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ABSTRACT 
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Electrical impedance tomography is a rapidly growing discipline with an 

increasing number of medical and nonmedical applications. Many recent 

studies indicate that while the technique shows promise, improvements must 

be made before impedance imaging systems take their place beside more 

mature imaging technologies in the clinic and in the laboratory. This disser

tation is an effort to address two of the shortcomings in currently available 

impedance tomography systems. First, a new numerical solution to the gov

erning partial differential equation is presented which allows the user a fast, 

easy means of making geometrical changes. Treating the domain of interest 

as an input to the problem, recent results from the field of wavelet the

ory provide a simple means of identifying the boundary as well as giving a 

method for solving the partial differential equation in a fast, efficient manner. 

Since the algorithm only requires a pixel representation of the geometry and 

does not use a grid generation program, it may be of interest in applications 

where the geometry varies with time or the user may not be familiar with 
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the complexities of typical finite element method grid generation programs. 

Second, an application of the conjugate gradient method to the problem 

of regularizing the nonlinear Newton-Raphson conductivity update leads to 

significant improvement over the popular Levenberg-Marquardt trust region 

regularization. The use of the conjugate gradient method as a regularization 

technique allows for convergence of the conductivity reconstruction in far 

fewer iterations and can perform reconstructions with an initial assumption 

of uniform conductivity in situations where other methods require either a 

priori knowledge or internal measurement of voltages. 
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INTRODUCTION 

Electrical impedance tomography (EIT) involves estimation of an internal 

conductivity distribution based on external electrical measurements. Specif

ically, currents are applied at electrode locations on the object's surface and 

voltages are measured at alternating surface electrode locations. For a given 

boundary current excitation, the resulting voltages depend only on the con

ductivity distribution and geometry when no sources are present. 

1.1 The Forward Problem 

The potential field in a region for a given conductivity distribution is mod

elled by a second-order, elliptic partial differential equation with either the 

boundary potentials (Dirichlet boundary conditions) or boundary currents 

(Neumann boundary conditions) specified [32], Let the region of interest be 

given by u and the boundary by duj. Let u{x, y) be the voltage potential in 

u J  =  u j  U  d u .  T h e  c o n d u c t i v i t y  i s  g i v e n  b y  c r ( x ,  y ) .  I n  a  s o u r c e - f r e e  r e g i o n ,  u  
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satisfies 

V - a V u  =  0 ,  { x , y ) C u J  (1-1) 

subject to 

"law = / (Dirichlet) (1-2) 

and/or 

aVu\a^^ = —j [Neumann) (1.3) 

There is no shortage of software available for the solution of the forward 

problem. For solutions particular to a circular geometry, Fourier transform 

methods may be used to produce fast and accurate solutions [30]. For more 

general domains, there are a variety of finite element method solvers available, 

such as MGGHAT [60] and PLTMG [5] which both use multigrid methods 

for fast resolution of the resulting linear equations. A significant portion of 

the work presented here is dedicated to the presentation of an alternate ap

proach; the wavelet-Galerkin method. The wavelet-Galerkin method shares 

its theoretical foundations with the finite element method. Both are derived 

in terms of a weak formulation of equation (1.1), but differ in the form of 

discretization employed. The major advantage that the algorithm presented 

here enjoys over typical finite element solvers is the ease with which geomet

rical changes may be made. The geometry, in pLxel form, is an input to the 
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solver, rather than a part of the code itself. The technique was first developed 

in [27], [45], [44], and [43], but the solution of equation (1.1) with Neumann 

boundary conditions has proven somewhat difficult for the wavelet-Galerkin 

method. Techniques developed for dealing with these problems are detailed 

in Chapter 3. 

Recent literature suggests that there is need of an algorithm which facil

itates fast, easy geometry changes. In applications such as cardiopulmonary^-

imaging where measurements are taken along the chest wall, it appears that 

geometrical variations during imaging may lead to significant errors [2], sug

gesting the need for an algorithm which can account for the changing pe

riphery [25]. A study by Kotre indicates that significant impedance image 

variations may occur due to incorrect representation of the geometry in other 

medical applications as well [49]. 

1.2 The Inverse Problem 

Our primary concern is the approximation of cr(x,y). Linear methods 

approximate the fundamental equation, (1.1), in some form to allow for a 

semi-analytic solution. There are many different linear approaches. The 

algorithms of Gross [30] and Allers and Santosa [3] use perturbation methods 
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with some simplifying assumptions to reduce the problem, then choose basis 

function expansions which allow for a semi-analytical solution in a circular 

geometry. Adler and Guardo [1] use a neural network approach for solving 

a simplified version of the EIT equations. There have been several other 

approaches as well, e.g., [15] [56]. Linear methods typically simplify the 

problem in a way that makes it computationally less intensive, but are often 

less accurate and may be restricted to a particular geometrical configuration. 

Nonlinear approaches usually seek to minimize a cost function related to 

the difference between measured and computed boundary potentials. Such 

schemes are iterative and compute a forward solution at each step using the 

updated conductivity distribution. Most perform the inversion based on a 

finite element discretization of (1.1). Some examples are [74], [63] [42], [61], 

and [66]. The NOSER algorithm of Cheney et. al. [17] performs only one 

step of this approach in an effort to produce real-time images. 

For any EIT approach, it is critical to regularize the solution in some way 

to ensure its stability in the presence of noisy data. Noise comes in the form of 

imprecise measurement and electrode location as well as numerical impreci

sion. Several means for dealing with stability issues have been implemented. 

In linear algorithms, the regularization approach generally depends on the 
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specifics of the algorithm itself. For example, if the domain is constrained to 

be a circle and a Fourier series is used to approximate the conductivity in the 

angular direction, it may be necessary to limit the number of Fourier compo

nents used in the reconstruction. Exactly how this will be done depends on 

how the rest of the conductivity reconstruction is performed. Nonlinear EIT 

algorithms usually have more in common with each other. The reconstruc

tion of the conductivity in these cases depends critically on the inversion of 

an extremely ill-conditioned, near singular matrix. The most commonly cho

sen regularization technique is the Levenberg-Marquardt method [53], which 

is based upon the theoretical foundations of Tikhinov regularization [48] [34]. 

.•\nother approach, using partial eigenvalue inversions via the singular value 

decomposition has been successfully implemented as well [61]. 

The second major contribution of this work is the demonstration of the 

regularizing properties of the conjugate gradient method. Although there is 

nothing new about this conjugate gradient algorithm in particular, it is a 

different application than is usually considered appropriate. While it is well 

known that the conjugate gradient method provides a means of attaining fast 

solutions to large, sparse linear systems with minimal storage requirements 

[73] [41], it is less well known that it is a regularization method in and of itself 
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[48] [34]. Furthermore, it can produce acceptable solutions in fewer iterations 

than other regularization methods. The techniques presented herein do not 

constitute a complete EIT system. Rather, they are tools which may be used 

to improve the performance and ease of use of existing systems. 

1.3 Other Issues of Importance in EIT 

There are several issues not directly addressed in this work which are of 

critical importance in producing a workable EIT system for clinical or indus

trial application. Which current patterns and how they should be applied 

is one such issue. Cheney and Isaacson [16] address the latter in terms of 

choosing the current pattern which will produce the maximum 'distinguisha-

bility' between different conductivity distributions. Cheng et. al. [18] have 

also addressed this issue in terms of comparing errors for commonly used 

current patterns applied at discrete electrodes. Distinguishability may also 

be affected by frequency, particularly in biomedical applications, as several 

studies have shown [4] [9]. Recently, several others have attempted to induce 

currents along the boundary via magnetic fields instead of applying current to 

electrodes to obtain a continuous function for the forward problem, e.g., [68]. 

In measuring the resulting boundary potentials, electrode contact impedance 
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is a source of error and a limiting factor in the range of impedances which 

may be imaged [30]. Recent studies have been done to understand the source 

of the contact impedances [55], mathematically model them numerically [35] 

and analytically [67], and determine their effect on image quality [10]. The 

electronic hardware necessary for current application and voltage measure

ment is also an important topic. Recent data acquisition systems have been 

shown to be capable of real-time imaging with a high degree of measurement 

accuracy [19] [12] [51]. 

1.4 Applications 

The great majority of EIT applications are taking place in the biomedical 

field, with numerous studies determining the suitability of impedance imag

ing for a wide range of biological processes. The use of EIT for noninvasive 

temperature monitoring of the hyperthermic treatment of cancerous tumors 

has been addressed by Gross [30] and Paulsen et. al. [64]. The viability of 

EIT for thermometry is questionable, though. Recent work by McRae et. 

al. [57] and Paulsen et. al. [65] suggest that conductivity changes result 

from fundamental differences in the cellular properties of biological tissues 

following hyperthermia treatment as well as temperature changes. In the 
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study by McRae et. al., a ratio of conductivities at different frequencies is 

used to cancel temperature effects and determine the non-temperature re

lated changes in conductivity during hyperthermia. The study reveals signif

icant non-temperature components and correlates these changes to observed 

changes in the tumor at the cellular level. The Paulsen study showed that 

while there was a correlation between temperature and conductivity, signifi

cant errors did exist. These results confirm earlier work by Cetas [13] which 

suggested that noninvasive thermometry could not be reliably used in a clin

ical situation unless non-temperature effects on the measurement parameter 

could be eliminated. Still, it is feasible that EIT can be useful in the context 

of locating the hyperthermic dose [14] [65]. 

Perhaps the most successful application thus far is in the monitoring of 

cardiopulmonary processes [21] [51] [31] [11] [2]. Other medical applications 

currently being explored include measurement of the electrical properties of 

tumor tissue [9] and the eye [46], and late stage pregnancy monitoring by 

modelling the cervix [4]. 

Although fewer in number, industrial applications of EIT show promise, 

as well. In particular, semiconductor wafer characterization via EIT should 

prove to be very useful [22]. Presently, most testing is performed with a 
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small four-point probe configuration which can only characterize a small re

gion of the wafer as a 'spot check'. Also, this technique effectively destroys 

the locations touched by the probe so that circuits printed on those loca

tions cannot be used. In contrast, an EIT characterization method would 

only touch the wafer along the periphery, allowing for higher yield. In ad

dition, the entire wafer would be characterized as opposed to a spot check. 

Many of the practical concerns present in medical applications would be sig

nificantly reduced, as well. Geometry of the wafers is consistently circular 

and the impedance may be expected to only deviate slightly from a uniform 

constant. In addition, issues of contact impedance and electrode placement 

should be less troublesome than in medical applications. Another recent ap

plication of interest is the detection of corrosion damage in thin plates [47]. 

Since corroded materials will exhibit marked impedance differences from the 

base material, location of damaged regions should be readily discernable by 

impedance imaging. 

1.5 Outline of Dissertation 

In Chapter 2, the elements of wavelet theory necessary for the development 

of the wavelet-Galerkin model will be presented. This will be given in the 
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context of a multiresolution analysis. Several numerical algorithms necessary 

to produce an accurate approximation of (1.1) will also be given along with 

the Mallat algorithm for performing wavelet transforms. 

Chapter 3 details the wavelet-Galerkin method for discretizing the gov

erning equations. The fictitious domain technique which allows the problem 

to be embedded in a Cartesian grid is described and equations for the solu

tion with both Neumann and Dirichlet boundary conditions are presented. 

This is followed by a method for computing the boundary integral terms and 

numerical results. 

Two sample algorithms for solving the inverse problem are presented in 

Chapter 4. First, the Newton-Raphson method is described in detail, in

cluding a technique for computing the Jacobian matrix from the discretized 

equations given in Chapter 3. The second is a linearized algorithm which re

lies on several simplifying assumptions to produce a semi-analytical solution 

to the inverse problem which significantly reduces the computational power 

needed to obtain a solution. 

Perhaps the most critical feature of any inverse algorithm for EIT is the 

method of regularization used. In Chapter 5, two commonly used techniques 

for regularizing the Newton-Raphson solution; the SVD-Eignevalue method 
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and the Levenberg-Marquardt method, are described. This is followed by 

a discussion on the use of a conjugate gradient algorithm in the context of 

regularization. The regularization method used by Allers and Santosa for 

their linear algorithm [3] is also described, .\fter the discussion of regu

larization techniques, some simulated reconstructions are presented where 

the Newton-Raphson method is used to solve the nonlinear inverse problem. 

Here, the conjugate gradient method and the Levenberg-Marquardt method 

are both used to regularize the solutions. It is shown that the conjugate 

gradient approach clearly outperforms Levenberg-Marquardt regularization. 

Experimental data from a simulated hyperthermia treatment is then given 

and thermocouple measurements are compared with conductivity reconstruc

tions generated by the Newton-Raphson method with conjugate gradient reg

ularization and with a linear reconstruction using the method of Allers and 

Santosa. Here again, the Newton-Raphson method with conjugate gradient 

regularization outperforms the other approach. 
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CHAPTER 2 

WAVELETS 

The techniques presented in this work for the solution of the forward 

problem are dependent on a number of recent applications of wavelet theory. 

The nonlinear approach to solving the inverse problem depends on the model 

used for the forward problem and is therefore dependent on this wavelet the

ory as well. In the presentation which follows, theoretical proofs are eschewed 

in an effort to clearly relate the numerical techniques necessary for perform

ing computational wavelet analysis. For the interested (and mathematically 

inclined) reader, the excellent books by Yves Meyer [58] [59] and Ingrid 

Daubechies [20] provide a far more complete development of the theoretical 

aspects of wavelet mathematics. Several papers discussing current applica

tions of wavelets in the various disciplines of electrical engineering may be 

found in [36], including [72], which describes some of the current biomedical 

applications. 
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2.1 Wavelets and Multiresolution Analysis 

Much of the research on wavelets has focused on the Daubechies family of 

compactly supported wavelets, which form a basis for L'^{1R). That research 

has been extended to form bases on subsets of IR [69] [40] [39]. Daubechies 

wavelets are designed to satisfy a Multiresolution Analysis (MRA). A MRA 

is a decomposition of L^{1R) into a chain of closed subspaces, 

Vo C Ki C V2 C ... C (2.1) 

such that 

1- r[jez+ ^ = 0 

2. Ujez-^V, = L2 

3. f i x )  e  V j  ^  f { 2 x )  €  V j + i  

4. f { x )  e  Vj f { x  —  k )  e Vj, k  E Z 

5. There exists d eVq such that {<f){x — k)}k^z IS a basis for Vq. 

Values of j denote the scale and values of k denote translation. The function 

is known as the scaling function and dilations and translations of (p are 
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given by 

= 2^/V(2^x - k ) ,  (2.2) 

chosen such that the set {(l>j,k\k^z is a basis for V}. 

Define Wj to be the orthogonal complement of V} in V}+i, i.e., = 

Vj 0 Wj. Similar to the case with Vj, the spaces Wj are spanned by scalings 

and translations of a functon xjj. These properties imply the following results: 

. L ^ R )  = 
• is a basis for L'^{1R). 

• f { ^ )  =  1 2 k ^ z [ <  A <Po,k > (i>Q,k{^) + T.j^z+ < /i i^j,k > 0M(^)]-

Truncating this expansion at some jmax gives us an approximate multireso-

l u t i o n  a n a l y s i s  o f  f { x ) .  

Daubechies wavelets are designed to satisfy the two-scale equations with 

a finite number of terms. 

(t){x) = \/2 ^ <7jt0(2x - k) (2.3) 
k=Q 

(2.4) 
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with /ifc = (—l)^g£,-fc+i and L even. We can consider the /I's and g's to be the 

coefficients for a pair of finite impulse response (FIR) filters. The frequency 

response of the filters decay quickly with wavenumber, more so for larger 

L. Larger L indicates a larger region of spatial support. Thus, Daubechies 

wavelets are essentially local in both space (time) and wavenumber (fre

quency), with better bandlimiting coming at the expense of a larger region 

of support. From the definition of the MRA, the scaling functions within a 

particular scale must be orthogonal. In addition, Daubechies wavelets are 

selected to be orthogonal to themselves and to low-order polynomials, i.e., 

I — 2 (2-5) 
J —oo 

[ Ipj,k 'pj ' ,k 'dx = (2.6) 
J  —OO 

and 

/

OO 

ip{x)x"^dx = Q, m = 0,1,.., L/2 — 1 (2.7) 
-CO 

2.2 Moments of the Scaling Function 

Because the wavelet function is designed to be orthogonal to low-order 

polynomials, it follows that these same polynomials may be represented ex

actly in terms of scaling functions. The expansion coefficients are the mo

ments of the scaling function. Accurate computation of these moments are 
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essential to obtaining the connection coeflScients which are at the heart of 

the wavelet-Galerkin discretization of (1.1). Let 

A/fc = f a:"0fe(x)</z (2.8) 
J  —OO 

for n < f — 1. Expanding 0(x) with the two-scale equation gives 

^^0 = f x '^\ /2^gi(i>i{2x)dx 

roo 
= \/2 ^ (7i / x"-(f) i{2x)dx 

i=o 

= (2.9) 
i=0 

The moments may also be written in terms of untranslated [k = 0) moments: 

= r  x"0(a; -  i)drj  
J —CO 

= / (2/ + iTMdy 
J  — OO 

= E (2.10) 
r^o - m)! 

Combining (2.9) with (2.10) yields 

m; = 2"--)/^ It (2.U) 

Next, the last term in the second summation must be pulled out to form a 

usable relation: 

jV/„" i"-'"Mo'" + 2-"°-n'^"X:'aiV/„" (2.12) 
,=0 m=0 ^ ) -  i - o  
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For any of the Daubechies wavelets, we have 

= (2.13) 
1=0 

so (2.12) becomes 

L-l n—1 

w; = 2-0"+'!'^ E Si E ,, "• 
fS, ,15 - ™)! 
9-(2n+l)/2 L - l  n - l  |  

so that all untranslated moments may be found in terms of lower order un

translated moments. Translates along the line may be found by applying 

the moment translation equation, (2.10), a second time. The computation is 

initialized with Mq = 1. 

2.3 Periodic Approximations and the Mallat Algorithm 

While there are significant differences between wavelets defined on M and 

those defined on some subset, n, these differences can be minimized for the 

periodic case provided the function to be transformed is sampled sufficiently 

over Q. For implementation purposes, the only difference is a "wrapping 

around" of the transformed function over the edges of Q so long as we limit 

the coarsest scale in the decomposition of the sampled function to retain 
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the essential equivalence of the periodized and non-periodized coefficients. 

Restrepo, et. al. give a detailed discussion of periodized wavelets on [0,1)[69]. 

For practical computations, the samples of a function are taken to be an 

approximation of the projection of that function on the space Vj, i.e., 

f h  = I  f { x ) ( i > j ^ k { x ) d x  « f { k M l N ]  (2.15) 

where N = 2-^ and M is the length of the interval of periodization. The error 

in this assumption is 0(l/iV^) [71]. The two-scale equations are then used 

to decompose Vj into Vj_i 0 Wj_i. The N/2 coefficients which correspond 

to the Wj-i are retained and the coefficients are further decomposed, 

if desired. This multiscale decomposition, and subsequent rearranging of 

coefficients is  known as the Mallat algorithm. 

An approximation of a function f{x) on Vj may be given by sampling or 

other means [71|. The periodized representation may be written as 

f j i x )  = (2.16) 
k = Q  

Using the forward version of the Mallat algorithm, we can obtain an equiva

lent representation in Vj_i 0 Wj-x as 

f j { x ) =  Y .  f j - h k ( l > j - i , k { x ) +  Y .  f j - u k ^ J - i , k { x )  (2.17) 
fc=0 fc=0 
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where 

n=u 

1 ^ ^ - f 
(2.18) 

n=0 m=0 

and by orthogonality, 

(2.19) 

A similar derivation holds true for the Wj^i projection: 

= ~7̂  X] fj,k̂ n~2k (2.20) 
V ̂  n=0 

To return to a Vj approximation from a K/_i © projection, the inverse 

Mallat algorithm is used where 

f% — ^  y^Xfj±gk-2n + fj-l ,k^k-2n) (2-21) 
n=0 

2.4 Wavelet Representations of Functions in ]R^ 

There are two methods generally used for constructing wavelet bases in 

two dimensions from the one dimensional case [7] [40].  The standard form 

is constructed by performing separate, one dimensional transforms in each 

direction. This method causes the projections at each scale in one direc

tion to interact with all other scales in the other direction. The resulting 
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transformed image offers little intuitive visual information. Therefore, it is 

preferable to use the nonstandard form. The nonstandard form starts with 

an approximation of f{x, y) at scale J given by 

f j ix.y)= ^ (2.22) 
fcl,i:2=0 

This Vj representation is decomposed into a Vj^i ®Wj-i form using a set 

of three functions 

to form a basis for Wj-i and 

(2.24) 

to form a basis for Vj_i. Thus far, the nonstandard form is identical to the 

standard form with only one scale decomposition. The next step, however, 

leaves the Wj^i projections alone and repeats the above operation to de

compose Vj-i into Vy_2 © Wj^2- The final image is in the form of several 

smaller square images which look like smaller versions of the original, with 

three images for each Wj projection. The first of these three gives the image 

details in both directions. The second gives image detail in the x-direction 

and averages in the y-direction, and the third gives smooth information in 
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the j:-direction and detail in y.  Thus, the nonstandard form provides a highly 

intuitive means of viewing the transformed image, analagous to the one di

mensional case. As an example, consider Figure 2.1, which is given by the 

function 

approximated at scale 7. Figure 2.2 displays the decomposition of this image 

into scales 5 and 6. The decomposed function is shown as an image so that 

the different scales may be clearly identified. Note that the detail {W^ and 

Wq) projections display only the edge of the circle and the regions where the 

function is changing. The remaining average is left to the V5 projection in 

the lower left corner. 

2.5 Connection CoefScients 

Inner products of wavelets and their derivatives are known as connection 

coefficients [69], [50], and [8]. The success of the wavelet-Galerkin approach 

depends critically on the accurate evaluation of these integrals. The two and 

three term connection coefficients are defined as; 

f{x,  y) = r^cos{26) (2.25) 

(2.26) 
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and 

AK'' = r (2.27) 
J —00 

respectively, where the di's refer to the order of differentiation. 

Numerical evaluation of these integrals is accomplished via the two-scale 

equations and the moments of the scaling function. For the two term case. 

(2.26) may be expanded in a manner similar to the moments of the scaling 

function 

m=0 n=:0 ^ 
L~ I L — i -OQ 

= 2"'+''' Y1 E 
m=0n=0 

,n+2l (2.28) 
m=0 n=0 

To obtain a unique solution to (2.28), it is necessary to obtain an additional 

relationship from the moment equations. For d = di + d2 < j — 1, write 

= E (2.29) 
i  

and differentiate d times: 

d! = ^Mf(2if(x). (2.30) 
( 

Next, multiply both sides by 0(x) and integrate over the line noting that 
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MS = 1: 

r f !  =  5 :  M f X ]  d \0(f 
i  '^fcO (2.31) 

Because is compactly supported, many of the connection coefficients 

a r e  equa l  t o  ze ro .  Fo r  t he  2 - t e rm connec t ion  coe f f i c i en t s ,  l e t  k '  —  k  —  I  

and then nonzero for —L ->r 2 < k' < L — 2. This 

makes the sum in (2.31) finite, and the connection coefficients may now be 

explicitly computed. To obtain connection coefficients on a different scale, 

i.e., for 0jfc(x) instead of (i){x — k), a change of variables can demonstrate that 

the 2-term case is scale invariant. Also, may be related to using 

integration by parts and noting that the scaling function and its derivatives 

are compactly supported. For example, 

A matrix of 2-term connection coefficients, may then be formed by 

indexing it by I and k and filling a diagonal band where is nonzero. 

The first and last few rows will have nonzero entries which fall outside the 

region of periodicity. These entries must be placed at opposite ends of the 

1°/ = 0(̂ )< f̂c' n̂ )l-oo - [ \x)dx 
J —00 

= -7fc' 
l,d-l 

(2.32) 
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matrix row. 

For the 3-term connection coefficients, let A:' = A: — m, /' = / — m, and 

^ Then for both -L + 2 < k'  < L~2 smd -L+2 < I' < L-2.  

is nonzero. Explicit computation for the 3-term case is similar to 

the 2-term connection coefficients, except that additional relations from the 

moment equations are required. For an explicit derivation, the reader is 

referred to [50]. Unlike the 2-term case, the 3-term connection coefficients 

are not scale invariant. To obtain the 3-term connection coefficients at scale 

j, the computed values must be multiplied by a factor of 2-'/^. 

The resulting matricies, vary over k and I  with m as a parameter, 

so N matricies are constructed, one for each value of m. Depending on m, the 

range of nonzero 7^//^''^'s may or may not overlap the edges. If so, periodic 

wrap-around must occur on both rows and columns. This may be visualized 

by considering a small square of nonzero connection coefficients moving along 

the diagonal of a larger square which represents the k and I indicies. The 

posit ion along the diagonal is  represented by m. Whenever 0 < m < L — 2 

or N — L — 2<m<N, there will be wrap-around entries. 
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FIGURE 2.1: Approximation of f{x,y) = r^cos{2e) at scale 7. 
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FIGURE 2.2: Nonstandard decomposition of Figure 2.1 into scales 5 and 6. 
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CHAPTER 3 

THE FORWARD PROBLEM 

3.1 Problem Formulation 

The forward EIT problem is solved using a wavelet-Galerkin formulation 

with a fictitious domain technique to allow for simplified changing of the 

shape of the domain by the user in contrast to typical finite element methods 

(FEM). 

The Galerkin method begins by multiplying (1.1) by a test function, v. 

and integrating over u [30] [26] [521- This is called the weak form and may 

be written as 

< V • crVti, V >u=< aAu, v >^ + < Vcr • Vu, v >^.= 0 (3.1) 

From Green's first identity [70] [33] 

< crAti, V >y= - < Vcr • Vu, u >(,, -I- < 0-, Vu • Vu -{aWu, v)a^ (3.2) 

so that 

< (7, Vu • Vu (crVit, (3.3) 
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Using the Neumann boundary condition, (1-3), gives 

<a,'Vu- Vv >^= -0", v)a^ (3.4) 

where < •, - > is an inner product over a;, (•, •) is the boundary inner product, 

and V = (bjmi {^)(i>jm-i{y) are the two dimensional Daubechies scaling functions 

at scale j. Next, we represent a and u in series expansions using the same 

set of basis functions as the test functions. 

^ i^)<l>jhiy) (3.5) 
l l l2 

and 

" = H <^kik.(l>jki{x)(f>jk2{y) (3.6) 
kik2 

Substitution into (3.4) yields 

^ ^ ^ ^ (^)^ji2(j/)? (^)'^jfc2(y) ' (^)0jm2(y) ^ 
k\k2 

~ ( JT ^jTni{^)(f^jmn{y)){^-1) 

The inner product term on the left hand side of (3.7) may be written in terms 

of connection coefficients. Expanding, we have 

J  ̂ jl i{^)^jl2iy)^^jki{^)^jk2iy) ^jmxi.x ' j^jmii .y^d.xd'y 

= j  <?^i/i(a:)0ji2(y)(0jA:,(3:)0ifc2(y)0j>„,(^)<?^jm2(i/)  
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+0;fci {y))dxdy 

_ \110 \000 
^kimih  ̂ k2Tn2h 

, lOOO \ 110 (3.8) 

3.2 Computational Form 

Let i*; be a square domain. Then, given a. N x N sampled version of a. 

the left  hand side of (3.7) may be writ ten in matrix form. First ,  the N x N. 

3-term connection coefficient matricies and must be generated for 

0 < I < N — I. For each value of (Zi, I2) let 

.\ext, rewrite T as a. (iV^ x 1) vector by letting k = [k2{N — 1) + /^i]. Now 

let T be the [m2(N — I) + mi]-th row of a {N'^ x N"^) matrix, W. Finally, 

vectorizing u in a manner analagous to T yields the form Wu. Discretization 

of the right hand side of (3.7) will be discussed in the following section. 

3.3 Fictitious Domain Techniques 

T = (r//°)^arr + (3.9) 

The fictitious domain technique involves embedding the domain of in

terest, ui, within a larger square domain, Q [27] [45] [44] [43]. This method 
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allows for the use of a regular cartesian grid even when u is non-square. The 

characteristic function, Xuji defined as 

or an approximation at the appropriate scale in pixel form is given along with 

the boundary conditions as input. This feature is advantageous for medical 

applications of impedance tomography because we expect to encounter situ

ations where uj may be nearly, but not perfectly circular. 

3.3.1 The Neumann Problem 

The fictitious domain/penalty form of the Neumann problem is given by 

(3.4) over UJ and Q [27]. The problem over U! is the problem we actually wish 

to solve, and the problem over Q is the penalized term, where we select the 

boundary currents to be zero. Mathematically, we have 

• ^(pjTni^jm2 ^ijJ ^ Vu • 0jmi )3ui 

where 0 < /it < 1. The first term on the left hand side presents some com

putational difficulty. To obtain accurate solutions, the conductivity term 

must be zero outside ui. Often, the first iteration of an impedance tomogra

phy algorithm assumes uniform conductivity, which may be defined by the 

otherwise 
(3.10) 

(3.11) 
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characteristic function of the domain. If Xuj is expanded as 

Xui — XTiin2'Pjni{^)(f^jn2iy) (3.12) 

we will have a Vj approximation of a conductivity which exists in the sense 

of distributions. In a practical sense, this presents severe computational dif

ficulty in the form of ill-conditioning. As a result, direct methods of solution 

such as LU and singular value decomposition (SVD) do not yield adequate 

accuracy and iterative methods such as the conjugate gradient (CG) method 

have unacceptably long convergence times. 

An alternate approach is to approximate Xui prior to discretization and 

let the penalty term be set to zero. As an example, consider the case of a 

circle of radius R. Let 

for n > 0 with r = Table 1 gives lower bounds on the condition 

number of the resulting wavelet-Galerkin operator for various values of n. 

computed using the MATLAB function 'condest'. 

Choosing n = 10 (see Figure 3.1) produces a good compromise between 

accuracy of the conductivity distribution and condition number for lower 

scales. For V7, (128 x 128) smaller errors are obtained with n = 9.5. In 

1 
{R/rY otherwise 

(3.13) 
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n condition number 
0 1.2797 X 10'' 
1 1.8623 X lO'' 
2 2.7049 X lO"* 
4 5.6017 X 10-^ 
8 2.2399 X 10^ 
10 4.4566 X 10® 
12 8.8830 X 10® 
16 3.9831 X 10® 
20 2.2523 X 10'' 

TABLE 3.1: lower bounds for the condition number of the wavelet-
Galerkin operator using wavelet D6 at scale 5. 

contrast, the lower bound of the condition number for the V5 approximation of 

the true characteristic function is 1.4342 x 10^®. When a penalty term of 10"°® 

is included, this number only reduces to 1.3635 x 10^°. Thus, approximating 

the conductivity produces better conditioned operators than the use of a 

nonzero penalty term and also eliminates the necessity of forming a second 

wavelet-Galerkin operator over Q.. 

3.3.2 The Dirichlet Problem 

An alternate approach for an impedance tomography algorithm is to solve 

the forward Dirichlet problem using the fictitious domain/penalty method 

given in [45] and compare computed and measured boundary currents. The 

Dirichlet problem is formulated by taking the penalized Neumann problem 
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on Q as above (zero current on and equating the solution for u along the 

boundary of ui to the given Dirichlet boundary conditions. Here, the wavelet-

Galerkin operator need only be computed over extending the conductivity 

to the larger square. This is written as 

M 1 ^im\4^jm.'^du ~ {V't 4^jmi4^jTn-x)dw (3-14) 

Since there is no term which must be integrated over a.-, ill-conditioning is 

not a problem. We cannot, however, let // = 0 since this would result in an 

identity statement regarding the boundary potentials. 

3.3.3 Boundary Integral Terms 

Computation of the boundary integrals above depends on the wavelet 

encoding of u) and duj. Please refer to [44] [43] [45] for theoretical details and 

proofs concerning the following. 

In order to encode the boundary within a rectangular grid, the following 

formula for the arclength of du! is used 

(3.15) 

Assume the boundary can be written as 

F(x, y ) - c  =  0  (3.16) 
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where F is Lipschitz continuous and c is a constant. Then we may write the 

normal vector as 

It may also be shown that, for any integrable function, / on duj 

by extending the definition of / to IP?. 

Both Xuj and F may now be approximated using the same Daubechies 

scaling functions as used for the conductivity, potentials, and test functions. 

The gradient operator is then implemented using a matrix of 2-term con

nection coefficients. It has been shown, however, that this is not necessary 

[43] [28]. Numerical results show that differentiation of the characteristic 

function yields the appropriate region of support, but not accurate values for 

the boundary operator. Attempts to improve accuracy using the approxi

mate characteristic function discussed above yield a region of support which 

is too large, extending well outside u. Good results may be obtained using 

a boundary mask instead. The boundary mask is defined by the set 

At scale j ,  m and n vary from 0 to = 2-' - 1, so the boundary mask matrix 

(3.18) 

A — {(fM, 72,) . dui ^ 0} (3.19) 
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is constructed by letting 

= (3,20) 

The final matrix form of the boundary integral operator is obtained by vec

torizing S and placing its elements along the diagonal of the x diagonal 

matrix M. Numerically,  the boundary mask is obtained by computing S /xu 

and setting a threshold for significant entries. 

3.4 Numerical Results 

3.4.1 Numerical Results for Uniform Conductivities 

All computations are performed using MATLAB 4.2c except for the cal

culation of the connection coefficients. Significantly faster times may be 

achieved using compiled code. For the connection coefficient calculations, 

the public domain program, 'Ntuples-2', by Dr. Juan Marie Restrepo is used 

to precompute and store the nonzero values. All linear systems are resolved 

using a standard conjugate gradient method which allows accurate results to 

be achieved quickly while utilizing sparse storage techniques. Sparse stor

age and manipulation of matricies is essential for the practical application of 

Galerkin methods due to the dramatic reduction in storage requirements and 
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the equally dramatic increases in speed resulting from ignoring zero entries in 

the system matricies. For details, see Appendix A. The boundary current for 

the circular domain is set to j = —sin{9). This choice of boundary current 

produces the largest difference in boundary potentials between a uniform 

conductivity distribution and a circularly centered conductivity anomaly in 

a uniform background [37]. 

scale time (s) L\uj) L'iu) 
4 7.146 0.1010 0.1267 0.1018 0.0930 
5 67.02 0.0408 0.0473 0.0405 0.0359 
6 576.3 0.0247 0.0298 0.0230 0.0256 
7 6604 0.0253 0.0295 0.0238 0.0254 

TABLE 3.2: Computation time and relative errors for the Neumann problem 
with uniform conductivity using wavelet  D&. 

scale time (s) L\u) L^{u) H\uj)  
5 18.46 0.0055 0.0078 0.0038 0.0073 
6 237.7 0.0033 0.0065 0.0020 0.0041 

TABLE 3.3: Computation time and relative errors for the Dirichlet problem 
with uniform conductivity using wavelet  DQ. 

It is likely that the errors in the solution are mainly the result of the 

approximation to the boundary integral. As discussed above, direct numeri

cal calculation is not feasible and the boundary masking method is our best 

available alternative. In the Dirichlet problem, the boundary potentials are 

specified instead of the boundary currents and the resulting solution is less 
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dependent on the accuracy of the numerical boundary measure. This results 

in both better condition numbers and more accurate solutions. Addition

ally, R. Glowinski et. al. [29] [28] have developed a preconditioner for the 

conjugate gradient method which eliminates the dependence on the penalty 

parameter. One disadvantage of using the Dirichlet problem for the forward 

solution is that we must compute the boundary currents from the computed 

potentials following each forward solution. While this would present little 

problem for the circular case where the normal vector lies in the radial di

rection, it may be difficult for more general cases. 

3.4.2 Resolution Enhancement of Solutions 

The solution of the forward problem for EIT must occur quickly for use 

in a practical system. For scale 6 and above, the time may be prohibitive. 

As we have seen in the chapter on wavelet theory, the Mallat algorithm may 

be used to step between approximation scales in function approximations. 

For equation (1.1), solutions tend to be rather smooth even for sharply dis

continuous conductivities, so it is feasible to take a solution at a lower scale. 

j, and perform a step of the inverse Mallat algorithm under the assump

tion that the Wj projections are all zero. The fonvard problem may then 



50 

be solved on V} and present a good approximation of the solution on Vj+i-

Results from the uniform conductivity case indicate that this is true for the 

case where j =b. For j = 4, the original solutions are too inaccurate for the 

interpolated solutions to provide acceptable accuracy. 

wavelet L'icu) L 'H L-(a;) H'iuj)  
D2 0.0465 0.0536 0.0478 0.0467 
D4 0.0226 0.0276 0.0290 0.0254 
D6 0.0363 0.0415 0.0404 0.0390 

TABLE 3.4: Relative errors for the resolution-enhanced Neumann problem 
with uniform conductivity computed at scale 5 and resolved at scale 6. 

wavelet L'iuj)  L-(a;) H'iu) 
D2 0.1263 0.1716 0.1292 0.1308 
D4 0.1074 0.1299 0.1111 0.1181 
D6 0.1242 0.1430 0.1276 0.1363 

TABLE 3.5: Relative errors for the resolution-enhanced Neumann problem 
with uniform conductivity computed at scale 4 and resolved at scale 5. 

An interesting result of these computations is that the four-point Daubechies 

wavelet filter produces the best interpolation results. The reasons for this 

are unclear, but since the potentials don't vary drastically for conductivity 

changes, it is assumed that the DA filter will be the best choice in the general 

conductivity case. 



51 

3.4.3 Results for Nonuniform Conductivities 

Although error calculations are not available for general conductivity 

distributions, it is instructive to consider these solutions in comparison to 

the solutions for the uniform conductivity case. In particular, conductivity 

anomalies near the edge of uj produce significant changes to the potentials 

along duj, while centered anomalies produce much smaller changes. This dif

ference has proven to be the primary difficulty and a focus of much research 

in EIT inverse algorithms [74] [37] [1]. 

The small potential variations for the centered anomaly (Figures .3.5. 

3.6) provide a graphical indication of the ill-posedness inherent in the EIT 

imaging method, which will be discussed in a later chapter. Highly accurate 

voltage measurements are necessary to image such a distribution at all. and 

it is likely that the accuracy of the wavelet boundary integral computation 

will need improvement to provide reliable update information as well. In 

contrast, Figures 3.3 and 3.4 indicate that this distribution is relatively easy 

to image correctly. 
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0 0 

FIGURE 3.1; Approximate characteristic function for a circle of radius R 
with n = 10 at scale 5. 
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FIGURE 3.2: Solution to the Neumann problem for a circle of radius R with 
n = 10 and uniform conductivity at scale 5. 
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FIGURE 3.4; Difference in computed potentials for the Neumann problem 
between uniform and non-uniform conductivities. 
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FIGURE 3.5: Conductivity distribution with circularly centered anomaly of 
radius 0.2 at scale 5. 
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FIGURE 3.6: Difference in computed potentials for the Neumann problem 
between uniform conductivity and circularly centered non-uniform conduc
tivity of radius 0.20. 
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CHAPTER 4 

THE INVERSE PROBLEM 

4.1 Nonlinear Newton-Raphson Inversion 

Most nonlinear algorithms used to solve for the conductivity rely on the 

Newton-Raphson method or some variation thereof. These algorithms are 

well suited to imaging objects which vary widely in size, shape, and conduc

tivity profile because it is not necessary to change the numerical method in 

any fundamental way to deal with the changes. They may be easily adapted 

to different electrode configurations and measurement techniques, as well. 

The procedure is based upon minimizing the difference between the mea

sured and computed potentials in a mean-square sense. An initial value for 

the conductivity is chosen and the forward Neumann problem is solved. 

4.1.1 Problem Definition 

Define 

^ ^\dw ^ 13a; (4.1) 
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and 

= jlklP (4.2) 

where u and u' are the computed and measured potentials, respectively, and 

II • II indicates the norm. 

The boundary potentials are sampled at K discrete electrode locations: 

therefore. || • |p is approximated as 

'J'(o-) ==« I (4-3) 
^ 1=1 

To minimize $(cr), differentiate with respect to cr and set the result equal 

to zero. 

1 ^ 

- u * f { u  -  U ' )  (4.4) 

(4.5) 

Next, expand $(cr) in a Taylor series about a' (the z-th approximation) and 

keep the linear terms. 

6(cr'+') s5$((T0 + $(tT')Acr' 

(4.7) 

(4.6) 
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The Jacobian matrix consists of those elements of {§^) which correspond 

to electrode locations. Calculating this from the modelled forward problem 

represents a large portion of the computational effort in EIT inversion. The 

Hessian matrix, + presents even more difficulty. It 

has been demonstrated, however, [74] [63] that the term may be assumed 

to be negligible for 'small' conductivity updates. Exactly what 'small' means 

in this case has not been quantified, though. 

.\fter computing the Jacobian matrix, the system 

is solved for Act' and the conductivity is updated via 

0-'+^ = cr' 4- Acr'. (4.9) 

This completes one iteration of the nonlinear EIT algorithm. Termination 

may be specified either by a maximum number of iterations or a maximum 

value for 

A major complication in the solution of (4.8) is the ill-conditioning of 

(^)^(^)- The following chapter is devoted to methods for dealing with 

this issue. 
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4.1.2 Computing the Jacobian Matrix 

The derivation of begins with the model equation (3.7). Differentiation 

with respect to ct/,;, gives 

EB \ ___ '^hh / ^ "n 0J7I0J72' ^^jk\4'jk2 ' ^4*jmi4'jTn2 
hl2 kik2 

y ^ ^kik2 ^ ^jli^jl2i^^jki^jk2 '  ^^im\4'im.2 
kik2 

To implement this computation in matrix form, it is simpler to begin with 

Wu = —j from the wavelet-Galerkin discretization of the forward problem, 

then differentiate with respect to ak, where k = {k2 — l)N + ki. The right 

hand side is a given constant so its derivative with respect to all elements of 

cr is zero. 

—{Wu) = W,,u + W^ = Q (4.11) 
acTfc c/cTfc 

W is linear in a, so consists entirely of products of connection coeffi

cients. This process produces solution vectors, The inversion algo

rithm depends only on those solution vectors which coincide with electrode 

locations, so those vectors are extracted and the rest may be disregarded. 

This process is conceptually attractive since it relies on a previously gener

ated model but requires as much as times as much computational effort 
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as the forward problem. The actual amount is somewhat less since is 

more sparse than W. 

It is important that the selected rows accurately coincide with the true 

electrode locations since distortion of the image may result otherwise. If the 

discretization scale is chosen such that the electrode width is comparable to 

the distance between pixels and the objects to be imaged are significantly 

larger, there will be no noticable distortion so long as care is taken to accu

rately place and number the electrodes and their corresponding rows in the 

.Jacobian matrix. 

Wavelet 'smoothing' of the conductivity and a reduced scale version of 

the wavelet-Galerkin operator may be used to drastically reduce the compu

tation time for the Jacobian matrix. The smoothing algorithm serves three 

purposes. First, by performing one step of the Mallat algorithm on a \'j 

conductivity projection and discarding the Wj^i projections, the storage re

quirements are reduced significantly, since for iV^-element conductivity and 

potential profiles, smoothing reduces these to iV^/4 each. Thus, the inter

mediate storage required to compute the Jacobian is reduced from to 

Even more significant is the fact that each column is now solved for 

by inverting an yV^/4 x iV-/4 system of equations instead of an iV- x N'^ sys-
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tern. The time consumption for this computation is reduced by a full order 

of magnitude for each column. Since the number of equations is reduced by 

a factor of 4, the total time for forming the Jacobian is approximately 40 

times less than a full-scale method. Finally, ill-conditioning of is 

much less of a problem for models with fewer parameters [74], making the 

inversion problem inherently easier to solve. 

Figure 4.1 is an example of the wavelet transform smoothing algorithm 

using the conductivity profile given in Figure 3.3 as the 'true' conductivity. 

Figure 4.2 is obtained from the inverse wavelet transform of Figure 4.1 with 

the W4 projections set to zero and represents the best theoretical reconstruc

tion possible with the smoothed conductivity assuming the potentials are 

known at all boundary pixels. 

4.2 A Derivation of a Linearized EIT Inversion Algo
rithm 

For conductivity distributions where anomalous regions differ only slightly 

from the background conductivity, it is useful to consider a perturbation 

model for the conductivity where 

a = c + Sa (4.12) 
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with c a constant. This is the starting point for the Unearized EIT inversion 

algorithms of Gross [30] and Allers and Santosa [3]. The Allers and Santosa 

inversion uses an integral equation originally derived by Calderon [38]. A 

derivation of this integral equation is presented here in general coordinates, 

although the Allers and Santosa inversion method is specific to the case of 

circular coordinates. 

There are several underlying assumptions in the linearization of the EIT 

problem. Let the solution to the forward problem be given by 

u = uo + Su ("I-IS) 

where uq is the solution of the forward problem when a = c. This implies 

Au = 0 (4.14) 

Substitution of this perturbation model into the weak formulation of the 

fundamental EIT equation (3.4) yields 

< c + Jo", V(uo 4-(Jw) • Vv >^= ((c + Sa)Vu,v)guj ('i-lo) 

The following additional assumptions are necessary to the derivation as 

well 

1. (5cr = 0 on du. 
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2. Terms containing products of 5u and Sa are negligible. 

3. V5u • n = 0 on duj. 

4. The test functions, v are harmonic on Q, i.e., At; = 0. 

The requirement that the test functions be harmonic is the most restrictive 

feature of this linear inversion method. Since different test functions will be 

required for every geometry, any numerical method for computing the solu

tion will change significantly for each case. Therefore, this linear inversion 

method is only well suited to imaging objects which are constant in shape 

and only deviate marginally from a base conductivity background. A suit

able example is the nondestructive testing and characterization of circular 

semiconductor wafers [22]. 

Expanding the left hand side of (4.15), 

< c, Vuo -Vv >^ + < c, VSu • Vv 

+ < 6a, Vuo • Vu -I- < Sa, V5u • Vv >u 

=< c, Vuo • Vu -h < c, V5uo • Vu >0, + 

< Sa, VUQ • Vv (4.16) 
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and the right hand side, 

((c -4- 6(T)V{UO + 5u), v )G^ = (cV(uo 4- 6u), v )AW 

= (cVuo, v)a^ + (cV5tt, v)a^ 

= (cVuo,u)au; (4.17) 

Application of Green's thoerem to (4.17) gives 

(cVuo, v)a^ =< cAuo, V >^ + < c, Vuq • Vv 

=< C.S/UQ-S/v (4-18) 

Substitution of (4.16) and (4.18) into (4.15) then yields 

< c, Vuq-Vu + < c, VSUQ-VV >^ + < Sa, V?zo-Vu >.^=< c, VUQ-VV 

(4.19) 

or 

< 5a, Vuo • Vu >a;= - < c, V&Uq • Vu (4.20) 

Applying Green's theorem again, 

< 6a, Vuq • Vv >^=< Av, 6u —{Su, Vv)a^ 

=-{5u,Vv)a^ (4.21) 
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Stated in polar coordinates with UJ the unit circle, (4.21) results in the 

linear integral equation of the Allers and Santosa algorithm. 

r\ r2TZ I-2TT Qy 
/ / 5a{T,d){VuQ-Vv)Tdddr = — I 6u{l,d)—{l,9)d6 (4.22) 

Jo Jo Jo or 

By choosing a set of current patterns, fk{d) = e'*®, the background voltage 

in the circular form of Calderon's linear inversion equation is Ukir.d) = 

—. The test functions are chosen to be vt(r,9) = —. Since the voltage 

perturbation term in (4.22) is a measured value, all quantities except the 

conductivity perturbation, Sa, are then specified. The problem is solved 

by expanding 5a in a Fourier series in the 0 direction and expanding with 

Zernike polynomials radially. 

OO OO 

dCT(r,9) = £ £ Grr"Q„,t(r2)e-'"» (4.23) 
A:=0 m=—OO 

where 

QmAr) = P°''"(2r - 1) (4.24) 

are the Zernike polynomials and are Jacobi polynomials. 

The resulting discretized system may be written as 
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where is a matrix of the polynomial expansion functions integrated along 

the radial direction and contains the Fourier transform of the measured 

voltage perturbations. For a system of N electrodes, the conductivity pertur

bation expansion must be limited to those k, m such that 0 < A: < N/2 — m — l 

and 0 < m < ^V/2 — 1. Thus, C" is a lower triangular matrix consisting of 

the conductivity expansion coefficients, 



69 

FIGURE 4.1: Scale 4 smoothed representation of the conductivity profile 
presented in Figure 3.3 using wavelet D6. 
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FIGURE 4.2: Scale 5 reconstructed representation of the conductivity profile 
presented in Figure 4.1 using wavelet D6. 
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CHAPTER 5 

REGULARIZATION METHODS FOR EIT 

5.1 Ill-Posedness of the Inverse Problem 

A mathematical problem is said to be well-posed in the sense of Hadamard 

if it satisfies all of the following properties [48] [34]: 

1. There exists a solution to the problem (existence). 

2. There is at most one solution to the problem (uniqueness). 

3. The solution depends continuously on the data (stability). 

Any problem for which one or more of these properties does not hold is 

considered to be ill-posed. 

Stability of the solution is the primary concern in EIT. Even for sim

ulated cases where perfectly noiseless voltage measurements are assumed, 

ill-conditioning of the resulting discretized matrix equations is a major issue. 

The addition of noise only exacerbates the situation. To address this point. 
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several regularization methods have been proposed. Regularization methods 

limit the solution to a stable portion of the complete problem. In other 

words, regularization methods allow for the solution of a well-posed problem 

which is similar to the original, ill-posed problem. 

For the case of nonlinear EIT algorithms, which generally implement a 

modified Newton-Raphson method, this usually means that the approximate 

Hessian matrix, given by (^)^(^) is severely ill-conditioned, where u in 

this case refers to only those potentials which can be measured at electrode 

locations. In linear algorithms, the ill-conditioning depends on the form of 

the linearization and the solution method but is nevertheless always present. 

For both linear and nonlinear algorithms, a common feature is that the ill-

posed portion of the problem generally relates to features near the center of 

the domain [74] [l]. The discussion below will present the methods currently 

in use for regularizing the nonlinear Newton-Raphson formulation as well 

as an alternative method based on the conjugate gradient method. This ap

proach solves the resulting equations using an iterative method which is more 

tolerant of ill-conditioning than direct solution methods. The regularization 

method for the Allers and Santosa linear algorithm will also be discussed. 
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5.2 Regularizing the Newton-Raphson Method 

5.2.1 The Levenberg-Marquardt Method 

As discussed earlier, the update equation for the Newton-Raphson method 

is given by (4.8). For simplicity of notation, this may be viewed as an equa

tion of the form 

Ax = b. (5.1) 

The Levenberg-Marquardt method modifies this equation such that 

(/I + al)x = b (5.2) 

for some scalar a. The user selects an initial value for a and solves (5.2) for x. 

If a is reduced by a factor of 10 at the next iteration. Otherwise, 

a is increased by a factor of 10 and the update is repeated. The computed 

update is then checked to ensure that it is relatively small in comparison 

to the current conductivity. Large changes to the conductivity in a given 

iteration are said to lie outside the trust region of the regularization. In 

general, the Levenberrg-Marquardt regularization method is a special case 

of Tikhonov regularization and may be derived in that context [34]. There 

is no proof of convergence available for this method in the case of ill-posed 



74 

problems, which makes it difficult to state where exactly the trust region lies. 

Therefore, it is not made clear by any of the researchers using this method 

in EIT what type of conductivity change may be considered small. 

5.2.2 The SVD-Eigenvalue Method 

Murai and Kagawa suggest a method of regularization based on perform

ing a singular value decomposition (SVD) and removing the ill-conditioned 

portion of the problem by setting small eigenvalues equal to zero. The eigen

value threshold is selected according to Akaike's information criterion [61]. 

The procedure for performing the SVD and subsequent system solution by 

backsubstitution is detailed in [73] and [41], for example. 

While this method does allow for solution of (4.8), it has been demon

strated that the small eigenvalues deleted in this procedure correspond to 

information near the center of the domain [74]. Indeed, this seems to be the 

case for other EIT algorithms as well. For example, in the linearized neural 

network solution of Adler and Guardo [l], the researchers discovered that in 

training the network, it first learned to distinguish conductivities near the 

boundary, and only later was able to distinguish centered anomalies which 

corresponded to the ill-conditioned part of their formulation. 
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5.2.3 Conjugate Gradient Regularization 

Tv-pically, conjugate gradient methods are chosen to provide fast, accurate 

solutions to sparse, well-posed problems [41] [24]. For ill-posed continuous 

problems, it has been shown that the conjugate gradient method will converge 

in theory [48] [34]. The allowable error, or fo/erance selected for the solver is 

the regularization parameter. Proof of this fact is beyond the scope of this 

work, but experimental work clearly verifies that this is the case. For exam

ple, it has been shown that convergence of the conjugate gradient method for 

ill-posed problems requires far fewer iterations than the Landweber iterative 

method [48], which is often used for ill-posed problems. Interested readers 

may refer to the aforementioned for mathematical proof. For discretized 

continuous problems such as the EIT problem, this ill-posedness manifests 

itself as a high condition number which leads to longer convergence times. 

The typical conjugate gradient method application seeks to reduce the com

putation time for the solution, so preconditioning methods are often used. 

Preconditioners generally require a more detailed knowledge about the equa

tions to be solved than is available for the highly nonlinear EIT inversion 

problem. Therefore, it is not expected in this application that the method 

be any faster than standard techniques. 
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5.3 The Allers and Santosa Regularization Procedure 

The sensitivity of the to errors in the data is given in terms of a 

condition number estimate for computing each term. Given an estimate 

of the data measurement error, a tolerance factor is chosen such that the 

maximum allowable condition number multiplied by the estimated error is 

on the order of 10^. If the inverse of the matrix is given by with 

elements then the condition number is given by 

< = (5.3) 
/=o 

and only those values of k and m for which the tolerance is satisfied are 

computed instead of the full set, 0 < fc < N/2 — m — 1 and 0 < m < N/2 — 1. 

5.4 Results for Simulated Noiseless Data 

A scale 5 reconstruction using 16 equally spaced electrodes along the bound

ary of the conductivity profile shown in Figure 3.3 provides a model for com

parison of the conjugate gradient and Levenberg-Marquardt regularization 

procedures. Gross [30] has shown that by combining all possible discrete 

current excitations at electrode pairs, an accurate transformation to sinu

soidal patterns may be made using a least-squares combination technique. 
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Therefore, the updates are performed using only a single current excitation 

experiment with a continuous boundary current of sin{d) to obtain the re

sults due to the dominant component of a more general pattern of excitations. 

For both procedures, the first step Jacobian matrix is used for all steps in 

the conductivity update procedure rather than recomputing it at each step. 

Since the search direction then remains unchanged, the updates will not nec

essarily converge to the true conductivity. However, in the spirit of creating 

a fast algorithm which relies on computing relatively few steps, the results 

appear to justify the computational savings. 

For the given test case, the conjugate gradient regularized updates clearly 

outperform the Levenberg-Marquardt procedure. Figures 5.1 through 5.4 dis

play the results of the first four conductivity updates using the CG method 

with a tolerance factor of 10~®. The anomaly is already taking shape after the 

first iteration. It is likely that convergence would occur with fewer steps with 

updated Jacobians at each iteration. In contrast, the Levenberg-Marquardt 

updates barely change the conductivity profile at all in the first two itera

tions. Here, the parameter value used is a = 10"'. Results using 10~* and 

10"^ are nearly identical. Figure 5.5 shows the results of the first step up

date. Visually, it appears no different from the assumed uniform profile used 
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to initialize the procedure. The algorithm is slowly locating the anomaly, 

however. The first step produces a peak value of 1.0138 in the vicinity of 

the anomaly and 1.0204 at the second step. For comparison, the conjugate 

gradient update produces a peak of 1.2014 at the first step and 1.2733 at the 

second. The true value of the "pie-slice" anomaly is 1.5 against a uniform 

background of conductivity 1.0. 

To test the smoothing algorithm, the conductivity is reduced from scale 5 

to scale 4. The smoothed conductivity is then used to recompute the wavelet-

Galerkin system matrix, W at scale 4, and this, along with the smoothed 

potentials are used in computing the Jacobian. The Jacobian matrix is then 

interpolated via the inverse Mallat algorithm so the update may be per

formed at the correct electrode locations. At higher resolutions, it may be 

possible to obtain the update without performing the last interpolation step. 

kt scale 4, however, it is not possible to locate the electrodes with accept

able accuracy. The smoothing/conjugate gradient algorithm exhibits slower 

convergence than using a conjugate gradient method with the full Jacobian. 

It seems that the reduced accuracy of the smaller Jacobian limits the avail

ability of information regarding the center region of the domain, similar to 

other regularization methods. The results of the first two iterations of the 
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smoothing/conjugate gradient update method demonstrate that a correct re

construction is forming at the pixels near the edge, but little change is taking 

place in the center (see Figures 5.6 and 5.7). 



0 0 

FIGURE 5.1: Step 1 in the conjugate gradient reconstruction of the conduc 
tivity profile in Figure 3.3. 



FIGURE 5.2: Step 2 in the conjugate gradient reconstruction of the conduc 
tivity profile in Figure 3.3. 
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FIGURE 5.3: Step 3 in the conjugate gradient reconstruction of the conduc 
tivity profile in Figure 3.3. 
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0 0 

FIGURE 5.4: Step 4 in the conjugate gradient reconstruction of the conduc
tivity profile in Figure 3.3. 
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0 0 

FIGURE 5.5: Step 1 in the Levenberg-Marquardt reconstruction of the con
ductivity profile in Figure 3.3. 
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FIGURE 5.6: Step 1 in the smoothing/conjugate gradient reconstruction of 
the conductivity profile in Figure 3.3 
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FIGURE 5.7; Step 2 in the smoothing/conjugate gradient reconstruction of 
the conductivity profile in Figure 3.3 
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The distribution shown in Figure 5.8 provides a more difficult conduc

tivity estimation problem. Mathematically, this conductivity distribution is 

described by the equation 

cr(r 9)  =  ~  {r /R))cos{e)  + {r /RYsin je)  + 3.5 
3.5 

where R is the radius of the circle. In [62], Paulsen et. al. attempted 

to resolve this conductivity using a nonlinear Newton-Raphson method with 

Levenberg-Marquardt regularization. They performed several iterations with 

an updated Jacobian at each iteration with a configuration of 16 electrodes 

along the periphery. The reconstructions gave no indication of the true distri

bution without including data from internal points. Using the same electrode 

configuration and current excitation, the conjugate gradient method is able 

to resolve the conductivity noticably from the first iteration. For this prob

lem, the Jacobian is updated at each iteration to provide a more accurate 

estimation of this difficult to image conductivity. Notice in Figure 5.9 that 

the first step mainly resolves the general shape of the conductivity along the 

boundary with the center smoothed over. Then subsequent updates begin 

to resolve the sharper central regions (Figures 5.10 to 5.13). The objective 

function for the Newton-Raphson method is significantly reduced at each 

iteration as well. In addition, the Levenberg-Marquardt regularization of 
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this problem is performed to verify that the updates result in no apprecia

ble change in the conductivity. Although the first update results in a slight 

reduction in the objective function, (see Table 5.1) there is virtually no 

change in the conductivity. The true conductivity varies between 0.0 and 

2.0 at the spikes, with a variation between 1.0 and 1.5 along the boundary. 

While the conjugate gradient method is able to obtain nearly correct bound

ary conductivity estimates on the first iteration, the Levenberg-Marquardt 

method only made changes on the order of 10" '. 

step conjugate gradient Levenberg-Marquardt 
0 0.0790 0.0790 
1 0.0647 0.0780 
2 0.0604 -

3 0.0580 -

4 0.0561 -

5 0.0535 -

TABLE 5.1; Values of $ for the reconstruction of the conductivity given in 
equation (5.4). 



10 
0 0 

FIGURE 5.8: Conductivity distribution given by (5.4). 
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FIGURE 5.9: Step 1 in the Newton-Raphson/conjugate gradient reconstruc
tion of the conductivity profile in Figure 5.8. 
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FIGURE 5.10; Step 2 in the Newton-Raphson/conjugate gradient recon
struction of the conductivity profile in Figure 5.8. 
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FIGURE 5.11: Step 3 in the Newton-Raphson/conjugate gradient recon
struction of the conductivity profile in Figure 5.8. 
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FIGURE 5.12: Step 4 in the Newton-Raphson/conjugate gradient recon
struction of the conductivity profile in Figure 5.8. 
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FIGURE 5.13: Step 5 in the Newton-Raphson/conjugate gradient recon
struction of the conductivity profile in Figure 5.8 restarted with the step 1 
.Jacobian. 
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5.5 Results from an Ultrasound Heating Experiment 

To evaluate the performance of the conjugate gradient regularization for the 

Newton-Raphson method in a noisy environment, boundary data from an 

ultrasound heating experiment designed to evaluate the suitability of EIT 

for hyperthermia treatment evaluation is used. A circular cylinder contain

ing an agar-saline mixture mimics the electrical properties of muscle tissue, 

and an ultrasound transducer applies energy at a location on the bottom of 

the apparatus so that a region of the agar-saline phantom will experience an 

increase in temperature, which will cause a corresponding increase in con

ductivity. A configuration of 32 equally spaced electrodes is placed along 

the periphery of the cylinder which alternate between current carrying and 

voltage measurement so that there are 16 of each, spaced by 7r/16 radians. 

Current excitations at all possible electrode pairs yield 120 total experiments. 

xVIeasurements are made both before and after heating so that a differential 

image may be obtained. The resulting voltage data are then combined using 

a least squares procedure to yield an approximation of the Fourier compo

nents of the voltages which would result from continuous boundary current 

excitations of the form for —8 < fc < 8. To validate the EIT com

puted reconstructions, data from a 7 by 14 array of thermocouples located 
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within the phantom is taken for comparison (see Figure 5.14). A complete 

description of both the experimental apparatus and the algorithms for the 

implementation of this procedure may be found in [30]. 

2 4 6 8 10 12 14 

FIGURE 5.14; Thermocouple data from the ultrasound heating experiment. 

The data in the form indicated above may be used directly to implement 
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the Allers and Santosa inversion algorithm. The associated regularization 

p r o c e d u r e  i s  i m p l e m e n t e d ,  l i m i t i n g  t h e  r e c o n s t r u c t i o n  t o 0 < f c  +  m < 3 .  T o  

compare this procedure with the nonlinear Newton-Raphson method with 

conjugate gradient regularization, an inverse Fourier transform must be per

formed to obtain actual voltages, and the resulting voltages from the positive 

and negative values of k must be combined into an equivalent sin{kd) and/or 

cos(kd) form so that the currents and voltages are real. 

The first-step Jacobian matrix is precomputed assuming an initially uni

form conductivity and a one step nonlinear reconstruction is performed with 

the 8 sinusoidal current excitations. The results from each excitation are 

summed to form the total conductivity change. The Allers and Santosa and 

one step nonlinear inversions require approximately the same computational 

time. Figures 5.15 through 5.22 show the resulting conductivity change for 

the conjugate gradient regularized nonlinear inversion for increasing numbers 

of excitation current patterns. The accuracy of the reconstructions improve 

as the number of experiments increase, especially for the first 4 current pat

terns. Since only a one step procedure is performed, the change is greatest 

along the periphery. Earlier simulated results for the nonlinear iterative 

method indicate that this may be improved by performing subsequent steps 
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of the algorithm. This would require computation of the second (or later) 

step Jacobian matrix during the reconstruction in addition to using the pre-

computed first step Jacobian. For hyperthermic imaging, the disadvantage of 

drastically increased computation time would likely outweigh any potential 

improvements in accuracy. 

The reconstructions from the Allers and Santosa algorithm are shown in 

Figures 5.23 and 5.24. Figure 5.23 is the regularized solution with m = 0 

and 0 < ^• < 3 and Figure 5.24 is the regularized solution with m = 1 

and 0 < ^• < 2. In comparison, the Newton-Raphson conjugate gradient re

constructions display better contrast with the surrounding non-heated areas 

and do not have any artifacts introduced by incomplete Fourier reconstruc

tion present in the Allers and Santosa reconstructions. Like the nonlinear 

inversion, the Allers and Santosa reconstructions are better resolved near the 

domain boundary than the interior. 
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FIGURE 5.15: One step Newton-Raphson/conjugate gradient reconstruction 
of conductivity change due to ultrasound heating with 1 current pattern. 
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FIGURE 5.16: One step Newton-Raphson/conjugate gradient reconstruction 
of conductivity change due to ultrasound heating with 2 current patterns. 
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FIGURE 5.17: One step Newton-Raphson/conjugate gradient reconstruction 
of conductivity change due to ultrasound heating with 3 current patterns. 
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FIGURE 5.18: One step Newton-Rap hson/conjugate gradient reconstruction 
of conductivity change due to ultrasound heating with 4 current patterns. 
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FIGURE 5.19: One step Newton-Raphson/conjugate gradient reconstruction 
of conductivity change due to ultrasound heating with 5 current patterns. 
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FIGURE 5.20: One step Newton-Raphson/conjugate gradient reconstruction 
of conductivity change due to ultrasound heating with 6 current patterns. 
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FIGURE 5.21: One step Newton-Raphson/conjugate gradient reconstruction 
of conductivity change due to ultrasound heating with 7 current patterns. 
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FIGURE 5.22; Oae step Newton-Raphson/conjugate gradient reconstruction 
of conductivity change due to ultrasound heating with 8 current patterns. 
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FIGURE 5.23: Allers and Santosa linear reconstruction of the conductivity 
change due to ultrasound heating with m = 0 and 0 < k < 3.  
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FIGURE 5.24: Allers and Santosa linear reconstruction of the conductivity 
change due to ultrasound heating with m = 1 and 0 < A: < 2. 
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CHAPTER 6 

CONCLUSIONS 

6.1 Conclusions 

The techniques presented in this dissertation for the forward and inverse 

problems in EIT improve upon current algorithms in several ways. Use of 

the scaling functions associated with a multiresolution analysis as the basis 

functions for the discretization of the system matrix in the forward problem 

and the Jacobian matrix in the inverse problem allows the algorithms to be 

formulated in a geometry-independent manner by embedding the geometry 

of the true domain within a fictitious rectangular region. A Cartesian mesh 

may then be used for all cases. This feature allows the user to accurately 

represent the region of interest without the need or complication of a mesh-

generating program. The basis functions are given as input in the form of a 

set of filter coefficients rather than explicit functions. Longer wavelets may 

be substituted for greater accuracy and shorter wavelets may be employed 

to improve spareness and shorten computation time. Since new families of 

wavelets are quickly emerging, entirely different basis sets may be selected 
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as well without changing the algorithm. 

There are other advantages to the wavelet-Galerkin formulation of the 

EIT problem, as well. The computation of the connection coefficients which 

form the inner product terms resulting from the discretization via the mo

ments of the scaling function and two-scale equations may be performed with

out resorting to numerical quadrature. Thus, the system matricies may be 

formulated with a high degree of accuracy. Furthermore, choosing a wavelet 

basis with compact support of both the wavelet and scaling functions yields 

a highly sparse, band-diagonal system matrix without the need to renumber 

the coefficients. 

The nonlinear iNfewton-Raphson formulation of the inverse problem has 

generally been shown to be superior to linearized methods at the expense 

of increased computational time [74]. Therefore, many researchers use only 

a single step of the procedure with a precomputed Jacobian matrix. The 

application of the conjugate gradient method to the problem of regulariz

ing the nonlinear inverse solution represents a significant improvement over 

the Levenberg-Marquardt technique for this application. The Levenberg-

Marquardt regularized updates are limited to small changes in the conductiv

ity at each step, but the conjugate gradient regularized updates may converge 



I l l  

with far fewer iterations. Rather than altering the matrix J by adding a 

diagonal matrix to it and inverting exactly, an inexact inversion is found it-

eratively using a tolerance parameter. This tolerance parameter is used to 

set the degree of regularization. The conjugate gradient algorithm chosen for 

regularizing the ill-posed inverse problem is identical to the method for the 

fast resolution of sparse linear systems. However, while the latter use is well 

known and documented, the former has received far less attention. 

6.2 Future Work 

6.2.1 Algorithms 

There are several ways in which the methods discussed above may be im

proved. First, a more accurate representation of the object boundary than 

the boundary mask used here should be formulated. This step is necessary 

to increase the accuracy of the boundary integral term which represents the 

currents along the periphery of the region of interest. Second, masking the 

conductivity by the characteristic function of the domain results in a linear 

system with an extremely high condition number. The use of an approximate 

characteristic function may reduce this, but a preconditioner for the conju

gate gradient method would allow for both faster solutions and improved 
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accuracy. The solution of the forward problem may be further improved by 

using the Mallat algorithm to decompose the system matrix so that a multi-

grid method or other technique based on a multiscale decomposition may be 

employed. 

By incorporating a mathematical model of the current and voltage elec

trodes into the wavelet-Galerkin formulation, a more accurate representa

tion of the applied currents and measured voltages may be obtained. Such 

modelling is necessary for static imaging where an initial conductivity is as

sumed and for differential imaging where more than one step of the nonlinear 

Newton-Raphson method is to be used. In the latter case, the first step is 

computed using the difference between two measurements, but subsequent 

steps require that the forward problem be solved with the conductivity dif

ference obtained from the previous step. To allow for subsequent steps of the 

nonlinear approach to be taken in a reasonable amount of time, an improved 

method for formulating the Jacobian with the wavelet-Galerkin discretiza

tion should be found. The matricies formulated to solve for each column 

in the Jacobian consist entirely of products of connection coefficients. It is 

likely that there is significant redundancy in the computational method used 

in the solutions obtained for this disseration which could be eliminated to 
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a large degree. Also, since only those potentials which correspond to elec

trode locations are necessary to form the Jacobian, a significant reduction 

in computation time would result if the other values could be eliminated 

from the computation. This is definitely possible if the conductivity distri

bution is viewed as a resistor network [74], but further research is necessary 

to determine the viability of doing so with the wavelet-Galerkin formulation. 

6.2.2 Applications 

There are several applications of EIT which may benefit from the algorithms 

described in this dissertation. For noninvasive monitoring of hyperthermia 

treatments, the algorithms may be adapted to accept geometric input and 

electrode locations via a pointing device or other graphical input method. 

Doing so would further separate the user from the details of the algorithms. 

In the field of cardiopulmonary EIT, it may be possible to improve the current 

problems with image distortion due to chest expansion by storing a sequence 

of geometries. Although it remains to be seen if this is a viable approach, it is 

likely to be easier to implement with a geometry-independent algorithm. In 

any EIT application where the nonlinear Newton-Raphson method is used for 

the inversion, significant improvement can be realized by using the conjugate 
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gradient regularization technique. This is especially true for the single step 

algorithms currently used for generating images in real-time. 
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APPENDIX A 

COMPUTATIONAL TECHNIQUES 

The discretized equations associated with both the forward and inverse 

problems in EIT tend to form very large systems and are very computa

tionally intensive. To allow for the implementation of these algorithms on 

low cost desktop computers, it is necessary to use memory storage efficiently 

while simultaneously optimizing the codes to run as fast as possible. Sparse 

storage and multiplication techniques help accomplish this goal. 

Sparse matrix storage only maintains a record of the nonzero elements 

in a matrix. Integers representing the row and column positions are stored 

along with the value at that location. Additional information includes the 

total number of rows and columns and the number of nonzero entries. Multi

plication of sparse matricies is much faster than standard multiplication for 

large systems of equations. If both matricies are sparse, all zero elements are 

completely ignored. Conjugate gradient iterative solvers work particularly 

well with sparse systems of equations. Throughout the iterative process, 

storage requirements only increase a fraction over the amount of memory 
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necessary to store the input to the algorithm whether the input is sparse or 

not. 

The following algorithms are written specifically for computing in the 

MATLAB environment. They may, however, be converted to compiled C or 

FORTRAN code using one of several utilities designed for just that purpose 

[54]. These programs operate with minimal memory requirements and are 

optimized to be as fast as possible. 

A.l Fast Wavelet Transform Algorithms 

Since wavelet transforms are typically implemented via a pair of finite 

impulse response filters, the standard method for improving implementation 

speed is to multiply a sampled function only by nonzero filter coefficients 

point by point instead of performing a full matrix multiplication. Sparse 

multiplication algorithms actually work in the same manner, but also ignore 

zero entries of the sampled function. The routines shown below form sparse 

periodized transform matricies and then multiply by a matrix of the function 

samples. Not only is this implementation method significantly faster, but 

readability is improved. 

The first routine only computes half of the forward wavelet transform 
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for function smoothing applications when it is not necessary to be able to 

perform the inverse. 

function B = wt_scale(A, g, DM, N) 

•/. 

•/. 

% get V_j projection from V_j+1 projection of f(x,y) 

7. Mote: This version doesn't compute the W_j projection 

7. so it isn't reversible 

7. 

% A = input function, g = scaling function filter 

*!, DM = length of wavelet filter, N = no. of samples 

7. 

B = sparse (N/2, N/2): 7. B will return the Vj projection 

T = sparse (N/2, N); 'U Periodized lowpass scaling filter matrix 

for k=0;N/2-1 

1 = 2*k + 1; 

m = 1 + DN - 1; 

ii = k + 1; 

if (m <= M) 
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T(ii,l:m) = g'; */, completely non-periodic entries 

else 

mm = m - N; 

for kk = 1:N 

11 = kk - 1 + 1; 

T(ii,kk) = g(ll); '/, non-periodic entries to right edge 

end 

for kk = l:mm 

T(ii,kk) = g(ll+kk); 7, periodic wrap-axound entries 

end 

end 

end 

y. 

B = T*A; 7. filter application in the x - direction 

B = 0.5*T*B'; 7. filter application in the y - direction 

The next routine is similar to the above, but also computes the Wj pro

jections in the nonstandard form. Additional time savings are obtained by 

keeping each of the matricies separate. In contrast, typical wavelet trans

form routines such as those found in Numerical Recipes in C [73] require a 
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coefficient reordering step following each step in the Mallat algorithm. 

function [A,B,C,D] = nswt_step(F, g, DN, N) 

7. 

7. 

7o Computes one step of the 2D nonstandard wavelet transform 

7. and returns results in foxir separate matricies 

7. F = Vj+1 projection of f(x,y) 

7. A = detail left/right - detail up/down 

7. B = detail left/right - smooth up/down 

7, C = smooth left/right - detail up/down 

7. D = smooth left/right - smooth up/down 

% {A,B,C> = Wj projection, D = Vj projection 

7. 

7. 

for k = 1:DN 

h(k) = (-l)'k *g(DN-k+l); 7. h = wavelet filter coefficients 

end 

h = h'; 

7. 
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T_1 = sparse (N/2, N); 7. lowpass scaling filter matrix 

T_h = sparse(N/2,N); % highpass wavelet filter matrix 

for k=0:N/2-1 

1 = 2*k + 1; 

m = 1 + DN - 1; 

ii = k + 1; 

if (m <= N) 

T_l(ii,l:m) = g'; 7# completely non-periodic entries 

T_h(ii,l:m) = h'; 

else 

mm = m - N; 

for kk = 1:N 

11 = kk - 1 + 1; 

T_l(ii,kk) = g(ll); 7. non-periodic entries to right edge 

T_h(ii,kk) = h(ll); 

end 

for kk = l:mm 

T_l(ii,kk) = g(ll+kk); 7, periodic wrap-around, entries 

T_h(ii,kk) = h(ll+kk); 
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end 

end 

end 

7. 

A = T_h*F; 7t highpass filter application in the x - direction 

B = A; 

C = T_1*F; 7. lowpass filter application in the x - direction 

D = C; 

A = 0.5*T_h*A'; '/, highpass filter application in the y - direction 

C = 0.5*T_h*C'; 7, and normalization 

B = 0.5*T_1*B'; 7. lowpass filter application in the y - direction 

D = 0.5*T_1*D'; 7. and normalization 

The inverse to this routine forms the same transform matricies, Th and 

Ti, and applies the transpose of these filters to each of the separate .4, B, C. 

D input matricies. 

function F = i_nswt_step(A, B, C, D, g, DN, N) 

for k = 1:DN 



122 

h.(k) = (-l)"!! *g(DN-k+l); /i h = wavelet filter coefficients 

end 

h = h' : 

'/, 

T_1 = sparse(N/2,N); % lowpass scaling filter matrix 

T_h. = sparse (N/2, N); */, highpass wavelet filter matrix 

for k=0:M/2-l 

1 = 2*k + 1; 

m = 1 + DN - 1; 

ii = k + 1; 

if (m <= N) 

T_l(ii,l:in) = g'; */. completely non-periodic entries 

T_h(ii,l:m) = h'; 

else 

mm = m - N; 

for kk = 1:N 

11 = kk - 1 + 1; 

T_l(ii,kk) = g(ll); '/, non-periodic entries to right edge 

T_h(ii.kk) = h(ll); 
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end 

for kk = Itnim 

T_l(ii,kk) = g(ll+kk); */. periodic wrap-around entries 

T_h(ii,kk) = h(ll+kk); 

end 

end 

end 

7. 

7. 

T_1 = T_l'; % transpose for inverse transform 

T_h = 

7. 

F_a = T_h.*A; 7. x - direction inverse 

F_b = 

F_c = T_1*C; 

F_d = T_1*D; 

7. 

F_a = T_h*F_a'; 7. y - direction inverse 

F_b = T_l*F_b'; 
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F_c = T_h*F_c'; 

F_d = T_l*F_d'; 

'/. 

F = 2*(F_a + F_b + F_c +F_d); '/, Normalize and sum components 

A.2 The Wavelet-Galerkin Solver 

The wavelet-Galerkin solver for the forward problem is entirely dependent 

on sparse storage of the system matrix, W, for successful implementation 

because of its large size. To obtain a 64 x 64 point solution, it is necessary to 

create a 4096 x 4096 element system matrix, which requires 64 MB of storage 

space in full, double precision form. Fortunately, W is very sparse, with 

approximately 7.48 percent nonzero entries. Figure A.l shows the general 

structure of the nonzero entries of W at scale 5. The exact values vary for 

different conductivities, but the form is constant. The nonzero bands near 

the edges correspond to the periodic nature of the connection coefficients. 

function [U, W] =wG_fd (CC3_ 110, CC3_000, Sigma, Chi, BC, N, NN) 

'/, wavelet-Galerkin fictitious domain/penalty forward solver 

•/. 

7, Solves for u in divCsigma grad(u))=0 given 



7, Netunann boundary conditions 

7, Sigma* (du/dn)=-j on domega 

7. Also returns W-operator for computing the Jacobian 

u 

7. where 

/• 

7. Sigma is N by N (conductivity distribution) 

7. Chi (N by N) - characteristic function of the domain 

7. BC (N by N) - boiindary current along the edge of Chi 

7. CC3_110 - N 3-term connection coefficient matricies 

7. stored in vector form as columns of CC3_110 

CC3_000 is similar to CC3_110 

7t NN = N squared 

7. 

7. 

7. 

7t create operator W 

W = sparse(NN,NN); 

Sigmachi = Sigma.*Chi; 
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for ml=l:N 

A = sparse(reshape(CC3110(:.ml),N,N)); 

D = sparse(reshape(CC3000(:.ml); 

for m2=l:N 

m = (m2 - 1)*M + ml; 

B = sparse(reshape(CC3000(: ,m2),N,N)); 

C = sparse(reshape(CC3110(: ,ni2) ,N,N)); 

T = (A'*Sigmachi*B) + (D'*Signiachi*C) ; 

W(:.m) = T(:); 

end 

end 

•/. 

tol = le-6; 

% 

7. 

y, conjugate gradient solver 

u= cgsolve(W,-EC,tol); 

The input data to the above program is prepared using an initialization 

routine which reads the nonzero connection coefficients, currents, and geom



etry from files, sets the discretization level parameters, forms the periodized 

connection coefficient matricies, locates the boundary of the given geometry, 

and places the boundary currents along those pixels. Some modification is 

necessary to allow the program to run with currents applied at discrete elec

trode locations. 
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FIGURE A.l: General structure of the wavelet-Galerkin system matrix at 
scale 5. 
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MATHEMATICAL NOTES 

Various mathematical techniques used in this work assume familiarity on 

the part of the reader. This appendix is intended to provide a quick reference 

for detail where this may not be the case. It is by no means complete in its 

description of the mathematical methods given below, but references are 

provided for the reader who may wish to delve deeper. 

B.l The Conjugate Gradient Method 

The conjugate gradient method is frequently the method of choice for 

solving large, sparse systems of equations for several reasons. First, there 

is no significant increase in memory requirement beyond that which is al

ready in use for storing the system matrix. Second, there is no change in 

implementation for sparse input, as opposed to direct methods such as LU. 

QR, and SVD backsubstitution. Finally, the conjugate gradient method is a 

regularization method in and of itself for ill-posed problems [34]. 
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The simplest versions of conjugate gradient algorithms are for the solution 

of symmetric, positive definite systems. Other cases require a slight modifi

cation of the algorithm. Additionally, for ill-posed problems, the condition 

number of the system matrix may be very large. The convergence time of 

the conjugate gradient method increases proportional to the condition num

ber, so preconditioning methods are often used to allow for the solution of a 

related problem with a smaller condition number. The discussion below will 

only consider the basic version and the reader is referred to [73], [41], and [6] 

for more advanced treatments of the topic. 

For a linear system of equations, Ax = h, we seek an approximate solution 

such that 

\ \ A x - b \ \ < c  (B.l) 

where c is a selected tolerance for the solution. The solution, x, is found 

iteratively by searching along conjugate direction vectors, p, which satisfy 

p j A p j  = 0 /or j  (B.2) 

The initial guess for x is taken to be the zero vector and p is initialized to b. 

and the algorithm proceeds as follows: 

fi = b ~ Axi 
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rv 
'  p f A p i  

^i+l ~ "t" ^iPi 

n+i = r, - QiApi 

rf Ti 

Pi+i = Ti+i+/?iPi (B.3) 

Several variations are available, using different values for and /?i, as 

well as different stopping criteria. The vector-matrix operations given above 

are very efficient when implemented in sparse form and each iteration takes 

place very quickly. 

B.2 Matrix Norms 

In this dissertation, matricies are used to represent two distinct entities: 

Sampled functions of two independent variables over a finite domain, such as 

the electric potential over the square [—1,1] x [—1,1] and functional operators 

such as the wavelet-Galerkin discretized version of the operator V-(crV). The 

following matrix norms are used to describe the errors in the wavelet-Galerkin 

solutions to the forward Neumann and Dirichlet problems, which fall into the 

category of sampled functions of two variables. Matrix norms are defined in 
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terms of vector norms on JR'"^ as 

||>1|| = sup||i||=ipx||. (B.4) 

The norms of interest here relate to the function spaces and 

Definitions and theoretical development of these function spaces may be 

found in any number of mathematical textbooks. Examples include [70] and 

[23]. Here, we deal with discretized approximations of these function spaces, 

which lead to matrix representations in finite dimensions. For computational 

purposes, these descriptions will suffice. 

Given any matrix A, define the following norms; 

1. = the maximum column sum of the absolute value of the ele

ments of A. 

2. ||A||l2 = the maximum eigenvalue of .4^.4. 

3- ll^ll = the maximum row sum of the absolute value of the elements 

of ,4. 

For the case where .4 represents a sampled function of two independent 

variables over a finite domain, 1|>1|1hi = + is the Sobolev norm 

for square integrable functions with square integrable first derivatives. 
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The following are short definitions of terms used in the preceeding chap

ters. 

Weak convergence: A sequence of functions, converges weakly to 

/ if and only if the inner product sequence, < — f,a> converges to 0 in 

IR for every a in a given inner product space. 

This notion of convergence is utilized in formulating the Galerkin method 

for the solution of the forward problem. See [23] for further discussion of weak 

topologies, their relationship to the theory of distributions, and a contrast of 

weak and strong notions of convergence. 

Compact support; A function is said to have compact support if it 

is identically zero outside a bounded region, i.e., for the Daubechies scaling 

function in one dimension with 6 nonzero terms in the two-scale equation, 

^ ; 5 (B.o) 

and 

(t>{x) ^0 0 < X < 5 (B.6) 
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Condition number: For a given norm, 

COT.<i(/l) = ||>t-'||-11/111 (B,7) 

Lipschitz continuity: A function, F is called Lipschitz continuous if 

given a fixed number, k, 

1F(x2) - F(xi)| < fc|x2-Xil (B.8) 

for ail Xi and Xj. A Lipschitz continuous function is continuous, but the 

opposite is not necessarily true. 
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