
Smooth, cusped, and discontinuous traveling
waves in the periodic fluid resonance equation

Item Type text; Dissertation-Reproduction (electronic)

Authors Kruse, Matthew Thomas, 1964-

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 24/05/2023 21:01:52

Link to Item http://hdl.handle.net/10150/282759

http://hdl.handle.net/10150/282759


INFORMATION TO USERS 

This manuscript has been reproduced from the microfilm master. UMI 

films the text directly fi-om the original or copy submitted. Thus, some 

thesis and dissertation copies are in typewriter fiice, while others may be 

firom any type of computer printer. 

The quality of this reproduction is dependent upon the quality of the 

copy submitted. Broken or indistina print, colored or poor quality 

illustrations and photographs, print bleedthrough, substandard margins, 

and improper alignment can adversely affect reproduction. 

In the unlikely event that the author did not send UMI a complete 

manuscript and there are missing pages, these will be noted. Also, if 

unauthorized copyright material had to be removed, a note will indicate 

the deletion. 

Oversize materials (e.g., noaps, drawings, charts) are reproduced by 

sectioning the original, beginning at the upper left-hand comer and 

continumg from left to right in equal sections with small overlaps. Each 

original is also photographed in one ej^osure and is included m reduced 

form at the back of the book. 

Photographs included in the original manuscript have been reproduced 

xerographicaUy in this copy. Higher quality 6" x 9" black and white 

photographic prints are available for any photographs or illustrations 

appearing in this copy for an additional charge. Contact UMI directly to 

order. 

UMI 
ABell &H6welI liifonnation Con^any 

300 North Zed) Road, Ana Aibor MI 48106-1346 USA 
313/76W700 800/521-0600 





SMOOTH, CUSPED, AND DISCONTINUOUS TRAVELING 

WAVES IN THE PERIODIC FLUID RESONANCE EQUATION 

by 

Matthew Tkomas Kruse 

A Dissertatioa Submitted to the Faculty of the 

DEPARTMENT OF MATHEMATICS 

In. Partial FulfiUment of the Requirements 
For the Degree of 

DOCTOR OF PHILOSOPHY 

Li the Graduate College 

THE UNIVERSITY OF ARIZONA 

19 9 8 



UMI Nxunber: 9906536 

UMI MTcrofonn 9906536 
Copyright 1998, by UMI Company. Ail rights reserved. 

This microform edition is protected against unauthorized 
copying under Title 17, United States Code. 

UMI 
300 N^orth Zeeb Road 
Ann Arbor, MI 48103 



2 

THE UNIVERSITY OF ARIZONA ® 
GRADUATE COLLEGE 

As members of the Pinal Examination Committee, we certify that we have 

read the dissertation prepared by Matthew Thomas Kruse 

entitled SMOOTH. CUSPED, AND DISCONTINUOUS TRAVELING WAVES 

IN THE PERIODIC FLUID RESONANCE EQUATION 

and recommend that it be accepted as fulfilling the dissertation 

requirement for the Degree of Doctor of Philosophy 

/IAa^X 

Moysey Brio v 1 Date 

Garry M. Webb 

Jim M ing 

8/14/98 

Date 

8/14/98 
Date 

Date 

Date 

Final approval and acceptance of this dissertation is contingent upon 
the candidate's submission of the final copy of the dissertation to the 
Graduate College. 

I hereby certify that I have read this dissertation prepared under my 
direction and recommend that it be accepted as fulfilling the dissertation 
requirement. 

Disserta^on Director Moysey Brio 
8/14/98 
Date 



3 

STATEMENT BY AUTHOR 

This dissertation has been submitted in partial fulfillment of requirements for an 
advcinced degree at The University of Arizona and is deposited in the University-
Library to be made available to borrowers under rules of the Library. 

Brief quotations from this dissertation are allowable without special permission, 
provided that accurate acknowledgment of source is made. Requests for permission 
for extended quotation from or reproduction of this manuscript in whole or in part 
may be granted by the head of the major department or the Dean of the Graduate 
College when in his or her judgment the proposed use of the material is in the interests 
of scholarship. Li aU other instances, however, permission must be obtained from the 
author. 



4 

ACKNOWLEDGMENTS 

I would like to express my deepest thanks to my fiancee, Fabiajie. Without her 
continual love and support, the light at the end of the tunnel would still be a distant 
glow rather than manifest. 

I would also like to thank my parents. It is a wonderful thing to have my own 
personal cheering section. One that would help m^e past the trials in life and celebrate 
the successes. 

My thzinks go as well to others who have helped along the way. To my advisor, 
Moysey Brio, for his guidance, supervision, support, and infinite patience during this 
doctoral endeavor. To Bob Condon for his cyber aid. To Craig Abbey for his K-space 
advice. To Gary Webb for his enlightening discussions, and to Marty Greenlee. 

And last, but not at all least, to Mark Torgerson, who was not only a good Mend 
during my tenure in academia, but exceptionally empathic as well due to his trials 
with [7]. 



DEDICATION 

This work is dedicated to my maternal grandmother 

Ann Puhalik Sidebottom. 

January 16, 1920 

to 

May 6, 1998. 

She will always be remembered for her humor, tenacity, and love. 



6 

TABLE OF CONTENTS 

LIST OF FIGURES 7 

ABSTRACT 8 

CHAPTER 1. GENESIS 10 

CHAPTER 2. THE LINEAR PFR EQUATION 18 
2.L The Lineax PFR equation 18 
2.2. The Viscous Linear PFR 30 
2.3. Comments on Stability 32 
2.4. Generalized System of Equations 37 
2.5. The Lineax Majda Equations 43 

CHAPTER 3. THE NONLINEAR PFR EQUATION 47 
3.1. The Nonlinear PFR Equation with Diffusion 47 
3.2. Single Mode Kernels 49 

3.2.1. Even Kernels 50 
3.2.2. Odd Kernels and Traveling Waves 60 
3.2.3. Kernels with Arbitrary Phase 67 

3.3. Some Notes on Convergence 77 

CHAPTER 4. FIRST INTEGRALS OF THE PFR 81 
4.1. The Linear PFR 83 
4.2. The Nonlinear PFR 85 

APPENDIX A. THE LINEAR UNCOUPLED SOLUTION 89 

APPENDIX B. THE DERIVATION OF THE AMPLITUDE 93 

APPENDIX C. THE EXPLICIT RELATION FOR 0(V') 95 

APPENDIX D. DERIVATION OF THE MAJDA AND ROSALES EQUATIONS. . . 98 

REFERENCES 103 



7 

LIST OF FIGURES 

FIGURE 2.1. Exponential growth 24 
FIGURE 2.2. Amplitude plot illustrating exponential growth 25 
FIGURE 2.3. A traveling wave 26 
FIGURE 2.4. Dispersing modes 27 
FIGURE 2.5. Coherent traveling wave packet 28 
FIGURE 2.6. Growing, traveling waves 29 
FIGURE 2.7. Decay to a non-zero steady-state 31 
FIGURE 2.8. Energy history of the viscous decay. 32 
FIGURE 2.9. A system of PFRs with imaginary eigenvalues 43 

FIGURE 3.1. Evolution of amplitudes 52 
FIGURE 3.2. The steady state viscous free solution 53 
FIGURE 3.3. A viscous profile 55 
FIGURE 3.4. The time history of the energy. 56 
FIGURE 3.5. Effect of diminishing viscosity. 56 
FIGURE 3.6. Evolution of N-wave data 58 
FIGURE 3.7. Evolution of data 3.12 58 
FIGURE 3.8. Non-resonance yields Burgers-like decay. 59 
FIGURE 3.9. Traveling wave with a peak 66 
FIGURE 3.10. A smooth traveling wave 66 
FIGURE 3.11. Discontinuous traveling wave profiles 69 
FIGURE 3.12. The relation between and ip 73 
FIGURE 3.13. Typical evolution of initial data 76 



8 

ABSTRACT 

The principal motivation for this dissertation is to extend the study of small 

amplitude high frequency wave propagation in solutions for hyperbolic conservation 

laws begun by A. Majda and R. Resales in 1984. 

It was then that Majda and Resales obtained equations governing the leading order 

wave amplitudes of resonantly interacting weakly nonlinear high frequency wave trains 

in the compressible Euler equations. The equations were obtained through systematic 

application of multiple scales and result in a pair of nonlinear acoustic wave equations 

coupled through a convolution operator. 

The extended solutions satisfy a pair of inviscid Burgers' equations coupled via 

a spatial convolution operator. Since then, many mathematicians have used this 

technique to extend the time validity of solutions to systems of equations other than 

the Euler equations and have arrived at similar nonlinear non-local systems. 

This work attempts to look at some of the basic features of the linear and nonlin

ear coupled and decoupled non-local equations, offering some analytic solutions and 

numerical insight into the phenomena associated with these equations. We do so by 

examining a single non-local linear equation, and then a single equation coupling a 

Burgers' nonlinearity with a linear convolution operator. 

The linear case is completely solvable. Analytic solutions are provided along 

with numerical results showing the fundamental properties of the linear non-local 

equations. 

In the nonlinear case some analjrtic solutions, including steady state profiles and 

traveling wave solutions, are provided along with a battery of numerical simulations. 

Evidence indicates the existence of attractors for solutions of the single equation with 

a single mode kernel. Provided resonant interaction takes place, the profile of the 

attractor is uniquely dependent on the kernel alone. 
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Hamiltonian equations are obtained for both the linear and nonlinear equations 

with the condition that the resonant kernel must be an odd function with respect to 

the spaciaJ variable. 

This work also offers some insight into the general understanding of nonlinear 

non-local systems of equations. It developes working insight for the action of the 

resoncint mechanism between the solution and a known kernel. 
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Chapter 1 

GENESIS 

la this work, we analyze the simplest of equations balancing a nonlinearity against a 

convolution with a known periodic kernel. We have found it convenient to call this 

equation the aonlinear Periodic Fluid Resonance equation, or more succinctly the 

nonlinear PFR. This equation has the form 

where S is a known spatially dependent function that may have time dependence. The 

* represents the convolution of S with the solution u over the spatial unit Interval, 

or more precisely, 

The integration assumes that the kernel is 1-periodic, and we will further assume 

that all initial data is 1-periodic as well. It is clear that with these assumptions all 

solutions resulting from a PFR equation are inevitably 1-periodic. 

For the most part, we assume both the Laitial data and the kernel belong to the 

class of 2^2 [0,1] functions in space. However, we will at times consider kernels which 

axe unbounded in the £2 norm (e.g., the diffusion kernel in chapter one.). Notice wiU 

be given when we deviate from bounded data. 

The PFR equation differs from most equations involving convolution operators 

and nonlinear terms, such as Vblterra's equation and most functional differential 

equations, in that the convolution is over the spatial dimension rather than over 

time. Though much work has been done on such equations, few if any restilts are 

valid for the PFR equation. 

Ut + uux = S *u 

/ S{x - y)u{y)dy. 
Jo 
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Along with, the noniineax version of the PFR, we will study the linear PFR as 

well. This simpler form may be written as 

Ut = S * u. 

It may be obtained from its nonlinear relative by using the average value of u instead 

of u in the nonlinear term. If this estimate is ensued by substituting r = t-ax where 

a is the average value of the solution, and replacing r with i, then the nonlinear 

PFR equation metamorphs into its linear counterpart. If the initieil data and solution 

are required to have a zero mean, as in [2], then the latter change of variables is 

ujinecessary. 

The principal motivation for this dissertation is to extend the study of small 

amplitude high frequency wave propagation in solutions for hyperbolic conservation 

laws begun by A. Majda and R. Resales in 1984. 

It was then that Majda and Rosales obtained equations governing the leading order 

wave amplitudes of resonantly interacting weakly nonlinear high frequency wave trains 

in the compressible Euler equations. The equations were obtained through systematic 

application of multiple scales and resxdt in a pair of nonlinear acoustic wave equations 

coupled through a convolution operator. The system has the canonical form 

Ut + uu^ = —S{x) * V 
(1.1) 

Vt  +  VVx  = S{—x) * u. 

The derivation of these equations appear in [13], [5], and [1], A brief overview of how 

the system (1.1) is obtained can be found in appendix D. 

In applications from compressible fluid flow, the equations represent three wave 

resonant interaction of small amplitude periodic sound waves, u and v, with an en

tropy wave S. 

In 1988, A- Majda and R. Rosales, and M. Shonbek, published an analysis of 

these equations in [2|. Their efforts offered some interesting numerical and analytical 

results. The main thrust of the analysis suggested the coupling of the nonlinear 



12 

PFR equations tiirough the integral term could produce almost periodic exchanges of 

energy between two acoustic waves. This in turn could suppress the strong temporal 

decay and the evolution of periodic initial data to a sawtooth profile associated with 

the inviscid Burgers equation. 

Specifically, their research included a sketch of necessary conditions to guarantee 

global solutions, an introduction to dispersive coupling between solutions of equations 

(1.1), and some numerical experiments with, various data. Some of the experiments 

include exact solutions. All the while, comparisons are made to existing results from 

Burgers type equations. 

Th.e sketch, of necessary conditions for global solutions is a compilation of standard 

estimates and techniques. A fractional step estimate of a solution to equations (1.1) 

is created from two simpler problems, namely the coupled system (1-1) without the 

nonlinear term, and a system of decoupled inviscid Burgers equations. Gronwail's 

inequality and entropy conditions are applied to obtains bounds on the estimate. The 

fractional step is then diminished. In the limit, the true solution inherits the bounds 

of the estimate solution. They indicate unique weak solutions exist for equations (1.1) 

provided the kernel is bounded in the Li[0,1] norm and the variation of the initial 

data is bounded as well. 

An assxunption of a sawtooth entropy yields a kernel consisting of a sum of (Dirac) 

delta functions. The nonlocal equations (1.1) are reduced to local equations. Some 

exact solutions are obtained which illustrate a nearly periodic exchange of energy, 

and a Hamiltonian equation is found for the local system with N-wave periodic initial 

data. A phase-diagram of the Hamiltonian indicates that an in finite number of non 

decaying time-periodic solutions exist, provided the initial data is small. 

Contrasting this example with a square-wave entropy which also yields a kernel 

consisting of a sum of delta functions, Majda, Resales, and Shonbek illustrate that 

there exist solutions that can break for arbitrarily small initial data. 

Another experiment consists of using the kernel 5(a;) = 24sin(4xa:). Solutions 
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here exhibited rectirring shocks which causes a decay of the energy to a finite nonzero 

value. The shocks vanish as the energy became constant. Another attribute of these 

solutions is a recurrent peaking of the wave-form. The peaks are similar to those 

found in chapter three of this thesis, and to those which Whitham modeled with his 

equation (discussed below). 

As a direct consequence of their efforts P.R. Pego, in [4], produces an explicit 

class of traveling waves for the equations (1.1). These traveling waves are continuous 

and result from a smooth single mode entropy. This example provides an analytic 

example in which the energy loss normally due to the Burgers equation is nonexistent. 

Here, energy is a conserved quantity. 

Additional work was done by G.M. Webb, M. Brio, G.P. Zank, and T. Story in 

[14] by studying the Hamiltonian forms of equations similar to (1.1). The equations 

(1.1) were derived for the "lowest-order" harmonic wave interaction. Webb derives 

the Hamiltonian form of these equations and similar equations describing other low 

order wave interaction (specifically, the first, second, and fourth). Lie symmetries are 

discussed for the sawtooth entropy (the kernel is a sum of delta functions as before), 

and similarity solutions are obtained from the symmetries. Numerical examples of 

the similarity solutions (including one from [2]) are provided. Lastly, Hamiltonian 

equations in Fourier space are obtained and transformed into normal form. 

Another place where equations akin to the PFR equation arise is in shallow water 

theory with G. B. Whitham. Additional work was done by L A. Shishmarev, who 

obtained some general results about Whitham's equation. 

The basic form of the PFR equation was first contrived by Whitham in 1968, [5|. 

He paired the convolution against a nonlinear term to create an equation which better 

demonstrates nonlinear dispersive effects than existing equations (e.g., the Korteweg 

deVries equation). A direct consequence of Whitham's work is the modeling of 'wave 

(1.2) 
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peaJdng' in shallow water. Previous theory did not account for this phenomenon. 

The equation of G.B. Whitham differs from the nonlineax PFR equation in two 

ways. The primary difference is with the domain of the convolution. Whitham 

assumes the domain of integration is the real line as opposed to the unit interval. 

The second difference in Whitham's equation is that the convolution operates 

on the derivative of the solutioa. In contrast, the convolution in the PFR equation 

operates on the solution itself. These differences vanish if weak solutions with periodic 

boundary conditions are studied, and an integration by parts is applied. 

So far, little work has been done with the periodic version of Whitham's equation 

(see [19] and [18]). Only general observations of the properties of solutions involving 

a smooth kernel have been found. Here we outline these findings and refer the more 

curious reader to chapter three of [18]. 

To aid LQ this discussion, the kernel S may be written as 

CO 

S(I)= ^  KE"'",  (1.3) 
n=—oo 

and its order defined as inf(a) where alpha is such that 

\nkn\ < c(l + jnO". 

For a kernel with order less than |, the initial data breaks in finite time provided 

the steepness is sufficiently large (see [18] or [19]). For a kernel with a nonnegative 

order, smooth initial data will remain smooth for all time provided the initial data is 

sufficiently small (see [18] or [19]). And, if the kernel is strongly dissipative, a > |, 

then there is a global solution for all time for any initial data in L2[0, l], ( also see 

[18] or [20]). 

The last result is particulaxly important to us since we will be using dissipative 

operators of order two to emulate the effects of a viscous system. We also search for 

solutions resulting from zero viscosity limits We now reiterate the last result, whose 

proof can be found in [18] on page 77. 
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Proposition 1. Suppose 

R^{K) >0) n £ Z, 

and 

Re{nkn) >€|n|", [n] > po > 0, a > | > 0. 

Suppose also thatu[Q,x) 6 Cf'iRi) is l-periodic. Then there exists a unique solution 

u{t,x) of equation (l.Z) belonging to the class C'^([0, cx3);[0,1]). 

It is important to notice that this result is for the periodic Whitham equation, 

where the kernel interacts with the gradient of the wave form. The corresponding 

order a for the PFR equation can be defined without the value of the wave number 

on the left hand side as follows. 

Re{kn)  >  elnj", |nl > po > 0-

Simply stated, for strong dissipative operators, a > | (for Whitham and the 

PFR), smooth Laitial data generates a imique global solution for time t 6 [0, oo). 

Since the differential operator has order two (a = 2), then smooth solutions 

result for ajiy j/ > 0. A following theorem allows the initial data to be piecewise 

smooth, and proves the existence of a global solution over the time domain (0, oc). 

Despite their differences, the Whitham equation and the PFR equation have a 

similar construct. Their obvious similarities intimate a possible connection between 

solutions of the two equations. Quite possibly, fuU understanding of the PFR equation 

could illuminate some of the phenomena hidden within the Whitham equation. 

Although there has been a reasonable initial investigation into the theory of cou

pled nonlinear PFRs it is quite cleax that an understanding of these simple equations 

is far from complete. And, in light of the decoupling of waveforms in the linear 

case, understanding the phenomena of the nonlinear PFR should give insight into the 

coupled equations of Majda and Rosales. 



16 

It is also clear that, given the breadth of topics wherein nonlinear PFRs could 

be used, the importance of visualizing and understanding the properties of these 

equations is paramount. 

Aside from the general results for Whitham's equation in [18], this dissertation is 

third in a series of works studying equations akin to the PFR equation. The prede

cessors are [1] which derived the coupled equations from conservation laws, and [2] 

which provided an overview described above. The work in this dissertation is com

piled from numerical experiments, analytic results and exact solutions. We illustrate 

new phenomena not found in previous work. 

The objective of this work is to categorize and illustrate some of the intriguing 

new fundamental phenomena which occur as a residt of a solution to the Burgers 

equation in resonance with a periodic background or entropy wave. Our main focus 

wiU be to extricate the effects of the resonant mechanism at work. These phenomena 

are cataloged by the phase and amplitudes of the modes which make up the kernel. 

Basic insight here, used in conjunction with existing work, will bring understanding 

to the fundamentals of the equations of Majda and Whitham and their Uk. We use a 

didactic approach, illustrating the effects when discussed. 

The bulk of our work is presented in the following two chapters, the first displaying 

work done with the linear PFR. The second chapter is left to work done with the 

nonlinear PFR. A third chapter obtains first integrals for the linear and nonlinear 

equations. The last chapter in this dissertation describes some of the avenues where 

further work may be done. 

Chapter two examines the linear PFR, and describes the fundajnental phenomena. 

An exact solution of the linear PFR is obtained and used to illustrate. Evidence of 

growth and translatory effects are observed. Dlustrations of the phenomena including 

exponential growth and linear translations of spedfic modes. Also, a discussion of 

systems of linear PFRs and the effect imaginary eigenvalues have on the system. 

Besides using the linear PFR as a tool to understanding the nonlinear PFR, it 
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may be used to model physical systems as well. The linear theory may be used in 

nonlinear regimes where a wave-form's self interaction is either absent or negligible. 

Such conditions apply for Alfven waves for compressible magneto-hydrodynamics [17], 

£ind transverse waves in elasticity [9]. 

Chapter three consists of studying the effects of a single mode kernel. An even 

kernel of this form may create standing wave solutions which contain discontinuities. 

An odd kernel yields an infinite family of traveling waves. Kernels with a phase neither 

even nor odd create traveling waves which contain discontinuities. In all cases, we 

show that these solutions are stable with respect to non-harmonic perturbations. 

Oddly enough, the analysis of the single mode kernels indicate that, provided the 

kernel is not an odd function, the long time evolution of a resonantly interacting 

wave form will become a traveling wave containing a discontinmty. The features of 

the wave form are uniquely defined by the wave number, ampEtude and phase of the 

kernel. The initial data has little effect on the long time solution. 

Admittedly, the numerical results showing consistent convergence of initial data 

to traveling waves is not conclusive. Only a dozen or so initial data were tested, and 

of those, only a handful are presented. However, all resonantly interacting initial data 

tested have converged to traveling waves. It is unlikely that this is happenstance. 

Chapter four finds a stifficient condition to obtain first integrals for the linear 

and nonlinear Periodic Fluid Resonance equations. The condition is simply that the 

kernel must be am odd function. This agrees with energy equations associated with 

each of the PFR equations. No other Hamiltonians were found, thus the question of 

integrability remains at large. 
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Chapter 2 

THE LINEAR PFR EQUATION 

This chapter considers the linear phenomena associated with temporal change of a 

wave form due to a spatial convolution between the wave fonn and a known kernel. 

Exact solutions to the linear PFR equation are provided. Coupled Unear systems of 

PFRs are also examined. 

2.1 The Linear PFR equation 

The lineaj PFR equation, equation (2.1), is explicitly solvable. In this chapter we 

provide exact solutions and intuitive examples illustrating the properties of the lineax 

PFR to institute a foundation on which we explore the nonlinear PFR. 

Solutions to the PFR equation exhibit growth, decay, and translatory properties. 

These effects are tied directly to the kernel. We show solutions to equation (2.1) are 

stable, and that distortions to the initial data can be quite dramatic. The growth 

that may occur in some frequencies can be exponential. 

The linearization of equation (3.1) around the constant tio ensued by the change 

of variables (t — uqx) 1, gives 

The initial data, f{x) and kernel, S, are assumed to be l-periodic in space, and the 

operator * is the convolution operator over the interval [0,1|, defined as 

Ut(J:,x) = S{t,x) *u(t,x), 0 < a: < 1. 

u(0,a;) =/(x), 

/(x + n) = /(x), n e Z 

(2.1) 
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Observe that we have the kernel 5" being time depeadent. This is in contrast with 

the mxiltiscaie analysis mentioned in the introduction which resulted in equations 

(LI) with an atemporal kernel. However, in general the kernel may be a temporal 

entity, and we will not fully discount this possibility yet. 

Such is the case in elastic waves. J. Hunter in [9] illustrates that a longitudinal 

wave can create a pair of transverse waves. The equations governing this interaction 

consist of a pair of coupled linear PFR equations with a kernel which is temporal in 

nature. Specificaily, the kernel is the spacial derivative of the longitudinal wave. In 

this regime, the longitudinal wave satisfies an inviscid Burgers equation. 

However, immediately after the derivation of the general solution using a time 

dependent kernel we will return to a more traditional analysis. This analysis will 

assume an atemporal kernel for most computations. 

Thus, for the next few computations we wiU allow the the kernel S along with the 

solution u to be time dependent. This will offer a more general solution to equation 

(2.1). 

Exact solutions to the linearized PFR equation may be obtained by a Fourier 

expansion analysis. One may also use Fourier exponentials for this computation (we 

will see these in a moment), however, such notation makes it more difficult to perceive 

the more interesting properties of the solution. Traditional Fourier series expansions 

allow us to see the resulting phenomena more readily, and thus will be used here. 

We begin by substituting the Fourier expansions of the kernel and the solution, 

•3C 
5(t, x) = ao(t) + ̂ 2 cos(2nTx) + 6„(f) sin(2ra7ra:) (2.2) 

and 
oa 

u(t, x) = Ao{t) + A(t)„ cos(2n7rz) -i- B{ t )n  sin(27i7rx), (2.3) 
71=1 
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where 

Ao(0) = / u{0,y)dy, 
Jo 

A„(0) = 2 / u(0, y) cos(27rni/)rfy, 
Jo 

S „ ( 0 ) = 2 /  u{0,y)sm{2Trny)dy, 
Jo 

ao(0) = / u{0,y)dy, 
Jo 

OniO) = 2 / u(0, y) cos{2Trny)dy, 
Jo 

and 

6n(0) = 2 /* u(0, y) sin(27rny)dy, 
Jo 

into equation (2.1). Like terms are collected to obtain the following set of ODEs for 

the coefficients. 

2;^ = 

2^ = iMt)A,(t)-l,MBM) 

= k.Mt)B.(t)+b,(t)A„(t)) 

Remember, the kernel is known, aoid thus so are the a„ and 6^. 

An implication that we will exploit throughout this work is that CQ = 0 and 

Ao = 0 both imply that the mean value of the solution will not change. la particular 

an initial condition with a mean of zero will continue to have a zero mean for all time. 

As we shall see in chapter three, this is true with the nonlinear case as well. 

The coefficients for each mode are determined and summed to obtain the general 

solution. 

5 /3 
u(t, x) = ̂ 10(0)6°° + ^2 cos(2n7rx —+ 5^(0) sin(2n7rK —^)]. (2.4) 
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Here, On and /?n are primitives, or antiderivitives, for On and 6n respectively. The 

initial data require these primitives to be zero when t = 0. 

Equation (2.4) may be further reduced by defining 

and 

= ;^(1 - sgn{Bn) ) .  

Thus simplifying solution (2.4) to 

ii(t, x) = To(0)e'''' + ^ e'^Tn(O) sin. f2nT fx + 
n=l ^ ^ 

Recall that solution (2.4) to equation (2.1) assumes a time dependent kernel how

ever, for the present analysis we will use the asymptotic equations derived by [13] and 

[1] (which use atemporaJ kernels and mean zero solutions) to guide our work. Thus, 

the On and (for all n) are taken to be constant with respect to both time and space, 

and the constant term, .4o, is taken to be identically zero. We assume tliis for the 

rest of this work. Equation (2.4) becomes 

OO , L 
u(t, x) = ^ e^^[A,i(0) cos(2n7r(x — ^^^)) + 5„(0) sin(2nx(x — (2-5) 

n=l 

We may obtain an expression for the energy of a solution to (2.1) by multiplying 

both sides by u cind integrating over the unit interval. 

Inspection of the energy equation will show that growth in the energy of the 

solution results only from the even portion of the kernel. A strictly odd kernel (o^ = 0) 

will cause no change in the energy. 

In chapter four we show that restricting the kernel to an odd function is siifficient 

to obtain a Hamiltonian of equation (2.1). 
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Solution (2.5) is exact and was computed using Fourier trigonometric series anal

ysis. This solution may also be written in terms of Fourier exponentials. 

Instead of using the Fourier trigonometric series expansions equation (2.5), equa

tion (2.2), and equation (2.3), for the solution, kernel, and initial condition, we now 

use the Fourier exponential series, 

«{t,l) = (2.7 a) 
n=—oo 

00 

5 ( f , x ) =  c „ ( ^ ) e ' - ' ^ " ^  ( 2 . 7  b )  
n=:—oc 

with 
oc 

u{0,x)= ^ A:„(0)e'-'™^ (2.7 c) 
OO 

The coefficients Cn and are complex valued. If the are assumed to be constant, 

then these expansions yield the following differential equations for the coefficients kn-

at 

These ODEs offer a solution to equation (2.1) of the form 

OC 
u{t,x)= Y, (2.8) 

Il=—OC 

The form, while succinct, does not allow easy observation of the underlying phe

nomena. Though most of the computations in this work are done with the Fourier 

trigonometric series form of the solution, there will be times when Fourier exponen

tials will help our discussions. 

The solution (2.5) can be divided immediately into three categories based directly 

from the coefficients of the Fourier series of the kernel and the phase of the modes in 

the initial data. The phenomena are: 

• The portion of the solution which may majufest as traveling waves. This portion 

consists of all modes in the solution with nonzero amplitudes whose correspond
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ing modes in the kernel also have nonzero amplitude. The mode in the kernel 

must also be, In part, odd. (i.e. For the nth mode, 6„ ^ 0.) 

• The portion which may exhibit exponential growth or decay. This portion con

sists of all modes in the solution with nonzero amplitudes whose corresponding 

modes in the kernel also have nonzero amplitude. The mode in the kernel must 

also be, in part, even. (i.e. For the nth mode, ^ 0.) If > 0 we have 

growth, and if On < 0, the amplitude decays. 

• The portion which remains inert. This portion consists of all other modes not 

used in the previous two categories. 

These categories are not distinct. A particular mode in the solution may exhibit 

phenomena from more than one of these three categories. More often than not we will 

observe frequencies which, grow and translate. The complete solution of the linear 

PFR is a confluence of these three phenomena. We shall examine the last category 

first. 

The portion of the solution which remains inert is formed by collecting together all 

modes in the solution whose corresponding modes in the kernel have zero amplitude. 

We also include the modes of the solution with zero amplitude. In either case, these 

modes simply do not resonate with the kernel at all. The convolution of the kernel 

with, the nth mode yields S*(AaCOs(27i7rx)-hBnSin(27ixx)) = 0. Thus the coefficients 

to these modes satisfy = 0 and = 0, the implication being that since these 

modes do not resonate with. th.e kernel, they do not change. 

The remaining modes of th.e kernel can be divided into odd and even portions-

Both, resonate with, like modes in the solution bringing to bear change; the odd portion 

is strictly responsible for the generation of traveling waves, while the even portion 

gives rise to exponential growth, or decay. Tliese effects may be predicted from solution 

(2-4). The Ont which appears in the exponent is responsible for growth, while the 

which, appears as a phase change in the solution is responsible for translation. 
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Numerically, we can see these phenomena taking place with a few examples. 

Example 1: In our first example we aJlow the kernel and the initial condition to 

share a common mode. The phase of the kernel is even, and consists of a single 

mode. This will allow us to isolate the exponential growth in the solution by 

seeing the growth in a single mode. The initial data is a periodically extended 

N-wave. 

S{x) = cos(67ra:) (2.9) 
=0 2 

u(0,x)=y^ —sin(2n7ra:) = 1 — 2x, x6[0,1]. (2.10) 
mr 

U 
3.0 t = 4.8 

t = 3.2 
t = 1.6 

Initial 
data 2.0 

1.0 

0.0 

-1.0 

-2.0 

1.0 0.5 

FIGURE 2.1. Exponential growth of a mode due to a single mode even kernel 

Since the kernel is even ajid consists of but a single mode, the third mode (ftom 

(67rx)) will grow exponentially while all other modes in the solution will remain 

inert- This is reflected by the consistent slope in the solution with the obvious 

j-periodic deformation. It takes 1.5x seconds for the amplitude to grow to a 

height of approximately 2.2 from its initial height of approximately 0.2. 
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Amplitude 

2.2 

Final Amplitude 2.2 

Initial Amplitude » 0.2 

time (sec.) 
0.0 

4.8 3.2 1.6 0.0 

FIGURE 2.2. Plot of an exponentially growing amplitude with respect to time 

A nonlinearity could be used to balaace growth in one mode to the decay of energy 

in higher harmonics resulting in a bounded steady state solution. Again, we consider 

this in chapter 4. 

If the coefficient of an even mode in the kernel is negative, then, as one might 

suspect, the corresponding mode in the solution decays to zero exponentially. 

We now examine the effect that cin odd kernel has on a wave form. 

Example 2: la a similar example, the kernel consisting uniquely of a single odd mode 

illustrates the dispersive properties of equation (2.1) by creating a traveling 

wave. The kernel and initial condition are 

5(x) = sin(4xz) (2-11) 

u(0, x) = sin(4xx) (2-12) 
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U Initial data 

-1.0 

0.0 

1.0 

X 

0.0 0.5 1.0 

FIGURE 2.3. Typical advectlon from a single mode odd kernel 

The velocity of the wave appears to be This can be verified from equation 

(2.4). The velocities of each mode can be and are usually different. Only when 

mbn = nbm will the mth and nth modes have the same velocity. The results in 

this next example illustrate precisely the dispersive qualities of equation (2.1). 

Example 3: Here, the kernel and initial data are 

The differing amplitudes of the modes of the kernel produce different speeds for 

each mode. The first harmonic travels with speed ^ and the tenth harmonic 

with velocity Only one period of each mode has been plotted so that the 

dispersive effects may be seen. 

S{x) = 2 sin(27ra:) + 10 sin(20xx) 

ti(0, x) = sin(27rx) + 0.2 sin(20xx). 

(2.13) 

(2.14) 
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Ak 
1.0 

0.0 

-1.0 
1.0 0.5 0.0 

FIGURE 2.4. The dependence of wave velocity on the mode amplitude. 

Unlike local dispersive equations (e.g. the Korteweg de-Vries equation) whereby 

the wave velocity is usually dependent on the wavenumber, the linear PFR equation 

obtains wave velocities from the amplitude of the resonajit mode in the kernel. 

This allows us to tailor the kernel to get each mode to travel at the speed we would 

like. For instance, the kernel (2.15) causes the first N modes of the solutioa to travel 

at the same speed in a coherent bundle, while all other modes (with periods smaller 

than jf) remain, fixed in their original state. Example 4 illustrates this coherence. 

Example 4: With iV" = 10 and a = 1, and a kernel and initial conditioa of the form 

tr 
5(x) = ̂  am sin(2Tma:) (2-15) 

m=l 
and 

u(Q, x) = sin(6'7rr) + sra(4xa:) + .1 sin(187rar), (2-16) 

create a wave form which moves to the right with speed The profile of this 

waveform does not change. This is a direct result of each mode's velocity being 

tuned to match the others. In such a manner we are able to obtain traveling 

waves with complex profiles. 
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The plots shown differ in time by 3.0 seconds. 

U 

-1.0 

-2.0 

2.0 

1.0 

0.0 

initial data 
t = 3.0 

X 

0.0 0.5 1.0 

FIGURE 2.5. Evolution of the initial data (2.16) with the kernel from eq^uation (2.15) 
with iV" = 10 and a = 1. 

The limit, as AT —oo, in equation (2.15), results in a right moving traveling waves 

with velocity For such a series, the infinite sum does not converge for all points 

in the unit interval, and a singulaxity exists at the origia. In effiect we axe creating 

^5(x), (the derivative of a delta fiinction) and equation 2.1 is reduced to the local 

differential equation + = 0. Realistically however, we may emulate the 

by picking an N large enough that the series for the kernel wiU be finite (and thus 

convergent), and the error in the solution will be small. 

The linear nature of the equation allows superposition of the modes. A. combi

nation of sine and cosine (in effect a phase shifted sine) of the kernel results in a 

traveling wave with an exponentially growing amplitude. This is illustrated in this 

next example. 

Example 5: LDL this experiment the kernel and the initial data are 

S{x) = 1.5sin(47rx) -fcos(47rr) 

ti(0, x) = sin(47ra;). 

The plots are separated by 1.2 seconds. 

(2.17) 

(2.18) 
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U 
solution 
for t = 3.6 

Initial 
data 

6.0 

3.0 

0.0 

3.0 

6.0 
0.0 

FIGURE 2.6. Evolution of the initial data with, a kernel consisting of both, odd and 
even components 

We have seea examples using five different kernels. While there aie infinitely many 

possible kernels we present three more with interesting properties. 

The first of these kernels has the form 
CC 

5(r) = 47r sin(2m7rx). 
m=l 

This will give a quasi-periodic wave form. Since each mode travels at speed ^ the 

first N modes are T*-periodic in time, for T = NL However, for ajiy time £ > 0, u(£, x) 

will never be equal to ti(0,2:). If the Initial data is continuous, then the difference 

\u{T, x) — •a(0,x)|oo will be small. 

The second kernel has the form 

S { x )  = 4x m" sin(2m7rx). 
T7l=I 

It gives each mode a velocity directly proportional to its wave number. This emulates 

dispersion in its traditional sense, i.e. dispersion similar to the linear KdV equation. 

The last kernel has the form 
X 

m" cos(2mirx). 
m=l 



30 

This kernel with i/ > 0 and a = 2 reduces the linear PFR to the heat equation. A 

theorem of 1. A. Shishmarev in [IS], and restated in the introduction of this disser

tation states that with a > §, this kernel forces the solution to the nonlinear PFR 

equation to remain smooth for all time. 

At times we consider kernels with a = 2. However, when doing so we isolate this 

series by using the closed form 

^47r" n" cos(2nxx)^ • = 

2.2 The Viscous Linear PFR 

In the following chapters we will consider solutions to the nonlinear PFR equation 

which result from zero viscosity limits of solutions to equation (3.2) To examine the 

effects that viscosity has on PFRs we will add an order two diffiisive operator of the 

form where u is real and positive, to equation (2.1). In doing so, equation (2.1) 

becomes 

ut = [ S{x — y)u{y)dy+ uux^, u>Q. (2.19) 
Jo 

K u{x,t) and 5(x) are defined by equations (2.3) and (2.2) then the system of 

ODEs for the coefiBlcients becomes: 

- Sun-irAn) 

f ) R  1 ^ - Sun^irB^) 
ot Z 

The solution of this system is 

k h 
u{t^ a:) = ̂  e^^~'"^'^^^'[A„(0) cos(2Ti7rar — -^t) 4- 5^(0) sin(2Ti'7rx - -^£)j (2.20) 

n=l 

differing from solution 2.4 only by —uAirvrt appearing la the exponent. 
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The diffusion term, as usual, adds exponential decay proportional to the square of 

the wavenumber. By observing the exponentiai term we caJi see that the amplitudes 

of the modes of the kernel can be tuned, with respect to the strength of the viscosity, 

to promote growing, decaying, or stable solutions. 

If some modes axe tuned properly, then an energy curve which decays to a non-zero 

value may be obtained. This Ccin be seen in the following experiment. 

Example 6: Here, the initial data and kernel are 

u(0, x) =3 sin(47rx) + sin(67rx) + cos(107rx) 

S{x) = 367r"z/cos(6xx), 

the viscosity coefficient, i/, is 0.5, and time evolves to 2.0 seconds. This initial 

data with the inviscid Burgers equation would shock up within seconds. 

Initial data 

-1.5 

-3.0 Steady-state 
solution 

0.0 

FIGURE 2.7. Evolution of the initial data to a nonzero steady state. 

The energy decays, as the second and fifth harmonics decay to zero, but lev

els off at energy « 0.25. This residts from the fact that the amplitude of the 

third harmonic in the kernel is tuned to prevent growth and decay iu the corre

sponding harmonic of the solution.. The other modes ia the kernel have a zero 
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amplitude ajid do not gain energy from, resonant interaction with the kernel. 

Without this enrichment the diffusive term saps all energy from these modes, 

and the solution decays to sin(67rx). 

Below is a plot of the energy of the solution over a time of four seconds. One 

can observe that the solution evolves nearly to a steady state in two seconds. 

Energy 

Initial Energy ~ 3.43 3.0 

2.0 Steady-State Energy = 0.25 

1.0 

FIGURE 2.8. The history of the energy as it evolves to a nonzero steady state. 

2.3 Comments on Stability 

Tn the previous section we obtained solutions for equation (2.1) given periodic bound

ary conditions and L2[0,1] initial data. It is the goal of this section to address the 

uniqueness and the stability of said solutions. 

Here, we show that the solutions are both unique up to the initial data and vary 

continuously with respect to perturbation of the initial data and perturbation of 

the kernel. We offer two propositions, one dealing with the initial data, and one 

addressing the kernel, both show continuity in the L-x norm. 

The uniqueness of solutions to equation (2.1) may be observed by allowing two 

arbitrary solutions evolve from the same initial data and then proving that these two 

solutions are in fact the same. 
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Let u and v be arbitrary solutions to equation (2.1) with u(0, a;) = t;(0,x). Then 

we have 

u t  =  S  * u ,  

and 

vt = S *v, 

with 

ti(0,a;) = u(0, x). 

Subtracting these two equations and substituting 

= u { t , x )  — v { t , x )  and i£;(0,x) = u(0,r) — u(0,x) = 0 

gives 

wt=s*w with ty(0,x)=0. 

The solution of this equation (from, the Fourier transform over a;) yields t£/(£, x) = 0 for 

ail time. The implication being u(£, x) = v{t, x) for all time as well. Thus, solutions 

to the lineax PFR equation are unique. 

We now address stability. Here we use the Fourier exponential expansions from 

(2.7 a). We also include the expansion for the perturbation of the initial data , p, and 
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for the perturbation of the kernel, s. 

00 
u{t,x)= Yi (2.21) 

as:—oo 

S{x) = F;; C„E'2--, (2.22) 
«=—OO 

u(0,x) = f] (2.23) 
n=-*oo 

p(t,x) = Yi PnWe"™'. (2-24) 
n=—CO 

00 

p(0,x) = ^ p„(0)e""'. (2.25) 
n=—00 

with 
OO 

s{x) = ^ (2.26) 
n=—00 

For the following propositions, we need bounds on the kernel, Loitial data, and the 

perturbations. The bounds are as follows. 

Ct = f E |fcn(0)l=) ' (2.27) 
^n=—oo 

oo \ 2 
?, = I E 1 (2.28) 

\n=—OO / 

a = |max{c„}^^i^, (2.29) 

and 

P = |max{|sn(}^^i. (2.30) 

The first two bounds assume £2 convergence. For a to be finite, relation (2.29) 

assumes a maximal Fourier coefficient, but does not require a minimal one. This 

allows kernels which may act like diffusive operators. 

Initially we look at solutions which result from perturbing the initial data. We 

also look at solutions which result from perturbing the kernel. In both cases the 
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solutions are stable and vajy continuously with, respect to the initial data and the 

kernel. 

For the following discussion, and the two immediate propositions and their proofs, 

the Li norm is the traditional energy norm over the unit interval defined as 

|/(a;)|2 = -

Proposition 2. Let e > 0, and T > 0. Let u(t,x) be the solution to equation (2.1), 

with initial data u(0,x) from(2.2Z). Let v(t,x) be the solution to equation (21), with 

initial data p(0,x) -f •u(0,x) from (2.23) and (2.25). Assume the kernel has the ex

pansion (2.22) and a defined by (12.29) is finite. 

Then, for any perturbation, p, which satisfies (2.2S) and 

^ ̂  (2-31) 

it follows that 

\u — uja < e 

on the closed unit interval. 

Proof. The equation (2.1) is linear, thus examining the difference, \u — i;|o = Ipjo, 

amounts to ftYamirimg the evolution of th.e pertuxbation. Solution (2.8) gives us 

p(£,x)= ^ p^(0)e^e'-^= 
OC 

Applying the Lo norm, the triangle inequality, and [e'^jo = 1, gives 

b(i.a?)l2 < ^ bn(0)l"e''''' 
7l=—CC 

Now, using the definition of a from equation (2.29), and substituting fp for the infinite 

sum (from equation (2.28)) we have 
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Since the RHS is an increasing function with respect to time, then for all t on the 

interval [0, T\ we have 

\p{t,x)\2 < 

And finally, relation (2.31) gives us 

[•u — 1/(2 = |p(£,a;)l2 < e (2.32) 

forall £6 [0,T]. • 

We now address the stability of the solution u with respect to perturbation of the 

kernel. 

Proposition 3. Let e > 0, and T > 0. Let u(t,x) be the solution to equation (2.1), 

with kernel (2.22), and initial data ^(0, x) fTom(2.2Z) satisfying (2.27). Let v(t,x) be 

the solution to equation (2.1), with kernel S(x)+5(x) from (2.22) and (2.26) satisfying 

(2.29) and (2.ZQ), and initial data u(0,x) from (2.2Z) satisfying (2.27). 

Thus, for any perturbation, s, which satisfies 

e 
1 + (2.33) 

we have 

\u{t,x) —v{t,x)\2 < e 

for all time t E [0,T]. 

Proof. Solutions u ajid v have the exponential form (from equation (2.7 a)) 

•X 
u(t,x)= 

oc 

and 
OG 

v(t,x) = ^ e''^ 
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Thus, 
OC 

k n [ e ^  -
nst—oo 

n=—00 

Applying the ia aorin, using the triangle inequality, and the relation |e'^'^"®j2 = 1, 

we arrive at 

\^-^\\< E - If • 
n=—oc 

Now, for each 5„ we have 

|e^ — 1| < — 1 < fi"'-

Using this and the relation (2.27), we obtain 

ju — v\2 < (e^' — 1) ^k-

Realizing that the RHS is an increasing fiinction with respect to time we may replace 

t with T and keep the inequality. And finally, using our assumed bound for /?, relation 

(2.33), we have 

(•u(t,x) — t;(£,x)(2 < e 

• 

In both propositions the time interval [0, T\ and e > 0 were arbitrary. Thus, the 

solutions to equation (2.1) depend continuously on the initial data and the kernel for 

einy finite time. 

2.4 Generalized System of Equations 

In general, approximating a set of equations will lead to a system of coupled PFR 

equations. Such is the case with the Euler equations [1], elasticity [9], and magneto-

hydrodynamics [17]. When equations couple we may get new phenomena which is 
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dissimilar to that of a single PFR equation. In some cases a system may contain only 

even kernels, which typically cause growth in the wave form, yet have a fixed energy 

and exhibit no growth or decay. We will look into some of the effects coupling has on 

the wave forms. But first, we would like to introduce some notation. 

A system of k coupled linear PFR equations may have the form 

Q ^ 

m=l 
k 

m=l 

^ u ' ( t , x )  =  ' ^ s n x ) , u " ' ( t . x )  
dt m=l 

1 fc 

m—1 

where the superscript denotes the jth solution, and the superscripts denote 

the kernel of the convolution with the zth wave form in the jth equation. 

With this in mind, we now extend equation (2.1) to accommodate this system of 

linear fluid, resonance equations. 

Consider u as a vector describing the states of the k coupled wave forms. Here we 

use the'to indicate a vector. 

n { t , x )  =  

^ u^(t, x) 
u"(t, re) 

\ v}'{t,x) j  
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Also, allow the nth coefficient, An, to become the A:-vector; 

A^ = M X t )  

\ Aw / 
If the vector Bn is defined similarly, then the system of k wave forms may be written 

as 

u(f, x )  =  A o { t )  +  ̂  An(i) cos(2n7rx) + Bn(t) sin(2n7rx). (2.34) 

We now extend the kernel 5 to a matrix S comprised of scalar fimctions from the 

system 2.4. 

• S ^ ^ { x )  . . S^''{x) ' 
S'\x) S'-{x) 523(X) . 

S(x) = S^\x) S ' H x )  S ^ % x )  . . 53<--(x) 

s ' H x )  S''^x) . S''''{x) 

with each 5*^ being defined as 

OC 

= Oq + ̂  cos(2n7rx) + sin(2nTa:). 
1 

We also extend and 6„ to the matrices 

a„ = 

b,= 

r o.i\x) a!r(x) . - af(x)l 
a^(x} . - e(x) 

1 

a 

biKx) bn( x )  -- ^i^x) 
b f i x )  e-(x) - '  l >n( x )  

&f{^) b^Hx) -- eCx) 
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with. 

a^^(x) a^^(x) ... a^^'(x) 
a^^lx) as^(x) ... af(x) 

ao = . 

_ ao^x) a^-(x) ... a^''(x} _ 

The a'^ and 6'^ are scalars which are not spatially dependent, but, as previously 

discussed, may be temporal. Here, they are taJcen to be constants ia both time and 

space. 

With this in mind, S may be written as 

S = ^ (an cos(27i7rz) + sin(2n7rx)) (2.35) 

and the system (2.4) of k linear fluid resonance equations has the form 

Ut = S * u (2.36) 

where the * indicates a convolution. The convolution between the matrix S and the 

vector u is to indicate a convolution between components as seen in (2.4). 

Dominant effects of the system (2.4) may be predicted by the exajnination of the 

eigenvalues of the matrix S. We have seen that the even portion of the kernel leads 

to growth while the odd portion leads to translatory effects. This is also true for 

solutions involving only real eigenvalues of the matrix S. 

K we asstune that the matrix is diagonalizable, then the equations decouple along 

the directions of the eigenvectors- The kernels of these decoupled equations are noth

ing but the eigenvalues of the matrix S. The solution, to the system of PFR equations 

consists of an exponential of the time integral of the kernel. It was this which dictated 

the growth or translatory effects of the solution. Thus, if all the eigenvalues of S are 

real, then the equations decouple and the analysis follows the methods of the single 

PFR equation. 

However, it is quite possible that the eigenvalues are not real. The complex eigen

values can be divided into their real and imaginary components. The real components 
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follow the existing theory, while the imaginaxy portions reverse the effects of the odd 

and even portions of the kernel. That is an imaginary odd function will contribute 

to the growth and decay of a solution, while an imaginary even portion wiU produce 

translatory effects. 

The following examples illustrate this. 

Example 7: Let S be defined as 

S = f { x )  0 
0  f { x )  

(2.37) 

where f { x )  € 1]. The eigenvalues are entirely real for all values of x. A 

system of this form decouples into two distinct PFR equations, 

t i j  =  f  * u ^  

2 e 2 u -  =  f  *  U .  

Each is capable of exhibiting translation and growth. As we have found previ

ously, the odd portion is responsible for translatory effects, the even for growth. 

Example 8: Let S be defined as 

S = 0 - f { x ]  
fix) 0 

(2.38) 

Here the eigenvalues of the matrix are purely imaginary, A = ±i|/|, ( i  =  v'^)-

To see the efifects that the imaginary eigenvalues have on the solution we substi

tute the following series into equation (2.4). Here we use the Fourier exponential 

fonn an.d will compare to solution (2.8). 
OC 

''.imx •u^(0, a:) = ^ Ke'-
oc 

ti-(0,x)= ^ Ue'-
n=—oo 

and 

f i ^ )  =  ^ 
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Again, the eigenvalues to S are ±«|/|. The matrix of right (column) eigenvectors 

is 

R = \ ^ .  ^ 
I —I 

The solution, after some matrix algebra and analysis similar to that previously 

done in this work, is 

u\t,x) = [(&„ - + {K + Oe-'""'] 
oo 

u \ t , x ) =  ^  [ ( i f c n  +  i n ) e ' ' ' " '  +  ( - i f c n +  
Tl=—OC 

(2.39) 

Previously, in equation (2.8) the coefficients were not multiplied by z, and in 

these solutions they are. Solution (2.8) indicated that the imaginary portion of 

the coefficient, c^, was responsible for the translatory effects. Multiplication by 

i switches the real and the imaginary parts. In effect, it is now the real portion 

of the Cn (e.g. the even portion of f(x) ) which is coupled with the (2irnx) term 

to get the traveling wave. The following figure illustrates this transposition. 

Here, 

/(x) = 2sin(2Ta:), 

= cos(2xx), 

and 

IT = sin(2xi). 

The growth in the solutions is obvious. Inspection wiU also show that there is 

no translation to either solution. Similar experiments wiU. show that the even 

portion of / provides translatory effects in the final solution. 
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height 
2.0 

V solution 
t = 0 
t = 1 
t = 2 

0.0 t = 3 

u solution 

1.0 

0.0 X 

•1.0 

•2.0 

FIGURE 2.9. Pure imaginary eigenvalues transpose the effects of the odd and even 
portions of the kernel. The kernel is sin(2xz), and the solutions exhibit growth. 

Examples 7 and 8 provide an intuitive base on which to discuss the effects a matrix 

kernel S has on a system of k wave forms. Our two examples were contrived in such 

a manner that they took the form S = Mf{x) where M is a matrix of constants. In 

general this is not the case. Often, the eigenvalues are functions of x, and thus, S 

may be singular at times. 

Definition: A matrix S of functions is said to fragment if it caji be written in the 

form S = Mf(x), for some sccdar function / and some matrix M of constant 

Matrices which fragment have constant eigenvectors and eigenvalues. If the matrix 

associated with the system (2.4) fragments, then the system is exactly solvable. 

2.5 The Linear Majda Equations 

A. Majda and R. Rosales [1} obtained, for I-d conservation laws, a set of nonlinear 

PFR equations coupled through the convolution operator. A linear version of their 

values. 
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system may be obtained from equation (2.4) by setting fc = 2. If, for some function 

/(s), we set = -/(x), = /("^r), and S^^(a;) = = 0 then the 

matrix S becomes 

which is the matrix associated with equations found in [1] with known kernel / { x ) .  

Using this matrix we have 

The matrix S has a skew symmetric form which, unlike our previous two examples, 

5 does not fragment except for some special cases. 

The nature of S may be somewhat revealed by examining its eigenvalues, A = 

±y/—f{x)f{—x). The nature of the A becomes clear when we separate / into its odd 

and even peirts of / by writing f{x) = foddi^) + f<rven{x). With this substitution, the 

eigenvalues are A = ±^/f;dd ' 

Interestingly enough, if / = /even then the kernel is even, the eigenvalues are imag

inary and the matrix S fragments. This implies that we should only get translatory 

effects in the solution. Similarly, if / = fodd then the kernel is odd, the eigenvalues are 

real, and S fragments. Again, we should only get traaislatory effects in the solution. 

Furthermore, we may find exact solutions. To do so, let u - = u ^  and v — vr. Thus 

we find the system of PFR equations. 

Substituting in the Fourier decompositions 2.3 along with the additional Fourier 

Ut = S * u. (2.40) 

(2.41) 
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decompositions for v and /, 

OO 

v{t, x) =^2 cos(2n7rx) + Dn{t) sin(2n7rs), 
ii=L 

OO 

f{^) =  ̂  On cos(2n7ra;) + sin(2n7rx), 
n=I 

we obtain the following system of ODEs for the Fourier coefficients. 

^ - b A ] ,  

^ = -i(a,0„ + 6„C.), 
e f t  I  

^ 

and 

d D n  _ l f  a  ,  .  .  
dt ~ 2 

This has the solution 
CC 

u ( x , t )  = ̂  [A„(0) cos(2n7ra:) + 5„(0) sin(2n7rx)j cos(a„i) 
n=l 

+ [Xicos(2n7rx) + X2 sin(2nxx)] sin(aa£), (2.42 a) 
OC 

v{t, x) = ̂  [C'n(O) cos(27i7rx) + D„(0) sin(2n7rx)] cos(aa£) 
n=l 

+ [li cos(27i7rx)l:2 sin(2Tixx)] sin(a„t), (2.42 b) 

where 

^ a«C.(0)-6„D„(0) 

bnCn{0) + a^Dr,{Q) 
X2 = 

Yt = 

Yo = 

4a.a 
<ln-4n(0) + bnBn,{0) 

40!n 
bnAijO) -t- Q^-gu(O) 

4a™ 
and 

Qttt = y/al-h b^. 
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This solution is for an arbitrary kernel. Clearly, the skew symmetry prevents 

exponential growth regardless of whether the modes in the kernel are odd, even, or a 

combination of the two. 

The right moving traveling wave of the linear PFR can be associated with both 

left and right moving traveling waves. These two waves, together, work to create four 

time periodic pieces of the form f{x) sin(i). This is in contrast to the solution of the 

single equation which, although it is time periodic, takes the form of a unidirectional 

traveling wave for any given mode. 

Upon careful inspection, one may observe that the solution u{t, x) is the initial 

condition ^(0, x) multiplied by cos(af) summed with a second time periodic function, 

the latter term arising from resonating with the entropy wave. The solution for v 

has a similar construction. 

If = 0 and £?„ = 0 for all n, then the resonant terms are phase shifts of the 

initial conditions. 

As in equation (2.1) the portion of the solutions which do not share modes with 

the kernel remain inert for all time. The portions of the solution which do resonate 

with the kernel can be thought of as spacial modes with time modulated amplitudes. 

In any Ccise, the general solution to equation (2.41) indicates a bounded solution 

for any kernel. 



47 

Chapter 3 

THE NONLINEAR PFR EQUATION 

This chapter considers the nonlinear PFR equation. Exact solutions are found when 

the kernel consists of a single mode. Numerical experiments indicate the exact solu

tions are zero viscosity limits. Also, evidence is provided implying that these exact 

solutions are attractors. 

3.1 The Nonlinear PFR Equation with Diffusion 

Recall the beisic equation, which attempts to capture the rudiments of nonlinear fiLuid 

resonance with periodic boundary conditions, introduced in chapter one: 

U t ( £ ,  x )  +  u u x  =  S { x )  *  u { t ,  x )  (3.1) 

and 

•ut{£, i) + uuj; = S{x) * u{t, x) + vuxx. (3.2) 

In chapter two, the linear counterparts to these equations exhibited three distinct 

types of phenomena based on the amplitude and phase of each mode in the kernel. 

The phenomena found consisted of portions of the solution that exhibited growth 

or decay, translative portions, and portions remaining inert. Again, these are not 

disjoint categories. We now look at a similar dissection of the kernel within the 

nonlinear PFR equation. 

We might note that the magnitude of the amplitude of the modes of initial condi

tion have little importajice (unless the amplitude is identically zero) to the long time 

behavior of the solution. Rather, the phase of each mode in the initial data, and the 

phase cind cimplitude of each mode in the kernel have a much greater effect on the 

solution. 
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This chapter primarily focuses on kernels consisting of a single mode. This re

striction offers rich insight to the resonance mechanism and structure of periodic wave 

forms interacting with arbitrary kernels. Included in the phenomena are stationary 

waves with shocks, smooth traveling waves, and hybrid traveling waves with disconti

nuities. Furthermore, numerical results illustrate that mean zero solutions found for 

the inviscid equation are zero viscosity limits to solutions found with equation (3.2). 

Before we begin our investigation into single mode kernels, we would like to in

troduce a general relationship between steady state solutions and traveling waves. 

Provided the kernel has a zero mean, a time independent profile f{x) which satisfies 

the nonlinear PFR equation may be used to create time dependent solutions via the 

cheinge of coordinates ^ = x — g{t) and ^(t, x) ~ f{^) + gt, for any differentiable 

function g{t). If = c, where c is a constant, then the new temporal solutions axe 

traveling waves with velocity c. Since we use this property to create solutions of our 

own, we now offer a proof for this property. 

Lemma 1. Suppose f(x) is a piecewise smooth 1-periodic function which satisfies 

equation (Z.l).Suppose also thatg{t) is a differentiable function in time, thenu{t,x) = 

f{x — g{t)) + gt also satisfies equation (Z.l). 

Proof. We have assumed that f { x )  satisfies equation (3.1), thus we have the relation 

S { x -  y ) f ( v ) d y .  (3.3) 

For u{t, x) = f{x — g(t)) -f- g t  we have 

Ut -f uuj. — S{x — y)u{y)dy 
J o  

= -g t f+  { f + gt ) f  -  f  S { x - y ) f { y - g { t ) ) d y  
Jo 

f f ' - [  S { x - y ) f { y - g { t ) ) d y ,  
Jo 

where the prime represents the derivative with respect to a; — g{t). 
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We substitute the variable ^  =  x  —  g ( t ) ,  with an ensuing substitution o f  w  =  

y ~ 9{y)y recall that / is 1-periodic, to get 

It is a good idea to keep this transformation in mind as we proceed into the 

following sections. 

3.2 Single Mode Kernels 

This section is devoted to the study of the nonlinear PFR with single mode kernels, 

that is, given a wavenumber n, an amplitude B. and a phase 6, a kernel of the form 

Associated with equations (3.1) and (3.2) are equations for the time derivative 

of th.e energy of our solutions. These energy equations are obtained by multiplying 

each side of the two equations by n and then integrating over the spacial irnit interval. 

Here, we use the previous notation from 2.2 and 2.3. The energy equation for equation 

Now, recalling relation (3.3) we see 

f h -  f  S { ^ - y  +  g { t ) ) f { y - g { t ) ) d y  
Jo 

= f U -  /  S { ^  -  w ) f { w ) d w  
J - g i t )  

= f h -  [  S { ^ - w ) f { w ) d w .  

U^UUx ~ S * u = ff^ 

maJdng this proof complete. • 

S { x )  =  Bsin(2Ti7r(z + 0)). (3-4) 

(3-1) is 

(3.5) 
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If viscosity is present as in equation (3.2) we get the following energy equation. 

= ('-8) 

Initially we examine an even kernel (0 = ^), followed by examining the effects of 

an odd kemel((^ = 0). These two investigations show phenomena similar to that of 

the linear PFR. We show that the odd kernel can give rise to traveling waves, while 

the even kernel produces a stationary wave with a shock. Afterwards we unite these 

kernels ajid phenomena in a study of a single mode kernel of any phase. 

3.2.1 Even Kernels 

Since we assume the kernel consists of a single mode, it wUl be convenient to call this 

mode the base mode. The upper harmonics of the base mode consist of all modes 

whose period is an Egyptian fraction (•^, n £ N) multiple of the period of the base 

mode. Likewise, the lower harmonics of the base mode consist of all modes whose 

period is an integer multiple of the base mode. 

For a moment, let us entertaia a thought experiment which consists of examining 

just one of the possibly infinitely many modes which comprise the solution and discuss 

its possible evolutions. Appropriately, the kernel consists of a single mode, and the 

phase of the base mode in the kernel is such that the kernel is an even function. With 

these assumptions, the observed mode can have either of two long time outcomes. 

One, the amplitude of the observed mode eventually decays to zero, and two, the 

amplitude approaches a nonzero constant. 

Assume, initially, that the amplitude of the mode of interest in the kernel is 

identically zero. Thus, the convolution between the kernel and the Uke mode in the 

solution yields zero, and the mode satisfies the Burgers equation. As time evolves 

the observed mode in the solution draws energy from the self resonajice (or harmonic 

resonance) of the lower harmonics, ajid sloughs off energy to the higher harmonics. If 
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there is no interaction between a lower harmonic and the kernel, then the amplitude 

of the observed mode may initially increase, but will eventually decay to zero in a 

typical fashion. The initial growth is an artifact from the treinsfer of energy from 

the lower harmonics. The energy stored in the lower harmonics is finite, thus so is 

the growth. See B in figure 3.2.1 for a plot of the mode amplitude over time. 

If indeed a lower hannonic is being infused with energy (obtaining energy other 

than that contained in the initial condition) then the observed mode will reach a 

nonzero steady state as the energy obtained from the lower haxmonics is balanced 

with the energy lost to higher harmonics and dissipation. This, unlike the previous 

case, is non-zero since the lower harmonic is continually infused with new energy. 

However, the amplitude is bounded since the loss of energy to higher harmonics is 

proportional to the square of the amplitude of the mode. The larger the amplitude, 

the larger the loss of energy. A balance is struck between the resonance and the 

nonlinearity. See A in figiire 3.2.1 for a plot of the mode amplitude over time. 

If, now, the mode of interest in the kernel is even and has a non-zero ajnplitude, 

then, as in the linear case, exponential growth may ensue. The growth, however, is 

more similar to the leist paragraph than the linear case, if growth does occur it does 

not go unbounded. Instead, the nonlinearity continually transfers energy from the 

growing mode to enrich the spectrum of higher harmonics. The diflfusion term (when 

present) saps energy as well. See A in figure 3.2.1 for a plot of the mode amplitude 

over time. This, as typical of solutions to the Burgers' equation, causes a distortion 

in the dominant wave form, and may lead to the formation of a viscous (i/ > 0) or 

non-viscous {u = 0) shock. See also B in figure (3.2.1). 

Another possibility is when the enriched mode is one of a higher frequency than 

that of the observed mode. In this case, the energy of the observed mode is transferred 

to its higher harmonics. The observed mode may initially gain energy from its lower 

harmonics, but will eventually lose all energy to the higher harmonics. We should 

expect a plot of cimplitude vs. time to look like B in figure (3.2.1). 
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Amplitude 

2.0 

approaches 
steady state Hump from 

lower harmonic 
energy 

decays to 0 

1.0 

0.0 
0 3 6 9 sec. 

FIGURE 3.1. The two cases of amplitude growth in au observed mode. A) No resonant 
interactiott or resonant interaction in a higher mode. B) Resonant interaction in a 
lower harmonic or the observed mode. 

Growth from resonant interaction will not occur if the observed mode in the kernel 

along with all lower harmonics have non-positive amplitudes. However, if enrichment 

does occur, then growth is logistic in nature; it begins exponentially, but eventually 

attains an equilibrium at some non-zero energy level. 

To give some insight to the evolution of a solutions to either equation (3.1) or 

equation (3.2), I will provide some numerical experiments using the latter equation 

with 1/ = 0.05 and 

u(0, a:) = sin(4Tx) 

S(x) =40cos(47rx) 

First, however, I proffer the following proposition. 

(3.7) 

(3.8) 

Proposition 4. A solution of equation (Z.l) with kernel 

S{x) = Acos(2xna:) (3.9) 
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IS  

u(t,x) = B sixi{nTx)sgn{cos{nTx)) 

where 

8A 
SnTT^ 

The solution (3.10) with B =l has the following profile. 

U 

(3.10) 

(3.11) 

FIGURE 3.2. Solution 3.10 with B = \ 

Before we proceed with the proof of the proposition, we must recall some notation. 

The function 5(ar — sq) is the usual delta function located at the point ro- For these 

computations we will assume 6{x — Xq) is 1-periodicaJly extended along the real axis 

with S{x + n) = 5(x) for all integers n. 

Also, the ftmction s g T L { f { x ) )  is defined as follows 

r 1 fix) > 0 
s g n { f { x ) )  = ^ 0 f ( x )  = 0 

[ -1 fix) < 0 

Clearly, s g n i f i x ) )  inherits any periodic properties that f i x )  m a y  have. 

Proof. The proof consists of assuming t£(t,x) has the form (3.10) and substituting it 

into the LHS and RfiS of equation (3.1). Coefficients are matched to obtain relation 

(3.11). 
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Now we proceed with the substitution of equation (3.10) into the right hemd side 

of equation (3.1). A list of the involved terms is: 

u(t,x) = B sin(n7rx)sffn(cos(n7rx)), 

|(f,x)=0. 

and 

—(J, x) = mrB cos{n7rx)sgn{{cos{mrx)) + ̂  Ck6{x — 

where the represent the coordinates which axe the zeroes to cos(n7rx), and the 

Cjfc axe constants with values equivalent to the height of the shocks centered at the 

corresponding Thus, 

dtX dzL 
— = j5sin(nxi)sgn(cos(n7rx)) (titB cos{nTx)sgn{{cos{mrx) ) )  
at ax 

( 2n > 
Cn^{x  —  ̂ k )  

= sin(n7rr)s5n(cos(nxx)) {nirB cos{mrx)sgn{cos{mrx)) 

= j?^n7rsin(nxx) cos(n7rx)[s5n(cos(n7rx))]" 

= ^ sin(2re7rx). 

Substituting equation (3.10) into the left hand side of 3.1 one finds 
rl 

Acos(2ux(x — y))B sin{n'wy)sgn{cos{nTy))dy / Jo  

= ABsin(27rnx) / siR{2mcy)siD.{mcy)sgn{cos{mry))dy 
Jo 

= 2AB sin(27rnx) / sin"(n7rjr) cos{mry)sgn{cos{mrif))dy 
Jo 

= 4nAB sin(2'7rnx) / sva.'{2mty) cos{nTy)dy 
Jo 

= ——sin(27rnx). 
Sir 

Thus, for B = or B = 0, the LHS and RHS are in agreement. Note that the 

solution (3.10) does not depend on time, implying that it is a steady state solution 

of equation (3.1). Q 
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We now illustrate that solutions to equation (3.2) (equation (3.1) with diffusion) 

with initial condition (3.7) and kernel (3.8) evolve quickly to a viscous profile approx

imating (3.10). We will see, these steady state solutions appear to be stable (up to a 

phcise shift) under perturbation of the initial data. 

Example 1: Let the initial data be defined by equation (3.7) and the kernel by 

equation (3.8). The figure immediately below shows how such, a solution evolves 

to a steady-state. The evolution process takes approximately 0.3 seconds. A 

solution to Burgers' equation with this same initial data would break at one 

second of time. 

u 
5.00 

3.00 
, t = 0.08 
, t = O.OO 

l.OO 

-l-OO 

-3.00 

-5.00 
O.OO 1.00 0.50 

FIGURE 3.3. The typical evolution of a single mode to a steady state viscous profile. 

Furthermore, a plot of the energy of the solution against time (shown in figure 

(3.2.1)) illustrates a quick evolution process and the approach, of the energy to 

a constajit. 
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Energy 

10.0 

8.0 

6.0 

4.0 

2.0 

Initial 
Energy 
= 0.25 

Final 
Energy 
-10.75 

time (sec) 
0.0 

0.00 0.16 0.32 

FIGURE 3.4. The energy of the solution in figure 3.2.1 increases to a constant state. 

Recall however, that the previous two figures were obtained as solutions to equa

tion (3.2) which has a diffusion coefficient oi u = 0.05. We now decrease the annount 

of viscosity in equation (3.2) by allowing the coefficient i/ to decrease. This subse

quent decrease in the diffusion allows the solution to evolve to a state closer to the 

ze ro -v i s c os i t y  so lu t i on .  F i gu re  (3 .2 .1 )  show s  t he  e f f ec t  u  ha s  on  t he  so lu t i on  u{ t , x ) .  

FIGURE 3.5. The effect of diminishing viscosity on the solution shown in figure 
(3.2.1). Th.e viscous profile gradates to solution 3.10. Clearly, as i/ 0, u{t,x) —»• 
B siii(2n7ra;)s^n(cos(2n7rx)). 

o.oo 0.50 l.OO 
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The amplitude of the steady state solution can also be obtained from the energy 

equation, of u{t,x) for equation 3.1. Recall equation (3.5). 

If solution is to be steady state, then the LHS must take the value of zero. Fur

thermore, for the n shocks has a height of, [u^] = Also, 0^ = 0 for m 7^ re (the 

kernel consists of only the ath mode), =0 (since the solution is odd), and may 

be obtained from 

Thus, after these substitutions, the energy equation give the following relation for B. 

Which is satisfied when B =  0  and B =  (SA /S t t ^ t i ) .  

Figure (3.2.1) illustrates a zero viscosity limit solution with an amplitude less than 

that of solution (3.10) This diiFerence can be accounted for by the viscosity intrinsic 

to the numerical scheme. This discrepancy diminishes as the grid size shrinks. 

We now extend the realm of initial conditions to include aU elements of C®[0,1], 

but will continue to have only one even mode in the kernel. 

We now illustrate that solution (3.10) is possibly an attractor. That is, given 

any data, where the base mode in the solution is nonzero at any time, the loag time 

solution will have the profile of (3.10) with a possible phase shift. The following three 

experiments show the evolution of initial data to an equilibrium state. 

Example 2: Here, we have ^ = 0.05 and the initial data 

ti(0,a:) = l — 2x on [0,1|. 

Figure (3.2.1) illustrates how this data evolves to the profile in. figure (3.2.1). 

The time between plots is 0.08 seconds, taking the solution 0.32 seconds to 

shocks 

5„=4n  I  s i n . {2mrx )B  s i a . {mrx )dx  
J o  
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evolve to a steady-state. Ttis initial data with inviscid Burgers' equation would 

shock in 0.5 seconds. 

5.00 initial 
data 3.00 

1.00 

-1.00 X 

-3.00 

-S.OO 

1.00 0.50 0.00 

FIGURE 3.6. Evolution of an N-wave initial condition to a typical viscous profile. 

Example 3: In the following figure we see the initial data, 

with u = 0.05, evolve to a profile similar to that in figure (3.2.1). 

u s.oo 
t = 0.38 

t = 0.19 

t = 0.10 

t s O.OO 

3.00 

l.OO 

X 
•l.OO 

-3.00 

0.50 O.OO 

FIGURE 3.7. Evolution, of initial data 3.12 to the typical viscous profile. 
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Note the phase is shifted by nearly half a period. This is an artifact of the phase 

of the initial data. The time interval between plotted solutions is 0.096 seconds, and 

the solution nearly reaches equilibrium in 0.4 seconds. 

While the numerical evidence is not conclusive, it is very intriguing and supports 

the existence of global attractors. In each of the three cases shown (and many others 

not provided ia this work) the initial data evolved to a viscous approximation to 

profile (3.10). Recall, however, that resonance may not occur, and the base mode in 

the solution may remain zero for all time. In this case, the solution satisfies Burgers' 

equation and decays to zero. 

In this next experiment the initial condition has a higher frequency than that of 

the kernel. This provides us with an example of no resonance taking place and we 

see the solution satisfy Burgers' equation. Careful observation will detect a slight 

steepening to the right of the wave as its amplitude decays to zero. 

Example 4: Here, u = 0.05 and the initial data is 

u(0,x) = sin(87r2). 

U 
initial 

1.00 

•0.00 X 

-1.00 
0.00 0.50 1.00 

FIGURE 3.8. With no resonance between the solution, and the kernel, the solution 
decays as would a solution to Burgers equation. 
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The plots above differ in time by 0.032 seconds. This initial data with inviscid 

Burgers equation would shock up in ^ « 0.04 seconds. 

In this subsection we have seen zero viscosity limits of solutions involving single 

mode kernel resoUts in one of two profiles. That of equation (3.10) or a profile that 

is identically zero. Numerical evidence indicate that these profiles are stable (up to a 

phase shift) and the initial data converges quickly. 

Likening the nonlinear case to the linear equation, we see growth in a small ampli

tude initial data, but unlike the linear case, the growth is balanced by the nonlinearity 

sloughing off energy to the higher harmonics. 

3.2.2 Odd Kernels and Traveling Waves. 

The odd portion of each mode of the kernel affect the solution much differently than 

the even portion. While even modes cause growth leading to a steady state solution 

with shocks, odd modes, as in the linear case; continue to have transiatory effects on 

the solution. The generation of traveling waves by an odd mode may (or may not) 

prevent shock formation. 

Traveling waves were found previously in the linear case when the kernel consisted 

only of odd modes. Similarly, Pego [4] found a family of traveling waves for the Majda 

equations (1.1) (a system of nonlinear PFRs). In light of the properties of the linear 

equation and the endeavors of Pego, one might suspect a similar traveling wave for 

the nonlinear PFR equation. It is the purpose of this section to illustrate that a 

solution of (3.1) may be smooth, ^ periodic, have zero mean, and have the form 

u(f, x) = u{x — ct). (3.13) 

We also show odd kernels in equation (3.2) yield solutions which decay to zero. This is 

a direct result firom the solution not gaining any energy from the resonant interaction 

with the kernel. 
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But first, the traveling waves of the inviscid equation, (3.2). This proposition and 

ensuing proof follow closely what R. Pego has done in [4] for the coupled system (1.1). 

Proposition 5. Suppose S{x) = 6„siu(2nxx), where is constant. Then provided 

c is large enough, a family of smooth waves of (i.l) of the form (3.1Z), with mean 

zero exist. For any choice ofneZ,beR, and d G (l,oo),u(x,t) may be given by 

u{t, x) =c + by/d -f- cos(2n7r(x — at)) (3-14) 

where 

c = — / by/d + cos(2n7rx)dx, (3.15) 
J o  

Bn = 2 j cos(2n7rx)'u(0, x)dx^ 
Jo 

. 26 TITT ^ 
bn = 5—' (2.16) 

Proof. We look for solutions of 

Ut + uUx= / Ansin{2mr{x — z))u{t, z)dz (3-17) 
J o  

having the form 

u { t , x ) = f { ^ ) ,  ^  =  x  —  c t  (3.18) 

where c is a constant representing the wave velocity. 

By substituting (3.18) into (3.17), ajid following a change of variables in the 

integrand, we obtain 

—cu' + uv! = A,iSfn(2nx(^ — y))u{y)dy 

= AnSin{2nT^) cos{2nTy)u{y)dy 

—AnCOs{2mr^) sin{2mry)u{y)dy 
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A second substitution of u = w— c and the use of a common trigonometric identity 

we obtain 

' =AnSin{2mr^) / cos{2n7ry)w{y)dy 
J o  

-AnCos{2mr^) / sin{2nTy)w{y)dy 
J o  

The solution of which must satisfy 

1 A 
-vP' = — —^cos{2mr^) / sin{2mry)w{y)cly 
2 2nT jQ 

•sin{2nT^) / cos{2nTy)w{y)dy + k, (3.19) 
J o  

Aji 
2n7r" 

where A: is an axbitraxy constant of integration. 

Define 

0^=2 cos{2mcy)w{y)dy, 
J o  

=2 / sin{2nTy)w{y)dy, 
J o  

T;=\/4+6;, 

and 

• ^ ( ^A  A (p =arctan — — cpQ, 

where 0o = jsgn{An). Then (3.19) reduces to 

u,2 _ _ cos{2nT^) — ^~^sin{2nT^) + 2k 
2n% ^ ' 2mr ^ 

= - !^rnCOs(2Ti7re + 0) + 2k. 
2niv 

and thus yielding the aa equation for w, 

w — ±\l ̂ ^!r„cos(2nx^ + (p) + 2k 

The constants are reorgeuiized so the coefficient in front of the cosine term is unity. 
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Define 

b = - sgn{c)\j 
" nTT 

d = 

and 
Akmr 

and recall that w = u + c. Equation (3.20) reduces to 

u = c + by/d + cos(2n7r^ + 4>) 

For u to be real valued over the unit interval k must be chosen so that d > I. We 

would also like to find a solution to (3.17) which has a zero mean. To aid us we will 

use the following lemma. 

Lemma 2. I f  H{d )  i s  de f i ned  a s  

H{d )=  f  s f d  
Jo 

Then 

+ cos{2mcx)dx 

(1) 

(2) 

(3) 

(4) 

H{d)  i s  con t i nuous  a j i d  deSned  fo r  d> l .  

R{d) takes on values from to oo. 

aH(d )  > 0 .  dd — 

H{d )  i s  i nde penden t  o f  n .  

Thus if the wave speed c is greater than 6=^ the above lemma with the iaterme-

diate value theorem guarantees a d such that u{t, x) is smooth, has a mean of zero, 

is of the form /(x — ct), and. moves with velocity c. • 

We now entertain the proof of the lemma. 
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Proof. H{d)^  as defined, may be transformed to the complete elliptic E integral 

as follows. We use the change of variables 6 = nitx and the identity 2sin^(y) = 

1 — cos(2y). 

H{d)  = f y/ d  + cos{2mvx)dx 
J o  

=  I  y / d+ l  -  1  +  cos{2mrx )dx  
J o  

=  J  y jd - ^ -1  — 2  s in^ ( n7rx ) ( i x  

=— /  \ l d+ l  — 2  s i i c {6 ) d d  
nir Jo V 

r A 2 . , 
Tvn 

I ,/-rfT I (3-21) 
TT \ V Cf+ 1 

where E {k )  is the complete elliptic E integral. 

For d > 1 we have k' = < 1 thus properties (1) and (3) are immediate from 

the known properties of the elliptic integral. 

Property (2) falls from (1) and. 

, 2A/2 
H ( l )  =  I  v 1 + cos(2n7rx) d x  =  ,  

J o  

while property (4) is observed, by the lack of n in (3.21). • 

A few remarks about our new found, traveling waves. 

Remark 1: Of the three paxameters, two axe Sxed by knowing the form of 

the kernel. Clearly n is fixed by the frequency of the kernel. The 

amplltnde of the kernel can Sx either b or d, bat not both. This 

leaves one &ee parameter to be determined by the initial data. 
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Remark 2: The proposition requires d> 1 ajid guaxantees smooth solutions. 

However, the proof still holds when d = I, but u{t, x) develops a 

peat. The derivative is discontinuous, yet bounded. The solution 

has the form c + 6\/2| cos(n7rx)(. 

Remark 3; The tequency of the traveling wave is independent of the free 

parameters d and b, and is dependent only on n. Likewise, in 

no way does n afkct the amplitude of the traveling wave. The 

solution, u(t,x), has period and thus the frequency of the 

traveling wave may be made arbitrarily high. 

Remark 4: The height, B = b{y/d + 1 — \/d — 1), and wave speed, c, of the 

traveling wave can be arbitrarily large, but as B grows, so does the 

wave speed c. Equation (3.15) shows that c « bVd. The physical 

Significance being that slow moving large amplitude waves cannot 

overcome the the effect of the nonlinearity. Sufficient speed must 

be obtained or the wave wiU break. 

Remark 5: For large values of b and n, the steepness afu{t, x) is very large 

ajxd yet if d > I the solution will remain smooth. This does not 

violate the 'breaking' proposition in [ISj. This class of solutions 

belong to equations whose kernels do not satisfy the bounded-Ness 

criteria. 

The following examples show the general shape of the wave. 

Exauoaple 3: In the first experiment, we set (i = 1, 6 = 1, ra = 2, ajid 6„ = 20. With 

d = 1 the derivative of the solution is discontinuous which residts in a peak in 

the solution. This initial data with inviscid Burgers' equation would shock up 

in w 0.056 seconds. The velocity of the wave is and the time between 

plotted solutions is 0.1 seconds. 
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t = 0.0 ts0.1 tsO.2 

FIGURE 3.9. The peaJdng traveling wave. 

Ex£unple 4: In this next experiment, d = 5 (smooth solution) , 6 = 3, n = 2, and 

6„ = 20. The time between plotted solutions is 0.02 seconds. 6 was picked to 

create a wave with a-proximately the same amplitude as in the prior experiment. 

The velocity of this wave is approximately 6.69. Even though the amplitude of 

this wave is similar to that of the previous wave, the velocity is over four times 

greater. 

t = 0.00 ts0.01 
/ 

ts0.02 

0.00 0.50 1.00 

FIGURE 3.10. A smooth traveling wave 
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Note that as the velocity increases the solution becomes smoother. This too 

can be observed in equation (3.15) where c ss by/d. Its as if wind is rounding 

its features. 

In each case the profile and energy remained constant. Equations (3.5) and (3.6) 

show that for an odd kernel (i.e. a,i = 0) the energy satisfies 

^ < 0 -
dt 

Clearly, if diffusion is present, the energy and solution will decay to zero. 

What is unclear is the likelihood of arbitrary initial data with equation (3.1) decay

ing to zero. Numerical evidence usiug a coupled system of nonlinear PFR equations, 

[2], show initial data not of the form of traveling wave decays to a nonzero energy. 

3.2.3 Kernels with Arbitrary Phase. 

The nonlinear PFR equation (3.1) may exhibit traveling waves which are continuous 

and very often smooth, (e.g. solution (3.14)). The kernel for these traveling waves 

has the form 5(x) = Bsin(2n7rx). Standing waves (e.g. solution (3.10)) have also 

been found. These profiles contain a discontinuity in the form of a shock and result 

from a kernel of the form S{x) = 5cos(2n7rx). Perhaps more to the point, 5(ar) = 

B sin(2n7rr -1- ip) where •^ = f. 

These two very different solutions were found using kernels with a common single 

mode profile, but with different phases. An obvious question to ask is what may be 

said about the solutions for single mode kernels of arbitrary phase, that is, allowing 

ij} in 

S{x )  =  B  s ia (2nTx  + ̂ ) (3.22) 

to take values from [—7r,7r] . 

In this section, we provide solutions for equation (3.1) given any ij; € [—x,7r], 

integer wave number n, and amplitude 5 > 0 for the kernel (3.22). 
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As one might expect, for a given -0 0, we can find a traveling profile containing 

a discontinuity which satisfies equation (3.1). We also find that the set of solutions 

evolve continuously, from the standing wave solution containing a discontinuity to a 

continuous traveling wave, as the phase of the kernel ijj moves continuously across 

[-x,7r|. 

If € (—X, 0) and B > 0, the even portion of the kernel has a negative amplitude. 

If we consider that solutions to equation (3.1) which result from zero viscosity limits 

of solutions from equation (3.2), asymptotic solutions for ip 6 (—7r,0) will be iden

tically zero. However, the following proposition illustrates that nonzero steady state 

solutions to the nonlinear PFR equation do exist for ip E (—t, 0). The discontinuities 

are in the form of rarefaction shocks. 

The lemma below proves the existence of these solutions without providing specific 

values for a solution's construction, and the solutions provided do not have zero 

means. 

Afterward we offer relations for obtaining the necessary phase shift and the ap

propriate amplitude to create an explicit solution. At this point the solution will still 

have a nonzero mean. 

A final proposition iEnstrates that stationary wave profiles which satisfy equation 

(3.1) can be converted into mean zero traveling waves (using lemma (1)) provided the 

wave speed is equal to the vertical shift of the solution. That is, the average value 

of the stationary solution becomes the wave speed of the mean zero traveling wave 

solution. 

The following lenuna introduces the stationary profile solutions for single mode 

kernels of arbitrary phase. 

Lemma 3. Given a wavenumber, n and a phase 6 [—tt, x] and the kernel from 

equation (3.22), there exist constants A and <p such that 

u(tfX) = Asin(n7rar + 0)s5rn[sin(Ti7rx)|, (3.23) 
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satisfies the nonlinear PFR equation (Z.l). 

Three such solutions are shown below with = 1.0, = 0.6, and, ij} = 0.2. In 

each case, B = 40. The conesponding (p are (j> « 2.165, 0 2.573, and (p « 2.989 

respectively. The phase of each profile shown is act relevant. 

10.0 

•10.0 

FIGURE 3.11. Three different discontinuous wave profiles corresponding to ip = 1.0, 
tp — 0.6, and = 0.2. 

Proof. The proof consists of substituting equation (3.23) into the LHS and the RHS 

of the nonlinear PFR equation and proving that appropriate values for A and cp exist 

to ensure equality of between the LHS and the RHS. It has a strong flavor of the 

proof of proposition 4. 

For the LHS of equation (3.1) we have the following. 

The time independence of equation (3.23) gives us 

Ut = 0-

We now obtain, the x derivative of (3.23). Recall that fy is the location of the jth 

discontinuity, 6 is the Dirac delta fonction, and Cj is a constajit proportional to the 

height of the jth discontinuity. 
n 

Uj .  =  Amrcos{mrx  + 0)S5N[SIN(NXAR)| + ASIN(NTX + 0) <^^(F/)J 
y=i 
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thus, 

LHS =ut + uux 

=ABn 

=A^nxsin(n7ra; + <f>) cos(n7rx + 0) 

siii(27rnx + 20). (3.24) 

For the RHS we have 

RHS =S * u 

=  f  B  sm(2n7r(x — y) + ̂ )A sia(n7ry + (^)sgn[siji(nTy)Jdj/ 
Jo 

J siii(2n7r(x — y )+ i p )  s iR{n 'Ky  +  ( t>)dy  

— I sin.(2n7r(x — y )+ i ' )  sm{n 'Ky  +  < p) dy  

AB 
= —-— (3 cos(27i7rx + ip + 4>) + cos(2nxx +1/' — 0)) (3.25) 

It is obvious that the LHS and the RHS have l-periodic sine wave profiles. It 

remains to be shown that there is a 0 which aligns the phases of these two sine waves, 

and that we may find an appropriate constajit which allows the amplitudes to be 

equal. 

We have sufficient latitude with the constant A that the latter task is guaranteed 

provided the RHS has a nonzero amplitude and the phases of the sine waves of the 

LHS and the RHS agree. 

A selection of A = 0 gives trivial equality between the LHS and the RHS, however, 

we seek nontrivial solutions. Similarly, if B ~ Q, then A must necessarily be zero, 

and again we have trivial equality. 

To find nontrivial solutions we consider (3.25) with nonzero A and B.  In this case, 

the RHS sine profile has amplitude zero precisely when 

0 = 3cos(2n'7rx + "0 + 0) + cos(2n7rx + ̂  — 0) 
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Expanding this equation and collecting appropriate terms we obtain 

0 = [3 cos{ip + 0) — cos{-tp — ({>)] cos(2nxar) 

+ [3 sin('0 + 0) + sin(V' - (p)] sin(2n7rx), 

which has an amplitude of 

ŷ cos(i^ + <t>) — cos{ip — (p))̂  + (3sin(V' + 0) + sin(i^ — (p))'^ 

= yiO + 6cos(20) > 0. (3.26) 

Note that (3.26) is independent of i{} and nonzero for all cf). 

With the guarantee of a nonzero amplitude for the RHS, we have but to show 

that for any tp there is a. (p which aligns the phases of the sine wave profiles. For that 

matter, it suffices to show that the zeroes of the LHS ajid RHS agree. K the LHS zind 

RHS axe tt out of phase, A will be chosen to invert the solution. 

We now proceed in proving that such a (p exists, and do so by matching zeroes. A 

zero of the LHS, equation (3.24), is Xq = —When xq is substituted into the RHS, 

(equation (3.25)), we obtain 

AB 
RHS = —-— [3 cos(^ — 0) + cos(V' — 3<^)] 

3t 
AB 

= —-— [(3 + cos(20)) cos(^ — 0) — sin(2^) sin(V' — <P)\ • 
Sir 

With this in mind, we fix the value of i p  and define f { (p )  a s  

f { ( p )  = (3 + cos(20)) cos { ip  — <p)— sin(20) — <p). 

Clearly, / is a continuous function of 0 regardless of the value of tp. We will show 

that for specific values of (p, f is positive and for other values of 0, / is negative. A 

strong bash with the Intermediate Value theorem proves that a (pQ exists such that 

fi<Po) = 0- The implication is that for this 0o, the LHS and RHS have a root at xq. 

making this proof is complete. 

11 cp = ip then 

f { \ p )  = 3 + cos{2ip) > 0. 
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Now, for ip e [-TT, -|] (J[0, |], pick 0 =; f + V'. Thus 

/ (^ -f-1^) = sin(2(^) = sin(7r + 2 tp )  =  — sin(2i/') < 0. 

For V € {=^, 0) U(f iTt]) pick (j) = ~^ + ^. Thus 

/ ^ + -ipj = - sm(2(p) = — sia(—TT + 2'^) = siii(2V') < 0. 

Therefore, for any V* £ [—''t, tt] we may find values for <p where / is positive, and other 

values of 4> where / is aonpositive. We now use the Intermediate Value theorem to 

obtain a 0o where /(^o) = 0) the phase of the sine wave of the LHS and that of 

the RHS agree. With the agreement of the phases and the previous guarantee of a 

nonzero amplitude for the RHS, we may achieve equality for the LHS and RHS. 

Thus, given xp  and B we can obtain ( f )  and A so that profile (3.23) satisfies equation 

This lemma proves the existence of such solutions, however, one may find it useful 

to compute precise values for the phase and amplitude. We now offer relations for 

both 00 given tp. 

The amplitude A may be obtained by 

The derivation of relation (3.27) is straight forward when one considers (3.24), (3.25), 

and (3.26). Note that (j) must be computed first. To avoid any suspicion of circu

lar computations, note that the computation for 4> (below) does not depend on the 

amplitude variable A. 

The phase may* be obtained as follows. Define 

(3.1). • 

2B J 
A = -—^\/lO + 6cos(2(^). 

OU'K" 
(3.27) 

p{s )  = arccos (Iria(s))' y(sm(j))"+(cos(i)) 
3 
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then 0 may be defined as 

Mi') = -p(^ + TT) for h"^' -|)' 

<l>oW=Pif + '^) for [-^,0), 

0o(^) = -pW + tt for [0, |), (3.28) 

and 

^o(^)=K^) + 7r for [|,x] 

The formulation of this relation is not as obvious as that of the previous amplitude 

equation, however, it may be obtained by determining zeroes of the difference LHS -

RHS. The ensuing aJgebra and trigonometry is tedious and uninsightful, so we omit 

it here. A complete derivation of this relation and that of the amplitude can be found 

in the appendix. 

The TT appearing to the extreme right of the last two equations were appended to 

make (po continuous for ip 6 [—tt, tt]. They are unnecessary otherwise. The following 

illustrates the relation between 0 aad ip. 

FIGURE 3.12. The left plot shows the relation between (p and if; over th.e interval 
[—7r, t] , while the right image shows a closer view of the same relation over the interval 
[—.2,1.7]. The line (p = •^ has been tnclnded for reference. 

2 
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The lemma shows the existence of a number of solutions to equation (3.1). Solu

tions which, quite remarkably resemble those in numerical experiments by A. Majda 

and R. Rosales in [2]. The solutions of Majda differ in two obvious ways. 

The first is that solutions found in [2] had a zero meaji. This null average value 

resxilts from an assumption made to simplify the asymptotic equations derived from 

the Euler equations [1]. Proposition (6) shows that we may create mean zero solutions 

for equation (3.1) from the solutions in the previous lemma. 

A second difference is that the wave profile solution obtained in [2] transitioned 

through a series of solutions similar to those in (3.23). One may imagine -0 —O"*" as 

t -H. £o for some Iq. The connection between A. Majda's transitioning solution and 

the traveling waves in the proposition below is uncleax. It would be interesting to 

determine the precise link. 

Without further ado, we now present the mean zero traveling waves. 

Proposition 6. Given any tp € [—tt, tt], B > 0, n € Z, there exists an A and a cp so 

that 

u{t, x) = f{x - c£) + c, (3.29) 

where c is constant, 

f { x )  =Asin(nxx + 0)s5Ti[sin(n7rx)l, 

and 

(3.30) 

satisfies equation (Z.l) with kernel 

u{t, x)dx = 0, 

S{x )  =  B  sin(2nxx + ip). (3.31) 

Proof. From lemma (3) there exists appropriate values of 4> and A so that equation 

(3.29) satisfies equation (3.1) with kernel (3.31). 
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We choose 

= /  f { x )dx ,  
Jo 

then by lemma (1) 

u { t ,  x )  =  f { x  —  c t ) + c  

satisfies equation (3.1) with kernel (3.31). Lastly, 

f  u { t ,  x ) d x  = f  [ f { x  - c t )  +  c ] d x  =  f  f i x  -  c t ) d x  -f f  cdx = —c + c = 0. 
J o  J o  J o  J o  

• 

Example 11: This example illustrates the evolution of initial data to a profile from 

the above proposition. Here, 

u{ Q, x )  =s in {2nTx ) ,  

S{x) =4iQsin{2mrx + if), 

with 

•ijj =0.2. 

The equation (3.2) was modeled by a finite difference code with a viscosity 

coefficient oil/ fa 3Ax, and Ax was 

The profiles shown axe for evolution times of t = 0 (the initial data), t = 0.15, 

t = 0.3, and t = 0.9. We have taken the liberty to trajislate the solutions 

to further illustrate the evolution of the wave profile. During this time, the 

solution travels to the right, and the phase of the profiles do not, in any way, 

reflect the translatory effects. 
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6.0 
u 

3.0 

0.0-^ 
X 

-3.0 
0.0 0.5 1.0 

FIGURE 3.13. The evolution of sin(2xx) with kernel (3.22), and 5 = 40 and i{; = 0.2 

Typical evolution of initial data with the viscous equation (3.2) is to a viscous 

profile roughly approximating the profiles in lemma (3). Numerical experiments indi

cate almost any initial data will evolve so. Of all initial data tested only those which 

were not in resonance with the kernel (the integral term is zero for all time) did not 

evolve to these profiles. 

Although interesting, it is not unexpected. One may consider that the viscosity 

drains energy from all modes. Only the base mode and its higher haxmonics replenish 

their energy through resonant interaction with the kernel. Thus the non-haxmonic 

modes die off while the haxmonics achieve a balance between incoming energy from 

the kernel (or possibly from the base mode by the nonlinearity) and energy loss due 

to viscous effects (and the nonlinearity to higher harmonics). 

With this in mind, it is not unreasonable to expect one of two possible long time 

states for any initial data and a given The first is the traveling profile given in the 

above proposition, and results from initial data which resonates with the kernel. The 

second is one that is identically zero. When no resonance takes place, equation (3.2) 

reduces to Burgers' equation, and initial data decays accordingly. 
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3.3 Some Notes on Convergence 

The previous chapter shows numerical evidence that the solutions from proposition 

(6) are not only stable zero viscosity limit solutions, but attractors as well. Though 

we do act prove this here, we will isolate some of the factors to which future efforts 

may be applied. 

All energy in a solution comes from either the initial condition or from the resonant 

interaction with the kernel. The introduced energy comes in at the mode shared with 

the kernel. The nonlinearity then distributes energy to the upper harmonics. 

It is with this insight that we introduce the following proposition. Simply stated, 

the long term solution to equation (3.1) is only due to the modes in the upper har

monics of the base mode. 

Propositioa 7. Let F be the set of modes consisting of the base mode and all higher 

harmonics. Let U be a solution to equation (Z.l) consisting only modes from F. Let 

f € £2[0) 1-] be a function consisting of modes disjoint from F. Then, U + f ^ U as 

t —f oo. In essence, the non upper harmonic modes decay to zero. 

Proof. Such, a U exists, since we may start with initial data which, is equal to the 

kernel. Tke equation for the energy of U must satisfy 

Let / be the sum of aU other non-harmonic modes. Now let u = (7 4- / and assume 

u satisfies equation (3.1). Thus 

(3.32) 

{U  +  f ) t  +  {U- \ - f ) {U^+f , )=S*[U +  f )  

Multiplying both, sides hy {U + f) and integrating over [0,1] we arrive at 

d _  (£+Z)!<fc + J (U  +  f f {U .  + f . ) dx=  j\u + f ) (S* (U-  +  f ) )dx .  
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Wlien equation (3.32) is applied, the above equation reduces to 

- t  dt Jo 
-dx = (3.33 a) 

- f\'U^dx  
J o  

(3.33 b) 

-  i \ f f {h )dx  
Jo 

(3.33 c) 

- -
Jo 

-  ! \ 2Uf ) {U)dx  
Jo 

(3.33 d) 

- i \ u f (U) i x  •  
Jo 

-  f  {2Uf ) {U , )dx  
Jo 

(3.33 e) 

Jo 
{ U  +  f ) )dx  (3.33 f) 

Term (f) can be reduced to U{S  *  U)dx  since the pertiirbation / does not contain 

the mode of the kernel (thus 5 • / = 0). This remaining piece can be combined with 

(a) to get the left hand side of equation (3.32). 

Term (b) is either 0 (when / is continuous) or negative (when shocks occur). The 

terms in (c) combine (after an integration by parts) to get 0, as do the terms in (d). 

Thus equation (3.34) reduces to 

Since f^fxdx > 0 we may deduce 

dt Jq 2 dt Jq 2 

This gives us an upper boimd on the growth of the energy of u. However, our goal is 

to show 

We do so by contradiction. That is, suppose that the change in energy for U is 

bounded away from the change in energy for u. What does this imply? Inevetibly we 

show that this cannot be the case. 
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Assume 

d t J o  2  d t j Q  2  

for some constant a. Integrating in time over the interval [0, T ]  gives 

/' - r (3.35) 
A 2 Jq 2 

where fc is a constant determined by the energy of the initial data. Regardless of the 

value of fe, it is clear that the right hand side of equation (3.35) will eventually be 

positive for large enough T. 

However, since U  and / are comprised of disjoint sets of modes, then we have by 

Fourier orthogonality 
yl 

U f d x  = 0 f '  Jq 

This has the further implication that 

•' (:/2(r,i) + /(r,i)) 
d x  (3.36) 

l  I  f 2 (  
L 

=  +  j f '  U ( T ,  x ) ! ( T ,  x ) d x  +  j f '  

° ° (3.37) '' ni,T,xf 

'0 

for ail time. 

All that remains is to show that equation (3.35) and equation (3.37) are in direct 

contradiction with each other. This implies that our assumption, equation (3.34), is 

incorrect- Thus we have 

• 

This proposition proves that non-harmonic perturbations decay to zero. Thus, 

further perturbation analysis for long time solutions need only discuss harmonic per

turbations. For that matter, lower harmonics of the base mode will eventually transfer 
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their energy through the nonlineaxity to the higher harmonics. Thus, we may further 

restrict our analysis to perturbing the base mode and its higher harmonics. 
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Chapter 4 

FIRST INTEGRALS OF THE PFR 

TTiis chapter finds snfl&cient conditions for the existence of, and explicit forms for, 

the Hamiltonian and Lagremgian equations for each of the linear and nonlinear PFR 

equations. 

As one might expect, after reviewing the equations of energy (2.6) and (3.5), a 

sufficient condition for the existence of a Hamiltonian for both the linear and the 

nonlinear PFR to require the kernel be an odd function in space. That is, S must 

satisfy the relation S{—x) = -S{x). In this regime the energy equations show no 

change in energy provided the solutions remain continuous. 

Furthermore, it is well known that the equation of Korteweg deVries (KdV) is 

bi-Hamiltonian [23]. The KdV equation, in turn, is a special case of the nonlinear 

PFR equation with a kernel of the form 

Thus, in part, the PFR is bi-Hamiltonian and is integrable. Also note that the Burgers 

equation, which is known for decay of its solutions and associated energy, is also a 

special case for the PFR. It would be interesting if fnture work is able to determine 

precisely when the PFR equation is integrable. 

We begin our search, for Hamiltonians by defining the integral operator 

S { x )  = a  ̂ 2  sin(2m7rz). 

Equations (2.1) and (3.1) may now be written in terms of this operator as 

Jit = 5[ul (4.1) 

and 

U t  + U U x  =  5['u|- (4.2) 
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The following computation illustrates that the operator 5", defined as 

5"[u] = / S{t,y - x)u{t,y)dy, 
Jo  

is the adjoint operator to S .  

{ v { t , x ) , S [ u ] )  =  [  v { t , x ) d x  f  S { t , x - y ) u { t , y ) d y  
Jo  Jo  

=  /  v { t , x ) d x S { t , x - y ) u { t , y ) d x d y  
Jo  Jo  

=  /  u { t , y ) d y  I S { t , x  -  y ) v { t , x ) d x  
Jo  Jo  

={u( t , x ) ,  S^ iu] . )  

Equations (4.1) and (4.2) may also be written in conservation form as 

ut - ̂ (fl[iij) =0 

and 

^ (T " 
respectively. Here 

H[ul = / R{t, X - y)u{t, y)dy, 
Jo  

(4.3) 

with 9  =  X  —  y ,  and R  satisfying 

5(«) = M ^ = -M. (4.4) 
d6 OX ay 

Note, in a computation similaj to (4.3) it is easily observed that defined by 

= f y ~ y)<iy-
Jo  

is the adjoint of R .  

It will be convenient to write equations (4.1) and (4.2) in potential form. This will 

aid us when we obtain the Lagrangian equations. To do so we introduce the potential 

variable U where 

U — Uxi 
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and the differential operator Noting that Dx commutes with R and /?" 

allows equations (4.1) and (4.2) to be written in the potential forms. 

D ,  (a, - fl[£/.]) = 0, (4.5) 

and 

(y> + Y~ 

respectively. 

4.1 The Lineeir PFR 

We proceed with our discovery of the Lagrangian and Hamiltonian equations for the 

linear PFR. 

Proposition 8. Suppose S{x) = —S{—x). Then equation (A.5) can be obtained by 

extremizing the Lagrangian variational functional 

roo /•! 
d= f  dt f  dx L', 

J—oo  Jo  -00 Jo 

where 

is the Lagrangian density. 

Proof. Define 

C [  =  f  d t  f  d x  L [ ,  
J—oo Jq 

£3 = /* dt f  d x  L i ,  
' J-00 Jo ' 

and 

4 = \v,R[U,\, 
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then V  = L {  + 4 and = C [ - ^  

For Ci we have 

5C[ =^(^J dt J dx - , 

=  - i  r  dt ['' dx {6U^)Ut + U^{6Ut\ 
2 J-rx> Jo 

r dt f dx {6U)U^t + U^t{5U), 
2 J-V3 Jo 

= r dt f dx [5U)U^t. 
J—CO "/o 

Thus, 

6C 
5U 
1 = o.(«). (4.7) 

For Co we have 

=- r dt f^x {6U^)R[U^] + U,R[5U,], 
2 J-co Jo 

=i r it f dx {6U,)R[U.\ + (5i7,)H'»[/7,], 
2 J-oo Jo 

= _ i y~ it jT^ (fa; (^Cr)£>^ (^[(7x] + -

Thus, 

^ = D. (-i (flp.l + fi-[crj) ) . (4.8) 

Combining (4.7) and (4.8) we have 

^=i5,(c?,-i(B[!7J + A-[aj)). (4.9) 

Provided that 5(a:) = — S { — x ) ,  the right hand side reduces to the derivative of the 

potential equation (4.5), and our proof is complete. • 
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Proposition 9. The linear PFR equation (2.X), has for a first integral 

W = ^R[u]dx, (4.10) 

provided thatS{x) satisfies relation (^A) and is an odd function with respect to the 

spacial variable x. 

Proof. We will show that for the differential operator and provided S { x )  

is odd, = 5[w]. Thus, equation (4.10) is a first integral of the linear PFR. 

The functional derivative of Hi is 

sy} = 

Using the fact that is the adjoint of R we have 

Sn^ = ^{R[u] + H"[u])dx. 
Jo  2  

It follows that 

Thus for the left hand side of this equation to be equivalent to the left hand side of 

the linear PFR equation, it is necessary that 

To satisfy this relation, either u may be ia the null space of the operators or the 

kernel S must be odd. The independence of u necessitates the kernel must be odd. 

When this is so, equation (4.10) is a first integral of the equation (2.1). • 

4.2 The Nonlinear PFR 

Now we txim, our attention to the fiilly nonlinear PFR equation (3.1). In this section 

we obtaia, as with the linear PFR, Lagrangian and Hamiltoiiian equations for the 

nonlinear PFR. 
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Proposition 10. Suppose S{t,x) = -S{t, -x). Then equation (A.6) can be obtained 

by extremizing the Lagrangian variational functional 

£ " =  r dt f\x L", 
J—oo  J  0 

where 

L' = - \ul + 

is the Lagrangian density. 

Proof. Define 

C l =  [  d t  f d x  L I ,  
J—00 Jo 

LI = -\u.ut. 

/

OO j>\. 
dt / dx L?, 

•OO </0 

r" — —-r/^ ^2 — 

a = f dt f dx L?, 
^ y.oo Jo 

and 

thea I" = if + £; + i; and C = £; + £5 + £5. 

For ;C" and £3 we have from, equation (4.9) in the linear case 

For £2 

sa = -^e(j'° dt / c/j), 

= -^ rdt f dx ul(su,), 
^ 7-00 Jo 

= ^ r  d t T d x  D . ( a l ) { s u ) -
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Thus, 

(4.12) 

Combining (4.11) and (4.12) we have 

(4.13) 

Provided that S { x )  =  — S ( - x } ,  the right hand side reduces to the potential equation 

Now we turn our attention to the Hamiltonian of the noniineetr PFR. 

Proposition 11. The nonlinear PFR equation (Z.l) has a first integral of the form 

provided that S{x) satisfies relation (AA) and is odd. 

Proof. As with the linear case, we will show that for the differential operator Dx = 

and provided 5(a;) is odd, — uu^ + 5[u]. Thus, equation (4.14) is a first 

integral of the linear PFR. 

The functional derivative of is 

(4.6), and our proof is complete • 

(4.14) 

67e = £ (^jSu + Y^[u\ + dx, 

Using the fact that is the adjoint of R we have 

It then follows that 

= uu^ + i(5[ii| - 5"[u|). 



88 

Now, matching the right hand side of this equation to the for of the nonlinear PFR 

equation, it is necessary that 

S [ u ]  =  

Once more, the requirement of an odd kernel (e.g. S { — x )  =  — S { x ) )  allows equa

tion (4.14) to be a first integral of the nonlinear PFR (3.1). • 
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Appendix A 

THE LINEAR UNCOUPLED SOLUTION. 

Assume u { t , x )  and S { x )  are smooth \ periodic functions in x which, satisfy the PDE 

u t =  f  S { x  —  y ) u { t , y ) d y  (A.l) 
Jo 

and have the convergent Fourier expansions 

OO 

u { t ,  x )  = ^o(^) + ̂  An{t)cos{2nTx) + Bn{t)sin{2nTx) (A.2) 
n=I 

cc 
5(x) = Co + ^ a^cos{2Tmrx) + 6mSX7i(2mxx) (A.3) 

msl 

Substituting (A.2) and (A.3) into (A.l) one obtains 

Ao + ̂  ̂An{t)cos{2nTx) + —Bn{t)sin{2nTx) 
dt ^ dt ^ dt 

= aoAo + / ^ amC0s{2m'K[x — y)) ̂ (A„cos(27i7ry) + BnSin{ 2 m r y ) ) d y  
•'O m=L 11=1 

oa OQ 
6mS4Ti(2m7r(x — y)) y^{AnCos{2mry) + Bnsm{2niry))dy 

0 m=l n=l 

Using the identities 

cos(x — y) = cos(x)cos(y) + sin{x)sin{y) 

sin{x —y) = sin{x)cos{y) — sin{y)cos{x) 
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one obtains 

d d d 
Ao + ̂  -^An{t)cos{2m:x) + ̂  —Bn{t)sin{2Tncx) ^  a t  '  ^ d t  nasi 1 

= oo^lo + I ajnCos{2'KTnx)cos{2'Kmy) y {AnC0s{2n'Ky) + Bnsin{2mry))dy 
•'O m=l n=l 
yl == ^ 

+ I ^ amSin{ 2 'Kmx)sin{ 2 'Kmy) y {AnC0s[ 2 n 'Ky) + BnSin{ 2 n r y ) ) d y  
''O m=L n=l 

+ / ^ bTnSin{2'irmx)cos{2T:my) ^(>l„cos(2n7ry) + Bnsin{2m^y))dy 
"'O m=l 1=1 

— I bTnSin{2Trmy)cos{2T:mx) y^^{AnC0s{ 2 m r y )  + BnSin{ 2 m : y ) ) d y .  
m=l n=l 

Recalling that 

/ cos{2'Kny)cos{2'Kmy)dy = 0 n^m 
Jo 

J' sin{2Trny)sin{2iTmy)dy = 0 n ̂  m 
0 

/ cos{2'Kny)sin{2irmy)dy = 0 'im^n 
Jo 

/ cos^{2'rcny)dy = 
Jo Jo 

I sin^{2Trny)dy = / 
JO JO 

^ 1 + cos{'Kny) _ 1 

2 2 

^ 1 — cos{irny) 1 
—2 "iSZ-J 
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and the assumption that both series converge further reduces the equation to 

o Q ^ d 
—Ao + ̂  —An(t)cos(2mrx) + ̂  —B„(t)sm(2mrx) 

00 .1 

= aoAo + anAnCos(2Trnx) / cos{2'iTny)cos{2mry)dy 
1  Jo  

00 -1 
+ ̂  a„5„5Z7i(27rnx) / sin{2'!rny)sin{2mry)dy 

1  Jo  
oo -1 

+ ̂  bnAnSin{2Tmx) I cos[2'Kny)cos{2n'Ky)dy 

-A /-^ 
- ̂  bnBnSin{2'Kny) / cos{2Trnx)cos{2m:y)dy 

^0 

and then to 

9  * ' 9  J*' Q 
—A + ̂  —A„(£)cos(2n7rx) + ^ —S„(t)sm(2n7rx) 

= co^lo + - ̂^)cos(27rTia;) 
1 

X 

We now equate the coeflBicients of the eigenfunctions to get the system, of ODEs 

for the coefficients 

§iAo = ^0^0 

QT-"-N — V. 2 ' 

a.R — fanBg +6nA„ \ 
~ V 2 '' 

One method of finding the solution to the above system is to put the two ODEs 

into the matrix format 
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The matrix has the eigenvalues and 3*^" and eigenvectors (-i, 1)^ and 

( 1 ,  — a n d  t h u s  a  s o l u t i o n  o f  

Mt) = 5P»(0) + (^„(0) 

5nW = jH(A.(0) + + i(^„(0) - iB.(0))e"" 

Thus, 

A„(f)cos(2n'7rx) + Bn{ t ) s i n { 2 m r x )  

= [^7.(0) [e^ +e^] +iB„(0) -e^]] cos(2Ti7rz) 

+ie^ j^-fA(O) -e^^j +5„(0) 

which simplifies to 

= e 2 

A„(£)cos(2nTx) + Bn{ t ) s i n { 2 n T x )  

A„(0)cos(2nxx — + 5„(0)sin(2nxx — 

The solution for the coefficient i4o is the exponential >lo(^) = AQ{Q)exp{aQt). Com

bining all this together, the final exact solution to (0.1) is found to be 

u{t, x) = A„(0)cos (2nTX — + S„(0)5m f2mrx — 
n=l ^ ^ ' • 
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Appendix B 

THE DERIVATION OF THE AMPLITUDE. 

We determine the necessaxy amplitude A for a wave form 

u = Asin(n7rar + (l>)sgn[svx{mrx)\ (B-1) 

to be considered for a solution for the nonlinear PFR equation 

ut + uuj; = S *u (B-2) 

with a kernel 

S { x )  =  B s u L { 2 n T x  +  T p ) ,  

where n, B, and tp are known. No guarantee that an appropriate 0 can be found is 

given here, but we assume such a 4> exists. 

From (3.26) and (3.25) we have the amplitude of the of the sine wave which results 

from substituting (B.l) into the right hand side of equation (B.l). Equations (3.26) 

and (3.25) state 

40 
Amplitude of RHS = ±——i/lO + 6cos(2(^). 

37r 

Substituting (B.l) into the left hand side of equation (B.l) we obtain 

LHS =Ut -f-

=A~Tixsin(Tixx + 0) cos(Ti7rx + <p) 

=^~^^sm{2Tnix -}- 2<^). 

The amplitude of which is Thus for (B.I) to be a solution, it is necessary that 

the amplitudes of the two sides agree, or 

A-nX , AB f— -TT-rr 
—-— = ±——V 10 + 6cos(2<^). 

4 3x 
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Reducing, we find that 

A = ±-—r\/lO + 6cos(20). 
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Appendix C 

THE EXPLICIT RELATION FOR (PIIP). 

We determine the value of <f> for a wave form 

u = A sin(n7ra; + 4>)sgn[sin{mtx)] (C-1) 

to be considered for a solutioa for the nonlinear PFR equation 

ut + uux = s*u (C.2) 

with a kernel 

S { x )  = 5sin(2n7rx +^), 

where n, and ip are known. 

For the LHS of equation (C.2) we have the following. 

The time independence of equation (C.l) gives us 

Ut = 0. 

We now obtain the x derivative of (C.l). Recall that is the location of the jth 

discontinuity, 8 is the Dirac delta function, and Cj- is a constctnt proportional to the 

height of the jth discontinuity: 

n 

Ux = Anxcos(Ti7rs + (p)s^n[sin(7i7rx)] + Asin(n7ra: -f 0) 
j=i 

thus, 

LHS =Ut + uuj; 

=A^nTsm(nTx + (p) cos(nTX + 

4. TITT 
— sin(27rnar + 2 ( p ) .  (C-3) 
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For the RHS we have 

RHS =S * u 

=  f  Ssiii(2n7r(x —  y ) +  t p ) A s m { m r y  +  ( ( > ) s g n [ s i x i { m T y ) ] d y  
Jo  

=ABn ̂  J sin(2n7r(x -y) +1^) sm(nxj/ +• <l))dy 

— I siii(2n7r(x — y ) + i } )  sin(n7ry + ( p ) d y  

AB 
= (3 cos(27i7rz + jp + (f)) + cos(2n7rx +1/* — 0)) (C.4) 

STT 

It is obvious that the LHS and the RHS have —periodic sine wave profiles. It 

remains to be shown that there is a 0 which aligns the phases of these two sine waves. 

Since both the LHS and RHS are of the same frequency, matching the zeroes of 

each side suffices to align the phases of the wave forms. A zero of the LHS is r = 

Substituting this into the RHS we obtain 

AB 
RHS = — (cos(^ - 30) + 3 cos(^ - 0)). 

'STT 

We now set the RHS to zero, ignore the amplitude constant, and solve for 0. 

0 =cos(30 — ^) + 3 cos{ip — 0) 

=3 cos(0) cos(V') + cos^(0) cos(^) — 3 cos(0) cos{ip) sin"(0) 

+ 3 sin(0) sin('0) -f 3 cos'(0) sin(0) sin('0) — sia^(0) 

=3 cos(0) cos(^) + cos^(0) cos{ip) — 3 cos(0) cos('0)(l — cos^(0)) 

+ 3 sin(0) sin('0) + 3 cos"(0) sin(0) sin('0) — (1 — cos^(0)) sin(0) sin('0) 

=3 cos(0) cos('0) + cos^(0) cos('0) — 3 cos(0) cos{ip) + 3 cos^(0) cos('0)) 

+ 3 sin(0) sin('0) + 3 cos"(0) sin(0) sin('0) — sin(0) sin('0) + cos"(0) siiL(0) sm{ip) 

=4cos^(0) cos('0) + 2 sin(0) sin('0) + 4 cos'(0) sin(0) sin(^). 

After collecting cill terms containing sin(0) to one side of the equivalence relation it 
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follows that 

4cos^(0)cos(^) = —2sia.{^)sin{ip) — 4cos"(0)sin(0)siii(^) 

16 cos® (0) cos" (i^) = sm^((^)siii"(V')(2 + 4cos"((^))" 

16cos®(0)cos^(^) = (1 -cos^(0))sm"(V')(2+ 4cos'(0))" 

16cos®(0) cos'ii}) = sin"('V;)(2 + 4cos'(0))" — cos-(0) sin'(^)(2 + 4cos-((^))-

0 = 16cos®(0)cos^(i/') - (2+ 4cos'(0))"sin."(i/;)(l -cos-(<^)) 

0 = 16cos®((^)cos'('^) - 4sin"('^) - 12 cos"(0) sm^(i^) + 16cos®((^)sin"(i/') 

0 = 4cos®(0) — siii^(V') - 3cos"(0)sm'(V'). 

The last Une is cubic ia cos"(0). DeCarte's rule of signs indicates there is only one 

real root. Solving the cubic equation for the real solution (See [15] for details) we find 

sin"(^) 
cos"(i^) = 

2(sin"(^) + y/sm*{ip) — siD!'{ip))3 

i (silL^lp) + y/shL\lp) -siD.^{lp) 

Restricting ip to [0, and using y/l — sin"(V') = cos('^Z') one finds 

cos~{4>) = 
sin"(V') 

2(sin^(V') + sin"(i/') cos(^)) 
^ - (sin-(iA) + siR'ii;) cos(^)) 

svar{tp) 

2(siir(i^)(l 4-cos('^))) 
2 

sia3 (•^) 

^ - {sur{ip){l + cos(^))) ^ 

= sin3((^) 

2 
= sin^(<^) 

2(l + cos('^))i 2 

(2sm(f)cos(f))i , 1 
= --=7 h - 2cos (—) 

2(2cos2(^))x 2V 

Thus for (p we have 

<f) = axccos 

2 2 ih 
sin3(-)+cos?(j) 

Sm3(-)+C0S3(-) 
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Appendix D 

DERIVATION OF THE MAJDA AND ROSALES EQUATIONS. 

This appendix by no means attempts to cover the work done by A. Majda and R. 

Rosales. For more detail, see [1]. Rather, this appendix illustrates how their work may 

be applied to compressible fluid flow to obtain the equations A. Majda, R. Rosales, 

and M. Shonbek studied in [2]. 

Tlie entropy form of the Euler equations, which may be found in [5], in one spacial 

dimension has the form 

St dx ' 
du du _ I dp 
dt '^^dx pdx^ 

and 

dS dS „ 
ft 

and can be written in the matrix form 

p \ [ u p ^ \ f P\ 

S V 0 7P W 

Here, the entropy S , density p, pressure p, specific heat c„, and. gas constant a satisfy 

the relation 5 = So + c„ In j. The variable u represents th.e velocity of the fluid. 

Let 

[  p \  f u p Q  
{7= u andA=^ u ^ 

\  S  J  \  Q  - y p  u  

then (D.l) may be succinctly written as 

Ut+AU^ = 0. (D.2) 
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Let UQ and AQ be the vector and matrix of constants (replace the variables p, u, 

S, and p by the constant values po, Uq, Sq^ and po) to obtain 

Henceforth, we will drop the subscript 0 for the purpose of notation. For the 

remainder of this appendix p, ti, S, and p will replace the constants poi Sq, and 

POJ but still remain constant. This includes the following eigenvalues, eigenvectors, 

and sound speed constant c. 

The eigenvalues of AQ are Ai = u + c, Ao = u, and = u — c, where c is the sound 

respectively. The left eigenvectors have been normalized so that Ij • = 5jk where 

delta is the Kronecker delta. 

We now assume that U depends on the two space variables x and ^ = f and the 

two time variables t and T = |, and then expeind U around the constant state UQ to 

obtain 

The associated right eigenvectors are 

with corresponding left eigenvectors 

U — Uq ^Ui + ̂ U% — 

It follows that 

^ ^ If'+'If'+ (D.3) 

and 

CD.4) 
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We now expand A in the Taylor series around the constant matrix AQ, 

A = AQ + + 0(6̂ ) (̂ •̂ ) 

where 

(u p 0 

0 jp u 

and 

B q  =  U i  •  V y A o -

The directional derivative, Ui • VCTAQ, is applied to the matrix A, and. then made 

constant by substituting in the constant values of p, u, S, and p. 

Substituting the expansions (D.3), (D.4), and (D.5) into (D.2) and collecting 

powers of e, we get 

°(l) ^ = ° 
0(1) = = 

OW : + = (D.8) 

Recall that Uq is constant which makes equation (D.6) trivial. Equation (D.7) implies 

that 

3 
U i  =  ̂at(0I, X, t)r,-, where 9 i = ^  — XiT. (D.9) 

i=i 

We now assiune U2 has the form 

3 

C/"2 = ^bi{di,r]i,X,t)ri, where •ni=T + A^-f. (D.IO) 
1=1 

Assume further that the 6,- are sub-linear in 77,-, e.g. 

lim — = 0. (D.ll) 
r-^O T}i 

This allows our asymptotic expansion of U to be Vedid for a longer period of time. 
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We now introduce the averaging operator 

which we will use in just a moment. 

Applying the left eigenvector to equation (D.8), and substituting the expansions 

(D.9) and (D.IO) one obtains 

The left hand side is the derivative ^6i, thus averaging over rji and applying relation 

(D.ll) causes the left hand side to vanish. Note that a,- is constant in the rji direction, 

but a, may not be. Thus {aj)rj. = ay, but a,- cannot be taken out of the averaging 

operator for i 7^ j. Thus after averaging both sides of equation (D.13) over the 

variable T/,-, we have 

3 3 
= - E E (D-l") 

where 

rjt = [ii((r, • /loK)! • 

Using the values of the eigenvectors and of the matrix AQ we determine precisely 

the values of each F. 

rt, = i 
r}, = o 

>-* II 1 = 0 

n i =  0 ^22 = 2p-i 
rii = 1 ^32 = _ c 

P  

II 1 r?2 = 0 

n:i = 0 p2 _ i 22 V 
n i  =  1 ^32 = _ c  

P  

rii = 1 r?2 = 0 

rii = 0 = 
2p* 

rL = 1 ^32 = _ c 

P 

23 
33 

r- — 1  ̂13 —  ̂

33 

r?3 = i 

•33 
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If we assume the Oi are mean zero (e.g. limrn-oo = 0 ) then equa

tion (D.14) may be used to form the following system of equations by including the 

equations corresponding to i = 1,2, and 3. This system is 

Here the fcy are the wavenumbers associated with the a^ . 

An integration by parts within the average and an assumption that the Oi are 

periodic results in equations similar to those studied by Webb et. al. in [14]. 

It can be seen that after an appropriate change of variables one may obtain the 

equations 

which Majda, Rosales, and Shonbek focused their numerical study. 
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