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ABSTRACT 

To simulate transport phenomena, macrosegregation and segregation defects 

known as "freckles" during directional solidification of Ni-base superalloys, numerical 

modeling can be used; hence it is essential to have reasonably accurate values of the 

thermodynamic and transport properties for the alloys. In this research, therefore, the 

equilibrium partition ratios of the solutes in the Ni-Al-Ta-Cr quaternary system, as a 

model alloy, were measured, and the solid- and liquid-densities in Ni-base superalloys 

were estimated. Also, the importance of these properties on the sensitivity of the results 

of numerical simulations was studied. 

The partition ratios apply to equilibria between melts and y-phase in the range of 

1615 K to 1694 K, and it was found that the equilibrium partition ratio of Ta varies from 

approximately 0.6 at dilute Ta to 0.85 at 17 wt.% Ta. For the same range of Ta-

contents, the partition ratios of A1 and Cr vary much less and range from about 0.92 to 

0.96. In addition to the partition ratios, the liquidus temperatures of the liquid in 

equilibrium with y in the Ni-Al-Ta-Cr system were estimated with a multidimensional 

regression analysis. 

To calculate the densities of solid Ni-base superalloys as functions of temperature 

and composition, lattice parameters at 20°C and coefficients of thermal expansion 
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(CTEs) were estimated by combining available data. The CTEs calculated from the 

regressions result in densities that are within 0.5 % error or less for seventeen alloys. To 

estimate the densities of liquid Ni-base superalloys, the densities and temperature 

coefficients of density of the liquid transition-metals, which are used as alloy elements in 

Ni-base superalloys, were applied to a simple correlation. By using this approach, the 

estimates of the liquid densities of five Ni-base superalloys agree with the measured 

values to ±2.5 %. 

Finally, the importance of using reasonably accurate estimates of the transport 

properties was illustrated by simulations of the thermosolutal convection and 

macrosegregation during solidification in a directionally solidified Ni-base alloy casting. 

In these simulations, the sensitivities of equilibrium partition ratio, solutal expansion 

coefficient and viscosity on the simulation of macrosegregation were determined. It was 

found that the segregation and convection are sensitive to the properties, especially to the 

equilibrium partition ratio. 
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CHAPTER 1 

INTRODUCTION 

Ni-base superalloys have been widely used in critical components in gas-turbine 

engines since they exhibit outstanding performance (e.g., high strength, resistance to 

creep and corrosion) at elevated-temperature operations. For the past several decades, 

there have been many researches on the alloy design and the process development for the 

superalloys. These days, directionally solidified (DS) and single-crystal (SC) processes 

represent advanced casting technology. In the DS process, solidification is effected 

vertically by cooling fi-om below. The process provides casting with columnar grains, 

aligned parallel to the length of the casting. In conjunction with a grain selector or a 

preoriented seed at the bottom of the casting, directional solidification is also used to 

cast dendritic single crystals, called SC or SX castings [1]. 

However, when segregation defects known as "freckles" are found in DS and SC 

castings, they are cause to scrap these expensive castings. These segregates are observed 

as long and narrow trails, aligned roughly parallel to the direction of gravity in DS 

castings, and are enriched in the normally segregating elements and depleted of the 

inversely segregating elements [2], It is known that fi-eckles are a direct consequence of 

upward-flowing liquid plumes that emanate from channels within the mushy zone [3], In 

terms of transport phenomena, the channels are a manifestation of thermosolutal 
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convection in a porous media subject to remelting by interdendritic liquid laden with 

solute. In general, the formation of channels and freckles occurs due to remelting during 

solidification when the fluid flow in the growth direction exceeds the isotherm velocity. 

In order to predict the segregation in DS and SC castings, many studies have been 

made on simulating transport phenomena during solidification. In 1991, Felicelli et al. 

[4] simulated channels and freckles in directionally solidified Pb-Sn alloys; there are 

related numerical works for other binary alloys [5-8]. When cooling a binary alloy from 

below (as in DS and SC castings), the temperature profile is gravitationally stable, but 

convection may develop, especially when solute that is lighter than solvent is rejected to 

the liquid. In a multicomponent alloy, however, each alloying element contributes to a 

change in the density of the liquid. Some components decrease the liquid density, while 

others increase it, depending on their respective solutal expansion coefficients. 

The prediction of macrosegregation in multicomponent alloys dates to 1970, 

when Fujii et al. [9] considered convection in the mushy zone only. Simulations of 

multicomponent alloys with thermosolutal convection in both the liquid and mushy zone 

started appearing in 1995 [10-14], and will probably be widely applied in the near future. 

The modeling of multicomponent alloys requires different algorithmic strategies than the 

one used for binary alloys. In particular, knowledge of the temperature in the mushy 

zone does not automatically provide the concentration in the interdendritic liquid. In a 
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multicomponent alloy, many combinations of the liquid concentrations can have the same 

liquidus temperature, making it more difficult to calculate the solidification path. 

In order to quantitatively simulate the convection and macrosegregation during 

solidification, it is essential to have reasonably accurate values of the thermodynamic and 

transport properties for the alloys. One of the important thermodynamic properties is the 

equilibrium partition ration, defined as 

K = (1) 

where k, is the equilibrium partition ratio of each solute element /, and C'^, and , 

are, respectively, the liquid and solid compositions (wt.%) of the element / at the 

interface. If k, is close to unity, then there is very little partitioning of the element i 

between liquid and solid. If k, is less than unity, then there is preferential partitioning of 

the element / to the liquid, and if k, is greater than unity, then there is preferential 

partitioning of the element / to the solid. When k, is either less than or greater than 

unity, the result is segregation during solidification. 

The equilibrium partition ratios in a number of iron-based systems have been 

determined, and it was established that solute interactions cause the ratios to differ fi-om 

those obtained in binary systems [15-17]. As one step forward in realizing a reliable 
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thermodynamic data base for Ni-base alloys, the equilibrium partition ratios in the Ni-rich 

alloys of the Ni-Ai-Ta-Cr quaternary system were measured in this research. This 

quaternary had been selected as a model alloy to simulate convection and segregation 

during solidification in multicomponent Ni-base superalloys since Al, Ta and Cr are basic 

alloying elements found in DS and SC superalloys. 

In the solidification range, the temperature and the concentrations of the elements 

in both phases vary, so the densities of solid and liquid were estimated as functions of the 

temperature and the concentrations of the elements. First, densities of solid Ni-base 

superalloys were estimated in this research. The densities of Ni-base alloys at 20°C were 

estimated as a function of composition, and a regression of the coefficient of thermal 

expansion (CTE) of Ni as a function of temperature was performed, and then the CTEs 

of the solid Ni-base superalloys were estimated by regression analyses to get functions of 

temperature and composition. By combining data on lattice parameters of Ni-base alloys 

and coefiBcients of thermal expansion with regression analyses, regression equations were 

devised that predict the densities of multicomponent Ni-base alloys. 

Also, In this research, the densities of many of the liquid transition-metals and the 

change in density wath temperature, called the temperature coefiBcient of liquid density 

(d/s/dT', where p is density and 7 is temperature), were gathered, reviewed, and applied 

to make a simple correlation. These metals were selected because, along with Al, they 
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include the alloy elements in Ni-base superalloys. The correlation is used to critically 

evaluate the temperature coeflBcients of liquid density, which are not well established for 

many of the transition-metals with high melting points. It can be also used to estimated 

d/j/dr of the transition-metals for which no published data have been found. To 

demonstrate how the results can be applied, the densities of liquid Ni-rich Ni-Al-Cr-Ta 

alloys were considered. Also, this procedure was applied to estimate the liquid densities 

of Ni-base superalloys as a verification. 

Finally, in this research, the directional solidifications of Ni-Al-Ta-W and Ni-Al-

Ta alloys were simulated. In both alloys, aluminum partitions to interdendritic liquid in 

the mushy zone. Hence, its concentration increases with distance below the leading part 

of the mushy zone, making the liquid less dense fi^om below. This tends to make the 

liquid convectively unstable. Tantalum also partitions to the interdendritic liquid, but it 

makes the liquid more dense from below, which tends to stabilized with respect to 

convection. Tungsten, like tantalum, increases the density of the interdendritic liquid, 

but it partitions to the solid so that it tends to make the liquid unstable with respect to 

convection. Both aluminum and tungsten, therefore, are solutes that enhance convection 

and make the alloy more prone to the formation of freckles. Of these two elements, 

tungsten partitions more strongly and is the major culprit in forming freckles. 

The buoyancy of the interdendritic liquid can be found in the body-force term of 
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the momentum equation. As is often done, the density of the liquid in the body-force 

term is expressed as 

P = P. 
.w 

1 ^ T„) (c; - ci) 
y = 1 

(2) 

where p is the density of the liquid; T is the temperature; C/ is the concentration of 

solute j in the liquid; N is the number of solutes in the alloy; and p„ is the density of 

the alloy at the reference temperature, and the reference composition of the alloy, 

C^,The coefficients and are the thermal expansion coefficient and 

the solutal expansion coefficients, respectively. They are defined as; 

Pr = - ̂  
P. dT 

(3) 

Pc' - -
I dp 

Po dC/ 
(4) 

The effects of varying three important properties in thermosolutal convection and 

macrosegregation patterns in a Ni-Al-Ti-W alloy are examined in the simulations. The 

three properties that are varied are the equilibrium partition ratio of tungsten, the solutal 

expansion coefficient of tungsten, and the viscosity. 
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CHAPTER 2 

UQUID-SOLID EQUILIBRIA OF MULTICOMPONENT 

NICKEL-BASE ALLOYS 

2.1 Background on Partition Ratios in Nickel-Base Alloys 

When equilibrium exists at the interface, the ratio of concentrations of an alloy 

element between liquid and solid is known as its equilibrium partition ratio. The 

equilibrium partition ratio is one of the essential properties to quantitatively study both 

microsegregation and macrosegregation of solute elements during solidification. As a 

first step, therefore, the equilibrium partition ratios in some Ni-base alloys were 

investigated in this research. 

For a binary system, the equilibrium partition ratio is a constant if it is based on 

the simplifying assumption that the liquidus and solidus in the phase diagram are straight 

lines and both lines originate from the same temperature at zero concentration of the 

solute. Often this assumption is acceptable and used to simplify calculations of 

segregation. For Ni-base binary alloys, the equilibrium partition ratios of many alloy 

elements have been determined; Table 1 summarizes the equilibrium partition ratios of 

many solutes in Ni-base binary alloys [18-21], 



Table 1. Equilibrium partition ratios of solutes in Ni-base binary alloys. 

Solute Element 
Equilibrium 

Partition Ratio 
Reference 

Co 1.00 [18-21] 

Ti 
0.68 [18-20] 

Ti 
0.70 [21] 

Ai 
0.71 [18-20] 

Ai 
0.59 [21] 

Fe 1.00 [18-20] 

Cr 
0.67 [18-20] 

Cr 
0.60 [21] 

Ta 
0.92 [18-20] 

Ta 
0.79 [21] 

0.40 [18, 19] 

Nb 0.50 [20] 

0.39 [21] 

Mo 1.00 [18-21] 

W 
1.27 

1,30 

[18-20] 

[21] 

Re 
1.81 

2.00 

[18, 19] 

[20] 

V 1.00 [18-21] 

Hf 0.10 [18-20] 



23 

Most commercial Ni-base superalloys contain more than five alloying elements, 

and the equilibrium partition ratios in the multicomponent alloys differ from those 

obtained in binaries because of the solute interactions. Accordingly, there have been 

some measurements of the partition ratios in Ni-based multicomponent alloys and in 

experimental alloys containing at least two solutes. The available data [22-40] are 

summarized in Tables 2, 3 and 4. 

Three techniques for obtaining partition ratios have been employed. One simply 

involves measurement of the minimum concentration of a solute in a solidified sample. 

Assuming no difiusion in the solid during solidification and subsequent cooling, no 

undercooling, and no macrosegregation, then the minimum concentration divided the 

concentration in the melt gives the partition ratio. Unfortunately, these assumptions 

break down under conditions of most casting and ingot processes, so that partition ratios 

obtained by this technique are somewhat sensitive to process conditions (e.g., thermal 

gradient, solidification rate, and convection) and, therefore, are not equilibrium partition 

ratios. Nevertheless, these data are listed in Tables 2, 3 and 4 because in many cases no 

other data are available and such data, at least, can be used for estimations of partitioning 

during solidification. The second technique involves planar solidification of the alloy, 

followed by quenching. Microprobe analysis of the solid and liquid at the interface gives 

the partition ratio. In the case of alloys, very slow growth rates (less than 1 s'') and 

steep thermal gradients (more than 100 K cm ') are required to maintain a planar 



Table 2. Partition ratios of solutes in Ni-base alloys. 

Alloy 
Concentration, wt.% Partition Ratio Tech

nique 
Ref. Alloy 

Co Ti Al Fe Cr Ta Nb Mo W Co Ti Al Fe Cr Ta Nb Mo W 

Tech
nique 

Ref. 

Ni-AI-Ta • - - 9.2 - - 5.9 - - - - - 0.66 - - 0.61 - - - 1 (22) 

Ni-AI-Ta • - - 6.0 - - 15.2 - - - - - 0.66 - - 0.59 - - - 1 (22) 

Ni-AI-Ta * - - 5.8 - - 15.2 - - - - - 0.54 - - 0.48 - - - 1 123) 

IN-738LC 8.3 3.5 3.4 - 15.7 1.9 0.9 1.9 2.9 1.1 0.6 1.2 - 1.05 0.7 0.4 0.85 1.4 2 (24) 

ATS 381-G 10.0 1.9 5.3 - 6.3 2.0 - 2.5 9.9 1.05 0.7 - - 0.95 0.8 - 0.9 1.1 2 124) 

Waspaloy 13.5 3.0 1.5 - 19.5 - - 4.3 - 1.10 0.80 0.80 - 1.00 - - 0.90 - 1 (25) 

lN-100 15.0 4.7 5.5 - 10.0 - - 3.0 - - - 0.91 - - - - - - 1 126) 

Rend 77 18.5 3.5 4.25 - 15.0 - - 5.2 - - - 0.85 - - - - - - 1 126) 

MAR-M 200 10.5 2.0 4.9 - 9.7 - - - 12.6 - 0.6 0.9 - 0.93 - - - 1.2 2 (27) 

Inconcl X750 - 2.4 0.7 7.3 15.6 0.7 0.2 - - - 0.54 1.18 1.09 0.99 0.59 0.36 - - 3 (28) 

Inconel 617 12.3 0.5 0.7 1.6 20.8 - - 11.8 - 1.06 • 1.36 1.06 0.99 - - 0.79 - 3 |28) 

Hasiclloy XR - - - 17.9 20.7 - - 11.3 1.4 - - - 1.10 0.97 - - 0.71 1.06 3 128) 

Inconcl 706 0.8 0.6 - 38.0 19.0 1.1 1.3 1.0 - - - - 1.10 0.99 0.49 0.24 0.70 - 3 128) 

Inconcl 700 27.4 1.5 3.0 - 13.2 1.4 1.8 3.8 - 1.08 0.51 0.96 - 1.05 0.60 0.34 0.90 - 3 |28) 

Alloy F - 0.1 - 2.7 18.0 2.4 1.9 17.0 - - - - 1.12 1.05 0.75 0.40 0.81 - 3 128) 

Alloy G 17.8 0.4 - - 19.4 1.2 1.2 5.9 - 1.10 - - - 0.99 0.68 0.30 0.79 - 3 1281 

• originally reported in the basis of at.%, and data in this table were converted into wt.% basis. (Continued) 

K) 



Table 2. (Continued) 

Alloy 
Concentration, wt.% Partition R^tio Tech

nique 
Ref. Alloy 

Co Ti A1 Fe Cr Ta Nb Mo W Co Ti A1 Fe Cr Ta Nb Mo W 

Tech
nique 

Ref. 

Alloy H - 0.4 - 18.2 19.8 1.5 1.4 5.8 - - - - 1,11 0,99 0.60 0.31 0.85 - 3 [281 

Alloy 1 16.0 0.9 - - 16.7 l.l 1.8 15.1 - 1.09 - - - 1.02 0.66 0.37 0.83 - 3 [28| 

Alloy J - 0.6 - 16.0 16.7 2.0 1.5 15.8 - - • - 1.13 I.Ol 0.68 0.34 0.77 - 3 1281 

Ni-Al-Ta - - 7.2 - - 6.4 - - - - - 0.90 - - 0.75 - - - 2 [291 

PWA 1480 5 1.4 5 - 10.4 12 - - 4 1.13 0,43 0.89 - - 0.61 - - 1.67 I (301 

Ni-Fe-Mo - - - 21.0 - - - 30.2 - - - - 1.21 - - - 0.67 - 3 1311 

Alloy 77 10.0 2.5 2.0 - 16,0 2.9 - 2.1 2.0 1,03 0.62 1,08 - 1.02 0.80 - 0.89 1.10 3 (321 

Table 3. Partition ratios of solutes in MAR-M 247 and CMSX-4, 

Alloy 
Concentration, wt.% Partition Ratio Tech

nique 
Rcf Alloy 

Co Ti A1 Hf Cr Ta Rc Mo W Co Ti A1 Hf Cr Ta Re Mo W 

Tech
nique 

Rcf 

MAR-M 247 * 10.0 0.9 5.2 1.3 8.6 3.3 - 0.7 9.2 1 06 0.73 0.93 0.12 0.77 - 1.22 1 
133-
351 

CMSX-4 9 1.0 5.6 0.1 6.5 6.5 3.0 0.6 6.0 - - - - - 0.72 1.59 - 1.20 1 1361 

CMSX-4 9 1.0 5.6 0.1 6.5 6.5 3.0 0.6 6,0 1.06 0.6 0.82 - 0.97 0.68 1.55 - 1.31 1 (37) 

* originally reported in the basis of at.%, and data in this tabic were con>'crtcd into \vt,% basis. 

to Ui 



Table 4. Partition ratios of solutes in Ni-5Si-X and Ni-Cr-Al-X alloys. 

Alloy 
Concentration, wt.% Partition Ratio Tech

nique 
Ref. Alloy 

Co Si A1 Fe Cr Ta Re Mo W Co Si A1 Fe Cr Ta Re Mo W 

Tech
nique 

Ref. 

Ni-5Si-AI - 5.10 2.84 - - - - - - 0,47 1.34 - - - - - - 3 1381 

Ni-5Si-Co 3.28 5.12 - - - - - - 1,18 0,49 - - - - - - - 3 [381 

Ni-5Si-Cr - 4.91 - - 3.20 - - - - 0,59 - - 1,13 - - - - 3 (38) 

Ni-5Si-Fe - 5.09 - 3.06 - - - - - 0,51 - 1,18 - - - - - 3 1381 

Ni-5Si-Mo - 4.97 - - - - 3,22 - • 0,53 - - - - - 0,76 - 3 1381 

Ni-5Si-W - 5.30 - - - - - 3.34 - 0,49 - - - - - - 2.05 3 1381 

Ni-Cr-Al - - 6.8 - 28.8 - - - - - 0,78 - 0,97 - - - - 3 1391 

Ni-Cr-AI-Ta - - 6.6 - 8,9 7,8 - - - - 0,92 - 0,94 0,77 - - - 3 (391 

Ni-Cr-AI-Ta - - 6 - 8 6 - - - - 0,92 - 0,95 0,77 - - - 1 1401 

Ni-Cr-AI-Ta - - 6 - 8 6 - - - - - 0,91 - 0,93 0,70 - - - 3 1401 

Ni-Cr-Al-Re* - - 2.69 - 6,92 - 9,30 - - - - 0,72 - 0,89 - 1,78 - - 1 1401 

Ni-Cr-AI-W* - - 2.64 - 6,79 - - - 12,00 - - 0,85 - 0,87 - - - 1.20 1 |40| 

originally reported in the basis or at.%, and data in this table were converted into \vt.% basis 

K) 
o\ 
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interface. This technique results in an equilibrium partition ratio since the growth rates 

are so slow, and there are no effects of interfacial icinetics. The third technique is the 

most direct. The alloy is heated and maintained at a temperature where solid and liquid 

coexist. Then it is quenched, and microprobe analyses of the solid and quenched-liquid 

constituents yield the equilibrium partition ratio. In the following paragraphs, the 

researchers are identified and associated with one or more these three techniques. In 

Tables 2, 3 and 4, the techniques employed by the researchers are also identified. 

Peterson et al. [22] reported the partition ratios of A1 and Ta in single-crystals of 

Ni-Al-Ta alloys using directionally solidified samples with a dendrite growth rate of 

approximately 7 >< 10"' m s ' and a thermal gradient of 8 x 10^ K m ' Kadalbal et al. 

[23] reported the minimum concentrations of AJ and Ta in Ni - 5.8 wt.% AJ - 15.2 wt.% 

Ta alloys solidified at different cooling rates (0.1 - 4.4 K s '). By using their measured 

values of the minimum concentrations at the maximum cooling rates (-4.4 K s ') and 

dividing by the alloy concentrations before solidification, the estimated partition ratios are 

approximately k^, = 0.54 and = 0.48; both are the lowest of the reported values. 

Taha and Kurz [24] determined the equilibrium partition ratios of the alloying elements in 

IN-738LC and ATS 381-G by zone melting, quenching of the melt, and analysis of the 

interface region. Jeanfils et al. [25] estimated the partition ratios for an electroslag 

remelted ingot of Waspaloy by using their microsegregation data obtained at random 

locations on as-cast samples, while Ouichou [26] reported the partition ratios for IN-100 
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and Rene 77 by using directionally solidified samples. Seilamuthu and Giamei [27] 

measured the equilibrium partition ratios in MAR-M 200 using a plane-front solidified 

sample withdrawn fi-om a hot zone at a rate of 3 x 10'^ m s"V 

Tanaka et al. [28] measured the equilibrium partition ratios of solute elements in 

Ni-base alloys (five commercial alloys and five experimental alloys) by isothermally 

holding at a temperature at which both liquid and solid phases coexisted, followed by 

water-quench. Lacaze etal. [29] measured the equilibrium partition ratios in Ni - 7.2 

wt.% Al - 6.4 wt.% Ta alloy by using the planar solidification method. They employed 

an average thermal gradient of 1.2 x 10^ K m"' and a pulling rate fi-om the hot zone of 

2 X 10"® m s '. Tewari et al. [30] obtained the equilibrium partition ratios in a single-

crystal Ni-base superalloy, PWA 1480, by directionally solidifying, quenching, and doing 

microprobe analyses on transverse cross-sections in the quenched primary dendrite arms. 

Gozlan et al. [31] determined the equilibrium partition ratios in the Ni-Fe-Mo system 

obtained by isothermally holding samples in the liquid/solid range. Rosen et al. [32] 

measured the partition ratios of alloying elements in some experimental Ni-base alloys; 

their experiments were also performed by isothermally holding at a temperature in the 

liquid/solid range followed by water quenching. Zeisler-Mashl and Pletka [33] and 

Zeisler-Mashl [34, 35] estimated the partition ratios in MAR-M 247 using their 

microsegregation data obtained fi'om a single-crystal sample. 
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Recently, D'Souza et al. [36] measured the partition ratios in a second-generation 

single-crystal Ni-base superalloy, CMSX-4, by using a directionally solidified sample. 

Grafe et al. [37] also measured the partition ratios in CMSX-4 by using a directionally 

solidified sample prepared at a dendrite growth rate of 2.08 x 10'® m s"' and a thermal 

gradient of l.I lO"* Km'. Kagawa e/a/. [38] measured the equilibrium partition 

ratios in Ni-5Si-X ternary alloys by isothermal-holding method, followed by quenching 

on a copper chill of their special apparatus. Finally, Boettinger [39] and Huang [40] 

measured the equilibrium partition ratios of solutes in some experimental Ni-Cr-Al-X 

alloys by using isothermally holding samples and also using directionally solidified 

samples. 

As shown in Tables 2, 3 and 4, the equilibrium partition ratios differ fi-om each 

other for each Ni-base alloy, which is not surprising since the ratios must depend on 

interaction coefficients and temperature. One approach is to rely on thermodynamic data 

bases that provide input to a computer code that calculates the equilibrium between solid 

and liquid during solidification. Unfortunately, the interaction among the many elements 

in complex Ni-base superalloys must be estimated by comprehensive fitting of fi-ee energy 

fiinctions to phase diagrams of simpler systems (binaries, ternaries, and quaternaries). 

Furthermore, in order to calculate the activity of the element in the solid, the fi^ee energy 

of the elements as nonequilibrium solids must be used. For this, one relies on estimates, 

of the so-called "lattice stability functions" that are derived from reconciling phase 
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diagrams with thermodynamic data. For these reasons, the calculated equilibrium 

partition ratios are perhaps not as reliable as empirical ones, although considerable 

progress in developing reliable data bases has been underway [41-43], 

Equilibrium partition ratios in Ni-base superalloys should be measured for use in 

computer programs that simulate convection and segregation during solidification. In 

addition, as measured partition ratios become available, they will contribute to the data 

base underlying the thermodynamic calculations. The goal is that one day the 

thermodynamic data bases will be sufficiently accurate that empirical measurements of 

partition ratios can be avoided. As one step forward in realizing a reliable 

thermodynamic data base, the equilibrium partition ratios in the Ni-Al-Ta-Cr quaternary 

system and in the Ni-Al-Ta and Ni-Al-Cr ternary systems were measured in this research; 

Al, Ta and Cr are basic alloying elements found in single-crystal superalloys. 
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2.2 Experimental Equipment and Procedures 

2.2.1 High temperature furnace 

Figure 1 is a photograph of the experimental apparatus, and Figure 2 shows a 

schematic diagram of the experimental setup. A high temperature fiimace, Deltech-

Model DT-31-8, with eight molybdenum disilicide heating elements was employed. The 

fiimace temperatures for the experiments in this research were in the range of 1600 K to 

1800 K. A type B (Pt-6%Rh/Pt-30%Rh) thermocouple was installed to measure 

temperature. The thermocouples were calibrated by measuring the melting point of pure 

Ni. Also, the temperature distribution in the alumina tube within the fiimace was 

measured to locate the hot zone. The hot zone was approximately 5 cm, in which ± 1 K 

was attained. 

2.2.2 Water-cooled sealing system and high purity inert gas atmosphere 

To maintain a high purity inert gas atmosphere during an experiment, the sample 

was heated within a high purity alumina tube (5 cm OD, 4.5 cm ID, and 76 cm length) 

with water-cooled sealing-heads at both ends, as shown in Figure 3. Silicone 0-ring seals 

were used between the tube and the sealing-heads. To prevent oxidation, high purity Ar 

with the specifications of Table 5 was employed. 
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Fig. 1. Photograph of experimental apparatus. 
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Fig. 2. Diagram of experimental setup (drawing is not to scale). 



34 

11 a 

11 

12 

7 

1. Tungsten Suspension Wire 

2. Thermocouple 
(Pt-6%Rh/Pt-30%Rh) 

3. High Purity Alumina Crucible 

4. High Purity Alumina Tube 

5. Zirconia Insulation 
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8. Water-Cooled Sealing Head 
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11. Cooling Water Inlet 

12. Cooling Water Outlet 

• 0-Ring 

Fig. 3. Diagram of high temperature furnace and specimen arrangement 
(drawing is not to scale). 
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Table 5. Maximum impurity level (ppm) in the high purity Ar 
(minimum purity of 99.9995%). 

THC HjO O2 Hi CO, CO 

0.5 1.0 1.0 1.0 2.0 0.5 0.5 

Note; THC represents total hydrocarbons. 

2.2.3 Estimation of liquidus temperatures for Ni-Ai-Ta-Cr alloys 

To estimate the liquidus temperatures for Ni-Al-Ta-Cr quaternary alloys, liquidus 

temperatures for Ni-Al-Ta [44], Ni-Ta-Cr [45], and Ni-Al-Cr [46] ternary phase 

diagrams were collected. The set of 46 temperatures within the scope comprising 1598 < 

< 1728 K with alloy contents of 0 < A1 < 13.2 wt.%, 0 < Ta < 38.7 wt.%, and 0 < 

Cr ^ 20.4 wt.% is summarized in Table 6. The data were regressed to fit a multilinear 

equation of the form; 

^ ^0 ~ ^Al " ^2 ^Ta ~ ^Cr 

' aAC^CrJ'' ' (5) 

where is liquidus temperature in K; C,s are compositions in wt.%; and a^, a,, ..., a, 

are constants. Regression analyses were accomplished by using the SAS system (version 

6.12), developed by SAS Institute Inc., and installed in the Research Cluster (IBM Model 

RS/6000), at the University of Arizona. 
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Table 6. Liquidus temperatures in Ni-Al-Ta, Ni-Ta-Cr, and Ni-Al-Cr ternary alloys. 

Concentration, \vt.% 
r„K Reference 

A1 Ta Cr 
r„K Reference 

0 5.9 0 1723 44 
1.6 1.2 0 1723 44 
2.2 0 0 1723 44 

0 18.8 0 1698 44 
2.3 11.7 0 1698 44 

5.7 4.2 0 1698 44 
8.0 0 0 1698 44 
0 24.9 0 1673 44 

1.6 18.5 0 (1673) 44 
4.2 11.9 0 1673 44 

7.8 4.6 0 1673 44 

10.3 0 0 1673 44 
0 34.9 0 1648 44 

1.5 29.3 0 1648 44 

3.2 23.3 0 1648 44 

5.2 17,4 0 1648 44 
7.4 10.9 0 1648 44 

12.0 0 0 (1648) 44 

0 38.7 0 1633 44 
2.6 35.6 0 (1628) 44 

4.2 24.7 0 1633 44 

13.2 0 0 1645 44 
0 3.0 0 1723 45 
0 18.0 0 1698 45 

0 29.3 0 1673 45 

(Continued) 



37 

Table 6. (Continued) 

Concentration, wt.% 
Reference 

A1 Ta Cr 
Reference 

0 35.5 0 1648 45 

0 30.8 10.6 1623 45 

0 8.9 10.0 1698 45 

0 17.8 10.0 1673 45 

0 25.0 lO.O 1648 45 

0 29.2 15.0 (1598) 45 

0 1.4 20.0 1698 45 

0 9.7 20.0 1673 45 

0 15.4 20.0 1648 45 

0 21.0 20.0 1623 45 

0 24.4 20.0 (1598) 45 

0 0 0 1728 45 

0.4 0 18.2 (1698) 46 

5.6 0 19.3 1673 46 

10.3 0 20.4 1623 46 

4.7 0 9.5 1698 46 

8.6 0 9.9 1673 46 

12.0 0 10.2 (1616) 46 

2.7 0 0 1723 46 

7.9 0 0 1698 46 

10.7 0 0 1673 46 

Note; Data with temperatures in parentheses are discounted for data screening, as explained in 

the text. 
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All 46 data in Table 6 were regressed according to Eq. (5), resulting in a 

standard error of fit of 6.02 K and a sample index of correlation of 0.976. The regression 

gave the coefficients in Table 7 as "with 46 data." As a further refinement, the data with 

differences of more than 8 K between the reported and calculated values of the liquidus 

temperatures were discounted. These liquidus temperatures are shown in parentheses in 

Table 6. After discounting the seven in parentheses, the regression was repeated with 

the remaining 39 data, and the results are also shown in Table 7 as "with 39 data." This 

fit has a standard error of only 3.14 K and a sample index of correlation of 0.992; it was 

Table 7. Regression coefficients for Eq. (5). 

Coefficients 

With 46 data With 39 data* 

^0 1725.9828 1726.0307 

4.7161 3.6479 

^2 -0.3595 0.1505 

^3 0.8729 1.0930 

"4 -3.0808 -2.6679 

as -0.3037 -0.3982 

-0.4296 -0.4908 

^7 -1.1953 -1.3195 

-0.6068 -0.5355 

a. -0.5052 -0.4577 

* This set of coefficients was used in conjunction with Eq. (5) for 
planning experiments. 
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deemed satisfactory for planning the experiments. 

It should be reemphasized that Eq. (5) and its coeflBcients presented in Table 7 

were used only for selecting test temperatures for equilibrating the solid and liquid in 

samples for determining the equilibrium partition ratios. Refinement of the procedure and 

regression after colleaing liquidus temperatures in this research are presented in Section 

2.3.2. 

2.2.4 Estimation of solidification path for Ni-Al-Ta-Cr alloys 

Using the regressed equation for liquidus temperatures described in the previous 

section (Section 2.2.3) and the preliminary values of the equilibrium partition ratios, the 

solidification path was estimated for the purpose of planning experiments. The 

solidification path of one alloy indicating the composition and temperature of the 

interdendritic liquid is shown in Fig. 4. The equilibrium partition ratios used in this 

calculated solidification path were k^, = 0.94, ~ 0.75, and = 0.96. Since the 

"isothermal-holding" experiments were employed in this research with a desire to achieve 

equilibrium, the assumption of complete diffusion in the solid was made in estimating the 

solidification path; this yields the inverse-lever rule; 

Q  =  A C ,  [ 1  -  ,  ( 6 )  

where Cy is the uniform concentration in the solid, k is the equilibrium partition ratio, 

Q is the alloy composition before solidification, and is the weight fi'action of solid. 
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Fig. 4. Estimated solidification path showing composition and temperature of 
interdendritic liquid with an assumption of complete diffusion in solid 
(this was only used to plan the experiments). 
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Based on the estimated solidification path, the composition of the alloy reaches the aim 

composition at fi-action solid of 0.5. Therefore, for the case shown in Fig. 4, the aim 

composition was Ni - 5 wt.% A1 - 9 wt.% Ta - 8 wt.% Cr and the equilibrium 

temperature was 1660 K, at the fi-action solid of 0.5. By an inverse-calculation, the 

composition and liquidus temperature of the initial alloy were estimated as Ni - ^ .85 

wt.% A1 - 7.88 wt.% Ta - 7.84 wt.% Cr and 1667 K, respectively. 

2.2.5 Alloy preparation and experimental procedure 

Approximately 4 g of the alloy-charge was placed in a high-purity alumina 

crucible. Alloys were made fi"om Ni (99.97 %), A1 (99.999 %), Ta (99.95 %), and Cr 

(99.995 %). The crucible with a charge was suspended by a tungsten wire in the hot 

zone of the fiimace described in Section 2.2.1. The specimen was melted, maintained at 

approximately 50 K superheat for 30 minutes, and cooled to the test-temperature at 

which both liquid and solid phases coexisted (approximately 0.5 solid). Then, the 

specimen was isothermally held at the test-temperature for 3.5 to 5 hours. Upon quickly 

withdrawing the cap fi^om the bottom sealing-head, the tungsten wire was cut, and the 

specimen dropped into an ice-water bath below the mouth of the fiimace. 

2.2.6 Microstructure and microprobe analyses 

The specimen was cut lengthwise, and the longitudinal surface was prepared for 

light microscopy. The microstructure was revealed by etching in a 1:1 solution of 
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concentrated HCl and hno3, ^cr polishing with a suspension of 0.05 jim alumina 

particles. In order to avoid embedding alumina particles during the polishing procedure, 

the force applied to the specimen against the polishing substrate was 7 N per specimen, 

only one-third the force per specimen recommended by the manufacturer of the 

grinder/polisher (Buehler Ecomet* 4 with Automet* 2). After final polishing with the 

alumina-particle suspension, the specimens were rinsed under a stream of running water 

while Aviping the surface with a soapy cotton swab for a minimum of 300 s. Then, they 

were ultrasonically cleaned in a special solution (Buehler Ultramet* 2), rinsed with a 

distilled water, ultrasonically cleaned again with acetone, and dried completely. To be 

assured that there was no influence of alumina particles in analyzing for Ai in microprobe 

analyses, some specimens were prepared by polishing with a diamond paste and analyzed. 

These analyses agreed with the results fi'om the same specimens polished with the 

alumina-particle suspension and carefully cleaned as described. 

Figures 5 and 6 are examples of microstructures of the specimens, which show 

the dendritic structures of the quenched liquid and the globular shapes of the quenched 

solid. Before the microprobe analysis the interfaces between liquid and solid were 

marked using a microhardness indentor, and the etched surface was repolished slightly. 

The concentration of each element was measured using an electron beam microprobe 

analyzer (EMPA; Cameca SX50) located in the Department of Planetary Sciences at the 

University of Arizona. Analyses were carried out with an acceleration voltage of 15 kV, 
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1 mm 

Fig. 5. Microstructure of quenched solid (white) and liquid (dendritic structure) 
of specimen T03. Note; The large black area is a pore, and the smaller 
diamond-shape markings are microhardness indentations to locate areas 
for microprobe analyses. 
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Fig. 6. Microstructure of quenched solid (white) and liquid (dendritic 
structure) of specimen T08. Note; The diamond-shape markings are 
microhardness indentations to locate areas for microprobe analyses. 



a probe current of 20 nA, and a take-off angle of 40°. The EMPA (Cameca SX50) has 

four wavelength dispersive X-ray spectrometers, equipped with the analyzing crystals 

given in Table 8. 

Table 8. Analyzing crystals in electron beam microprobe analyzer (Cameca SX50). 

Spectrometer Analyzing Crystal Element Analyzed 

1 TAP (Thallium Acid Phthlate) A1 

2 TAP (Thallium Acid Phthlate) Ta 

3 PET (Pentaerythritol) Cr 

4 LEF (Lithium Fluoride) Ni 

To determine a spectrum acquisition time for the microprobe analysis, a specimen 

(T06) was analyzed with various acquisition times (30, 60 and 120 s). The standard 

deviation of the concentration of each element was plotted against the acquisition time; 

the results are shown in Fig. 7. Based on these results, 60 s was chosen as a reasonable 

spectrum acquisition time, since the standard deviations for all three elements are less 

than 0.1 wt.% at 60 s. 

Each measurement was made by rastering an area of approximately 500 jim* for 

60 seconds. This raster was done at a magnification of 5000, and it was corroborated 

that there was negligible error due to the size of the rastered area. However, with a 

rastered area greater than 500 jim^, the analysis was unreliable because the angle between 
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Fig. 7. Standard deviations for solid concentration measurements of 
specimen T06 with regard to acquisition time for microprobe 
analyses. 
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the point-of-analysis on the specimen and an analyzing crystal deviated too much in the 

raster. Hence, instead of using a larger size of rastered area, three areas were taken for 

one measurement of the liquid composition. 

Quantitative results were obtained for all analyses with the software, "Quanti 

View (version 3.0)," which was provided by Cameca. The pure elements (Ni, Al, Ta, and 

Cr) with the purities given in Section 2.2.5 were used as standards. At the beginning of 

each session, the standards were analyzed, compared to the previous standard data, and 

updated. Also, at the end of the session (the average length of one session was 

approximately 12 hours), the standards were analyzed again, and compared to the data at 

the beginning. The intensities of the standards between the beginning and the end of all 

sessions agreed to within only ±0.5 %. 

2.2.7 Concentration profile in quenched solid 

The equilibrium temperatures in this research were in the range of 1615 to 1694 

K. To ascertain homogenization of the solid during the isothermally holding procedure, 

the composition in a quenched-solid constituent in each specimen was analyzed. Figure 8 

shows the concentrations of Al, Ta and Cr along a line (a to b in Fig. 8a) in a solid 

constituent in specimen T03, which was equilibrated at 1668 K. The standard deviation 

for each element was less than 0.05 wt.%. This indicates that each element is uniformly 

distributed in the solid. 
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Fig. 8. Homogeneity of the solid constituent in specimen T03: (a) microstructure 
of quenched solid (globular shape) and liquid (dendritic structure), and 
(b) concentrations in quenched solid. Note; The diamond-shape markings 
are microhardness indentations to locate areas for microprobe analyses. 
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2.2.8 Statistics for concentration measurements and equilibrium partition ratios 

In order to determine the sample size (number of replicate measurements), the 

99 % confidence interval for the measured concentration of each solute was calculated 

using a set of preliminary measurements, which comprised the liquid concentrations in 

specimen T03 = 4.96 ± 0.05 wt%; ra ~ 8.14 ± 0.25 wt%; C^cr ~ 10.13 ± 

0.08 wt%). Figure 9 shows the 99 % confidence limits for the concentrations of the 

solute elements with regard to number of measurements. The confidence limits rapidly 

decrease with an increase of measurements until approximately ten measurements are 

achieved. They remain almost constant beyond approximately twenty measurements; 

based on this statistical analysis, twenty-five measurements were taken for each datum of 

solute concentration in this research. 

In order to check for any statistically unreliable datum among the measured 

concentrations and to decide whether to retain a questionable measurement, each set of 

data was carefully screened by using a widely used statistical test, "Q test" [47-49], In 

this test, the difference between the questionable result (x^) and its nearest neighbor (xj 

was divided by the spread (w) of the entire set to give the resulting ratio, O^: 

The ratio, , was then compared with a critical limit value , which can be found in 



50 

10 20 30 

Number of measurements 

40 50 

Fig. 9. 99 % confidence limits for concentrations of solute elements with regard 
to number of measurements. 
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Table 4-4 of Skoog et al. [47] or Table I of Rorabacher [48]; a confidence level of 99 % 

was chosen, and = 0.393 was obtained for twenty-five observations. If 0^^ is 

greater than (0.393), then the questionable measurement was rejected. 

Based on the average of each set of the screened data from the measurements of 

concentrations in the quenched liquid and solid, the equilibrium partition ratios were 

calculated using Eq. (4). In the calculations of the equilibrium partition ratios, the error 

propagations were calculated as follows: 

f 
2 

f 

\ . ^L. 1  , 

where , is the standard deviation of the equilibrium partition ratio (A:,), and , and 

(Jj , are, respectively, the standard deviations of the liquid composition ,) and solid 

composition (Q,) of the element / [50]. The standard deviations were provided by 

either the software with the EMPA used to calculate the concentrations or Microsoft 

Excel (version 7.0). 
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2.3 Equilibrium Partition Ratios and Liquidus Temperatures 

2.3.1 Equilibrium partition ratios of Al, Ta and Cr in Ni-AI-Ta-Cr alloys 

As elucidated in previous section (Section 2.2), both quenched liquid and solid, 

which were adjacent or very close to one another in the microstructures, were analyzed. 

Using the measured concentrations in the liquid and solid, the equilibrium partition ratios 

were obtained in Ni-Al-Ta-Cr quaternary, and Ni-AI-Ta and Ni-Al-Cr ternaries. The 

base composition was Ni - 5 wt.% AI - 9 wt. % Ta - 10 wt.% Cr, and the effect of 

varying the concentration of each element on the equilibrium partition ratio was studied 

in Ni-rich alloys with y as the primary solid. All the measured equilibrium partition ratios 

of the solute elements and the equilibrium temperatures are listed in Table 9. 

Figure 10 shows the equilibrium partition ratios of AI, Ta and Cr versus the 

concentration of Ta in the liquid of the Ni-Al-Ta-Cr quaternary. The equilibrium 

partition ratio of Ta increases with an increase of Ta (from 4.86 wt.% Ta to 15 .00 wt.% 

Ta), while that of Al increases slightly with Ta and that of Cr is close to unity and hardly 

changes with Ta. Similarly as in the Ni-Al-Ta-Cr quaternary, the equilibrium partition 

ratio of Ta in the Ni-Al-Ta ternary increases with an increase of Ta (from 5.70 wt.% Ta 

to 16.6 wt.% Ta), whereas that of Al increases slightly with increase of Ta; these results 

are shown in Fig. 11. Figure 12 indicates the equilibrium partition ratios of Al and Cr 

versus the concentration of Cr in the liquid of the Ni-Al-Cr ternary. The equilibrium 



Table 9. Equilibrium partition ratios of solutes and equilibrium temperatures in Ni-AI-Ta-Cr alloys. 

Equilibrium Liquid Composition, wt.% Equilibrium Partition Ratio 

Temperature, K 
A1 Ta Cr A1 Ta Cr 

T17 1670 4.85 ±0.04 4,86 ±0,17 9.20 ±0.06 0.92 ±0.01 0.70 ±0.03 0.95 ±0.01 

T03 1668 4.96 ±0.05 8,14 ±0,25 10.13 ±0.08 0.94 ±0.02 0,75 ±0.03 0.96 ±0.01 

T051 1636 5.73 ±0.06 11.08 ±0.22 10.68 ±0.08 0.96 ±0,02 0.77 ±0.03 0.97 ±0,01 

T052 1636 5.85 ±0.04 11.84 ±0.12 10.51 ±0.06 0.95 ±0.01 0.79 ±0.02 0,95 ±0,01 

T08 1643 5.20 ±0.03 11.76 ±0.24 8.82 ±0,05 0,95 ±0.01 0.81 ±0.03 0,95 ±0,01 

T061 1622 5.63 ±0,03 14.54 ±0.27 10,57 ±0,05 0.96 ±0.01 0.85 ±0.02 0,95 ±0.01 

T062 1622 5.50 ±0,05 15.00 ±0.12 10,48 ±0,07 0.97 ±0.01 0.87 ±0.01 0.96 ±0.01 

A24 1694 5,14 ±0.03 5.70 ±0.18 - 0.95 ±0.01 0,65 ±0,03 -

A02 1683 5.43 ±0.03 9.08 ±0.27 - 0.95 ±0,02 0.76 ±0,04 -

A33 1663 5.29 ±0.06 16.60 ±0.27 - 0,97 ±0,02 0,86 ±0.02 -

N13 1636 9.54 ±0.04 - 10,24 ±0,05 0,88 ±0,01 - 0.91 ±0.01 

N52 1683 4.92 ±0.11 - 10,10 ±0,14 0,88 ±0,03 - 0,92 ±0.02 

N04 1615 4.04 ±0.04 - 36,32 ±0.11 0,81 ±0,01 - 0.97 ±0.01 
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Fig. 10. Equilibrium partition ratios of Al, Ta and Cr in Ni-Al-Ta-Cr quaternary 
alloys as a function of concentration of Ta in liquid. The concentrations 
ofAlare 4.85 s < 5.85 wt.% and of Cr are 8.82 < C^cr ^ 
10.68 wt.%. 
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Fig. 11. Equilibrium partition ratios of A1 and Ta in Ni-Al-Ta ternary alloys 
as a function of concentration of Ta in liquid. The concentrations 
ofAlare 5.14 < < 5.43 wt.%. 



56 

o k (Al) 

• k (Cr) i 

10 15 20 25 30 35 

Concentration of Cr in Liquid, wt.% 

40 

Fig. 12. Equilibrium partition ratios of AI and Cr in Ni-AJ-Cr ternary alloys 
as a function of concentration of Cr in liquid. The concentrations 
of Al are 4.04 < < 9.54 wt.%. 
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partition ratios of Al and Cr do not change with an increase of 4.92 to 9.54 wt.% Al, 

but there is an increase of and a decrease of with an increase of 10.10 to 36.32 

wt.% Cr. 

Figures 13 and 14 are plots with all the data except two with the highest Al or Cr 

contents. Figure 13 shows the partition ratios as a function of the concentration of Ta in 

the liquid, and Fig. 14 shows the partition ratios as a function of the equilibrium 

temperatures. The dependence of the equilibrium partition ratio of Ta on the 

concentration of Ta in the liquid was formulated in the form; 

= 0.5936 + 0.0173 Q r. (9) 

The standard error of the regression fit is 0.022, and the sample index of correlation is 

0.92. 

Both Al and Cr have partition ratios between 0.9 and 1.0 for the range of 

concentrations of Ta as shown in Fig. 13. Hence, the segregation of these elements 

during solidification in the Ni-Al-Ta-Cr alloys studied herein is small. The slight 

variations of k^i and Acr with Q 

= 0.8991 + 0.0047 Q (10) 

the standard error of the regression fit is 0.012, and the sample index of correlation is 

0.81, and 

kcr = 0.9324 + 0.0020 Q r. (II) 
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Fig. 13. Equilibrium partition ratios of Al, Ta and Cr in Ni-Al-Ta-Cr quaternary 
alloys (open markers), in Ni-Al-Ta ternary alloys (solid markers), and 
in Ni-Al-Cr ternary alloy (0 wt.% Ta, shaded markers) as a function of 
concentration of Ta in liquid. The concentrations of Al are 
4.85 £ Ci^^, < 5.85 wt.% and of Cr are 0 < < 10.68 wt.%. 
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the standard error of the regression fit is 0.011, but the sample index of correlation is only 

0.47. For the linear regression on the correlation is comparatively low, because the 

partition ratio of Cr varies very slightly. No attempt was made to regress the partition 

ratios in terms of temperature because the data in Fig. 14 do not correlate as well as they 

do with the concentration of Ta (Fig. 13). 

Using all the data listed in Table 9, a simple multilinear regression on the partition 

ratio of each element was achieved. The results of the regressions are 

k^i = 0.9128 - 0.0003 + 0.0052 C^Ta ' 0.0025 Qc. (12) 

the standard error of the regression fit is 0.014, and the sample index of correlation is 

0.94; 

= 0.7331 - 0.0319 + 0.0184 + 0.0027 Qc, (13) 

the standard error of the regression fit is 0.019, and the sample index of correlation is 

0.95; and 

= 0.9436 - 0.0049 + 0.0022 + 0.0013 (14) 

the standard error of the regression fit is 0.011, and the sample index of correlation is 

0.78. In comparison with the previous regressions, the indices of correlations of the 

partition ratios as a function of the concentrations of Al, Ta and Cr (Eqs. 12, 13 and 14) 

are higher than those as a function of concentration of Ta (Eqs. 9, 10 and 11). 

Since the concentration of Al does not vary much, the regressions with just two 
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variables (the concentrations of Ta and Cr) were also performed. However, the results of 

the regressions are not shown here, because they revealed that the correlations of the 

regressions in terms of two variables (C[_ and ci) were slightly lower than those in 

terms of three variables (Q.^/, fa cr) 

To summarize, the equilibrium partition ratios in the Ni-AJ-Ta-Cr alloys studied 

herein (Table 9) are 0.81 ^ k^, ^ 0.97, 0.65 < k-j-^ <. 0.87, and 0.91 < k^^ < 0.97 

with 4.0 < Ci^^i < 9.5 wt.%, 0 s Ci_xa - wt.%, and 0 < C^cr ^ ^6.3 wt.%. 

These partition ratios do not compare to those of the binaries with Ni (Table 1), which 

zi&k^i = 0.59 - 0.71, kj^ = 0.79 - 0.92 and ~ 0-60 - 0.67. Obviously one 

should not rely on the partition ratios of the elements from their respective binary phase 

diagrams with Ni when calculations of solidification behaviors of multicomponent Ni-

alloys are carried out. 

2.3.2 Liquidus temperatures of Ni-Al-Ta-Cr alloys 

The liquidus temperatures estimated by using the regressed equation, Eq. (5), 

based on data from the published phase diagrams [44-46] were compared to the 

measured temperatures in this research. As shown in Table 10 as "Section 2.2.3," the 

regression estimates of the liquidus temperatures agreed with the measured values to 

within 1 % error for the Ni-Al-Ta-Cr and Ni-AI-Ta systems. For the Ni-Al-Cr system, 

however, the errors are greater than 1 % (approximately 16 K). Therefore, instead of 



Table 10. Measured and estimated liquidus temperatures in Ni-Al-Ta-Cr alloys. 

Composition, wt.% 
Measured Estimated Liquidus Temperature 

Specimen 
Composition, wt.% 

Liquidus Section 2.2.3 L/pdated Regression 

A1 Ta Cr Temp., K 71, K % error 71. K % error 

T17 4.85 4.86 9.20 1670 1676.8 0.41 1672.2 0.13 

T03 4.96 8.14 10.13 1668 1658.1 -0.59 1656.4 -0,69 

T051 5.73 11.08 10.68 1636 1634.0 -0,12 1634.8 -0.08 

T052 5.85 11.84 10.51 1636 1629.5 -0.40 1630.9 -0,31 

T08 5.20 11.76 8.82 1643 1642.7 -0.02 1644.3 0,08 

T061 5.63 14.54 10.57 1622 1618.4 -0.22 1622.1 0,01 

T062 5.50 15.00 10.48 1622 1618.0 -0.25 1622.1 0,01 

A24 5.14 5.70 - 1694 1692.5 -0,09 1693.8 -0,01 

A02 5.43 9.08 - 1683 1678.0 -0,30 1680.9 -0,12 

A3 3 5,29 16.60 - 1663 1650.6 -0.75 1656,6 -0,39 

N13 9.54 - 10.24 1636 1660.7 1,51 1642.0 0.37 

N52 4.92 - 10.10 1683 1700.1 1,02 1687,9 0.29 

N04 4.04 - 36.32 1615 1628.8 0,85 1614,8 -0.01 

o\ 
K) 
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the liquidus temperatures of the Ni-AI-Cr ternary phase diagram in Ref [46], the 

measured data in this research (shown in Table 10) were combined with the data for Ni-

Al-Ta [44] and Ni-Ta-Cr [45] ternary phase diagrams in Table 6, and a new regression 

for the liquidus temperature was accomplished according to Eq. (5). The results of the 

regression are shown in Table 11. This fit has a standard error of 5.70 K and a sample 

index of correlation of 0 .971. Using the new regressed equation, the liquidus 

temperatures were estimated again and compared to the measured values. The estimates 

agreed with the measured values to within 0.4 % error (approximately 6 K) except 

specimen T03 with 0.7 % error (approximately 11 K). 

Table 11. Regression coefficients for Eq. (5). 

Coefficients 

^0 1727.7360 

3.0013 

0.1228 

^3 -0.2899 

a. -2.7952 

«s -0.4165 

-0.3010 

-0.9375 

-0.6162 

«9 -0.2691 
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CHAPTERS 

DENSITIES OF SOLID AND LIQUID NICKEL-BASE SUPERALLOYS 

3.1 Solid Densities of Nickel-Base Superalloys 

3.1.1 Densities of Ni-base superalloys at 20 °C 

In order to estimate the densities of the alloys at 20 °C, the density was calculated 

from the lattice parameter as 

4 F M. X 
tx ' ' (15) 

N O 

where p is the density of the alloy (Ni-rich y), g cmis the atomic weight of the 

element i, g mole '; is the atom fraction of the element i; is Avogadro's number, 

mole*\ a is the lattice parameter of the alloy, cm; and «, is the number of solute 

elements. 

Abe and Tanabe [51] measured the lattice parameter of Ni-Cr-W alloys over a 

wide range of concentrations. They give their results as 

a, = 3.524 + 0.094 + 0.113 X^, 

+ 0.491 X^ - 0.418 A'w + 0.219 X^^X^ 
(16) 
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where a, is the lattice parameter of the ternary Ni-Cr-W alloy in A. Also, the change in 

the lattice parameter, because of additions of Co, Al, Ti, Ta, and Mo to Ni, were taken 

from Loomis [52] and Komilov and Snetkov [53]. These are listed in Table 12. 

Table 12. Effect of alloy elements on lattice parameter of Ni at 20°C. 

Element i da/dX,, A Reference 

Co 
0.019 

0.030 • 

[52] 

[53] 

Al 
0.186 • [52] 

Al 
0.161 [53] 

Ti 
0.337 • 

0.305 

[52] 

[53] 

Ta 0.667 * [53] 

Mo 
0.435 * 

0.383 

[52] 

[53] 

* These values gave the smallest standard error, as explained in the text. 

Using Eq. (16) and the coefficients of Table 12, the densities of the eighteen 

alloys in Table 13 were calculated by 

^ da ^ da ^ da ^ da ^ da a  = a ,  + + X , ,  + X^-  + X~ + n7" i  
' ^ ^ 

All the possible combinations of the coefficients in Table 12 were tried to estimate the 



Table 13. Densities of Ni-base superailoys used for verification. Densities are in g cm^. 

Alloy Alloy Concentration, wt. % Reported Estimated 

No. Name Co Cr W Ta Mo A1 Ti Density Ref, Density % Error 

I TSM-1* 7.5 5.5 16.6 5.1 - 5.2 - 9.16 154} 9,110 0,55 

2 TSM-2* 7.3 5.5 18.6 3.4 - 5.3 - 9.16 1541 9.122 0,41 

3 TSM-12' - 6.6 12.8 7.7 - 5.2 - 9.07 (54) 9.024 -0.51 

4 TSM-6' - 9.2 8.7 10.4 - 5.3 - 8.90 1541 8,868 -0.36 

5 TSM-13' - 5.4 9.4 12.1 - 5,5 - 9.08 1541 9.033 -0.51 

6 PWA 1480 5.0 10.0 4.0 12,0 - 5,0 1.5 8.67 [541 8.653 0,20 

7 RRSR 99 5.0 8.5 9.5 2,8 - 5.5 2.2 8.50 [541 8.466 -0.41 

8 Exp. Alloy' - - - 25 - 5 - 9.27" 1551 9.332 0,64 

9 CM SX-2 4.6 8 8 6 0.6 5.6 1 8.56 [561 8.589 0.34 

10 AM3 5.5 8 5 3,5 2 6 2 8.25 (571 8.283 0.40 

11 MC2 5 8 8 6 2 5 1.5 8.62 [581 8.658 0.44 

12 Hastelloy S - 15.5 - - 15.5 0.2 - 8.76 (591 8.769 0.10 

13 B-1900 10.0 8.0 - 4,3 6.0 6.0 1.0 8.22 (601 8.191 0.35 

14 MAR-M 246 10.0 9.0 10.0 1.5 2.5 5.5 1.5 8.44 (601 8.481 0.49 

15 Nimocast 75 - 20,0 - - - - 0.5 8.44 (601 8.471 0.37 

16 Udimet 500 16.5 18.5 - - 3.5 3.0 3,0 8.02 (601 8,053 0.41 

17 Udimet 710 15.0 18,0 1.5 - 3.0 2.5 5.0 8,08 (601 8,087 0.09 

18 M-22 - 5,7 11.0 3.0 2,0 6.3 - 8.63 (601 8,638 0.09 

' Experimental alloys; *' Calculated from lattice parameter. 
o\ 
ON 
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densities of the eighteen alloys. The standard errors from each combination were in the 

range of 0.40 to 0.55 %, and the coeflBcients with the asterisks in Table 12 produced the 

smallest standard error (0.40 %). The estimated densities using Eq. (17) with this 

selected coeflBcients and the percent errors from the reported values are also shown in 

Table 13. The maximum error is only +0.64 % (Alloy No. 8). Since the errors are so 

small, it was decided to estimate the densities of the Ni-base superalloys at 20°C by 

calculating the lattice parameter with Eqs. (16) and (17) and then using the result in Eq. 

(15). Values of daldX-^ in Table 12 with the asterisks are selected. 

3.1.2 Coefilcient of thermal expansion of Ni 

The coeflBcient of thermal expansion (CTE) is estimated so that the density of the 

solid at an elevated temperature can be calculated. First, the CTEs of Ni from several 

sources [61-65] were compiled and regressed to yield CTE as a function of temperature. 

The CTE is defined as 

a = — I 

i ^ 
(18) 

where / is length, T is temperature in K, is the reference temperature (293 K), and is 

the reference length at Four data sets are plotted in Fig. 15. Three sets are from 

compiled sources [61-63]; the fourth is from an original source [64]. The so-called 
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Fig. 15. Coefficients of thermal expansion of Ni from references [61-64] and 
regression curve. 
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"provisional" data from Touloukian et al. [63] are indicated by the open circles for 

T > 1000 K. Drotning [64] made measurements of the CTE for both solid and liquid Ni, 

so his curve extends to the melting point (1726 K). CTEs given by Betteridge [65] are 

the same as those given in Brandes and Brook [61], so they are not used here. 

Data from each of the sources were used to regress CTE as a function of 

temperature. Only three of the six provisional CTEs given by Touloukian et al. [63] 

(1000 ^ T < 1500 K) were used so as to weight them by one-half in the regression. 

Values of CTE in Goldsmith et al. [62] were taken from data at intervals of 100 K and at 

1660 K, and the CTEs of Drotning [64] were calculated at every 100 K from his 

regression-equation on length. 

A total of 43 values of CTE of Ni were plotted (Fig. 15) and regressed. As a 

refinement of data, the lowest value of the CTE at 900 K, wdth the error greater than 

5 %, was disregarded. By viewing Fig. 15, it is apparent that this particular data point, in 

the data set provided by Goldsmith et al. [62], is not consistent with all the data and even 

within its subset. The remaining 42 values were regressed according to 

a = (0,^0^7" +a^T"-"+ a^T^") ^ 10' (19) 

where a^, aj, a,, a^, and n are constants. The choice of n was guided by a theory of 

Pollock [66] that predicts 

a = icT (20) 
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where A: is a constant. Equation (20) applies to temperatures above the deBye 

temperature so that n was taken to be 1/3 in Eq. (19) to give the linear behavior at high 

temperatures, as predicted by Eq. (20). The regression with n = 1/3 gives 

a„ = -3.8101, = 1.6327, a, = -0.17464, and aj = 6.5104 x 10 ^ 

with a standard error of 3.312 10'^ K"'. 

3.1.3 Coefficients of thermal expansion of Ni-base superalloys 

The CTEs of the Ni-base alloys in Table 14 were compiled from various sources 

[57, 58, 67-70] and subjected to regression analyses in order to obtain an equation for the 

CTE as a fiinction of temperature and composition. In addition to the elements shown in 

Table 14, some of the alloys contain small amounts of C and Hf and impurities (Fe, Mn, 

Si). Only the elements shown in Table 14 were included in the regression analyses. Co 

is chemically similar to Ni and has almost the same atomic radius. Thus, for the purpose 

of regression analyses, Co was not taken as an independent variable. Alloy 3 contains a 

small amount of V which was added to the A1 content. 

At each of the four temperatures of Table 14, a simple multilinear regression on 

the CTE was done. Specifically, 

a = d^C^. ^ d^C^ + d^C^^ ^ d^C^ (21) 

where Cn is the concentration of Ti, wt. %; is the concentration of A1 plus V, 



Table 14. Coefficients of thermal expansion of Ni-base alloys. 

Alloy 

No. 

Alloy 

Name 

Concentration, wt. % a, K ' X 10' 

Ref. 

Alloy 

No. 

Alloy 

Name Co Ti A1 V Cr Ta Nb Mo W 400 K 700 K 1000 K 1300 K Ref. 

1 Nimocast 713 LC 1.0 0.7 6.0 - 11.8 1.0 1.0 4.5 - 1.11 1.32 1.45 1.68 [671 

2 Nimocast PD 21 1.0 0.5 6.0 - 5.8 - 1.5 2.0 10.5 1.26 1.30 1.40 1.62 (671 

3 Nimocast PK 24 15.0 4.7 5.5 1.0 9.5 - - 3.0 - 1.15 1.36 1.49 1.76 (67) 

4 Nimocast 738 8.5 3.5 3.5 - 16.0 1.6 0.7 1.75 2.5 1.15 1.34 1.48 1.70 (671 

5 PWA 1480 5.0 1.5 5.0 - 10.0 12.0 - - 4.0 1.16 1.26 1.37 1.58 (68) 

6 MAR-M 246 10 1.5 5.5 - 9 1.5 - 2.4 10 1.18 1.38 1.53 1.70 1691 

7 Inconel 702 - 0.5 3 - 15 - - - - 1.20 1.40 1.56 1.90 1691 

8 M-252 10 2.5 1 - 19 - - 10 - 1.06 1.22 1.40 1.54 (691 

9 Udimet 500 17 3 3 - 18 - - 4 - 1.28 1.37 1.53 1.80 (691 

10 Alloy 1 - - 3.14 - 14.22 - - - - (1.27) (1.45) 1.63 1.81 1701 

11 Alloy 2 - - 3.15 - 12.88 - - 8.61 - (1.18) (1.34) 1.50 1.73 1701 

12 Alloy 4 - - 4.32 - 13.93 - - 2.05 - (1.25) (1.41) 1.57 1.85 (701 

13 Alloy 5 - - 4.32 - 13.41 - - 5.09 - (1.23) (1.37) 1.51 1.80 1701 

14 Alloy 9 - 3.49 1.05 - 13.94 - - - - (1.28) (1.43) 1.58 1.78 (701 

15 Alloy 10 - 3.40 1.02 - 12.70 - - 7.96 - (1.17) (1.31) 1.45 1.67 1701 

16 AM3 5.5 2 6 - 8 3.5 - 2 5 1.324 1.405 1.505 1.684 1571 

17 MC2 5 1.5 5 - 8 6 - 2 8 1.084 1.270 1.387 1.566 1581 

Note: Values in parentheses are extrapolated values. The lowest temperature in the authors' plots is 500" C (773 K). 



72 

wt. %; Ccr is the concentration of Cr, wt. %; Q is the sum of the concentrations of 

Ta, Nb, Mo and W, wt. %; and d^, d,, d^, and d^ are constants. Preliminary 

regressions of five independent variables with Ta, Nb, Mo, and W treated separately as 

pairs of the sum of Ta plus Nb and the sum of Mo plus W, revealed that the coefiBcients 

of these two pairs were almost equal at each temperature tested. To simplify the 

regression, therefore, the four elements (Ta, Nb, Mo, and W) were lumped together as a 

single independent variable. 

Equation (21) was used for regressions at 400, 700, 1000 and 1300 K; this 

procedure yielded a different set of coeflRcients for each temperature. Then the 

coeflBcients, themselves, were each estimated as a function of temperature. The major 

dependence on temperature is through d^, which was estimated using 

<  =  *  b ^ T "  *  T ^ "  ^  b j  T ^ " )  x  1 0 " ^  ( 2 2 )  

where d„ is in K"\ T is in K, and b^, b^, 6, and b^ are constants. Again n was selected 

as 1/3 to give the linear behavior at high temperatures ( Eq. (20)) and 

6„ = -5.9431, Z>, = 2.5805, 62=-0.30383, and 63=1.2181x10-. 

Equation (22) is shown on Fig. 16 as the curve labeled d^ for two phase alloys 

(Y + Y')- The extrapolation for T s 1300 BC, however, seems unrealistic. Figure 15 is 

replotted on Fig. 16 to emphasize that the increase in slope of d^ in the (Y + Y ') - curve 
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aoCr + r) 

do(y)  +0.04 
do (y) +0.06 
rfo(y) +0.08 

a for Ni (y) 

400 600 800 1000 1200 

Temperature, K 

1400 1600 1800 

Fig. 16. Coefficient do ( Eq. (22)) for two-phase (y + y') and single-phase (y) 
alloys and coefficient of thermal expansion of Ni. 



at r ̂  1100 K needs further consideration. In fact. Morrow et al. [70] showed that Ni-

base alloys containing Y •*" Y' have smaller CTEs than do single phase (Y) alloys. When 

Y + y' alloys are heated and transform to y entirely, the CTE increases by an increment 

that depends on the fraction of y'- Morrow et al. [70] quantified the effect for alloys 

containing Al (approx. 3 to 6 wt. %) and Mo (0 and 8 wt. %). 

Based on the results in Fig. 13 of Morrow et al. [70] and the concentrations of 

the alloys in Table 14, the CTE increment was estimated as approximately 0.06 x lO"' 

K"' when Y Y' alloys transform to y In order to see the effect of the CTE increment 

in the CTE at T > 1300 K, three increments of 0.04 x 10'^ 0.06 x lO"^ and 0.08 * 10"' 

K"' were tried. Each increment was added to the values of at 400, 700 and 1000 K, 

and the coefiBcients in Eq. (22) were reevaluated, respectively. These results are also 

plotted on Fig. 16 as ^4 for single-phase alloys (y). At high temperatures the curve with 

an increment of 0.06 =< 10~' K"' is the closest to being parallel to the Ni-curve {i.e., y-

phase) among the three curves. Because both are for y , it is justifiable to use the curve 

at r ̂  1300 K. For estimating d^, therefore, the curve for y with an increment of 0.06 ^ 

10'^ K ' is used when T ^ 1300 K, and the curve for y + y' is used when T< 1300 K. 

With an increment of 0.06 x 10'^ K"', the reevaluated coefficients for d^ in Eq. (22) are 

= 6.9411 X 10-^ =0.50692, A, = -6.5013 x 10-%and ^3 = 3.0825 x 10 ^ 

The coefiBcients at 400, 700, 1000 and 1300 K for the elements in Eq. (21) were 
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determined as linear functions of temperature. The results are 

t/i = (-3.2431 X 10-^ - 6.8246 x 10 ® T) ^ 10"' ; 
standard error = 2.79 x 10 * (23) 

= (-1.2996 x 10-^ + 1.4685 X 10"'r) X 10 '; 
standard error = 4.05 x 10'* (24) 

= (-1.5669 x 10-2 + 1.0697 X 10 'r) X 10-'; 5 .  

-9  Standard error = 6.38 x IQ" (25) 

= (-4.5379 x 10-^ - 9.4852 X 10-® r) X 10"'; 
standard error = 1.50 x IQ"' (26) 

As a check on using the above approach, the CTEs of the seventeen alloys in 

Table 14 were calculated. The comparison between the reported and the calculated 

CTEs at 400, 700, 1000 and 1300 K are shown in Fig. 17. The calculated values agree 

very closely with the reported values overall, especially at f > 700 K . The CTEs of 

PWA 1480, which is one of the single-crystal superalloys, fit best; errors were only 

-0.33, -0.29, +0.66 and +0.63 % at 400, 700, 1000 and 1300 K, respectively. As 

shown in Fig. 17, the procedure results in the calculated CTEs that are less than 10 % in 

error for all seventeen alloys. Moreover at T > 1000 K, most of the calculated CTEs are 

less than 5 % in error, and only two cases are greater than 5 % in error (Mar-M 246 at 

1000 K; -7.65 %; M-252 at 1300 K: +6.42 %). 

Based upon the calculated CTEs, the densities were estimated using 

P = * a {T - (27) 
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Fig. 17. Comparison between reported and calculated coefficients of thermal 
expansion at 400, 700, 1000 and 1300 K. Diagonal lines indicate 
% error. 
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where is the density at the reference temperature (293 K). For all seventeen alloys in 

Table 14, the errors of the CTEs result in the estimated densities that are within 0.5 % 

error or less at 400, 700, 1000 and 1300 K. As an example, the predictions of solid 

densities for PWA 1480, AM3, and MC2 using the procedures of this chapter are shown 

in Fig. 18. It indicates that the estimated densities agree very closely with the reported 

values. 
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Fig. 18. Estimated and reported densities for PWA 1480, AM3, and MC2. 



79 

3.2 Liquid Densities of Nickel-Base Superalloys 

3.2.1 Densities of liquid-transition metals 

The compilations of Lucas [71], Steinberg [72], lida and Guthrie [73], Turkdogan 

[74], and Brandes and Brook [75] were consulted for the density of the liquid transition-

metals. In addition, Shiraishi and Ward [76] was consulted specifically for liquid Ni. 

Chung etal. [77] recently measured the density of liquid Ni. Their data, however, were 

not used in this paper because the decrease in density with temperature reported by them 

was much less than that reported by several other researchers [71-76], Perhaps their 

thermal measurements were in error because they relied on a single-color optical 

pyrometer. The radiation fi"om levitated droplets with diameters of only 2-3 mm was 

detected using a comparatively large target spot of 1.1 mm. In addition, their instrument 

was calibrated only up to 1000°C, and emissivity of their droplets was assumed constant 

with temperature. Hence, their data were deemed suspect and not used herein. Since 

references 71-75 are reviews and compilations, there are duplications of data. As 

examples of duplications, Allen [78] was often cited, and lida and Guthrie [73] cited 

Steinberg [72]. Hence, the entire data set was screened, and duplications were deleted. 

With liquid metals, the data are given as the density at the melting point and 

the change in density with temperature (temperature coefficient of liquid density; dp/d7). 

Table 15 summarizes the density-data of the transition-metals, after deleting duplications. 
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Table 15. Liquid and solid densities, melting point, and atomic diameter of 
transition-metals. 

Ele
ment 

Ato
mic 

Num
ber 

Atomic 
Weight, 
g mol"' 

Melting 
Point 
(T-J.K 

[801 

Atomic 
Diame
ter, A 

[81,821 

Solid 
Density 
(20''C). 
gem' 

(831 

Liquid Density 
Ele
ment 

Ato
mic 

Num
ber 

Atomic 
Weight, 
g mol"' 

Melting 
Point 
(T-J.K 

[801 

Atomic 
Diame
ter, A 

[81,821 

Solid 
Density 
(20''C). 
gem' 

(831 

An. 

gem"' 
AplAT xlO', 
g cm"' K' Ref. 

Ti 22 47.88 1943 2.94 4.51 4.11 
4.13 

-7.02 
(-2.3) 

[71,751 
[72.731 

V 23 50.94 2183 2.68 6.09 5.55 
5.36 (-3.2) 

[71,741 
[72,731 

Cr 24 52.00 2136 2.53 7.19 6.46 
6.29 -7.2 

[711 
[72,731 

Mn 25 54.94 1519 2.24 7.47 5.76 
5.73 

-9.2 
-7 

[72,731 
[751 

Fe 26 55.85 1811 2.52 7.87 7.014 
7.03 
7.015 

-8.36 
-8.8 

-8.83 

[711 
[72,731 

[751 

Co 27 58.93 1768 2.50 8.80 7.992 
7.75 
7.76 

-10.86 
-10.9 
-9.88 

[711 
[72.731 

[751 

Ni 28 58.69 1728 2.50 8.91 7.905 
7.90 
7.905 

-11.59 
-11.9 
-11.6 

[711 
[72,731 

[751 

Zr 40 91.22 2128 3.18 6.51 (5.5) 
5.8 . 

[71,741 
[751 

Nb 41 92.91 2742 2.90 8.58 7.83 - [71,73-751 

Mo 42 95.94 2896 2.76 10.22 9.35 
9.34 

- [71.73.741 
[751 

Tc 43 98.91 2428 - 11.50 - - -

Ru 44 101.07 2607 2.68 12.36 10.9 - [71.73-751 

Rh 45 102.91 2236 2.68 12.42 11.1 
10.8 _ 

[71,73,741 
[751 

Pd 46 106.42 1828 2.74 12.00 10.49 
10.50 
10.49 

-12.3 
-12.4 
-12.7 

[71-731 
(741 
[751 

Hf 72 178.49 2504 3.18 13.28 (11.1) 
12.0 -

[71.751 
[71,73,741 

(Continued) 
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Table 15. (Continued) 

Ele
ment 

Ato
mic 

Num
ber 

Atomic 
Weight, 
g mol ' 

Melting 
Point 
(T-J.K 

[80| 

Atomic 
Diame
ter, A 

[81.82] 

Solid 
Density 
(20° C). 
gem"' 

[831 

Liquid Density 
Ele
ment 

Ato
mic 

Num
ber 

Atomic 
Weight, 
g mol ' 

Melting 
Point 
(T-J.K 

[80| 

Atomic 
Diame
ter, A 

[81.82] 

Solid 
Density 
(20° C). 
gem"' 

[831 

An • 
gem-' 

d/Vdr x 10*. 
g cm' K' Ref. 

Ta 73 180.95 3293 2.94 16.67 15.0 - (71,73,75) 

W 74 183.85 3695 2.78 19.25 17.5 
17.6 _ 

[71,73] 
[75| 

Re 75 186.20 3459 2.76 21.02 18.7 
18.8 

- [71.73] 
[75] 

Os 76 190.20 3306 2.70 22.58 20.1 - [71,73.751 

Ir 77 192.22 2720 2.70 22.55 20,0 - [71,73-75] 

Pt 78 195.09 2042 2.76 21.44 18.91 
19.0 

-28.8 
-29.0 

[71-73] 
[75] 

Note; Values in parentheses are discounted for data screening, as explained in the text. 

All sources [71-75] report dpIdTas constant with temperature; in fact Shiraishi and Ward 

[76] measured the density of liquid Ni from 1866°C to 1149°C (in the undercooled 

regime) and found that Ap/dT was indeed constant. Table 15 indicates that the densities 

of these elements have been measured, but many values of dpIdT are lacidng. 

Since many of the transition-metals have such high melting points, it is not 

surprising that melting points listed in the compilations [71, 73, 74, 78-84] do not always 

agree. Villars et al. [80] was taken as the "final word." The atomic diameters are from 

Brandes and Brook [81] and Flinn and Trojan [82], with the arithmetic average selected 

when the two do not agree. Densities of the elements at 20°C are from Shackelford [83], 
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3.2.2 Change of liquid density with temperature 

Steinberg [72] correlated AplAT of liquid metals based upon the melting and 

boiling points and used his correlation to estimate d^dr for many of the elements with 

high melting points {e.g., Ta). When the transition-metals are viewed as a set by 

themselves, however, Steinberg's correlation does not appear to adequately represent 

their behavior. Hence, a systematic method of predicting Ap/dT of the transition-metals 

was sought. 

Chapman analyzed and correlated the viscosities of liquid metals with a model 

[85], in which he assumed that the potential energy between atoms could be expressed as 

a function of the distance between a pair of atoms (5) and a characteristic energy (e). In 

such a model, the potential energy, 0, is as shown in Fig. 19. For -e < <p < 0 there 

are two roots, the lower separation distance (j,) and the upper separation distance (s^, 

the average separation distance (i.e., the atomic diameter, d) resides between the two 

roots. As ^ ^ 0 from the minimum at <^ = -e, the temperature and atomic 

diameter both increase. 

In the first attempt to glean a correlation, the effective atomic diameter at the 

melting point, d^, of each entry in Table 15 was calculated [86] as 

< = I 146 yj" (28) 
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Fig. 19. Pair-potential model of thermal expansion [85], 
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where is the molar volume at the melting point. In every case it was found that 

< d„ where d„ is the atomic diameter at 20°C. This is clearly at odds with the model 

of Fig. 19, so a different length scale of each element was selected to characterize its 

expansion with an increase in temperature. 

The molar length is defined as 

/ = (29) 

where V is the molar volume. This provides sensible results in that the molar length of 

the liquid at the melting point (/^ is always greater than the molar length at 20°C (/J. 

Furthermore, with the exception of Mn, the nondimensional expansion at the melting 

point defined as 

(30) 

is approximately the same for all of the entries in Table 15. 

With N as the atomic number, preliminary calculations showed that the average 

value of ce^ was 0.0384 for 22 ^ N ^ and within 3 % of the average value of for 

N > 40. Hence, all of the entries in Table 15 (without Mn) were treated as a single set in 

determining a^. Then as an added refinement, liquid densities at the melting point which 
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resulted in values outside of ±25 % of the average of were discounted. These 

densities are shown in parentheses in Table 15. After discounting the two densities of 

Mn and the two densities in parentheses, the average value of is 0.0385 with 

individual differences that range from only 0.36% to 23 .9 % of the average. Figures 

20a and 20b are plots of the individual values of versus atomic number and melting 

point, respectively, along with the average value of a^. 

That Mn does not fit the correlation of Eq. (30) is not surprising. Attempts to 

correlate its melting point, bulk modulus and coefficient of linear expansion at 20°C with 

its position in the periodic table show anomalies [87, 88], It is also known that Mn is the 

only transition-metal that exists in an allotropic structure outside of the usual body-

centered cubic, face-centered cubic, and hexagonal-close packed crystal structures [89, 

90]. 

Since Eq. (30) correlates the liquid densities of the transition-metals suggests that 

ai;„ depends on a nondimensional energy, kT^Ib, with as the melting point and k 

3lS Boltzmann's constant. In the aforementioned theory of the viscosity of liquid metaJs 

[85], Chapman found a constant value of nondimensional energy, defined in the same 

way. This model further suggests that Kite is a measure of the difference between the 

nondimensional 0 at a given temperature and the minimum in the curve of Fig. 19. 

Hence, we assume that 
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Fig. 20. Nondimensional expansion at melting point, Om, verstts 
(a) atomic number and (b) melting point. Open circles 
indicate discounted values for data screening. 
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Llh 
L 

= a K  T 
e 

(31) 

where / is the molar length of the liquid at T, 6 is a characteristic energy of the 

element, and a and n are constants. Therefore, 

= a 
f -J, \ 

m = CC  ̂ (32) 

and dividing Eq. (31) by Eq. (32), we obtain 

i  - K 

L - lo \ "> / 

(33) 

The molar length is also related to the density, so that 

A 
P '  77 (34) 

where A is the atomic weight, and 

1 ̂  = - 1 ̂  
p dT I dT 

The right side of Eq. (35) is obtained from Eq. (33) as 
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1 ̂  
I dr I I t] 

(36) 

and finally, at the melting point, Eqs. (35) and (36) give 

_L ^ ^ 

Pr. dr 
^ ̂  - 3n 

( I  - 1  ]  m 0 (r 

'tn J 
(37) 

or 

^ -
dr 
^ = - 3n 

a 

1 + <r \ ™ / 

' P ^ f m 

m / 
(38) 

Equation (37) was invoked by trying different values of n and selecting the value 

of n that minimized the percent error between the calculated and measured values of 

(I//c\J(d/7/d7) of the entries listed in Table 15. With « = 2.23, the percent error using 

all the data in Table 15 was 21.4 %. By deleting two entries with errors greater than 

25 %, the optimum value of n remained at 2.23 and the error was reduced to 10.4 %. 

The deleted entries in dp/dT are included in parentheses in Table 15. Figure 21 is a plot 

of the calculated versus measured VEdues of {l/p^(dp/dT) with n = 2.23. 
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3.2.3 Recommended densities and changes of density with temperature 

The entries in Table 15 were reviewed with respea to their respective deviations 

from the best fits to both density and the change of density with temperature. Table 16 

summarizes the recommended values after this review. Since Mn was not included in the 

analyses, the average of its two entries in Table 15 is given as its entry in Table 16. 

Transition-metals for which no data are reported are assigned changes of density 

with temperature calculated by applying Eq. (38) with ar^ = 0.0385 and // = 2.23. Since 

the one datum of d/Vdr for V is deemed unreliable, its calculated value is recommended 

in Table 16. The density of liquid Tc at the mehing is based on the estimated molar 

length calculated in Eq. (30). All of the calculated values in Table 16 are in parentheses. 

3.2.4 Densities of Ni, Ai, Cr and Ta, and Ni-Al-Cr-Ta alloys 

The molar volume of a liquid alloy is 

r =  E  X , y ,  *  A V "  (39) 
i = I 

where the summation is the ideal mixing contribution, AV''' is the mixing volume, the 

subscripts refer to the individual components, M is the number of components, the s 

are atom fractions, and the V-^ s are the molar volumes of the pure components, which are 

calculable from the densities of the components. 
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Table 16. Recommended densities and changes of density with temperature of liquid 
transition-metals. 

Element 
Atomic 
Number 

Melting Point 
{T„), K 

Solid Density 
(20''C), gem' 

Liquid Density 

Element 
Atomic 
Number 

Melting Point 
{T„), K 

Solid Density 
(20''C), gem' Pm. 

gem-' 

d^dr "10' 

g em ' K ' 

Ti 22 1943 4.51 4.11 -7.02 

V 23 2183 6.09 5.36 (-6.09) 

Cr 24 2136 7.19 6.46 -7.20 

Mn 25 1519 7.47 5.75 -8.10 

Fe 26 1811 7.87 7.03 -8.83 

Co 27 1768 8.80 7.76 -10.90 

Ni 28 1728 8.91 7.91 -11.59 

Zr 40 2128 6.51 5.80 (-6.76) 

Mb 41 2742 8.58 7.83 (-7.08) 

Mo 42 2896 10.22 9.34 (-8.00) 

Tc 43 2428 11.50 (10.27) (-10.49) 

Ru 44 2607 12.36 10.90 (-10.37) 

Rh 45 2236 12.42 11.10 (-12.31) 

Pd 46 1828 12.00 10.50 -12.70 

Hf 72 2504 13.28 12.00 (-11.89) 

Ta 73 3293 16.67 15.00 (-11.30) 

W 74 3695 19.25 17.50 (-11.75) 

Re 75 3459 21.02 18.80 (-13.48) 

Os 76 3306 22.58 20.10 (-15.08) 

Ir 77 2720 22.55 20.00 (-18.24) 

Pt 78 2042 21.44 19.00 -28.80 

Note; Values in parentheses are calculated. 



The densities of liquid Ni, Al, Cr and Ta are plotted in Fig. 22. For each element, 

extrapolations to the solidification temperatures of Ni-base alloys (approximately 1600 -

1700 K) and below are given. The densities of the solid elements are also shown to 

ascertain that the extrapolations do not yield a liquid density greater than the density of 

its solid at the temperature of interest. 

The density of liquid Ni in the range 1150 < T < 2000 K is plotted in Fig. 22. 

Above the melting point (1728 K), the densities of Shiraishi and Ward [76], Drotning 

[91], Crawley [92], and that fi-om Table 16 were averaged. For undercooled liquid Ni 

the densities measured by Shiraishi and Ward [76] in undercooled melts were used. The 

line shown in Fig. 22 is the regression of the averages of the densities above the melting 

point and the densities below the melting points. Its equation is 

p^. = 9.847 - 1.125 x10"^ T (40) 

with in g cm'^ and T in K. The standard error of the fit is 9.6 * 10'^ g cm'^, and 

the sample index of correlation is 0.999. 

Also plotted in Fig. 22 is the density of solid Ni calculated from the expansion 

coefficient previously estimated. If the density of the liquid is extrapolated to lower 

temperatures, it intersects the curve for the solid at approximately 1150 K. Since solid Ni 
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Fig. 22. Densities of Ni, Al, Cr and Ta. 
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is face-centered cubic, the intersection represents the point at which the liquid is also 

closely packed, so at T < 1150 K the solid and liquid are indistinguishable. 

Figure 22 shows the densities of solid and liquid Ta. The density of the solid was 

calculated from an equation given by Miiller and Cezairliyan [93], who measured the 

length change of Ta up to 2270 K; their result is 

— (%) = -0.141 ^ 5.613 X 10*^ r + 7.434 X 10"* (41) 
O 

where /„ is the length at 20 "C, Al is the change in length, and T\s in K. The densities of 

the solid plotted in Fig. 22 were calculated from Eq. (41). The densities of the liquid 

(extrapolated) and the bcc-allotrope are equal at 2580 K, and since the densities of the 

solid elements are almost independent of the allotropes the intersection represents the 

maximum packing in the liquid. Hence, the density of liquid Ta extrapolates to the 

solidification temperature range of Ni-base superalloys by following the curve for the 

solid. 

For solid Cr, the densities were calculated from the averaged thermal expansions 

of Touloukian et al. [94] and Goldsmith et al. [95]. These averaged values were 

regressed as 
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0.206 - 2.430 X lO-"* T + 7.871 x lO""' - 6.457 x 10"'' (42) 
O 

with T in K. The standard error of the fit is 1.6^ 10"^ %. The density of liquid Cr is from 

Table 16. These results are included in Fig. 22. The extrapolation of the liquid to the 

intersection with the curve of the body-centered cubic allotrope occurs below the 

solidification temperature range of Ni-base superalloys. 

Finally the density of liquid A1 was estimated by a regression of the data compiled 

by Lucas [71]. The regression is 

with in g cm'^ and T in K, which is used to estimate the molar volume of A1 in Eq. 

(39). The standard error of the fit is 1.7 x 10"- g cm'^, and the sample index of 

correlation is 0.985. 

The densities of the four elements in Fig. 22 along with Eq. (39) were used to 

calculate the density of sixteen Ni-Al-Cr-Ta alloys for 3 < wt.%Al < 9, 6 < wt.%Cr s 

10, 4 < wt.%Ta ^ 12, and for three temperatures (1373 ^ T < 1773 K). For each 

element, the density used was the lesser of its solid and its liquid when extrapolated to the 

temperature at which the density of the alloy was calculated. In Eq. (39), the mixing 

= 2.682 - 3.202 x 10""* T (43) 



volume was assumed to be zero. 

The 48 cases were subjected to a multilinear regression. The regression was of 

the form 

p  = ^  ^  a ^ T  (44) 

With /? in g cm"', the Q s in wt.%, and T in K, this regression resulted in the 

following set of coeflBcients: = 9.471 g cm'^; a, = -0. 1702 g cm'^ (wt.%Al)"'; 

<22 = -1-154 X 10'^ g cm'^ (wt.%Cr)"'; a^ = 3.\l\ ^ 10'^g cm"^ (wt.%Ta)"^; and 

= -9.390 ^ 10"* g cm'^ K"'. With these coefficients, the standard error of the fit is 

2.35 X 10"^ g cm•^ and the sample index of correlation is 0.999. 

When applying density data in simulations of transport phenomena in 

solidification of multicomponent alloys, a convenient way to calculate the body force 

term in the momentum equation makes use of the Boussinesq approximation with the 

liquid density written as 

P = p. [1 - Efi.ic.-cn * At^T-TJ] (45) 
i = l 

where M is the number of alloy elements added to the base metal, 

\  d p  J . - I  
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(47) 

and Pa is the density of the alloy at its liquidus temperature, . By comparing Eqs. (44) 

and (45), the coefficients in Eq. (45) for Ni-Al-Cr-Ta alloys are 

3.2.5 Estimation of densities of liquid Ni-base superalloys 

As a check on using the above approach, the densities of five commercial Ni-base 

superalloys were estimated. In addition to Ni, Al, Cr and Ta, which were mentioned in 

the previous section, eight alloy elements (Co, Mo, W, Nb, Re, Ti, Hf and Fe) in Ni-base 

superalloys are also considered. For each of the eight elements in parentheses, the solid 

density was calculated fi-om the thermal expansion given by Touloukian et al. [96]. The 

thermal expansions are of the form 

where 4 is the length at 20°C; Al is the change in length; T is in K; and , 6,, 6,, 

^3, and Tr are constants shown in Table 17. The liquid density of each element is from 

* 0  ^  h ( T - T ^ )  -  ( 4 8 )  
o 

Table 16. 

Using the densities of the elements along with Eq. (39), the densities of five Ni-

base superalloys were estimated by the same procedure employed for the Ni-Al-Cr-Ta 
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Table 17. CoeflBcients of thermal expansions of alloy elements in Ni-base 
superalloys [96]. 

Ele

ment 

Temperature 

Range, K 

Coeflficients in Eq. (48) Ele

ment 

Temperature 

Range, K 
bo  l>2 63 Tk  

Co 800 <r< 1200 -0.044 6.509x10-^ 6.532xlO-' -1.029x10-'° 0 

Mo 293 < r< 1545 

1545 < r<2800 

0 

0.760 

4.697 xlO"* 

7.583x10"* 

9.756x10^ 

1.329x10-' 

9.403x10'^ 

1.149x10"' 

293 

1545 

W 1395 < 7" <2495 

2495 <r< 3600 

0.548 

1.226 

5.416x10"^ 

7.451x10"' 

1.952x10-* 

1.654x10-' 

4.422x10" 

7.568x10'-

1395 

2495 

Nb 293 < r<2300 0 7.265x10-" 1.026x10-' -1.032x10" 293 

Re 293 < 7" <2800 -0.177 5.948x10"' 3.410x10-* 8.447x10-'^ 0 

Ti 1156 < T< 1600 0.328 -3.555x10"' 8.844x10' -1.496x10'° 0 

Hf 100 < r< 1300 -0.164 5.365x10"' 9.631x10-* 7.281x10-'- 0 

Fe 1185 < r< 1650 -1.810 2.435x10-5 -8.100x10-* 2.057x10-" 0 

Note: Thermal expansions for Cr and Ta are in Section 3.2.4. 

alloys. For each element, the density used was the lesser of its solid and its liquid when 

extrapolated to the temperature at which the density of the alloy was calculated. Table 

18 shows the compositions and measured densities of the liquid Ni-base superalloys used 

for verifying the density estimations. 

Watanabe et ai [102] and Sharan et al. [103] measured the densities of liquid 

binary alloys. Using their measured values, the molar mixing volumes for Fe-Cr, Fe-Ni, 



Table 18. Compositions and measured densities of liquid Ni-base superalloys used for verification. 

Concentration, wt% Measured Density 

Alloy 
Cr Co Mo W Ta Nb Re A1 Ti Hf Temp., K p, g cm ̂  

Ref. 

lN-939 22.4 19.0 " 2.0 1.4 1.0 - 1.9 3.7 - 1673 

1723 

1773 

6.981 

6.952 

6.918 

197] 

Mar-M 247 8.5 10.0 0.65 10.0 3.0 5.6 1.0 1.4 1633 

1673 

1723 

1773 

1A45 

7.428 

7.400 

7.372 

(98| 

Mar-M 200 8.08 9.31 - 12.76 - 1.05 - 4.85 1.88 - 1657 

1665 

7.590 

7.560 

(99) 

PWA 1484 5 10 2 6 9 3 5.6 0.1 1588 

1623 

1673 

1723 

8.236 

8.213 

8,185 

8.177 

11001 

Rend 77 14.6 15.0 4.2 - - - - 4.3 3.3 - 1763 6.980 l l O l j  

\0 vO 



Ni-Co, Co-Mo, and Co-W alloys were calculated to be less than 2 % of the molar 

volumes. Therefore, as the first step, the mixing volume was assumed to be zero in 

Eq. (39). The estimated densities with this assumption are shown in Table 19 as 

"without AV^" The errors of the estimated values are somewhat greater than those 

expected, especially for PWA 1484. 

Table 19. Estimated densities of liquid Ni-base superalloys. 

Estimated Density 

Alloy 

Temperature, 

K 
Without With AV"" 

Alloy 

Temperature, 

K 
p. g cm-^ % error p, g cm ' % error 

IN-939 1673 7.207 3.24 7.037 0.81 

1723 7.160 2.99 6.992 0.58 

1773 7.112 2.81 6.947 0.42 

Mar-M 247 1633 7.301 -1.94 7.619 2.34 

1673 7.263 -2.23 7.578 2.02 

1723 7.215 -2.51 7.526 1.70 

1773 1A61 -2.79 7.473 1.38 

Mar-M 200 1657 7.332 -3.40 7.700 1.45 

1665 7.324 -3.12 7.691 1.74 

PWA 1484 158S 7.606 -7.65 8.180 -0.68 

1623 7.572 -7.81 8.140 -0.89 

1673 7.523 -8.09 8.083 -1.24 

1723 7.474 -8.59 8.027 -1.83 

Rene 77 1763 6.763 -3.11 6.835 -2.08 



101 

Assuming that is independent of temperature and only depends on 

composition, a simple multilinear regression on the mixing volume was done. 

Specifically, 

^ d^X, - c/3^3 (49) 

where X^ is the atom fi-action of Al; X2 is the atom fraction of Cr plus Ti; Xj is the sum 

of the atom fraction of Mo, W, Ta, Nb, Re and Hf; and d„, d^, d, and d^ are constants. 

In this case, AV*^ is the difference between the molar volume of the alloy, calculated 

from its measured density, and the molar volume calculated by the method outlined in the 

previous paragraph. The results are 

= -1.4982, d^ = 4.4759, d, = 5.1988, and d^ = 0.43473. 

The standard error of the fit is 0.16 cm^ mol"', and the sample index of correlation is 0.86. 

With the regressed mixing volume, the reestimated densities of the Ni-base superalloys 

are shown in Table 19 as "with AV'^*." The average of the absolute values of errors is 

only 1.37 % and the maximum error is +2.34 % (Mar-M 247). 

The regression of Eq. (49) seems to work reasonably well and substantially 

reduces the error between measured and calculated densities. It must be pointed out, 

however, that the accuracy of density measurements of liquid alloys is typically only good 

to within ±1 %, and when mixing volumes have been reported (e.g.. References 102 and 

103) they are less than 2 % of the molar volumes of the alloys. The regression of Eq. 
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(49), therefore, is presented as a tentative estimate. Also, the results in this section 

indicate that remeasurement of the density of liquid PWA 1484 may be in order because 

the absolute value of its mixing molar volume (approx. 8 %) is atypical. 

The densities of liquid alloys and the compressibilities, and P-j-, in Eq. (45) 

should be known to within acceptable errors in order to simulate convection in solidifying 

alloys. The accuracy required is not known quantitatively and may vary for different 

solidification scenarios. It is recommended, therefore, that the sensitivity of calculated 

convection patterns on the estimates of liquid density and the compressibilities be 

examined in future simulations. In some cases, the sensitivity analysis could be used to 

decide whether the investment needed to make the empirical measurements is necessary 

or whether the estimations presented in this chapter suffice. The sensitivity of simulated 

results on the value of the effect of tungsten on the density of a multicomponent Ni-base 

alloy included in Chapter 4. 
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CHAPTER 4 

TRANSPORT PHENOMENA IN CASTING NICKEL-BASE SUPERALLOYS 

4.1 Model of Solidification 

The transport phenomena in directional solidification are modeled by a complete 

mathematical formulation comprising the energy equation, components of the momentum 

equation, and the solute conservation equation. The model for solidification of 

multicomponent alloys is an extension of a model for binary alloys developed by Felicelli 

et al. [4], It is based on the following simplifying assumptions: 

1. Since there is very small amount (less than I %) of porosity found in directionally 

solidified and single crystal castings, it is assumed that only solid and liquid 

phases are present, /.e., no pores form. 

2. It is assumed that the flow is Newtonian, laminar, and two dimensional. Also, it is 

assumed to be incompressible, because the effect of compressibility on the 

densities of liquid metals is negligible. For example, a pressure of 1.67 x 10^ atm 

effects only a 0.1 % change in the density of liquid Fe. 

3. The driving force for the convection is the buoyant force. Therefore, it is 

assumed that the solid and liquid phases have equal and constant physical 

properties except in the body force term of the momentum equation. 

4. The solutes are substitutional elements in the alloy. Therefore, it is assumed that 

there is no diffusion of solute in the solid phase, because the difilisivities of the 
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alloys elements in the solid are about three to four orders of magnitude less than 

their difiEiisivities in the liquid. 

5. Since the casting is solidified directionally, the solid grows as columnar dendrites. 

Hence, it is assumed that the solid phase is stationary. 

6. In Chapter 3, it is found that the liquid density is linear with respect to 

temperature and concentrations of the alloy elements. Therefore, it is deduced 

that the liquid satisfies the Boussinesq approximation. 

With these assumptions, the equations governing the fluid flow and heat and mass 

transport are; 

Continuity: 

V - «  =  0  (50) 

Momentum; 

-  — V / 7  +  — -  —  —  M  +  g  (51)  
Po Po K P, ^ ^ 

Energy: 

^  ̂ u - V T  -  -  ̂  
d t  c  d t  

(52) 
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Conservation of solute components: 

V - ( Z ) ^ 0 V C / )  U = 1,2, (53) 

In these equations, V is the gradient operator, u  is the velocity, ( f )  is the volume 

fraction of liquid, t is the time, // is the viscosity, p is the density (it is expressed as 

Eq. (2) in Chapter 1), is the reference density, K is the permeability, p is the 

pressure, g is the acceleration of gravity, T is the temperature, a is the thermal 

diflfiisivity, L is the latent heat, c is the specific heat, is the difiiision coefiBcient of 

element j in the liquid phase, and N is the number of elements in the alloy. The 

thermodynamic and transport properties used in the calculations are given in Table 20. 

The permeability is expressed in the principle directions in terms of the volume fraction of 

liquid, (f>, and the primary dendrite arm spacing, [108, 109], 

The total concentrations of the alloy components in the mixture, , the 

concentration in the liquid phase, C/ , and the average concentration of the solid phases, 

^ J, are related by 

= (t>C/ - (1 - ct>)C^ (54) 

and, because no difiusion in the solid is assumed, is given by 
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Table 20. Thermodynamic and transport properties used in the simulations. 

Property Reference 

Reference 
Concentration, 
\vt.% 

Cfi-" =6 
C/" =6 
CfT =5 

-

Reference 
Temperature, K 

= 1697.5 ; = 1685.5 (without W) Chapter 2, 
[19] 

Eutectic 
Temperature, K 

Te = 1642 ; = 1639 (without W) [104] 

Equilibrium 
Partition Ratio 

( C/" is in wt.%) 

=0.94 

=0.5936 + 0.0173 Cl' 

= 1.67 

Chapter 2 

Chapter 2 

[301 

Liquidus 
Temperature, K 
( C/', C/" and 

are in wt.%) 

Tl = 1727.74 + 3.0013 Q-" + 0.1228 0,^" 

+ 2.4 - 2.7952(0,-")'^ - 0.4165 (C,^")'^ 

- 0.9375 {C;*' 

Chapter 2, 
[191 

Thermal 
Expansion 
Coeff, K ' 

fir = -1.386 X lO-" Chapter 3 

Solutal 
Expansion 
Coeflf., (wt.%) ' 

= -2.457 X 10--
PJ' = 4.617 X 10-^ 

= 5.241 X 10-^ 
Chapter 3 

Viscosity, 
N s m'* 

fi = 4.635 X 10"^ [105] 

Specific Heat, 
J kg-' K ' 

c = 700 [106] 

Latent Heat, 
J kg-' 

L = 2.95 X 10^ [107] 

(Continued) 
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Table 20. (Continued) 

Thermal 
Conductivity, 
W  K ' m '  

Density, kg m"' 

Property 

AT = 30 

Po = 7194 ; Po = 7022 (without W) 

Reference 

[106] 

Chapter 3 

Solute Difiusivity 
in Liquid, m* s ' 

D = 5 x 10 p9 

Primary Dendrite 
Arm Spacing, m 

c/, = 4 X 10"^ 

Permeability, m* 

K_ = 

1.09 X 10"^ d.-

4.04 X 10" (t^) 
6 7336 

-6.49 X 10 - + 5.43 X 10-ij ' 
I / - 0 J  

0 25 
dr 

(p < 0.65 

0.65 < 0<O.75 

0.75 < (p< I [108, 109] 

3.75 X lO-* d^-

2.05 X 10 
A. ^ 10 739 

d.-
l-<j> 

0< 0.65 

0.65 < 0<O.75 

0.074[log( 1-0)"' - 1.49+ 2(1-0)-0.5(10.75 < 0<1 
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J k J C I d ( l >  (55) 

<f> 

where k' is the equilibrium partition ratio of solute j. Finally, the model assumes that 

the liquidus temperature of the alloy in the mushy zone, 7"^, is a function of the local 

composition (no undercooling is allowed) as given in Table 20. 

The equations discussed above were discretized and integrated in time using a finite 

element algorithm that is described by Felicelli et al. [12]. The simulations were run on 

the Silicon Graphics Origin 2000 located in the Center for Computing and Information 

Technology at the University of Arizona. The code used in the simulations is "Multi2," 

which was developed by S. D. Felicelli of Centro Atomico Bariloche, 8400 Bariloche, 

Argentina, when he was a visiting scholar in the Department of Aerospace and 

Mechanical Engineering at the University of Arizona, in 1997. 
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4.2 Simulations of Convection during Soiidiflcation 

4.2.1 Simulations of convection during soiidiflcation in Ni-Al-Ta alloys 

A ternary Ni-base alloy (Ni - 6 wt.% A1 - 6 wt.% Ta) was directionally solidified by 

simulation in a rectangular mold of 10 mm in the horizontal direction and 20 mm in the 

vertical direction. The computational domain was discretized with a uniform mesh of 40 

elements in the horizontal direction and 60 elements in the vertical direction. Based on 

the tests for many cases with different mesh sizes, it was deduced that the calculated 

results were accurate when the mesh spacing is less than the reference length (primary 

dendrite arm spacing). In this research, the 40 x 60 mesh was selected, because it gives 

an element size of 0.25 mm =< 0.33 mm, which is less than the primary dendrite arm 

spacing of 0.4 mm. However, when the selected mesh spacing is too large, the details of 

the macrosegregation (particularly the fi-eckle-channels) result could be missed. To 

confirm that there was no significant change with a finer mesh size, some of results were 

verified using a 50 x 100 mesh. 

To choose a proper time step in computations, a stability condition given by Felicelli 

e/ al. [110] was used. The condition is 

A t  <  { \ u ^ \ I A x  - \ U y \ I A y ) ~ ^  (56) 

where At is the time step; and are the velocity components in x- and_y-directions, 

respectively; and Ax and Ay are the mesh spacings in x- and^'-directions, respectively. 
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Using Eq. (56), for the selected mesh spacings of 0.25 mm x 0.33 mm and the estimated 

maximum velocity of 0.8 mm s"', the time step was estimated as the value less than 

0.17 s. In this research, therefore, the time step of 0.1 s was used. 

The simulations start with an all-liquid alloy of the nominal composition in a stable 

initial vertical temperature gradient such that the bottom temperature is slightly above 

that of the alloy liquidus temperature, Tn. Starting at time / = 0, a constant cooling rate, 

r, is applied at the bottom of the mold, and a constant thermal gradient, G, is imposed at 

the top. There is a linear temperature profile, cold at the bottom and hot at the top. The 

vertical side walls are insulated, and the velocities satisfy no slip condition at the mold 

walls and the top. Also at / = 0, a small random perturbation (±0.05 %) is introduced in 

the solute concentration fields in order to excite the convection. The fiall set of boundary 

and initial conditions is shown in Fig. 23. The applied cooling rate at the bottom of the 

mold was r = 0.044 K s"', and the thermal gradient was G = 2000 K m"'. With these 

cooling conditions, the solidification proceeded with a growth rate of approximately 

0.015 mm s"'. As shown in Fig. 24, the result for the Ni-Al-Ta ternary system indicates a 

practically stable situation, with no channels and hardly any segregation. 



I l l  

u = 0 "  u =  0 "  
AT dCJ -^ = G; —L = 0 
dy dy 

Initial conditions at r = 0 

= 0 

Vyix ,y)  = 0 

T{x,y)  =T„ + yG 

C/(x ,y)  = C/  

<f>{x,y) = 1 «x = 0 

Uy = Q 

iI = o 
dx 

ac/ 

dx 
= 0 

= 0; M = 0; — = r : = 0 
dt 

Fig. 23. Rectangular domain of mold showing initial and boundary 
conditions (m, and Uy are the velocity components in x~ and 
^'-directions, respectively). 
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Fig. 24. (a) Velocity vectors and contour lines of fraction of liquid, and distributions of total concentration of 
(b) Al, and (c) Ta during solidification of Ni-6Ai-6Ta (wt.%) for r  = 0.044 K/s, atlSmin..  
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4.2.2 Simulations of convection during solidification in Ni-Al-Ta-W alloys 

To study the segregation, a simulation for quaternary alloy with W, namely 

Ni - 6 wt.% A1 - 6 wt.% Ta - 5 wt.% W was performed, since W is known as an element 

responsible for convective instabilities and freckle formation and is found in modem 

single crystal Ni-base superalloys [111]. 

Using the same conditions as for the Ni-Al-Ta ternary alloy, described in Section 

4.2.1, a benchmark case was first calculated using the best available estimates of the 

properties (Table 20). Then, six more cases were calculated in which the partition ratio 

of W the solutal expansion coefficient of W and the melt viscosity (//) were 

increased and decreased by a certain percentage of the reference values. The schedule of 

the cases is as follows, where the variations (with corresponding signs) are with respect 

to the reference values: 

Case Variation 

0 benchmark 

1 yT = -10% 

2 = +10% 

3 Pc"" = -20% 

4 Pc = +20% 

5 /« = -25% 

6 = +25% 
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All cases were simulated up to 15 min. of solidificatiori, and the resulting 

macrosegregation of W was compared in order to observed the effect of uncertainties in 

the properties on the calculated macrosegregation patterns. 

The results are shown in Figs 25-28; shaded contours of the mixture concentration 

of W are plotted using the same gray scale in all figures. Figure 25 is the benchmark 

case. The approximate limits of the mushy zone are between 4 mm and 14 mm. Above 

14 nmi the alloy is all liquid, and below 4 mm it is mostly solidified. It is observed that 

the selected cooling rate and the thermal gradient produced a fi-eckling situation, in which 

chamiels with depleted concentration of W form along the vertical the interior of the 

alloy, and a region of positive segregation is 5.67 wt.%, about 13 % more than the initial 

concentration of W. This value does not included the thin solute-rich layer that formed 

along the bottom of the mold. 

Figure 26 shows the segregations of W for Case 1 (Fig. 26a) and Case 2 (Fig. 26c). 

Figure 26b is the benchmark case (same as Fig. 25), and is added for the purpose of 

comparison. It is seen that a 10 % increase in the value of the partition ratio causes 

stronger channels on the vertical surface, as well as more segregation activity in the 

interior of the mold (Fig. 26c). The minimum and maximum values of concentration 

differ as much as 22 % fi-om the initial values. On the other hand, the interior is relatively 

homogeneous and the segregation on the walls is weaker when the partition ratio is 
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Min = 4.43, Max = 5.67 

5.75 
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5.25 

5.08 

4.92 

4.75 
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4.42 

4.25 
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0.000 0.005 0.010 

Fig. 25. Distribution of total concentration of W during solidification of 
Ni-6Al-6Ta-5W (wt.%) for r = 0.044 K/s, at 15 min. Benchmark case. 
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26. Distributions of total concentration of W during solidification of Ni-6Al-6Ta-5W (wt.%) for r - 0.044 K/s, 
at 15 min.: (a) A" decreased by 10 %; (b) benchmark case; (c) /r" increased by 10 % 
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Fig. 27. Distributions of total concentration of W during solidification of Ni-6Al-6Ta-5W (wt.%) for r = 0.044 K/s, 
at 15 min.: (a) decreased by 20 %; (b) benchmark case; (c) /?<." increased by 20 %. 
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Fig. 28. Distributions of total concentration of W during solidification of Ni-6Al-6Ta-5W (wt.%) for r - 0.044 K/s, 
at 15 min. . (a) ji decreased by 25 %; (b) benchmark case; (c) n increased by 25 %. 
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decreased by 10 % (Fig. 26a). 

The simulations for Cases 3 through 6 show effects similar to those found when the 

partition ratio of W is varied, as shown in Figs. 27 and 28. When is increased by 

20 % (Fig. 27c) or when // is decreased by 25 % (Fig. 28a), the interior of the alloy 

shows more segregation activity; when P(^ and n are changed in the opposite directions, 

the interior is more homogeneous (Figs. 27a and 28c). Again, Figs 27b and 28b are the 

benchmark case for the purpose of comparison. They indicate that the absolute values of 

segregation are very similar to those of the benchmark case, in spite of the larger 

percentage changes in and ji. This differs from the higher sensitivity of the 

segregation strength to variations in 1̂ . 

4.2.3 Simulations of segregation with regard to growth rate in Ni-Al-Ta-W alloys 

A second set cf calculations on the benchmark case, increasing the cooling rate, r, 

while keeping the thermal gradient at 2000 K m"', shows channels up to r = 0.10 K s '. 

At A- = 0.12 K s"', the system is stable and there is no convection or channels (Fig. 29). 

Keeping r = 0.12 K s"'. Cases 2, 4, and 5, which drive the system to a more convection-

prone state, were repeated. All three cases are unstable and exhibit the same freckling 

pattern observed at r = 0.10 K s"', which consisted of one internal channel. Figure 30 

shows the mixture concentration of W at / = 8 min. for r = 0.12 K s"' and with 

increased by 10 % from the reference value. In Fig. 31, the corresponding contour lines 
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Fig. 30. Distribution of total concentration of W during solidification of 
Ni-6Al-6Ta-5W(wt.%)forr = 0.12 K/s, at 8 min. by+10%. 
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Fig. 31. Velocity vectors and contour lines of fraction liquid of 
Ni-6Al-6Ta-5W(wt.%)forr = 0.12K/s, at 8 min. A^by+10%. 



of fractions of liquid and velocity vectors show the typical patterns observed during 

channel formation. Figures 32 and 33 show the mixture concentration of W at r = 8 min. 

for r = 0.12 K s '; with P(^ increased fay 20 % (Fig. 32), and with // decreased by 25 

%(Fig. 33), from the reference values, respectively. The switching from no channels to 

channels at r = 0.12 K s"' still occurred when were varied by +5 %, by +10 %, or 

by -10 %. 

To summarize, a finite element model of the solidification of dendritic 

multicomponent alloys has been constructed to study macrosegregation resulting from 

the convection that develops in the directional solidification process. The two-

dimensional model revealed the mechanisms that produce convection and the effect of 

convection on macrosegregation. In particular, the simulations show that freckles are a 

direct consequence of flow instabilities in the mushy zone. Given the sensitivity of the 

resulting convection to changes in some of the properties, it has been demonstrated that 

there is a need for a comprehensive data base as models of this type will be used in the 

design of casting processes. Specifically, these results show that inaccuracies in the 

measured properties can lead to the wrong prediction as to whether an alloy, solidified 

under conditions that are borderline between freckling or no freckling, show the 

undesired defects. In particular, the development of "maps" in parameter spaces to show 

when freckles can be expected to occur depend on the availability of accurate properties 

for the alloys. 
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Fig. 32. Distribution of total concentration of W during solidification of 
Ni-6Al-6Ta-5W (wt.%) for r = 0.12 KJs, at 8 min. jSc"" by +20 %. 
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Fig. 33. Distribution of total concentration of W during solidification of 
Ni-6Al-6Ta-5W (wt.%) for r = 0.12 K/s, at 8 min. by -25 %. 
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CHAPTERS 

CONCLUSIONS 

In this research, the equilibrium partition ratios of the solutes in the Ni-Ai-Ta-Cr 

quaternary system were measured, and the solid and liquid densities in the Ni-base 

superalloys were estimated. Also, the importance of using reasonably accurate estimates 

of the thermodynamic and transport properties is illustrated by two-dimensional 

simulations of the thermosolutal convection and macrosegregation during solidification in 

the directionally solidified castings of Ni-base alloys. The major conclusions of this 

research are the following; 

(1) It was found that the partition ratios that apply to equilibria between melts and y-

phase (f c.c.) ofNi-Al-Ta-Cr alloys in the range of 1615 K to 1694 K depend 

mairvly on the concentration of Ta. 

(2) The equilibrium partition ratio of Ta varies fi^om approximately 0 .6 at dilute Ta to 

0.85 at 17 wt.% Ta. For the same range of Ta-contents, the partition ratios of A1 

and Cr vary much less and range from about 0.92 to 0.96. 

(4) The liquidus temperature of the liquid in equilibrium with y in the Ni-Al-Ta-Cr 

system was estimated with a multidimensional regression analysis. 

(5) To calculate the densities of Ni-base superalloys at 20 °C, lattice parameters of 

alloys at 20°C were estimated by simply summing the changes in the lattice 
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parameter of Ni caused by additions of the elements. Based on these calculated 

lattice parameters, the estimated densities are less than 1 % in error for eighteen 

alloys. 

(6) For the solid densities of the superalloys at an elevated temperature, the 

coefficients of thermal expansion (CTEs) of the Ni-base alloys were gathered and 

regressed to yield the CTE as a function of temperature and composition. The 

CTEs calculated from the regressions are less than 10 % in error for the seventeen 

alloys at 400, 700, 1000 and 1300 K. These errors of the CTEs also result in 

densities that are within 0.5 % error or less in the overall temperature range. 

(7) To estimate the densities of liquid Ni-base superalloys, the densities and 

temperature coefficients of density (dp/dJ) of the liquid transition-metals were 

gathered and applied to a simple correlation. 

(8) The liquid densities of five Ni-base superalloys were estimated, and, by including a 

regression estimate of the molar mixing volume, the estimates of the liquid densities 

agreed with the measured values to ±2.5 %. 

(9) The sensitivities of equilibrium partition ratio, solutal expansion coefficient and 

viscosity on the simulation of macrosegregation were determined, and it was found 

that the segregation and convection are very sensitive to the properties, especially 

to the equilibrium partition ratio. 
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