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a € 3? a is a scalsur in the real domain SR 

&  e W  a is an n-dimensional vector in 92 

A e A is an m by n matrix in 3? 

A G A G jind rank(A)=r 

I identity matrix 

rrih number of holonomic constraints 

rrin number of nonholonomic constraints 



m number of constraints 

n number of coordinates 
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a/GS" vector of uncontrained accelerations 

apeS" vector of possible accelerations 
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M G mass matrix 
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ABSTRACT 

Two methods suitable for parallel computation in the study of mechanical systems with 

holonomic and nonholonomic constraints are presented: one is an explicit solution based 

on generalized inverse algebra; the second solves problenas of this class through the direct 

application of Gauss' principle of least constraint and genetic algorithms. Algorithms for 

both methods are presented for sequential amd parallel implementations. 

The method using generalized inverses is able to solve problems that involve redundant, 

degenerate and intermittent constraints, and can identify inconsistent constraint sets. It 

also allows a single program to perform pure kinematic and dynamic anadyses. Its compu

tational cost is among the lowest in comparison with other methods. In addition, constraint 

violation control methods are investigated to improve integration accuracy and further re

duce computational cost. 

Constrained dynamics problems are also solved using optimization methods by applying 

Gauss' principle directly. An objective function that incorporates constraints is derived 

using a symmetric scheme, which is implemented using genetic algorithms in a peirallel 

computing environment. It is shown that this method is capable of solving the same cases 

of constraints as the former method. Examples and numerical experiments demonstrating 

the applications of the two methods to constrained multiparticle and multibody systems 

are presented. 
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Chapter 1 

INTRODUCTION AND OBJECTIVES 

1 i Introduction 

The development of versatile and efficient formulations for constrained dynamical systems 

has been em area of active research in recent years. Important advances may be found in 

the field of robotics, large space structures, and automatically-controlled machinery. These 

practical problems share the attributes of having to formulate equations of motion with 

appropriate constraint equations and to solve them numerically using the computer code 

devised for generic classes of problems. Therefore, efficient auid robust methods are desired 

for real-time control and dynamical analysis especially for large-scale problems. 

The dynamics of mechanical systems comprised of rigid bodies and particles axe de

scribed by sets of ordinsuy differeatial equations that are subject to sets of holonomic or 

nonholonomic constraints expressed as algebraic or differentiaJ equations. Traditional nu

merical methods programmed on sequential computers to solve such problems are costly in 

the presence of large degrees of fireedom. Improvements in formulations and computational 

schemes in past decades have been limited by the bottleneck of sequential implementations 

in the sense of efficiency. In addition, traditional methods faul in the presence of redundant, 

degenerate, amd inconsistent constraints. 

1.2 Objectives 

This study concentrates on the implementation of two methods that overcome some of the 

drawbacks of traditional approaches. The methods, both suitable for parallel programming, 

are developed to solve constrained mechanical systems with the following objectives: 

• Present the formulation of the equations of motion by using generalized inverse algebra 

and develop an efficient and robust algorithm for particle and multi-body systems with 

holonomic and nonholonomic constraints. 
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• Examine the effectiveness of this formulation in the presence of varying degrees of 

freedom, redundant or degenerate constraints, and inconsistent constraints. 

• Combine this method with constraint violation control methods to improve compu

tational eflBciency related to generalized inverse computation and accuracy related to 

integration. 

• Apply the method to pure kinematics of constrained mechanical systems. 

• Investigate the performance of sequential and parallel implementations of the methods 

on shared-memory and distributed-memory computers 

• Construct the objective function based on the Gauss' principle for constrained dynam

ical systems and study the performance of the implementation of solving dynamics of 

constrained mechanical systems with genetic algorithms. 

1.3 Organization 

The chapters are org£uiized as follows: 

Chapter 2 gives an overview of the formulations developed for constrained mechanical 

systems. A formulation with applications of generalized inverses cmd corresponding algo

rithms are developed. The effectiveness and robustness of the method are examined and 

compared with other methods. To reduce the computational cost of the generalized inverse 

and to improve integration accuracy, combinations of this method and constraint violation 

control methods sure presented. 

Chapter 3 briefly reviews the issues on parallel computing and its applications. Some 

concepts are introduced to depict sequential and parallel implementations of the methods 

developed in Chapters 2. 

Chapter 4 describes the applications of the methods and the implementations of the 

algorithms proposed in Chapters 2 and 3. The anatomy of the algorithms is provided in great 

detail and compairisons of computational complexity versus various methods are presented. 

Afterwards, the results of substantial numerical experiments and illustrative kinematical 
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and dynamical examples are presented to demonstrate the advantages of effectiveness and 

robustness of the aJgorithms, and computational gain of parallelism. 

Chapter 5 presents a brief overview of genetic algorithms. The objective function of a 

constrained dynamical system is constructed based on the Gauss' principle. The advantages 

are summarized via solving dynjunics of constrained mechanical systems with genetic algo

rithms. An example is also provided for some circumstantial discussion on implementation. 

Chapter 6 lists concluding remarks and suggests future reseairch. 
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Chapter 2 

MODELING OF CONSTRAINED MECHANICAL SYSTEMS 

2.1 Introduction 

Constraiined dynamical systems are seis of particles and rigid bodies whose motions are con

strained by interconnections among them. The effect of those interconnections is expressed 

by sets of algebraic or differential equations. Figure 2.1 shows a system of rigid bodies 

constrained by kinematic joints (a spherical joint and two revolute joints in this example), 

imposed by the force elements (a damper and two springs in this example), and applied by 

external forces. 

Classical approaches, such as those of Newton, Lagrange, and Hamilton, have been 

available for discrete systems for a long time, but extensive dynamical studies of complex 

mechanical systems were undertaken following to the advent of computers [80, 54, 67, 82, 85, 

97]. The effort has been fruitful in formulating equations of motion, constructing efficient 

algorithms and developing software packages for sophisticated mechanical systems. The 

literature in this field is extensive and comprehensive lists of important references can be 

found in [78, 82, 85, 97]. 

The formulations enumerated in the above references cannot be applied very efficiently 

in the presence of degeneracy, redundancy, changing degrees of freedom or mathematical 

singularities because the classical iteration of integration and matrix inversion fail when the 

matrix comprised of the inertia! matrix and the Jacobian matrix of constraints becomes 

singular or ill-conditioned [35]. In the case of singularities, some methods can improve the 

results to a certain degree [35], but they carmot handle cases when a zero eigenvalue occurs 

or the condition number of a matrix to be inverted becomes very large (which corresponds 

to a system with redundant or degenerate constraints). Also, systems undergoing large 

motion may present problems of constraint redundancy, such as, three-dimensional loops 

becoming two-dimensional or one-dimensional loops instantaneously [86]. 

Figure 2.2 illustrates several simple examples of degenerate, redundant, the inconsis-
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tent constraints and changing degrees of freedom. In the case of degenerate constraints, 

constraint is the intersection of two planar constraints (Pi and P2) at time t; then two 

constraint planes Pi zuid P2 degenerate emd become a single plane at time t + 5t. In the 

c£ise of redundant constraints, two identical constraint planes Pi and P2 are specified at the 

same time. In the case of inconsistent constraints, two parallel constraint planes Pi and 

P2 are specified, which implies that real motion does not exist in physics. The example of 

changing degrees of freedom is illustrated as a disc ::i planar motion changes its degrees of 

freedom from 2 to 1, or increases the number of its constraints by 1. 

Based on Kane's method [51, 52, 53, 54], Singh and Likins presented a transformation 

method to reduce equations of motion to a state space form by using singular value decom

position (SVD) [40] and produced a coupled set of equations [86]. However, the process of 

decompositions and coupled equations imply high cost in computation. 

Instead of using SVD, Kim and Vanderploeg suggested QR decomposition [40] for state 

space representation of constrained mechanical systems to increase eflBciency without losing 

the advantage of handling the cases when singularities occur [55]. However, the final form 

of the equations are still highly coupled and computationally expensive. 

Kalaba and Udwadia in their two papers [49, 50], mainly focused on the advantages 

of the method for control applications. Their formulation, referred to as the K-U method, 

employs generalized inverses [10, 40, 76] to represent the dynamics of constrained mechanical 

systems. The equations of motion gire derived for multiparticle systems with Cartesizui 

coordinates auid expressed in a single vector form with a diagonal inertial matrix. Later, 

the method was extended, referred to as the U-K method in the sequel, to applying to 

general systems that do not require the mass matrix to be diagonal [90, 91, 92]. 

Lately, Arczewski, Blajer et al. [5, 14] proposed a unified approach to the modeling 

of holonomic and nonholonomic mechanical systems, using a projection method to obtain 

compact matrix forms which are parallel to the results of other classical mechanics. 

In this chapter, a systematic method is developed to obtain the equations of motion of 

constrained dynjunical systems with holonomic auid nonholonomic constraints by utilizing 

generalized inverses. The computational cost of proposed method is among the lowest of 



FIGURE 2.2. Degenerate, redundant, inconsistent auid intermittent constraints 
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similar methods such eis, the S-L formulation (SVD) [86], the K- V method (QR decom-

positioa) [55] and the U-K formulation [92], and even approaches the cost of traditional 

Lagrange multipler method. A comparison of computational costs of various methods, in 

terms of floating-point operations, will be given for this purpose. In addition, it well handles 

the cases in the presence of redundancy, degeneracy and inconsistency of constraints. It 

is able to remove constrziint violation or constraint inconsistency when necessary. To fur

ther reduce the computational cost in some circumstances and improve accuracy, constraint 

violation control methods, are also discussed and applied to this method. 

2.2 Constrained Mechanical Systems 

A constrained mechanical system is defined as a set of rigid bodies and particles whose 

dynamic behavior under a set of external forces is determined by the mass properties of 

the bodies and the particles as well £is the kinematic constraints imposed on the set by 

mechanical joints and the external environment. Formulations describing such systems are 

well established and are encoded in various commercial and research codes [54, 78, 82]. A 

review of the literature zmd the vairious formulations can be found in [82]. 

In this section a formulation for a set of particles is introduced more in line with the 

traditional methods used in multibody dynamics. Then the formulation is extended to sets 

of rigid bodies by a simple modification. 

2.2.1 Constrained Particle Systems 

Consider a set of iV free particles in three-dimensional space. Let the set of coordinates 

describing their positions relative to a Cartesian inertial frame be qi 

(i = 1,2,... , SA/"). Then we can write: 

miqi = miafi-fi (2.1) 

where fi is the external force on the mass mi associated with qi, and o/j is the unconstrained 

acceleration of mi associated with qi. 
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In more concise form this can be written as: 

Ma/ = f (2.2) 

where M = diag[m\,... ,7/13//] e is the diagonal mass matrix; 

a/ = [a/i,. • • ,af,3N]^ € is the unconstrained acceleration vector of the particles and 

f = [/ii • • - ) IsnV ^ is the vector of external forces acting on the paxticles. 

Now assume that the motion of these N particles is constrained by m/, holonomic and 

m-n nonholonomic constraints, such that rrih + rrin = m < 3iV. These constraints can be 

expressed as: 

0J(Q,«) =0 (;• = (2.3) 

and 

Z N  

Aji(q, t) Q, + Ajtiq, t) =Q {j = -f-1,rrin) (2.4) 
J=l 

where q = [gi,??)--- is the vector of the Cartesian coordinates, the Aj^ 

are the elements of the nonholonomic constraint matrix and Ajt vanish for scleronomic 

constraunts. These equations can be differentiated (the first set twice and the second set 

once) with respect to time auid combined together to obtain: 

A(q, Oap = b(q, 4 i) (2.5) 

where A G is the Jacobiam matrix of all the constraints; Sp G is the vector of 

possible accelerations; and b G SR"* is the vector of terms that result from the differentiation 

of Equations (2.3) and (2.4). 

Typically, this problem is solved using the method of Lagrange multipliers whereby 

an additional set of m variables >j are introduced. After some manipulation [67], the 

constrained dynamics of the particles is expressed as: 
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M A^ • fla • f • 
A 0 -A b 

(2.6) 

where the vector A contains the m Lagrange multipliers Aj, amd a<j is the vector of the 

actual accelerations (e.^.their accelerations in the presence of both applied and constraint 

forces). These equations constitute a set of 3N + m differential-algebraic equations which 

are solved using methods appropriate for such sets [35, 73]. 

If the combined mass and constraint matrix is nonsingular (t.e.A has full row rank, and 

all particles have nonzero mass), the matrix on the left-hand side of Equation (2.6) can be 

inverted as: 

• M A^ • -I 

A 0 
M"^ - M-^A^(AM-^A^)-UM-^ M-^A^(AM-^A^)"^ 

(AM-iA^)-^AM-^ -(AM-^A^)-^ 
(2.7) 

Accordingly, Equation (2.6) can be solved as: 

= a/ + M"^ A^(AM-^ A^)-Hb - Aa/) (2.8) 

and 

A = -(AM-^A^)-Hb - Aa/) (2.9) 

Equation (2.8) can now be written in a very useful form. With M ^ = M 2 we can 

write: 

aa = a/ -i- M-?(M-2 A^)(AM-iM-2 A^)-^(b - Aa/) (2.10) 

Now let D = AM" and denote the Penrose-Moore generalized inverse of D, such 

that. 

DD^D = D (2.11) 
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DtDDt = D^ (2.12) 

and that D^D and DD^ are both symmetric matrices. Accordingly, 

D^(DD^)-^ = D^(D^)^D^ = (DtD)^Dt = D^DD^ = (2.13) 

Then Equation (2.10) can be simplified as 

Ba = a/ + M~2D^(b — Aa/) = a/ + M~^(AM~2)t(b - Aa/) (2-14) 

The validity of Equation (2.14) was shown by Kalaba and Udwadia [49, 50], using Gauss' 

principle of minimum constraint [70], and Udwadia and Kalaba [91, 92] using an approach 

similar to the one shown here. 

Note that in Equation (2.14) the Penrose-Moore generalized inverse (pseudoinverse) 

exists even in cases when the regulzir inverse shown in Equation (2.7) does not exist. This 

means that aa can be computed even in the presence of non-independent or redundant 

constreunts, or constraints that vanish instantaneously or intermittently. On the other 

hand, A might not be "olved uniquely if A is not full rank. Also note that none of the 

operations performed in the development above require M to be diagonal. As a result, 

Elquation (2.14) applies even if M is not diagonal. 

2.2.2 Constrained Rigid Bodies 

These equations can easily be modified for a set of N rigid bodies subject to m holonomic 

and nonholonomic constraints with minor changes. A rigid body has six degrees of freedom 

(three translational and three rotational) as opposed to three for a pauticle. Thus, for a 

single free rigid body x, we cem write the Newton-Euler equations 

0 f j f; 
0 1 . . Ui —Ui X JiUi 

where Mj G is a diagonal matrix with three equal non-zero terms TTI^, which is the 

mass of body i; Jj G diagonal matrix whose non-zero terms are the principal moments 
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of inertia of body i au-ound its center of mass; tj G 9?^ vector defining the position of the 

center of mass of body t in an inertial frame; Wj G 3?^ is the vector of angular velocities of 

body t; fi and Oj are the vectors of the resultant external forces and moments awrting on 

body i, respectively. In Equation (2.15) the moments of inertia and the angular velocities 

are referred to a set of orthogonal principal axes fixed in the center of mass of body. 

Equation (2.15) is very similar to Equation (2.2) except that now a/ € 3?®^ which 

contains the free linear as well as angular accelerations of the N bodies in the system; 

and f G which contains the external forces, moments as well as the gyroscopic terms 

on the right-hand side of Equation (2.15), amd M G matrix that contains the 

masses as well as the principal moments of inertia of the N bodies. With m holonomic and 

nonholonomic constraints acting on the system. Equation (2.10) and (2.14) remain identical 

except that the dimensions of the matrices change to account for the replacement of 3iV 

free coordinates with 6iV free coordinates. 

In addition, in Equation (2.5), the vector q (now of dimension 6N x 1) contains both the 

positions of the centers of mass of the bodies in the system ais well as the angular positions of 

the bodies. Given that the vector u = [wf, cjJ,... , is comprised of quasi-coordinates 

(i.e.the u>i cannot be integrated to obtain angles) a further transformation is required 

between the Wj and real coordinates. This can be achieved by the use of Euler or Bryant 

angles and the linear trainsformation: 

9i=^Gi[ei)u)i (2.16) 

where dj G 3?^ is the vector of angular measurements (e.j.Euler angles) defining the orien

tation of body i in inertial space and Gj G is a transformation matrix that transforms 

u)i to Ox- Expressions for Gi are easily found in classical mechanics booics (e.^.Goldstein 

(391). 

Now, in Equation (2.5), q = and q = [r^,u;^p and Equation (2.14) can be 

used as it is. 

Equation (2.14) incorporates a number of attributes that can be advantageous, com

pared to existing methods and formulations, in the computation of the behavior of complex 
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mechanical systems: 

1. Given that the Penrose-Moore generalized inverse of any matrix exists and is unique, 

Equation (2.14) can be used to compute 8u:tual accelerations even in the presence of 

rank deficiencies in D (or A, since M is always symmetric and positive definite). In 

contrast, if A is rank-deficient (as a result of, say, redundant constraints or one of 

the constraints disappearing at some time) the combined inertia-constraint matrix 

in Equation (2.6) cannot be inverted. As a result, the formulation shown here is 

more advantageous for systematic generation of equations of motion because the user 

of a program based on this formulation does not have to worry about the possible 

redundancy of a pair of constraints. It is sufficient to list all free coordinates (and 

accelerations) and all known constraints regardless of their nature. 

2. The formulation provides an elegant means of simulating mechanical systems whose 

degrees of freedom change in difi"erent phases of their motion {e.g.a. constraint on a 

wheel changes from pure rolling to rolling and slipping). It is impossible to incorporate 

such cases a priori in existing simulation codes. 

3. The formulation allows reduction to pure kinematic analysis by a very simple proce

dure and produces kinematic analysis equations that are substantially simpler than the 

dynamic equations. This is generally not possible with formulations such as Equation 

(2.6). Typically, separate codes are written for kinematic analysis to avoid the com

plicated forms that arise out of the dynamic equations when modified for kinematic 

analysis. 

4. For given states and generalized accelerations, the generalized constraint forces can 

be evaluated easily. Premultiplying Equation (2.14) by M we obtain: 

Maa = Ma/-|-M2(AM-5)^(b-Aay) (2.17) 

Here the first term on the right-hand side is the vector of applied forces and the second 
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term is the vector of constraint forces. The vector of constraint forces is given by: 

fc = M2(AM-^)t(b - Aa/) (2.18) 

The next few sections describe other useful formulation forms and their advantages. To 

improve accuracy and efficiency, the constraint violation control methods will be explored. 

2.3 Cholesky Factorization of M 

= D^(DD^)t = M-2 AUAM-^A^)^ (2.19) 

Substuting Equation (2.19) into Equation (2.14), we obtain 

aa = a/ + M-^A^(AM-^A^)t(b - Aa/) (2.20) 

This is the same equation given in [92] and referred to as the U-K method. 

The matrix M which is always symmetric and positive definite can also be factorized 

using the Cholesky decomposition [40]: 

M = \A7 (2.21) 

where L is a lower triangulau- matrix. 

(A(L^)-^)t = L-^A^(AM-^A^)t (2.22) 

Substituting Equation (2.22) into Equation (2.20), aa becomes 

aa = a/ + (L^)-HA(L^)-M^(b - Aa/) (2.23) 

Note that a full Cholesky decomposition might not be necessary for the decomposition 

of the mjkss matrix in multibody systems. Instead, L can be obtained by factorizing banded 

block matrices. For a single rigid body, 

M = 

m 0 0 0 0 0 • 
0 m 0 0 0 0 
0 0 m 0 0 0 
0 0 0 Jn J21 •^31 
0 0 0 J21 J73. J32 
0 0 0 J31 J32 Jz3 . 

= lV (2.24) 
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where 

y /m 0 0 0 0 
0 y/m 0 0 0 

jT _ 0 0 NA" 0 0 
0 0 0 Z:44 0 
0 0 0 L54 £rS5 
0 0 0 ^64 ^>65 

and L44 = y/Jii, L54 = J21/L44, L54 — JziI^-aa, ^>55 = \/J22 — £'54, ^65 = [Jyi — 

i'54^64)/^55i ^66 = y/— £'64 ~ 

For A/" bodies, M = diag [Mx,... , M^], where each Mj is in the szime form of Equa

tion (2.24); L = diag [Li,... ,L^], where each Lj is in the same form of Equation (2.25). 

M in Equation (2.24) can be factorized as (PAJ)(PA^)^, where P is the orthogonal 

modal matrix, and A is a diagonal matrix with the eigenvalues of M as its elements. How

ever, such a decomposition is not as efficient as the Cholesky decomposition. Accordingly, 

the following derivations and discussions adopt the Cholesky decompositions for symmetric 

and positive definite matrices. 

2.4 Generalized Inverses 

If A G is a nonsquare matrix, its Penrose-Moore pseudoinverse (which is a particular 

type of generalized inverse) (see [10, 40, 76] can be obtained as: 

0 
0 
0 
0 
0 

£>66 . 

(2.25) 

= VE^U^ (2.26) 

where U 6 y G are orthogonal matrices that result from the singular 

value decomposition of A. 

A = USV^ (2.27) 

The nonsquare matrix S has nonzero terms only on its diagonal, and the computation of 

its pseudoinverse is trivial [89]. This method is commonly used for finding generalized 

inverses [86, 92]. 
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For Equation (2.23), the SVD computation can be avoided. In fact, the constraint 

subspace, which is an intersection of tangent planes at an instant, can be represented in 

certain manner described by following procedure, such that finding the generalized inverse 

becomes easy or even trivial. Using the Cholesky decomposition, Equation (2.5) can be 

rewritten as 

A(L^)-^L^ap = b (2.28) 

Using the Gram-Schmidt orthogonalization process [40], Equation (2.28) can be transformed 

into 

AiL^Sa = bi (2.29) 

where Ai = TA(L^)-^ and bi = Tb. Hence, the linear transformation matrix T repre

sents the row-column operations involved in the Gram-Schmidt orthogonalization process 

in Equation (2.29). The non-zero rows of Ai are orthonormal to each other and a| = Af 

Thus, the actual acceleration vector ao is obtained as 

Ba = a/ + (L^)-^Af (bi - AiL^a/) (2.30) 

This procedure is referred to as the generalized inverse with Gram-Schmidt process (GTGSP) 

in the sequel. 

2.5 Inconsistency 

Inconsistent constraints are defined as those constraints that are poorly defined initially. 

The GTGSP is able to identify the inconsistency. In fact, the inconsistency occurs when any 

zero row of Ai corresponds to a non-zero element of bi in Equation (2.30). 

Table 2.1 summairizes the adveuatages of the method (GIGSP) described by Equation 

(2.30) over other methods. 

2.6 Constraint Violation Control 

Any index-1 formulation used to compute the dynzunics of a mechanical system will even

tually result in the violation of position or velocity constraints because index-1 formula-
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TABLE 2.1. A comparison of three types of methods under different constraint 
conditions 

Formulation/method 
A 

full-rank 

Redundant/degenerate 

constraints 

Inconsistent 

constraints 

regular inv." Right'' Fail" Fail 

gen. inv. with SVD'' Right Right Wrong' 

gen. inv. with G-S procJ Right Right Report^ 

"used in the Lagrange multiplier (LM) method described by Equation (2.8) 
'program gives correct results. 
^program crashes in this case. 
''used in the K-U method described by Equations (2.14) and (2.20) 
'program gives incorrect results. 
^used in the K-U method described by Equations (2.14) and (2.30) 
'program identifies the problem. 

tions enforce explicitly only acceleration constraints. The formulations described by Equa

tions (2.6) and (2.14) are index-1 formulations. The constraint violation at position and 

velocity levels occurs because of numerical errors in inversion and integration. Several 

constraint violation control techniques have been suggested to reduce such inaccuracies 

[7, 8, 21, 22, 24, 67]. 

Baumgarte proposed a method for discrete particle systems to stablize certain con

straints and improve the numerical accuracy of the solution of the differential equations 

[7]. The technique leads to a modified system that is often stable in the sense of Lyapunov. 

Later, Baumgarte proposed treatments for cases when initial errors exist in constraint equa

tions [8]. 

Chang and Nikravesh applied Baumgarte's method successfully to mechanical systems 

with holonomic constraints [21, 22, 67] especially in the case of small constraint violations. 

Dehombreux et al. proposed projection methods to minimize error functions on the levels 

of position, velocity and acceleration under holonomic constraints [24]. Their simulations 

show that the projection method performs better thjui the constraint violation stabilization 
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method initially suggested by Baumgjirte. 

The constraint violation stabilization method and the projection method both are cost-

efficient and successful especially for systems with only holonomic constraints. In the fol

lowing, these two methods are developed further for systems containing nonholonomic con

straints within the context of the formulation described in previous sections 

Baumgarte's constradnt violation stabilization method is based on linear feedback control 

theory. A system is said to have bounded input-bounded output (BIBO) stability if every 

bounded input results in a bounded output. For a known characteristic equation, Routh 

and Hurwitz gave independently a necessary and sufficient condition for the stability. A 

linear constant BIBO-stable system is asymptotically stable in the sense of Lyapunov even 

though a stable system in the sense of Lyapunov might not be BIBO-stable [31] . 

Now eissume that a system described by n unconstrained degrees of freedom and con

strained by mfi holonomic constraints and mn nonholonomic constraints, such that m/i -f-

rrin = m. These constraints can be expressed as: 

<Phj{<l,t) = 0  ( j  =  1 , . . .  ,m/j) (2.31) 

and 

n 
0ni(Q< q,t) = t) qa + AJT(Q, 4) = 0 (J = MH +I,... , m^) (2.32) 

3=1 

For convenience, Equations (2.31) auad (2.32) can be written in vector form aa: 

^H(ci,t) = 0 (2.33) 

and 

^n(q,q,i) = A„qH-A„t = 0 (2.34) 

Differentiating Equation (2.33) once with respect to time 

^ o=;N 
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that is, 

A„q + A/^t = 0 (2.36) 

and combining it with Equation (2.34), a new set of equations are obtained: 

A(q, t) q - c(q, t) = 0 (2.37) 

Furthermore, Equation (2.37) can be differentiated again with respect to time and yield 

A(q, t)ap = b(q, q, t) (2.38) 

where b = c — Aq is the vector of terms coming from the differentiation of Equations (2.31) 

and (2.32). Note that Equation (2.38) is identical to Equation (2.5). 

For holonomic constraints (2.33), the vector form of their error equations is 

+ 2a^h + = 0 (2.39) 

To ascertain system stability with ^A|t=o = 0 and ^/,|t=o = 0 according to Routh-Hurwitz's 

condition for stability, a and 0 can be chosen as a = P > 0 and usually between 1 and 10 

in dynamics [7, 8, 24, 67]. 

For nonholonomic constraints (2.34), the vector form of their error equations is 

= 0 

where constant 7 > 0. Hence the asymptotic stability of is achieved. 

Combination of Equations (2.38), (2.39) and (2.40) produces 

(2.40) 

( AEQ - b) + 2a^h 4. • • 

7*n 
"r 0 

= 0 (2.41) 

An approximate or computed satisfies the compensated equation ais 

Ao» K 2q4/i  1 _ .  = 0— * — n ° 
7^N J L ® . 

The corrected solution is obtained by substituting b* in Equation (2.23) 

aa = a/ + (L^)-nA(L^)-^)t(b- - Aa/) 

(2.42) 

(2.43) 
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Similarly, the constraint equation with feedback terms for Equation (2.30) becomes 

AiL^a! = bi - 2a4/i 1 _ r 0^^ 
. 7<t„ J L 0 

= h{ (2.44) 

(2.45) 

Consequently, the corrected solution of the constrained dynamical system is 

aa = a/ + { h T H A i f i b l  -  AiL%) 

This technique described by Equations (2.43) and (2.45) has two applications: 

1. It can be used to eliminate the error accumulated during integration. Indeed, by 

utilizing the constraints (2.38) at the acceleration level, there is no guarantee that 

position and velocity equations (2.33) and (2.34) will be satisfied at the end of the 

numericeil integration process. 

2. It enables the use of approximate generalized inverses in Equation (2.23) or (2.30) 

(e.^. the generalized inverses of previous instant), and the use of compensated Equation 

(2.43) or (2.45) to find aa- It, therefore, saves computational cost dramatically on 

computing the generalized inverse or going through Graun-Schmidt process. 

The projection methods, proposed by Dehombreux et al., are imposed on levels of posi

tion, velocity and acceleration [24]. The case of projection onto position-level is to determine 

the correction vector (Jq such as 

+ ̂ q) = + ̂ M^q = ^Ai(q) = o (2.46) 

where The relationship between the constraint violations and desired correction 

is expressed as 

^hqSq, = -Co (2.47) 

Dehombreux et al. then suggest to minimize subject to the constraints €o+^/i<j^q = 

0. The weighting matrix fl can be chosen as either the identity matrix or the mass matrix 

M. Introducing a vector of Lagrange multipliers A, the optimization problem can be solved 

through 
r /-k jm:.t  T r C_ T r rt T 

(2.48) 
n 1 hq • • 0 

^hq 0 A . ~®o . 
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The correction Jq is obtained as 

(Jq = (2.49) 

and 

q = q* + 5q (2.50) 

Projection onto velocity-level constraints (2.37) determines the correction Jq through 

Aq — c = A(q* + <Jq) — c = 0 = ei + A(5q (2.51) 

Similarly, 5q can be obtained by minimizing Jq^nJq subject to the constraints ei-l-A5q = 0 

as 

Sq = (2.52) 

and 

q = q* + 5q (2.53) 

Projection onto acceleration-level constraints (2.38) determines the correction d&a through 

Asa - b = A(a* -f-Saa) ~h = 0 = €2 + ASoa (2.54) 

The solution to problem of minimizing Sai^CtSsLa subject to the constraints €2 -I- A6aa = 0 

is 

= -n-^$5'(#,n-^«^J')-^e2 (2.55) 

and 

Ea = a* -h (Jaa (2.56) 

This procedure is more time-consuming than that involved in projections onto either velocity 

or position levels, but is considered necessary for stiff mechauiical systems [24]. The pro

jection methods have the same applications as those enumerated for Baumgarte's method. 
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The difference is that Baumgarte's method determines ohe compensated a<, directly while 

the projection methods determine Ea through the correction vector JOa-

It has been reported that the projection methods perform better than the Baumgarte's 

method on accuracy improvement [24]. The simulations in Chapter 4 also confirm this. 

On the other hand, using approximate generalized inverses and precisely evaluating exact 

generalized inverses occasionally or periodically to lower total computational cost, the pro

jection method on acceleration level performs slightly better than Baumgarte's method for 

systems with only holonomic constraints, but both fail in the presence of nonholonomic 

constraints in the simulations presented in Chapter 4. There are two possible reasons for 

this: a) the feedback or compensation satisfies constraint equations, but it does not guar

antee convergence to a true solution; b) nonholonomic constraints are not enforced at the 

position level. 



37 

Chapter 3 

PARALLEL COMPUTING AND ITS APPLICATIONS TO CONSTRAINED 
MECHANICAL SYSTEMS 

3.1 Introduction 

Computational speeds in conventional serial computers have increased steadily since their 

advent, but fundamental physical limitations imposed by the speed of light makes further 

improvements impossible. Recent trends indicate that computer performance is starting 

to reach its saturation limit. In other words, beyond a certain point, even small gains in 

performance come at large increases in cost (see Figure 3.1) [58]. At the same time, it is now 

possible to construct very fast, low-cost processors. Therefore, it is ezisy and cost-eflfective 

to build multiprocessor machines. 

Parallel computers consisting of thousands of processors are now commercially available. 

These computers provide more raw computing power than traditional supercomputers at 

much lower cost. They open up new frontiers in the applications of computers — mamy pre

viously unsolvable problems can be solved if the power of these mau:hines is used effectively. 

At the saune time, the availability of massively parallel computers has created a number of 

challenges on algorithms and programming methods. 

With the availability of parallel computers, concurrent programming or parallel pro

gramming methods have drawn much attention in recent years. This chapter concentrates 

on the design of efficient algorithms and portable parallel programs for the simulation of 

constrained mechanical systems. Some commonly used approaches in parallel computing are 

described in the following sections. The applications of pareJlel computing to constrained 

dynamical systems aire discussed thereafter. 
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FIGURE 3.1. Performance versus cost curve and its evolution over the decades 
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3.2 Parallel Computers and Parallel Processing 

Computers that implement the traditional sequential fetch-execute computing model intro

duced by John von Neumann, which takes a single sequence of instructions and operates on 

a single sequence of data, are known as single instruction stream, single data stream (SISD) 

computers. To improve the performance of SISD computers, memory interleaving^, cache 

memory^, and pipelining are commonly used (Figure 3.2), but they all have limitations 

due to hardware technology [58]. 

•d-l 

Memory Memory Memory Memory 

Cache 

FIGURE 3.2. A typical sequential computer; pipelined processor with d stages 

By interconnecting multiple microprocessors and memory in some fashion to form a 

parallel computer, it is possible to obtain higher raw computing power comparable to that 

of the fcistest serial computers. Often the cost of such parallel computers is considerably 

less than comparable serial computers. Furthermore, with a large number of processors, a 

' memory is divided into a number of independently accessible banks. 
^ A relatively smcill and very fast memory acts like a buffer and fetches a block of data from slower primary 

memory. 
^instruction pipelining as instruction queue in memory and execution pipelining as executing multiple 

instructions in various stages of ftinctional units. 
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parallel computer can overcome many of the physical limitations of serial computers. 

A SIMD (single instruction stream, multiple data stream) computer has a single control 

unit dispatching instructions to each processor. In contrast, a MIMD (multiple instruction 

stream, multiple data stream) computer has multiple processors capable of executing dif

ferent programs independently. SIMD machines requires less hardwaire, memory, startup 

time and are better suited to parallel programs that require frequent synchronization, while 

MIMD machines can execute different instructions in the saune clock cycle and are better 

suited to the data-parallel programs where significant parts of the computation are contained 

in conditional statements (Figure 3.3). 

Interconnection Netwoilc 

Global CU 

fction Network 

PE; Processing Element 

CU: CoQtrol Unit 

(a) (b) 

FIGURE 3.3. A typical SIMD au'chitecture (a) and a typical MIMD architecture (b) 

In terms of address-space organization, a message-passing or distributed-memory archi

tecture implies that each processor has local memory accessible only to itself and interacts 

with other processors only by passing messages, while a shared-memory architecture allows 

all processors to access a shared address space. MIMD computers with former and latter 

curchitectures are commonly referred to as distributed-memory multicomputers or shared-

memory multiprocessors. Figure 3.4 depicts computer models with different architectures. 

Networks connected to processors and memory units can be classified as static or direct 
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(a) Uniform-meinory-access shared-memory computer 

(b) Non-uniform-memory-access shared-memory computer with local and global memories 

(c) Non-uniform-memory-access shared-memory computer with local memory only 
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links'*; or dynamic or indirect Unks^. Static networks axe typically used to construct message-

passing computers, while dynamic networks are normally used to construct shaxed-address-

space computers. Figure 3.5 exhibits different networks used for communications between 

processors. 

An idealized parallel computer is called a parallel random access machine (PRAM), a 

synchronous shcired-memory MIMD computer, in the sense that it is a natural extension of 

the sequential model of computation and provides a means of interaction between processors 

at no cost; processors shzu'e a common clock and a global memory uniformly accessible to 

all processors. In Chapter 4, simulation results show that the more idealized a computer is, 

the better it performs. 

Different parallel aurchitectures may need different algorithms to solve the same problem 

efRciently, but it is possible to design a single algorithm for all circhitectures based on a 

universal abstract model, such as, the von Neumann model for sequential computers, and 

PRAM for parallel architectures. 

3.3 Performance and Scalability of Parallel Systems 

A sequential algorithm is usually evaluated in terms of its execution time as a function 

of input size, while for a parallel algorithm, the execution time depends upon not only 

input size but eilso the Mchitecture and the number of processors. A parallel system Is the 

combination of an algorithm and the architecture of implementation. 

The serial run time Ts of a program is the time elapsed between the beginning and the 

end of its execution on a sequential computer. The parallel run time Tp is the time that 

elapses from the moment that a parallel computation starts to the moment that the leist 

processor finishes execution. The speedup S, a measure that reflects the relative benefit of 

solving a problem in a parallel, is the ratio of the serial run time of the best sequential 

algorithm for solving a problem to the time taken by the pjurallel run time of the parallel 

^point-to-point communication links among processois. 
^communication links using switches dynamically to establish paths among processors amd memory banks. 
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FIGURE 3.5. Various topologies of multiprocessors 
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algorithm to solve the same problem on p processors, that is 

5 = ^ (3.1) 
Tp 

Theoretically, 5 caui never exceed the number of processors p, but in practice, 5 > p is 

sometimes observed {superlinear speedup) due to either a nonoptimal sequential algorithm 

or hardware characteristics that put the sequential algorithm at a disadvantage. The effi

ciency E is & measure of the fraction of time for which a processor is usefully employed and 

is defined as 

E = - (3.2) 
P 

meaning that E can assume a value between 0 and 1. The cost pTp ® of solving a problem 

on a parallel system is the product of parallel run time and the number of processors used, 

that is 

pTp = Tpp (3.3) 

If the cost of solving a problem on a parallel computer is proportional to the execution time 

of the fastest-known sequential algorithm on a single processor, then the parallel system is 

said to be cost-optimal. Evidently a cost-optimal parallel system hais an efficiency of 0(I). 

The scalability of a parallel algorithm on an architecture is a meaisure of its capeicity to 

increase performamce or speedup proportional to the number of processors. It reflects the 

ability of a parallel system to utilize increasing processing resources effectively. 

Problem size W implies (the run time associated with) the number of basic computation 

steps in the best sequentiad algorithm to solve the problem on a single processor. Total 

overhead or overhead function To of a parallel system is the part of its cost (processor-

time product) that is not incurred by the fastest known serial algorithm on a sequential 

computer. 

TO = PTP - JT (3.4) 

The sources of parallel overhead include interprocessor communication {communication 

overhead is the most significant source and is a function of p only), load imbalance (it 

^sometimes referred to as work or proceaaor-timt pnduct. 
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is difficult to predict the size of the subtasks assigning to various processors) and extra 

computation (the fastest known sequential algorithm for a problem may be difficult or 

impossible to parallelize). 

3.4 Parallel Programming Paradigms 

To implement parallel algorithms on a pairallel computer, a programming language with 

all the functionality of a sequential language and the ability of sharing information among 

processors is required. A variety of parallel programming paradigms have been developed 

to provide programmers with clear, concise, and readily accessible programiming languages. 

Explicit parallel programming codes parallel algorithms explicitly and specifies how the 

processors cooperate in solving problems. It makes a compiler's task straightforward and 

a programmer's task fairly diflBcult. Implicit parallel programming, an alternate way to 

develop parallel programs, uses a sequential programming language and requires the com

piler to parallelize the programs for a paraJlel computer. It is simple for programmers but 

diflScuIt for a compiler because of the complexity of analyzing and understanding the depen

dencies of sequential code, and generating an efficient mapping onto a parallel computer. 

Block partitioning and dependency amalysis are sophisticated procedures for a compiler es

pecially in regard to control structures such as loops, branches and procedure calls. The 

success of automatic paradlelization relies upon the structure of the sequential code, but 

there are many ways of writing a sequential program for an application. Compiler par-

allelization, therefore, is usually limited. Figures 3.6 and 3.7 show various partitions of 

parallel programming for matrix multiplication C = AB. Obviously, the efficiency varies 

with algorithms; particularly, for A G B G 3?'^" and C = AB G the com

putational cost (floating-point operations or flops) is 1 + 0{log I)) with m x l x n  processors 

when an algorithm of binary tree in Figure 3.6 (b) is adopted [59]. 

In the shared-memory programming paradigm, programs are viewed as a collection of 

processes accessing a central pool of variables. The style is naturally suited to shared-

memory multicomputers, but one needs to be very careful when multiple processors access 



(a) 

(b) 

FIGURE 3.6. Algorithms of matrix multiplications (I) 
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FIGURE 3.7. Algorithms of matrix multiplications (II) 
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(read and write) shared data. Certain primitives of the programming language are needed 

to resolve such mutual-exclusion problems. In the messsige-passing programming paradigm, 

programs are viewed as a collection of processes with private local variables and the ability 

to send eind receive data between processes by passing messages. The style is naturcdly 

suited to message-passing computers, but it also can be used for shared-memory comput

ers. For exaunple, all the edgorithms described by Figures 3.6 and 3.7 can be implemented 

through message-passing paradigms. Each arrow indicates message-passing direction; each 

node/circle represents a processor or a process; S denotes summation; and anything inside 

a circle is assigned tetsk. 

Many parallel programming languages for shared-address-space or message-passing MIMD 

computers are basically sequential languaiges augmented by a set of special system calls, 

which provide low-level primitives for message passing, process synchronization, process 

creation, mutual exclusion, and other necessary functions. Extensions to C, Fortran and 

C-h-l- have been commonly used for this purpose on various machines such as, SGI, SUN, 

nCUBE 2, iPSC 860, Paragon XP/S CM-5, TC 2000, KSR-I, and Sequent Symmetry. These 

techniques might help to generate efficient code, but they tend to be difficult to understand, 

debug, maintain, and port to other pairallel computers with dUfferent au*chitectures. To over

come these drawbacks, various standard portable programming libraries, such as, LINDA ^ 

[18], SR ® [3], P4 ® [17], PVM^^ [36], Express [36], MPI^"^ [43] have been proposed and 

developed. These libraries usually offer better portability but less efficiency compared to 

vendor-supplied programming languages. 

Data parallelism implies processing identical data on various processors in parallel. This 

type of pairallelism is common in matrix operations. Data-parallel programs not only are 

naturally suited to SIMD computers, but also can be executed on MIMD computers using 

'^A concurrent progTcunming model evolved from a YaJe University research project. 
'Synchronizing Resources, a language for writing concurrent programs developed by Gregory Andrews, 

et ai. University of Arizona, 
^Portable Programs for Parallel Processors, a librsuy of macros and subroutines develop)ed at Argonne 

National Laboratory for programm-rg a variety of parallel machines. 
'"Parallel Virtual Machine, produced by the Heterogeneous Network Project of Oak Ridge National Lab

oratory, University of Tennessee and Emory University. 
*' Express toolkit is a collection of tools that individually address various aspects of concurrent computation 

developed and marketed commercially by ParaSoft Corporation. 
'^Message Passing Interface, a standard specification for message-passing libraries. 
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global synchronization. The inefficiency of synchronous execution sometimes can be over

come by a programming model called single program, multiple data (SPMD) where each 

processor executes the same program «isynchronously and synchronization occurs only when 

processors need to exchange datzu Thus, data-parallelism can be exploited on sui MIMD 

computer even without using an explicit data-parallel programming language or the SPMD 

model. 

Control parallelism refers to the simultaneous execution of different instruction streams 

(e.^.pipelining). Algorithms for problems requiring control parallelism usually map well 

onto MIMD parallel computers because control parallelism requires multiple instruction 

streams. In contrast, SIMD support only a single instruction stream and are not capable 

of exploiting control paradlelism efficiently. 

Many problems use both data parallelism and control parallelism. A discussion of prim

itives for the message-passing progrsunming paradigm, data-parallel languages, and primi

tives for the shared-address-space programming paradigm can be found in [58]. 

3.5 Applications to Constrained Mechanical Systems 

A large number of algorithms have been designed for specific applications [3, 40, 58, 59]. 

Applying these techniques to dynamics of constrained mechanical systems can improve 

efficiency draimatically. 

Computational problems are parallelizable to different extents. For some problems, 

assigning pju'titions to different processors might be more time-consuming than performing 

the processing locally. Other problems may be completely serial because of their structures; 

therefore, a problem may have different parallel formulations, which results in varying 

benefits, and all problems are not equally amenable to parallel processing. 

The extent of parallelization relies on the hieraurchical structures of the cilgorithms, 

which is determined by the nature of the problems. For instance, recursive structures 

limit parallelization through synchronization (in kinematics and dynamics of manipulators, 

Denavit-HaHenberg coordinate system [27] is an example [45, 62]). 
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Parallel programming on shared-memory or shared-memory and distributed-memory 

machines can be very different due to their architecture. Their performances depend upon 

various factors; such as the dimensions of specific problems, algorithms, load balancing, 

compiler optimizations, communications between processes, available memory and processor 

number [3, 40, 58]. 

Designing algorithms for distributed-memory and shared-memory machines requires dif

ferent strategies since in distributed-memory systems communication overhead is feur higher 

than the cost of fioating-point operations. Therefore, one needs to consider the trade-off 

between pardlelism and locally sequential implementations. In practice, available memory, 

shared CPU time and problem sizes are also among considered factors of algorithm design. 

MPF, a standard portable message-passing library definition, was developed by a broadly 

based group of parallel computer vendors, software writers, and application scientists in 

1993. MPI is a specification for a library of routines to be called from C and Fortran 

programs. The implementations can be built up either on previous portable packages such 

as, P4 and PVM, or on individual operating systems in a more efficient manner. For 

example, MP (an implementation of MPI on AIX of IBM RS/6000 SP) is much more efficient 

than MPICH (a portable implementation of MPI babied on P4) on the same computer. 

In next Chapter, the implementations of the methods presented in Chapters 2 and 3 

will be discussed in detail. 
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Chapter 4 

IMPLEMENTATION WITH EXAMPLES AND RESULTS 

4.1 Introduction 

The methods for constrained mechanical systems presented in Chapter 2 not only deal effec

tively in the presence of redundant, degenerate, inconsistent and intermittent constraints, 

but are £dso cost-eflBcient and can be parallelized efficiently. 

The implementations of the formulations and computational methods presented in Chap

ters 2 amd 3 on different types of computers (serial or parallel) require different algorithms 

and strategies. Some of the examples below demonstrate the efficiency of different algo

rithms on on a shared-memory computer using embedded primitives of operating systems. 

Other examples demonstrate the structure of computations for various algorithms on both 

shared-memory and distributed-memory computers using MPI and various visualization 

tools. 

The computers chosen to implement these algorithms include the Silicon Graphics Iris 

4D/34O symmetric shared-memory multiprocessor with 4 processors (Computer Science De

partment, University of Arizona), the Sun Sparc 1000 symmetric shared-memory multipro

cessor with 6 processors (School of Renewable Natural Resources, University of Arizona), 

the Sun Sparc workstation cluster (multiple computers) connected by Ethernet (Aerospace 

and Mechanical Engineering Department, University of Arizona) shown in Figure 4.1, and 

the IBM RS/6000 SP (Cornell Theory Center, Cornell University). 

While all formulations auid methods for constrained mechanical systems can be imple

mented in parallel, this chapter emphasizes the implementations of the GIGSP method 

described by Equation (2.30) presented in Chapter 2. The algorithms and the implementa

tions of the methods presented in Chapter 2 are discussed in detail below. Compairisons of 

computational complexity of various methods demonstrate the merits of the method devel-
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oped in Chapter 2. In addition, various numerical experiments and dynamical examples are 

presented to illustrate the advantages of the methods and their parallel implementations. 

4.2 Implementation of the GIGSP method to Equation (2.23) 

The method described by Equation (2.30) developed in Chapter 2 is computationally effi

cient, and is able to cope with redundancy, degeneracy, and inconsistency of constraints. 

Table 4.1 gives a comparison of computational complexity of various methods to obtain So 

through sequentizil implementation. The methods of LM (RI), U-K (SVD), and GIGSP aure 

described by Equations (2.6) or (2.8), (2.20) [92], and (2.30), respectively. The Singh-Likins 

(S-L) method (SVD) [86] can be summairized as 

where aa,b, f, A and M are the same as those in Equations (2.2) and (2.5); V2 comes from 

the SVD of A: 

where Ui G Vi G R"''', U2 G and V2 G (r = rank(A)). At is 

computed through Equation (2.26). 

The Kim-Vanderloeg (K-V) formulation uses QR decomposition [55] to determine a,, as 

where Sa, b, f, M are the Scime as those appearing in Equations (2.2) and (2.5), and 

Ba = A^b + V2(V^MV2)-^(V| 'f  -  V^MA^b) (4.1) 

A = USV^ = [Ui U2]S[Vi Vsf (4.2) 

(4.3) 

Qi=Qi(AQi)- '  (4.4) 

Q2 = Q2 — Q1AQ2 (4.5) 

M=Qi'MQ2 (4.6) 
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QI and Q2 come from the QR decomposition of the matrix in Equation (2.5), namely 

= QR = [QI Q2] R (4.7) 

where Qi e Qa G »«'<('»-'") and R G 

The algorithms used by the methods enumerated in Table 4.1 such as, the Golub-Reinsch 

SVD\ the Fzist Givena QR factorization^, Cholesky factorization (LL)^, LU factorization'*, 

are described in [40]. 

TABLE 4.1. Comparison of computational cost 
of various methods for a mechanicaJ system with 
n generalized coordinates and m constraints 

Method Flop Count 

LM" + n'^Tn + nm^ -f-

S-L® -t- -h 

K-V<^ - n^m -1- Anm^ -f-

U-K"* + n^m 4- nrv? -1- 21m  ̂

GIGSP* + n^m + 2nm^ 

"Lagrange multiplier formulation (LL) 
^SiBgh-Likiiis formulation (LL, SVD) 
'Kim-Vanderloeg formulation (LL, LU, QR) 
^Udwadia-Kalaba formulation (LL,SVX)) 
•Equation (2.23) (LL, GIGSP) 

Figure 4.2 compares the computational cost of various methods cis a function of the ratio 

of m, the number of constraint equations, to n, the number of generalized coordinates. As 

is evident, the LM method costs less, but that method fails in the presence of degenerate, 

redundant, inconsistent and intermittent constraints. Indeed, this was the reason for the 

development of the S-L, K-V, K-U and U-K formulations. The GIGSP method handles a 

'The computational cost of the Golub-Reinsch SVD of A € Si'"*" is 9fi^ + 8n^m + 4nm^ flops. 
^The computational cost of the Fast Givens QR factorization for e R"**" is 2m'(n — m/3) flops 
'The computationeil cost of the Cholesky factorization of A € Ji"*" is n'/3. 
•"The computational cost of the LU fectorization of A 6 R"*" is 2n'/3. 
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variety of constraints and needs fewer floating-point operations than other similar methods, 

especially as the number of constraints increases. 

Table 4.2 amd Figure 4.3 compaire computational costs for the case when the mass matrix 

M is diagonal. It does not require the Cholesky decomposition amy more and reduces the 

computational cost significantly for matrix multiplications when M involves. The total 

computational costs for various methods are reduced accordingly compared with those in 

Table 4.1 and Figure 4.2 where M is symmetric and positive definite. 

For parallel implementation of the method described by Equation (2.30), all matrix mul

tiplications auid vector additions cam be easily computed by partitioning taisks to processors 

in parallel (Figures 3.6 amd 3.7 illustrate various parallel algorithms for matrix multipli

cations). The implementation of the Gram-Schmidt process is relatively complicated, but 

it is parallelizable by breaking down row amd column operations for partitioning tasks to 

different processors. 



TABLE 4.2. Comparison of computational cost 
of various methods for a mechanical system with 
n generalized coordinates and m constraints 
(mass matrix M is diagonal) 

Method Flop Count 

LM° nrn^ + 

S-L* + 5n^m + Gnrri^ — 

K-V= f + n^m + Anm? + 

K-U'' nw^ + w? 

0105?"= 2nrr? 

"Lagrange multiplier formulation (LL) 
*Singh-Likins formulation (LL, SVD) 
"Kim-Vanderloeg formulation (LL, LU, QR) 
''KaJaba-Udwadia formulation (SVD) 
'Equation (2.23) (GIGSP) 
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4.3 Examples Using the GIGSP Method 

In this section, the formulation described by Equation (2.23) is implemented on a variety of 

simple and relatively complex constrained mechanical systems to demonstrate its advantages 

in special circumstances. In the examples below, an approach is described to use the 

formulation directly in pure kinematic analysis with a simple modification. The derived 

formulation is then applied to a classical redundant constraint case. Next, the formulation 

is applied to two mechauiisms which contain either a holonomic or a nonholonomic constraint 

and cheuiging degrees of freedom (i.e.intermittent constraints). 

4.3.1 Pure Kinematic Analysis 

In pure kinematic analysis, the masses of the bodies or particles in the system are irrelevant, 

and one is primarily interested in the motion (positions, velocities and accelerations) of 

the components of the mechanicaJ system given some required number of input kinematic 

variables. 

When the formulation described by Equation (2.23) is used, the simplest way to elimi

nate the masses and inertias of the components in the system is to take L (or M) to be the 

identity matrix. Then, (A(L^)~^)^ = and Equation (2.23) becomes: 

where now A includes the specifications for the input kinematic variables as constraints. 

After this step, aa can be integrated with respect to time to obtain velocities £ind positions 

over time. 

Simply, G-S orthogonalization, Equation (2.30) reduces to: 

For a kinematic chain comprised of A/" links and m constraints, 6N — m input kinematic 

variables need to be specified to solve for the motion of the system completely. In this 

aa = A^b (4.8) 

a^ — A^bx — Aj (4.9) 
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formulation, these variables have to be specified as constraints making A a 6N x 6N square 

matrix. However, it is still useful to leave in the generalized inverse because the method 

yields correct results even in the presence of redundant or degenerate constraints and reports 

the presence of inconsistent constraints. In the presence of redundant constraints, A will 

have more rows than columns. 

The following two examples illustrate the advantages of the method in pure kinematics. 

Example 1: Four bar linkage 

Consider the planar four-bar linkage shown in Figure 4.4 with ri = 9, r2 = 2, = 7, r4 = 

6,^2 = 30°, 02 = 10,^2 = 0. The free variables 02i^3i^4 are constrained by the following 

two constraints: 

Y 

X/77777 

FIGURE 4.4. A planar four-bar linkage 
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r2 cos di + r3 cos 9z = ri+ r4 cos d\ (4.10) 

rj sin02 + ^3 sin 02 = r4 sin 04 (4.11) 

These constraints together with the "constraints" imposed by the specification of the input 

variables 02,^2 (initial only), 02 (for all time), result in the following A and b matrices (for 

all time) as: 

1 0 0 
A= r2sin02 rasin^a —r4sin04 

r2 cos 02 rs cos 03 —r4 cos 04 
(4.12) 

b = r404 cos 04 - r202 cos 02 — cos 03 
—^404 sin 04 + r202 sin 02 + sin 03 

(4.13) 

Substituting the above values (eind assuming that the values of all the positions and 

velocities are known initially) into Equation (4.12), and solving for the actual accelerations 

one obtains: 

02 ' 0.0 " 

03 = 26.0 

J i .  53.3 

These values can be easily verified using conventional methods. The accelerations can 

now be integrated numerically to obtain velocities and positions. 

Note that with this approach there is no need to transpose the known kinematic variables 

to the right hand side and solve for only the unknown variables 02 and 03 . These operations 

together with separate kinematic equations would be required with other formulations. 
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Example 2: Kinematics with redundant constraints 

Figure 4.5 shows the well-known case of a parallel five-bar linkage with one redundant 

constraint. The kinematics of the mechanism is unaffected by the removal of either link 3 

or 5. The constraints are: 

Y 

X /77777 

FIGURE 4.5. A parallel five-bar linkage with one redundant constraint 

r2 cos 62 + rz = r4 cos 64 -I- ri (4.15) 

rg sin 02 = U sin 64 (4.16) 
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^ cos 02 + ̂ 5 = ^ cos 04 + ri (4.17) 

y sin 02 = y sin 04 (4.18) 

that is, expressions (4.17) and (4.18) define redundant constraints. Also, it follows that the 

constraint equations (4.15) and (4.17) become degenerate when 62 = 64 = ±izl2 as well, 

and constraint equations (4.16) and (4.18) become degenerate for 02 = 04 = 0 or TT. 

If the input kinematic variable is 02 = 27rsin(i), and a,, = [02 04]^, then the A and b 

can be written as: 

A = 

r2sin02 
r2 cos 02 
jT2 sin 02 
|r2 cos 02 

1 

—r4 sin 04 
—t\ cos 04 

—^T\ sin 04 
—^r4 cos 04 

0 

b = 

—9\T2 COS 02 + 04r4 COS 04 
sin 02 — 04r4 sin 04 

—502^2 cos 02 + ̂ 04^4 cos 04 
|02r2 sin 02 — f04r4 sin 04 

—27rsin t 

(4.19) 

(4.20) 

Figure 4.6 plots against time the difference between 04 obtained from pure kinematic 

analysis and the same quantity using Equations (4.19) and (4.20) together with Equation 

(4.9). As is evident from the figure, the resulting error is well within the machine precision 

and can be ignored. 

Also, if constraint (4.18) is specified for some reason (say, as a result of a typographical 

error) as 

^ sin02 = ^ sin04 + A{t)  (4.21) 

then expressions (4.18) and (4.21) would be inconsistent and their corresponding rows in b 

would be different. The G-S orthogonalization method identifies such an inconsistency. 
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tim* (s) 

FIGURE 4.6. Error in 64 in the presence of a redundant constraint 
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4.3.2 Dynamics of Systems with Changing Degrees of Freedom 

Equation (2.23) can easily incorporate changing degrees of freedom using the following 

approach. When there is a constraint that appears only intermittently (for example, a 

wheel that may roll only or slip and roll depending on the dynsunic circumstances), the row 

of A associated with that constraint, say AJT, can be entered as follows: 

where N is the total number of unconstrained vjuriables in the system and some, but not 

all, Ofej may be zero. The presence of a row of zeros during some portion of the motion of 

the system does not affect the pseudoinverse operation because it is defined and exists in 

such circumstances. 

Example 3: Mechanism with intermittent constraints 

As an example of this situation, consider the mechauiism shown in Figure 4.7 . The disc has 

an initial angular velocity but zero linear velocity and initi^Iy slides on a rough surface. 

After some time its motion turns to pure rolling on the surfeice, which implies that an 

additional kinematic constreunt is imposed aifter a critical point. Alternatively, the no-slip 

constraint can be considered degenerate when there exists slipping at the beginning. Taking 

as the radius vector from the origin to the center of mass of link i, the radius of 

disc as R, the length of linkage i as ri, the constraints for this system can be written as: 

Ak = r  [ 0 , 0 , . . .  , 0 ]  
\ [afci,afc2i--

I if constraint does not exist 
. , Qku] if constraint does exist 

(4.22) 

X3 — r^cosOi (4.23) 

ya - r2sin92 + —sinOj = 0 (4.24) 

r^sinB^ — r^sinO^ = 0 (4.25) 
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rough 

smooth smooth 

FIGURE 4.7. A mechanical system with varying constraints 
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X4 — r2Cos62 — rzcosOz = 0 (4.26) 

2 /4= 0  (4.27) 

0:4 — R6i = 0 (4.28) 

The last constraint is only valid when the disc does not slide. 

M = diag[/2 r7i3 7713 h "^4 h\ (4.29) 

A = 

r2sin62 1 0 ^sinOz 
—r2Cos62 0 1 ^cosOz 
r2COs62 0 0 —TzcosOz 
T2sind2 0 0 rzsindz 
0 0 0 0 
0 0 0 0 

0 
0 
0 
1 
0 

0 0 
0 0 
0 0 
0 0 
1 0 
0 { i - e ) R  

(4.30) 

a = 

—^m2gr2Cos62 
0 

-mzg 
0 
tJ-rnsg^ 
-(m4 +m5)g 
-fimsgR^ 

(4.31) 

b = 

-r202coa02 — ^rzd^cosdz 
—r2025iTi02 + ^rzO^sinOz 
r2&2^inQ2 - rzOz^inOz 
-r202cos92 — rz&^cosOz 
0 
0 

(4.32) 
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where ^ = sgn^ROi —X4). Figure 4.8 shows the traositioa when constraints change at about 

t = 0.1 second. Before that point, the constraint matrix is not full-rank (the last constraint 

degenerates). The curve with loose error control (0.001 as the criterion of constraint viola

tion for pure rolling) shows fluctuations. The dashed line with strict error control (0.000001 

as the criterion of constraint violation for pure rolling) is identical with the ideal model. 

•iTor control 

0.8 

0.2 

0.08 0.12 ai4 0.18 0.18 0.2 0.04 

FIGURE 4.8. IVansition from slipping to rolling 

Using Equation (2.18), it is trivial to obtain the generalized constraint forces for this 

linkage. Figure 4.9 charts the veiriation of the ground constraint forces (/cx, fey) and torque 

{Ncz) with time. An abrupt jump and chatter appear at the transition point. Differences 

can once again be observed between loose and strict error control though this is most evident 

in the Ccise of the horizontal constradnt force fcx-

Example 4: Constant speed driver 

To demonstrate the effectiveness of the method described by Equation (2.30) in the 

presence of intermittent and nonholonomic constraunts, the method was applied to simulate 
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the constant speed driver shown in Figure 4.10 . The system is identical to the one described 

by Arczewski and Blajer [5] except that perfect rolling is not assumed between the discs 

attached to shaft 1 and 3, and that a damper has been added in parallel with the spring kz 

(see Figure 4.10). The linkage is designed to transmit the rotation of driving shaft 1 (motor) 

to shaft 2 (machine) and isolate the speed of shaft 2 from fluctuations in the speed of shaft 

1. For this example, initially, a constant torque with periodic disturbance is applied to shaft 

1 while the system is at rest. Slipping with rolling occurs between the discs attached to 1 

and 3 until pure rolling is achieved. At that instant, the following nonholonomic constraint 

is imposed : 

p^i - 003 = 0 (4.33) 

Alternatively, this constraint can be considered degenerate when slip occurs at the begin

ning. 

Figure 4.11 shows the fluctuations in the distance x (Figure 4.10) when a small distur

bance is added to the input torque of the system without the damping (constant C is set 

to zero), and the decline of slipping between disc 1 and 3 with non-zero C. 

As is evident from Figures 4.12 and 4.13 slipping stops at 0.63 s and changes into pure 

rolling. At that instant, the degrees of freedom of the system are reduced by one, resulting 

in the reduction of the rank of A; however, the formulation works without the need to stop 

the inversion / integration process. 

The formulation works even when the disturbances in the input torque Mi applied to 

disc 1 are very large (10 times larger than the torque itself). Figures 4.14 and 4.15 depict 

the behavior of the system under these circumstances, in the presence of damping. It is 

evident that the formulation described by Equation (2.23) remains robust even in such 

extreme cases. 

Tables 4.3 and 4.4 compare the computational cost of each phase of the GIGSP method 

on different seriail computers. The program was written in ANSI C and portable to all 

UNIX systems. Table 4.3 reflects the cost of each phase, while Table 4.4 charts performance 

improvements in matrix operations through compiler optimizations. The given figures are 

i 
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FIGURE 4.11. Variation of x with time (with and without damping) 
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FIGURE 4.12. Transition from slip to pure rolling (with damping) 



71 

15 

1.6 0.6 1.4 0.4 
um« (t) 

FIGURE 4.13. Variation of and with time (with damping) 
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FIGURE 4.14. Transitioa from slip to pure rolling with large disturbances in Mi 
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FIGURE 4.15. Variation of and with time in the presence of large disturbances in Mi 

for 20 iterations in each implementation. 

4.3.3 Use of Constraint Violation Control 

As mentioned in Chapter 2, constraint violation control methods can also be used to reduce 

computational cost. The use of the Baumgarte's method, for exaunple, reduces the cost of 

the GIGSP method in Table 4.1 to flops to find because exact generalized inverse is 

not computed most time. With the projection method described by Equations (2.55) and 

(2.56), the cost of the GIGSP in Table 4.1 is reduced to + nm^ + flops. When 

constraint violation control methods su'e applied to reduce computational cost, aa is com

puted using approximate values of generalized inverses (i.e., those of values from previous 

time steps) and the difference from the exact value is compensated by using Baumgsirte's or 

projection methods. The Gram-Schmidt process for exact generalized inverses is used only 

periodically (once every five time steps for the examples shown). Figure 4.16 illustrates 

how the GIGSP method works with the Baumgarte's method and the projection method 
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TABLE 4.3. Elapsed time and cost percentage of GIGSP for constant speed driver 
without compiler optimizations 

Computer Matrix/vector update a«&fc (GIGSP) Integration 

HP Visualize 8132L 0.000159 s (%7.6) 0.001859 s (%88.9) 0.000074 s (%3.5) 

IBM RS/6000-SP 0.000090 s (%4.6) 0.001799 s (%92.6) 0.000055 s (%2.8) 

SGI Origin 2000 0.000082 s (%8.9) 0.000793 s (%86.6) 0.000041 s (%4.5) 

SUN Sparc 5 0.001147 s (%14.5) 0.006471 s (%81.7) 0.000303 s (%3.8) 

Sun Sparc 1000 0.000996 s (%19.5) 0.003932 s (%76.8) 0.000190 s (%3.7) 

TABLE 4.4. Elapsed time and cost percentage of GIGSP for constant speed driver with 
compiler optimizations 

Computer Matrix/vector update (GIGSP) Integration 

HP VisuaJize 8132L 0.000058 s (%9.2) 0.000532 s (%84.2) 0.000042 s (%6.6) 

IBM RS/6000-SP 0.000051 s (%8.6) 0.000527 3 (%88.7) 0.000016 s (%2.7) 

SGI Origin 2000 0.000034 s (%14.3) 0.000189 s (%79.4) 0.000015 s (%6.3) 

SUN Sparc 5 0.000802 s (%18.4) 0.003351 a (%77.0) 0.000201 s (%4.6) 

Sun Sparc 1000 0.000721 s (%26.7) 0.001874 3 (%69.4) 0.000105 s (%3.9) 

on acceleration level. 

These two constraint violation control techniques can also be applied to the Lagrange 

multiplier method [21, 22, 67]. Using the Baumgarte's method in Equation (2.8), the 

corrected Oq cam be computed as 

Bo = a/ + M-^ A^(AM-^A^)-Hb* - Aa/) (4.34) 

where b* is given by Equation (2.42). Also, using the projection method at acceleration 

level, Sa can be computed through Equations (2.54)-(2.56) [24]. A comparison of the 
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computational costs of these methods is summarized in Table 4.5. 

TABLE 4.5. Computational cost of various 
methods with constraint violation control 

Method Flop Count 

LM & BS" in' 3" 

GIGSP & BS' in' 3" 

LM & P'^ ^n' -1- nm^ -I- 5 m' 

GIGSP & P<^ jn' 4- nm^ + 

'Method of Lagrange multiplier and Baum-
garte's stabilization 

'Method of generalized inverse with Gram-
Schmidt process and Baumgarte's stabilization 

^Method of Lagrange multiplier and projection 
at acceleration level 

''Method of generalized inverse with Gram-
Schmidt process and projection at acceleration 
level 

Simulation results using this approach for the mechanism described by Figure 4.7 show 

no difference between excict and compensated computations. However, simulation results 

for the constant speed driver described by Figure 4.10 deviate from those without using 

approximate value of the generalized inverse. Figure 4.17 shows that the nonholonomic 

constraint is well satisfied. However, the kinematical variables in Figures 4.18 and 4.19 

exhibit significant errors. The GIGSP, BS and P in these figures Eire the methods described 

by Equations (2.30), (2.45) (Baumgarte's stabilization method) and (2.56) (the projection 

method). The constraint violation control methods, therefore, seem not applicable to the 

GIGSP method to save computational cost when nonholonomic constraints are present. 
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FIGURE 4.17. Transition from slip to pure rolling with approximation methods 
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FIGURE 4.18. Variation of and with approximation methods 
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FIGURE 4.19. Variation of x with approximation methods 

4.4 Parallel Implemezitatioiis 

4.4.1 Efficiency of Parallel Programming 

The efficiency of the algorithms described earlier was tested on a Silicon Graphics Iris 

4D/34O symmetric shared-memory multiprocessor. The simulations outlined below are 

based on Equation (2.23) and for the that A G Figure 4.20 is a flow chart of 

the algorithms used. 

The numerical experiments demonstrates various algorithms and programming styles. 

Single-pass and incremental methods or algorithms are related to how elements of matrices 

and vectors are evaluated. The single-pass method evaluates a single element in a single 

loop, while the incremented (sometimes called gaxpy [40]) method evaluates only a part of 

a single element in a single loop or does it incrementally. The latter method is usually more 

efficient especially for large-size problems because its computation is vectorized. 

Strip auid cyclic styles are two programming styles or aJgorithms associated with in
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struction streams, data streams and task psurtitiooing to different processors. The former 

implies each processor is assigned a bigger task each time, while the latter assumes each 

processor is assigned a smaller task each time. The strip style is less efficient than the cyclic 

style when the communication overhead is relatively small. 

In the following numerical experiments, problem size is characterized or represented by 

the size of the matrix A 6 32^^". For a dynamics problem of a constrained mechanical 

system, it indicates the system with n generalized coordinates and under m constraints. 

Table 4.6 shows the speedups of different algorithms (single-pass, incremental, strip, and 

cyclic) using four processors for different problem sizes. This clearly indicates that parallel 

programming significantly shortens the elapsed time of programs. The greater speedups are 

obtEiined for the problems with greater sizes. In particular, the combination of incremental 

and cyclic algorithms is the best programming style in this case. Figure 4.21 is the bar 

graph. The group numbers along x-axis 1,2 and 3 correspond to matrix sizes 150 x 240, 

300 X 420 and 420 x 480. In each group, the four attached strips or bars correspond to the 

four styles described in Table 4.6 (single-pass & strip, single-pass & cyclic, incremental 

strip, and incremental & cyclic). 

TABLE 4.6. Speedups of zdgorithms with varied problem sizes 

Algorithm\ m x n 150 X 240 300 X 420 420 X 480 

Single-pass & strip 1.3 1.8 1.6 

Single-pass & cyclic 1.3 2.0 1.9 

Incremental Sc strip 1.3 2.4 2.5 

Incremental & cyclic 1.3 2.8 3.5 

Table 4.7 compares performance indices for the algorithms with incremental and cyclic 

features when using 4 processors for parallel computation. In this table, Ts,Tp, S, E and 

pTp denote serial run time, parallel run time, speedup, efficiency, cost and total overhead 
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FIGURE 4.20. Flow chart for the algorithms solving a constrained mechanical system and 
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1.5 

t 
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0 

as defined in Chapter 3. Note that the speedup 3.5 (the ideal is 4) and the efficiency 

0.9 (the ideal is 1) indicate impressive and fine performance in parallel programming. In 

addition, the overhead resulting from asymmetric task partitioning, synchronizations and 

communications is relatively small. 

TABLE 4.7. Comparison of performance in
dices for parallel implementation of various 
sizes of A 

size of A Ts Tp S E pTp To 

150 X 240 4 3 1.3 0.3 12 8 

300 X 420 28 10 2.8 0.7 40 12 

420 X 480 87 25 3.5 0.9 100 13 

Evidently, implementations on shared-memory computers using system primitives with 

elegantly designed algorithms in this example show excellent performcmce, but they are 

system dependent and sometimes difficult to program for ordinzuy users. To overcome such 
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FIGURE 4.21. Variation of speedup with problem sizes 
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disadvantages, the Message Passing Interface (MPI) was developed and adopted in recent 

years. The following sections describe the implementations of the GIGSP method with 

MPI. 

4.4.2 Scalable and Portable Implementations through MPI 

MPI is considered as a standard implementation of message-passing paradigm and has been 

widely adopted by computer vendors and academic groups. MPI maJces parallel program

ming easy and programs portable on both shared-memory amd distributed-memory com

puters, but the performance of programs might not be improved when the same program 

results in a laj-ge communications as a result of excessive fragmentation. Such large com

munication overheads suggests that, to obtain better performance, programming strategies 

different than those employed on shared-memory multiprocessors using the shared-address-

space paradigm amd the system primitives. 

The numerical experiments presented here implement the GIGSP method described by 

Equation (2.30), and compute actual accelerations and integrations over time for 20 time 

steps. For comparison, the method was implemented with the MPI on computer cluster 

shown in Figure 4.1 (Aerospace and Mechanical Engineering Department, University of 

Arizona), a Sun Sparc 1000 symmetric shaired-memory multiprocessor with 6 processors 

(School of Renewable Natural Resources, University of Arizona), and a IBM RS/6000 SP 

with 512 processors (Cornell Theory Center, Cornell University). 

Figure 4.22 shows the distribution of tasks among computers for the constant speed 

driver (20 integration time steps) on the workstation cluster (seven interconnected comput

ers). The performance is not uniform and the communication overhead is large. Some of the 

processes run on slower computers (Sparc LX). The rest run on faster computers (Sun Sparc 

5) as shown in Figure 4.1. Figure 4.23 is an enlarged portion of Figure 4.22 and depicts 

imbalances in the distribution of computational load and communication overhead. In this 

figiire, the "compute" strip for computer 0 corresponds to updating of matrices, while the 

"compute" strip for the other computers correspond to the matrix operations before the 

Graun-Schmidt process. 
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FIGURE 4.23. Structure of computation using GIGSP for a constant speed driver on a MPI 
cluster with seven computers (II) 
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Figure 4.24 shows the distribution of tasks among processors for a numerical experiment 

(2 integration time steps) on the Sun Sparc 1000 symmetric shared-memory multiprocessor. 

Its enlarged view in Figure 4.25 depicts matrix operations: the "compute" strip for processor 

0 corresponds to the operations to update matrices; and "compute" strips for the rest of 

processors correspond to matrix operations before the Gram-Schmidt process. Figure 4.26 

describes the distribution of the Gram-Schmidt process among the processors. Obviously, 

the commimication overhead here is relatively smaller. 

The implementations on IBM RS/6000 SP show interesting patterns of performance. 

Better performance in relation to the number of processors is determined partially by the 

problem size. Figures 4.27 through 4.34 show variations in elapsed time with the size of 

matrix A G Figure 4.27 chairts the effect of two different partitioning strategies 

on performance in a message passing paradigm. Figures 4.28 through 4.34 indicate that 

there is an optimad number of nodes for solving a problem with n generalized coordinates 

and m coastraints. The optimal numbers from these figures are summarized in Table 4.8 

and reflect the dependency between the optimal number and the major computational cost 

2nm^ flops (resulting from Gram-Schmidt process) according to Table 4.2. n determines 

the optimal number when m is small compared with n, while m determines the optimal 

number when m becomes large compared with n. 

TABLE 4.8. Number of nodes for mini
mum elapsed time for different A G 

m \ n 10 50 100 1000 

10 2 2 4 3 

50 - 3 3 3 

100 - - 4 4 



FIGURE 4.24. Structure of computation using GIGSP for a numerical experiment on a 
Sparc 1000 with six processors (I) 
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FIGURE 4.25. Structure of computation using GIGSP for a constant speed driver on a MPI 
cluster with seven computers (II) 
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Chapter 5 

GENETIC ALGORITHMS AND CONSTRAINED MECHANICAL SYSTEMS 

5.1 Introduction 

The dynamics of constrained mechanical systems can also be solved using optimization 

methods through the direct application of Gauss' principle of minimum constraint [70, 96]. 

This chapter describes how an objective function based on that principle can be constructed 

and how the problem can be solved using optimization techniques. 

The genetic algorithm technique [38] is a newly developed method that can be used to 

solve many types of optimization problems. The method has been shown to be very effective 

in problems of moderate size in terms of approaching the minimum of an objective function 

rapidly and locating global minima in highly complex search spaces. This method is also 

highly suitable for paurallel programming since its procedures cire explicitly parallel. The 

method and its application to constrained mechamical systems are described below. 

5.2 Genetic Algorithms 

Genetic algorithms use models of evolutionary processes to solve physical problems that are 

stated as optimization problems. They have been successfully used for a number of different 

application areas including multidimensional optimization problems. The explicitly parallel 

nature of such algorithms makes them very useful in massively parallel computation. 

The basic concepts of genetic algorithms (GAs) [38, 83] were developed by John Holland 

[44] and his students [12, 25, 32, 46]. GAs axe iterative procedures which maintain and 

manipulate a population P of n candidate structures x to an objective function /(x(t)), 

where t represents an iteration or generation number. 
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P(0 = {xi(i),... , x„(«)} (5.1) 

Each structure xt (solution candidate where the solution is defined as the structure that 

minimizes or maximizes /) in population P(f) at iteration t is simply a binaxy string of 

length I. Generally, each represents a vector of pairameters of the function /(x), but 

the semantics associated with the vector is unknown to the GA. During each iteration step, 

called a generation, the ctirrent population is evaluated, and, on the basis of that evaluation, 

a new population of candidate solutions is formed through crossover and mutation processes. 

A general sketch of this procedure — known as generational GA — is shown in Figure 5.1 

The initial population P(0) is usually chosen at random. Alternatively, the initiaJ popu

lation may contain heuristically selected initial points. In either case, the initial population 

should contain a wide variety of structures. Each structure in P(0) is then evaluated. For 

example, if it is desired to minimize a function /, the evaluation might consist of computing 

and sorting/(xi),... ,/(x„). 

The structures of P(f + 1) (t.e. the next generation population) are chosen from the 

population P(t) by a randomized selection procedure that ensures that the expected number 

of times a structure is chosen is proportional to that the structure's performance (in terms 

of decreasing the objective function), relative to the rest of the population. That is, if xj 

has twice the average performance of all the structures in P(t), then it is expected to appear 

twice in the population P(t +1). At the end of the selection procedure, population P(4 -I- 1) 

contains exact duplicates of the selected structures in population P(f)-

In order to search points in the search space outside of the current population, some 

vau*iation is introduced into the new population by means of idealized genetic operators. 

With the crossover operator, two structures in the new population exchange portions of 

their binary representation. This can be implemented by choosing a point at random, 

called the crossover point, and exchanging the segments to the right of this point. 

Crossover serves two complementairy search functions. First, it provides new points for 

further testing of the schemata (distributed points for test with a certain pattern) already 

present in the population. Second, it introduces a representative of new schemata into the 
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FIGURE 5.1. A generatioaal genetic algorithm 
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population. 

Termination may be triggered by finding an acceptable approximate solution to /(x), 

by fixing the total number of evaluations, or some other application-dependent criterion. 

Theoretical considerations concerning the allocation of trials to schemata [25, 44] show 

that genetic techniques provide a near-optimal heuristic for information gathering in com

plex search spaces. A number of experimental studies [12, 16, 25] have shown that GAs 

exhibit impressive efficiency in practice. While classical gradient seau'ch techniques are 

more efficient for problems which satisfy tight constraints (e.^.continuity, low dimensional

ity, unimodality), GAs consistently outperform both gradient techniques and various forms 

of random search on more difficult (and more common) problems, such as optimizations 

involving discontinuous, noisy, high-dimensional, and multimodal objective functions. GAs 

have been applied to various domains, including numerical function optimization [12, 16], 

adaptive control system design [26], and artificial intelligence task domains [88] . 

Parallel genetic algorithms are often very different from the "traditional" algorithm 

proposed by Holland [44], especially in regard to population structure and selection mech

anisms. Current parallel genetic algorithm implementations can be sepzirated into three 

categories: global, island, and cellular genetic algorithms [42, 95). Gordon and Whitley 

gave a comparison of serial and parallel genetic algorithms as function optimizers [42]. The 

package developed by Schraudolph and Grefenstette is suitable for both serial and parallel 

implementation of genetic algorithms [83, 84] and will be used for simulation of GAs. 

5.3 Alternative Formulation of Constrained Mechanical Systems 

Gauss' principle makes GAs applicable to dynamical systems with constraints because it 

states the constrained dynaunics problem in terms of the minimization of an objective func

tion. Gauss' Principle of Least Constraint [70, 96] is stated as: the real motion of a set of 

particles subject to a set of constraints is the one which minimizes the function^. 

'cedled Gauss' constraint or Gibbs function 
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3n .  3n .  

^ = I] - zf-f = - Ofsf (5-2) 
, 2  m ,  j=i «=i 

or in vector form 

Z = i(ap - a/)^M(ap - a/) (5.3) 

where a^, M, and a/ have the same definitions as those stated in Section 2.2. 

Thus, a system with constraints defined by Equation (2.5), the optimization problem is 

minimize Z = ~{ap — a/)^M(ap - a/) (5.4) 

subject to Aop - b = 0 (5.5) 

Using the technique of penalty functions, a new objective function Zi containing the 

constraint equations can be defined as 

Zi = Z + [Aa, - b]^W[Aap - b] (5.6) 

where W = diag[u;i,... , lOmli and the Wi axe the penalty weights, which cire large and can 

change during optimization iterations. These weights ensure that •^he objective function 

increases when constraints are violated (Aap — b 7^ 0) and that consequently the associated 

ap £ire rejected. 

The following points must be kept in mind in using the expressions shown above: 

• Because the quadratic form (5.6) is at least positive semi-definite, it is guaranteed to 

reach an extreme in finite number of iterations by using traditional methods, such as, 

the conjugate gradient method. 

• The cost of computing Zi, the major computatiooal cost, is 2n^ + 2nm flops for a 

sequential implementation, where n and m are the number of generalized coordinates 

and the number of constraints, respectively. Using GAs, the rest of the work in finding 
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a solution mainly comprised of sorting approximate solutions based on the values of 

the objective fimction and eventually obtaining the solution that reduces Z\ to its 

minimum value. 

• Expression (5.6) suggests 2ui easy parallel implementation of GAs in evaluating the 

objective function Z\ and selecting the next generations. 

• Using GAs to solve the dynamics of constrained mechanical systems has the same 

advantages in terms of dealing with various constraints as the method developed in 

Chapter 2. Indeed, Equation (5.6) demonstrates that: 

— When the ith constraint becomes redundant or degenerate, the term associated 

with Wi will be zero. 

— When the ith constraint becomes inconsistent, the term associated with increas

ing Wi will approach infinity. 

5.4 Example: A Double Pendulum 

The double pendulum shown in Figure 5.2 was used to demonstrate the direct application 

of Gauss' principle using genetic algorithms. Denoting the coordinates of particle i with 

maiss TTii with x,-, y,-, (t = 1,2), the equations of motion of the system can be written as: 

miii = 0 (5.7) 

miyi = TTiig (5.8) 

m2X2 = 0 (5.9) 



98 

m 

m 

FIGURE 5.2. A double pendulum 
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m2y2 = rn^g 

The constraints can be written as: 

(5.10) 

-2 , ,2 _ ,2 
+ J/l — 'I (5.11) 

Therefore, 

{x2 - xi)^ + {y2 - yif = I2 (5.12) 

M = diag[mi, mi, m2, ma] (5.13) 

a/ = [0, <7, 0, g]^ (5.14) 

A = xi yi 0 0 
xi-x-i yi -1/2 X2-X1 y2 - yi 

(5.15) 

b = 
-ff2 - ,-,2 Vx (5.16) 
- { X 2 ~ x i f  -

If ap = [xpi,i/pi,Xp2, VpiY — [opiiaj»2. OpS)•> objective function for this system 

is 

1 ,  
+ '^i(op2 -5) + m2a;3 +m2(ap4 - 5)^] + [Aap - b]^W[Aap - b] (5.17) 

where the A and b are given by Equations (5.15) and (5.16). The weighting matrbc W was 

chosen as: 

W = diasflO® 10® 10® 10®] (5.18) 
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The parameters appearing in the equations were selected as: mi = = 1.0 kg, g = 

9.8 m/s^ and li = I2 = 1.0 m. The solution being sought is for a:i(0) = X2(0) = 0.0 m, 

yi(0) = 1.0 m, 1/2(0) = 2.0 m, iri(O) = tt m/s, ±2(0) = 2ir m/s, yi(0) = 1/2(0) = 0.0 m/s. 

In this example, the relationship between the precision and the selection of initial (guess) 

values as well as the convergence rate were investigated. 

One cycle of computing the objective function and sorting the solution candidates is 

termed as a run. Evidently multiple runs can increase the chance of finding a good so

lution, but this can become expensive. The method presented here emphasizes choosing 

approximate solutions with the best performance for specifying variable ranges. It is the 

key to obtain fast convergence to exact solution. 

The most critical step in this process is finding initial a<,. In this case, larger ranges 

were considered and guessed approximate solution is 0 for range selections of xi,x2, yi and 

y2, e.^.[0.0. — roi.O.O + roi] is selected for xi in 1st rim (roi = 50 in this example). After 

the first run, some variables converge, some fluctuate in small ranges. The best candidate 

solution is used for next range selections, e.g.[A.%272A — rn, 4.62724 + rn] is selected for 

xi in 2nd ran (ru = 10 in this example). In other words, the ranges are adjusted (shrunk 

and shifted) to obtain better candidate solutions of the next run. Table 5.1 shows that 

the result of the second run approaches to the exact solution. The latter runs are carried 

out similarly. The fourth run gives quite good results and the fifth rim yields the exact 

solution. As the results shown in Table 5.1, to find the initial generalized eiccelerations is 

the most diflBcult and radical stage compared with the rest of acceleration solutions varying 

with time. 

For subsequent solutions of EQ, the range selections for xi, X2> i/i and 1/2 are based on their 

values of previous time. When those values are used, one run is usually enough to obtain 

an dp very close to a^. The exact solution Sa can be obtained sifter the second run. Note 

that additional runs might be necessary if accelerations jump abruptly (discontinuously) in 

some circumstances. 

The program for this example was written in ANSI C and used the software package 

GAucsd [83]. It was implemented on an IBM RISC/6000 with AEX OS and a Sun Sparc-
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TABLE 5.1. Evolution of best performing possible accelerations 

Run yi X2 1/2 ^1 

0" 0.0 0.0 0.0 0.0 1.9482e-l-ll 

l' 4.62724 -9.89079 17.8308 -32.1452 1.4475e-f-05 

2 -0.0374899 -9.86974 0.00884611 -32.0766 1.0732e-l-03 

3 -0.00367994 -9,86965 -0.0187661 -32.0764 1.0732e-l-03 

4 -7.0536e-05 -9.86965 0.000188913 -32.0764 1.0704e-l-03 

5 0.0 -9.86965le-f 00 0.0 -3.207636e-l-01 1.0700e+03 

Exeu:t 0.0 -9.869651e-|-00 0.0 -3.207636e-l-01 1.0700e-l-03 

"The guessed values here are only for range selections of actual accelerations 

'The best candidate solution is used for range selections of actUcd accelerations 

I 
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station with Solaris OS. 

Some important parameters used in the simulation were: 

• Genome length = 64 bits, the length of a double precision number. The range of 

each variable is represented by 16 bits. For example, range [—r,r] is divided into 2"^® 

intervals or subranges (the length of each is and represented by them. 

• Population size = LOG, that is, ICQ candidate solutions aure chosen from sorting the 

results of the objective function evaluations. 

• Trials per run = 6400. The objective function is evaluated 6400 times in each gener

ation. 

• Crossover rate (per individuaJ) = 0.6. The expected number of two-point crossovers 

for each structure is 60% of the total bits. 

• Mutation rate = 0.001. The expected number of mutations for each bit in the popu

lation is small. 

Figure 5.^5.6 show the convergence of actual accelerations. Figure 5.7 shows the con

vergence of the objective function Zi. 
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Chapter 6 

CONCLUDING REMARKS AND FUTURE WORK 

6.1 Concluding Remarks 

A method based on generalized inverse algebra has been presented for application to general 

constrained mechanical systems comprised of rigid bodies and particles. The formulation is 

especially effective in systems that contain nonholonomic constraints. 

Unlike other methods, the method is capable of simulating the behavior of mechanicaJ 

systems with changing degrees of freedom or intermittent constraints without the need to 

change array definitions or sizes. The formulation is also robust in the presence of singu

larities (instantaneous or over finite time) resulting from special geometric configurations 

or the degeneracy of constraints. This is important for large-scale complex systems when 

the characteristics of constraint equations are ambiguous. The formulation is well suited 

as a baisis for general computer codes for the simulation of large and complex multibody 

svstems. 

The method offers the additional advantJige that it can be used for pure kinematic 

analysis by repleicing the system mass matrix with the identity matrix. This obviates the 

need to write a separate code for kinematic analysis. In addition, the formulation offers a 

straightforward means of extracting constraint forces associated with each degree of freedom 

for the cases with diagonaii mass matrices because of the clean separation between applied 

and constraint forces. 

The computational cost for the method described by Equation (2.30) is the lowest among 

similair methods. In addition, this method can be used together with constraint violation 

control methods to reduce error of final solution, and lower the computational cost. 

The method described by Equation (2.30) can be implemented efficiently in sequential 

and parallel computing environments. Its implementation on symmetric shared-memory 
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multiprocessors by using system primitives reduces computational cost enormously. Its im

plementation with MPI is easy to program and less efficient than previous implementation. 

The performance of parallel programming relies on many factors — problem sizes, compiler 

optimizations, load situation of computers, algorithms, and communication overheads; but, 

as a whole, parallel programming shows its benefit and potential to practical applications. 

An direct application of Gauss' principle with genetic algorithms is ein alternative 

method to solve constrained mechanical systems. It has the same advantages as the U-

K method in the sense of dealing with degenerate, redundant, intermittent and inconsistent 

constraints, and doing kinematics analysis. Its implementation in a parallel computing en

vironment is straightforweu-d and symmetric because the objective function is a quadratic 

form of possible accelerations. Finding initial actual accelerations is criticail and costs more 

iterations, but later, the computation of each time step usually requires only one or at most 

two iterations. 

6.2 Suggestions for Futiire Research 

The methods presented in this study of the formulations of the equations of motion for 

constreiined mechfinical systems, parallel computing and genetic algorithms can be extended 

to many other applications described by the same forms of DAEs and constraints. 

The application with genetic algorithms can be further investigated and compared with 

classical gradient methods in solving lairge-scale problems. 
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Appendix A 

GRAM-SCHMIDT PROCESS 

This appendix outlines the Gram-Schmidt process appearing in many textbooks of linear 

algebra [34, 40]. The process consists of a sequence of row-column operations to obtciin 

a new set of vectors from a set of vectors such that all non-zero members of the new set 

are orthonormal to each other. The span or the linear subspace of the new set of vectors 

remains the same as that of original set. 

Consider a set of vectors ai,... , am, and a^ 6 SR", (i = 1,... , m). The process can be 

described with the following equations: 

(A.l) 

t-1 

(A.2) 

where t = 2,... , m. 

to each other. 

H< = |]& (A.3) 
0 if gi = 0 

All none-zero vectors in the set of vectors hi,... , are orthonormal 
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