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ABSTRACT 

We study thermally induced density perturbations during inflation. This sce

nario is characterized by two thermodynamic conditions: (i) the primordial per

turbations originate in the epoch when the inflationary universe contains a ther-

malized heat bath; (ii) the perturbations of the inflationar>' scalar field are given 

by the fluctuation-dissipation relation. We show that (1) the power spectrum of 

the primordial density perturbations follows a tilted power law behavior; (2) the 

relation between the amplitude and the power index of the spectrum exhibits a 

"thermodynamic" feature - it depends mainly on the thermodynamic variable M, 

the inflation energy scale; (3) both the adiabatic mode and the isocurvature mode 

of density perturbations appear during the inflation epoch, and the resultant power 

spectrum on super-horizon scales is substantially suppressed. These results are 

found to be very consistent with observations of the temperature fluctuations in the 

cosmic microwave background if the energy scale of the inflation is about 10^^ —10'® 

GeV. 
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CHAPTER 1 

INTRODUCTION 

1.1 The Hot Big Bang 

Physical cosmology is the study of the universe. The realm of cosmoiogicai research 

covers the structure and evolution of the universe: What is the origin of the present 

universe? How does the universe evolve? What is its future? ... etc. The comer-

stone of modem cosmology is the Hot Big Bang theory (Weinberg 1972, Peebles 

1993), which describes the evolution of the universe starting from a tiny fraction of 

a second to the present, some tens of billion years later. The Big Bang theory is 

mostly based upon two assumptions: 

(1) The effects of gravitation are described by Einstein's theory of general rela

tivity; 

(2) The universe is homogeneous and isotropic on large scales (the cosmoiogicai 

principle). 

In this section, we will briefly review the basic cosmoiogicai equations, some 

characteristic features of the standard big bang scenario, and the observational 

supports of the theory. In this thesis, we will adopt natural units in which /i/27r = 

c = Atb = 1, so that the energy serves as the fundamental dimension and [Energy] = 

[Mass] = [Temperature] = [Length]"^ = [Time]"^ Newton's gravitational constant 

G then is usually expressed by the Planck energy mpi = 1.2211 x lO^^GeV via 

G = mpi- We take the sign convention (—h -I-+) for the metric, the Latin indices 

go over 0, 1, 2, 3 for a tensor, while the Greek indices go over 1, 2, 3. The semicolon 

(;) denotes the covariant derivative and the overdot (•) represents the derivative with 

r e s p e c t  t o  c o s m i c  t i m e  t .  
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1.1.1 Cosmological Equations of Motion 

The mathematical consequence of the cosmological principle is the validity of the 

Friedmann-Robertson-Walker (FRW) metric, for which the line element of the four-

dimensional manifold can be written as 

dr^ 
ds = Qabdx'^dx = —dt -I- a{ty -I- r d9 + r sin Odip (1-1) 

1 — kr"^ 

where t  represents the cosmic time and A: = 0, ±1 describes the curvature of 3-space. 

The comoving scale factor a{t) adjusts physical quantities on the constant-time hy-

persurface to preserve the isotropy and homogeneity of the expanding universe as a 

whole. That is, when we represent the evolution of the universe by the FRW met

ric, distant astronomical objects stay at fixed comoving coordinates (constant-time 

hypersurfaces), and the universe expands as the scale factor increases with time. 

The expansion rate of the universe is then prescribed by the Hubble parameter, 

H{t), defined as 

H( t )  . II . (1.2) 

The major eflFect of gravitational interactions on the macroscopic range is described 

by the scaling along the evolutionary trajectories of hypersurfaces. It has become 

a tradition in the study of cosmology to denote the present value of a physical 

quantity by a subscript "0" where the comoving scale factor a{to) is usually specified 

as oq = 1. The distance between any tw^o objects in the universe at time t can be 

written as 

d{ t )  =  ̂ d i t o )  .  
Co 

-A-stronomers prefer to use the Doppler redshift 2 of a spectral line to denote the 

distance between an event and the observer. As such, the redshift at time t can be 

expressed in terms of the scale factor as 

' = W) '  

According to general relativity, the gravitational field satisfies the Einstein field 

equations 

Rab — — SirGTab , (1.4) 
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where 

R = g'^Rab and Rab = • 

The metric tensor, gab, describes the geometrical structure of the spacetime at each 

point x" and satisfies g'^gcb = The Ricci tensor Rab can be expressed as a 

function of gab'-

oa pa pa i pe pa pe pa 
cdb db,c cb,d cb de db ce 

with {g ^^c + 9dc,b - 9bc,d) • 

Tab is the energy-momentum tensor which includes the gravitational contribution 

of all matter and radiation fields. 

If we assume the universe contains only a perfect fluid, then the energy-momentum 

tensor takes the form 

Tab = (p + P)UaUb + PQab , (1-5) 

where p  is the energy density and p is the isotropic pressure. The four-velocity of 

the fluid flow, u", satisfies the normalization condition Uait" = —1 on a constant 

time hypersurface. The field Eq. (1.1) then gives 

for the pure time (0-0) component. This is known as the Friedmann equation. On 

the other hand, the spatial components lead to 

a AivG, „ . ,, 
- = ^(p + 3p) . (1-0 
Qi  O 

Moreover, the energy-momentum tensor satisfies the conservation equation 

r"^6 = 0. (1.8) 

For 6 = 0, this gives rise to the energy conservation law along the fluid flow 

p  +  ZH{p  + p) = 0 . (1.9) 

or 

(1.10) 
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Once an equation of state p  =  p{p )  is specified, the energy conservation law deter

mines p, and the Friedmann equation gives the time evolution of the scale factor. 

This stipulates all the dynamics of the FRW universe. For example, given a gen

eral equation of state p = wp for the ideal fluid, we obtain the following scaling 

relationships 

/9 oc (1.11) 

and 

a  oc f2/3(i+u;) 12) 

Thus, in a matter-dominated (MD) universe, u; = 0, we have 

—  1  — 1  p  a  ~  f .  

For a radiation-dominated (RD) universe, w = 1/3, 

—4 x-2 p ~ a ~ i 

The curvature constajit k  determines the geometrical "shape" of the universe 

as well as its fate. The Friedmann equation can be written as 

^ = (1.13) 

where 

and 

are the cosmological density parameter and the critical energy density at time t, 

respectively. A: = 0 renders Q. = 1, i.e., the density of the universe equals its critical 

density. This is called a flat FRW universe. For A: = ±1, we have > 1 or Q < 1 

and the cosmos is referred to as a closed or open universe. Only the closed model 

will result in the collapse of the universe in the remote future. Both flat and open 

models lead to external expansion of the universe. 



21 

1.1.2 The Adiabatic Evolution of the Universe 

A salient feature exhibited by the FRW model is the adiabatic evolution of the 

thermal background. Consider a typical comoving volume element V of the uni

verse scaling as V ~ a^. According to Eq. (1.11), the energy density scales as 

p ~ a-3(i+u;) ^ ^-(i+iu) Hence, the cosmic fluid adiabatically conserves the total 

energy contained within a comoving volume. In particular, when considering elec

tromagnetic radiation in thermal equilibrium at a temperature T, i.e., Pr ~ T"*, we 

obtain the famous adiabatic expansion law for the radiation temperature 

If we foUow the expansion backward in time, T  becomes extremely high as the scale 

factor a approaches zero. Therefore, we refer to the commencement of the FRW 

universe as a hot big bang. 

One immediate consequence of the adiabatic expansion is that it preser/es the 

black-body spectrum for the radiation field in the homogeneous FRW universe: The 

Planck spectrum for radiation reads 

Since T  =  To(l 4- z )  and u  = a;o(l -I- z ) ,  the black-body spectrum will retain its 

original form despite the expansion of the universe. 

Consider the first law of thermodynamics (Landau & Lifshitz 1975). The total 

energy of a gas contained in a volume V at temperature T can be expressed as 

T{ t )a{ t )  = constant. (1.14) 

dE  =  TdS  -  pdV .  (1.15) 

By definition E =  pV ,  the variation in entropy S  is 

dS  =  ̂  {d (pV)  +  fdV]  =  id [ (p  +  p)V]  -  ̂dp .  (1.16) 

Since p depends on T only, i.e., p{V,T) = p{T), we have 
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By virtue of the integrability condition 

dTdv dvar' 

one obtains 

(1.18) 

ds  =  ̂ d[ (p+p)v \  i r  =  d^ (p+p)  .  

Hence, the entropy in a comoving volume V can be written as 

s = ^(/j + p) = sK (1.19) 

where s = (p + p)/T denotes the comoving entropy density. Since V ~ and 

{P + P)IT for photons in the expanding universe, we have 

Therefore, the adiabatic expansion conserves the entropy within each comoving 

volume. Accordingly, once the entropy has been created, it remains constant during 

the evolutionary course of the universe. 

Using the general equation of state p = wp for the cosmic fluid, the energy 

conser\'ation equation (1.9) can be rewritten as 

where 6 = characterizes the isotropic expansion of the universe. It is then 

s t r a igh t fo rward  t o  de r ive  t he  evo lu t i on  equa t i on  fo r  t he  ad i aba t i c  i ndex  w 

where =p/p  represents the speed of sound in the cosmic fluid. In the ideal fluid 

approximation = w, thus w{t) must remain constant during the evolution. This 

(1.20) 

/9 + (1 + w)pd  =  0 . (1.21) 

(1.22) 
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fact implies that the changes of state of radiation and matter are smooth enough 

such that they have had a negligible effect on the thermal history of the universe. 

Strictly speaking, it is impossible for the universe to be in exact thermal equi

librium. However, since the universe was extremely hot at the early times, it is 

reasonable to assume the particles and radiation created by the big bang were very 

nearly in thermal equilibrium. As the universe expanded, particles would then 

loose their thermal contact with the radiation field and drop out of the thermal 

equilibrium. This process of "freeze out" (See Kolb & Turner 1990, Chapter 5) is 

essentially determined by the particle interaction rate Fp: The Hubble parameter 

H measures the expansion rate of the universe, and asFp < H, the particle species 

will decouple from the cosmic soup. The adiabatic expzinsion then allows us to 

mark the event at the redshift Zdec 

1 , _ Tjec 
"t" 2dec — J, 

where Tjec is the characteristic energy scale as the particle drops out of equilibrium. 

Figure (1.1) represents a rough chronology of the universe based on the hot big bang 

model. It shows the major events and their corresponding energy scales under the 

evolution of the universe. 

The adiabatic expansion law for the cosmic temperature plays an important role 

in connecting theoretical models with the present observations, as will be seen in 

the following chapters of this thesis. 

1.1.3 Observational Support for the Big Bang Theory 

Although the above presented FRW universe is quite simple, a plethora of tangible 

evidence from astronomical observations has actually elevated this simple scenario 

to the standard model of cosmology. Perhaps the most important breakthrough 

in the early development of modem cosmology is the discovery of Bubble's law 

(Hubble 1958). In the 1920s, Hubble observed distant cosmological objects and 

found that the amount of redshift in a source's spectrum is proportional to its 
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MAJOR EVENTS .TODAY 

^ SCALE OF THE UNIVERSE H i ^ 

STRUCTURE FORMATIONS! y loV 

/ 3 min 

Photon Decoupling 

Beginning of 
Matter-Dominated Phase 

Nucleosyn^esU Starts 

• Pair-Annihilations 

i  10 yr 

-5 
^ Crea^n of Protons & Neutrons y XO sec 

Weak and Electromagnetic 
Interactions 
Decoupling 

/  ̂ _ -11 
/ 10 sec 

Baryon Genesis -j^q '^\ec 

-36 
\GUT/ 10 sec 

Figure 1.1: A chronology of the universe based on the hot big bang theory. The 
major events in the path of evolution have been shown. The corresponding energy 
scales (the temperature T) of the events are expressed in unit of GeV. 
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distance 

z ~ Had , 

where HQ is the Hubble "constant", i.e., the present value of the Hubble parameter 

H. Since redshifts in the spectral lines indicate the movement of the sources away 

from the observer, Hubble's law signifies that the universe is undergoing expansion 

and is in favor of the big bang model rather than the steady state cosmology 

(Weinberg 1972). 

In 1964, the discovery of the cosmic microwave background (CMB) radiation 

(Penzias & Wilson 1965, Dicke et al. 1965) provides strong evidence in support 

of the hot big bang theory. The almost perfect black-body spectrum at T ~ 2.7K 

confirms the adiabatic evolution of the cosmic temperature. Furthermore, recent 

observations have shown that the anisotropies at any comoving scale in the CMB 

temperature, AT/T, are in the range of lO""* — 10~® (Bennet et al. 1996). These 

are direct measures substantially in support of the nearly perfect homogeneity and 

the isotropy of the universe. 

The hot big bang model also provides a mechanism for the production of heavy 

nuclei in the universe (Schramm & Wagoner 1977, Boesgard Steigman 1985, 

Walker et al. 1991). The observed abundances of the light elements, D, ^He, "^He, 

and ^Li, and the primordial abundances (see, for example, Linsky et al. 1993, Olive 

& Steigman 1995, Webb et al. 1997, Bonifacio & Molaro 1997) are in support of 

the big bang nucleosynthesis. 

Other evidence such as the consistent estimates for the age of chemical elements 

(Thielemann & Truran 1985), or the universal behavior of the two-point galaxy 

correlation function (Davis & Peebles 1983) all confirm the validity of the big bang 

scenario as a viable cosmological model. 

I.2 Why Do We Need the Inflation Scenario? 

Despite all the success of the standard model, it also gives rise to several serious 

problems (Guth 1981). Most of the problems are related to the initial conditions 
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of the universe and could not be solved or mitigated in the framework of the big 

bang theory, thus motivates the birth of the inflation cosmology. 

1.2.1 The Flatness Problem 

Observations have shown that the present energy density of the universe may be 

close to the critical energy density (Davis & Peebles 1983, Primack 1984), i.e., 

0.01 < Qo < 2. 

Theoretically, fi = 1 is an unstable fixed point under the evolution of the universe. 

That is, if f] = 1 at an instant after the big bang, it would remain exactly equal 

to the unity forever. However, if Q differed slightly from one, the deviation from 

unity would grow rapidly and the resultant cosmos would not resemble the universe 

we live in. This may be seen as follows. In a general 0.^1 universe, using the 

adiabatic relation Eq. (1.14) we can rewrite the Friedmann equation as 

+ = (1.23) 

where 

For = 1, it is 

e - ̂27^2 • (1-24) 

(1-25) 

Combining Eqs. (1.23) and (1.25), we obtain 

where G = rrip^ has been used. The energy density p can be determined (Kolb k. 

Turner 1990) by 

P = (1.27) 

where gea{T) is the effective number of degrees of freedom given by 

9a(T )=  H  +  S  E  
i=boson ^ ° «=fermion ^ ' 



27 

Thus Eq. (1.26) becomes 

| n - l |  9 0  | £ |  

We can determine |e| by the comoving entropy Eq. (1.19). 

The entropy density per comoving volume is given by 

Eq. (1.19) gives 

therefore 

We then have 

97r2 
s=-^gMT)T\ (1.29) 

45 

S{ t )  =  s{ t )a^ i t ) ,  (1.30) 

Since the adiabatic expansion conserves the comoving entropy, we can estimate the 

size of the entropy today: 

27r2 

where we have used the current observed CMB temperature (Mather et al. 1994) 

So = (§-)' ̂  10»», (1.32) 

To = 2.726 K ~ 2.349 x 10"^^ GeV, (1.33) 

and the horizon size 

= 2997.9/1"^ Mpc ~ 4.6878 x GeV"^ (1.34) 

where 0.4 :S h < 1 is the uncertainty in the observed Hubble constant. Consequently, 

Eq. (1.31) provides the deviation of as a function of temperature 

I" -1| ̂  10-60 friipiy 
„  - -  v r y  
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Hence, p  must have been incredibly close to Pc for early epochs, because 5 is so 

large: 

T =1 MeV, i ~ 1 second ==> —— < 10 ; 

T = 10^'' GeV, t  ~ 10-^'' second => 

The problem of understanding why fi is so close to one at all times has been 

referred to as the "flatness problem" (Dicke & Peebles 1979). 

1.2.2 The Horizon Problem 

It is well known that the speed of light imposes a constraint on laws of physics. 

Since no signal can travel faster than the speed of light, the evolution of the universe 

must obey causality. The fact that light travels along paths with ds = Q sets the 

size scale of the observable universe. .According to Eq. (1.1) the proper distance of 

the horizon at time t is given by 

dH{ t )  =  a{ t )  . (1.36) 
Jo  a ( r )  

This is called the particle horizon (Rindler 1956). In the big bang theory, 

a( t )  oc  ,  

and the Hubble radius is described by 

3(1 + w) 
1  +  3w 

t  .  (1.37) 

Thus. 

(in the RD era) u; = ^ d f { { t )  =  2 t ;  (1.38) 
O 

(in the MD era) u; = 0 ==^ d f { { t )  = 3 t .  (1.39) 

From the point of view of an observer, causality also sets the limit on the farthest 

distance over which an event occurring at time t can be observed; 
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t 
i I 

-+JC 
0 

Figure 1.2: Observing aji event occurring at instant IE violates causality. The co-
moving radius of light cone is defined by r£;(f) = dE(t)/a(t) and rfj{t) = 
A.t t = t s ,  we have < t e - Hence dn i tE)  < dE{ tE)  violates causality. 

where to denotes the present time. This is called the event horizon. Consequently, 

an observable event occurring at the moment t must satisfy a criterion 

Figure (1.2) shows that observing such an event would violate causality. .According 

to Eq. (1.41), the homogeneity on large scales becomes a puzzle (Guth 1989). This 

can be illuminated as follows. 

In a comoving frame, the physical distance can be determined by 

(1.41) 

Because of the adiabatic expansion, we can re-write the equation as 

d ( t )  =  (1.42) 
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According to the current theory of the thermal history of the universe (Padmanad-

han 1993), the cosmic background radiation originates at the moment when pho

tons decoupled from matter at a temperature Idee — 1/3 eV. The event occurred at 

t^ec ~ 3 X 10^^ seconds which is deep into the matter-dominated phase. Using the 

current observed values [Eqs. (1.33) (1.34)], one can estimate the deviation from 

homogeneity over a comoving volume by means of Eqs. (1.38) and (1-42): 

This indicates that two regions in the opposite directions on the past light cone 

have no causal contact. If we further trace back in time, the deviation becomes 

larger and larger. This is a serious drawback to the big bang theory. The difficulty 

in explaining how the radiation received from the two causally disconnected regions 

came to be at the same temperature is called the "horizon problem". 

1.2.3 The Entropy Problem 

As has been shown in Eq. (1.32), the present size of the entropy is about 10®®. 

Since the entropy contained within a comoving volume is conserved by the adiabatic 

expansion, one must wonder how the young universe with a limited horizon could 

acquire such an enormous amount of entropy. This is called the "entropy problem". 

1.2.4 The Monopole Problem 

It is well known that the Greind Unified Theory (GUT) predicts the existence of 

magnetic monopoles (Collins, Martin & Squires 1989). Because of disconnected 

particle horizons, the vacuum states will be different at phase transitions whenever 

the symmetry of the fundamental interactions is broken. Hence each vacuum state 

may have possessed a magnetic monopole. The number density of monopoles is 

given by ~ — 10^®/cm^, where we have assumed the characteristic time 

scale for GUT to be fcuT — 10~^®seconds. Because of the adiabatic evolution, the 

number density of photons can be estimated by the equation 

^^ff(^dec) 
d'Ei.^dec) _ 

~ 2.0221 X 10"^ (1.43) 
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Thus we obtain UU /T^ — 10 By means of the baryon/photon ratio 77 of the 

universe, we can estimate the number density of monopoles per bziryon: 

~ IQ- IO ^  ^ 10-2. 
Tt 'y Th -y 

The ratio is large enough to be easily detected. Unfortunately, the present obser

vations show no sign of magnetic monopoles. 

1.2.5 The Formation of Structure Problem 

The universe is perfectly homogeneous on large scales. However, the existence of 

galaxies, clusters of galaxies, and superclusters indicates the inhomogeneity of the 

universe on small scales. The fact that the CMB radiation is extremely uniform at 

all comoving scales implies that there must have been small density perturbations 

at early times with amplitude 5p/p ~ 10"'*. The big bang theory can generate this 

density perturbation only in an ad hoc way. There exists no natural mechanism in 

the standard cosmology to explain how the small-scale structures may have formed. 

1.3 It Is All About Initial Conditions - An Overview of the 
Thesis 

The flatness, the horizon, the entropy, and the structure formation problems are 

all intimately related to the initial conditions of the universe. The standard hot 

big bang theory provides no means to get around these problems. In fact, it has 

been shown that the set of initial conditions from which a big bang cosmology can 

evolve is quite arbitrary (Collins & Hawking 1973). On the other hemd, the inflation 

scenario based on viable physical considerations widens our views of the very early 

universe. It helps to solve or alleviate the above mentioned problems and allows us 

to model the evolution of the universe in a more tangible physical way. 

We will review the inflation cosmology in Chapter 2. Though there is no stan

dard model for inflation, we will focus on the slow-roll approximation of inflationary 

universe and regard it as the standard inflation scenario. We will show how infla

tion solves the problems presented by the standard cosmology. We will also review 
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the mechanism for producing density perturbations in the early universe and de

velop some formulas in connection with the observable power spectrum of density 

perturbations. 

Like the hot big bang theory, models originating in the standard inflation sce

nario are certainly not flawless. In Chapter 3, we consider the existence of thermal 

dissipation in the slow-roll regime of the inflaton field and develop the warm infla

tion scenario (Berera & Fang 1995). We show how the so-called fluctuation problem 

(Brandenberger 1996) of inflation models can be solved by the classical fluctuation-

dissipation theorem (Hohenberg &; Halperin 1977). We present the mechanism for 

generating the primordial density perturbation in a warm inflation model. 

The full relativistic treatment is needed when modeling the evolution of initial 

density perturbations. This is the goal of Chapter 4 of the thesis. We employ 

the gauge-invariant approach to the density perturbations and present the matter 

power spectrum originating in the early universe when the inflaton field evolves in 

a thermal bath. We then conclude the thesis with an outlook for possible further 

study in connection with warm inflationary cosmology. 
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CHAPTER 2 

INFLATION COSMOLOGY 

2.1 Introduction 

Cosmologicai inflation (Guth 1981) is a time during which the universe undergoes 

an  acce le ra t ed  expans ion ;  i . e . ,  

a { t )  > 0. (2.1) 

A typical example of inflation is that the universe may submit to an exponential 

expansion at very early times such that the comoving scale factor can be described 

by 

a{ t )  ~  exp( / y i )  

with a Hubble expansion rate H{t )  ~ constant. 

As have been shown in Chapter 1, the universe expands adiabatically in the 

hot big bang model. The violation of this assumption plays an important role in 

developing models of inflationary universe. The field which gives rise to inflation 

is called the inflaton. According to Eq. (1.7), the inflation condition (2.1) requires 

that the inflaton must satisfy 

p  <  -p/3 . 

Because scalar fields can easily fulflll this condition, most viable inflation models 

involve a scalar inflaton evolving in the very early universe. We will depict the 

"standard" slow-roll inflation scenario in Sec.2.2. 

In Sec.2.3, we show how the problems left behind by the standard big bang 

theory, especially the flatness, the entropy, and the horizon problems, can be solved 

in the framework of inflationary cosmology. 
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Perhaps the most important consequence of the inflation scenario in cosmology 

is that it provides a causal mechanism for producing primordial density pertur

bations which become seeds of the observed structures in the present universe. 

We present this mechanism in Sec.2.4. We then introduce the power spectrum of 

density perturbations in Sec.2.5 and describe the perturbation spectrum generated 

during the inflation epoch. 

The effects on the inflationary power spectrum are testable. In particular, when 

comparing to the observed CMB anisotropies on large scales, one is able to impose 

constraints on the inflation scenario and discriminate between models of structure 

formation. In Sec.2.6, we briefly describe the generation of the anisotropies in the 

CMB and derive the COBE normalization for the perturbation amplitude of the 

observed CMB power spectrum. 

Finally in Sec.2.7, we review the development of major inflation models and 

point out some problems plaguing the standard inflation scenario. The generic 

"fluctuation problem" for inflation models motivates the so-called "warm inflation" 

scenario which will be investigated in detail in the next chapter. 

2.2 Scalar Fields in an Expanding Universe 

2.2.1 Phase Transitions in the Early Universe 

Spontaneous symmetry breaking (SSB) is an important concept in modern physics. 

However, under certain conditions, the changes in the state of the field may be ab

sorbed in a temperature-dependent potential and the symmetry thus restored. This 

is called the finite temperature effect (Coleman & Weinberg 1973, Dolan Jackiw 

1974, Weinberg 1974). Consider a real scalar field described by the Lagrangian 

density 

C=^da4>d'cl>-V{cf>) (2.2) 

with a potential 

V(0) = —^771^0^ + (2.3) 
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where m represents the mass of the field and A is the coupling constant. The 

min imum of  t he  po ten t i a l  i s  l oca t ed  a t  cr±  = where  V,^= dV{4>) /d ( f>  =  

0 and c f ^V{ ( f ) ) /d ( f ) ^  >  0 are satisfied. It is evident that (0) = 0 is also 

an extremum for the potential (2.3). However, because < 0, (0) = 0 

is a metastable "false" vacuum. If there exist global and local minima for the 

same potential, the symmetry of the Lagrangian is said to be spontaneously broken 

(Ryder 1985). 

The energy-momentum tensor for a scalar field is given by 

dCf  
Tab ~ "oT ^^,6 9ab^ — da4^db(i> Qab 

^0,a 
-  V{4 . )  (2.4) 

Taken (^ ~ (<^) = constant, the energy-momentum tensor is dominated mainly by 

the vacuum energy 

Tab ~ ^a6V'((0)), (2.5) 

and the energy density of the vacuum is found as {Tq ) = —m^/AX when (0) ~ 0. 

Since the vacuum energy density of the present universe is incredibly small, one 

can offset the contribution of the vacuum energy by adding +m''/4A = A (</))'' /4 to 

the Lagrangian without changing the equation of motion. Thus, the potential can 

be written in the form 

^'(</>) = 7 ~ ' cr^ =a± • (2.6) 
A 
4 

.A.t high temperature, however, the symmetry is restored simply because thermal 

excitations of the scalar field are energetic enough to "kick" the field over the 

potential barrier (Turok 1988). Consequently, any masses becomes irrelevant and 

the leading finite temperature effect results in (0^) ~ at the high temperature 

T. The phase transitions in the very early universe can be prescribed by this finite 

temperature effect. 

In order to demonstrate the evolution of the scalar field, consider a second order 

phase transition which can be described by a simple effective potential, 

= + ^rv. (2.7) 
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Since 

= A,A» - (A<t^ - uT") i , 

has turning points at 

<i) = Q or 101^ = o^ - T^. 

The critical temperature of the phase transition is given by Tc = a at 

which the effective temperature-dependent mass of the scalar field vanishes, i . e . ,  

m^{T) = — vT^f\ = 0. At first, T :» Tc, and the effective potential has a 

global minimum at (0) = 0. As the universe expands, the temperature decreases 

and eventually fails below the critical temperature. Once T < (0) becomes 

unstable and must evolve smoothly in time according to 

and finally reaches the true vacua a± a.t T = 0. The evolution of the effective 

potential is shown in Fig.(2.1). In general, the symmetry-breaking phase transition 

can be first or second order. Both evolve in a pattern similar to that described 

above. However, in a first order phase transition, potential barriers may form 

as T > Tc, and the dynamics is determined essentially by quantum mechanics 

(tunneling effect). On the other hand, it can be appropriately prescribed by classical 

physics in a second order phase transition (Brandenberger 1996). 

2.2.2 Inflationary Dynamics 

If we assume that the energy-momentum tensor of the scalar field takes the perfect 

fluid form as in Eq. (1.5), we have 

Tab{<f>)  =  {p<t> + P<t>)  ^aUb  + Pi ,gab  =  diag(p5i -  -  p^)  (2.8) 

in a flat FRW universe. Since p  oc a""* in a radiation-dominated epoch, SnGp/S  

dominates over the curvature effect k/a^ in the Friedmann equation at early times 

when a{t) approaches zero. From now on, we will always assume the flat FRW 
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Figure 2.1: A simple effective potential Vef{{(f),T) = A(0^ —ct^)^/4 
describes the second order phase transition in the very early universe. 

j/r2072 

geometry for the universe without further notice. Comparing Eq. (2.8) with (2.4), 

one obtains the energy density and pressure for the scalar field 

= 

P<t> 

In the case of 0 = 0(f), if the potential energy dominates the total energy density 

of the scalar field, 

y^V'(0) ,  (2 .11)  

then the equation of state for the inflaton (j> reduces to 

(2.9) 

(2.10) 

Pit (2.12) 
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Accordingly, the Friedmann equation gives the exponential scaling for a{ t )  

0 ' -
=> a{ t )  ( xexpU^^V{<f ) )  t \  =exp{Ht ) ,  (2.13) 

where the Hubble parameter during the inflation epoch can be prescribed by 

87rG_. SttM^ 
(2.14) 

3 3 TTlp i  

for the field with energy scale V(<^) ~ V^(0) = M*. Equation (2.13) is usually called 

the de Sitter solution to Einstein's field equations (Guth 1997). 

It is clear that for a general uniform inflaton 0 = (0(f, x)), the contributions 

of the spatial gradient, (V(/>)^, to the stress-energy are damped as exp{—2Ht) and 

quickly become small fluctuations. Using energy-momentum conservation T'^'' -b = 

0, we obtain the classical equation of motion for the scalar field 

•  dV ld ) )  
0 -f- 3H( l>  +  ^ V ^ = 0. (2.15) 

aq) 

2.2.3 The Slow-Roll Regime 

In the standard inflation scenario, the inflation proceeds as a GUT symmetry-

breaking phase transition with a characteristic energy scale M = Tc ^ lO^'^GeV. 

The inflaton 0 is located at the false vacuum initially. As the temperature falls 

below the critical temperature Tc, the 0 field evolves away from the metastable 

state and approaches the global minimum of the potential. This is the main stage 

of the inflation era and is called the slow-roll epoch. In order to solve the problems 

with the hot big bang model, the inflaton potential V{(f>) must be flat enough to 

retain 0 on the gentle slope, and provide sufficient inflation. Figure (2.2) shows a 

typical V(0) leading to inflation. 

Moreover, the generic slow-roll condition, Eq. (2.11), must be satisfied in this 

reg ime  such  tha t  t he  ene rgy  dens i ty  o f  t he  0  f i e ld  i s  a lmos t  cons t an t  and  H{t )  

remains unchanged. Consequently, one may omit the 0 term in the equation of 

motion (2.15) to get 

3/f0 = -1^'(0). (2.16) 
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' SloW'Roll Regime ^ Reheating 

Figure 2.2: A "flat" potential V(0) leading to inflation. The three stages are 
depicted: (a) barrier penetration (if necessary) in the pre-inflation phase; (b) the 
slow-roll regime; and (c) the coherent oscillation during reheating. 

That is, the friction produced by the expansion of the universe is balanced because 

of the acceleration of the inflaton in the slow-roll stage. This approximation leads 

to  two  ind i spensab le  cons i s t ency  cond i t ions ,  i . e . ,  

=> |K"(0)| «;9iy2~ 247rm;,2V-(0), (2.17) 
' 2 

| -<V^(0)  \V'{4>)/V{(i>) \<^^/^-m^l .  (2 .18)  

Under these conditions, H[t )  ~ constant, and Eq. (2.14) is well justified. As such, 

the number of e-folds of growth in the scale factor over any two positions (0i,<?i»/) 

during the inflationary period can be determined by the slow-roll solution (2.16) 

N{4„ f" = [*' ̂ d4,, (2.19) 
0 , ( t i )  J t i  ^  (0 )  

where d t  =  d( j> /^  has been used. 
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2.2.4 The Reheating of the Universe 

In the slow-roll regime, the 4> field slowly rolls over the "gentle" slope of the inflation 

potential, and the universe is "supercooled". There must exist a mechanism to 

heat up the universe quickly such that the universe could evolve into the radiation 

dominated phase of the standard big bang model at the time when the inflation 

phase is terminated. The process taking place at the end of inflation is called the 

"reheating" stage. 

The coupling between the vacuum energy of the inflaton field and the radiation 

is responsible for the reheating of the universe. Accordingly, the equation of motion 

that governs the inflaton [Eq. (2.15)] can be modified as 

where is the decay rate of the scalar field. That is, the reheating will involve 

violent energy transfer between the inflaton and the matter field. .A.t this stage, 

the slow-roll condition is violated and one has \V"\ ^ i.e., the inflaton 0 

approaches the true vacuum rather rapidly. Once <f) reaches the bottom of the 

potential, it will start oscillating around the global minimum with angular frequency 

^.2 ^ V"(a). By virtue of Eq. (2.20), the evolution of the inflaton energy density 

can be described by 

Assuming inflation starts at U and ends at i/, the solution to Eq. (2.21) is found 

to be (Kolb &: Turner 1990) 

4> + {'iH + + V'{(i>) = 0, (2.20) 

-l- (3/f + V^)pfi, — 0, 

where we have replaced 0^ by its average over an oscillation cycle, i.e.. 

(2.21) 

(2.22) 

where p^{ti) ~ \/(0) = has been used. 
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The equation of motion for the radiation component of the universe in this 

reheating epoch can be written as 

describes the Hubble expansion rate at the reheating stage. 

The coherent oscillation of the inflaton converts into pr by means of (^particle 

decay into matter. This increases the temperature of the universe. In general, the 

ra t e  o f  r ehea t ing  depends  upon  the  re l a t ion  be tween  the  Hubb le  pa rame te r  H(t f )  

at the end of the slow-roll epoch and F,^. Nonetheless, we have 

right after the end of the reheating regime such that the universe returns to the 

normal radiation-dominated phase required by the hot big bang model. Figure 

(2.3) shows the variation of the temperature T{t) and the comoving scale factor 

a{t) provided that the universe underwent an inflationary expansion at early times. 

2.3 Inflation Solves The Problems of Hot Big Bang Model 

2.3.1 Comoving Hubble Radius 

As mentioned earlier, the fundamental definition for the universe undergoing an 

exponential expansion is that the comoving scale factor would accelerate during 

the inflation period; i.e., d{t) > 0. According to the definition of the Hubble 

parameter H = dla, the rate of change for the scale factor is described by 

Pr  +  AH Pr  =  T^Pi ,  ,  (2.23) 

which comes from total energy conservation [Eq. (1.19)]. As such, 

(2.24) 

a{ t )  ~  Pr  ^  T*  ^  t  and p^  ^  e  —> 0 

(2.25) 

Thus, the condition a > 0 leads to 

d > 0 and (2.26) 
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Figure 2.3: The evolution of cosmic temperature T{ t )  and comoving scale factor 
a{t) in the standard inflation scenario. H\ is the Hubble parameter during the 
inflation, marks the moment when Pr(ieq) = Pm(^eq)-

That is, when the universe expands rapidly, the comoving Hubble radius f a  

decreases with time. Since H~^ ja characterizes the particle horizon at any epoch 

when all objects remain at fixed coordinates on the constant-time hypersurface, 

inflation acts as a magnifying lens that enlarges the scope of the universe at very 

early times and allows us to scrutinize the validity of initial condition sets from 

which the present universe evolves (Liddle 1998). 

A key point in solving the problems presented by the hot big bang model through 

the inflation scenario is that the universe must remain in the slow-roll regime for 

a long enough period. We will give qualitative schemes showing how inflation can 

solve those problems easily, provided that the e-folding growth of the universe is 

sufficient in the slow-roll regime. Then we will estimate a lower limit for the duration 
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of the inflation using the observed comoving entropy of the present universe. 

2.3.2 Solving The Flatness Problem 

The Friedmann equation [Eq. (1.6)] can be written as 

in - li = . (2.27) 

where Q =  pf  pc  is the density parameter. According to Eq. (2.26), a? = 

increases with time during inflation epoch; hence one can easily set up an initial 

condition for the very early universe to evolve into the present status (|n — 1| ~ 0) 

provided suflBcient inflation occurs. We can see that the importance of the curvature 

constant k will be damped, and k/aH becomes irrelevant once the inflation "zooms 

in" on a tiny region where k is totally negligible. 

2.3.3 Solving The Horizon Problem 

If inflation started at time U,  then at the end of the inflation epoch t  =  t f  when the 

universe enters the radiation-dominated phase, the physical distance to the particle 

horizon is determined by [see Eq. (1.36)] 

r t f  ( j i  
dn i t f )  =  a{ t f )  exp[H{ t f  -  i,)], (2.28) 

while the distance to the event horizon is 

ds i t f )  =  a{ t f )  ^ (2-29) 

where H represents the expansion rate of the universe during the inflation era. 

Since H remains constant, and the e-folding growth of the universe is prescribed 

by iV ~ H[tf — ti), it is evident that the particle horizon can expand to cover the 

entire event horizon. Therefore, the causality can be satisfied easily, i.e-dn ~ ds, if 

the universe has inflated sufficiently. 

2.3.4 Solving The Entropy Problem 

It is important to recognize that the universe does not follow an adiabatic expansion 

in the inflation era. Considering that the temperature of the universe at the end of 
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reheating stage is Trh, the comoving entropy S f  generated during inflation can be 

determined by Eqs. (1.29) (1.30) as 

S f  = ^^5eff(rRH) (o/TRH) 
40 

= ^gMTi ) (a , - eT , ) '  
40 

= e^5iexp(3A^), (2.30) 

where a/ = a{ t f ) ,  Oi  =  a{ t i ) ,  e  = Tan/Ti, and we have assumed that the variation 

of 5eff during inflation is negligible. It is clear that the universe could acquire 

enormous entropy within a comoving region provided the scale factor has grown 

substantially at early times. 

2.3.5 Solving The Monopole Problem 

If inflation were to occur between the GUT phase transition and the standard 

hot big bang era, then the monopole problem is solved simply because monopoles 

produced in the inflation epoch will be diluted away: In the slow-roll regime, is 

dominated by the vacuum energy and remains almost constant. Once monopoles 

are formed, their energy density should scale as ~ Consequently, we have 

~ a~^ ~ exp(—3A''). 
P<t> 

Once again, if the e-folding growth N is large enough, the number density of 

monopoles will fall below the observable level very quickly. In fact, any topological 

defect or particle-like matter produced in the slow-roll regime will be diluted away 

by inflation. 

2.3.6 The Lower Limit for N 

As we have seen from the above discussion, inflation can easily resolve the conun

drums of the standard big bang model, provided that the inflaton stays in the slow-

roll regime long enough. Using the observed number of photons today (5o 10®®), 

we can obtain the lower limit to the e-folding growth of comoving scale factor. 
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Since V(0) = Af*, the initial temperature of the 4> field can be found as 

TT^^eff 

30 1/4 

M.  

The size of the initial entropy then becomes 

~ 0.024 
mpiy  
W)  ' 

where we have employed Eq. (2.14) for the Hubble parameter H. Because the the 

universe expands adiabatically after inflation, the comoving entropy produced at 

early times will be preserved; i.e., SJ = SQ. By means of Eq. (2.30), one finds that 

The effective number of degrees of freedom should be greater than 80 for an energy 

scale in GeV range (Wagoner 1980). For a typical GUT energy scale M ~ 10^'*GeV, 

we then have 

where we have assumed an efficient reheating process leading to e ~ 0(1). This is 

the lower limit of the e-folding growth N for a successful inflation. 

2.4 The Seeds of Structure Formation 

Because the particle horizon can inflate to cover our present horizon in the slow-roll 

regime, it provides a causal mechanism to explain the origin of density perturbations 

which would subsequently evolve into cosmological structures we observe today. 

2.4.1 The Origin of Density Pertiurbations 

Principally, the universe can not be in an exact de Sitter phase along the slow-

rollover path. That is, the scalar field 0 will reach the true vacuum at different 

times in different places in the universe during the phase transition. If we restore 

the spatial gradient term in and the equation of motion describing the (f) field 

evolution becomes 

(2.31) 

0 -h ZHit> - = -V{(!)). (2.32) 
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The Hubble damping term ZH^ arises from the expansion of the universe, while 

represents the effects of microphysical interactions. If V'{(j)) remains con

stant, the gravitational force is proportioned to H^4) and the microphysical force 

scales as [k/a)^<l) for plane wave perturbations with comoving wavenumber k. Ac

cordingly, microphysics dominates the dynamics when perturbations axe well inside 

the horizon ak~^ < but the gravitational drag is in command when pertur

bations are outside the horizon ak~^ > This can be further demonstrated by 

perturbing Eq. (2.32). 

Suppose that one can decompose the inflaton field into a homogeneous back

ground and small fluctuations as 

0(x, t )  =  (/»o(0 + 6( l ) {x ,  t )  .  (2.33) 

Expanding each vacuum fluctuation into its Fourier components, we obtain 

i.#(x, () = ^ (2.34) 

where the comoving wavenumber k  = 27r/A, with the length scale A characterizing 

the fluctuation region. The Fourier transform is carried out in a very large box of 

comoving volume V by 

Sc^k(t) = V-^ [ d^x 50(x, (2.35) 
Jvol 

In linear order, since 0 is weakly coupled during inflation epoch, all Fourier modes 

decouple, and one can fix a mode with a wavenumber. That is, each comoving wave 

mode k would evolve independently. Owing to the flat potential, \V"\ it is 

reasonable to treat the inflaton </> as massless in the slow-roll regime. Hence to the 

lowest order, perturbing Eq. (2.32) gives a linear wave equation which governs the 

evo lu t ion  fo r  a  g iven  mode  k  

k^  
H—o^^k — 0 • (2.36) 

The solution for the modes with wavelength much shorter than the comoving hori

zon, k~^ H~^/a, has the form 5<f)k oc exp[±i(A:/a)i]. Thus, gravitational effects 
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are negligible within this range and 5((>k would oscillate inside the horizon. On the 

other hand, for modes with wavelength much longer than the comoving horizon 

k~^ » H~^la, Eq. (2.36) gives rise to 6(f>k oc exp(—3//"^) because of the constant 

Hubble expansion. That is, 5<i)k quickly approaches a constant within a relaxational 

time t > and the microphysical interactions are effectively "frozen in" outside 

the horizon. 

We should make some remarks on the mechanism presented here. First of all, 

the above description is only for the classical evolution of density perturbations. 

The transition from quantum fluctuations to classical fluctuations involves a rather 

subtle and complicated process called the "deconstruction of coherence", which is 

still under investigation (for example, see Calzetta Hu 1995, Omnes 1997 and 

Kiefer, Polarski & Starobinsky 1998). Basically, the decoherence process makes the 

quantum mechanical wave functional evolve as a statistical ensemble of classical 

configurations after the vacuum fluctuations are pulled outside of the horizon. Since 

one of the major concerns of the present thesis is to study structure formation on 

large scales, the classical picture is enough. Secondly, fluctuations evolving in the 

super-horizon region eventually translate into density perturbations depending on 

how the constant time hypersurfaces are defined. We deal with this gauge issue in 

Chapter 4. 

2.4.2 The Horizon Crossing Moments 

As we know from Eq. (2.26), the comoving Hubble radius keeps shrinking dur

ing the inflation period. The comoving physical wavelength is related to k by 

Aphys = 2-Ka{t)/k. Since a(i) grows exponentially during inflation while the size of 

horizon maintains fairly constant, fluctuations with mode k are stretched and 

pulled outside of the horizon as the field evolves. Therefore, perturbations with 

mode k, which are well inside the horizon initially, will become super-horizon size 

after they exit the horizon. The evolution of the primordial density perturbations 

is illuminated in Fig. (2.4): Assuming there exist quantum vacuum fluctuations in 

the inflaton field (f) for a given mode k, the decreasing comoving horizon causes the 
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originally sub-horizon sized fluctuations to cut across the Hubble radius at some 

time, tg. When they exit the horizon at t = te, decoherence sets in to convert the 

quantum fluctuations into classical ones. After inflation, the universe returns to 

the standard big bang track and thus alters the scaling of the comoving Hubble 

radius in the subsequent radiation-dominated and matter-dominated phases. Since 

all microphysics are "frozen in" as t > te-, the super-horizon sized perturbations will 

grow by the gravitational interaction only until they "catch up" with the comoving 

Hubble length at some later times, re-enter the horizon and evolve into the struc

tures at the corresponding comoving scales A:"^ Hence, perturbations seeding the 

structures on larger scales cross out of the horizon earlier but return back inside 

later. This is the "first out-last in" picture of inflationary density perturbations. 

This characteristic evolution completely diflfers from the standard cosmology in that 

the primordial perturbations in the inflation scenario causally run into the Hubble 

radius twice, while they cross the horizon only once in the hot big bang model. 

According to this picture, one can determine the comoving wavenumber at 

the horizon-crossing epoch by knowing the present temperature To and Hubble 

constant HQ-. In the slow-roll regime, the expansion rate HI is fairly constant. Since 

kc = a^Hi, we have 
®RH Hi  

aoHo Uf flRH Oo HQ 
If there is no reheating stage emerging in at the end of slow-rollover, then 

^ ^ _ TQ HJ 

AOHO AF'  AO' HO TF HO '  ^ '  

where the e-folding growth for the mode ke is defined by N{ke) = ln(a//ae) and 

the adiabatic relation ajT/ = aoTo has been used. If Oq = 1 and ko = 2ITHO today, 

Eq. (2.37) yields 

^  exp[N(ke ) ]  .  (2.38) 
Kq HqI f 

Hence for a given comoving scale A;o ^ at the current epoch, we can find its corre

sponding comoving wavenumber ke at early times when it cut across the horizon. 
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Figure 2.4: The "first in-last out" evolution of initial density perturbations. The 
comoving Hubble radius ja scales differently in different eras. Fluctuations 
with various modes Are cross outside the horizon at corresponding moments t{ke) = 
te, and re-enter it again later during the post-inflationary era. The e-folding growth 
of mode k amounts to iV ~ H{tf — te). The complete inflation epoch ends at ian 
if a reheating process occurred at the end of the slow-roll regime. 
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2.5 The Spectrum of Density Perturbations 

In order to scrutinize the evolution of density perturbations, we need a tool to 

characterize the relationship between primordial perturbations and events occurring 

in the remote past. The power spectrum introduced in this section is enough to 

serve the purpose of this thesis. 

2.5.1 Power Spectrum 

The density contrast of the universe can be written as 

(2.39) 

where p{ t )  is the mean energy density of the universe. We can decompose (J(x, t )  

into a Fourier series so that 

5(x, t )  5k(i) exp(2k • x) (2.40) 
k 

with its Fourier transform 

S<c(t) = ^f </'li(x,()e-"-«, (2.41) 
Vu -/vol 

where is a unit volume element of a comoving region. The spectrum of the 

matter density contrast evaluated at the present time is defined by (Kolb & Turner 

1990) 

Psik) = K. . (2.42) 

In the theory of linear evolution of density perturbations, the matter density spec

trum relates to its original form 6%{k) through the relation (Bomer 1992, Liddle &: 

Lyth 1993) 

pm = (̂ \ , (2.43) 

where the matter transfer function T{k )  determines the evolution of the spectrum 

and dependents on the cosmological parameters Qq h-, i.e., different models give 

a different forms for T{k). However, the dependence is rather weak for large scales 
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(Efstathiou & Bond 1986). In general, T(k) ~ 1 for scales > S/i'^Mpc when 

ffo = lOO/i km/sec/Mpc with h = 0.5. Therefore the initial perturbation spectrum 

can be safely specified by T(A;) = 1. For density perturbations originating in the 

inflationary cosmology, Sff(k) specifies the density contrast at the horizon-crossing 

moment and is sometimes denoted as {{5p/p))^. The power spectrum is defined as 

9—2 
P{k)  = ~Pi (k )  = (likp) . (2.44) 

If we assume a general power-law form for the power spectrum, i . e . ,  if we write 

P{k) as 

P{k)  a it", (2.45) 

then the spectrum at any given epoch is described by 

Ps{k )  ~  P{k )k^  oc (2.46) 

The exponent n  is called the spectral index of the power spectrum. 

2.5.2 The Spectrum at Horizon-Crossing Moment 

Consider primodiaJ perturbations on scales of horizon-crossing, i . e . ,  k  =  aH at a 

fixed epoch t such that S{x,t) = 5(x). In general, the mass contained within the 

comoving horizon at this moment is M oc {H~^/a)^. The mean square value of the 

density contrast is given by 

a2(M) = (<52(x))^^ = 

where the window function Wik ,  M)  defines the shape of the fluctuation that con

tains M, and can be approximated by the Heaviside step-function 0(A;) as 

Wik ,M)  =  M -Oik -aH) .  (2.48) 

Assuming the power law form for P{k) ,  because 9{k )  truncates a . t  k  =  k^  =  aH,  

one has 

a^M) - ̂  ̂  k^-^^'dk oc k^^^ ~ ^ J (2.49) 
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where the scaling of perturbations 5{ t )  oc a{ t )  in the linear region (5 1) has been 

taken into account (Kolb & Turner 1990). Since p oc at all times, 5k{t) a 

dur ing  the  ma t t e r -domina ted  phase .  Because  H ^  M ~  pH~^  oc  -1^  = 1 ,  

the time dependence of the mean square density perturbation is characterized by 

For a comoving volume characterized by the length scale A, the comoving wavenum-

ber k scales as A~^ while M oc A^. Comparing Eq. (2.50) with (2.43), the power 

spectrum at the horizon-crossing epoch can be prescribed by 

From Eq. (2.50), we can see that the mean amplitude of the density pertur

bation at horizon entry maintains constant provided that n = 1. .Accordingly, 

the power spectrum is ^-independent. This particular scale-invariant spectrum is 

called the Harrison-Zel'dovich spectrum (Harrison 1970, Zel'dovich 1970). A struc

ture formation model derived from the standard inflation scenario usually leads to 

a more or less scale-invariant power spectrum. 

2.6 Temperature Fluctuations in the Cosmic Microwave 
Background Radiation 

Launched 18 November 1989, the Cosmic Background Explorer (COBE) has ob

served anisotropies in the CMB within the range lO""* — 10~® (Bennet et a/. 1996). 

Primordial density perturbations are the major sources responsible for these aniso

tropies on the isotropic and homogeneous background represented by the FRW 

metric. Although cosmic anisotropies can also be produced by imposing long wave

length gravitational waves (Burke 1975), the tensorial effect is considered to be too 

weak to contribute significantly on large scale structures (however, see Starobinsky 

1985 and Fabbri et a/. 1987 for models with amplitudes of tensor perturbations ap

proaching those of scalar perturbations). We will focus on the scalar perturbations 

here. 

oc OC (2.50) 

(2.51) 
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2.6.1 The Initial Adiabatic Perturbations 

If both matter and radiation are perturbed in a way to keep the abundances of £dl 

particle species uniformly distributing on the hypersurfaces of constant total energy 

density, we have the adiabatic density perturbations (Liddle & Lyth 1993). 

The initial adiabatic perturbations can be characterized by the condition 

R ) - " - (2.52) 

where denotes the number density of particle species i  and s  is the comoving 

entropy density. Accordingly, the fluctuations in the local number density of a given 

species (including photons) relates to the comoving entropy density in such a way 

that 
5ni 5s 6T — = - = 3— , (2.53) 
Tli s  T  

where s  ccT^  has been used. Considering the energy density for the non-relativistic 

(NR) matter with mass m such that Pm = mUm, the matter fluctuation can be 

written as 
A /I At. *'771 
P m  

On the other hand, the fluctuation in radiation is given by 

3 ̂  ^ . (2.54) 

= (2.00) 
PT T  

since pr cc T^. Therefore, the initial condition prescribing the adiabatic density 

perturbation reads 

• (2.56) 

Models of single-component universes derived from the standard inflation sce

nario usually give rise to adiabatic initial density perturbations. 

2.6.2 The Initial Isocurvatiire Perturbations 

Consider all particle species are perturbed within a comoving region of the universe. 

If there is no variation in the expansion rates of the separate components, or the 

perturbations in the energy densities of all components add up to zero ((Jptot = 0), 
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then the Friedmann equation will not be affected by these perturbations. Because 

perturbations of this kind will not contribute to the spatial curvature of the universe, 

they are called isocurvature perturbations. Under the circumstances, since the co-

moving entropy will distribute unevenly over the perturbed region, the isocurvature 

perturbations are also referred to as the "entropy perturbations". The condition 

dpr = 0, describing the isothermal perturbations, belongs to this category. 

In the limit of an ultra-relativistic (UR) or NR single particle ideal fluid, because 

n ccT^ and p oc where w = p/p, we have 

Therefore, the fluctuation in the ratio of the comoving number densities in a multi-

component cosmic fluid can be described by 

It is very common to invoke the isocurvature initial condition in models of 

the evolution of density perturbations in inflationary cosmology (for examples, see 

Seckel & Turner 1985, Bum 1997). In fact, the isocurvature density perturbation 

is a generic feature in all models for a multi-component universe. Although the 

thermal equilibrium established during reheating epoch may erase the inhomoge-

neous distribution of the entropy density over the hypersurfaces, thus giving no 

isocurvature perturbations, there is no compelling physical reason to rule out the 

isocurvature perturbations arising from a more general inflation scenario. 

2.6.3 The Sachs—Wolfe Effect 

The surface over which the CMB photons are being scattered by free electrons in the 

recombination epoch is referred to as the last scattering surface (Partridge 1995). 

The anisotropies in the CMB are actually caused by an inhomogeneous matter 

distribution on the last scattering surface. When photons climb out a gravitational 

potential ^ in the recombination epoch, the gravitational redshifting of photons 

leads to fluctuations in the background temperature T. This is called the Sachs-

Wolfe effect (Sachs & Wolfe 1967). 

(2.57) 

(^(tIq/tZ^ )  S q S f f  ^  Pa  ^  Pb  
(2.58) 

[ f l a / r i b )  l - l - l U a  l + U ^ b  P a + P a  P b  +  P b  
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The temperature perturbation on the last scattering surface can be written as 

AT AT 

r  T 
- , (2.59) 

where i  and / represent initial and final states. has been left out because it 

gives an isotropic temperature shift and is irrelevant here (WTiite & Hu 1997). 

In conforraal Newtonian coordinates, the metric describing a photon trajectory is 

given by 

ds  =  y / l  — 2$ ~ (1 — ^ )d t  ; (2.60) 

that is, a clock will run slow in a gravitational potential (Weinberg 1972). The 

time delay induces a temperature fluctuation while the background temperature is 

evolving adiabaticaJly with aT = constant. By means of Eq. (1.12), one obtains 

AT 
a  3(1 + w)  

In the matter domina ted  era, w = Q results in 

^ (2.61) 

AT 
T 

= -W (2.62) 
/ 

Suppose the gravitational potential is characterized by $ = GMfX for a per

turbed region of length scale A. Eq. (2.46) tells us that (5p/p)^ scales as 

hence the scale-dependence of the Sachs-Wolfe effect can be described by 

i l  ̂  FC(3+»)/2 O, >,-(3+N)/2  ̂̂ 2^  OC X^Ap  (X A*'"""'. 
p  T  ZX ^  

Note that the Sachs-Wolfe effect gives rise to the anisotropies in the CMB 

regardless of whether the initial condition is adiabatic or isocurvature. It has been 

shown that when considering both adiabatic and isocurvature initial conditions, 

the total anisotropy is about six time bigger than that in the pure adiabatic case 

(Starobinsky & Sahni 1984, Efstathiou & Bond 1986, Kodama & Sasaki 1987). 

Therefore, in a general model for the evolution of density perturbations, one may 

adjust the fractional ratio between adiabatic and isocurvature perturbations such 

that the predicted totai anisotropy in the CMB can be fit within the observations. 
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2.6.4 Normalization of Power Spectrum 

In order to compaxe with the observational results, we need to derive the formula 

for the amplitude of CMB power spectrum. 

The large-scale temperature fluctuations in the cosmic microwave background 

radiation are given by (Peebles 1982) 

where y = 17) is a vector of length pointing in the direction f2 = {9 ,  (p )  

on the sky. Using the plane wave expansion, 

e-ik.y ^ ̂ - i kycose  =  + lMky)P i i cose ) ,  
0 

the temperature fluctuations can be expressed in terms of the spherical functions 

Yim as 
dT  ^  '  = E E 

1 = 2  m = - l  

where 

a,„ = -2iTi'HSY,^Mkv)Y-{n). 

The dipole moment I = 1 due to our peculiar velocity with respect to the cosmic ref

erence frame has been left out. The autocorrelation function {aimO,i'm') = Ci6u'dmm' 

enables us to define the angular spectrum Ci by 

For spherically symmetrical cases, the power spectrum is given by 

P{k)  =  J dQi^Pik )  = 47rP(k). 

Applying the continuation limit 

^ "7 (27r)3' 
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we have 

= ^^P(fc)<S<"(k - k') = ^/'(4)«"'(k - k'). 

Because 

m 47r 

Ci becomes 

Ci  = 47r i/o ^ — — ̂  |V/m(n)| = —^^0 ^ (%)• 

Consider a power law with an index n for the form of the power spectrum, 

P(k )  =  ̂  (XA"). (2.63) 
' u 

Carrying out the integration of the spherical Bessel function j i ,  the angular power 

spectrum is then described by products of F-function 

r r - v f ^  ( 2 . 6 4 )  

It has become standard practice in the community studying CMB isotropies to 

express the output angular power spectrum in terms of the multipole moment of 

temperature fluctuations 6Ti by 

5T ,=  l { l  +  2)  
2TZ 

Ci  
1/2 

(2.65) 

The COBE^-normalization (Bennet e t  a/. 1996) used the rms-quadrupole moment of 

the temperature anisotropy Qrms to determine the amplitude of power spectrum: 

n -= V 4̂  ' 
where To is the CMB temperature. The quadrupole normalization gives 

/--V Qrms /5C2 . jrri A /-I /^2 
Vrms-PS — rp ~ \ A  ̂ "-^2 — \ ~^Qrvns-PS 3Ild C2 — "^Wrms-PS" i 0 V 47r V <3 5 

(2.66) 
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We can define the observed amplitude of the perturbation spectrum at scale k ' 

through Eq. (2.63) such that 

\Psm = 'lob. = (2-67) 

By virtue of Eqs. (2.64) and (2.66), we obtain the cimplitude of the CMB power 

spectrum at a given scale comoving wavenumber k as 

- 5^ [HJ  • r (3 - n) r (to) ' ' 

The 4-year COBE-DMR data analysis found that Qrms-ps = A^K for 

n = 1.2 ± 0.3 and Qrms-ps = 18 ± 1.6 f j .K  when conditioning the spectral index to 

coincide with the prediction n = 1 according to the "standard" inflation scenario. 

We can use these results to approximate the rms quadrupole moment by 

Qnns-ps(n) = 1.7 X 10"® exp[0.71(l - n) - O.Ol] . (2.69) 

For the present horizon k^^ = at the horizon-crossing moment, our formula 

Eq. (2.68) together with the approximation (2.69) agrees with the 4-year COBE 

normalization obtained by Bunn, Liddle & White (1996) 

(J//(aoifo) ^ 1-91 X 10-^exp[1.01(l - n)] 

to within 10%. 

2.7 Problems With Inflation 

Like the standard hot big bang model, the inflation scenario does not come without 

flaws. For completeness sake, we briefly review three major models developed in 

early 1980s when the study of inflation cosmology started. 

In order to resolve the shortcomings in the standard cosmology, Guth proposed 

the "old inflation" model based upon the early universe undergoing a first order 

phase transition (Guth 1981). The finite temperature effiect allows the scalar field to 

expand exponentially. However, the resultant bubbles that nucleate after inflation 
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will lead to a universe with a Hubble radius much smaller than our present horizon 

size. This serious "graceful exit" problem (Guth & Weinberg 1983) can be solved, 

provided that a sufficiently large number of bubbles can be produced during the 

phase transition and if the bubbles can be made to percolate. Unfortunately, as 

has been shown in Sec. 2.3.5, inflation actually prevents the percolation. Hence, 

there is no way to get around the "graceful exit" problem in the framework of the 

old inflation model. 

Soon after Guth's original proposal, a new inflationary cosmology was put for

ward independently by Linde and by Albrecht and Steinhardt (Linde 1982, Albrecht 

& Steinhardt 1982). This "new inflation" model is based on the second order phase 

transition at early times, and constitutes the major components of our "standard" 

inflation sceneuio discussed in Sec. 2.2: thermal equilibrium is established before 

the onset of inflation and the scalar field slowly rolls down to the global minimum 

of the inflation potential V{<t>). It is realized that for a suflBciently flat potential, the 

0 field must be out of thermal equilibrium along the evolutionary path. Because 

of our inadequate knowledge of phase transitions at very high energy in a nonequi-

librium environment, the initial conditions are poorly constrained. Owing to this 

feature, most models derived from the new inflation scenario lose their power to 

predict a more accurate spectral index n; i.e., the range of n for the resultant power 

spectrum is quite large (Wu 1997). 

Linde proposed the so-called "chaotic inflation" (Linde 1983) as a variant of 

standard inflation scenario. Chaotic inflation departs from the standard cosmology 

more radically than old and new inflation. In this model, no initial thermal bath is 

required. In addition, the precise form of the inflaton potential V(0) is irrelevant 

to the mechanism. This is certainly an advantage in considering the physics of the 

very early universe. Furthermore, the inclusion of stochastic noise (Starobinsky 

1986) in this model takes into account the effects of quantum fluctuations. How

ever, stochastic forces in the chaotic inflation scenario lead the universe to external 

expansion and extreme inhomogeneities on large scales (Brandenberger 1997). This 

clearly conflicts with what we have observed today. 
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As a clever device introduced into inflation cosmology so that the universe would 

return the normal track required by the hot big bang model, the reheating process 

is rather diflBcult to formulate into a solid physical theory. The temperature of the 

universe after the inflation period, TRH, must be high enough to allow the GUT 

baryogenesis. An important unanswered question is to realize how the universe can 

thermalize the states of matter fields originating from the parametric resonance 

(Landau & Lifshitz 1960) of quantum fluctuations during the reheating epoch. 

Although much effort has been put forth trying to understand the reheating of the 

universe, there is no major breakthrough up to this date. 

Perhaps the most important contribution of the inflation scenario to cosmology 

is that it provides an excellent causal mechanism to produce the primordial density 

perturbations, which would lead to the structure formation of the universe. How

ever, many analyses of the standard inflation scenario have shown that inflation 

models suffier the "fluctuation problem" (for examples, see Bardeen, Steinhardt & 

Turner 1983; Brandenberger & Kahn 1984; Mazenko, Unruh k Wald 1985). VVe 

can estimate the amplitude of density perturbations as follows. The magnitude of 

quantum fluctuations for a massless, minimally coupled scalar field in a de Sitter 

space is characterized by (Bunch & Davies 1978) 

before the horizon crossing moment, t  <  t e  =  t { k e ) ,  can be approximated by 

where we have employed the slow-roll solution Eq. (2.16). As t  >  t e ,  fluctuations 

are stretched, effectively "frozen in" outside of the horizon, and transform into 

classical fluctuations until they re-enter the horizon. The density perturbations 

in the super-horizon region can be characterized by a gauge-invariant quantity C 

(Bardeen, Steinhardt & Turner 1983, Bardeen 1988) defined as 

/r V ^ (2.70) 

Since = 0^/2-i-V(<p) ~ V(0) during slow-rollover, the variation in energy density 

SPI,  ~  6V(<I , )  ~ |V"i0| ~ 

(2.71) 
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and has to be calculated at the horizon exit epoch t  =  Because of the relation 

Since we know that 0 <C in the slow-roll regime, the resultant amplitudes of 

density perturbations at horizon-crossing moments in a comoving frame are much 

too large: 

which can hardly be called "perturbations". Evidently, comparing this with the 

present observations of the anisotropies of the CMB that show 5p/p ~ 10"'* — 10"^ 

(Bennet et a/. 1996), this is a very serious drawback for inflation models. 

Although the inflation scenario is the only mechanism that can solve the short

comings of the standard cosmology, from the above discussion we see that it is 

imperative to search for an inflation model that can avoid the serious fluctuation 

problem, that can circumvent the reheating problem, and that can confine the ini

tial condition set to give more predictive power in discriminating models. This 

motivates the development of the "warm inflation" scenario (Berera & Fang 1995). 

We investigate in detailed the warm inflation scenario and its applications to the 

study of structure formation at large scales in the next chapter. 

P<T> + P<T> = ^ we then have 

6p^ 
(2.72) 
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CHAPTER 3 

INFLATION WITH THERMAL DISSIPATION 

3.1 Introduction 

The "standard" scenario of inflation (Albrecht et  a/. 1982; Yokoyama k .  Maeda 1988; 

Kolb & Turner 1990) assumes that during the inflation period the cosmic expansion 

was dominated by the vacuum energy of the scalar inflaton fleld (f> and that the ther-

malized component was negligible. That is, the interactions between the inflaton 

and other fields are too weak, and the initial thermal component could not maintain 

itself in the slow-roll regime. Even if a thermal component like radiation existed 

at the onset of inflation, it would be blown off" by the exponential expansion. The 

thermal component of the universe was not established or re-established until the 

reheating stage during which the inflaton field would disintegrate and quickly ther-

malize the decayed products into relativistic particles. However, in order to keep 

the scalar field close to its minimum during the inflation phase transition, thermal 

forces must play a significant role and be an indispensible contributing source to the 

process. Principally, these thermal forces can be prescribed by dissipative processes 

associated with the inflaton decay during its evolution. 

Recent research on the non-equilibrium statistics of quantum fields has found 

that, under certain conditions, it seems to be reasonable to introduce a dissipative 

term (such as a friction-like term) into the equation of motion of the inflaton field 

0 to describe the effect of thermal contact between the 0 field and a heat bath. 

These studies show that the thermal dissipation and fluctuation will most likely 

appear during the inflation if the inflaton is coupled to light fields (Morikawa 1986; 

Gleiser & Ramos 1994; Boyanovsky et a/. 1995). In other words, the conditions 

necessary for the "standard" reheating evolution - a coupling of the inflaton with 
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light fields - are actually also the conditions under which the effects of dissipation 

during inflation should be considered. 

Moreover, for a very wide range of parameters in inflation models, a thermal 

bath with a temperature higher than the Gibbons-Hawking temperature (Gibbons 

& Hawking 1977) should be able to maintain itself through a (i> field dissipation in 

the inflation epoch. In this case, the thermal fluctuations of the scalar field play 

an important and even dominant role in producing the primordial perturbations of 

the universe. 

Based on these results, a warm inflation scenario has been proposed (Berera 

& Fang 1995; Berera 1995). In this scenario, the inflation is also dominated by 

a sccdaj field dynamics just like in the standard inflation scenario. However, it 

requires a thermalized component to be established or re-established before the 

end of the inflation such that the universe can smoothly evolve into the normal 

radiation-dominated phase without a post inflationary reheating stage (Lee & Fang 

1997, 1998a) Therefore, the wcirm inflation model can be considered similar to the 

"standard" model, but with a heating or reheating stage of the (^decayed particles 

while the inflation was still in progress. We review this warm inflation scenario in 

Sec. 3.2. 

One purpose of developing the model of warm inflation is to explain the ampli

tudes of initial perturbations. The primordial density perturbations arising from 

a warm inflation model axe characterized by two thermodynamic conditions: (1) 

the perturbations originate in the epoch when the inflationary universe contains 

a thermalized heat bath; (2) the perturbations of the inflationary scalar field are 

determined by the fluctuation-dissipation relation. Hence, one can expect that, like 

many problems of thermal physics, some features of the perturbations should be 

mainly determined by thermodynamic requirements, but less dependent on the de

tails of the model, such as the inflaton potential. Obviously, these features would be 

useful in testing the thermal scenario of perturbation generation, and discriminat

ing it from other models. We describe the mechanism in producing the primordial 

density perturbations in Sec. 3.3. 
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In Sec. 3.4, we present solutions to the evolution of the radiation component for 

inflationary models with dissipation prescribed by a strong field-independent fric

tion term. Furthermore, we calculate the power spectrum of density perturbations 

which can be characterized by a power law. We show that for a given inflation 

energy scale M, the amplitude and the index of the power spectrum are not inde

pendent from each other. Consequently, the amplitude is completely determined 

by the  power  index and the  number  M. 

Dynamical analysis of systems of inflation with thermal dissipation (de Oliveira 

&: Ramos 1998) has found that the warm inflation solution is, in fact, very plau

sible. A rate of dissipation as small as H being the Hubble expansion of 

the universe in the slow-roll regime, can lead to a smooth transition from the infla

tion phase to the radiation-dominated era. We thus generalize our previous warm 

inflation solutions in Sec. 3.5. We show that the conditions for which the thermal 

fluctuations dominate the primordial density perturbations can easily be realized 

even for weak dissipation. 

Warm inflation also provides an explanation for the super-Hubble suppression. 

The standard inflationary cosmology, which is characterized by an isentropic de 

Sitter expansion, predicts that the particle horizon should be much larger than the 

present-day Hubble radius However, a spectral analysis of the COBE-DMR 

4-year sky maps seems to show a lack of power in the spectrum of the primordial 

density perturbations on scales equal to or larger than the Hubble radius if(7'(Jing 

&c Fang 1994; Fang & Jing 1996). A possible explanation of this super-Hubble 

suppression is given by hybrid models, where the primordial density perturbations 

are not purely adiabatic, but mixed with an isocurvature component. Evidently, an 

inflaton field plus a thermal bath constitute a model of a multi-component universe. 

Hence, warm infiation is one of the mechanisms which can naturally produce both 

adiabatic and isocurvature initial perturbations. We investigate the role of the 

isocurvature initial condition in the warm inflation scenario in Sec. 3.6. 

Finally, we summarize our investigations in Sec. 3.7 and also discuss the possibil

ity of discriminating warm inflation models from others through some observatonal 
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tests. 

3.2 The Warm Inflation Scenario 

Let us consider a flat universe consisting of a scalar inflaton field (f) and a thermal 

bath. Its dynamics are described by the following equations (Berera & Fang 1995). 

The equations of the expanding universe are 

2H + 
ml. 

1 

_02 ^ ^ (3.1) 

Pr + ^0' + V^(0)] , (3.2) 
3 L 

where H = d/a  is the Hubble parameter, and mpi = \J l /G is the Planck mass. 

V(0) is the effective potential for field 0, and Pr is the energy density of the thermal 

bath. Actually the scalar field 0 is not uniform, because of fluctuations. Therefore, 

the field (j) in Eqs.(3.1) and (3.2) should be considered as an average over the 

fluctuations. 

The equation of motion for scalar fleld 0 in a de-Sitter universe is 

0 +  +  V ' { ( t > )  =  0, (3.3) 

where the friction term describes the interaction between the 0 field and a 

heat bath. Obviously, for a smooth field, or averaged 0, the term in Eq. (3.3) 

can be ignored. Statistical mechanics of quantum open systems has shown that the 

interaction of quantum fields with a thermal or quantum bath can be described by 

a general fluctuation-dissipation relation (Weiss 1993). It is probably reasonable 

to describe the interaction between the inflaton and the heat bath as a "decay" 

of the inflaton (Boyanovsky, Holman & Kumar 1997). These results support the 

idea of introducing a damping or friction term into the field equation of motion. 

In particular, the friction term with the form in Eq. (3.3), F^0, is a plausible 

approximation for the dissipation of the <t> field in a heat bath environment in near-

equilibrium circumstances. In principle, F^ can be a function of 0. In the cases 

of polynomial interactions between 0 field and bath environment, one may take a 
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polynomial of </> for F; i . e . ,  The friction coeflBcient must be positive 

definite, hence > 0, and the dissipative index of friction m should be zero or an 

even integer if V(0) is invziriant under the transformation 0 —>• —<f). 

The equation of the radiation component (thermal bath) is given by the first 

law of thermodynamics as 

Pr+AHpr = r^'^. (3.4) 

The temperature of the thermal bath can be determined by pr  =  /30)gegT'^ ,  

where  ^ei r  i s  the  ef fec t ive  number  of  degrees  of  f reedom a t  tempera ture  T.  

The warm inflation scenario is generally defined by the property that the thermal 

fluctuations of the scalar field dominate over the quantum origin of the initial 

density perturbations. Because the thermal and quantum fluctuations of the scalar 

field are proportional to T and H respectively, a necessary condition for the warm 

inflation model is the existence of a radiation component with temperature 

T> H (3.5) 

during the inflationary expansion. Eq. (3.5) is also necessary for maintaining the 

thermal equilibrium of the radiation component. In general, the time scale for the 

relaxation of a radiation bath is shorter for higher temperature. Accordingly, to 

have a relaxation time of the bath shorter than the expansion of the universe, a 

temperature higher than H is generally needed. 

As in the standard inflation scenario, the energy density of the universe in the 

warm inf la t ion  epoch i s  dominated  by  the  <t> f ie ld  potent ia l ;  i . e . ,  

V{4>)  > 0V2, Vic/>)  »Pr.  (3.6) 

In addition, in order to solve the horizon problem and the entropy problem, the 

inflaton potential must be "flat" enough. Thus, 

+ (3.7) 

and 

+ (3.8) 



67 

Consequently, a general slow-roll solution to Eq. (3.3) can be obtained as 

Since the temperature of the universe at the end of the inflation can at most 

reach the energy scale of the initial vacuum M, hence T < M. Putting everything 

together, we see that the conditions (3.5) to (3.8) can hold simultaneously if the 

thermal dissipation and the inflaton potential V(0) satisfy 

f  M  M  „  f M \ M  , o  
( ) ^0 '^ ( ) Tt}-. (3.10) 
Vmpi /  W \mpi /  W 

^3/2(^)^-3 ̂  ^ mp,V(0), (3.11) 

where W = 0^/2V^(0) is the ratio of the kinetic and potential energy of the 0 field. 

In the case where (Af/mpi)^ 1, there is a large region in the parameter space of 

the potential fulfilling the conditions (3.10) and (3.11). 

Strictly speaking, we should use a finite temperature effective potential V'(0, T)  

in the dynamics of warm inflation. However, for many popular potentials, the 

correction due to the finite temperature effect is negligible. As an example, we 

consider a (j)* potential given by 

V(4, )  =  A(02 -  ̂2)2 .  (3 .12)  

The slow-roll solution gives 

= (3.13) 

where V(0) = = Act'*, and the subscript i  denotes the onset of the inflation. The 

condition (3.8) can certainly be satisfied if the self-coupling constant A < (A//mpi)^ 

(Sasaki, Nambu & Nakao 1988; Nakao, Nambu & Sasaki 1988). On the other hand, 

as shown in Chapter 2, the leading temperature correction for the potential (3.12) is 

Therefore ,  AT^ <  M^/mp^ ~ provided tha t  M mpi .  

Accordingly, the influence of the finite temperature effective potential is negligible 

when ((> < mpi. 
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3.3 The Primordial Density Perturbations 

In the standard inflation scenario, quantum fluctuations of the inflaton </> give rise to 

the primordial density perturbations. However, in the warm inflation scenario, it is 

the thermal fluctuations of the 4> field producing those initial density perturbations. 

The possibility for the thermal fluctuations to arise during the inflation epoch is 

s imply  because  there  i s  a  gap  between the  energy sca les  of  the  in i t ia l  vacuum M 

and the Hawking temperature H. The condition T < M ensures the domination of 

the vacuum potential in the slow-roll regime such that the evolution of the 0 field 

leads to an inflation. The necessary condition for the warm inflation, T > H, then 

guarantees that the thermal fluctuations dominate over the quantum fluctuations 

and subsequently envolve into the primordial density perturbations. 

The fluctuations of (f> field in a warm inflation model can be calculated in the 

same way as in the stochastic inflation model (Starobinsky 1982; Starobinsky 1986; 

Hosaya, Morikawa & Nakayama 1989; Salopek &: Bond 1991). FollowingRey (1987), 

we present the calculation again here. 

Recall that the coarse-grained scalar field 0 is actually determined from the 

decomposition 

$(x,i) = 0(x,O+9(x,0. (3.14) 

where $(x, t )  is the scalar field satisfying 

$ + + V"($) = 0. (3.15) 

q{x . , t )  in Eq.(3.14) contains all high frequency modes and gives rise to the fluctua

tions. Since the mass of the field can be ignored for the high frequency modes, we 

have 

g(x,i) = Id^fcVr(lkl) 4a;^(f)e'''''] (3.16) 

where k is comoving wave vector, and the modes crk(i) are given by 

= (27r)3/2 ^ ~ 't] 

and r = —exp(—iff) is the conformal time. Eq.(3.16) is appropriate in the 

sense that the self-coupling is negligible. Since the high frequency modes are mainly 
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determined by the heat bath, this approximation is reasonable. The window func

tion l'K(|k|) is properly chosen to filter out the modes at scales larger than the 

horizon size i.e., = d{k — kh{t)), where kh{t) ~ {l/ir)Hexp(Ht) is the 

lower limit to the wavenumber of thermal fluctuations. 

From Eqs.(3.14) and (3.16), with the slow-roll condition, Eq. (3.15) becomes 

3H^ -  -H K'($) = 3i7r7(x, t ) ,  (3.18) 

and 

7/(x, i) = -i- 9(x, t ) .  (3.19) 

Eq.(3.18) can be rewritten as 

d0(x, t )  1 5F[0(x, i)] 
dt  3H 5(f )  

where 

+ (3.20) 

F\4,\ = F. + V{i )  (3.21) 

Eq. (3.20) is, in fact, the rate equation of the order parameter <2i of a system with 

free energy F[0]. It describes the approach to equilibrium for the system during 

the phase transition. 

Using the expression of free energy (3.21), the general slow-roll solution (3.9) 

can be rewritten as 
d(t> ^ 1 dF[( i>]  
dt + d<i> ' ^ ' 

Hence, Eq. (3.20) is essentially the same as the slow-roll solution (3.9) or, equiv-

alently, Eq. (3.22) with fluctuations 77. The existence of the noise field ensures 

that the dynamical system properly approaches the global minimum of the infia-

ton potential Strictly speaking, both the dissipation and fluctuations 77 

arise from q{x , t ) .  They should be considered together. However, it seems to be 

reasonable to calculate the fluctuations 77 alone provided that the vacuum energy 

F(0) dominates the total energy density of the inflaton field. 

Unlike (3.15), the Langevin equation (3.20) is of first order in due to the slow-

roll condition. In general, thermal fluctuations will cause both growing and decaying 
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modes (Morikawa 1986; Gleiser & Ramos 1994; Boyanovsky et  a/. 1995). Therefore, 

the slow-roll condition simplifies the problem from two types of fluctuation modes 

to one; i.e., we can directly calculate the total fluctuation as the superposition of 

various fluctuations. It has been shown (Berera &: Fang 1994) that during the eras 

of dissipations, the growth of the structures in the universe is substantially the same 

as surface roughening due to stochastic noise. The evolution of the noise-induced 

surface roughening is described by the so-called KPZ-equation (Kardar, Parisi h 

Zhang 1986). Eqs.(3.18) or (3.20), which include terms of non-linear drift plus 

stochastic fluctuations, is a typical KPZ-like equation. 

From Eq.(3.19), the two-point correlation function of //(x, i) can be found as 

(Sasaki, Nambu & Nakao 1988) 

2 
1 + 

sin(A:fc|x - x'|) , ^ 
A:Jx-x'| exp{H/TrT)  — 1  

where l/[exp(/f/7rT) — 1] is the Bose factor at temperature T.  Therefore, when 

T > H, we have 
H'^T 

(77(x, i)77(x, t ' ) )  =  -  t' ) -  (3-24) 

This result can also be directly obtained via the fluctuation-dissipation theorem 

(Hohenberg & Halperin 1977; Hu &: Matacz 1995; Matacz 1997). In order to 

accord with the dissipation terms of Eq. (3.20), the fluctuation-dissipation theorem 

requires the ensemble average of rj to be given by 

i v )  = 0 (3.25) 

and 

(r7(x, 077(x, t ' ) }  =  D5{t  -  t ' )  .  (3.26) 

The variance D is determined by 

where U  = is the volume with Hubble radius H ~ ^ .  Since K(0) dominates 

the inflation dynamics in the slow-roll regime where conditions (3.6) to (3.8) are 
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satisfied, the term in Eq. (3.27) is negligible. This is expected because 

describing the coupling between the 0 field and the heat bath, is implicit in the 

system as a whole, as required by the fluctuation-dissipation theorem. Accordingly, 

we recover the same result as in Eq.(3.24); i.e., 

D = H'^TI2tz .  (3.28) 

When T = H,  we obtain 

D = 1^, (3.29) 
2ir 

which agrees exactly with the result derived from considering the quantum fluctua

tions of (j^field (Staxobinsky 1986; Rey 1987). Therefore, the quantum fluctuations 

of the 0 field are equivalent to the thermal noises stimulated by a thermal bath 

with the Hawking temperature H. Eqs. (3.28) and (3.29) show that the condition 

(3.5) is necessary and suflBcient for a warm inflation. 

For long-wavelength modes, the V'{( f ) )  term is not negligible. It may lead to a 

suppression of correlations on scales larger than |V^"(0)|~^^^. However, before the 

inflaton actually rolls down to the global minimum, we have |V^"(0 > 

The so-called abnormal dissipation of density perturbations (Kirkpatrick & 

Belitz 1997) may produce longer correlation time than H. Therefore in the warm 

inflation phase H <T < M, the long-wavelength suppression will not substantially 

change the scenario presented above. 

The fluctuations can be found from linearizing Eq. (3.20). If we only consider 

the fluctuations S<l> crossing outside the horizon, i.e., with wavelength ~ the 

equation for 64> is (Berera & Fang 1995) 

ds^ ir' + V{,p) 
-dT ' 

For the slow-roll evolution, since 1V^ "(0)1 <C { Z H  4- F^)^, one can ignore the V"{4>)  

term on the right hand side of Eq. (3.30). Consequently, the correlation function 

of the fluctuations is 
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so that 

{{6<j) f )  ~  ̂ HT (3.32) 

Therefore, in the period between the horizon-crossing moment and the end of in

flation, the density perturbations on large scales are produced by the thermal fluc

tuations that leave the horizon with a Gaussian-distributed amplitude having a 

root-mean-square dispersion described by Eq. (3.32). 

Principally, the problem of horizon crossing of thermal fluctuations given by Eq. 

(3 .20)  i s  d iSierent  f rom the  case  of  quantum f luc tua t ions ,  because  the  equat ions  of  H 

and H, (3.1) and (3.2), contain terms in pr- However, these terms are insignificant as 

long as Pr <^V{<j>) during inflation. Thus Eqs.(3.1) and (3.2) depend only nominally 

on the evolution of pr. Accordingly, the behavior of thermal fluctuations at horizon 

crossing can be treated by the same way as the evolutions of quantum fluctuations 

in stochastic inflation. In that theory, the quantum fluctuations of the inflaton are 

assumed to become classical after horizon crossing and to act as stochastic forces. 

Obviously, this assumption is not necessary for thermal fluctuations. Moreover, we 

will show that in the warm inflation phase the form of the thermal stochastic force 

HT, which is contingent upon the comoving scale of perturbations, obeys a power 

law. This makes it easier to estimate the gauge-invariant quantity C (Bardeen, 

Steinhardt & Turner 1983; Bardeen 1988) in the super-horizon regime. 

As such, the density perturbations at the horizon re-entry epoch are character

ized by 

All quantities in the right-hjmd side of Eq. (3.33) should be calculated at the time 

when the relevant perturbations cut across the horizon at the inflationary epoch. 

3.4 Inflation With Strong Dissipation 

(3.33) 

To demonstrate the properties of the warm inflation scenario, we employ the 0"^ 

potential given in Eq. (3.12) and consider an inflation undergoing a strong field-
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independent dissipation such that 

r ^ > H  .  ( 3 . 3 4 )  

3.4.1 Evolution of the Radiation Component 

Since the scalar field dynamics dominates in an warm inflation period, the evolution 

of the (f) field is about the same as in the "standard" model. However, the radiation 

component shows very different behavior in these two scenarios. In the standard 

model, the radiation component did not exist before reheating, while in the thermal 

scenario, it appeared quite early. To illuminate this point, we first plot a typical 

numerical solution of Eqs. (3.2) - (3.4) in Fig. 3.1, where the relevant parameters 

are taken to be M = 10^^ GeV, A = 4 • 10"^^, = loHi and g^s = 100- It 

should be pointed out that ^eff-factor generally is a function of T, and the unknown 

function ges{T) will lead to uncertainty in the solutions. Fortunately, the variation 

of 5eff-factor has only a slight effect on the problems we are going to study. 

The solution shown in Fig. 3.1 is easy to understzind. As expected, the inflation 

is dominated by the vacuum energy of the 0 field, and H remains almost constant 

during the inflation. The evolution of the radiation contains three phases. Phase 

1 covers the period during which the radiation temperature T drops drastically 

because of the inflationary expansion. This phase is the same as in cool inflation 

models. When t = tt,, T will rebound, and the evolution of radiation evolves into 

phase 2 which lasts from tb to tf. In this phase, H ~ Hi, while the radiation 

temperature increases because of the friction of the 0 field. Therefore, the second 

phase is actually the epoch of inflation plus reheating. Finally, phase 3 begins at 

t = tf when the energy of the radiation components is comparable to the potential 

energy of 0 fleld, and the inflationary process stops. The third phase is, in fact, 

the standard radiation dominated universe, and radiation temperature follows the 

standard evolution of an adiabatic decrease with the expansion of the universe. 

Therefore, the only difference between the thermal and the standard scenarios 

is that the "reheating" starts at the time tb < tf when the inflation still prevails. 

In other words, the reheating stage is merged into the epoch of inflation. A specific 
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Figure 3.1: Numerical solutions of the evolutions of 0 field and radiations in a warm 
inflation model with V{<f)) = A(0^ — at the inflation mass scale M = 10^^ GeV. 
The parameters are taken to be A = 4 • 10"^^, = IhHi, and ^eff = 100. The 
dot-dashed and solid lines are the evolutions of H{t) and the temperature T of the 
radiation, respectively. The circles indicate the approximate solution of T, which 
perfectly matches the exact solution by the end of the slow-roll era. U is the time 
at which the temperature rebounds, and is the end of inflation. T and H are in 
units of Hi = [87rK(0)/3mp[]^/^, and t is in units of 1/Hi. 
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reheating stage between the epochs of inflation and radiation dominated universe 

is not needed. The transition from inflation to a radiation dominated universe is 

now smooth, because a heat bath has already been established before the end of 

the inflationary expansion. 

Moreover, the solution of phase 2 is independent of the initial conditions of 

the radiation and the 0 field. Whatever the initial condition of the radiation, the 

solution during phase 2 is always about the same, as shown in Fig. 1, because 

the radiation in phase 2 is produced during inflation, and the initial radiation has 

almost been consumed by the expansion. Therefore, this solution of pheise 2 can be 

installed in both initially hot and cool models. It can be used as either a reheating 

or heating solution. 

The features shown in Fig. 3.1 are typical of warm inflation models. One can 

describe these features by approximate solutions of Eqs. (3.2)-(3.4). During the 

slow-roll stage we have 0 <|C cr, and it would be reasonable to neglect the (t>^ term 

in V'{4>). Eq. (3.3) then becomes 

0 + (3/f + r^)0 - AXa^<t) = 0. (3.35) 

The inflationary solution of Eq. (3.35) can immediately be found as 

0 = (iae''"', (3.36) 

where is the initial value of 0 field. can be estimated by V'{( j ) i )  =  Hf,  which 

gives ~ {M/mp\)'^a. The uncertainty of 0,- slightly affects the results discussed 

below. 

The coefficient a in Eq. (3.36) is given by 

where 7 = (F^ + ZH)/Hi. Since we have required A < [M/mpyf (M/mpi)^, and 

7 » 1, Eq. (3.37) gives a ~ 3A^/^(mpi/M)^/27r7 1. 

From Eq. (3.36), one can find the exact solution of Eq. (3.4) as 

Pr = C'e-^"' + (3.38) 
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where C = a^HV4,4>f /2{a  +  2) .  If the initial condition is taken to be /9r(0) = 

where ar = (7r^/30)^eff(^) , we have C = pr{Q)—C. It is clear from Eq. (3.38) that 

when the first term on the right-hand side of Eq. (3.38) is dominant, the evolution 

is in phase 1: and phase 2 starts when the second term becomes dominant. The 

transfer from phase 1 to phase 2 occurs at the rebound of the temperature of the 

radiation. The transition time tb can be determined by {dp/dt)t^ = 0. We have 

ZJ4.  1 I (A{a-^2)aTM^\  /o on\ 

The temperature at the rebound is 

Tft = (3.40) 

Therefore, the radiation temperature T in phases 1 (i < t ^ )  and 2 { t  >  tb)  can 

be approximately expressed as 

m = 
7Tg if t  tk  
' , ' (3.41) 

i i  t  >  tb  

Substituting Eqs. (3.36), (3.39), and (3.40) into the approximate solution (3.41) of 

t > tb, we have 

p, = arT' = ^HaWe""" = (3.42) 

Substituting (3.42) into Eq. (3.4), we have 

Pr ~ 0. (3.43) 

Solution (3.43) implies that the evolution of the radiation is simply determined by 

the balance between the depletion of the initial radiation density due to inflationary 

expansion and the production of thermal components by friction. 

From Eq. (3.42), we have T = .  The second phase 

will end at the time i/, when 0 approaches the minimum of V{4>) ,  i . e ,  0 < (t/\/2. 

Accordingly, the temperature at the end of phase 2 should be 

Tf  <  (4ar) - ' / ' 'a^ /2pi /4^ i /4(^2/2) i /4  ^  (3  44)  
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where 

e ~ 
2ar(r^  +  ZH) 

(3.45) 

Eq. (3.44) shows that the radiation temperature will rise to be of order M when 

the inflation ends. Accordingly, both the heating (or reheating) and the inflation 

are underway in phase 2, and no post-inflation reheating is needed. 

Using the same parameters as the numerical solution of Fig. 3.1, the approxi

mate solutions (3.41) and (3.44) are plotted. It shows that this approximation is 

in excellent agreement with the numerical one. 

3.4.2 Duration of the Warm Inflation 

Generally, the rebound temperature TF,  can be either greater or less than H. Figure 

(3.2) plots a typical solution for the case < H. This solution shows that the 

tempera ture  T i s  lower  than  H in  the  per iod  tb  <  t  <  tg ,  and i t  i s  h igher  than  H 

when t > tg. From Fig. 2, the evolution oi T aX Tf, < H shows about the same 

behavior as that in the period of > H. However, we should not consider the 

solution to be physical when T < H, because it is impossible to define a thermalized 

heat bath with temperature less than the Hawking temperature H. Nevertheless, 

th is  so lu t ion  should  be  va l id  when t  >  tg  and T > H.  

As has been discussed in Sec. 3.4.1, the evolution of the radiation aX t  >  tg  is 

independent of whether the radiation existed at i < ig- The behavior of T at the 

period t > tg\s completely determined by the competition between the dilution and 

production of radiation at t > tb. Initial information about the radiation has been 

washed out during the thermalization. For instance, one can replace the solution 

at t < ig by a standard (cool) inflation. Therefore, tg can be considered as the time 

of  the  onse t  of  warm inf la t ion ,  and  the  dura t ion  of  the  thermal  inf la t ion  i s  t f  — tg .  

The number of e-folds of the growth of the cosmic scale factor a during the warm 

inflation is then 

One can also formally calculate the number of e-folds of the growth in phase 2 

(3.46) 
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Figure 3.2: An exact solution of H and T similar to that shown in Figure (3.1), 
but the parameters sire taken to be A = 4 • 10"^^, = 150ifi, ^eff = 100- is the 
time of the onset of warm inflation. 

as 

N2 =  r  
Jti  a  lb  

and the number of e-folds of the total growth as 

Nt =  - L  
, 2 , f e M \  „ 2 , 

Hdt ~ — In I -;=:r ) + Htb = — In 
OL \Tb  J a  

1/4 M 'A) 
,"7/ 

(3.47) 

(3.48) 

As expected, both N2 and Nt depend on the initial value of the field 0,-, but N does 

not. Therefore, 0; will not lead to uncertainty in our anaiysis if we only study the 

p r o b l e m s  o f  t h e r m a l  e v o l u t i o n  a . t  t e  <  t  <  t f .  
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3.4.3 Power Law Index 

We are only interested in the primordial density perturbations produced in the 

period of warm inflation, i.e, t > tg. From Eq. (3.33), we have 

where the temperature T  should be in the range T f  >  T  >  H .  

Since the inflation is immediately followed by the radiation dominated epoch, 

with no reheating in between, the comoving scale of a perturbation with Hubble-

crossing at time t is given by 

^ (3.50) 
I l o  n o  I f  

where To and HQ are the present CMB temperature and Hubble constant, respec

tively. Eq. (3.50) shows that the smaller t is, the smaller k will be. This is the 

so-called "first out - last in" of the evolution of density perturbations produced by 

the inflation (see Fig. 2.4). 

Using solution (3.41) and (3.50), the perturbations (3.49) can be rewritten as 

} ock~^°'^^, if k  > kg,  (3.51) 

where ke is the wavenumber of perturbations crossing out of the horizon at te- It is 

kg = ~ 2wH^e-^. (3.52) 
T-f  

Therefore, the primordial density perturbations produced during thermal inflation 

are a power law with an index —3q:/2. Written in terms of the density perturbations 

at a given time t, it can also be expressed as a power law as (Liddle & Lyth 1993) 

((?) ) k>ke, (3.53) 

and then the index n becomes 

n = 1 — 3a/2. (3.54) 
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Consequently, the power spectrum of thermally induced perturbations is a tilted 

power law. 

The thermal scenario requires that all perturbations re-entering the Hubble 

radius originate in the period of warm inflation. The longest wavelength of the 

perturbation (3.51), i.e, 27r/fce, should be Izirger than the present Hubble radius. 

In other words, N should be large enough in order that the inflated patch covers 

the entire Hubble radius. From Eq. (3.52), we have then 

^( ^ )  ~ ^  ~  
where we used [TQ/HQ) (TJ/H) .  Thus, from Eqs. (3.46) and (3.54), we can find 

a lower limit to n as 

Figure 3.3 plots UMIN as a function of the inflation mass scale M and ^eff- '^min is 

sensitive to M, but only varies slowly with ^eff when ^eff is in the range 10^ — 2 • 

10^. Thus, as mentioned in Sec. 3.4.1, the uncertainty given by ^efF-factor is not 

important. 

We now try to find an upper limit to n.  From the slow-roll solution (3.9) and 

Eq. (3.46), and ~ 87rF(0)/3mp,, we have 

H _ 87R7 V 
Ut d  3mp|  J<t , f  V ' ^  

where 0e = (i>iexp{aHte) and (f)/ = (piexp{aHtf) ~ cr/\/2. For the potential (3.12), 

Eq. (3.57) gives 

27r7 f<i>' 

H SIVY V  
N = / / -dcl>, (3.57) 

' ' ( b  STTIdi V  

N = siy-j"' 

37Tip,i [ 4 2 

Because 0e f/\/2, Eq. (3.58) can be rewritten as 

(3.58) 

2 

iV = ^-^'yi4QN - 1) (3.59) 
0 
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Figure 3.3: The lower limit of the spectral index n as a function of the mass scale 
M. g^e is taken to be 100 (dotted line), 500 (dot-dashed line) and 2000 (solid line), 
respectively. 
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where we used < mp,. Hence, an upper limit to n is found to be 

n < I  — (3.61) 
47r7 

For most interesting cases, 7 > 70 (see next subsection), and therefore, n < 0.99. 

Eq. (3.60) also provides another lower limit, a > l/4iV, and the corresponding 

upper limit to n is 

n < 1 - 3/8N.  (3.62) 

In the case of warm inflation, N > 70 [Eq. (3.55)], and therefore we obtain the 

same upper limit as Eq. (3.61), i.e, n < 0.99. Thus, roughly speaking, the allowed 
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values of the power law index should fall within the area between the curves of rimin 

and the line n = 1 in Fig. 3.3. 

3.4.4 Amplitudes of Perturbations 

To calculate the amplitude of the perturbations we rewrite the spectrum (3.51) as 

where fco = 2-KHQ . .4 is the normalized amplitude of the perturbation at the scale 

k = kQ, which re-enters the Hubble radius I/Hq at the present time. From Eqs. 

(3.49), and (3.50), we have 

^  ( H -  ̂  
(27r)3y,ffH 

Applying Eq. (3.41), the radiation temperature at the horizon-crossing moment, t, 

can be expressed as T'(i) = Tfex-p[{n — \.)H{t} — t)jZ\. With the help of Eq. (3.46), 

we obtain 

405 K n-l n-4 
.4 = iW (I)' 

_ 405 ^0N" ^ -(l-7i)(4-n)Ar/3 
{2-Kfg ,sH\Tj  

On the other hand, Eqs. (3.44), (3.45), and (3.46) give 

_ 9aT(f 
H (i_n)-3aT(f)''e4(l-"W3• 

Substituting Eq. (3.66) into Eq. (3.65), we have finally 

405 QTT^ (^)4e(l-n)nAr/3 

(3.65) 

(3.66) 

_ 405 97r / ( A / )  ^  (r> f.-7\ 
{ 2 - K f m \ T o )  ( 1 - n ) - 3 a r ( f ) V ( i - " W 3 -  ^  

Because for a given energy scale of inflation M, power law index n and ^eff, N can 

be approximately determined by Eq. (3.46), the amplitude A is a function of M, 

n and ^eff- Figure 3.4 shows -4 as a function of n for given parameters M and 

The values of n in Fig. 3.4 cover the entire allowed range shown in Fig. 3.3. Again, 
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Figure 3.4: The amplitudes of the power spectrum as a function of n which covers 
the allowed range Ujam < n < 1. The mass scales M are taken to be 10^^ 
and 10^®GeV labeled at the three sets of curves, and ^eff are 100 (dotted lines), 500 
(dot-dashed lines) and 2000 (solid lines). The shaded zone is the allowed area of 
the values {n and A) given by the COBE^DMR data. The solid line within the 
shaded zone represents the approximated relation SQjQ = —(ln5)Jn. 

it can be seen from Fig. 3.4 that ^eff has only a slight effect on the magnitude of 

.4. But the magnitude of ^4 changes by about 8 orders when n changes from 1 to 

0.60. 

To check the consistency of these solutions, we calculate as function of M, 

n and ^eff- The result is plotted in Fig. 3.5. Figure 3.5 shows that in all cases 

wi l l  be  around These  va lues  sa t i s fy  very  wel l  the  condi t ion  o(  H < < M.  

Figure 5 also shows that in the parameter range allowed by the thermal scenario 

the values of F^ are mainly determined by M, but not n and ^eff-

To replace n,  A  and F^ can also be treated as functions of A/, TV, and ^eff- Fig-
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Figure 3.5: as a function of spectral index n, which covers the allowed range 
J^min < n < 1. The mass scales M are taken to be 10^® and 10^®GeV labeled 
at the three sets of curves, and ^eff 3,re 100 (dotted lines), 500 (dot-dashed lines) 
and 2000 (solid lines). F,p is in units of Hi. 

ures 3.6 and 3.7 give the relationships of .4 - N and - N,  respectively. Similarly, 

the variation of ges does not have much effect on the amplitudes of the primordial 

density perturbations and the friction F^. 

3.5 The General Weirm Inflation Solutions 

As mentioned earlier, in order to maintain the (j) field close to its minimum at 

the onset of the inflation phase transition, the existence of a thermal component 

during inflation seems to be inevitable. In other words, there is at least weak 

coupling between (p field and other fields contributing to the heat bath. During the 

slow-roll period of inflation, the potential energy of the 0 field is fairly constant, 
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Figure 3.6: The amplitude of the power spectrum as a function of the thermal 
duration N in the range of N > In(To/i7o) ~ 70, i.e, the range of warm inflation. 
The mass scales M are taken to be 10^'*, 10^® and 10^® GeV labeled at the three 
sets of curves, and ^eff are 100 (dotted lines), 500 (dot-dashed lines) ajid 2000 (solid 
lines). 

and the kinetic energy is small, so that the interaction between the (j> field and the 

fields of the thermal bath remains about the same as at the beginning. Dynamical 

system analysis has confirmed that, for a massive scalar field V"(<^) = the 

warm inflation solutions to Eqs. (3.1) - (3.4) are plausible (de Oliveira & Ramos 

1998). In this section, with the 0'* potential Eq. (3.12), we apply a general thermal 

dissipation of the polynomial form 

r = with r,„ > 0 and m = 0 or even integer (3.68) 

to describe the interactions between the (j) field and the bath environment. There

fore, We generalize our warm inflation solutions to a most generic setting of infla-
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Figure 3.7: as a function of the thermal duration N  in the range of N  >  

ln(To/Ho) ~ 70. The mass scales M are taken to be 10^'*, 10^^ and 10^® GeV 
labeled at the three sets of curves, and are 100 (dotted lines), 500 (dot-dashed 
lines) and 2000 (solid lines). F^ is in units of i/j. 

tionary framework. 

3.5.1 The Validity of the Warm Inflation Scenario 

Now, we try to find warm inflation solutions to Eqs. (3.1) - (3.4) under weak friction 

F < /f. In this case, the Eqs. (3.1) - (3.3) are actually the same as "standard" new 

inflation model when 

Pr V'(O). (3.69) 

Namely, we have the slow-roll solution as 

V'(<f) )  V ' (d>)  
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« V(0), (3.71) 

and 

f f ' ^  s  ~  f—V M',  (3.72) 
3 mpi Kmpi/ 

where the subscript i denotes the starting time of the inflation epoch. 

During the stage </> <^ cr, it is reasonable to neglect the 0^ term in Eq. (3.3). 

We have then 

+ r)0 - 4AO-20 = 0. (3.73) 

Considering F < if, an approximate solution of <J) can immediately be found to be 

d, = (3.74) 

where q ~ A^/^(mpi/M)^/27r and 0, is the initial value of the scalar field. 

Substituting solution (3-74) into Eq. (3.4), we obtain the general solution to 

(3.4) as 

Pr{ t )  = (3.75) 

where A = + 2)q + 4\, B = Pr(0) — A, and Pr(0) is the initial 

radiation density. Obviously, the term B in Eq. (3.74) describes the blowing away 

of the initial radiation by the inflationary exponential expansion, and the term .4 

is due to the generation of radiation by the 0 field decay. 

According to Eq. (3.75), the evolution of the radiation has two phases. Phase 1 

covers the period during which the B term is dominant, and radiation density drops 

drastically due to the inflationary expansion. The component of radiation evolves 

into phase 2 when the A term becomes dominant, where the radiation density 

increases due to the friction of the 0 field. Namely, both heating and inflation are 

simultaneously underway in phase 2. Therefore, this phase is actually the era of 

inflation plus reheating. 

The transition from phase 1 to phase 2 occurs at time ti, determined by {dp/d t ) t^  =  

0. We have 

zjt 1 . f4[(m + 2)a + 4] arM^ , 
~ (m + 2)q + 4 I (m + 2)a^H ' ^ ^ ^ ^ 
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where ar = (tt /30)^eff(7'). Then the radiation density at the rebound time becomes 

Prih) = ^ [("^ + 2)q! + 4] Aexp[(m + (3.77) 

From Eqs. (3.74) and (3.75), the radiation density in phase 2 is given by 

Pr( t )  =  (3.78) 

Since H ~ (M/mpi)M, Eq. (3.78) can be rewritten as 

(3.79) 

On the other hand, from (3.74), we have 

^ K(0). (3.80) 

Therefore, in the case of weak dissipation T < H, we have 

Pr{ t )  <  M t ) V 2 .  (3.81) 

This is consistent with the condition of inflation Eq. (3.69) when Eq. (3.71) holds. 

Eqs. (3.69) and (3.71) indicate that the inflation will come to an end at time 

tf when the energy density of the radiation components, or the kinetic energy- of 0 

field, 0^/2, becomes large enough, and comparable to V(0). From Eqs. (3.79) and 

(3.80), tf is specified by 

In general, at the time when phase 2 ends, or a radiation-dominated era starts, 

the potential energy may not be fully exhausted yet. In this case, a non-zero po

tential V will remain in the radiation-dominated era, and the process of 0 decaying 

into light particles still continues. 

However, considering X^^'^{mp[/M)'^{r/H) < 1, the right hand side of Eq. (3.79) 

will always be less than 1 when 0(i) is less than a. This means that, for weak 

dissipation, phase 2 cannot terminate at < cr, or V{<f){tf)) ^ 0. Therefore, 
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under weak dissipation, phase 2 will end at the time tj when the potential energy 

V{<i)) is completely exhausted, i.e., 

~ a. (3.83) 

This means that no non-vanishing V would remain once the inflation stopped at 

the beginning of the radiation-dominated era, and the heating from <j> decay would 

also end at i/. 

3.5.2 Temperature of the Radiation Component 

From Eq. (3.75), one can find the temperature T of the radiation in phases 1 

{t < th) and 2 (t > tb) as 

f if t < tb, 
T{t) = ^ (3.84) 

[ Tbe^rn+2)am-t,)/4^ jf > t > tb, 

where 

Tfr = (4ar)~'^''[(Tn-H2)a-h4]'/''^i/^exp aHtb . (3.85) 

The temperature T/ at the end of phase 2 is 

T f  =  T { t f )  =  ( 3  g g )  

where is given by Eq. (3.83). 

Since T { t )  is increasing with t  in phase 2, the necessary condition for warm 

inflation [Eq. (3.5)] can be satisfied \iT{tf) > H, or 

Pr{tf) > arHf. (3.87) 

Using Eqs. (3.79) and (3.83), the above condition can be realized if 

( — ) ' ( — ) ' •  ( 3 - 8 8 )  
H  \ m p \ J  \ m p i /  

Namely, F can be as small as for M ~ 10^® GeV, and a ~ 10^® GeV. 

Therefore, the radiation solution (3.75), or warm inflation, should be taken into 

account in a very wide range of dissipation 

< T  < H .  (3.89) 
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This result is about the same as that given by dynamical system analysis: a tiny 

friction F may lead the inflaton to a smooth exit directly at the end of the inflation 

era. 

A typical solution of the evolution of radiation temperature T { t )  is demonstrated 

in Fig. 3.8, for which parameters are taken to be M = 10^^ GeV, a = 2.24 • 10^® 

GeV, r2 = Hi and = 100. Once again, the unknown function gesiT) has 

only a slight effect on the problems under investigation. Figure 3.8 shows that the 

r e b o u n d  t e m p e r a t u r e  T b  c a n  b e  l e s s  t h a n  H .  I n  t h i s  c a s e ,  t h e  e v o l u t i o n  o f  T { t )  

in phase 2 can be divided into two sectors: T < H for t < and T > if for 

t > te, where te is defined by T{te) = H. We should not consider the solution of 

radiation to be physical liT < H since it is impossible to maintain a thermalized 

heat bath with the radiation temperature less than the Hawking temperature H of 

an expanding universe. Nevertheless, the solution (3.75) should be valid if t > t^. 

Therefore, one can only consider the period OITG < t < tj BS the epoch of the warm 

inflation. 

Figure 3.8 also plots the Hubble parameter H { t ) .  The evolution of H { t )  is 

about the same as in the standard new inflation model, i.e., H{t) ~ Hi in both 

phases 1 and 2. From Fig. 3.8, it is evident that the inflation smoothly exits to 

a radiation era at tj. The Hubble parameter H{t) also evolves from the inflation 

H { t )  ~  c o n s t a n t  t o  a  r a d i a t i o n  r e g i m e  H { t )  o c  

The duration of the warm inflation is represented by ( t f  —  t g )  then. The number 

of e-folding growth of the cosmic scale factor a during warm inflation is given by 

One can also formally calculate the number of e-folds of the growth in phase 2 as 

(3.90) 

(3.91) 

and the number of e-folds of the total growth as 

(3.92) 
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Figure 3.8: A typical solution of the evolutions of the 6 field and the radiation in 
a warm inflation model where F = and \a^ = M 
being the inflaton energy scale. The parameters are taken to be M = lO^^GeV, 
a = 2.24 • 10^® GeV, r2 = 10~®/fj and ^eff = 100. The dot-dashed and solid lines 
are for H{t) and the radiation temperature T respectively, tf, is the time at which 
the temperature rebounds (T5); and is the time of T = if. The inflation ends at 
tf when the temperature is Tf. T and H are in units of Hi = [87rF(0)/3mp|]^/^, 
and t is in units of 
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It can be shown from Eqs. (3.90) - (3.92) that both N2 and iVj depend on the 

initial value of the field via but N does not. The behavior of T when t > te 

is completely determined by the competition between the dilution and production 

of radiation at t > ti,. Initial information about the radiation has been washed out 

by the inflationary expansion. Hence, the initial <t>i will not lead to uncertainty in 

our analysis if we are only concerned the problems of warm evolution at the period 

t e  < t  <  t f .  

3.5.3 The Power Spectrum of the Primordial Density Perturbations 

Using the solutions of 0 and pr for warm inflation [Eqs. (3.74) and (3.75)], by 

virtue of Eq. (3.33), the density contrast when perturbations re-enter the horizon 

is characterized by 

where the dimensionless parameter 7„, = and T is the temperature at the 

time when the considered perturbations 5pr cross out of the horizon H~^ ~ 

Eq. (3.93) shows that the density perturbations are insensitive to the ^eff-factor. 

Following the same lines as in Sec. 3.4.3, the perturbations (3.93) can be rewrit

ten as 2 

((?) ) (3.94) 

where is the wavenumber of perturbations crossing out of the horizon at te, and 

can be described by Eq. (3.52). Therefore, the primordial density perturbations 

produced during warm inflation are a power law with an index (m — Q)a/A. When 

the power spectrum is expressed at a given time t [see Eq. (3.53)], we obtain the 

spectral index n as 
fm — 6\ , , 

n = l+ j a- (3.95) 

Clearly, for m = 6, the warm inflation model generates a flat power spectrum n = 1, 

yet the power spectra will be tilted for m 7^ 6. The dissipation models F = Fm0'" 
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may not be realistic for higher m, but we will treat m as a free parameter to show 

that the results concerned actually are not very sensitive to these parameters later. 

The warm inflation scenario requires that all perturbations on comoving scales 

equal to or less than the present Hubble radius originate in the period of warm 

inflation. Hence, the longest wavelength of the perturbations , 2-K/ke, should be 

larger than the present Hubble radius Hq^. We have then 

where we have used ( T Q / H Q )  »  ( T F / H ) ,  as T/ < M .  Using (3.90), the condition 

(3.96) gives an upper bound to or for a given m as 

Thus, the possible range of the index n can be found from Eq. (3.96) as 

{1 - (6 - Tn)amax/4 to 1, if m < 6, 
(3.98) 

1 to 1 + (m — 6)Q:niax/4, if m > 6. 

Therefore, the power spectrum is positive-tilted (i.e., n > 1) if m > 6, and negative-

tilted (n < 1) if m < 6. Figure 3.9 plots the allowed range of n as a function of the 

inflation mass scale M. Apparently, for A/ > 10^® GeV, the tilt |n — 1| should not 

be larger than about 0.15 regardless of the values of m from 2 to 12. 

It is straightforward to derive the amplitude of the power spectrum by means 

of Eqs. (3.63), (3.93) and (3.94). We obtain 

.4 = 

Applying Eq. (3.83), the radiation temperature at the moment of horizon-crossing, 

i, can be expressed as T{t) = 7/exp[(m + 2)aH{t — tf)/A]. With the help of Eq. 

(3.90), we obtain 

a=6 _ 

(w) " (^) '^=exp|(n-l) 1 + ivj. (3.100) 
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Figure 3.9: The allowed range of the power law index n as a function of the mass 
scale M for various m. For given M and m, the possible n should lie between the 
line n = 1 and the corresponding curve of m. For m = 6, the only solution is n = 1. 

On the other hand, using Eqs. (3.83), (3.85) and (3.90), one has 

Substituting Eqs. (3.100) and (3.101) into Eq. (3.99), we have finally 

- (i&) • (S * (t)" I- (^) -H 
(3.102) 

Eq. (3.102) shows that the amplitude A does not contain the unknown ^eff-

factor. Moreover, a can be expressed by n and m through Eq. (3.95), and N can 

be expressed by a and M via Eq. (3.90). Therefore, the amplitude of the initial 

density perturbations. A, is only a function of M, n, and m. 
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Figure 3.10: The amplitudes of the power spectrum as a function of n in the range 
n < 1. The mass scales M are labeled at the curves. The dotted, dashed, and solid 
lines are for m = 0, 2 and 4 respectively. All curves end at the points when the 
corresponding warm inflation durations N are less than 55. The region within the 
dot-dashed box is the allowed area of (n, ̂ 4) given by the 4-year COBEi-DMR data. 

Figures 3.10 and 3.11 plot the relations between the amplitude A and index n 

for various parameters M and m. In the case of m = 6, n = 1, the relation of A 

and a is plotted in Fig. 3.12. It can be seen from Figs. 3.10, 3.11 and 3.12 that for 

either m > 6 or m < 6, the amplitude A is significantly dependent on M, but not 

so sensitive to m. Namely, the testable A-n relationship is mainly determined by a 

thermodynamic variable, the energy scale M. This is a "thermodynamic" feature. 

The relationship between A and N plotted in Figs. 3.13 and 3.14 also shows this 

kind of "thermodynamic" feature; the A-N relation depends mainly on M. 

For comparison, the observed results for A and n derived from the 4-year COBE-
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Figure 3.11: The same as Fig. 3.10, but for n > 1. The dotted, dashed, and solid 
lines are for m = 8, 10 and 12 respectively. 

DMR data (quadrupole moment Qrms-ps ~ ~ 1.2±0.3) (Bennet 

et a/. 1996) are plotted in Figs. 3.10, 3.11 and 3.12. The observationally allowed 

A-n range is generally in a good agreement with the predicted A-n curve if M ~ 

10^^ — 10^® GeV, regardless the parameter m. Figures 3.10 and 3.11 also indicate 

that if the tilt of spectrum \n — 1| is larger than 0.1, the parameter range M < 10^'* 

GeV will be ruled out. Therefore, the warm inflation scenario seems to reconcile 

the initial perturbations with the energy scale of the inflation fairly well. 

3.5.4 Thermal Fluctuations of Radiation 

All the above calculations consider only the density perturbations given by the (j) 

field fluctuations. In principle, we should also consider the contribution from the 

radiation fluctuations. Because the radiation is in thermal equilibrium, the density 
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Figure 3.12: The relation A and q for m = 6. In this case, n = 1. The dot-
dashed line represents the COBE-DMR data at n = 1 and Qrms-ps = lo.S^K, i.e., 
/I ~ 3.5 X 10"®. 

fluctuation is simply given by Sprjpr — l/x/^r, where Nr is the total number of 

photons within the horizon Since the photon number density is proportional 

to r^, and the volume inside horizon H~^ is we have then 

5pr /T 

Therefore, the energy fluctuations caused by Sp,. are given by 

5pr = ~ y ̂ HT • (3.104) 

Generally, in the case of weak dissipation T < H, we have HT^ < V''(0), and thus 

5pr < 5p4,. One can ignore the effects of the radiation fluctuations. 
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Figure 3.13: The amplitudes of the power spectrum as a function of the thermal 
duration N at three inflaton mass scales M and in the range of n < 1. The dotted, 
dotted and dashed lines are for m = 0, 2 and 4 respectively. 

3.6 Super-Hubble Suppression 

In the standard scenario of inflationary cosmology, fluctuations of the inflaton 0 

give rise to the curvature perturbations. However in the warm inflation scenario, 

because of the eflBcient dissipation, a significant amount of radiation pr will be 

created during the inflation epoch and the whole universe becomes a compound 0 

plus Pr system. Accordingly, the fluctuations in pr will inevitably contribute to the 

total density perturbations. Therefore, when expressed in terms of the equation 

of state, the compound system is in homogeneous. This is the isocurvature initial 

condition which specifies the relative abundance of the ^-decayed particles and the 

thermal components. Consequently, the hybrid adiabatic plus isocurvature initial 
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Figure 3.14: The same as Fig. 3.13, but for n > 1. The dotted, dotted and dashed 
lines are for m = 8, 10 and 12 respectively. 

condition leads to the suppression of density perturbations on super-Hubble scales. 

3.6.1 Decomposition of Initial Conditions 

As mentioned earlier in Chapter 2, a multi-component system generally assumes 

the isocurvature initial condition. We need to find a way to quantify the influence 

of the isocurvature modes on the total density perturbations. Furthermore, the 

adiabatic initial condition and the negligible thermal fluctuations in pr, Spr ^ 

may cause some confusion as one wants to discern the isocurvature effect in 

the warm inflationary phase. Care must be taken when we dissect the total initial 

perturbations. 

Mathematically, the adiabatic condition and the isocurvature condition are or

thogonal; i.e., there is no overlap between them. Hence, for the inflaton <f> and the 
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thermal radiation r, we can decompose their fluctuations into the adiabatic and 

isocurvature modes: 

5p^ = Sp^isid)  +  6p^{iso),  (3.105) 

Spr = c^pr (ad) + (5pr(iso). (3.106) 

In the following analysis, we will focus on the evolution of initial density pertur

bations in the long wavelength limit. We take the ideal fluid approximation for 

the cosmic system and assume that both the (^decayed products and the thermal 

component are ultra-relativistic particles; i.e., = Wr = 1/3. Accordingly, the 

adiabatic initial condition [see Eq. (2.53)] gives rise to 

Spf ^p<t> 
Spr{a.d)  = Sp^{a.d).  (3.107) 

Pr P<t> 

Meanwhile, the isocurvature initial condition yields [see Eq. (2.58)] 

^P\so = 0 => 5p0(iso) = -5pr(iso). (3.108) 

The fractional ratios of the separate components have to be taken into account 

if we are to employ the initial conditions properly. Since p = + one can define 

the fractional ratios between components as 

R^ = ^ = ^ = |^ => R^ = R^R„ (3.109) 
Pr Pr/P Rr 

= El = PlIP = ^ => R, = R,^R^. (3.110) 
P<t> P(t>l P 

Consequently, we obtain several algebraic relations describing the fractional ratio 

operators: 

R^ + Rr = 1 , 1 + Rr<)i» = , 1 + Roir = 5- i 

R0 — Rj. = 1 — 2Rr = R^ (1 — R.r0) 1 

Rr — R^ = 1 — 2R0 = R^ (1 — R^r) 

Therefore, Eqs. (3.105) and (3.106) can be rewritten as 

Sp^ = 5p0(ad) - (Jpr(iso), (3.111) 

Spr = Rrfl><^P0(ad) + 5pr(iso). (3.112) 
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Similarly, the adiabatic and the isocurvature modes of the primordial density per

turbations can be expressed in terms of the separate total perturbations 6p^ and 

5pr as 
• 

i^P<t>)ad = ^(^P<t> + ̂ Pr), 

{^P<p)iso — ^^P<t> ~ 

{^Pr)ad ~ ^^{^P<j> "I" ^Pr)i 

3.6.2 The Isocurvatiire Eflfect on the Power Spectrum 

If we employ the gauge-invariant density contrast and apply the isocurvature initial 

condition 5p\so = 0, we have 

Ciso = -^ = 0. (3.114) 
p + p 

However, this is rather deceptive because fluctuations in the individual species 

arrange themselves to maintain 5p\so = 0. In the framework of the warm inflation 

scenario, the isocurvature initial condition gives rise to entropy fluctuations with 

amplitude such that 

5 = (3.115) 
1 -f- 1 4- iWr 

These isocurvature fluctuations will eventually lead to density perturbations once 

they re-enter the horizon. Together with the adiabatic modes, the total amplitude 

of density perturbations at the horizon-crossing time will be enhanced in a warm 

inflation model. In other words, the normalization of the power spectrum at this 

moment implies that the density perturbations in the super-horizon region are 

suppressed: 

where the function f { k )  is given by 

f { k )  =  
1 k > ko 

(3.117) 
1 — s k < ko 

s represents the super-Hubble suppression factor and can be determined through 

the above decomposition formalism for the hybrid initial condition. 
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Considering a general situation such that pr = pRr and at the end 

of the warm inflation epoch, the total density contrast for the decayed inflaton cam 

be described by 

^ (P )1 = = (r^)' • (9'" 
On the other hand, the isocurvature density contrasts for both species are 

(Si  \  _ (^Pr)iso _ Ht _ x 

-  f i R r  ~  R r {  f i  J ~ 
Consequently, the entropy perturbation is given by 

= ^(5,^)iso — ^(<^r)iso = ^(1 + Rr<^)<^tot = (3.119) 

Because the power spectrum is defined as the mean square of the density pertur

bations, the enhancement in the power spectrum can be stipulated by = 

(9/16)R0. Therefore, the suppression factor is 

_ ('S'«^/^tot) _ 9 . . 
' - l  +  ( 5 ^ A o t ) ^ - 9  +  1 6 R 2 -

Evidently, s depends on the fractional ratio at the end of the warm inflation 

phase. For example, assume that ~ pr — /3/2 at the moment when the slow-

rollover is terminated, i.e., R^ ~ 1/2. Then the power spectrum will be suppressed 

by a factor about s ~ 0.69 . This is the isocurvature effect on the power spectrum 

in the warm inflation scenario. 

We would like to make a remark about the density contrast of the adiabatic 

modes S^d- The reasoning in Eq. (3.118) implies that the thermal radiation acts 

like a ghost field in the slow-roll regime. Since the radiation is generated through the 

dissipation process which describes the internal interactions between the inflaton 0 

and other fields in the compound system during inflation, the conservation of total 

energy-mommentum for the system as a whole may require that 5ad be characterized 

by the 0 field fluctuations only. Nevertheless, the suppression of the power spectrum 

c a n  s t i l l  b e  i l l u m i n a t e d  b y  m e a n s  o f  t h e  d e c o m p o s i t i o n  S p ^  =  ̂ ^ ^ ( a d )  +  S p r ( a d ) .  

This will be demonstrated in the next chapter. 
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3.6.3 The Total Power Spectrum and the Mixing Parameter 

In order to treat the admixture of the adiabatic and isocurvature modes for the 

compound system more properly, the total power spectrum at a given moment can 

be specified by (Stompor, Bandy & Gorski 1996) 

P { k )  =  ( S l ) ^  = (1 - .d)P^ik) + 0PUk). (3.121) 

The mixing parameter l3 is introduced to accomodate the isocurvature effect. By 

means of Eqs. (3.116), (3.118), and (3.119), the total density contrast at the horizon 

re-entry epoch can be characterized by 

6% = •6l, = {l-s)Sl„ (3.122) 

where the suppressed power spectrum a,t k = ko has been used. Accordingly, the 

super-Hubble suppression factor is related to the mixing parameter by the relation 

(Lee & Fang 1998b) 

(3.123) 

Evidently, the standard inflation scenario results in pure adiabatic perturbations 

(/? = 0) which would lead to the full power spectrum without suppression. However, 

in a warm inflation model, the mixing parameter can be estimated by virtue of Eq. 

(3.123). Consider the example given in the above subsection so that ~ 1/2 

at the end of warm inflation. The mixing parameter in this case is obtained as 

0 ~ (4/5) X 0.69 ~ 0.55 . 

3.7 Conclusions and Discussion 

Assuming that the initial inhomogeneity of the universe arises from a dissipation 

process during the inflation epoch, we have explored the properties of the warm 

inflation scenario. Using the warm inflation condition H < T < M and the general 

slow-roll solution Eq. (3.9), we found that the idea of the inflaton undergoing a 

thermal dissipation can reproduce the overall picture of the inflationary cosmology 
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very well. Because of the drastic expansion of the universe in the slow-roll regime, 

we have confirmed that the initial energy density of the heat bath is irrelevant, as 

required by the inflationary cosmology. Moreover, the existence of thermal dissi

pation enables us to avoid the "reheating problem". Under these circumstances, 

the universe no longer undergoes supercooling during the inflation period. The 

temperature of the universe obeys the scaling laws given by Eq. (3.84) and is well-

behaved. A number of features of the primordial density perturbations have been 

accounted for, including (1) the spectrum of the perturbations is a tilted power law, 

and the allowed values of the spectral index are in the range of about 0.7 < n < 1.06 

(n ^ 1); (2) for a given inflation mass scale M, the amplitude of the perturbations is 

almost completely determined by the index n; (3) the initial density perturbations 

are suppressed on super-Hubble scales. 

In this analysis, we have employed a popular 0'' potential. However, only one 

parameter, the mass scale of the inflation M, is involved in predicting the observable 

features of power spectrum, no other details of the model are needed. In fact, the 

warm inflation scenario is based on two thermodynamical requirements: (a) the 

existence of a thermalized heat bath during inflation, and (b) that the fluctuations 

of the inflaton field are specified by the fluctuation-dissipation theorem. Therefore, 

we believe that the "thermodynamic" features - .4 and n depend only on M -

are generic for inflation models accomodating thermal dissipation in the slow-roll 

epoch. This feature is useful for model testing and can be further explored once 

more precise data about the observable A, n, etc. become available. The current 

observations from the CMB are consistent with the warm inflation scenario if the 

mass scale of the inflaton is in the range of 10^® — 10^® GeV. 

Another possible way of testing the warm inflation scenario is by verifying the 

lack of power in density perturbations on scales larger than the Hubble horizon 

today. A detailed analysis of COBE-DMR data has found an infrared cutoff kmin ~ 

(0.3 — l.l)7rHo/c in the spectrum of the primordial density perturbations (Jing 

& Fang 1994; Fang Jing 1996). More recently it is found that the COBE-

DMR 4-year sky maps are slightly better fit by a spectrum with a suppression of 
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perturbations on scales larger than c///o (Berera, Fang &: Hinshaw 1998). 

Probably the simplest mechanism for the lack of super-Hubble scale pertur

bation is that the initial perturbations from inflation are hybrid, containing both 

adiabatic and isocurvature perturbations. In this case, the power spectrum of the 

initial perturbations is generally given by 

P ( k )  =  { 1  -  0 ) P ^ { k )  +  P P i s o i k ) ,  

where the subscripts "ad", "iso" denote the adiabatic and isocurvature modes re

spectively, and the mixing parameter /? lies in the range 0 to 1. Because the spec

t r u m  P i s o { k )  h a s  a  c u t o f f  o n  t h e  H u b b l e  h o r i z o n  s c a l e ,  t h e  e n t i r e  s p e c t r u m  P { k )  

will show a lack of super-Hubble power if /5 ^ 0. On the other hand, the compo

sition of the 0 field and the radiation of warm inflation do not remain uniform in 

the universe. Therefore, the initial perturbations of waxm inflation is not purely 

adiabatic, but hybrid. This may lead to a lack of super-Hubble scale perturbations. 
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CHAPTER 4 

THE EVOLUTION OF DENSITY PERTURBATIONS 

4.1 Introduction 

As has been shown in Chapter 2, the inflation scenario provides a causal mech

anism to generate the primordial density perturbations. Because the inflationary 

expansion stretches the length scales of perturbations so that they cut across the 

Hubble radius, initial density perturbations would evolve in the super-horizon re

gion. Since the microphysics is "frozen in" after the moment of horizon exit, the 

perturbations grow only from gravitational effiects in the super-horizon region. In 

order to track the evolution of the primordial perturbations and determine the 

mixing parameter ^ in a warm inflation model, the full relativistic treatment of 

cosmological perturbations is necessary. 

There exist many theoretical scenarios which provide cosmological perturbations 

outside the horizon; for instance, see Lifshitz 1946, Bardeen 1980, Kodama & Sasaki 

1984, Mukhanov et a/. 1992, and Bertschinger 1995. However, the covariant analysis 

employing the general relativistic hydrodynamics (Ellis 1971 & 1973) usually results 

in a more explicit system for analyzing in perturbation calculations (Ellis, Bruni 

1989; Ellis, Bruni k. Hwang 1990). We review this covariant approach to general 

relativity for treating the perturbations in both an ideal fluid and a minimally 

coupled scalzu- field in Sec. 4.2. Adopting the formalism for a multicomponent 

fluid system (Hwang 1991), we are able to obtain the fundamented perturbation 

equations to describe the evolution of the initial density perturbations in the warm 

inflation scenario. This is shown in Sec. 4.3. 

When dealing with cosmological perturbations, the correspondences between the 

physical perturbed spacetime and a fictitious background spacetime are not trivial. 



107 

We tackle these gauge issues in Sec. 4.4. We describe in detail how the initial 

perturbations transform in connection with the specific hypersurface conditions. 

By means of these temporal gauge transformations, one is able to construct many 

different gauge invariant variables for cosmological perturbations. We discuss the 

gauge invariant quantity Q (Bardeen, Steinhardt & Turner 1983; Bardeen 1988) in 

the ideal fluid approximation. 

Using perturbation equations in the uniform-curvature gauge (Hwang 1995), 

we obtain the evolution patterns for the adiabatic and isocurvature modes of the 

primordial density perturbations in Sec. 4.5. We show how the warm inflation 

scenario can impose physical constraints on initial conditions and refine the pre

dicted range for the spectral index from an inflation model. We also present the 

warm inflationary matter power spectrum in this section. We then conclude our 

investigations in Sec. 4.6. 

4.2 Covariant Perturbation Analysis 

The fundamental quantity for a continuous matter distribution in hydrodynamic 

motion is the normalized 4-velocity vector (a = 0, 1, 2, 3) of the general fluid, 

where u'^ua = — 1. At each point of the fluid, a projection into the rest space 

of an observer moving with can be made by a projection tensor defined as 

hob = dab + Ua'fJ'b- As such, the line element of the spacetime containing the general 

fluid can be described by (Ellis 1971, 1973) 

ds"^ = Qabdx'^dx'' = - {uadx'^)^ + habdx'^dx'', (4.1) 

where habU^ = 0, = 3. The covariant derivative of the 4-velocity 

can be decomposed into the vorticity tensor UJOAI the shear tensor aab, the expansion 

scalar 0, and the acceleration of the fluid flow iia as 

"^a'yb —  ^ab ^ob 'X^^a.b '^a'^b^ ( ' ^ * ^ )  

where cr\ = aabU^ = uJabu'' = iiau"' = 0, with = IcTatcr"^, = ^uJabOJ'^, and 

9 = The overdot here denotes a covariant derivative along the u" direction. 
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For example, Ua = v-a-bu'' describes the departure of the velocity field from the 

geodesic motion of the fluid. 

The energy-momentum tensor in this fluid flow approach can be written as 

Tab = pu-a^b + phab + Qa^b + Qb^a + T^ab-, (4.3) 

where gau" = = 0 and -Kab = "^ba- P is the total energy density of matter 

measured by u", nab denotes the anisotropic matter pressure. The quantity Qa 

represents the energy flux relative to tx" and characterizes interactions between 

fluid components. In terms of the fluid flows, the Bianchi identity = 0 gives 

rise to energy conservation 

p + { p  +  p ) 9  =  -  ( q \  + q^Ua + 7r''''(7ab) , (4.4) 

and momentum conservation 

( p  - h p ) u a  +  h ^ % c  =  - K (7^c^6 + Qc) + {^^a + (4.5) 

To describe the kinematic feature of the universe, we need to specify the ex

pansion scalar 9 and the extrinsic curvature scalar TZ. From the Ricci identity 

(Weinberg 1972), Ua-4-c — Ua;c-d = Rabcd^''^ the expansion of the universe is governed 

by the Raychaudhuri equation (Raychaudhuri 1955, 1979) 

d -f- ~0^ — ii'^-a 2(0"^ — uj"^) -h AnG{^p -l- 3p) = 0 . (4-6) 

In the literature, the pure time-component of Einstein's field equation Gq = Rq — 

\RgQ = SttGTo" is often called the "ADM energy constraint" (Arnowitt, Deser &: 

Misner 1960). Likewise, = STTGTJ^ (q = 1, 2, 3) is the "ADM momentum 

constraint" and = SnGT^'^ (a 7^ P) are the "ADM propagation equations". 

These ADM equations are usually based on a normal frame in which the 4-velocity 

vector u" has no spatial component; i.e., u° = 0. Under the normal frame, the 3-

space curvature 7^ of the universe is obtained through the ADM energy constraint 

as 

72- = 2 ^AirGp^ . (4.7) 
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4.2.1 Perturbing the FRW Universe 

Consider a homogeneous and isotropic universe with the curvature constant K. In 

a normal frame where u" = 0, the FRW metric can be written as 

dr^ 
ds' = -{uoYdt^ + d' + {dO^ + sin^ 6d(j>^^ (4.8) 

1 - Kr^ 

where a  is the comoving scale factor. Then the expansion scalar is given b y  G  =  3 H ,  

where H = d/a, and the 3-space curvature scalar is 7^ = GKfa^ (Hwang 1991). Note 

that when considering quantities to the background order in a normal frame, u'^da 

reduces to tiPdo = 5t, and thus the overdot represents the simple time-derivative 

with respect to the cosmic time t. In addition, the covariant derivatives in the 

hypersurface orthogonal to u" are usually denoted by a vertical bar; i.e., T\q = 

for a tensorial quantity T, where is the 3-space derivative operator. In 

a Fourier analysis, the comoving 3-space Laplacian is given by = 

—k'^fa? with the comoving wavenumber k (Bardeen 1980). 

In a normal frame, the vorticity vanishes, i.e. LJ = 0 (Ellis, Bruni & Hwang 

1990). Perturbing the background metric, gab = Qab + ^9ab, one can define four 

metric variables a, (f, /c, X (Bardeen 1988; Hwang 1991) as follows: 

• The perturbation in the lapse function is specified by a such that 

Qoo = —a^(l + 2q) ; (4.9) 

• The perturbation in the 3-space curvature is (p, defined as 

^  6 K  k ' ^ - 3 K  
n = -^ + A 5 (^; 4.10 

• The perturbation of the expansion scalar, k, is taken into account for the 

overall expansion such that 

d  =  3 H - K ;  ( 4 . 1 1 )  

• X describes the shear of the normal frame so that 

= XM - ̂  ySx'j^ , (4.12) 

where the comoving spatial metric tensor satisfies 
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Similarly, perturbing the energy-momentum tensor [Eq. (4.3)] such that Tab = 

Tab + STab, we can define four basic matter variables: 

• The perturbation of the energy density is 5p = e ; 

• The perturbation of the pressure is 5p = tt ; 

• The perturbed energy flux 0 is defined by Qa = ^,q ; 

• The shear scalar a contributes to the perturbed anisotropic pressure such that 

= cr\c,0 - ̂  • (4-13) 

4.2.2 Basic Perturbation Equations for an Ideal Fluid 

Since the background 3-space is homogeneous and isotropic, the above perturba

tion variables are gauge independent under purely spatial gauge transformations. 

However, they have no physical meaning if the constant-time hypersurface they 

are embedded in is not fixed (Bardeen 1988). Nevertheless, the basic perturbation 

equations without specifying any temporal gauge condition can be obtained by the 

Ricci and the Bianchi identities, the Raychaudhuri propagation equation, and the 

ADM constraints (Hwang & Vishniac 1990; Hwang 1991). 

Consider an ideal fluid approximation to a spatially flat universe so that K = 0. 

The Einstein field equations connect the Ricci tensor Rab and the energy-momentum 

tensor Tab- This generates a relation between the four metric variables 

K = -Ztf + ZHa-ir —X • (4-14) 

The ADM equations give three relations connecting the metric and the matter 

variables: 

ADM energy constraint => —-(P -t- HK = —ATTGS , (4.15) 

ADM momentum constraint =» k = —12tG'0 , (4.16) 

ADM propagation equations => x + Hx — a — (p = SnGa . (4.17) 
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The Raychaudhuri equation gives rise to the evolution of k; i.e., 

k  +  2 H K  = — 3^^ a + 47CG{£ + STT). (4-18) 

Finally, the evolutions of s and tj} are governed by the energy and momentum 

conservation Eqs. (4.4), (4.5) respectively: 

/r2 
i  +  3 H { e  +  T r )  =  { p  +  p )  { k  —  3 H a ) - \ —- z i p ,  (4-19) 

2 
IP + 3HIP = —{p + p)a — Tr+-—a. (4-20) 

3 

4.2.3 Perturbations in a Minimally Coupled Scalar Field 

The ideal fluid approximation can be applied to the inflation scenario. The basic 

definitions for the metric variables a, if, x a.nd k will not change. For a minimally 

coupled scalar field 0, however, since there are internal structures in the energy-

density and the pressure, i.e., 

Pt, = + VW , Vi = - V(4>) , (4.21) 

with the infiaton potential V^(0), the resultant matter variables tt^ are not 

trivial- This can be seen in the following derivations. 

Perturbing the background 4-velocity field in a normal frame so that u" —> 

u°- + Jii", the covariant derivative of the scalar function 4) can be written as 

0 = (p,a u°' —> (f),a u°' + 5<t>,a + 0,a (to linear order) 

= 0,0 + 54)QvP + 0,0 

= 0 + 50 + 0 • j • 

According to Eq. (4.9), the fractional ratio of u" is specified by 

1 Jffoo _ _ 
~ 2 ^00 " ' 

Therefore when perturbing 0 to linear order, one has 

0 —y 0 4- 50 - 0Q: , (4.22) 
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and 

02 —)• 02 ^ 20(J0 - 202q, (4 23) 

Consequently, by virtue of 

Sp^ —y ^ 20(50 — 202Q,j _|_ ^ 

=  - 0 2  ̂  _  ̂ 2 ^  _ | _  ^ _ | _  

= P<T> + S<T> •< 

the perturbed energy density of the scalar field 0 is identified as 

= 0(50 — <^2q; + . (4.24) 

Similarly, the perturbation in the pressure of the 0 field is given by 

"•p/ii = 0(50 — 02Q; — V,0 5(f) . (4.25) 

The internal energy flux of the 0 field should not affect its background evolu

tion. That is, the perturbed momentum conservation Eq. (4.20) must reduce to 

the equation of motion for the ideal minimally coupled scalar field. Hence, the 

perturbed energy flux can be defined as 

= —4)64) . (4.26) 

As a consistency check, using the above defined p^, (4.20) becomes 

(0 + 3H^ + V,^ ) J0 = 0 , 

which is expected. 

Employing Eqs. (4.14) to (4.20), it is now straightforward to write down the 

basic perturbation equations for an ideal inflaton field 0 where = 0: 

K = -3(p + 3Ha + —x, (4.27) 

1^2 
HK - —<p = -47rG (^4>S4) - + V,^ (50) , (4.28) 
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« xx = 12-kG^4> , (4.29) 

X + Hx = a + ¥7 , (4.30) 

k + 2HK = (^^-4i:G^'^^a + 8irG{2dS^-V,^6(t>) , (4.31) 

+ 3H5^ + ^ ~ — ^3jff0 + 2Vi0 ^ Q . (4.32) 

4.3 Cosmological Perturbations in Warm Inflation 

4.3.1 The General Formalism 

In the framework of the warm inflation scenario, the universe consists of at least 

two components — a minimally coupled scalar field <t> and a thermal radiation field 

r. Since the metric variables are geometric objects; i.e., they are non-additive, 

and the only new degrees of freedom in a multicomponent system arise in the 

matter variables. For a general fluid in such a compound system, the total energy-

momentum tensor is expressed as 

Tab = J2Tii)ab , (4.33) 
(0 

where T(i)ab is the energy-momentum tensor of the z-th component, which has the 

same form as in Eq. (4.3) with a subscript (z) labeling on each term. Also, the 

normalization condition for the 4-velocity = — 1 must be satisfied. The 

matter variables in different components are simply added up to yield the matter 

variables for the total fluid; i.e., 

^ ^ = IZ ̂ (0 ' ^ = IZ ̂ (t) , = (^{i) • (4.34) 
(») (0 (0 («•) 

Considering the interaction between components, one can define (Kodama & 

Sasaki 1984) 

^(t )a;6  =  Q(i]a  •  (4.35) 

Because of the covariant conservation of the total energy-momentum tensor, the 
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total interaction must vanish identically; i.e., 

E<5(')a = 0. (4.36) 
(i) 

The interaction term Q(i)a can be further decomposed into 

Q(i)a  — Q{i )^{ i )a  With = 0 . (4.37) 

The quantity J(j), defined by J(,)q = J{i),a , can be written in a frame-independent 

form [see Eq. (14) in Hwang 1991]. Accordingly, when considering the multicom-

ponent universe in which the separate components are coupled together, one has 

Q(i)Q = J{i),a in the normal frame where = u° = 0. Therefore, Q^i) and J(j) 

simply represents the temporal and the spatial contribution of Q(i)a, respectively. 

Eq. (4.36) then gives rise to 

53Q(i)=0 and ^J(i)=0. (4.38) 
(0 (0 

From Eqs. (4.35) and (4.36), the energy and momentum conservation equations 

[Eqs. (4.4) &: (4.5)] for the z-th component become 

= Q(i) , (4.39) 

and 

^(i}a'^{i)c;b — Ai)a • (4.40) 

Consequently, the perturbation equations (4.19) and (4.20) are modified to 

f.2 
ii + 3H{ei + TTi) = —xpi + piO + {pi + pi)K + 5Qi , (4.41) 

and 
2 

ipi + ZHipi = -{pi+ pi)Q - TT, + -^CTj + Ji . (4.42) 

The entropy perturbations in the multicomponent fluid system are defined by 
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where hi = pi+ pi , h = p + p . Likewise, we can define relative quantities 

where — {pi/pi)ei = TTj — c^£i represents the internal entropy of each compo

nent, cf is the "sound speed" of the fluid flow With the help from the equation 

of state in the ideal fluid approximation such that 

TT, = (7 - 1)6, , (4.45) 

where 7 denotes the adiabatic index of the fluid i, the evolution of the entropy 

perturbations Sij can be obtained by virtue of Eq. (4.41); 

I 2 
Sij + ZH (1 + c?) Si - Qj (1 + cj) Sj] = "2 + 3H (9, - Qj) a - SHcij + SQij , 

(4.46) 

where g,- = Qi/[3H{pi + p,)] represents the background value of Qi-

In the covariant approach to the general relativity, because the Ricci tensor and 

the Bianchi identities reveal the full content of the Riemann curvature tensor, the 

complete set of the equations is usually redundant. Since we will keep tracking 

the perturbed energy densities for diSierent components in our investigation, the 

rather complicated Eq. (4.46) will not be used. The isocurvature mode of density 

perturbations will be determined directly by the definition Eq. (4.43). 

4.3.2 The Fundamental Set of Perturbation Equations 

In the warm inflation scenario, the thermalized heat bath is established through 

the interaction between the 0 field and the thermal radiation r. The energy of 

the infiaton dissipates during the inflation epoch by means of a thermal dissipation 

described by a general friction term with F = where m = 0, 2, 4,... 

etc. Since the Lagrangian C of the total system does not contain the interaction 

term, the energy is covariantly conserved within a comoving volume. Thus, we 

can treat the minimally coupled scalar field (f> and the thermal radiation r as ideal 

fluids separately while the energy flux terms Qi (i = 0, r) satisfy Eqs. (4.38). To 
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complete the perturbation equations for the compound system, we need to first 

identify the perturbed interaction terms SQ and J in Eqs. (4.41) and (4.42). 

The background equations of motion are given by 

4) + (3H + r) 0 + Vf(j, — 0 , (4.4/') 

Pr + ̂ H-ypr = r0~ , (4.48) 

where 7 = 4/3 is the adiabatic index for the thermal radiation. The Hubble pa

rameter H characterizes the expansion of the background 

1 H2 ^ SttG 
Pr 4- ^0^ + V(0) 

3 

One can write the energy conservation equations as 

(4.49) 

p i  3 H { p i  + P i )  =  Q i  , with i  = 0, r, (4.50) 

then the energy flux terms are specified by 

Qr = . (4.51) 

If we perturb the interaction source term + 5Q^ and the general 

dissipation coefficient F = —>• F + 5r = F 4- Fm(m0'"~^)50 to linear order, 

with the help of Eq. (4.23), the perturbed temporal interaction sources can be 

written as 

6Qr = —SQ^ = 2F0J(p + r4> 12 m j - 2a (4.52) 

It is difficult to extract the spatial part of the interaction vector, J,, from its 

original decomposition Eq. (4.37). However, as shown in Sec. 4.2.3, using the nice 

property that the perturbed momentum conservation equation will reduce to the 

background equation of motion for an ideal minimally coupled scaJar field, we can 

immediately identify that 

= r^S(p = —Jr (4.53) 

if the 0 field evolves according to Eq. (4.47). This consistency check is appropriate 

in the warm inflation scenario because the <j) field and the thermal radiation are 
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coupled by the dissipation term Therefore, the interaction source term will 

not change the 4-velocity of the scalar field, and thus keep = —050 regardless 

whether or not F itself being dependent upon 0. This can be further demonstrated 

by rewriting Eq. (4.52) as 

= -2F ̂ 0(50 - 0^0;) - m ^F^ j . 

We only consider the primordial perturbations in a vorticity-free universe where 

5Q^ should be orthogonal to the hypersurface and contain no spatial contribution 

[Eqs. (4.37) & (4.38)]. Hence, one may argue that the physical effects from the 

m-term are negligible in a normal frame. Accordingly, we will drop the m-term and 

use 

5Qr = -5Q^ ~ 2F (050 - 0^a) (4.54) 

for our future analysis. 

Having these in mind, based on the formalism presented in the previous sub

section, the evolution of cosmological perturbations in a warm inflation model is 

completely determined by the following perturbation equations: 
^2 

K  =  +  Z H a  H—T-x , (4.55) 

H K  —  — ( f  =  — A - K G  { e t  + 050 — 0^Q! + V',0 50j , (4.56) 

JO 
K - —X = -127rG (^r - w) , (4.57) 

X + Hx = a + (p , (4.58) 

«  +  2 H K  =  "  +  A T T G  [(37 - 2)er + - 40^^ - 50] , (4.59) 

^•2 . . .  
ir + Z'yHsr = -xipr + 7Pr(« " 3i/a) + 2F050 — F0^Q! , (4.60) 

Ipr + SHipr = -7PrQ: - (T " l)^r " F050 , (4.61) 

0 + { 3 H  +  F)50 -t- 5 ( f )  = 0(«: + q) — [(3iif + F)0 + 2^,^ j a , (4.62) 

where we have used cTr = cr^ = 0 and H is given by 

H = -AttG (jpr + 0^) . (4.63) 
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4.4 The Gauge Issues 

All the perturbation equations presented so far are independent of the spatial gauge 

transformation because the background is spatially homogeneous and remains un

changed under infinitesimal spatial transformations. However, since the background 

is actually evolving in time, the gauge ambiguity arises, ajid all cosmological per

turbations will have no physical meaning unless we specify the constant-time hy-

persurface conditions. 

4.4.1 Temporal Gauge Transformations 

Consider a gauge transformation = x" where is an infinitesimal quantity, 

any tensor quantity T transforms as T = T — The is the Lie derivative 

of T in the 4-vector field (Weinberg 1972). We may split the tensor T into its 

background and perturbed values; i.e., T = T + 5T. Then the transformation of 

the perturbed parameter becomes JT = (JT — £^T. Applying the transformation 

to the metric tensor, we have 

As such, the temporal gauge transformations for the perturbed variables are found 

to be (Bardeen 1998): 

^Qab ^Qab — ^^9ab — i^a;b ^6;a) 

~ ~{.9ac^ ,6 "1" 9cb^ 9ab,c^ ) • (4.64) 

a = a - , 

(p = — HT^ , 

X  =  X - T ^  ^  

(4.65) 

(4.66) 

(4.67) 

(4.68) 

(4.69) 

(4.70) 

(4.71) 

(4.72) 

e  = e - p T ^  ,  

TT = TT — pT̂  , 

ip = xp + ip + p)T^ , 

a = a . 
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The temporal transformation factor is defined by For matter variables, 

transformations Eqs. (4.69) to (4.72) are applicable to both the components and 

the total fluids. 

From the above transformations, one can conclude that the general transforma

tion rule for a scalar generating function / is given by 

Hence, for the perturbations in a minimally coupled scalar field 0, we have 

Based upon these time-gauge transformations, one can specify some specific 

constant-time hypersurfaces such that the cosmological perturbations would have 

more transparent physical meaning. Principally, all perturbation variables can be 

choosed to fix the gauge. According to Bardeen (1988), "the moral is that one 

should work in the gauge that is mathematically most convenient for the problem 

at hand". As will be shown later, the reason for this freedom in gauge choice is 

because the solutions to the perturbation equations at a specific hypersurface can 

be translated into other gauges. In the literature, there are six possible gauge fixing 

conditions (Hwang 1991): 

• synchronous gauge (SG) — q = 0 ; 

• comoving gauge (CG) — ^ = 0 ; 

• zero-shear gauge (ZSG) — X = 0 ; 

• uniform-curvature gauge (UCG) — (yj = 0 ; 

• uniform-expansion gauge (UEG) — k = 0 ; 

• uniform-density gauge (UDG) — e = 0 . 

S f  =  S f - f T ^  .  (4.73) 

S((> = <J</> — (j>T^ , 

(50 = . 

(4.74) 

(4.75) 
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The ZSG is often called the longitudinal, or conformal Newtonian gauge (Kodama & 

Sasaki 1984; Mukhanov, Feldman Brandenberger 1992), and is probably the most 

popular gauge choice to date (Ma & Bertschinger 1995; Seljak &: Zaldarriaga 1996). 

However, most of the literature uses the CG in interpreting the long-wavelength 

behavior of density perturbations (see, for example, Lyth & Mukherjee 1988; Lyth 

& Stewart 1990 and Padmanabhan 1993). 

From Eqs. (4.8) and (4.9), we know that = (1 — a)a~^ Since a is a lapse 

function, choosing the SO is equivalent to choosing a constant-time hypersurface 

on which the perturbed proper time interval becomes the same as the unperturbed 

background time interval. Therefore, the SO condition substajitiaily simplifies the 

conservation equations [Eqs. (4.19),(4.20) & (4.41),(4.42)]. However, the coinci

dence of the actual perturbed spacetime and the fictitious unperturbed background 

gives rise to a pure gauge effect such that the unphysical gauge mode inevitably 

appears in the perturbation calculations done in the SG (Bardeen 1980; Hwang 

1991). Hence, choosing a = 0 cannot fix the gauge entirely. But any other choices 

will completely fix the gauge. 

4.4.2 Gauge Invariant Expressions 

Many gauge invariant (GI) variables can be constructed from the temporal gauge 

transformation. By setting up the gauge fixing conditions, one can obtain the 

GI expressions for the cosmological perturbations corresponding to that specific 

gauge. For instance, if we specify the comoving hypersurface so that = 0 , the 

transformation (4.71) yields a representation for in the comoving gauge; i.e., 

= —rpl{p + p) . By means of (4.66) to (4.69), we can define a set of GI variables 

corresponding to the CG = 0) as follows: 

This nice GI property allow us to translate solutions of perturbation equations 

between gauges by the following method. 

e* = £-  3Hrp ,  •p* =  ̂ + — 

(4.76) 
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Fbdng a specific gauge G in which the perturbation solutions are known, we 

have Sf = 0 in Eq. (4.73); i.e., 

V - /7f = 0 => rf = s f / /  .  

Thus, the relation between this gauge and another gauge X can be prescribed by 

s f ^  =  s f ^  -  rf • /* . 

Since we only know solutions in G, we need to transform back to .\ccording 

to the whole set of perturbation equations in G and the transformation rules, after 

some algebra, one should be able to obtain 

5/X = 5/® + Tf • . 

To demonstrate this point, consider a one component ideal fluid universe. Suppose 

we know solutions to Eqs. (4.14) to (4.20) in the CO. Then we can derive the GI 

expression for e in the UEG (« = 0). From transformation (4.68), we have 

Eq. (4.17) in the UEG gives 

//C IC 

Since = X ~ know that 

^ ^ p + p ^ \ p + p YI-KGO?]^ 

Therefore, 

+  Z H {  — — — •  f IH ^  —  \  
\127rGa^ J \ P + P 12-1:00^) 

=  e ^  +  Z H ( - ^  +  l 2 7 r G ^ ]  x "  •  
\p + p k^J 

Evidently, once we know the perturbation solutions in a particular gauge, we can 

find out the corresponding solutions in all other gauges except the SG. This feature 

in the calculation of cosmological perturbations is very helpful in interpreting the 

behavior of the primordial density perturbations. 
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4.4.3 Gauge Invariant Quantities in the Ideal Fluid Approximation 

A physical quantity should be gauge-independent at all times. However, the phys

ical meaning of the cosmological perturbations can only be read off by the scalar 

generating function / when the hypersurface condition is fixed, as shown in the last 

subsection. Furthermore, the hypersurfaces associated with a specific gauge-fixing 

condition may become strongly warped, most likely when perturbations evolve in 

the super-horizon region (Bardeen 1988). In order to properly characterize the 

initial density perturbations, we need to construct gauge invariant quantities to ac

count for both the adiabatic and the isocurvature modes of density perturbations. 

In the inflation scenario, the adiabatic mode of the matter density perturbations 

is stipulated when the evolution of each of the horizon-sized regions is similar to 

the background (Lyth & Mukherjee 1988; Hwang &: Hyun 1994). That is, the same 

relation between pressure and energy density holds for both perturbed physical 

spacetime and the homogeneous background. This can be done in the framework 

of the ideal fluid approximation. Based on the total energy-momentum tensor, an 

essentially unique GI quantity for characterizing the adiabatic mode was introduced 

by Bardeen, Steinhardt & Turner (1983): 

£ 
CBST = ¥? + , V = <.( , >. • (4-77) 

3 { p  +  p )  3 { p  +  p )  

CBST IS a good measure of the amplitude of the adiabatic mode even for multicom-

ponent universes. 

It is clear that CBST is gauge independent for ideal fluids provided that the 

background equation of motion for the total system satisfies p = —ZH{p -I- p) [see 

Eqs. (4.33) to (4.36)]; i.e., 

p 
CBST = <? + 

3(p + p) 3(p + p) 
= CBST 

Z { p  +  p )  

However, the minimally coupled scalar field behaves a little different from an 

ideal fluid. According to the transformations (4.65), (4.74) and (4.75), the per

turbed energy density (4.24) and pressure (4.25) should transform like 

^ = £-0 - p^T^ and = tt^ - p^T + (4.78) 
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Strictly speaking, Eqs. (4.78) reduce to (4.24) and (4.25) only if the slow-roll 

condition 0^ ~ 0 is valid over the entire course of the scalar field evolution during 

the inflation epoch, and then CBST would be approximately GI for the inflaton <i). 

This is certainly a set back for the numerical calculations. In order for the scalar 

field to mimic the ideal fluid system as the universe enters the radiation-dominated 

era, we may need to re-define CBST for the adiabatic mode by 

£0 = £-0 4- => CBST = V + ^ 7 — — R  • (4-79) 
3 {P^ + P4>) 

Apparently, the new variable transforms as 

= ffli — P(t>T^ 1 (4.80) 

where the effect from the lapse function a has been offset by the ideal fluid approx

imation. Therefore, CBST becomes an exact GI quantity even for the <f) field. 

The same approximation is applicable for the isocurvature mode. According to 

Eq. (4.43), the amplitude of the entropy perturbations in a warm inflation model 

should be modified to 

^ , (4.81) 
P<t> +P<t> Pr+ Pr 

which is exactly gauge independent under the temporal gauge transformations 

(4.80) for the 0 field and (4.69) for the radiation field. 

If we define 

C = 3CBST = ^ , (4.82) 
P<t> + P<t> 

then the GI quantity C reduces to the density contrast 5 p / p  well inside the horizon 

for non-relativistic matter. This justifies the use of C in the warm inflation scenario 

[see Eq. (3.33)] provided that we consider the perturbations in uniform-curvature 

hypersurfaces where (^ = 0 . In fact, it has been "proved" that C does prescribe 

the adiabatic modes of density perturbations originating from a single inflaton field 

in the early universe (Hwang 1995). We discuss the consistency of UCG in the 

perturbation calculations in the next subsection. 
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4.4.4 The Uniform-Curvature Gauge 

In general, the gauge-fixing conditions conclusively remove the gauge modes with 

only one exception (the SG), and the perturbation solutions in various gauges can 

be translated into each other. Hence, we have complete freedom to choose the 

constant-time hypersurfaces in calculating cosmological perturbations. However, 

when the universe contains a scalar field <f), one must select a particular gauge to 

work with so that the solutions to the perturbation equations have a consistent 

physical meaning. This is because discrepancies in the gauge transformations for 

the perturbed energy density and pressure arise when considering the scalar field 

instead of an ideal fluid system. It turns out that the uniform-curvature gauge is 

the distinctive one in treating perturbations of the 0 field (Hwang 1995). 

Ignoring the perturbed metric contributions, the equation of motion for the 

fluctuation 6<j> is given by [Eq. (4.32)] 

+ 3H64) +(^^ + V,^^6(l> = 0 . (4.83) 

Considering the UCG where is set to vanish, the equation of motion for 86 can 

be derived from Eqs. (4.27) - (4.31): 

^0 + ZH8(l> + ^  +  K « + 2 | ( 3 f / - | + 2 2  = 0 . (4.84) 

When comparing the equations of motion for 8<p in diflferent gauges to that without 

perturbed metric variables, Eq. (4.84) resembles Eq. (4.83) the most. For a general 

potential Eq. (4.83) can be written in closed form as 

" +^<!« = 0, (4.85) 

where the generating kernel in the UCG is defined by 

ICŜ , = f . (4.86) 
4> 

A closed form like Eq. (4.85) can always be achieved if we can find the generating 

kernel Although results from the theory of nonlinear ordinary differential 
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equations (for example, see Sachdev 1991) may be very helpful in identifying the 

exact closed forms of the equations of motion for 5<t) in different gauges, tCs^ can be 

obtained through the temporal gauge transformations in the following way. 

Making (J</> = 0 in Eq. (4.74), we obtain the relation between the transformation 

cofactor and the fluctuation 5(f> as 

^ . (4.87) 

For the UCG, one has 

(p = .p- HT^ = Q (^(Tf) = HT^ . (4.88) 

The generating kernel in the UCG then is found to be 

=  T f )  =  j S < l > , (4.89) 

which agrees with Eq. (4.86) exactly. 

The above formalism is valid in all gauges. However, only in the UCG can the 

generating kernel be obtained without taking the large scale limit where k^/a^ —> 

0. For example, consider the ZSG case in which x = 0- The evolution of 50 is given 

by 

50 + 
SnG(i + Hi)^] 

kya^ + H 
5<t) + 

\ V 87rG(0 + iy0) " 
50 = 0 . 

(4.90) 

Only in the large scale limit can the above equation be written in closed form 

with a generating kernel = a50/0 (Hwang 1993). On the other hand, setting 

X = X ~ ^ using Eq. (4.87), the exact form of the generating kernel 

in the ZSG should be = 50/0 = which also exhibits the comoving 

nature of a physical quantity on a constant-time hypersurface. Similar disagreement 

between the exact closed form and the generating kernel can also be found in the 

comoving gauge and the uniform-expansion gauge. Therefore, when calculating the 

primordial perturbations involving a scalar 0 field, a space-like hypersurface defined 

by the UCG gauge-fixing condition is arguably the most appropriate choice. We 

show the solutions for the initial density perturbations in warm inflation models 

using the uniform-curvature gauge in the next section. 
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4.5 The Primordial Warm Inflationary Perturbations 

4.5.1 Warm Inflations in the UCG 

Considering the warm inflation scenario, the equations of motion for the background 

quantities <f>, pr and H are given by [from Sec. 4.3.2] 

Mathematically, these equations form a closed system. Therefore, they determine 

the background evolution completely. In addition, because the expansion rate of 

the universe is defined as H = d/a, the evolution of the cosmic scale factor a is 

described by 

The perturbed energy density, pressure, and the comoving energy flux for the 

(f> field are specified by Eqs. (4.24) to (4.26). With the interaction source terms 

SQ^ and prescribed in Eqs. (4.53) and (4.54), the complete set of perturbation 

equations in the uniform-curvature gauge can be derived from Eqs. (4.55) to (4.62) 

by setting cp = 0. They are: 

4 >  +  { Z H  + r) 0 + — 0 , 

p r  +  Z H - f p r  =  ,  

(4.91) 

(4.92) 

(4.93) 

d = aH . (4.94) 

a X ^ H x \  (4.95) 

(4.96) 

; (4.97) 

(4.98) 

- Z H j S r  +  - ^ f p r  +  y p T - ^ X  +  2 r < ^ ( J ^  -  ;  

-SHipr - IPr (x + H x )  - (7 - 1) ffr - ; 

- (3H + r) + 47rG(7 - 2)^1 + 
n H 

(4.99) 

(4.100) 

S(l> 5(j> 
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{Z'yH + r)0 + 2 © 0 + 2V,^ -47rG(7-2)^ 

A:2 : 
2H4> + {Z-iH + V)H<i> + (7 - 2)-r0 + 2HV,^ -47rG(7 -

H 
5^ — 

X = -

{ Z H  + r) + 47rG(7 - 2) 

87rG7V^|: + (r<A + 2V,^) 

i^irGiV + (7 _ 2)^^ 0 + (r0 + 2K^ ) H 

(37 + 1)// + 2^ - 47rG(7 "2)^ 

+47rG7^^ 
a xl 

X (4.101) 

kl 
2 

- 3/f + ZiH^ + (7 - 1) ^ - 47rG(7 - 2)0' 

—A-KG 

a 

^ .1 . ^ ^0 ( 7 - 2 ) ^ 5 0  +  7 ^ ( ^ 0  

H + 87rG7^ 
rl. 

A:2 
47rG (27K - 0^ - 7pr) + (7 - 1)^ 

—47rG (-1-2)^64'+ i^S4> (4.102) 

The identity 

2H + 3jH^ = AttG [(7 - 2)02 + 27^(0)] (4.103) 

has been used to simplify the equations for <50 and x • 

Because we will employ the physically well-behaved quantities C and to 

characterize the adiabatic and the isocurvature modes of the primordial density 

perturbations, Eqs. (4.99) - (4.100) are redundant and will not be used. By the 

definitions = 050 — 0^0 + V,^ 5<p , = 050 — 0^0 — V,^ 50 , and = —050, 

Eqs. (4.95) through (4.98) establish the connections between the matter variables 

and the metric variables as 

^tot — "f" ^0 — ZHxpiQi JLf. 
47rG X , 

^tot = V'r + ^0 = 
H 

ATTG 
i x  +  H x )  

(4.104) 

(4.105) 
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Clearly, all the perturbation equations are coupled to the background. Since it 

is a standard nunaerical technique to split a second order differential equation into 

two first order ones (Shampine 1994), in order to solve for the evolutions of C and 

S^r, we will need to simultaneously integrate the set of nine first order differential 

equations formed by Eqs. (4.91) - (4.94), (4.101) and (4.102). 

In the following analysis, we consider the scalar field 0 undergoing a thermal 

dissipation described by a constant friction F = 9i/. Again, the infiaton potential 

will be given by 

V'(0) = A((?)^ - , 

where and M is the mass scale of the inflation. The warm inflation 

models then are subject to the choice of the self-coupling constant A where A < 

(M/mpi)^ is satisfied. 

4.5.2 The Initial Conditions 

Assuming that warm inflation starts at the moment t = U, we can take the initial 

vacuum to be K(0) = M^. Thus, the initial Hubble parameter is specified by 

H. = ^ . (4.106) 
V O JTipi 

The initial location of the infiaton <i> can be estimated through ^ cr)| ~ 

~ Hf , hence 

/ 4 7 r \ 3 / 2 / M \ ^  M  r M 

The initial condition for 0 can be determined via the initial vacuum: 

= ̂  + ^ M** => 0, ~ (j)i • yj2X (2cr2 - 0?) . (4.108) 

We assume the initial energy density of the heat bath to be 

P r { t i )  =  , (4.109) 

where ^eff = 100 will be used. We will show that the evolution of pr is insensitive 

to this initial condition as required in the "standard" inflation scenario later. 
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Conventionally, the value of the cosmic factor a is set to one at the present time; 

i.e., Co s 1 . Because this parameter only serves for rescaling physical quantities on 

the space-like hypersurfaces, the initial value of a is arbitrary in principal. However, 

one can find out an upper limit to Cj by following the adiabatic evolution of the 

universe in the standard cosmology. Assume that warm inflation terminates at 

t = tf, where the temperature of the universe is T = Tf M and a/ = 0,6^ with 

the total e-folding growth of a during the inflation; i.e., N = — U) . Since 

UfTf = UOTQ , we have 

a, = |exp(-Ar) = jg^exp(-Af). 

Taking the current observations in Ho and To, because N > 70 [see Eq. (3.55)], we 

find that M{HQ/TQ) exp N Z Hi generally. Therefore the initial value for a should 

satisfy 

Oi < ^ ~ ^ , (4.110) 

where is the comoving wavenumber of density perturbations at the current hori

zon scale HQ^. 

In a warm inflation model, one should use the result from the fluctuation-

dissipation theorem to determine the initial values for the <f) field fluctuations. 

According to Eq. (3.32), we have 

/ \ 1/2 /"Q 

Consequently, the slow-roll solution, Eq. (3.9), gives rise to the initial : 

Eqs. (4.111) and (4.112) are the adiabatic initial conditions which characterize the 

evolution of C • 

By means of the connections between the matter variables and the metric vari

ables, Eqs. (4.104) - (4.105), the initial values for x and x can be specifled: 
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• For Etot = 0, ^tot = 0 

X = X = 0 ; (4.113) 

For £tot = 0, 0r = 0, r/'tot = 

X = -l2nG—<pS(i) , 

= 4KG 1 + 3  (f) 21 d) 
—Sd> 

(4.114) 

(4.115) 

• For er = 0, ^tot = 0 

X = 47rG 
(J)S^ + V ,̂0 54>^ 

X = 47rG^ (rt + v;^ 50) ; 

• For £r =0, Ipr = 0, Tptot = 

A-kG a? 

(4.116) 

(4.117) 

X = 
H B 

,2  

,0' (F)5(L> + I ZH(I) — ATVG— + V,^ 5(p 

.a 
= 

• - f • 0^ S 
<t>6<t>+ hH<t>-A-KGj^ + V,^+^- 54> 

(4.118) 

(4.119) 

Note that assuming ^tot = 0 is equivalent to making the ideal fluid approximation 

for the (f) field evolution, and the effect of the lapse function a is offset from the very 

beginning. These four sets of equations for the initial value of x S'lid X represent 

the initial isocurvature conditions characterizing the entropy perturbation S^. The 

meaning of the "hybrid" initial condition for the evolution of the warm inflationarv-

perturbations is reflected by the fact that the adiabatic initial conditions (4.111) -

(4.112) are used to determine the entropy perturbations such that 0 at the 

onset of inflation at U. Both Xi 3-iid Xi 3-^6 mathematically well-behaved as ap>-

proaches zero; i.e., no divergence in the metric variables would arise. Furthermore, 

it is straightforward to show that x —^ 0 ^•nd x —^ 0 S't U where the slow-roll 

solution is satisfied. Our numerical tests have confirmed that there is essentially no 

difference in using a particular set of initial conditions from Eqs. (4.113) - (4.119). 

Thus, we always specify Xi = Xt = 0 for the calculations. 
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10® 

t 
Figure 4.1: Typical evolution patterns for the adiabatic mode C and the isocurvature 
mode of the primordial density perturbations in the warm inflation scenario. 
The dot-dashed line represents the amplitude of the adiabatic mode |C^|. The solid 
line denotes the amplitude of the isocurvature mode 15^1. The dotted line shows 
the super-Hubble suppression of the primordial density perturbations. 

4.5.3 The Evolution 

We integrated the background and perturbation equations using a well-tested rou

tine ODEX, which is based on the powerful Gragg-Bulirsch-Stoer extrapolation 

algorithm (Hairer, Norsett & Wanner 1987). Figure 4.1 shows the typical evolution 

patterns for the adiabatic mode Q and the isocurvature mode of the primor

dial density perturbations. In this example, the inflation mass scale is taken to be 

M = 10^^ GeV. The self-coupling constant of the 0 field is A = 10"^^. The constant 

thermal dissipation is specified by F = 9Hi so that the spectral index of the power 

spectrum is n ~ 0.72 , according to Eqs. (3.37) and (3.54). 
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Figure 4.2: As in Fig. 4.1, the evolution of the initial density perturbations around 
the horizon-crossing moment tf,{k) where k = aH is shown. The perturbations 
oscillate within the sub-horizon region when t < te- Gravitation increases the 
magnitudes of the density perturbations after t > The dotted line represents 
the amplitude of the "total" power spectrum The super-Hubble suppression 
can be seen by comparing with |C^|. 

As in the classical picture of the initial density perturbations described in Sec. 

2.4, the perturbations start well inside the Hubble radius, k < aH and oscillate 

w i t h i n  t h e  s u b - h o r i z o n  r e g i o n .  A f t e r  t h e  h o r i z o n - c r o s s i n g  m o m e n t  t e ,  i . e .  k  >  a H ,  

the microphysics is "frozen in", and both adiabatic and isocurvature modes grow 

only by the gravitational interactions. This behavior is clearly shown in Fig. 4.2. 

Moreover, as advertised in Sec. 3.6.2, when invoking the hybrid initial conditions 

in the perturbation calculations, the isocurvature effect would lead to the super-

Hubble suppression of the total power spectrum. The suppression is also shown in 

this graph. 
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Figure 4.3: Same as in Fig. 4.1, the growth of C and during the warm inflation
ary phase, tf represents the moment when the warm inflation is terminated. The 
super-Hubble suppression (the dotted line) remains the same at t = tf. However, 
the domination of the isocurvature mode, i.e. |5^| > |<^^|, ends aX tf where the 
universe is "reheated" to Tf - the final temperature of the warm inflation. 

In models derived from the standard inflation scenario based upon a single 

component universe, the amplitude of the adiabatic perturbations |C^| remains an 

exact constant during the inflationary epoch (for example, see Bardeen 1988; Hwang 

1993). In a warm inflation model, however, both ^ and increase with time. 

Although is gauge independent, the internal interaction Qr = in 

between the inflaton (p and the thermal component r change the evolution of the 

adiabatic perturbations C- This can be clearly seen in Fig. 4.3. 

The evolution of the background temperature T and the Hubble expansion rate 

H for the warm inflation model presented above is shown in Fig. 4.4. Evidently, the 
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Figure 4.4: The background evolution for the warm inflation model where M = 10'® 
GeV, A = 10"'®, and F = QHi using different initial conditions for Pr. The moment 
tb{M) denotes the rebound time of T when Eq. (4.109) is used. H remains constant 
during the warm inflation period. The behavior of T after the rebound time t > tb 
is identical. Hence, the temperature evolution of the universe in the warm inflation 
epoch is fairly independent on the initial condition pr{U)-

behavior of T  is fairly independent of its initial condition where P r i U )  = 

as required by the inflation scenario. 

Strictly speaking, one should use the fluctuation 5<l){t = tg) values to calculate 

the matter power spectrum. However, it has been demonstrated that the matter 

density contrast at the horizon-crossing moment te is equivalent to the amplitude 

of the initial density perturbation in the scalar field dominated era when the cal

culations are carried out in the uniform-curvature gauge (Hwang 1995). Since T 

cuts across the Hubble radius during in the warm inflation phase epoch, our 

perturbation calculations should be properly activated a.t t = te and terminated 
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a t  t  =  t f .  Figure 4.5 shows the amplitudes of the matter power spectra for both 

adiabatic and isocurvature modes at the time of horizon re-entry. Compared to the 

observational results from the 4r-year COBE DMR data that 6p/p ~ 10"'' — 10"^ 

(Bennet et a/. 1996), the amplitude of this matter power spectrum is much too large. 

In fact, we have found that this unreasonably huge amplitude is mostly caused by 

the use of the initial condition Ti = M. Furthermore, it seems that the numerical 

integration of the perturbation equations cannot avoid the period U <t <1^. That 

is, the calculations must actually start at f = ti, instead of the horizon-crossing 

time t = ig. Based on the warm inflationary formalism developed in Chapter 3, we 

can impose constraints on the initial value Ti and correct the inconsistency of the 

calculation process as well. 

4.5.4 The Inflationary Power Spectrum 

Because the lack of the "standard" formalism for the post inflationary reheating 

process, the specifications of the initial conditions for analyzing the inflationary 

power spectrum in most literature are quite arbitrary. In fact, the only constraint 

in selecting the initial conditions is that "fluctuations in the gravitational potential 

of order 10"^ arise to ensure that galaxy scale structure can form without over-

generating anisotropies in the microwave background" (Salopek, Bond & Bardeen 

1989). However, the warm inflation scenario substantially changes this status and 

allows us to confine the initial conditions in calculating the primordial density 

perturbations. 

As mentioned previously, the perturbation calculations should start at the horizon-

crossing time t = te, and end a.t t = tf where the temperature of the universe is 

TF. In the warm inflation scenario, the background temperature is characterized 

by the Hawking temperature H when the initial density perturbations crossed out 

of the horizon. In order to properly activate the perturbation calculations, we need 

to find out the initial temperature Ti of the inflationary universe such that all per

turbation modes would associate with T{te) = H exactly when they entered the 

super-horizon region. This can be achieved as follows. 
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Figure 4.5: The amplitudes of the matter power spectra |C^| and |5^1 at the current 
Hubble scale, A:"^ ~ for the warm inflation model shown in Fig. 4,1. The 
unreasonably large amplitude is caused by the use of the initial condition T, = M. 

The thermal duration N = H • {t/ — te) represents the proper integration period 
over which the perturbation calculations should proceed. 

Recall that Tj can be approximated by the relation [see Eq. (3.41)] 

T / =  T j  e x p  ( a 7 V / 2 ) ,  ( 4 . 1 2 0 )  

where the index a is a function of M, A and F [Eq. (3.37)]. The e-folding growth, N, 

i n  t h e  c o m o v i n g  s c a l e  f a c t o r  c a n  b e  d e f i n e d  b y  N  =  H { t f  —  t g )  s u c h  t h a t  H  =  a  I  a :  

i.e., 

a / ~ a i e x p A / ^  ( 4 . 1 2 1 )  

at the end of the warm inflation. Accordingly, the initial temperature of the system 

can be determined by means of the adiabatic relation ajTf = UOTQ = TQ. Thus, we 
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have 
rp TQ — exp (4.122) 

In order to solve the horizon problem, Eq. (4.110) shows that a, is constrained by 

Consequently, one obtains a lower bound for the initial temperature such 

that 

Given a warm inflation model M, A, F, the thermal duration N is determined 

through Eqs. (3.44) - (3.46). Therefore, to agree with the observed amplitude 

range of the matter power spectrum, the initial temperature of the system can be 

f i x e d  a s  l o n g  a s  t h e  c o n s t r a i n t  ( 4 . 1 2 3 )  i s  s a t i s f i e d .  M o r e o v e r ,  b e c a u s e  o c  e x p { — N )  

[see Eq. (3.52)], T, should shift to 

when calculating the power spectrum for perturbations with a comoving wavenum-

ber k. 

Table 4.1 shows several warm inflation models we have considered for our nu

merical analysis. We have fixed M = 10^® GeV and F = 9Hi so that they give the 

values for the index n shown in the table. Using Eq. (2.68) leads to the conclusion 

that AOBS{K = HQ) < 10"^ is necessary to agree with the 4-year COBE-DMR results. 

The corresponding dimensionless initial temperature for the system must be less 

than 10"^^; i.e., Ti{ko) < Hence, inflation models generating n < 0.81 can 

be ruled out for the warm inflation scenario. 

To calculate the power spectrum for a warm inflation model, we need to find 

the mixing parameter 0 for the perturbations just entering the present Hubble 

horizon; i.e., k~^ ~ HQ^. Recalling the definition of the total power spectrum from 

Eq. (3.121). Since C characterizes the adiabatic mode of the primordial density 

perturbations and S^n- represents the isocurvature mode, the mixing parameter at 

the Hubble scale is determined by 

(4.123) 

(4.124) 

(4.125) 
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Model X n Ti/Hi 

1 W" 0.72 3.2 X W" 

2 5 xlOT'" 0.80 4.6 X W'-

3 1.2 xW" 0.90 4.5 X 10'-^ 

4 3.3 X 10-" 0.95 2.4 X 10'"° 

5 2.05 0.96 10'"^ 

Table 4.1: Five warm inflation models that we have considered for the numerical 
analysis. We have specified that M = 10^^ GeV and F = 9HI for these models. The 
spectral index n and the lower bound of the corresponding initial temperature, in 
units of Hi, for the primordial density perturbations with wavenumber ko = 2-kHQ, 
are shown. 

In fact, based on the typical evolution patterns shown in Fig. 4.3, one can deduce 

that 

0 < / 3 < 0 . 5  ( 4 . 1 2 6 )  

at any scale k~^ (Lee &: Fang 1998b). 

As an example, we calculate the matter power spectrum for a model in which 

M = 10^® GeV, A = 1.2 X 10"^®, and F = Q/fj. The spectral index of the power 

law spectrum for this model is n ~ 0.9 . Using the approximated quadrupole 

moment Qms-ps given in Eq. (2.69), which is based on the 4-year COBE-DMR 

data analysis, the mixing parameter is found to be ~ 0.38 . The power spectrum 

is shown in Fig. 4.6. The use of the equation of state = p^/3 for the 0 component 

is the major reason to cause the drastic drop in power in the range k > 2 x 10"^. 

Nevertheless, the ideal fluid approximation for all relativistic decay products of the 

inflaton should be valid in the long wavelength limit. 

4.6 Conclusions and Discussion 

Using the full relativistic formalism, we have investigated the evolution of the pri

mordial density perturbations in the warm inflation scenario. The gauge invariant 
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Figure 4.6: The power spectrum derived from a warm inflation model with M = 
10^^ GeV, A = 1.2 X 10"^® and T = Q/fj. The spectral index is n ~ 0.9, and the 
mixing parameter is /5(fco) ~ 0.38 . The comoving wavenumber fco characterizes the 
physical length scale of the present Hubble radius; i.e., ~ HQ^. The amplitude 
of the total density perturbation is normalized to the 4-year COBE-DMR data 
based on the empirical formula Qrms-psC'^) = 1-7 x 10~® exp[0.71(l — n) — 0.01] . 

quantities C and characterize the adiabatic and the isocurvature mode of the 

initial perturbations. Invoking the hybrid initial conditions for inflation models, it 

is shown that an inflationary power spectrum with the spectral index n < 0.81 can 

be ruled out by the current observations. 

Based on the 4-year COBE-DMR data analysis, the admixture of the adiabatic 

mode and the isocurvature mode of the density perturbations can always be found 

such that > 0 . However, one should be careful in comparing the warm inflation 

predictions with the COBE results. In most of the fitting of the COBE-DMR 

observations done so far, only the spectra described by two parameters (n, Qrms-ps) 
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have been considered. In other words, the published results of the COBE data 

analysis provide only the most likely area in the bi-parameter (n, Qrms-ps) space. 

This fitting assumes that there is no suppression on scales larger than the Hubble 

radius. To determine the mixing parameter /? more accurately, one has to use 

the Qrms-ps result from the data analysis which also undertakes the super-Hubble 

suppression (Lee & Fang 1998b). 

In the framework of the warm inflation scenario, the suppression of the matter 

power spectrum on super-Hubble scales is the direct consequence of employing the 

hybrid initial conditions. In fact, the power spectrum of the primordial scalar 

density perturbations can be written as (Berera, Fang & Hinshaw 1998) 

P { k )  =  V A k ^ f i k )  , (4.127) 

where V  is a large rectangular volume and f { k )  is the long wavelength suppression 

function. In principal, causality requires the modification of a suppression scale to 

the pure power-law power spectrum (Abbott & Traschen 1986). Under very general 

conditions, the suppression function f{k) can be specified to fulfill causality in the 

form 

" 1 + {kmin/k)^ ' 
where ktnm is the wavenumber of the suppression scale. The index m is strictly 

constrained by causality such that m > A — n. The significant suppression of power 

spectrum on super-Hubble scales in the warm inflation scenario is clearly shown in 

Fig.4.7. 

Moreover, the minimum inflationary expansion to solve the horizon problem is 

N Z 50 — 70. Models derived from the "standard" inflation scenario provide no 

convincing reason for N to be near its lower limit. Hence, the cut-off wavenumber 

^min ~ 0 is generic for all standard inflation models. As shown in Chapter 3, 

however, the expansion duration N in the general warm inflation solutions can be 

as small as 55. Therefore, from the point of view of inflationary cosmology, warm 

inflation models are more suitable to explore the suppression of the power spectrum 

in the long wavelength limit. 
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Figure 4.7: An example of the super-Hubble suppression of the matter power spec
trum. The underlining warm inflation model is the same as that shown in Fig. 4.6. 
The location of the present Hubble radius is marked at A: = Atq . The significant 
lack of power of the inflationary density perturbations in the super-horizon region 
is shown. 

In addition, recent discrete wavelet analysis of the COBE^DMR 4-year sky 

map has found a significant scale-scale correlation on large scales (Pando, Fang 

& Valls-Gabaud 1998). This non-Gaussian signature cannot be realized by the 

single-component "standard" inflation models. Since the universe consists of at 

least two components in the warm inflation scenario, the application of the hybrid 

adiabatic plus isocurvature initial condition in a warm inflation model may provide 

an explanation for the scale-scale correlation. 
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CHAPTER 5 

CONCLUSIONS 

An important goal in the study of cosmology is to determine the large scale 

structure of the physical universe. The standard hot big bang model fails to solve 

the problem of structure formation. Substantial theoretical progress ou this is

sue was made by introducing the concept of inflation into the early history of the 

universe. However, as shown in the end of Chapter 2, "standard" inflation mod

els suffer the serious "fluctuation problem". Furthermore, because of the unclear 

physical mechanism of the post-inflationary reheating stage, the amplitude of the 

matter power spectrum cannot be directly calculated in the framework of the stan

dard inflation scenario. In addition, there is no explanation for the problem of the 

super-Hubble suppression in the standard inflation scenario. 

In this thesis, we have considered models derived from the warm inflation sce

nario, in which the scalar inflaton field (f) undergoes a thermal dissipation process 

during the inflation epoch. We are able to show that warm inflation models suc

cessfully reproduce all characteristics of the inflationary cosmology. Because the 

post-inflationary reheating stage is not necessary, one of the most consequential 

features of the warm inflation scenario is that it allows us to directly calculate the 

amplitude of the power spectrum originating in the primordial density perturba

tions. 

The initial density perturbations generated during the inflation era are usually 

attributed to the adiabatic initial condition in a tj^iical inflation model. Invoking 

the isocurvature initial condition seems to be less natural in the context of the 

standard inflation scenario. However, there exist many methods to produce entropy 

perturbations in the very early universe. Evidently, warm inflation is very effiective. 

Although isocurvature perturbations alone cannot account for the CMB anisotropy. 
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there is no compelling physical reason to exclude the possible contribution they 

make towards the evolution of the universe. We have shown that the warm inflation 

scenario not only produces both the adiabatic mode and the isocurvature mode of 

the density perturbations, the resultant spectral index n and the amplitude A of 

the power spectra also fit the observations very well. More importantly, the warm 

inflationary formalism is able to impose physically meaningful constraints on the 

initial conditions for the evolution of the primordial density perturbations, and get 

a reasonable matter power spectrum as required by causality. 

As discussed in the end of Chapter 4, one of the future works on the warm in

flation scenario is to accurately determine the mixing parameter /?. In order to do 

that, we have to consider the suppression of the power spectrum on super-Hubble 

scales and re-analyze the observational data. Moreover, the nonlinear perturbation 

analysis done in the framework of the warm inflation scenario may provide explana

tions for the non-Gaussian signature found in the cosmic temperature fluctuations 

on large scales. 

In this thesis, we have considered only scalar cosmological perturbations in the 

gauge invariant perturbation analysis. However, gravitational waves may also leave 

imprints in the cosmic microwave background. Therefore, if we are to use a more 

general metric for the perturbed universe, we can calculate gravitational waves in 

warm inflation models and thus find out the tensorial contribution of the primordial 

perturbations in the CMB. 

Since the slow-roll regime of the inflation epoch is actually far out of equilib

rium, another interesting and important future work relevant to the warm inflation 

scenario is to consider relativistic thermodynamics in the most general theoretical 

setting. Evidently, in a non-equilibrium environment, the purely adiabatic creation 

of particles is insuflicient. One must resolve the problem of particle production 

during inflation by employing formalism developed for the extended irreversible 

thermodynamics. 
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