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ABSTRACT 

The spatial averaging of hydrogeophysical instruments is rarely considered when 

designing or interpreting surveys or when geophysical data are used in hydrologic 

models. In the present work, numerical simulations were used to study spatial averaging 

in low-induction-number frequency-domain electromagnetic induction (LIN FEM) 

instruments. Using the concepts of local and cumulative sensitivity, three studies are 

presented that address different aspects of spatial sensitivity. Local sensitivity (LS) is the 

variation in a measured property given a small change at a given location of the property 

of interest. Cumulative sensitivity (CS) contours are derived from LS and for a particular 

value of CS, they reveal the shape and the fraction of total instrument sensitivity enclosed 

within the contours. The first study to be presented here re-evaluated the asymptotic 

approach to LIN FEM methods that is predominant in the fields of soil, water and 

environmental science. Using this approach, LIN FEM measurements have often been 

assumed to represent electrical conductivity (a) at discreet depths that do not vary with 

the <T of the ground. This assumption was tested using numerical simulations of the 

propagation of electromagnetic fields in environments with homogeneous and layered a 

distributions. It was found that in environments where the induction number was greater 

than 0.01, the one-dimensional vertical, CS distribution and the depth of investigation 

varied up to 20% over the range of a simulated. As a increased, CS contours and depth 

of investigation decreased in depth. The intent of the second study was to use a small 

perturbation approach (thin layer of infinite extent) in simulated homogeneous 

environments of differing a to find LS and CS distributions in which CS clearly and 
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meaningfully followed the LS distribution. When CS was summed from regions of high 

LS to low, it retained information on the magnitude and location of LS, allowing for a 

more useful and intuitive definition of the LIN FEM sample intervals. As a increased, 

CS (and consequently sample intervals) became focused around the highest LS values. 

For the vertical magnetic dipole (VMD) orientation of the transmitter, the LS peak was 

located at a depth of 0.35 times the transmitter-receiver separation (5) of 3.66 m. The 

sample interval shrank from 1.3 s to 0.8 s as c increased from 0.1 to 200 mS/m. In 

simulations of the horizontal transmitter orientation (HMD), peak LS was at the surface 

and the lower CS contour (bottom of the sample interval) changed from 0.7 s to 0.5 s as <7 

increased over the range simulated. In the final study, a series of small, electrically 

conductive perturbations was simulated in a three-dimensional, homogeneous 

environment. The simulated instrument responses were used to generate maps of local 

sensitivity. LS varied quite markedly with a large difference between VMD and HMD. 

In some regions, the calculated magnetic field intensity with the perturbation was less 

than that calculated for the host without the perturbation. This occurred for both VMD 

and HMD orientations of the transmitter. CS contours were likewise quite complex. One 

dimensional, vertical LS curves extracted from the three-dimensional data were very 

different from one-dimensional curves from the infinite layer simulations. This 

underscores the inappropriateness of using infinite slab models to interpret data from sites 

at which the scale of heterogeneity is smaller than the sample volume of LIN FEM 

instruments. 
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CHAPTER 11ntroduction 

1.1 Research Motivation 

The primary aim of the present work is to improve the quantitative use of low-

induction-number frequency-domain electromagnetic induction (LIN FEM) instruments 

in studies related to soil, water and environmental science. Quantitative information 

derived from geophysical techniques is useful for increasing the accuracy of numerical as 

well as conceptual models. To increase the quantitative nature of geophysical techniques, 

improved understanding of instrument sample volume and spatial sensitivity must be 

sought. This can aid in optimization of survey design and data interpretation as well as in 

identification of potential sources of error in field applications. Because of the wide 

range of sample volumes of geophysical instruments, it is important to match the scale of 

measurement with the scale of the process or material property of interest. Knowledge of 

the distribution of sensitivity within the sample volume and its variation with material 

properties is also of critical importance. A geophysical measurement represents a 

weighted average of material properties that is a unique function of the distribution of 

properties in the subsurface, as well as the physical and technological aspects of signal 

transmission, propagation and detection. Most hydrologic analyses require averaging of 

hydraulic properties in space. Because this averaging is usually different than the 

inherent averaging of geophysical instruments, care must be taken when using 

geophysical measurements to constrain hydrologic models. 

For studies in a variety of fields ranging from precision agriculture and 

archeology to environmental science and civil engineering, from geology and hydrology 
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to soil science and ecology, geophysical techniques offer a number of advantages for 

investigating the subsurface. One of the main attractions is that these techniques are 

noninvasive. Noninvasiveness is useful, because it is neither possible nor desirable to dig 

up the entire subsurface to study its properties. In addition, the deeper the information 

required, the more time consuming and expensive it is to obtain it. Because of these 

obstacles, investigators are often left with too little information about the subsurface to 

adequately constrain and analyze the problem at hand. Some noninvasive techniques 

have the additional advantages of being able to cover large areas in relatively small 

amounts of time. One common disadvantage of geophysical methods is that most of 

these techniques do not measure the property of interest directly. Instead they measure 

either the system response or other physical parameters that are often not uniquely related 

to the parameter of interest. As a result, inversion, frequently ill-posed, is required in 

order to estimate these properties or processes. An additional, significant disadvantage is 

that often little is known about the spatial sensitivity of these methods to the subsurface, 

even in homogeneous environments. Consequently, many of these techniques have been 

used only qualitatively. Often this use is limited to the screening of large areas for rapid 

identification of locations where invasive techniques should be applied or to the "scaling-

up" of information about subsurface properties previously identified with invasive 

techniques. Despite the difficulties presented by non-uniqueness and often poorly 

understood spatial sensitivity, there are continuing efforts to place geophysical techniques 

on a more quantitative footing. 

The present study concerns LIN FEM which is a subset of the class of 

geophysical techniques known collectively as electromagnetic (EM) methods. EM 
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methods have been used in nearly all of the previously mentioned fields of study, and the 

associated instruments have been used to investigate depths ranging from a few 

centimeters to tens of kilometers. Many of the instruments do not require contact with 

the ground and designs are available for both air- and ground-based measurements. EM 

methods can be used to characterize a wide range of properties, including: a; 

EM wave velocity; magnetic susceptibility; telluric currents and dielectric permittivity. 

These factors depend upon and can be used to study the material properties of the earth. 

Of prime interest are spatial variations (in soil physical and hydraulic properties, geology, 

human-made and human-affected materials) and temporal variations (in pore-fluid 

composition and saturation). 

1.2 Literature Review 

LIN FEM has been studied for use, or has been used to investigate most types of 

spatial and temporal variations mentioned above. Although some LIN FEM instruments 

have the capability to measure several parameters, most applications use them to measure 

an effective electrical conductivity (tr). All geophysical measurements represent some 

kind of weighted average of the measured property over a particular volume of the 

subsurface. For instruments that measure a, the weighted average is called the apparent 

electrical conductivity (<7^). Factors affecting a include those that affect the flow of 

alternating current including water content, salinity, mineralogy and temperature. This is 

advantageous in that the range of potential applications of LIN FEM is large. This is also 
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disadvantageous, because multiple factors can combine at a site to complicate or 

confound interpretation. 

One of the most rapidly growing areas of application for LIN FEM instruments is 

in the field of precision agriculture whose goal is to make use of the latest technology to 

arrive at efficient, site-specific solutions to agricultural problems. The overarching goal 

is to increase production, while minimizing cost and environmental degradation (Corwin, 

and Lesch 2003). The primary role of LIN FEM in precision agriculture is in the 

measurement of as a surrogate for salinity and water content, which information is 

used as input for land management decisions (Corwin, and Lesch 2003;Hendrickx, 

Baerends, Raza, Sadig, and Chaudhry 1992;Kachanoski, Gregorich, and Van 

Wesenbeeck 1988;Lesch, Herrero, and Rhoades 1998;Sheets, and Hendrickx 

1995;Slavich, and Petterson 1990;Sudduth, Drummond, and Kitchen 2001;Sudduth, 

Kitchen, Bollero, Bullock, and Wiebold 2003). These studies rely primarily on site-

specific statistical correlations between a and soil properties, which are difficult to 

transfer to new localities. Additional work on salinity was done by Salama et al (1994) 

who used ground, borehole and aerial EM to study the correlation of salt storage with 

basin geomorphologic units (Salama, Bartle, Farrington, and Wilson 1994). It was found 

that geomorphologic units control hydrologic processes including recharge and discharge 

which in turn control mobilization and storage of salts. A similar suite of methods was 

used by Paine (2003) to map salinized soil and water, to identify salinity sources and to 

estimate the mass of chloride within an identified saline-water plume (Paine 2003). Paine 

attributed the success of his study to the large contrast in a between the host rock and 

saline water. 
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Another standard use of LIN FEM instruments is to map variations in soils and 

geologic materials. Stroh et al (2001) used them to detect edaphic discontinuities and 

found that it worked well for identifying contacts between soil map units (Stroh, Archer, 

Doolittle, and Wilding 2001). Yoder et al (2(X)1) used the technique to identify portions 

of fields in which soils had a high potential for offsite migration of agrochemicals 

(Yoder, Freeland, Ammons, and Leonard 2001). In an ecohydrological study of riparian 

wetlands along the river Seine, Benjoudi et al (2002) used LIN FEM to estimate clay 

thickness and to identify areas that had been disturbed by farming (Benjoudi, Weng, 

Guerin, and Pastre 2002). LIN FEM has also been used to map near-surface geology for 

ground water investigations. For instance, fracture zones are often favorable sites for 

installation of wells. Antonio and Pacheco (2002) successfully used LIN FEM to map 

the location and geometry of fault zone aquifers in Portugal. McNeill (1991) documented 

combined application of LIN FEM and DC resistivity to detect fracture zones in Kenya as 

part of the country's ground water development plan (McNeill 1991). McNeill also 

reported the placement of wells in saprolite aquifers overlying bedrock depressions in 

Nigeria using the same combination of techniques. Additional mapping applications 

include landfill and contaminant plume delineation. Lanz et al (1998) combined LIN 

FEM, DC resistivity and magnetic susceptibility measurements to map the extent and 

composition of a landfill in Switzerland (Lanz, Boemer, Maurer, and Green 1998). 

Matias et al. used a combination of geophysical, hydrological, geological and 

geochemical data to study the extent of contamination at a landfill in Portugal (Matias, 

Marques da Silva, Ferreira, and Ramalho 1994). The role of LIN FEM in this study was 
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to provide a rapid, surficial assessment of the plume's extent that was confirmed and 

refined with the other techniques. 

The delineation of the contaminant plume by Matias et al (1994) involved in part 

a mapping of chemical as well as physical properties. Electrical conductivity is affected 

by the chemical properties of the soil, which include pore-fluid composition, cation 

exchange capacity, mineralogy and organic matter content. McBride et al (1990) 

concluded that LIN FEM could be used to study the chemical quality of forest soils. 

They found that the non-unique nature of was particularly useful in this case. It served 

as an integrated indicator of multiple edaphic factors that are important to soil 

productivity (McBride, Gordon, and Shrive 1990). In a former manure handling site, 

Eigenberg and Nienaber (2003) demonstrated a significant correlation between LIN FEM 

measurements and spatial and temporal variations in NO3—and CI" (Eigenberg, and 

Nienaber 2003). 

Although many studies are concerned with salinization of soils in the unsaturated 

zone, spatial and temporal variations in salinity of saturated zone waters is another 

important area of research. This field has been studied extensively using a variety of 

other techniques in both coastal aquifers and the freshwater lenses of small islands. 

McNew and Arav (1995) successfully used LIN FEM to map depth to the saltwater-

freshwater interface on Long Island, New York (McNew, and Arav 1995). On 

Micronesian atoll islands, Anthony (1992) found that LIN FEM could be used to map the 

thickness of freshwater lenses between monitoring wells, but encountered less success 

when estimates were made between monitoring wells and island margins. It is possible 

that at island margins the freshwater layer is too thin relative to the sample volume of the 
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instrument to be adequately resolved. In the same study, additional difficulties arose 

where freshwater overlay brackish water, probably because of insufficient a contrast 

(Anthony, 1992). In a different study, Schneider and Kruse (2003) successfully 

correlated spatial and seasonal changes in freshwater lens morphology with patterns of 

recharge controlled by terrain and vegetation variability(Schneider, and Kruse 2003). 

They used a combination of ground penetrating radar, seismic surveys and LIN FEM. 

LIN FEM studies are not always successful. The major problems encountered are 

generally caused by the non-uniqueness of a (caused by its dependence upon multiple 

common soil characteristics) and by the scale of heterogeneities relative to instrument 

sensitivity distribution and sample volume. Problems with non-uniqueness have been 

more frequently documented than difficulties with the scale of heterogeneity. McNew 

and Arav (1995) acknowledged in their study that their success rested on the fact that 

only one <r-affecting property, pore-water salinity, varied significantly in their field area. 

Similarly, Cook et al (1989) indicated that success in using LIN FEM to study recharge 

depended on a being more sensitive to changes in salinity than to all others parameters in 

the study (Cook, Hughes, Walker, and Allison 1989). Cook et al (1992) noted that the 

earlier study was successful in part, because there was little variation in soil type within 

the study area (Cook, Walker, Buselli, Potts, and Dodds 1992). The goal of the later 

paper was to compare LIN FEM with two other geophysical methods for assessing 

recharge. They found that variations in soil type dominated all other properties affecting 

a and found a good correlation between soil type and recharge. Scanlon et al (1999) also 

recognized the difficulty in interpretation of LIN FEM data imposed by the non-

uniqueness of G (Scanlon, Paine, and Goldsmith 1999). Their attempt to characterize 
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unsaturated flow was impeded by the fact that variations in a were dominated by different 

subsurface properties at different locations. 

LIN FEM instruments operate on the principle of electromagnetic induction. 

Specifically, a transmitter coil with an alternating current generates an alternating 

magnetic dipole of the same frequency and phase as that of the current according to 

Ampere's law: 

VxH =  J  +  — Eql  
dt 

where holding signifies a vector quantity and 

H is the magnetic field intensity 

J is the current density vector 

D is the electric flux density (or displacement current vector) 

The field of the dipole, called the primary field, propagates into the subsurface and there 

induces currents in the ground as described in Faraday's law: 

VxE  =  -— Eq2  
dt 

where E is the electric field intensity 

B is the magnetic flux density (or induction field vector) 

The induced currents, in turn, produce secondary magnetic fields. Both primary and 

secondary fields propagate to the receiver where they a induce current in the coil that is 

proportional to the combined magnetic field. The portion of the signal due to the primary 

field is removed by the instrument leaving only that caused by the secondary field. 
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Under certain specific conditions of transmitter-receiver separation, electrical 

conductivity and source frequency, the field intensity may be directly converted to a. 

This set of conditions and the equations that result comprise the LIN asymptotic 

approximation (McNeill 1980). Some of the important results of this approximation are 

that greater depths may be investigated by increasing the transmitter-receiver coil 

separation or by changing the orientation of the transmitter-receiver coils. Most LE^ 

FEM instruments allow for at least two orientations of the coils (or magnetic dipoles). 

Two sets of orientations have been studied here and in both the transmitter and receiver 

coils are coplanar. In the first orientation, both magnetic dipoles are vertical (VMD) and 

in the second both are horizontal (HMD). 

Equations 1 and 2 may be modified and the variables for the electric and magnetic 

fields separated (Keller, and Frischknecht 1966). Working through the initial stages of 

the derivations of the analytical solutions is beneficial in that it allows for the 

introduction of the phasor form of the equations as well as the discussion of the concepts 

of skin depth and wavenumber. If the dielectric permittivity (•) and magnetic 

permeability (m) of the medium are constant in time, the following substitutions may be 

made: 

V x H  =  c 5 E  +  £ : —  
dt 

Eq3  

Eq4  
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where D = £E, B = jjS. ; and J = oE, if current is a function only of the movement of 

free electrons. Taking the curl of both sides of equation 4 and assuming that [ji does not 

vary spatially results in: 

c)W 
VxVxE =  - / /Vx— Eq5  

dt 

A vector identity for the curl curl operator is: 

VxVxE =  V- (V-E) -V-VE Eq  6  

Substitution into equation 5 gives: 

V- (V-E) -V-VE =  - / /Vx  Eq7  
dt 

If there are no sources of current, V - E = 0. Rearranging the sequence of operations and 

substituting from equation 3 gives: 

^ 2 ^  0E  a 'E  „  „  V  E  =  a / /  —+ Eq8  
dt dt 

A similar series of operations can be done to equation 3 to arrive at: 

aH d'n „ _ 
V H  =  a ; . — E q 9  

This is a type of wave equation that has periodic solutions, which, taking the electric field 

as an example, might be of the form (Keller, and Frischknecht 1966): 

E = Eoe"^e*" Eq 10 

where • is angular frequency, t is time, z is the direction of propagation and k is the wave 

number. We take the real part of e"^ = cos®?+ zsinft)f (Euler's formula). Substituting 

this into the components of equation 8, we have: 



24 

= =A:^E  

//F 
— = /®Eoe""e*" =ioM 
dt ' 

^ = -co^E,e"^e'° = -co'E Eq 11 
dt 

Substituting back into equation 8 gives the phasor form of the equation: 

= ia/ucM - a/uco^E Eq 12 

With a similar result being obtained for equation 9: 

A:^H = iafioM. - e/uco^'H. Eq 13 

This allows us to arrive at an expression for k: 

k = -Jicrjuco-s^o}^ Eq 14 

At low frequencies, such as those used in LIN FEM methods, k simplifies to: 

k = ±'yJi<J/i(o Eq 15 

In most areas where LIN FEM is used, ^ may be assumed to be constant and the 

propagation of electromagnetic fields is a function of a. Important exceptions include 

landfills where metallic waste may be common and areas with iron-rich bedrock such as 

basalt. The wavenumber contains real and imaginary parts: 

=  =  =  +  i  Eql6  

Where S is the skin depth and the identity -Ji = was used (Ulaby 2001). Skin depth 
V2 

is the distance at which the amplitude of the field has fallen to 1/e of its magnitude at a 
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reference point. The imaginary part of the wavenumber contains information on the 

wave amplitude and the real part represents the attenuation of the wave (Keller, and 

Frischknecht 1966). 

Invoking a magnetic vector potential, Kaufman and Keller (1983) derived 

general solutions for a vertical magnetic dipole source on a uniform, conducting half-

space. The solutions for the three components of the field are(Kaufman, and Keller 

1983): 

= //f 4^[1 - (1 - ikr + ̂ ik'r')e"^] Eq 17 
k v 

;,lfk 
ikr\ J (ikr 

v y 

ikr 
Eq 18 

e.=-e[ (0) {3,-{2>-^ikr-kV)e"^] Eq 19 

is the vertical component and the radial component of the magnetic field. e. is the 

azimuthal component of the electric field. The functions i and k are modified Bessel 

functions of the first and second kind. is the vertical magnetic field of a magnetic 

dipole situated in free space and e.is the corresponding tangentially-directed electric 

field: 

m 

47jr^ 
and E?^ = 

iafjm 
Eq 20 

Where m is the magnetic dipole moment: m = m^e . Mq is the magnitude 

of the moment. Zg is a unit vector in the z-direction. 
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In the simplest case, when the source of the field is distant from the receiver or 

point of observation, the propagating fields approximate plane waves. Plane waves have 

the property that the magnetic and electric field strength varies in the direction of 

propagation, but are uniform in planes perpendicular to it. This is sometimes called the 

far-field approximation. The open-ended criterion that determines whether or not the 

receiver is in the far-field is that the transmitter-receiver separation (r) must be much 

greater than the skin depth. This may be stated in equation form as r/S»l where the 

ratio r/S is called the induction number. Far-field asymptotic solutions to equations 17-

19 are not of great relevance here, because LIN FEM instruments are intended to be 

operated in the near-field where r/S«l. The derivation of the analytical solutions for the 

near-field propagation of the electromagnetic fields is lengthy and complex. Only the 

solutions will be stated here. In these solutions, the secondary magnetic field is divided 

into two phase-components. The term "in-phase" is used to describe the magnitude of 

the secondary field that is either zero or • radians out-of-phase with the primary field. 

Quadrature is used to describe the magnitude of the field that is •/2 radians out-of-phase 

with the primary field. As the induction number decreases, the first term of the 

asymptotic series solutions for and H, dominates in both in-phase (In) and quadrature 

(Q) portions of the magnetic field. The secondary field is small compared to the primary 

and the different components of it are proportional to a in different ways (Kaufman, and 

Keller 1983): 

= -QHf^ oc <7, InHl oc cr^ Incr, and Eq 21 
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where the superscript 1 signifies the first term in the series. As frequency is increased or 

distance decreased, the first terms of the quadrature and series approach one 

another: 

= Eq22 
\67v r 

When this is normalized by ', we get; 

Eq23 ^(0) 4 

which is exactly the equation used in McNeill's popular 1980 white paper as the basis for 

the analysis of LIN FEM data (McNeill 1980). This equation was derived for 

homogeneous environments. Unfortunately the rest of the theory of LIN FEM methods is 

not so tidy and so has been ignored by many non-geophysicists. The outcome of this is 

that most users of LIN FEM instruments find it difficult or impossible to interpret data 

from complex environments. This has generally restricted the methods to one primary 

use, that of rapid surveys for detection of anomalies to be probed later by more precise 

and readily analyzable methods. 

1.3 Local and Cumulative Sensitivity 

One of the goals of the present study is to advance our understanding of the 

effects of medium heterogeneity on the responses of LIN FEM measurements by 

studying the measurement scale of LIN FEM instruments. One of the best ways to 

approach the scale of measurement is through the study of sensitivity distributions. 

Probably the best known paper discussing the sensitivity distributions of LIN FEM 
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instruments was written by J. D. McNeill in 1980. This paper lays out the concepts of 

local sensitivity (McNeill's "relative response") and cumulative sensitivity (McNeill's 

"cumulative response"). Local sensitivity is defined as the change in the measured 

response due to a small change (perturbation) in the parameter of interest. The value of 

this response to a perturbation can be plotted at the location of the perturbation to provide 

a map of local sensitivity. From the local sensitivity (ls) a cumulative sensitivity may be 

derived, usually by summing from highest to lowest local sensitivity. The cumulative 

sensitivity is a particular percentage of LS, chosen by the investigator, which 

encompasses a region within the volume sensed by the instrument. This region has been 

called variously sample depth, sample interval or sample volume; and it gives instrument 

users an idea of the region to which a given measurement is most sensitive and over 

which the measurement averages. 

1.4 Explanation of Dissertation Format 

This dissertation is organized as three chapters, the first of which 

summarizes the background, theory and relevance of LIN FEM methods in the fields of 

soil, water and environmental science. The second chapter gives a brief overview of 

objectives and major conclusions of each of the three manuscripts that have been 

prepared in the course of this doctoral investigation. The last chapter gives general 

conclusions. The first manuscript will be submitted for review to the journal Vadose 

Zone Journal. Because of the logical progression of ideas in the three manuscripts, each 
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laying the groundwork for the one after it, the second and third manuscripts will be 

submitted in sequence after the first has been reviewed. 
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CHAPTER 2 Present Study 

2.0 Statement of Candidate's Contribution to Manuscripts 

Clearly, the research for and writing of the dissertation were closely 

guided and reviewed by the candidate's main academic advisor. About 50% of the 

project design of the first manuscript was the candidate's. All of the modeling and data 

analysis were done by the candidate. The candidate was also primarily responsible for 

data interpretation with important advice and guidance given by the coauthors at critical 

junctures during the modeling and interpretation stages. Writing of the manuscript was 

also primarily the work of the candidate while major reviews and suggestions for changes 

were done by the primary advisor. The initial idea for the second manuscript was the 

primary advisor's, but modeling, data analysis, interpretation and writing were almost 

exclusively the work of the candidate. About 75% of the theory section was the 

candidate's work. The direction of third manuscript required much guidance from the 

third author, but initial design of modeling approach as well as all simulations were the 

work of the candidate. The approach to data analysis and interpretation was about 50% 

the responsibility of the candidate, while actual implementation was solely the 

candidate's responsibility. Only about 50% of the introduction to the third manuscript 

was written by the candidate, but the rest of the manuscript was almost entirely the 

candidate's contribution. 
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2.1 Summary of Paper 1: Spatial Sensitivity of Low-Induction-Number Frequency-

Domain Electromagnetic Induction Instruments. 

Submitted to Water Resources Research 

The objectives of the first study were to use numerical models to investigate the 

one-dimensional, vertical distribution of sensitivity of LIN FEM instruments in 

homogeneous or layered environments of variable a and to compare this with prior 

asymptotic models of sensitivity distribution. 

The following are the main conclusions of this study; 

• In resistive environments (in this case, <T • 0.1 mS/m) where induction numbers are 

small {8 • 0.01), the predictions of prior sensitivity models matched the results of 

numerical models. 

• In more conductive environments, however, where 5 > 0.01, the one-dimensional, 

vertical distribution of sensitivity varied with the a of the medium contrary to the 

predictions of the earlier models. 

• The more conductive the medium, the more the cumulative sensitivity contours were 

shifted to shallower depths. 

• When the induction number 5 was greater than 0.01, the exploration depth decreased. 

In the case of the highest o simulated, the new exploration depth was 0.8 times the 

transmitter-receiver separation (i) or 2.9 m. 

• Because of the large variability of o in natural environments, it will be difficult to 

predict the exact exploration depth. Investigators are urged to use forward numerical 



32 

modeling of electromagnetic field propagation as a component of the design and 

interpretation of field studies in which LIN FEM instruments are used. 

2.2 Summary of Paper 2: Cumulative Spatial Sensitivity of Low-Induction-Number 

Frequency-Domain Electromagnetic-Induction instruments Derived from Local 

Sensitivity Maxima. 

To be submitted to Water Resources Research 

The objectives of this study were threefold. The first was to produce LS 

distributions using a small perturbation approach and one-dimensional, numerical models 

of homogeneous environments. The second was to create CS distributions that are clearly 

and meaningfully related to LS distributions. The final objective was to use these 

distributions to investigate the affects of changes in c on L5 and CS distributions. In the 

environments investigated, a ranged from 0.1 to 200 mS/m. 

The main conclusions of this work are listed below: 

• It is inherently advantageous to calculate CS by summing from regions of high 

sensitivity to regions of low sensitivity. In this way, CS contours simultaneously 

indicate the magnitude and location of LS variations and of the size of the sample 

interval. 

• The result reported in Paper 1, that sensitivity is a function of a, was reproduced here 

using the small perturbation approach. 
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• As (T increased, CS became more focused around the depths where local sensitivity 

was highest. For this reason, it was suggested that the concept of "sample interval" 

may be more useful than "sample depth" in one-dimensional environments. 

• Using the 70% CS contour, the HMD sample interval was between the surface and 

0.7 s in the most resistive environment. In the most conductive set of simulations, it 

was located between the surface and 0.5 s. The VMD sample interval was centered 

on a depth of 0.35 s. The thickness of the interval decreased from 1.3 s to 0.8 s over 

the range of a investigated. 

• The intervals in which most sensitivity is focused are both narrower and shallower 

than that predicted by older approaches. The largest changes in sample interval occur 

in the a range of 1 to 50 mS/m. 

2.3 Summary of Paper 3: 3-D sensitivity distribution of low-induction-number 

frequency-domain electromagnetic instruments. 

To be submitted to Water Resources Research 

The first objective of this research was to generate the local and cumulative 

sensitivity distributions of LIN FEM instruments in a three-dimensional homogeneous 

environment using a small, cubic perturbation. The perturbation was slightly more 

conductive than the host. The second objective was to compare these results with 

previous work done in one-dimensional systems with an infinite layer perturbation. 

The following is a list of the main conclusions from this investigation: 
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• The three-dimensional ls distribution was highly non-uniform and included regions 

in which the magnitude of the secondary magnetic field with the perturbation was 

greater than would be expected for the host without the perturbation. This was the 

anticipated result. It was not anticipated that when the perturbation was located in 

certain areas, that the magnitude of the field would be less than the result for the host 

without the perturbation. 

• If the standard LIN interpretation were made of these results, meaning that o is 

directly proportional to secondary magnetic field intensity, then the a would be 

understood to decrease when the perturbation was located in these areas. 

• CS contours are generally complex. VMD CS contours are elliptical and the HMD 

contours are highly irregular and lobate. 

• The 90% CS contour was used as the boundary of the sample volume. The VMD 

sample volume is an elongated hemisphere with the long axis (14 m) corresponding 

to the transmitter-receiver axis of the instrument. The shorter horizontal axis was 

13.5 m. The maximum depth of the lower boundary was located between 3.8 and 4.2 

m depth. 

• The sample volume of the HMD orientation was 14 m (transmitter-receiver axis) by 9 

m (minor horizontal axis) by 4.6 m (bottom boundary). 

• Of five one-dimensional, vertical LS curves extracted from different locations in the 

HMD and VMD data sets, the shape of only one matches that found for the infinite 

layer perturbation. This confirms the notion that different processes dominate in 

infinite layer simulations and small cubic perturbation simulations and underscores 
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the inappropriateness of using infinite layer models to interpret data from sites where 

heterogeneity is at a much smaller scale than the measurement volume. 

If the size of an anomaly is not much greater than the sample volume of the 

instrument, difficulties in interpretation will arise. The principle of equivalence is at 

work here, meaning that a similar measurement could be obtained for an almost 

infinite number of combinations of anomaly size, shape and anomaly/host a. Because 

of this, it will be problematic to settle on any given interpretation. 

The task of characterizing an anomaly that is small relative to the sample volume 

represents an ill-posed inverse problem. It may be difficult or impossible to acquire 

sufficient additional data to adequately constrain the system so that data interpretation 

has some degree of reliability. However, further related modeling studies could place 

some bounds on the uncertainty that could be introduced into interpretations under 

spatially heterogeneous conditions. 
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CHAPTER 3 General Conclusions 

Interaction of low-induction-number frequency-domain electromagnetic induction 

(LIN FEM) instruments with the subsurface are far more complex than generally 

understood. The one-dimensional sample interval varies with electrical conductivity and 

the three-dimensional distribution of local and cumulative sensitivity varies with the 

orientation of the transmitter and receiver coils. A three-dimensional sample volume was 

defined using the 90% contour of cumulative sensitivity. The distribution of sensitivity 

within the sample volume was highly non-uniform. Because of this non-uniformity, use 

of infinite slab approaches to model the subsurface may not be appropriate in 

heterogeneous environments. Three-dimensional forward modeling for optimizing 

survey design and interpretation is strongly recommended in environments in which 

heterogeneity is known or suspected to be present. The new maps of sensitivity 

presented here give us an ability to move ahead in understanding how LIN FEM 

instruments function and how to best to apply them. These results also point toward 

possibilities for future investigations. Much work needs to be done to understand the 

wide range of information that can be gained by using different combinations of coil 

orientations, frequencies and coil spacings. In addition, forward modeling of conditions 

and processes commonly encountered in fields such as archeology, agriculture and 

vadose zone hydrology would be very useful. These models need to be coupled with 

hydrologic models to understand the manner in which subsurface processes are affect 

measurements. The results of forward EM modeling then should be inverted to shed light 
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on limitations to interpretation and to suggest paths to improvement whether by changing 

instrument design or modeling codes or both. 

The results of this series of investigations into LIN FEM sensitivity distributions 

are useful for designing or interpreting any type of survey whether qualitative or 

quantitative. They allow instrument users to begin to understand the manner in which the 

depth of measurement varies with different field conditions and in homogeneous versus 

layered environments. The three-dimensional shape of the sensitivity distribution, its size 

and shape and differences between coil orientations must be taken into account especially 

when the scale of heterogeneity is the same size as or smaller than the sample volume of 

the instrument. These results are particularly important to the goal of making LIN FEM 

methods more quantitative with respect to mapping spatial and temporal variations in the 

material properties of the subsurface. 
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APPENDIX A Spatial Sensitivity of Low-Induction-Number Frequency-Domain 

Electromagnetic Induction Instruments 

James B. Callegary, Ty P.A. Ferre and R.W. Groom 

Abstract 

The spatial sensitivity of low-induction-number frequency-domain 

electromagnetic-induction (LE^J FEM) instruments was re-evaluated using numerical 

techniques. Previous work has predicted the spatial sensitivity distribution of LIN FEM 

instruments when used at small values of the induction number (•). For a given 

transmitting frequency, transmitter-receiver coil separation (s) and magnetic dipole 

orientation (horizontal or vertical), the predicted shape of the sensitivity distribution 

depends only on depth and not on electrical conductivity (a). Several authors have 

proposed different values of the induction number, below which the predicted distribution 

is correct. However, some of the proposed values of • do not include the range of o that is 

commonly found at field sites. Cumulative sensitivity, which is a summation of local 

sensitivities, was used to determine if and for which values of electrical conductivity the 

spatial sensitivity distribution is dependent on depth alone. Both homogeneous and 

heterogeneous (2 layer) model systems were simulated over the range of 0.1 to 200 mS/m 

using the instrument parameters of the EMS 1 instrument (Geonics, Inc., ON, Canada). 

Only the lowest conductivity system (0.1/0.2 mS/m in which • • 0.1) produced a 

cumulative sensitivity distribution similar to that proposed for the LIN prediction. When 
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a was greater than this, cumulative sensitivity values were smaller than those predicted. 

The exploration depth, defined as the depth above which 70% of the cumulative 

sensitivity was located, decreased with increasing a. For the vertical-magnetic-dipole coil 

orientation, exploration depth decreased from 1.5 s, the same as the LIN prediction, to 0.8 

s for the 200/100 mS/m system. For the horizontal orientation, the depth decreased from 

0.76 s to 0.51 s. Differences between the LIN prediction and the results of numerical 

modeling are attributed to the fact that the processes of electromagnetic field scattering 

and current channeling are not included in the LIN approach. 

Introduction 

Low-induction-number frequency-domain electromagnetic induction instruments 

use the propagation of alternating electromagnetic fields in the subsurface to map the 

apparent electrical conductivity (<7^). The apparent electrical conductivity is a complicated 

average of spatially distributed local electrical conductivities in the subsurface and a 

function of a number of factors including water content, mineralogy, temperature and 

salinity. LIN FEM instruments belong to a class of instruments referred to as slingram 

systems, which were developed in Sweden in the 1930's (Frischknecht, Labson, Spies, 

and Anderson 1987). Familiar examples include EM38, EM31 and EM34 manufactured 

by Geonics Limited (Mississauga, ON, Canada). The range of environmental and 

hydrologic applications is large and ever increasing. Current applications include studies 

of aquifer extent and water content (Ant6nio, and Pacheco 2002;;Schneider, and Kruse 

2003;Sheets, and Hendrickx 1995), as well as mapping of lithology, soil salinity and soil 
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texture (Benjoudi, Weng, Guerin, and Pastre 2002;Lesch, Herrero, and Rhoades 

1998;Paine 2003;Stroh, Archer, Doolittle, and Wilding 2001;Yoder, Freeland, Ammons, 

and Leonard 2001). LIN FEM instruments have also been used to delineate landfills 

(Lanz, Boerner, Maurer, and Green 1998;Nyquist, and Blair 1991;Nyquist, and Blair 

1991), contaminant plumes (Matias, Marques da Silva, Ferreira, and Ramalho 1994) and 

areas of active recharge (Salama, Bartle, Farrington, and Wilson 1994). The success of 

these applications depends on the ability of investigators to transform measurements into 

information about the vertical and horizontal variation of electrical conductivity at field 

sites. 

LIN FEM instruments have often been assumed to explore discreet, pre-defined 

depths that are independent of the broad electrical conductivity distribution in the 

subsurface (McNeill 1980). These pre-defined depths were identified using an 

asymptotic solution of Maxwell's equations for a homogeneous medium. This solution 

predicts the spatial sensitivity of the instruments to the subsurface. Although "spatial 

sensitivity" can be defined in various ways, we use it to refer to the change in a measured 

parameter owing to a change in the property of interest at a point or region within the 

measurement domain. In some typical LIN FEM instruments, measurements are directly 

converted to electrical conductivity, through a different approximate solution of 

Maxwell's equations, but the property of interest is the actual electrical conductivity at a 

point or region in the subsurface, a. 

The asymptotic solution, or "LIN approximation", was derived using a particular 

set of assumptions. The circumstances under which they are valid, however, have not 

always been defined clearly or consistently. The majority of LIN FEM instrument users 
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employ McNeill's (1980) criteria prescribing the conditions for which the LIN 

approximation holds, but various other criteria have been proposed (Frischknecht 

1987;McNeill 1980;Wait 1962). Because the various proposed criteria are in 

disagreement, it is unclear under what conditions the LIN approximation and its 

associated sensitivity distributions are valid. More importantly, the range of criteria that 

have been proposed is such that there is a question as to whether or not the LIN 

conditions are satisfied at most field sites. It is important to discover, therefore, if and in 

what manner the sensitivity distributions change under conditions in which the LIN 

approximation is not valid. 

Given these questions, the spatial sensitivity of LIN FEM instruments must be re

evaluated in order that the instruments might be used appropriately. Using modem 

numerical techniques, it should be possible to ascertain whether and under what 

conditions the LIN approximation holds, and, if they do not, to define the spatial 

sensitivity distribution under those conditions. In this study, we use a forward numerical 

code of EM propagation for such an evaluation. Numerical codes have the advantage 

over analytical and approximate solutions in that they require fewer limiting assumptions 

and consider more processes (e.g. field scattering and current channeling). In addition, 

numerical codes allow for the simulation of instrument responses in both heterogeneous 

and homogeneous environments. Investigations of homogeneous systems are useful for 

the exploration of instrument spatial sensitivity without the complicating effects of 

variations in water content, temperature, mineralogy, etc. The spatial sensitivity 

distribution in a homogeneous medium gives an indication of the control on sensitivity 

that is exerted by instrument design. In natural environments, heterogeneous systems are 
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the norm, so spatial sensitivity must also be evaluated under these conditions. Because of 

the large variety of heterogeneous systems, it is difficult as well as unnecessary to 

investigate them all. Study of a few simple systems can begin to provide insights into a 

wider range of complexity. 

Objective 

The goal of this work is to define the spatial sensitivity of LIN instruments in the 

vertical direction for a homogeneous or horizontally layered subsurface. We used an 

approach, similar to that presented by McNeill (1980), to compare the instrument 

sensitivity determined using the LIN approximations with that determined using a 

forward numerical solution of Maxwell's equations. Specifically, we investigate the 

dependence of the vertical sensitivity distribution on the electrical conductivity of a 

homogeneous medium and on the electrical conductivity distribution in a two-layered 

medium. 

Theory 

LIN FEM instruments operate by using a transmitter coil to generate an 

altemating magnetic field (•HM). The alternating field approximates a magnetic dipole 

which produces fields that propagate into the earth and induce altemating currents in the 

ground as described by Faraday's law: 

VxE = -/i  Eq24 
dt 



where /x is magnetic permeability. These currents, in turn, produce their own magnetic 

fields whose polarity and magnitude oppose the change in the incident field. The 

incident field is called the primary field and the field generated by the induced currents is 

called the secondary field. A combination of the two fields induces currents in the 

receiver coil in accordance with Ampere's law: 

V x H  =  aE +  £ —  E q 2 5  
dt 

where • is the dielectric permittivity. The magnitude of the secondary field is 

proportional to the electrical conductivity of the medium. The transmitter and receiver 

coils, and associated magnetic dipoles, can be oriented in various ways relative to each 

other and to the surface of the earth. The two orientations considered in this study are the 

vertical magnetic dipole in which both coils lie flat on the ground and the horizontal 

magnetic dipole in which the two coils are upright and coplanar (fig. 1). 

The theory of LIN FEM instruments has its origins in Maxwell's equations, two 

of which, Faraday's and Ampere's laws are shown above. Maxwell's equations are 

general descriptions of the macroscopic behavior of electromagnetic fields (Gomez-

Trevino, Esparza, and Mendez-Delgado 2002). Numerical as well as analytical and 

approximate solutions to these equations can be used to investigate the propagation of 

subsurface EM fields under specific conditions. Typically, analytical solutions can only 

be derived for simple scenarios like uniform half-spaces. Even with geometric 

simplifications, additional restrictive simplifying assumptions are required to solve the 

equations analytically. Numerical codes developed in the 1970's and 1980's allow for the 

consideration of more complex, realistic systems, with fewer assumptions than analytical 
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or approximate solutions (Anderson 1984; Tabbagh 1985; Wannamaker, Hohmann, and 

SanFilipo 1984). In addition to allowing for more general geometries, numerical codes 

take into account the scattering processes of current channeling and induction. Scattering 

describes the reflection of electromagnetic waves from spatial discontinuities in the 

electrical and magnetic properties of a medium. This process can affect propagation of 

the primary (transmitted) electromagnetic field and consequently the location and 

magnitude of secondary electromagnetic fields. Current channeling occurs when induced 

currents encounter a conductive layer or body into which they flow preferentially. 

Because the currents are alternating, they produce their own secondary magnetic fields 

that can affect measurements if the fields produced are sufficiently large. Although the 

magnitude of these processes may be smaller in homogeneous systems, much is to be 

gained by analyzing spatial sensitivity in homogeneous environments. Homogeneous 

systems allow for the exploration of the spatial sensitivity of a particular instrument with 

a unique set of parameters such as intercoil separation and transmitter frequency. 

Understanding these processes helps to predict instrument responses to complex systems. 

McNeill's (1980) white paper discussed some of the theory and assumptions of 

the mathematical approximations that provide the basis for the development, use, and 

interpretation of LIN FEM instruments. The derivation of the equations discussed in 

McNeill's paper was developed in greater detail by Belluigi (1949), Wait (1955, 1962), 

Kaufman and Keller (1983) and Gomez-Trevino et al (2002) . The LIN approximation is 

derived from Maxwell's equations for a one-dimensional medium (homogeneous, layered 

or arbitrary conductivity variations with depth) in which transmitter frequency is low and 

the distance (5) between a transmitting magnetic dipole and a receiver is small in 
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comparison to the skin depth (S)  o f  the fields in the host medium (fig. 1). These are the 

low induction number conditions, under which the assumptions leading to the LIN 

approximation are valid. Skin depth S is the incremental depth at which the transmitted 

magnetic field strength has decayed to 1/e of its initial magnitude at a given point of 

reference and the ratio s/S is the induction number (•) (Kaufman, and Keller 1983;Spies 

1989). Skin depth (in the low frequency limit) varies with electrical conductivity (a), 

angular frequency (•), and magnetic permeability (ju) according to: 

where is normally assumed to be constant and equivalent to its free-space value 

Thus, as electrical conductivity increases, skin depth decreases and the induction number 

increases. McNeill (1980) asserted that the LIN assumptions hold where • « 1 and 

recommended that LIN FEM instruments be used in environments in which < 100 

mS/m. Wait (1962) defined this more specifically as • less than about 0.3 and 

Frischknecht (1987) defined the criterion as • less than 0.02. Thus, for an EM31 

instrument with a coil spacing of 3.66 m and an operating frequency of 9800Hz, the LIN 

assumptions might be valid for < 200 mS/m for Wait's criterion, a < 100 mS/m for 

McNeill's, or <7 < 0.8 mS/m for Frischknecht's. For those more accustomed to working 

with resistivity and skin depth. Table 1 indicates the corresponding values. There is an 

important practical difference between 0.8 mS/m and the two higher values. The 

electrical conductivity of most surficial material in the continental United States likely 

lies between 0.8 and 100 mS/m (Keller, and Frischknecht 1966). If either McNeill's or 

Eq 26 
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Wait's criterion is correct, then the LIN assumptions and McNeill's associated guides to 

data interpretation should be able to be used without significant problems. If 

Frischknecht's is the correct criterion, however, then it is likely that soil and rock 

electrical conductivities at most field sites are too high for the LIN assumptions to hold. 

As a result, inferences of true ground conductivity, layer thicknesses and numbers of 

layers based on these assumptions could be incorrect. 

When site characteristics and instrument parameters combine to satisfy the LIN 

conditions, it is assumed that: i) induced ground current flow is horizontal; and ii) there is 

no magnetic coupling between current loops in the ground. Under these assumptions, is 

a simple function of the primary magnetic field strength, the quadrature component of 

the secondary magnetic field strength, H^, frequency, intercoil separation, s, and magnetic 

permeability. The quadrature component of the secondary magnetic field is that portion 

of the secondary magnetic field that is 90° out of phase with the primary field (Telford, 

Geldart, and Sheriff 1990). If all other variables are held constant, the quadrature 

component is directly proportional to (McNeill, 1980): 

cr„ = 

V p j 
Eq 27 

Quadrature 
Component 

Another consequence of these assumptions is that the depth of exploration is a 

function only of s and magnetic dipole orientation (fig. 1). Furthermore, greater depths 

can be explored by changing the orientation of the magnetic dipole from horizontal 

(HMD) to vertical (VMD), because the VMD sensitivity distribution peaks at greater 

depths than the HMD distribution. 
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McNeill (1980) provided a simple form of spatial sensitivity analysis using 

cumulative sensitivity (his "cumulative response"). Cumulative sensitivity (cs) can be 

used to determine the sensitivity of LIN FEM instruments to all material above or below 

a given depth. In LIN FEM discussions, depths are normalized to facilitate comparisons 

of instruments with different intercoil separations. The normalized depth, z, is the actual 

depth divided by the intercoil separation, s, and will be referred to in terms of s. For 

instance, a depth of 7.32 m for an instrument with a 3.66 m coil spacing will be referred 

to as 2 s. The cumulative sensitivity for the vertical CSvmd and horizontal CSh^d dipole 

orientations as a function of normalized depth is (McNeill, 1980): 

00 -

^^VMD(^ )  ~  J ^ ^ v u D =  ̂ 4 ^ 2  ^ 2 ^ / 2  E q  2 8  

CO 

CS„uD(^) = lLS„^^(z)dz = (4z' +1)'" -2z Eq 29 
z 

A cs value represents the fraction, between 0 and 1, of the secondary magnetic field 

measured by the receiver that originates between a depth z and infinite depth (fig. 2). 

When z is small, cs is close to 1. This indicates that the majority of the measured 

response comes from depths greater than z. The portion of the response due to material 

in the interval between the surface (z = 0) and z is 1-CS. For example, based on 

McNeill's analysis, when cs = 0.3 for the HMD orientation, about 30% of the measured 

response is attributable to the material at depths greater than 0.76 s (fig 2). Thus the 

interval between 0 s and 0.76 s contributes 70% of the response of the HMD orientation. 

The material located between 0 s and L6 5 contributes 70% of the response of the VMD 
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orientation (fig 3). These depths, 0.76 s and 1.6 s, are what McNeill called the "effective 

depth of exploration" of the instrument for these orientations. 

In a two-layer system, for which cs is calculated from infinite depth up to the 

contact between the layers, the contribution of the top layer to the measured response is 

1-CS. In such a system, cs close to one represents a nearly homogeneous subsurface 

having an electrical conductivity equal to that of the lower layer. cs close to zero 

represents a nearly homogeneous subsurface having an electrical conductivity equal to 

that of the upper layer. That is: 

= ^Layerl 0 " + CTuyerlCS Eq 30 

Alternatively, the cumulative sensitivity can be determined based on of a two-

layer system if the a values of each layer (<7Layeri' '^uyera) known. Specifically, 

rearranging equation 5 to solve for cs gives: 

cs= ~ Eq31 
^Layer! ^Layerl 

Methods 

EMIGMA (EiKon Technologies, Inc., Milton, ON, Canada) was developed by 

Groom and others (2004) to calculate three-dimensional, electromagnetic-field 

propagation in complex environments for a variety of instrument systems. The code is 

based on work done by Anderson (1984), Habashy et al (1993) and Walker and West 

(1991) . In this study, EMIGMA was used to conduct forward numerical simulations of 

the response of a Geonics EM31-MK2 instrument over a homogeneous or horizontally 
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layered subsurface. To represent the EM31, the following parameters were used for all 

simulations: a 3.66-m intercoil separation and transmitting frequency of 9800Hz. The 

software represents coils as alternating magnetic dipoles and these were placed 0.05 

meters above ground for these models. For the present study, magnetic permeability was 

chosen to be constant for all simulations. We chose as output the ratio of the magnitudes 

of the secondary and primary magnetic fields in percent. The receiver coil actual 

response is a voltage and this is usually normalized to the induced voltage in air 

(freespace). To calculate apparent electrical conductivity from these values would 

require either the use of numerical inversion routines or approximate models all of which 

are estimates. 

For direct comparison with results of the LIN approximation, all results are 

presented as cumulative sensitivity. The simulations explored two-layer systems 

differing only in electrical conductivity. Electrical conductivities ranged from 0.1 mS/m 

to 200 mS/m. The contrast of layer conductivities varied from nearly homogeneous 

systems to strongly heterogeneous systems. For each electrical conductivity, the field 

ratio in percent was determined for a homogeneous half-space for both horizontal and 

vertical coil orientations. Then a series of simulations was performed for varying layer 

thicknesses to determine the numerical cs value from equation 6. One value in the cs 

distribution was calculated for each simulated layer thickness. Each cs value can be 

plotted as a function of interface depth to generate a curve for comparison with equations 

3 and 4. Examination of the cumulative sensitivity allowed for determination of the 

effects of subsurface layering and changing electrical conductivity on the spatial 

sensitivity distribution. 
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Cumulative sensitivity was calculated for two different model types (fig. 3). Each 

model type was evaluated at two different ranges of electrical conductivity, one more 

resistive and one more conductive. Each type was composed of two layers and the 

thickness of the top layer was varied from 0 to 5 s (18.3 m). The bottom layer was 

essentially infinitely thick (1 x 10^ m). For Type 1 models in the more resistive range, 

the electrical conductivity of the upper layer was held constant at 0.1 mS/m and that of 

the lower layer took on one of three values: 0.2,10 or 100 mS/m. These low conductivity 

models were aimed at matching the LIN approximate solution and at assessing changes to 

the sensitivity distribution in more resistive environments. In Type 2 resistive models, a 

of the upper layer was given values of 0.2, 10 or 100 mS/m, and that of the lower layer 

was held constant at 0.1 mS/m. Induction numbers ranged from about 0.01 for a 

homogeneous electrical conductivity of 0.1 mS/m to 0.32 for a homogeneous 200 mS/m 

half-space (table 1). To mimic conditions common in near-surface investigations, a 

second set of simulations was done at higher conductivities. The same scenarios as those 

depicted in model-Types 1 and 2 were used. The constant electrical conductivity layer 

was 100 mS/m and five systems were simulated in which a of the variable layer ranged 

from 0.1 to 200 mS/m. 

Results and Discussion 

To compare spatial sensitivity distributions of the LEN approximation with those 

derived from numerical simulations, cumulative sensitivity was plotted as a function of 

upper layer thickness (figs. 4-6). Except for two systems with a 200mS/m layer. 
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electrical conductivities in all simulated systems were less than or equal to 100 mS/m 

which was McNeill's (1980) criterion for the LIN condition. In contrast to the LIN 

approximation, the numerical results indicate that instrument spatial sensitivity varied 

with changes in the conductivity of the subsurface. This was true for Type 1 and 2 

models for both homogeneous (e.g. 0.1/0.2 and 100/99 systems) and heterogeneous 

systems. In all cases, the general shape of the cumulative sensitivity distribution was 

similar to that predicted by the LIN approximation. In the more resistive homogeneous 

systems simulated, 0.1/0.2 and 0.2/0.1 mS/m, cs values were close to those predicted by 

the LIN approximation (fig 4). In systems with higher electrical conductivity, however, 

the numerical cs values occurred at shallower depths than comparable LIN values. For 

example, in figure 4a, the VMD LIN approximation predicts that a cs value of 0.2 will 

occur at a depth of about 2.5 s. In contrast, the numerical approach predicts that as a 

increases, this depth decreases from just under 2.5 s for the 0.2/0.1 and 0.1/0.2 mS/m 

systems to 2.0, 1.8 and 1.5 s for the 0.1/10, 10/0.1 and 0.1/100 mS/m systems 

respectively, to a minimum of about 1.2 for the 100/0.1 mS/m system. In addition, 

though all simulated electrical conductivities lay within McNeill's recommended range 

for the low-induction-number, only simulations of the 0.1/0.2 mS/m system (b • 0.01) 

came close to the LIN prediction (fig 4). 

In Type 1 and Type 2 model systems that were the inverse of one another, smaller 

cs values occurred in whichever system had the higher upper-layer electrical 

conductivity. For instance, in the 0.1/10 and 10/0.1 mS/m systems, the 10/10.1 mS/m 

system had the smaller cs values. For a given electrical conductivity contrast, models in 

which the lower-layer electrical conductivity was varied (0.1/X mS/m, Type 1) were 
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more similar to one another than those in which upper-layer electrical conductivity was 

varied (X/0.1 mS/m, Type 2). Deeper layers appeared to be obscured by high 

conductivity layers closer to the surface, which was likely due to current channeling, field 

scattering and attenuation. In addition, as the apparent electrical conductivities of systems 

increased, the gaps between cs values became smaller. For example, at a depth of 2 s, cs 

values decreased more when electrical conductivity increased from 10 to 100 mS/m ( a 

10-fold increase) than from 0.2 to 10 mS/m (a 50-fold increase). All these trends 

occurred in higher conductivity environments as well and were seen whether the upper 

layer was the more conductive or not (figs. 5 and 6). Overall, at any given depth, there 

was a non-linear decrease in cs values as the electrical conductivity of either layer 

increased. 

McNeill's criterion for identifying the exploration depth was cs = 0.3. Using this 

same criterion for each numerical system, exploration depth was determined by locating 

the depth on each curve (figs. 4 to 6) that corresponded to a cs value of 0.3. In contrast to 

the findings of McNeill, the exploration depth decreased with increasing apparent 

electrical conductivity (fig. 7). The deviation from the LIN approximation increased as 

the apparent electrical conductivity increased. This was seen in all systems simulated 

including both homogeneous systems and heterogeneous systems. The effect of 

increasing electrical conductivity on exploration depth was different for each magnetic-

dipole orientation. For the VMD orientation, the effective depth of exploration for all 

numerical models tested ranged from 1.6 s, the same depth as the LIN approximation, to 

about 0.8 s for the most conductive system. This implies that, in real-world systems, use 

of the LIN depth could result in an overestimate of up to 100% of the actual exploration 
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depth. For the HMD orientation, exploration depth ranged from 0.76 s to 0.51 s, which 

could result in an overestimate of up to 50%. In general, deviations from the LIN 

predicted depths of 10% or more occurred at apparent electrical conductivities of 3 mS/m 

or greater. Given the range of near-surface electrical conductivities in the continental 

U.S. (Keller, and Frischknecht, 1966), reliance on the LIN assumptions at many field 

sites could lead to significant overestimates of exploration depth and poor estimates of 

layer thicknesses. 

The differences between the LIN and numerical approaches are likely caused by 

the fact that processes like scattering of electromagnetic fields and current channeling are 

not taken into consideration in the LIN approximation. Scattering can affect both the 

primary and secondary fields. Current channeling can affect the location and magnitude 

of secondary fields by altering the flow of induced currents, both processes affect the 

cumulative secondary field sensed by the instruments at the surface. As a result, spatial 

variations in electrical conductivity will affect the results of field surveys by changing 

spatial sensitivity. Temporal variations in infiltration, water-table depth, soil temperature 

and salinity cause temporal variations in the electrical conductivity, which in turn change 

the depth of exploration. Thus, at any field site at which physical, chemical or hydraulic 

properties are non-uniform, exploration depth will be non-uniform. Then, correct 

determination of electrical conductivity changes with depth may be difficult or 

impossible without the aid of numerical modeling. 
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Conclusions 

The spatial sensitivity of LIN FEM instruments was investigated by comparing 

analyses based on the LIN asymptotic approximation with the results of three-

dimensional numerical modeling of one-dimensional systems. Similarities and 

differences were explored with comparisons of cumulative sensitivity in two-layer 

systems having electrical conductivities ranging from 0.1 to 200 mS/m. Even in the 

simple two-layer system used in this study, clear differences were found between the 

predictions of the approximate and numerical approaches. Contrary to the LIN approach, 

spatial sensitivity in the simulated systems depended on the magnitude and distribution of 

electrical conductivity in the subsurface. In resistive systems, where induction numbers 

were small (• • 0.01 in the case of the 0.1/0.2 mS/m system), sensitivity to the subsurface 

was close to that predicted by the LIN asymptotic model. No change in spatial sensitivity 

was predicted by the approximate model for higher electrical conductivities. For more 

conductive conditions, all numerical models showed decreased cs values relative to the 

LIN predictions even though McNeill's (1980) low-induction-number criterion was met 

for nearly all simulated systems. As the apparent electrical conductivity increased, 

cumulative sensitivity values at a given depth showed greater differences from those 

predicted by the LIN model. Thus, even in moderately conductive environments, the 

bulk of instrument sensitivity was focused closer to the surface than predicted. 

For induction numbers greater than 0.01, the exploration depth decreases as 

apparent electrical conductivity increases. Over the range of systems examined, the 

maximum difference in exploration depth between the numerical and approximate 

approaches was 0.8 times the intercoil separation. This occurred in the most conductive 
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case (200/100 mS/m) for the vertical magnetic dipole orientation. This variability 

indicates that the actual depth of exploration may be difficult to predict given the wide 

range in magnitude and combinations of electrical conductivity that occur in natural 

environments. Because of this, forward numerical modeling is strongly recommended 

during design and interpretation of field surveys. 
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Figures 

Vertical 
magnetic 
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Figure 1. In LIN FEM instruments, there are two coils separated by a distance (s). One transmits (Tx) the 
primary magnetic field and one receives (Rx) a combination of the primary and secondary fields. The coils 
may be oriented so that the magnetic dipoles are either horizontal (HMD) or vertical (VMD) with respect to 
the ground surface. 
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Figure 2. Cumulative sensitivity from McNeill (1980). McNeill's "effective depth of exploration" is 
indicated by a cumulative sensitivity value of 0.3. The cumulative sensitivity of LIN instruments is 
calculated from infinity to a given relative depth. 
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LIN Condition 
Resistivity, Skin Depth, Criterion ^ x) 

Conductivity, (J 1/cr 5 Induction number, P proposed by: 

(mS/m) (ohm-m) (m) (-) 

10000 0.1 2 2.3 

1000 1 5 0.72 

500 2 7 0.51 

200 0.32 Wait (1962) 

0.23 McNeill 09S0) 

50 20 23 0.16 

20 50 36 0.10 

10 100 51 0.072 

5 200 72 0.051 

2 500 114 0.032 

liiillpiillB 1000 161 0.023 rri.-ichknecht (19X9) 

0.2 5000 359 0.010 

0.1 10000 508 0.007 

0.01 100000 1608 0.002 

Frequency (Hz) 9800 

Coil Spacing (m) 3.66 

Magnetic permeability of free space (H/m) 4n x 10"^ 

Table 1. The induction number calculated for various conductivities with LIN condition criteria proposed 
by several researchers noted. 
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Figure 3. Each set of weighting-factor simulations was based on a two-layer system. The electrical 
conductivity of the upper layer in model Type 1 and the lower layer in model Type 2 were fixed at one of 
the following values: 0.2, 10 or 100 mS/m. The other layer took on values ranging from 0.1 to 100 mS/m. 
In each set of simulations, for a given pair upper and lower layer electrical conductivities, the thickness of 
the upper layer was increased from 0.001m to 20 m. 
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Figure 4. (a) VMD and (b) HMD cumulative sensitivity for model-types 1 and 2 calculated from 
forward numerical modeling results compared with LIN approximation predictions. Relative 
thickness is the depth divided by the intercoil separation. 
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Figure 5. Cvimulative sensitivity for model-type 1 using the higher electrical conductivities 
sometimes found in envirormiental investigations. Comparison of results of forward numerical 
models with the LEST model (a) VMD and (b) HMD. Relative thickness is the depth divided by 
the intercoil separation. 



69 

TYPE 2: TWO LAYER SYSTEM - X mS/m OVER 100 mS/m HALF SPACE 

'.V+'.-.'.o-

•".A"" ^ * 

r/-V-;-+Vf^Vu 
A--*" . . -

pvwcSV'i"-
--:•••• 

t ^ 
T ir'' 0-' 

A ' .P' 

p ' 
/ 

-A='' 

t ^ 
T ir'' 0-' 

A ' .P' 

p ' 
/ 

-A='' 

VMD 200/100 mS/m 

+• VMD 99/100 mS/m 

o VMD 50/100 mS/m 

-D - VMD 10/100 mS/m 

• A VMD 0.1/100 mS/m 

- - - - VMD analytical 

/ /®"' 

+ 4 •' 

'• . ' '' / 
F o 

W 

VMD 200/100 mS/m 

+• VMD 99/100 mS/m 

o VMD 50/100 mS/m 

-D - VMD 10/100 mS/m 

• A VMD 0.1/100 mS/m 

- - - - VMD analytical f ^4 
i 4: 
' 

• 

VMD 200/100 mS/m 

+• VMD 99/100 mS/m 

o VMD 50/100 mS/m 

-D - VMD 10/100 mS/m 

• A VMD 0.1/100 mS/m 

- - - - VMD analytical f ^4 
i 4: 
' 

• 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

CUMULATIVE SENSmVPTY 

(a) 

TYPE 2: TWO LAYER SYSTEM - X mS/m OVER 100 mS/m HALF SPACE 

0 

1 
— HMD 200/100 mS/m 

HMD 99/100 mS/m 

HMD 50/100 mS/m 
2 

HMD 10/100 mS/m 

-a~HMD 0.1/100 mS/m 

— HMD analytical 3 

4 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

CUMULATIVE SENSITIVITY 

(b) 

Figure 6. Cumulative sensitivity for model-type 2 using the higher electrical conductivities 
sometimes foimd in environmental investigations. Comparison of results of forward numerical 
models with the LIN model (a) vertical magnetic dipole and (b) horizontal magnetic dipole. 
Relative thickness is the depth divided by the intercoil separation. 
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APPENDIX B Cumulative Spatial Sensitivity of Low-Induction-Number Frequency-

Domain Electromagnetic-Induction Instruments Derived from Local Sensitivity 

Maxima 

James B. Callegary, Ty P.A. Ferre and R. W. Groom 

Abstract 

Cumulative sensitivity (cs) analysis is a convenient tool for defining the sample 

(support) volume of an instrument. In this type of analysis, the region in space 

containing all material to which the instrument is sensitive is first defined. cs then 

allows for the contouring of areas within this region that are fractions of the total 

sensitivity. To calculate cs, values of local sensitivity are summed sequentially to arrive 

at the total. To arrive at the total, the running sum of ls values is usually ordered 

according to some scheme such as spatial ordering. The proportion of the total 

represented by each value in the running sum is the cs. Values of the cs are then 

selected and contoured in accordance with the needs of the study. Previous investigations 

of the sensitivity distribution of low-induction-number frequency-domain 

electromagnetic (LIN FEM) methods calculated cs using an approach that was spatially 

arbitrary (McNeill 1980; and the present study. Appendix A). The order of summation of 

ls in these studies was from a depth of "infinity" to the surface. In the current work, a 

small perturbation approach was used to calculate values of ls. Numerical models of 

one-dimensional, homogeneous half-spaces each having a different electrical 



72 

conductivity (a) were simulated. The range of a was from 0.1 to 200 mS/m. The small 

perturbation was modeled as a thin, infinite layer that was slightly more electrically 

conductive than the host. Responses were modeled for a LIN FEM instrument and 

converted to values of ls. cs was calculated so that contours coincide exactly with ls 

contours. Sample intervals were defined using the 70% cs contours. Calculated in this 

way cs contours simultaneously reveal the location and shape of sample intervals as well 

as the distribution of ls within those intervals. It was found that both location and 

thickness varied with changes in a. It was found that sample intervals for the horizontal 

magnetic dipole orientation of the instrument reside at the surface where sensitivity is 

highest. The thickness of this interval decreased from 0.7 times the intercoil spacing (5) 

in the most resistive case to 0.5 s in the most electrically conductive. In the vertical 

magnetic dipole orientation, sample intervals were centered on the depth of highest local 

sensitivity at 0.35 s. The thickness of this interval decreased from 1.3 s to 0.8 s as 

increased from 0.1 to 200 mS/m. For both dipole orientations, sample interval thickness 

changed the most in the range of 1 to 50 mS/m. 

Introduction 

Because of their ease-of-use, potential for spatial precision and ability to track 

variations in electrical conductivity noninvasively, low-induction-number frequency-

domain electromagnetic instruments are attracting an increasing amount of recent 

attention (Corwin, and Lesch 2003; Eigenberg, and Nienaber 2003;Gomez-Trevino, 

Esparza, and Mendez-Delgado 2002; Paine 2003;Sudduth, Kitchen, Bollero, Bullock, and 
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Wiebold 2003). LIN FEM instruments measure the apparent electrical conductivity (ffj, 

which is a complicated average of electrical conductivities over a portion of the 

subsurface. Electrical conductivity (a) can be used as a surrogate for many factors such 

as concentration of organic and inorganic contaminants, water content, soil texture and 

lithology. To interpret accurately the relationship between spatial variations in these 

factors and LIN FEM EC measurements, the shape and magnitude of the sensitivity 

distribution of LIN FEM instruments must be well understood. 

In any method, instrument or measurement sensitivity can be defined as the 

change in a measured parameter in response to a change in a property of a medium. In the 

present circumstance, that would be change in apparent electrical conductivity due to a 

change in the absolute electrical conductivity {dajdo). For a given instrument, the 

sensitivity distribution reflects its relative sensitivity to the same property change in 

different regions in the subsurface. Local sensitivity (LS) is a measure of the relative 

response of the instrument to electrical conductivity at a point or in a layer which reveals 

the locations of higher or lower measurement sensitivity. Using a one-dimensional 

numerical evaluation of LIN FEM spatial sensitivity, it was found in Paper 1 (Appendix 

A) that the distribution of sensitivity in homogeneous and layered environments depends 

on the magnitude and distribution of electrical conductivity. Prior to their work, the 

understanding of LIN FEM sensitivity had been based primarily on the results of an 

approximate solution of Maxwell's equations (McNeill 1980; Wait 1962). Work on this 

approximate solution led to a formulation of a one-dimensional spatial sensitivity 

distribution that was independent of a and dependent on depth, coil orientation and coil 

separation. The insensitivity of the distribution to all but these factors allowed McNeill 
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(1980) to define, for a given coil separation and orientation, invariant sample depths or 

"effective depths of exploration". Invariant sensitivity distributions and pre-defined 

sample depths are attractive, because they simplify the interpretation of measurements of 

For this reason, McNeill's ideas have become widely implemented eind represent the 

standard tools for interpretation of LIN FEM data. Despite this general acceptance. Paper 

1 (Appendix A) showed that sensitivity distributions are independent of a only in 

extremely resistive environments. This severely limits the range of conditions in which 

the LIN approximate solution can be used. In a comparison of sample depths based on 

the approximate solution with those derived from numerical simulations, they found 

decreases of 10% or more in the predicted depth of exploration when a was above about 

3 mS/m, as it is at many terrestrial sites (Keller and Frischknecht, 1966). 

Work presented in this paper expands upon the findings of Paper 1 (Appendix A) 

by using an alternate approach to defining the sample depth of LIN FEM instruments. cs 

was one of the main tools used in both McNeill (1980) and Paper 1 (Appendix A) 3 to 

analyze the spatial sensitivity of LIN FEM instruments. cs typically provides 

information on the sample interval, area or volume of an instrument. Sample intervals 

and areas are useful because they define the scale at which measurements should be 

appUed, for example, to constrain hydrologic models. Specifically, cs is any summation 

of local instrument sensitivities that indicates the portion of the total sensitivity included 

in an area or depth interval. Once cs has been calculated from LS, a sample interval or 

area can be defined that includes some percentage of the cumulative sensitivity 

distribution. Though the specific choice of the percentage of cs is somewhat arbitrary, 

the boundary of the sample interval or area is usually chosen so that it surrounds the 
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region that contributes the major portion of the measured response. This approach 

calculates the cumulative sensitivity (CS) so that it retains information on the spatial 

distribution of local sensitivity. The distribution of sensitivity within the sample area 

gives an indication of the uniformity of measurement sensitivity. 

McNeill (1980) based his conclusions about LIN spatial sensitivity and 

exploration depths on the cumulative sensitivity, which he calculated from infinite depth 

to the depth of interest. His approach had certain disadvantages. First, it was based on an 

approximate solution to Maxwell's equations that was only valid for a limited range of 

circumstances (Chapter 3). Second, the LIN CS distribution did not clearly reflect the 

distribution of local sensitivity. That is, because LIN CS sunmiation always started at 

infinite depth and continued to the ground surface, it was possible to define sample areas 

that excluded regions of high LS. For example, most LIN FEM instruments employ at 

least two magnetic-dipole coil orientations, each with a unique distribution of local 

sensitivities. In the case of the horizontal magnetic-dipole coil orientation, the fact that 

LIN CS is summed from infinite depth to the surface is no problem, because LS peaks at 

the surface and decreases monotonically with depth (fig. 1). Thus the LS peak is always 

included within the sample interval. Unlike the horizontal orientation, the LS distribution 

of the vertical coil orientation peaks below the surface. Therefore, depending upon the 

choice of the percentage of CS used to determine the sample area, shallow, high-LS 

regions could be excluded. 

An alternate approach to determining CS and sample area was suggested by Ferre 

et al (1996) for TDR (Ferre, Rudolph, and Kachanoski 1996). Instead of sunmiing local 

sensitivities over a fixed spatial pattern (e.g. from infinite depth to the surface), they 
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summed local sensitivities from regions of highest sensitivity to those of lowest. As a 

result, cumulative sensitivity distributions are uniquely defined by local sensitivity 

distributions. When the cumulative sensitivity distribution reflects the local sensitivity 

distribution, it can be used both to identify the depths to which the instrument is most 

sensitive and to quantify the proportion of instrument response attributable to a given 

region of the subsurface. 

The analysis presented in this paper explores the spatial sensitivity of LIN FEM 

methods in homogeneous environments. LS distributions, and from them CS 

distributions, are derived from the simulated responses of an instrument to small 

perturbations in homogeneous systems with differing values of a. By examining 

homogeneous media, the effects of the new approach to defining CS can be examined 

without the additional complication of variation in the distribution of c. The study of 

responses in homogeneous environments allows us to focus specifically on the outcome 

of using different methods of calculating cumulative sensitivity and to demonstrate the 

implications of this new approach when the electrical conductivity of the medium as a 

whole is changed. 

Objectives 

This paper has three objectives. The first is to generate LS distributions by using 

a small perturbation approach. The second is to apply a method to calculate the 

cumulative sensitivity distribution that closely reflects the local sensitivity of LIN FEM 

instruments. The cumulative sensitivity is derived from LS values using the approach of 
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Ferre et al (1996), which sequentially sums cumulative sensitivity from areas of highest 

to lowest local sensitivity. The final objective is to use local and cumulative sensitivity to 

quantify the effects of changes in a on the spatial sensitivity of LIN FEM instruments in 

homogeneous systems. 

Theory 

LIN FEM instruments are based on the transmission and reception of propagating 

electromagnetic fields, phenomena which are described by Maxwell's equations. There 

are no known analytical solutions to these equations for the majority of geologic systems 

in which electromagnetic instruments are used. Therefore, numerical or approximate 

solutions must be used. Numerical approaches are often superior, because they can be 

used to simulate a much greater range of processes and boundary conditions than 

approximate or analytical approaches. The LIN approach is an approximate solution 

based on assumptions summarized by McNeill (1980). These assumptions are 

incorporated into the design of LIN FEM instruments such that, under the right 

conditions, the quadrature portion of the received secondary magnetic field is directly 

proportional to the apparent electrical conductivity. The quadrature portion is the 

magnitude of the detected secondary magnetic field that is 90° out of phase with the 

primary (transmitted) field. Under conditions for which the LEN assumptions are valid, 

the spatial sensitivity of LIN FEM instruments can be described by McNeill's cumulative 

sensitivity (LIN CS). 
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The LIN CS is equal to the sum of local sensitivities from infinite depth to the 

surface and is described by the following equations for vertical and horizontal magnetic 

dipoles: 

CO -

^^vmd (^) ~ 

00 

CS„U^) = JLS„^„(.z)dz = (4z' +1)"' - 2z Eq 33 
z 

where normalized depth (z) is actual depth divided by intercoil separation (5). Vertical 

magnetic dipole orientation (VMD) refers to the fact that the main axis of the alternating 

magnetic field produced by the transmitter coil is perpendicular to the surface of the 

ground. The orientation of the horizontal magnetic dipole (HMD) is parallel to the ground 

surface. LS represents the relative contribution of a particular depth to the measured 

secondary magnetic field. LS can be used to identify the relative sensitivity of LE^ FEM 

instruments to different depths in the subsurface. As can be seen in equations 1 and 2, LS 

is the slope of the cumulative sensitivity function (dCS/dz). Under the LIN assumptions, 

LS can be described by (McNeill, 1980): 

^ -(4^2+1)3,2 £93^ 

= Eq33 

In a homogeneous environment, these functions describe the spatial sensitivity of 

LIN FEM instruments to a thin layer, the electrical conductivity of which contrasts 

slightly with that of a surrounding homogeneous medium (fig. 2). Because the contrast is 
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only a slight perturbation of the G field, the system may be considered to approximate a 

homogeneous medium. When the perturbation is small and o contrast slight, the spatial 

sensitivity distribution should be independent of the properties of the perturbation 

(Furman, Warrick, and Ferre 2002). As a result, this small perturbation can be used to 

analyze instrument sensitivity without substantially changing the material properties of 

the system. Under these conditions, the local sensitivity curve represents the sensitivity 

distribution of a particular instrument in a homogeneous environment. Each point on the 

curve represents the change in instrument response (cj for a given small change in a of 

the medium in a specified region or layer. This may be expressed as LS = 

The LIN HMD curve indicates that greatest LS occurs at the surface and the LIN VMD 

curve suggests that greatest LS occurs at a relative depth z = 0.35. 

To compare the results of numerical modeling with those of McNeill, we 

must obtain LS values from the simulated instrument responses. This requires simulated 

responses from individual layer conductivities as well as from each layered system. An 

expression for calculating a point on the local sensitivity curve can be derived from a 

general expression, based on McNeill (1980) that relates to the cumulative sensitivities 

in a multi-layered system: 

^^zl)^Layerl ~ zl)^Layer! + ••• + 

Eq36 

The contribution or weighting of an individual layer is dG/dG^y^^. For layer 2 (Eq 

36), this may be expressed as: 
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L5, Eq37 

where CS^; and CS^ are the CS values from infinite depth to depths zl and z2 

respectively. Equations 36 can be modified into an expression for <t„ of a three-layer 

system where the depth of the upper boundary of the middle layer is Zj and the depth of 

the lower boundary is z2: 

^^z\)^Layer\ ~ zl)*^Layer! + ^^zl^Layeri 

For a layer in a homogeneous half-space where = o„ and = 

0-^, equation 7 reduces to: 

(C^zi - CS^^){o^ -o„) Eq 39 

As the thickness of Layer 2 decreases, approaches that of a small 

perturbation. Applying this to equation 8 and dividing by the thickness of Layer 2 gives 

an expression for a point on the local sensitivity curve: 

= " " = ^ — = Eq40 
<T^ -<Tff zl - z2 dz dc7^^ 

where da^ = a^- is the difference in the apparent electrical conductivity with and 

without the thin layer perturbation; and is the difference in electrical 

conductivity between the host and thin layer. This analysis can be repeated for different 

locations of the thin layer to construct a one-dimensional local-sensitivity curve. 

The equation for calculating the cumulative sensitivity described by Ferre et al 

(1996) is: 
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Z^S(z,CT) 
CSj=-^ xlOO Eq41 

|;iS(z,CT) 
i 

where i is an index that ranks points on the LS curve from one for the largest to J for the 

smallest. 7 is a summation limit and N is the total number of points in the solution 

domain. The value in the numerator represents a sum that is a fraction of the total LS. 

The sum in the denominator is a constant, equivalent to the CS of the entire subsurface 

and CSj is a percentage of this sum. By summing local sensitivity from highest to lowest, 

the numerical CS calculation is not automatically bound to any particular location. 

Instead, areas of high and low CS correspond closely to areas of high and low LS. CS is 

defined by contours of LS and a sample area or interval is defined by one LS contour. In 

contrast, in the LIN CS approach, LS contours may cross the sample area boundary 

defined by a particular CS percentage. 

Methods 

EMIGMA (EiKon Technologies, Inc., Milton, ON, Canada), was used to simulate 

the propagation of electromagnetic waves through a homogeneous or slightly 

heterogeneous perturbed environment. Though all systems simulated in this study were 

one-dimensional, EMIGMA calculates wave propagation in three dimensions. The 

systems were approximations of homogeneous environments composed of three layers in 

which the electrical conductivity of the top and bottom layers was the same, and that of 

the middle layer was 1% higher than that of the other layers. The thickness of the middle 
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layer was 10% of the intercoil separation (or 0.1 s). Results from a slightly more 

conductive middle layer (not shown) were identical, ensuring that this contrast represents 

a small perturbation. The output from EMIGMA was the ratio of secondary to primary 

magnetic field strength. Apparent electrical conductivity was not calculated from this 

ratio, because no exact equation exists for converting field-ratio response to a. Two input 

conductivities were used for each simulation: one for the middle layer and one for the 

background (the top and bottom layers). Both VMD and HMD field-ratio responses were 

calculated for homogeneous half-spaces having each of these two electrical 

conductivities. Then a series of simulations was performed by increasing the depth to the 

middle layer until the simulated response was the same as that of the background 

response. To determine the numerical local sensitivity, the field-ratio responses (R) from 

the three-layer simulations were substituted into equation 40 as 

LS(x,y,z)=l'-~l" Eq42 
rp rff 

Where Ra is the apparent response measured for a particular host-perturbation system. 

Rh is the response of the host with no perturbation and Rp is the response from a half-

space with the same a as the perturbation. The input electrical conductivity of the 

simulated systems ranged from 0.1 to 200 mS/m. These were similar to values used in 

Paper 1 (Appendix A). The transmitter frequency, 9800 Hz, and coil spacing, 3.66 m, 

were the same as those of the EM31 instrument (Geonics, Mississauga, Ontario). 

To calculate CS, the boundary between responses due to the perturbation and 

those due to background had to be defined. Because simulated instrument responses 

decreased smoothly and slowly toward background values as depth increased, no readily 
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identifiable distinction could be made between the two types of responses. Thus, an 

arbitrary limit was defined with the goal of retaining for use in the CS calculation only 

those responses caused by the perturbation. Background was taken to be any response 

less than 0.1% of the difference between the thin-layer and background half-space 

responses. As the thin layer had a finite thickness (0.1 5), its middle could not be at the 

ground surface. As a result, the shallowest mid-depth of the layer was 0.05 s. 

For direct comparison with McNeill, all results are presented as local or 

cumulative sensitivity versus normalized depth. The cumulative sensitivity was 

calculated using equation 10. The results indicate the location of different percentages of 

the total CS. These were used to define sample intervals by choosing a particular 

percentage, for instance 90%, and plotting the depths contained within the 90% percent 

interval. To facilitate comparison with the numerical CS values, LIN CS values were 

converted to percent and subtracted from 100. 

Results and Discussion 

LIN local sensitivities were compared with numerically calculated local 

sensitivities for homogeneous systems containing a thin-layer perturbation 1% more 

conductive than background (fig. 3). The location of peak LS (approximately 0 s for 

HMD and 0.35 s for VMD) was constant in all simulations and matched that of the LIN 

model. In resistive environments (1 and 0.1 mS/m), both HMD and VMD LS were 

similar to those of the LIN approach. As electrical conductivity increased, there was a 

nonlinear increase in the magnitude of peak local sensitivity. The increase in the 
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magnitude of the peak was greater when a changed from 10 to 100 mS/m, than when a 

increased from 0.1 to 10 mS/m. In Paper 1 (Appendix A), a similar pattern of ^-induced 

changes in the CS distributions of two-layer systems was noted. 

LIN and numerical HMD CS distributions were similar in that they peaked 

at the surface and decreased monotonically with depth (fig. 4a). On the other hand, the 

VMD LIN and numerical CS distributions were quite different from one another (fig. 

4b). Whereas the VMD LIN CS distribution peaked at the surface, the VMD numerical 

CS curve peaked at 0.35 s, the same depth as the local sensitivity. CS curves derived 

from simulations of the two most resistive environments, 0.1 and 1 mS/m, overlapped 

almost exactly for both HMD and VMD, though they differ substantially from the LIN 

CS. As electrical conductivity of the subsurface increased, the depth at which the 

numerical CS approach zero decreased. 

Sample areas, or in one-dimensional environments, sample intervals, can be 

delineated by choosing a particular percentage of the cumulative sensitivity (e.g. 90%), 

which is associated with a particular LS contour. Because the environments modeled for 

this study are one dimensional, it is more proper to speak in terms of sample intervals and 

the thicknesses of those intervals. Though the choice of the percentage is somewhat 

arbitrary, it is generally assumed that the chosen CS contour should include the bulk of 

the cumulative sensitivity with the consequence that, to a large extent, the material in this 

interval controls instrument response. The delineation of additional smaller intervals 

such as 50% CS and 70% CS provides information on the uniformity of sensitivity within 

the sample area. The intervals in which cumulative sensitivity was 50%, 70% and 90% 

are shown on plots of CS as a function of depth for 1, 10 and 100 mS/m half-spaces (figs. 
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5 and 6). As the electrical conductivity of the medium increased, the thicknesses of the 

50%, 70% and 90% intervals shrank. In the HMD simulations, the decrease occurred at 

the bottom of each interval. Using the 70% CS limit chosen by McNeill (1980) to define 

the depth of exploration, the thickness of the HMD sample interval ranged from 0.70 s 

for the most electrically resistive case to 0.55 s for the most conductive. Both values are 

shallower than McNeill's predicted exploration depth of 0.76 s. In the VMD simulations, 

decreases in the 50%, 70% and 90% percent intervals of the cumulative sensitivity 

occurred both above and below the peak LS at 0.35 s. As a increased, the lower boundary 

of the 70% interval rose from 1.30 s to 0.95 s. The upper boundary of the interval 

changed from 0.05 5 at 1 mS/m to a depth of 0.1 5 at 100 mS/m. The narrowing of the LS 

peak accompanied by an increase in its magnitude served to focus cumulative sensitivity 

in a narrower band about the depth of maximum LS. The advantage of the approach of 

Ferre et al (1996) is made clear in the VMD case. The numerical CS distribution supplies 

information on both sample interval and the magnitude of local sensitivity. The sample 

interval gives a general idea of the location and dimensions of the region in space that 

contributes most to instrument response. With local sensitivity information provided at 

the same time, one can assess whether the sensitivity is distributed evenly throughout the 

sample area or focused primarily in certain locations. 

The changes in the boundaries of the percent sample intervals are shown as 

functions of electrical conductivity over the range of 0.1 to 200 mS/m (fig. 7). In the 

HMD case, as a increased, the depth of the 70% sample intervals decreased from 0.70 s 

to 0.50s, because of the increasing local sensitivity near the surface. In the VMD case, as 

in figures 5 and 6 the boundaries contracted about the 0.35 s peak. The change was less 
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noticeable near the surface, but the upper boundary of the 70% interval increased in depth 

from being approximately at the surface (0.05 s) to 0.13 5 at a <t of 200 mS/m. The lower 

boundary of the 70% sample interval decreased in depth from 1.3 to 0.83 s. 

Incorporating the changes from both upper and lower boundaries decreased the total 

thickness of the interval from 1.33 s to 0.7 s. The changes in interval thickness were non-

Unear with the largest changes occurring between 1 and 50 mS/m, the a range in which 

LIN FEM instruments are most often used. 

The LIN and Ferre et al (1996) approaches to cumulative sensitivity provide 

fundamentally different information. The LIN approach makes no accommodation for 

the fact that the local sensitivity peaks at some distance below the surface for the VMD 

case. Because of this, useful information on the exact nature of the sensitivity 

distribution is lost. The new approach, for instance, demonstrated that at higher values of 

a the soil surface made an increasingly minor contribution to the apparent electrical 

conductivity of VMD measurements. Moreover, greater depths contributed less to both 

HMD and VMD measurements, which became increasingly focused near their respective 

LS maxima: at the surface for HMD and at 0.35 s for VMD. This alternate approach 

offers to users a clearer understanding of the manner in which LIN FEM instruments 

average the electrical conductivity of the subsurface. 

Soil type and lithology vary spatially, but are temporally invariant. Water 

content, solute concentration and temperature vary spatially as well as temporally. As 

these factors vary so does a. Because a, and therefore sample interval, changes in space 

and time, LIN FEM users need to think critically about survey design as well as depth 

interpretations derived from any measurements. For the correct interpretation of both 
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spatial and temporal o variations, it is critical to understand the extent to which sample 

intervals decrease as a increases. Though sensitivity becomes increasingly focused near 

one depth as a increases, measurement values are averaged over an interval and do not 

come from one particular depth. The exact values of sample-interval thicknesses and 

locations laid out in this study are revealing and can be helpful to LIN FEM users. We 

re-affirm, however, that because of the complexity of a distributions in natural 

environments forward numerical modeling should be an integral component of the design 

and interpretation of field measurements. 

Conclusions 

In this paper, the effects of electrical conductivity changes on local (LS) and 

cumulative (CS) sensitivity distributions were investigated using one-dimensional, 

numerical models and a small perturbation approach. Various homogeneous 

environments were simulated with electrical conductivities ranging from 0.1 to 200 

mS/m. The results were compared with the results of the LIN approximation (McNeill, 

1980), the most common method of analysis and interpretation of LIN FEM data. An 

alternative approach was used to calculate the cumulative sensitivity distribution. This 

approach, based on the work of Ferre et al (1996), links cumulative sensitivity to local 

sensitivity in such a way that information on both sample interval and trends in local 

sensitivity are revealed in the cumulative sensitivity distribution. 

Changes to spatial sensitivity induced by variations in electrical conductivity were 

revealed clearly in both the magnitude and location of changes to the cs distribution. 
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The results showed that in resistive environments LS and CS distributions were similar to 

those predicted by the LIN approximation. As in Paper 1 (Appendix A), results at higher 

values of electrical conductivity contradicted the assertion of the LIN approximation that 

sensitivity should be invariant with respect to electrical conductivity over most of the 

electrical conductivity range investigated. As electrical conductivity increased, LS highs 

became more pronounced and lows changed location. This had the effect of focusing 

sensitivity around LS peak depths. This same effect was seen in the CS distributions. 

Sample intervals decreased as electrical conductivity increased. In the HMD results, over 

the range of a investigated, the lower boundary of the 70% sample interval moved toward 

the surface from 0.70 s to 0.50 s. In the VMD results, the thickness of the 70% sample 

interval decreased about the 0.35 s peak from 1.3 5 to 0.83 s. 

The new insights provided in this study can be used in the planning and 

interpretation of field surveys. The thicknesses and depths of LIN FEM sample intervals 

are functions of electrical conductivity in addition to depth, coil spacing and coil 

separation. Sensitivity is focused on intervals that are both narrower and shallower than 

predicted by the LIN approach. These intervals become smaller as electrical conductivity 

increases, with the largest changes occurring in the range of 1 to 50 mS/m, the range in 

which most measurements are made. Figure 8 can be used as a rough guide to predicting 

electrical conductivity induced changes to sample intervals. Better by far, however, is the 

use of forward numerical simulations to model LIN FEM responses to the spatial and 

temporal variations in electrical conductivity expected at a particular field site. 
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Figure 10. Comparison of of (a) HMD and (b) VMD numerical and LIN local sensitivity curves 
electrical conducitivities ranging from 0.1 to 200 mS/m. 
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Figure 11. Comparison of (a) HMD and (b) VMD numerical and LIN cumulative sensitivity distributions 
over several orders of magnitude change in electrical conductivity. 
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APPENDIX C Three-Dimensional Sensitivity Distribution of Low-Induction-

Number Frequency-Domain Electromagnetic-Induction Instruments 

James B. Callegary, Ty P.A. Ferre and R.W. Groom 

Abstract 

It is unusual for the spatial averaging of hydrogeophysical methods to be 

considered when designing surveys to study the effective averaging of hydrologic 

properties. Yet this is a critical consideration if hydrogeophysical data are to be used 

quantitatively to constrain hydrologic models. At a minimum, the sample volume in 

homogeneous environments and the distribution of spatial sensitivity within that volume 

should be well understood. Currently, there is an effort to meike the application of low-

induction-number frequency-domain electromagnetic (LIN FEM) methods more 

quantitative. To further that goal, the three-dimensional spatial sensitivity of LIN FEM 

instruments was studied using numerical models of a small perturbation in a 

homogeneous host. It is generally assumed that as a increases, so does the measured (or 

simulated) response of the instrument. For a small perturbation with a similar to the host, 

the response is a measure of local sensitivity (LS) due to a small change in a. The results 

indicate that ls is highly variable in space and depends strongly on the orientation of tx 

and rx (vertical, VMD or horizontal, HMD). The perturbation was more conductive than 

the host, so it was expected that the magnitude of simulated responses would be greater 

than the host without the perturbation. This was the case only in part of the simulated 
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domain. Depending on location of the perturbation, responses varied from greater than 

(designated as positive), less than (negative) or equal to the response of the host. In the 

VMD simulations, LS contours were hemispherical and negative responses clustered in a 

cylinder under the instrument. The cylinder's diameter, the same as the distance between 

tx and rx, was 3.66 m. On the cylinder boundary, there was no response to the 

perturbation. HMD LS contours were lobate and the long axis coincided with the main 

instrument axis. Two negative sensitivity lobes were perpendicular to this. Contours of 

cumulative sensitivity (CS) followed the shape of the LS contours. The 90% contour was 

used to define the sample volume. For VMD, the longest dimension (14 m) was at the 

surface along the main instrument axis. The maximum thickness was about 4 m. The 

long axis of the HMD sample volume was also 14 m and also coincided with the main 

instrument axis. The shorter horizontal axis was about 9 m. The maximum thickness of 

the sample volume was about 4.6 m. Vertical LS curves extracted from the HMD and 

VMD data sets poorly matched LS curves from one-dimensional, infinite layer 

simulations. This is caused by the fact that different processes dominate in infinite layer 

simulations and small cubic perturbation simulations and 

inappropriateness of using infinite layer models to interpret data 

heterogeneity is discontinuous or at a much smaller scale. 

Introduction 

Hydrogeophysical instruments measure over a broad range of sample volumes, 

from cubic centimeters (e.g. time domain refiectometry) to cubic kilometers (e.g. 

underscores the 

from sites where 
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satellite-based gravimetry). It is clearly advantageous to match the scale of measurement 

to the scale of the hydrologic processes of interest. However, it is less commonly 

understood that it is also important to match the spatial averaging of properties by these 

indirect methods with the effective averaging of the hydrologic properties of interest. 

Quantitative use of hydrogeophysical methods to constrain hydrologic models would 

benefit from improvements to both survey design and data interpretation. The first step 

towards improving these aspects of hydrogeophysical methods is improved 

understanding of the sample volume and the distribution of spatial sensitivity of 

instruments to hydrologic properties. 

The distribution of instrument sensitivity varies widely among instruments, and 

depends on the method and geometry of signal generation, the physics of signal 

propagation, the method and geometry of detection, and the spatial distribution of 

subsurface properties. Most hydrogeophysical methods have non-uniform sensitivity 

distributions. Many methods have spatial sensitivities that vary strongly with the 

distribution of the property of interest. Given the complex spatial distributions of 

properties in geologic systems, and the complex distribution of sensitivity of 

hydrogeophysical methods, care must be taken in the design of surveys and the 

interpretation of results to avoid systematic errors in the application of hydrogeophysical 

data to hydrologic analyses. As a preliminary step, the three-dimensional spatial 

sensitivity of a method should be well understood under homogeneous conditions. This 

sensitivity distribution, which defines the sample volume, can be compared with the 

characteristic length scale of heterogeneity of subsurface properties to determine whether 

simple interpretations of the instrument response are warranted. If there is significant 
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heterogeneity at a scale smaller than sample volume, coupled hydrogeophysical analysis 

may be required for adequate data interpretation. Under some conditions, modeling of 

the spatial sensitivity under heterogeneous conditions is warranted. 

In the current study, numerical simulations were carried out to map the three-

dimensional spatial sensitivity of LIN FEM instruments in a homogeneous environment. 

Typically, LIN FEM instruments are used to measure the electrical conductivity of the 

subsurface. If the subsurface is heterogeneous, they measure a weighted-average a, 

which is termed the apparent electrical conductivity Although they are said to 

measure in reality, LIN FEM instruments measure the vertical or horizontal 

component of the combined primary (transmitted) and secondary (scattered) magnetic 

fields. The secondary field is proportional to among other factors. Under certain 

conditions, an approximation to Maxwell's equations can be used to convert the 

measured magnetic field to (McNeill 1980). 

Spatial sensitivity can best be understood by studying both local and cumulative 

sensitivity. Local sensitivity (LS) is the change in instrument response due to a change in 

a material property at a point, (e.g. in a thin layer or in a small volume). Information on 

LS allows for the identification of the relative contributions of different portions of the 

subsurface to the measured response. Cumulative sensitivity (CS) identifies the portion 

of the subsurface that contributes a particular percentage of the instrument response. It is 

derived by summing LS from regions of highest to regions of lowest local sensitivity. LS 

is then divided into contoured regions containing a particular percentage of the total 

sensitivity. This is useful for defining sample volumes. For instance, the 90% CS 

contour is often used to define a sample volume (Ty reference?). This contour indicates 
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that 90% of the total response can be associated with the material that is contained within 

that volume. 

Signal transmission, propagation and detection with LIN FEM instruments occurs 

in three dimensions, but analysis has traditionally been done in only one dimension. The 

most commonly cited theory of LIN FEM instruments discusses only the 1-D vertical 

sensitivity distribution of measurements (McNeill 1980). For proper site-selection and 

planning of field surveys, however, it is critical that users be aware of the complex, three-

dimensional spatial variability of instrument sensitivity and the manner in which it varies 

with transmitter/receiver coil orientation. We use small perturbation analysis to examine 

the 3-D spatial sensitivity of these instruments (Furman, Warrick, and Ferr^ 2002). In 

this approach, a small prism is placed at one location in an otherwise homogeneous host. 

The (7 of the prism is slightly higher than the a of the host. The difference between the 

modeled instrument response with and without the perturbation describes the local 

sensitivity of the method to the region occupied by the perturbation. The perturbation is 

moved throughout the domain to map the spatial sensitivity. The objective of the small 

perturbation approach is to introduce a body that does not cause a significant change in 

processes that would occur in the unperturbed medium. In the case of EM field 

propagation, this approach seeks to minimize current induction in the perturbation. The 

effects of the prism are primarily caused by perturbation of galvanic currents channeling 

by the slightly more conductive anomaly. 
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Objectives 

The first objective of this study was to apply LS and CS analysis to numerical 

simulations of a perturbation in a homogeneous host to define the three-dimensional 

sensitivity of LIN FEM instruments. The second objective was to compare the three-

dimensional results with previous one-dimensional sensitivity analyses. 

The basic physical principles governing LIN FEM instruments were discussed by 

McNeill (1980). Additional background as well as references containing more in depth 

discussions can be found in Paper 1 (Appendix A). In this method, an alternating current 

in the transmitting coil and its associated electric field (E) produce an alternating in-

phase, dipolar magnetic field (H) according to Ampere's law: 

where • is the dielectric permittivity. The alternating magnetic field (called the "primary 

field") propagates into the earth where it induces currents as described by Faraday's law: 

where is magnetic permeability and • and n are assumed to be temporally invariant. 

The alternating induced currents generate secondary magnetic fields whose polarity is 

such that it opposes changes in the primary field. Larger currents and therefore larger 

secondary fields are generated in more electrically conductive material. The primary and 

Theory 

PC 
VxH = aE + f  — 

dt 
Eq 43 

Eq44 
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secondary magnetic fields propagate to the receiver coil where they induce currents that 

are proportional to the combined magnitude of the fields. 

Many common LIN FEM instruments can be used in two orientations: one in 

which the main axis of the magnetic dipole is vertical (VMD) and another in which it is 

horizontal (HMD) (fig. 1). In a homogeneous host, when the transmitter dipole is 

vertical, currents induced directly under the dipole are horizontal and circular (fig. 2). 

Only those secondary fields that have a vertical component will couple with the receiver 

coil to induce a current (response). When the dipole is horizontal, the currents induced 

directly under the transmitter are vertical, circular. In this case, only the horizontal 

component of the secondary fields will couple with the receiver coil. Because the 

orientation of the field lines of the transmitted electromagnetic field varies in the 

subsurface, so too will the orientation and direction of the induced currents (fig. 2). 

Electromagnetic fields and the currents they induce have, in addition to polarity and 

orientation, phases that may be shifted relative to the field at the transmitter. All fields 

and currents will attenuate with distance from the transmitter. The main cause is resistive 

(also called, ohmic) loss in which EM energy is converted to heat, however, interference 

between fields and currents also cause losses. To illustrate some of these concepts, it 

would be helpful to review the solutions to Maxwell's equations for a specific case of a 

vertical magnetic dipole over a homogeneous half-space. The equations for two of the 

components of the transmitted fields are (Kaufman, and Keller 1983): 

k T 
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E^=-Ef-^[Z-{l>-2,ikr-kV)e^'^] Eq46 
K T 

is the vertical component of the magnetic field and E. is the azimuthal component of 

the electric field. is the vertical magnetic field of a magnetic dipole situated in free 

space and Ej'^^ is the corresponding tangentially-directed electric field: 

and Eq47 
Ato- Anr 

The wave number k is: 

k = •^i<Tju(0 + ejuQ)^ Eq 48 

For methods such as LIN FEM that use relatively low frequencies, k is equal to iajuo). 

Equations 3 and 4 contain information on phase, attenuation and direction of propagation. 

Attenuation occurs through the 1/r^ terms. Phase rotation is implicit in the term e''"', 

which through Euler's formula is: 

e''^ = cos(kr) + i sin(^) Eq 49 

Direction of propagation is indicated by the sign on the exponent, ikr. At any location 

other than directly beneath the transmitter coil, the induced currents and the secondary 

fields they produce will have a range of phases, orientations and polarities. The result of 

this mixture is that there are locations where fields of opposite polarity or different phase 

partially or completely cancel one another. Where secondary fields are in-phase or of the 

same sign, the effect will be additive. In this work, the analysis will be focused on that 

portion of the detected (calculated) secondary magnetic field that is in quadrature with 

the primary field. That is, the portion that is •/2 radians out of phase with the primary 

field. The quadrature portion of the secondary field is one of the most common 
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parameters measured with LIN FEM instruments, because the ratio of this to the primary 

field is directly proportional to a (Kaufman, and Keller 1983). 

In the homogeneous half-space modeled in this study, fields at a particular point 

are generated by currents that are both near and some distance away. If there is any 

perturbation of the currents, the total field at any point may be detectably altered. Thus, 

in the present case, when a small perturbation is inserted into the host, the field at the 

receiver coil may increase, decrease or be unaffected depending on the location of the 

perturbation. This affect was used to probe the relative contribution of a given location to 

the total secondary field at the receiver. This "relative contribution" is the local 

sensitivity. By giving the perturbation an electrical conductivity slightly different from 

the host material, the perturbation reveals the contribution of that region to the received 

field. That contribution, as discussed above, can be additive, subtractive or nil. 

One of the objectives of this study was to define sensitivity in a homogeneous 

medium. To address the processes occurring in such a medium, it is important to 

differentiate between the effect of an anomaly that contrasts strongly with the host and 

the effect of a small perturbation in terms of induced currents versus current channeling. 

In environments with a strongly contrasting conductive anomaly, the anomaly acts as an 

additional source of EM fields that can induce currents at a distance. This complicates 

the picture by adding current and fields away from the anomaly. Because the goal was to 

use each simulation to explore the sensitivity at a point, one small anomaly of low a 

contrast was used in any given simulation. This minimized the currents induced in the 

anomaly and assured that the difference from the host response sensed by the receiver 

was due only to perturbations in the currents caused by current channeling. To model 
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scattering and generation of fields in low contrast, low frequency cases such as this a 

localized nonlinear (LN) approximation is appropriate (Habashy, Groom, and Spies 

1993). This approximation uses an integral equation solution to calculate the manner in 

which the perturbation modifies the normal flow of current in the host. When the 

responses are plotted at the location of the anomaly that generated them, a map of the 

Green's functions is obtained. When the perturbation is small, the Green's functions are 

a measure of local instrument sensitivity to a particular location. 

Methods 

EMIGMA software (EiKon Technologies, Inc., Milton, ON, Canada) was used 

for forward numerical modeling of the transmission and reception of electromagnetic 

fields in a three-dimensional, homogeneous system by an EM31 instrument (Geonics 

Ltd., Mississauga, ON, Canada). The three-dimensional, spatial sensitivity-distribution 

of the EM31 in this environment was explored using a small cubic perturbation 0.366 m 

on a side. The LN approximation in EMIGMA was chosen to simulate the internal 

electric field of anomalies (perturbations) in a homogeneous host. The electrical 

conductivity of the perturbation was 10% greater than that of the host. The transmitter 

frequency was 9800 Hz with a transmitter-receiver coil separation of 3.66 m. The 

quadrature portion of the responses was simulated for both VMD and HMD coil 

orientations. A separate simulation was carried out for each position of the perturbation 

(prism) in a three-dimensional array with the response plotted at the position of the 

perturbation. To save computation time, responses were calculated for only one quarter 
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of the domain with the assumption that spatial sensitivity was symmetric about the x-and 

y-axes (figure 3). The entire domain was 36.6 m on a side in x and y and 18.3 m in z. 

The prism spacing was 0.366 m to give a 51 X 51 array and 2601 points at which the 

response was calculated. This was carried out for each depth investigated down to 18.3 

m. Simulated depths were separated by 0.0915 m. For calculation of cumulative 

sensitivity, a sub-sample of depths every 0.366 m was selected, so that node spacing 

would be the same in each dimension. The response was simulated for coils located 

0.025 m above the surface. The main axis of the instrument, the line joining the two 

coils, was designated the x-axis. The instrument was centered in the domain at (0, 0, 0). 

Both magnetic permeability and dielectric permittivity were chosen to be constant in 

space. 

Local sensitivity (LS) was calculated using equation 42, Paper 2 (Appendix B): 

LS{x,y,z) = ^''~^" xlOO Eq50 
R p - R f f  

LS values were converted to percent, so that they would be easier to work with in 

graphing and reporting. The response, R, is the ratio of the quadrature portion of the 

secondary to the primary magnetic field. The apparent response, /?^, is calculated for a 

particular host-perturbation system. The response of the host, Rfj, is calculated for a half-

space containing no perturbation and Rp is the response for a half-space with the same a 

as the perturbation. Cumulative sensitivity (C5) was calculated using an equation from 

Ferre et al (1996) (Ferre, Rudolph, and Kachanoski 1996) and the absolute value of LS: 
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%LSiz,a) 
CSj=-^ xlOO Eq51 

2"(Z,(T) 
i 

where i is an index that ranks points in the LS distribution from one for the largest to J for 

the smallest. / is a summation limit and N is the total number of points in the solution 

domain. The size of the solution domain was limited by excluding data that were less 

than 10"^ times the highest LS value. The value in the numerator represents a sum that is 

a fraction of the total LS. The sum in the denonninator is a constant, equivalent to the CS 

of the solution domain and CSj is a percentage of this sum. The values of LS 

corresponding to the 50, 70 and 90% of the CS were identified and contoured. The 90% 

contour was used to define the limits of the sample volume. 

Results and Discussion 

VMD local sensitivity in three dimensions contains regions that are distinctly 

"positive" or "negative" and the boundary between the two is demarcated by the "zero" 

contour (fig. 4). In this discussion, a "positive" peak or sense indicates that the magnetic 

field strength is greater than that of the host as is the value that would be measured for a 

homogeneous medium having the same cr as the perturbation. A "negative" region has a 

magnetic field strength that is less than the field strength of the host. Thus, in negative 

sensitivity regions, the magnetic field strength decreases even though the <J of the 

perturbation is greater than that of the host. The zero contour represents locations that do 

not contribute to the signal at the receiver. 
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VMD LS values range from 0.3% to -0.9%. In all VMD cases simulated, the 

negative region is a vertical cylinder with a diameter of 1.83 m (fig. 4). It is bounded by 

the zero contour and centered at the midpoint of the instrument. The most negative value 

of local sensitivity is situated at the shallowest depth modeled (0.2 m) and has two 

distinct peaks, each located along the x-axis 0.7 m from the center of the domain at (0, 0, 

0). Moving outward along the x-axis in either direction, the zero-boundary lies directly 

beneath the center of the coils. More distant still are two positive peaks about 2.5 m from 

the center. The positive local sensitivity disappears below 3.2 m. The negative responses 

persist to a depth of about 3.6 m. These results generally corroborate the 2-dimensional 

work of Dhar (1972) (Dhar 1972) who contoured the quadrature component of a VMD 

system. 

HMD LS values range from about 0.42% to -0.02%. This is a much smaller range 

of values than for the VMD orientation. The local sensitivity is lobate, extending along 

the x-axis (fig. 5). At 0.2 m depth, the length in the x-direction is about 13.3 m and the 

lobes situated on this axis correspond with local positive maxima about 3.75 m from the 

center. The largest peak is also positive and is located at the center of the domain. Width 

is about 9.2 m. Moving outward along the y-axis, there are two transitions, from positive 

to negative and from negative to positive. These boundaries enclose two broad, negative 

lobes about 4 m x 5 m in extent, with no well-defmed peak in sensitivity. The first 

transition from positive to negative occurs at about 0.75 m from the center. The second 

transition, from negative to positive, occurs at y = 4.6 m. As depth increases, the 

amplitudes of the highs and lows decrease. The zero contour enclosing the negative 

sensitivity region expands along the y-axis. The positive lobes become less pronounced 
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along the x-axis and the contours enclose smaller areas. Below a depth of 3.8 m, the only 

contour visible is the zero contour, which indicates that sensitivity has everywhere 

dropped close to zero. 

The 50, 70 and 90% contours of the cumulative sensitivity in a 100 ohm-m host 

for both coil orientations are plotted in figures 6 and 7. The greatest extent of these 

intervals occurs at the modeled-depth closest to the surface (0.2 m). For the VMD 

orientation, the 90% contour is oval shaped with its main axis (about 14 m) oriented 

along the x-axis. The maximum width is about 13.5 m (y-axis). As depth increases, the 

90% contour decreases in size and disappears between 3.8 m and 4.2 m indicating the 

lower limit of the sample volume for the 100 ohm-m system. At about 0.2 m depth, the 

70% contour interval is also oval shaped with dimensions of about 9.5 m (x-axis) by 6.8 

m (y-axis). At 1.7 meters depth, the 70% contour surrounds three separate regions, one 

in the center flanked by two on the x-axis. This contour is absent below 2.8 m. The 50% 

contour is lobate near the surface, with its main axis in the x-direction. At 0.9 m this 

appears as three distinct regions and is absent below 1.65 m depth. Thus, 50% of the 

sensitivity of the instrument is contained with the material above 1.65 m. 

For the HMD orientation, the maximum width of the CS contours is also about 14 

m (fig. 7). The shape of the 90% contour is complex. It is lobate with the long axis in 

the x-direction. The maximum width in the y-direction is about 9 m. The size of the 

90% contour interval decreases more gradually with depth than the VMD 90% contour, 

but is absent below 4.6 m depth. At the shallowest depth, the 70% contour is also lobate, 

with lobes along both major axes. The longer dimension along the x-axis is about 10 m 

long and the shorter is about 6.5 m. The lobes become less prominent as the contoured 
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region decreases in size with increasing depths. The 70% contour is not present below a 

depth of about 2.9 m. The 50% contour is similar in shape to the others, but is only 

present to a depth of about 2.3 m. In general, the VMD CS contours disappear at slightly 

shallower depths than the HMD contours. The VMD sample volume based on the 90% 

contour is larger laterally than the HMD sample volume, but the HMD sample volume is 

deeper. 

These results indicate a highly complex shape and distribution of local and 

cumulative sensitivity for LIN FEM instruments in both vertical and horizontal dipole 

modes. Because of this, any anomaly or set of anomalies smaller than the sample volume 

may give a response that is not representative of the arithmetic average electrical 

conductivity within the sample volume. The measured response for a host with a small, 

comparatively conductive anomaly could be less than, greater than or the same as the 

response for the host without the anomaly. 

A set of one-dimensional local sensitivity curves was extracted from the three-

dimensioned sensitivity simulations for comparison with one-dimensional simulations 

from Paper 2 (Appendix B). One approach to constructing one-dimensional LS curves 

from simulations of small prisms would be to integrate over the responses for all 

simulations at a given depth to get one value for the local sensitivity. However, this 

approach is not justified. Specifically, an infinite layer experiences all processes 

occurring everywhere in the transmitted field simultaneously. These include polarity 

changes and phase rotations in the field. Because all parts of the infinite layer are linked, 

interactions among widely separated locations and the effects of these processes on 

current channeling are propagated throughout the layer. One small prism primarily 
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interacts with local currents and the summation of responses from simulations of many 

such prisms does not reproduce the complex interactions described above. Thus, LS and 

CS curves developed from responses summed over all simulations at a particular depth 

are not physically meaningful and so were not compared with the infinite layer LS curves. 

Instead, the LS curves were based on individual LS values taken from all depths 

simulated at particular (x, y) location. As can be seen in the three-dimensional plots of 

LS (figs. 8 and 9), a vertical profile of sensitivity at any one point may differ substantially 

from profiles in other parts of the domain. This spatial variability contrasts strongly with 

the invariant sensitivity profiles presented by McNeill (1980). 

To obtain the one-dimensional LS curves from the small prism simulations, the 

three-dimensional data were first sorted by (x, y) location. Then the LS values from each 

depth below this were plotted against LS values from the infinite layer simulations (fig. 

8). Two (x, y) locations were chosen from the VMD results and three from the HMD 

results to represent the different types of vertical variability in LS found in the small 

prism simulations. The only LS curve shown from the prism simulations that bears 

resemblance to the curve from the infinite layer simulations comes from the HMD results 

located at (0, 0). This curve is representative of local sensitivity conditions at a point 

equidistant from both antennae and located along the main axis (x-axis) of the instrument 

(fig. 6). Both LS curves derived from the VMD simulations are monotonic. One is 

monotonic and negative, becoming increasingly negative with depth (fig 8a). In the 

HMD case, the LS curves at (0, 0) and (0, 2.2) are similar to the VMD prism curves. The 

HMD prism curve at (1.1, 0) peaks below the surface in a manner similar to the VMD 

infinite layer case. The variety of curve shapes combined with the marked differences 
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from infinite layer simulations underscore the pitfall of oversimplifying interpretations of 

LIN FEM measurements. The difference seen here between the two approaches is 

critical to keep in mind when analyzing field data. If the scale of a process or 

heterogeneity is not sufficiently large relative to the sample volume of the instrument, a 

complicated and difficult-to-interpret response is to be expected. 

Conclusions 

The LS and CS distributions of a LIN FEM instrument were derived from 

simulations of small, 90 ohm-m perturbations in a 100 ohm-m homogeneous half-space. 

Both VMD and HMD instrument orientations were simulated. The 50%, 70% and 90% 

contours of CS were complex and the LS distribution within these contours was highly 

non-uniform. Both VMD and HMD LS distributions were composed of responses that 

ranged from values greater than the response for the host to responses that were less. 

Ordinarily, an anomaly that is more electrically conductive than the host would be 

expected to increase the apparent electrical conductivity. CS distributions were 

calculated from the absolute values of LS. A sample volume was defined using the 90% 

CS contour. The maximum horizontal extent of the sample volume for both instruments 

occurred at the surface. For the VMD orientation, the shape of the sample volume 

approximated an elongate hemisphere with the long axis (14 m) corresponding to the 

main axis of the instrument. The thickness of the sample volume was between 3.8 and 

4.2 m. The shape of the HMD sample volume is lobate with the longer set of lobes (14 

m) corresponding to the main axis and the other, shorter set (9 m) perpendicular to it. 
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The maximum thickness of the HMD sample volume is about 4.6 m. Curves of LS versus 

depth from one-dimensional simulations of infinite layer perturbations were compared 

with data from particular (x, y) locations in the present three-dimensional prism 

simulations. Of five types of curve found in the present study, only the HMD curve from 

the center of the modeled domain was similar to the infinite layer simulations. Infinite 

layer models are often assumed to represent conditions found at most field sites and are 

used to interpret the data. This illustrates the unsuitability of this assumption for 

interpretation and analysis at sites where the scale of heterogeneity is smaller than the 

instrument sample volume. 

Because of the complex nature of the local sensitivity distribution, the use of LIN 

FEM instruments to study processes that occur at a scale smaller than the sample volume 

is not reconmiended. Various difficulties in interpretation can arise when this is 

attempted. For example, a user might make VMD measurements along a profile and find 

a location where there was a decrease in magnetic field strength or calculated electrical 

conductivity. The decrease could be caused either by a medium sized anomaly with 

electrical conductivity lower than the host or by a small anomaly with a greater than that 

of the host located below and between the two coils. Until ftirther work can be done on 

the effects of small scale heterogeneity on LIN FEM instrument response, it is 

recommended that, for quantitative analyses, the size of the process or scale of 

heterogeneity be several times larger than the largest dimension of the instrument sample 

volume. This implies that the scale of heterogeneity at a particular site must be assessed 

prior to final interpretation of the data. Such additional measurement requirements can 
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be expensive, but some indication of the nature and extent of heterogeneity is necessary 

to the successful use of these instruments for quantitative purposes. 
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Figures 
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Figure 15. In LIN FEM instruments, there are two coils separated by a distance (s). One transmits (Tx) the 
primary magnetic field and one receives (Rx) a combination of the primary and secondary fields. The coils 
may be oriented so that the magnetic dipoles are either horizontal (HMD) or vertical (VMD) with respect to 
the ground surface. Reproduced fi-om Paper 1 (Appendix A). 
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Figure 16. (a) Transmitter emits primary field, (b) primary field induces current loops in the ground which 
are perpendicular to the primary field lines, (c) Current loops are induced in such way that the secondary 
magnetic fields they generate oppose the change in the primary field, (d) Because of the orientation of 
current loops, out-of-phase secondary fields and those with opposing flux directions diminish the resultant 
magnetic field at the receiver. 
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Figure 17. Conceptual model of simulation domain 
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Figure 18. Local sensitivity for vertical magnetic dipole simulations. Red colors indicate a local response 
less than would be calculated for a homogeneous host response. Blue indicates response greater than host 
response, (a) stacked horizontal layers give indication of three dimensional local sensitivity, (b) Two-
dimensional sections along primary axes. 
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(b) 
Figure 19. Local sensitivity for horizontal magnetic dipole simulations. Red colors indicate a local response 
less than would be calculated for a homogeneous host response. Blue indicates response greater than host 
response, (a) stacked horizontal layers give an indication of three dimensional local sensitivity, (b) Two-
dimensional sections along primary axes. 
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(b) 
Figure 20. Cumulative sensitivity for vertical magnetic dipole simulations. Red indicates the 50% contour 
interval; blue the 70% contour; and black the 90% contour, (a) stacked horizontal layers give indication of 
three dimensional cumulative sensitivity, (b) Two-dimensional sections along primary axes. 
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Figure 21.. Cumulative sensitivity for horizontal magnetic dipole simulations. Red indicates the 50% 
contour interval; blue the 70% contour; and black the 90% contour, (a) stacked horizontal layers give 
indication of three dimensional cumulative sensitivity, (b) Two-dimensional sections along primary axes. 
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Figure 22. Comparison of the one-dimensional distribution of local sensitivity from one- and three-
dimensional environments for (a) VMD and (b) HMD simulations. Note: local sensitivity axis-scales are 
different in (a) and (b). 


