
The use of complex time singularity
analysis in dynamical systems

Item Type text; Dissertation-Reproduction (electronic)

Authors Hyde, Craig Lee, 1969-

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 24/05/2023 21:09:24

Link to Item http://hdl.handle.net/10150/282846

http://hdl.handle.net/10150/282846


INFORMATION TO USERS 

This manuscript has been reproduced from the microfilm master. UMI 

films the text directly from the original or copy submitted. Thus, some 

thesis and dissertation copies are in typewriter fece, while others may be 

from any type of computer printer. 

The quality of this reproduction is dependent upon the quality of the 

copy submitted. Broken or indistinct print, colored or poor quality 

illustrations and photographs, print bleedthrough, substandard margins, 

and improper alignment can adversely affect reproduction. 

In the unlikely event that the author did not send UMI a complete 

manuscript and there are missing pages, these will be noted. Also, if 

unauthorized copyright material had to be removed, a note will indicate 

the deletion. 

Oversize materials (e.g., maps, drawings, charts) are reproduced by 

sectioning the original, beginning at the upper left-hand comer and 

continuing from left to right in equal sections with small overlaps. Each 

original is also photographed in one exposure and is included in reduced 

form at the back of the book. 

Photographs included in the original manuscript have been reproduced 

xerographically in this copy. Higher quality 6" x 9" black and white 

photographic prints are available for any photographs or illustrations 

appearing in this copy for an additional charge. Contact UMI directly to 

order. 

UMI 
A Bell & Howell Infonnation G)mpany 

300 North Zed) Road, Ann Arbor MI 48106-1346 USA 
313/761-4700 800/521-0600 





THE USE OF COMPLEX TIME SINGULARITY ANALYSIS 

IN DYNAMICAL SYSTEMS 

by 

Craig Lee Hyde 

A Dissertation Submitted to the Faculty of the 

GRADUATE INTERDISCIPLINARY 
PROGRAM IN APPLIED MATHEMATICS 

In Partial Fulfillment of the Requirements 
For the Degree of 

DOCTOR OF PHILOSOPHY 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

19 9 8 



DMI Number: 9912155 

UMI Microform 9912155 
Copyright 1999, by UMI Company. All rights reserved. 

This microform edition is protected against unauthorized 
copying under Title 17, United States Code. 

UMI 
300 North Zeeb Road 
Ann Arbor, MI 48103 



THE UNIVERSITY OF ARIZONA ® 
GRADUATE COLLEGE 

As members of the Final Examination Committee, we certify that we have 

read the dissertation prepared by Craig Lee HYDE 

entitled Complex Time Singularity Analysis in 

Dynamical Systems 

and recommend that it be accepted as fulfilling the dissertation 

requirement for the Degree of Doctor of Philosphy 

VA xc)W.UA o^^^ar- c^^ 
Michael Tabor Date 

Nicholas M. Ercolani^-^ . . Date 

j i  /£ )  I  h  
Hermann Flaschka Date 

Date 

Date 

Final approval and acceptance of this dissertation is contingent upon 
the candidate's submission of the final copy of the dissertation to the 
Graduate College. 

I hereby certify that I have read this dissertation prepared under my 
direction and recommend that it be accepted as fulfilling the dissertation 
requirement. 

' \ B/ 
Dissertation Director Michael Tabor Date 



3 

STATEMENT BY AUTHOR 

This dissertation has been submitted in partial fulfillment of requirements for an 
advanced degree at The University of Arizona and is deposited in the University 
Library to be made available to borrowers under rules of the Library. 

Brief quotations from this dissertation are allowable without special permission, 
provided that accurate acknowledgment of source is made. Requests for permission 
for extended quotation from or reproduction of this manuscript in whole or in part 
may be granted by the head of the major department or the Dean of the Graduate 
College when in his or her judgment the proposed use of the material is in the interests 
of scholarship. In all other instances, however, permission must be obtained from the 
author. 

SIGNED: 



4 

ACKNOWLEDGMENTS 

First and foremost, I would like to thank my advisor, Dr. Michael Tabor, for taking 
me on as his student and providing me with such a rich and interesting topic for my 
dissertation. His advice has been invaluable, and his patience and good humor have 
made many long and difficult tasks seem pleasajit. I would recommend him as an 
advisor to any of my fellow students without hesitation. 

Secondly, I would like to thank Alain Goriely. Although not my advisor in name, 
he certainly was in spirit. His ideas and his knowledge were indispensible in helping 
me find the topics of research which comprise this dissertation, and it is safe to say 
that this thesis would not have been possible without him. He was a pleasure to work 
with and a good friend. 

I would also like to thank my defense committee, Professors Nicholas Ercolani, 
Hermann Flaschka, and (once again) Michael Tabor, and the outside reader. Professor 
J.-D. Fournier, for undertaking the laborious task of reviewing this thesis. 

On a personal level, I would like to thank my wife, Cecilia Fosser. She has 
supported and reassured me during many trying times, and she has put up with 
me during many foul moods on my part. She has gotten me through the writing of 
this thesis and through much, much more. 

Lastly, I would like to thank the many wonderful friends here with whom I have 
shared many good times and who have helped to keep me sane: Francisco Bido, 
Joe Erker, Orna Amir, Andy Freed, Dave Burnett, Nita Rado, Olga Simek, Kevin 
Anderson, Karl Haller, Karl Bauer, Brooke McGuire, Kris Green, Julie Tarr, Wayne 
Hacker, Anu Rao, Daniel Coombs, Andre Lehovich, Chris Lott, Hung Quan, Karla 
Horsch, Ken and Teresa McLaughlin, and many, many others. Thanks, everybody. 



5 

TABLE OF CONTENTS 

LIST OF FIGURES 8 

ABSTRACT 9 

CHAPTER 1. INTRODUCTION 10 
1.1. History of singularity analysis and Painleve classification 11 
1.2. Overview of Dissertation 14 
1.3. Notation 16 

CHAPTER 2. OVERVIEW OF SINGULARITY ANALYSIS 19 
2.1. Painleve analysis 19 

2.1.1. Step 1: "Dominant balance" - asymptotic leading order .... 20 
2.1.2. Step 2: Find recursion relations and resonances 23 
2.1.3. Step 3: Find compatibility conditions 25 

2.2. Why the logr? 31 
2.2.1. The theory of Fuchs and Frobenius 31 
2.2.2. Application of Fuchs Frobenius theory to non-integer balances 

and resonances 39 
2.3. Use of local Psi-series to express solutions to variational equations . . 40 

2.3.1. Definitions of variational equations and the leading order 
asymptotic forms of their solutions 40 

2.3.2. Characteristics of the complex time singularity structure of 
invariant manifolds of integrable vector fields 43 

2.3.3. Orthogonality conditions for variational Equations around 
heteroclinic manifolds 45 

2.3.4. An example of singularity analysis: The DuflBng oscillator . . 48 
2.4. Use of singularity analysis to study near integrable systems 50 

2.4.1. Example: The integrable case of a damped Duffing Oscillator . 50 
2.4.2. A PDE example: One-soliton wave speed of a perturbed KdV 52 

2.5. Conclusion 62 

CHAPTER 3. FINITE TIME BLOW-UP IN ODE'S 63 
3.1. Introduction 63 

3.1.1. A simple case 65 
3.1.2. Fields of application 68 

3.2. Set-up of the general problem 71 
3.3. Main Theorem 74 

3.3.1. a) =^>- b) 75 



6 

TABLE OF CONTENTS—Continued 

3.3.2. a) <= b) 76 
3.4. Secondaxy results 80 

3.4.1. Absence of singularities and blow-up regions 80 
3.4.2. Finite time blow-up and first integrals 81 

3.5. Applications 82 
3.5.1. A simple example 82 
3.5.2. Absence of finite-time singularity for the Lorenz system .... 83 
3.5.3. Fluid dynamics example 84 
3.5.4. MHD example 85 

3.6. Conclusions 88 

CHAPTER 4. EXPONENTIALLY SMALL SEPARATRIX SPLITTING IN RAPIDLY 
FORCED DYNAMICAL SYSTEMS 91 
4.1. Introduction 91 

4.1.1. Overview 91 
4.1.2. The Melnikov integral and separatrix splitting 93 
4.1.3. Motivation for going into the complex time plane 102 

4.2. Tools and set-up 107 
4.2.1. The problem 107 
4.2.2. Singularity analysis 110 
4.2.3. Local asymptotic forms for solutions to the variational equations 111 
4.2.4. General set-up / definitions of the vectors M(io) and • 112 

4.3. Theorem and outline of proof 115 
4.3.1. The goal 115 
4.3.2. The Theorem 116 
4.3.3. Outline of proof 116 

4.4. Proof of Theorem 4.1 119 
4.4.1. Proof that Lemma 4.1 => Theorem 4.1 119 
4.4.2. Proof of Lemma 4.1 122 

4.5. Proofs of Lemmas 4.2 and 4.3 124 
4.5.1. Machinery for the proofs of Lemmas 4.2 and 4.3 124 
4.5.2. Key preliminary results to be used in proving Lemmas 4.2 and 

4.3 131 
4.5.3. Proof of Lemma 4.2 135 
4.5.4. Proof of Lemma 4.3 137 

4.6. Applications 138 
4.6.1. A simple two-dimensional example: The Duffing oscillator . . 138 
4.6.2. The magnetized sphericjil pendulum 139 
4.6.3. The ABC flow 141 



7 

TABLE OF CONTENTS—Continued 

4.6.4. A Re-phrasing of Theorem 4.1 for completely integrable systems 
of homogeneous degree 143 

4.7. Conclusion 146 

CHAPTER 5. EPILOGUE 148 

APPENDIX A. PROOFS AND DERIVATIONS OF PSI-SERIES 150 
A.l. Derivation of recursion relation 2.24 150 
A.2. Proof of Theorem 2.1 152 
A.3. Proof of Lemma 3.1 158 

APPENDIX B. PIECES OF THE PROOF ON EXPONENTIALLY SMALL SPLITTING160 
B.l. Proof of Lemma 4.4: The asymptotic form of ^"(TL, z) 160 
B.2. Integration "trick" for relaxing p 163 
B.3. Proof of Lemma 4.5 166 
B.4. Proof That Me {to + i{a — s)) ~ q/ •  { — t o ,  t o  ±  i { a  —  e)) and is not 

exponentially small 169 

REFERENCES 179 



8 

LIST OF FIGURES 

FIGURE 3.1. The different possible potential configurations 66 
FIGURE 3.2. The map M maps an open set of arbitrary coefficients to an open 

set of initial conditions leading to finite time blow-up 76 

FIGURE 4.1. The solution x^{t,tQ) passing through the manifold and two 
of its duplicates: and W^_rp 96 

FIGURE 4.2. The splitting distance ^(io) between the unstable and stable 
manifolds, and 97 

FIGURE 4.3. A homoclinic tangle 99 
FIGURE 4.4. The Regions S for bounding 132 

FIGURE B.l. The closed contour used to calculate Mi{tQ) 170 
FIGURE B.2. The closed contour used to calculate Mt {to + i{a — C)) 175 



9 

ABSTRACT 

Two new general results about dynamical systems are obtained using the character

istics of their complex time series solutions. These series are obtained locally around 

movable singularities in the complex time domain via methods which are an exten

sion of the Painlev^Kovalevskaya test for integrability and which therefore have the 

advantage of being algorithmic in nature. 

The first of these results applies to autonomous polynomial vector fields and 

provides necessary and sufficient conditions for the existence of an open set of initial 

conditions for which the solutions will diverge to infinity as time (i.e. the independent 

variable) approaches some finite real value. The conditions for blow-up involve only 

the asymptotic leading order coefficient of the local series representation for the 

general solution around the complex time singularities. 

-A-dditional analyses lead to the second result, which involves exponentially small 

separatrix splitting. When an autonomous system of ODE's possessing a homoclinic 

or heteroclinic orbit is perturbed by a rapidly oscillating non-autonomous term, the 

resulting splitting distance of the separatrix becomes exponentially small. Therefore, 

any first order approximation technique for measuring this splitting, e. g. the 

Melnikov vector, apparently loses its validity. .A.n accurate expression for the splitting 

distance is valuable because it can be used to detect the presence of chaos in the 

system. Using only the local asymptotic forms of the solutions to the linearized 

variational equations and of the perturbation term, sufficient conditions on the 

perturbation amplitude such that the Melnikov vector gives the proper leading order 

splitting distance are found. This result applies to autonomous polynomial vector 

fields with periodic perturbations for which the amplitude of the perturbation is 

inversely proportional to some algebraic order of the frequency, and it depends only 

on the asymptotic form of the solutions near the complex time singularities. 
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Chapter 1 

INTRODUCTION 

Complex time singularity analysis has recently been utilized to study several aspects 

of dynamical systems. Beginning with the rediscovery of the classic work of 

Kovalevskaya [51, 52] by Ablowitz, Ramani, and Segur [2] and their connection of 

this work to the integrability properties of evolution-type PDE's through inverse 

scattering, singularity analysis has since been used in dynamical systems mostly as 

a tool for studying integrability. Indeed, subsequent works by Chang, Tabor, and 

Weiss [12] and by Bountis, Segur and Vivaldi [5] immediately extended the work of 

Ablowitz, et. al. to the development of algorithms for finding "integrable" cases 

of Hamiltonian systems. Later works by Yoshida [86] and Goriely [37] have related 

simple singularity analysis to the algebraic integrability of ODE's with rational vector 

fields. Extensive use of singularity analysis has also continued to be used in studying 

the integrability of PDE's [83, 60]. 

There have been, however, other applications of complex time singularity analysis 

outside the realm of integrability. Early works by Tabor and Weiss [78] and by Frisch 

and Morf [27] demonstrated a relationship between the complex time singularity 

structure of ODE's and the phenomenon known as intermittency. Later work by 

Tabor and Goriely [38] related the characteristics of local complex time series solutions 

to the Melnikov integral for regularly perturbed vector fields. This result is obtained 

through the use of singularity analysis to obtain the asymptotic leading order behavior 

of solutions to linearized variational equations in the complex domain. Given these 

facts, it seems worth investigating whether there might be other applications of these 

singularity analysis methods. If one considers, for example, the phenomenon of finite 

time blow-up in ODE's (one of the two topics this thesis will focus upon), it is quite 
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natural to consider this as a special case in which the complex time singularities have 

moved onto the real £ixis. The purpose of this work is to explore and make rigorous a 

few such applications, illustrating the value of the techniques of singularity analysis 

in the process. 

Before proceeding, we shall attempt to define what is meant here by the somewhat 

general term "singularity analysis". To do so, we present below a brief history of the 

subject, simultaneously describing the various techniques which have been developed 

over the years and which we shall classify as "singularity analysis". 

1.1 History of singularity analysis cuid Painleve classification 

Complex time singularity analysis was first used in the context of dynamical systems 

by Sofya Kovalevskaya [51, 52] in her work on the asymmetric top in 1889. Noting 

from the work of Lazarus Fuchs [31] that the local asymptotic form of the solutions to 

nonlinear ODE's exhibit movable singularities in complex time (the word "movable" 

expressing the fact that their location depends on the initial conditions), she was 

able to use the properties of the local series solutions around these singularities to 

find a new set of conditions on the system parameters for which the system could be 

solved exactly in closed form via integration by quadrature. In fact, the conditions 

on the parameters came merely from demanding meromorphicity of the solutions. 

Shortly thereafter, Paul Painleve, extending work by Fuchs on first order ODE's, 

took the class of all rational ODE's (analytic in time) and made a list of all types 

which had no movable singularities other than poles [63, 64]. He found 50, 44 of 

which could be solved directly in terms of previously defined functions via integration 

by quadratures. The remaining six are now know as the Painleve equations and their 

solutions are the Painleve transcendants. An ODE whose local series solutions in 

complex time exhibit only poles is said to possess the Painleve property. Thus the 

work of Kovalevskaya amounted to finding parameters for which the top system she 
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was studying possessed the Painleve property, and these parameter values turned 

out to be the very ones for which solutions of the system could be written explicitly 

in terms of hyperelliptic integrals. This work provided the first inklings that ODE's 

exhibiting only meromorphic series solutions in complex time had "special" solvability 

properties. However, it was dismissed as a case-specific fluke until the early 1980's, 

when Ablowitz et. al. [2] discovered that PDE's which were integrable by inverse 

scattering were all directly reducible to ODE's of Painleve type. Thus they proposed 

the Painleve conjecture, that a necessary condition for a PDE to be integrable by 

inverse scattering is that every ODE which can be obtained from the PDE via 

similarity reduction has, up to a change of variable, the Painleve property. They 

furthermore presented an algorithm based on Fuchs' and Kovalevskaya's work for 

testing whether an ODE has the Painleve property. 

One of the most powerful aspects of singularity analysis is its algorithmic nature. 

One begins by simply finding an asymptotic leading order term for the solution around 

a movable singularity. If this term has only a pole at the movable singularity, then the 

solution which arises from this leading order behavior may be meromorphic, provided 

that the Laurent series solution generated from this leading order term has consistent 

recursion relations for its coefficients, including a full set of n — 1 arbitrary coefficients. 

If it fails to have a full set of arbitrary coefficients, then the series corresponds to a 

particular solution, (as opposed to a general one.) If it has a full set of arbitrary 

coefficients but the recursion relations fail to be consistent at these coefficients then, 

according to the theory of Fuchs and Frobenius [29, 30, 28], logarithmic terms must 

be added in order for the series to formally solve the system, thereby destroying the 

meromorphicity and resulting in a series solution called a Psi-series. This procedure, 

then, produces local complex time series solutions (whether meromorphic or not), 

and can be shown to provide information about non-integrable systems as well [25]. 

The algorithmic nature of the Painleve method has also motivated a direct 

extension of singularity analysis for finding series solutions of PDE's local around 
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singular manifolds. These series, proposed by Weiss, Tabor, and Camevale [83], are 

of primary use for the study of integrable evolution equations, but can sometimes 

be used to obtain useful information about nonintegrable systems. In this thesis, we 

will show an example of such an approach in which a singular manifold expansion 

is used to predict the selected wave speed of the one soliton solution of a perturbed 

Korteweg-de Vries equation. The result matches the known answer obtained via other 

means. 

For ODE's, the exact relationship between the Painleve property and integrability 

cannot be defined without first defining what is meant by "integrability". In the case 

of Hamiltonian systems, "integrability" generally refers to the notion of Liouville 

integrability, in which a system with n degrees of freedom possesses n independent first 

integrals. However, rigorous connections between this precise notion of integrability 

and the Painleve property break down, as the solutions of systems which are 

integrable in this sense are often not single-valued. There have been, however, precise 

connections made between the Painleve property and more geometric definitions of 

integrability for Hamiltonian systems. Ercolani and Siggia [21] have proven that 

hyperelliptically separable Hamiltonian systems (i.e. Liouville integrable systems 

whose Hamilton-Jacobi equations are separable) possess the Painleve property. Along 

the same lines, Adler and van Moerbeke [3] have shown that the Peiinleve property 

is a necessary and sufficient condition for a Hamiltonian system to possess algebraic 

complete integrability, a definition which requires (n — 1) constants of motion whose 

level sets in C" can be related to Abelian integrals. Outside the realm of Hamiltonian 

systems, Yoshida [86] and Goriely [37] have shown that a necessary condition for 

algebraic integrability in autonomous ODE's arising from polynomial vector fields is 

the weak Painleve property, which allows the presence of movable rational branch 

points but still forbids all other types of movable singularities other than poles. 

The indices of the arbitrary coefficients in the local complex time series solutions 

for ODE's are usually called resonances, but it should be noted that they are really 
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nothing more than the Fuchs indices of the hnearized variational equation taken 

around similarity invariant solutions of the weight homogeneous component of the 

vector field. The notion of Fuchs indices comes from the standard theory of linear 

ODE's with non-constant coefficients set forth by Fuchs and Frobenius [29, 30, 28]. 

The movable singularity of the original solution becomes a fixed, regular singularity 

for the linearized variational equation. This allows us to study the eisymptotic form 

of the solutions to the variational equations in complex time which in turn provides 

valuable insight into the dynamics of perturbed integrable vector fields [38]. If the 

Fuchs indices/resonances turn out to be irrational or imaginary, then there is no 

hope of finding a meromorphic series expansion for the general solution and hence 

no hope of having the Painleve property. If these indices turn out to be rational but 

non-integer, then the general series must have rational brajich points. Such a system 

still passes the weak Painleve test which is required for the algebraic integrability of 

polynomial vector fields [37, 86]. 

1.2 Overview of Dissertation 

This dissertation provides new results in two different aspects of dynamical systems 

by building on the techniques of singularity analysis, particularly the developments 

in [38] involving the asymptotic forms of the solutions to the variational equations 

and the relationship between these quantities and the Melnikov vector. 

The first result represents joint work with Alain Goriely. This result provides 

necessary and sufficient conditions for the existence of an open set of initial conditions 

on which the general solution of an autonomous system of ODE's of arbitrary 

dimension will blow up in finite time. This result is applicable to the sub-class of 

such systems for which the resonances are rational, but it does allow the presence 

of logarithmic branch points. The result itself is extremely simple and algorithmic: 

roughly speaking, an open set of initial conditions leading to finite time blow up exists 
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if and only if the leading order coefficient of the local complex time series solution is 

real. 

The second result involves exponentizdly small separatrix splitting for periodically 

perturbed integrable N-dimensional conservative vector fields. The splitting distance 

of the separatrix of such a system becomes exponentially small when the period of 

the perturbation vanishes with the perturbation amplitude. We study the particular 

case where the amplitude of the perturbation is some algebraic order of the period. 

This case is relevant in both averaging theory and numerical analysis. Because the 

separatrix splitting is exponentially small {i.e. smaller than any power of the period), 

the only known technique for measuring this splitting (the Melnikov vector) becomes 

invalid because it is based on a first order perturbation technique and can therefore 

produce error terms larger than the estimate itself. Obtaining an accurate measure 

of the separatrix splitting for such systems therefore becomes problematic, but it 

is important to do so because this splitting distance determines whether or not the 

system will exhibit chaos. We find sufficient conditions on the algebraic order of the 

perturbation amplitude such that the Melnikov vector remains a valid leading order 

estimate of the separatrix splitting. Remarkably, this condition depends only on the 

value of the largest resonance and on the leading order behavior of the perturbation 

around the singularities of the separatrix, assuming the perturbation is a function of 

the dependent variable. 

The dissertation is organized as follows. In Chapter 2, we introduce the techniques 

of singularity analysis, with particular attention given to perturbed integrable vector 

fields. Several examples are included. Chapter 3 presents the results on finite time 

blow-up, drawing on the material presented in Chapter 2. Chapter 4 presents the 

result on exponentially small separatrix splitting, including some background material 

on Melnikov theory and separatrix splitting itself. The conclusion of the dissertation 

is followed by appendices with various proofs too long for the narrative portion of 

the thesis. Included amongst these is a proof of the formal existence of Psi-series 



16 

solutions for vector fields with rational resonances, including the case of degenerate 

resonances. 

This dissertation benefits greatly from the use of various notational conventions, 

which we present here before going on to the mathematical sections. 

1.3 Notation 

1. K denotes the real numbers, Q the rationals, C the complex numbers, N the 

natural numbers and Z the integers. A subscript + affixed to one of these refers 

to the non-negative elements of the set, e.g. Q+ refers to the non-negative 

rationals. A subscript 0 refers to the exclusion of zero from the set, e.g. Q 

refers to the complex numbers excluding zero. Note that C'' would refer to the 

space of iV-dimensional vectors of complex numbers, and in this case would 

refer to the space of A''-dimensional complex vectors excluding the null vector. 

2. The symbol is defined in the following way: Given / : C —>• C and r € C, 

then 

f (x) 
/(r) ~ qqt^ means that lim = CQ. (1.1) 

r-fO rP 

3. The expression f { e )  = 0 { £ ^ )  will mean that lirn =  k  <  o c ,  where k is 

constant with respect to s. Also, the expression /(c) ~ 0{1) simply means 

that /(c) = A: < oo where again A: is a constant independent of £. 

4. Vectors will be written as bold face Roman letters, (e.g. x € ) or as bold-face 

Greek letters (e.g. ^ e R^). 

5. Let Miv(C) be the set oi N x N matrices with entries in C. Matrices will 

be denoted by upper-case calligraphic Roman letters, e.g. TZ 6 MAf(C) where 

MAT (C) is the set oi N x N matrices with entries in C. The identity matrix will 

be denoted as I. 
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6. Spec(7^) denotes the set of eigenvalues of the matrix TZ. 

7. Sets will be denoted either by bold face upper-case Roman letters, or by upper

case cailigraphic letters. 

8. Anything not bold-face or calligraphic will be a scalar or a map. 

9. We will use the indices i . j ,  and k  to denote the components of a vector or the 

location in a matrix, except in the cases of the splitting or Melnikov vectors. 

10. We will use the indices £,m,and n to distinguish between different vectors in a 

set or series of vectors. 

11. The i"' component of a vector x will be written x^. 

12. If the name of a vector includes a subscript, then its components will be denoted 

as follows: 

(Xn)_, = the j"' component of the vector x„. 

13. The superscripts u and s will be used to denote unstable and stable manifolds, 

respectively. 

14. Pf(x°) will be defined to mean the Jacobian matrix of some vector-valued 

function f(x) evaluated at x = x°. That is, for f : and x° € 

(2)f(x°)).. = 
' J  d X j  x = x °  

15. Diag(p) will be used to denote the matrix which has the vector p along its 

diagonal and which has zeroes for all its other entries, i.e. 

(Diag(p)).^. = piSij. 
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16. A scalar raised to a vector power will be defined in the following way: 

Let p € and r G C. Then 

rP = the vector whose ^'''component is i.e. 

(rP). = r"-

Also, two vectors appearing in one expression without an inner or dot product 

between them will be defined as follows: 

= the vector whose ^'''component is ctiT^* 

N 

17. a • b =< a|b >= ajbj for a, b € 
j=i 
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Chapter 2 

OVERVIEW OF SINGULARITY ANALYSIS 

2.1 Painleve zinalysis 

Throughout most of this dissertation, we shall be considering systems of the form 

X = f(x) ( ) = "^» X, f G for f G R. (2.1) 
at 

where f is a nonlinear polynomial vector field in the variable x. Our aim is to build 

local series representations for the general solution around the movable singularities of 

the system. These are singularities whose location depends on the initial conditions, 

hence the general solution will be expanded around an unspecified point G C which 

represents this singularity. The most general type of formal series which can represent 

the solutions to systems of the form (2.1) is called a Psi-series and has the form 

OO OO 

= * = (2-2) 
_;=0 *:=0 

where T = t — t, 6 C and is a sequence satisfying certain properties [42]. For 

the purposes of being able to compute such a series algorithmically, we shall only be 

concerned with systems whose Psi-series solutions consist of only rational powers of 

r (and possibly logr), so we therefore consider only Psi-series of the following form: 

X = ̂ (ao, a,t) = T °- Ho + y^a.jT^ (2.3) 

where r  =  { t  —  i.), a G Q^, 9 G N. (The number q  is chosen so that q a  G Z q . )  For 

the specific case of a logarithmic Psi-series, each coefficient is a polynomial in log r 

of degree bounded by some integer Nj, i.e. 

3ij = ^3ij,k{^0S'r)''. (2.4) 
A:=0 
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where aij^k ^ If instead the £ire constant so that € C^, a^, then the series 

(2.3) is also called a Puiseaux series. We use the term "Psi-series" to generically refer 

to both logarithmic Psi-series and Puiseaux series, referring to these series by their 

more specific names only when necessary. 

2.1.1 Step 1: "Dominant balance" - asymptotic leading order 

The first step in building a local series representation for the solutions to systems 

(2.1) is to find a form for the dominant balance term around the singularity. That is. 

find values of ao and a such that substituting a leading order term of the form 

X ~ aoT"", ao, a € and r = t - (2.5) 

into system (2.1) causes the terms which are the most singular as t ^ t. to can

cel, leaving only higher powers of r. (Note that, as defined in the notation section, 

(aor"'*)- = aoiT~'^'). To illustrate how this is done and to illustrate why movable sin

gularities arise in nonlinear equations, we present the following simple 2nd order ODE: 

A Quick Example part I 

f = -I- x^. (2.6) 

Making the ansatz x = aoT~°' gives 

ao {a + 1)(q) r-"-2 = -h 0(r-2°). (2.7) 

So balancing the most negative exponents gives —a — 2 = —3a and therefore 

a = 1. Note that any nonlinear power of x would lead to a positive Q in this 

manner. Next, demanding cancellation of the most singular terms gives that 

Co = ±y/2 is a balance. (Choosing Cq = 0 would require finding a different 
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balancing exponent, which this system doesn't have, or would correspond to 

the solutions a: = 0 or x = 1.) Note that the term is the dominant term for 

this balance. If we temporarily choose the term to be the dominant term, 

(thus making —a — 2 = —2a and so a = 2), we see that the term is then 

larger than the term in the sense that it is more singular (order r—6 instead 

of r—4) than the x^ term. Hence, the x^ cannot be the dominant term. 

To illustrate the use of our multi-dimensional notation, we now re-write this 

example in Equation (2.6) becomes 

where we have separated the second term from the first since we know that 

only the first term is dominant. We now use a vector form of the the previous 

ansatz: 

(2.8) 

X = aor (2.9) 

which we will write in component form as 

(2.10) 

This yields the following equations: 

—aiOoT ^ = boT °- (2.11) 

(2.12) -a2bQT-''^-^ = +C?(r-2'^'). 

Hence, balancing the exponents gives 

—a2 — 1 = —3Q:i 

—ai — 1 = —a2 (2.13) 

(2.14) 

yielding ai = 1 and 02 = 2 as expected. Similarly, OQ = ±\/2 while 60 = Tv/2-
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As illustrated in the above example, when there are many terms in the vector field f, 

the exponent and coefficient of the dominant balance term may change depending on 

which term in f is assumed to be the dominant one. Some choices for the dominant 

term in f are inconsistent as in our example, but sometimes more than one may give 

a correct dominant balance. Thus, for an exhaustive investigation of the dominant 

balance, we find all the truncations f of the vector field f 

X = f(x) = f(x) + f(x), (2.15) 

such that the dominant behavior x = aoT~", ao € is an exact solution of the 

truncated system 

x = ?(x), (2.16) 

where a € with at least one negative component. 

In order for x = aoT~" to give the dominant behavior, it is also required that f(x) 

is not dominant, that is, at the singularity: 

f(ao(i-i.)-") ~ ao(i-i,)-"+"-^ (2.17) 
t-*t. 

with a E and each q, > Each correct truncation defines a balance (ao,Q:). 

Every balance corresponds to the first term aor"** in an expansion around movable 

singularities representing a solution to the system. Different balances can correspond 

to expansions around diflFerent movable singularities, and sometimes to different 

solutions entirely, i.e. some expansions may represent a genera/solution while others 

may only represent a parfzcn/ar solution, the latter being a solution with an insufficient 

number of arbitrary parameters {e.g. the solution x = 1 in our example). In order to 

check if the series arising from a given balance is an expansion of the general solution, 
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one has to find the proper number of arbitrary constants in the series defined by that 

balance. To do so, we have to compute what are called the resonances of the series. 

Any balance which corresponds to a general solution will be called a principal balance. 

A system can have more than one principal balance. If we choose a single set of 

initial conditions and apply it to two different expansions coming from two different 

principal balances of the same system, then each expansion will yield a different set 

of possible locations for the movable singularity. In other words, different principal 

balances correspond to local representations of the general solution around different 

types of singularities. 

2.1.2 Step 2: Find recursion relations and resonances 

The second step in Painleve singularity analysis is to compute the resonances using 

the recursion relations for the series coefficients. Each balance defines a new set 

of resonances. These resonances are related to the indices j of the coefficients a.j 

in the Psi-series (2.3) at which arbitrary constants first appear. Specifically, ^ is a 

resonance if a new arbitrary constant is introduced in the computation of a^ for the 

series (2.3). The reason for the presence of the natural number q in the Psi-series 

(2.3) is to allow the coefficients associated with rational but non-integer resonances 

to still appear in the series. By letting q be the least common denominator of all the 

rational resonances as well as the leading order exponent ex. and a, we ensure that a 

series of the form (2.3) will capture all the arbitrary coefficients from the resonances 

and therefore potentially provide a formal expression for the general solution of (2.1), 

provided there are enough non-negative resonzinces. Let rj be the resonance. Note 

that one resonance is always given by ri = — I. As we shall see in the next section, this 

is because x is always a solution of the linearized variational equation for (2.1) around 

a solution x°. This resonance can be thought of as corresponding to the arbitrariness 
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of f,. ^ Since U provides one arbitrary coefficient, there should therefore be -V — 1 

additional arbitrary coefficients for any balance corresponding to the general solution. 

Hence, there should be AT — 1 non-negative rational resonances. A balance which does 

not produce iV — 1 non-negative rational resonances (including possible degenerate 

resonances) cannot produce a Psi-series which represents the general solution. 

The recursion relation for the coefficients of the series solution (2.3) at j  is obtained 

by substituting this series into (2.1). Assuming at this time the absence of logarithms 

(so that each a.j in (2.3) is a constant), this yields ^ 

( p - ^ ) a ,  = b , ( a f c ; A : < j ) ,  ( 2 . 1 8 )  

where the matrix V is given by: 

7' = Pf(ao) + Diag(a), (2.19) 

and where Df{ao) is the Jacobian matrix evaluated on ao and Diag(Q:) is the matrix 

containing the vector a along its diagonal and zeroes everywhere else. 

This equation is solvable with no arbitrary constants as long as ~ is in-

vertible. Arbitrary constants are introduced at values of ^ which are eigenvalues of 

V, since the solution of (2.18) then involves arbitrary multiples of the nullspace of 

{ ^  ~  q ^ -  H e n c e  t h e  r e s o n a n c e s  a r e  t h e  e i g e n v a l u e s  o f  V l  

'To see why, imagine Taylor expeinding the leading order term of the series solution around a 
small arbitrary shift in t,, i.e. 

(.-(..V .-•))• (7^ 

^Note that a matrix added to a scalar, as In ~ > should be taken to mean (v - , where 

I is the identity matrix. 
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A Quick Example part II 

Again rewriting (2.6) as 

dt 
(2.20) 

we find that, for either balance ({QI = 1, OQ = ±\/2}), the matrix V is given 

by 

(2.21) 

This matrix has eigenvalues { — 1,4}, and so has a single positive resonance 

i?2 = 4, which is all that is required for the Psi Series to potentially give the 

general solution. Note also that because both the resonances and the leading 

order exponents are integers, we expect to have only integer powers of r (except 

for possible powers of log r), i.e. q = 1 for the Psi-series(2.3). 

2.1.3 Step 3: Find compatibility conditions. 

For values of j such that the matrix is singular, the recursion relation 

(2.18) may no longer be solvable. Thus, when j  =  q r j ,  the inhomogeneous term 

bj{ak;k < qrj) (henceforth referred to as br^) must satisfy the Fredholm solvabiHty 

condition or equation (2.18) will have no solution. Assuming a non-degenerate 

resonance, this means that we must have 

where v is the left null vector of the matrix . The conditions on the 

parameters of the system such that the solvability condition (2.22) is satisfied are 

called the compatibility conditions associated with the resonance Tj. (It was these 

conditions which gave Kovalevskaya her integrable case for the asymmetric top.) 

If these conditions are not satisfied, then our assumption regarding the absence of 

(v|br,) = 0 (2.22) 
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logarithmic terms must be changed. Let us assume that the solvability fails at j = g r2 

(the first non-negative resonance) so that the system (2.18) can be solved for a.j 

without the need for logarithms when j < qr2 — I• For j > qr2, we again use 

(2-23) 
k=0 

to represent the coefficients of the series solution, where Nj is an as yet unspecified 

integer. Using this in (2.3) and plugging the result into (2.1), we get the following 

more general recursion relation: 

( v  -  =  { k +  l ) a . j ^ k + i  +  b j ( a i , ; „ ;  i  <  j ,  m  <  k )  (2.24) 

where V is the same as before. (A detailed derivation of this recursion relation can 

be found in Appendix A.l). At j = grj, we need only introduce a single logarithm if 

the resonance is not degenerate, hence 

ar, = arj,o + log r (2.25) 

so that Nqr2 = 1- This allows us to re-gain solvability in the following way. Since 

(2.25) includes a single logarithmic term, we now get two recursion relations at j = q r2 

for the two different values of k: 

~ ^2^^2,0 ~ 3^2,1-I-br2(at,o; i < ^2) (2.26) 

(p-r2)a,,,, = 0. (2.27) 

The right-hand side of (2.27) is zero because there are no terms of lesser j value 

involving logarithms and because there are no terms of greater than one power of 

logr at j = r2. This means that the solution to (2.27) is merely 

^T2,1 ^^T2 (2.28) 
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where is the null vector of {V-r-^ and c is an arbitrary constant. This transforms 

equation (2.26) to 

{v - + br,(ai,o; i < ra) (2.29) 

and the new solvability condition becomes 

C (vlyrj) + (vibrj = 0 (2.30) 

where as before v is the left null vector of and brj = b(ai,o; ^ < '"2)- Thus, 

by choosing 

(V|br2> /001X 

we regain solvability. Note that we have not really given up our arbitrary parameter, 

since the solution to (2.26) still includes an arbitrary multiple of the null vector yr,. 

Also, the denominator of equation (2.31) never vanishes since that would mean that 

yrj lies in the range of {v which only occurs if the resonance ra is degenerate 

with a multiplicity exceeding the number of associated eigenvectors. In such a case, 

we can still re-gain solvability by adding more powers of logr. This is shown in 

Appendix A.2, where we prove the following theorem: 

Theorem 2.1 Given a system of the form 

X = f(x)  X e f  6 (2.32) 

vjith f  a nonlinear polynomial in x, and a balance {ao,Q:} associated with the 

truncation 

f (x)=f(x)  + f(x) ,  (2.33) 

such that X = aor"" solves x = f(x)  and 

f (x)  ~ (2.34) 
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for some a 6 vjith each di > 0. Then if Spec{X>f(ao) + Diag(Q:)}  G Q, the 

Psi-series 

OO 
ao + X) aj^(logr)*=r^ X  =  ̂ ( a o ,  0 £ ,  t )  = T' 

j=l k-O 
(2.35) 

with T = [t — t,), a e 9 6 N, ao 6 Cq and is a formal solution of 

(2.32). If, furthermore, 

Spec{I?f(ao) + Diag(a)} \ {-1} C -I (2.36) 

then the Psi-series (2.35) is a formal representation of the the general solution of 

(2.32). 

A Quick Exeimple part III 

Choosing the balance^ {QJ = 1, CQ = +\/2} associated with the system (2.20), 

we insert 

Xi 

X2 

= \/2r ^ af .-1+j (2.37) 
j=i 

— \/2r ^ 
j=i 

into (2.20) and obtain 

J = l 
OO 

2v/2r-^ + ^ ( - 2 + j ) b j r - ^ + J  
J = l 

= —y2T-^ + Yli>jT-^*j (2.38) 
j = i 

2V/5T-^+ + 3>/2^ ^ a_,atr-^+>+* (2.39) 
j=i j = i k = i  

•yj «?Q OO -y. 

i=l> = lA:=l j=0*=0 

^Analogous results hold if we instead choose OQ = — \/2. 
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Collecting coefficients of the highest level on the left, we obtain the recursion 

relations: 

i - i  1  "  ]  
6 2 — i J \ b I \ 0,0^ - 53 a.afcOm - Z) I 

\ J y Y t-I-K~J t + —1 J 

Following this relation starting at {cq = \/2, 60 = — \/2}, one finds that for 

i = 4. the right hand side vanishes, leaving 

which is singular but has a solution. Therefore, we need not add logarithms, 

and the series (2.37) represents a general solution, with the arbitrary parameter 

c introduced by 

a,= (;')=cQ). (2.41) 

the vector (3) being an eigenvector of the matrix on the left-hand side of (2.40). 

Quick Example part IV: Adding logr 

Let us now add a damping term to our example, so that we have 

X = —ex x^ -\- x"^ (2.42) 

which gives 

The damping term does not affect the leading order balance, so as in Quick 

Example III we have 

00 
xi = \/2r~^ + (2.44) 

j=i 

X2 = — \/2r~^ + 
j=i 
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The recursion relations are now given by 

( l - j  1  
6  2 - j  )  f t )=(  

0 
-3\/2 53 - 53 atOkam - H a.at -i-ebj-i 

Note that the matrix on the left is also the same as in Quick Example III, 

which is not surprising because it is the matrix P, which only depends on the 

characteristics of the leading order. Hence, the resonances are still ri = — 1 and 

r2 = 4. At J = 4, one finds 

The left null space of the matrix on the left hand side of (2.45) is any multiple of 

the row vector (2 1), and clearly the right hand side of (2.45) is not orthogonal 

to this vector except for special values of £ for which the right hand side is zero. 

We must therefore propose a new series solution which has terms multiplied by 

logr beginning at order j = 4, i.e. 

= \/2T  ^+^AJR  +  l o g ( r ) r ^  ̂ +  O  ( l o g ^  ( r ) r ^ )  ( 2 . 4 6 )  
J= l  j=o 

oc oo 

X o  = —\/2r~" + + log (r)r^ U j T ^  + O  (log^ (T)T^) • 

The recursion relation at j = 4 (that is, at order r " ^''"•^) now becomes 

(2.45) 

00 

i=Q 

(2.47) 

while the recursion relation at order r log r is 

(2.48) 

Thus, the only non-trivial solution for (2.48) is 

(2.49) 
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where c is an arbitrary constant. We therefore have fj,O  = c and UQ = 3 c. The 

solvability condition of equation (2.47) is given by demanding that the right 

hand side be orthogonal to the vector (2 1), hence 

2/io + fo + ~ 2 ~ (2.50) 

Using (2.49), this becomes 

2c + 3c + ^(-e - \/2£"^ + ^\/2£^) = 0. (2.51) 

So, by letting 

c= Y^(e + \/2£^ - ̂\/2e2), (2.52) 

equation (2.47) becomes solvable. Note that we still have an arbitrary 

parameter, since the solution of (2.47) is a particular solution plus an 

arbitrary multiple of the null vector (3). 

2.2 Why the logr? 

2.2.1 The theory of Fuchs and Frobenius 

Hidden behind the above procedures is the theory of Fuchs and Frobenius [29, 30, 28, 

14] for linear ODE's with non-constant coefficients having fixed regular singularities. 

A regular singularity cannot be a branch point or an essential singulcirity, but must 

be a pole of a certain limited order, which we will define in a moment. 

One may wonder how a theory about non-autonomous linear systems with 

meromorphic coefficients is applicable to our nonlinear autonomous system (2.1). 

To illustrate how this is the case, we linearize equation (2.1) around the dominant 

balance term (2.5), i.e. we let 

X = a )̂T " -t- X. (2.53) 
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This yields the equation 

i = X>f(aor-'^)x + (2.54) 

whose dominant part is linear in x and has only poles in the matrix X>f(aor~'*) if 

a € Z^. Since /i(aor~°') = —QiaQ^T~°'~^, one can show that 

(ofCaoT-")) = (ffCao)) T-"-*"'-'. (2.55) 

Therefore, one can find a solution for (2.54) of the form 

X =7r-"+'' + 0(T-"+'^i) peQ -yeC^ andp>- (2.56) 
9 

so that Vt (aoT"**) x yields, to leading order, 

(r?(aoT-'^)7T-"+'') . = ( V f i a o h ) ^  (2.57) 

In particular, (2.57) means that the i"' component of equation (2.54) becomes 

i-a,+phiT-^'^^-' = (Vfiaoh) + O (2.58) 

Note that if we begin with p = infi{di} and collect terms of O (rfrom 

equation (2.58), the result is a linear matrix equation for 7 with an inhomogeneity 

due to the term originating from f(aor~'*). Hence, the linear matrix equation to order 

O (T""®'"^''"^) is of the form 

(-Diag(a)+p)7 = 'D?(ao)7 + bp, (2.59) 

where hp does not depend on 7. For each value of p (increasing starting from inf,{Q!i} 

in increments of ^) such that the operator ^Diag(Q!) +2?f(ao) — is invertible, 

••Note here that, in keeping with our notational convention, we take 7r~°+'' to be the vector 
whose i"* component is . Furthermore, (I?f(ao)7)i component of 7?f(ao)7. 
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there exists a particular solution 7 which corresponds to the coefficient a,p in the Psi-

series (2.3). Solutions for (2.59) must also include arbitrary multiples of the solutions 

for the homogeneous system 

(-Diag(a) + p) 7 = (ao)7, (2-60) 

but this only has non-trivial solutions when p  is an eigenvalue of V f ( a o )  - h  Diag(a), 

which is the case that p is a resonance! 

The theory of Fuchs and Frobenius is designed for scalar linear ODE's with only 

regular singularities. A single n"' order ODE of the form 

H + 5o(^)a^ = 0, (2.61) 

has a fixed regular singularity at i if each gj (t) has a pole a t  t  =  of order less 

t h a n  o r  e q u a l  t o  n  —  j ,  i . e  i f  g j { t )  ~  O  ( ( f  —  I f  t h e  s i n g u l a r i t y  a X  t  =  t .  

is not a pole, or if the order of the pole exceeds n — j, then the singularity dX t = t, 

is irregular. Fuchs and Frobenius developed a theory which provides the form for 

n independent series solutions around the fixed singularities of linear ODE's whose 

singularities are all regular. 

The definition of regular singularity for a linear system is not as simple. It is well 

known that if the system can be written as 

x = (i-i.)-U(i)x (2.62) 

where A { t )  is anal>-tic at i = i,, then the system has only regular singularities. The 

converse of this statement is not in general true, i. e. a system can have only regular 

singularities yet not match the form (2.62). Nevertheless, if we look at the spirit of 

the definition for (2.61), it is not hard to see what is happening. The poles in the 

coefficients of (2.61) must be of a limited order such that any leading order behavior 

X ~ (where T = t — T,) allows all the other terms to asymptotically balance the 

term. In other words, if we let x = then the term 

{t - H + ̂ o(O^) (2-63) 
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should be analytic at r = 0 (i = i,). We can extend this notion to systems as follows. 

Consider a system of the form 

X = Ait)yi X € (2.64) 

where A { t )  has poles a t  t  =  U  and is analytic elsewhere. If we demand that this 

system possesses solutions whose asymptotic behavior around i = i, is given by 

X ~ for some p G , then the asymptotic balancing equation which arises from 

substituting x = into (2.64) becomes 

= P,#0, (2.65) 
j=i 

where we are defining rriij e C and Aij e C (independent of r) such that 

A j { t ) .  (2.66) 

Thus balancing (2.65) requires 

= Pj - Pi - (2-67) 

If Pi = 0, (2.65) instead becomes 

0(1) (2.68) 
j=i 

which requires only rriij = pj. Note that any constant p € K can be added to the 

vector p and x = will still balance equation (2.64) with the same requirements 

on TTiij. This will be important later. Using these results, we obtain the following 

definition: 

Definition 2.1 A linear system 

X =  A { t ) x  x G (2.69) 

has a regular singularity att = t» iff 
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a) A.{t) is analytic in a punctured disk around t = t^ and has only isolated poles 

at t = t,. 

and 

b) There exists at least one vector p G such that each element Aij{t) of the 

matrix Aij{t) satisfies the following local asymptotic behavior near t = t,: 

Aij{ t )  ~ A i j i t - t . r ^ - " ^ - '  f o r p i ^ O ,  (2.70) 

Aij{t) ~ Aij{t-t,r^ forpi = 0. (2.71) 

where Aij € C independent of t. Furthermore, each pj — pi — I (resp. Pj when 

Pi=0) must be an integer. 

From this definition, the behavior given by equation (2.55) proves that the dominant 

linear part of the system (2.54) is guaranteed to have only a regular singularity at 

r = 0 as long as Q G Assuming this to be the ceise, we can use the theory of 

Fuchs and Frobenius. This theory says that the N independent local series solutions 

around t = t^ for a system of the form (2.69) with regular singularities aX t = t, can 

be found in the following way; 

Consider proposing a series solution around t, for (2.69) which behaves like 

x = -y^-p+P + 0(^-«+p+i) peZ^, 7eC andpeR, (2.72) 

where p satisfies requirement b) in Definition 2.1. Then collecting terms of leading 

order in r, one obtains the matrix equation 

(-Diag(p) + p) 7 = ̂ 7, (2-73) 

where Ao is the matrix given by (A))jj = Aij. This equation has only the trivial 

solution for 7 unless p is an eigenvalue of >lo + Diag(p). Thus, the N eigenvalues 

of ^ + Diag(p) will provide the leading order exponents for N independent series 
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solutions local around t = t,. These eigenvalues are called the Fuchs indices of 

equation (2.69), which we shall denote by 0^. (One can immediately see that in 

the case of A{t) = 'Df(aor~") with p = a, the Fuchs indices are exactly the same 

as the resonances for system (2.1) associated with the balance {oc, ao}.) If one of 

the (bi is degenerate (say twice), then unless there are two independent associated 

eigenvectors, one of the series associated with the leading order must instead 

have a leading order behavior of the form log (r) in order for the two series 

solutions to remain independent. This is one of the ways in which a logr term can be 

introduced in solutions to the linearized equation ® (2.54). If there are not degenerate 

Fuchs indices, then there will be no logarithmic term at the leading order of any of 

the N independent series solutions to (2.69). 

However, a log (r) may have to be added at a later point in some of these series if 

two Fuchs indices (say and 02 > (t>\) differ by an integer = (t>2 — (i>i- When this 

happens, the series beginning at order may have to have a log (r) introduced 

beginning at order . If we give this series the form 

x = T-'>+»" ^-r + ^a,T>j , (2.74) 

then the matrix equation for each aj will be given by 

(A + Diag(p) - (01 + j ) )  a i j  =  bj, (2.75) 

where the inhomogeneity bj is a function of the previous coefficients in the series and 

is present due to the higher order terms in A. This equation is completely solvable 

as long as the matrix on the left-hand side is invertible. However, it must satisfy the 

Fredholm solvability condition if <pi +j is a Fuchs index (so that the matrix on the left-

hand side is not invertible.) Since j must be an integer, this is impossible unless two 

®This is assuming a € so that Pf(aor~'') has only poles, otherwise its singularities would 
not be regular eind Fuchs Frobenius theory would not apply. However, we will show momentarily 
that this requirement can be relaxed to a 6 via a simple change of variables which causes the 
matrix to have only poles in the new variable. 
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Fuchs indices differ by an integer so that we can have j = 02 — 0i = If the equation 

for satisfies the solvability condition, then the series (2.74) formally solves (2.69). 

Fuchs and Frobenius discovered that if the solvability condition is not satisfied, then 

adding terms multiplied by log (r) beginning at order introduces an initially 

arbitrary parameter which can be chosen in order to recover solvability [28, 14, 6], 

much as described in section 2.1.3. Hence, the series (2.74) becomes 

This, then, is how the theory of Fuchs and Frobenius tells us that logarithms must 

sometimes appear in Psi-series solutions, since the Fuchs indices for the homogeneous 

part of (2.54) are merely the resonances associated with the system (2.1). 

It is worth noting that the vector of solutions Sci = —aoiQ:ir"°'~^ always satisfies 

the homogeneous part of equation (2.54). This gives the resonance ri = — 1 which, 

as mentioned earlier, corresponds to the arbitrariness of t. in the original system 

(2.1). The other N — I arbitrary parameters come from the arbitrary coefficients 

in front of the solutions 7 to equation (2.60) for the cases when p is an eigenvalue 

of X'f(ao) + Diag(Q:) and 7 is therefore an eigenvector. These values of p are the 

Fuchs indices from the homogeneous part of (2.54), and therefore the vectors 7 give 

the leading order coefficients for the N — 1 independent solutions of this equation 

associated with the N — I resonances (not including —1), while —ot + p gives the 

leading order exponents. 

To summarize: if we assume that a G Z^, then the theory* of Fuchs and Frobenius 

implies that the N independent solutions of of the homogeneous part of 

p+</>i 

x = I>f(aor ^)x + C?(r " "'"') (2.76) 

are given by series of the form 

(2.77) 
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where each Vm is an eigenvalue of Z?f(eio) + Dia.g(cc) and T^CT") is a Taylor series 

in T. This is true because the dominant part of (2.76) turns out to have only 

regular singularities when a G Z^. One such solution corresponds to = —1, 

but we throw this one out in our solution for the nonlinear system (2.1) because it 

violates the dominant balance (presumably, the leading order exponent oc was the 

most singular power which balanced the equation at leading order), and the arbitrary 

constant lost by throwing this solution out is replaced by the fact that the location 

of is arbitrary. According to the theory of Fuchs and Frobenius, the remaining 

iV — 1 solutions are independent without the need to add logarithms if none of the 

remaining values are degenerate, and the form (2.77) is guaranteed to provide a 

formal solution without the need for logarithms as long as no two resonances differ 

by an integer. Logarithms must be added at leading order in the case of degenerate 

resonances with an insufficient number of eigenvectors. Furthermore, logarithms must 

be introduced at order 7-"®"'''''"+' in the series solution beginning at order 

only if Tm+i — and even then only if the recursion relation for the series is 

unsolvable at order unless a logarithm is introduced. 

Since we want to build a single Psi-series with leading order behavior x ~ aor~" 

which captures the entire general solution of (2.1), we must build a series that captures 

the leading order term of each independent solution to (2.58). This is why we require 

rational resonances (and a rational ® oc and d) and why we choose q to be the least 

common denominator of a, d, and all the resonances. Since our series will evolve in 

increments of r?, any two solutions to (2.58) generated by analogy to Fuchs Frobenius 

theory are still an integer number of these increments apart, so all such solutions can 

be captured by a single series. However, this also means that the recursion relations 

at each each order will have an inhomogeneity due to the lower terms in the 

series, i .  e .  terms of the form ajr"®"'''' with p  <  r ^ .  Since by definition the system 

®we only require ce € Q'' and not a G due to the fact that we still have regular singularities 
under the change of variable rj = as shown in the next section 
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is not invertible at this order, logarithms may have to be introduced at these orders 

by analogy to Fuchs Frobenius theory if the solvability condition for the recursion 

relation is not satisfied at this order. Fuchs Frobenius theory can actually be applied 

rigorously for non-integer balances and reson£inces via the next section. 

2.2.2 Application of Fuchs Frobenius theory to non-integer balances and 

resonances 

To rigorously match the case of rational (but non-integer) balances and resonances 

to Fuchs Frobenius theory, we would like to extend this theory for g 7^ 1, and at the 

same time we can therefore extend the above theory to the case where a ^ but 

rather a € Q^. As it turns out, a simple change of variables allows us to transform 

(2.54) into a system with only poles, and this system still turns out to have only 

regular singularities in the new variable. Let 

Recall that q is the least common denominator of a and a and all the resonances, 

hence = 77"''^ with qa ^ The "new" version of equation (2.54) is now 

rj = = {t — t,)i. (2.78) 

Then 

d d drj 

dt drj dt 

I j l  
q r ] i '  

(2.80) 

(2.79) 

x' = [2?f(aor7-'")x -h 0(77-"°-'°) -t- 0(77-''°=-'+''+')l , (2.81) 
77 L J 

where now x ~ 777 and ()' = The asymptotic form of V{{aQr) '") is now 

given by 

(p?(aor?-'«))_^ = (75f(ao)),,r7-'^'^^+''^^-', (2.82) 
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so that 

(l??(ao/7-"^))^^ = q (P?(ao)) (2.83) 

Hence, by Definition 2.1, the dominant portion of (2.81) has only a regular singularity 

in 77 at 7 = 0, with the vector qcx. € filling the role of p. Also, equation (2.83) 

combined with x ~ -777"'°'''"'' transforms equation (2.81) into 

+ =q{vf (3^)1)^7,-"'*'-'+0(n-'<'-*'). (2.84) 

Collecting terms of order 7^-9"-i+P and now gives the matrix equation 

(-Diag(ga)+p)7 = gX>?(ao)7+ b. (2.85) 

The homogeneous (b = 0) part of this equation has non-trivial solutions for 

eigenvalues of the matrix g ^2?f(ao) + Diag(Q:)^, so the resonances of the 'new" 

system in terms of rj will equal q times the resonances of the "old" r dependent system. 

Hence, by our choice of q, the new system has integer resonances and therefore integer 

Fuchs indices, and application of Fuchs Frobenius theory still allows us to capture all 

the independent solutions to (2.81). We can then convert back to the variable r and 

have a series of the form (2.3). 

2.3 Use of local Psi-series to express solutions to variational 
equations 

2.3.1 Definitions of variational equations and the leading order asymp

totic forms of their solutions. 

The linearized variational equation around a solution x° of the system (2.1) is given 

by 

X = 2?f(x®)x. (2.86) 
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Its importance lies in its application to perturbation theory. If we substitute 

X = X° + £-Xi + £^X2 H (2.87) 

(where £ > 0 is a small parameter) into (2.1), then collecting any order (say m) in £ 

gives an equation of the form 

Xm =r>f(x°)xTO +b„,(x°,xi,... ,Xni_i). (2.88) 

(Note that, if we do not add a perturbation of 0(e) to (2.1), then bi will be trivially 

zero, hence x,,, = 0 Vm > 1 would trivially solve the system to all orders of e.) The 

general solution of a system of the form (2.88) is given by 

^ { t )  =  Q { t ) c  +  Q { t )  J  Q ~ ^ { c T ) h m { c T ) d ( T ,  (2.89) 

where Q is the fundamental solution matrix oi (2.86). This is an N x N matrix whose 

N columns correspond to the N independent solution to the equation (2.86), i.e. 

/ i I : N 
Q = qi 02 • • • qjv (2.90) 

where q , i i t ) , q 2 { t ) , . . .  , q ; ^ { t )  are the N  independent solutions to the variational 

equation (2.86). 

If x°(i) is a non-trivial solution of 2.1 , then we always have 

qi(i) = x °(f). (2.91) 

Indeed, 

x\t) = f(x°) = = ^^f(x°)x° (2.92) 

and hence x° solves equation (2.86). This is also why ri = —1; if x°(t) = C>(r"*"), 

then x° = 
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We have already indirectly studied the asymptotic leading order form of the 

solutions q. In the preceding section, it was shown that the matrix Pf(aor~®) 

has only regular singularities (possibly requiring the variable change to 77), hence 

the full matrix I>f(aor~®) does as well since I?f(ao'r~") is of higher order in r and 

does not change the asymptotic behavior. So, if we assume that the solution to the 

unperturbed system has an asymptotic leading order behavior given by x° ~ aor~°', 

then we have that 

Pf,,(x°) = 2??y(x°)+X»fy(x°) (2.93) 

~ (x)?(ao)) (2.94) 

Therefore, assuming a local asymptotic leading order behavior for q„, of the form 

Qm ~ , the z"' component of equation (2.86) becomes 

(-ck. +Pm)7.r-°-+''-^ = (p?(ao)7) . (2.95) 

Collecting the leading order powers of r and canceling the explicit r dependence yields 

once again 

(-Diag(a) + pm) 7 = •Z'f(ao)7, (2.96) 

which has a non-trivial solution (with an arbitrary constant) only if p-m is an eigenvalue 

of X>f(ao) +Diag(a), hence requiring pm = '''m-, a resonance. Therefore the asymptotic 

leading order form for each qmi^) is given by 

qm~7mr (2 .97)  

It is important to realize that when log (r) terms are added to achieve solvability at all 

orders of the formal series for q^, they are only affixed to the higher order portion of 

a series beginning at a lower order resonance. Therefore, the local asymptotic leading 

order term of a solution q„i of equation (2.86) cannot have a logir) unless there 

are two (or more) degenerate resonances. If this is the case, and if the multiplicity 
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of the resonance exceeds the number of associated eigenvectors, there would be two 

independent solutions of (2.86) having local leading order asymptotic forms 

Qm, ~ (2.98) 

Qmz ~ 7ml0g(T)T"°'^'"'". (2.99) 

2.3.2 Characteristics of the complex time singularity structure of 

invariant manifolds of integrable vector fields. 

The main context with which we will concern ourselves regarding perturbation theory 

is the situation in which a polynomial vector field possessing one or more invariant 

manifolds connecting hyperbolic saddle points is perturbed around one of these 

manifolds. VVe consider systems possessing such manifolds in closed form to be 

"integrable" in this context. The invariant manifold can be a homoclinic connection 

if it connects a fixed point to itself or a heteroclinic connection if it connects two 

different fixed points. 

A point po is a fixed point of (2.1) if f(po) = 0. The behavior of the solutions near 

a fixed point is given by linearizing the system near the fixed point. Let x = po + fq 

and collect terms of 0{e). This gives the linearized variational equation around the 

fixed point, i.e. 

q = Pf(po)q. (2.100) 

This is an autonomous system, so its solution is a linear combination of N terms of 

the form 

(2.101) 

where each \i is an eigenvalue of X>f(po) and is the corresponding eigenvector. (For 

degenerate eigenvalues with an insufficient number of eigenvectors, the exponential 
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term must be multiplied by the appropriate polynomial in t . )  A fixed point po is 

classified as a hyperbolic fixed point if all of the eigenvalues of I?f(po) have non-zero 

real part. A hyperbolic fixed point is furthermore classified as a saddle point if the 

real parts of the eigenvalues do not all have the same sign. 

Near a hyperbolic saddle point, then, are local stable manifolds (collections of 

points whose flows tend toward the fixed point ast oo) and local unstable manifolds 

(points which tend to the fixed point as i ^ —oo). The stable (resp. unstable) 

manifold theorem [35, 40] furthermore states that these manifolds are tangent to the 

stable (resp. unstable) eigenspaces of the linearized system (2.100). That is, for each 

stable manifold (of dimension Ns) associated with the fixed point po, there are Ns 

vectors which are tangent to the manifold at the fixed point, and each vector is 

an eigenvector of I>f(po) with a corresponding eigenvalue Aj satisfying Re{Xs) < 0. 

Similarly, there, there are vectors which are tangent to each iVy-dimensional 

unstable manifold at the fixed point, where each is an eigenvector of X'f(po) with 

an associated eigenvalue Au satisfying Re{Xu) > 0. A heteroclinic manifold, then, is 

a set of points in phase space which reach one hyperbolic point along a particular 

direction as t cx and which approach another hyperbolic point as t —y —oo. A set 

of points which approach the same fixed point in two different directions as t oo 

and t —)• —oo is called a homoclinic manifold. 

Let x P { t )  be any solution lying in a heteroclinic manifold. We will refer to such a 

solution as a heteroclinic solution. By definition, x°(i) must exist for all time. Hence, 

the initial conditions which lead to it must produce a Psi-series with only non-real 

movable singularities. Otherwise, the solution x°(f) would blow-up in some finite real 

time. Therefore, we can say the following: 

Lemma 2.1 The movable singularities of a heteroclinic (or homoclinic) manifold 

associated with an autonomous nonlinear vector field are bounded away from the real 

axis. 
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It is also significant that, since (2.1) is autonomous, any solution x°(f) can be 

arbitrarily shifted in time. Hence, we can shift the time variable so that at least one 

of the singularities closest to the real axis lies directly on the imaginary axis. 

2.3.3 Orthogonality conditions for variational Equations around hetero-

clinic manifolds 

We now consider additional properties of the fundamental solution matrix to the 

variational equation as stated in the following theorem. 

Theorem 2.2 Given a system x = f(x) in for which 

• f(x) is polynomial 

• There exists at least one homoclinic (resp. heteroclinic) orbit x°{t) connecting 

t h e  h y p e r b o l i c  f i x e d  s a d d l e  p o i n t ( s )  p i  ( a n d  P 2 j -

• X>f(pi) (and Vf{p2)) possess a full set of distinct eigenvalues. 

Then the fundamental solution matrices Q{t) and Q{t) of, respectively, the variational 

equation around x°(i) 

q = I>f(x°)q. (2.102) 

and the adjoint variational equation around x°(t) 

^ = - q V f { x ° )  (2.103) 

satisfy the following properties: 

i )  Q { t ) Q { t )  =  Q { t ) Q { t )  =  I  a n d  h e n c e  Q { t )  =  Q ~ ^ { t ) .  

ii) The m"' column of Q{t) consists of a solution qm(0 of (2.102) while the n"* 

row of Q[t) consists of a solution qn(i) of (2.103). Property i) therefore implies 

^ { i )  •  qn(i) = Sm,n foT all t. (2.104) 
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H i )  l o c a l l y  s a t i s f i e s  { t )  ~ £ i o ( i  — i . )  t h e n  c \ n { t )  a n d  q ^ n i t )  l o c a l l y  s a t i s f y  

qn ~ I n i i - i ' )  

^  ~ 7n( i  -

(2.105) 

(2.106) 

Proof: 

In section 2.3.1, we defined the matrix Q(<), which is a fundamented solution 

matrix of 

q = Df(x°)q. (2.107) 

with the N independent solutions comprising its columns. We next consider the 

adjoint variational equation, which is given by 

4 = -ql>f(x») (2.108) 

where q(f) is a row vector. Let Q { t )  be an adjoint fundamental solution matrix, given 

by 

/ qi ^ 

Q = 02 
(2.109) 

v ^ / 

where qi,^,... ,qiv are N independent solutions of (2.108). 

Since the matrices Q and Q satisfy (2.86) and (2.108) respectively, they enjoy the 

following property [38]: 

d 

dt 
[QQ) = 0 (2.110) 

smce 

— QQ + QQ 

= -QPf(x°)Q-f-QI?f(x°)Q 

= 0. 
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So Q { t ) Q { t )  is a constant! 

Near either fixed point (say pi), q(i) asymptotically solves the autonomous 

equation 

4=-q2?f(pi), (2.111) 

so that as i —>• oo, we have N solutions of the form 

4n(i) ~ (2.112) 

where the row vector is a left null vector of —I^(pi) — Also, the forward 

variational equation has solutions given by 

~ (2.113) 

where the column vector is the right null vector of I?(pi) — AmX. The operators 

—P(pi) — A^Z and I'(pi) — A,j,X must simultaneously have both left and right 

nullspaces, hence Am can be thought of as an eigenvalue of —I>(pi) and we have 

An. = -A^. (2.114) 

Note that each element (QQ)^^ of the constant matrix QQ is given by 

{QQ)m,n = • <1"W- (2.115) 

These terms must be constant for all time, in particular for i > oo. However, as 

t —> oo, we have 

qm(i) • q„(i) = Im " (2-116) 

In order for this term to be a constant, we must have An, = A„ or =0. If 

Am =  An,  then  normal iza t ion  cons tant  can  p icked  so  tha t  =  1-  Thus ,  

qm-qn =  5m,n (2 .117)  
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as i oo.. However, the fact that ^QQ = 0 for all times then implies that 

qm(0 • qn(i) = Sm,n for all t. (2.118) 

Hence, by choosing the proper normalization constants, we have that 

QQ = I. (2.119) 

This implies that 

D e t  ( Q ( t ) )  D e t  { Q { t ) )  =  D e t  (X) = 1. (2.120) 

Hence, for all time, D e t { Q { t ) )  ^  0 and D e t { Q { t ) )  7^ 0. Thus both matrices are 

invertible and and w^e have: 

Q { t ) Q { t ) = X  = >  Q { t ) Q { t ) = X  (2.121) 

= >  Q { t )  =  Q - \ t ) .  (2.122) 

Lastlv, since 

qm(i) • qniT) = 5m,n (2.123) 

and since 

qn(i) ~ (2.124) 

for x°(i) ~ cxT~°', we have that 

(2.125) 

2.3.4 An example of singularity analysis: The DuflSlng oscillator 

Here, we shall consider the asymptotics that would be involved with perturbing the 

Duffing oscillator around its homoclinic manifold. 
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We start with the standard form 

X = f (x) (2.126) 

where, in this case. 

x = ( ^ ' )  a n d  ( 2 . 1 2 7 )  

This system has a homoclinic connection to the fixed point (xi, X2) = (0,0) given by: 

( = /^ \/2sech(i) \ 
\ ^2(0 / \ — \/2 tanh(i) sech(i) J 

which possesses poles closest to the real axis at i = ±i|. If we now do an asymptotic 

leading order analysis around one of these poles (the + case) using the ansatz: 

XI{t) 
X 2 { t )  

ao{t - i |) 
(2.129) 

and 

we find that 

'•(z)-C. 
Using these as the first terms in a series solution of the form 

O'O \ _ f ±«\/2 A 
bo J ~ \ Ti\/2 J ' 

(2.130) 

/  X I{ t )  \  _  

V M t )  J  
\ j=o 

- 2  
(2.131) 

we get the following recursion relation, valid for j > 2: 

( •^-6  i -2) (6- )  

( 

\ 

0 

2j—2 2^  ̂  ^  ̂  d j — k — i ^ i ^ k  
i=0 k=i 

It is easily verified that the matrix on the left is singular only for j = —1 and j = 4. 

These are the two resonances of this system, so we set 

(2.132) 
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Therefore, according to Theorem 2.2, there exist two independent solutions of the 

linearized variational equation associated with (2.127) (which we denote as qi(i) and 

qzi^)) with an asymptotic behavior around the pole given by: 

o.w=o( |^:;: | | : : ; : : : )  =  (<;:: : | | : : )  (2.133)  

and bv 

= (2134) 

To verify this, we note that in this case, we can obtain closed form solutions for the 

variational equation using (2.128), given by 

-"I = (Si) 
•»'« = coils'") 

Clearly, qi(i) exhibits the asymptotic behavior we predict in (2.105). The first 

component of 02 (t), given by the integral above, simplifies to: 

,  .  Is inh^( i )  3  1  3 ,  ,  s inh(f )  3  .  s inh(f )  
(q2(^) ) i  -  2 cosh( i )  "  2^^ih( i )  ^  2^^^osh2(0  "  a""  '  cosh '^ i t )  

.Although at first glance this expression appears to have a pole of order two at f = if, 

a careful analysis of the Laurent expansion for (q2(0)i around t = i| shows that 

(q2(^) ) j  =  ~  which  i s  the  behavior  predic ted  by  (2 .134) .  

2.4 Use of singularity analysis to study near integrable 
systems 

2.4.1 Example: The integrable case of a damped Duffing Oscillator 

Here, we consider a damped Duffing type oscillator 

dt 
= f 3 V (2.137) 

\ X 2  J  V - X i - X \  J  
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We will find a condition on the damping parameter s such that the system is Painleve 

integrable. This example is due to Foumier and Tabor [25]. It is very similar to Quick 

Example IV", except that here we are looking for a special parameter value such that 

our system is "integrable" in the sense that it is single-valued (contains no logarithms). 

The asymptotic leading order balances aor~" associated with this system are 

given (as above) by: 

a = ( : ) = ( 0  

Therefore, using series of the form 

OO 

xi = ±z\/2r~^ + (2.139) 
j=i 
OO 

-2+j X2 = =FiV2T ^ bjT 
J = l  

we obtain the following recursion relation for i 7^ 1: 

( 1 - ;  1  °  
6 2 — i } \ b 1 I i3i\/2 ^ OiOt + ^ a,afcam +£6j_i+aj_2 

Once again the resonances occur for j values where the left-hand side is singular, so 

Ti = — 1 and rj = 4. Building up the recursion relations starting at j = 1. we find 

that for j = 4, the recursion relation becomes 

6^ -2 ) (&,') ( ±i f 

Because the left nullspace of the matrix on the left hand side of (2.140) is any multiple 

of the row vector (2 1), we see that the right hand side of (2.140) cannot be orthogonal 

to this left nullspace unless it is identically zero. Hence, we need e = 0 (the non-

damped case), or we need 

£ = ±2 (2.141) 
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These are the special values of the damping coefficient which allow the local series 

solutions of (2.137) to remain single-valued in complex time. (For this special case, 

one can show [79] that a change of variables allows one to express the solutions as 

elliptic integrals.) 

2.4.2 A PDE example; One-soliton wave speed of a perturbed KdV 

Introduction 

In this section, we show how a generalization of Painleve singularity analysis can 

be used to study the properties of a perturbed "integrable" PDE, integrable in 

the sense that it possesses soliton solutions which can be written in closed form. 

Specifically, we will use the PDE analog to the Psi-series, called a singular manifold 

or WTC expansion (after Weiss, Tabor, and Carnevale [83]), to find the selected 

one-soliton wave speed and the corresponding one-soliton solution of the Korteweg 

de-Vries equation perturbed by both a damping term and a pumping term, the latter 

perturbation being singular in nature. The results obtained via the WTC algorithm 

are compared to those obtained from traditional perturbation theory and will be 

compared to Melnikov's method in Chapter 4. The different methods all yield the 

same results. 

The system under consideration can be written as 

Hi "i" lilLx ~l~ ,^^xix — T^xxix)* (2.142) 

When £ = 0, it possesses a one-soliton solution which can be found in a rather 

straightforward way via the traveling wave reduction x x — ct, yielding 

CT£^ "f* ~i- P'^xxx — ^(OJWix 'Y^xxxx) (2.143) 

where c is the wave speed. Upon integrating and applying soliton boundary conditions 
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{i.e. decay at infinity), we obtain 

-cu + -u^ + 3u„ = -e{auj, + 7^111)- (2.144) 

In order to separate the unperturbed £ = 0 behavior from that of the entire system, 

we expand both u and c in powers of epsilon 

(Note that we have now changed our notation for differentiation to avoid excessive 

subscripts.) A phase plane analysis of this equation reveals a homoclinic solution 

associated with the fixed point at {UQ, = 0. This is the one-soliton solution of 

the unperturbed system, which can be found by integrating (2.144) by quadratures, 

yielding 

U — Uq +  EU1 (2.145) 

C — Co +  cCi  (2.146) 

and collect powers of epsilon. At order £°, this gives 

r 1 2 
L qUQ =  —Cf l l io  +  —UQ +  p  ̂ ^2  ~  " •  (2.147) 

UQ = .4sech^Sx. (2.148) 

where 

(2.149) 

and 

.4 = Scq. (2.150) 

Equation (2.144) has already been analyzed by Toh and Kawahara [80] using 

traditional perturbation theory to find the wave speed and the corresponding one-

soliton solution to first order in e. We summarize their results below. 
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Traditional perturbation theory 

Substitution of u = Uq+eUi and c = CQ+eci into equation (2.144) yields the follov/ing 

equation at 0{e): 

LiUi = —Co Ui + uqUI + 13 = — a  — 7  "0^ -I- ci UQ • 

(2.151) 

The solvability condition for (2.151) is that its right-hand side be orthogonal to the 

kernel of the operator ( where the dagger denotes the adjoint of the operator). 

However, it turns out that LI^ = —LQ, SO that the condition just becomes that the 

right-hand side of 2.151 be orthogonal to UQ. Using 2.148 for UQ, this condition requires 

that 

and 

A = — ^ .  ( 2 . 1 5 3 )  
0  7  

Comparing these values with (2.149) and (2.150) then gives the selected zeroth order 

wave speed 

Co = I—. (2.154) 
o  7  

The solvability condition at O(e^) gives that Ci = 0, and then solving (2.151) for Ui 

gives the following solution for u to first order in e [80]: 

(2.155) 

where CQ is given by (2.154). The solution to the time-dependent problem (2.142) can 

now be regained by recalling the traveling wave reduction and replacing x by x — co 
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The WTC algorithm 

The WTC algorithm has been used successfully to predict the integrability of many 

PDE's and to find the Lax pairs for those which are integrable [83]. Here, we show 

how it can also be used to analyze a perturbed system. 

The WTC expemsion differs from a Psi-series in that it is a local expansion in 

the variable (b{x, t) around the singular manifold 0(x, t) = 0 which locally satisfies 

II 7^ 0. A general WTC expansion is of the form 

OO 

u{x, t) = ak{x, t) (f){x, (2.156) 
fc=o 

where each coefficient ak{x,t) is possibly polynomial in log0(x, i). Because we are 

actually studying the equation (2.144) which has been reduced to an ODE, we write 

the WTC expansion here as 

OO 

<i>{x)~^^''. (2.157) 
Ar=0 

This expansion can be used to represent a general solution of the zeroth order system 

-CqUq + ^ + Q "0^ = 0 (2.158) 

in a manner analogous to traditional Painleve singularity analysis. After substituting 

(2.157) in for UQ in equation (2.158) and demanding cancellation of the most singular 

terms in the variable <?!»(x), we find that fj, = 2. This procedure also gives us that 

Co = where i/; = |j. The series also has the proper number of integer 

resonances (the indices of the ak coefficients which should be arbitrary), and these 

resonances are compatible, i.e. really is arbitrary when r is a resonance because 

the recursion relation is solvable at Or. As with Psi-series, one resonance is always at 

r = — 1 and corresponds to the arbitrariness of the singular manifold 0. For equation 

(2.158), the other resonance (there should be two for a 2nd order equation) is at 

r = 6, and checking the recursion relation does indeed give 0 • ae =0. Hence the 
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series for UQ is Painleve in that it will be free of ciny log 0(z) terms and contains only 

integer powers of 0(x). 

The perturbed system (2.144), however, is not Painleve. The compatibility 

conditions for a series solution of the form (2.157) breakdown not only at the resonance 

r = 6, but also at the resonance at r = — 1 due to the fact that the perturbation is 

singular (that is, it has a term which is more singular than the unperturbed system, 

in this case by one more order, hence the breakdown at r = — 1). We therefore expect 

the need to add terms of the form log(f){x) to the 0(e) correction to the solution. We 

should therefore use, to first order in £, a solution of the form 

u = uo + £ {ui+u2 log( <!))) + 0{e^) (2.159) 

where ui and U2 are both represented by Laurent-like series in <p. As with Psi-series, 

the leading order of U2 should be the power of 0 corresponding to the order at which 

the compatibility conditions break down, i.e. the order of 0 at which the recursion 

relations are not solvable for = 0. Normally, this would merely be at the non-

negative resonances of the system, and these resonances would correspond to the 

Fuchs indices of the homogeneous part of the first variational equation, 

—CQL]_- \ -UQUi+i3  =—oc  ~ (2.160) 

obtained by substituting u = UQ + eUi and c = CQ + eci into (2.144). However, the 

situation here is different because the perturbation term is singular, and hence the 

Fuchs indices of the full variational equation (2.160) are different from that of the 

homogeneous part of (2.160) in that the only valid order of 0 which will balance (2.160) 

is which corresponds to the resonance r = — 1. The non-negative resonance 

no longer corresponds to a valid leading order for Ui. To find the leading order 

asymptotic form for both Ui and U2, we substitute 

U i = U i +  U2log(0) (2.161) 
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into (2.160). Collecting terms of order 0(log<?i>) then gives 

-CoU2 + U2UQ + 3 ^2^ = 0, (2.162) 

while the terms independent of log 0 give 

—Co ui + UqUI + 3 \ [ + 2 ^ ̂ ——h U2 (2.163) 

d' 
Ci U n  =  0. +a 1 — Uo ) + 7 1  ̂̂̂0 

where i/> = || for the remainder of this section. Making the ansatz ui = rfo<?i»~'" 

and U2 = 6o0~''^ and demanding cancellation of the most singular terms in equation 

(2.163) then verifies that the leading order of both Ui and U2 should be 0"^. This can 

be seen immediately from the fact that the ^uq term is order Theoretically, U2 

could be of higher order (less singular) in 0 at this stage, but we shall see momentarily 

that this cannot be the case for a valid series solution. We therefore use the following 

series for u: 

uo = ^afc0(x)-2+'^ (2.164) 
k=0 

00 

U i  =  J^40(x)~^+'' (2.165) 
k=Q 
00 

"2 = (2.166) 
;fc=0 

The WTC algorithm is the process of checking the validity of the expansion (2.159) 

for representing the general solution of (2.144). This amounts to substituting the 

series (2.166) into equations (2.162) and (2.163) and then verifying that the resulting 

recursion relations are solvable at all orders of 0. As with the procedure for Psi-series, 

this will involve fixing arbitrary parameters from the logarithmic part of the equation 

(2.162) in order to re-gain the solvability of (2.163). These solvability requirements 

will fix the wave speed CQ. 
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We begin by solving the zeroth order equation 

(2.167) 

in order to find a form for cp for the one-soliton solution. Using equation (2.157) for 

the expansion for UQ, the recursion relations reveal that the first two terms in the 

expansion for UQ are 

These terms combine to match well-known result by Hirota [43], which states that 

the one-soliton solution for the KdV equation can be written as 

for some function (i){x). Having thereby already obtained the one soliton solution, 

we therefore demand that the series for UQ truncates with the remaining coefficients 

Cfc for k > 2 all vanishing. It turns out that by demanding only a2 = 0 and 03 = 0 

(and setting the already arbitrary cg = 0), all other ak , k >2 will also vanish. This 

condition is given by the equations 

02 = - = 0 (2.168) 

03 = = 0. (2.169) 

The above equations force <f> to be of the form 

(2.170) 
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which, upon demanding a symmetric one-soliton solution of the expected sech^ forai 

becomes 

0 = .4 + 1^ . (2.171) 

Substituting this into the truncated expansion gives 

uq = 3cosech^ . (2.172) 

We now study U2 by substituting the expansion 

OO 

U2(x)=5^6fc(a:)0(x)-3+^ (2.173) 
k=0 

into equation (2.162). For UQ, we will use the truncated one-soliton solution, but leave 

in the arbitrary parameter oe so that its affect on U2 can be seen. Therefore, we use 

uo = 3cosech^{^^) + + 0{c/>') (2.174) 

Substituting these two expressions into (2.162) and matching powers of <p, we find to 

lowest order that 

0 • 6o = 0 (2.175) 

so that bo is arbitrary. A second resonance for U2 is at by (this is the coefficient at 

which the recursion relation is not invertible). Its compatibility condition occurs at 

0(<p^) from equation (2.162) in the form 

0 • 67 = 6o ^ ^ ^6^ +2 Co (2.176) 

where we have also used the fact (from (2.171)) that 

^ = ,/^e(v^") (2.177) 
ox y p 

We see that in order for the recursion relation at 67 to be solvable, we must sacrifice 

the arbitrary parameter from uq by setting Ce = 0 and using the fact that (p satisfies 

(2.171). 
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We now turn to equation (2.163) and test the legitimacy of the Laurent-like 

expansion 

OO 

u,{x) = (2.178) 
A:=0 

for ui- Substituting this expansion, (2.172), and (2.173) into equation (2.163), the 

following equation occurs at the most singular order in o: 

0 • do = bo - (2.179) 

So. demanding consistency now fixes bo at bo = Note that if bo = 0, this 

equation cannot be satisfied; this illustrates why we could not choose the leading 

order power of U2 to be anything other than 

Using our new expression for bo and (2.177), the equation for the second resonance 

dj now becomes 

O-rfr = 7coe(^\/^^)67, (2-180) 

so that consistency now requires that we set 67 = 0. If we now use these new 

restrictions on bo and 67 (and the restriction that cg = 0) and return to the recursion 

relation for U2 obtained by substituting (2.173) and (2.172)into equation (2.162), we 

obtain the the following solutions for the coefficients of U2'-

K ^32 bl = ——7^ '  ̂2  =  ̂  7  , b 3 =  0 ,  6 4  =  0 ,  6 5  =  0 , 6 5  =  0  

.\long with the requirement that 67 = 0, this now implies that all the coefficients bj 

vanish for k > 3. Hence, 

144 a^log0 

We now take advantage of a key fact. Comparing equations (2.162) and (2.163), 

we see that the homogeneous part of (2.163) {i.e. the part containing Ui) is the 

same as (2.162). Therefore, (2.181) gives the form for the bounded solution to the 
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homogeneous part of (2.163), so that a bounded solution of the entire equation (2.163) 

will take on the form 

u,{x)=G{x)^^-. (2.182) 

Matching this to the coefficients in the series for Ui the prescribes that we should set 

the previously arbitrary function rfo to 

(/o = 2G(x) (2.183) 

Using this and (2.177), the recursion relations for ui then become a set of equations 

in which each coefficient rf, (1 < i < 6) is equal to an z"" order linear differential 

equation for G(x). Continuing with the requirement that the coefficients of ui match 

the form (2.182), we next demand that 

o j 

rfi = ~ZG{x)^^, (2.184) 
ax 

which, using the new recursion relations, forces G{x) to be given by 

G(x) = -^~i^x + K (2.185) 

where K is an arbitrary constant. The last remaining non-zero term from (2.182) 

dictates that we demand 

d2 = Gix)^. (2.186) 

Substitution of (2.185) into the recursion relation for ^2 generated by (2.163) yields^ 

('57C0 .l^0 + 3Oco^-fx-7a/3^ \/T) 
d2 = - — (2.187) 

^ 3 5  0^ ' 

which is consistent with (2.186) iff 

Ai = (2.188) 
5 7  

'^The parameter K has been set to zero here so that the reader can more easily see what is 
happening. A different value of K will not change the results. 
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We therefore have the selected zeroth order wave speed, which matches the result 

obtained by Toh and Kawahaxa using traditional perturbation theory as illustrated 

in the previous sub-section. Note that the first order speed Ci has not yet appeared in 

the recursion relations for any of the terms we have worked with thus far. However, 

the final requirement prescribed by (2.182) is that = 0 for i > 3. Demanding that 

this requirement be consistent with (2.185), (2.188), and the recursion relations forces 

Ci to be zero. Thus, to first order in £, we have the following solution to (2.143): 

where CQ = and C\ = 0. Note that if we set the arbitrary constant K equal to 

— ^7 log 2, the above solution matches (2.155). 

2.5 Conclusion 

We can see that there are many uses for singularity analysis and that many useful 

results exist which allow one to apply singularity analysis to the study of integrable or 

near integrable dynamical systems. We now present two new results obtained using 

these methods. 

In Chapter 3, we use mainly the results on the existence and form of the Psi-Series 

to find necessary and sufficient conditions such that there exist an open set of initial 

conditions leading to real values of 

Chapter 4 borrows heavily on the asymptotic forms of the solutions to variational 

equations around homoclinic or heteroclinic manifolds, which are also called 

separatrices. In this section, we study exponentially small splitting to to the addition 

of a rapidly oscillating periodic forcing term. 
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Chapter 3 

FINITE TIME BLOW-UP IN ODE'S 

3.1 Introduction 

The problem of finite time blow-up for partial differential equations (PDEs) is a most 

active domain of research in applied mathematics [65, 34, 62, 66]. A multitude of 

papers have been written on the problem for different sets of equations, including 

fundamental physical problems such as the existence of solutions for the Euler 

equations, and such problems often rely on the analysis of finite time singularities for 

PDEs[65]. However, despite the overwhelming interest of the applied mathematics 

community in this problem, the analogous problem for ordinary differential equations 

(ODEs) has hardly been investigated [57]. To the best of our knowledge, the simple 

question of whether or not a system of ordinary differential equations exhibits finite 

time blow-up has not been answered, or even thoroughly addressed. Here, time 

is understood as the independent variable for a system of ODEs and we consider 

a certain large subset (to be defined later) of the class of systems of autonomous 

nonlinear polynomial ODEs: 

X = f(x) xeR", (3.1) 

where x = ^. 

The main problem of showing the existence of a singularity for the general solution 

of a system of ODEs is that the singularities' locations change with the initial 

conditions. Indeed, movable singularities are the only possible type of singularities 

for autonomous polynomial systems, but they are, in general, complex valued and 

therefore do not always occur in the real time dynamics. The second problem is 



64 

that most of the systems do not exhibit real singularities for all initial conditions. 

Therefore, we have to formulate the problem of real time blow-up in the following 

way: Find necessary and sufficient conditions for the existence of an open set of 

initial conditions such that all solutions based on these initial conditions exhibit finite 

real time singularities. An alternative way to phrase the problem is to consider the 

reverse statement: Find necessary and sufficient conditions for the general solution to 

exist for all time. These conditions do not guarantee that the solutions axe bounded, 

indeed boundedness imposes that the solutions do not grow indefinitely in time but 

are bounded in a region of phase-space. The linear system x = x, x G R does not have 

a bounded general solution, however it does not exhibit any finite time singularity 

(real or complex). Nevertheless, the absence of finite time blow-up is a necessary 

condition to prove the boundedness of solutions. 

In order to find these conditions we will analyze the asymptotic form of the 

general solutions using the singularity analysis introduced in Chapter 2. One of 

the difficulties related to the singularity analysis is the multiplicity of asymptotic 

solutions around the singularities. Indeed, as mentioned at the end of Section 2.1.1, 

different asymptotic solutions can be found, and these different solutions correspond 

either to the asymptotic solutions of a general solution around different singularities or 

the asymptotic solutions of different type of solutions (particular solutions, similarity 

invariant solutions, etc.). Therefore, one has to identify which expansions are related 

to the general solutions. For those which are, we show here that these series are local 

expansions around a real time singularity if and only if all the coefficients in the series 

are real. Due to the particular structure of the series, this amounts to showing that 

the leading coefficient is real. 

The results of this chapter are the culmination of joint work with Alain Goriely. 
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3.1.1 A simple case 

In order to illustrate the problem, we consider a simple system: a one-degree of 

freedom Hamiltonian system with polynomial potential, 

f = ax"-i-y(x), (3.2) 

where g { x )  is a polynomial of degree less than n with ^(0) = 0, n > 3 and a 7^ 0. This 

s y s t e m  h a s  a  H a m i l t o n i a n  H  =  ̂  +  V { x )  w i t h  p o t e n t i a l  V { x )  =  g { x ) d x .  

Depending on the parity of n and the sign of a, this system can exhibit finite time 

blow-up, that is, for some of these systems, the flow based on an open set of initial 

conditions will diverge to infinity in finite time. Already it can be seen that not all 

trajectories diverge to infinity. Indeed, the fixed point x = 0 is a particular solution 

which does not exhibit finite time blow-up. This is why we are interested in proving 

the existence of an open set of initial conditions rather than proving that all initial 

conditions lead to a blow-up. 

The analysis of the singularities of this system is straightforward when one 

considers the graph of the potential functions. Depending on the parity of n and 

the sign of a. four different cases can be discussed (See Fig.3.1.). If n is odd and 

a is negative (Fig.G.la), then all orbits are bounded in phase space and there is no 

possibility of blow-up. If n is odd and a is positive, then by choosing |x| large enough 

(|x| > Xc on Fig.S.lb), an open set of initial conditions {xo,xo} leading to finite time 

blow-up can be easily found. Moreover, for these initial conditions, the blow-up time 

can be explicitly computed: 

J XQ 

dx 

V 2 [ £  -  V ( x ) \ '  
(3.3) 

with E = H{XQ,XQ) 
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FIGURE 3.1. The different possible potentiaJ configurations 
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If the potential is uneven (n even), then independently of the choice of a, there 

always exists a critical vaJue Xc such that x > Xc (for a > 0) or x < Xc (for a < 0) 

leads to a blow-up. However, the blow-up now occurs in only one quadrant of the 

phase space. The blow-up time can be again obtained by considering (3.3) wherever 

it applies. Finally, let us observe that the lower-order terms ^(x) do not change the 

main result. Blow-up can be delayed by appropriate choice of g{x), but it cannot be 

avoided in the entire phase-space. One of the possible effects of the lower terms ^(x) 

is to create regions of phase space where the solution is bounded (for instance the 

choice ±0=0 and |xo| < Xi for the potential on Fig.3.1b leads to periodic orbits or 

fixed points). 

Now, we can compare this analysis with the analysis that can be performed locally 

around the singularities. Around a singularity € C, the following asymptotic 

expansions can be found: 

x  =  C Q { U - t )  ^  { 1  +  h { U  -  t ) ) ,  (3.4) 

where — t) is, in general, a Taylor series in a root of its argument. Its explicit 

form can be found but is not relevant here. The leading term co(^« — t)~°' is related 

to a and n in the following way; 

c;-' = (3.5) 
n — 1  a( l  — n)^  

We see that the asymptotic form of the solutions around the singularities depends 

only on the dominant term ax" and not on the lower order terms. 

Now, depending on the sign of a and the parity of n, the leading coefficient CQ can 

be real or complex. If n is even, there always exists a root^ CQ = ^ 

If a is positive and n is odd, there are two such real roots: CQ = ± ^ 

^The root a = ^ for c > 0 and 6 € R, is the positive real number a such that a* = c 
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However, if a is negative and n odd, there is no real root for CQ. These observations 

indicate that whenever one of the leading coefficients of the asymptotic series is real, 

finite time blow-up occurs. Moreover, when blow-up occurs in two different quadrants 

of phase space (Fig.3.1b), two different series with real leading coefficients can be 

found. 

This observation seems to indicate that there is a simple connection between the 

reality of the leading coefficient and the occurrence of blow-up and leads naturally to 

the following questions: 

1. Does a real leading coefficient ensure the occurrence of blow-up?, 

2. Does a real time singularity imply that the leading coefficient of one of the 

asymptotic series is real? 

3. Can we predict the orthant in phase space where blow-up occurs? 

It is the purpose of this chapter to answer these questions affirmatively. 

3.1.2 Fields of application 

Before proceeding, we mention a few problems appearing in applied mathematics 

where the occurrence (or absence) of finite time blow-up is relevant. 

First, as mentioned earlier, in dynamical systems theory the first step of the 

analysis is to find the domain of existence of the solutions. If the solutions are 

defined for all time, the system is complete[\b\. In the case where the solutions are 

only defined on a semi-interval, the system is complete in positive (negative) time. 

The usual way to prove the completeness of a system is by exhibiting a Lyapunov 

function, or a first integral, and showing that it controls the asymptotic behavior of 

the solutions. It is only recently that completeness for the Lorenz system was proved 

[15]. In general, a Lyapunov function cannot be found, and proving the domain of 

existence of the solution becomes an intricate, if not impossible, exercise. 
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Second, for Hamiltonian systems, the accepted definition of integrability is the so-

called Liouville Integrability[56]. Let H = H{xi,j/i,... , i/n) be a Hamiltonian 

function of a canonical set of variables (xjt, yt). This system is Liouville integrable 

if (i) there exist n — 1 independent constants of motions (Ji,... , Jn-i) involution 

w i t h  H  ( t h a t  i s  { f f . J t }  =  0  f o r  a l l  A : ) ;  a n d ,  a s  s t r e s s e d  b y  F l a s c h k a  i n  [ 2 3 ] ,  ( i i )  

the n different systems of Hamilton's equations derived by taking ff and the n — 1 

constants of motion (Ji,... ,Jn-i) as Hamiltonians have solutions defined for all 

time. As a consequence, in order to prove that a system is Liouville Integrable, one 

has to not only exhibit n — 1 constants of motion in involution but also show that 

the corresponding flows based on these constants of motion do not exhibit finite time 

blow-up. In some cases, the particular form of the constants of motion allows one to 

prove the absence of singularities. However, an analysis of the constants of motion 

cannot always determine the existence of the flows for all time. The method we derive 

here gives an explicit way of checking the existence of these flows. 

A third application is fluid dynamics. Many authors have conjectured that 

the Euler equations exhibit a divergence in finite time. In order to test this 

hypothesis, simplified models have been derived showing the spontaneous formation 

of singularities[44, 27, 82, 61]. In the same way, the formation of singularities in the 

ideal equations of incompressible magneto-hydrodynamics has been shown to have 

important physical implications such as the occurrence of solar flares and the solar 

dynamo problem. Simplified models reduce the equations of magneto-hydrodynamics 

to simple systems of ODEs where the existence of real time singularities has to be 

proved [49]. 

The fourth application concerns the existence of singularities for PDEs. As we 

mentioned earlier, the existence of singularities in PDEs is a major problem in 

applied mathematics. We do not claim that the results described here could be 

easily generalized to the case of PDEs. However, in some instances, the process of 

proving the occurrence of blow-up in the solutions of PDEs reduces to the analysis 
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of systems of ODEs controlling the blow-up [65]. The analysis of these systems is a 

straightforward application of our results. 

The fifth potential application of our method is the numericzd computation of 

blow-up. There exist many different numerical methods for computing blow-up in 

differential equations[75]. The main problem is to be able to differentiate between a 

blow-up induced by a numerical scheme and the intrinsic blow-up of the equations 

themselves. The methods that we develop here may provide an alternative way to 

test whether a large class of systems exhibit blow-up and could be used to decide 

on the most appropriate numerical methods taking into account the occurrence or 

absence of blow-up. 

The structure of this chapter is as follows: In Section 3.2, the different notions 

relative to singularity analysis, finite-time blow-up and the formal existence of local 

solutions around the singularities are introduced. In Section 3.3, the main theorem 

relating the existence of finite time blow-up to the reality of the coefficients in the local 

series is given and proved. In Section 3.4, secondary results on the position of blow

up, the absence of singularities and the relation to first integrals are given. Finally, 

Section 3.5 shows how the different results in this chapter can be applied to different 

systems arising in nonlinear physics. Section 3.6 is Discussions and Conclusions. 
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3.2 Set-up of the generzd problem 

Consider a system of n first order ODEs: 

X = f(x), (3.6) 

where x G K" and /t(x) are polynomial functions of x with real coefficients. 

The general solution of (3.6) is a solution that contains n arbitrary constants. 

We are interested in the general solutions because they describe the time-evolution 

of the system for arbitrary initial data. By contrast, the particular solutions contain 

less than n arbitrary constants and do not describe the evolution of arbitrary initial 

data, but rather the evolution of restricted subsets of initial data and/or envelope 

solutions. The general solution will be denoted x = x(i; Ci,... , c„). In the same way, 

the solution based on the initial condition x(0) = XQ will be x = x(i;xo). 

A solution will exhibit finite time blow-up if there exist G R and XQ G R" such 

that for all M G K, there exists an £ > 0 satisfying 

- «.| < c =J^|| x(t;Xo) ||> M, (3.7) 

where || . || is any norm. 

Equivalently, we will use "lim || x(f,Xq) || —> oo" to denote such a finite time 

blow-up. 

In order to study finite time blow-up in the solutions of differential equations, the 

solutions need to be analyzed locally around the singularity, i.e. we need to build a 

Psi-series[2Q\, defined by 

X = ^(a,ao,0 = r' a o  +  ̂ j  
L 

(3.8) 
j=i 
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where r = { U  —  t ) ,  a E Q", g 6 N and a .j is a polynomial in log(i. — t )  of degree 

< j. 

We refer the reader to Chapter 2 for the explanation of how the different 

characteristics of these series can be found algorithmically. Keep in mind, however, 

that here we are dealing with a different r variable {t, — t instead of t — t.). 

Recall that the dominant behavior x = aoT~°', ao € Cq is an exact solution of 

the truncated system 

x = f(x), (3.9) 

where a € Q" with at least one positive component. 

Recall also that the resonances of the system are related to the indices j of 

the coefficients a.j in the Psi-series (3.8) at which arbitrary constants first appear. 

(Specifically, j/q is a resonance if a new arbitrary constant is introduced in the 

computation of a.j for the series (3.8)). It is a standard matter[37] to show that 

these resonances are given by the eigenvalues of the matrix TZ: 

72. =-Df(ao) + Diag(a), (3.10) 

where Z)f(ao) is the Jacobian matrix evaluated on HQ. If some or all of these 

eigenvalues are rational but non-integer, then the natural number q is chosen to 

be the least common denominator of all the eigenvalues of TZ along with oc. 

The resonances are labeled i = 1,... , n with ri=—1. In view of the form (3.8), 

the only resonances allowed here are of the form n = ^, G Z Vz = 1,... , n, where 

q e N  

A general solution is a formal solution x = ^(ao,a, i) with balance (ao,a) such 

that Tj > 0 and rj 6 Q+ for all j > 1. That is, the Psi-series built on that 
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balance contains (n — 1) arbitrary coefficients (the final arbitrary constants being 

the singularity position i,). 

Note that the formal existence of these series is guaranteed by Theorem 2.1 proven 

in Appendix A.2. As it turns out, the recursion relation used to obtain this series 

relates the reality of the arbitrary coefficients and the leading behavior to the reality 

of the coefficients a.jk'. 

Lemma 3.1 Let x = ^(ao, a, i., C2,... ,Cm) be a solution of x = f(x) around the 

singularity t^ containing (M — 1) arbitrary coefficients. If ao € R", and Q G R V Z = 

2,... ,m then a.jk G K" V (J, k) 

A proof of this lemma can be found in Appendix A.3. 

Different special cases are of interest: A necessary conditions for the Painleve 

property is that for all balances (ao,a) we have o:,o: G N", g = 1 and constant 

for all j. The system is then said to pass the Painleve test and, as stated in the 

introduction, it strongly suggests that the system is actually integrable ([77]). If 

q I but a.j is constant for all j then the system has the weak-Painleve property and 

can (in some cases) be shown to be integrable (see [68, 36]). 

In order for these series solutions to exist, their convergence (in a punctured 

disk around the singularity) has to be asserted . This is covered by the following 

assumption: 

>-s. 

Assumption 1: There exists an open connected set C G C" such that V c G C, 

the solutions x = ̂ (ao, a, t; c) of (3.6) are convergent in an open punctured disk Dt. 

a r o u n d  t h e  s i n g u l a r i t y  f , .  

Let C be a non-empty, closed connected subset of C of full dimension n, and let 
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Sc be the radius of convergence of ^(ao, oc, t; c). The nature of the set C ensures that 

exists and is strictly positive. (Later, we use C to denote an open subset of C.) 

In the case where the formal Psi-series solution to x = f(x) reduces to a vector 

of Laurent series, the convergence of these series in a punctured disk of non-zero 

radius around t. has been proven by Adler and van Moerbeke [3] for polynomial 

vector fields f(x) of arbitrary dimension n. Unfortunately, the convergence of the 

non-meromorphic form of the formal Psi-series solutions has only been proven for 

specific systems [7, 46, 47, 48, 70, 41, 58, 1] and for quadratic vector fields in 

[16]. However, the results of Adler and van Moerbeke are encouraging in the light of 

work by Levine and Tabor [54]. They show that, because logarithmic terms are only 

introduced at powers of r corresponding to a resonance (as discussed here in Chapter 

2), the Psi-series can be re-summed in multiple variables $j(r) = r'"-' logr, i.e. 

Since each variable $j(r) becomes arbitrarily small for small enough r, one need 

only show that the coefficients in the series decrease enough to compensate for the 

combinatoric factor introduced by the multi-indexing as ji +j2-\ Hjn increases. No 

counter-example to the convergence of the Psi-series solutions has ever been found, 

and we have obtained numerical convergence for a number of examples. Nevertheless, 

although we strongly believe that formal Psi-series solutions always have a non-zero 

radius of convergence, in the absence of a rigorous proof we must leave this condition 

as an assumption. Work to prove this assumption is on-going. 

mm (3.11) 

X = <I'(a,ao, 0 = T " 
jezi 

(3.12) 

3.3 Main Theorem 

We now show that the leading behavior of the series (3.8) is real, if and only if the 

solution exhibits finite time blow-up on an open set of initial conditions. 
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Definition: Let F„ be the set of all n-dimensional real nonlinear polynomial vector 

fields f(x) such that the system x = f(x) has a convergent (in the sense of Assumption 

1) general solution x = ̂ (ao, a, i; c) with a E and Spec(7Z) \  {—1} € . 

Theorem: Consider the system x = f(x) where f G F„ and x G R". Then the 

two following statements are equivalent: 

• a) There exists an open set of initial conditions XQ C R" such that for all 

Xo € Xo, there exists a G R for which Urn || x(i, Xo) || —>• oc. 

• b) there exists a general solution x = ^(ao,Q:, f;c) with gio ^ R"-

Strategy of the proof: We split the proof in two parts. 

First, we prove that a) => b), that is, assuming the existence of real singularities 

for an open set of initial conditions, the leading behavior ao must be real-valued. 

Second, we show that b) => a), that is the existence of general solutions with 

real leading behavior is enough to ensure the existence of finite time blow-up on an 

open set of initial conditions. The main idea is to use the local representation of 

the series (x = ^^(ao, Q:, c)) to build an open set of initial conditions. To do so, 

we show that there exists a homeomorphism M : C —> XQ, between an open set of 

arbitrary constants C C R" appearing in the general solutions and an open set of 

initial conditions XQ leading to finite time blow-up (see Fig 3.2). 

3.3.1 a) => b) 

Let XQ G Xo C R". By hypothesis, there exists a G R which is the blow-up time 

associated with XQ. For all t G ]t« — 7,^»[ , x(f;xo) is real (since t is real). In this 
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FIGURE 3.2. The map M maps an open set of arbitrary coefficients to an open set 
of initial conditions leading to finite time blow-up. 

interval, we can use the representation of x(t; x 0) provided by (3.8): 

x(t; xo) = Re(x) = r-"' ( Re(a0 ) + ~ Re(aj) r~ + Im(a0 ) + ~ Im(aj) r~) . 
(3.13) 

This implies that 

00 

Im(a0 ) + L Im(ai) Tf = 0, (3.14) 
j=l 

for all t E ]t* - '"'(, t*[. This, however, implies that 

(3.15) 

3.3.2 a) <== b) 

By assumption, we can represent, locally around a movable singularity t*, a solution 

of X. = f(x), f E F n by a series of the form x = w(a0 , a, t; c) where a0 E JRn. 
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According to Lemma 3.1, we have: 

ceR", aoGR" => ^(ao,a,«;c) € R" Vi 6 (3-16) 

Now choose an open set C C C C K" such that for all c € C, the vector of 

arbitrary constants c satisfies < Ci < for any real numbers and 

satisfying (Note that Ci is defined to be f..) Thus, for c € C, 

the series ^(ao,a, i;c) can be used to define a set of initial conditions leading to 

finite-time blow-up. Indeed, for c 6 C, we can pick to = ^ and define; 

xo = x(fo) = ^(ao,a,io;c), (3.17) 

where (ao,Q:) is a given balance corresponding to a general solution with ao G K". 

The solution x(i) based on the initial condition Xq will blow-up at 6]io + j, + §[• 

By varying c in C, we can define the set XQ: 

Xo = |xo = ^(ao, a, t o ]  c); c e C , t o  =  C" "  •  (318) 

Note that it may seem counter-intuitive that one can simply choose a real value of 

t,. However, the original system is invariant under time shift, so it is not surprising 

that the value of can range over any value, as the initial condition is defined at a time 

to relative to the range of allowed values of t,. Furthermore, one can always choose 

real values for c and then evaluate the resulting Psi-series at an appropriately close 

value of to- However, doing so in general results in complex-valued initial conditions. 

It is only for the case where ao G iR" that choosing a real-valued set of arbitrary 

constants c (including = Ci G R) leads to real-valued initial conditions. 

In order to show that XQ is an open set, we have to prove that the map M 

M : C Xo, (3.19) 

is a homeomorphism. This in turn implies that M~^ is continuous and therefore that 

XO = M (C) is an open set. 
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Thus, choosing the set C to be real and open gives us that the set XQ of 

corresponding initial conditions is also real and open. We now prove that the map M 

is a homeomorphism, that is, itis (i) single-valued and one-to-one and (ii) continuous. 

(i) M is single-valued and one-to-one 

We consider two initial conditions Xo = x(io;Cfc),3^ = x(io;cjt), € XQ by 

considering c, c G C in such a way that Ck ^ Ck iov k > 1 and Ci = c^.i ^ k. 

Accordingly, we define x(i) = x(i;Cfc). Then from the Psi-series (3.8), we have: 

x(i) - x(^) = {ck - Cfc)yfcr-"+^ (l 0(r?)) , (3.20) 

for all to < t < where denotes the normalized eigenvector associated with the 

kth resonance (see appendix). From the above equation, we get 

Xo = Xo x(t) = x(f) Ck = Ck, (3.21) 

where the first correspondence is a direct consequence of the existence and uniqueness 

of the solutions away from t = 

Next, we consider the case where Ci / Ci (that is i.). Let 3^ = x(io;ci) 

while Xo = x(io;ci) with Cj = Ci, i > 1. Let x(i) = x(£;xo) be the solution based at 

Xo. The following equality follows from the fact that the Psi-series are functions of 

{t, — t) only: 

^(ao,a. (ci,C2,... ,c„)) ='J^(ao,Q:,£ + a; (ci-I-a,C2,. . .  ,  c „ ) )  V  a  €  C .  ( 3 . 2 2 )  

As a consequence, we have: 

Xo = 1'(ao,Q:,4o;c) 

= ^(ao,Q:,io;(i.,C2,... ,c„)) 

= ^(ao, a, to + {U - U)\ {U, C2,... , c„)) 

= ^(ao,a,fo + (^. - i^.);c)) 

= x(fo-f-(i. - f.);xo). (3.23) 
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Therefore, by the uniqueness of the solutions, we have xq = Xo if and only if t, = f, 

(the case where U and XQ = XQ can only happen on periodic orbits which are 

excluded here since they cannot blow up in finite time). By the same token, due 

to to the continuity of the flow, the relation (3.23) guarantees that the map M is 

continuous in the variable ci. 

(ii) M is continuous 

By definition, the map M is continuous if 

Ve > 0, 3 r?, 9 II c - c ||< =>|| 3Co - Xo ||< e. (3.24) 

where c, c G C, XQ, XQ G XQ and || • || is the infinity norm. 

VVe have already shown that the map M is continuous with respect to its first 

argument (ci). Now, let 

c - C = Cifc - Cfcl, (3.25) 

for one or more of the Ck {k > 1). Let /3 = — fo, then by definition 0 < < ^ < j. 

Since the series Xq = ^'(ao, a, io; c) and 5^ = '^{ao,oc,to;c) converge, so does the 

series for XQ — XQ: 

Xo - Xo = (cfc - C k ) y k 0  (aj - a i j ) f 3  , 
j=rk+l 

(3.26) 

where is the A:-th resonance and Cj = Cj V j < k. (For maximum generality, we 

shall let Tfc be the smallest non-negative resonance, so by assumption > 0.) Since 

this series converges, the tail can be made arbitrarily small, i.e. for any finite pair of 

values Ck and Ck, we have 

Vi/ > 0, 3 6 N 3 

J —''(Cfc.Cfc) 

< u. (3.27) 
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L e t ^ V =  s u p  
Cjt jCjfeCC 

From the poiynomiaJ recursion relations (2.18), it follows that a.j — aLj{ck) is 

continuous (see Appendix A.l). Similarly, is continuous in Ck and so (a^ — a^) is a 

continuous function of both Ck and Ck — Ck- Therefore, for any fixed Ck, the following 

is true: 

> 0, 3 77j > 0 3 \ck - Cjtl < T]j ={>11 aj - a^ ||< // for j < N. (3.28) 

Let 77 = inf 77, for a given u. Choosing let- — I < 77 guaraintees that 

|xo - Xol < 
j = Q  

+ u < (///3 r + 
j = o  1 -

(3.29) 

-ct+ric 

Letting = | and n = we obtain 

|cfc - Cifcl < 77 =>|| Xo - Xo ||< e. (3.30) 

(Note that 7/ is a function of f j .  which is a function of e . )  Thus, the map M  is continuous 

in Cfc for all A: = 1,... , n. • 

3.4 Secondary results 

3.4.1 Absence of singuleirities and blow-up regions 

As an obvious consequence of the theorem, the absence of real singularities can be 

tested: 

Corollary 1; The system x = f(x), f 6 F„ does not have finite time singularities 

if for all general solutions of the form (3.6), Im(ao) 7^ (0,... ,0). 

In general, the open set of initial conditions leading to a blow-up cannot be 

computed. However, the orthant in phase space {i.e. one of the 2" regions of K" 

defined by {sign(xi),2 = 1, ...,n}) where blow-up occurs can be readily obtained: 



81 

Proposition 2: The orthant in phase space in which blow-up occurs is the orthant 

0/ ao E K". 

Proof 2: When blow-up occurs, the leading behavior is dominant, therefore, for 

t close enough to the singularity we have: 

Mt) = ao,{U - i)"°' + 0{{U - (3.31) 

Therefore the sign of Xi is given by the sign of . • 

Note here that the orthant is defined including the border axes (for instance in two-

dimensions (xi,x2), the first quadrant {+,+} includes the semi-axes xi > 0 and 

X2 > 0). This accounts for the case where some components of the a vector are 

positive. 

3.4.2 Finite time blow-up and first integrals 

We now discuss the existence of finite time blow-up in the presence of first integrals. 

In some cases, polynomial systems x = f(x) can have first integrals, that is function 

J = J(x, t) such that J = V J./ + dt J = 0. These first integrals are constant on any 

solutions of the system. In some instances, these conserved quantities can be used to 

prove directly the absence of finite time blow-up. For instance, if a two-dimensional 

system has a first integral 7 = xf -l- Xq, it is straightforward to see that there is no 

p o s s i b i l i t y  o f  f i n i t e - t i m e  b l o w - u p  ( J  =  X q i  +  x ^ ^ ,  =  x f  +  X 2  €  R  = >  x i ,  X 2  €  R  V  t ) .  

If, however, J = xf — xf, then blow-up cannot be ruled out as the solutions may go 

to infinity in such a way that the difference of the squares remains constant. It is 

therefore straightforward to obtain the well-known result: 

Proposition 3: Let J = J{x,t) be a first integral for the system x = f(x), 

X G R". If the level sets of J are compact, then there is no finite time-blow-up for an 
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open set of initial data. 

How is this result related to Corollary 1 on the absence of blow-up? If J = y(x, t) 

is a first integral for the system x = f(x), then there exists a first integral J = J{x.) 

for the system x = f(x), where f(x) is, as before, a dominant part of the vector 

field. That is, the system x = f(x) has an exact solution x = aor"® and f = f + f; 

y(x, t) = (J(x) +j(x))p(i). In other words, the dominant part of the first integral is a 

weight-homogeneous first integrjd of the dominant part of the vector field (See [37] for 

further details). Since the first integral J is constant on all solutions, it is constant on 
-ON. 

the particular solution x = aor~", therefore y(aoT"®) = /(aojr" = 0 =?• </(ao) = 0. 

However, if J(x, t) is of definite sign, so is J(x, t) and therefore the relation J(ao) = 0 

cannot be satisfied if ao G K", which proves that Proposition 3 is a direct consequence 

of Corollary 1. So, the fact that J is of definite sign implies that the corresponding 

balance (ao,p) is such that Im(ao) 7^ 0. Moreover, obtain an extended version of 

Proposition 3: 

Proposition 4: Let J = J(x) be a first integral of a dominant part of the system 
o 9  

x = f(x), X G R". If the level sets of J are compact and # 0 V i, then there is no 

finite time-blow-up for an open set of initial data. 

See Section 3.5.2 for an illustration of Proposition 4. 

3.5 Applications 

3.5.1 A simple example 

We consider the system 
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±1 = Xi(a + 6x2), (3.32) 

± 2  =  c x f  +  d X 2 ,  

with 6 > 0, c > 0. This system arises from the reduction of a semilinear parabolic 

PDE[65]. The existence of finite time blow-up for this system is used to prove the 

finite time blow-up of the PDE. We show how our theorem can be used to immediately 

determine the existence of finite time blow-up for this system. 

The first step of the analysis is to determine the different balances, that is the 

different possible dominant truncations of the vector field. In this case, we find two 

balances both corresponding to the truncation: 

and —a = (-1,-1). That is, the system x = f(x) has two exact solutions of the form 

X = aoT''^ with ao = (;^, ̂ ). It is easy to check, using (3.10), that the resonances 

are, in both cases, r = — 1 and r = 2. These two balances define Psi-series solutions 

where logarithmic terms enter as coefficients of the term r"""'"'" = r^. Therefore, we 

can apply our main theorem and state that for all 6, c such that be > 0 the system 

(3.32) exhibits finite time blow-up, that is there exist open sets of initial conditions 

in such that all solutions based on this set blow-up in finite-time. Moreover, 

the blow-up occurs both in the first ({+,+}) and fourth ({—,+}) quadrants (see 

Proposition 2). 

3.5.2 Absence of finite-time singularity for the Lorenz system 

The Lorenz system is ubiquitous in dynamical system theory[55, 74] integrability 

theories [53, 33] and singularity analysis theory [73, 54, 37]. The boundedness of its 

solution was proved in[15]. The system reads: 
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X  =  a { y  —  x )  (3.34) 

y = px - y - xz 

z = xy - I3z, 

where x, y, z , a , P , p  G R. 

The Lorenz system heis only two balances characterized by the leading behavior 

—a = (—1, —2, —2) and ao = (±22, ^2ifcr, —2/cr). Both balances are associated with 

the truncation: 

These balances define the first terms of the Psi-series characterizing the local solutions 

around the singularities. The resonances are Spec(7^) = {—1,2,4} which shows that 

the Psi-series are the general solutions around the singularities. Moreover, it has been 

proved that the Psi-series are convergent [58]. Therefore, it follows from the main 

theorem that the solutions of the Lorenz system never exhibit finite-time blow-up for 

an open set of initial conditions. 

Let us also note that the dominant truncation of the vector field f has two first 

integrals = y'^ + and J2 = x^ — 2az. From proposition 4 and the definiteness of 

Ji, it follows that the variables y, z never blow up. However, as already stressed, this 

would not have been enough to rule out finite time blow-up in the variable x. 

3.5.3 Fluid dynamics example 

In order to model the interaction between vorticity and shear in turbulent flow [82], 

Vieillefosse introduced a five dimensional ODE system whose blow-up shows that the 

flow of an incompressible and inviscid fluid diverges in a finite time. The existence of 

finite time blow-up is proven by decoupling the system and reducing the dynamics of 

(3.35) 
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one of its variables to a Hamiltonian dynamic with a simple potential. We show here 

how this result can be obtained in a straightforward way. The system reads (in our 

notation): 

x'l = —{xz + X4) (3.36) 

X2 = X4 

3 1 1 2 
X3 — + ^2:1X2 — -Xj 

1 1 " 1 2 
X4 — -X5 -f- -X1X2 — -Xj 

2d O 
1 2 

X5 — "^X^Xi 2X2X4 

We find that there is a balance (ao, a) characterized by the leading exponents a with 

leading order coefficients HQ: 

-a = (-2, -2, -3, -3, -4) (3.37) 

ao = (144, 72, -432,144,864) 

Since the leading order coefficients are real, the general solution of this system will 

exhibit finite-time blow-up if the balance we have chosen indeed corresponds to a 

general solution. Checking, we find that the resonances are r = 2, r = 3, r=4 and 

r = 6. Therefore, there exists a general Psi-series solution based on this balance. 

.A.S a consequence of the main theorem, the general solution will exhibit finite time 

blow-up for some open set of real initial conditions. Moreover, the blow-up occurs on 

the orthant {-I-, -t-, —, -I-, -I-} (see Proposition 2). 

3.5.4 MHD example 

In all the examples so far, the existence (or absence) of finite time blow-up was already 

know using specific methods. We now apply our results to a physical system where 

blow-up is only known to occur numerically but for which the existence of blow-up 

has never been rigorously demonstrated. 



86 

The system in question, introduced by Klapper, Rado, and Tabor [49], models 

ideal three-dimensional incompressible magnetohydrodynamics. The trace equations 

for such a system near magnetic null points are defined as follows: 

T„ = Trace [(Vu)"] (3.38) 

= Trace[(Vu)"(Vb)'"] 

where u = the fluid velocity field and b = the magnetic field. It is believed that the 

blow-up of this system in finite time could explain certain IcU"ge solar flaxes and solax 

dynamos. 

We now prove the existence of flnite time singularities using our theorem. 

The model written in the variables {xi,X2,X3,X4, x^^xe) = (Tj, T3, Pi,2, ̂ 2,2, -^2,1) 

reads 

x'l = — 2 X 2  +  2X3 

X2 = ~ 

X3 = -I- ^xi - X4 (3.39) 

1 1 o 2^ 2 
XI = --X1X3 + -i3xz - -PX2 + -73:5 

X4 = 7 — XE 
1 

+ gPars 

There are several possible balances. However, only one gives a full set of non-negative 

rational resonances. We find by checking the eigenvalues of TZ (see 3.10) that the 

resonances are {—1,0,0,3,3,6} for the following balance: 

-a = (-2, -3, -1, -2, -1, -2) (3.40) 

= (6, 6,0,0312/5 O031 ! ^Os) 

The arbitrariness of the leading terms , aos reflects the fact that r = 0 is a resonance 

with multiplicity two. This is then a balance that yields a general local solution of 
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the form (3.8). Note that the leading order coefficients are real, or can be chosen real 

for the proper initial data. Thus, our theorem predicts that there is an open set of 

real initial conditions (which make ao^ and Coj real) for which the general solution to 

this system blows up in finite time. 

Interestingly enough, our result can also be used to give an estimate of the blow-up 

time. Indeed, close to the singularity the dynamic is controlled by the most dominant 

part of the vector field (the truncation f of the vector field associated with the given 

balance). For the system x = f(x), the two first equations decouple leading to a 

simple closed system 

f 1 = Xj (3.41) 

Therefore, if the system is close enough to the singularity, the blow-up time can be 

predicted by integrating this system. That is, if for a given time t\ we know the 

values of Xi(ti), Xi(ii), then 

t . = t ,  +  lim [ ''' (3.42) 

where Ei = — |xi(ti)^. This last integral can be expressed in terms of an 

elliptic integral of the first kind: 

t. = h + .j^/'(a,sin (3.43) 

where a = cos"' 

In order to get close to the singularity, we can start with an initial condition 

Xo = x(0) and compute the value x(ii) by expanding the solutions in Taylor series 

up to a given order N\ 

N 
x { t )  = ^ Bit^ + (3.44) 

i=0 

where ao = XQ and the values of the coefficients a, as functions of XQ can be found 

by inserting the Taylor series in the system x = f(x) and equating power by power. 
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This Taylor series has a finite radius of convergence imax which can be found by 

studying the Taylor approximations as N increases. We can now choose ti < 

and find the value of x{ti). These values are then used to compute the blow-up time 

through an estimate like (3.43). This method is not a general method since it is 

not guaranteed that ^max will be in the radius of convergence of the Psi-series (indeed 

^max could be constrained by complex rather than real singularities). However, further 

approximations of the solutions can be obtained by analytic continuation and/or Pade 

approximates. 

For the system studied here this method provides an excellent approximation of 

the blow-up time. As an example, we choose the following initial conditions leading 

to blow-up: xo = (—20, —10, —20,178/3,5, 24) and 7 = 20, /? = 4. Using successive 

Taylor approximations with iV < 25 we find that tmax ~ 0.55. Picking ti = 0.5, 

we obtain Xi(ii) —4.78, i:i(ii) 59.23 and ss 1.50, to be compared with the 

numerical value i.,num = 1-54 obtained by using the dedicated ATOMFT package[ll]. 

3.6 Conclusions 

We have found necessary and sufficient conditions for finite time singularities for a 

large class of ODEs. These conditions rely on the analysis of the local series solutions 

around the singularities and can be expressed as a reality condition on the leading 

behavior of the solutions near blow-up. Roughly speaking, finite time blow-up will 

occur if and only if the dominant terms in the local general series are real. In order 

to find which series correspond to the general solution (among the plethora of local 

solutions) we investigated the resonances and the corresponding arbitrary coefficients 

of the Psi-series. This allowed us to find a homeomorphism between an an open 

set of initial conditions and open set of arbitrary constants. Moreover, we were also 

able to determine the orthant in phase-space where blow-up occurs and explore the 

relationship between the absence of finite time singularities and first integrals. To 



89 

illustrate these different results we analyzed different examples from different fields 

of applied mathematics. 

The class of systems considered here was constrained by the requirement that 

the Psi-series exist. As we already stated, this encompasses a large class of systems. 

However, we believe that this limitation is merely technical. Indeed, the results do 

not rely on the specific form of the Psi-series but only on the fact that they describe 

general solutions. The reality condition applies only to the most dominant terms 

near blow-up. Therefore, we conjecture that our main theorem is actually valid for 

a much larger class of systems and that the conditions on the leading exponents and 

resonances (as being rational numbers) could be relaxed to the case where they are 

real numbers. If this conjecture holds, it could provide a universal way of detecting 

the existence of blow-up for systems of ordinary differential equations. 

Another limitation of our results is the fact that we considered, for the sake of 

simplicity, only general solutions of ODEs rather than particular solutions. This 

point was important in establishing the existence of the homeomorphism between 

initial conditions and arbitrary coefficients. However, our results could probably be 

extended by considering the possibility of blow-up for particular solutions. These 

solutions arise from a constrained set of initial conditions, a set of measure zero in 

the full solution space. Thus they may not be as physically realizable as general 

solutions. Nevertheless, their asymptotic behavior near blow-up can still be analyzed 

by studying their corresponding balances (aot CK) (that is, the Psi-series with less than 

n — 1 arbitrary coefficients). Similar results on the blow-up of particular solutions 

could then be obtained. 

An interesting consequence of our main theorem is that the blow-up of a system 

ultimately depends only on the dominant behavior, that is the balance (ao, ex). These 

balances are computed from the knowledge of the dominant part of the vector field (in 

the case that the vector field is homogeneous, the dominant part is, roughly speaking, 

given by the terms of maximal degree only). Therefore, we see that the blow-up is 
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controlled only by these terms and not by lower order terms (such as the linear terms 

for instance). The lower-order terms c£in create regions in phase-space where the 

solutions are bounded, but they cannot prevent the overall possibility of blow-up 

elsewhere in the phase-space. This point is important because in many instances 

the dominant part of a given vector field assumes a simple form and can be exactly 

integrated (by quadratures or by showing explicitly the existence of a set of first 

integrals). In turn, these explicit solutions can be used to compute an estimate of the 

blow-up time as a function of the initial conditions. This estimate becomes better as 

one approaches the blow-up point. 

It is well-known that near fixed points the solutions of a given system of ODEs 

essentially behave according to the linear part, and most of the subsequent dynamical 

analysis rely on perturbation expansions around the linear solutions (the normal form 

theory a la Poincare-Dulac is based on this basic idea). The theory developed in this 

chapter shows that the most nonlinear part of the vector field determines the behavior 

of the solutions near its singularities. We believe that a thorough understanding of the 

dynamics of unbounded systems can only be achieved by merging the two approaches 

and we hope that the ideas presented in this chapter may provide a first step in this 

direction. 
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Chapter 4 

EXPONENTIALLY SMALL SEPARATRIX SPLITTING IN 
RAPIDLY FORCED DYNAMICAL SYSTEMS 

4.1 Introduction 

4.1.1 Overview 

The problem of exponentially small sepaxatrix splitting, first mentioned by Poincare 

in 1890 [67], ha^ recently been revitalized by the work of Holmes et al. [45] and others 

in the context of autonomous integrable ODE's with rapidly oscillating perturbation 

terms. Here, the term separatrix splitting refers to the phenomenon whereby a non-

autonomous perturbation term causes the separatrix of an integrable system to split 

into a stable and an unstable manifold. The distance between the stable and unstable 

manifold is then referred to as the splitting distance of the sepaxatrix. The significance 

of this quantity lies in the fact that it can be used to predict the onset or absence of 

chaos. Under certain conditions, such as when the period of the perturbation vanishes 

with its amplitude, the splitting distance becomes smaller than any power of the 

perturbation amplitude, thus resulting in separatrix splitting which is exponentially 

small in the this amplitude. This is a problem because the only known technique for 

measuring the separatrix splitting involves making a first order approximation (which 

we will refer to as the Melnikov approximation) in order to calculate what is know as 

the Melnikov vector, which approximates the splitting distance to first order in the 

perturbation amplitude and thereby discards terms of second order and higher which 

could be larger than any exponentially small term. 

Work on this problem has mostly focused on the rapidly forced pendulum, which 

has become the canonical example in this area of research [20, 32, 10]. Results on 
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the pendulum essentially culminated with the work of Delshams and Seara [17], but 

more recent work by Vakakis [81] has explored the analogously perturbed Duffing 

oscillator, and both Fontich [24] and Delshams and Seara [19, 18] have explored the 

more general case of rapidly forced Hamiltonian system in . The main focus in all of 

the above studies has been the validity of the Melnikov approximation for measuring 

the splitting distance of separatrices in conservative systems of the form 

X = f(x)+^''g(x, j), (4.1) 

X G with g(x, j) periodic in its 2nd argument 

which possess homoclinic or heteroclinic connections before perturbation. Systems of 

this form arise in several contexts, most notably those discovered by Sanders [71] and 

by Fiedler and Scheurle [22, 72]. Sanders [71] points out that in averaging theory, a 

simple transformation of the independent variable gives rise to a system of the form 

(4.1) with p = 1. More recently, Fiedler and Scheurle [22, 72] have shown that the 

consistency condition for any one step numerical discretization, accurate to order p in 

the step size £, of the system x = f(x) is given by (4.1) with /j, = 1. Specific systems 

of this form also sometimes occur in physical applications, as for instance Vakakis [81] 

points out that the perturbed Duffing oscillator with p = 1 can describe a number of 

physical situations. 

As mentioned above, the interesting feature of such systems is that the high 

frequency of the perturbation term makes the Melnikov vector exponentially small 

in £ (as in ~ e~^). Since the Melnikov approximation discards all terms of higher 

than second order in the perturbation amplitude a Melnikov vector which is 

exponentially small in e is of questionable validity. Indeed, it has been explicitly 

shown by Swami [76] that the Melnikov vector does not give the correct splitting for 

the pendulum when p < —I. In fact, the validity of the Melnikov approximation 

depends critically on the value of the parameter p, and much work has centered 

around finding sufficient conditions on p such that the Melnikov approximation for 
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specific systems remains valid. The condition for the pendulum was gradually relaxed 

as more and more work was done until Delshams and Seara [17] ultimately proved 

that p > 0 was sufficient. Later, they extended this result to the general case of 1 

degree of freedom Hamiltonian systems, their new result depending on the order of 

the poles of the unperturbed separatrix solution in complex time. However, no result 

has yet been achieved for general conservative systems of arbitrary finite order N. 

The purpose of this chapter is to provide just such a result for general systems of the 

form (4.1) with a polynomial vector field f(x). We are able to achieve this result by 

using the tools of complex time series solutions, specifically the Psi-series formalism 

introduced by Hille [42], Foumier and Tabor [25, 26], and others which has been 

further developed in the context of perturbation theory by Tabor and Goriely [38]. 

The work of Delshams and Seara [19, 18] provides us with the fundamental starting 

point for our analysis. 

4.1.2 The Melnikov integral and separatrix splitting 

Consider a generic system in 

X  =  f ( x ) + £ : g ( x , i )  ( 4 . 2 )  

with 

X = g;) e R^ f(x) = (;;W) . and g(x) = (^;|;;;;|) . ,4,3, 

and with g(x, t) periodic in its second argument with period T. Assume that the 

unperturbed system (e = 0) has a homoclinic (or heteroclinic) solution manifold 

x°(i) G associated with fixed point(s) p? = lim x°(t). Being a solution to the 
£->±oo 

autonomous system, this homoclinic manifold remains a solution under arbitrary time 

shift, i.e. if x°(i) is a solution, then so is x°(i + io)- However, once the perturbation is 

turned on, the time-shift parameter to takes on a special significance. It represents the 

relative phase shift between the non-autonomous perturbation and the unperturbed 
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homoclinic manifold, i.e. it determines where the perturbation is in its T periodic 

cycle when {t + to) is zero (or some other specific value). More specifically, once we 

decide at what time (in terms of to) to define the initial conditions, the parcmaeter 

to will then determine where the perturbation is in its cycle when the system is 

started. The periodicity of the perturbation, then, causes the perturbed system to 

be T periodic with respect to the time-shift parameter fo, since there is no difference 

between starting from a specific initial condition at i = — fo or at i = — io ± mT, 

m € Z. By convention, we shall define our initial conditions to occur at i = —fo

under a non-autonomous perturbation, the system (4.2) cannot in general have 

fixed points. Instead, the fixed point(s) Po of the unperturbed system become 

periodic orbit(s) 'y^(t) which are c — close to p^. The role of these orbits is still 

analogous to that of the fixed points in that 

lim x(i) - jpit) = 0 (4.4) 
t-*±oo 

where 0 is the zero vector. 

The perturbation term also causes the homoclinic solution x°(i-l-io) to split into an 

unstable manifold, and a stable manifold PVj®, associated with T—periodic orbits 

-jpit). One can imagine these manifolds in by considering all initial conditions 

Xi € which tend toward 7p (f) as t ^ oo to be the stable manifold, and likewise 

considering all initial conditions tending toward 7" (t) as t ^ —00 to be the unstable 

manifold. In other words, 

PV/;" = {xi e R^ I x { t  =  - t o )  = Xi lim x(i) - -y^ i t )  = 0}. (4.5) 
£—•±00 

Note that, due to periodicity, we have = ^to±mT^ m G Z. It is important to 

realize that the unstable and stable manifolds at a fixed value of to do not consist 

of actual solutions going to the fixed orbits, but rather they consist of the initial 

conditions for the solutions going to the fixed orbits. Consider a point x, G and 

the corresponding solution generated by the initial condition x(f = —to) = Xj. If we 
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evolve this solution forward in time by an amount r, then the point 

Xt = X{t = —to + T) 

can be thought of as an initial condition leading to the fixed orbit 7p , but only if we 

now define the new "initial condition" by x (i = —{to — r)) = Xr- Thus, Xr € 

However, assuming r is not a multiple of the period T, x^ 0 This is because the 

p e r t u r b a t i o n  t e r m  i s  a t  a  d i f f e r e n t  p h a s e  i n  i t s  c y c l e  f o r  t  =  — t o  a n d  t  =  — { t o  —  r ) ,  s o  

two solutions beginning at the same point Xr at these two different times would evolve 

diflTerently, and only one of them could ultimately be attracted to 7^. On the other 

hand, if r is an integer multiple of the period T, then the perturbation cycle would be 

at the same phase for both t = —to and t = -{to —r), so "two" solutions beginning at 

the same point Kt for these two diflFerent times would be identical. Furthermore, if we 

a g a i n  c o n s i d e r  t h e  s o l u t i o n  x ( f )  a r i s i n g  f r o m  t h e  p o i n t  x ,  G  v i a  x . { t  =  — t o )  =  X j ,  

we see that after a time T it takes on the value Xr = x{t = —{to — T)), and that 

xt 6 ^to-T — ^'to t)y periodicity. Therefore, this solution re-crosses the manifold 

manifold every T time units, since Figure 4.1). 

We therefore have a distinction between the actual solutions which go to the 

fixed orbit(s) and the manifolds which, for a fixed to, consist of the initial conditions 

leading to these solutions. Each point along these solutions, however, does lie in the 

unstable or stable manifold corresponding to different values of to- In fact, if we let 

to vary so that ^o ^ [0, T) and we map this interval to the circle we obtain the full 

time-independent manifolds which live on surfaces in x 5^ 

For the purposes of calculating the splitting between these manifolds, we want to 

consider actual solutions x"(£, to) and X'®(t, to), which arise from the initial conditions 

x"(—£o?^o) ^ ^^{—to,to) e ^to-> respectively. Since the convention is to 

define the initial conditions at i = — t o ,  and since t = —to corresponds to the 

"center" of the unperturbed manifold {i.e. the point x°(0) € R^), it is convenient 

to define the splitting distance at the center of the unperturbed manifold along a 
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X 

FIGURE 4.1. The solution x8 (t, to) passing through the manifold Wt~ and two of its 
duplicates: Wt~+T and Wt~-T 

direction orthogonal to the unperturbed manifold. This means that if we let the 

points xs ,u( -to, to) E Wt~,u be the points where the stable (resp. unstable) manifolds 

wt~,u intersect the line which is orthogonal to the unperturbed manifold at the point 

x 0 (0), then the "splitting distance" 'll(t0 ) will be defined (see Figure 4.2) by 

(4.6) 

where ft is a unit vector perpendicular to the unperturbed manifold at x0 (0). 

Although it is usually impossible to calculate the exact splitting distance, if one 
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FIGURE 4.2. The splitting distance w(t0) between the unstable and stable manifolds, 
wt~ and wt~· 

considers the same stable and unstable manifold solutions to first order in c 

(4.7) 

then the splitting distance can be approximated to first order by calculating the 

projection of the quantity 

(4.8) 

onto the aforementioned line orthogonal to the unperturbed manifold at the point 

x 0 (0). This quantity is given (up to a multiplicative constant) by the Melnikov 

integral, M(t0 ). If one follows the proof given in Guckenheimer and Holmes ([40]), 
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one can see that a correct expression for M { t o )  in this case is [59]: 

M(to) = J exp J trace X>f (x°(s)) ds^f (x°(f)) A g (x°(i), t  + to) dt .  

(4.9) 

where the wedge product "A" is defined by 

f A g =/i^2 - ̂1/2 (4.10) 

and where V f  (x°(s)) is just the Jacobian matrix of f evaluated at x°(s). (Note that 

for conservative systems, the trace of the Jacobian is zero.) This definition generalizes 

in dimensions higher than 2, where the Melnikov function becomes the Melnikov 

vector, still defined along the direction orthogonal to the unperturbed manifold at its 

center. 

The importance of this quantity is not its actual value, but rather how it behaves 

with respect to changes in the parameter to. Specifically, we are only interested in 

whether the function M(io) has simple zeroes because this corresponds to a transverse 

intersection of the stable and unstable manifold and leads to chaos in the following 

way. If the stable and unstable manifolds corresponding to a specific value of to 

intersect transversally, then the point where they intersect is the initial condition for a 

solution which will again intersect both manifolds T time units later at a point farther 

down both manifolds, since other words, the point where and 

l-Fj" intersect will be mapped to a single point under the Poincare map, which takes a 

point in and maps it forward in time one period T" to a new point in . However, 

this new point must lie forward in time along both manifolds {i.e. closer to 7p in 

the direction of time flow). Therefore, the two manifolds must intersect transversally 

again. Repeating the same argument, we find that a single transverse intersection of 

the stable and unstable manifolds imply infinitely many transverse intersections at 

points in occurring every T seconds in the solution x(t, to) anchored by the initial 

conditions x(—io,fo) = x^(—^oi^o) = x"(—with one manifold always bending 
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back to intersect the other again. Yet in either direction in time, only one of these 

manifolds approaches the fixed orbit. This implies that the intersections get closer 

together and the "loops" between the manifolds get longer and longer. This is the 

phenomenon known as a "homoclinic (or heteroclinic) tangle" (see Figure 4.3.) It is 

can be shown (85] that this leads to chaos. 

. 
X 
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FIGURE 4.3. A homoclinic tangle. 

X 

Thus we see that a simple zero in the Melnikov function indicates the presence of 

chaos, whereas no zeroes imply the absence of chaos. Let us look at a simple example. 
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Example I: the Pendulum 

Consider the perturbed pendulum: 

f + sinx = esin (tjt), (4.11) 

which can be written in as 

7t(^) = ~(siL) +^CinM))' 

With £ = 0, this system has a heteroclinic manifold given by 

f x°i{t + tQ) \ _ f 2arctan(sinh(t+ io)) A m I'?'* 
\ x1 { t  +  to )  J  \ 2sech(i + io) / 

According to equation (4.9), the Melnikov function for this system is then given 

by 

/

OO 
2sech(i) sin {u(t + to))dt (4.14) 

•OO 

which, via contour integration, gives 

M{ to )  = 27rsech(^) sin (cjto)- (4.15) 

Since this function has simple zeroes, it will have a chaotic region. 

Example II: Perturbed KdV Revisited 

We now study the perturbed system 

-cu + + 3uxx = -e(aui + 7"ixi) (4.16) 

from Section 2.4.2 and once again look for the selected one-soliton wave speed, 

this time using the Melnikov method. Recall the here, the variable x is used 

to abbreviate the traveling wave variable x — ct. Since we are looking for the 

soliton solution, we require a smooth solution u{x) which satisfies 

lim u{x) = 0 (4-17) 
I—»±oo 
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The unperturbed part of (4.16) has a homoclinic connection satisfying (4.17) 

and which corresponds to the solution u which satisfies 

This solution corresponds to the one-soliton solution of the unperturbed system, 

as given by equation (2.172) . We will call this homoclinic solution it/,. 

In order for the solution to the peTturbed system to satisfy (4.17), we look for 

parameter values such that the stable and unstable manifolds coincide, i.e. 

we look for the case where the splitting distance between the manifolds, as 

estimated by the Melnikov integral, is zero. 

Rewriting (4.16) as a first order system gives 

d r u ) ^ (  %  )  ( 4 . 1 9 )  
dx xJlLxJ 20^ ^ ^ 3 ^3:xi/ 

By analogy to equation (4.9), a perturbed Hamiltonian system of the form 

= f(u) + £g(u,x)  (4.20) 

with g { u , x )  periodic in x  has its Melnikov integral [59] given by 

/

OO 

f{UH) A G{UH,x + XQ) dx (4.21) 
•OO 

where Uh is a homoclinic solution to the unperturbed system. For an 

autonomous perturbation such as the one we have in equation (4.19), the 

Melnikov integral depends only on the system parameters and gives the first 

order separation distance between the stable and unstable manifolds emerging 

from the homoclinic fixed point. Thus, for our system (4.19), we have 

I  •  ( " f  i i  ^  
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which, when inserting the one-soliton solution (2.172) in for u/,, gives 

/

OO 

•OC 

^3 ^4 
— 9  — a  tanh^(Ba:) sech'*(S2:) + tanh^(Sx) sech®(Sx) 

c* 
—9'y-^ tanh^(5x) sech''(Bx) dx (4.23) 

where B = ^ Using our assumption that the one-soliton solution must 

correspond to a wave speed c which allows it to maintain the homoclinic 

structure, this speed is given by demanding that M{c) = 0. Doing so gives 

that 

7oc/3 
c = - —. (4.24) 

5 7 

which matches the predictions for the selected wave speed from Section 2.4.2. 

4.1.3 Motivation for going into the complex time plane 

There are intuitive reasons for looking in the complex time domain to study systems 

of the form (4.1). If one now considers the rapidly forced pendulum: 

X + sinx = ̂ ''sin (^), (4.25) 

the Melnikov function is then given by replacing a; by ^ in (4.14), giving 

r°° t 
M { t o )  =  /  2 s e c h . { t  +  t o )  s i n  { - )  d t .  (4-26) 

J —OO ^ 

The integrand has a pole at t+to = which comes from the unperturbed heteroclinic 

solution. This pole allows one to calculate the Melnikov function via contour 

integration, yielding M(io) = 27rsech(^) sin (^). It is the pole which is responsible 

for the I in the exponentially small term, thus suggesting a relationship between the 

exponentially small splitting and the complex time singularity structure. 

Another motivation for looking in the complex time domain is that attempts to 

do standard perturbation theory with real time in order to detect the exponentially 
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small splitting of system (4.1) often yields no result: the splitting appears to be zero 

at any particular order of e, and one has to proceed to the next order. Here, "standard 

perturbation theory" means letting 

X = xo + S x i  + 6 ^ X 2  H (4-27) 

where 6 = fxs''. Consider the rapidly forced Duffing oscillator: 

X = X — 2:^ + ̂ ^SIN (J), (4.28) 

which was studied extensively by Vakakis in [81]. For /i = 0, this system has the 

following homoclinic solution associated with the fixed point x = x — 0: 

xo(i) = \/2sech(£ + to). (4.29) 

If we substitute equation (4.27) into (4.28) ajid collect the various powers of (5 = fj£^, 

w e  f i n d  t h e  f o l l o w i n g  t o  f i r s t  o r d e r  i n  S:  

= (1 -3xo(t+ io)) Xi(i, io) +sin(-). (4.30) 
C 

For later calculations, it is convenient to perform the the variable change t  ̂  t — to, 

so that we obtain: 

ii(i, ̂ o) = (1 - 3x5(i)) xi(i, £0) +sin(^-^), (4.31) 

which means that initial conditions are now defined at i = 0. Note that this equation 

contains a linear, homogeneous part with non-constant coefficients, given by: 

y = (1 - 3x2) ^ (4 32) 

This is the linearized variational equation^ which appears as the linear part of the 

differential equation collected at any order of 5. The collection of terms of order J" 

give the equation: 

x„ = (1 - 3xo) x„ + /i„(pXo,Xi, • • • ,x„_i). (4.33) 
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For the discussion here, we will only need 

hi = sin(-) (4.34) 
C 

/i2 = SxqxI (4.35) 

/i3 = + 6X0X1X2. (4.36) 

The general solution of an equation of the form (4.33) is attainable via variation of 

parameters once the independent solutions to the homogeneous equation (4.32) are 

known. It turns out that when the original unperturbed system is autonomous, then 

one solution to the variational equation (linearized around a solution XQ) is always 

y{t) = Xo{t), while the other is given by 

y { t )  = X o J  (4.37) 

Using the variables <p and p, respectively, to represent these two solutions, we obtain 

the following fundamental solutions for (4.32): 

0{t) = sech(i) tanh (i) (4.38) 

= sech(i) tanh (i) 
1 , /,v . , , X 3 cosh (i) 
- cosh {t) smh {t) + -t r 
2 2 sinh (f) 

This means that the general solution to equation (4.33) is given by: 

(4.39) 

•)ds - (t>{t) f xl}{s)hn{-— ( 4 . 4 0 )  
J a ^ Jb ^ 

where a and b are arbitrary' constants. If we wish to impose a condition on Xn so 

that it represents a solution in the stable or unstable manifold, then the behavior of 

this solution near i = 0 and t = ±00 (specifically, x5('^(0) = 0 and x^'"(i) bounded as 

t —> ±00) determines a and 6, yielding 

X n ^ i t . t o )  =  I p { t )  f 0(s)/i„(^—- . • • • ) d s - < t > { t )  f i p { s )hn{-—— , - - - ) d s .  (4.41) 
J±<x> ^ Jo £ 

Let us now examine what happens if we attempt to calculate the splitting at 

any order of S.  We shall do so by expanding each solution x^ in powers of e  using 
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integration by parts. To first order, we have 

^o) = ̂ (^) [  0(s)sin(^——)ds — <f>{t) f ^(s)sin(^——)ds. (4.42) 
J±oo ^ Jo s 

If we build a series using integration by parts by integrating the sin (^^) term, we 

gain a positive power of 5 each iteration, yielding 

Xj'" = c0(i) cos (—) - £^sin(^——) + 0{e^). (4.43) 
£• e 

This indicates that the "first order" splitting distance, given up to a constant multiple 

by 

^?(0,io) - ̂t(0,io), (4.44) 

is zero through at least two extra orders of e. That is, we are looking for the splitting 

distance to order and we find that it is zero through order In fact, if one 

carries out the expansions for x®'", one obtains the same series for both, and the "first 

order" splitting distance is zero to all orders. For many of these terms, the fact that 

o(t) is odd and causes cancellation of terms that would otherwise be non-zero. 

This can be seen by looking at the 2nd order splitting term, which we write up to 

order e"*: 

^2 "(^' ^0) = + lOe'^) cos^ (—) [ 3N/20 
J ±00 

3v20 (s)sech(s)£/s (4.45) 

— 4>{t) J3\/2il;{s)<ir{s)sech{s)ds 

Note that = ^2 except for the terms involving 3\/20^(s)sech(s)rfs. However, 

the integrand of this terms is odd, so we have 

t r'^ 
X2(0, fo) — ^2(0'^0) = + lOe"^) cos^ (—)^(0) / 3\/20^(5)sech(s)ds (4.46) 

^ J-00 
= 0 

Attempts to verify this trend for higher orders of £ and S quickly become very intricate, 

but one soon notices that even terms involving integrais without the obvious symmetry 
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of (4.46) turn out to cancel. This is not as remarkable as it may seem. Since we expect 

the splitting may be exponentially small (and, in fact, Fiedler and Scheurle [22] have 

shown that for this type of system it is), it certainly maJfes sense that any expansion 

to finite order in e should yield zero. 

This illustrates the failure of traditional perturbation theory when t is restricted 

to the real axis, but why should we expect to overcome this difficulty by extending 

t into the complex plane? The simplest ajiswer to this question involves complex 

integration. Consider equation (4.42). It has a meromorphic integrand with poles at 

t = dzmi I (where m is odd) due to equations (4.38) and (4.39). For complex values 

of t, the integration path must go through the complex plane, and hence the behavior 

of the integrals will be dominated by the behavior of the integrand at these poles. The 

sin(^^) term in the integrand of (4.42) can be turned into terms involving sin(|) 

and cos(|) via trigonometric identities which in turn can be expressed as sums of 

When evaluated at the poles (s = ± m i  |), this gives terms of the form 

thus allowing us to "see" the exponentially small behavior. 

These examples motivate going into the complex time domain to detect the 

exponentially small splitting for systems with rapid forcing. In fact, Delshams and 

Seara [17] employ exactly such a method in their treatment of the rapidly forced 

pendulum, and in so doing they also manage to show how the exponentially small 

terms can be shown to factor out of the full splitting term ^(s). We borrow some 

ideas from Delshams and Seara and in addition use the singularity analysis techniques 

introduced in Chapter 2 in order to propose a result which applies to general systems 

of the form 

x = f(x) + /i£Pg(x, ^). 
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4.2 Tools and set-up 

4.2.1 The problem 

We shall begin by precisely specifying the class of problems under consideration. 

We first define the following sets of functions: 

Definition 4.1 Let T be the set of polynomial vector fields f(x) : /or 

which the following are true: 

a )  t r a c e ( V f ( x ) )  =  0 

b) The system x = f(x) has fixed point(s) po^ and an associated homoclinic (or 

heteroclinic) manifold containing solutions x°(i) which satisfy: 

x° = f(x°) (4.47) 

and 

lim x°(i) = po''" (4.48) 
(i-^±oo 

where po"*" = Po~ in the homoclinic case. 

c )  x P { t )  h a s  p o l e s  ( o r  r a t i o n a l  b r a n c h  p o i n t s )  o f  o r d e r  e x .  G at t = ±ai with 

a > 0 and real. In other words, |x°(i + io)| ~ aor"" where r = \t + tQ — ai\ and 

ao is a constant vector. This implies that f(x^) ~ t 

d) x°(i + io) w analytic (or can be made so via appropriate brach cuts) in the strip 

\Im{t + ̂ o)| < a, i.e. the singularities at t = ±ai are closest to the real axis. 

e) Each solution x°(f) is periodic in the imaginary direction with a period given by 

2ia, i.e. 

x°(t + i2a) = x°(f) (4.49) 
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f )  x°(f -I- t o )  h a s  a  c o n v e r g e n t  s e r i e s  f r e e  o f  l o g a r i t h m i c  t e r m s  a t  l e a d i n g  o r d e r  i n  

a neighborhood S o/ r = 0 which can be extended to the real axis. 

g) The balance {ao,Q:} associated with the asymptotic behavior of ^^{t -I- io) as 

described in item c) above must be a principal balance generating N — I non-

negative rational resonances (see Sections 2.1.1 and 2.1.2). We also demand 

that the resonance matrix possesses a full set of eigenvectors. 

The parameter io introduced in assumption 4.1 c) above represents an arbitrary 

time shift of the separatrix solution. This time shift takes on special significance 

in the presence of a periodic non-autonomous perturbation, as it then represents a 

"phase shift" between the perturbing term and the unperturbed separatrix solution. 

Ultimately, the separatrix splitting becomes a periodic function of this parameter. 

The next definition is given in terms of the variables defined above: 

Definition 4.2 Let Q be the set of functions g(x, x R i-> which satisfy 

the following propeHies: 

a) trace{'Dg{x, ̂ ) )  =  0  

00 

b) Each component gj{x, = gj(x)gj(j) where gj(j) = ^ and is thus 
k——oo 

2Tr£ periodic in t. We also demand co = 0 but require gji^) ^ 0. Furthermore, 

the function gj{x)  must be a polynomial in x.  

c) g(x°, 7) has a pole (or rational branch point) of order a-l-1 — 5 att->rtQ = ±ai, 

i.e. g(x°, j) ~ where a G and cij > 0 for all j. In other words, 

t he  t e rm  ̂ e ' 'g (x ,  j )  canno t  be  a  s ingu lar  per tu rba t ion  on  the  s y s t em  x  =  f (x ) .  

Equipped with these function classes, we now state the class of systems to which 

our theorem will apply: 



109 

The System 

X = f(x) + /A£:''g(x, with £ 1, 0 < // «; 1, f(x) € T, and g(x, f) e Q. (4.50) 

By assumption 4.1b), this system has a homoclinic or heteroclinic manifold which, 

because of assumption 4.2b), will split under the perturbation. Assumptions 4.1a) 

and 4.2 a) are there to prevent the exponentially small splitting due to the periodic j 

terms from being "drowned out" by damping. If the system is not conservative, the 

perturbed stable manifold will spiral in by an amount that is not exponentially small, 

making any exponentially small "wiggles" irrelevant. Assumptions 4.1c) through 

4.1g) allow us to perform singularity analysis on the system. Recall that assumptions 

4.1c) and 4.Id) follow from the discussion in Section 2.3.2 since the equation (4.47) 

is nonlinear and since heteroclinic solutions must exist for all real time. 

We use assumption 4.1e) in order to to have a structured singularity pattern 

in the complex plane. This allows us, for example, to make estimates via contour 

integration. Note that for sufficiently large t, we have that 

(4.51) 

with Re(As) < 0. Such a solution is periodic in imaginary time, this period being 

given by i2a = which is purely imaginary if Aj € K. Similar arguments hold 

as t —> —oo with the eigenvalue being X^. Thus, a necessary condition for 4.1e) to 

hold with a e R is that all the eigenvalues of the Jacobian be real and that these 

eigenvalues be either rational or integer multiples of a single irrational number so 

that a can satisfy 2a = ^ with n € Z for every eigenvalue A. This assumption 

has been proven only for planar Hamiltonian systems [87], but extensive analytical 

[8, 9, 4, 39, 50] and numerical [11] observations suggest that it is frequently true for 

general systems as well. 
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4.2.2 Singularity analysis 

Recall from Chapter 2 that a system of the form 

x = f(x) x,f€R^. (4.52) 

with f(x) a nonlinear polynomial possesses general solutions which can be expressed 

locally as series around complex time singularities. These series generally fit the form 

of a Psi-seTies[A2^ 26], defined by 

where r = (i — i,), at € Q^, 9 € N and a^ is a polynomial in logr of degree less than 

j. Note that we are using G C to denote the location of the movable singularity. 

The different characteristics of these series can be found algorithmically as shown in 

Chapter 2. 

Also recall that the resonances are related to the indices j of the coefficients a. j  

in the Psi-series (4.53) at which arbitrary constants first appear (specifically, j/q is a 

resonance if a new arbitrary constant is introduced in the computation of a.j for the 

series (4.53)). These resonances are given by the eigenvalues of the matrix V, given 

by 

where Df(ao) is the Jacobian matrix evaluated on aio and Diag(Q!) is the matrix 

containing the vector a along its diagonal and zeroes everywhere else. For our 

analysis here, we use only the values of (ao, a) which correspond to a principal balance. 

meaning they lead to A'" — 1 non-negative rational resonances. This generates a series 

which represents the general solution. We shall let denote the j"' resonance. The 

first resonance is always given by ri = — 1. 

'The term "Psi-series" should not be confused with the variable '®' which is used in this chapter 
to represent the splitting distance of the sepjiratrix. 

00 
(4.53) 

V = Pf(ao) + Diag(a), (4.54) 
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4.2.3 Local asymptotic forms for solutions to the variational equations 

We recall here our results from Theorem 2.2, which apply to systems of the form 

X = f(x) with f(x) € .F as defined in Definition 4.1. Therefore, we are dealing with 

cases in which the system (4.50) has a solution x°(t + io) in the absence of the pertur

bation, and this solution has a singularity of vector order a located at i 

We then have the following: 

a) The linearized variational equation x = 'Df(x°)x (around the separatrix solution 

x°) has solutions q^n and a fundamental solution matrix 

/ : : \ 

Q= qi q2 • • • qiv 

\ : : / 

where, locally around the point t + to = ai, we have 

q m  ~  ̂ ( t  - h t o  -  ai) -cx+rm (4.55) 

with rm = the resonance, so that 6 Spec (I>f(ao) + Diag(Q:). 

b) Also, there exists an adjoint fundamental solution matrix 

\ / 

such that locally around t + to = ai, 

qm ^ K(t -i-to - ai)'' (4.56) 

Each qm satisfying the adjoint variational equation x = —x • 'Df(x°). 

c) The matrices Q and Q are chosen so that q^ and q„ satisfy 

qm • Qn = (Jm,n and then Q = Q'K 
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d) The number of bounded equals the dimension of the heteroclinic 

( h o m o c i i n i c )  m a n i f o l d .  N o t e  t h a t  s i n c e  r i  =  —  1  w e  h a v e  t h a t  q i  ~  K { t  +  

to ± This corresponds to the solution x°, which is always a solution of 

the linearized variational equation. This solution is bounded and represents 

a direction along the unperturbed manifold. The other bounded solutions 

combined with x° represent a basis of tangent vectors along the heteroclinic 

manifold. If we are near the fixed point p"^ with t oo, then all the bounded 

solutions correspond to qmit) ~ with > 0 and where each 7^ is 

tangent to the a local stable manifold. The remaining solutions there satisfy 

^n{t) ~ with A„i > 0 and are therefore unbounded as t 00. (These 

unbounded solutions become the bounded ones if we let i ^ —00 and look at 

the unstable manifold there.) 

Using these facts, we can define the splitting vector and the Melnikov vector in 

higher dimensions more precisely , and we can also obtain asymptotic bounds on the 

solutions to the variational equation in a neighborhood of the singularity. These come 

from the leading order asymptotic behavior of these solutions. 

Throughout the remainder of this chapter, we use the definition 

T = \t + to — ai\ (4.57) 

Also, the point t + tQ = ai will henceforth be referred to as "the singularity". 

4.2.4 General set-up / definitions of tlie vectors M(fo) and ^(^o)-

We now define the quantities which we will use in our proof. 

Let 

|""®(i, to) = x""'(i, io) - + io) (4.58) 

where the superscript u, s refers to the unstable and stable manifolds, respectively. 

(Since we will be extending the real variable to into the complex plane throughout 
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most of this chapter, we will replace replace it by z\ 

tQ I—>• to "I" ztf = z G C 

where to and v are real. The variable io) therefore represents the distance 

between the unperturbed heteroclinic manifold and solutions lying in the perturbed 

unstable (resp. stable) manifold. 

Substitution of (4.50) and (4.47) into (4.58) now yields: 

a) 

z )  =  Df(x°)^ + +  z ) ,  - )  + F i ^ , t  +  z ,  - )  
£ c 

where 

P(«,( + Z.') = f(x°+«)-f(x°)-I'/(x°)€ 
c 

+//£P[g(x° + ̂ , ^) - g(x°, J)] (4.59) 

= "2nd order" terms. 

b) From this, we build the following recursive integral equations for ^ (this 

component of our proof is due to Delshams and Seaxa [17]): 

^ l i t . z )  =  Q { t  +  z )  [  Q ~ ^ { a  +  z ) ^ i £ ' ' g { x ° { a  +  z ) , ^ ) d a  (4.60) 
J ±oo ^ 

^ n + i ( ^ 2 )  =  ^ l i t ,  z )  +  Q{ t  +  z )  F Q-^{A +  z)F{ $ ^ , a  +  Z, ^ ) d a i 4 . 6 1 )  
J ±00 ^ 

I„+i(i,x) = Q { t  +  z )  F Q-'{A + z)F{ ^ M , s ) , a  + z , - ) d a  (4.62) 
J±oo ^ 

so that 

^n+l(^>5) = ^i(i,s) +In+l(t,s) (4.63) 

the variable can be used to define the components of the splitting vector as 

follows: 
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Definition 4.3 The component of the vector representing the splitting distance 

between the stable and unstable manifolds is given by 

where £ € N such that is not bounded. 

This definition can be explained as follows. First of all, Dim(^(io)) = iV—Dim(x°) = 

the number of unbounded q^, since the bounded q„, solutions lie along the majiifold, 

spanning its surface. Due to the orthogonality conditions, the q^ which correspond to 

the unbounded q^ are orthogonal to ail of the bounded q^ and hence span the space 

orthogonal to the surface of the manifold. Thus, we are finding the distance between 

the unstable and stable manifolds along a direction transverse to the unperturbed 

manifold. Also, the fact that we evaluate the quantity at t = —Re{z) = —to comes 

from the fact that the splitting is defined at the center of the unperturbed manifold, 

as described in Section 4.1.2. 

We similarly define the Melnikov vector as the "leading order" term from the 

splitting vector; 

with £ chosen such that q^ is not bounded (which means that q^ is bounded). (A 

more detailed derivation of this definitions can be found in [13].) It is worth noting 

that if we define: 

(4.64) 

(4.65) 

(4.66) 

then 

(4.67) 

=  M l  

^Assuming that the sequence converges - we shall prove this later in this chapter. 
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due to the orthogonality condition. Hence the best definition for Mi is; 

Definition 4.4 The component of the Melnikov vector, which estimates the 

splitting distance between the stable and unstable manifolds to first order in the 

peHurbation amplitude, is given by 

This is the more common form of the Melnikov vector. 

One may check that in the case of a system in R^, the 2"*^ component of M (i.e. 

AI2) reduces to equation (4.9). Since qi(4) = x°(i) and is the bounded solution, we 

in fact expect that only the 2"*^ component is relevant. 

4.3 Theorem and outline of proof 

4.3.1 The goal 

Our desire is to find the weakest possible conditions on p such that the Melnikov 

vector for system (4.50) gives the correct leading order asymptotic behavior of the 

splitting distance. In other words, if we define 

• ^(to) to be the separatrix splitting distance 

• M(fo) to be the Melnikov vector, derived from first order perturbation 

techniques 

then we want to be able to find the weakest possible condition on p such that 

(4.68) 

^(«o) = M(io) + C?(/^'M(io)). 

with g > 0. 

Our results are as follows. 
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4.3.2 The Theorem 

Theorem 4.1 Given a system of the form (4-50), p > max{0, r^ax — 5n,m} a 

sufficient condition such that the Melnikov vector, given by (4-68), provides a valid 

leading order approximation for the separatrix splitting, that is 

^ ( i o )  =  M ( i o )  +  O  ( / x £ : ' ' M ( t o ) )  w i t h  q  >  0  

where M(fo) is the Melnikov vector and ^(io) ihe exact splitting vector. Here, we 

use rmax = max r,  and Smxn = niin a , .  

4.3.3 Outline of proof 

The proof of this theorem begins in Section 4.4.1, where we show that a proof of the 

following lemma is sufficient to prove Theorem 4.1: 

Lemma 4.1 For p > max{0, r^ox — Smtn}? 

^(^0 ± i{a. — £•)) ~ M(to ± i[cL — e)) j^l + with q > 0, (4.69) 

where the asymptotic symbol ~ is taken as e —> 0. In other words: 

Lemma 4.1 Theorem 4.1 . (4-70) 

However, as will be shown in section 4.4.2, a proof of Lemma 4.1 requires the proof 

of the following two additional lemmas: 

• Lemma 4.2 

For all n > 1 and i such that is bounded , 

Iq^ • ^0 ± i{a - £^))| < k ± 2(0 - c))| (4.71) 

vjith q > 0 as long as p > max{0, rmax ~ Smin}-
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• Lemma 4.3 

If p > max{0, Tmax — Smtn}; then for all I where is bounded, 

limq/ = q/ 
n—>00 

for all (t, z) in some region S containing the point t + z = ±i{a — e). 

Thus, 

Lemma 4.2 + Lemma 4.3 Lemma 4.1 . (4.72) 

The bulk of this chapter is devoted to proving these two lemmas. These proofs, 

contained in section 4.5, are long and highly non-trivial. VVe break them up into 

several steps, which comprise sections 4.5.1 - 4.5.4 respectively. The entire proof of 

of Theorem 4.1 is summarized by the following outline: 

I) Section 4.4.1: Proof that Lemma 4-1 Theorem 4-1 • 

II) Section 4.4.2: Proof of Lemma 4-i from Lemmas 4-2 and 4-3. 

i) Show (in Appendix B.4) that the quantity 

• (^i"(-^o, T) - ̂ i^(-io, ?)) = M,(2) 

(where 2 = to ±. i{a — c ) )  is not exponentially small in c ,  but rather of the 

same order in e as q/ • ^i'^(—io,^) • Therefore Lemma 4.2, which states 

that 

|q/ • In(-^o,2•)| < /iTe'lq; •Ci(-io,2)| 

with g > 0 for certain conditions on p, is sufficient to prove Lemma 4.1, 

provided that lim is a valid expression for 
n->oo 

ii) Since Lemma 4.3, which states that lim q^ • $„ = q< • is true formally 
n->oo 

(by construction), then showing 
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•^)|loo converges as n -> oo, and 

b) lim lim ||q^ • ^)||oo = ^ 
£—fO n->oc ' 

is suflBcient to establish Lemma 4.3 and therefore Lemma 4.1. 

I l l )  S e c t i o n  4 . 5 :  P r o o f  o f  L e m m a s  4 - 2  a n d  4 - 3  

i) Section 4.5.1: Machinery for the proofs of Lemmas 4-2 4-3-

a) Redefine and I„ to include boundary terms evaluated at a point 

inside the radius of convergence of the Psi-series axound the singularity. 

b) Define a convenient neighborhood, «S, around the singularity and 

determine the asymptotics for ^ and g(x, |) at the boundary of this 

neighborhood. 

c) Define notation, such as the norm ||^n||5 various convenient 

•'shorthand" expressions. 

d) Using the local asymptotics given in Definitions 4.1, Definition 4.2, 

and in Section 4.2.3, we obtEiin simple bounds on and bounds on 

|4„| in terms of 

ii) Section 4.5.2: K e y  p r e l i m i n a r y  r e s u l t s  t o  b e  u s e d  i n  p r o v i n g  L e m m a s  4 - 2  

and 4-3. 

a) Find a bound on |[q^ • ^i|| in terms of p. Establish that 

p > maxlo, rmax - Sminl implies lim llq^ • ^, || = 0. 
£-¥0  "  "  

b) Combine various expressions obtained in Section 4.5.1 to find bounds 

on |qf-I„|, ||^„||, and ||^i|| in terms of p. 

c) Establish that p > — i m p l i e s  l i m e _ + o  | | ^ „ | | 5  =  0  f o r  n  =  1  a n d  

n = 2. 

iii) Section 4.o.3:Proof of Lemma 4-2. 
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a) Using induction, show that ||^„|| < /^||Ci|l for all n, and therefore 

!!5^lkn|l5=0fo'^ all n. 

b) Use bounds obtained in Section 4.5.2 to establish 

lq( • In+il,ss = o |q, •1,5^), (4.73) 

which satisfies Lemma 4.2 if p > 0. 

iv) Section 4.5A:Proof of Lemma 4-3. 

Use bounds established on ||^i|| and the bounds on |q/ obtained via 

induction in the proof of Lemma 4.2 to show that p > 0 and p > Tmax—^min 

imply 

4.4 Proof of Theorem 4.1 

4.4.1 Proof that Lemma 4.1 =» Theorem 4.1 

This section gives the main body of the proof, due to Delshams and Seara [17, 19. 18]. 

It spawns a number of lemmas which need to be proven in order to achieve the desired 

result. The proofs of these lemmas (in which we employ bounds due to Theorem 2.2) 

are highly technical and will comprise most of the volume of this chapter; they will 

be given in subsequent sections. 

By assumption, the perturbation in (4.50) is 27r£ periodic in t with zero mean. 

Hence we know that the splitting distance ^(a) of the separatrix will also be 2Trs 

periodic in 2. (Remember, Re{z) = to.) In addition, the Melnikov vector, defined by 

combining (4.65) and (4.60), will have the same periodicity and also zero mean due 

to its direct dependence on g(x, ^). In other words, the Fourier series form for g(x, j) 

given in Definition 4.2 b) implies that 
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i) 

M(2)=^Mfce'^ (4.74) 

while for the exact splitting we have 

ii) 

OO 
^5^(2) = ^2 (4.75) 

Jt=—00 

(Since we assume conservative vector fields in our system (4.50), one would 

intuitively expect that the exact splitting also has zero mean. However, this is 

difficult to show.) 

We now evaluate these Fourier series at 2 = 2, where i is given by: 

z  =  to  ±  i {a  — e )  (4.76) 

so that we are a distance e away from the singularity in the imaginary direction. This 

yields the following equations for the Fourier coefficients: 

iii) 

,, _ , 1 r2TTe 
^;fc = e { s  +  i {a  -  £) )e~^~^ds  (4.77) 

27re JQ 

for fc < 0 and 

iv) 

= e f ^(s - i(a - £))e"'^ds (4.78) 
2Tve Jo 

for A: > 0. 

For the Melnikov integral, we have 
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v) 

k< - ) 1 rSire 
Mk=e^^— Mis + i{a-£))e-''-rds (4.79) 

2Tre JQ 

for A: < 0 and 

vi) 

-fc(a-r) 1 /•2Te 

Mjfc = e ^ -— / M(s — z(a — £-))e~'"^rfs (4.80) 
27re JQ 

for A: > 0. 

This choice of z therefore allows us to see the exponential smallness of all the 

terms. It follows that if, for io G (0, 2ire), the following Lemma can be proven: 

Lemma 4.1 For p > max{0, Vmax — ^min}, 

^(io ± i{ci — £•)) ~ M(io ± i{cL — s)) j^l +  C( / A s ' ) j  w i t h  q  >  0 ,  (4-81) 

then a comparison of equations (4.79) and (4.80) above to equations (4.77) and (4.78) 

leads to the conclusion that, for p > max{0, rmax — 

~ M;fc + with 9 > 0. (4-82) 

Moreover, is 0(e~^). Substituting this back into the original Fourier series for 

^ and M, we obtain 

^(io) ~  M ( t o )  [1 + 0(/^')] + ̂ 0. (4.83) 

The ^0 term, which one would intuitively expect to be zero, seems to nevertheless 

be a problem. However, Lemma 4.1 still gives us that 

^0 ~ 0(/ie'M(to)). 
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We also have a result due to Fiedler and Scheurle [22] which proves that the true 

splitting for systems of the form (4.50) is exponentially small. Therefore, must 

be exponentially small as well. We thereby finally achieve the desired result: 

^{to) ~ M(fo) [l + 0(/i^'')] with <7 > 0. • (4.84) 

However, this is still contingent on proving Lemma 4.1. This proves to be the most 

difficult and technically involved task, aiid we rely heavily on our Psi-series formalism 

to achieve it. Since Lemma 4.1 requires q > 0 and since the value of q depends on 

both p and the characteristics of the Psi-series, the condition p > max(0, r^ox — 

is obtained from the inequalities used in proving Lemma 4.1. 

4.4.2 Proof of Lemma 4.1 

In order to prove Lemma 4.1, we use equations (4.60) - (4.63) and note that: 

= qc(e,"(-<o,z)-€,'(-(o,z)) 

+4; • z) - In'(-io, z)) (4.85) 

Since one can show via contour integration (see Appendix B.4) that 

= Mt(z) (4.86) 

is not exponentially small in e but rather 

M i { z )  ~ 2) as £ 0, (4.87) 

we need only show the following in order to prove Lemma 4.1: 

Lemma 4.2: 

Vn > 1 and I such that is bounded, 

|q«-In(-^o,^o±i(a-^))l < (4-88) 



123 

with q> Q as long as p > max{Q, r^ax — Smm}-

This shows that at the point z  =  t o  ± i { a  —  e ) ,  the extra terms involved in the eract 

splitting are algebraically smaller than the terms involved in the Melnikov vector. 

However, the left-hand side of equation (4.85) only represents the "exact splitting" if 

we can show that: 

Lemma 4.3: 

If p> max{Q,rmax — ^hen for all I where is bounded, 

limq/-^„(«,z) = -^(t, z) (4.89) 
n—>oo 

for all {t, z) in some region S containing the point t + z = ±i{a — s). 

This amounts to showing that the recursive relation (4.61) converges to some limit 

and that this limit behaves "correctly" with respect to e in that it goes to zero when 

0. We use the following definition for the region <S 

Definition 4.5 fVe shall define the region S to be 

S  =  { { t .  z )  :  { a  —  2 s )  <  I m { z )  <  { a  —  s )  a n d  0 < i + Re{z) < R < oo}, 

when discussing the stable manifold and 

S  =  {(i, z )  :  { a  —  2 e )  <  X m { z )  <  { a  —  e )  a n d  — oo < —R < t + Re{z) < 0}, 

when discussing the unstable manifold. This region is shown in Figure 4-4 for 

the unstable case. 

^The region S is chosen around the singiilarity aX t + z = +ai for convenience and to avoid 
confusion. Everything that follows works identically around the singularity at t + z = —ai, but 
henceforth we shall define the variable r to be + 2 — ai|. 
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We need the distance between the perturbed and unperturbed solutions (^) to go to 

zero in the variable e even as the argument approaches the singularity through the 

region S. We also need the recursive relation for this distance, given by (4.61), to 

converge. Thus, we must have 

lim ||q£ <K<oc (4.90) 
n—foo " 

for some K ER, and also 

lim lim ||q< • C;;'''(i, 2)||^ =0, (4.91) 
£—>0 n-^ca " 

where we define the norm || • ||^ as follows; 

||q/•^(^.^)|loo = sup {Iq; •^(i,2)}. (4.92) 
i t , z ) € S  

In order to preserve the validity of our series solutions for x, x°, q^, etc., we choose 

the variable R in our definition of S to be less than the radius of convergence of 

the Psi-series of these quantities. We furthermore define "border" variables T± for 

limiting the time values, so that 

T- + io = —R (4.93) 

= R. (4.94) 

(Recall that =  R e { z ) ) .  

4.5 Proofs of Lemmas 4.2 and 4.3 

4.5.1 Machinery for the proofs of Lemmas 4.2 and 4.3 

In this section, we will: 

a) Give the asymptotic behavior for the unstable and stable manifolds on the 

b o u n d a r y  o f  t h e  r e g i o n  S  u s i n g  R  —  e ^ .  
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b) Obtain bounds for the vectors and 

c) Establish notational conventions for writing these and other bounds in an 

efficient, abbreviated manner. 

We will use these in the next section to derive a set of main results for use in the 

proofs of Lemmas 4.2 and 4.3. 

Using (4.55) and (4.56) together with the assumption that S does lies within the 

radius of convergence of our Psi-series ciround t + z = ai, we obtain the following 

bounds for the behavior of the series solutions of the various quantities needed to 

express the splitting distance: 

l(qm),| < (4.95) 

|(q^),| < 

\ g , { x \ \ ) \  <  

where we remind the reader that we now have r = \ t  +  z  ± i  az| with { t , z )  6 <S. 

Ultimately, we shall use R = y/E, as we are mainly concerned with the behavior of 

the solutions as they approach the singularity. 

Next, we redefine and in the following way in order to utilize the convergence 

region S: 

C'\t,z) = Q{t + z)Q-HT^ + zmT^,z) (4.96) 

-\-Q{t-\-z) f Q~^{a + z)fi£^g{x°{a + z),—)da 

i* ^ 

C-:i(f,2) = + + Q-\cT + z)¥{^^{a,z),a + z,-)da{A.Ql) 
JTzf ^ 

l l t i i t ^ z )  =  Q { t  +  z )  Q - ' { a  +  z ) F { i ^ { a , z ) , a  +  z , - ) d a  (4.98) 

where the (—) and (+) go with the u and s respectively. Note that by this definition, 

the "Boundary conditions" ^"'^(TV,^) = ^"'^(T:p, z) and ^)J'^(T:f, z) = ^"'^(IV,^) axe 
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still satisfied. Our region of integration in (4.96) now ranges over a region in which 

the bounds (4.95) apply. An important result which we will use is the following: 

Lemma 4.4 

z )  =  +  z ) , ^ ^ + 0  (4.99) 

for all satisfying z) ^ S and \T^ + io| = |-R| < where we define 

TT = \T^: + 2 ± ai\ and G(x, 6) to be the function with zero mean in 9 satisfying 

^G(x,«) = g(x,l9). (4.100) 

Proof: 

This result is proven in Appendix B.l. • 

Using (4.96) and (4.95), we obtain the following expression for bounding ^"(i, z ) :  

N N 

k=l t=l 
N N .t 

/ ti£^\cT + z — ail~''^'^°'~^dcr 
k=i i=i Jt. 

An analogous expression holds for with TL replaced by T+. As this is always the 

case, we will restrict our discussion to for brevity. 

Now, in order to avoid continuing with such cumbersome summation notation, we 

define the following short-hand notation: 

Notation 1 

a) Let a G (3 6 and A be a real N x N matrix, then: 

N 

ICl'"^ • \Df'' (4.102) 
i fc=i 
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and 

N N 
( c -'\A\Dl') = 1"^!°' • IA.*I • 1^1"' (4.103) 

b) Define 

j=i fc=i 

ar = jo- + z — ail. (4.104) 

(OT = \(7 + Z + ai\ in the stable manifold case) and let .4 G R. Then we define 

the variable fr^ as follows: 

't 
p'^ = f (7^da = sup for A ^ —1 

= sup {In (cTr)} for A = —I . 
<Te{r_,£) 

(4.105) 

(4.106) 

c) The subscript "all" is intended to denote that fact that the bound must be true 

for all components of the corresponding vector, so that this notation essentially 

means that, for example,: 

N N 
c-'^allp^aU = 

j=l k=l 

rk (4.107) 

d) We define 

N 

t=l {t,z)&S 
(4.108) 

so that we may write: 

\^ j{ t  +  z) \  <  f o r r e S  (4.109) 

To illustrate the use of this notation, we use Notation 1 a) and b) to re-write (4.101) 

as 
N 

l(«r((. ̂ )),l < JriT-'>'(T'-|Tr)(£''-V-"-'+°|T?') + AfjT-' 
fc=l 

(4.110) 
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Note that throughout our proof, the variable K or A', will be used to simply denote an 

unspecified, finite constant independent of /x or £ which will not affect our asymptotics. 

It turns out that if one wants the weakest possible conditions on p, equation (4.110) 

is not good enough; the expression for must be modified using an integration trick 

(see Appendix B.2), the effect of which is to trade a power of e for a power of p. This 

changes equation (4.101) to 

N .V 

fc=l i=l 

iV iV 
-Q, '  

rt 

k=i i=i 

which can be re-written as 

(4.112) 

N 

k - l  

Continuing to use our new notation, we write down a simple bound for |q/ -^il- If 

we follow the logic in equations (4.65) - (4.67) involving the orthogonality conditions 

on the solutions of the linearized variational equation, we see that the following 

quantity will be related to the splitting distance: 

;V 

1 f fc=i 
(4.113) 

where ^ — 1. If we next consider equation (4.97) and imagine trying to apply 

bounds for as we did for we obtain (still using the bounds (4.95)), 

lte«.^))il < I(€?(«, ̂ ))^l +^-°' E'-" f  a-*(a?|F(«„.„cr + z, 
i fc=l 

(4.114) 
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(Note that this relationship will also be modified by the integration trick in the 

appendix.) If we again use the orthogonality relations for q^, we also obtain 

l ( q < +  ( 4 . 1 1 5 )  

The problem here is that F depends on 4n-i- order to extract all the bounds out 

of the integral, we must use Notation 1 d) to re-write F. 

Since F consists of the "2nd order' perturbation terms, one expects that 

t. 
+  < K t  [ v H i x " )  •  e „ - i ) ^  + m ' K 2  (»g(x°)«„_,)^ 

where K < oo and 

(oVCx") • ( U ) .  =  cL, • n/A^') • 

(4.116) 

(4.117) 

with Hfj representing the Hessian Matrix of /, and the superscript f denoting the 

conjugate transpose of the vector. This turns out to be the case provided that 

lira||$„_i(i,z)||5 = 0 (4.118) 

Lemma 4.5 

If 

;im||^„_i(i, z)l|5=0, (4.119) 

then 

(F (e„ - i , t  +  z , j ) )J  (P ' fCx")  •  + i i e 'K2  ( l ' g (x»K„_ , )^  

(4.120) 

where Ki < oo, K2 < 00, and 

^ 2 ? ^ / ( x ° )  •  w h e r e  T i f j  i s  t h e  H e s s i a n  M a t r i x  o f  f j  

(4.121) 

''The superscript u has been dropped to avoid notational clutter. 
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Proof: 

The proof of this is contained in Appendix B.3. • 

We can, in fact, prove that at each order of n, 

and we shall also show that 

Urn ||^i(£, 2)115 = 0. (4.123) 
£-»0 

Hence, the condition for Lemma 4.5 is satisfied for each n. We shall ultimately show 

this by induction, proving equation (4.122) at each value of n and then using this and 

(4.123) to claim (4.119), which gives us (4.120) and allows us to proceed to the next 

n. 

Using our Notation 1 d), we can say that over the region S 

(®V(x°)-SL,((,z))^ <i(r(||«((,2)||3T-"|-H/i(x'')j||€((,z)||3r-°). (4.124) 

The fact that fj{v9) ~ means that ^ ^-aj-i+a^+a, ^ 

find from (4.124) that 

(uVCx'j-SLil'.^)), <ftr||?„.,((,2)||3-r-'-'. (4.125) 

Similar arguments using the fact that |^(x°, ^)| < take care of the 2nd 

term in (4.120), so that ultimately 

(4.126) 

Using this, (4.114) becomes ^ 

^RecziU that, as established in the notation section of Chapter 2, (^„)j refers to the jth component 
of the vector 
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One final note should be made before continuing. A key factor in the procedure for 

this proof is that the arbitrary phase shift z allows us to express x° as a function 

oi t + z. This, in turn, allows us to express the periodic functions of | {i.e. g (j) 

and terms arising from this) in terms of in the integrands of equations (4.96)-

(4.97). Since these are integrals over real values of a, the complex exponentials will 

always have real arguments ajid hence their magnitudes are bounded by 1. Thus, we 

can eliminate these periodic terms from our asymptotics near the singularity, since it 

is the variable z that approaches the singularity while t (and hence the integration 

variable a) remains real. This is why these terms have been absent from our bounds 

thus far. 

4.5.2 Key preliminary results to be used in proving Lemmas 4.2 and 4.3 

We begin by considering the behavior of z) in the region S. Specifically, due to 

the fact that we have result (4.99) as proven in Appendix B.l, we set R = (so that 

r = \/{e + e^) ~ 0{£^) and and we consider the region S as shown in 

Figure 4.4. (Note: The calculations presented here are symmetric, so that we obtain 

the exact same results for ^i%t,z) with the region S extending for Re{t) > 0 instead 

of Re{t) < 0. We remind the reader that our results are also symmetric whether we 

consider the singularity a.t t + z = ai or t + z = —ai. For brevity, then, we continue 

to present only the work for z) around the singularity t + z = ai while dropping 

the superscript u until needed.) The region S is now defined by: 

5 = {(i, 2) : (a — 2 e) < X m { z )  < (a — e) and — £2 < t  +  R e { z )  <  0}, (4.128) 

so that we have 

S : K I £ < T <  K 2 e ^ .  (4.129) 
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for finite constant Ki and K2 independent of e. 

Im(z) 

Path of Incegranon 

Re(t+z) = t +1 

FIGURE 4.4. The Regions S for bounding 

With the region of integration from (4.96) taken on the uppermost border of S, we 

will ultimately achieve more accurate bounds. We begin, however, with the simplest 

bounds on Using the definition (4.129) and (4.105) in equation (4.113), we obtain 

||q;-^?(i,2)|loc ^ (4.130) 

where Tmax = O' ^min = infinity norm is taken over { t ,  z )  e S .  

Note that here, we have used the fact that for Re{t + z) < 0, Po '^ when A > 0. 

Also, the fact that we choose an i value such that qt is unbounded only affects our 

calculations in that it eliminates ri = — 1 from ever being used when we dot with 

€• 

We immediately see from (4.130) that a suflScient condition for 

lim||q,-S;(t,z)L = 0 (4.131) 
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to be true is given by: 

P ^ ^max Oimin- (4.132) 

Equation (4.131) is a necessary condition for (4.91), the first part of Proposition 4.3, 

since bxin = +In- Condition (4.132), along with p > 0, ultimately turns out to be 

the sufficient condition for the entire Lemma 4.1. 

VVe now turn toward bounds on since we need this in the integrand to bound 

Using (4.111) together with the definition of the region (4.129) which sets < Ks^, 

we obtain 

(4.133) 

We must now go on to ^2- Once we establish a result here, we can proceed inductively 

to obtain generic results for It is at ̂ 2 that we must begin dealing with the presence 

of F. Note that so far, we need only that 

P > - ^  ( 4 . 1 3 4 )  

in order to have liin [[^^(t, 2)||^ = 0. Satisfying this condition (as well as condition 

(4.132)) for p, we therefore find that (4.120) applies for n — 1 = 1, which leads directly 

to (4.126). 

Having (4.126) apply gives us a number of important results. We begin with the 

fact that using (4.126) together (4.97) for n = 2, we know that (4.127) applies. 

Once again, we alter this using the integration trick in Appendix B.2. The new 

result is: 

+r—' (r-'-' + Tf'-')^||«„.,||s 

+p.e'*'T-"(T'\ +r-'+=-«-'))||«„_,||s (4.135) 
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which leads to 

r65 ' ' ' r6iS * ' ' 

+^-^3Sup^r'' 

eKs sup^r''|r-'-^^ \\l + sup^r*"^ ||^n-i |ls> (4-136) 

which ultimately gives two important results, valid for n = 2: 

Key results 

| q <  •  « <  l q <  •  « i l «  +  | | « „ _ , | U  +  K^B—" ||€„.,||| 
(4.137) 

which can also be stated as 

|q< • U r ^ s  <  + Il€n-l||^ (•'•138) 

We can further infer from (4-136) that 

ll«Jls S + (*^''*^ll«„-ills+ ||e„-iliy • (4.139) 

For completeness, we list an additional "key" result, already given in equation 

(1133): 

(4-140) 

Note that the constant K in equations (4-139) and (4-140) is intended to 

represent a generic constant independent of e and need not necessarily be the 

same for the two equations-

Since these results apply at least up to n = 2 as shown, we now use induction in the 

following proof. 
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4.5.3 Proof of Lemma 4.2 

Equations (4.137)-(4.139) apply for some specific value of n (n = 2) which we will 

call n, so we have that 

(4.141) 
£-•0 
lim L = 0 

as long as p > — due to equation (4.133). This gives means that (4.120) and 

hence (4.126) are valid for n = n + 1, i.e. 

But, following the same procedure as we just did for n = 2, this now gives us the 

same results as (4.135)-(4.136) for n = n + 1, i.e. 

I(€n+l)j t€5 

,-r+5a(i-l 

(4.143) 

^n+i|ls ^ ll^ills+e-f'^iSup/rHp »• i\||^^||g + /5:2/x£''+^sup/r'" 
res ^ ' ' res ^ 

+ e/sTsSup^r'' +/r4/ie''+^sup^r'"|r-'*+'»»"-^^||^^||5 

+ e/fssup^r'" r-'-^^||Cfi||g+ i^6M£'''^^sup^r''|rf+°''"-^^||^^||g (4.144) 
res \ ' " "" res 

which now gives results analogous to (4.137)-(4.139), i.e 

% • «s+, < 1% •«. Ir€^ + ||«,||s + ||«,||| (4.145) 

and 

(4.146) 
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We therefore have that (4.145)-(4.146) are true for n = n and that this implies 

that they are true for n = fi + 1. Note also that 

lim||^^(i,z)||5 = 0 (4.147) 

now implies 

as well. 

Therefore, by induction, we have that for all n > 1, equations (4.145)-(4.139) and 

(4.147) hold. 

Lastly, (and this result is useful for the next proof as well), we note that since 

||«„«||5 < ||€,|is + K + ||«„||^) (4.149) 

is true for all n, we can build up a geometric series by starting with n = 2 and working 

upward. For simplicity, we work with a weaker bound 

Ik„+,|ls < ||«l|ls + K (/^'lllnlls + ||«„||s) . (4.150) 

and also with a weaker bound on ||$i||g, i.e. 

11^1 II5 < < K^le^ (4.151) 

This gives the following (substituting (4.151) for one ||Ci||c) ^ 

^2||3 < {l + 2KtisnUi\\s (4.152) 

< {l + 2Kfie''il + Kfisn)\\^,\\^ (4.153) 

l«»+ills S Infills ('••IS'l) 

Hence we have that 

ll^nlLs < ( 
1 + K fj,£^ 

n-^00 ^2^ _ f{ij£P 
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and therefore, for all n, 

where K < 

Now. using (4.138) together with (4.156), we obtain 

|q< • ||«i|ls + ftTie-'-" i|S,||^ (4.157) 

where each AT, can be chosen independent of n. So, using now the stricter bound 

(4.133 on 11^1 llg), we obtain 

|q« • In+ilre5 < + /ir2^2^2p+s„„-r„„ (4.158) 

So, according to (4.130), we have that 

|q/ • Iri+llr65 = ^ lq< • ^llrgs) " (4.159) 

Therefore, the condition equation (4.88) holds under the condition that 

p > 0. (4.160) 

• 

4.5.4 Proof of Lemma 4.3 

We already have from equation (4.130) that condition (4.132) implies equation (4.91), 

i.e. 

P > rmax - ̂min Jim ||q/ • ^^•'11^ = 0. (4.161) 

with the II • lloo norm taken over {t, z) e S. 

The result (4.157) directly gives, by the fact that its right hand side does not 

depend on n, the following: 

lim |q< • S |q/ • ||«,lls + ||«,||^ (4.162) 
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which directly gives equation (4.90). 

Now, using result (4.133) gives 

lim |q, • < 1% • (4.163) 
n-J-oo ^ ^ 

Hence, provided p > 0 and p > Tmax — ^min, equations (4.161) and (4.163) give 

lim lim |q^ • ^„(r G 5)| = 0. (4.164) 
£->0 n—>oo 

which gives equation (4.91). 

4.6 Applications 

4.6.1 A simple two-dimensional example: The Duffing oscillator 

We consider now a rapidly perturbed Duffing oscillator, given by 

X = f (x) + fie^g ^x, (4.165) 

where 

X = { % ) '  f t " )  =  (  X ,  -  x ;  )  •  ®  0  =  (  s i n  ( t )  )  •  ( " I S ® '  

As already shown in Section 2.3.4, when /i = 0 this system has a homoclinic 

connection to the fixed point (xi,x2) = (0,0) given by: 

f  ^ i ( i )  A / >/2sech(t) \ 
\  X 2 ( t )  J  V — \/2 tanh(f) sech(f) J  '  

which possesses poles closest to the real axis at i = iif (or r = 4 T if = 0). 

Furthermore, this system has principal balances for series solutions of leading order 

X ~ a (t — i f )  given by 

" = ( 0  
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Since the perturbation term g (x, = /i^^cos (^) does not depend on x, matching 

this term to the asymptotic form 

g ^x, ~ (4.169) 

yields 

S = ( T )  •  

where we formally assign the symbol +00 to Si to represent the fact that ^i = 0. 

Thus Smin = 3. The matrix for the resonances is given by 

V =  Vf{ao)  +  Diag(a) = ^ ^ ^ 

(Recall that only the cubic term in /2(x) is dominant.) The eigenvalues of V are 

{—1,4}, and therefore the only positive resonance is given by ra = rmax = 4. Thus, 

fmax — Smin = Theorem 4.1 then states that a sufficient condition for the 

Melnikov vector to give an accurate asymptotic estimate of the separatrix splitting 

is p > 1. As already shown in Section 4.1.3, the Melnikov integral for this system is 

given by 

iV/(io) = 27rsech(^) sin (—). (4.172) 

4.6.2 The magnetized spherical pendulum 

We now consider a higher dimensional example. The magnetized spherical pendulum 

has been studied by Gruendler [39] and by Goriely and Tabor [38]. We present here 

the undamped case with a rapid perturbative forcing term. The system we consider 

is 

x'l = X2 (4.173) 

X2 =  x i  -  2 x i  { x \  + Xg) + l i e ' '  (3xi + xj + 2X1X3) cos 

X3 = X4 

X4 =  xa -  2x3 { x l  +  x f j  + fie'' (xi + 3x3 + 2x1x3) cos 
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When ^ = 0, this system has a hyperbolic fixed point at the origin, and this fixed 

point has a family of homoclinic curves given by 

x°(t) 

x°(i) 

2:3(0 

= sech(f)cos0 

= X? 

= sech(i)sin0 

= 

(4.174) 

(4.175) 

(4.176) 

(4.177) 

where 0 € [0, 27r] is a constant parameter. These curves have poles on the imaginary 

time axis at = ±i^, t» = ±i3 |, etc. 

Performing the singularity analysis on this system by letting x ~ aoT"", we find 

that 

f K \ 

oc = 

( 1 \ 
2 

1 
V 2 y  

K 
-K 

iVl + 
(4.178) and ao = 

^ —z\/l + K"̂  J 

where K is an arbitrary constant, this yields a resonance matrix V which has 

eigenvalues { — 1,0,3,4}. Furthermore, the form of ot and of the perturbation term 

gives ot = (+0C. 1, +00,1), since 

^2(x, -) ~ CT = CT -2 _ ^-Q2 —l+Sj _ ^-3+02 (4.179) 

Thus, Vmax = 4 and amin = 1- Hence, Theorem 4.1 states that p > rmax — ^min = 3 

is a sufficient condition for the Melnikov vector to give the correct leading order 

behavior of the separatrix splitting. 

For this system, the relevant components of the Melnikov vector are [38]: 

^hito) = ^1 + sech^^j (sin0 - COS0) cos (4.180) 

MA{to) = ^1 + sech^0 (sin^ + cos0)sin (4.181) 



141 

4.6.3 The ABC flow 

The ABC flow models steady three-dimensional fluid flow. The system can generically 

be written in terms of Cartesian space coordinates (x, y, z) with periodic boundary 

conditions as follows: 

where we assume A > B > 0. In the limit C = 0, the reduced (x, z) space of this 

system has a Hamiltonian structure given by if = B sin x + .4 cos z = y. Thus, each 

constant value of H produces a linear drift in the y direction given by y{t) = H t. If 

we now let C = ̂ jle^ > 0 where e is small, we have a small coupling between the (x, z) 

flows and the y drift. This gives a natural perturbative forcing term. However, this 

system does not consist of polynomial vector fields and therefore does not satisfy the 

hypotheses of Theorem 4.1 without a change of variable. Therefore, in order to work 

with a polynomial vector field, we employ the following change of variables [38]: 

X i4 sin 2 + C cos y 

y = 5 sin X + A cos z (4.182) 

z C siny + B cos x, 

q4 = .4 sin x 

Qi = B cos X 

q2 = B sin X 

93 = .4 cos X 

y = Ht 

(4.183) 

(4.184) 

(4.185) 

(4.186) 

(4.187) 

which transforms system (4.182) into 

91 = -9294 - /^''92 cos { H t )  

92 = qiq4 +lie^qi cos {Ht) 

93 = -9i94 - t^^qA sin { H t )  

94 = 9291 +/^''92Sin(/f£). 

(4.188) 
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System (4.188) exhibits rapid forcing for high energies, i.e. high velocity, small 

magnitude flow in the y direction. Therefore, we consider the case that H — \ 

in order to for the system to match the form (4.50). 

Note that the variable y now takes on the role of time for a non-autonomous 

perturbation on an autonomous system in the phase space q. We therefore consider 

the transformation of the structure of the restricted phase space (x, z) of the original 

system (4.182) in the unperturbed (/x = 0) case. When /i = 0, the original 

phase space (x, z) contains hyperbolic fixed points at values of (x, z) for which 

sinx = ±1 and cos^ = — sinx. In the new variables, this corresponds to the points 

(9i7 92) 93» 94) = (0) TS, ±.4,0). We study here the behavior of the transformed system 

around the hyperbolic fixed point (0,-5,^4,0). This fixed point has a homoclinic 

solution q°(t + to) given by: 

where = AB and = -^TB- solution has poles closest to the real axis 

at = ±1 (zTT ± log (1^)), where P = Choosing an appropriate shift in the 

arbitrary parameter fo puts either of these singularities on the imaginary t axis.® 

We now perform a singularity analysis on the solution q° using q ~ aoT~" where 

r = + io — ^»|- We see that we must have a. = (1,1,1,1) and that there are four 

®Note that the einzdysis in the proof of Theorem 4.1 can be extended over zin integration path for 
^ that goes a finite distance beyond the point of closest approach to the singularity on the imaginziry 
axis, thus the result of Theorem 4.1 can be extended for two singularities the same distcince from 
the real axis by connecting the integration regions for and at the bound£iry between the radii 
of convergence of the two singularities. 

—2c6sinh {c{t + to)) 
(4.189) 

6^ + cosh^ {c{t + io)) 

26 cosh {c{t + ̂ o)) 

6^ + cosh^ {c{t + io)) 
A2 I 1 „;„u2 i„(j.  

(4.190) 
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possibilities for ao: 

ao = (-i, 1,-1,0, 

ao  =  (2 , -1 ,1 . -0 ,  

ao = (-2,-1,1,0, or 

a o  =  ( - 2 , 1 , - 1 , 0 .  

In any of these cases, the resonance matrix, given here hy V = ^?f(ao) + X, has 

eigenvalues {—1,1,2,2}, so Vmax = 2. Furthermore, each qi ~ —ao^r"^ while 

each gt(q, 7) ~ so S = (1,1,1,1). Therefore, Theorem 4.1 states that 

the Melnikov integral will give the correct leading order separatrix splitting for 

P ^ ^max ^min — 1-

.A.S the original phase space of the un-transformed, unperturbed system was of 

dimension two (and we can reduce the transformed system to this dimension via 

Q1+Q2 — 93+94 = it is reasonable to have only one relevant component 

of the Melnikov vector. This is in fact the case, and the Melnikov integral for this 

system is given by 

U ( t o )  =  s / 2 n  (cos log ) - «" (55 '°S (2^) "<>'• 

(4.191) 

4.6.4 A Re-phrasing of Theorem 4.1 for completely integrable systems of 

homogeneous degree 

For the special case of completely integrable systems with vector fields of homogeneous 

degree, the resonances (and therefore the result of Theorem 4.1) can be re-written 

in terms of the degrees of the integrals of motion, thus allowing one to avoid the 

machinery of singularity analysis. Here, we define a vector field of homogeneous 

degree as follows: 
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Definition 4.6 Given a vector field f(x) : (->• . we say f(x) is of 

homogeneous degree if there is a d E N such that each component fi{x.) is a 

polynomial of degree d. 

For such vector fields, the asymptotic form x ~ aor"" for the system x = f(x) 

admits an a vector whose components are identical, each component of the balancing 

equation satisfying 

-Qao.r-°-^ = /i(aio)T-''° 4- (4.192) 

where oij = a for all i. This dictates that 

a = (4.193) 

in order for the equation to balance. 

We also require the system x = f(x) to be completely algebraically integrable in 

the sense that it possesses iV — 1 independent algebraic first integrals of motion Ij. 

meaning it possesses iV — 1 functions Ij consisting of sums of rational functions of x 

and satisfying Ij = 0. By independent, we mean that 

: : : \ 

rank V/i V/2 • • • = 7V — 1 for all X (4.194) 

It can be shown that each V/j, taken as a row vector, is a solution to the adjoint 

variational equation Q = —ql'f as follows [38]: 

V /  =  x - ( V - ( V / ) )  ( 4 . 1 9 5 )  

=  f - ( V - ( V / ) )  ( 4 . 1 9 6 )  

= V • (f • V/) - (V/) • (Vf) (4.197) 

=  V ~ - ( V / ) - P f  ( 4 . 1 9 8 )  
at 

= -V/-Pf. (4.199) 
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If we define > 0 to be the asymptotic leading order exponent of Ij so that 

Ij ~ (4.200) 

where Cj is some constant, then we aiso have 

(4.201) 

This matches the asymptotic behavior, given by equation (4.56), of the solutions ^ 

to the adjoint variational equation if and only if = rj. In fact, the N — 1 vectors 

Vlj form a basis for the N — 1 solutions ^ corresponding to rj > 0, while the 

remaining solution is the unbounded solution corresponding to ri = — 1 and related 

to the solution x of the forward variational equation. See Goriely [37] for details. 

Since each component of ct is given by aj = q, the asymptotic behavior of each 

component of VIj is the same and is given by V/j ~ due to equation 

(4.193). Now let Dj denote the degree of the first integral Ij. Then 

Ij ~ CjT-'^^" (4.202) 

so that 

Dja = 3j = Tj. (4.203) 

Hence, the resonance Vj are given by 

r, = (4.204) 

for j  =  2 , 3 , . . . .  N .  Therefore, adding a perturbative rapid forcing term to the 

vector field f(x), we can restate Theorem 4.1 for a completely integrable system of 

homogeneous degree as follows: 

Theorem 4.2 Given a system of the form (4-50) such that each component of 

f(x) is polynomial of degree d and such that the unperturbed system x = f(x) 
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possesses N — 1 algebraic first integrals I j ,  j = 1,2, ,iV — 1 of degrees D j ,  then 

p > max{0, ~Srnm} ^ 0, Sufficient condition such that the Melnikov vector, given 

by (4-68), provides the valid leading order approximation for the separatrix splitting, 

where Dmax = max Z), and Smm = min a, . 
•' l<j<N •' 

4.7 Conclusion 

Using bounds on the solutions to the linearized vaxiationaJ equation obtained from the 

Psi-Series formalism, we were able to go into the complex plane near the singularity 

of the unperturbed separatrix solution and obtain bounds which prove the validity 

of the Melnikov vector under certain conditions on p. These conditions, given by 

p > Tnax{Q, rjnax — 3mm}> depend only on terms related to the local asymptotic form 

of the Psi-series solutions. We believe this illustrates the power of the Psi-series 

technique. For completely integrable systems of homogeneous degree, the result can 

be written in terms of the degree of the vector filed and the degrees of the integrals 

of motion. 

The practical significance of this result lies mostly in the discovery of Fiedler and 

Scheurle [22] that the consistency condition of a one step numerical discretizations, 

accurate to order p in the step size e, of the system x = f(x) is given by (4.50). 

Perhaps this result can then be used to determine the necessary truncation order for 

accurately predicting when numerical chaos is introduced. 

A promising subject for future work would be to re-do the analysis in this 

chapter for studying the splitting of non-resonant (KAM) tori. For certain classes 

of perturbed Hamiltonian systems, such as those found in [69], the perturbed flows 

contain components of the form x = ff(x), which can only be studied using averaging 

techniques which lead to exponentially small splitting. Proving the existence of a 

transverse intersection between the stable and unstable manifolds of the non-resonant 

tori in these systems takes on special significance because such intersections lead to 
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the phenomenon known as Arnold diffusion, in which the flows can pass from one 

torus to another [69, 84]. This analysis would require studying systems with quasi-

periodic forcing and with a more complicated Melnikov integral parametrized by both 

a time shift and an action variable. 
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Chapter 5 

EPILOGUE 

We have used singularity analysis to obtain two new results which are generically 

applicable to a wide class of systems in situations where previously, results were only 

obtainable for specific systems. This continues in the spirit of singularity analysis 

dating back to Ablowitz, Ramani, and Segur first connecting the Painleve property to 

general statements about integrability in PDE's. In this regard, we have even shown 

that extensions of the algorithms of Painleve analysis can provide information about 

non-integrable systems, as in the example of the perturbed one-soliton KdV equation. 

Indeed, it is the minor modifications and additions to the singularity analysis process 

which permits discoveries to continue to made using this process as a tool. 

The blow-up result followed from both a deeper understanding of the generic forms 

for the recursion relations and from a study of the relationship between the arbitrary 

parameters in the Psi-series and the initial conditions. It might be worth further 

study to see if some sort of continuity argument can be made to apply the result 

to systems with non-rational resonances (and hence no well-ordered algorithmic Psi-

series), based on some sort of argument that such systems are still "close" in parameter 

space to systems with rational resonances. Regardless, the result is applicable to a 

wide variety of physical problems, such as those mentioned in Chapter 3. 

The result on exponentially small separatrix splitting required the use of 

singularity analysis to find the asymptotic behavior of the solutions to the variational 

equations of a vector field. The result itself would seem to be of particular interest 

in the context of its application to numerical analysis, i.e. predicting whether a 

particular numerical scheme will create chaos. This would seem to motivate the 

question of whether one can actually differentiate numerical chaos from the actual 
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chaos in a system being modeled. The result also applies to averaging theory, and 

in particular it would be useful to extend this result to study the splitting distance 

of non-resonant tori in the cases where averaging theory must be used and hence the 

splitting distance is exponentially small. Such a result would provide an analytical 

tool for predicting Arnold diffusion. 

We hope that these results will be useful in many other applications, but it is also 

hoped that these results will motivate the further utilization of singularity emalysis 

by others to yield perhaps even more mathematical results. 
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Appendix A 

PROOFS AND DERIVATIONS OF PSI-SERIES 

A.l Derivation of recursion relation 2.24 

Note that the following derivation is done iov T = t, — t instead of the usual t — t,. 

This is done because these results are mainly used for the blow-up result in Chapter 3, 

where we want the blow up to occur forward in time. The analogous general relations 

ioT T = t — t. trivially involve only a sign change on a few terms. 

We begin by writing an expression for the zth component of the n-dimensional 

equation (2.15), i.e. 

=  f i i ^ )  =  M ^ )  + M ^ )  (A.l) 

We also rewrite the Psi-series (2.3) for a single component of x: 

00 

j=Q k=0 

where T =  ( t ,  —  t )  and ao,o = ao since we expect no logarithms at leading order. 

(It will be apparent later that a logarithm at leading order can only occur if there 

is a degenerate resonance at j = 0 with insufficient eigenvectors, but even then the 

coefficient ao,o will still play the role of ao). The a.j^k coefficients are now constants. 

In order to obtain a generic recursion relation, it is necessary to introduce a specific 

form for ft and fi. Thus, let 

(A.3) 
= (a.4) 

Without loss of generality, we have made both fi and fi consist of only one polynomial 

term, but it will hopefully be apparent to the reader that the general form of the 
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recursion relations which result from this would be unchanged for an arbitrary number 

of terms. Since /i(x) is the dominant balance term, it will by definition have a leading-

order power of r which matches that of (i.e. it will go as while the leading 

order term of /i(x) will be at least one order higher (so that it goes as r 

higher). Thus, equation (A.l) becomes 

or 

^(^ - (logr)'^ + ̂  A: (log^ 
-j=0 " J=0 t=0 

(A.5) 

ar -a, - I  

br -Q.-l+i 

j=0 J=0 
fc=0 JksO 

j = 0  k=:0 

+ 

NIN 

L j=0 
Jk=0 

J=0 k=Q 
j=0 
k=0 

If we now consider collecting terms of order it is clear that these will only 

involve coefficients whose first index is less than J (i.e. with j < J) except in the 

case where there is a product of a single a-j^k times many ao,o- Furthermore, this last 

case will only occur for the dominant balance term, as the highest j value for an 

appearing at this order in the fi term would he j = J — I. We therefore deduce that 

the recursion relation for the ith component of (A.l) at order r9~'^'~^(logr)^ (valid 

only for J > 1) is: 

- - AI) A% -(K + 1) 0®^^, = {A.6) 

+M, (aW)"' (aS)"'-' + • • • 

+M„ a% (a'il)"' (a®)"' 
( i )  

which simplifies to 

+ (A.7) 
m=l 



152 

The term is some undetermined polynomial of various coeflBcients for which 

j < J and k < K. 

Equation (A.7) holds for any component i of the system, so upon dropping the 

index i and going back to the n-dimensional system, we get a matrix equation for the 

recursion relations: 

[-Z}f(ao.o) - - I  +  Diag(a)]aj,A: = (K + l)a.j^K+i + hj^K{aijyJ < J. k < K) (A.8) 
9 

where Df(ao,o) is just the Jacobian matrix of f evaluated at x = ao,o (i-C- each Xi is 

evaluated at Cqg). Defining the matrix TZ = [—Z)f(ao,o) + Diag(o:)] and dropping the 

capital indices, we shorten our notation to 

[TZ — = {k + L)AJ,JFC+I + hj^k (A.9) 

This is just an n-dimensional linear system with constant coefficients. It always has 

a unique solution except when ^ is an eigenvalue of the matrix TZ. As discussed 

previously, these eigenvalues are the resonances, and we can see now why they 

correspond to arbitrary coefficients. One such resonance is always —1. 

A.2 Proof of Theorem 2.1 

We only need to show that (A.9) does in fact have a solution. Since we are assuming 

that our Psi-series expansion represents a general solution to the system, there must 

be n — 1 non-negative rational resonances, not necessarily distinct (note that q is 

the l.c.d. of these resonances). For now, we will deal with the case where for every 

repeated eigenvalue, its algebraic multiplicity will equal its geometric multiplicity (i.e. 

the number of orthogonal eigenvectors associated with it will equal its multiplicity) 

so that the total number of arbitrary parameters contained in all the eigenvectors will 

still be n — 1. 
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Let ^ denote the mth non-negative resonance. As long as j < ri, a.j^k will be 

zero except when k — 0. Let us write the recursion relations at A: = 0 in the following 

form: 

+ bj,o (A. 10) 

where here and throughout the remainder of the appendix, we define TZj =1^ — 

When 0 < J < Ti, the matrix TZj is invertible, so a solution exists for any and all 

b_;,o- Recall that the ao,o coefficients are determined by balancing the leading order 

terms and, by assumption, there is no need for a logarithm at leading order. Therefore 

bi,jt = 0 for all A: > 1. But then the recursion relations at j = 1 and A: > 1 will be 

= {k + l)ai,;fc+i, (A.11) 

so that, in order to avoid an infinite chain of linear equations, we must set ai.jt =0 

for all A: > 1. But then b2,jt = 0 for all A: > 1, so by the same argument a.2,k = 0 for 

all A: > 1. This process continues as we increase j so long as j < ri, i.e. so long as 

TZj is invertible, and thus a^^ = 0 for all A: > 1 whenever j < r\. The introduction 

of the first logarithm may occur at j = ri if the recursion relation for ari,o fails to 

satisfy the solvability condition for the non-invertible matrix 7^i. (In the case that 

ri = 0, there would be no logarithm until rg. Having ri = 0 simply means that 

some of the components of ao,o are arbitrary. For this discussion, we will assume 

ri > 0.) It is possible that b^.o will not lie in the range of the matrix TZ^. Let 

Yn denote a normalized null vector of TZn (assume for now that there is only one). 

Since we are currently operating under the assumption that the matrix 7Z has a full 

set of eigenvectors, there will be no generalized eigenvectors at all, and thus the null 

vector(s) of 7Zr„ will never lie in the range of . We can therefore solve 

= ̂ 1,1 + T)RI,O (A.12) 

even in the case where bri,o is not in the range of TZn by looking at the recursion 
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relation at A: = 1: 

= 0 (A.13) 

while still setting On,* = 0 whenever k > 2. The solution of (A.13) is ari,i = cyn, 

where c is an arbitrary constant. The solvability condition for (A. 12) will now be 

c < vjy^i > + < v|bri,o >= 0 (A.14) 

where v is the null vector of the adjoint of T^j and < 1 > denotes the inner product. 

This condition is automatically satisfied by choosing the heretofore arbitrary c to be 

(A.10) 
< v|yri > 

Since y^ does not lie in the range of TZri, denominator of this expression will 

be non-zero. Thus, we have regained solvability by introducing one power of logr 

at this order. Note that we still a retain an arbitrary parameter, as the solution to 

(A. 12) will be a particulax solution plus cyn where c is arbitrary. The reader can 

check that the same procedure works in the case where TZn has multiple orthogonal 

null vectors, with the number of arbitrary parameters retained equal to the number 

of null vectors. 

For j > Ti, the logr introduced at j = ri may be raised to various powers for 

higher j values due to the non-linearities (of degree up to M) in the hj^k terms . Thus, 

when ri < j < higher and higher powers of logr may build up so that # 0 

for higher and higher values of k. However, as long as TZj is invertible, solutions for 

the coefficients will still exist. Let 

fij^k = sup {n|rjt < nrj]. (A. 16) 

Then for j = r2, the highest possible power of logr in the recursion relations will be 

(logr)"^ ', i.e. the highest value of k for which hr2,k 0 will be n2,i = n. As before, 
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we propose only one power of log r beyond this, so that we get the following system 

of recursion relations: 

= 0 (-'^•17) 

~ "t" 1)^2,n+1 "1" (A.18) 

^^2®r2,n—1 — ~t~ brj.n—1 (A.19) 

^2^2,1 = 2ar2,2 + br2,i (A.20) 

^^2^2.0 ~ ^2IL ^*"210 (A.21) 

Let Yr, be the only null vector of 7^2 vector of the adjoint TZ'^. Then 

the solution of (A.17) is ar2,n+i = ^lYrj with Ci arbitrary. This can be used to satisfy 

the solvability condition of (A. 18) by choosing 

„  =  < " I W >  .  ( A . 2 2 )  
(n + 1) < v|yr2 > 

The solution of (A.18) will then be arj.n = C2yr2 + Xp, where Xp is the particular 

solution and C2 is arbitrary. This can then be used to satisfy the solvability condition 

for (A. 19) by demanding 

-(< > +n < v|Xp >) 
C2 — /-N ^—J (A.23) 

(n) < vjyr, > 

and so on, so that all of the solvability conditions are met and we still have one 

arbitrary constant from 3^2,0-

In general, we can predict the highest power of log r appearing in the recursion 

relations at j = (i.e. the highest k for which 7^ 0) by looking at the values of 

hr^^i for i < Tm- Then, if the solvability conditions are not satisfied at this power of 

log r, we must add at most one more power of log r, assuming there are a complete 

set of eigenvectors. Thus, at j = ra, the highest possible logarithmic power will be 

given by (logr)^''3, where 

Nr^ = sup{n3,i + 1, (n2,i + 1)713,2 + l}, (A.24) 
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and so on. For brevity, if we let N = sup^ then a strict upper bound for the 

power of logr at order j = is given by Bm, where 

At any value of j in the recursion relations, the highest power of log r will always be 

bounded by some finite integer Nj, but Nj —>• oo as j —> oo. 

Let us now consider the case in which one of the positive eigenvalues ^ of the 

matrix R has a multiplicity exceeding the number of eigenvalues that go with it. 

Assume there is only one eigenvector. Then the algebraic multiplicity of ^ is equal 

to the number of generalized eigenvectors (including the actual eigenvector) associated 

with the eigenvalue (In general, a chain of generalized eigenvectors can begin with 

every eigenvector if there is excess eigenvalue multiplicity.) Without loss of generality, 

let us assume an eigenvalue multiplicity of 3 with only one eigenvector. Using the 

variable to denote the eigenvector (which is also the null vector of 7^„), we have 

the following relationships for the generalized eigenvectors: 

The vectors Zq and Zi are the generalized eigenvectors associated with yr^. All three 

of these vectors can be chosen orthonormal, and we will assume that this has been 

done here. It is a fact that, for the eigenvalue multiplicity of 3, there can be no more 

generalized eigenvalues than these. Thus, Zi is not in the range of the matrix 7^^, 

but both Yr^ and ZQ are. Once again, we let v be the null vector of '72.*^, and we 

will let K be the highest value of k for which hj^k ¥" 0- Then the recursion relation at 

k = K is: 

B m  =  +  - - -  +  N + 1  (A.25) 

= 0 

= Zo 

(A.26) 

(A.27) 

(A.28) 

— {K + l)ar„,K+l + (A.29) 
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Since yr„ is now in the range of we csinnot guarantee that this equation is 

solvable merely by letting slt^^k+i = cyr^ with c airbitrary. If we were to attempt 

this, then letting v be the null vector of 72.*^ as before, the Fredholm condition on 

the right hand side of (A.29) would be 

< v|(« + l)cyr„ > + < v|br^,^ >=< v|br^,^ >= 0 (A.30) 

which may not be satisfied by Thus, instead of adding one power of logr at 

A: = K + 1, we add three powers, giving the following additional recursion relations: 

= 0 (A.31) 

(/c + 3)a,„.«+3 (A.32) 

(/c + 2)a,„,«+2- (A.33) 

The solutions to these are clearly 

ar„,«+3 = CoYr^ (A.34) 

arm,K+2 = ciyr„ + co(k + 3)zo (A.35) 

= c-iYr^ + Ci(«; + 2)zo + Co(k + 2)(/c + 3)zi (A.36) 

where C0,Ci, and are all arbitrary. Substituting (A.36) into (A.29) gives 

= (« + l)C2yr„. + Ci(K + 1)(K + 2)Zo + Cq{K + !)(« + 2)(/C + 3)Zi + 

(A.37) 

We know from our previous discussion of the generalized eigenvectors that both 

< ^\yrm >= 0 3,nd < v|zo >= 0, but < v|zi 0. Thus, applying the Fredholm 

solvability condition to the right hand side of (A.37) gives 

Co{K + 1)(K + 2)(K + 3) < v|zi > + < v|br„,« >= 0, (A.38) 

so that by choosing 

„ < V|t>rn,. / t  >  / A ogx 

° (« + 1)(k + 2)(/c + 3) < v|zi > 
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the recursion relation (A.37) becomes solvable. Note that now the solution of (A.37) 

becomes 

so that a proper choice of Ci will satisfy the solvability condition of the recursion 

relation for and so on. Three arbitrary parameters will be kept by the 

solution for ar^,o, so that we still get a full set of arbitrary parameters equal to the 

multiplicity of the eigenvalue 

In general, if we let /3 equals the number of generalized eigenvectors (including 

the actual eigenvector) in the largest "chain" of generalized eigenvectors, then the 

maximum power of logr at j = will be given by (logr)'^'*"^ with K as defined 

above. 

Thus we see that for the class of systems we are dealing with (those that have 

rational leading order exponents and rational eigenvalues for the TZ matrix), a solution 

to the recursion relations derived from the Psi-series expansion (3.8) always exists with 

the proper number of arbitrary parameters, simply by adding a limited number of 

powers of log r at each resonance. • 

A.3 Proof of Lemma 3.1 

We are given that the leading order coefficients ao, which we now call ao.o, are real. 

The recursion relation (A.9) is a simple linear system, and for the class of systems 

we are considering , q and Diag(o£) are real. Therefore, the matrix R appearing in 

(A.9) is real. It is a fact that solutions to linear systems with real coefficients and 

real inhomogeneities are themselves real, so 

as long as 1 < Ti, where it is to be understood throughout this proof that the only 

allowable values for k and j are non-negative integers. (Recall that, by assumption. 

ar^,« =  +  C2(/C +  l)zo +  C i { K  +  1 ) { K  +  2)Zi (A.40) 

ao,o ^ ^ S R" VA; =• G R" VA; (A.41) 
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aio,A: = 0 for all A: > 1.) If ri = 1, the solutions ai^yt still consist of real values but with 

arbitrary coefficients which, by hypothesis, we choose to be real. In general, 

aij^k € M" VA: => 6 R" VA: => 6 R" VA: (A.42) 

as long as is not a resonajice. Thus we can say that, for all j < r-i and all 

non-negative integers k, € R". This implies that bri,jt € R" for all k, so that 

the singular linear system for ari,A: consists of only real valued coefficients. This 

means that the solutions ari,jfc will be real but with arbitrary coefficients. Since, by 

hypothesis, we choose all arbitrary coefficients to be real, airuk will be real for all k. 

This will be true at any resonance ^ for which aj^ is real for all j < and for all 

k. Thus we have that 

a.j^k e R" VA: => hj^k G R" VA: => aj+i,^ G R" VA: (A.43) 

even when is a resonance, since, by hypothesis, we always choose the arbitrary 

coefficients to be real. Therefore 

ao,o G R" ^j,k G R'* Vj, VA;. (A.44) 

• 
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Appendix B 

PIECES OF THE PROOF ON EXPONENTIALLY SMALL 
SPLITTING 

B.l Proof of Lemma 4.4: The asymptotic form of z )  

Consider the original system (x = f(x) +/i£''g(x, |)) under the transformation i = j, 

which yields 

x' = £f(x)+^''-^^g(x,i) (B.l) 

where ()' = Jj. We know that solutions of the form 

x(t) = x'tt) + (B.2) 

for system (B.l) satisfy the ODE given by 

<'(f) = £l5f(x°(())C(t) + g(x'(i), i) + (B.3) 

and that therefore (^(t) satisfies 

C ( i ' 2 )  =  Q ( r ) Q ~ ^ ( f o o ) C ( ^ o o , 2 )  +  Q ( ' ? )  /  Q ~ ^ ( a  +  z ) g ( x ° ( ( T  +  z ) , a ) d a .  (B.4) 
J too 

where f = t + z ± ai, fao = too + z ±i O'h and >  i  >  — R e { z )  if we are looking 

for a solution in the stable manifold, while <i < —Re{z) if we are looking for a 

solution in the unstable manifold. We are ultimately concerned with the behavior of 

the solutions at f ^ (although we have yet to specify T±), so is simply some 

time farther from the singularity than The matrices Q(f) and Q~^{f) used in 

(B.4) satisfy the variational equation (resp. adjoint variational equation) of (B.3), 

i.e. 

Q' = £pf(x°(f))Q. (B.5) 
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and 

=  - Q - ' £ V f ( x ° ( f ) ) .  (B.6) 
at 

If we define the function G(x°, i) such that 

^G(x°, i )  = g(x°, t ) ,  (B.7) 

then using the fact that g(x°, i) is "separable" (see Definition 4.2 b)) we can integrate 

(B.4) by parts by integrating just the gj{i) terms (as defined in Definition 4.2 b)). 

This yields: 

C(i) = Q(r)Q-Hroc)C(ioo)+G(x°(f),f)-Q(f)Q-^(foc)G(x°(foo),icc)(B.8) 

+0 _ ^^-a-2+5^ 

+0 + ... 

+0 . (B.9) 

where each 0{-) term can be written explicitly in terms of an integral coming from 

the successive integration by parts described above. We have written here only the 

asymptotic form of these terms near r = 0. Remarkably, by choosing a solution ^{i) 

that involves only the terms in (B.8) that do not depend on (or Too = efoc), the 

first term in (B.8) ends up canceling the other terms involving (which came from 

the lower integration limits in the integration by parts), leaving 

C{i) = G{x°{f),i) + 0{eT-''-^+°) (B.IO) 

+ 0  + . . .  +  0  ( ^ " 7 - - " - " - ^ + " ) .  

The n"* term in this equation is a term involving the following functions: 

g f { x ° , i )  =  J  J  •  J  g j { i n ) d i n d i n - i - - - d i i .  (B . l l )  



162 

However, due to the Fourier Series expansion in Definition 4.2b) coupled with the 

fact that Co = 0, we expect that 

< ||^j(x°,i)|| (B.12) 

by Bessei's equality, since the magnitudes of the Fourier coefficients are decreasing 

with each integration. Therefore, the coefficients in the "series" created by (B.IO) do 

not grow, hence giving us, for each component in (B.IO), 

|0(!)| + (B.13) 
i f c = l  

This series does not converge unless 7 < 1- Hence, we may assume that this solution is 

valid only for values of r > e. In fact, we can at least assume that the series converges 

and is therefore a valid asymptotic expression for <^, as long as r > sL Therefore, 

since equation (B.2) implies that ^ we can say that for all r > 

^(t, z) = ^) + 0 (B.14) 

This is what we shall use for the boundary terms in the integrals throughout the 

proof of Theorem 4.1, a valid choice if we define 

R = s-- (B.15) 

so that 

T± = —tQ±e^. (B.16) 

Hence, 

z) = nsP-^'G{x°{T^), ̂ )+0 . (B.17) 

Note that in the boundary terms, we make extensive use of the fact that 

G(x°(r:p), ^) ~ . (B.18) 
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B.2 Integration "trick" for relaxing p 

We will use the same trick to transform the integrals for both and We shall 

res t r ict our discussion to the unstable manifold case and drop the superscript u. We 

begin with 

Let w  =  t  +  z ,  6  =  ̂ ,  and let 

in(w ,9 )  =  Q ^{w)G {xP{w) ,d )  (B.19) 

where G(x°(if;),0) is the function defined such that 

dO 

It then follows via the chain rule that 

^G{ ic°{w) ,9 )  =g{x° i w ) , 9 ) .  (B.20) 

d  1 9  d  
— 9 )  =  - — m {w ,  9 )  +  —ia{w,  9 ) ,  (B.21) 
a t  e  a t )  aw  

so 

d  d  d  
— 9 )  -  £ — m { w ,  9)  -  e — m { w ,  9) .  (B.22) 

However, by equation (B.20), is also the integrand of the equation for 

given in (4.96) as: 

^ i { t ,  z )  =  Q { w )Q~\T-+  z ) ^ iT - , z )  +  Q { w )  J  Q~^{a  +  z ) f x e ' ' g { x ° { a  +  z ) , ^ ) d < j .  

Combining this fact with the result (B.14) of Appendix B.l now gives 

+ Q { w ) ^ ^  J  ^ - ^ m . { w , ^ , 9 )  -  e - ^ i j - x x } . ( w ^ , 9 ) ^ d a  (B.23) 

where Wa = a + z and Ty = [TL z — ai\. We can immediately integrate the first 
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term in this integral to obtain: 

= Q(u;)Q-^(r_ + z)[/z£''+^G(x°(T_ + z),-|)+C>(//£''+VT-°-2+-)] 

+ txeP^ 'Gi -x^ iw) ,  I )  -  f i sP+'Q{w)Q- \T .  +  2)G(x° ( r_  +  z ) ,  - - )  
c c 

+ Q{w)fi€'''^^ [ ^—m{w^,9)da. (B.24) 
y7-_ uWa^ 

Now since G(xP{w) ,  9 )  and g(x°(i£;), 9)  differ only by a derivative with respect to the 

2nd argument 9 = ^, their local asymptotic behavior in the variable T = \t + z — ai\ 

will be the same. Thus the bounds (4.95) can give us a bound on m{w,9). Since 

the j th row of Q~^{w) is a vector which is bounded in magnitude component for 

component by the vector and since gj(x.°{w),9) < , we get that 

\mj{w,9)\<KT-''+^-''-^ (B.25) 

and therefore 

< (B.26) - m j { w a , 9 )  
dwo 

Notation 1 b) and using the fact that G(x°(if;), j)) ~ we finally obtain; 

.v 

-hK3T-°' (B.27) 
fc=i 

For we perform the same procedure as for but we now let 

M w , 9 )  =  Q - H w )  [ K , ( v ' ' F { ^ ° { w ) , 9 ) - e n - i )  +  f ^ ' K 2 ( v G { x ! ' { w ) , 9 ) ^ ^ _ , ) '  

where we have defined this notation such that 

^mK»)  =  Q - ' ( w )  [A:,(p2f(x''(a;),«) -it,) +;ie''A-2(l>g(x°(u,),a)€„_,)] . 

(Note that, unlike before, the fj£'' term is now included with m.) The expression 

m(t£;,0) here plays the exact same role as m{w,d) for except that we start with 
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the equation 

z) = z) + Qiw) J  ^-^m{wa,9) - £-^ni{wa,9) \da. (B.28) 

Again we integrate the exact derivative and look for a bound on the remaining integral. 

Using equation (4.126) and re-using the bound for the j th row of Q~^{w) (given by 

we get that 

2 
\ T h j { w  e  S , e ) \  <  K i n e ^ T  ^  -r, -1 + K2T-'-^ €n-l (B.29) 

this yields the following expression for the bounds on 

(€n)y < 
res 

+ r - '> ' ( r ' - | £ (T- -+r - ' - ) ) | | e „_i 

p+l_-Q. (̂ 1 (' -f+SaH—1 -j.-r+Salt- (B.30) 
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B.3 Proof of Lemma 4.5 

In this section, we prove that 

= 0 => (B.31) 

where AT Oo and (v'^f{-xP) • • ^„-i with 

Tifj = the Hessian Matrix of fj. 

Remembering that 

F(« ,«  +  z , j )  =  nx"  +  «)  -  fCx")  -  23/ (x ' ' )«  

+;i£''[g(x°+4. j)-g(x°, j)], (B.32) 

we see that the motivation for this lies in finding a simple condition which guareintees 

that the ''extra terms" left over after a linear expansion of x = f(x) + //^''g(x, j) 

around x = x° (where x = x° + ^) behave asymptotically like the "next highest" 

terms in this expansion, i.e. the "2nd order" terms. This assumption is not obvious, 

as we recall that the whole problem with exponentially small splitting lies in the 

fact that the Melnikov vector, which comes from the first order expansion, does 

not necessarily dominate the next highest terms in the expansion. In fact, finding 

conditions such that it does dominate the higher order terms is the whole point of 

this paper! 

We begin this proof by recalling what the full expansion of f(x° +^) around ^ = 0 

looks like in terms of Frechet derivatives: 

f(x° + ̂ ) = 00 + + <^2 + 03 + • • • (B.33) 

=  fcx")+cf (x»)  •  s i  (ov(x°)  • e ) + ( f  V(x°)  •« ' ) •«  

= fCx") + Y, ip«i.,(x°) + E ? (®Vj-2(x'') • €') (B.34) 
J = 1 3- J=2 J-
jodd jeven 
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where we point out that is actually a vector whose N components 

are given by: 

(cVCx") -? ' ) ,  (B.35) 

with H f j  = the Hessian Matrix of f j .  

We next define 

F n i ^ n - i )  =  f (x°+0- f (x° ) -2?f (x° )^  

= F //2 + ̂  3 + F 4 "• 

(B.36) 

(B.37) 

where FHJ = •E>-'f(x°) • which we use to represent the j th Frechet derivative of 

f(x° + ^n-i)- Similarly, we let 

F/(^n-i) = g(3c° + ̂ , -g(x°, (B.38) 

=  F / j+F/ j+F/ jH (B.39)  

so that F = Fff 4- F/. In this case F[. = fie^V^g{x°, |) • where this represents 

the j th Frechet derivative with respect to the first argument of g(x, j). 

We first look at the terms, beginning with 

(FffJj = (B.40) 

= (B.41) 

where ||^„_i||g is as defined in equation (4.108). In fact, this definition means 

that we can in general write 

Using this one can see that 

F//3 = 
.-a—l+Q,v 

= l l^n- l l l s  

v 

( \ ^ 

\ : / 

(B.42) 

(B.43) 

(B.44) 

(B.45) 
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Using this result, one eventually finds by induction that for all j, 

~ (B.46) 

Now if lim ^)||^ = 0, then the series for FH forms a converging geometric 

series for sufficiently small e .  Say that lim 2)||^ ~ c' with q  >  0 .  which is 

in fact the case under suitable requirements on p  due to equation (4.134) for n =  2 .  

Then, using equations (B.41) and (B.46), 

OO 

Fh ~ (B-47) 
j=i 

= (B.48) 

~ ^ ̂ 3,^-0.-1 (B 49) 

~ (B.50) 

The last relation again coming from (B.46), Thus we have that for Ff/, the 2nd 

Frechet derivative dominates. 

The argument for the F/ terms is almost identical, except that these begin with 

F/,(S„-i)=»g(x° , j )  (B .o l )  

Again using equation (B.42), we now get, due to the asymptotic form of g(x°, 7), 

F , ~  ( B . 5 2 )  

One can then ultimately show that 

F ,~  ||S„- , ( ( ,^ ) | r s r - " - '+" -" ,  (B .53)  

SO again having lim ||^„_i(^, 2:)||^ = 0 creates a geometric series in ||^„_i(i, 2)||^ such 

that 

F,(«„-,) ~ F,= Pg(x»,^) (B.o4) 

We therefore have the desired result. • 
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B.4 Proof That Mi (^o + i{cL — £")) ~ (—± — £•)) and 
is not exponentially small 

In order to show why M(io + i{(i — s)) is n o t  exponentially small, it is useful to first 

show why M(io) is exponentially small for io 6 R. We shall do so using contour 

integration. Although this requires a meromorphic integrand, the procedure for 

showing that M(io + i(a — e)) is not exponenetially small can easily be modified 

to include rational branch points without changing the result. 

Recall that the component of the Melnikov vector was given in equation (4.68) 

by 

/

OO . 

q i { a  + to)  • / i iePg ^ x ° ( a  + to) ,  -J d a  (B.55) 
•OO 

where qf(i + to) is an unbounded solution of the variational equation around a 

heteroclinic (or homoclinic) connection x°(i + to) lying in the heteroclinic manifold, 

and q<(t+io) is the corresponding solution to the adjoint variational equation. We will 

calculate this integral via contour integration, using the contour shown in Figure B.l. 

First, we must show that the integral along the sides of the contour (i.e. paths 

r2 and r4) vanishes. This is due to the asymptotics of the function q/(i + to) for 

|Re(f4-io)l Let B equal Dim(x°). Since the B bounded solutions of the 

variational equation 

q = Vf (x°(t)) q (B.56) 

are tangent to the heteroclinic connection x°(t), they satisfy the following asymptotics 

as t OO (and therefore as x°(i) —> p+): 

q(i) ~ (B.57) 
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Path of Integration 

FIGURE B. l .  The  c losed  con tour  used  to  ca lcu la te  Mt{ to) .  

where r j ^  is an eigenvector of ' D f { p + )  tangent to the stable manifold of p+ and A, < 0 

is the corresponding eigenvalue. Meanwhile, as t ̂  —oo, (and x°(t) —> p_), we have 

q(0 ~ (B.58) 

where now Au > 0 is an eigenvalue of I?f(p_). 

By comparison, The N — B unbounded solutions of the variational equation (B.56) 

exhibit the opposite asymptotic behavior: 

q(^) as f —^ 00 with A^ > 0 

q(i) CTj^e^''^ as t —oo with A, < 0, 

(B.59) 

(B.60) 
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where now is an eigenvalue of Pf(p+) corresponding to the eigenvector 77^ 

tangent to the unstable manifold of p+. Furthermore, as shown in Chapter 2, the 

N — B corresponding solutions of the adjoint variational equation satisfy the same 

asymptotics, but with an opposite sign on the eigenvalues in the exponential: 

q{t) ~ as t 00 with Au > 0 (B.61) 

q( f )  ~  as  t  —>• —00 with As < 0. (B.62) 

Hence, for all values of £ for which q<(0 is unbounded, the corresponding solution 

q/(f) is bounded exponentially, satisfying the asymptotics shown in equations (B.61) 

and (B.62). In particular, this means that as Re(cr) —>• ±00 for the integration paths 

Fa and F4 of the integral 

<f> q i {a  +  z )  •  fj£''g + z) ,—^  dcr ,  a  E C,  (B.63) 
Jri+Vi+ri+ri, ^ 

the term qf(cr + to) in the integrand will satisfy 

qe(a + 2) ~ g-A„to-iA„ini(^) L -> 00 (B.64) 

qf(o- + 2) ~ g-A,io-iA„Im(<r) L -> oo. (B.65) 

Also, x°(i) satisfies the asymptotics similar to the bounded solutions q{t) of equation 

(B.56) as t ̂  ±00, i.e. 

x°(t) ~ p+ + as t 00 with Aj < 0 (B.66) 

x°(f) ~ p_ + as i -> —00 with Au > 0. (B.67) 

Since, by assumption, the function g(x°, j) can only be polynomial in x°, these 

bounds along with (B.64) and (B.65) imply that 

Ir2 = = 0 (B.68) 
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where 

Ipj = J q/(o- + t o )  • fjs''g + to), j) d a  (B.69) 

so that Ipi = Ml- Note that the dependence of the integrand on | does not effect 

the asymptotic behavior of the integral on the paths r2 and r4 because this term 

contributes merely a complex exponential due to the periodic structure of the 

function g(x, |), which was defined in Definition 4.2 b) by 

t  -  t  -  t  ^ 
9j{^^ -) = 9j{^)9j{-) where gj{-) = ^ (Cfc)ie'''^ with cq = 0. (B.70) 

k=—co 

Since Im((j) is bounded in magnitude by 2a, these complex exponential terms do 

not affect the asymptotic behavior of the integrcd over Fa and r4 as Re(cr) ±oo. 

However, they are essential for calculating the desired integral over F i. We therefore 

rewrite equation (B.70) in vector notation in order to expedite our calculations: 

t - t - t J 

g(x, -) = g(x)g(-) where g(-) = ^ with CQ = 0, (B.71) 
" ^ ^ k=-oo 

where it is to be understood that each component of g(x, j) satisfies (B.70). 

We are now ready to perform the countour integral shown in Figure B.l to 

calculate (to) = Ipi. Using the Fourier series for g(x, ^) in (B.71), we rewrite 

the integral for Mi(to) as follows: 

oo oo -
Me{to)  =  ^ ^ / q^((j + io) • (g (x°(cr + to)) rfa. (B.72) 

jfc = -00 fc = -CM 
k^Q k^Q 

Since Ip, and Ir^ vanish independent of g(|), we have 

y + to) • IJ£^ (g (x°(cr + t o ) )  d a  

= (B.73) 

= 27rz Res |q/(cr + t o )  • l i s ^ g  (x°(cr + to))e"'^'*'" | e"*"', 
<r=ia—f(f- J 
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with k > 0,  where we are now using the additional variable definition 

= f +  ̂o) • (g +  ̂o)) Cfce'*'?) da. (B.74) 

Next, use our assumption that x°(i) is periodic in the imaginary direction with a 

period of 2ia. This means that 

g (x°(cr + to)) = g (x°(cr + 2ia  + fo)) , (B.75) 

hence the two quantities are identical on Fi and F3. This periodicity also means that 

the matrix Vf (x°(i)) in equation (B.56) is 2ia periodic, hence the solutions to 

q = Df (x°(f)) q (B.76) 

and 

4 = - q . D f (x»(t)) (B.77) 

are quasi-periodic, satisfying 

q(t + i2a)  = sq(t) (B.78) 

q{ t  +  i2a)  =  sq(i) 

where s and s are the Floquet multipliers of, respectively, equation (B.76) and (B.77). 

Since B.78) must hold for all times t, it holds in particular when t ̂  00. From the 

asymptotics already provided by equations (B.59) and (B.61), this means that q(t) 

and q(t) must also satisfy 

q(t + i2a) = e2'''-^"q(t) (B.79) 

q{ t  +  i2a)  =  e~^"' '^"q( f ) .  

Hence, the Floquet multipliers are given by s = and s = respectively. 

Note, however, that since equation (B.78) must also hold for t —00, we can also 
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show that the Floquet multipliers should by s = and s = an apparent 

contradiction. However, a necessary condition on the periodicity of the heteroclinic 

solution x°(i) is that both and e^''^ are i2a periodic. Hence we must have a value 

of a such that 2zaAu = i2Tnr and 2iaX3 = i2mT where m and n are both integers. 

Thus, the Floquet multipliers are unity. Therefore, 

q(4 + i2a)  = q(t) (B.80) 

q(f + i2a)  =  q(f). 

We are now ready to complete the contour integraJ. Using (B.80) and (B.75) and 

looking at the contour drawn in Figure B.l, we see that 

(B.81) 

for A: > 0. (For fc < 0, we do the analogous contour lying below the real axis and 

surrounding the singularity at —ia.) Equation (B.73) along with( B.81) now gives 

= 2xi  Res + to) • ne''g (x°((j + io))e'*'''^f" ' | e"'*"? e"*''. 
(T-ia—ta- J 

(B.82) 

Hence 

If.' = iV/i"(to) (B.83) 

= 27rz Res |qf(cr + fo) • (x°(g + to))e ' ^ 
o'=ta—t(f- J 1 — 6 f 

which is exponentially small for A: > 0. For A: < 0, the analogous contour below the 

real axis gives 

= 27rz' Res |q/(cr + t o )  • (x°(cr + t o ) ) e  '  |  e"'''"? —  
<T=-ia-Ho J 1 -

(B.84) 

which is also exponentially small. 
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The procedure for showing that (io + i{o, — e)) is not exponentially small is 

exactly analogous to the one performed above, except that now we shall use the 

contour shown in Figure B.2. (For {to — i{a — e)) we use the analogous contour 

below the real axis.) Note that, although the analysis below requires a meromorphic 

integrand, a very similar analysis yielding the same results can be performed for an 

integrand with rational branch points by introducing a branch cut connecting the 

s i n g u l a r i t i e s  a t  i  =  i a  a n d  t  =  — i a .  

Path of [ntegration tm(<»-z) 

z=t^ I (a - e) 

- L —- oo 

I 

A 

o = -t 

-at 

-3di 

L-^ oo 

I 

Y 

Re(H-z) 

FIGURE B.2. The closed contour used to calculate M i  { t o  +  i { a  —  e ) ) -
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The expression for Mi {IQ + i{a — e)) is now 

M i  { t o  +  i { a  —  c ) )  
OO 

= {to + i{a - e)) (B.85) 
/k= —OO 

ik9i0 

= ^ / qeicr+ to-hi{a - e)) • fxe^g{x.°{a+ tQ + i{a - e))) CkC^'^'da. 
fc=-oo •'Tl 

We shall calculate each M^''^ ( fo  +  i{a — s)) using the closed contour shown in 

Figure B.2: 

y q/(cr + to + i{a - e)) • (x°(cr 4- io + i(a - £•))) Cke'''^da 

= (B.86) 

The integrand still has a pole when the arguments of and g(x°) in the integrand 

are equal to ±ia, that is when 

cr + ^0 + — c) = (B.87) 

yielding 

a = ie — to. (B.88) 

Because the paths 72 and 74 extend over a finite range of complex values while I —>• oc, 

we have that 

= L,, = 0 (B.89) 

for the same reasons that Ipj and vanished. Hence, 

y qfCo" + ̂ 0 + - c) )  • (g (x°(cr + to + i(a — e))) ckc''^') da (B.90) 

• ^ T(fc) , T(fc) 
71 73 

= 27rz Res <qt{a + t o - i e ) - f j £ ^ g { x [ a  +  t Q  — ie))e = ^ 
(T=ie—to^ J 

ik(a+tn-te) ) tn , 
e = > e ' e . 
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Furthermore, the periodicity assumption on x°(i) now gives us that 

lW = -lWe-2^t (B.91) 

Equations (B.90) and (B.91) now combine to yield 

l ( k )  _ e-2A:fiW (B 92) 

= 27ri Res |q^(cr + io — i e )  •  (x°((7 + io — i s ) )e  '  e~ ' ' .  

Thus we obtain 

IW = Mf'(io + 2(a-£)) (B.93) 

= 2iri Res |q;(cr + io - is) • (x°(cr + io - ie))e~^^^ ' | ^ , 
cr=i£—to^ J 1 — e e 

which is noi exponentially small as long as A: > 0. Since, by assumption, g(x°, j) is 

real, it must be equal to its own complex conjugate. Hence there is a positive k term 

in its Fourier Series for every negative k term. Since 

OO 

Me ( to  +  i (a  - e ) )=  + i(a - c)), (B.94) 
k=—oo 

kjiO 

the terms from k  >  0  that are not exponentially small are sufficient to show that 

Me (to + i{a — t)) is not exponentially small. 

For Ml ( to  — i {a  — e ) ) ,  we perform the same procedure but on the contour below 

the real axis shown by the dotted line in Figure B.2. This time the pole is at 

a = —ie — to, yielding 

M^^''\to - i{a - e)) (B.95) 

= 27ri Res |qe{a  +  to  +  ie )  •  i i e^g  (x°(cr + io + ie:))e | 

which is not exponentially small as long as A: < 0, and as above this is sufficient to 

show that Mi{to — i{a — e) is also not exponentially small due to the negative k terms 

present in its Fourier series. 
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Finally, note that 

Res Iq/(cr + fo =F is) • (x°(cr + to =F i£))e | ̂ ^p-ri+a^u 
<T—±ie—t^ J 

the latter relation coming from equation (4.130). 
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