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ABSTRACT 

Multiple methods exist for modeling with synthetic seismograms, each with- its own 
characteristic application; local and detailed; global and asymptotic; body and/or 
surface waves. 

Events such as the nuclear tests in the Tarim Basin in China, recorded at regional 
distances require more than one such characteristic. A successful model would need 
detail close in and a global result. The ability to join two methods can therefore be 
very powerful. 

Within this text the exploration is of finite difference and discrete wavenumber inte
gration methods. The basis of the conversion between methods is the idea in Huygen's 
principle of representing a wave front as multiple sources, then propagated as an al
ternate method. 

Modeling detail locally, finite difference eventually becomes computationally intensive 
or undetailed. Representation theory replaces finite difference with discrete wavenum
ber integration propagating to the receiver at a regional distance. 

The requirement for multiple sources means that eflBciency and optimization of meth
ods are paramount. 
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Chapter 1 

INTRODUCTION 

Earthquakes and nuclear explosions axe both potentially devastating, eaxthshaking 
events that represent a worldwide hazard. In addition, these events represent windows 
into the underlying geological structure, on local, regional and global scales. 

The modem paradigm for studying seismic events is to produce theoretical matches 
to observed seismograms. The synthetic seismograms require models for the seismic 
source, the structure along the wave travel path and the effects of the recording instru
mentation. Since nearly 40 percent of the livable land mass on Earth is seismically 
active, synthetic modeling of earthquake and natural explosions has humanitarian 
value not only in seismic event prediction but also in the identification of potential 
risk and the assessment of the adequacy of building codes. Additionally, seismic study 
offers governments a tool to assess the progressive explosive capabilities of other coun
tries through locating and discrimination, and industry uses seismic studies locate and 
identify natural resources. 

0) 
•o 

£ 
< 

Time 
Figure 1.1 Seismograph 
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An actual seismic event is recorded as a time series, as illustrated in Figxire 1.1. 
This time series records the ground displacement or ground velocity of the point of 
observation. If the earth was a homogeneous whole space the time series would be 
quite simple; basically two pulses due to the fundamental types of seismic waves (P 
and S waves). However, the time series becomes increasingly complicated as structural 
simplicity is removed. By observation of the time series it is possible to determine the 
characteristics of a seismic event's source,such as origin time and location, magnitude, 
and the wave direction from the source. 

Sjmthetic seismograms are used to constrain models and the seismic source, and to 
infer further structural information. Seismologists have developed a wide range of 
techniques for generating synthetic seismograms. The diversity of methodology is 
driven by the different phenomena that can be modeled: strong local heterogeneity, 
regional heterogeneity and weak global heterogeneity. Often the synthetic techniques 
are tuned to a particular problem, and are not appropriate for other modeling do
mains. 

It is possible to combine two or more methodologies through a process termed "stitch
ing," in which two modeling algorithms are fused into one. Algorithms designed for 
modeling wave propagation in intensely heterogeneous material can be used to propa
gate a wavefield which extends to distances where propagation is influenced primarily 
by a radially symmetric structure. The result is more detailed seismic information, 
over a larger range. 

Recently there has been interest in matching local algorithms, such as finite diffierence 
or finite element methods, to a regional distance propagation technique, such as 
reflectivity or the discrete wave number integration method. This is advantageous 
since the finite difference method can incorporate the complexity of the wavefield near 
the source, but becomes computationally intensive or loses accuracy over regional 
distances. However, the discrete wave number integration method propagates the 
wavefield efficiently at the regional distances, despite being inaccurate in the near 
field. Therefore, the stitching procedure uses the strengths of each method to broaden 
the reliable range of results and improve the accuracy of the seismic modeling. 

In the sphere of earthquake seismology, speed is usually of the essence. It was only re
cently during the Northridge earthquake that the speed of hazard assessment enabled 
officials to shut down gas pipes within the city of Los Angeles before the damaging 
seismic waves reached the city. This action prevented major fires and saved countless 
lives. The motivation behind the stitching idea can be seen in Huygen's principle 
(Figure 1.2). Huygen's principle is that you can take a wave firont from a single 
source and represent that wavefront as multiple new sources. In the this technique 
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the boundary is an artificial one and we use a different technique for the new multiple 
sources. This stitching approach requires multiple runs of the codes, and therefore 
the optimization and efficiency of methods are important. It is this aspect of seismic 
modeling, along with the enhancement of results, that is addressed in this study. The 
fastest methods are chosen, optimized and implemented in this new technique and its 
advantages are shown by example. 

Source 

Multiple sources on wave front 

Figure 1.2 Huygen's Principle: Where a a wavefront is represented 
as multiple new sources 

Two examples where this technique may be applied are Lop Nor in China and the 
Mexico City basin. The Lop Nor region is used for regular testing of China's explosive 
technologies (Figure 1.3). These tests involve underground explosions in a region 
of extensive local and regional topography, requiring modeling which is accurate, 
detailed, and long ranged. The objective of seismic modeling in this region is to 
discriminate between earthquakes, and nuclear and chemical explosions. This ability 
will aid in the monitoring required under the Comprehensive Test Ban Treaty. 
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Although techniques exist to discriminate between these events in their pure form, 
vaxious natural and man designed effects can mask this detection. The event caji be 
buried in deep hollows such as salt domes which will daxap the signal and mask the 
size and type of explosion. One identifying feature of an explosion is that it has only 
two components out of the three possible directions. However, in a place like Lop 
Nor, earthquakes are set off by the explosion and confuse the interpretation. 

Lop No^est Site 

Tarim Basin 

70* 75* 80" 85" 90' 
Figure 1.3 Topography of the Nuclear Test Site and surrounding region. 

Lop Nor, Xinjiang Autonomous Region, China 
and Seismic Station GAR at Gharm in Tajikistan 

The Mexican Basin is an alluvial valley, which by geographical design, amplifies seis
mic signals. The change in impedance as the wave passes from solid bedrock to the 
soft alluvial valley shortens the wavelength and thus focuses energy into increasing the 
amplitude. As a result, this region suffers from extensive damage from relatively small 
or distant earthquakes. This region would benefit from seismic modeling which em
phasizes detail at the receiver over structure along the main path [14, Paolucci,Suarez 
and Sanchez Sesma,1992]. 
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Chapter 2 

METHODS:SOLVING THE ELASTIC WAVE EQUATION 

Within this chapter the elastic wave equation is introduced and solved in two different 
settings, using appropriate methods relative to each setting. Although several meth
ods are mentioned only two are studied in detail; finite difference and discrete wave 
number integration. Problems like this turn out to be most suitable to these methods 
which can be stitched together for the Tarim Basin setting. There are numerous algo
rithms for calculating complete seismograms in a layered and inhomogeneous Earth. 
Methods begin with the elastic wave equation for infinitesimal strain, 

pUtt = / + (A +/Li)V(V.u) + 

= / + (A + 2/i)V(V.u) —/iV X V X u. (2.1) 

In these equations, u{x,y,z,t) = {u{x,y, z,t),v{x,y,z,t),w{x,y,z,t))'^ represents 
displacement of a particle in the Earth, p is density of the elastic media and X,p 
are elastic moduli, or measures of strength, known as Lame constants (these are only 
constant for local approximations within the same media). In addition p. also has the 
physical interpretation of a rigidity factor. 

This equation comes from Newton's Second Law: the rate of change of momentum 
(mass times acceleration) is proportional to the forces applied to it in that direction. 
In the seismological setting, the forces are body forces, /, (that is, the source of 
the event) and the traction converted using an application of Hooke's Law to denote 
the second and third terms of (2.1), the actual traction terms are over a surface as 
opposed to (2.1) which is set over a volume. The traction on the surface is. 

X{V.u)n + p{2{Vu).n + n xV x u), 

where n is the normal to the surface. 

(2.2) 
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In Figure 2.1 there are two regions seen, a small bomided box where the detail of 
structure is varying laterally and vertically and a larger surrounding region of hori
zontal layers varying only vertically with thicknesses hi and is boimded at the surface 
only. Each region has its own characteristic and is therefore suited to certain methods 
better. Again the idea is to propagate through the small box using a local method 
that can utilize the lateral and vertical detail. Then swaps into a more regional 
method that propagates through layered media to a regional distance efficiently. 

* 
Z f Surface 

^2 

1 r 
"OO ^ ^ oo 

i k 

h 3 

I 
OO 

Figure 2.1 The view is a 2-D slice through the x-z plane (y is out of the page) 
of the resolution of structural information required for this technique. 
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Techniques for generating synthetic elastic waves include finite difference, finite el
ements, ray theory (Cagniard de Hoop), reflectivity, and the discrete wave nimiber 
summation. For the types of problems in this study, a near field code that is accurate 
for detailed heterogeneity and an efficient regional to teleseismic propagator code are 
required. With this in mind, concentration is focused on the finite difference [19, 
Frankel and Vidale,1992], [9, Frankel, 1993] and the discrete wave number methods 
[24, Yao and Harkrider, 1993], [13, Kennet and Kerry, 1979], [6, Harkrider,1964]. 

2.1 Finite Difference 

The finite difference technique is going to be applied to the bounded box from Figure 
2.1. In closer detail Figure 2.2 shows the set up for the initial boundary value problem. 
The initial condition is located at the source point and a time versus amplitude signal 
known as the source time function is used. There are 4 boundaxies 3 are artificial 
boundaries created by the finiteness of the space, here the application of absorbing 
boundary conditions is required, as energy needs to be absorbed and not reflected 
back into the model. The last boundary is the surface and has its own boundary 
condition. 

Surface boundary 

Source 

Recievers 

Absorbing boundaries 

Figure 2.2 The view is a 2-D slice through the x-z plane (y is out of the page) 
of the initial and boundary conditions for the flnite difference section of the method 
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The solution required, is from the solution to the elastic wave equation in the above 
domain at points along the internal dashed boundary in Figure 2.2 with the previously 
mentioned initial and boundary conditions. 
Applying the finite difference technique to the elastic wave equation can be clearly 
seen seen in component form, 

PUtt = (A + 2(J.)[Ux + Vy+ W:] j: -  //([Ux " Uy]y - [Wj - Wj;]z) , 

PUtf = (A + 2fi)[Ux + Vy+ W^]y - fJi{[Wy " Vz]z - [v^ - Uyji) , 

pWtt = (A + 2fJL)[Uj: + Vy + Wzji - /z([Uz - Ti/xjx " [Wy - Uzly) -

Rearranging, this becomes: 

pUtt — [(A + 2//)lix]x "f" "I" [A'^zJZ [(A "I" "I" ^z)]i > 

p V t t  = [(A + 2 f i ) V y ] y  + [/iUx]x + [lJ-Vz]z + [(A + A£)(Ux + u;r)]y , 

pWtt = [(A + 2ijl)w^]^ + [/itUxlx + [fJ-Wy]y + [(A + /i) (Vy + Ux)]z • (2.3) 

The three coupled wave equations represented in (2.3) can be approximated by re
placing the partials with finite differences, of which there are many choices. For this 
purpose in space the identity (2.4) [18, Vidale, 1990] is used to replace successive 
derivatives in the same direction. 

(A'Ux)x — -Auxx A-xx'^ • (2-4) 

These ((2.3) with (2.4) substituted) are approximated by an explicit fourth order 
difference operator: 

d^u 1 1 4 5 4 1 
^ " (A^j2 ̂ ~12""-' s""-' " 2"" ~ 12''"+'^' 

where Un represents w(x„), and = a + nAa;, Ax being spacing and a the starting 
value, n is the number of steps taken in the x direction. 

The second order differentials in opposing directions are replaced by two successive 
explicit fourth order difference operators for first order derivatives: 

du 1 .1 2 2 1 , 
dx ~ Aa:^12''"-' 3"""-' 3"""^' '  

An explicit second order centered difference operator is used in time: 
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d'^u 1 
{-Uj-i + 2uj ~ Uj+i), DT^ (AT)2 

where Uj represents u{tj), and tj = b+jAt, At being spacing and 6 the starting value. 
j is the number of steps taken in time [11, Hanmier,1993]. 

2.1.1 Absorbing Boundary Conditions 

Absorbing boundary conditions are used on the left, right and the bottom sides of 
the space in which the calculation is performed (Figure 2.2). On these boundaries, 
a paraxial wave equation (waves traveling in a cone in the direction of propagation) 
are used [4, Clayton and Engquist, 1977]. 

To understand what a paraxial wave equation is and to apply it to this setting, first 
look at a simpler situation. Consider displacement in one direction in two variables 
X and y the elastic wave equation reduces too a scalar wave equation such as, 

where u(x, y, t) is a displacement and c is velocity. Taking Fourier transforms in all 
variables, the transform pairs being {t,uj),{x,kx) and {y,ky) we get. 

Picking the direction of travel to be in the y direction leads to the next step of making 
ky the subject, leaving 

This separates equation (2.5) into an ingoing and an outgoing wave relative to the y 
direction. Ideally the negative outgoing wave would be removed and no energy would 
pass back into the system. 

There are problems with this equation as it represents a pseudo differential operator 
and can not be calculated as a local boundary condition, a whole space calculation 
could do it, however it is too computationally intensive. This operator is also unstable 
when [^1 > 1 as Ajj, is imaginary.[4, Clayton and Engquist, 1977], [17, Trefethen and 
Halpern,1986],[5, Engquist and Majada,1977]. 

Utt — C {Uxx "f" ^yy)i (2.5) 

a;2 = c\kl + kl). 

(2.6) 
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Thus am approximation to this dispersion relation (2.6) is required. It would have to 
be a local approximation, be stable and lead to a well posed boundary value problem 
for the wave equation. The approximations chosen are Taylor expansions of the square 
root in (2.6), 

^  = i+o( i^n ,  
UJ U} 

_ 1 _ 1/^^)2 , Q/[Cfc i [4x  
CJ 2*^ a;2 ^ U a; ' 

Which are the differential operators: 

U y  + = 0, (2.7) 

1 c 
Xlyt "I" 

they are local and weU posed [17, Trefethen and Halpem,1986]. 

By looking at the the flux of energy across this boundary it is possible to see if the 
aim of solely being an outgoing wave is achieved. The total energy(£') is made up of 
potential energy {PE) and kinetic energy {KE) over the whole space. The area is A 
with closed boundary S, 

E{t) = [ KE + PEdA, 
J  A  

KE = Imv^ = 
2 2 

c2 
PE = strain x deformation = 

giving, 

E{t) = ̂  + ul))dA. 

The rate of change of energy with time out of this system or the flux is given by: 

E'{t) = J uu + (?{uxt + Uyt)utdA. 
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However here we know that equation (2.5) holds, thus; 

E'{t) = (? (Uii + Ifyy + {Uxt + Uyt)UtdA 

= {uxut)x + {uyUt)ydA. 
A  

A  

Now applying the divergence theorem to a boundary parallel to the x-axis (y being 
the direction of propagation): 

However we axe on the boundary so equation (2.7) or (2.8) holds, taJcing (2.7) we 
have, 

Which is always less than zero. In other word the flux is always out of the system. 

For the problem of the edges of our finite difference space, several increases in the 
level of complexity from this example have to be considered. Firstly moving into 
three space (x, ?/, z) and three directions of displacement u = {u, v, w). Which in turn 
makes the boundary condition more complicated and we also want the more accurate 
boundary form (2.8) rather than (2.7). To generate the boundary condition in 3D 
it is not possible to approximate the dispersion relation, therefore we put the elastic 
wave equation into matrix form and generate a boundary condition similar to (2.8) 
by equating coefficients. 
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Dividing equation (2.3) by p and through an application of equations (2.10), the 
following matrix representation is formed: 

VL^i — AUxx ^'^yy ^'^zz "t" ^"^xy "i" ̂ '^zy ? (2.9) 

•a2 0 0 
0 0 
0 0 

P' 0 0 
0 0' 0 
0 0 

C = 

0 0^ — 0^ 0^ 
£; = I q2 _ /j2 0 0 

0 0 0,  

0 0 
5 = 1 0  a 2  0  

0 0 

where 

A + 2/z 

P 

(2.10) 
P 

The matrix approximation that is to be the boundary condition is given below for 
an incident wave propagating in positive z direction perpendicular to the bottom 
boundary. In other words we are concentrating on the bottom absorbing boundary 
condition bounding the closed space that the finite difference calculation is performed 
in (Figure 2.2). 

Uizt — ^x'^yt ^I'^yy (2.11) 
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H 0 ox 
A i = \  0  0 , 

Vo 0 -y 

/ 0 0 
Bi = 0 0 0 , 

\2zl 0 0 / ^ a * 

Ci = 

^0 

0 
.0 

0 
0 

a-^ 

0 
Q-g 
& 
0 

0 
Di = 

f0-2a 

0 U 2 

0 0 

0 
0 

a-28 
2 

0 - a 0^ 
£'i = I — a 0 0 

0  0  0 ,  
î i = 

0 
2 

0 
0 

0 
0-2a 

2 

0 

0 
0 

a-20 
2 

where Ai, Bi, Ci, Di, Ei, Fi are ccilculated from equating coefficients of the dispersion 
relations from (2.9) and (2.11): 

I J -A!^ -B^-C&-D^~E^-F^)u  =  0 ,  (2 .12 )  
u)^ ur uj^ u)^ 

( / ^  +  4 ,  -  +  A4  +  =  "•  (213)  
U) UJ U UJ-^ LJ 

This is done by substituting (2.13) into (2.12) and equating coefficients of powers of 
X and y, 

I ~ C A \  = 0, (2.14) 

C I ^ A \ B \ B I A I ) D A I  =  0 ,  ( 2 . 1 5 )  

C (AiCi+Ci> l i )  +  FAi  =  0 ,  (2 .16 )  

E + C\C\Bi + B\Ci\-'r DCi + FBi = 0, (2.17) 

A C \ B \ D \ A \ - ' r  A \ D \ \ - ' r  D B i  = 0, (2.18) 

B + C\C\ + I^IAI 4- + FCi = 0. (2.19) 

Equation (2.14) is from x°j/° powers and calculates Ai, (2.15) from xy° and calculates 
Bi, (2.16) from x°y calculates Ci, (2.17) from xy calculates Ei, (2.18) from x^y° 
calculates Di and (2.19) from x^y"^ calculates Fi. 
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A kx — kz slice through the three dimensional dispersion relation (2.12) is plotted 
against the same for equation (2.13) (Figure 2.3). The parabolas are the paraxial 
boundary dispersion relation (2.13) and approximate the ellipsoids from the elastic 
wave dispersion relation (2.14). The approximation can be seen to be accurate within 
a cone of the z axis. The three curves for each show the separation into three types 
of wave which we will see again later known as the primary, secondary vertical and 
secondary horizontal waves based on there order of arrival and direction in planes. 

o 

Equation Z.̂ . 

S o 

o 

Equation 2.7 

0.0 -0.4 -0.2 0.4 

lo( 

Figure 2.3 Dispersion relations for the elastic wave equation 2.9 
and paraxial approximation 2.11 for positive z wave direction 
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Now agEiin lets check the Energy. The sum of potential and kinetic energy in the case 
of equation (2.1) is, 

E{t) = f ^{ut.ut) + + I3^{n x V x u)].[(V.i/)n + n x V x u\dV, 
J v  2 2 

= f + a2(V.u).(V.u) + /32(V X u).(V X u)civ. 
J v  2 

Finding the flux across this boundary we differentiate with respect to time, 

E'(t) = f utiTtt .u){V.ut) x u).(V x ut)dy. 
Jv 

Again here we can substitute in the elastic wave equation (2.1), 

E'{t) = [ a'^[ut.V{V.u) + {V.u){V.ut)] + /^^((V x u).(V x uj - Ut.(V x V x u)\dV\ 
J v  

= [ a2[V(ul(V.tr))] + 0''[Viut X (V X u))]dV. 
J v  

This is now a divergence and we can use the divergence theorem here as long as we 
remember we are looking at one side of a closed boundary S say, 

E'{t) = J .u)) +/?^n.(ttt x V x u))dS. 

Now taking advantage of our actual setting, the normal for a z incident wave on the 
bottom boundary is (n = (0,0,1) and it is also known that this boundary condition 
only approximates well in a cone around the axis. We can therefore look at a specific 
extreme case. Firstly introducing the normal and using u = (u, v, w) gives, 

E'{t) = J + Vy + Wz) + 0^{ut{u2 - Wx) - Vt{wy — Vz)dS. 

Now considering the ideal case of a normally incident wave with longitudinal motion 
(no motion in the x or y directions) leaves, 

E'{t) = J Oi^WtWi + + VtV::)dS. 
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and the boundary condition collapses too, 

U z t  ~  

or, 

Uz = AiUt,  

or, 

jnt, (2.20) 

1 

r" 
1 
-Wf 
a 

Substituting equation (2.20) into the flux expression gives, 

E'{t)  = J -a^wl -  + vl)dS.  

Which again is always negative, energy is leaving the system, however this is a specific 
case and at most other angles of incidence it is not possible to determine if the flux 
is negative. To test this boundary condition further an example comparison between 
a absorbing and general boundary condition is considered. 

The comparison is performed between Neumann boundary conditions (zero slope) 
and these absorbing boundary conditions and measures the change in the ratio of the 
amplitude of the wave known as reflection coefficients. The reflection coefficients are 
calculate by decomposing the boundary conditions into potentials using (2.21). 

^ = V 0  +  V X T ^ ,  ( 2 . 2 1 )  

V.Tp .  

Which separates the elastic wave equation into 3 separate scalar wave equations, 

(ptt - = 0, 

(V X - /?^V2(V X ^p)z = 0, 

^Ztt - = 0. 

Uz = -

Vz = -

Wz = -
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Further substitution of the following simplifies the scalax wave equations and leaves 
equations (2.23). 

These potentials decouple the displacement into 3 components a compressional wave 
known as the primajy or P wave ais it arrives first and two transverse or shear com
ponents known as secondary horizontal ajid vertical or SH and SV waves. P and SV 
waves are taken to be in the same plane and SH perpendicular to those two which 
separates into two independent systems. The displacements representations are given 
below, 

i j j  = {V 

X = •0Z-

(V X 

(2.22) 

= 0, 

iptt — = 0, 
= 0. 

(2.23) 

U p  

usv 

^SH 

V X V X (0,0, t/;)^, 

V X {Q,0,xf- (2.24) 

For the calculation of refiection coefficient we are just going to consider the P-SV 
system, that is we will consider a P or SV incident wave and P and SV refiections 
(Figure 2.4). 
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Boundary Boundary 
Incident S 

Incident 

Coversion to S 

Remaining P 

P 

Remaining S 

Conversion to P 

Figure 2.4 Responses for incident P and S waves on a boundary: 
showing the wave motion (arrows) and wave path (lines) 

To calculate the reflection coeflBcients we can now substitute in test wave potentials 
for 0 and equations (2.25), into equations (2.24) and subsequently in (2.9) and 
(2.11). Each has two wave parts an ingoing and an outgoing from the boundary with 
initial amplitudes 0o and and reflected amplitudes Hp and R3. 
The ratios of i2p/0O)-Rs/^o,-Rp/^o and Rs/tpo are the reflection coeflBcients and can 
be calculated by in turn setting 0o = 0 and ^0 = l, P incident-left case in Figure 
(2.4) and <j>o = l and ipo = 0,S incident-right case in Figure (2.4). 

(2.25) 

Here and r/„ are direction cosines for velocity v  and incident angle i .  Where the 
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relationship between incident and reflected angle (r) is calculated using Snell's Law, 

sin(z) _ sin(r) 

Vi  V2  

1.0 

as -

^ ae • 

O 0.4 -

Rs 

ao 
0.8 1.0 ao 0.6 1.4 0.4 

P Incident Angle (radians) 

1.0 

£ 0.6 • 

O 0.4 • 

Rs 
0.0 

0.0 0.4 0.6 1.0 1.4 

P Incident Angle (radians) 

Figure 2.5 Reflection coefficients Rp, Rg for incident P 
top,elastic wave equation 2.9:bottoni,paraxial boundary condition 2.11 
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In figure (2.5) the reflection coefficients axe plotted for incident P for (2.9) and (2.11) 
respectively the paraxied boundary condition (2.11) for this case clearly has less re
flection for the Rs component and also has less for Rp although it is not as visible. 
The reflections are almost zero up to 0.6*^ which confirms that this boundary absorbs 
best for angles closer to normal rather than oblique angles. 

1.0 

aa • 

O 0.4 -

o 
Rs 

cc 0^ • 

0.0 • 

0.6 0.8 1.0 1.2 

S Incident Angle (radians) 
1.4 0.0 0.4 

1.0 

^ as ' 

O 0.4 -

cc 0-2 • 
Rs 

0.0 
0.0 0.6 0.8 0.4 1.0 1.4 

S Incident Angle (radians) 

Figure 2.6 reflection coefficients Rp, Rg for incident S 
top,elastic wave equation 2.9:bottom,paraxial boundary condition 2.11 
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Figure (2.6) are reflection coefficients for incident S, again the paraxial boundary 
condition reflects less for both Rp,Ra and are close to zero for smaller angles.The 
kink in the coefficients path is where a critical angle sin(z) = ^ and become complex. 
In these models a = 6.2 and P = 3.5. 

The paraxial boundary condition absorbs the energy for normal incidence better than 
the elastic wave equation equation, oblique incidence is not as accurate. However, 
since the oblique incident rays are less likely to arrive at receiver points, in general, 
this approximation seems acceptable. If oblique incidence is likely the absorbing 
boundary condition can be centered on a different angle. 

The finite difference approximations to the absorbing boimdary conditions are differ
ent for each derivative as with the general elastic wave equation. Firstly the cross 
derivative for the direction of nonnai to the boundary and time (2 in this example 
from equation (2.11) ). 

where « u{tj ,Xn,yi ,Zk) ,  and t j  = to + jAt ,  Xn = xq + nAx,  yi  = yo + lAy,  
Zk = zq + kAz, the to,xo,yo and zq are initial values, the A's are step sizes and 
j, n, I, k are the nximber of steps. 

For second order time derivatives we use, 

— -i— (- 77"-' - iT"-' 4- - 77"'' - 77"'' 

and for second order spatiai derivatives, 

^ - 71"+^'' 4- 2u"'' -dx^ \  J-hk ^j- l ,k  

also cross terms with space {x here) and time , 

^ ^ = —L_f5"+l'' _ 77"+1'' _ TT"-!-' 4.77"-^'' 
dxdt 2AxAV ^ 

I -n+l,/-l --n+l,/-l yn-l,l-l yn-l,l—l\ 

and finally cross terms of two space derivatives. 

 ̂̂  _ 77?+̂ ''"̂  _ 77'?"̂ ''''"̂  4. 
dxdy AAxAy 3~^<k j—i,k j—i,k 

^  ^j+l,k- l  "j+l,Jk-l + + 
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2.1.2 Surface Boundary Conditions 

The surface boundary conditions are applied on the top and remaining boundary. 
The requirement is that all stress or tractions across the surface are zero, 

A(V.u)n + /i(2(Vu).n 4-nxV xu)=0. 

These equations are approximated using one sided boimdary conditions in the z 
direction (normal to the boundary) and centered on the surface itself {x ajid y) [2, 
Alterman and Rotenberg, 1969]. 
In z and x,  

dz Az \  ' 

— - -i-

dx ~ 2Ax \  ) • 
The method with the absorbing and surface boundary conditions is consistent, con
vergent and stable provided the following condition is met: 

+ < l O-

where dt is the time step eind h is the grid spacing. 
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2.2 Discrete Wave Number Integration 

The discrete wavenmnber method is used in a boundary value problem setting. It is 
to be applied from sources anywhere on the boundary of the finite difference zone to 
a receiver usually on the surface outside the finite difference zone. The setting is as 
seen in Figure (2.9). 

r X 

Surface 

.r reciever t 
Source 

ha 

I 
Figure 2.7 The view is a 2-D slice through the x-z plane (y is out of the page) 

of the resolution of structural information required for discrete wave number technique. 
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The structure is that of horizontal layers of constant velocity and density the boundary 
conditions are at the interfaces the layers. The source is also taken as a boundary 
condition being a pulse or delta function in one of the layers giving a jump boundary 
condition in the solution at that point. Thus maJdng the solution a Green's function. 

Here the simplification of the homogeneous elastic wave equation (2.1) by decou
pling into compressional and rotational components is considered again (see equa
tions (2.21)-(2.24)). The successive substitutions are done for u, (2.21) and then ip 
and x,(2.22) leaving, 

Xu-p'V\  = 0.  

Consider a general wave equation in an free space reintroducing the boundary con
ditions at a later date, with that in mind depth(z) is taken as positive downwards. 
The equation is converted into cylindrical coordinates, as follows: 

5r2 rdr 9^2 rW CdP ' ' 

To solve this equation for G, a generic potential function for the displacement u and 
free space Green's function, first the equation is transfered into frequency space using 
the first half of the Fourier Transform pair, 

/

OO 

G{r,  z ,  t )  ex^{i tu)dt ,  
•OO 

1 -
G{r,z , t )  = TT- / G(r, 2,0;) exp(—zia;)rfa;. (2.27) 

271" 7-00 

Applying the Fourier Transform to (2.26), the following results. 

d'^G IdG d^G Id'^G w^G ^ , 
dr^ rdr dz^ r^de^ ~  

The substitution G = R{r)Z{z)Q{6) is made, this sepeiration of variables may be 
applied to (2.28), resulting in. 
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Reaxranging the above equation, and noting that both sides are now made up of 
independent variables, it is possible to set both sides of the equation to a constant 
(for convenience, say m^), 

^R" R'  2Z" 2 .oo^^ 
c5- = -e =™ • 

It is now easy to solve the equation for 0, 

0" + ni^Q = 0, 

Since 0 is periodic, the solutions are sums of the form (cos(m0),sin(m0)). 

The other half of equation (2.29) can be split again into independent variables z and 
r. Set equal to a constant —k'^ (where k turns out to be wavenumber), the equation 
becomes. 

R'^ rR r2 -  Z 

The equation in r is a Bessel's equation of order m with variable kr and has solutions 
Jmikr), Bessel's function of the first kind and Ym{kr), Bessel functions of the second 
kind. However, since Bessel functions of the second kind are not finite at r = 0, the 
only valid solution are Bessel's function of the first kind. 

Returning to the boundary conditions for this differential equation which are all in 
2, they are continuity of displacement (2.21) and traction (2.2) across each layer 
interface (2.2) and a jump condition in the source layer representing a delta function 
and making the result a Green's function for layered media with a point source. 
Note at the top surface, as there is a solid fluid boundary that incorporates slip, 
no transmission of energy occurs (total reflection). In addition, it is required that 
pressure (2.30) is continuous, as only vertical displacement can be continuous there. 
Within the source layer, it is necessary to satisfy the forcing function. 

kV.VU = P = kV^U , 

where, k is incompressibility or bulk modulus and P is pressure. 

(2.30) 
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To be able to apply these boundary conditions G = (0, x) has to be returned to 
displacement (2.21), where G is of the form: 

G = g{z,k,u})Jjn{kr){Acos{Tnd) + Bsin(m0)). 

In terms of potentials ip, x), this is expressed as, 

0 = 0(z, k,  w)JmikT){Ai cos(m0) + Bi sin{m0)) ,  

•ip = •ip{z, k, w)Jm{kr){A2 cos{mO) + B2 sin(md)), 

X = x(^,k,iu)Jr„(kr)(A3COs(m0) + B3siii(m0)). 
(2.31) 

Substituting (2.31) into (2.21), and assuming zero azimuth (0 in (2.21), not in (2.31)), 

_ _ yti 
u = [{Ai(l)  +A2il)z)J 'm{kT) + BzX-j^Jm{kT)\kcos{me) 

__ _ jYX 
+[(Si0 + B2iiz)J 'm{.kr)  -  A3X -j^Jm{kr)]ksm{m9),  

— — TJl  
V = [(Bi0 + B2^z)- j^Jm{kr)  -  A3xJ'm{l^r)]kcos{Tn9) 

— — 772 
-[{Aicf)  + A2'>pz)-j^Jm{kr)  -  B3xJmi^r)]ksm(me), 

w = [Ai^z + A2{' ipzz + ip)]Jm{kr)  cos{md) 

+[Bi^z + B2{i)zz  + i})]Jm{kr)  smim9.)  

(2.32) 

If the azimuth had been chosen to be 90 degrees, then u and v would be reversed. 
Further, other cingles can be realized as combinations of both u and v. Thus we can 
continue without loss of generality and this case is explored later in this section in 
the discussion of equation (2.35). 

Equation (2.32) can be simplified by noting that for an explosive source (m = 0) there 
is no SH motion and therefore x U2 will equal zero. In turn, this sets coeflBcients 
Bi,B2,A3 to zero. Replacing (0, x) using the relations in (2.33) and relabeling 
(it, V, w) by (r, t, v) standing for the radial,vertical and tangential components, the 
following results, 

(^10 + A2'ipz) , 

[Ai(j)z  + A2{i}}zz + ̂)] 
k 

(2.33) 

Rm = 

= 

Vm = 
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Um('^) = \ym{z,k,Uj)Jm{kT)k]cQs{Tnd) ,  

r^{uj)  = ^Rm{z,k,u})J '^{kr)-^Tm{z,k,u)Jm{kT))l^  ,sm{me) 

fmM = \{-Tm{z,  k ,  Uj)J^(kr)  +  ̂ Rm{z,  k ,  uj)Jm{kT))}^ cos{m9).  

(2.34) 

It is now possible to calculate Kn, Rm and Tm using the boundary conditions for 
The solutions are provided in Appendix A. 

At present, these equations are valid for all positive m and k.  However for this 
application we need to look at three choices of fundamental planar fault. We assume 
that the point source has a planar orientation, the frame of reference for faults planes 
is the set of three angles known as strike, dip and rake. Strike is the angle 6 that is 
a rotation over the top surface of the whole space, dip is the angle 5 from horizontal 
that the fault slopes at and rake A is rotation in that fault plane. 

Table 2.1 Fundamental fault parameters 

Fault m Strike 9 Dip 5 Rake A Azimuth 
[ 45° dip slip 0 arbitrary 45° 90° 45° 1 

1 (radially symmetric) 1 
1 vertical dip slip arbitrary 90° 90° 1 
1 (axisymmetric) 1 

vertical strike slip 2 arbitrary 90° 0° 

Note that the dip slip fault viewed from an azimuth of 45 degrees is also called the 
compensated linear vector dipole or linear dipole for short. Its name comes from 
being combination of 3 dipoles, two with magnitude 1 and one with magnitude-2. 
This is a radially symmetric source which is compensated to zero magnitude and is 
linear. This source is used to represent the effect known as "spall" where an explosion 
is set off and the surface rises and slaps back down adding to the source. 

Incorporating the fundamental fault parameters into (2.34), the displacement greens 
functions can be expressed for m = 0,1,2 the values of m > 2 are lost as we have 
made the assumption that the faults are planar. 
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roo 

Vjn{u})  = cos{m9) I  Vm{k,uj)Jm{kr)kdk,  

f°° m 
Tmiuj)  = sm(m0)y iRmik,u;)J^{kr)-—Tmik,uj)Jm{kr))kdk,  

TTt 
{ -Tm{k,uj)J^{kr)  + —Rm(k,u)Jmikr))kdk 

(2.35) 

Of course a seismic event is a combination of these eight Green's functions. The 
strength of each component is determined by the parameters strike, dip and rake. 
The eight Green's functions axe converted into three displacement functions (V, i2, T). 
First, the Green's functions are simimed over the fault parameter m using the radi
ation pattern coefficients, AmiO,S,X) (2.35) (Note these coefficients incorporate the 
azimuthal choice from earlier in this section). Convolving with a source time function 
/(a;), the Green's functions are then returned to time space using the second half of 
the transform pair (2.27). In these calculations the size of the event is introduced 
from the source itself, however, as a matter of convention the source is usually input 
as unit amplitude and a factor added to scale the whole model. The moment or size 
of the earthquake is represented as Mq along with a cylindrical strength term. These 
steps are outlined below. 

m=0 

m=l 

where * represents a convolution and. 

Vm{k,t)Jmikr)kdk,  

roo I Tn 
^m{t)  = {Rm{k, t)J '^{kr)-—Tm{k,t)Jjn{kr))kdk,  

tm(t)  = ^  {-Tmik, t)J^{kr)  +  ̂ R^{k,u)J^{kr))kdk 
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with, 

^0 {B, 5,X) = ^ sin(A) siii(2(J), 

Ai [0,  S,  A) = cos(0) cos(A) cos(5) — sin(fl) sin(A) cos(2(5), 

A2(0,S,A) = sin(26) cos(A) sin(5) + ^ cos(20) sin(A) siii(25), 

A3(d,S,X) = 0, 

At(0,5, A) = — cos(0) siii(A) cos(2(5) — sin(0) cos(A) cos(5), 

>16(0,5, A) = cos(20) cos(A) siii((J) + ^ sin(20) sin(A) sin(2(J), 

At this point, it is convenient to note that other methods diverge in how they inte
grate. In generalized ray theory(Cagniard de Hoop) the Bessel's function is replaced 
by an integral representation , J^ikr) = cos(A:rsin0 — v6)d6 and then using the 
method of steepest decent makes an asymptotic approximation to the integral, then 
by converting from k and t to wave slowness ,p, and travel time, T, for each individual 
phase. A solution is calculated by performing a trivial inverse Laplace Transform. 
Reflectivity does the integration over wave slowness, p, also, as opposed to over k and 
does not utilize periodicity in time. 
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Chapter 3 

APPLICABILITY, EFFICIENCY AND OPTIMIZATION OF 
METHODS 

The discussion here is to illuminate which methods are applicable to this the setting 
of the Tarim Basin and then to improve the existing algorithms for these methods, 
verification and validation of the improved techniques are then performed. 

3.1 Applicability 

In the setting of the Lop Nor test site the technique is required to perform propagation 
locally heterogeneous media where detail is critical, and move out into a simple layered 
media where detsdl is not as important. Each situation requires different synthetic 
methodologies. The intention of this research is to join two separate computational 
methods together. First, a local method which can generate seismograms through 
heterogeneous media is required. This eliminates algorithms such as ray tracing, 
discrete wave number and reflectivity, as these require homogeneous layered media. 
This leaves the various finite difference and finite element algorithms. Within the 
finite difference/element category itself there are many choices in order and in variable 
space. There exist working 2nd and 4th order methods as well as methods that work 
in frequency space instead of time, (Fourier/pseudo spectral methods). All have 
stability and dispersion limitations. In the running battle for speed, the fourth order 
method described in 2.1 is at present winning [18, Vidale, 1990] and thus is the present 
choice for the first part of this method. 

For the second part of the problem, a fast regional to teleseismic distance propagator 
is required. This eliminates finite difference and finite element methods as they are too 
computatiouedly intensive or inaccurate over regional to teleseismic distances. Ray 
theory is also eliminated as a full wave is required and in ray tracing only specific 
ray paths are generated. In particular surface waves caused by the interaction of P 
and S waves with the free surface boundary condition are an infinite sum of rays 
and thus can not be modeled by individual rays. The only two plausible choices 
are discrete wave number and refiectivity methods. Due to speed constraints and 
flexibility, particularly in using multiple runs, the discrete wave number integration 
method is selected. 
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3.2 Efficiency and Optimization 

With multiple sources the speed at which the codes perform is a vital factor in making 
this a viable method, every avenue where gains could be made must be considered no 
matter how small. 

In the interests of efficiency, consideration to the programming envirormient was con
sidered. The computer language C was selected because of its interactive abilities 
with the Unix enviromnent as this gives more freedom with complex arithmetic and 
thus speed as opposed to lower level languages such as FORTRAN and PASCAL in 
which complex routines are packaged. 

For the wave number integration method, optimal speed is necessary. The higher the 
order of the method, generally the faster the convergence of the wavenimiber integrals 
(equations (2.35)). However, higher orders translates into massive amount of compu
tational operations in the calculation of the reflection and transmission coefficients 
(Appendix A), and consequently slow codes. In tests on single and multiple layers 
and several distance ranges and source depths, the method found to be most efficient 
is a straight composite trapezoidal rule. This method is higher order than rectangle 
rules but less computationally intensive than Simpson's or Runge-Kutta methods. 
The wavenumber integration is infinite domain; hence the summation is truncated 
using a convergence tolerance. 

Clearly, as multiple summations are required the minimization of the number of 
operations is paramount. The coding of this method takes advantage of its periodicity 
by utilizing the Finite Fourier Transform (FFT) in performing the frequency to time 
integration. It is possible to time window the event by using the length of the signal 
and a time delay to the first arrival. This has the advantage of only calculating 
necessary information and allowing more detail. 

There are several singularities within the method which can be avoided. One occurs 
when the frequency is zero ((A.3) in Appendix A). Then the calculations encounter 
division by zero. This is easily avoided by shifting the integration by a small amount 
off the real frequency axis into a complex domain and adjusting for this shift at the 
end of the calculation. 
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Wavenumber step size, I, can also potentially cause problems. Ghost phases axe 
created if the step size is not selected based on the following criteria: 

l > 2 r ,  

I > r  + V ,  

where I is wavenimiber step, a. is the maximal compressional wave speed in the struc
ture, T is length of time signal window selected and z is depth of the model created. 

Im(k) 

Short Cut to Infinity 

J(kr) 

(1)^\ 
H(kr) \ 

J 
Re(k) 

Branch points Pole 

Figure 3.0 Deformation of k contour path from the real k axis 
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When the source and receiver are close to the same depth the convergence of the 
wavenumber integrals (2.35) is very slow and at times divergent. The problem occurs 
in equation (A.2) in the appendix. The exponential is raised to a negative power of 
difference in depth of source and receiver multiplied by a in equation A.l. If a is not 
large enough to counteract the small difference ia depths, the resulting multiplica
tion for multiple layers causes a close to division by zero, which results in very slow 
convergence or  divergence.  A way to avoid this  s low convergence is  to  deform the k 
integration path into the complex plain as in Figure (3.0). The path is termed the 
"short cut to infinity" by [10, R.Greenfield,95]. Here the path is deformed from the 
real axis where it is close to the branch points from equation (A.l) and then up the 
imaginary axis and then parallel to the real axis. 

The path continues out beyond the Rayleigh pole. The Rayleigh pole comes from the 
waves that travel along the surface. The surface wave can be split up into a modal 
sum each signal from a mode has its own velocity known as phase velocity the whole 
wave also has a general or group velocity. The two velocities are related as follows. 

T T  1  

Where U is group velocity, c is phase velocity and k is wavenumber. Now if U reaches 
a maximum then several modes arrive at the same time creating a singularity known 
as the Airy phase. 
Once beyond this pole the integration is spilt into two separate integrals by decom
posing the Bessel functions into Hankel functions as. 

The integrand containing is integrated parallel to the imaginary axis in a positive 
direction. This converges rapidly and can be truncated using the same criteria as the 
original Bessel integration. Similarly is integrated in a negative pure imaginary 
direction. The contour is closed in both cases by a quarter circle of infinite radius 
which contributes nothing to the integral as the Bessel's function can be replaced 
by the integral representation Ju{kr) — /J^cos(A:rsin0 — v9)dd and then by Jordan's 
lemma these terms can be shown to be zero for this curve[10, R.Greenfield,95]. 

A further complication arises when in a layered structure the term in (A.l) become 
imaginary, that is where the incident angle become post critical producing a trans
mission rather than a reflection, the wave is transmitted down into the lowest layer 
and does not return back up. If the integral does not converge soon after this, this 
term can for higher wave numbers gradually diverge. When this occurs the easiest 
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solution is to reduce the problem from a n layer model to a n — 1 layer model beyond 
the critical angle, as the lowest layer is no longer contributing to the problem and 
will not affect the solution if removed. 

The improvements to this method only improves the computationeil speed by a fac
tor of two over other discrete wave number methods (which, in turn, are orders of 
magnitude faster than reflectivity codes) in general cases, although where sources and 
receivers are close the improvement is larger. Also in multiple runs, which is required 
for this method, further improvements can be made by utilizing common parts of 
these calculations. Therefore, the factor of two improvement represents a noteworthy 
improvement. 
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3.3 Verification and Validation 
Having altered the discrete wave number, it is necessary to verify and validate the code 
against already tested methods. Comparisons need to be made to finite difference, 
reflectivity, ray tracing and previous discrete wave number methods. 

3.3.1 Comparison to Finite Difference 

Radial Tangential Vertical 

DWN 

^—I—I—j—j—(. i—h-T—I—i—f—f—t- i—I—I—h- -t—1—h 

Figure 3.1 Synthetic seismograms from a source at 8 km depth and receiver 16 km 
away passing through the structure in Table 3.1: 3 components from a 
strike slip earthquake are shown from both finite difference (FD) and 

discrete wavenumber methods (DWN) 
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Table 3.1 Structure for discrete wave number verses finite difference comparison 

Thickness compressional wave speed shear wave speed density 

km a km/s 0 km/s p gm/cm^ 

10 5.0 2.9 2.1 

oo 6.2 3.5 2.7 

The lower traces in Figure (3.1) are generated from Frankel and Vidale's finite differ
ence code described in section (2.1); the upper traces in Figure (3.1) are from the new 
discrete wave number algorithm described in sections (2.2) and (3.2). The source for 
this model is at 8 km depth and the receiver is located 16 km away, the structure is 
in Table (3.1) and is a layer over a half space. The finite difference uses a Gaussian as 
opposed to triangular source time function and a smaller time step, exact parameters 
are set out in Table (3.2). This leads to a slightly smoother signal overall and the a 
missing peak to a phase in the radial discrete wavenumber trace. The strike, dip and 
rake are that of a strike slip earthquake. The different phases are better shown in the 
next comparison. 

Table 3.2 Parameters for discrete wave number verses finite difference 

Parameter FD DWN 

Source Time Function (STF) Gaussian Triangle 

STF amplitude 1 1 

STF duration(seconds) 1 0.5,0.5 

Time Step (seconds) 0.02 0.05 
Grid Spacing(km) 0.5 
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Figure 3.2 Synthetic seismograms from a source at 8 km depth and receiver 16 km 
away passing through the structure in Table 3.3: 3 components from a 

strike slip earthquake are shown from both generalized ray tracing (GRT) and 
discrete wavenumber methods (DWN) 

Table 3.3 Structure for discrete wave number verses ray theory comparison 

Thickness compressional wave speed shear wave speed density 
km a km/s /? km/s p gm/cm^ 

GO 6.2 3.5 2.7 

In Figure (3.2), the upper trace is from discrete wave number, the lower is Terry 
Wallace's version of the Cagniard de Hoop ray tracing method[21, Wallace 1983]. 
The depth of source is 8 km and the range is 16 km. Since it is not possible to model 



46 

surface waves with ray theory for more than one layer, the comparison is over a half 
space (see Table (3.3) . The match here is perfect and phases can be clearly seen, 
being a half space the phases are easy to identify. The other parameter used such as 
source time function can be found in Table (3.4). 

The first to arrive is the P or primary wave traveling directly from source to receiver 
with a compressional motion the fastest method of traversing through the Earth (6.2 
km/s see Table 3.3). The next is the S or secondary wave traveling again directly 
from source to receiver but with transverse motion, (3.5 km/s Table 3.3) and finally a 
surface wave which is a combination of both particle motions trapped along the surface 
of the Earth. As the P and S wave reach critical angles of incidence for conversion to 
S and P respectively they produce an evanescent wave individually. However at the 
surface these evanescent can not exist as the stress across this boundary is zero, the 
stress being zero makes the second term in the potentials equations (2.25) (r, for P 
incident and r, for S incident) zero. However,it is possible for the waves to exist if 
you have both S and P incidence at the same point producing a joint or surface wave, 
the overall motion is elliptical and its path and motion make it arrive last. 

In this case all three are seen clearly on the radial seismogram, (marked on the upper 
trace in Figure 3.2) the P wave, the vertical component (SV) of the S wave and 
the Rayleigh wave (R) or surface wave from P-SV coupling. On the tangential the 
horizontal component of the S wave, (SH) and a different kind of surface wave from 
SH motion only (just a transverse wave moving along the surface), called the Love 
wave (L), are too close to separate as the distance from source to receiver are too 
small to make a difference between the direct path and the surface path. The Love 
wave will arrive before the Rayleigh wave. 

Table 3.4 Parameters for discrete wave number verses ray tracing 

Parameter GRT DWN 
Source Time Function (STF) Triangle Triangle 

Time Step (seconds) 0.05 0.1 
STF amplitude 1 1 
STF duration(seconds) 0.5,0.5 0.5,0.5 
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3.3.3 Comparison Between Old and New Discrete Wavenumber 
Methods 

Strike Slip Dip Slip 45 Dip Slip 

Figure 3.3 Synthetic seismograms from a source at 10 km depth and receiver 50 km 
away passing through the structure in Table 3.5: The 8 Green's function components 

are shown from both discrete wavenumber methods 

Table 3.5 Structure for discrete wave number comparisons 

Thickness compressional wave speed shear wave speed density 

km a km/s P km/s p gm/cm^ 

50 5.5 3.2 2.4 

30 6.7 3.9 2.7 

oo 8.0 4.6 3.0 

These seismogrEims in Figure 3.3 are the eight Green's functions, starting with a row 
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of tangential components then radial and finally vertical. Colmnns represent for each 
tangential, radial and vertical a 45° dip slip, vertical dip slip and vertical strike slip 
seismogram. The upper trace is from the new discrete wave number the lower from 
an older version by Yao and Harkrider. The depth of source is 10 km, the range is 50 
km the structure is 2 layers over a half space, the match is good. 

Again, here the P, SV, SH and Rayleigh (R) waves are visible and marked on the 
radial and tangential components of the strike slip Green's functions in Figure 3.3. 
Also here is marked a reflection of a P wave off the first layer labeled Pp. 

Table 3.6 Parameters for discrete wave number comparisons 

Parameter Old DWN New DWN 

Source Time Function (STF) Triangle Triangle 

Time Step(seconds) 0.05 0.05 

STF amplitude 1 1 
STF duration(seconds) 0.5,0.5 0.5,0.5 
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3.3.4 Comparison to Reflectivity 

Vertical Radial Tangential 

Rayleigh Pulse 

I DWN 

rtfvff 

S phases 

/ 
P phases 

I ' 

P toS 
conversions 

Figure 3.3 Sjmthetic seismograms from a source at 7 km depth and receiver 10 km 
away passing through the structure in Table 3.7: 3 components of a strike slip earthquake 

are shown from both the reflectivity (R) and discrete wavenumber methods DWN 

Table 3.7 Structure for discrete wave number verses reflectivity comparison 

Thickness compressional wave speed shear wave speed density 

km Q km/s P km/s p gm/cm^ 

3 3.5 2.0 2.4 

2 4.5 2.7 2.6 

5 5.5 3.3 2.7 

5 6.5 4.3 3.7 

oo 8.0 5.3 4.0 
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In Figure 3.4, the upper trace is calculated using the discrete wave number method 
the lower Randall and Taylor's reflectivity code[15, Randall, 1994]. The range here is 
10 km with a source at 7 km depth. Here we have four layer over a half space, see 
Table (3.7). There are some slight differences in amplitude of some phases but timing 
is excellent and amplitude generally good. This model having 5 layers has many P 
phases and S phases and conversions between the two and are marked in Figure (3.4) 
on the vertical component of this strike slip event. The first Rayleigh pulse is visible 
too. 

Table 3.8 Parajneters for discrete wave number verses reflectivity 

Parameter R DWN 

Source Time Function (STF) Point source Point source 

Time Step (seconds) 0.05 0.1 

Over these four validations the new discrete wavenumber has been tested against four 
previously accepted methods and algorithms, from body wave to full wave techniques, 
local and regional techniques, they also covered sources within the first and lower 
layers and ranges from 10-50km. The new algorithm for the discrete wavenumber 
method compares very well in all cases. 
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Chapter 4 

MATCHING: THE REPRESENTATION THEOREM 

The choice of a method to model wave propagation in locally intensely heterogeneous 
material and one to model at regional distances has been made. The next step is to 
combine the two by in a sense "stitching" the discrete wave number to a solution of 
the finite difference. To do this we use a representation theorem , a representation 
of displacement at a point in terms of the displacements in two regions is required. 
With this in mind we consider an internal boundary separating the space into two 
regions and having separate displacement on either side. 

Consider an artificial boundary E inside some volume V ( figure 4.1). Let both u and 
V satisfy the elastic wave equation (2.1), but each with different forcing functions, 
denoted / and g respectively. These are represented in summation notation. 

' i  OXi  

(4.1) 

(4.2) 

Figure 4.1 Volume V and artificial internal boundary S with displacements u and v  
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To create a representation of displacement including both u and v ,  it is necessary to 
combine equations (4.1) and (4.2). This is achieved by taking the inner product in 
volume space of equation (4.1) with v, and (4.2) with u and equating them (as they 
are both zero). This is equivalent to multiplying equation (4.1) by v, multiplying 
equation (4.2) by u and then integrating over the volume, equating as follows; 

JJJ {pUi - fi)vidV + J J [(A5y(5ifc/ + fi{5ijSki + dij5ki))^nj]uidi: 

= JJJ im - 9i)uidV + J J [(A(5y4f + + Sij6ki))^^nj]vidi:. 

(4.3) 

Note that to reduce the forcing function terms (/, ̂ ) from volume to surface integrals, 
Green's theorem has been used. 

In equation (4.2) replace v  with a Greens function G. Hence Qi has been replaced by a 
delta function in space and time at the point (^, r) and in the direction n. Integrating 
equation (4.3) over time gives: 

CIIL {pUi - fi)Gnidydt 

+ + 5ij6ki))^nj]uidi:dt 

- IlIIL pGniUidV dt + Uti(|*, r) 

+ J J J [i^Sij6ki + fJ-{5ijSki + 5ijSki))-g^nj]Gnid^dt. 

(4.4) 

Simplifying and rearranging equation (4.4), the result is a representation of u, the 
displacement, as defined in terms of the original form until the boundary S. Once 
crossing the boundary, the displacement is defined in terms of a Green's function [1, 
Aki and Richards 1980]. 

n i l r )  = r fff -fiG^idNdt 
J -oo J J J V 

+ J J J + fJ.{Sij5ki + SijSki) TijdEdt. 



53 

This is a representation theorem for u. It can now be used to set up the joining of 
two methods. The stitching process is achieved using this representation theorem, 
which can be motivated by Huygens' principle of taking a wave front to be multiple 
new sources. The stitching boundary, however, is not a wave front but a boundary 
from which we propagate with a different method (Figure 4.2). 

Finite ^ 

Difference Metbod 

Number Metbod 

Figure 4.2 Schematic of the stitching process of the finite difference to the 
discrete wave number 

The setting for this problem requires traction and displacement to be continuous for 
u across our boundary E. However, we can pick the boundary conditions for the G's. 
So that the elastic wave equation is satisfied on S. The boundary conditions for u 
eliminate the stress or traction term for u. Hence, 

- rjL\ "t" UiTlj dUdt. 

(4.5) 



Displacement values are collected from the initial propagation at the specified bound
ary. This boundary is then separated into segments, each of which will be represented 
as a new source by convolving these displacements with Green's functions from the 
new designated source. The spacing and position of sources are now critical and 
becomes a reflection seismology calculation to prevent elimination of certain wave
lengths. 

Any detail in the displacement u does not restrict the wavefield G and vice versa. 

With the faster speeds at which these new codes can operate, it is possible to run 
multiple sources simultaneously at high speed. This gives the opportunity to utilize 
a nearfield code, such as finite difference, to obtain the detailed wavefield from a 
structurally heterogeneous source region. Then Green's functions from the discrete 
wavenumber integration method can be combined using the representation theorem 
to propagate out to larger distances. 

The displacements Ui from the finite difference are ready to put directly into the 
formula (4.5). However, we have 27 Green's functions Gni from (4.5) and we can 
only produce eight fundamental faults cind two explosion sources from our discrete 
wavenumber method (Table 2.1). To correlate the two forms the first step is too 
expand out (4.5) to get (4.6). 

Un = [ ff A[(uini + U2n2 + U3'^3)(<Jnl,l + Gn2,2 + G„3,3)] 
J - o o J J  S  
+IJ,[(Uin2 + U2ni){Gni^2 + Gn2,l) + (U2'^3 + ̂ ^3'^2) (G„2,3 + GnZ,2) 

+{uin3 + U3ni)(G„i,3 -1- Cz7i3,i)] 

-l-2/x[uiniGni,i + U2n2Gn2,2 + 

(4.6) 

The Green's functions for the discrete wave number integration method are described 
in terms of the 27 Gnp,qS in the following table [16, Stump, 1979]. 
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type motion azimuth symbol equivalent expression 
radial 0° 55H(0) 0 

45° S S R i f )  Gri,i — Gii2,2 
strike vertical 0° SSviO) 0 

earthquake slip 45° S S v i ^ )  Gvi,i — GV2,2 
tangential 0° S ST{ 0 )  Gti,2 + GT2,1 

45° S S H ^ )  0 
0° D SR( 0 )  0 

radial 45° LDr + GR2,2) — GR3,3 
90° D S n i ^ )  — {Gri,3 + GR3^I) 
0° D S v i O )  0 

dip vertical 45° LDv + GV2,2) — GV3,3 
slip 90° D S v i ^ )  — {GVI,3 + GV3,I) 

0° D ST{ 0 )  — {GT3,2 + GT2,Z) 
tangential 45° LDT 0 

90° DST^k) 0 
radial NA EXR Gr\,I + GR2,2 + <5/23,3 

explosion vertical NA E X v  Gv\,l + Gv2,2 + Gv3,3 
tangential NA EXt 0 

Now substituting these into (4.7), the final result is separated into two situations; the 
horizontal boundary where n = (0,0,1), and the vertical boundary where n = (1,0,0). 

For the vertical case, consider: 

y-R,V = J J J XuiEXRy — HUzDSRy{ — ) 
+fJ.Ui[SSiiy{~) + -{LDny + EXiiy)]dlldt, 

UT = [ ff fj.U2SST{0)d£dt, J-oo J J S 



56 

and for the horizontal case: 

UR,V = J J J XUzEXfty — fJ.UiDSR^v{—) 
— 2LDR^v]d^d,t, 

ut = f ff fj.u2DST{0)(n2dt. J-ooJJ E 
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4.1 Comparison of Combined Code and 
Discrete Wave Number 

RADIAL VERTICAL 

JOINT 

Figure 4.3 Synthetic seismograms from a source at 3.2 km depth and receiver 32 km 
away passing through the structure in Table 4.2: 2 components from an 

explosion are shown from both the joint (JOINT) and 
discrete wavenumber methods (DWN) 

Table 4.2 Structure for discrete wave number versus joint codes comparison 

Thickness compressional wave speed shear wave speed density 

km a km/s {3 km/s p gm/cm^ 

oo 1 6.7 3.5 2.7 

In the seismograms in Figure (4.3), the upper trace is from the new discrete wave 
nvunber the lower the joint discrete wave number and finite difference codes. The 
depth of source is 3.2 km, the range is 35 km. The structure is a half space (Table 
(4.2)) 



Table 4.3 Parameters for discrete wave number versus joint comparisons 

Parameter Discrete 
Wave Number 

Joint Finite Difference 
Discrete Wave Number 

Source Time Function (STF) Triangle Gaussian 

Time Step(seconds) 0.02 0.02 

Grid Spacing(km) .2 

Receiver Separation 
for Boundary (km) 0.4 

STF amplitude 1 1 

STF duration(seconds) 0.5,0.5 1 

The comparison is not perfect however the timing is good and we have the correct 
phases some "kinks" in the seismogram due to the discreteness of the joining which 
improves with more sources on the boimdary, however, the barrier of length of com
putation comes into play. 
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Chapter 5 

MOTIVATION AND STRUCTURAL EFFECTS 

This technique joins a local code to a regional propagator, For this technique to be 
useful the local detail must have an effect on the seismograms the local code can 
produce. In particularly in this case does local structure make a difference? 

Case I: Stratified Half Space Model 
distance: 100 km 

distance 
36 km 

-0-

Wave Parameten: a=5.5., 3=3.2., 6=2.4. 

10 tun Wave Parameters: oe=6.7., P=3.9.. 5=2.7. 

infinitely thick layer 
Wave Parameten: cc=8.0-p=4.6., 5=3.0. 

Case n: Crustal Root Model 

-0-

distance 
36 km 

distance 
30 km 

distance: 100 km 

Wave Parameten: a=5 J, P=3.2., 5=2.4. 

Wave Parameters: a=6.7.. 3=3.9., &=2.7. lo .L 
_L 

Wave Paramtten: o^.O.. 3=4-5., 5=3.0. 

Figure 5.1 Structure for finite difference models 
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On running two models using the finite difference code, one in a stratified half space 
and one where the same layers are used but with a crustal root into the mantle under 
the source added ( Figures 5.1). The response from the source S is recorded at the 
surface, on a vertical line at 100 km range from the source to a depth of 80 km and 
then also horizontally at 80 km depth back to below the source, other parameter are 
in Table 5.1. 

In Figure (5.2) the results of the two nms are shown and appear the same at this 
scale. In fact the traces from the surface are the same as they pass through identical 
structure. However, a closer look at receivers along the base show time shifts in major 
phases and minor phases being altered enough to change polarity at points(Figures 
5.3). This may not look like much, but when propagated to distances of 2000 km 
these small changes can greatly affect the model picked. 

Surface 
0-100km range 

100km range 
0-80km depth 

lOO-Okm range 
80km depth 

Root Model Stratified l\/lodel 

Time Time 

Figure 5.2 Results from finite difference method at 70 receivers placed 
in the structures from Figure 5.1 
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Root Layered 

o •a 
3 

a. 
E < 

Time 

Figure 5.3 A single response from the receivers at the base of the models 

Table 5.1 Parameters for standard layer verses root model 

Psirameter Finite Difference 
Source Time Function (STF) Gaussian 

Time Step (seconds) 0.1 

Grid Spacing (km) 2 

Receiver Separation for Boundary (km) 2 
STF amplitude 1 
STF duration (seconds) 1 

The relevance of this technique for this simple structure is only for events far enough 
away that the ray path passes through the different structure. However, the structural 
detail will be throughout the whole model and will therefore affect at any distance. 
For our particular case in the Tarim Basin the dominant feature is a crustal root 
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similar to this and timing effect become very important in the modeling processes. 
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Chapter 6 

TARIM BASIN AND STRUCTURAL EFFECTS 

It is still debated as to whether the Tarim Basin in the Xinjiang Province of China is 
the first block of Gondwana land to adhere itself to original China coast or was the 
original coast itself. Either way this block is made up of ancient crustal material older 
than Permian age (280 Ma). At this time the oceanic plate was being subducted under 
China, by the late Permian (225 Ma) the ocean had been pulling the next piece of 
continent towards the new coast of the Tarim Basin and had accreated to it, creating 
the Kunlun Quingtang suture. The process of mountain building had already begun 
in the Tian Shan. Pieces of land continued to join the land mass until the middle of 
the Eocene [8, Fowler, 1990]. 

About 40 million years ago the India collided with Eurasia. This ongoing collision 
created the Tibetan Plateau and deformed the region around the Tarim Basin (figure 
I.l). The Tibetan Plateau has extensively thickened crust and in many places sur-
roimding the plateau recent deformation means that these axeas are not isostatically 
compensated. However, the Tarim Basin was protected and has not deformed in re
cent geological history and does fit with the theory of isostatic rebound. Evidence 
from seismic study, dynamical modeling and gravity data [3, Burov et al,I990] agrees 
with the premise that this area is reflective of the topography. 

For the topography seen in Figure 1.3 to be isostaticly compensated the region of 
the Tarim Basin must have a complicated structure. It is supposed that the Tarim 
Basin is mostly metamorphic with the uppermost 10 km being Quaternary sedimen
tary deposits [7, Holt and Wallace, 1990]. These features make the region extremely 
heterogeneous. 

The Lop Nor Nuclear Test site is situated in the northeast comer of the basin, on 
the edge of the Tian Shan mountain range (Figure 1.1). The sedimentary cover seen 
across the basin is almost non-existent at the site and the site is therefore set on the 
Precambrian and Paleozoic rock. Atmospheric nuclear tests ran from 1964 to 1980, 
underground tests ran from 1969 until 1996 when the Chinese signed the Comprehen
sive Test Ban Treaty (CTBT). There are several obstacles associated with modeling 
in this region. Apart from the complicated structure the data availability especially 
locally is limited due to lack of stations and Chinese government distribution policies. 
Generally, the modeling of explosions is a less complicated procedure than earthquakes 
as a radially symmetric source produces no shear component and therefore when ro
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tated correctly should have only two components, no tangential component. The 
nuclear tests at Lop Nor, however, at all azimuths show large tangential components 
(Figure 6.1). 

VERTICAL 

TANGENTIAL 

I"*?"'** 

Figure 6.1 Seismogram from the 1990 August 16th Nuclear test from Lop Nor China 
recorded at GAR in Tajikistan (see Figure 1.1) .-Note also the smaller amplitude 

of the tangential component 

There are few earthquakes in this region, however, the ones occuring are along the 
base of the mountain ranges on reactivated faults and are strike slip or thrust events 
trending W-E or NW-SE in compliance with these faults. The Nuclear explosions 
from Lop Nor are setting off some alternate energy which is thought to be tectonic 
release. Previous studies [20, Wallace, Fan and Gao 1992] have shown that for the 
1992 nuclear test the tectonic component is a NW-SE trending strike slip earthquake 
which ties in with the earthquakes in the region. (See Figure 6.1). 

6.1 A Case Study in Complex Crustal Structure. 

The CTBT approved by the United Nations (UN) in September 1996 prohibits the 
testing of nuclear weapons. The monitoring of this treaty relies on several tech
nologies, although seismology is the most important. Seismic identification and dis
crimination of man made and naturally occuring seismicity has been an important 
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topic of reseaxch for over thirty years. The central theme in discrimination work is 
that explosions and earthquaJces should produce very different seismograms. How
ever, phenomena such as tectonic release and scattering of the P wavefield into the 
S wavefield complicate discrimination. Further, the ability to mask the size and type 
of explosion and still be able to detect when an explosion is set off can be improved 
by modeling the pre-existing data set. Understanding the structure will help identify 
the source characteristics. 
If data does exist at the few stations close to Lop Nor the political climate during the 
times of these explosions means that little is available for analysis. However, the 1990 
August 16th Nuclear test was recorded at Gharm, a station in Tajikistan formerly in 
the Soviet Union (Figure 6.1). So this is a place where modeling is limited by being 
1500 km away but with the stitching technique we can start to model some of the 
detail. 

A first approach to modeling this event which comprises of a explosion part and a 
tectonic release part is to model when the timing of phases as they arrive. We do this 
by modeling the envelope (absolute value at each time point). The structure suggested 
by [23, Dafang, Gao and Kai,1989] is taken (Table 6.1) to get Green's functions from 
an explosion source and a earthquake source add them together choosing the best 
strike dip and raice and proportion of the two. Firstly, modeling using just the discrete 
wave number and then the joint code. 

Table 6.1 Structure for discrete wave number To real data comparisons 

Thickness compressional wave speed shear wave speed density 

km ot km/s (3 km/s p gm/cm^ 

10 4.7 2.7 2.0 

26 5.5 3.2 2.4 

10 6.7 3.9 2.7 

oo 8.0 4.6 3.0 

The choice of strike dip and rake and proportion is picked based on the difference of 
the sum of absolute values between the model and the data for both cases. This is 
modeling the envelope along the seismogram and matches the timing of the P wave 
and surface wave. Modeling the envelope correctly will give a first order idea that our 
complex structure is correct. Firstly, modeling using just the discrete wave number 
method and using the structure in Table 6.1. 
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VERTICAL RADIAL TANGENTIAL 

surface wave arrival 

timing difference 

surface wave arrival 

REAL DATA 

DWN 

Figure 6.2 Comparison of real data from 1990 Lop Nor explosion and the 
discrete wave number model(DWN) 

This resultant model fits with the theory suggested it is a NW trending strike slip 
earthquake ((strike 296 deg, dip 76, rake 3) of magnitude approximately 4.6 coupled 
with an explosion of magnitude 6.2 ,however the timing of the surface wave arrival is 
clearly earlier than the real data. 

The structure for the joint model is the same the previous model for the discrete wave 
nimiber part (Table 6.1) and for the finite difference an isostaticly designed structure 
shown in Figure (6.3). 
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3km Depth Skm 3km 11 km a/p/p 

8.1/4.6/3.0 

2©km 28km 32km -̂ Okm 

4.6/2.7/2.0 

54km 62km 70km 80km 

Figure 6.3 The sixteen plots axe slices through the structure for the 
finite difference model, each is an x — y slice at the depth given 

this structure is the same for P, (a) and S (/5) wave velocity and density (p) 

The structure is basically a crustal root in the mantle under the Tian Shan and a 
slight rise in the mantle under the Tarim Basin and n the basin itself there is a fill of 
sediment (Figure 1.3). 
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Table 6.2 Parameters for real data verses discrete wave number and real data 
verses joint code models 

Parameter DWN JOINT 
Source Time Function (STF) Triangle Gaussian 

Time Step(seconds) 0.1 0.1 
STF amplitude 1 1 
STF duration (seconds) 0.5,0.5 1 
Grid Spacing(km) 2 

Receiver Separation for Boundary (km) 4 

VERTICAL EAST NORTH 

REAL DATA 

JOINT Surface wave 

i ' 4 ' 4 i ' i—4 • t ' 4 ' 4 * • *  i ' A  i ' f *  k k 

Figure 6.4 Comparison of real data from 1990 Lop Nor explosion and the 
joint model(JOINT) 
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Again the result fits the pattern of a NW-SE trending strike slip fault, the magnitude 
this time a little larger at 4.9 for the earthquake. So both techniques come out with 
valid results which fit previous studies. However comparing the arrival times of the 
surface waves, the timing of the surface wave in Figure 6.2 is not modeled correctly. 
However, in 6.4 the timing of the surface wave is modeled much better and reduces 
the over all error in matching too. 

The importance of imderstanding the source and path complexity of these nuclear 
tests can not be ignored. Monitoring the world's nuclear progress may well prevent 
unexpected wars. Stitching methods and improved computational techniques will 
allow the modeling of seismic phenomena that previously would have been impossi
ble. The progress is incremental, but we are beginning to understand the scattered 
wavefield. 
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Appendix A 

REFLECTION AND TRANSMISSION COEFFICIENTS 

Reflection and transmission coefficients arise from equating continuity of displace
ment,traction and pressure across boundary layers and the free surface. 
To begin the following are defined: 

OJ UJ 
a ' 

kff = 

a = V*:'- Al, (A.1) b = 
Re{a) 

Q. II
 

V
 

o
 

to
 

1 

o
l 

?s
- Re{b) > 
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setting up further: 

Qi = k^aibiai+ibi+i{fii+i - , 92 

93 = ttibiifXi+iQi+i - , 94 ~ t^i+l^t+lk /ij+i) , 

95 

97 

~ (/^i+l^t+l k  f J - i )  , 
= k , 

96 ~ (®»^i+l "1" 1 

1 

99 98 

911 = - ̂ii), 
9io 

A = [91 + 92 — 93 — 94 — 96] 7 
912 ~ ^^+1^1+1(^1+1 k fJ'i+l) , 

where i and i + 1 refer to the i th and (i + 1) th layer. 

The coefficients from adjacent layers are calculated as shown in section 2.2, r standing 
for reflection, t for transmission, D for down and U for up. The two coefficient 
subscripts are used to denote the type of wave motion in the top layer and in the lower 
layer, respectively. Compressional wave motion is denoted with a P as it arrives first 
and is therefore (P)rimary and shear motion motion is with an S for (S)econdary. The 
sheax wave has two directions vertical and horizontal however these are decoupled into 
two separate systems so a generic S instead of SV or SH is used. Using this notation 
convention. Vpp is the downward reflection coefficient which has compressional wave 
motion in both layers. 
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.-0 [ q i  - q 2 - Q 3  +  q A -  q s ]  
~SP 

-2kbi[qio - 912] 
T p p  

A ~SP A 

^PS 
= 

^SS 
= [91 ~ 92 — 93 + 94 + 98] 

A 

T p p  
[91 — 92 + 93 — 94 + 93] 2kbi+i[qio - 912] 

T p p  
A ^SP A 

^PS 
= 

L ^SP ' 
Oi+1 r" ~SS 

= [91 - 92 + 93 - 94 - 98] 
A 

I p p  
= 

mk%ai[q5bi + 9762] 

A ^SP 
= 

P-ikk^.bilqiiaib^ 4- 99] 

A 

^PS 
= 

tiikkl.ai[qnbia2 + 99] 

A ^SS 
= 

IMk0^bi[q5ai -f 9702] 

A 
t" I p p  

= Pi+lOi+l ^£) 
PP •• 

PiOi ^PS 
= Pi+l(^i+l j ,D 

0 U SP ' Pibi 
f" 
^SP 

= Pi+lbi+l_^D 
- ^P<7 

piCi 
t" ^ss 

= Pi+ibi+i ^0 
S S -pibi 

The P-SV system is separate from the SH so there are separate coefficients for SH. 
These are, 

"I" t^i+l^i+l f^i^i "f" A^i+l^i+l 

SS ~ ~^SS 1 '"ss 

Normalizing the coefficients to the thickness of layers(d), the P-SV system can be 
calculated as a matrix system as follows: 

5 _ (^pp ^ps\ _ f e~^'"^rpp 
" Irfp f ^ s s )  ' ~ 

R,, _ _ (r'^P 4s -  [  = U  ; : U ]  ^  

^-ia+b)dj.D^ 
p-26d_D 

SP ® ~SS 

fU =U \  1 — I _£ 
' S P  ' S S /  \ ' S P  ^ S S j  

f ^ (i^P ^ (e-''''4p e"^4s\ 
" [isp iss) ' ' 

Td = 
( i ^ p  i ^ s \  _  ( e - ' ^ H ^ p p  
[t^P t§sj ' ~ [e-'^'t^p e-OH^s) • 
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and the SH: 

Uts rtsj - [e-"^rEs 

We can extend this to multiple layers using the recursion relations: 

„-bdfU '-ss ® ^ss 
p-2M_a ' ss ® ~ss 

731,1+2 oM+i- I '7̂ ,1+1 D*+l»*+2rr pM+l D*+1»*+2I—1̂ ,̂1+1 
K p  — s i p  ' ^ • ^ u  ~  I  - ^ D  » 

2^i*+2 /^+l,t+2 —lr^,i+l 

r^,i+2 /^+l,i+2 ^i+l.Tj+2^x,i+lj —lr^+l,i+2 

Di,t+2 I '^+li*"f"2 r r At+l,i+2 ni,1+11 — 1/^+1,1+2 
K(J — ri^ L-' •" -"C/ J 

Using an adaption to the regular reflection coefficients for the free surface 

(n^+k^ab 2kbn \ 
k^ab-n^ k^ab-n^ \ 

2kan n^+k^ab 
k^^b^ k^ab-n^ J 

to calculate a receiver function matrix 

(kgkab kgbQ ^ 
k^ab-n^ k'ab-n^ \ 

klail klkab I ' 
k^ab-n' k^ab-n^ / 

and the coefficient for the free surface, 

tdPS Dfl5 iT'RSptT IiU — Hy -r 1D ~ ttp n.\ i y , 

where RS are the numerical layer values for Receiver and source e.g if the source was 
in the third layer and the receiver at the surface it would be 

Computing these and source function representations for P,SV and SH firstly for an 
earthquake; 

Pt 
i 2 k l - 3 k ^ )  = e±2fc, Pt = 

a 2A:2 _ kl 

~~ 5 ' 

£ 

sv„* =  — e ± Z k ,  SV^ 
2A:2 _ kl 

~~ 5 ' 
SVf- = 

SH^ = 0, 
S H f  

-e±kl 
k ' 

S H }  = 

a 
- € ± k ,  

b ' 

e± = ±1, 



and then for an explosion 

(J 
Po = -, 

a 
we get Rm is the radial reflection coeflBcient,Kn the vertical and Tm the tangential. 
Similarly to RS, SL is Source layer to bottom layer. 

( f e ) - -{Mu + MdRKI - , y S L  n F S \ — l  I  

U)^ 

s = 

— "(I ~ ~ • (A.3) 
U) 
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