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ABSTRACT 

In this paper we exploit some recent computational advances in Bayesian infer

ence, coupled with data augmentation methods, to estimate and test continuous-

time stochastic volatility models. We augment the observable data with a latent 

volatility process which governs the evolution of the data's volatility. The level of 

the latent process is estimated at finer increments than the data are observed in 

order to derive a consistent estimator of the variance over each time period the data 

are measured. The latent process follows a law of motion which has either a known 

transition density or an approximation to the transition density that is an explicit 

function of the parameters characterizing the stochastic differential equation. We 

analyze several models which differ with respect to both their drift and diffusion 

components. Our results suggest that for two size-based portfolios of U.S. common 

stocks, a model in which the volatility process is characterized by nonstationarity 

and constant elasticity of instantaneous variance (with respect to the level of the 

process) greater than 1 best describes the data. We show how to estimate the vari

ous models, undertake the model selection exercise, update posterior distributions of 

parameters and functions of interest in real time, and calculate smoothed estimates 

of within sample volatility and prediction of out-of-sample returns and volatility. 

One attractive aspect of our approach is that no transformations of the data or the 

latent processes, such as subtracting out the mean return prior to estimation, or 

formulating the model in terms of the natural logarithm of volatility, are required. 
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1 Introduction 

It is well known that for a wide range of financial assets volatility is not constant 

through time. The second moment of conditional returns for various stocks, com

modities, and currencies can be characterized by positive autocorrelation. Large 

price changes indicate that subsequent large price changes are more probable and 

small price changes indicate that small prices changes are more likely to be observed 

in the future. The task for researchers is to find models which can adequately de

scribe this phenomena parametrically. The nature of how volatility evolves through 

time has important implications for the pricing of options, forecasting of volatility, 

and smoothed estimates of past volatility. The issue of whether volatility shocks 

persist indefinitely is one which has received considerable attention from researchers 

and any investigation of how volatility evolves should necessarily provide some in

sight into the matter. 

Volatility models differ in several key aspects. The most fundamental distinction 

is whether the model casts the evolving variance as observation-driven or parameter-

driven. Observation-driven approaches such as the autoregressive conditional het-

eroscedasticity (ARCH) model introduced by Eagle (1982) or the generalized au

toregressive conditional heteroscedasticity (GARCH) model introduced by Boller-

slev (1986) formulate the current level of volatility to be an explicit function of 

one or more lagged values of observables.^ The models have great appeal because 

the likelihood function is straightforward to construct and estimation and testing 

of models proceeds naturally. In maximizing the likelihood function estimates for 

the level of volatility at each point in time are implicitly computed, and volatility 

^For a survey of ARCH modeling, see BoUerslev, Chou, and Kroner (1992). 
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forecasts are easy to construct. 

Parameter-driven models formulate the current level of volatility to be a func

tion of one or more unobserved variables. An example of this is Taylor (1986) where 

the natural log of volatility is itself modeled as a stochastic process. More gen

erally, volatility may be modeled as a continuous-time diffusion or a discrete-time 

autoregressive process. Parameter-driven models are conceptually very challenging 

to estimate because computation of the likelihood function involves integrating over 

the latent volatility process. Estimation often proceeds via a state space represen

tation, with an approximation of the exact likelihood function employed. To obtain 

the exact likelihood function the latent process governing volatility would have to 

be integrated out of the conditional likelihood (the full joint density of the data 

and the latent process given the parameters) function. It is well known that for 

stochastic volatility models it is impossible to perform this integration directly be

cause of the dimension of the problem. The large dimensionality of the parameter 

and latent variable space results in the overwhelming majority of the entire space 

having very low likelihood. Also, the proportion of entire space having little mass 

under the likelihood function increases with the dimensionality of the stochastic 

volatility problem. Thus, direct integration methods perform very little integration 

in relevant regions of the likelihood function. Researchers have therefore relied on 

either the method of moments to bypass having to deal with direct evaluation of the 

likelihood function or have pursued linear filtering methods (such as the Kalman 

filter) to produce a quasi-maximum likelihood estimator. The performance of the 

filtering methods are known to depend on the particular problem under study and 

method of moments estimators are typically inefficient relative to likelihood-based 

approaches. Additionally, in the stochastic volatility problem a score function can
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not be computed to determine which moments to match in estimation. 

Since the parameters which describe the evolution of the latent process do not 

enter into the density of the data separately or apart from the latent process, the con

ditional likelihood for a stochastic volatility model can be broken into two parts. One 

is the density of the observations given the latent process and the other is the den

sity of the latent process given the parameters. Jacquier, Poison, and Rossi (1994) 

exploit this hierarchical structure of conditional densities in analyzing discrete-time 

stochastic volatility models. Using a Bayesian approach and a Markov Chain Monte 

Carlo (MCMC) simulation algorithm, JPR show how to estimate the models and 

obtain the full posterior distribution of the latent variables and the parameters 

governing their evolution. The conditional structure of stochastic volatility models 

allow JPR to bypass direct evaluation of the likelihood function yet obtain the full 

joint posterior distribution of the latent variables and the parameters, conditional 

on the data. Their technique calls for sampling from the factor space and the param

eter space using the two conditional densities mentioned above as the probabilistic 

mechanism from which to draw inference. No direct calculation of the likelihood 

function is necessary yet the latent process is integrated over. JPR also compare 

their approach in a hypothetical setting and find Bayes estimators perform favorably 

relative to quasi-maximum likelihood and method of moments estimators in regards 

to bias and sampling variance. 

The stochastic volatility problem highlights the advantage of using a correlated 

sampling scheme such as Markov Chain Monte Carlo. Straight Monte Carlo in

tegration samples over the entire parameter space randomly. Correlated sampling 

schemes use the information contained in the evaluation of the density of the data 
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at such a random point to guide evaluation at further points. If the evaluation point 

has very low density, the correlated sampling scheme will tend to move integration 

towards regions where the density is higher. And, once the higher density regions 

of the parameter space are found, correlated sampling schemes are very unlikely 

to revisit low density regions again. Correlated sampling allows the information in 

the data to be used during integration, guiding the sampling task. Thus, even high 

dimensional problems like those encountered in stochastic volatility models can be 

managed. 

This paper extends the work of JPR to estimation of stochastic volatility mod

els where the volatility is specified in continuous-time. Given the pervasiveness of 

continuous-time models in finance and the fact that recent option pricing solutions 

for assets with stochastic volatility formulate volatility as a continuous process, 

this would seem to be a logical pursuit. Current approaches to the estimation of 

continuous-time stochastic volatility models typically employ generalized method of 

moments, such as Duffie-Singleton (1993), or indirect inference, as in Gourieroux, 

Monfort, Renault (1993). We do not compare estimation approaches but rather 

show a Bayesian analog to those approaches. Whether the advantages JPR contend 

exist for discrete-time models extend to continuous-time models is an open question. 

The key to our approach is not simply the hierarchical structure demonstrated 

by JPR, but also the fact that a Bayesian approach can accommodate data aug

mentation quite easily. In the Bayesian setting, the data are augmented with latent 

processes which are treated like missing data and analyzed along with other unknown 

parameters jointly. Continuous-time models of stochastic volatility naturally extend 

the state space to infinity. Our approach augments the observed data with a latent 
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volatility process (equivalently known as auxiliary data or augmented data) whose 

level can, conceptually, be measured infinitely more frequently than the observed 

returns. This allows for the derivation of a consistent estimator of the integral of 

the volatility process over the time period between which returns are measured, and 

permits us to estimate the parameters that describe the law of motion for volatility 

more from the dynamics of the process and less from the dynamics of the integrals 

of the process. If volatility evolves continuously and returns are measured discretely, 

this is necessary because the return over a given time period can only provide in

formation concerning the integral of the volatility process over that period. All 

paths of the volatility process which have the same area under it would be equally 

likely. But a time series of returns would imply that some volatility paths over the 

multiple periods would be more likely, given a parametric structure for the paths. 

This is useful if the dynamics of the volatility integrals provide information about 

the parameters which charau:terize and define the continuous-time volatility process. 

While surely this is the case, to our knowledge no solution for the transition density 

of path integrals as an function of diffusion parameters exists. 

lYeuisition density solutions, however, do exist for some specifications of the 

process itself. That is, some continuous-time processes have associated explicit 

functions which characterize the conditional density of the level of the process at 

some date, given its level at a prior date. Our task is to exploit this fact while 

recognizing that the data actually speak to the evolution of the volatility integrals 

over discrete time periods. We do this by augmenting the data with more frequently 

measured levels of the latent volatility process. In doing this we can approximate 

the volatility integrals as a function of the more frequently measured volatility levels 

while simultaneously imposing the structure from the transition density for a par
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ticular volatility process. Our approach uses weekly returns, and conceptually the 

data augmentation scheme allows us to "fill in the gaps" so that the implications of 

a continuous-time model are retained. One alternative would be to use tick-by-tick 

data but over such short time periods continuous-time models are obviously not a 

good approximation. Institutional factors such as bid-ask spreads and other factors 

such as liquidity and asymmetric information play a large role in the observed price 

process over very short periods. 

In our analysis of factor stochastic volatility models, we restrict our attention 

to single factor models where each assets' volatility is a function of a sole latent 

volatility process. Models differ with respect to the law of motion imposed upon 

the factor. The laws of motion have different chareicteristics, one of which is the 

rate of mean-reversion (the drift component), and the other is the volatility (pos

sibly conditional) of the the process itself (the diffusion component). We allow the 

process to follow one of seven possible SDEs for which there exists either a known 

transition density or an approximation to the transition density that is an explicit 

function of the parameters characterizing the SDE. While we do not undertake a 

direct test of mean reversion in volatility, we do gain insight into the level of mean 

reversion supported by the data within a class of models. For processes that have 

different diffusion components, evidence in favor of one model over another is not a 

direct statement concerning persistence (drift component) alone. However, in mod

els where the diffusion components are the same, evidence in favor of one model over 

another essentially makes a statement as to which drift term is best characterized 

by the data. The different diffusion components have different implications for the 

proportionality of movements in volatility relative to the current level of volatility. 

Models in which the level of the process does not enter into the diffusion component 
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of the factor's SDE are characterized by constant volatility. The volatility of the 

process is independent of the level of the process. We estimate one such model, while 

all other models are characterized by stochastic conditional volatility proportional 

to a power of the process level. Some models impose that the conditional volatility 

of the process is proportional to the level of the process (the mean-reverting square 

root process), or the squared level of the process (the geometric brownian motion), 

while others leave this power as a free parameter that can be estimated. 
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2 Estimation 

The time series data we analyze are weekly returns for two portfolios formed from 

individual common stock returns pulled from the CRSP tapes. The first portfolio 

was formed from firms in the largest decile of market value for the year prior to 

which the returns are computed. The second portfolio was formed from firms that 

were in the 2nd to smallest decile. The smallest decile of firms was not chosen to 

form a portfolio since market frictions may play an important role in their observed 

returns. Each firm in a portfolio was given equal weight in the calculation of its 

portfolio return. We use two portfolios to better identify the latent volatility process 

and its parameters. In our setup, the portfolios' volatilities can only differ because 

of a different sensitivity to the volatility factor. Hence, we are implicitly assuming 

that the dynamics of each portfolio's volatility are otherwise identical. In subse

quent work, we plan to explore relaxation of this assumption. To the extent this 

assumption is violated, identification could be obfuscated. Our data set starts with 

the weekly return for the week ending January 5, 1990 and ends with the return 

for the week ending December 27, 1996, resulting in 365 returns for each portfolio. 

The weekly returns are measured from Friday close to Friday close. If the Friday 

which defines the end point for the return calculation is a holiday, we compute the 

return using the previous day's close and make an adjustment to the calendar time 

over which the return is defined. One alternative would be to measure time in terms 

of trading days and assume a set number of trading days in one year. This would 

most likely have negligible effect since only 10 of the 365 measured returns would be 

affected. In figures 1 and 2 we plot the squared returns of each portfolio. The large 

capitalization portfolio's squared returns have a first order autocorrelation of .18, 
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while the small capitalization portfolio's squared returns are even more persistent, 

with a first order autocorrelation of .33. 

To model the return generating process for the two portfolios we start by as

suming that their price levels Si^t and $2,1 can be measured at any time t. The 

levels are assumed to be continuous stochastic processes, each with instantaneous 

volatility that is a function of a common latent stochastic process. The price levels 

evolve according to the stochastic differential equation 

dSi,t = <l>iSi,tdt + }J\itSi,tdzi,t for i = 1,2. (1) 

The Weiner processes dzi, dz2 are assumed to have instantaneous correlation p. The 

instantaneous volatilities are governed by a single continuous-time stochastic 

process X such that 

Vi,t = PiXt, (2) 

where Xt is an Ito diffusion which follows the general SDE: 

dXt = a{Xt)dt + b{Xt)du}t. (3) 

The Weiner process dw is assumed to be independent of the Weiner processes in the 

stock price processes. The sensitivity of portfolio z's instantaneous volatility to the 

process Xt is given by pi. Thus, the 0i represent the factor loading on the process 

Xt for the portfolio volatilities Vi,t. To avoid confusion we will refer to A" as a factor 

and the K as portfolio volatilities. 

To identify the level of the factor process, we restrict to equal 1. This amounts 

to restricting the level of instantaneous volatility for portfolio 1 to equal the level of 

the underlying volatility factor: 

= Xt. (4) 
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Thus, in our models, Vi^t = and Vz^t = 02Xf In this paper, we restrict our 

attention to single factor models of stochastic volatility, with extensions to more 

than one factor straightforward in their implementation, provided identification is 

possible. 

Given that the level of instantaneous volatility is a function of a continuous-time 

stochastic process, Ito's lemma allows us to characterize the instantaneous portfolio 

volatilities as stochastic processes: 

dVî t = 0idXt ,  for i  = 1,2. 

If we denote as the integral of the instantaneous volatility process for portfolio 

i over a time period of length At, 

where At is the time elapsed between discretely sampled data and 5i,t, then 

the continuously compounded rate of return over the period is normally distributed: 

Conceptually, in a stochastic volatility model, a return over a time period of 

length At yields information about the integral of the volatility process over that 

time period. The integral is equivalent to the area under the path of the volatility 

process over the time period. Furthermore, the time series of returns yields infor

mation about the time series properties of these integrals. However, our task is to 

estimate, among other things, the parameters which describe the law of motion for 

the volatility diffusion itself. It is not clear that using the time series properties 

of the integrals can properly describe the properties and identify the parameters 
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of the process which underlies them. Recall that the transition densities which are 

known, such as the non-central chi-squared density for the mean-reverting square-

root process used in Cox, Ingersoll, and Ross (1985), are for the level of the process 

itself. 

A set of returns for different assets over the same time period, when it is assumed 

that the volatilities of these returns are a function of a common latent volatility 

factor, yield information about 

However, we are trying to estimate the continuous-time dynamics of Vj, a diffusion 

that can be characterized generically as dVt = a(Vt)dt + b{Vt)dujf The key insight 

is that as the length of time over which the volatility is measured approaches 0, the 

volatility integral approaches the level of volatility. That is. 

The strategy we employ in this paper is an augmentation of the data with 

a volatility series that is measured at finer intervals of time than the returns are 

measured. This allows for better estimation of the dynamics of dVt to be achieved. 

As can be seen from (7) above, this is because, conceptually, the closer the volatility 

measurements are to each other the closer the dynamics of the integrals will mimic 

the dynamics of the integrand. We are merely transforming the way in which we 

estimate the volatility so that the information the data contain concerning how 

volatility evolves can be extracted in a more appropriate way. It is not that a finer 

partition of the volatility series gives us more information, but rather it allows us 

to extract the diffusion dynamics more appropriately. Another way to consider this 

I Vrdr —> VtAt, as At 0"^. 
ft+M 

(7) 
Jt  
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is to realize that the more frequently the volatility integrals are measured the closer 

the dynamics of the integrals will conform to the transition densities of the variables 

themselves. That is, as At approaches 0, the dynamics of the integrals approach 

the dynamics of the process. This allows us to impose the structure dictated by the 

transition density of the process upon these small integrals of the process, because 

their dynamics approach that of the process itself as the time between measurements 

approaches 0. In our analysis, we measure volatility 10 times for every one return. 

The number reflects a tradeoff between computational time and precision. However, 

our setup allows for volatility to be measured to any desired degree more often than 

returns. 

The V*i can be consistently estimated with c observations per discrete time 

period. Define V*^ to be an estimate of V'^. 

vt., = + E V,;., + Ai, (8) 
*=1 

where V;°_i = = Vi,t and is the level of portfolio Vs volatility process 

after ^ of the time between discrete points t — 1 and t has elapsed. That is, V^*_i 

is the level of the volatility process at a point in time k subperiods of length At /c 

after time i — 1, and c—k subperiods before time t. Our estimate V*i of the volatility 

integral is a trapezoidal approximation from standard calculus, and 

as c oo. 

As c approaches infinity, our setup approaches having the continuously measured 

path of the process and the area under the path can be calculated. 

Since = PiX^, the integral of the volatility process for portfolio i over the 



21 

time period from t — 1 to Hs estimated using 

(9) 

Using the end of the week portfolio values we calculate the continuously compounded 

returns for each time period. This implies 

We will hereafter refer to ri,t as the return to portfolio i  at time rt as the vector 

(with dimension 2) of portfolio returns at time and R will denote the entire time-

series of returns under study. 

2.1 Transition Density Approximation 

In order to exploit known transition densities for the factor process, or approxima

tions to the transition densities, we model the evolution of the latent process X 

according to one of seven possible stochastic differential equations. It is well known 

that in only a few cases is the transition density for discrete observations generated 

by general Ito diffusions in (3) of known closed-form. 

At least four methods have been proposed in the literature to compute the 

transition density. One involves solving numerically the Fokker-Plank-Kolomogorov 

partial differential equation, as proposed by Lo (1998). However, this method fails 

to produce a closed-form expression that can be maximized over the parameters of 

the diffusion. Another method involves bridging the gap between observation dates 

(10) 

where 
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by simulating a large number of sample paths along which the process is sampled 

very finely as in Pedersen (1995). This method also fails to produce a closed-

form which is an explicit function of the parameters of the diffusion. Neither of the 

methods are trivial to implement in practice. The method of Lo produces a criterion 

function which is an implicit solution to a partial differential equation. Maximizing 

the criterion function takes several steps where the value of the parameters of the 

diffusion change infinitesimally as part of the maximization step. The method of 

Pedersen involves an infinite sum over simulated sample paths. Again, averages 

over the simulated sample paths have to be recalculated as the parameters of the 

diffusion change infinitesimally and produce a new set of simulated sample paths. 

Recently, Elerian, Chib, and Shephard (1999) have proposed using a Bayesian 

framework as a solution to the problem. Like the setup we employ in this paper, 

their method calls for the introduction of augmented data to complete the missing 

diffusion between measurements. They use the Euler-Maruyama approximation of 

the SDE for an Ito stochastic process. Using our notation, the Euler-Maruyama 

approximation to the general SDE in (3) is 

^t+i = Xt  +  a iX t )  A t  + 6(A't)(u;t+i — Ut) ,  

where the transition density is 

Xt+i\Xt - M{Xt + a{Xt) At, b^Xt) At), 

and At is the time elapsed between time t and < +1. The Euler-Maruyama approx

imation is a simple discrete time Taylor approximation of an SDE which contains 

only the time and Weiner integrals of order one. The approximation is generally 

too crude to adequately approximate the true transition density of observations 
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separated by anything more than a very small time interval. Obviously, the approx

imation becomes better as the time between observations becomes smaller. Elerian, 

Chib, and Shephard use the result due to Pedersen which shows that integrating 

over an increasing number of smaller time-spaced Euler approximations produces 

an estimator of the transition density that converges almost surely to the true tran

sition density. The approximation of the true transition density is given 

is the gaussian transition density of the Euler-Maruyama approximation, m is the 

order of the approximation representing the number of augmented measurements 

of the process X between time t and i + 1, and At is the small increment of time 

between measurements Xtj and The result is that as m —> cx), g. 

It is interesting to contrast the motivation for the data augmentation schemes 

used in this paper and in Elerian, Chib, and Shephard (hereafter referred to as ECS). 

In ECS, data augmentation is used as a way to allow a gaussian transition density to 

approximate the true transition density so that maximum likelihood inference can be 

conducted. If the true transition density were known, ECS would not undertake data 

augmentation and would proceed directly to maximum likelihood. In this paper, 

we must perform high frequency data augmentation even when the true transition 

density is of known closed-form. For us, this is the only way to simultaneously 

impose the structure that a transition density has for the evolution of the continuous-

time volatility process and also take into account what information the data conveys. 

by 

w 

d'Xt,m^ • • • 1 d-Xt,\^ 
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For us, the data augmentation procedure aids in constructing the estimate for the 

integral of the volatility process over the return period. While we certainly could 

have used the methods of ECS in our paper, at the time this project was undertaken 

these methods were not known to us. It is potentially interesting to determine how 

our inferences might be altered using their methods. 

The approximation method we use for a process whose transition density does 

not have a closed form is due to Ait-Sahalia (1998). He constructs a sequence 

of fully explicit approximations which converge to the true transition density of 

a discretely-sampled diffusion. The method works by transforming the original 

variable X into a variable Z whose density belongs to the class of densities for 

which Hermite expansions can be applied with the Hermite series converging. In 

most cases, Hermite expansions cannot be used to approximate the transition density 

for X around a normal density because the diffusion is too far from normal. Once 

the converging sequence of approximations for the density of Z are constructed, the 

variable Z is then transformed back into X. The result is an expansion for the 

transition density of X around a deformed normal density. 

The first step involved in constructing the sequence of approximations to 

f{Xt\Xt-i) standardizes the diffusion function of X in (3), transforming the variable 

X into Y: 

The step standardizes the process in (3) because the process is divided by its diffusion 

component 6(A't). The variable is a simple function of Xt. If, for example, b(Xt) 

= bX^, then Yt = X}-''/ {6(1 - A)} for 0 < A < 1. If A = 1, then Yt = ln{Xt)/b, 

and Yt = -(A - l)Xf^^~^^/b for A > 1. By applying Ito's lemma, the variable Y 

(11) 
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has unit diffusion and 

dYi — (lyiYi^dt + duji, 

where 

»» 
The diffusion Y is then transformed into a variable Z because in Ait-Sahalia's frame

work there is no requirement that A< -> 0. In general, Y will still not be close enough 

to normal to allow for the expansion of its conditional density around the normal 

density function, even though its diffusion term consists solely of a Weiner process. 

For larger At, the drift term in Y must be accounted for, since it can be a function 

of the level of the process. 

Ait-Sahalia defines a "pseudo-normalized" increment of K as 

Zt = Z(A«, - K,., - ay(y,-,)A(). (13) 

The variable Zt is close enough to a normal variable to make it possible to create 

a series of expansions for its density around a normal density function. Letting 

friYtlYt-i) denote the conditional density of VtlVt-i, the density function for Zt is 

defined: 

MZ,\Y,. ,)  = Z, + K,-i  + or(V.-i)  

Once the sequence of approximations to the density function for Z have been con

structed via Hermite expansion, the sequence of approximations for fy can be com

puted by inverting the density function for Z. Then the sequence of approximations 

for the density function for our variable of interest X can be computed by multiply

ing fy by b{Xt)~^. 
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Ait-Sahalia contends that an expansion of order 3 is quite sufficient for typical 

stochastic processes employed in finance problems, and in this paper we use an 

expansion of order 4. Defining as the approximation of order J to fz, the first 

four terms of the sequence f(Zt\Yt-i) are given by: 

/I" = 0(2) 

/f = /i"+«(^)[K2(Z)oP/2]A( 

/?' = /f-0(Z)[H,(Z){<.,-<.S!V2 + <'v/4} + f3(2)agV6]A!='' 

/l" = fJ'+<l>(.Z)[Hi{Z)la^"/3 + ar4'/3 + 4'/6} 

+ H,{Z) {aSJIVs + "r/2'l}] At' 

where <I>{Z) denotes the standard normal density, Hj{Z) is a polynomial in the 

Hermite expansion and "* is compact notation for . The 

first four polynomials Hj{Z) are given by: 

H,iZ) = -Z 

H2{Z) = Z^-\ 

Hz{Z) = -Z^ + ZZ 

H^{Z) = Z*-6Z^ + Z 

This gives us the corresponding sequence of approximations for /x(A^£|X£_i): 

(14) 

with 7(Xt), 7(Xt_i), and ay being replaced by their respective expressions defined 

in (11) and (12). 
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Finally, we have the approximation to the transition density for X that we use 

in this paper: 

X [l + H2{Zt)a^}^/2At - {Hx(Zt) (ayaliV2 + agV^) 

+ {H2{Zt) (a^'Vs + oyaS^Vs + ag'/s) 

+H,{Zt) (aSi'Vs + aS?V24)} (Ai)^], 

where Zt from (13) is restated in terms of Xti 

Z, = - ayMX,.,)) At). 

For processes with transition densities of known closed-form we use the appro

priate exact specification. However, using the mean-reverting square-root process 

as a benchmark, the approximation error {fx — fx^) of the Ait-Sahalia procedure 

is of order 10"^ when fx is of the order 10^ for the typical size of At that we use in 

this paper. The approximations are extremely accurate. 

2.2 Models and TVansition Densities 

MRSR Model 

We analyze seven different models of stochastic volatility which differ with re

spect to the SDE the factor is specified to obey. The first model analyzed has a factor 

process governing portfolio volatilities which follows a mean-reverting square-root 
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(MRSR) SDE. The MRSR model's setup is summarized by: 

dSi^t = dzi,t (16) 

dS^^t = <l>2S2,tdt + yJV2,tS2,t  dZ2,t  (17) 

Vi.e = (18) 

V2,t = (19) 

dXt = K{Tt-Xt)dt + ^y/XtduJt. (20) 

The volatility factor X has long term mean level rf that the current level of the 

process Xt is pulled towards with speed of adjustment K. The process has conditional 

instantaneous variance proportional to its level, and ^ is the diffusion coefficient. 

The larger is ^ the more volatile is the factor itself. Note that (18) serves as an 

identifying restriction necessary to identify the level of the process.^ The second 

portfolio, from (19), is allowed to have a different sensitivity to the factor, with P2 

being the factor loading on the process. 

The process has a known closed-form transition density and unconditional den

sity. The process is Markov and the transition density is given by 

= ce—• (0'" I, (2(OT)'«) , 

where 

2K 

^ ~ ^( l -c -«A«) '  

u = 

V  = c X t ,  

^In a Bayesian setting the priors can conceivably be used to identify the level of the process. 
However, this would likely increase the sampling variance of other parameters. 
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2kt7 

J' 
Q f2 

and /,(•) is the modified Bessei function of the first kind of order q. The transition 

density of the MRSR process is non-central chi squared.^ There are occasions during 

estimation when the unconditional density of the process is needed. This "steady-

state" density of the process is not conditioned on any lead or lag observation, but 

rather is solely a function of the parameters and structure of the process. The 

steady-state density, /(Xt| ), for the MRSR process exists because the process is 

mean-reverting. It is given by 

/{x,\-)  = 

where 

_ 2K 

2KT) 

" ~ 'F' 

GBM Model 

The second model we analyze casts the latent volatility factor as a geometric 

Brownian motion. We denote this as the GBM model and the factor follows the 

SDE, 

dXt = aXtdt + ̂ Xidut, (21) 

which replaces (20) above when we estimate the model. We do not restrict any of 

the parameters in the MRSR model to equal any parameter in the GBM model or 

any other model during estimation. The transition density is for the GBM process 

^See Cox, Ingersoll, and Ross for details. 
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is lognormal, but no steady-state density exists since the process is nonstationary. 

The transition density is: 

1 , /lnX(-lnX,_i-aA«+.6<^AA* 
= ' • 

The process has an instantaneous growth rate a and conditional instantaneous vari

ance proportional to the square of the process level. Thus, in addition to differences 

with respect to stationarity, the MRSR and GBM processes also differ with respect 

to their constraints placed on the proportionality of conditional instantaneous vari

ance to a power of the current level of the process. 

VAS Model 

The next model we examine characterizes the latent volatility factor's evolution 

as 

dXt = k{t] — Xt)dt + ̂ du/f, (22) 

again replacing (20) above and combined with (16) through (19) defines the model's 

setup for estimation. We denote this as the VAS model because the SDE above is the 

same one used by Vasicek (1977) in modeling the short rate in the term structure of 

interest rates. It has the same specification for the drift term as the MRSR process, 

but is characterized by constant conditional instantaneous variance since no Xt term 

is present in the diffusion component of the SDE. The process is stationary with the 

rate of mean reversion dictated by k. The transition density is normal and is given 

/(X.IJC.-,) = , 

where 

7^ = ^^(1 - 6-=^"^')-
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The steady-state density is obtained from the transition density by allowing At 

oo. The result is: 

/(XtlO = 't'"' . 

CVMR and CVNS Models 

The next two models we investigate allow for the conditional instantaneous 

variance of the factor to be proportional to a power of the process level which is a 

free parameter. The MRSR process restricts the conditional variance of the process 

to be proportional to its level and the GBM process restricts it to be proportional 

to the process level squared. This important characterization is obtained by taking 

the expectation of the square of the diffusion component of a process. For example, 

the conditional instantaneous variance for the MRSR process is ^^Xtdt and for the 

GBM process is ^"^Xfdt. 

The CVMR model has a volatility factor that is mean reverting, but allows for 

the exponent on Xt in the diffusion component of the SDE to be a free parameter:'' 

dXt = K{q - Xt)dt + ̂ X^dwi. (23) 

The process has the same drift component as the MRSR process but instead of 

conditional instantaneous volatility equal to ^^Xtdt, it is equal to ^^Xf^dt. The 

transition density has to be approximated using (15). The approximation is imple

mented using the following constraints and identities: 

= 

*CVMR is derived from the fact that the process is characterized by constant elasticity of 
variance (governed by the free parameter A), and is mean reverting. The CVNS model's factor is 
nonstationary, hence NS replaces MR. 
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where 

t/;o = 

, _ A 
~  2 (1 -A) '  

'tp2 = «(1 — A). 

The approximation works for .5 < A < 1. Although the transition density must be 

approximated, the steady-state density is very similar to that of the MRSR process 

and is given by 

where 

2K 
u — 

^22A' 
KTJ 

The nonstationary version of this type of process merely replaces the mean 

reverting drift term with a constant growth drift. We denote this as the CVNS 

model and its volatility factor's SDE is 

dXt = aXtdt + ̂ X^dujf (24) 

The transition density is given by 

(2(rj)"^) , 

where 

1 9 = 
2-2A '  
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2ao 

X = 

z = kX?. 

PTSR Model 

The next model we analyze casts the latent volatility factor as a power trans

formation of the MRSR process. That is, 

= {QthY. 

where Qt is the MR5R process and g > 1. We denote this as the PTSR model and 

the latent process has an increasingly right-skewed transition density with higher 

values of Q. This feature is potentially attractive since volatility does exhibit some 

extremely high values that may be better captured by a factor with more mass in the 

right-hand tail of its transition density. Using Ito's lemma, we note that, generically, 

This can be solved to give the explicit SDE for dXt in terms of Xt. 

dXt = ^ + ̂ {T}Xl''^YI^Xy duJt. 
V 

(25) 

^ X , ' «(7, - riXn + -rj-^Q{Q - 1)JV/ ev 

We exploit the fact that Qt has a known transition density and the relation 

where J( ) denotes the Jacobian of the transformation from Qt to Xt. The transition 

density for the PTSR process is given by 

= cc e-"-" (0"' I, (2(«»)"') , 
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where 

C = 
Q 

2K 

^2(1 

= cxT)Xt.^e 

V = CITJXL^'', 

and /,(•) is the modified Bessel function of the first kind of order q. The steady-state 

density for Xt is given by 

The last model we analyze is denoted NLMR and is characterized by nonlinear 

mean reversion in the volatility factor. It is designed to produce very little mean 

reversion when the process is located near its long term mean, but strong nonlinear 

mean reversion when the process strays substantially from its long term mean. The 

diffusion component of the process also contains a free parameter on the Xt term. 

The SDE of the process is 

tj" v(i/e) 

where 

^2 '  

2 /C7/ 

1^' 

NLMR Model 

(26) 
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To exhibit mean reversion, ai > 0, as < 0, and < 0. The larger the absolute 

values of these three parameters the stronger is the mean reversion. The transition 

density of the process does not have a closed-form solution and must be approxi

mated. To implement (15), the following equalities are necessary: 

= 

aviYt-i) = 

where 

2 ( 1 - A ) '  

V'a = 03(1-A), 

Although the process is mean-reverting, we do not know the steady-state density. 

Unlike the case where the transition density is of known form, we cannot obtain 

the steady-state density by allowing At -> 00 with the approximation method. For 

the NLMR model, approximations become progressively worse as the time between 

observations increases. 

Equations (16) though (20) define each model's setup for estimation, with (20) 

being replaced by the volatility factor's appropriate SDE. In all of the models we 

analyze, the dwt are assumed to be independent of dzi^t dz2,t. The Weiner 

processes in the stock price level processes are allowed to have correlation p. 
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2.3 Posterior Simulation 

We now demonstrate how to simulate the posterior density of the factor time series 

and the parameters in the MRSR model. There is no need to demonstrate this for 

all of the models as each proceeds in similar fashion. Notable differences will be 

highlighted at appropriate points. For the MRSR model, the task is to construct 

the following posterior density: 

/ (01,  AC, T), e, h. K K •  •  • .  ̂ r l^)-  (27) 

Since we have 365 returns in our data set the latent factor series Xf oi ^i,oi • • • > 

has dimension 3,651, and including the parameters of the model the posterior density 

has dimension 3,658. 

We use a cyclic Metropolis-Hastings (MH) algorithm with a single component 

transition scheme to sample from the posterior density. The Metropolis-Hastings 

algorithm is a Markov chain Monte Carlo sampling tool that samples from a density 

via Markov chains, and the single component transition algorithm moves the Markov 

chain one component at a time.^ After sufficient probabilistic moving or updating of 

the components which starts with a set of initial values for all of the elements in the 

density, the target distribution is the equilibrium distribution of the chain. In our 

Bayesian setting the target distribution is the posterior distribution in (27), with 

each parameter and element of the factor time series considered a component. After 

a sufficient burn-in sample of draws the sampling converges to sampling from the 

posterior marginal distribution. We use a MH algorithm instead of Gibbs sampling 

because the conditional densities which would be have to be sampled from in the 

'For an exposition of the Metropolis-Haatings algorithm, see Chib and Greenberg (1995). 
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Gibbs setting do not have standard functional forms. 

To ease exposition, we rewrite the posterior density in (27) as 

mx\R), (28) 

where 6 represents the entire vector of parameters in the MRSR model and X the 

entire 3,651 length vector of latent variables. We start with initial values for all of 

the parameters and latent variables and cycle through each parameter and latent 

variable, generically referred to as components, one at a time. For each component 

i of the parameter vector, a proposed new value is generated according to proposal 

density where 9i is the current value of component i in the chain and 0* 

is the proposed value. The proposed move in component i  of the chain is accepted 

with probability 

If the move is accepted, component i  of the chain is updated to d*. If rejected, 

the component remains at di. The next component of the parameter set and subse

quently all of the latent variable components are sampled in the same way. When 

all of the components have been cycled through, 1 point in the entire joint posterior 

density of the parameters and the factors has been sampled. The algorithm then 

starts again with parameter component i = 1 under consideration for updating. In 

our computations of the posterior density, we use 10,000 burn-in cycles through 

the entire parameter and latent factor space to eliminate dependence of the chain 

on initial starting values and 15,000 post bum-in cycles for density construction.^ 

^For the NLMR model we use 20,000 post bum-in cycles to construct the posterior density 
because of imposed higher acceptance rates. This implies that the chain will move more slowly over 
the posterior density space and it takes more cycles to construct a density that has traversed the 
entire posterior space. We imposed smaller transitions because the approximation of Ait-Sahalia 

"iWqiiOi, Of) 
(29) 
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Because of the large dimension of the models under study, a substantial number of 

cycles must be performed during the burn-in so as to remove dependence on initial 

parameter and factor settings and to ensure convergence. The large number of iter

ations is necessary also to ensure sufficient traversing over the entire parameter and 

factor space. 

A few remarks about $*) are now in order. For nearly all of the parameters 

in all of the models we use a random walk chain. In random walk chains the proposed 

new value for a component is equal to the old value plus a random variable with 

distribution independent of the chain. Thus, the chain will propose moves according 

to the distribution of the random increment and 9i(d„d*) will be a function of the 

size of the increment. During the burn-in, we tune the random increment after 

every 1,000 draws to try and create an acceptance probability of around 35%. If the 

acceptance rate is too high the chain moves very slowly over the posterior density If 

the acceptance rate is very small the number of cycles needed to fully construct the 

posterior density may be unnecessarily large. Although the optimal acceptance rate 

is unique to the problem under study and is difficult to generalize, rates on the order 

of 20% to 50% have been proposed in the Bayesian literature. If the distribution 

of the random increment is symmetric around 0, the acceptance probability in (29) 

reduces to 

independent of q. That is, if the random increment is symmetric around 0, 9t(di,d*) 

= qi{6*,6i) and both terms can be dropped from (29). 

seemed to experience complications when large moves in the drift parameters of the volatility 
process were proposed. 

(30) 
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Because the random walk chain can propose movements into territory where the 

transition density is not defined (a negative k, for example, in the MRSR process) 

or where the volatility factor is negative, it is not appropriate for sampling with all 

components. However, a parameter is often well enough identified by the data that 

even though there exists a restriction on its domain, the random walk chain can still 

be employed. In our analysis, this is always the case for /?, the correlation between 

the stocks' Weiner processes. Its domain is restricted to [-1,1] but the parameter 

is well identified by the data during estimation to be between .35 and .65. In 

other cases, such as k in the MRSR process, the parameter is domain restricted 

but not well enough identified to allow the random walk chain to be used. For 

such parameters we use an independence chain based on the prior. In this setting, 

where /(^J) is the density value of 9* specified by the prior. The 

proposed transitions are independent of the current value of a component, and are 

simply a "draw" from the parameter's prior distribution. Thus, if the prior's mass 

is restricted to the appropriate range it ensures the chain will not traverse into 

undefined territory. 

We also use an independence chain algorithm for the drift parameters in the 

NLMR model. In this model ai has to be greater than 0, while and on have 

to be less than 0. We used individual priors to restrict their respective domains, 

but still encountered difiiculties in evaluating the transition density for the NLMR 

process. Specifically, large candidates for the drift parameters sometimes led to 

negative transition density values. Upon closer inspection, we determined this oc

curred when the entire combination of drift parameters implied an unreasonably 

large drift (the value that is multiplied by dt), and not when any one parameter 

was large in absolute value, per se. We conjecture that the drift parameters are 
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negatively correlated. That is, if the data support a mean reverting volatility fac

tor, the more negative an as estimate, the less negative an estimate of 04 will be, 

ceteribus paribus. Our solution is to block sample the Qi parameters en masse, using 

candidates generated from a 4-dimensional prior density in which the parameters 

are all negatively correlated. This ensures the drift term for the NLMR process 

never becomes unreasonably large in absolute value and the approximation to the 

transition density is well behaved. We encounter no difficulties during estimation 

once this adjustment is made. If the candidates are accepted, all four values for 

are changed. If not, all four parameters remain at their current values. 

The other terms and iri(d*) represent the posterior density evaluated 

at two different values for the ith component. Thus, the target posterior density 

7r(0, X\R) enters into the algorithm through the ratio 7rj(0j)/7r(0*). Complete knowl

edge of the posterior density is not required and proportionality constants can be 

dropped. Therefore, we rely heavily on the fact that 

via Bayes theorem. 

Starting with an initial value of <ftx we generate a proposed new value according 

to 9(^1,entails generating a normal random increment w to produce 

candidate <t>\ = <i>\ -¥ w. The variable w is normally distributed with mean 0 and 

variance tuned during successive bum-ins of 1,000 draws each to yield an acceptance 

rate close to 35%. The proposed new value is accepted with probability 

where 7r(0^) denotes the posterior density evaluated at the proposed value 0^ 

mx\R)« m\x,e)nx\g)m, (31) 
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7r(<^i) denotes the posterior density evaluated at the original point 4>\- FVom (31), 

the posterior density evaluated at the proposed point i(>\ is given by 

oc f{R\x,e')nx\e')ne'), 

where 6* denotes the parameter vector with the new value inserted. 

The posterior density can be further factored and the following proportionality 

stated: 

<r(«) oc 
e=2 

X (32) 

X /(0-) .  

This is the full expression for the posterior density kernel and is a useful decomposi

tion that aids in dropping further unnecessary terms when evaluating n{di) or n{9*). 

The decomposition is written assuming that the volatility process is measured ten 

times over each period a return is recorded. 

Since the density of the latent process is a constant in terms of (f>i and the 

prior for this parameter is independent of every other parameters' prior, (32) can 

be greatly simplified: 

oc f{n\X, r) n /(rt|r»_i,..., ri, X, 
t=2 

Since the term (f>i represents the drift term in the process, it is independent of 

the density f{X\6). The density of the latent process is a multiplicative constant 
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which can be dropped from the posterior density kernel when viewing the density 

with respect to J 

Using V*t an estimate for we have 

/(ri|X,0 = 
1 ,, (n-ri) 

where is the two dimensional vector of returns at date 1, 

n,i 
^2.1 

f 1 is the two dimensional vector of expected returns, 

v,* 

. <h — 2 

Ail is the time period over which the first return is measured, and E* is the 2 by 2 

covariance matrix of returns at time 1: 

P y y i , i y y 2 A  

. V2:. 

The latent process X enters into the covariance matrix since 

k-l 

h:. = AKv 

Vi't = i(.5JrS + SX{ + .5Xf)A(„ 

The terms /(r{|rt_i,...,ri,for t = 2, ...,r can be simplified to f{rt\X,6*) 

since the returns are not autocorrelated in any way outside of the X being autocor-

related. That is, past returns provide no information about current returns apart 

from the information they contain about X, which is already conditioned on. Thus, 

^This is true for all the models we analyze. 
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the density of observations i = 2,..., T is computed in the same way as f{ri\X, 6*), 

using the appropriate Att and Xt to construct the covariance matrix. 

For K recall that the proposal density q{K,,K*) = the prior for «. A 

proposed move will be drawn from the prior and accepted with probability 

_  m i n / l  

Notice this last expression calls for posterior densities to be divided by the proposal 

transition function. Since we use the prior as this function, dividing the posterior 

density by the prior density implies that this acceptance probability reduces to a 

ratio of likelihood values: 

a{«,0 = min|l,^}. 

For k ' € 6*, using (32) and dropping unnecessary multiplicative constants and the 

prior, we obtain: 

fK)  cx  / (x ; i9*)  n  { ( n  nx;\xi„... .  
Evaluating this expression entails evaluating the transition density for the X process. 

We use the appropriate closed-form transition density or its approximation. The 

appropriate Ai between and XtSi is equivalent to one-tenth of the time period 

over which ft is measured. The density /(XqÎ *) represents the unconditional or 

steady state density of the process. When it exists, as is the case for the MRSR 

process, we use the known form.^ When the steady-state density does not exist, we 

"The exception is the NLMR process. Conceptually, we could numerically integrate and ap
proximate its steady-state density. We tried this at one point but the computational time required 
was unacceptably large. 
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simply specify a prior on XQ independent of parameter priors. 

In drawing TJ we once again use a random walk MH algorithm. A proposed 

move is accepted with probability OL{q,rf) = min{l, 7r(7;*)/7r(T;)}, where 

7r(,-) oc /(Xo«19-) n {(n ne-). 

Thus, in computing Tr{q*) and 7r(T/) the density of the latent process is multiplied by 

the prior evaluated at the argument. The parameter ^ is sampled using a random 

walk chain in exactly the same manner as TJ above, since it only enters (32) via the 

density of the latent process. 

In sampling p we use a random walk chain. Using (32) and the fact that there 

is no serial dependence in returns outside of serial dependence in X, we obtain: 

I,{p-) oc f(rt\X,e-) n /(r.|x,«') /(«•), 
t=2 

where p* 6 0*. Since ^ is not a part of the latent factor density, a similar expression 

results: 

t(«) a /(rilX.rjn/CnlA-,#-) /(«•), 
e=2 

with f{d*) denoting the prior density for 02 evaluated at the point 02. 

We next draw the latent factor series at all 3,651 points specified by our 

setup and sample size. Each element in the series is sampled via a random walk 

algorithm with unique random increment variance designed to produce candidates 

that will be accepted at the desired rate of 35%. In drawing XQ we utilize the fact 

that this component only enters the density of ri and the density of since the 

process is Markov. Using the posterior density decomposition in (32), we obtain: 
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In drawing any other X* that isn't the last X in the series, X^, we have an extra term 

that is a result of the Markov nature of X. An element in the factor series enters the 

density of that element given its predecessor and the density of its successor given 

the element. Thus, for any time Q <t <T and 1 < fc < 9 we have 

For any X* where A: = 9, the next A' has a different time subscript and the expression 

above is slightly altered to reflect this; 

For any X* that is measured at the same point in time as a return (i.e. A: = 0) we 

have an additional term which reflects the fact that the factor level at this point 

affects the density of the return measured at that point and the subsequent return. 

F o r  1  < t  < T ,  

ir(X») a /(r,+,|A-.»)/(r,|A-,»)/(X»|X,'_„«)/(X,'|Jf°,«). 

The endpoint of the factor series, X^, has kernel 

7r(X») oc /(rT|X,0)/(X°lX»_i,fl). 

Once the latent factor series has been sampled, one complete cycle through the 

parameter and factor space has been performed. The 6 and X sampled during the 

cycle represent one point in the 3,658-dimensional posterior density of a model. To 

fully construct the posterior density the cycling must be repeated until the entire 

posterior space has been traversed. 
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2.4 Estimation Results 

The results of our estimation procedure for each model's parameters are reported 

in tables 1 through 7. The priors for all the models are reported in table 8. While 

specific estimates for model parameters may be of interest in some instances, in the 

context of stochastic volatility modeling determining how well the models appear to 

conform to the data, constructing volatility forecasts, and selecting a "best" model 

is likely to be of more interest. We now turn our attention to these issues. 
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3 Smoothing and Prediction 

One of the main goals of any analysis of stochastic volatility models is to infer the 

level of volatility within the sample (smoothing) as well as predicting future levels of 

volatility. Smoothed estimates of past volatility may be of interest, for example, in 

a study which tries to link an event to a change in volatility. Meanwhile, volatility 

forecasts are certainly of interest in derivative pricing. Also, portfolio managers may 

be interested in volatility forecasts in order to hedge risk or determine value-at-risk. 

3.1 Smoothing 

Smoothed estimates of the volatility over the time the data are measured are a 

natural byproduct of the MCMC sampling of section 2. Our function of interest is 

f{Xi\R) where Xf is the level of volatility at a point in time during the sample and 

R denotes the entire sample of returns. This density is of unknown form and involves 

integrating over the parameters of the model, 9, as well as the level of volatility at 

all times other than Xf. Direct integration is not possible, but integrating over the 

parameters and factor series is precisely what our sampling algorithm accomplishes. 

Upon convergence of the Markov chain, the sampling from the complete set of 

conditional densities for the factor at each time period and the parameters of the 

model is equivalent to sampling from the multivariate posterior TT{X, 6) conditional 

on the data. Notice also that in drawing X^ in section 2, we conditioned on all 

past and future X. Thus, our sampling has a two-sided smoothing nature to it even 

during estimation. The solution to the smoothing problem is achieved by simply 

taking all 15,000 draws for Xf and forming its marginal posterior density. The 
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estimate accounts for parameter uncertainty, as well as past and future volatility. 

Marginals for all of the X can be computed in the same way. The solution to the 

smoothing problem afforded by MCMC methods is very attractive for many reasons. 

A posterior density for volatility can convey more information than a point estimate 

and a standard error that arises from maximum likelihood. An agent can integrate 

over the entire probabalistic uncertainty associated with any function of interest. 

Also, parameter uncertainty is directly accounted for in the posterior, as opposed 

to conditioning on a sample estimate. This is especially attractive in problems in 

which nonlinear functions of interest are desired. In figures 3-9, we present smoothed 

estimates of the volatility plotted against actual returns. The figures can be used 

to informally evaluate the models' ability to capture the general volatility dynamics 

exhibited by the data. 

3.2 Prediction 

The MCMC sampling we perform in this paper is easily extended to conduct fore

casting over any arbitrary period beyond the end of the sample. Our aim is to derive 

predictions for future returns, primarily, as prediction of future volatility is in some 

sense incorporated in future returns. We are able, however, to derive forecasts of 

future volatility as well as returns. The approach we use works by aumenting the 

observed data with future returns (not yet observed) and a volatility series extending 

beyond the end of our sample. The yet-to-be-observed data and future volatility are 

treated exactly like the parameters of the model and the latent in-sample volatility 

series of section 2. They are treated as "missing" or augmented data and are ana

lyzed probabilistically along with the unknown parameters and in-sample volatility 
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series. That is, future returns will be treated like any other unobservable (e.g. latent 

volatility factor series) or uncertain parameter and integrated over in generating a 

full posterior density which incorporates it. 

To better understand how future return forecasts are computed, suppose the 

two portfolio returns on week 180 in the sample were unavailable. This would 

essentially cut our data series in half, rendering analysis of the model less attractive 

using either half-series. One alternative would be to set the return pair equal to 

some hypothetical value and proceed as before, with one addition. Uncertainty 

with respect to the unavailable returns can be integrated over. That is, the data 

and the model can be allowed to speak probabilistically about the possible values for 

the unavailiable data. The Bayesian solution for missing data calls for integrating 

over its uncertainty and in our context this would be accomplished by not only 

sampling from the conditional densities of the parameters and the factor series, 

but also from the conditional density of the return pair at week 180 given the 

parameters of the model and the factor series. Recall that in MCMC, sampling 

one element is conditional on all of the other other elements being held fixed. The 

resulting posterior density would not only contain the parameters of the model and 

the factor series, but also the returns at time 180. Using our full sample of returns 

and integrating over those at time 180 would yield twice the information vis-a-vis 

using either half-series. 

We augment the observed returns with forecasted returns over a five week span 

at the end of our sample. The latent factor process is augmented through date 7 -i-

5 also. Estimation proceeds as in section 2. The forecast density is constructed by 

taking draws from the algorithm as before, with the addition of draws being taken 
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from rT+i,-.., tt+b- These returns are treated on the same conceptual level as X 

and 6. Thus, our MCMC sampling proceeds cyclicly drawing from the parameter 

space, the factor space, and the augmented returns space. 

It is interesting to note that the same posterior density - for common parameters 

and factor series - results regardless of whether the algorithm of section 2 is used 

or our "prediction" algorithm outlined here is used. It is easy to show that the 

posterior density of section 2 is a subset of the posterior density here. The posterior 

density of the prediction algorithm contains more elements, but since these elements' 

uncertainty has been integrated over, the marginal density of any subset of variables 

(e.g. the posterior density of section 2) can be obtained. For this reason, we used 

the prediction algorithm to estimate all the models. 
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4 Updating 

In this section we combine importance sampling with Markov chain Monte Carlo 

as demonstrated by Geweke (1995). Our setup is slightly different in that we have 

models where in addition to a parameter vector 0 there is a latent factor process X 

which is present. However, we show that the main results follow though in much 

the same way. Consider an econometrician or a trader who wishes to update in 

real time the posterior density of the parameters or a function of interest such as 

a volatility prediction. In our analysis that implies a new weekly return has been 

measured for the period immediately following the last return contained in the data 

set. One option would be to reestimate the model as described in section 2, adding 

the latest return to the original data. Conceptually, if our original data set contains 

T returns this will generally involve computational time roughly proportional to 

T + 1. A completely new set of draws 9^^^ and would have to be drawn for 

m = 1, ..., A/. An alternative strategy involves using the posterior density already 

on hand from the prediction algorithm as an importance density and reweighting 

each draw by the conditional density of the new data point as described now. 

After M draws from the prediction algorithm have been taken, the complete 

joint posterior density, 

(33) 

has been constructed. Here, X denotes the latent factor values up to time T, X^ 

represents their values from time T through future date F, r^+i denotes the first one 

period predicted returns for the two portfolios, and denotes the subsequent 

one period predicted returns through time F. In section 3 we chose an arbitrary 
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value of F = T + 5, which implies we predict returns and volatilities five weeks 

beyond the end of our data set. After r^+i is observed, the task is to update the 

posterior density to a new joint posterior density which conditions on the new data, 

(34) 

with TT+I  moving from the left hand side of (33) to the right hand side of (34), as 

it now represents part of the data set. 

To understand how this can be accomplished, first note that the joint posterior 

density in (33) can be altered to form 

(35) 

by simply dropping rr+i from (33). That is, given our M draws from the complete 

set of conditional densities which define 1 cycle of the posterior simulation algorithm, 

the draw of rj+i can be omitted and all the other elements grouped to form the 

density in (35). This is allowable since each of the draws used to form the posterior 

density in (33) were conditional on rr+i, which itself was treated as an unknown 

quantity and analyzed jointly with the parameters and factors. Thus, rr+i has 

been integrated over and a marginal density which omits it can be formed. In fact, 

any subset of parameters from (33) can be grouped together to form any posterior 

density desired, after the full joint posterior density has been constructed. 

To obtain our desired updated posterior density, (34), recognize 

nd,X,X^,R^^^\R,rT+i) = 

f{rT+i\e, X, Xf, R)m X, 
f /(rr+i\e, X, Xf, R) /{d, X, Xf, Rl^+^IR) dOdX dX^ dR^^^' 
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The updated posterior density can be constructed using the original posterior density 

(with rr+i omitted) from section 3, f{6, X, as an importance sampling 

density. We can use our original draws and give each draw m a weighting 

(„) nrT*i\e,XT,Xf,Rf*i>R) 
!  /(rr+ilS, XT, XF, R)/(9, XT, Xf, dOdX DXF ' 

Given that the denominator in the above expression is a constant and using the 

conditional density of the data, the expression can be simplified to 

iy(m) 

where X^"^^ denotes the level of the volatility factor series over the time period 

which the new return is calculated. We sample with replacement from the density 

in (35) and each draw m is reweighted proportional to the information contained in 

the new data point and has the probability of being sampled 

It is important to recognize that in this particular setup, the prediction algorithm 

and its associated posterior density most naturally should be used. Since the term 

isn't even a part of any original (from section 2) model's posterior density it 

could be quite difficult to derive an appropriate reweighting function. 

To demonstrate the updating procedure, assume hypothetically that the next 

pair of returns observed are a moderate departure from expectations. We find that 

most of the models have a median prediction for the standard deviation of returns 

at time T +1 of around 2% for the large capitalization portfolio and around 2.2% for 

the small capitalization portfolio. Thus, observed returns of 5.3% and 6.1% for the 

large and small capitalization portfolios, respectively, ^rauld represent a return pair 
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at least a couple of standard deviations higher than expected. A return pair such 

as this could lead to nontrivial revision of our estimates of volatility for this week, 

as well as future and past weeks. Also, we might revise our estimates of drift and 

diffusion parameters in the factors themselves, to the extent updating our beliefs 

about the factor series causes us to update our beliefs about the SDEs generating 

the series. For example, the drift term in the GBM model might be revised upward 

to make more plausible this higher level of volatility. The diffusion parameter may 

also be revised upward to better explain such a large jump in volatility. In the 

MRSR model, the estimate of the long term mean of the factor process might be 

revised upward, and the mean-reversion parameter revised downward (upward) if 

the factor series was above (below) its long term mean at time T. The drift term 

for the portfolio processes will most likely be revised upward, and the correlation 

term for the portfolio returns might be inched upward since both returns are higher 

than expected with very similar magnitude. 

The results of the updating exercise for all models and all parameters are re

ported in tables 9 through 15, and generally confirm our conjectures. The posterior 

medians for and 02 both increase for all of the models, anywhere from 25 to 90 

basis points. In all but the GBM model, the factor loading, /^, increases by approx

imately .02. In the GBM model the median of the posterior density for decreases 

by .003. All of the models show a positive shift in p of around .015. In tables 16 

and 17, we focus on the effect the new data point has on volatility estimates, both 

within-sample and out-of-sample. Smoothed estimates of the standard deviation of 

returns do not change much for early weeks in our sample. However, the estimates 

increase substantially around week 366 as our hypothetical set of returns are large. 

The upward revision of volatility is seen in week 365 and continues through the 5 
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week out-of-sample forecasting period. In tables 18 and 19, we examine the effect of 

our hypothetical return on the out-of-sample predicted return densities. We report 

95% confidence intervals for returns to the large and small capitalization portfo

lios. Two effects can be observed. The first is that the confidence intervals widen, 

consistent with the upward revision in out-of-sample volatility. Secondly, the 95% 

confidence intervals appear to expand more on the upside than the downside. This is 

consistent with the upward revision in the (f>\ and 02 terms in the drift components 

of the stock price processes. 

Each model takes around 10 hours to generate the 15,000 draws which form 

the posterior density. Estimation was conducted on a 300 megahertz machine and 

include 10,000 burn-in draws and 15,000 post burn-in draws. The updating proce

dure takes approximately 10 minutes but should not be used consecutively since the 

number of different draws that form the updated posterior density is reduced with 

each update. 
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5 Model Selection 

Consistent with the Bayesian framework we use posterior probabilities of each of the 

seven models estimated to select the model which best describes the data. Concep

tually straightforward, the posterior probability of a model is the probability that a 

particular model has generated the observed data, assuming that one of the models 

under consideration has generated the data. This is implied by the fact that the 

posterior probabilities of a set of models sum to 1. 

The marginalized likelihood of any model Mjt, for A; = 1,..., K, conditional on 

the sample data, i2, is denoted f{R\Mk) and is given by: 

f { R \ M k ) = f  f  f { R \ X , e ) f i X \ 9 ) f { d ) d X d e .  
Je Jx 

Via Bayes theorem the posterior probability of A/*, 7r(Mfc|i2), is given by: 

|/j) = (36) 
Efc=i f{R\Mk)otk. 

The number of models under consideration is K  and the prior probability placed on 

model Mk is equal to Qk- Posterior probabilities are closely linked to Bayes factors, 

the ratio of two marginalized model likelihoods. The Bayes factor Bk\ is the ratio 

of the marginalized likelihood of A4 to the marginalized likelihood of 

and can be thought of as the evidence in favor of Mk relative to Mi given by the 

data alone. The Bayes factor can be restated to demonstrate that it is the ratio 

of posterior probabilities of one model versus another divided by the ratio of prior 

probabilities. Viewed in this light, Bayes factors evaluate the modification of the 

odds of a model versus another due to the observations. 
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When several models are being considered, Bayes factors determine their pos

terior probabilities as follows. Suppose again that K models, Mi, Ma,..., 

are considered. The models M2,..., MK are compared to Mi and Bayes factors 

B21, • • •, BKI are computed. The posterior probability of Mk is 

(37) 
Lfe=l BklOlic 

where aj = (a*/ai) is the ratio of prior probability (sometimes referred to as the 

prior odds ratio) for Mk relative to Mi. Bayes factors provide the posterior odds 

ratio in favor of Mk relative to Mi save the prior odds ratio. That is, to obtain the 

posterior odds ratio in favor of M* relative to M* we divide the Bayes factor by the 

ratio of the prior probabilities in favor of Mk relative to Mi, (ak/ai). The posterior 

odds ratio in favor of Mk versus Mi is denoted PORki and satisfies: 

p n p  -  _ r. ^  ̂  f { R \ M k )  ^ 
" (a»/a,) " /(H|A/i) a/ 

Thus, posterior model probabilities can be computed from a series of pairwise model 

comparisons with Mi. Note that by construction the Bayes factor for Mi, = 1 

and the prior odds ratio for model 1, Qri = 1. 

In our analysis, we compare seven models of stochastic volatility. We assign each 

model equal prior probability which implies that the Ok and al can be dropped 

in equations (36) and (37) for posterior model probability. When all models are 

assigned equal prior probability, Bayes factors are equal to posterior odds ratios. 

We assigned each model equal probability since we had no a priori belief that any 

one model is more likely than another. Regardless, posterior model probabilities can 

be easily revised from our reported results to reflect different prior beliefs. Since the 

marginalized likelihood is the primary function to be evaluated, we now turn our 

attention to it. 
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The marginalized likelihood for model k is simply the conditional likelihood 

integrated over the entire latent factor space and parameter space. That is, 

f { R \ M k ) = [  [  f { R \ X k , e k , M k ) n X t \ e k , M k ) m \ M k ) ,  (38) 
jQk JX 

where Xk is the entire time-series vector of latent factors in model k and dk is the 

vector of parameters in M^. Conceptually, this equation can be viewed as taking 

the expectation of the conditional density of the data with respect the conditional 

density of the latent data given the parameters, S{Xk\Bk), and the prior density of 

the parameters of the model A:, /(^t). 

The simplest estimate of the marginalized likelihood of model k is the basic 

Monte Carlo estimate, 

mMt) = i E /(fllATf, 4"). (39) 

where ..., is a sample from the prior density f{9k\Mk) and ... ,X^^ 

is a sequential sample from the densities f{Xk\0^k^),...,f{Xk\0^k^). In order to 

be done properly each sample from the latent data density has to be paired with 

the appropriate sample from the prior density. The estimator averages conditional 

likelihood values chosen according to the prior. It is well known that this sort of 

integration strategy will not work in problems with more than a few dimensions. 

The problem lies with the fact that in virtually all of the prior space and factor 

space implied by the prior the conditional likelihood has extremely small values. In 

the models we analyze, the dimension of the prior and factor space is at the very 

least 3,657.^ In cases where there is some disagreement between the prior and the 

^For the GBM model the factor space has dimension 3,651 and there are 6 other parameters 
describing the instantaneous return to the two portfolios, the factor loading on the volatility factor, 
the covariance of returns, the instantaneous drift in the factor process, and the diffusion parameter. 
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conditional likelihood, the estimator can be greatly influenced by a small number of 

evaluation points. In general, the conditional likelihood will be more concentrated 

than the prior and most evaluations will take place at points where this density is 

small. Even for large values of n, this estimate can be influenced by a few sampled 

points, making it very unstable. 

An alternative is to perform importance sampling with the goal of increasing the 

number of sampled values in regions where the integrand is large. In this context, 

the approach entails sampling from the importance density g{Bk) = c\g*{dk)i where 

g* is the unnormalized form of the density and ci is a normalizing constant. Once 

this density is sampled from, a sample is also taken from the density h{Xk\Ok) = 

C2h*{Xk\6k)- Equation (38) can be rewritten (suppressing the model dependence 

notation) as 

This gives us an alternative estimate of the marginalized likelihood: 

I f f r n i Y ' O f f ' " !  r i m  mm - - E /(fliJ:., 0, (40) 

The estimator also takes the expectation of the conditional likelihood. However, in 

this case the expectation is taken with respect to the two importance distributions. 

In many cases the values of the normalizing constant (s) are not known and have to 

be estimated. Noting that 

ClC2 = / / c,C2f{Xk\0k)m)dXkdek, 
jQk Jx 

Jejx g'idk) h*{Xk\ek) ^ 
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yields an estimator for C\C2 which can used to calculate, 

where the 0^'^ are sampled from g and the are sampled from h. Replacing cic2 

in (40) with the estimate clcj gives: 

i V" /jCOn /(-^I Vi'*) 

These results can be applied in our Bayesian context by taking the posterior density 

as the importance density. After a Markov chain posterior simulation, a sample 

..., and ..., from the posterior density, 

... ^ f{R\x,,e,)nx,\e,)m) 

feJxm\Xk,ek)fiXMm)dx,dd 

= cinR\Xkjk)f{x,\ek)m), 

is available. These values can be used in (41) utilizing joint importance density, 

= fwx^'.ejp) 

This implies that the constant C3 is equal to C1C2. In this case the estimator simplifies 

to; 

^ 1 
/(RIM,) = 

1 /(x''>|al")/(oL") 

1 " 
(42) 

Ina/CfllXf.sL") 

This is the estimator we employ in the computation of the posterior probability for 

each model. Newton and Raftery (1994) refer to the estimate as the harmonic mean 
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of the likelihood values. Here, we use the posterior density of Xk and 0k as the 

importance density with each draw that comprises one point in the construction of 

these densities given equal weight. For each of our post burn-in draws the density 

of the data evaluated at that draw is computed. Although the estimates in (42) are 

often unstable with some small likelihood values having a large effect on the results, 

it is generally thought that very strong evidence is reliable. 

We present the results of the posterior model probability computations in table 

20. We find overwhelming support for the CVNS model which has a posterior 

probability of 99.44%.'° In comparison, the second best model is the PTSR model 

which has a posterior probability of .37%. This suggests the evidence is extremely 

strong that of the seven models analyzed, the CVNS model best fits the data. The 

posterior density for the CVNS model indictes that the conditional instantaneous 

volatility of the process is proportional to a power of the process level of about 1.4. 

This power is the elasticity of variance exhibited by the factor, with respect to the 

factor level. In estimating or predicting a function of interest that is common to all 

of the models, posterior probabilities can be used as weights to form a composite 

estimate or prediction that takes into account model uncertainty. In our case, this 

is essentially irrelevant since a single model has posterior probability over 99%. 

For all the models, and for each of the draws taken to form that model's poste

rior parameter and latent factor densities, we compute the log-likelihood of the data. 

That is, for each model k and draw i, we compute the natural log of 

It is interesting to note in table 20 that while the CVNS model has the highest 

log-likelihood averaged over all the draws, the NLMR model has the highest single 

^"Recall that this analysis is conditional on one of the models being "^rue". 
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log-likelihood evaluation. This is possibly explained by the fact that the NLMR 

model has a larger number of parameters. Overall identification for the individual 

parameters may be weaker relative to the CVNS model, but the flexibility afforded 

by the larger model may allow it to reach regions in the factor space that fit the 

data better. Being less well-identified, however, the NLMR model also samples re

gions where its fit of the data is relatively worse. This highlights a major difference 

between the Bayesian and classical approaches to model selection. The Bayesian 

approach looks at the relative likelihood of the data over the entire posterior space 

supported by the data. Classical approaches such as the Akaike information crite

rion, based on the maximum likelihood estimates, do not explicitly take into account 

the full shape of the posterior density. 

The three worst models all make a priori restrictions on the relationship between 

the the factor's conditional volatility and its level. Also note that the VAS model 

has higher posterior probability that the MRSR model. The models have the same 

drift components, but different diffusions. The VAS model's factor displays constant 

conditional volatility while the MRSR factor has conditional volatility proportional 

to the factor level. This sets up a natural null hypothesis concerning the condi

tional volatility of the factor. The null and alternative hypotheses are conditional 

volatility proportional to the level of the process and constant conditional volatility, 

interchangeably. However, this sort of hypothesis testing highlights two cautions. 

Since neither model has any appreciable posterior probability, it is dubious what 

sort of inferences can be taken from them. Also, given the instability of posterior 

probability computations, the evidence supporting the VAS model versus the MRSR 

model is barely worth mentioning. 
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In tables 21-27, we further investigate the ability of the various models to fit 

the data by examining the five weekly return pairs each model has the toughest 

time fitting. We evaluate the natural log of f{rt\Xl_i) for each week in the data 

set and for each draw that comprises a model's posterior density. We define a poor 

fit at time t as a low average log-density taken over the entire posterior density. 

The results suggest that all of the models have a difiScult time with fitting the same 

returns. Weeks 34, 107, 222 and 234 appear for each model, week 58 for three of the 

models and week 150 for the other four. Looking at the returns for these weeks we 

see that, not surprisingly, they are extreme. Once again, the CVNS model does not 

fit its five worst weeks the best. The PTSR and NLMR models both have higher 

total log-density for their five poorest fitting weeks. However, the CVNS model has 

1 and 3 fewer parameters than the PTSR and NLMR models, respectively. 
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6 Conclusion 

This paper demonstrates how to estimate and test continuous-time stochastic volatil

ity models in a Bayesian framework. The Bayesian setting is very appealing for this 

problem since the data can be augmented with a latent volatility process measured at 

finer intervals than the data. This allows for a consistent estimator of the integral of 

volatility between data observations to be calculated, while simultaneously incorpo

rating the structure imposed by the transition density for the process. We employ 

cyclic Metropolis-Hastings algorithms to construct a Markov chain Monte Carlo 

simulation tool which forms the joint posterior distribution of the latent volatility 

process and model parameters. We examine seven single factor models that have 

either a known transition density or one that can be approximated. We show that 

the standard Bayesian model selection exercise extends to the case of latent variable 

models. Our results suggest that for two sized-based portfolios of U.S. common 

stocks, a model in which the volatility process is characterized by nonstationarity 

and constant elasticity of instantaneous variance (with respect to the level of the 

process) greater than 1 best describes the data. An updating algorithm is presented 

to enable posterior distributions of the latent variables, parameters, or any function 

of interest to be updated in real time. 
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Table 1 

Posterior density percentiles for MRSR model parameters. The model specifies: 

dSi^t = (l>iSi,tdt + 

dS2,t = <(>282,tdt + yfV2,tS2,tdz2,t 

Vi,t = Xt 

V2.f = ^ X t  

dXt — k{t} — Xt)dt + ̂ \fXtdijJt 

dz\^tdz2,t = pdt 

percentile 
parameter 2.5 5 25 50 75 95 97.5 

<t>\ .0711 .082 .1165 .1405 .1618 .1967 .2091 
<f>2 .1906 .2031 .2383 .2621 .2862 .3215 .3313 
K .254 .324 .571 .75 .931 1.187 1.275 
V .0073 .0081 .01 .0114 .0127 .0146 .0153 

.0724 .0737 .08 .0842 .0879 .0954 .0985 
02 .973 .995 1.065 1.117 1.176 1.262 1.29 

P .376 .391 .43 .457 .482 .514 .525 



Table 2 

Posterior density percentiles for GBM model parameters. The model specifies: 

dSi,t = (i>\S\^tdt + \Jv^iS\^tdzi^t 

dS2,t = <hS2,tdi -H \f^tS2,tdz2,t 

Vu = Xt 

V2,£ = 02Xt 

dXt — oiXtdt + ̂XtduJt 

dz\^tdz2,t — p dt 

percentile 
parameter 2.5 5 25 50 75 95 97.5 

<l>i .0717 .0846 .1191 .1437 .1674 .2011 .2106 
02 .1805 .1927 .2266 .2513 .2752 .3111 .3228 
Q -.248 -.159 .191 .438 .695 1.041 1.164 

.945 .962 1.026 1.081 1.146 1.262 1.305 
02 .872 .891 .954 1.002 1.054 1.137 1.164 
P .379 .392 .433 .459 .485 .517 .528 



Table 3 

Posterior density percentiles for VAS model parameters. The model specifies: 

dS2,t = (hS-i.tdt + •^V2,tS2,tdz2,i 

V2,£ = IhX, 

d X t  =  « ( 7 /  -  X t ) d t  +  ̂d u j t  

dz\^idz2^t ~ p dt 

percentile 
parameter 2.5 5 25 50 75 95 97.5 

01 .0773 .0883 .1199 .1423 .1654 .1979 .2082 
<f>2 .1778 .1901 .2245 .2489 .2738 .309 .3199 
K .093 .145 .394 .612 .86 1.221 1.321 
V .0024 .0036 .0077 .0105 .0131 .0178 .0197 

e .0077 .0078 .0084 .0094 .0108 .0116 .0118 
02 1.081 1.104 1.182 1.241 1.303 1.405 1.439 

P .358 .372 .409 .434 .459 .492 .5 
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Table 4 

Posterior density percentiles for CVMR model parameters. The model specifies; 

dS2,t = <^52,edt + \fV2,tS2,tdz2,i 

Vi.t = 

= IhXt 

d X t  = k{T] — Xt)dt + ̂ iXfdut 

dzi^tdz2,t = pdt 

parameter 
percentile 

parameter 2.5 5 25 50 75 95 97.5 
.0781 .0888 .122 .1444 .1665 .1978 .2094 

<h .1868 .1992 .2328 .2562 .2797 .314 .3242 
K .162 .201 .348 .453 .563 .742 .787 
V .0077 .0094 .0147 .0185 .0224 .0286 .0303 

.229 .237 .266 .307 .462 .66 .678 
A .625 .633 .668 .707 .75 .826 .832 
P2 .976 .997 1.071 1.128 1.192 1.287 1.325 
P .343 .354 .396 .423 .45 .485 .494 
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Table 5 

Posterior density percentiles for CVNS model parameters. The model specifies: 

dS2,t = 02-52,trft + \/V2,tS2,tdZ2,t 

Vi,£ = 

Viyt = 

dXi — (xXidt + duJt 

dz\^idz2^t — p dt 

percentile 
parameter 2.5 5 25 50 75 95 97.5 

.0783 .0881 .1217 .1455 .1684 .2029 .2137 
02 .1905 .2031 .2356 .2597 .2815 .3109 .3198 
a -.091 -.06 .04 .109 .175 .269 .299 

.314 .329 .414 .478 .536 .677 .774 
X .65 .666 .698 .72 .746 .796 .826 

.823 .843 .911 .96 1.014 1.097 1.124 
P .364 .38 .419 .448 .473 .512 .522 
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Table 6 

Posterior density percentiles for PTSR model parameters. The model specifies: 

dSi,t ~ <f>\S\,tdt + ylV\^tS\,tdz\^t 

dS2,t ~ <hS2,tdt + y/V2,tS2,tdz2,t 

Vi,t = Xt 

V2,t = ^ X t  

Xt = {Qt/riY 

dQt = - Qt)dt + ̂ iQtduJt 

dzi^idz2,t ~  p d t  

percentile 
parameter 2.5 5 25 50 75 95 97.5 

01 .0765 .0878 .1227 .1454 .1695 .2035 .2139 
02 .20 .211 .2432 .2673 .2911 .3257 .3363 
K .0025 .004 .0101 .017 .0275 .0489 .0589 
V .0118 .0123 .0142 .0157 .0171 .0191 .0198 

.0205 .0212 .0237 .0253 .0273 .03 .0314 
Q 1.17 1.204 1.534 1.764 2.0 2.324 2.421 

02 .904 .928 .999 1.051 1.107 1.189 1.219 
P .373 .384 .427 .454 .478 .512 .523 
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Table 7 

Posterior density percentiles for NLMR model parameters. The model specifies: 

dSi^t = <l>iSi,idt H- \JVx^tS\,tdz\^t 

dS2,t = 'hS2,tdt + \f^tS2,tdz2,t 

Vl.e = Xt 

V2.t = IhXt 

dXt = (^ + a2 + a3JVe + a4X2)d< + ̂ Xe^rfu;j 

dzi^idz2,t ~ p dt 

percentile 
parameter 2.5 5 25 50 75 95 97.5 

<i>i .078 .0898 .1221 .1461 .1683 .2008 .2102 
02 .1883 .1992 .2332 .2574 .2809 .3141 .3257 

.079 .166 .816 1.71 3.04 5.44 6.32 
012 -.0423 -.0297 .0138 .036 .055 .0834 .0933 
dz -7.18 -6.19 -4.05 -2.45 -1.23 -.24 -.13 
OiA -377.3 -338.1 -227.1 -153.9 -90.5 -23.5 -14.5 

.784 .812 .983 1.1 1.299 1.421 1.456 
A .774 .782 .822 .853 .884 .907 .913 
P2 .91 .934 1.006 1.059 1.113 1.204 1.234 
P .348 .362 .401 .428 .454 .491 .502 
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l^ble 8 

Prior densities employed during estimation of the models in section 3. All of the 
priors are normally distributed, some with truncation. Truncation from below is 
denoted [a, or (a, and implies parameter x's prior restricts x to satisfy x > a or 
X > a. Truncation from above is denoted with either ,a] or ,a). 

std. 
model parameter mean deviation truncation 
MR5R 01 .12 .1 none 

<^2 .15 .1 none 
K .5 .316 [0, 

V .01 .0025 (0, 
.12 .04 [0, 

02 1.0 1.0 [0, 

P 0.5 0.316 [-1,1] 
GBM 4>\ .12 .1 none 

<t>2 .15 .1 none 
a 0.0 .707 none 

? 2.0 2.0 [0, 
02 1.0 1.0 [0, 

P 0.5 0.316 [-1,1] 
VAS .12 .1 none 

<t>2 .15 .1 none 
K 0.0 0.5 [0, 

V .01 .0079 [0, 
.1 .1 [0, 

1.0 1.0 [0, 

P 0.5 0.316 [-1,1] 
CVMR 01 .12 .1 none 

02 .15 .1 none 
K .2 .2 [0, 

V .01 .0079 [0, 
.5 .316 [0, 

A .75 .15 [•5,1] 

02 1.0 1.0 [0, 

P 0.5 0.316 [-1.1] 
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Table 8 

(continued) 

std. 
model parameter mean deviation truncation 
CVNS .12 .1 none 

02 .15 .1 none 
a .1 .1 none 

.5 .3 [0, 
A .75 .15 (0,1] 

02 1.0 1.0 10. 
P 0.5 0.316 [-1.1) 

PTSR 01 .12 .1 none 

02 .15 .1 none 
K .5 .283 [0, 

.015 .0025 [0, 
.12 .1 [0, 

Q 1.2 .447 (1, 
02 1.0 1.0 [0. 

P 0.5 0.316 [-1,1] 
NLMR 01 .12 .1 none 

02 .15 .1 none 
Q!l .0002 .001 [0, 
012 .05 .25 [-1,1] 
0:3 -10.0 7.0 ,0] 
04 -500.0 200.0 ,0] 

C 1.0 1.0 [0, 
A 0.6 .2 (0,1] 

02 1.0 1.0 [0, 

P 0.5 0.316 [-1,1] 

Note: The prior on the four terms is multivariate normal. The correlation 
terms amoung those variables are: pn = -1, P13 = --4, pu = --4, P23 = --3, P2A = 
-.1, and P34 = - l-
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Table 9 

Updated posterior density percentiles for MRSR model parameters. For each pa
rameter, the first row gives the updated value for the parameter in column 1. The 
second row gives the change in the value due to updating on raee- For example, the 
2.5 percentile value for after updating is .0735 + ,0024 = .0759. 

percentile 
parameter 2.5 5 25 50 75 95 97.5 

01 .0735 
.0024 

.0858 
.0037 

.1198 
.0033 

.143 
.0025 

.1646 
.0029 

.201 
.0042 

.2124 
.0033 

<f>2 .1906 
.0051 

.2031 
.0066 

.2383 
.0057 

.2621 
.0066 

.2862 
.0064 

.3215 
.0059 

.3313 
.0052 

K .246 
-.009 

.319 
-.005 

.578 
.007 

.752 
.002 

.926 
-.004 

1.184 
-.004 

1.289 
.014 

V .0073 
• 

.0081 
.0001 

.0101 
.0001 

.0115 
.0001 

.0127 
* 

.0147 

.0001 
.0153 

.0726 
.0003 

.0739 
.0002 

.0793 
-.0007 

.0832 
-.001 

.0868 
-.0011 

.0947 
-.0007 

.0987 
.0002 

02 .995 
.022 

1.016 
.02 

1.091 
.026 

1.144 
.027 

1.201 
.025 

1.284 
.022 

1.318 
.028 

P .392 
.016 

.405 
.015 

.444 

.014 
.47 
.013 

.493 
.012 

.525 
.01 

.534 

.009 

* denotes a value less than .0001 
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Table 10 

Updated posterior density percentiles for GBM model parameters. For each pa
rameter, the first row gives the updated value for the parameter in column 1. The 
second row gives the change in the value due to updating on rsee-

percentile 
parameter 2.5 5 25 50 75 95 97.5 

<^i .0793 
.0075 

.0895 
.0049 

.1212 
.0021 

.1449 
.0012 

.1677 
.0003 

.1991 
-.002 

.2057 
-.0049 

<h .187 
.0064 

.2001 
.0074 

.2347 
.008 

.2612 

.0098 
.2824 
.0072 

.316 

.005 
.3251 
.0023 

a -.322 
-.074 

-.187 
-.028 

.189 
-.002 

.409 
-.03 

.663 
-.033 

.997 
-.045 

1.07 
-.095 

.939 
-.006 

.952 
-.011 

.993 
-.033 

1.031 
-.051 

1.079 
-.068 

1.142 
-.12 

1.173 
-.132 

02 .876 
.005 

.9 
.009 

.952 
-.002 

.998 
-.003 

1.055 
0.0 

1.127 
-.01 

1.156 
-.009 

P .398 
.02 

.413 
.021 

.452 

.018 
.477 
.018 

.5 
.015 

.526 

.009 
.537 
.008 
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Table 11 

Updated posterior density percentiles for VAS model parameters. For each parame
ter, the first row gives the updated value for the parameter in column 1. The second 
row gives the change in the value due to updating on 

parameter 
percentile 

parameter 2.5 5 25 50 75 95 97.5 

.0844 .0918 .1258 .1484 .1719 .2037 .2125 
.007 .0035 .0059 .0061 .0066 .0058 .0042 

.1783 .1896 .2307 .2529 .2734 .3061 .3205 
.0005 -.0006 .0061 .0041 -.0005 -.0029 .0006 

K .107 .163 .415 .633 .901 1.226 1.322 
.014 .018 .02 .021 .041 .004 * 

V .0022 .0039 .0082 .0109 .0134 .0179 .0202 
-.0002 .0003 .0005 .0003 .0003 .0013 .0005 

.0077 .0079 .0088 .0097 .0109 .0118 .0119 
* .0001 .0004 .0003 .0001 .0002 .0001 

02 1.11 1.131 1.21 1.269 1.334 1.431 1.465 
.028 .027 .028 .028 .03 .027 .026 

P .37 .384 .422 .449 .473 .5 .509 
.011 .013 .013 .015 .014 .008 .009 

* denotes a value less than .0001 
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Table 12 

Updated posterior density percentiles for CVMR model parameters. For each pa
rameter, the first row gives the updated value for the parameter in column 1. The 
second row gives the change in the value due to updating on raee-

percentile 
parameter 2.5 5 25 50 75 95 97.5 

01 .0809 
.0028 

.0938 
.005 

.1292 
.0071 

.1477 
.0033 

.175 
.0085 

.2058 
.0079 

.2161 

.0067 

<t>2 .1896 
.0028 

.2021 

.0029 
.232 

-.0008 
.2577 
.0015 

.2851 
.0054 

.3184 
.0043 

.3282 
.004 

K .203 
.041 

.244 

.043 
.39 
.042 

.496 

.043 
.615 
.052 

.758 

.016 
.819 
.032 

n .0098 
.0021 

.0114 
.0020 

.0164 
.0018 

.0206 
.0021 

.024 
.0015 

.0295 
.0009 

.0308 
.0005 

.275 

.046 
.3 

.063 
.464 
.197 

.492 
.185 

.559 
.097 

.698 

.038 
.701 
.023 

Ih .998 
.022 

1.024 
.027 

1.096 
.024 

1.15 
.023 

1.215 
.023 

1.306 
.018 

1.333 
.008 

X .668 
.043 

.691 

.058 
.753 
.086 

.766 
.06 

.788 
.038 

.834 
.008 

.837 
.005 

p .356 
.013 

.373 

.019 
.413 
.017 

.443 
.02 

.467 
.017 

.493 
.008 

.505 

.011 
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Table 13 

Updated posterior density percentiles for CVNS model parameters. For each pa
rameter, the first row gives the updated value for the parameter in column 1. The 
second row gives the change in the value due to updating on raee-

percentile 
parameter 2.5 5 25 50 75 95 97.5 

<t>\ .0879 
.0097 

.1021 
.014 

.1318 

.0101 
.1524 
.0069 

.1696 

.0012 
.2102 
.0073 

.2308 

.0171 

<f>2 .1967 
.0062 

.2051 
.002 

.2442 
.0086 

.2672 
.0075 

.2851 
.0037 

.3105 
-.0004 

.3165 
-.0032 

a -.059 
.032 

-.041 
.019 

.035 
-.005 

.122 

.013 
.188 
.013 

.349 
.08 

.404 

.105 

.282 
-.032 

.283 
-.046 

.305 
-.109 

.357 
-.121 

.444 
-.092 

.525 
-.152 

.528 
-.246 

(h .864 
.041 

.873 
.03 

.936 

.025 
.978 
.018 

1.02 
.006 

1.102 
.005 

1.153 
.029 

X .611 
-.039 

.612 
-.054 

.623 
-.075 

.662 
-.058 

.701 
-.046 

.729 
-.067 

.731 
-.095 

P .369 
.005 

.391 

.011 
.429 
.01 

.454 

.006 
.476 
.004 

.513 

.001 
.522 
.001 
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Table 14 

Updated posterior density percentiles for PTSR model parameters. For each pa
rameter, the first row gives the updated value for the parameter in column 1. The 
second row gives the change in the value due to updating on rage. 

percentile 
parameter 2.5 5 25 50 75 95 97.5 

<f>i .082 
.0054 

.0949 
.0072 

.1255 
.0028 

.1469 
.0016 

.1695 
• 

.202 
-.0014 

.2148 
.001 

<l>2 .2045 
.0045 

.2185 
.0075 

.2486 
.0054 

.2749 
.0076 

.2983 
.0071 

.3287 
.0031 

.3378 
.0015 

K .0022 
-.0004 

.004 
* 

.0107 
.0007 

.0176 
.0006 

.0267 
-.0008 

.0461 
-.0028 

.0546 
-.0043 

n .0124 
.0006 

.0128 
.0006 

.0146 
.0004 

.0161 
.0003 

.0174 
.0004 

.0187 
-.0004 

.0193 
-.0005 

? .0217 
.0012 

.0225 
.0013 

.0241 
.0004 

.0255 
.0001 

.0273 
.0001 

.0306 
.0006 

.0317 
.0003 

Q 1.147 
-.024 

1.173 
-.031 

1.371 
-.163 

1.575 
-.189 

1.854 
-.146 

2.262 
-.063 

2.353 
-.068 

.943 
.04 

.968 

.041 
1.043 
.044 

1.097 
.047 

1.155 
.048 

1.23 
.041 

1.244 
.024 

P .389 
.016 

.4 
.016 

.442 
.015 

.466 
.012 

.488 
.01 

.52 
.008 

.531 
.009 

* denotes a value less than .0001 
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Table 15 

Updated posterior density percentiles for NLMR model parameters. For each pa
rameter, the first row gives the updated value for the parameter in column 1. The 
second row gives the change in the value due to updating on raee-

percentile 
parameter 2.5 5 25 50 75 95 97.5 

01 .0808 
.0028 

.0922 

.0024 
.125 
.0029 

.1492 
.0031 

.1709 
.0026 

.2029 
.0021 

.2136 
.0034 

02 .1895 
.0012 

.2005 
.0013 

.2353 
.0022 

.2601 
.0027 

.2827 
.0019 

.3172 
.0031 

.3266 
.0009 

ai .093 
.014 

.197 

.031 
.98 
.164 

1.91 
.193 

3.05 
.005 

4.74 
-.701 

5.31 
-1.01 

Q 2  -.0237 
.0186 

-.0169 
.0128 

.0147 
.0008 

.0354 
-.0007 

.0565 
.0016 

.0864 
.003 

.0943 
.001 

Q!3 -7.36 
-.18 

-6.28 
-.09 

-3.85 
.20 

-2.21 
.24 

-1.15 
.08 

-.24 
-.001 

-.13 
-.006 

"4 -404.4 
-27.1 

-364.5 
-26.4 

-251.5 
-24.3 

-177.1 
-23.2 

-105.9 
-15.4 

-29.0 
-5.5 

-17.5 
-3.0 

.779 
-.005 

.793 
-.019 

.952 
-.031 

1.042 
-.059 

1.125 
-.174 

1.41 
-.011 

1.456 
-.003 

A .771 
-.003 

.776 
-.005 

.805 
-.018 

.833 
-.02 

.861 
-.023 

.886 
-.021 

.896 
-.017 

.926 
.016 

.95 
.016 

1.023 
.017 

1.078 
.019 

1.135 
.022 

1.229 
.024 

1.258 
.024 

p  .362 
.014 

.373 

.012 
.411 
.01 

.438 
.01 

.463 

.009 
.499 
.008 

.509 

.007 
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Table 16 

Posterior density medians for within-sample and out-of sample volatility estimates. 
At each draw, we calculate the standard deviation of returns to the large capitaliza
tion portfolio implied by the factor series and factor loading. We present the results 
for the 11 weeks in Column 1. Column 2 indicates whether the original (o) posterior 
density is used or the updated (u) posterior density, conditioned on new raee being 
observed, is used. 

model 
week density MRSR GBM VAS CVMR CVNS PTSR NLMR 

50 0 2.00 2.23 1.91 2.04 2.07 2.33 1.94 
u 2.07 2.24 1.92 1.94 2.18 2.34 1.94 

150 0 1.36 1.26 1.39 1.25 1.49 1.50 1.38 
u 1.36 1.36 1.41 1.24 1.45 1.62 1.45 

250 0 1.31 1.37 1.26 1.40 1.56 1.35 1.38 
u 1.28 1.29 1.24 1.25 1.26 1.16 1.24 

350 0 1.61 1.36 1.43 1.29 1.37 1.36 1.39 
u 1.62 1.50 1.41 1.27 1.42 1.49 1.34 

360 0 1.48 1.29 1.33 1.30 1.50 1.52 1.51 
u 1.51 1.50 1.29 1.28 1.58 1.41 1.55 

365 o 1.46 1.21 1.13 1.15 0.97 1.31 1.26 
u 1.48 1.54 1.17 1.31 1.16 1.46 1.50 

366 0 1.46 1.27 1.12 1.11 0.87 1.30 1.23 
u 1.52 1.60 1.22 1.30 1.21 1.46 1.46 

367 0 1.46 1.32 1.11 1.06 0.77 1.28 1.21 
u 1.54 1.53 1.20 1.25 1.01 1.43 1.27 

368 0 1.48 1.39 1.10 1.03 0.72 1.24 1.17 
u 1.52 1.46 1.13 1.27 0.78 1.40 1.18 

369 0 1.48 1.42 1.07 1.01 0.67 1.19 1.23 
u 1.51 1.48 1.15 1.27 0.57 1.36 1.19 

370 o 1.49 1.41 1.06 1.04 0.63 1.22 1.27 
u 1.53 1.40 1.19 1.29 0.56 1.35 1.24 
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Table 17 

Posterior density medians for within-sample and out-of sample volatility estimates. 
At each draw, we calculate the standard deviation of returns to the small capitaliza
tion portfolio implied by the factor series and factor loading. We present the results 
for the 11 weeks in Column 1. Column 2 indicates whether the original (o) posterior 
density is used or the updated (u) posterior density, conditioned on new raee being 
observed, is used. 

model 
week density MRSR GBM VAS CVMR CVNS PTSR NLMR 

50 o 2.10 2.23 2.13 2.17 2.02 2.39 1.95 
u 2.21 2.24 2.16 2.08 2.14 2.45 1.97 

150 o 1.44 1.26 1.55 1.33 1.46 1.54 1.40 
u 1.45 1.36 1.60 1.34 1.43 1.69 1.48 

250 o 1.38 1.37 1.41 1.48 1.53 1.40 1.39 
u 1.36 1.30 1.40 1.29 1.24 1.22 1.27 

350 o 1.70 1.36 1.59 1.36 1.34 1.39 1.40 
u 1.72 1.51 1.59 1.36 1.39 1.54 1.37 

360 0 1.55 1.30 1.48 1.37 1.47 1.58 1.52 
u 1.61 1.49 1.47 1.38 1.56 1.48 1.55 

365 o 1.54 1.22 1.26 1.21 0.94 1.34 1.28 
u 1.58 1.54 1.32 1.40 1.14 1.52 1.51 

366 o 1.55 1.28 1.24 1.17 0.84 1.33 1.25 
u 1.63 1.60 1.37 1.39 1.20 1.53 1.47 

367 0 1.55 1.34 1.23 1.12 0.76 1.31 1.22 
u 1.64 1.53 1.35 1.34 1.00 1.49 1.29 

368 0 1.57 1.39 1.22 1.10 0.71 1.27 1.18 
u 1.64 1.48 1.29 1.34 0.77 1.46 1.20 

369 o 1.57 1.43 1.19 1.08 0.66 1.23 1.24 
u 1.63 1.47 1.30 1.35 0.56 1.41 1.21 

370 o 1.58 1.42 1.18 1.10 0.62 1.24 1.29 
u 1.64 1.39 1.33 1.37 0.55 1.41 1.27 
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Table 18 

Posterior density 95% confidence intervals for forecasted returns to the large cap
italization portfolio. Recall with the prediction algorithm of section 3 we sample 
a pair of returns for weeks 366 through 370 with each complete cycle through the 
Markov chain. We present the results for the 4 weeks in Column 1. Column 2 indi
cates whether the original (o) posterior density is used or the updated (u) posterior 
density, conditioned on new being observed, is used. Column 3 indicates the 
density percentile. 

model 
week den. MRSR GBM VAS CVMR CVNS PTSR NLMR 

367 0 2.5 -2.63 -2.42 -1.85 -1.80 -1.36 -2.12 -2.70 
u 2.5 -2.68 -2.47 -2.13 -2.11 -1.84 -1.89 -2.82 
0 97.5 2.93 2.95 2.19 2.45 1.92 2.90 2.98 
u 97.5 2.91 3.17 2.63 2.98 1.93 3.03 3.21 

368 0 2.5 -2.72 -2.28 -1.73 -1.84 -1.19 -2.30 -2.40 
u 2.5 -2.71 -2.30 -2.12 -2.22 -1.80 -2.48 -2.33 
0 97.5 2.81 3.07 2.64 2.52 1.70 2.80 2.98 
u 97.5 2.86 3.20 2.56 2.78 1.64 2.70 3.25 

369 0 2.5 -2.89 -2.76 -1.64 -1.96 -1.06 -2.15 -2.50 
u 2.5 -3.10 -2.30 -1.83 -2.23 -0.74 -2.30 -2.30 
0 97.5 3.31 3.07 2.40 2.38 1.73 2.69 2.76 
u 97.5 3.29 2.83 2.33 2.53 1.64 3.08 2.53 

370 0 2.5 -2.83 -2.78 -1.88 -2.14 -0.91 -1.86 -1.99 
u 2.5 -2.90 -1.91 -1.75 -2.26 -0.86 -1.93 -1.84 
0 97.5 2.79 2.78 2.37 2.34 1.56 2.57 2.67 
u 97.5 2.83 2.84 2.78 2.48 1.62 3.55 2.68 

367 0 2.5 -5.24 -4.51 -3.07 -3.30 -1.79 -3.58 -4.36 
to u 2.5 -5.70 -4.31 -3.38 -3.84 -1.99 -3.24 -4.30 

370 0 97.5 6.50 6.53 5.43 5.72 4.04 6.33 6.26 
(total) u 97.5 6.67 7.96 5.73 6.16 3.67 7.29 6.42 
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Table 19 

Posterior density 95% confidence intervals for forecasted returns to the small capi
talization portfolio. We present the results for the 4 weeks in Column 1. Column 2 
indicates whether the original (o) posterior density is used or the updated (u) pos
terior density, conditioned on new rage being observed, is used. Column 3 indicates 
the density percentile. 

model 
week den. MRSR GBM VAS CVMR CVNS PTSR NLMR 

367 o 2.5 -2.53 -2.26 -1.92 -2.03 -1.11 -1.89 -2.56 
u 2.5 -2.63 -2.17 -2.09 -2.58 -1.42 -2.39 -2.78 
o 97.5 3.40 2.93 2.75 2.80 1.92 3.32 3.26 
u 97.5 3.45 3.32 2.95 3.06 1.93 3.85 3.41 

368 o 2.5 -2.57 -2.13 -1.58 -1.90 -0.87 -1.99 -2.76 
u 2.5 -2.68 -2.20 -1.84 -2.09 -0.84 -2.05 -2.68 
o 97.5 3.33 3.33 3.05 2.84 1.70 2.87 3.13 
u 97.5 3.37 3.70 3.07 3.13 1.64 2.94 3.35 

369 0 2.5 -2.38 -2.29 -1.69 -2.00 -0.88 -1.75 -2.37 
u 2.5 -2.62 -2.39 -1.29 -3.24 -0.38 -1.96 -2.29 
o 97.5 3.74 3.35 2.86 2.80 1.73 3.11 3.27 
u 97.5 3.77 3.37 2.83 2.86 1.64 3.50 2.95 

370 o 2.5 -2.73 -2.40 -1.96 -1.81 -0.82 -2.16 -1.78 
u 2.5 -3.01 -2.23 -1.87 -2.07 -0.53 -2.39 -2.05 
0 97.5 3.47 3.09 2.87 2.57 1.56 2.98 3.07 
u 97.5 3.65 3.31 3.45 2.82 1.62 4.77 3.10 

367 o 2.5 -4.01 -3.71 -2.45 -2.95 -0.86 -2.46 -3.73 
to u 2.5 -4.53 -3.75 -2.05 -4.62 -0.78 -2.72 -4.31 

370 0 97.5 8.06 7.28 6.82 6.24 4.04 7.40 7.48 
(total) u 97.5 7.95 7.50 7.36 6.20 3.67 8.49 7.53 
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Table 20 

Posterior model probabilities and summary of log-likelihood values. Column 2 gives 
each model's posterior probability. At each point in (draw from) a model's posterior 
density a log-likelihood value can be computed. Column 3 provides the average log-
likelihood value taken over the model's entire posterior density. Columns 4 and 5 
provide the highest and lowest single evaluation at a point in the model's posterior 
density. 

posterior log-likelihood 
model probability avg. high low 

MRSR 1.91 xlO"® -1290.6 -1278.6 -1303.6 

GBM 2.42 xlO-® -1283.2 -1276.0 -1296.8 

VAS 2.15 xlO"® -1287.5 -1277.3 -1300.2 

CVMR .0007 -1276.4 -1267.5 -1290.1 

CVNS .9944 -1268.4 -1257.1 -1282.8 

PTSR .0037 -1274.1 -1262.8 -1288.3 

NLMR .0013 -1272.6 -1254.9 -1288.7 
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Table 21 

The table summarizes pertinent information for the MRSR model's hardest-to-fit 
returns in the data set. Column 1 is the particular week in the sample. Each 3-week 
series (3 rows) provides data concerning weeks t-l, and i-l-1, where week t is one 
of the 5 weeks in the data set the model has the toughest time fitting. The table 
presents five 3-week series. Week t in the top 3-week series has the lowest average 
log-density taken over the entire posterior density. Week t in the bottom 3 week 
series has the hth lowest log-density. Column 2 provides the average log-density of 
the week in column 1, taken over the entire posterior density. Column 3 provides 
the mean and standard deviation for ri taken from the "median" posterior density 
draw. The "median" posterior draw is defined as the one whose elements ri,£, r2,t, 
cTr, ,, and (Tr, , have, when the individual elements' absolute deviation from their 
respective medians are summed up, the lowest total absolute deviation. Column 4 
provides the mean and standard deviation for taken from the "median" posterior 
draw. Columns 5 and 6 provide the actual return for portfolio 1 and 2, respectively, 
for the week. 

avg. "median" density Actual 
week In/(rt) ri rz ri r2 
221 
222 
223 

-4.37 
-11.3 
-2.95 

(.26, 1.22) 
(.22, 1.35) 
(.29, 1.33) 

(.42, 1.50) 
(.57, 1.42) 
(.50, 1.63) 

-2.36 
-4.35 
0.68 

-0.05 
-4.90 
-0.33 

106 
107 
108 

-6.38 
-11.05 
-3.82 

(.25, 2.20) 
(.24, 2.27) 
(.25, 2.15) 

(.47, 2.26) 
(.46, 2.32) 
(.48, 2.32) 

0.36 
1.48 
-0.55 

5.52 
9.06 
2.95 

33 
34 
35 

-4.45 
-10.21 
-4.63 

(.25, 1.76) 
(.25, 1.77) 
(.25, 1.80) 

(.48, 1.93) 
(.49, 1.95) 
(.48, 1.96) 

-2.45 
-5.49 
3.55 

-2.27 
-6.02 
2.39 

233 
234 
235 

-2.48 
-8.78 
-2.94 

(.26, 1.39) 
(.27, 1.40) 
(.26, 1.32) 

(.49, 1.44) 
(.49, 1.42) 
(.49, 1.36) 

0.07 
-4.30 
1.33 

-0.15 
-2.78 
0.06 

149 
150 
151 

-2.41 
-8.33 
-2.97 

(.26, 1.33) 
(.25, 1.26) 
(.26, 1.33) 

(.49, 1.43) 
(.49, 1.44) 
(.50, 1.40) 

0.52 
1.33 
0.63 

0.33 
5.28 
2.02 
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l^ble 22 

The table summarizes pertinent information for the GBM model's hardest-to-fit 
returns in the data set. See table 21 for an explanation of the table. 

week 
avg. 

ln/(rt) 
"median" 

ri 
density 

r2 
Actual 

ri r2 
149 
150 
151 

-2.18 
-10.11 
-2.99 

(.27, 1.31) 
(.26, 1.32) 
(.27, 1.39) 

(.47, 1.22) 
(.48, 1.27) 
(.47, 1.24) 

0.52 
1.33 
0.63 

0.33 
5.28 
2.02 

221 
222 
223 

-4.14 
-10.09 
-4.01 

(.26, 1.54) 
(.22, 1.58) 
(.30, 1.36) 

(.39, 1.59) 
(.54, 1.50) 
(.47, 1.72) 

-2.36 
-4.35 
0.68 

-0.05 
-4.90 
-0.33 

106 
107 
108 

-5.80 
-8.81 
-4.53 

(.22, 2.66) 
(.22, 2.97) 
(.23, 3.03) 

(.44, 2.87) 
(.44, 2.95) 
(.43, 3.00) 

0.36 
1.48 
-0.55 

5.52 
9.06 
2.95 

33 
34 
35 

-4.36 
-8.27 
-4.45 

(.26, 1.99) 
(.26, 1.91) 
(.26, 2.01) 

(.46, 2.27) 
(.45, 2.33) 
(.46, 2.27) 

-2.45 
-5.49 
3.55 

-2.27 
-6.02 
2.39 

233 
234 
235 

-2.52 
-8.00 
-3.00 

(.26, 1.46) 
(.27, 1.44) 
(.27, 1.37) 

(.47, 1.39) 
(.47, 1.41) 
(.47, 1.47) 

0.07 
-4.30 
1.33 

-0.15 
-2.78 
0.06 
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Table 23 

The table summarizes pertinent information for the VAS model's hardest-to-fit re
turns in the data set. See table 21 for an explanation of the table. 

avg. "median" density Actual 
week In/(rt) ri T2 ri ^2 
106 -6.45 (.25, 1.81) (.46, 2.17) 0.36 5.52 
107 -11.63 (.25, 1.81) (.44, 2.18) 1.48 9.06 
108 -4.36 (.26, 1.86) (.45, 2.15) -0.55 2.95 

221 -4.3 (.26, 1.42) (.40, 1.58) -2.36 -0.05 
222 -11.51 (.23, 1.38) (.53, 1.43) -4.35 -4.90 
223 -3.79 (.29, 1.30) (.47, 1.59) 0.68 -0.33 

33 -4.44 (.25, 1.92) (.46, 2.08) -2.45 -2.27 
34 -9.60 (.26, 1.99) (.46, 2.12) -5.49 -6.02 
35 -4.65 (.25, 1.96) (.45, 2.14) 3.55 2.39 

233 -2.51 (.26, 1.33) (.47, 1.50) 0.07 -0.15 
234 -8.64 (.27, 1.31) (.46, 1.48) -4.30 -2.78 
235 -2.95 (.26, 1.28) (.46, 1.45) 1.33 0.06 

57 -4.75 (.25, 1.89) (.45, 2.19) 2.69 4.09 
58 -8.31 (.25, 1.85) (.46, 2.16) 4.66 7.00 
59 -4.17 (.25, 1.88) (.46, 2.15) 2.45 3.17 
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Table 24 

The table summarizes pertinent information for the CVMR model's hardest-to-fit 
returns in the data set. See table 21 for an explanation of the table. 

avg. "median' density Actual 
week ln/(rt) ri 7-2 ri r2 
106 -6.07 (.26, 2.43) (.46, 2.43) 0.36 5.52 
107 -10.24 (.24, 2.43) (.47, 2.46) 1.48 9.06 
108 -4.36 (.26, 2.36) (.46, 2.43) -0.55 2.95 

221 -4.25 (.27, 1.18) (.41, 1.63) -2.36 -0.05 
222 -10.05 (.23, 1.27) (.54, 1.60) -4.35 -4.90 
223 -3.83 (.30, 1.12) (.48, 1.72) 0.68 -0.33 

149 -2.27 (.27, 1.36) (.48, 1.33) 0.52 0.33 
150 -9.40 (.27, 1.31) (.49, 1.33) 1.33 5.28 
151 -2.92 (.27, 1.15) (.49, 1.23) 0.63 2.02 

233 -2.53 (.27, 1.50) (.48, 1.42) 0.07 -0.15 
234 -8.38 (.27, 1.45) (.48, 1.45) -4.30 -2.78 
235 -2.96 (.27, 1.44) (.48, 1.37) 1.33 0.06 

33 -4.40 (.26, 2.01) (.46, 2.33) -2.45 -2.27 
34 -8.28 (.24, 2.05) (.46, 2.41) -5.49 -6.02 
35 -4.52 (.25, 2.11) (.47, 2.42) 3.55 2.39 
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Table 25 

The table summarizes pertinent information for the CVNS model's hardest-to-fit 
returns in the data set. See table 21 for an explanation of the table. 

avg. "median' density Actual 
week In f i n )  ri T2 n T2 
221 -4.09 (.25, 1.84) (.42, 1.61) -2.36 -0.05 
222 -9.27 (.23, 1.98) (.55, 1.61) -4.35 -4.90 
223 -3.17 (.30, 1.87) (.48, 1.82) 0.68 -0.33 

106 -5.79 (.23, 2.70) (.46, 2.93) 0.36 5.52 
107 -8.85 (.23, 2.92) (.46, 2.92) 1.48 9.06 
108 -3.95 (.24, 3.03) (.46, 2.81) -0.55 2.95 

233 -2.37 (.27, 1.28) (.50, 1.29) 0.07 -0.15 
234 -8.69 (.27, 1.24) (.49, 1.33) -4.30 -2.78 
235 -2.90 (.27, 1.35) (.49, 1.32) 1.33 0.06 

33 -4.38 (.26, 1.82) (.48, 2.17) -2.45 -2.27 
34 -8.49 (.25, 1.92) (.48, 2.26) -5.49 -6.02 
35 -4.46 (.26, 1.98) (.47, 2.25) 3.55 2.39 

149 -2.47 (.27, 1.36) (.48, 1.40) 0.52 0.33 
150 -8.33 (.26, 1.28) (.49, 1.44) 1.33 5.28 
151 -3.08 (.27, 1.14) (.49, 1.39) 0.63 2.02 
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Table 26 

The table summarizes pertinent information for the PTSR model's hardest-to-fit 
returns in the data set. See table 21 for an explanation of the table. 

avg. "median' density Actual 
week In/(rt) ^1 r2 ri r2 
221 -4.26 (.27, 1.35) (.43, 1.54) -2.36 -0.05 
222 -9.78 (.24, 1.52) (.57,1.57) -4.35 -4.90 
223 -3.21 (.31, 1.61) (.49, 1.91) 0.68 -0.33 

106 -5.82 (.25, 2.64) (.48, 2.72) 0.36 5.52 
107 -9.52 (.25, 2.71) (.49, 2.67) 1.48 9.06 
108 -3.98 (.24, 2.75) (.48, 2.57) -0.55 2.95 

33 -4.40 (.26, 1.73) (.49, 2.07) -2.45 -2.27 
34 -8.86 (.26, 1.86) (.49, 2.22) -5.49 -6.02 
35 -4.48 (.26, 1.88) (.48, 2.23) 3.55 2.39 

149 -2.53 (.27, 1.37) (.50,1.48) 0.52 0.33 
150 -7.72 (.27, 1.39) (.49,1.54) 1.33 5.28 
151 -3.10 (.27, 1.64) (.49,1.55) 0.63 2.02 

57 -4.70 (.25, 2.22) (.49, 2.33) 2.69 4.09 
58 -7.60 (.25, 2.29) (.48, 2.35) 4.66 7.00 
59 -4.19 (.25, 2.29) (.48, 2.36) 2.45 3.17 
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Table 27 

The table summarizes pertinent information for the NLMR model's hardest-to-fit 
returns in the data set. See table 21 for an explanation of the table. 

avg. "median' density Actual 
week In/(ft) ri r2 ri r2 
33 -4.46 (.26,1.92) (.48,1.99) -2.45 -2.27 
34 -9.53 (.26,2.05) (.47,2.10) -5.49 -6.02 
35 -4.58 (.25,2.06) (.47,2.06) 3.55 2.39 

106 -5.89 (.24,2.89) (.45,2.65) 0.36 5.52 
107 -9.05 (.24,2.86) (.46,2.75) 1.48 9.06 
108 -3.90 (.25,2.95) (.46,2.61) -0.55 2.95 

149 -2.27 (.27,1.60) (.48,1.30) 0.52 0.33 
150 -9.00 (.27,1.43) (.49,1.35) 1.33 5.28 
151 -2.98 (.27,1.19) (.49,1.30) 0.63 2.02 

221 -4.09 (.26,1.58) (.40,2.02) -2.36 -0.05 
222 -7.79 (.22,1.98) (.54,1.98) -4.35 -4.90 
223 -3.35 (.31,1.81) (.47,2.08) 0.68 -0.33 

57 -4.77 (.25,1.97) (.46,2.25) 2.69 4.09 
58 -7.42 (.25,2.08) (.46,2.43) 4.66 7.00 
59 -4.28 (.25,2.30) (.46,2.57) 2.45 3.17 



Figure 1 

Squared weekly returns x 1000 
Large cap. portfolio 

1st order autocorrelation = .18 

61 81 101 121 141 161 181 201 221 241 261 281 301 

week 



Figure 2 

Squared weekly returns x 1000 
Small cap. portfolio 

1st order autocorrelation = .33 

121 141 161 



Figure 3 

The graph plots squared large cap. portfolio returns x 100 for each week in the sample 
vs. the posterior median standard deviation of returns implied by the 

MRSR model's factor series. 
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Figure 4 

The graph plots squared large cap. portfolio returns x 100 for each week In the sample 

vs. the posterior median standard deviation of returns Implied by the 
GBM model's factor series. 
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Figure 5 

The graph plots squared large cap. portfolio returns x 100 for each week in the sample 
vs. the posterior median standard deviation of returns implied by the 

VAS model's factor series. 
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Figure 6 

The graph plots squared large cap. portfolio returns x 100 for each week in the sample 
vs. the posterior median standard deviation of returns implied by the 

CVMR model's factor series 

0 03 

>quafed returns 

aIAJII 

0 025 

standard devitf km implied 

. 0 02 

0015 

001 

0005 

I 21 41 SI 

(O 
00 



Figure 7 

The graph plots squared large cap. portfolio returns x 100 for each week in the sample 
vs. the posterior median standard deviation of returns implied by the 

CVNS model's factor series 
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Figure 8 

The graph plots squared large cap portfolio returns x 100 for each week in the sample 

vs the posterior median standard deviation of returns implied by the 
PTSR model's factor series. 

ou 0 03 

standard deviation implied 
by model 

0015 I 

iquared returns 

) 21 41 SI t1 101 121 141 lei 111 201 221 241 2tl 2>l 301 321 341 361 

week 
O O 



Figure 9 

The graph plots squared large cap. portfolio returns x 100 for each week in the sample 
vs. the posterior median standard deviation of returns implied by the 

NLMR model's factor series 
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