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ABSTRACT
In-situ bioremediation is a promising bioteclinology for removing aqueous phase con
taminants from groundwater. Utilizing indigenous bacteria to degrade organic conta.mina.nts into non-toxic components, bioremediation is relatively inexpensive, fast,
and complete. Making predictions about its applicability and success is difficult be
cause of the complexity and vaxiability intrinsic to the subsurface environment. An
alytical studies of models, independent of this detailed subsurface data, are essential
to finding accurate quantitative results, yet few have been obtained.
This dissertation is a collection of three mathematical reports on a one-dimensional
model for bioremediation. Using degree theory, the elliptic maximum principle, and
comparison theorems, existence of traveling wave solutions to the biodegradation
model is proved, a formula for the speed of the traveling concentration front is de
rived, and bounds on the biomass concentration are obtained. In the second section,
the model is shown to reduce to a single equation in the relajcation limit by using
properties of systems of hyperbolic conservation laws. In the third section, a formula
is found for the parameters at which an unstable traveling wave solution bifurcates
to a stable limit cycle (oscUlatory solution).
These results provide practical information about the structure of concentration
fronts for the contaminant, nutrient, and biomass. The fronts travel at speeds that
are either constant or time-periodic, depending on the kinetic parameters of the bac
teria and the sorption properties of the contaminant. When there is little growth
in biomass, many critical properties of the concentrations are derived. For aquifers
with low permeability, the model is reduced to a much simpler system, also allowing
the derivation of many analytical properties. Though comparisons with experimental
data have not yet been done, numerical simulations support these results.
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Chapter 1

INTRODUCTION
Soil, the seemingly lifeless material covering the earth, is alive with a myriad of mi
croorganisms. Communities of bacteria, fungi and protozoa busily trajisform organic
materials into nutrients for plants, consume dissolved organic molecules floating in
pore water, and compete with one another for resources. In addition to these smaU
but voracious beasts, all complex organisms are tied to the soil for food or habitat.
As humans, we rely on the soil to nurture the growth of plants for food, to provide a
strong platform on which we build homes and cities, and to recycle many of life's nat
ural wastes. Despite our dependence on this complex matrix of rock, water, minerals
and organic materials, soU remains a scientific mystery. Hidden beneath its surface,
layers of dirt conceal a labyrinth of flowing rivers, fractures in the earth's crust, and
clues to the geologic changes of millenia. The soO also hides the remnants of our
modem activities: thousands of toxic chemical spills.
Contamination of soil and groundwater has become a grave international concern
over the last several decades. The United States Environmental Protection Agency,
saddled with the duty to protect human health and the environment, has designated
over 1200 contaminated sites in need of immediate attention, [1]. These sites are
polluted with synthetic organic chemicals, hydrocarbons, pesticides, metaJs or ra
dionuclides from industrial, agricultural or municipal wastes. These chemicals have
infiltrated into the nation's soil, dissolving in and flowing with the groundwater, va
porizing into the air space, and forming pockets of viscous fluids. Many such sites are
localized near the point of release, however, air and water in the soil are constantly
moving, spreading volatilized and dissolved compounds over great distances.
Although contamination of soU and groundwater by hazardous chemicals has been
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recognized as a major environmental problem, ameliorating it is no simple task. The
soil matrix is inundated with complexity and uncertainty: on a microscopic scale,
there is great diversity among soil particle sizes, shapes ajid flow paths; on a larger
scale, fractures in the rock, thick layers of sand, gravel and clay, and impermeable
inclusions contribute to variety in flow and transport properties. While many tech
niques have been developed to restore soil and groundwater to their pre-poUuted
states, the complexity of the soil dictates that none are the panacea one might hope
for.
As soil is varied and unique because of the millions of years of weathering pro
cesses which acted on rock and sediment, so are the many technologies developed for
restoring contaminated groundwater and soils varied and unique to the site in need
of clean up. The most common technique for treating groundwater is "Pump and
Treat" in which air or water is pumped through the contaminated region, pushing
out the contaminated fluid to be purified above ground. This method works well
for removing pollutants in regions of high flow, but can take hundreds of years to
remove from regions of low permeability. Other remediation techniques use chemical
transformations (reactive barrier walls, cosolvents, surfactants, vitrification), physi
cal processes (soil venting, soil vapor extraction, de-watering, air sparging, steam), or
biological trajisformations (biodegradation, bio-venting).

1.1

In-Situ Bioremediation

A promising and relatively new biotechnology for cleaning up groundwater contam
inated with organic chemicals is In-Situ Bioremediation. This technique works by
stimulating the bacteria already present in the soil to use the contaminant as a source
of food, thereby transforming the contaminant into non-toxic components such as car
bon dioxide and water. Among a variety of remediation options, bioremediation has
been shown to be the most economical technique for removing certain contaminants.
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Several experimeiits have shown that in-situ bioremediation takes much less time
and is less costly than the traditional pumping ctnd filtering technique. For exam
ple, one site was estimated to take 100 years to clean up using the pump and treat
method; in-situ bioremediation succeeded in only 10 months [21]. Moreover, while
many methods simply remove the contaminant from the site and thereby create a
disposal problem, in-situ bioremediation has the potential to completely transform
orgaxiic contaminants into neutral compounds by utilizing the indigenous bacteria.
The full biorestoration process is described in [27]. There are several prerequisites
essential to its application. Organisms capable of degrading the chemical must exist
and be present. Moreover, the chemical must be accessible to the organisms. If these
criteria are met, the site is evaluated to determine the extent of contamination, the
type of bacteria, their nutritional needs, and the hydrogeology of the region. Prior to
stimulating the bacteria population, all non-aqueous phase contaminant is pumped
from the site through wells or vacuums, if possible. In-situ bioremediation begins with
the injection of an electron acceptor and specific nutrients such as oxygen, nitrogen,
phosphorus, and trace elements, to enhance the growth rate of the indigenous bacteria.
The progress of biodegradation must be continually monitored.
Microbes degrade organic contaminants through aerobic or anaerobic respiration.
During respiration, the contaminant acts as the electron donor and the nutrient as the
electron acceptor, setting off a chain of oxidation-reduction reactions in the cells of
the bacteria. Aerobic respiration requires the input of oxygen, and produces harmless
byproducts such as carbon dioxide, water, and more microbes. Anaerobic respiration,
on the other hand, requires electron acceptors such as sulfate or nitrate, and releases
byproducts such as nitrogen, hydrogen sulfide, or methane [25].
Several concerns arise because of the type of contamination, its chemical proper
ties, and its location. Often, there are several contajninants present, in which case
the microbes may first degrade the easiest to digest, leaving others behind. Moreover,
high concentrations of contaminant may be toxic to the microbes, in which case little
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degradation is possible. If there are multiple stages involved in the degradation pro
cess, they may be rate-limited and the secondary contaminants may be more toxic
than the original. Some contajninants attach to solid particles or partition into a
non-aqueous phase, thereby becoming immobile. As a result, and due to low concen
trations of contaminant or a localized site of contamination, the electron donor may
be unavailable to the microbes [21].
In-situ bioremediation has many potential advajitages over other restoration tech
niques: it is fast, cheap, complete aaid works only where it is needed. In actual field
sites, the technology does not always perform as expected. In-situ bioremediation
faces some of the same limitations as pump and treat: transport of nutrients to lay
ers of low permeability can take a long time and heterogeneity may prevent regions
from receiving treatment. In addition, there may be many unknown processes af
fecting the microbial populations: competition among species for food, predation by
protozoa, toxicity of the contaminant to the microbes, and the generation of more
toxic secondary byproducts. Moreover, it is difficult to measure the amount of con
taminant removed from the subsurface by microbial activity, and most analytical
estimates of removal rates are too large. While holding great promise, the implemen
tation of in-situ bioremediation does not guarantee a swift and complete removal of
the contaminant. Therefore, there is a great need for anaJyticaJ research to improve
predictive ability.

1.2

The Advection-Dispersion Equation

Subsurface flow, transport of contaminants, and biodegradation involve a complex
combination of biological factors, chemical properties and fluid dynamics, which ren
der scientific predictions difficult. Mathematical models are particularly useful in
understanding the interplay between the various factors. In addition to enabling one
to make predictions, analyze the significance of physical parameters, ajid provide the
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oretical interpretations of experiments, models are an inexpensive, time-saving, and
precise tool.
Models axe especially effective in groundwater remediation where there are so
many unknowns: the amount of contajnination, its exact location, the concentration
of micro-flora, the geology of the aquifer, etc. Since there is little historical data
to suggest the long-term outcomes of large-scale pollution, models are relied upon to
predict the extent of contamination and the results of remediation strategies over time.
As remediation projects often cost millions of dollars, errors in prediction can have
dire results. Thus, improving and understanding mathematical models is essential to
lowering the costs of remediation and generating more accurate predictions.
There are several physical, chemical, and biological processes which contribute to
the flow and transport of contaminants in the subsurface environment. The physical
processes include advection and diffusion. The chemical processes include adsorption
of ions to soil particles and the biological processes axe characterized by biodegradation. These processes must be described in any mathematical model which is capable
of predicting the transport and fate of a solute in groundwater. Each is described in
detail below (see [10] or [4] for more information). For this discussion, we neglect the
effect of gravity and assume that flow occurs along a one-dimensional, horizontal, flow
path (see [24] for a discussion on bioremediation under ideal radial flow conditions).
Advection. Advection is the movement of a substance due to the movement of a
solvent (air or water). Water in large soil pores is almost always moving, while water
in small pores may be trapped. Thus, dissolved substances may travel only through
the large pores. The amount of solute flowing through a region is predicted by Darcy's
Law which says that the solute flux is proportional to the pressure gradient, or the
hydraulic head. Thus, we define the advective flux, Ja, to be
J, = q^C =

= -K{Vh)C

where qj, is the Darcy flux, C is the concentration of the solute, Q is the volumetric
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flow rate, Ac is the cross-sectionai area of the aquifer, K is the hydraulic conductivity
and h is the hydraulic head.
Moleciilax Diffusion. Solutes also may move from axecis of greater concentration
toward those of lower concentration due to moleculax diffusion. Even if the fluid is
not in motion, molecular diflrusion wiU occur if there is a concentration gradient. The
mass of solute diffusing is proportional to the solute concentration gradient and is
given by Pick's Law. The diffusive flux, Jj, is
J.I = ^(VC)
where Dq is the diffusion coefficient ajid T is related to the tortuosity of the medium.
T is generally between 1.5 and 2 but is always greater than 1. The diffusion coefficient
is unique for each solute and is on the order of 10"^, [10].
Mechanical Mixing. In a homogeneous aquifer, a solute front moves across a
domain, retaining a sharp front profile. However, in most subsurface environments, a
variety of particle and pore sizes can cause some solute particles to move more quickly
into regions containing no solute. In such cases, highly concentrated fluids mix with
fluids containing little or no solute. Mechanical mixing reflects a combination of three
micro-scale effects: pore size, path length and friction. On the pore scale, these three
effects cause variations in velocity. When they are averaged to the macro-scale, their
effect is to cause spreading of the solute (which is equivalent to the effect of molecular
diffusion). The mixing flux, Jm, is given by
= av{VC)
where a is the dynamic dispersivity (representing the three micro-scale variations)
and vqdin is the average pore-water velocity, where n is the porosity of the medium.
Both molecular diffusion ajid mechanical mixing enhance spreading of a traveling
solute front. Molecular diffusion remains constant in a given medium {T fixed) for
a given solute (DQ fixed). However, mechanical mixing depends on the velocity, v,
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of the fluid which can vary with space and time. For low velocities, diffusion is the
dominant cause of spreading of particles. For high velocities, mixing causes most
of the spreading and so diffusion is often neglected. This is because the solute is
traveling through the medium so quickly that diffusion has not yet had aji effect on
the spreading. It is nearly impossible to differentiate the two types of spreading in
flowing water; thus, they are often grouped together to define a parajneter called
hydrodynamic dispersion. This is given by the coefficient
n = av ——.
^0
D
T
Sorption. Another process which affects the transport and fate of chemicals in
groundwater is sorption. Many activities are included in the term sorption: attach
ment of dissolved contaminants with positive ionic charge to negatively charged soil
particles by cation exchange; binding of solutes to solid surfaces by a reaction called
chemisorption; adsorption of the solute to the inner walls of the porous particles.
The cumulative effect of these activities is to remove solute from transport. However,
sorption is reversible, and so effectively slows transport of the dissolved contaminant.
Often sorption is assumed to be described by a linear isotherm, C* = K^C where
C* is the mass of solute sorbed to the solid and Kj, is an experimentally determined
distribution coefficient. Other times, sorption is represented by a nonlinear, Freundlich or Langmuir isotherm. Because the effect of sorption is to slow down the
incoming solute front, the isotherm introduces a retardation factor into the problem,
Rf, where (assuming linear sorption),
Rf = l + -Kd
n
and b is the bulk density of the medium.
Biodegradation. To predict the fate of a contaminant, one must also consider bi
ological reactions that occur during transport; we limit ourselves to studying biodegra
dation. Microbes tend to remain fixed to soil particles and to remove solutes from
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the moving fluid as it passes by. Assuming they metabolize a carbon source (electron
donor) in the presence of aji electron acceptor like oxygen or nitrogen, the degradation
caji be described mathematically via a dual Monod model (aiso called the MichaeUsMenten function). If neither the carbon source nor the electron source is available,
no degradation can occur. If both are available, then the groAvth of the bacteria is
limited by the amount of each available. The degradation effect is quantified later in
this section.
Advection, molecular diffusion, mechanical mixing, sorption and biodegradation
all contribute to the fate of dissolved contaminants in groundwater. By combining
the advective and dispersive flux with the continuity equation, one can derive the
equation for the fate of a single solute:
dC
— +V{vC - DVC) = - B
ot
where B reflects the loss of solute due to microbial respiration. This is known as the
advection-dispersion equation for solute transport and biodegradation.

1.3

Models for Biodegradation

Fundamental mathematical models based on the advection-dispersion equation have
been studied by several authors including [3, 13, 16, 17, 26]. Molz et al., [17], add
a detailed physical description of bacterial colonies attached to soil solids. Several
papers consider the interaction of multiple contaminants and nutrients, and different
types of bacteria, see [3, 13, 16, 28]. Chiang, et al., [9], among others, discuss nu
merical solutions to biodegradation models. Xin and Zhang consider stochastic flow
terms in the one-dimensional biodegradation model for heterogeneous media, see [32].
Three-dimensional models which are sufficiently detailed to model specific sites have
been employed to make predictions at in-situ bioremediation demonstration sites like
the Savannah River Project (see [29]).
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HigMy detailed models were often found to have poor agreement with experimental
or site data. The failure of these complicated three dimensional models suggests
that either fundajnental aspects of in-situ bioremediation are not being captured by
these models, the solution dynajnics are not well understood, or the data entering
the models is not reliable enough to make predictions. To answer this question, to
identify and understajid the role of the dominant factors involved in biodegradation,
and to obtain accurate analytical results, we must study models which are tractable
enough to be analyzed.
In this dissertation, we consider a system involving a carbon source, an electron
acceptor and a microbial population. We approximate the dynamics of the carbon
source and the electron acceptor with two advection-dispersion equations. We approx
imate the growth and decay of microbes by a local rate equation. The full system
describes transport of an electron acceptor (nutrient), the retarded (due to sorption)
transport of an electron donor (contaminant), the utilization of both substrates by
the microbial population, and the population dynamics of the microbes. For the rest
of this study, we will consider the following model, first presented in [22], for it is the
most basic model to capture the fundamental aspects of biodegradation:
„ dS

dS

dA

dA

,

a^A

^ +biM-Mo) = YB

„

,

,

(1.3)

where R f , b, MQ, 7, v , D , and Y , are positive constants.
The variables are S, A, and M where 5" is the aqueous phase concentration of
the electron donor (substrate), A is the aqueous phase concentration of the electron
acceptor (nutrient concentration), and M is the biomass concentration. The constant
Mq is the neutral background biomass concentration. Rf > 1 is the retardation factor
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of the electron donor (substrate) S due to sorption. The paxameter b is the cell decay
coefficient for the bacteria population M. 7 is a coefficient equal to the mass of A
utilized by the bacteria per unit mass of S degraded. D is the diffusion coefficient and
Y is the yield coefficient (mass of bacterial cells produced per mass of S degraded).
The parameter v is the constant pore water velocity.
The biodegradation rate, B, is given by the Monod kinetic model

~

qMSA
{Ks+ S){KA + Ay

where q is the maximum specific rate of substrate utilization, and Ks-,

,

,

are the

concentrations of S and A at half the maximum degradation rate. Note that the
system assumes linear sorption of the electron donor (represented by the term Rf),
no sorption for the electron acceptor, and a constant minimal background bacteria
population, MQ (as an equilibrium between cell growth and decay). In this model,
microbes are attached to the soU particles ajid only consume aqueous phase species.

1.4

The Dynamics of Biodegradation

The system (1.1)-(1.3) is one of the simplest systems to model biodegradation; how
ever, its dynamical properties are very rich. Since the microbes are attached to solids
[17], the dissolved contaminant and nutrient must be transported by the groundwater
to the bacteria. The nutrient is injected from the left at a concentration of A = A_
and is transported along with the groundwater at velocity v. The outgoing contami
nant front also is advected by the groundwater but is slowed down due to retardation
to the speed v/Rf (with Rf > 1). When the dissolved chemicals reach the bacteria,
a zone of activity and interaction develops - the biologically active zone, or the reac
tion zone. This zone supports respiration, that is, nutrient consumption, contaminant
degradation and the resulting increase in the microbial population.
As the bacteria population grows, it consumes the dissolved nutrients and the
two concentration fronts sharpen. This causes the reaction zone to decrease in size,
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Traveling Wave Profiles for S. A. M
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FIGURE 1.1. Traveling fronts in the concentrations of contaxninant S, nutrient A, and

biomziss M which have achieved fixed profiles and a constaxit speed. The incoming front
represents A, the outgoing front represents S, and the pulse is the bacteria concentration, M.
These are numerical solutions to equations (1.1)-(1.3) at four consecutive times (At = 50).

reducing the available nutrients, ajid decreasing the population of the local bacte
ria. Without as much microbial consumption, the concentration fronts are advected
further down the aquifer and the same process of consumption, growth and decay is
repeated at another location. In this way, three traveling fronts form: two concentra
tion fronts and one bacteria pulse.
The three fronts can assume two different forms. In some cases, the three fronts
attain a stable traveling pattern. Though they are advected with three different
speeds (•^,
such that

v,

ajid 0), the concentration profiles attain the same constant speed, c,

-^ < c < V.

Moreover, the fronts form fixed profiles, or traveling waves,

which are propagated along at this speed, see FIGURE 1.1. For other parameters,
this stable behavior cannot be achieved and the growth of M, consumption of A,
and decay of S form a continuous, repetitive, periodic process. The concentration
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OsdDating Fronts in S, A. M

X

FIGURE 1.2. The concentrations of contaminajit S, nutrient A, and biomass M at four
times (At = 32) over the course of one oscillation. The incoming front represents A, the
outgoing front represents S, and the pulse is the bacteria concentration, M. These are
nimierical solutions to equations (1.1)-(1.3) at foiu* consecutive times (At = 32).

profiles oscillate in time and the bacteria population grows wildly and then collapses
suddenly as nutrients run out. The speeds of the three fronts ajid the shapes of the
profiles are periodic in time. These oscillating fronts are depicted in FIGURE 1.2.
Oya and Valocchi [23] were the first to recognize traveling waves in equations
(1.1)-(1.3). Murray and Xin [18] proved the existence of traveling waves under the
sole condition that Rf > 1. Moreover, they found bounds on the nutrient, contami
nant, and biomass concentrations and an expression for the traveling wave speed, see
Theorem 2.1. These results are summarized in Chapter 2. Diffusion affects the shape
of the profile, not the location or the speed of the front. The last section of Chapter 2
gives an alternate proof of existence for the model neglecting diffusion (D = 0). This
zero-diffusion approximation is used in Chapters 3 and 4.
Xin and Hyman [31] also studied this system and created a series of simpler
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models which retain the important dynamics of equations (1.1)-(1.3). First, they
studied the model in the nutrient deficient regime, in which little nutrient is available
to the bacteria. In this case, little degradation occurs, and the system contains only
traveling waves whose profiles can be found explicitly. In the opposite regime where
nutrients are abundant, a significant amount of growth and decay takes place. This
system has oscillating solutions, see [23]. For the full model, equations (1.1)-(1.3), it
is proved in [31] that traveling waves are stable if the growth of M caji be controlled
(6 > y, see equation (3.38)). The same parameter restriction arises several times in
the remaining pages of this dissertation, in particular, see Chapters 3 and 4.

1.5

Traveling Waves, RelfLxation and Oscillations

This dissertation is organized as follows. In Chapter 2, the existence of traveling wave
solutions to system (1.1)-(1.3) is proved under the sole condition that Rf > 1. First,
using degree theory and the elliptic maximum priaciple, the existence of approximate
traveling wave solutions to an eUiptically regularized system on a finite domain is
proved. To ensure that the approximate solutions do not converge to trivial solutions,
comparison functions are constructed for each component which bounds them away
from zero. Integral identities of the governing equations are used to find a-priori
estimates of solutions, independent of the length of the domain and the regularization
parameter. The domain is then extended to the infinite line limit, the regularization is
removed, and a traveling wave solution is constructed for the original set of equations
satisfying prescribed boundary conditions at spatial infinities.
In the last section of Chapter 2, the existence of a unique traveling wave solution
to (1.1)-(1.3) with £) = 0 is proved with a straightforward phase plane analysis. For
D > 0, the speed of the traveling wave is found to be Independent of the diffusion
term, D, and microbial growth parameters, b and Y. Moreover, the concentration
fronts form monotone profiles, realizing their minimum and maximum values only at
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the boundaries. The bacteria population, on the other hand, forms a pulse with a
single maximum.
In Chapter 3, a particularly interesting limit of the system (1.1)-(1.3), the fastreaction limit, or the relaxation limit is studied. A small parameter, r, is introduced,
which represents the time it taJces the system to relax to its boundary values. In this
limit, the reaction zone is reduced to a spatial area of width r, and the fronts in S
and A shaxpen. All the transitional behavior of S and A as well as the growth of M
is limited to this small zone. As r tends to zero, the system of three equations can
be approximated by a single conservation law equation with a shock solution which
propagates with the traveling wave speed, c. This limit is robust enough to capture
the global dynamics of equations (1.1)-(1.3) while neglecting the local details of the
reaction zone.
The relaxation limit is considered in a series of increasingly complex versions of
equations (1.1)-(1.3). First, a model similar to that in [23], in which M is constant
and the denominator of the Monod kinetics term, (1.4), is assumed to be equaJ to 1, is
studied. The approach in [19] for proving convergence of the r dependent solutions to
shock wave solutions of an equilibrium model is followed. This approach requires prov
ing boundedness of solutions, equicontinuity of solutions in L^(M.), and convergence
to equilibrium. Next, the two equation model with the full Monod kinetics is shown
to converge to the same equilibrium model. Finally, if 6 > y* and M is included
in equations (1.1)-(1.2) by way of its equilibrium function, M{x,t) = Meq{S,A), the
model converges to equilibrium.
Relaxation of the full system, (1.1)-(1.3), does not follow from the same method.
The fuU model does not satisfy the quasi-monotonicity condition, defined in Chapter
3, which is needed to ensure comparison properties of the solutions. However, based
on the similarity between this model and the Broadwell model for gas dynamics,
one may speculate that the method used in [5] to prove convergence in the fluid
dynamical limit may be applied to equations (1.1)-(1.3) successfully. This is left for
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a future paper.
In Chapter 4, oscillating wave solutions to (1.1)-(1.3) are examined. WTiile Oya
ajid Valocchi found oscillations when M is constant and Ks = Ka = 0, the work in
[31] suggests that h must be greater than Y* to induce oscillations and thus, M is
not a constant. In this chapter, which is joint work with Luce^, this juxtaposition
is shown to arise because the case studied by Oya and Valocchi has neutrally stable
oscillatory solutions. However, the full biodegradation model (with growth in M)
has a bifurcation point from unstable traveling wave solutions to a stable limit cycle.
This bifurcation point is studied by developing a new dynamical system based on
equations (l.I)-(1.3). Restricting the model to the behavior in the reaction zone,
equations (1.1)-(1.2) are combined into a single equation for the location of the A
front. Solving directly for M in the reaction zone, a time-delay differential equation
with state dependent time delay is constructed.
The steady-state solutions to the time-delay model correspond exactly to traveling
wave solutions found Lu Chapter 2. The steady-state solutions lose stability in a Hopf
bifurcation to a stable limit cycle just as in the biodegradation model. In Chapter
4, a parametric expression is found which determines the onset point for oscillations.
The period, phase, and amplitude of oscillations in the biodegradation model are well
reproduced by the time-delay model. Moreover, the bifurcation plots show similar
dependence on the parameters y*, 6, 7 and R. Finally, the Oya and Valocchi model
is fit into the context of the time-delay model and is shown to be a special, neutrally
stable version of the model.
The results of this dissertation have several interesting physical implications and
suggest several avenues for future research on biodegradation. First, Chapter 2 yields
exact expressions for the speed of the concentration fronts and the majdmum bacteria
concentration. It would be interesting to compare these with experimental data.
Chapter 3 suggests that the behavior of the system is much simpler in regions of low
^Benjamin P. Luce, Los Alamos National Laboratory, Theoretical Division, luceb@t7.lanl.gov.
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permeability than, in regions of higher permeability. In fact, the detailed transition
behavior at the fronts is unimportant in that case. Chapter 4 concludes that the
behavior of the system may be much harder to control when Rf is large and Y' > b.
This is especially true for more complicated, heterogeneous aquifer systems. Finally,
it is unknown whether these residts compare well to experiments in soil columns.
Moreover, the results should be extended to higher dimensions and heterogeneous
media for better comparison with experimental data.
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Chapter 2

TRAVELING WAVE SOLUTIONS
Traveling waves are fronts which propagate at a constant speed and maintain fixed
profiles. They are described as functions which are invariant under a transformation
from the (x, t) plane to the frame ^ = x — ct. Traveling waves were observed nu
merically for the biodegradation model in [23]. The solutions to (1.1)-(1.3), achieve
fixed profiles (an outgoing front in 5, an incoming front in A, and a pulse in M) aad
propagate at a constant speed c. Numerical simulations in [23] and in [18] show that
M forms an asymmetric pulse with one maximum.
To validate the biodegradation model and the numerical methods used to observe
the traveling waves, it is essential to establish the mathematical existence, uniqueness
and stability of the traveling waves. In this chapter, the existence of traveling waves
in the biodegradation model under the condition that /?/ > 1 is proved. The results
of this chapter were obtained through collaborative work with Jack Xin and appeared
in SIAM Journal of Mathematical Analysis, volume 30, number 1, pages 72-94, in
1998 [18].
The traveling wave solutions are of the form
S = S{x — ct), A = A(x — ct), M = M{x — ct),

(2.1)

where (5, A, M) as functions of ^ = x — ct satisfy the boundary conditions
S'(—oo) = 0, 5(-l-oo) = S""*", .I4(—GO) = A_, A(+oo) = 0, M(±oo) = MQ,
and

(2.2)

and 5+ are prescribed positive constants. Using (2.1) the model becomes
+ {RFC — V)S^ = B ,

(2.3)

DA^^ + (c - v)A^ = jB,

(2.4)

CM^ = - Y B + h{M - MQ).

(2.5)
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To prove the existence of traveling waves to the biodegradation model, we show
there is a solution to (2.3)-(2.5). Traditionally, such a proof involves studying the
phase space of solutions and showing that there exists at least one trajectory which
connects an unstable manifold emanating from a saddle point to a stable manifold of
an attracting node. It is difficult to prove such a connection in the five dimensions of
the phase space. One of the fixed points of the system has a degenerate eigenvalue
which makes the flow path hard to analyze. Therefore, we use a standard tool for
proving existence of solutions to a system of ordinary diflferential equations called
Leray Schauder degree theory, see [34].
We follow a framework sLmilax to that of Berestyki et al. [2] and Xin [33] and
consider the solutions to (2.3)-(2.5) on a bounded domain, ^ 6 [—d, d], d > Q. We
define a fixed point map such that any solution to the fixed point problem is also a
solution of (2.3)-(2.5) on the bounded domain. By determining the Leray-Schauder
degree of the map (see [34] for details), we show that a solution exists to the fixed
point problem. Finally, we extend the solution to the entire real line.
While the techniques involved in the proof are well-known, it is important to note
that the biodegradation model is substantially different from the other systems that
have been studied and the application of the technique is not straight-forward. Other
proofs have focused on two-equation, reaction-diffusion, combustion systems in which
propagation of fronts is a result of the reaction dynamics. In the biodegradation
model, the fronts propagate as a result of distinct advective velocities rather than
reaction-diffusion. In this Ccise, though the method of [2] applies, many new steps are
needed. For instance, finding bounds on the wave speed requires delicate control of
the fronts near ^ = 0 and of the reaction and advection terms. In addition, the two
advection equations cannot be manipulated to define pointwise inequalities as in [2].
Instead, we develop integral inequalities based on the conserved quantity, 'yR/S — A
(see Lemma 2.4, for example).
Many other differences between the biodegradation system and [2] are noteworthy.
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First, the condition to fix translation invariance, A(0) = 6, is not a-priori optimal as
it is in [2] where 6 is the given ignition temperatmre. In this chapter, the value of 9 is
between 0 and A- and does not correspond to a physical value; however, this range
must be fine-tuned three times to prevent the solutions of (2.3)-(2.5) from converging
to trivial solutions in the limit d

oo (see Proposition 2.5, Lemmas 2.3 and 2.4). It

is particulaxly difficult to show that S does not tend to zero as the domain extends
to the real line.
Second, while the fronts in [2] are strictly monotone, the biomass profile in (2.3)(2.5) forms a pulse. Rather than following directly from the maximum principle, new
arguments are necessary to estimate the maximum of M (see Proposition 2.1). Finally,
we develop integral identities to show that the correct boundary conditions remain in
the limit d —+ oo, see Theorem 2.3 and Lemma 2.8. Using integral identities instead
of pointwise estimates to control wave speeds and large space asymptotic behavior of
solutions is an efficient way of handling systems with more than two equations.
The main result of this chapter is:
Theorem 2.1 (Existence of Traveling Waves). Under the condition that the retarda
tion/actor Rf > 1, the system (2.3)-(2.5) admits a classical traveling wave solution
{S, A, M, c) of the form (2.1) satisfying the boundary conditions in (2.2). Moreover,
0 < 5(0 <
S\ei > 0, 0 < A{^) < A_, A'(0 <0,
^ v(A. + -yS*)
A.+^RfS*'
Afo < M«) < M„ +

VfeE'.

Ve 6 IRS

(2.6)
^

'

(2.8)

Theorem 2.1 says that the profiles of substrate and nutrient concentrations {S
and A) are strictly monotone functions of ^ and that the wave speed c is independent
of the growth and decay parameters Y and h. The explicit formula for the wave
speed c in terms of the left ajid right states of solutions is reminiscent of the RankineHugoniot formula for viscous shock waves in conservative equations, see [30] for such
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traveling waves arising in solute transport problems. The maximum norm bound of
the biomass M on the other hand depends on the parameters and boundary conditions
of the (5", A) equations as well as the yield constant Y of the M equation.
The condition R f > I physically means that the advective velocity of S is slower
than that of A; hence, the two concentrations mix, which is essential for the biomass
to grow and the three components to travel together. As pointed out in [23], there
are no traveling waves if Rf = 1. In fact, it is obvious from (2.8) that Af = MQ if
Rf = 1, and no traveling pulse can form in M. It remains an interesting problem to
determine if the traveling waves are unique up to a constant translation in ^ and if
M always achieves one maximum.
The main result is significant for it shows that there is a simple, well-understood
solution to a very complicated phenomena. This solution occurs under a particular
set of parameters; however, in the following chapters, these parameter regimes will
be refined. Finally, many of the important factors required for the implementation
of in-situ bio remediation are determined in Theorem 2.1, such as the speed of the
traveling fronts, and the maximum and minimum concentrations of the biomass.
The second result of this chapter is:
Theorem 2.2 (Existence and Uniqueness of Traveling Waves). The system of equa
tions, (2.3)-(2.5) with D = 0, admits a unique, classical traveling wave solution
(S, A, M, c) of the form (2.1) satisfying the boundary conditions in (2.2) and the
bounds given in Theorem 2.1.
By eliminating the diffusion term { D = 0), the system of equations (2.3)-(2.5)
is reduced to a set of three, first-order ordinary differential equations. A conserved
quajitity enables a further reduction in the system to two equations. A phase portrait
solution is easily obtained and it is clear that the traveling wave solution is unique.
It is interesting to note that the question of existence and uniqueness for the system
with diffusion can also be considered by examining the flow in the phase plajie. In
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this case, the phase space has five dimensions although it is reduced to four via the
conserved quantity. One of the equilibrium points is degenerate so it is difficult to
determine the flow path. As such, we have elected to pursue the proof of existence
by utilizing degree theory.
The chapter is organized as follows. In Section 2.1, we show the existence of
solutions to a regularized system on any finite interval via degree theory, using maxi
mum principles and preliminary a-priori bounds. In Section 2.2, we carry out refijied
a-priori estimates of solutions as the length of the interval tends to infinity. In par
ticular, we obtain uniform estimates of the wave speed and bound it strictly inside
the interval (v/Rf,v). In Section 2.3, utilizing the estimates of Section 2.2, we pass
to the infinite line limit of solutions, and justify the validity of the boundary condi
tions of the limiting solutions. In Section 2.4, we obtain further bounds of solutions,
remove the regularization, and finish the proof of Theorem 2.1. In Section 2.5, we
prove Theorem 2.2.

2.1

A Regularized System on Finite Intervals

In this section, we construct solutions to a regularized system with Dirichlet boundary
conditions. In the following sections, these solutions are shown to converge to the
desired traveling wave solutions of (2.3)-(2.5) as we pass to the infinite line limit
and remove the regularization. We add an elliptic regularization term

to the

left side of (2.5) with e 6 (0,1) so that the existence problem can be turned into a
fixed point problem for which classical Leray-Schauder degree theory ([11], [34]) is
available. We derive a-priori bounds of solutions and compute the degree using its
homotopic invariance as in [2] and [33]. The nonzero degree (equal to —1 in our case)
implies the existence of a solution.
Let us first normalize the original system (2.3)-(2.5) so that Ks and
to one. Define S = KsS, A = KAA, q = Ksq, 7 = ^7 a^d Y =

are scaled
Then (2.3)-

30

(2.5) remains the same under hat variables and paxameters except that Ks and K^.
are replaced by one. With no loss of generality, we also set q = 1. The normalized
system (without the hats) reads
+ {RFC - V)S^ = M S A { 1 + 5)-^(l + A)-S

(2.9)

+ (c - v)A^ = 7^5^(1 + 5')-'(l + A)-\

(2.10)

CM^ = - Y M S A { 1 + 5)-^! + ^)~^ +

- M)),

(2.11)

under the boundary conditions (2.2).
We propose to study the following regularized elliptic system and the associated
boundary value problem on a finite interval [—d, d]
£)% + (i2y:c-v)5^

(2.12)

DA« + (c-7;)^^ =
+ cM^ =

(2.13)

+ 6(M - Mq),

(2.14)

with e € (0,1), and the boundary conditions
S { - d ) = A{d) = 0, S [ d ) = 5+, A { - d ) =

M { ± d ) = MQ.

(2.15)

To remove the translation invariance of traveling wave solutions of an unknown speed,
c, we also impose the additional normalization condition
A(O) = 0,

0€(O,A_),

with 9 prescribed. The modified reaction terms

(2.16)

i = 1,2,3, axe

o(i) ^
|A^|g|^l
'
(l + e|M|)(l + |5|)(l + M|)'
o(2| ^
|M||gM
(1+£|M|)(1+|S|)(1 + |A|)'

r(3) ^

M |5||^|

(l + £|M|)(l + |yl|)(l + |5|)-

(2.17)
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Note that we modify the reaction terms by the factor (1 + e \ M \ ) which is crucial to
obtain the first upper bound on M. The vaxiables 5, A, M and c depend on both d
and e; however, to simplify the notation, we do not specify this dependence until it
becomes necessary in the later sections.
In order to use degree theory, we consider a parameterized family of equations
indexed by cr 6 [0,1]
DS^^ + iRfC-v)S^ = crB^J-\
+ ( c — v)A^ =
+ cM^ =

+ b{M — MQ),

(2.18)

(2.19)
(2.20)

under the boundary conditions (2.15) and the imposed condition (2.16).
Note that if cr = 0, (2.18)-(2.20) under (2.15) and (2.16) has a unique solution.
Without (2.16), the system is uniquely solvable for any given c, as a two-point bound
ary value problem for second-order ordinary differential equations. The solutions are

M ( 0 = MQ.

(2.21)

The extra condition A(0) = 6 implies

which uniquely determines c, since the right-hand side is a monotone function of c,
and ranges between zero and A_.
Next we derive a-priori estimates on solutions of (2.18)-(2.20) under the boundary
and normalization conditions (2.15) and (2.16) independent of cr € [0,1].
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Proposition. 2.1. Let a G [0,1] and let (5,

M, c) he a solution to (2.18)-(2.20)

subject t o the boundary conditions (2.15). T h e n V o" G [0,1] and V ^ € [—d,d], we
have the following inequalities:
0 < 5(0 <5+,

0 < A(0 < -4-, (2.22)

MQ < M (^ ) < MJAAX = ^ ^MQ + —— 1 + ^(1 —-— SMQ)~ + 4EM^ , (2.23)
S'i^) > 0,

A'(0 < 0. (2.24)

Proof. In view of (2.18)-(2.19), both S and A satisfy the classical elliptic strong
maximum principle. The maximum and minimum of S and A are achieved at the
end points. Hence, (2.22) follows from (2.15). To show that M > MQ,
suppose that M < MQ at some point

6 [—RF, d],

^ {—did) for some cr = cti 6 (0,1). Then,

since M is continuous La cr and ^ G [—d, rf], as cr varies, the minimum of M must pass
though the interval (0, MQ) before M becomes negative. Let us assume that at
min^G[_D.^M G (0, MQ). Hence, 3

CR^,

6 {-d,d) and 0 < M(^I) = nain^g[_<i.^ M(^) <

Mo, for cr = c7i
Evaluating (2.20) at ^

and cr = CTI, we have

)(^i) + 6(M(ei) - Mo) =

+ cM^{^^).

At the minimum, the first derivative is zero and the second derivative is non-negative,
which results ia
-ycriBf (ei) = eMf^(ei) + K M q - M(a)) > 0.
Since, Y,ai > 0, we have that

< 0. This is impossible since M(^I) > 0. It

foUows that M > MQ, VCT € [0,1], ^ G [—D, D]. By now, since A > 0, 5 > 0, M > MQ,
we can identify

= B^.

To prove the upper bound in (2.23), we define max^e[_d.^ •^(^) =
We only need to consider the case M* > MQ. There exists

> MQ.

G {—d,d) such that
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M{C) = M\M'{C) = 0,M"iC) < 0. Evaluating (2.20) at ^
^

.rx/
y<yASM'
- {l + A){l + eM*){l + S)

<

impUes that

YM*
TT1 + bM*

(2-25)

This can be rewritten as b{M* — Mo)(l + s M * ) < Y M * , or,
M* < ^ (^eMo + y - 1 + ]/i^Mo + ^ - 1)2 + 4£Mo j

(2.26)

Notice that if ^ > 1, then the right hand side of (2.26) behaves like 0{e~^) ( 0{6~^^~)
ifY = 6) as £ —+ 0. If (Y/b) < 1, then in the Limit £ —>• 0, the right hand side converges
to Mo(l —

> MQ. TO prove (2.24), we rewrite (2.12) by multiplying both
(CRF-U)I
sides of the equation by e D . Then, integrating from —d to we obtain
(eRf —v)i
—(cRf — v)d
e-^S'iS)= e
i—S'(-<i) + J

1 (cR^—1-){'

Since S is not identically constant and as a result of the Hopf Lemma, it is clear that
S'{—d) > 0. Thus, the entire right-hajid side is positive and S' > 0. Similarly, it can
be shown that A' < 0. The proof of the proposition is complete.

•

Proposition 2.2. Let cr G [0,1] and let d > I be fixed. There exists a constant c
independent of a E [0,1] such that the wave speed c = c(cr) in (2.l8)-(2.20) satisfies:
c < c(o-) <

^ hi

,

(2.27)

where OQ = d / A ^ e ( 0 , 1 ) .
Proof. To establish the upper bound for c, we find an upper solution A{^) to A{^)
and use it to bound c from above. The upper solution solves

{

DA"+ {C-V)A'J=0,
^E[-d,d],
Ai-d) = A_, A{d) = 0,

and is given by
-

A (1
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By definition, -A(^) < A{^), and in particular ^(0) < A(0). Evaluating A at ^ = 0,
and solving for c, we have
+

(2,29)

With (2.29), we have established the upper bound for the wave speed c{a). To show
the lower bound, we proceed similarly by defining a lower solution i4(^) for A(^) on
[—d, d] which solves
DA!' + (c - v ) ^ = ([5+ - 5(0, d)|H(0 + •5'(0, d ) ) F A

(2.30)

where
p — p(r) —

^
M
TTTMo - TTTM'

rr/^N _ R 1)

^

- 1 0, f < 0.

along with boundary and regularity conditions
A(-d) = A_,

A(d)=Q,

AeC\

(2.31)

+ coe'"^^, ^ e [-<f,0].
cse'"^^ + C4e'"-'^, ^e[0,c?],

(2.32)

It follows from (2.30) that
A(^) = I
where ri.2 and r^A are given by
ri.o =

-(c - v) ± v^(c - t;)2 + 4i:>F5'(0, a)
2^
;

^3.4 =

- ( c - v ) ± ^ ( c - v)2 + 4DFS-^
2^
:

.
^
ri>(J,r2<0;

^
^
r3>0,r4<0.

[Z.66)
(2.34)

Using boundary conditions (2.31), and that 4(0"^) = :A(0~) and A'(0~)= i4'(0"'"), we
solve for the constants:
Cl
A-e-^'^[(r4 - ri(l (7-2 — rie('"i-''2)'')(l — e(''-«~'"3)'^) — (r4 — r3e('"'»-'"3)'^)(l — e('"i-'"2)<^)
C3 =
+ C2(l -
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The solution is
f
A(0 =I

+ C2(e'-2^ -

^ € [-d, 0],
(e-.f - e(r4-3)rfer3e) ^ ^ ^ [o,d],

where C2 is given in (2.35).
To find the lower bound for c, we assume there is no lower bound (c —i- —oo)
a n d use t h e following two properties t o deduce a contradiction: ^4(0) < 0 , A(0) =
+ C2(l —

Combining these with equations (2.35)-(2.36), we find that

0 > A{0,a)
(r2e('"2-''i)'' — ri)(l —

- e(''-'-^3)'^)(r2 - ri)
(2.37)
— {r^ — r3e('"'»~''3)'')(e('"2-'"i''' — 1)'

Fix any cr 6 [0,1], and let c —+ —oo. We have from (2.33)-(2.34) that Ti —»• +00, ro
0~, r3 —> +00, and

0~. It follows from (2.37) that limc^._oo ii(0, a) = A- < 9,

contradicting the fact that 6 6 (0,A_). Since 5(0,(7) is bounded between zero and
5"+, it is easy to see that the limit of A{0,a) as c

—00 is uniform in cr G [0,1].

Hence, there exists a constant c independent of (j E [0,1], such that c{a) > c. The
proof is complete.

•

Remark 2.1. By Propositions 2.1 and 2.2, and standard elliptic estimates, the max

imum norms of the derivatives of solutions (5", A', M') are bounded independently of
the parameter a 6 [0,1].
Next we show the existence of solutions to (2.18)-(2.20), (2.15) and (2.16) on the
bounded domain [—d, d] by Leray-Schauder degree theory. The idea is to transform
the system of equations into a fixed point problem. The solution of the fixed point
problem solves the original system of equations (cr = 1) which is topologically equiva
lent to a simpler system {a = 0) for which we can easily determine the degree. Thus,
showing that the degree is not zero amounts to proving the existence of a solution
to the original system (u = 1). The proof is similar to that given in [2]; thus the
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definitions and propositions are listed but the details of the proof can be found by
referring to [2].
We begin by fixing d and defining Id = [—d,d\ and X = {C^{Id))^ x R . The set,
X, is a Bajiach space equipped with the norm
IKS', A, M,c)||x = max(|j5'||ci(/rf), ||A||ci(/^), ||iW"||ci(/i), |c|).

(2.38)

For each element { S , A , M , c ) G X , we consider the unique solution (5", A , M ) of
the following system indexed by cr E [0,1]

DA,, + (c - v)A, =
+

+

=

(2.41)

subject to the boundary and normalization conditions (2.15) and (2.16). We define a
compact map K^: [S, A, M, c) £ X —>• {S, A, M, c — A(0) + 6) E X. Every solution of
(2.18)-(2.20) is a fixed point of the map Ka- given by K^[{S, A, M,c)]=^ (5, A, M, c).
We define another map,

= I — K^, where I is the identity map in X, F^:

{S, A, M,c) —>• {S — S, A — A, M — M,A{0) — 6). Every solution to (2.18)-(2.20)
is a solution of

= 0.

The set, f2, upon which the degree is well-defined is
Q = {(5, A, M, c) e X| ll^llci < iV, IIAllci < iV, ||M||ci < N , |c| < N } ,
where N is larger than the cr-independent a-priori bounds of

(2.42)

norms of (5", A, M) in

Propositions 2.1 and Remark 2.1; N is also larger than the upper and lower bounds
of c(cr) of Proposition 2.2. The degree of Fo- at 0, or deg{Fa-,Q.,0) is known to be
well-defined if Fa-{dQ.) ^ 0.
Proposition 2.3. For all a € [0,1], FO-(9FI)= (/ — Kt^){dQ) 7^ 0.
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•

Proof. See Proposition 7.3 ia [2].
Proposition 2.4.

= {I — Kg.) satisfies for all cr E [0,1],
deg{F^, Q, 0) = deg{FQ, Q, 0) = -1.

Proof. Equations (2.21) are the solutions denoted in this proof by (5°,

M°). See

•

Proposition 7.5 in [2] for more details.

2.2

(2.43)

Further Estimates on the Regularized System

In this section, we obtain further estimates on solutions of the system (2.12)-(2.14),
(2.15) and (2.16) which enable us to extend the solutions to the entire real line in
Section 2.4. In particular, by carefully choosing the value of 9, we find the correct
wave speed and prevent solutions from converging to the trivial solution as d —> oo.
To begin, we rewrite the system of equations as
+ {RfC - v)S^ = Be,
+ (c - v)A^ =
+ cM^ = -YB, + b{M - Mo),

(2.44)
(2.45)
(2.46)

where e € (0,1). The boundary conditions are
S { - d ) = A i d ) = 0, S { d ) = S ^ , A { - d ) = A _ , M { ± d ) = Mo,

(2.47)

and the normalization condition is
A(O)=0,

^e(0,A_).

The modified reaction term, B^, is
Be

MSA
[l + eM){l + S){1 + AY

(2.48)
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Proposition 2.5. There exist 6Q € (0,1) and constants a, do > Q independent of d,

such that if 9q G (O,0O); ^

and d > do, the wave speed c in (2.44)-(^-46)

satisfies
J;'""" +
implying in the limit d —>• oo
V

— < lim inf c < limsup c < u.
Rf
d-^oc
d—^oo

(2.50)

Proof. In view of Proposition 2.2, we only need to establish the lower bound of

(2.49). To find the lower bound, we use the same approach as in Proposition 2.2 but
consider an upper solution for S (rather than A) which satisfies
D~^' + {cRf
{
I SI{ - d ) = 0,

— v)S' = 0,
S{d) = 5+.

6 [—cJ, d],

Solving this differential equation and evaluating it at ^ = 0, we obtain the inequality

where 5(0) = 5(0, of), due to the implicit dependence of ^(O) on d.
To find the lower bound for c, we must bound 5(0, cZ) from below. Defining
L = liminfrf_,.3o S{Q,d)d^ consider the following two cases for L. First, suppose that
0<L<

GO.

Then 5(0, D) > ^ for

V
c> —
Rf

A

G (0, ^), ajid d large enough. By (2.51),

D , dS^ _ ^
——- In
a
Rfd

+J;'"''-

And so, for 0 < L < oo, the proposition is proved.
Now suppose that L = 0, then V<5 > 0, 3 d{6), such that \ i d > d{6), 5(0, d) <
Since limsup^_^3cC < v, we caa assume that lim inf^i-^^o c < v/Rf otherwise the
proposition holds for large enough d. Therefore, there exists a sequence {dj}
such t h a t c{dj) —>• c*, with c* < v / R f .

oo,
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Evaluating the lower solution A(^) in the proof of Proposition 2.2 (with cr = 1,
d = dj) at ^ = 0, we have ^4(0) =

+ C2(l —

where

aJid r3.4 axe

given by (2.33)-(2.34) with ^(OjO-) replaced by 5(0, rfy), and co as in (2.35). It follows
that
V — c*
lim Ti = ———, lim r2 = 0,
j—rOC
D
J—J-OO
{v - c*) ± J{v - c'Y + ADFS+
lmir3.4 = ^ ^
on
"

Using the assumption that L = 0,
lim r^dj = lim
-2F5'(0, iyK
^^
j-y^
^
j^oo {v-c) + ^{v -c)^+4DFS{0,dj)
Therefore, from equations (2.53)-(2.54), it is clear that
6 > lim A(0) > A_

—3=.

L

4VFS+

(2.55)

Recall that 0 = 0oA-. Then, from equation (2.55)
^0 > ^0 =

2

Since GQ 6 (0,1), we can choose OQ < 0Q to deduce a contradiction. So for large d,
and 00 < 0Q, we conclude that L > 0. We have proven Proposition 2.5.

•

Corollary 2.1. 1/liminfj-^oo c= v/Rf, and 9 ^ (0,^o)J

liminf 5(0, d)d > 0.
d-^oo
Proof. In view of (2.54), the proof above implies that liminfrf_i.3o 5(0, d)d > 0 which
is equivalent to saying there exists a constant a = a{e) > 0, such that for d large,
S{0,d) > ad~^. In other words, if 5(0, d) tends to 0, then it goes to 0 slower than
l/d.

•
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Lemma 2.1.

limiiif<f_j.3o c = v f R f , a n d 6 E

(O,0 q),

then the derivative A'{d)

satisfies
Umsup|A'(<f)| < l-Umsup J(?;-c)2+ 47L»5(0,rf)Mo
d-TOO
D d->-00 V
(1 + 5'"^)(1 + A_)

£> V V

RfJ

Proof- First, notice that Vf E [0, d], we have
„

1 + A_
> T]i[d)A where

'yS(0,d)Mo
(l + 5+)(l + A_)(l+eAW) - ^

^

fo
^ ^

^

and the lower bound is given by Corollary 2.1. Now, define A(^) to solve
( DA"+ {C-V)A'-T]I{d)A = 0,

\ A( O ) = 0 ,

f6[0,rf],

A{d) = 0 .

(O C,~\

^

'

Solving (2.57),
•^FC\ = ^

^ '

^ V-C±

g(ri-r2)</_l

' 1-2

y / ( v - c)^ + A T ] I ( d ^
2D

(2.58)

By the assumptions, Corollary 2.1, and (2.56), we see that —(r2 — ri)d —>• +oo, so
g(r2-ri)d

g

^

Therefore, by Proposition 2.5,

\A'(d)l < Um |^V)I <

(2.59)

The proof is complete.

•

Note that if lim infd_+oo •^i(c^) > 0, limd_j.^

= 0. Then, lim<f_^oc A'(d) = 0.

However, we need more results to deduce that r]i(d), or rather 5(0, cf), does not
converge to zero as d —> oo.
Proposition 2.6. If 0 e (O,0o)J
Proof.

Step 1.

lim<i_,,oo S'{—d) = limd_i.oc A'(—d) = 0.

lim^-^co |5'(—(i)| = 0. To prove this, we find an upper solution

to S and use a resulting inequality to bound lim(f_4.oo |S"(—ci)| by zero on both sides.
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To construct aji upper solution, we note that on [—<i, 0], B > r}2S, where we define
r]2 =

—)(i+A-)(i-r5+)' ^liich is a constajat, independent of d. Let S solve equation

(2.51) with the right-hand side equal to rjoS and S{—d) = 0, 5(0) = 5(0, d) for
G [—cf, 0]. Solving for S, we obtain
_

-Tl)d

/

_ e

(f2-ri )f \

S{i) = S(0,d)e'-^ (

^ ^ I"''-°1'

where
n. =

±

+

From equation (2.60), we find S'{—d) =

> 0, f. < 0.
. Note that if c

v / R f as d

oo,

then by Proposition 2.5, c > v / R f for large d , and so fo < —\/'n2/D for large d . If
c

v/Rf, as d ^

GO, then F2

——^yri2/D. In either case,

converges to zero, and

converges to infinity. Thus, 0 < Una sup5"(—d) < limsup^_^^, S''(—d) = 0,
and the proof of Step 1 is complete.
Step 2. limd-i-oo-A'(—<^) = 0. We infer from equation (2.60) that
^(0 < 'S'CO,

- 1 < 25+e"^^

G [-rf, 0],

(2.61)

where fi is bounded away from zero uniformly in d —»• oo. Using (2.61), we find an
upper bound for B to be 'yB < r)3{d)A

6 [—d, 0], where 773 is given in (2.62). We

define a lower solution. A, as the solution of

DA:' + (C - V ) A ; -^4 = 0,
A l - d ) = 4.,

,3 (<i) =

.

(2 62)

A ( - f ) = 9 . Vf e [ - d , - f ] .

We solve equation (2.62) to get A{^) =

with ri.2 given by (2.33) with

F S { 0 , a ) replaced by ^(d). Differentiating A(^), we find
A'r
, (ri-ra)^-+ (r2-ri)0e-^
A i-d) - r,A.+
^
•

(2-63)

Suppose that c —>• v along a subsequence { d j } —>• 00, then ri —»• 0 and ra —>• 0. If,
\

in addition {ro — fi)dj —+ 0, then e

(''2

2

^

— 1 ~ (ra — ti)-^ + 0{{r2 — ri)-dy), and
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A'(—ciy) —^ 0. If liiiiinfy_,.oo(^2 —

> 0, then the second term in (2.63) with d = dj

goes to zero because its numerator converges to zero while its denominator does not.
The first term clearly converges to zero. Hence, A'{—dj)

0 as j —*• oo.

Suppose now that c ^ c* < v along a subsequence dj —»• oo, then

and

r2 —s- 0 and also, \r2 — tx\ —>^ /? > 0, for a finite number /?. Passing to the dj

oo

limit in (2.63), we arrive at limj_+3oii'(—ciy) = 0. It foUows that we always have
lim^^ao A!{—d) = 0. The proof is complete.
Lemma 2.2. Let 6

E (O,0O)-

•

There exists a positive constant Ki depending only on

D , v , R f , ' y , Mmax such t h a t ] i m s v L p ^ ^ ^ S ' { d ) < K i S ' ^ maoi:{6, y/9).
Proof. In this proof, we construct a lower solution to S on half the finite domain to
find an inequality for S'. To find the upper bound, we bound all the terms as rf —> oo.
First, note that A(^) <

{
where

6 [0,rf]. Next, define the sub-solution 5 as

D ^ ' + {cRf - v ) S ! - V 4 S = Q,
5(0) = 5(0, d ) , S { d ) = S + ,

^ € [0, d],

= 6K and K = jMmax since 'yB < jOMjaaxS. Note that 774 is a positive

constant independent of d. The solution of (2.64) is 5 =

+ C2e'"^^, where ri.o =

fi.2 from Proposition 2.2 with 772 replaced by 774. Solving (2.64) and differentiating,
it follows that
£

V

)

=

(

2

.

6

5

)

where r2 is rewritten as
^

^

2 D - { v - c R f + ^ { v - c R f f + 4£)r74)'

and r2 — ri= —— c R f Y + 4 D774 < —^2\/D 9 K . Thus,
j

'
^ 0 as d —oo.

To find an upper bound on S ' { d ) , we must bound ri and r2. If i; — cRf < 0, then
|r2| >

If

— c R f > 0, b y Proposition 2.5, we see t h a t v — c R f <
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0 ( d ^Ind). Hence, we find a lower bound for r2 in the limit d
. , ^
^^74
~ 0(d-Mnd) +V(0(d-iInd))2 + 4Dr74
—\/D~^R]4 = — V D ~ ^ 9 K .

NOW ,

oo as
V^'

and so lim

R2 <

we see that lim^-^oo E'"-'' <

lim(f_).oo

= 0. We consider the same cases in order to bound T I. J f v — c R f <

0, then
n<

(2.67)
((t; + 0 { ^ ) ) R f - v ) + y / a v + 0 C 2 ) ) R f - v ) - + 4 i ? ^ 4

by Proposition 2.5. Therefore,
limsupri <
d^oc
~ v{Rf - 1) + ^/v^{Rf - 1)2 + 4D774

(2.68)

If u — cRf > 0, then by Proposition 2.5 again v — cRf < 0{d~^ In d) for large d, and
so
ri < 0{d-^ In d) + v/0(d-2(ln d)^) + ADr]^l2D,
ajid finally,
limsupr^ < y / Q K j D .
d-i-oc

(2.69)

In any case, we have the following
lim sup Ti < 2 K i { D , 7, v , R f , M^nax) mcLx(0, V d ) = K i max(^, y/O).
D—VCO

(2.70)

Combining (2.65) and (2.70), we obtain the result
lim sup 5'(oJ) < 5"*" lim sup rx =max(^, \/^),
d-^oQ
d-*oa

(2-71)

and the proof is complete.

•

Lemma 2.3. There exist two positive constants Si and 62 independent of d and a

positive number 6Q* depending only on
——h
Rf

and 82, ^0* ^

< liminf c < limsupc < u — 52d—^<x
d—^x>

^
(2.72)
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Proof. Combining the equations for S and A in (2.44)-(2.45), and integrating from
—d to d, we obtain
j i D S ' i d ) + {cRf - v)S-^ - D S ' { - d ) ) = D A ' i d ) - D A ' { - d ) - (c - v ) A _ .
We solve for c to get
^ D{A'{d) - A ' ( - d ) ) + l D { S ' { - d ) - S ' ( d ) ) + v A . + v j S *
7B/S+ + A_
•

^

'

Using Proposition 2.1, we derive the Laequality
DA'{d) — jDS^d) + vA- + vyS'^
jRfS-^ + ATaking d

—DA'{—d) + '^DS'{—d) +
jRfS-^ + A-

+ vyS'^

oo and using Proposition 2.6, limsup^_^^ c < v. If liminfj-^oc c > v/Rf,

then the proof is done if we define (5,-, i = 1, 2, to be the difference between c and v / R
and V, respectively. On the other hand, if liminfj^oo c = v j R f , then by Lemma 2.1
and Lemma 2.2, we have
Uminfc>
d—^oa
-Qyjv'^il

(2-74)
-

-

jDKiS^ max{e,e'2) + vA_+v'yS+

7i?/6'+ + ANow, set 82 = (•jS'^iRf — l)v)/{'yS'^Rf + A ^ ) > 0, and
v { l - • i j ) i A ^ + 5+7) ~

+

- 1DK1S+ max(0,0^)

jS-^Rf + A -

•

Here S i is the difference between the lower bound in (2.74) and v j R f . There exists a
00* € (O,0o) such that if ^0 € (0,^")) <^1 > 0- We end the proof.

•

Lemma 2.4. There exists a positive constant, 0^**, depending on 5i, 62 and less than

9Q* such that if 9Q < OQ**, liminfrf^.3o S{0,d) > 0.
Proof. Suppose S { 0 , d j ) —s- 0 along a sequence { d j } —+ 00, then S { ^ ) —>• 0, uniformly
in

G [—dj, 0]. Proposition 2.5 says that Cj = c{dj) is uniformly bounded in dj\ (2.18)-

(2.20) then imply that (5, A, M)(^,dj) is compact in

Up to a subsequence.
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we have ( S , A , M ) { ^ , d j ) — * { S , A , M ) { ^ ) a s j

oo, S ' > 0 , A' < 0, ^(0) =

6, S{^) = 0 if ^ <0. By uniqueness of solutions to ordinary differential equations,
we deduce from equation (2.18) that .? = 0 on IR^. Thus, A is a bounded solution to
the problem

(

DA^^ + (C* — V)A^ = 0,

^ G IR^,

AiO)=d.

^

As a consequence of Lemma 2.3, along a subsequence of dj
(v/Rf + 6i,v — 62) as j

00,

where Si=6i{D,v, Rf^-y^Oo, Mq,

oo, c{dj)

^
c* G

S'^, A-)> 0, for

i = 1,2. The only bounded solution of (2.75) is A = ^.
Let us consider the equations for (5", >1) on [—dj^dj]:
A
M
^
D S " + {cjRf - v)S' = ,
1 + Al + eMl + S

(2-76)

D A " + i c j - v ) A ' = 'r
^ ^
^ ^
'
' l +Al+eMl +5

(2.77)

^

'

Multiplying (2.76) by 7 and subtracting (2.77) from the resulting equation, we obtain
-fDS" - DA" + l{cjRf - v)S' - [cj - v)A' =0,
Now integrating once in

^ € [-dj, dj\.

(2.78)

we obtain

t D S ' - D A ' + ' i { c j R f - v ) S - { c j - v ) A = ^ D S ' { d j ) - DA!{dj) + - i { c j R f - v ) S +
= (?(^f,) + r + o(l),

(2.79)

6 [—dj^dj], where
r = lim ^ { c j R f - •y)5'+,
J—+-30

Q{dj) = i D S ' { d j ) - D A ' { d j ) > 0.

It foUows that
iD [s' +

= dA' + {cj -v)A + r + Q{dj) + o(l),

and so
jD

[DA' + {cj -v)A + r + Q{dj) + o(l)].

(2.80)
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Integrating (2.80) over [—dj,^] gives

r e(^^^'^'[DA' + (cy-z;)A + r + Q(dy)+o(l)]d^'

J-dj
> £> y

j{^

=

+ ( p _(_ o ( l ) ) J

A_ - c^{Rf - 1) [^
J-dj

+(r + o(l))—^

CjKf — v

Recall that if 5(0, d j ) —^ 0 as dj

d^'

A{^')d^'

e(^^'^ + 6(I).

oo, then v4(^, dj)

Vf, uniformly for a compact set of

' o

(2.81)
9 and 5(^, dj) —*• 0 asdj —»• oo,

It follows that by the dominated convergence

theorem
im I
d.
•d,

. CIRF—V _
5
A(^')(i<^' =

/

5

6d^'

J-oo

N

=

r' R F -v
e^—( 2 .82)
c*Rf-v
^
'

e-—

So equation (2.81) in the limit dj —> oo reads
0 > DOQA- - C*D^OA_7^^^ ^
{c*Rf — v )

c*Rf — v '

Substituting in F = '){c*Rf — v)S'^, we get 0 > 'yS'^D + D6QA^ j^l —

, and

finally
0>S^+ j-%A- ( ^
) > S + -' y - % A ^ - ^ .
\c*Rf — vJ
RfOi

(2.83)

There exists 0"* ^ (0>^o*) dependiag on 6i and 62 such that the right-hand side of
(2.83) is strictly positive. This implies a contradiction. Therefore, 5(0, d) does not
tend to zero as d —>• 00.
Proposition 2.7. If 9 £ (0, ^q**)' ihen lim(i_,.3o - ^ { d ) = limd_j.3o S'{d) = 0.

•
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Proof, Let us follow the proof of Lemma 2.1 until the derivative of A at ^

is

found to be

where [TO — ''I | is bounded. Now by Lemma 2.4, we can improve equation (2.56) so
that liminfj/^^

> 0- Hence v — c is bounded strictly away from zero as d

oo

by Lemma 2.3, and so lim(/_+^ e^-'^ = 0 and lim^-^jo A'id) = 0.
For the second part of the proposition, we consider S{^,d) over

First, by

equation (2.58),

and limsup^_^3c 7=2 < 0. Hence A { ^ , d ) goes to zero exponentially fast in d .
Let 775(d) = Mm^-rOe^-^, so that B < rj^S. Define a sub-solution 5 on [d/2,d] as
in equation (2.64) with 772 replaced by 775 and 5(d/2) = 5(0, d), 5(rf) = S'^. Solving
for 5, taking the derivative, and evaluating it at
S(d)=

= d, we get
^

eir2-ri)^ _ I

2 g

gg)

Since c is bounded away from v / R f uniformly in rf,
lim
d—^OG
In addition, limj/^cc

=

0,

lim
d—^oo

=

0,

and lim 775 (d) =
d—+oc

0.

= 0, and we deduce immediately that lim^-^^ S'{d) = 0. The

proof is complete.

•

Proposition 2.8.
lim c{d) =

= c.

(2.86)

Proof. The limit follows from equation (2.73) in the proof of Lemma 2.3 and Propo
sitions 2.6 and 2.7.

•
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Corollary 2.2. There exist positive constants Pi and /?2 independent of d such that

A{^,d) <9e-^^^,

/?i>0,

S{^, d) <

V^6[0,d],

p2 >0,

(2.87)

Ve 6 [-d, 0].

(2.88)

Proof. To prove (2.87), we consider equation (2.58) from Lemma 2.1, defined on

[0,(i]. It is clear that A{^,d) <
Letting 0 < /?i < — lim

6 [0,(i]. Note that limsupj_,^r2 < 0.

ra with /?i bounded away from zero uniformly in rf,

we have shown (2.87). To prove (2.88), we use equation (2.61): S{^,d) < 25"^e'"^^,
G [—cZ, 0]. We see that lim inf<i->oo

> 0- Choosing 0 < ,/?2 < liminfj_^oc

we

have shown (2.88).

2.3

•

Solutions of a Regularized System on the Real Line

For a fixed £ > 0, we are interested in taking the limit d

oo. The e dependence

of solutions will not be specified untU the next section. By Propositions 2.5, 2.6 and
2.7, we know that the d dependent solutions denoted by (Sd,Ad, Mj) are compact in
SO

up to a subsequence in d, {Sd, Ad, Mj,)

—> (5, A, M)

uniformly on any

compact set of ^ and the limiting system is
"t" (-^/c —

— B

(2.89)

DA^^ + (c — v)A^ = 7B

(2.90)

+ cM^ = -YB + 6(M - Mq)

(2.91)

with boundary conditions
Ai0)=eoA^, 0 o e ( o , 0 D , 5(0) = ^(o,^) > o.

(2.92)

Moreover, we have the following bounds
0 < SiO <s^,

0 < A(0 <

Mo < M(0 < M^ a x ,

(2.93)
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^'(0 < 0,

5"(0 > 0.

(2.94)

Note that (2.92) is due to Lemma 2.4.
Corollary 2.2 holds for the limiting functions A and S . In particular,
lim .i4(^) = 0,
{—>•+00

lim S{^) = 0.
—oo

Monotonicity of A and S in (2.94) implies that
lim A{^) = A-,
^-i~oo
lim 5(0 = 5+,
^->+oo

for A^ € (0,^_],

(2.95)

for 5+e (0,5+].

(2.96)

Lemma 2.5. For e 6 (0,1), lim^_^±oc -^(0 = MdProof. Let m = M — Mq, then m > 0 and m ^ 0 (if m = 0 by equation (2.91)
AS = 0 which contradicts (2.92) at ^ = 0). Therefore, there exists a

such that

M{^i) — Mo = m(^i) > 0. On [^i,oo) by inequalities (2.93) and Corollary 2.2:
ySAM
(1 + 5)(1 + A){1 + e M ) -

, _a .

where yo > 1 is to be chosen and

Define m as a solution of
m(^i) > 0, for <f

E

+ cm^ — 6m = —yoYwith rn(^i) >

[^1, GO). Solving for a positive solution m, we obtain
m-

- c/3i - bf

-ftf

•

(2 97)

where (3i > 0, e/31 — c/?i — 6 < 0 for e 6 (0,1) and Pi < y/b. So indeed m > 0.
We choose t/q such that m(^x) ^
Since lim^_).+oo ^(0 = 0)

By the maximum principle, m{^) < m{^).
lini^-)-+oo 71^(0 = 0

A similar argument shows that lim^_^+oo

= -^o-

-^(0 = M)O
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Lemma 2.6. Consider Mj, for ^ G [—d,d\. Then liiiid_^.3o M'^{±d) = 0.
Proof. This proof is similar to the proof of Lemma 2.5. We define nid = Md — MQ
on [—d, d], and then construct an upper solution to rrid which solves

{

— brfid = -Y MmaxOe"^'-^,
I 771^(0) = m<f(0),
= 0, ^G[0,d].

where c — c{d). We solve for

(2.98)

and find the derivative at ^ = d. Taking the limit

as d ^ CO, we show that limd-^+oorn'd{d) = 0. It foUows that limrf_>,+3o

=

limef_^+^ \{Md{d) — MQ)'\ = lim,i_^+3o \^'d{'^)\ = 0. A similar argument shows that
limd_+3o M ^ ( - d ) = 0.

•

Lemma 2.7. There exists four constants, ki, k2,kz and k^ depending on Y, Mmax,
6 , e , b , c , R , V , and D such that
M(0 - Mo <

+ koe""^^,

M(e) - Mo < k^e"'^ +

o"! > 0, (72 > 0, ^ > 0,

cg > 0, £74 > 0, ^ < 0.

(2.99)
(2.100)

where Ci is a constant for i = 1, 2 , 3 , 4 .
Proof. The proof of (2.99) relies on bounding the upper solution

found in Lemma

2.6. The proof of (2.100) is similar.

•

Theorem 2.3. For e G (0,1), 3 a smooth solution {S,A,M,c) solving the system
(2.89)-(2.91), the boundary conditions (2.92)-(2.94). Moreover, MQ < M < M^.^,
M(^) = M Q.
Proof. We have shown that there exist solutions on the real line, and that M reaches
its limits at the spatial infinities. Now, we only need to show that the boundary
conditions on S, A hold LQ the limit d —+ 00, i.e., we want to show that A_ =

and

5""^ = S'^. To that end, midtiply 7 to (2.12), subtract (2.13) and integrate over [—d, d].
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TaJdng the Umit c{ —»• oo, using Propositions 2.6, 2.7 and equations (2.95)-(2.96), we
solve for c
c= v

(2.101)

{A.+'yS+Rf)

Proposition 2.8 says that c = v

• Therefore, it is clear that ^

Multiplying (2.12) by Y, adding it to (2.14), and integrating over [—cZ, d],
YD[S'M) - S'A-d)\ + Y{cdR - v ) S ^ + e[M'i [ d ) - M ' ^ { - d ) ] = h

M^iO - Mod^.

By Propositions 2.6 and 2.7 and Lemmas 2.5 and 2.6, in the limit d —+ oo
d

p-Xj

MdiO - Mod^ = b

M(n - Mod^.
(2.102)
J -oo
Multiplying (2.89) by Y, adding it to (2.91), and integrating the resulting equation
/

from ^ = —oo to

•d

= +oo, and using boundary conditions as weU as the decay of the

limiting functions at infinities, we end up with
Y{cRf - v)S+ = b j

M { 0 - Mod^.

(2.103)

J —CO

Combining equations (2.102)-(2.103), we find that S'^ = S'^, and similarly .4_ = A_.
Thus, we have a solution {S, A, M) for the system (2.89)-(2.91) satisfying 5(oo) = S""*",
S'(—oo) = 0, A(oo) = 0 ajid A(—oo) = A_. That M(^) > MQ follows from the
maximum principle. The proof is complete.

2.4

•

Traveling Waves on the Real Line

Through results of the last section, we have established the existence of the regularized
solutions denoted by (5e,

cg) over the real line. We show that they converge

to the desired traveling wave solutions as e ^ 0. We have found c independent of
e. However, we improve the previous bounds on Se,Ae,M£ and their derivatives so
that they are independent of s. Moreover, we show that the boundary conditions
are valid for limiting functions (5", A, M) as ^
upper bound on Me independent of e.

» oo. The first step is to establish an
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Lemma 2.8. For

of the system (2.89)-(2.91), Me satisfies
Mo < Me < Mo + Y { R f - -)5+,
c

6 E.\

(2.104)

Proof. As mentioned, lim£_^.oM£ = M ^ Mo- By Proposition 2.1 and Theorem
2.3, we have that MQ < Mg. Therefore, 3

G

(—00,00) such that

=

sup^g^i Me{C) = Ms > MQ. Multiplying Y by (2.89), adding it to (2.91), and
integrating from

to 00, we obtain

-YDS'si^,) + Y{cRf - u)(5+ - 5e(^i)) + c(Mo -Ms) = b T Me{^) - Mod^,
Note that M'^{^{) = 0 and

M£-(^) — MQCL^ > 0. Solving for M^,

M £ ( 0 < Mo + Y { R f - -)5+.
c

(2.105)

It is clear that MQ < M ^ l ^ ) < Mg < MQ + Y ( R f — v / c ) S ' ^ . Substituting in the
expression for c in Proposition 2.8, we obtain the bound given in the Main Theorem.
The proof of the lemma is complete.

•

Proof of the Main Theorem. First by Lemma 2.8, {Se-, A s , M c )

(5", A , M )

in C/oc- We want to show that S decays to zero as ^

—00 (as we showed previously

in Corollary 2.2). We see that the upper bound for

on f < 0 depends on ro which

in turn depends on 772(^,5). We recall from Proposition 2.6, that 772 is a lower bound
for BjSe- Therefore, we can improve this lower bound by substituting in the upper
bound for M^ as given in Lemma 2.8. Then we have for e G [0,1],
^ ~ (1 + Mo + Y{Rf - •y/c)5'+)(l + 5+)(l + A_) "
We establish an upper bound for

(2-106)

on the negative real line by following the proof

of Corollary 2.2. In this way, we find a bound which is independent of e and as such,
Se

S and in the limit ^ —+ —00 decays to zero.
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We must also establish that lim infg ,0 5^(0) > 0 so that the derivatives for 5, A
tend to zero at infinity. Following the proof of Lemma 2.3, we can derive the ajialogous
inequality
0 > S+ _

(2.107)

lOi

Since, all these constants are independent of e, 6Q caji be chosen small enough so that
the right-hand side is positive without being dependent on e. Thus the bound holds,
and so 5'(0) > 0.
As such, it is easy to deduce that the second part of Corollary 2.2 caji be re
produced independent of e. The first inequality of Corollary 2.2 follows with /?i
independent of e. Given the results of Lemma 2.8, and because 5(0) > 0, we have
that T]i > 0 independent of e. Therefore, lim^_>_3o -S" = 0. Similarly, as ^ ^ oo, A
decays to zero.
Next, we reproduce Lemma 2.5 to find the decay properties of M near infinity.
We begin by improving the upper bound of Be in Lemma 2.5. We see that by Lemma
2 .8,

B e < Y { M q -h Y { R f - -)5+)0e-^>«.
c

(2.108)

We construct an upper solution rrie to me = Me — Mq on [^i, oo] which solves
em'^ + c m ' s - brfie = - Y { M q -H Y { R f me{^i) > mei^i) > 0.

(2.109)

The solution to (2.109) is
_

where 0 < /3I <

r ( M o + Y ( R f - ^)S+)de-^^^
eDl - eft - b
•

"''"V*" ^ +4£'J?I

^ positive constant chosen so that the

inequality in (2.109) holds at ^i. In the limit as

0

Y{Mo +Y{R!---)S+)ee-'>'^ _ _
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Thus, in the limit ^ —»• +00, we have that MQ —• 0, which, implies that m(^) —)• 0 as
+00 or lim^_^.+oo ^(<f) = M)- Similarly, lim^^._oo •^(^) = M)

^

Justifying the limits lim^_+_3o A = A_ and lim^_>+co 5" = S""*" as in the proof of
Theorem 2.3, we have shown that the limiting functions [S, A, M, c) are traveling
wave solutions satisfying all the boundary conditions.
Finally, we establish the strict inequalities for the wave profiles. By the strong
elliptic maximum principle, 0 < S{^) < S'^, ajad 0 < A{^) < A- for any finite
M{^i) = Mo, for a finite (fi, then

If

= 0. The M equation evaluated at ^

caJinot hold thanks to 5'(^i)A(^i) > 0. Hence, M { ^ ) > MQ for any finite
If

= 0 for a finite ^2) then by the A equation evaluated at ^ = ^2, we see that

A"{^2) = 7-^(^2) > 0. It foUows that ^2 is a local minimal point, which contradicts
the fact that A is monotone decreasing. Hence, A' < 0 for any finite
5" > 0, for any finite

2.5

Similarly,

The proof of the Main Theorem is complete.

Existence in the case of zero diffusion

Now that we have shown the existence of traveling wave solutions to (2.3)-(2.5) for
Rf > 1 and D > 0, it is interesting to study whether the traveling waves persist
as £> —i- 0. Since the solutions {S^, A^, M^) axe bounded independently of D in
the limit exists and is bounded as D

0. One must still verify that the

limiting solutions (5°, A°,M°) satisfy the boundary conditions, (2.2).
In the limit D

0, the order of (2.3)-(2.5) is reduced from six to three. The solu

tion of each equation can only be forced to satisfy one boundary condition; whereas
traveling waves reqiiire two boundary conditions. As such, our problem becomes sim
ilar to that of a boundary layer problem. It is not at all obvious that these equations
will permit a traveling wave solution with the correct boundary conditions.
In order to prove the existence of traveling wave solutions to the biodegradation
model for D = 0, we consider the phase plane of solutions. To find a traveling wave
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solution, we look for a heteroclinic connection between the two boundary states given
by (2.3); this guarantees that the solutions will satisfy the correct boundary condi
tions. In this section, we use a symmetry of the D = 0 problem to reduce the phase
plane to two dimensions. By examining the isoclines and utilizing geometric stability
theory, we are able to prove that there is exactly one trajectory which connects the
boundary states.
With D = 0, the biodegradation system is given by:

C —V

Mc = - B + UM - M Q ) ,
c
c
where B is the nonlinear Monod kinetics term (1-4) and ^

s — ci €

By defining

new constants, the analysis is simplified; to this end, we introduce a, 6, c, d such that
d

cKf —

V

,

0

c—V

,c

c

^

d

c

Note that a>0, 6<0, c<0, d>0 and c is the speed of the traveling wave which
is given by the expression: c = (A_ 4-7<S'"'')/(A_ + jRfS"^). Thus the equations are
= aB,
= bB,
= c B+ d ( M - M o ) .
This is a dynamical system with solution curves in a three-dimensional phase
space. It is observed that the first two equations are multiples of one another. There
fore
Ac

b
= — = constant.
a

It is clear that A = |(5 — Sk) where Sk is a constant. Since|< 0, the line has
negative slope ajid contains the two points: (0, —^Sk) ajid {Sk-, 0). It foUows that for
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a given S k , if a solution curve begins on the plane { S , ={S — S k ) , M ) where 5" G
and M E

then the solution will stay on this plane for all

The phase space is

foliated into the two dimensional plane specified by Sk and 6, a, upon which the flow
is invariant. Such a statement allows us to reduce the scope of the problem to a two
dimensional phase plane which is much easier to study.
The traveling wave we seek connects two poiats ia IR^: (0, A_, MQ) and (5"^, 0, MQ).
Both of these points lie on the same plajie if they satisfy the relation between S and
A: A '= |(5 — ^jt). This meajis that Sk = S'^ and

At first glance, these

seem to be constraints on the boundary conditions. By iasertLag the values for a and
b cind the expression for the traveling wave speed c (2.7), we find that
_6 _ ^
~U ~
Therefore, the two fixed points axe always on the same plane.
From this point forward, the analysis is restricted to the plane (5, |(S' —
with 5 G

MG

M)

Using equation (1.4), the system reduces to:
^ ^ S{S - S^)M
^
(l+S)(l + |(5-5+))
= c
(l + 5)(l + |(5-5+))

+ d { M - MQ).

Notice that the right hand sides axe both continuous, bounded and diiferentiable
functions of 5" € [0,5""''] and M € M}. The solution curves originating in the open
rectangle S G [0, S"*"], M G

exist and are unique for all

G R.^. As such,

we have a dynamical system in the plane (S, M) G E?, with equilibrium points:
(0,Mo), (5+, Mo).
The linearized system about the fixed point (0, MQ) is:
bS+Mp

M^

7:h.Q+ M.
-^
- S + dM.
a(|5+ - 1)
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The eigenvalues governing the flow local to (0, MQ) axe: Ai =

> 0 and A2 =

bMoS'^(=S'^ — 1)"^ > 0. Thus the point (0, MQ) is an unstable node. Similarly,
linearizing about the equilibrium point (S'^, MQ) yields the following equations:
'S'c =

bS+Mo
(l_+5+)"

cbS+Mo
. „ \ S + dM.
a{l + S+ y
The eigenvalues for this case are Ai = d > 0 and A2 = bS'^Mo{l +

< 0.

Therefore, the point {S'^, MQ) is a saddle node.
In order to have a traveling wave solution, at least one of the unstable manifolds
emanating from the point (0,Mo) must intersect the two dimensional stable manifold
of (5""^, Mo). The proof of the existence of this solution relies on analyzing the isoclines
of the system and utilizing Wasewski's Principle.
Let us further analyze the behavior of the solution curves in the phase space
{S,M). Along the lines, 5 = 0 and S = S'^ with M > MQ, the original (nonlinear)
equations indicate t h a t t h e r e i s n o flow i n t h e S direction

= 0) a n d t h e flow in M

is increasing (M^ = d{M — MQ) > 0). Along the same lines when M < MQ, the flow
is decreasing (M^ < 0). When M = 0, the flow is also decreasing (i.e.

= 0 and

M^ < 0). In addition, for M = MQ ajid 0 < 5" < S"*", it is clear from the equations
that 5"^ > 0 but M^ < 0. Similarly, for M = MQ and 5 < 0 or 5 > 5""^, the flow is
given by

< 0 and M^ > 0. Thus, we see that any point near the equilibrium point

(0, MQ) with 5 > 0 and M > MQ wiU remain within the confines of 0 <

5 < S"*"

and

wiU either flow across the line M = MQ or will tend towaxd M = +00 (See FIGURE
2.1).

We find another isocline by setting the equation for M^ equaJ to zero. We obtain
the equation of a curve (which we call M) in terms of the variable S. The curve is
a rational function of second order with M{0) = MQ and M{S'^) = MQ. Its shape is
determined by the values of the parameters: a, 6, c, d. This curve along with the
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(0,M0)

(S+,MO)

FIGURE 2.1. The phase diagram in the plane (S,M). The fixed points are (0, MQ) and
(5"*", Mo) such that the first point is an unstable node and the second is a saddle point.
Several solution trajectories are sketched; however, the traveling wave is the unique trajec
tory that connects the two fixed points.

equilibrium points determines the only places where the solution curves can change
direction in M. In other words, a solution curve that is moving in the direction of
positive M c a n o n l y begin t o decrease i n M if it passes t h r o u g h this curve M { S ) .
The curve is given by

where F { S ) = ai + 026" + a ^ S ^ , G { S ) = a i + (a2 — bcS'^)S + (03 + bc)S-, and
ai = d{a — bS'^), 02 = d{a + 6 — bS'^), and 03 = db.
For certain values of the parameters, M { S ) is bounded. As long as the denom
inator, G, does not equal zero, the isocline resembles an upside down parabola. At
the points S = 0 and S = S'^, G is positive. The curve M does not blow up if
G'(0) > 0 and G'{S'^) < 0. This can only be satisfied by imposing constraints upon
the paxajneters as follows
=(c + d)S'^ — b <a < —=(c + d)S'^ — 6,
d
d
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and d > —c (note that this corresponds to 6 > Y ) . Then, G { S ) ^ 0 for all 5 G
(0, S""*") and M describes an upside down curve with a finite maximum.
Outside of this parameter regime (6 < Y ) , G may vanish, causing M to blow up.
Nevertheless, the solution curves AviU maintain the following general behavior for flow
in the open rectangle 0 < 5 <

M > MQ. Consider the flow emanating from the

point (0, Mo). There are three paths of trajectories. Some trajectories immediately
exit the rectangle through the line M = MQ. Others flow upward in M, to the right
in S, and at some point, intersect the curve M. At this time, they change direction,
decrease in M, and exit the rectangle through the same line M = MQ. The third path
is similar to the second, except the solution curve crosses the curve M for a second
time rather than exiting through the line M = MQ. The solution increases in M and
since the isoclines along the line S = S'^ ail point upward, the solution curve tends
toward positive infinity in M.
To obtain a traveling wave solution, we seek a fourth type of trajectory: a solution
curve which leaves the point (0, MQ), flows upward in M, to the right in S, crosses
the curve M only once, flows downward and into the point {S'^,Mo). To prove the
existence of this invariant manifold, we use Wasewski's Principle (see [12] and [6]).
Following [6], we define a set called T which is the rectcingle S € (0,5"'"), M G
(MQ, M"""), where M'^ is the maximum value of the traveling pulse M (see FIGURE

2.2). The boundary of the rectangle T is denoted by dT. We define the subset E,
called the immediate exit set (or the set of egress of T), to be the set of all points
Q = (5, M) on dT such that flow starting from a point within T leaves the box first
at Q.
In FIGURE 2.2, the set E contains the two line segments A B ajid C D . In addition,
we define the set G, called the eventual exit set (or the left shadow of E)^ to be all
the points P ET whose flow exits the set T through E.
Consider the line segment given hy S = S, where S is some point in [0,5""^], and
M varies in [0, MQ], and denote this line by Z. The set Z HE contains the two points
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A

D

c
M

z

A

T
B

s4

S=Si

FIGURE 2.2. The Wasewski Set T in the phase plajie { S , M ) . Flow leaves the set T
through the line segments AB eind CD. There exists one point, Z*, on the line Z {S = S)
such that the flow from this point remains in T for all time. Flow from Z* tends toward
the fixed point (0,MQ) as ^
-co and toward
as ^
+00. Thus, there is a
heteroclinic orbit connecting the two points.

{ S , MQ) and (5, M"""). We define the continuous map U to take points in E to points
in Z n E, and points in Z H E to themselves. Under U, Z (1 E is a. retract of E.
However, it is impossible to find a continuous map from points on the line Z onto the
two points of its boundary Z r\ E, because any k-ball (such as Z) cannot be mapped
continuously to its boundary {Z n E). Therefore, Z H E is not a retract of Z. By the
No Retract Theorem, there exists one point on Z, say Z*, such that the flow from
this point will stay within T for all time.
Along Z, we know that 5"^ > 0 for all values of M in T. Because the flow from Z*
must stay in T for all

the flow must intersect the stable manifold of the equilibrium

point {S^,Mo).
Now, we must consider the flow from Z* as ^

—00. Recall that we chose Z to

be the line a,t S = S. We can choose S to be arbitrarily close to zero. In fact, we
can choose S such that the flow is pointing outward everywhere on the rectangle :
5 € [0, 5], M € [Mo, M"*"]. Thus, as ^ tends to negative infinity, the flow is confined
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within the rectangle and so is asymptotic to the equilibrium point (0, MQ). Since this
holds for every Z*, it follows that there must be a heteroclinic orbit connecting the
two equilibrium points. This proves the existence of a traveling wave solution to the
bioremediation model for D = 0.
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Chapter 3

THE RELAXATION LIMIT
RelcLxation of systems of hyperbolic conservation laws is a well-studied phenomenon
for general 2x2 systems satisfying a stability condition, see [8, 7, 15, 19], and [20]
among others. In these systems, as the relaxation time tends to zero, one of the
dependent variables becomes enslaved to another dependent variable, and the system
of equations is reduced by one. The main stability criterion for convergence to the
reduced model is that the chaxacteristic speeds of the hyperbolic system should bound
the characteristic speed of the reduced model. For systems only satisfying a marginal
stability condition, i.e. the speeds are equal, dissipation is added in order to guarantee
that oscillations do not arise in the limit, see [8] for details.
This chapter is an example of relaxation in a system of hyperbolic conservation
laws which are only marginally stable. Disregarding diffusion in the biodegradation
model, the equations may be transformed into a system of hyperbolic conservation
laws. Moreover, a small parameter may be introduced, representing the "relaxation
time," such that when it is small, biodegradation takes place faster than advection.
As this small parameter tends to zero, the model is reduced to a single conservation
law equation with a piece-wise linear flux function. The two speeds of the reduced
system are equal to the speeds of the original model. Without adding dissipation,
I prove strong convergence for weak solutions of the biodegradation model to shock
wave solutions of a single conservation law equation, which is labeled the equilibrium
model.
While solutions to the biodegradation model may become discontinuous in !R, they
are well behaved and, in fact, continuous, in Ljg^(IR). Therefore, one may use boundedness and

equicontinuity of the family of r-solutions to construct compactness
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properties and to prove convergence. This approach is similajr to that in [19]; however,
this chapter includes several different steps because (1) the stability criterion is not
satisfied ajid (2) the bio degradation model has interesting features in addition to the
semi-linear problem addressed in [19]. Without the stability criterion, the stability
in the limit is ensured by the dissipative nature of the nonlinear reaction term. The
structure of the reaction term (the relaxation mechanism) allows one to bound the
solutions (see Theorem 3.4), and to show comparison properties of the solutions (see
Proposition 3.1).
I approach the proof of convergence in several steps. First, I consider a 2x2 version
of the biodegradation model with constant biomass and a simplified degradation rate
term. This model is equivalent to the no-growth, nutrient deficient model studied in
[31]. The method of Natalini, [19], applies directly, although the details of the proofs
require slightly different techniques, see Section 3.4 for details. Secondly, I consider
the no-growth model with the complete nonlinear degradation-rate term. The proofs
of convergence still hold, though the calculations are more intensive, see Section 3.5.
Similarly, the same method applies when M is included in the 2x2 system by means of
its equilibrium function, M = M(5, A), see Section 3.6. Finally, I discuss relaxation
of the fuU three-equation biodegradation model to the single equilibrium equation.
This is addressed in Section 3.6 but the proof is left for future work.
The proof of convergence in the relaxation limit is interesting because of the com
plexities inherent to the biodegradation model. First, the model has two relaxation
mechanisms rather than one. This generates two equilibrium states which exchange
stability over the domain generating a piece-wise linear flux function for the equilib
rium model. In this way, the two-equation model reduces to only one equation in the
relaxation limit. In fact, the 3-equation model also reduces to a single equation since
the third equation tends to a constant almost everywhere. However, the addition of
the third equation introduces growth into the problem, which eliminates the strict
ordering inherent to solutions of the 2x2 system. This makes comparison properties
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difficult and the mechanics of convergence require a different approach.
Though the strict stability criterion is not essential to prove convergence of the
biodegradation model to equilibrium, it is necessary to make sure the system satis
fies another criteria, labeled the "relaxation condition." This condition ensures that
the functions decay to their stable states. Fortunately, it is always satisfied by the
biodegradation model except when both S and A are zero. However, it is explained
in Section 3.2 that this can happen at most on a set of measure zero. This discussion
also provides insight into the singularity of the equilibrium model.
The purpose of this chapter is to prove convergence of solutions of the biodegra
dation model to solutions of the equilibrium model as the relaxation time tends to
zero. In Section 3.1, the literature on relaxation in hyperbolic systems is reviewed.
In Section 3.2, the equilibrium model is derived from the no-growth biodegradation
model with a simplified reaction term. Since the solutions to the biodegradation
model become discontinuous as the relaxation time tends to zero, derivatives do not
exist everywhere and the solutions can only be discussed in a weak sense. In Section
3.4, weak solutions are shown to exist and be bounded. As pointed out earlier, the
solutions are well behaved in L^{R); in fact, while constructing compactness proper
ties, the solutions are shown to be continuous ajid to converge strongly in

to

weak solutions of the equilibrium model.
In Section 3.5, the approach is extended to include the model with its full nonlinear
Monod reaction-term. The steps for which techniques from the previous sections do
not apply are highlighted. Finally, in Section 3.6, relaxation of the full three-equation
model is discussed. To complete this chapter, the results are summarized.

3.1

Literature Review

Relaxation of hyperbolic conservation laws is a well-studied phenomenon (see [15],
[7], [19], [20]); a recent review was written by R. Natalini, [20]. In this section, I
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summarize several of the techniques for proving convergence of a special two-equation
system to a single equation by presenting the results of several recent papers. In
addition, I discuss which of these techniques are applicable to the biodegradation
problem.
In this section I consider the following 2x2 hyperbolic system of conservation laws
with a singtdar perturbation source:
^ + ^ = 0.

(3.1)

dw , dg{u,w)
w*{u)-w
dx
7
'
for (x, T) € K. X (0, GO), and 0 < r << 1. One cissumes that / and g are at least in

{c\R)r-.
The right-hand-side of the second equation has negative slope in tw, so w converges
to w*{u). (Indeed this is the relaxation condition I discuss in the next section. This is
not automatically satisfied in the Biodegradation Model and must be imposed.) The
time required for the system to achieve equilibrium is called r and w*{u) is called the
equilibrium value for w. In this way, the dynamics of w become enslaved to those of
u and the system is reduced from two equations to the following single equation
du

df(u,w*(u))

as r —> 0. This is the equilibrium conservation law equation. This convergence is
expected to hold as long as some sort of "stability" is satisfied in the limit. This
concept was first considered by Liu in 1987, [15].
The main stability criterion for convergence of equations (3.1)-(3.2) to equation
(3.3) is that the characteristic speeds of the first system should bound the charac
teristic speed of the equilibrium equation; this is often called the sub-characteristic
condition. The characteristic speeds of (3.1)-(3.2) are
•^+,—

2^"^"

^ VvAt

9w)^ "1"
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while the equilibrium chaxacteristic of (3.3) is A* = /„ + fwW*. Thus, the stability
condition says that A_ < A* < A+.
This stability criterion for convergence is derived as follows. Let it;'" = w*{u) +
TWi + O(r^), then plugging this into equation (3.2), one finds
= u.^[gu + w^{9w - fu) - IwiKf]
To first order, (3.1) becomes
Ut + f{u,w*{u)% = -T{wif.a,)xUsing the expression for Wi, this can be rewritten as
Ut + f{u,W*{u))^ =
where /?(ii) = ^-u + w'^g-u, — fu) —

(3.4)

(3{u) can also be expressed in terms of the

characteristic speeds of the system, i.e. P{u) = (A^. — A*)(A* — A_).
Equation (3.4) describes the behavior of u whUe r is tending to zero. This be
havior is "nice" if the equation is well-posed. In order for (3.4) to be a well-posed
parabolic equation, one must have that P{u) > 0. This is equivalent to bounding the
chaxacteristic speeds as follows:
A_ < A* < A+.

(3.5)

If (3.5) holds, then the convergence of (3.1)-(3.2) to (3.3) is said to be stable. If the
inequality is not strict, then the convergence is called marginally stable.
Such systems arise often from physical models. For instance, in traffic flow, the
relaxation time is the lag time in the response of a driver and a car to changes in traffic
conditions. Similarly, in flood waves, r is the time for the frictional and gravitational
forces in a river bed to reach equilibrium. Relaxation is also important in modeling
gases not in thermodynamic equilibrium, kinetic theory and more general waves.
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3.1.1

Results for 2x2 Systems of Conservation Laws

As long as solutions to the equilibrium equation are smooth cLnd the sub-characteristic
condition is satisfied, the convergence in a suitable norm can be shown. However,
solutions to conservation law equations generally become discontinuous in a finite
time and are described by shock waves. The authors of [8] and [7] proved convergence
almost everywhere to shock wave solutions for particulax systems via the method of
compensated compactness. Natalini, in [19], proved strong convergence to shock
waves for a semi-linear 2x2 system by showing that the sub-characteristic condition
implies the needed compactness properties.
Chen and Liu, [8], prove convergence of two models to their respective relaxed
states using the method of compensated compactness. The first model is for viscoelasticity and satisfies the stability condition (3.5). They prove the existence of entropy
pairs for the model and use these to find energy estimates on the solutions. Then they
use compensated compactness to show convergence to a unique weak solution to the
equilibrium model. The second model they study describes phsise transitions. In this
case, the convergence is marginally stable, so they add a diffusive term to stabilizes
the limit.
Chen, Levermore and Liu, [7], introduce a more generalized notion of entropy
which they utilize in the convergence proof. This entropy condition encapsulates a
stronger sense of "stability," and ensures dissipativity of the system. This condition
guarantees the aforementioned stability condition. By using compensated compact
ness, they prove convergence for a special 2x2 system satisfying the general entropy
condition.
Natalini, in [19], studied a 2x2 semi-linear model (in (3.1)-(3.3), f ( u , w ) = w , and
g{u, w) = au). In this specialized case, he found a stronger ajid more straight-forward
approach to proving convergence as r —0. He shows that the stability condition
directly implies compactness properties of u and w. In fact, he proves equicontinuity
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of the family of solutions with values in

(to aJlow for discontinuities). However, for

the quasi-lineaj model, the stability condition does not imply the needed compactness
properties.
3.1.2

Applications to Biodegradation Model

The techniques I use to prove convergence of the biodegradation model to its equilib
rium model dijffer from those discussed above for several reasons. First, the model has
two relaxation mechanisms rather than one. In other words, w can tend to two differ
ent functions of u depending on the domain. Moreover, the two equilibria exchajige
stability over the domain. Second, the equilibrium speed is NOT sub-characteristic;
i n fact, A_ < A* < A^., where A_ = v / R , A + — v a n d X* = v / R i i u > 0 a n d X* = v
if u < 0.
In this example, the stability condition is less important than ensuring that w
tends to its equilibrium states in the limit. This requirement is automatically satisfied
in the general system of equations (3.1)-(3.2). However, in the biodegradation model,
the relaxation condition must be imposed in order to guarantee that w decays to
a function of u. Strictly bounding the wave speeds is not as crucial. This can be
understood in a more general sense as well. In the general model, as the relaxation
time tends to infinity, the solutions form two waves moving in opposite directions
at different speeds. However, in the biodegradation model, as r —+ oo, the three
equations become decoupled, and the two fronts move along without interacting, at
separate speeds but in the same direction. In the opposite regime, r —0, one must
simply know that the equilibrium wave speed lies between that of the two fronts.
The biodegradation model has many qualities which malce it suitable for study
ing convergence. For instance, the model is semi-lineax allowing aji approach similar
to that of Natalini. Although it does not satisfy the stability condition (which im
plies compactness properties for Natalini's model), one may rely on the dissipative
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properties of the biodegradation reaction to stabilize the limit instead of adding a
dissipative term (as in Chen and Liu) and to bound the solutions in L^(IR.)^. Finally,
the equilibrium equation contains a piece-wise linear flux function (rather than a fully
nonlineaj flux). Thus, the shock solutions are easy to find ajid analyze.

3.2

The Relaxation Problem in the Biodegradation Model

In aquifers with low permeability, biodegradation occurs much more quickly than per
meability dependent processes like advection. This can be reflected in the Biodegra
dation Model by transforming the space and time scales such that t —* (t/r) and
X

(3:/t), where r reflects the time scale of the biodegradation transformation and

is considered to be bounded by zero ajid one. The model, equations (1.1)-(1.3), reads:
dS =

-B

dt
T '
dA
dA
—75
+ "9^ =
dt
r '
dM
YB
-(M-Mo),
dt
T
T

(3.6)
(3.7)
(3.8)

where B is the biodegradation rate term given in equation (1.4). The initial conditions
are (S,A,M)(x,0) £ (L^(1R.))^ where
Um (5', A, M)(x, 0) = (5+, 0, M Q),
X—r+OO

Um (5, A , M ) ( x , 0) = (0, A_, Mo).
X—30

(3.9)

Throughout the rest of this chapter, without loss of generality, I associate i = 0
with the time at which the front in A crosses the S front by at least one point in
space. This wiU always happen in finite time because i? > 1 and so v > {v/R). The
initial conditions are defined accordingly.
If r is small, the concentration profiles form sharp fronts in space ajid the reaction
zone is localized and narrow. Indeed, the width of the reaction zone is of order r.
The interesting dynamics occur in this small zone, while outside the zone, the three
concentrations maintain fixed boundary values to the left of the front, and intimal
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FIGURE 3.1. Relaxation of traveling wave solutions. The three plots show traveling fronts
for concentrations of contaminant S, nutrient A, and biomass M for r = 1, 0.5, and 0.25
at time = 70, 140, and 210 days. As T decreases, the fronts shaxpen.

values to the right of the front. This pheaomenon is shown in FIGURE 3.1. It shows
solutions to system (3.6)-(3.8) for three different values of r at three consecutive
times.
In the next several sections, I consider the behavior of solutions to the 2x2 system
(3.6)-(3.7) as r ^ 0. I assume M = MQ and B = kMoSA, where k is some positive
constant. The model is written as

as

as

-kMo^^

dA

aA

—kMoj ^

,

In Section 3.5,1 consider the Monod reaction term B = k M o S A / { { K s + S ) { K A + A ) ) .
As in the 2x2 system in the last section, much of the current literature is based on
systems of hyperbolic conservation laws. Note that the system (3.10)-(3.11) may be
transformed into a system of hyperbolic conservation laws by taking advantage of the
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conserved quantity, f { j R S — A ) , as in [31]. Consider new variables, (6^, W ) which are
linear c o m b i n a t i o n s of t h e variables ( 5 , A ) a s follows: U = ' ) R S — A ^ W = ' y S — A .
The new system of equations reads:
dU

dW

dW

V
^

^

^ ^ dx

dx

^^0 . { U - W ) { U - R W ) . (3.13)
R{R-1)T

The first equation, (3.12), is a conservation law equation for U. The second equation.
(3.13), is a conservation law with a relajcation mechanism on the right-hand side.
As T tends to 0, the relaxation mechanism tends to 0, giving rise to the equilibrium
values for W. Setting the right side of equation (3.13) to zero, one finds that W is
equal to either U or C7/i? at equilibrium.
There axe three steady states in the system (3.12)-(3.13): (0,0), ( U . U ) and
{U,U/R). To determine which point is stable^ note that the derivative of

with

respect to W is negative at any stable point. In other words,
W' <

(3.14)

at a stable equilibrium point, see FIGURE 3.2 for an illustration. The point {U, U )
is stable \i U < U/R, which is satisfied if U < 0. Similarly, the point, {U,U/R), is
stable if U < RU, which is true if U >0. However, the point (0, 0) cannot satisfy
the condition (3.14). Therefore, the so-called "relaxation condition" for (3.13), or
equation (3.14), shows that the stable states for W vary depending on the sign of U:
W

U if U < 0 and W —^ U/R if U >0. Moreover, the point (0,0) is unstable.
Equation (3.14) is satisfied for aJl U and W except when they are both zero.

Indeed, by using the definitions for U and W in terms of S and A, it is clear that
W

jfl

W <U,

(3.15)

for all nonzero W , U { S , A equivalently). Therefore, the relaxation condition (3.14)
is always satisfied except at the origin.
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w

W=(R+1)/(2R)U
W=

U

U
W<(R+1)/(2R)U

/

V

w<u

FIGURE 3.2. Diagram of the relaxation condition in the { U , W ) plane. The dark shaded
region satisfies the inequality 3.14, while the lighter shaded area satisfies 3.15.

This singularity at the origin can only occur on a spatial set of measure zero. At
this unstable point, the fronts in S and A have pulled apart. However, the difference
in advective velocities causes the A front to surpass the S front instantaneously. In
other words, if the front in A fails behind the front in S at one point, then A will
immediately advect faster than S, crossing that point. Thus, the biodegradation
system corrects itself automaticaily, constantly pulling away from the unstable point
(0,0) toward a stable point.
As r tends to 0, the system of equations (3.12)-(3.13) is reduced to only one
equation, labeled the equilibrium model:
(3.16)
(3.17)

Equation (3.16) is a conservation law equation with a piece-wise linear flux term,
(3.17), and a bounded initial condition satisfying
lim U { x , 0 ) = j R S ' ^ ,

X—>-+oo

lim U{x,0) =—A-.
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Given an initial profile for U , for those x such that U { x , 0 ) < 0, the value of
U will b e t r a n s p o r t e d a l o n g a t s p e e d v . Similarly for t h o s e x s u c h t h a t U { x , 0 ) >
0, t h e solution U will b e t r a n s p o r t e d a l o n g a t speed v / R . Recalling t h a t R > 1 ,
then

V

> v/R, and a discontinuity (initial layer) will form in U as soon as t > 0.

This discontinuity forms a shock wave with a speed satisfying the Rankine-Hugoniot
condition,
_ ^U{x^,t) - U{xi,t)
^ U{xr,t) - U{xi,t)
where U{x.r,t) is the value of U on the right hand side of the shock and U { x i , t ) is
the value of U on the left hajid side.
Note that c is time-asymptotically equivalent to the traveling wave speed of (3.12)(3.13) derived in Chapter 2. As t ^ oo, U converges to its boundary states and the
solutions tend to step functions. To the left of the shock, {U^W)
almost everywhere as t

(—.4_,—-4_)

oo. To the right of the shock, {U,W) —»• {•^RS^

almost everywhere as t ^ oo.
Remark 3.1. The characteristic speeds of equation (3.16) are v and vfR which are
equal to the characteristic speeds of equations (3.6)-(3.8). Thus the convergence of
the system is said to be marginally stable.
Remark 3.2. It is interesting that MQ plays no role in the equilibrium model. It
does not enter the speed of the fronts nor the shapes of their profiles. Instead, it only
affects the rate of convergence to equilibrium.

3.3

Hyperbolic Existence and Comparison Results

This section is a review of several standard results for hyperbolic systems that are
employed in the rest of the chapter. They are taken directly from [19] and [20].
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Consider the Cauchy problem
dui

dui

= S.(Cr).

(3.18)

r r{f x^ , 0n^) =
_ U
rTOf^\
U
°{x),

(3.19)

for { x , t ) € M. X (0,oo). The vector U has N coinponents, U = (UI, U2,

• , UJV), and

A," G R for 2 = 1, ... , iV. The reaction term, G{U) = {gi{U), ... , gif{U)) is at least

a locally Lipschitz continuous function. One also assumes that

= (ui, ... ,

is

in L=°(R)^.
Definition. 3.1. A function U in L^(M. x {0,T))^ for T > 0 is a weak solution of
(3.18)-(3.19) if for all (f) E C ^ ( 1 R x ( 0 , T ) ) and e v e r y i = 1 , . . . , N ,

Theorem 3.1. For any C/° € L°°(R)^, there is a T > 0 such that in R x (0, oo)
there exists a unique weak solution U of (3.18)-(3.19) and U € C ([0,
Moreover, there are only two possibilities: either U 6 L'°(IRx (0,7"))^^ for anyT > 0,
or there exists a T* such that for any T <T*, U is defined on M. x (0,7") and
II^IU=°(i2x(0.T))-^' — +00Theorem 3.2. Let U and U be two weak solutions to (3.18)-(3.19) in R. x (0,Ti)
for G,

and G, TJ^ respectively. For each interval

G R and for all t 6

(0, min(Ti,T2)), one has
N'

pP-Lt
-Wi(x,t)i dx

i=l

1=1

+

N ft pP-sL
E/ /
sgn(ui - Ui){gi{U) - gi{U)) dx ds.
Jo Ja+aL

where L = maxi<i< j v (A,) and T2 = (/? — a)/(2L).
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Definition 3.2. Let Q. be a convex set of

. A function G : Q —>•

is quasi-

monotone (non-decreasing) if each component Qi of G is non-decreasing in Uj for
i #iThe following theorem is useful for proving equicontiauity in time of functions in
L^. It is originally due to Kruzkov, [14] .
Theorem 3.3. Let u be a measurable bounded function in [0, T] x {—D — /IQ, Z) + / IQ)
with T, D, ho >0 and fo E ^([0, ho)] a non-decreasing function with /d(0) = 0, such
that, for every t G (0,T), |/i| < /iq,
\u{x -\-h,t) — u(x,t)\ dx < /zj(|/i|).
D-ho

Moreover, let the following condition be satisfied:
D

1/ (•u(x, t

e ) — u ( x , t))<p{x) d x < eCD\\<i>\\c^

'-D

for any t, t + e G (0, T), for any (p € CQ{[—D, D ] ) , and for s o m e constant C o - T h e n
for any 0<t<t-\-£<T there holds
c£>

i: \ u { x , t + e ) — u { x , t ) \ d x < f o i s ) ,
'-D

where
/D(£) = Co ma (i +/odftl) + |ft|) .

3.4

Relaxation in the 2x2 Simplified Model

In this section, I prove convergence of weaJc solutions to (3.12)-(3.13) to shock wave
solutions of (3.16)-(3.17). This is done in several steps: first, I show that solutions
to (3.12)-(3.13) exist, are unique, and bounded for any r > 0; second, I demonstrate
compactness properties of the solutions independently of r; finally, I show that in
the limit r
(3.16)-(3.17).

0, the r dependent solutions converge to the unique weak solution of
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3.4.1

Existence and

Estimates

The following theorem proves existence and boundedness of weak solutions to equa
tions (3.12)-(3.13). In [19], the sub-characteristic condition is needed to find the
estimates. In this case, they follow directly from the hyperbolic structure of the
system and the nature of the reaction terms.
Theorem 3.4. L e t {UQ{X)^ WQ{X)) be u n i f o r m l y bounded i n

T h e n , V r > 0,

there exists a unique globally bounded solution, {U'^{x,t),W'^{x,t)), to (3.12)-(3.13)
in C([0, GO);
||C/'^||L=O = max(A_,7i25''"),
Proof: Proving the existence of solutions

= max(A_, 75"'").
,W~) to (3.12)-(3.13) is equivalent to

showing the existence of solutions (S"^, A'^) to (3.10)-(3.11) which is a semi-linear diagonalized system. As long as (5o, Aq) 6 L^{R)'^, Theorem 3.1 shows that there exists a
T > 0 such that there is a unique weak solution to (3.10)-(3.11) in C([0, T];
To prove existence of solutions for all T < oo, it is necessary to show that the solutions
{S^,A^) are in L°°{R x (0,7))^.
The following equations are useful in obtaining the bounds.
S ' ^ { x , t ) = So{x — { v / R ) t ) e

A^{x,t) = Ao(x — vt)e

(3.20)

where

Solving equations (3.10)-(3.11) along their respective characteristics, the equations
for 5"^ and

given in (3.20) are obtained. Their initial concentrations are non-

negative a n d therefore t h e entire expression m u s t b e non-negative ajid S'^{x, t ) > 0
and A'^(x, t) > 0.
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The mcLximuin bounds axe calculated from equations (3.20) as well. As (5"^,
are non-negative, ki and k2 must also be non-negative. Therefore, S'^ is bounded by
the maximum of So(x) and

is bounded by the maximum of >lo(2;)- By definition,

S ' ^ { x , t ) < 5"^ a n d A ^ { x ^ t ) < A —
Finally, since (5"^,

G

x (0,T))^ then the solutions {V^are in the

same space and there is a unique weak solution to (3.12)-(3.13) for all T" > 0 Ln
C([0, GO);
3.4.2

The proof is complete.

Compactness Properties

In this section, I demonstrate compactness properties for equations (3.12)-(3.13). I
begin by showing that this model satisfies the quasi-monotonicity requirement de
fined in Section 3.3. This allows me to prove a comparison theorem, which yields
equicontinuity of the r family of solutions in

in space. Relying on the relaxation

condition, I show that equicontinuity in time holds as weU.
My approach is based on that of [19] and depends on comparison properties to
show equicontinuity in L^. The comparison results given in Section 3.3 are based
on diagonal hyperbolic systems. I establish similar comparison properties for the
diagonal system of S and A given in (3.10)-(3.11). I begin by defining a new variable,
N = —A with N < 0. The system is rewritten in {S, N) as:

In this form, G { S , N ) = {91,92) is quasi-monotonic, as defined in Section 3.3. This
is a necessary condition for the model studied in [19], where this condition implies the
sub-characteristic condition and the compactness results. In our case, this condition
is essential as weU, for it guarantees the ordering of solutions. Indeed, this is the
condition that is not satisfied for the fuU three-equation model, equations (3.6)-(3.8).
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This is discussed more in Section 3.6.
The following comparison theorem holds:
Proposition. 3.1. Let S and S solve (3.21) with S{x,0) = SQ{X) and S { x , Q ) =
SQ{X). Similarly, let N a n d N solve (3.22) with N[x^Q) = NQ{X) and N { x , 0 ) =
NQ{X). In addition, let the initial conditions be bounded in L^(IR). Then, for a t > Q
and for any interval {a, b) G M.,
i-b

f

7i?|5(x,i) — S'(x,t)l + |A''(s,t) — A''(x,f)| dx

*/ a

pb+vt
< /
7i2|6'o(x) - i'oCx)! + |iVo(x) - N o { x ) \ d x .
J a—vt
Proof: By Theorem 3.2, the following inequality holds
fb

J
Ja

7 i ?|S'(x, t )

_
— S ( x , t)| + |7V(x, t ) — N { x , i)| d x

AO-TVt
b~k-vt
< /
7i?|5'o(x) — 5'o(x)| + |A^o(x) - A''o(a:)| dx
J a—vt

kMn
'

/"'

fb+v(t-.,)

JQ J a—v{t—s)

_

{ S N - S N ) i s g n { S - S ) - s g n { N - N ) ) dxds.{Z.23)

Then, { S N — S N ) can be written as { S { N — N ) + N { S — S ) ) . If the signs of (5" — S )
and {N — N) are equal, the double integraJ is identically zero. If the signs are not
equal, a straightforward analysis shows that the double integral is less than or equal
to zero. The result foUows and the proof is complete.
Corollary 3.1. Let
be uniformly bounded in

solve equations (3.12)-(3.13) and let {UQ{X),WQ{X))
Then, for any interval {a,b) € R and for any

t > 0, there exists a function fi{t,h) in C{0,T) x [0,/io] "ot depending on r and with
fi{t, 0) = 0 such that

f
Ja

\U{x ^ Kt) - U{x,t)\ •\-\W{x ^ h,t) -W{x,t)\ dx <

for any h < ho.

fx{ h ) ,

(3.24)
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Proof: By Proposition 3.1, and since S = (U—W)/{'j{R—l)) and A = { U — R W ) / { R —
1), the left-hand side of equation (3.24) is bounded by
'
7i2|5' o (x + h ) — 5o(s)| + |iVo(z + /i) — A'o(a;)| d x .
a~vt
This is clearly a bounded and continuous function of h and t such that it is zero at
^ = 0.

Proposition 3.2. Let {Lf^,W"^) solve equations (3.12)-(3.13) and let {UQ{X)^WQ{X))
be unifoTmly bounded in

Then, for any interval (a,6) G E. and for any

t > 0, there exists a function f2{t,£) in C(0,T) x [0,£o] not depending on r and with
f2{ti 0) = 0 such that
b

L \U'^{x, t-k-e) —

i)| d x < f2{e),

(3.25)

for any e < Eq.
Proof: By Theorem 3.3, equation (3.25) is true if

\ f ( U { x , t + s ) — U{x,t))(/)(x) d x < eC\\(j)\\c-.
IJ a

for any (b € C~([a, 6]) and some constant C. Following the proof given in [19] exactly,
the result is

VM

dtU'^{x, s )

(j>{x) d x

• i r r —vdxW"^{x, s ) d s ^ (p{x) d x
= ! / { /

t / W ' ^ ( x , s ) ds^ dx(p{x) dx\

< et;(6-a)||P^-|U^||0||cxaa.6]).
Equation (3.25) follows from Theorem 3.3 and Corollary 3.1.
Proposition 3.3. Let

solve equations (3.12)-(3.13) and let {UQ{X),WQ{X))

be uniformly bounded in L°°(IR)^. Then, for any interval {a,b) € M. and for any
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f > 0, theTC exists a function fz{t,e) in C(0,T) x [0,eo] not depending on r and with
fz{t, 0) = 0 such that
(3.26)
for any s < e^.
Proof: As in the last proposition, by Theorem 3.3, equation (3.26) is true if

for any 0 € C"([a, 6]) and some constant C. This proof does not follow exactly from
[19] for two reasons: (1) the left-hajid side of equation (3.13) has derivatives in both U
and W (rather than just U) and (2) the right-hand side of equation (3.13) cannot be
written as f{U) — W where / is a Lipschitz function of U. Fortunately, the right-hand
side is a Lipschitz function of U and W.
Let

= W"^{x, t + s ) and

= i7'"(x, t -t- e ) . Using (3.13),

a,(w^ -w^)+v{i +

-vT)-

- u') =
(3.27)

where G{U,W) = (JJ — W){U — RW). It is useful to rewrite the right-hand side of
equation (3.27) as a(Fi(C/^ - U^) -h F2{W^ - W^)) where a =
Fi = {Ul -f

- (i? + l)Wl),

and

F2 = {R{W^ + W^) -{R + 1)U^).

The function Fo can be expressed in terms of the partial derivative of G with
respect to W
/ dwG{U, e W + { l - e )We)
The sign of F2 is known from the relaxation condition which says that dwG < 0,
see equation (3.14) which was discussed in Section 3.2. This is satisfied everywhere
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except at { U , W ) = (0,0) by equation (3.15). Therefore, let us write dwG < —S
almost everywhere for some positive 5. Equation (3.27) becomes
dt\W^ - W^\ - aF2\Wi - W^\ =
-sgn{W^ - W n (5x(C/J -

(3.28)
- W^) +

+ {R +

aF,{U^

- U'')) .

Since —Fo > 5, a lower bound of the left-hand side of (3.28) can be found using
as an integrating factor. Integrating in time, multiplying by 0 6 C^([a, 6]) and
integrating from a to b, the following is obtained
I / (WJ - W ) ( P { x ) d x \ < I f e-'^^\W^{x,e) \J a

\

O))0(x) dx

\Ja

+a I [ e-""0(x) [ Fi{Ul \Ja
JQ

ds dx

+^\J^ e-''"0(x)j^ d^{Ul -

ds dx

+

1/ ^"""^^(2:)

d^iWi -

ds dx .

In other words, I < Ii + I2 + I3 + I4. Let us approach each part of the four integrals
separately. First:
Ji = e —aSt

j / {W'^{x,e) — W'^{x,0))4){x) d x
1J a

< e —aSt m < l{e)
where I is a function only of e and /(O) = 0.
Recalling that a is order I/r, bounding the second integral depends criticciily on
the fact that ^ > 0 and then follows from Proposition 3.2:
I2 = a \ [ e-°"0(x) [ Fi{Ul \Ja

< a:||Fi|U=o||0||ei I r f
\Ja Jo

< a/2(£)||Fi|U=o||0||ci f

Jo

<

ds dx

Jo

J/2{£)(«-I)(75+ + ^-)IHIC>-

- U^) ds dx
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The £ bound on the third integral follows from integration by parts with 0 and
by Proposition 3.2:
h =

dsdx
[ d^(t>{x){Ul - ^7") ds dx
Ja

^ ^I /

R \ JQ

<

Ra.6

Finally, the fourth integral uses equation (3.12) but is otherwise similar.
h = v{R + 1) '
R

<

ds dx

\la

1/ Jo

~

<

- C/-)|Uo) d s d x

f

+a61 / <p{x)
{Ul \Ja
Jq
<
<

ds dx\

2(/2+l)

1

ll*f'llc./2(£) + a«^^^||^||c./2(£) /'
R
3{R + 1)
\\(f>\\c^f2{£)R

ds

Therefore,
I < Ke) + ll<Mlc./2(£)i

_ i)(^5+ +^_) + ^ + 35(1 + i)^ ,

and the result follows from Theorem 3.3 and CoroUary 3.1.
3.4.3

Convergence

In addition to compactness properties, one must establish that the limiting func
tions indeed solve equations (3.16)-(3.17) and are in the correct function space. The
next two propositions construct the r-dependent expressions for deviation from the
equilibrium functions. Theorem 3.5 proves convergence.
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Proposition 3.4. Let{U'^^W"^) be global solutions t o equations (3.12)-(3.13) and let
(C/o(2r), Wo(a^)) be uniformly bounded in

For any t G (0, oo), there exists an

interval {a,b) G M. such that ifU'^{x,t) < 0 for all x € {a,b) then
lim-r^o / \W'^{x,t) — U'^{x,t)\dx = 0.
Ja
Proof: Note that 5^ = {U^ - W ^ ) I { ' ^ { R - 1)) and

(3.29)
- R W ^ ) / { R - 1). To

find the estimate in equation (3.29), it is equivalent to find a bound on 5"^. Hence,
consider the equation

where I have expressed A as ' ) R S — U . Given that U'^{x, £) < 0 for x 6 (a, b) and
some t > 0, the following inequality holds
dS^ , vds^ ^
dt
R dx ~

2
T

Integrating in space over (a, 6) and usiag the Cauchy-Schwartz Inequality,

a,

^

Using the solution to the ordinary differential equation dtg{t) + g^{t) = a^, I bound
the integral of S by

J

|'S'^(a;,i)l dx < ^

r{b — a ) u 5 + / 1 +
RkMoj

where a { t ) = 2 t y ^ v S ' ^ / R + /j'|5'o(x)| d x . The integral of 5"^ goes to zero like -v/r.
Moreover,
[

0 - C'-Cx.

The proof is complete.

< , ( R - 1)^/5^^(^) .
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Remark 3.3. If, instead of imposing that U < 0 , I require that U < —f3 for some
positive P, the rate of convergence is order r instead of y/r. This is shown by bounding
equation (3.30) by a constant times —f3S. Then using this term to find an integrating
factor, the equation can be integrated and bounded by a function of order r. This
shows that the convergence rate changes atU = 0. In fact, convergence is slower near
the front (U = 0) than away from the front.
Proposition 3.5. Let {U"^,W'^) be global solutions to equations (3.12)-(3.13) and let
{UQ{X), Wo(2;)) be uniformly hounded in

For any t € (0,oo), there exists an

interval (a, 6) 6 R such that ifU"^{x,t) > 0 for all x E (a, 6) then
lim^^Q f \ R W ' ^ { x , t ) — U'^{x,t)\dx = 0 .

(3.31)

Ja

Proof: This proof follows that of Proposition 3.4 exactly, finding a bound on

rather

than U — RW. Consider the equation

where I have expressed ' y S as { A - ' r U ) / R . Given that U ' ^ { x , t ) > 0 for a; 6 (a, 6) at
some t > 0, the folloAving inequality holds

Integrating in space over (a, b) and using the Cauchy-Schwartz Inequality,
A'^{x,t) d3^ +

(^J

Using the solution to the ordinary differential equation dtg{t) + g^{t) = a?, I bound
the integral of A by

J

\A'^{x,t)\ d x < y

r R { b — a ) v A ~ f 1+
kMo
Ve'^W-iy'
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where a { t ) = 2 t y / v A - +

| J4O(X)| dx. The integral of

goes to zero like y/r.

Moreover,
£ \ R W - ( x , t ) - U ^ ( x ,t ) \ d x < ( R -

.

The proof is complete.
Theorem 3.5. Let

be global solutions to equations (3.12)-(3.13) and let

{ U Q { X ) , W Q { X ) ) be uniformly bounded i n

T h e n , there exists a subsequence,

still denoted {U^•, W"^), and a weak solution u to (3.16)-(3.17) such that
(C/", W ^ )

{u, u)

^ {u,{llR)u)

ifV

(3.32)

ifU^>^

(3.33)

in C([0, oo); L[„^(IR))^ as r —f 0.
Proof. By Theorem 3.4, the solutions {U'^, W"^) exist and are bounded for all x € K.,
t > 0, and r > 0. By Corollary 3.1 and Propositions 3.2 and 3.3, the solutions are
eqiucontinuous in L}^^{R). By the Arzela-Ascoli Theorem, the solutions to (3.12)(3.13) converge in L}^(M.) to functions in C([0, oo); L[^(R)) as r —)• 0. Moreover, by
Propositions 3 . 4 a n d 3.5,

converge t o { u , F { u ) ) w h e r e F { u ) = u if u < 0

and F { u ) = ^ if u > 0 and u is a solution of (3.16)-(3.17).

3.5

Relaxation in Two-Equation Model

In this section, I consider relaxation of the biodegradation model with the full nonlinear degradation term:
^
^ _
-kMpSA
dt'^^dx
t{KS + S){KA + A)'
dA
dA _
-kMo-fSA
dt^'"dx ~ T{Ks-^S){KA + Ay

(3.34)
(3.35)
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By Theorem 3.4, there exist unique weak solutions (5"'^,

to equations (3.34)-

(3.35) for bounded initial conditions. In fact, the same bounds hold. Moreover, by
defining N = — A , t h e reaction terms c a n b e considered quasi-monotonic i n { S , N ) .
Therefore, I have a comparison theorem identical to Proposition 3.1. In fact, there is
only a slight difference is in the proof. On the right-hand side of equation (3.23), we
obtain
(s,niS - S) - sgn(N -

- N)(S - g) + SK.(K, + S)(N - N)
(Ks + S)(irx - N)(Ks + S)(KA - N)

By a straightforwaxd analysis, this is shown to be less than or equal to zero for aU
(x, t) and the comparison theorem holds.
In conservative form, the equations (3.34)-(3.35) are;
9U
dW
„
aT + " sT =
dW
V
,,dW

dU

k-yMoiR
R'^T

where F = F { U , W^) > 0 and F = { K s i { R

1)

(3.37)

- W){KA{R - L )+U - RW).

equicontinuity in space of solutions in (t/", W) is then guaranteed as in CoroUary
3.1. In addition, equicontinuity in time for U follows as in Proposition 3.2. Similaxly,
Proposition 3.3 follows as long as the difference in the two reaction terms (the righthand side of equation (3.27) can be expressed as Fi{U^ — U"^) -f F2(W'g — W"^) where
Fo < —S for some 5 > 0. A direct calculation shows that
ab(2U - { R + 1)P^) + a{U - R W f + b{U - w f
{ a +U -W f { h+U - R W y
ab{ 2 R W -{R + l)U) - a{U - RWf - bR{U - wf
F2 =
{a + U - W ) ^ b + U - R W y
a = Ksi{R-l).
b = KA{R-11
Fx

=

and Fi > 0 while F2 < 0. Therefore, (17, W)^ solutions to equations (3.36)-(3.37) are
equicontinuous in space and time.
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The final step is to show convergence to the correct equilibrium functions. For
U < 0, I bound equation (3.34) where A is expressed as jRS — Urn the following
way:
dS^
V dS-"
dt ^ R dx

_
~

-kMoS^i-yRS^ -U^)
TR{KS + S){KA + A)

<

-^^0^
(S-n2
rR{Ks'\-S+){KA-^A.y ' '

-

Following the same approach as in Proposition 3.4, the following bound is obtained

\ w ^ l x , t ) - U ^ x , t ) \ d x < j ( R - 1)V? f jJrZT ) •
where
,
ib-a)vS^{Ks + S-^){KA + A . )
P= J
RkMoj
'

.
2 t y / v S + / R + J l^oCar)! d x .

Similarly, using the same approach to show convergence to equilibrium for £/ >0,
the following is obtained

J

\ R W \ x ,t) - U^(x,t ) \ d x < ( R - 1)0V^

/1 _l_ e""!') \
_ \,

where
.
R(b- a)vA-{Ks + S+)iKA + A_)
/? — y
kMo
'

,.

f'. ^
^
~ 2 t - \ / v A - + J |.i4o(x)[ dx.

Therefore, the following theorem holds:
Theorem 3.6. Let

be global solutions to equations (3.36)-(3.37) and let

{U Q { X ),W Q { X )) be uniformly bounded i n L'°(1R.)-. T h e n , there exists a subsequence,
still denoted (W^yW^), and a weak solution u to (3.16)-(3.17) such that
{U^,W){u,u)
{ V ,W ^ )
as r

0.

(u,{lfR)u)

i/(7^<0
ifU-'>Q
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3.6

RelcLxation in Three-Equation Model

Convergence of the full Biodegradation Model, (3.6)-(3.8), to the Equilibrium Model,
(3.16)-(3.17) cannot be proven by the same method. The approach in Sections 3.4
and 3.5 does not work because the three-equation system doesn't satisfy the quasimonotonicity property. Therefore, Proposition 3.1 cannot be obtained nor any of the
following corollaries. Even if these properties were somehow achieved, the growth
terms in M must be bounded in order to obtain

solutions. In particular, it would

be essential that
y c+4
^

= iKs^S*)iK:^A.y

in order to bound M by
bMo
b-Y*
Remark 3.4. This is an interesting parameter restriction. In [31], it was found that

for b > Y*, traveling wave solutions are stable in the biodegradation model. In the
n e x t c h a p t e r , I w i l l d i s c u s s o s c i l l a t o r y s o l u t i o n s , w h i c h a r e o n l y possible f o r b < Y * .
A step intermediate to the full model and the two-equation models is to assume
M achieves its equilibrium value faster than S and A reach equilibrium. For r = 0
in equation (3.8), M becomes a function of S and A as follows
^

bM^(Ks + S){Ka + A)
+ X) - Y k S A•

Inserting equation (3.39) into equations (3.6)-(3.7), and applying the same techniques
in the previous sections, it is shown that this model converges to the equilibrium
model. In fact, the reaction terms are quasi-monotonic, and the rest of the method
follows directly. The following theorem holds:
Theorem 3.7. Let (5"^, A'^) be global solutions to(3.6)-(3.7) with M given by equation

( 3 . 3 9 ) . A s s u m e b > Y * a n d l e t ( 6 ' o ( x ) , J 4 O ( s ) ) be u n i f o r m l y b o u n d e d i n L ^ ( I R ) ^ .
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Then, there exists a subsequence, denoted
W"^ = 76"^ —

where

= jRS'^ —

and

and a weak solution u to (3.16)-(3.17) such that
{U^,W^) ^ {u,u)

ifU^<0

^ {u,{l/R)u)

ifU^>0

i n C([0, 00); LLiR)? a s T ^ O .
A similar result is expected to hold for the fuU model which includes the nonequilibrium function for M. Noting the similarity between equations (3.6)-(3.8) and
the BroadweU Model for gas dynajnics, it may be possible to use the approach in
[5]. In this paper, the authors prove convergence of the BroadweU Model to the
fluid dynamical approximation. The BroadweU Model consists of a 3x3 hyperbolic
diagonal system which, like the 3x3 biodegradation model, does not satisfy the quasimonotonicity condition. However, in [5], convergence is shown by assuming that the
solution is near equiUbrium initially, and then proving it remains close for all time.
This technique may work for the biodegradation model, though it has not yet been
appUed.

3.7

Summary and Conclusions

In this chapter, I have shown that weak solutions of several two-equation versions of
the biodegradation model, (3.12)-(3.13), converge to shock wave solutions of (3.16)(3.17) as the relaxation time, r, tends to zero. Convergence is achieved by employ
ing the Arzela-AscoU Theorem which requires bounded solutions (Theorem 3.4) and
equicontinuous solutions (CoroUary 3.1, Propositions 3.2 and 3.3). The only necessary
hypotheses are bounded initial conditions and that R > 1.
The relaxation limit reduces the hyperboUc system of two equations to a single
conservation law equation. AU of the interesting transitional behavior of the biodegra
dation model is encapsulated into the shock wave arising in the equiUbrium model.
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Whether the wave profiles are fixed or oscillatory in time, the limit r —)• 0 forces
aU the dynamicaJ behavior into a region of order r. In the limit, all of the detailed
behavior is no longer evident since it is absorbed by the shock. On either side of the
shock, solutions achieve their boundary values. The shock travels at the speed of the
traveling waves found in Chapter 2. The equilibrium solution is robust enough to
capture the global dynamics of the biodegradation system while neglecting the local
details.
In order to study the existence of oscillations, it is necessary to study equations
(3.6)-(3.8) in a different frame. Instead of collapsing the transitional layer into a small
region, this layer should be expanded to exajnine the periodic behavior by looking
in the (s/r, t) plane, or ((x — ct)/r, t). There, any oscillations would be order one
(rather than order e) ajid would not converge to the equilibrium solution. By applying
the same approach, convergence should only be valid for solutions with no persistent
oscillations. This is currently being studied in order to better determine parameter
regimes in which oscillations die out.
The relaxation limit in the two-equation biodegradation model is interesting be
cause its convergence is well-behaved even though the stability criterion is not satis
fied. Indeed, the dissipative and quasi-monotonic structure of the nonlinear reaction
term guarantees convergence without the strict stability condition. Moreover, this
proof is the first for a hyperbolic system with two relaxation mechanisms.
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Chapter 4

MODELING REACTION ZONE DYNAMICS
Theorem 2.1 in Chapter 2 guarantees the existence of a traveling wave solution for
any set of parajneters, though it does not ensure that it is stable. The results of
Chapter 3 suggest that properties of solutions to the biodegradation (BD) model
may vary with certain parameters. Indeed, in some parameter regimes, oscillatory
solutions, rather than traveling wave solutions, are robust. Oscillations are induced
by increasing i?, increasing Y relative to 6, and decreasing KS and KA- However, it is
difRcult to predict which parametric combination leads to oscillatory solutions. Luce^
and I began to study oscillations in the BD model in the fail of 1998. This chapter
summarizes what we have learned and describes the results of this collaboration.
Gya and Valocchi, [23], were the first to study oscillations in the BD model.
They studied the model in the limit Ks, KA —> 0, with a fixed microbial population,
M{x,t) = MQ. The Monod reaction term, (1.4), is replaced by a Heaviside function
equal to one when SA > 0 and zero otherwise. The reaction is either on at full
strength or completely turned off. They solved this special model, the OV model,
via the method of characteristics to obtain analytical expressions for the period of
oscillation, the average speed of oscillation (equivalent to the traveling wave speed),
and the profiles of the concentration fronts.
The OV model yields much valuable information about its oscillatory solutions;
however, they are found to be structurally different than solutions to the BD model.
The OV model in [23] has oscillating fronts for all its parameter values, while the BD
model has a Hopf bifurcation from an unstable traveling wave to a stable limit cycle.
Our numerical studies of the OV model show that the OV oscillations axe neutrally
Benjamin P. Luce, Los Alamos Nationzil Laboratory, luceb@t7.lanl.gov
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stable. In fact, there are infinitely many coexisting neutrally stable oscillatory solu
tions. The initial condition determines which solution is selected by the system. In
Section 4.6, we show that the OV model is a special limiting case of the BD model.
Xin and Hyman, [31], were the next to report on oscillations in the biodegradation
model. They studied several asymptotic regimes of the model (Avith M = MQ) and
found that: (1) if KS and

are laxge, no oscillations persist, and (2) if KS, KA axe

zero, there are oscillatory solutions (as in the OV model). Furthermore, they proved
that traveling wave solutions to the BD model axe stable if 6 is chosen so that
YqS+A.
- iKs + S-^){KA + A . y

,

,

This is a crucial parameter regime which we discuss more in Section 4.4.
Our numerical simulations suggest that oscUlations occur for small

and Ks,

large R and 7, and large Y compared to b. In fact, if y is small compared to b, the
growth of the microbial population is severely limited and all solutions asymptotically
decay to the traveling wave. On the other hand, for Y larger than 6, oscillations
occur depending on the values of R and 7. To understand and predict the onset of
oscillations in the BD Model and to capture the Hopf bifurcation, it is clear that M
must be allowed to increase (rather than considering it a constant as in [23] and [31]).
The main goal of this chapter is to study the onset of oscillations in the full
biodegradation (BD) model by looking for the bifurcation giving rise to temporal
oscillations. The results of the last chapter demonstrate that aU the action is inside the
traveling reaction zone. Acknowledging this, we model the dynamics of the reaction
zone - growth of the bacteria population and changes in the width of the reaction zone
- with a time—delay differential equation. We study this model nearby the traveling
wave solution in order to find the parameters at which it loses stability. In this way,
we obtain a condition for the onset point (the condition number). The time—delay
model (TD) predicts the onset of oscillations in the BD model quite well in some
parameter regimes, as well as the period, phase and amplitude, see FIGURES 4.8x
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and 4.9.
This chapter is organized as follows. In the next section, we develop a time—delay
model for the microbial population ctnd the location of the reaction zone. In the second
section, we study the steady-state solutions to the TD model which correspond to
traveling wave solutions of the BD model. In the third section, we study oscillating
solutions to the TD model and find a nonlinear function of the parameters, which if
equal to one, predicts the onset of oscillations in the TD model. In the fourth section,
we use the condition number to pinpoint the critical parameter regimes which lead to
oscillations. We also compare these parameters to those required for onset in the BD
model. Finally, we develop a schematic framework in which to display the solutions
of the BD, TD, and OV models and the corresponding bifurcation curves.

4.1

The Time—Delay Model

In this section, we develop a new model to study the oscUlations in equations (1.1)(1.3). The oscillations are evident not only in the shapes of the three fronts, but
also in the speed of the fronts, the maximum of M, and the width of the reaction
zone. FIGURE 4.1 shows the concentrations S, A, and M at five times during one
oscillation of such a cycle. The dynamical behavior of S ajid A appears to be confined
to a local region, the reaction zone. Note that the equations for S and A differ only
by the parameters R and 7; therefore, in this section, we construct a model which
combines the equations for S and A into a single equation for the speed of the fronts
while keeping the equation for M.
We begin the construction of the time-delay model by defining three variables XL,
xji, and Xj\ to represent the left and right endpoints of the reaction zone and the half
amplitude position of A, respectively. The variable xx is defined to be the point at
which A{x = XA) = A_/2. We assume this to be unique at aU times (this assumption
is true for traveling wave solutions and for sufficiently small oscUlations).

94

240

250

260

270

280

290

300

310

320

330

340

240

250

260

270

280

290

300

310

320

330

340

FIGURE 4.1. Oscillating solutions for concentrations of A (solid line), S (dashed line),
and M (dot-dashed line) at five consecutive time intervals (At = 22.5) over the course of
one oscillation of a stable limit cycle. The parameters are i? = 3, i; = l,7 = .4, y = •!,
B = 0.02, MO = 0.01, A~ = 1.0, 5"*" = 1.0, Ks = 0.04, and KA = 0.02. The vertical line
moves at exactly the speed of the (unstable) traveling wave.

To define X£ and x^, we note that it is difficult to pinpoint the location at which
the concentrations are zero; therefore, we define the front locations in the following
way. Note that the variables S and A enter the reaction term, B, only by way of
t h e f a c t o r s A j { A - f K ^ ) a n d S / { S + K s ) - B e c a u s e o f t h e f r o n t - s h a p e d profiles o f S
and A, these functions are aJso front-shaped.

It is these fronts which beax directly

on the reaction-zone dynamics. In fact, if

and

are very smaJl, these fronts

approximate step functions. Thus, we define x^ and xn as the half-maximum points
of these fronts. In summary, we set
A(XA t) =
^
2'

_ 17
A{xR,t)^KA
2 '

S{XI,t)
_ 1S[xi^,t)^-Ks
2*^'

where
I=

~A-+K A

5-

~ S* + K S'
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FIGURE 4.2. The concentration front A (solid line) and the function A / { A+ K A ) (dashed
line) for a stable traveling wave. The vertical line marks the location x = XR obtained with
XR = KA- The parameters are R = 1.5, v = 1, Y = A, Y = .1, 6 = 0.02, MQ = 0.01,
A- = 1.0, 5+ = 1.0, Ks = 0.04, and KA = 0.02.

We solve explicitly for A{x[i,t) ajid S{xL,t) to find that
A{xR,t) =

1-^A

S{xL,t) =

(4.2)
1 - i5

Note that A{xR^t) ajid S{xi,t) are equal to the small constants K A and K s , respec
tively, for A and S approximately equal to one, i.e. if KA « 1, Ks « 1.
FIGURE 4.2 clarifies the definition of x r and x c . FIGURE 4.2 shows the front
profile of A along with the function A/{A + KA)- The front position of the latter
is well to the right of the former, and more steeply sloped, and approximates the
right endpoint of the reaction zone {xr is marked with a vertical line). The fact that
the front in A/{A -f KA) can be well ahead of the front in A means that exponential
growth in M can be "ignited" at a given point by a small increase in A long before the
concentration front in A reaches that point. This is the crucial feature of equations
(1.1)-(1.3) that leads to a time-delay modeloithe reaction zone dynamics, and indeed,
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to oscillations, as we wiU explain in more detail later in this section.
We now construct dynamic equations for xi, xr, ajid x^. In FIGURE 4.1, the
front in S oscillates little compared to the front in A, and, more or less, is seen to
translate with speed c. Therefore, we fix
X£ = ct.

To approximate XR, we assume that the difference XB. —

(4.3)
is linearly related to

near the onset of oscUlations. Thus, we write
xr = XA+ P{XA - xi),

(4.4)

where p is a positive constant we call the "look-ahead" parameter, which typically has
a value between 1 and 3 and is, in principle, determined by demanding that equation
(4.4) be correct at the (possibly unstable) traveling wave. Thus, p is not available
for numerical fitting, but is completely determined by the structure of the (possibly
unstable) traveling wave.
We now obtain an equation for x^ from the system (1.1)-(1.3). Differentiating the
first equation in (4.2) with respect to time, and using equation (1.2), we obtain an
exact expression for the instantaneous rate of change in XA
XA —

A
2

B
~ ^ "t" T"T"U=xA •

('^•5)

To complete the expression for XA, we must approximate B and A^. We model the
reaction term with

~ qSAM\x=x:^., which is a reasonable approximation be

cause both S and A wiU be much larger than K s and K A aX X = XA- We make a linear
approximation to the derivative: A^^xa) ~ — A_/(2(x^ — xi)). This roughly repre
sents the slope of A at XA in FIGURE 4.1 which decreases approximately inversely
with the reaction zone width (as opposed to translating with fixed shape regardless
of the width of the reaction zone). Therefore, the quantity x^i — x^ is a measure of
the reaction zone half-width and will play an important role in predicting oscillations
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in the coming analysis. Defining K =

the equation for the location of the A

front is given by
xa = V — k(XA — xi,)M{XA).

(4.6)

Remark 4.1. This approximation of the slope of A at XA is very crude and results

in the loss of detailed information about the shape of the fronts. In effect, we are as
suming a piece-wise linear form for A. The ability of this model to predict oscillations
with the correct period and phase shows that the structure of the fronts does not play
an essential or subtle role in the onset of oscillations.
We build a new equation for M based on equation (1.3), taking advantage of
the fact that the functions Aj^A -1- KA) and Sf^S + i^s) are approximately equal
to A and S in the reaction zone. We assume that B ~ qSAH(x)M, where H{x) =
H{x — XL) — H{x — xn) and H{x) is a Heaviside function (equal to zero where the
argument is negative, one otherwise). Note that

and XR are given by equations

4.3 and 4.4. Therefore, the equation for M is
M = Y H { x ) M - h { M - Mo),

(4.7)

where Y = Y q A S . Note that Y is equivalent to Y * as defined in equation 4.1. It is
clear that M grows exponentially with rate y* — 6 in the reaction zone and relaxes
exponentially fast with rate b to MQ outside the zone. (In Section 4.5, we consider
a smoothed version of H{x) which gives a better numerical fit. However, we obtain
analytical results only for the discrete version.)
Equations (4.6)-(4.7) constitute the new model. From these, the basic mechanism
for oscillations is discovered. When the point XR = [XA + P{XA — xz,)] surpasses a
given point in space, M begins to grow from its initial value MQ. For large XA —
M starts to grow far ahead of xa and grows quite laxge by the time xa catches up.
Large M slows down the speed of xa and reduces the width, xa — Xl- Oppositely, for
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small X A — X L , M grows just ahead of X ^ and doesn't grow much before X ^ catches up.
Thus

is near v and so Xa and x^ — xi grow. The process repeats. It is clear that

oscillations are a result of how the width in the reaction zone induces large growth
in M, which then slows down the fronts, thereby reducing the width of the reaction
zone, thereby causing a decline in M. The width of the reaction zone increases again
and the entire process is repeated.
Although equations (4.6)-(4.7) have the form of a single scalar variable coupled to
a scalar field, in regimes of behavior for which ar^'s velocity is never negative and XA
never becomes less than

XL

(which includes aJl of the regimes we wiU consider), the

model can be developed further into the form of a time-delay differential equation
with state-dependent delay-time. This shows explicitly that the model is truly an
infinite dimensional system, and potentially capable of very complicated behavior.
Integrating equation (4.7) explicitly in time for x € {XL.XR), equation (4.7) yields
for any point x, entering the reaction zone for the first time,
M(x,0 = Mo

,

(4.8)

where IQ is the time at which XR crosses the point x. We rewrite the system, (4.6)(4.7), as
{xA)\t+ti = v - K { X A - XL)\t+uM{td),

(4.9)

where M{td) is the function given by the right hand side of equation (4.8) (by replacing
£ — t o w i t h t d ) a n d t j . i s t h e d u r a t i o n s i n c e t h e p o i n t x = X A w a s first c r o s s e d b y

XR.

Therefore, tj, satisfies
XA(i + td) = XA(£) + p[xA(t) - a:L(£)],

(4-10)

which is a state-dependent equation for the delay time td- Equations (4.9)-(4.10) along
with equation (4.8) make up a system of time-delay ordinary differential equations
with state-dependent delay; we call this system the time-delay (TD) model. The next
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two sections are devoted to the steady-state and time-oscillatory solutions to the TD
model.

4.2

Steady-State Solutions to the TD Model

There is a unique steady-state solution of the system (4.6)-(4.7), or equivalently equa
tions (4.9)-(4.10), corresponding to the unique traveling wave solution of equations
(1.1)-(1.3). The steady-state occurs when {XA_ — XL) is constant (implying

= c, c is

the traveling wave speed from equation (2.7)) and TJ, is constaait. Letting A = {XA—XI)
in the steady-state, it is clear that

= cf, xa = c£ 4- a, and x^ = ct + a{p -1-1).

Moreover, equations (4.9)-(4.10) imply
c

c

Ka

The second expression yields a unique a > 0 since the left hand side is a shifted
exponential function, given by (4.8), and the right hajid side is a positively valued
hyperbola (since v > c). This value of a is easily computed numerically. Henceforth,
a is assumed to represent this value, ajad

to represent the delay time at this value

of a.
Given the width, a, and speed, c, of the reaction zone in the steady-state, we
compute the steady-state form of M. First, it is necessary to define a generalized
version of tj. such that td = td{x) is the time that a given point x has been in the
reaction zone, i.e. the time since x/j has crossed x
£</(x) = H{x)t^j^ (l- -—.

V

Note that at x = x^ this expression yields

PA Y

(4.12)

and tends linearly to zero as x —>• x/j =

XA + pa, as it should. The maximum value of £rf(x), which yields the majdmum value
of M at the left edge of the reaction zone, is
^<F.MAX = TD{XI) = £^(1 -\—).

P

(4-13)

100

0.05

0045

0.04

0.035

M
0.025

0.02

0.015

0.01

20

30

40

50

70

80

90

too

X

FIGURE 4.3. The steady-state (traveling wave) form of M given by equation (4.15). This

solution profile is very similar to the stable traveling wave solution M in the full model.
The parameters are R = 3, v = I, J = A,Y = .1,6 = 0.09, MQ = 0.01, A~ = 1-0,
= 1.0,
Ks = 0.04, and KA = 0.02.

To calculate the steady-state expression for M, we also compute the time since
the reaction zone has passed x, i.e. the time since xi crossed a given point x. This
time is labeled p{x, t) and is given by
p(x,i) =

ct — X

(4.14)

The steady-state expression for M is given by the following equation, where
M{td{x)) is given by equation (4.8), and is depicted in FIGURE 4.3:
M(x, t )

4.3

— <

Mo + (M(t<f,„ax) M{td{x))
MQ

if X < Xi,
if Xi < X < Xij,
if X > XR.

Oscillating Solutions to the TD Model

The steady-state solution to the TD model loses stability at parameter values quite
close to those at which the traveling wave in the BD model loses stability. For
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example, at the parameter values t; = 1, 7 = .4, y = .1, 6 = 0.02, MQ — 0.01,
A~ = 1.0, S'^ = 1.0, KS = 0.04, and KA = 0.02, the BD traveling wave is found to
lose stability at approximately R = 1.5. However, the steady-state solution of the
TD model at the same parameter values (ajid with p = 2.5, the measured value for
the BD traveling wave at those pajrameters) loses stability at about R = 2.2.
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FIGURE 4.4. The time series for XA —
and max(M) in the biodegradation model,
equations (1.1)-(1.3), at i? = 3, u = 1, 7 = 1, y = .12, b = 0.083, MQ = 0.01, A~ = 1.0,
= 1.0, g = 1, Ks = 0.04, and KA = 0.02. Note the pi radian phase shift between the
two oscillating functions.

FIGURE 4.4 shows the time series associated with XA — XL and the peak values
of M for the BD model, while FIGURE 4.5 shows the same quantities for the TD
model. The parameters axe specified in the captions. Note that the maximum of M
has been multiplied by 50 so that it may be viewed on the same plot a s XA — XL The quantitative agreement in the two figures is not very good; however, they share
several crucial qualitative features, in particular, the TT radiaji phase shift between the
oscillations in M ajid

and the period of the oscillations. In the TD model, the

peak values of M are greater than those predicted by the BD model. This is expected
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because, unlike the BD equations, the TD model predicts the growth rate of M to be
at its maximum value, Y* — b, across the reaction zone. In addition, the TD model
predicts a slightly larger half-width for the reaction zone since larger values of M can
cause larger variation in the value of x^.

XA-XL

1000

1200

1300

ISOO

1600

1700

1800

1900

2000

time

FIGURE 4.5. The time series for XA —
max(M) in the tirae-delay model, equations
(4.9)-(4.10), at s = 2, p = 2, i? = 3, i; = 1, 7 = 1, 5^ = -12, b = 0.083, MQ = 0.01, A" = 1.0,
5"^ = 1.0, <7 = 1, Ks = 0.04, and KA = 0.02. Compare these solutions to those in FIGURE
4.4. While the period and phase shift are similar, the amplitudes of the two functions do
not agree.

The abUity of the TD model to reproduce these qualitative characteristics sug
gests that it captures the essential dynamics of biodegradation in the reaction zone.
Moreover, it suggests that the bifurcation point in the TD model may be close to the
bifurcation point in the fuU model, or at least provide information about the param
eter regimes which lead to the onset of oscUlations. It is of interest to use the delay
model to determine an analytical formula for the onset of oscillations. We find con
ditions which allow oscillations of vanishing small amplitude about the steady-state
to exist. This leads to an expression for the onset point. We carry out this analysis
for the model in time-delay form, equations (4.9)-(4.10).
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We begin by assuming solutions of (4.9)-(4.10) of the form
^ A { i ) = X L - ¥ OL + I3sxa.{u)t)
id = t° + t\ sin(a;t + 0),
where /? and t\ axe assumed to be arbitrarily small, and /? and ui are positive. Sub
stituting these into equations (4.9) and (4.10), using the relationships

= poc and

c = V — KaM{t^)^ Taylor expanding M{ti) to first order around tj, =

and using

simple trigonometric identities, we obtain (to first order in (3 and t\):
u B = -KaM'(t2)C - «:Af(t2)A,
-uA = -KaM'{t°^)D cD + B = [p + 1)/?,
cC

A — 0,

where
A =/?sin(ci;t°),

B = P cos{ujtj),

C = £jsin(0),

D = t^cos{(p).

(The variable A used here is not to be confused with the nutrient concentration A ) .
Notice that u; and (3 have not been completely absorbed into the variables A-D in
equations (4.15). We solve equations (4.15) for A-D and find
_ C K ^ a M ' +l)f3
12 ^ ^ 2 ^ 2
'

^
^

+ l)(3
^2+^2^2

where

and the expressions for

C

and

D

follow directly. Letting (3 =

the relationships for A and B above, we find that
^ ^ |/cQ:M'(fg)(p + l)/?[

and using
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Note that /? multiplies both sides. Cleaxly, to have a solution, we must have
\KaM'{t^^)(p+l)\ _ ^

which we verified numerically. The ability of this formula to predict oscillations in
the BD model is studied further in the next section. The left-hand side of equation
(4.15) is called the condition number.
We also solve for the oscillation radian frequency u ajid find
1
,A.
1
= Jo axctan(—) = ^ arctan(——).
Id
JD
L

,A
(4-16)

Note that, like the equation for {3 above, u! appears on both sides. It is easy to show,
taking into account the imposed signs of /? and w, and hence the signs of A and B,
that if ^ < 0 this equation always has a unique solution involving the branch of arctan
that lies between —7r/2 to 7r/2. If Z > 0, there is a unique solution for the branch
between 7r/2 to 37r/4. Furthermore, as I passes through zero, the value of ui satisfying
these equations parses continuously from one branch to the other. In practise, u) can
be found by simply iterating the following equations (using only the usual branch of
arctan between —x/2 to 7r/2),
1

,

= :^arctan(|-—I), ^ < 0,
<^n+i = ^(^arctan(|^|) + 2(^-arctan(|^|))) , Z>0.
We have verified numerically that these formulas indeed give the correct values for uj
at the onset point.
It might have occurred to the reader that a first guess at the onset point for
oscillations, that is, the point at which the steady-state solution loses stability, might
be to consider when a perturbation of

(leaving M in its steady-state profile)

initially decays or grows before the effect of the perturbation on M can catch up to
xa_- In other words, we set xa = ct + Ax^, and compute the sign of
DAXYL
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where
X = V — K{a

+ Azx —

xc)M{tj).

(4-18)

We find that
dAxx

c

(4.19)

The sign of Z determines if the perturbation to XA initially grows or decays. From
equation (4.15), it is clear that although I plays a role in determining the bifurcation
point, it occurs at parameter values with either sign of I. There axe the following
nonintuitive possibilities - even if the steady-state is stable, a perturbation may ini
tially grow (HI < 0) until its long-term effect on M catches up later and causes the
perturbation to finally decrease. Likewise, if the steady-state is unstable, a pertur
bation may initially decrease (if I > 0), until the long-term effect on M catches up
and increases the perturbation. Apparently, this instability is not related directly to
the onset of oscillations. It may prove interesting, however, to further explore this
relationship, and to find if this instability occurs in the fuU BD model.

4.4

Oscillation Regimes in the TD Model

Equation (4.15) reveals the parameter values at which the traveling wave solutions
lose stability in the TD model, equations (4.9)-(4.10). For parameters at which the
left-hand side of (4.15) is less than one, all oscillations decay to the stable solutions.
For parameters at which (4.15) is greater than one, stable limit cycles and growing
oscillations are possible. Therefore, the transition from an unstable traveling wave
solution to an oscillatory solution corresponds exactly to the condition number being
equal to one.
In this section, we study the bifurcation point in the TD model by examining
the relative contributions of the parameters to the condition number. The condition
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nmnber, (4.15), depends explicitly on several parameters including 7, A, S, R, u, Mq,
Y, and b. Furthermore, it depends on them implicitly through a, u> and c. As such,
the onset point is a complicated function of all of the above parameters.

-00s

-0 25
0.8

1

12

Condition Number

FIGURE 4.6. The contribution of microbial growth to the onset of oscillations: growth

parameters {Y* — b) versus the Condition number (4.15). When the condition number is
greater than or equal to one, oscillations occur in the TD model. The three curves represent
different R values, R = 3 (full line), R = 5 (dashed line), and i? = 15 (dashed-dotted line).
The parameters axe s = 2, p = 2.5, u = 1, 7 = .4, F = .1, MQ = 0.01, A" = 1.0, S'^ = 1.0,
Ks = 0.04, and KA = 0.02.

While the onset of oscillations is predicted by a complex function, there are several
observable trends in its parameter dependence. Numerically, it is observed that no
oscillating fronts persist if y* < 6 + bo(R,j) where 60 is a small term dependent on
R and 7. FIGURE 4.6 plots Y* — b versus the condition number, the left-hand side
of equation (4.15), for three different values of R. Recall that the bifurcation point
occurs for the condition number equal to one. The figure shows that Y* — b is close
to zero near the bifurcation point; in fact, —0.05 <Y* — b< 0.05 when the condition
number is one. Therefore, the onset of oscillations coincides with y* — 6 « 0, as
predicted in [31].
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From equation (4.15), when b » Y * , the condition number is dominated by
= MQY*^ and thus, is very small. Only when b is on the same order
as Y* can the other terms begin to contribute and pull the fraction up near one.
Therefore, b ^ Y* seems to be a necessary condition for the onset of oscillations in
the time delay model and Y* > b + 6o(-ff)7) is required for oscillating solutions.

0.2

0.4

0.6

0.8

1.2

Figure 4.7. The contribution of j and R to the onset of oscillations. Along this curve,
the condition number is equal to one. Above the curve lie oscillatory solutions, while below
the curve are steady-state solutions. For this FIGURE, b is chosen so that Y* —6 = 0.

In the regime, 6 RS Y", we caji study the influence of the other parameters on
the onset point of oscillations; i.e. we can study the term 6o(i?,7). It is clear from
FIGURE 4.6 that for small

Y* must be larger thaji b for the condition number to

be equal to one. For larger values of i?, the bifurcation point is closer to K* — 6 = 0.
Therefore, oscillations are more likely for lajge R. FIGURE 4.7 shows the curve along
which the condition number is equal to one for 7 versus R. For small i?, a large 7
value is needed for the onset of oscillations. However, for large i?, smaJl values of 7
are needed. In particular, note that oscillations are more likely for large R.
In conclusion, equation (4.15) predicts the onset of oscillations in the time delay
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model, equations (4.9)-(4.10), for Y' > b+bQ{R,j) where 60 is a small term depending
on R and 7. It is clear that the bacteria population must be allowed to grow in order to
induce oscillations in the TD model (i.e. Y* >6). Moreover there must be separation
between the S ajid A fronts (i.e. R significantly large for a given 7).

4.5

Comparisons with the Biodegradation Model

In this section, we compaxe predictions of the TD model to those of the BD model.
FIGURES 4.8 and 4.9 compare bifurcation plots for the two models. For the TD
model, the bifurcation curve is determined by the parameters at which the condition
number is equal to one. For the BD model, we performed a thorough numerical
study to find the parameters at which the traveling wave loses stability. Therefore,
one should note that there is significant human error in the second curve.
FIGURE 4.8 is a plot o f Y * — b versus R . The line represents the parameters along
which the condition number equals one. The circles denote the parameter values at
which the traveling wave loses stability in the BD model. Notice that the shape of the
two curves is almost identical. Both curves show that for all R, one must choose Y* to
be near 6 in order to ignite the oscillatory behavior. Moreover, as R decreases, both
models require more growth in M (larger Y*) to sustain oscillations. It is obvious that
slightly larger values of Y are needed to cause oscillations in the BD model because
the growth of M is dampened by less than maximum values of S and A. However,
in the TD model, M always grows at its full strength. Nevertheless, the difference in
values oiY* — b between the two models is small, less than 0.1.
FIGURE 4.9 shows bifurcation curves for the TD model (line) and the BD model
(circles) for R ajid 7. For this figure, Y* is significantly larger than 6, so that the
oscillations are strong. Note that the shape of the curves is quite similar to that
in FIGURE 4.7 where Y* = b. In both cases, it is evident that laxge R values are
needed for oscillations. However, for large 7, there is a dramatic upturn in the BD
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FIGURE 4.8. Comparison of the TD Model to the BD Model: bifurcation curves for Y* — b
versus R. The circles denote the BD model while the line denotes the TD model. In both
models, traveling wave solutions occur for parameters beneath the curve. Notice the small
scale on the Y* — b -axis. The parameters are s = 2, p = 2, v = 1, j = 1, MQ = 0.01,
A- = 1.0, 5+ = 1.0, q = l, Ks = 0.04, and KA = 0.02.

curve. Large 7 causes dampening of the oscillations because it sharpens the front
in A, thereby iahibiting the growth, of M ahead of the front. This is not captured
accurately in the TD model. Both curves also increase as 7 gets closer to zero.
For most values of R, 7, Y ajid b, the onset point for oscillations in the TD
model is close to that for the full (BD) model. FIGURES 4.4 ajid 4.5 show that
the phase and period of the oscillations are very close. However, the amplitudes
of the oscillations in M differ significantly. There is better agreement between the
two models by making a slight variation in the TD model. Replacing the Heaviside
function with a differentiable function that better mimics the shape of the functions
AS/{{A + KJC){S + Ks)), the TD model reproduces the amplitude of the oscillations
quite well. In particular, H is replaced by a smoothed function Hs such that
Hs(x) ^

(4.20)
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Y
Figure 4.9. Compaxison of the TD model to the BD model: bifurcation curves for 7
versus R. The circles denote the BD model while the line denotes the TD model. In both
models, traveling wave solutions occur for parameters beneath the curve. The parameters
are 5 = 2, p = 2, t; = 1, y = .1, 6 = 0.02, MQ = 0.01, A' = 1.0, 5+ = 1.0, q = 1, Ks = 0.04,
ajid KA = 0.02.

where the latter factor is a simple quadratic function with maximum of one at x =
(xf, +

XR)/2

and roots at x =

and x =

XR.

In this way, we obtain very close

quantitative agreement between the curves for x^ and the peak value of M, as shown
by FIGURE 4.10 (compare this to FIGURES 4.4 and 4.5).

4.6

Limit Cycles and Neutrally Stable Orbits

The solution space for the BD model includes stable traveling waves, stable limit
cycles, and neutrally stable orbits. We have sketched a schematic of the solution
space for the parameters Y versus Ksi KA, see FIGURE 4.11. In this plane, solutions
to the OV, TD, and BD models are visible and easily compared. It is important to
note that when Ks and KA are zero (as in the TD and OV models), the reaction
term is linear and discontinuous. For nonzero values, the reaction term is nonlinear
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FIGURE 4 .10. The time series for XA — XL and max(M) for the smoothed TD model,
equatio n s (4.9)-(4.10), with smoothing equation (4.20) ats = 2, p = 2, i? = 3, t; = l,7 = l,
Y = .12, b = 0.083, Mo = 0.01, A" = 1.0, 5+ = 1.0, q = I, Ks = 0.04, and KA = 0.02.
Compare this to FIGURE 4.4.

and coatinuous. Even if Ks and

axe positive, they must be small for oscillations

to occur. Other parameters also play key roles in the solutions space (like R and

7);

therefore, in reality, the parameter space is four-dimensional or laxger.
Let us discuss the OV model. In FIGURE 4.11, its solutions are located at the
origin, Y = 0, and Ks =

= 0. In [23], Oya and Valocchi studied one initial

condition (5", A step functions) and found that for any combination of the parameters,
the solution was oscillatory. They found no necessary relationship between 7 , R, Y*,
or 6, and hence, no Hopf bifurcation. In attempting to understand their results more
deeply, we found that the OV solution is not unique and not an attractor. Instead,
it appears that the phase space surrounding the neutrally stable traveling wave is
completely foliated with neutrally stable oscillatory solutions. The solution obtained
depends on the initial condition, see FIGURE 4.12. This differs markedly from the
BD and TD models, which are dissipative, and hence exhibit attractors.

112

Y
Hopf Bif; BO Model
Hopf Bif; TD Model

Y*

Stabfe Traveling Waves
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A

FIGURE 4.11. Traveling Waves, Limit Cycles and Neutrally Stable Orbits in the BD, TD
and OV models plotted in the Y versus Ks, KA, O" plane. The parameters contained in
the lightly shaded area give rise to stable limit cycles in the TD model, while those in the
darker shaded area also cause stable oscillations in the BD model. Below the two curves
are stable traveling waves for both models. The dark point at the origin represents the
neutrally stable oscillatory solutions foimd in the OV model.

Perturbing the OV model with KS =

= KQ where KQ is very small, appears

to damp out all oscillations, so that all solutions tend asymptotically to the traveling
wave. Indeed, linearity of the model is lost, dissipation enters the model through
the nonlinear term, and oscillations decay unless Y is large enough. Perturbing in
the other direction, Y = YQ, driving and dissipation enter the problem through the
equation for M. Thus, one finds an attractor, and oscillations persist in the form of
stable limit cycles. Thus, the point {Y*,Ks, KA) = (0,0,0) is a very special case of
the BD model, a singular limit in two parameters.
As Y increases along the KS = KA = 0 axis, and M grows, the solutions are
attracted to stable limit cycles. RecaU that the TD and BD models predict oscillations
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FIGURE 4.12. Neutrally stable oscillatory solutions to the OV model. This is a plot of
A(X5) versus time, where xs satisfies S{xs) =
/2. Each curve represents a different
initial condition used in numerically solving the OV model. The solutions lie on different
oscillatory orbits.

along this axis only if Y* > b. Smoothing has an effect on the TD model equivalent
to increasing Ks and KA in the BD model. In order to plot the smoothed TD model
on this graph, we weighed the smoothing with a term, a as follows:
H^ = { 1 - a)H + aHs.
The bifurcation line for the smoothed TD model as a varies between 0 and 1 is
plotted in FIGURE 4.11. As c increases, the TD model continues to predict stable
limit cycles if he value of Y is increased. In conclusion, the TD model predicts Umit
cycles along the ajds {Y* > b) and above an increasing line Y* = b + ka, where k is
some positive constant.
We also examine the solution space of the BD model, equations (1.1)-(1.3), in
FIGURE 4.11. Solutions to the full model tend to stable Umit cycles in the darkly
shaded region of the FIGURE. Below that, solutions decay to stable traveling waves.
The bifurcation curve follows the shape of that for the TD model.
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4.7

Summary and Conclusions

In this chapter, we developed a model to capture the onset of oscillations in the
biodegradation (BD) model, equations (1.1)-(1.3). The new model rewrites the BD
model as a dynamical system of two components: the bacteria population ajid the
location of the nutrient front. By solving for the bacteria concentration in the reaction
zone, and finding an expression for the duration that a point has been in the reaction
zone, the new model was written equivalently as a time—delay equation with statedependent delay (equations (4.9)-(4.10)).
We found steady-state solutions to the TD model which correspond to the traveling
wave solutions of the BD model. These steady-state solutions were shown to lose
stability via Hopf bifurcation to stable limit cycles, as in the BD model. Assuming the
existence of periodic solutions, we found a paxametric expression, equation (4.15), to
determine the onset of oscUlations in the TD model and used it to predict oscUlations
in the BD model.
Solutions to the TD model were found to match well with solutions to the BD
model in several respects. First, the period and phase relationships of the oscilla
tions in both models were found to be similar (FIGURES 4.4 and 4.5). Moreover, by
smoothing the reaction term in the TD model to better represent the true nonlinear
term, the amplitude of the oscillations was also quite accurately reproduced (FIG
URES 4.4 and 4.10). In addition, bifurcation plots depending on parameters Y * , b, R
and 7, were found to be similar for the BD and TD models (FIGURES 4.8 and 4.9).
Finally, we described the general relationships between the BD, TD, and OV
models (FIGURE 4.11). The OV model was found to be a dissipation-less limit of
the full (BD) model which possesses an infinite foliation of neutraUy-stable oscillatory
solutions.
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