
Essays on nonlinear waves: Patterns under
water; pulse propagation through random media

Item Type text; Dissertation-Reproduction (electronic)

Authors Komarova, Natalia, 1971-

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 24/05/2023 21:04:19

Link to Item http://hdl.handle.net/10150/282787

http://hdl.handle.net/10150/282787


INFORMATION TO USERS 

This manuscript has been reproduced from the microfikn master. UMI 

films the text directly from the original or copy submitted. Thus, some 

thesis and dissertation copies are in typewriter fece, while others may be 

from any type of computer printer. 

The quality of this reproduction is dependent upon the quality of the 

copy submitted. Broken or indistinct print, colored or poor quality 

illustrations and photographs, print bleedthrough, substandard margins, 

and improper alignment can adversely a£fect reproduction. 

In the unlikely event that the author did not send UMI a complete 

manuscript and there are missing pages, these will be noted. Also, if 

unauthorized copyright material had to be removed, a note will indicate 

the deletion. 

Oversize materials (e.g., maps, drawings, charts) are reproduced by 

sectioning the original, beginning at the upper left-hand comer and 

continuing from left to right in equal sections with small overlaps. Each 

original is also photographed in one exposure and is included in reduced 

form at the back of the book. 

Photographs included in the original manuscript have been reproduced 

xerographically in this copy. Higher quality 6" x 9" black and white 

photographic prints are available for any photographs or illustrations 

appearing in this copy for an additional charge. Contact UMI directly to 

order. 

UMI 
A Bell & Howell Information Company 

300 North Zed) Road, Ann Aibor MI 48106-1346 USA 
313/761-4700 800/521-0600 





ESSAYS ON NONLINEAR WAVES: 

PATTERNS UNDER WATER; PULSE PROPAGATION THROUGH RANDOM MEDIA 

by 

Natalia Komarova 

A Dissertation Submitted to the Faculty of the 

GRADUATE INTERDISCIPLINARY PROGRAM IN APPLIED 
MATHEMATICS 

In Partial Fulfillment of the Requirements 
For the Degree of 

DOCTOR OF PHILOSOPHY 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

19 9 8 



TJMI NiJinber: 9912090 

UMI Microform W12090 
Copyright 1999, by UMI Company. All rights reserved. 

This microform edition is protected against unauthorized 
copying under Title 17, United States Code. 

UMI 
300 North Zeeb Road 
Ann Arbor, MI 48103 



2 

THE UNIVERSITY OF ARIZONA ® 
GRADUATE COLLEGE 

As members of the Final Examination Committee, we certify that we have 

Natalia KOMAROVA 
read the dissertation prepared by_ 

entitled Essays on Nonlinear Waves : 

Patterns Under Water; Pulse Propagation Through Random Media 

and recommend that it be accepted as fulfilling the dissertation 

requirement for^he ̂ ^ree of Doctor of Philosophy 

Alan Ifewell 

Nicholas M. Ercolani/i ^ /; 

Robert Indik 

Juan Restrepo 

ir~ 'it 

/g 
Date ^ 

Date 

Date 
U'/m 

Date 

Final approval and acceptance of this dissertation is contingent upon 
the candidate's submission of the final copy of the dissertation to the 
Graduate College. 

I hereby certify that I have read this dissertation prepared under my 
direction a^ repommend that it be accepted as fulfilling the dissertation 
requiremei 

Disserta Director ^an Newell Date 



3 

STATEMENT BY AUTHOR 

This dissertation has been submitted in partial fulfillment of requirements for an 
advanced degree at The University of Arizona and is deposited in the University 
Library to be made available to borrowers under rules of the Library. 

Brief quotations from this dissertation are allowable without special permission, 
provided that accurate acknowledgment of source is made. Requests for permission 
for extended quotation from or reproduction of this manuscript in whole or in part 
may be granted by the head of the major department or the Dean of the Graduate 
College when in his or her judgment the proposed use of the material is in the interests 
of scholarship. In all other instances, however, permission must be obtained from the 
author. 

SIGNED: 



4 

ACKNOWLEDGEMENTS 

I would like to thank my advisor, Prof. Alan C. Newell, for being so kind and helpful 
during my entire PhD work, for many inspiring discussions we have had and for 
encouraging me to continue my work whenever I got stuck. 

I am grateful to my coauthor, Dr. Suzanne J. M. H. Hulscher, for finding a mistake 
on an earlier stage of this work. This has led to a new direction of research. 

Thanks to Dr. Igor Rivin for helping me out with computer set up while I was 
working away from my home university. 

Finally, I would like to thank Dr. Randy Flesch for teaching me IDL and proof
reading Chapter 2 of this work. 



0 

DEDICATION 

To my parents. 



6 

TABLE OF CONTENTS 

LIST OF TABLES 9 

LIST OF FIGURES 10 

ABSTRACT 12 

CHAPTER 1. INTRODUCTION 14 
1.1. Nonlinear waves 14 

1.1.1. Weakly nonlinear waves 14 
1.1.2. Strongly nonlinear waves 16 

1.2. Physical Modeling 17 
1.2.1. Observations 17 
1.2.2. Modeling 19 

CHAPTER 2. THE MEAN FLOWS DRIVEN BY SAND BAR INSTA
BILITIES 25 
2.1. Background 25 
2.2. Rigid-lid approximation 29 

2.2.1. Linear theory 29 
2.2.2. Nonlinear theory 32 

2.3. What is wrong with the above analysis 35 
2.4. Linear analysis of model without the rigid - lid approximation .... 37 
2.5. Nonlinear analysis of the model without the rigid-lid approximation . 39 
2.6. Analysis of the results 43 

CHAPTER 3. LINEAR MECHANISMS FOR SAND WAVE FORMA
TION 48 
3.1. Motivation 48 
3.2. Model 51 

3.2.1. Basic equations 51 
3.2.2. Modeling the effects of turbulence by bulk parameters 55 
3.2.3. Scaling and basic tidal solution 57 
3.2.4. Linear stability analysis 62 

3.3. Results for a Typical Offshore Location 65 
3.4. Mechanisms for Bed Feature Excitation - Viscosity 

Model (a) 71 
3.4.1. Hydrodynamics 72 
3.4.2. Morphodynamics 75 



TABLE OF CONTENTS—Continued 

3.5. Mechanisms for Bed Feature Excitation - Viscosity 
Model (b) 76 
3.5.1. Depth dependent viscosity model - viscosity effects only .... 77 
3.5.2. Full model (b) for turbulent viscosity - viscosity effects only . 80 
3.5.3. Full model (b) - the combined effect of direct and indirect per

turbations 81 
3.5.4. Model (b) - morphodynamics 82 

3.6. Discussion and conclusions 83 

CHAPTER 4. NONLINEAR DYNAMICS OF SAND WAVES AND SAND 
BANKS 86 
4.1. Introduction and General Discussion 86 
4.2. Model and results of the linear stability analysis 89 

4.2.1. Some remarks on the model 89 
4.2.2. Linear analysis and the soft mode 91 
4.2.3. Summary of the preliminary results 95 

4.3. Nonlinear analysis 96 
4.3.1. General consideration 98 
4.3.2. Order 100 
4.3.3. Order 103 
4.3.4. Order 106 
4.3.5. Remarks 106 

4.4. Discussion and estimates 108 
4.4.1. Physical parameters 108 
4.4.2. Typical values for coefficients in the envelope equations .... 110 
4.4.3. Predictions 116 
4.4.4. Nonlinear flow response and bed shape 119 
4.4.5. Further remarks 121 
4.4.6. Wavelength doubling 123 

4.5. Conclusions 125 

CHAPTER 5. THE COMPETITION BETWEEN NONLINEARITY, DIS
PERSION AND RANDOMNESS IN SIGNAL PROPAGATION . . 128 
5.1. Preliminary Remarks 128 
5.2. The SIT problem - Model 1 132 
5.3. Different formulations of the SIT problem 138 

5.3.1. Model 2 138 
5.3.2. Model 3 141 

5.4. An envelope equation for the SIT problem 145 
5.4.1. The limit of homogeneous broadening 145 



8 

TABLE OF CONTENTS—Continued 

5.4.2. Derivation of the Envelope Equation for a Special Form of the 
Distribution 148 

5.4.3. Discussion 152 

APPENDIX A. LINEAR AND NONLINEAR ANALYSES: THE BASIC CONCEPTS 155 

APPENDIX B. COHERENT PULSE PROPAGATION THROUGH A RESONANT TWO-
LEVEL OPTICAL MEDIUM, A REVIEW 161 
B.l. Step One 161 
B.2. Step Two 164 
B.3. Step Three 166 

APPENDIX C. ASYMPTOTIC EXPANSIONS OF COEFFICIENTS IN THE SAND 
BAR ENVELOPE EQUATIONS 169 

APPENDIX D. BASIC TIDAL SOLUTION 172 

APPENDIX E. DERIVATION OF THE SEDIMENT TRANSPORT FORMULA . . 174 

APPENDIX F. DERIVATION OF THE SLIP CONDITION MATCHING THE VIS
COSITY PARAMETERIZATION 177 

REFERENCES 179 



9 

LIST OF TABLES 

TABLE 3.1. Scaling used in the model 58 
TABLE 3.2. Viscosity and resistance parameter values for figures 3.9 (a) and 

(b)  69 
TABLE 3.3. The depth dependence of the viscosity and the resistance param

eter for figures 3.9 (c) and (d) 70 

TABLE 4.1. Definitions of sand patterns 86 
TABLE 4.2. The exponent b and the corresponding critical control parameter 

for two sets of physical parameters (in both cases, S' = O.Olm/s) 109 
TABLE 4.3. The predicted sand wave and sand bank height depending on the 

control parameter 116 



10 

LIST OF FIGURES 

FIGURE 1.1. The summary of approximations in morphological modeling. 22 

FIGURE 2.1. The velocity field in the laboratory frame, at a fixed time. Steady 
state flow and the first correction ^suady + are shown. It is 
now clear how the stream flow creates the sand bumps: the velocity is 
large when water comes to the bump and small on the downslope side, so 
the bump grows because sediment flux is proportioned to water velocity. 31 

FIGURE 2.2. Competition of the flow term of sediment flux and the down-slope 
correction leads to a finite value of Rc (qualitatively) 32 

FIGURE 2.3. The neutrai curve (qualitatively) 33 

FIGURE 3.1. Sand waves near the Euro-channel (North Sea) 49 
FIGURE 3.2. The morphological loop 52 
FIGURE 3.3. The geometry of the system and notations 53 
FIGURE 3.4. The components of the horizontal basic flow for H = 45m, uq  = 

7 • 10~^m^/s, S' = 4.7 • 10~^m/s, in (a) the amplitude, it, of the velocity is 
given, and in (b) the phase shift in radians is plotted versus the vertical 
distance from the bottom 62 

FIGURE 3.5. A comparison between the two viscosity models. The dotted line 
represents model (a), and the solid line - model (b). A = 21.7 and the 
rest of the parameters are as in figure 3.4 66 

FIGURE 3.6. Results of the linear analysis for model (b), A is close to AC = 21.7. 
Parameters are the same as in figure 3.4. kc corresponds to sand waves of 
length 571m 67 

FIGURE 3.7. The time-independent component of the response flow (comes 
from ^o) corresponding to the critical condition {k = kc, X = Ac), looks 
like two rows of recirculating cells. All the parameters are the same as in 
figure 3.6 68 

FIGURE 3.8. The I/Q and i7-dependence of the critical wavelength, Ic, and the 
critical control parameter, Ac. For the figures in the upper row, parameter 
H = 45m 69 

FIGURE 3.9. Basic instability mechanism. For explanations, see text 73 
FIGURE 3.10. The geometry of the time-independent component of the response 

flow for model (a). In order for the second row of cells to appear the depth 
should be large enough 75 

FIGURE 3.11. The changes in the flow induced directly and indirectly (through 
a depth-dependent viscosity) 77 

FIGURE 3.12. The geometry of the time-independent component of the response 
flow for model (b) 79 



11 

LIST OF FIGURES—Continued 

FIGURE 4.1. Sand ripples and megaripples ofishore from Blackbeard Inlet, 
Sapelo Island, Georgia. The scale is approximately 3m across the front 
field of view. The photo was taken by Paul Howell, Department of Geo
logical Sciences, University of Kentucky. 87 

FIGURE 4.2. Calculated values for coefficients. Dotted line corresponds to 
S = 15, dash-dot - to S = 12, solid line to S = 10, dashed line to S = 7. Ill 

FIGURE 4.3. The near-bed flow direction for sand waves and sand banks su
perimposed. Only the bottom row of large-scale vortices is shown. ... 114 

FIGURE 4.4. Predicted long-scale bed dynamics 119 
FIGURE 4.5. Nonlinear residual flow and bed shape 120 

FIGURE 5.1. The electric field envelope given by a breather soliton (equation 
(5.15) with T] = 0.01, ^ = 1 and 0 — 0.03) and the corresponding A and n 
as functions of r. Functions A and n are given for different values of a ). 137 

FIGURE 5.2. Limiting cases of the SIT problem 147 



12 

ABSTRACT 

This is a collection of essays on weakly and strongly nonlinear systems and possible 

ways of solving / interpreting them. 

Firstly, we study sand patterns which are often observed on sea (river) beds. One 

of the most common features looks like straight rolls perpendicular to the water mo

tion. In many cases, the straight rolls are superimposed on a much longer wave so 

that two vastly different length scales coexist. In general, there are at least two mech

anisms responsible for the growth of periodic sand waves. One is linear instability, 

and the other is nonlinear coupling between long waves and short waves. One novel 

feature of this work is to suggest that the latter can be much more important than the 

former one for the generation of long waves. A weakly nonlinear analysis of the corre

sponding physical system suggests that the nonlinear coupling leads to the growth of 

the longer features if the amplitude of the shorter waves has a non-zero curvature. For 

the case of a straight channel and a tidal shallow sea, we derive nonlinear amplitude 

equations governing the dynamics of the main features. Estimates based on these 

equations are consistent with measurements. 

Secondly, we consider strongly nonlinear systems with randomness. The phe

nomenon of self-induced transparency (SIT) is reinterpreted in the context of compe

tition between randomness, nonlinearity and dispersion. The problem is then shown 

to be isomorphic to a problem of the nonlinear Schroedinger (NLS) type with a ran

dom (in space) potential. It is proven that the SIT result continues to hold when 

the uniform medium of inhomogeneously broadened two-level atoms is replaced by 

a series of intervals in each of which the frequency mismatch is randomly chosen 

from some distribution. The exact solution of this problem suggests that nonlinear

ity can improve the transparency of the medium. Also, the small amplitude, almost 

monochromatic limit of SIT is taken and results in an envelope equation which is 
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an exactly integrable combination of NLS and a modified SIT equation. Some gen

eralizations are made to describe a broad class of integrable systems which combine 

randomness, nonlinearity and dispersion. 
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Chapter 1 

INTRODUCTION 

Ha Sepery NYCTBMHHIX BOJIH 

CTOHJI OH, SYU BCJIHKHX HOJIH. 

— A.C. NYNIKHH, BCAIIHHK» (1833)^ 

This work is devoted to investigation of nonlinear waves in complex systems. We study 

both weakly and strongly nonlinear waves. The former ones appear in systems where 

the nonlinearity does not play a crucial role. There, solutions locally look almost like 

solutions of the corresponding linearized systems. The nonlinearity contributes by 

introducing slow modulations and small corrections. On the other hand, for strongly 

nonlinear waves the nonlinearity is very important. Neglecting the nonlinearity would 

lead to qualitative changes in the behavior of solutions. 

Weakly nonlinear waves are studied in Chapters 2, 3 and 4. The example we 

use is waves generated by water when it moves over sand (and variations on this 

topic). Strongly nonlinear waves are addressed in Chapter 5. We investigate pulse 

propagation through dispersive media with randomness. 

1.1 Nonlinear waves. 

1.1.1 Weakly nonlinear waves. 

The idea of stability analysis of solutions of partial differential equations (PDE's) is 

simple. In order to examine the stability of an exact solution of a PDE, we i) perturb 

^Before a vast zind lonely expanse of waves, he stood, contemplating. A.S.Pushkin (1833). 
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the solution, ii) linearize equations with respect to the perturbation, iii) expand the 

perturbation (which now satisfies a linear equation) in terms of an appropriate basis 

and iv) hope that time evolution equations for each of the components separate 

(decouple). If so, we can study the evolution of each of the components separately. 

The method is demonstrated in Appendix A for a simple but very important case. 

There, the system is translationally invariant in some direction, i.e. the resulting 

linearized equation has coeflBcients which are constant in this direction. Therefore, 

the appropriate basis for expansion is plane waves (Fourier harmonics). The stability 

analysis is equivalent to studying the evolution of plane waves. In other cases, the 

appropriate basis might be different from Fourier basis. We will assume here that 

such basis exists, and label its modes with wave-number, k. 

It can happen that only waves with certain wave-numbers grow in time whereas 

others are linearly damped. This means that certain modes are energetically favored 

and therefore they dominate the dynamics. Of course this simple argument only gives 

an idea of the behavior of the system for a very short time after which the system 

cannot be viewed as linear anymore. In order to carry on we need to introduce the 

assumption that the system is in some sense weakly nonlinear. This usually means 

that the control parameter (see Appendix A) is only slightly larger than critical. This 

gives one a small parameter which controls the djoiamics of the system for some finite 

time. Basically we can say that the amplitude of the excited waves is still a small 

quantity, so the fact that it satisfies a nonlinear equation does not matter too much. 

Then we can use an asymptotic description of solutions and their dynamics and find 

out that the waves which were excited in the linear analysis are saturated by higher 

order terms. Having the small parameter (the overcriticality) in hand, we can separate 

scales and find that the solution still looks almost like the linear solution (which is 

a wave in the case of translational invariance). It can be described as a modulated 

wave, whose amplitude varies slowly in space and time in comparison with the rate 

of change of the initial unstable wave. 
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In other words, one can show that the linearly unstable wave survives for some 

finite time and defines the shape of the solution modulo some slow variations. The 

method helps to simplify the problem tremendously. For instance, in the case of a 

discrete spectrum, when we use an envelope description, the number of dimensions 

drops from infinity to some finite number! 

In conclusion we will point out that the method outlined above is based on some 

deep physical properties of many systems and gives a way of characterizing their 

behavior. However, a lot of it is still not very well grounded mathematically. For 

instance, the proof of the existence of solutions in the vicinity of a critical point is 

a tough challenge. It has been done for classical PDE's like the Swift Hohenberg 

equation, but for many other systems a rigorous theory still needs to be developed. 

1.1.2 Strongly nonlinear waves. 

In the strongly nonlinear case, the above method is not applicable. The nonlinearity 

has to be taken into account and the asymptotic expansion that we described fails. 

There is no general method for finding solutions of such systems. Sometimes, if the 

system is integrable (in the sense that it possesses a Lax pair) it becomes possible 

to solve it exactly. Then one can find solitary waves, or solitons. Solitons are the 

most celebrated example of strongly nonlinear waves. They can be characterized 

as traveling pulse-like coherent structures. They exhibit a remarkable stability and 

particle-like properties, i.e. they keep their identity. For instance, when two solitons 

meet, they pass through each other without changing their shapes. The nonlinearity 

is essential for solitons because it is the main force which "keeps them together', 

i.e. stops their dispersion. Note that there is a superposition principle for soliton 

PDE's by analogy with linear equations, only it is not linear combinations but rather 

a ladder-like process called Backlund transformation. 

A lot of literature has been devoted to the study of these exact solutions of non-
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lineax PDE's (see for instance [2], [16], [45], [54]). One method for solving integrable 

PDE's is called the inverse scattering transform method (the 1ST method). The 1ST 

(much like Fourier transform for linear PDE's with constant coeflBcients) converts the 

nonlinear PDE into an uncoupled set of ordinary differential equations (ODE's) for 

the amplitudes and phases of the normal modes. We illustrate the use of the 1ST 

method in Appendix B. 

1.2 Physical Modeling. 

Since a large part of the present work is devoted to the studies of patterns under 

water, we will give some background on this specific kind of nonlineax wave. The 

motivation for the study of geomorphological patterns is given by observations. If 

we want to describe what was observed and predict what is going to happen, we 

have to introduce physical models of the appropriate systems. One can hope that 

the resulting system can be solved (analytically or numerically) to give meaningful 

results. 

1.2.1 Observations 

Examples of regular sand structures caused by water motion can be found on the 

bottom of rivers and seas and appear as a result of the water moving on top of 

a sandy bottom. These features appeeir on very different spatial scales and have 

different characteristics. We will give a brief classification and introduce some terms 

which are used in the literature (see also [42]). 

In rivers the three natural length scales give rise to three distinct kinds of bed 

patterns: 

• Scale of a typical grain —>• ripples (amplitude no larger than a few centimeters, 

wavelength from 1 cm to 0.5 m); 
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• Scale of the river depth —>• dunes (amplitude a few decimeters, wavelength a 

few meters); 

• Scale of the river width alternate bars (amplitude a couple of meters, wave

length a couple of hundreds of meters). 

In rivers all these patterns are caused by a unidirectional water flow driven by grav

itational forces. A different situation takes place in seas. There, the forcing has a 

periodic component. Despite different flow patterns, the resulting bed features axe 

often quite similar to the ones listed above. However, they bear different names. Here 

we list some of them: 

• Smallest scale —> ripples (amplitude no larger than a few centimeters, wave

length from 1 cm to 0.5 m, occur on a shore line); 

• Medium scale —>• megaripples (amplitude a few decimeters, wavelength up to 20 

m, occur close to a shore, parallel to the beach line, often covered with ripples); 

• Large scale -> sand waves (amplitude up to 5 m, wavelength from 100 m to 

800 m, occur in tidai seas). 

• Very large scale —)• sand banks (also sometimes called tidal ridges, amplitude up 

to 20m, wavelength a few kilometers, they occur in tidal seas and often coexist 

with sand waves). 

Note that the above classification is by no means complete. There are many other 

bed features that we did not include in the list (see for instance [43], [21]). Also one 

should be careful  because different  authors  sometimes employ different  terms for  the  

same types of bed patterns. 

In this work we have chosen to concentrate on the alternate bars (as an example 

of river bed forms) and sand waves/sand bars as examples of tidal sea sand patterns. 

Sand ripples and megaripples will also be mentioned. 

Keeping this in mind, we proceed with physical modeling. 
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1.2.2 Modeling 

To describe these phenomena, one has to couple the hydrodynamic equations of mo

tion with an equation describing the behavior of sand. A mass conservation law based 

on an empirical formula for the sediment flux is usually used. In all the cases listed 

above the problem can be formulated as follows: 

First of all we will comment on the last of these equations. The exact equation of 

motion for  the sand is  not  known.  Instead,  a  var ie ty  of  parameter izat ions for  the  

sediment flux have been used. In this work, the sand is considered to be transported 

as bed-load which means that no particles of sand are separated from the bed. In other 

words, we do not take into account the effects of the so-called suspended sediment. An 

encouraging fact is that most sediment transport models (which ignore the suspended 

sediment), when linearized, have a very similar structure. Some intuitively clear ideas 

are incorporated in (1.3) which will be described later on in this work. 

Now we will concentrate on (1.1) and (1.2). The exact problem (e.g. the Navier-

Stokes equation with arbitrary boundary conditions) has proved to be unsolvable or 

too complicated. At this point we have to ask the question: what are the essential 

features of the phenomenon we want to describe and what can be taken out in order to 

simplify the analysis. We are going to outline the results of using these approximations 

and list some results obtained in the past (see also figure (1.1)). 

• Dimension. We will mention two major instability mechanisms have been 

found responsible for a variety of sand patterns. These mechanisms are different 

depending on whether or not the vertical structure of the flow is taken into 

account. 

Hydrodjaiamic equation of motion for water 

Boundary conditions on the bed and on the surface 

Conservation law for sand 

(1 .1 )  

( 1 . 2 )  

(1.3) 
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The simpler model involves the two-dimensional equations of water motion av

eraged in the vertical direction. In [65] (and also in Chapter 2 of this work), 

such a model was used to predict the generation of sand bars in a straight chan

nel. The sand is transported edong with the water and creates some pattern on 

the bottom. From the point of view of energy, a non-trivial transverse struc

ture of the sand bars turns out to be essential. Water meanders around the 

bumps of sand keeping the potential energy of the water minimal. Averaging 

over the vertical dimension is well justified because observation show that the 

wave length of alternate bars is defined by the channel width and not its height. 

A similar two-dimensional "horizontal" model was used in [35] to predict the 

existence of larger scale bottom features on a tidal background. Agciin, for this 

model, both horizontal dimensions axe essential. Exactly as in the case of a 

straight channel, the corresponding one-dimensional model predicts a decay of 

all the bottom excitations. On the other hand, for two-dimensional perturba

tions, there are modes that have a positive growth rate. For realistic physical 

parameters the size of the excited wave corresponds to a typical wavelength of 

tidal sand banks. As it was shown in [35], this model fails to predict excitation 

of sand waves. To describe sand waves one needs to take account of the vertical 

dimension. 

In models that include the vertical structure of the flow, an entirely different 

linear instability mechanism is relevant. This instability does not require both 

horizontal dimensions and relies on the specific form of the induced secondary 

flow that appears on the tidal background due to bottom perturbations. It 

turns out that this secondary flow is dipolar and directed along the bottom 

away from sand wave troughs and towards the sand wave crests. It therefore 

carries the sand upwards against gravity helping to increase the amplitude of 

the excitation. Models which require a vertical direction have been employed 
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for description of sand waves ([37]) and sand ripples ([6]). Also, the formation 

of river dunes was described by [26] using a 2D vertical model. 

• Shallow and deep water. Both of these approximations are only applicable 

in the case when the vertical component is taken into account. It is interesting 

that the dimensionless water depth is the major difference between sand wave 

and sand ripple formation. It turns out that the two problems can be formulated 

in almost exactly the same manner in terms of dimensionless variables with the 

following important difference: in the case of sand ripples the ratio between the 

local depth, H, and the Stokes boundary layer thickness, 5, is much bigger than 

one, H/5 ^ 1, and in the case of sand waves, we have H/5 ~ 1. Therefore, the 

infinitely deep water model can be used in the former problem (see [6]) and it 

is not allowed in the latter one (see [37]). In the case of sand wave formation, 

shallow water equations can be used, because there is a small parameter, H/I <c 

1, where I is the characteristic wave length of sand waves. 

It is important to note that the difference between the ripple and the sand 

wave problems is not only of a technical kind. It has been shown that the finite 

depth effect leads to a different shape for the dispersion curve, namely, the most 

excited wave number is A: = 0 (ultra-long waves are excited). This is not physical 

because it does not describe correctly the spectrum of sand waves observed in 

nature. This difficulty indicates that there is some physical phenomenon missing 

in the model. We will show that the situation can be improved (see Chapter 

3) by using a more relevant description of the effects of turbulence. This new 

addition leads to the damping of very long waves. 

• Turbulence modeling. When trying to predict the formation of very large 

bed forms, one can concentrate on the scales of interest (bigger than 100 m in 

the case of sand waves) and incorporate the dynamics on smaller scales in some 

empirical parameters such as the slip parameter (which enters the boundary 
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FIGURE 1.1. The summary of approximations in morphological modeling. 
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conditions at the bottom) and the turbulent viscosity. This method has been 

successfully used by physical oceonographers who deal with large distances. 

However, as was mentioned above, the simplest way of modeling the turbulent 

viscosity does not necessarily give correct behavior of the sand for large wave 

lengths. A more sophisticated model for turbulent viscosity must be used to 

predict the excitation of sand waves and damping of very long waves. In this 

work we will show that a near-bed dependent viscosity model works well for 

modeling the generation of tidal sand waves. 

• Rigid lid approximation. This approximation seems very attractive because 

intuitively speaking the changes on the surface are unlikely to influence the 

development of the bed. The surface boundary conditions for the sand wave 

problem can indeed be simplified in this way. However the trick does not work 

for sand bars in channels. As will be shown later, the rigid lid approximation 

used in the sand bar problem leads to violation of mass conservation law for 

water. It turns out that this approximation is inconsistent with depth averaged 

models. There, a full boundary condition must be used. Again, it is not merely a 

technical detail. It brings out a whole new mode in the problem which describes 

large scale distortions of the surface and is essential for consistency and well-

posedness of the nonlinear problem. 

• Time scale separation. At this point it is convenient to introduce the no

tion of the basic state solution. We will use this term to denote a solution of 

system (1.1-1.3) which corresponds to some simple water motion over a flat 

bed. When dealing with formation of sand ripples and sand waves, the basic 

water motion is periodic (waves and tides respectively) with a given period. It 

gives us a natural scale on which the changes in the flow solution take place 

(half-day and several seconds respectively). It is clear that in both cases the 

bottom profile changes on a much larger time-scale, which enables one to sim
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plify equation (1.3) by averaging the time-dependent flow solution over one 

period. On the other hand, in the case of sand bars the basic solution is a 

uniform time-independent flow over a flat bed. The time dependence of all flow 

perturbations is determined by the changes on the bottom and, therefore, the 

time scale separation caimot be used in the same way. 

Figure 1.1 summarizes the problems that will be studied in more detail later in this 

work as well as important approximations that we make. 

We would like to emphasize that the physical mechanisms mentioned above are 

only a few of many that can be responsible for bed pattern formation. For instance, 

surface waves can also play an important role in the formation of sand ripples and 

megaripples (see for instance [14], [7]). Surface waves propagating over a sinusoidally 

varying bed were studied axid a resonance was found between wavetrains of wavelength 

A and bed waves of wavelength A/2. It was shown using a shallow water theory in a 

long wave approximation, that coastal sand bars can be enhanced by surface waves. 

For experimental results see [57]. More complicated beach patterns were theoretically 

predicted in [34] by studying two- and three - wave interactions. In [52], studies of 

oscillatory flows over rigid ripples and instability of ripples under oscillatory- flows 

were combined. 

In this work, we are not aiming to study all possible mechanisms of sand pattern 

formation. We will concentrate on only a few and suggest that they can make a 

noticeable contribution to this complex process. 
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Chapter 2 

THE MEAN FLOWS DRIVEN BY SAND BAR 
INSTABILITIES 

Alternate sand bars are often observed in rivers and chsinnels with a sandy bed. 

They are regular waves moving downstream with an alternating transversal struc

ture (checkerboard pattern) and typical wavelengths of the order of the several river 

widths. They appear as a result of the interaction between the river flow and an 

erodible bottom. 

It turns out that the mathematical model describing the dynamics of alternate 

bars presents a very nice example of a system which is amenable to linear and weakly 

nonlinear analyses. It is simple enough so that we can find analytical expressions 

for each mode. At the same time it contains some very non-trivial features. The 

linear and nonlinear dynamics of sand bars was studied in [11] and [65]. In this 

chapter we will briefly review the earlier analysis of [65] and talk about the mechanism 

responsible for the growth of sand bars. Then we will consider the long-term behavior 

of the system. In the weakly nonlinear analysis of [65], the effects of the Goldstone 

(soft) mode were neglected. We will augment the analysis of [65] by including the soft 

mode in the consideration and show that it plays an important role in the long term 

dynamics. Note that later in the text, the term "mean flow" is used for the Goldstone 

modes and not for the river flow (see also a remark in the end of Appendix .A.). 

2.1 Background 

To study the behavior of sand bars, we consider a depth-averaged shallow water flow. 

We also assume that the dynamics takes place in a straight, infinitely long channel 

of width L, having a uniform mild slope, which we denote by zq. For most rivers I'o 
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varies between 0.00008 and 0.0005. For instance, the Blue Nile has a length of 4,400 

km and elevation 1,860 m, so its slope io = 0.0004; for the White Nile or Mississippi 

io = 0.0001. Note that the slope io gives rise to an acceleration iog of fluid in the 

downstream direction. 

Further, we consider the banks to be non-erodible, whereas the bottom consists of 

non-cohesive sediment, which we assume to be transported as bedload. The system 

then can be described by the following model: 

du 
+ (u • V)u + ̂ VC = F-I-fo^x, (2.1) 

(2.2) 

dh 
^ + V.Q = 0 (2.3) 

We use an orthogonal coordinate system, where we assume that the x- direction 

coincides with the streamwise direction (x is a unit vector in the x-direction). u = 

(tz, v) is the depth-averaged velocity, is the elevation of the disturbed free surface 

with respect to the undisturbed water-depth H, h is the disturbed bed-level with 

respect to the undisturbed water-depth H, and therefore 2 = C and z = h — H are 

the positions of the surface and the bed respectively. Equation (2.1) is the equation 

of motion of the fluid flow. The vector F represents friction, which can be modeled by 

the expression [65]: F = . The coefficient C (the so-called 

drag coefficient) varies between 0.001 and 0.01. The fact that it is small means that 

the ratio of the water flow / sediment interaction and the weight of the fluid column is 

small. Equation (2.2) is conservation of water mass and equation (2.3) is conservation 

of sand. The volumetric sediment flux q is modeled as q = a(|u|^u — 7|u|^"'"'V/i), 

for some P > 0, 7 > 0 and a depending on the bed porosity and on the sediment 

properties. This empirical relationship is one of the most commonly used (see [63], 

for other models see [66]). It reflects the fact that transport increases with increasing 

velocities and that sediment is transported more easily downhill than uphill (the 
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second term involving the coefficient 7 is a correction term for downslope effects). 

There are several ways to parameterize the coefficients /?, C and 7 depending on the 

real river properties (see, for instance, [3], [20] or [67]). However we will consider 

a simple conceptual model, which only contains the essential physical mechanisms, 

responsible for morphological instabilities. Therefore, we will take constant values for 

the parameters. For natural rivers /3 lies in the range 1 to 6, 7 is of the order 1 and 

a ~ 10~''m^s~^ 

We close the model by specifying the boundary conditions u = 0, = 0 for y = 

0 and y = L. These boundary conditions represent the assumption that the walls are 

impermeable for water as well as sediment. 

We scale the variables as follows: 

(u, v) —>• u*{u, u); (2.4) 

(x,y) -)• L(x,y); (2.5) 

h-^Hh; (2.6) 
(u'f 

C->—C; 
9 

(2.7) 

(2.8) 

where u' = y is the velocity of uniform flow. The choice of scale for the free 

surface deformation is made in order to be consistent with the work of R. Schielen et 

al [65] and reflects the fact that the short wave amplitudes in C are of this order, but. 

as we shall see, the long wave (long compared to the sand bar wavelength) distortion 

of the free surface will turn out to be much larger and best scaled by H. The choice 

of time scale is made to balance the sediment transport (see equation (2.3)). In these 
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rescaled coordinates, the equations are: 

du du du d<^ r> f ^ uy/v? + , .. 
K —  +  u—— I -  V — —h — — —R j —1 + -J I , (2-9) 

dt dx dy dx \ ' 

dv dv dv dC r> vy/u"^ + 
K —  +  u—— I- V —  + — — —R -J (2.10) 

dt dx dy dy 

Kf^ - + ^[w(/C + 1 - /i)] + ^b(/C + 1 - /i)] = 0, (2.11) 

where R = is the width-do-depth ratio of the channel (multiplied by the friction 

coefficient), / = ^ is the squared Froude number and k = is the ratio of 

the time scale of flow advection and the morphological time scale. Also it is convenient 

to introduce a new parameter 6 = ^. In dimensionless variables the sediment flux 

reads 

q = (lul^u - lul^ - • (2.13) 

We assume that the characteristic time of the bed motion is much larger than the one 

of the water flow, which implies that k is very small. We can therefore neglect time 

derivatives in the flow equations which means that the flow instantaneously adapts 

to the evolution of the bed (quasi-stationary approach). Finally we obtain, 

du du dQ n f .  uy/u^ + , /r, 1 
U —  h V —  h — —R I —1 H ; I , (2.14) 

dx dy dx \ ' 

dv dv dQ _ uvit^ + T^ 
u —  +  v —  +  ̂  =  - R ^  T' 2.10 

dx dy dy 

^[u(/C +  l - h ) ]  +  ̂ b(/C + l - h ) ] = Q ,  (2.16) 

The important parameters of the system are: 

I. R = - the control parameter; 
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2. / = ^ <C 1 (for typical slope io = 0.0001 and drag coefficient C = 0.007, 

the squared Froude number is / = 0.014); 

3. 5 = ^ <C 1 (for C = 0.007, 7 = 1 and /? = 4, this parameter has a value 

6 = 0.0017). 

2.2 Rigid-lid approximation 

In this section we reproduce some results obtained by R. Schielen, A. Doelman and 

H. E. de Swart in [65]. They studied system (2.9)- (2.12) with one more assumption, 

namely, the rigid-lid approximation. They considered the Froude number \J~f to be 

small and neglected the terms with multiplier /. It means that in their model the 

water height was (in dimension variables) {H — h) instead of {H + — h). 

However, this approximation is not consistent with the dynamics. We will see 

shortly that downstream gradients in the intensity of the sand bar amplitude drive 

long waves on both the sand bed and the free surface. In fact, in order to conserve 

mass, the latter must deform. Nevertheless, the linear stability problem, the first step 

in the analysis of sand bar dynamics, is almost the same. The corrections are of order 

/. which is small. However, the nonlinear corrections in the surface elevation, spoken 

of above, will scale with H and not We now review briefly both the linear and 

nonlinear analysis of [65]. 

2.2.1 Linear theory 

The linear stability of the state ^steady = (1,0,0,0)^ was considered. Let 

$ = (u, u, C, hf = (2.18) 
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with (here k is real-valued wave number and a; is the complex 

frequency). The solution of the resulting eigenvalue problem is 

/ au cosliry \  

\ 

Q„ sin liry 
a(; cos Iny 

cosliry y 

(2.19) 

with u = uj{k) (see [65]). The stability of the basic state is determined by the 

imaginary part of uj. Calculations give us the expression for the neutral curve on 

the plane (i?^, [k/l]^) : uji{R^, — 0? which can be approximated by a parabola 

near the minimum value of R. This curve separates the exponentially growing and 

decaying solutions of the linear problem. The minimum of this curve is achieved at 

the critical point {kc,Rc). Since there is a natural small parameter 5 in the system, 

it is very convenient to expand all the critical quantities as series in terms of 5. Here 

we show the order of magnitude of the critical coefficients for the mode which gets 

excited first (/ = 1) : 

kc ^ S*; R c--S-2; UJr. kc- (2.20) 

The curvature of the neutral stability curve at Rc is aJso of order ^2. It turns out that 

for width-to-depth ratios larger than the critical value R^ uniform flow over a flat 

bed is unstable and a spectrum of wave-like perturbations with exponentially growing 

amplitudes will develop. 

To explain the physical mechanism of the instability, let us write the linearized 

continuity equation for the sand in unsealed variables: 

-dth = -{u'f 
a 

dxu{^ + 1) + dyV + 7("r+'(^+«)A, (2.21) 

where u* = as before. We will refer to the first term of the right hand side as the 

flow component of sediment flux and to the second one as the down-slope correction. 

Note that the former term makes the sand bumps grow (see figure 2.1), whereas the 



31 

latter one cilways causes damping of the perturbations. For a fixed river width, L. 

both terms grow as H increases, but the flow term grows as //"t, and the down-slope 

correction grows as , i.e. faster. Assume that H ~ and determine the 

sign of the growth rate u;,-. If the ratio ex. R is increased, first the absolute value 

of the contribution to uii which comes from down-slope correction is larger than the 

20 

:  : : :  ]  

>. 10 

5 
; iiiiii-Biinsp:::::: 

0 5 10 15 20 
x 

FIGURE 2.1. The velocity field in the laboratory frame, at a fixed time. Steady state 
flow and the first correction ^steady + are shown. It is now clear how the 
stream flow creates the sand bumps: the velocity is large when water comes to the 
bump and small on the downslope side, so the bump grows because sediment flux is 
proportional to water velocity. 

one from the stream term (therefore the growth rate is negative), but as soon as the 

width-to depth ratio exceeds the value corresponding to Rc-, the contribution from the 

stream term becomes larger and the total contribution is positive (see figure 2.2). We 

can see that the competition of the diffusive term and the flow term in the expression 

for the sediment flux gradient gives rise to a finite value of Rc which balances the 

negative and positive contributions to the growth rate cjj. 

Hunsp: : : : : :  v^ iey  ; 
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FIGURE 2.2. Competition of the flow term of sediment flux and the down-slope 
correction leads to a finite value of Rc (qualitatively). 

2.2.2 Nonlinear theory 

Of course, the linear description is valid only when wave amplitudes are infinitesimally 

small. For slightly supercritical values of the control parameter, a nonlinear theory 

must be developed. For R near threshold, namely, 

a perturbation expansion of each of the fields can be carried out and the solvability 

conditions for the various iterates used to write down evolution equations for the 

envelopes of the active modes, namely the envelope of the unstable wave and the 

long wave distortions of the sandbed and the free surface. Ordinarily, this will be an 

expansion in the small parameter e. However, since 5 is also small in many situations 

of interest, it turns out that e does not have to be very small because it is sufficient 

that e be bounded by which is about 0.2. The reason for this is that the neutral 

stability curve (see figure 2.3) near kc can be written as 

R = Rc +S^^ai{k  — kc)^ +  S*a2{k — kc)^ +  a3{k — kcY +  . . .  ] a i=0{ l ) ,  (2.23) 

R = Rc{l + e^r) r = 0{l), 1, (2.22) 
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and therefore for |i2 — i2c| of order e^(j2, the second term in the expansion is only 

greater then each of the third and fourth when e is less than 5*. For e of the same 

Rc~S 1/2 

kc~5 1/4 

FIGURE 2.3. The neutral curve (qualitatively). 

order of magnitude or greater than S*, a. new fully nonlinear analysis will be required 

because then one cannot simply divide the active modes into an envelope about kc 

and mean components. This will involve similar ideas to the far from onset theory 

of Cross-Newell [13], [60]. Despite the fact that the structure of the solution is less 

clear, there is no reason to expect a qualitative change in behavior as e increases, 

other than the mixing of the wavy mode with the mean. Therefore, a careful analysis 

of the small e case is very important. Moreover, one can still use the results of the 

weakly nonlinear theory to get a qualitative idea of how much mean flow is produced 

for e up to about 0.5. 

The Taylor expansion for the complex frequency uj = ujr + iuJi near {kc. Re) reads 
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We will use the following notations: 

fduA 
V^irj group velocity; (2.25) 

(is).—' 

The coefficients ui'^ and ar are of order one; jr = 0(^5), cTj and 7i are both 0(5?). 

Again the expansion is only valid for |A: — fed which is of order e small. It has 

to be sufficiently small so that the quadratic terms dominate and this again requires 

e  <  S ^ .  

To describe the nonlinear dynamics of the system, Schielen et al used the following 

expansion for 

^ = ̂ ateady + + e^^03+ " " '  

_^^Hkcx-uct) ^ e^$i3+ • • • ] + c.c (2.28) 

j^^2x{kcX-u,ct)y^2^^^ + e^<^23+ • • • ] + c.c 

_,_g3t(A:^x-u/ct)[g3^^^_^ ... ] + c.c H , 

where coincides with (2.19), but now the amplitude A  =  A { ^ , T )  is no longer a 

constant but some function of slow variables r = e^t and ^ = e(x — w^t), where is 

the group velocity of the most excited wave Re- The analysis of nonlinear interactions 

between different modes gave expressions for ^pq (here q stands for the order of the 

correction and p for the order in the corresponding critical exponent it 

was also found that the evolution of A  is described by a Ginzburg-Landau equation 

(for the values of the coefficients we again refer to [65]): 

dA &^A 
— = rRc{(7r+ iai)A + (7^ + hi)-^ + (cr + iCi)\AfA. (2.29) 
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2.3 What is wrong with the above analysis 

Now let us discuss the expansion (2.28), proposed in [65]. Substitute it in sys

tem (2.14)-(2.15) with / = 0 and consider the mode with p = 0, g = 3. In this 

order the problem reads 

•^0^03 — /o3i (2.30) 

where £03 is the linear matrix 

£0 = 

/  2R 0 0 
0 R a. 
0 dy 0 

^ 0 dy 0 

R 
0 
0 (2.31) 

-R^ / 

Since the matrix is singular, the inhomogeneous problem does not always have non-

trivial solutions. The Fredholm alternative theorem gives the condition on the right 

hand side (function /03) which assures that the problem does have non-trivial solu

tions. In our case it reads 

{4>i /03) — 0, (2.32) 

where 0 stands for any vector of the null-space of the adjoint linear operator of the 

problem (or a left eigenvector of £0 with zero eigenvalue). It is easy to check that 

the vectors 0^^ = (0,0, u, /i) belong to the null-space of the adjoint problem (here u 

and n are arbitrary constants). If we represent the right hand side of the equation 

for the (03) mode by / = {fu, fv, h)^, equation (2.32) with 0 = 0^,^ gives 

f fcdy + ̂  /" fhdy = 0. 
Jo Jo 

(2.33) 

The problem has a solution only if the relation (2.33) holds for any u and fi. This 

results in the equation = 0, which suggests that the initial expansion (2.28) was 

not complete. It is not even correct when = 0 initially, because, for certain 

parameter ranges, this state is unstable. Physically it means that nontrivial solutions 
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fail to satisfy the mass conservation law. Indeed, equation f<;dy = 0 (which follows 

from equation (2.33)) is merely the continuity equation (2.16) averaged over y (with 

/ = 0). Namely, the operation of averaging gives the expression dx{u{l — h)) + t;(l — 

/i)ly=o = 0 which for the mode (03) reads 

^ J , .  ^ _ d\A\^ uo2s + Uo2c - 2Reia^) _ ^ 
0^(^02 ^steady^Q2 —0. (2.34) 
£7^ 3 

Similarly, equation fhdy = 0 (which zdso follows from equation (2.33)) is the aver

aged continuity equation for sand. Note that for the mode (02) condition (2.33) can 

be rewritten as y{viih\^ -I- c.c.) + /i + c.c.) + (uii^y/tti + ^.c.) = 0. 

which holds automatically. Moreover, a stronger statement can be proved: for the 

(02) mode the Fredholm condition (2.32) (with /02 instead of /03) holds for any vector 

(f) from the null-space of the adjoint matrix C\. The above shows that the system first 

becomes inconsistent at level (03). 

From this simple consideration we conclude that some mode has been overlooked. 

In fact, the missing mode is the one corresponding to fc = 0. It is called mean flow (or 

the Goldstone mode, see Appendix A). The mean flow plays an important role in the 

dynamics of the system, and the rest of the chapter will be devoted to an introduction 

of the mean flow and the analysis of its influence on the system. 

An intuitive thing to do would be to add a new term (the mean flow) in the 

expansion (2.28) and derive equations for the mean flow envelopes, following the 

procedure described below (but with / = 0). However, if one tries to introduce 

a mean flow, staying within the framework of the rigid-lid model, difficulties are 

encountered. The mean flow then comes in two components (see expression (2.39)), 

and the application of the Fredholm alternative leads to a system of three equations 

(see equations (2.54)-(2.56)) for the two envelopes A and B (the multiplier in front 

of C is zero). This system is overdetermined, and it means that the initial model is 

inconsistent (see also the comment on system (2.57)-(2.58) on page 14). To introduce 

a mean flow one must drop the rigid-lid approximation and consider a different model, 
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which is discussed below. 

2.4 Linear analysis of model without the rigid - lid approxi
mation 

It is cleax from our analysis that the rigid-lid approximation which has been im

plemented in [65] is not valid. Namely although / (the squared Froude number) in 

equations (2.9)-(2.12) can be small, we cannot take it to be zero. The reason for this is 

that in system (2.9)-(2.12) / always appears as a multiplier of the variable C (elevation 

of the free surface) and it turns out that the long wave component of C is proportional 

to y which means liiny_^Q ^ 0 because C itself depends on /. So to continue the 

analysis we drop the rigid-lid approximation and consider system (2.14)-(2.17). 

The linear analysis of this system looks very much like the one for the rigid-lid 

model. The linear matrix of the problem is now 

f  0 i - i?/  R \  
0 £ + R .i 0 
d d  i  d §_ 

dx  dy  •'  dx  dx  
a d n a S0 f 

(2.35) 

We find that (2.19) is still the eigenvector of the eigenvalue problem. The new values 

for the coefficients ai now depend on / and given in Appendix C. The dispersion 

relation becomes more complicated and the complex frequency ui is now related to 

the wavenumber k as 

bi uj = , 2.36 
rTT^a2 — tti 
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where I has the same meaning as in (2.19) and the coefficients 

5 0  [ i k  +  2 R )  
63 — 

R 

(  . X  ,  i ( 2 - f ) s / 3 k ^  .  
h  =  [ - 1 + 5 1 3  [ 3 - 4 f j ] k ^  +  - ^  ^  +  i - ^  \ 2 - P  +  3 5 0 f j  k R ,  

61 = [1 + p -  50 -  i { l  -  f)k^^ -  i  ( l  +0 + 350/^ k^ R,  

=  -k  + 2iR,  ai = (l -/) k ^ - i ( l - 4 f ^  k ' ^ R  +  3 f k R \  02 

have as a limit as / —>• 0 the corresponding values from [65]. The analysis of the 

neutral curve gives us the new values of the critical parameters (note that all of 

them depend now on / as well as on the other physical parameters of the system). 

Calculations show that the most unstable mode again corresponds to / = 1, and the 

order of the magnitude of kc, Rc and Uc remciins the same (see Appendix C). 

However we would like to emphasize that there is one point missing in this analysis 

of expression (2.36). The neutral curve which was described in Section 2 as some 

f u n c t i o n  =  I ^ { [ k / l Y )  i s  n o t  t h e  o n l y  s e t  o f  s o l u t i o n s  o f  t h e  e q u a t i o n  U r  i R , k )  =  0 .  

I f  w e  t a k e  Z  =  0  i n  e q u a t i o n  ( 2 . 3 6 ) ,  w e  w i l l  f i n d  a n o t h e r  s o l u t i o n ,  n a m e l y  k  =  0  

for arbitrary R. It corresponds to the family of uniform in y solutions which are 

always neutral (neither grow nor decay) in the linear problem. These solutions are 

the eigenvectors of linear matrix (2.35) with dx = 0, dy = 0 and the corresponding 

eigenvalue u; = 0. We find two linearly independent eigenvectors: 

B 

f - h \  
0 
0 

V 1 ) 

and 0 
1 

V 0 / 

(2.37) 

It seems to be very natural that j/-dependent structures get excited first and the 

uniform in y solutions are always damped. The latter if being developed would make 

the water go up and down following the x-stnicture of the sand bars. The most 

active y-dependent mode (see the /i-component of vector (2.19) with / = 1) makes 
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the water meander around the maxima of cosiry keeping the potential energy of the 

water lowest. Modes (2.37) are obviously neutral because they just give corrections 

to the undisturbed river depth. 

To see that vectors (2.37) are additional symmetries of the original equations 

(2.9)- (2.12), simply observe that u = yjl + fC — h, t; = 0, C = is an exact 

solution for any constant values of and h. Thus the modes (2.37) will be solutions 

of these equations linearized about u = l, v = (^ = h = 0. They are Goldstone modes. 

They are neutral. But they can be driven by gradients of the intensity of the short 

waves. 

2.5 Nonlinear analysis of the model without the rigid-lid ap
proximation 

The purpose of this section is to develop a self-consistent nonlinear theory for the 

model. We start with the same assumptions as in the analysis for the rigid-lid model, 

namely, R lying within a narrow interval close to the threshold and the amplitude .4 

in (2.19) being a slowly varying function so that A = A{X,T,T) with the variables 

X = ex, T = et and r = eH. However we propose a different expansion for 

^ = ^steady + ̂ ^^02 + £^*^03+ ' " " 

-F C^$I2 + E^^I3-(- • • • ] -H C.C 

+ £3^23+ ••• ] + c.c (2.38) 

. . .  |  +  c . C  

^mean ' i 

where is the mean flow modes which we introduce as 

0 
0 

\ 1 / 

B { X ,  T )  0 
1 

V 0 / 

C { X , T )  (2.39) 
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The reason for our choice of the form for the mean flow is that the set (2.37) for 

arbitrary constants B and C spans the (two-dimensional) eigenspace of the linear 

matrix of the problem, corresponding to the eigenvalue = 0. B and C axe slowly 

var>*ing in space and time. As we mentioned in the previous section, modes (2.37) 

do not grow linearly, but they participate in the nonlinear dynamics of the system. 

The physical meaning of the expansion (2.38) is the following: the mean flow B and 

C describe laxge scale waves on the sand and the surface respectively, whereas .4 

describes the amplitude of the sand bars. 

We can ewrite system (2.14)-(2.17) as 

£$ = /; / = (2.40) 

where C is given in (2.35) and $ is given in (2.38). The right hand side of equa

tion (2.40), / = (/u, /„, fh)^i consists of the linear part /'*" and the nonlinear part 

jnoniin former term comes from the "slow" derivatives in the problem and the 

deviation of the control parameter R from its critical value, Rc. R = Rc + e^r. The 

latter term contains nonlinearities, and since we will need only the three first orders 

in e, can be expanded into a series about the solution ^steady up to the square 

terms: 

^ —R{u^ + ̂  + 2uh — 2fuQ — 2fQh + /'*C^) — udxu — vdyU ^ 
fnonl in  _  -R{uv +  vh -  fvQ -  udxV -  vdyV 

dx(uh -  fuQ +  dy(vh -  fvQ 

V -(/3 + i)0ud^u - livd^v + 2M^±UA,(UA,/I) _ j 
(2.41) 

Now we can equate terms in equation (2.40) at different orders of e. At second 

order, we get that all of the ^p2 have the same form as the ones obtained for the 

rigid-lid model. The updated expressions for the coefficients are given in Appendix 

C. 

At third order we obtain the equations governing the envelopes A, B and C. First 

consider the mode with p = 1 and q = 3. By applying the Fredholm condition (2.32), 



41 

we reproduce the derivation of R. Schielen et al [65] and obtziin the complex equation 

for .4, which is equivalent to equation (2.29) but has two additional terms: 

^ = r Rc{ar + iai)A + {jr + ̂ Ti) + (cr + iCi)\A\^A 

+ (jTij. + iuii^AB + f{lr "I" Hi)AC (2.42) 

(here E, = X — u'^T). Then we consider the mode with p = 0 and q = 3. To apply the 

Fredholm alternative in this case, note that the left-eigenspace of the adjoint problem 

corresponding to dx = dy = dt = 0 is 

0 = (0,0,1,0)A +(0,0,0,1)// (2.43) 

for arbitrary A and fj,. One can substitute this into (2.32) and get 

[ fcdy = 0 and f f^dy = 0. (2.44) 
J Q  J O  

Again, these equations are the same as if we had averaged equations (2.16) (conserva

tion of water mass) and (2.17) (conservation of sand) in y. For this mode, the linear 

term in the expression for / becomes 

f dx 0 dx 0 \ 
0 ax 0 0 

dx 0 fdx -dx 
jlin (^02 + mean ). (2.45) 

V (/^ +1)^^ 0 0 dr J 

The explicit expressions for and are: 

jnonltn _ + C.C.) + DY{VI2H\i + 

- /Wi'i-KiCia); (2.46) 

jnaniin ^ -/5(/? + l)aA-(mmti) " 0dx{vnVn) - ^\kdx{unh\, - u\,hn) 

— 0dy{u\2v{i + UuUia) + ^-dy{u\2dyh\-^^ + y\\dyhi2)- (2-47) 

Evaluating (2.44) leads to two real equations for |/lp, B and C: 

dT 2  dX 2  'dX ^ dX '  '  

0 = (2.49) 
^  d X  2 d X  2  d X  ^  '  
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We introduced the new coeflBcients 

_ /? + !/ , ^ (^+1)/5| |2 a 
— 2 — +  W 0 2 c )  2  '  ~  

_^2W|+^tJm(a„) ~ 0(i5, /); (2.50) 

= 5 2Re{a^) - (uo2, + uo2c) - + a^a^) 0(^^/). (2.51) 

To write down all of the resulting equations in terms of the original space and time 

variables, one uses relations: 

dxA = ed^A = edxA\ d^B = edxB] d^C = edxC-, (2.52) 

dtA = —tuj'Jd^A + 6^5j-A; + ̂ drB. (2.53) 

We now substitute expressions (2.42) and (2.48) into equations (2.53) and apply for

mulae (2.52). Then we multiply the resulting equation for dtA by e and the equations 

for B and C by e^. Next, we rescale A = eA and {B,C) = e^{B,C). Finally, we 

achieve a closed system for the three envelopes: 

dA ,dA - \ 7 / • .d'^A . M 7,9 7 
= -^c^ + {R-Rc){(rT+l(Ti)A-\-{^r^lli)^ + {Cr + iCi)\A\^A 

+{MR + IMI)AB + /(/r +  H I )  A C ,  (2.54) 

d B  3  +  l d B  P + 1 ' d C  a | i | 2  
dt ~ 2 dx 2 dx ' 

3 d B  3 f d C  a | i | 2  
2 d x  2  d x ' ^ ^ ^  d x  '  ^  ^  

Note that the group velocity w' ss 1. All the coefficients are calculated as series in 

terms of <5^ and / and given in Appendix C. The biggest contributions to both rii 

and na are of order and /. Rigorously speaking, to determine all the quantities up 

to some given accuracy, we have to relate parameters S and /. But since we do not 

consider the finite amplitude behavior of perturbations, it is enough just to keep in 

mind that typical values of / are less than The expansions in Appendix C reflect 

the limiting behavior of the coefficients if / goes to zero faster than (J?. 
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2.6 Analysis of the results 

Now let us take a close look at system (2.54)-(2.56). The first of the three equations 

is a complex one and describes the time-evolution of the complex envelope .4, whereas 

equations (2.54) and (2.55) have real coefficients and describe the behavior of the two 

real mean flows B and C. How important are the mean flows and why do we have to 

t£ike them into account in our analysis? 

First let us notice that A  in equation (2.42) is a function of ^ = X — uj'^T  and r. 

It forces the mean flow envelopes B and C to be functions of ^ and r as well. Now 

one can substitute B{^,t) and C(^, r) into equations (2.48)-(2.49) and note that 

The result is the following system of linear equations for d^B and d^C\ 

d^B - —fdfi = -n, d(\A\\ (2.57) 

IdfB-yd^C = -n^af\A\^. (2.58) 

It is obvious that system (2.57)-(2.58) is inconsistent if / = 0. System (2.54)-(2.56) 

also becomes overdetermined when / = 0, and any solution (A, B) violates the mass 

conservation law. If / 7^ 0, system (2.57)-(2.58) can be solved and the solution reads: 

d^B = Ai d^\A\^ and d^C = A2 d^\A\^, (2.59) 

where Ai and A2 are constants. The order of magnitude of these coefficients turns 

out to be 

1 5^ 
Ai ~ 55; A2^ -J (2.60) 

(the expansion of these quantities in terms of S  and / are given in .A.ppendix C). This 

justifies the statement that the limit / -> 0 in the system of equations (2.14)-(2.17) 

is singular. 

Now we can quantitatively estimate the role of the mean fiows and compare the 

contribution of the mean flows with the contribution of the basic mode. Write down 
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the expansion for $ symbolically, i.e. keeping only the order of different components: 

/ 1 \  f  \  /  1  \  /  1  \  

+ |>l|V ^ = 0 
0 

v o y  

Ae 

V 1 / 

+\A\h^5-2 

1 
. 1 

V 1 ) 

2,2 1 
8 

V5 
I 

\ 

+ |>1|V^ 
/ 

0 
1 

V 0 / 

(2.61) 

I  - \ \  
0 
0 
1 / 

In this formula the first term corresponds to ^steady, the second stands for $n, the 

third and fourth are $02 a^d ^>22 respectively and finally the last two terms denote 

the mean flows B and C. We can see that in order the last terms give just a small 

correction to the components li, v and h. However the correction to the elevation of 

the water which comes from the C mean flow term is proportional to ^ (it also follows 

from the expression for A2). The ratio ^ can be big depending on the concrete values 

of 5 and /. For instance, for the values of the constants given in the first section, this 

ratio is 2.9, and for milder river slopes (i.e. smaller z'o) and larger drag coeflBcients this 

ratio can be of order 10. If we estimate the ratio of the ^-component of the last term 

in expression (2.61) and the (^-component of <^u we will see that it is of the order j. 

As was mentioned in Section 3, e must be less than ^4. If = 0.2, e can be 0.02 

and the ratio j = 1.43. It also can be shown that within the physically interesting 

domain of parameters this ratio can be close to 4. 

One more remark has to be made concerning the size of the mean flows and the 

limit / —> 0. Expansion (2.61) could be a reason for confusion, because one might 

conclude that if / is very small, the mean flow seems to come in at the first order of e 

cind not at the second. However it does not mean that expansion (2.38) is not valid. 

If we consider only the terms related to the sand bars (envelope A), each term of the 

expansion is obviously less than the previous one in the series in e. The mean flows are 

described with independent envelope variables B and C. We could introduce them 

in any order of the expansion for A, and after the analysis is done, the result shows 
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explicitly in what order of small parameters the mean flows make their contribution. 

One has to remember that the singularity in the limit / ̂  0 is not a true one. It can 

be excluded by the right scaling (we discussed this in the introduction). The scaling 

we chose for ^ is motivated by the paper of R. Schielen et jd [65], but it follows from 

the analysis that the right order of magnitude for the long-wave distortions of the 

surface is H. When we go back to the original variables, we can see that there is no 

inconsistency in orders. 

From the analysis performed in this chapter we can conclude that the amplitude 

of the surface distortion mean flow can be of order or even bigger than the amplitude 

of the short-scale structures and it is clear that one can not neglect this effect in the 

analysis. Moreover, this effect can be used in practice, namely, it allows one to detect 

sand bars by means of observation of the surface deformation. It can be understood 

in the following way. As it has been shown, 
2 

Cmean = y A2\A\^, and (2.62) 

Cfiasic = e A -I-c.c. oc e S ^ \ A \  c o s { k x  —  u j t  +  ( / > ) ,  (2.63) 

so one can predict the large scale bottom features just by looking at the surface of 

the opaque water. 

Now return to the analysis of equations (2.54)-(2.56). It can be seen right away 

that the first two equations contain the time derivatives of A and B respectively. The 

last equation has 0 in the right hand side. The reason for the absence of dtC in the 

system can be explained physically, if we look at system of equations (2.9)-(2.12). 

We know that the both A and B variables describe the motion of sand, whereas 

the envelope C is associated with the motion of the fluid. In other words, the time 

derivatives in equations (2.54) and (2.55) come from the term ^ in equation(2.12). 

Equations (2.9)-(2.11) contain time derivatives of u and Q (that is where dtC could 

come), but they all contain a small multiplier. In our model we neglect it, which, as we 

have already mentioned in Section I, means that we assume instantaneous adaptation 
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of the flow to the bed evolution. 

The next thing to check is if the stability criterion for periodic solutions has been 

modified in comparison with the one for the single equation (2.29). 

Suppose our periodic solution has a form r) = G with some real 

parameters G, K and W. In our problem it corresponds to the so-called alternate 

bars (bifurcating unstable waves). It is a well-known fact that the wave number K 

obeys the relation K < /i (|cr| |rjfc2| -t-c,- i/^fcz), where h stands for some known positively 

determined function of the coefficients of the equation of type (2.29). This condition 

on K determines a region on the phase plane of a system where periodic solutions are 

stable with respect to general perturbations. Substitute B and C in the form (2.59) 

into .4 and get the equation of the form (2.29) with the corrected coefficients Cr and 

Q: = Cr = Ct + c(, where 

CR ~ 1; CI^5*; CR = TTLRAI +/ZRA2 ~ (J; C| = TTLJAI -|-//IA2 ~ . (2.64) 

If the quantity x — |cr||7r| +Cj7t is less than zero, the system is nonlinearly unstable. 

As we can see the mean flow gives the correction to the region of nonlinear stability 

only in higher orders of and /. 

However, even though there is only a little modification of the stability criterion, 

the presence of an instability leads to a nontrivial namely, if |cr||7r| + Cij, < 0. 

there is no x-independent solution satisfying equation (2.54). Therefore, for 

the parameters within the instability domain, the intensity (which is ~ |.4p) varies 

in space, and this is the necessary condition for the formation of the mean modes, 

independent of whether the mean flow causes this instability. 

There are a lot of interesting consequences due to the presence of mean flows 

in nonlinear systems. For example, mean flows participate in the dynamics of the 

system and there can be a situation in which the mean field quenches the short-scale 

instability. Imagine that the gradient of \A\^ leads to a local increase in B and/or C 

as X increases (or decreases). In equation (2.54) the linear growth (the time derivative 
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on the right hand side) can be balanced or even damped if the mean flow amplitudes 

are large enough and if the expression nirB + WfC has the proper sign. As soon as 

the values B and C are large enough, the basic wave gets quenched and only the long

wave mean flow is present. Of course, immediately after this point, there is nothing 

to drive the mean fields any more, so B and C will decrease and the wave can return, 

which starts the process over again. 

To conclude this chapter we will point out that the main ideas presented here 

can be applied for a wider range of problems. One such problem is the dynamics 

of tidally induced sandwaves in the shallow ocean. There exists a variety of bottom 

features of different scales in tidal basins. Chapter 4 of this work is devoted to the 

investigation of the mean flow role in tidal seas and how the mean flow mode can be 

though to represent the laxger scale features (sand banks) which are often observed 

simultaneously with sand waves. Our statement is that the tidal banks are formed as 

the mean flow driven by the sand wave instabilities, just as in the present case the 

mean field is driven by the sand bar instabilities. 

In order to perform the analysis for the case of sand waves, we will have to abandon 

the depth-averaged model and consider the horizontal structure of the flow. Therefore, 

the analysis is much harder than the one presented in this chapter. It also requires a 

somewhat more sophisticated physical model which will be described in detail in the 

next chapter. 
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Chapter 3 

LINEAR MECHANISMS FOR SAND WAVE 
FORMATION 

3.1 Motivation 

Now we will talk about regular patterns in tidal seas. While the mechajiisms of sand 

bar formation in straight channels are relatively well understood, the picture is not 

so clear in the case of tidaJ sand waves. Thus we will leave nonlinear studies for a 

moment and concentrate on more basic questions. Why do regular features appear 

under tidal currents and what defines their wave length? 

The regularity of large scale sea-bed patterns is rather striking (see figure 3.1). 

Ever since it was first observed it has been a challenge to explain its origin. There 

are many different kinds of periodic patterns which can be distinguished in tidal seas. 

They include sand banks, huge elongated sand bodies equally spaced 5 to 10 km apart, 

which make an angle of 10° — 20° with the tidal direction (we will talk about those 

in the next chapter). The most common features, and the main topic of this chapter, 

are sand waves. They appear on a smaller horizontal scale. Observations in many 

shallow seas (e.g. [56], [38], [40]) indicate that the spacing between sand wave crests 

varies between 100 m and 800 m and that the crests are more or less perpendicular 

to the tidal motion. Tidal motion of water has been shown to be responsible for 

the formation of sand waves (see [36]). It turns out that if a periodic perturbation 

is applied to the sandy sea bottom, the response flow contains a time-independent 

component which is always directed towards the crests of the perturbation. This 

causes the growth of bed perturbations. The counteracting mechanism is given by 

gravity, and the balance between the two defines the behavior of the system. This 

mechanism was found numerically in a tidal sea ([36]) and is in principle similar 
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to the mechanism of sand ripple formation due to sea waves ([6]). In the latter 

work an infinitely deep model was employed to describe the wave behavior. The 

system chooses a finite critical wavenumber which was excited if the currents were 

strong enough to overcome gravity. This result is valid for infinitely deep water, but 

it cannot be obtained in the situation of a shallow sea when one tries to predict 

the formation of tidal sand waves (see also [30]). There, one has to consider the 

effects of a finite depth, which lead to a different ^-dependence of the solution. In 

Figure 3.1. Sand waves near the Euro-channel (North Sea). After [33], courtesy 
Rijkswaterstaat. 

the sand wave model the first excited wave has wavenumber A: = 0. For stronger 

currents a whole range of waves (starting from zero to some finite k) gets excited 

simultaneously. This behavior is a consequence of the fact that the depth is not large 

with respect to the turbulent boundary layer (the typical vertical distance on which 

the tidal velocity profile changes). Even though the model contained the excitation 

mechanism responsible for the growth of sand waves, it failed to provide a mechanism 

for damping ultra-long waves. It predicted the growth of very long bed forms which 

is not what is observed in nature. This leads to the conclusion that the model of [36] 
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is incomplete. 

In this chapter, we present a mechanism for damping of ultra long waves which 

was not contained in previous models. We will discuss and compsire two different 

turbulence models, in which the eddy viscosity is 

• a constant, after ([36]), 

• a function of the depth and the near-bed velocity. 

The latter formulation is the more realistic one from the point of view of physics. 

Note that the eddy viscosity is time dependent. It will be shown that the new model 

is able to make the very long bed waves decay. The reason is that the horizontal 

bed perturbations now aJso cause spatial viscosity changes, an effect which was not 

included in the previous models. This leads to a finite separation between the first 

excited mode and the zero mode. 

The explanation of the fact that the proposed parameterization of turbulent vis

cosity leads to the damping of the ultra-long waves, can be uncovered by looking at 

the structure of the response flow. If a periodic perturbation is applied to the bed, the 

residual flow consists of rows of recirculating cells which cause the sediment to move 

towards the crests of the perturbation. This result was already obtained in earlier 

studies (for sand ripples, it was found experimentally by [71], the exact solution for 

certain parameter ranges was obtained in [46] and a truncated solution is presented 

in [6]). However, so far no intuitive physical explanation has been given for the fact 

that the flow is directed uphill. In this chapter we give a graphical explanation of the 

processes that take place in the system. This is important for the further develop

ment of the model, because the same methods are subsequently applied for the system 

where a more sophisticated viscosity parameterization is used. It turns out that in 

such a system, in the case of ultra-long waves, the direction of the near bed vortices 

reverses so that the water flow tends to carry the sediment from the crests down to 

the trough. Therefore, it is shown that the very long bed waves axe suppressed. 
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In Section 3.2 we discuss the model. The basic tidal solution is given explicitly 

and a linear analysis is performed. Section 3.3 contains the results for a real physical 

situation. Section 3.4 is devoted to uncovering the physical mechanisms that lead to 

the bed instability for the simple viscosity model. The role of the depth- and near-bed 

dependent viscosity is explained from first principles in Section 3.5. Why the new 

viscosity mechanism helps to stabilize the very long waves is explained. Section 3.6 

presents some discussion and generalization of the results. 

3.2 Model 

In order to describe the formation of sand waves in a tidal sea, we will follow the basic 

scheme outlined in the introduction. The equations of tidal motion for water and a 

model for sediment transport have to be specified, see figure 3.2. In the context of 

sand waves, the coupling between the components of the morphodynamic loop is as 

follows. For a given bed level, the temporal and spatial variations of the sea water 

motion are described by a hydrodynamic model. These motions create shear stresses 

at the sea bed, which in their turn make grains at the bed move. The bed shear 

stress is the relevant quantity for a bed load sediment transport formulation. The 

spatial gradients of the bed load sediment transport cause local bed changes. Once 

the bed has changed the new bed profile can be used as an input for the hydrodynamic 

equations, and the cycle can start again. 

3.2.1 Basic equations 

Sand wave crests are much longer than the spacing between them. In a three-

dimensional model it has been found that they are oriented almost perpendicular 

to the tidal motion and are only slightly affected by the Coriolis force (see [36]). 

Therefore we can restrict ourselves to one horizontal dimension and assume the bed 

to be homogeneous along the crests. Let x be the horizontal axis (going across the 
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Bed evolntion 

Hydrodynamics 

Sediment transport 

Figure 3.2. The morphological loop. 

wave crests) and z the vertical one (pointing upwards). The bottom profile is located 

at 2 = h{x) and surface z =• H + (^{x) (note that 2 = 0 and z = H are the undis

turbed bed and surface levels respectively, see figure 3.3). For the local (generally 

x-dependent) depth we introduce the notation D. Finally, u is the water velocity 

with components (u, w) directed along x and z. Then the hydrodynamic model that 

describes turbulent motion is given by two dimensional vertical Navier-Stokes equa

tion, 

V - u  =  0 .  ( 3 . 2 )  

In these equations, Ut and are the vertical and horizontal turbulent eddy viscosity 

respectively, Vp is the horizontal pressure gradient and the density of the sea water is 

given by p. It will turn out that the term containing does not play a significant 

role in the analysis, and only the vertical viscosity is important. In this work, we 

assume that the viscosity coefficient is independent of z. This assumption is commonly 

made despite being somewhat open to debate. In the next section we present two 

different models for the vertical viscosity. The boundary conditions on the sea surface, 
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FIGURE 3.3. The geometry of the system and notations. 

z = H + C(^)! are given by 

T|| = rx = 0, (3.4) 

where (r||, r^) is the total surface stress. The boundary conditions at the sea bottom. 

2 = A(x), are 

r|| = S'u, (3.5) 

dh dh 

Equation (3.5) gives a relation between the bottom shear stress and the bottom 

velocity (see [47]). It can be viewed as a "relative" of the empirical expression Tb = ul, 

where is the bed shear stress and u« is the so-called fnction velocity. However, 

equation (3.5) should not be confused with a linearization of the latter expression. 

In fact, the combination of equation (3.5) and a z-independent vertical viscosity 

is used as a model to describe the bottom shear stress and the velocity profile in 
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a hydrodynamical system (see also [19]). In equation (3.5), the constant S' is the 

resisteince parameter {S' < oo corresponds to a non-zero slip, S' =resistance= 1/slip). 

One could argue that S' = oo, the bed velocity tt = 0, is the most realistic condition. 

It is true in the case when the turbulent velocity, Ut, is taken to be a function of depth. 

However, in the present model, i/t does not depend on z. The combination of 5' = oo 

and a z-independent eddy viscosity would give a greatly overestimated bottom shear 

stress. It happens because 2-independent viscosity models do not work well near the 

bed. Moreover, it is not the bed velocity which is responsible for the movement of the 

sand grains, but the bed shear stress, so the latter needs to be modeled in a correct 

way. Therefore, in physical realistic cases the resistance parameter S' must be finite. 

Unlike depth-averaged models, the hydrodynamic model (3.1-3.6) explicitly gives 

the bed shear stress. This is the relevant quantity which determines the bed load 

sediment transport, q. When modeling sediment transport, we choose to concentrate 

on the bed load sediment transport and neglect the transport of suspended material. 

This is not a real shortcoming, as at ofishore locations the bed load transport is 

usually dominant. The bed load sediment transport at the sea bed is modeled by 

In this expression T(, denotes the volumetric bed shear stress (physical shear stress 

divided by the water density, hereafter we refer to it as bottom shear stress). For

mula (3.7) is a generic expression that reflects the influence of the two most important 

forces which act on bed sediment grains. The first term shows the scraping effect of 

the drag force. The second term in formula (3.7) represents the gravity component 

along the bed profile, the effect is weighted with respect to the scraping term by the 

down-slope coefficient A'. Finally, the proportionality coeflScient a in combination 

with the nonlinearity parameter b describe how efficiently the particles of sand are 

transported by the bed shear stress. 

The particular expression for the sediment fiux can be chosen in a number of ways 

(3.7) 
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(see, for instance, [27]), but it turns out that as long as it contains both the "drag 

force term" and the "down-slope correction", the quaUtative result will be the same. 

It is possible to get some intuition on the orders of magnitude using specific bed-load 

transport models which lead to expressions for the coeflBcients 6,Q'A' as function 

of sediment characteristics (size, threshold angle, weight, etc). As an example, in 

Appendix E some explicit estimates are given, based on a Meyer-Peter Muiler model 

on a sloping bed in combination including threshold effects. The arguments given in 

[17] motivate the choice 6 = 1/2. 

Following the morphological loop, we need to couple the hydrodynamic system 

with an equation describing sediment motion. This is given by a sediment mass 

conservation law, 

— = f3.8) 
dt dx' 

3.2.2 Modeling the effects of turbulence by bulk parameters. 

In our studies, we focus on the crucial dependencies of the viscosity i/t for morphologic 

modeling. Therefore, the two models used here are kept as simple as possible. 

(a) The simplest possible model for turbulent viscosity is i/j = uq, a. constant. It 

has already been shown in [36] that this gives qualitatively wrong behavior of 

the dispersion curve for small wave-numbers (A: ^ 0). Namely, the very long 

bed modes are the first ones to be exited, and the unstable modes are never 

separated from the zero mode. This means that the model fails to grasp some 

important physics in the system. Our suggestion is that this can be improved 

by taking into account the fact that viscosity depends on physical parameters 

of the system. 

(b) The more sophisticated eddy viscosity formulation is based on the mixing-length 

concept, first introduced in [62]. This means that the viscosity is thought to be 
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proportional to the product of a typical velocity scale and a typical length scale 

(which gives the correct dimension). This reflects the fact that the amount 

of turbulence depends on the size of the vortices that can form in the sea, 

and on their velocity. The size of the vortices is restricted by the local depth, 

D, so the mixing length scale can be modeled by D. There are many ways 

of defining a characteristic value for the velocity which describes the rate of 

spinning of the turbulent vortices. As the turbulence in tidal motion is mainly 

bed-generated, the characteristic velocity should be measured near (or at) the 

bed. In the context of a z-dependent viscosity, the characteristic velocity scale 

is usually modeled by the friction velocity, u., see e.g. [72], [51]. In our case 

(a 2-independent viscosity model), we used the nezir-bed velocity instead of the 

friction velocity in order to find the appropriate characteristic scale, where the 

near-bed velocity is defined as Unb = \u{z = d)\, i.e. the horizontal velocity 

estimated at some point z = d close to the bottom (see figure 3.3). This leads 

to the following parameterization, 

l/t = CiDUnb, (3-9) 

where Ci is a dimensionless constant. It will be shown later that the direct 

dependence on the local depth does not play a significant role and it is the 

near-bed velocity dependence which is important. In a tidal environment, an 

analogous eddy-viscosity parameterization was proposed in [69], and for rivers 

in [19]. More details and alternative (zero-equation) models for eddy-viscosity 

can be found, for example, in [64]. It is important that in all these models, 

the (averaged in time and z) viscosity shows the tendency to become larger 

for larger depths and smaller for smaller depths. For the present model this 

will be demonstrated later in the chapter. Note that the concrete value of d 

in equation (3.9) is not important for this analysis as long as d is of the order 

of the sand wave magnitude. The reason for this is that terms proportional 
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to d do not enter the Unear problem, they only appear in higher orders (see 

also the comment after equation (3.31)). It is important that in this model the 

viscosity is a time-dependent quantity. Note also that this model is consistent 

with the choice of finite values of the resistance parameter, S' < OO. In case of 

zero slip (an infinite resistance parameter), Ut would be vanishingly small. This 

is another way to show that S' = oo requires a z-dependent viscosity. 

Viscosity plays two roles in the model. Firstly, it eflfectively describes the process 

of transfer of horizontal momentum in vertical direction. Secondly, it is a multiplier in 

the expression of the bed shear stress in the bed boundary condition (3.5). The time 

and D-dependence of Ut in the latter equation can only be physically correct if the 

resistance parsimeter S' is treated as a and D- dependent quantity as well. This 

dependence is worked out in Appendix F. It is proven that the resistance parameter 

depends on in the same way as the viscosity whereas the depth-dependence is 

different. Namely, we have (see Appendix F), 

• Model (a), UT = i/q , S' = S'q . 

• Model (b), UT = CIUNBD,  S '  =  C2U„6. 

For model (b), it is useful to introduce the notation uq for the viscosity coefficient 

corresponding to a horizontal (and ar-independent) tidal motion over a flat bed. No

tation S'q is used for the resistance parameter for the unperturbed tidal flow. The 

expressions for vq and S'q corresponding to model (b) are discussed and specified in 

Appendix D. 

3.2.3 Scaling and basic tidal solution 

Our aim is to model sand waves caused by tide-topography interaction. This moti

vates the scaling given in Table 3.2.3. The constant 6, the turbulent boundary layer 

thickness, is a characteristic depth over which the water profile changes in the vertical 
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Quantity Scale Comments 
X, 2, h 5 6 = y/2uofQ, the turbulent boundary layer thickness 
It, w U U, the tidal velocity amplitude 
t  1/Q Q, the radian tidal frequency 

C iPlg = fH /, the Froude number 
r M [r] = UQU /S 

P b] [p] = 

Table 3.1. Scaling used in the model. 

direction (it is defined in analogy with the Stokes boundary layer thickness for laminar 

flows). The Froude number, /, gives the (squared) ratio between the water velocity 

and the speed of small amplitude surface waves in shallow water. Using this scaling, 

we can rewrite equations (3.1-3.2) in the corresponding dimensionless variables (note 

that here and later in the text subscripts x and z mean the partial derivatives, so 

that /i = dxf = dffdx and similarly with coordinate 2), 

lit — 1/2 + Rl2{uux + wuz) = —PiH/2, 

wt - 1/2 Ut/i/QWzz + R/2{uwx + wwz) = —pji2/2, 

Ux + Wz = 0 

(we introduced the notation R = 2U/{Sfl), the Reynolds number, not to be confused 

with the width-to-depth ratio of the previous chapter). Characteristic viscosity, UQ, 

is defined as the turbulent viscosity corresponding to the basic flow solution (see 

Appendix D) and will be specified later. It is convenient to introduce the stream 

function, so that u = w = —^x- Then the above equations can be combined 

by means of eliminating the pressure gradients, and the system can be rewritten as 

i / R  [23, - {./,/./„ A? + + )̂I * = -•i.idl + AJ)*, + 
(3.10) 
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The boundary conditions in dimensionless variables are: 

= rx=0, atz = y(l+/C), (3.11) 

(3.12) 

where S = S'S/I/Q is the dimensionless resistance parameter. Note that in situations 

of interest, H/5 is of order one and QH/U is less than one. Finally, the sediment 

evolution equation in dimensionless variables is. 

where a = a'[T]^''^/(S75^) and A = A'/[r], see Appendix E. We will make the following 

important approximations: 

• Shallow water approximation. The geometry of our system is such that the 

relevant horizontal distances (the size of sand waves, which is of the order of 

hundreds of meters) are much larger than vertical distances (local depth, less 

than fifty meters). Since both horizontal and vertical distances are scaled in 

the same way, in dimensionless variables this manifests itself in the relation 

In its turn, this allows us to neglect the second x-derivatives in equation (3.10). 

For tidal environments, it is very difficult to give reliable estimates for the 

horizontal viscosity coefficient. According to [58], [59], the value is of the same 

order of magnitude or slightly larger than the one of the vertical viscosity. 

Indeed, in the horizontal direction one needs to resolve up to distances of about 

100 m or less, which gives the estimate ~ 10"^ m^/s or less, and the vertical 

viscosity coefficient has the order of magnitude of 10"^ m^/s. Therefore, the 

effects of the horizontal viscosity in this case are very small. However, some 

authors give much larger estimates (see [4], who uses ~ 1 — ^m^/s). In this 

(3.13) 

(3.14) 
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case of course the horizontal viscosity plays a role. Fortunately, even if the latter 

estimate were the case, inclusion of this term will not add new behavior in this 

model. Namely, the effect of the term with horizontal viscosity coeflBcient will 

lead to damping of the small bed forms for hydrodynamical reasons, and this 

behavior is already included by the down-hill sediment transport mechanism. 

In order to keep the model as transparent as possible, we neglect the term with 

from now on. Finally, in the shallow water approximation we can neglect 

the contribution dxU in comparison with dgU in the expression for the bottom 

shear stress, T\\. Therefore, according to Table 1, in dimensionless variables, the 

shear stress is given by utju^dzu. 

• "Rigid lid" approximation : / 1. The surface boundary conditions are now 

evaluated at the constant height, z = H/5. Therefore, the parallel surface 

shear stress, ry is proportional to u^. This approximation also suggests that 

the surface boundary condition, = 0, simply means that the pressure is 

hydrostatic. Since the pressure does not enter equation (3.10), this condition 

does not play a role in the further ajialysis. 

* Quasistationary approach . ^thydrodynamic/^^morphodynamic 1* This folloWS 

from the fact that a in equation (3.13) is a small quantity (see Appendix E). 

This physically means that the ratio between the tidal period and the mor

phological time-scale is small. Therefore one can neglect the time-derivative in 

the second equation (3.12). Also, one can treat the shape of the bottom as a 

fixed function of x when solving the hydrodynamic problem, and then average 

the sediment balance over a tidal period in order to evaluate the long-term bed 

evolution (equation (3.13)). The relevant measure for the morphological time 

is 

AT = l/(afi). (3.15) 
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In other words, if we denote the physical time (measured in seconds) as tdim-: 

then the dimensionless hydrodynamical time variable and morphological time 

variable are given hy t = and Tm = respectively. 

Finally we can write down the full dimensionless model describing the dynamics 

of a water-sand system assuming the shallow-water, rigid-lid and quasistationary 

approximations: 

l/R {2dt -  UJUQ (3.16) 

z = HI5: ^ „ = 0 ,  ^ x  =  0 ,  ( 3 . 1 7 )  

z = h\ = 0, (3.18) 

(the angular brackets denote the averaging over a tidal period). 

System (3.16-3.19) has a solution which corresponds to an x-independent horizon

tal tide over a flat bed (i.e. the solution ^ does not depend on x, and h = Q). In 

this work we prescribe the time-dependence of the basic solution as an M2-tide (the 

principal lunar semi-diurnal tide). In the subsequent analysis all the higher harmon

ics (tides M4, A/e etc) are neglected (see section 2.4). The problem for the tidal flow 

is explicitly solved explicitly in Appendix D. The solution can be written as 

t) = Us{z) sint + Uc{z) cost = u{z) sm{t + ̂ (z)), (3.20) 

where 

u{z) = \/uj{z) + ul{z), tan ̂ (z) = Uc{z)/Us{z). (3.21) 

The last two quantities are shown in figure 3.4 as functions of z. One can see from 

figure 3.4(a) that the water velocity amplitude increases away from the bed (the 

characteristic distance on which it changes is defined by the turbulent boundary layer 

thickness). Note that at the bed it is not equal to zero because of the presence of a 
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resistance parameter, 5' < oo. Figure 3.4(b) gives the (relative) diflFerence in time at 

which the maximum of the flow velocity is achieved. For a typiccd tidal period of 12 

hours 25 minutes, the surface flow lags approximately (0.7/27r) x 12 h 25 min = 1 

hour 23 minutes behind the bed flow. 

0.6 

0.4 

^ 0.2 

0.0 

-0.2 

0 2 3 4 

1.0 

0.8 

c 
3"  ̂ 0.6 

0.4 

0.2 

0.0 
0 2 3 4 

z z 

Figure 3.4. The components of the horizontal basic flow for H = 45m, UQ = 
7 • 10~^m^/s, S' = 4.7 • 10~^m/s, in (a) the amplitude, u, of the velocity is given, 
and in (b) the phase shift in radians is plotted versus the vertical distance from the 
bottom. 

3.2.4 Linear stability analysis 

In order to study the formation of rhythmic patterns in this model, we perturb the 

sea bottom so that the new bed profile looks like z = ^ A 1 (note 

that the sign in front of u is different from the one in Chapter 2). The local depth 

now varies spatially and is equal to D(x,Tm) = H — he^i'^'^m+kx) >.'ote that 

the wavenumber k characterizes the spacing of the crests, —Ima; is the growth rate 

and h denotes the amplitude of the bed pattern. As the bed is perturbed, the flow 

pattern and (for model (b)) the turbulent viscosity change as well. Let us denote 
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the relative change of the viscosity with respect to UQ &s u = UI/UQ — 1. Then the 

perturbed quantities can be written as a vector, 

( ^basic{z,t)\ (  ^x{z,t)\ 
/i 1 = I 0 1 + I 1 1 + c.c. (3.22) 

Note that the flow velocity perturbation, is an unknown function, whereas the 

viscosity change, ui, is a function of (it is specified further in this section). The 

stream function, satisfies the following Orr-Sommerfeld like equation, 

^ (^(23, - -1,, = -u„oj - , (3.23) 

with boundary' conditions, 

z  =  H / 5 - .  ^ u ^  =  0 ,  ^1 = 0, (3.24) 

2 = 0: ^Izz ~ 'S'o^ir = —{t^Ozz ~ Suqz) + F^/HUQ, 'I'l = —UQ, (3.25) 

where F is introduced to diflferentiate between the viscosity models: for model (a) 

F = 0, for (b) F = 1, (this summarizes the results of Appendix F). Note that system 

(3.23-3.25) is not an eigen-value problem, but a forced system which is driven by 

the boundary- condition (3.25). The equation for the evolution of the sea bed now 

becomes: 

iu> = ̂ |ro|5 ~ ^ (3.26) 

where Tq = ^ and n = ^122 + 

Partial differential equation (3.23) can be reduced (approximately) to a system 

of ordinary differential equations in z using a truncated Fourier series in time which 

represents the tidal harmonic components. In [70] and [35], only the first two terms 

in the series (the residual tide and the sine and cosine parts of the basic tidal motion) 

were used. In [31], the effects of such truncation were investigated explicitly for sand 

waves. It was shown that in the regime when the tidal excursion length is much larger 
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than the horizontal spacing between the sand wave crests {kR is large, this is true for 

our case), the difference between the exact solution and the solution where only the 

two first time-harmonics were kept, was less thein 20 %. Also it was pointed out that 

the qualitative behavior does not change as a result of the truncation. Due to the 

assumptions and limitations already made in this study, including higher harmonics 

would not give better results. 

Henceforth we only keep the first two terms, i.e. the solution of equation (3.23) 

is taken in the form 

It it easy to show that ^lo, ^is and ^ic are real functions. The resulting system of 

ordinary differential equations with boundary conditions is then solved numerically 

(using the shooting in a fitting point method). 

In model (a), the viscosity changes are not taken into account, so is identically 

zero. In model (b), viscosity is given by expression (3.9), and therefore Ui is time-

dependent. Using the known time-components of the near-bed flow (equation (3.27)), 

we find the following structure. 

^i(z, t) = i^io(z) + ^is('2) sint -I- ^ic(2) cos t .  (3.27) 

1^1 = «o + iKs sin t  + iKc cos t , (3.28) 

where 

Ko = -S/H -t- l /u^ (Us^laz + lic^lcz), 

K, = 2/u^ui^xQ2, 

Kc — 2/w 

(3.29) 

(3.30) 

(3.31) 

and u is defined in equation (3.21). All the velocity vzdues can safely be estimated 

at z = 0, since a finite d only makes a contribution in a higher order. As we only 

consider finite slip situations, the velocity components at z = 0 are not trivial. 
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Based on the previously discussed viscosity models, dispersion relation (3.26) can 

be presented as 

Due to the structure of equation (3.32) and the fact that the function is real, 

it follows that Re(a;) = 0, i.e. no traveling bed waves are to be expected. This 

is consistent with the horizontal symmetries of the equations and the choice of the 

(x-symmetric) basic state. There is no preferred direction in the system. It is often 

suggested by observations that sand waves travel slowly (see [40]). Our model does not 

grasp this effect. In order to model this, one needs to break the horizontal symmetry 

of the problem (for instance, introduce a time-independent component in the basic 

flow or put a very small slope on the bottom). This task goes beyond the scope of 

the present studies. 

3.3 Results for a Typical Offshore Location 

We start by presenting some reference values for parameters of the system, according 

to an offshore North Sea location. The tidal velocity can be taken from 0.5 to 1.5 

m/s, the tidal frequency is f2 = 1.4 • 10~'* s~^ The local depth can vary from 10 m to 

about 55 m (this is the range where sand waves have been observed in the North Sea. 

see [5]). The turbulent viscosity lies between 10"^ — 10"^ m^/s. The slip parameter 

has a wide interval of values. We experimented with S' from 10""^ to 10~^ m/s which 

corresponds to the physically relevant values given in [47]. The typical value for the 

Reynolds number, R is about several hundred, and H/6 is several units (so that the 

depth is at most several times the viscous depth) and kR > 1 (which means that the 

horizontal spacing between the sand wave crests is much smaller than the length of 

the tidal excursion). The tjrpical values connected to the sediment transport model 

are presented in appendix E. 
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Figure 3.5. A comparison between the two viscosity models. The dotted line 
represents model (a), and the solid line - model (b). A = 21.7 and the rest of the 
parameters are as in figure 3.4. 

Here is an example of the result of the linear analysis for one situation. For ff  = 45 

m, i/Q = 7 • 10"^ m^/s 5' = 4.7 • 10~^m/s and U = 0.5 m/s we have, 

(J a: 10 m, ///J « 4.5, S « 6.7, AT » 2 years, [r] « 3.5 • lO""* m^/s^. (3.33) 

Model (a). The result of the linear analysis for model (a) is consistent with what 

was found in [36]. If the currents are very weak, all the modes are damped. .\s A 

decreases (currents become stronger), a finite connected bandwidth of excited modes 

appears between k = 0 and some finite k (see figure 3.5, dotted line, excited modes 

are between k = 0 and k w 0.035). The smaller A is, the larger the value of k becomes 

which corresponds to the maximum of the dispersion curve. However, the modes with 

very small wave-numbers are always excited starting from some critical A = Ac. This 

is not physical because it predicts the excitation of ultra-long waves. 
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Model (b). The following parameterization is used: ut = ciDUunb, S' = c^Uunb, 

ci = 1.6 • 10"^, C2 = 4.8 • 10"^. This leads to the values for i/Q and S' given in the 

beginning of this section (see equation (D.6-D.7) for model (b)). The behavior of the 

system is then as follows. If the control parameter, A, is larger than Ac ~ 21.7. all 

the waves are damped due to the gravity term (see figure 3.6(a)). 
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0.000 

u 
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0.05 0.15 0.00 0.10 
k k 

Figure 3.6. Results of the linear analysis for model (b), A is close to AC = 21.7. 
Parameters are the same as in figure 3.4. corresponds to sand waves of length 
571m. 

As soon as A becomes smaller than AC, an exponentially growing mode appears which 

corresponds to kc « 0.11, or in dimensional variables, the wave length of 571 m. 

This value is typical for sand waves. Also note that the critical value of the control 

parameter, Ac, belongs to the physically relevant range given in Appendix E. An 

important feature is that there is a finite separation between the zero mode and the 

most excited wave which means that all the very long waves are damped. This was 

not the case if viscosity model (a) was chosen. 

An example of the neutral stability curve for model (b) is shown in figure 3.6(b). 

The time-independent component of the flow solution, (ui,Wi) for the critical con-
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ditions (A, A:) = (Ac, A:c), is presented in figure 3.7. The time-independent flow looks 

like two rows of recirculating cells. The flow near the bottom is directed up the hill. 

This result is predicted numerically, but it is very hard to observe in nature, because 

the residual currents are very weak. For a wave as high as 10% of the undisturbed 

water depth, and the tidal amplitude of 0.5 m/s, the amplitude of the horizontal 

velocity perturbation, ^or, is only about 0.5cm/s which is beyond the accuracy of 

measurements at the present time. 
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Figure 3.7. The time-independent component of the response flow (comes from 
'I'o) corresponding to the critical condition {k = fcc, A = Ac), looks like two rows of 
recirculating cells. All the parameters are the same as in figure 3.6. 

Parameter dependence of the results. The same qualitative picture (the shape 

of the dispersion relation and the flow field) holds for a large range of physically rel

evant parameters giving slightly diflferent critical wave numbers and different critical 

values for the control parameter. This is an indication of the fact that the mechanism 

is quite generic. 

We have performed some calculations to describe the dependence of the most 

/ \ 
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Figure 3.8. The uq and i/-dependence of the critical wavelength, 1^, and the critical 
control parameter, Ac- For the figures in the upper row, parameter H = 45m. 

UQ, -10 ^m^/s 0.6 0.7 0.8 0.9 1.0 1.1 1.2 
S' ,  -10"^ m/s 4.5 4.7 4.9 5.0 5.1 5.3 5.4 

Table 3.2. Viscosity and resistance parameter values for figures 3.9 (a) and (b). 

excited wave length (and also the critical value of the control parameter, Ac) on 

physical parameters of the system. The results are presented in figure 3.8. The 

two upper plots describe the viscosity dependence of the most excited wave length, 

I. = 2-KIand Ac. There, the constant in the S' parameterization is fixed to be 

C2 = 4.8 • 10"^ and CI changes to give different values for the viscosity, VQ. .A.S the 

neai-bed velocity changes, the value of S' changes slightly as well, which is indicated 

in Table 3.3. The resulting plot shows that the wavelength of sand waves grows 

with the eddy viscosity. In fact, the functional dependence of Ic is best described by 

Ic oc which indicates that the horizontal wave-length scales with the turbulent 

boundary layer thickness, S. This also coincides with the observation of [36] that the 

horizontal size of sand waves grows with viscosity. On the other hand, the critical 
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H, m 25. 30. 35. 40. 45. 50. 
UQ, -lO'^m^/s 3.3 4.2 5.1 6.0 7.0 8.0 
5', -10"^ m/s 4.0 4.2 4.4 4.6 4.7 4.8 

Table 3.3. The depth dependence of the viscosity and the resistance parameter for 
figures 3.9 (c) and (d). 

control parameter dependence on the viscosity is very weak (see figure 3.9(b)). The 

values found for Ac fall in a physically relevant range. 

Plots 8(c) and (d) show the depth dependence of Ic and Ac- The constants used in 

the viscosity and resistance parameterization are c\ = 1.6 • 10""^ and C2 = 4.8 • 10"^, 

so that UQ and S' change with the depth according to table 3.3. Figure 3.9(c) shows 

that the wave length of sand waves decays with depth even though the dependence 

on H is not too strong. Note that in the present analysis, parameters of the system 

such as the tidal amplitude or the exponent b (equation (3.7)) were kept constant 

even though the depth was varied. In a real system those parameters might change 

with depth which in turn can influence the depth dependence of Ic- Therefore, the 

depth dependence of Ic cannot be compared with measurements directly. On the 

other hand, the critical control parameter decays significantly with depth, as shown 

in figure 3.9(d). This means that one can expect to have A < Ac with a higher 

probability in a shallower sea than in a deeper sea (for most situations, A < 330, see 

Appendix E). In other words, sand waves are more likely to be excited in a shallower 

sea than they are in a deeper sea, which is in agreement with the observation of [77]; 

measurements show that sand waves do not appear at all if the depth is larger than 

about 55m. 

An analytical estimate for the sand wave wave-length. The length-scale of 

the most favorable wave depends on the turbulent boundary layer thickness which 

is in turn defined by the tidal frequency and the eddy viscosity. The result for 

depth dependence suggests that the wave length slightly decreases with H. This has 
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an explanation based on the main balance which determines the first excited wave 

length, namely, the balance between the gravity and the flow strength. To obtain 

a rough estimate, we can assume that the tidal response (the horizontal component 

of the residual current) is proportional to the z-derivative of the tidal flow times the 

amplitude of the perturbation, h (this is because the term UQA is the main driving 

term in the linearized hydrodynamical equations for ^i, see equation (3.25) where the 

(weak) effect of the direct depth-dependence of the viscosity is ignored). Therefore, 

we can write, H^\ ~ HUQ (note that this satisfies the latter equation). Now, we can 

substitute this estimate for the response current into the linearized equation (3.7). 

Considering balance between the scraping term and the down-hill term, we find 

UQUQ^^h ~ X'kh, (3.34) 

where the perturbation of the bottom shear stress is t i  i z z U Q U Q r S  ^  ~  r o d  y  

Now, substituting UQUQ^Z ~ TQ/S and using X'/ [R]  = A, we get k ~ 1 /{X6) .  Reversing 

this expression and taking the critical values, we derive a simple estimate: 

Ic ~ Xc5, (3.35) 

i.e. the wave-length of the sand waves is (usually more than) ten times larger than the 

turbulent boundary layer thickness. This is indeed a correct estimate and it coincides 

with the numerical fact that Ic scales with Also, since Ac decays with depth, 

Ic decreases with depth as well, as indicated in figure 3.8(c). Formula (3.35) is not 

a precise relation. It just gives the right order of magnitude and the scaling for the 

expected horizontal scaling of sand waves. 

3.4 Mechanisms for Bed Feature Excitation — Viscosity 
Model (a) 

In this section we will describe the physical mechanism responsible for the growth of 

sand waves. This mechanism is present in both viscosity models used here. The flow 
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dynamics described in this section has been observed by many authors ([46], [6]). Our 

goal is to explain why the residual flow moves the way it does. We use a phase lag 

argument in order to give an intuitive explanation of the hydrodynamical processes. 

The hydrodynamics typical for model (b) will be explained later in an analogous way. 

3.4.1 Hydrodyneumcs 

The motion of sand is governed by two factors: gravity and the water shear stress 

dynamics. The latter is obtained from the hydrodynamical system and is described 

in this subsection. 

Phase lag argiiments. Consider periodic water motion over a flat bottom. It 

turns out that if a periodic perturbation is put on the bottom, then the response of 

the velocity field contains a time-independent component, a vortex which is always 

directed from the troughs towards the crests of the bottom perturbation. 

To show this let us start with a flat bed over which a certain vertical profile of 

the horizontal tidal motion is present (velocity is smaller near the bed and increases 

as we go higher in the water column). The dotted lines in figure 3.9(a) (or 3.11(a)) 

depict the profile given by equation (D.8), i.e. the solution of problem (D.1-D.5). We 

first consider a tide in the positive direction and see what happens when a perturba

tion is put on the bottom. Without loss of generality, let the bottom distortion be 

proportional to {—coskx) which locates a trough at x = 0 (see figure 3.9(a)). Here 

we assume that the wavelength of the perturbation is very large in comparison with 

HI6. 

The tidal flow profile also has to change, as the flow still aims to satisfy the bed 

boundary condition and the water mass conservation law. The solid lines in figure 

3.9(a) (or 3.11(a)) represent the perturbed flow. They can be thought of as solutions of 

the same problem (D.1-D.5) except the bottom boundary condition (D.3) is evaluated 

at 2 = ±h instead of 2 = 0. The velocity changes can be described by an excess tidal 
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Figure 3.9. Basic instability mechanism. For explanations, see text. 

velocity, which is positive near the (new) bed location, (at x = 0, the trough), and 

becomes negative in the upper part of the water column (since the area under the 

profile must stay the same due to the water mass conservation). The excess flow has 

the opposite sign above a crest. Due to the structure of the bed perturbations, this 

excess flow also has a periodic x-dependence which (at some z near the bed) can be 

written as coskx (figure 3.9(b), dashed line). 

Now, if there was no viscosity in the system, this forward tidal motion would be 

exactly canceled by the backward motion (figure 3.9(b), the dashed lines). In other 

words, if the flow response had a structure cos {kx — Qt + 0(2)), its net effect (after 

integration over one tidal period) would be zero. However, in a real physical system 

there is inertia due to viscosity, i.e. the changes in the flow profile which start at the 

bed need some time (and consequently some horizontal distance x) to be transferred 

upwards due to viscosity. As a result, there is a z-dependent lag in the flow response to 
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the bottom changes, so that for any finite z, the maximum of the response is shifted in 

positive direction when the tide is moving to the right and in negative direction in the 

backward motion (see figure 3.9(b), solid line). It is very important that the sign of 

this phase lag depends on the direction of the tide. The response always falls behind. 

The most general way to express this is to assume the response to be proportional 

to cos {kx — Qt — <f){z,t)), where sign<f>{z,t) = signuQ{z,t) at z near the bed. Note 

that integration of this expression over one tidal period gives a non-zero result. To 

explain the physical meaning of the phase lag, let us suppose that a perturbation is 

introduced at t = 0, 2 = 0. Then it takes time At for the information about the 

perturbation to travel upwards and cover the distcince Az. During that time, the tide 

will move by Ax = AtU in the x direction with the speed U. This links the time-lag 

with the x-lag. At the point (x,z) = (Ax, Az), the flow will "feel" the perturbation 

introduced at point (x, 2) = (0,0). The sign of Ax is determined by the sign of the 

flow velocity, i.e. the direction of the tide. 

Graphically, the retarded flow response is shown in figure 3.9(b,c). The resulting 

effect after one tidal period is found from the superposition of the two solid lines in 

figure 3.9(b) and gives a non-zero residue component of the velocity (figure 3.9(c)). 

This component does not depend on time and has indeed the correct structure for a 

recirculating cell (figure 3.9(d)). It is clear that such cells will carry sediment from 

the trough to the crest and have a (weak) reverse flow in the upper part of the water 

column. 

Residual flow. In agreement with the above argument, it was observed that the 

residual flow looks like one row of vortices (see figure 3.10(a)). The direction of the 

fiow near the bed is the same (towards the crests) for all values of k within the 

validity of the model. However, when k increases, a new row of cells can appear on 

the top of the first one, as shown in figure 3.10(b). This only happens if the water 

is deep enough. This change in the flow structure can be explained on an intuitive 
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(a) small k 

(b) large k 

Figure 3.10. The geometry of the time-independent component of the response flow 
for model (a). In order for the second row of cells to appear the depth should be large 
enough. 

level. As the average depth becomes larger (or, alternatively, k grows), the flow in 

the vicinity of the bed and away from the bed separates and splits into two rows of 

cells. The direction of the vortices near the bed (where the perturbation takes place) 

stays the same, and the new cells located near the surface have an opposite direction. 

However, for the physical parameters given in section 3, the generation of a second 

row of vortices was not observed for wave numbers within the validity of the model. 

Only when the depth was taken as large as 67 m, the new vortices near the surface 

appeared starting with some k. 

3.4.2 Morphodynamics 

Now, as we know the bottom shear stress behavior, we can comment on the combined 

effect of gravity and hydrodynamics which manifests itself in the dispersion relation. 

From equation (3.32) we can see that the growth of sand patterns is determined by 
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the balance of the two terms, 

iu oc {k '^\Qzz{z = 0) — const .  (3.36) 

The first term is the "scraping term", the second term represents gravity. After the 

previous consideration it is clear that for every k > 0 there is a sand-wave amplifying 

circulation near the bed. '^lorz at z = 0 is zilways positive, grows linearly for small 

values of k and then reaches saturation (grows slower than k for large k). Therefore, 

from equation (3.36) it is clear that for large k, Re(ia;) < 0. These short bed waves 

are damped because of the gravity term (and not due to hydrodynamic reasons). 

As for the long waves, they are either damped for (very) large values of the control 

parameter, or are excited as the stress parameter crosses its critical value. When A 

becomes smaller than critical, the first waves that get excited are infinitely long waves, 

which is not physical. The general conclusion is that this model lacks a mechanism 

to suppress very long waves. 

3.5 Mechanisms for Bed Feature Excitation — Viscosity 
Model (b) 

In this section we will explain why viscosity model (b) is successful in suppressing 

ultra-long waves whereas model (a) is not. In order to do this we note that if a 

perturbation is put on the sandy bed, then the flow changes due to two forcing 

mechanisms: 

1. Directly, due to the bed perturbations (this happens both in models (a) and 

(b)); 

2. Indirectly, because the bottom perturbations induce viscosity changes (this is 

only the case for model (b)). 

We considered the former effect in the previous section. Now we concentrate on the 

latter. When studying model (b), it is instructive to separate the driving term coming 
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from the depth and velocity dependent viscosity (equation (3.9), neglecting the direct 

eflfect of bumps on the bottom. Note that the x-dependent viscosity changes alone 

do not correspond to any physically relevant situation. However, mathematically this 

approach enables one to focus on the role of viscosity perturbations. 

3.5.1 Depth dependent viscosity model - viscosity effects only 

Let us first consider a model which is simpler than model (b) but contains the nec

essary details of the instability mechanisms present there. In the next section it will 

be shown that the way the full model (b) works, can be explained in the same way. 

We assume for now that the turbulent viscosity is parameterized like Ut oc D, i.e. i/j 

is time-independent and is only defined by the local depth. 

(a) Model (a) and (b), direct mechanism 

Jirecdon of tide 

(b) Model (b), indirect mechanism (through Av) 

}irection of tide 

V smaller V bigger V smaller 

Figure 3.11. The changes in the flow induced directly and indirectly (through a 
depth-dependent viscosity). 
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Phase lag arguments. Let us use the same graphical method as we did when 

studying the effects of a bed perturbation. By analogy with figures 3.9(a) and 3.11(a), 

the dotted lines in figure 3.11(b) again are the solution of problem (D.1-D.5). The 

solid lines represent the flow profile when the viscosity varies horizontally (the vertical 

profile gradients near the bottom are larger where the viscosity is smaller and smaller 

where the viscosity is larger). One can see that all the response flows in figure 

3.11(b) have exactly opposite directions to the ones of the corresponding response 

flows in figure 3.11(a). Therefore, the flow induced by viscosity perturbations looks 

like recirculating cells directed away from the crests to the troughs of the sand waves. 

Another way of thinking about the flows corresponding to the varied viscosity is 

to look at them as solutions of problem (D.1-D.5), but with i/j = i/Q ± hui, i.e. with 

6 being smaller on tops of the hills and larger in the valleys. It is easy to see that S 

only enters the problem in combination FF/S, i.e. the surface boundary condition is 

now evaluated at a larger height over tops of the hills and at a smaller height in the 

valleys. Therefore, the changes of viscosity counteract the changes of depth. Namely, 

where the bed is lifted by the amount of H (depth decreased), the viscosity becomes 

smaller and the relative depth, H/S, increases! So effectively, the changes of viscosity 

reduce the changes in the relative depth caused by the bottom perturbation. 

Residu£il flow. To summarize the theoretical argument, we note the following. 

If a periodic perturbation with a small wavenumber is put on the viscosity, then 

the response of the velocity field contains a time-independent component which is 

directed towards the maxima of the viscosity perturbation. (Note that those maxima 

correspond to the troughs of the bottom perturbation because of the dependence 

UT oc D). For small values of K, the time-independent flow looks like one row of 

vortices, see figure 3.12(a). 

However, if K increases and exceeds some value KO, a second row of cells appears 

FROM BELOW and this flow rotates in the opposite direction to the initial cells (see 
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(a) amall k 

(b) large k 

CZ>CI> 
> <RZZ^L-̂ CZZZ3> 

FIGURE 3.12. The geometry of the time-independent component of the response flow 
for model (b). 

figure 3.12(b)). The initial cells move towards the surface. Therefore, for k < fco, the 

viscosity changes give rise to a flow which has a tendency to flatten the sand waves, i.e. 

the viscosity changes have an effect opposite to the effect of the bed perturbation. For 

k > ka, the effect of perturbed viscosity enhances the effect of bottom perturbations. 

This can be explained in the following way. As it was argued, viscosity perturbations 

effectively act like surface perturbations, which means that it is near the surface where 

the direction of the secondary flow always stays the same. As it was in the case of 

bed perturbations, as k grows, the flow has a tendency to separate, and instead of 

one row of vortices there are two. In the case of bed perturbations, the new row of 

cells appeared from the surface. In the case of viscosity perturbations, it is at the 

bottom where the new row of ceils appears. The initial ceils persist, so the flow away 

from the bottom has the same direction as before, and the direction near the bottom 

changes sign. The value of fco is usually such that the corresponding wavelength is of 

order of (or smaller than) the tidal excursion length (equal to 2ITU/^), i.e. this effiect 

belongs to the range of length-scales where the model holds. 
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3.5.2 Full model (b) for turbulent viscosity - viscosity effects only 

Now we are ready to consider the full model (b). In this model the viscosity changes 

come from two sources: the direct dependence on D (like in the previous section), and 

the u„6-dependence (the ^i-induced part of Ui in equations (3.29-3.31)). We will now 

take a closer look at how different components contribute to the viscosity changes. 

The mechanism works as follows. The bottom perturbation, h, induces a cer

tain flow response, both time-dependent and time independent (^lor, ^uzSini and 

^icz cost). These changes of the flow contribute in i/i in a certain way, producing its 

time-dependent and constant components. These, in their turn, change the flow. We 

will now prove that each of these viscosity-induced flow changes has the opposite sign 

to the initial, /i-induced flow changes. 

We first consider the flow changes induced by bottom perturbations directly. From 

figure 3.12(a) one can see that the time-dependent components of the flow response 

and ^icz) near the bed are always directed against the basic flow on the top 

of the bumps and along the basic flow in the valleys. It means that they reduce the 

velocity on the tops and increase it in the troughs. They contribute to the time-

independent component of ui in the same manner (and with the same sign!) as 

the D-induced changes of the viscosity (equation (3.29)). Namely, they reduce the 

viscosity on the bumps and increase it in the troughs. Therefore, the time-independent 

component of ui comes from the time-dependent components of the flow response. 

As it was shown in the previous section, such time-independent changes in viscosity 

create a flow response whose sign is opposite to the /i-induced flow response. 

Now we consider the influence of ^oz- Near the bed, the time-independent com

ponent of the flow response (induced by bed perturbations) is directed towards the 

crests. It reduces the absolute value of the velocity (and the viscosity) when the tide 

moves to the right, and makes it larger when it moves to the left (equations (3.30-

3.31)). Such changes in the viscosity produce a feedback, creating a time-independent 
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velocity component directed downhill. Again, the viscosity-induced flow is directed 

against the one produced (directly) by h. 

The ^-dependence of the flow is also similar to the one described before. For k 

smaller than some ATQ, there is one row of cells which are directed downhill, and for 

k > ko, there are two rows of cells and the flow near the bed is directed uphill. It was 

observed that for every value of H/S, there exists a finite ko for which a new row of cells 

appears nezir the bed. It turns out that the value of ko depends on all the parameters of 

the system. For instance, it was (numerically) found that the dimensional wavelength 

corresponding to ko grows with viscosity. This is in agreement with the the square 

root dependence of the most excited wavelength, Ic, on I/Q, as indicated in figure 3.8. 

3.5.3 Full model (b) - the combined effect of direct and indirect pertur

bations 

To conclude the hydrodynamical description of model (b), we need to put the de

scribed effects together. The flow response to bed perturbations was artificially sep

arated into parts 1 and 2 in the beginning of Section 5. The former part is described 

in section 4.1 and the latter one in section 5.2. 

Consider the time independent flow corresponding to the first excited wave -

number, shown in figure 3.7. It can be thought of as a superposition of fiows caused 

by bed perturbations and viscosity perturbations. For the wave number in figure 3.7, 

the former flow is given by figure 3.10(a) and the latter one - by figure 3.12(b). 

The ^-dependence of the flow can be described as follows. For small values of 

k, all the changes of viscosity produce an effect opposite to the direct (present in 

model (a)) instability mechanism described in section 4.1.1. This effect only holds 

for small values of k and reverses the sign for shorter waves. Therefore, this gives a 

mechanism of damping long waves. Numerical simulations (see figure 3.6(a)) showed 

that the effect is large enough to create a finite gap between the zero mode and the 
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most excited mode. 

It is important that it is the near-bed velocity dependence of the viscosity which is 

responsible for damping the long bed waves. The direct D-dependence does not play 

a significant role. It was found that the effect of viscosity changes in the simplified 

version of model (b) is too small to make a difference in the near-bed flow direction. 

This is not surprising, because small depth changes are unlikely to directly induce 

any noticeable effect in the turbulent viscosity. 

3.5.4 Model (b) - morphodynamics 

The viscosity model (b) leads to a mechanism responsible for stabilizing very long bed 

patterns in sand wave formation. It turned out that the viscosity changes indirectly 

caused by bed perturbations are able to give this effect. More precisely, these viscosity 

perturbations lead to the decay of long waves and encourage the growth of shorter 

waves. In dispersion relation (3.36), the term k'^iQzziz = 0) is now negative for small 

k and changes sign as k becomes larger. 

Summarizing, the morphodynamics of the system is governed by three main ef

fects: 

• growth of bed features due to the direct flow response to the bed perturbations. 

• damping of short bed waves due to the downhill effect in the sediment transport 

formula (an effect of gravity), 

• damping of ultra-long waves due to the u^b- dependence of turbulent viscosity 

(a hydrodynamical effect). 

Note that the damping of short waves is not only due to the gravity, but also (and 

mainly) because the flow itself acts to move the sand from the crests down to the 

troughs. The balance of the three effects leads to the choice of the most unstable 

wave-number. 
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3.6 Discussion and conclusions 

In this chapter, it was shown that if pareimeterization (b) is employed for the eddy 

viscosity, the system chooses a most excited mode whose wave-length turns out to be 

similar to the observed sand wave spacing. 

We will now discuss the applicability and limitations of the model used in this 

work. The shallow water approximation was used in order to make the equations 

simpler. It was checked that the mechanisms and results do not change if one drops 

this approximation, so this is not a real limitation. On the other hand, not all 

horizontal scales can be studied by means of our model. Namely, hydrodynamical 

equations (3.16-3.19) can only be used for horizontal distances between about 100 

m and 80 km. The upper bound comes from condition kR > 1, i.e. only distances 

smaller than the characteristic tidal wa^'e length (which is about 800 km) can be 

considered. The lower bound states that the horizontal distances must be bigger 

than the turbulent boundaxy layer thickness (the processes that take place on smaller 

scales are averaged out and included into the turbulent viscosity parameter). Note 

that the range of horizontal scales allowed by this model covers the range of sand 

wave lengths. Moreover, this model is also valid for the typical wave length of larger 

features, such as sand banks (horizontal spacing of 5 — 10km, see [38]). 

Related studies (e.g [6] and, recently, [30]) have shown that the ratio H/6 is an 

important parameter. The value of H/5 determines whether or not the constant 

viscosity parameterization leads to a damping of the very long waves. In the case 

when H/5 » 1 (sand ripples), the constant viscosity model leads to the damping of 

the ultra-long waves. Note that in this case this is indeed the only applicable model 

since the viscosity there is just the molecular viscosity. The damping of the long 

waves can be explained if one uses the series ^i(A;) = cik -f- 02/:^ -I- • • •. The first 

constant, Ci, turns out to be inversely proportional to the ratio H/5 and therefore it 

disappears in the deep water limit. We have proven this result analytically for small 
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values of kR applying the an£dysis of [46] in the case of a finite depth. The same 

(linear) dependence of Ci on 5/H was found numerically for large values of kR (this is 

in agreement with [30]). As a consequence, in the case of deep water, the recirculating 

cells which tend to build up the sand bumps, are very (quadratically) weak when k is 

small, and the long waves are naturally damped by the gravity term (the latter one is 

quadratic, and if the multiplier in front of it. A, is large enough, the resulting growth 

rate is negative). In the case of sand waves, when H/5 ~ 1, the recirculating cells 

grow linearly with k and are too strong to be overcome by gravity. Thus a different 

model had to be introduced. 

We would like to emphasize that the model we used in not an artificial way 

to suppress long waves in the system. In fact, it should be remembered that the 

notion of a Stokes layer is only well defined in systems with a laminar flow where 

1/ is the molecular viscosity. In a laminar flow the friction effects are well described 

by this constant. However, it is only by analogy with laminar flows, a turbulent 

boundary layer is introduced in systems with a well-developed turbulence. One needs 

a parameter which would characterize the rate of changes of velocity field in space. 

Experimental observations suggest that such changes take place on a much larger scale 

than the one defined by the molecular viscosity. Also, the turbulence effects can be 

averaged out and then they have been shown to contribute into the equation of motion 

is a manner similar to the one of the viscosity term (see e.g. [61]). Therefore, it is 

convenient to introduce the notion of a turbulent viscous layer. However, it does not 

follow from any theory that this layer thickness should be a constant quantity. In this 

work we used a different model (where this thickness was a variable quantity) which 

was proven to describe the behavior of sand waves better than a constant viscosity 

model (now, a single mode is chosen by the system which seems to be indeed the case 

in real seas). 

The turbulent viscosity model used in this chapter is very simple. In can be 

refined in many different ways. One can for instance try and let the viscosity be a 2-
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dependent quantity, or use another way of estimating the characteristic flow velocity 

v/hich enters the expression for the eddy viscosity, or perhaps use a different power law 

when letting the viscosity be a function of the flow velocity. A general conclusion that 

follows from the present analysis is that as long as the turbulence (or the turbulent 

boundary layer thickness) is smaller on the tops of the sand waves and is larger in 

the troughs, the ultra-long waves are hydrodynamically suppressed. 

Another important result is that the wave length of the most excited waves can 

be estimated using a very simple formula, equation (3.35). Using this relation, we 

can conclude that the turbulent boundary layer thickness plays a crucial role in the 

dynamics. This can be extended to other models which possess a similar sediment 

transport formula and have em appropriate control parameter. For instance, in the 

case of sea waves, the turbulent boundary layer thickness is very small, and the 

resulting periodic features (sand ripples) have a wave length of several centimeters 

([6]). 

This chapter was devoted to the linear analysis of the model and the uncovering 

of basic physical mechanisms responsible for the sand waves excitation. The next 

step is to try and predict a longer scade time- and space- behavior of sand waves. 

This can be done by means of a nonlinear analysis, which is presented in the next 

chapter. The results of Chapter 4 will give more evidence that the viscosity model 

proposed here indeed leads to qualitatively correct results when one tries to estimate 

the height of the saturated nonlinear sand waves. 
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Chapter 4 

NONLINEAR DYNAMICS OF SAND WAVES 
AND SAND BANKS 

4.1 Introduction and General Discussion 

Once we have (at least one) instability mechanism which meikes periodic patterns 

grow on sandy beds of tidai seas, we can try and predict the long-term behavior of 

such patterns by studying their nonlinear evolution equations. In this chapter we will 

derive such equations for sand waves and show that a weakly-nonlinear theory can 

give a very deep insight in the behavior of sand patterns. 

At first we will summarize the observations and get some intuition about possible 

relations between different types of patterns. Table 4.1 gives definitions of some sand 

patterns. It includes their characteristic scales and the type of water flows which are 

thought to be responsible for the bed feature generation. It is very interesting that 

some of the patterns mentioned in Table 4.1, can coexist in nature. For instance, 

sand waves are often found on top of tidal banks. The corresponding observations are 

reported in [38]. The coexistence of the last two patterns of Table 4.1 (or, more pre

cisely, the generation of the mean flow mode by gradients of the sand bar amplitude) 

Name Flow Size References 

Ripples sea waves 6 — 12 cm [6] 
Megaripples sea waves 1 — 5 m [42] 
Sand waves tides 100 - 800 m [36], [38] 
Tidai banks tides 2 — 10 km [36], [38] 
Alternate bars unidirectional flow 5 — 10 m [65] 
"Mean flow" unidirectional flow 50 - 100 m Chapter 2 

TABLE 4.1. Definitions of sand patterns. 
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was demonstrated in Chapter 2. Ripples and megaxipples are often seen together near 

the shore line, where sea waves ebb and flow, see figure 4.1. Note that in each of these 

situations, the two coexisting features have vastly different wave-lengths. These ob

servations lead us to believe that there must be some common underlying mechanism 

that couples two very different wave-numbers. 

FIGURE 4.1. Sand ripples and megaripples oflEshore from Blackbeard Inlet, Sapelo 
Island, Georgia. The scale is approximately 3m across the front field of view. The 
photo was taken by Paul Howell, Department of Geological Sciences, University of 
Kentucky. 
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For each pair of coexisting types of sand patterns, let us call the one with the 

smaller wave-length the "shorter wave structure". The linear instability mechanism 

is known for each of the listed shorter wave structures. In order to uncover the 

similarity between the three pairs, one needs to take a closer look at the corresponding 

physical systems. It is remarkable that despite the fact that the models and excitation 

mechanisms for the shorter wave structures are different, one common feature can be 

found in all such systems, namely, the existence of a soft mode. In this chapter we 

will demonstrate (using the example of sand waves and tidal ridges) that the soft 

mode can participate in the nonlinear dynamics of the system. Even though it is 

neutrally stable in the linear analysis, it couples nonlinearly with the envelope of the 

shorter wave structure and is actually driven as long as the latter amplitude has a 

non-zero spatial gradient (curvature). The mean flow mode then can be interpreted 

as megaripples in the system which generates ripples and as sand banks in the system 

producing sand waves. 

The basic idea is as follows. In Chapter 3, a linear analysis of a two-dimensional 

model has been performed. For realistic values of physical characteristics of the sand, 

the wave length of the most excited mode was found to correspond to sand waves. 

In this chapter, we present a nonlinear analysis of the same system and argue that 

even if sand banks axe not excited in the linear problem, they can still be generated 

by nonlinear long wave - short wave interactions, a resonance that is manifested in 

the long wave equation as a forcing term containing the curvature of the short wave 

intensity. Sand banks are treated as slowly varying deformations of the sea bed. This 

is very similar to what was found in the system for sand bars in Chapter 2. This 

situation is also analogous to the coupling of Langmuir waves and ion acoustic waves 

via ponderomotive forcing, mean drift circulation induced by gradients in the pattern 

intensity in moderate Prandtl number convection, and the change of concentration 

fields by gradients in the intensity of traveling waves in binary fluid convection. 

The outline of the chapter is as follows. In Section 4.2 we present the main 
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results of the linear einalysis and also introduce some formalism convenient for the 

nonlinecir analysis of the next section. We also discuss the mean flow mode. Section 

4.3 contains the nonlinear analysis of the system. We derive a system of coupled 

evolution equations for the two fimctions of interest, the envelope of sand waves and 

the amplitude of sand banks. The coefficients in the equations cire defined through 

physical parameters of the system. Based on these equations, we can predict the 

chaxacteristic time for sand bank formation as well as relative heights of sand banks 

and sand waves, which is done in Section 4.4. We also discuss various scenarios and 

conclude that predictions of our nonlinear model coincide reasonably well with real 

observations. Conclusions are presented in section 4.5. 

4.2 Model and results of the linear stability analysis 

4.2.1 Some remarks on the model 

We will use the model developed in the previous chapter. Again, we restrict ourselves 

to two spatial dimensions {x is the horizontal coordinate along the direction of the 

tide and z is the vertical one). It was shown in [36] that the transverse direction 

does not play an important role for sand wave formation. Rigorously speaking, when 

one extends the analysis to the tidal ridges (which involves much larger horizontal 

distances), the Coriolis force becomes important and therefore the third dimension 

must be taJcen into account. When Coriolis effects axe included, sand bank crests 

make an angle of approximately 10° — 30° with the tidal direction. In [35] a lin

ear mechanism of sand bank formation was found which was a result of horizontal 

flows in a two-dimensional horizontal sea. However, the mechanism of tidal ridge 

generation which we consider here, does not require the third dimension. Adding 

the transverse dimension would enable us to predict the fact that tidal ridges are 

not exactly perpendicular to the direction of the tides, but it would not qualitatively 

change the nonlinear mechanism of sand bank formation we present. Also, as the 
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results of this work will show, the nonlinear generation mechanism for sand banks 

is actually stronger than the linear mechanism found by [36]. Therefore, we only 

consider a two-dimensioncil system. 

One of the important points is the way we model the turbulent viscosity. The 

instantaneous velocity profile of a tidal flow over a flat bottom has many of the fea

tures (such as inflection points) which give rise to short wave instabilities. Further

more, since the growth rates of these instabilities are much greater than the inverse 

tidal period, one can expect the tidal flows to have lots of turbulent eddies. Then 

the molecular viscosity must be replaced by a "bulk" turbulent viscosity. Following 

the reasoning of Chapter 3, we assume that the turbulent viscosity, ut, is constant 

throughout the depth. It is paraxneterized by the near-bed water velocity according 

to the formula 

I/T = CIHUNB, (4.1) 

where ci is a constant and the near bed velocity is simply = |u(2 = d)\, i.e. it 

is the absolute value of the water velocity measured at the level z = d close to the 

bed. As long as d is much smaller than the local depth, its concrete values do not 

change the results qualitatively. Taking diflferent values of d is similar to redefining the 

constant Ci. Here, we took d = 0 for simplicity. In the linear analysis of Chapter 3 it 

was shown that this parameterization is the simplest one which leads to the selection 

of a finite most excited wave-number. The corresponding wave length is similar to the 

typical size of sand waves observed in shallow seas. Note that we neglect the direct 

dependence of the turbulent viscosity of the local (variable) depth, D = H — h{x) (in 

(4.1), the local depth, D, is replaced by the undisturbed depth, H). This is motivated 

by the fact that the dependence on D almost does not make any difference in the 

resulting solutions. The dependence on the water velocity is the crucial one. 

The non-dimensional system under consideration was derived in previous chap

ter cind is given by equation (3.16-3.19). Here we would like to comment on the 
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last equation in the system. The bottom profile is described according to a mass 

conservation law for sand, which involves an empirical formula for the sediment flux 

(see, for instance, [36]). The quasistationary approach is used in (3.19), because the 

sediment moves much slower than tidal currents. This is reflected in the fact that 

the dynamics of h is thought to take place in a slower time, Tjn (the subscript m 

means "morphological"), where Tm is related to the "real" dimensional time, tdim-, by 

tfiim = ATTm, and AT is a characteristic time scale for morphological processes, 

AT » 1/Q. (4.2) 

For b = 1/2, it is possible to show that for the entire range of physically relevant 

parameters of the system, relation (4.2) is true (see Appendix F, typically, AT ~ 2 

years, 1/Q ~ 2 hours). If a different value for the exponent b is taken, the derivation 

of Appendix F does not apply anymore, but the qualitative result (4.2) still holds. 

Therefore, we can neglect the changes in sediment during one tidal period and use 

tidal averaging on the right hand side of equation (3.19). 

Finally, we emphasize the role of parameter A in the equation for sediment trans

port. It measures the relative dragging force exerted by the tide in comparison with 

gravity. A depends on the properties of the sediment and can vary significantly. Large 

A means that gravity plays an important role. Small A corresponds to stronger tides 

(A is inversely proportional to the tidal strength). We choose the parameter A to 

be the stress parameter of the system. Finally, the exponent b in the sediment flux 

expression is taken to be 6 = 2. This falls in the realistic range. 

4.2.2 Linear analysis and the soft mode 

As we know, system (3.16-3.19) allows for a solution corresponding to the unidirec

tional M2-tide over a flat bed. The water motion only takes place in the horizontal 

plane, i.e. ^ is a function of z and t only and h = u = 0. 
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The linear stability of the tidal solution over a flat bottom was considered in 

the previous chapter, here we will introduce a slightly more formal approach which 

will be helpful later. Any state of the system can be characterized by the functions 

'^{x, z,t,Tjn) and h{x,Tm)- The corresponding correction to the turbulent viscosity, 

i/, is given in terms of the stream function, ui = with 

u = y/u '^{0) + "2(0). We perturb the basic state solution, ^ = ^o('2,Oi h = 0 

(where = ^^o)- Since the solution "ifo does not depend on r, we can expand the 

perturbation in terms of plane waves e'*^. The dependence on the slow time, Tm-

can be also taken as Let us introduce a small parameter, e ^ 1. In the 

linear analysis, e just measures how small the perturbation is with respect to the 

basic solution. The precise relation of e with other parameters of the system will be 

defined later. The perturbed solution reads, 

^{x,z,t) = ^0(2)+e/ii^e'^+'^^'"^^i(2,i)+c.c.^, (4.3) 

h = e/iie'^+'^^-^+c.c., (4.4) 

where ehi is the (real) constant amplitude of the perturbation. For simplicity of 

notation we will avoid writing the ^-dependence of explicitly. The problem can 

be linearized around the tidal solution to obtain the system 

Ck^i = 0. (4.5) 

The linear operator acting on the Fourier mode corresponding to k is 

Ck = l/R {2dt - dit)dl - dt<i!o/{Ru')[^Qzdz . ]z=o + (4.6) 

where the dot means that the function must be inserted. The linearized boundary 
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conditions axe 

= 0, 
2=0 

zAr^i + ikdz^Q = 0, 
2=0 

zA:^! 

= 0, 
z=HIS  

= 0. 

(4.7) 

(4.8) 

(4.9) 

(4.10) 
z=HI5  

Next, due to our choice of the tidal amplitude, the total flow of water must be equal 

to sin t. 

' H I S  

Ih 

where the horizontal line means averaging in the ar-coordinate. Because of expression 

(D.5), this condition is automatically true for all the harmonics of with k ^ 0. 

For A: = 0, we have an extra condition: 

f H / S  
5 / H  /  z , t ) ^ d z  =  s i n t ,  

Jh  
(4.11) 

-

O 

II 

II N o II 

A: = 0, (4.12) 
2=0 

(this follows from expression (D.5)). Let us now take a close look at the system (4.5-

4.10). For A: ^ 0, it is a fourth order differential equation in z (the differentiation 

in t disappears as soon as we apply truncation in time) with four non-homogeneous 

boundary conditions. The linear operator is not singular, so a unique solution can 

always be found. For k = 0, the situation is different. Conditions (4.8) and (4.10) do 

not exist anymore, and instead there is condition (4.12). This means that solutions 

with A: = 0 are determined up to a constant (which in not a problem, because the 

stream function only gives physically relevant quemtities upon differentiation). Also 

one can see that solutions of system (4.5-4.10) with k ^ 0 in the limit A: —> 0 satisfy 

equation (4.12), i.e. a mean flow solution can be obtained as a limit of solutions with 

a finite k. 
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Finally, the sediment response (where we set 6 = 2) gives 

•D = - ikX + + *o«)\ - Mk) = 0. 

(4.13) 

Note that because of the specific time-dependence of ^oz, namely, ^oz = UjSint + 

UcCost, the last two terms in the angular brackets are identically zero. It is also 

easy to show that all the terms in equation (4.13) coming from the time-averaging 

of the water flow are real. Therefore, iuj{k) is also real (i.e. there are no traveling 

waves). This can be explained using a symmetry argimient: because the perturbation 

is chosen to be oc cos fcx, there is no preferred direction in the system, and therefore 

all terms associated with moving in x must be zero. We will use this fact to introduce 

the following notation; 

i ( j j { k )  = r(A:), (4.14) 

where the growth rate, F, is a real function of k. Expression (4.13) is simply the 

dispersion relation of the linear problem. Note that in the linear analysis the ampli

tude ehi of the solution is undetermined. The flow response is proportional to the 

amplitude of the bed perturbation, which is arbitrary. 

Note that problem (4.5-4.10) consists of a homogeneous equation and is only 

driven through the (inhomogeneous) boundary conditions. If we define 

DO + 0,IZ + 02^^ + 0-3, (4.15) 

then such constants aj, 0 < j < 3, can be found that the boundary conditions in 

the problem for ^ become homogeneous whereas the diSierential equation acquires a 

right hand side, T, 

(4.16) 

so that the driving force is now in the inhomogeneous part of the equation. This 

formulation is more convenient for the weakly-nonlinear analysis. 
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The linear analysis of problem (4.5-4.10) shows that the behavior of the system 

qualitatively depends on the parameter A. We find that when the ratio of dragging 

force to gravity (as measured by 1/A) exceeds a certain value, 1/Ac, a finite bandwidth 

of modes about a wave-number, kc, becomes unstable. The shape of the dispersion 

curve and the A;-behavior of the residual flow were described in the previous chapter. 

For convenience, we will denote the solution of system (4.5-4.10) corresponding to 

k = kc as ^c- Next, we will mention one special case of a linear system, namely, 

the case k = Q. From equation (4.13) one can explicitly see the obvious result that 

r(fc = 0) =0 (the existence of a soft mode). Note that the solution corresponding 

to the soft mode is non-trivial. Its amplitude is also determined by an arbitrary 

amplitude of the bottom perturbation with A: = 0. This solution corresponds to the 

flow response to the uniform lift of the bottom, h. This mode is neutrally stable in the 

linear analysis, but it plays an important role if we take nonlinearity into account. It 

is called the mean flow (we will denote it as ^meon) aJid participates in the nonlinear 

interaction through coupling with the bandwidth of unstable modes. The whole effect 

of the mean flow has been overlooked before. We are going to include it in the analysis 

below and show that it can be responsible for sand bank formation. 

4.2.3 Summary of the preliminary results 

Now we are ready to perform a nonlinear analysis of the system. Before we begin we 

would like to emphasize the features of the linear system essential for the nonlinear 

theory to be developed. 

• The dispersion relation for the values of the control parameter slightly after the 

bifurcation point has its absolute maximum separated from A: = 0 by a band

width of modes with negative values of the growth rate. The system chooses a 

first excited mode with a finite wave-length. 

• The A:-dependence of the growth rate near k = kc is locally quadratic. 
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• The mode with A: = 0 is neutrally stable. 

• The ^-dependence of the growth rate near A: = ATQ is locally quadratic. 

The same holds for a number of systems considered by other authors. This includes 

the system describing the generation of sand ripples ([6]), alternate bars in straight 

channels (Chapter 2) and sand dunes in channels ([26]). 

4.3 Nonlinear analysis 

Now let us try to take into account some effects of nonlinearity in the problem. 

We suppose that the control parameter, A, is only slightly smaller than its critical 

value, i.e. |A — Ad = We use this to define e. The feistest growing mode has 

wavelength kc (and corresponds to the sand waves), and the zero mode is always 

neutrally stable. We start with the following general double expansion of the solution 

(where Ec = , 

OO OO 

( X ,  T, 2, t )  +  C . C . ,  h  =  EE e"£;r/in(m)(x,r) + c.c.. 
n=0 m<n n=l m<n 

(4.17) 

Note that in order to include the finite bandwidth (of width proportional to e) of 

unstable modes, the coefficients of in this expansion are allowed to depend on 

s low t ime and space  var iables .  The  s low var iables  a re  X =  ex  and T =  {T1 .T2 ,  •  •  • )  

with Ti = eTjn, T2 = e^Tm, We will write down the first several terms of this 
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expansion explicitly, 

= 1/2 ̂ 0(2, t) + eA{X, T)Ec^c{z, t) + {l/2 ̂ 2(0){ X ,  T ,  z ,  t )  

+ Ec^2{1){X ,T , 2, t )E^ ' ^2{2){X ,T ,  Z ,  t )  

4- 1/2 B(A', r)^n^ea„(2, + C.C. + . . . , (-1-18) 

h = 6yi(x,r)£;,+ £21^/12(1) (x,r)E, + /i2(2)(x,T)£2 

+  l / 2 B ( X , r ) ^ + C . C . +  . . .  ( 4 . 1 9 )  

The first term on the right hand side of equation (4.18) is the basic state solution 

representing a tide over a flat bottom. The second term is the solution of the linear 

problem corresponding to the fastest growth rate. The envelope A (in the previous 

section we denoted it as hi) is allowed to vary slowly in time and space to incorporate 

finite bandwidth effects. The next three terms on the right are second harmonics 

which appear as a result of the nonlinearity. Their dependence of the slow variables 

will be shortly determined. Finally, the term proportional to B on the right hand side 

is the solution of the linear problem for the k = u = 0 mode, corresponding to the bed 

distortion amplitude B. Note that the component of the /i-expansion corresponding 

to e^/i2(o) can be taken to be zero if we impose the condition that the amplitude B 

averaged over X is zero (sand mass conservation). 

The goal is to find a system of partial differential equations describing the nonlin

ear dynamics of the slow varying envelopes, A and B . This system will explain the 

mechanism of generation of sand waves and tidal banks on the tidal background. In 

order to find such a system, we will consider the equations at different orders of e. Xt 

certain orders, the system becomes over-determined and we will need to impose some 

kind of solvability condition to make the equations self-consistent. This solvability 

condition gives us asymptotic expansion for dA/dTm (= edAf&Ti + e^dA/dT2 + ...) 

and dB/dTm which govern the slow dynamics of the system. 
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4.3.1 General consideration 

We will call the mode proportional to the (n7n)-mode. The corresponding bed 

distortion component looks like The system at this order can be 

written as 

^k=Tnkc^ n(m) — Fni, 

— •^dz)^n(m) +5z(^ — •55z)^o/in(m) 
z=0 

27nArc^n(m) "t" = D. 
n(m)! 

2=0 

a?^„ (m) = 0, 
z=HIS 

imkc'ifnim) = 0, 
z=H/S 

-zmArc^^ozz ^(35r + l/n^^0z^02z)5z^„(m) - imkcXc^ ̂  

Z77Ut'c/lj,(m) ~ Qn{Tn) •> 

(4.20) 

(4.21) 

(4.22) 

(4.23) 

(4.24) 

(4.25) 

where C„(„i) and Dn{tn), do not depend on z and contain information about the 

boundary conditions related to the previous {< n) orders in e, F„/ comes from the 

corresponding nonlinear terms and Qn{m) reflects the effect of nonlinearities and slow 

variations. For m = 0 modes, there is cilso a normalization restriction, 

- H / S  

I ^z'J'n(O) — Tru (4.26) 

where 7„ are constants which come from the previous harmonics. This latter condition 

guarantees that the perturbation produces no net tidal motion. 

Note that, strictly speaking, the system is over-determined, because five boundary 

conditions are imposed on a fourth order ordinary differential equation. The require

ment of self-consistency will enable us to find conditions on the unknown envelopes. 

The general procedure of solving system (4.20-4.24) at each order {nm) is as fol

lows. First we rewrite equations (4.20-4.23) using the time-series truncation, thus 
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obtaining a system of three fourth order partial differential equations in z for the un

known functions ^n(m),0, ^n(m),i and ^„(m),c (where ^„(r„),o = ^n(m),0+ ̂ n(m),^ sin i-t-

^n(m),ccost). Note that at the stage (nm) we need to have obtained the necessary 

modes at orders less that n. These modes are used evaluate C„(„i) and Dn(m). 

Then, we numerically solve the resulting inhomogeneous boundary value problem us

ing the so called shooting to a fitting point method. Finally, we use the flow solution 

for the sediment transport equation, (4.25). 

One example of system (4.20-4.24) for the mode (11) is given by equations (4.5-

4.10, 4.13). There, tn = ti = 1, = 1, -^1(1) — ^i(i) ~ -^1(1) ~ ^i(i) ~ ^ and the 

solution is just ^c- The last equation defines the criticed value of u>c (which is zero by 

the choice of k = kc, X = Ac). 

For higher orders, the terms coming from nonlinear interactions and slow behavior 

become non-trivial. Therefore, the solution in each order (nm) C£in be represented as 

where the ^i(/: = mkc) is the solution of system (4.5-4.10) with k = mkc, and the 

^n(m) driven by the nonlinearities and slow derivatives. We will substitute 

solution (4.27) into equation (4.24) and meike sure that the equation is satisfied. There 

are three cases: 

1. m = 0. The solvability condition reads, 

and the amplitude hn^o) is undetermined. It means that at every order of e we 

will get a solution of the system 

^n(m) — ^l(^ — '^^c)^n(m) "t" ^n(m)' (4.27) 

Q = (4.28) 

^n(O) — ^mean ̂ n(O) '®'n(0)* (4.29) 

2. m = 1. Solution ^i(fc = fcg) = makes the left hand side of equation (4.24) 
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zero (by the definition of the ujc). The solvability condition is, 

-^n( i )=0  (4 .30)  

The amplitude /i„(i) remains undetermined and /ITI(I)^C is a solution of the 

system for each n. 

3. m > 1. The solution hn(m)^i(k = mkc) has the amplitude determined uniquely 

by equation (4.25) (modulo the remarks in the end of this chapter about sub-

and super-harmonics). There is no other solvability condition. 

It follows that, without loss of generality, we can take = 0 for all n > 1 

and h„(o) = 0 for all n > 2. The corresponding solutions are proportional to the 

eigenvectors which we introduce at orders e and with the amplitudes A and B 

respectively. The amplitudes of those higher order solutions can be included into the 

the envelopes A and B. By introducing non-trivial corrections h^^i) and we 

would just redefine A and B. 

4.3.2 Order 

Applying the ideas mentioned above to the problem at the second order, we get the 

following results: 

i) For m = 0, the solvability condition is satisfied automatically (^2(o) = 0). 

The first term in solution (4.29) is specifically included in expansion (4.18) 

with h2{Q) = B. The second term turns out to be driven by nonlinear terms 

proportional to which defines the dependence of this mode on the slow 

variables. As always, for m = 0, there are only 3 boundary conditions for the 

differential equation, which are (4.21), (4.23) and (4.26), so that ^2(o) defined 

up to a constant. 
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Now let us show that condition (4.26) is satisfied by a solution of a system of 

the same type as system (4.20-4.23) if the limit A: —> 0 is taken in the end. This 

is very similar to what happens in system (4.5-4.10) with k = 0. We write down 

the following expression, 

yH = <lfQ + + k/2) + - «/2), (4.31) 

where function 'I'i is as usual the solution of the linear problem (4.5). In the 

limit K —)• 0, expression (4.31) becomes exactly the expansion (4.18) up to first 

order in e. The mode (20) appears as a result of a nonlinear interaction of the 

mode ^1 with itself (more precisely, the interaction of the component AEc with 

its complex conjugate). Expansion (4.31) allows for a small phase mismatch (K) 

between the two modes, which will be taken to zero later on. Let us substitute 

expansion (4.31) in our system. The resulting equation can be written as 

= Fniin), (4.32) 

where the right hand side comes from nonlinear interaction between the modes 

in expansion (4.31). It is easy to prove the solution of this system, which we 

denoted as ^2{K), in the limit k —0 satisfies the system for the (20) mode 

(which we obtained directly earlier in this section). It is possible to check 

that the normalization condition (given by equation (4.26) for the mode (20)) 

follows from the boundary conditions of the system for ^2(k) in the limit K —> 0. 

Therefore, we conclude that an alternative way of obtaining mode ^^2(0) is given 

by 

*1^2(0) = lini^2(K)- (4.33) 

If we did not have to obtain mode ^3(0), we would not have to go into these 

details. However, we will need mode (30) for our solvability conditions, and we 

will use system (4.32) to obtain it. 
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ii) For m = 1, it is more convenient to use the function ^ defined in equation 

(4.15). It turns out that the system for can be written as 

where .4^- = d A f d X ,  T  is the S£une as in (4.15) and the boundary conditions 

axe homogeneous (note that in this case the superscript nl is slightly misleading, 

this mode is only driven by the slow variation of A in X rather than by nonlinear 

interactions). On the other hand, if we differentiate equation (4.16) with respect 

to fc at A: = kc, we get 

d C ^  ,d^i 
dk dk 

(4.35) 
k=kc 

Therefore we can take 

(4.36) 
k=kc 

Next, we notice that because of equation (4.36) the left hand side of solvability 

condition (4.30) can be written as 

dT\ 
A Ti 

(A ^ 
~'V"''dk 

+ A, -

dk J 
= 0, (4.37) 

k=kc 

where V is the the left-hand side of dispersion relation (4.13) and is therefore 

equal to zero. The fc-derivative of the growth rate at the critical conditions is 

also equal to zero. Thus we have the solvability condition at the second order, 

Ati = 0. 

Note that the general expression for the (21) mode is, 

(4.38) 

^2(1) = /l2(l)-£'c^c — (4.39) 
k=kc 

The reason that the mode with amplitude Ax enters the expansion is that the 

amplitude A is space-dependent so that dx is not exactly equal to ike- That is 
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why the right hand side of all equations can be represented as a A:-derivative of 

the right hand side at the previous order. The amplitude /i2(i) can be taken to 

be zero without loss of generality. 

iii) For m = 2, the amplitude /i2(2) turns out to be proportional to Therefore 

function ^2(2) in equation (4.18) is also proportional to A^. 

4.3.3 Order 

Now let us consider order e^. Let us continue writing out terms in expansion (4.18). 

In the third order of e we have, 

In our analysis, we will only need modes (30) and (31) (the former enters solvability 

condition (4.28) ajid the latter - solvability condition (4.30)). 

i) For m = 0, we note that the slow behavior of mode ^3(0) comes from two 

contributions, Bx and This can be seen from the fact that the terms 

driving the mode are proportional to either Bx ox \AW. In order to make the 

analysis more clear, we will separate the mode (30) according to this, by writing 

where we used the function with tilde defined in equation (4.15) in order to 

make the boundary conditions homogeneous. One can see the resemblance of 

equation (4.42) to equation (4.34). As before, we can set 

(1/2 ̂ 3(O)(^Y, T, Z, t )  + £:C^3(I) (X,  r ,  Z, t )  +  T ,  z, t )  

+  E 3 ^ 3 ( 3 ) ( ^ , r , Z , i )  + C . C .  (4.40) 

Next, we note that the equation for mode can be written as 

(4.41) 

mean (4.42) 

(4.43) 
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Exactly as the mode with Ax, the mode arises to reflect the fact that 

there are slow variations in x, and even for (nO) modes, is not exactly 0. 

The technique we use to calculate the components of this mode is to "pretend" 

that there is a small x-dependence in the phase (instead of we consider 

Q^i{,Qkc+K)x^ and then take a ^-derivative at the point K = 0. 

\A\^ 
We are going to use a similar idea for calculating the mode <^3(0* • appears due 

to nonlinear interactions between modes AEc and A*E~^ (by A* we denote the 

complex conjugate of A), whose amplitude is allowed to slowly vary in space. 

Again, even though the sum of the phases of EcE~^ is zero, the slow modulation 

in X must be taken into account. Therefore, by analogy, we can think of the 

equation for the mode 03(o* as a fc-derivative of another equation, namely, the 

equation for the mode (20). 

Of course, the equation for mode (20) does not contain amy k because it cor

responds to a zero power of Ec- Instead, we can use equation (4.32). It was 

obtained using expansion (4.31). The small mismatch, k, between the two inter

acting modes models the fact that there is a nontrivial x-derivative of the prod

uct AEcA*E~^. Now let us note the structure of the driving term for the mode 

• In the general case of complex A, the time-independent component turns 

out to be proportional to Ax A* + A'xA = \AW, whereas the time-dependent 

component — to {Ax A* — A*xA). If A is real, the time-dependent part of this 

mode vanishes. Note that in the solvability condition, we will only need the 

time-independent component (the rest gets averaged out to zero). Now, if A is 

real, it is easy to see that that equation for the mode ^3(of can be written as 

Afc=0)^3(0) - ^2(«) + j (4.44) 
/c=0 
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where function is the same as in equation (4.32). Using the same argu

ment as in case of modes with Ax and Bx, we simply set 

^3(0) - (4.45) 
(c=0 

This calculation was checked by using a direct method of finding the mode ^3(0) 

(in the case of a general complex A). The time-independent part is of course 

the same in the two methods. The method described here in detail is more 

convenient. It contains fewer steps (i.e. the differential equations only have 

to be solved twice, in first and second orders of c), whereas the direct method 

also requires the solution of the system in the third order. This means that the 

time-truncation much be done three times instead of two. Every time one has 

to truncate, the accuracy decreases by about 5 —15 %. Therefore, the procedure 

described in this section is preferable. 

Note that the function ^3(0) we have found corresponds to the second term in 

expression (4.29) whereas the first contribution was taken zero from the start. 

Mode ^3(0) does not enter the solvability condition until the next order in e. In 

third order of e, equation (4.28) simply gives, 

^3(0) = —Bti = 0. (4.46) 

ii) m = 1. Mode ^3(1) from expansion (4.40) can be found in a straightforward 

way from the corresponding equations. It is driven by terms proportional to 

AB and (again, we take /i3(i) = 0). Using this mode, the results for 

the second order modes and equation (4.30), we obtain the following solvability 

condition, 

AT, = ajXcA + -ySf^^A + c\A\'^A + rjAB, (4.47) 

where cr, 7, c and T] are real constants. 
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4.3.4 Order e"* 

In order to find a non-trivial generator of the B-term we have to go to the fourth order 

in €. Using the expressions for the third-order mode ^3(0) and the m = 0 solvability 

condition, we obtain, 

Br, + (4.48) 

where (3 and ^ are real constants. There is no contribution into the A-dynamics in 

this order (,47-3 = 0). 

4.3.5 Remarks 

Several remarks can be made in connection with the nonlinear analysis performed 
\A\'^ 

here. First of all, as it was already mentioned in connection with mode ^3(0*, all the 

modes related to slow derivatives (namely, the modes ^2(1), ^f(o) 

obtained in a direct way by writing out the corresponding driving force (which comes 

from Ax, Bx and \A^x respectively) and solving the resulting equations. However, 

the way presented in this analysis gives a better intuition about why these modes 

appear. Also, numerically this method is more precise. The alternative way can be 

used for double checking the results. 

The second remark is on system (4.47-4.48). The qualitative form of these equa

tions can be found just by writing out all possible terms of the corresponding order and 

the corresponding phase, containing polynomial functions A, B and their derivatives. 

Note that not all such terms are possible in the resulting system. For instance, the 

right-hand side of equation (4.46) could contain terms and dxB. However, if 

we apply symmetry considerations, such terms cannot enter the system because they 

break the x —x symmetry of the initial system (note that our instability does not 

break this symmetry), so the coefficients in front of those terms must be zero. We 

have verified that by direct calculation. 
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Next, the coefficients in front of linear terms in system (4.47,4.48) can be obtained 

from the dispersion curve as well as directly from equations in the corresponding 

orders. Namely, 

dV 
a = Xc 

7 = "2 

^ = -i 

dk^ 

d^r 
dk^ 

(4.49) 

(4.50) 

(4.51) 

where the subscript c means "critical" (A = Xc, k  = kc) and the subscript 0 means 

A = Ac, A: = 0. The coefficients cr, 7 and /? are real. 

The coefficients c, rj and ^ are also real numbers. The corresponding analytical 

expressions are not presented here because they contain dozens of terms. We just 

point out that they are obtained by averaging (over a tidal period) of some alge

braic functions of modes ^n(m)('2 = 0) and their z-derivatives. these coefficients also 

directly depend on kc and Ac. 

Finally, we can rewrite system (4.38, 4.46, 4.47, 4.48) using more natural variables. 

Namely, we remember that +€&ri +^^2 + — If we write A = eA and B = 

€^B, we can incorporate all the solvability conditions obtained in this chapter in the 

following system of two partial differential equations with real constant coefficients: 

-  X)/XcA + yAxx + c\A\ '^A + r]AB, 

Sr. = IL 

(4.32) 

(4.53) 

(remember that in order to be supercritical, A must be less than Ac; hence a in 

equation (4.49) and the first term in the right hand side of equation (4.52) are both 

positive). 
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4.4 Discussion and estimates 

We now take a closer look at the consequences of equations (4.52-4.53). To begin 

we discuss the sensitivity of the weakly nonlinear stability analysis to the physical 

parameters b, UQ, H, S and R since they are either phenomenological (i.e. chosen 

on empirical grounds) or their range is large. We follow this with a discussion of 

the coefficients cr, 7, c, r/, 0 and ^ in equations (4.52-4.53), their typical sizes and 

dependence on the physical parameters (in particular, on S and H/d). Next, we 

investigate the predictions of the equations themselves and present in detail the main 

result, namely, that sand banks are a direct consequence of veiriations in sand wave 

intensity. We follow with several further remarks concerning standard properties of 

equations (4.52-4.53) and end the section with a suggestion that when 1/A is strongly 

supercritical, one can expect period doubling to occur. 

4.4.1 Physical peirameters 

First of all we will comment on the role played by the parameter b (see equation 

(3.19)), the power law in the sediment flux parameterization. We have observed that, 

if the rest of the physical parameters are fixed and only the power b changes, the 

predicted wave-length of the sand waves stays the same, and only the critical value 

of the control  parameter,  Ac, changes.  In Table 4.4.1 we present some examples of b 

and the corresponding values of the critical A. The estimates are given for two sets 

of physical parameters. One is H = 30m, I/Q = 0.006m^/s and S' = O.Olm/s (with 

the critical wave length of 894.9m), and the other is H = 45m, I/Q = 0.009m^/s and 

S' = 0.01m (the critical wave length 636.1m). The horizontal size of sand waves 

does not depend on b. Moreover, as 1/A is slightly supercriticzd, the band width of 

modes with a positive growth rate does not depend on the concrete value of b either 

(this means that b does not define the slow X-variation of the excited mode). This 

is rather encouraging because formula (3.19) is purely empirical. Therefore a strong 
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b 1/2 1 3/2 2 5/2 
{H = 30m, VQ = 0.006m^/s ) Ac 91.81 129.83 168.92 208.62 248.89 
{H = 45m, i /Q = 0.009m^/s ) Ac 51.33 72.67 94.44 116.63 139.11 

TABLE 4.2. The exponent b and the corresponding critical control parameter for two 
sets of physical parameters (in both cases, S' = O.Olm/s). 

dependence on the value of b would throw the analysis into question. Because of the 

weak dependence on 6, we choose its value for analytical convenience. In particular, 

we choose it so that the sediment flux has a Taylor series expansion about the basic 

tidal solution. This is only possible if 6 is an even integer, and the only one that falls 

into the physically realistic range is 6 = 2. 

The last remark concerning the choice of b is related to the corresponding values of 

the critical control parameter. The fact that Ac increases with b (see Table 4.4.1) is not 

surprising. The bigger the exponent in the sediment flux expression is, the stronger 

the flux depends on the shear stress and the more it takes for the gravity force to 

balance the "scraping" term. Since A is an empirical parameter whose meaning is 

only known to us qualitatively, we will choose it to be somewhat below its calculated 

critical value to assure the excitation of sand waves. 

The rest of parameters involved in the system are chosen to fall in a physically 

realistic range. Sand waves have been observed in shallow seas with the depth of 

about 20 — 45m. The typical turbulent boundary layer thickness is about 10m. This 

gives the range for the dimensionless rat io H/S of 2 — 4.5.  The Reynolds number,  R, 

lies between 500 and 1000. The resistance parjimeter, S, can take values in a wide 

range. We will restrict ourselves with the range employed in the previous chapter, 

i.e. 5 < 5 < 15. 
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4.4.2 Typical values for coefficients in the envelope equations 

Here we will present the results for the coefficients in the envelope equations (4.52-

4.53). Only the dependence of the coefficients on S and H/5 is discussed. The third 

dimensionless parameter present in system (3.16-3.19) is R. However, it can be scaled 

out by redefining x' = xR and A' = X/R. This is a consequence of the shallow-water 

approximation we are using here. The parameter R was kept in equation (3.16) in 

order to follow more traditional notations. In what follows we will fix i? = 700 which 

is a typical value. 

• cr. This coefficient gives the linear growth rate of the sand waves per unit change 

of A. Its typical values are 0.1 — 1 (see figure 4.2(a)). Physically this means that 

the system is not very sensitive towards slight changes of the control parameter, 

A. This is a reasonable result. It suggests that even if A differs from its critical 

value by 40 — 50 %, the product a{Xc — A)/Ac is still a small number, i.e. we 

are still is a weakly nonlinear regime. The coefficient a increases both with 5 

and H/5. 

• 7- Typical values of the diffusion coefficient are 50 — 100 (see figure 4.2(b)). 7 

is always positive, because the dispersion curve has a maximum aX k = kc, and 

7 is proportional to its curvature there. The fact that the second k- derivative 

of the growth rate is so large indicates that the dispersion curve has a "sharp 

peak" at A: = Atc- The coefficient 7 defines the scale on which the sand waves 

amplitude,  A, varies.  7 grows with S. 

• p. Just as at the maximum k = kc,  at zero the dispersion curve has a large 

curvature at A: = 0. This means that the diffusion coefficient in the B-equation 

is quite large. The typical range of P is 300 — 2000, and /3 increases both with 

5 and H/5 (see figure 4.2(c)). Note that this coefficient is positive because 

A: = 0 is a local maximum. This is a consequence of the turbulent viscosity 
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model we are using. If instead of parameterization (4.1) we employed the usual 

ut = const model, the concavity of the dispersion curve near A: = 0 would have 

had a different sign. It was found in [36] that the super-long waves (modes with 

very small values of k) are always excited if the eddy viscosity is assumed to be 

a constant. Note that in this case the equation for B would look like 

+ /32^xxxx + (4-54) 

O 0.6 

Figure 4.2. Calculated vaJues for coefficients. Dotted line corresponds to S = 15, 
dash-dot - to 5 = 12, solid line to 5 = 10, dashed line to 5 = 7. 

with Pi < 0,  02 < ^ (this follows from the ^-dependence of the growth rate 

near zero). The sign of coefficient will be discussed a little later. We have 

experimented with other models of the turbulent viscosity. For instance, higher 

powers in expression (4.1) (e.g. a quadratic dependence on the neax-bed ve

locity) would lead to an even sharper slope of the dispersion curve near zero. 
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However, it was shown in Chapter 3 that the present parameterization is the 

most physically relevant one because it leads to a prediction of the length of 

sand waves in close agreement with observations. 

• T]. This is the coeflScient of the nonlinear coupling term. It usually takes values of 

order one £ind changes sign depending on S (figure 4.2(d)). The term rjAB tells 

one by how much the growth rate of sand waves changes if they are superimposed 

on a large scale bed distortion (B). A positive (negative) sign of J] suggests that 

sand waves on the top of a sand bank will have a larger (smaller) growth rate 

compared with sand waves with a zero mean. It is interesting to note how the 

coefficient 77 depends on the viscosity parameterization. It was observed that if 

the simpler model, i/t = const, was employed, the value of 77 was always positive. 

This can be checked by fixing some 1/A slightly greater than 1/Ac and solving the 

linear problem with this value of 1/A in two cases: i) the unperturbed depth is 

H, and ii) the unperturbed depth is smaller than H. Then, the resulting growth 

rates can be compared. It turns out that for the smaller depth, the growth rate is 

always larger. This can be easily understood. When viscosity does not change, 

if water becomes shallower, the currents must become stronger, and therefore 

the critical value of 1/A decreases. Thus for a fixed 1/A and shallower water, 

the value 1/A — 1/Ac is larger and the growth rate larger too. 

On the other hand, when a velocity-dependent viscosity model is used, the 

situation is more complicated. If the depth becomes smaller, two things happen: 

i) the currents have a tendency to become stronger, just as in the previous case, 

ii) the near bed currents are weakened because the viscosity changes. This 

can be understood in the following way: on the top of a sand wave crest, the 

depth (H) becomes smaller, but also the viscosity (and therefore, the turbulent 

boundary layer thickness, 6) decreases. Therefore, the eflfective depth (the ratio 

H/S) can either decrease or increase depending on where we are in parameter 
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space. This means that the resulting growth rate can increase or decrease 

respectively. Thus the coefficient 77 can be either positive or negative. 

• This coefficient is responsible for the generation of sand banks as a result of 

the sand wave amplitude gradients. It tells one that whenever there is a non-

trivial curvature in the sand wave amplitude, the driving term, becomes 

non-zero and forces B to grow even if it was identically zero initially. This 

coefficient was found to be non-trivial for all the values of H/6 emd S we have 

experimented with. For the parameter range under investigation it is always 

positive and is rather large, its values between 5,000 and 15,000, and it grows 

with S and H/5 (figure 4.2(e)). It appears as a result of the interaction of modes 

'I'c and ^2(1) as well as the mode ^3'^dp The fact that the term \A\lx is present 

in the S-equation can be explained as follows. If the sand wave amplitude 

changes with x, on a larger scale (the scale of the tidal waves) it looks like the 

roughness of the bottom chajiges with the horizontal coordinate. Therefore, the 

interaction between the tide and the bottom is different for the patches of large 

A and patches of small A. This results in local changes of the bed level, which 

take place on exactly the same x-scale as the changes in A occur. This fact is 

reflected in the generating term in the equation for sand banks. 

It is possible to explain why the coefficient ^ is positive. Let us assume that the 

amplitude of sand waves, A, changes in x over distances much larger than the 

wave length of the sand waves. Then the bed looks like a very slow wave on 

which a faster modulation is imposed (figure 4.3). It was shown in Chapter 3 

that for the present viscosity parameterization, the near bed residual flow cor

responding to long bed waves is directed downhill (see flgure 4(b). Therefore, 

in our case the time-independent flow response consists of i) vortices created by 

the sand waves (they have the period of sand waves and are directed towards 

their crests, and ii) larger (in horizontal dimension) vortices which are the flow 
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reaction to the slow deformation of the sand wave amplitude. The direction of 

the latter component is towards the 'Valleys" (the minimums of A). The two 

types of vortices are superimposed. Therefore, there is a net current directed 

towards the minima of the sand wave amplitude which makes the sand accumu

late in the spots where the sand waves are the smallest. Since the mean level 

of the sand must be zero, the local depth increases in the spots where the sand 

waves are the largest. This proves that the generation of B takes place in such 

a way that the biggest sand waves are in the valleys between the sand banks 

and the smallest ones are in the troughs. 

(c) 

FIGURE 4.3. The near-bed flow direction for sand waves and sand banks superim
posed. Only the bottom row of large-scale vortices is shown. 

Note that this is a result of eddy viscosity parameterization used in this work. 

If the turbulent viscosity is assumed to be an external constant, it has been 

shown ([36], [30]) that the direction of the residual flow near the bed is up the 

hill for all values of k (i.e. no matter how long the bed wave is, the net flow is 

always directed towards the crests). This suggests that the coeflScient in the 

corresponding sand bank equation (4.54) is negative. 
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•  c. This is the coefficient responsible for nonlinear saturation of sand waves. 

It was found that its sign depends on where we are in the physical parameter 

space. The S — iZ/J-plane is separated into two regions, where c is negative and 

positive respectively (figure 4.2(f)). The latter situation only occurs for larger 

values of S. 

If there are no sand banks, the nonlinear saturation can only occur because 

of the term c|>4.p>l. However, the mean level distortion contributes into the 

equation for the sand wave dynamics. We can set BT„ = 0 (a steady-state) 

and estimate the value of B from the right hand side of equation (4.53), i.e. 

B = Then, this expression can be substituted into equation (4.52) 

to give a contribution to the term Let us cail the new coefficient in front 

of this term c, so that 

c = c - 77^//?. (4.55) 

It is the coefficient c which is important for the nonlineax saturation of the sand 

wave growth. It was found that there is a large portion of the parameter space 

where the coefficient c is negative. This means that sand waves are saturated 

in the third order by means of a cubic nonlinearity. However, in the domains 

where c is positive, saturation does not occur. In this case, one might try and 

go up to the fifth order, because the nonlinear saturation could be realized by 

the term However, the saturating amplitudes may be so large as to call 

the whole weakly nonlinear analysis into question. 

We have discussed all the terms present in the equations for A and B up to the 

fourth order. Terms such as Ax, \A\x etc are not possible because they break the 

symmetry of the problem (they have a preferred direction, i.e. change sign when 

X —>• —x). 
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( A - A c ) / A c , %  3 14 31 54 85 100 
Sand wave amplitude, m 0.5 1 1.5 2 2.5 2.7 
Sand bank amplitude, m 0.12 0.46 1.04 1.85 2.89 3.37 

Table 4.3. The predicted sand wave and sand bank height depending on the control 
parameter 

4.4.3 Predictions 

Let us write down a typical system (4.52-4.53) plugging the values for the coefficients 

explicitly. For R = 700, H/S = 3.5 and S = 15, the wave-length of the sand waves is 

about 800m and the critical value of the control parameter is Ac = 175.9. This means 

that as long as the control parameter A is less than Ac, sand waves are expected to 

grow. The nonlinear evolution is then described by the equation 

= 1.0(Ac-A)/Ac>l-h95Ax-14.5 |>l |M-h 1.6.45, (4 .56)  

Bt̂  = l,800exx + 12,000|̂ lL (4.57) 

We can make some estimates. The solution B can be found from the balance in the 

right hand side of equation (4.57), i.e. B « —Q\A^. Then, we plug this expression 

into equation (4.56) which yields c ss —24 < 0. Next, the amplitude of sand waves 

can be determined from the balance of terms in the right hand side of equation (4.56) 

and reads A « Y/(A — Ac)/(24Ac). Let us assume that the undisturbed ocean depth is 

45.5m, then the turbulent boundary layer thickness is 5 = 13m and the dimensional 

height of sand waves (sand banks) is given by SA (SB). This means that in order for 

the sand waves to grow up to 50cm, the difference between A and Ac must be about 

6, which is about 3% of the magnitude of Ac. If A is less that its critical value by 

about 14%, then the sand waves will grow up to 1 m etc. The corresponding sand 

bank height can be also calculated. The results are summarized in Table 4.4.3. 

What is significant is that even though A — Ac might be of the same order of 

magnitude as Ac itself (which means that e is not small), the expansion (4.18) still 
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holds. In the previous section, in order to make the procedure of the nonlinear analysis 

as clear as possible, we considered different orders of e. However, rigorously speaJcing, 

the expansion itself was made not in c, but rather in AE = A. This means that it is 

not e, but EA which must be a small number, and as long as is small, the expansion 

is valid. For instance, for waves of 2.7 m height, A is still only about 0.2 and B is 

small as well. 

We c£in also make some predictions concerning the dynamics of the sand waves 

and sand banks. It is very interesting that the growth rate of sand banks turns out 

to be of the same order of magnitude as the growth rate of sand waves! To see that, 

let us first calculate the typical time for the growth of sand waves, using equation 

(4.56). If (A — Ac)/Ac = 0.25, then the growth rate of sand waves, Fjtu = 0.26 (here 

Fju, = cr(A — Ac)/Ac). Now, in order to convert this into dimensional units, we need 

the relation between the time Tm and the real time in years. The value for the 

morphological time scale was obtained in Chapter 3 by using a sediment transport 

formula where b had a value of 1/2. It was found that tdimenaionai = 2 years Here, 

6 = 2 and, strictly speaking, the above result is not directly applicable. However, at 

the moment we do not have a better estimate for a characteristic time scale. If we use 

the estimate of Chapter 3, we obtain for sand waves that = 2years/r5u, = 7.7 

years which coincides with most field observations. This suggests that it is reasonable 

to assume that the morphological time-scale for different values of b has the same order 

of magnitude. In what follows, we will adopt the estimate AT = 2 years. 

We proceed by using equation (4.57) to find the typical time for the sand bank 

generation, ATjb- The driving term, |-4|2x) can be estimated as follows. We take the 

sand wave amplitude to be X = 0.15 which corresponds to sand wave height of 2 m. 

Then, taking dx ~ 0.005, we obtain that AB/ATgi, = 0.007. This means that it takes 

about 20 years for a sand bank of 1 m of height to be generated. 

In [36], it was shown that a typical time for the linear growth of sand banks was 

of the order of 200 years. The linear mechanism responsible for their generation was 
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found to rely on horizontal currents rather than on vertical ones (it was shown by [35] 

that the linear generation of sand banks can be even predicted if one uses a vertically-

averaged 2-dimensional model). The present work does not include these mechanisms 

simply because we did not take into account the second horizontal dimension. In the 

model we consider, sand banks are strongly damped in the linear problem. However, 

as it follows from the nonlinear analysis, the generation through equation (4.57) takes 

place on even faster time scale than the linear generation of [36]. 

The estimate obtained for the nonlinear growth rate is rather high. The reason 

for that is the value of the coefficient ^ in front of the driving term in equation (4.57). 

As we have mentioned before, the value for this coefficient strongly depends on the 

viscosity parameterization which is used. In the present case, when a long wave is put 

on the bottom, it causes a rather strong residual current directed downhill near the 

bed. To see how strongly these processes rely on the viscosity parameterization, we 

note the following. If we change from the constant viscosity model to the assumption 

that Ut oc Jundl, then both 0 and ^ change their signs! Therefore, if the dependence of 

the viscosity on the flow was Ut oc Junil" with some exponent a between 0 and 1, then 

the absolute value of /? and ^ would be smaller, and consequently, the characteristic 

time of sand bank generation would be larger. However, the estimate obtained for 

the present parameterization is reasonable, which is another argument suggesting that 

the eddy viscosity behaves similar to Ut oc lunfcl-

What is very important in this model is the predicted long-scale behavior of the 

bed. It is illustrated in figure 4.4. If the currents are strong enough, a flat bed is 

unstable, and sand waves are linearly generated (figure 4.4 (a,b)). If their amplitude 

varies in space (that could for instance happen if properties of sand are slightly 

diflferent in different patches of the bed), then the mean level of the bed changes 

(figure 4.4(c,d)). The signs of coefficients in equations (4.52-4.53) are such that the 

mean level decreases where the local sand wave amplitude is larger and increases 

where sand waves are smaller. As a result, smaller sand waves are placed on the tops 
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(a) Flat bed 

(b) Linear growth of sand waves 

(c) Non-uniform growth 

(d) Generation of sand banks 

Figure 4.4. Predicted long-scale bed dynamics. 

of the generated sand banks, and larger ones are in the vEilleys. This coincides with 

observations of [77] who has made some analysis of the existing field data. According 

to [77], the height of the sand waves grows with the local depth, which is exactly what 

is predicted by equation (4.57)! This indicates that the viscosity parameterization 

chosen here leads to qualitatively correct predictions of the nonlinear behavior of the 

system. 

4.4.4 Nonlinear flow response and bed shape 

The water flow response which takes place on the horizontjd scale of sand waves (has a 

wave-length oi2-K/kc of shorter) contains modes Ax ̂ 2(1)6'*"^, 

etc, see equation (4.18). All of these flows contain 

time-independent harmonics, ajid therefore, the shape of the initial linear cells cor

responding to k = kc changes due to the contribution of higher order terms. An 

example of such nonlinear cells is shown in figure 4.5. The nonlinear shape of the 
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bed (see equation (4.19)) now also contains higher harmonics and is exactly the same 

(locally) as predicted in [74] for sand ripples (see figure 4.5). The main difference is 

that in our analysis both the mean level {B) and the sand wave amplitude (^) are 

allowed to vary slowly in space. 

>3 u« 

E 
N 

400 600 
X, meters 

Figure 4.5. Nonlinear residual flow and bed shape. 

Let us next consider the flow reaction if the bottom elevation has a S-component. 

If B is X-independent, then the flow correction will look like B'^mean and have 

no time-independent component. This is clear from symmetry reasons. If a time-

independent component had an infinite wave-length (i.e. was proportional to 

then it would mean that there is a unidirectional flow which is not allowed by the 

symmetries of the problem. Therefore, the flow reaction changes its direction with 

the tide. Now, if B changes slowly in space, then a time-independent component 

must appear, because it was proven by the linear analysis that the flow reaction to a 

non-uniform perturbation contains a residual flow. This manifests itself in the mode 

which only has a time-independent component and makes up for the mode 
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B'^mean DOt Containing it. This residual component has a magnitude which is about 

10 times larger than the magnitude of the initial residual current, The lat

ter fact is a direct consequence of the viscosity parameterization. As a result, the 

coefficient 0 in the amplitude equations is positive and large. 

The same thing takes place when a long wave is superimposed on some shorter 

waves (modulates their amplitude). If A were constant in X, the only large-scale non

linear flow response would be the mode m^^2(0)- This flow has no time-independent 

components for the same symmetry reasons. Now, if A is allowed to vary slowly in 

space, then the flow will react by producing the harmonic which contains 

a time-independent component. Again, it is directed downhill with respect to the 

gradients of \A\^ and is rather strong. This of course results in the fact that the 

coeflBcient ^ is positive and large. 

4.4.5 Further remarks 

Here we will mention some properties of system (4.52-4.53). First of all, we note 

that in order to satisfy the requirement that the total amount of sand on the bottom 

cannot change, we need to complete the system (4.52-4.53) with the condition, 

S = 0, (4.58) 

where the bar denotes averaging in space. From equation (4.58) one can immediately 

see that if = 0, then B just satisfies a diffusion equation. If we are interested 

in stationary solutions, there are two possibilities: {A, B) = (0, Cx), where C is some 

constant, and {A,B) = (AO). In the latter case, the stationary solution for the 

envelope is ^ with constants G and K satisfying cr(Ac — A)/Ac — 'yK^ + 

cG^ = 0. This situation corresponds to sand waves with a constant amplitude and 

the wavenumber in the neighborhood of kc- One can perturb this solution by adding 

pe^ki+ift c.c. to the amplitude G and -I- c.c to the phase, iKX. Linear 

stability analysis shows that there are regimes where such a solution is stable for a 
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finite bandwidth of wave numbers K. The necessary condition for the existence of 

stable solutions of the form A = B = 0 is simply c < 0. If this condition 

is satisfied, the stability criterion for such solutions is (KfG)^ < |c|/(27) (this is 

analogous to the Eckhaus boundziry). 

Next, we consider the case when \A\^ varies in space. B cannot stay trivial anymore 

but is forced to change in time and space to satisfy equation (4.53). A simple non-

trivial stationary solution, (A, B), of system (4.52-4.53) that satisfies condition (4.58), 

is 

B = -  | i |2) .  (4.39)  

Note that solution (4.59) can be realized as a stationary state beginning from a iB = 0 

initial condition because the gradient of serves as a driving force for B. Plugging 

this expression for B into equation (3.16), we obtain a modified stationary equation 

for A: 

0 = [o-(As - X ) / K  -  +  L ^ X  +  C \ A \ ^ ] A ,  (4.60) 

where = rj^/P. As one can see, this expression resembles the right hand side of 

the well-known Ginsburg-Landau equation (GLE) with real coefficients. Solutions 

of GLE relevant to patterns can be found in [12]. 

Now we will concentrate on the situation when the values of A and B are close 

to the solution {A, B) = (0, Cx) as the initial condition. This solution represents 

a uniform slope with no sand waves and is unstable to perturbations of A. Even a 

very small deviation of A from zero will lead to a very large positive contribution to 

the growth rate (through the last term of equation (4.52)), if |a:| is large enough and 

X has the right sign. For 77 > 0 (T/ < 0), sand waves appear in the shallow (deep) 

part of the bed. On the other hand, for B smaller (larger) than some constant, all 

perturbations of A will decay. This will lead to the following situation: where the 

water is deep (shallow), the bottom is flat. Towards shallower (deeper) waters, there 
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will be some sand waves, their amplitudes growing towards the shallower (deeper) 

ocean. Of course, changes in A will contribute in equation (4.53) and change the 

slope, B. An approximate stationary solution for A corresponding to B = Cx (let us 

assume C > 0) can be found, namely, 

-4 = ±\/ao + ciix, (4.61) 

where OQ = —cr{Xc — X)/{Kc) and ai = —T]Cfc (this can be obtained by substituting 

expression (4.61) into equation (4.52) and ignoring the diflFusion term). Note that 

solution (4.61) becomes exact in the limit |a:| —> oo. It is likely that for the situation 

of a uniform slope as the initial condition, the resulting solution for A will look like 

expression (4.61) in the shallow (deep) part of the sea for 77 > 0 (77 < 0), and there will 

be = 0 for large negative (positive) values of x. Some interesting front dynamics 

can be expected where the two parts of the solution "meet". 

In general, the stationary solution for B can be written as B = —^//3(|-4p — \A\'^) + 

Cx. Then A satisfies equation 

[cr(Ac -  A)/(Acc) — + 7^ + c\A\^ + r)Cx]A = 0, (4.62) 

which can be transformed to the Painleve equation of the second kind. Appropriate 

solutions of this equation and their connection formulae can be found, for instance, 

in [24], [23]. We will not discuss them here. 

4.4.6 Wavelength doubling 

Finally, we would like to mention an interesting scenario which teikes place when 1/A 

is strongly supercritical. If one looks at the growth-rate dependence on k for different 

values of A, it is easy to notice that the larger the difference |1/A — l/Ad, the wider 

is the band of excited modes centering aX k = kc- As 1/A increases, there will be a 

point A = AI/2 (A = A2) when the mode with k = kc/2 {k = 2kc) becomes excited. 

Let us for instance consider the former case.  The subharmonic mode with k = kc/2 
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can nonlinearly (quadratically) couple with the most excited {k = kc) mode. Let us 

denote the amplitude of the mode with k = kc/2 BS AX/2- Then the coupling of modes 

A and A\/2 can be illustrated by the following system of equations, 

where the star means the complex conjugate and cri/2 = X\/2dT/d{—X) estimated at 

A = A1/2- Here we omitted all gradients and higher order nonlinearities. Note that 

such a nonlinear coupling is only possible because the time-dependence of the sand 

wave modes contains no traveling waves, i.e. the critical mode does not depend on 

the fast time (obviously, Fc = 0). If it did, we would require the frequency of kc to 

be twice that associated with kc/2 (or close to it) . From equation (4.64) one can see 

that as long as 0-1/2(^1/2 "" X)/Xxf2 + C2Re^ > 0, the mode with k = kc/2 will grow. 

Since is a complex function, condition A < A1/2 is suflBcient for the mode >^1/2 to 

grow, because Re^ can be always adjusted by choosing the appropriate phase of the 

complex envelope A. Moreover, A1/2 can even grow sub-critically (if it is not too 

strongly linearly damped). 

This kind of an instability can be seen from the geometry of the flow. Let us 

assume that modes with k = kc and k = kc/2 are superimposed. First we make 

a further assumption that the relative phase shift of the two modes is zero, i.e. the 

resulting picture is such that every other crest of sand waves is slightly smaller. Then, 

the residual flow will consist of two superimposed sequences of vortices (with periods 

of 2ir/kc and 4n/kc). The flow response generated by the bed mode will 

enhance the flow of those initial vortices which are directed towards the crests of 

the bigger bumps, and weaken the initial vortices adjacent to the smaller bumps. 

Therefore, the bigger bumps will grow and the smaller ones will be slowly washed 

out. In the end, the mode with k = kc/2 will prevail and a wave-length doubling 

will take place. In a more general situation, when as the initial conditions, modes 

At — "-(Ac — A)/Ac^ + ciAi^2f 

(Ai/2)t  = <7i/2(Ai/2 — A)/Ai/2>li/2 + C2AA1/21 

(4.63) 

(4.64) 
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with k = kc and k = kc/2 are superimposed and shifted in phase, the resulting flow 

will  act  in such a  way that  i t  will  gradually move the sands waves with amplitude A 

so that their crests correspond to the crests of the mode Ai/2- This will bring us to 

the situation described before. The fact that the initial sand wave drifts towards the 

crests of mode k = kc/2 is exactly what was meant by the complex mode A choosing 

the appropriate phase to enhance the growth of the mode Ai/2-

Finaily, for the mode with k = 2kc,  the equations will look exactly like equations 

(4.63-4.64), except the role of the mode A1/2 will be played by mode A, and the mode 

A will be replaced by the mode with k = 2kc. As a result of the nonlinear interaction, 

the mode A will win over the mode with k = 2kc (in other words, the shortening of 

the wave length does not occur). 

4.5 Conclusions 

In this chapter we have found a system of two partial differential envelope equations 

that couples the amplitude of sand waves and the mean bed level dynamics. This sys

tem predicts the generation of sand banks where the amplitude of sand waves changes 

in space. The typical sand wave horizontal scale is defined by the characteristic dis

tance on which sand waves change. This in turn can depend on several things, mainly, 

on (i) how supercritical the system is, i.e. how large the band width of excited modes 

is, and (ii) some external reasons. The latter means that some parameters (such as 

the tidal strength, the sand roughness, the local depth etc) are not constants. In real 

seas they vary from place to place. Consequently, the control parameter. A, can turn 

out to be different in different patches of the bed, and the sand wave behavior (for 

instance, their growth rate) can have a horizontal structure. According to equations 

(4.52-4.53), this will lead to the generation of sand banks. 

The bed will deform in such a way that the higher sand waves will sink and 

the smaller ones will be lifted on the top of a sand bank. This is a consequence of 
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the viscosity model employed in the problem and coincides with sand wave height 

dependence on the mean depth observed in the North Sea. The numerical value of 

the driving term is rather large. This suggests that according to this model, the 

nonlinear mechanism of sand bank generation is as strong or stronger than the linear 

mechanism described in [36]. 

The methods used for the nonlinear analysis presented in this work can easily be 

applied to other physical situations. For instance, one can perform the analysis for 

the system describing the sand bed dynamics under sea waves ebbing and flowing on 

a shore line. In [6], it was predicted that the linear instability leads to the generation 

of periodic features whose wave-length is similar to the wave-length of sand ripples. 

The symmetries of the latter problem are exactly the same as in the present problem. 

The biggest diflferences are the ratio /f/5 (which in our case is of order one and in 

the case of sand ripples it is much larger) and the viscosity model (which is an eddy 

viscosity parameterization in our case and just the molecular water viscosity in the 

case of ripples). Despite these two diflferences, the nonlinear procedure is analogous 

to the one described here. The resulting equations are expected to look similar to 

equations (4.56-4.57) except A will describe the amplitude of sand ripples and B - the 

megaripples which can be treated as a varying mean bed level. Another difference 

expected is that the term rjAB will disappear. Indeed, since the depth in this problem 

can be though to be inflnite, it is unlikely that the mean depth level changes can 

influence the growth rate of sand ripples. This will be a generalization of the results 

of [74], where the nonlinear analysis was performed for sand ripple dynamics but 

neither spatial gradients of the sand ripple envelope nor the mean flow mode were 

taken into account. 

One problem with the analysis described in this work is that it requires very 

lengthy calculations. All the terms which appear in the resulting envelope equa

tions can be found just by looking at symmetries of the problem, so the most time-

consuming part is calculating the numerical values of the coefficients in these equa
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tions. In order to do that one has to (numerically) solve a number of systems of 

inhomogeneous ordinary differential equations with boundary conditions. The ob

tained flow solution is then used to find all the terms in the sediment equation. The 

result is that the predictions b£ised on the envelope equations are qualitatively rea

sonable cind estimates have the correct order of magnitude. 

It is characteristic for this problem that even though at each step one has to 

solve a full hydrodynamical system, only a small part of the flow information is then 

used for the sand evolution equation. Namely, one only needs the first and the second 

derivatives of the stream function evaluated at the bed (and not as functions of z). This 

suggests that there might be an alternative way to tackle the problem of modeling 

the behavior of a sandy bed in tidal seas. Namely, one could try and avoid solving 

the Navier-Stokes equations and, instead of that, write down an empirical (Swift-

Hohenberg like) equation for the time-evolution of the bed level, h. In other words, it 

might be possible to replace the hydrodynamical system coupled with the sediment 

conservation law, equations (3.16-3.19), with just one equation describing the time-

behavior of the bottom profile. All the hydrodynamical processes can be effectively 

included in the parameters (coefficients) of this phenomenological equation. Such a 

model would be expected to capture all the important features of the bed dynamics 

(the linear instability of sand waves as well as the long term behavior of the system and 

the excitation of a long bed wave due to the sand wave curvatures). The coefficients 

in this equation could be found to match the observations. They would contain 

the necessary information about the water flow over the sandy profile (which in the 

present model is obtained by means of solving the full hydrodynamical system). 

The two ways (the analysis presented in this chapter on one hand, and writ

ing down an empirical equation, on the other) correspond to the microscopic and 

macroscopic approaches in mathematical modeling. In the case of sand patterns, the 

microscopic way has been studied in this work in great detail. The other way still 

needs to be explored. 
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Chapter 5 

THE COMPETITION BETWEEN 
NONLINEARITY, DISPERSION AND 

RANDOMNESS IN SIGNAL PROPAGATION 

5.1 Preliminary Remarks 

Much work has been done in order to understand signal propagation in random me

dia. The simplest model is given by a linear Schroedinger equation with a random 

p o t e n t i a l ,  V { x ) ,  

The random potential, V { x ) ,  can be for instance taken to be a stepwise constant 

function which takes values Vj in each interval Aij, where Vj is an independent 

random variable associated with a given distribution function. The famous result 

for this equation states that the signal, ^(x), is localized (exponentially decays in 

x) for almost any realization of the random potential. This phenomena is known in 

condensed matter physics as Anderson localization [48], [68]. The result holds for 

more complicated models for the random potential and does not depend crucially on 

the distribution of the variable Vj. 

On the other hand, it has also been shown [15] that if one replaces equation (5.2) 

with its nonlinear version. 

+ V{x)^ = i^t ,  (5.1) 

which transforms under $ = 'I'e to 

-^xx +v^(a:)^ = ken. (5.2) 

+ V(x)'J = kH (5.3) 



129 

(a > 0), then the field, ^(x), cannot decay with x faster than 1/x^.  This gives 

an indication that the nonlinearity somehow enables the field to spread out much 

further thzm it could in the linear medium. In other words, the nonlinearity tends to 

counteract the randomness and helps the signed to persist. 

The time-dependent version of this model, 

+ q;|$|2$ _ V(x)$, (5.4) 

has also been investigated [9], [8], [41] without the restrictive assumption that the 

signal is monochromatic, i.e. ^(x, i) = and in those cases where the 

random potential can be considered a smaJl perturbation. Theoretical analysis and 

numerical simulations suggest the fundamental reason for the improved transparency 

of the medium. The inherent stability and robustness of coherent nonlinear pulses 

with single frequencies overcome the incoherent scattering of the random potential. 

Indeed, the strongest eflfect of randomness was to slow pulse propagation rather than 

erode the wave packets themselves by incoherently scattering its component wave 

trains, nonlinearity seemed to unify the wave trains into coherent objects. 

However, all these theories are approximate and their simulations difficult to in

terpret in a precise way. It is useful, therefore, to construct models which are exactly 

solvable and in which the interplay of nonlinearity, randomness and dispersion can be 

closely examined. Such models, although rare, are not pathological and indeed are 

manifested in real physical systems whose predicted behavior can be experimentally 

verified. The most well known of such systems is the propagation of electromagnetic 

pulses through an active, inhomogeneously broadened medium of two level atoms, 

sometimes called self-induced transparency, or SIT. The phenomenon was predicted 

by [49], was verified experimentally in [32] and the system was shown to be exactly 

integrable in [44] and [1]. An amplified medium version was later studied in [29]. 

It is not hard to see from this system how infinite classes of systems with similar 

properties can be constructed [53]. 
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The nature of the interactions between randomness and the nonlinear and dis

persive characters of the system is exquisitely brought out by the SIT system. The 

propagation is unidirectional. Reflections are ignored. The role of the incoherent 

scatterer is taken on by the internal degrees of freedom of the active medium. The 

two level atoms can be excited between the common ground state and a range of 

higher levels. The energy level diflFerences are not constant because the random mo

tion of the atoms adds a random Doppler shift kv to the frequency corresponding to 

the mean energy level difference. As a result, the mismatch, 2a, between the carrier 

frequency of the electromagnetic wave and the two level atom frequency is a random 

variable, with distribution g{a). On entering the medium, pulses are divided into a 

set of normal mode components which consists of a continuum of dispersive waves 

(the radiation component) and a finite set of solitons (27r-kinks and 07r-breathers: 2-k 

and OTT refers to the area under the electric field envelope). The medium is opaque 

to radiation. The radiation component decays in a distance of the inverse of the 

width of the distribution g{Q.). The medium is completely transparent to the soliton 

component. Solitons are slowed but not stopped by the randomness. The larger the 

ratio of a measure of randomness to nonlinearity, the slower the solitons go. 

The reason for the transparency of the medium is that each soliton pulse phase 

locks the spectrum of dipoles which are excited, so that all the polarizations oscillate 

with a common frequency dictated by the internal frequency of the soliton. The 

dispersive radiation (even though the propagation of each radiation wave packet is also 

governed by a nonlinear equation) has no weapon to counteract incoherent scattering. 

One may interpret this behavior mathematically in a manner that makes contact 

with the mathematical reasons for, and proof of, localization. The key result is 

Furstenberg's theorem [28] which asserts that, with probability one, the action of a 

product of random matrices on an arbitrary vector, is to magnify it exponentially as 

exp (7L) where L is the length of the string. (The solution to the finite difference 

analogue of equation (5.2) is a product of random matrices of determinant one.) An 
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underlying assumption is that there are no invariant subspaces. In the SIT problem, 

the propagation can also be written as a product of diffeomorphisms acting separately 

on each of the radiation and soliton components. The soliton component is left 

invariant by the action. The radiation component is not. 

The first goal of this chapter is to reinterpret the phenomenon of SIT in the context 

of competition between randomness, nonlinearity and dispersion, and furthermore 

to recast the problem in order to show that it is isomorphic to a problem of the 

type given by (5.1) in which the randomness is manifested spatially. Specifically, 

we show that, under mild assumptions, the SIT result continues to hold when we 

replace the uniform medium of inhomogeneously broadened two-level atoms by a 

series of intervals in each of which the frequency mismatch is fixed with a value 

chosen from the distribution ^(a). Our second goal is to show in what sense the small 

amplitude, almost monochromatic, limit of SIT can be taken. It is well known that 

low amplitude, almost monochromatic wave-packets of nonlinear dispersive systems 

satisfy the nonlinear Schroedinger (NLS) equation. But if the distribution g{a) is 

broad, the NLS cannot be the limit of SIT. However, if the distribution is (1—c)J(q:) + 

c/2[ff(°~°°) + )] (here g{a) is any distribution centered at zero, for instance, 

Gaussian), then the complex envelope of the carrier wave about the frequency QQ 

satisfies an exactly integrable combination of NLS and a modified SIT equation. A 

third goal, connected with the outcome of the second, is to give the reader a recipe 

for a broad class of integrable systems which combine randomness, nonlinearity and 

dispersion. Such a recipe will allow one to examine systems which combine these 

three ingredients as perturbations of their nearest integrable neighbors rather than 

in the limits of vanishing randomness or nonlinearity. 

This chapter is organized as follows. In Section 5.2, we briefly review the results 

for the SIT problem and list some important properties of solutions. In Section 5.3, 

two new formulations are introduced which resemble the formulation (5.4) and at the 

same time lead to the same result as the classical SIT problem. In section 5.4, an NLS-
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like equation is derived as an example of an envelope equation for the SIT problem 

with a special kind of a distribution (which allows the signal to stay monochromatic). 

The set of equations which describes the propagation of an electro-magnetic wave 

packet that impinges on an inhomogeneously broadened medium at 2 = 0 is: 

In equations (5.5-5.7), z  =  X  >  Q ,  the space variable meaning distance from the 

beginning of the medium, plays the role of the independent variable of evolution; 

T =  T  —  X ,  i s  t he  r e t a rded  t ime ,  s ind  be longs  t o  the  domain  — 0 0  < T <  00:  e  

is the complex electric field envelope, A is the induced complex polarization, n is 

t he  no rma l i zed  popu la t ion  inve r s ion  and  (A)  =  f ^ g ( a ) A ( r ,  z ;  a )  d a ,  where  g ( a )  

characterizes the inhomogeneous broadening and is normalized to unit area. The 

(independent) random variable 2a describes the frequency mismatch and takes real 

values according to its probability distribution, g{a). One example of a distribution 

gia) is given by 

and, although the Maxwellian distribution g { a )  =  would be more 

appropriate physically, is convenient for purposes of illustration. The system is com

ple t ed  w i th  cond i t ions  e { z  = 0,  r )  be long ing  t o  L^^^( r )  and  A( r  =  — 0 0 , 2 ;  a )  =  n { T  =  

—00,2; a) -I-1 =0. This choice, with e(r < 0, z = 0) equal to zero is equivalent to the 

quarter plane problem on z, r > 0 with e(r, z = 0) given on r > 0 and A(r = 0, 2; q) 

and n(r = 0, 2, a) -h 1 given on r = 0. The results of this problem with additional 

5.2 The SIT problem - Model 1 

(5.5) 

(5.6) 

(5.7) 

^ 7r(a2 + /?2) (5.8) 
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randomness included in A(r = 0, z\ a) and n(r = 0, z; Q) + 1 can be constructed from 

modified inverse scattering transform techniques introduced in [25] and will be given 

elsewhere. 

In formulation (5.5-5.7), the equations do not at all look like equations of propa

gation in a rzindom mediiun. Here, one solves for the polarization smd the population 

inversion for each value of the frequency mismatch, a. Then, the evolution of the 

electric field is determined by the expected value of the polarization (given the prob

ability distribution of a). The presence of randomness is hidden in the a. being an 

independent random variable. 

The problem is solved using the inverse scattering method (1ST, see [1]). The main 

steps are described in more detail in Appendix B. System (5.5-5.7) can be associated 

with a scattering (eigen-value) problem which effectively describes propagation of 

some associated vector field, u, in the presence of potential e. The vector v satisfies 

an overdetermined system of ordinary differential equations in r and z, Vr = L(;v and 

Uz = M(^v, where L(^ and are 2x2 matrices depending on e and C and on A, n, 

g{a) and ^ respectively. 

where we interpret { f { o c ) )  =  P  J ^ ^ f { a , T , z)g{ a)da as a Cauchy principal value 

integral. and form the so called Lax pair of the problem. This means that 

the initial equations, (5.5-5.7), follow from the compatibility condition of the two 

systems, Vr = L(^v and Then, the former system gives the spectrum of 

the problem aX z = 0 (the set of values ^ for which a solution exists and is bounded) 

and the latter one describes the z-dependence of the eigen-functions. The field, e, 

can be reconstructed from the scattering data (which includes the spectrum and 

the transmission coefficients found from the scattering problem). The reason that 

the inverse problem can be solved lies in anal5rtic properties of the function v and 

the transmission coefficients. The inverse problem cam be formulated as a Riemann-

(5.9) 
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Hilbert problem and solved to yield the field, e, as a function of z and r for any initial 

condition in the allowed class. 

It turns out that the spectrum of the problem consists of the real line and a (finite) 

number of discrete points in the complex plane (we denote them as + iVk)-

When e(0, r) is real and g  is even, then e ( z ,  r) remains real. Further, if ^k+iVk belongs 

to the spectrum, so does —^k + iVk- In that case, the purely imaginary points Q = iVk 

give rise to 27r-kinks whereas each complex conjugate pair, (Ck, —Cfc) gives rise to 

a OTT-breather soliton. Kinks are finite area (27r) solitons; breathers are coherently 

bound modulated wave trains (wave packets) of zero area. The continuous part of the 

spectrum (and the corresponding transmission coefficient, b*/a), describe the part of 

the signal which we refer to as radiation. The discrete part of the spectrum and the 

analogue of the transmission coefficient (associated with complex eigen-values), 

are responsible for the soliton part of the solution. The complex number Ck describes 

the position of the amplitude and phase of the soliton. As was indicated before, the 

evolution of the electric field, e(r, z), is uniquely determined by the evolution of the 

scattering data, b*/a and Ck- In order to present the result, let us define curve C on 

the complex plane so that C = {a | a € (—00, ̂  - e) U U (^ + 6,00)}, where e 

and the set is a semi-circle, = {q | q = ^ + ee"^,7r < <f> < 27r}. Now we can 

define a class of curves in the complex plane, C, to be the curve C and any distortion, 

C, of this curve which does not cross any singularities of function g{a) and in the 

domain between C and C, ^(a) is analytic. In other words, curves in class C follow 

the real axis everywhere except a neighborhood of the point a = ̂  where they indent 

under it. The z-dependence of the scattering data is then given by 

where the contour is any contour in the complex plane which belongs to class C. 

Note that the result is the same for any contour C„ in this class. For distribution (5.8), 

(5.10) 

(5.11) 
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we can calculate the integrals explicitly, 

L 
[ (3.12) 

Qio) 1 
da = ——^ = —2{uJi + UJ2)' (5.13) 

-00 C* -  a ^k- i{Vk + p) 

The astonishing result is that there is a non-empty family of soliton solutions of 

problem (5.5-5.7). One example corresponds to just one imaginary bound state. 

C = ir] and is called a kink: 

e(T, z) = 4T]sech{—T}iT + U2z). (5.14) 

Another example is given by breather soliton solutions. If the discrete spectrum 

consists of only two points, Ci = ^ + iT] and C2 = —Ci > soliton solution is given by 

the expression, 

/  \  T ] C 0 S ( — 2 f T  +  U J i Z )  
e(r, z) = 4—tan ^ — r, (o.lo) 

OT ^ cosh { — T]T + UJ2Z) 

where the constajits uji and uj2 are given in equation (5.13) with (^,77) instead of 

{^k,Vk)- This solution has a shape of a pulse which translates self-similarly in time 

and space with a finite velocity. Despite the fact that the equations contain a random 

parameter, the system still allows for a non-decaying solution. In general, an initial 

pulse e(0, r) breaks up into soliton components and radiation. In a distance propor

tional to 0 the pulse reshapes so that its area becomes a multiple of 27r. The radiation 

is trapped at a characteristic distance z proportional to ZQ ~ /3~^ (it becomes expo

nentially small). For z < ZQ, the medium is left in a permanently "ringing" state 

as the energy of the radiation is incoherent and remains trapped by the randomly 

distributed internal degrees of freedom at the beginning of the medium. The soli-

tons survive and propagate losslessly through the medium. It is interesting that the 

"amounts" of the nonlinearity and randomness can be directly measured and com

pared to each other by looking at the soliton speed. Namely, if we make a change of 
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coordinates back to the physical space and time, the velocity of the breather soliton 

is: 

dX c ^ 

here c is the speed of light, UJ\ = and 0*2 = Let us cissume 

that ^ ~ 1. The two competing mechanisms, nonlinearity and randomness, enter the 

expression for the velocity as the ratio Rewriting this ratio in terms of physical 

parameters of the system, we get: 

T} p\E\ 1 OJRabi f c 
(v) • 0 ~u i!̂  ijj VK> 

where U}iiairi = ^ is the Rabi frequency (see [55], page 158), UJ is the transition 

frequency, and V is the thermal velocity, V ~ \J^. Typical values for vary 

from 10"^ to 10""*. Now, ^ = 0(1), the velocity is finite (but can be significantly 

less than the speed of light). On the other hand, if ^ 1, then the velocity in 

equation (5.16) tends to zero, the soliton almost stops. Since the energy flux is then 

very small, one can say in this case that randomness wins. However, in contrast with 

non-integrable cases (such as the ones given by equation (5.1)), the soliton does not 

erode and decay. It simply moves very slowly, constantly exchanging energy with the 

medium. 

It is useful to find out what physically happens in both problem (5.4) and the 

SIT problem so that signals get trapped. It turns out that the mechanisms are quite 

different in the two cases. 

If a signal propagates through a sequence of slabs, each characterized by its own 

value of the random potentied, V}, at each slab interface the signal produces a trans

mitted part and a reflected part. Both of them travel (in opposite directions) until 

they hit an interface again and get separated into secondary transmitted and reflected 

parts etc. The portion of the signal which gets transmitted is a random function (it 

depends on the value of the potential there). The reason that the signal is localized 
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can be intuitively viewed as the signal getting lost in an infinite number of random 

reflections. 
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Figure 5.1. The electric field envelope given by a breather soliton (equation (5.15) 
with 77 = 0.01, ^ = 1 and /? = 0.03) and the corresponding A and n as functions of r. 
Functions A and n are given for different values of a ). 

A totally different picture takes place in the SIT system. There, the signal is 

only allowed to travel one way (this can be directly seen from equation (5.5)). No 

reflections are taken into account. Indeed, the amount reflected is much smaller 

than that absorbed by the internal degrees of freedom. Instead, at each point 2, we 

have an infinite number of possible polarization functions. A, excited by the electrical 

field and parameterized by its value of the frequency mismatch. They are realized 

with a certain probability (5(a)) and therefore contribute to the propagation of the 

electrical field according to their respective weights. The signal gets trapped because 
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the polarization (being a function of a random variable) affects the signal in a random 

fashion. The exception are signals which have a very particulzu* shape, the solitons. 

The polarization A corresponding to a soliton solution turns out to be phase-locked, 

see figure 5.1. Namely, for each a, the corresponding polarizations, A(r, z\ a), have the 

same frequency as functions of r. For every 2, the contributions A(r, z\ q) coming from 

different frequency mismatches add up in such a way that they enhance a translation 

of the signal in z. Note that this is true not only for the small amplitude limit but 

also for large amplitude solutions. 

Another property of the breather soliton can be seen from figure 5.1. If we set 

77 ~ € and ^ ~ 1 for some small constant e -C 1, the order of magnitude of the solution 

(say, at its maximum, i.e. when ryr = uj-iz) becomes e(x, t) ~ e, and 

C 1, |a - ̂1 ~ e 1, |Q: - ̂1 ~ e 
A(r, 1, |a + ̂ l~e, n(r, a) + 1 ~ < 1, |a + ~ e . (5.18) 

e, otherwise e, otherwise 

One can see that for certain values of the wave-number, A and n+l become large even 

in the small amplitude limit. We will call these values of a resonant. The probability 

of Q. hitting a resonance is small (see distribution (5.8)), but the corresponding value 

of A is of order one, and therefore the corresponding contribution plays an important 

role in the dynamics. 

5.3 Different formulations of the SIT problem 

5.3.1 Model 2 

Now let us show the equivalence of the SIT problem described above with the following 

problem. Imagine that the signal is propagating through a medium that consists of 

slices in z. Each has a length Az, and there is a certain mismatch ocj associated 

with slice j, j is the number of the slice. Also we assume that within each slice, the 

mismatch is narrowly concentrated around its expected value aj. We also want to 
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take each distribution Qjia) to be an even function to make the breather solutions 

possible. So within every slice j, the mismatch is described by: 

+ (5.19) 
(Q —Qrj)2 + e2 (q; Q;^.)2 _| .  g2j • 

Here the values of the expected mismatch, Qj, axe random and obey a distribution 

law (for instance, the one given by (5.8)). The width of the distribution within each 

of the slabs is characterized by ci. Later on we will take the limit ei 0, but for 

now we will keep this infinitesimal constant. 

Let us determine the fields at an arbitrary point z = NAz. We will prove that 

the result of this czdculation is exactly (5.10-5.11). In order to do that we will have 

to carry out the inverse scattering analysis for every slice j. In other words, we need 

to know the time-evolution of the scattering data in every slice. 

The results of the previously solved problem, (5.10-5.11), can be used here, except 

we have to replace distribution g from (5.8) with distribution gj from (5.19). At the 

point Az, the scattering data becomes: 

^ (^, A2) = ^(^,0)exp QA2F(ei,ai,0^. 
a a 

Cfc(Az) =Cfc(0)exp QAzG(ei,Q:i)^, 

where we defined functions F and G as follows, 

F { , u a j , ( )  =  f  ^  
Jc^ a: -

(5.20) 

(5.21) 

'c. 

= iei 

da 

T 

[{{ - o,i) 
+ . )2+,2 (^ +  ̂ .)2+,2j 

^  \  9 j ( a ) d a  
G{ei,aj) = / r 

J-00 a - " 

-I-
ZCi - ̂ 

(iei  -  0^ -  a? 
, (5.22) 

+ (5.23) 
2 [ a j  -  6 -  i{Vk + ei) -dj -  ̂Jfc -  i{Vk + ̂ i).  '  

When obtaining expression (5.22), a finite value of ei moves the poles away from 

the integration contour C^. Repeating the calculation for each slice, at the point 
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2 = NAz we get the result, 

^ ^(^,0)exp (5-24) 

Ckiz) =Cjfc(0)exp (5-25) 

Now if we assume that the slices are very thin {N oo, NAz = z = const), we can 

calculate the averages above as follows: 

= Y F{TI,0:,()9(.O')DA + 0 , (5.26) 

i^G(£..aj)= jG(€uaUo:)dc,+ o(^^y (5.27) 

where ^(Q) is a distribution that describes the random mismatch in each of the slices, 

Qj. The transition from the discrete averages to the continuous is possible because 

both functions, F and G, have continuous first derivatives on R. Now we have to 

evaluate each of the integrals and compare the result with (5.10-5.11). First of all. we 

should note that in the expression for G, equation (5.23), ci can be taken to be zero 

before we integrate in a in equation (5.27) (this can be justified using the Lebesgue's 

Dominated Convergence Theorem about interchanging the order of integration and 

taking a limit). On the other hand, in the expression for F, equation (5.22), we 

should keep a positive ci in order to be able to carry out the integration in (5.26), 

because a finite ei moves the poles away from the real axis, so one can apply contour 

integration. If the limit is evaluated before the integration, the function becomes 

non-integrable. 

After the calculation in (5.26) is carried out, we can take the limit €i —^ 0. The 

result is that in the limit of N oo and £i -> 0, expression (5.26) is identical to 

(5.12) and expression (5.27) is exactly (5.13). 

Therefore, we have proved that the problem of the propagation of an electromag

netic signal through a medium with a random frequency mismatch is a limiting case 
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of the problem of the propagation of the signal through equally-spaced (in z) slices 

of material, each of them characterized by a randomly chosen expected value of the 

frequency mismatch. The limit can be obtained if (i) the slices are taJcen to be in

finitely thin and (ii) the amount of randomness in each of the slices is t£iken to be 

zero (infinitely sharp distribution in each slice). 

5.3.2 Model 3 

Now we are going to modify the previous formulation, so that in each of the slabs the 

distribution is infinitely sharp, but with imaginary (Im(a) < 0) frequency mismatch. 

The result is the same. 

We start with replacing expression (5.19) by the following (symmetrical) sharp-line 

distribution: 

(this is the limit of distribution (5.19) as Ci —> 0). The values aj characterize the 

polarization in each slice. For the moment we just assume that aj can take any 

(complex) values. Therefore, the probability distribution that aj satisfies cannot be 

specified. All we can do is assume that the real part of a obeys the distribution g. 

Following the same reasoning as in the previous model, we can calculate the result 

for each slice in z. After N steps, we will arrive to expressions similar to (5.24-5.25), 

where functions F and G differ from the previous model. Note that it was already 

shown in the previous section that when determining the time-evolution of the discrete 

part of the spectrum (given by expression (5.11) and function G), the finite width of 

distribution gj{a) did not play any role and could be taken to be zero from the very 

beginning. Therefore, in what follows we will only concentrate on the continuous part 

of the spectrum and evaluating the function F. We will show that the calculation 

can still be carried out despite the fact that the distribution is now infinitely sharp. 

(5.28) 
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We calculate F using 

Jcu a - ̂ 
(5.29) 

with the delta-function for the distribution of gj{oc) .  Let us first note that contour 

Cu in the above expression can be any curve in class C defined in section 1. For 

definiteness and convenience, we will specify this contour to be 

Cu = {a| a = 7 -
ICn 

- ,7 e R}, (5.30) 
(^-7)2 + 62 

where €2 is a fixed real constant, 62 "C ^ (this contour belongs to class C for all values 

of €2 smaller than a finite €2)- Let us evaluate expression (5.29) using the definition 

of the delta-function, 

Fie2,aj,^) = - ({ \ + / ^ ly (5.31) 
2 v\ 0, otherwise / \ 0, otherwise // 

Now we need to substitute this result into expression (5.24) and evaluate the sum, 

/ \ 

N 
1 ^ 1 
iv ^(^2, OLj,^) — 

J = 1 E 
j  = l  

\ ocj € Cu 

1 

^ - OLj E 
3 = 1 

—oij G Cu 

1 

^ -  (-tt i)  
(5.32) 

/ 

We want to prove that the expression above is equal to (5.12). This seems intuitively 

clear if we use the following argument. Assume the random variable to be as

sociated with distribution (5.8) (or, more precisely, its analytic continuation), much 

like it was in model 2. The only difference now is that aj takes complex values. 

If we use the analytic continuation of the distribution function g{ot) to the contour 

Cu, then expression (5.32) can be evaluated in the same way as the sum in equation 

(5.22), yielding exactly (5.12) in the limit N ^ 00. The only problem here is that 

the analytic continuation of g{a) is not a distribution function. Despite the fact that 

it still satisfies the normalization relation, g{a)da = 1, it fails to take real values 
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in its domain, C^- On the other hand, Re(^) or Im(^) both violate the normalization 

relation. Therefore, even though the argument above mimics what we had in model 

2, it is not well based and we need to find a different proof. 

The key step is to statistically prescribe the behavior of aj. So far it has been 

arbitrary. Let us make a change of variables in the two sums in expression (5.32), 

K=F7i)^ +  ̂ 2'  

where the upper sign corresponds to the first term is (5.32) and the lower one to the 

second. If we let 7j be a random real-valued variable, then Oj {—otj) takes values 

from a contour in the complex plane which belongs to class C. The new variable 7j is 

given by 7j = Re(aj). Note that the maximum deviation of oij from the real axis is 

equal to e2, and in the limit of €2 0, aj = jj. Now one can see that in this model, 

the variable plays a role similar to the role of aj in model 2 (a real characteristic 

frequency mismatch). We can assume 7^ to be described by a real-valued distribution 

function (5.8). We can rewrite expression (5.32) in terms of 7^: 

(5.34) 
«-7,)='+e2 ^ + T'j + {^+-,jh+i2 

It is now legitimate to apply formula (5.22), because the expression above is the 

expected value of a function of a (real) random variable with a known distribution. 

Note that the second term in expression (5.34) can be obtained from the first one by 

changing 7^ —> —7j, and since the distribution ^(7) we chose satisfies g{—"f) = ^(7), 

the second term equals to the first one. We obtain that expression (5.34) in the limit 

of iV -> 0 tends to 

/_oo ^ - 7 + "I (T' ~ ~ ^2(7 - ̂) + i4' 

This integral can be evaluated using the fact that the integrand is a meromorphic 

function which decays (cubically) at I7I —>00 and has two simple poles in the upper 
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haJf plane, one is 7 = i/? and the other is right above the point 7 = ^. The residues 

coming from both poles are similar to the (upper-half plane) residues of the integral 

in (5.12). As €2 -> 0, the value of expression (5.35) tends to the value of (5.12). 

Therefore, in the limit £2 —>• 0 AT —> 0, model 3 gives the same result as model 1. 

Remark 1. The particular shape of the contour is not essential as long 

as it belongs to class C. Parameterization (5.30) was chosen because it made the 

subsequent evaluation of integral (5.35) rather straightforward. 

Remark 2. In model 2, the finite width of the distribution g{a), Cx, within each 

slab is essential. In model 3, sharp-line distributions in each of the slabs are employed. 

In this model, the role of the finite distribution width in each of the slabs is played by 

the deviation of frequency mismatch, ay, from the real axis, measured by 62- Since it 

is only physical for a frequency to be a real number, we prescribe some probability (g) 

for the real part of aj (which is given by Re(aj) = 7^). Then, in the limit Im(Q;j) —)• 0, 

ctj is also described by g, and the two formulations, model 1 and model 3, become 

equivalent. 

Remark 3. Even though Model 3 describes propagation of a signal through very 

thin slabs with some randomly chosen polarization in each of them, one cannot take 

the limit of aj -> a{z). In other words, the polarization cannot be considered as 

a continuous function of the coordinate. The reason is that a continuous (random) 

function is not independent (there are non-zero correlations between values it takes) 

and, therefore, the argument leading to equation (5.26) (and its equivalent in model 

3) fails, because the central limit theorem can not be applied. Therefore, one needs 

to keep the slices finite. The problem with continuous frequency mismatch is an 

interesting challenge in itself, because it still allows for a Lax pair of the system, i.e. 

the problem can be exactly integrated. 

Remark 4. One can conclude that the SIT problem is equivalent to the problem 

of signal propagating through slabs of some random medium (much like problem (5.3) 

and other similar systems). It suggests that the roles the nonlineaxity and randomness 
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play are similar in all cases. Indeed, one can see that the presence of nonlinearity 

delocalizes the signal. In both cases, the NLS with a random potential, and the SIT, 

the signal decays slower than If distance"^. 

5.4 An envelope equation for the SIT problem 

Now we will look for more similarities between the NLS in random potential and 

the SIT problem. In particular, we develop an appropriate small amplitude, almost 

monochromatic limit for the SIT equations. The additionzd requirement for a canon

ical equation is that the random spectrum must be confined to the neighborhood of 

the wave packet frequency. 

5.4.1 The limit of homogeneous broadening. 

The sharp line limit corresponds to —> 0 in equation (5.8). System (5.5-5.7) in this 

case is much easier to solve. The methods and results can give us some insight on 

what happens when some inhomogeneity is added. 

The system under consideration is now: 

(5.36) 

(5.37) 

(5.38) 

First of all we note that the substitution 

e = UT, A = — sin U, n = — cos u (5.39) 

for some function U { T ,  Z )  satisfies system (5.36-5.38) as long as 

Urz = — sin u, (5.40) 
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i.e. system (5.36-5.38) becomes equivalent to Sine-Gordon equation (5.40) under 

transformation (5.39). equation (5.40) is exactly integrable and its solution may be 

obtained from the ones presented in section 2.1 by taking the limit 0 Q. Note that 

substitution (5.39) is not possible in the case of inhomogeneous broadening. 

As we have seen in section 2.2, in the small amplitude limit {-q —> 0) there is a scale 

separation (it is also relevant for the case 0 — 0). Therefore, it seems natural to get 

rid of the information on the fast dynamics and derive an equation for slowly varying 

amplitudes. In the case of homogeneously broadened medium, such an equation is 

the NLS. We will briefly outline its derivation from the Sine-Gordon equation. 

Let e be a small constant. We assume that u ~ e 1 and, in equation (5.40), 

keep only terms up to the third order of e: 

U r z  =  +  (5.41) 

Next, we introduce the scale separation by setting 

U{T, Z) = eA{Ti, Zi, Z2, • • • -I- c.c + (5-42) 

where the slow variables are Ti = er, Z\ = ez, Z2 = e^z, Now we substitute this 

expression into equation (5.41) and obtain in the first order of e that u = At 

higher orders we have: 

e\u ,rz + ui) = — + k A z i )  + e^^AxiZi — ikAzj + 

+ 43g3.(fcr+f) (5 43) 

The first term on the right causes seculax growth of the solution ui. In order for 

expansion (5.42) to be valid we need to remove this term. If we set A = eA and then 

omit the tildes, we obtain to the following condition on the slowly varying amplitude, 

A: 
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which is the canonical NLS equation. 

We can conclude that in the absence of randomness (inhomogeneous broadening), 

the envelope of the soliton satisfies the NLS. Now we can ask if there is a natural way 

to generalize this result to the problem with inhomogeneous broadening, see figure 

5.2. The answer is in general negative. In order to decompose a signal into the fast 

oscillating part and the slowly-varying envelope, one needs an important condition 

imposed on every signal. All signals have to be in some sense close to monochromatic. 

In the SIT problem, the soliton part of the solution can of course be thought of as 

a monochromatic signal. On the other hand, the radiation contains all frequencies 

and, therefore, the general solution of the SIT problem does not satisfy any envelope 

equation. However, there is a way of forcing a signal to be nearly monochromatic, 

which still preserves the main features of the general SIT problem. Namely, one can 

choose a special form of the distribution, g{a). 

r r -v 

Xnhomogeneous 
Broadening A Modified 

SIT 
Problem 

SntaiC 
\̂mp&tu(Ce 
Limit 

NLS? 

, ^ 
Sftarp 
Line 
Limit r 

SmaiC 
Amplitude 
Limit Sine-Gordon 

E<zuat:lon 
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Amplitude 
Limit 

/ ' N 

The NLS 

Figure 5.2. Limiting cases of the SIT problem. 
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5.4.2 Derivation of the Envelope Equation for a Special Form of the Dis

tribution 

As we can see from equation (5.18), the regions where |a| — ^ ~ e (the resonant 

regions) are of a great importance in the problem. The polarization and population 

inversion corresponding to such values of a contribute to the dynamics, even though 

the resonance does not happen very often (for distributions centered at zero). We 

will choose such a distribution that while making the problem much easier, will still 

allow for the resonance with a small probability. Namely, we will consider 

sW = (l-c)iW + { | '  (5.45) 

where c ~ e^. In words, the distribution consists of a delta function of a and two 

square bumps centered at with the height of order e and the width of order 

The probability that a = 1 is 1 — c and the probability that |a| w ^ is c. 

One can immediately see that with the present choice of g{a), we only need to 

find the polarization for three values of a, q = 0 and a = ±^. We assume that 77 ~ e 

and consider the exact expressions for A and n +1 corresponding to breather solitons 

at the crest, where t]t = UJ2Z. They are functions of a and decay away from on 

the scale of |Q:| — ^ ~ e. It suggests that with distribution (5.45), it is sufficient to 

consider these functions as constants in a within the regions ||Q!| — ^| < where the 

distribution is finite. In other words, the signal becomes almost monochromatic (the 

only frequencies supported by the distribution are zero and ±^). 

When a = 0, we can connect A and n with the field e as in equation (5.39). In 

the limit of a small amplitude we set: 

u « A{Ti, + c.c. (5.46) 



149 

and obtain: 

A(a = 0) = + c.c., (5.47) 

n(a = 0) = -1 + \Af + + c.c.^ . (5.48) 

Now we need to find similar expressions for A(Q: = ±^) and n{a = ±^). Setting 

e = Ur and R = i2e(A), from equation (5.7) we have: 

n = — 1 - f UriR{Ti)dTi, (5.49) 
J —OO 

and after integrating equation (5.6) we get: 

R= — f  cos2a { T  — Ti)uTidTi  — f  cos2a { T  — t i)ut i  f  UT^i2(r2)dT2rfri (5.50) 
J — OO J — OO J — OO 

(note that for convenience of notation we omit the 2-dependence of all functions). 

Now we can use expression (5.46) and set a = ^ in equation (5.50) (the result for 

a = —^ will follow from the evenness of ReX and n in a). We assume that Ra=^ = 

r(Ti)e*^^^^'^^^ + c.c. +0(e) and plug this expression in equation (5.50). Keeping only 

terms 0(1), we obtain the following equation for r; 

r = -i^f  A{Ti)dTi+2^^ f  A{ti) f  {A{T2)r'{T2) - c.c.)dr2dTi, (5.51) 
J —oc J — OO J — OO 

or, introducing the notation 

F{r)=2^f A{Ti)dTi,  (5.52) 
J — OO 

we can rewrite equation (5.51) as 

I „ r = --F + [ iFr^r*{T2) -  c.c . ) d T 2 d T i .  (5.53) 
 ̂ J —OO J —OO 

Note that F ~ 1 because A = A { e T ) .  Equation (5.53) defines r (and, therefore, A 

and n) in terms of A. If we consider a special case when A is real, equation (5.53) 

can be solved explicitly to give: 

r = --sinF, (5.54) 
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or, using equation (5.7), we can easily obtain (up to 0(e)): 

ReX{a = ±^) = sin ( 2^ / Advi I sin2^r, (5.55) 
—OO 

(5.56) 
—OO 

Similarly, if .4 has a form: 

(5.37) 

with real functions A and 7, we can still solve equation (5.53) explicitly to get: 

with F = 2^ A{Ti)dTi. For the breather soliton, the expression for A follows from 

equation (5.15)) and is of form (5.57): 

where 9 = —t]t + uj2Z. One can check numerically that equations (5.55-5.56) give the 

correct expressions for the envelopes of A and n. 

Now we are ready to derive an envelope equation for distribution (5.45). As we did 

for the Sine-Gordon equation, we use expansion (5.42) for u. We need to express the 

right hand side of equation (5.5) in terms of A using the form of the distribution and 

the expression for X{a = ±^). The resulting equation for A comes from eliminating 

the term on the right hand side which is proportional to and leads to a secular 

growth. If condition (5.57) holds (the phase of A is space-independent), the resulting 

equations describing the evolution of the amplitude (A) and phase (7) of A are. 

r = — ^ sin (F)e''^^^^ (5.58) 

A = 2-sech0exp (5.59) 

(5.61) 

(5.60) 
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which is an NLS just as in equation (5.44) with an additional term representing the 

influence of randomness. Let us check explicitly if equations (5.60-5.61) are satisfied 

by the breather soliton solution. We only need to show that 

Az2 = (2^ J (5.62) 

For our distribution, we can calculate by analogy with equation (5.13): 

+ (5.64) 

and therefore Az^ = -^^tanh0. The right hand side of equation (5.62) can be also 

easily evaluated analytically, giving — ^ sinh 0sech^0 = Az^- So we have proved that 

the breather solution satisfies equations (5.60-5.61). 

If 7 in equation (5.57) is also a function of X, function (5.58) does not satisfy 

equation (5.53). In order to generalize equations (5.60-5.61) to the case of a general 

function A, we make the assumption that the variables change as follows: 

u = A(Ti, + C.C., A ~ E, e = Ur, (5.65) 

A = -ir{Ti,Z)e-^'^^, I ~ 1, (5.66) 

n = N{Ti,Z), iV ~ 1, (5.67) 

which is a reasonable assumption if one takes into account the previous results. Now 

let us denote a(Ti,Z) = 2^A, F = f^^advi. Then the equation which the slow 

varying envelopes satisfy, reads, 

flr = (1 - c) 

where 

if 1, 12 ^ 
4^"^^ V 2'" '  V. 

+ (5.68) 

Ir = Na, 

Nr = -Ual* + a'l). 

(5.69) 

(5.70) 
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Remark 1. Equations (5.68-5.70) contain no fast dynamics. They describe the 

behavior of the slowly varying amplitude of a monochromatic signal corresponding to 

the frequency 2^. 

Remark 2. Equation (5.68) is the NLS with an additional term coming from the 

fact that the frequency mismatch is a random variable obeying distribution (5.45). 

The amount of remdomness is given by the value c (the probability of the frequency 

mismatch to deviate from zero). 

Remark 3- The derivation is only possible when the width of the side spikes of 

distribution (5.45) is much smaller than e (which is the amplitude of the wave packet). 

5.4.3 Discussion 

First of all, let us note that system (5.68-5.70) is exactly integrable. It is a particular 

case of a system with two dispersion relations. It turns out that there is a whole 

class of integrable systems where the distribution, g{a), is nothing but the difference 

between the two dispersion functions. The general form of such systems is given 

in [53]. Another example of such a system is the SIT (5.5-5.7) itself. One can 

immediately think of a natural generalization of system (5.68-5.70). Let us replace 

distribution (5.45) with expression 

and the width w. Then the corresponding envelope equation will look like 

(5.71) 

where c ~ f^g±((Q!) da = 1 and g±((a) is a distribution with two maxima at 

Or = (1 - c) -

completed with 

IT + 2ial = Na, 

Nr = -har +a'l) .  

(5.73) 

(5.74) 
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This system looks almost like the system we started with (the full SIT equations 

(5.5-5.7)), but under certain assumptions it is a true envelope equation (with no fast 

dynamics included). The assumption is that the width, w, of distributions g±^{a) 

should be of the order of (or less than) e. In this case, the new system only contains 

the slow dynamics. This follows from the fact that distribution cuts out of the 

consideration all frequencies which are not i/;-close to therefore, for small w we only 

need to solve system (5.73-5.74) for the parameter q in a close vicinity of a = ^. Note 

that assumption w is of the order of e (or smaller) is weaker than the assumption 

needed for derivation of equations (5.68-5.69) (see remcirk 3 in the end of the previous 

section). 

System (5.72-5.73) can be used as a model which describes the behavior of en

velopes, if a small amount of nonlinearity is introduced in the system and at the same 

time the signal is still nearly monochromatic. It is clear that system (5.72-5.74) is 

also exactly integrable [53]. 

Next, let us consider the following particular case of system (5.68-5.70). If in 

definition (5.45) one takes c = 1 (the frequency mismatch is never zero), then equation 

(5.68) will become 

Oj = (5.75) 

completed with equations (5.69-5.70) which (up to the factor of one half) is system 

(5.36-5.38), the homogeneous broadening limit of the SIT problem. Again, if a is a real 

function, we get F^z = —1/2 sin F, the sine-Gordon equation, where F is not small, 

F ~ 1. Therefore, the additional term coming to the NLS because of randomness 

is of the sine-Gordon type. One can check that the envelope of the breather soliton 

solution, given by equation (5.59), indeed satisfies the sine-Gordon equation. By 

means of direct calculations we can find that F = 4tan~^ which indeed is 

a kink soliton solution of the sine-Gordon equation {uj2 in the case of a two-hump 

distribution is given by equation (5.64) with c = 1). It is interesting that (in the 
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special case of a two-hump distribution) the envelope of a breather soliton is a soliton 

(kink) itself. 

One can try to include more them one frequency into the consideration by means 

of modifying distribution (5.45), so that it has a delta-function at zero and several 

(symmetric) spikes for a 7^ 0. The resulting system will contain several envelopes, 

each corresponding to its frequency. The resulting equations are not integrable much 

like it is in the case of the sharp line limit. There (for the case of two modes with 

amplitudes and ^2), we can derive a coupled system of NLS-like equations with 

the nonlinear term of the form l/2(|/lip + 2\A2l^)Ai in the equation for Ai (and 

a similar term in the equation for A2).  Such kind of nonlinear coupling breaks the 

integrability. 

Finally, if we apply the results of section 2 to equation (5.68), then we can rewrite 

it as 

where variable V { z )  is a stepwise constant function which takes values V j  on each 

interval Aj2, where AjZ 0. Here Vj is an independent random variable which 

can be equal to 1 or 0 with probabilities c/2 and 1 — c/2 respectively. In this form, 

equation (5.76) very much resembles equation (5.4). 

(5.76) 
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Appendix A 

LINEAR AND NONLINEAR ANALYSES: THE BASIC 
CONCEPTS 

Here we will demonstrate the method of linear and nonlinear analyses. We will use the 

example of a symmetry breaking process which brings a system from a state uniform 

in some direction to a more complicated state. Suppose that we have a nonlinear 

PDE, 

= (A.l) 

where A^(^) is a nonlinear partial differential operator acting on a (vector) function 

or, z), i? is some parameter (say, R&R) and the spatial variables x and z belong 

to R" and R*" for some integer n and m. Let us assume that this equation is completed 

with periodic boundary conditions in x plus the appropriate number of homogeneous 

boundary conditions in the domain in z (which may be infinite). Note that in this 

section the dimension x is treated separately because we chose the direction(s) x to 

demonstrate the process of symmetry breaking. 

We assume next that equation (A.l) with the boundary condition has an exact 

solution ^0(2) which does not depend on coordinates x and t (i.e. the solution is 

stationary and uniform in the direction(s) x). We will call the function ^0 the basic 

solution. The first step is to find out if the basic solution is stable. In order to do 

that, we perturb the solution by writing = ^0 + where we assume that ||'I'i|| 

is small in the appropriate metric. Then we substitute this expression into equation 

(A.l) and look at time-evolution of the perturbation. Obviously, if it can be proven 

to decay with time, it means that the system prefers to stick with solution ^oi i e. 

^0 is stable. If grows with time, the solution ^o('Z) is unstable, and the system 

will tend to change its state. Since is small, the equation can be linearized with 
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respect to ^i, and we get 

1̂ (A.2) 
1'=1'0 

with linearized boundary conditions. Equation (A.2) is a linear PDE in time and 

space. Since does not depend on x, we can solve it by expanding iiito Fourier 

series in x. Now, we have a separate problem for each of the Fourier harmonics. 

Moreover, since the basic solution is stationary, each of the harmonics ^i(A:) depends 

on time as i) = ipi{k)e'^, c is a complex nimiber and k is the coordinate in the 

Fourier space. For each k we have 

o- - dM/d^{k, R) ^i{k) = Ckil}\{k) = 0, (A.3) 

where we introduced the notation Ck for the linearized operator. Note that equation 

(A.3) is a linear homogeneous PDE with homogeneous boundary conditions, i.e. it is 

an eigenvalue problem. This mezins that in order for it to have non-trivial solutions, 

the linear operator Ck must be singular. This condition can be written as /(cr, k, R) = 

0 which defines eigenvalues of the problem corresponding to each k. The eigen-

functions can be then found by solving the equation for each k. They are functions 

of z and are defined up to an arbitrary multiplier (amplitude). Let us denote them 

as AkQkiz) where Ak is the arbitrary amplitude. Then solutions of the linearized 

problem (numbered by A:) are 

^ i ( A : ;  X ,  z ,  t )  = (A.4) 

(here we assumed for simplicity that equation /(cr, k )  =  0  can be inverted and a  

can be expressed as a function of k and R). Note that k can be continuous or 

discreet variable depending on whether the system has a finite size in the dimension 

X. The dependence cr{k) is called the dispersion relation of the linear problem. Let 

us call Re(A:) the growth rate of the corresponding harmonic of the perturbation. It 

tells us about the stability of the solution ^o- Namely, if for all A:, Re((T) < 0, the 
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translationally invariant state 'Jo is stable. However, if there are such values of k for 

which the growth rate is positive, the basic state is unstable. 

Remark. Note that if the basic solution depended on time, we would end up with 

a more complicated equation. For example, in case of a time-periodic basic solution, 

we will need to use the Floquet theory. In many cases, an equivalent of a dispersion 

relation can still be found to characterize the time-behavior of the modes. 

We can summarize this by saying that the perturbation can be represented as a 

bunch of linear waves. We will see now that some of them might play an important 

role in the dynamics whereas others are "slaved" to them. Let us use parameter R 

to "control" the system. In many cases, the stability of the basic state depends on 

this parameter. Namely, one can find a critical value Rc such that for R < Rc, all 

the waves are damped (Re(A:) < 0 for all k), and when R becomes larger than Rc, 

there are values of k for which the growth rate is positive. This means that we have 

a bifurcation. Let us call the wave number which becomes unstable first, kc- Then 

the change experienced by the system as R crosses its critical vaJue, can be described 

as follows. Below critical, the system has a stable solution uniform in x, and as 

soon as R> Rc, this solution becomes unstable. Of course, if R is only slightly over 

critical, the linear wave with k = kc'is dominant. Instead of the solution which is flat 

in the direction x, we have a wave characterized by the wave-number(s) kc, whose 

amplitude grows with time. It is not an exact solution but it gives one an idea of 

what happens to the system when the basic solution becomes unstable. 

A linear analysis is not enough to understand the time evolution of a finite am

plitude pattern. For instance, it fails to expledn the saturation in the height of the 

perturbation (according to the linear analysis, the excited modes grow exponentially). 

A nonlinear analysis must be carried out to explain a finite size of solutions. A de

tailed description of the procedure of a weakly nonlinear analysis can be found in [55], 

here we will just mention the crucial points. The main idea behind a weakly nonlinear 

analysis includes the concept of a small over-criticality. This means that the control 
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parameter, R,  only slightly exceeds its critical value. This can be quantified by a 

small parameter, \R — Rc\/Rc = 1- Let us restrict ourselves with the case when 

the spectnmi is continuous, the dispersion curve is only positive in the vicinity of a 

non-zero wave-number, kc, and it is locally quadratic at its maximum (fc = kc). We 

will demonstrate the main ideas of the method using this example and then make 

some generalizing remarks. 

By our assumption, as R exceeds its critical value by e^Rc,  a finite (of order e) 

bandwidth of modes around k = kc has a positive growth rate. We use this fact to 

represent the solution as the critical eigen-value with a slowly varying amplitude (it 

changes e times slower than the basic perturbation). We will refer to this amplitude 

as the envelope. The linear solution whose amplitude is allowed to change slowly in 

time and space still is not an exact solution of the problem. In order to find the 

solution, we need to introduce corrections to this modulated harmonic function at 

each order of e. We czm represent the exact solution as a series in terms of e, 

^' = '5^0 + + • • • , (A.5) 

where Ak^ = Ak^{X,  T)  and the slow variables are X = ex  and T = Ti -h r2  +  . . .  =  

et+€t^->r Note that here we treat the "fast" and "slow" time and space coordinates 

as independent variables. The first term in the right hand side of expression (A.5) 

comes from linear eigenvector (A.4). The fact that it is small relative to the basic 

solution is incorporated in the factor e, and we redefined the amplitude Ak^, so now 

it is of order The corrections ^2? ^3 etc can be found at each order of e by 

substituting the solution (A.5) into the initial equation (A.l) and matching all the 

terms at the same order. 

It turns out that at some orders, the equations might become inconsistent. The 

reason for that is secular (resonant) non-homogeneous terms which (if non-trivial) 

lead to an exponential growth of the solution at this order. This happens because 

the linear operator, £, is singular (this is assured by the dispersion relation). Each 
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of the unknown functions j > 1, satisfies equation 

CK,̂ J = :FJ, (A.6) 

where is a function of the envelope ^4^, and its (slow) derivatives. Obviously, if 

the right hand side belongs to the null-space of the adjoint l inear operator,  then the 

solution will be unbounded, and asymptotic series (A.5) will not make any sense. 

In order to avoid that, we need to make sure that Tj is perpendiculeir to the null-space 

of the adjoint this is a consequence of the Fredholm alternative theorem. This 

imposes certain conditions on the slowly changing amplitude, each condition being 

an evolution partial differential equation of the form drjA = Gj, where for each j, 

Gj is some function of A and its derivatives. Then the sum DT = E&Pi + + • • • 

describes the dynamics of the (finite) amplitude of the pattern. 

In the example given above, we assumed that for R > Rc, the dispersion curve has 

only one maximum with a non-negative values of the growth rate. Obviously, it does 

not have to be the case. In general, for any value of i? > R^ three kinds of modes (in 

fc-space) can be distinguished. Namely, they are modes with negative growth rates 

(they are said to belong to the "stable manifold"), modes with the growth rate which 

is exactly zero (the "neutral manifold") and modes with positive growth rates (the 

"unstable manifold"). If the system has a finite size in x, the spectrum is discreet 

which makes the description simpler. Namely, the three manifolds turn out to be 

separated in the A:-space. Then (if the separation is large enough) it can be shown 

that the modes from the unstable and neutral manifolds define the dynamics of the 

system for a finite time. This mesuis that the corresponding envelopes satisfy some 

evolution equations (see [76]). The modes of the stable manifold can be algebraically 

expressed in terms of the unstable ones (they are slaved to them). The neutral 

modes have no linear growth rate, but they might be driven by the unstable ones and 

participate in the djoiamics, so they have to be included in the description. The initial 

system of nonlinear PDE's is then reduced to a system of ODE's, each describing the 
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evolution of a mode from the unstable manifold (plus equations for the neutral modes, 

if appropriate). A system with an infinite number of degrees of freedom is reduced to 

a finite-dimensional system! 

In the case when the size of the system is infinite (or large enough so there are a 

lot of waves in the unstable band), we need to deal with a continuous spectrum and a 

rigorous description is much harder. The problem is that the three manifolds cannot 

be separated in fc-space and the proofs for the case of discreet spectra do not hold 

there. However, even in the continuous case, the method of scale separation usually 

works. It is possible to reduce the initial system to a system of PDE's for active 

modes. The latter system is normally much easier to interpret than the former one. 

Remark. It is very important that whenever in doubt, one should include the 

neutral modes into the weakly nonlinear description. Since they have no linear driving 

terms (the growth-rate is zero), higher order terms are important for their dynamics. 

It often happens that a soft mode has a nonlinear driving term, i.e. participates in 

the dynamics through nonlinear coupling with modes from the unstable manifold. 

Neutral modes are sometimes called "soft modes", or "Goldstone modes", or "mean 

flow modes". They appear as a result of symmetries in the corresponding systems (in 

fact, every continuous symmetry produces a mean flow mode). 
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Appendix B 

COHERENT PULSE PROPAGATION THROUGH A 
RESONANT TWO-LEVEL OPTICAL MEDIUM, A REVIEW. 

We are going to illustrate the 1ST method of solving nonlinear PDE's using the 

example of the self-induced transparency problem. The physical phenomenon of self-

induced transparency (the SIT) was discovered in 1967 by McHall and Hahn. It 

turned out that in two-level laser systems with inhomogeneous broadening lossless 

propagation of certain pulses can take place. 

The set of equations that describe an electromagnetic wave train that impinges 

on an inhomogeneously broadened medium at i = 0 is given by (5.5-5.7). To solve 

this problem using the 1ST method we have to take the following three steps: 

• starting with some initial function e(z = 0, r) we apply the direct transform 

and obtain the scattering data, 

• determine the z-evolution of the scattering data and, finally, 

• apply the inverse scattering transform which gives us e(z, r) and, consequently, 

X{z, r) and n(z, r). 

B.l Step One. 

Direct transform of the initial condition can be obtained by considering an eigenvalue 

problem associated with Eqns. (5.5-5.7): 

This equation describes propagation of a signal (vi, V2)^ in the presence of a potential 

e. If we take e = e(z = 0, r), then the wavenumber C of the signal (the eigen-value of 
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the problem) and the transmission coefficient (the ratio of the intensity of the signal 

at r = oo and r = — oo, which contains information about the eigen-functions of the 

problem) are the scattering data corresponding to the initieil condition of the problem. 

Namely, we construct two linearly-independent solution of problem (B.l), the so-

called Jost functions, which we denote as 

We characterize these solutions by their behavior at r ^ —oo (since e(r —oo) -> 0, 

Eqn. (B.l) is easily solved there for all values of z): 

<^(C, r ->• -oo) ^ J ^ z,T ^ -oo) ^ ^ 

Simple calculations show that functions 

n = 01 (C, 2, r)02(C,-^,T) -f-0i(C,2, R)(I>I{Q, Z,T) 
(,=cx 

(B.3) 

(B-4) 

(B.5) A = 201 (C, 2, r)0i(C, 2, r) 
C=Q 

satisfy Eqns. (5.6-5.7) and the boundary conditions at r —> —oo. So once the Jost 

functions are determined, the polarization and the population inversion can be simply 

calculated. 

Note that if C is real, function (02) is a solution of Eqn. (B.l) with asymp

totic behavior as 0 from Eqn. (B.3), so we set 0 = (02, —(f>\)^-

In order to define the scattering coefficients, we need to consider the impulses 

0 and 0 after scattering on the potential e. In general they assume the following 

asymptotic behavior; 

. ^ ( C , r  ̂  - o o )  ̂  (  K C .  r  ̂  - o o )  )  •  

(B.6) 

Note that for Q real, a = a*, b = b*, ad + bb = 1, where the last expression is the 

conservation law for the scattered pulse. These relations follow from the fact that 

Wronskian W{4>, 0) = 0i02 — 0i02 = -1 is a constant in r and t. 
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At this point we will introduce another pair of linearly independent solutions of 

system (B.l), (^, ^), with the following asymptotic behavior at infinity: 

^(C, 2, r ->• oo) ^ J j e'^, ^(C, 2, r oo) ^ J ^ (B.7) 

The relation between the two pairs of solution can be expressed in terms of coeflBcients 

a and b: 

(l>{z, 0 = a{z, CHiz, 0 + b{z, C)V'(2, C)> (6-8) 

0(2, C) = H z ,  O i p { z ,  0 - a{z, Qipiz, C). (B.9) 

We are only interested in solutions of system (B.l) that are bounded for all r. It 

is possible in two situations. If C is real we have the so-called continuous spectrum. If 

C is imaginary, only a discrete spectrum is possible. Namely, assume that C is a zero 

of coeflScient a(C), we denote such zeros as Ct- Requirement Im(C*:) > 0 guarantees 

that (/>(r) ^ 0 as |r| —)• oo, and Ct is a bound-state eigenvalue of the system, with 0^ 

being the corresponding eigen-function. Similarly, if is a zero of d and Im((^;k) < 0 

then the corresponding eigen-function is 0^. 

The scattering data we will need for the analysis consists of the spectrum and the 

corresponding transmission coeflBcients: 

1. — for real C, a ^' 

2. the bound state eigenvalues, Ok, in the upper half C-pIane, 

3. Cfc, which is the residue of ^ at eigenveilue C = CA:> if b is analytically extendable 

into the upper half C-plane. 

If we express the asymptotic behavior of A and N in terms of scattering coeflBcients, 

we obtain: 

n(Q:, 2, r —> oo) —> — 1266*(q, r), X { a ,  Z,To o ) 2 a b ' { a ,T) e  (B.IO) 
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It follows that if 6 = 0, the medium is left in the initial state after the pulse has gone 

through, i.e. the polarization and the population inversion at r —>• oo assume their 

initial values 0 and —1 respectively. In general (i.e. if 6 0) the medium is left in an 

excited state. 

B.2 Step Two. 

Now let us determine the z-dependence of the scattering data. First of all, we assume 

that solutions of Eqn. (B.l) obey the following evolution law: 

( ; ) , - ( « a : l  S S : : i  ) ( : ) * • ( : ) •  

where D  =  — A ,  which follows from cross differentiation of the two scalar equa

tions (B.ll), see [2|. Coefficient c is an additional degree of freedom we need to make 

sure that solutions of of Eqn. (B.ll) satisfy the boundary conditions at r —> —00. 

The compatibility condition for equations (B.l) and (B.ll) is a condition on the 

coefficients: 

Ar = -C + —B, (B.12) 

Br + 22CB = ^ - Ae, (B.13) 

Cr - 2i(iC = (B.14) 

If we denote {f{ c t ) )  = P /(a, z , T )g{a)da, a Cauchy principal value integral, the 

choice 

AiC, 2, r) = (B.15) 4 ^ — a 

5(C, 2, r) = (B.16) 
4 — or 

C(C,^.r) = -j(-^), (B.17) 
4 ^ — a 
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relates systems (B.12-B.14) and (5.5-5.7) for real values of C- Namely, system (B.12-

B.14) now follows from system (5.5-5.7). It can be observed immediately that coeffi

cient c in Eqn. (B.ll) should be taken to be c = A{(^,Z,T -co) = 

Now we can determine the evolution law for scattering coefficients a and b. In 

order to do that, we taJce a limit of r -> oo of Eqn. (B.ll) and use the definition of 

A, B and C together with the asymptotic behavior of n and A given in Eqn. (B.IO). 

We obtain: 

Or = (B.18) 

b^ = f -^^g{a)da, (B.19) 
2 Vco C - a 

where and refer to the contours along the real axis bending under and over 

the pole at Q = (^ respectively. Equations (B.18-B.19) can be easily solved to give the 

z-evolution of coefficients a and b as functions of C- We have: 

a(C,2) = a(C,0)e-'"(^-^), (B.20) 

where we defined ^o(C) = a(C, 0)a'(C, 0) and 

^(C. ̂ ) = -^ f In [^O(Q:) + (1 - -^oCa)) exp -•Kg{Q)z]. (B.22) 
27r 7c„ C - a 

The relevant information on the z-evolution of the transmission coefficient can be 

then extracted. For the continuous spectrum we obtain: 

-i^,z) = -(^,0)exp(-^z [ p^da). (B.23) 
a  a  \  ̂ J c ^ ^ - a  J  

As for the discrete spectrum, we first note that since f2(C) is analytic in the upper 

C-plane, from Eqn. (B.20) it follows that zeros of a, Cit, do not change with z, and the 

number of zeros is the same for all z. For each Cit we have: 

Ct(z) = Ci(0)exp {-'-z j (B.24) 
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If we evaluate the integrals in Eqns. (B.23) and (B.24) using distribution (5.8) we 

obtain: 

= (B.25) 

aw = Ci(0) exp (B.26) 

where 

uji + iuj2 = —^ f —^—da, (B.27) 
^ J 

and for distribution (5.8), 

= i . (B.29) 
' 2 e  +  { v  +  p r  

B.3 Step Three. 

Knowing the 2-evolution of the scattering data one can reconstruct the potential e 

and then functions A and N at any z corresponding to given initial conditions. Here 

we are going to illustrate the inverse scattering transform method for a very specific 

case. Namely, we assume that on the real axis, 6(C) = 0, which means that there is 

no continuous spectrum in the problem (only the trivial solution of Eqn. (B.ll) is 

possible). The corresponding field, e, is then called a refiectionless potential, see the 

remark after Eqn. (B.IO). Also, we assume that there are only two discrete eigen

values of the problem, which correspond to a so-called breather soliton solution: 

Ci = ^ + ir], C2 = (B.30) 

with ^ and 77 being real positive numbers. CoeflBcient a(C, 2 = 0) is then expressed 

as: a(C) = scattering data is: 

Ci = C2 = (B.31) 
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where we introduce the following quantities: 

9 = —2riT + UJ2Z, <f) = —2^r + UJIZ, (B.32) 

see Eqns. (B.28-B.29) for expressions for cji and uj2- Note that the fact that g(a) is 

an even function is essential for existence of the solution we are going to obtain. 

We will reproduce the calculations given in [55] for our case. We start with 

evaluating expression 

f 
with Im(C) > 0. On one hand, we can evaluate Eqn. (B.33) by using the contour 

C' = iie*'', 0 < 7 < TT. On the other hand, we can express 

(see Eqn. (B.8)) and then use the contour C = —TT < 7 < 0. Equating the 

two results, we arrive at an equation for z-dependent functions ipk- For the case of a 

reflectionless potential, we get: 

In order to express the potential, e, in terms of the 2-dependent Jost functions, t/', 

we once integrate system (B.l) in r and consider the limit ^ 00. The result is 

e(2, r). Combining this with the second equation in system (B.34), we 

obtain: 
N 

e(z,T) = -iiJ2c;r2((k)e-'<''r (B.35) 
k=l 

In our case N = 2, and the last expression gives: 

d , n cos d> 
a(z, T )=4-tao- (B.36) 

This is a two-parameterical family of breather soliton solutions (another name for 

this solution is a Ott pulse). Once the z-dependent Jost functions are found, the 

polarization and the population can be also calculated using Eqns. (B.4-B.5). 
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Breathers are not the only kind of solitons that can exist in our problem. Another 

type corresponds to just one imaginary bound state, C = iv and is called a kink: 

e(z, T )  = ArjsechO. (B.37) 

A couple of words have to be said on the behavior of solutions corresponding to 

general initial conditions. In this case an initial pulse e(0, r) breaks up into soli-

ton components and radiation. In a distance proportional to 0 the pulse reshapes 

so that its area becomes a multiple of 27r (the McCall-Hahn area theorem). From 

Eqn. (B.25) one can see that the radiation is trapped within a characteristic distance 

z proportional to Within this interval, the system "rings" permanently. 
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Appendix C 

ASYMPTOTIC EXPANSIONS OF COEFFICIENTS IN THE 
SAND BAR ENVELOPE EQUATIONS 

Here we show the asymptotic results for all the coefficients which appear in the 

formulae of Chapter 2. All the quantities are given as series in terms of <)< up to 

and in terms of / up to first order (first we expanded them in terms of <5 ?, and then 

in terms of /, using the fact that f  <  S ^ ) .  

These are the coefficients for the eigenvalue (2.19) of the linear problem: 

The critical wave number, the control parameter and the critical frequency are: 

k c  =  f l  +  l -  L +  4 f s i  + f — + + • • • (C.4) 
\  4  2 0  \  4 1 6  8 0  J J 

= + (4-1-^^5^ + (C.5) 

;  =  f c c  ^1+ji - S ( 5 0  -  f  +  2 2 0 f ) ^  + • • •  (C.6) 

The following coefficients refer to the formula (2.38) for the components of the 
expansion of 

( C . l )  

(C.2) 

{C.3) 

Wc = 

4>02 = £^1A|^ 

f U02, sin^ wy + uo2c cos^ iry \ 
V02 sin 2n'y 
Co2 cos 2iry 
ho2 cos 27ry 

•22 = 
^ "22, sin^ Try + U22e cos^ Try ^ 

U22 sin 2Try 
C22. sin^ iry + C22c cos^ Try 

\ /i22. sin^ iry + h22^ cos^ Try / 

•12 = e' (-'f) 
^ j3u cos Try ^ 

0„ sin xy 
0(^ cos iry 

0 

+  e ^ A  
( Ott cos iry ^ 

Qv sin iry 
cos iry 
cos iry 

, y4((, r) being some independent function. 
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3 0 -UQ2m = 

"02c = — • 

4 0  

3/3-

<c.:, 

U02 — + 4/tf + — (C.9) 

C02= ( 4 + 2 / - ^ j 5 i +  ( c . i o )  

^0, =  ( 1  ^)(-4 +  / )  ̂ ( J 0 ^  I K 0  + 2) /-(6g3 - 13^2 -H 7g + 8) \ ^ ^ 
8/9 2^ 80^ ) 

- ' " ' + '  

+ -^{-5/3^-55^^ + 34/3 + 42)] + --- (c.12) 4p 

^ "'I+® 

+ -—{-T0^ + 61^^ - 1720 + 186)] + - • • (c.13) 4a 

"22 = ^[1 + |(/3 - 2)1 + ̂ ^[5^ - 3 + - A 0  +  1)] 

+ + 11/3 - 8 + -j4(81/32 - 210^ + 125)] + • • • (c.14) 
op Ap 

c22, = - 3^ + -^{w^ + 75/3 - 78)] 

f 
+ :rr^[-3/3^ + 46^ - ll + :;^(12^^ - 287^^ - 125^ + 114)] + • • • (c.15) 24p 4p 

C22C = - ii + ^(9^' - 21^ + 114)] 

( j i  f  
+ -[-3/3^ - 58/3 + 53 + -r^{120^ - 78/3^ + 305^ - 349)] + • • • (c.16) 24p 4p 

35'̂  - ̂ 11 + sjl' - « + S'"' + 

+ +I8fl-3+;i^(^3 + 765*-80^ + 71)1+ 1^(55*+635-4+ ••) + • (C.17) I2p 4p 24p 

+'» 

/ 
+ - 40/3^ + 134^ - 53)] + —(0' _ 57^ - 20 + •••) + •• • (c.18) 4p 24p 

The following coeflBcients appeax in Eqn. (2.54): 

dA dA - A - . 
= -Wc—+ (ii-itc)(ffr + «<ri)i + (7r+t7i)-^+(Cr+iCi)|i4|^A 

+(mr + iTni)AB + /(IT + Hi) AC. 
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7r = —(2/ +  / 3 - f 0 )  +  - -  7< = + 6/ + 90/) + (-8g + 10/ - 9fl/) + • • • (C.19) 
T 8jr IT 

ar= 2 0 + - -  = ^(4^ + 2/-/3/)+••• (C.20) 

Ct = 

mr 

Cr = -^[1 + 1(0 - 2)1 + ^[9^® - 80^ - 35^ + 26 + J^(150* + 54^^ - 390' + 7320 - 758)] + • • (0.21) 3p p 120 op 

\/2v6 
240 

-  ̂9/3^ - 1 2 0 - 1  +  ̂ (9/8® - 50^ + 19/3 + 3) j + • • - (C.22) 

= '5iT()3+^(/3+l)(/3^-2))+-•• mi = ^(0-l + ^(.0-l)(.0-2)^+-- (C.23) 

I r  = - 2 0 i r S i + • • •  ,  1 ^  =  1 ^ ( 1 - 0 )  +  . . .  (C.24) 
y/2 

The coeflScients in equations (2.55) and (2.56) are: 

ae 0 + 1 dB 0 + 1 .dc d\A\'^ _ a\A\^ a dB 3/ ac 
a t  ~  2  d x  2  a x  ̂ 3 x  '  ~ a x  2  a i  2  a x '  

ni = + — (-0' + 6^ + 11 + J-(S0^ + 350' - 13^ - 88)") + • • • (C.25) 
Sp A y 8p J 

+ 1) + <fi + Z(95^ _ 184)^ + • • • . (C.26) 

The coeflBcients in (2.59) are: 

B = Ai|>1|2, C = A2|^P. 

1)2 + [20' - 7^- 17+ -^(465^ +435^2 _ gg^ _ 104)^ + • - - (C.27) 8  y  I 2 p  J  

Aj = +8^ + 3 ^^^20' -70-7) + ̂ (A60^ + 435/3^ + 3115 - 840) + • • • (C.28) 48/3 8/ 96O 

And finally the expression for the group velocity is 

= 1 4- ^7/? + / + 2^1^ 5^ + • • • . (C.29) 



172 

Appendix D 

BASIC TIDAL SOLUTION 

The system of equations which the basic tidal solution satisfies, can be written as 

(25t - = 0, (D.i) 

z = Hjd : UQZ = 0, (D-2) 

2 = 0: uqzz — SQUQ = 0. (D-3) 

Note that this system allows for many different solutions. We want the basic solution 

to be an A/2-tide, therefore we should prescribe the time-dependence of UQ to be 

wo(2, i) = 12(2) sin (i + $(2)). (D.4) 

This reduces the above partial differential equation to a system of ordinary differential 

equations in z for functions u and $(z). The resulting system still does not have a 

unique solution. If we impose a normalization condition, 

r H / S  

S/H / uo(z,t)dz = sint, (D-5) 
Jo 

the solution UQ can be found in a unique way. Condition (D.5) is used in order to fix 

the vertically averaged flow (in dimensional variables) to be U sin at. Finally, we need 

to define the parameters in equations (D.1-D.3). We have the following definitions: 

/ T — f  m o d e l  ( a )  :  a  g i v e n  c o n s t a n t  
i = I ^ ^ (D.6) 

c C'x/w C I model (a) : a given constant 
5o - So5/uo, 5o - I ^ (D.7) 

Expressions (D.6-D.7) define the viscosity and the resistance parameter. In model 

(a), they are external constants of the system, whereas in model (b) they depend 

on the unknown function UQ- It is important to note that due to the structure of 
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the basic state (D.4), even in the case of model (b), I/Q and SQ eu-e time-independent 

quantities. This is a consequence of the fact that in our model we only take into 

account the first two time-harmonics of each function. To make this more clear, we 

now explicitly derive equation uq = c\HUu{z = d)ly/2. 

We start with definition (3.9) and use the basic tidal solution (in the form (D.4)) 

to find the near-bed velocity, = \UQ{Z = d)\. Next, we expand this expression into 

a Fourier series in time. We note that it contains a time-independent harmonic and 

does not contain a term with the tidal frequency, i.e. oc sin (t + <^^^^). This means that 

= d)/sin {2t + Tthis is the consequence of the specific 

time-behavior of the Ma-tide and as well as the fact that we are taking an absolute 

value of this function. Finally, in order to be consistent with the simplifications 

we make in the present analysis (see section 2.4), we need to neglect all the time-

harmonics except for the zeroth and the first one. Therefore, only the first term in 

the expansion for |u„6| should be taken into account. From this the time-independent 

expressions (D.6-D.7) follow. 

Equations (D.1-D.7) are a self-consistent system for determining the basic tidal so

lution, uo, together with the corresponding turbulent viscosity, I/q. For both viscosity 

models, system (D.1-D.7) can be solved exactly. The solution reads, 

_ zi/cosh (1 + z)(// '/5 — 2) — cosh (1 + i)// '/<J — (1 + i)/So sinh (1 4-i)/f/5 

~ 18 {H/5{1 + z)/5o - (1 + z)-i) sinh (1 -f- i)H/5 + H/Scosh. (1 -h i)H/5 ^ 

+ c.c. = iij(2) sini-h Wc(-2) cost. (D.8) 

Solution (D.8) is similar to the ones obtained in [31]. A more general (three - di

mensional) version of this solution was obtained, for instance, in [73] and [36]. In 

the limit of the infinite depth, it becomes exactly the solution used by [6]. Note that 

solution (D.8) holds for each of the viscosity models. 
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Appendix E 

DERIVATION OF THE SEDIMENT TRANSPORT FORMULA 

In this appendix a bed-load sediment transport model will be derived, which accounts 

for both direct bed-slope effects as well as the influence of the bed slope on the 

threshold of motion. 

Following [27] (p. 206), the volumetric sediment transport, g, (measured in m^s~^) 

is given by 

q = ^6\/(s - l)gdP, (E.l) 

in which ^6 is non-dimensional transport, s = ^ is the relative density of the sediment 

{pa) with respect to water density (p), g is the acceleration of gravity (m/s^) and 

d is grain diameter (m). To make the Meyer-Peter-Muller formula ([27], p. 214) 

work for tidal motion (instead of a unidirectional flow), the Heaviside function, 

is introduced. It assures no motion below the threshold. If 0' denotes the (non-

dimensional) Shields pzirameter sind 0c is the critical Shields parameter above which 

sediment starts to move, the transport is given by 

$5 = 8B 
3/2 

|0'l-ec 07ie'|H(|0'|-ec) (E.2) 

(note that this formula correctly models the sign of the sediment transport). ©' is 

related to the volumetric bed shear stress, (in units m^s~^), by 

Equation (E.2) includes two effects. One is the existence of a critical which gives 

the threshold of motion. The other is contained in the factor B and describes the fact 

that the slope directly changes the sediment transport ([3]). Both 0^ and B depend 
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on the angle 0, which is given by the slope gradient, —/ix- We have ([27], p. 205), 

©C = 0COCOS0 ^1 - = e, 
tan^^y tan(/>5' 

in which 0, is the friction angle, the angle of no repose. The second effect of the 

sloping bed can be expressed as 

'1 + (E.4) 

S = (1 - tan0/tan<?i,) ^ = (1 +/ii/tan0s) ^ (E.5) 

Substituting equations (E.2)-(E.5) into (E.l) we find the sediment transport as a 

function of the volumetric shear stress, re,, eind bed gradient, hx, 

n -r n - C2 
1 / \ t;an 0,) 

-1 

^(|r6|-C2), (E.6) 

where 

Ci = 8 

9 { s - l )  
C2 = Sdog{s - l)d. (E.7) 

For a small bed gradient /i^ -C 1 as well as «C 1 we may approximate equation 

(E.6) by 

q = C,n{\n\-C2) IrtI - C2 1 + 
3/2 

n 
V tan 05 y 

(E.8) 
tan 05 

If the strength of the flow is far beyond critical conditions (C2 Tj,) we approxi

mate even further, 

g = C] 3C2 ^ iTftl ^ 
Tb o - 1 ±. -t ® I ' 27 tan 0a tan 05 

with 

7 = ^w(|T»I - C2) 
'^b 

(E.9) 

(E.IO) 

which can be estimated by its long-term average value. Now we can present the 

sediment transport as 

q = a'v^{n - X\hx - \2\rb\hx), (E.ll) 
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in which 

87 . 30^0^(3 - l)d _ 1 

(s —1)^' ^ 27 tan 0a ' ^ tanks' 

Note that (for the purposes of a linear stability anzilysis) both down slope terms 

contribute in the same manner. The only difference is the power of the tidal shear 

stress in front of hx. We can combine the two terms and obtain 

q = a'y/\T\\{Tb - X'hx) , (E.13) 

where an estimate for the dimensional parameter A' is A' ?» Ai + [r6]A2, in which the 

bottom shear stress is replaced by its characteristic value, [r]. Finally, we can write 

down the dimensionless expressions for a and A which appear in the scaled sediment 

equation (3.13), 

^^_87b£;i_ ^ _ 3000^(5 - l)rf , 1 
(s —l)pcr52' 27tan05[r] taiK^, 

Note that the first term in the expression for A (which is the main contribution to 

A) makes very clear physical sense: it is equal to Typical values are 

p = l.OlO^fc^m"^, Pi = 2.6510^ tan^, = 0-3, g = 9.81 ([63], [17]). 

Although various estimates of the critical Shields parameter on a flat bed, ©co, are 

available in the literature ([63], [27]), it is well modeled by a constant 0co = 0.047. 

The factor 7 is time dependent and can roughly be approximated by its tidal average 

value. Only during some part of the tidal period the critical stress exceeds the critical 

shear stress, Tc, so a rough estimate for gamma gives 0.1 < 7 < 1. 

Now we can estimate a'. For typical parameters given in Section 3, we obtain 

a' w 1.6 • 10~® m^/s. This leads to the following estimate for the characteristic time 

of sand wave growth: AT =1.9 years. 

The value of A depends on the sediment size, d. Typical rsinge in which sand grain 

size varies is approximately from 50 /xm to 2 mm, which corresponds to parameter A 

between 2.2 and 330. 
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Appendix F 

DERIVATION OF THE SLIP CONDITION MATCHING THE 
VISCOSITY PARAMETERIZATION 

If one parametrizes the turbulent viscosity with the near-bed velocity and the depth, 

the application of the partial slip bed boundary condition (3.5) needs a detailed in

vestigation. The main point is that the model has to produce a physically meaningful 

bed shear stress, which is immediately prescribed by such a condition at the bed. 

For the viscosity parameterizations used in this paper (see section 2.2), the de

pendence of the accompanying resistance parameter, S', on the same quantities {D 

and Unb) has to be specified explicitly. If this is known, one can safely use the partial 

slip bed boundary condition in the context of this paper. Hereafter a procedure is 

presented to find the necessary relations. 

One can model the same physiczil flow using two models, one is more advanced 

in terms of turbulence modelling than the other one. The advanced model uses a 

z-dependent parameterization for viscosity, = ku^z. Then the flow really drops 

to zero at the roughness height ZQ above the bed and there is no partial slip condition 

used. The simple model has a z-independent viscosity i/j, and the bed boundary 

condition as presented in equation (3.5). Both models describe the flow and viscosity 

throughout the depth, so one can match them based on the conditions that both 

models have equal 

• depth-averaged flow, 

• depth-averaged viscosity, 

• bed shear stress, 

which leads to relations between the parameters ZQ, D and S'. More details on this 
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procedure are presented in [37] (with e = 0). This gives the relation 

From equation (F.l) it is immediately clear that i/{ and S' have to depend on dynamic 

variables in exactly the same way. This means that if ft a Unb, then the resistance 

parameter, S' oc Unb- Next, as the roughness height is a small distance in comparison 

with D, the dependence of function f{D) on depth is very weak and we can treat it as 

a constant, f{D) f{H). Then it is easy to see that if Ut oc D'' then S' oc In 

particular, for model (b), UT = C\DUUNB and therefore S' = C2UUNB, where the constant 

coeflBcients can be related as Ci = 02/(H). It is useful to notice that in model (b), the 

paxameterizations for Ut and the corresponding expression for S' are very natureil from 

the dimension point of view; both constant Ci and C2 are dimensionless quantities. 
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