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ABSTRACT
Many vertebrate and invertebrate olfactory systems are similar in the organization of
their synaptic neuropil into glomeruli, structures surrounded by an incomplete layer
of glial processes. Within glomeruli, the axons of olfactory receptor neurons synapse
with the dendrites of their target brain neurons. Glomeruli are likely to be odor
specific in that each glomerulus processes information from a subset of axons about a
particular chemical feature of odorant molecules. Therefore, a large proportion of the
neurons within a glomerulus may be excited simultaneously in response to a particular
odor. The resulting release of potaissium ions from neurons may be sufficient to cause
a substantial increase in the extracellular concentration of potassium ions and thus
affect the excitability of neighboring neurons.
The goal of this study is to develop theoretical models for the diffusion of potas
sium ions in the extracellular space, and to predict how the glial border affects the
spread of potassium ions following the activation of olfactory sensory neurons. Ob
servations of the morphology of the interior and border of the glomerulus were used
to estimate the porosity and effective diffusivity of these regions, and the size of the
"mouth" region where there is no glial covering. Potassium was assumed to be re
leased into the extracellular space during an initial 0.5 seconds. The time-dependent
diffusion equation was solved in spherical coordinates using a finite-difference method.
The results indicated that the glial envelope forms a partial barrier to the diffusion
of potassium ions, and greatly reduces the spread of potassium ions to neighboring
glomeruli following release. According to the model, the decline in potassium concen
tration within the glomerulus due to the leakage from the mouth and glial boundaries
is relatively slow, taking more than 10 seconds to approach its resting level. These
findings support the hypothesis that the characteristic distribution of glial cells around
glomeruli could play a significant role in olfactory information processing.

13

Chapter 1

INTRODUCTION
1.1

Motivation
"In the early years of the gymnasium I had become interested in the
observation that in similar situations, people behaved very differently. I
tried to ask my mother and others 'How is that?' And I got answers which
never went in substance beyond the statement that 'different people have
different dispositions.' That was all the explanation I ever could get. I
read books; I found there the same thing. Understanding was nowhere to
be found.
So I went to the only encyclopedia ... that existed in the first years of
the century - 1901, '02, '03. I looked up the word mind. The Hungarian
language ... has a different word for mind and soul. When I looked up
mindl found only quotations from one philosopher or another, what I later
discovered to be philosophical formulations, and I did not understand a
word.
After reading about mind I went to the word soul. The same thing
happened, except the references were not philosophical but theological;
still it was incomprehensible to me. Then I looked up the word brain, and
that was the greatest disappointment of all. What I found under brain
was an abstract of the then known anatomy of the brain; and while I was
a student of Latin, still I had no idea what all these Latin technical terms
meant. So my whole project of clarifying my outlook by consulting the
encyclopedia had failed. [55]"

The above is an excerpt taken from a book recounting the oral history of my
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grandfather, Sandor Rado, a psychoanalyst. I found it ironic that he began his
scientific journey grappling with a question that has also interested me: How does one
define and then investigate the functions of the brain? This is an immense problem.
Here we shall consider a much more specific question related to the olfactory system.
It has been hypothesized that humans can detect approximately ten thousand
different odors; however, by what mechanism the brain decodes or recognizes those
odors is unknown. Further, it is not even known what ''decoding" means in the
olfactory system. My aim is not to answer this question. My aim is to investigate the
role of glial cells, a particular cell type that occurs throughout the brain and which
takes a particularly differentiated form within the olfactory system.
Olfactory systems in a wide variety of animal species are similar in the organization
of their first-order synaptic neuropil into glomeruli. Glomeruli are spheroidal struc
tures, surrounded in most species by an incomplete layer of glial processes, thought
to encode particular features of the molecules that make up an odor. Across most
species glial cells form an incomplete layer. Since conserved features may be impor
tant, this glial arrangement, which occurs over and over again in most species, must
play some significant role.
In the moth Manduca sexta, previous evidence indicates that glial cells play a role
in the development of olfactory glomeruli; however, the impact of their organization
on olfactory information processing has not yet been examined in any species. The
aim of this thesis is to question what are the functional roles these glial cells have
in the first olfactory processing centers. Toward this aim, we first consider how the
brain transmits information; potassium ions will be shown to have an important role.
We also will give a general picture about what is known of glial cells and an overview
about how the olfactory system works in both insects and mammals. We begin with
the basis for neural communication: the nerve impulse.
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1.2

The Nerve Impulse

The basic element of the central nervous system is the neuron. It is typically com
posed of the cell body, an axon and a dendritic tree which could have one or many
branches. The brain has approximately 10^^ neurons, working together in aissemblies
to execute thousands of tasks, such as processing sensory information, storing mem
ory and producing physical responses. In order to complete such tasks, neurons (and
assemblies of neurons) need to communicate with one another. This communication
is accomplished chemically or electriccdly by the synapse. A single neuron may send
output through hundreds of synapses and may receive input through thousands of
synapses. The output signal is in the form of a brief electrical change or impulse
which can travel over long distances along an axon without decreasing in amplitude.
This impulse is known as an action potential.
In order to understand the basis of neuronal function, we must examine the dy
namics of the membrane potential (Shepherd [64], Kuffler et al [41] and Katz [38]).
As illustrated in the cartoon in figure 1.1, ionic concentrations are unequally
distributed across a neuronal membrane. For example, the concentration of potassium
ions, [K"^ ], is greater inside the cell while the concentration of sodium ions, [Na"'" ],
is greater outside the cell. The principal inorganic ions in a neuron are Na"*" , K"*" ,
Cl~ (chloride) and organic ions represented by A~. This unequal distribution of ionic
concentration forms the basis for membrane excitability. Effective neuronal function
requires maintenance of these steep ionic gradients across the membrane.
At rest, the electrical potential difference across a neuronal membrane is stable
around -60 mV. By convention, it is computed by taking the potential inside the
cell minus the potential outside. The size and sign of the potential difference are
determined by the membrane's relative permeability to its principal inorganic ions
[38].
Suppose that a cell is permeable to both Na"*" and Cl~ , but not permeable to any
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K"

Concentrations (mM)
inside
outside

cr

400

10

Na

50

460

CI "

40-150

560

A"

345

—

+

+
Na

CI

Na'^

FIGURE 1.1. A cartoon of a neuron showing the relative concentrations of K"*", Na"^,
Cl~ and A~. The ionic symbol size corresponds to relative concentration of that
particular ionic species. Relative concentration values taken from Shepherd (1988)

other ion. Further, suppose that the internal and external concentrations of these
ions are as follows (taken from Katz [38]):
ion

R+
Na^
cr

internal
concentration
50
50
100

external
concentration
0
100
100

where R"*" represents a large cation. Initially, Na"^ will flow inward across the mem
brane due to the concentration gradient, and carry along with it Cl~ in order to
keep electrostatic neutrality. Eventually, the driving force that causes Na"^ to flow
from outside to inside will balance the driving force on Cl~ to move in the opposite
direction:
ion
R+
Na+
ci-

internal
concentration
50
64
114

external
concentration
0
86
86

When the driving forces on each ion balance, equilibrium has been reached. This
occurs when the concentration ratio of [Na"^]„,., to [Na"^].„ equals the ratio of
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to [cr]„„.:
[Na-]„.., _
Even though a concentration difference exists across the membrane, no net movement
occurs because of the electrostatic potential difference that has developed. This elec
trical difference exactly balances the chemical gradient and the membrane is said to
be in electrochemical equilibrium. The potential difference E at this state is given by
the Nernst equation:
„
KT
[Na+1„,
E = —— lo"
^—
F ° [Na+],

RT. [cr]„..
loK
F ° [Cl-].„
Electrochemical equilibrium of a particular ion species X is reached when the
electrical work needed to move a certain quantity of X in one direction balances with
the osmotic work needed to move the same amount of X in the opposite direction [38].
The Nernst equation which is derived from considering a balance of these forces, gives
the potential at which there is no net flux of a particular ion across the membrane.
For every ion species, there is a corresponding Nernst equation. The Nernst potential
for a particular ion species is sometimes called that ion's equilibrium potential [64].
We can derive the Nernst equation by considering a membrane that is permeable
only to

ions. The electrical work that is needed to move K"*" against some potential

difference is
W = EF

(1.1)

where F the Faraday constant and E represents the potential difference resulting from
the charge separation across the membrane. Now the osmotic work needed to be done
in order to move of K"*" from a lower concentration [K"^]„,„ to higher concentration
[Kl. is
=

(1.2)
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where R is the gas constant and T the absolute temperature. This equation is derived
by considering the amount of work needed to compress an ideal gas from some volume
to V2 [38]:
rv,
W=

pdV
JV2

where the relationship between pressure and volume is given by the gas law
pV = RT.

In electrochemical equilibrium, equations 1.1 and 1.2 are balanced giving the Nernst
equation for K"*" ions:

F

' ].n

In general, the Nernst equation for an ion X is
Ex = —log^p^
Fv
[AJ.„

1.3)

where v is the sign of the charge on A'.
The membrane potential and ionic currents are related by the membrane's con
ductance, g, to particular ions. The conductance relates the ease with which an ion
flows through a cell membrane; we can think of a membrane's ion conductance as
a measure of how permeable the membrane is to that particular ion species. For
example, at rest, a neuronal membrane is 75 times more permeable to K"^ ions than
to Na"*" ions giving

In general, conductances vary dynamically with the

membrane potential. Therefore, when a membrane becomes permeable to a particu
lar ion, there will be an increase in that ion's conductance resulting in an ionic flux
across the membrane. This flux will continue until a new balance of chemical and
electrical forces is established.
Given the conductance of a membrane to a particular ion, we can derive the
expression for the ionic current. Recalling that V = IR and g = IfR where R is the
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resistance, we have
V=

where
^toa

=

1

R.on'
^ioD^'

(1.4)

The total ionic current across a cell membrane is primarily determined by sum of its
three principal inorganic ionic currents:

+ /k + -^ci so from 1.4 we have

ly. =
/k=5K(V'-^K),

(1-5)

Ici — gc\{^ ~ Eci),
where the conductances have been taken to be constant. Each component, V — Ei,
represents the driving force on some ion x. The sign given by the difference V — Ej.
gives the direction of ion flow. There is no current flow across the membrane for a
particular ion x when V = Ei. When V < £'j. there is a current flow inward, that is,
positive ions will flow inward or negative ions will flow outward. When V > Ej. there
is a current flow outward.
Due to the separation of charges across the membrane, there is an associated
membrane capacitance C. The capacitance is determined by the ratio of amount of
separated charge Q to the potential difference across the membrane V,
C = 5

(1.6)

We therefore can relate capacitative current flow to voltage change by taking a time
derivative of the above equation;
dV

=

(1.7)

Incorporating the capacitance current from 1.7, we have an expression for the total
membrane current:
T —

dV
r*-—

A- T

dV
= C— + 9^{V - E^) + g^^[V - E^^) + g^,{V - E^,).
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This expression is based on each ion species crossing the neuronal membrane through
its own set of highly selective channels [19]. A membrane is in equilibrium (or at rest)
when the sum of the ionic currents entering and leaving the cell equals zero, that is,
when there is no net current flow across the membrane.
From equations 1.5, we can derive the following expression for the membrane
potential in steady state, i.e., when the capacitative current is equal to zero because
dV/dt = 0:
Y

—

9KEK +
+ gciEci
5k + 9^^ + 9ci

gj

showing that if the membrane conductance of a particular ionic species increases with
respect to the others, the membrane potential will be drawn toward that ion's Nernst
potential [19] given in equation 1.3.
The large electrochemical potential difference across a membrane at steady state
is maintained by an energy-consuming Na"^ /K"^ pump which actually contributes
a small additional term to the equation for V'„i in 1.9. This pump serves to help
accumulate K"*" ions on the interior of the cell since the membrane at steady state has
a high conductance for K"^ causing K~ to tend to leak out of the cell, and to expel
excess Na"^ ions that have moved in [38]. The usual Na~:K''" pump ratio is 3:2.
There are three phases to an action potential: depolarization, repolarization and
hyperpolarization. A cartoon of an action potential is shown in figure 1.2 and an
illustration of the time course change in conductance values for Na"^ and K"*" is shown
in figure 1.3.
The action potential is dependent on the cell membrane's relative conductances
to K"*" and Na"*" ions. Initially, when a cell becomes depolarized,

increases causing

a further depolarization of the cell. This increased depolarization causes an increase
in the sodium conductance. Almost instantaneously after the initial depolarization,
there is activation of the voltage-gated sodium channels allowing for an influx of Na"*"
ions.
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membrane potential (mV)

t
1

1

depolarizatioi
(Na"^ in}

repolarization
(K-^out)
threshold

resting
potential
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1

2
3
hyperpolarization
(
out)

j

FIGURE 1.2. A cartoon of an action potential.

During an action potential, the membrane's permeability to Na"^ dominates,
thereby drawing the cell's voltage toward the Nernst potential for Na^ . If Na"^
channels open, Na"*" ions will flow down their concentration gradient and flow into
the cell since [Na"^]i„ << [Na"^],,,,,. This causes a depolarization in the membrane
potential as can be seen by considering the Nernst equation for Na"^ :
(1.10)

where.
(1.11)

Therefore,

is positive and the influx of Na"^ causes the membrane to depolarize

further.
At threshold, the outward K"*" current just balances the inward driving Na"*" cur
rent. Any further influx of Na"*" results in an increase in g-s^ which will then result
in a further influx of Na"^ . This soon becomes an explosive process triggering an
action potential. In other words, once a membrane has reached threshold, an action
potential is inevitable. The amplitude of the action potential is dependent on the
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A

30-

g(Na)

10 —

0 -h
h

0

2

1

3

4

time (ms)

FIGURE 1.3. A cartoon of the time course of the Na"^ and K"*" conductance curves
during over the time frame of an action potential. Relative scales taken from Katz
(1966)

extracellular sodium ion concentration.
After the action potential has been initiated, the Na' channels that were opened
close and become inactivated. This inactivation causes a decrease in the membrane's
conductance to Na"*" ions. As this is happening, the membrane increases its conduc
tance to K"*" ions. Since usually,

>>

potassium ions tend to flow out of

the cell. The Nernst equation for potassium ions tells us that the membrane voltage
becomes more negative due to the efflux of K"^ :

This decrease in depolarization will slowly cause a decrease in K+ conductance. This
in turn will limit the flow of

out of the cell. This process causes repolarization.

Therefore, during the falling phase of an action potential where there is both Na"^
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there is a period of time after the ignition of an

action potential called the refractory period during which a cell cannot fire again.
For a cell to reach threshold quickly after one action potential, a large increase in gs^
would need to occur in order to outweigh the the increase in
due to Na"*" inactivation. Such an increase in

but this is difficult

can therefore increase the threshold

value. We will revisit this issue in section 1.3
Following an action potential, hyperpolarization occurs because the increase in
K"*" conductance takes time to return to its resting level.
A. L. Hodgkin and A. F. Huxley were able to model how the membrane changed
its permeability to different ions over the course of an action potential. To this aim,
they obtained Na"*" , K"*" and leakage (CI" ) conductance equations.
Recall from equations 1.5

/N. = 9r<.{V Ik=9K{V-E^),

(1.13)

— 9c\{^ ~ Eci)^
where /l represents the leakage current predominantly resulting from movement of
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CI . They found that conductances can be described in the following terms [33]
QK = 9Kn^'
(1-14)
9i. — di--,
where g^, ^ and gZ are constants and where
^ = a„(l - n) - dnTi
dt
^ = a,„(l - m) -/?„.m
at

(1-15)

'^ = ocu{l - h) - Pnh.
at

In the above equations, a and (3 are rate constants that depend only on the membrane
potential driving the current flow and not on time.

Combining these equations,

Hodgkin and Huxley quantitatively described the time rate of change of the excitable
membrane potential as:
C~ = / -

- ^n\V - E^) - gZiV - E^).

(1-16)

In trying to give some physiological basis for these equations, Hodgkin and Huxley
proposed the following explanations.
They developed their models by fitting their equations to voltage-clamp data from
the squid giant axon. Their model did accurately reflect the experimental data on an
isolated axon. However, their results did not reflect the physiological change in the
action potential apparent in some recordings where an increase in the threshold value
for an action potential was observed leading to a characteristic "failure to fire." This
was due to the fact that Hodgkin and Huxley left out a very important effect in their
model.

1.3

The Effect of High Extracellular Concentrations of

In this section, we will explain that as a net result of firing,

will rise causing

membrane depolarization. This will bring a cell closer to threshold. We will then
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discuss why it is hard to predict whether the effect of depolarization will be to increase
or decrease neuronal excitability.
To investigate the effect of the rise in extracellular potassium ion concentration,
we first look at the membrane at equilibrium (or rest). At rest, there is no net current
across the membrane. That is
0 = I ,„t — 9k{^f"' " ^ k) +

~

~ •fi'ci)

(1.1 /)

As mentioned previously, at rest the membrane is 75 times more permeable to potas
sium ions than to sodium [38]. In comparison, at rest

is low and the contribution

from Cl~ is negligible, so for a first approximation we can ignore the all terms on the
right hand side of the above equation except for the contribution from potassium.
Now we have that

From the Nernst equation for K"*" , it can be seen that

will rise as a result of an

increased extracellular K"'' concentration. As a result, the resting membrane potential
will rise, to a more depolarized level. As the cell becomes depolarized, Na"^ channels
open, then close and become inactivated. Due to Na"^ inactivation, the channels
cannot open again for a period of time. Therefore, the membrane potential may pass
through the nominal threshold without generating an action potential. This process
may thus raise the effective threshold at which an action potential can fire. That
is, long open

channels behave like a leakage current and the only way for the

membrane potential to reach the Nernst potential for Na"^ is if Na"^ channels open.
However, this does not happen when there is a large build up of extracellular K"*"
Neuronal inactivation due to the build up of extracellular potassium ion concentration
has been reported to occur in regions where many axons are firing (Adelman, Palti
and Senft [2], Adelman and Fitzhugh [1], Grossman and Gutnick [27], Scott and
Vota-Pinardi [62] and Hendy and Djamgoz [30]).
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Adelman and Fitzhugh [1] modified the Hodgkin-Huxley equations to account for
the effect of extracellular [K"*"] on the conduction of nerve impulses. Specifically, they
investigated the effect of increased K"^ accumulation in the periaxonal space between
the giant axon of a squid and the glial sheath enwrapping the axon.
Adelman and Fitzhugh noticed that due to the fact that [K~]„,., changes over the
course of an action potential, the potential £'K will vary over the same time course and
it will change as a function of

[1]. They modeled this change in the following

manner:
d[K+]<„..
di

1
w

(1.19)

where w represents the radial thickness of the pericixonal space, [K^]o represents the
concentration of potassium in the external bulk solution outside the glial barrier and
^ represents the permeability to potassium of the glial barrier. The glial barrier is
taken to separate the periaoconal space from the bulk solution. Here, [K"*"],,.., represents
the concentration of potassium ions within the periaxonal space. Adelman, Palti and
Senft [2] also redefined the rate constants a„ and

on the basis of this added

complexity.
In their modified model, they were able to reproduce the decline in action potential
amplitude shown to occur during a train of impulses. They also were able to illustrate
the decrease in the negativity found in the undershoot phase of an action potential
as well as reproduce the ''failure to spike" due to the increased levels of extracellular
[K^].
If extracellular K"^ is not removed, it has effects on membrane excitability. By
increasing depolarization, more Na"*" channels may be kept at an inactivated state
thereby increasing the threshold level. At the same time, increased
larize neurons, potentially bringing them closer to threshold. Thus, high

will depo
may

have two extreme yet opposite effects on an excitable membrane; it may decrease or
increase its ability to fire.
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1.4

Glizil Cells

As indicated in section 1.1 above, neuroglial cells are thought to be support cells for
neurons, but their functions are not well understood. There are approximately ten
times as many glial cells as neurons in the mammalian brain. In fact, glial cells make
up half of the cytoplasmic volume of the brain. The term neuroglia actually means
nerve glue and as their name implies, glial cells and nerve cells are intimately related.
There are two main classifications of glial cells in the vertebrate nervous system;
within the brain there are neuroglial cells (comprising both oligodendrocytes and
astrocytes) and in the periphery of the nervous system there are Schwann cells. Some
glial cells have been assigned a known function. For example, the Schwann cells in the
peripheral nervous system and oligodendrocytes in the central nervous system wrap
around large axons to form myelin sheaths. This wrapping provides an insulating
barrier that speeds the conduction of impulses. Other glial cells do not have such
a clearly defined function [41]. It has been shown that glial cells play a role in pH
homeostasis [68]. It is also thought that a primary role for glial cells is to regulate the
increased extracellular concentration of potassium ions resulting from neural activity
[53]. The focus here will be on this potential role of glial cells.
Anatomically, unlike most neurons, glial cells generally have only short processes.
And unlike neurons, glial cells are not excitable; that is, they do not generate action
potentials [74]. In some systems, electrical cell coupling due to gap junctions links
glial cells together to form a glial "syncytium" [48].
The resting membrane potentials of glial cells generally are higher than the rest
ing potentials of neighboring neurons. The resting glial membrane potential is near
the Nernst potential for K"^ [58, 72], implying a large membrane permeability to
potassium ions. Thus,
K.,glial, ~ 58 log

(1-20)
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The glial membrane is not nearly as permeable to other ions such as Na"^ and CI
[58, 74]. However, intracellular [Na"*" ] is typically higher in glia than in neurons [6].

1.5

Methods of Extracellular K""" Clearance By Glia

Several glial mechanisms may aid in the dispersal of high concentrations of extracel
lular K"^ .
Active uptake of

mediated by Na'^/K'^-ATPase: Active uptake of K"^ can be

associated with the glial Na"^ pump. Activation of this pump is linked both to
a high K"*" extracellular concentration and to an increased internal concentration
of Na"*" [3, 48]. Like the neuronal Na"^/K"^ pump, glia pump Na"^ ions out in
exchange for K"^ ions usually in the ratio of 3:2 [3]. Some of the net accumulation
of internal K"*" is dependent on a positive inward driving force for Na"^ [72, 73];
however there does not seem to be an increase in intracellular Na"^ during
uptake. An explanation for this observation is that Na"^ is pumped out as fast
as it accumulates via the Na~ pump, a major consumer of ATP. Thus, a model
for removing internal Na"*" is via a transmembrane sodium cycle which uses the
Na'^/K"'" ATP-ase to expel Na~ . However, as shown in cultured astrocytes
from the cerebral cortex of newborn mice, the net increase of K"^ as a result
of this cycle is not significant [72]. This conclusion also has been reached in
regard to neuropil glial cells from the central nervous system of the leech, where
it was shown that Na'^/K"'" ATP-ase plays at most a minor role in clearing
extracellular K""" [74].
Active

cotransport via Na'^/2Cl~: Activation of the Na"*" pump also can pro

vide a pathway for K"*" uptake via the Na"'"/K"'"/2C1~ cotransporter. However,
the role of the cotransporter in contributing to

uptake has been unclear at

best [48]. Further, not only has uptake of K"*" via the cotransporter not been
shown to be significant [7], it has also not been observed in situ [3],
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Spatial buffering and passive KCl uptake: Spatial buffering refers to the spreading out
of high levels of extracellular

from regions of high concentration to regions

of lower concentration via passive K"^ currents. An increased extracellular K"^
concentration causes a local glial depolarization [44]. Since the glial membrane
potential at rest is given by the Nernst potential for K"*" , any increase in
leads to an inward flow of K"*" .
This local glial depolarization can cause a K"*" current flow through the glial
syncytium via gap junctions resulting in a redistribution of K"^ . The efficiency
of glial cells to buffer extracellular potassium ions depends on the conductivity
of the glial gap junctions [44]. However, it was found that glial gap junctions
increased their K""" permeability as a result of increased nerve stimulation both
in situ and in culture [44]. In this way, there is a direct relationship between
the amount of glial buffering and the number of stimulated neuronal processes.
Electrical coupling between glial cells is not a prerequisite for spatial buffering.
K"*" an move down its concentration gradient within glial processes [48]. For
example, retinal glial cells are not coupled to each other, but glial cells buffer
K~ along their length [35].
Gomnierat and Gola [26] examined glial responses in situ to see whether glial
membrane properties were regulated by active neurons. Their research sug
gested that neuro-gliai signaling acts as a catalyst for the opening of glial K~
channels. The types of K"*" channels through which K"*" enters the glial cells
have been investigated [53].
Some uptake of K"^ may occur as a result of carrier-mediated KCl-NaCl uptake
and passive K"^ and Cl~ uptake through ion channels [72]. As a result of this
type of K"*" movement, the volume of the extracellular space shrinks, resulting
in an increase in cellular volume caused by an influx of water [72, 73].
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Passive diffusion through the glial syncytium: Lastly, accumulation of extracellular
potassium ions can be dispersed via diffusion through the intercellular clefts of
the glial syncytium. This method for dispersal will be revisited throughout this
dissertation.

1.6

Biology and Anatomy of Olfaction

The olfactory system functions as the processor of smell. Unlike other species, the
olfactory acuity of humans is weak. One could perhaps even say that our sense of
smell is not essential; however, in many important ways, our ability to smell helps
guide our existence. For example, humans have the power of olfactory association;
that is, a smell can remind us strongly of a previous experience or thought. Further,
smell aids us in maintaining a clean or safe environment. By contrast, in animals
and insects the ability to smell plays vital roles in the preservation of the species:
a nutritive role in the detection of available food source; a reproductive role in the
detection of an available mate; and a protective role in the detection of possible
threats to survival [4]. The olfactory systems of vertebrates and invertebrates have
many common features.
1.6.1

Vertebrate

The olfactory part of the vertebrate brain typically lies close above the nasal cav
ity. The olfactory system comprises peripheral and central elements. The peripheral
component is located outside the cranium and is made up of the nose, nasal cavity,
and olfactory epithelium. The central component is the olfactory bulb and other
subcortical and cortical brain regions [64].
Housed in the upper part of the nasal cavity is a specialized sensory epithelium,
which contains millions of olfactory receptor neurons. Each mature receptor cell has
an axon that extends intracranially into the olfactory bulb and a thin dendrite that
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extends into the nasal cavity and terminates in a small knob. Each knob gives rise
to several cilia, which wave in an asynchronous and slow manner, all of which lie in a
thin layer of mucus. The mucus is secreted by Bowman's glands which lie below the
mature receptor cells. [4, 64, 65, 75].
Upon inhalation of odorous molecules, the molecules are absorbed into the mucus
surrounding the cilia of the receptor neurons, diffuse onto the cilia and bind to receptor
proteins in the membrane of the cilia. As a result, cation channels open, allowing
cations to flow into the cell and resulting in the depolarization of the receptor neuron.
The potential change spreads to the receptor cell body and if sufficient, ignites an
action potential which propagates down the axon to the olfactory bulb. The central
processes of the receptor cells form unmyelinated fibers which collectively form the
primary olfactory nerve. This nerve transmits information from the receptor cells to
the olfactory bulb. [4, 5, 61].
A typical receptor cell is very selective at low concentrations and not very selective
at high concentrations of an odor. One receptor cell may respond to a variety of
input stimuli in a variety of ways. For this reason, these receptors are termed

odoT

generalist. It has been found that receptors respond with a slowly adapting and
prolonged electrical discharge to repeated or prolonged stimulation [61].
Within the olfactory epithelium, there are two other defined cell types; basal
and sustentacular cells. As the receptor cells live for no more than a few months,
the olfactory epithelium is a site of continual neurogenesis; the basal cells serve as
progenitor cells for the receptor neurons. Sustentacular cells, referred to as "support
cells," have specialized functions similar to glia [24].
The olfactory bulb is the first olfactory processing center in the brain. Within the
bulb, each receptor axon synapses exclusively on the dendrites of the large triangular
mitral cells, tufted cells and periglomerular cells. This synaptic activity occurs within
a spherical compartment called a glomerulus. The term glomerulus refers to "a [local
ized set of specific synaptic connections] enclosed in glial membranes or otherwise set
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apajt [63]." It is believed that glomeruli are odor specific in that each glomerulus pro
cesses information about different odorant molecules or different features of odorant
molecules. As the olfactory glomeruli involve many axonal and dendritic terminals,
they are sometimes called macroglomeruli.
Glomeruli are usually more or less surrounded by glial processes. Across species,
the size of glomeruli is similar, ranging from 20-200 jj.m in diameter in fixed material
[11].

Within the glomeruli, complicated interactions exist between the mitral, tufted
and periglomerular cells.
synaptic connections.

These interactions result from mainly dendrodendritic

The interconnections of the periglomerular neurons occur

densely in and between glomeruli. The mitral cells are also densely interconnected.
The connection made between glomeruli occurs predominantly through axonal path
ways from the periglomerular cells [63].
Some mitral cells also have dendrodendritic connections with axonless cells called
granule cells which are the most numerous cell type in the olfactory bulb.

The

processes of granule cells extend, branch and terminate within the layer of the bulb
below the glomeruli, called the external plexiform layer. These cells are thought to
provide some sort of lateral inhibition resulting in a feedback loop between the mitral
and granule cells: the mitral cells excite the granule cells, and in turn, the granule
cells inhibit the mitral cells [61].
Both the periglomerular neurons and the granule cells are classified as interneurons, neuronal cells whose processes are entirely contained within a defined region of
the cortex. In general, all of the interneurons act in various ways to modify the out
put of the bulb; for example, they amplify signals and convert excitation to inhibition
[4, 60, 63, 65, 75]. A signal leaves a glomerulus via mitral and tufted cells. There
are approximately 25 times more mitral cells than glomeruli [5, 61, 63]. Output from
the bulb runs down the lateral olfactory tract, which is composed of the axons of the
mitral and tufted cells, to the olfactory cortex.
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1.6.2

Invertebrate

Social insects have a highly evolved olfactory sense for mating purposes and for sur
vival. Pheromones and other chemicals are sensed by the insect through olfactory
receptor neurons. The majority of the olfactory receptor neurons of an insect are
housed in a pair of appendages, called antennae, projecting from the head. There are
between 40,000 and 200,000 receptors in the antennae depending on the species of
insect [10, 13, 64].
Receptors are organized and housed in clusters beneath hair-like structures called
sensilla. There may be between one and fifty receptor cell bodies at the base of
each sensillum. Each receptor innervates its sensillum via its peripheral dendrite
(or cilia). In order to allow for the absorption of odorous molecules, the walls of
the sensillum are perforated by small pores. There may be up to 15,000 pores per
sensillum. Antennae are generally divided into segments, or annuli, which may have
branches in some species. The cell bodies of the receptor cells are located in the third
antennal component, or the flagellum [10, 13, 34, 64],
The antennal system of the moth Manduca sexta has been studied in great detail.
In this species, each antenna consists of two basal segments - the scape and pedicel and a long flagellum segmented into approximately eighty annuli. Contained within
the basal segments are mechanosensory neurons that sense the orientation of the
antenna. In the male, there are approximately 10^ sensilla within the antenna and
most of the sensory neurons associated with the sensilla are olfactory. The male
flagellum, unlike that of the female, has long sensilla trichodea which enable the male
moth to receive and respond to the female sex pheromone [31].
Odorous molecules are first absorbed into the outer cuticle layer on the antennae,
then diffuse inward through a pore into the lymph space until they reach the dendrites
of the receptor cells. Once information is encoded within the receptor cells, it is
transmitted down the axons of the receptor cells to the first olfactory processing
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station in the brain, the antennal lobe (AL) [10, 13, 34. 64],
The olfactory receptor cell axons from the fiagellum terminate exclusively within
the glomeruli of the AL. These axons form the majority of the antennal nerve wich
is also comprised of other sensory axons from the basal segments. The antennal
nerve carries these axons into the brain and also carries motor fibers out to the
antennal muscles [31]. The convergence of fibers is very striking. Approximately
300,000 receptor axons converge onto approximately 1000 neurons in the AL which
themselves converge onto approximately 250 output aeurons which relay information
to the rest of the brain.
Synapses in the AL of the moth are found exclusively in ordinary glomeruli and, in
males only, the macroglomerular complex. This complex is involved in the detection
of the female sex pheromone. In Manduca sexta, the ordinary glomeruli in both males
and femaJes are similar in number, placement and size [31]. Their olfactory glomeruli
range from 50-80 fj.m in diameter [56].
The glomeruli contain the synapses connecting afferent fibers to second order
neurons. They are surrounded by an incomplete layer of glial processes; few glial
processes extend within glomeruli.
Besides the axons of the receptor cells, the AL houses processes of three classes of
central neurons: local interneurons, projection neurons and centrifugal neurons. The
cell bodies of the local neurons and most of the projection neurons are organized into
three distinguishable groups at the periphery of the AL.
The local interneurons (LNs) are axonless cells whose multi-glomerular arboriza
tions are entirely confined to the AL. The LNs receive input from the antennal sensory
axons and from other LNs. All of the LNs have low spontaneous firing rates — less
than ten per second [13, 31]. Based upon their responses to antennal nerve stimula
tion, three physiological subtypes of LNs have been found in Manduca: short-latency
excitation, long-latency excitation and long-latency inhibition. It has been found
that each glomerulus is innervated by most or all the LNs; however, each subtype
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may be morphologically different in their intra- and interglomerular branching [11].
The dendrites of projection neurons (PNs) are located within the AL, but their
axons project through the antennal-glonierular tract to the protocerebrum. These
neurons are highly outnumbered by the LNs.

Many of the output neurons have

uniglomerular dendritic arbors and a high spontaneous firing rate - fifty to one hun
dred per second [13, 31]. Further, it has been found that the LNs can inhibit the PNs
in Manduca sexta. There are two morphologically different PNs that connect the AL
to the protocerebrum: uniglomerular PNs and multiglomerular PNs. Compared to
local interneurons, the response of uniglomerular PNs to antennal inputs is long in
latency; uniglomerular PNs appear to receive receptor input primarily from LNs [11].
Multiglomerular PNs are not as well understood as the uniglomerular PNs. However,
it is known that they form synapses with most-or even all-of the glomeruli in the
AL.
It has been found that the LNs can inhibit the PNs in Manduca [15]. Studies
have also shown that there exists a feedforward disinhibiton of PNs after stimulation
of receptor neurons. One possible explanation for this would be in the existence of
inhibitory interneurons acting between the receptor and projection neurons.
Centrifugal neurons send processes from higher centers into the AL. Their roles
are poorly understood.
After synaptic processing, information is relayed - via the axons of the PNs - to
higher centers in the protocerebrum: the mushroom body and the lateral protocere
brum. These "higher" structures receive polysynaptic inputs from not only olfactory
PNs, but also relay neurons from the visual, tactile, gustatory and auditory centers
113|.
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1.6.3

A Comparison of Olfactory Systems

Within the first central station of processing, vertebrates and invertebrates are similar
in the organization of the neuropil into glomeruli. Within the glomeruli, receptor
axons terminate and innervate central and projection neurons. Approximately 1000 10000 receptor cell axons terminate within the glomeruli of both insects and mammals.
The number of glomeruli in insects is on the order of 10" versus 10^ in mammals [10].
Also, in both vertebrates and invertebrates, olfactory glomeruli are usually enclosed
by an incomplete envelope of glial processes.
Significant differences between the glomerular circuitry in the insect antennal lobe
and in the vertebrate olfactory bulb exist. Firstly, unlike in insects where the connec
tions between receptor axons and uniglomerular PNs are primarily polysynaptic, in
vertebrates, where the uniglomerular PNs correspond to mitral and tufted cells, both
monosynaptic and polysynaptic connections are numerous. However, as seen com
monly in insects, a second parallel pathway exists in vertebrates between receptor
cells and mitral/tufted-cells through inhibitory interneurons [11].
Also, unlike in the antennal lobe of insects, the olfactory bulb of vertebrates con
tains an extraglomerular neuropilar network. This added complexity further shapes
the niitral/tufted-cell responses to odors. In insects, the response to odors is shaped
exclusively within the glomeruli [ll].

1.7

Statement of the Problem

Increcises in extracellular potassium ion concentration could influence the excitability
of neuronal processes within glomeruli and thereby affect the ways in which neurons in
a glomerulus process olfactory information. Due to the characteristic arrangement of
the glial processes around olfactory glomeruli, we ask: How do the glial borders that
typically surround glomeruli influence olfactory information processing? We know
that the glial cells aid in the formation of glomeruli during development [70], but

37

we are concerned with what functional role they may have in the adult. In order to
answer this question, we must know how potassium ions diffuse within a glomerulus;
what the rate of influx of K"*" is into the extracellular space of a glomerulus; how the
glial envelope can influence the levels of [K~]o,„; and what influence

has on

spike activity.
Unlike in other systems where there is a continuous flow of information from one
processing stage to another, in the olfactory processing system there is a discretized
map to discriminate molecular features [54, 71]. Inputs to the olfactory glomeruli fire
in unison within glomeruli and not necessarily in combination with inputs to neigh
boring glomeruli. Assuming that glomeruli act to segregate informational aspects of
an odor, it might be disadvantageous in terms of the processing of information if the
activation of one glomerulus were to influence its neighbor. In order to investigate
the relationship between two neighboring glomeruli, we also will study whether the
glial syncytium acts as a barrier to diffusion of potassium ions, thus regulating the
cross-talk between glomeruli.
It is of interest to note that physiological events in response to an odor occur over
the time scale of milliseconds to seconds. Olfactory behavior responses such as adap
tation occur over several seconds. Therefore, in this work, we will be concentrating
our attention to the time scales of milliseconds to several seconds.
This dissertation is organized in the following fashion. In Chapter 2, we introduce
the model of the glomerulus; in this chapter, attention is focused on the mathematics
of diffusion and the estimation of the effective diffusivity of the interior and the glial
envelope of the glomererulus is derived. The numerical approach is in Chapter 3, in
Chapter 4 we present our findings and we discuss our results in Chapter 5.
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Chapter 2

FORMULATION OF THE MODEL
2.1

Fick's Laws: An Introduction to Diffusion

Diffusion is a process by which the random motion of molecules leads to a net trans
port from regions of higher to lower concentration. To introduce the equations of
diffusion, consider first diffusion in one dimension [16]. Suppose that the concentra
tion of a solute C{x) varies with x. Then a net movement of solute occurs in the
X direction, with a diffusive flux density J (figure 2.1) that is proportional to the
concentration gradient:
J=-D

dC
dx

(2.1)

The negative sign reflects that fact that the flux is down the concentration gradi
ent, and the constant of proportionality D is called the diffusivity, and has units of
(length)~/(time). In general D may vary with position, but it is constant in a uniform
medium.

FIGURE 2.1. An illustration of the diffusive flux J in one dimension
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In a three-dimensional isotropic medium, equation 2.1 becomes:
J = -DVC

(2.2)

which is referred to as Pick's 1st Law. An isotropic medium is one in which solute
moves equally readily in all directions. Pick's 2nd Law is obtained by combining this
result with the condition of conservation of mass, which implies that
dC
Therefore, if D is constant, we obtain Pick's 2nd Law-.
(2.3)

2.2

Diffusion in a Porous Material

Next, we consider diffusion in a porous material, in which only the pore space is
accessible to the solute. Pick's first law still gives a general description of the diffusion
process:
J = -D'^C
where D * is the effective diffusivity D * . which depends on the structure of the porous
material as shown in the following examples. In the olfactory glomerulus and other
cellular structures, solutes that do not pass readily through cell membranes must
diffuse through the interstitial space, which consists of an interconnected mesh of
narrow spaces. These spaces are often observed to be roughly uniform in width.
The volume fraction that is occupied by the porous phase of a material is com
monly referred to as the porosity cp, and is determined by
Volume of the porous phase
Volume of the material
In the cases considered here, (p is generally small.
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2.2.1

Diffusion Along a Sheet

Assume that particles diffuse down a concentration gradient in a confined path con
sisting of a rectangular three-dimensional sheet of length h, depth b and width w
representing the porous phase of a material. The concentrations at the ends are Co
and C\ as shown in figure 2.2. If the diffusivity in the pore space is Do, the diffusive
F

FIGURE 2.2. Diffusion confined to a sheet of width w and length h.
flux is

where
D* - 4>DQ
is the effective diffusivity and (b = w / h represents the fractional volume occupied by
the pore space (0 << 1). Note that this structure is not isotropic and the effective
diffusivity perpendicular to the sheet is zero.

41

2.2.2

Diffusion in a T
F

w

L

h

FIGURE 2.3. Diffusion confined to a canal of width w comprised of sections of lengths
L/2 and h. One branch point occurs at Ci.
Instead of having the diffusive flow restricted to one path within the rectangular
volume, we consider flow along a "T". We assume that two sheets of lengths L/2 and
width w (where w « L) branch into one sheet of length h and width w. We further
assume that the intersection occurs at a branch point with a fixed concentration Ci.
See figure 2.3 for an illustration. We will revisit this example in section 2.4.1.
By conservation of mass, we have two equivalent expressions for F:
F = Dn—

—wb + Dn^^—^wb

(2.4)

(2.5)
Equating equations 2.4 and 2.5, we find
(2.6)

Solving equation 2.6 for Ci, we find that
Ci =

—
+ -^
+ iIt
L/2 ^
LI2 ^
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Substituting this expression for Ci back into either equation 2.4 or equation 2.5, we
find
F = I

£

2

^

U

where
K=

hL
L-/4 + hL'

Therefore, we have
_ _ h
L LI A + h
h~
(L/4+ +L )

^

'

where the structure has porosity
^ {h + L)w
^
Lh
This approach can in principle be extended to more realistic cell structures, but
the necessary three-dimensional data are difficult to obtain and to analyze. Therefore,
we first consider a general result for isotropic structures.
2.2.3

An Upper Bound on the Effective DifFusivity

Quite frequently, it is not possible to measure the difFusivity D directly. This hap
pens especially in the cases where diffusion occurs in a porous phase of a material
occupying a very small volume fraction of material fi. One such example is in the
case where the data on Vl is given only in two-dimensional cross-sectional images.
If only the local difFusivity Dq is known, where Dq gives the difFusivity in a pure
porous medium, bounds on the efFective difFusivity D* are required to proceed with
any further analysis.
This situation does not have to be limited to the analysis of difFusion-type prob
lems. It can be realized in many physical settings such as in electrical systems and
magnetic systems [9, 46, 47]:
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• In electrical systems (J = a E ) , the conductivity cr and electricaJ field intensity
E = —VV give rise to an electrical current density J.
• In magnetic systems {B = tiH), the magnetic permeability (pi) and field inten
sity H = —Vtp give rise t o the magnetic induction, or flux density B
In 1962, Hashin and Shtrikman [28] used a variational approach to establish
bounds on the effective magnetic permeability of multiphase materials. Their method
can be used to obtain an upper bound on the effective diffusivity of a solute in an
isotropic porous medium consisting of two phases: a solid phase, which is not perme
able to the solute, and a pore phase, through which the solute diffuses with known
diffusivity. The following development is based on Hashin and Shtrikman's work, but
has been substantially modified to show the underlying rationale more clearly.
First, some definitions are needed. A volume V is considered that is large com
pared with the scale of the pores, so that spatially averaged effective properties such
as porosity and diffusivity are meaningful. The energy dissipation associated with
diffusion in V is
J•^CdV
where C is the concentration, J is the diffusive flux density. To define the effective
diffusivity, we assume that the concentration C takes the same values as a given
linear concentration field Cq on the boundaries S of V, that is, C{S) = C q {S). Then
the effective diffusivity D* is the diffusivity of a uniform medium with concentration
Co that would give the same energy dissipation as that occurring in the two-phase
system. Since the diffusive flux density in the uniform medium would be —D*VCo,
this implies that
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Diffusion in the two-phase system is governed by the following equations:

G = -VC

(2.10)

J = DG

(2.11)

V-J=0

(2.12)

C(S) = Co(S)

(2.13)

where G is the concentration gradient and the diffusivity D is a given function of
position, namely Z) = 0 in the solid phase and D = Dq, a constant, in the pore phase.
An illustration of such a two-phase structure is shown on the left hand side of figure
2.4 where the porosity is (p.
1

V
D = Do

S
The actual problem

i
S
The reference problem

FIGURE 2.4. From left to right: the actual and reference problems
First we establish the following minimum principle:
Of aJl concentration fields C satisfying equations 2.10, 2.11 and 2.13, the
one that also satisfies equation 2.12 minimizes the energy dissipation. We
call this dissipation E q .
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To prove this principle, consider variations
5E = 6 f DG^ dV
Jv

= 2 f DG-SGdV
Jv
= -2 [ D G - V [ 6 C ) d V
Jv
= -2 [ V • { D G 6 C ) d V + 2 f V • { D G ) 6 C d V .
Jv
Jv
Now SC = 0 on the boundary and so the first term vanishes by the divergence
theorem. The integrand of the second term is zero when equation 2.12 is satisfied.
Hence this solution is a stationary point. Next, consider second variations

The first integral vanishes by the same argument as above, while the second integral
is positive. Hence the solution satisfying equation 2.12 gives a minimum of E.
As an application of this result, we obtain an upper bound on D* by setting
C = Co. Then

= oVDo\VC,\-

It follows that D* < (pDo. This upper bound is attained in the case of diffusion along
a sheet as shown in section 2.2.1. However, it is not generally attained in isotropic
structures because not all pathways through the medium contribute to diffusion in the
direction of the applied concentration gradient. This suggests that improved upper
bounds for isotropic structures are possible.
To obtain an improved bound, the relationship between the structure of the ma
terial and the concentration field must be considered. Fourier analysis provides a way
to do this, but equation 2.11 presents a problem, as the right hand side is the product
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of two spatially varying functions. The key step in the Hashin-Shtriknian approach is
to replace equation 2.11 with an approximate form not involving this product term.
First we define a reference problem (as illustrated on the right hand side of figure 2.4)
with uniform diffusivity D q and hnear concentration field Co, satisfying
Go = -VCo
Jo = D^Gq

V • Jq — Q.
Now suppose that D and G can be approximated by ^l D q and \ G q respectively,
and obtain the linear expansion of the original problem about these approximations,
giving a modified system:
G = -VC
J = D G - { D - ^Dq){G - XGQ)
iiDqG

=

+

XDGo

—

I^XDQG[^

V • J = 0.
An estimate of the energy dissipation is used to find an upper bound on D*. The
energy dissipation for the solution of this modified problem must exceed that of the
solution to the original problem;
E

^ DG-dV > E Q .

This integrand is cubic in spatially varying functions, and is therefore difficult to
evaluate using Fourier series.

We replace the cubic term by defining a modified

energy:
E* = f D G - - {D - fxDo){G - XGof dV.
Jv
To ensure that E* > E, we must set fj, > 1, so that D — fiD^ is never positive.
The best choice is /z = 1, since larger values would lead to higher upper bounds. To
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evaluate £", we first note that if F is any vector function with V • F = 0, then
f F GdV= f F-GodV.
Jv

Jv

To prove this, define C = C — Co, and note that C ' { S ) = 0. Then
f F - { G - G Q ) d V = f F -^C'dV
Jv

Jv

= /[V • ( C ' F ) - C'V • F ] d V
Jv
=0

as required, using the divergence theorem. Therefore,
E * = f [ ( G - X G o ) - J + XDGq • G ] d V
Jv

= / [(1 - A)Go • J + \DGl - XDGn • VC] d V

since

V•J= 0

Jv

— /* [(1 — •^)Co • {DqG + XDGQ + XD{)GQ ) + XDGq — XDGQ • VC ] dV
Jv

= / [({1 -

+ X D - XDo)+ XD)Gl -

• VC] dV

since

V • Go = 0

Jv

= [(1 - A)(l + A0 - A) + X<b]DQGlV -

XDGo • VC'dV
since

f DdV = (pDoV.
Jv

To evaluate the integral term, denoted by E', we assume that the region V is a cube
with side L, and expand in Fourier series:
'liri ,
D = D + ^ £);. exp — k . r
2x1

where r = (x,y, z) and where

k = {k.j.,ky, k , )

k •r

and its components take integer values

from -co to +oo. The coefficients can be complex. Without loss of generality, we
can assume that Go = |Go|e^. Now V • J = 0 implies that

DQW • G + AGo • VZ) = 0

=>

V"G' — A|Go| dP
Dq dx
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In terms of Fourier components,
A|6'o| L k
now, solving for E':
E' = - f XDGo • VC' d V
Jv

= -A|Go|

J

dC
D—dV
ax

X'Gl^kl
Do
^k'k~Q
Because the structure is assumed isotropic.

k^O

<••5=0
(2.14)

= E So.Dr
<•=0
= sE
it 7=0
Also,
J^ D - d V = V

j

where D = cpDo gives

M

= i f D-dV-D- =(f,-0-)D•'I-'

and therefore
E' = - X-GzV {(p - ( P-) Dq.
Finally,
X'E* = ( 1 - A ) ( l + A<p - A) + A 0 - —
( 0 - 4>-) DoG~V
1-2A(1-0) + A2(1-0)(1-|)

DoG'tV.
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We choose A to minimize this expression:
dE'
= [-2(1 - 0 ) + 2A(1 - 0 ) { 1 - 0/3)] DoGlV
OA
=0

when

A =

1-0/3

Therefore
E- = ^ DoGlV.
6 — (p

Since E* > E > E q , we obtain the desired upper bound on D*:
D' <
As expected, as 0 —•

o—O

I, D* —* Do- However, for small <p, D*

(2.15)
{2/3)(pDo rather

than (pDo since not all of the interstitial space is oriented so that it an contribute to
diffusion in any given direction.
2.2.4

An Estimate of the Effective Diffusivity for a Cellular Structure

If the cell membrane is not readily permeable to a solute, the solute must diffuse
along the interstitial spaces between cells.

As already pointed out, these spaces

are typically narrow and approximately uniform in width. Further insight into the
effective diffusivity of solutes in such structures can be obtained by considering regular
arrays of cell shapes. In order to achieve low values of the porosity, such shapes should
be able to fill space, such as cubes, rectangular bricks, or Kelvin's tetrakaidecahedron
[69].
El-Kareh et al. [18] considered diffusion through spaces between regular arrays
of impermeable cubes, like that shown in figure 2.5. They argued that the effective
diffusivity is bounded below by (2/3)0Do, if the cubes are aligned. For small values
of 0, this is close to the upper bound obtained in the previous section. This result
may be understood by considering that for diffusion parallel to the orientation of
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FIGURE 2.5. An illustration of diffusion through a cubic array
the cubes, four out of the six spaces adjacent to each cube (2/3 of the extracellular
space) contribute to the diffusive flux in the direction of the gradient. El-Kareh et
al. also considered the effect of "staggered" cell arrangements, in which the cubes
are no longer aligned with each other. They found that the effective diffusivity was
only slightly influenced by the degree of staggering. Their results suggest that the
estimate
D' = -oDo

(2.16)

approximates the effective diffusivity for isotropic cellular structures with small in
terstitial volume fractions and approximately uniform gap widths, as found in the
glomerulus. This approximation will be assumed in the following analysis.
2.2.5

Time-Dependent Diffusion Equation

In a porous medium, the volume-averaged concentration is oC, where C is the con
centration in the pores. Pick's second law yields:
dC(t>
= D'\/-C + q
dt
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where the source term q represents the amount of solute released into the interstitial
space per unit tissue volume per unit time. Using the estimate of D* from equa
tion 2.16, this gives

This equation was also derived in Nicholson and Phillips [52]. This is the basic
equation that will be used to represent potassium diffusion in glomeruli. Note that
the interstitial volume fraction cf) appears only in the source term.

2.3

The Effective DifFusivity

D*

Within Glomeruli

Due to isotropy, we can approximate the volume fraction available to diffusion by
the area fraction of the extracellular space determined from two dimensional electron
micrographs of cross-sections of glomeruli from Manduca. One such micrograph is
shown in figure 2.7. That is, we approximate
0=

volume of extracellular space
volume of a glomerulus
area of extracellular space
area of an electron micrograph

In order to approximate the area fraction of the extracellular space, we calculate
the area occupied by the void space from a representative area within a micrograph.
Randomly placing down a 2 /im line in sixty locations across " electron micrographs
of two animals, we manually counted the number of pathway crossings. The results
are shown in figure 2.6, where the mean crossing value was approximately 5. Using
enlarged electron micrographs, we estimated the widths of the extracellular spaces to
be 0.02 fim. This value was obtained by taking the mean value of 18 measurements
over two micrographs.
The volume fraction of the extracellular space can be estimated as the fraction of a
random line across an electron micrograph of glomerular neuropil that passes through
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FIGURE 2.6. A histogram of the numbers of crossings
extracellular spaces. The estimated width of the spaces was obtained perpendicular
to the gaps, but the angles of intersection with the measurement line are random. By
averaging with respect to angle, it can be shown that
<P
where N = 2.5

~

'2^^

~

is the number of crossings per unit length and w = .02 /xm is the

width of the gap measured perpendicular to the gap. Note that this estimate does
not take into account possible shrinkage of the interstitial spaces or cells resulting
from the fixation procedure used for electron microscopy.
To estimate the effective difFusivity of potassium within glomeruli, we assume that
the diffusivity of potassium within interstitial spaces can be approximated by its value
in free aqueous solution [32],
D = 1.96 X 10~^cm"/s.
From equation 2.16 with 4> = 0.08, we obtain
D' = 1.05 X lO-'^cmVs.
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Finally, we obtain an order-of-magnitude estimate of the time scale for diffusion
within glomeruli, over a distance equal to the glomerular diameter,

= 65 ixm. From

equation 2.17, the time scale is
d-

(2.18)

Figure 2.7; On the next page, an electron micrograph is shown of a cross section of
a glomerulus taken from Manduca sexta. The scale: 3.5 cm = 1 yim.

2.4

DifFusivity of the Glial Envelope

In our model, we want to be able to incorporate the effect of diffusion through the
glial syncytium in a biologically realistic manner. To do this, we must arrive at an
effective diffusivity for this region. Therefore, we first investigate the morphology of
the glial envelope surrounding glomeruli.
We took thin sections through the middles of two aldehyde-fixed antennal lobes,
and viewed them under the electron microscope. We took electron micrographs of
the glial borders of glomeruli. An illustration of the micrographs we took from a
single thin section can be seen in figure 2.8. We then scanned the micrographs into

FIGURE 2.8. An illustration of a a middle antennal lobe section taken from the moth
Manduca sexta at stage 18. The boxes represent the approximate positions of the
micrographs (with corresponding negative number). The dashed circles represent the
location of some of the glomeruli evident in the section.

a computer and created a montage of each group. For each montage, tracings of
the glial membranes were made. One such example can be seen in figure 2.9. In
this figure, the montage created from the micrographs numbered 35-38 is shown. A
corresponding tracing of the diffusion pathway is shown in figure 2.11. Note that the
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scale has increased in this tracing figure.
Examination of this and other tracings reveals that the pathways available to
diffusion are highly anisotropic, unlike those pathways found in the intra-glomerular
regions. Various measurements can be made from examining such tracings, such as
the average membrane length and the average number of layers in a septum. For
example, the width of the glial septum between adjacent glomeruli measures between
2 and 16 micrometers depending on the region examined. Similarly, we have found
that there are approximately 5 layers of glial membrane per micron.
It is important to keep in mind that all the information we can retrieve from these
images is two dimensional. However, we can arrive at an estimate of the effective
difFusivity in this region using the data that can be gathered from these images. As
we are most concerned with the minimum distance that separates two glomeruli as
an indicator of the maximum amount of diffusion that could occur between adjacent
glomeruli, our analysis is done on regions of the glial border where its width is at a
minimum.

Figure 2.9. Shown on the next page: An electron micrograph of the montage labeled
35-38 showing the glial layer separating two glomeruli, taken from a thin section
through the middle of an antennal lobe from a mature Manduca sexta.

Figure 2.10. Shown on the page following figure 2.9; An electron micrograph of the
montage labeled 39-41 showing a higher magnification view of the glial layer.
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Figure 2.11 shows tracings of the extracellular pathways available to diffusion in
the glial layer taken from the montage labeled 35-38 (see figure 2.9).
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FIGURE 2.11. A tracing of the pathways for diffusion through the glial layer for the
montage labeled 35-38.
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2.4.1

A Method to Estimate the Coefficient D*i-^

We would like an order-of-magnitude estimate for the effective diffusivity through
the anisotropic diffusion pathways of the glial layer,

To estimate

we

use the previously stated estimate for the effective diffusivity for an isotropic cellular
structure. The methods introduced below give only two-dimensional estimates for
the effective diffusivity, and should be considered as an order-of-magnitude estimate.
Method 1 The previously desribed estimates of the effective diffusivity cannot
be applied directly because the structure is highly anisotropic. Here, our aim is to
estimate the effective diffusivity in the direction perpendicular to the layer, by relating
the observed structure to one that is geometrically deformed or "stretched" until it
appears isotropic. The criterion for isotropy in this approach is that the distribution
of the diffusionai pathway length is uniform with respect to orientation angle in the
plane. The path widths are assumed to be approximately unifrom and unchanged
under this transformation, i .e., path lengths are "stretched" but path widths are not.
The effective diffusivity D* of the isotropic structure can be estimated as
D* — -Do (p.,.

(2.19)

by arguments analogous to those presented in setion 2.2.4.
Now let h and /i., represent the actual and the stretched widths of the layer, as
shown in figure 2.12. The ratio h/h., will be referred to as the aspect ratio. We
compare the rates of diffusion through the actual and stretched structures resulting
from the same concentration difference across the layer. Therefore,
(2.20)
where the subscript s denotes the stretched structure. We note that when the streched
structure is transformed back into the original, the path length of a segment at an
angle 9 is reduced by a factor cos0. Therefore, since our isotropic condition requires
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FIGURE 2.12. A transformed structure approach

an uniform distribution of angles, there is an average decrease in the diffusion pathway
length in the original structure of;
1 r^~
2
— I
cosd do - —.
J-iz/2
^
So the relationships between the fluxes and porosities are:

J =

(2.21)

(2.22)

2K
o=-^<p...
(2.23)
TT h.
Using equations 2.20 and 2.22, and recalling equation 2.1 which gives the general
form of the diffusivity, we have that
-J
J
d:
=
. =
-^ =--D"
^
!u (ic\
/i, 2 •'
dr/
/« V dt/ /

(2.24)

Now, substituting equation 2.19 into equation 2.24, and using equations 2.23 we have

TT- f h\-

' T i h . )

(2.25)
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This result means that for small values of the aspect ratio, the effective diffusivity
through the layer is predicted to decrease approximately in proportion to the square
of the aspect ratio:
(2.26)

where D* = l/2(p£)o- This result can be appreciated in considering the following.
One factor of the aspect ratio in equation 2.26 results from the added distance that
a particle would need to travel in the anisotropic structure. The other factor of the
aspect ratio results from the assumption of uniform gap widths. In the anisotropic
structure, most of the extracellular space is oriented in the "wrong" direction; that is,
not in the principle direction. The fraction that is oriented in the principle direction
is given by the aspect ratio.
Method 2 We can also achieve this result examining a structure consisting of
staggered bricks. We compose a figure by using units of height h and width L as
shown in figure 2.13 where it is a.ssumed that h < L. Grouping many units together,

L

f

gap width = w

FIGURE 2.13. A unit

we can create a figure like that shown in figure 2.14. We will now estimate the effective

FIGURE 2.14. A staggered brick approach

diffusivity through each "unit." Note that this situation is the same as that described
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in section 2.2.2 where we computed the difFusivity for diffusion along a "T" shaped
figure. As found in equation 2.7 the effective difFusivity for this type of structure is

As shown in equation 2.9, the volume fraction o available to diffusion is given by
(/i + L)w
Lh
•

^2.28)

Therefore, substituting equation 2.28 into equation 2.27, we find that

^" I h+ L IA

°

=

(2.29)

4/i~ { L+ h){L+4h)
In this approach, the aspect ratio is hjL. Thus, as in Method 1, the effective
difFusivity through the anisotropic layer is predicted to decrease approximately in
proportion to the square of the aspect ratio.
2.4.2

Estimates of

As introduced in section 2.4.1, we need to determine the aspect ratio h/h,, describing
the amount of deformation needed to aiter the anisotropic glial structure to one that
is more isotropic. In order to determine this ratio, we took a portion of the glial
layer as shown in figure 2.11, determined the juncture points, and then connected the
points by straight lines. There were 98 edges that were defined by 73 juncture points.
The object was then oriented so that the deformation would occur along the vertical
axis. The resulting network is shown in figure 2.15 Notice that {h/h^)~^ > 1. For
integer values of {h/h,)~^ in the interval [1, 40], the original network was stretched in
the vertical direction.
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FIGURE 2.15. A straight line version of the tracing of the pathways for diffusion
through the glial layer for the montage labeled 35-38. Only a portion of the original
tracing was examined

Equally spaced bins between the values of 0 and 7r/2 were created. The length
and angle with the horizontal (defined as the principal direction of the network) were
recorded for every path. For every bin, the total length of paths whose angle lies
in the bin was calculated. A structure would then be isotropic if the distribution of
total length with respect to the angles is uniform. The original network, analyzed in
this fashion, gave the histogram shown in figure 2.16 The evolution of the variance
as a function of {h/h,)~^ is shown in figure 2.17. The minimum value of the variance
was found at an aspect ratio of 1/14. In figure 2.18, the corresponding histogram
is shown. The transformed figure is shown in figure 2.19. From equation 2.26, we
estimate

(2.30)
~ 5.3 X 10 ^ cm"/s.
Following the analysis in section 2.3, we find that the distance diffused through
the glial layer in a given time is inversely proportional to the aspect ratio. That is:

where L is the distance diffused through the glomerular region. Therefore, the time
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FIGURE 2.16. The distribution of the interstitial path lengths with respect to the
angle orientation of the original network

taken to diffuse 2 fj.m through the glial evelope is approxiately the same as that taken
to diffuse 28 /xm through the glomerulus.
2.4.3

A Remark on Tortuosity

In other literature, it is common to describe the effective diffusivity by a property
called tortuosity, where
Definition 1 (Tortuosity A).

D'

(2.31)

Note that the tortuosity is defined in terms of the effective diffusivity. Tortuosity
has been defined in this manner by many people, for example see [21, 52, 51]. In
porous media theory, the definition T = 1/A- has been used for tortuosity [17].
The following description relating effective path length to actual path length has
also been attached to the term tortuosity.
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Definition 2 (Geometric Tortuosity A^,).
effective path length
actual path length

L

where the effective path length is the length of the minimal path between randomly
chosen pairs of juncture points and the actual path length is the straight line distance
between the juncture points.
Both definitions of tortuosity take on values of A,

> 1. If the diffusion pathways

are not fully connected, then the tortuosity is infinite. The effective diffusivity thus
is reduced for more "tortuous" pathways. It must be emphasized that these two
definitions are not identical. Although there may be some relationship between the
two, at this time no such relationship has been defined. However, the geometric
definintion of tortuosity has been commonly used [21, 39, 40, 42, 45, 50, 49, 51, 52,
57, 59]. Again, in porous media, the inverse of the above geometric definition has
been used: T = 1/A^ = (L/Lg)^ [8].
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FIGURE 2.18. The distribution of the interstitial path lengths with respect to the
angle orientation of the original network of the transformed network at an aspect
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To make a relation to the work presented here, one can think of the tortuosity as
the inverse of the square root of the aspect ratio; that is
1

aspect ratio = —.
A"
where, letting

denote the aspect ratio, h/h, < 1. Recall that we are referring

only to diffusion perpendicular to the glial layer.

2.5

The Mathematical Model of the Glomerulus

First, we show a cartoon of the antennal lobe of Manduca in figure 2.20. The glomeruli
are illustrated by the series of smaller spheres surrounding a larger sphere.
A biologically realistic model is derived to examine the diffusion of potassium ions
through the confined extracellular volume of glomeruli. Mathematically, we must
make some simplifying assumptions in order to model the diffusion of ions in and
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FIGURE 2.19. A transformed network at an aspect ratio of 1/14

between glomeruli. We assume that the glomerulus is a sphere with a hole in it.
The hole represents the mouth of the glomerulus through which the processes of the
target brain neurons enter the glomerulus. Glial cells surround the sphere except at
the mouth, so the border is modeled in several different ways to represent different
glial properties. We also assume that the axonal processes that innervate a glomerulus
extend to the midplane of the sphere. For a diagram of the model glomerulus, see
Figure 2.21.
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FIGURE 2.20. An illustration of the model antennal lobe. The glomerular mouths
are marked by dashed lines.
2.5.1

Modeling of K* Leakage from the Mouth

The leakage of K"^ from the mouth is represented approximately by assuming that the
flux at each point is proportional to the difference between teh local concentration an
the resting concentration C'o in the interstitial space. This implies that

We need to estimate the constant k that describes the amount of leakage; dimensionally, k should have units of 1/L. We assume that the glomerular mouth opens to a
sphere of twice the radius of that of the glomerulus. The volume of the larger sphere
therefore is eight times that of the glomerulus and is large enough to represent an
effectively infinite space. The angle corresponding to the opening of the larger sphere
is half the mouth angle of the glomerulus. See figure 2.22 for an illustration.
The larger sphere is initialized with a uniform potassium ion concentration of zero.

70

Mouth

Dendrite of
target brain
neuron

Receptor
Axons

Mouth

Glial Border

FIGURE 2.21. An illustration of the model glomerulus
In order to approximate the flux of ions into the larger sphere, we set the boundary
of the mouth of the larger sphere at a constant concentration of Cq. At every time
step, we calculate the average flux over the opening. That is,
where

2.5.2

dA = 2R sin Odd

Estimates of K"*" Influx

Consider the extracellular space between two membranes of width TI; as in figure 2.23.
Each membrane releases an amount .4 of K"^ into the extracellular volume upon
activation. Because the extracellular space is defined by two membranes on either
side, both membranes will release into the whole space. For squid axons, every action
potential releases approximately 4 x 10"^- mole/cni" of K"*" into the extracellular
environment [2]. Assuming that the same amount A is released from the stimulation
of olfactory sensory axons, approximately
(in units of moles/cm^)

(2.32)
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FIGURE 2.22. An illustration of the model used to approximate the flux of ions out
of the glomerular mouth
membrane

w

membrane

FIGURE 2.23. The extracellular space between two membranes
of

ions is released into the extracellular volume if the entire left hemisphere is

composed of activated sensory axons. The factor of 1/2 in the denominator comes
from the fact that both membranes will release into the whole space. Setting w = .02
/zm we find that with every spike, there is a

ion addition of

4 X 10 - 1 2
— moles/cm^ = 4mM.
.01 X lO-'^

(2.33)

We approximate that there are 20 spikes per volley over a 500 millisecond time
frame. Average firing rates of between 10-20 spikes per second have been recorded in
sensory neurons in Manduca in response to the onset of stimulus trains [43]. However,
instantaneous rates can have a much higher rate. Odorant dose—response relationships
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show that the peak impulse frequency of sensory neurons range between 10 and 300
spikes per second [36]. From electrical signals recorded over time by Marion-Poll
et al. [43], we assuniethat a representative volley of action potentials consists of 20
spikes over a 500 millisecond time frame.
We model the results of only one volley of action potentials. If we model the
entire left hemisphere of a glomerulus as composed of only activated sensory axons,
one volley would result in an extracellular change in K"*" ion concentration of 80 mM.
However, in our model we assume that only a quarter of the membranes in the left
hemisphere of a glomerulus consist of activated sensory axons, thereby giving a total
extracellular volume change of 20 niM of K"*" ions over a 500 millisecond time frame.
Numerically we assume that 1 millimole of K"^ is released into the extracellular space
every 25 milliseconds for 500 milliseconds. i\ote that since the diffusion equation that
governs this model is linear, the numerical results that we achieve can be changed in
proportion to the input rate if a greater or lesser amount of K"*" ions were to enter
the extracellular volume.
2.5.3

Estimates of the Mouth Opening and Glomerular Diameter

Eight histological cross-sections of aldehyde-fixed epon-embedded antennal lobes
from two Manduca moths were observed. Forty one cross-sectioned glomeruli were
traced with a camera lucida attachment and mouth openings were measured from
the tracings. The mean mouth opening size was found to be 25 ± 12 //m (mean ±
standard deviation).
Similarly, we estimated the diameter of a glomerulus. Measurements were made
on the same sections from two animals, and a mean diameter was determined to be
65 ± 14 /im (mean ± standard deviation).
Taking the average radius of a glomerulus to be 32.5 ^m, we estimate the angle
of the mouth opening to be 7r/4. Since in our numerical model we are concerned
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only with the diffusion of K"*" ions through the upper hemisphere of a glomerulus, we
consider a mouth opening angle of T /8.
In order to investigate the possible functional behavior of the glial cells, we pre
scribe boundary conditions that characterize their possible roles. This discussion is
presented in section 3.3.

2.6

A Simplified One—Dimensional Model

In order to investigate the behavior of the diffusion of K"^ ions, we examine a simplified
case where we can solve the diffusion equation explicitly. To this aim, we model the
glomerulus as a rectangle as shown in figure 2.24 where the dotted line represents
the mouth of the glomerulus. We then solve the resulting one dimensional diffusion
equation with no-flux boundary conditions everywhere except for on the boundary
X = R where we have —dC/dx = kC as shown. The linear one dimensional diffusion

y

FIGURE 2.24. A simplified 1-d model
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equation with diffusivity D is

dt

dx-

We first non-diniensionalize this equation. Letting

X = •r
2R
t
^
{2R)^/D
k' = 2Rk

(2.34)

^0
we derive
dC
dt'

d-C
dx'-

for

0 < x' < 1

(2.35)

with boundary conditions
dC
=0
dx' jr'=0

and

dC
= k'C
dx' x' = l

Equation 2.35 along with its boundary conditions can be solved by separation of
variables [12] where we assume a solution in the form
C(x,0 = X { x ) T { t ) .
where we have dropped the prime notation. Using the boundary conditions given, we
find that the solution has the form of
C{x,t) =

cos(A„x)exp(-A;i)

(2.36)

n

where the A„ are the roots of
A tan X = k.

(2.37)
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It can be shown that the set of solutions in equation 2.36 form an orthogonal set.
Taking A„ # A„:
f COS(A T„X ) cos (A„X) dx = Ir I [cos(A„, + A „)x + cos (A„, — A „)a:] dx
Jo
^ Jo

1
sin(A,„ + A„)a: ^ sin(A,„ - A„)x
A/RT "F" A^
AJ^ A
cos A„, cos A„
Aji tan A^^j
>2 _ \2 [Afrj tan A^^
\n
= 0 if equation 2.37 holds.

We assume the following initial condition:

= U

eke

Therefore, at f = 0,
C(x,0) =

a„ cos A„x.

Using this initial condition and the orthogonality of the solution, we can solve for the
Fourier coefficients a„:

/

•1/2

./n
Jo

a cos A„x dx

/f' COS2.A„ X dx'
Jo

3-sm( —)
a„ =

1
2

sin(2A„;
4A„

Using the exact form for the solution, we can examine the time evolution of the
concentration profile over the rectangle. For convenience we set a = 15 and

= 1.

We use i? = 32 X 10"'^ cm and D = 2/3£>o where Dq = 1.96 x 10~® cwr js. Numerically,
we estimate C(x, t) by taking 20 terms in the Fourier series.
In figure 2.25, we show the diffusion profile over xati = Os, i = .ls and t = 5 s.
Note that the fluctuations in the profile for t = 0 are caused by the fact that we are
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Diffusion profile over the rectangle

14

O
= 5s

2R
X

FIGURE 2.25. The diffusion over the simplified model is illustrated for different times.
using a truncated Fourier series approximation to C ( x , t ) . The error is also a result
of the numerical approximations of the A„ terms.
We also can look at the time evolution of the average concentration value over the
rectangle and over its mouth. We examined the evolution over fifteen seconds. The
plots are shown in figure 2.26 and figure 2.27. As apparent in figure 2.26, the average
concentration level over the rectangle drops by approximately 50% over a 3-4 second
time interval. As was determined in equation 2.18, this is approximately the amount
of time expected for such a decay to occur. The fast rise in the average concentration
over the mouth of the rectangle in figure 2.27 is a result of the diflfusion of K"^ from
its initial release. The peak occurs at approximately one second, after which there is
decay due to diffusion out of the mouth.
This model gives a reasonable qualitative picture of the variations of potassium
concentration in the glomerulus with position and time. However, it does not allow
quantitative predictions of the effects of other variables such as the size of the mouth
opening. Therefore, numerical methods are used to simulate diffusion in a spherical
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geometry, as discussed in the next chapter.
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Time evolution of

over ihe rectangle

a
>

Os

S

FIGURE 2.26. The time evolution of the average concentration value over the rect
angle is shown.

Time evolution of

over the mouth of the rectangle

4.5

3.5

0.5

S

FIGURE 2.27. The time evolution of the average concentration value over the mouth
of the rectangle is shown.
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Chapter 3

NUMERICAL METHODS AND BOUNDARY CONDITIONS
3.1

The Diffusion Equation in Spherical Coordinates

The diffusion equation in the three dimensional spherical coordinates (r,

takes

the following form
dc
1 d /^,.dc\
1 1 d ( .
"57 ~ ~2"^ [Dr
j H—^7":—^
at
or \
or /
r- sin 6 od \

ac\
ad J

1 D' d-c
^ • 2^
r - sm $ a<P^

(^-l)

where D* represents the effective diffusivity of the system. Since we are modeling
diffusion in a porous medium, as discussed in section 2.2.5, we replace D* with D'
where D' = D*fd = 2/3Z?o-

our model, we also account for axial symmetry (that

is, symmetry aiong $). Now, equation 3.1 becomes:
^d-C . 2 d C
I d-c
cot9dC
+
+
drr dr
r- 39r~ 86

(3.2)

Notice that by accounting for the aodal symmetry, we have reduced the three dimen
sional diffusion equation to two dimensions. Thus, we find that the concentration at
any point in a glomerulus can be represented as a function of r and 6 .
We will use this fact in generating a numerical scheme to solve this equation. But
first, we want to non-dimensionalize equation 3.2.
Let R = radius of a glomerulus and Co be some reference concentration. Then we
non-dimensionalize equation 3.2 in the following manner.
'=L

R

o /
dr

dr

t' = D't
H? '
D'dt
dt' =

C'-^
Co'
dC
=C„'

(3.3)

Now we have
dC
dt

C QD' d C
dt''

dC _ c ^ d c
dr
R dr' '
d-c
Co d ' C
dr^
R^ dr'-

'

dC
d9 ~
d-c
dO"- "

°

dC
dO''
d^C
dO'-

(3.4)

80

Substituting (3.4) into (3.2), we find
£C _ ^
dt
dr'^

2^
r dr

r- d6~

cot 0 dC
r- 89

where we have reset C' = C , r' = r and t' = t.

3.2

The Alternating—Direction—Implicit Method

In order to observe how the concentration profiles change as a function time, we
choose to use the alternation-direction-implicit (ADI) method [67] to approximate
the solutions to the diffusion equation:

dt

dr~

2^
r dr

r- d9~

cot^^C
r- d9

as derived in chapter 2. We choose this method for its low error and unconditional
stability.

For a discussion of these, refer to sections 3.2.2 and 3.2.3 respectively.

Note that in our numerical model, we choose to use a finite difference numerical
approximation rather than a spherical harmonics approach. This is primarily due to
the discontinuity in the boundary condition at the edge of the mouth. Because of
this rough discontinuity, we would need to incorporate a very large number of terms
in the expansion to represent the solution adequately. In other words, the spherical
harmonics approach would give poor convergence at any point where the boundary
condition is discontinuous.
From equation 3.6, let
d^C ^ 2 d C

,

1 fd-C

aC\

Then equation 3.6 becomes
= d\C + diC.

(3.8)

Expanding equation 3.8 in Taylor Series by using a Crank-Nicholson approximation,
we find the following numerical approximation where superscripts are used to denote
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time steps:
Qn+ l _ Qn
= ^
2\

At

+ 5iC") + ^
/
2

+ 4 c " ) + O(At-)

where di and do are finite difference approximations to di and So respectively. Now,
=

^ ( 5 i + a)C"^' + y (ai + So]c'" + 0(Ai^).

Grouping equivalent time steps, we find,
/

At -

At - \

.,

/

( / - —Si - —Soj

At +

At - \
+

C'" + 0(Ai3).

(3 9)

Recalling that for any matrices A and B ,
{I±A)(I±B) =

I ± A ± B+ A B

where I represents the identity matrix, we add

At- - ,
5i9oC""^ to both sides of equa4
"

tion 3.9 to find

c"' = ( ^ i + ^ a , + ^4 + ^s,^) c
+ — ( C " " ^-C") +0(A^^).

(3.10)

Equation 3.10 can be approximated by:

/-fa.) (/-f&)c'- =
(/ +
Since

(C"-^ - C " ) + 0 { A t ' ) .

= C" + 0 ( A t ) , the second term on the right hand side of the above

equation is of 0 { A t ^ ) . Therefore we have
(/ - f9i) (/ -f = (/ + fa.) (/ + fa=) c"*' + 0(A(').(3.ii)
Numerically, we solve equation 3.11 in two steps:
Step one:
Step two:

Qn+i/2 = ^ / +
j C'"+i/2

(3J3)
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where step one is implicit in r and step two is implicit in 6 .
In numerically estimating di and do we use central space differencing. From (3.7):
a ^

doC =

—

4 Ct.j-i

— 2C,.j + C,+i,j ^ 2
A—o
'
Arr.
2Ci,j +
Ae-

(3.14)

7n
2Ar

'

(3.15)

2A9

where the index i runs over [0, Ur] and the index j runs over [0, n^].

FIGURE 3.1. An illustration of the mapping
We consider a square grid in {r,6) as shown in figure (3.1) where the number of
steps in r of length Ar is equivalent to the number of steps in 0 so

= ns. Notice

that the line of points (0,0) for 9 € [0,7r| actually corresponds to the origin. Since we
are assuming symmetry, the lower hemisphere will have the same profile as the upper
hemisphere shown. Although the origin accounts for a numerical (but not biological)
boundary, we make special a note here on how to handle the ADI scheme at this
location because the origin accounts for a singularity in the diffusion equation.
3.2.1

The Origin

Following Smith [66], we approximate the right hand side of the time dependent
diffusion equation at the origin by:

(3.16)
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where Cm represents the mean concentration value taken at a distance Ar around
the origin and 0 < j < ng, where n# represents the number of steps in 6.
We can understand this construction in the following way. We first replace equa
tion (3.6) by its Cartesian equivalent at the origin:
dC
d-C
d-C
d-C
dt " dx- ^ dy- ^ dz~ '
Assume that we form a sphere around the origin of radius Ar. Then the axes x, y and
2 intersect this circle in 6 points. We label these points of intersection by 1,2, 3, 4, 5, 6
and their corresponding concentration values by Ci, Co, C3, C4, C5, Ce- We label the
value of origin by Co- We now have

v-c =

Ci + Co + C3 + C4 + C5 + Cg — 6C0

Ar=

If we now choose a different axis by rotating the axes by a small angle, we will get
a similar equation. By summing up all possible equations from such rotations, we
arrive at equation 3.16.
Numerically, equation 3.16 translates as:
/-<n
^O .j

^Q .j
At

1+

__

£i

1 Qici,

+ 2

Ar2

~ 2
^n-r 1

M

ArV

=

-

cs.j)

Ar1 -

2At\

f3At\

In general we take
ct, =

+

However, in our ADI method, we set

for the right hand expression in step one. We represent the various mean values of C
by the following:
ri+1/2
/Co = CM

and

..

/^n + l
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Therefore, step one is represented by:
^n+l/2
O.J

3A^
Ar-^

n
Q.J -

KiAt
2Ar2

(3.18)

and for step two, we have:
i-rl/2 ,

The term

^

(3.19)

appears on the right hand side above because numerically it will be

approximated before the Co.j terms.
Because in using this scheme every j G [0, ritf] gives a different value of Cq.J and
all of these values correspond to the origin of the sphere, we set a common value for

CO.j after each step in the ADI scheme:

3.2.2

Error Analysis of the Numerical Approximation

We want to estimate the error that conies from applying the central space finite
difference approximation to equation 3.8:
^n-rl

A'n

= d i C + d2C

(3.20)

where di and 82 are given in (3.14) and (3.15) respectively.
We estimate the error by investigating the effect of substituting an exact solution
into (3.20). We consider the time independent solution C^_xact = rcos6. We can verify
that this is an exact solution by substituting it into equation 3.6:

r

r-

r- sin 6

We estimate the error by substituting Cexact into the numerical form of equation 3.20
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where numerically Cexact takes the form of r,cos9j for i 6 [0, 71^] and j 6 [0, n9].
2
1 cos(^_, + A6) — 2cos6j + cos(9j — A9)
E,, =At 0 + — cos dj H
A02
r,
r.
cosOj cos{Bj + A9) — cos{dj — AO)
r, sin 6J
2 AO
.
c o s i O , A O ) — 2cos0,+ cosiO, — AO)
2c o s e , + - A j — I — — I
Ti
cosOj cos{Oj + AO) — cos{6j — AO)
+
2A0
sin Oj
—

(3.21)

Using the identities:
cos(a ± /3) = cos Q cosi3 ^ sin a sin jS
equation 3.21 becomes
2cos0j + — ( 2 c o s 0 , c o s
— 2cos0,) + ^
. (—2sin^, sin A0)
r,
•'
AO- '
2A<9sin0j ^
•'
'
_ 2Atcos0j
cos A^ — 1 sin A^
1+
(3.22)
A02
2A0
rx
For AO small, we can approximate cos AO and sin AO by a Taylor expansion around
0:

AOAO-^
r
— + —- + 0{AO^),
2!
4!
Afl3
sin A^ ^ AO
——h O(AO^).
O.

cos A^ % 1

Thus, equation 3.22 becomes:
^ _ 2Atcos0j
At cos Oj
r.

- ( A 0 y 2 ) +(AO'^/4!) + O(AO^)
A«5
AO-

AO - (AO^ei) + O(AO^)
2A«

+ 0{AO^)
(3.23)

Therefore, our error estimate from applying the central difference method to equa
tion 3.20 is:
E..

At cos 0J 'AO-'
r,

(3.24)
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By symmetry,

= 0 at r, = 0. The maximum error is expected at r, = Ar, 0 = 0,

TT. We now compare the error estimate from equation (3.24) to the numerical error
that results from the ADI scheme.
-0.0003

e

1.0001

«
c

M

0.0001

steps in r

FIGURE 3.2. This graph shows the error that we expect using the finite difference
approximation in the ADI scheme. The expected error after one time step is shown,
based on equation 3.24 where Ai = .001 s.

Figure 3.2 is a contour plot of the error that we expect from the numerical scheme
due to the central space finite difference methods as derived in equation 3.24. The
x-axis represents the radial steps, each of width Ar and the y-axis represents the
angle steps, each of width A0. As was mentioned previously, we are taking the number
of steps in in r to be equal to the number of steps in 9. As we expect, the highest
order error occurs for r small. Due to the fact that

goes like cos9 and that we

are taking 6 € [0,7r], there should be no error for 9 = 7r/2 or, numerically, when
3 — ^^^72 = 5. For j > 5, the error should be equal to the error that occurred for
j <h but should be opposite in sign.
Figure 3.3 shows the contour plots of the error that resulted from our ADI scheme.
In order to obtain this figures, we imposed initial and boundary conditions corre-
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Error from tha first t*n« slap

0001

«

Ifi
I

00015,

Staps in r

FIGURE 3.3. This graph shows the error that results from the ADI scheme after the
first time step where At = .001 s.

spending to the exact solution r cos 9, and ran the numerical scheme. The plot shows
the error resulting from the first time step in the method. We note that the overall
behavior of the plot matches the behavior that we expected from E,. Further, as time
proceeds, the error was found to remain relatively constant. The behaviors do not
match exactly, this is especially noticeable on the boundary corresponding to ^ = 0
and 9 = -K. This pinching behavior is due to the fact that we are approximating the
numerical scheme at these points by FHopital's rule. This approximation, which is
described in section 3.3.1 does not add any higher order error to the scheme.
3.2.3

Stability of ADI

We now show that the ADI method is unconditionally stable. We need to split this
analysis into three parts since the equations that are used in the ADI method differ
depending on the values of {t,9). Since r and 9 are indexed by i and j respectively,
we split up our cases by considering all indices {i,j)
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Case 1 for i € (0, n^] and j € (0, no),
Case 2 and for i € (0,

and j = 0, nn.

Case 3 for i = 0 and for ail j ,
In general, we will follow the Von Neumann approach by assuming that the solutions
to equations (3.12) and (3.13) have the form that follows, where we represent C,.j =
Ci,m so that no confusion arises with the introduction of the imaginary number i. Let
(3.25)
(3.26)
where ^ is a constant. If we can show that the amplification factor g has modulus
1^1 < 1 independent on the choice of dr and A6, then we can infer that the scheme is
unconditionally stable.
Case 1 Here, di and So are defined as in equations (3.14) and (3.15) respectively.
First, let us consider the result of substituting (3.25) and (3.26) into (3.12). We find
that:
e'" - 2 + e'""

1

e"' -

,n -tlft

Ar-

rAr

Now we let

2rAr
to find the following expression for the left hand side of step one:
^

2 ~

sina^ g
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Similarly,
e " ^ - 2 + e - " ^ coiOr,
"h
T
rfAe^~

4C" =

-4 sin" ^
7A^2

cot

,10

e~"^
2A9

z sin 0

We define
Ao =

At cot 9r
2rfA9

and

At
1^2 = :2rfA0^

to find the following expression for the right hand side of step one:
•
Ati + Y^-

0
n ilti
= ( 1 — 4^2 sin" — + jAO sin 0 ) ^"e'
" eiuKp

(3.28)

Equating (3.27) with (3.28) we find
+ 4/ii sin" ^ — 2iAi sin

g = ( 1 ~ 4/i2 sin" ^ + iAo sin cp
1 — 4/J.2 sin" f + iAo sin (p

^

^

1 + 4^1 sin" ^ — 2iAi sin a

.

(3.29)

In a similar analysis, we find that for step two
i-Y^2

=

9=

1 — 4^1 sin" ^ + 2zAi sin 0
1 + 4/X2 sin" ^ — zA2 sin a

(3.30)

Substituting (3.29) into (3.30), we arise at
_

(l — 4/ii sin^ ^ + 2iAi sinck) (l — 4/i2sin"
|
+ fAo sin 0)
(l + 4/^2 sin" ^ — iXn sin 0) (l + 4/zi sin" ^ — 2zAi sin a)

It can be shown that |^| < 1 thereby showing that this scheme is unconditionally
stable.
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Case 2 Here, d\ is as before. Therefore, as in case one, the left hand side of ste-p one
is represented by
<-n+i/2 = (^1 + 4^^ sin- I - 2i\x sin a)

(3.31)

where
Ai cot Q„i
Ao ~ —z—T"i—~—
2rfAe

At
fio ^ T—~
O
t*—
>
2rfA^2

3-iici

"

However, due to the boundary condition imposed at 0 = 0 and 6 = tc which correspond
to the cases m = 0,n#, do is now defined as (using the {l, m) = (f,J) notation):
2 d'C
r2 902
o ^
2 ( C i.m-rl
S-iC =-A

doC =

- 2 C / .m + Ci

substituting (3.25) into the above, we find that
doC" = g"e''"e'"''^

"2(e"P - 2 + e—^)
r^AS</*
8Sin2 ^
*

= g''e''"e""'^
At
^

Setting fio =

r^A0^

in the above, we find that the right hand side expression for

step one becomes
At -

Cn = g e tl<t € imo/( ^1 — So^ i o s •i n 2 — \) .

(3.32)

Equating equations (3.31) and (3.32), we find
9=

1 — 8fj.o sin" I
1 + 4/zi sin" ^ — 2zAi sin a

(3.33)

In step two, we find that.

and

I — " ^ d o C"-^^ = ^^''e'''^e""^(l + 8^2 sin= |)
2
At c""- = gg"e''''e""* (l - 4,/, sin= ~ + gUj sin a) .

(3.34)
(3.35)
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In order to find an expression for 5, we equate equations 3.34 and 3.35 and substitute
in the value of g found in equation 3.33:
(1 - 4/^1 sin- ^ + 2zAisina)(l - Syiiosin- |)
Q =

(6.00)

(1 + 8/12 sin" I)(1 + Afii sin"

— 2iXi sin a )

Again, it can be shown that |^| < 1 implying unconditional stability.
Case 3 The stability of this case is not given. We draw attention to the fact that
the behavior of the numerical code does not give any empirical evidence to suggest
instability at the origin.

3.3
3.3.1

Boundary Conditions
Boundary in 9

Due to the symmetry of the problem, we assume that there is a no-flux condition in
9 at the boundary. That is,
=0

89

0.;r

which numerically corresponds to
-=0
2A9
C.u - C,._
- =0
2A0

VZ 6 (0. Tlr]
Vz'6(0,n,].

We incorporate this condition into equation 3.6 in order to deal with the "blow-up"
that occurs when 9 = 0, TT. We do not have to worry about the blow-up resulting
from r = 0 since that case was considered in section 3.2.1
Recall from equation 3.6 the form of the diffusion equation in a glomerular sphere:
dC _ d~C
dt
dr"^

2dC
T dr

1 d'C
r~ 09-

cos 9

1 dC
sin 9 89
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Notice that the singularity occurs in the term containing 1/sin0 on the right hand
side of the above equation. However, due to the no-flux boundary condition, we can
apply THopital's rule on this problem term to remove this singularity. That is,
cos 9 { 1 dC\
\sin(9 8 9 J

cos 6 8/ dC\
1
d 9 \ d 9 j ^do
{sm9)
cos 0 d~C 1
r~ 89- cos 9
1 d-C
r2 89^-

Therefore, at the boundary in 0, we apply the ADI method to the following equation:
dc
d~c
2dc
2
dt ~ dr^~ ^ r dr^
89^ '
3.3.2

^

^

The Mouth

Since the glial wall does not surround the mouth of the glomerulus, we assume that
the radial flux at each point on the mouth is proportional to the difference between
the local concentration and the basal concentration far from the mouth. This approx
imation is made to avoid having to solve simultaneously for the concentration fields
inside and outside the mouth. We have:
dr

= k{C — C'o)

for all 9 corresponding to the mouth

•=R

where fc is a constant that was determined and Co is the basal concentration level of
ions. The determination of k is discussed in section 3.5. Numerically, we have
^ ^ T l r l.J =
where
3.3.3

I

^ —
^opcn
fr o r a1 1l l•j <

represents the upper angle of the opening of the glomerular mouth.
The No-Glia Boundfiry

We first consider the case where the olfactory glomeruli are not surrounded by an
envelope of glia. In order to investigate this effect, we set the glomerulus within
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a larger sphere of twice the glomerular diameter. This sphere is effectively very
large when compared with the glomerulus; it is eight times the glomerular volume.
The boundary along the outer sphere was taken to be consistent with the boundary
conditions of the mouth openings. Numerically, this amounted to:
Cu.+i.j - Cn.-i., ^ Q
2Ar
3.3.4

foralli>0.
•'

The Glial Boundary as Impermeable to K"*" Ions

Initially, we shall assume that the glial wall is impermeable to K"*" ions. Mathemat
ically, this amounts to a no-flux condition along the boundary that is comprised of
glial processes. Refer to figure (2.21) for an illustration. Therefore, we assume that

dr

=0

for all 9 corresponding to the glial wall

'•=R

Numerically, this amounts to;

2Ar
where
3.3.5

=0

oprn

for all 7 > AO

represents the upper angle of the opening of the glomerular mouth.
The Glial Boundary cts a Buffer to

Ions

We now consider the case where the glial boundary buffers potassium ions. This case
assumes that the glial boundary regulates the extracellular K"*" concentration so that
it is kept at a constant level along the boundary. The glial cells that take up K"*" ions
are modeled as part of a larger network, so on average, the glial grouping remains at
a resting concentration level. Numerically we set
Cn^.j = Cr.,t
where
level of

for ;• > %
ZAC/

is the upper angle of the glomerular mouth opening and Cre.,t is the resting
in a glomerulus.
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3.3.6

The Glial Boundary as Permeable to

Ions

We cissume that K"^ ions diffuse through the glial boundary as discussed in in sec
tion 2.4. We neglect any uptake of K"*" ions by the glial cells. This case is very similar
numericaJly to that described in the mouth, where we have

dr r=R

= pC

for all 9 corresponding to the mouth

where p is a constant that describes the efflux of K"*" through the glial border. To
determine p, we use the estimation of D*i-^ derived in equation 2.25 and assume a
linear concentration profile that falls to zero in the glial layer as shown in figure 3.4.
Equating fluxes, we have:

within the glial border

DXrt^/8)(h/hs)DQ(p

ocz
<DUcz
CZ
oo

within the glomerulus

D' = 2/3 D GO

FIGURE 3.4. A method to estimate the permeability of the glial border

D'

dr

aUa^
d:ijha

dr
Using

•=R

hD'

C.

= 1/14, we find
P

=

(3.38)

r-R

D;i.a

(7rV8)(/i//i,)-

hD'

(2/3)/i

16 I 14/ h

(3.39)
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In diniensionless form, we have
Ztt- f I \ - R
16 VI4J h
where R = 32.5

(jlto..

At the narrowest, the glial layer is 2 fim thick; however, it is

usually must greater. Therefore, we use h = 3 fim. which leads to
p « 0.1.
Numerically, we have
^ rir-rl.J

where

^nr — Ti'j =-0.1C..,
a 1

C
11 * ^ ^<»prn
forallj>
—

represents the upper angle of the opening of the glomerular mouth.

This method for calculating p gives an estimate analogous to that used in sec
tion 3.5 (below) to estimate the rate of efflux from the mouth.

For short times

following the release of K"*" ions, it underestimates the rate of diffusion into the glial
border, because the concentration gradient is nonlinear, and steeper at the inside. At
longer times, it overestimates the rate of diffusion, because it neglects the eventual
buildup of

3.4

outside the layer.

Numerical Modeling of the Initial Forcing: K"^ Influx

Our forcing condition assumes that the left hemisphere is made up of only olfactory
receptor axons. As was explained in section 2.5.2, we model K"*" release from a train
of 20 action potentials in 500 milliseconds occurring simultaneously in 25% of the
sensory axons. Upon stimulation, the axons release K"*" ions at a specific rate into the
extracellular space. In general, we assume that there is an addition of 1 mM every 25
milliseconds for 500 milliseconds. Numerically, we model the time evolution so that
each time time step corresponds to 1 millisecond and for every 25 time steps for the
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first 501, we uniformly increase [Kin the left hemisphere by 1 mM. That is,
C^. =

+1

for n = [1, 26,, oOl]
for all z > 0 and j > ~
2

Thus, after 500 milliseconds, the concentration in the left hemisphere (not accounting
for diffusion) will be approximately (C'o + 20) mM where C q = 3 mM corresponds to
the initial concentration level in the glomerulus.

3.5

K"^ Leakage From the Glomerular Mouth

Recall that we are actually only modeling the upper hemisphere of both the large
sphere and the glomerulus, thus we are integrating only between 0 and 0o/2 and not
between —0o/2 and 6o/2. Numerically, we want to approximate the flux

dr

r=2R

where the index Ur represents the step in r corresponding to the radius of the larger
sphere. Adapting the following notation,

/(') = Q.,
' ^'

2h
^ f{l+ l)-2f(l)+ f l l - l }
h-

We have
/'("r) = /'(nr - 1) + hf"{nr - 1)

= \ Q(/("r) -

f

{rir - 2 ) ) +

{ f { n r ) - 2/(n^ - 1)

+

f{nr

-2))j

= ^ (3/(nr) - 4/(n^ - 1) + f{nr - 2)).

Therefore, using the composite Simpson's rule, we integrate the following expression
for the flux over the opening of the large sphere:
ac
dr

^ 2Kr

~

+ C„,_2.j)

for all j <
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The time evolution of the the average flux is illustrated in figure 3.5. Here, only
the first three seconds are shown. If we look at the evolution for a long enough time,
the flux will slowly tend toward zero. However, after approximately 2 seconds, the
flux no longer decreases a s rapidly as it did initially. We therefore approximate k
by the value of the average flux at this time, that is, k ^ I. Note that the mouth
opening was taken to be half of the "glomerular mouth size" due to the fact that the
sphere into which the K"*" ions diffused was taken to be twice the size of a glomerulus.

2< 1.2

0.6

0.4
0.2

0.5

2.5
time in seconds

FIGURE 3.5. An approximation of k . Twenty spatial steps were used in this simula
tion along with 1000 time steps per second. The upper angle of the mouth opening
was taken to be 7r /16.
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Chapter 4

FINDINGS
In the following sections, results obtained from the numerical model are presented.
In all simulations, the initial concentration within the glomerulus was set to 3 niM
and for every 25 milliseconds for the first 500 milliseconds, 1 niM of

was released

into the left hemisphere. This release corresponded to one volley of action potentials
assuming a quarter of the membranes in the left hemisphere of a glomerulus were
excited sensory axons. In the following simulations, 20 spatial steps and 1000 time
steps per second were used. Except for those results presented in section 4.2, the
angle of the mouth opening was set to 7r/4 corresponding to 9open = ""/S.
The results are presented in the following order. In section 4.1 we present a
comparison of time evolution plots over three seconds of the average concentration
values taken over the entire glomerulus and the average concentration value taken
over the glomerular mouth. In section 4.2, we test the sensitivity of the results to
mouth size. Finally, in section 4.3, the distribution of potassium ion concentration
is considered after .5, 1, 3 and 5 seconds for the no-glia, impermeable and partially
permeable glial cases. For the case of the glial wall as a buffer, the diffusion profile is
considered after .5, .75, 1 and 3 seconds.

4.1

A Compaxison of Time Evolution Plots

We first examined the time evolution of the average concentration of K"*" ions over the
entire glomerulus. We compared the cases where the glial envelope was impermeable
(or a wall) to K"^ ions, partially permeable to

ions and a buffer to K"*" ions. We

also investigated the case where no glia were present. The resulting figure is shown in
figure 4.1. The jagged structure apparent in the graph over the first 500 milliseconds
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is due to the periodic addition of K"^ and the diffusion of K"^ ions between additions.
As expected, the average concentration values remain the highest for the case where
the glia were modeled as impermeable to K"*" ions. For the case where the glia were
partially permeable and where no glia were present,

ions were allowed to diffuse

out of the glomerulus from all borders. Thus, the average concentration values were
lower in magnitude. The fastest decay rate came from modeling the glial walls as a
buffer for K"^ ions. In that case, the values of

returned to the base line value

of 3 mM by 1 second.
In figure 4.2, the time evolution of the average concentration of K"^ ions over the
glomerular mouth was examined. We compared the cases where the glial envelope
was impermeable (or a wall) to K"^ ions, partially permeable to K"^ ions and a buffer
for K"*" ions. We did not use the "no glia" case in the comparison since there was no
corresponding mouth. In the case where the glia was modeled as a wall to K"*" ions,
the peak concentration value was at 1 second, after which there was a slow decay. The
peak in the partially permeable case came shortly before one second. The decay rate
was faster in this case because

was allowed to diffuse through the glial boundaries

as well as through the mouth. In the case where the glial boundary was modeled
as a buffer for K* ions, the concentration rose slightly above the baseline during the
period of K"*" ion release, but quickly returned to the baseline level due to the glial
buffering of

4.2

Sensitivity to Mouth Opening Size

In figures 4.3 and 4.4, we compare the time course of average concentration in the
glomerulus and over the mouth when the glial wall is partially permeable to K"*" ions
for two mouth opening sizes: 7r/2 and 7r/4. When modeling the larger mouth opening
size, a new dimensionless flux coefficient k was computed and found to be .65.
As shown in figure 4.3, the peak concentration level for both cases occurs after
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1 second. However, the peaks do not match in magnitude because the decay rates
are different. When the size of the mouth is enlarged, there is a greater area through
which K"*" ions can be expelled. This results in a faster rate of K"*" dissipation. Because
there is a greater area for outward diffusion of

ions, the peak concentration level

at the mouth occurs at an earlier time. This is reflected in figure 4.4 where the time
evolution profile in the case of the larger mouth shows the peak concentration level
preceding that of the smaller mouth. Further, because of the larger mouth size, the
average levels of K"*" throughout the glomerulus and over the glomerular mouth are
decreased.

4.3

Contour Plots

In this section, we present the contour profiles at several times following potassium
release for the following cases: no glia, the glia as impermeable to

ions, the glia

as a complete buffer for K"^ ions and the glia as partially permeable K"*" ions. Unless
otherwise mentioned, in aJl the figures that follow, the mouth is shown with a dashed
line.
In the ''no glia" case, the diffusion is considered to take place over a sphere of
twice the radius of a single glomerulus. The placement of the glomerulus is illustrated
by a dashed line. The outer boundary is modeled with "mouth" boundary conditions.
In the "buffer" case, the time evolution plots take place for t = .5 s, t = .75 s, t =
1 s, and t = 3 s. Due to the rapid clearance of extracellular K"*" ions, this is the only
case where a contour plot is shown for t = .75 s and one is not shown for t = 5 s.
We first considered the case where there were no glial processes surrounding olfac
tory glomeruli. The results are shown in figure 4.5. If no glia were present, neighboring
glomeruli would encounter a large build-up of extracellular potassium within the first
second after release. By 3 seconds, most of the excess levels of extracellular K"*" ions
were dissipated as predicted by our time scale analysis.
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The model of the glial envelope as impermeable to K"*" ions is shown in figure 4.6.
Within the first 500 milliseconds, the levels of extracellular potassium concentration
were between three and six times greater than the resting level. Because the mouth
constitutes only a small region of the glomerulus from which the K"*" ions can diffuse,
the levels of [K"*"],,,., remain high throughout the 5 second period examined.
We also considered the case where the glial cells acted as a buffer for K"*" ions.
The results of our numerical simulation are shown in figure 4.7. We find that within
500 ms, the glial cells have absorbed extracellular K~ ions so that the highest concen
tration of K"*" remains near the center of the glomerulus. The highest concentration
is approximately double that of resting. Within one second, most of the excess K"*"
has been removed. If glial cells act to absorb

ions when [K~]„,.i exceeds the rest

ing level at the glomerular borders, then they may prevent levels that significantly
affect neuronal excitability and cross-talk between glomeruli. In this way, the glial
boundaries could significantly affect information processing in olfactory glomeruli.
The model of the glial envelope as partially permeable to K"*" ions is shown in
figure 4.8. As in the impermeable boundary case, we find that

remains high

for the first few seconds after release. However, due to the permeability of the glial
envelope, K"*" ions are now allowed to diffuse through the boundary. After 3 seconds,
the highest concentration is just left of center, and it is approximately twice the
baseline value. After 5 seconds,

is within 1 mM of the baseline level.
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FIGURE 4 . 1 . The time evolution of the average concentration value over the glomeru

lus is compared.
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FIGURE 4.2. The time evolution of the average concentration value over the glomeru
lar mouth is compared.

103

Time evolution comparison ot

pi/2

over the glomerulus

pi/4

s

F IGURE 4.3. The time evolution plots of the average concentration values over the

glomerulus are compared for different mouth sizes.
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FIGURE 4.4. The time evolution plots of the average concentration values over the
glomerular mouth are compared for different mouth sizes.

FIGURE 4 . 5 . Contour plots showir\g the diffusion of K~ ions for various times as

suming that there is no glial boundary. The glomerulus is outlined by a dashed line.

FlGl Rb: -1.6. Contour plots showing the diffusion of K~ ions for various times assum
ing that the glial boundary is impermeable to K" ions. The mouth is shown with a
dashed line.

t = .5 s

t = .75s

FIGURE 4 . 7 . Contour plots showing the diffusion of K~ ions for various times assum
ing that the glial boundary acts as a buffer to K~ ions. The mouth is shown with a
dashed line.

10
t= 3s

t=5 s

FIGTRE 4.8. Contour plots showing the diffusion of K~ ions for various times as

suming that the glial boundary is permeable to K~ ions. The mouth is shown with a
dashed line.
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Chapter 5

DISCUSSION
5.1

Structural and Diffusional Properties of Glomeruli

In this study, a biologically realistic model was developed to examine the diffusion
of potassium ions through the confined extracellular volume of glomeruli in an in
sect olfactory system. We modeled the glomerulus as a sphere with a glial border
surrounding all but a small portion of the structure. The non-glial border repre
sented the mouth of the glomerulus through which extend the dendrites of target
brain neurons.
From morphological studies of histological samples from Manduca, we measured
the porosity, diameter and mouth opening size of glomeruli. Using measured param
eter values, we estimated the effective diffusivity of K"^ ions through the extracellular
space of the glomerulus. We also studied the morphology of the glial layer surround
ing glomeruli, and showed that it consists of a layered structure of thin glial processes.
To estimate the effective diffusivity of potassium ions through this highly anisotropic
structure, we estimated the aspect ration, i.e., the degree to which the layer is geo
metrically compressed relative to an approximately isotropic structure, and expressed
the effective diffusivity in terms of this ratio.
The goal of this study was to develop theoretical models for the diffusion of potas
sium ions in the extracellular space of olfactory glomeruli and to predict how the glial
border affects the spread of potassium ions following the activation of olfactory sen
sory neurons. We solved the time-dependent diffusion equation within the sphere with
a localized release of potassium ions corresponding to the activation of the sensory
axons that innervate glomeruli. Specifically, we modeled a volley of action potentials
as 20 spikes over a 500 millisecond time frame.

109

To investigate how the transport properties of the glial border influence the dif
fusion of K"^ , we compared predictions from four different cases, in which the glial
envelope is considered to be absent, impermeable, partially permeable or to act as
a buffer maintaining a fixed concentration at the boundary. The time-course of the
potassium concentration in the glomerulus was substantially different in each case,
as discussed in Chapter 4. Based on our observations of the morphology of the gUal
border and our estimates of its effective diffusivity, we believe that the case in which
the border is partially permeable to K"^ ions best represents the actual conditions in
glomeruli.
In our model, we did not incorporate neuronal or glial

uptake mechanisms.

This simplification is justified by examining the time course studies of K"*" uptake by
neurons within the glomerulus and by the glial cells that comprise the glomerular
border.
We first examine possible neuronal uptake mechanisms within the glomerulus.
The primary K"*" ion uptake mechanism in neurons is the Na'^/K"^ pump. This pump
begins to reduce released K"*" ions after several seconds and reaches a maximum affect
after tens of seconds after their initial release [3, 48, 23]. Thus, the effect of this pump
is not dominant, and was not incorporated into the model.
Now we examine the glial uptake of

. A number of experiments have revealed

the time course of passive K"*" uptake mechanisms into glia in different species. In
the optic nerve of the mud puppy Necturus maculosus,

of the bathing solution

was raised to ten times its resting level (3 niM to 30 mM) [58]. The internal glial
[K"*"] reached a plateau value 30 seconds after the external increase, and returned
to its resting level only after an additional 2 minutes. A similar experiment was
performed in the neuropil glial cells in the central nervous system of the medicinal
leech [74]. It was found that the half-time of the [K"'"] increase was 27 seconds and
when [K''"]„„, was returned to its resting level, the half-time for the internal [K"*"] to
return to the original level was 48 seconds. In the nervous system of the snail Helix
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pomatia, experiments were performed on satellite glial cells adhering to neuronal cell
bodies in situ [26]. With voltage-clamp techniques, the neurons were subjected to
large depolarizing currents. After neuronal depolarization, it took 15-40 seconds for
glial K"*" channel activation. A peak in the activation was found after approximately
1 to 2 minutes and activation ended within 4-5 minutes. The effect of a large increase
in [K''"]ou, in. the bathing solution of mouse astrocytes was also explored [73]. After
approximately 30 seconds, a plateau was reached in the levels of intracellular [K*^].
Similar results were obtained for the rat and the frog [23]. Glial cells in olfactory
cortex slices from guinea-pig brain responded to a thirty second stimulation of the
lateral olfactory tract with a rise in the internal [K"^] to 10 niM after 30 seconds [6];
[K'^]o„, rose 2.4 niM. The time course for the decline of the internal [K"*"] to its resting
level was on the order of minutes. In summary, experiments in a number of vertebrate
and invertebrate species indicate that K' uptake by glial cells occurs over a long time
course.
Polysynaptic activation of projection neurons within a glomerulus is likely to oc
cur over tens of seconds, therefore we are concerned about a time frame from tens
of seconds to seconds. Since these passive uptake mechanisms have a much slower
time course than that which would affect neuronal excitability shortly after a 500
millisecond barrage of action potentials, we considered only the effect of diffusion
through the glial syncytium in our model. We therefore eliminated the case in which
we modeled the glia as a buffer for K"*" ions as a candidate for the role of the glial
envelope. Because the possible glial uptake mechanisms do not begin taking effect
until tens of seconds after the release of potassium, the glial cells do not act to sig
nificantly buffer changes in potassium concentration in the short run. Therefore, the
case that comes closest to modeling the role of glial cells around olfactory glomeruli
is that in which the glial envelope was modeled as partially permeable to K"^ ions.
This simplification is in agreement with others who have found that for restricted
extracellular accumulation of K^, diffusion is the most effective means for clearance
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[20, 22, 48].
Our model exhibits a high sensitivity to the size of the mouth of the glomerulus.
As shown in the time evolution comparison plots (see figures 4.1 and 4.2) , there is
a significant difference between the impermeable and permeable cases. This is due
to both the permeability of the glial wall and the relatively small mouth opening. If
the mouth opening were larger, the difference between these two cases would not be
as great. Most important is the great difference between the impermeable/permeable
cases and the no-glia case. This shows that even at its thinnest, the glial envelope
serves to limit diffusion of K"*" ions from one glomerulus to its neighbor.

5.2

Influence of [K"^] on Neuronal Activity within Glomeruli

We now can use the results from the case where the glial envelope was modeled as
partially permeable to K"^ ions to make some hypotheses about how the envelope
may contribute to olfactory information processing. For this, we need to examine
what influence high levels of

may have on neuronal excitability. Theoretically,

increased [K"*"],,,., depolarizes the cell, bringing it closer to threshold and thereby
increasing excitability, but it also moves threshold thereby decreasing excitability.
Examination of experimental results on this issue is therefore required.
In the giant axon of the cockroach, with a resting extracellular [K"^] level of approx
imately 5 mM, a conduction blockage occurred when

reached 14 niM [30, 27].

Further, reduction in the efficacy of synaptic transmission was shown to occur in rat
hippocampd slices at 5 mM (where the baseline value of [K'^]„,„ was 3 niM) [48]. If
we assume that the same percentage increase in [K'^]„,„ also affects the excitability of
neuronal processes in olfactory glomeruli, we would see an effect on the excitability
of processes in Manduca by the time when [K"^]„,„ reached 5 mM, and we would see
a conduction blockage by the time when [K'^]„,„ reached 9 niM. From figure 4.8, it
is apparent that the levels of [K'^]„,„ in the glomerulus probably far exceed 9 niM in
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response to an input volley of 20 action potentials in 500 milliseconds. Therefore,
due to our numerical results, if a conduction blockage resulted from levels of [K"*"],,,.,
above 9 mM, we would expect that there would be a blockage in the conduction of
action potentials by olfactory sensory axons innervating glomeruli as early as 500 mil
liseconds after the initial input. Further, an effect would be seen for several seconds
because the concentration level has risen in the other hemisphere of the glomerulus
to the point where the dendrites of target brain neurons would be affected. In fact,
the extracellular potassium ion concentration would be high enough to render most of
the glomerulus silent and hence inhibit the processing of any information that would
occur within that glomerulus.
However, sensory axons have not been shown experimentally to shut down, even
after high levels of olfactory stimulation. Thus, axons and dendrites in the moth
olfactory glomerulus do not show the same response as does the giant cixon of the
cockroach, or the processes from the hippocampus of the rat. So, how does this high
level of [K''"]o,., affect olfactory information processing in the glomerulus?
First, we can examine how the high levels of

affect

In general, one

assumes that [K"^]i„ does not change significantly with each action potential, or even
with a volley of action potentials because the volume of the cells is large compared to
that of the extracellular space. Therefore, taking [K~]i„ to be 150 niM [29], we find
that

increases by a factor of approximately .5 when

is increased from 3

mM to 18 mM. At rest, Ei^ ~ —98.5 mV and at peak £' k ~ —53 mV. In electrophys
iological recordings from sensory neurons [37, 36, 43] and projection neurons [14, 15],
an increase of up to 30 mV in the amplitude of depolarization is apparent [36].
Recall that there are three distinct types of neurons in the antennal lobe that
form synapses within glomeruli; sensory neurons, local interneurons and projection
neurons. Each type of neuron could have a different sensitivity to extracellular K"*"
ion concentration. Christensen and Hildebrand [15] showed that different projection
neurons have different maximum following frequencies. Their findings showed that
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whereas some cells continued to fire in high dose concentration, others stop firing in
much lower concentrations. Therefore, whereas some projection neurons may shut
down in high levels of [K''"]o.„, others may continue to encode information.
It would be interesting to discover how those projection neurons that show most
sensitivity to high K"*" arborize. Perhaps those that show a faster firing failure have
processes that extend deeply into the left hemisphere of a glomerulus where the
concentrations of K"*" are the greatest. This has not yet been determined because the
electrodes needed for these experiments cannot contain the dye necessary to visualize
the recorded neuron.
Since some projection neurons can respond at high following rates, i.e., in high
[K'^]o„„ what (if any) effect does high

have on sensory axons? As mentioned

in Chapter 1, although one effect of high [K~]o,., is a cell's failure to fire, another
possible effect is the opposite: high [K~]„,., may increase the cell's ability to fire.
Depolarization of a cell membrane due to increased

may bring a cell closer to

its firing threshold. More experiments need to be done in order to determine which
of these effects pertains in sensory axons and in their target neurons in the antennal
lobe.

5.3

Future Additions to the Model

In this dissertation, we modeled a biological system using values measured from tissue
for key parameters. To make the model as biologically realistic as possible, we would
like to incorporate into our model as much biological detail as possible. To this aim,
we plan to make the following additions to the model.
In figure 5.1, the time evolution of the maximum concentration through the
glomerulus is shown. Due to the slow rate of decay, we would next consider what
effect both the neuronal and glial Na"^/K'^ pump would have on the build up of K"*"
ions in the extracellular space. As has been discussed previously, the Na'^/K"'" pump
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does not begin to take up K"*" for tens of seconds after their release. A rough estimate
for the time scale of a typical odor plume is one second. Thus, even though the pump
may not have an effect on initial odor detection and discrimination, it may influence
adaptation which occurs over a longer time course.
Time evolution of

over ttie glomerulus

s
E

0

5

10

15

S

FIGURE 5 . 1 . Time evolution of the maximum concentration of K"*" ions over the
glomerulus for a partially permeable boundary

In our model, we assumed that 25% of the membranes in the left hemisphere of
a glomerulus were stimulated sensory axons. We used this estimate to approximate
the amount of K"*" release following a biologically relevant input. To have a more
biologically accurate estimation, we would need to examine the physiology of the
glomerulus in order to determine how much volume is taken up by sensory axons
because dendrites of both projection neurons and local interneurons also extend into
the left hemisphere. Once we estimated how much of the left hemisphere is composed
of sensory axons, we would need a method for determining how many are stimulated
in response to an odor plume containing different concentrations of odor. Moreover,
we would need to take into account the possibility of recruitment of other sensory
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axons.
The time course of firing in sensory axons was estimated to be one action potential
every 25 milliseconds for 500 milliseconds. This estimation was a time averaged
response obtained after we examined trains of action potentials [43] as well as doseresponse relationships [36] obtained from receptor cells. A more realistic model would
incorporate a time-dependent impulse train showing a variable inter-spike frequency
over a given time interval. Examination of the firing rate of receptor cells reveals a
higher frequency early during the stimulation period (up to 300 spikes per second)
and a decay with time (to 10 spikes per second).
A handbook on histological and electron micrograph methods cites a minimal
linear shrinkage of 5% [25] due to fixation methods. We did our own preliminary
shrinkage calculation by examining two unfixed antennal lobes of Manduca and mea
suring the diameters of 13 glomeruli. The average diameter was 145± 14 yLva. (mean
± standard deviation). This would imply a 50% shrinkage in the antennal lobe as
a result of the fixation, dehydration and embedment. It is not known whether the
glomerulus shrinks uniformly with respect to the fixation.

Further work is needed

to determine the actual effect of fixation on the size of glomeruli; and because our
shrinkage results are so preliminary, we ran our numerical experiments using data col
lected in fixed material. However, since we believe that there is a large shrinkage in
our samples due to fixation, our model should be altered to incorporate more realistic
parameter values: width of the extracellular space, glomerular diameter and mouth
size all would change. This will require more measurements on unfixed samples.

5.4

Conclusion

In most parts of the vertebrate and invertebrate brain, glial processes insinuate be
tween neural processes throughout the neuropil and may influence activity at indi
vidual synapses as well as along neuronal processes. However, in this dissertation,
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we have studied a role for glia in a place where they have a very striking, specialized
spatial distribution. As far as we are aware, nobody has tried to model the role of glia
around olfactory glomeruli, nor have we found any experimental work that investi
gates how the glial layer could contribute to olfactory information processing. In this
study, we investigated the possibility that glia act to regulate the extracellular K"*" ion
concentration and we created a model that has made predictions about the glial role.
Ideally, we would now like to test our results by comparing them to experimental
findings, and then refine the model as called for by the biological results.
It would be advantageous if we could examine the diffusion of radioactive

or

low molecular weight fluorescent tracers in the glomerulus. Would we see significant
diffusion through the mouth and/or through the glial layer? From our model, we
expect that we would not see a significant amount of diffusion through the glial
envelope, but if we did, then we would need to return to our model and determine what
biological effects our model lacks. From these experiments, we also could determine a
more biologically realistic flux parameter describing the expulsion of

ions through

the glomerular mouth. Also, it would be extremely beneficial if we could measure the
accumulation of [K"*"],,,., in response to stimuli by using

sensitive electrodes.

The most important prediction of our model is that the glial envelope acts as a
significant barrier to the diffusive spread of K"^ ions. This not only limits the cross
talk between glomeruli, but it keeps [K"*"],,,., at increased levels within glomeruli over
a significant period of time in response to a volley of action potentials. These results
suggest further biological questions, for example on the effect of elevated K"*" levels
on the excitability of sensory ajcons, and on how the arborization of the projection
neurons affects their sensitivity to high K"^ levels.
Future work will answer these and other questions resulting from our model. How
ever, we would like to emphasize that this type of work would not be possible with
out close collaboration between the biologists and the applied mathematicians. In
the course of this dissertation, we hope that we have shown that mathematics can
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be a useful and perhaps unique tool to help answer biological questions. And most
importantly, we hope that the type of environment where both mathematicians and
biologists can collaborate on common research problems will continue to grow and be
accepted by the scientific community at large.
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