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ABSTRACT 

Reliability estimation of highly reliable components, subsystems and systems 

has become an important part of the design process. For some products, the tra

ditional accelerated life tests do not result in any failure even after 1,000 or more 

hours of testing and the lower limit of the mean life is obtained using the dis

tribution approach, but this estimate has proven to be a very conservative one. 

Therefore, there is a need to develop new models that will determine the reliability 

of such systems or subsystems, one of which is modeling a long term performance 

degradation. 

The existing published works are primarily oriented either to a single linear 

model of a single degradation mechanism or to a more complex degradation model, 

but only one parameter of the model is considered stress dependent and the reli

ability is not explicitly determined. Lu and Meeker [5] presented a more general 

two-stage parameter estimation method, but the methodology applied to only use 

stress conditions would require significant testing time until the degradation can be 

detected and measured. 

The proposed method is more general than any of the existing ones. It can 

be applied to any system, subsystem or component whose degradation over time 

can be identified and measured. It is assumed that the performance degradation is 

caused by a number, d, of independent degradation mechanisms and each of them is 

separately modeled by a unique nonlinear, monotonically increasing or decreasing 

curve as a function of time. The parameters of a degradation model are partitioned 

into a subset of parameters which are constant for all units and a subset of pa

rameters that vary among units, or a subset of random parameters. To accelerate 

the degradation processes, random samples of identical units are exposed to stress 

levels which are higher than use stress levels. To capture the variability among 

units exposed to the same stress level, the parameters of the degradation model 

for each unit are estimated first and then the population parameters for a given 

stress level are estimated. The random parameters are assumed to be multivariate 
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normally distributed, correlated and stress dependent. The multivariate multiple 

linear regression is applied to the stress dependent parameters and the parameter 

values at use stress levels are determined. Then, the times to failure are obtained 

from the degradation model for given degradation mechanisms by extrapolation to 

the critical level of degradation at which the system, subsystem, or component is 

considered to be in a failure state. Since the reliability function can not be obtained 

in a closed form the bootstrap simulation methodology is applied to estimate the 

system's reliability and the mean life for a single and multiple degradation mecha

nisms. Two algorithms are developed to obtain the point estimates and confidence 

intervals for the system's reliability and mean life. 
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CHAPTER 1 

INTRODUCTION 

1.1 Introduction 

Today's manufacturers face increasingly intense global competition. To remain prof

itable they are challenged to design, develop, test and manufacture high reliability 

products in a shorter time and at the same time remain within cost constraints. 

To achieve these the manufacturers have to develop programs for improving the 

reliability of their products which requires quantitative methods for predicting and 

assessing product reliability. 

The requirement for higher reliability has increased the need for more up-front 

testing of materials, components and systems. Estimating time-to-failure pdfs of 

components of high reliability products is particularly difficult because most prod

ucts are designed to operate without failures for years, tens of years, or even more. 

For this reason it is possible to obtain few or no failures in a reliability test at nor

mal use conditions, or the time required to obtain a reasonable number of failures 

is extensive. Therefore, accelerated tests (AT) are used widely to obtain informa

tion on the product's reliability. The information from tests at high stress levels is 

extrapolated through a reasonable statistical method to obtain estimates of life, or 

long-term performance, at lower, normal levels of stress. Based on what is observed, 

there are two types of tests: 

1. Accelerated life tests (ALTS). The actual time of failure, or an interval con

taining the time of failure, is observed for units that fail, and a lower bound for 

the time of failure, or censoring time, for units that do not fail, is determined. 
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2. Accelerated Degradation Tests (ADT). The amount of degradation of the 

performance characteristic for a unit is observed in a test time interval. 

ADT is focused on assessing the performance degradation path which compo

nents take from a functional state to a failed state. The key element in using ADT 

is to identify failure mechanisms, or degradation measures of components which 

degrade with time. After identifying a degradation measure, the components are 

subjected to statistically designed accelerated experiments, degradation is recorded 

and a statistical analysis performed. The advantage of ADT is a significant reduc

tion in testing time which is the result of the ability to extrapolate a degradation 

path to use stress levels, and to the time that the path exceeds the critical failure 

level. 

1.2 The Need for Degradation Analysis 

Historically, when introducing new products, manufacturers are compelled to eval

uate the reliability of new products and compare them with competing products or 

with the established performances of similar products. The process of performing 

the reliability assessment and establishing the suitability of a new product for its 

intended function in its expected application is based on a standard set of stress 

tests that are performed on the product. Various stresses are used in reliability 

testing of microelectronic products. Temperature cycling (TC) is a test for pack

age and package-die interaction. Temperature, humidity with bias (THB) tests are 

primarily used to test for corrosion on the bond pads, but internal corrosion is also 

possible. Pressure, temperature and humidity (PTH) test is used to test the device 

resistance to moisture and contamination penetration. High temperature storage 

life is a measure of the stability of the transistors. Most of these have become 
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the industry standard tests with the understanding aad wide acceptance that these 

environmental conditions represent accelerated life tests. Many electronic compo

nents impose a limit on the maximum stress that can be applied since the extreme 

temperatures, voltages or relative humidity reveal some failure modes that are not 

observed in normal use environments. Furthermore, many microelectronic and semi

conductor products already demonstrate 40-year lifetimes so that the accelerated 

life tests of 1,000 hours and more do not result in any failures. Then, the classical 

t i m e - t o - f a i l u r e  m e t h o d o l o g y  l e a d s  t o  t h e  e s t i m a t e  o f  t h e  l o w e r  l i m i t  o f  t h e  M T B F  

based on the distribution. This estimate is overconservative. This fact is proven 

by the analysis of the warranty data for the Honeywell MICRO SWITCH products 

which show that the actual mean life of some product families are two or three times 

longer than it was predicted from the zero-failure accelerated tests. To demonstrate 

such large mean lives extensive accelerated tests of several thousand hours need to 

be conducted. With the constant pressure to reduce time-to-market, the amount of 

time allocated for reliability testing is constantly being reduced which imposes the 

necessity to find a new way of effectively estimating the life of a product. 

With ADT, testing is focused on assessing the degradation path that devices take 

from the functional state to the failed state. The failed state may be defined as an 

absolute change in the value of a critical performance parameter, or a percentage 

change in the parameter. Figure 1.1 shows two examples of degradation paths; 

i.e., the change in the product's parameters, y{t), as a function of time. In both 

decreasing and increasing degradation path cases the time to failure, i/, can be 

found if we determine the time at which each unit exceeds the critical degradation 

level, D. 

The test time reduction advantage of ADT comes as a result of the ability 



0 t, t, 

Time, iir 

Fig. 1.1— Example of the degradation paths. 
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to extrapolate the degradation path to the time that the degradation parameter 

exceeds the failure criteria. Since, this extrapolation can be done before the device 

actually fails, the required test time is reduced. 

1.3 Dissertation Objectives 

1.3.1 Motivation 

Reliability assessment from the degradation data has been investigated extensively 

in recent years due to the fact that the traditional life testing of highly reliable 

components and systems does not give precise reliability estimates. If the under

lying cause of failure can be identified and adequately modeled, the information 

on the component's reliability can be obtained by measuring how the degradation 

progresses over time and the extrapolation to the time of failure at defined critical 

levels of degradation can be done. 

Most of the existing models consider either one specific degradation path model 

for a particular failure mode, and the reliability of the component is estimated based 

on the constant use stress level data, or the degradation is measured at different 

constant stress levels and reliability is assessed based on the confidence limits of a 

model parameter at a use stress level. No model considers multiple failure modes 

of subsystems, nor is there an attempt to model the system's reliability based on 

the subsystem's degradation from accelerated tests. 

The objective of this research is to develop a methodology of estimating subsys

tem and system reliability assuming that each subsystem can have more that one 

failure mode. A unified approach to subsystem and system reliability assessment 

is developed based on the linear and non-linear regression analysis of the degrada

tion paths. Accelerated test methodology is used to provide extrapolation of stress 
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dependent parameters of the degradation paths to use conditions, and the times to 

failure are obtained by extrapolating the individual degradation paths to the criti

cal or failure level of degradation. Once the reliability of subsystems is determined 

the system's reliability can be calculated for any system configuration. 

1.3.2 Dissertation Organisation 

Chapter two presents the major degradation models that have been developed in 

the past. -A. brief summary of each model is given including assumptions and for

mulas. Only the basic idea and its development is presented. The references and 

selected bibliography containing all found existing work are given at the end of the 

dissertation. 

Chapter three reviews some elementary properties of the linear and nonlinear 

regression models, and the least squares estimation methodology. The properties of 

the least squares estimates for the linear as well as nonlinear regression are presented 

and the geometry of the estimates discussed. 

Chapter four develops the degradation analysis method based on the nonlinear 

regression of the degradation paths of the individual units and the relationship 

between the degradation path parameters and the applied stresses. The method is 

developed through five steps consisting of: 

1. Selection of appropriate degradation path models for all degradation mecha

nisms and estimation of their parameters. 

2. Normality of the parameters examination and the appropriate reparameteri-

zation. 

3. Estimation of the population parameters at each stress level and stress de
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pendent parameters' determination. 

4. Estimation of the multivariate, multiple regression parameters which define 

the degradation parameters-stress relationship and estimation of the degra

dation path parameters at use stress levels. 

5. Reliability estimation of a system or a subsystem using the bootstrap simula

tion methodology. 

Chapter five develops two algorithms for the system's, or subsystem's, reliability 

estimation. Algorithm 1 produces point estimates of the system's unreliability or 

reliability and Algorithm 2 produces the pointwise confidence limits of the system's 

unreliability or the pointwise confidence limits of the system's reliability. The ap

plied methodology is based on the parametric bootstrap Monte Carlo simulation 

technique. 

Chapter six presents two examples. The first example is a simulation exercise 

which illustrates the methodology presented in Chapters 4 and 5. The FORTRAN 

program given in Appendix generates points of the degradation paths and estimates 

reliability, mean life, pointwise confidence limits on the reliability and the mean life. 

The second example is a real life problem which was solved applying the degradation 

analysis technique to analyze performance of a type of the sensors from the MICRO 

SWITCH, Honeywell, Inc., production line. 

Chapter seven discusses the application of the developed methodology, and gives 

recommendations. 



21 

CHAPTER 2 

SURVEY OF CURRENT APPROACHES TO DEGRADATION 

ANALYSIS 

2.1 Introduction 

Degradation [1] is a physical/chemical process which causes a change in the test 

unit and the change progresses over time to eventually cause failure. A typical 

acceleration degradation model consists of an assumed parametric model of degra

dation of a unit's performance over time and assumed relationship between one or 

more of the model parameters and constant stress. General assumptions of ADT 

are: 

1. Degradation is not reversible. 

2. A model applies to a single degradation process, mechanism, or failure mode. 

3. Degradation of a unit's performance before the test is known. 

4. The failure processes at higher stress levels are the same as at the design or 

use stress levels. 

5. Measurement error is negligible. 

Meeker and Hamada [2] review some causes of unavoidable degradation such as: 

tread on automobile tires, friction material on automobile brake pads which wears 

in use, thinning of walls of pipes in a chemical reactor due to corrosion, filament 

material in a light bulb evaporates over time, and initiation and growth of fatigue 

cracks in a steel frame. They present three different degradation models: linear, 
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Fig. 2.1- Possible shapes of degradation curves. 

convex and concave, as shown in Fig. 2.1. The horizontal line is the amount of 

degradation where failure occurs and it is usually called the critical degradation 

level. Linear degradation is associated with the wear process which is constant 

over time such as tire wear. A convex curve is used when the degradation rate 

increases over time such as the growth of fatigue cracks. A concave curve is used 

to model degradation rate which decreases with time. It is the chaxacteristic of 

some electronic parameters. The sources of variability, such as initial degradation 

level, material properties, component geometry and dimensions, operating and en

vironmental conditions, cause unit-to-unit variability in degradation rates. Then 

the degradation curves become interwoven, as shown in Fig. 2.2. 
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0 
Time or measure of usage 

Fig. 2.2- Unit-to-unit Veiriability of the degradation paths. 

2.2 Degradation Models 

Nelson [3,4] proposes a model for the electric breakdown strength of insulation with 

the mean performance, given by 

/i = Q - I3't, (2.1) 

where 

Or = initial degradation of test units common to all emd is fixed; i.e., 

it is the log median break down voltage, Vq, at time i = 0, 

and 

/5' = constant degradation rate which is a function of temperature, T, 
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according to the Arrhenius Law. 

The model assumptions are; 

1. For any temperature and exposure time the distribution of breakdown voltage 

is lognormal. 

2. The standard deviation, cr, of the log breakdown voltage is constant and does 

not depend on temperature or exposure time. 

Then, the mean log breakdown voltage relationship is 

= log(Vb.5) =  a - t 0 e  (2.2) 

where log(Vb.5) is the logarithm of median breakdown voltage. 

If the critical degradation, which is considered to be a failure state, is denoted by 

D, then, the fraction failed at age t, or the unreliability, Q(t,T), is given by 

"log(Z:>) -
g(^,T) = $ 

Substituting Eq. (2.2) into Eq. (2.3) yields 

(2.3) 

(2.4) 

Dividing both numerator and denominator of the right side of Eq. (2.4) by 0e~^ 

and rearranging yields 

't - Hi Q { t . T )  =  ̂  
o"t 

(2.5) 

where 

Ht = 
d - log(D) 

(2.6) 



25 

and 

(2.7) 

The parameters of the degradation model given by Eq. (2.2) are determined graph

ically. Nelson [3] describes the MLE method as an analytical tool for parameter 

estimation. 

Lu and Meeker [5] present a simple linear degradation path model given by 

y { t ) = 4 >  +  e t ,  (2.8) 

where 0 is fixed for all units and Q varies from unit to unit according to a Weibull 

distribution, or 

Q(0) = P(0 < 0) = 1(2.9) 

If the failure level of a degradation variable, y, is D, then the time to failure random 

variable, T, is obtained from Eq. (2.8), or 

T = T(e-,,t,,D,y) = 5^. (2.10) 

The closed form of the times to failure distribution is then given by 

~e 
Q { t )  =  P ( T < t )  =  P  <  1 1 ,  

or 

• D-<0 
Q(0 =e-(^) , (2.11) 

which is known as the reciprocal Weibull distribution because t is in the denominator 

of the exponent in Eq. (2.11). 
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If Q follows a lognormal distribution with the parameters then 

Q{t)  = $  ~ (2.12) 

When 0 is normally distributed, 0 ~ A/'{/i, CT^) with <7 fj. so that P(0 < 0) = 0, 

then, from Eq. (2.8) 

y { t )  ~  N { < i )  +  n  t . a " ^  t ^ ) ,  

and using Eq. (2.10), the fraction failing by time t  is given by 
D-<t>' 

(2.13) 

Qr{t)  = P{T<t)=^ 
t  -

a t (2.14) 

This is a special case of the Bernstein [5] distribution. 

Tseng, Hamada and Chiao [6] describe a degradation model for a type of fluores

cent lamps whose luminosity, or light intensity, A(i), is considered as a degradation 

measure. Failure is defined to occur when the light intensity falls below 60% of its 

100-hr use, or the critical degradation level D = 0.6 A(IOO). A model for luminous 

flux, A{t), at time t is 

ln[A(f)] — 6 + A f + €, (2.15) 

where the error term, e, is a assumed to follow a normal distribution, N{0,a^), 

the parameter 6 is fixed for all lamps and the rate of degradation, A, is a random 

variable. The MLE technique is used to estimate the parameters and Aj for each 

lamp i. The lifetime of each lamp is predicted from 

ti = ^ {ln[0.6 A(IOO)] - di}, (2.16) 

and assuming that the lifetimes of the lamps follow the lognormal distribution, the 

mean of the logs, /x, and standard deviation, CT, is estimated by probability plotting. 



27 

Nelson [3] presents a general niodel with random coefficients for a log-performance, 

of a specimen z as a function of age, i.e., 

V i i t )  =  O i  -  b i  t ,  (2.17) 

where Oi and are the constant initial degradation level and the degradation rate of 

Unit z, respectively. .A^ssuming the population mean of the intercepts, a,, is a with 

standard deviation, cTQ, and the population mean of the rate bi is 3, with standard 

deviation, ctj, the distribution of the log-performance, at time t has the mean 

t M { t ) = a - 3 t ,  ( 2 . 1 8 )  

and the variance 

a\t)=al + alt\ (2.19) 

where a, and bi are assumed to be uncorrelated. If Oj and bi are assumed to be 

normally distributed, then, the unreliability at age t, when the log-performance 

reaches level D is given by 

D — a + i3 t Q { t )  =  $  
.(o-a 

which is the Bernstein distribution. 

(2.20) 

Carey and Koenig [7] analyzed the propagation delay of an electrical signzil 

as a degradation measure of highly reliable fiber-optic transmission systems. In 

particular, they studied the reliability of an integrated logic family (ILF), which was 

required to operate for at least 25 years without failure at 40° C. The experiment 

was conducted at 3 different temperatures and delay measurements over time were 

modeled by the non-linear function 

Vn -l/o = 0[l-e-^ -f e„, (2.21) 
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where 

yn = nth measurement of propagation delay at aging time tn, 

yo = initial propagation delay measured before the aging of the unit, 

9 = unit dependent parameter representing the majdmum change in 

propagation delay, a temperature dependent parameter, 

A = unit dependent parameter related to the diffusion rate at a given time, 

and 

Cn = random error, normally distributed, with a mean of zero and 

a standard deviation of a. 

The non-linear least square technique [8] was used to estimate the three parameters, 

0, A and cr, and to fit the degradation curve for each unit. The effect of temperature 

on the maximum degradation, 0, was modeled using the Arrhenius Law, or 

log(^ii) = A- + T}ij, (2.22) 

where 

di j  = maximum degradation reached by the test unit j  within 

temperature group i, 

Ti = absolute temperature for a group i ,  

A ,  B  =  unknown model coefficients, 

k = Boltzman's constant, 

and 

Tfij = random effect representing variability of the asymptote, dij, within 

group  i .  
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It was assumed that log(0ij ) is normally distributed, and the ML technique was used 

to estimate the parameters of the model given by Eq. (2.22). The covariance matrix 

of the model parameters is estimated using the inverse of the Fischer's information 

matrix and it is used to determine the appropriate 95% confidence limits for the 

expected maximum degradation at use temperature. The reliability function is not 

defined explicitly. It is zissessed by the fact that if the confidence limits of 0 are 

within desired specifications for propagation delay, then the propagation delay is 

not a reliability concern. 

Boulanger and Escobar [9] present a class of accelerated degradation tests which 

is a generalized model proposed by Carey and Koenig [7]. The characteristics of 

the model are: 

1. Each unit is subjected to an accelerated constant stress. 

2. The degradation of the system's parameter levels off to a plateau, or to the 

maximum degradation after a period of time. 

3. The plateau, or horizontal asymptote is stress dependent, 

To model the observed degradation, yij{ t ) ,  of unit j  at stress level z, the following 

function is used: 

Vi j  =  oci j  0  + (2.23) 

where 

Qy = maximum degradation for unit j  at the stress level i ,  

m^ i i )  =  0, 
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and 

^(oo,6j) = 1, 

= vector of unknown coefficients which determine the rate at 

which the degradation, t/,j, levels off toward the asymptote aij, 

and 

eij{t) = random error normally distributed with the mean zero and 

var iance  af ,  or  N{0 ,a f ) ,  and  i s  independen t  o f  i ,  j  and  t .  

It is assumed that the coefficients (q^, ̂ ,J ) are random over the population of devices 

which allows capturing the variability among units. The logarithm of the maximum 

degradation, log{aij), is assumed to be iid with mean T]{xi) = A + B Xi and variance 

r^, where Xi is a known function of the stress, i, and the coefficients A and B are 

unknown. The primary focus of the analysis is to estimate the parameter a of the 

degradation model and provide information on its mean at the use stress conditions 

log(Q!) = f j i xu )  =  A  +  B  Xu-  (2.24) 

This is the maximum or plateau of the degradation that any unit reaches at use 

stress level. The MLE technique is used to estimate the parameters of the degrada

tion model and the Fisher's information matrix is calculated to obtain the confidence 

limits on the maximum degradation, d. The reliability of the system is not explic

itly determined. The plateau of the degradation, with its confidence limits, is used 

to estimate whether the maximum delay measured by a is within acceptable limits. 

Meeker and LuValle [10] present a humidity-accelerated life test of conductive 

anodic filament failures on printed circuit boards. Standard accelerated life test 
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models with the Weibull times-to-failure pdf  is inappropriate for this failure mode: 

i.e., formation of conductive anodic filaments between copper plated through holes 

in the circuit boards. The failure is observed when the resistance between the pos

itively and negatively charged columns in a board dropped low enough to cause a 

short circuit. .A. sample of 72 boards was tested at each of the following relative 

humidity conditions: 49.5%, 62.8%, 75.4% and 82.4%. Plotting the observed fail

ures for each experimental condition on the Weibull probability paper shows the 

following: 

1. .A.t relative humidities of 49.5% and 62.8% the data can not be well approxi

mated by straight lines due to extensive curvatures. 

2. The lines drawn through the data points for given levels of relative humidity 

are not parallel. This indicates that the shape parameter, 3, of the Weibull 

distribution is not equal for all stress levels although the failure mode is the 

same for all stress levels. 

3. Boards at 75.4% of relative humidity were failing at the same rate as those at 

82.4%, which indicates that the chemical processes causing these failures are 

much more complicated than initially anticipated. 

4. The data plotted on the Weibull probability paper level off, particularly at 

lower stress levels, indicating that only a fraction of the units will ever fail. 

Meeker and LuValle developed a kinetic model for conductive filament growth based 

on a chemical process leading to the growth. The presence of moisture, heat and 

electrical charge cause anions of chlorine salts, Ai, to react with copper ions and to 

produce copper compounds, A2, with a rate ki. There is a reversible reaction to 



32 

with a rate k^. Anions can also react with some compounds in the board but the 

resulting compounds are not conductive. This reaction is presented with reaction 

/li to .43 with a rate k^. The rate equations approximating the failure mechanisms 

are given by 

dAi 

and 

dt  
dA.2 
dt  

d t  

— —{k i  +  kz )  -4i + 

= ki  -4 i  — kzA^ i  

— ^2 -4i. (2.25) 

Assuming that ki, k2 ^ k^ and u = 1, the solution of the system of differential 

equations is 

k ,  
A2t — A-io + A 10" 0-

,—(.ki+k2)t 
} .  k i  + k^  

where Aio and A ^q  are the initial ionized clorine and initial copper-clorine com

pounds, respectively, at time zero. The conducting filament path will form in the 

board  i f  and  when  the  amount  o f  A2t ,  t he  copper -c lo r ine  compounds ,  a t  t ime  t  

reaches some critical level, or A2t > ^2c- Then, the failure time is the solution for 

Tof 

•42c ~ -420 Q = [1 - ] •  •4x0 ^1 + k2  

Assuming that q  is normally distributed the kinetic model time-to-failure distribu

tion is 

P(T <t)  =  Fr i t - , ,  k i ,  k2 ,  / / ,  a ) .  

= ̂  

log {1 ~ Q-iki+ki) t| _ 2 
-

(2.26) 
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where the parameters /i and a define initial chemical conditions that do not depend 

on humidity, and the parameters ki and k2 define reaction rates that depend on 

humidity and are given by the following relations: 

I. _ /^l — C 7 

and 

where g{HUMIDITY)  =  log i t {RH/100) ,  and RH is Relative Humidity. The log i t  

function is defined by 

log i t {p )  =  log 
[ 1  - p  

The ML technique is used to estimate the parameters of this model and to determine 

the reliability function given by Eq. (2.26). 

Tang and Chang [11] describe a conceptual framework for reliability evalua

tion from nondestructive accelerated degradation data. The observed degradation 

measure is the downward shift of the DC output of a power supply unit. The degra

dation is modeled as a collection of realizations of stochastic processes for which 

the parameters depend on the stress levels. The model assumptions are: 

1. There is a family of stochastic processes which are parameterized by 

6 = {6 : 9 is uniquely defined by some stress levels,} 

i.e., at any stress level, i ,  there exists a e © and a collection of stochastic 

processes {X(f;0)} describing degradation paths for each item tested under 

the stress level. 
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2. There exists some linkage function, Lr{*), for r = 1,2, • • • ,p, such that 

9i = Lr(stress level i ) ,  

which is a linear function of stress and enables extrapolation of parameters to 

use stress conditions. 

3. The sampling interval, At = tk+i — tk is constant. 

4. is a sequence of iid random variables with the same mean and <7, for 

a l l  un i t s ,  j ,  and  sampl ing  t ime  k .  

For unit j  and stress level z, the incremental degradation Yijk is given by 

Yiik = Xj{tk+i-, m, (Ti) - Xj{tk; /li, a,). (2.27) 

Then, for sufficiently large t  the central limit theorem yields 

Xj{t: Hi, Oi) = 51 ̂ 0* ~ 0- (2-28) 
k=0 

If the failure time t ,  is the first passage time of the degradation path, X{t ;  f i i iCTi ) ,  

to a critical level W '3> [m, then, the cummulative distribution function is given by 

(2.29) 

Equation (2.29) follows from the fact that the time to failure, t ,  is the time when the 

degradation process reaches some value W. Then, the probability that the random 

variable r is r < or P(r < f), is equivalent to the probability that the random 

variable X{t) is X{t) > W, or P(J\r(i) > W). Introducing new parameters 

Oi  Cti = 
v^' 
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and 

with 

a t )  =  -  4=  

for i > 0 yields 

F ( f ; a „A)  =  ̂  - e  
Oi  

(2.30) 

which is the Birnbaum-Saunders [11] distribution. To establish the times-to-failure 

distribution at use condition, the linear linkage functions for fii and ai are used as 

follows: 

where Ci, 02 and 03 are the regression coefficients, Tt, is the temperature, is 

the input voltage, and 

where &i, 62 and 63 are the regression coefficients, T„ is the temperature and ACi^ is 

the input voltage as before. Using multiple regression analysis, the 95% confidence 

intervals for /z, (£,/!) and o"? (s>^) are obtained. The 100(1 — a)% confidence 

limits for the cumulative distribution function are obtained using the Bonferroni 

inequality, or 

Hi — ay • ACi^ + a2 • + 03 • ACi^ • Ti,, (2-31) 

cTj — 61 • AC,2 + 62 • Ti, -I- 63 • ACi^ • Til' (2.32) 

P{F(^;£,2;) < < F{ t ;%a)}  >  P{^ < fJ.  <  71 ,2 .  <  o" < a}, 

> 1 - [P{(/^ < ii) U (/i > /!)} + P{(o- < fil) U (o- > CT)}], 

= 1 - (qi + 0:2), 
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where ai is the significance level for fj., 02 is the significance level for a and q = 

Q!i + a^. Then, the 90% confidence limits for the cumulative distribution function 

are obtained with 95% confidence limits of /i and <7, from 

[F(f;^,a);F(i;7I,a)] (2.33) 

for t  <  
— 

Yang and Xue [12] describe a process of system's performance degradation as a 

continuous state random process. The system performance, Y{t), is presented as 

a  monoton ica ly  inc reas ing  o r  dec reas ing  func t ion  o f  the  sys tem ' s  pa ramete r s ,  X{t ) ,  

or 

V{t )  =  A-„(!)I. 

Therefore, performance degradation is caused by the degradation of any of the 

system's parameters. Assuming that the degradation process is an independent in

c rementa l  p rocess ,  t he  one-d imens iona l  p robab i l i ty  d i s t r ibu t ion  func t ion ,  F{t ; ,  y{ t ) )  

would be sufficient to describe the degradation process. In addition, if F{t,y[t)) is 

a normal distribution function, then the process can be represented by its mean, 

and variance, cr, or 

= /l i f J 'X i i t ) ,  • • •, Hxni t ) ) , 

and 

( ^Y{ t )  = /2 {cr]c ,  (t), - • -, • 

If the failure state of the system is defined when Y{ t )  <  D,  or Y{ t )  >  £>, where D 

is a critical system performance, then, the system's reliability is given by 

(2.34) R{t )  =  P{Yi t )  >  D}  =  $  
fJ . Y { t )  -  D 

avit) _ 
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or 

f t { ( )  =  P [ Y ( t )  <  D }  =  4 .  ^  (2.35) 

respectively. The methodology was illustrated by an example of valve recession 

process. A set of data consists of seven degradation paths for seven valves. The 

wearout process is measured on the valves at six points in time, (z = 1, • - • ,6), and 

the mean, and the standard deviation, is calculated for seven valves. 

The standard linear regression method is used to estimate the mean 

H{t )  =  HQ +  r  t ,  

and standard deviation 

a { t )  = a Q - \ - b t .  

Equation (2.35) is used to estimate the reliability of the valve. 

Chan, Boulanger and Tortorella [13] present a new implementation of existing 

software tools to the analysis of degradation data described by the power law. In 

a standard accelerated life test, explanatory variables are stresses such as temper

ature, voltage, humidity, and the times to failure are measured. The new method

ology uses the parametric drift as explanatory variable and the failure time is the 

time when the drift reaches a criticai failure level. It is applicable whenever a degra

dation law can be mapped onto one of the standard accelerated failure-time model. 

The approach is based on the thin film resistor degradation mechanism given by a 

power law, or 

(2.36) 
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where 

T = time for a 100% change in resistance, 

AR = resistance change, function of time, 

Ro = initial resistance at i = 0, 

and 

m = exponent which suggests a diffusion-type mechanism driven by 

temperature, assumed constant or not dependent on temperature. 

The temperature dependence of the degradation process is embedded in the time 

constant r, or 

Ea = activation energy, 

k  = Boltzman's constant, 

and 

T = temperature in degrees of Kelvin. 

Substituting Eq. (2.37) into Eq. (2.36), and taking the logarithm of both sides of 

Eq. (2.36) yields, 

r = Toe* (2.37) 

where 

(2.38) 

which plotted on a log-log scale gives a straight line with the slope m.  
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This methodology is inspired by analogy to Black's equation [13] for the catas

trophic electromigration failures, the model of which is given by 

h = (2.39) 

Taking the logarithm of both sides of Eq. (2.39) yields 

ln(V) = ln(A) - n  ln(j) + |a, (2.40) 

By analogy to Eq. (2.39), Eq. (2.38) can be written as 

:„(«,) + 1 In (2.41) 

where ^ is treated as an independent variable. In the regression terminology an 

independent variable is usually called an explanatory variable. In(To) is assumed to 

be normally distributed as is the case with ln(.4) in Eq. (2.40). Measurements of 

^ are taken as a function of time, t, for selected temperatures, T, and then the 

degradation slope m and activation energy, £•„, are estimated. The data are ana

lyzed using a standard multiple regression module of the STAR software (Statistical 

Analysis of Reliability). This methodology can be used in other power law degra

dation mechanisms also, such as the Film Integrated Circuits (FIC), hot carrier 

degradation in MOS transistors [14] and laser degradation [15]. 

Lu and Meeker [5] propose a more general parametric model for unit degra

dation. The model assumptions are: 

1. Sample units are randomly selected from a population and random errors are 

independent across time and units. 

2. Sample units are tested in a particular homogeneous environment, or at a 

constant stress. 
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3. The measurement times are prespecified and the same across all test units. 

The sample path model of the zth unit at time tj is given by 

Vij ~ Vij "I" ^ij ~ 01 ̂ i) "f" (2.42) 

for 2 = 1, • • •, n, and j  = 1, 2, • - •, m g .  < m,  

and €IJ  ~ IV{0 ,  A^ ) .  The actual path, T]IJ ,  is a nondecreasing function of time with the 

vector of unknown fixed-effect parameters, 0, common to all units, and a vector of 

the ith-unit random effect parjuneters, di. The error is normally distributed and 

the error in the measurements from one unit to the next is independent. The vector 

of random effects, 9, or some appropriate reparametrization, 9 = H{Q) [17], follows 

a multivariate normal distribution with mean vector, and variance-covariance 

matrix, T,g, or 

F(0) =  9 i =  { 9 u , 9 2 i , • • • , 9 p ^ )  ~ M V N i n g , E g ) ,  (2.43) 

for 2 = 1,2 • • • ,71. 

The critical level of degradation at which failure occurs is denoted by D .  The 

distribution of the times to failure can be written as 

P(T < t )  =  Q { t )  =  Q  { t ]  ( f ) ,  n g .  E g ,  D ,  T])  (2.44) 

In general, there is no closed form expression for this function except in the simple 

cases presented earlier. Lu and Meeker proposed a two-stage method of parameter 

estimation. 

In the first stage, for each unit i ,  [ i  =  1,2,••-,«), obtain the least squares 

estimates 0 and 0 of 0 and 9, respectively, such that 

m, 
= Z! iVij ~ 0' (2-45) 

j=i 
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is minimized. The error variance is obtained from 

= (2.46) 
me. - p ^ / 

where p = p^, + pe, and and pg are the dimensions of the vectors 0 and 6, 

respectively, and nig^ is the number of time measurements for unit i. 

In the second stage, combine the first stage estimates, (0,, ̂ i), to obtain the 

estimates of the path model, 0, ng and variance-covariance matrix E®, or 

^ = - E A. (2.47) 
'^1=1 

and 

w = -Eei. (2.48) 
n ii 

The number of measurement times, m, should be large enough to obtain asymptotic 

normality of the individual path estimates. Similarly, the number of sample units, 

n, should be large enough to assure asymptotic normality of the estimates of the 

second stage path model. 

The cumulative times-to-failure distribution, or unreliability, Q{t ) ,  is estimated 

by substituting the estimates 0, p.g and E® into Q{t; (j>, ptg,lLg, D,T]). If there is no 

closed-form solution of this function, the estimate of Q{t) can be obtained using 

Monte Carlo simulation. In that case generate a sufficiently large number of sample 

paths from the assumed path model with the estimated parameters and use the 

proportion failing as a function of time to obtain an estimate of Q{t), or 

QW = n"'"beyf'-'. (2.49) 

for desired values of t .  An example presented in the paper consists of the fatigue 

crack-length measurements versus cycles of load for 21 sample paths, one for each 
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one of 21 test units. There were m = 13 measurements taken from all units at the 

same time intervals. The measurements were taken after every 10,000 cycles and 

the test terminated after 120,000 cycles. The Paris Law is used to describe the 

growth of fatigue cracks, or 

^=C[AK(a)r, (2.50) 

where a  is the crack length, da/dN is the crack growth rate, N is the number of 

load cycles, AK{a) is the stress-intesity factor, and C and m are the constants 

determined from the test data. A special case of this model when AA'(a) = a is 

a(iV) = (2.51) 
{1 — [a(0)]'"~ *^(7(777 — 1)A''}"»-' 

where a(0) = 0.9 inches is the initial crack length at AT = 0. Dividing both sides of 

Eq. (2.51) by a(0) and taking their logarithms, the following nonlinear degradation 

path model is obtained: 

Vi j  ~  ^ i )  ^ i j i  

or 

Vi j  =  ~  log (l - O.9O®'^0i,02,ii) + etj, (2.52) 
"2i ^ ^ 

for i  = 1,2, - • •, 21 units and j  =  1,2, • • •, ttz, measurements, where y  = log[a(iV)/ 

a(0)], tj = N = millions of cycles, and ~ ^(0, ). The vector of random param

eters 9 = {6x^62)^ corresponds to (C,m — 1)^. These parameters are multivariate 

normally distributed, N {jxg, . In the first stage, for each unit i,i = 1,2, • - •, 21, 

the least squares estimates Bu and 621 of 6u and of respectively, are obtained. In 

the second stage, the first stage estimates are combined using Eq. (2.48) to obtain 

the vector of parameter means, or 
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and the covariance matrix, Eg, or 

0.5456 -0.09554 
o'ffafla —0.09554 0.06654 

(2.54) 

The point estimate of the cumulative times-to-failure distribution, or unreliability, 

Q{t), is estimated using the following algorithm: 

3. Compute the corresponding N simulated failure times, by solving Eq. (2.52) 

for t and the critical crack length of 1.60 inches. 

4. Estimate Q{t )  using Eq. (2.49) for the values of i  obtained in Step 3. 

The pointwise confidence intervals of Q{t )  are obtained using the following bootstrap 

simulation algorithm [16, 17]: 

1. Estimate the model parameters, fiQ and Eg, and the measurement error 

variance, from n = 21 sample paths using the two-stage method. 

2. Generate n simulated realizations 0  of  0  from N {J i q - ,  Eg j.  

3. Compute n simulated paths from = t] (tj-, 0, j given by Eq. (2.52), 

where are the pseudo-errors generated from N{Q, a^) and tjS are the same 

measurement times used in the original experiment. 

4. Using n  simulated paths from Step 3, estimate parameters of the path model, 

giving the bootstrap estimates Ji and Eg. 

1. Estimate the path model parameters, fig and Eg, using the two-stage method. 

2. Generate N simulated realizations 0  from N ( / ig ,  Eg) .  

5. Generate Nb  simulated realizations 0  of  0  from N 
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6. Compute the corresponding Nb  simulated failure times i  by solving Eq. (2.52) 

for t and using the critical crack length of 1.60 inches. 

7. Compute the bootstrap estimate Q{t )  from 

number of  t  < t  
QW = — 

for any desired t .  

8. Repeat Steps 2 to 7 B times to obtain the bootstrap estimates 

9. Sort the bootstrap estimates from Step 8 in increasing order for each desired 

miss ion  t ime  t .  

10. Determine the lower and upper poinwise confidence limits of the unreliability 

for any desired 100(1 — a)% confidence level, or 

$(«)»; $(i)«] , 

where Q{t ) i  is the lower IGOf percentile of the distribution of Q{t ) ,  and Q(i)u 

i s  t he  upper  100(1  — f )  percen t i l e  o f  the  d i s t r ibu t ion  o f  Q{t ) .  

Figure 2.3 shows the point estimates of the unreliability, Q{t ) ,  and the pointwise 

two-s ided  90% and  80% boo ts t rap  conf idence  in te rva l s  o f  Q{t ) .  



45 

80 % confidence 
limits 

confidence 
limits 

•£ 0.5 

'Censoring Time 

0.0 

0.16 0.18 0.08 0.1 0.14 0.10 

Millions of Cycles 

Fig. 2.3- Point estimates of the unreliability, Q{t), and the pointwise two-sided 
90% and 80% bootstrap confidence intervals. 
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CHAPTER 3 

REGRESSION MODELS 

3.1 Linear Regression Models 

The simplest regression model is a straight-line relationship between two variables, 

X and Y, given by 

Y = 8q + Xi + • • • -h 3p-i + e, (3-1) 

where /?o» /?i, • • •, /?p-i represent unknown parameters, V is a response or dependent 

variable, and the Xs are explanatory variables, regressor, predictor, or independent 

variables, assumed to be measured without error, since they usually represent ex-

perimentaJ settings controlled by the experimenter. The deviation of the response 

variable from its expected value is expressed by the error term, e, whose mean value 

is assumed to be zero. The polynomial regression model given by 

K = /?o + /?i Xi + - • • -{- /?p_i X^i -h € (3.2) 

is still said to be linear, since the parameters /?o,/5i, • • •,/3p_i appear linearly in 

the model. Different notation for the same linear regression models is used in the 

literature. For example, 

Yi = /3o -h /3i Xi + e,-, (3-3) 

ElY] = /3o + /3iX, (3.4) 

E[YIX\  = /?o + /3i A:, (3.5) 

refer to the same model. The form of the linear regression given by Eq. (3.3) 

emphas izes  the  fac t  tha t  the  regress ion  i s  based  on  the  da ta  se t  cons i s t ing  o f  n  
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measured values of the response variable z = 1,2, • • •, n, at corresponding values 

of the explanatory variable, Xi, for i = 1,2,•--,72. Therefore, there are n pairs 

of observations (yi,A'i), {Yo, X2),- • ••, {Yn.Xn)- For each observation pair 

there is an error term which causes deviation of the Yi from its expected value 

3q + /?i Xi- In matrix notation the model given by Eq. (3.1), or 

y — i3o + + • • • + Pp-1 Xp-1 , 

which is to be fitted to the data consisting of n  observations given by 

Yx  1 ^  i l l  ^ -^jp—11 foi^ ^ — 1T2 ,*" - , 71  

IS 

Y = X (3  +  e  
n  X I  n  X p  p  X I  n  X I  

(3.6) 

where Y is a vector of n observations of the response variable, or 

r n i  

The matrix X is of order n by p, or 

1 Xii Xi2 • • • Xip^i 
1 X21 X22 • • • X2P-1 

(3.7) 

and /3 is a vector of p  unknown parameters, or 

(3.8) 
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and the error term, e, is a vector 

e = (3.9) 

For a given vector the vector of fitted, or predicted values of the response variable 

is 

Y = X /3 
n x l  n x p p x l '  

3.1.1 Least Squares Estimation 

The classical linear regression model is given by 

Y = X 0  + e  
n x l  n x p p x l  n x l '  

E{e)= 0 
n x l '  

(3.10) 

(3.11) 

(3.12) 

Cov{e)  = = cx^  I 
n  X n  (3.13) 

where / 3  and cr^ are unknown and I is the identity matrix with n rows and n columns 

with diagonal entries consisting of Is. The method of the least squares selects the 

estimate of the unknown parameters, 0, such that the sum of the squared differences 

between the observed response, Yi, and its estimated mean, /?o + 0i Xn + • • • + 

Pip-i v\r,p_i, is minimized, or 

s 0 )  =  -  A  -  A  f t p - i  (3.14) 
i=l 

If the sample regression equation is expressed by 

Y = x3 + e, (3.15) 
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where e is a vector of sample residuals, ore = Y — Y = Y — XyS, then, the sum 

of the squares is 

S{P)  = =e^e, 
t=i 

= (Y - X - X ^), 

or 

5{y3) = Y^Y - 23^X^Y + 0^X^X3. (3.16) 

To minimize the sum of squares, S{0) ,  take the first derivative of S{0)  with respect 

to the vector and equate it to zero, or 

dS0)  

d0  

or 

= -2 X'Y + 2X'X/3 = 0, 

X^X/9 = X^Y, (3.17) 

which are called the normal equations. If the matrix X has a full rank, p  <  n ,  then 

the inverse matrix ^X^X) exists and the estimate of the parameters, 0, is 

y3= (X^X)''X^Y. (3.18) 

Equation (3.18) is the formal solution of the normal equations. To avoid forming 

the matrix X'^X and its inverse, (X^X) , that increase rounding error, the QR 

and the Cholesky decomposition method [8, pp. 680-681; 23, pp. 85-93] can be used. 

The QR Method. If the matrix X has p  linearly independent columns, it may 

be factored as 

X = Q R (319) 
n x p n x p p x p '  \ •  J  
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where the matrix Q is an orthogonal matrix; i.e., Q^Q = I and R is an upper 

triangular and nonsingular matrix. Then, 

^ = (X^X)"^X^Y, 

= R-'Q^Y, 

or 

R/3 = Q^Y. (3.20) 

Since R is the upper triangular matrix, the vector of parameter estimates, y9, can 

be determined by the back substitution. 

The Cholesky Decomposition Method [8, pp. 680-681; 23, pp. 85-93 ]. If 

the matrix X^X is positive definite, it can be factored a.s 

X^X = R^R, (3.21) 

where R is an upper triangular matrix. Then, 

R^R^ = X^Y. (3.22) 

Substituting v = Ry3 into Eq. (3.22) yields 

R^v = X^Y, (3.23) 

which can be solved for v by the back substitution and for /3 from R/3 = v. 

The vector of the sample residuals is 

e  =  Y -  Y =  Y-X3  

and 

E [e^e]  =  cr^{n—p) .  
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Then, the estimate of the error's variance is 

9 9 e^e S{3) (7^=5^ = (3.24) 
n  — p  n  — p  

The squared length of the response vector Y, Y^Y = can be written as 

Y^Y = (Y -f- Y - Y)^(Y + Y - Y), 

= (Y + e)^(Y + e), 

or 

Y^Y = Y^Y + e^Y + Y^e + e^e. 

Since, Y^e = e^Y = 0, then 

Y^Y = Y^Y + e^e. (3.25) 

The vector of residuals, e, is perpendicular to the space spanned by the columns of 

the matrix X: i.e., X^e = 0. Since the first column of the matrix X is the vector 

of all Is; i.e., 1^ = [1,1, • • •, 1], then the above condition implies that 

l ' ' e  =  ±e j  =  ±Y , -±Y„ 
j=i j=i j=i 

or 

Y = Y .  (3.26) 

Adding nY =  nY  to both sides of Eq. (3.25) yields 

Y^Y - nF = Y^Y -nt + e^e, 

or 

—\ 2 ^ —\ 2 
T i y j - y )  =E(n - ' s ' )  +E^ i .  (3 .2T)  
j=i j=i j=i 
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where the term on the left is the total sum of squares about the mean, the first 

term on the right side is the regression sum of squares and the second term is the 

sum of the residuals squared. The partition of the total sum of squares given by Eq. 

(3.27) allows the definition of the coefficient of the model's fit, called the coefficient 

of determination, as 

The coefficient of determination, /2^, represents the proportion of the total variation 

in the Ys explained by the explanatory variables, Xi, A'2, • • •, Ap. If = 1, the 

regression plane passes through all the data points in which case the fit is perfect 

and Bj = 0 for all j. If = 0, the explanatory variables have no effect on the 

response. 

3.1.2 Geometry of the Linear Least Squares Estimates 

In the sample space all vectors are presented in terms of n-dimensional vectors. The 

vector of observations Y = (Vi, V^, • • •, Vn)^ can be presented as a vector OY. The 

matrix of the observed regressor variables contains p column vectors each containing 

n  e lements  and  the  j th  co lumn,  de f ines  the  vec to r  OXj ,  

for y = 1, • • • ,p. These p vectors define a subspace called the estimation space, or 

the solution locus. Any vector in the estimation space is the linear combination of 

p column vectors of the matrix X, such as X/3. Figure 3.1 presents a case for n = 3 

and p = 2 which corresponds to the simplest linear regression. The columns of the 

matrix 

(3.28) 
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/N. 
Y - Y  

Fig, 3.1 - The sample space, n = 3, p = 2. 
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define the two points Pi and P2, and the vector of the observed response variable 

Y = (Yi, Y2, ¥3)^ defines the point Y. Vectors Pi and P2 span the estimation space 

with the dimension p = 2 in which the vector Y = should lie. If the vector 

X/3 defines a general point in the estimation space then the squared distance 

is given by 

(Y - X0fiY - X/3) = 5(j3). (3.29) 

It is a sum of squares defined for a general point T.  The minimum of this sum of 

squares with respect to /3 provides a 0 such that the vector Y = X/3, has a tip, 

P ,  c loses t  t o  the  po in t  Y:  i . e . ,  t he  vec to r  YP i s  pe rpend icu la r  t o  the  vec to r  OP.  

Then, in the vector notation 

Y  =  Y  +  (Y-Y) ,  

or 

Y = Y + e, (3.30) 

where the vector e is the vector of the residuals which lies in the (n—p)-dimensional 

subspace called the error space. The right triangle defined by the points YPT yields 

YT^ = YP^ + PT'^, 

or 

5(/3) = S0)  +  PT"" .  (3.31) 

If S{0)  is kept constant, then 

PT^ = 5()3) - S{P) = a constant 
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defines a contour of all the points T that lie on the circle centered around the 

point P. In a general p-dimensional estimation space these points would lie on a 

p-dimensional sphere with the radius 

[S(/3) - S(/3)li 

Using Eq.(3.16) yields 

5(/3) - S{^) = - 20'^X^Y + 0^X^X0, 

or 

S{0)  -  S{0)  =  {0 -  0VlC 'X . (0  -  0) .  (3.32) 

Assuming that the errors, e, are independent and normally distributed, iV(0,a^), 

then the following is true: 

1. iV[/3,(X^X)-V2] . 

2- 5(3) ~ 

3. S{0)  -  S{0)  ~  

4. S{^ )  — S{0)  and S(j9) are independent so that 

[sot-S(3)|/p^ 
S{0) / (n  -  p)  °  ^  '  

Equation (3.33) can be used to determine the (1 — a) confidence region for the true 

/3, or 

S{0)  =  S{0)  1 ^p,n—p,l—a 
n  — p  

(3.34) 
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Usine Eqs. (3.32) and (3.33) yields 

{ ( 3  -  ̂f X ^ X { / 3  - 0 ) < P  S ^ F P , R ^ - P , I - A ,  (3.35) 

where 

,2 • 
n — p 

Equation (3.35) represents the ellipsoidal confidence region around j3. 

3.1.3 Properties of the Linear Least Squares Estimates 

Under the assumption that the errors have the mean equal to zero, the least squares 

estimates are unbiased; i.e., 

0  = (X^X)-^X^Y, 

= (X^X)-'X^(Xy3 + e), 

= (X^X)-'X^X/3 + (X^X)-'X^e, 

or 

= / 3  H - ( X ^ X ) - ' X V  

Taking the expectation of the parameter estimates yields 

E(/31 = ̂  + (X''X)-'X''E[e], 

or 

E[y9] = /3. (3.36) 

The covariance matrix of the least squares estimate, is 

= cr'(X^X)-\ (3.37) 
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which follows from the fact that 

^ = (X^X)-'X^Y 

and the covariance of Y is Eee = Then, 

= (X^X)-^X^i:eeX(X^X)-\ 

= (X^X)-^X^o-2lX(X^X)-\ 

or 

^00 = <''(X''X)-'. (3.38) 

For a given vector of predictor variables, Xo, the estimate of the expected value of 

the response variable is 

n = X^^. (3.39) 

Then, the variance of the estimate is 

or 

(3.40) 

Without any distribution assumption of the error, the estimate of 0 has the follow

ing properties: 

1. It is the estimate that minimizes the error sum of squares e^e. 

2. The elements of the estimate, 0, are the linear combinations of the observa

tions Y = [Vi, V2> • • • 1 The estimates are unbiased and have the mini

mum variance (Gauss's Theorem [19, p. 296]). 
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Assuming that the errors are independent and normally distributed; i.e., e ~ 

N{0,A /); then, 

1. the least squares estimate is also the maximum likelihood estimate of 

and 

2. estimate 0i of the zth component of the vector ^ is normally distributed with 

the mean !3 and the variance cr^ va, where Uti is the diagonal element of the 

matrix V = (X^X)-^ 

Therefore, the standard error of the 0i estimate is = Sy/vH. Assuming normality 

of the errors the confidence intervals for the estimate /?j are 

A  i  ^ n — p , l — ( 3 . 4 1 )  

Using Eqs. (3.39) and (3.40) the confidence intervals for the estimate of the mean 

response, YQ, is 

fo ± f„_p,i_^av^Xo^(X^X)-iXo, (3.42) 

or 

^ (3.43) 

3.2 Nonlinear Regression Models 

A straight-line regression model can be generalized to 

Yi = /(Xi, 0) + e,-, for i = 1,2, • • •, n, (3.44) 

where /(Xj, 9) describes a function of the vector of regressor variables, X, and the 

vector of p model parameters, 0 = [^i, 02> • • • > Sp]^- A nonlinear regression model is 
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the one in which at least one of its parameters appears nonlinearly, or more formally, 

a nonlinear relationship exists if at least one of the derivatives of Yi with respect to 

the parameters di is a function of at least one of those parameters. The error sum 

of squares for the nonlinear model given by Eq. (3.44) is 

s{e) = ' t{Y,-f{x„e)y. (sas] 
1=1 

To find the Least Squares (LS) estimate 6 it is necessary to find the first derivatives 

of S{0) with respect to 9 and to obtain the normal equations; i.e., 

"5/(X,,0)' 

t=l dOj 
= 0, fori = 1, •••,?. (3-46) 

6=0 

When the model is nonlinear the normal equations are nonlinear, as well, and the 

solution of the normal equations can become extremely difficult to obtain. The 

LS estimate 0 of 0 does not have the properties of the linear estimator 0 of y3. 

0 is not obtained as the linear combination of observations, and even if the error, 

e, is normally distributed with mean zero and variance the estimate 0 is not 

normally distributed, nor is it unbiased, nor is it a minimum variance estimate. As 

the sample size increases the properties of the estimate 0 approach the properties 

of /3, but it is not possible to specify how large the sample size should be for the 

asymptotic properties to hold. 

There are some nonlinear models whose parameters are unbiased, normally dis

tributed and the minimum variance estimators when the sample sizes are relatively 

small, some nonlinear models become close to the linear models after some repa-

rameterization and some models never behave close to the linear sense even when 

a large sample is taken. A close to linear behavior of the nonlinear model parame

ters is of great importance. A close to linear parameterization will improve model 

convergibility which means that the chances of convergence from initial parameter 
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estimates will be significantly improved. The LS estimates of the model parame

ters will have distributions that approach a normal distribution and consequently 

the joint confidence region for the parameters will be almost ellipsoidal and the 

confidence interval for each parameter will be almost exact. 

3.2.1 Least Squares Estimation 

The Gauss-Newton Method, or the Linearization Method [23, pp. 283-287; 24, pp. 

459-465], uses a linear least squares method in a series of stages. Assuming the 

model has the form given by Eq. (3.44) and the initial estimates of the model 

parameters are 0Q = [^lo, ^207 * * * the Taylor series expansion of /(Xi,0) 

about the point OQ is 

/(X„0)=/(X„0o) + E 
J=1 

3/(X„0) 

0=00 
{6j — Ojo) for z = 1, • • •, n. (3.47) 

ddj 

Introducing the notation for the ith observation, /° = /(Xt,0o) and 5° = 

dj — 9jQ, Eq. (3.44) can be written as 

i=i dOj 0=60 
/3j+ei, forz = (3.48) 

which is the linear regression problem. The Jacobian matrix of the first derivatives 

of the function /(X, 0), is 

J{0) = 

dfi(Xi,0) dh(Xi,0) . . .  dh(Xi,0) 
dOi 802 dOp 

dfn(X.n,0) a/n(Xn,0) . . . dfn(X.n,0) 
d0i 802 80U 

(3.49) 

0=00 

Using Eq. (3.49), Eq. (3.48) czm be written in the matrix notation as 

Y - f" = J(0o)/3° + €. (3.50) 
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The estimate /3° of /3 can be determined by applying the linear least squares theory, 

or 

0° = [j(9„)'"j{e„)] ' Jie^f [y - f°], (3.51) 

which minimizes the sum of squares given by 

5S(0) = 5: -/(X., 0o) - E 
i= i  I  j= i  

df{x,,e) 
ddj 0=00 

(3.52) 

Knowing that /3° = 0^ — 6Q, then the revised, or the improved best estimate of 0 is 

01 =0o+/3°. 

or, in general, after k  iterations the estimate is 

0fc+l = 0,+/3^ (3.53) 

and 

St+i = St + [j(et)''j(9t)] ' JiOkf [Y - f*]. 

The iterative process continues until the desired error, 6 ,  is achieved, or 

^ j ( k+ l )  — Ojk  < 6, for j  = 1,2, 

(3.54) 

(3.55) 

At each iteration 5(0), given by Eq. (3.45), is calculated to check if there is any 

reduction in its value. After the last iteration, the estimate is 

0 = [j(e)^j(0)] j(e)'- [Y - f]. (3.56) 

Given e ~ N{0, a^I) and a large sample size, n, the following asymptotic results 

hold: 

1. 0-e~jVp('o,ff^[j''(0)j(O)]"'), (3.57) 
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where Np stands for the multivariate normal probability density function for a p-

dimensional random vector. 

(n - p)s^ 2 ,o =ox 
^2 ~ Xn-p, 1-a' (3.08) 

where n-p 

3. 0  and are statistically independent. 

4. .... (3.59) 
S ( e ) / ( 7 i  - p )  '  

, { e - e f j 0 f j i e K e - e }  
O .  -  ^  r n — p ,  1—A- (O.OU) 

p 

3.2.2 Geometry of the Nonlinear Least Squares Estimates 

In the nonlinear regression case the estimation space, or the solution locus, is no 

longer linear. It consists of the points /(Xi, 0), /(X2,0), • • •, /(Xn, 9) and the sum 

of squares, S{0), represents the smallest squared distance from the tip of the vector 

of observations, (Yi, • • •, to the point P on the solution locus. Figure 3.2 

shows the simplest case involving only two observations, n = 2, or Yi and Y2, for 

given values of the regressor variable Xy and X2, and a single parameter 9. The 

grid on the solution locus corresponds to different values of the parameter d, and 

the line YP corresponds to the minimum sum of squares, S{9), for 6 = 6. The level 

of curvature of the solution locus is called the intrinsic nonlinearity. The intrinsic 

nonlinearity is characteristic of the particular model and can not be improved by 

reparameterization. Unequal spacing of the parameter values on the solution locus 

is called the parameter effect nonlinearity and it can be improved by the model 

reparameterizat ion. 
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Range of the first of a pair of observations 

Fig. 3.2 - The estimatioa space for n = 2 observations, p = 
1  p a r a m e t e r  a n d  n o n l i n e a r  f { X , 9 ) .  
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Second 
Iteration 

First 
Iteration 

Fig. 3.3 — Linearization technique in the estimation space 
for n = 2 and p = 1. 

When using the linearization algorithm a point do is selected on the solution 

locus which defines the linearized estimation space in the form of the tangent space 

at OQ. Figure 3.3 illustrates the linearization technique for the case of a single 

parameter 6 and n = 2 observations. The linearized estimation space is graduated 

in units of 9 which are obtained from the rate of change of f{X,9) at OQ. Based 

on linearity assumption, the minimum sum of squares, SS{d), is determined which 

means finding the point Pq SO that the line KP is perpendicular to the tangent 

line. A new value of 9, 9i, is determined at point Pq. The second iteration starts 

by taking the tangent line at 9i on the solution locus and solving the linear least 

squares problem again. It is apparent that when the curvature of the solution locus 

is extensive, the linearized least squares algorithm may not converge. The contours 
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SS(0) contour 
S(9) contour 

y 
Solution to the 
first linearized iteration 

Fig. 3.4 — Linearization technique in the parameter space for 
n = 2 and p = 1. 

of the constant S{B)  in the sample space of the linear model are spheres. This is 

not the case when the model is nonlinear. The contours of the points which are 

equidistant from the point Y = [Yv, • ,y„] are irregular. 

The contours of constant S{&)  in the parameter space of the linear model are 

concentric ellipsoids. The contours of constant S{G) in the parameter space of 

the nonlinear model are irregular banana-shaped and often elongated. Figure 3.4 

illustrates linearization technique in the parameter space when the model contains 

two parameters, 9i and 02- The irregular constant S{9) bowl is replaced by an 

elliptical SS(0) bowl which has the same first derivatives at the initial estimates 

of the parameters OQ. The linear least squares problem is solved by moving to 

the bottom of the SS{9) bowl obtaining 9i. The successive iterations are repeated 
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until the estimate 0 of the nonlinear problem is reached. The linearization technique 

converges very quickly if the initial estimates of the model parameters, OQ, are close 

to 0. 
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CHAPTER 4 

DEGRADATION ANALYSIS 

4.1 Introduction 

Electronic and electromechanical systems in military, aerospace, automotive, com

mercial and industrial applications consist of the components that exhibit extremely 

high reliability. Traditional life testing which may involve some accelerated test 

methodologies usually results in only a few or no failures. To assess the reliabil

ity of such systems the sample sizes must be large and the testing time must be 

extensive. Measuring only time to failure neglects the fact that the system or its 

component fails due to mechanisms that progress over time and cause degradation 

of system or component electrical and mechanical performance. The failure mech

anisms such as penetration (permeation) of moisture in the plastic encapsulation, 

corrosion of bond pads, fatigue crack growth, deposition of fine dust particles on 

the surface of the microbridge in the air-flow sensors, etc., cause gradual degra

dation of the subsystem, or system performance until it reaches the critical level 

when the system is in a failed state. If the failure mechanisms can be identified and 

the degradation measured, subsystem and system reliability can be determined in 

terms of the critical level of degradation that is reached after some period of time. 

This methodology implies that the actual time to failure may never be observed 

but it can be determined by extrapolation from the estimated degradation path for 

each failure mechanism and for each subsystem at given stresses. 
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4.2 Model Definition and Assumptions 

System failures axe entirely governed by subsystem degradation mechanisms. This 

implies that the sudden failures of the system are not considered in this model but 

they should not be excluded from the reliability analysis if they represent a signifi

cant portion of the sample's failures. The following are the general assumptions of 

the degradation model; 

1. Each system or subsystem failure is governed by d independent degradation 

mechanisms. Different subsystems may have the same degradation mecha

nisms but the degradation mechanisms for different subsystems are indepen

dent of each other. 

2. The life test is an accelerated degradation test with SQ stress levels for each 

degradation mechanism, a = 1,2, Figure 4.1 illustrates degradation 

paths for one degradation mechanism and measurements taken at three stress 

levels of a particular stress. 

3. Sample units are randomly selected from a population of a subsystem and 

random measurement errors from one unit are independent of those from 

other units. The measurement error, is constant and identical for all units 

and stress levels for given degradation mechanism. 

4. The observed degradation path for given degradation mechanism, 7;(t;0), 

plus the experimental error, e, is a non-decreasing or non-increasing non

linear function of time. Time i is a real time or some other measure such as 

number of switch actuations, number of thermal or mechanical cycles. The 

measurement times and the number of measurements are prespecified for each 
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3 in c a  u 

u u c 
53 

Stress Level 3 

Stress Level 2 

Stress Level 1 

Time, t 

Fig. 4.1 — Example of degradation paths at different stress 
levels for a given degradation mechanism and a 
stress type. Stress Level 3 > Stress Level 2 > 
Stress Level 1. 
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degradation mechanism. 

5. 0 is a vector of p model parameters representing individual unit character

istics. There are q random parameters and p — q parameters which are fixed 

for all units and stress levels for given degradation path or mechanism. The 

partition of the parameter vector is then 

where is a vector of dimension p — q, fixed for all units and stress levels for 

a given degradation mechanism, and ©'' is a random vector of dimension q 

multivariate, normally distributed with mean fiQ and covariance matrix Eg, 

or 

In subsequent analysis the superscript (r) will be omitted. 

6. Relationship between random parameters of the degradation model for given 

degradation mechanism and stresses is either linear or nonlinear. 

7. Equal covariance matrix, E0, of the random parameters for all stress levels 

and given degradation mechanism. 

4.3 Degradation Analysis 

The degradation models presented in Chapter 2 describe simple cases of degra

dation paths where the times to failure are obtained in a closed form and the 

times-to-failure pdf is easily obtained. If the number of random parameters of the 

e = [e'le'i'" = (e,, • • •. e,. |e,+,. • • •. ej'". (4.1) 

Q' ~ N, [;-©,£©]. (4.2) 
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degradation path is greater than one and if the random parameters are correlated, 

it is not possible to obtain a closed form of the times-to-failure distribution. As

suming that the random parameters of the degradation model are stress dependant, 

an appropriate regression model is necessary to determine the model parameters at 

use stress levels. The steps in a general degradation model are as follows: 

Step 1 — Select appropriate degradation path models for all degradation mecha

nisms and estimate their parameters. For each unit in a sample of size 

where is a sample size for a given degradation mechanism a and corre

sponding stress level s , the sample path is given by 

Vi j  = Vi j  + e.7 = :  0,) + Cjj, i = 1, 2, • • •, 
~ j = 1,2, (4.3) 

Q = 1, 2, • • • , </, 

where 

tj = jth measurement time, identical for all units 
tested at the same stress level, but the number 
of measurements is not necessarily equal for all 
units. Therefore, the vector of measurement times 
for the 2th unit is t = [ii, f2, • • •, 

©i = p-dimensional vector of the model parameters for 
the ith unit and given degradation mechanism, d, 
©i = [©ti, • • •, ©tp]^, 

€ij = random measurement error, normally distributed 
with mean zero and variance <7^. The errors are 
uncorrelated and independent. 

Using the least squares methodology, estimate the parameters of the degra

dation path for all units tested at the stress levels for a given degradation 

mechanism. 
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Step 2 — Estimate the mean and covariance of the random parameter vector, 

©i ~ yV, [/Z0 , S0 j, for i = 1,2, • • •, n*;, and k = 1,2, • • •, So, check the nor

mality assumption and perform reparameterization, if necessary, to achieve 

multivariate normality of the parameters, Omitting the superscript (r), 

the parameter transformation can be written as 

0 i  = H (©j) i  2, • • • , Hki  

f c  =  1 , 2 ,  • - • , S a ,  

where the function H (©jj = (©,) , H2 (©t) (©i)]^ is the func

tion of the original parameters, ©, only. 

Step 3 — Estimate the population parameters at each of the stress levels, Sa, for 

given degradation mechanism, a, and compare the means of the populations 

to determine the stress dependent parameters. 

Step 4 - Using multivariate multiple linear regression methodology establish the 

relationship between the random parameters, 0, and applied stresses, Z, for 

given degradation mechanism, or 

0  — Z (3  

{n y. q) {n x {r + I)) ({r-h I) x q) {n x q) 
(4.5) 

with 

E (e(i)) = 0; Gov (e(,), €(*;)) = a/fcl, for /, A: = 1,2, • • •, q. 

The q components of the parameter vector 0, on the ith unit are correlated 

with the covariance matrix E = {""ifc}, I but the observations from 

different units are not correlated due to independent random samples. The 

it h  r o w  o f  t h e  m a t r i x ,  Z ,  o f  t h e  s t r e s s  v a r i a b l e s  i s  [ z i o  z n  •  • •  2 , r ] ,  f o r  i  =  
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1,2, Estimate the g-dimensional vector of random degradation path 

parameters at use stress levels, 6u, from 

(4.6) 

Step 5 — Using Bootstrap simulation methodology [16, 17] estimate the probabil

ity of failure for the subsystems with multiple failure modes. 

4.4 Step 1 - Selection of the Degradation Path Model and Pa

rameter Estimation 

The assumed general form of the non-linear degradation path is given by Eq. (4.3), 

or 

Vij = ^ij + '• z = 1,2, - • •, 
e~Ar(0,a2) j = 1,2, (4.7) 

a = 1, 2, • • •, d, 

where the form of the non-linear function, 77" {tj; ©,), is selected from some under

lying theory, if the degradation mechanism can be attributed to a physical or a 

chemical process in a component or material. If the subsystem or unit is complex 

and the physical or chemical process is not easy to identify, the non-linear function 

can be selected from a large base of empirical non-linear functions that fit the data 

best. One of the criteria for selection of the model is the minimum error variance, 

cTj. It is assumed that the error, e, is independently and identically normally dis

tributed with constant variance, The independence means that the error of the 

observed degradation, yij, for one value of j is not related to the observation for 

some other value of j. That is, the error term, e, is independent between pairs of 

measurements {h, y^), (t2, yia), • • •, (trm, yirm)-
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The identicalness of the error refers to the question whether the distribution is 

identical for all pairs of observations and whether the moments of the distribution, 

particularly the variances, are constants. Plotting the data points and the fitted 

model on the same graph would show the deviations in a vertical direction of the 

data points from the model and indicate if nonhomogeneity of the variance exists. 

The normality assumption of the residuals should be examined by probability 

plotting, or by so called q-q plots [19, pp. 154-156] of the expected normal quantiles 

versus residuals. The number of measurements should be large enough so that the 

normality assumption can be examined. In practice, the above assumptions can be 

approximately true since the least squares criterion tends to be reasonably robust 

to minor departures from these assumptions. 

Given appropriate validity of the assumptions of independence and identically 

normally distributed error, the linear least squares estimators are unbiased, nor

mally distributed and have the minimum possible variance. In non-linear regres

sion case the least squares estimators achieve these properties only asymptoticaly; 

i.e., as the sample size approaches infinity. There are, however, some non-linear 

regression models whose parameter estimates are close to being unbiased normally 

distributed and have minimum variance even when the number of observations is 

relatively small. These models are called close to linear models. Convergence from 

the initial estimates of the iterative methods such as the Gauss-Newton Method is 

significantly improved if the model exhibits close-to-linear behavior. The contours 

of the equal residual sum of squares for a linear model are elliptical. As the extent 

of linear behavior of a non-linear model increases, convergence increases since the 

contours of the equal residual sum of squares approach an elliptical shape. Further

more, far-from-linear models may have more than one minimum in their residual 
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sum of squares and such models may converge to a minimum which is not the global 

optimum. 

Another advantage of close-to-linear models is that the predicted values of the 

response variable, Y, or predicted values of the performance degradation are unbi

ased and the least squares estimates of the model parameters will be approximately 

normally distributed. Then, the joint confidence regions for the parameters will 

be close to elliptical and the confidence intervals for each parameter will be almost 

exact. 

In some cases reparameterization of a starting non-linear model may tend to 

close-to-linear behavior of the model and consequently improve convergibility. Two 

models are reparameterizations of each other if the parameters of one of them 

may be expressed as a function of only the parameters of the other model and 

the expression does not involve response variables, explanatory variables or the 

error term. Then, the fitted or predicted values from the two parameterizations 

will be identical. Ratkovsky [21] presents a large number of nonlinear models that 

include two-, three-, four-, and five-parameter models. He discusses the properties 

of the models and recommends reparameterizations that result in the close-to-linear 

models. 

It is assumed that for each degradation mechanism the degradation path of each 

unit can be described by a non-linear model; i.e., 

Vij = r} {tj-,  ©i) + for i = 1,2, • • •, 
fc = l,2,.-.,5a (4.8) 
i = 1,2, 

where ©j is the p-dimensional vector, and tj are the m, degradation measurements 

over time. The general model assumptions are: 

1. The errors, are independent and identically normally distributed with mean 
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zero and variance 

2. For each i  and for all stresses, Sa, rj {ty, ©) is a continuous function of 0. 

3. © is a closed, bounded subset of W. 

The parameter vector, 0, is estimated so that the sum of the squares given by 

J l X i  

J=l 

is minimized. The estimate of the error variance, is then, 

(4.9) 

= (4.10) 
rrii-p 

The first order Taylor series expansion of the function T]{tj,@i) about the point 

0*, 0* = [0*1, 0*2, • • •, ©ip]^) when 0, is close to 0*, yields 

(0,^-0*,), (4.11) = 77(i,;©*) + £ 
p 

k 
dr] {tj\  ©,) 

dQik ©.=©: 

for i  = 1,2, - • •, n^fc, k = 1,2, - • •, 5a and j = 1, 2, • • •, Introducing the matrix of 

the first derivatives of the model function with respect to its parameters for the zth 

unit yields 

Jm (0:) = 

dv{h-,Qi) aT,{tu&i) 
dQii 80(2 

dv(t2;Qi) 8Tj(t2;0j) aT,(t2;&i) 
dSii aSjj ' •' ae.p 

aOii aOii ''' dOip 

(4.12) 

©.=©i 

for i  = 1,2, - - •, n/t,  and k = 1,2, • • •, Sq, which is the matrix of dimension x p. 

Then, Eq. (4.11) can be written in the matrix notation as follows 

V (t; ©i) = V (t; ©i) 4- (©, - ©i) . 
(mt X 1) ("It X 1) ("It X p) (p X 1) 

(4.13) 
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Given that the error e ~ iV (0, afl) and the number of observations is large, the 

asymptotic distribution of the vector of the least squares estimates, 0^, is 

©i ~ iVp &i,(x (4.14) 

where (jf. is estimated by Eq. (4.10). It follows from Eq. (4.14) that the covariance 

matrix of the least squares estimates of ©, for the zth unit is given by 

= cr. 
- 1  

(4.15) 

where subscript e refers to the covariance matrix of the parameter estimate of 0 

with respect to the measurement error, €. 

4.5 Step 2 - Estimation of the Vector of Random Parameters and 
Its Covariance Matrix. 

Assuming that the degradation path for a given degradation mechanism has q 

random parameters, and p — q parameters which are fixed for all  n, where n = 

Til + n2 + h the p-dimensional parameter vector, 0^, can be partitioned as 

0i = 

©ti 
0i2 

0 
0 W+1 

0ip 

©r 

©i J 
(4.16) 

Similarly, the covariance matrix of the least squares parameters for Unit i  can be 

partitioned as 

^0 . ~ Wm (®«) Jrji (©t) 
-1 



78 

= (7? 

V 
11 

q ^ q  
12 

I  q ^ i p - q )  

I ^.22 
{ p - q ) x q  I { p - q ) x  { p - q )  

S. 12 

or 

(^i 11 • Iq lq+1 Ip 

(7I qq qq+1 O"! (7P 

(7+11 • • q+lq <7+1(7+1 q+lp 

. pi O", p q  pq+1 PP . 

(4.17) 

The upper left submatrix, S,ii of the covariance matrix, , is given by 

(7i 11 • • • CTi I,, 

5^111= •; , (4.18) 

ql ' ' ' qq _ 

which is a symmetric and positive definite matrix of dimension q y. q.  This is the 

covariance matrix of the random degradation path parameters with respect to the 

measurement error, c. 

A single multivariate observation of the degradation path parameters, 0, is a 

collection of q variables, ©i, 02, • • •, Qqy which have a joint distribution. Each set of 

q variables is a single observation vector, ©», estimated from the degradation path 

of the ith unit. Then, the matrix 

Sk 
q x u k  

©FCLL ©FC21 • • • ®FCNFCL 

©A:12 ©A:22 • * * ^KNK2 
= [©ifci,©fc2,---,0fc7ij, (4.19) 

.©fclq ©A:2^ ^knkg. 

for A: = 1,2, • • -, Sa, represents a matrix of the random sample of the degradation 

parameters for all units in the sample exposed to the stress level or combination 
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of stress levels, k .  The column vectors, 0fci,©fc2i""'!©fcnfc7 Eq. (4.19) repre

sent independent observations from a common multivariate joint probability den

sity function, /(0fc) = /(©a, ©fe2, • * •, ©fcnj = /(©fci) /(©fca) • * •/(©itnj- The 

sample mean, ©<., for a stress level k is 

1 1 

^—1 

©Aril 0A:21 " " " ©ifcnti 

©fcl2 0A:22 • • • ©A:th2 

©fcl? Qk2q • • • ©itn J 

T 
1 

_1. 
or 

©2 

© 9 J 

(4.20) 

If a random sample is taken from a joint distribution with mean , and covariance 

matrix, ^0^, then ©^ is an unbiased estimator of or 

E(©A:)=M©^, (4-21) 

and 

E(s„.) = ̂ i:e.. 
Uk 

or 

Therefore, the unbiased sample covariance matrix is 

5. = ^ I: (e« , 

(4.22) 

(4.23) 
t=i 

which is a matrix of the following form 

5ii S\2 • • •  Siq 
S\2 S22 • • • S2q S = 

Siq • • •  S,  « J 

(4.24) 
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The sample covaxiance matrix contains q variances and \q{q — 1) covariances. A 

quantity that assigns a single value to the variation expressed by S is its determi

nant, 15|, which is called the generalized sample variance. A degradation model 

assumption is that q parameters of the non-linear degradation path have a joint 

multivariate normal density, or 

matrix E0. Analogous to the univariate case, this g-dimensional normal density 

is a quadratic form that represents the squared generalized distance from 0 to /X0. 

Contours of constant probability density for the ^-dimensional normal density are 

ellipsoids defined by 0 such that 

Using the spectral decomposition of the symmetric positive definite matrix, Eq, 

yields 

where —oo < 0^ < oo, i  = 1,2, •••,q, and E^j is the inverse of the covariance 

can be denoted by Ng ^©)- Assuming that the qx^q symmetric matrix, Eq, 

is positive definite, then the expression 

(4.26) 

(4.27) 

E0 — Aie^e^ + A2C2C^ -I- • • • -I- A^e^e^, (4.28) 

or 

(4.29) 



81 

where (A,, ei) is an eigenvalue-eigenvector pair for S©, and corresponding 

pair for EQ. The ellipsoids defined by Eq. (4.27) are centered at /Z0 and have the 

length of their axes given by 

in the direction of the eigenvector e^, where = Aje, for 2 = 1, 2 ,  and 

At > 0. The eigenvectors are orthonormal such that = 1, for i  = 

and = 0 for i  ^  j.  

is distributed as a distribution with q degrees of freedom. It follows that the 

probability statement 

where denotes the (1 — a) 100th percentile of the distribution with q de

grees of freedom. 

The normality assumption of the random vector 0 can be examined based on the 

following properties of the multivariate probability density function: 

1. Linear combination of the components of 0 are normally distributed. 

2. All subsets of the components of 0 have a multivariate normal distribution. 

3. The conditional distributions of the components of 0 are multivariate normal 

distributions. 

4. If there is a zero covariance, the corresponding components are independent. 

(4.30) 

If 0 is distributed as Nq S©) with [S©! > 0, then ^0 - ^0 (0 — M©) 

p [(e - (© - /le) < x5,i-„] = i - (4-

defines the probability assigned to the ellipsoid ^0 — A*©) SQ ^0 — M©) < Xq 
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Therefore, the investigations of multivariate normality can be focused on the ob

servations in one or two dimensions; i.e., margined distributions of the components 

of 0, or bivariate normality for pairs of components. 

Histograms for > 25 can reveal whether one tail of a univariate distribution 

of a component, 0j, is much longer than the other. If the histogram seems to be 

symmetric, further investigation may involve counting the number of observations 

that fall in a certain interval. This concept is based on the known fact that prob

ability of 0.683 is assigned to the interval (/i — cr,// + cr), or probability of 0.954 is 

assigned to the interval (// — 2 cr,/i + 2 cr). Consequently, the proportion pj = ^ 

of the number, x, of the jth parameter, 9j, which falls within one sigma interval, 

(fi — a, n + (j), has the mean p = 0.683 and variance cr^ = This follows from 

the fact that the random variable x has a Binomial distribution. If Uk is large, 

then, by the central limit theorem, the proportion p is normally distributed, or 

p ~ N{p,a'^). The 6 a limits for the proportion, p, are given by 

p  =  p ± 3  a ,  (4.32) 

or 

p = p±3JP(L_P). (4.33) 
V n 

Using p = pkji = 0.683 Eq. (4.33) yields 

fe,, _ 0.683, > 3 = 3 ,4.34) 
\ rik y Tlk y/Uk 

for y = 1,2, • - •, 9 and k = 1,2, • • •, Sa, where pkj\ is the proportion of the obser

vations for the kth stress level and the jth component, that fall within one sigma 

interval, (0j - + \fSjj)- If the observed proportion, pkj\ satisfies the in

equality given by Eq. (4.34) the normality of the jth component is questionable. 
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Similarly, 

o /p(l - P) o / (0.954(0.046) 0.628 
P k j 2  -  0 . 9 5 4  >  3  ^  =  3  i 4 . 3 5 )  

\ rik y Tik y/ni^ 

(or j = 1, 2, • • -, g and k = 1, 2, • • •, SQ, where pkj2 is the proportion of the obser

vations for the fcth stress level and the jth component that fall within two sigma 

interval, (0j - 2 Qj + 2 If the observed proportion, pkj2 satisfies the 

inequality given by Eq. (4.35), the normality of the jth component is questionable. 

.A-nother graphical method of assessing a univariate normality Is the q-q plot. 

The q-q plot is the plot of the sample quantile, 0^, versus the quantile that is 

expected if the observations are coming from a normal distribution, qij. If the 

points of quantiles {qij,Qij) He approximately along a straight line, the acceptable 

normality of the parameter Qj is assumed. The procedure consists of the following 

steps: 

1. The observations of the jth parajneter, 0j, are ordered in increasing order, 

or Qij < ©2j < • * • < ©Tifcj- Their corresponding probabilities are calculated 

from ... "«•—0-3 
nfc+0.4' nfc+0.4' '  UK+OA' 

2. The standard normal quantiles qi,q2,-- -, qn^ calculated from 

P { Z <  Q i j )  = -^e-^dz = (4-36) 
J—cc •\/2 TT "I" 0.4 

where is the 50% confidence level estimate of the probability that cor

responds to the quantile ft. 

3. The pairs of quantiles {qij, Qij), (927, ©2i). • • •, {Qukj^^nkj) ^xe plotted and 

checked as to whether the points lie on a straight line. Figure 4.2 illustrates 

a q-q plot methodology. 
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Fig. 4.2 — Example q-q plot. 

The q-q plots are effective for large sample sizes. If the sample size, is small, 

variability of points about the straight line may be significant. 

The bivariate normality of pairs of components of the vector 0, (©/,0/,) can 

be checked by using the fact that the quadratic form given by Eq. (4.27) is a 

distributed, or 

(e - HQY Eg (e - „q) < (4.37) 

For a given sample, it is expected that half of the observations lie in the ellipse 

(©i - Sg' (Si - ®) < xi,0.5, (4-38) 

where = [0,/, for all z = 1,2, • • •, n^, I = 1,2, • • •, 9 and I ^ h, and S~^ is 

the inverse of the covariance matrix for a given pair of parameters, Sih, or 

5 = Sii Sih 
Sih Sfik 

(4.39) 

For a selected pair of parameters, the procedure consists of the following steps: 
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1. For all units, i  = 1,2, • - - rifc where fc = 1,2, - • •, Sa, calculate the left-hand side 

ofEq. (4.38). 

2. Count the number of points for which the condition of Eq. (4.38) is satisfied. 

If the number of points within the contour given by Eq. (4.38) is approximately 

50% of the total sample size, n^, the bivariate normality of the pair of parameters 

can be assumed. 

A graphical method, which is not limited to a bivariate normal distribution, is 

based on the squared generalized distances given by 

(©, - 0)^ S~^ (0i - 0) = di, for z = 1, 2, • • •, Uk, (4.40) 

where 

0, is the 2th multivariate observation, or 

©ii 

(4.41) 0i = 
0. i2 

L^iq 

It follows from Eq. (4.40) that the squared distances, df, • • •, behave like a 

random variable. Therefore, if the squared distances are plotted versus i_o.3 , 
''rH+0.4 

for i  = 1,2, - - •, rzjfc, the points should lie on a straight line. This plot is called the 

plot. The procedure consists of the following steps: 

1. For every multivariate observation in the sample of size n^, calculate the 

squared distance df using Eq. (4.40). 

2. Order the squared distances in increasing order, ov < (^ < • • • < and 

calculate the corresponding probabilities, 

1-0.3 2-0.3 Tik - 0.3 
Tifc + 0.4'nfc + 0.4' 'nfc+0.4' 
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3. Plot the points ft/?, i_o.3 )• 

If the points lie on a straight line the normal assumption is accepted. Systematic 

departures from a straight line indicate lack of normality. 

If the above methods indicate that there are some departures from normality of 

the model parameters, appropriate transformation of the data should be considered. 

Box and Cox [25] and Andrews at al. [26] suggest a power transformation given by 

0^^-i 
Qj = ©f' = .j if ^3 ^ 0, j = 1,2, - • • ,g, 

ln(©_,) if Xj = 0, 
(4.42) 

which is continuous in Aj for 0j > 0. Here 0^^^ in the middle of Eq. (4.42) is not 

the power, but the superscript that indicates transformation of Qj with respect to 

A. The likelihood function related to the original observations of Qijk is given by 

= 1 

(27r)'2 CT" 
EXP 2 0-2 lJ(A,fc,0)l, (4.43) 

where \ J (Ajfc,0)| is the determinant of the Jacobian of the transformation given 

by 

l - ^ ( V , e ) |  =  n ^  =  n e ; ^ r -
.=1 " ̂ jk i=i 

(4.44) 

The constant, Xjk-, for the jth component of the degradation parameter vector and 

the A;th stress level, is determined so that the log-likelihood function except for the 

constant is maximized, or 

•Cm {AjO = -^ In a' + In [J (A,*, 0)], 

or 

nk 

t=i 
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where ©ijA:, ©ajjfc? • * • j ©rnj* are the observations of the jth component of the 

degradation parameter vector, 0, for given stress level k = ,Sa- is 

defined by Eq.(4.42), and 

©S' = E E () (4-46) 
TLK ^jk J 

is the average of the transformed observations. The approximate value of Xjk that 

maximizes the log-likelihood function from Eq. (4.45) can be obtained by plotting 

Cm i^jk) versus and Xjk^ the maximum value is read off the plot. The plot can 

be used to establish the (1 — ar)100 % confidence limits for Xjk from the likelihood 

ratio 

2[£„(A)-A„(A)j<x?, (4.47) 

or 

^mi^jk) — An (4.48) 

The confidence limits on Xjk are read off the plot for the value of the log-likelihood 

function given by [^jC^n (Ajjt) — Xi, i-a] • The optimum value of the normalizing con

stant Xjk is determined for £dl k = 1,2, • • -, Sa and for all j = 1,2, • - •, 9. Assuming 

that the selected degradation model for a given degradation mechamism a possesses 

the close-to-linear properties and large sample size, njfe, the constants Xjk for the jth 

component over all stress levels, k = 1,2, • • •, Sa will not differ significantly among 

themselves. Then, the overall transformation constant Xj for all ks is determined 

from 

Xj = — ^ Xjk- (4.49) 
A=1 
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The normality of the marginal distribution of the transformed degradation param

eters, djk, given by 

Q -  —  1  
dijk = , for z = 1,2, • • •, Uk, and A: = 1,2, 

A. 
• " • ) ^ai (4.50) 

can be examined by plotting histograms and q-q plots of Oijk for A: = 1,2, • • •, Sq and 

the joint normality of the transformed degradation parameters 0 can be examined 

by the plots as previously explained. 

In general, the transformed degradation parameter vector 

=h(0, ) ,  (4.51) 

for i = 1,2,-•-.n/fc and k = 1,2, •••,Sa is multivariate normally distributed. The 

asymptotic mean of the transformed degradation parameter vector, 0 with respect 

to the measurement error, e, is 

Ee (0.) = E [h (0,)] = 0 „  z = l,2,---,nA 

Introducing the Jax:obian matrix of the transformation as 

(4.52) 

(®') = 

dHi(&i) aHi(Qi) 
dSt 902 "'' ae» 

3H2(0i) dH-ii&i) dH2(&i) 
dQ I 302 dQq 

a H a ( & i )  dHa( & i )  _ _ _ dHa( 0 i )  
S02 dOq 

(4.53) 

0i=0i 
for 2 = 1,2, • • •, nfc, its asymptotic covariance matrix obtained by the Taylor series 

approximation is given by 

(4.54) 

for i = 1,2, • • •, nfc and k = 1,2, • • •, Sa, where is given by Eq. (4.18). Then, 

Eq. (4.54) can be written as 

='.Vh, (Si) [Jr,. («<)]"' •'a (4.55) 
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for i = l,2,---,n/k and k = 1,2,This is the covariance matrix of the 

transformed degradation parameter vector. It denotes the parameter variability 

due to the measurement error, e. 

4.6 Step 3 - Estimation of the Population Parameters of the Mul
tivariate Normal pdf for the Random Degradation Parame
ters and Determination of the the Stress-dependent Param
eters. 

The estimates of the degradation path parameters, 9i, for Unit i given by Eq. (4.51) 

are conditional on the particular realization of ©i- The unconditional mean of the 

transformed random parameter vector is determined by using the law of the total 

expectation [18, p. 137], or 

for i = 1,2, • • •, Tik, and k = 1, 2, • • •, Sa, where the vector of means for the stress 

level k, is estimated by 

(4-57) 

for all stress levels k = 1,2, • • •, Sq. Equation (4.56) follows from the fact that the 

(4.56) 

inner expectation, E (0j|© = 0j), is the conditional expectation of Oi given the 

particular realization of 0, for the zth degradation path. Then, 

E (Siie = Si) = Si, 

and, consequently, the outer expectation is 

E[E(e,i0 = ©j)] = 
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The vector of means, is estimated using Eq. (4.57). The variability of the 

random degradation parameters is determined using the conditional expectation 

and the law of total expectation [18, pp. 138-139], or 

Var(y) = Var[E(K|.Y)] + E[Var(y|.Y)], 

which, applied to the degradation model, yields 

Var (0.) = Var [e (0i|© = ©,)] + E [Var (0.10 = 0^)] , 

= Var [0,] + E [Var (0^10 = 0^)] , 

or 

(4.58) 

Then, the estimate of the covariajice matrix, Hg, is 

^6 — ^0 ~~ ^0^- (4.59) 

This is the covariance matrix of the degradation parameters corrected for the vari

ability caused by the measurement error. The estimate of the covariance matrix for 

the A:th stress level, E/, , is obtained from 
Ok 

^9k Uk - 1 ̂  

for A: = 1,2, 5a. The estimate of the asymptotic covariance matrix of the random 

degradation parameters due to measurement error, E A , is obtained from 
"ek 

E g  = — ( 4 - 6 1 )  
" * rifc 0 ,i 

Substituting Eq. (4.55) into Eq. (4.61) yields 

^0.. = ̂ E{.'H, (©') (eO]"-^H, («<)''}• ("-62) 
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for A: = 1,2, • • •, 5o. The estimate of the error variance, is obtained as a pooled 

estimate for all units at the stress level k, or 

E irm - p) 
, (4.63) 

E {•mi - p) 
i=l 

where nii is the number of the degradation measurements taken on the z'th unit, 

and is the estimate of the error variance for the zth unit, and is given by Eq. 

(4.10). Then, from Eq. (4.59) the asymptotic covariance matrix of the random 

degradation path parameters is 

^9. = \ - ̂6.,' 

for the A:th stress level and A: = 1, 2 • • •, s^. Substituting Eqs. (4.60) and (4.62) into 

Eq. (4.64) yields 

E (»< - At) (e, - Utf 

E {•'h, (®0 [Jv< (®.)] ' . (•••65) 

for k = 1, 2, • • •, So. The asymptotic covariance matrix, is a. q x q symmetric 

and positive definite matrix. When the variance , of the measurement error is 

very small, the second term in Eq. (4.65) can be neglected. 

Confidence region for the 9 x 1 vector of the estimated means 0  =  [^i, 02> •  •  • » ^17]^, 

is derived from the hypothesis testing point of view. In the univariate case the 

hypothesis test on the population mean is 

Ho : /i = /io 

versus 

Hi : /z /io-
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After a sample from a normal population, is taken, the appropriate 

statistic is 

9 — Un 
s/y/n 

which is student ^-distributed with n — 1 degrees of freedom. Taking the square of 

both sides of Eq. (4.66) yields 

which is a squared distance between 9 and in terms of the variance ^ of the 

estimated mean. The null hypothesis is rejected at level a if the squared distance 

is too large, or 

{9 — fj'o) ^o) > (4.68) 

The confidence interval which consists of all values of HQ that would not be rejected 

by hypothesis HQ is 

^ ~ ifi-i, i-f "7= ^ A'o < ^ + tn~i, 1-f ~7=- (4.69) ^ \/n 2 

The relationship between the student t-distribution and the F-distribution is 

where ui and v-2 are degrees of freedom and for the univariate case ui = 1. 

Generalizing Eq. (4.67) to a g x 1 vector of means, 0, yields 

T ^  =  { e -  { e  -  = n ( e -

which is the multivariate statistic called Hotelling's 7^ [19, p. 180] and it is a 

generalized distance between two vectors, 0 and fiQ. For a p-dimensional mean 

vector and a sample size of n, the 7^ statistic is distributed as 

2 {n - l)p^ 
TL N P' ""P' (4-72) n — p 
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In the degradation analysis case, a random sample of rif. units is tested at stress 

level A:, A: = 1,2, • • •, So, for a given degradation mechanism, a, and a = 1, 2, • • •, d. 

A subset of q random degradation path parameters are multivariate normally dis

tributed Ng estimated vector of means 

(4.73) 
— 1 "*= 
0k = —^ekr, 

,= i 

and the estimate of the covariance matrix, , given by Eq. (4.65). Before a sample 

is taken the following probability holds; 

P (T^ < c^) = 1 - Q, 

P 'T2 ^ 2 _ (^fc l)g 
-t c — rq^ Tik-q, 1-Q 

Tljt 9 
=  1 - 0 : ,  

or 

"A: {^k - ' {^k - ^ 
("A: - 1)9 

?. nic-q, 1-a 

(4.74) 

= 1 — a, (4.75) 
r i k - q  

for k = 1,2, •••Sa, where i-Q 's the 100(1 — Q:)th percentile of the F-

distribution. To test the hypothesis 

Ho : 

versus 

Hi ; 

at a level of significance, reject Ho in favor of Hi if 

r' = n, (5» - S-i' (fl, - MS.) > (4-76) 

for k = 1,2, • • - Sq. The 100(1 — a)% confidence region for a q dimensional vector 

is a set of all ^IQ for which Ho is not rejected, or 
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for A: = 1,2, • • •, SQ. TO check whether any given is within the confidence 

region, it is necessary to calculate the Hotelling's and compare it with the 

value of Fq, n^-g, i-o- If the generalized squared distance 7^ is larger than 

^  n * ~ n k - q ,  i - Q ?  t h e  v e c t o r  i s  n o t  i n  t h e  c o n f i d e n c e  r e g i o n .  

For 9 = 2 the confidence region is an ellipse whose axes are defined from the 

characteristic roots, or eigenvalues, A, of the matrix S^. The eigenvalues are the 

solution of 

(Sfc - AI) = 0. (4.78) 

Defining the matrix of eigenvectors, Pk, as 

Pk = [eilea], 

then 

and 

Ai 0 
0 As 

x- 0 ' 1 
0 ij 

(4.79) 

(4.80) 

Introducing an orthogonal transformation from {Ok — fiQ^) to Yjt as 

i^k - fJ-0 ) = PAYAJ, (4.81) 

for ^ = 1,2, - • - Sa, then Eq. (4.77) yields 

n^Y'-pJS.-'PjYt < n.-,, .-a-
ufc q 

(4.82) 

Substituting Eq. (4.80) into Eq. (4.82) yields 
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y2 v2 A 
IAI _|_ =: _ 
Ai A2 Tik 

or 

which is the ellipse with the center at fit and the half-length of its axes from flit 

equal to 

V/A^ 
- \| 

\  Q ix^k 1 )  / i o n  
nfc(nfc-g) 

Direction of the axes are in the directions of the corresponding eigenvectors, e,, or 

q {rik -  1) ^ 

^'^Tikirik - q) '• 

Figure 4.3 shows the confidence ellipse for the case q = 2. For q > 4, the joint 

confidence region for HQ^ can not be presented graphically, but the axes of the 

confidence ellipsoid, and their relative lengths can be calculated using Eq. (4.85). 

If the null hypothesis is rejected, it is necessary to make confidence statements 

about individual component meams. Assuming that the vector of parameters 0 has 

an NG {JJLQ-, distribution, then the linear combination 

Z = li6\ + I262 + • • • + ~ (4.86) 

has the mean 

Mz = E(Z) = (4.87) 

and the variance 

a| = Var(Z) = FE^I. (4.88) 

The Hotelling's for the A:th stress level 



s. e, 'I "I 

Parameter, 0, 

Fig. 4.3 - Confidence ellipse for q = 2 parameters. 
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= rik (Ok - ^ (0k - = c^, 

implies 

rik (l^fc -

Fsa 
<cl (4.89) 

for every 1, or 

V 0 k -
rik 

— + 

c2FSfcl 
nt 

(4.90) 

It follows from Eqs. (4.74) and (4.75) that ^ n^-q, i-o- Then, Eq. 

(4.90) gives intervals that will contain for all 1, or simultaneously, with prob

ability P [7^ < c^] = 1 — a. Choosing the vector 1 to be 

11 = [i,o,---,or, 

12 = [0,l,---,0p, 

1, = [0,0, • • •, 1]^, 

the simultaneous confidence intervals for individual parameter means are 

Ski — 
q {rik - 1) „ Skii . . 

nk-<l,l-a\l „ S S ("A: -  q) rik 

^kl + 
q {rik - 1) 

{nk - q) 
7i nk-q,l—a\ 

'Skll 

rik 
, (4.91) 

0k2 — 
q  { r i k  - 1 )  „  S k 2 2  .  .  

(n, - g) "'-'''-"V n, - -

6k2 + \ 
q { n k - l )  Sk22 , Q.. 

^q, nk-q,l-a\l^r~^ (4.92) 
{rik - q) rik 
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% -
g ("fc - 1) P ^ ̂ „ < 

9 - 1) ^kqq (4.93) 
{ U k - q )  rifc 

where % is the jth diagonal element of the covariance matrix Sfc. The above 

simultaneous confidence intervals are usually called T^-intervals. 

For a small number of components q and linear combinations -

1^ ^JLQ, the simultaneous confidence intervals developed by using the Bonferroni 

method [19, pp. 197-198] are much shorter than the simultaneous intervals. 

Assuming that there are M linear combinations • • •, and C, is 

a confidence statement about the value of ijfiQ with probability P[Cj is true] = 

1 — aj, for y = 1,2, • • •, A/, then 

P[aJl Cj is true] = 1 — P[at least one Cj is false], 
M M 

> 1 — P[Cj is false] = 1 — ^[1 — P{Cj is true)], 
j=i j=i 

or 

M 

P[zdl Cj is true] = 1 — q, . 
J=i 

If the confidence interval for an individual parameter mean is 

I S f c j j  
&kj ± t. n-1, nk 

(4.94) 

(4.95) 

for j = 1,2,••-,9, with aj = where a is the overall significance level, and 

probability 

& k j  -  t .  n-l, —^ < fJ-Okj ^ ^kj + 2J.\ =  1 - ^ ,  
9 

(4.96) 

for J = 1,2, • • •, g, then from Eq. (4.94) 

P O k j  - 1  ifc-i, ^ V "ifc 
^  ̂ k j  + ^  

i S k j j  
^ \ Tlk 

for all j > 1 - Q, (4.97) 
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Consequently, the Bonferroni sin\ultaneous confidence intervals for q parameters of 

a degradation model at stress level k = 1,2, • • •, SQ for the degradation mechanism 

a, are 

6k2 - ^ dk2+tn^-U 

When the sample size Uk and n^ — q are large, the assumption of normality is not 

necessary. The hypothesis tests and simultaneous confidence intervals for individual 

parameter means can be obtained using the distribution. Consequently, for large 

rik and Uk — q the probability 

P [ufc [Ok - S/ (Qk - M0 J < x], l-a 

holds and the simultaneous confidence intervals for the linear combinations 

are 

= 1 - a (4.99) 

^kl - yjxq, < ̂kl + \Jx^, 
Skn 
Tlk 

^k2 - \Jxl, < ̂ k2 + \/xl 

i i i (4.100) 

v^V^-

4.6.1 Degradation Parameters-Stress Dependence - Two-Stress-
Level Case 

To determine if the parameters of the degradation path are stress dependent for 

the given degradation mechanism, the -statistic for testing equality of the two 
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vector means can be used. In case there are only two stress levels for the particular 

degradation mechanism, the question whether the mean vector of the population 

at Stress Level 1 is the same as the mean vector of the population at Stress Level 

2 should be answered, or IXQ^ = or equivalently whether — HQ^ = 0. 

The second question is, if which parameters, or components of the 

parameter vector, are different? The data structure is as follows: 

1. The sample ©n, 0i2, - • ^im is a random sample of size ni from a g-variate 

population with mean vector and covariance . 

2. The sample O21, O22, ' • •> ^2ni is a random sample of size n2 from a g-variate 

population with mean vector and covariance 

3. The samples are independent of each other. If the sample sizes rii and 712 are 

small, then the multivariate normality assumption of the populations must be 

assumed. 

4. Covariance matrices of the two populations are equal, or = S. 

5. Small measurement error variance; i.e., cr^ = 0. 

When = E with the estimate of T,g^ as 

51 = g {Ou - Oi) {0ii - 0i) , 

and the estimate of the Eg^ as 

52 = ^ ^ (02i — ^2) (^2i — ^2) , 

then the pooled covariance matrix is 

c _ — l)Si + (n2 — 1)82 
Spooled — zr~rz o ' Tlx + 712 — ^ 
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or 

ES, (Bu - «i) (9u - ei)'' + ES, (Sa - 52) (02i - e^Y 

(„, + „2 _ 2) • 

To determine a two-sample statistic it is necessary to determine the mean and 

the covariance matrix of the difference of the two vector means. Then, 

E pi - 02] = E [0i] - E [02] = (4.102) 

Since the samples are independent , Cov 0-^ = 0, and 

Cov pi — ^2] = Cov pij + Cov ^2] , 

or 

Cov[0.-02j = (^ + i)E. 

Therefore, the difference of two vector means, 0i — O2, has a multivariate normal 

distribution 

01 - 92 ~ (**0. - s) . (4.103) 

The covariance matrix E is estimated by Spooled given by Eq. (4.101). The confi

dence ellipsoid in terms of squared distance, T^, is given by 

= pi-^2 - pi-^2-(/X0J-M^JJ , (4.104) 

or 

= pi - 9 2 -  -  M o J ]  ( —  +  — )  [^1 -0-2- (}le, - A*©,)] • vTli 712, 

(4.105) 
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The assumption of independent, multivariate, normally distributed, random sam

ples implies that the 7^ is distributed as 

2 ("i + n2 - 2}q 

Consequently, the following probability holds 

(4.106) 

p[t2 <c2] = 1-Q, (4.107) 

where is given by Eq. (4.105), and is 

2 _ (ni + n2 - 2)q 
(ni + 712 - g - 1)' — /•_ . 1 \ ^<7. 11+12—1—a-

The joint confidence region of the difference of the means, is the el

lipsoid centered at the observed difference 0\ — 02 and with the axes determined 

by the eigenvalues and eigenvectors of the pooled covariance matrix, Sp^oied-

eigenvalues are obtained by solving 

SpooUdei = A.ei, for z = 1,2, • - -, 9, (4.109) 

and the half length of the axes is determined from 

±WAif—+ —)c2, forz = l,2,---,g, (4.110) 
V \TII 722/ 

where is given by Eq. (4.108). Figure 4.4 illustrates the joint confidence ellipse 

for the difference of the parameter means, for a two-parameter mean 

vector. To test the null hypothesis 

Ho : = 0, 

versus 

Hi : 0, 
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Fig. 4.4 — 100(1 — a)% joint confidence ellipse for and q = 2 
parameters. 
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at the a significance level calculate the T^-statistic given by Eq. (4.105) with — 

fjLQ^ = 0 and check whether 

rr2 ^ {ni+n2 — 2)q ^ , 
—  - 1 - n  ^  rii+n2-q-l, l-a- (4.111) 

{ n i + n 2 - q  -  1 )  

If so, the null hypothesis on the equality of the means can not be rejected. Con

sequently, the degradation parameters are not stress dependent. If the number of 

degradation parameters, q, is equal to 2, the joint confidence region can be pre

sented graphically as illustrated in Fig. 4.4. When the confidence ellipse encloses 

the origin of the coordinate system the null hypothesis can not be rejected. 

When the null hypothesis, Hq : is rejected in favor of Hq : 7^ A*02' 

the simultaneous confidence intervals for the components of the vector 

should be constructed to determine which components, or parameters are stress 

dependent. Following the same procedure as it is done for the simultaneous confi

dence intervals of the vector of parameter means, define the variable Z as a linear 

combination of differences of the parameters, or 

Z = li {Oil — ^21) + h (^12 ~ ̂ 22) + • • • + Iq {6lq — 0-2q) - (4.112) 

Then, the mean of Z is 

(4.113) 

and the variance of Z is 

cr| = 1. (4.114) 

The estimates of the mean and the variamce are given by 

Z = F(0i-02), (4.115) 
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and 

1 1 
1 

^Tli 712 > 

respectively. For a fixed vector 1, the 100(1 — a)% confidence interval is obtained 

from 

Sz = I'' (7 + Spooleil, (4.116) 

Using the fact that t f  < T ^  for all 1, where is given by Eq. (4.105), the following 

probability holds: 

(1 - a) = P [t^ < c^] 

= ^ for all 1] , 

or 

(1 - a) = P F {e, - e,) - ̂ c' (i + i) f - Me.) < 

f  ( 5 , - 5 2 ) + f o r  a i l l  .  ( 4 . 1 1 8 )  

where (? is given by Eq. (4.108), and a set of linear combinations is 

11 = [i,o,.--,of, 

12 = [0,l,---,0f, 

i i : (4.119) 

1, = [0,0, • • •, 1]^. 

The simultaneous confidence intervals at a significance level for the individual pa

rameter differences are 

(•S n \ . / (ni + 712 - 2) g /I I Mc5 
- ̂2lj ± n.+n,-2. I-a Su pooled, 

for 
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(«12 - fe) ± \ F,, (i + i) 

for 

': (4.120) 

(^1, - ̂2,) ± ^ ^ nx+a.-2,l-a (— + —) S„ 

for /ifli, - /ifl,,, 

The Bonferroni 100(1 —a)% simultaneous confidence intervals for the differences of 

the g-dimensional vectors of the degradation path are 

f^Oij f^Oij • {p\j ^m+ns—2, 1—Y ^ ^ ^jj—pooUdi ("^-l^l) 

for J = 1,2, • - •, q, where i„,+„2_2, is the (1 — ^)100% percentile of the Student 

t distribution, and Sjj-poaud is the jth diagonal element of the covariance matrix 

Spooled, given by Eq. (4.101). If the confidence interval does not contain zero, then 

there is a stress effect on the component of the degradation path parameter. 

4.6.2 Multilevel Stress Dependence of the Degradation Parameter 
Vector 

There are situations when the accelerated degradation test for given degradation 

mechanism is performed at more than two stress levels. The Multivariate AnaJysis 

of Variance (MANOVA) is applied to investigate if the vectors of the parameter 

means are stress dependent. At each stress level, k, a sample of size is taken at 

random. The data structure is as follows; 

Stress level 1 : [^11) ^12, • • •, ̂ InJ = 

Stress level 2 : [02i, ^22, • • •, ̂ 2112] = ^2 
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(4.122) 

Stress level k : [Oku 0k2: • • *, = Ok 

Stress level Sa : [©aa i, , • • •, ̂ ^an.J = Osa • 

Due to random sampling, the populations at different stress levels are independent. 

The estimate of the mean vector of the degradation path parameters at the fcth 

stress level, is obtained from 

ek = — 
rik 

dkll Okn • • • ^fclrik 
^fc21 ^kll • •• ^fc2nk 

.  ̂kq\ ^kq2 ' ' '  ̂ kqrik 

where the elements of the q x Uk matrix on the right side are 

^ k j i ,  f o r  y  =  1 , 2 ,  • • • , $ ,  

i 1,2, • • •, Tifc, 
k 1,2, • • •, Sq, 

or 

or 

6k = [®fcl|^fe2l • • • l^fcnfc] 1, 
rik 

- 1 
Ok = — 51 ®fci, for fc = 1,2, - - •, Sa-

i=l 
(4.123) 

All populations have the same covariance matrix, and each population is multi

variate normal, Ng . The MANOVA Model for comparing 5® mean vectors 

is given by 

Oki = + Tfc + Qku for i = 1,2, - • •, Tifc, 
and k — 1,2, * * *, 

(4.124) 

JQ 
where the vector piQ is the overall mean, is the A:th stress effect with Y. ^kTk = 0, 

k=l 

and Bki are independent multivariate distributed, or Ng ^0, The components 
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of the population vector Oki are correlated but the covariance matrix is the same 

for all stress levels populations. Assuming that the error variance, a^, is very small 

the decomposition of the observation vector yields 

Oki = e + - 0) + , (4.125) 

for i = 1,2, • • •, Ufc, and k = 1,2, • • •, 5a, where 

flfe, = ith observation of the parameter vector 
corresponding to the ith unit degradation 
path at stress level k, 

0 = estimate of the overall vector mean, /xq, 
for all stress levels, 

Ok-e = estimate of the fcth stress level effect, Tjt, 

and 

Oki — Ok = estimate of residuals, e^t-

Equation (4.125) leads to the multivariate decomposition of the sum of the squares 

as 
Sa 
£ £ (Sti - e) (e« - 0)' = £ m (e, - e] (Ot -ef 
• ' ' k=l 

+ E E {'^ki - Ok) {Oki - Okf, (4.126) 

A:=l 1=1 k=l 
Sa ^k 

where 

E E ~ ~ ~ niatrix of the Total Corrected Sum of 
Squares (TCSS) and cross-products, with 
Yl'iS=i — 1 degrees of freedom. 

3(1 

^nk(Ok-d) (^k-O) = matrix of the Between Stress Levels Sum of 
Squares (BSLSS) and cross-products with 
So — 1 degrees of freedom. 

5a Tlj; ^ 

ki — Ok) = matrix of the Within fc-Stress Levels Sum 
of Squares (WSLSS) and cross-products 
with Ylk=i "fc — So degrees of freedom. 
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The sum of squares decomposition of Eq. (4.126) can be written as 

TCSS = BSLSS + WSLSS. (4.127) 

The within stress levels sum of squares and cross-products Is 

WSLSS = 
k=l t=l 

= {rii — 1) Si + (n2 — 1) S2 H 1- (n,^ — 1) 

or 

WSLSS = (ni + no H f- — Sa) Spooled, (4.128) 

where 

( n i - l ) S i H  H  ( 7 1 5 ^ - 1 ) 8 5 ^  r  
Spoo/ed - „ ; , (4.129) 

X/ifc=l Sa 

which is the pooled estimate of the covariance matrix. 

The null hypothesis of no stress effect on the mean vectors 

versus the alternative hypothesis that at least one of the component's mean is 

different. Equivalently, the null hypothesis of no stress effect 

H o  :  n  = r 2  =  - • •  =  

versus the alternative hypothesis that at least one of the stress effect components 

is different than zero. Testing the null hypothesis involves a quantity called Wilks' 

lambda, A* [19, p. 248], given by 

^ mSLSS] 
IBSLSS + WSLSSJ 

^ \T 
Efe. £S, (9« - Ot) (e« - e,) 

EJi, ESi - e) («« - ef 

where the quantities in the numerator and denominator of Eq. (4.130) are the 

generalized variances. The null hypothesis, HQ, is rejected if the Wilks' lambda. A*, 

is too small. The exact distribution of A* [19, p. 248] is given in Table 4.1. 

(4.130) 
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TABLE 4.1 - Distribution of the Wilks' Lambda. 

Case 
Para

meters, 
1 

Stress 
levels. Sampling distribution 

2 

3 

q = 1 

(7 = 2 

Q > 1 

9 > 1 

S a > 2  

S a > 2  

S a  = 2  

So = 3 

[Hi-, ( I-A' \ rt 
\ io-l / \ ~ ^a-1, 

« a - l  ) \ V ^ )  ^ 2 ( 5 a - l ) ,  2 ( 2 ; ^ ,  n k - 5 a - l ) ,  1 - a  

( ^ )  

(^) 
•J' IZfc=i 

\q, 2i'£l'L,nk-q-2), l-a 

4.6.3 Simultaneous Confidence Intervals for Stress Dependent Pa
rameters 

When the null hypothesis of no stress effect on the parameter vector of the degra

dation path is rejected, the pairwise comparisons of the parameter means should 

be performed and the simultaneous confidence intervals for the components of the 

differences, fiQ^ — , calculated to determine which of the components are stress 

dependent. The Bonferroni approach may be used the same way it is used in the 

two-stress level case. To apply Eq. (4.94), it is necessary to determine the total num

ber of pairwise differences. For q variables and Sa (Sa — 1) /2 pairwise differences, 

there are 

Q Sq (^O 1) M = 

simultaneous confidence intervals, which gives the Student i-value of 

(4.131) 

in—3a, 1 (4.132) 
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Sa 
where n = H The estimate of the variance of the two-component difference is 

ifc=i 

Var (5« - «„,) = (- + -) (4.133) 
^ ^ XTlk Tlu/ n — Sa 

where WSLSS,i is the z'th diagonal element of the matrix of the within stress levels 

sum of squares divided by its degrees of freedom. Then, the simultaneous confidence 

interval at a significance level is 

Ski - Ki ± 1 l/(—+ —(4.134) 

for all 2 = 1,2, - - •, and all u < A: = 1,2,, • • •, s^,. If the confidence interval does 

not contain zero there is a stress effect on the component of the degradation path 

parameter. 

4.7 Step 4 - Establishment of the Degradation Parameters - Stress 
Relationship using Multivariate Multiple Regression 

It is established so far that there are q random parameters of the degradation path 

for a given degradation mechanism, a. Each parameter may depend on the stresses 

according to the linear regression model, or 

= Poi + PnZi H (- /3riZr + ei, 

^2 = Po2 + 012^1 + h 0r2Zr + £2, (4.135) 

^<7 = Poq + PlqZi H h PrqZr + Eq, 

where the vector e = [ei,e2i * • 'S the random term, or error, representing the 

variability of the degradation path parameters, with mean E[e] = 0 and covari-

ance matrix Var[e] = E, which indicates that the degradation parameters may 
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be correlated. Taking a sample of n = rii ->r units, the vector 

• • •, is the observation vector for the zth unit. The observation 

matrix of dimension n x g for all n units is given by 

e = 

^11 012 • • • ^ I q  
$21 d'22 • • • ^2<7 

. ̂nl ^n2 " " " ^nq . 
n X q 

= [0^1021 •••1^,1, (4.136) 

where the vector 0j is the vector of n observations of the jth degradation parameter. 

The vector of the stress variables [2,012^1, • • •, •^nr] is the ith row of the design matrix, 

Z, corresponding to the stress conditions for the zth unit. The stress design matrix 

is given by 

Z = 

^10 • • • •^Ir 
^20 2:21 • • • Z2r 

. -^0 •^l • " • ^nr . 
n X (r + 1) 

(4.137) 

The linear regression parameter matrix is given by 

y9 = 

001 0o2 

011 012 
0Oq 

Plq 

(4.138) 

.0rl 0t2 0rq. 

(r + 1) X g 

where /3j is the vector of (r+1) linear regression parameters for the jth degradation 

path parameter. 

The error matrix is given by 

e  =  

£•11 £'12 • • • S-Lq 
£21 £22 • • • ^2q 

.^nl £"n2 • • • ^nq. 
n X g 

(4.139) 
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where £j is the vector of n error components corresponding to the variability of the 

7 th degradation path parameter. 

The general multivariate linear regression model is given by 

0 — Z (3 £1 
n x q  n  X  [ r  +  1 )  { r  +  I )  y .  q  n x q  

(4.140) 

with E[£J] = 0 and Cov[ej, e^] = (Jjkl, for j = k = 1,2, and Z has a full 

column rank r + l,n>r + l+^. This is equivalent to the linear regression model 

for the jth parameter, 9j, or 

= + £7 for j = 1,2, 
(4.141) 

n x l  n x ( r  +  l ) ( r + l ) x l  n x l  

where dj is a vector of n observations of the jth parameter, and Cov [e] = Gjjl is 

the jth element of the covariance matrix The least squares estimates of the 

parameter vector, (3j, are 

= (Z^Z)"' Z^9j for j = 1,2, -  •  - ,  9.  

Combining the estimates for all j yields 

/3= =  (z '"z)" 'z ' " [e . |02 |  

(4.142) 

(4.143) 

or 

(4.144) 3 = (z^z) z^e. 

^ T 
The estimate minimizes the jth diagonal sum of squares (Oj — Z/3j) (Oj — Z/3j^ 

of the matrix of the error sum of squares and cross products given by 

{ e - z 0 f  (0-z/3) = 

(9. - Z0,f (0, - Z/30 • • • (9, - Z0,f (e, - Z/3,) 

. (9, - Z0,y (01 - Z0,) •••(«,- Z/3,)'" (9, - Z/3,). 

.(4.145) 
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As in univariate case, the multivariate least squares estimates 0 = [;3i|/32l • • • |/3^| 

are unbiased: i.e.. 

E [/3j] = or E [0\ = 0, (4.146) 

and 

Gov (ySj, = ajk (z^z) \ for j = A: = 1,2, • • •, g. 

The expected value of the residuals e is 

E[a| = o, 

and the expected value of the covariance of the residuals is 

(4.147) 

(4.148) 

r -T- 1 e £ = E 
n — r — 1 

= E 
n — r — 1 

= E. 
n — r — I 

Then, the unbiased estimate of the covariance matrix, E, is 

E = 

(4.149) 

-T ' 
£ £ 

(4.150) 
n — r — 1 

When the random term, e, of the multivariate model given by Eq. (4.140) has mul

tivariate normal distribution, then the estimate ^ in Eq. (4.141) and the estimate 

of the covariance matrix, 

E = 
-T-€ € 
n ' 

are the maximum likelihood estimates. The estimate 0 is independent of the pos

itive definite covariance matrix, E, it is normally distributed with the minimum 

possible variance. 

The hypothesis test that the degradation parameters, 6 do not depend on the 

stresses Zu+i, is 

Ho :/3^^^=0, (4.151) 
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where is obtained by partitioning the matrix of regression coefficients as follows: 
- ^(1) 

/3 = 
(it + 1) X g 

(4.152) 
^(2) 

{r — u) X q 

Similarly, the matrix of the stress variables is partitioned as 

Z = [ I 
n X (u + 1) n X {r — u) 

Using Eqs. (4.152) and (4.153) the general model becomes 
- ^(1) -

(4.153) 

E[e] = Z0= = Z(^)/3(^'+Z(2'i3(2) (4.154) 

If the null hypothesis is true, then the model given by equation Eq. (4.140) becomes 

e = z(̂ ' £. 
/ - V / - \ (4.1oo) 

n x q  n x  [ u  +  I )  { u  + I )  x q n x q  

Testing the null hypothesis is based on the extra sum of squares principle which 

requires calculation of the sum of squares and cross products under the null hy

pothesis, nE, as 

nti = (e- (e - , (4.156) 

with (n — u — 1) degrees of freedom, and the sum of squares and cross products for 

the complete model, or 

nt= { e -  - Z/S) , (4.157) 

with (n — r — 1) degrees of freedom. Assuming that the model given by Eq. (4.140) 

holds with the matrix Z of full rank, (r + 1), and n > r -I-1 + g, and the random 

term, e is multivariate normally distributed, the likelihood ratio, A, is 

— 2  I n  A  =  — n  I n — n  I n — : :  r ^ ,  ( 4 . 1 5 8 )  
|Si| |nS+n(Si-E)| 
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where |E| and jSil are the generalized variances . 

Bartlett and Box [19] have shown that for n, n — r — 1 and n — q large, the 

modified statistic 

n — r — I — — r  +  u  +  1)  (4.159) 

is distributed. The null hypothesis is rejected if the modified statistic is too large 

which indicates that the stress variables [ztt+i,z^+2, • • • > -=v] have significant effect on 

the degradation parameters, 0. 

The predicted mean of the jth degradation path parameter, 9j, for use stress 

conditions given by the vector 2.^ = [\ Zui - • • Zur]^ is 

* ' " •^r] 

for j = 1,2, • - •, g, or 

0jO 

Pr J 

(4.160) 

P'Ouj ~ PjO + • • • + Z^rPjri (4.161) 

for J = 1,2, • • •, 9. The predicted mean vector of the degradation path parameters 

is 

= 

^ul 
9u2 = 0 Z^ = 

1^1 ̂  

(4.162) 

where matrix 0 is given by Eq. (4.144). The predicted degradation parameter, O^j, 

is unbiased since 

E [Ao„>] = E [zlPj\ = z^E [pj] = (4.163) 
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for j = 1,2, ••-,9. Using the covariance of and given by Eq. (4.147), the 

covariance of the estimates and zlPk is 

=  E [z^ [ P j  -  0 j )  { ( 3 k  -  , 

= zlE 

or 

(4.164) {zlpj - zlPj) [zlPk - (Z^Z) ' z„, 

where (jjk is the jArth element of the covariance matrix, S. Therefore, the covariance 

matrix of the predicted mean vector of the degradation path parameters is 

(4.165) E [z^ [P -0)(p- 0Y z^^ = zl (Z^Z) ' z^S, 

where the covariance matrix, E is given by Eq. (4.150). When the random term of 

the regression model, £, is multivariate normally distributed, the regression param

eters, /3, are normally distributed, consequently the predicted mean vector has 

the normal distribution 

Oul 
= N„ f z ^ ,  z l  (z^z) ' z j :  (4.166) 

Similarly, it can be shown that the predicted new observation vector of the degra

dation path parameters, Oou has the normal distribution 

0OU ~ N, (1 -f zl (z^z)"' z^ e] . (4.167) 

From the distributional properties of the predicted mean vector of the degrada

tion parameters, the Hotelling's statistic is given by 

= 

/ .T ^ 
)3 Zu - /3^z„ 

\/z^(Z^Z) / 

' nE ' 
- r - 1 

-I 

v 
0 Zu - j3 z^ 

yzj(Z'-Z)''z. 
(4.168) 
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which is distributed as 

q  { n  —  r  -  I )  
F '• q, n—r—q, 1 — a ?  (4.169) 

n  — r  — q  

where F,, n-r-q, i-a is the (1 — a) 100th percentile of the F-distribution. It follows 

that the 100(1 — «)% confidence ellipsoid for fig = /3^z„, which is centered at 
- r 

(3 z„, is given by 

zr(z'"z)"'z. 
q  { n  —  r  —  I )  

Pq, n—r—q, 1 — c  (4.170) 
n  —  r  —  q  

The simultaneous confidence intervals at the a significance level for the jth 

component mean is given by 

zip, ± (z^z)-' z„ ^,(4.171) 

for J = 1,2, • • •, 9, where is the jth column of the matrix given by Eq. (4.138) 

and (Tjj is the jth diagonal element of the matrix given by Eq. (4.150). 

Similarly, the statistic for a new observation vector of the degradation path 

parameters, 9ou = + £o, at use stress conditions, z^, is given by 

/ -7* - - _1 / «T \ 
= 

- t 
0OU 0 

^y/ l+zf(Z^Z)" '2„^  

/ uE ' 
\n — r  — I 

0OU P Zu 

yi+z^(Z^Z) 'z« 
(4.172) 

which has the F distribution given by Eq. (4.169). Then, the 100(1—q)% confidence 

ellipsoid for is 

(e™ 3 z.) (floi. /3 2-) < 

(i + zj (z^z)-' z.) 
r  —  q  

(4.173) 
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and the 7^-simultaneous confidence intervals at the a significance level for the 

individual component of the degradation parameter vector is 

+ I q i n - r -  1)~ 
V n - r - q  ^<7-'  

y( l+zj (z^z) - ' z„)  (4 .174)  

for j = 1,2, • • •, 9, where ajj is the jth diagonal element of the covariance matrix, 

S, and /3j is the jth column of the regression parameter matrix /3. 
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CHAPTER 5 

SYSTEM RELIABILITY ESTIMATION 

5.1 Reliability Point Estimation and Pointwise Confidence Inter
vals 

5.1.1 Reliability Point Estimates 

The previous chapter describes the methodology of accelerated degradation tests. 

Random samples are tested at stresses or stress combinations which are much higher 

than the normal, or use stress, conditions. System or subsystem failures may be 

governed by one or more degradation mechanisms. Using the principles of the 

accelerated testing methodology and the design of experiments, each degradation 

mechanism is accelerated with higher stress levels, and the performance degradation 

is modeled by a unique degradation path model for each degradation mechanism. 

The performance is measured and the parameters of the degradation paths are 

estimated. It is assumed that the random parameters, 9^, of the degradation model 

for a given degradation mechanism are stress dependent. Using the multivariate 

multiple regression methodology the parameters of the degradation path at use 

stress levels are estimated using Eq. (4.162), or 

where the estimate of the matrix of the regression parameters, is given by Eq. 

(4.144) and the vector of use stress conditions is given by = [1 ^ui * • • 

estimate of the times-to-failure distribution at use stress levels, or the unreliability 

Qa{i) for a degradation mechanism a is given by 

Qa{t;Q\fiQ^,t0^,Da,Va) for 0 = 1,2, • • •, d, (5.1) 
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where 

- C 

0 = estimate of the degradation path parameters 
which are constant for all units and all stress levels 
for the given degradation mechanism, 

= estimate of the vector of random degradation path 
parameters at use stress levels for the given degra
dation mechanism a, 

tff = estimate of the covariance matrix of the random 
degradation path parameters, 

Da = critical level of degradation for the degradation 
mechanism a at which the system or the subsys
tem enters a failed state, 

T]a = degradation path model for the degradation mech
anism a. 

Since there is no closed form expression for the times-to-failure distribution, Q a { t ) ,  

its estimate Qo(^) can be obtained using Monte Carlo simulation. This is done 

by generating a large number of degradation paths from the assumed degradation 

model with the estimated parameters at use stress levels, and calculating the pro

portion failing as a function of time. The following algorithm defines a procedure of 

estimating the system's, or the subsystem's, unreliability for a degradation mecha

nism a: 

ALGORITHM 1 

1. Estimate the (p — 9)-dimensional vector of constant path model parameters, 
C 

0 from n = Til + + h sample paths, or 

e' = i 
n 

011 
012 

021 
022 

0nl 

0n2 

01(p_^) Q2(p-q) ••• 0n(p-9) . 

T 
1 

.1. 

1 " (5.2) 
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2. Estimate the vector of random degradation path parameters, 0'", from Uk 

sample paths and for all k = 1,2, Form the matrix given by Eq. 

(4.136), or 

$ = 

9ll $12 9 lg  
Oil Oil Qlq 

^nl ^n2 *• " ^nq. 
n X q 

= [9 , \ e2 \ - - - \ e , ] ,  (5.3) 

and estimate the multivariate regression parameters, given by Eq. (4.144), 

or 

0 = (z^z) ' z^e (5.4) 

Then, the estimate of the mean vector of the random degradation parameters, 

fjLff , at use stress levels, is as given by Eq. (4.162), or 

(5.5) 

with the covariance matrix, , from Eq. (4.166) 

£e. = zj(z'-z)"'z„t (5.6) 

where the covariance matrix E is estimated by 

s = (©i) [j„, (©,)'• J,, (©<)]"' Jg, (©,)''| .(5.7) 

Spooled is given by Eq. (4.129) and 

-2 _ = (5.8) 
nU nil (m„- - p) 

is the error variance pooled from all n sample paths for the ath degradation 

mechanism, where is given by Eq. (4.10). 
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3. Generate N simulated realizations of 0^ from iV, ) using the Scheuer 

and Stoller method [27, p. 505] of generating multivariate random variables. 

Determine N corresponding simulations of ©„ from the inverse transformation 

function or 

©„ = (5.9) 

4. The failure time, f", is the time when the performance degradation reaches the 

critical level Dq. Therefore, the time to failure is a function of the degradation 

path model and its parameters, or 

©1^, Da, Va) • (5.10) 

Calculate N  simulated failure times, t j ,  from N  simulated degradation paths. 

5. Estimate the system's, or the subsystem's, unreliability from 

- , number of < t 
Qa{ t )  =  , (5.11) 

or the system's, or the subsystem's, reliability from 

number of f'i > i 
K. W = , (5.12) 

for any chosen value of t. 

6. Repeat Steps 1 through 5 for all degradation mechanisms a = 1,2 - • •, d. 

The reliability estimate for the system, or the subsystem, whose failure is governed 

by d independent degradation mechanisms, is determined by 

Rs{ i )  =  '  R2{ t )  •  •  •  ^ { t ) -  (5.13) 
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The product of reliabilities for individual degradation mechanisms follows from the 

fcLCt that the degradation mechanisms act as competing failure modes: i.e., if any 

of the d degradation mechanisms occur, then the system, or the subsystem, fails 

and the other failure mechanisms can not occur thereafter. Consequently, the life of 

the system is the minimum life among d random lives. These d independent failure 

mechanisms act as a system of d independent units reliabilitywise in series and the 

failure of one unit causes the failure of the system. 

The number of Monte Carlo simulations, N, should be very large. The actual 

number of simulations can be determined from the binomial distribution for the 

unreliability Qa{t) = p. If iV p > 10 the normal approximation to the Binomial 

distribution can be used. Then, the mean of the random variable Qa{t) = p, is 

A = P, (5.14) 

and the variance is 

o-p - —-—. (o.lo) 

If it is intended to estimate the unreliability, Qa{.i) = P? with the standard error E 

at the confidence level of (1 — a), then, 

E (o.l6) 

or 

^ = (5-17) 

Solving Eq. (5.17) for N gives the number of simulations necessary to estimate the 

unreliability, Qa{t), with the desired error E at the desired confidence level (1 — a), 

or 

(5.18) 
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where 0a(0 's the estimated, or the expected, unreliability for a mission duration 

of t time units, and 2i_q is the value of the standaird normal variable for 1 — a 

confidence level. 

The Scheuer and Stoller method generates ^-dimensional vector of correlated 

variables coming from a multivariate normal distribution with mean vector HQ = 

, //9,j , and the covariance matrix, which is square, symmetric and 

positive definite. The Scheuer and Stoller method [27, p. 505] uses the Cholesky 

decomposition [8, pp. 680-681; 23, pp. 85-93] outlined in Section 3.1.1 and given by 

Eq. (3.21). The covariance matrix can be uniquely factored using the Cholesky 

decomposition as 

where the matrix C is lower triangular. If Cij is the (i, j)th element of C, an 

algorithm for generating the multivariate vector is the following: 

1. Generate Zi,Z2,---,Z, as independent and identically distributed random 

variables from N{Q, 1). 

2. For 2 = 1,2, - • -, 9, let 

i 
(5.20) 

j=i 

ajid return the vector of correlated variables 0^ = [^uii ̂ u2, • • •, • 

5.1.2 Pointwise Confidence Intervals of the System's, or of the 
Subsystem's, Reliability 

The confidence limits of the system's, or the subsystem's, reliability is a question 

of how accurate the estimate of reliability, Rs{t), is. The unreliability function for 
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the given degradation mechanism a ,  Qa  Da ,T]a j ,  or the reliability 

function Ra (t; 0*^, Da, rja^, has no closed form solution and it is not possi

ble to obtain an analytic solution for its confidence limits. The bootstrap simulation 

methodology is used cis a general sample-reuse method to determine how accurate 

the estimator of interest is. The general idea of the bootstrap simulation technique, 

developed in a series of papers by Efron at al. [16, 17, 28, 29, 30, 31], is that there 

is a random sample 

(5.21) 

from unknown distribution, F, and a random variable of interest, R{X,F) ,  which 

depends on both X and F. Having collected n independent and identically dis

tributed observations of A' = x, the goal is to estimate some aspect of the distribu

tion of R{X,F). The bootstrap method is conducted in 3 steps of the Monte Carlo 

simulation: 

1. Fit the nonparametric MLE (Maximum Likelihood Estimate) of F.  It is 

the empirical distribution which assigns equal weights, or probabilities, to all 

observations, or 

F : probability mass of — at each x,, z = 1,2, • • •, n. 
n 

2. Draw a bootstrap sample, with replacement, from F, 

iid 
x i , x ; , - . . , x ; ^  F ,  

and calculate the statistic R* =  R  (^X* ,  F). 
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3. Repeat Step 2 a large number of times, B, which gives the bootstrap replica

tions 

R(A7, A'2, = R {X;, F) for 6 = 1,2, •. •, B. 

If the random variable of interest is the estimate of variance and standard deviation 

of statistic R{X, F), then 

F)] = -i f; B (A-;, F), (5.22) 
^ 6=1 

= (,23) 

and 

(7B = ' 
\R {X; ,  F)  -  jia,] 

B - 1 

2 M 

(5.24) 

Since the empirical distribution F is the nonparametric MLE of F, the bootstrap 

estimate GB = cr{F) is the MLE of the true standard deviation, cr(F). A.s B 

oo, cfB will converge to the true standard deviation of the statistic R{X,F), an. 

The standard deviation of the random variable R{X,F), O-R, is a function of the 

true distribution F, sample size n and the estimate R(X, F), while the bootstrap 

standard deviation, as, is a function of F, n and R{X,F). Consequently, the 

bootstrap sample in Step 2 should be of the same size n as the original sample. 

The parametric bootstrap sampling can be carried out assuming that the original 

samples, Ai, X2, • • •, An, are drawn from a known, or assumed distribution, F. The 

empirical distribution, F, in Step 2 is replaced by the assumed one and Steps 2 and 

3 performed the same way as before. 
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To determine the approximate pointwise confidence limits on the unreliability, 

Qa{t), or the reliability, Ra{t), for the degradation mechanism a, the following 

parametric bootstrap algorithm is proposed: 

ALGORITHM 2 

1. From each of the original samples of size rifc for A: = 1,2, • • •, Sq, estimate the 
" C 

degradation path model parameters, 0;^' error variance atk 

for every k  =  1, 2, • • •, Sa as described in Sections 4.4, 4.5 and 4.6, or 

©fc = — H for A: = 1,2, Sa, (5.25) 
"A: 

fifc 

and 

1 -r 
for A: = l,2, - - - , s a ,  (5.26) 

which is given by Eq. (4.57). 

-2 ..... ~ v-nt (0-27) 

where 'S given by Eq. (4.10), and t,Q^ is given by Eq. (4.65), or 

g {•'h, (eO (®<)]-^H, (0.)'^} • (5-28) 

for every A: = 1,2, • • •, So. 

2. Generate n/t simulated realizations 0^, of 0]^, from ^<7 (a©,, using the 

Scheuer and Stoller method, and obtain the corresponding simulated real

izations of from (̂ L)' where is the inverse function of h. 
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3. Using rik simulated vectors of the degradation parameters, 0^,, obtained in 

Step 2 and the vector of the constant parameters, 0^, obtained in Step 1, for 

every k compute bootstrap degradation paths from 

Vij — (j-j- ©A:' ®A:t) (5.29) 

for f = 1,2, • • •, nfc and j = 1, 2, • • •, rrii. The degradation paths are generated 

by computing the degradation measures for every measure

ment time t j ^  and j  = 1,2, ••-,7711 of the original experiment plus the mea

surement error, iij for j = 1, 2, • - •, is the random measurement error 

generated from iV(0, where is estimated in Step 1. This step corre

sponds to the first step of the general parametric 3-step bootstrap method. 

4. Using nfc simulated degradation paths from Step 3, estimate Uk bootstrap 

degradation path parameters, 0fc, and 0\*, where * indicates the bootstrap 

estimates. Combine all n vectors of the constant parameters, 0fc, and obtain 

the mean vector, 0^^*, from 

0" = i 
n 

e 
©12 

11 05i 
0^2 

e;i 
e;2 

0:. 

" l"  
1 

.1. 

1 ^ 

(5.30) 

Using the random coefficients, 0^^, form the matrix 9* given by Eq. (4.136) 

which contains all n bootstrap estimates, or 

d' = 

r^u  •K 
021 6^ • 

.K i  K2  • •  

(5.31) 

n X q 
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Using Eq. (4.144) obtain the bootstrap estimate of the multivariate regression 
« 

parameter /3 , or 

= (Z^Z)"^Z^r, (5.32) 

where the matrix Z is the design matrix of stresses from the original exper

iment. Using Eq. (4.150) obtain the bootstrap estimate of the covariance 

matrix E*, or 

_ { e -  -  z p y  { e -  - Z 0 )  
{5.33)  

n — r — 1 

For a given vector of the stress levels at use condition Zu = [1 ^tii • • - ZutY 

obtain the bootstrap estimate of the mean vector, HQ , of the degradation 

parameters at use stress levels, or 

= /3 Zy, (5.34) 

and the bootstrap estimate of the covariance matrix T.Q given by 

zl{7?'Z) 'z„ (5.35) 

where E* is given by Eq. (5.33). 

Generate NB simulated realizations of of 6^  from {JMQ , ) and 

obtain NB simulated realizations of of ©„ from (^u)- The bootstrap 

sample, NB, should be large, possibly 100,000 or larger. 

From NB simulated degradation paths with the parameter values for the use 

stress levels, compute NB simulated failure times, or 

(J  =  / (©",C (5.36)  
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8. For any desired time t, compute the bootstrap estimate of the unreliability, 

Qa{t)-, from 

^ ^ number o iV)  < t  
QM tt—t , (0.37) 

or the reliability for any time t from 

^ number of if > f 
Kit) = — . (5.38) 

^vb 

9. Repeat Steps 2 through 8 B times to obtain the bootstrap estimates 

(5-39) 

£md 

KAt)^ (5-40) 

The number of replications, B, should be large; e.g., 5,000 or larger. This 

step corresponds to the third step of the general 3-step parametric bootstrap 

method. 

10. Sort the bootstrap estimates of the unreliability and the reliability from Step 

9 in increasing order and determine the pointwise (1 — a) 100 % confidence 

intervals for Qa{t) as 

(5.41) 

and the pointwise {1 — a)100 % confidence intervals for Ra{ t )  as 

(5.42) 
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In general, the two-sided pointwise bootstrap confidence limits on the unrelia

bility, Qa{t), at desired a level are 

= 65' (i) . (5.43) 

and 

Q'a{i)up = GQ^ ~ j) ' (5.44) 

where Gq(-) is the bootstrap cumulative distribution function of or 

Gq(s) = P[Q:(0<5], (5.45) 

zmd Gq (-)~^ is the inverse of the bootstrap distribution function Gq(-). Conse

quently, Q*a{t)Lp and Ql{t)up are the Lp = f B and Up = (l - B sample per

centiles determined from the data given by Eq. (5.39). This is the percentile 

method, or the percentile confidence interval. Alternatively, the bootstrap dis

tribution, Gq{-), can be obtained by some of the standard methods of fitting a 

distribution to the data given by Eq. (5.39) such as probability plotting, MLE 

or matching moments, and the pointwise confidence intervals determined by Eqs. 

(5.43) and (5.44). 

The standard confidence interval, or standard error of the estimate of the 

unreliability, Qa{t), is 

[Qa{i)LsiQa{t)us] ~ [Qq(0 ~ i (5.46) 

where Ql{ t )  is calculated using Eq. (5.22) and B bootstrap estimates from Eq. 

(5.39), or 

= <5:6(0- (5.47) 
^ 6=1 
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(Tfi is the standard deviation of the bootstrap estimates, calculated using Eq. 

(5.23), or 

and ca is the upper ^100 % percentile of the standard normal distribution. If the 

limits are identical. 

When the bootstrap distribution, Gq(s), is not normal, or symmetrical, the 

standard confidence limits given by Eq. (5.46) will be inaccurate, or biased. This 

can be examined by plotting a histogram of the B data points of the bootstrap 

estimates given by Eq. (5.39). In that case, the bias correction should be made. 

As suggested by Efron [17, 30], bias correction can be made by some monotone 

transformation of the bootstrap estimates such as: 

(5.48) 

bootstrap distribution, Gq{s), is normal, the percentile and the standard confidence 

0=h[Qa{ t ) ] ,  (5.49) 

(5.50) 

and 

(5.51) 

such that 

(5.52) 

and 

(5.53) 
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where zq is the bias of the estimator of the unreliability and a is the standard 

deviation of the unreliability. Efron has shown that it is not necessary to know the 

transformation <t> = h[Qa{t)\, only that it exists. Following Efron's definition, the 

Bias Corrected (BC) (1 — a) 100% confidence interval for the unreliability, Qa{t), 'S 

given by 

= [cj' (* {2 ^0 - zf}) :g5' (4 {2 jo + .-f })] • (5.54) 

The bias correction, zq, is determined from 

2o = (Gq [Qa(0]) . (5-55) 

where 

G Q [4(0] =  P  [Q;(f) < &(<)] • (5-56) 

Qa{ i )  is the bootstrap random variable with the bootstrap cumulative distribution 

function Gq(s). qaw is the estimate of the unreliability, qa{i), obtained by the 

Algorithm 1 and it is given by Eq. (5.11), and is the inverse of the standard 

normal cumulative distribution. If Gq [Qo (^)] = 0-5; i e., if half of the bootstrap 

distribution of is less than the observed, or simulated value Qa{t), then the 

bootstrap distribution Gq is symmetric and the (1 — a)100% bias corrected con

fidence interval reduces to the standard confidence interval. To calculate the bias 

correction, zq, Gq [Qo(0] 'S estimated from 

G, [(3„(i)l = for 6 = 1,2, • • , B, (5.57) 

where the Q'at,{t) are the simulated bootstrap estimates given by Eq. (5.39), and 

Qa{t) is the unreliability estimate given by Eq. (5.11). Therefore, the (1 — q:)100% 



135 

pointwise confidence intervals for the unreliability given by Eq. (5.54) can be written 

as 

l«WL„:0;Wi/ec]. (3-38) 

where 

LBC = ^ (Gq [(5a(0]) + I • B percentile, (5.59) 

and 

UBC = ^ {GQ [Qa(0]) ~ ^ percentile. (5.60) 

LBC and UBC percentiles of the unreliability, Ql{ t ) ,  are obtained from the ranked 

bootstrap observations 

Qhi t ) .  Q l2{ t ) , - - - ,Q 'aB{ t ) -

Figure 5.1 illustrates the (1 — a)100% pointwise confidence intervals for the unreli

a b i l i t y ,  Q a { t )  f o r  s e v e r a l  v a l u e s  o f  t .  

The (1 — q )100% pointwise confidence interval on the reliability of the system, 

or the subsystem, for a degradation mechanism a, can be obtained using Algorithm 

2. Then, the percentile pointwise confidence limits on the reliability, Ra{t), are 

[K{t)L,;Rlit)upU (5.61) 

where 

KWL . = G5' (f) . (5.62) 

and 

KWup = Gr ~ "2 ) • (5.63) 
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••••> ••••••  

,.•* /• .••• 

• Point estimate of the 
unreliability, Oa(t) 

• Point confidence 
intervals for the 
unreliability. Q*a(t)L 
and Q*3(t)u 

Mission time, t 

Fig. 5.1 - Illustration of the (1 — Q!)100% pointwise confi
dence  in t e rva l s  fo r  t he  unre l i ab i l i t y ,  Qa{ t ) -
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Gfl(-) is the bootstrap cumulative distribution function of and 

^aWup determined as the Lp  =  ^  •  B  and Up = { \  — %^  •  B  percentile of 

the ordered bootstrap sample given by Eq. (5.40). 

The standard pointwise confidence intervals of the reliability, , for a desired 

t are 

[•Ra(^)£.s; Ra{t)us] = [-RaCO - B', ^a(0 + (5.64) 

where ^'(f) is calculated using Eq. (5.22) and B bootstrap estimates from Step 9, 

and given by Eq. (5.40), or 

KW = 
" 6=1 

(5.65) 

aB is the standard deviation of the bootstrap estimates, calculated using Eq. 

(5.23), or 

i2 i  7  
(5.66) CTB =  

[«:.(') - fl;w] 

B - l  

and 2fl. is the upper ^100 % percentile of the standard normal distribution. If the 

bootstrap distribution, GR{-), is normal, the percentile and the standard confidence 

limits are identical. 

The bias corrected pointwise confidence limits on the reliability, Ra{t), for a 

desired t are 

[^q(Oi.bc; KI { . ^ )UBC\  ' (5.67) 

where 

i-flc = $ |2$ ^ j ^ I • B percentile, (5.68) 
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Fig. 5.2 — Illustration of the (1 — a) 100% pointwise confi
d e n c e  i n t e r v a l s  f o r  t h e  r e l i a b i l i t y ,  R a { t ) .  

and 

UBC = $ {2$-^ (GR [^(OJ) + (1 - f)} • percentile. (5.69) 

Lbc and Ubc percentiles of the reliability, Rl{t), are obtained from the ranked 

bootstrap observations 

Ki i t l  

Figure 5.2 illustrates the (1 — a)100% pointwise confidence intervals for the relia

bility, /2a (i), for several values of t. 

The pointwise confidence intervals on the unreliability and the reliability of a 

system or a subsystem for all degradation mechanisms, d, combined can be obtained 

by modifying the Algorithm 2. 
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Steps 1 through 7 should be carried out for all degradation mechanisms a = 

1,2, independently, and with their corresponding degradation path models 

T}a ©a, ©o' The number of simulated degradation paths NB should be the 

same for all degradation mechanisms. 

8. For any time t compute the bootstrap estimates of the unreliability, Qa{t) from 

^ ^ number of h < t 
Qa{ t )  =  —^ ,a  =  l ,2- - - ,d ,  

or the estimates of the reliability from 

number o( h > t 
Rait) = , a = 1, 2 • • •, rf, 

and compute the system's, or the subsystem's, reliability from 

Rs{t) = R'dt)-R^{t)--.R'^{t). (5.70) 

9. Repeat Steps 2 through 8, B times to obtain the bootstrap estimates 

(Oj " •^5b(0- (5-71) 

10. Sort the bootstrap estimates of the system reliability from Step 9 in increasing 

order and determine (1 — q :)100% pointwise confidence intervals for Rs{ t )  as 

(5.72) 

The percentile pointwise confidence intervals on the system reliability, Rs{ t ) ,  are 

= [<?« (I) i (l - I) ] (5.73) 
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where GR(*) is the cumulative distribution function defined by the bootstrap ob

servations 

^s i )  ^52 ' '  •  • '  ^SB-

The standard pointwise confidence intervals on the  sys t em reliability, Rs{t), are 

[^s(Oi.s? ^5(0os] = [^5(0 — R'sit) + , (5.74) 

where 

fi'sW = -^ E R'sM, (3-75) 
^ 6=1 

and 

CTB = \ 
B - 1 

(5.76) 

The bias corrected (1 — a) 100% two-sided pointwise confidence intervals on the 

system or the subsystem reliability, Rsit), are 

[^5(0tac;^5(0£/Bc]. (5.77) 

where 

LBC = ̂  {2$-' {GR [fls(^)]) + (f) } • ^ percentile, (5.78) 

and 

UBC = ^ |2$~^ [GR [^s(i)]) + ^1 - I • B percentile. (5.79) 

Gr(-) is the cumulative bootstrap distribution function obtained from the bootstrap 

observations Rsb{t)^ and Rs{t) is the estimate of the system's reliability obtained 

by Algorithm 1 in Section 5.1.1 and given by Eq. (5.13). 

In practice, most of the products have one or two dominant degradation mecha

nisms which govern almost all failures of a system or a subsystem. In that case, the 

accelerated degradation experiment can be focused only on the predominant ones. 
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5.1.3 Mean Life Estimates 

The mean life estimate of the system, or of the subsystem, can be determined using 

the modified Algorithm 1 as follows: 

1. Estimate the (p — g)-dimensional vector of constant path model parameters, 
- C 

© from n = Til + 1- 'i*: -I + sample paths, or 

" C 1 0 =-
n 

011 021 ••• 0„i 
012 022 • • • 0n2 

01(p—<j) 02(p—</) • " " 0n.fl)— 

T 
1 

_1.  

1 " 

" 1=1 
(5.80) 

2. Estimate the vector of random degradation path parameters, 0'", from rik 

sample paths and for all k = 1,2, Form the matrix given by Eq. 

(4.136), or 

0 = 

011 9I2 • • • Olq 
021 022 • " • 

0nl 0fi2 • • • ^nq. 
n X q 

= [9M-- - \ eq] ,  (5.81) 

and estimate the multivariate regression parameters, /3, given by Eq. (4.144), 

or 

0 = (z'^z) ^ z^e. (5.82) 

Then, the estimate of the mean vector of the random degradation parameters, 

tiQ , at use stress levels, is as given by Eq. (4.162), or 

^ Zt., (5.83) 
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with the covariance matrix, , from Eq. (4.166) 

eg, =2;j'(z'"z)"'z„t (5.84) 

where the covariance matrix E is estimated by 

= ^  E  i ;  (%,  (e . )  \ j r , ,  ( e , ) l 7h .  
" A:=li=l I •- ^ )  

Spooled is given by Eq. (4.129) and 

-2 Efc=i E.=i {rriki - p) cr^ki 
Z-.fc=l 2Zt=l [T^ki — P) 

is the error variance pooled from all n sample paths for the ath degradation 

mechanism, where is given by Eq. (4.10). 

3. Generate iV simulated realizations of 0u from iV, j using the Scheuer 

and Stoller method of generating multivariate random variables. Determine 

N corresponding simulations of ©« from the inverse transformation function 

or 

e. =H-'(ej. (5.87) 

4. The failure time, is the time when the performance degradation reaches the 

critical level Da- Therefore, the time to failure is a function of the degradation 

path model and its parajneters, or 

t} = f (©', Da, 7?a) . (5.88) 

Calculate N  simulated failure times, i f ,  from N  simulated degradation paths. 
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5. Estimate the system's, or the subsystem's, mean life for the degradation mech

anism a from 

jV _ 

6. Repeat Steps 1 through 5 for all degradation mechanisms, a  =  1 ,2 ,  • • •  , d ,  and 

ob ta in  the  mean  l ives  fo r  a l l  deg rada t ion  mechan i sms ,  rh i ,  m2,  • •  • ,  rh j .  

The mean life estimate of the system, or of the subsystem, based on the mean 

lives for all degradation mechanisms, d, is 

The system's mean life is determined approximately by the degradation mechanism 

that has the minimum mean life. 

5.1.4 Confidence Intervals of the System's, or of the Subsystem's, 
Mean Life 

The confidence intervals of the system's mean life can be determined using the 

modified Algorithm 2. The first 7 steps of Algorithm 2 are identical. The remaining 

steps are as follows: 

8. For a degradation mechanism a, compute the bootstrap estimate of the mean 

(5.89) 

ths — min{rhi, ̂ 2) • • • i Thd}- (5.90) 

life from 

(5.91) 

for a = 1,2,• • • ,d. 
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9. Repeat Steps 2 through 8, B times to obtain B bootstrap estimates of the 

mean life for a degradation mechanism a, or 

(5-92) 

for a = 1, 2, • • •, rf. 

10 Sort the bootstrap estimates of the mean life in increasing order and determine 

the two-sided confidence intervals at a desired confidence level (1 — q)100%, 

or 

(5-93) 

The two-sided confidence intervals for the mean life, mo, determined using the 

percentile method are 

= 6^ (y) . (5-94) 

and 

- y) • 

where Gma (*) is the bootstrap cumulative distribution function of m* given by Eq. 

(5.92), or 

^m„(s) = P[mQ < s]. (5.96) 

To determine the two-sided simultaneous confidence intervals for all d mean lives 

the Bonferroni method can be used. Then, the significance level is 

a, = (5.97) 
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where a is the overall significance level, and the confidence interval for a degradation 

mechanism, a, is 

= [g;;; (^) (i - ̂ )]. (5.98) 

The end points of the interval can be obtained as  Lp  =  •^ -  B  and Up =  ( l  — •  B  

sample percentiles determined from the simulated data given by Eq. (5.92). 

The standard confidence interval of the mean life for the degradation mechanism 

a is 

[^'aLs-^'aUs] = [^a " \ , (5.99) 

for a = 1,2, • • •, d, where 

1 ® 
^ ' a  = ( 5 - 1 0 0 )  

^ 6=1 

and 

^.l2 ̂  2 
^  -1^6= }. (5.101) 

The Bonferroni simultaneous confidence intervals for all degradation mechanisms, 
d  

d, are obtained by taking oia = ^ so that ^0:0 = 0:. 
0=1 

The bias corrected confidence interval of the mean life for the degradation mech

anism a is 

{2^0 - zs^])-,G-' ($ {2^0 + 2^})] • (5.102) 

The bias correction, ZQ, is determined from 

Zq = [Gma (^a)] , (5.103) 

and Gjn^ (ttIq) is approximated by 

, number of m'h < ^ho ^ ^ ^ 
Gm, {ma) = ^ for 6 = 1,2, • • •, 5, (5.104) 
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where are the simulated bootstrap estimates given by Eq. (5.92), and rha is the 

mean life for the degradation mechanism a obtained by Algorithm 1 and is given by 

Eq. (5.89). If the probability (j^o) is approximately equal to 0.5, the bootstrap 

distribution, is symmetric about the estimated mean life rfia and Zq = 0- Then, 

the bias corrected confidence interval is identical to the percentile and the standard 

confidence interval. 

The Bonferroni simultaneous confidence intervals of the mean lives for all degra

dation mechanisms, d, are obtained by using Oq = | in Eq. (5.102). 
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CHAPTER 6 

EXAMPLES 

The idea of the accelerated degradation is not new as it can be seen from the 

literature review, but the proposed methodology encompasses some of the published 

ones and goes a step further by considering a component or system performance 

degradation function whose parameters may be random, correlated and stress de

pendent. Since the product's performance degradation may progress very slowly at 

the use stress level, the accelerated degradation test methodology is proposed. This 

assumption leads to the development of the multivariate, multiple regression anal

ysis of the degradation parameters with respect to applied stresses. This concept is 

used in the traditional accelerated tests where a single parameter of the times-to-

failure distribution is usually stress dependent and a simple linear regression with 

respect to the stresses is applied. Many electrical and electromechanical compo

nents, subsystems and products, in general, have extremely high reliability and 

even at accelerated stresses failures are not observed. To estimate the parameters 

of the times-to-failure pdf, in that case, is impossible. The proposed methodology 

assumes a major shift in reliability and life testing from recording the times or cy

cles to failure to measuring the product's performance degradation over time. The 

independent multiple degradation mechanisms is a very important and critical as

sumption. They will probably be dependent due to the fact that some stresses may 

be common for several degradation mechanisms and that one degradation mech

anism will have an effect on the others. In reality, the products will be used in 

different applications or environments and it can be assumed that each application 

will have a predominant failure or degradation mechanism. In that case we can 
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assume that the degradation mechanisms are independent. 

There is a great need for the product's degradation analysis, the reliability and life 

estimation based on the gradual or time dependent deterioration of either product's 

outputs, intended design performance, or some other product design parameters 

which affect the product's main function. From my experience as a reliability engi

neer at Honeywell, Inc., MICRO SWITCH Division, and from contacts with other 

engineers outside of Honeywell, I have come to the conclusion that the traditional 

life testing, which is based on recording the times or cycles to failure of a sample, 

is no longer acceptable for many electrical and electromechanical components and 

subsystems. In many cases failures do not occur even after 1,000 hr or 2,000 hr 

of accelerated testing. In such situations, the reliability and life estimates depend 

only on the test duration and assumed acceleration factor. In reality, 2,000 hours 

of life testing represents substantial amount of time considering the fact that the 

new product development cycle of many commercial products ranges from one to 

three years and the average life cycle of a product is five years before the com

petition releases similar product with the same or improved characteristics. The 

available testing time can be used more efficiently by monitoring and recording the 

actual product performance degradation over time. This degradation data is more 

informative for design and reliability engineers than just the times to failure. The 

proposed methodology is more general than any of the published and reviewed in 

Chapter 2. It provides complete modeling tools to analyze degradation processes 

provided they can be detected and measured. The following two examples illustrate 

the methodologies presented in Chapters 4 and 5. 
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EXAMPLE 6-1 

The degradation path of a hypothetical degradation mechanism is given by an 

exponential function of the following form: 

T ] { t , d )  =  0 i e '  — a. t (6.1) 

with the correlated random parameters, 9i and 02- It is assumed that three samples 

with Tik = 30 units in each sample were tested at the elevated temperatures of 

60°C, 80°C and lOCC. The assumed temperature in use is 40°C and the failure 

occurs when the degradation reaches the critical level of D = 0.05. To simulate 

degradation paths at these three temperatures, the degradation path parameters, 

6, are assumed as given in Table 6.1. Figure 6.1 shows the degradation paths 

having the mean values of the degradation path parameters given in Table 6.1. 

The parameters are multivariate normally distributed, or N2(/X07^0)5 with the 

covariance matrix, T,Q, given by 

E0 = O'fllfll (^010-2 
cTeiO-i 

4-10-3 -0.57-10-3 
-0.57-10-3 0.5-10-3 (6.2) 

TABLE 6.1 — The mean values of the degradation 
path parameters, HQ, for given temper
atures. 

Temperatures 
60''C 80°C lOO^C 

1.0 1.50 1.70 
-0.5 -0.75 -0.95 

There are m = 20 simulated observations of the degradation for each unit in the 

time interval between 100 hr and 7,600 hr. The measurement error, e, is assumed 



150 

0.8 --

Degradation path at 60°C 

Degradation path at SCC 
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Fig. 6.1 — Degraxlation paths with the mean values of the 
parameters, 0, given in Table 6.1. 
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to be normally distributed, or e ~ N(0, cr^), with = 0.0005. The observations of 

the degradation paths are simulated using Eq. (6.1), or 

yxjk = Tl{tj:Oik)+e^j, (6.3) 

for i  = 1,2,••-,30 units, j  = 1,2, •••,20 observations and A: = 1,2 and 3 tem

peratures. The measurement times at which the degradation measurements are 

simulated are determined using the equal log-spacing plan [9]. It is based on the 

idea to place more measurements in the lower end of the interval (100 hr; 7,600 hr ) 

because the degradation rate is higher at the beginning of the interval. The mea

surement plan is given by 

' { j  -  1) In(im) +  { m -  j )  I n ( i i ) '  
tj = EXP (6.4) 

m — 1 

for J = 1,2, • • •, 20, which yields the vector of measurement times: t  = [100; 126; 158; 

198; 249; 313; 392; 493; 619; 778; 977; 1,227; 1,541; 1,936; 2,431; 3,054; 3,836; 

4,818; 6,051; 7,600]^. Using Algorithms 1 and 2 of Chapter 5 determine: 

1. The point estimates of the unit's reliability for the mission times of 9,200 hr, 

9,300 hr and 9,400 hr at the use temperature of 40°C. 

2. The estimate of the unit's mean life at the use temperature of 40°C. 

3. The two-sided pointwise confidence intervals on the reliabilities in Case 1, and 

the two-sided pointwise confidence intervals on the mean life obtained in Case 

2, at the 90% confidence level. 

SOLUTIONS TO EXAMPLE 6-1 

The complete solution to this example is obtained using the FORTRAN program 

given in the Appendix. The variability of the degradation paths among units for 
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a given temperature is simulated assuming that the population degradation path 

parameters, 0, for a given temperature A:, are multivariate and normally distributed, 

or 

Ok ~ ^'2 ^0) , (6.5) 

where is a pair of parameter means given in Table 6.1 and the 

covariance matrix, Eg, Is given by Eq. (6.2). Then, a vector of the parameters, 

Oik = for every Unit i, i = 1,2, ••-,30, at a given temperature k, is 

generated using the Scheuer and Stoller algorithm [27, p. 505], which consists of 

the following two steps: 

1. Generate Zi and Z2 as independent and identically normally distributed ran

dom variables with a mean of zero and a variance of one, or N(0,1). 

2. For / = 1,2 let 0/ = ^ CijZj and return 0 = [0i .  

CIJ is the (/,j)th element of the matrix C which is obtained using the Cholesky 

decomposition of the covariance matrix, Eg, or 

T.Q = CC^, (6.6) 

where C is the lower triangular matrix. Subroutine CHOL performs the Cholesky 

decomposition of the covariance matrix Eg. Using a pair of randomly generated 

degradation path parameters for Unit z, d, = [0i, degradation measurements 

are generated using Eq. (6.3), or 

yijk = eue''''^ +€ij, (6.7) 

where e,j are randomly generated measurement errors from N(0, cr^), and t j ,  for 

j = 1,2, ••-,20, are the measurement times obtained using Eq. (6.4). After the 
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degradation measurements for three stress levels, or three temperatures, are sim

ulated and saved in the file called DEGRY.DAT, .Algorithm 1 is used to calculate 

the desired reliabilities and the mean life. 

1. The FORTRAN program given in the Appendix follows the steps of Algorithm 

1 presented in Chapter 5. 

Step 1- No constant parameters are assumed so that this step is not exe

cuted. 

Step 2- The degradation path parameters, 6i, for the zth unit are calculated 

using the least squares methodology and the degradation data saved in 

the DEGRY.DAT file. The error sum of squares for the nonlinear model 

given by Eq. (6.1) is 

m 
S(e i )  =  E fc - r t l t j :  e>) f  

or 

Using Eqs. (3.46) and (6.8), the normal equations axe obtained by taking 

the partial derivatives of S{0i) with respect to the parameters On and 

02i, or 

j=l "('li 

or 
m 

and 

FA2 = E fe - ijfe; Sv)] = 0, 
j=l 
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or 

m 

FA2 =  5: (p j  -  due" ' '  f fu t je""  = 0. (6.10) 
j=i 

The subroutine FA is used to evaluate Eqs. (6.9) and (6.10). To solve 

the normal equations simultaneously for du and the multivariable 

Newton method [23, pp. 283-287] and Subroutine MVNE are used. This 

is the linearization method outlined in Section 3.2.1 and it requires par

tial derivatives of the normal equations with respect to du and 02i- The 

partial derivatives of the first normal equation given by Eq. (6.9) are 

dFAl  

j=i 

and 

^ = (6.11) 

a rj i m 
= E [(fi - '0 j • (6-12) 

The partial derivatives of the second normal equation given by Eq. (6.10) 

are given by 

dFA2 _  

j=i 

and 

^ = T [(i/y - • (6.14) 

Subroutine DFA is used to evaluate these four equations. 

The Jacobian matrix is formed using Eqs. (6.11), (6.12), (6.13) and 

(6.14), or 

J(0)  =  

r dFAl dFAl 1 
d6i 902 

3FA2 dFA2 
- 9ffi d02 ' 

(6.15) 
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The multivaxiable Newton method is given by 

0(k+i) ^ 0(k) _ (6.16) 

where the superscript {k)  stands for the parameter values at the k th  

iteration, and is the vector of the normal equations given by Eqs. 

(6.9) and (6.10) evaluated at 0^'^\ or 

f(*) ^ /7,4i(fc) 
FA2<^''^ (6.17) 

Equation (6.16) can be written as 

J (6.18) 

which is solved for using Gaussian elimination. Subroutine MVNE 

provides the estimates of the degradation path parameters, Oi = [du d-nY^, 

for all simulated degradation paths; i.e., 30 degradation paths for each 

of the three temperatures, and the estimates are stored in the file called 

ESTTH.D.^T. 

The degradation path parameters-temperature relationship is assumed 

to be linear. Using Eq. (4.141) yields 

= /?oi + 0\iZ + ei, (6.19) 

^2 = /?02 + 0X2^ + €2, (6.20) 

where Z is the temperature and the PS are the unknown parameters of 

the degradation path parameters-stress relationship. In matrix notation, 

Eqs. (6.19) and (6.20) are given by 

e = Z/3 + e. (6.21) 
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The estimate of the multivariate regression parameters, are obtained 

using Eq. (5.4), or 

^ -I 
^ = (Z^Z) Z^9 ,  

where Z is the matrix given by 

(6.22) 

Z = 

"1 '1 

1
—

 0
 

. 

1Z2 1 80 

1Z2 1 100 

• 

(6.23) 

and 6 is the matrix given by Eq. (5.3) containing previously estimated 

parameters of the degradation paths. Subroutine LS calculates the esti

mate of the multivariate regression parameters, 0. Using Eq. (5.5), the 

use temperature of 40°C and the vector Zu = [1; 40]^ yields 

= 0.7137 
-0.2858 

Using Eq. (5.7) the estimate of the covariance matrix, E, is 

E = 3.39 • 10-3 _o 59 . 10-3 
-0.59-10-3 6.48-10-* 

(6.24) 

(6.25) 

Using Eqs. (5.6) and (5.7) the covariance matrix at use temperature, 

is 

, -1 
= zl (Z^Z) z«E = 0.078 • t, 

or 

= 
2.6-10-^ -0.5-10-^' 

-0.5-10-^ 0.5-10-^ (6.26) 

Step 3- Using the Scheuer and Stoller method [27, p. 505] of generating mul

tivariate random variables, N = 10,000 realizations of the degradation 
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path parameters, 0^, are generated from N2 where is 

given by Eq. (6.24) and is given by Eq. (6.26). 

Step 4- The failure time, is the time when the degradation path reaches 

the criticaJ level D = 0.05, or 

D = 9^e^^^'. (6.27) 

Solving Eq. (6.27) for tf yields 

Using N = 10,000 simulated degradation path parameters, 0„, from 

Step 3 and Eq. (6.28), N = 10,000 failure times, tj, are calculated. 

Step 5- The the unit's reliability is obtained using Eq. (5.12), or 

m = """•beroftyx 
N 

For desired mission times of 9,200 hr, 9,300 hr and 9,400 hr, the following 

reliabilities are obtained: 

/2(9,200 hr) = 0.8135, (6.30) 

/2(9,300 hr) = 0.5860, (6.31) 

and 

fl(9,400 hr) = 0.1920. (6.32) 

Figure 6.2 shows the estimates of the reliabilities given by Eqs. (6.30), 

(6.31) and (6.32). 
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Fig. 6.2 — Point estimates of the unit's reliability for the mission 
times of 9,200 hr, 9,300 hr and 9,400 hr for Example 
6.1. 

2. The mean life of the unit is estimated using the same Algorithm 1. The only 

difference is in Step 5. Using Eqs. (5.89) and (6.28) yields 

N , 
E t f i  

m  = = 9,306 hr, (6.33) 

where ii are the N simulated failure times calculated in Step 4. 

3. To obtain the pointwise confidence intervals for the reliabilities calculated 

in Czise 1, Algorithm 2 is used. The FORTRAN program ALGORITHM 2 

follows the steps presented in Section 5.1.2. 

Step 1- Using randomly generated degradation paths for = 30 units, 

k = 1,2 and 3, and the results of Algorithm 1, the vector of degradation 

path parameters, 6ik = is estimated. The nonlinear least 
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squares methodology, identical to Step 2 of Algorithm 1, is applied using 

Eq. (6.8) for every i = 1,2,---jGO and A: = 1,2 and 3. The parameter 

means are calculated using Eq. (5.26) for every A: = 1,2 and 3, or 

1 30 

Ae.  =3oE®«'  (6-3 ' t )  

The calculated means are stored in the file MEANS.DAT. For every 

temperature, or A: = 1,2 and 3, the covariance matrix, is estimated 

using Eq. (5.28), and the measurement error variance, is estimated 

using Eq. (5.27). 

Step 2- Calling Subroutine CHOL, the Cholesky decomposition of the co-

variance matrix, for A: = 1,2 and 3, is obtained, and the Scheuer 

and Stoller method is used to generate Uk = 30 vectors of the degrada

tion parameters. Oik = [^liA ^2t*:] > from N . The simulated 

degradation parameters are stored in the file called STH12.DAT. 

Step 3- Using vectors of the degradation parameters simulated in Step 2, the 

bootstrap degradation paths are simulated using Eq. (5.29), or 

= (6.35) 

where duk and O-nk are the simulated degradation parameters from Step 

2. The tj are the originally simulated measurement times, and iij are 

randomly generated measurement errors from N(0, These bootstrap 

degradation paths are stored in the file SIMY.DAT. 

Step 4- For Uk = 30 and A: = 1,2 and 3, degradation paths generated in 

Step 3, the degradation parameters are estimated using the nonlinear 

least squares methodology as it is done in Step 2 of Algorithm 1 and 
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Step 1 of Algorithm 2. These parameter estimates, 0  , are called the 

bootstrap estimates. They are stored in the file called THBOOT.DAT. 

The bootstrap estimate of the multivariate regression parameter, /3 , and 

the bootstrap estimate of the covariance matrix, E*, are calculated using 

Eqs. (5.32) and (5.33), respectively. 

Step 5- For the use temperature of 40°C which yields the vector = [1, 40]^, 

the bootstrap estimate of the mean vector, jiQ , is obtained from Eq. 

(5.34), or 

= /3 = ' 0.71 • 
-0.28 (6.36) 

and the bootstrap estimate of the covariance matrix, T/Q , is given by 

Eq. (5.35), or 

V* 
-

6.7-10"^ -1.2-10-^ 
-1.2-10-3 12.3-10-" (6.37) 

The results are stored in the files MEANS.DAT and COVSB.DAT , re

spectively. 

Step 6- A bootstrap sample of NB = 5,000 vectors of degradation parame

ters, dia = [01,u 02iu]^ are generated from N [JI*Q , ) using the Scheuer 

and Stoller method. The vectors are stored in the file SIMTHB.DAT. 

Step 7- As in the case of Step 4 of Algorithm 1, the simulated failure times, 

tf, at use temperature of 40''C, are calculated from 

ifi = i In ( ^ I, for i = 1,2, • - •, Ng. 
f2 iw \OUuJ 

(6.38) 

Step 8- For the desired mission times of 9,200 hr, 9,300 hr and 9,400 hr, the 

bootstrap estimate of the reliability is calculated from Eq. (5.38), or 
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R^t )  =  
numbe'- t 

(6-39) 

Step 9- Steps 2 through 8 are repeated B = 100 times which provides 100 

bootstrap estimates of the reliability, Rl{t), b = 1,2, • • -, B. 

Step 10- Subroutine SORT is used to sort the bootstrap estimates of the 

reliability, R'{t), in increasing order. Equations (5.62) and (5.63) provide 

the 90% two-sided confidence intervals using the percentile method. The 

5th percentile of the bootstrap sample is 

Therefore, the 5th and 95th elements of the array of the ranked bootstrap 

reliability estimates are the 5th and the 95th percentiles of the bootstrap 

sample. Table 6.2 gives the 90% two-sided confidence intervals for the 

mission times of 9,200 hr, 9,300 hr and 9,400 hr. The standard confidence 

intervals of the reliability for desired mission times and at the (1—a)100% 

= 90% confidence level are calculated using Eqs. (5.64), (5.65) and (5.66). 

The two-sided confidence intervals on the reliability for three mission 

times are given in Table 6.3. The bias-corrected confidence interval on 

the reliability, R{t)^ for a desired mission time, t, is obtained using Eqs. 

(5.67), (5.68) and (5.69). Bias correction, ZQ, is determined from 

(6.40) 

or the fifth ranked estimate of R*{t ) ,  and 

= (l - f) • 5 = (l - • 100 = 95. (6.41) 

(6.42) 
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TABLE 6.2 — The 90%, two-sided, confidence inter
vals on the reliability for three mission 
times using the Percentile Method-

Percentile Method 
90% Two-sided Confidence Intervals 
Mission Time RLOW ^Upper 

9,200 hr 0.4179 0.9990 
9,300 hr 0.0150 0.9550 
9,400 hr 0.0000 0.4285 

TABLE 6.3 — The 90%, two-sided, confidence inter
vals on the reliability for three mission 
times using the Standard Confidence 
Interval Method. 

Standard Confidence Interval Method 
90% Two-sided Confidence Intervals 

Mission Time HLOW ^Upper 
9,200 hr 0.6238 1.0000 
9,300 hr 0.0307 0.9470 
9,400 hr 0.0000 0.3686 
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where Gh(-) is the bootstrap cumulative distribution function and 

= P [«•«) < fl(0] = (6.43) 

where Rl{ t ) ,  b  =  1,2, •••,£, are the simulated bootstrap estimates of 

the reliability from Step 9. To illustrate the calculations, the result of 

Algorithm 1 for the mission duration of 9,200 hr is used, or R{9, 200 hr) = 

0.8135. Then, 

Gfi[fl(9,200 hr)] = GR[0.8135] = 0.66. (6.44) 

Substituting Eq. (6.44) into Eq. (6.42) yields 

zo = $-^(0.66) = 0.4125. (6.45) 

Using Eq. (5.68), the 5th percentile of the bootstrap distribution of 

fi-(9,200 hr) is 

LBC = $ {2$-^ (GR[fl(0]) + (I) } • B, 

= $ |2 2o + } • ^7 

= ${2(0.4125) - 1.645} • 100, 

= ${-0.8198}-100, 

= 0.206 • 100, 

or 

LBC = 20.6. (6.46) 

Consequently, the 5th percentile of the bootstrap distribution of R{t) 

is the LBC — 20.6th ranked observation in B = 100 simulations. Using 

linear interpolation between 20th and 21st ranked observations, the lower 
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confidence limit on the unit's reliability for the mission duration of 9,200 

hr is 0.5535. 

Using Eq. (5.69), the 95th percentile of the bootstrap distribution of 

R'{9,200 hr) is 

U b c  =  ̂  [ 2 ^ - '  ( G f l [ ^ ( f ) ] )  +  ( 1  -  I )  }  •  S ,  

= $ {2 zo + • B, 

= ^{2(0.4125) + 1.645} • 100, 

= ${2.47} • 100, 

= 0.9932 • 100, 

or 

UBC = 99.32. (6.47) 

Consequently, the 95th percentile of the bootstrap distribution of R{t) is 

the UBC = 99.32nd ranked observation in B = 100 simulations. Using 

linear interpolation between the 99th and 100th ranked observations, the 

upper confidence limit on the reliability for the mission duration of 9,200 

hr is 1.000. Similarly, the calculations are done for the mission dura

tions of 9,300 hr and 9,400 hr. Table 6.4 gives the 90% two-sided confi

dence intervals for the three mission durations. Figure 6.3 illustrates the 

reliability point estimates and the 90% two-sided pointwise confidence 

intervals using Percentile, Standard and Bias-Corrected methods. 

Confidence intervals of the unit's mean life are detemined using the modified 

Algorithm 2. The first 7 steps of Algorithm 2 are identical to the steps used to 
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TABLE 6.4 - The 90%, two-sided, confidence inter
vals on the reliability for three mis
sion durations using the Bias-Corrected 
Confidence Interval Method. 

Bias-Corrected Confidence Interval Method 
90% Two-sided Confidence Intervals 

Mission Time RLOW ^Upper 
9,200 hr 0.5535 1.0000 
9,300 hr 0.3458 0.9970 
9,400 hr 0.0150 0.5053 

•n • Percentile Method 

• Standard Method 

• Bias-Correted Method 

0.5 

0 9,200 9,300 9.400 

Mission time, t, hours 

Fig. 6.3 - Point estimates and the 90% two-sided pointwise 
confidence intervals of the unit's reliability for the 
mission times of 9,200 hr, 9,300 hr and 9,400 hr 
for Example 6.1. 
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calculate the confidence intervals on the reliability. The remaining steps are as 

follows: 

Step 8- The bootstrap estimate of the mean life is calculated from 

NB -

m- = (6.48) 

whrere i/i are the simulated failure times from Step 7. 

Step 9- Steps 2 through 8 are repeated B = 100 times which provides 100 bootstrap 

estimates of the mean life, m^, 6 = 1,2, • • •, B. 

Step 10- Subroutine SORT is used to sort the bootstrap estimates of the mean 

life, mj, in increasing order. 

Equations (5.94) and (5.95) provide the 90% two-sided confidence interval using the 

Percentile Method. As in the case of the confidence interval on reliability, the 5th 

percentile of the bootstrap sample is Ip = 5, and the 95th percentile is Up = 95. 

Reading off the 5th and the 95th element of the array of the ranked bootstrap mean 

life estimates gives the 90% two-sided confidence interval on the mean life, or 

\rnlp] = [9,226 hr; 9,366 hr]. (6.49) 

The Standard confidence interval of the unit's mean life is determined using Eqs. 

(5.99), (5.100) and (5.101), which yield 

[rnls'^ = [5,150 hr; 12,849 hr]. (6.50) 

The Bias-Corrected confidence interval of the mean life is calculated using Eqs. 

(5.102), (5.103) and (5.104), which yield 

hlec; "^'usc] = [9' 239 hr; 9,369 hr], (6.51) 
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Fig. 6.4 — Sensor-module block diagram. 

EXAMPLE 6-2 

Proximity sensors are used in applications in which the distance of a metal object 

from the sensor head is mezisured. Such applications include; sensing the position 

of landing gears, sensing whether aircraft cargo doors are open or closed, detecting 

the exact location of a product on an automated line in a manufacturing process, 

etc. In the particular application, two proximity sensors of similar but different 

designs are to be used with the same interface module, an electronic module which 

provides signal processing function. The application requires the combination of 

either sensor Type 1 or sensor Type 2 with the same interface module. Figure 

6.4 presents the system's block diagram. A customer requirement is that whichever 

sensor is used with the Sensor Interface Module (SIM), the operating characteristics 

must be within given specifications and no additional adjustments are allowed at 

the customer's site. The sensor interface module has two outputs: 
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1. Transfer function, or the analog voltage output, V^uv/i, as a function of the 

target distance, s. 

2. Digital output. 

As the target moves towards the sensor, the analog voltage increases. When the 

target reaches the actuation distance, Sa, which corresponds to the analog voltage 

VON, the digital output changes its state from OFF, or HIGH, state to ON, or 

LOW, state. As the target moves away from the sensor, the analog voltage de

creases. When the target reaches the release distance, Sr, which corresponds to the 

analog voltage VQFF, the digital output changes its state from ON, or LOW, state 

to OFF, or HIGH state. Figure 6.5 illustrates the sensor-module outputs and the 

system operation. Laser trimming of resistors in the electronic module is done with 

the sensor Type 1 so that the analog voltages, at the actuation distance, 5a, 

and at the release distance, S^, are set within defined tolerances. When the sensor 

of Type 2 is used with the same module, the actuation distance. So, and the release 

distance, 5r, must be within given tolerances for that type of a sensor. Since the 

actual application requires that the sensor and the module are placed at different 

locations, they are usually exposed to diflferent temperatures. Temperature change 

causes the shift of the transfer function and consequently, the change of the actua

tion, Sai and release, Sr, distances. Two experiments were conducted. 

Experiment 1 consists of a sample of 28 modules which were tested at three tem

peratures: —40°C, 20''C and 85''C with the sensors held at room temperature of 

20''C. All the modules were tested with the sensors of Type 1, first, and then with 

the sensors of Type 2. The analog voltage versus target distance, or the transfer 

function, was measured at six points for each sensor-module pair. 



OS 

OFF 

No Target 

Target distance, s, [mm] 

OFF=H 

ON=L 

Target distance, s. [mm] 

. 6.5 — Sensor-module outputs and the system operation. 
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Experiment 2 consists of a sample of 20 sensors of Type 1 which was tested at 

the extreme temperatures: —IT'C and 125''C. A sample of 20 sensors of Type 2 

was tested at the temperatures: —77°C and 120°C- All the sensors were coupled 

with the standard modules held at the room temperature of 20''C. In both cases 

the analog voltage with no target present, or VANAOO, is measured and its drift, 

AV, with respect to the room temperature is recorded for all sensors. It is known 

that the change of the sensor temperature causes linear translation of the transfer 

function but it does not change its shape. The objectives of the experiments are to 

determine the following; 

1. The proportion of defective Type 1 sensor-module systems at room temper

ature, and the proportion of defective systems when the sensors are replaced 

with the Type 2 sensors. The system is defective if the actuation distance, 

5o, or the release distance, Sr, is found to be out of defined tolerances, or 

respectively. 

2. The proportion of defective systems at extreme temperatures. 

3. The proportion of systems which do not meet the guaranteed actuation and 

release distances, ^ and jSr-

(6.52) 

or 

(6.53) 
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SOLUTIONS TO EXAMPLE 6-2 

The first experiment provides a sequence of 6 observations of the analog voltages 

for given target distances for each sensor-module pair. The observed "path", y, or 

the analog voltage as a function of the target distance, s, is a non-increasing function 

of the target distance. For each unit in a random sample of 28 systems the analog 

voltage output is given by 

for i  =  1,2, •••,28 systems, j  = 1,2,-••je observations and A: = 1,2, and 3 tem

peratures. €,j is the measurement error, assumed to be normally distributed with 

mean zero and constant variance, cr^. Oik is a vector of the ith system's random 

parameters for the temperature k. The randomness of the system's parameters fol

lows from the differences of the components and their characteristics which cause 

each individual sensor-module combination to have slightly different slope of the 

transfer function. If plotted on the same graph, these transfer functions would be 

interwoven curves. 

The model assumptions are: 

1. The parameters of the transfer function, 0, are multivariate normally dis

tributed, or 

for fc = 1,2 and 3. is the vector of the parameter means and is the 

covar iance  mat r ix  for  g iven  tempera ture ,  k .  

2. The transfer function parameters, 6, and the measurement error, e, are inde

pendent random variables. 

Vijk ^ik) "I" (6.54) 

Oik ~ N , (6.55) 
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3. The samples are tested in a homogenious environment. 

4. The sensors and the modules are random samples from large populations. 

5. Random measurement errors from one unit are independent of those from 

other units, and the error variance, is constant. 

The solutions to the problem are obtained using some elements of the general ap

proach to the degradation analysis presented in Chapter 4. The analysis is per

formed using the following steps: 

Step 1- Fit the transfer function model to the sample "path" consisting of 6 ob

servations of the analog voltage versus target distance using the least squares 

methodology given by Eq. (4.9), or 

6 

S {Oik)  =  btjfc — 1 {s f  Oik) \^ , (6.56) 
j=i 

for all systems, i  =  1 , 2 ,  -  • •  , n k ,  and all temperatures, k  =  1 , 2  and 3. An 

estimate of the error variance, is given by Eq. (4.10), or 

where is the number of measurements, = m = 6, and p is the number of 

thansfer function parameters. The pooled variance of the measurement error 

for the A:th temperature is obtained using Eq. (4.63), or 

E (m - p) 
• (6.58) 

E (m - p) 
i=l 
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Step 2- Estimate the population parameters of the transfer function for all tem

peratures, k — \,2 and 3, and for both sensor-module combinations. Using 

Eq. (4.57) the vector of the parameter means for the fcth temperature is given 

by 

(6.59) 
i= l  

Using Eq. (4.60) and assuming that the error variance, is very small, the 

covariance matrix for the kth temprature is given by 

•1 'J' 
E (»" -i'e,) . (6-60) 

where is given by Eq. (6.59) and 9ik is the vector of the transfer function 

parameters for the ith system at the A:th temperature. 

Step 3- The data from Experiment 2 is used to estimate the parameters of the 

normal distribution of the transfer function shift, AVj^, z = 1,2, - • • ,20, due 

to the temperature change of the sensor, or 

A V f c  ~  N  [ / i A f c , ,  ( 6 . 6 1 )  

where 

ifc 
E AKvk 

MA, = , (6.62) 
rik 

and 

E(AK-,- / iAj '  
—1 ' (6-63) 

rifc - 1 

where rik = 20 sensors. 
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Step 4- The Scheuer and Stoller algorithm of generating multivariate normally 

distributed variables is used to generate a large number, A'", of the transfer 

function parameters, 9k, from N . Randomly generated parame

ters, Oik, provide N transfer functions for given temperature k. Generate N 

values of the transfer function shift, AVik, for the particular type of sensors 

from N 

Step 5- Laser trimming of the resistors in the electronic module determines the 

value of the analog voltage, VQN, for the actuation target distance, 5a, and 

the value of the analog voltage, VQFF, for the release target distance, Sr. Once 

the trimming is done, the two voltages, VQN and Voff, remain constant. This 

fact is used to calculate N simulated actuation, , and release, , distances, 

or 

{yoN\ Oik) (6.64) 

and 

5r,* = 7?"  ̂ iyOFF', Oik) , (6.65) 

where •q~^ is the inverse of the transfer function, and O^k are the parameters 

simulated in Step 4. 

Step 6- The proportion of defective, or out-of-specifications, modules at a given 

temperature, fc, when the sensor is held at room temperature, is determined 

from 

_ number of 5., # 5,pec 
"o3k ~ ' (6.66) 
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where is either the actuation distance, Sa^^, or the release distance, Sr^;^, 

generated in Step 5, and Sspec is the corresponding tolerance field for the 

actuation, or release distance, as given by Eq. (6.52) and (6.53), respectively. 

Step 7- The effect of the sensor temperature change, or the transfer function shift, 

AVik, which is estimated in Step 3, is combined with the transfer functions 

whose parameters are simulated in Step 4. The combined effect of the sensor 

and module temperatures on the actuation, Sa, and the release distance, Sr, 

is simulated using the following equations: 

So, = 1?"^ {yON + , (6.67) 

and 

Sn = (Voff + ̂ Vik''i , (6.68) 

where Oik" are the randomly generated vectors of the transfer function pa

rameters, which reflect the effect of the module temperature on the transfer 

function, and are the randomly generated transfer function shifts, which 

reflect the effect of the sensor temperature on the transfer function, obtained 

in Step 4. The temperature of the sensor, fc', and the module, k", are selected 

based on the worst possible effect that they have on the transfer function. 

Step 8- Repeat Step 6 using Eq. (6.66) where S,^ is either the actuation distance, 

Sai, or the release distance, Sn given by Eqs. (6.67) and (6.68), respectively. 

This will provide the proportion of defective systems for the worst possible 

combination of the sensor and module temperatures. 
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Type 1 sensor - interface module combination 

The transfer function for the Type 1 sensor-interface module combination is 

given by the following two-parameter function: 

1 
V (s; G) = for 1.6 mm < s < 4.5 mm. 

di 02 ' S 

Then, the vector of the transfer function parameters is given by 

(6.69) 

e = 
02 

(6.70) 

The vector of the parameter means is given by 

1 
r 28 

Z d u  
i= l  

28 
E02. 

Lt=l  

(6.71) 

and the covariance matrix is given by 

^92^1 
(6.72) 

Module at —40''C and sensor at 20°C 

Using Eq. (6.71), the population means of the transfer function when the module 

is at the temperature of —40''C are 

A*0 = 
-0.441 
1.582 

(6.73) 

Substituting the parameter values into Eq. (6.69) yields 

T] {s )  =  ^  (6.74) 
-0.441 + 1.582 • s 

Using Eq. (6.60), the covariance matrix of the transfer function parameters is given 

by 

3.844-10-3 -1.596-10-3 
-1.596-10-3 1.936-10-3 (6.75) 
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Using Eq. (6.58), the variance of the measurement error is found to be o-f = 5-10 

Module at 20°C and sensor at 20''C 

Using Eq. (6.71), the population means of the transfer function, when the mod

ule is at the temperature of 20°C, are 

= -0.102 

1.298 

and the transfer function is given by 

T}{S) = ^ 

(6.76) 

(6.77) 
-0.102 + 1.298 • s 

Using Eq. (6.60), the covariance matrix of the transfer function parameters is given 

by 

1.156-10-^ -8.711-10-5 
-8.711 • 10"® 0.196 • 10-3 (6.78) 

Using Eq. (6.58), the variance of the measurement error is found to he = 9 -10 ®. 

Module at 85''C and sensor at 20''C 

Using Eq. (6.71), the population means of the transfer function parameters are 

M0 = 
0.03 
1.201 

and the transfer function is given by 

T]{S) = ^ 

(6.79) 

(6.80) 
0.03 + 1.201 • s 

Using Eq. (6.60), the covariance matrix of the transfer function parameters is given 

by 

S0 = 
1.107-10-^ -0.28-10-3 
-0.28-10-3 0.44-10-3 (6.81) 
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Using Eq. (6.58), the variance of the measurement error is found to be a\ = 30*10~®. 

Figure 6.6 shows the transfer functions given by Eqs. (6.74), (6.77) and (6.80). 

Figure 6.6 shows that as the module temperature increases, the transfer function 

gets shifted upward. This implies that as the temperature increases, the actuation 

and release distances move to the right since the analog voltages VQN and VQFF sure 

constant. 

Type 2 sensor - interface module combination 

The transfer function for the Type 2 sensor - interface module combination is 

given by the following two-parameter function: 

T} (s, 0 )  = (1 + s)®', for 0.9 mm < s < 3 mm. (6.82) 

Module at —40''C and sensor at 20°C 

Using (6.71), the population means of the transfer function parameters, when 

the module is at the temperature of —40°C, are 

= 1.761 
-2.2 

(6.83) 

(6.84) 

Substituting the parameter values into Eq. (6.82) yields 

r 1-761 
(l + s)2-2-

Using Eq. (6.60), the covariance matrix of the transfer function parameters is given 

by 

E0 = 
'11.664-10-3 -8.05-10-3" 
-8.05-10-3 6.889-10-3 (6.85) 

Using Eq. (6.58), the variance of the measurement error is found to be = 3.61 

10-®. 
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Fig. 6.6 - Transfer functions for the Type 1 sensor-module 
combination when the module is at the tempera
tures of —40''C, 20°C and SS^C. 
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Module at 20''C and sensor at 20''C 

Using (6.71), the population means of the transfer function parameters, when 

the module is at the temperature of 20°C, are 

1.537 
-1.831 (6.86) 

Substituting the parameter values into Eq. (6.82) yields 

1.537 
Ti{s) = (1+ 5 )1.831- (6-87) 

Using Eq. (6.60), the covariance matrix of the transfer function parameters is given 

by 

±0 = 
3.969-10-=^ -3.246-10-3 

-3.246-10-3 2.916-10-3 (6.88) 

Using Eq. (6.58), the variance of the measurement error is found to be = 23-10-®. 

Module at 85°C and sensor at 20°C 

Using (6.71), the population means of the transfer function parameters, when 

the module is at the temperature of 85°C, are 

f^0 = 
1.364 

-1.623 (6.89) 

Substituting the parameter values into Eq. (6.82) yields 

. . 1.364 
T ) { S )  =  (6.90) (1 +  5 )1.623-

Using Eq. (6.60), the covariance matrix of the transfer function parameters is given 

by 

t0 = 
• 2.116-10-3 -1.448-10-3" 
-1.448-10-3 1.156-10-3 (6.91) 
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TABLE 6.5 - The means and standard deviations of 
the transfer function shift due to tem
perature change of both Type 1 and 
Type 2 sensors. 

Temperatures 
-77°C 120''C 125''C 

SENSOR 
TYPE 

P-A 
[mV] 

o-A 
[mV] 

PA 
[mV| [mV] 

Pa 
[mV] 

O'A 
[mV] 

TYPE 1 23.55 8.23 - -21.45 7.1 
TYPE 2 -51.9 9.2 43.7 14.2 - -

Using Eq. (6.58), the variance of the measurement error is found to be a\ = 29-10~®. 

Figure 6.7 shows the transfer functions given by Eqs. (6.84), (6.87) and (6.90). 

Figure 6.7 shows that as the module temperature increases, the transfer function 

gets shifted upward. This implies that as the temperature increases, the actuation 

and release distances move to the right since the analog voltages Vbyv and VQFF are 

constant. 

Sensor Temperature Effect - Experiment 2 

The effect of the sensor temperature change on the transfer function was stud

ied using Experiment 2 data; i.e., the analog voltage output with no target present, 

Vanaoo- Using Eqs. (6.62) and (6.63), the mean and variance of the transfer func

tion shift is calculated for both types of sensors and given temperatures. Table 6.5 

gives the summary of the results. 

Table 6.5 indicates that when the sensor Type 1 is at the temperature of —77°C, the 

transfer function is translated in the positive direction, or upward. Consequently, 

the worst environmental condition is when the sensor Type 1 is at the temperature 

of —71°C and the module is at the temperature of BS^C. Then, the translations of 
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6.7 - Transfer functions for the Type 2 sensor-module 
combination when the module is at the tempera
tures of —40''C, 20®C and SS^C. 
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Fig. 6.8 — Effect of the Type 1 sensor and module temperatures on 
the transfer function. 

the transfer curve due to sensor and module temperatures are in the same direction 

as illustrated in Fig. 6.8. This increases the probability of violating the release 

distance specification, and the guaranteed release distance, in particular. When 

the sensor Type 1 is at the temperature of 125°C, the transfer function is translated 

in the negative direction, or downward. Consequently, the worst environmental con

dition is when the sensor Type 1 is at the temperature 125°C and the module is at 

the temperature of -40''C. Then, the translations of the transfer function due to 

sensor and module temperatures are in the same direction as illustrated in Fig. 6.9. 

This increases the probability of violating the actuation distance specification, and 

the guaranteed actuation distance, Sa, in particular. 

Table 6.5 indicates that when the sensor Type 2 is at the temperature of —77®C, the 
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Fig. 6.9 - Effect of the Type 1 sensor and module temperatures on 
the transfer function. 
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transfer curve is translated in the negative direction, or downward. Therefore, the 

worst environmental condition is when the sensor is at the temperature of —77°C 

and the module is at the temperature of —40°C. Then, the effects of the sensor and 

module temperatures on the transfer function are in the same direction and the 

probability of violating the actuation distance specification increases. 

When the sensor Type 2 is at the temperature of 120°C, the transfer function is 

translated in the positive direction, or upward. Consequently, the worst environ

mental condition is when the sensor is at the temperature of 120''C and the module 

is at the temperature of 85°C. Then, the effects of the sensor and module tempera

tures are in the same direction and the probability of violating the release distance 

specification increases. 

To evaluate the performances of the components and the system as a whole, N = 

100,000 transfer function parameters, Oik-, and the transfer function shifts, /^Vik, 

for both sensor-module combinations, were generated as described in Step 4. Using 

Eqs. (6.64) and (6.65), N = 100,000 actuations and release distances were gen

erated and their values compared to the corresponding tolerance fields using Eq. 

(6.66). For the Type 1 sensor-module combination Eq. (6.69) yields 

Solving Eq. (6.92) for s yields 

Since the analog voltage Vqn corresponds to the actuation distance, Sa, then, using 

Eqs. (6.64) and (6.93) yields 

(6.93) 

(6.94) 
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Equation (6.94) was used to simulate N = 100,000 actuation distances for the sajne 

number of the generated vectors of parameters 0,jt. When the analog voltage VQFF 

is used instead Vqn, Eq. (6.93) becomes 

Equation (6.95) was used to simulate N = 100,000 release distances for the same 

number of the generated vectors of parameters dik- Using Eqs. (6.94), (6.95) and 

(6.66), the proportion of defective systems at given temperature, k, is determined. 

The effect of both sensor and module temperatures is simulated using Eqs. (6.93) 

and (6.67), or 

When the analog voltage VQFF, which corresponds to the release distance, St, is 

used instead of VQNI Eq. (6.96) becomes 

Figure 6.10 illustrates the simulation results for the Type 1 sensor-module combi

nation. The bell-shaped curves are the distributions of either actuation or release 

distances based on N = 100,000 simulations. The upper graph shows the simulated 

distributions of the actuation distance, Sa- The solid curves are for the case when 

the module is at different temperatures and the sensor Type 1 is at room tempera

ture of 20°C. The proportion of defective systems at room temperature is extremely 

small, approximately zero, which czm be seen on the graph, too. The variability of 

the actuation distance, Sa, is very small compared to the tolerance field and the 

mean of the distribution is centered well enough. The worst case is when the sensor 

is at the temperature of 125''C and the module is at the temperature of —40''C, 

(6.95) 

(6.96) 

(6.97) 
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Fig. 6.10 - Simulation results for the Type 1 sensor - interface module combination. 
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which is presented by the dotted curve. The estimated proportion of systems that 

violate the lower tolerance limit of Sa is Pos = 0.02, or 2%. The proportion of the 

systems which do not meet the guaranteed actuation distance of ^ = 1.78 mm 

is Po5 < 1 • 10"^, or less then 0.001%. The lower graph shows the distributions 

of the release distance, Sr- The proportion of defective systems is extremely low, 

approximately zero, the variability of the release distance, Sr, is small and the mean 

of the distribution is well-centered in the tolerance field. The worst case is when 

the sensor is at the temperature of — 77°C and the module is at the temperature 

of 85°C which is illustrated by the dotted curve. The estimated proportion of the 

systems which violate the upper tolerance limit of the release distance is found to 

be Pos = 0.6633, or 66.33%, but the proportion of the systems which do not meet 

the guaranteed release distance, ^ = 4.064 mm, is Pos < I • 10"^, or less then 

0.001%. 

Figure 6.11 illustrates the simulation results for the Type 2 sensor-module combina

tion based on N = 100, 000 simulations. The upper graph shows the distributions 

of the actuation distance, Sa- The proportion of defective systems at room tem

perature is approximately equal to zero. When the module is at the temperature 

of —40®C and the sensor is at room temperature, almost all, or 100%, of the sys

tems will be below the lower tolerance limit of Sa- When the module is at the 

temperature of 85°C and the sensor is at room temperature, the estimated pro

portion of the systems that will be above the upper tolerance limit of Sa is found 

to be Pos = 0.977, or 97.7%. When the sensor is at —77°C and the module is at 

the temeprature of —40''C, which is the worst case presented by the dotted curve, 

the estimated proportion of the systems which do not meet the guaranteed actu

ation distance requirement, ^ = 0.94 mm, is found to be < 1 • 10~®, or less 
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Fig. 6.11 - Simulation results for the Type 2 sensor - interface module combination. 
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then 0.001%. The lower graph shows the simulated distributions of the release dis

tance, Sr- The proportion of defective systems at room temperature is found to 

be Pos = 7.4 • lO""*, or 0.074%. When the module is at the temperature of —40°C 

and the sensor is at room temperature, almost all, 100%, of the systems will be 

below the lower tolerance limit of Sr. When the module is at the temperature of 

85''C and the sensor is at the temperature of 120°C, the proportion of the systems 

which will be above the upper tolerance limit of Sr is found to be Pos = 0.03029, 

or 3.029%. The worst case is when the sensor is at the temperature of 120°C and 

the module is at the temperature of 85°C, which is presented by the dotted curve. 

The estimated proportion of the systems which will be above the guaranteed release 

distance, ^ = 2.8 mm, is found to be < 6 • 10"^, or less than 0.006%. 

The complete analysis presented in this example was performed using the profes

sional edition of the software MathcadPLUS 6.0 by MathSoft, Inc. The software 

allows solving the problem by typing equations in their original forms and the sim

ulation routines are written as separate blocks of equations. 
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CHAPTER 7 

CONCLUSIONS AND RECOMMENDATIONS 

7.1 Conclusions 

The importance of the degradation analysis as a method of assessing the reliability 

of highly reliable system components and systems, constantly increases due to the 

constant efforts of manufacturers to produce more reliable products. The proposed 

model incorporates more than one degradation mechanism that can cause failure of 

the system. Each of the degradation mechanisms is represented by a unique model 

with parameters that may be random, correlated and stress dependent. Unit-to-unit 

variability is captured by estimating model parameters for every unit and combin

ing the individual unit parameters to obtain the population parameters at every 

stress level. The multiple regression on the population parameters provides their 

extrapolation in stresses and determination of the degradation model parameters at 

use stress levels. The bootstrap Monte Carlo simulation is used as an effective way 

of estimating the approximate system reliability and the mean life. A large number 

of degradation paths at use stress levels is generated and the corresponding times to 

failure for each path are calculated. The system's reliability and the system's mean 

life estimates are obtained for a single and for multiple degradation mechanisms. 

The proposed methodology is applicable whenever some aspect of the system's, 

or subsystem's, performance degradation can be identified and appropriately mea

sured. The Honeywell MICRO SWITCH line provides opportunities for application 

of the methodology. Some degradation mechanisms that are identified are: 
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1. Degradation of the magnetic properties over time of the proximity sensors 

which are used to detect the motion of moving metal targets. 

2. Degradation of the electrical output of the pressure and flow sensors caused 

by deposition of fine dust particles on the surface of the micro-bridge, sensing 

element of the sensor. 

3. Sensor output degradation due to crack propagation on a die which is the 

integral part of the IC sensing element. 

4. Degradation of the light output of a laser, or a photo-element, which is the 

integral part of the photo sensor used to detect, control and Identify moving 

objects. The degradation is caused by electrical and environmental stresses, 

and a change in the light transmission of an optical path. 

5. Water permeation in the plastic encapsulants; i.e., sensor packages, over time 

which causes corrosion and ionic contamination of ICs. 

6. Contact resistance degradation of the electromechanical switches. It is caused 

by micro-welds which erode the contacts of the switch. 

The applied stresses include: voltage, current, temperature, humidity, pressure, 

thermal shocks, mechanical vibration, etc. 

The presented methodology is an effective way to estimate the system's relia

bility by monitoring performance degradation. Its advantage is that the times to 

failure are not directly observed but the degradation that can be accurately mea

sured. Consequently, the test time can be significantly shorter than if the times 

to failure are recorded. The analysis is simple and engineers can perform it using 

standard statistical software packages. 
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7.2 Recommendations 

The major problem that can occur is the level of noise in the degradation mea

surements if the degradation rate is low, particularly at lower stress levels. The 

selection of stress levels is very important in that case. To avoid extrapolation error 

in stresses the lower stress levels should be selected close to the use stress levels and 

the high stress levels should be selected high enough to sufficiently accelerate the 

degradation processes. However, there is always a danger that too high stress levels 

may induce failures and degradation processes that are not present at use stress 

levels and cause sudden failures due to change of material properties. 

In the absence of the exact degradation model which is based on the underlying 

physical process, an empirical model can be selected from a large number of models 

presented by Seber and Wild [8] and Ratkovsky [21] which include the Gompertz, 

Logistic, Richards, Morgan-Mercer-Flodin and Weibull type growth models, yield-

density and asymptotic-regression models. Those models are successfully used in 

medicine, pharmacology, agriculture, social sciences and engineering to model decay 

of chemicals in the human body, growth rate in agriculture, human behavior, and 

many engineering problems. The models with two, three and four parameters have 

close-to-linear properties and can be used with the proposed methodology. 

The number of degradation measurements and measurement intervals are an im

portant aspect of the experiment. The more measurements, the closer to normality 

will be the distribution of the individual path parameters and their variability would 

be lower. With the close-to-linear models that have low intrinsic nonlinearity, the 

number of measurements at each stress level can be as low as 10 and still pro

vide good parameter estimates but the actual number of measurements depends 
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on the functional form of the degradation model. Boulanger and Escobar [9] have 

suggested two heuristic degradation measurement plans. Equal degradation mea

surement plan is based on the idea to choose the measurement times [^i, tm] 

such that the amount of degradation between the consecutive measurements is con

stant; i.e., 

^ T}{ti+u 0 ) - © ) = ^ for z = 1,2, • • •, m, 
m — \  

then the measurement times, U, are 

— Tl-l t i  =  T]  
{i -  0°) + {m- i)T]{tu&°y 

, for 2 = 1,2, • • •, m. 
m — I 

where the 0° are the parameter values obtained from some previous knowledge 

of the degradation process. Since the proposed methodology assumes the same 

measurement intervals across all units and all stress levels for a given degradation 

mechanism, the test plan should be developed for the highest stress level and used at 

all stress levels, because the degradation rate will be the highest at the highest stress 

level. The equal log-spacing plan is based on the idea to place more measurements 

in the lower end of the interval because it is expected that the degradation 

process has a much higher rate in the beginning of the interval. The plan is given 

by 

ti  = EXP 
(i - 1) log(fnt) + (m- i) logjti) 

m — 1 
, for z = 1,2, • - •, m, 

The disadvantage of this plan is that it does not take into account the functional 

form of  the degradat ion mechanism,  T}{ t ,Q) .  

The sample size, rifc, of units exposed to the stress level k affects the normality 

of the distribution of the population parameters. The normal theory suggests the 
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minimum sample size of 30 units but the optimum sample size may be the subject 

of further research on the proposed model. 

The total test time, tm, for each individual degradation mechanism is impor

tant because if it is large enough, the extrapolation error in time which is done to 

calculate the times to failure at use stress levels would be smaller. The test time 

depends on the actual functional form of the degradation mechanism, available re

sources and acceptable cost of performing the accelerated degradation tests. Future 

research may involve some economic considerations to evaluate the benefits of the 

proposed ADT versus the traditional accelerated life tests. 
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APPENDIX 

FORTRAN Program for Example 6-1 

PROGRAM ALGORITM 1 

C 
C RELIABILITY ESTIMATES FOR A DEGRADATION MECHANISM 

C INPUT FILE: 

C THETAO.DAT = CONTAINS PARAMETER VALUES, 

C THETAl AND THETA2 FOR THREE 

C STRESS LEVELS, USED TO GENERATE 

C 20 DEGRADATION MEASUREMENTS FOR 
C EACH UNIT 

C OUTPUT FILES; 

C DEGRY.DAT = SIMULATED DEGRADATION MEASUREMENTS 
C TIME.DAT = MEASUREMENT TIMES 

C TH12.DAT = GENERATED PARAMETER VALUES FOR ALL 

C UNITS 

C ESTTH.DAT = ESTIMATED PARAMETER VALUES FOR ALL 
C UNITS 

C MEANS.DAT = PARAMETER MEANS FOR ALL STRESS 
C LEVELS, K=l,2 AND 3 

C COVS.DAT = COVARIANCE MATRICES. Eq. 5.7 

C SIMTH.DAT = GENERATED PARAMETER VALUES 

C REL.DAT = RELIABILITY ESTIMATES FOR DESIRED 

C MISSION TIME, MEAN LIFE ESTIMATE 

C RML.DAT = RELIABILITY AND MEAN LIFE ESTIMA-

C TES FORMATED FOR USE BY ALGOR. 2 

C 
DIMENSION TH0(2) ,TH(2) ,TH1(150) ,TH2(150) ,SG(2,2) ,D(2) 

DIMENSION SIGl (200) , SIG2 (200) , SIG3 (200) . XI (150,2) 

DIMENSION X2(150,2),X3(150,2),B1(2) ,B2(2).B(2) ,ZU(2) 

DIMENSION ZI (2) , ZTZI (2,2), ZX(150) , ZTZ (2,2) , Z (1000,2) 

DIMENSION SPL(2,2).S1(2,2).S2(2,2),S3(2,2),S(2,2) 

DIMENSION THETAl (100000) ,THETA2( 100000) ,TFG( 100000) 

DIMENSION TM(IO) 

DIMENSION ERSIG (3) ,SKI (2,2) , SK2(2,2), SK3 (2,2), D1 (2) 

DIMENSION D2(2),D3(2),STH(2) ,THB(2) 

DIMENSION SB1(2,2) ,SB2(2,2) ,SB3(2,2) ,SPLB(2,2) ,SB(2,2) 

DIMENSION BB1(2) ,BB2(2) ,DB(2) .THETABl (100000) 

DIMENSION THETAB2( 100000) ,TFGB(100000) ,TFBARB(500) 

DIMENSION RB(500,10),RBC(500),RBBAR(10),SIGRB(10) 
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DIMENSION RBM(IO) ,RZ(10) ,ZZER0(10) ,AL(10) .AU(IO) 

DIMENSION PRL(IO) ,PRU(10) 

COMMON Y(20),T(20) 

REAL NV(2) ,M(3) ,NS(3) , JJ1(2,2) ,JJ2(2,2) , JJ3(2,2) 

REAL JJ(2,2),JTJI(2,2),MTHU(2) ,MEANS(2) 

REAL MTH(2) ,JJB(2,2) ,MEANSB(2) .MTHUB(2) 

REAL MLOWP,MUPPP,MLOWS,MUPPS,MLOWBC,MUPPBC 
INTEGER BS.BE,RLLL,RLLU 

OPEN (10, FILE=' REL. DAT'. STATUS=' NEW ) 

OPEN (11, FILE=' DEGRY. DAT' , STATUS=' NEW') 

OPEN (12, FILE=' THETAO. DAT', STATUS=' OLD') 

0PEN(13,FILE='RML.DAT',STATUS='NEW') 

OPEN (15. FILE=' TIME. DAT', STATUS=' NEW') 

OPEN (16, FILE=' TH12. DAT'. STATUS=' NEW') 

OPEN (17, FILE=' ESTTH. DAT', STATUS=' NEW') 

OPEN (18, FILE=' MEANS. DAT', STATUS=' NEW') 

OPEN (19, FILE=' COVS. DAT', STATUS=' NEW') 

OPEN (20, FILE=' SIMTH. DAT', STATUS=' NEW') 

P=2 

EPS=0.00001 

C STRESS LEVELS 
Zl=60.0 

Z2=80.0 

Z3=100.0 

Z0= 40.0 

C CRITICAL LEVEL OF DEGRADATION AT USE STRESS LEVEL, DC 
DC=0.05 

C NUMBER OF SAMPLES AT STRESS LEVELS K=l,2 AND 3 
NS(1)=30 

NS(2)=30 

NS(3)=30 

C ASSUMED ERROR STANDARD DEVIATION, SIGMA EPSILON 
ERRSIG=0.0005 
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C NUMBER OF MEASUREMENTS. NT 
NT=20 

C MAX. AND MIN. MEASUREMENT TIMES 
TMAX=7.6 

TMIN=0.1 

N=2 

DELT=0.000001 

IDUM=1 

C ASSUMED COVARIANCE MATRIX OF THE DEGRADATION PARAMETERS 
SG(1.1)=0.004 

SG(1,2)=-0.00057 

SG(2,1)=SG(1,2) 
SG(2,2)=0.0005 

C CALL CHOLESKY DECOMPOSITION SUBPROGRAM 

CALL CHOL(SG,D) 

C GENERATE MEASUREMENT TIMES 

DO 5 1=1,NT 

T (I) = (EXP (( (I-l) *LOG (TMAX) + (NT-I) *LOG (TMIN) )/(NT-1) ) ) 

5 CONTINUE 
WRITE(15,*)(T(I),1=1,20) 

C 

C GENERATE DEGRADATION MEASUREMENTS FROM THE ASSUMED 

C DEGRADATION MODEL 
C 

DO 40 K=l,3 

READ(12,*)(THO(I),1=1,2) 
NK=NS(K) 

DO 35 J=1,NK 

DO 20 1=1,2 

NV(I)=SNORM(IDUM) 

IDUM=IDUM+1 

20 CONTINUE 

C GENERATE RANDOM DEGRADATION PARAMETERS USING 

C SHEUER AND STOLLER METHOD 
TH1(J)=TH0(1)+D(1)*NV(1) 

TH2(J)=TH0(2)+SG(2,1)*NV(1)+D(2)*NV(2) 
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WRITE(16,*) THl(J) ,TH2(J) 

DO 25 1=1,NT 

Y(I)=TH1(J)*EXP(TH2(J)*T(I))+SN0RM(IDUM) *ERRSIG 

IDUM=IDUM+1 

25 CONTINUE 

WRITECll,*) (Yd) .1=1,NT) 

35 CONTINUE 

40 CONTINUE 

CLOSE(10) 

CLOSE(11) 

CLOSE(12) 

CLOSE(15) 

CLOSE(16) 

CLOSE(17) 

C 

C ESTIMATE DEGRADATION PARAMETERS FOR EACH OF K STRESS 
C LEVELS, K=l,2 AND 3, STEP 2 

C 

OPEN (11, FILE=' DEGRY. DAT', STATUS=' OLD') 

OPEN (12, FILE=' THETAO. DAT', STATUS=' OLD') 

OPEN (16, FILE=' TH12. DAT', STATUS=' OLD') 

C ESTIMATE THETAs FOR ALL NK DEGRADATION PATHS 

C INITIALIZE 
DO 49 1=1,2 

DO 48 J=l,2 

JJ1(I,J)=0.0 

JJ2(I,J)=0.0 

JJ3(I.J)=0.0 

48 CONTINUE 

49 CONTINUE 
DO 100 K=l,3 

NK=NS(K) 

DO 90 J=1,NK 
M(K)=NT 

READdl,*) (Yd) .1=1,NT) 

READ(16, *) (THO (I) , 1=1,2) 

C ESTIMATE DEGRADATION PARAMETERS FOR THE Jth UNIT 

C FROM THE SAMPLE OF NK UNITS AT THE Kth STRESS LEVEL 
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CALL MVNECTHO.TH.EPS) 
WRITE(17,*)(TH(I),I=1.2) 

IF(K.EQ.l) THEN 

DO 65 1=1,2 

X1(J.I)=TH(I) 

65 CONTINUE 

C ESTIMATE ERROR VARIANCE FOR THE Jth UNIT AT K=1 

CALL SIGMACNT.Y.TH.T.SIGM) 
SIG1(J)=SIGM 

C ESTIMATE ERROR COVARIANCE OF THETAs FOR THE Jth UNIT AT K=1 

CALL JTJINV(NT,T,TH,JTJI) 

DO 68 L=l,2 

DO 66 1=1,2 

JJl (L, I) =J J1 (L, I)+JTJI (L, I) 

66 CONTINUE 

68 CONTINUE 

ELSE IF(K.EQ.2) THEN 
DO 70 1=1,2 

X2(J,I)=TH(I) 

70 CONTINUE 

C ESTIMATE ERROR VARIANCE FOR THE Jth UNIT AT K=2 

CALL SIGMA (NT, Y,TH,T,SIGM) 
SIG2(J)=SIGM 

C ESTIMATE ERROR COVARIANCE OF THETAs FOR THE Jth UNIT AT K=2 

CALL JTJINY(NT,T,TH,JTJI) 

DO 78 L=1.2 

DO 76 1=1,2 

JJ2(L,I)=JJ2(L,I)+JTJI(L,I) 

76 CONTINUE 

78 CONTINUE 

ELSE 
DO 80 1=1,2 

X3(J.I)=TH(I) 

80 CONTINUE 

C ESTIMATE ERROR VARIANCE FOR THE Jth UNIT AT K=3 

CALL SIGMA(NT,Y,TH,T,SIGM) 
SIG3(J)=SIGM 
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C ESTIMATE ERROR COVARIANCE OF THETAs FOR THE Ith UNIT AT K=3 

CALL JTJINV(NT,T,TH,JTJI) 

DO 88 L=l,2 

DO 86 1=1,2 
JJ3(L,I)=JJ3(L,I)+JTJI(L,I) 

86 CONTINUE 

88 CONTINUE 

END IF 
90 CONTINUE 

100 CONTINUE 

ST=0.0 

DO 101 K=l,3 
ST=ST+NS(K) 

101 CONTINUE 

NTOT=ST 

C CALCULATE COVARIANCE MATRIX OF THETA DUE TO MEASUREMENT ERROR 

C FIRST CALCULATE ERROR VARIANCE GIVEN BY Eq. 5.8 
C 

SUMS=0.0 

SUMS1=0.0 

SUMS2=0.0 

SUMS3=0.0 

MT=0.0 

DO 109 K=l,3 

IF(K.EQ.l) THEN 

DO 103 I=1,NS(K) 

SUMS1=SUMS1+(M(K)-P)*SIG1(I) 

MT=MT+(M(K)-P) 

103 CONTINUE 

ELSE IF(K.EQ.2) THEN 
DO 105 I=1,NS(K) 

SUMS2=SUMS2+(M(K)-P)*SIG2(I) 

MT=MT+(M(K)-P) 

105 CONTINUE 

ELSE 
DO 107 I=1,NS(K) 

SUMS3=SUMS3+(M(K)-P)*SIG3(I) 

MT=MT+(M(K)-P) 

107 CONTINUE 
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END IF 

SUMS=SUMS+SUMS 1+SUMS2+SUMS3 

109 CONTINUE 

SIGMAT=SUMS/MT 

WRITE(6,*) SIGMAT 

C CALCULATE SECOND TERM OF THE RIGHT HAND SIDE OF Eq. 5.7 

DO 115 1=1,2 

DO 110 J=l,2 

JJ(I.J)=(SIGMAT/NT0T)*(JJ1(I,J)+JJ2(I,J)+JJ3(I,J)) 

WRITE(19,*) JJ(I.J) 

110 CONTINUE 

115 CONTINUE 

C CALCULATE POPULATION COVARIANCE, POOLED FOR ALL STRESSES, K 
DO 120 K=l,3 

IF(K.Eq.l) THEN 
N=NS(1) 

CALL MEAN(N,XI,MEANS) 

WRITE(18,*)(MEANS(I),1=1,2) 

CALL COVARCN,XI,S,MEANS) 
DO 125 1=1,2 

DO 123 J=l,2 
S1(I,J)=S(I,J) 

123 CONTINUE 
125 CONTINUE 

ELSE IF(K.EQ.2) THEN 
N=NS(2) 

CALL MEAN(N.X2,MEANS) 

WRITE(18,») (MEANS(I), 1=1,2) 

CALL C0VAR(N,X2,S,MEANS) 
DO 128 1=1,2 

DO 126 J=l,2 

S2(I,J)=S(I,J) 

126 CONTINUE 

128 CONTINUE 

ELSE 
N=NS(3) 

CALL MEAN(N,X3,MEANS) 

WRITE(18,*) (MEANS(I), 1=1,2) 

CALL C0VAR(N,X3,S,MEANS) 
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DO 133 1=1,2 

DO 132 J=l,2 
S3(I.J)=S(I,J) 

132 CONTINUE 

133 CONTINUE 

END IF 

120 CONTINUE 

C CALCULATE POOLED COVARIANCE MATRIX 
DO 140 1=1,2 

DO 130 J=l,2 

SPL(I,J)=(S1(I,J)+S2(I,J)+ 

$ S3(I,J))/(NT0T-3) 

WRITE(19,*) SPL(I.J) 

130 CONTINUE 

140 CONTINUE 

C CALCULATE COVARIANCE MATRIX, Eq. 5.7 
DO 148 1=1,2 

DO 145 J=l,2 

S(I,J)=SPL(I,J)-JJ(I,J) 

WRITE(19,*) S(I,J) 

145 CONTINUE 

148 CONTINUE 

NK1=NS(1) 

NK2=NS(2) 

NK3=NS(3) 

C CALCULATE COEFFICIENTS OF THE DEGRADATION PARAMETER-STRESS 
C RELATIONSHIP, THETA=B*Z 

DO 155 1=1,NKl 

TH1(I)=X1(I,1) 

TH2(I)=X1(I,2) 

ZX(I)=Z1 

155 CONTINUE 
DO 160 I=NK1+1,NK1+NK2 

TH1(I)=X2(I-NK1,1) 

TH2(I)=X2(I-NK1,2) 

ZX(I)=Z2 
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160 CONTINUE 

DO 170 I=NK1+NK2+1,NT0T 

THl(I)=X3(I-NK1-NK2,1) 

TH2 (I) =X3 (I-NK1-NK2,2) 
ZX(I)=Z3 

170 CONTINUE 

CALL LS(NT0T,ZX,TH1,B) 
DO 172 1=1,2 
B1(I)=B(I) 

172 CONTINUE 

CALL LS(NT0T,ZX,TH2,B) 
DO 175 1=1,2 
B2(I)=B(I) 

175 CONTINUE 

C 

C GENERATE N DEGRADATION PATHS, OR N SETS OF DEGRADATION 

C PATH PARAMETERS, STEP 3 
C 

ZU(1)= 1 

ZU(2)=Z0 

C PARAMETER MEANS AT USE STRESS LEVEL ZO 
MTHU(1)=B1(1)+B1(2)*ZU(2) 

MTHU(2)=B2(1)+B2(2)*ZU(2) 

WRITE(6,*) MTHU(l) ,MTHU(2) 

C CALCULATE MATRIX Z OF THE STRESSES 

DO 195 1=1,NKl 
Z(I,1)=1 
Z(I,2)=Z1 

195 CONTINUE 

DO 200 I=NK1+1,NK1+NK2 
Z(I.1)=1 
Z(I,2)=Z2 

200 CONTINUE 

DO 210 I=NK1+NK2+1,NT0T 
Z(I,1)=1 
Z(I,2)=Z3 

210 CONTINUE 
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C CALCULATE Z TRANSPOSE TIMES Z 
DO 270 J=l,2 

DO 260 K=l,2 

ZJK=0.0 

DO 250 I=1,NT0T 
ZJK=ZJK+Z(I,J)*Z(I .K) 

250 CONTINUE 
ZTZ(J,K)=ZJK 

ZTZ(K,J)=ZJK 

260 CONTINUE 

270 CONTINUE 

C CALCULATE DETERMINANT OF ZTZ 
DETZ=ZTZ (1,1) *ZTZ (2,2) -ZTZ (1,2) **2 

C CALCULATE INVERSE OF ZTZ 

ZTZI(1.1)=ZTZ(2,2)/DETZ 

ZTZI(2,2)=ZTZ(1,1)/DETZ 

ZTZI(1,2)=-ZTZ(1,2)/DETZ 

ZTZI(2,1)=ZTZI(1,2) 

C CALCULATE ZU TRANSP. *(ZTZ) INV. *ZU 
ZI(1)=0.0 

ZI(2)=0.0 

DO 280 K=l,2 

DO 275 1=1,2 
ZI(K)=ZI(K)+ZU(I)*ZTZI(I,K) 

275 CONTINUE 
ZI(K)=ZI(K)*ZU(K) 

280 CONTINUE 
ZUSE=0.0 

DO 281 1=1,2 

ZUSE=ZUSE+ZI(I) 

281 CONTINUE 

C PERFORM CHOLESKY DECOMPOSITION OF THE COVARIANCE MATRIX 
CALL CHOL(S,D) 

C GENERATE LARGE NUMBER OF DEGRADATION PATHS. NG 
NG=10000 

TF=0.0 

DO 320 1=1,NG 
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DO 310 K=l,2 

C GENERATE NORMAL VARIATE 

NV(K)=SNORM(IDUM) 

IDUM=IDUM+1 

310 CONTINUE 

C USE SCHEUER AND STOLLER METHOD TO GENERATE CORRELATED 

C THETAs 

THETAl (I) =MTHU (1)+D (1) *NV (1) *ZUSE 

THETA2(I) =MTHU(2) + (S (2,1) *NV (1) +D (2) *NV (2) ) *ZUSE 

WRITE(20,*) THETAl(I) ,THETA2(I) ,NV(1) ,NV(2) 

C 

C CALCULATE FAILURE TIME FROM THE INVERSE OF 

C THE DEGRADATION MODEL, STEP 4 
C 

TFG(I) = (1/THETA2(I))*L0G(DC/THETA1(I)) 
TF=TF+TFG(I) 

320 CONTINUE 

TFBAR=TF/NG 

C SELECT DESIRED MISSION TIME. TM(I), RANGE FROM 1 TO 10 
TJ=3 

DO 350 J=1,TJ 

WRITE(6,340) 

340 FORMAT(XEnter desired 3 mission times, TM, 

$ from 1 to 10') 

READ(5,*) TM(J) 

350 CONTINUE 

C 

C ESTIMATE RELIABILITY AND MEAN LIFE, STEP 5 
C 

DO 380 J=1,TJ 
NF=0.0 

DO 360 1=1,NG 

IFCTFGd) .LE.TM(J)) THEN 
NF=NF+1.0 

END IF 
360 CONTINUE 

R=1.0- (REAL (NF) /REAL (NG) ) 
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WRITE(10,370) TM(J),R.TFBAR 

WRITECIS,*) R 
370 F0RMAT(2X.' MISSION TIME= ',F10.5,' RELIABILITY= ',F10.7, 

$ ' MEAN LIFE= '.FIO.S) 

380 CONTINUE 

WRITE(13,*) TFBAR 

CLOSE(IO) 

CLOSE(ll) 

CLOSEC12) 

CLOSE(13) 

CLOSE(15) 

CLOSE(16) 

CLOSE(17) 

CLOSE(18) 

CLOSE(19) 

CLOSE(20) 
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c 
C PROGRAM ALGORITHM 2 

C 

C ESTIMATE CONFIDENCE LIMITS ON THE RELIABILITY 

C AND MEAN LIFE FOR A DEGRADATION MECHANISM 

C INPUT FILE: 

C MEANS.DAT 

C OUTPUT FILES: 

C STH12.DAT 

C SIMY.DAT 

C THBOOT.DAT 

C 

C MEANSB.DAT 

C 

C COVSBI.DAT 

C 

C COVSB.DAT 
C 

C BETAB.DAT 
C 

C 

C 

C MEANSUB.DAT 

C 

C SIMTHB.DAT 

C RELB.DAT 
C 

C 
OPEN (23, FILE=' THBOOT. DAT', STATUS=' NEW ) 

OPEN(24,FILE='MEANSB.DAT',STATUS='NEW') 

OPEN (25, FILE=' COVSBI. DAT', STATUS=' NEW') 

OPEN (26, FILE=' COVSB. DAT' , STATUS=' NEW') 

OPEN(27,FILE='BETAB.DAT' ,STATUS= 'NEW') 

OPEN (28, FILE=' MEANSUB. DAT', STATUS=' NEW') 

OPEN (29, FILE=' SIMTHB. DAT'. STATUS=' NEW') 

OPEN (30. FILE=' RELB. DAT', STATUS=' NEW') 

C 

C STEP 1, ESTIMATE COVARIANCE MATRIX AND MEANS 

C FOR EACH STRESS LEVEL USING RESULTS OF ALGORITHM 1 

C 
DO 500 1=1,2 

= DATA GEBNERATED BY ALGORITHM 1 

= SIMULATED DEGRADATION PARAMETERS 

= SIMULATED DEGRADATION MEASUREMENTS 

= BOOTSTRAP ESTIMATES OF THE DEGRAD

ATION PARAMETERS FOR ALL UNITS 

= BOOTSTRAP ESTIMATES OF THE PARAM

ETER MEANS FOR ALL STRESS LEVELS 

= BOOTSTRAP SAMPLE COVARIANCE MATRI

CES FOR STRESS LEVELS K=l,2 AND 3 

= BOOTSTRAP COVARIANCE MATRICES. Eq. 

5.28 
= BOOTSTRAP ESTIMATES OF REGRESSION 

PARAMETERS, BETA 1 AND BETA 2 FOR 

DEGRADATION PARAMETERS THETA 1 AND 

THETA 2 

= BOOTSTRAP ESTIMATES OF THE PARAME

TER MEANS AT USE STRES LEVEL 

= SIMULATED DEGR. PARAMETER VALUES 

= ESTIMATES OF THE CONFIDENCE LIMITS 

ON RELIABILITY AND MEAN LIFE 
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DO 400 J=l,2 

S1(I.J)=S1(I,J)/(NS(1)-1) 

S2(I,J)=S2(I,J)/(NS(2)-1) 

S3(I.J)=S3(I,J)/(NS(3)-1) 

400 CONTINUE 

500 CONTINUE 

C ERROR VARIANCE FOR K=l,2 AND 3 
ERSIG(1)=SUMS1/(NS(1)*(NT-P)) 

ERSIG (2) =SUMS2/ (NS (2) * (NT-P) ) 

ERSIG(3) =SUMS2/ (NS (3) * (NT-P) ) 

C COMPUTE COVARIANCE MATRIX FOR STRESS LEVELS 
C K=l,2 AND 3, Eq. 5.28 

DO 530 1=1,2 

DO 520 J=l,2 

SK1(I,J)=S1(I,J)-(ERSIG(1)/NS(1))*JJ1(I.J) 

SK2 (I, J) =S2 (I, J) - (ERSIG (2) /NS (2) ) * J J2 (I, J) 

SK3(I,J)=S3(I,J)-(ERSIG(3)/NS(3))*JJ3(I,J) 

520 CONTINUE 

530 CONTINUE 

CALL CH0L(SK1,D1) 

CALL CH0L(SK2,D2) 

CALL CH0L(SK3,D3) 

C 

C GENERATE DEGRADATION PATHS. STEP 2 
C 

BS=100 

DO 1500 BE=1,BS 

OPEN (18. FILE=' MEANS. DAT'. STATUS=' OLD') 

OPEN (21, FILE=' STH12. DAT'. STATUS=' NEW ) 

OPEN (22. FILE=' SIMY. DAT', STATUS=' NEW ) 

DO 570 K=l,3 

READ(18.*)(MTH(I).1=1,2) 

DO 560 J=1,NS(K) 

DO 540 1=1.2 

NV(I)=SNORM(IDUM) 

540 CONTINUE 

C 
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C GENERATE NK DEGRADATION PATHS, STEP 3 

C 
IF(K.EQ.l) THEN 

CALL SIMTH(SK1,D1,MTH,NV,STH) 
WRITE(21,*)(STH(I),1=1,2) 

ELSE IF(K.EQ.2) THEN 

CALL SIMTH(SK2,D2,MTH,NV,STH) 
WRITE(21,*)(STH(I) ,1=1,2) 

ELSE 

CALL SIMTH(SK3,D3,MTH,NV,STH) 
WRITE(21.»)(STH(I),1=1,2) 

END IF 

DO 550 1=1,NT 

Y(I)=STH(1)*EXP(STH(2)*T(I)) + 

$ SNORM(IDUM)*SQRT(ERSIG(K)) 
IDUM=IDUM+1 

550 CONTINUE 
WRITE(22,»)(Y(I),1=1,NT) 

560 CONTINUE 

570 CONTINUE 

CLOSE(18) 

CL0SE(21) 

CLOSE(22) 

C 

C COPUTE BOOTSTRAP ESTIMATES OF DEGRADATION 

C PARAMETRS FOR K=l,2 AND 3, STEP 4 

C 

OPEN (21, FILE=' STH12. DAT' . STATUS=' OLD') 

OPEN (22, FILE=' SIMY. DAT', STATUS=' OLD') 

C INITIALIZE 
DO 610 1=1,2 

DO 605 J=l,2 

JJ1(I,J)=0.0 

JJ2(I,J)=0.0 

JJ3(I,J)=0.0 

605 CONTINUE 

610 CONTINUE 
DO 720 K=l,3 

NK=NS(K) 

DO 710 J=1,NK 
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M(K)=NT 

READ(22,») (Yd), 1=1,NT) 

READ(21,*)(THO(I) ,1=1,2) 

CALL MVNE(THO,THB,EPS) 

WRITE(23,*)(THB(I) ,1=1,2) 

IF(K.EQ.l) THEN 
DO 620 1=1.2 
X1(J,I)=THB(I) 

620 CONTINUE 

C ESTIMATE ERROR VARIANCE FOR THE Jth UNIT AT K=1 

CALL SIGMA (NT, Y,THB,T,SIGM) 
SIG1(J)=SIGM 

C ESTIMATE ERROR COVARIANCE OF THETAs FOR THE Jth UNIT AT K=1 

CALL JTJINV(NT,T,THB,JTJI) 
DO 640 L=l,2 

DO 630 1=1,2 

J JI (L, I) = J JI (L, I)+JT JI (L, I) 

630 CONTINUE 

640 CONTINUE 

ELSE IF(K.EQ.2) THEN 
DO 650 1=1,2 

X2(J,I)=THB(I) 

650 CONTINUE 

C ESTIMATE ERROR VARIANCE FOR THE Jth UNIT AT K=2 

CALL SIGMA(NT,Y,THB,T,SIGM) 
SIG2(J)=SIGM 

C ESTIMATE ERROR COVARIANCE OF THETAs FOR THE Jth UNIT AT K=2 

CALL JTJINV(NT,T,THB,JTJI) 
DO 670 L=l,2 

DO 660 1=1,2 

J J2 (L, I) =J J2 (L, I)+JT JI (L, I) 

660 CONTINUE 

670 CONTINUE 

ELSE 
DO 680 1=1,2 

X3(J,I)=THB(I) 

680 CONTINUE 
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C ESTIMATE ERROR VARIANCE FOR THE Jth UNIT AT K=3 

CALL SIGMA (NT. Y.THB.T.SIGM) 
SIG3(J)=SIGM 

C ESTIMATE ERROR COVARIANCE OF THETAs FOR THE Ith UNIT AT K=3 

CALL JTJINV(NT,T,TH,JTJI) 
DO 700 L=l,2 

DO 690 1=1,2 

J J3 (L, I) = J J3 (L, I)+JT JI (L, I) 

690 CONTINUE 

700 CONTINUE 

END IF 
710 CONTINUE 

720 CONTINUE 

C CALCULATE COVARIANCE MATRIX OF THETA DUE TO MEASUREMENT ERROR 

C FIRST CALCULATE ERROR VARIANCE 
SUMSB=0.0 

SUMSB1=0.0 

SUMSB2=0.0 

SUMSB3=0.0 
MT=0.0 

DO 760 K=l,3 

IFCK.EQ.l) THEN 
DO 730 I=1,NS(K) 

SUMSB1=SUMSB1+(M(K)-P)*SIG1(I) 
MT=MT+(M(K)-P) 

730 CONTINUE 

ELSE IF(K.EQ.2) THEN 

DO 740 I=1,NS(K) 

SUMSB2=SUMSB2+(M(K)-P)*SIG2(I) 

MT=MT+(M(K)-P) 

740 CONTINUE 

ELSE 
DO 750 I=1,NS(K) 

SUMSB3=SUMSB3+(M(K)-P)*SIG3(I) 

MT=MT+(M(K)-P) 

750 CONTINUE 

END IF 

SUMSB=SUMSB+SUMSB1+SUMSB2+SUMSB3 

760 CONTINUE 

SIGMATB=SUMSB/MT 
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WRITE(6,*) SIGMATB 

C CALCULATE SECOND TERM OF THE RIGHT HAND SIDE OF Eq. 5.7 
DO 780 1=1,2 

DO 770 J=l,2 

J JB (I,J) = (SIGMATB/NTOT) •(JJl(I,J) +JJ2(I,J)+JJ3(I,J)) 
WRITE(26,*) JJB(I,J) 

770 CONTINUE 

780 CONTINUE 

C 

C CALCULATE BOOTSTRAP POPULATION COVARIANCE, 

C POOLED FOR ALL STRESSES, K, AND BOOTSTRAP 
C MEAN VECTOR, STEP 5 

C 
DO 850 K=l,3 

IF(K.EQ.l) THEN 
N=NS(1) 

CALL MEAN(N,XI,MEANSB) 
WRITE(24,*)(MEANSB(I),1=1,2) 

CALL COVAR(N,XI,S,MEANSB) 
DO 800 1=1,2 

DO 790 J=l,2 

SB1(I,J)=S(I,J) 

WRITE(25,*) SB1(I,J) 

790 CONTINUE 

800 CONTINUE 
ELSE IF(K.EQ.2) THEN 
N=NS(2) 

CALL MEAN(N.X2,MEANSB) 
WRITE(24,*)(MEANSB(I),1=1,2) 

CALL C0VAR(N.X2,S,MEANSB) 
DO 820 1=1,2 

DO 810 J=l,2 
SB2(I,J)=S(I,J) 

WRITE(25.*) SB2(I,J) 

810 CONTINUE 

820 CONTINUE 

ELSE 
N=NS(3) 

CALL MEAN(N,X3,MEANSB) 

WRITE(24,*)(MEANSB(I),1=1,2) 



CALL C0VAR(N,X3,S,MEANSB) 

DO 840 1=1,2 

DO 830 J=l,2 

SB3(I,J)=S(I,J) 

WRITE(25,*) SB3(I,J) 

830 CONTINUE 

840 CONTINUE 

END IF 

850 CONTINUE 

C CALCULATE POOLED COVARIANCE MATRIX 

DO 870 1=1,2 

DO 860 J=l,2 

SPLB(I,J)=(SB1(I,J)+SB2(I,J)+ 

$ SB3(I,J))/(NT0T-3) 

WRITE(26,*) SPLB(I,J) 

860 CONTINUE 

870 CONTINUE 

C CALCULATE COVARIANCE MATRIX, Eq. 5.33 

DO 890 1=1,2 

DO 880 J=l,2 

SB(I,J)=SPLB(I,J)-JJB(I,J) 

WRITE(26,*) SB(I,J) 

880 CONTINUE 

890 CONTINUE 
NK1=NS(1) 

NK2=NS(2) 

NK3=NS(3) 

C CALCULATE BOOTSTRAP COEFFICIENTS OF THE DEGRADATION 

C PARAMETER-STRESS RELATIONSHIP, THETA=B*Z, STEP 4 
C 

DO 892 1=1,NKl 
TH1(I)=X1(I,1) 

TH2(I)=X1(I,2) 

ZX(I)=Z1 

892 CONTINUE 

DO 895 I=NK1+1,NK1+NK2 

TH1(I)=X2(I-NK1,1) 

TH2(I)=X2(I-NK1,2) 
ZX(I)=Z2 
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895 CONTINUE 

DO 900 I=NK1+NK2+1,NT0T 

TH1(I)=X3(I-NK1-NK2,1) 

TH2(I)=X3(I-NK1-NK2,2) 
ZX(I)=Z3 

900 CONTINUE 

CALL LS(NT0T,ZX,TH1,B) 
DO 905 1=1,2 

BB1(I)=B(I) 

WRITE(27.*) BBKI) 

905 CONTINUE 

CALL LS(NT0T,ZX,TH2,B) 

DO 1000 1=1,2 
BB2(I)=B(I) 

WRITE(27,*) BB2(I) 

1000 CONTINUE 

C CALCULATE DEGRADATION PARAMETER MEANS AT 

C USE STRESS LEVEL, ZO 
ZU(1)= 1 

ZU(2)=Z0 

C PARAMETER MEANS AT USE STRESS LEVEL ZO 
MTHUB(1)=BB1(1)+BB1(2)*ZU(2) 

MTHUB(2)=BB2(1)+BB2(2)*ZU(2) 

WRITE(28,*) MTHUB(1) .MTHUB(2) 

C PERFORM CHOLESKY DECOMPOSITIO OF THE COVARIANCE 

C MATRIX, SB 

CALL CHOLCSB.DB) 

C 

C GENERATE LARGE NUMBER OF DEGRADATION PATHS, NB, STEP 6 
C 

NB=NG 

TF=0.0 

DO 1100 1=1,NB 

DO 1090 K=l,2 

C GENERATE NORMAL VARIATE 

NV(K)=SNGRM(IDUM) 
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IDUM=IDUM+1 

1090 CONTINUE 

C USE SCHEUER AND STOLLER METHOD TO GENERATE CORRELATED 
C THETAs 

THETABl(I)=MTHUB(1)+DB(1)*NV(1)*ZUSE 

THETAB2(I)=MTHUB(2) + (SB (2,1)*NV(1)+DB(2)*NV(2))*ZUSE 

WRITE(29.*) THETABl(I) ,THETAB2(I) ,NV(1) ,NV(2) 

C 

C CALCULATE NB FAILURE TIMES FROM THE INVERSE OF 

C THE DEGRADATION MODEL, STEP 7 
C 

TFGB (I) = (1/THETAB2 (I) ) *LOG (DC/THETAB 1(1)) 

TF=TF+TFGB(I) 

1100 CONTINUE 

C 

C COMPUTE BOOTSTRAP ESTIMATE OF THE MEAN LIFE 

C AND RELIABILITY,STEP 8 
C 

TFBARB(BE)=TF/NB 

DO 1300 J=1,TJ 
NF=0.0 

DO 1200 1=1,NB 

IF(TFGB(I).LE.TM(J)) THEN 
NF=NF+1.0 

END IF 
1200 CONTINUE 

RB(BE,J)=1.0-(NF/REAL(NB)) 

1300 CONTINUE 

CLOSE(18) 

CLOSE(21) 

CLOSE(22) 

1500 CONTINUE 

C 

C SORT B ESTIMATES OF RELIBILITY FOR 3 

C SELECTED MISSION TIMES, AND B MEAN LIVES 

C IN ASCENDING ORDER, STEP 10 
C 

DO 1800 1=1,TJ 
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DO 1600 J=1,BS 

RBC(J)=RB(J,I) 

1600 CONTINUE 

CALL S0RT(RBC,BS) 

DO 1700 J=1,BS 
RB(J,I)=RBC(J) 
WRITE(6.*) RBC(J) 

1700 CONTINUE 

1800 CONTINUE 

CALL SORT(TFBARB,BS) 

C 

C COMPUTE 907. TWO SIDED CONFIDENCE LIMITS ON RELIABILITY 

C PERCENTILE METHOD 
C 

LCI=BS*5/100 

UCI=BS*95/100 

DO 1900 J=1,TJ 

RLOW=RB(LCI.J) 

RUPP=RB(UCI,J) 

WRITE(30,1850) TM(J),RLOW,RUPP 
1900 CONTINUE 

1850 FORMAT(X,'MISSION TIME= ',F10.5,' RLOW= '.F10.7, 
$ ' RUPPER= ',F10.7) 

MLOWP=TFBARB(LCI) 

MUPPP=TFBARB(UCI) 

WRITE(30,1950) MLOWP,MUPPP 

1950 FORMAT (X,'LOWER CONF. LIMIT ON THE MEAN LIFE= '.F10.5,// 

$ X,' UPPER CONF. LIMIT ON THE MEAN LIFE= '.FIG.5) 

C STANDARD CONFIDENCE LIMITS 
DO 2100 1=1,TJ 

SUMRB=0.0 

SUMRB2=0.0 

DO 2000 J=1,BS 

SUMRB=SUMRB+RB(J,I) 

SUMRB2=SUMRB2+RB ( J, I) **2 

2000 CONTINUE 

RBBAR(I)=SUMRB/BS 

SIGRB(I)=SQRT( (SUMRB2-BS*RBBAR(I) **2)/ (BS-1) ) 

WRITE(6,*) RBBAR(I),SIGRB(I) 

RL0W=RBBAR(I)-1.645*SIGRB(I) 
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IF (RLOW. LT. 0.0 ) RL0W=0.0 

RUPP=RBBAR(I)+1.645*SIGRB(I) 

IF(RUPP. GT.1.0)RUPP=1.0 

WRITE(30.2050) TM(I).RLOW.RUPP 

2050 FORMAT (X.'STANDARD CONFIDENCE LIMITS'.// 
$ X,'MISSION TIME= '.F10.5.' RLOW= '.F10.7.' RUPPER= ',F10.7) 

2100 CONTINUE 
SUMML=0.0 
SUMML2=0.0 
DO 2200 1=1,BS 

SUMML=SUMML+TFBARB (I) 

SUMML2=SUMML2+TFBARB(I) **2 

2200 CONTINUE 

MLBAR=SUMML/REAL (BS) 

SIGML=SQRT ((SUMML2-BS*MLBAR**2) / (BS-1)) 

ML0WS=MLBAR-1.645*SIGML 

MUPPS=MLBAR+1.645*SIGML 

WRITE(30.2250) MLOWS.MUPPS 

2250 FORMAT (X.'LOWER CONF.LIMIT ON MEAN LIFE= ',F10.5,// 

$ X,'UPPER CONF.LIMIT ON MEAN LIFE= ',F10.5) 

C BIAS CORRECTED 907. CONFIDENCE LIMITS 
0PEN(13,FILE='RML.DAT' .STATUS='OLD') 
READ(13,*) (RBM(I).I=1.TJ) 

WRITEOl.*) (RBM(I) . 1=1 .TJ) 

ZALPHA=1.645 

DO 2350 J=1.TJ 
NRB=0.0 

DO 2300 1=1,BS 

IF(RB(I.J) .LE.RBM(J)) THEN 

NRB=NRB+1.0 

END IF 
2300 CONTINUE 

RZ(J)=NRB/REAL(BS) 

2350 CONTINUE 
NML=0.0 

DO 2370 1=1.BS 

IF(TFBARB(I)-LE.TFBAR) THEN 
NML=NML+1.0 

END IF 

2370 CONTINUE 

RML=NML/REAL(BS) 
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2400 FORMAT(xEnter values of Zs for given probabilities:') 
WRITE(6,») RZ(1),RZ(2),RZ(3).RML 
READ(5,*)(ZZERO(I),1=1,4) 

DO 2450 I=1,TJ 

AL(I)=2*ZZER0(I)-ZALPHA 

AU(I)=2*ZZER0(I)+ZALPHA 

2450 CONTINUE 
AML=2*ZZER0(4)-ZALPHA 

AMU=2*ZZER0(4)+ZALPHA 

WRITE(6,2500) 

2500 FORMAT(x,'Enter probabilities for the following Zs:') 
WRITE(6,*) AL(1),AL(2),AL(3),AML 
READ(5,*)(PRL(I),1=1,4) 

WRITE(6,2550) 

2550 FORMAT(x,'Enter probabilities for the following Zs:') 
WRITE(6,») AU(1),AU(2),AU(3),AMU 
READ(5,*)(PRU(I),1=1,4) 

DO 2650 I=1,TJ 

RLLL=PRL(I)*BS 

RLLU=PRU(I)*BS 

RBCLOW=(PRL(I)*BS-REAL(RLLL))* (RB(RLLL+1,1)-RB(RLLL,I)) 

$+RB(RLLL.I) 

RBCUPP= (PRU(I) *BS-REAL(RLLU)) * (RB (RLLU+1,1) -RB (RLLU, I) ) + 

$RB(RLLU,I) 

WRITE(30,2600) TM(I) .RBCLOW.RBCUPP 

2600 FORMAT (X,'BIAS CORRECHCT 90*/. CONFIDENCE LIMITS',//, 
$ 'MISSION TIME= ',F10.5.' RLOW= ',F10.7,' RUPP= ',F10.7) 

2650 CONTINUE 

RLLL=PRL(4)*BS 

RLLU=PRU(4)*BS 

MLOWBC= (PRL(4) *BS-REAL (RLLL) ) * (TFBARB (RLLL+1) -TFBARB (RLLL) ) 

$TFBARB(RLLL) 

MUPPBC= (PRU(4) *BS-REAL (RLLU) ) * (TFBARB (RLLU+1) -TFBARB (RLLU) ) 

$TFBARB(RLLU) 

WRITE(30,2660) MLOWBC.MUPPBC 

2660 FORMAT(//,X.'ML-low= ',F10.5,' ML-upper= ',F10.5) 

CLOSE(13) 

CL0SE(23) 

CLOSE(24) 

CL0SE(25) 
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CLOSE(26) 
CLOSE(27) 
CLOSE(28) 

CLOSE(29) 

CLOSE(30) 

STOP 

END 

SUBROUTINE MVNE(THO,TH,EPS) 

C THIS SUBROUTINE COMPUTES ESTIMATES OF THE DEGRADATION 
C PARAMETERS, THETAl, THETA2 AND THETA3, USING 

C MULTIVARIATE NEWTON METHOD. EXTERNAL S AND SUBROUTINES: 
C FUNCTION FA(K,TH) 

C FUNCTION DFA(K1,K2,TH) 

C SUBROUTINE GAUSS(N,A,DELT) 
C INPUT: 

C P=NUMBER OF DEGRADATION PARAMETERS = NUMBER OF 

C SIMULTANEOUS EQUATIONS 

C THO= P BY 1 VECTOR OF INITIAL APPROXIMATE 

C PARAMETER VALUES 
C EPS= ERROR BOUND 

C OUTPUT: TH = P BY 1 VECTOR OF PARAMETER ESTIMATES 

DIMENSION TH0(2),TH(2),A(2,3) 

COMMON Y(20),T(20) 

C INITIALIZE 
K=1 
N=2 

C COMPUTE TH VECTOR 

DO 5 WHILE(K.LE.N) 
DO 1 1=1,N 

DO 2 J=1.N 

A(I.J)=DFA(I,J,THO) 

2 CONTINUE 
A(I,N+1)=-FA(I,TH0) 

1 CONTINUE 
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C PERFORM GAUSSIAN ELIMINATION 
RHS=1 

DELT=0.0000001 

CALL GAUSS(N,A,DELT) 
DO 3 1=1,N 

TH(I)=TH0(I)+A(I,N+1) 

3 CONTINUE 

C CHECK THE SOLUTION CHANGE 
K=1 

DO WHILE CABS (TH(K)-THO(K)) .LT.EPS.AND.K.LE.N) 
K=K+1 

END DO 

IF(K.LE.N) THEN 

DO 4 1=1,N 
THO(I)=TH(I) 

4 CONTINUE 

END IF 

5 CONTINUE 

RETURN 

END 

FUNCTION FA(K,THO) 
C******************************************************* 

C FUNCTION CALLED BY MVNE NEEDED FOR NEWTON'S METHOD 

DIMENSION TH0(2) 

COMMON Y(20).T(20) 

NT=20 
S=0.0 

IF(K.EQ.l) THEN 
DO 10 1=1,NT 

S=S+(Y (I)-THO (1) *EXP (THO (2) *T (I) ) ) *EXP (THO (2) *T (I) ) 

10 CONTINUE 
A1=S 

ELSE 

DO 20 1=1,NT 

S=S+(Y (I)-THO (1) *EXP (THO (2) *T (I) ) ) *THQ (1) *T (I) * 

$ EXP(TH0(2)*T(I)) 

20 CONTINUE 
A2=S 
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ENDIF 
FA=S 

RETURN 

END 

FUNCTION DFA(K1,K2,THQ) 
C* ****** #414c 
C THIS FUNCTION IS CALLED BY MVNE TO CALCULATE 

C DERIVATIVES NEEDED BY NEWTON'S METHOD 
C 4c 4c * * 4c 4c 4c * 4t * # 4c 4c 4c 4c 4c 4c # 4c 4c 4^ 4c 4e 4c 4e 4c 4c 4c * 4c * # 4c 4c * 4e 4c * 4e • 4= 4: # 4c 4c 4c 4c # * 4c 

DIMENSION TH0(2) 
COMMON Y(20),T(20) 
NT=20 

S=0.0 

IF((Kl.EQ.l)-AND. (K2.EQ.1)) THEN 
DO 10 1=1,NT 

S=S-EXP (2*TH0 (2) *T (I) ) 

10 CONTINUE 

ELSE IF((Kl.EQ.l) .AND.(K2.EQ.2)) THEN 

DO 20 1=1,NT 

Q= ( Y (I)-THO (1) *EXP (THO (2) *T (I) ) ) *T (I) *EXP (THO (2 ) *T (I) ) 

Q=Q-T (I) *THO (1) *EXP (2*TH0 ( 2) *T (I) ) 
S=S+Q 

20 CONTINUE 

END IF 

IF(Kl.EQ.2.AND.K2.EQ.l) THEN 
DO 30 1=1,NT 

Q=(Y(I)-THO(1)*EXP(THO(2)*T(I)))*T(I)*EXP(THO(2)*T(I)) 

Q=q-THO (1) *T (I) •EXP (2»TH0 (2) *T (I) ) 
S=S+Q 

30 CONTINUE 

ELSE IF((K1.EQ.2) .AND.(K2.EQ.2)) THEN 
DO 40 1=1.NT 

Q=(T(I)**2)*(EXP(TH0(2)*T(I)))* 

$ (Y(I)-TH0(1)*EXP(TH0(2)*T(I)))*TH0(1) 

Q=Q-(EXP(2*TH0(2)*T(I)))*(TH0(1)*T(I))**2 

S=S+Q 

40 CONTINUE 

END IF 
DFA=S 

RETURN 
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END 

FUNCTION SNORM(IDUM) 

C THIS FUNCTION GENERATES RANDOM NUMBERS FROM 

C A STANDARD NORMAL DISTRIBUTION. N(0,1) 
C =4  ̂* * * * *  ̂4c :4e * * • :tc 4c # :4c # # :(c :4e ](c :tc :te ̂  4c # ̂  ̂  :4c :4c :4c 4c « # # ̂  ̂  :(c ̂  :4e :(c 4c 

REAL FAC,RSQ,V1,V2,SN0RM 
KSEED=IDUM 

1 V1=2.*RAN(KSEED)-1. 

V2=2.*RAN(KSEED)-1. 

RSQ=V1**2+V2**2 

IFCRSQ.GE.l. .OR.RSQ.EQ.OJGOTO 1 
FAC=SQRT (-2. * (LOG (RSQ) ) /RSQ) 

SN0RM=V2*FAC 

C WRITE(13.*) IDUM.SNORM 

RETURN 
END 

SUBROUTINE GAUSS(N.A.DELT) 
C4c4c4c4c4c4c4c4c4e4c4c4c4c4c4c4c4c4c4c4c4c4c4c4c4c4c4c4c4c4c4c4c4c«4c4c4c4c4c4c4c4c4c4c4c4c4c4c4c4c*4c4c4c4c4c4c 
C THIS SUBROUTINE FINDS SOLUTION TO M SYSTEMS (M=l) , 

C WITH N EQUATIONS AND N UNKNOWNS USING GAUSSIAN 

C ELIMINATION 
C INPUT: 

C N = NUMBER OF EQUATIONS AND UNKNOWNS 

C M = NUMBER OF SYSTEMS (M=l) 

C A = N BY N MATRIX OF COEFFICIENTS 

C AUGMENTED WITH THE RIGHT HAND SIDE VECTOR 
C DELT = ERROR BOUND 

C OUTPUT: 

C A(1,N+J),-..,A(N,N+J), J=1,...,M 
C4c4c4e4c4c4c4E4c4c4c4c4c4c4c4c**4c4c4c4c4c3«c4c4c4e4c4c***4c4c4c4c4c4c4c4c*4c4c**4c4c4c4c*4e«4c4c4c4c4c4c 

DIMENSION A(N,N+1) 
M=1 

IF(N.GT.l) THEN 

DO 1 K=1,N-1 

PIV=ABS(A(K,K)) 
KK=K+1 

IN=K 



SEARCH FOR INDEX IN OF MAXIMUM VALUE 
DO 2 I=KK,N 

IF(ABS(A(I,K)).GT.PIV) THEN 

PIV=ABS(A(I,K)) 
IN=I 

END IF 

CONTINUE 

IF(K.NE.IN) THEN 

INTERCHANGE ROWS K AND INDEX IN 
DO 3 J=K,M+N 
X=A(K,J) 

A(K,J)=A(IN,J) 

A(IN,J)=X 

CONTINUE 

END IF 

CHECK IF PIVOT IS SMALL 

IF(PIV.LT.DELT) THEN 

WRITE(6,4) 

FORMAT(2X,'THE MATRIX IS SINGULAR. GAUSSIAN' 

$ ' ELIMINATION CAN NOT BE PERFORMED') 

RETURN 

END IF 

FORWARD ELIMINATION 
DO 5 I=KK,N 

DO 5 J=KK,M+N 

A(I,J)=A(I,J)-A(I.K)*A(K,J)/A(K,K) 

CONTINUE 
CONTINUE 

IF (ABS (A (N, N) ) . LT. DELT) THEN 

WRITE(6,4) 

RETURN 
END IF 

BACK SUBSTITUTION 
DO 6 K=1,M 

A(N,K+N)=A(N,K+N)/A(N,N) 

DO 6 IE=1,N-1 

I=N-IE 

IX=I+1 

DO 7 J=IX,N 

A(I.K+N)=A(I,K+N)-A(J.K+N)*A(I,J) 

CONTINUE 
A(I,K+N)=A(I.K+N)/A(I,I) 
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6 CONTINUE 

RETURN 
ELSE IF(ABS(A(1,1))-LT.DELT) THEN 

WRITE(6,4) 

RETURN 

END IF 

DO 8 J=1,M 

A(1,N+J)=A(1,N+J)/A(1,1) 

8 CONTINUE 

RETURN 

END 

SUBROUTINE CHOL(A,D) 

C*********************************•••**** 
C THIS SUBROUTINE COMPUTES CHOLESKY 

C DECOMPOSITION OF A SQUARE MATRIX A 
Q * * * ̂ :(c ̂  # ;(c :4c :4c :te :4c 4c :4c :|e :4c :4e :(c :(c :4c :(e :(e :(c * * * * :(c * :(c #  ̂:4c :(c :4c * 

INTEGER I,J,K 

REAL A(2,2),D(2).SUM 

DO 13 1=1,2 

DO 12 J=I,2 
SUM=A(I,J) 

DO 11 K=I-1,1,-1 

SUM=SUM-A(I,K)*A(J,K) 

11 CONTINUE 

IF(I.EQ.J) THEN 

IF(SUM.LE.O)PAUSE 'CHOL FAILED' 
D(I)=SqRTCSUM) 

ELSE 
A(J,I)=SUM/D(I) 

END IF 

12 CONTINUE 

13 CONTINUE 

RETURN 

END 

SUBROUTINE SIGMA(N.Y.TH.T.SIGM) 

C************************************************ 

C THIS SUBROUTINE CALCULATES ERROR VARIANCE 

C FOR INDIVIDUAL UNITS, OR DEGRADATION PATHS 
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C************************************************ 

DOUBLE PRECISION SUM.SIGM 

DIMENSION Y(20),T(20),TH(2) 
SUM=0.0 

DO 10 1=1,N 

SUM=SUM+(Y (I)-TH (1) *EXP (TH ( 2 ) *T (I) ) ) ** 2 

10 CONTINUE 
SIGM=SUM/(N-2) 

RETURN 

END 

SUBROUTINE COVAR(N,X,S.MEANS) 

C THIS SUBROUTINE CALCULATES COVARIANCE MATRIX S 
************************ 

DIMENSION X(150,2),S(2,2) 

REAL MEANS(2) 
DO 40 J=l,2 

DO 30 K=l,2 

SJK=0.0 

DO 10 1=1.N 

S JK=S JK+ (X (I, J) -MEANS ( J) ) * (X (I, K) -MEANS (K) ) 

10 CONTINUE 
S(J,K)=SJK 

S(K,J)=SJK 

30 CONTINUE 

40 CONTINUE 

RETURN 

END 

SUBROUTINE MEAN(N,X,MEANS) 
C********************************************* 
C THIS SUBROUTINE CALCULATES MEANS OF THE 

C DEGRADATION PARAMETERS 
C********************************************* 

DIMENSION X(150.2) 

REAL MEANS(2) 

INTEGER N 
DO 20 1=1,2 

SUM=0.0 
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DO 10 J=1,N 

SUM=SUM+X(J,I) 

10 CONTINUE 

MEANS(I)=SUM/N 

20 CONTINUE 

RETURN 

END 

SUBROUTINE JTJINV(NT,T,TH,JTJI) 

C THIS SUBROUTINE CALCULATES MATRIX OF THE FIRST DERIVATIVES 

C OF THE DEGRADATION PATH WITH RESPECT TO THETAs, J(THETA), 

C THEN J(THETA) TRANSPOSE TIMES J(THETA) AND ITS INVERSE, 
C SEE Eq.4.14 

DIMENSION T(NT),TH(2) 

REAL JTJI(2,2),JC(500,2),JTJ(2,2) 
DO 10 1=1,NT 

JC(I,1)=EXP(TH(2)*T(I)) 

JC(I,2)=TH(1)*T(I)*EXP(TH(2)*T(I)) 

10 CONTINUE 

C CALCULATE J(THETA) TRANSPOSE TIMES J(THETA) MATRIX 
DO 40 J=l,2 

DO 30 K=l,2 

SJK=0.0 

DO 20 1=1,NT 

SJK=SJK+JC(I,J)*JC(I, K) 

20 CONTINUE 

JTJ(J,K)=SJK 

JTJ(K,J)=SJK 

30 CONTINUE 

40 CONTINUE 

C CALCULATE DETERMINANT OF THE SQUARE MATRIX JTJ 
DET= JTJ (1,1) * JT J (2,2) - JTJ (1,2) **2 

C 

C CALCULATES INVERSE OF THE SQUARE MATRIX JTJ 

JT JI (1,1)=JT J ( 2,2)/DET 

JTJI(2,2)=JTJ(1,1)/DET 

JTJI(1,2)=-JTJ(1,2)/DET 

JTJI(2,1)=JTJI(1,2) 

RETURN 
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END 

SUBROUTINE LS(N,X.TH,B) 

C SUBROUTINE CALCULATES COEFFICIENTS OF LS POLYNOMIAL, 
C THETA=B1+B2*X 

C X=N BY 1 VECTOR OF STRESSES 

C TH= N BY 1 VECTOR OF THETA(I) VALUES FOR 1=1,2, AND 3 

DIMENSION X(150),TH(150),B(2) 

S1=0.0 

S2=0-0 

S3=0.0 

S4=0.0 

DO 1 1=1,N 

S1=S1+X(I) 

S2=S2+X(I)**2 

S3=S3+TH(I) 

S4=S4+X(I)*TH(I) 

1 CONTINUE 
ZBAR=S1/N 
ZBAR2=S2/N 
THBAR=S3/N 

ZTHBAR=S4/N 

B (2) = (ZTHBAR-ZBAR*THBAR) / (ZBAR2-ZBAR**2) 

BCD =THBAR-B (2) *ZBAR 

RETURN 

END 

SUBROUTINE SORT(AR,B) 

C THIS SUBROUTINE SORTS AN ARRAY IN ASCENDING ORDER 

INTEGER I,J,B 

REAL ARdOOO.A 

DO 30 J=2,B 
A=AR(J) 

DO 10 I=J-1,1,-1 

IF(AR(I).LE.A)GOTO 20 
AR(I+1)=AR(I) 
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10 CONTINUE 
1=0 

20 AR(I+1)=A 

30 CONTINUE 

RETURN 

END 

SUBROUTINE SIMTH(SK.D.MTH,NV,STH) 

C************************************************ 
C THIS SUBROUTINE GENERATES A PAIR OF RANDOM 

C PARAMETERS, THETA 1 AND THETA 2 
C************************************************ 

DIMENSION SK(2,2),D(2),STH(2) 

REAL MTH(2),NV(2) 

STH(1)=MTH(1)+D(1)*NV(1) 

STH(2)=MTH(2)+SK(2,1)*NV(1)+D(2) *NV(2) 

RETURN 

END 
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ALGORITHM 1 RESULTS: 

MISSION TIME RELIABILITY MEAN LIFE 

(x 1000 hr) ETIMATE (x 1000 hr) 

9.2 0.8135 9.3060 

9.3 0.5860 

9.4 0.1920 

ALGORITHM 2 RESULTS: 

90*/. CONFIDENCE LIMITS 

PERCENTILE METHOD 

MISSION TIME RELIABILITY 

(x 1000 hr) R-Iow R-upp 
MEAN LIFE 

ML-low ML-upp 

9.2 

9.3 

9.4 

0.4179 

0.0150 

0.0000 

0.9990 

0.9550 

0.4285 

9.226 9.366 

STANDARD METHOD 

MISSION TIME RELIABILITY 

(x 1000 hr) R-low R-upp 
MEAN LIFE 

ML-low ML-upp 

9.2 

9.3 

9.4 

0.6238 1.0000 

0.0307 0.9470 

0.0000 0.3686 

5.150 12.849 

BIAS CORRECTED METHOD 

MISSION TIME RELIABILITY MEAN LIFE 

(x 1000 hr) R-low R-upp ML-low ML-upp 

9.2 

9.3 

9.4 

0.5535 1.0000 9.239 9.369 
0.3458 0.9970 

0.0015 0.5053 
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