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This study presents the node annexation method for modeling kinematic joints 

between rigid and flexible bodies of rigid-flexible multibody systems. Each node of a 

flexible body is assumed to have lumped mass and three translational degrees of freedom, 

resulting in a diagonal mass matrix. Based on the node annexation method, both the nodal-

and the modal-coordinate formulations for rigid-flexible multibody dynamics are 

developed. Conventionally rigid-to-flexible-body joints are treated as kinematic constraints 

using the Lagrange multiplier method. The formulations based on kinematic constraint 

method yield coupled equations of motion which have the difficulties associated with modal 

truncation. On the other hand, the node annexation method transfers the inenia and force 

effect of connected nodes of a flexible body to the connected rigid body. The mass matrix 

of the resultant equations of motion consists of two different kind of sub-matrices: one is 

rigid-body sub-system matrix containing the inertia of both rigid bodies and connected 

nodes of the flexible body and another is flexible-body sub-system matrix containing the 

inertia of free nodes of the flexible body. Since there is no off-diagonal terms coupling the 

sub-matrices, the node annexation method allows the division of the equations of motion 

into smaller sub-system equations. The node annexation method not only provides 

computational efficiency but also fundamentally eliminates any kinematic error at rigid-to-

flexible-body joints. In addition, the node annexation method preserves the uncoupled 

nature of modal coordinates, allowing a mathematically justified modal truncation. 

Computer simulations are performed using a vehicle model with a flexible car body. The 

simulation results show computational advantage over the kinematic constraint method. 
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CHAPTER 1 

INTRODUCTION 

1.1 Literature Review 

Many mechanical systems such as mechanisms and automobiles can be modeled as 

multibody systems which are defined as a group of bodies interconnected to each other by 

kinematic joints, springs, or dampers. Before the advent of computers, dynamic analysis 

of complex multibody systems relied upon experimental methods because analytical 

approaches were practically impossible due to the complexity of such systems. With the 

progress of computers, however, computer-aided analysis of multibody systems has 

become an essential tool for understanding the dynamic characteristics of the systems. 

Computer-aided dynamic analysis provides detailed information about extemal loads, joint-

reaction forces, positions, velocities, and accelerations of the system, which are practically 

impossible to obtain in experimental methods. All computer programs for the dynamic 

analysis of multibody systems are based on the mathematical formulation of the equations 

of motion for the system and the numerical integration of the equations. 

Two representative methodologies for deriving the equations of motion are the 

Newtonian mechanics and the Lagrangian dynamics [1.1]. In Newtonian mechanics, the 

translational motion of a body is described based on Newton's second law, and the 
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rotational motion is described by three moment equations which are called Euler equations. 

The resulting six equations of motion are called Newton-Euler equations. In Lagrangian 

dynamics, the equations of motion are derived by the use of Lagrange's equation which is 

expressed in terms of generalized coordinates, generalized forces and kinetic energy. 

While Newtonian mechanics is a vector approach, Lagranginan dynamics is an energy 

approach. In addition to the equations of motion for each bodies, the joints between the 

bodies can be mathematically represented as kinematic constraints. The constraint reaction 

forces can be reflected to the combined equations of motion for all of the bodies using the 

method of Lagrange undetermined multiplier method, forming a set of differential-algebraic 

equations. 

Initially, researchers developed formulations based on the assumption that all bodies 

in the system are nondeformable rigid bodies. Such assumption not only simplifies the 

formulation of the equations of motion but also is valid for most of the mechanical systems. 

Early dynamic analysis programs were special purpose programs which could handle only 

a specific problem. During the past two decades, however, several general-purpose 

dynamic analysis programs for rigid multibody systems have appeared, which could 

automatically construct and solve the equations of motion for any given system. ADAMS 

[1.2-1.4] and DADS [1.5] are typical examples of general-purpose dynamic analysis 

programs. The two programs use absolute coordinates for the description of the position 

and the orientation of the rigid bodies of the system. Formulations based on absolute 

coordinates have attractive feature that the equations of motion are relatively simple in 

structure and can be constructed in a systematic way. However, absolute coordinate 

formulations are computationally inefficient because they use maximal number of 

generalized coordinates and constraint equations, which leads to a large set of mixed 

differential-algebraic equations. In addition, numerical integration of these formulations 
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inherently have the constraint violation problem since all kinematic joints are treated as 

nonlinear holonomic constraint equations. 

Later, researchers focused on the development of formulations which could reduce 

the size of the equations of motion in order to achieve computational efficiency especially 

for dynamic analysis of complex rigid multibody systems. Wehage and Haug [1.6] 

introduced generalized coordinate partitioning method for dimension reduction in analysis 

of constrained dynamic systems. They constructed equations of motion in terms of a 

minimal set of Cartesian generalized coordinates and decomposed constraint Jacobian 

matrix using Gaussian elimination algorithm to obtain information about dependent and 

independent variables. This information was then employed to construct a reduced system 

of equations of motion. Joint (relative) coordinates are another way of describing the 

configuration of rigid bodies in a system. Researchers in aerospace and robot industry 

have long been interested in joint coordinate system because the desired motions of space 

or robot manipulators require the control of joint variables rather than absolute coordinates. 

In response to this need. Hooker [1.7] introduced a joint coordinate formulation for open-

chain rigid multibody systems with revolute joints. The joint coordinate system allows 

using the minimum number of coordinates for open-chain system, and a small number of 

coordinates (not necessarily a minimum number) for a closed-loop system. A general-

purpose dynamic analysis program MEDYNA [1.8] was developed. However, MEDYNA 

had two disadvantages: the lack of capability to handle the closed-loops in a system and the 

user-unfriendliness due to its output results in joint coordinates which are difficult for the 

users to understand their physical meaning compared to those in absolute coordinates 

The joint coordinate formulation using a velocity transformation method was first 

introduced by Jerkovsky [1.9, 1.10]. Keat [1.11] employed a velocity transformation 
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method and a cut-joint concept [1.12] to treat closed-loop systems. Using a topological 

tree analysis [1.13] in spacecraft dynamics, Kim [1.14] and Nikravesh [1.15] generalized a 

velocity transformation method for a systematic construction of equations of motion of 

open- and closed-loop rigid multibody systems. In the joint coordinate formulations by 

Kim and Nikravesh, a system with closed kinematic loops are reduced to equivalent open-

loop system by the introduction of cut joints (kinematic constraint) in each closed-loop. 

The joint coordinate formulation based on a velocity transformation method not only allows 

automated generation of the minimal set of equation of motion, but it also eliminates the 

disadvantages of the former joint coordinate method by using absolute coordinates for 

input/output and relative coordinates for internal computation. 

Armstrong [1.16] developed a recursive inertia projection algorithm for robotic 

systems composed of spherical joints. Hollerbach [1.17] used a recursive Lagrangian 

formulation for dynamic analysis of a manipulator. Featherstone [1.18] presented an 

algorithm based on recursive formulas for inverse dynamics (the calculation of the 

accelerations of robot links in response to given actuator forces) of robot systems modeled 

as an open-loop chain containing rigid bodies. His algorithm involves quantities called 

articulated-body inertia which represents the effective inertia properties of multiple rigid 

bodies. Recursive formulations for robot manipulators are confined to a single open-chain 

system fixed to the ground [1.19]. Bae [ 1.20] and Wehage [1.21] extended Featherstone's 

algorithm by developing a general method for arbitrary open and closed-loop multibody 

system. Shin [1.22] compared the recursive formulation with other formulations. He 

pointed out that the recursive formulation provides computational advantage for some 

problems but the frame assignment of the recursive formula is somewhat complicated. 

While the joint coordinate formulation based on the velocity transformation method 

evaluates the absolute coordinates and velocities of bodies by moving from a root body to 
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tree bodies, the recursive formulation performs the procedure in opposite direction. This 

implies that in the recursive formulation the computation of absolute coordinates and 

velocities can be performed in parallel for each different branches. This parallel-

computational capability of the recursive formulation opened a door to real-time vehicle 

simulations using multi-processors [1.23-1.25]. 

Unda [1.26] and Garcia de Jalon [1.27] introduced the concept of the natural 

coordinates to describe the position and orientation of rigid bodies in space using a 

collection of points and unitary vectors embedded in the rigid bodies. The natural 

coordinates allow the formulation of the equations of motion in a numerically efficient way 

in independent coordinates. Nikravesh [1.28] advanced the concept of the natural 

coordinates and presented a numerically efficient formulation using point and joint 

coordinates. In his formulation, points of a rigid body not only represents the position and 

orientation of the body but also represents the inertia properties of the body in an equi-mass 

and equi-momental way. 

If elastic deformation is negligible compared to the overall motion of a system, then 

the assumption of rigid body is acceptable. However, some systems have flexible bodies 

of which deformations due to external loads or internal forces are crucial in determining the 

motion of the system. Such systems must be modeled as rigid-flexible multibody systems 

for their dynamic analysis. Automobiles with relatively flexible car body and high-speed 

mechanism with non negligible inertia forces are good examples of rigid-flexible multibody 

systems. Winfry [1.29, 1.30] proposed a dynamic analysis method for planar mechanisms 

flexible links based on the linear superposition of gross rigid-body motion and a small 

elastic deformation. In his approach, rigid body kinematic analysis of the mechanism is 

first performed to obtain the gross motion of the system, and then the resultant inertia! and 
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joint reaction forces are used as external loads for the structural analysis of the flexible 

links. Then the total motion of the system is obtained by superposing the elastic 

deformation to the gross rigid-body motion. Erdman [1.31, 1.32] introduced a kineto-

elastodynamic method for planar mechanisms where the flexible links modeled as 

combinations of cantilever beams and simply supported beams produce small elastic 

deformation which is superposed to the rigid body motion of the system. Imam [1.33] 

extended Erdman's kineto-elastodynamic method to include multi-loop mechanisms. 

Bahgat [ 1.34] developed a finite element approach for planar flexible mechanisms by using 

moving frames for flexible bodies based on the assumption that the links are flexible bodies 

with moving support points. He also assumed that the elastic deformations of flexible 

bodies are generated by inertial forces arising in the rigid body motion of the system. 

However, these early works based on linear superposition method had inaccuracy problem 

due to the neglecting of any coupling between the gross rigid-body motion and elastic 

deformation. 

Later, rigid-flexible multibody analysis methods accounting for nonlinear coupling 

terms were introduced. Cavin and Dusto [1.35] employed coupled reference position and 

elastic deformation models which yielded simultaneous gross motion and elastic 

deformation. Song and Haug [1.36] developed a systematic method for general planar 

flexible mechanisms where the coupled equation of motion included kinematic constraint 

equations between the rigid and flexible bodies. They used reference frames fixed on 

flexible bodies to describe the coupled gross reference motion and the relative elastic 

deformations. Geradin [1.37] presented a method for dynamic modeling of manipulators 

with flexible members. For the geometric description of elasticaily deformed kinematic 

chain, he used updated lagrangian with a reference configuration corresponding to the rigid 

configuration of the system. He derived the coupled rigid-elastic equations of motion from 
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the lagrangian of the system. Using Euler parameters originally employed by Nikravesh 

[2.4] to avoid singularities in rigid multibody dynamics, Geradin [1.38, 1.39] introduced 

an efficient way for describing the kinematics of relative motion and deformation, from 

which he derived a library of special finite elements for mechanical joints and flexible 

members. In order to avoid a redimdancy of description in Euler parameters. Geradin 

applied the conformal rotation vector [ 1.40], which has only three free parameters, to the 

dynamics of rigid and flexible mechanisms [1.41]. While Geradin [1.37] used rigid 

configuration as a reference, Benati [ 1.42] used slightly different lagrangian approach 

where each flexible member is referred to its own rigid configuration. In his formulation, 

each flexible member has finite number of degrees of fi-eedom, one of them describing the 

rotation, the other ones the flexibility. Instead of using special finite elements or flexible-

body degrees of freedom to treat kinematic joints, Shabana [ 1.44] employed Lagrange 

multiplier technique to cormect different bodies in his general rigid-flexible multibody 

formulation. 

Since finite-element approach to rigid-flexible multibody dynamics involves vast 

amount of generalized coordinates, it is necessary to develop computationally efficient 

formulations. Sunada and Dubowsky [1.43] enhanced computational efficiency by using 

time-invariant matrices constructed at preprocessing stage. Shabana and Wehage [ 1.44-

1.46] employed the mode superposition method [3.4] and the mode truncation [3.1] for 

generalized coordinate reduction. They used node-fixed reference frame and fixed-interface 

normal modes (constrained vibration modes) [1.53] for flexible bodies. They concluded 

that the accuracy of the solution depends on the location of the node-fixed reference frame 

because constraint mode shapes, which depend on the choice of the reference frame, could 

be inconsistent with boundary conditions. They also included the static effect of higher 

modes [3.8] to compensate the reduced accuracy due to mode truncation. However, they 
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pointed out that there is no correction on phase shift because the correction terms based on 

the static effect of higher modes contains no information on phase. Khuiief and Shabana 

[ 1.47] developed a technique that uses different sets of constraint mode shapes for each 

subinterval of analysis to account for the change in dynamic boundary condition of fle.xible 

bodies in multibody systems. Friberg [1.48] presented a method for selecting proper 

constraint modes in flexible multibody dynamics. He combined constraint modes with an 

onhogonalization and performed rigid-body mode rejection so that the remaining 

deformation modes together with the reference frame coordinates span the solution set of 

the original set of constraint modes. Shabana and Wehage [ 1.49-1.51 ] employed a lumped 

mass technique [1.52] for computational efficiency of rigid-flexible multibody dynamics. 

Using the component mode synthesis method proposed by Craig and Bampton [1.53, 

1.53], Cardona and Geradin [1.54] proposed dynamic substructuring for articulated 

flexible body systems. Yoo and Haug [3.20-3.22] extended a coupling method proposed 

by Chung [3.13] to rigid-flexible multibody systems so that the effect of the truncated 

higher modes is reflected in dynamic maimer to the response of the multibody system. 

Haug et al. [1.55-1.57] applied recursive formulation to rigid-flexible multibody dynamics. 

1.2 Objective of Dissertation 

Most of existing formulations for rigid-flexible multibody systems treat kinematic 

connections between rigid and flexible bodies as a kinematic constraint and incorporate 

them in the equations of motion using the Lagrange undetermined multiplier technique. 

The resultant equations of motion has nonlinear coupling terms between rigid body motion, 

flexible body gross motion and flexible body elastic deformation. This implies that the 

motion of rigid or flexible bodies are tightly coupled to each other by kinematic constraints. 



20 

This highly coupled equations of motion which has relatively large system matrix poses a 

problem of computational inefficiency. 

In light of these problems, this study presents the node annexation method as a new 

method for treating a joint between a rigid body and a flexible body. The node annexation 

is a process to transfer or armex the inertia of the connected node(s) of a flexible body to 

the connected rigid body, which results in a new flexible body (the reduced flexible body) 

and a new connected rigid body (the combined rigid body). In this study the node 

annexation method is developed for a flexible body with lumped nodal mass and three 

translational degrees of freedom per node such that its mass matrix is diagonal. Since a 

connected node becomes a part of the combined rigid body, its kinematics (position, 

velocity and acceleration) are determined based on the kinematics of the combined rigid 

body. Therefore, the only relationship between the reduced flexible body and the 

combined rigid body is the structural force between the two, and there is no coupling term 

in the system matrix. In other words, the node annexation method uncouples a flexible 

body from a connected rigid body subsystem. This implies that the overall equations of 

motion can be divided into several individual subsystem equations for the reduced flexible 

body and for each rigid body subsystem, allowing a possible parallel computation of 

individual uncoupled subsystem equations. 

1.3 Organization 

Chapter 2 reviews conventional nodal coordinate formulations for rigid-flexible 

multibody systems, which employ Lagrange multiplier method to treat joints between rigid 

and flexible bodies. It also discusses the computational efficiency of the conventional 

nodal coordinate formulations. 
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Chapter 3 provides a review of the mode superposition and static correction methods 

and discusses the problems associated with these methods when they are applied to rigid-

flexible multibody systems. 

Chapter 4 presents the node annexation method and its application to rigid-flexible 

multibody systems in which flexible bodies are finite-element models with lumped nodal 

mass and three degrees of freedom per node. Both nodal and modal coordinate 

formulations for rigid-flexible multibody systems are developed based on the node 

annexation method. 

Chapter 5 presents numerical simulation results using a simple vehicle model with a 

flexible car body. This Chapter also provides a comparison between the node-annexation-

based formulations and a conventional formulation based on the Lagrange multiplier 

method. Finally, Chapter 6 provides the conclusion of this smdy. 



CHAPTER 2 

CONVENTIONAL FORMULATIONS 
FOR RIGID-FLEXIBLE MULTIBODY SYSTEMS 

This chapter reviews the conventional formulations for rigid multibody systems, 

flexible body systems and rigid-flexible multibody systems. The purpose of this chapter is 

to provide a theoretical background to Chapters 3 and 4. A rigid-flexible multibody system 

is defined as a group of rigid bodies and flexible bodies interconnected to each other by 

kinematic joints and spring-damper-actuator elements. Typical kinematic joints are revolute 

joint, spherical joint, translational joint, cylindrical joint and universal joint. 

Conventionally a joint between a rigid body and a flexible body is mathematically 

represented as a kinematic constraint. The first Section of this Chapter reviews the 

formulations for rigid multibody systems, the second Section reviews the formulations for 

flexible multibody systems, the third Section reviews the formulations for rigid-flexible 

multibody systems, and the fourth Section discusses the problems of conventional 

formulations. 

2.1 Formulations for Rigid Multibody Systems 

This Section describes formulations for rigid multibody systems. Rigid bodies are 

defined as non deformable bodies. A rigid multibody system is a group of rigid bodies 

connected to each other by means of various kinematic joints or spring-damper-actuator 



elements. Various formulations have been developed for the dynamic analysis of rigid 

multibody systems. However, two formulations among them are in wide use today: the 

Cartesian coordinate formulation and the joint coordinate formulation. 

2.1.1 Cartesian coordinate formulation 

The Canesian coordinate formulation [2.1] describes the position and the orientation 

of rigid bodies using the absolute coordinates with respect to a global non-moving .nr 

coordinate system. For the i-th body in a multibody system, assume that a body-fixed 

local coordinate system, is fixed at the mass center of the body (centroidal coordinate 

system). A vector, q^ ,denotes an absolute coordinate vector which contains a translational 

coordinate vector, r,, and a rotational coordinate vector, p,, as q, =[^rf, The 

possible choices for rotational coordinates are Euler angles [2.2], Bryant angles [2.3] and 

Euler parameters [2.4, 2.5]. A vector, v., denotes an absolute velocity vector for the /-th 

body, which contains a translational velocity vector, r,, and an angular velocity vector, 

CO,, a s  v  =  [^rf, Q) f H e r e ,  r, denotes the time derivative of the vector r, as 

r = — r  i t ) .  Likewise, an absolute acceleration vector for the i-th bodv is denoted as 
' dt 

\\ = [rf, cof For a rigid multibody system containing b interconnected rigid bodies, the 

vectors of absolute coordinates, velocities, and accelerations are defined as q, v and v 

which contain the elements of q,, v, and v., respectively, for i-=\ ,1 The 

dimension or number of coordinates of v and v is =  6  x b .  

The equations of motion for a single imconstrained rigid body can be expressed in the 

absolute values as: 
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(2.1a) 

where [2.1] 

(2.1b) 

f, 

n, -co,J,a), 
(2.1c) 

Here, m, is the mass, I is the 3 x 3 identity matrix, J. is the 3 x 3 global inenia tensor, f, 

is the 3 X 1 resultant external force vector, n,. is the 3 x 1 resultant external moment vector, 

M, is the body mass matrix, and g, is the total body force vector. Note that co, denotes a 

3x3 skew-symmetric matrix made out of the components of the vector co, . The term, 

-co, J-CO,, in Equation (2.1c) is called the gyroscopic moment about the local coordinate 

frame. 

The equations of motion for a system of b unconstrained rigid bodies can be 

obtained by repeating Equation (2.1a) for / = 1,2 , • - 6 and can be written in matrix form 

as; 

M v =g (2.2a) 

where 

(2.2b) 

g=[gr»g^---» g^T (2.2c) 

Finally, consider a system of b constrained rigid bodies. The kinematic joints in the 

system can be represented as m independent holonomic constraints as: 



= cp'(q) = 0 (2.3) 

The first and second time derivatives of the constraints yield the velocity and acceleration 

constraint equations as: 

and 

where 

O' = D v = 0 

O' = D'v + D'v 

=  D ' v - 7 ' = 0  

^ (q) and = - b ^v 
cq 

(2.4) 

(2.5) 

(2.6) 

The matrix D'' is the coefficient matrix of the velocity constraint equation, which is called 

the Jacobian matrix. Using the Lagrange multiplier method [2.1], the constraint reaction 

forces and moments can be added to Equation (2.2a) as: 

M v - D k = g (2.7) 

where }S is the vector of Lagrange multipliers. Combining Equations (2.5) and (2.7) 

yields the equations of motion for a rigid multibody system as: 

1 
<

•
 1 1 

CTQ
 1 

D' 0 1 1 1 y. 
(2.8) 

Equation (2.8) is a set of differential-algebraic equations with unknowns. 
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2.1.2 Joint coordinate formulation 

The joint coordinate method [1.8, 1.9] is an efficient dynamic analysis tool because 

the method not only minimizes the number of generalized coordinates but also retains the 

generality of the Cartesian coordinate method. The joint coordinate method views a rigid 

multibody system as a catenation of rigid bodies as shown in Figure 2.1. The ground is 

called the base since it is a topological root for the catenated rigid bodies. Rigid body 

systems may or may not be connected to the ground. In the latter case, a floating joint with 

six degrees of freedom can be introduced as a topological connection between the ground 

and a rigid body in the system (refer to Figure 2.1). Each open-loop catenation of rigid 

bodies is called the branch. A leaf body is defined as a rigid body at the end of a branch 

farthest away from the base-body. The base-body may have more than one branches. The 

base-body serves as a reference for the computation of the kinematics for the subsequent 

branch bodies. If a rigid multibody system has closed-loops (refer to Figure 2.1), cut-

joints (kinematic constraints) must be introduced to make the resultant system comprise 

open-loop branches only. Since force elements like springs or dampers are not kinematic 

joints, two individual branches may be connected to each other by force elements. 

open-loop branch ( 5 ) ^ 
^, y 5. 

closed-loop 

spring 
^AAM/WW 

y77777777777777j 
base (ground) 

floating joint 
(6 DoF) 

cut-joint 

Figure 2.1 Topological interpretation of rigid multibody systems 
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For an open-loop rigid multibody system, the vector of joint coordinates is denoted 

by 0 which may also contain six degrees of freedom for a floating joint. The vectors of 

joint velocities and accelerations are denoted by 0 and 0, each of which has a dimension 

equal to the number of degrees of freedom of the system. If vectors 0 and 0 are known, 

then vectors q and v can be evaluated by moving from the base-body to the leaf body 

calculating the absolute coordinates and velocities of current body based on those of 

previous body and the joint coordinates. Jerkovsky [1.7] and Kim [1.8] showed that there 

is a linear OBiisformation between 0 and v as: 

V = B0 (2.9) 

where the matrix B is called the velocity transformation matrix. The elements of a velocity 

transformation matrix can be found from the expressions of the absolute velocities of each 

rigid body in terms of the joint velocities between the body and the base-body. Kim [ 1.8] 

and Nikravesh [ 1.9] showed that the pattern of the nonzero entries in the matrix B follows 

the kinematics and the topology of the rigid multibody system and that the matrix is made 

up of small sub-matrices representing different joints. By substituting Equation (2.9) into 

Equation (2.4) and knowing that 0 is a vector of independent velocities, we get one of the 

important characteristics of B as: 

D'B = 0 (2.10) 

The time derivative of Equation (2.9) yields the acceleration transformation equation as: 

V = 30 + B0 (2.11) 
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Substituting Equation (2.11) into Equation (2.2a) and premultiplying the resultant equation 

by yields: 

MQ = f (2.12a) 
where 

\f = (2.12b) 

/ = B^Cg-M^BG) (2.12c) 

Here, M is the generalized mass matrix, and / is the generalized force vector. Equation 

(2.12) represents the joint coordinate formulation for open-loop rigid multibody systems 

when the number of joint coordinates is equal to the number of degrees of freedom of the 

system. 

For a rigid multibody system containing closed kinematic loops (refer to Figure 2.1), 

one joint in each closed-loop can be removed temporarily, which is called the cut-joint, 

yielding an equivalent open-loop, or a reduced, system. The cut-joints in a multibody 

system can be expressed in a form of independent holonomic constraints as: 

= 0 (2.13) 

where the superscript asterisk (*) denotes a quantity associated with the cut-joints. The 

first and second time derivatives of Equation (2.13) yield velocity and acceleration 

constraint equations as: 

6* = D*v = D*B0 = C*0 = 0 (2.14) 
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and 

where. 

(I)* = D*v + D*v 

= C*0 + D*B0 + b'BG (2.15) 

= C*0 + D*Be-y* = O 

D' = ̂  . C = D'B and y's -D'B9 (2.16) 
cq 

Here. D* is the Jacobian matrix for the cut-joint constraints. Using Equation (2.7). the 

equation of motion for a rigid multibody system with cut-joints can be expressed in 

absolute coordinates as: 

M v-D^^a. -D*'a =g r . .  
(2.17) 

where the Jacobian matrices D'" and D* represent kinematic constraints for uncut- and cut-

joints respectively. Substituting Equation (2.11) into Equation (2.17). using the 

characteristic of B as in Equation (2.10) and premuitiplying the resultant equation by B'̂  

yields: 

/vre-c'V = / (2.18) 

Combining Equation (2.18) and the acceleration constraint (cut-joint) equation of Equation 

(2.15) yields the joint coordinate formulation for a general rigid multibody system with 

closed kinematic loops as: 

M C r 9 

C* 0 -K 

f 

Y*-D*B0 
(2.19) 



30 

2.2 Formulations for Flexible Body Systems 

This section reviews the finite-element based formulations for flexible bodies which 

undergo not only a large translational and rotational rigid-body motion but also a linear 

elastic structural deformation. Sections 2.2.1 and 2.2.2 discuss a formulation for a flexible 

body with lumped nodal mass and three translational elastic degrees of freedom per node. 

Section 2.2.3 discusses a more general form of the flexible body formulation involving a 

distributed mass and rotational degrees of freedom. 

2.2.1 Cartesian coordinate formulation 

This section reviews the Cartesian coordinate formulation for a flexible body of 

which mass is discretized at the nodal points and each node is given three translational 

degrees of freedom [2.6]. In order to describe the global motion and the elastic 

deformation of a flexible body, we define an absolute (global) coordinate system xyr and a 

local coordinate system as shown in Figure 2.2. In the figure, r is the global position 

vector of the local coordinate fi:Bme, s. is the undeformed local position vector of node /, 

is the deformed local position vector of node i, 5, is the nodal displacement vector of 

node /, and d, is the global position vector of node i. Note that components of s,., b, and 

are described with respect to the global coordinate frame, while's, , 'b, and '5, denote 

components of vectors with respect to the local coordinate frame. A transformation matrix 

denoted as A allows the conversion of a vector from the local coordinate frame to the 

global coordinate frame. 
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deformed 
A- ,/ position 

node i  

// 

flexible body 

Figure 2.2 Kinematics of a nodal point of the flexible body 

Based on the kinematic relationship shown in Figure 2.2, the global position vector, 

d,. of node i can be written as: 

d, = r + b, 

= r + s,+5, (2.20) 

= r + A's,. + A'5,. 

The first and second time derivative of Equation (2.20) yields; 

d. = r - f CO - 5,CO + 5, 

= r-(s',.+5,)co+5, (2.21) 

= f - b,co + 5,. 

and 



d.  = r - b.ci) + cob, + 0)6, + 5, 

= r - b,a) + 5, + co(b. + 6, j 
(2.22) 

where co denotes the angular velocity vector of the local coordinate frame. 

The equation of motion for a node i  can be expressed in the absolute coordinate as: 

m,d, (2.23) 

where /n, is the lumped nodal mass, d, is the absolute nodal acceleration, f'"' is the nodal 

external force, and is the nodal strucmral force. The nodal strucmral force can be 

obtained by multiplying the nodal stiffness matrix by the nodal deformation vector, and 

then by transforming the result into the global coordinate components as: 

f:''=-A[k,]'5 (2.24) 

where [k, ] is the three rows of the stiffiiess matrix corresponding to the /-th node, and '5 

is the vector of deformations expressed in flexible-body local coordinate frame. Note that 

without any loss of generality structural damping force is ignored in Equation (3.24). The 

absolute coordinate formulation for a flexible body can be obtained by repeating Equation 

(3.23) for all nodes j = 1,2 , • • n as: 

»7,I 

/TZjI 

m„\ 

d: 

d. f' + f (s )  

(2.25a) 



JJ 

or in a more compact form as: 

Md = 

where 
m^l 

m-,1 

mA 

d,' * I 

a
: 

II
I 

...
 a

: 
(
J
 

Ill 

A. 

and r^^=-AK-5 

(2.25b) 

(2.25c) 

(2.25d) 

Here, K denotes the 3n x 3n free-body (total) stiffiiess matrix of the flexible body. Also, 

note that the expression for contains following notations: 

"A •'5,' 

A 
and '5 = A = and '5 = 

A 

(2.25f) 

The absolute coordinate formulation represented by Equation (2.25b) is rarely used because 

it could have numerical integration problem due to the fact that the nodal displacements with 

relatively small magnitude is contained in the absolute nodal position vector. However, the 

formulation is derived in this Section as an intermediate step to the derivation of the nodal 

coordinate formulation in the next Section. 
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2.2.2 Nodal coordinate formulation 

Equation (2.22) can be extended to include all nodes as: 

d = r-ba)+5 + co|b + 5j (2.26) 

Using this expression, the transformation from the global nodal acceleration, d, to the 

nodal acceleration, 6, can be obtained as: 

where 

d=[i -b I 

r 0 

co + co^b + 5j 

l'6_ 0 

(2.27a) 

r I 

I I 
i = and I = 

. • . 

I I 

(2.27b) 

Substituting Equation (2.27a) into Equation (2.25b) and premultiplying the resultant 

equation by the transpose of -b ij yields the nodal coordinate formulation for a 

flexible body as: 

I^MI 

'.
0 

1 

f 

"r 

-b^MI b'^Mb -b'^M CO 

MI -Mb M 5 

i' r^'+f^^^-Mco(b + 5)] 

-M(L{b +5) 

(2.28) 
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It should be noted that the system matrix of Equation (2.28) is singular because the first 

and the second row of the equation can be obtained from the multiplication of the third row 

by and -b'^, respectively. Therefore, in order to solve this equation, we need six 

additional conditions or constraints which define the local coordinate system for the flexible 

body. A properly defined axis system serves as a reference firame for a flexible body, by 

which the relative elastic deformation is described. Typically used flexible body axis 

systems are the node-fixed-axis [2.7] and the mean-axis [2.8-2.11]. In general the mean-

axis is superior to the node-fixed-axis because it not only simplifies the system matrix but 

also enhances the numerical performance by reducing the magnitude and the fluctuation of 

the nodal displacements. 

In this snidy, the mean-axis is used as a local coordinate frame. From the physical 

point of view, the mean-axis is a floating reference frame which follows the mean position 

of the flexible body. From the mathematical point of view, the mean-axis condition 

satisfies the conservation of linear and angular momenta. Fraeijs de Veubeke [2.12] 

showed that the condition on linear and angular momenta corresponds to the minimum 

value of relative kinetic energy. Cavin et al. [2.9] pointed out that the mean-axis system is 

widely used because it greatly simplifies the formulation of equation of motion and because 

it decouples structural dynamics from rigid motions. They also proved that the natural 

frequencies and mode shapes of the mean-axis structural system are identical to the nonzero 

frequencies and free-free mode shapes of the flexible body. The mean-axis conditions for a 

flexible body with nodal lumped mass and three translational nodal degrees of freedom are 

listed below [2.6]: 
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n 

^/W.b, = i'^Mb = 0 
/ = I 

(2.29a) 

=i^M5 = 0 (2.29b) 

= i^M5 = 0 
/ = l 

(2.29c) 

^/«,b,6, =b''M6 = 0 (2.29d) 

y m.b.5, = b^M5 = 0 
' ' 

(2.29e) 

i'Mb = b^Mi = 0 (2.29f) 

Equation (2.29a) implies that the mean-axis is located at the center of gravity of the body. 

Equations (2.29b) and (2.29d) represent the conservation of the linear and angular 

momentum respectively. Equations (2.29c) and (2.29e) are obtained from the time 

derivatives of Equations (2.29b) and (2.29d) respectively. Equation (2.29f), which is 

obtained from Equation (2.29d) or (2.29e), states that the translational rigid-body mode, I. 

is orthogonal to the rotational rigid-body mode, b, with respect to the mass matrix M. 

Applying the mean-axis condition of Equations (2.29c) through (2.29f) to Equation 
n 

(2.28) and using the fact that = and b^Mb = /»,b.b. = J yield the nodal 
1=1 

coordinate formulation with the mean-axis as: 

(2.30a) 

ml 0 O r 

0 J 0 CO 

MI -Mb M 5 

I/lfr.;^fr.;_Mc5(b+5)] 

-b''|f'''+f'''-McD(b + 5)] 

-MdS^b-f-Sj 
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n 

where m = ^m^ is the total mass of the flexible body and J is the inertia tensor of the 

flexible body. All elements in Equation (2.30a) can be changed to those with respect to the 

local coordinate frame as: 

where 

ml 0 0 

0 J 0 

MI  -Mb M 

r 

"cb 

•5 

i^Jr""+r^'-M'co('b+"5)] 

-M w('b+"5)] 

w('b+"5) 

"r = A'^r and "cb = A^cb 

(2.30b) 

(2.30c) 

Here, note that '5 is the time derivative of '5, but "r is not the time derivative of 'r. 

2.2.3 General form of the nodal coordinate formulation 

In Sections 2.2.1 and 2.2.2, it is assumed that a flexible body is a simplified finite-

element model with lumped nodal mass and three translational coordinates per node. 

However, more sophisticated finite element model may be employed to represent the 

flexible body. Shabana [ 1.44, 1.51] presented a flexible body formulation using a node-

fixed axis and a general finite-element model that treats a flexible body as a continuum. 

The mass matrix of his formulation is almost full due to the distributed mass, of which off-

diagonal terms couple the axis translation, axis rotation, and nodal deformations. Note that 

Equation (2.30b) has two off-diagonal sub-matrices, MI and -M'b. Kurciski [2.13] 

extended the flexible body formulation of Equation (2.30) to include both translational and 

rotational components of nodal displacement. These general form of the flexible body 
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formulation has larger and almost full system matrix, resulting a tighter coupling between 

the generalized coordinates. 

2.3 Formulations for Rigid-Flexible Multibody Systems 

A rigid-flexible multibody system is a group of rigid bodies and flexible bodies 

interconnected to each other by kinematic joints and/or spring-damper-actuator elements. A 

high-speed mechanism is a good example of rigid-flexible multibody systems, of which 

links may undergo elastic deformation or vibration due to the sinusoidal fluctuation of 

centrifugal forces acting on the links. Another example is an automobile of which the car 

body may be considered flexible, while suspension links can be treated as nondeformable 

rigid bodies. Conventional computational methods for dynamic analysis of rigid-flexible 

multibody systems have been the integration of a rigid multibody formulation and a flexible 

body formulation by using kinematic constraints to represent joints between rigid and 

flexible bodies [1.49, 2.6, 2.14]. 

Section 2.3.1 reviews the kinematic constraint method as a cormection between a 

rigid body and a flexible body. Section 2.3.2 describes the absolute coordinate formulation 

for rigid-flexible multibody systems. Section 2.3.3 reviews the joint and nodal coordinate 

formulation. It is assumed in Sections 2.3.1 through 2.3.3 that flexible bodies are finite-

element models with lumped nodal mass and three translational degrees of freedom per 

node, while Section 2.3.4 discusses the formulation for more general rigid-flexible 

multibody systems. 
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2.3.1 Connection of a rigid body and a flexible body 

Figure 2.3 presents the kinematic relationship of a spherical constraint between a 

rigid body and a flexible body [2.6]. In this figure, vector r, is the global position vector 

of the rigid body i, s^' is the local position vector of the connected point on the rigid body 

i. d' is the global position vector of the connected point on ±e rigid body /, r is the 

global position vector of the flexible body , b'' is the local position vector of the connected 

node, and d' is the global position vector of the connected node. It should be noted that in 

Figure 2.3 the connection or constraint error, £, is exaggerated for the clarity of the 

relationships between the position vectors. 

From the geometric relationship shown in Figure 2.3, the absolute location of the 

connected node can be expressed based on rigid-body kinematics as: 

flexible body 

connection connected node connected node 
error \ ̂ (deformed positio^ (und^ormed position) 

Figure 2.3 BCinematics of a rigid-to-flexible spherical constraint 
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d'=r ,+S; '  (2.31a) 

The first and second time derivatives of Equation (2.32a) yield: 

and 

d'  = f  - s ' g)  

= r,-s,.o),+co,a),s, 

(2.31b) 

(2.31c) 

Using Equation (2.20), the absolute location of the connected node can also be 

expressed based on flexible-body kinematics as: 

d'' = r + s'+5' (2.32a) 

Using Equations (2.21) and (2.22), the first and second time derivatives of Equation (4.4) 

can be expressed as: 

d^ = r-b^co + 5' (2.32b) 

and 

d' = r- b'o) + 5'' +co^b'" +5"! (2.32c) 

The constraint equation for the spherical joint between a rigid body and a flexible 

body is a mathematical expression that the two vectors and d" should coincide as: 

O = - d' = 0 

= r  +s^-d '  =  0  
(2.33a) 
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The first time derivative of this constraint equation yields the velocity constraint equation 

as; 

o = d; - d' = 0 

= r, -s":a), -d' 

= [i -s7:-i] 

d' (2.33b) 

.[D D^] 
V 

d' 

= Dv + D-^^d^ = 0 

where D and D'" are Jacobian sub-matrices for this constraint. The second time derivative 

of the constraint equation yields the acceleration constraint equation as: 

CD = d, - d' = 0 
(2.33c) 

= Dv + D'^^q - y = 0 

where y = -cocos, is the right-hand-side vector for the spherical constraint between a rigid 

body and a flexible body. 

The absolute coordinate formulation for a flexible body in Equation (2.22b) can be 

rewritten in partitioned form as: 

0 ' 'd^' 

1 4-

0 M^_ d^ 
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where the superscripts / and c denote the terms associated with free and cormected nodes 

respectively. 

Using the Lagrange multiplier method, the rigid body (Equation 2. la) and the flexible 

body (Equation 2.34) can be combined together as: 

M, i 0 0 • V I 8, 

'o~ - >1 = 

0 0 0 

where k is the Lagrange multiplier for the constraint. Equations (2.33c) and (2.35) can be 

combined together in matrix form as: 

M, 0 0 1 V 
< 

g, 

0 0 i d' 

0 0 M^' ; 0 + f'"' 

D 0 0 -A. y 

Equation (2.36) is the absolute coordinate formulation for a simplest rigid-flexible 

multibody system which is composed of one rigid body and one flexible body. 

Equation (2.33c), the acceleration constraint equation for the spherical joint, can be 

rewritten using Equation (2.32c) as: 
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O = -d; + ii' = 0 

= -r, + s[co, - co,-c5,s^ + r - b^co + 5" + co^b'' + j 

= [-I sj" : I -b-^^ l] 

r, 

?1 
r 

co 

5' 

(2.37a) 

- CO;CO,S; + cij|b' + 5'" j = 0 

or in matrix form as: 

where 

and 

cD = - I  s :  ' I  -h '  I  

= [D D^] 

r, 

r 

ci) 

5' 

r, 

r 

(0 

5" 

-co,(o,S; +d3^b' +5'j 

- 7 = 0  

D . [ - i  s - ; ]  

D^=[l -b^ l] 

y = c5,c5,s;^^ - co^b'' + 5'" j 

(2.37b) 

(2.38a) 

(2.38b) 

(2.38c) 

Matrices D and D'' are Jacobian sub-matrices, and y is the right-hand-side vector for the 

spherical constraint between a rigid body and a flexible body. 
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The absolute-coordinate rigid-body formulation of Equation (2.1) and the nodal-

coordinate flexible-body formulation of Equation (2.28) can be combined together by 

Equation (2.37b) using the Lagrange multiplier method as: 

0 0 0 0 0 -r' "r ,  

0 J, 0 0 0 0 s-r 

0 0 ml -i'^Mb V r 

0 0 -b^MI J -bW -bW -b" co 

0 0 MI -M^b^ M' 0 r 5' 
0 0 MI -Mb^ 0 0 5' 

-I s- I -b' I 0 0 -K 

g, 

-b^[r'^ + r''-M(5(b + 5)] 

-M'co(b' +5' ) 

-M^cojb^ +5^) 

rfb"' +5'j co,-(o.s^ +co| 

(2.39) 

Equation (3.39) represents the absolute and nodal coordinate formulation for a simplest 

rigid-flexible muitibody system which is composed of one rigid body and one flexible 

body. 

2.3.2 Cartesian coordinate formulation 

Equation (2.36) can be extended to a more general case where the rigid body system 

contains more than one inter-connected rigid bodies by replacing the rigid body parts of 

Equation (2.36) with Equation (2.8) as: 
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D 0 0 o
 1 

V a o 

D' 0 0 0 0 -X' r 
Y 

0 0 M' 0 d' = ^(try + f '" '  

0 0 0 M' 0 d^ 

D 
• ~ 

0 D' 

1 1 1 O
 

1 1 

0 y 

Equation (2.40) is the absolute coordinate formulation for rigid-flexible multibody systems. 

Note that D'" is the Jacobian matrix for the constraints between rigid bodies, while D is the 

Jacobian matrix for the constraints between rigid and flexible bodies. 

2.3.3 Joint and nodal coordinate formulation 

This Section describes a formulation of a rigid-flexible multibody system whose rigid 

body system is expressed in joint coordinates and flexible body in nodal coordinates, ft 

should be note that the rigid body portion of the multibody system may have closed 

kinematic loops and more than one rigid body may be connected to a flexible body as 

shown in Figure 2.4. 

rigid multibody system fle.xible body 

O (rigid-rigid) joint 
• (rigid-rigid) constraint (cut-joint) 
• (rigid-flexible) constraint 

Figure 2.4 Schematic of a rigid-flexible multibody system 
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The rigid-body-system part of Equation (2.40) can be transformed to joint 

coordinates using the procedure described in Section 2.1.2 as: 

M c*^ 0 0 ' 9 ' r / 
C 0 0 0 0 -r y-DBG 
0 0 M" 0 = 

0 0 0 0 _j_ ^(sj '  

c 0 D" 0 0 -X y 

where C = DB is the generalized Jacobian matrix for the constraints between rigid and 

flexible bodies. 

The absolute nodal accelerations of Equation (2.41) can be transformed to the local 

nodal accelerations by using the extended form of Equation (2.27) as: 

0 

—X' 

d' 

-k 

' e " 

"I 0 0 0 0 0 o' -K 0 

0 T 0 0 0 0 0 r 0 

0 0 
^ . 1 

I -b^ I 0 0 CO + co(b^' +5') 

0 0 0 5̂ " cofb^ + 5^) 

0 0 0 0 0 0 I 6^ 
V / 

0 

(2.42) 

The matrix in Equation (2.42) is the velocity transformation matrix from Cartesian to nodal 

coordinates. The substitution of Equation (2.42) into Equation (2.40) and the subsequent 

premultiplication of the resultant equation by the transpose of the velocity transformation 

matrix yield: 
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M c-^ 0 0 0 0 " 0 

C 0 0 0 0 0 0 —K 

0 0 i^Mi -i^Mb i'^M' i'^M' i^D r 

0 0 -b^MI b'^Mb -b'^M' -b'^M^ -b^D d> 

0 0 Mi -Mb'  M'" 0 5' 

0 0 MI -Mb^ 0 M^' 0 5' 

c 0 Di -D b' D' 0 0 -A 

/ 
y*_rP_*BA 

-b''[f"^' + r'-Mco(b + 5)] 

-M'co(b' +5'") 

-M^cofb^ +5^) 

Y-D^b'+5^] 

(2.43) 

Since Equation (2.43) is singular, the mean-axis conditions of Equation (2.29) can be 

applied to Equation (2.43) yielding: 

M c' 0 0 0 0 ' 0 

C 0 0 0 0 0 0 
^ « 

-K 

0 0 ml 0 0 0 r 

0 0 0 J 0 0 -b^D'^ CO 

0 0 MI -M'b' M' 0 D 5' 

0 0 M^i -Mb^ 0 M^' 0 5^ 

c 0 Di -D b' D' 0 0 -X 

/ 
y - D B G  

+ -McD(b  +  5 )J  

-b''[r''+f^'-Mco(b + 5)] 

fcy -M'co(b^+5' ) 

_M^c5(b^+5^) 

Y-D'co~(b^+5"] 

(2.44a) 



The elements of Equation (2.44a) associated with the flexible body can be changed to those 

with respect to the flexible body local coordinate fiame as: 

M 0 0 0 0 ' 0 

C 0 0 0 0 0 0 —A.' 

0 0 ml 0 0 0 r 

0 0 0 J 0 0 *0) 

0 0 MI M' 0 *5' 

0 0 M' i  -M 0 M^' 0 

c 0 Di -D 0 0 -A 

/ 
y*-D*B0  

r"' +r"' -M^'c5(v+v) 

Y - D'" 

(2.44b) 

Equation (2.44) is the joint and nodal coordinate formulation for rigid-flexible multibody 

systems. Since the system matrix is not symmetric, an unsymmetric equation solver must 

be employed to solve Equation (2.44). 

2.3.4 General form of the formulation 

In the previous two Sections, it is assumed that a flexible body is a finite-element 

model with lumped nodal mass and three translational coordinates per node. However, as 

mentioned in Section 2.2.3, a general finite-element model may treat a flexible body as a 

continuum and include both translational and rotational degrees of fi-eedom at nodal points. 

A general form of the rigid-flexible multibody formulation can be obtained by combining a 
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rigid-body formulation with a flexible-body formulation using the kinematic constraints 

which represent the rigid-to-flexible-body joints. 

2.4 Discussion on Conventional Formulations 

The fifth row of Equation (2.44) shows that the off-diagonal terms M' l and -lVl"b' 

couple the generalized accelerations "r, 'cb and '5". Likewise, the sixth row of Equation 

(2.44) shows that the off-diagonal terms M^I and -M'b^ couple the generalized 

accelerations "r. 'co and '5''. In addition, the last row of Equation (2.44) shows that the 

constraint Jacobian terms C, D''I, and couple the rigid-body joint accelerations 

0 and the flexible-body generalized accelerations "r, 'a and '5". In the case of a more 

general rigid-flexible-body formulation, the coupling between the generalized accelerations 

is more tight due to its almost full mass matrix. 

The mass matrix of any rigid-flexible multibody formulation based on kinematic 

constraints is composed of three sub-matrices: the rigid-body sub-matrix, the flexible-body 

sub-matrix, and the rigid-to-flexible Jacobian sub-matrix. Any off-diagonal terms in the 

flexible-body sub-matrix couples the generalized accelerations of the flexible-body 

reference fr^me and/or the nodal points. The rigid-to-flexible Jacobian sub-matrix couples 

the rigid-body and flexible-body generalized accelerations. Therefore, conventional rigid-

flexible multibody formulations result in a set of coupled equations of motion, which has to 

be solved simultaneously. 

The coordinate transformation firom nodal to modal coordinates and the modal 

coordinate formulations for rigid-flexible multibody systems will be discussed in the next 

Chapter. 
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CHAPTER 3 

MODE SUPERPOSITION AND 
STATIC CORRECTION METHODS 

This chapter provides a review of the mode superposition and static correction 

methods and discusses the problems associated with their application to rigid-flexible 

multibody systems. The mode superposition method (MSM) [3.1-3.3] has been widely 

used for the dynamic analysis of large-scale structures with fixed boundary condition since 

it allows the reduction of the total number of modal coordinates by the truncation of higher 

modes. Normally the major truncation error occurs in stress values and there is minor error 

in displacement responses. The static correction method (SCM) [3.3], which is also called 

the mode acceleration method (MAM), is an extension of the MSM that can compensate for 

the error caused by the truncation of higher modes. In classical structural problems with 

fixed boundary condition, the loss of high frequency response due to the modal truncation 

can be partially recovered by employing the SCM. However, in the case of general rigid-

flexible multibody systems, in which flexible bodies may have moving boundary 

condition, the tnmcation of higher modes yields substantial error in displacement response. 

In addition, a further employment of the SCM fails to enhance the response in some 

problems. Section 3.1 will review the various versions of the mode superposition method. 
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Section 3.2 will discuss the problems of the MSM and SCM in moving boundary condition 

problems. 

3.1 Review of the Mode Superposition Method 

This Section reviews the mode superposition method and its versions for structural 

systems with fixed boundary conditions. The mode superposition method (MSM), which 

is also called the mode displacement method (MDM) in contrast to the mode acceleration 

method (MAM), is a generalized coordinate reduction scheme based on Rayleigh-Ritz 

method [3.4]. In the MSM, the elastic deformation of a structure is calculated as a linear 

superposition of the fixed-interface normal modes (constrained vibration modes). 

Consider a strucmre (flexible body) with fixed boundary condition. The total elastic 

degrees of freedom is denoted by nl"", the free degrees of freedom by n'f', and the fixed 

degrees of freedom by n'^f', where n','" = n'l" + n['''. The equations of motion for the free-

strucmre, i.e.. the structure before the fixed boundary condition is applied, can be written 

as: 

M'5 + C'5 + K-5=r"^ (3.1a) 

or 

M'5=r''-K'5-C'5 (3.1b) 

where the n',"" x n',"" matrices M, C and K are, respectively, the mass, damping, and 

stiffness matrices for the free-structure. Note that the left-superscript (') means the 

corresponding term is with respect to the referece frame for the structure. Vector '5 

contains nodal displacement components, and is the vector of external nodal forces. 
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Since the ftill-stiffiness matrix, K, is singular, a proper fixed boundary condition must be 

applied to solve Equation (3.1). A fixed boundary condition must constrain at least six 

degrees of fireedom of the structure to the ground such that any global rigid-body motion of 

the structure is eliminated. According to any set of fixed boundary conditions the matrices 

and vectors of Equation (3.1) can be partitioned as; 

•5 = •5^ 

•5" 

fe j f  

efej^ 

M = 'ĉ  c^' 
and K = 

"K^ ^jb-
, c = 

Qbf ^hb and K = 
K"^ Qbf ^hb and K = 
K"^ 

(3.2) 

where the superscript f  and b denote terms corresponding to fi'ee- and fixed-degrees of 

freedom respectively. The application of the fixed boundary condition to Equation (3.1) 

can be performed by eliminating the fixed-degrees of fi-eedom in Equation (3.1), since 

•5" =•5'' =•5'' = 0, yielding: 

_ (^#'5/ _c^-5/ (3 3) 

Note that the x reduced stiffness matrix, K-'^, is positive definite since at least six 

degrees of freedom, which correspond to the fixed boundary condition, are deleted from 

the total stiffness matrix of the structure. The reduced stiffness matrix can be called the 

constrained stiffness matrix because it is the result of applying a set of fixed boundary 

condition. 

For the undamped fi-ee vibration of the strucmre with fixed boundary condition. 

Equation (3.3) becomes: 
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(3.4) 

Since the free vibration is harmonic, a trial solution for the nodal displacement can be 

expressed in complex form as; 

where J = \-l  is the complex number, and oj, = Irtf" = A. is the circular frequency of 

the trial solution, in which f" denotes the natural frequency and a, denotes the eigenvalue. 

Vector is an n'f x I eigen-vector representing the mode-shape of the trial solution. 

Substitution of Equation (3.5) into Equation (3.3) yields the generalized eigen-value 

problem as: 

This equation has a non zero solution for when the following condition is satisfied: 

Equation (3.7) is called the characteristic equation which is an n'/'-th order polynomial of 

•5^ (/) = (3.5) 

(K^-A,M^)^f =0 (3.6) 

(3.7) 

An eigen-matrix, A^, for the structure with fixed boundary condition can be 

constructed using the eigen-values obtained from Equation (3.7) as: 
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(3.8) 

Note that the eigen-matrix is an x diagonal matrix of which diagonal elements are 

eigen-values for each different mode. For each of the eigen-value A,, the corresponding 

eigen-vector can be obtained from Equation (3.6). A set of eigen-vectors constitute 

n'l" independent displacement patterns, amplitude of which may serve as generalized 

coordinates to express the response of the system. 

A modal matrix, for the structure with fixed boimdary condition can be formed 

by placing each eigen-vector as a column in : 

Note that the modal matrix is an n'f '  x n'^ '  square matrix if a full set of modes are used. 

However, the modal matrix may be a rectangular matrix if a truncated set of modes are used 

as: 

The eigen-vectors are also called the normal mode-shapes because they represent the 

undamped-free-vibration mode-shapes corresponding to each natural frequency of the 

structure. The procedure from Equations (3.4) through (3.9) for obtaining the modal- and 

eigen-matrices from the mass and stiffness matrices of the strucmre is called the analytical 

modal analysis. Limited number of mode-shapes and natural frequencies can also be 

(3.9a) 

(3.9b) 
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obtained from vibration tests of an actual structure, the procedure of which is called the 

experimental modal analysis [3.5, 3.6]. 

One of the important properties of the normal mode-shapes is that a set of normal 

mode-shapes are linearly independent and orthogonal with respect to the mass and stiffness 

matrices as: 

where m, is defined as the modal mass for the i - ih  normal mode. Equation (3.11) can be 

extended to cover all modes as: 

4'f =0 ; / A-

=0 ; i^k (3.10b) 

(3.10a) 

These properties lead to another important relations to be fulfilled as: 

= m. 

m A, (3.11b) 

(3.11a) 

^ ivjif 

(3.12b) 

(3.12a) 

where the matrix is the modal matrix defmed as: 

(3.13) 
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Note that if the truncated modal matrix of Equation {3.9b) is used instead of the fiill modal 

matrix. Equation (3.12) becomes: 

where and are, respectively, the x truncated modal and eigen-matrices. A 

normalized set of mode-shapes are obtained by dividing each mode-shape with a 

corresponding constant mf , the square root of ±e z-th modal mass. If and 

are normalized modal matrices. Equations (3.12) and (3.14) become: 

where I is an identity matrix with appropriate size. For the remainder of this discussion, it 

is assumed that any modal matrix is normalized with respect to the mass matrix based on 

Equation (3.15). 

Using the modal matrix, it is possible to perform a coordinate transformation from 

the nodal space to the modal space. The transformation equation can be expressed as: 

(3.14b) 

(3.14a) 

and 

= I and = 

(3.15a) 

(3.15b) 

'5/ = vj/iT^ (3.16) 

where z is a vector of modal coordinates. Equation (3.16) has a physical meaning that the 

total displacement of a structure can be obtained as a linear combination of the normal 

mode-shapes. This linear combination is possible because of the orthogonality properties 
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of normal mode-shapes. The normal mode-shapes thus serve the same purpose as the 

trigonometric functions in a Fourier series. 

Substitution of Equation (3.16) into Equation (3.3) and subsequent premultiplication 

of 4' to the resultant equation yield modal coordinate equations of motion as: 

I z  =  f - K z -C2 (3.17a) 

where 

K  = ( 3 . 1 7 b )  

C = ] (3.17c) 

(3.17d) 

Here, K is the modal stiffiiess matrix, C is the modal damping matrix, and f is the modal 

force vector. Note that the system matrix of Equation (3.17) is an identity matrix. In other 

words, there are no off-diagonal terms to couple the modal accelerations. Therefore, 

Equation (3.17) can be uncoupled to n'^' independent modal equations as: 

z, = f, - Af z,. - 2^.aj,.z,- ; / = 1, 2, • • n'l" (3.18) 

Each uncoupled modal equation of motion in Equation (3.18) can be solved individually. 

Once the vector of modal accelerations, z, is computed from Equation (3.17) or (3.18), the 

vector of modal coordinates, z, can be obtained through subsequent numerical integration 

of z based on a set of initial conditions on z and z. Finally the nodal coordinates, u, can 

be computed using Equation (3.16). This solution procedure is the MSM using a full set of 

modes. 
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Since the modal equations in Equation (3.18) are independent from each other, modal 

equations corresponding to higher or insignificant modes can be eliminated. Then, 

Equation (3.17) can be rewritten as; 

I = Kc - Krc2,rc " ^ ^a) 

where 

(3l9b) 

C„, « = </iag{2C,iu,, 2f,ai,2f.__<!,._] (3.19c) 

(3.19d) 

The nodal coordinates can be recovered using the coordinate transformation equation based 

on a truncated modal matrix as: 

•8's (3.20) 

Dynamic analysis of strucmres using Equations (3.19) and (3.20) is referred to as the 

iMSM using truncated modes or the generalized coordinate reduction method. It should be 

emphasized that the process of modal truncation is mathematically justified by the fact that 

the modal coordinate equations of motion are uncoupled and thus are independent from 

each other. 

3.2 Review of the Static Correction Metliod 

The mode superposition method using a set of truncated modes may not give an 

accurate solution, because higher normal modes are neglected [3.2]. In general, the error 
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associated with the process of modal truncation is minor for the displacement response of 

the system but it is substantial for the stress values. Since the evaluation of dynamic stress 

level is important for the design of classical structural systems, researchers presented 

various forms of static correction methods (SCM) to compensate for the error caused by 

deleting the higher modes. Williams [3.7] is credited with first suggesting the static 

correction method which is also referred to as the mode acceleration method (MAM). The 

SCM can be categorized into two groups based on the way the effect of deleted higher 

modes is considered: one is the pseudo-static correction method [3.7-3.12] and another is 

the pseudo-dynamic correction method [3.13]. 

3.2.1 Pseudo-static correction method 

The pseudo-static correction method, which was pioneered by Williams [3.7] and 

Bisplinghoff et al. [3.8], is a technique to reflect the static effect of deleted higher modes to 

the response of the system in time domain. Later, various versions of the pseudo-static 

correction methods were introduced by many researchers [3.9-3.11]. Soriano and Filho 

[3.12] compared three versions of the pseudo-static correction methods (the Maddox 

version [3.9], the Hasteen and Bell version [3.10], and the Comweel, Craig and Johnson 

version [3.11]), and showed that there is complete equivalence between them. 

The correction formula for the pseudo-static correction can be derived using Equation 

(3.17) as follows. An expression for the modal coordinate vector, z, can be obtained from 

Equation (3.17) as: 

z = K-'f-K-' z (3.21) 
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Here, note that the modal damping term is neglected ^vithout any loss of generality. Using 

Equation (3.16), Equation (3.21) can be transformed into nodal coordinates as: 

'5' z (3.22) 

Since the modal stiffiiess matrix, K, is a diagonal matrix, its inverse, K~', is also a 

diagonal matrix. Therefore, the terms in the right-hand side of Equation (3.22) can be 

partitioned into truncated-modal and deleted-modal parts as: 

K;: _O If,, 

0 

0 ' 'Kc '  
0 n

 
& 
-

1 J^Jel. 
(3.23a) 

or 

•6' = - •VX, (3.23b) 

where the subscript trc denote terms associated with the truncated (or kept) normal modes, 

and the subscript del denotes those related to the deleted (or neglected) normal modes. 

When a set of truncated normal modes is used for mode superposition, the elements of 

vector are not available. Considering this. Equation (3.23) can be approximated by 

neglecting the last term in its right-hand side as: 

•6's - ViK:l (3.24) 

The fu-st and the third terms in the right-hand side of Equation (3.23) can be combined 

together as: 

z„ = - k;; Z,„) = •viz„ (3.25) 
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The second tenii in the right-hand side of Equation (3.24) can be rewritten as: 

_ vi/iT "'o/iT 
^ del del del del^del del 

= (K^"' - (3.26) 

= (^' -ViKl-'-Viy'"' 

= Hir"' 

where = K^ ' is the flexibility matrix which is nothing but the inverse of the stiffness 

matrix of the strucmre, and is defined as the residual (or deleted) stiffiiess matrix of 

the structure [3.2], Substimting Equations (3.25) and (3.26) into Equation (3.24) yields a 

pseudo-static correction formula as: 

V (3.27) 

In Equation (3.27), the term is the dynamic response obtained by the MSM using a 

set of truncated normal modes. The term is the pseudo-static response due to a 

set of deleted modes. Note that while the first term is obtained in eigen-domain by solving 

the modal-coordinate equations of motion, i.e.. Equation (3.19), the second term is 

computed in time-domain and then augmented to the first term as a correction term. 

Each coliunn of the residual flexibility matrix is called the residual static mode 

(residual attachment mode in the case of a substructure) [3.2]. Instead of using Equation 

(3.26), i.e., = H-'^ - residual static modes can be obtained fi-om the 
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static analysis using the residual stiffness matrix by applying a unit load to the 

corresponding degree of freedom. Therefore, the static correction formula of Equation 

(3.27) can be further approximated by using a limited number of residual static modes as: 

where is the static modal matrix which contains a limited number of residual static 

modes. Equations (3.27) and (3.28) are called the pseudo-static correction formula 

because they adjust nodal displacements in a pseudo-static manner after solving equations 

of motion. It must be emphasized that the pseudo-static correction contains no information 

on phase. Thus, the pseudo-static correction method cannot provide dynamic phase-lag 

effect due to deleted higher modes. 

3.2.2 Pseudo-dynamic correction method 

In order to compensate the missing phase-lag effect of the pseudo-static correction 

method, Chung [3.13] developed a coupling method which couples the normal modes and 

the residual static modes as a Rayleigh-Ritz representation. For this purpose, he modified 

Equation (3.28) by replacing the external force vector, , with additional modal 

coordinates, , for the residual static modes as: 

^ ^ irc^trc ^ ifc (3.28) 

•5/ ~ z ' trc^trc ^ stc^. trc trc 

^ str 

(3.29) 
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where is defined as the coupled modal matrix, and is the coupled modal 

coordinate vector. Applying Equation (3.29) to the equations of motion as shown in 

Equation (3.3) without the damping term and premultiplying the resultant equation by the 

transpose of the coupled modal matrix yield: 

where 

M z = - K z ^^'•cpncpl ^cpl ' '^cpl'-cpl 

K.,, -

"I 0 

_0 

0 

, 0 

(3.30a) 

(3.30b) 

(3.30c) 

Here, matrices and are called the coupled-modai-mass and -stiffness matrices 

respectively. Note that the off-diagonal terms of these coupled matrices are zeros because 

the residual static modes are orthogonal to the normal modes with respect to and 

as [3.13]: 

= 0 
(3.31) 

This coupled-modes method based on Equations (3.29) and (3.30) is referred to as a 

pseudo-dynamic correction method because the effect of the residual static modes are 

considered pseudo-dynamically by treating them like the normal modes. Chung [3.13] 

reports that the pseudo-dynamic correction method improves the accuracy of system natural 

frequencies when it is applied to dynamic substructuring (component mode synthesis) 

[1.53, 3.14-3.19]. However, the pseudo-dynamic correction method increases the total 
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number of generalized coordinates by the nimiber of additionally used residual static 

modes, which is against the original purpose of the SCM. In addition, it remains a 

question that the employment of a certain number of residual static modes is actually 

advantageous than the use of the same number of additional normal modes. 

3.3 The MSM in Moving Boundary Condition Problems 

This section will discuss the difference in the application of boundary conditions 

between classical structural systems and rigid-flexible multibody systems. Applications of 

the MSM and SCM to rigid-flexible multibody systems and the problems associated with 

them will also be discussed. 

3.3.1 Types of boundary conditions 

The MSM and SCM reviewed in previous two sections were developed for classical 

fixed boundary condition problems, where a small number of constrained normal modes 

can produce a reasonably acceptable response of the system, and the additional employment 

of the static modes could fiarther enhance the result. However, structural dynamic analysis 

problems can be categorized into two groups based on the type of boundary condition: one 

is a fixed boundary condition problem and another is a moving boundary condition 

problem. 

The fixed boundary condition problem corresponds to a single flexible body which is 

directly fixed to the ground such that at least six elastic degrees of freedom are constrained 

eliminating any gross rigid-body motion of the flexible body. Figure 3.1 shows a 

schematic of a fixed boundary condition problem. Classical structural systems like a 



cantilever beam fall into the category of the fixed boundary condition problems. The 

stiffness matrix of a flexible body with fixed boundary condition is positive definite since at 

least six degrees of fi-eedom are deleted. 

flexibl 

constraints to ground 
\ 

Figure 3.1 An example of fixed boundary condition problem 

The moving boundary condition problem corresponds to a rigid-flexible multibody 

system of which flexible body may have both the elastic deformation and the gross rigid-

body motion. Figure 3.2 shows a schematic of a moving boundary condition problem. 

.Mechanisms with at least one flexible member are good examples of the moving boundary 

condition problems. Automobile is another example of moving boundary condition 

problem, because the relatively rigid suspension links are kinematically connected to the 

relatively flexible car body, forming a rigid-flexible multibody system. In the case of a 

moving boundary condition problem, a fiill stiffness matrix is combined with a set of 

kinematic constraint equations for any rigid-to-flexible joints, while a reduced stiffness 

matrix without the fixed degrees of fi*eedom is used in a fixed boundary condition problem. 

Since a moving boundary condition problem employs the fiill stiffness matrix of a flexible 

body, a proper condition on the local coordinate system for the flexible body should be 

applied in order to locate the coordinate system relative to the flexible body. 
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; fl^blebqdy ; ; ; rigid body 

joints (kinematic constraints) 

Figure 3.2 An example of moving boimdary condition problem 

From the viewpoint of formulation, the main difference between the fixed and the 

moving boundary condition problems is in the application of boundary conditions to the 

equations of motion. In fixed boundary condition problems, a boundary condition is 

applied by first partitioning the matrices and vectors in the equations of motion into free-

and fixed- degrees of freedom as shown in Equation (3.2) and then by eliminating any sub 

matrices or sub-vectors corresponding to the fixed degrees of fireedom as Equation (3.3). 

A set of constrained mode-shapes obtained fi-om the reduced mass and stiffness matrices is 

normally used for the modal coordinate formulation of the fixed boundary condition 

problems. However, in moving boundary condition problems, kinematic constraint 

equations and constraint reaction forces for any rigid-to-flexible joints are augmented to the 

equations of motion using the Lagrange multiplier method. If the mean-axis is used as the 

local coordinate firame for a flexible body with full stiffness matrix, unconstrained elastic 

mode-shapes should be used for the modal coordinate formulation of the moving boundary 

condition problems. 



67 

3.3.2 Formuiation using the MSM 

Consider a rigid-flexible muitibody system of which flexible body is a simplified 

finite-element model with lumped nodal mass and three translational coordinates per node. 

The modal-coordinate equations of motion for the system can be derived by transforming 

Equation (2.44b) to modal coordinates as follows. 

From an analytical modal analysis using the full-mass matrix, M, and the ftill-

stiffhess matrix, K, of a flexible body, the modal matrix, ^, containing fi-ee-free , or 

unconstrained, mode-shapes and the eigen-matrix, A, can be obtained. If the flexible 

body is composed of n nodes, the size of the matrices is 3n x 3n. Since the flill-stifftiess 

matrix is singular, the modal data contains six rigid-body modes with zero eigen-values. 

Therefore, the matrices ^ and A can be partitioned as: 

where is a 3« x 6 matrix containing six rigid-body mode-shapes, and is a 

3n^m matrix containing m = 3n-6 unconstrained elastic mode-shapes. Likewise, A^''' 

is a 6x6 null matrix corresponding to rigid-body modes, and A'^'""' is a m x m diagonal 

matrix containing non-zero eigen-values for m elastic modes. can be further 

partitioned as: 

j (3.32a) 

and 

A = A'^^ 0 

0 A'"' 
(3.32b) 

- s ]  (3.33) 
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where I is a x 3 matrix representing three translational rigid-body mode-shapes, and 

-'s is a 3ai x 3 matrix representing three rotational rigid-body mode-shapes. Note that -'s 

is constructed in the same manner as I (refer to Equation 2.27b). Since eigen-vectors are 

orthogonal to each other, the elastic modes are orthogonal to the rigid-body modes with 

respect to the mass matrix as: 

= 0 (3.34a) 

and 

= 0 (3.34b) 

Using Equations (3.32) and (3.33), a formula for the transformation from nodal to 

modal coordinates can be written as: 

•5 = [i -s ,(rl 

.(<!) 

(3.35) 

where z'" and z'" are 3x1 modal coordinate vectors for translational and rotational 

modes respectively. Vector z'"' is an m x 1 elastic modal coordinate vector. Considering 

the fact that the elements of the modal matrix are time-invariant constants, the second time 

derivative of Equation (3.35) yields: 

5=[i - s "¥ ( e )  

Z<" 

•4(r) 

i ( e )  

(3.36) 
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Substituting Equation (3.36) into Equations (2.29c) and (2.29e) yields: 

+ "V"'z'") = 0 

-'sz'"' + m'" = 0 

and 

(3.37a) 

(3.37b) 

Note that I'^MI in Equation (3.37a) and 'b'^M's in Equation (3.37b) are non-zero 

matrices. Also, based on the small deformation assimiption of finite element method, it is 

assumed that = 0. Therefore, the vectors t!" and z"'' must be zeros 

to satisfy Equations (3.37a) and (3.37b) as: 

z'" = 0 and z"^' = 0 (3.38) 

Therefore. Equation (3.36) can be rewritten as: 

•5 = (3.39) 

Substituting Equation (3.39) into Equation (2.44b) and premultiplying the fifth and 

sixth rows of the resultant equations by the transpose of yield: 

M 0 0 0 " e ' 

C* 0 0 0 0 0 

0 0 ml 0 0 "r 

0 0 0 •J 0 'cb 

0 0 

c 0 D'i -D'b' 0 
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f 

y*-D*B0 

- M*c5('b +'5jj 

+ - M'co('b +'5)] 

- M m('b +"5)) + 

Y - D" ©("b" +'5'^ 

(3.40) 

Using Equations (3.34a) and (3.34b), the two off-diagonal terms in the fifth row of 

Equation (3.40) become zeros. Assuming that the modal matrix is normalized with respect 

to the mass matrix (refer to Equation 3.15), the diagonal term in the fifth row of Equation 

(3.40) becomes identity matrix as: 

= I (3.41) 

The first term in the right-hand side of the fifth row of Equation (3.40) is defined as the 

modal force vector: 

= o('b+'5)) (3.42) 

The second term in the right-hand side of the fifth row becomes: 

(3.43) 

Since the modal matrix is normalized, the modal stiffiiess matrix is defined and reduced as: 
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K = = A (3.44) 

Using Equation (3.44), Equation (3.43) can be rewritten as: 

(3.45) 

Substituting Equations (3.41) through (3.45) into Equation (3.40) yields a modal 

coordinate formulation of rigid-flexible multibody systems as: 

M 0 0 0 ' 0 
C 0 0 0 0 0 -A.* 

0 0 ml 0 0 o 
' 

"r 

0 0 0 •J 0 -b^D' "(i) 

0 0 0 0 

c 0 Di 0 -a 

/ 

'co('b+'5)| 

-M'co('b+'5)] 

f + Kz'" 

Y - D''w('b^ +'5^") 

(3.46) 

The last row of Equation (3.46) shows that the off-diagonal terms C, D' l, -D"b' 

and couple the generalized accelerations 0, "r, 'co and the modal accelerations 

z'". This implies that modal coordinate equations of motion are not independent from each 

other, while those for fixed boundary condition problems are uncoupled and thus 

independent from each other as shown in Equation (3.17). In other words, the off-

diagonal terms destroy the uncoupled nature of modal equations. Therefore, the truncation 

of higher modes caimot be mathematically justified in the case of moving boundary 

condition problems. Normally, modal truncation in moving boundary condition problems 

result in amplitude reduction and distortion of nodal displacement responses. 



In order to investigate the effect of unjustified modal truncation, we perform the 

process of modal truncation to Equation (3.46) as follows. The full modal matrix can 

be partitioned into two sub-matrices as: 

n;] (3.47) 

where is the hn x truncated modal matrix containing dominant (or kept) mode-

shapes, and is the 3n x rrij deleted (or neglected) modal matrix containing 

higher mode-shapes. Equation (3.46) can be rewritten by partitioning its fifth 

row into the kept and the deleted modes as: 

M C-' 0 0 0 0 

1 u
 

C 0 0 0 0 0 0 

0 0 ml 0 0 0 

0 0 0 J 0 0 

0 0 0 0 I,. 0 ^ rrc 

0 0 1 0 0 0 ^del ^ del ^ 

c 0 D'l -D V ^ irc ^ ^ del 0 J 

0 

-r 

r 

*0) 

'i'" ^trc 
'i'" 

~-x 

f 

y*rDll§ 

m('b + '5)| 

-M'co('b+-5)] 

^:rc ^trc^irc 
(ej 
rrc 
(e) 

\delJi 
Y - D" +'5") 

(3.48) 

The elimination of the deleted modes reduces Equation (3.48) as: 
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/ 
7*-D*B0 

_[vi^-b +-5jj 

.-grj-fa-; +-sjj 

f + A z^**' .rc_ _ _ V/r _ frc_ 

Y-D"'G)(V+'5^] 

(3.49) 

where and are respectively the truncated modal force and the truncated modal 

stiffness matrix defined as: 

w('b+-8)) (3.50a) 

K.. = nf = A., (3.50b) 

Comparison of Equations (3.48) and (3.49) shows that the off-diagonal term WW''"' is 

damaged by the modal truncation and is reduced down to The last row of Equation 

(3.49), which corresponds to the acceleration constraint equations, indicates that the 

damaged off-diagonal term affects the coupling effect between the modal 

accelerations and the other generalized accelerations. The reduced coupling effect results in 

smaller constraint reaction forces and thus smaller amplitude in responses. Therefore, 

relatively large number of normal modes should be employed to obtain reasonable 

responses in moving boundary condition problems, while good approximations can be 

made with few normal modes in fixed boundary condition problems. 

M  c "  0 0 0 0 

C  0 0 0 0 0 -r 

0 0 ml 0 0 a
 

r 

0 0 0 J 0 'di 

0 0 0 0 I trc irc 

c 0 D'l -D'V rrc 0 -k 
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3.3.3 Formulation using the pseudo-static correction 

The pseudo-static correction method (refer to Section 3.2.1), which was originally 

developed for fixed boundary condition problems [3.7-3.11], can be applied to moving 

boundary condition problems. The two-step solution procedure of the method is to first 

obtain the response of the system using truncated modal equations in eigen-domain and 

then pseudo-statically adjust the response in time-domain. 

The first step corresponds to the MSM with truncated modes. The solution of 

Equation (3.48) provides modal accelerations, which can be numerically integrated 

with proper initial conditions yielding the modal displacements, Then, nodal 

displacements can be recovered using a coordinate transformation equation as: 

(3.51) 

The second step of the pseudo-static correction method is to obtain a correction term 

using the residual flexibility matrix (refer to Equation 3.26) of the flexible body as: 

(3.52) 

where is the residual flexibility matrix which can be obtained using mode-shapes and 

eigen-values as: 

= K-'- (3.53) 
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Since the fiill stiffiiess matrix, K, is singular, its inverse cannot be computed directly from 

it. However, K"' can be obtained in eigen-domain as: 

K-' = (3 54) 

Finally, the corrected nodal displacement is obtained by combining Equations (3.51) 

and (3.52) as: 

'5 ='5'"'""+•5'"'"-' (3.54) 

Note that the term is obtained in eigen-domain by solving the modal coordinate 

equations of motion given in Equation (3.48), while the term is obtained in time-

domain independently from the equations of motion. This implies that the pseudo-static 

correction term, •5'""''-^, lacks any dynamic phase-lag effect. In addition, the pseudo-static 

correction method have no correction sheme on "5 and '5. 

As was mentioned in Section 3.3.2, the imjustified application of modal truncation as 

represented by Equation (3.48) damages the coupling between the generalized 

accelerations, resulting in substantial error in modal accelerations and hence in nodal 

displacements, . In addition, the modal truncation reduces constraint reaction forces 

between rigid and flexible bodies, which results in smaller nodal forces, , and hence 

smaller magnitude in the pseudo-static correction term, 'b'"""''. Therefore, the pseudo-

static correction term, cannot compensate any substantial error in nodal 

displacements, 
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Another problem of using pseudo-static correction method in moving boundary 

condition problem is constraint violations at joints between rigid and flexible bodies. In 

classical structural problems with fixed boundary conditions, pseudo-static correction of 

nodal displacements does not induce violation of boundary condition because the columns 

of residual flexibility matrix corresponds to constrained mode-shapes which inherently 

satisfy the given fixed boundary condition. However, in moving boundary condition 

problems the columns of residual flexibility matrix are free-free mode-shapes. Therefore, 

any pseudo-static correction of nodal displacement directly induce constraint violation at 

joints between rigid and flexible bodies. 

3.3.4 Formulation using the pseudo-dynamic correction 

Pseudo-dynamic correction method (refer to Section 3.2.2) is a version of the SCM, 

which combines the normal modes and the residual static modes as a Rayleigh-Ritz 

representation. Yoo and Haug [3.14-3.16] applied the pseudo-dynamic correction method 

to the dynamic analysis of rigid-flexible multibody systems. 

Yoo and Haug employed a general finite-element model (refer to Section 2.2.3) to 

represent flexible bodies. They also used node-fixed reference fi^es and corresponding 

constrained normal modes. From Equation (3.29), the coupled transformation and 

correction formula becomes: 

^ ^ irc^trc ^ stc^. 

^ str 

(3.55) 
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where 4^^^, is the coupled modal matrix, and is the coupled modal coordinate vector. 

The coupled modal matrix yields coupled mass and stiffness matrices as: 

and 

K.W -

M„ 0 

0 stc . 

0 

0 

(3.56) 

(3.57) 

Substituting Equation (3.55) into a nodal coordinate equations of motion and 

premultiplying the third row of the equation by the transpose of the coupled modal matrix 

yields the flexible body portion of the formulation in the form of: 

M"" r ^(e)' + f"' + r"' 

co f ( e r  + r"" + f""" 
vi/# 

trc 0 Kc 

1 >
 

0 ip rjyjvp 
'• stc j:c_ 1 

where the superscripts r, co and z denote terms associated with axis translation, axis 

rotation and modal coordinate respectively. The third row of Equation (3.58) shows that 

the off-diagonal terms, and couple the normal modal accelerations, 

2,^^, with reference frame accelerations, r and o). Note that constraint equations, which is 

not shown in Equation (3.58), also couple rigid and flexible body generalized 

accelerations. Because of these coupling terms, the truncation of higher modes yields 

system responses with substantial error. The fourth row of Equation (3.58) shows that 
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even the modal accelerations for the residual static modes are coupled with other 

generalized accelerations through off-diagonal terms, and 

As was mentioned in Section 3.3.2, modal coordinate formulations of moving 

boundary condition problems have off-diagonal coupling terms which destroy the 

uncoupled nature of modal equations. Due to the presence of coupling in Equation (3.58). 

it is not meaningful to augment residual static modes to the truncated normal modes. 



79 

CHAPTER 4 

NODE ANNEXATION METHOD 

This Chapter discusses a formulation for rigid-flexible multibody dynamics which 

will be refered to as the node annexation method (NAM). Conventional formulations for 

rigid-flexible multibody systems employ the Lagrange multiplier method to treat joints 

between rigid and flexible bodies, yielding a set of coupled equations of motion. The 

major obstacle in rigid-flexible multibody dynamics in such coupled equations of motion is 

the difficulties associated with modal truncation. The node annexation method is a new 

technique of treating joints between rigid and flexible bodies [2.6]. The node armexation 

method yields a set of equations of motion without any coupling terms between rigid- and 

flexible-body sub-systems. The node annexation method provides computational 

efficiency as compared to the other conventional methods. The first Section of this Chapter 

introduces the concept of the node annexation, the second Section presents the nodal 

coordinate formulation of rigid-flexible multibody system based on the node armexation 

method, and the third Section presents the modal coordinate formulations. 
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4.1 Concept of the Node Annexation Method 

4.1.1 Background and concept 

Conventional rigid-flexible multibody formulations treat joints between rigid and 

flexible bodies as kinematic constraints using the Lagrange multiplier method. The 

Jacobian sub-matrices for those kinematic constraints appear at off-diagonal position in the 

system matrix of the equations of motion. Any off-diagonal terms couple rigid- and 

flexible-body generalized accelerations. The resultant highly coupled equations of motion 

should be solved simultaneously, which is computationally inefficient. Equation (2.44) 

show the off-diagonal coupling terms in conventional nodal-coordinate formulations. 

Since the mode superposition and static correction methods can be successfully used as a 

generalized coordinate reduction scheme in classical structural problems with fixed 

boundary conditions, researchers employed the methods to rigid-flexible multibody 

systems which are inherently moving boundary condition problems. However, 

conventional modal-coordinate formulations (refer to Equations 3.46 and 3.58) for rigid-

flexible multibody systems show that modal equations are coupled to the other equations 

through the off-diagonal terms. This not only means that the equations of motions should 

be solved simultaneously but also implies that there can be substantial error in the computed 

responses of the system if unjustified modal truncation is performed. 

In order to solve the coupling problem involved in kinematic constraints based on the 

Lagrange multiplier method, the node annexation method (NAM) is presented in this 

Chapter as a new method for treating joints between rigid body and flexible bodies [2.6]. 

The node annexation is a process to transfer or armex the inertia and forces of connected 
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nodes of a flexible body to the connected rigid body as schematically illustrated in Figure 

4.1, which results in a new flexible body and a new cormected rigid body. The new 

flexible body can be called the "reduced flexible body" or the "free-node-only flexible 

body" because it contains only the free nodes which are not connected to any rigid body. 

The new connected rigid body can be defined as the "combined rigid body" because it is the 

connected rigid body with the connected node(s) annexed to it. Both the reduced flexible 

body and the combined rigid body experience the shift in their center of gravity because of 

die mass of the annexed nodes. 

Since a connected node is a part of the combined rigid body, its kinematics (position, 

velocity and acceleration) are determined based on the kinematics of the combined rigid 

body. Therefore, the only relationship between a reduced flexible body and a combined 

rigid body is the structural force between the two. Since the structural force appears only 

in the right hand side vector of the overall equations of motion, there is no coupling term in 

the system matrix. This implies that the overall equations of motion can be divided into 

several individual sub-system equations for the reduced flexible body and for each rigid 

body subsystem. The individual sub-system equations can be solved either in series or in 

parallel. 

rigid bodies 

flexible body 

@ : rigid-body joint 

• : free node 

O : annexed node 

— : strucrurai force 

Figure 4.1 Concept of node annexation 
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4.1.2 Mathematical representation of NAM 

A mathematical representation of the NAM can be obtained by a series of coordinate 

transformations of the conventional formulation based on kinematic constraint. Consider a 

rigid-flexible multibody system composed of one rigid body and one flexible body 

connected to each other by a spherical joint as shown in Figure 2.3 and as represented by 

Equation (2.39). Using Equations (2.32c) and (2.33c), a velocity transformation formula 

can be constructed as: 

r, I 0 0 0 0 0 

CO, 0 I 0 0 0 0 

r 0 0 I 0 0 0 

CO 
= 0 0 0 I 0 0 

5' I -sT -I 0 0 

5' 0 0 0 0 I 0 

-k 0 0 0 0 0 I 

r 

CO 

5^ 

-K 

= Tq (4.1) 

Note that since the transformation matrix, T, implicitly includes the kinematic information 

of the connected node, the output velocity vector, q, does not contain the coimected nodal 

velocity. 5*^^. Therefore, the transformation of Equation (4.1) can be called the implicit 

inclusion of cormected-node kinematics. The time derivative of Equation (4.1) yields an 

acceleration transformation formula as: 
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r, ' I 0 0 0 0 0 

ci), 0 I 0 0 0 0 

r 0 0 I 0 
r 
0 0 

Q) = 0 0 0 I 0 0 

5' I -sT -I b^ 0 0 

5' 0 0 0 0 I 0 

-A 0 0 0 0 0 I 

r, 

r 

CO 

5^ 

-X 

nTq + tq 

(4.2) 

Substituting Equation (4.2) into Equation (2.39) and premuitiplying the resultant 

equation by the transpose of the matrix T yield: 

mi + M'' - rM^s^ 0 0 0 o' 

0 0 0 0 

0 0 mn i^M'  0 r 

0 0 1 C
P

i 
0 ci) 

0 0 M ' i  -M^b^ 0 5' 

0 0 0 0 0 0  -k 

-M'co,co,s:] 

+ f<^y ) _ .(J. + s;^M,s7)co, 

_M^co(b^ +6' j] 

+f"' -M^c5(b^ +5')] 

f"' -M^co(b' +5^) 
_ 

(4.3) 

where is the sunmiation of all free-node masses. Note that the last row of Equation 

(4.3), which corresponds to the acceleration constraint equation, is a null equation with 

zero coefficients and zero right-hand-side. This is the result of the implicit inclusion of 

connected-node kinematics by the transformation formula of Equation (4.2). Since the last 
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row of Equation (4.3) is redundant, it can be deleted from the equation without any loss of 

generality yielding: 

'm,l + -riyi's:' 0 0 0 "r," 

J, + 0 0 0 

0 0 m'l iw r 

0 0 -b ci) 

0 0 M^i M^' _ 5 ' _  

g, + i''[f + f'"' - M'co,co,s;"] 

n, - ) - c5,(J, + sT'm,s7)co, 

^ f r s j '  _ lVI^co(b^ + 5^ jj 

+f'"' -M^co(b' +5^)] 

+ r " '  - M ^ c o ( b ^  +  6 ' )  

(4.4) 

The first two rows of Equation (4.4) show that the inenia and the forces of connected node 

is annexed to the rigid body forming the "combined rigid body". The last three rows of 

Equation (4.4) correspond to the "reduced flexible body" which contains only free nodes. 

The system matrix of Equation (4.4) shows that the sub-matrix for the combined rigid body 

is full because the center of gravity (CG) is no longer at the origin of the local frame. 

The origin of the rigid-body local frame can be shifted to the new CG of the 

combined rigid body by introducing a coordinate transformation as follows. Figure 4.2 

depicts a kinematic relationship between the original frame and the new frame at the CG of 

the combined rigid body. In Figure 4.3, vector denotes the absolute location of the new 

CG, p denotes the location of original local frame with respect to the CG, and denotes 

the location of the annexed node with respect to the CG. The kinematic relationship 

between the original and new location of rigid-body local frame can be expressed as [2.6]: 
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r, =rc;+P (4.5) 

combined rigid body 
reduced flexible body 

absolute frame 

(Legend) 

o : annexed node 
• : free node 

—: structural force 

Figure 4.2 Relationship of original- and new-local frame 

Since the rotational motion of the combined rigid body is the same as the rigid body before 

the node annexation, it angular velocity and acceleration vectors can be defined as: 

co£j=ct), and 0)^=0). (4.6) 

The first and second time derivatives of Equation (4.5) yield: 

and 

= ^c-p(^o 

= r^--pcag+C0cC0cP 

(4.7) 

(4.8) 



86 

The local coordinate of the annexed node, can be expressed in terms of vectors and 

p as: 

s:=sc-p (4.9) 

In order for to be die CG of the combined rigid body, vectors and p as: 

rM.p + rMTc=0 (4.10) 

Using Equations (4.6) and (4.7), a velocity transformation formula for the shift of 

the local frame to the new CG can be constructed as: 

r ,  I  -p 0  0  0  Tc 

0  I  0  0  0  

r = 0 " o  '  
—  —  —  ~  —  
I  0  0  r 

CO 0  0  0  I  0  0) 

6' 0  0  0  0  I  5' 

(4.11) 

Using Equation (4.8), the first time derivative of Equation (4.1) yields: 

"r," "I -p 0 0 o '  CO^COcP 

0 I 0 0 0 COG 0 

r = o"o' T o  
r — 

0 r + 0 

CO 0 0 0 I 0 6) 0 

.5^ 0 0 0 0 I 8^ 0 

Substituting Equation (4.12) into Equation (4.4) and premultiplying the resultant 

equation by the transpose of matrix yield: 
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[m. + /n')l -rM,.p-rM% 0 0 0 "^0 

J,+p^M,p + s-'cWc 0 0 0 

0 0 m^l -i^M^b' r 

0 0 -b'^M' ci) 

0 0 Wl -M^b' M' 8' 

g , - M . c o c c o c p - M ^ c o c c o c s ' c ]  

n, - P^g, - ) - Mc(j, + 

+5/jj 

+{'"' -M^co(b^ +5^)] 

ffe,' -M^co(b^+5^) 

(4.13) 

Using the CG condition of Equation (4.10), the two off-diagonal terms in ±e combined-

rigid-body sub-matrix of Equation (4.13) can be reduced to zeros as: 

and 

- rM ,.p - rM% = -(rM. p +vm%)=O 

-pXI - Sc^M^I = -{rM,p + rM's'c)^ = 0 

(4.14) 

(4.15) 

Using Equation (4.20), the term -lVl,c0g0i(;p-M''cacCi^cSG in the right-hand side of the 

first row of Equation (4.13) can be simplified as: 

-M.cocCOcP - M'cogcocs^ = M.-co^pcOc + M"COgS>G 

= CO(jFlVI,.pCO(j +COCFM''SCCOC 

= cOc(l'"M,.p + l'"M%)cOc 

= 0 

(4.16) 
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The inenia. force and moment of the combined rigid body can be redefined with respect to 

its CG as: 

and 

Jc = J, + P''M,P + s'c^M'-s^c 

8G ~ 8i 

«« = n, - P^g, 

(4.17) 

(4.18) 

(4.19) 

(4.20) 

Substituting Equations (4.14) through (4.20) into Equation (4.13) yields the mathematical 

representation of the node armexation method for the simple rigid-flexible multibody 

system as: 

'^0 0  0  0  0  "re" 
0  Jc 0  0  0  co (j 

0  0  m^l -iWb^' r  

0  0  -b'^M'i r ci) 

0  0  M'i -M^b^ M^' 6-' 

lT^u>' _M^c5(b^+5^)] 

-M^c5(b^ +5^)] 

f<^>'  + f<^y  - lVI^co(b^+5^)  

(4.21) 

The first two rows of Equation (4.21), which corresponds to the combined-rigid-body sub

system, are almost identical in their structure to Equation (2.1) except the additional force 

term, ), and moment term, ), by external and structural 
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forces acting at the annexed nodal point. Therefore, the node annexation process for a 

connected rigid body can be described as the inclusion of the connected-node inertia by 

shifting the local frame to the CG of the combined rigid body and the augmentation of the 

connected-nodal forces to the rigid-body force vector. On the other hand, the node 

annexation process reduces a flexible body to contain free nodes only as shown in the last 

three rows of Equation (4.21). 

Equation (4.21) does not have any off-diagonal coupling terms between rigid- and 

flexible-body generalized accelerations, which implies that the spherical joint is implicitly 

included in Equation (4.21) by the node armexation rather than explicitly included as a 

kinematic constraint equation as in Equation (3.39). This also means that the combined 

rigid body and the reduced flexible body are uncoupled from each other, allowing the 

individual computation of the two sub-system equations as: 

(4.22) 

and 

(4.23) 

Equation (4.22) is the uncoupled sub-system equation for the combined rigid body, and 

Equation (4.23) is for the reduced flexible body. Equations (4.22) and (4.23) can be 

solved either in series or in parallel, providing computational advantage. Since the system 
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matrix of Equation (4.23) is singular as was mentioned in Section 2.2.2, a proper local 

coordinate frame should be defined for the reduced flexible body to solve the equation. 

4,1.3 Advantages of NAM 

Major disadvantages of rigid-flexible multibody formulations based on the Lagrange 

multiplier method are the coupling problem between sub-system equations and the 

constraint violation problem. Figure 4.3 presents a schematic of the connection of a rigid 

body to a flexible body using a conventional kinematic constraint. If the rigid body moves 

by some external force, there arises appropriate amount of kinematic reaction force between 

the rigid body and the constrained node, which forces the constrained node to follow the 

rigid body. Then, the motion of the constrained node induce a structural force in the 

flexible body, which finally cause the flexible body to follow the rigid body. This implies 

that the effect of the connection is indirectly realized through the generation of kinematic 

reaction forces. Therefore, the accumulation of numerical errors for constraint reaction 

forces may result in constraint violations. In addition, the mode truncation causes the 

elimimation of some terms associated with the constraint reaction forces, which leads to 

computing smaller reaction forces and thus smaller amplimde in response. 

constraint violation 

rigid body flexible body 

kinematic reaction force 

Figure 4.3 Cormection by kinematic constraint 
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In addition to the advantage of uncoupling between rigid- and flexible-body sub

systems, the node annexation method eliminates any connection violation at connected 

nodes. Figure 4.4 presents the connection of a rigid body to a flexible body by the node 

armexation method. Since the annexed node is a part of the combined rigid body, the 

kinematics of the annexed node can be directly determined based on the kinematics of the 

combined rigid body without any connection error. Therefore, the connection between the 

rigid body and the flexible body is directly realized through the development of structural 

forces between the annexed nodes and the adjacent free nodes. 

An annexed node corresponds to a spherical joint. However, any kind of joint can be 

modeled by a combination of more than one annexed nodes. For example, a revolute joint 

can be modeled by using two armexed nodes as shown in Figure 4.5. Figure 4.6 presents 

a universal joint. In Figure 4.6, if the spider is a rigid body, the coimection between the 

spider and the flexible body can be reduced to a revolute joint as shown in Figure 4.5. If 

the spider is a flexible body, the cormection can be treated as the node annexation between 

the two flexible bodies while the cormection between the spider and the rigid body as a 

revolute joint as shown in Figure 4,5. 

(^nmhinpH rimVl hr>Hv 
reduced flexible body 

(Legend) 

o : annexed node 
• ; free node 

—: structural force 

structural cormection forces 

Figure 4.4 Connection by node annexation 
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flexible body 

Figure 4.5 Revolute joint using annexed nodes 

flexible body 

shaft (rigid body) spider 

Figure 4.6 Universal joint using annexed nodes 

4.2 Nodal Coordinate Formulation Based on NAM 

This Section presents the nodal coordinate formulation for a rigid-flexible multibody 

system based on the node annexation method, in which the flexible body is a finite element 

model with three degrees of fi^eedom per node. Equation (4.21) can be extended to general 

rigid-flexible multibody systems as shown in Figure 2.4 by replacing the sub-system 

equation for one rigid body with that for general rigid multibody system as below. 
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Performing the node amiexation process to Equation (2.19) by including the inenia 

and the forces of connected nodes to connected rigid bodies yields: 

where 

C 0 

= IVI^ ^ JVIc 

r  0 "  

1 

1 
-
 

, 
j Y* - D * B 0  

(4.24) 

(4.25) 

Matrix M""'' is the combined mass matrix in which sub-matrices for connected rigid bodies 

contain annexed nodal masses. We define combined generalized mass and force as: 

Ajcmh _ 

and 

f"' = B''(g + + f'"') -

(4.26) 

(4.27) 

Using Equations (4.26) and (4.27), Equation (4.24) can be expressed in a compact form 

as: 

'M""" '  0  '  

1 <
 

1 

c *  0  
• y - D * B 0  

(4.28) 

Replacing the first two rows of Equation (4.23) with Equation (4.28) yields: 
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c*' 0 0 0 ' 0 ' 

c* 0 0 0 0 -K 

0 0 mn iw r 

0 0 co 

0 0 M^i -m'b^ M' . 5' . 
j^mb 

f_-D[Be 

-M-'co(b-' +5'jj 

+f'"' -M-'co(b^ +5-^)] 

f"'' +f'>' -M^co(b' +5' ) 

(4.29) 

We apply the mean axis condition (refer to Section 2.2.2) to the reduced flexible body 

which contains free nodes only. The mean axis conditions of Equations (2.29a), (2.29c) 

and (2.29e) can be modified to include only free nodes as: 

2]m,b, = = 0 
/ = I 
n. 

= 0 
( = 1 
n. 

2;m,b,6, =b^^M^5^=0 

(4.30) 

(4.31) 

(4.32) 
; = 1 

Substituting Equations (4.30), (4.31) and (4.32) into Equation (4.29) yields the 

foraiulation for rigid-flexible multibody systems based on the node annexation method as: 
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'M'"" c "  0  0  0  ' 0 ' 

c 0  0  0  0  -K 

0  0  m^l 0  0  r 

0  0  0  y 0  CO 

0  0  M'i -M^b^ M^'_ 5^ 

j'onb 

I *.-?!?§ 
+f'"' -M'co(b^+5' j] 

+r^' -M'w(b' +5')] 

f<'>' -lVI^co(b' +5') 

(4.33) 

All flexible body elements of Equation (4.33) 

mean axis frame as: 

' Ajcnh C'^ 0 0 0 ' 0 

C* 0 0 0 0 -K 

0 0 m^l 0 0 "r 

0 0 0 0 'ci) 

0 0 MI -M''*b^" M^'_ '5-' 

can be changed to those with respect to the 

_ iv i^  m(V +"6^ )  

+r^'' -M^ w(V +'5^) 

r"' + f'"' -ivi^'(o(v +*5') 

(4.34) 

When compared to the conventional nodal-coordinate formulation based on the Lagrange 

multiplier method (refer to Equation 2.32b), Equation (4.34) has two advantages: one is 

the fact that it is smaller in size because constraint equations are eliminated, and another is 

its system matrix with fewer off-diagonal coupling terms, both of which makes the 

formulation of Equation (4.34) more efficient than the other conventional formulations. 

Since there is no coupling terms between the two sub-system matrices. Equation (4.34) can 

be uncoupled into two individual sub-system equations as: 

'M""' ' 0 ' 

1 I 

c 0 Y*-D*B0 
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and 

m ' l  0 0 " "r 

0 y  0 ' c o  = 

M I  -M''b^ 
L 

r u(V +'5^ )] 

'' -M^ ^(V +'5^)] (4.35b) 

Equations (4.35a) and (4.35b) are uncoupled sub-system equations for the combined rigid 

multibody system and the flexible body system respectively. Equations (4.35a) and 

(4.35b) can be solved either in series or in parallel for computational efficiency. 

Equation (4.35b) can be solved sequentially as: 

'm' l  0 

0  i '  

and 

M'V =T 

Note that Equation (4.36a) is first solved, and then its solution "r and 'cb are used in 

Equation (4.36b) to solve for '6^. Since matrix M-' is diagonal, each row of Equation 

(4.36b) can be solved individually. 

Noting that Equation (4.36a) has no coupling terms between the generalized 

accelerations, "r and 'cb , the equation can be further uncoupled into two individual sets of 

equations as: 

wj 

+r"' -M^ w(v  +*5^ ' ) ]  
(4.36a) 

+r"' -M^ 'co(V +V)-M^i r-M^V'cb (4.36b) 

m^ Vr = ©(V +'5^) (4.37a) 
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and 

w(V +'5^)] (4.37b) 

Since the matrix m^l is diagonal, each row of Equation (4.37a) can be solved 

independently. Equation (4.37b) is a set of three simultaneous equations. 

As is demonstrated by Equations (4.35) through (4.37), the node annexation method 

allows uncoupling of a large set of equations of motion into smaller sets of equations. The 

individual sub-system equations can be solved either in series or in parallel for 

computational effficiency. Another source of computational efficiency is the numerical 

integration of nodal velocities and accelerations for only the free nodes. 

4.3 Modal Coordinate Formulations Based on NAM 

This Section presents a modal coordinate formulation based on the node annexation 

method. The modal-coordinate formulation for rigid-flexible multibody systems can be 

obtained by a coordinate transformation of the nodal-coordinate formulation of Equation 

(4.34) from the physical-domain to the eigen-domain. 

The structural force vector, , expressed as a function of the total stiffness matrix, 

K, and the nodal displacement vector, '8, can be partitioned into free and connected 

degrees of freedom as: 
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•fru- ~ [K'' 

_ '-K^'5^ -K"^'5^ 

-K^"5' 

(4.38) 

The free nodal structural force, "f"' , can be divided into two components as: 

(4.39) 

where T'"' denotes the structural force between free nodes, which can be computed using 

the stiffness matrix for the reduced flexible body as: 

While the stiffness sub-matrix, K^, contains some contribution by cotmected nodes, the 

reduced stiffness matrix, K'. does not. Vector is the structural force from 

connected (annexed) nodes to adjacent free nodes, thus it can be considered a structural 

reaction force from the combined rigid body to the reduced flexible body. Using Equations 

(4.39) and (4.40), can be expressed as: 

For the reduced flexible body represented by the stiffness matrix, and the mass 

matrix, M^, an analytical modal analysis can be performed, providing the 3n^ x 3/7^ modal 

matrix, and the eigen-matrix, A^. Since the reduced stiffness matrix, K^, does not 

involve any boundary conditions, its modal data contain six rigid-body modes with zero 

r " '  =-K'"6 '  (4.40) 

(4.41) 
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eigen-values. Therefore, the modal- and eigen-matrices for the reduced flexible body can 

be partitioned as: 

and 

vp/ _ vpCe;' j 

A' = 0 

0 K"' 

(4.42a) 

(4.42b) 

where is a 3/7, x 6 matrix containing six rigid-body mode shapes, and T'""' is a 

3/2, X m, elastic modal matrix containing /n^ = 3/?^ - 6 unconstrained elastic mode shapes. 

Likewise. A""' is a 6x6 null matrix corresponding to rigid-body modes, and is a 

m, X m, diagonal matrix containing non-zero eigen-values for /n^ elastic modes. Matrix 

^ c a n  b e  f i i r t h e r  p a r t i t i o n e d  a s :  

4' -r' (4.43) 

where I is a 3/7, x 3 matrix representing three translational rigid-body mode-shapes, and 

"s^ is a 3/7^x3 matrix representing three rotational rigid-body mode-shapes. Since eigen

vectors are orthogonal to each other, the elastic modes are orthogonal to the rigid-body 

modes with respect to the mass matrix as: 

and 

= 0  (4.44a) 

(4.44b) 

(4.44c) 
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Using Equations (4.42a) and (4.43), a formula for the transformation of degrees of 

freedom from nodal to modal coordinates can be written as: 

V=[ i  -V ,(r) '  (4.45) 

where z'"' and are 3 x 1 modal coordinate vectors for translational and rotational 

modes respectively. Vector is an x I elastic modal coordinate vector. 

Considering the fact that each column of the modal matrix is an eigen vector with constant 

elements, the second time derivative of Equation (4.45) yields: 

•5 '=[ i  -T  
~(e ) '  

(4.46) 

Substituting Equation (4.46) into Equations (2.29c) and (2.29e) yields: 

and 

-'s^z'"' + z'"') = 0 

-i^ z<'>' + m'"' z""'^ = 0 

(4.47a) 

(4.47b) 

Note that i^M^i in Equation (4.47a) and in Equation (4.47b) are non-zero 

matrices. Also, based on the small deformation assumption of finite element method, it is 

assumed that =0. Therefore, vectors and z^''' must be 

zeros to satisfy Equations (4Ala) and (4.47b) as: 
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z"^' = 0 and zf"' = 0 (4.48) 

Therefore, Equation (4.46) can be rewritten as: 

•g/ _ (4.49) 

It is assumed that the elastic modal matrix is ortho-normalized with respect to the mass 

matrix, thus the modal-mass and the modal-stiffness matrices are defined and reduced as: 

(4.50) 

= m'"'' = hi"' (4.51) 

Substimting Equation (4.49) into Equation (4.34), pre-muitiplying the fifth row by 

the transpose of and using Equation (4.50) yield: 

C'^ 0 0 0 ' 0 

c 0 0 0 0 -r 

0 0 mn 0 0 r 

0 0 0 0 'ci) 

0 0 I 
j'cmb 

+v]|' 

+'5^) 

(4.52) 
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Equations (4.44b) and (4.44c) state that the two off-diagonal terms in the last row of 

Equation (4.52) are equal to zeros. Using Equations (4.41) and (4.51). the right-hand-side 

of the last row of Equation (4.52) can be rewritten as: 

_ vj/fcjy 

= 1' 

(4.53) 

where f is the modal force vector for the reduced flexible body defined as: 

r"' +r"''' -M^'(o(v +v)] f — 
. r 

(4.54) 

Note that this modal force vector contains the term, 'V"" , which is a contribution from the 

connected (annexed) nodes. 

Substituting Equation (4.53) into Equation (4.52) yields the modal coordinate 

formulation of rigid-flexible multibody system based on the node annexation method as: 

1 

>
 

C'^ 0 0 o' e 
c* 0 0 0 0 -// 

0 0 mn 0 0 r 

0 0 0 0 'cb 

0 0 0 0 I 

Y * - p * B 0  

+r^^ '  -M^ q(V+V)]  

V -M" z'"' 

(4.55) 



103 

The system matrix of Equation (4.55) shows that there is no off-diagonal coupling term 

between the rigid-body and flexible-body sub-systems and between the flexible-body 

generalized accelerations. Therefore, Equation (4.55) can be uncoupled into multiple sub

system equations as: 

and 

c" " 0 " 

1 1 

c* 0  
• y* - D * B 0  

m'rr=l '  

_M^ w(V+*5^)]  

Iz '"  ={^ -  z"" 

(4.56a) 

(4.56b) 

(4.56c) 

(4.56d) 

Note that the sub-system matrices of Equations (4.56b) and (4.56d) are diagonal, and their 

right-hand-sides are column vectors. Hence, the rows of Equations (4.56b) and (4.56d) 

can be considered a series of independent equations which can be solved individually. 

Therefore, in Equation (4.56d) modal coordinate equations corresponding to higher modes 

can be eliminated without any loss of generality. Then, the truncated version of Equation 

(4.56d) can be written as: 

ri""' =F - z'"' (4 57) ^' ' irc *frc ^ trc^irc yr.u f 

where the truncated modal-displacement vector, z','f , and the truncated modal-acceleration 

vector, zl'f , contain significant modes only. The truncated modal stifftiess matrix, , 

and the tnmcated modal force vector, are defined as: 
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r"'' -M^ w(v+ '5^  ) ]  (4.59) 

(4.58) 

In this Section, the modal-coordinate formulation using free-free modal data is 

developed based on the node annexation method as represented by Equation (4.55) in a 

full-matrix form and also by Equations (4.56a) through (4.56d) in an uncoupled-sub-

matrices form. While conventional modal-coordinate formulations (refer to Equation 3.46) 

based on the Lagrange multiplier method yield coupled modal equations, the developed 

formulation not only provides uncoupling between rigid- and flexible-body sub-systems 

but also yields uncoupled modal equations. The next Chapter will present numerical results 

of computer simulations using the formulations developed in this Chapter. 
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CHAPTER 5 

NUMERICAL RESULTS 

This Chapter presents numerical simulation results of the nodal- and modal-

coordinate rigid-flexible multibody formulations based on the node annexation method. 

Simulations are performed using a simple vehicle model with a flexible car body. This 

Chapter also provides a comparison between the node-annexation-based formulation and 

the conventional constraint-based formulation. 

5.1 Example Problem 

5.1.1 Vehicle model 

This Section presents a vehicle model with a flexible car body. Figure 5.1 shows the 

schematic of the rigid-flexible-multibody representation of the vehicle model. The model 

has swing-arm suspension systems with wheel/tire bodies attached at the end of the swing 

arms by revolute joints. The swing arms and the wheel/tires constitute total of eight rigid 

bodies in the system. Each suspension system is modeled as a rigid body sub-system 

based on the joint coordinate method, forming four rigid multibody sub-systems. 
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suspension 
spring-damper 

20 

swing arm 
(rigid body) 

wheel/tire 
(rigid body) 

car body 
(flexible body) 

revolute joint * Note; all dimensions are in meter 

Figure 5.1 Schematic of vehicle model 

The car body is a finite-element model with twenty nodal points. Each node has 

lumped mass and three translational degrees of freedom. The mass and stiffness matrices 

for the car body is extracted from the finite element method, which are used for an 

analytical modal analysis yielding free-free mode shapes and corresponding eigen-values. 

Figure 5.2 presents dominant free-free modal data. The nodes connected to a rigid body 

(swing arm) can be modeled either by the kinematic constraint method or by the node 

annexation method depending on which method is used for the construction of the overall 

equations of motion. The data for this model are provided in Appendix A. 
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• ̂ 1st vertical bending 4.64 Hz 

1st torsion 5.11Hz 

^ ̂  2nd vertical bending 5.69 Hz 

^ 1st lateral bending 8.75 Hz 

^ ̂  3rd vertical bending 12.29 Hz 

2nd torsion 12.90 Hz 

• ̂ 2nd lateral bending 17.71 Hz 

3rd torsion 22.96 Hz 

Figure 5.2 Modal data for dominant modes 

5.1.2 Simuiation cases 

Two simulation scenarios are employed to validate die nodal- and modal-coordinate 

formulations presented in Chapter 4: one is a free vibration test and another is a forced 

vibration test. The free vibration test is performed by subjecting the vehicle model under 

gravitational disturbance with the wheel centers restrained to be vertically stationary. As 

the vehicle system tries to go to its static equilibrium position, vertical vibration of bodies 

and the elastic bending vibration of the car body are induced. The forced vibration test is 

performed by applying a pre-defined motion to the wheel centers. The motions of the 

front-left and rear-right wheels are out of phase with those of the front-right and rear-left 

wheels in order to excite torsional modes. Two different kinds of wheel center motions are 
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employed for the forced vibration test: the sinusoidal motion and the single pulse motion. 

The sinusoidal motion has the peak magnitude of 0.02 m and the frequency of 4 Hz as 

shown in Figure 5.3. The purpose of the sinusoidal excitation is to observe the steady-

state response of the system. The single pulse excitation has the peak magnitude of 0.02 m 

and the duration time of 0.05 second as shown in Figure 5.4. In general, a pulse input 

excites wide range of modes. The purpose of the pulse excitation is to observe die transient 

response of the system. 

wheels 

0.275 1 1 ' 1 
0 0.2 0.4 0.6 0.8 1 

Time (seconds) 

Figure 5.3 Sinusoidal motion of wheel centers 
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fr & rl wheels 

0.28 
0.2 0.4 0.6 
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0.8 

Figure 5.4 Pulse motion of wheel centers 

5.2 Simulation Results and Discussion 

Based on the rigid-flexible multibody formulations based on the node annexation 

method (refer to Sections 4.2 and 4,3), a general-purpose rigid-flexible multibody dynamic 

analysis program MBOSS (Multi-BOdy System Simulation) [5.1] has been developed. 

Using the program, sample simulations are performed for the free and forced vibration of 

the vehicle model. In addition to the node annexation method, the conventional formulation 

based on the Lagrange multiplier method (refer to Equation 2.42b) is also employed for the 

comparison. All simulations are performed on a Sun SPARCstation 5 workstation. 
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5.2.1 Free vibration simulations with full modes 

Using a set of full elastic vibration modes, computer simulations for the vertical free 

vibrations of the vehicle model are performed. Figure 5.5 shows the absolute venical 

positions of several nodes along the length of the flexible car body. It is clear in the figure 

that the centrally located node 9 sags downward while the other outside nodes I and 17 are 

pushed upward due to the actions of suspension springs. This corresponds to a static 

bending of the car body. Since the suspension springs support the car body at its ends, its 

loading condition is similar to that of a simply supported beam. In addition to the overall 

static bending, Figure 5.5 also shows ripples which corresponds to the elastic bending 

vibration with 4.64 Hz frequency. This vertical bending vibration of the car body can be 

more clearly observed in the nodal displacements as shown in Figure 5.6. The venical 

bouncing of the vehicle induces sinusoidal fluctuations of the suspension spring/damper 

forces and of the inertia force of the car body, which excite the bending modes of the 

flexible car body. 

Figures 5.7 and 5.8 show the absolute nodal positions and the nodal displacements 

obtained from a simulation using the conventional method. Comparison of Figures 5.5 and 

5.7 shows that the node annexation method and the conventional method yield the same 

results when a set of full modes is employed. This is an obvious conclusion because no 

modal truncation implies no loss of information. The nodal displacements in Figure 5.8 is 

different from those in Figure 5.6. However, the difference is only the reflection of 

different locations of the reference coordinate systems. While the mean axis origin for the 

conventional method is located at the mass center of the total flexible body, that for the 

node annexation method is at the mass center of the reduced flexible body. 
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Figure 5.5 Vertical positions of nodes 
(node annexation method using fiili modes) 
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Figure 5.6 Nodal displacements in ^-direction 
(node annexation method using full modes) 
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5.2.2 Free vibration simulations with truncated modes 

Modal truncation is widely accepted as a method for reducing the number of 

generalized coordinates. However, in some formulations the modal truncation could affect 

the accuracy of their simulation results. This section compares the effect of modal 

truncation between the node annexation method and the conventional method. 

Using a set of ten dominant modes out of the total of fifty four elastic modes, 

computer simulations for the vertical free vibrations of the vehicle model are performed. 

Figures 5.9 and 5.10 present respectively the absolute nodal positions and the nodal 

displacements obtained from a simulation using the node annexation method. The nodal 

displacements have less high frequency terms but it retains the average magnitude as 

compared to those of full-mode case in Figure 5.6, This demonstrates the high-frequency-

filtering effect of modal truncation. When compared to Figures 5.5 and 5.6 for the full 

mode case, there are minor differences in the shape (time history) of the curves due to the 

elimination of high frequency modes. Also, the magnimde of the vibration is only slightly 

smaller than that of the full mode case. In Figure 5.10 the peak displacement of node 1 or 

17 is about 3% smaller than that of the full mode solution in Figure 5.6, and that of node 9 

is about 2% smaller. 

Figures 5.11 and 5.12 show the absolute nodal positions and the nodal displacements 

for the conventional method using ten dominant modes. The figures clearly show the 

negative effect of the modal tmncation not only in the magnitude but also in the shape of the 

vibration. In Figure 5.12 the peak displacement of node 1 or 17 is about 30% smaller than 

that of the full mode solution in Figure 5.8, and that of node 9 is about 8% smaller. This 

is because some constraint related terms in the equations of motion are deleted due to the 
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Figure 5.9 Vertical positions of nodes 
(node annexation method using ten modes) 
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(node annexation method using ten modes) 
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Figure 5.11 Vertical positions of nodes 
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modal truncation. In general, this kind of amplitude reduction gets severe as the number of 

truncated modes increases. 

Therefore, the above results demonstrate the advantage of the node annexation 

method over the conventional constraint-based method when relatively a large number of 

higher modes are truncated. While the mode truncation in the node annexation method 

deletes only the high frequency terms in its simulation results (this is called the high 

frequency filtering), the mode truncation in the conventional constraint method reduces the 

accuracy its simulation results both in magnimde and shape. 

5.2.3 Sinusoidal excitation simulations 

The modal displacements in Figure 5.13 shows that the vertical free vibration of the 

vehicle model excites vertical bending modes only. In the figure, the first mode which is 

the first vertical bending mode dominates the vibration, and the fifth mode which is the 

third vertical bending mode plays a secondary role. The second vertical bending mode (the 

third mode) is not active in this simulation because it is an asymmetrical mode. Note that 

both the first and the fifth modes are symmetrical modes. This section presents simulations 

that involve torsional modes excited by sinusoidal motion of wheel centers. All simulations 

are performed using a set of ten elastic vibration modes. 

Figure 5.14 shows the modal displacements of the vehicle model under sinusoidal 

excitation (refer to Figure 5.3). In addition to the bending modes (modes 1 and 5), the first 

torsional mode (mode 2) and the second torsional mode (mode 6) are excited in 4 Hz 

frequency due to the 4 Hz sinusoidal motion of wheel centers. The fourth torsional mode 

(mode 9) is also excited initially, but it rapidly dies away. The nodal displacements in 
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Figure 5.15 also show the torsional vibration of the flexible car-body in combination with 

the vertical bending vibration. Note that the two end nodes 1 and 17 undergo similar but 

different response, while they had the same vertical response in the case of venical free 

vibrations. Likewise, the two middle nodes 5 and 13 have slightly different responses. 

These results under the sinusoidal excitation show that the torsional steady-state vibration 

of the flexible car-body follows the excitation frequency. 

Figures 5.16 and 5.17 show the modal and nodal displacements obtained from the 

sinusoidal excitation simulations using the conventional method based on the Lagrange 

multiplier method. When compared to Figure 5.14 by the node annexation method, the 

conventional method (Figure 5.16) yields modal displacements in torsion about 60% 

smaller in magnitude. Comparison of Figures 5.15 and 5.17 also show that the 

conventional method yields about 25% smaller nodal displacements." 
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Figure 5.13 Modal displacements of dominant modes 
(node annexation method using vertical excitation and ten modes) 
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Figure 5.14 Modal displacements of dominant modes 
(node annexation method using sinusoidal excitation and ten modes) 
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Figure 5.15 Nodal displacements in ^-direction 
(node annexation method using sinusoidal excitation and ten modes) 
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Figure 5.16 Modal displacements of dominant modes 
(convention^ constraint method using sinusoidal excitation and ten modes) 
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Figure 5.17 Nodal displacements in ^-direction 
(conventional constraint method using sinusoidal excitation and ten modes) 
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5.2.4 Pulse excitation simulations 

The simulation results under the pulse excitation (refer to Figure 5.4) are shown in 

Figures 5.18 through 5.21. Figures 5.18 and 5.19 are results by the node annexation 

method, while Figures 5.20 and 5.21 are those by the conventional method. All 

simulations are performed using a set of ten elastic vibration modes. Figure 5.18 shows 

the modal displacements of some dominant modes. While the bending modes last longer 

time, the torsional modes are damped out rapidly after the pulse excitation. This is because 

the torsional modes are excited by the pulse excitation only, while the bending modes are 

excited by any fluctuation of the suspension spring-damper forces due to the continued 

vertical free vibration of the car body. The nodal displacements in Figure 5.19 also show 

the relatively short duration (about 0.6 second) of the torsional vibration. 

Figures 5.20 and 5.21 show the modal and nodal displacements obtained from the 

pulse excitation simulation using the conventional method. When compared to Figure 5.18 

by the node annexation method, the conventional method (Figure 5.20) yields torsional 

modal displacements which are not only smaller in magnitude but also shorter in duration 

time. Comparison of Figures 5.19 and 5.21 also show that the conventional method yields 

about 30% smaller nodal displacements. 
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(node annexation method using pulse excitation and ten modes) 

0.02 

0.015 

0.01 

0.005 

-0.005 

-0.01 

-0.015 

•0.02 

-0.025 
0 0.2 0.4 0.6 0.8 1 

Time (seconds) 

Figure 5.19 Nodal displacements in ^-direction 
(node annexation method using pulse excitation and ten modes) 
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Figure 5.20 Modal displacements of dominant modes 
(conventional constraint method using pulse excitation and ten modes) 
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Figure 5.21 Nodal displacements in ^-direction 
(conventional constraint method using pulse excitation and ten modes) 
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5.3 Discussion on Rotational Nodal Coordinates 

Formulations derived in this dissertation are for finite element models which have 

three translational degrees of freedom per node. However, some finite elements such as 

beam elements or shell elements have six degrees of freedom per node. Further research is 

required to extend the node annexation method to such finite element models with six 

degrees of freedom per node. In this section, the problems associated with applying the 

current node annexation formulation to a flexible body with beam elements are investigated 

in order to lay a foundation to future extension of the node annexation method. 

As an example problem, a slider-crank mechanism is chosen which consists of a 

rigid crank, a flexible connecting rod and a rigid sliding block as shown in Figure 5.22. 

The connecting rod is composed of two equal finite beam elements. Dimensions and 

material properties of the slider-crank mechanism are identical to those in [5.2]. The data 

for this slider-crank model are provided in Appendix B. 

sliding block 
crank 

connecting rod 

X 

y///////////y 

0.1524 m 0.3084 m 

Figure 5.22 Slider-crank mechanism 

(shown at its initial position) 
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Figure 5.22 is an exact photo copy of the simulation result in [5.2]. The curve in the 

figure is the dimensionless mid-point displacement (the displacement divided by the rod 

length) as a function of the crank angle. In order to apply the node annexation 

methodology to this slider-crank problem, the stiffness and mass matrices of the connecting 

rod is first obtained using a beam element of ABAQUS program [5.3], and then the 

matrices are Guyan reduced to eliminate any rotational degrees of freedom. In addition, 

off-diagonal terms in the mass matrix are neglected, and only the diagonal elements are 

used for the numerical simulation. As a result, the mass moment of inertia for the 

connecting rod is increased from the true value of 6.0237x10"* kg m' to 

9.0355 X I0~* kg m' as listed in Table 5.1. However, the mass of the connecting rod 

r e m a i n e d  c o n s t a n t  a s  7 . 6  x  1 0 ~ '  k g .  

0.18-1 Mean-axis 
Ref. 8 

0.09-

b 
-0.00 

-0.09-

•0.18 
3.20 0.00 1.60 3.20 4.80 

Crank angular position (rod.) 

6.40 

Figure 5.23 Dimensionless mid-point displacement 

(exact photo copy of Figure 4 in [5.2]) 
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Table 5.1 Mass and inertia properties of le connecting rod 

Items Mass 
( k g )  

Moment of inertia 

( k g - m - )  

Actual continuum body 7.6x10"' 6.0237x10"' 

Two dimensional FE model in [5.2] 7.6x10'- 5.88x10"' 

Three dimensional original FE model 

by ABAQUS program 

7.6x10"- 9.0393x10"* 

Guyan reduced FE model 7.6x10'- 9.0393x10"* 

Guyan reduced and mass lumped 

FE model 

7.6x10'- 9.0355x10"* 

(Note: "FE" implies finite element) 

Figure 5.24 shows the simulation result. Compared to the result in [5.2], the trend is 

similar, but the peak magnitudes are smaller: 15% smaller for the positive peak and 24% 

smaller for the negative peak. Figure 5.25 shows the simulation result after manually 

adjusting the distribution of the lumped nodal mass such that the moment of inertia of the 

connecting rod matches the original value. The result shows that the peak magnitudes are 

larger than those in [5.2] by 19 % for the positive peak and by 35% for the negative peak. 

The comparison of Figures 5.24 and 5.25 implies that the magnitude of the simulation 

result is very sensitive to the moment of inertia of the connecting rod. Note in Table 5.1 

that the moment of inertia of the model by AB AQUS program is about 50% larger than that 

of the model in [5.2] possibly because of using different kind of beam element. Also, note 

that the mass lumping caused virtually no change in the moment of inertia because the 

magnitudes of the off-diagonal terms in the mass matrix were relatively smaller than those 

of diagonal terms. Therefore, the sources for the differences between the result in this 

work and that in [5.2] could be rather the use of different kind of beam element than the 

effect of Guyan reduction or mass lumping. 
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The above results show the potential of applying the current node annexation 

formulation combined with Guyan reduction to a more general finite element model with 

six degrees of freedom per node. However, as was pointed out in the beginning of this 

section, the extension of the node annexation method itself to the case of six degrees of 

freedom per node would provide an accurate solution. 
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CHAPTER 6 

CONCLUSIONS 

The node annexation method has been developed as a method for treating joints 

between rigid and flexible bodies in a general rigid-flexible multibody system. The node 

annexation is p)erformed by transferring the inertia, kinematic and force effects of connected 

nodes of a flexible body to its connected rigid bodies so that there remains only the 

structural reaction forces between the combined rigid body and the reduced flexible body. 

Conventional methods using kinematic constraints based on die Lagrange multiplier method 

yield a set of coupled equations of motion which have to be solved simultaneously and 

have difficulties associated with modal truncation. In contrast to the kinematic constraint 

method, the node annexation method uncouples the equations of motion into smaller sub

system equations, allowing a serial or sequential computation. Both the nodal- and modal-

coordinate formulations based on the node annexation method have been developed. 

Sample simulations using a vehicle model with the flexible car-body show the reduction in 

computational effort without any negative effect due to modal trucation. From the work 

presented in the preceding Chapters, the following conclusions are obtained: 

• The node annexation method yields a set of equations of motion without any coupling 

terms between rigid- and flexible-body sub-systems. 
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• The serial and/or sequential computation of the uncoupled sub-system equations 

provide a reduction in computational effort. 

• The uncoupled namre of the node annexation method allows the truncation of higher 

modes in rigid-flexible multibody systems. 

• The mean axis provides both practical and numerical advantages over the node-fixed 

axis. The mean axis allows the use of free-free modes, while the node-fixed axis must 

be used with constrained modes which depends upon the selection of nodes for fixing 

the axis. 

The node annexation method has potential areas for further investigation. The most 

important area is the application of the node annexation methods to real-time vehicle 

simulations using parallel processors. An extension of the node annexation method to 

more complicated finite-element model is another area for future investigation. For 

example, the node annexation method can be applied to finite-element models which have 

distributed mass and six degrees-of-freedom per node. It is also recommended to develop 

composite joints involving more than one nodes. Finally, it would be very valuable to 

develop a node-annexation-based methodology which can provide good results using a few 

number of experimentally obtained modal data. 
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APPENDIX A 

VEHICLE MODEL DATA 

This appendix provides the necessary data for the simple vehicle model in Chapter 5. 

Table A. 1 lists the inertia properties defined relative to the body mass centers. In this table, 

the bodies 1, 3, 5 and 7 are rigid swing arms connected to the flexible car body, and the 

bodies 2. 4, 6 and 8 are rigid wheels. Table A.2 lists the initial global coordinates of the 

mass centers of the rigid bodies. Table A.3 lists the local coordinates for the kinematic 

connections between the rigid bodies. Table A.4 shows the local coordinates for the 

connection of the rigid bodies to the flexible car body. Table A.5 lists the attachment points 

of the suspension spring-damper elements. Table A.6 lists the mass and the local 

coordinates of the nodes for the flexible body. 

able A. 1 Inertia properties of vehicle model 

Body Mass Moment of inertia ( k g - m - )  

number (kg) Jtii h, 

1 10 1.0 1.0 l.O 

2 5 1.0 2.0 l.O 

3 10 1.0 1.0 l.O 

4 5 1.0 2.0 l.O 

5 10 1.0 1.0 l.O 

6 5 l.O 2.0 1.0 

7 10 l.O 1.0 1.0 

8 5 1.0 2.0 1.0 
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Table A.2 Initial global coordinates of bodies 

Body Global coordinates (m) 

number >Vo 

1 1.2 -0.2 0.3 

2 1.2 -0.6 0.3 

3 1.2 0.2 0.3 

4 1.2 0.6 0.3 

5 -1.2 -0.2 0.3 

6 -1.2 -0.6 0.3 

7 -1.2 0.2 0.3 

8 -1.2 0.6 0.3 

Table A.3 Kinematic joints between rigid bodies 

Joint 

number 

Joint 

type 

Body 

i 

Body 

j 

Local coord (m) 

1 Revolute 1 2 0.0 -0.4 0.0 0.0 0.0 0.0 

2 Revolute 3 4 0.0 0.4 0.0 0.0 0.0 0.0 

3 Revolute 5 6 0.0 -0.4 0.0 0.0 0.0 0.0 

4 Revolute 7 8 0.0 0.4 0.0 0.0 0.0 0.0 
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Table A.4 Connection between rigid and flexible bodies 

Joint Joint Rigid Node Local coord { m )  

number type i J Tiro Cr. r ' ^ ( 1 )  

1 Spherical 1 18 0.0 0.0 0.0 1.2 -0.2 -0.2 

2 Spherical 3 17 0.0 0.0 0.0 1.2 0.2 -0.2 

3 Spherical 5 2 0.0 0.0 0.0 -1.2 -0.2 -0.2 

4 Spherical 7 I 0.0 0.0 0.0 -1.2 0.2 -0.2 

5 Bushing 1 14 -0.6 0.0 0.0 0.6 -0.2 -0.2 

6 Bushing 3 13 -0.6 0.0 0.0 0.6 0.2 -0.2 

7 Bushing 5 6 0.6 0.0 0.0 -0.6 -0.2 -0.2 

8 Bushins 7 5 0.6 0.0 0.0 -0.6 0.2 -0.2 

able A.5 Suspension spring-damper element attachment points 

Element Body Node Local coord (/") 

number i j ^ ( 1 )  

1 5 3 0.0 -0.4 0.0 -1.2 -0.2 0.2 

2 7 4 0.0 0.4 0.0 -1.2 0.2 0.2 

3 1 19 0.0 -0.4 0.0 1.2 -0.2 0.2 

4 3 20 0.0 0.4 0.0 1.2 0.2 0.2 
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Table A.6 Mass and local coordinates of nodes 

Node 

number 

Mass 

(kg) 

Local coordinates 

T1 

(m) 

1 31.2 -1.2 0.2 -0.2 

2 31.2 -1.2 -0.2 -0.2 

3 31.2 -1.2 -0.2 0.2 

4 31.2 -1.2 0.2 0.2 

5 62.4 -0.6 0.2 -0.2 

6 62.4 -0.6 -0.2 -0.2 

7 62.4 -0.6 -0.2 0.2 

8 62.4 -0.6 0.2 0.2 

9 62.4 0.0 0.2 -0.2 

10 62.4 0.0 -0.2 -0.2 

11 62.4 0.0 -0.2 0.2 

12 62.4 0.0 0.2 0.2 

13 62.4 0.6 0.2 -0.2 

14 62.4 0.6 -0.2 -0.2 

15 62.4 0.6 -0.2 0.2 

16 31.2 0.6 0.2 0.2 

17 31.2 1.2 0.2 -0.2 

18 31.2 1.2 -0.2 -0.2 

19 31.2 1.2 -0.2 0.2 

20 31.2 1.2 0.2 0.2 
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APPENDIX B 

SLIDER-CRANK MODEL DATA 

This appendix provides the necessary data for the slider-crank model in Chapter 5. 

Table B.l lists the inertia properties defined relative to the body mass centers. The crank is 

rotated at a constant angular speed of 150 rad/s. In order to dynamically realize this, the 

moment of inertia of the crank is temporarily increased to a lot of amount so that it 

maintains its initial speed during the simulation time. Table B.2 lists the initial global 

coordinates of the mass centers of the bodies. Table B.3 lists the local coordinates for the 

kinematic connections between the rigid bodies. Table B.4 shows the local coordinates for 

the connection of the rigid bodies to the flexible connecting rod. The connecting rod is a 

circular steel bar with modulus of elasticity £'=1.96x10" N / nr and mass density 

=  7 . 8  X  1 0 ^  k g / m ^ .  T h e  r a d i u s  o f  t h e  b a r  i s  3 . 1 7 1 2 3  x  1 0 ' ^  m .  

able B. 1 Inertia properties of slider-crank model 

Body Mass Moment of inertia Length 

(kg) 1 2
 

(m) 

crank 0.038 7.35x10"^ 0.1524 

con-rod 0.076 6.0237 xlO"" 0.3084 

block 0.038 - -
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Table B.2 Initia global coordinates of bodies 

Body 

number 

Global coordinates {m) 

^ ( i )  y ( i )  

crank 

con-rod 

block 

0.0 0.0 0.0 

0.3066 0.0 0.0 

0.4572 0.0 0.0 

Table B.3 Kinematic joints between rigid bodies 

Joint Joint Body Body Local coord (m) 

number type i J Tiro 

1 Revolute 0 1 0.0 0.0 0.0 0.0 0.0 0.0 

2 Translat, 0 2 0.0 0.457 0.0 0.0 0.0 0.0 

Table B.4 Connection between rigid and flexible bodies 

Joint Joint Eligid Node Lxx:al coord (m) 

number type i i 

1 Spherical 1 I .1524 0.0 0.0 -.1542 0.0 0.0 

2 Spherical 2 3 0.0 0.0 0.0 .1542 0.0 0.0 
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