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ABSTRACT 

Synthetic aperture radars (SAR.s) are modern airborne or spaceborne high-resolution 

imaging systems used in target imaging and terrain mapping applications. SAR sys-

terns collect large volumes of complex phase history data that, in some systems, is 

downlinked to predetermined ground receiving stations for storage and/or subsequent 

processing. Considering the volume of data generated, SAR phase history data com-

pression techniques are naturally of interest. In this dissertation, three complete SAR 

phase history data compression systems are presented. Two compression systems 

are based on trellis coded quantization and can be used to compress phase history 

data collected by a SAR system, independent of the SAR's mode of operation. The 

third compression system employs an optimal rate allocation strategy. It is designed 

specifically for spotlight mode SAR systems and utilizes the fundamental result that 

a complex image can be formed from spotlight mode SAR phase history data using 

a (windowed) two-dimensional FFT. Performance evaluations are presented for these 

compression systems relative to other existing SAR phase history data compression 

systems. 
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CHAPTER 1 

Introduction 

Large volumes of synthetic aperture radar (SAR) data are currently being gen-

erated for target imaging and terrain mapping applications. SAR systems may be 

either airborne or spaceborne and generally downlink data to predetermined ground 

receiving stations for storage and/or subsequent processing. Considering the volume 

of data generated, data compression techniques are naturally of interest. These com-

pression systems seek to reduce the amount of data required to generate a SAR image 

subject to some fidelity criteria, usually SN R. 

Although SAR systems have been around since the 1950's, relatively little atten-

tion has been given to the (lossy) compression ofSAR phase history data and/or SAR 

images. This is due, in part, to the wide range of analysis performed on SAR phase 

history data/images and the lack of an adequate measure of "acceptable" information 

loss due to compression. 

In recent times, however, lossy compression of SAR images has received consid-

erable attention as shown in the survey papers [52, 63], and also in (49, 67]. In this 

dissertation, we focus not on compression of SAR imagery, but rather on compression 

of SAR phase history data. 
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Three complete compression systems are presented. Two compression systems 

are based on trellis coded quantization (TCQ) and can be used to compress SAR 

phase history data, independent of the SAR's mode of operation. TCQ techniques 

for data compression have been well documented [17, 33, 41]. TCQ has previously 

been shown to be highly effective for compressing memoryless sources as well as 

imagery of all types. In this dissertation, it is shown that TCQ techniques provide 

a high-performance, low bit-error sensitivity solution of the problem of SAR phase 

history data compression. The third compression system employs an optimal rate 

allocation strategy. It is designed specifically for spotlight mode SAR systems and 

utilizes the fundamental result that a complex image can be formed directly from 

spotlight mode SAR phase history data (represented on a rectangular grid) using 

two successive (windowed) 1-D inverse Fast-Fourier Transforms [44]. The radar, or 

detected, image is usually taken to be the magnitude of the complex image. 

The most widely recognized method for compressing SAR phase history data is 

block adaptive quantization (BAQ) [36]. This method divides the phase history 

data into disjoint blocks and computes the standard deviation of each block. These 

standard deviations are used to scale the decision and reconstruction values of a 

scalar quantizer designed for a unit variance Gaussian source. Each block of data is 

then quantized using the appropriately scaled version of this quantizer. 

Vector quantization (VQ) has also been successfully applied to the problem of 

SAR phase history data compression [2]. In [2], it was determined that the best VQ 
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system performance was obtained using separate codebooks for the real and imaginary 

components of the complex SAR phase history data. The splitting algorithm and the 

generalized Lloyd algorithm [38] were used to generate the VQ codebooks. 

The TCQ-based coding systems are compared with the BAQ and VQ systems on 

the basis of reconstructed complex phase history data S N R. It is demonstrated that 

the TCQ systems provide superior S N R performance with a moderate increase in 

coder complexity. The coder based on optimal rate allocation is also compared with 

the BAQ and VQ systems, but in this case, the basis for performance comparison 

is reconstructed image S N R. Considerable performance gains are enjoyed by this 

system relative to BAQ and VQ. 

1.1 Dissertation Overview 

Chapters 2 and 3 provide background material on SAR and data compression, 

respectively. This material forms the foundation for the data compression systems 

presented in Chapters 4 and 5. These compression systems represent the main con-

tributions of this dissertation as they are shown to be superior to the other SAR 

phase history data compression systems in the literature. 
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CHAPTER2 

Synthetic Aperture Radar Background 

2.1 Introduction 

Synthetic aperture radars (SARs) are modern airborne or space borne imaging 

systems capable of producing high-resolution microwave images of the earth's surface 

using antennas of a reasonable size. As the radar platform traverses its flight path, 

the radar transmits a sequence of bursts, or pulses, of coherent electromagnetic (EM) 

energy in the microwave region of the EM spectrum. These pulses propagate at the 

speed of light to illuminate the portion of the earth's surface within the antenna beam. 

Illuminated objects absorb a portion of the incident energy and reflect the remainder. 

The fraction of the reflected energy received by the radar is called the return signal. 

The sequence of return signals received by the radar during the synthetic aperture is 

coherently processed to produce imagery. 

Radar1 systems represent an important sensor technology. As active imaging 

systems, they provide their own illumination. Thus, unlike passive optical systems 

that depend on light from the sun, radar systems are able to operate at night. SAR 

also has all-weather capability since microwaves are able to propagate through douds 

1The word radar is an acronym for the phrase "radio detection and ranging". 
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and rain with only limited attenuation. One major drawback in radar systems is that 

image spatial resolution is governed by the ratio of the wavelength of the EM radiation 

to the aperture size times the sensor distance to earth [11]. Thus, as sensor distance 

increases, the aperture size must increase to maintain the same resolution. Since 

microwaves are typically 100,000 times longer than visible light, a conventional (non

SAR) radar system would require an impractically large antenna to achieve the same 

resolution as an optical system. To improve a radar system's resolution without 

increasing its physical antenna size, SAR technology is employed to synthesize an 

extremely long aperture. In fact, resolution independent of sensor distance can be 

obtained [46]. 

A SAR image is a two-dimensional representation of the magnitude of the elec

tromagnetic reflectivity of each resolution cell in the illuminated ground patch. The 

two-dimensions are range and cross-range, or azimuth. Range is in the direction of 

radiation propagation and cross-range is usually taken to be parallel to the flight 

path. SAR images look distinctly different from optical photographs since SAR im

ages measure how well objects reflect microwaves rather than visible light [46]. An

other difference is that SAR images are derived from a spatially coherent illumination 

source, and thus show speckle patterns [22]. 

The principles of synthetic aperture radar are well-documented. For discussions of 

strip-map SAR, see [11, 46], for spotlight mode SAR, see [9, 28], and for wavenumber 

algorithms, see [58, 59]. 
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2.2 Spotlight Mode Synthetic Aperture Radar 

The first high-resolution spotlight mode SAR was described from a range-Doppler 

perspective by Walker in 1980 [65]. Three years later, Munson et al. [44] demon-

strated that spotlight mode SAR could be interpreted as a tomographic reconstruc-

tion problem and, therefore, the signal processing requirements of the system could 

be described using the projection-slice theorem from computed tomography. In this 

dissertation, a tomographic formulation of spotlight mode SAR is presented. The 

language and concepts from signal processing are used throughout the development, 

allowing a highly tangible presentation of this particular imaging system. 

In general, the scene to be imaged by a spotlight mode SAR is three-dimensional 

(3-D). Hence, the Fourier transform of the spotlight scene will be 3-D. In [4] it was 

shown that the processed (demodulated) returns from a spotlight mode SAR using 

polar format processing (which is very similar to tomography) provide a linear 1-D 

segment of the 3-D Fourier transform of the 3-D scene. In (27, 28] a 3-D tomographic 

formulation o£ spotlight mode SAR is presented along with mapping techniques re-

quired to interpolate the 3-D data onto a 2-D rectangular grid appropriate for inverse 

Fourier transformation. 
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2.2.1 A Review of 2-D Computed Tomography 

Computed tomography ( CT) is an image reconstruction technique that obtains a 

2-D cross-sectional view of a 3-D object by processing many 1-D projections taken 

from different observation angles (24, 54]. Figure 2.1 shows the geometry used to 

model 2-D tomographic systems. 

\ 
\ 

Lines of 

integration 

The function po( u) is the 1-D projection of 

\ \ y 

\ 
\ 

\ 
\ 

\ 
\ 

\ 
\ 

\ 
\ 

\ 

Illumination 
source 

X 

Figure 2.1: Projection imaging geometry. 

g(x, y) at an angle fJ. The quantity po(u) is also called a ray-sum, since it represents 

the summation of g( x, y) along a ray at a distance u and at an angle B [26]. We note 
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that each point in the projection function corresponds to a line in the ( x, y) domain. 

In practice, g(x, y) must be estimated since only a finite number of viewing angles 

are available. The function po ( u) is also known as the Radon transform of g( x, y). 

The theoretical foundation of CT is the projection-slice theorem [24, 54]. This 

theorem provides a very important relationship between the 2-D Fourier transform 

of a function and the 1-D Fourier transform of its Radon transform. 

Theorem 2.1 (Projection-Slice Theorem) The 1-D Fourier transform of the pro

jection po( u) is equal to the central slice, at an angle B, of the 2-D Fourier transform 

of the object, G(X, Y). That is, if 

po(u) ~ Po(w) 

then, 

Po(w) = Gp(w, B) ~ Gr(w cos B, w sin B) = Gr(X, Y). 

A discussion of the projection-slice theorems and their relationship to the Radon 

transform can be found in [ 4 7]. 

In CT, the image reconstruction problem is theoretically equivalent to finding 

the inverse Radon transform of po ( u) [26]. Digital solution techniques such as the 

convolution/filter back-projection algorithms are discussed in [26]. An alternate tech

nique, which is primarily used in SAR, is direct Fourier domain reconstruction [43]. 
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This conceptually simple method follows from the projection-slice theorem and is 

described below. 

Algorithm 

There are three steps in this algorithm: 

Step 1. Fill a 2-D Fourier space with 1-D Fourier transforms of p8 (u) to get 

Gp(w, B). 

Step 2. Interpolate Gp(w, B) from a polar grid to a rectangular grid to get Gr(X, Y) 

so that an efficient 2-D inverse FFT can be used in step 3. 

Step 3. Take the 2-D inverse Fourier transform of Gr(X, Y) to approximate g(x, y ). 

2.2.2 Spotlight mode SAR as 2-D Tomography 

One major objective of this section is to rigorously establish the direct Fourier 

transform relationship between spotlight mode SAR phase history data and complex 

spotlight mode SAR image data. 

The ground-plane geometry for a spotlight mode SAR system is shown in Figure 

2.2. The x-axis lies in the range direction, while the y-axis lies in the cross-range 

direction. Let g( x, y) represent the 2-D radar reflectivity density function for the 

portion of the earth's surface illuminated by the radar's antenna beam. As the radar 

travels along its flight path, the radar beam is continuously steered to illuminate 

the same ground patch. At points corresponding to equal increments of B, high 

bandwidth pulses (such as linear FM) are transmitted to the ground patch, the radar 
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Figure 2.2: Geometry for ground-plane tomographic formulation of spotlight mode 
SAR system. Constant range lines exist if wavefront curvature can be ignored. The 
solid square on the synthetic aperture corresponds to the position of the radar for a 
given B. The other squares correspond to radar transmitting/receiving locations for 
equal increments of (). 

echo signal is received and processed. If a plane-wave approximation is made, i.e. , 

the wavefronts across the spotlight scene are assumed to have such a small amount 

of curvature that they are effectively straight lines, then the radar return signal 

represents a projection, at an angle (), of the reflectivity function. Each of the radar's 

observation angles provide a different projection of the spotlight scene. 
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The range-Doppler formulation of spotlight mode SAR imaging utilizes the fact 

that as the radar traverses its flight path, the received signal undergoes a slight 

Doppler shift. Integrating the returns from many observation angles provides azimuth 

resolution, while range resolution is obtained by transmitting high bandwidth pulses 

in conjunction with deramp processing [11, 28]. 

2.2.2.1 Tomographic Derivation of Spotlight mode SAR Imaging 

Throughout this section, the notation and derivation presented in the pioneering 

work of Munson et al. [44] will be followed closely. Before proceeding with the deriva

tion, some conceptual background material is usefuL The ground patch reflectivity 

density function g(x, y ), often referred to as just the reflectivity, is complex in nature, 

i.e., g(x, y) = lg(x, y)l expj Lg(x, y). For example, for a sinusoidal incident signal, the 

reflected signal will be scaled in amplitude by lg( x, y) I and phase shifted by Lg( x, y). 

The amplitude scaling reflects the fact that only part of the incident signal is reflected 

back to the radar. The phase shift is due to several factors, but mainly due to the 

phase shift incurred at the air-target boundary due to differing dielectric constants 

of the respective media [44, 46]. The goal of the SAR imaging system is to produce 

an estimate of the 2-D function lg( x, y) I which is called the detected image of the 

spotlight scene. 
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Linear frequency modulated (LFM), or chirp, waveforms are the most commonly 

used waveforms in SAR systems and will be used in this derivation. Let the trans-

mitted signal be given by 

s(t) = J e
0

xpj(w0t + at
2

) -T/2 ~ t ~ Tji 

l otherwise. 

(2.1) 

Differentiation of the phase of equation (2.1) gives the instantaneous signal frequency 

d</J( t) 
wi(t) =----;It= w0 + 2at 

which is a linear function of time. The RF carrier frequency is w0 , 2a is the FM chirp 

rate, T is the pulse duration, and Be = 2at is the chirp signal bandwidth. 

The signal reflected back to the radar from a target dx dy centered at (x0 , y0 ) at 

a distance R0 from the radar platform is [ 44] 

ro(t) =A· Re {g(xo, Yo) s (t-
2~)} dx dy 

where A accounts for signal attenuation due to propagation, c is the speed of light, 

and ~ is the time between signal transmission and reception. 

From Figure 2.2, we note that po(u) represents the line integrals of g(x, y) at an 

angle () and distance u from the origin. Using the plane-wave approximation and the 

superposition principle, it follows that the signal returned from a differential line of 

scatterers along u = u 0 is given by [44] 
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where R is the distance from the radar platform to the spotlight scene center. Tak-

ing A to be constant over the ground patch and chirp signal bandwidth, the signal 

returned from the entire ground patch from an observation angle of B is [44] 

-T + 2{R+L) < f < I_ + 2{R-L). 
2 c - - 2 c 

(2.2) 

A major result derived in [44] showed that by proper processing of the return signal, 

ro ( t), the Fourier transform of the projection Po ( u) could be obtained. The required 

processing Is: 

1. Quadrature demodulate ro(t) by multiplying it with a time-delayed version of 

the in-phase and quadrature components of the reference chirp, s( t- T), where 

T = 2R. 
c 

2. Lowpass filter the resultant in-phase and quadrature signals and combine them 

to form the complex signal Co(t) (below). 

The expression for the demodulated return signal can be approximated by [44] 

Co(t) =;Po G (w0 + 2a(t- r))) 

for the time interval of equation (2.2). 

According to the projection-slice theorem, Co( t) represents values of G(X, Y) along 

a central slice at an angle B. Due to the finite pulse duration, Co( t) will contain 



frequency information only over the range 

2 
X1 = -(wo- aT) 

c 

2 
X2 = -(wo +aT). 

c 
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The set of processed radar returns over many different viewing angles IBI < Bmax 

thus provide samples of G(X, Y) on the polar grid as shown in Figure 2.3. We note 

that the transform points at an angle (;} correspond to processed radar returns from 

an observation angle e. To complete the (complex) image formation process, the 

samples of G(X, Y) are demodulated to baseband, interpolated to a rectangular grid 

using an interpolation procedure (such as the one described in (28]), windowed to 

reduce detected image sidelobe levels, and inverse 2-D Fourier transformed. 

2.3 Properties of SAR Phase History Data 

SARis a coherent imaging system, i.e., SAR processing utilizes both the magni-

tude and the phase information of the returned signal in the image formation process. 

Consequently, complex data are obtained by SAR systems. These complex data are 

often referred to as phase history data and usually represent an estimate of the Fourier 

transform of the ground patch over a limited set of spatial frequencies (23]. In the 

SAR literature, complex phase history data are generally taken to have statistically 

independent real and imaginary components, each with zero mean and a Gaussian 

distribution (36, 51]. 
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Figure 2.3: The two-dimensional surface containing known samples of G(X, Y). The 
heavy dots indicate locations of the raw polar samples at an angle B. The underly
ing rectangular grid indicates postitions of G(X, Y) samples after polar-rectangular 
conversion (interpolation). 

In spotlight mode SAR systems, complex phase history data refer to the polar 

samples of G(X, Y) as shown in Figure 2.3. Interestingly enough, this limited set of 

frequency domain data contains all the information needed to reconstruct a complex 

image of the illuminated ground patch [28, 44]. The resolution of the reconstructed 

radar image is dependent only on the extent of the phase history data used in the 

reconstruction, not its location [45]. 
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The complex phase history data obtained by spotlight mode SAR systems are 

known as offset Fourier data [45]. This term reflects the fact that the Fourier (phase 

history) data obtained by spotlight mode SAR systems are not centered at the origin 

in the frequency domain, but rather offset by an amount proportional to the carrier 

frequency of the transmitted waveform. It is the complex nature of the phase history 

data that allows high-resolution image reconstruction (45], as explained below. 

Using notation described previously, let the object's reflectivity density function 

be given by 

g(x,y) = lg(x,y)lexpjLg(x,y). (2.3) 

If the phase of g(x, y) is highly random (as it will be for a rough surface at mi-

crowavelengths) then its Fourier transform will be extremely broad. Since the Fourier 

transform of g( x, y) is equivalent to the convolution of the transforms of lg( x, y) I and 

expjLg(x,y), G(X, Y) will contain information about lg(x,y)l over a wide range of 

frequencies. In other words, the random phase acts to modulate the magnitude in-

formation over a wide region of the frequency domain, thus allowing recovery of the 

magnitude of the reflectivity from the offset Fourier data (45]. Similar ideas are used 

in optical holography. 
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2.4 Practical Considerations in SAR Image Formation 

It has been shown that the fundamental step in spotlight mode SAR image forma-

tion is a 2-D inverse Fourier transform. The 2-D Fourier transform is separable into 

two 1-D Fourier transforms along each of the spatial coordinates (a property that is 

used to develop the compression system of Chapter 5). The discussion that follows is 

presented in 1-D. A basic understanding of Fourier transform properties is assumed. 

2.4.1 Aperture Weighting 

A system impulse response with low sidelobes is important in SAR imagery be-

cause large sidelobes can cause interference of large amplitude signals with neigh-

• f.. 
boring low-level signals [9]. Aperture weighting is a technique whereby a uniform 

' 

rectangular aperture weighting function (unity amplitude over the entire aperture, 

i.e., a red function) is replaced by an non-uniform aperture weighting function with 

more desirable impulse response characteristics such as low sidelobes and a minimum 

main lobe width. The optimum window function has a minimum main lobe width for 

a specified peak sidelobe level [28]. Main lobe widening is undesirable since it causes 

a loss of resolution. In this dissertation, a non-uniform (Taylor) aperture weighting 

function is applied to SAR phase history data prior to the inverse Fourier transform 

operation to improve dynamic range in the image by reducing the system impulse 

response sidelobes (28]. 
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It is well-known that the time-domain representation of a uniformly weighted fi

nite frequency-domain data record X(n) involves the convolution of the time-domain 

representation of X(n) with a sine function (the inverse Fourier transform of a rect 

function). This convolution effectively smooths the time-domain representation of 

X(n), removing its fine structure. When the uniform rectangular weighting func

tion is replaced with a Taylor weighting function, the inverse transform of X(n) is 

convolved with the inverse transform of the Taylor weighting function. As shown in 

Figure 2.4, the impulse response of the Taylor weighting function has much lower 

sidelobes than the impulse response of the uniform weighting function. The number 

of samples chosen (N = 412) for the weighting functions correspond to the aperture 

length of the coding systems developed in Chapters 4 and 5. 

2.4.2 Spectral Oversampling 

Spectral oversampling, also called zero padding, of the phase history data prior to 

the inverse Fourier transform operation accomplishes an interpolation in the image 

domain. Although no additional information about the image is gained by zero 

padding, a more visually pleasing result is usually obtained (28]. More zero padding 

provides a larger image with finer interpolation at the cost of increased computation 

since a larger Fourier transform must be taken. 
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Figure 2.4: Upper left: Uniform weighting function; Upper right: Impulse response 
for uniform weighting function; Lower left: Taylor weighting function; Lower right: 
Impulse response for Taylor weighting function. 



31 

CHAPTER 3 

Data Compression Background 

3.1 Introduction 

The basic elements of a modern digital communication system are shown in Figure 

3.1. The information source is generally analog (continuous-time and continuous-

Infonnation 
source 

Source Channel Digital 
encoder encoder modulator 

Channel 

Output 
signal 

Source Channel Digital 

decoder decoder demodulator 

Figure 3.1: A typical digital communications system. 

amplitude) or digital (discrete-time and discrete-amplitude), but could be some com-

bination thereof, and is random in nature, i.e., it is characterized in statistical terms. 

If the source were not random it would be known exactly, or deterministic, and there 

would be no need to transmit it. There are various types of information sources, such 

as text, speech, audio, image, video, radar, and sonar. 
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The justification for the particular partition of coding functions shown in Fig-

ure 3.1 is provided by Shannon's information theory (55, 56]. While this functional 

separation does not prohibit optimal system performance, the operations can be in-

tegrated for greater overall efficiency, e.g., trellis coded modulation [62]. 

The functional blocks of Figure 3.1 are now briefly discussed. The source encoder 

seeks to represent the information source with as few binary digits (bits) as possible 

(subject to some fidelity criterion), effectively removing the redundancy from the 

information source. The channel encoder then reintroduces redundancy to the bit se-

quence, but in a controlled manner such that transmission errors are mitigated. The 

digital modulator then maps the bitstream to signal waveforms suitable for trans-

mission through the communication channel. The channel corrupts the modulated 

waveforms in a random manner. The digital demodulator converts the corrupted 

channel waveforms to the best estimate of the bitstream prior to modulation. How-

ever, due to channel noise, errors are made. The channel decoder uses knowledge of 

the error-protection scheme employed by the channel encoder to estimate the source 

encoder output. The source decoder performs the inverse operation of the source 

encoder and its output represents the reconstructed information sequence. The dis-

tortion incurred by the digital communication system is generally taken to be some 

function o£ the difference between the original information sequence and the recon-

structed information sequence. 
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In this thesis, we focus on the source encoder/ decoder elements. This area of 

study is called source coding or data compression. Data compression is inherent in 

the conversion of an analog signal to a digital signal. For example, consider that it 

would require an infinite number of bits to represent an arbitrary real number (such 

as 1r ). Data compression may also refer to representing a digital information sequence 

at one bit-rate (usually measured in number of information bits per source symbol) 

by a digital information sequence at a lower or reduced bit-rate. The latter scenario 

will be considered here. 

The primary motivations for data compression are founded upon physical con

straints: limited system bandwidth for digital communication systems and limited 

storage capacity for computer systems. It is of interest, then, to reduce the amount 

of information that must be transmitted or stored such that the received or re-

constructed information sequence contains the essential information of the source 

sequence. 

The basic elements of a source coding system are shown in Figure 3.2. Lossy 

and lossless compression techniques are considered in the sections on quantization 

and entropy coding, respectively. The mathematical models of source coding and a 

quantitative measure of source information content are presented in the next section. 
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Figure 3.2: Basic elements of a source coding system. 

3.1.1 Information Theory Fundamentals 

34 

Information theory in general, and rate-distortion theory in particular [5), pro-

vide the mathematical basis for data compression. Information theory was largely 

developed by Claude Shannon in his now famous paper "A mathematical theory of 

communication" [55). Based on probability theory, information theory provides a 

strict mathematical definition for the information content of a source. 

Definition: For an event ai, a subset of outcomes from a random experiment , 

occurring with probability Pi , the self-information is 

As an example, consider an experiment consisting M == 2k equally likely events. 

The probability of occurrance of each event is 2-k . From the definition, the self-

information of each event is k bits, the number of bits required to uniquely represent 
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each event in the experiment. We also note from the definition that the more unlikely 

an event, the higher its information content, and vice versa. Although we have used 

log base 2 here, the base is arbitrary with a corresponding change in the unit of 

information. For example, when log base e is used the unit of information is nat. 

A quantity of fundamental importance in source coding is average self-information, 

or entropy. 

Definition: Given a discrete memory less source taking values in { a0 , a1, . .. , ai-l} 

with probabilities {po, Pl? . .. , Pi-l}, the entropy of the source is given by 

We see that entropy is a measure of the number of bits needed (on average) to 

represent a source symbol. It also represents a measure of uncertainty of a random 

source. Yet another interpretation of entropy is as the expected value of log2 ~. 

Shannon showed that for a source satisfying the conditions stated in the definition 

for entropy, the best achievable performance by a lossless compression algorithm is to 

encode the source with an average number of bits equal to the entropy of the source. 

Shannon also showed that it is not possible to losslessly compress a source with an 

average number of bits less than the entropy of the source. 

In general, we will not know the underlying probability model for a source. In 

these cases, an empirical estimate of the entropy is made using the normalized relative 

frequency of symbol occurrence as an estimate of symbol probabilities. 
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For continuous memoryless sources, we define the differential entropy, which is a 

relative measure of uncertainty and can be negative. It is sometimes thought of as 

being relative to a zero mean, unit variance uniform source. 

Definition: Let X be a continuous source with probability de-nsity function px ( x ). 

Then the differential entropy is 

H(X) =- ;_: px(x)!og2 px(x) dx. 

For sources with memory, i.e., sources with intersymbol correlation, we compute 

the conditional entropy [7] as a measure of source randomness. 

3.1.1.1 Rate-Distortion Theory 

Suppose we have a random analog source X(t) that is time-sampled in a manner 

such that the conditions of the sampling theorem [55] are satisfied. By definition, 

the sample values are continuous in nature, and a continuous-amplitude source has 

an infinite entropy (40]. Since an infinite entropy is obviously undesirable from a 

source coding point of view, quantization is performed. Quantization is the process 

of assigning an approximating value to each continuous amplitude sample from a 

predetermined finite set of numerical values. By making approximations, the quan

tization process performs data compression while introducing distortion. Distortion 

is usually taken to be some function of the difference between the actual source value 

and its approximation. 
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Rate-distortion theory is the branch of information theory that provides the the-

oretical bounds for the quantization of continuous-amplitude sources. Fundamental 

to rate-distortion theory are the rate-distortion ( R( D)) and distortion-rate ( D( R)) 

functions. The rate-distortion function defines the theoretical lower bound on the av-

erage bit-rate (in bits per source sample) for any quantizer for a given level of distor-

tion. The distortion-rate function D(R) function is the inverse of the rate-distortion 

function and gives the minimum achievable distortion for a given bit-rate. Shannon 

showed that these theoretical bounds are achievable only when infinitely long blocks 

(or vectors) of source symbols are used for quantization. In general, rate-distortion 

functions are hard to compute, but some useful results are given below. 

For the continuous-amplitude memoryless Gaussian source and mean-squared-

error distortion measure per symbol, 

ll a2 

2log2 D 
Ra(D) = 

0 

0 < D < a-2 
- - X 

(3.1) 

where a-; is the variance of the source [29]. If the distortion is greater than the 

signal variance, we need not transmit any information since transmitting all zeros will 

produce a distortion equal to a-;. From equation (3.1) we can write the corresponding 

distortion-rate function as 

(3.2) 
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Since the S N R is given by }f we have 

SN RdB = 10 log10 2
2

R = 6.02 R dB. 

Thus, for the source and distortion measure under consideration, we can theoretically 

expect to gain 6.02 dB in S N R for every bit per symbol used to encode a Gaussian 

source. 

For non-Gaussian sources and sources with memory, R(D) is difficult to compute, 

however the following bounds hold (29]: 

DL(R) = Q · 2-2
R ~ D(R) ~ Dc(R) (3.3) 

where DL(R) is called the Shannon lower bound, Q = 2!e22H(X) is the entropy power, 

and H (X) is the differential entropy. 

As shown in equation (3.3), for a specified mean and variance, the Gaussian source 

gives the highest distortion at a given rate. Thus, the Gaussian source is the most 

difficult to compress. 

Table 3.1 lists the differential entropies, Shannon lower bound, and S N R compar

isons for four probability models commonly used for source distributions. 

3.2 Quantization 

Signal amplitude quantization (or just quantization) is an integral part of any 

digital communication system since it determines the transmission bit-rate and con

tributes in large part to the overall transmission distortion. Quantization is a lossy 
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PDF H(X) DL(R) SNR(dB) 
Gaussian ! log2 (27rea;) 0"22-2H 

X 
6.02R 

Laplacian ! log2(2e2a;) 0.865a;2-2R 6.02R + 0.63 
Uniform ! log2(12a;) 0. 703a;2-2R 6.02R + 1.53 
Gamma ~ log2( 47re0

.4
23a;/3) 0.37 4a;2-2R 6.02R + 4.27 

Table 3.1: The differential entropy, Shannon lower bound, and S N R comparison for 
four common distributions (a; is the source signal variance). 

compression technique whereby real-valued inputs Xi are mapped to real-valued out-

puts Yi according to a deterministic many-to-one function, call it Q, i.e., Yi = Q(xi)· 

In principle, there are infinitely many possible values for each Xi. In fixed-rate quan-

tizers, allowed values for Yi come from a finite set C of size no greater than N = 2kR, 

where k is the length of the data vector to be quantized and R is the encoding rate 

in bits/ data sample (or vector). 

Two main quantizer design goals are given below: 

• Low computational complexity: The quantization technique should allow for 

"fast" implementation. 

• Low distortion: Ideally, the quantization distortion should be the same or lower 

than other quantization techniques with comparable computational complexity 

for a given rate. 
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3.2.1 Scalar Quantization 

Scalar quantization (SQ) refers to the practice of quantizing source data vectors 

of length one. The quantizer is completely characterized by its reconstruction values, 

Yi, i = 1, 2, ... , N, and its partition of the real line~ into N cells Ri, i = 1, 2, ... , N. 

The ith cell is given by Ri = {x E ~: Q(x) = yi} = Q-1(yi), the inverse image or 

preimage of Yi under the mapping Q [20]. From the definition of the cells, we note 

that the cells form a partition of ~' 

0. (3.4) 

An illustration of a one-dimensional quantizer is shown in Figure 3.3. Another 

Figure 3.3: One-dimensional quantizer's reconstruction levels, Yk, boundary points, 
Xk, and partition cells, Rk. 

representation of SQ is the "staircase" function shown in Figure 3.4. Scalar 

quantizers can be either midtread or midrise quantizers, depending on whether or 

not zero is an available reconstruction value. In Figure 3.4 we have shown a midtread 

quantizer. 
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Figure 3.4: Staircase characteristic of a scalar quantizer. 

As previously discussed, the quantizer input X is a random variable that is usu-

ally modeled by some probability density function (pdf) for mathematical analysis. 

Since the quantizer input is random, the quantizer output Y will be random and 

consequently, the quantization error, Q = X - Y, will also be random (with pdf 

fQ(q)). To obtain a statistical measure of quantizer performance, the signal-to-noise 

ratio ( S N R) is commonly used, where 
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The signal source and quantization error variances are given by a; and a;, respec-

tively. The quantizer error variance is usually taken to be the M S E of the quantiza-

ter since, for a properly designed quantizer, the mean quantization error is zero [29]. 

(3.5) 

Since Q is a function of X, 

(3.6) 

where fx(x) is the pdf of X. By breaking the region of integration up into theN 

partition cells of the quantizer we have 

(3.7) 

Two types of quantization errors (or noise) are generally distinguished: granular noise 

and overload noise. Granular noise refers to quantization errors made in bounded 

partition cells, while overload noise refers to quantization errors made in unbounded 

partition cells. 

M S E is commonly used as an empirical estimate of the quantizer distortion, where 

where L is number of source data vectors. M S E is a popular distortion measure due 

to its computational simplicity. It also penalizes large quantization errors more than 
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small ones, which fits nicely with the logic of quantization. When more subjective 

evaluations of reconstructed signal quality are required, M S E is generally replaced 

with some type of perceptual figure of merit. 

3.2.1.1 Uniform Scalar Quantization 

A special, but important, case of scalar quantization is uniform scalar quantization 

(USQ). USQ is defined such that 

Yi+I- Yi = ~' i = 2, 3, ... 'N- 1, 

and 

Thus, the partition cells Ri, i = 2, 3, ... , N - 1 consist of intervals of length ~ for 

finite Xi. The design of a USQ consists of finding a ~ to minimize the quantization 

distortion for a particular source and number of reconstruction levels [53]. 

Suppose we have a uniform source distributed over [-B, B] and divided into N 

partitions. To compute the quantizer distortion, we first realize that the quantization 

error lies in the interval [-~/2, ~/2]. Furthermore, since the source is uniform the 

quantization error will be uniform within each partition cell. Thus, 

(3.8) 
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Although conceptually simple to design and implement, USQ does not necessarily 

represent the most effective method of quantization [29]. 

3.2.1.2 Minimum Distortion Scalar Quantization 

As previously stated, a major goal in quantizer design is to achieve a minimum 

distortion for a given bit-rate. If we have a suitable pdf model of the input signal 

amplitudes, then we can design a quantizer (with N levels) to minimize equation (3. 7) 

using a direct approach based on calculus. Necessary, but not sufficient conditions 

for a minimum in equation (3. 7) are 

and 
a 2 -a aq = 0. 
Yi 

(3.9) 

These conditions are both neccessary and sufficient when the pdf of X is log con-

cave [29]. Applying the conditions of equation (3.9) to equation (3. 7) gives [29] 

and 

Yi + Yi-1 
Xi= 

2 

Yi = E[x I x E Ri]· 

(3.10) 

(3.11) 

Equation (3.10) is known as the "nearest neighbor" encoding rule. This is intuitively 

pleasing since it dictates that we simply replace input values with the closest available 

reconstruction value. Equation (3.11) is known as the centroid condition. It tells us 

that the best reconstruction value for a given partition cell is the centroid or center 

of mass of that part of the input pdf that lies in the region Ri· 



45 

Equations (3.10) and (3.11) are difficult to solve in closed form. Fortunately, itera-

tive methods of solution were presented independently by Stuart Lloyd (39] (originally 

presented in 1957) and Joel Max (42] and form the now well-known Lloyd-Max al-

gorithm for optimal (minimum M S E) scalar quantizer design. - Quantizers designed 

using the Lloyd-Max algorithm are known as Lloyd-Max quantizers. Optimal deci-

sion and reconstruction levels for several sources and rates are given in Chapter 4 

of (29]. 

3.2.1.3 Adaptive Quantization 

In many applications of practical interest, the input signal has time-varying sta-

tistical parameters such as mean, variance, or even pdf. Adapting the quantizer to 

match the input signal variations can lead to enhanced quantizer S N R. Two main 

types of adaptation are generally discussed in the literature (29, 53]; adaptive for-

ward quantization (AFQ) and adaptive backward quantization (ABQ). For the sake 

of brevity, only the AFQ scheme will be discussed for the case of changing input 

signal variance. 

In AFQ, the input signal is divided into disjoint blocks and key statistical parame-

ters are empirically estimated, e.g., the empirical estimate of the variance for a block 

(length n) of data with zero mean is 
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The quantizer is adjusted to "match" the input signal characteristics using the es-

timated statistical parameters (which must be transmitted to the inverse quantizer 

as side-information). As an illustration of AFQ, consider the following example. 

An optimal quantizer is designed for a zero mean unit variance Gaussian source 

Z (Z rv N(O; 1)). Suppose a block of data from the input signal X has distribu-

tion N(O; o-;). From probability theory, we know that a random variable Y with 

distribution N(p; a;) can be transformed to a standard normal random variable 

( Z rv N(O; 1)) through the transformation 

_Y_-_J.l = z. 

Thus, in this example, to match the optimal quantizer to the statistics of X, we 

simply multiply each quantizer reconstruction level by the estimate of the standard 

deviation for each block of input data. 

3.2.1.4 Entropy Coded Scalar Quantization 

Up to this point we have been dealing with strictly fixed-rate systems, i.e., the 

bit-rate R is directly determined by the number of reconstruction values N, where 

R = flog 2 Nl bits/ source symbol. 

In the interest of more efficient encoding, we now consider entropy coded, or variable-

rate systems. In this scheme, probabilities Pi are assigned to quantizer outputs Yi 
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according to 

Pi= kJx(x)dx 

where fx ( x) is the pdf of the quantizer input. The entropy of the quantizer output 

is given by 
N 

H(p) =- LPdog2 pi bits. 
i=l 

As an example, consider a fixed-rate quantizer for a source with Gaussian distributed 

amplitudes with p1 = P4 = 0.15 and P2 = P3 = 0.35. The entropy is computed to 

be H(p) = 1.881 bits/symbol. Thus, if the quantizer outputs are entropy coded 

(see next section), we can achieve the minimum M S E (for a four level quantizer) at 

R = 1.881 bits/symbol instead of the R = 2.0 bits/symbol of the fixed-rate quantizer. 

The trade-offs for using entropy coding include increased computational complex-

ity, data buffering to match the variable-rate quantizer output to a fixed-rate com-

munications link (13, 30], and increased sensitivity to bit errors in the communication 

link [8, 61]. 

Preceding derivations for quantization optimality have minimized the M S E for 

a fixed number of reconstruction levels. In entropy-constrained scalar quantization 

(ECSQ), we seek to minimize the average distortion subject to a constraint on the 

entropy, i.e., H(p) :::; R. For a method of solution see [53]. 

Gish and Pierce (21] established that for high encoding rates, optimal quantization 

is obtained using entropy-coded USQ. At lower rates, quantization using uniform 
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length partition cells (with partition cell centroid reconstruction levels) followed by 

an entropy coder is nearly optimal [14). In [21) it was shown that at sufficiently 

high rates, entropy-coded USQ can achieve M S E performance within 1.53 dB of the 

distortion-rate function for memoryless sources with smooth pdf. In [14) it was shown 

that for a wide range of memoryless sources and for all non-negative encoding rates, 

M S E performance of ECSQ is within 1.81 dB of the distortion-rate bound. 

As discussed in [20), the USQ/entropy coding combination should be considered 

if the source model is memoryless, the bit-rate is moderate to high, and variable 

bit-rates are permitted. 

3.2.2 Vector Quantization 

Vector quantization (VQ) refers to the joint quantization of source data vectors 

of length k. A fundamental result from rate-distortion theory is that coding systems 

perform better when they operate on groups of symbols (usually called blocks or 

vectors) rather than on individual symbols, even if the source is memory less [5, 20). 

By quantizing vectors, we are able to extract more of the source's structure than we 

are able to when simply quantizing scalars. Extensive discussions of VQ can be found 

in [1, 20). 
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3.2.2.1 Basic Concepts 

The vector quantization problem may be stated as follows. For a vector dimen-

sion k and encoding rate of R bits/sample, VQ employs a quantization codebook C 

consisting of N == 2kR reproduction vectors or codewords, Yi, i == 1, 2, ... , N. The 

source data vector X is partitioned into vectors Xi of length k. Each Xi is quantized 

to a k-dimensional vector Yi in C subject to some fidelity criterion. This can be 

written 

where Yi is the output when the input is Xi. 

Associated with every k-dimensional vector quantizer (with N codewords) is a par-

tition of k-dimensional Euclidean space ~k into N regions or cells, Ri, i == 1, 2, ... , N, 

called Voronoi regions. The ith Voronoi region is given by Ri == {x E ~k : Q(x) == 

yi} _ Q-1 (yi) [20]. From this definition, it follows that theN Voronoi regions form 

a partition of ~k, 

0. (3.12) 

A vector quantizer is completely defined by its codebook and distortion measure. 

As with SQ, one major design goal in VQ is to minimize the distortion between 

the source and reproduction sequences for a given encoding rate. Here, again, we 

use M S E as the distortion measure. In this context, VQ may be viewed as a pat-

tern recognition problem in which each input data vector is quantized to the closest 
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vector in C in the Euclidean distance. Stated another way, VQ utilizes the "nearest

neighbor" encoding rule: 

Q(x) = Yi iff D(x, Yi) < D(x, Yj) Vi=/- j. 

3.2.2.2 Codebook Design 

Since the codebook C has a large impact on the quality of the reconstructed se

quence, codebook design is a critical part of VQ design. The most popular approach 

to designing VQ codebooks is an iterative clustering algorithm known as the general

ized Lloyd algorithm (GLA) [38]. The GLA converges to (at least) a local distortion 

minima and is summarized below: 

(1) Set M S E equal to oo. 

Select a set of training data representative of the source to be quantized. 

Obtain initial vector codebook Yt,Y2, ... ,yN, N = 2kR. 

(2) Perform vector quantizion on training data and compute the MSE. 

(3) Assign each vector of training data to a partition set, i.e., 

Ri = {x: x was quantized to Yi}, i = 1, 2, ... , N. 

( 4) Compute Yi = l~il L:xERi x, i = 1, 2, ... , N. 

( 5) If percentage change in M S E < E then stop. 

Else return to (2). 
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3.2.2.3 Initial Codebook Selection 

The GLA requires use of an "initial" codebook, upon which the final codebook ob-

tained by the algorithm is heavily dependent. Many techniques are available for initial 

codebook selection as discussed in [20, 53). In [53] it is stated that a good approach 

to initial codebook design is to initialize the codebook by randomly selecting vee-

tors from the training sequence several times, and from the resulting GLA-designed 

quantizers pick the one that generates the least distortion in the training set. 

3.2.3 Trellis Coded Quantization 

TCQ is an attractive source coding technique with excellent rate-distortion perfor-

mance and moderate complexity [41). In fact, the TCQ approach to data compression 

I 
has led to some of the most effective source codes found to date for quantizing mem-

oryless sources. 

l 
t 

Theoretical justification for TCQ is provided by alphabet-constrained rate-distortion 

theory [15], which allows the determination of the best achievable performance when 

compressing data using a finite reproduction alphabet. TCQ was motivated by the 

development of trellis coded modulation (TCM) [62], and adopts its notions of signal 

set expansion, set partitioning, and trellis branch labeling. 

To encode a memoryless source at a rate of R bits/sample, a simple form of TCQ 

uses a codebook with 2R+t codewords, which is a code book of twice the size needed for 
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ordinary (uncoded) quantization. In (41] it was determined that doubling the number 

of codewords available to an appropriate encoder allows it to obtain nearly all the gain 

theoretically possible over an R bits/sample Lloyd-Max quantizer. The expanded 

codebook is partitioned into four subsets each containing 2R-l codewords such that 

the minimum Euclidean distance between codewords in a subset is maximized. 

Figure 3.5 shows a single stage of the eight state trellis used in this work. Figure 

3.6 shows a uniform codebook partitioned into four subsets (Do, D~, D 2 , D3 ). To 

encode a sequence of N source symbols x = {x0,x~. ... ,XN-d at R bits/sample, N 

stages of the trellis in Figure 3.5 are concatenated end-to-end. The encoding process 

then proceeds from left to right through the trellis. At each stage in the encoding 

process, four scalar quantizations are performed (one for each subset) to determine 

the "best-matching" (in the minimum mean-squared error sense) codeword in each 

subset. The quantization error introduced by the "best matching" codeword in each 

subset is taken as the branch metric (cost) for each path labeled with the associated 

subset. The Viterbi algorithm [18] is then used to find the trellis path with the 

minimum cumulative distortion between the input data and an allowable sequence of 

codewords. This sequence of codewords can be specified using R bits at each stage 

of the trellis (one bit to specify the path, and R - 1 bits to select the codeword 

in the subset associated with that path). The codebook can be iteratively trained 

to optimize the mean squared error performance. A complete description of TCQ 

appears in [41]. 
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Figure 3.5: Eight state trellis. 
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Figure 3.6: Subset partitioning for R = 2 bits/sample TCQ. 

3.3 Entropy Coding 

53 

Entropy coding is another name for lossless data compression. As its name implies, 

lossless data compression allows exact recovery of the compressed data (assuming an 

error-free channel). In general, coding refers to the practice of assigning binary 

sequences to source symbols (53]. The term entropy coding arises since, in practice, 

we seek to represent source symbols with an average number of bits per source symbol 
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just larger than the entropy of the source. Two popular entropy coding techniques 

are discussed in this section: Huffman coding and arithmetic coding. Both of these 

coding systems effectively assign shorter (longer) codewords to more (less) probable 

source symbols. As Figure 3.2 indicates, in many compression systems, the entropy 

coder operates on the quantization indices. In the discussion that follows, the entropy 

coder's "source" symbols refer to its input symbols. 

3.3.1 Huffman Coding 

Huffman codes are prefix codes generated using a technique developed by David 

Huffman (25]. Coding techniques utilizing prefix codes replace each source symbol 

by a variable-length codeword from a prefix set C of codewords (usually bitstrings). 

Prefix codes are self-punctuating, uniquely decodable codes that have the property 

that no codeword in C is the prefix for any other codeword in C. A simple prefix 

code is shown in Table 3.2 A binary prefix code can be depicted by a rooted binary 

tree. The prefix code of Table 3.2 is shown in Figure 3.7. To satisfy the prefix 

condition, no internal node can serve as a codeword. Only external nodes can serve 

as codewords. The code depicted in Figure 3. 7 is a complete prefix code. It has the 

additional property that whenever a branch leaving a node is used by the code, then 

all branches leaving that node are used by the code. A complete prefix code is able 

to parse an arbitrary bitstring uniquely. 
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Source symbol Codeword assignment 

a 0 

b 10 

c 11 

Table 3.2: Simple prefix code. 

10 11 

Figure 3. 7: Binary tree structure of a prefix code. 

The conditions under which prefix codes exist are given by the following theo-

rem [7]: 

Theorem 3.1 (Kraft's Inequality) For a J{ -ary alphabet} there exists a prefix 

code of M codewords with lengths lmJ m E [0, ... , M- 1], if and only if, 

M-1 L J{-lm ::; 1. 
m=O 
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For a complete prefix code, Theorem 3.1 is satisfied with equality. A proof of this 

theorem can be found in [7]. 

It can also be shown [7] that any uniquely decodable code satisfies Kraft's inequal-

ity. Thus, prefix codes are always uniquely decodable, however the converse is not 

true. From Theorem 3.1, however, for a non-prefix code satisfying Kraft's inequality, 

an equivalent (same average codeword length) prefix code can be found. 

3.3.1.1 The Huffman Coding Algorithm 

In this section the Huffman algorithm is described for a source with known prob-

ability model. When a probability model is not available or the source is non-

stationary, adaptive Huffman coding can be used [12, 19, 35, 64]. 

The Huffman algorithm is based on three fundamental observations regarding 

prefix codes: 

1. An optimal (minimum average codeword length) code will assign shorter (longer) 

codewords to more (less) probable source symbols. 

2. The two longest codewords have the same length. 
l 

f 
3. The two longest codewords differ in only the last bit and are assigned to the 

two least likely source symbols. 

The Huffman algorithm is now presented in six steps: 
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Step 1. Sort the source symbols in order of decreasing probability and consider 

the source symbols to be external nodes of a rooted binary tree. 

Step 2. Combine the external nodes with lowest probability to form an internal 

node. 

Step 3. Label the upper (lower) branch from internal node to external node with 

a 0 (1). 

Step 4 . Place the internal node of Step 2 back into the tree as an external node 

with probability equal to the sum of the probabilities associated with the combined 

nodes. 

Step 5. Repeat Steps 2-4 until only one symbol remains. Call this symbol the 

root node. 

Step 6. The Huffman codeword for each source symbol is the concatenation of all 

branch labels from the root node to the external node of the source symbol. 

Consider an illustrative example. Suppose we have source symbols { a1, a 2 , a3, a4 } 

with associated probabilities {p1,p2,p3,p4} = {0.5,0.25,0.125, 0.125} as shown in 

Table 3.3. Code 1 is a fixed-length code with encoding rate R = 2.0 bits/source 

Symbol Probability Code 1 Code 2 
al 0.50 00 0 
a2 0.25 01 10 
a3 0.125 10 110 
a4 0.125 11 111 

Table 3.3: Synthetic source with two binary codes. 
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symbol. Code 2 is a Huffman code generated as shown in Figure 3.8. This is a 

0.50 0 

1 

Figure 3.8: Illustration of Huffman algorithm. 

variable-length code with average codeword length 

4 

I= LPili = 1.75 bits/source symbol 
i=l 

where li is the length of the codeword used for ai. The Huffman code achieves the 

entropy of the source for the special case of all symbol probabilities being integral 

powers of 1/2. In practice this will generally not be the case. Bounds on the perf or-

mance of Huffman codes are presented in the next section. 

3.3.1.2 Optimality of Huffman Coding 

Huffman coding is optimal for coding one entity at a time. This entity may be 

a single symbol or a block of n symbols. The entropy bounds on I for the Huffman 

code used to encode a source x are 
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where H1(x) is the first-order entropy of x [7, 53]. 

For sources with small alphabets and/or highly skewed probability models, a large 

block size may be needed to produce a Huffman code with an acceptable I. Since the 

number of entities to be encoded grows exponentially with block length, implemen-

tation of a Huffman code may become impractical. In these cases, arithmetic coding 

should be considered. 

3.3.2 Arithmetic Coding 

Entropy coding of the quantization indices in the compression system presented in 

Chapter 4 is accomplished using a slightly modified version of the adaptive arithmetic 

coder of [68]. Although integer arithmetic is used in the arithmetic coder of Chapter 

4, for simplicity, real arithmetic is used in the discussion that follows. The idea of 

arithmetic coding remains the same for either choice of arithmetic. 

Arithmetic coding is model-based, i.e., from a sequence of source symbols and a 

probability model of the source, an encoded bitstring is produced that is a compressed 

version of the input. The probability model may remain the same throughout the 

encoding process (a fixed model), or it may allow the symbol probabilities to change 

as each symbol is presented to the coder (an adaptive model). In either case, the 

same probability model must be made available to both the encoder and decoder. 

Like Huffman coding, arithmetic coding is a lossless coding technique that gen-

erates a variable rate code. Unlike Huffman coding, it does not produce a binary 
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codeword for each source symbol. Instead it compresses arbitrarily long sequences 

of source symbols X = (X1, X2, ... , Xn) by assigning to each Xi a subinterval Ii of 

the unit interval Io = [0, 1] such that Io ::::> I1 ::::> I2 ::::> ••• ::::> In. Ii is determined from 

the probability model, the previously processed samples X 1 , ... ; Xi- I, and Xi. When 

the final In is determined, a binary codeword B1 , B 2 , .•• , B L is assigned to the entire 

sequence so that 

is a point in In [34]. 

In compression systems of today, arithmetic coding is a very popular lossless cod

ing technique. It can achieve the theoretical entropy bound for compressing any 

source of sufficient length without need for blocking input data. It incorporates an 

adaptive model more easily than Huffman coding and in some cases it significantly 

outperforms Huffman coding. For a discussion of the practical aspects of imple

menting an arithmetic coding system (including integer arithmetic, computational 

accuracy, and incremental transmission), see [32, 53, 68]. 

3.3.2.1 Algorithm Description 

As discussed above, in arithmetic coding, a sequence of n source symbols is rep

resented by an interval In C [0, 1]. As the source symbols are sequentially read by 

the encoder, the interval which represents the source sequence becomes smaller and 
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smaller. As we shall see, highly probable symbols narrow the interval less than sym

bols with lower probabilities. In this manner, the arithmetic coder assigns less (more) 

bits to more (less) likely symbols. 

The arithmetic coding process is most easily illustrated through an example. Con

sider the source with fixed probability model shown in Table 3.4. 

Source symbol Probability Interval 

a 0.6 [0,0.6) 

b 0.3 [0.6,0.9) 

! 0.1 [0 .9,1.0] 

Table 3.4: Synthetic source for arithmetic coding example. 

Suppose we want to encode the message "abaab!". The encoder operation is 

discussed first. Before any symbols are read by the encoder, by definition, the interval 

for the message is the unit interval 10 • 10 is divided into subintervals according to the 

probability model of Table 3.4 as shown in Figure 3.9. After the first symbol ("a") 

is read, 11 becomes [0, 0.6), the interval allocated to this symbol in 10 . To encode 

the second symbol ("b"), 11 is divided into subintervals according to the probability 

model and 12 becomes the subinterval associated with "b" in 11 • Encoding proceeds in 

this fashion as shown in Figure 3.9. Once the final interval (16 ) has been determined 
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we simply transmit any number in 16 to the decoder. For example, we could transmit 

0.417. The decoder operates much like the encoder. The decoder initially defines 

1.0 0.6 0.54 0.468 0.4248 0.41832 0.41832 

0.9 :f4 !~2 :£2 :[,2 !~6 
b 

0.6 0.468 0.36 0.4248 0.39888 

a a a a a 

0.0 0.0 0.36 0.36 0.36 0.39888 0.416376 

Figure 3.9: Illustration of Arithmetic coding technique. 

the interval for the message to be the unit interval 10 • 10 is divided into subintervals 

according to the probability model of Table 3.4 as shown in Figure 3.9. Once 0.417 

is received, we know immediately that the first symbol is "a", since 0.417 lies in the 

interval associated with "a" in ! 0 . 11 is taken to be the subinterval of ! 0 associated 

with "a", and divided into subintervals according to the probability model as shown 

in Figure 3.9. Since 0.417 lies in the subinterval associated with "b" in 11 we know 

the second symbol is "b". The rest of the message is decoded in this fashion. An 

end-of-sequence marker must be transmitted so that the decoder knows when to quit 

decoding ("!" in this example). 
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3.3.2.2 Performance 

After the encoding process is complete, suppose we choose the midpoint of In to 

be the number we transmit to the decoder (call it T(X)). In general T(X) will be a 

real number and may require an infinite number of bits to represent exactly. Thus, 

we seek to know how many bits of the binary representation of T(X) are required to 

ensure ·that T(X) lies in In. 

Suppose that we round T(X) off to l(X) bits (denote this by l T(X)J L(X)) and use 

these bits as an approximation to T(X) [10]. From the definition of rounding we can 

write 

1 
0 ~ T(X) - l T(X)j L(X) < 

2
L(X)' 

Now suppose we take [34] 

1 
l(X) = flog2j]J l + 1 

where I In I denotes the length of In. Then 

1 1 
2l(X) 2flog2~l+l 

1 
< 

2Log2~+l 
1 lin I 

2 . ILl 
-

2 

Therefore, since T(X) is the midpoint of In and the distance between T(X) and 

l T(X)J L(X) is less than half the length of In, l T(X)J l(X) must lie in In. 
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To evaluate the efficiency of an Arithmetic code, for simplicity, we assume an i. i. d. 

source and a fixed probability model. Under these conditions, we have 

n 

Ifni = IT p(Xi) = p(X), 
i=l 

where p(X) is the probability for any string X. The average length for an Arithmetic 

code for a sequence of length n is 

L = LP(X) l(X) 
X 

1 
~p(X) (flog2TIJ l + 1) 

1 
~p(X) ( flog2 p(X) l + 1) 

1 
< ~p(X) (log2 p(X) + 1 + 1) 

- LP(X) log2p(X) + 2 LP(X) 
X X 

Hn(X) + 2 

where Hn(X) denotes the nth order entropy of X. We know from information theory 

that the average codeword length must be greater than the entropy of the source 

model. Thus, the bounds on L are 

(3.13) 

Since Lis the number of bits required to code n symbols, RA = L/n is the code rate 

in bits/symbol. We now write equation (3.13) as 

Hn(X) ~ RA ~ Hn(X) + ~. 
n n n 

(3.14) 
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Since the source is assumed i.i.d., we have [7] 

n 

Hn(X) = LHI(Xi) = nH1(X), 
i=l 

and equation 3.14 becomes 

(3.15) 

Thus, for a large data length n, arithmetic codes achieve an average rate approxi-

mately equal to the first-order entropy for an i. i. d. source. 
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CHAPTER4 

Trellis Coded Quantization Techniques for SAR Phase 

History Data Compression 

4.1 Introduction 

In this chapter, TCQ techniques are shown to provide a high performance, low 

bit-error sensitivity solution to the problem of SAR phase history data compression. 

Trellis coded vector quantization (TCVQ) and universal trellis coded quantization 

(UTCQ) coding systems are discussed, implemented, and compared with other data 

compression schemes (BAQ and VQ) that can be used to compress SAR phase history 

data. 

4.2 Implementation of UTCQ Coding System 

UTCQ [33] improves the high-rate performance of TCQ without requiring the iter-

atively trained and stored codebooks of the TCVQ system described in the following 

section. 

Figure 4.1 shows the codeword subset assignment employed by UTCQ. In this 

scheme, a "zero" codeword appears in both subset Do and subset D1 . This config-

uration was developed in [31] for use in conjunction with an arithmetic coder [68]. 
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This scheme provides a performance improvement over TCQ and allows non-integer 

encoding rates. Figure 4.2 shows supersets S0 = D0 U D2 and S 1 = D1 U D3 along 

with their index assignments . 

-
Dt D2 D3 Do D ... 

1 
... Do Dt D2 D3 Do 

~ • • • • • • • • • • 
-4~ -3~ -2~ -~ 0 ~ 2~ 3~ 4~ 

Figure 4.1: Modified subset partitioning. 

Do D2 Do D2 Do D2 
so • • • • • • • .. 

-2 -1 0 1 2 3 

D3 DI D3 DI D3 DI 
sl • • • • • • • .. 

-3 -2 -1 0 2 

Figure 4.2: UTCQ superset indices. 

The modified subset partitioning and index assignments have two important im-

pacts on the system: 

1. At any trellis state, the zero codeword is available. This is especially important 

at low rates when long strings of zero codewords are highly likely. 

2. For the quantizer supersets So and St, the following relationships hold for the 

codewords ( CW s) for a symmetric source distribution: 

( 4.1) 

(4.2) 
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During quantization, UTCQ returns the indices while in superset So and the 

indices negated while in superset S1• Using this convention, a single probability 

model is sufficient to completely describe the quantizer. Thus, a single (probability 

model dependent) entropy coder can be used to code the indices generated by UTCQ. 

In this work, the UTCQ quantization indices were (entropy) coded using the adaptive 

arithmetic coder o£ [68], thereby generating a compressed output bitstream. Inverse 

quantization is accomplished by monitoring the trellis state and negating indices from 

superset sl as they occur. 

UTCQ operates using a combination of "on-the-fly" codeword training and uni

form quantization. The UTCQ encoder uses only uniform quantization and is com

pletely defined once the quantization step-size .6. is specified. The UTCQ decoder 

utilizes both trained codewords and uniform codewords. Uniform codewords are 

used for all indices greater in absolute value than two, i.e. the reconstruction value 

is taken to be the center of the respective quantization bin. The zero codeword is 

set to zero while each trained codeword CWi, i E (±1, ±2) is taken to be the sample 

mean of the source data quantized to i E So and the negated source data quantized 

to -i E S1 • These four ccdewords are passed to the decoder using a small amount 

of side information. 
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4.3 Implementation of TCVQ Coding System 

In this section we discuss the direct extension of TCQ ideas to incorporate a vector 

codebook (TCVQ, [17], [66]). The UTCQ system described above uses an arithmetic 

coder, and thus has a variable rate. That is, each source data sample produces a 

variable number of bits in the compressed data stream. The average number of bits 

over a large data set can be controlled very closely by choice of quantization step 

size, but again, the number of bits for any given sample is variable. 

This variable rate poses at least two problems. The first is the requirement of a 

large buffer to match the variable rate bit stream to a fixed rate communication link. 

The second problem is severe sensitivity to bit errors in the communication link. A 

single bit error has the potential to destroy an entire data file. 

A fixed-rate TCVQ system was implemented to ameliorate these problems. Let k 

denote the codeword vector dimension and R denote the encoding rate in bits/sample. 

The TCVQ codebook will then be of size M = 2kR+I, i.e., twice the size needed for 

uncoded vector quantization. The TCVQ codebook is partitioned into four subsets 

(Do, Dt, D2 , D3 ) each containing 2kR-l codewords. Note that when a vector dimen

sion of k is used, bit-rates in t bit/sample increments can be obtained. 

The implementation of a TCVQ coder involves four main parts: 
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1. Selection of a suitable trellis with branch labeling: In [41] it was determined 

that Ungerboeck's amplitude modulation trellises (62] (generated using feed

back free convolutional encoding circuits [60)) were good trellis choices for the 

scalar encoding of memoryless sources with TCQ. Since we are still concerned 

with a memoryless, albeit vector, source the same trellises used for TCQ will 

be used for TCVQ. TCVQ systems based on these trellises exhibit robust per

formance in the presence of channel noise as will be shown later in this section. 

In fact, it has been shown (41] that for a trellis of this type with L states, a 

single bit error can affect no more than 1 + 1 vectors, where 1 = log2 L. 

2. Selection of a codebook: In this work, initial codebooks were generated by se

lecting at random an appropriate number of (vector) codewords from a training 

sequence representative of the source data sequence to be compressed. This 

initial codebook was then optimized for the training sequence using the Gen

eralized Lloyd Algorithm [38], which converges to (at least) a local distortion 

minima. 

3. Partitioning the codebook into subsets: As in TCQ, our main concern here is 

that the subset partitioning is done in such a way that the minimum Euclidean 

distance between codewords in a subset is maximized. In the scalar case this is 

rather straight-forward as shown in Figure 3.6. However in the vector case it 

is not as simple. A heuristic algorithm described in [66] for TCVQ codebook 
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partitioning is used in this work and is summarized below. This algorithm takes 

a codebook of size M and partitions it into two subsets (Ao and AI) of size ~ 

where the subset codeword separation principle holds. 

(1) Compute Euclidean distances between all pairs of codevectors in the code-

book to be partitioned. 

(2) Sort pairs of codevectors in order of nondecreasing distances. 

This gives a table with ( : ) = M x M 2-
1 entries where the i'h entry 

corresponds to codevectors Ci and c: with distance di =II Ci - c: II, where 

(3) Place c0 and c~ in subsets A0 and AI respectively. Remove this first entry 

from the table. 

( 4) The remaining M- 1 codevectors are assigned to a subset (Ao or AI) as 

follows: 

do while (neither A0 or AI has ~ elements) { 

Search table for smallest index i with only one of the codevectors as-

signed to either A0 or AI (if table entries with both codevectors assigned 

are encountered, delete this entry). 

Add unassigned codevector to the other subset and delete this table 

entry. 
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} 

Add any remaining unassigned codevectors to the subset without ":[ ele

ments. 

This partitioning procedure is repeated on subsets A0 and A1 to give TCVQ 

subsets Do and D 2 , D1 and D3 , respectively. 

4. Optimization of the codebook for a particular choice of trellis, subset partition, 

and branch labeling: This is accomplished by using the TCVQ coding structure 

in conjunction with the Generalized Lloyd Algorithm to re-optimize the code

books. 

Recall that for a vector dimension k, bit-rates in increments of t can be obtained. 

In our simulations, we noted that for a given bit-rate R, increasing k from 1 to 4 

increases the SN R performance only mildly. Since the complexity of the coding 

system is highly dependent on k, it appears that the smallest k admitting a desired 

rate is most practical. Thus, in subsequent sections, when reporting performance for 

VQ and TCVQ at R = 1, 2, 3, etc., we assume k=1; for R = 0.5, 1.5, 2.5 etc., we 

assume k = 2; for R = 0.25, 0. 75, 1.25, 1. 75, etc., we assume k = 4. 

Figure 4.3 shows the noisy channel performance of the eight-state TCVQ system 

for a memoryless Gaussian source at an encoding rate of 2 bits/sample. A binary 

symmetric channel (BSC) with probability of bit error (c) is used in this work. As 

can be seen, the S N R is nearly unaffected by channel errors when the probability 
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of bit error is below 0.001. At higher probabilities of error, the degradation of the 

system is quite graceful. 
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Figure 4.3: Error sensitivity of TCVQ at 2.0 bits/sample (memoryless Gaussian 
source). 

4.4 Performance Evaluation 

TCQ techniques for data compression are now compared with data compression 

schemes currently used to reduce SAR system data rates. As previously discussed, 

SAR phase history data is well modeled as a Gaussian source with independent real 

and imaginary components with slowly changing variance [36]. Thus, Gaussian data 

is used in this comparison. Table 4.1 shows the SN R performance of four coders. 

The BAQ system [36], operating at 2.0 bits per sample, was used in the NASA Mag-

ellan mission to acquire surface data from the planet Venus. The Generalized Lloyd 
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Algorithm (38] was used to design the vector quantizers (VQ). VQ coder performance 

can also be found in (16, 38]. 

Rate (bits per sample) 
Coder 1.00 1.25 1.50 1.75 2.00 2.25 2.50 2.75 3.00 
BAQ 8.70 14.0 
VQ 4.40 5.99 6.93 8.85 9.30 11.98 12.45 14.98 14.62 

TCVQ 5.19 6.61 7.92 9.57 10.69 12.90 13.56 16.29 
UTCQ 5.22 6.68 8.20 9.76 11.30 12.81 14.36 15.83 17.37 

Table 4.1: Comparison of SNR (dB) encoding performance of various coders for 
Gaussian data. 

At low rates, (e.g., 1.0 bit/sample) the performance of TCVQ and UTCQ is nearly 

identical and about 0.8 dB better than that of VQ. At 2.0 bits/sample, the perfor-

mance of BAQ is about 0.6 dB, 2.0 dB, and 2.6 dB worse than VQ, TCVQ, and 

UTCQ respectively. At higher rates (e.g., 3.0 bits/sample), the performance of UTCQ 

is approximately 1.0 dB, 2. 7 dB, and 3.3 dB better than that of TCVQ, VQ, and 

BAQ, respectively. We note here that the performance of UTCQ at 2.5 bits/sample 

exceeds that of BAQ at 3.0 bits/sample. Similarly, the UTCQ performance at 1.5 

bits/sample is only 0.5 dB worse than that of BAQ at 2.0 bits/sample. 

Of course the increased performance provided by the VQ and TCQ systems over 

BAQ come at the price of increased complexity. TCQ is much more complex than 

BAQ, but comparable to or less than VQ at the same rate. Although not demon-

strated here, the error sensitivity of BAQ and VQ are similar to but slightly less than 

that of TCVQ. As mentioned previously, the error sensitivity of UTCQ is quite high. 
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4.5 Simulation Results 

Here we have applied the TCQ techniques for reducing the SAR data rate to 

simulated SAR phase history data. The SNR versus bit-rate results for this data are 

nearly identical to those shown in Table 4.1. 

Figures 4.4 and 4.5 (upper left) show the detected image formed from uncom-

pressed phase history data. This image has a large dynamic range and contains 

natural terrain as well as man-made targets. The other images in Figures 4.4 and 

4.5 show detected images formed from decompressed phase history data at several 

bit-rates using TCVQ and UTCQ, respectively. Bit-rates are given in units of bits 

per real or imaginary component of the complex phase history data. Figure 4.6 shows 

a detected image coded with TCVQ at 2.0 bits/component over a simulated noisy 

communication channel with bit errors occurring with probability 10-3 and 10-2 

respectively. 
l 

t As can be seen, the detected image quality at 2.5 bits/component is quite good and 
I 

! degrades gracefully as the bit-rate is reduced. The manifestation of the degradation is 
! 

in the form of an increase of the noise "floor" in the "shadow" regions of the imagery. 

The effect of bit errors is very similar to decreasing the bit-rate used in compression. 

Figure 4. 7 shows (difference) images formed by taking the absolute value of the 

difference between the detected image formed from uncompressed phase history data 



76 

and detected images fanned from decompressed phase history data. Difference im-

ages are shown for both UTCQ and TCVQ systems at bit rates of 2.0 and 1.0 

bits/component. We note that the difference images look very much like station-

ary noise over the entire image, except for a much lower noise level at locations 

corresponding to bright spots in the detected image. 
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Figure 4.4: Upper left: Original detected image (no compression); Detected im
ages formed by coding with TCVQ at the following rates: Upper right: 2.5 
bits/ component; Lower left: 2.0 bits/ component; Lower right: 1.5 bits/ component. 
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Figure 4.5: Upper left: Original detected image (no compression); Detected im
ages formed by coding with UTCQ at the following rates: Upper right: 2.5 
bits/ component; Lower left: 2.0 bits/ component; Lower right: 1.5 bits/ component. 
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Figure 4.6: Detected images formed by coding with TCVQ at 2.0 bits/ component 
with the following probability of bit-error rates: Left: Pe = 10-3

; Right: Pe = 10-2
. 
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Figure 4.7: Difference images for the following coding methods: Upper left: UTCQ 
at 2.0 bits/component; Upper right: UTCQ at 1.0 bit/component; Lower left: TCVQ 
(k = 2) at 2.0 bits/component; Lower right: TCVQ (k = 1) at 1.0 bit/component. 
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CHAPTERS 

Rate Allocation for Spotlight SAR Phase History Data 

Compression 

5.1 Introduction 

Traditional coding systems such as BAQ and VQ quantize each data sample (or 

vector) with the same number of bits. However, in some coding systems (such as the 

one under consideration in this chapter) data may have varying levels of importance 

with respect to reconstructed image quality. In these cases it is important to quantize 

some data more finely while allowing more coarse quantization of other data. 

The novel spotlight SAR phase history data compression technique presented in 

this chapter utilizes the fundamental result that a complex image can be formed 

from spotlight mode SAR phase history data using a (windowed) two-dimensional 

FFT. Knowledge of the Taylor aperture weighting (window) function and inverse 

Fourier transforms used in the image formation process allow the attachment of a 

"gain" factor to each complex phase history data sample. This gain factor reflects 

the fact that some phase history data samples are intentionally "deemphasized" by 

the Taylor weighting function in the interest of reducing sidelobes in the detected 

image (28]. The gain factor is then used to efficiently allocate bits to the phase 
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history data during quantization. In effect, different quantizers are used for different 

complex phase history data samples in an intelligent way so that the amount of 

compressed phase history data required to generate a radar image, subject to some 

fidelity criteria, is reduced. 

Rate allocation, synonomous with bit allocation, refers to the source coding prac-

tice of distributing a given quota of bits B to a data source for use during quanti-

zation. We note that specifying the number of bits to be used to quantize a given 

source sample (or vector) is equivalent to specifying the quantizer (and code book) 

for that sample. The goal of the bit allocation process is to assign quantizers to 

source data such that the overall system distortion resulting from quantization is 

minimized, while not exceeding the allowed number of bits B. In this manner, the 

overall coder performance is said to be optimized. The rate allocation procedure 

of [57] is reviewed here and adapted for use with spotlight SAR phase history data 

in subsequent sections. 

Suppose we are given a sequence of data samples (or vectors) XI' x2, ... 'xb with 

each component Xi having a known probability density function (pdf). Note that 

each of the k pdf's may be different. Once a suitable distortion measure is defined 

(usually mean squared error) we can design an optimal quantizer at several bit rates 

for each pdf. The bit allocation problem is then to choose the appropriate bit rate bi 

for each xi. 
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To formulate the bit allocation problem more precisely, we use mean squared error 

(MSE) as the distortion measure. Let Wi(b) denote the MSE incurred by quantizing 

Xi using b bits. Define the overall MSE of the sequence (as a function of the bit 

allocation vector b = ( b1 , b2 , ... , bk)) to be 

k 

D = D(b) = L Wi(bi)· (5.1) 
i=l 

The bit allocation problem can now be stated as in (20]: Find bi for i = 1, 2, ... , k to 

minimize D(b) subject to the constraint that 2::::7=1 bi ~ B. 

This constrained optimization problem can be solved by converting it to an un-

constrained minimization of the Lagrangian functional 

k k 

J L:Wi(bi)+ALbi 
i=l i=l 

k 

L(Wi(bi) + Abi) (5.2) 
i=l 

where A (A 2:: 0) is a Lagrange multiplier. For a given value of A, equation (5.2) is 

minimized by minimizing each ith term separately, i.e., 

bi = arg min (Wi(b) + Ab) i = 1, 2, ... , k. (5.3) 

The total number of bits B* is then computed as 

k 

B* = Lbi. 
i=l 

If B* is not sufficiently close to the desired total number of bits B, then A is modified 

and the minimization procedure is repeated until the desired B* is achieved. In 
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most applications, we can perform a bisection search for the .\ corresponding to the 

required B. 

5.2 Rate Allocation for Spotlight SAR Phase History Data 

A block diagram illustrating the system under consideration is shown in Figure 

5.1. 

X 

X SAR Complex Image 

Formation Process 

Processing with No Quantization 

A 

y 

Quantization X= Q(X) SAR Complex Image 

Q(·) Formation Process 

Processing with Quantization 

Figure 5.1: Model used in rate allocation. 

A 
y 

We now extend the bit allocation procedure of the previous section to minimize 

the MSE between Y and Y. The main requirement for performing this extension is 

to express the MSE between Y and Y in terms of the quantization error X- X. As 

we shall see, this produces a generalization of equation (5.1 ). The intuitive idea of 
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rate allocation then becomes to allocate more (less) bits to phase history data that 

contribute more (less) to the MSE between Y andY. 

Let the reconstruction error variance of element Y ( m, n) be the mean squared error 

of element Y(m, n) (since the error sequence (Y- Y) is assumed to be zero-mean) , 

z. e., 

m,n=1,2, ... ,N. (5.4) 

The average reconstruction error variance for the entire (complex) image is then 

~2 E [Trace [ (v- ~r (v- Y)*]] (5.5) 

where ( · )T indicates matrix transposition and ( · )* indicates matrix complex conjuga-

tion. 

To relate the total reconstruction error to the errors introduced during quantiza-

tion, we relate X and Y. This is done by considering the six steps of the spotlight 

SAR complex image formation process used in this work. 

Step 1: To help control undesirable impulse response sidelobe effects due to a finite 

aperture, each of the N samples in each row of data is weighted (windowed) by its 

corresponding Taylor weight { wi}i=l,2, ... ,N· The Taylor aperture weighting function 

used in this work (N =412) is shown in Figure 5.2. 

Step 2: Perform circular shift of N /2 elements on each row, i.e., 

N 
n=l,2, ... , 2 
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Figure 5.2: Taylor weighting function (N=412). 

N N 
n = 2 + 1, 2 + 2, .. . ,N 

Step 3: Perform inverse Fourier transform on each row. 

Steps 4-6: Replace "row" with "column" in Steps 1-3. 
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Zero padding can be performed before the Fourier transform operations to achieve 

interpolation of the processed image. We assume no zero padding in the derivation 

that follows. 

It is necessary to describe the SAR image formation algorithm above more formally 

to discern the optimal rate allocation. 
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Let the SAR phase history data be given in matrix form by 

8= 

Step 2: 

Step 3: Let 

(5.6) 
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where F is the unitary Fourier transformation synthesis matrix 

F= 

fN,l fN,2 fN ,N 

We note here that equation (5.6) can also be written 

P = 8wsF = 8RFwT (5.7) 

where F w is a Taylor weighted Fourier transformation synthesis matrix: 

Wlf..ft,N 
2 

Wlf..fN,N 
2 

and 

olf..xli. 
2 2 

IKxlf.. 
2 2 

R= 

IKxlf.. 
2 2 

oli.xlf.. 
2 2 

where R is a block matrix and Olf..xlf.. and Ilf..xli. are the zero and identity matrices, 
2 2 2 2 

respectively. 



89 

Step 4: Let 

W1P1,1 W1P1,2 W1P1,N 

WNPN,1 WNPN,2 WNPN,N 

Step 5: Then 

w lf+1p ~+1,1 W!!..+1P!!..+1 2 
2 2 ' 

W!!..+1P!!..+1 N 
2 2 ' 

W!!_+2P!!..+2 1 
2 2 ' 

W!!_+2P!!..+2 2 
2 2 ' 

W!!..+2P!!..+2 N 
2 2 ' 

Pws = WNPN,1 WNPN,2 WNPN,N 

W1P1,1 W1P1,2 W1P1,N 

W!!..P!!..1 
2 2 ' 

W!!..P!!.. 2 
2 2 ' 

W!!..P!!..N 
2 2 ' 

Step 6: Finally, 

Y = FPws (5.8) 

which can also be written 

Y =FwRP. 

It is useful, at this point, to substitute equation (5.7) into equation (5.8) thereby 

relating the SAR phase history data 8 and the complex image Y: 

(5.9) 



90 

By setting X= RE>R, from equation (5.9) we have 

Y = FwXFwT· (5.10) 

It is important to note that if E> is divided into four quadrants, it is related to X as 

shown in Figure 5.3. 

[ en e ] ReR [ eiv e III ] I 
e = = X 

eni eiv e en I 

Figure 5.3: e quadrant swapping. 

We are now in a position to look more closely at equation (5.5). Substituting 

equation (5.10) into equation (5.5), we can write the matrix multiplication portion 

as 

(Y- Y)T (Y- v)* ( T A T) T ( T A T) * FwXFw - FwXFw FwXFw - FwXFw 

(Fw (X- X) FwT)T (Fw (X- X) FwT)* 

( Fw (x- xt Fw T) (F w * (x- X)* F w •T). (5.11) 

Since 

if i = j 
( 5.12) 

if i =!= j 

where fi is a column of F, we see that 
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0 

FwTFw* = w2 ~W. 
N 

w2 
1 

0 
w~ 

2 

Next, let 

Q X-X RSR-RSR 

qo 1;}+1, lf+t qo N +1 ll+2 
2 '2 

qo ll+t N 
2 ' 

qo N +1 1 
2 ' 

qo l;}+1, If 

qo 1;}+2, lf+t qo 1;}+2,1;}+2 qo H+2 N 
2 ' 

qo ll+2 1 
2 ' 

qo l;}+2, l;} 

qoN ll+1 qoN,J;}+2 qBN,N qoN,t qoN,J;} 
(5.13) '2 

qo1 ll+t qol ll+2 qol,N qol,l qo1 ll 
' 2 '2 '2 

q82, l;}+t q82,1;}+2 qo2,N qo2.1 qo2 ll 
'2 

qol;}.l,}+t qolf.l,f-+2 qol,f-,N qolf,1 qolf.lf 

where q8i,j is the quantization error incurred when Oi,i is quantized. Equation (5.5) 

can now be written as 

(5.14) 
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To further simplify equation (5.14), we examine QTWQ*. First, consider that WQ* 

can be written 

q* q* 01;f-+1 ,N °1;f-+1 ,1 

q* q* 
B l;f+2,N B l;j-+2,1 

w2 
( q'JN,lf+1 * qBN,1 N qBN,N 

WQ*= 
w2 ( q* qB1 N * 1 e1, 15-+1 qe1,1 

w2 
2 ( q* 02.1;f-+1 q'J2,N q'J2,1 

so that 

0 

IN 

tl 

!2 

0 

where 
N 

li = ~ wz E [lqe;,j 1

2
] 

i=l 

l!i 
2 

q01f+1.lf ) 

q* ) 
Bl;}-+2,l;f-

q'JN N ) 
•2 

q'J N ) 
1,2 

q'J N ) 
2,2 

q'J l:f_ l:f_ ) 
2 '2 

(5.15) 
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which is the weighted sum of squared quantization errors for each element in a col-

umn of Q. The diagonal matrix of equation (5.15) results due to assumptions of in-

dependence of quantization errors and zero-mean quantization noise, i.e., E[q0iq01 ] = 

Recall (from equation (5.14) ), we are interested only in the diagonal elements of 

the matrix 

which will be denoted <P D and is given by 

where 
N 

<Pi= L wfli· 
i=l 

Therefore, 

Trace 'Pn 

.l_ ,/... N 
Nl.f/-

2 
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N N 

L L w7w}E [lqoi,j 1
2
]. 

i=l j=l 

(5.16) 

Therefore, the average (total) reconstruction error of equation (5.5) can be ex-

pressed in terms of the individual quantization errors as 

(5.17) 

Recall that this result was derived by applying Taylor weighting to each row, then in-

verse Fourier transforming each row. This procedure is then repeated on the columns. 

It is interesting to note that this same expression results if the Taylor weighting is 

carried out in both directions prior to performing a 2-D inverse Fourier transform. 

In this case, however, the derivation is considerably easier and does not require the 

assumption of independent quantization errors. 

5.3 Implementation of Spotlight SAR Data Compression System Using Optimal 

Rate Allocation 

Implementation of this compression system involves four main parts: 

Part 1. Design minimum mean squared error (vector) quantization codebooks for 

the desired vector dimensions (k) and bit rates (b): In this work, optimal code books 

were generated by first selecting at random an appropriate number of (vector) code-

words from a training sequence representative of the source data sequence to be com-

pressed. This initial codebook was then optimized for the training sequence using the 
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generalized Lloyd algorithm [38], which converges to (at least) a local distortion min-

ima. For a codeword vector dimension of k and an encoding rate b (in bits/sample), 

the VQ codebook will be of size M = 2kb. Thus for a practical system, kb must be 

a non-negative integer. The real and imaginary components of each complex phase 

history data sample are known to be well-modeled as independent Gaussian random 

variables with identical (but unknown and slowly changing) variances [36]. Thus, we 

use zero-mean unit variance (N(O; 1)) Gaussian data for the training sequence. 

Part 2. Compute rate-distortion performance data for each dimension and rate: 

Operational rate-distortion pairs Di,j ( bi,j) were generated by encoding 1,000,000 sam-

ples of N(O; 1) Gaussian data (different from the training set) using the appropriate 

codebooks (designed in Part 1). Mean squared error (MSE) was used as the distor-

tion measure 

(5.18) 

where E> z represents the source data, Elz represents the quantized data (at bij hits), 

and L is the number of vectors coded. 

Part 3. Find optimal encoding rates for each complex phase history data vector: 

Since the distortion expression of equation (5.17) was derived for two-dimensional 

source data, we incorporate a two-dimensional bit allocation matrix BNxN into the 

optimal bit allocation expressions. We let Wi,j (b) denote the distortion incurred by 
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quanting E>i,i using b bits. Then, 

N N 

(J; D(B) = L L Wi,j(bi,j) 
i=l j=l 

( 5.19) 

where CJ
2 Di,j ( bi,j) is the scaled operational rate-distortion pair from Part 2 above. In 

what follows, it is important to note that each complex phase history data sample is 

treated as a 2-D vector (i.e., k = 2). When k = 1, each complex sample becomes two 

1-D vectors each with the same (real) scaling factor w[w]. When k = 4, two complex 

samples are taken together and the average of their weighting factors is used for the 

purpose of rate allocation. 

Since we have knowledge of the Taylor weighting function, operational rate-distortion 

pairs for a N(O; 1) Gaussian source, and can compute the signal variance CJ
2 (for a 

given set of phase history data), we can solve the optimal bit allocation problem for 

the spotlight SAR system under consideration using the Lagrange multiplier method 

discussed in Section 5.1. To find the A matched to the desired total number of bits 

B, the bisection method for nonlinear equation root finding was used [3]. 

Part 4. Using optimal encoding rates from Part 3 and quantization codebooks from 

Part 1 J quantize the complex phase history data. 
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5.4 Performance and Operational Evaluation 

In this section, we present reconstructed radar image quality results for the coder 

developed in this dissertation and the BAQ and VQ coders discussed in the intro-

duction. Simulated spotlight SAR complex phase history data is used to make com-

parisons at several bit rates of interest. In addition, operational details of the coders 

analyzed are discussed. In our implementation of the coder, the bit rates ( quantizers) 

available for vector coding at dimension k are shown in Table 5.1. For the bit-rate 

zero, a reconstruction vector of zero is used. 

Dimension ( k) Bit rates (R) 
1 0.0, 1.0, 2.0, 3.0, 4.0, 5.0 
2 0.0, 0.5, 1.0, ... ' 4.5, 5.0 
4 0.00, 0.25, 0.50, ... ' 3.25, 3.50 

Table 5.1: Quantizers available at dimension k. 

We use R to denote the bit-rate of the system. The units of R are bits per real 

or imaginary component of the complex phase history data. R is related to the total 

number of system bits B by B = 2NsR where Ns is the number of complex phase 

history data. Figure 5.4 shows a histogram of quantizer use for the k = 2, R = 2.0 

bits/component system. Note that for this case the bit rates 4.5 and 5.0 are not used. 

Figure 5.5 below illustrates the significant performance advantage enjoyed at 

all dimensions and rates by the proposed system. For example, at R = 2.0 
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Figure 5.4: Histogram of quantizer use for k = 2, R = 2.0 bits/ component. 
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bits/component, in the one and two-dimensional cases, the signal-to-noise ratio (SN R) 

advantage is about 4.0 dB. At R = 1.0 bit/component, the SN R increase is about 

3.0 dB. In terms of bit rates, the proposed system (k = 1) SN R performance at 2.0 

bits/ component is comparable to that of the BAQ system at 3.0 bits/ component. 

Of course, these impressive performance gains come at a price. Here the trade-

off for increased performance is increased coder memory requirements (more stored 

code books) and some (offline) design effort. The offline design includes generating 

optimal codebooks (using the generalized Lloyd algorithm), and determining the bit 

allocation vector B that gives a minimum distortion for a desired rate. 

An important operational aspect of the proposed system is that for a given station-

ary source distribution the design need only be performed once. Once computed, the 
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codebooks and bit allocation vector are read in and stored for use during quantization 

by both the encoder and decoder as shown in Figure 5.6. 

The BAQ and VQ system block diagrams are similar to Figure 5.6, although only 

one codebook is read in and stored (for the desired rate and dimension) and no bit 

allocation vector is required. 

Figure 5. 7 shows the original radar image (formed from uncoded data) and the 

radar images formed from decompressed phase history data coded at R = 2.0 bits/ component 

for the three systems under consideration. This particular test image was simulated 

to contain a large dynamic range, natural terrain, and man-made targets. As can be 
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Figure 5.6: Proposed coder block diagram. 

seen, the proposed system image quality at R = 2.0 bits/component is quite good. 

The BAQ and VQ systems show a markedly increased noise component, especially 

in the "shadow" regions of the imagery. Figure 5.8 demonstrates the superior image 

quality of the proposed system at R = 1.0 bit/component (k = 1) when compared 

with the BAQ system at the same rate. Figure 5.9 shows several difference images 

(computed in the same manner as in Chapter 4). These difference images exhibit 

similar characteristics to those shown in Chapter 4. 



101 

Figure 5.7: Upper left: Original detected image (no compression); Upper right: BAQ 
at R = 2.0 bits/component; Lower left: VQ (k = 2) at R = 2.0 bits/component; 
Lower right: The proposed system ( k = 2) at R = 2.0 bits/ component. 
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Figure 5.8: Left: BAQ at R = 1.0 bit/component; Right: The proposed system 
(k = 1) at R = 1.0 bit/component. 
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Figure 5.9: Difference images for the following coding methods: Upper left: BAQ 
at R = 2.0 bits/component; Upper right: VQ (k = 2) at R = 2.0 bits/component; 
Lower center: The proposed system (k = 2) at R = 2.0 bits/component. 
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CHAPTER6 

Summary 

In this work, the problem of SAR phase history data compression was addressed. 

The necessary background material on data compression and SAR systems was pre-

sented, providing the foundation for this work. Three complete compression systems 

were designed, implemented, and evaluated. Two of these coding systems were based 

on TCQ ideas while another coding system employed an optimal rate allocation 

strategy. 

The TCQ-based coding systems can be used to compress SAR phase history data, 

independent of the SAR's mode of operation. The goal of these coding systems is to 

provide the best approximation to the phase history data subject to a rate constraint. 

The coding system based on optimal rate allocation was designed for spotlight 

mode SAR systems where complex image formation can be accomplished very ef-

ficiently by weighting and transforming the two-dimensional complex phase history 

data using a series of one-dimensional operations. Exploiting this knowledge, static. 

optimal bit assignments were derived for the complex phase history data to be used 

by both the encoder and decoder (without side information). 

The TCQ systems were compared with phase history data compression systems 

in the literature (BAQ and VQ) on the basis of reconstructed phase history data 
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SN R. As shown in Table 4.1, excellent results were obtained. The coder based on 

optimal rate allocation was compared with the same systems, but in this case, the 

basis for comparison was reconstructed image S N R. Figure 5.5 demonstrates the 

considerable performance enhancements enjoyed by this coder over BAQ and VQ at 

all dimensions and rates. 
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