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ABSTRACT 

Traditional approaches to theoretical ecology have focused on the behavior of 

observable patterns. Presumably, the observed pattern reflects a statistical 

characterization of the underlying processes. I apply probability theory to model 

species-area curves and population dynamics. In both cases, new insights result 

connecting details of lower level process to higher order pattern. 

Chapter 1 details the development and testing of a new theory species-area 

curves (SPARs). The new theory predicts r-values near 0.77 while previous theory 

claims r-values of about 0.26. We arrived at our prediction using two independent 

methods; we performed computer simulations of the scheme and we derived its analytical 

equation. However, although logically accurate, the new theory has an empirical 

problem: real SPARs tend to have r-values in the interval 0.1-0.2. To obtain these, we 

assumed that range size and abundance are positively correlated according to a power 

function. 

Chapter 2 examines a real data set for the power function assumed in chapter 1. 

Using data from the North American Breeding Bird Survey (BBS) project, I found that 

both least squares regression and principal components analysis (PCA) discover a 

significant positive correlation between range size and abundance. From the BBS data I 
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fit this power function to the data and estimate the value of the relationship's parameter 

to be c = 0.27. The resulting fit accounts for 91% of the variance in the data.. 

In the final chapter of the dissertation, I use stochastic processes to model both 

the spatial distribution and the birth and survival mechanism of individuals living in an 

environment of identical, but independent patches. It turns out that linear individual level 

density dependence easily produces non linear population level dependence. I present the 

first derivation of the Ricker map and show that patch number interacts with recruitment 

and survival to generate the carrying capacity parameter. Finally, I combine Monte Carlo 

simulations and Markov chain theory to study statistical properties population dynamics 

such as mean time to extinction. 
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CHAPTER 1 

NESTED SPECIES-AREA CURVES AND STOCHASTIC SAiMPUNG: 

A NEW THEORY 

1.1 ABSTRACT 

We have discovered a severe problem with the current theory of species-area curves 

(SPARs). This theory claims that we should expect SPARs with r-values of about 0.26. 

However, that is wrong. The correct prediction turns out to be approximately 0.77. To 

make this prediction, we used a stochastic sampling scheme, and constructed 

species-area curves from a lognormal abundance distribution, exactly as previous theory 

meant to do. We arrived at our prediction using two independent methods; we 

performed computer simulations of the scheme and we derived its analytical equation. 

SPARs that result from the simulations are the same as those from the equation, 

validating the logic of our analysis. We explain what went awry with the previous theory. 

However, although logically accurate, the new theory has an empirical problem; real 

SPARs do not have r-values near 0.77. Rather, they tend to lie in the interval 0.1-0.2. To 

obtain these, we added an assumption to the lognormal abundance distribution. We 

assumed that range size and abundance are positively correlated. This new assumption is 

qualitatively similar to Hanski's (1982) pattern. Finally, we derive a simple relation 

cormecting average point diversity, average range size and species diversity for a 

province. 
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1.2 INTRODUCTION 

Ecology usually observes that larger areas. A, harbor more species, S, and that a power 

equation of the form S = kA' usually fits such data rather well (Rosenzweig, 1995). This 

pattern may be the most general of any ecology has to offer. In addition to its intrinsic 

interest, it is a useful pattern. Conservation biologists use it to evaluate the ability of 

nature reserves to conserve species diversity (e.g., Glenn and Nudds, 1989; Glenn 1989; 

Gilpin and Diamond, 1980; Higgs and Usher, 1980; Kitchener et. al., 1980a; Kitchener 

et. al., 1980b; Kitchener et. al., 1982). Species-area curves have also been used to 

characterize the complex results of multispecies models relating local to regional 

diversities (Caswell and Cohen, 1993). 

Two classical theories (Preston, 1962; May, 1975) predict both the power 

equation and the value of its exponent, z. According to them, species-area curves should 

have r-values near 0.26. Although there are different types of species-area relationship 

(Holt, 1993; Rosenzweig, 1995), most species-area relationships (SPARs) come fi"om 

successively smaller pieces of a continent (e.g. Pahner and White, 1994). These nested 

species-area curves, ahnost invariably, have r-values smaller than 0.2 (Rosenzweig, 

1995). The discrepancy between 0.26 and real r-values suggested to us that nested 

SPARs require a new theory. In this paper we shall provide it. 

We begin by simulating nested SPARs. Then we construct an analytical theory 

based on the assumptions of the simulation. Throughout, we keep Preston's fundamental 

assumption; the distribution of species' abundances is lognormal (Preston, 1962 and 
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May, 1975). The reader will see that this assumption leads to r-values from 0.48 to 0.83 

for nested species-area curves in both simulation and theory. But such high values 

disagree with data and with Preston's and May's prediction, 

We will point out a tacit assumption in previous theories that may explain the 

disagreement of the theory with the real world. That assumption, all species have the 

same population density regardless of their global abundance. But ecology knows that 

assumption is wrong. Instead, common species tend to have the largest ranges and the 

highest population densities (Hanski et aL, 1993: Gaston, 1996). Rare species tend be 

both local and sparse. By explicitly incorporating this relationship, we finally obtain 

results whose SPARs match real data in slope and shape. The net result is a coordinated 

system of theory, simulations and data that are entirely consistent with each other. We 

end the paper with discussions of some related work and some testable predictions. 

1.3 SIMULATION OF THE LOGNORMAL MODEL 

1.3.1 Design 

In order to predict species-area curves, Preston used a pair of distributions that together 

he called the canonical lognormal. One of his distributions gives the nimiber of species 

found in logarithmically scaled intervals of abundance. The other (the individuals curve) 

gives the number of individuals found in the same intervals. The pair is canonical 

lognormal whenever both distributions are normal and the individuals curve peaks over 
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the most abundant real species. (The individuals curve would decline over larger 

abundances, if they existed. But they do not. The real world has too few resources to 

support any species at such abundances.) 

We first tested the canonical lognormal theory by simulating the original type of 

species-area curve, i.e., that from nested sampling. In a strict nested sampling design, 

each successively smaller area comes from within the previous larger area. However, 

most real data are collected using a freer design: species are enumerated in 

independently-sited areas of different sizes from a single region. As this freer design also 

eliminates non-independence problems in least squares estimates of r, our simulation 

relies on it. 

Nested SPARs are classical collector's curves. So, the number of species must 

grow with area. Therefore, we are not concerned with testing that property, but rather 

with testing the shape of the groAvth. How closely does it fit a power equation? What is 

its slope in logarithmic space (i.e., its r-value)? 

The model begins with a lognormal distribution of the abundances contained in a 

whole biogeographical province of unit area. For ease of computation, we assign each 

species a square-shaped geographical range. This assumption should have little 

consequence on the result, and, in any case, the original theories of Preston and May, 

having made no restrictions on the shape of species ranges, should predict our 

simulations accurately. 
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The fraction of the total province occupied by a species equals the ratio of its 

abundance to that of the most abundant species. The model scatters these ranges at 

random through the province in such a way to keep all ranges entirely within the 

province. 

To measure the SPAR, we then repeatedly cast a square sampling window onto 

the province at random. The area of this window is w. At first, setting h^.5, we sample 

an area half the size of the province. Then we count the number of species in w. We also 

tabulate each species' abundance in the window. Its abundance equals its density times 

the fraction of the window occupied by the species range. 

Should a window land partly outside the province, the model wraps it around to 

the other side of the province. We depict the rule for accomplishing this in Figure 1.1. 

We repeat our procedure using windows of the same size until the simulated abundance 

distribution settles down (see KohnogorofF-Smimov Statistics, p. 386-8 in E>urrett, 

1991). Then we calculate the mean of the number of species in the window, w. We 

repeat these procedures using a series of w's, each one half as large as the previous one. 

Finally, we plot the species-area curve and calculate its slope, z. 

1.3.2 Results 

Using a province containing 600 canonical-lognormally distributed species, we found a 

r-value of 0.77. The middle curve in Figure 1.2 shows the results from this simulation. 



17 

Something must be wrong. Although our simulation found a value of 0.77, real 

data sets for nested samples almost invariably produce z-values from about 0.1 to 0.2 

(Rosenzweig, 1995). Moreover, Preston-May theory apparently predicts a value near 

0.26 (Sugihara, 1981). What could be amiss? First we looked at the assumption of 

canonicity. 

/.i.i Relaxing the assumption of canonicity 

May (1975) analyzed the importance of the canonical assumption to the prediction of r. 

He defined and varied •{, a parameter controlling canonicity. For lognormal distributions, 

l/y multiplied by the variance (cr ) fixes the distance between the modal species and the 

most common species. We emulated May's approach by bracketing the canonical case, 

y=l, with runs of y=0.5 and y=1.5. The resulting r-values, 0.48 and 0.83 respectively 

(Figure 2), support May's finding that lognormal SPARs are relatively insensitive to 

changes in y. 

1.3.4 Conclusion 

Neither canonicity nor lognormality are sufficient conditions for z = 0.25 or r = 0.15. In 

the discussion, we address the reasons that neither Preston's nor May's analyses 

predicted the values of z that we see here. There the reader will see that those analyses 

have problems and should no longer be relied on. 
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1.4 A new analysis 

Consider the set of species' abundances, N, found in a province of unit area. We divide 

this set into discrete intervals, to +AN. The probability that a species occurs in one 

of these intervals is F{N+ AN) — F(N) = J DF{N., where U is a dummy variable 

allowing integration and F(N) is the probability distribution function of the abundances. 

Now let pwj; be the probability that a population of size N is detected by a sampling 

window of area w. Let the fraction of species found in w be Given that the species 

.V+AiV 
abundance is contained in (N,N~AN], 5(h') is pw.v I Letting AN -* 0 and 

integrating over A'" gives the expected fraction of species found in a window of area w. 

-HO 
E[5(W')] = J PY,J.DF{U) (1.1) 

0 

This heuristic argument can be made technically rigorous through the use of the more 

demanding theory of conditional expectations (Durrett, 1991). 

Now we need expressions for p .̂s and F{N). To get them we rely on the 

distribution of range sizes and the geometry of the sampling process. A species, /, with 

abundance, N„ can occupy various sizes of geographical ranges. Its range area, , 

should be a function of N^, i.e. ^{N/M), where A/is the abundance of the most 

abundant species. (In the classical model, tested above, ^(N^/M) = N/M.) Suppose we 

have such a species, with range area To represent this species, we randomly place a 

square with sides of length , somewhere in the province. We then cast a square 
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square with sides of length ^ ^ , somewhere in the province. We then cast a square 

sampling window with sides of length on the province and determine whether it 

overlaps the square representing the range of the species. 

The position of the sampling window, w, is defined by the coordinates of its 

lower left comer. As before, the sampling window is wrapped around the province if it 

should happen to protrude outside of the province. For puposes of calculation, and with 

absolutely no loss of generality, we can therefore assume that the species range is located 

with its lower left comer at the origin, coincident with the lower left comer of the 

province. This is the situation depicted in Figure 1.3. Suppose that the sampling window 

lands on the province so that its upper right comer is coincident with the upper right 

comer of the province. If the sum of the sides of the two squares, y > 

exceeds unity (i.e., the length of the province), then the species is always detected. But 

whenever V s'(^) + < 1, w may not detect the species. In fact, w detects it with 

probability c(^) + ) • This can be seen as follows. 

Imagine that the sampling window in Figure 1.3 is allowed to move around a bit. 

If we shift its lower left comer to anywhere inside the region labeled w, it will wrap 

around the province and intersect the region labeled 4- Similarly, if the sampling 

window's lower left comer lands in either region labeled , then it detects the 

species. Finally, if the sampling window's lower left comer lands in region it also 

detects the species. The total area for which detection occurs is then Q + +W . 
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Since the entire province has unit area, the probability of detection is then ^ +2^ vfc +w 

. Thus, the probability of detection is a function of range size and window 

size; 

P(detect species /[ window size w) = /7».v = 
w )  +  < 1  

if \ ci^) + > i 
(1.2) 

Substituting Equation 1.2 into Equation 1.1 allows us to find E [5(h')]. 

Note that there must be some threshold abundance NQ, for which 

V = 1- The integration in Equation 1.1 can therefore be done in two pieces, 

N<NQ and > NQ . Thus, we can calculate the expectation of the fi"action of the total 

number of species found in w, E[5(h')], in terms of the distribution of abundance, F{N) \ 

I -« 
dFlN)^ J dHN)-, w> (1.3) E [j(h')]= j ( V  C(^) +vH') 

We write 0{w) in the limits of integration because the integration is performed with 

respect to a probability measure over ln(A') and generally, dF(AO*dA^. Thus, for NQ=e^'''^ 

we have: y'cCi^) + = 1 . So, for log-transformed abundances: 

Q{w) = In(A^ + In/jv( 1 - v'^ )^, OTNQ = Aft.v( 1 - ) (1-4) 

where, for notational clarity, we have introduced the inverse function of range size, 

which is the relative population size N/M of a species with range size that is, Ay = 

H(^(N/M)) = N/M. Since species with N>NQ are always detected, \-F(Q) is the 
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proportion of species which are always found by the sampling window. It follows that 

F{Q) is the fraction of species which may be missed. 

In the simulation of the classical lognormal (above), we implicitly defined 

^{N/M)r=N'M. Thus hsiNg) = I - ̂ w . Using this definition. Equation 1.3 can be 

rewritten in a form which allows us to see the roles of w and ^ more clearly. First, we 

expand the squared term of Equation 1.3; 

Q{V) Q(W) 0{W) « 
E[s(w)]= J Q{^)dF+ j 2^Q{^)M>dF+ J[ wdF^ j df- w>Q (1.5) 

—5c ——x pc") 

This leads us to; 

e + 2 ̂  w" /^ + WFIQ) + 1 - F(0)\ W>0 (1.6) 

(in which we abbreviate the first integral and the second IQ). 

We can interpret Equation 1.6 by imagining that our sampling window collects 

probability mass fi'om the province. The fourth integral, l-F(0), is the diversity 

contribution fi'om the species that are always detected. The rest of Equation 1.6 reports 

the contributions of the species in the collection which might have been missed, but were 

not. It is subdivided as follows. 

Let Sf be the set of all species that could go undetected by the sampling window. 

The first integral, is the average range size of species in Sf. The third integral, 

yvF(0), is the effective sampling area. It is the area, w, adjusted downward to consider 



22 

only those species which could be missed. Finally, the second integral 2 IQ  gives the 

s i z e  o f  t w o  r e c t a n g u l a r  a r e a s  o f  s i z e  I Q .  

We illustrate the situation in Figure 1.4. A sampling window, of size wF{0), 

positioned in any of the shaded areas will detect the species whose range size is So, 

the probability that a species is detected is the sum of ail the shaded areas divided by the 

total area, Ar. In this case, Ar= 1. Thus, the expected fraction of the 5? species collected 

equals the probability of detection of a species whose range size matches the average for 

5p. Such a species will have, for the canonical lognormal distribution with modal 

abundance AAo and variance a^: 

(1.7) 

_3 

h = (1.8) 

Equation 1.6 explains the near-linearity of the patterns in the simulations shown 

in Figure 1.2. First, notice that the area axis, which records the areas of the sampling 

windows, is scaled logarithmically. Actually, the sampling windows used for these 

simulations began at 100% of the area of the total 'province' and declined geometrically 

by powers of 2. If we were to convert the arbitrary units used for these simulations to 

fractions of the total 'province', you would see that, over most of the range of the area 

axis, w is very small. Except for the largest two areas, 2'^>w> 2"'. When w is very small, 

O is large and F(Oy-\. Therefore, (1 - F(0)) is close to zero. Second, lognormality 
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O is large and F{Oy~\. Therefore, (1 - F{0)) is close to zero. Second, lognormality 

implies that the modal species will be moderately scarce. So, the average range size will 

be small relative to h*. Therefore, the contribution of QQ + 2^ w/g will also be negligible. 

Thus, the term wF{0) should dominate Equation 1.6 making E[5(h')] nearly linear in vf 

over much of the range of sample window sizes used. Moreover, these arguments also 

show that sample diversity's intercept in this region will approximate zero, bringing 

Equation 1.6 close to the form^' = nTX. Transforming this equation to log-log space 

yields: log>' = logm - log x, which has a slope of 1. And that j-value is close to what we 

found in the simulations. 

1.5 MODIFICATION OF THEORY 

Our nested SPAR model produces z-values nowhere near the empirically observed range 

of 0.1 - 0.2. Can we trace this defect to a deficiency of the lognormal model that we 

have so far used? We shall now show that — as do previous models — our model does 

seem to oversimplify an important aspect of the relationships that determine SPARs. We 

will identify this aspect and incorporate a more reasonable version of it. This will allow 

the theory to predict reasonable z values. 

The key lies in the connection of population density to geographical range size. 

So far, we have assumed that total abundances in our virtual province are lognormally 

distributed and that range size is a linear function of those abundances. Our assumption 

merely maintained one found in previous theory. That theory depends on the assumption 
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that NT = pAr, with p (/.e. population density) constant. It used this relationship to find 

Sr in terms of Ar, the total number of individuals in area AT-

In assuming that range size is a linear function of abundance, we implicitly 

assumed that all species have the same population density (where they do occur). Yet, 

we know (Hanski, 1982; Hanski er al., 1993; Gaston, 1996) that range size correlates 

with population density. Further, building this correlation into our model must decrease 

z: it spreads less abundant species over greater ranges than they otherwise would 

occupy, thus reducing their densities where they do live and making them easier for our 

sampling window to detect. 

No one knows the exact functional relationship between density and range size. 

Nevertheless, we can incorporate a Hanskian relationship by changing the uniform 

density distribution to one suitably dependent on abimdance. This at least will illustrate 

the potential influence of Hanski distributions on SPARs. 

Let p w be the population density of the most abundant species. Then let p,, the 

population density for species i, be: 

(1.9) 

From (1.9) it follows that the range size, ^(^), is; 

(1.10) 
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Figure 1.5 displays the variety of relationships covered by Equations 1.9 and 

1.10. In one, range size and density are independent. In others, we see convex or 

concave functions with infinitely variable curvatures. And finally, we also have a case of 

a linear relationship between the variables. Thus, although we do yet not know the 

correct function, our choice, using only the parameter c, provides considerable latitude 

and should approximate that function rather well. 

The simulations reported in Figure 1.6 show that c does play a dramatic role in 

decreasing the slope of the species-area relationship. As c declines fi"om 1.0, r declines 

too. We expected that. But we were not sure whether decreases in c would — at least in 

theory — be suflBcient to make the predictions of z realistic. They are suflBcient. Values 

of c near 0.12 produce r-values near 0.16. 

Now we use Equation 1.10 to obtain theoretical SPARs. For the canonical 

lognormal; 

-rr rrr c{l-c/4) 
e^h-)] = 1 - F(0) + ^ F(0 -ca^) + 2jw § F(0 - ca^l) + (111)  

0(w,c) = lnM+7 ln(l - Jw) ( 1 1 2 )  

It is essential that we digress for a moment to point out the significance of 

Equations 1.11 and 1.12. They constitute the precise, analytical prediction of our 

computer simulations. That means we have managed both a computer simulation and a 
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precise prediction of SPARs using our model. Moreover, the two are entirely 

independent of each other. So, one acts as a check of the reliability of the other. How do 

they compare? They ought to produce identical SPARs — not only qualitatively, but 

quantitatively. Do they? 

In Figure 1.6, we plot the results of both theory and simulations. Equations 111 

and 1.12 yield the curves of the SPARs we simulated. On the other hand, the points in 

the figure are the results obtained by simulation. As can be seen, the theory quite 

accurately describes the behavior of the simulations. 

Given the excellent agreement between theory and simulation, we may examine 

the patterns of Figure 1.6 with considerable confidence. They tell us that species-area 

curves are actually not linear in logarithmic space. Instead, they are sigmoidal. So, the 

simple power equation, 5 = lo4% only approximates them. (That was also true of 

Preston's and May's theories.) However, the figure also reveals that SPARs are almost 

linear. In the paragraph after Equation 1.8 (above), we explained the reason why. 

Because of the near-linearity, species numbers do accumulate roughly as A'. So, 

we fitted straight lines to these SPARs and recorded the value of their slope, r. Figure 

1.7 shows the relationship of these z-values to c. From it we learn that r is also nonlinear 

in c, as predicted by Equation 1.11. Nevertheless, the relationship is even closer to 

linearity than SPAR itself 

Because z is nearly linear in c, we can substitute the approximation r = mc into S 

= kA- to give 5= 104"^ We thus convert the mysterious parameter z into a value 
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determined by the relationship between abundance and range size. Thus, even without a 

well validated function for the relationship between geographical range and population 

density, we can appreciate its potential importance. 

1.6 DISCUSSION 

Previous theories predicted that canonical lognormal abundance distributions should 

yield nearly linear SPARs with r-values near 0.26 (Preston, 1962; May, 1975). But we 

have shown that a canonical lognormal abundance distribution is not sufBcient to yield r 

= 0.26. Why do the predictions of our theory differ so radically from those of older 

theories (Preston, 1962; May, 1975)? We now consider the three most likely hypotheses 

to explain the discrepancy: 

1) Older theory applies only to island SPARs and not nested SPARs. 

2) Older theory contains technical flaws. 

3) Older theory requires invariance of key properties of the abundance 

distributions. 

1.6.1 Type of SPAR 
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Rosenzweig (1995) shows that SPARs exist at several different scales including those 

from nested, intraprovincial samples, and those from islands. May (1975) declares 

explicitly that his work deals with inter-island SPARs. He rightly points out that a theory 

of nested SPARs would be different; — it must include the eflfects of sampling. Our 

theory focuses on nested samples and shows how to include sampling. Perhaps that 

difference is the source of the discrepancy between our predictions and older ones? 

We can dismiss this hypothesis thanks to two critical regularities in the data 

(Rosenzweig, 1995). First, nested SPARs have r-values in the range 0.1 - 0.2. Second, 

the slopes of island SPARs are larger than those of nested, intraprovincial SPARs. Thus, 

the prediction of older theory that island SPARs have slopes near 0.26, requires that a 

correct theory of nested SPARs would predict slopes less than 0.26. Because our theory 

predicts z = 0.77, /.e., a slope higher than 0.26, it cannot accord with older theory. 

Hence, we must reject the hypothesis that the theories are both correct, but differ only in 

addressing different types of SPARs. 

1.6.2 Technicalflaws 

We find no mathematical flaws in older theory. But we do see a critical technical 

problem. May (1975) approximated SPARs for large S with a Taylor-series expansion 

for log(5) in terms of log(/4). This results in a local estimate of the slope about the point 

(AT, ST) — that is the point representing the entire area and diversity of a province. 
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But Taylor-series expansion requires the uniqueness of the expansion at the point 

it is made. Unfortunately, for nested SPARs, there is no unique expansion about 

{ln(/lr),In(5'r)}. Consider Equation 1.11 in the logarithmic space required for SPARs. At 

the point {ln(yir),ln(5V)}, all the derivatives of this equation are zero. Thus, the equation 

is not analytic at the point and cannot be expanded about the point. 

1.6.3 Invariance 

Both Preston (1962) and May (1975) assumed that the form of the abundance 

distribution remains lognormal regardless of the area sampled. Preston used invariance of 

the abundance distribution in order to construct the regression which gave him his 

prediction of z = 0.263. To see that May also relied on this invariance requires a brief 

explanation. 

The general lognormal distribution depends on only two parameters. No and a. It 

takes an additional parameter to convert this probability distribution to expected 

numbers of species having abundances in a given abundance interval. We get this 

parameter by assuming that, on average, 0.5 species lie in the unrealized tail of the 

distribution beyond M (the largest actual species' abundance). Thus, ST is a function of 

No, o, M and AT. For functions of more than one variable, any series expansion must 

include them all. To simplify his analysis. May (1975) used log(M/No) = cr/y to model 

changes in distribution parameters that represent variables other than area. But, this 
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simplification assumes that the distribution's form and thus the relationship between 

MINo and a are invariant with respect to area. 

One might be tempted to ignore the consequences of May's simplification 

because it is so elegant and because z is relatively insensitive to changes in y. But SPARs 

are power relations, so the contribution ofM/No and a must not be dismissed. The 

difference between r = 0.1 and z = 0.2 shows up as a squared number of species. 

In our simulations, we observed that the abundance distribution for the species 

found in a given window is not invariant. It gets more left-skewed as window size 

decreases. That is, as w declines, the abundance distribution, strictly lognormal at the 

scale of the entire province, resembles a lognormal less and less. 

We show how sampling distorts the provincial abundance distribution in Figure 

1.8. As sample area decreases, the probability mass shifts fi^om the smaller abundances to 

the largest. This reduces the diversity contribution of rarer species faster than common 

ones. This effect, in addition to the scaling of modal diversity predicted by older theories, 

produces the r-values between 0.48 and 0.83 in Figure 1.2. 

As an aside, we note that Coleman (1981) does not depend on invariance of the 

abundance distributions. However, because his result depends on the independence of 

nearby sites, it does not apply to nested SPARs. Instead, it is a model of the sampling 

SPAR that exists whenever samples count too few individuals to reveal the actual 

number of species in an area. 
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On the other hand, using Coleman's model, Williams (1995) has proposed that 

we replace the power equation as the equation of choice for fitting SPARs of a single 

species pool. He suggests that a novel form, i.e., s= 1 - exp(-exp(mi' + 3)), will be useful 

even when Coleman's assumptions do not apply. 

In summary, we claim that the statistical properties of lognormal abundance 

distributions, even when they involve large numbers of species, are insufficient to explain 

natural r-values. We have discovered that theories proposing such sufficiency make 

invalid assimiptions. We built an analytical model to replace them and it produces 

quantitative predictions consistent with simulations. But these predictions also taught us 

not to expect abundance distributions to be suflBcient. 

To obtain realistic predictions, we introduced a scaling law relating population 

density to range size. Much data supports at least the qualitative assumption that local 

population density of a species correlates with its range {e.g. Bock and Ricklefs, 1983; 

Brown, 1984; Hanski etai, 1993; Gaston, 1996). Any model satisfying this assumption, 

given a distribution with right skewed-Iogarithmic abundances, should produce SPARs 

similar to Equation 1.11. 

So, after all, we can obtain valid r-values. We did it by coupling lognormality to 

a function (Equation 10) that relates density and range size, and setting c — the 

parameter of that function — near 0.12. That is suflBcient. Yet, we cannot conclude 

either that Equation 1.10 is necessary or that lognormality is necessary. 
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How does the Hanski distribution work to gentle the slopes of SPARs? The 

matter is really quite simple. It makes rarer species less dense than they otherwise would 

be. This spreads them out over more area and magnifies their probability of detection by 

a sampling window. 

Williams (pers. comm.) points out another biogeographical fact that would 

accomplish the same thing as the Hanski distribution: Ranges are spottily occupied. That 

is, species often exist as a set of isolated or loosely connected populations. A rare species 

with a given average density in its range would be easier to detect if it that range were 

chopped into bits and the bits were scattered over a large area. However, for spottiness 

to gentle j-values, large-ranged species would have to be less spottily distributed than 

small-ranged ones. We are not sure whether this is so. Thus, although we suspect this 

relationship is true (and it might accomplish the same thing as the Hanski distribution), 

we have not modeled it explicitly. We also note that these two hypotheses are far fi-om 

mutually exclusive. Both the Hanski distribution and a spottiness gradient could be 

responsible for empirical z-values. From the way Hanski relationships are investigated 

(Gaston, 1996), it is not even always clear that there is much of a line between the two 

ideas. 

Many data sets examine the Hanski distribution (Gaston, 1996). But they are 

content to discover whether it is significant. We know of none that attempt to estimate 

its form or its coefficient. However, occasionally one comes very close to this. For 

example. Ford (1990; Figure I) displays geographic range versus a crude measure of 
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population density on log-log coordinates for 461 species of Australian birds. Visual 

inspection of these data allows one to estimate that the slope of the points is very 

roughly 0.5. From Equations 1.9 & 1.10 we obtain 

where k is an arbitrary regression constant. So, although Equation 1.13 did not exist 

when he wrote, we can report that Ford's data correspond very roughly to a c of y. 

Perhaps another variable lurks in the cloud of points reported by Ford, a variable that 

would reveal a partial regression slope for log c and log p closer to 5 (instead of 0.5). 

That is what it would take to return a c of about 0.12. Meanwhile, the best estimate we 

now have — i.e., c = j — is far larger than the c-value needed to support the 

lognormal distribution. It would be very useful now if others with data sets like Ford's 

would re-examine them to extract estimates of c. Will they support the lognormal 

distribution by having c-values close to 0.12? 

Our result predicts a sigmoidal species-area relationship in log-log space. 

Previous predictions differ considerably about that. Preston's and May's predicted that 

SPAR would have a negative second derivative over small areas. Many data sets seem to 

confirm that prediction. Meanwhile, on the right side of the graph, over very large areas, 

SPARs often seem to grow in slope, just the opposite of our prediction. Let us explain 

the left and right sides separately. 

(1.13) 
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Real samples of very small areas usually depend on few individuals. Such samples 

tend to reveal fewer species then are actually present. The smaller the sample, the greater 

this negative bias. We believe that is the most likely explanation of the convex-upward 

shape of the left side of many SPARs. This is confirmed to some extent by the good fit of 

Williams' extreme value fimction to SPAR data. This function depends on the probability 

of sampling a species and thus on the vector of abundances. Thus it tries to fit the data to 

be expected fi"om a sample. In contrast, our Equations 1.11 and 1.12 give the 

expectation of the actual number of species residing in a sampling window; this is the 

number one would get from a total census of all individuals. Several methods are 

available to reduce the bias of smaller samples (Rosenzweig, 1997). These should be 

usefiil to check our explanation. 

The explanation for the right side of SPARs is even more straightforward. Our 

model simply does not apply at these large scales. We set out to model only samples of a 

single species pool. Thus, it is only reasonable to imagine that our expected diversities 

will approach an asymptote over large area. Ecology has long noted the presence of such 

asymptotes in real data drawn fi-om a single species pool (Williams, 1995 and references 

therein). But real data fi-om continents do not approach such an asymptote because as 

they grow large, they encroach upon additional species pools (Rosenzweig, 1995, shows 

several examples). This means they are incorporating data fi-om multiple evolutionary 

assemblages. A successful model at that level will have to deal with the processes of 

extinction and speciation, processes we have not considered here. 
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Rosenzweig (1997) tries to draw the attention of ecology back to MacArthur's 

concept of point diversity (which — in principle — is the same as Whittaker's a 

diversity). Our general scheme allows us to connect SPARs with point diversities. 

Equation 1.5 implies a connection between the average point diversity and the average 

range size. As w goes to 0 from above, the proportion of species detected, 5(h'), 

approaches the average relative range size for a collection: 

jiin (̂>«')= f I (1.14) 

This suggests a direct relationship between the average point diversity for a province, 5, 

the maximum range size. AM, and average range size, A-. 

a = Sriz (115) 

Rearranging, we can cast Equation 1.15 into a form that will seem most familiar: 

a^=5r  (1 .16)  

Equation 1.16 may be interpreted quite traditionally. ST is gamma diversity; A is alpha 

diversity; ^ is a form of P diversity. Thus, Equation 1.16 resembles Whittaker's 

(1972) synthetic formula y = ap. 

Extensions of our work to fractal or statistically self-similar ranges could change 

the nature of the range scaling law (Equation 10), hopefully providing a mechanistic 

interpretation of its parameter, c. Nonetheless, the prediction implicit in Equation 1.16 
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typifies the several interesting relationships that can lead to empirical tests. Moreover, 

today we know that population density and range size are in fact correlated somehow. 

Because we have shown that this correlation profoundly influences SPARs, any 

successful theory of species-area relationships must incorporate it. 
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Sampling 
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VIRTUAL PROVINCE 

\ / 
Sampling window wrapped around 

Figure 1.1. Wrapping the sampling window around the province. The figure shows a 

comprehensive example of how the model and simulation treated a sampling window 

that fell partly outside the virtual province. Areas over the edge of the province wrap 

around (as indicated by shading) and sample the shaded areas within the province. 
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Figure 1.2. Simulations of species-area curves for lognormal abundance distibutions. The 

canonical lognormal, indicated by the dots, has y = 1, where y = o^/(log(M) - log(No)). 

Other values of y produce SPARs with different slopes. 



Figure 1.3. Sampling of species having range size ^ with a sampling window of size w. A 

sampling window detects the species if its lower left corner lands in any of the shaded 

areas. 
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wF(0) 

Figure 1.4. Sampling of species that could escape detection. The expected fraction of 

species contained in a sampling window of size vv can be calculated from the average 

range size of these species, 
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p = kQ^ 
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Figure 1.5. Geographic range vs. population density for different values of c, the 

parameter of the range-abundance relationship ^={N/My. The concave-down curves are 

for 1> c > 0.5 and the concave-up curves have 0.5 > c > 0. The horizontal line has c = 1. 

The line of slope 1 has c = 0.5. 
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Figure 1.6. Simulation data (symbols) lie very close to the femily of curves generated by 

theory. SPARs show near linearity for c near I and lower slope with decreasing c. The 

uppermost curves most nearly match real data. 
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Figure 1.7. z-values sliow near linear dependence on c. SPARs thus depend on the 

relationship between abundance and range size (Equation 10). 
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Figure 1.8. The abundance distribution changes shape as window size shrinks. The 

lognormal - true at the scale of the whole province - becomes strongly skewed at smaller 

window sizes. The skewness means that the lognormal's two parameters do not 

characterize the distribution for smaller window sizes. 



45 

CHAPTER 2 

A Power Function Relating Range Size and Density in Nortli American Birds. 

2.1 ABSTRACT 

Recent developments in species-area theory suggest a key role for the relationship 

between range size and abundance. Using data from the North American Breeding Bird 

Survey (BBS) project^ I evaluate a power function model of the relationship between 

species' range and species' abundance. Both least squares regression and principal 

components analysis (PCA) discover a significant positive correlation between range size 

and abundance. Previously, Leitner and Rosenzweig (1997) conjectured that range size, 

CO varies with abundance, according to ^ = kN", where k and c are constants. From 

the BBS data I fit this power fiinction to the data and estimate c = 0.27. The resulting 

power fiinction fit accounts for 91% of the variance in the data . 
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2.2 mTRODUCTION 

Larger areas. A, generally contain more species, S. A power equation of the form S = lc4-

usually fits such data rather well (Rosenzweig, 1995). Two classical theories (Preston, 

1962; May, 1975) predict both the power equation and the value of its exponent, z. 

According to these theories, species-area curves should have r-values near 0.26. But 

these theories had mathematical flaws (Leitner & Rosenzweig, 1997). Also, although 

there are different types of species-area relationship (Willliams, 1964; Holt, 1993; 

Rosenzweig, 1992, 1995), most species-area relationships (SPARs) come from 

successively smaller pieces of a continent (e.g. Palmer and White, 1994). These nested 

species-area curves, almost invariably, have z-values smaller than 0.2 (Rosenzweig, 

1995). The discrepancy between 0.26 and real r-values, plus the mathematical difficulties 

with classical theory, suggested that nested SPARs required a new theory (Leitner and 

Rosenzweig, 1997). 

Previous theories contain the tacit assumption that all species have the same 

population density regardless of their global abundance. Instead, common species tend to 

have the largest ranges and the highest population densities (Hanski er ai, 1993: Gaston, 

1996). Rare species tend be both local and sparse. Leitner and Rosenzweig (1997) 

explicitly incorporated the relationship between relative range size, and relative 

average density, p in the form: 
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P = <^ '^ '  ( I )  

In this formuJatioa, c is a constant and the most abundant species is given unit range and 

unit density and individuals are uniformly distributed with the range area. Thus range 

sizes and densities are given relative to the values for the most abundant species. Figure 

1 shows the range of shapes possible with this function. A little algebra shows that Eq. 

(1) may be written in the form ^ = k N', where N is abundance. Using Equation (1) 

Leitner and Rosenzweig (1997) finally did obtain results whose SPARs match real data 

in slope and shape. Thus, they emerged with a coordinated system of theory and 

simulations that are entirely consistent with each other and real data. But the power law 

shape of the range-abundance relationship and the value of c have never before been 

estimated. Here I report an estimate of c using real data fi-om the North American 

Breeding Bird Survey (BBS) (Robbins et al 1986) and examine the fit of the power law 

to this data. 

In the present context, Eq. (1) describes the tendency of range size and abundance to 

covary. I view § and p as random variables that represent a realization of the ecological 

processes that determine both range size and density. Many of the same processes that 

determine an organism's density also determine it's range. Clearly, no organism's range 

extends to regions where it has zero density. However, an organism could undergo large 

variations in density, throughout its range and yet still occupy all or a significant part of 

its range. So, to some extent, range size and density will exhibit independent variations. 
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The work reported here attempts to partition the relationship between range size and 

density into correlated and uncorrelated variation. This partition provides a rough 

estimate of the importance of shared processes in the range size-density relationship. 

2.3 methods 

I calculated range size and abundance for those species whose ranges were entirely 

contained within the region of BBS coverage. This amounted to 173 species in all. 

Range maps for these species were downloaded from the National Biological Service 

(NBS) home page (Sauer et al 1997). Relative densities were calculated from the 

summaries of species relative density for each state, also downloaded from the NBS 

home page (Sauer et al 1997). 

2.3.1 Range Size 

I downloaded range maps and converted them directly to TIFF images. They were then 

converted to 326 X 403 pixel, 256 color raster im^es using the DDRISI (Eastman 1992) 

TIFF conversion utility. I removed geopolitical boundaries and calculated the area of the 

resulting image in pixels. The BBS covers a relatively small range of latitudes so I did 

not correction for projection distortions. I verified this approach on a small set of images 

by using the IDRISI (Eastman 1992) GIS package and a latitude/longitude reference file. 
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I normalized the resulting areas to the largest area in the data set (Belted Kingfisher 

Ceryle alcyon). 

2.3.2 Relative Abundance 

In order to minimize the effects of differential coverage across the entire BBS region, the 

state lists report relative densities by physiographic stratum (Sauer et al 1997). Strata 

may occur in many states, so I first generated a table of stratum area by state using a 

higher resolution version of the strata map published on the NBS home page (Sauer et al 

1997). Thus for each state, I found the average abundance of any species in the state by 

multiplying the density within a strata by the area of the strata within the state, and then 

adding up all the strata. Summing across all states and dividing by the total area of all 

strata yielded the average density for the entire BBS region. I obtained the relative 

average density by normalizing by the density of the species having the largest density 

within the selected set of species. 

2.3.3 Analysis 

I first log-transformed average relative density and relative range sizes. Using routines 

written in TURBO Pascal, I calculated least squares slope and intercept coefl5cients as 

well as principal axis slope values and eigenvalues (Sokal and Rohlf 1981). In order to 

investigate the stability of the resulting slopes, I generated distributions for slopes using a 
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bootstrapping routine that assembled a random set of species using the average relative 

density and range size data for each selected species. The resulting data set contained the 

same number of species as the original. I then calculated least squares slopes and 

principal axes. Repeating this 5000 times generated distributions for both the least 

squares and principal axes slopes. The 99% confidence intervals resulting fi-om 

bootstrapping the slope, b, are reported as P{L < A < U}=0.99. 

2.4 data 

Figure 2 shows the range map obtained for Belted Kingfisher Ceryle alcyon. Compiling 

the areas fi-om all 173 such maps, computing the average relative densities, and 

log-transforming the data resulted in the scatter plot shown in Figure 3. 

2.5 results 

The least squares analysis produced a slope, b, of 1.47 (rM3.5, P{ 1.13< A < 

1.86}=0.99), resulting in c ~ 0.4. Principal axis calculations produced a slope of Z>=2.64 

(P{2.24< b <3.33}=0.99), resulting in c ~ 0.27. For the principal axis calculation, the 

eigenvalues were = 1.22 and A.2 =0.11. Figure 3 shows both the regression and 

principal axis fits. Applying the Kologorov-Smimoff Test (Hoel, 1971), I constructed 

confidence intervals for the distribution of the residuals left after projection onto the 

principle axis. These are shown in Figure 4. We expect 99% of empirical distributions to 
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fall entirely within the bounds if a normal distribution is the true distribution of residuals. 

In this case, we fail to reject a normal residual distribution. Therefore, we estimate that 

principle axis explains K\/(X\ + A,:) = 91% of the observed variance. Bootstrapping the 

regression analysis resulted in the distribution seen in the insets of Figure 4. The central 

location of the estimated c values within the resulting unimodal distributions indicates 

that the results are robust and do not strongly reflect the influence of outliers. 

2.6 discussion 

The range-density relationship is significant and fairly strong. The least squares 

correlation coefficient (r = 0.7) indicate a highly significant relationship between range 

size and density. The principal components approach indicates that the power law 

relation between range size and density accounts for roughly 90% of the observed 

variance. However, we should keep in mind that the species chosen for this analysis all 

have ranges contained within the BBS coverage. More widespread species do not appear 

in this analysis. In fact, only 31% of the North American species do. So, the results 

obtained here really only apply to a subset of the range - density relationship. 

We can get an idea of how much of the relationship is revealed fi"om the abundance 

distribution for North American Breeding Birds. The most abundant bird in the data set 

used for computing c is Common Grackle ( Quiscalus quiscula). The most abundant bird 

from the entire BBS data set. House Sparrow {Passer domesticus), is only 1.3 times as 
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abundant. However, we see from figure 4 that data at higher densities is rather sparse. In 

fact, 90% of the data used in this analysis span only 12% of the range of density values 

available from the fiill BBS data set. So, we see roughly 12% of the range size - density 

relationship. Is this suflBcient? 

The key point to understanding the generation of species-area curves is the mixing of 

range sizes by the abundance distribution. We detect species only if we sample within 

their ranges. The number of ranges we sample depends on the probability distribution of 

range sizes. The power law cormecting range size to abundance lets us find the 

probability distribution of range sizes from the abundance distribution. If most of the 

species in the abundance distribution happen to have densities sizes within the 12% 

covered by this analysis, then we've got the most important part of the relationship for 

testing species-area theory. 

Using similar methods to those described above for calculating average density from 

BBS data, I have constructed an image of the abundance distribution (Leitner, 1998). If 

we examine the cloud of points seen in figure 3, we find that it contains species whose 

averse densities fall below the density of Western Kingbird {Tyrannus verticalis) . We 

note that the least abundant species in the data set is Piping Plover (Cftaradhus 

melodus). It turns out that between these two species we find 90% of the densities for 

the North American Breeding Birds. This happens because the distribution's density 
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function has lognormal-like shape. The bulk of birds between these two species have 

ranges that either extend into uncovered areas in Mexico or the Canadian Arctic. What 

happens when these species get added to the data set? If the coverage of the BBS can be 

viewed as a random section taken from the entire province so that no peculiar range size 

- density relationships apply to uncovered areas, then from the bootstrapping shown in 

the insets of figure 3, we expect very little eflfect. 

The choice of Least Squares or Principal Axis methods does result in systematic 

differences in c. The least squares value probably underestimates the magnitude of the 

relationship because the independent variable in this case measures both process and 

measurement noise. Thus, it does not naturally meet the usual requirements for an 

independent variable. The principal axis slope of 2.64 probably provides a better linear 

approximation to the log(range)-log(density) relationship because the calculations 

involved account for uncertainty in both variables. The bootstrapped resuhs for the 

principal axis calculation typically result in a more nearly normal distribution of residuals 

indicating significant stochasticity in both variables. Although significant correlation 

between range size and average density seems to hold, there remains much unexplained 

variation in the data. This is most apparent in Figure 3. There are two sources of noise 

which are of interest here, measurement error and inherent process noise. 
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Systematic measurement errors present the greatest source of difficulty because these 

sources of error introduce not only noise but may introduce spurious trends in the data. 

Possible sources of systematic error include the use of roadways to conduct surveys, 

detection probabilities that depend on abundance, and the use of physiographic strata to 

adjust for differences in coverage. A more sophisticated bootstrapping scheme might be 

used to estimate the effects of these sources of error on the results. If measurement error 

affects the ratio of range size to density in a roughly linear manner, these sources of error 

will be an insignificant part of the slopes reported here. 

Both the residual noise and the power function trend have biological significance. To 

understand the role of the power fiinction and the residual noise we must keep in mind 

that the pattern comes fi-om rare up to common, but not to abundant species. There are 

many pairs of these species in the data set whose ranges overlap only partially or not at 

all. So, while these species may exhibit the same overall range size and abundance 

relationship due to similarities in their ecologies, many of these species behave 

independently of most of the others. The normal distribution of residuals probably 

results fi'om the various small differences in the biology between these species. So, the 

residual distribution may reflect demographic processes that are either unimportant for 

both range size and density or that operate more or less independently across species. 

The power function fit reflects similarities in the ecology of this set of species that, once 

again, occur near the mode of the abundance distribution but not those very common 
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species in the tail. These processes may operate through a direct mechanism causally 

comiecting range size and density. Perhaps they represent independent mechanisms 

whose behaviors track the same underlying factors. If we keep in mind that the reported 

range size and abundance for any species reflects the scale of measurement, then we can 

use the power function shape to test various models of spatial ecology. This is where the 

value of the parameter c becomes important because it determines the shape of the 

power fixnction. This value can be used to assess the validity of theories that generate 

biogeographic pattern, such as species-area curves, metapopulation models and perhaps 

even habitat selection strategies. 

Interestingly enough, the value c = 0.27 is near the values that produced realistic slopes 

from species-area curves for lognormal abundance distributions in the simulations 

reported by Leitner and Rosenzweig (1997). Given an empirical abundance distribution 

we should be able to predict a species-area curve for North American birds. There are 

two technical diflBculties associated with this approach. First, the range shapes used to by 

Leitner and Rosenzweig (1997) were square areas. Conceivably, we could encounter 

problems if we sample a species range whose boundary is highly invaginated. Small 

sample areas could find regions near the species range boundary containing no 

individuals where large sample areas would be unable to sample these regions without 

overlapping the species' range. Thus, as the sample size grew, the apparent range area 

would grow too. At the scale that is reported on the BBS home page, one does not 
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observe this sort of fractal-like complexity. So, even though natural ranges are of course 

not squares, this may not be a critical factor. Second, the abundance distribution 

determined from the data will be distorted by the scale of the measurements used 

(Leitner and Rosenzweig, 1997). To get around this, we need to relax the assumption 

that the global abundance distribution is log-normal. Then we just use the measured 

abundance distribution at the largest possible scale to predict the species-area curve for 

smaller scales. This work will be the subject of future communications. 

In theory, we should be able to get a theoretical relationship between range size and 

abundance from metapopulation models by varying the number and spatial distribution of 

patches or the distribution of patch sizes. Metapopulation models explicitly connect site 

distribution to site occupancy through the extinction and colonization rates. Extinction 

rates follow from mean population size that in turn depends on the patch size through its 

carrying capacity. The value obtained here, c = 0.27, implies that range size rises quickly 

for rare species, then slows down rapidly for more common species. This implies that it 

may be necessary to consider an additional complication - the presence of secondary 

habitats. If we speculate that the rare species use a single, sparsely distributed habitat, 

then they should be overdispersed. More common species capable of using a secondary 

habitat might be expected to use nearby, less suitable areas before spreading to more 

distant primary areas given a tradeoflF between colonization success and local extinction 

in the secondary habitat. In any case, the shape of the range-abimdance curve implied by 



57 

c = 0.27 should make it possible to qualitatively compare the relative importance of the 

various model assumptions. 

2.7 concxusion 

The power function form of the range-density relationship, though crude, nonetheless 

indicates that range size decreases exponentially slowly with decreases in density. That 

is, rare to uncommon species on the average should also be narrowly distributed. 

Possible mechanisms that can produce this pattern have yet to be investigated. Habitat 

heterogeneity coupled with habitat selection may produce species-area relationships. 

Perhaps it does so by inducing the range size-density relationship investigated here. The 

same methods used in calculating average relative density for the species in this data 

have been applied to the entire data set in order to produce a first approximation to the 

abundance distribution. This distribution represents a sampled version of an underlying 

abundance distribution for North American Birds. Leitner and Rosenzweig (1997) 

assumed a global, or provincial abundance, in the theoretical development of nested 

species-area relationships. Fortunately, it is not necessary to use a global distribution. We 

just need the abundance distribution in a defined area in order to proceed. This in turn 

should permit a theoretical calculation of the species-area curve for North American 

birds that can be directly compared with empirical results. 
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Figure 2.1. Population density vs. geographic range for different values of c, the 

parameter of the range-abundance relationship. The concave-down curves are for 1> c 

0.5 and the concave-up curves have 0.5 > c > 0. The horizontal line has c = 1. The line 

of slope 1 has c = 0.5. 
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Estimated range of Belted Kingfisher {Ceryle alcyori) 

Figure 2.2. Breeding range of Belted Kingfisher (Ceryle alcyori) obtained after filtering 

the image published on the BBS home page. This species has the largest of the breeding 

ranges used in the analysis. 
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Range Size as a Function of Average Density 
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Figure 2.3. Scatter plot of data with estimates of linear trends. The steeper plot from 

principal axis calculations results from uncertainty in the relative density variable. 

Abundant species with large ranges appear in the upper right of the plot. The stability of 

the slope estimates are indicated by the location of the vertical line in each of the 

bootstrap distributions shown in the insets. The more normal distribution for the PCA 

calculations reflects the presence of noise in both range and density variables. 
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Figure 2.4 Distribution of PCA residuals and Kolmogorov-SmimofF coniSdence intervals. 

The histogram gives the relative frequencies of the perpendicular distance to the 

principal axis for each of the log(range size), log(density) pairs in the data set. The curve 

is the normal density function obtained from using the mean and variance of the 

residuals. Cumulative distribution functions obtained from the histogram and normal 

density function are shown in the inset. The dotted lines give 99% confidence intervals 

for the normal distribution. The empirical distribution is consistent with the hypothesized 

normal 
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chapters 

Generating Population Dynamics From Stociiastic Process Models of Individual 

Biology 

3.1 abstract 

Although dynamical models of population level behavior have been a mainstay of 

theoretical ecology, few attempts have been made to derive these models from individual 

level processes. Here, I use stochastic processes to model both the spatial distribution 

and the birth and survival mechanism of individuals living in an environment of identical, 

but independent patches. Even the simple model studied here generates insights into the 

interplay between individual behavior and population dynamics. In particular, a natural 

generalization of logistic population growth to individual reproduction and survival 

yields a deterministic skeleton for the population dynamics more like the Ricker map 

than the logistic map. The derivation presented reveals a functional dependence of 

carrying capacity on both environmental capacity and reproduction and survival. Finally, 

the use of stochastic processes to model individual life histories leads directly to 

stochastic characterizations of population dynamics such as mean time to extinction and 

probability of persistence. I present a brief discussion of the connections between the 

capacity of the environment and mean and variance of density-dependent individual 

reproduction and survival on the one hand and the probability of population persistence 

on the other. 



64 

3.2 INTRODUCTION 

Ecological theory aims to understand the emergent properties of natural systems and 

relate them to the biology their constituent organisms. These properties depend on the 

recognition of several levels of natural organization, in sequence from individual to 

population, to species, to community and so on. We focus here on the transition from 

individual to population levels because it provides the simplest, and perhaps most 

fundamemal, of all ecological principles relating emergent properties at one level to 

processes at a lower level. This principle, a form of conservation of mass, states that 

population size changes only through the birth {B), death (£>), emigration (£) or 

immigration (/) of individuals. Symbolically, we write the change in population size. A', 

from time t to /+A/, as 

= (1 )  

The smdy of Equation (1) has generated an enormous body of results because 

Bt,D,,Et and D 

may all be fimctions of M,, spatial structure or other state variables. Traditional 

theoretical ecology specifies these functions using a mean field approach that emphasizes 

expected changes in population size in terms of the average birth, death and migration 

rates for a population of a given size. Using this approach, much information about 

individual biology is subsumed in a few population level parameters. Consequently, much 

ecological theory focuses less on the relationship between levels than on the aggregate 

behavior of a given level. Here, I present an approach that generates population level 



65 

dynamics from models of individual biology. In order to emphasize the synthetic nature 

of this theory, I show how it deepens the mechanistic roots of previous theory. 

3.2.1 Previous Theory 

Population level models that describe the temporal dynamics of average abundance or 

density, for example the logistic and Ricker maps (May, 1976) have received 

considerable attention. As seen in the example presented here, in even well known 

models, such as logistic population growth, intuition about individuals may not 

extrapolate to populations. While analysis of these models reveals dynamical behaviors 

ranging from stable equilibria to chaos, they derive, at best, from a tenuous connection to 

individual-level biology. Rather, two mathematically convenient, but biologically 

questionable, assumptions underlie a large fraction of the models used in theoretical 

studies. First, many deterministic population models assume continuous individual 

density in time and space and second, homogeneous, instantaneous mixing of individuals. 

The assumption of continuous individuals works best when a single individual may be 

regarded as an infinitesimal part of the whole population. For cases when the first 

assumption holds, the second implies unifonn environmental conditions experienced by 

interchangeable individuals. Using these two assumptions, mass-action laws for average 

population dynamics have been postulated in ways that presumably reflect, on average, 

the biology of the individual. In short, the mathematical analysis of these models has 
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advanced well beyond their design because the later remains largely an exercise in 

biological intuition. As we shall see, a bottom-up approach that incorporates process 

noise at the level of individual biology can serve as a more rigorous basis for model 

design. 

3.2.2 From Individuals to Populations 

The bottom-up approach uses mechanistic process models at lower levels to generate 

theory about higher levels. Whether we seek to understand communities and their 

species, species and their populations or populations and their individuals the goal 

remains the same, abstract relevant details at lower levels of organization so that 

properties at higher levels can be readily studied. Using stochastic processes, we can 

integrate uidividual biology with population dynamics and, as shown below, derive some 

well-known population models (see also Royama 1992). Modeling populations in terms 

of individual stochastic processes holds great promise for several reasons. First, we 

already know, and can easily obtain more information regarding the biology of 

individuals. Virtually all such data is statistical in nature. Second, the most fundamental 

unit of ecological consideration is the individual because birth, death, immigration and 

emigration underlie all ecological processes. Third, only a mechanistic understanding of 

how population behavior arises from individuals can tell us the model's form, its 

parameter values, and what data to collect. Fourth, it turns out that the probabilistic 

structure of the model leads directly to statistical properties of populations including 



67 

probability of extinction and mean time to extinction. Finally, we gain insight into the 

methodology for measuring population level parameters when they can be interpreted 

directly in terms of individual biology. 

An individual's life history, when viewed as a stochastic process, can be viewed as a path 

in time through the set of biological outcomes realized by an organism. For example, to 

model events in the life of an individual bird we may specify, at given times, the number 

young fledged, location of territory occupied, density of neighbors, and so on. We can 

incorporate as much information as we like at each point in time provided that we have 

some means of assigning a unique probability to each possible event at each time. The 

collection of all such paths and their probabilities defines a stochastic process. In 

principle, we can make the process more or less mechanistic by modeling the 

distributions of births and deaths as functions of the local environment. Any individual 

may give rise to a number of offspring, resulting in a branching pattern of population 

growth. For offspring distributions that do not depend on the current population size, the 

model falls under the theory of classical branching processes. Unfortunately, analysis 

becomes quite difficult for all but the simplest forms of density-dependence when 

recruitment, survival or dispersal distributions depend on population size. Nonetheless, 

the simple forms demonstrate some general principles and may play a key role as 

boundary conditions for checking simulations of more complex models. In what follows. 
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explicit, stochastic process models of spatial distribution, reproduction and survival. 
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3.3 MODEL DEVELOPMENT 

We will limit ourselves to the study of a single population so that, for now, we may 

ignore migration of individuals between populations. Choose individual j from the N, 

adults in a population at time t. For simplicity, let us assume that any such j is either 

female, or it reproduces asexually. After a time A/,y gives rise to a random number of 

female offspring, bj, that survive to time /+A/ while j itself survives with probability 1 - d,. 

Further simplifying the notation, we assume here that we can rescale so that A/ = I. We 

write the stochastic life history process of individual j as : / s {0,1.2,..} . Just 

as a collection of biotic and abiotic environmental components span an organism's niche, 

so too the distribution of depends on the realization of local conditions. For 

example, the distribution may depend on the number of other individuals reproducing in 

a patch of habitat, patch quality, mate availability and so on. The set of conditions 

experienced by all individuals in a population up to time t we call 3f. Once we have 3,, 

then we know the distribution of and we can determine the expected value for 

M+i/ in terms of 3f from 

E[M+^|3,] = E[5, -D, +M|3,] = E[2 y,-4 +1|3,. (2) 
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Evidently, we calculate this expectation by multiplying the number of ways we can get 

each possible value for the summation by the its probability and then summing over all 

such values. The task is even more difScult than it looks because we may have local 

interactions between individuals. However, the stochastic process approach we've taken 

avails us of the considerable body of theory based on conditional expectations (Durrett, 

1991). For our purposes, we will use two simple, but powerful aspects of this theory. 

First, if we know 3, then we know M.. The expectation of a variable known to 3 f is 

treated as a constant, conditional on 3, we find 

E[M+^|3r] =%^[bj-dj + 1|3, (3) 

The second, the law of total probability, lets us partition our probability space in order to 

simplify calculations. More on this when we consider logistic growth. 

It turns out that most traditional models study E[//f+A/!iV,] = (p{Nt\ the conditional 

expectation of given M. In other words, (p{N,) forms the deterministic skeleton of 

the dynamics. However, the distribution of M+a/ depends on 

3r which contains not only N,^ but other potentially important information. To find the 

function (p, we must express the historical local environmental conditions and the 

distribution of conditions expected in the next A/ units of time in terms of M. As studies 

of spatially explicit, age and stage structured or interspecific interaction models have 

shown, Nt may not contain enough information to construct such a (p. We can, however. 
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find (p for some simple, but nonetheless, reasonably realistic models. To do so, we need 

to make explicit assumptions about the spatial distribution of individuals and population 

structure. From these two assumptions, we can decide how much history we need to 

specify the distributions on the {b,d) process. 

3.3.1 An example: Logistic Individuals 

To solidify the ideas presented here, let us consider logistic population growth. Widely 

considered the simplest form of density-dependent population growth, the logistic model 

assumes that the per capita growth rate falls linearly with population size. At the 

individual level, let us suppose that expected reproduction and survival decline linearly 

with local density. This seems the most natural assumption that should lead to logistic 

population growth. 

Suppose we have an environment containing S identical sites of suitable habitat for our 

model species. As in logistic growth, let us assume that the per-capita average 

reproductive rate falls linearly from the maximum, X, for a lone individual to zero when 

there are M other females occupying a given site. So, if there are 0<>'<M+1 females at a 

site, each gives rise to A(1 - ̂ ) individuals, on average, for a net mean output of 

yA(l - Rewriting equation (3) by substituting Xj = bj-dj-\ we find 

E[M+A,|3,] = SEC/.P, (4). 
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To distribute individuals among sites, we assume that reproductive females select one of 

theses sites at random, without regard to prior occupancy. For simplicity, we assume 

that all females have access to males. We further assume that individuals select sites 

independently and all follow the same birth-death process. However, individual's do not 

reproduce in a strictly independent manner. For example, suppose we begin with only 

two individuals. If one individual is alone in a site then so is the other and they both 

follow the birth process for the zero neighbor case. Clearly, if one the individuals follows 

the single neighbor process, the other must also because it too must have one neighbor. 

Due to the linearity of the expectation operator and the fact that we are taking 

expectations of a sum, we get the same result as if the individuals were strictly 

independent; 

E[i\A,^^|3,]=iV,E[/l|3, (5). 

Note that this does not work for computing the variance or any other nonlinear function 

of the birth and death processes. Let n be the number of individuals in a given site. We 

apply the law of total probability to find E[/.| 3,] by conditioning on each separate event 

in which exactly / individuals occupy a given site, i.e. the events { n=i}. Let P(/, 3f) be 

the probability that an individual shares a given site with i other individuals. Thus 

E[A| 3,] =E[E[A| a; = /p,]] = S,^E[xi// = /]?(/, 3, (6). 

Due to the independent, identical nature of the S sites, we can get a combinatoric form 

for P(/, 3f) that depends on N, and no other historical information. We use the well 

known Poisson approximation to simplify the P(/, 3,) and finally obtain 



72 

f (1 - (7). 

Logistic growth requires that E[A^H-Atl3rl = So, logistic individual behavior 

needn't produce logistic population growth. In fact, if we set A/= I, we can show that 

another well known population growth law, the Ricker map, results. In this case, we 

obtain 

E[M^i,|3r] = = M,e'^ (8) 

We note at this point that Equation (8) implies that K = S ln(A.). Thus, as we would 

expect, the carrying capacity, AT, results from an interaction of environmental, S, and 

biological. A., factors. The modeling strategy developed here lends itself well to Monte 

Carlo computer simulation. Equations (7) and (8) can thus be checked against a system 

that conforms to the assumptions underlying their derivation. 

3.2.2 Monte Carlo Simulations 

Computer simulations of the model allow Monte Carlo estimation of E[A'^f+i,(3f. We set 

up an array of habitat patches into which we distribute individuals. The reproduction and 

survival can be implemented with a number of different stochastic processes. We require 

only that the mean of the process has the assumed density-dependence. For example, we 

simulate the fecundity of an individual in a patch with n neighbors as a Poisson 

distributed random variable with parameter 6(n) = max{6(1 -nlM),0]. Similarly, adults 

die with probabilty d{n) = imTi{d{\ -nIM), 1} Using these assumptions, we can 
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compute E[iV,+A/|3, for each M , The algorithm initializes 1000 populations at the same 

population size, N,. It then distributes individuals into each population's respective 

habitat sites and applies the birth and death process. We then estimate 

averaging over the 1000 replicates. Figure 1 shows the resuhs of a simulation of an 

environment with 20 sites, X=2.S and M=I. Superimposed on the Monte Carlo output is 

a plot of the theoretical prediction for E[A'^f4.i [A^r ,. As we would expect, changing the 

births and deaths from the forms assumed above to other processes, even to 

deterministic demographic processes, leaves the deterministic skeleton unchanged. 

Similar results obtain for all of the values of b, d, M and S attempted so far. Apparently, 

we can construct the deterministic skeleton used in traditional approaches from 

individual level stochastic processes. However, two issues remain. First, do we observe 

the appearance, as in the Ricker map, of stable equilibria that bifiircate through periodic 

behavior to chaos as we increase b - d m ^ manner? Second, if many different processes 

generate the same deterministic skeleton, how do the differences in process variance 

manifest themselves in the dynamics? 

3.3.3 Bifurcation Sequence 

We can take two approaches to the first question. Monte Carlo and analytical. The 

analytical approach models population density by dividing N, by S, so that as S gets large, 

a central limit theorem applies (Klebaner 1997). The theorem tells us that noise about the 

deterministic skeleton converges in distribution to a normal random variable whose 
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variance goes to zero as 5" goes to infinity. For smaller S, we can use the Monte Carlo 

simulation and plot a hundred successive values of population density, N, S, for each 

value of X. Figure 2 shows the results of such a simulation for S=50 and S=1000 with 

the analytical deterministic skeleton superimposed for comparison. The bifurcation 

diagrams generated in figure 2 were produced using A/ = I, as in the derivation of the 

Ricker map. Therefore, we should expect that the Ricker map bifurcation diagram would 

match the one generated here. It does not. The problem arises because in this case, the 

carrying capacity parameter K depends on X through K = S ln(A.). If we transform the 

equations using the substitution X, = N, /ln(X) then the bifurcation diagrams for the 

Ricker map and E[A^f+i jA^f merge. Figure 2 also shows that the stochastic dynamics 

track the deterministic skeleton, with some bias, as we increase A,, through the 

emergence of stochastic 2-cycIes. As the central limit theorem result implies, the S = 

1000 case allows us to visualize the appearance of higher order cycles due to lower 

variance in population density. In both cases, we note that the emergence of higher order 

cycles resuhs in a branch of equilibria that gets closer to zero as X increases. This means 

that the stochastic system goes extinct fairly early in the bifiircation sequence. This leads 

us to the second of the issues raised, the role of process noise. 

3.3.4 Process Noise 

Having considered mean behavior, we now consider the probability distributions that 

evolve as a population changes. We have seen that the deterministic skeleton falls short 
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of characterizing population dynamics, performing well only for large S. Now, as long 

as E[iV,+i is bounded, M eventually reaches zero, almost surely. So, even when the 

deterministic skeleton predicts the existence of a stable, nontrivial equilibrium, zero is the 

only point to which all populations actually converge. The boundedness of E[A^f+i jA'^r, 

tells us that as time goes on, the probability distribution of population states gets 

concentrated on a small set of values. In this case, that set contains only the origin. Let 

To = inf { /: M = 0} be the time to extinction of the population. The mass of probability 

concentrated on the point (0} at time t tells us the probability of extinction by time t 

given by PCTo < /) = ?{Nt = 0). If we can figure out how fast probability accumulates on 

{0} then we get an extinction rate for the population. It turns out there is only one such 

rate and it completely characterizes the distribution of To with two provisos. First, 

conditional on nonextinction, E[A^t+i TQ > t\ is bounded and second, starting at any 

size, the population dynamics can reach any other size. Density dependence satisfies the 

first condition if both the mean number of births and the probability of survival decrease 

to zero as N, increases. The second condition could be violated if a biological threshold 

exists that prevents small populations fi"om reaching large population size. However, the 

simple model considered here satisfies both conditions. So, given that unique 

distributions exist for quantities like extinction time and population size, we can simulate 

them and do more analysis. 



76 

As shown above, we need only M to figure out the parameters of the distribution of NI-M. 

Thus, our process is Markov and the distribution of population sizes about E[A^r+ilA'^r 

gives us the transition probabilities from N, to any other state. Unfortunately, long term 

dynamical properties require more than this single time step distribution. As we shall 

presently see, Pz(To > t) the probability that a population starting from size x persists 

beyond time t, depends on the long term distribution of population sizes. Suppose we 

build a distribution of population sizes, called 7c(x), under the constraints that: I) We 

never allow the population to actually go extinct and, 2) If we begin with an infinite 

collection of populations and we allow one time step for reproduction and survival, then 

the resulting distribution is still 7r(x). Then, if p(x, 0) gives the probability that the 

unconstrained population goes extinct from size x, it can be shown that 

Pn{T^>t) = {\- Ir,o n(x)pix, 0))' (9). 

If we plot ln(Px(7'o >')) vs. t we get a line with slope u = \ - 'Lx>o n{x)p{x, 0], Thus, the 

rate of extinction, ji, depends on the probability of extinction fi^om a population of size x 

and the probability of occurrence of size x. Figure 3 shows plots of/?(x,0) and 7r(x) for 

S=20, X=2.S and M=\. The extinction rate calculated for this case, 0.00076, was 

compared to a Monte Carlo simulation in which 1000 populations gave an extinction rate 

of 0.00081. The product n(x)p(x, 0' takes on its largest values at small x. This indicates 

that most extinctions occur after a population has reached small size. Larger variance, 

a(x), in the individual birth and death processes results in a widening of the distribution, 

7c(x), and consequently higher extinction rates. For example, consider two model species 
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whose life history processes have the same mean behavior, but different variance. For the 

first, we set b = 2.25 and d = 0.25 while the second has b= 1.75 and d = Q.IS. We let M 

= 1 and S = 20. Note that both show the same E[iV,+i |A^, because both have X{n) = 

2.5(1- riM). Larger variance occurs for the b = 2.25 case and so it should have higher 

extinction rates. Figure 4 indicates that this is in fact the case. 

Equation (10) shows a conjectured approximation to the sum in Equation (9) that results 

from an application of central limit theory (Leitner 1998). 

Sx>o K(x)p{x, 0) ^ /?(1,0) exp(-Jr*(^) (10). 

Here, we see the exponential dependence of extinction rate on X", the mean population 

size, taken with respect to 7c(x). The other parameters, r and <T, are the mean and 

variance, respectively, for individual reproduction and survival computed with respect to 

7t(x). The role of carrying capacity as an important factor in determining MTE has long 

been known (Lande 1993). In this case, X" combines both environmental capacity and 

average individual reproduction and survival while r^/cr^ measures the coeflBcient of 

variation for excursions away from )C. We can see that life history traits that reduce 

variance might be able to offset losses in MTE due to reductions in carrying capacity. 

Thus, given a collection of species that are rare due to low carrying capacity, those with 

lowest demographic variance should persist longest. At the same time, we can see that 

increasing X" by increasing X may lead to periodic behavior that reduces extinaion time. 

This hints at a more integrated view of the individual-population system because periodic 
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behavior resuhs from the nonlinear feedback of population size on the individual level 

process. 

3.4 DISCUSSION 

The strategy presented here aims to synthesize a connection between traditional 

deterministic population dynamical models and the apparently stochastic nature of 

individual life histories. The modeling philosophy fundamentally assumes that ecological 

systems can be understood in terms of their component subsystems. Many ecologists 

view ecological systems in a more holistic fashion. That is, only complete information 

about ecological systems suffices to explain individual or population behavior, or 

conversely, only complete descriptions of the biology of all individuals can generate 

community properties. Stochastic models offer a reasonable compromise between 

mechanistic process and phenomenological description. They have the potential to 

capture a mix of environmental predictability and variability to a degree that reflects the 

limits on the complexity of information that organisms can process. So, if we view the 

complex, unpredictable part of ecological systems as noise distributed about predictable 

components, then population models derived from stochastic individual life history 

processes seem the natural way to mix environmental complexity with mechanistic 

individual biology. 
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The example presented illustrates the difficulties that arise when one extrapolates from 

the behavior of an average individual to average population behavior. Logistic 

population growth assumes that per-capita growth rate declines linearly with population 

density. The assumptions of our model reflect a natural extension of this property to 

individuals. Yet, logistic behavior by individuals in this model results in non-logistic 

population growth. So, when might logistic population growth obtain? One way involves 

the additional of additional processes. 

Comparing equation (8) with the logistic growth equation we can see that if A/ = I and 

M and we retain the first two terms in the Taylor series expansion of we can 

approximate (8) as us E[A^f+i |3f] ̂  That is, if we have an additional 

environmental process that makes only a fraction of the possible habitat patches suitable 

at any one time, then logistic population growth may be expected. It seems likely that 

some degree of unpredictability would be required from this process so that individuals 

choose from among S apparently identical sites. Similar results may result from 

heterogeneity in patch quality if the net efifect is to reduce the eflfective number of 

suitable sites after individuals have settled. 

Modeling at the level of the individual also shows a connection between carrying 

capacity, the number of suitable sites and the maximal growth rate, X . Namely, we find 

that Ar = 51n(A). So, as long as X>e, we find that K>S. The significance of this result is 
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twofold. First, the sort of bifurcation analysis performed above seeks differences in 

qualitative dynamical behavior as a parameter is varied. For example, the emergence of 

2-cycIes as we increase X. Functional dependence between parameters may obscure these 

transitions or give rise to apparently unpredicted bifurcations so that even qualitative 

testing of the model fails. Second, many methods for estimating extinction times require 

a knowledge of K. In many cases, K is assigned the maximum observed value in a time 

series of population sizes (Foley 1994). Recalling the exponential dependence of |i on X, 

we can see that enormous errors could result if this recommendation were followed for 

the model presented here. Because it uses stochastic processes derived fi-om the biology 

of individuals, this approach should be able to make use of the most readily available and 

biologically relevant data. Often, we choose a particular approach because powerful 

analytical methods already exist (e.g., continuous models that lead to differential 

equations). Unfortunately, analytical convenience does not often translate into 

mechanistic realism. Further, obtaining population level time series data to validate the 

models may require several lifetimes and yet still fail due to the noise inherent in real 

data. The alternative, modeling processes which effect individuals, may yield analytically 

intractable models that require simulations to discover population level behavior. These 

approaches benefit from the relative ease with which data on the biology of individuals 

can be obtained but suffer from the lack of synthesis that analytical approaches may 

offer. The increased use of simulations to investigate complex biological systems brings 

with it a need to recognize coding errors and interpret the results. As shown above. 
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modeling individuals as stochastic processes promotes the interaction of simulation and 

analysis because the mechanics can be easily programmed, and when simplified, can be 

readily analyzed. 

The approach presented here offers a synthesis of ideas at several levels. It serves to 

illuminate the connections between individual biology and population dynamics and 

between analysis and simulation. Rather than replacing traditional deterministic models, 

it suggests mechanistic foundations for these theories and integrates them into a larger 

stochastic context. While the work presented here focuses on demographic stochasticity, 

the fi^mework can accommodate other sorts of processes. For example, using spatially 

autocorrelated noise, it should be possible to address environmental stochasticity in the 

same context. The example system presented above mimics scramble competition in a 

single population. By modifying the spatial distribution process, it should be feasible to 

model both territorial species and metapopulations systems. 
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Figure 3.1. E[M+i jjVf estimated by Monte Carlo simulations and compared with the 

theoretical predictions. The simulation implemented an model with 20 sites, X=2.5 and 

M=l. Superimposed on the Monte Carlo output is a plot of the theoretical prediction for 

E[A^h.i (A^f. Even at small x and for rather large p , the Poisson approximation appears to 

work well. 
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Figure 3.2 Bifurcation diagram for models having 5'=50 and 5= 1000. The points 

represent the population density for the last 100 time steps in a Monte Carlo simulation 

of population growth performed for each value of X between I and 50. Note the 

appearance of 2-cycles, 4-cycles and so on. As expected there is less variance in the 

larger simulation. 
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Figure 3.3. Components in the calculation of the rate of extinction, P(To >t). The 

invariant distribution conditional on non-extinction, rc(x), and the probability of 

extinction from size x were found from Monte Carlo simulations. The calculated 

extinction rate is 1 - 7r(r)/7(r, 0) =0.00076. 
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Figure 3.4. Extinction rates increase with increases in individual process variance. The 

slope of the plots gives the probabilistic rate of extinction. The lower line, with higher 

slope, represents the high variance case, b =2.25, d =0.25. The upper line had lower 

variance with 6 =1.75 and d = 0.25. note that for both X = 2.5. Note that the linearity of 

the plots implies an exponential distribution for extinction times of populations persisting 

beyond a few time steps. 
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