Non-planar 
Levels Tour Length Tour Length 

(1) 6.78461 
q; 7.05329 
/? 7.63125 

ap 7.79602 
m 7.76783 

am 8.04798 
pm 7.78548 

apm 7.86094 
k 6.65871 

ak 7.24557 
(3k 7.45558 

apk 7.36464 
mk 7.04802 

amk 7.06842 
(3mk 7.97708 
apmk 7.97924 

Table 5.3, Tour length for the set 3 



Factors Planar Non-planar 
Levels Tour Length Tour Length 

(1) 8.16281 
a 8.08482 

P 7.82643 
ap 7.88207 
m 8.34800 

am 8.01723 
Pm 8.73195 

aPm 8.93470 
k 8.06589 

ak 8.00604 
pk 7.85212 

apk 7.80323 
mk 8.12276 

amk 7.98390 
Pmk 8.59918 

apmk 9.02901 

Table 5.4, Tour length for the set 4 
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Factors Planar Non-planar 
Levels Tour Length Tour Length 

(1) 7.65132 
a 7.74552 
(3 8.26038 

a(5 8.21563 
m 8.04648 

am 8.38656 
(3m 8.71435 
a (3 m 8.61772 

k 8.02422 
ak 7.89417 
(3k 7.92808 
a (3 k 7.90699 
mk 7.85947 

amk 7.73717 
(3mk 8.01609 

a(3mk 8.43894 

Table 5.5, Tour length for the set 5 



a letter means that the corresponding factor is run at the high level. (1) represents 

all factors at the low level. The entries in the second and third columns are 

the tour lengths. As mentioned in chapter 3, the classification as planar and 

nonplanar is to emphasize that planar tours are preferred. Our goal is to find 

the paraimeter configuration which results in the shortest tour length among all of 

the experiments. These tables do not show any fixed combination of factors that 

produces the shortest tour length for all data sets. Therefore we use statistical 

regression anah'sis to gain insight on the appropriate selections. 

5.4 Regression Analysis 

We use SYSTAT to consider different regression models, and to investigate the 

effects of the parameters and their interactions. The general form of our regression 

models is lineax as follow 

L = L + ̂  Cifi + e (5.4) 

where L is the observed tour length, L is the average observed tour length which is 

a constant, /, represent different factors or their interactions, c,'s ai-e the regression 

coefficients, and e is the error term called the residual and its value is the difference 

between the observed value and the predicted value for L. Note that any statistical 

inference about the output of SYSTAT, requires the regression assumptions: 

• the linear form of the model is correct, and 

• the errors are IID{0,a^) 

Verification of these assumptions by residual plots is discused in the later sections. 

5.4.1 Describing and Interpreting the Regression Output 

We use the regression model given by 5.5 to produce table 5.6. 

L = L + CiQ + C2i3 + Cam + c^k + e (5.5) 
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The null hypothesis for this model and all the following models is that each co

efficient of the factors in the model is zero. In other words it says that there is 

no relationship between the parameters and the tour length, L. Under the null 

hypothesis the distribution of F ratio in the analysis of variance section in table 

5.6 is the F distribution. The significant F ratio at the 1% level ( 7.14793 com

pared to 3.48 < Foi,4,75 < 3.65 ) implies that the pajrameters values are relevant 

for predicting the tour length. Table 5.7 is the result of the addition of "problem 

type" to the analysis. The regression model for this table is given by the equation 

5.6. 

L = L CjQ "t" C2/? "t" c^m -|- 04^ "t" C5E1 + C6^2 "t~ 4" + €• (5.6) 

The F ratio of 18.965 (2.66 < i^.oi,8,7i < 2.82) implies that besides the parameters, 

the tour length "L" may also depends on the problem type. To investigate the 

effects of the interaction between the pcirameters, we use the model given by 5.7. 

L = L + CiQ + C2/3 + CsTU + C4k + CsajS + ceom + Cr0m 

+Csak -i- CQ0k + Ciomk + Cua^m -F c\2Ot0k Ci^amk 

+Ci4f3mk + Cisadmk + e (5.7) 

The output of SYSTAT for this model is given in table 5.8. The F ratio shows 

that addition of the interactions between the parameters weaken the results of the 

ajialysis. At the 1% significant level we can not claim that the value of L depends 

on all the parameters and their interactions. However; if we add the problem type 

by using the model given by 5.8, we can see from the table5.9 that the results is 

changed completely. 

L = L + cia + C2/3 + Cam + C4A; + c^ad + c^am + cjlSm + Cgak 

+Cs^k H- Ciomk + Ciia0m -f cna^k c^amk + CnjSmk 

-\-Cxsai3mk + CiqEI + C17E2 + CisEz + Ci9£'4 + e (5.S) 
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DEP VAR: L H: 80 MULTIPLE R: 0.525 SQUARED MULTIPLE R: 0.276 
ADJUSTED SQUARED MULTIPLE R: .237 STANDARD ERROR OF ESTIMATE: 0.38799 

VARIABLE COEFFICIEHT STD ERROR STD COEF TOLERAHCE T P(2 TAIL) 

COHSTAHT 7.98266 0.04338 0.00000 .18E+03 0.00000 
A 0.01017 0.04338 0.02303 1.00000 0.23438 0.81533 

B 0.16029 0.04338 0.36306 1.00000 3.69521 0.00042 
M 0.16490 0.04338 0.37349 1.00000 3.80139 0.00029 

K -0.02850 0.04338 -0.06455 1.00000 -0.65698 0.51321 

AHALYSIS OF VARIAHCE 

SOURCE SUM-OF-SQUARES DF MEAH-SQUARE F-RATIO P 

REGRESSION 4.30398 4 1.07600 7.14793 0.00006 

RESIDUAL 11.28993 75 0.15053 

Table 5.6, SYSTAT's output for the model5.5 

The F ratio of 8.8565 at the 1% significant level ( 2.20 < F.oi.ia.so < 2.35) implies 

that the parameters and their interactions are relevant for predicting L. Under the 

null hypothesis, the values in T columns of the tables 5.6-5.9 have the t distribution 

with degrees of freedom n — p — 1, where n is the number of cases (80) and p 

is the number of predictors in the model. The last column, p(2 TAIL), is the 

corresponding p-value, the probability of a i this large in absolute value. It is the 

significant level of the corresponding predictor. 

The common property of tables 5.6 - 5.9 is that the coefficients for a,^ and m 

are positive and for K is negative, which implies that for the minimization of the 

tour length, parameters a , 3 and m should be set at their low level and K should 

be set at its high level. 
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DEP VAR: L H: 80 MULTIPLE R: 0.825 SQUARED MULTIPLE R: 0.681 
ADJUSTED SQUARED MULTIPLE R: .645 STAHDARD ERROR OF ESTIMATE: 0.265 

VARIABLE COEFFICIENT STD ERROR STD COEF TOLERANCE T P(2 TAIL) 

CONSTANT 8.090 0.066 0.000 122, .299 0.000 

A 0.010 0.030 0.023 1.000 0, .344 0.732 

B 0.160 0.030 0.363 1.000 5. .418 0.000 

M 0.165 0.030 0.373 1.000 5. .574 0.000 

K -0.028 0.030 -0.065 1.000 -0. .963 0.339 

El 0.139 0.094 0.126 0.625 1. .490 0.141 

E2 -0.183 0.094 -0.165 0.625 -1. .951 0.055 

E3 -0.620 0.094 -0.562 0.625 -6. .626 0.000 

E4 0.125 0.094 0.114 0.625 1. ,341 0.184 

ANALYSIS OF VARIANCE 

SOURCE SUM-OF-SQUARES DF MEAH-SQUARE F-RATIO P 

REGRESSION 10.623 8 1.328 18.965 0.000 

RESIDUAL 4.971 71 0.070 

Table 5.7, SYSTAT's output for the modelo.6 
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DEP VAR: L H: 
ADJUSTED SQUARED MULTIPLE R: 

80 MULTIPLE R: 0.576 SQUARED MULTIPLE R: 0.332 
.175 STAITOARD ERROR OF ESTIMATE: 0.40345 

VARIABLE COEFFICIEHT STD ERROR STD COEF TOLERANCE P(2 TAIL) 

CONSTANT 7, .98803 0 .04557 0. ,00000 , 18E+03 0 .00000 
A 0. .01554 0 .04557 0. ,03520 0 .98000 0 .34104 0 .73419 
B 0, .15492 0 .04557 0. 35089 0 .98000 3 .39990 0 .00117 

M 0. .15952 0 .04557 0. 36132 0 .98000 3 .50098 0 .00085 

K -0. ,02313 0 .04557 -0. 05238 0 .98000 -0 .50753 0 .61353 

AB 0. 00529 0 .04557 0. 01197 0, .98000 0 .11601 0 .90801 

AM -0. 01026 0 .04557 -0. 02323 0, .98000 -0 .22510 0 .82262 

BM 0. 08791 0 .04557 0. 19911 0. .98000 1 .92926 0 .05813 

AK 0. 00844 0 .04557 0. 01911 0. .98000 0 .18521 0 .85365 

BK 0. 00873 0 .04557 0. 01978 0, .98000 0 .19163 0 .84864 

MK -0. 02232 0 .04557 -0. 05055 0, .98000 -0 .48981 0 .62595 

ABM 0. 01960 0 .04557 0. 04440 0, .98000 0 .43020 0, .66849 

ABK 0. 02388 0 .04557 0. 05409 0. .98000 0 .52413 0. .60200 

AMK -0. 00447 0 .04557 -0. 01012 0, .98000 -0 .09805 0, .92220 

BMK 0. 04298 0 .05155 0. 09659 0, ,77778 0 .83377 0, .40751 

ABMK 0. 03676 0 .04557 0. 08326 0, ,98000 0 .80673 0, .42281 

ANALYSIS OF VARIAHCE 

SOURCE SUM-OF-SQUARES DF MEAH-SQUARE F-RATIO P 

REGRESSION 5.17628 15 0.34509 2.12001 0.01978 

RESIDUAL 10.41763 64 0.16278 

Table 5.8, SYSTAT's Output for the model 5.7 
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DEP VAR: L H: 
ADJUSTED SQUARED MULTIPLE R: 

80 MULTIPLE R: 0.859 SQUARED MULTIPLE R; 0.737 
.654 STANDARD ERROR OF ESTIMATE: 0.26137 

VARIABLE COEFFICIENT STD ERROR STD COEF TOLERANCE P(2 TAIL) 

CONSTANT 8 .09556 0 .06547 0 .00000 . 12E+03 0 .00000 
A 0 .01554 0 .02952 0 .03520 0 .98000 0 .52644 0 .60053 

B 0 .15492 0 .02952 0 .35089 0 .98000 5 .24820 0 .00000 

M 0 .15952 0 .02952 0 .36132 0 .98000 5 .40424 0 .00000 

K -0 .02313 0 .02952 -0 .05238 0 .98000 -0 .78343 0 .43645 

AB 0 .00529 0 .02952 0, .01197 0, .98000 0 .17907 0, .85848 

AM -0 .01026 0 .02952 -0, .02323 0, .98000 -0 .34748 0, .72945 

BM 0 .08791 0 .02952 0, .19911 0. .98000 2 .97807 0, .00418 

AK 0 .00844 0 .02952 0, .01911 0. .98000 0 .28589 0. .77595 

BK 0 .00873 0 .02952 0. .01978 0, .98000 0 .29581 0. .76840 

MK -0 .02232 0 .02952 -0. .05055 0. .98000 -0 .75608 0. .45256 

ABM 0 .01960 0 .02952 0. ,04440 0, .98000 0 .66408 0, .50918 

ABK 0 .02388 0 .02952 0. .05409 0. .98000 0 .80907 0. .42167 

AMK -0 .00447 0 .02952 -0. .01012 0. .98000 -0 .15135 0. .88021 

BMK 0 .04298 0 .03340 0. .09659 0. .77778 1 .28704 0. .20302 

ABHK 0 .03676 0 .02952 0, . 08326 0, .98000 1 .24529 0. .21786 

El 0, .13935 0 .09241 0. . 12625 0. .62500 1 .50799 0. ,13680 

E2 -0, .18252 0 .09241 -0, .16537 0. .62500 -1 .97522 0. ,05285 

E3 -0 .61990 0 .09241 -0, .56162 0. 62500 -6 .70831 0. 00000 

E4 0, .12544 0 .09241 0, .11365 0. 62500 1 .35751 0. ,17970 

SOURCE 

REGRESSION 
RESIDUAL 

ANALYSIS OF VARIANCE 

SUM-OF-SQUARES DF MEAN-SQUARE 

11.49517 
4.09874 

19 
60 

0.60501 
0.06831 

F-RATIO 

8.85650 

P 

0.00000 

Table 5.9. SYSTAT's output for the model 5.S 
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DEP VAR: L H: 16 MULTIPLE R: 0.660 SQUARED MULTIPLE R: 0.436 
ADJUSTED SQUARED MULTIPLE R: .231 STAHDARD ERROR OF ESTIMATE: 0.259 

VARIABLE COEFFICIEHT STD ERROR STD COEF TOLERASCE T P(2 TAIL) 

CONSTAHT 8.230 0.065 0.000 126.856 0.000 
A 0.002 0.065 0.008 1.000 0.036 0.972 
B 0.127 0.065 0.442 1.000 1.953 0.077 
M 0.085 0.065 0.297 1.000 1.311 0.216 
K 0.112 0.065 0.391 1.000 1.725 0.112 

ANALYSIS OF VARIAHCE 

SOURCE SUM-OF-SQUARES DF MEAH-SQUARE F-RATIO P 

REGRESSIGH 0.S73 4 0.143 2.128 0.145 
RESIDUAL 0.741 11 0.067 

Table 5.10, Main factors' model for the problem set 1 

Tables 5.7 and 5.9 show that addition of the problem types Ei^ £2, £'3, and E4 

improve the result of the analysis. For example the F ratio increjises significantly. 

This phenomenon leads to the investigation of the effect of the problem type on 

the factors levels. To study this behavior we consider the main factors a, /S, m. 

and K. The regression model 5.6 and its corresponding table 5.7 is the result of 

running SYST.A.T on 80 data points. Then we run SYSTAT for the model 5.5 on 

the 16 data points corresponding to each city set. These results are given in the 

tables 5.10 through 5.14. 

Table 5.15 contains the corresponding coefficient for each factor. For each 

case given in the tables 5.10 through 5.14, there is a column in table 5.15. The 

coefficient of each factor differs from one problem set to another, it may implies 
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DEP VAR: L I: 
ADJUSTED SQUARED MULTIPLE R: 

VARIABLE COEFFICIEHT 

16 MULTIPLE R: 0.736 SQUARED MULTIPLE R: 0.542 
.375 STAHDARD ERROR OF ESTIMATE: 0.209 

STD ERROR STD COEF TOLERAHCE P(2 TAIL) 

CONSTANT 7.908 0.052 0.000 . 151.168 0, .000 

A -0.063 0.052 -0.245 1.000 -1.201 0 .255 

B 0.125 0.052 0.488 1.000 2.391 0, .036 

M 0.126 0.052 0.490 1.000 2.403 0, .035 

K 0.014 0.052 0.053 1.000 0.259 0. ,800 

SOURCE 

REGRESSION 
RESIDUAL 

ANALYSIS OF VARIANCE 

SUM-OF-SqUARES DF MEAN-SQUARE 

0.569 
0.482 

4 
11 

0.142 
0.044 

F-RATIO 

3.249 

P 

0.055 

Table 5.11, Main factors' model for the problem set 2 
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DEP VAR: L If: 
ADJUSTED SQUARED MULTIPLE R: 

VARIABLE COEFFICIEHT 

16 MULTIPLE R: 0.855 SQUARED MULTIPLE R: 0.732 
.634 STAHDARD ERROR OF ESTIMATE: 0.272 

STD ERROR STD COEF TOLERAHCE P(2 TAIL) 

COHSTAHT 
A 
B 
M 
K 

7.470 
0.082 
0.261  
0 .221  

-0 .121  

0.068 
0 .068 
0 .068 
0 .068 
0 .068 

0.000 
0.188  
0 .600  
0.509 

-0.277 

1.000 
1 .000 
1 .000 
1 .000  

109.985 
1.203 
3.842 
3.260 

-1.775 

0 .000 
0.254 
0.003 
0 .008  
0.104 

SOURCE 

REGRESSION 

RESIDUAL 

ANALYSIS OF VARIANCE 

SUM-OF-SQUARES DF HEAH-SQUARE 

2.213 
0.812 

4 
11 

0.553 
0.074 

F-RATIO 

7.496 

P 

0.004 

Table 5.12, Main factors' model for the problem set 3 
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DEP VAR: L N: 
ADJUSTED SQUARED MULTIPLE R: 

VARIABLE COEFFICIENT 

16 MULTIPLE R: 0.735 SQUARED MULTIPLE R: 0.540 
.373 STANDARD ERROR OF ESTIMATE: 0.314 

STD ERROR STD COEF TOLERANCE P(2 TAIL) 

CONSTANT 8 .216 0.079 0.000 104 .576 0 .000 

A 0 .002 0.079 0.005 1, ,000 0. .025 0. ,980 

B 0 .117 0.079 0.303 1, ,000 1. .485 0. ,166 

M 0 .255 0.079 0.664 1. ,000 3. .249 0. ,008 

K -0 .033 0.079 -0.086 1. ,000 -0. .418 0. ,684 

SOURCE 

REGRESSION 

RESIDUAL 

ANALYSIS OF VARIANCE 

SUM-OF-SqUARES DF MEAN-SQUARE 

1.277 
1 .086 

4 
11 

0.319 
0.099 

F-RATIO 

3.234 

P 

0.055 

Table 5.13, Main factors' model for the problem set 4 
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DEP VAR: L IT: 
ADJUSTED SQUARED MULTIPLE R: 

16 MULTIPLE R: 0.809 SQUARED MULTIPLE R: 0.6SS 
.529 STAHDARD ERROR OF ESTIMATE: 0.219 

VARIABLE COEFFICIEHT STD ERROR STD COEF TOLERANCE P(2 TAIL) 

CONSTANT 8.090 0.055 0. .000 148 .063 0 .000 

A 0.028 0.055 0, .090 1, .000 0 .510 0 .620 

B 0.172 0.055 0, .558 1, .000 3 .150 0, .009 

M 0.137 0.055 0, .444 1. .000 2 .505 0. .029 

K -0.115 0.055 -0, .372 1, .000 -2 .098 0. .060 

ANALYSIS OF VARIANCE 

SOURCE SUH-GF-SQUARES DF MEAN-SQUARE F-•RATIO P 

REGRESSION 

RESIDUAL 

0.996 
0.525 

4 
11 

0.249 
0.048 

S.215 0.013 

Table 5.14, Main factors' model for the problem set 5 
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Factors All sets Set 1 Set 2 Set 3 Set 4 Set 5 
a 0.010 0.002 -0.063 0.082 0.002 0.028 

0 0.160 0.127 0.125 0.261 0.117 0.172 
m 0.165 0.085 0.126 0.222 0.225 0.137 
k -0.028 -0.112 0.014 -0.121 -0.033 -0.115 

Table 5.15, Coefficients of the meun factors 

that for these 100 city sets the level of factors are data dependent. In other words, 

for each city set we need different vzdues of the paxameters. 

To investigate this dependency, since we do not know the distribution of the 

data given in table 5.15, we use nonparametric statisticaJ hypothesis testing. We 

assume that the distribution of data is continuous. Our null hypothesis is " the 

level of factors do not depend on the city set" and alternative hypothesis is " the 

level of factors depend on the city set". Note that we cire trying to reject the null 

hypothesis. We apply the sign test to the corresponding data to each factor from 

the table 5.15. 

5.4.2 Sign Test for a 

We would like to test the hypothesis that the median coefficient (or mean, if 

the distribution of data is symmetric) for a is 0.010. Which can be interperted 

as the geometry of the cities have no effect on the value of the a. The formal 

statement of the hypotheses of interest is: 

Ho : fi = 0.010 
; /z ^ 0.010 

If Ho is true, any difference (C,- - 0.010) is equally likely to be positive or negative. 

Therefore let denote the number of these differences that are positive and R~ 

d e n o t e  t h e  n u m b e r  o f  t h e s e  d i f f e r e n c e s  t h a t  a r e  n e g a t i v e .  D e n o t e  R  =  R ~ )  

when Ho is true R has a binomial distribution with parameters n = 5 and p = 0.5. 
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Observation Coefficient Difference Sign 
Ci c.- - 0.010 

1 0.002 -0.008 -

2 -0.063 -0.073 -

3 0.082 4-0.072 -t-
4 0.002 -0.008 -

5 0.028 -fO.018 + 

Table 5.16, Data corresponding to a 

Therefore, we would find a critical value say from the binomial distribution 

that ensures that: 

P(type I error) = P(reject Hq when Ho is true ) = a 

can be found from statistical tables."* If the test statistic /?</?*, then 

the null hypothesis HQ should be rejected. For n > 10 the distribution of R is 

approximately normal with the mean fiR = and = ll(2±ljE2±±l. therefore 

Z = 5r£s. is a standaird norm£d variable and can be used as the test statistic. 

For the data of table 5.15 batches of 16 tour lengthes rather than a single tour 

length were the units of observation. Batching is a useful operational device for 

utilizing the central limit theorem, so that the variable being observed is essentially 

normally distributed. Therefore for n = 5 we would have fiR = 7.5 and an = 3.71 

and z = —1.48. At 5% significant level, the acceptance region would be —1.96 < 

^ < 1.96. Since the observed vaJue of z is within this interval we can not reject the 

null hypothesis. We could also test the hypothesis of interest by directly calculating 

a p value from the binomial distribution. 

in this conte.xt denotes the universal notation for the probability of type I error, and it has 
no relation with the parameter a in the algorithm. 

"•When a test statistic has a discrete distribution, such as R does in the sign test, it may be 
impossible to choose a critical value /Z* that has a level of significant exactly equal to a. The 
usual approach is to choose /2* to yield an q as close to the advertised level a as possible. 
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Observation Coefficient Difference Sign 
Ci Ci — 0.160 

1 0.127 -0.033 
2 0.125 -0.035 
3 0.261 +0.101 + 
4 0.117 -0.043 
5 0.172 +0.012 + 

Table 5.17, Data corresponding to j3 

From table 5.16, = 2 and = 3 therefore R = mm(2,3) = 2. Thus the 

probability of observing 2 or fewer positive signs in a sample of 5 observations is 

Since the p value is not less than the desired level of significajice (a = 0.05 Or 

a = 0.01 ) we can not reject the null hypothesis. In other words one value of q 

works for all of the five city sets. 

From table 5.17, = 2 and R~ = Z and R = min{'2,3) = 2. Therefore, 

exactly by the same calculation done in the previous section we can not reject the 

null hypothesis. Thus the value of 13 does not depend on the geometry of the city 

set. 

5.4.4 Sign Test for m 

We would like to test the hypothesis that the median coefficient for m is 0.165. 

Ho : fi = 0.165 
Hi : fi 7^ 0.165 

(5.9) 

5.4.3 Sign Test for /5 

The formal statement of the hypotheses of interest is: 

Ho : /i = 0.160 
Hi : fL 0.160 
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Observation Coefficient Difference Sign 
Ci c, - 0.165 

1 0.085 -0.08 -

2 0.126 -0.039 -

3 0.222 -f-0.057 + 
4 0.225 -0.060 + 
5 0.137 -0.028 -

Table 5.18, Data corresponding to m 

Observation Coefficient Difference Sign 
Ci c.- -h 0.028 

1 -0.112 -0.084 -

2 0.014 0.042 + 
3 -0.121 -0.093 -

4 -0.033 -0.005 -

5 -0.115 -0.087 -

Table 5.19, Data corresponding to k 

From table 5.18, = 2 and R~ = Z therefore R = mm(2,3) = 2. Thus by 

the same reeisoning used for a we can not reject the null hypothesis. 

5.4.5 Sign Test for k 

We would like to test the hypothesis that the median coefficient for k is -0.028. 

Ho : fi = -0.028 
Hi : ft ^ -0.028 

From table 5.19, = 1 and R~ = A therefore R = mzn(l,4) = 1. Thus the 

probability of observing 1 or fewer positive signs in a sample of 5 observations is 

P i R  ̂  1) = E 
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Figure 5.4, Plot of tour length vs. predicted values. 

Since the p value is not less than the desired level of significance {oc = 0.05 Or 

a = 0.01 ) we can not reject the null hypothesis. 

5.4.6 Using Residual Plots to Verify Assumptions 

Figures 5.4 through 5.10 show different plots for the model 5.8. We use these 

plots to verify the regression assumptions and to «issess model adequacy. Fig.5.4 

"plot of tour lengths against the predicted values" shows that the regression fits the 

data fairly well. Fig.5.5 "plot of residuals against the predicted values" magnifies 

the vertical spread of the data, and it does not reveal any unusual or diagnostic 

pattern. The normal probability plot of the residuals in Fig.5.6 does not indicate 

a severe problem with the normality assumption. Figures 5.7, 5.8, 5.9 and 5.10 do 

not indicate any unusual variability for any of the factors 

5.5 Effects of the Initial Ordering of the Cities 

In the improved edition of the algorithm, as well as the original elastic net 

algorithm, the order of presenting cities matters. Each city should be chosen 

only once during one complete iteration "changing k to the next level". This order 
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Figure 5.5, Plot of residuaJs vs. predicted values. 
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Figure 5.6, Normal probability of the residuals. 
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Figure 5.7, Plot of residuals vs. levels of a 

Figure 5.8, Plot of residuals vs. levels of 
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Figure 5.9, Plot of residuals vs. levels of K 
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Figure 5.10, Plot of residuals vs. levels of m 
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Factors 
Levels 

Order 
Number 1 

Order 
Number 2 

Order 
Number 3 

Order 
Nimiber 4 

(1) 8.09289 8.05713 8.07530 7.98695 
a 8.02600 8.29159 7.90711 8.07823 
/s 7.92398 8.86568 8.01422 7.98178 

aP 8.17283 7.68355 8.09149 8.10833 
m 7.88582 8.15473 8.11761 7.99047 

am 7.89612 9.02781 8.47526 8.01550 
(5m 8.70587 8.07739 8.24519 8.58835 

ajdm 8.23698 8.08128 8.79255 8.58068 
k 7.92341 7.85065 8.28973 7.96750 

ak 8.31763 8.11051 8.20195 7.95882 
(5k 8.08001 8.89365 7.93584 7.88966 
a (5k 8.61856 7.68177 8.13972 7.64154 
mk 8.64738 8.39913 8.37598 7.99560 

amk 8.03435 8.29655 8.28767 8.03499 
(5mk 8.55879 8.18049 8.19351 8.60078 

a(5mk 8.55175 7.96669 8.40574 8.15560 

Table 5.20, Tour length for different ordering on the set 1 

may be chosen at rajidom before calculation starts and kept fixed during the whole 

process. Starting calculation with different sets of initial order will lead to different 

solutions. Table 5.20 shows the results for four different orderings on set 1. The 

first ordering is the random permutation used in previous sections , second , third 

and fourth orders are the result of application of nearest neighbor algorithm on 

the first order starting from three different cities. For the purpose of comparison 

and consistency we use the sajne permutation of the cities that we used to obtain 

the data for chapter 3. 
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Obser\'atioii Original Algorithm Improved Version 
1 146.19 7.78 
2 167.73 7.93 
3 134.13 8.06 
4 146.98 8.35 
5 340.71 14.26 
6 301.27 14.80 
7 367.24 13.95 
8 315.73 14.10 
9 2001.89 65.11 
10 2306.52 66.71 
11 2003.89 64.58 
12 1902.88 67.23 
13 3433.88 121.08 
14 3424.05 122.10 
15 4066.29 114.40 
16 3625.93 115.03 

Table 5.21, User time in seconds for the original and improved algorithm on set 1 

5.6 Comparison With the Elastic Net Algorithm 

At the beginning of chapter 3 we dropped execution time from our objectives, 

because of the inaccurate measurements. However it is worthwhile to make a 

comparison on the execution times of two algorithms. This comparison gives better 

understanding of the two time complexity functions, Zmn and n(m + 2p + 2^ + 2). 

and also it shows how improved version outperforms the original one. Table 5.21 

shows the average ® user time on SUN 3/60 for the 2"* different combination of 

the parameters on set 1. Table 5-21 indicate that the improved version is at least 

twenty times faster than the original elastic net method. 

^Average is taken over three runs at three different time periods 
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observations L Q  L I  0
 

1 rank of \ L I  —  L Q \  signed ranks/?, 
1 8.42557 8.09289 -0.33268 8 -8 
2 8.46501 8.02600 -0.43901 9 -9 
3 8.44977 7.92398 -0.52579 11 -11 
4 8.46393 8.17283 -0.29110 4 -4 
5 8.63784 7.88582 -0.75202 14 -14 
6 8.67349 7.89621 -0.77728 15 -15 
7 8.39259 8.70587 0.31328 7 7 
8 8.46140 8.23698 -0.22442 2 -2 
9 8.00371 7.92341 -0.08030 1 -1 

10 8.01965 8.31763 0.29798 5 5 
11 7.63467 8.08001 0.44534 10 10 
12 7.81247 8.61856 0.80609 16 16 
13 8.34482 8.647.38 0.30256 6 6 
14 8.32302 8.03435 -0.28867 3 -3 
15 7.99076 8.55879 0.56803 13 13 
16 8.01445 8.55175 0.53730 12 12 

E/2. = 2 

Table 5.22, Comparison of the elastic net method and the improved version by 
Wilcoxon sign rank test on set I 

To make a statistical comparison on the tour length we use Wilcoxon Sum Rank 

test. Let LQ be the tour length for the original elastic net method and L\ be the 

tour length for the improved version. We assume that (Z,i — Z,o) is a continuous 

variable with a symmetric distribution and each pair (Li, Lq) represents a random 

sample from a bivariate distribution. 

The null hypothesis is that there is no difference on the average tour length 

between the  improved vers ion  and  the  or ig ina l  e las t ic  ne t  method ,  i . e .  H Q  :  

E{LI) = E{LQ), and the alternate hypothesis is HI : E{LI) < E[LQ), i.e. the 

improved version produces shorter tour length. This is a one sided (lower-tail) 

hypothesis test. The null hypothesis should be rejected at a significance level if 

W = LII < ^VQ where WA is the critical value obtained from statistical tables. 
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observations Lo Li 0
 

1 rank of |Li — Lo| signed ranks/?, 
1 7.91565 7.87678 -0.03887 3 -3 
2 8.07364 7.80234 -0.27130 9 -9 
3 8.01407 7.95363 -0.06044 5 -5 
4 8.00343 7.64362 -0.35981 12 -12 
5 8.03863 7.77586 -0.26277 8 -8 
6 8.52220 7.84688 -0.67532 15 -15 
7 8.11203 8.15536 0.04333 4 4 
8 8.12373 8.09789 -0.02584 2 -2 
9 7.66760 7.97293 0.30533 10 10 

10 7.72612 7.41142 -0.31470 11 -11 
11 7.38814 7.92934 0.54120 13 13 
12 7.64488 7.66642 0.02154 1 1 
13 7.86255 7.74220 -0.12035 7 -7 
14 7.94898 7.83349 -0.11549 6 -6 
15 7.76121 8.35796 0.59675 14 14 
16 7.72964 8.45780 0.72816 16 16 

= -20 

Table 5.23, Comparison of the elastic net method and the improved version by 

VVilcoxon sign rank test on set 2 



observations L Q  Li { L \  —  L Q )  rank oi \Li — L Q \  signed ranksi?, 
1 7.25849 6.78461 -0.47388 12 -12 
2 7.51270 7.05329 -0.45941 11 -11 
3 7.15130 7.63125 0.47995 13 13 
4 7.43157 7.79602 0.36445 7 7 
5 7.58690 7.76783 0.18093 3 3 
6 7.77900 8.04798 0.26898 5 5 
7 7.41464 7.78548 0.37084 8 8 
S 7.64823 7.86094 0.21271 4 4 
9 7.48413 6.65871 -0.82542 16 -16 
10 7.55028 7.24557 -0.30471 6 -6 
11 7.38628 7.45558 0.06930 2 2 
12 7.39366 7.36464 0.02902 1 1 
13 7.55085 7.04802 -0.50283 14 -14 
14 7.72041 7.06842 -0.65199 15 -15 
15 7.51842 7.97708 0.45866 10 10 
16 7.53017 7.97924 0.44907 9 9 

Ei?. = -12 

Table 5.24, Comparison of the elastic net method and the improved version by 

VVilcoxon sign rank test on set 3 



observations Lo 0
 1 rank oi \Li — Lo\ signed ranks/?, 

1 8.25017 8.16281 -0.08736 4 -4 
2 8.17305 8.08482 -0.08823 5 -5 
3 8.44199 7.82643 -0.61556 13 -13 
4 8.20613 7.88207 -0.32406 9 -9 
5 8..33206 8.34800 0.01594 1 1 
6 8.41364 8.01723 -0.39641 12 -12 
7 8.35285 8.73195 0.37910 11 11 
8 8.12965 8.93470 0.80505 15 15 
9 8.13457 8.06589 -0.06868 3 -3 

10 8.11SS4 8.00604 -0.11280 6 -6 
11 7.73S87 7.85212 0.11325 7 7 
12 8.05120 7.80323 -0.24797 8 -8 
13 8.16964 8.12276 -0.04688 2 -2 
14 8.62785 7.98340 -0.64445 14 -14 
15 8.22448 8.59918 0.37470 10 10 
16 8.09517 9.02901 0.93384 16 16 

= -16 

Table 5.25, Comparison of the elastic net method and the improved version by 

Wilcoxon sign rank test on set 4 



observations L I  ( L I  -  L O )  rank of \ L \  —  L Q \  signed ranks/?, 
1 8.31045 7.651.32 -0.65913 15 -15 
2 8.17799 7.74552 -0.43247 11 -11 
3 8.01883 8.26038 0.24155 7 7 
4 7 . S 6 Z S 3  8.21563 0.35180 10 10 
5 8.32888 8.04648 -0.2824 9 -9 
6 8.56441 8.38656 -0.17785 4 -4 
7 8.16522 8.714.35 0.54913 13 13 
S 8.11469 8.61772 0.50303 12 12 
9 7.86949 8.02422 0.15473 3 3 
10 7.92757 7.89417 -0.03340 2 -2 
11 7.72591 7.92808 0.20217 5 5 
12 7.93002 7.90669 -0.02333 1 -1 
13 8.12504 7.85947 -0.26557 8 -S 
14 8.63257 7.73717 -0.89540 16 -16 
15 7.81059 8.01609 0.20550 6 6 
16 7.88539 8.43894 0.55355 14 14 

=4 

Table 5.26, Comparison of the elastic net method and the improved version by 

Wilcoxon sign rank test on set 5 
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or if n is large (n > 10) it can be approximated by 

Wa = z{a)\Jn{n + l)(2n + l)/6 

where z [ a )  is the standard normal z value such that a proportion (q) of the area 

is to the left of ^(a). If we let a = 0.05 then for each city set reported on the 

tables 5.22 through 5.26 we have 1^0.05 = (—1.645)(38.68) = —63.625. . Since for 

all cases W = 51, RI > W^.os, we can not reject the null hypothesis. In other words 

the improved version is equivalent to the original algorithm cis measured by the 

tour length. 

5.7 Summary 

In this chapter we developed a new algorithm, by integrating the idea of self 

organizing feature map into the elastic net algorithm. Only those nodes which are 

within a predefined neighborhood of a city are updated. Using factorial design 

and regression analysis we found the values of the algorithm parameters. The 

execution time of the improved version is significantly smaller than the original 

algorithm. Using nonparametric hypothesis testing we concluded that on the av

erage the improved algorithm produces the same tour length as the original one. 

We also showed that the order of presenting cities into the algorithm affects the 

tour length. 



Chapter 6 A Neural Network Approach to the 
Vehicle Routing Problem 

6.1 Introduction 

The distribution activities of a firm comprise ail movements and storage of 

goods "downstream" from the plants. The last step in these movements ( from dis

tribution centers to customers) is the most costly link of the distribution chain[24]. 

For this step to be carried out effectively, the firm must approach the planning and 

execution of its transportation activities in a rational manner in full view of the 

economies involved. These issues are in no way limited to the private sector. The 

location/distribution problem arises in various public services, for example, solid 

waste collection, mass transit systems, and emergency unit locations and dispatch

ing. The importance of distribution problems is evident from the magnitude of the 

associated distribution costs. Surveys by Keamy[45] show that physical distribu

tion costs account for about 16% of the sale value of an item. Of this about 1/4 

is due to downstream distribution of the final product from distribution centers to 

customers. Therefore, the costs aissociated with operating vehicles and crews for 

delivery purposes form an important component of totai distribution costs. Con

sequently small percentage savings in these expenses could result in substantial 

savings [12]. 

The basic or classical vehicle routing problem eisks for a set of vehicle routes. 

Each vehicle starts at a central depot, services a subset of customers, and then 

returns to the depot. The union of the set of routes minimizes total distance 

traveled. The demand at each node is assumed to be deterministic and each 

vehicle has a known capacity. No demand exceeds capacity of any vehicle and 

partial fulfillment of a demand by a vehicle is not allowed. VRP is a foundation 

model for many routing and material distribution problems. 
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6.2 VRP Formulations 

There are variety of integer programming models for the basic VRP. In this 

section we explain two basic formulations [51], namely a vehicle flow based formu

lation, and a commodity flow based formulation. For the remainder of this section 

we let: 

• NV: The number of capacitated vehicles available. 

• n: The number of nodes (customers). 

• x: The x coordinate of a node 

• y: The y coordinate of a node 

• J,: The demand of node (customer) i. 

• Cij-. The cost (distance) of any vehicle's traveling from node i to node j. 

• A't,: Capacity of vehicle u (nonhomogeneous vehicle problem). 

• K: Capacity of any vehicle ( homogeneous vehicle problem). 

• Node 0 (zero): The location of the depot. 

6.2.1 Vehicle Flow Based Formulation 

This formulation [28] is an extension of the assignment based formulation of 

the TSP. Let: 

y _ J 1 if vehicle v travels from node i to nodej 
1 0 otherwise 

The formulation then can be given follow: 

minimize ^"=0 Ei=o c,"; 
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subject to: 
NV n 

E E 4  =  1 '  j = 0 , l , . . . . n  ( 6 . 1 )  
l«rl 1=0 
NV n 

E E 4  =  1 '  i = 0 , l , . . . , n  ( 6 . 2 )  
u=lj=0 

t=0 J=0 

v = l,2,...,NV (6.4) 
i=i 

E<^.(E2:,y </U, i; = l,2 NV (6.5) 
t=l j=0 

i - ,e{0,1},  allz,j> (6.6) 

X G S. (6.7) 

Constraints 6.1- 6.3 insure that one, and the same, vehicle enters and leaves 

each demand node. Inequality 6.4 guarantees that at most NV vehicles leave the 

depot. Inequality 6.5 insure that capacity of each vehicle is not exceeded. The 

last condition, 6.7 which is imposed on the matrix X with entries x^j prohibits 

subtours not containing the depot. There are several possible ways to fulfill this 

condition. For example S might be the union of one of the following sets Sv defined 

by: 

$ \Q\ — 1 for every nonempty subset Q of {1.2,....n}} 
iGQjBQ 

Si, = ^ ^ 1 for every nonempty subset Q of {l,2,...,n}} 
'£<3 jiQ 

6.2.2 Commodity Flow Based Formulation 

This formulation [26] combines assignment constraints, for modeling vehicle 

movements together with multicommodity flow constraints that model movements 

of goods. Let: 



{1 if a vehicle moves from demand node i to j 
0 otherwise 

j/ij : amount demand destined for node k 
transported from node i to node j. 

The formulation is given by: 

minimize Er=o T.]=o 

subject to: 

= j = l,2,...,n (6.S) 
1=0 

= z = l,2,...,n (6.9) 
j=0 

j2xoj<NK (6.10) 
j=i 

t4-t4= {o'' 

jZy-i<Kxii z^i = 0,l. . ,n (6.12) 
fc=i 

yfj > 0 allz,7,fc (6.13) 

allz.j .  (6.14) 

The first two sets of constraints insure that exactly one vehicle enters and leaves 

each demand node. Constraint 6.10 restricts the number of available vehicles, 6.11 

are mass balance constraints modeling the movement of goods and 6.12 insures 

that good movement from i to j does not exceed vehicle capacity, and . if no 

vehicle travels from i to j , i.e. i,j = 0, then no goods are shipped on this link. 

To extend this formulation to nonhomogeneous fleets, 6.S - 6.10 can be replaced 

by 6.1 - 6.5 and 6.13 should be repeated NV times with replacing I\T,J in 

the vth repetition. 
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There are two general solution strategies to VRP. namely exact procedures and 

heuristic procedures 

• Exact Methods 

Typical procedures from this family use an integer programming formulation 

of the VRP and find its optimal solution by application of branch and bound, 

dynamic programming or cutting plane methods [16]. Different relaxation 

procedures " Lagrangian, LP, Spanning Tree, and Shortest Path" are em

bedded within a branch and bound approach to yield an exact procedure. 

The size of the problems that can be solved by exact methods are relatively 

small compared to the current real world applications of the VRP. To our 

knowledge, the largest V^RP solved by an exact method is about 25 cus

tomers, while some heuristic methods are able to solve problems with lOO's 

of customers. 

• Heuristic Methods 

For these procedures there is no guarantee of optimality. however they are 

fast and effective on the targeted class of the problems. These methods can 

be divided into the following approaches: 

1. Cluster first - route second 

These approaches cluster (group) the demand nodes according to the fleet 

size or capacity of the vehicles. Then they design a minimal route for each 

cluster by using one of the TSP's solution procedures. 

2. Route first - cluster second 

'For the detail of these procedures see [12] and references cited there. 
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In the first step of these methods, a large (usually infeasible) route is con

structed over all of the demand nodes. Then the large route is divided into 

smaller feasible routes. 

3. Insertion 

An insertion procedure on a route taJces a subtour and a node at iteration h 

and attempts to determine which node (not already in any subtour) should 

join the subtour next (the selection step) and then determines where in the 

subtour it should be inserted 

4. Improvement or exchange 

.A.t each step one feasible solution is altered to yield a better solution with 

reduced cost. The procedure is terminated when no more cost reduction is 

possible. 

0. Interactive optimization 

In this approach, knowledge and intuition of an experienced decision maker 

is used interactively with the optimization model. 

6. Mathematical programming 

The VRP is formulated as a mathematical program with some interrelated 

components that use existing heuristic (or exact) solution methods. For 

example Fisher and Jaikumar [23] formulate the basic VRP with two com

ponents. One component is TSP (routing) and the other is a generalized 

assignment (clustering) problem. 

6.4 A Neural Net Heuristic 

In 5.1 we e.xplained the concepts of the Self Organizing Feature Map algorithm 

(SOFM). This algorithm can be viewed as a clustering and classification algorithm. 
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No. X y d 

1 190 210 100 
2 ISO 220 200 
3 170 210 300 , 
4 160 250 100 
5 120 220 50 
6 130 210 150 
7 110 190 75 

"Maximum load: 600. Depot coordinates: 150, 200. 

Table 6.1, Data of example 1 

We can use this approach for VRP by partitioning the demand nodes into :VV' 

clusters, where some may violate the vehicle capacity constraint. We explain our 

heuristic by the following example. Our data is given in table 6.1. Figure 6.1 

shows the locations of the demand nodes and the depot. 

We start w^ith the lower bound for N V .  We need at least rf,/A'] = [950/600] 

= 2 trucks. Figure 6.2 shows the structure of the neural network, a two layer 

Kohonen network, with two input nodes for the coordinates of the demand nodes 

and NV output nodes to represent clusters (trucks). Each row of the 2*A'V' weight 

matrix W = [tu.j] represents a cluster (truck). In order to use the SOFM algorithm 

the weight matrix W must be initialized. Two weight vectors l-Fj = (u'ii,it'i2) and 

W2 = iw2i,w22) must be chosen, this can be done by: 

• random selection: within the boundary of the data points. 

• the coordinate average of the data points i.e. Wi = 1^2 = (H ^i/"-H 2/i/") 

for our example Wi = W2 = (151.4,215.7) 

• using the idea of interactive optimization, divide the demand nodes into the 

W clusters. The average of coordinates of nodes in the ith cluster, is then 
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Figure 6.1, Locations of the demand nodes and the depot of example 1. 
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y coordinate 

X coordinate 

O 

o 

two input nodes NV output nodes 

Figure 6.2, A SOFM network for the solution of VRP 

used to initiate the i t h  row of W .  For our example W i  = (175,222.5) and 

W2 =(120,206.7) 

After initializing W ,  the neurai network must be trained. In other words W  

must be updated such that each row, Wi, represents the centroid of a cluster to the 

best extent. Network training is an important issue, and the following guidelines 

may be used: 

• If the distribution of the demand nodes is known, it should be used to gener

ate training data sets. However in most cases this distribution is not known. 

• We may alter coordinates of the demand nodes, without disturbing the struc

ture of the clusters involved, to generate our training data. Our experiments 

suggest that: to produce an excellent representation of the cluster centroids. 

it is necessary to have equal number of data points related to each cluster in 

the training data. 
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The last initialization approach for W reduces computational time, to find clus

ters and also tends to produce disjoint clusters that yield better overall solutions. 

When the learning period is over (see 5.1), each row of W represents the centroid 

of each cluster. For our example Wi = (151,214) and IV2 = (119,207). Now 

we sequentially introduce the demand nodes to the network. The association of 

each demand node to a cluster is determined based on the minimum Euclidean 

distance between the demand node and the corresponding cluster centroid. Since 

the demand node (1) is closest to Wi, it will be assigned to truck (1). After as

signing a demand node to a truck, we measure the remaining capacity (RCv) of 

the truck. If RCt, = 0, we set the centroid of the corresponding cluster to a large 

value and eliminate the cluster from further consideration. Following our example 

[RC\ = 500]. Second and third demand nodes will be assigned to truck (1), at this 

point [RCi = 0] and we inflate W^. We enter demand node (4), and even though it 

is in the region of the cluster (1), it will be assigned to cluster (2) because cluster 

(1) is already filled. Demand nodes (5), (6), and (7) will be assigned to cluster(2) 

as well. The process is terminated when we consider all the demand nodes. Table 

6.2 shows our network's output for the example 1. 

Now we construct a new list of demand nodes given in table 6.3 by swapping 

the third and the forth demand nodes in table 6.1 We staxt the process on the new 

list, demand nodes (1), (2), and (3) will be assigned to the cluster (1) [RC\ = 200]. 

Demand node (4) can not be assigned to this cluster, because its demand is 300. 

At this point we add the demand node (4) to the end of the list and we keep track 

of the cluster which is infeeisible for this node [cluster(l)]. We continue the process, 

demand nodes (5), (6), and (7) will be assigned to the cluster (2) [RC2 = 275]. 

Now we sequentially consider those demand nodes that are added to the end of the 

list, demand node (4), we will find the next best fecisible cluster to be cissigned to 

it. If no fecisible cluster is available we need to add one more available cluster (this 



Customer 1 is served by truckl 

Customer 2 is served by truckl 

Customer 3 is served by truckl 

REMAINING CAPACITY OF TRUCK 1 is : 0.000 

Customer 4 is served by truck2 

Customer 5 is served by truck2 

Customer 6 is served by truck2 

Customer 7 is served by truck2 

LOAD OF TRUCK 1 is : 600.000 

LOAD OF TRUCK 2 is : 375.000 

Table 6.2, Output of our network for the example 1 
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No. X y d 

1 190 210 100 
2 180 220 200 
3 160 250 100 
4 170 210 300 
5 120 220 50 
6 130 210 150 
7 110 190 75 

"Maximum load: 600. Depot coordinates: 150, 200. 

Table 6.3, A new list from example 1 

corresponds to adding a truck) and start the process all over. Table 6.4 shows the 

output of the network for the new list. When clustering aissignment is done, we 

apply the improved elastic net method to route members of each cluster. 

We summarize our procedure as follows: 

0) Construct a list of the n demand nodes. Initialize W  and N V .  Set ^- = 1 

and RCy = Kv 

1) Use the SOFM algorithm to update W .  

2) Enter the kth member of the list to the network, if A: > n go to step 5 else 

assign it to the closest cluster (truck) k' . 

•3) If the above assignment in step 2 is feasible, i.e. RCk- > 0 set k = k + l and 

continue with step 2. When RCk- = 0, set {wik-,i02k') to a large value, and 

go to the step 4. 

4) Move the kth member to the end of the list, record the infeasibility of the 

cluster k' for this member set k = k + 1, and continue with step 2 

5) .Assign the kth member to the next best feasible cluster.^ . if RCf. = 0. set 



Customer 1 is served by truckl 

Customer 2 is served by truckl 

Customer 3 is served by truckl 

REMAINING CAPACITY OF TRUCK 1 is : 200.000 

Customer 4 is served by truck2 

Customer 5 is served by truck2 

Customer 6 is served by truck2 

Customer 7 is served by truck2 

LOAD OF TRUCK 1 is : 400.000 

LOAD OF TRUCK 2 is : 575.000 

Table 6.4, Output of our network for the new list from exannple 1 
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(w^j^, iWjfc) to a large value. If no feasible cluster exists for the kth member, 

set NV = JVV + 1 and return to step 0 

6) Stop if list is empty 

7) Apply the improved elastic net to route each cluster. 

6.5 Computational Results: 

From the example 1 we learned that the method of ordering of the demand 

nodes in the network is important to the solution produced. In general the way 

to get the most out of a neural network is to prepare data properly and assist the 

network to obtain the best possible answer. In all cases considered here we sorted 

the demand nodes by the absolute value of their polar angles meaisured from a 

horizontal line through the depot. The application of this list produced shorter 

total tour lengths. 

We have applied our heuristic to the following four exajnples from Gaskell [26]. 

Data of these examples are given on tables 6.5 through 6.8. 

Our heuristic is always able to find a fecisible solution with the lower bound 

value for the number of vehicles. Table 6.9 gives a solution of example 3 with 3 

vehicles, and figure 6.3 depicts the solution. 

For the purpose of comparison we applied the same number of vehicle to these 

examples as reported by Gillett[28]. Our solutions are given in tables 6.10 through 

6.13. Even though the total mileages produced by our heuristic for all of the 

examples are less than those reported by Gillett[28], we can't compare them since 

our heuristic does not limit the maximum mileage of any route. 

Table 6.14 compares our results for examples 1 and 3 with other methods 

reported by Gillett[28]. 



No. X y d No. x y d 

1 151 264 1100 12 156 217 1300 
2 159 261 700 13 129 214 1300 

3 130 254 800 14 146 208 300 
4 128 252 1400 15 164 208 900 

5 163 247 2100 16 141 206 2100 

6 146 246 400 17 147 193 1000 

7 161 242 800 18 164 193 900 

8 142 239 100 19 129 189 2500 

9 163 236 500 20 155 185 1800 

10 148 232 600 21 139 182 700 

11 128 231 1200 

"Maximum load: 6000. Depot coordinates: 145, 215. 

Table 6.5, Data of example 2 

No. X y d No. X y d 

1 295 272 125 12 267 242 300 

2 301 258 84 13 259 265 250 

3 309 260 60 14 315 233 500 

4 217 274 500 15 329 252 150 , 

5 218 278 300 16 318 252 100 

6 282 267 175 17 329 224 250 

7 242 249 350 18 267 213 120 

8 230 262 150 19 275 192 600 

9 249 268 1100 20 303 201 500 

10 256 267 4100 21 208 217 175 

11 265 257 225 22 326 181 75 

"Mjiximum load: 4500. Depot coordinates: 266, 235. 

Table 6.6, Data of example .3 
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N*o. x y d No. X y d 

1 218 382 300 16 119 357 150 
2 218 358 3100 17 115 341 100 
3 201 370 125 18 153 351 150 

4 214 371 100 19 175 363 400 

5 224 370 200 20 180 360 300 

6 210 382 150 21 159 331 1500 
7 104 354 150 22 188 357 100 

8 126 338 450 23 152 349 300 

9 119 340 300 24 215 389 500 

10 129 349 100 25 212 394 800 

11 126 347 950 26 188 393 300 

12 125 346 125 27 207 406 100 

13 116 355 150 28 184 410 150 

14 126 335 150 29 207 392 1000 

15 125 355 550 

"Maximum load: 4500. Depot coordinates: 162, 354. 

Table 6.7, Data of example 4 

410 

400 

390 

370 

360 

3SQ 

340 

330 
240 200 220 180 160 too 120 140 

Figure 6.3, A feasible solution of example 4 with 3 routes. 



No. X y d No. x y d 

1 298 427 700 17 297 410 550 
2 309 445 400 18 315 407 650 
3 307 464 400 19 314 406 200 
4 336 475 1200 20 321 .391 400 
5 320 439 40 21 321 398 300 

6 321 437 80 22 314 394 1300 

7 322 437 2000 23 313 378 700 

8 323 433 900 24 304 382 750 

9 324 433 600 25 295 402 1400 

10 323 429 750 26 283 406 4000 

11 314 435 1500 27 279 399 600 

12 311 442 150 28 271 401 1000 

13 304 427 250 29 264 414 500 

14 293 421 1600 30 277 439 2500 

15 296 418 450 31 290 434 1700 

16 261 384 700 32 319 433 1100 

"Maximum load: 8000. Depot coordinates: 292,425. 

Table 6.8, Data of example .5 

No. Route Miles Load 

1 0-22-2-5-4-1-6-3-20-0 157 4375 

2 0-19-29-24-25-27-28-26-12-8-23-0 253 4125 

3 0-18-14-15-16-13-7-17-9-10-11-21-0 156 4250 

Total mileage 566 

Table 6.9, \ feasible solution of example 4 with .3 routes. 



No. Route Miles Load 
1 0-12-9-7-2-6-3-8-13-0 158 5900 
2 0-5-1-4-11-0 128 5800 
3 0-10-15-18-17-16-14-0 105 5800 
4 0-19-21-20-0 91 5000 

Total mileage 482 

Table 6.10, A feasible solution of example 2. 

No. Route Miles Load 
1 0-12-11-6-1-2-3-16-15-14-17-22-20-19-18-0 290 3264 
2 0-13-10-0 68 4350 
3 0-9-5-4-8-7-0 137 2400 
4 0-21-0 121 175 

Total mileage 616 

Table 6.11, A feasible solution of example 3. 

No. Route Miles Load 
1 0-22-2-5-4-1-6-3-20-0 157 4375 
2 0-19-29-24-25-27-28-26-0 174 3250 
3 0-23-18-11-12-10-17-9-8-21-0 123 3975 
4 0-14-15-16-7-13-0 117 1150 

Total mileage 571 

Table 6.12, A feasible solution of example 4. 



No. Route Miles Load 
1 0-1-13-11-5-6-7-8-9-10-32-0 78 7920 
2 0-2-3-4-12-18-21-20-23-24-22-19-17-14-0 257 7450 
3 0-31-30-25-14-0 79 7200 
4 0-29-16-28-27-26-0 117 6800 

Total mileage 531 

Table 6.13, A feasible solution of example 5. 

Ex. Nodes Method A Method B Method C Method D Ex. Nodes 
sol. Rts. sol. Rts. sol. Rts. sol. Rts. 

1 
3 

21 
29 

598 
963 

4 
4 

585 
875 

4 
4 

591 
875 

4 
4 

481 
570 

4 
4 

Method A: Gaskell's saving, multiple approach. 

Method B: Christofides and Eilon's 3-opt. approach. 

Method C: Gillett and Miller best sweep solution. 

Method D: Our neural network heuristic 

Table 6.14, Comparison of our method with other methods 



174 

6.6 Summary 

Our heuristic is a new neural network approach to the basic VRP. It shows a 

potential and produces better solutions and shorter total mileage, for medium size 

problems. Because of the graphic nature of the solution produced by the improved 

elastic net algorithm, our heuristic may require more time than its competitors to 

produce a solution. Our computational results indicate that our heuristic outper

forms existing methods by producing a shorter totaJ tour length. 
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Chapter 7 Conclusion and Future Work 

In this dissertation we have investigated diflFerent methods for improving the 

elastic net method, a neuraJ network heuristic for the solution of the TSP. We also 

developed two neuraJ networks heuristics for the solution of the TSP and the basic 

VRP. Chapter 2 explains convergence and stability of the elastic net method. We 

proved that the limiting valiies of the connection weights between a converging 

node to a city and that city is one and the connection weights between a noncon-

verging node to a city and that city is zero. Based on our extensive numerical 

experiments, we found that after a small number of iterations the majority of the 

connection weights are zero and this phenomena gave us intuition for developing 

an improved version of the heuristic. In chapters 3 and 4, by application of sta

tistical analysis, the effects of the parameters and initializing the elastic net with 

different geometrical curves were investigated. We found that cdl of these have 

little effect on the heuristic. Chapter 5 explains our improved heuristic for TSP. 

We form a hybrid of the elastic net method and the self organizing feature map 

algorithm. Our improved heuristic on average reduces the execution time by a 

factor of more than 10 without reducing solution quality. Chapter 6 describes 

our neural network heuristic for VRP. We implement a cluster first- route second 

approach where clustering is accomplished by a self organizing feature map algo

rithm, and the capacity constraint is implemented by moving the cluster centroid 

away from any additional customers. The improved elastic net method is used to 

route each cluster. On the test problems our method was able to produce better 

solutions than other methods. For future research on this subject three ideas can 

be followed: 

1. Improving the heuristics for the TSP and the basic VRP, to enable them to 

solve larger problems. 
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2. Extend these two heuristics to enable them to solve problems with more 

constraints, for example the multiple traveling salesman problem (MTSP) 

ajid vehicle routing problem with time windows (VRPTVV). 

3. Considering different energy functions, for example it might be possible to 

use Lagrangian methods to define an energy function for the basic VRP 

where its global minimum is the optimal solution of the problem. 

The computer solution methods for conventional approaches of operations re

search to the TSP and the basic VRP, have more than half a century of research 

and improvement history. Neurocomputing approaches are at their early stage 

of development and are faced with challenging competition. In order to make 

an improvement on the existing neurocomputing solution procedures to the TSP 

and VRP, we need a different representation of the problems. For example we 

may look for a new dynamical system ( energy functions, updating rules, learning 

rules, etc...) to represent these problems, while we take advantage of advances in 

neuro-hardware technology. If we consider the elastic net method and the Hop-

field method, even though from a statistical mechanics point of view, these two 

methods are related, their representations of the TSP are absolutely different. The 

elastic net is able to solve problems more than ten times larger in size. Additional 

research in this direction may answer whether neural approaches are the best for 

solving combinatorial optimization problems. 



177 

APPENDIX A 

A.l Basic concepts of graph theory 

The language of graph theory is not standard and depends on the author, this 

section uses the terminology of R.J.Wilson [65] and J.A. Bondy Sz U.S.R. Murty 

[13]. 

Definitions: 

A simple graph(or graph) G is a pair (V(G),E(G)), where V(G) is a non

empty finite set of elements called vertices (or nodes, or points) , and E(G) is a 

finite set of unordered pairs of distinct elements of V(G) called edges 

A graph (or multi-graph) G is a pair (V(G),E(G)), where V(G) is a non-empty 

finite set of elements called vertices , and E(G) is a finite family ^ of unordered 

pairs of (not necessarily distinct) elements of V(G) called edges; note that the use 

of the word 'family' permits the existence of multiple edges. 

A digraph D is a pair (V(D),A(D)), where V(D) is a non-empty finite set of 

elements called vertices , axid A(D) is a finite family of ordered pairs of V(D) 

called arcs. An arc whose first element is v and whose second element is w is 

c a l l e d  a n  a r c  f r o m  v  t o  w  a n d  i s  w r i t t e n  ( v , w ) ,  o r  v w  

Two vertices v  and w  of a graph G are adjacent if there is an edge joining 

them, the vertices v and w are then incident to such an edge. Similarly, two 

distinct edges of G are adjacent if they have at least one vertex in common. 

The degree of a vertex u of G is the number of edges incident to u, and is 

w r i t t e n  p { v )  

Remark some author's use the convention that a loop at v  contributes two (rather 

than one) to the degree of v .  

^family is a collection of elements, some of which may occur several times; for e.xample 
(a,a,b,c,c) is a family, but {a,b,c} is a set. 



Two graphs G\ and G2 are isomorphic if there is a one-to-one correspondence 

between the vertices of Gi and those of G2 with the property that the number of 

edges joining any two vertices of G\ is equal to the number of edges joining the 

corresponding vertices of G2 

The adjacency matrix of a graph G with vertex-set {ui,t;„} is the n x n 

matrix A=(a,j), in which a,j is the number of edges joining the vertices Vi and Vj. 

The incidence matrix of a graph with vertex-set and edge-set (or 

family){ei,e^} is m x n matrix B=(6,j), in which 6,j = 1 if vertex vj and edge 

e, are incident, and 6,j = 0 otherwise. 

A null graph is a graph whose edge-set is empty. The null graph on n vertices 

is usually denoted by Nn-

A complete graph is a simple graph in which every pair of distinct vertices 

are adjacent The complete graph on n vertices is usually denoted by A'„, and it 

hcLS exactly |n(n — 1) edges. 

A regular graph is a graph in which every vertex has the same degree: if ever}-

vertex hcis degree r, the graph is called regular of degree r. 

If the vertex-set of a graph G can be divided into two disjoint sets Vi and 1-2, in 

such a way that every edge of G joins a vertex of Vi to a vertex of G is then said 

to be a bipartite graph ( sometimes denoted by G(Vi, V^)). In a bipartite graph 

it is not necessary true that every vertex of Vi is joined to every vertex of V2:if 

however this does happen, and if G is simple, then G is called complete bipartite 

graph, usually denoted by Kr,s where r and 5 are the numbers of vertices in Vi 

and V2 respectively. Kr.3 has r + s vertices and rs edges. 

Let G be a simple graph with vertex-set V(G). The complement G of G is 

the simple graph which has V(G) as its vertex-set, and in which two vertices are 

adjacent if and only if they are not adjacent in G. If G has n vertices, then G can 

be constructed by removing from A'n all the edges of G. 
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A Jordan curve(or Jordaji axe) in the plane is a continuous curve which does 

not intersect itself. 

A graph G can be embedded (or has an einbedding)in a given space if it is 

isomorphic to a graph drawn in the space with points representing vertices of G 

and Jordan curves representing edges in such a way that there are no crossing: 

crossing meajis (i) the Jordan curves corresponding to two edges intersect at a 

point which correspond to no vertex, or (ii) the Jordan curve corresponding to an 

edge passes through a point which correspond to a vertex which is not incident to 

that edge. 

An edge-sequence in a given graph G is a finite sequence of edges of the 

form Uofi; V1V2,..., Vm-iVjn- In edge-sequence any two consecutive edges are either 

adjacent or identical, this is a necessary condition but it is not sufficient, (consider 

star graph). The number of edges in an edge-sequence is called its length 

A trail is an edge-sequence in which all the edges are distinct; if, in addition, 

the vertices Uq, .. -, are distinct ( except, possibly, VQ = VM), then the trail is 

called a path.^. A path or trail is closed if VQ = Vm and a closed path containing 

at least one edge is called a circuit. 

THEOREM 1 ff G(Vi, V2) is a bipartite graph, then every circuit has even length. 

Definitions: 

A connected graph G is a graph if given any pair of vertices u, w of G, there 

is a path from v to w. 

.A disconnecting set of a connected graph G is a set of edges of G whose re

moval disconnects G. In the graph of the Fig.A.l the sets {ei, €2,65} and {63, 67, eg} 

are both disconnecting sets. A cutset is any disconnecting set. no proper subset 

^This is an instance of widely differing terminology edge-sequence=walk=route=path. 
trail=path=chain, closed trail=cyclic path=circuit=cycle, etc 
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Figure A.l, 

Figure A.2, 

of which is a disconnecting set.{e3, ee, £7, eg} in the Fig.A.l is a cutset. If a cutset 

contains only one edge e, we shall call e a bridge (or an isthmus).See Fig..4.2 

An Eulerian graph is a connected graph G that has a closed trail which in

cludes every edge of G (note each edge is traversed once and once only): such a 

trail is then called an Eulerian trail.See Fig. A.3 

THEOREM 2 If G is a graph in which the degree of every vertex is at least two. 

then G contains a circuit. 

THEOREM 3 A connected graph G is Eulerian if and only if the degree of every 
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Figure A.3, 

Figure A.4, 

vertex of G is even. 

Fleury's algorithm: Let G be an Eulerian graph. Then the following con

struction is always possible, and produces an Eulerian trail of G. Start at any 

vertex u and traverse the edges in an arbitrary manner, subject only to the follow

ing rules: 

(i) erase the edges as they are traversed, and if any isolated vertices result erase 

them too; (ii) at each stage, use a bridge only if there is no alternative. 

Definition: Let G be a connected graph, if there exists a closed trail which passes 

exactly once through each vertex of G, then such a trail is called a Hamiltonian 

circuit, and G is called a Hamiltonian graph.See Fig.-4.4 

THEOREM 4 If G is a simple graph with n{> .3) vertices, and if p{v) + p{w) > n 



for each pair of non-adjacent vertices v and w, then G is Hamiltonian. 

THEOREM 5 (Dirac). If G is a simple graph with n(> 3) vertices, and if 

p{f^) > 5" for every vertex n, then G is Hamiltonian. 

Definition: With each edge e of a graph G let there be eissociated a real number 

tu(e), called its weight. Then G, together with these weights on its edges, is called 

a weighted graph. If H is a subgraph of a weighted graph, the weight iv{H) of H 

i s  t h e  s u m  o f  t h e  w e i g h t s  e d g e s .  W e  l e t  w { u v )  =  i n f  i f  u v  ̂  E  

and |V'| = n 

The shortest path problem in a weighted graph, is to determine a path of 

minimum weight connecting two specified vertices UQ and v. We shall refer to the 

weight of a path in a weighted graph as its length and the minimum weight of a 

( u , u ) — p a t h  w i l l  b e  c a l l e d  t h e  d i s t a n c e  b e t w e e n  u  a n d  v  a n d  d e n o t e d  b y  d { u .  v ) .  

We assume that G is simple and all weights are positive, suppose S CV such that 

UQ € 5, and let S = V\S. Then the distance from UQ to S is given by 

d{uo^S)= min _{d(uo5 li) + 
ugS.vgS 

The following algorithm (Dijkstra) can be used to solve the shortest path problem. 

Throughout the algorithm, each vertex v carries a label l{v) which is an upper 

b o u n d  o n  d { u o , v ) .  

l { u )  = d{uo, u) for u € 5,-

and 

l(v) = min„gs,_, {rf(uo,«) + for r e S, 

When the algorithm terminates, the distance (the minimum one) is given by the 

final value of l(v). 

Dijkstra's algorithm: 

1. Set /(uo) = 0. l(v) = oo for v ^ uq. 5o = {uo} and z = 0 
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2. Foreachu € 5,-, replace/(u) by niiii{/(u),/(u,)+u;(u,u)}. compute 

and let u,+i denote a vertex for which this minimum is attained. Set 5.+i = 

3. H i  =  n  —  1, stop. If 2 < n — 1, replace i by i+1 and go to step 2. 

This algorithm determines only the distajice from uq to aJl the other vertices, and 

not the actual shortest paths. These shortest paths can, however, be determined 

by keeping track of the predecessors of vertices in the tree. 

Definitions: 

.A. forest is a graph which contains no circuits, and a connected forest is called 

a tree. In a given graph G, a tree which connects all the vertices of G, is called a 

spanning tree of G. 

A labelling of a graph G is a one-to-one mapping from the vertex-set of G 

onto the set n}; a labelled graph is then a pair (G, 0), where G is a graph 

and <6 is a labelling of G. The integers 1,... ,n are referred as the labels of G. 

THEOREM 6 Let T be a graph with n vertices, then the following statements 

are equivalent: 

1. T is a tree; 

2. T contains no circuits, and has n — 1 edges; 

3. T is connected, and has n — 1 edges; 

4. T is connected, and every edge is a bridge; 

5. any two vertices of T are connected by exactly one path; 

6. T contains no circuit, but addition of any new edge creates exactly one circuit. 

THEOREM 7 (Cayley) There are distinct labelled trees on n vertices. 



THEOREM 8 The number of spanning trees of Kn is 

1S4 

THEOREM 9 (matrix-tree theorem) Let G be a connected simple graph with 

v e r t e x - s e t  { u i , . . . ,  a n d  M  =  ( m , j )  b e  n  x  n  m a t r i x  i n  w h i c h  m a  =  p { v i ) ,  

TTiij = —I if Vi and vj are adjacent, and rriij = 0 otherwise. Then the number of 

spanning trees of G is equal to the cofactor of any element of M. 

To find the minimum spanning tree in a connected weighted graph G=(V.E) 

we can use Kruskal's algorithm (or greedy algorithm). If G is not complete we can 

add edges ej which are not in E with w{ej) = oo. The algorithm is as follows: 

1. Choose an edge ci such that w{ei) is as small as possible. 

2. If edges C j ,  6 2 ,  e, have been chosen, then choose an edge e,+i from E\{ei e,} 

in such a way that 

(i) G [ { e i , . . . e  i+i}] is acyclic; 

(ii) w{ei+i) is as small as possible subject to (i). 

3. Stop when step 2 cannot be implemented further. 

Definitions: 

A plane graph is a graph drawn in the plane in such a way that no two 

edges intersect geometrically except at a vertex to which they are both incident; a 

planar graph is one which is isomorphic to a plajie graph, in other word a planar 

graph is a graph that can be embedded in the plane. 

Given a graph G=(V,E), a subset M of E is called a matching in G, if its 

elements are links (edges with distinct ends) and no two are adjacent in G; the two 

ends of an edge in M are said to be matched under M. A matching M saturates 

a vertex v. and v is said to be M-saturated, if some edge of M is incident with v: 

otherwise, v is said to be M-unsaturated. If every vertex of G is M-saturated. 
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the matching M is perfect (or complete). M is a maximum matching if G has 

no matching M' with \M'\ > |M|; clearly, every perfect matching is maximum. 

Let M be a matching in G. An M-alternating path in G is a path whose edges 

are alternately in E\M and M. An M-augmenting path is an M-alternating path 

whose origin and terminus are M-unsaturated. 

THEOREM 10 (Berge) A matching M in G is a maximum matching if and only 

if G contains no M-augmenting path. 

Definition: For any set S of vertices in G, the neighbor set of S in G, denoted 

by NG{S), is the set of all vertices adjacent to the vertices in S 

THEOREM 11 (Hall) (marriage theorem) Let G be a bipartite graph with bipar-

tition (X, Y). Then G contains a matching that saturates every vertex in X if and 

only if 

1^(5)1 > |5| for alls C A' 

Definition: A covering of a graph G is a subset K of V such that every edge 

of G has at least one end in K. A covering K is a minimum covering if G has 

no covering K' with lA''] < |A'l. 

THEOREM 12 In a bipartite graph, the number of edges in a maximum match

ing is equal to the number of vertices in a minimum covering. 

Definition: A component of a graph is odd or even according as it has an odd 

or even number of vertices. o{G) denotes the number of odd components of G. 

THEOREM 13 (Tutte) G has a perfect matching if and only if 

o { G  - S ) <  |5| for all 5 C K 

For the proof of theorems and details see [65] and [13]. 
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A.2 Transportation problem 

The transportation problem is a special case of the general network flow prob

l e m .  I n  t h i s  p r o b l e m  u n i t s  o f  a  s i n g l e  p r o d u c t  a r e  t o  s h i p p e d  f r o m  m  s o u r c e s  t o  n  

destinations. To define it as an LP problem, let 

a,- = number of units available at source i. 

b j  = number of units required at destination j  

Cij = cost of shipping one unit from source i to destination j. 

X i j  = number of units shipped from source i  to destination j  

Then the transportation problem can be formulated as the following linear 

program: 

minimize a(x) = CijXij 
subject to Yljzzi ^ij = o.i z = 1,..., m (supply constraints) 

X i j  =  b j  y  =  1 , . . . ,  n  ( d e m a n d  c o n s t r a i n t s )  
Xij > 0 for each(z,y) 

This linear program problem can be solved by any LP solver such as the simplex 

algorithm. However, in practice it is computationally expensive to use this type of 

algorithm, since there are m + n constraints and mxn variables. Instead it will be 

much more convenient to use transportation tableau, which is an m x n array 

and the (z,_;)th entry is c,j. In this tableau some of the positions (i,j ) called the 

basic position have a superscript equal to the value of the current basic variable 

Xij. Positions without a superscript are called nonbasic positions. We use the 

dual of transportation problem to improve the current solution of the tableau. The 

dual is 
maximize l3{u, v) = a^u -(- 6 u 
subject to Ui + Vj < dj for each i and j 

u and v free 

Where u = [ui,. . . ,  U m Y  =  [I'll • • • ? and a is the vector of supplies and 

b is the vector of demands. 
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Figure A.5, Example of a transportation tableau and a loop 

Fact: If (u,v) is any dual vector (feasible or infeasible), then 

m n 

a i x )  -  0 { u ,  u) = -  "«• -
.=1 i=i 

provided x is a feasible solution. 

One way to show that a feasible vector x for the transportation problem is 

optimal is to show that there is a feasible dual vector (u,v) for which 

Q(X) — /?(u, u) = 0 

Using the previous fact, this is equivalent to 

{ c i j  —  u, —  V j )  = 0 for each basic position(2, j) 

and this is the basic idea of the traxisportation algorithm. 

A.2.1 The Transportation Algorithm 

1. Find an initial basic feasible solution x. 

2. For the current solution x and the current cost coefficients c,j, find a dual 

vector (u,v) such that 

u, Vj = Cij for each (i.j) with basic 
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and calculate the adjusted cost coefficients 

Cij — Ui — Vj for each (i j) 

3. If each adjusted cost coefficient is nonnegative, stop; the current x is optimal. 

Otherwise, pick a position with a negative adjusted cost and find the unique 

loop starting at that position with all other positions in the loop being those 

associated with beisic variables. 

4. Shift as much flow cis possible around the loop to obtain a new basic feasible 

solution X and return to step 2 with the adjusted costs as the current costs. 

A.2.2 Finding an Initial Basic Feasible Solution 

To find an initial basic feasible solution for step 1 of the above algorithm we 

may use either of the northwest corner rule or the smallest cost entry method or 

Vogel's advanced start method. Following is the Vogel's method: 

1. Compute the difference between the two smallest remaining cost entries in 

each row and in each column and assign as much as possible to the smallest 

cost entry in the row or column with the largest difference so that the supply 

is used up or the demand is met. 

2. If the assignment just made uses up the supply for the row, then eliminate 

that row from further consideration and return to step 1. 

If the assignment just meets the demand for the column, then eliminate that 

column from further consideration and return to step 1. 

If the assignment just made uses up the supply for the row and meets the 

demand for the column and it is not the final assignment, then assign x.j = 0 

to the next smallest cost entry in the column. Eliminate both the row and 

column from further consideration and return to step 1. 
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A.3 Assignment problem 

A.3.1 Personnel Assignment problem 

Given n workers X i ,  X2,..., Xn and n  jobs y i , y 2 i  • • • - yn each worker being quali

fied for at least one of these jobs. Can all men be assigned, one men per job, to jobs 

for which they axe qualified? This problem is known as personnel assignment 

problem. 

We construct a bipartite graph G with bipartition (X,Y) where X = {xi, x„} 

ane Y  =  {i/i,..., y n } ,  and x, is joined to y j  if and only if worker x, is qualified for 

job yj. The problem becomes one of determining whether or not G has a perfect 

(complete) matching. According to Hall's theorem either G has such a matching 

or there is a subset S of X such that |-/V(S')| < |5|. 

The Hungarian method described below, either finds a perfect matching of G 

or, failing this, finds a subset S of X such that |A'^(5)| < IS"]. The basic idea behind 

the algorithm is simple. We start with an arbitrcury matching M. If M saturates 

every vertex in X, then it is a matching of the.required type. If not, we choose 

an M-unsaturated vertex u in X and systematically search for an M-augmenting 

p a t h  w i t h  o r i g i n  u .  S u p p o s e  P  i s  s u c h  a  p a t h  ( i f  o n e  e x i t ) ;  t h e n  M  =  M A E { P )  

^ is a larger matching than M, and hence saturates more vertices in X. We then 

repeat the procedure with M instead of M. If such a path does not exit, the set 

Z of all vertices which are connected to u by M-altemating paths is found. Then 

S = Zr\X satisfies |A''(5)| < |S|. 

Definition: Let M be a matching in G, and u be ein M-unsaturated vertex in 

X .  A  t r e e  H  C  G  i s  c a l l e d  a n  M - a l t e r n a t i n g  t r e e  r o o t e d  a t  u  i f  ( i )  u  G  V { H ) .  

and (ii) for every vertex v of H, the unique (u,u)-path in H is an M-alternating 

path. 

S and T are two sets, the symmetric difference of them, denoted by SAT is defined to be 
S A T  =  { S - T )  U ( r  -  S )  
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A.3.1.1 Hungarian method 

Start with an arbitrary matching M. 

1. If M saturates every vertex in X, stop. Otherwise, let u be an M-unsaturated 

vertex in X. Set 5 = {u} and J" = 0. 

2. If N(S)=T then |A'^(5)1 < 15|, since \T\ = |5| — 1. Stop, since by Hall's 

theorem there is no matching that saturates ever}' vertex in X. Otherwise . 

let y G A'(5)\r. 

3. If y  is M-saturated, let y z  G M .  Replace S by 5U{^} and T by 

and go to step 2. (Observe that IT"] = |5| — 1 is maintained after this 

replacement.)Otherwise, let P be an M-augmenting (u,u)-path. Replace M 

by M = MAE{P) and go to step 1. 

A.3.2 The Optimal Assignment Problem 

In addition to the assignment of the workers to the jobs, one may wish to 

take into account the effectiveness of the workers in their various jobs (measured, 

perhaps, by profit). In this case, one is interested in an assignment that maximizes 

the total effectiveness of the workers. The problem of finding such an assignment 

is known as the optimal assignment problem 

Consider a weighted complete bipaxtite graph with bipartition (X,Y), where 

X  =  { x i , .  - .  , x „ }  a n d  Y  =  { t / i , . . .  , y „ }  a n d  e d g e  x , j / j  h a s  w e i g h t  W i j  =  w { x , y j ) .  

the effectiveness of worker x,- in job yj. The optimal assignment problem is then 

to find a maximum-weight perfect matching in this weighted graph. We call such 

a matching an optimal matching. 

Definitions: A feasible vertex labelling is a real-valued function / on the 

v e r t e x  s e t  X  ( J  V  s u c h  t h a t ,  f o r  a l l  x  E  X  a n d  y  €  Y  

l{x) -t- liy) > w{xy) 
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Such a function always exits, for example 

/(x) =  maxygv w { x y )  if x € -V 1 
Ky)=0 if yeY ] 

The read number l [ v )  is called the label of the vertex v .  If / is a feasible vertex 

labelling, define E i  to be the set of those edges for which equality holds, that is 

E l  =  { x y  E  E \ l { x )  +  l { y )  =  i r ( x y ) }  

The spanning subgraph of G with edge set E i  is referred to as equality subgraph 

c o r r e s p o n d i n g  t o  t h e  f e a s i b l e  v e r t e x  l a b e l l i n g  / ,  a n d  i s  d e n o t e d  b y  G i  

THEOREM 14 Let I be a feasible vertex labelling of G. If Gi contains a perfect 

matching M', then M' is an optimal matching of G. 

This theorem is the basis of an algorithm, due to Kuhn and Munkres, for finding 

an optimal matching in a weighted complete bipartite graph. 

A.3.2.1 The Kuhn-Munkres Algorithm 

Strat with an arbitrary fecisible vertex labelling /, determine G/, and choose an 

arbitrary matching M in G/. 

1. If X is M-saturated, then M is a perfect matching (since |A'| = |y'|) and hence, 

by the above theorem, an optimal matching; in this case stop. Otherwise, 

let u be an M-unsaturated vertex. Set S = {u} and T = 0. 

2. If N C I I S )  D  T ,  go to step 3. Otherwise, N G , { S )  =  T .  Compute 

inin {/(x) +/(y) - u;(xy)} 
xeS,yiT 

and the feasible vertex labelling I given by 

l ( v )  —  a i  if V  E  S  
i =  <  l { v )  +  C e i  i f  V  € . T  

l{v) otherwise 

(Note that o; > 0 and thatA'^G,-(-S') D T . )  Replace I  bj- / and G i  by G [ .  
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3. Choose a vertex y  in N G I { S ) \ T .  AS in Hungarian method, consider whether 

or not y is M-saturated. If y is M-saturated, with yz € M, replace S by 

5U{-} and T by rU{y}i and go to step 2. Otherwise, let P be an M-

augmenting (u,v)-path in Gi, replace M by M = MAE{P), and go to step 

1. 
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B.l A Computer Printout of the Connection Weights 

MATRIX W(i.j) 

w(i,j) at iteration 1 

i= l(j=l 45) 

0 .150 0 .060 0 .033 0 .036 0 .019 0 .008 0 .005 0 .003 0 .002 0 .001 
0 .000 0 .001 0 .002 0 .004 0 .005 0 .005 0 .002 0 .001 0 .000 0 .000 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .001 0 .004 0 .027 
0 .002 0 .001 0 .000 0 .000 0 .000 0 .000 0 .001 0 .011 0 .038 0 .016 
0 .005 0 .018 0 .050 0 .201 0 .286 
L= 2(j= 1 45) 

0 .007 0 .012 0 .020 0 .019 0 .026 0 .030 0 .025 0 .018 0 .011 0 .005 

0 .022 0 .021 0 .030 0 .038 0 .043 0 .042 0 .052 0 .061 0 .075 0 .081 

0 .077 0 .066 0 .061 0 .039 0 .018 0 .022 0 .022 0 .018 0 .013 0 .007 

0 .010 0 .006 0 .003 0 .001 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 

0 .000 0 .000 0 .000 0 .000 0 .000 
L= 3(j= 1 45) 

0 .002 0 .005 0 .009 0 .010 0 .013 0 .014 0 .010 0 .006 0 .003 0 .001 

0 .008 0 .007 0 .012 0 .019 0, .025 0 .029 0 .039 0 .052 0, .071 0, .083 

0 .097 0 .103 0 .080 0 .076 0. .050 0 .050 0 .041 0 .028 0, .015 0, .006 

0, .013 0 .010 0 .007 0 .004 0. .001 0, .000 0, .000 0. .000 0. .000 0, .000 

0, .000 0 .000 0 .000 0 .000 0. .000 
L= 4(j=: 1 45) 

0. .009 0 .004 0, .004 0. .006 0. .002 0, .001 0. .000 0. .000 0. .000 0. .000 

0. .000 0 .000 0. .000 0. .000 0. .001 0, .001 0. .001 0. .000 0. .000 0. .000 

0, ,000 0 .000 0, .000 0. .000 0, .000 0, .000 0. .000 0, .001 0, .005 0, .020 

0. .004 0 .002 0. .001 0, .000 0. 001 0, .003 0. .011 0. 036 0. ,089 0. 066 

0, .039 0 .074 0. .118 0. .247 0. 254 
5(j=l 45) 

0. .013 0 .008 0. .011 0. .016 0. 007 0. .003 0. .001 0. .000 0. ,000 0. ,000 

0, 000 0. .000 0. .001 0. ,002 0. 003 0. 007 0. ,005 0. 003 0. 001 0. 000 

0. 000 0. .000 0. .002 0. 001 0. 000 0. 001 0. 004 0. 010 0. 028 0. 058 

0. 026 0, .018 0. .010 0. ,005 0. 009 0. 013 0. 036 0. 076 0. 106 0. 071 

0. 038 0. .068 0. 104 0. 099 0. 136 
6(j=] L 45) 

0. 240 0. .121 0. 072 0. 073 0. 046 0. 026 0. 018 0. 012 0. 007 0. 003 

0. 003 0. 005 0. 009 0. 013 0. 015 0. 015 0. 008 0. 004 0. 001 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 001 0. 008 0. 039 

0. 005 0. 001 0. 000 0. 000 0. 000 0. 000 0. 001 0. 008 0. 022 0. 007 

0. 002 0. 008 0. 024 0. 063 0. 119 
= 7(j=l 45) 



194 

0 .006 0.009 0 .018 0 .021 0 o
 

to
 

0 .018 0 .012 0 .006 0 .003 0 .001 
0 .006 0.007 0 .013 0 .021 0 .031 0 .041 0 .049 0 .056 0 .059 0 .053 
0 .057 0.055 0 .071 0 .060 0 .035 0 .046 0 .049 0 .044 0 .033 0 .018 
0 .029 0.022 0 .014 0 .007 0 .003 0 .001 0 .001 0 .002 0 .001 0 .000 
0 .000 0.000 0 .000 0 .000 0 .000 
i= 8(j=l 45) 

0 .002 0.001 0 .003 0 .005 0 .002 0 .001 0 .000 0 .000 0 .000 0 .000 
0 .000 0.000 0 .000 0 .000 0 .001 0 .004 0 .003 0 .002 0 .001 0 .000 
0 .000 0.000 0 .003 0 .002 0 .002 0 .005 0 .011 0 .022 0 .034 0 .040 
0 .041 0.044 0 .039 0 .028 0 .046 0 .054 0 .084 0 .097 0 .086 0 .073 
0 .048 0.064 0 .072 0 .034 0 .045 
i= 9(j=l 45) 

0 .001 0.001 0 .001 0 .003 0 .001 0 .000 0 .000 0 .000 0 .000 0 .000 

0 .000 0.000 0 .000 0 .000 0 .000 0 .001 0, .001 0 .001 0, .000 0 .000 

0 .000 0.000 0 .000 0 .000 0 .000 0 .001 0 .002 0 .006 0 .013 0, .023 

0 .015 0.015 0 .012 0 .008 0 .018 0 .031 0 .060 0 .084 0 .109 0, .106 

0 .082 0.105 0 .114 0 .089 0 .093 
i= 10(j=l 45) 

0, .041 0.052 0 .054 0, .047 0. .058 0. .062 0, .058 0, .048 0. .034 0. .019 

0. .037 0.042 0 .054 0, .060 0. .058 0, .048 0. .044 0, .039 0, .032 0, .023 

0. .015 0.008 0 .016 0. .005 0. .001 0. .003 0. .005 0, .007 0, ,010 0. ,012 

0. .006 0.002 0 .001 0. .000 0. .000 0. ,000 0. ,000 0, .000 0. ,000 0. ,000 

0. .000 0.000 0, .000 0, .000 0. .000 
i= ll(j=l 45) 

0, .019 0.030 0, .027 0, .019 0. .034 0. 053 0. 070 0, 081 0. 081 0. 068 

0. .089 0.088 0, .078 0. ,061 0, ,042 0. 025 0. 025 0. 023 0. 025 0. 024 

0. .014 0.007 0. .008 0. .002 0. ,000 0. 001 0. 001 0. 001 0. 002 0. 002 

0. 001 0.000 0. ,000 0. 000 0. 000 0. 000 0. 000 0, 000 0. 000 0. 000 

0. 000 0.000 0. ,000 0. 000 0. 000 
i= 12(j=l 45) 

0. ,017 0.024 0. ,036 0. ,037 0. 040 0. 038 0. 028 0. 018 0. 010 0. 004 

0. 016 0.017 0. 028 0. 041 0. 051 0. 056 0. 059 0. 061 0. 057 0. 046 

0. 040 0.031 0. 048 0. 027 0. ,011 0. 018 0. 024 0. 026 0. 026 0. 020 

0. 020 0.012 0.006 0. 002 0. 001 0. 000 0. 001 0. 002 0. 001 0. 000 

0. 000 0.000 0. 000 0. 000 0. 000 
i= 13(j=l 45) 

0. 023 0.022 0. 035 0. 047 0. 030 0. 017 0. 008 0. 004 0. 001 0. 000 

0. 002 0.002 0. 006 0. 013 0. 024 0. 039 0. 034 0. 029 0. 016 0. 008 

0. 007 0.005 0. 022 0. 013 0. 005 0. 014 0. 029 0. 050 0. 075 0. 086 

0. 068 0.048 0. 029 0. 014 0. 013 0. 009 0. 020 0. 036 0. 027 0. 012 

0. 004 0.009 0. 018 0. 007 0. 018 
i= 14(j=l 45) 

0. 005 0.006 0. 013 0. 019 0. 013 0. 008 0. 004 0. 002 0. 000 0. 000 

0. 001 0.001 0. 003 0. 008 0. 016 0. 028 0. 031 0. 032 0. 025 0. 017 

0. 020 0.020 0. 046 0. 046 0. 032 0. 052 0. 069 0. 075 0. 066 0. 043 

0. 068 0.064 0. 051 0. 034 0. 021 0. 010 0. 015 0. 017 0. 008 0. 003 

0. 001 0.002 0. 004 0. 001 0. 002 
i= 15(j=l 45) 

0. 000 0.000 0. 001 0. 002 0. 001 0. 000 0. 000 0. 000 0. 000 0. 000 



0 .000 0 .000 0 .000 0 .000 0 .001 0 .004 0 .004 0 .005 0 .003 0 .002 
0 .003 0 .004 0 .013 0 .024 0 .032 0 .046 0 .055 0 .055 0 .038 0 .020 
0 .054 0 .084 0 .111 0 .122 0 .105 0 .066 0 .056 0 .035 0 .014 0 .011 
0 .007 0 .008 0 .008 0 .001 0 .002 
L= 16(j =1 45) 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .001 0 .002 0 .005 0 .007 
0 .006 0 .009 0 .009 0 .008 0 .025 0 .055 0 .073 0 .072 0 .091 0 .128 
0, .144 0 .132 0 .103 0 .073 0 .057 
L= 17(j: =1 45) 

0, .029 0 .037 0 .049 0 .051 0 .052 0 .046 0 .034 0 .022 0 .012 0 .005 
0, .016 0 .019 0 .032 0 .045 0 .055 0 .059 0 .058 0 .055 0 .044 0 .031 
0, .025 0 .017 0 .034 0 .016 0 .005 0 .011 0 .017 0 .023 0 .028 0 .027 

0. ,021 0 .011 0, .005 0 .002 0 .001 0, .000 0 .001 0 .002 0 .001 0, .000 

0, .000 0 .000 0, .001 0 .000 0 .001 
L= 18(j = =1 45) 

0. ,019 0 .029 0, .019 0 .012 0 .024 0. .043 0, .069 0 .100 0 .127 0. .139 

0. .106 0 .105 0, .076 0 .047 0 .026 0. .012 0 .011 0, .009 0 .009 0. .008 

0. ,004 0, .002 0. .002 0, .000 0. .000 0. .000 0. .000 0. .000 0, .000 0. .001 

0. ,000 0, .000 0, .000 0, .000 0 .000 0, .000 0. .000 0, .000 0. .000 0. .000 

0. ,000 0 .000 0, .000 0, .000 0, .000 
[s 19(j = =1 45) 

0. .054 0, .058 0. .067 0, .069 0 .064 0, .052 0, .038 0. .024 0, .013 0. .006 

0. ,014 0, .018 0. .031 0 .045 0 .055 0, .058 0. .051 0. .042 0. .028 0. .016 

0. Oil 0. .007 0, .020 0. .007 0, .002 0. ,005 0. .011 0. .017 0. .029 0. ,037 

0. 020 0, .010 0. .004 0, .001 0. .001 0. ,000 0. .001 0. .004 0. .003 0. 001 

0. 000 0. .001 0. .002 0, .001 0. .003 
20(j = =1 45) 

0. 197 0, .091 0. .053 0, .057 0. .033 0. ,016 0. ,011 0. .006 0. .003 0. 002 

0. 001 0, .003 0. ,005 0, .008 0, .010 0. 010 0. 005 0. 002 0. 001 0. 000 

0. 000 0. .000 0. ,000 0. .000 0, .000 0. 000 0. 000 0. ,001 0. 007 0. 038 

0. 004 0. .001 0. ,000 0. .000 0. .000 0. 000 0. 002 0. Oil 0. 033 0. 013 

0. 004 0, .014 0. ,039 0, .121 0. .199 
21(j = =1 45) 

0. 024 0, .036 0. ,031 0, .022 0, .038 0. 056 0. 071 0. 080 0. 077 0. 063 

0. 081 0. ,082 0. 077 0. .062 0. .044 0. 026 0. 026 0. 023 0. 024 0. 021 

0. 012 0. ,006 0. 008 0, .002 0. .000 0. 001 0. 001 0. 001 0. 002 0. 002 

0. 001 0. ,000 0. 000 0. .000 0. .000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. ,000 0. 000 0. .000 0. .000 
22(j = =1 45) 

0. 002 0. 001 0. 002 0. 004 0. 002 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 001 0. 002 0. 002 0. 001 0. 000 0. 000 

0. 000 0. 000 0. 001 0. .001 0. 000 0. 002 0. 004 0. Oil 0. 021 0. 033 

0. 024 0. 024 0. 019 0. 012 0. 025 0. 037 0. 068 0. 093 0. 106 0. 094 

0. 067 0. 089 0. 101 0. 067 0. 079 
23(j = =1 45) 

0. 056 0. 062 0. 067 0. 065 0. 066 0. 058 0. 046 0. 033 0. 019 0. 009 

0. 020 0. 025 0. 039 0. 051 0. 057 0. 055 0. 048 0. 040 0. 027 0. 016 



0 .011 0 .006 0 .017 0 .006 0 .001 0 .003 0 .007 0 .012 0 .020 0 .027 
0 .013 0 .006 0 .002 0 .001 0 .000 0 .000 0 .001 0 .002 0 .001 0 .000 
0 .000 0 .000 0 .001 0 .000 0 .001 
L= 24(j =1 45) 

0 .001 0 .001 0 .001 0 .002 0 .001 0 .000 0 .000 0 .000 0 .000 0 .000 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .001 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .002 0 .006 0 .014 
0 .006 0 .005 0 .003 0 .002 0 .005 0 .012 0 .031 0 .057 0 .104 0 .104 

0 .083 0 .114 0 .130 0 .165 0 .149 
L= 25 (j^ =1 45) 

0 .077 0 .039 0 .032 0 .040 0 .020 0 .009 0 .005 0 .002 0 .001 0 .000 

0 .000 0 .001 0 .002 0 .004 0 .007 0 .010 0 .006 0 .003 0 .001 0 .000 
0 .000 0 .000 0 .001 0 .000 0 .000 0 .000 0, .001 0 .003 0 .015 0 .055 

0 .010 0 .004 0 .001 0 .000 0 .001 0 .001 0, .008 0 .032 0 .070 0 .034 

0 .013 0 .035 0, .078 0 .152 0 .226 

26(j: =1 45) 

0 .093 0 .089 0. .079 0 .073 0 .072 0. .062 0. .052 0, .039 0. .025 0. .013 

0 .020 0 .027 0, .039 0 .049 0 .051 0. .046 0. .036 0, .026 0. .015 0. .008 

0, .004 0 .002 0, .008 0 .002 0 .000 0. .001 0. .003 0. .006 0, .014 0, ,025 

0, .008 0 .003 0. .001 0 .000 0. .000 0. .000 0. ,000 0, .002 0. .002 0. ,000 

0. .000 0. .000 0. ,001 0 .001 0. .003 
27(j= =1 45) 

0. .000 0, .000 0. ,000 0 .001 0, .000 0, ,000 0. 000 0, .000 0, ,000 0. .000 

0, .000 0, .000 0. ,000 0 .000 0. .000 0. ,001 0. ,001 0. .001 0. ,000 0. .000 

0. ,000 0, .000 0. ,001 0 .003 0. .003 0. ,007 0. 012 0, .017 0, ,018 0. ,013 

0. .027 0. .046 0. 064 0 .074 0. .117 0. ,136 0. 117 0. ,076 0. 048 0. 056 

0. .052 0. .047 0. 037 0 .010 0. .012 
28(j= =1 45) 

0. .007 0, .008 0. ,016 0 .023 0. .014 0. 008 0. 003 0, ,001 0. ,000 0. 000 

0. .001 0. .001 0. ,003 0 .007 0. .014 0, ,027 0. 027 0, ,026 0. ,017 0. ,010 

0. .011 0. .010 0. 031 0. .028 0, ,017 0. 034 0. 054 0. ,070 0. .075 0. 061 

0. 078 0, .071 0. 055 0, .034 0. ,027 0. 016 0. 026 0. ,032 0. .018 0. 009 

0. ,003 0. .007 0. 010 0, .003 0. ,007 
29(j = =1 45) 

0. 072 0. .076 0. 070 0, .064 0, ,068 0. 064 0. 056 0. ,044 0. 029 0. 016 

0. 026 0. ,033 0. 046 0. .054 0. ,054 0. 047 0. 039 0. 030 0. 020 0. Oil 

0. 007 0. ,003 0. 010 0. .003 0. ,000 0. 001 0. 003 0. ,006 0. 012 0. 019 

0. 007 0. ,003 0. 001 0. .000 0. ,000 0. 000 0. 000 0. .001 0. .001 0. 000 

0. 000 0. ,000 0. 000 0. .000 0, ,001 
30(j= =1 45) 

0. 000 0. 001 0. 003 0. .004 0. 003 0. 002 0. 001 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 001 0. .003 0. 006 0. Oil 0. 016 0. 023 0. 027 0. 029 

0. 045 0. ,064 0. 064 0. .110 0. ,131 0. 118 0. 088 0. 056 0. 025 0. 008 

0. 029 0. 035 0. 037 0, .034 0. 012 0. 003 0. 003 0. 002 0. 001 0. 000 

0. 000 0. 000 0. 000 0. ,000 0. 000 

(i.j) at iteration 1000 



i= l(j=l 45) 

0 .381 0.262 0 .057 0 .001 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0.000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0.000 0 .000 0 .000 0 .000 0, .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0.000 0 .000 0 .000 0 .000 0. .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0.000 0 .002 0 .040 0 .257 
L= 2(j=l 45) 

0 .000 0.000 0 .000 0 .000 0 .000 0. .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0.000 0 .000 0 .000 0 .000 0. .000 0 .007 0 .038 0 .128 0 .293 
0 .319 0.177 0 .035 0 .002 0 .000 0. .000 0 .000 0 .000 0 .000 0 .000 

0 .000 0.000 0 .000 0 .000 0 .000 0. 000 0 .000 0 .000 0 .000 0 .000 
0 .000 0.000 0 .000 0 .000 0 .000 
L= 3(j=l 45) 

0 .000 0.000 0 .000 0 .000 0 .000 0. 000 0, .000 0 .000 0 .000 0 .000 

0 .000 0.000 0 .000 0 .000 0 .000 0. 000 0 .000 0 .001 0 .008 0 .066 

0 .231 0.376 0 .264 0 .049 0 .006 0. 000 0, .000 0, .000 0 .000 0 .000 

0 .000 0.000 0 .000 0 .000 0 .000 0. 000 0, .000 0 .000 0 .000 0 .000 

0. .000 0.000 0 .000 0 .000 0 .000 
L= 4(j=l 45) 

0. .000 0.000 0 .000 0 .000 0 .000 0. 000 0, .000 0. .000 0 .000 0. .000 

0, .000 0.000 0 .000 0 .000 0 .000 0. 000 0, .000 0, .000 0, .000 0. .000 

0, .000 0.000 0 .000 0 .000 0, .000 0. 000 0. .000 0. .000 0, .000 0. .000 

0, .000 0.000 0 .000 0 .000 0 .000 0. 000 0. .000 0, .000 0, .004 0. .028 

0, .172 0.462 0 .285 0 .046 0 .003 
5(j=l 45) 

0, .000 0.000 0 .000 0 .000 0. .000 0. 000 0. ,000 0. ,000 0, .000 0, ,000 

0. .000 0.000 0 .000 0 .000 0, .000 0. 000 0. ,000 0. ,000 0. .000 0, ,000 

0. .000 0.000 0 .000 0 .000 0, .000 0. 000 0. ,000 0. ,000 0. .000 0. ,000 

0. .000 0.000 0 .000 0 .001 0. .004 0. 009 0. ,027 0. ,097 0, .238 0, ,345 

0, .227 0.046 0 .006 0 .000 0. .000 
6(j=l 45) 

0. .219 0.283 0 .274 0, .054 0, .001 0. 000 0. 000 0. 000 0. .000 0. 000 

0. ,000 0.000 0 .000 0, .000 0, .000 0. 000 0. 000 0. 000 0. .000 0. ,000 

0. .000 0.000 0 .000 0, .000 0, .000 0. 000 0. 000 0. 000 0. .000 0. ,000 

0. .000 0.000 0 .000 0, .000 0, .000 0. 000 0. 000 0. 000 0. .000 0. 000 

0. .000 0.000 0 .001 0, .026 0. .141 
7(j=l 45) 

0. 000 0.000 0 .000 0. .000 0. .000 0. 000 0. 000 0. 000 0. ,000 0. 000 

0. 000 0.000 0 .000 0, .000 0. ,000 0. 000 0. 000 0. 008 0. ,051 0. ,139 

0. 197 0.225 0 .203 0. .083 0. ,073 0. 018 0. 002 0. 000 0. ,000 0. 000 

0. 000 0.000 0, .000 0, .000 0. ,000 0. 000 0. 000 0. 000 0. ,000 0. 000 

0. 000 0.000 0 .000 0. .000 0. ,000 
8(j=l 45) 

0. 000 0.000 0, .000 0, .000 0, ,000 0. 000 0. 000 0. 000 0. ,000 0. 000 

0. 000 0.000 0. .000 0. .000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0.000 0. .000 0. 000 0. 000 0. 000 0. 000 0. 001 0. 003 0. 005 

0. 007 0.037 0. .151 0. ,341 0. 221 0. 115 0. 075 0. 035 0. 009 0. 001 

0. 000 0.000 0. .000 0. 000 0. 000 



i= 9(j=l 45) 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .001 0 .030 0 .118 0 .189 0 .241 0 .233 0 .136 0 .046 
0 .005 0 .000 0 .000 0 .000 0 .000 
L= 10(j^ =1 45) 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .003 0 .025 0 .058 0 .088 0 .132 
0 .206 0 .152 0 .024 0 .007 0 .014 0 .075 0, .155 0 .052 0 .009 0 .001 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0, .000 0 .000 0 .000 0 .000 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0. .000 0 .000 0 .000 0 .000 

0 .000 0 .000 0 .000 0 .000 0 .000 
L= ll(j= =1 45) 

0 .000 0 .000 0 .000 0, .000 0 .000 0 .000 0. .000 0 .000 0 .000 0 .000 

0, .003 0 .049 0 .226 0, .268 0 .287 0 .155 0. .013 0 .001 0. .000 0 .000 
0, .000 0 .000 0 .000 0. .000 0 .000 0 .000 0. .000 0. .000 0. .000 0, .000 

0. .000 0 .000 0 .000 0. .000 0 .000 0 .000 0. .000 0. .000 0, .000 0. .000 
0, .000 0 .000 0 .000 0. .000 0 .000 
L= 12(j= =1 45) 

0. .000 0. ,000 0, ,000 0. .000 0, .000 0. .000 0. 000 0. .002 0. .005 0. .007 

0. ,006 0. ,001 0. .000 0. .000 0, .000 0. .001 0. 045 0. .238 0, .341 0. .219 

0. .089 0. ,033 0. .008 0. .001 0, .002 0. .002 0. 001 0. .000 0, .000 0. .000 

0. .000 0. ,000 0. ,000 0. .000 0, ,000 0. .000 0. 000 0. .000 0. .000 0. .000 

0. .000 0, ,000 0. ,000 0. .000 0. ,000 
L= 13(j = =1 45) 

0. 000 0. .000 0. .000 0. 000 0. .000 0. .000 0. 001 0. 001 0. 001 0. 000 

0. 000 0. .000 0, .000 0. 000 0. .000 0. .000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. .000 0, .000 0. 000 0. .000 0. .031 0. 287 0. 517 0. ,156 0. 004 

0. 000 0. .000 0. .000 0. 000 0. .000 0. .000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. .000 0, .000 0. 000 0, .000 
14(j = =1 45) 

0. 000 0. 000 0. .000 0. 000 0. .000 0. .000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. .000 0. .000 0. 000 0. .000 0. .000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. .001 0. .004 0. 015 0. .120 0. .336 0. 232 0. 139 0. 127 0. 023 

0. 001 0. .000 0, .000 0. 000 0. .000 0. .000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. .000 0. .000 0. 000 0, .000 
15(j = =1 45) 

0. 000 0. .000 0. .000 0. 000 0. .000 0, .000 0. 000 0. 000 0. ,000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. .000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. ,000 0. .002 0. 001 0. 001 0. 016 0. 317 

0. 558 0. 097 0. 007 0. 000 0. 000 0. ,000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 
16(j = =1 45) 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 008 0. 074 0. 252 0. 356 0. 226 0. 071 0. 012 0. 001 

0. 000 0. 000 0. 000 0. 000 0. 000 
17(j = =1 45) 



0 .000 0 .000 0 .000 0 .000 0 .000 0 

o
 
o
 0 .016 0 .051 0 .085 0 .100 
0 .066 0 .009 0 .000 0 .000 0 .000 0 .004 0 .101 0 .305 0 .197 0 .051 
0 .010 0 .002 0 .000 0 .000 0 .000 0 .001 0 .001 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 
L= 18(j =1 45) 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0, .000 0 .000 
0 .000 0 .010 0 .206 0 .488 0 .271 0 .025 0 .000 0 .000 0. .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0, .000 0 .000 0 .000 0 .000 0. .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0. .000 0 .000 0 .000 0 .000 0. ,000 0 .000 
0 .000 0 .000 0 .000 0 .000 0. .000 

L= 19(j = =1 45) 

0, .000 0 .000 0 .000 0 .000 0. ,001 0 .045 0 .159 0 .230 0. .240 0 .194 
0 .081 0 .005 0 .000 0 .000 0. ,000 0 .001 0 .015 0 .023 0. .005 0 .000 
0, ,000 0 .000 0 .000 0 .000 0, ,000 0 .000 0. .000 0, .000 0. .000 0 .000 
0. ,000 0 .000 0 .000 0 .000 0. .000 0 .000 0. .000 0, .000 0. .000 0 .000 
0. ,000 0 .000 0 .000 0 .000 0. .000 

20(j: =1 45) 

0. .293 0. ,284 0, .150 0. • Oil 0. 000 0. .000 0. ,000 0, .000 0. 000 0. ,000 

0. .000 0. ,000 0, .000 0. ,000 0. 000 0. ,000 0, ,000 0, .000 0. 000 0. ,000 

0. .000 0. ,000 0. .000 0. ,000 0. 000 0. ,000 0. ,000 0. .000 0. 000 0. ,000 

0. .000 0. ,000 0. .000 0, ,000 0. 000 0, ,000 0, ,000 0, .000 0. 000 0, ,000 

0. .000 0, ,000 0. .003 0, ,046 0. ,214 
21 (j= =1 45) 

0. 000 0, ,000 0, .000 0. ,000 0. 000 0, ,000 0, .000 0. .000 0. 000 0, ,001 

0. .007 0, ,081 0, .238 0. ,234 0. 255 0. ,165 0, .018 0. 001 0. 000 0. .000 

0. 000 0. ,000 0. .000 0. ,000 0. 000 0, .000 0, .000 0. .000 0. 000 0. .000 

0. 000 0, .000 0. .000 0. .000 0. 000 0. ,000 0. .000 0. 000 0. 000 0. .000 

0. 000 0, .000 0. .000 0, .000 0. 000 
22(j = =1 45) 

0. 000 0, .000 0, .000 0, .000 0. 000 0. .000 0. .000 0. 000 0. 000 0. .000 

0. 000 0. 000 0. .000 0. .000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. .000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 001 0. .009 0. 087 0. 184 0. 201 0. 217 0. 183 0. 091 0. 026 

0. 002 0. 000 0, .000 0. 000 0. 000 
23(j = =1 45) 

0. 000 0. 000 0, .000 0. 000 0. 001 0. 036 0. 139 0. 202 0. 220 0. 206 

0. 127 0. 018 0. .001 0. 000 0. 000 0. 003 0. 025 0. 020 0. 003 0. 000 

0. 000 0. 000 0. .000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. .000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. .000 0. 000 0. 000 
24(j = =1 45) 

0. 000 0. 000 0. .000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 006 0. 025 0. 069 0. 171 0. 287 0. 282 

0. 141 0. 019 0. 001 0. 000 0. 000 
= 25(j = =1 45) 

0. 054 0. 051 0. 064 0. 023 0. 001 0. 000 0. 000 0. 000 0. 000 0. 000 



0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .007 0 .068 0 .254 0 .349 0 .129 
L= 26(j =1 45) 

0 .000 0 .000 0 .000 0 .000 0 .043 0 .263 0 .259 0 .172 0 .121 0 .088 
0 .046 0 .006 0 .000 0 .000 0 .000 0 .000 0 .001 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 

27(j =1 45) 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0, .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .007 
0, .084 0 .459 0 .380 0 .061 0 .008 0 .001 0 .000 0 .000 0 .000 0 .000 
0, .000 0 .000 0, .000 0 .000 0 .000 

28(j^ =1 45) 

0. ,000 0 .000 0. .000 0 .000 0 .000 0 .000 0 .000 0 .000 0, .000 0. .000 

0. .000 0 .000 0. .000 0 .000 0 .000 0 .000 0. .000 0, .000 0. .000 0, .000 

0. .000 0 .000 0. .000 0 .000 0 .009 0 .119 0, .268 0, .291 0. .260 0, .048 
0, .005 0 .000 0, .000 0 .000 0, .000 0 .000 0. .000 0. .000 0, .000 0. .000 

0. .000 0 .000 0, .000 0 .000 0, .000 
29 (j = =1 45) 

0. .000 0 .000 0. .000 0 .000 0, .004 0. .087 0. .189 0. .193 0, .177 0. ,167 

0. .131 0 .032 0. .002 0 .000 0. .001 0. .004 0, .011 0, .003 0. ,000 0. ,000 

0. 000 0 .000 0. .000 0 .000 0, .000 0. .000 0. .000 0, .000 0. .000 0. 000 

0. 000 0 .000 0. .000 0, .000 0, .000 0, .000 0. .000 0, .000 0. ,000 0. 000 

0. 000 0 .000 0. .000 0, .000 0, .000 
30(j = =1 45) 

0. 000 0 .000 0. ,000 0, .000 0. .000 0. .000 0. .000 0, .000 0. ,000 0. ,000 

0. 000 0 .000 0. .000 0, .000 0, .000 0. .000 0. .000 0, .000 0. ,000 0. 000 

0. 001 0 .012 0. .126 0, .677 0, .177 0. .006 0. .000 0. .000 0. .000 0. 000 

0. 000 0 .000 0. .000 0, .000 0, .000 0. .000 0. ,000 0. .000 0. .000 0. ,000 

0. 000 0 .000 0. .000 0, .000 0. .000 

'(i, j) at iteration 2000 

I 45) 

0. 990 0 .010 0. 000 0, .000 0. .000 0, .000 0. ,000 0, .000 0. 000 0. 000 

0. 000 0 .000 0. 000 0. .000 0, ,000 0, .000 0. ,000 0, .000 0. ,000 0. 000 

0. 000 0 .000 0. 000 0. .000 0. ,000 0. ,000 0. 000 0. ,000 0. 000 0. 000 

0. 000 0 .000 0. 000 0. .000 0. ,000 0. ,000 0. 000 0. ,000 0. 000 0. 000 

0. 000 0 .000 0. 000 0. .000 0. 000 
2(j=l 45) 

0. 000 0, .000 0. 000 0. .000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. .000 0. 000 0, ,000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 003 

0. 997 0. .000 0. 000 0. ,000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 



0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 
L= 3(j = 1 45) 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 -000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 1 .000 0 .000 0 .000 0 .000 0 .000 0, .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0, .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 
L= 4(j = 1 45) 

0 .000 0 .000 0 .000 0. .000 0 .000 0 .000 0. .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0. .000 0 .000 0 .000 0. ,000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0, .000 0 .000 0 .000 0. ,000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0, .000 0 .000 0 .000 0. ,000 0 .000 0 .000 0 .000 
0 .000 0 .996 0 .003 0, .000 0, .000 
L= 5(j= 1 45) 

0 .000 0 .000 0 .000 0. .000 0, .000 0 .000 0. 000 0 .000 0 .000 0 .000 

0 .000 0 .000 0 .000 0. ,000 0 .000 0 .000 0. 000 0 .000 0 .000 0 .000 

0. .000 0 .000 0 .000 0. ,000 0. .000 0 .000 0. 000 0, .000 0, .000 0 .000 

0, .000 0 .000 0 .000 0. ,000 0. .000 0 .000 0. 000 0. .000 0. .000 1, .000 

0. .000 0 .000 0 .000 0. 000 0. .000 
[s 6(j=; 1 45) 

0. .000 0 .156 0 .843 0. 000 0. .000 0 .000 0. 000 0, .000 0, .000 0, .000 

0. .000 0 .000 0 .000 0. 000 0. .000 0, .000 0. 000 0. .000 0. .000 0, .000 

0. .000 0 .000 0 .000 0. 000 0, .000 0, .000 0. 000 0. .000 0. .000 0 .000 

0. .000 0 .000 0 .000 0. 000 0. .000 0, .000 0. 000 0. .000 0. .000 0, .000 

0, , 000 0 .000 0 .000 0. 000 0. ,000 
7(j=: I 45) 

0, , 000 0 .000 0 .000 0. 000 0. ,000 0. .000 0. 000 0. ,000 0, ,000 0, ,000 

0. ,000 0 .000 0 .000 0. 000 0, ,000 0. .000 0. 000 0, ,000 0. ,000 0. .000 

0. ,000 0 .001 0 .999 0. 000 0. ,000 0. .000 0. 000 0. ,000 0. ,000 0. .000 

0, ,000 0 .000 0 .000 0. 000 0. ,000 0. .000 0. 000 0. ,000 0. ,000 0. ,000 

0. ,000 0 .000 0 .000 0. 000 0, ,000 

8(j=l 45) 

0. 000 0, .000 0 .000 0. 000 0. 000 0, ,000 0. 000 0. 000 0. 000 0. 000 

0. 000 0, .000 0 .000 0. 000 0. 000 0. ,000 0. 000 0. 000 0. 000 0. ,000 

0. 000 0 .000 0 .000 0. 000 0. ,000 0. .000 0. 000 0. ,000 0. 000 0. ,000 

0. 000 0 .000 0 .000 0. 999 0. ,001 0. .000 0. 000 0, ,000 0. ,000 0. ,000 

0. 000 0 .000 0 .000 0. 000 0. 000 
9(j=l 45) 

0. 000 0, .000 0 .000 0. 000 0. ,000 0, .000 0. 000 0. ,000 0. 000 0, ,000 

0. 000 0. .000 0. .000 0. 000 0. 000 0. ,000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. ,000 0. .000 0. 000 0. 000 0. ,000 0. 000 0. 000 0. 000 0. 000 

0. 000 0, .000 0. .000 0. 000 0. 000 0. 000 0. 402 0. 598 0. 000 0. 000 

0. 000 0, ,000 0, .000 0. 000 0. 000 
10(j = =1 45) 

0. 000 0, ,000 0, .000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 003 

0. 688 0, ,002 0, .000 0. 000 0. 000 0. 002 0. 305 0. 000 0. 000 0. 000 

0. 000 0, ,000 0. ,000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 



0 .000 0 .000 0 .000 0 .000 0 .000 
L= 11 (j =1 45) 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .415 0 .001 0 .583 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 
L= 12(j^ =1 45) 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .017 0 .871 0 .113 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 

L= 13(j^ =1 45) 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 

0. .000 0 .000 0 .000 0, .000 0. .000 0, .000 0 .000 0 .000 0, .000 0. .000 

0, .000 0 .000 0, .000 0, .000 0. .000 0. .000 0 .000 1, .000 0, .000 0. .000 
0 .000 0 .000 0, .000 0, .000 0. .000 0. .000 0, .000 0, .000 0, .000 0, .000 
0, .000 0 .000 0, .000 0, .000 0. .000 

14(j: =1 45) 

0. .000 0, .000 0. .000 0. .000 0, .000 0, .000 0. .000 0. .000 0. .000 0. .000 

0, .000 0, .000 0, .000 0, .000 0, .000 0, .000 0. .000 0. .000 0. .000 0. .000 
0. .000 0, .000 0, .000 0, .000 0. .000 0, .989 0. .010 0. .000 0. .001 0, .000 

0. .000 0. .000 0, .000 0, .000 0. .000 0. .000 0, .000 0, .000 0. .000 0. .000 

0, .000 0, .000 0. .000 0, .000 0, .000 
15(j= =1 45) 

0. .000 0. .000 0. ,000 0. 000 0. 000 0. 000 0. .000 0, .000 0, ,000 0. 000 

0. .000 0. .000 0. ,000 0. 000 0. 000 0. 000 0. ,000 0. .000 0. ,000 0. 000 

0. 000 0, .000 0. ,000 0. ,000 0. 000 0. 000 0. ,000 0. .000 0. ,000 0. 000 

1. .000 0. .000 0. ,000 0. 000 0. 000 0. 000 0. ,000 0. .000 0. ,000 0. 000 

0. ,000 0. .000 0. ,000 0. 000 0. 000 
16(j = =1 45) 

0. .000 0. .000 0. ,000 0. ,000 0. ,000 0. ,000 0, ,000 0. .000 0, ,000 0. 000 

0. .000 0, .000 0. ,000 0. ,000 0. ,000 0. ,000 0. ,000 0. .000 0. ,000 0. 000 

0. .000 0. .000 0. ,000 0. ,000 0. 000 0. ,000 0. ,000 0. .000 0. ,000 0. 000 

0. 000 0. ,000 0. 000 0. 000 0. 000 1. 000 0. 000 0. .000 0. 000 0. 000 

0. 000 0, ,000 0. 000 0. 000 0. 000 
17 (j= =1 45) 

0. 000 0. ,000 0. 000 0. 000 0. 000 0. 000 0. ,000 0. ,000 0, 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 977 0. 023 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. ,000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 
18(j = =1 45) 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 1. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 



.= 19(j=l 45) 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .001 0 .871 0 .129 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 
L= 20 (j =1 45) 

0 .197 0 .763 0 .033 0 .000 0, .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0. .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0. .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0. .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0. .007 

21(j^ =1 45) 

0 .000 0 .000 0 .000 0 .000 0, .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .005 0 .499 0, .001 0. .491 0, .004 0 .000 0 .000 0 .000 0, .000 

0 .000 0 .000 0 .000 0, .000 0. ,000 0, .000 0 .000 0 .000 0 .000 0, .000 

0 .000 0 .000 0 .000 0 .000 0. ,000 0. .000 0 .000 0 .000 0 .000 0 .000 

0 .000 0 .000 0 .000 0, .000 0. .000 

22(j: =1 45) 

0 .000 0 .000 0 .000 0. .000 0. 000 0. .000 0 .000 0, .000 0, .000 0. .000 

0 .000 0 .000 0 .000 0. .000 0. 000 0. .000 0, .000 0 .000 0, .000 0. .000 

0 .000 0 .000 0 .000 0. .000 0. 000 0, .000 0 .000 0, .000 0, .000 0. .000 

0 .000 0 .000 0 .000 0, .000 0. 003 0. .000 0 .863 0, .134 0. .000 0. .000 

0 .000 0 .000 0 .000 0, .000 0. 000 
23(j = =1 45) 

0 .000 0 .000 0 .000 0, .000 0. 000 0. ,000 0, .000 0, .018 0. .489 0, ,493 

0 .000 0 .000 0 .000 0, .000 0. 000 0, ,000 0, .000 0, .000 0, .000 0. ,000 

0 .000 0 .000 0 .000 0. .000 0. 000 0. ,000 0, .000 0. .000 0. .000 0. ,000 

0 .000 0 .000 0 .000 0. .000 0. 000 0. ,000 0, .000 0, .000 0. .000 0. ,000 

0 .000 0 .000 0 .000 0. .000 0. 000 

24(j: =1 45) 

0, .000 0 .000 0 .000 0. .000 0. 000 0. ,000 0. .000 0. .000 0. ,000 0. 000 

0 .000 0, .000 0 .000 0, .000 0. 000 0. ,000 0. .000 0. .000 0. ,000 0. 000 

0, .000 0 .000 0 .000 0. ,000 0. 000 0. ,000 0, .000 0, .000 0. ,000 0. 000 

0 .000 0, .000 0 .000 0. ,000 0. 000 0. ,000 0. .000 0, .000 1. ,000 0. 000 

0 .000 0, .000 0 .000 0, ,000 0. 000 
25(j = =1 45) 

0, .000 0, .000 0, .000 0. ,000 0. 000 0. 000 0, .000 0, .000 0. ,000 0. 000 

0. .000 0, .000 0, .000 0. ,000 0. 000 0. 000 0. .000 0. ,000 0. ,000 0. 000 

0. .000 0. .000 0, .000 0. ,000 0. 000 0. 000 0, .000 0, ,000 0. ,000 0. 000 

0. .000 0, .000 0. .000 0. 000 0. 000 0. 000 0, ,000 0, ,000 0. 000 0. 000 

0, .000 0. .000 0, .019 0. 980 0. 001 
26 (j = =1 45) 

0, .000 0. .000 0. .000 0. 000 0. 000 0. 001 0. ,851 0. 148 0. 000 0. 000 

0. .000 0, .000 0, .000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. ,000 0, .000 0. ,000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. ,000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. ,000 0. 000 0. 000 0. 000 
= 27(j = =1 45) 



0 .000 0 .000 0. .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0. .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0, .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 1. .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0, .000 0 .000 0 .000 
i= 28 (j= =1 45) 

0 .000 0 .000 0. .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0. .000 0 .000 0 .000 0 .000 0, .000 0 .000 0 .000 0 .000 

0 .000 0 .000 0. ,000 0 .000 0 .000 0 .002 0, .511 0 .002 0 .485 0 .000 

0 .000 0 .000 0. 000 0 .000 0 .000 0 .000 0, .000 0 .000 0 .000 0 .000 

0 .000 0 .000 0. 000 0 .000 0 .000 
i= 29(j: =1 45) 

0 .000 0 .000 0. 000 0 .000 0 .000 0 .000 0, .034 0 .932 0 .009 0 .024 

0 .000 0 .000 0. 000 0 .000 0 .000 0 .000 0, .000 0 .000 0 .000 0, .000 

0 .000 0 .000 0. 000 0 .000 0 .000 0 .000 0, .000 0 .000 0 .000 0. .000 

0 .000 0, .000 0. 000 0 .000 0 .000 0 .000 0. .000 0 .000 0 .000 0. .000 

0 .000 0, .000 0. 000 0 .000 0 .000 
i= 30(j = =1 45) 

0, .000 0. .000 0. 000 0 .000 0, .000 0, .000 0.000 0 .000 0 .000 0. .000 

0, .000 0. .000 0. 000 0, .000 0, .000 0. .000 0. 000 0 .000 0 .000 0. .000 

0, .000 0. .000 0. 000 1, .000 0, .000 0. .000 0. 000 0 .000 0 .000 0. .000 

0, .000 0. .000 0. 000 0. .000 0. .000 0. .000 0. 000 0 .000 0 .000 0. .000 

0. .000 0, .000 0. 000 0. .000 0, .000 

B(i,j) at iteration 2991 (Isist one) 

1(J 1 45) 

1 .000 0 .000 0 .000 0. .000 0. .000 0, .000 0. .000 0 .000 0 .000 0, .000 

0 .000 0 .000 0 .000 0, .000 0, .000 0, .000 0, .000 0 .000 0 .000 0, .000 

0 .000 0 .000 0 .000 0, .000 0, .000 0, .000 0, .000 0 .000 0 .000 0 .000 

0 .000 0 .000 0 .000 0, .000 0, .000 0, .000 0, .000 0 .000 0 .000 0 .000 

0 .000 0 .000 0 .000 0 .000 0, .000 

2(j i =  1 45) 

0 .000 0 .000 0 .000 0, .000 0, .000 0 .000 0, .000 0 .000 0 .000 0 .000 

0 .000 0 .000 0 .000 0 .000 0, .000 0 .000 0 .000 0 .000 0 .000 0 .000 

1 .000 0 .000 0 .000 0 .000 0, .000 0 .000 0, .000 0 .000 0 .000 0 .000 

0 .000 0 .000 0 .000 0, .000 0, .000 0, .000 0, .000 0 .000 0 .000 0 .000 

0 .000 0 .000 0 .000 0, .000 0, .000 

3(j 1 45) 

0 .000 0 .000 0 .000 0, .000 0. .000 0, .000 0. .000 0 .000 0 .000 0 .000 

0, .000 0 .000 0 .000 0. .000 0. .000 0. .000 0. .000 0 .000 0, .000 0, .000 

0 .000 1 .000 0 .000 0. .000 0. .000 0. .000 0, .000 0 .000 0, .000 0, .000 

0, .000 0 .000 0 .000 0. .000 0. .000 0. .000 0. .000 0 .000 0, .000 0. .000 

0, .000 0 .000 0 .000 0, .000 0. .000 

4(j = 1 45) 

0. .000 0 .000 0 .000 0. .000 0. .000 0. .000 0, .000 0 .000 0. .000 0. .000 

0, .000 0 .000 0, .000 0. .000 0. .000 0, .000 0. ,000 0 .000 0, .000 0. .000 

0. .000 0 .000 0. .000 0. .000 0, ,000 0, ,000 0. ,000 0 .000 0. .000 0. .000 



0 .000 0.000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 1.000 0 .000 0 .000 0 .000 
L= 5(j=l 45) 

0 .000 0.000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0.000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0.000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0.000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 1 .000 
0 .000 0.000 0 .000 0 .000 0 .000 
L= 6(j=l 45) 

0 .000 0.000 1 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0.000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0.000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0.000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0.000 0 .000 0 .000 0 .000 
L= 7(j=l 45) 

0 .000 0.000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 

0 .000 0.000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 

0, .000 0.000 1 .000 0 .000 0. .000 0 .000 0 .000 0, .000 0 .000 0, .000 

0. .000 0.000 0 .000 0 .000 0. .000 0 .000 0 .000 0 .000 0 .000 0, .000 

0. .000 0.000 0 .000 0 .000 0. .000 
L= 8(j=l 45) 

0. .000 0.000 0, .000 0, .000 0. .000 0 .000 0, .000 0. .000 0 .000 0. .000 

0. .000 0.000 0, .000 0, .000 0. .000 0 .000 0. .000 0. .000 0, .000 0. .000 

0. .000 0.000 0, .000 0, .000 0, .000 0 .000 0, .000 0. .000 0, .000 0, .000 

0. . 000 0.000 0 .000 1, .000 0. .000 0 .000 0, .000 0. .000 0, .000 0. .000 

0. .000 0.000 0, .000 0, .000 0, .000 

9(j=l 45) 

0. .000 0.000 0. .000 0, .000 0. .000 0. .000 0, .000 0, ,000 0, .000 0. ,000 

0, ,000 0.000 0, .000 0, .000 0. .000 0. .000 0. .000 0. ,000 0, .000 0. ,000 

0, .000 0.000 0, .000 0, .000 0. .000 0. .000 0. .000 0. 000 0, .000 0. 000 

0, .000 0.000 0, .000 0, .000 0. .000 0. .000 0, .000 1. ,000 0. .000 0. 000 

0. .000 0.000 0, .000 0, .000 0. .000 

10(j=l 45) 

0. 000 0.000 0. .000 0. ,000 0. 000 0. .000 0. 000 0. 000 0. 000 0. 000 

1. 000 0.000 0. 000 0. ,000 0. 000 0. .000 0. 000 0. 000 0. 000 0. 000 

0. 000 0.000 0. .000 0, 000 0. 000 0. .000 0. 000 0. 000 0. 000 0. 000 

0. 000 0.000 0. .000 0. ,000 0. 000 0. .000 0. .000 0. 000 0. 000 0. 000 

0. 000 0.000 0. ,000 0. 000 0. 000 
ll(j=l 45) 

0. 000 0.000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0.000 0. 000 0. 000 1. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0.000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0.000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0.000 0. 000 0. 000 0. 000 
12(j=l 45) 

0. 000 0.000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0.000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 1. 000 0. 000 

0. 000 0.000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0.000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 



0.000 0.000 0.000 0.000 0.000 
i= 13(j=l 45) 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 1 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 

i= 14(j =1 45) 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 1 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 

L= 15(j = =1 45) 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
1, .000 0 .000 0 .000 0 .000 0 .000 0 .000 0, .000 0 .000 0 .000 0, .000 
0 .000 0 .000 0 .000 0 .000 0 .000 
L= 16(j = =1 45) 

0, .000 0 .000 0 .000 0 .000 0 .000 0, .000 0. .000 0, .000 0 .000 0. .000 

0. .000 0. .000 0. .000 0, .000 0. .000 0, .000 0, .000 0. .000 0. .000 0, .000 
0, .000 0, .000 0. .000 0, .000 0. .000 0, .000 0, .000 0. .000 0. .000 0, .000 
0. .000 0. .000 0. .000 0, .000 0. .000 1, .000 0. .000 0, .000 0. .000 0. .000 

0. .000 0. .000 0. .000 0, .000 0, .000 
17(j = =1 45) 

0. .000 0. .000 0. .000 0, .000 0, .000 0. 000 0. 000 0. .000 0, .000 0. 000 

0. ,000 0. .000 0, .000 0. .000 0. .000 0. 000 0. .000 1. ,000 0. .000 0. 000 

0. .000 0. .000 0. .000 0. .000 0. .000 0. 000 0. .000 0. .000 0. .000 0. 000 

0. 000 0. 000 0. 000 0. .000 0. 000 0. 000 0. 000 0. 000 0. .000 0. 000 

0. 000 0. 000 0. .000 0. .000 0. 000 
18(j = =1 45) 

0. 000 0. 000 0. .000 0. .000 0. .000 0. 000 0. 000 0. 000 0. .000 0. 000 

0. 000 0. 000 0. 000 1. .000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. .000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. .000 0. 000 0. 000 0. 000 0. 000 0. ,000 0. 000 

0. 000 0. 000 0. 000 0. .000 0. 000 
19(j= =1 45) 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 1. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 
20(j = =1 45) 

0. 000 1. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 



i= 21(j =1 ' 45) 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .990 0 .000 0 .010 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 

i= 22(j^ =1 45) 

0, .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0. .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 
0. .000 0 .000 0 .000 0 .000 0 .000 0 .000 1 .000 0 .000 0 .000 0 .000 
0, .000 0 .000 0 .000 0 .000 0 .000 

i= 23(j: =1 45) 

0. .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .001 0 .999 
0. 000 0 .000 0, .000 0 .000 0 .000 0, .000 0, .000 0 .000 0 .000 0 .000 
0. 000 0 .000 0, .000 0 .000 0 .000 0 .000 0 .000 0, .000 0 .000 0 .000 
0. 000 0 .000 0, .000 0 .000 0 .000 0 .000 0, .000 0, .000 0 .000 0 .000 
0. 000 0 .000 0 .000 0, .000 0 .000 

i= 24(j: =1 45) 

0. 000 0. .000 0. .000 0. .000 0 .000 0, .000 0, .000 0, .000 0, .000 0 .000 

0. 000 0, .000 0, .000 0. .000 0 .000 0. .000 0. .000 0, .000 0. .000 0 .000 
0. 000 0. .000 0. .000 0. .000 0 .000 0, .000 0. .000 0. .000 0, .000 0, .000 

0. 000 0, .000 0. .000 0, .000 0 .000 0. .000 0. .000 0, .000 1. .000 0 .000 

0. 000 0, .000 0. .000 0, .000 0 .000 
i= 25(j = =1 45) 

0. 000 0, .000 0, ,000 0, .000 0 .000 0, .000 0. ,000 0. ,000 0. ,000 0. .000 

0. 000 0, .000 0. ,000 0. .000 0, .000 0. .000 0, ,000 0. 000 0, ,000 0, .000 

0. 000 0, .000 0, ,000 0, .000 0 .000 0. .000 0. ,000 0, ,000 0. ,000 0. .000 
0. 000 0. .000 0. ,000 0, .000 0 .000 0. .000 0, ,000 0. ,000 0, ,000 0. .000 

0. 000 0, .000 0, ,000 1, .000 0 .000 
i= 26Cj= =1 45) 

0. 000 0. ,000 0. 000 0. ,000 0, .000 0. ,000 1. ,000 0. 000 0. 000 0. ,000 

0. 000 0. .000 0. ,000 0. ,000 0, .000 0. ,000 0. 000 0. 000 0. ,000 0. ,000 

0. 000 0. .000 0. ,000 0, ,000 0. .000 0. ,000 0. 000 0. 000 0. ,000 0, ,000 

0. 000 0. .000 0. ,000 0. ,000 0, .000 0. ,000 0. ,000 0. 000 0. ,000 0. ,000 

0. 000 0. ,000 0. ,000 0. ,000 0, .000 
i= 27(j= =1 45) 

0. 000 0. ,000 0. 000 0. 000 0, .000 0. 000 0. 000 0. 000 0. 000 0. ,000 

0. 000 0. ,000 0. 000 0. 000 0, .000 0. 000 0. 000 0. 000 0. 000 0. ,000 

0. 000 0. 000 0. 000 0. 000 0, .000 0. 000 0. 000 0. 000 0. 000 0. ,000 

0. 000 0. 000 1. 000 0. 000 0, .000 0. 000 0. 000 0. 000 0. 000 0. ,000 

0. 000 0. 000 0. 000 0. 000 0. ,000 
i= 28(j = =1 45) 

0. 000 0. 000 0. 000 0. 000 0. ,000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 1. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 0. 000 

0. 000 0. 000 0. 000 0. 000 0. 000 
i= 29(j=l 45) 



0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0, .000 1 .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0, .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0. .000 0, .000 0 .000 0 .000 
0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0. .000 0. .000 0 .000 0 .000 

0 .000 0 .000 0 .000 0 .000 0 .000 

30(j^ =1 45) 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0, .000 0. .000 0 .000 0 .000 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0, .000 0. .000 0 .000 0 .000 

0 .000 0 .000 0 .000 1 .000 0 .000 0 .000 0. .000 0, .000 0 .000 0 .000 

0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0, .000 0. .000 0 .000 0 .000 

0 .000 0 .000 0 .000 0 .000 0 .000 



209 

REFERENCES 
[1] Amit. D., Gutfreund. H., and Sompolinsky, H. (1985). Spin-Glass Model of 

Neural Networks. Physical Review A vol 32, 1007-1018. 

[2] Angeniol, B., DeLa Croix Vaubois, G., Le Texier, J. (.^pril, 19SS) Self Orga
nizing Feature Maps for the Traveling Salesman Problem, Neural Networks 
for Computing, Snowbird, UtaJi, 

[3] .Appostol, T.M. (1973), Mathematical Analysis, 224-225, .A.ddison-vvesIey. 

[4] .Aarts, E. and Korst, J. (1989), Simulated Annealing and Boltzmann Ma
chines. John Wiley & Sons. 

[5] Balinski, M.L., Quandt, R. E., (1964). On an Integer Program for a Delivery 
Problem. Oper. Res. , 12, 300-304. 

[6] Bartholdi, J. J. and Platzman, L. L. (1982). An O(NlogN) planar traveling 
Salesman Heuristic Based on space-filling curves, OR letters vol Lno 4, 121-
125. 

[7] Bartholdi, J. J. and Platzman, L. L. (1988). Heuristic Based on Space-Filling 
Curves For Combinatorial Problem in Euclidean Space. Mang.sci. vol 34, no 
3, 291-305. 

[8] Bartholdi, J. J. and Platzman, L. L. (1989). Space-Filling Curves and the 
Planar Traveling Salesman Problem. J. .A.ssoc. Comput. Mach. vol 36, no 4. 
719-737. 

[9] Baskaran, G., Fu, Y., and .Anderson, P.W. (1986). Journal of Statistical 
Physics, vol 45, 1 

[10] Beardwood,J.,Halton,J.H.,and Hammersley.J.M. (1959). The shortest path 
through many points. Proc. Cambridge Phil. Soc. vol 55, 299-327 

[11] Bellman, R. E. (1962). Dynamic Programming Treatment of the Traveling 
Salesman Problem. J.Assoc.Comput.Mach. vol 9, 61-63. 

[12] Berk, N. K. (1994) Data .Analysis with Student SYST.\T. 

[13] Bodin, L., Golden, B., Assad, A. , Ball, M. (1983). Routing and Scheduling of 
Vehicles and Crews, The State of the .A.rt. Comput. & Ops Res. Vol 10. No. 
2, 63-211. 

[14] Bondy, J.A. and Murty, U.S.R. (1979). Graph Theory with .Applications. 
North Holland 

[15] Christofiedes, N. (1976). Worst-Case .\nlysis of a New Heuristic for the Trav
eling Salesman Problem, Report 388, Graduate School of Industrial .Adminis
tration. Carnegie-Mellon University, Pittsburgh. P.A. 



210 

[16] Christofids, N. (1981). Uses of a Vehicle Routing and Scheduling System in 
Strategic Distribution Planning. Scand. J. Mat. Admin. 7(2), 39-5.5. 

[17] Christofids, N., Mingozzi, A., and Toth, P. (1981). Exact Algorithms for the 
Vehicle Routing Problem, Based on Spanning Tree and Shortest Path Relax
ations. Math. Prog. 20, 255-282. 

[IS] Crowder, H. and Padberg, M. (1980). Solving Large-scale Symmetric Traveling 
Salesman Problems to Optimality. Manage.Sci. vol 26, 495-509. 

[19] Durbin, R. and Willshaw, D. (1987). An Analog Approach to the Traveling 
Scdesman Problem Using an Elastic Net Method., Nature, vol .326. 689-691. 

[20] Durbin, R., Szeliski, R., and Yuille, A. (1989). .An Analysis of the Elastic Net 
.Approach to the Traveling Salesman Problem. Neural Comp. 1, 348-358 

[21] Ecker, J. G. and Kupferschmid, M. (1988). Introduction to Operation Re
search. Wiley. 

[22] Edmonds, J. (1965). Paths, Trees, and Flowers. Canad. J. Math, vol 17 449-
467. 

[23] Elbert,T.F.( 1984). Estimation cind Control of Systems, Van Nostrand Rein-
hold, NY. 

[24] Fisher, M. and Jaikumar, R. (1981). A Generalized Assignment Heuristic for 
Vehicle Routing. Networks 11 (2), 109-124. 

[25] Garey, M. R. and Johnson, D. S. (1991). Computers and Integrability. 
Guide to Theory of NP-completeness. Freeman. 

[26] Gaskell, T. J. (1967). Basses for Vehicle Fleet Scheduling . Opnal. Res. Quart. 
18, 281-295. 

[27] Garvin, W.W., Crandall, H. W., John, J. B. and Spellman R. A. (1957). 
Applications of Vehicle Routing in the Oil Industry. Manag. Sci., 3. 407-430. 

[28] Gillett, B. E. and Miller, L. R. (1974). A Heuristic .Algorithm for the Vehicle 
Dispatching Problem. Oper. Res. 22. 340-349. 

[29] Golden, B., Magnanti, T. and Nguyen, H. (1977). Implementing Vehicle Rout
ing .Algorithms. Networks. 7. 11.3-148. 

[30] Gomery. R. E. (1958). Outline of an Algorithm for Integer Solution to Linear 
Programs. Bull. Amer. Math. Soc. vol 64, 275-278. 

[31] Gomery, R. E. (1960). Solving Linear Programming Problems in Integers. 
Proc. Sympos. Appl. Math, vol 10, 211-215. 



•211 

[32] Gomery, R. E. (1963). An Algorithm for Integer Solutions to Linear Pro
grams. Graves, R. L. and Wolfe, P.(eds) Recent Advances in Mathematical 
Programming, McGrawHill, New York, 269-302. 

[33] Grotschel, M. and Padberg, (1979). On the S5'mmetric Traveling Salesman 
Problem I: Inequalities. Math. Programming, vol 16, 265-280. 

[34] Grotschel, M. ajid Padberg, (1979). On the Symmetric Traveling Salesman 
Problem II: Lifting Theorems and Facets. Math. Programming, vol 16, 2S1-
302. 

[35] Hebb, D. (1949). The Organization of Behavior. Wiley, New York. 

[36] Hech-Nielsen, R. (1990). Neurocomputing. Addison-Wesley 

[37] Held, M. and Karp, R. M. (1962). A Dynamic Programming Approach to 
Sequencing Problems. SIAM J.Appl.Math. vol 10, 196-210. 

[38] Hertz, J. , Krogh, A. and Palmer, R. (1991). Introduction to the Theory of 
Neural Computation. Addison-Wesley. 

[39] Hobson, E.W., Sc.D., LL.D., F.R.S. (1950). The Theory of Functions of a 
Real Variable and the Theory of Fourier's Series. Harren Press. 

[40] Hines, W. W., and Montgomery, D.C. (1990). Probability and Statistics in 
Engineering and Mzinagement Science. 3rd edition. John Wiley L Sons. New 
York. 

[41] Hopfield, J.J. (1982). NeuraJ Networks and Physical Systems With Emergent 
Collective Computational Abilities., Proc. Natl. Acad. Sci., vol 79, 2554-2558. 

[42] Hopfield, J.J. (1984). Neurons With Graded Response Have Collective Com
putational Properties Like Those of Two-State Neuron., Proc. Natl. .A.cad. 
Sci., vol 81, 3088-3092. 

[43] Hopfield, J.J. and Tank, D. W. (1985). Neural Computation of Decisions in 
Optimization Problems. ,Bio. Cyber.,vol 52, 141-152. 

[44] Hopfield, J.J. and Tank, D.W. (1986). Computing With Neural Circuits: .A 
Model. Science, vol 233, 625-633. 

[45] Kan Mun Cheh,Goldberg, J. B. and Askin, R. G. (1991). A note on the Effect 
of Neighborhood Structure in Simulated Annealing. Comput.Ops.Res. vol 18, 
no 6, 537-547. 

[46] Kearney, A. (1980). Improving Productivity in Physical Distribution. Report 
for CPDM, London. 

[47] Kirpatric, S.. Gelatt, C. D. and Vecchi, M. P. (1983). Optimization by Simu
lated .A^nnealing. Science, vol 220, 671-680. 



212 

[48] Kohonen, T. (1984). Self-organization and Associative Memory, Springer-
Verlag. 

[49] Kosko, B.(1992) Neural Networks and Fuzzy Systems. A Dynamical Systems 
Approach to Machine Intelligence. Prentice-Hall. 

[50] Lawler, E. L., Lenstra, J. K., Rinnooy Kan, A. H. and Shmoys, D. B. (19S5). 
The Traveling Salesman Problem, John Wieley & Sons Ltd. 

[51] Lin, S. eind Kemighan, B. W. (1973). An Effective Heuristic Algorithm for 
the Traveling Salesman Problem. Oper. Res. vol 21, 498-516. 

[52] Magnanti, (1981).Combinatorial Optimization and Vehicle Fleet Planning. 
Perspectives and Prospects. Networks, 11, 2, 179-213. 

[53] McCulloch, W. S. and Pitts, W. (1943). A Logical Calculus of the Ideas 
Immanent in Nervous Activity. Bulletin of Math. Bio. vol 5, 115-133. 

[54] Metropolis, N., Rosenbluth, A., Rosenbluth, M., Teller, A. and Teller, E. 
(1953). Equation of State Calculations by Fast Computing Machines. J.of 
Chem.Phy., vol 21, 1087-1092. 

[55] Minsky, M. (1954). Neural Nets and the Brain - Model problem. Doctoral 
Dissertation, Princeton University, Princeton NJ. 

[56] Minsky, M. and Papert, S. (1969). Perceptron. MIT Press, Cambride M.A. 

[57] Montgomery, D.C. (1984). Design and Analysis of Experiments. 2nd edition. 
John Wiley & Sons. New York. 

[58] Nemhauser, G.L. and Wolsey, L.A. (1988). Integer and Combinatorial Opti
mization. John Wiley & Sons 

[59] Papadimitriou, C. H. and Steiglitz, K. (1982). Combinatorial Optimization 
Algorithms and Complexity. Prentice Hall. 

[60] Ogata, K. (1970). Modern Control Engineering. Prentice-Hall. 

[61] Plane, D. R. and McMillan, C. J. (1971) Discrete Optimization. Prentice Hall. 
Inc. 

[62] Rosenblatt, F. (1958). The Perceptron: A Probabilistic Model for Information 
Storage and Organization in the Brain. Psychol. Rev. vol 65. 386-408. 

[63] Simmen, M. W. (1991). Neural Computation, vol 3, 36.3-374 

[64] Waltman. P. (1986). A Second Course In Elementry Differential Equations. 
.A.cademic Press. 

[65] Wilson. R.J. (1979). Introduction to Graph Theory, .\cademic Press. 


