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ABSTRACT 

Recent advances in multi-layer insulating substrates, such as low temperature co-

fired ceramic (LTCC), have motivated novel designs of RF/microwave passive com

ponents, such as filters, couplers and power combiners, which attempt to take ad

vantage of the third dimension in order to reduce component size. Such designs are 

highly desirable for miniature transceiver realizations in portable electronic devices. 

In addition to advances in new materials and maniifacturing processes, an impor

tant enabling technology for the realization of such systems is a three-dimensional 

electromagnetic modeling tool capable of providing the accuracy and computational 

efficiency necessary for design iteration in a three-dimensional conductor layout. 

We present a novel approach to the frequency-domain integral-equation modeling 

of conducting structvires embedded in a homogeneous dielectric that is shielded by two 

perfectly-conducting ground planes. Novel closed-form expressions for the impedance 

matrix elements arising from a Method of Moments solution of the integral equation 

are developed. These exact expressions were found to improve the computational effi

ciency over direct nimierical integration by two orders of magnitude, greatly reducing 

matrix fiU times. Several simple stnictvures, including a transmission line and three 

microwave filters are simulated to test and validate the developed expressions. 
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CHAPTER 1 

Introduction 

Recent advances in multi-layer insulating substrates, such as low temperature co-

fired ceramic (LTCC), have motivated novel designs of RP/microwave passive com

ponents. such as filters, couplers ajid power combiners, which attempt to take advan

tage of the third dimension in order to reduce component size [1]. Such designs are 

highly desirable for miniature transceiver realizations in portable electronic devices. 

In addition to advances in new materials and manufactiiring processes, an impor

tant enabling technology for the realization of such systems is a three-dimensional 

electromagnetic modeUng tool capable of providing the accuracy and computational 

efficiency necessary for design iteration in a three-dimensional conductor layout. 

Because of the tight integration in such am environment, there are strong interac

tions between the fields of individual components, which become an important part 

of overall circuit functionality, and must be taken into account in the overedl design. 

Therefore, full-wave electromagnetic simulation must be carried out in a timely man

ner to allow for the real-time design by iteration necessary for complex high-frequency 

circuits. 
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There axe maoay diflFerent methods of full-wave simulation which can be employed, 

such as finite-difference-time-domain (FDTD) techniques [2]. finite element meth

ods (FEM) [3], as well as moment methods [4]. Each of these techniques has ad

vantages and disadvantages over the others. For example, FDTD techniques can 

provide the transient response of a device, and with the application of the FFT. fre

quency domain data can also be obtained. However, the simulations can be extremely 

time consuming, especially when resonant structures such as filters are simulated. 

Frequency-domain techniques, such as FEM and moment methods, offer faster rim 

times, however, they only provide data at a single frequency and therefore must be re

peated to obtain data over many frequencies. Additionally. FDTD and FEM require 

the discretization of the entire solution domain requiring large amoimts of computer 

memory. Moment methods offer the advantage of only requiring the discretization of 

the conductors, which increases the size and complexity of the problems which can 

be successfully simulated provided that an analytical Green's function can be found 

for the problem. 

In this dissertation we present a novel approach to the frequency-domain integral-

equation modeling of conducting structures embedded in a homogeneous dielectric 

that is shielded by two perfectly-conducting ground planes. Such structures are 

commonly encountered when we consider monoUthic microwave integrated circuits 

(MMICs) in multi-chip modules. The desired circuit characteristics can be found by 

first formulating an integral equation in the spectral domain, and then solving the 
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integral equation for the unknown sxirface currents on the conductors. The Method of 

Moments (MoM) is used to approximate the integral equation by a matrix equation, 

which is then solved to obtadn the approximate ctirrent distribution. 

A significaiit portion of the computational effort in the MoM is associated with the 

cgilculation of the individual elements of the impedance matrix. These elements can 

be represented in the space domain as convolution integrals between the modal repre

sentation of the parallel-plate waveguide Green's function and the chosen expansion 

and weighting functions. In the spectral-domain representation, the impedance ma

trix elements take the form of Sommerfeld-type integrals, i.e.. two-dimensional inverse 

Fourier transform integrals that axe often very oscillatory eind slowly convergent. Due 

to the oscillatory nature of the spectral-domain integrands, the impedance elements 

are very difficult to directly integrate numerically. In the space domain formulation, 

the integrands are nearly singular when the expansion and weighting functions are 

closely spaced, making them very difficvilt to numerically integrate. 

Extensive work has been done to improve the computational efficiency of the eval

uation of the impedance matrix elements, thus reducing the overall matrix fill time. 

Numerical techniques such as asymptotic extraction and singularity extraction have 

been used to improve the computation times [5]-[9]. However, each of these technique 

requires some form of numerical integration. 
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The prunaxy focus of this dissertation is to show that because of the shielded 

nature of this problem, it is possible to evaluate the spectral-domain integrals an

alytically, leaving a closed-form solution which is expressed in terms of a series of 

rapidly-computable special functions that are free from any numerical integration. 

These closed-form solutions axe shown to provide a dramatic improvement in the 

computational efficiency. 

An electric field integral equation is derived in the spectral domain which relates 

the electric field to the siurface cvirrent densities on the conductors. The Method of 

Moments (MoM) is applied to form a matrix equation, which is then solved to form 

an approximate solution for the current densities. The elements of the impedance 

matrix are represented by two-dimensional inverse Fourier transform integrals and 

are presented in Chapter 2. 

In Chapter 3, the two-dimensional inverse Fourier transform representations of 

the impedance matrix elements derived in Chapter 2 are solved analytically. The 

resulting closed-form expressions are written in terms of incomplete Lipschitz-Hankel 

integrals (ILHIs) of the Hankel type. 

Chapter 4 discusses some of the computational issues faced when evaluating the 

ILHIs. Series representations are presented which can be used to efficiently compute 

(a,z) and (a,z). The accurate computation of Hankel functions of the 

first and second kind of integer order, required in the calculation of (a, z) and 
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(1\ 
HBQ (a, z ) ,  is also investigated. A procedure is presented by which forward and back

ward recurrence is used to stably compute the set of integer order Hankel functions 

tha t  a re  reqi i i red  in  the  ser ies  representa t ions  for  (a .  z )  Eind He'^^  (a .  z ) .  

Numerical tests are carried out in Chapter 5 to demonstrate the computational 

efficiency of the expressions developed in Chapter 3. Several simple conducting struc

tures are tested to demonstrate the validity of the formulation. Results axe presented 

for a transmission line, as well as several simple microwave filters. The results are 

compared with analytical models as weU as published data. 

Finally, some conclusions are drawn in Chapter 6 and some possible future topics 

are discussed. 
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CHAPTER 2 

Integral Equation Formulation 

The problem of modeling axbitraxy conducting structures that are shielded be

tween infinite, perfectly-conducting ground planes can be solved by formulating an 

integral equation in the spectral domain that describes the unknown surface currents 

on the conductors. The integral equation is solved ntunerically to obtain an approx

imate solution for the unknown surface cvurent densities. Once the surface current 

distribution is known, the electrical characteristics of the simulated device can be 

foimd. 

2.1 Formulation of the Fields 

We begin with the differential form of Maxwell's equations in the frequency domain 

where the time variation has been assxmaed: 

where E and H are the electric and magnetic field vectors, respectively, ui is the 

angular frequency, e and /i are the relative permittivity and permeability of dielectric 

V X E = — (2 .1)  

V X H = juieEi + J, (2.2) 
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medium, respectively, and J is the current density. We solve Majcwell's equations by 

maJcing use of the magnetic vector potential which is defined by [10] 

H = V X A. (2.3) 

Enforcing the Lorentz condition allows the electric field to be written as 

E  =  - ju fxA +  —V (V -  A ) .  ( 2 . 4 )  
jue  

The potential A is the solution of the vector Helmholtz equation 

(V^ - \ -k^)A = -J. (2.5) 

where k  =  

In order to simplify the analysis, we will employ thin wire structures oriented in 

the X and z directions only. However, more complicated current distributions can be 

handled by applying the techniques in this dissertation to y-directed wires, as well as 

other arbitrarily oriented, non- filamentary currents. Because the conductors are thin, 

i.e., radius -C A, only x sind 2-components of surface current will be produced on the 

X and 2-directed conductors, respectively. Furthermore, because of the Uneaxity of 

Maxwell's equations, we use superposition and consider the cases of x and 2-directed 

currents independently. 

2.1.1 x-Dlrected Current 

We first consider the problem of a thin conductor, embedded in a homogeneous 

dielectric that is located between two perfectly-conducting, infinite ground planes, as 
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Z 
• 

> X 

d x  = x^  jc = + L 

Figure 2.1: x  directed current fileiment located in a homogeneous dielectric between 
two infinite ground planes. 

shown in Figure 2.1. This structure has great practical importance in that it appears 

in such structures as multi-chip modules. Since the thin-wire approximation allows 

the surface current density to be expressed as 

Note that this source produces a set of fields that are TM^. The electric field radiated 

by this current source is then given by: 

Jx{x ,  y, z )  =  Jsx  (x, y)6{z-  20) =  h  ( x )  S { y  -  y o ) 6 ( z  -  zq). (2.6) 

the vector Hehnholtz equation reduces to the scalar equation 

(V^  + ( X ,  y ,  z )  =  -4  (x)  6{y  -  yo)6{z  - ZQ). (2.7) 

(2.8) 

(2.9) 
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1 A  
EAx,y,z) = —^ (2.10) 

jL je  axoz  

The presence of the infinite, perfectly-conducting ground planes requires the tan

gential electric field to vanish on the ground planes. Equation (2.8) shows that the 

boimdary conditions associated with equation (2.7) are 

Ai(x,y,0)=0 and (x, y,  ti)  = 0. (2.11) 

A solution to equation (2.7) may be formulated either in the space domcdn or in 

the spectral domain. We choose to use the spectral-domain representation in our 

derivation since it allows for the application of residue theory to the resulting integrals. 

To obtain the spectral-domain representation, a two-dimensional Fourier transform 

is applied to the infinite spatial variables, x and y. The transform pEiir we use is 

defined by 

/ ( fcx ,  fcy ,  z )  =  /(x, y, z )e -^^''^^+'^y^dxdy  

f ix ,  y , z )  =  - ^  f(k^ ,  ky ,  z )eJ<^ ' ' -^+' 'yy^dk^dky  

In equation (2.12) / represents the spectral-domain function and / represents the 

space-domain function. The forward transform is applied to equations (2.7)-(2.10) 

(fcx, ky ,z )  =  ~  [k^ -  kl )  Ax (2.13) 
ju ie  

Ey{k„ky,z) = ̂ ^^A, (2.14) 
uJE 

Ic  r )A  
EAk.,ky,z) = !^^ (2.15) 

Lue oz  

t, J 

(2.12) 
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and 

A,  (k , ,  ky ,  z )  =  -h  (k , )  -  zo) . (2.16) 

where k^ = k^ — k^ — ky, and the boundary conditions reduce to .4x (fci. A:,^. 0) = 0 

and Ax {k^, ky, d) = 0. We can solve equation (2.16) by making the substitution 

h = r (2.17) 
!x  (kx)  e-^ '^y°  

to obtain the one-dimensional Green's function problem, 

gxiz , zo)  =-6{z  -  Zo)  (2.18) 

with boundary conditions 

QxiO.zo)  =  gx{d ,zo)  =  0.  (2.19) 

Solving (2.18) produces the Green's function [11] 

_ ,  ,  sm{k^z<)sm[k^{d-  z>)]  

mRM) • 

In the above expression, 2< is the smaller value of the observation point 2 and the 

source location ZQ, and 2> is the larger of the two. We can now write 

^ ^ , 
kz  sm(K2a) 

Finally, the space-domain representation for Ax is obtained via an inverse Fourier 

transform 

'• '—I - £ £'•"" 
(2.22) 
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2.1.2 ^-Directed current 

We now consider the problem of a thin-wire conductor oriented in the 2 direction, 

embedded in a homogenous dielectric that is located between two infinite, perfectly-

conducting ground planes. The current density for this case is given by 

Jzlx, y ,z )  =  6{x  -  xo)  Jsz  (y,  z )  =  S(x  -  xo)<5(y - yo) / -  ( z ) . (2.23) 

The scalar Helmholtz equation now becomes 

(V^ -f k^)  Az  (x ,  y ,  2) = -6{x  -  xo)6{y  -  yo)I ,  ( 2 )  . (2.24) 

where only TM. fields are excited. The components of the electric field are given by: 

1 <924 
EAx,y,z) = —^ (2.25) 

J L J €  O X O Z  

1 A  
Ey{x^y,z) = —^ (2.26) 

ju je  oyoz  

E, (x. y. ^ (^- 2). (2.27) 

Elquations (2.10) and (2.26) shows that the required boundgiry conditions for equation 

(2.24) are 

9rlli£lM=o and (2.28) 
dz  oz  

Applying the Fourier transform to equations (2.24)-(2.27), we obtain 

E^{k^,ky,z)='^^ (2.29) 
( j je  oz  
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k .  dA 
Ey{k^,ky,Z) =  ̂ ^  (2.30) 

"  ^  u je  az  

_]_ / a2 

jue  
E ,  {k , ,  ^) = ( ^ + I ' - ]  '-i-' (2-31) 

and 

(Ĵ  + k̂  ̂ A, {k̂ , ky, z) = -h {Z) (2.32) 

with boundary conditions 

dAzikx .ky .Q)  dAz{kx ,ky ,d)  
= 0.  

dz  dz  

Equation (2.32) can be solved by first making the substitution 

^2 — (2.33) Q-Ukxio+kyVo)  

to obtain the ordinary differential equation 

dz^  

with boundary conditions 

dg^  {z  = 0) dg^  ( z  =  d)  

+k ' -]g ,= - I ,  (z ) .  (2.34) 

= 0. (2.35) 
dz  dz  

A solution for equation (2.34) can be formulated using an eigen function expansion 

to yield [11] 

ep So h {0 cos pTTz 
g, = > -r— o cos—r- 2.36) 

^  d  ( £ 1 ^ 2  _ f . 2  d  '  p=0 \ d J 
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where Cp is Neuman's number, which is defined to be 1 for the case p = 0 and 2 

otherwise. Thus, the spectral-domain representation for the potential has the form 

A.(t . ,fc„z) (2.37) 
P=0 [d) ~ 

Finally, A.  is found via the inverse Fourier transform 

X (2.38) 
a 

The vector potentials given in (2.22) and (2.38) can be used to find the electric fields 

produced by x and 2-directed current filaments, respectively. 

2.2 Integral £k;[uation Formulation 

We are now ready to formulate an integral equation which we can use to find the 

unknown surface current densities.  We begin by writing the total electric field as the 

sum of an incident, or impressed field, and a scattered field radiated by the currents 

that are induced on the conductors, i.e., 

E = E' + E^ (2.39) 

The X  and 2 components of the scattered electric field can be found by using equations 
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(2.8), (2.10). (2.25), (2.27), (2.22), and (2.38) to obtain 

E^(x.y,2) = -—J—2 / [ - A:^) gx(2.2o)/i (^x)e^''''' 
J U J 6 (2. 7 r )  J ̂ OO J—OO ^ 

lo (^) 
sin —— e j fcx(X-Xo)  

£;(x.y,z)=. I r  r UkJ.(k.)^^^p^e' 
jue (27r) 7-00 V-oo I 

X e''^^y-^^dk^dky (2.40) 

5^x (Z^^ ,A:.x 

OO r  21'* '^ 
cos 

(?) -« 
X e^'^^^-^°'>dk^dky (2.41) 

p=0 i-

We may write the scattered electric field in operator notation as 

LJ, = -E" (2.42) 

where L is a linear operator and Jj is the unknown current. Then we enforce the 

boundary condition of vanishing tangential electric field on the surfaces of the perfect 

electric conductors, 

EU = -E?an- (2.43) 

In order to avoid the source singularity at the center of thin-wire conductors, we will 

select our observation point to be a small distance from the filament, i.e.. on the 

surface, S, of the wire. We can think of this as representing a thin wire of radius 

6, located at the coordinates {x,yo,zo) for x-directed sources, and at (xo,yo,z) for 

2-directed sources. Thus, we place the testing functions at the location (x, yo + b,zo) 
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for x-directed sources, euid at {xQ,yo + b, z) for ^-directed sources. The radius of the 

conductors, b, is assiimed to be much smaller than the length of the wire, as well as 

being small compared to the wavelength. In this way, only axieil currents will flow-

on the conductor surfaces. These assumptions edlow us to form integral equations for 

the unknown current distributions, i.e.. 

^. ikr(x-Xo)  

X e''^''dkxdky, (2.44) 

gjfci(x-xo) 

X e''^^dkxdky. (2.45) 

Equations (2.44) and (2.45) can be written in operator notation as 

LJ, = E*|s (2.46) 

or 

{LxxJsx + LxzJsz)  X + [LzxJsx + LzzJsz)  Z = ElSc + Elzl^  (2.47) 

where 

LxxJi —4rX2 r r (2.48) 
JUJ€ {2-K) J-OO J-OO 



25 

L J ^ r  Hk sin ̂  
"  "  ue { 2 7 c f  7-00 J-oc^^,d d (^)2 _ kl d 

X (2.49) 

uje (27r) 
^ r r kj, ik,) ^2.50) 
27r)^ J-oo J-oo dz 

L„j, ,=—L_^ r r et 
ju;e(27r) V-oo 7-oo ^ ̂  L V d/J _ fc2 

X (2.51) 
d 

2.3 Method of Moments 

The Method of Moments (MoM) [4] is used to approximate the integral equations 

(2.48)-(2.51) by matrix equations, which may then be solved to obtain an approximate 

solution for the current distributions in equation (2.46). 

We choose to apply an inner product of the form 

(f.g) = / f • gds. (2.52) 

The unknown current distributions are first expanded in a set of expansion functions 

Js ~ ^ ttnJsn (2.53) 
U=1 

or, more expUcitly, 

iVx Nr 
J3X (^) y) ~ ^ ^ ^nJaxn J/) ~ ^ iV J/o) ^ ] OL-n^xn (^) (2.54) 

n=l n=l 
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iVx+Afj iVi+A/--
Jsz  iVt  •2) ~ ^ ^ OCfiJazn (l/i •Z) — ^  {V J/o) ^ ^ OLnlzn (2.55) 

n=Nx + l n=Nx + l 

Substituting (2.53) into (2.46) and using the linearity of the operator gives 

•Vx+iV, 
ck„LJ,n = E'|5 (2.56) 

n=l 

or 

Nx Nr + Nz 
OtnLixxJsxn "t" ^ ^ OCn^xzJszn ~ (--5') 

re=l n=Nx + l 

iVx Nr-i-Nz 

^ ^ ^nLzxJsxn "I" ^ ] ^n^zzJszn ~  -^^Is (2.58) 
n=l n=Nx+l 

To produce a matrix equation, we choose a set of testing, or weighting, functions such 

that 

T n = 6 { y - y o - b )  w„, (2.59) 

with w„ = I„, and then form the inner product, or weighted average, of with 

equation (2.56) to produces the set of equations 

Nr+Nz 

an(LJ.n,TJ = <E'l5,T^>; m = 1,2,3.... .N^ + N,. (2.60) 
n=l 

Since the expansion and testing functions posses the seime form, this is a Galerkin 

method. This set of equations can be expressed in matrix notation as 

[Z] [a] = [V], (2.61) 

where a is a vector of unknown amplitude coefficients, V is the source vector, eind [Z] 

is an Nx +N, X Nj: + Nz matrix representing the reaction between expansion function 
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Jsn and weighting function T^- The unknown current element ampUtude coefficients 

are found by solving the matrix equation (2.61). To solve equation (2.61), we must 

first fill the impedance matrix, Z, and the source vector V. In this dissertation, we 

will be concerned with efficiently filling the impedance matrix only, and not with the 

efficient solution of the set of simultaneous linear equations embedded in the matrix 

equation (2.61). 

2.3.1 Expansion and Weighting Functions 

We choose the ^ dependence of the ^-directed expansion and weighting functions 

to be the general sub-domain rooftop function shown in Figure 2.2, i.e.. 

1 + (^ — ^5 — nZ^) //^; + (j^ — 1) ^ ^ 

^ s + n l ^ < ^ < ^ s  +  { n  +  l ) l ^  (2-62) 

0; otherwise 

where <f represents either the x or z coordinate direction. The rooftop expansion 

functions axe chosen to better model the physical chaxacteristics of the current de

veloped on the wire, i.e. the current at an open end of the wire is forced to be zero. 

This set of expansion functions yields a current distribution which is a much better 

approximation to the actual ciirrent distribution than we could expect had chosen to 

use pulse type expansion functions. The expansion functions then have the form 

J .i„ = S { y -Vo)h''(S)- (2.63) 
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^,+(n-l)l^ ^s+nl^ ^^+(n+l)l^ 

Figure 2.2: Rooftop function used for expansion and weighting functions. 

Since we are considering filamentary current sources, we must offset the weighting 

functions a small distance to avoid the source singularity on the current filament. We 

place the weighting functions on the surface of the wire, i.e., aX, y = yo + b. In order 

for the thin-wire approximation to be valid, the wire radius must be chosen such that 

6 "C A and b L, where L is the total length of the wire. 

Referring to equations (2.48) and (2.50) shows that the Fourier transform of equa

tion (2.62) is also required for the case ^ = x. Application of equation (2.12) yields 

/xn (fcx) = ttt - i l + j k j , )  e  
kxlx 

-jkiix^+rUx) 

+e-jfcx(x,+(n+l)/x) _ Q _ g-jfcx(x,+n/.)J (2.64) 

2.3.2 Source Vector Elements 

The elements of the source vector V are given by 

(2.65) 
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In this dissertation, we assiime that the electric field is the electric field generated 

by an impressed source. We will use a delta-gap voltage generator as our excitation 

source. The impressed electric field is thus defined by 

= (2.66) 

where ^ is any coordinate direction. Using this definition for the incident field, we find 

that Vm = —Vg when Wm resides at the location of the source, and Vm = 0 otherwise. 

2.3.3 Impedance Matrix Elements 

The impedance matrix can be thought of as consisting of the four sub-matrices 

[Zxx] [Z„] 
[Z] = (2.67) 

L[Z-] [Z„] 

where the subscripts can be interpreted as representing the coordinate directions of 

the weighting functions and expansion functions. For example. [Z^;] represents the 

set of matrix elements arising from a weighting function oriented in the x direction 

due to an expansion function oriented in the z direction. The elements of the four 

sub-matrices will be considered separately. 

We begin by considering the elements of the Lmpedemce matrix formed when both 

the testing and expansion functions are oriented in the x direction. These matrix 

elements have the form 

:^-T2 / / /  -  ̂x)-^xn {kx) S{y-yo-b) (x) 
27r) JsJ-ooJ-<x> jcje {2iry 

gx{z,zo)e>^'^^-^''^^^dkxdkydS, (2.68) 
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where dS = dxdy. Reaxranging the order of mtegration allows us to write 

Zxx^n = ,2 r r (fc' - kl)f^ (A:,) w'^ (k,) g, {z. zo) e^'^'dk^dky, (2.69) 
juje{2Tr) J-ooJ-oc 

where we have employed equation (2.12), and where the * denotes the complex con

jugate. For matrix elements produced when the testing function is oriented in the x 

direction and the expajision function is oriented in the 2 direction, we have 

z - ^ r rk (i )y-2 

xyKZ 
X sin —^dkxdky (2.70) 

It is convenient to write QX in equation (2.50) in its equivalent eigen function expansion 

form [11] 

2 sin sin ^ 
(2.71) 

Substituting equation (2.71) into equation (2.50) yields an expression for the elements 

of [Zji] which is similar to [Ziz], with the roles of /„ and Wm interchanged 

uje (27r) 

1 /•OO rOC cy 2 pTT Jq W ,m j z )  COS ̂ dz 

- d d  { ^ f - k l  

X sin dkj.dky. 
LL 

(2.72) 

Finally, the elements of [Zjz] are formed by considering the case for which both testing 

and expansion functions are 2 oriented: 

U iO cos 

(?) '  -« 

eH'^('-">)+>^l^dk,dk,. (2.73) 

ju( (2ir) 

f  ( \  
J Wzm (-2) COS 
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Before the amplitude coefficients a.n in equation (2.53) can be found, we must first 

fill the impedance matrix [Z]. This can be very difficult, often requiring time con-

simaing numerical integration. The next chapter will be concerned with the efficient 

evaluation of equations (2.69)-(2.73). 
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CHAPTER 3 

Evaluation of The Impedance Matrix Elements 

As we saw in the last chapter, the elements of the impedance matrix can be repre

sented as two-dimensional inverse Fourier transforms. These integrals axe often ver\-

difl&cult to evaluate mmierically because of the oscillatory nature of the integrands. 

In this chapter we show that equations (2.69)-(2.73) can be evaluated analytically 

yielding a closed-form solution in terms of algebraic and readily computable spe

cial functions. These expressions can then be efficiently computed, enabling the 

impedance matrix to be filled ia much less time than would be required by using 

standard nimierical integration procedures. 

First, let us define the rooftop function to be the sirna of two hadf rooftops as shown 

in Figure 3.1 

where the superscripts I and r indicate the "left" eind "right" half of an individuEil 

rooftop, i.e., 

(3.1) 

= 1 + (? - ?, - nij) /ij (3.2) 
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Figure 3.1: Half rooftop functions 

= nk) Ik. (3.3) 

By writing the elements of I and w in this way, we can think of each element of 

the impedance matrix as being represented by the sum of four separate reactions 

between the four half rooftops. The reason for writing the expansion and weighting 

functions in this way becomes clear when one considers the case of a rooftop located 

a t the junction of two current filaments, possibly in different directions. This is clearly 

shown in Figure 3.2 where we see that half of the rooftop is oriented in the x direction, 

and the other half is oriented in the 2 direction. 

The first step in evaluating the elements of the impedance matrix. Z. is to make 

the polar transformation 

kx = X cos 6 (3.4) 

ky = Asin^. (3.5) 
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The corresponding differential area is then XdXdd. This changes the form of the two-

dimensional inverse Fourier transform from two infinite integrals over and ky to 

one semi-infinite integral over A and one angular integral over 9. We first evaluate the 

angular integrals and then turn our attention to the resulting semi-infinite integrals. 

3.1 Evaluation of the Angular Integrals 

Each uitegraJ in equations (2.69)-(2.73) is slightly different and will be treated 

separately. The general procedure we use to evaluate the angiilar integrals is as 

follows. First, each of the impedance matrix elements given in equations (2.69)-(2.73) 

are written as a sum of the four terms which arise when the expansion and weighting 

functions are written in terms of the half rooftop functions given in equations (3.2) 

and (3.3). The angular integrals appearing in each of these four terms are then further 

> JC 

Figure 3.2: Rooftop expansion function at the jimction of two wires. 
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decomposed by applying a partial fraction expansion to the integrands. Finally, the 

resulting integreils are solved in closed form in terms of special functions. 

3.1.1 Decomposition of 

When we write Zxxmn hi terms of the half rooftop functions of equations (3.2) and 

(3.3), we are left with four separate integrals to evaluate, i.e.. 

7 I  I  yZ , ^4 
^xxmn ^xxmn '  xxmn '  xxmn '  xxmn (3.6) 

The four integrals ia equation (3.6) are 

7^ — ^xxmn ^  / [ f -  kl)S ( v - m -  b) jx (z.zo) 
(27rj J s J -ozJ-oo 

(3.7) 

juje (27r) 

for z = 1... 4, and is the ith member of the vector 

iln (^x) W^xm (^) 

h n  i K )  W l m  i ^ )  

/ ; „  { k x )  ( x )  

f x n  ( k x )  <m (^) 

(3.8) 

Performing the integration over the conductor surface S in equation (3.7) leads to 

1 rOO rOO 
= / {k'-kl)KiJ^{z,zo)e' '^' 'dk 

7CJ6(27r) y_oo 7 —oo 
<xdky « (3.9) 
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where Kn is now given by 

(3.10) 
(^x) ( k x )  

/;„ (fci) (fcx) 

/;„ (A:i) zi;^ (fci) 

We first make the polar coordinate transformation indicated in (3.4) £ind (3.5). Defin

ing the angular integral as 

Fu (r,, 9q) = f 
J —TT 

"" gj Ar, cos(0+fl,) 

cos" 6 
dd. (3.11) 

for :/ = 0... 4, eillows us to write 

7^ — •T* y>i 

ja;e(27r/x) 
W [2f4(ri.9i) + A=i|f-2(n.«i) -fiCro.e,) 
tt/i) 7O 

1 
~j>^lxFz (r2,  ̂ 2) -  -^4 (ra,  ̂ 3) -  JAZ1F3 (ra, <93)] -  - [IFo (n, (9i) 

+A2/2Fo (r i ,  9 , ) - F2 (ro, ^2) - (^2, ^2) - ̂2 (ra. ̂ 3)] Qx [z. zo) dX. 

(3.12) 

—1 r°° 
= • , .2 / T3 [^4 (ri, ̂ 1) + j2\l^F^ (ri, ̂ 1) - (n, ̂ 1) - 2F4 (r3. ^3) 

juje{2nQ Jo A-^ ^ 

—j^XlxFz (^3,03) -i- F4 (r5,05)] — — [F2 {ri, 0i) + j2XlxFi {ri,6i) 

- X H I F Q  ( n ,  0 i )  -  2 F 2  ( r 3 , 0 3 )  -  j 2 A / , F i  ( r 3 ,  ̂ 3 )  -  F .  ( r g ,  ̂ 5 ) ]  ( -  - ' 0 )  d X .  

(3.13) 
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=  .  J ,  , 2  /  ^ [ f 4 ( n . « i ) - j 2 A t / ' 3 ( r , . e , )  
jue{2TTlx) Jo ^ 

-2^4 (r2,02) +j2M,F3 (r2,02) + {^,9^)] -  ̂  [Fo (n.^i) + j2Xl,F, {r^.O,) 

-X^ll F o  ( r i ,  0 0  -  2 F 2  ( r 2 ,  O ^ )  +  j 2 X l ^ F ,  { r ^ ,  6 0 )  -  F o  { r , ,  0 4 ) ]  g .  { z .  Z Q )  d X .  

(3.14) 

Using equation (2.64) we can show that and axe identical and thus 

we have 

^xxmn = (3-15) 

The variables r, and 6q appearing in equations (3.12)-(3.14) are defined by 

ixg,b) = y/x2 + 62 (3.16) 

0,(x„6) = tan-' (3.17) 

with 

Xi = (n — m) Ix 

X 2  =  { n  —  m  —  I )  I x  

X 3  =  { n  —  m  +  I )  I x  (3.18) 

= {n — m — 2) Ix 

X s  =  { n  —  m  +  2 )  I x  

The quantities r, and 9q represent the distance and angles between the vertices of the 

rooftop functions. This is illustrated in Figure 3.3. 
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Testing Function 

Expansion Function 

^2 
—• 

Figure 3.3: Placement of expansion and testing functions. 

3.1.2 Decomposition of Z^, 

We may think of the elements maJdng up the matrix [Zx-] as being the reaction 

between a 2-directed source and an i-directed test element. As before, it will be useful 

to break up the integration along the 2-directed current element into two parts; one 

over the left half of the rooftop and the second over the right half of the rooftop. 

XI 
f 

,P)= / 
J fc 

[Iz  + - 6 - ml:)]  cos 
a 

(3.19) 

f 
Cr{m,p) = / 

J £f 

Co+(m+l)fi DTTE 
[h - (^ - 6 - ml:)] COS —rd^-

^o+ndz " 

We may now write as 

(3.20) 

1 fOO /•OO cin 
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K.. = (3.22) 

where the elements of the vector K^z axe defined as 

Xi {m,p) (A;^) 

Xi {kj:) 

Xr {rn.p) w^^^rnikx) 

Xr (m,p)ty^(A;x) 

Writing equation (3.21) in polar coordinates and interchanging the order of summa

tion and integration, we obtain 

u;ek (27rf ^  d d 

Cp pTT . pKZ 
sm —r- Xi (m, P) 

Jo 

Fi (re, 9Q) - Fi (r?, 9r) + jALFp (r?. 67) 

i f ) "  -  k l  
dX (3.23) 

7^ 
xzvrxn 

— 1 tp yri\ Cp PTT . piTZ 
— — sm —— X I  ( m , p )  

/ Jo 

Fi (rs, gs) - Fx (r?, 197) - j AZ^Fp {rj, 67) 
(/A (3.24) 

73 _ 
^izmn 

-1 V^CpPTT . pTTZ , , 

27rr ^ a 

f Jo 

Fj (^6> ^s) ~ -^1 (?'7> ^7) + jXLFo (r7, ^7) 
dA (3.25) 

7"* ^xzmn 
-1 sr^eppiT . PTTZ 

(^8i &%) — Fi (r?, ̂ 7) — jXlzFf) (r-, ̂ 7) 

Jo 
d\ (3.26) 
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with 

xg = (m — 1) Ix + Xg 

xr = mix + 

xg = (m + 1) + Xs 

(3.27) 

where Xs is the coordinate of the end point of the conducting filament, as shown in 

Figure 2.1. 

3.1.3 Decomposition of Zj 

Turning our attention now to equation (2.72) we may write 

/•OO /•OO 

27r)^  J-oa J-

7^ — ^ zxmn.  
u!e (27r) J-<30 

with K21 now defined by 

^ ^ 2p7r singf^ 

U  i f f  -  k l  

Kl^dkxdky, (3.28) 

K„= (3.29) 
^ L i k x ) X r  ( m , p )  

ilnikx)Xi {rn,p) 

i l n { k x ) X r  { m , p )  

Interchanging the order of integration and summation and maJdng a change of vari

ables to polar coordinates gives 

1 2  ^ P T T  .  PTTZQ , . 
u j e l z  ( 2 7 r ) ^  d  ̂  d  d  

F i  (rg, 6 g )  —  F i  (rio, ̂ lo) +  jALFo (r 10, ^lo) 

Jo (f) -
dA 

(3.30) 



41 

1 2 ^pK . jmzQ ^ ^ 

f Jo 

^ Fi (r i i ,^i i)  — Fi (rio,0io) — jALFp (r^p.^io)^,^^ 

(E)- _ K 

(3.31) 

- V^P"" • 
;; 2.^ ("*•?) 

ujdz (2%) dr^ d 

f Jo 

Fi (rg, 9Q) — Fi (rio, dip) + jXl^Fp (rip, Oip) 
dX 

(3.32) 

^ . PKZQ 
cjeL (27r) rf d 

^ ^''°° -^1 (^ii7 ^ii) ~ -^1 (^10; ^lo) ~ J X I zF Q  (rio, / JO (?) -« 

where 

Xq 3^5 (72 X)/j 

(3.33) 

^p — ^3 TXL^ (3.34) 

2:11 = Xs - (n + 1) Ij. 

3.1.4 Decomposition of Zj, 

Finally, we have the reaction between two 2-directed current elements. 

7^ — ^zzmn 
juje (27r) 

1 fOO roo ^ 

/oo 
(f)^ 

gj[fcr(l-Xo)+*:y(6-yo)l 
/C, ^—-o dkxdky, 

( W - k l  

(3.35) 
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and Kz2 now defined to be 

X i  { n , p ) X i  { m , p )  

X i  ( n . p )  X r  { m . p )  
K„= (3.36) 

Xrin.p)xi {m.p) 

X r  {n, p )  X r  { m . p )  

Interchanging the order of summation and integration, and changing to polar coordi

nates gives 

In the above expression, Xtest is the x coordinate of the 2-directed testing current 

element, and Xsource is the x coordinate of the 2-directed source, or expansion, current 

element. 

3.1.5 Analytical Evaluation of the Angular Integrals 

Now that we have decomposed the elements of the impedance matrix into smaller, 

more manageable expressions, we are ready to form solutions to the angular integrals. 

The angvilar integrals we are faced with are FQ ... F4, where 

Z! zzmn 
(271-) ^ ̂  L w / J 

where 

source  (3.38) 

gjAr, cos(0+0,) 
(3.39) 
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for 1/ = 0 ... 4. 

For the case u = 0, we may write down the solution directly [12] 

Fo = r = 27rJo (Ar,). 
J —TT 

(3.40) 

When u ^ 0 the solution is somewhat more complicated and requires further 

analysis. The solution of F1-F4 proceeds in the same fashion as in [13]. A change of 

variables. 9 = 6 + 9q, gives 

J —TT 

TT ^jXrqCosO 

(9 -»,) 
dO. (3.41) 

To solve equation (3.41), we must first write the integrand in a form which will be 

more useful to us. First expand the denominator 

cos" — 9gJ = ^cos 9 cos 9q + sin 9 sin j . (3.42) 

Now multiply the numerator and denominator by an expression that will ehminate 

the sin 9 terms from the denominator: 

/•n- I cos 0 cos — sin 0 sin 00 1 
_ I \ i V _;Ar,cosfl 

^cos^ 6 — sin^ 9q^ J —TT 
gjAr,cosfl^^ (3.43) 

An examination of the integrand in (3.43) reveals that after multiplying out the 

numerator, any terms containing odd powers of sin 9 axe odd functions with respect 

to 9 and will thus integrate to zero. Ignoring these terms gives 

F, = r (3.44) 
-T f cos^ 6 — sin^ 9qj 
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where the coefficients Du axe defined as 

Dx = cos 9 cos 9q 

D2 = cos^ d (2 cos^ 9q — l) + sin^ 9q 

Dz = cos^ 9 (cos^ 9q — 3 cos 9q sin^ 9q) + 3 cos 9 cos 9q sin" 9q 

Di = cos"* 9 cos'* 9q + & cos^ 9 sin^ 9 cos^ 9q sin^ 9q + sin"* 9 sin"* 9q 

To further simplify the integrands, we perform a partial-fraction expansion in terms 

of COS0, breaking up the integrands into still smaller pieces. For compactness, let us 

define 

sm9q=jaq, (3.45) 

giving 

Fi = ̂  [Fs (a,) + F5 (-a,)| (3.46) 

^ l^i (a,) - Fs (-a,)l + (fs (a,) + fe (-a,)] (3.47) 

Fj = cosd ^ [Ffi (aq) — FG (—flq)] + — [Fr (a,) + F7 (—aq)]| (3.48) 

2 

^ [fi M - Fi (-a,)] - ̂  [Ft (a,) + Fe (-a,)| 

+ ja, (aj + 1) [F, (a,) - F-, (-a,)] + ^ [fs (a,) + F» (-a,)] (3.49) 

where we have defined the new integrals as 

/"• gjAr,cose 
7  ^ ( 3 - 5 0 )  
f COS 0 + jaqj 
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for 1/ = 5... 8. We must now solve the somewhat more simple integrals of equation 

(3.50) to form a solution for the elements of the impedance matrix. In Appendix A 

it is shown that the solution to F5 is 

•^5 (aq) = j^TzJeo (a,, Ar,) (3.51) 

The special function appearing in equation (3.51) is called an incomplete Lipschitz-

Hankel integral (ELHI) of the first kind and order zero. The ILHIs are special functions 

similar to Bessel functions. They have series representations which can be rapidly 

evaluated and make them ideal for numerical computations. In general, the ILHIs 

are defined by [14] 

Ze„ (a, C) = r { t )  d t .  (3.52) 
Jo 

where Zn is any of the Bessel functions Jn, Hn\ or, Hn^. 

It is also easy to see from equation (3.50) that 

(a,) = (3.33) 
u -  5 aaq 

for u = 6,7,8. Using equations (3.51) and (3.53) it cein be shown that 

Fi = jTTCosOq [Jeo (a,,C) e"'*' -i- Jcq (-a,,C) e"''''-] (3.54) 

F2 = 7r(^ {2 Ji (^) — (a^ + 1) [Jeo (oq, C) e"''* + Jeo (—flq, C) 6 (3.55) 

F3 = jircose {C^Ji (C) - Oo (C) 

+ i [1 - a,C - (aj + 1) C^] (s. 0 e""' 

+ i  [l+a,C-K + l)CV^(-°»-0=-° ' '=} (3-56) 
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^4 = {(l + 3a^) C-Zo (C) + [4 - (oq + l) C^] Jx (C) 

- [3 - 3a,C - [a] + l) C'] Jeo (a„ C) 

- [3 - 3a,C - {al + l) C'] Jeo (-a,. C) (3.57) 

where = Ar,. 

3.2 Evaluation of the Semi-Infinite Integrals 

Now that the angular integrals have been evaluated, we turn our attention to 

the corresponding semi-infinite integrals in the expressions for the impedance matrix 

elements. K we examine equations (3.12)-(3.14), we see that each semi-infinite integral 

involving FQ has the same functional form in all cases. In fact we find this is the case 

for each of the angular integrals, FQ - • • F4. We may now define a set of semi-infinite 

integrals which we can use to write the complete solution for each of the impedance 

matrix elements. The semi-infinite integrals we must solve are: 

S o { r q , 9 q ) =  [  X F o { r q , 9 g )  g j : { z , z o ) d X .  (3.58) 
Jo 

Si{rq,dq)=[ Fi{rg,9q)gx{z,zo)dX, (3.59) 
Jo 

S2{rg,dq)= [ jF2(rq,dq)gj:iz,zo)dX. (3.60) 
J o  X  

r°° 1 
53 (r„ e,) = j^Fz (r„ e,) g, (z, zo) dX, (3.61) 

SA{rq,9g) = J -^FA{rq,dq)gx{z,zo)dX. (3.62) 
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Substituting equations (3.58)-(3.62) into equations (3.12)-(3.14), yields expressions 

for the elements of 

[ 2 S 4  ( r „  « , )  +  ( n . -  5 4  ( r , . » , )  
JU36. (27R£^ J 

-jlxSz{r2,0o) - S^{r2,9z) - (ra, (93)] - [252{ri.0i) 

+IIS0 (ri, 0i) - 52 (r2, 02) - jl.S, (r2, ̂ 2) - 5. (rg, ^3)] } 9. (-• ^0) • (3.63) 

{k" [S4 (r,.«,) + j2t.?3 (ri.Si) - ;JS2 (n,9i) - 2S4(r3,«3) 
Jcje (27rZx) 

-j2lj:S3 {rz,d^) + 54 (r5,05)] - [52(ri,0i) + j2l^Si {ri,di) 

- l lSo (n, 0i) - 252 (r3,62)  -  j2l ,Si  (rs, 0^)  -  So {r , ,  05)] } 9.  ^0)  • (3.64) 

,  >2 {*: '  [54(ri ,«i)  - j2tS3(ri .ei)  -(^S2(r, ,S,)  -  2S4{r, .«2) 
jLue {2-kIX) 

+J2/i53 (r2,02) + 54 (r4,04)] — [52 (ri,0i) + j2Zi5i (rj.^i) 

-/^5o(ri,0i) - 252 (r2,02) + j2/x5i (r2,02) - 52 (r4,04)] } (2.^0) • (3.65) 

Similarly, an examination of equations (3.23)-(3.26), (3.30)-(3.33), and (3.37). shows 

that the semi-infinite integrals Involving FQ and FI again have the same functional 

form. Defining the two new semi-infinite integrals 

= / 

JQ 

\FQ ( r q ,  d g )  

0 ( f) ' -fc? 
55 = / "'dX. (3.66) 

56= (3.67) 
Jo 
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allows the remaining impedance matrix elements to be written in the form 

^1 -1 -^CpPTT . pTTZ ^ 

X [Seire.ee) - Seirj.ej) + jLSsirj.d-;)] (3.68) 

~ ujeL (277 f § d d 

X [^6 (rg, 6s) -  Se (rj, ̂ 7) - jlzS-^ {rj.  ̂ 7)] (3-69) 

1 

X (5e (re, 0e) - Ss in. Sj) + jLS-, (rj. flv)] (3.70) 

^xzmn = • ,2 ^-J-J [m. p) 
ujek (27r)^ ^ ̂ ° ® 

X [56 (rs, 08) - 56 (r7,9^) - jl.S-, (r^, ^7)] (3.71) 

^1 1 2 ^pTT . prrzo , , 
= ;:5n5^f 5 

X [^6 (rg, dg) — Sq (riQ, 0io) + jl-zSs (rio, ^lo)] (3-72) 

-72 _ 1 2 ^PTT . PTTZQ 

U.e/a27r)"<i^ <i 

X [•S'6 (rii, 0ii) - Se (no, ^lo) - jlzS^ (rio, ^lo)] (3-73) 

„3 1 2  ^ P T T  .  p T T Z o  /  X 
~ wri, (27r)=<i ^ d 

X [S6{rg,9g) — SQ{rio,dio) + jlzSsirio^dio)] (3.74) 
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- 4  1 2  ^ P T T  .  pKZo 
Ujel, (27r) d d 

X i'S'e (ru, 0ii) — Se (rio, 0io) — j^z'S's (tio, ^lo)] (3-75) 

1 ^ 
= _jlL_'V£p 

^zzmn /„ \2 /  .  J juje{27r) ^ d 
K!,55(ri2,0i2) (3.76) 

V d J 

The remainder of this chapter will deed with finding solutions for equations (3.58)-

(3.62), and (3.66)-(3.67). 

3.2.1 Evaluation of SQ 

Substituting equation (3.40) into (3.58), we find that 

•^o (^7, dq) = SttFq (r,, dq) (3.77) 

where we have defined the new integral 

^OO 
^9 {rg, dg) = / AJo (Ar,) (z. ZQ) dX (3.78) 

Jo 

which must be evaluated. The first step in finding a solution for Fg is to extend 

the lower limit of integration in (3.78) to negative infinity. This will simplify the 

application of residue theory. To do this recaJl that 

_ ^ ^ sinik^z^) sinlk^id - z>)\ 
<'• = mRM) • 

where, after the polar coordinate treuasformation, is now a function of the radial 

variable A 

k^ = \/fc2 - A2. (3.80) 
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Thus. is £in even function with respect to A; and, hence. Xg^ is an odd function with 

respect to A. Because Xgx is odd, we may follow the standard procedure employed for 

obtaining asymptotic expressions for Sommerfeld integrals [15] and extend the lower 

limit of integration to negative infinity. The integral Fg now has the form 

F9(r„0,) r XH^^\XT,)g,{z.zo.X)dX. (3.81) 
"• J —oo 

However, instead of finding an asymptotic approximation for this integral, we will 

use residue theory to find an exact solution for Fg. To the best of our knowledge, 

this is the first time that closed-form solutions for these Sommerfeld integrals have 

been obtained. Transforming Fg from a semi-infinite integral to an infinite integral 

simplifies the application of residue theory for finding an exact solution to the integral. 

We may now choose an integration contour which can be closed at !A| —• 3c. where 

the integraxid decays towards zero, and therefore has no contribution to the solution. 

We employ the closed contour integral 

j  x l ) { X ) d X  (3.82) 

where 

= (3.83) 

and C is a closed contour in the complex A-plane. We must first determine the proper 

path of integration to obtain a solution. It can be shown that gx will decay for all 

choices of z and ZQ throughout the entire complex A-plane, regardless of whether 
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Im(A:2) < 0 or Ini(A:j) > 0. Therefore, the convergence of iJj will not depend on g^. 

We look to the Hankel function to determine the proper path of integration. Recall 

that for large values of the argviment. the Hankel function looks like [16] 

(A^,) « (3-M) 

which tells us that we must close the contour in the lower half plane in order for w to 

approach zero as the radius of the contour Ch approaches infinity. Finally, we must 

locate any branch cuts that the integrand xp might have. Since is an even function 

with respect to k^, and hence A, there is no branch cut associated with k,, and hence. 

Qi will not have a branch cut associated with it. The Hankel function, however, does 

have a branch cut located along the negative real A-axis. Knowing this, we may now 

conclude that the proper integration contour is that shown in Figure 3.4. 

We may now use the Cauchy Residue Theorem to write the closed contour integral 

as 

([> ih{X)dX= f ip{X)dX+ f ip{X)dX+ f tp (A) d X  =  - j 2 - K  Res [w (A): Ap] 
J C J — O O  J Cp J OR p— 

(3.85) 

where Res [tp (A); Ap] denotes the residue of ip at the pole located at A = Ap. We see 

immediately that the contribution from the portion of the contour along Cr is zero 

since decays exponentially for Im (A) < 0 and 1A| —> oo. We may then write the 

solution to Fg as 

oo . 

Fg {rq.dq) = -j2-K V] Res [•0 (A); Ap] - / x p  (A) d X .  (3.86) 
^1 Jc. 
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Figure 3.4; Integration contour for the semi-infinte integrals. 

The poles enclosed by the integration contour are aU associated with the function 

Qx and are located at 

(3.87) 

where p = 1,2,... Thus 

A p  =  \ l ; p  = ±1, ±2, (3.88) 

We know from the theory of complex integration that if we have a function xu. where 

= P(A) 

Q W  
(3.89) 
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the function w has a simple pole at Ap if Q (Ap) = 0 and P (Ap) ^ 0 and Q' (Ap) 0. 

Furthermore, the residue associated with that pole is given by 

Res(<A(A);A,| = ̂ ^. (3,90) 

If we now define 

P(A) = Ai/o^^(Arq)sin(fc22<)sin[A:2(d - z^)]/kz (3.91) 

Q (A) = sin(A:,d) (3.92) 

and calculate 

Q'(A) = ^cos(M). (3.93) 

we find that the residue associated with the pole located at = pTv/d is given by 

Res [V (A); AJ = i/fS"(Apr,)sin (^) sin (2^) (3.94) 

where 

Ap = ^^2- (^) ' .  (3.95) 

To determine the contribution, if any, from the portion of the contour along Cp, 

we let 

A = (3.96) 

and define the integral dong Cp to be 

/Cp = / ^ (pe-''^) jpe^'^dd, (3.97) 
JCp 
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£uad write 

/o 
(2. ZQ) dd). (3.98) 

•ir 

We may expand QX in a Taylor series, centered about the point p = 0. If we retain 

only the first two non-zero coefficients, we can write 

{ z ,  20) ~ 90 + 92 {pe^'^)^ (3.99) 

where go = gx{z,zo)\\=o and ^2 = (2, ^o) |a=o/5p"- As p —- 0. the Hankel 

function will have a logarithmic singularity, while gx remains finite. The dominant 

behavior of the integrand in equation (3.98) wiU have the form 

gQ + {pe^'^f 92 • p' 
- j2  ̂  pTqe^'^ 

From this, we see that because of the leading factor, the integrand will approach 

zero for small p. Therefore, we can conclude that the contribution from the branch 

point at the origin is zero. We may now express the solution to Fg as 

(rq, 9q) = ^ H^Q\\prq) sin sin • (3.100) 
p=i 

3.2.2 Evaluation of S\ 

Substituting equation (3.54) into (3.59) gives 

S\ {rq,6q) = jivcosdqFio (r„0,) (3.101) 

where we have defined another new integral, Fio, to be 

roo 
Fio (r„ 9q) = / [Jeo (a,, Ar,) + Jeo (-a,, Ar,) gx ( 2 ,20) ^^A (3.102) 

Jo 
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The first step in finding a solution for Fio will be to again extend the lower limit of 

integration to negative infinity and obtain 

Fw{r,.e,) = l r 
^ J —OO 

) + He'^' (-a„ Ar,) e""' 
, (2) aoAr,, { z . Z Q ) d X  

(3.103) 

To help determine the convergence properties of the integrand, let us write the ILHI 

terms in brackets in terms of the convergent factorial-Neumann series representations 

given in [17] and [18] 

(a„ Ar,) (-a„ Ar,) e .,aoAr, (2) 

7rVa|+T 
In 

C l q  +  ̂ / o ^ - p l  

+ 

a? - \/°'q + ^ 

Ar, (S + 1) 

sinh {uqXrq) 

fc=0 

H? (Ar,) 

r(A + f)  
(3.104) 

These series representations for the ELHIs converge for complex values of a, and Ar,. 

and when ja^ + ij < 1. Recall that since a, = —jsinOq, the condition + ij < 1 

is always met, and therefore, equation (3.104) is valid for all values of a, and Ar, we 

will encounter. 

The first term on the right hand side of equation (3.104) is an odd function with 

respect to A and will consequently integrate to zero when substituted into equation 

(3.103). The remaining integral is 

Xr,  (a' + 1) gf (Ar,) 

r(*: + |) gx{z.zo)dX. (3.105) 

The integrand in equation (3.105) has the same convergence properties as well as the 

same branch cut as meaning that we may once again use the integration contour 
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shown in Figure 3.4. We now wish to solve the integral 

i p { \ ) d X =  f i p { X ) d X +  [  x h { X ) d X - \ -  f i h  (A) d X  =  — j 2 i z  Res \ w  ( A ) :  A p ]  
Jc J—oc JCp Jcr p=l 

(3.106) 

where W  ( X )  is now given by the integrand in equation (3.105). When we caiculate 

the residue at a pole located at = mrfd, we find that 

Res [ip (A);  Ap] = 2r r i"!  Apr,  ̂  
^ ^ A:=0 

(Apr,) Apr^(aJ + 1) 

r(/c  + i )  

Equation (3.107) contains an infinite series which must be summed for each residue. 

This would be very time consuming if we were to calculate the residues in this way. 

Fortimately, we can use equation (3.104) to sum the series analytically, leaving the 

solution in closed form, in terms of rapidly computable special functions 

Res [w (A); Ap] = He^Q^' (a,, Ar,) {-o-q, Ar,) e , (2)  

J2 
TT-y/a^ + 1 

hi 
s + \/°l 1 

~ \/'^q "I" 1 
sinh(aqArq). (3.108) 

Lastly, we must find the contribution from the contour Cp. Consider 

p—>0 k=0 

pTqe^'^ (a^ + 1) 

r ( f e  +  f )  { z . Z Q ) d 6 .  

(3.109) 

The A: = 0 term contains a Hankel function of order zero, which has a logarithmic 

singularity. But it is again multipUed by p^, thus, tending toward zero in the limit as 

p approaches zero. For the higher-order terms we can replace the Hankel function of 
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order k with the first two terms in its series representation [16] 

Hk - OJV {k + I) ^ TT \Xr, 
(3.110) 

and use equation (3.99) to replace gx with its Taylor series approximation to give 

^0^^' = (1) (a? + 1) 
T k 

r { k ) f  2 \ 
2'=r(A: + l)  ^ TT 

(3.111) 

Once again we see that the integrand approaches zero in the Umit as p approaches 

zero. We may now write the complete solution for Fio as 

So +92 (pe'")' 

r(A + §) 
do. 

p=l P 

X { (a„ Apr,) (-a„ Apr,) 

j2 
In 

cLq + ^ya^~+~r 

- \/<^\ +1 
sinh (a^Apr,)} (3.112) 

3.2.3 Evaluation of Si 

The semi-infinite integral involving Fo can be written in the form 

S2 (r,, 9q) = llTTq 
(^a + 1) 

where we have defined the new integral Fu to be 

TOO 

Fn (r„ Oq) = Ji (Ar,) (2.2:0) dX. 
Jo 

(3.113) 

(3.114) 
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Extending the lower limit of integration to negative infinity gives the infinite integral 

Fn{rq,dq) = ^ f H[^\Xrq)g:^{z.zo)dX. (3.115) 
^ J —OO 

The integral F\\ is the same type of integral we encountered in section 3.2.2 when we 

evaluated Fg. Thus, we can use the integration contour shown in Figure 3.4 to solve 

equation (3.115). The residues associated with the poles enclosed by the contour C 

are 

Res [-0 (A); Ap] = ^//P^Apr,) sin sin (3.116) 

TViming to the contribution from the singularity at A = 0. we form 

i f O  
lim /cp = lim - / {pTge^^) Qx ( 2 ,  ̂ o) d(t). (3.117) 

Using the small axgiunent approximation for the Hankel function and the Taylor series 

approximation for gives 

lim /c- = lim ^ [ pe''^ 
pr^e^'^ 2 

3  go + 92 do. (3.118) 

We then find that 

where QQ is given by 

]imlc, = -, (3.119) 

sin (kz^) Sin [k {d - z>)] ^ 

Finally, the complete solution for Fn is 

Fn (r„ E (^) sin (^) //^(Apr,) - f (3.121) 
P=1 
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3.2.4 Evaluation of S3 

The semi-infinite integral over S3 cjin be written in the form 

S3 {rq,9q) = jTTCOSdg r^Fu (r,, Oq) -  (r„ 0,) + -F13 (r„ 6^) 

p ( a \  /r (r ft \ (3.122) 

where we have defined three new integreds for which we will require solutions: 

F I2 {RQ, DQ) =  J  j J o  { X r q )  ( Z ,  Z Q ) dX (3.123) 

rao 1 
FI3 (r,, ̂ q )  =  J  { z .  ZQ)  d X  

(3.124) 

^14 (rq,  = J ^ [-^^0 (cLq, ^r,) - Jeo (-a,, Ar,) g^: {z. cq) dX. 

(3.125) 

Once again, the first step is to extend the lower limits of integration to negative 

infinity 

FI2 (r„ ̂L) = \j 9x {Z. ZQ) dX 

Fu (r„ Oq) = \J  ̂̂ 2 

FIA {rq,Oq) 
_l r°° 1 

~ 2 A 
(a„ Xrq) - He'^> (-a„ Ar,) e a,Ar, _ 

(3.126) 

(2.20) «^A 

(3.127) 

(z.  20) «^A 

(3.128) 
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We can find a solution for F12 and F13 by following the same techniques used to solve 

equations (3.81) and (3.103), respectively. For now we will ignore any contributions 

from the portion of the contour along Cp. It then follows that we may write the 

solutions for F12 and F13 as 

Fi2 (r„ e^) = ^ ̂  sin sin ^o^^(Apr,) (3.129) 
p=l ^ 

fi3 (r„ «,) = sm (—j sm j 
p=l P 

X { (a„ Apr,) (-a„ Apr,) 

g, + + 1 

TT 
J2 

V^T+T: 
In 

*^9 \/^q 1 
sinh (g^Apr,)} . (3.130) 

To solve Fi4, we must first rewrite the integrand in a form we know how to handle. 

To do this we use the convergent series expansions for JCQ and Yeo given in [17] [18] 

to write the ILHIs in their series representations 

(g„ Ar,) (-g„ Ar,) = 

j2 

TT^a^ + 1 
: In 

g, + y/d^q + 1 

+ 2r U Ar,x: 

aq - yjd\ + 1 

Ar, (g2 + 1) 

cosh (a„Ar,) 

fc=0 

O-Ml (>,) 
r(fc + |) (3.131) 

Substituting equation (3.131) into equation (3.128), we see immediately that the first 

term on the right hand side of (3.131) will integrate to zero, leaving the integral 

Ar, (g2 + 1) 

r(A: + | )  
( 2 , 2 0 )  d\ 

(3.132) 
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This integTEd has the same convergence properties as equation (3.105) and therefore 

we may use the integration contour of Figure 3.4 to obtain a solution for (3.132). The 

residues associated with the poles of are 

Res[.i-(A):Apl = 2r(-)Apr,|3 
fc=0 

(Apr,) 

T ( k  +  \ )  

To find the contribution from the contour Cp to Fi^, we use equation (3.131) to write 

(3.132) as 

bm/c, = lim^ f  {  \ H e f  (a„*)r,e'«) - He'^' (-a,. f>r,e>'') e-'-"-"' 
p—O p^o I J_^ L L 

Uq + "I" 1 J2 
T^y/a'q + 1 dq y/^q ^ 

cosh [aqPTqC^'^) ^ Q J:  { z .  Z Q)  d o  

(3.134) 

For small p we can write 

lim Ic, = (a„ prqC^'^) - H ej,^' (-a„ pr,e-'®) 
p—0 p—0 I JL L J 

in 
TT, 

flg + + 1 

dq 
^0+^2 (pe^®)'  (3.135) 

'xAiTT 

We may further simplify the angular integration by studying the behavior of the ILHIs 

for small values of the argument C = prqE^'^. When C is near zero, we may expeind 

the exponential appearing in equation (3.52) in a Taylor series, and retain only the 

dominant term. So for smaJl values of C we can write 

He'o^ia.O r (() dt. 
Jo 

(3.136) 
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When we use the results of equation (3.136), equation (3.135) now becomes 

hm/cp p—Q -u: 
j2 

TT^d^ + 1 

The total solution for is then 

F . 4  ( r , . ^  s m  —  s m  —  

Qodct) — 90 

v/aJTT 
(3.137) 

d  ^ X l  \  d  )  \  d  )  p=i p 

X { ̂ H e f  (a„ Apr,) (-a„ Apr,) 

Qq + y/g^ + 1 j2 

TryaJTT 
In cosh (a,Apr,) > - 90 

voi+T 

(3.138) 

We mxist now retiim to the question of what, if any, contribution to we obtain 

from Fi2 and F13 by integrating along Cp? Let us consider 

1 
-Fi3 (r,, 9q) -r,Fi3 (r,, 0,) = 

2r(5)^ '- .E 

(Ar,)} (2,  20) c^A. 

Ar, (a2 -f 1) " (Ar,) 
2 r(fc + | )  

(3.139) 

Along the contour Cp we have 

/•° f 1 
lim /c„ = lim ?' / < -—• 
p-'O p—0 I 4pe-'' Ape^'^ 

j2 

2r(-)pr,e^ '^ |^ 

7r^a2 4-1 
In 

k=0 

T 

prge^"^ (aj + 1) 

r (/: + !) 

Qg + ^ 

flq ^ " 1 "  1  
sinh [aqpTqCp'^) 

- {prq^'^) } 9x (2,  2o) d(f> (3.140) 
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Using (3.104) to remove the summation from equation (3.140) gives 

p-" ' J-Aipe Ape^'^ 

J2 

{a^.pe'\) + //ei" {-a,, pe^'^r,) 

Oq + i/a, + 1 

TTy/a^+l 
hi 

a, - \/aq + 1 
sinh {aqpe^'^Tq) 

-  (z,  2o) (3.141) 

It can be shown using equation (3.136) that for small values of C, the ILHI has the 

form 

He^Q^ (a,C) « C (3.142) 

Substituting (3.142) into equation (3.140), replacing with its Taylor series approx

imation, and using the small argimient approximation for the Hankel function gives 

a, -t- + 1 

lim Ic, = lim ill 
p_o P-o J_^\4:pe^'^ 

2pr„e^® 1 - ̂  ( hi 
TT 

prgS 
2 

J® 
- 1 

J2 
T^^/a 'q + 1 

In 
^9 1 

sinh {aqpTqe^'^) 

TT 

i jO'  
^ 0 + 5 2  { p e - ' ' ^ ) '  do. (3.143) 

This is evaluated to yield the contribution from the contour Cp 

Cq + a/Q, + 1 
Um Ic^ = -goTg 1 + i^ln 

We may now write the complete solution for 53 as 

y/'^q ^ 
(3.144) 

S3{rq,9g) = jircosOq rlFn {rq, 9q) -  rqF^ (r,, 0,) + ~Fu (r,, Og) 

r (r n\ + 1) —?r--ri4 [rq, Oq) -Fio { r q , 9 q )  

+ 9orq 1 + 
V^ + 1 

Qq + \/a^ + 1 

Oq -  x/aq+ 1 
(3.145) 
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3.2.5 Evaluation of 

To obtain a solution for the semi-infinite integral involving F4, we can wTite ^4 in 

the form 

^4 (r,, 9q) = { (1 + 3al) r^Fn (r,, dg) -I- 4^15 (r„ 9g) - {a~ + l) rjFu (r,. 0,) 

3 {cLq p / Scqr^ d ) I /r ( j .  a u 

(3.146) 

The only new integral we have introduced is defined by 

Fi5 (r„ 0,) = J ^ Ji (Ar,) (2, zo, A) rfA = ^ j (Ar,) (2. ̂ o- A) t/A 

(3.147) 

As in the previous sections, we may use the integration contour of Figure 3.4 to solve 

the infinite integral. We will again postpone the analysis of the contribution from 

Cp until we can consider the entire semi-infinite integral. It is easy to see that the 

contribution from the poles enclosed by the contour C is 

•̂.5 {r„ e,) = ^ E 4 sin {—) sin (^) Wp' (V,) • {3148) 
P=1 V 

To evaluate the contribution to SA from the contour Cp we must investigate the 

behavior of the three terms 

(1 + 3a2) r,Fi2 (r„ 6,) + 4Fi5 (r„ 0,) - 5-^1^F13 (r„ 9^). (3.149) 
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Along the contour Cp we have 

= ilS-' 

Ape^"^ 
2r(-)pr,eJ '®^ 

pe^"^ 

fc=0 

g x { z , Z Q ) d ( f )  

pr^e^'^ (a? + 1) 

r(^- + | )  

(3.150) 

Using equation (3.104) to remove the series from equation (3.150), and then approx

imating the ILHIs and Hankel functions in the same way as in the last section, we 

find that 

. I / O  X  3 a ,  (al +1) TT j2 
lim /cp = •^ 3 (a -1-1) — 1 H / ^ 
p — 0  " 1 ^ 9 /  2  + 1  

( X q  +  y / o ^ - F l  

dq \/^q ^ 

Qo 
Tqgo - 4 — 

(3.151) 

where the second term from the Taylor series expansion of of equation (3.99) is 

given by 

92 = 
2k'^ sin 

— I sin [k {d - 2>)] sin {kz<) 
m [kd) 

1 d cos {kd) 
k sin (kd) 

- 2 >  cos ( f c 2 < )  sin [k {d - 2>)] - [k{d - 2>)] cos [k (d — c>)] sin (kz^)} 

(3.152) 

The total solution for is then 

^4 (r„ 0,) = ^ {(1 + 3a5) rqFi2 (r„ dq) + 4Fi5 (r„ Oq) - (a^ + l) r^Fn (r„ dq) 

3(a^ +1) 3aor, 
^ ^=^13 {rq, 6q) + —^^14 (rq, dq) + 

(-5 +1) g2 
• F r o { r q J q ) - 4 ^  

W 2 , , 3a,(aJ + l)7r j2 
3(a, + l)-l + 2 

Qq + \/aq + 1 

«<? - \/"9 + 1 
^qgo 

(3.153) 
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3.2.6 Evaluation of S5 

The semi-infinite integrals appearing in the equations (3.68)-(3.76) involving Fq 

has the form 

55 (r„ dq) = 27rFi6 (r,, 0,), (3.154) 

where we have defined the new integral 

f.., = r , 1 r 
1 6  V , , , ;  ( f )  - I t ?  

We may once again use the uitegration contour of Figure 3.4 to obtain a solution for 

F15; however, we only have one pole enclosed by the contour C. which is located at 

Ap = (3156) 

As in the case of Fg, there is no contribution from the branch point at the origin. 

The solution to F15 is then given by 

[rq, 9q) = -^^0^ iK^q) • (3.157) 

3.2.7 EvEduation of SQ 

The final semi-infinite integral to be solved has the form 

S e  i r q , d q )  =  j T T C O s d q F u  { r q , 9 q } . (3.158) 

where the new integral is defined to be 

F u M ) - l  
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or, after extending the lower limit of integration to negative infinity 

1 roc [/fe(-^(a„Ar,)e"'^^' + //e;,'^(-a„Ar,)e-"' 
Fi7(r< 

1 r 
—'Hfi At* a 

d\. (3.160) 
m  - k l  

Using equation (3.104) and the integration contour of figure 3.4 we can find a solution 

to F i7 

F n  (r,, d q )  =  
-Jtt 
2A„ 

(a„ Apr,) (-a,. Apr,) 

sinh (agApr,). 
J2 

+ 1 
In 

Qq + y/Qq + 1 

- \/a2 + 1 
(3.161) 

We now have solutions for all of the components necessary to calculate the ele

ments of the impedance matrix. The solutions for F^-Fn can now be substituted 

into equations (3.63)-(3.65) and (3.68)-(3.76) to efficiently compute solutions for all 

elements of the impedance matrix. In chapter 5 we aneilyze some simple conducting 

structures to verify the solutions we have presented here. However, we must first 

discuss methods for computing the ELHIs before looking at applications. 
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CHAPTER 4 

Computation of the Incomplete Lipschitz-Hankel Integrals 

(a, z) and (a, z) 

In the last chapter it was shown that the elements of the impedance matrix can 

be written in terms of ILHIs of the Hankel type. In this chapter we will look into 

(1  2)  
the efficient computation of the ELHIs HeQ ' (a, z), where the superscripts 1 and 2 

denote ELHIs involving Hankel functions of the first and second kind, respectively. 

First, we may write 

(a, z) = Jeo (a. z) ±jYeo (a. z ) .  (4.1) 

where the superscripts I and 2 correspond to the and " signs, respectively. It 

seems as though it should be possible to compute Jeo (a, z) and Veo (a. z) using the 

series developed in [17] and [18] and then combine these numerical results to obtain the 

TT.FTs of the Hankel type, (a, z) and (a, z). Unfortunately, the asymptotic 

properties of the Hankel functions and ILHIs lead to numerical instabilities if such an 

approach is taken. In order to overcome these numerical instabilities, we analytically 

combine the series representations for Jeo (a, z) and Veo (0,2) to obteiin axpansions 

for (a, z) which include summations over Hankel functions of integer order. 



69 

This then transfers the problem to developing a stable computation algorithm for the 

Hginkel functions. Therefore, in this chapter we first develop a new algorithm for the 

computation of higher-order Hankel functions using recurrence relations. Next we 

present the series expansions necessary for the accurate and efficient computation of 

4.1 Computation of Hankel Functions of Integer Order 

To calculate a series of Bessel functions from two previously known values of con

secutive orders, the recurrence relation 

in either the forward or backward direction. The asymptotic behavior of J n  ( z )  and 

Yn (z) must be studied in order to determine the proper direction in which the recur

rence should be appUed for a given Bessel function. As the order, n. becomes larger 

than the argument, 2, \ Jn (2)! is monotonically decreasing, while IF^ (2)! is monoton-

ically increasing. This is clearly demonstrated by looking at the asymptotic behavior 

of Jn (z) and Yn (2) for fixed z and n —> 00 [16] 

( a ,  z )  for all complex values of a  and 2. 

Bn+l (2) = —Bn (2) - Bn-l ( z )  .  (4.2) 

where (2) is any of the Bessel functions Jn,Yn, Hn\ and Hn\ may be employed 

(4.3) 

(4.4) 
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\'Iiller has shown that for real values of 2 ,  backward recurrence can be safely used to 

compute a set of J„ (2) for n = 0,1,2,... ,N — 1,N [19]. However, since Yn {z) is 

growing as the order becomes large, forward recurrence must be used to calculate a set 

of (2). Starting values for the forward recurrence on the Neumann functions can 

be obtained by first using backward recurrence to compute a set of Bessel functions, 

and then utilizing the Neumann Series expansions [16] 

However, for complex values of z, du Toit has shown that care must be taken in the 

appUcation of equation (4.2) to avoid loss of accuracy due to accumulation of round

off errors when equation (4.2) is applied in either the forward or backward direction 

[20]. A method which can be used to accurately calculate Bessel functions of the 

first and second kind using (4.2) is presented in [20]. This method is extended to the 

computation of Hankel functions of the first and second kinds in this section. 

The fundamental concept of the technique presented in [20] is that any compu

tational errors introduced by finite precision arithmetic will be insignificant if the 

recurrence is carried out in a direction in which the magnitudes of the Bessel func

tions are increasing. In this way, any errors accumulated by the successive application 

of equation (4.2) will be insignificant compared to the magnitudes of the desired re

sults. In other words, if the magnitudes of the Bessel functions are monotonically 

(4.5) 

n ( 2 )  =  f  ( b | + 7  +  i ) ^ i ( z ) - ^ - f ;  
fc=l 

(  — 1)*^ ( 2 k  +  1) J2it+i (2) 
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increasing with respect to order, forward recurrence may be safely used from some 

known starting order, k to some higher order n. 

It would seem that we shoxild be able to apply this procedure to the computation 

of Hankel functions of integer order by first computing Jn{z) axid (2) and then 

combining them to obtain the desired Hsinkel functions, i.e.. 

(z)  = (z) ± (2) (4.7) 

where the superscripts 1 and 2 correspond to the and " signs, respectively. 

However, this approach becomes inaccurate when 1^1 becomes large and 2 is complex 

valued. To demonstrate the difficulties encountered in using equation (4.7) to compute 

(z), let us examine the asymptotic forms for the Bessel functions. For |2| —• oc. 

we have [16] 

Jn{ z )  
I 2 / nir 7r\ [2 
— cos (^2 - — - -j - ̂  — 

• / ^ nir TT \ nir t \ -TJ r-4j  

• / ^ ryr ir \ • / _ air ir \ 1 4 j — e \ 2 4 j 

P-

(4.8) 

(4.9) 

Substituting equations (4.8) and (4.9) into equation (4.7) gives 

(2) ^  T I) ,  
V ttz 

(4.10) 

where the superscripts 1 and 2 correspond to the and signs, respectively. 

We see that in order to compute (z) requires the complete cancellation of the 

in equations (4.8) and (4.9). Likewise, the case of Hn^ (2) requires 
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the complete cancellation of the 2 t) terms. When Im(2) :» 0. the exponen

tial e"-'^ 2 becomes very leirge, and similarly for Im(2) 0. the exponential 

becomes large. Combining these large terms in equation (4.7) leads to 

round-ofF errors since the two large numbers axe being subtracted to obtain a result 

which is much smaller. Thus, we can not use equation (4.7) to accurately compute 

H n ' ^ ^  ( 2 )  e v e n  t h o u g h  w e  m a y  b e  a b l e  t o  o b t a i n  a c c u r a t e  r e p r e s e n t a t i o n s  o f  J n  ( z )  

and Yn {z). Therefore, we must find a way to compute the Hankel functions directly. 

To extend the technique of du Toit to the computation of Haxikel functions, the 

magnitudes of H n  ' ( z )  must be studied as the order n  is varied. Figures 4.1 and 

(1 2^ 
4.2 show the magnitude of H X  ' ( z ) ,  a s  the order n  is varied, and 2 is held constant 

at 2 = 1 -I- J6 and 2  = 1 —  j 6 ,  respectively. These figiures show that ( z )  has 

a local minimiiTn when Im ( 2 )  < 0, and is monotonically increasing with respect to 

order when Im (2) > 0. On the other hand, (2) has the opposite behavior with 

respect to Im(2); possessing a local minimimi when Im (2) > 0 eind monotonically 

increasing with respect to order when Im(2) < 0. This behavior can be understood 

by studying the asymptotic  behavior  of  the Hankel  functions for  both large n and 2 .  

It can be shown that for large n and 2 the Bessel functions of the first and second 

kind have the form [20] 

r 

\z\ < n and Im( 2 )  > 0 

Jn{z) ~ < l^l < n and Im(2) < 0 > (4-11) 

cos<^; \z\ > n 
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y n ( z )  

^e-'^ + sin l ^ l  <  n  cind Im(2) > 0 

l ^ l  <  n  a n d  I m ( 2 )  <  0  

sin$; 2  >  n  

where 

$  =  y j —  n ?  —  n  cos ^ r 
n  K  

4" 

For the case where Im (z) < 0, we have 

H i ' '  ( z )  
c J ^ - n  <  2  

72sin n  >  \ z \  
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(4.12) 

(4.13) 

(4.14) 

Hi" (2) 
,-i*. n  <  \ z \  

e  n  >  \ z \  

(4.15) 

From this we see that the magnitudes of the Hankel functions are governed by the 

imaginary part of <J>. Once the behavior of Im ($) is known, the form of the curves 

in Figures 4.1 and 4.2 can be explained. To begin, consider the case where the order 

is small, i.e.. n<^ \z\. Equation (4.13) can be written as 

Im (^>) « Im (2) — n Im ^cos ^ j , (4.16) 

which is negative, and has a value of Im (2) when n = 0, and is increasing with respect 

to n. When - 1, i.e., n » \z\, we have 

Im ($) Ri n 1 — Im ^cos ^ j (4.17) 
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which is positive and increasing with respect to n .  It has been shown that Im (<5) = 0 

w h e n  n  ̂  \ z \  +  [ I m  ( 2 ) !  / 2 .  T h i s  b e h a v i o r  i s  d e m o n s t r a t e d  i n  F i g u r e  4 . 3  f o r  2  =  1  —  j 6 .  

20 • 

to 

e 
e s 

0 

•s 

Order n 

Figure 4.3: Imaginary part of as n is varied, with 2 = 1— j 6 .  

The behavior of ( 2 )  for Im ( z )  < 0  can now be determined by studying 

equations (4.14) and (4.15). When n  <  |2|, the exponential term. is decreasing 

with respect to n for Hn  ̂(2) , and increasing with respect to n for Hn  ̂(2) . I.e.. 

/Q \ 
the and " signs, respectively. When n  >  \ z \ ,  H n  ( z )  is increasing, since 

Im ($) is positive, and increasing. Thus, (2) is monotonicaJly increasing for aU 

values of n. The behavior of H n ^  (2) is somewhat different because 

on the form of sin $ when n> \z\. It is clear that |sin and hence. 

wi" (.) 

(2) 

takes 

. has a 
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minimmn when Im (^») =0. Thus, it can be concluded that { z )  has a minimum 

at n ^ l^l + |Im(2)| /2. These behaviors are clearly shown in Figiure 4.2. A similar 

have behaviors 

( z )  
/ r f \  

is monotonicaUy increasing with respect to n, and H k '  [ z )  

(1 2 ̂ analysis can be carried out for Im ( z )  > 0 to show that the H n  '  { z )  

with respect to n  that are opposite to those exhibited for the case Im(2) < 0. i.e.. 

has a minimum 

when n  ̂  \ z \  +  [Im (z)! /2, as shown in Figure 4.1. Thus, we must have two sepaurate 

algorithms for calculating the Hankel functions: one for when the magnitudes are 

monotonicaUy increasing, and a second for when the magnitudes pass through a local 

minimiun. 

For the case when Hn'^^ {z) is monotonicaUy increasing with respect to order, 

i.e., Im(z) > 0 for Hn^ (z) and Im(z) < 0 for (z), equation (4.2) can be safely 

used in the forward direction. To obtain the initial conditions for the recurrence we 

/t<5\ /19^ 
must first accxirately compute HQ ' (^) cind H i  '  { z ) .  We have found that for small 

values of the cirgument, i.e., < 9, we can use backward recurrence to calculate 

a set of Bessel functions, Jn (z) [17]. Next, this series of Bessel functions is used in 

equations (4.5) and (4.6) to calculate the Neimiann functions, YQ [Z) and Y\ (z). The 

Hankel functions are then formed using equation (4.7). 

The method of calculating the Bessel functions of the first £md second kind sep

arately, and then combining them to form Hankel functions can not be used when 

|2| > 9 and Im(2) ^ 0 because the magnitudes of both terms become large and cem 

lead to significant numerical errors when the two terms are combined. AdditionaUy, 
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the starting order required to use backward recurrence to calculate Jn{z) for large \ z \  

will be very large, requiring long computation times. Therefore. Hankel's asymptotic 

expansion [16] should be used when \z\ > 9 to obtain efficiently more accurate values 

for {Z) and {Z), where 

(4.18) 
V TTZ 

with 

^ jt n^i - (2r - 1)^1 
Pn{z) = l + y^ i-lf (4.19) 

( 2 k y . i S z f '  

^ k n^-t^ - (2r - if] 
(4.20) 

(2A: + 1)!(82)^ 

Once the starting values for the two lowest orders have been calculated using equation 

(4.18) for n = 0 and 1, equation (4.2) can be applied in the forward direction to obtain 

all higher orders for the monotonic case. 

When H n ' ^ ^  ( z )  has a local minimum, i.e.. Im ( z )  <  0 for H n ^  ( z )  and Im (c) > 0 

for (2), a combination of forward ajid backward recurrences mtist be used to 

calculate Hn'^^ (2). The first step is to determine the order for which the magnitudes 

of the Hankel functions attain their minimum. We have shown that this minimum 

occurs at n s; \z\ + |Im (2)! /2. The order, r, from which the recurrence should begin 

is then given by 

r = Int |2| + i |Im(2) (4.21) 
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where Int [•] denotes the nearest integer. When izl < 9, backward recurrence is used 

to find a set of Bessel functions, J„ (2). Then applying equations (4.5) and (4.6) to 

find YQ (Z) and Yi (2), Yr [z] and Yr+I (2) are found from [20] 

Vr (2) = ^ 
J a ( z )  

J A z ) Y „ ( z ) +  
TTZ 

K,+, (2) = ^ 
2Co 

J r ^ , { z ) Y o i z ) -  ' 
7r2 

(4.22) 

(4.23) 
J Q { Z )  

The constants Ci and Ci are found by applying equation (4.2) in the backward 

di rection twice; first with initial conditions Br = Q and Br+I = giving C\ = BQ, 

and agaiin with Br = I and Br+\ = 0, giving C2 = BQ [20]. The Hankel functions are 

then found by using equation (4.7). Hankel's asymptotic expansion, (equation (4.18)) 

can be used to find YQ (Z) and Yi (2) when \z\ > 9. Equations (4.22) (4.23), and (4.7) 

can then be used to find Hr ' (2) and (2). Now backwsird recurrence is used 

to calculate Hn'~^ (2) for n < r and forward recurrence is used for n > r -r I. 

4.2 Series Representations for (a, z) and (a, 2) 

Series representations for the ELHIs of the Hankel type can be formed by com

bining the series expansions developed in [17] and [18] for Jeo(a,z) and ^60(0.2) 

to form series expansions which can be used to accurately compute if (a, z) and 

(a, z). The three series are the convergent factorial Neumann series, the asymp

totic factorial Neumann series, and a quasi-Neumann series. The convergent factorial 
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Neumann series is given by 

(a,z ) = T  
Trva^ + l 

In 
OL + \/(Z^ + 1 

a — yja? + \ 

+ r ( ^ 12e-<-E 
fc=0 

z  (a^ + 1) H I ' ' "  ( z ) + a H i ! ; ' , > ( z )  
(4.24) 

r ( A :  +  3 / 2 )  

where the and "+" signs correspond to the superscripts 1 and 2. respectively. 

This series converges for complex a and 2 when |a^ + 1| < 1 and a / 0. The brainch 

cut associated with the square root appearing in equation (4.24) is defined analyticzilly 

to be [22] 

Re (x/a^ + 1) < 0; Re (a) < 0 

Re (a) > 0 Re (Va^ + 1) > 0 

Re (•v/a^+T) >0 Re (a) = 0 and |Im (a)| < 1 

Im [y/a^ + l) <0 Re (a) = 0 and Im (a) < — 1 

Im (vo^TT) >0 Re (a) = 0 and Im (a) > 1 

The asymptotic factoriai Neumann series is given by 

(4.25) 

( a ,  z )  =  
1 J 2  

+ 

yj a? + \ TT\/a? + 
e-az ^ 

r ( i / 2 )  ( a 2  +  i ) S  

= In + n/o^'+T^ 

{a? 4- 1)_ 
( z )  -  a H i ' - ' '  [ z ]  

(4.26) 

where a  and z are complex and |z(a^ + 1)| ^ 1. The branch cut associated with 

the square root appearing in equation (4.26) is different than that for the square root 
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appearing in equation (4.24). This branch cut is defined as 

Re (va^+Tj < 0; Re (a) < 0 and |Ini(a)| > 1. 
(4.27) 

Re (Va2"+T) > 0 otherwise. 

The quasi-Neumann series is given by 

Hei'-'' (a.z) = 

• ^ • 2  _ v i / i  

J 2  
Jeo (a, 2; 0) =F —. " [Ei (02) + In (02) + 7] 

TTva + 1 

[Je2k-\ (a, 2; 0) + Jeajt+i (a, 2; 0)] 

H [Jek-i (a, 2; 0) + JcfcH-i (a. 2:0)] 

+2(-l)'=+'Va2TTje2A:(a,2:0)}, (4.28) 

where the upper and lower signs correspond to the superscripts 1 and 2. respectively, 

and 7 is Euler's constant (7 = 0.577). Note that the expression in [18] for the quasi-

Neumann series contains typographical errors. The branch cut associated with the 

square root appearing in the quasi-Neumann series expansion of equation (4.28) is 

given in equation (4.25). The functions Jet (a, 2; 0) appearing in equation (4.28) are 

a special case of the associated ELHI which is defined as [18] 

J e k { a , z ] m ) =  f  t ^ e  m  =  0, 1 , 2 ,  
Jo 

(4.29) 

The associated ILHIs required to evaluate the sum in equation (4.28) are found using 

the recurrence relation [18] 

Jen+i (a, 2; 0) + 2aJen (a, z; 0) - Jcn-i (a, 2; 0) = 2e~'" J„ (2): n = 1,2.3,... 

(4.30) 
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with the normalization condition 

Jei (a, 2: 0) = — a J e o  (a, 2; 0) + 1 — e~°" Jq (2). (4.31) 

4.3 Numerical Computation of H e ^ Q ^  (a, 2) and H e ^ Q ^  [ a .  z )  

The three series expansions presented in the previous section have very different 

convergence properties for different values of the input parameters a and 2. In this 

section we present a procedure for selecting the proper expansion to be used for the 

accurate numerical computation of (a. 2) and He^Q^ {o-~) based on the values 

of the inputs a and 2. Two of the expansions, the convergent factorial-Neumann 

series and the asymptotic factorial-Neumann series, (equations (4.24) and (4.26). re

spectively), contain a sum over Hankel functions of integer order. In section 4.1 it 

was shown that two different algorithnas must be used to compute the set of Hankel 

functions depending on whether the magnitudes of the Hankel functions are mono-

tonically increasing as the order is increased from n = 0,1.2 .or pass through a 

local minimiim at some order n  =  r .  Thus, two separate procedures are also required 

to compute (a, 2); one method when the magnitudes of the required Hankel 

functions are monotonicaily increasing with respect to order, and a second when the 

magnitudes of the required Hankel functions pass through a local minimtun at some 

order r. 

The asymptotic factorial-Neumann series of equation (4.26) is the most efficient of 

the three series expansions, and therefore, should be used whenever possible. However, 
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since it is an asymptotic series, and does not converge, we must determine when to 

truncate the series. It has been shown that equation (4.26) can only be applied safely 

for k < Arjnax; where kmax is given by [17] 

\ z  { a ^  + 1)1 — 1 
k  —  (4.32) 

If we wish to employ the asymptotic factorial-Neumann series expansion to compute 

/1 
HCQ (a, z )  to S D  significant digits of accuracy, the following condition must be met 

1 X 10-®° 
2 

( a ,  z )  > 

r (k^ax + 1/2) 2 ^max p 

r(l/2)(a2 + l) _2 (a^ + 1) L 
(^) - (-2) ^ ' '^max ^ ' (4.33) 

The right hand side of equation (4.33) may be approximated by using the asymptotic 

form of the Hankel functions, and by using Sterling's approximation [16] to simplify 

the Gamma function: i.e.. 

i x l O  -SD ( a . z )  > 
yjirez (a^ + 1) 

^^max 1 
e z  (a^ -I- 1) 

{ a ± j )  e ^ ^ ' -

(4.34) 

/1 2^ An approximation for C'^HSQ ' (a, z) is given by 

{ a , z )  
Va'^ + l 

1 =F ^ In (a + + 
2 e-^= 

• n z a ^  J  
(4.35) 

where the upper and lower signs in equations (4.34) and (4.35) correspond to the 

superscripts 1 and 2, respectively. When the magnitudes of the Hankel functions are 

monotonically increasing, i.e., Hn^ {z) for Im(z) < 0, and Hn^ (z) for Im(2) > 0, 
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forward recurrence may be used to compute the reqiiired Hankel functions. However, 

when the magnitude of the Hankel function passes through a local minimum, i.e.. 

Hn^ {z) for Im (2) < 0, and Hn'' (z) for Im (2) > 0, the procedure outlined in section 

4.1 should be used to compute the required Hankel functions whereby a combination 

of forward auid backward recurrence is employed. Numerical testing has shown that 

the asymptotic factorial-Nemnann series produces the most accurate results when 

l^l > SD+5 and \z (a^ 4-1)| > 30. Hence, equation (4.26) should be applied whenever 

equation (4.33) is satisfied and when a and z satisfy the conditions stated above. 

Next we investigate the use of the convergent factorial-Neumann series expansion 

given in equation (4.24). Once again, when the magnitudes of the Hankel functions are 

monotonically increasing, forward recurrence should be used to compute the required 

Hankel functions. Otherwise, a combined backward and forward recurrence must be 

carried out to compute the required Hankel functions. We have found equation (4.24) 

to be most accurate when \a? -I- 1| < 0.87 and \z (a^ + 1)1 <2, and hence, should only 

be used for these values of a and 2. 

For all other values of a  and 2 not covered by the asymptotic factorial-Neumarm 

series or the convergent factorial-Neumann series, the quasi-Neumann series expansion 

given in equation (4.28) should be used to compute (a, 2) and (a. 2). 
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4.4 Complimentary ILHIs 

In many applications where a solution in terms of ELHIs can be formulated, difficul

ties often arise when one attempts to evaluate the expressions nimiericgdly [21]-[25]. 

When this is the case, we may recast the problem in terms of compUmentary in

complete Lipschitz-Hankel integrals (CILHIs), leaving an expression that is free from 

numerical difficulties. In this section we briefly introduce the CILHIs and show how 

they can be used to overcome the inaccuracies caused by roiand-off errors that are so 

often encountered when dealing with the ILHIs. 

When we refer to equation (3.112), we see that the ILHIs appear in pairs, combined 

with a hyperbolic sine function, i.e., 

This expression can lead to serious round-oflf errors when the vgdue of Re ( a z )  becomes 

large. This is due to the presence of the factors which become very large for even 

moderate values of Re(a2). What we are left with is two large numbers which must 

subtract to produce a result which is small. This is the same type of problem that 

is encountered when equation (4.7) is used and |Im (z)] becomes large. To avoid this 

problem, we can write the ILHIs in terms of complimentary incomplete Lipschitz-

Hankel integrals (CILHIs) using the identity 

n  =  (a, z )  -h (-a, z )  / hi 
•K\/a? + 1 

a  +  \ / a ^  +  1  .  ,  .  
. sinh ( a z  

a  —  y / a ^  +  1  

(4.36) 

Ze„ (a, (5, z )  =  Ze„ (a, z )  +  Z e ^  (a, 6 , 0),  (4.37) 
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where the CILHIs axe defined by 

Z e ^  ( a ,  <5, z) =  f e - ' ^ Z n  ( t )  d t ,  (4.38) 

with 

{oc: Re (a) > 0 
(4.39) 

—oc; Re (a) < 0 

In this expression, Zn represents any of the Bessel functions, Jn,yn, Hn\ and Hn^. 

jvist as in the definition of the ILHIs given in equation (3.52). For the case of 

He^Q^ {a,z), equation (4.37) becomes 

H e Q ^  (a, 6 ,  z )  = (a, z )  + (a, 8 , 0 ) .  ( 4 . 4 0 )  

The second integral is known analytically [12] 

(a,5 , 0 )  =  -  ( t )  d t  

5^ [l + ^ In (a + \/+ l)l : Re (a) > 0 
^ . (4.41) 

5^ [3 + In (—a — v/a^ + l)] ; Re (a) < 0 

where the branch cut associated with the square root is defined in equation (4.25) 

and the principle value of the logarithm is used. The result for Re (a) < 0 was 

o b t a i n e d  b y  m a k i n g  t h e  c h a n g e  o f  v a r i a b l e s  r  =  — t ,  a n d  u s i n g  [ 1 2 ]  t o  r e p l a c e  H Q ' ^  ( — t )  

with 2HQ^^ (T) + (r). In making this transformation we have placed the path of 

integration just above the branch cut associated with the Hankel functions which 

lies, along the negative real axis. Using equations (4.37) and (4.41), we may write 
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HCQ (a, z )  in terms of its corresponding complimentary ILHI 

... I / a - ' ,  [ l  + I n  ( a  +  \ / a ^  +  1 )1  :  R e ( a ) > 0  
(a, z )  =  H e f  (a. <5. z) + i ^ ̂ ^ . 

[ [3 + ir ^ (~° ~ v/a^TT)] ; Re ( a )  <  0 

(4.42) 

In this dissertation, Im (2) < 0, and a is purely imaginary, thus, only the case Re (a) > 

0 must be considered. When equation (4.42) is substituted into equation (4.36). we 

obtain 

OPSAZ 
n = (a, <5, z )  + (-a, <5. z )  + , ^ (4.43) 

v a ^  +  1  

where 
f 

1; Im (a) < 0 
(4.44) 

— 1 Im (a) > 0 

With s  defined in this way, the exponential term, is well behaved when \ z \  — *  - x .  

and therefore, equation (4.43) does not sviffer from the rounding errors encountered 

when equation (4.36) is evaluated numerically. 

Equation (4.42) can be used along with equations (4.26), (4.24), and (4.28) to 

form series expansions for the CILHIs which can be used under the same constraints 

as the corresponding series expansions for the ELHIs. The quasi-Neumann series 

expansion for the CILHIs of the Hankel type has been foimd to be inaccurate when 

|a^ + l] > 0.87, while the corresponding ILHI computed using equation (4.28) for 

the same inputs has been found to be accurate. Thus, the quasi-Neumarm series 

s  =  <  
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expansion for T- CSQ ' ^ ^  ( a ,  6 ,  z )  should not be used. Finding an accurate expansion for 

(1 2) 
the computation of HCQ ' (a, S ,  z )  remains a futiire research topic. 

Equation (4.42) csin also be used to replace the ILHIs in equations (3.112). (3.130). 

and (3.138) to yield expressions in terms of CILHIs. It has been found that when 

|Re {az)\ > 10, the expressions written in terms of ILHIs begin to exhibit significant 

rounding errors. Therefore, the expressions involving CILHIs should be used whenever 

|Re(a2)| > 10. The results produced using this restriction have been found to be 

accurate for ail values of a and 2 encountered in this dissertation. 

At the present time, FORTRAN subroutines have been written to compute 

(a, z) and (a, 6, z) using all three series expansions described above. The 

subroutines based on the asymptotic factorial-Neumann series and the convergent 

factorial-Neimiann series have been written to utilize the series expansion leading to 

(a, 6, z). (a, z) is then obtained by applying equation (4.42). It should be 

noted that these series expansions were derived using equation (4.42) to form expres

sions for (a, 6, z). Note that we could have also chosen the integration path to 

l i e  j u s t  b e l o w  t h e  b r a n c h  c u t ,  a n d  t h u s  u s e d  [ 1 6 ]  t o  r e p l a c e  ( — T )  w i t h  — H Q ^ ^  ( r )  

to obtain 

Kei,-Va,(5,0) 

[1 — In (—a — x/o^TT)] ; Re (a) < 0 
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Substituting equation (4.45) into equation (4.37) leads to an alternate series repre

sentations for (a, z) in terms of the (a, 6, z), and used in place of equation 

(4.42). The difference involves which side of the branch cut one deforms to for the 

case Re (a) < 0. On the other hand, the subroutine based on the quasi-Xeumann 

IFY \  
series has been written to utUize the series expansion leading to He^ (a. 2). When 

equation (4.42) is applied to produce HCQ'' (a, <5, z) from He:^^ (a, z), the results have 

been found to be in error for small values of |a( and \z\. This is due once again to 

errors introduced by two large numbers being subtracted to form a result which is 

small. Therefore, it is not recommended that the quasi-Neumann series be used to 

calculate (a,S, z) when \az\ < 10. 
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CHAPTER 5 

Numerical Testing 

Now that expressions have been developed for the efficient computation of the 

elements of the impedance matrix, we are ready to test the validity and efficiency 

of these expressions by using them to formulate a MoM solution for the cvurrent 

distributions on some simple conducting structures. In essence, the examples in 

this chapter illustrate that the closed-form representations for the impedance matrLx 

elements can be used to greatly improve the computational efficiency for relatively 

simple circuits composed of x and 2-directed thin wires. Once this technique has been 

validated for these simple structures, then it will be possible to extend the techniques 

in this dissertation so that they can be apphed to more complex circuitry; e.g.. finite 

width strip conductors, sinusoidal and traveling-wave expansion functions, y-directed 

currents, inhomogeneously laid dielectrics. In this chapter we first investigate the 

computational efficiency of the closed-form expressions derived in Chapter 3. Next, 

the behavior of three different structures: a parallel wire transmission line, an in-line 

filter, and finally, two multi-section coupled-line filters are investigated to verify the 

vaUdity of our results. 
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5.1 Computational Efficiency. 

Although the problem of shielded structures is very important when considering 

multi-chip modvdes. no published results could be found for simple, shielded struc

tures that could be used for direct comparison with our method. Therefore, other 

techniques were reqiiired for verification. 

To test the efficiency of the expressions derived in Chapter 3, a dipole antenna, 

residing in a parallel plate waveguide, was employed (see Figure 5.1). In Chapter 

2 we chose to solve the problem in the spectral domain. However, an ciltemate 

representation can be formulated in the space domain. To fully test the closed-form 

expressions for the impedance matrix elements, expressions were formed for the space-

domain representation. These were used in addition to those already developed for 

the spectral-domain representation. For the x-directed dipole. the spectral-domain 

representation for the impedance matrix elements in polar coordinates is 

r  r  f l . 2  v 2  2 m -  .  ^  •  4  { ^ l C 0 S d \  
— - 2 /  /  { k - X c o s ^ O ) g x { z i , z o ) s m c ^ [ — - —  

jue {2TT) JO J-tt V - / 
smc 

^ ^\l(n-m)lcosg+yism0\^^Q^y (5.1) 

anH the space-domain representation is given by the modal series 

mn 

niTZi TITTZq 
—7— sm — (5.2) 

where R = \J{x — + (y — j/)^. 
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dll 

Figure 5.1: Dipole antenna test structure used to test the accuracy and efficiency of 

In order to test the efficiency of the closed-form expressions derived in Chapter 

3, impedance matrix elements were calculated for the dipole antenna structure of 

Figure 5.1 using equations (3.63)-(3.65), and these results were compared to those 

obtained from equations (5.1) and (5.2). Elquations (5.1) and (5.2) were evaluated 

using adaptive-quadrature numerical integration routines (DOIAJF) from the NAG 

library [26]. It was necessary to add a small amoimt of dielectric loss, i.e. e was 

asstuned to be complex, to obtain convergence in the numerical integration algorithm. 

However, the computation times were found to be relatively insensitive to the amoimt 

of loss. The radius of the wire was held constant at A/500 in ail cases. This choice of 

radius ensured that the thin-wire approximation was valid. When b was chosen very 

small, i.e. A/2000, our closed-form expressions failed. This is not siurprising since the 
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testing functions were nearly co-located on the source singularity. The computations 

were tested for spacings between the ground planes, d, of A/5. A/10. and A/20. 

Figure 5.2 shows the computation times for each of the three representations, space 

domain, spectral domain, and the closed form representation for three different plate 

spacings. The data clearly show that as d becomes larger, the computation times 

required for the closed-form and space-domain representations of the impedance ma

trix elements increase, while the spectral-domain based computation becomes more 

efficient. This is because as the separation between the ground planes increases, more 

and more of the paraJlel-plate waveguide modes axe required to sum the modal series. 

On the other hand, the integrand of equation (5.1) becomes more and more oscilla

tory as d is decreased, reqiiiring the upper limit placed on the nvunerical integration 

to be increased. We can also clearly see the difficulties associated with using direct 

nimaerical integration to compute Zmn- For large spacings between the expansion 

and weighting functions, the Sommerfeld integral of equation (5.1) becomes highly 

oscillatory, and thus the numerical integration becomes unstable. On the other hand, 

for small spacings between the expemsion and weighting functions, the integrand of 

equation (5.2) becomes more and more singular, leading once again to instabilities in 

the numerical integration. In all cases, computation times for the closed-form rep

resentation were found to be a fraction of a second for all peirameter values, sind at 

least two orders of magnitude faster than the corresponding numerically integrated 
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resiilts. To further illustrate this, the ratios of CPU times for the numerical inte

gration algorithms to their corresponding closed-form representations are plotted in 

Figure 5.3. This figure directly shows the dramatic improvement in the computational 

efficiency that is achieved using the closed-form representation that is developed in 

this dissertation. 

The ciurent distribution developed on the dipole antenna of Figure 5.1 was also 

computed. The results are shown in Figure 5.4 for values of d of one. two. eind three 

wavelengths. The current distribution was then used to compute the input impedguice 

of the dipole antenna. The results are shown in Figures 5.5 and 5.6. For the purpose 

of comparison, and verification, Pocklington's integral equation [27], which is given 

by 

I { x ' ) d x ' .  (5.3) 
Aizuje JI  \ _ d x ^  

where G  is the free-space Green's function, e~-'^/r, and r = \ J { x  —  - I -  I P - ,  was also 

solved for a dipole antenna of the same length and radius, radiating in free space. 

The rooftop functions of equation (2.62) were also used for the MoM formulation 

of equation (5.3). The current distribution and input impedance for the antenna 

radiating in free spax:e are also shown on Figures 5.4, 5.5, and 5.6, respectively. These 

figures clearly shows that as the spacing between the ground planes increases, the 

characteristics of the anterma radiating inside the waveguide approaches those of 

the antenna radiating in firee space. These are the results we should expect since 

the interactions between the ground planes and the anterma diminish as the ground 
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Figure 5.2: Computation times of individual impedance matrix elements for the dipole 
antenna with a radius of A/500, and ground plane spacings of A/5, A/10, and A/20. 
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Figure 5.4: Magnitude of the current distribution on the dipole ajitenna of Figure 5.1 
having a total length of A/2 at a frequency of iGHz 

planes become more and more distant. We may interpret the problem by using image 

theory to remove the groxmd planes in Figure 5.1, thereby yielding an infinite array 

of dipole antennas radiating in free space. As d becomes smaller, Figures 5.4 5.5. and 

5.6, show the effects of mutual coupling between array elements. The resonance of 

the antenna occurs at approximately 0.95GHz, as seen in Figure 5.6. 
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Figure 5.5: Real part of the imput impedance of the dipole antenna of Figure 5.1 
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Figtire 5.6: Imaginary part of the input impedance of the dipole antenna of Figure 
5.1 with Ao measured at the center frequency of iGHz. 
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The spectral-domain representations for z-directed expansion functions and x-

directed weighting functions were tested by comparing the resvilts from the closed-

form solution obtained using equations (3.68)-(3.71) with the direct numerical inte

gration of equation (2.72). In 8di cases, the results obtained from the closed-form 

representation and those obtained through direct numerical integration of either the 

spatial or spectral-domedn representations showed good agreement. 

5.2 Parallel Wire Trsmsmission Line 

The first three-dimensionail structure we attempted to simulate was a parallel wire 

transmission line, which is shown in Figure 5.7. This allows for further validation of 

the algorithm. An equivalent structure was formed by using image theory to place one 

of the ground planes at the location of the symmetry plane in the center of Figure 5.7. 

The equivalent structure is pictured in Figure 5.8. The spacing between the ground 

planes was made large enough so that the ground planes did not have a significant 

affect on the results. It was foimd that a separation of 20h, where h is the height of the 

x-directed conductor above the ground plane, was sufficient to minimize the eflFects 

of the upper ground plane. The region between the ground planes was filled with air. 

The characteristic impedance of the line was chosen to be ZQ = 300f2, which required 

the separation between the wires to be 7.36 mm when the wire radius was chosen to 

be 0.6 mm, i.e. A/500. The transmission line was terminated using a lumped element 

impedance placed at the end of the line, as shown in Figure 5.8. We can think of 
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the load impedance as introducing an additional voltage drop of fn^c at the location 

of the current element Therefore, we must add an additional impedance of 

to the self-reactance at location n, i.e., = Znn + [28]. The line was excited 

with a voltage gap generator with a source impedance Zs = 300il as shown in Figure 

5.8. The numbering scheme used to represent the current elements on the x and 

2-directed wires of Figure 5.8 are shown in Figure 5.9. Current element number one 

was chosen to be the half-rooftop function at the jimction of the 2-directed wire and 

the groimd plane, at the source end of the transmission line. The remaining rooftop 

functions were number sequentially in a clockwise fashion until the entire structure 

was discretized. 

The line was tested with a matched load termination, a short circuit termination, 

and two models of an open circuit termination: an open ended wire, and a load 

impedance of 10Gf2. The resulting current distributions for the four terminations 

were computed for A/4 and A/2 lines, and are plotted in Figures 5.10 and 5.11. 

respectively. For the transmission line of Figure 5.7, one would expect the current to 

have a magnitude of ^ when the source is matched to the line. Figures 5.10 and 5.11 

show that the current does indeed have the expected value for the matched load. For a 

half wavelength transmission line, the input impedance is equal to the load impedance, 

and thus, we can expect the ciurent to have a magnitude of Once agedn, the line 

is performing as expected for the short circuit load. The lines terminated with Zc = 

lOGD exhibit the expected response of open circuited transmission lines. However, 
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Figure 5.7: Parallel-wire transmission line 

ZJ2 
Z,/2 

Figure 5.8: Equivalent transmission line structvire. 
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Figure 5.9: Rooftop expansions on the transmission line structure of Figvire 5.8. 

the transmission lines terminated with open ends show that the open ends actually 

have an impedance other than the desired infinite impedance. 

5.3 Microstrip Filters 

In this section we investigate the behavior of two structures which axe somewhat 

more complex than the transmission line of section 5.2. Here we extend our models 

to approximate two types of microstrip filters. The two types of filters simulated are 

an in-line, or end-coupled filter, and two edge-coupled filters. All of these filters were 

simulated using our MoM algorithm to calculate the currents on the conductors. Next 

the cxirrents were used to compute the frequency response (scattering parameters) of 

each filter. The results axe compared with an analytical model formed by using a 

transmission line approximation for each filter component. 

The structures we have modeled thus far have all been constructed using thin-wire 

conductors embedded in a homogeneous dielectric. In order to extend these models 
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to approximate a microstrip structure, several assimiptions must be made. First, 

the microstrip substrate is removed by calcvilating the effective dielectric constant of 

the microstrip structure, and then completely filling the region between the ground 

planes with a dielectric having the effective dielectric constant of the microstrip. 

Next, the spacing between the ground planes, d, must be large enough such that the 

effects of the upper ground plane are insignificant. Finally, the finite width of the 

conducting strip is approximated by reqiiiring the radius of the wire be one quarter 

of the width of the desired strip [29]. This assures that an approximately equal 

amoimt of axial current is carried on the circular wire as would be carried on the 

corresponding fiat microstrip. With these assumptions in mind, we may make use of 

the design methods developed for microstrip filters, which can be found in [30] and 

[31], to construct practical structures. Three microstrip filters were simulated and 

compared to approximate calculated results. 

5.3.1 In-Line Filter 

The first microstrip structure tested was the in-line filter shown in Figure 5.12. 

This structure exhibits the characteristics of a band-pass filter, with the resonant 

frequency located near the frequency at which the center section has Ein electrical 

length of one half wavelength. 

The length of the center section was selected such that it would have an electrical 

length of one-half wavelength at a frequency of 4 GHz. The microstrip was chosen 
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Figvire 5.12: In-line filter. 

to have a substrate thickness, /i, of 1 mm, with a dielectric constant of 4.2. and a 

chaxacteristic impedance of 50f2. This led to a conductor width of w = 1.98 mm. 

Note that this width is represented by the oSset, b = between the expansion and 

weighting functions. Using these dimensions, the effective dielectric constant for the 

microstrip was found to be e^eff = 3.2. The length of the center conductor was then 

chosen to be 20.96 mm, i.e., one half wavelength at a firequency of 4 GHz. and the 

lengths of the gaps between the conductors was 1.4 mm. 

The current distribution was calculated and the resulting data were used to com

pute the scattering parameters. If we assume that the field is only made up of the 

transmission-line mode on a portion of the microstrip, we can find the forward sind 

backward traveling cvirrent waves, and respectively, by using two known values 

of the current. The currents /"•" and /" are found by ssunpling the current at two 
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points, and then forming [6] 

j2sm[/3(i2-x,) l  • '  '  

where xi and X2 are the points at which the current is sampled. The currents I~ 

and I~ can then be used to compute and 521 by computing and I~ on both 

the input and output sections of transmission lines. Figiure 5.13 shows the current 

distribution developed on the conductors for the resonant frequency of 3.75 GHz. 

and an off-resonance frequency of 4GHz. It is interesting to see the difference in 

magnitude of current induced on the center conductor and the far right conductor 

for the two cases. Once again, the rooftop expansion functions were niunbered in a 

sequential fashion from soinrce to load, just as in Figm-e 5.9. 

The insertion loss of the filter structure is shown in Figure 5.14. The MoM solu

tion was compared with a lumped-element transmission Une model. This model was 

formulated by using the formulas given in [32] to compute an equivalent capacitance 

for the gap in the conductors, gind assiuning a section of transmission Une with an 

electrical length of A/2 between the two Imnped capacitors. The agreement was found 

to be within 5%. The difference can be attributed to the different capacitances used in 

the transmission line model, found by assuming the conductors were infinitesimaUy-

thin, finite-width strips, and the actual capacitance created by the circular, thin-wire 

conductors used in our model. 
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Figure 5.13: Magnitude of the current induced on the end-coupled filter for frequencies 
of 3.75 GHz and 4.0GHz. 

5.4 Coupled-Line Filters 

The next structure tested was the 2 section coupled-line band-pass filter presented 

in [33], and shown here in Figure 5.15. The filter was constructed using 50f2 microstrip 

line on a 1.272 mm thick substrate having a relative dielectric constant of 10. The 

width of the conducting strips, as well as the spacing between adjeicent conductors 

was also 1.272 mm. The filter was simiilated using our MoM technique to produce 

the frequency response shown in Figure 5.16. The response of the filter was also 

computed using a transmission line model and these results were also plotted. The 
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Figure 5.14: Frequency response of the in-line filter from the MoM solution and a 
transmission-line model. 

resonant frequency of the simulated filter and the analytical model are within 10%. 

The simulated results axe also in excellent agreement with the FDTD simulation 

results and the measured data presented in Figures 10 and 11 of [33], respectively, 

which were obtained from a structiire identical to that of Figiure 5.15. 

Lastly, a somewhat larger coupled-line filter was tested using our MoM technique 

and compared with analytical results. The structure simulated was the four section 

coupled-line filter pictured in Figure 5.17. The filter was based on a design exam

ple of a four section, coupled-line band-pass filter having a center frequency of 2 
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Figure 5.15; Top view of the two section coupled-line filter. 

GHz, given in [30]. We once again used a 50fi microstrip line with a 1 mm thick 

dielectric substrate with a relative dielectric constant of 4.2. The length of each 

quarter-wavelength coupled-line section was 20.96 mm. The impedances given in [30] 

for each of the coupled-line sections were transformed into physical dimensions using 

the design equations for coupled microstrip lines given in [32]. The structure was then 

implemented and the current distribution computed. The magnitude of the trans

mission coefficient, S21, was calculated from the current distribution, and is shown in 

Figxire 5.18. Again, a transmission line equivalent circuit was formed for the filter by 

first finding the equivalent circuit for each coupled-line section, and then cascading 

them to form a model for the entire filter. The analytical frequency response could 

then be computed. There is good agreement between the simulated data and the 
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Figvire 5.16: Frequency response of the two section coupled-line filter. 

frequency response from the transmission line model. The frequency response shown 

in Figure 5.18 also agrees well with the predicted response of the example problem in 

[30]. The 4-section edge-coupled filter shows better agreement with the transmission 

line model than the in-line filter because the conductors are placed parallel to each 

other, instead of end to end. This seems to indicate that the majority of the coupling 

is along the axis of the wires, aad not simply from the end faces. Thus, the thin-

wire approximation used here is not as significant as in the case of the end-coupled 

structure. 
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Figure 5.17: Top view of the four section coupled-line filter. 
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Figure 5.18: Frequency response of the four section coupled-line filter. 
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CHAPTER 6 

Conclusion 

The accurate design of complex three-dimensional passive RF/microwave devices 

requires the use of full-wave electromagnetic simulation tools. Such tools must have a 

computational efficiency which allows them to be used in a real-time design process. 

Integral equation modeling, using the Method of Moments, is one possible method 

that could be used to develop such a tool. A large portion of the computation time 

associated with the MoM is the time required to fill the impedance matrix. The goal 

of this dissertation has been to improve the efficiency in which the elements of the 

impedance matrix can be computed. 

To achieve this goal, we investigated the simple problem of x and 2-directed thin-

wire conductors, in a homogeneous dielectric, shielded by two perfectly conducting 

groimd planes. This structure is of practical importance as it is encountered in the 

design of multi-chip modules. We have derived exact expressions for the elements of 

the impedance matrix arising from a Method of Moments solution to this problem. 

These expressions were written in closed form in terms of the incomplete Lipschitz-

Hankel integral, (a, z) and Hankel functions. These special functions are ideal 
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for numerical computations since they have series representations which converge 

rapidly, making their evaluation very efficient. 

Expressions were presented for the three series representations used to compute the 

ELHIs of the Hsinkel type, (a, z) and He^Q^ (a, z). These series were written as a 

smn of integer order Hankel functions. It was foimd that, because of the behavior of 

the magnitudes Nn^(z} and Hn\z) as the order n is varied, care must be exercised 

when using recurrence relations to compute Hn^ (z) and (2) to avoid significant 

roimd-ofF errors. An algorithm was presented that can be used to accurately apply 

a combined forward and backward recurrence scheme to compute the set of Hankel 

funct ions required for  the evaluat ion of  (a,  z)  and (a.  z) .  

The efficiency of these novel closed-from expressions for the elements of the 

impedance matrix was found to be approximately two orders of magnitude faster 

than direct numerical integration. Computation times for a single impedgince matrix 

element were found to be a fraction of a second. Total simulation times for the sim

ple structiires tested here were roughly 2 minutes per frequency. It should be noted 

that very Uttle optimization was carried out to improve the efficiency of the matrix 

fill. It is believed that simulation times could be further reduced if the symmetry of 

the impedance matrix were utiUzed to reduce the nvunber of redundant calculations. 

Even with these relatively simple structures, our results provide significant time sav

ings. Whereas our algorithm required approximately two minutes per frequency, it is 
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estimated that a brute-force numerical integration algorithm would require over 200 

seconds per frequency. 

The data gathered from the test structures show that this technique is capable of 

accurately simulating simple practical structures, such as passive filters, in a relatively 

short period of time. We have shown that writing the impedaxice matrix elements 

in this way allows for the rapid simulation of structures which can be modeled using 

thin wires in the x and z directions. The extensions made to simulate microstrip 

structures were most acciurate for the edge-coupled filters. This is not surprising 

since the approximations made by replacing the finite width conductor by a wire are 

less severe when we observe the conductors from the side than when we observe the 

conductors along the axis of the wire. 

The next step to be taken to allow the simulation of more complex structures is the 

addition of y-directed current elements. This will enable this technique to be used to 

simulate planax components such as spiral inductors. Fvurther improvements can be 

made by the addition of finite width current elements and perforated ground planes. 

Eventually, multiple layers of dielectric should be added to allow for the simulation 

of today's complex multi-layer substrates. 

In this dissertation we have shown that the closed-form solution wiU provide the 

computational efficiency necessary for it to be used as the foundation for a real-time 

three-dimensional electromagnetic analysis tool which would be required for iterative 

design of complex three-dimensional passive RP and microwave circuit components. 
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APPENDIX A 

Evaluation of F5 

In Chapter 3 we defined F5 to be an integral of the form 

/

"• pjAr, cosfl 

^ —S. (A.1) 
•IT cos 0 -f" jCLq 

We will use F5 as a building block to construct solutions for the integrals Fi - F4. 

The solution to F5 can be found by forming the ordinary differential equation 

dFs 
- XaqFs = jX2TTJo (Ar,). (A.2) 

Standard solution techniques can be used to solve equation (A.2) [34] by writing 

the solution as a sum of a complimentaxy and particular part. A solution to the 

homogeneous equation is 

Fsh = (A.3) 

The particular solution is 

r (A t) 
J6 i'5h {rq) 
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We can now form the solution to equation (A.2) 

^5 — CFsh + F^p, (A.5) 

where C is a constant of integration which must be determined. 

Fs = C 4- j27r 

To determine the integration constant, let r, —> 0 giving 

Fs = F5|r,=0 + JSTT f AJ„(Ar;) e-'^iKdri ^A^XRQ 

(A.6) 

(A.7) 

The integral appearing in equation (A.7) is the integral representation of the special 

function known as the incomplete Lipschitz-Hankel integral (ILHI) of the first kind 

of order zero. [14] To complete the solution of (A.2) we must evaluate the integral 

r 1 
•f5|r,=o = / 2 ^ 

J-TT cost/ 4- jaq 
(A.8) 

Residue theory is used to show that F5|r,=o = 0. Finally, the complete solution is 

Fs (aq) = j27rJeo (a,, Ar,) e"' (A.9) 
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