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ABSTRACT 

The purpose of this work is to study the initial value problem 

for coherent pulse propagation (SIT) for zero area pulses. We employ 

the machinery of the newly developed mathematical technique of the 

inverse scattering method (ISM) to deduce general rules by which one 

can predict the kind of output pulses for a given input pulse imping

ing on a resonant attenuator. This study is relevant since the area 

theorem cannot provide unambiguous information about zero area pulses. 

Thus in effect we introduce an equivalent and more general formulation 

to the area theorem in terms of the reflection coefficient, r(v), of 

the ISM. The poles of r(v) correspond to the steady state solitary 

pulses called solitons. 

We show that the threshold for soliton generation, including 

breathers, is for an absolute initial area, of about tt, a result 

consistent with the predictions of the area theorem. We solve an 

example of an input zero area profile. We also show that if the 

input pulse has an odd profile with respect to time, only breathers 

can be expected as solitons. 

We demonstrate that the conservation equations are of 

limited use when applied to zero area pulses. They give satisfactory 

results only in a limited region. We compare the predictions of the 

conservation equations to the predictions of the ISM, and come to the 

conclusion that for zero area pulses, the ISM is the only known 

satisfactory approach. 

vii 



CHAPTER 1 

INTRODUCTION 

The development of picosecond pulse lasers (De Maria, Stetser, 

and Glenn, 1967; Magyar, 1968) in recent times has inspired many 

researchers to probe new ground in physics, especially nonlinear 

effects and quantum mechanical coherent phenomena such as harmonic 

generation, self-focusing, saturation spectroscopy, nutation, photon 

echo and self-induced transparency (Allen and Eberly, 1975). The 

high intensity of such pulses renders the previous linear theories 

inadequate and the short duration of such pulses (10 12 sec) gives 

rise to coherent effects in which the rate equation approximation 

(Sargent, Scully, and Lamb, 1974) fails to predict many of the inter

esting phenomena of interaction of radiation with matter. The 

difficulty of the general and exact problem makes it necessary to 

resort to self-consistent approximate models which apply to certain 

subsets of the domain of the general problem of interaction of radia

tion with matter. This work is concerned with one subset where optical 

pulses, with durations much shorter than the relaxation effects, 

propagate in two-level resonant attenuators. This problem is widely 

referred to as Self-Induced Transparency (SIT). We are mainly con

cerned with a special class of pulses called "breathers" in which 

the electric field envelope has positive and negative lobes such that 

the total area under the electric field envelope is zero. 
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The discovery of self-induced transparency (SIT) (McCall and 

Hahn, 1965, 1967, 1969) has brought out a novel example of the poten

tiality of ultra-short pulses as a tool to probe physical systems 

and as a means of transporting energy efficiently. It also played an 

important role in some mathematical advances like that of the inverse 

scattering method (ISM) (Gardner, et al., 1967; Lamb, 1974; Ablowitz, 

et al., 1974b; Ablowitz, Kaup and Newell, 1974a). In SIT the leading 

edge of the pulse inverts the atomic population, while the trailing 

edge recovers the energy from the system through induced emission. 

This is an interaction which exploits a phase "memory" time that is 

long compared to the short time scale of the process. The process 

reshapes the pulse until a steady state is reached at which the pulse 

preserves its shape and energy and propagates at a much reduced 

velocity in the medium. 

The final (i.e. steady state) pulse has a definite shape and 

energy which is dictated by the initial (input) pulse. The steady 

state pulses of SIT have come to be known in the literature as 

solitons (Scott, Chu and McLaughlin, 1973; Bullough, 1978). These 

are entities which conserve their energy and shape and have some prop

erties in common with particles. In general, after the pulse enters 

the attenuating resonant medium, it undergoes absorption and reshaping 

whereby after few Beer's lengths in the medium, part of the pulse is 

lost to the medium and only the soliton emerges. The solitons for SIT 

can be divided into two classes (Lamb, 1971) . One class is the "2TT" 

pulse which has a total area, (integral of the field over time), of 2tt 
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The second class is the "breathers" which have a zero net area. A 

third element in the soliton "zoology" is given the unfortunate name 

"radiation", and describes the part of the input pulse that is 

absorbed. The practical question confronting the experimentalist is 

the nature of the relationship between the input and the output. The 

area theorem (McCall and Hahn, 1969) is an important aid in this 

respect, but it fails when it comes to the interesting class of 

breathers. 

The area theorem predicts that for an attenuator, if we start 

with a pulse of area greater than (2n+l)Tr, it evolves into a pulse 

of 2TT(II+1) total area. It has been shown both theoretically and 

experimentally that the pulse actually breaks up into (n+1) pulses each 

with 2tt area (McCall and Hahn, 1969). If the initial area is less 

than tt then the area theorem predicts that the area becomes zero. 

This prediction is ambiguous in the sense that it does not divulge 

whether the pulse is totally absorbed or whether SIT is sustained. 

Hence the area theorem is really not very informative when it comes 

to pulses of initial area less than IT. 

This work attempts to answer some questions regarding the 

propagation of zero area pulses in attenuators. By zero area we mean 

pulses with area e less than TT. For example, what is the threshold 

condition below which no SIT can be observed and what is the role of 

the initial pulse shape on SIT? Our interest in zero area pulses, 

breathers in particular, stems from the fact that they represent more 

interesting kind of pulses from a practical point of view. First, 
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they are less effected by level degeneracy in contrast to 2ir pulses. 

Secondly, they are less liable to lose energy to the attenuator. 

This is evident if we notice that the area 0 is actually the Fourier 

transform of the pulse at zero frequency. Hence at the absorption 

line center the pulse energy is zero and only the dispersive component 

plays a major role (Crisp, 1970). In other words, the pulse energy is 

distributed on the components which are relatively far from the 

absorption line center. This behavior is the reason why there is an 

anomalous absorption even in the linear regime where the pulse area 

is below threshold. This behavior has been shown theoretically (Crisp, 

1970) and experimentally (Grieneisen, et al., 1972a, 1972b). Thirdly, 

for the same amount of input energy, breathers can be made to carry a 

relatively larger amount of localized energy compared to corresponding 

2-rr pulses (Lamb, 1973a). Clearly this is an advantage in many practical 

applications. The abstract interest in these kind of pulses cannot be 

overestimated since lately there has been some interest in these kinds 

of pulses as a possible model for explaining some fundamental questions 

in elementary particle physics whose stability may be explained by 

nonlinear fundamental interactions (Rubenstein, 1970). 

The separating version of the OTT pulses is not particularly 

interesting from a practical point of view. When the two 2TT solitons 

of the separating OTT are formed, they propagate at different speeds 

and eventually become far apart in the attenuator. When the separation 

time becomes comparable to the dephasing time T2, they interact with 

the attenuator independently. Thus the separating OTT pulses are 
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subject to the same limitations with respect to level degeneracy as 

those of 2tt pulses (Hopf, et al., 1971; Nayfeh and Nay;feh, 1978). As 

we will show in later chapters, there are some specific conditions for 

the input pulse so that breathers and not separating OTT pulses are 

generated. Unfortunately, breathers have a particularly complex 

structure as indicated by Eq. (3.3) . Previously, one had to solve the 

complete Maxwell-Bloch equation by the computer (Hopf, et al., 1971; 

Hopf and Scully, 1969) to see how an initial pulse will evolve. This 

is not a simple task and is costly in terms of computer time. The idea 

of employing the conservation equations (Lamb, Scully and Hopf, 1972; 

Shnack and Lamb, 1973) which was used previously with considerable 

success for 2ir solitons, was entertained (Hopf and Shakir, 1979) and 

we found that they gave satisfactory results in a very limited region. 

As a result we came to the conclusion that the newly developed method 

of inverse scattering is the only reliable approach to SIT for zero 

area initial pulses. 

Along with their theoretical proposal for SIT, McCall and Hahn 

(1967, 1969) presented encouraging experimental results using a ruby 

crystal absorber. Later Patel and Slusher (1967) presented results 

for a gaseous absorber. They found delay times of about 0.2 psec in 

SFg and found the output pulse to be more symmetric than the input 

pulse produced by their C02 laser. However, there were some clouds 

hovering around these pioneering experiments since there were some 

challenging questions (Rhodes, Szoke, and Javan, 1968) which were not 

settled clearly by these experiments. For example, the question of 
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nonuniform intenstiy distribution of the pulse, level degeneracy and 

saturation effects due to the finite relaxation times of the medium were 

not completely settled. A clear cut and convincing experiment was con

ducted later by Slusher and Gibbs (1972) where they propagated coherent 

pulses in dilute Rb vapor, a nondegenerate absorber. They used a 

hollow cathode discharge tube with 202Hg II and they pulsed it at 160 

pulses/sec. Then a 5 to 10 nsec portion of the 1 usee pulse was chopped 

by means of a Pockel's cell and passed through a 07Rb cell of 1-10 mm 

long and at lO^-lO12 atom/cm3 density. They adopted the Zeeman split-

ing approach to fine tune the transition to coincide with the laser 

frequency. To vary the area, they used weak focusing of the optical 

beam to attain a wide range of areas exceeding 6tt. 

Not much experimental work on Oir pulses has been conducted to 

date. The experimental scheme of Grieneisen, et al. (1972a, 1972b) 

produced pulses of relatively low amplitude such that their pulse 

propagation data could be interpreted in terms of linear theories 

(Crisp, 1970), where anomalous absorption for zero area pulses was 

clearly demonstrated. They reported that about 65% of the initial 

pulse energy can be transmitted through a 25 e-folding lengths of a 

level degenerate absorption cell by using zero area pulses (Grieneisen, 

et al., 1972a, 1972b). 

In what follows, we briefly sketch our contribution in the bulk 

of this work. We show in Chapter 3 that the phase term of the electric 

field remains zero provided the initial phase is zero. This is 

basically not new information since it has been demonstrated by many 
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researchers (McCall and Hahn, 1965; Hopf and Scully, 1969; and Matulic, 

1970). However our derivation is more rigorous and applies for any 

point in the attenuator while the previous work centered around the 

steady state. Next we show that the threshold for soliton generation 

is that the initial absolute area must be greater than tt. This 

includes breathers, the case where the area theorem fails to predict 

any threshold. Upper bounds on the energy and modulation frequency of 

the breathers are derived and we end Chapter 3 with an example of a 

zero area initial pulse where the bound states are computed. This 

example can serve as a guide for more realistic profiles. In Chapter 4, 

we show that an antisymmetric initial profile leads to breathers only, 

and no 2n solitons can be expected. In Chapter 5, we evaluate the 

conservation laws for breathers and compare their predictions with the 

predictions of the inverse method. Chapter 6 is a discussion of the 

radiation component. Finally, we develop a new and efficient numerical 

method for solving the eigenvalue problem, in Appendix B. 

We finish by noting several recent papers which deal with 

breathers of the sine-Gordon equation, but which have no direct bear

ing on this work. The first derivation of the sine-Gordon equation in 

connection with coherent pulse propagation in a resonant inverted 

medium was done by Arecchi and Bonifacio (1965). The inverse method 

handles cases for which the sine-Gordon equation is invalid, but much 

of the progress in the field to date is based on solutions of the sine-

Gordon equation. Kaup (1975) discusses an example of a square initial 

profile which leads to breathers as well as to 2tt solitons. However, 
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his example cannot be related to a real experimental configuration 

since he describes the initial profile in terms of the spatial coordi

nates. In a later paper, Hmurcik and Kaup (1979) show that the 

inclusion of the phase term can lead to breather generation. Hopf, et 

al. (1971) studied the dynamics of the zero area pulses and their 

relation to the broadening mechanisms by numerical solution. Scott 

(1979) used a multisoliton perturbation theory to study the dynamics 

of the breathers of the sine-Gordon equation under the influence of 

variuos structural perturbations. Zakharov and Shabat (1972) have 

disucssed breathers in connection with the nonlinear SchrlJdinger 

equation, describing self-focusing. 



CHAPTER 2 

BASIC EQUATIONS OF EVOLUTION 

A model which describes the interaction of an electromagnetic 

field with a medium must relate the reaction of the medium to the 

local field in a self-consistent manner. For the propagation of 

optical pulses, a self-consistent model can be constructed by coupling 

Schroedinger's equation to Maxwell's equations within the framework of 

a consistent set of approximations. The equations arising from this 

model are commonly referred to as the Maxwell-Bloch equations, but 

these are merely a special case of the self-consistent coupling of the 

atomic density matrix with Maxwell's equations (semiclassical theory) 

described first by W. E. Lamb, Jr. (I960) for the case of the laser. 

In the model for SIT the atomic population relaxation times are con

sidered to be too long to influence the results. Since the derivation 

of this model is available in standard texts (Sargent, et al., 1974), 

it is presented here in outline form with a view to enumerating the 

key approximations. 

The evolution of an electric field Efr,t) due to presence of a 

macroscopic polarization ,P(r,t) is given by Maxwell's wave equation 

(in cgs units) as (Allen and Eberly, 1975) 

/v2 . J- . i jL\ Etr,t) = «I -il P(r,tJ , (2.1) 
\ c2 3t c2 8t2/ c2 at2 

9 
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where c is the phase velocity of the field in the medium and a is 

the ohmic conductivity which is introduced to simulate non-saturable 

losses in the medium. We take the electric field to be plane polarized 

in the x-direction and propagating in the z-direction, i.e., 

ECr.t) = i cCz,t)e1C"0t - k„z - + c-c_ i ( 2 . 2 )  

where wq and ko are the optical carrier frequency and wave vector 

respectively. e(z,t) and <}>(z,t) are the real envelope and phase 

factor of the field. The "plane wave" assumption of Eq. (2.2) is an 

idealization which strictly cannot be met in practice since it assumes 

an infinite beam size and hence neglects diffraction effects due to 

the spatial variation of the field across the beam profile. This 

assumption is valid if one assumes the beam size to be very much 

greater than the optical wavelength. We further invoke the slowly 

varying approximation for the envelope (Allen and Eberly, 1975) such 

that 

3e 
3z 
« k0 [£j 

9e 
at 
« CUQ I e I (2.3) 

and thus Eq. (2,1) reduces to a first order differential equation 

which considerably simplifies the problem. 

To complete the model we resort to SchrOdinger's equation to 

compute the induced microscopic polarization due tot the local electric 

field. In the interaction picture, the time evolution of a quantum 

system is governed by (Sargent, et.al., 1974) 



Si = ~ r I cj<n[v[j>e"lCtoj 
j 

i(oj. - u) )t 
J n (2.4) 

where cfl is the probability amplitude of the n'th state, hain is the 

energy of the state arid V is the component of the Hamiltonian which 

accounts for the interaction of the field with the system. Assuming 

we have a two-level system and adopting the dipole approximation 

(Sargent, et al., 1974), a valid approximation for optical frequencies, 

the interaction potential can be written as the product of the dipole 

moment operator and the electric field operator. If one can ignore 

the quantum correlations, such that the expectation value of the 

operator's product can be replaced by the product of the expectation 

values of each operator, then we can treat the electric field as an 

ordinary saclar function, simplifying the problem considerably (Allen 

and Eberly, 1975). This assumption amounts to the adoption of the 

semiclassical theory. A further simplification can be achieved by 

taking the frequency detuning of the field with respect to the reso

nance frequency, to be very much smaller compared to the resonance 

frequency (uij-u^). This enables us to factor out slowly varying 

quantities in a set of equations where there are no optical frequencies. 

This approximation is called the rotating wave approximation (RWA), 

(Allen and Eberly, 1975). If we adopt these approximations, Eq. 

(2.4) becomes 

(2.5a) 

u2 - ~ Au2 = - j F*uL (2.5b) 
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where A = Cwj - 012) - uq , and 

(2.6a) Ui = cje 

u2 = ic2e (2.6b) 

F(z,t) = | eCz.tJe1̂ 2'^ (2.6c) 

and is the dipole matrix element. We have rewritten the field F in 

represents a complex frequency term. Eqs. (2.5a) and (2.5b) represent 

the quantum description of the evolution of the two-level system, in 

the absence of relaxation effects, and as we will see later, Eqs. 

(2.5a) and (2.5b) represent (McLaughlin and Corones, 1974; Haus, 1979) 

the necessary eigenvalue problem for the application of the inverse 

method. To make contact with the macroscopic polarization, it is 

standard to introduce the density matrix formalism (Lamb, 1959), a 

convenient formalism which leads to the well known Bloch equations. 

Of course, one can use the alternative approach of defining the polar

ization in terms of the wave-function probability amplitudes, since 

both the density matrix approach and the wavefunction approach are 

equivalent in the limiting case where the relaxation times are 

neglected. One can write the Bloch equations in a complex form as 

terms of Rabi frequency (£~) and the phase term such that F 
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|r Q + 2i?Q = EW , (2.7a) 

- I (E*Q + EQ*) (2.7b) 

where t = ft(t-z/c) is the normalized retarded time, £ = A/fl is the 

normalized detuning; J22 = 2t\nQUiQjpz/hc is the inverse squared of the 

superradiant time and ng is the system density. Q is the complex 

polarization defined in terms of the in-phase component u and the 

in-quadrature (absorption) component v, such that 

and W is the population inversion density. We choose to use the 

scaled time variable t for convenience in numerical and analytical 

manipulations since the model will be independent of the particular 

medium used. We have ignored the relaxation effects since they are 

very slow for "ultra short" pulses and hence play no role in the 

model. By "ultra short", we mean pulse widths which are much shorter 

temporally than any of the relaxation periods. 

an approximation similar to the RWA, Eq. (2.1) becomes (Allen and 

Eberly, 1975; Lamb, 1973b) 

Q(z,t;£) = [v(z,t;A) + iu(z,t;A) ]ei(') f (2 .8 )  

With the help of the slowly varying envelope approximation, 

(2.9) 

(2 .10)  
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where z = zft/c and the brackets signify averaging over the 

detuning spectrum g(A) of the medium, e.g. 

<f(A)> = [ f(A)g(A)dA . C2.ll) 

Steady State Solution 

At steady state the Maxwell-Bloch equations take a form which 

admits solutions in terms of the elliptical integrals [Lamb, 1971). 

This can be realized by invoking the standard factorization method 

which was assumed by McCall and Hahn (1967, 1969) in deriving their 

area theorem. In this method, one assumes that the in-quadrature term 

v(z,t,A) is a product of a detuning independent term and a detuning 

dependent function f(A), i.e., 

This factorization derives its justification from the plausible 

assumption that at steady state the off-resonance dipoles will react 

to F in qualitatively the same way as the on-resonance dipoles but 

perhaps modified by a detuning dependent factor. We point out that 

this factorization is self-consistent only for the steady state. Eq. 

(2.12) along with Eq. (2.9), Eq, (2,10 and Eq. (2.7) leads to (Shakir, 

v(z,t;A) = v0(z,t;0)f(A) ( 2 . 1 2 )  

1979) 

F + yF + y F3 = 0 , (2.13a) 

where 

y = <A2f(A)>/<f> - <Af(A)>(2Ii(iioC2)/(c2kp2 - wq2) , (2.13b) 
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and we have set the phase term $ to zero. This assumption of zero 

phase term will be shown in Chapter 3 to be necessary for a consistent 

solution in the absence of frequency modulation effects such as the 

Kerr effect and if <|>(0,t) =0. Eq. (2.13a) is the homogeneous form 

of Duffing's equation which is related to the pendulum equation through 

the transformation (Davis, 1962) F -»• sin F. Eq. (2.13a) is known 

to have a solution expressable in terms of the Jacobi elliptical 

functions such as the cnoidal function (Davis, 1962) cn, i.e., 

F(z,t) = 2ecn(ey/m) , (2.14) 

where y = t - z/v, and v is the steady state group velocity, and e is 

a parameter which is closely related to the field energy and depends 

on the initial conditions, m is a measure of the nonlinearity and 

is given as 

m2 = 1 - y/e2 . (2.15) 

Equation (2.14) is generally oscillatory in nature. There are 

also limiting cases (Abramowitz and Stegun, 1964) where the solitary 

waves of SIT (self-induced transparency) are realized. When m 

approaches zero, the cnoidal function will approach the sinesoidal 

function. This is the limit where the problem is essentially linear 

since y becomes relatively large (i.e., it approaches e) compared to 

the F3 factor. This is the solution referred to in the literature 

(Ablowitz, et al, 1974a, 1974b) as the "radiation" which results from 

the free nutation of the state vector. When m -*• 1, the hyperbolic 
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secant solution which represents the 2tt soliton of SIT will result. 

When e is a complex quantity or when y is represneted by a sum of 

variables y., where j = 0,1 ... N, then by expanding the cnoidal 

function (Abramowitz and Stegun, 1964), the multi-soliton solution 

(Caudrey, et al., 1973) will result. The breather solution [Eq. 

(3.3)] was first obtained by Segar, Donth and Kochendoerfer, (1953) 

and rediscovered later by Perring and Skyrme (1962) by deduction, 
t  

probably from their numerical results, but was rigorously derived 

later by Lamb (1971). 

Effect of Level Degeneracy 

Rhodes, et al., (1968), in an early publication discussing the 

inhibiting influence of level degeneracy for large areas pointed out 

that zero-area pulses can propagate with low loss, irrespective of 

the degeneracy of the system. In a degenerate system, each state has 

a distinct dipole moment which makes it difficult to have a well 

defined area, except for the case when the area is zero. If we restrict 

ourselves to the simple scheme of spatial degeneracy in terms of the 

angular momentum quantum numbers jm, one can derive the area theorem 

for such a system (McCall and Hahn, 1969; Lamb, 1971) as 

= - (ct/2(2j + 1)) I Cm sin(Cm0) , (2.16) 
m 

where a is the linear absorption coefficient of the medium, (2Trg(0)n2); 

0(z) is the total area of the electric field envelope F(z,t) and 
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0(z) = Cp/h) e(z,t)dt , (2.17) 

where P here represents the greatest dipole matrix element 

different transitions. Cm is a parameter dependent on the kind of 

transition Aj, (Condon and Shortley (1957)), 

= i/j2 - m2/j , Aj = - l (i.e. P-branch) , (2.18a) 

Cm = m/j , Aj = 0, (Q-branch) , (2.18b) 

Cm = /(j +1)2 - m2/(j+i) , Aj = 1 (R-branch). (2.18c) 

For steady state solutions, the right hand side of Eq. (2.16) 

must vanish. It is evident from Eq. (2.16) that the case of zero area 

can result in a steady state solution irrespective of degeneracy. 

For the Q-branch transitions, because are integrally related, the 

area 9 = 2Tin is a steady state solution, just as the nondegenerate 

case. However for the P- and R-branches, the irrational ratios of 

various Cm will prevent a simultaneous vanishing of all terms in the 

right hand side of Eq. (2.16) except for cases where j = 0 or j. 

When j is very large, one can replace the summation in Eq. 

(2.16) by an integration (Lamb, 1971) in which case the area theorem 

becomes, for Aj = 0, 

11=^1(9) , (2.18b 
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and for Aj = ±1 

Ca/2ir)CH0(9) - Hi(0)/0) , (2.19b) 

where JiCQD is a spherical Bessel function and the Hn(0) are Struve 

functions, (Abramowitz and Stegun, 1964). Clearly Eq. (2.19a) and 

Eq. (2.19b) admit steady state solutions for values of 0 other than 

2Trn. This behavior has been domonstrated by the computer experiments 

of Gibbs, McCall and Salamo (1975). These authors argued that their 

results can be a possible explanation of the near ideal SIT observed 

by Zembrod and Gruhl (1971) in their experiments on SFg. Strictly 

speaking the pulse propagation is not lossless since the state vectors 

for different transitions are left in an excited state when the pulse 

leaves the medium. This can be demonstrated by using energy arguments. 

Denoting the total flux by S(z) where 

It is clear from Eq. (2.21) that while one can get a steady state 

solution for the area, the energy decreases with distance since not all 

the factors on the righ hand side can vanish simultaneously if the 

are a set of irrational numbers as in Eq's. (2.18a, 2.18c). 

( 2 . 2 0 )  

one can derive the energy equation (Allen and Eberly, 197S), 

3S n0hu) ̂  f r ^ 
jj- - - -j— l Cl - cosCCme)) ( 2 . 2 1 )  

m 



CHAPTER 3 

THE SIT AND THE INVERSE PROBLEM 

Unlike the linear domain, the domain of nonlinear differential 

equations has only a few general methods of solution. Recently the 

inverse scattering method (ISM) (Gardner, et al., 1967; Lamb, 1974; 

Ablowitz, et al., 1974a, 1974b) has been discovered, and since then it 

has been the focus of extensive research, since it provides a method of 

solving a number of nonlinear problems of practical interest. There 

is more than one way of formulating the ISM and we will adopt the 

formal approach of Ablowitz, et al. (1974b). Here we sketch the major 

features of the method as applied to the SIT problem and relegate the 

details to Appendix A. The philosophy of ISM is basically to associate 

a scattering problem of quantum mechanical character with the non

linear problem such that the field E (or F) acts as a potential in the 

scattering problem. A necessary condition for this scattering problem 

to fulfull, in order to use the ISM, is that it's eigenvalues should 

be independent of z. Hence once the eigenvalues are known for the 

initial potential (F(z=0,t)) then this spectrum will remain the same 

at any location z. Knowing the spatial dependence of the reflectance 

and other scattering data, one can reconstruct the potential (or field) 

at any location z. In the problem of SIT, we are mainly interested 

in the asymptotic evolution (in space) of the initial field profile. 

19 
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As such the ISM is particularly suitable since the ISM takes a 

relatively simple forms when z is large (Lamb, 1974). It is interest

ing to note the striking similarity of the ISM with the Fourier 

transform method (Ablowitz, et al., 1974b). For linear problems one 

applies the Fourier transform with respect to the temporal domain, 

for example, and one can reconstruct the solution at any point in 

space by a linear superposition of the components in Fourier space, 

provided we know how each component evolves in space. Actually it 

has been shown that the Fourier transform is the linear special case 

of the ISM (Ablowitz, et al., 1974b). 

Lamb (1974, 1973b) was the first to show how one may associate 

with SIT a standard equation of scattering, the Zakharov-Shabot equa

tion. His work played an important role in deriving the necessary 

scattering problem on physical grounds, therefore adding confidence 

in the generality of the method (McLaughlin and Corones, 1974) . As a 

matter of fact, one of the major problems still unsolved for ISM is a 

procedure for constructing such an equation for a given nonlinear 

problem of evolution. We will not follow Lamb's formalism, but instead 

we use the more direct and more physically transparent Eqs. (2.5a) 

and (2.5b). Once the prescription for constructing the field at large 

z from the eigenvalues is known, the problem reduces to finding the 

bound state eigenvalues for the initial field. Thus for the initial 

problem of SIT all that is needed is to find the eigenvalues for the 

initial pulse (z=0) (Hopf and Shakir, 1979). 
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The bound states characterize solitary solutions. The complex 

bounded eigenvalues represent solitons (Scott, et al, 1973; Bullough, 

1978) which are solitary waves which propagate in the medium with 

reduced speed but without change in shape or energy, and have some 

properties in common with particles. For example if two solitons 

collide, they emerge unchanged after the collision except for a phase 

shift which corresponds to a momentum change. 

Let us rewrite Eqs. (2.5a) and (2.5b) and treat them as the 

necessary scattering problem with eigenvalue v_, i.e., 

The eigenvalues of Eqs. (3.1a) and (3.1b) are in general 

complex,and for the case when F is real (4i(z,t)=0), they are sym

metrically located around the imaginary axis in the complex plane 

(Ablowitz, et al, 1974b). For the purely imaginary eigenvalue (Lamb, 

1974) vn = ian, we have 

and for doublet eigenvalues (Lamb, 1974) (symmetrical about the imag

inary axis) v = 6 + ia and v" = - 3 + ice we have the breather 
n n n  n  n n  

soliton 

+ ivVj = j FV2 , 

V2 - ivV2 = - j F*Vi . 

(3.1a) 

(3.1b) 

F(z,t) = 2an sech(P) (3.2) 

F(z,t) = 4an sech(P) 
cos(q) - (an/Bn) sin(q) tanh(P) 

, (5.3a) 
1 + (an/8n)2 sin2q sech2P 
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where P = a (t - z/c ) 
n e J  

(3.3b) 

q = gn(t - z / c s )  (3.3c) 

with cg and cg as speeds characteristic of the envelope and the fine 

structure inside the envelope (Lamb, 1973a). The real and the imagi

nary components, Bn and ct^, of the complex eigenvalue have lucid 

physical meaning. The imaginary component represents the energy of 

the soliton and it plays the same role as the angular freuqency in 

Planck's relation [See Eq. (C.15)]. As a matter of fact, it is also 

the reciprocal of the soliton's envelope width (Lamb, 1974). The 

real component represents the frequency of the fine structure inside 

the hyperbolic secant envelope (Lamb, 1974). It is also related to 

the frequency shift from the line-center in the frequency domain 

(Shakir, 1979). The scattering problem of Eqs. (3.1a) and (3.1b) 

applies for ISM even in the unbroadened limit where the problem of SIT 

is described by the sine-Gordon equation (Lamb, 1973a). The only 

effect introduced by broadening is to alter the soliton group velocity 

without affecting the energy of the soliton (Lamb, 1973a). This 

behavior seems to be closely related to the validity of the factoriza

tion method mentioned in Chapter 2. 

The Phase Term <{> 

In deriving their area theorem, McCall and Hahn (1965, 1967, 

1969) had to set the phase term 4>(z,t) to zero. The introduction of 

the phase term will invalidate the area theorem and render the 
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interpretation of the pulse area as the dipole tipping angle to be 

invalid (Allen and Eberly, 1975]. This is equivalent to saying that 

in our notation, F being the counterpart of Rabi frequency, is complex 

and as such cannot be interpreted as the angular frequency of the state 

vector in the geometrical model of the two level systems. This will 

cast a shadow of doubt as to the generality of the area theorem. 

However, we have shown (Shakir, 1979) that if the initial pulse does 

not contain phase modulation, i.e., <K0,t)=0, then within the slowly 

varying approximation, the phase term remains zero and hence shows the 

extent of the validity of the area theorem. To show this assertion, 

we proceed as follows. 

As pointed out previously, the special choice of the scattering 

Eqs. (3.1a) and (3.1b) was dictated by the requirement that the eigen

values should be space invariant such that the initial set of eigen

values remain the sarae for any z. Let the initial phase term ^(0,t) be 

zero. This implies that F(0,t) is real. Taking the complex conjugate 

of Eqs. (3.1a) and (3.1b), one sees that if v is a bound state, then 

so is (-v*), i.e. the eigenvalues are paired doublets \> and -v* with 

purely imaginary eigenvalue as a limiting case. If we now reverse the 

argument, we see that if the eigenvalues are paired doublets, then 

F(z,t) must be real, or equivalently $(z,t)=0. This means that if 

F(z,t) is real at any point, it remains real at any other location or, 

equivalently, if $(0,t) is zero it remains zero for all locations in 

the medium. A corollary of this result is that if $(0,t)^0, then it 

can never change sign since if it becomes zero at any point it stays 



24 

at this value as we have indicated above. We have shown this as a 

necessary result within the framework of the slowly varying envelope 

approximation and it is true for any point in time and space and not 

just at the steady state because Eqs. (3.1a) and (3.1b) apply for any 

t and z. If one allows for modulating effects such as the Kerr effect 

(Matulic and Eberly, 1972), the analysis will not apply any more. 

However, Hmurik and Kaup (1979) have shown that if the initial profile 

is symmetric, then even when the initial phase term is non-zero, the 

generated solitons will have no phase modulation term. 

This conclusion seems reasonable on the ground that because we 

adopted the slowly varying approximation, we excluded variations on the 

relatively fast carrier frequency. That the existence of the phase 

modulation could lead to inconsistent results can be demonstrated by 

assuming the self-consistent solution of hyperbolic secant envelope 

profile for the electric field and a hyperbolic tangent frequency sweep 

as demonstrated by Allen and Eberly (1975). This conclusion indicates 

that the assumption of McCall and Hahn of zero phase variation is 

correct within the context of the slowly varying approximation and is 

essential for the self-consistency of the model. This result is in 

agreement with experimental and numerical results (McCall and Hahn, 

1967 ; Hopf, et al., 1971) and in agreement with the conclusion 

arrived at by Matulic (1970). However, his work applies for steady 

state only since he assumes the factorization method in his analysis. 
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Threshold Conditions 

The interaction of radiation with the attenuator encompasses 

the phenomena of absorption and dispersion. The first phenomenon 

leads to the exchange of energy between the field and the system while 

the second phenomenon results in modifying the field distribution 

since different components of the field (Fourier components) will 

"see" the medium differently. In the linear regime, a pulse propagat

ing in an attenuator will experience both energy loss and pulse 

broadening due to dispersion. Only when nonlinearities are introduced 

can the shape-preserving steady-state pulse occur. The nonlinearlity 

will then balance the dispersion by adding another parameter to the 

process, namely the amplitude of the pulse (Witham, 1974). SIT is, 

hence, a phenomenon in which nonlinearities play a crucial role. Like 

most phenomena in nature, there is a region of amplitudes where the 

nonlinearities begin to play a role and this means that there is a 

threshold below which no SIT pulse can be expected. This is clearly 

predicted by the area theorem which sets a threshold in terms of the 

pulse area. According to the area theorem, a 2tt soliton can be gen

erated provided the initial pulse area is greater than IT. However, 

when the pulse envelope changes sign, the statement of the area theorem 

becomes ambiguous since it predicts the total area will go to zero 

without distinguishing between the two possibilities of vanishing 

energy or finite energy, i.e., it cannot predict soliton formation 

if the initial area is less than tt. In what follows we generalize 

the predictions of the area theorem to include zero area pulses and 



show that the threshold condition is dictated by the absolute area 

defined as 

|e(z)| = J |F(z,t)jdt , (3.4) 

and not the area (Shakir, 1979). This is to be expected since the 

absolute area is what gives a more general indication of the extent 

of the nonlinearities while the area does so only when the field does 

not change sign. Our approach is to link the formation of solitons 

to bound states and locate the threshold when bound states begin to 

disappear. 

We begin by transforming Eqs. (3.1a) and (3.1b) into an 

integral equation. By straightforward integration we get (Shakir, 

1979) 

Vi(t;v) = e -ivt 
t rt1 

F(t')e2lVtl F(t")Vi (tM;v)e~lvt 'dt,,dt1 ,(3.5a) 

Vi(t;v) -»• e~ v̂t as t •* -

Vi (t ;v"! -+ a(v) e 
-ivt as t -+• + », 

ivt 
\'2(t;v) b(v)e as t -*• + 00 > 

(3.5b) 

(3.5c) 

(3.5d) 

where a and b are the usual scattering coefficients relating two 

sets of linearly independent solutions (Ablowitz, et al, (1974b), 

{$,<()} and where 
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- 0  

[?] 

ivt 

ivt 

t -+• - °° 

t -*• + 00 

t -*• + 00 

t -> - => 

(3.6a) 

(3.6b) 

(3.6c) 

(3.6d) 

and they are given as a Wronskian relation such that 

a(v) = W($»40 

where 

b(\>) = - W(<(»,ip) 

W(p,ip) = - Ml • 

(3.7a) 

(3.7b) 

(3.7c) 

The coefficients a and b can be related to the more physical 

quantities of reflection coefficient R and transmission coefficient 

T of quantum mechanics (Ablowitz, et al., 1974b) as 

T(v) = 1/aCv) , 

R(v) = b(v)/a(v) 

(3.8a) 

(3.8b) 

Comparing Eqs. (3.5a) and (3.5c) we have 

a(v) = 1 " i f  F(t) e 
2ivt -ivt 

F(t')Vi (t')e dt 'dt . (3.9) 
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For bound states we require Vi(t) to vanish as t + +» and 

this means that a(v) should vanish for bound states. Hence the bound 

states can be found as the roots of the coefficient a(v). If we 

prove that a(\>) has no roots, then this is equivalent to showing that 

there are no solitons. This can be formulated in the following useful 

form (Ablowitz, et al., 1974b) 

|a(v) - 1|<X . (3.10) 

It is not difficult to show that Eq. (3.10) is equivalent to 

fCO 

[F(t)[dt |F(t)||Vi(t)|dt<4 . (3.11) 

^00 

Employing the mean value theorem (Spiegel, 1968), we get 

I®I < „ , (3.12) 
/|Vi(t0)| 

where tg is a parameter dependent on the initial profile. Since the 

wave function is assumed to be normalized (i.e., [Vjl2 + |V2|2 = 1) 

we have |9|<2. Hence no SIT is expected if |0| is less than 2, in 

agreement with previous numerical results (Hopf and Shakir, 1979). 

A better result can be achieved if we assume the wave function to be 

a plane wave, a reasonable assumption in the linear regime (below 

threshold), and if we use the box normalization (Schiff, 1968) 

procedure, Eq. (3.12) becomes 
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|e|<2(2i01 /M = 1.008* ,  (3.13) 

agreeing well with numerical results (Hopf and Shakir, 1979; Shakir, 

1979) and consistent with the predictions of the area theorem. Eq. 

(3.15) shows that it is the absolute area and not the area that sets 

the threshold for SIT and in effect, spells out the threshold where 

the nonlinearities may balance the linear dispersion and absorption of 

the attenuator. We point out that the condition set by Eq. (3.13) is 

necessary, but not sufficient since it does not guarantee soliton 

formation above the indicated threshold. We point out that Abolwitz, 

et al., (1974b) has derived a similar threshold value for the general 

scattering problem, which leads to |0|<1.81, when applied to SIT. 

Equation (3.11) can be used to find an upper limit (Shakir, 

1979) on the amplitude aR of the soliton. By using the mean value 

theorem, one gets 

•V7 I 0 I F°» (3.14) 

where FQ is the maximum of F(0,t) whith respect to t. However we will 

give a better estimate in Chapter 5 using the conservation of energy 

as defined by the conservation laws. 

An equivalent formulation for the scattering problem was first 

derived by Lamb (1973a) and there the scattering problem is similar 

to the Schrodinger equation with complex potential, with the imaginary 

component representing the absorption due to the attenuator. This 

equation has the following form 



#Ct;v) + (y2 + j F2(z,t) + i j F(z,t))ifj(t;v) = 0 . (3.15) 

Equation (3.15) is appropriate for deriving an upper limit 

for the real component of the eigenvalue. As pointed out previously, 

the real component represents the structure's frequency inside the 

envelope of the breather. By taking the complex conjugate of Eq. 

(3.15) and multiplying it by $ and subtracting from the original equa

tion multiplied by t/i*, we end up with 

4an0n = { I'f'C"t;v) |2dt . (3.16) 

Equation (3.16) suggests that if F(0,t) is an odd function of 

time, then Bn does not vanish since |iJj|2 and F(0,t) are even functions 

of time; henceforth only breathers result. This behavior was first 

observed from a variety of computer experiments (Hopf and Shakir, 1979) 

and was shown, later rigorously (Shakir, 1980). If we apply the mean 

value theorem to Eq. (3.16), we obtain 

i&nlan < T ' (3.17) 

where Fq is the maximum of F(0,t). 

The inequality Eq. (3.17) is consistent with numerical results 

(Hopf and Shakir, 1979) and explains the general behavior of the eigen

values in which the real component approaches zero as the imaginary 

component (energy) becomes large and as a result, leads to breather 

splitting into two relatively inverted 2TT solitons as required by the 
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area theorem (area remains zero). We also note that Bn depends on the 

derivative of the field, a dependence depicted by the conservation 

laws (Lamb, et al., 1972). Physically this dependence can be accounted 

for because this frequency, 6n» is a measure of the shift from the 

absorption line center in the frequency domain and this depends on the 

initial spectrum of the field which depends on the derivatives of the 

field (Shakir, 1979). This point can be seen clearly if we take the 

limit of Eq. (3.3) when (8/ct) -*• 00. Then Eq. (3.3a) becomes 

F(z,t) = 4a^ sech(p) cos(q). (3.18) 

Hence the profile is shifted by an amount Bn from the line center in 

the frequency domain. 

Before closing this section, we discuss the effect of the 

relaxation effects on the previous analysis. It is not difficult to 

show that the introduction of the relaxation terms will force the 

Bloch sphere, in which the Bloch vector is its radius, to reduce its 

radius with time. In other words, the Bloch vector will shrink in 

time at a rate proportional to the decay rates. This means that the 

conservation law or the motion invariants cannot be considered as 

constants of motion. In the language of the scattering theory this 

is equivalent to saying that the eigenvalues are no longer independent 

of z coordinates any more. Hence, one cannot expect to apply the 

inverse method for the general case where the relaxation effects are 

taken into account. This is clearly demonstrated in the fact that 

there is no general equation equivalent to the area theorem in the 



presence of relaxation effects (Nayfeh and Nayfeh, 1978). The 2mr 

pulses are no longer stable solutions since the area, along with the 

energy, will decay in time (Nayfeh and Nayfeh, 1978). 

A Solvable Model 

One model which yields to analytical solution is that of two 

relatively inverted square pulses of amplitudes Fj and F3 and pulse 

widths Aj and A3 respectively. The separation between the two pulses 

is A2 as shown in Fig. 1. 

This profile is representative of the kind of zero area pulses 

generated by the experiments of Grieneisen, et al. (1972a, 1972b) and 

should prove useful as a model for quantitative analysis since more 

realistic profiles do not allow for closed form analytical results in 

terms of elementary functions. • 

In Appendix B, we develop a relatively simple but powerful 

method for solving the scattering problem. The method uses a 

recursion relation for the reflection coefficient R, and for bound 

states, we require R -+• » or set it's reciprocal to zero. If we apply 

the recursion relation, we end up with the following equation for 

bound states (Shakir, 1979) 

a1Cv)a3(v)e"lvA2 + b^e1̂ 2 = 0 , (3.19a) 

where 
sin y. 

3^ (v) = cos 7^ - ivAj —^-—2- ; j = 1,2,3 , (3.19b) 

1 Sin Yj 
b.(v) = y F ——2. # (3.19c) 

J  ^  J  T i  
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Fig. 1. Initial zero area pulse profile. 
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Y4 = A, • 2 _ I F 2 > (3.19d) 
4 j 

with the eigenvalues being the roots of Eq. [3.19a). Equation (3.19d) 

puts power broadening in perspective and clearly indicates the origin 

of the nonlinearity. If F is small compared to the detuning, v, 

then the frequency response becomes independent on the field amplitude 

and hence the problem is a linear one. 

In general, Eq. (3.19a) admits complex roots corresponding to 

breathers. As observed from numerical results (Hopf and Shakir, 

1979); as the initial pulse energy is increased the real component of 

the eigenvalues approaches zero and eventually vanishes to produce two 

relatively inverted 2ir solitons _ This behavior never takes place for 

the special case of complete symmetry, i.e., when Ai = A3 and Fj = F3. 

In this case the real component approaches zero asymptotically and 

hence remains as a breather without ever breaking up. As it turns out 

this is a general property for any antisymmetric initial pulse (Shakir, 

1980) as we will prove in Chapter 4. The energy of the solitons 

generated vs. the initial absolute area is shown in Fig. 2. The energy 

of the soliton increases with increasing absolute area, showing the 

same general behavior shown in the work of Hopf and Shakir (1979). 

The threshold for A2 = 0 is about /2tt as shown in Fig. 2. As A2 

increases the point of breather transition into two 2TT solitons 

decreases (See Fig. 3) and the radiation energy increases because the 

atoms are left ringing in a state of free induction decay for a longer 

period A2, before the trailing pulse comes along. 
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Fig. 2. Dependence of soliton energy on initial area. 

The graph shows the dependence of the soliton's energy vs 
the initial total absolute area |0[. Curve (1) is for A2=0 
and Ai=A3. Curve (2) for A2=0 and £3=1.2Ai. Curve (3) for 
A2=100 and A3=1.2Ai. 
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Fig. 3. Dependence of eigenvalue on initial area. 

The graph shows the dependence of the real component of the 
eigenvalue vs the initial total absolute area |9|. Curve (1) 
is for AI=A3 and A2=0. Curve (2) is for AI=&3 and A2=1.0. 
Curve (3) is for Ai=A3 and A2=10. Curve (4) is for A3=1.2Ai 
and A2=0. 



37 

In the limit that A2 becomes very large one expects only 27 

solitons since the two square pulses will behave as if they are 

unrelated pulses. This can be clearly demonstrated by taking the limit 

of Eq, (5.19a) as A2 00 > which gives 

^cos Ajr - — sin A]^ ̂cos A3r - ~ sin A3r^ = 0 , (3.20) 

resulting in 

i\>! = r cot A^r , (3.21a) 

iv2 = r cot A3r . (3.21b) 

As can be shown, these equations admit only imaginary 

eigenvalues with r real and positive. Hence the roots are bounded as 

J* E° 2 "  ( n i  +  > a i >  J* E°2  n i ) 2 '  ( 3 - 2 2 a )  

Jl*2 -•£(**& >"*>Jho2 +n2)^, C3.22b) 

where n^ and n2 are integers. Equations (3.22a) and (3.22b) indicate 

that the thresholds for solitons generation are 

E0Ai = 2itQ- + nj) , (3.23a) 

E0A3 = 2tt0- + n2̂  , (3.23b) 

and the number of solitons generated are 

EqAI 1 

nl - TH 2 ' (3.24a) 
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E0a3 I 
n2 < — " j * (3.2 b) 

As Figure 3 shows, the asymmetry in the pulses plays a role 

similar to the retardation A2, where the breather breaks up into two 

2tt solitons at a lower absolute area as the asymmetry in the pulse 

widths are increased. The energy of the solitons also lowered as 

shown in Fig. 2. 

In conclusion, we have shown that the phase modulation term 

can be set to zero within the context of the slowly varying envelope 

approximation, and the ambiguity in the area theorem regarding initial 

zero area pulses has been rectified. From a physical point of view, 

the OTT pulses sustain lossless propagation because the Fourier com

ponent of the field at the absorption line center is zero. For a 

degenerate system, the width of the dip in the Fourier transform of 

the pulse in the neighborhood of the absorption line centers is the 

factor which determines the stability of the pulse with respect to 

energy. For a separating OTT pulse, the dip is not wide enough to 

escape the degenerate absorption line centers, while it is wide enough 

to sustain lossless propagation for breathers. This point of view 

follows from the inverse method, where the normalized detuning Am plays 

the role of the eigenvalues in the scattering problem. The real com

ponent of the eigenvalue represents the shift in the spectrum of the 

pulse from the line center which is finite for breathers and zero for 

separating OTT pulses. We have demonstrated that the initial absolute 
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area, and not the area, plays the role of the initial condition which 

governs soliton generation, and for a general initial pulse, there 

are no bound solitons if the absolute area is less than IT. 

Very recently Kaup and Scacca C1980) discussed a similar 

initial profile but of less generality since their two pulses were 

identical. They report similar results but they found that for 

large separation between the two pulses, several low energy breathers 

tend to show up close to the thresholds. These low energy breathers 

will disappear when the two pulses are very close relative to the 

pulse width. 



CHAPTER 4 

ROLE OF PULSE SYMMETRY . 

We have noticed from our numerical experiments (Hopf and Shakir, 

1979) that when the initial zero area pulse was antisymmetric, only 

breathers were generated as solitons and no pulse break up into two 2tt 

solitons was observed. This behavior was suggested by Eq. (3.15) and 

we were able to prove it (Shakir, 1980) as a general property of any 

antisymmetric initial profile provided the initial phase term is zero 

(F real). This is an important result since the zero area pulses of 

Grieneisen, et al. (1972a, 1972b), are basically of this type. 

To prove that odd profiles evolve into breathers only, we 

solve the scattering problem using a matrix method (Bronson, 1970) for 

solving differential equations as outlined in Appendix B. The solution 

can be written as 

V(t;v) = C(-<°,t;v)V(-»;v) , (4.1) 

where V is a coloumn vector with elements Vj and V2. C is the (2x2) 

fundamental matrix (Bronson, 1970) with (C)n being equivalent to a(v) 

as defined in Chapter 3. As mentioned earlier, the bound states are 

the roots of (C)n and the purely imaginary roots represent 2tr pulses 

while the complex roots indicate breathers. 

Assume that F(0,t) is real and an odd function with respect to 

time, with compact support such that for jt| < to, F(0,t) vanishes. 

40 
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If we divide the profile into 2n rectangles of equal width D, the 

transition matrix for the whole profile is simply the product of the 2n 

transition matrices of the subintervals (Bronson, 1970) and we take 

n 00 CD -+• 0) so that it approaches the exact transition matrix for the 

problem. As shown in Appendix B, the transition matrix for each sub-

interval has the elements 

(Cj)il = C0S(Aj) - iv sinCAj)/Bj , (4.2) 

(CJi2 = - (C.)2i 4f. sin(A )/B , (4.3) 
J "J ^ J J J 

(5j)22 = cos(Aj) + iv sin(A../B.. , (4.4a) 

where A. = B.D , (4.4b) 
J J 

and B. = v2 + F.2 . (4.4c) 
J 4 j 

Hence the total transition matrix is 

2n 
C = n C. ; n -*• 

00 . (4.S) 
= j=l ~J 

Since F(0,t) is an odd function of t, is the transpose of 

C2n or more generally 

Sk • sErt-i. C4-6) 
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where (tr) superscript signifies the transpose operation. Using the 

following identity (Bronson, 1970) for the transpose of a product of 

matrices 

(AB)tr = BtrAtr , (4.7) 

we can rewrite Eq. (4.5) as 

c - (c^-— cn)(cjr -— g2rgir), 

or 

C = Cjgjr. (4.8) 

Let us assume that v is purely imaginary, then the elements of 

are real and consequently the elements of Cj are also real. Hence 

Eq. (4.8) leads to 

(C)n = a(v) = (Cj) i! + (Cj) 12 • (4.9) 

Thus the factor a(v) is positive definite and cannot be zero 

and therefor it has no roots. The conclusion is that input pulses of 

odd symmetry can generate solitons of the breather type only and no 2TT 

solitons are to be expected. If one allows for phase modulation 

C<K0,t)?*0), then F(0,t) will be complex and the above analysis is not 

valid any more. 

The scattering equation applies both for broadened and 

unbroadened resonant attenuators (Ablowitz, et al., 1974b; Lamb, 1973a). 
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The sine-Gordon equation describes the SIT problem for the unbroadened 

problem, as well as a host of other physical phenomena (Scott, et al., 

1973); therefore, the result concerning the initial profile should prove 

useful in other fields as well. The dependent variable in the sine-

Gordon equation is the area of the pulse. In this case, the initial 

value requirement can be stated as: If the initial area is an even 

function of time, then only solitons of the breather type will be 

possible. 

For initial profiles of even symmetry with respect to time, the 

pulse generally evolves into a number of breathers and an even number 

of 2TT solitons as required by the area theorem (the total area is zero). 

For example, the zero area initial pulse of even profile represented 

by Eq. (4.10) will evolve into two 2IT solitons (Lamb, 1971) and it 

represents an example of the separating Oir pulse. 

F(0,t) = ^- [2 sech(t) - sech(t/2)]/[1 - tanh(t) tanh(t/2) 

+ sech(t) sech(t/a)]. (4.10) 

Physically (Shakir, 1980) what is happening is that the 

antisymmetric field leads to a symmetric dipole moment and hence the 

radiated field is expected to have symmetry associated with it. This 

symmetry is absent in separating OTT pulses as is evident from the fact 

that it will eventually separate into two 2-it solitons with different 

amplitudes and traveling with different speeds. The special case of 

two degenerate 2TT pulses traveling with equal speeds is classified as 

the limiting case of the breather since the two 2tt solitons travel at 
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the same speed. That the dipole moment is symmetric can be demonstrated 

by taking the sharp line case and noting that the complex polarization 

Q can be written as 

Q(t,z;0) = v0 sin(0(t,z)) + iu0 cos(0(t,z)) , (4.11) 

where 0 is the pulse area." Since 0(t,z) is an even function of t, hence 

Q is also an even function of t. 

A Solvable Example 

Figures 4 (a) and (b) represent two even and odd zero area input 

pulses with equal absolute area and energy. Profile of Figure 4 (b) is 

derivable from Figure 4 (a) by introducing 180° phase shift to one-half 

of the profile of Figure 4 (a). Using the method of Appendix B, we 

end up with a transcendental equation for a(v) and we use Newton's 

iterative method to solve for the bound states which correspond to the 

solitary pulses. Figure 5 shows clearly that as the initial absolute 

area of the pulse is increased, the generated breather breaks up into 

two 2tt solitons beginning at the absolute area of about 4.25tt. As 

indicated in Figure 5, the threshold for soliton generation is about 

1.45TT. On the other hand, Figure 6 shows that the generated breather 

for the second case increases in energy as the input absolute area is 

increased, staying intact as a breather without ever breaking up. For 

convenience we plotted one eigenvalue curve as representative of other 

eigenvalues since they basically show the same kind of behavior but 

have different slopes as they approach zero asymptotically. Note that 

the imaginary component of the eigenvalue (i.e. energy of the soliton) 
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Fig. 4. Initial pulses with symmetry. 

Input zero area pulses of equal energy and absolute area 
(integral of the absolute field). 
(a). An even initial profile. 
Cb). An odd profile derived from Fig. 1(a) by introducing 

180° phase shift to the left half. 
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Fig. 5. Eigenvalues of symmetric initial pulses. 

(a). The imaginary component of the eigenvalue (energy of 
the soliton). 

(b). The real component of the eigenvalue. 
Note that the breather breaks up into two 2ir solitons when 
the absolute area is 4.2Sir, 
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Fig. 6. Eigenvalues for antisymmetric initial pulses. 

'(a). The imaginary component of the eigenvalue. 
(b). The real component of the eigenvalue. 
Note that the real component approaches zero asymptotically. 
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shows a basically linear dependence on the input absolute area except 

for the region close to the threshold. This behavior has been noticed 

consistently for all the profiles with which we have experimented. 
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CHAPTER 5 

CONSERVATION LAWS 

It had been noticed (Ablowitz, et al., 1974b; Gardner, et al., 

1967; Leibovich and Seebass, 1974) that the equations of evolution 

tractable by the ISM have the interesting property of the existence of 

an infinite sequence of conservation laws of the form 

9T 3F 

and in many cases the existence of global motion invariant (Ablowitz, 

et al., 1974b) integrals of the form 

Fn(z,t)dt = constant. (5.2) 

The existence of these conservation laws played an important 

role in paving the way for the discovery of the ISM by Gardner, et al. 

(1967) since it led to the discovery that it was the Schrodinger equa

tion which represented the necessary scattering problem. The conserva

tion equations are believed to be closely associated with the fact that 

in ISM the eigenvalues are independent on z, and the existence of the 

global motion integrals to be related to the fact that (Ablowitz, et 

al., 1974a) 

haM = 0  
(5.3) 



Eq. (5.3) does not hold in the case of SIT (Ablowitz, et al., 1974a). 

Aside from the academic interest, the conservation laws have proved 

useful in predicting the soliton amplitudes for the initial value 

problems like the KDV problem (Kappman and Sokolov, 1968). Lamb (1973a; 

Lamb, et al, 1972; Shnack and Lamb, 1973) has used the method for SIT 

using the approximation that Eq. (5.2) is valid for SIT. This is 

equivalent to the physical assumption that no energy is lost to the 

medium or that there is no "radiation" component. While this approach 

is satisfactory for 2TT solitons, we found ( Hopf and Shakir, 1979) it 

is generally unsatisfactory for zero area pulses, except for a limited 

region, due to two reasons. First, the presumption of neglecting the 

radiation field requires one to go to higher conservation laws where 

the higher derivatives of the field play an important role in the 

motion integrals. However, the higher conservation fluxes become very 

complicated and only a few of them are explicitly known. Secondly, 

because the expression for the breather is much more complicated that 

for the 2n soliton, it is very cumbersome to evaluate integrals higher 

than the second order and hence, the advantage of using the conservation 

equations is curtailed. 

Lamb (1971; Lamb, et al., 1972) has derived the first few 

densities and fluxes for SIT, and since we are only concerned with 

fluxes, we will list the first three known fluxes 

F], (2»t) = i-F2(z,t) , (5.4a) 
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F2(z,t) = iF^Cz.t) - F2(z,t) , (5.4b) 

F3(z,t) = I F6 - | F2F3 + | f3? + | F . (5.4c) 

To evaluate Eq. (5.2) for breathers which are represented by 

Eq. (3.3), we find it necessary to resort to indirect methods to evaluate 

the complicated integrals. In Appendix C, we use the inverse method of 

Bargmann (1949) to evaluate some of the integrals. Using the first and 

second conservation laws and rearranging terms, we end up with the 

following integrals for the real component 8 and the imaginary component 

a of the eigenvalue 

.CO 
ct = ~ j F2 (0,t)dt > (5.5) 

3 = T °2 - h & F2C°'t3 - F2(0,t)]dt . (5.6) 4 

As we can see from Eq. (5.6), the conservation laws are not 

applicable for initial pulses with discontinuous derivatives like the 

square pulses considered previously. Equation (5.5) indicates clearly 

that a represents the energy of the pulse, while from Eq. (5.6) we see 

that S depends upon the derivative of the field in accord with 

inequality (Eq. (3.16)) derived by the ISM. 

To compare the predictions of the conservation laws with the 

exact predictions of the ISM we assume an input of the form 
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F(0,T) = |9| xe"T2 , (5.73 

which we find to be representative of all antisymmetric initial shapes 

which have a large region of linear variation about the zero point in 

the field. The relationship between the absolute area j 0 J of the input 

pulse and the real and imaginary components of the eigenvalue, B and a 

respectively, are shown as the solid curves in Fig. 7. The discontinuous 

lines represent the predictions of the conservation laws. One sees that, 

again, as the input pulse increases in amplitude, 3 remains finite and 

approaches zero asymptotically. The breather solution starts around 

J 0 | ̂ 1.3tt. We note that the agreement between the ISM and the conserva

tion laws holds for a limited intermediate region, and they diverge at 

the extremes. The conservation laws, as they are applied, cannot predict 

threshold values for the input pulse. The intermediate region is also 

the region where energy loss to the medium is a minimum. This can be 

seen by noting that the input and output energy of the pulse are about 

equal, as indicated by the discontinuous line, which can be considered 

as the input energy. 
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Fig. 7. Comparison of the conservation predictions with the ISM. 
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CHAPTER 6 

RADIATION COMPONENT 

When the pulse enters the attenuator the pulse undergoes 

reshaping where it will lose some energy to the medium and eventually 

a soliton emerges. The energy lost to the medium will be reradiated 

by the dipoles (nutation) (Allen and Eberly, 1975; Sargent, et al., 

1974) and eventually spread the radiation energy out in all parts of 

the medium where the amplitude practically vanishes. The "sea" of 

radiation in which the solitons propagate represents the continuous 

part of the spectrum of the scattering problem and in the jargon of 

SIT it is called "radiation" field (Ablowtiz, et al., 1974b). In 

principle, it is possible to solve the complete problem in the presence 

of solitons and radiation. However, practically the problem is too 

complicated to be carried out exactly. When the problem is linear or 

when there are no solitons, the solution can be represented by Jacobi 

elliptic type solutions (Lamb, 1971, Shakir, 1979) which becomes a 

highly linear as discussed in Chapter 2. 

A problem of practical interest is that of minimizing the 

radiation component since it represents energy lost to the medium. In 

principle this task can be accomplished by special choice of the initial 

pulse profile or pulse amplitude. As indicated in Appendix A. When 

b(v) vanishes then the medium gains no energy, i.e. there is no 
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radiation. This is also the case when the conservation equations 

can be used for predicting the soliton amplitudes. In optimizing the 

design of the SIT experiment, one can only hope to make b(v) small 

over a limited range. 

As an illustrative example, we take the example discussed in 

Chapter 5. For the symmetric case when Ai = A3 and = f3, we can use 

the approach of Appendix B to evaluate b(v) which turns out to be 

b(v) =|[c.sCy i )  -  ivAl —"7—] e'±"t'2 

. [ r a t r i > . i ± ! i ] , « . } ( .  J  

For b(v) = 0, we have 

sin yi 
COS(YI) C0SA2V = vAi —~ sinvA2 , (6.2) 

or equivalently 

tan(yi)/Yi - cotvA2/vA1 = 0 (6.3) 

Hence for lossless propagation, one needs to find the common 

roots between Eq. (6.3) and Eq. (3.18a). 

In general, the radiation component depends upon the generated 

solitons and physically they play the role of conserving the causality 

of the problem (Ablowitz, et al., 1974b). One can use Eq.(2.15), which 

is valid for asymptotic solutions, to estimate at least qualitatively 

the radiation field in the presence of solitons. If one assumes the 
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nonlinear term for the radiation component F to be small compared to 

other terms, an assumption being reasonable on the ground that the 

radiation field is the part reminiscent of the linear behavior of the 

system (Ablowitz, et al., 1974b), then Eq. (2.13) can be written as 

(Shakir, 1979) 

Fr + YFr = - (Fs + YFS + j F| ) , (6.4) 

where the total field F is the sum of the solitary component of the field 

Fg and the radiation component F^ and we have neglected the cross terms 

since we are assuming that the soliton has traveled far enough in the 

medium to be separated from regions of high radiation density. Eq. (6.4) 

has a solution of the form (Shakir, 1979) 

F (T) = TTHC/E) Sin(/Fr) , (6.5) 
/h 

where H(s) is the Fourier transform of the right hand side of Eq. (6.4) 

and for the sake of simplicity, we assume it to be symmetric with 

respect to s. Equation (6.5) indicates that while the form of the 

radiation field is independent of the initial profile, the amplitude 

and hence the energy of the radiation field does depend on the initial 

profile and of course this is expected since b(v) does depend on the 

initial profile. The sinesoidal form of the time dependence is also 

expected since the radiation field is basically due to the free 

nutation of the state vector of the attenuator. The amplitude depends 

upon the tipping angle at which the ongoing pulse has left the state 

vector (Allen and Eberly, 1975; Sargent, et al., 1974). 



APPENDIX A 

THE INVERSE METHOD 

While the domain of the theory of linear differential equations 

enjoys the status of being excellently established, the same claim is 

certainly not the case for the more general nonlinear domain. Existance 

theorems and general systematic methods of solution, especially the 

superposition principle, are not available as tools in the realm of non

linear differential equations. Technical and academic advances in many 

fields have compelled many researches to probe the limits where non-

linearities cannot be simply ignored, and as we are finding out, nature 

has an understandable affection for nonlinearities. Until recently 

the approach for handling nonlinear equations was mainly to find a 

special transformation by which the equation was linearized or trans

formed into another nonlinear equation where the solution was known 

(Scott, et al., 1973; Davis, 1962; Witham, 1974). Recently (Ablowitz, 

et al., 1974b), the method of ISM has been developed to handle a certain 

class of nonlinear evolution equation. This method is still undergoing 

active research and many questions are awaiting answers (Ablowitz, et 

al., 1974b). The computer is playing an important role in uncovering 

many of the mysteries of the nonlinear domain (Leibovich and Seebass, 

1974; Zubusky and Kruskal, 1965; Zabusky, 1968; and Perring and Skyrme, 

1962) and has played a crucial role in discovering the ISM. In this 

appendix, we attempt to sketch the philosophy and spirit of this method 

57 
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taking the SIT as our main problem. Since the basic idea of the ISM was 

discovered in 1967 (Gardner, et al., 1967) more than one way of formulat

ing the method has appeared. In what follows, we follow the spirit of 

the excellent work of the Clarkson group (Ablowitz, et al., 1974b). 

The main idea of the inverse method shares much in common with 

other dual transform methods like the Fourier transform (Ablowitz, et 

al., 1974b). In the Fourier approach, to solve linear equations of 

evolution, the dependent function is mapped into a corresponding space, 

say the t~aj dual space, in the hope that one problem will be easier to 

handle. The z dependence of the mapped (transformed) function is solved 

for and the original function is reconstructed by an inverse mapping. 

This is basically the idea of the ISM except that the mapping procedure 

differs. In the ISM, the initial function (at z=0) is associated with 

a set of functions called the scattering data. These functions are the 

scattering data in a SchrOdinger type equation where the initial function 

(or field envelope for concretness) defines the potential (Leibovich and 

Seebass, 1974). The construction of the potential from the field is 

generally an ad hoc procedure and as such it bears some resemblance to 

constructing a Hamiltonian in quantum mechanics, with the important 

difference that there are no physical guidelines such as those found in 

quantum mechanics, for constructing the potential. This point is one 

of the main drawbacks of the ISM since given an equation of evolution, 

we do not know beforehand whether such a mapping exists. Two constraints 

are imposed on the scattering problem: the first is that the eigenvalues 

should be invariant with respect to the other independent variable (z) 
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which enters the scattering problem parametrically; the second constraint 

is that of self-consistancy in the manner that we will describe. 

We start with the following two sets of equations CAblowitz, 

et al., 1974b) 

Vlt + ivVx = q(z,t)V2 , (A.la) 

V2t - ivV2 = r(z,t)Vx , (A.lb) 

Vlz = A(z,t,v)Vx + B(z,t,v)V2 , (A.2a) 

V 2 T  = C(z,t,v)V 1  + D(z,t,v)V 2  .  (A.2b) 
it 

These two sets can be made equivalent to many equations of evolution 

by a judicial choice of q, r. A, B, C and D such that: 

1. The eigenvalues {v} are independent of z. Cross differen

tiating Eqs. (A.la,b) and A.2a,b) leads to the relation 

D = - A + u(t) , 

and we can set d = 0 without loss of generality. 

2. The following equations, obtained by 

Eqs. CA.la,b) and (A.2a,b) along with Eq. (A.3), 

At = qC - rB , 

• 2ivB = q^ - 2Aq , 

C. - 2ivC = r + 2Ar , ! 
T Z 

. (A.3) 

cross differentiating 

(A.4a) 

(A,4b) 

(A.4c) 
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should be equivalent to the equation of evolution. This can be 

accomplished by special choice of A, B, C, q and r as a function of the 

dependent variable in the equation of evolution. For example CAblowitz, 

et al., 1974b), if one chooses 

r = - q = j F(z,t) > (A.5a) 

ACz,t,v) = ̂  cos( F(z,t)dt) » (A.5b) 

rt 
B(z,t,v) = C = sinfj F(z, t)dt), CA.5c) 

one obtains the sine-Gordon equation which is known to represent besides 

many other problems (Rubenstein, 1970), the sharp-line on-resonance case 

of 1ST. For the more general problem of SIT with broadening, the follow

ing choice is found to be appropriate (Ablowitz, et al., 1974b) 

A(z,t,v) = - r  
W(z,t,g) 
v - % g(5)de 

_co 

fOQ 

B ( c , t , v ) - y |  g t o d e  

CA.6a) 

[A.6b) 

C(z,t,v) = T 
Q* Cz,t;g) 

v - 5 gCOd5 

where W and Q are the population inversion and the complex polariza

tion is as defined in Eqs. (2.7a and (q,7b). It is a straightforward 

task to show that Eq. (A.6a>b,c) and Eq, (A.4a,b,c) lead to the complex 
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Maxwell-Bloch Equations. The direct relationship between the scattering 

problem and the probability amplitude of the two levels system furnishes 

a physical interpretation for the scattering problem. At this point, we 

mention another formulation of the scattering problem in terms of the: 

Schrodinger equation (Lamb, 1974). Chronologically, the Schrodinger 

equation formulation was the first (Gardner, et al., 1967) and the 

Zakharov-Shabat formulation (Eqs. (A.la) and (A.lb)) was published 

shortly afterwards (Zakharov and Shabat, 1972), For the SIT problem, 

the Schrodinger equation has the form (Lamb, 1974) 

J + (v2 + 1. F2(z,t) + 1 H(z,t))4r = 0 (A.7) 

Jost Function Solution 

Given a solution V(t; ) where 

V Ct; ) = 
Vl 

V2 
(A.8a) 

then it is not difficult to show that 

V = 
V2 Cv*) 

-V 1*Cv*) 
(A.8b) 

is also a solution and that V and V are independent solutions (Ablowiti, 

et al., 1974b). We will concentrate on a particular solution represen 

ing our physical problem such that 
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lim V(t;v) = 
t-V-00 

-ivt . 
e * (A.8c) 

corresponding to the attenuator problem since we are starting with all 

atoms in the ground state (V^), and none in the upper state (V2). 

If | |F(z,t)|dt<®, then a(v) and b(v) are defined (Ablowitz, et al., 
—00 

1947b) such that 

V(t;v) = 
a(v)e 

b(v)e 

-ivt 

IV t 
as t + + » . CA.9) 

That the absolute area of F(z,t) is finite is a necessary constraint 

to ensure the existance of a and b mathematically (Ablowitz, et al., 

1974b), and physically it ensures that the energy of the system is 

finite. In the same way, we have for V 

V(t;v) = 

T-f -ivt 
b(v)e 

—f , ivt -a(v)e 

as t + + ® (A.10) 

From V and V one can construct Q and W for the continuous 

spectrum as 

W = (ViV2 + VXV2) 
v = A co 

(A.11a) 

Q = ViV2 
v = Ato 

(A.lib) 
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Equations (A.11a) and (A.lib) can be derived more easily by 

remembering the interpretation of Vi and V2 as probability amplitudes 

for the two-level system. Hence one can immediately write the 

expressions for Q and W as 

and clearly they are equivalent to Eqs. (A.11a) and (A.lib). 

For the bound eigenvalues, we see from Eq. CA.9) that these are 

the roots of a(v). Physically this is the case of SIT since the system 

will start in the lower state and end up in the same state or, in terms 

of the state vector, the state vector will start pointing down and 

make some general motion and comes back to the same state (Allen and 

Eberly, 1975; Sargent, et al., 1974), If b(v) vanishes when t 00, 

this means that the upper state (V2) is not populated and as such, the 

pulse has recovered all its energy from the system and we have lossless 

propagation. Thus, to minimize energy loss to the medium, one should 

attempt to choose the input such that b(v) is a minimum. 

the scattering problem. The general solution can be written in terms 

of the so-called two component Jost function CFaddeev, 1963) A as 

W = CIV212 - Ivjl2) ^ 

V " 2 

(A.12a) 

Q = V1V2 

V 2 (A.12b) 

So far, we have been concerned with the asymptotic behavior of 

0 
(A.12) 
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Equation (A.12) represents a physical situation in which a wave 

is incident from +® and part of it is transmitted in the same state Vj 

and the other part is coupled to the second stated V2 via the reflection 

process. If we define A(t,s) such that A(t,s) = 0 for s>t, then the 

upper limit of integration in Eq. (A.12) can be extended to infinity. 

A contains the scattering information due to the potential F and this 

raises the question of whether it is possible to reconstruct the 

potential from knowing A. It turns out indeed that this is possible 

(Lamb, 1974; Ablowitz, et al., 1974b). Substituting Eq. (A.12) in the 

scattering Eqs. (A.la) and A.lb), one can show (Lamb, 1974; Ablowitz, 

et al., 1974b) that 

F(z,t) = - 4A2(t,t;z) . (A.13) 

Hence the problem can be approached alternatively by evaluating the 

Jost function A from the known scattering information. As it turns out, 

the Jost function satisfies a linear integral equation which is known 

as the Marchenko equation (Faddeev, 1963). This equation has the form 

A2Ct,y) "l "t Ai(t,s) 
• + G(y+t) + G(s+y)ds = 0 

-Ai(t,y) 0 • 

.00 
A2(t,s) 

where 

GM • 57 
, a(v) ivy 
iTT e } + b(v) 

T e e  L m 
m 

(A.14b) 

and c^ is the normalization constant (Lamb, 1974) for bound states and 

is parametrically dependent on the space variable. It is given as 
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(4.14c) 
m 

In setting up the theory so far, it has been assumed that the 

detuning factor, which is physically a real quantity, has been extended 

to the upper plane of the complex plane by analytical continuation 

(Ablowtiz, et al., 1974b). This procedure treatsv as a complex quantity 

for intermediate calculations and physically one can consider such a 

treatment as an artificial extension to include the process of absorption 

as is done in the computation of energy states in the presence of 

absorption (Schiff, 1968) or other loss mechanisms 

However the equation takes a relatively simple form when the continuous 

spectrum is discarded or when b(v) = 0 and a(v) = 0. For a single 

eigenvalue (v = Q + ict) and after some tedious work, one can solve Eqs. 

(A.14a) and (A.13) and end up with CLamb, 1974; Ablowitz, et al.,,1974a) 

In general it is too ambitious to try to solve Eq. (A.14a). 

F(z,t) = 4ae -i23(t-ti) sechC2aCt-t0)) (A.15a) 

where 

(A.15b) 

and (A.15c) 

and of course when F(0,t) is real, & = 0 and F(x,t)willbe real without 

any phase term. For the case of two eigenvalues v and v*, one can solve 

the Marchenko equation in the same spirit as that for a single bound 
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state and end up with the breather equation (Lamb, 1974; Ablowitz, et 

al., 1974b) Eq. (3.3). In the development so far, we have noticed 

that the broadening effects of the system do not play an important 

role in shaping the pulse and they entered the theory only in the last 

stages when one had to evaluate some integration constants like tg 

and tj. Eq. (A.15) shows that the broadening affects the velocity of 

the soliton only, and if one can measure the soliton amplitude or width, 

then in principle one can extract some information about the broadening 

from measuring the speed of the soliton. This passive role played by 

the broadening of the medium can be exploited by using the unbroadened 

case as a guiding model since the corresponding equation of the sine-

Gordon equation has been extensively studied. This passive role of the 

broadening of the medium was also suggested by the success of the 

factorization method used by McCall and Hahn in deriving the area 

theorem. This behavior is one of the important guidelines in distin

guishing between SIT and other physical phenomena like saturation 

(Allen and Eberly, 1975) which leads to "bleaching" the medium. One 

simply measures the velocity of the pulse to know whether coherent 

interactions, leading to SIT, are playing the major role or not. 

The question may arise as to what have we gained from replacing 

a set of coupled nonlinear equations with another set which is 

admittedly very complicated and tedious? First, we have replaced a 

nonlinear equation with a linear one where the wealth of methods for 

linear equations can be employed and hence some insight might be gained. 

Secondly, once the relation between the scattering information and the 
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final pulses are established, one can gain much information about the 

initial value problem, which is the problem of conern in practice. 

For SIT the initial value problem reduces to that of finding the 

bound eigenvalues for the input pulse since these correspond to 

solitons, which are the pulses of SIT. Hence, effectively we have a 

powerful and relatively simple procedure for solving the initial 

value problem of SIT. 



APPENDIX B 

NUMERICAL SOLUTION OF THE EIGENVALUE PROBLEM 

Once the prescription for "assembling" the asymptotic solution 

from the eigenvalues of the scattering problem is known, the problem 

of solving for the initial value reduces to that of finding the spec

trum of the scattering problem for the initial field. Since the bound 

eigenvalues correspond to solitary solution the problem becomes that 

of finding the bound eigenvalues of Eqs. (3.1a and 3.1b). In this 

section, we develop a relatively simple and efficient method for 

finding the eigenvalues. 

Consider a differential equation in matrix form 

V(t) = A(t)V(t) , (B.la) 

where A is a (2x2) matrix. For the general scattering problem, it 

has the form 

A(t) = 
-iv f(t) 

g(t) iv 
(B.lb) 

The solution of Eq. (B.la) can be expressed in terms of what is called 

the fundamental matrix (Bronson, 1970) $(t) and the initial value for 

the vector V(to), as 

68 
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V(t) = |(t;t0)VCt0) . (B.2) 

For the general case o£ A being time dependent, one cannot 

expect to solve for jfr. However for the special case of A being 

constant, the problem becomes solvable. 

Our approach for solving the general case is to convert the 

continuous problem into a discrete one and to solve for the reflection 

coefficient. The eigenvalues will be found from the knowledge of 

the reflection coefficient. Assume that for the period (A), A 

is constant. Then Eq. (B.la) has the solution (Bronson, 1970) 

AA 
Vft0 + A) = e= V(t0) . CB.3) 

A A 
e~ represents the fundamental matrix which we have to reduce 

to a more useful form. One method of accomplishing this, is through 

the use of Cayley-Hamilton theorem (Bronson, 1970) which states that 

every square matrix satisfies its own characteristic equation. This 

theorem can be used to evaluate the exponent of a square matrix as 

follows: 

Let AA has the set of eigenvalues {A}. Then 

AA 
e~ = c0| + c^AA) , (B.4) 

and 

e* = c0 + CiA . (B.S) 



Since A is a ( 2 x 2 )  matrix, it has two eigenvalues. For the 

scattering equations, these eigenvalues are 

X +  = ±iA/v2 - fg = ±iY . (B.6) 

solving Eq. CB.15) for Cq and ci , we get 

c0 = cos(y) , (B.7a) 

ci = sin(y)/Y . (B.7b) 

Substituting in Eq. (B.4), we see that $ has the following 

elements 

= cos(y3 -ivA sin(Y)/Y » CB.8a) 

*12 = ^ Si"(Y:i , CB.8b) 

. , sin(Y) , 
*21 = gA T , CB.8c) 

$22 = COS(Y) + ivA . (B.8d) 

From Eq. (B.2), we can express the solution as 

Vi(t;t0) = *nVi(t0) + *i2V2Ct0) , (B,9a) 

V2(t;t0) = $2iVi(to) + $22^2(^0) • (B.9b) 
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and 

Define the reflection coefficient r. as 
3  

V2(t.) 
rj = vTctjl • 

Hence dividing Eq. (B.9b) by Eq. (B.9a), we get 

*21 + *22 ta_1 

r i =  » n  *  • » •  t B - n )  

For bound states, we require 

lim V^t) ae"^' • (B.12) 
t [-*» 

Since V2C-00) =0, thus 

lim r(t) = 0 > (B.13a) 
t-+--® 

lim r(t) •+ ® • (B.13b) 
t-*» 

The procedure then boils down to subdividing the potential 

functions f(t) and g(t) into n equal intervals and applying the 

recursion relation of Eq. (B.ll) to compute r(t) as t •+ +°° with the 

initial condition of Eq. (B.13a). Then we take the reciprocal of Eq. 

(B.13b) and find its roots. The method is relatively straightforward 

and simple and is exact for problems with square pulses. Note that 

for SIT, we have (Ablowitz, et al., 1974b) 
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f(tO=jF(t) , (B. 14a) 

gCtO=-jF(t) , (B. 14b) 

while for the Schrodinger equation of quantum mechanics, we have 

fCt) = V(t) , (B.15a) 

gCt) = - 1 , (B.15b) 

where V(t) is the potential in the SchrBdinger equation. 

We have tested the approach against other methods and found 

it especially useful in solving the exact models discussed in the 

text and particularly simple and more efficient from a numerical point 

of view for more complicated problems. The efficiency of the method 

is derived from the fact that we do not have to solve for the wave 

functions explicitly. 

One can show that if f(t) and g(t) are sufficiently smooth, 

then y(t) in Eq. (B.6) can be replaced by the integral 

,t:o+A , 
Y = A>2 - fg dt . (B. 16) 

to 

A Numerical Algorithm 

For highly oscillatory fields (F(t)), one may argue that the 

approach developed so far may require too many steps which render the 
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method inefficient since the recursion formula uses sines and cosines 

of complex expressions. However, we can develop a more efficient 

algorithm which reduces the recursion relation to a first order differ

ential equation and then use one of the many known integration formulas. 

To do so, we take the limit of Hq. (B.ll) as A -*• 0; namely 

gA + (1 + ivA)r. ^ 
lim r. = lim -n * . — , (B.16a) 
An J . n (1 - + fAr. . A-K) J A-K) v J . j-1 

where we used the fact that 

lim cos(y) = 1 , lim = y # (B.16b) 
A-+0 A-K) ^ 

Rearranging terms in Eq. (B.16a), we get 

= g + 2ivr - fr2 , (B.17a) 

where 
CBa7b) 

Equation (B.17a) is the well-known Riccati equation (Davis, 1962), and 

can be solved by using a predictor-corrector method such as the 

Hamming's method (Ralston, 1965). This method consists of the 

following steps: 

Predictor: 

(p) 4 r I 
rj+l = rj~3 * 3 p - yM + 2yj-2J • CB-18a) 
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Modifier: 

M _ CP) in / (pA 
j+1 j+1 121 \ r̂j " j / * (Bs18b) 

Corrector: 

Cc) 

r. 
A =5( 9 r: yj-i] ,  (B.18c) 

where y. =g. +2ir. -f.r.2 
3  3  3  3  3  

Once r(»;v) is computed for a certain v, we use Newton's root 

finding method to search for the roots of l/r(CT,v). This iterative 

approach can be represented by 

(1) (0) / (0)\/<H 
v = v + r^;v )/^j\ 

VC0) (B.19)  

where is the approximate value of the eigenvalue and is the 

dr 
improved approximation. As we see in Eq. (B.19), we need ^-besides 

dr 
r. We can find by first finding the differential equation which 

dr dr 
satisfies. Denote ̂ j-as u and differentiate Eq. (B.17) with respect 

to v to get 

= 2ir - 2fru + 2ivu , CB.20) 

from which we can compute u(=dr/dv) and substitute it in Eq. [B.19). 
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In summary then, given a generalized eigenvalue problem whose 

eigenvalues are to be computed, we use the following set of coupled 

equations 

= g + 2ivr - fr , (B.17a) 

= 2ir - 2fru + 2ivu , (B.20) 

vt" = • r(-;vTO)/»(-S»f°J) . (B.19) 



APPENDIX C 

EVALUATING THE CONSERVATION INTEGRALS 

lifhile the evaluation of the first three conservation laws of 

SIT for 2tt solitons is a straightforward task (Lamb, 1971), it is a 

much more challenging enterprise for breathers. Here we evaluate the 

first two conservation laws for breathers using the inverse model of 

Bargmann (1949). !Ve use the notation of Eq. (3.14) for the 

scattering problem with the potential V(0,t) of the SchrtJdinger 

equation having the form 

V(0,t) = - I (F2(0,t) + 2iF(0,t)) , (C.l) 

and 

$ + (v2 - V(t))ti> = 0 . (C,2) 

Let <Ht) = elvtX(t) , (C. 3) 

hence 

X + 2ivX - VX = 0 . (C.4) 

We assume that X(t;v) has a particularly simple form as a 

polynomail in v of order 2 such that 

X(t;v) = 4v2 - 2ivei(t) + e2(t) . (C.5) 
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It is known (Lamb, 1973a) that Eq. (C.5) can lead to solitons of the 

breather type while the first order relation leads to a 2TT soliton. If 

we substitute Eq. (C.5) in Eq. (C.4) and separate terras of the same 

order in v we get the following set of equations (Bargmann, 1949) 

el2 + 2e2 = 4c + 2ex , (C.6a) 

ex = V , (C.6b) 

= ê2 j (C.6c) 

where c is a constant of integration. These equations can be reduced 

to a forth order equation (Bargmann, 1949) with constant coefficients 

in terms of the auxiliary function y(t) which can be solved and 

expressed as 

y(t) = - a(eiait + Aye~iait) + ie(xe"a2t + ye**2*) , (C.7) 

where 

ex(t) = - 2 y/y , (C.8) 

and ai, a2, p and \ are constants of integration. As Lamb (1973a) 

has shown aj and a^ are one half the imaginary and real component of 

the eigenvalue v and c = (a£2 - ai2)/2. 

Now to evaluate the first integral which is the statement of 

the conservation of energy 



tea 

F2(0,t) = constant , CC.9) 

we note that 

F2(z, t) = 4V(z,t) - 2iF(z,t) = - 4e: - 2iF (C.10) 

Thus 

| F2(0,t)dt = - 4Ce1(») - ejH) > C. 11) 

but from Eq. (C.8) we see that 

eiOO = - 2a2 , ejC-00) = 2a; (C.12) 

Hence 

F2(0,t)dt = 16a2 = 32a (C.13) 

This result which is independent of the internal structure frequency 

g indicates that 

;ech2(p) 
cos (q) - (g/B) sin(q) tanh(p) 

1 + Ca/6)2 sin2q sech2Cp) 
dt = 1 , (c.14) 

where p and q are as defined in Eq. (3.3a). This result is an 

interesting property which resembles the normalized probability 



density of particles in quantum mechanics (Schiff, 1968). The fact 

that the energy is dependent on one parameter is another similarity 

which resembles Planck equation (Sargent, et al., 1974) for quantized 

oscillator. Actually Eq. (C.13) can be written in physical units as 

j e2(z,t)dt = (32ft)a , (C.15) 

• 00 

suggesting that the field will behave as if it is propagating in a 

space where ft has a variable value due to the nonlinear medium. 

To evaluate the second integral we exploit the relation 

VZ = 16 + 4î pZ " 4̂ 2 * (C. 16) 

Hence Eq. (5.2) for n = 2 becomes 

fCO 

F2(z,t)dt = 4 V2dt - i FF2dt . (C.17) 

The second integral in the right-hand side of Eq. (C.17) 

vanishes since FF2dt can be replaced by the differential of the 

cube of F(t) . Using Eq. (C.fib) and Eq. (C.6a) we get 

V2dt = e^dei = C^ei2 + e2 - 2c)de! (C.18) 



Using the; results of Lamb (1973a) we have 

f e2de1 = e2(ro) - e2 (-°0 = 0 (C.19) 

Thus 

r Tei3 r 
: V2dt = - 2ceiJ (C.20) 

or 

F2(z,t)dt = 32 (r-"2) • (C.21) 
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