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ABSTRACT 

In this dissertation, we offer a novel phase-shifting interferometer/ellipsometer. 

The uniqueness arises from the fact that this study is the consolidation of four distinct 

ideas drawn from the field of optics and the field of statistics. A conventional four-step 

phase-shifting interferometer is modified to allow for both TE and TM polarized 

measurements. Maximum-likelihood estimation theory is then used to extract the three 

parameters of interest, namely the real and imaginary components of the complex index 

of refraction and the surface profile. Finally, Cramer-Rao lower bounds serve as a 

quantitative means of assessing the particular system design at the task of estimating the 

three parameters in question. 

As we will show, the unknown parameters n, k and h are related to the measured 

irradiance in a complicated, nonlinear way. As such, no analytical expressions to estimate 

the unknown parameters from the measured data have been found. Rather, the unknown 

parameters are found numerically through a minimization program, developed and 

optimized specifically for this task. 

The results from our Monte Carlo simulations will show that conventional designs 

such as the Twyman-Green interferometer perform poorly at reconstructing n, k and h. 

The estimates on n and exhibit bias, where the mean is not equal to the true value, and 

are non-efficient, where the standard deviation is greater than the Cramer-Rao lower 



bound. While the estimate of h is unbiased and efficient, the performance is an order of 

magnitude worse than the case where only h is to be estimated. 

By incorporating tilt in the design, the performance on all three parameters 

improves considerably. The estimates on n and k are shown to be unbiased and efficient, 

and the performance of the h estimator is equivalent to the A-only case. 

The dissertation culminates widi die development of a Mach-Zehnder prototype. 

We demonstrate the feasibility of the proposed technique, and show how three system 

parameters, namely the incident amplitude and the relationship between the TE and TM 

polarized light in terms of amplitude and phase, affect the performance. We also show 

how quantization of the measured irradiance affects the performance. 
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CHAPTER 1 

INTRODUCTION 

In this dissertation, we will investigate a novel phase-shifting interferometer that 

is capable of measuring the complex index of refraction and the surface profile of a test 

surface. In our investigation we will see how four distinct ideas are interwoven to 

accomplish the tasks of obtaining data, extracting the parameters in question and 

assessing and optimizing the performance of the system design. The four underlying 

concepts are phase-shifting interferometry, ellipsometry, maximum-likelihood estimation 

theory and Cram6r-Rao lower bounds. 

The well-established concepts of phase-shifting interferometry and ellipsometry 

form the basis of the data acquisition technique and the relationship between the 

parameters in question. The equally well-established methods of estimation theory 

provide a means of extracting the parameters in question from the measured data. Finally, 

estimation theory also provides us with a means of assessing the performance of our 

system, or the task-based assessment of an imaging system. 

The dissertation culminates with a phase-shifting interferometer/ellipsometer 

(PSIE) prototype which demonstrates the feasibility of this unification of theories and 

techm'ques at the task of measuring the complex index of refniction and surface proHle. 
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1.1 The Four Underlying Concepts. 

The aim of this dissertation is to show how the theories of phase-shifting 

interferometry and ellipsometry can be combined into a single device, and the surface 

maps of the complex index of refraction and the surface profile extracted using estimation 

theory. We then show how the performance of the system can be assessed and optimized 

for the given task. 

Of the four underlying ideas, we need to initially consider the two main or 

principal ideas. First, the technique of phase-shifting interferometry. And second, the 

comprehensive subject of estimation theory. We wish initially to investigate whether 

certain ideas drawn from the subject of estimation theory can be used to estimate the 

complex index of refraction n + ik and the surface profile h from the interferograms 

obtained from a phase-shifting interferometer. 

Once we have established a technique to measure our parameters of interest, we 

need to investigate how well the phase-shifting interferometer performs the task at hand. 

In this case, the task is to form three images of the test surface. The first is the 

conventional surface profile associated with a phase-shifting interferometer. The second 

is a surface map of the real part of the complex index of refraction and the third is a 

surface map of the imaginary component of the complex index of refraction. 

In that sense, we are considering the phase-shifting interferometer as an imaging 

system. Arguably that is precisely what it is except it relies on the coherent addition of 

two images, one of the test surface and one of the reference surface, on the final 

observation plane. We typically refer to the result as a firinge pattern. From these 
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intermediate Mnge patterns, we wish to reconstruct the image of the test surface in terms 

of its complex index of refraction parameters and the surface profile parameter. We will 

assess the performance of the phase-shifting interferometer based on the quality of these 

final images. 

The uniqueness or novelty of this dissertation is the unification of four distinct 

ideas or concepts which we will now consider individually. 

/ . / . /  P h a s e - s h i f t i n g  i n t e r f e r o m e t r y .  

A conventional interferogram is a static fringe image. The analysis of this image 

typically involves locating fringe centers, either maximum or minimum values, or both. 

Once mapped, a user, or perhaps a computer, understands that the difference between 

adjacent maxima or adjacent minima must be one wavelength for a single-pass system 

(one-half wavelength for a double-pass system). That way, the surface profile map is built 

up. 

The typical, and often quoted, uncertainty of this method is 1/10 of a wavelength. 

The issue is locating fringe centers. Moreover, there are two competing processes. You 

are interpolating between fringe centers. To get a better profile in terms of spatial 

resolution, you introduce more tilt and thereby introduce more fringes. However, the 

ability to accurately determine the fringe center decreases with a higher density of fringes. 

Enter phase-shifting interferometry. lUther than a single image, several images 

are recorded while the reference-arm phase is modulated. The test-arm phase remains 

constant. The number of images and the phase difference between successive images 
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depend on the algorithm used to retrieve the test-arm phase. There is no need for locating 

fringe centers and no interpolation between fringe centers. The phase is recovered at each 

point independently, and a surface proHle map is obtained from these phase values. 

The earliest reference to phase-shifting interferometry is credited to Carr^ (1966). 

Since then, countless papers have been published which deal widi applications to optical 

testing and surface characterization, the application of phase-shifting to various 

interferometer designs, different methods of introducing known phase-modulation in the 

reference arm and algorithms for extracting the phase. While a survey of these works is 

beyond the intent of this introduction, three references can be provided which offer the 

interested reader an excellent introduction to the basics of phase-shifting interferometry, 

as well as an extensive list of references to notable past works. 

Greivenkamp and Bruning (1992) cover the entire Held, from fundamental 

concepts to phase-extraction algorithms. A variety of sundry topics from the field are also 

covered. Their work includes a very thorough reference section. 

Similarly, Creath (1987,1988) offers a introduction to the technique of phase-

shifting interferometry as well as a comparison of several phase-shift algorithms, 

complete with extensive reference list. The comparison is concerned with how several 

algorithms performed in the presence of phase-shift errors and detector nonlinearities. 

The conclusion drawn was that the best algorithm is dependent on the source of error 

present in the system. 

This brings up our next point. The assumption throughout this work is that the 

measured irradiance is plagued by independent and identically distributed (i.i.d.) 
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Gaussian noise. There has been a considerable amount of work on sources of error, 

analysis of error and reduction of error in phase-shifting interferometry. An excellent and 

extensive reference to numerous works appears in the recent paper by Rathjen (1995). 

The underlying theme throughout these works has been identifying and modeling the 

major source(s) of uncertainty in the irradiance measurements and the effect on the 

retrieved phase using conventional algorithms. Algorithms are then proposed which 

minimize the effect of the noise according to the particular model employed. 

Rathjen himself considers random phase errors and derives the probability density 

function on the random phase error under the assumption that the measured irradiance is 

corrupted by additive Gaussian noise. He too compares conventional algorithms in his 

analysis. 

Our concern lies not with estimating the phase or the visibility, two parameters 

conventionally extracted from phase-shift measurements. Rather, we are directly 

estimating the parameters n, k and h, of which the phase and visibility are functions. As 

such, we are not concerned with conventional algorithms. Rather, we employ estimation 

theory to extract the parameters of interest and to assess the performance of our system at 

this task. As we will see, the complicated, nonlinear relationship between the complex 

index of refraction parameters and the surface proHle parameter with the measured 

irradiance precludes an analytical algorithm. Therefore, an analysis similar to Rathjen's is 

not feasible here. We can, however, arrive at a probability distribution function for each 

parameter numerically through a Monte Carlo simulation. 

Recently, sensitivity analysis of parameter estimation using the Jacobian was 
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investigated by Apostel etal .  (1996).The parameters of interest were the average 

irradiance, the visibility and the phase. The conclusion was that the maximum sensitivity 

was attained for equidistant phase shifts incremented by Ijt! M, where M is the number 

of measurements. We shall see this result again. 

In the case of i.i.d. Gaussian noise, we will see how estimation techniques, namely 

maximum-likelihood estimation, reduce to a problem of minimizing the difference 

between the measured data and the analytical results in a least-squares sense. A similar 

approach was taken in by Greivenkamp (1984) and Morgan (1982). Both considered the 

estimate of the phase while Morgan also considered the visibility. No assessment of the 

theoretical performance in the presence of noise or uncertainty in the measurements was 

made in either of the previously mentioned works. Whether the derived algorithm 

achieved die optimal performance was not addressed in these papers either. In this work 

we will consider this assessment of optimal performance. To the best of our knowledge, 

this approach for simultaneously extracting the parameters of interest directly and 

assessing the performance of the system through estimation theory techniques has not 

been previously done. 

LL2 Ellipsometry.  

Conventional ellipsometry is a useful tool for characterizing surfaces and thin-

nim structures on surfaces. Generally speaking, linearly polarized light with a known 

orientation is incident on the test piece at a known angle. By orientation we mean the 

light has a known TE or 5 polarized component, and a known TM or p polarized 
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component. The individual components are in phase with respect to each other. The 

orientation of the linearly polarized light and the angle of incidence on the test surface 

can be controlled by the user. 

The reflected light from the test surface is comprised of an unknown amplitude of 

s and p polarized light. In addition, the phase between the two is not necessarily equal 

anymore. The change in amplitude and the phase difference are due to the two 

polarizations behaving differently on reflection, particularly for materials with a complex 

index of refraction. The result is that on reflection, the light is elliptically polarized. The 

orientation of the major and minor axis depends on the relative phase difference between 

the reflected s and p light, while the eccentricity depends on the amplitude of the reflected 

components. 

The reflected light is passed through a variable waveplate. The waveplate is two 

birefringent prisms, in contact on their hypotenuses. By varying the thickness, we can 

tune the waveplate to a quarter-wave for the wavelength of interest. This is important 

since the index of refraction is a wavelength-dependent property of a material. The fast 

and slow axis of our resulting quarter-wave plate can be rotated such that they are aligned 

with major and minor axis of the reflected, elliptically-polanzed Ught. The result is 

linearly polarized light. The linearly polarized light then passes through a polarizer which 

can also rotate. The orientation of the linearly polarized light depends upon the relative 

amount of 5 and p polarized Ught reflected from the test surface. By orienting the 

polarizer's pass-axis orthogonal to the linearly polarized light, we can effectively block all 

the light to a photodiode detector. The rotation angle of the variable waveplate and the 



49 

rotation angle of the polarizer at which this occurs are recorded for analysis. 

The orientation of the variable waveplate and polarizer can be used to extract the 

complex index of refraction through relationships found in any good book on optics. Bom 

and Wolf (1987) provide an excellent chapter on the optics of metals. Azzam and Bashara 

(1977) provide an extensive look into the theory of polarization and ellipsometry. Hecht 

(1987) provides an easy-to-understand introductory look into polarization concepts. 

Ellipsometers are not imaging devices. A map of the surface requires the entire 

test procedure be repeated while the test surface is translated to new positions. 

Furthermore, the test surface profile, or the surface height, is not obtained from 

conventional ellipsometry. 

In recent times, there has been considerable interest in microellipsometry, 

specifically in measuring the complex index of refraction as a function of position on a 

surface. A variety of interferometric techniques have been developed that utilize TE and 

TM polarized light to extract the complex index of refraction from amplitude and phase 

measurements (Hazebroek and Holscher, 1973; Mishima and Kao, 1982; See et aL, 1988; 

Lin era/., 1990; Gold a/., 1991; Rosencwaig era/., 1992; Holmes era/., 1995; Shatalin 

et aL, 1995; Liu et aL, 1996). Pluta (1989) provides an extensive discussion of 

polarization in microscopy. 

In this work, we will consider a phase-shifting interferometer capable of 

performing both the task of a conventional phase-shifting interferometer and an 

ellipsometer. We won't consider the conventional algorithms of either. Rather we will 

rely on a statistical approach using estimation theory to extract the parameters of interest 
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and quantify the performance of the system. 

1.1.3 Estimation theory. 

Estimation theory was pioneered by R. A. Fisher in the early part of the 20th 

century. He is credited with developing several criteria to assess the merit of any 

estimator (Fisher, 1912, 1922, 1925, 1934, 1935). He also proposed a new technique, the 

maximum-likelihood estimator, which he showed satisHed the criteria he proposed. It 

should be noted for historical accuracy that Gauss originally explored the concept of the 

maximum-likelihood estimator (Gauss, 1880). 

We are primarily interested in the maximum-likelihood estimator and will devote 

a considerable amount of time exploring its properties. One such property states that if an 

efHcient estimator exists, it is the maximum-likelihood estimator. Efficiency is one of the 

criteria put forth by Fisher. Simply put, an efficient estimator is one whose standard 

deviation of the error of the estimate is equal to the Cramdr-Rao lower bound. The 

Cramer-Rao lower bound (Rao ,1945; Cramer, 1951) is the lower limit on the expected 

performance of an unbiased, efHcient estimator. If an estimator is not efficient, then we 

cannot say in general how well it will perform. The criterion of ef^ciency makes the 

maximum-likelihood estimator an attractive choice for the task at hand. We will explore 

this further at the onset of our investigation. 
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1.1.4 Task-based assessment of image quality. 

Underlying this work is the idea of a task-specific approach to the assessment of 

image quality. An interferometer is not generally thought of as an imaging system. 

Typically we consider the results from an interferometer as a fringe pattern, not so much 

as an image. From this fringe pattern, we reconstruct the surface proflle. In our case, we 

wish to reconstruct the surface's complex index of refraction profile as well. 

So the task here can be classiHed as an estimation problem. Given several images, 

estimate the complex index of refraction and surface proHle. With the task specified, we 

can objectively assess the quality of the reconstructed images and quantitatively 

determine how well the particular interferometer design performs this speciHc task. 

The figure of merit in our objective assessment is the aforementioned Cramer-Rao 

lower bound. The procedure we will adopt for objectively assessing the design is to Hrst 

calculate the Cram6r-Rao lower bounds for the three parameters of interest n, k and h. 

Second, perform a Monte Carlo simulation and from the results, calculate the mean and 

standard deviation of the estimates on these parameters of interest. If the mean values are 

equal to the true values of the parameters, we can say we have unbiased estimators. If the 

standard deviation of the error of the estimates is equal to the theoretical Cramer-Rao 

lower bound, we can say we have efficient estimators. By varying certain system 

parameters, we can objectively determine which interferometer design performs this task 

the best. This is the underlying theme of this dissertation. 

A more rigorous discussion into the task-specific approach to the assessment of 

image quality can be found in Barrett (1990), Barrett et aL (1995) and Barrett et ai 
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(1998). A comprehensive paper on the subject of information theory in image formation 

is given by O'Sullivan et al (1998). A very complete and diverse reference section is 

included. 

1.2 The Dissertation Overview. 

This dissertation is comprised of ten chapters, not including this introduction. 

Chapters 2 - 4 are concerned with laying the foundation of estimation dieory. We'll fyst 

consider the general case of estimation theory and the criteria of estimators as originally 

put forth by Sir Ronald Fisher. We'll next consider the maximum-likelihood estimator 

and show how it satisfies the criteria. We'll also consider the Cramer-Rao lower bound. 

The Hnal chapter on estimation theory considers the multiparameter estimation case. 

Chapter 5 shifts focus and considers an in-depth analysis of how the surface 

profile parameter h, the real part of the complex index of refraction n and the imaginary 

part of the complex index of refraction k, relate to the measured irradiance at the detector. 

This is the groundwork for our computer simulations and all the work that follows. 

In chapters 6 and 7, we will show how ML estimation theory can be applied to 

conventional phase-shifting interferometry by Hrst considering the problem of estimating 

the surface proflle parameter h from M noisy measurements. We will assume three 

distinct noise models. Chapter 6 is concerned with the theoretical aspects of the problem, 

while chapter 7 presents computer simulation results. 

The phase-shifting interferometer/ellipsometer simulations are presented in 

chapters 8 and 9. Chapter 8 is concerned primarily with the application of maximum-
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likelihood estimation theory as it pertains to this task. While some results from 

simulations are presented, the usefulness of the Cramer-Rao lower bound as an objective 

assessment of the design is shown in chapter 9. The majority of the computer simulation 

results appear here. 

Chapter 10 focuses on ttie development of a working prototype. We explore 

numerous issues associated with designing, aligning and calibrating a phase-shift 

interferometer. Chapter 11 presents the results from our prototype. We'll conclude with a 

discussion of results and some ideas for future considerations. 

The appendices are mathematical derivations of some of the important results and 

techniques developed. Appendix A considers the exact solution to Fresnel integrals over a 

finite range of incident angles. This reduces computation time considerably. Appendix B 

A 

considers the relationship between the ML estimates on n and k and The motivation 

is to explain the unique distributions seen in the Monte Carlo scatter plots in chapters 8 

and 9. 

In Appendix C we continue our investigation of the relationships between the 

A A 

hf^l > ^ML ^ML • approximate ML density theory attempts to do so by 

formulating the probability density fimction of the joint ML estimates, thereby predicting 

the distribution of the estimates seen in the Monte Carlo simulations. 
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CHAPTER 2 

ESTIMATION THEORY 

At the onset of this investigation, we are faced with the question: Given a set of 

measured data and a relationship between the observed data and some parameters of 

interest, how do we best estimate these parameters? The straightforward solution would 

be to make A/ measurements for the M unknown parameters and solve the equations 

simultaneously. This assumes that the measured data are solely a function of deterministic 

parameters. However, the observed data can be plagued by noise where the noise obeys a 

known probability distribution and is non-deterministic. The unknown parameters 

themselves can be random variables drawn from some probability density distribution. In 

these cases, we need a different technique to best estimate the unknown parameters. This 

inunediately gives rise to the question: In what sense do we mean best estimate? In order 

to answer these questions, we must consider the groundwork of estimation theory. 

In this chapter, we will consider estimation theory in general and some of the 

desired properties and behavior of any estimator. We will Hrst restrict our attention to the 

case where a single unknown parameter is to be estimated. The extension to the 

multiparameter case is straightforward and will follow later in chapter 4. 
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2.1 Estimation Model. 

An estimation problem can be viewed as a four-component model (Van Trees, 

1968). The first component is parameter space. The parameter may be a random variable 

with a known probability density distribution or it may be a deterministic value. The 

unknown scalar parameter of interest is represented by Q and the true value is denoted by 

% •  

The second component of the estimation model is the function mapping the 

parameter space to observation space. This is the probability law that governs the effect 

of 0 on the observation. In general, the observed data is not necessarily the parameter we 

wish to estimate, but rather a function of the unknown parameter. Furthermore, die 

observation process may be plagued by noise or uncertainty. We can write this in its most 

general form with the expression, 

ym ~ Hm * (2.1) 

A point in observation space is denoted by the vector y. The noise or uncertainty in the 

measurement is given by 17. The subscript m denotes each particular observation. The 

observation space is our third component of the model. 

The final component of the model is the estimation rule which maps the 

observations into an estimate. The estimator of the unknown parameter is denoted by 

0(y), but we are not restricted to estimating the parameter. In certain cases we may wish 
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to estimate a function of the unknown parameter t (6).  The estimator in this case will be 

estimation rule and denning best in some particular sense. 

A simple example of the concept above, which we will refer to throughout this 

discussion, is the case where Af samples of an unknown, deterministic parameter 6 are 

made. Each measurement is corrupted by independent, identically distributed (i.i.d.) 

Gaussian noise with zero mean and a known variance. From this sample, we wish to 

estimate the unknown parameter. In this case, 

and the function of the parameter we wish to estimate is the parameter 6 itself, 

denoted by f (y). In either case, we are concerned with somehow finding the best 

y f f j  — S^T jp j ,  n t  —1 ,2 , . . . ,  M ,  (2.2) 

where 

(2.3) 

x { d ) ^ d .  (2.4) 
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We can solve for r}^ in (2,2) and substitute in (2.3) to obtain 

(2.5) 

We can interpret the measured data y as M random samples drawn from a normal 

distribution with a known variance and an unknown mean which we wish to estimate. 

Our unknown parameter is a deterministic quantity, and the mapping to observation space 

obeys the probabilistic normal law. 

We have assumed that the noise is i.i.d. Therefore, the probability of obtaining 

data vector y conditional upon the parameter 9 is simply the product of the probability 

on each measurement, 

M 
(2.6) 

m—l 

For the example here, we have 

(2.7) 

m=/ 



The result in (2.7) is called the likelihood law. 

We will defer discussion of the estimator for this example until we discuss the 

criterion of efficiency. 

2.2 Criteria of Estimation. 

The theory of estimation is attributed to R.A. Fisher who, in a series of papers, 

explored several criteria to assess the merit of any estimator. He also proposed a new 

technique, the maximum-likelihood estimator, which he showed satisfied the criteria 

(Fisher, 1912, 1922, 1925,1934,1935). While Fisher is credited with the general 

derivation and the theory of maximum-likelihood, it was Gauss who originally explored 

maximum-likelihood estimation theory (Gauss, 1880). 

Fisher's three general criteria for estimators are consistency, efficiency and 

sufficiency. We will consider each for the general case where we wish to estimate some 

arbitrary function of the unknown parameter d, t(0) . The discussion will primarily 

follow Kendall and Stuart (1973). 

2.2 J Distribution of estimates. 

As a prelude to discussing the three criteria of an estimator, we must first define 

how we assess the performance of an estimator. An obvious choice would be that the best 

estimate is the one falling nearest the true value. However, every estimate must be 

regarded as a function of the observed data and, as such, must be regarded as an observed 



value of some random variable. In other words, the estimate itself, can be considered a 

random variable. Therefore, it is impossible to predict the individual value of the 

estimator for a given realization of observed data. In that sense, an estimator's merit 

cannot be assessed by an individual value. Rather, we must consider the distribution of 

estimates from many data realizations. From this classical statistics point of view, we 

assess the performance of an estimator from its sampling distribution (Cramer, 1951). 

2.2,2 Criterion of consistency. 

In the majority of estimation problems, we would expect the estimator to possess 

increasing accuracy as the number of observations M increases. By increasing accuracy 

we mean some central value of the estimate distribution, which we will define shortly, 

approaches the true value denoted by t{6^) . Furthermore, we expect that the variance of 

the estimate distribution decreases with increasing Af. Mathematically, we can define an 

estimator which is computed from a sample of M observations. That is, 

y-yhy2""'yM • estimator is a consistent estimator of T(%) if, for any 

arbitrarily small, positive fand a, there is some M such that the probability that 

(2.8) 

is greater than I—a for all M > N .  This can be expressed in the notation of the theory 
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of probability as 

[p(l^A/ (y) - f(^)| < e)] > / - a, for all M > iV. (2.9) 

This bears a similarity to the idea of convergence in a mathematical sense. The consistent 

estimator % (y) 's said to converge in probability, or to converge stochastically, to 

7(%)-

A simple example will illustrate when an estimator fails to meet the criterion of 

consistency. We consider an experiment where M samples of a random variable are made, 

y^=x, m = I,2,..., M. The random variable obeys the probability law, 

The unknown parameter d is the center of the symmetrical frequency curve of x. One 

technique for estimating an unknown parameter of a distribution is the method of 

moments (Pearson, 1894,1898,1902,1902a). In this techm'que of curve Htting, Karl 

Pearson developed a family of distributions which fit or represent observed data. A 

thorough discussion of Pearson distributions is beyond the intent of this introductory look 

at estimation theory. En addition to the works of Pearson cited above, a detailed 



discussion of the methodology, complete with examples, can be found in Stuart and Ord 

(1987). Another excellent reference is Elderton and Johnson (1969). 

The traditional use of Pearson distributions is to fit a theoretical distribution to 

observed data. All of Pearson's distributions are characterized completely by their first 

four moments. In some special cases there are even fewer. A complete and concise 

sunmiary of Pearson distributions can be found in Jeffreys (1939). 

The technique is to calculate the first four moments from the observed data, 

choose the appropriate Pearson distribution through the application of Pearson's criteria, 

equate the calculated moments to the expressions for the moments of this distribution 

(expressed in terms of the distribution's unknown parameters) and finally, solve the 

system of equations for the defining parameters. The result is a fitted distribution. 

The application to the example at hand is far easier since the distribution from 

which the samples are drawn is already known. In fact, (2.10) is classified as a type Vn 

Pearson distribution. In this case, there is one parameter d to estimate, and it is the first 

moment of the distribution. By the method of moments it is sufficient to calculate only 

the first moment of the drawn samples and the estimate of 6 is given by this sample 

mean. 

As Fisher (1922,1925) pointed out for this particular example, the sample mean 

does not satisfy the criterion of consistency because the distribution of the mean from M 

samples is identical to the distribution for one single observation. The mean does not 

converge to any fixed value as the number of observations increases and is therefore not 
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consistent. This is an example of the inapplicability of the Central Limit Theorem where 

the distribution of M samples fails to tend toward normality (Stuart and Ord, 1987). 

There are two points to be made regarding this criterion of consistency. The first 

point is that this criterion says nothing regarding a finite number of observations M. The 

criterion is deHned in the limit as M approaches inHnity. Certainly if an estimator exists 

which is consistent for Hnite M, then any number of estimators may be derived from it 

which are also consistent. As an example, if 0^/(y) is consistent, then for fixed values of 

a and b, -a)f{M-b) is also consistent. This criterion alone is not suitable as 

the only requirement on our estimator. 

The second point to address concerns the above mentioned central value of the 

distribution. We have not defined what this central value is, and certainly there are 

several choices, including the mean of the sample distribution, the median or the mode. 

The criterion of consistency leads to the first measure of quality of an estimator, the 

expectation value, 

oo 

( f l« (y)>=j  d'^y^Miy) pi (yW- (2.11) 

This is an arbitrarily defined measure of quality since we could have chosen any 

statistic. As a result of our choice, we can divide the mean value into three categories: 



('a/ (y)) = ) • The estimator is said to be unbiased if the mean value of the 

estimator (f ^ (y)) is equal to T(6|J) , for all values of M and x[Qq) . 

2] ('M (y)) = . The estimator is said to be biased where the bias B is not 

dependent on the parameter to be estimated and is known. In this case the bias is of little 

signi^cance as it can be subtracted from the estimator. 

^ J (' A/ (y)) = '^(^0) + • The estimator is said to be biased where the bias fi(0) is 

a function of the unknown parameter to be estimated. As such it cannot be simply 

subtracted from the estimate. 

Bias cannot be the sole measure of quality of an estimator. Certainly an unbiased 

estimator can produce a bad estimate for a given data vector. The bias itself can be 

removed and several techniques have been developed to do so, even in the case where the 

bias is a function of the unknown parameter to be estimated (Quenouille, 1956), (Robson 

and Whitlock, 1964) and (Miller, 1964). It should be noted that a consistent estimator is 

not necessarily unbiased nor is an unbiased estimator necessarily consistent. But a 

consistent estimator whose asymptotic distribution has finite mean value must be 

asymptotically unbiased (Kendall and Stuart, 1973). 
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2.2.3 Criterion of efficiency. 

As discussed above, the merits of an estimator cannot be assessed from a single 

result. Rather, we must consider the sample distribution of estimates. For a large class of 

consistent statistics, the random sampling distribution will tend to a normal distribution, 

as the number of observations increases, by the Central Limit Theorem (Frieden, 1991). 

The normal distribution is characterized by its mean and variance. We discussed the mean 

or bias in the discussion of consistency. In this section we will consider the variance. 

The variance is of considerable interest and merits its own criterion. According to 

Fisher (1922), an estimator satisHes the criterion of efficiency when, derived from a large 

sample, the distribution tends to a normal distribution with the least possible variance. In 

the limit as die number of observations approaches inanity, the variance of the 

distribution will equal the lowest possible variance for an asymptotically efficient 

estimator. Therefore, we must consider how the asymptotically efficient estimator and the 

lowest possible variance are found. To proceed with these goals, we shall first consider 

the derivation of a simple but important identity. We shall then derive an important 

theorem for the lower bound on the variance of the error of the estimate. 

If we assume M i.i.d. observations, the likelihood law is written as 

M 
(2.12) 

m~l 
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We will assume (2.12) is a well-behaved function and that dp{y^)ldQ and 

exist everywhere and are absolutely integrable. Since the likelihood law 

is the joint probability density of the observations, the integral overall space with respect 

to the observation vector is one, 

eo 

|d"yp(y|e) = /. (2.13) 

->oe 

We can take the derivative with respect to 9 of both sides and interchange the order of 

operations to obtain 

oo 

(2.14) 
dd 

The derivative can be rewritten in a mote convenient form by making use of the identity. 
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where we have taken the natural logarithm of the likelihood function. The log-likelihood 

function, herein referred to as L, is given by 

M 

L = //i[p(y|0)] = ̂  ln[p[yn\e^. (2.16) 

m=l 

We substitute (2.15) into (2.14) to obtain 

-»oo 

We take the derivative with respect to 6 again and interchange the order of operations to 

obtain, 

oo 

J d^'y 
I dp{y^ y  

p(y\p) de 

^p(y|^) d 

dd de 

I dp(y\ey 

p(yle) dd ^ 
p(yW = 0, (2.18) 

which we can simplify again, using (2.15), to obtain our final result. 
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->oo 

(2.19) 

The result in (2.19) can be written using more familiar notation as 

(2.20) 

The term on the left in (2.20) is referred to as the Fisher Information or the 

amount of information in the sample. We shall denote this scalar term as J where 

At this point, we can proceed to the derivation of the lower bound of the variance 

of the error of the estimate. We will consider the case where we have an unbiased 

estimator f (y) of some function of the unknown parameter d, x{d). The estimator is 

some function of the observed measurement vector y. This general approach permits us 

to derive the lower bound for an unbiased or biased estimator of 6 itself. 

The estimator f (y) is assumed to be unbiased. Therefore, we can write 

(2.21) 



oo 

(^ (y )>=J  ̂  ̂  y '  (y )  p (y  W=•  (2.22)  

We take the derivative of both sides with respect to 0 to get 

Once again, we can use the identity in (2.15) to rewrite the left-hand side of (2.23). The 

result is 

oo 

J '(y)^ ''(yW=^^- (2.24) 

We can rewrite (2.24) by using (2.14) and (2.15) and the relationship 

oo oe 

jd^y<e)^^=<e)jd*'y^p{y\Bi)=0. (2.25) 
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The result is given by 

oo 

(2.26) 

Somewhat unintuitively, we rewrite (2.26) as the product of two terms in the integral. 

(2.27) 

In order to proceed and rewrite (2.27) in the desired form, we need to use the 

Cauchy-Schwartz Inequality. For any two functions of some arbitrary variable x. 

a o o 

^ d x f { x ) g { x )  <  ^ d x f ^ { x )  ^ d x g ^ { x )  

L a  .a 

(2.28) 

Equality holds if and only if we have 

g { x )  =  C f { x ) ,  (2.29) 
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where C is some constant, independent of the variable x .  

If we apply the Cauchy-Schwartz InequaliQr to the result in (2.27), we get 

oo oo 

J' ' ( ' ' I®!J  Me) 
de 

(2.30) 

The first integral on the left is from the previous derivation and the second integral is the 

definition of the variance. We can rewrite (2.30) as 

(2.31) 

We can finally recast this in the form of a lower bound on the variance of the error of the 

estimate, 

((f(y)-T(0)f)> 

2 rjT(0)^ 

I de J I de J 
rjT \2\ 

(2.32) 

or, in a simplified notation. 



^?(y) 
Amf 

J 

71 

(2.33) 

The results in (2.20) and (2.33) are called the Cramer-Rao Inequality after the two 

discoverers C.R. Rao (1945) and H. Cramer (1951). It should be noted that the inequality 

was originally put forth by Fisher (1922, 1925) and proved by Dugue (1937). Credit is 

also given to Aitken and Silverstone (1942) for their implicit derivation. 

There are several important points to be made about the result in (2.33). First, any 

unbiased estimator must have a variance greater than the lower bound. Second, an 

estimator will achieve the lower bound when 

^ = A(0)[f(y)-T(0)], (2.34) 

where A{d) is a constant which may depend upon the unknown parameter but not the 

observations. When the derivative of the log-likelihood function can be written in the 

form shown in (2.34), then f (y) is an efficient estimator. This is a direct result of using 

the Cauchy-Schwartz Inequality in the derivation. Notice we have dropped the term 

asymptotic. The variance of the error of the estimator f (y) is equal to the Cramer-Rao 

lower bound for all finite observations M. This brings up the third point which is that 

there is only one function of the unknown parameter r(0), and therefore one estimator of 
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this function f(y), which can achieve the lower bound and that is the function which 

satisfies (2.34). 

We can find an expression for the lower bound on the variance by multiplying 

both sides of (2.34) by [F(y)-T(0)] and taking the expectation value to get 

eo oe 

^y [f(y)-t(0)]^ p(y|0) = A(0) Jy [f(y)-x{e)f p(y|0). (2.35) 

From (2.26), the left-hand side is simply T'{d) while the right-hand side is the constant 

A(0) times the variance. We can rewrite (2.35) to get an expression for the lower bound 

on the variance. 

Since the derivation began with condition for an efficient estimator in (2.34), the variance 

of the error of the estimator r(y) is equal to the Cramer-Rao lower bound. 

To illustrate these points we will again consider our example where we wish to 

estimate an unknown, deterministic parameter 6 from Af measurements that are 

corrupted by zero-mean and known-var iance  i . i .d .  Gauss ian noise .  In  th is  case ,  xid) = 6.  
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The log-likelihood equation is found by taking the natural log of (2.7), 

AF 

L = /n[p(y|6)] = -sf 

m=l 

We take the derivative with respect to the unknown parameter 6 to obtain 

(2.37) 

dd ff2 ^^yyrn 
m=I 

(2.38) 

We can rewrite this as 

dd 

M 

I  
m=I 

(2.39) 

If we compare this equation to (2.34), we see that the only function of the 

unknown parameter 6 that satisfies the condition of equality is d itself, and the estimator 

of 0 which achieves the lower bound is the mean of the observations y. Therefore, we 

can substitute into (2.36) to get our desired lower bound. 



The final point to be made is that if an efHcient estimator does not exist, then we 

cannot in general determine the variance of the error of the estimate. Other techniques 

have been developed which yield better (greater) lower bounds which may reflect the 

lower bound more accurately. Bhattacharyya (1946,1947, 1948) provides an extensive 

look into estimation theory and improves upon the Cramer-Rao lower bound by 

considering higher derivatives of the log-likelihood function. Barankin (1949), Keifer 

(1952), and Blischke et al. (1969) consider estimation theory under less restrictive 

conditions. These bounds are somewhat more computationally tedious, and we won't 

consider them here. 

[f no efHcient estimator exists, we can consider the asymptotic case where M 

approaches infinity. By virtue of the Central Limit Theorem, there will be an estimator 

whose asymptotic distribution is normal under very general conditions. If the estimator is 

consistent, then it will be unbiased and this leaves only the variance as a discriminator 

between different consistent estimators. 

2.2 A Criterion of sufficiency. 

The criteria of consistency and efficiency are straightforward means of assessing 

the performance of any estimator. On a more fundamental and perhaps theoretical basis, 

we now shift our attention to the criterion of sufficiency. 
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As proposed by R.A. Fisher (1922, 1925), the criterion of sufHciency is stated 

simply that a statistic should summarize the whole of relevant information supplied by 

the sample. A rigorous treatment of sufficiency and approximate sufficiency, complete 

with references, is given by Le Cam (1964). Bahadur (1954) provides an abstract and very 

theoretical investigation into the concept of sufficiency and its role in statistical decision 

problems. We will investigate how the concept of suf^ciency relates to estimation 

problems only. 

The concept of sufficiency is applicable to a wide class of problems in statistics 

and is not exclusive to estimation problems. In the literature, the term statistic is used to 

refer to any general function of the measured or observed data. The term statistic should 

not be confused with the term estimator. An estimator can, in general, be a statistic 

formed from the observations, or the estimator can be a function of a statistic. For 

example, in our additive Gaussian noise problem we have showed how the mean of the M 

samples is an efHcient estimator of the unknown parameter 6^. In this case, the estimator 

is equivalent to the mean-value statistic. 

In order to follow the discussion presented in the literature, we will use the 

general term statistic to refer to any estimator of the parameter. Any specific estimators 

will continue to be denoted with a caret above the symbol. It should be emphasized that a 

new function or concept is not being introduced with the term statistic. Rather, we are 

providing a very general approach to the criterion of sufficiency. 

Consider the parameter to be estimated as %. We will again assume M 
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observations have been made and we formulate the statistic t to estimate Bq . We will also 

consider the set of R fiinctionally independent statistics, tR-i where 

R = 2,3 A/. The joint probability density function of this set can be written as 

This joint probability density function p/j can be written as a 

product of the marginal probability density of t and the conditional probability density of 

ti.ti ^R-i given t, by the multiplicative theorem of probability, 

PR{}'h>h—-^R-M)= 8{iW)hR-i{ti,t2,'.'t[^_l\t,d). (2.41) 

If the function is independent of 6 for alland any set of R-l statistics, 

we can say that the statistic t contains all the information about 0 in the sample and, 

given t,  the statistics tj,t2 ^R-l contribute nothing further to estimating 6 . Therefore, 

the statistic t is a sufficient statistic for 6 if and only if 

PR{t>tl.h'"^R-l^)= sWf^R-li^I'h'—^R-ll^)' (2'42) 

where in independent of 0, for R=2,3,.. . ,M and any choice of ti,t2>-"tR-i -

This is the essence of the famous Neyman-Fisher factorization criterion, (Neyman, 1935) 

and (Fisher, 1922). 

The usefulness of (2.42) in estimation theory comes from the fact that we can 
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reduce it to a condition on the likelihood function (2.12). A very simplifled approach 

follows from Kendall and Stuart (1973). If we set /? = Af and let = y„ for 

m = l,2 Af-/, weget 

p(^' y;  •  3*2yA#- ; !®)=80i^)^Af-j(y/-y2'-" yu-M- (2 A3) 

We can insert the differential elements dtdyidy2-..dyi^^i on both sides and we make the 

transformation of variables, 

yM = yM{t'yi'y2"-"yM-i)^ (2.44) 

ym = ym> rn = 1.2,.. . ,M-l. 

The result is found to be 

p(yW=^W^)*:(y). (2.45) 

The rigorous proof of the equality of (2.42) and (2.45) is far beyond the scope of 

this cursory look at estimation theory. A rigorous proof is found in Halmos and Savage 

(1949). An excellent discussion of the concept of sufHciency, including detailed proofs 

and examples, is found in 2^ks (1971). 

An immediate consequence of (2.45) can be arrived at by taking the natural log of 
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both sides and differentiating with respect to the parameter 6, 

dL _dln{g{t\fi)) 

dd de 

We can compare this directly to the condition on the log-Iikelihood function for 

efficiency in (2.34). We find that we have a less restrictive criterion for sufficiency than 

efficiency. In fact, the criterion of efficiency is a special case where 

If (2.34) holds, then the sufficiency criterion in (2.46) is satisfied. The converse, 

however, is not necessarily true. An efficient estimator is sufficient but a sufficient 

estimator is not necessarily efficient. 

The sufficiency criterion also defines a class of distributions in which a sufficient 

statistic exists for a parameter. The log-likelihood fiinction can be expressed as 

dln(g(t\e)) 
(2.47) 

de'Z^ M 
m—l 
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where K is some function of the sufficient statistic t and the parameter d . The statistic t 

must be expressible in the form 

M 

m=l 

where F and k are arbitrary functions. This is a consequence of (2.48) remaining true 

M 
for any value of 6 , including zero. If we let w = then we can rewrite K as a 

m=l 

function of 6 and w. We will denote this as N{9, w). If we make this substitution into 

(2.48) and take the derivative with respect to y„, we have 

L dN dw 
(2.50) 

dddy^ dwdy^' 

The derivative of N with respect to w is a function of 6 and y^ and must be 

symmetrical with respect to all . That is to say, if the observations are yi.y2>-—yM ^ 

M 
thefunction remains unchanged if we permute the y's (Stuart 

m l̂ 

and Ord, 1987). Therefore, d Nfdw is independent of w and if we integrate with respect 

to w, we get 
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N{e,w) = wp{e)^-q{e), (2Ji) 

where p and q  are arbitrary functions of d . 

Substituting back into (2.48), we get 

m=l 

or, in general, 

^^!^^=p(e)K(y)+«(9)/M. (2.53) 

The function F has been incorporated into the general function p. We can integrate 

(2.53) with respect to 6 and take the exponential of both sides to obtain our Hnal general 

result. 

p(y|0) = exp{A{e)B(y) + C(y) -k D(0)} . (2.54) 



The original derivation is credited to Darmots (1935), Pitman (1936) and 

Koopman (1936). The key point here is that this is precisely the form one would obtain if 

we started with (2.34), the functional form required for an efficient estimator. This class 

of distributions is called the exponential family of distributions. Brown (1964) considers 

the regularity conditions sufficient for this result to hold in a rigorous manner which we 

won't consider here. Another reference of interest concerning the conditions on 

exponential distributions is Denny (1967). 

We have considered sufficient statistics and their properties. Using the Neyman-

Fisher factorization, we showed that an efficient estimator can exist only if there is a 

sufficient statistic. We then derived a class a distributions which possess sufficient 

statistics. A very important result, due to Rao (1945) and Blackweil (1947), states that 

irrespective of any variance bound, the minimum-variance unbiased estimator of the 

function xiO) is always a function of the sufficient statistic and it is unique. 

We conclude this discussion of sufficiency by considering again our example 

problem where we wish to estimate a deterministic parameter 9, corrupted by i.i.d. 

Gaussian noise. The likelihood fiinction is 

M 

(2.55) 

/n=/ 

which we can rewrite as 
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p(y|fl)=| 
M 

•>[2icaj 
exp 

M 

m—l 

(2.56) 

The term in the summation can be rewritten as 

M 

(2.57) 

m=l 

where (y) is the sample mean and is the sample variance. 

M 

m=I 

Upon substitution into (2.56), we get 

piyphiii 
M 

M 

427C(Tj 
exp 

2^2 
"p . (2.59) 

m=/ 
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If we compare (2.59) to the Neyman-Fisher factorization form 

, we Hnd that the estimator which achieves the Cramer-Rao lower 

bound is also the sufficient statistic. In this example, 8{t\d) is given by 

g{t]^) = exp 
-M 

l2a' 
((y)-9)' (2.60) 

where the sample mean (y) is the sufficient statistic t.  

2.3 Summary of Chapter 2. 

In this chapter, we have considered the three criteria of estimators originally put 

forth by Fisher. We have seen how an estimator can be assessed in terms of its 

distribution and, in a large class of problems, a normal distribution characterized by a 

mean and variance. An estimator is consistent if the mean is equal to the true value. It is 

efficient if the variance is equal to the Cram€r-Rao lower bound on the variance. We may 

need to consider the asymptotic limit where the number of observations approaches 

infinity. We also derived the relationship on the likelihood function for an estimator to be 

efficient. 

We also considered the somewhat more conceptual criterion of sufficiency. We 

showed how an efficient estimator is necessarily sufficient but a sufficient estimator is not 

necessarily efficient by deriving the required class of distributions for sufficiency. This 
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class of distributions is referred to as the exponential family. 

In the next chapter we will consider these criteria again, as applied to a particular 

estimator, the maximum-likelihood estimator. 
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CHAPTERS 

MAXIMUM-LIKELIHOOD ESTIMATION THEORY 

In chapter 2, we focused on general estimation theory. We presented several 

important properties of estimators including consistency, efficiency and sufficiency. In 

this chapter, we will consider one particular estimation technique, maximum-likelihood. 

We will first derive the maximum-likelihood (ML) estimator for the general scalar 

estimation problem. We will then show how the ML estimator satisfies the criterion of 

consistency under very broad conditions. We will then consider the criterion of efficiency 

and show how, under regularity conditions, the ML estimator is asymptotically normally 

distributed and efficient. While both criteria are satisfied asymptotically, the strongest 

reason to use ML estimation is the criterion of sufficiency where we will show if a 

sufficient statistic exists, the ML estimator is necessarily a function of it. 

We will continue with the case of a single unknown parameter and follow Kendall 

and Stuart's discussion (1973). The extension to the multiparameter estimation case is 

straightforward and will follow in chapter 4. 
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3.1 Maximum-Likelihood Estimation Technique. 

We will consider a sample of M independent observations y,-, i = 1,2,.. . ,  M 

drawn from the same distribution. As we showed in chapter 2, the likelihood function is 

simply the joint probability of the observations, 

M 

m=l 

The ML estimator of the unknown parameter d, denoted by dMi{y), is the value that 

maximizes the likelihood function or 

p(yfcL(y))>p(yW- (3-2) 

If we assume the likelihood function is a twice-differentiable function of 0, the 

maximum will occur where the derivative of the likelihood function is equal to 0, 

m-I 

and the second derivative is negative. 



87 

d^p{y)p)_TTd^p(yJp) 

dd^ LL de^ 

Often, we can simplify matters by taking the natural logarithm of the likelihood 

function since the natural logarithm is a monotonic transformation. We then have the log-

likelihood function to maxiim'ze, 

M 
L = //i[A?(y|0)] = ln[p[ym\B'f[ • (3.5) 

m=l 

We take the derivative with respect to the unknown parameter 6 and set the result equal 

to zero to obtain the log-likelihood equation, 

d d  0=e ml 

M 

1 
m=I 

dln[p(yjp)] 

d O  
= 0. (3.6) 

e=d ml 

We can solve (3.6) for 0^^ to obtain an expression for the maximum-likelihood 

estimator. The dependence of the ML estimator 0i^i^ on the observation vector y is 

implicit from here on. 
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3.2 Maximum-Likelihood Estimator Example. 

As ail illustration of the technique, let us consider the example originally brought 

up in chapter 2 where M samples of an unknown, deterministic parameter d are made. 

Each measurement is corrupted by independent, identically distributed (i.i.d.) Gaussian 

noise. From this sample, we wish to estimate the unknown parameter. As we showed in 

chapter 2, the likelihood function is given by 

We can simplify by taking the natural logarithm of (3.7) to get the log-likelihood 

function, 

M 

(3.7) 

M 

m=I 

(3.8) 

We take the derivative with respect to 6 and set the result equal to zero to obtain the log-

likelihood equation. 
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de e=e 
I ^ 

~^ML) = 0 • (3.9) 
ml fii~i 

We can find an analytical solution for by simplifying the result in (3.9), 

M M 

m=l m=I 

(3.10) 

Here, is a constant and can be pulled from the summation. The result is simply 

M 
=0, (3.11) 

m=l 

which we can solve for . The ML estimator in this simple example is the sample 

mean. 

1 ^ 

m=l 

(3.12) 



There are several points to be mentioned regarding the result in this example. 

First, the ML estimate is independent of the variance associated with the noise. Second, 

in the discussion of efficiency in chapter 2, we showed that the efficient estimator in this 

same example was the sample mean. Therefore, the ML estimator is the efficient 

estimator in this example, and the variance of the error of the estimate is given by the 

Cramer-Rao lower bound. We will say more about the relationship between ML 

estimators and efficiency later in this chapter. The final point that should be mentioned is 

that this simple example allowed an analytic expression for the ML estimator to be found. 

In general, the log-likelihood equation cannot be solved analytically, and a numerical 

means of finding the ML estimate must be employed. 

3.3 A Function of the Maximum-Likelihood Estimator. 

One important property of the ML estimator is the invariance under invertible 

transformation. If we have a function of the unknown parameter r(d) which is defined 

for all d and invertible, the maximum-likelihood estimator of t(d), which we will 

denote by is simply . That is, the ML estimate of the function is the 

function evaluated at the ML estimate of the unknown parameter. The proof is given by 

Melsa and Cohn (1978). We can define the inverse of t{d) as such that 

T-'[t(e)]=0, (3.13) 



91 

for all 0. The conditional probability is then given by the identity. 

= ^W®)]) = p(yK0))- (3.14) 

The proof of the identity is a straightforward application of the conditional probability 

definition and transformation of variables. 

By deHnition of the ML estimator, 

p{y\^ML) ̂  p(yK0)). (3.15) 

for all tufi* T(0) , where is the ML estimate of the function T(0) . If we substitute 

from the identity in (3.14), we find that 

/'(yl'AfL)^p(yW- (3.16) 

Similarly, we can write 

p(yl«AfL)^p(yW. (3.17) 
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for all di^fi # 6. From the identity in (3.14), we can write 

p(yK^ML))=p(y|^i»/L). (3.18) 

and therefore, from (3.17), 

p(yK®A/L))^p(y|®)- (3-19) 

By virtue of the results in (3.19) and (3.16), 

'A/L =T(®AfL)' (3.20) 

or the ML estimate of the function is the function evaluated at the ML estimate of the 

unknown parameter. 

3.4 The Maximum-Likelihood Estimator and the Criteria of Estimators. 

In this section, we will explore some of the properties of the ML estimator. We 

will first consider the general case where no single sufficient statistic exists and the 

likelihood function does not necessarily have a unique maximum. The only requirement 

is that the ML estimator must satisfy 



p(y|®AfL)^p(yW. 
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(3.21) 

and we will consider the properties of estimators obtained under this requirement. 

Under this general requirement, we shall see that the optimum properties of the 

ML estimator are only asymptotic. By asymptotic, we mean as the number of 

observations M approaches infinity. There has been a considerable amount of discussion 

regarding this point over the years. It has been argued that the ML estimate is simply one 

of several techniques which yield asymptotically normal estimate distributions with the 

same asymptotic properties as the ML estimator (Neyman,l949; Haldane, 1951). Le Cam 

(1953) has shown the existence of superefficient estimators with asymptotic variances 

less than those of ML estimates. In a series of papers, Rao (1961,1962a, 1962b) contends 

that the ML estimate is satisfactory from a wide point of view, satisfying a variety of 

criteria for large samples and general estimation problems. Furthermore, he presents the 

concept of second-order efficiency which examines the amount of information lost in 

using a statistic instead of the whole sample. The second-order efficiency is a means of 

discriminating between different estimation techniques which possess the same 

asymptotic lower limit on the variance, referred to as "best asymptotically normal (BAN) 

estimates." In his work, Rao shows the least information lost is in the ML estimate as 

compared to altemative techniques. By this extension of the criterion of efficiency, Rao 

contends the ML estimate is the best estimate. 
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In this introductory look into estimation theory, we will consider the following 

asymptotic properties of the ML estimator (Van Trees, 1968): 

1] The solution of the log likelihood equation converges in probability to the true value 

of t(0) as Af approaches infinity. The ML estimator is asymptotically consistent. 

2] The ML estimator is asymptotically efficient. That is, 

3] The ML estimator is asymptotically Gaussian with a mean equal to the true value and 

variance given by the Cramer-Rao lower bound. 

3.4.1 Regularity conditions. 

Prior to considering the three asymptotic properties enumerated above, we need to 

clarify the conditions which we will assume and refer to throughout this discussion. The 

following regularity conditions were first put forth by Cramer (19S1) and are detailed in a 

rigorous manner in KuUdorff (1957). 

lint ( 
Af—»<» 

(3.22) 
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dlnp{y \e) d^lnp{y\6)  d^lnpiy^s] 
I] . 5 , 5 exist for every 6 efl and for almost 

de dd^ de^ 

ail y. The parameter space is defined by 12 and is presumed to be an open 

interval. 

oo 

I 2] I ^d ̂  y=0 for every OeQ. 

f d^p[y\d) w 
3] I ^ y=0 forevery ggfl, 

4] — oo < 

OO 

r—^^2 ^ p{y\^)d^y <0 for every de£2. 
J dd 

3.4.2 Consistency and the maximum-likelihood estimator. 

The proof of asymptotic consistency of the ML estimator is attributed to several 

notable individuals. Cramer (1951), who himself references Dugu6 (1937), proves the 

consistency of some root of the likelihood equation, albeit not necessarily the maximum-

likelihood estimator when there are several roots. Wald (1949), following up on Doob's 

(1934) work, presents a rigorous proof of the consistency of the ML estimator based on 

the Strong Law of Large Numbers. Huber (1967) extends the proof of consistency under 

much weaker conditions. First, he does not assume that the true distribution underlying 
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the observations belongs to the parametric family defining the ML estimator. Secondly, 

he assumes there are no regulariQr conditions on the second and higher-order derivatives 

of the likelihood function. We will consider a somewhat heuristic approach based on 

Wald's rigorous derivation. 

In order to prove statement the ML estimator is asymptotically consistent, 

consider M independent observation from a known distribution • ^I'om these M 

observations, we form the ML estimator of the unknown parameter Q such that, by 

definition. 

The true value of the parameter we will denote by 0q , and the notation Eg will represent 

the operation of taking the expectation value when the true value 6^ holds. 

(3.23) 

oo 

^o{/(y)}= j /(y) p(y|^)- (3.24) 

>oo 

We can form the random variable "P = p(yl0)/ p(ylfib) define the function 

G(*F) = Ini'F). The random variable is defined on the interval (0,«>) and the function 

G('P) is concave on (0,<«) since G"('P) <0 for all € (0,<«). From Jensen's Inequality 
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(Parzen, I960) we have 

Eo{G(f)}£ta£fl{'P}, (3.25) 

which we can rewrite by substituting in our expression for G('P) and f to get 

Eo\ In 
p(yW 

'(yfe) 
< In Eq 

p(yW 
(3.26) 

We can consider the right-hand side first. Using our definition of the EQ operator, 

we can write 

InE, 01 
/'(yW > = ln< 

oq 

1 
p{y|e) AF > = ln< 

oo 

AF, > = lnl = 0. (3.27) 

We can rewrite the left-hand side of (3.26) by first multiplying both numerator and 

denominator by / / A/. We then use the definition of the logarithm of a quotient to get 
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Substituting the results in (3.27) and (3.28) into (3.26), we get our intermediate result. 

/?(y|0)| < Eo\^ln p(y|^)|. (3.29) 

If we consider the definition of the log-likelihood function, we can write 

M 
Lm=/ 

A# 

(3-30) 
m=/ 

which is the mean of a set of M independent and identical variates. We can therefore 

wnte 

L/n=/ 
= ^(>10)}. (3.31) 

M 

We can employ the Strong Law of Large Numbers (Stuart and Ord, 1987) as M 

approaches infinity to see that -^jln piylo) must converge with probabili^ unity to its 
M 

expectation value. By the same argument, we can return to (3.29) and, as M approaches 

inanity, we have with probability unity that 
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jflnp{yj^)<-^lnp{yjfio), (3.32) 

or put in terms of probability theory, 

lim prob^ln p[y\9)<ln p(yfe)} = ^e^0O- (3.33) 
M—*oo ^ 

If we now consider the case where 0 = , we have 

lim prob[ln p(y\0ML) < In p(y|^)} = /. (3.34) 
A/—>00 

This violates our original definition of the ML estimator in (3,23) that I.(y|0Af£,) - ̂(y|®) 

for all admissible values of 0. The only solution satisfying (3.23) and the condition 

derived in (3.34) is ^(yl^Att) = ̂ (y|^) • Therefore, in the limit as M approaches infinity, 

cannot take any other value than L(y|flb) • Furthermore, if £.(y|0) is a one-to-

one function of d, the implied result is 

probl lim = /. 
lAf-+ 

(3.35) 
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An interesting extension of this idea is presented by Huzurbazar (1948), where he 

shows that under the regularity conditions listed earlier, there is a unique consistent ML 

estimator in the limit as M approaches infinity. The proof is a simple extension of the 

ideas presented in the consistency proof. It follows from the convergence in probability of 

^ML to ^ that 

Urn — 
M —M 

—T/«p(y|0) 
dd e=d 

= ^ 
A/—>00 M 

ml 
dd' 

•lnp(y\e) (3.36) 
-10=00 

where we have assumed the second derivative of the likelihood function exists by the 

regularity conditions. Invoking the Strong Law of Large Numbers and the result in (3.30), 

we Hnd that 

(3.37) 

m=/ 

where the right-hand side is the mean of M independent and identical variates and 

converges with probability unity to its mean value. We can rewrite (3.36) as 
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Urn prob 
\f—>00 dO' 

'lnp{y\d) = Er 

e=e ml 
dd '=00 J 

= /. (3.38) 

Under regularity conditions, we have 

dd' 
-//ip(y|0) < 0 ,  

6=en 
(3.39) 

and therefore. 

lint prob 
M —>00 de 

< 0  
e=0 ml 

= /, (3.40) 

If we assume for the moment that there exist two roots of the log-likelihood 

function, and both of which satisfy the likelihood equation (3.6), and the 

second derivative of the likelihood function is negative at each root, then regulanty 

conditions require a minimum between the maxima. Since 

are consistent estimators, the nunimum between the two must also be consistent and 

satisfy (3.40). However, at a minimum. 



102 

(3.41) 

The contradiction in the requirement of (3.41) and the result in (3.40) violates our original 

assumption that there are two maxima. Therefore, there is only one asymptotically 

consistent estimator under our regularity conditions. 

As pointed out by Wald, Huzurbazar's proof shows that there is at most one 

consistent estimator that is a relative maximum, once again neglecting the possibility that 

a relative maximum may not necessarily be the maximum-likelihood estimator. 

We should also point out there are many estimation problems where there are 

multiple maxima. In particular, there may be an inherent indeterminacy when two or more 

equal maxima exist. For example, the problem may be to estimate 6 when Af samples 

obeying the relationship 

yn=cos{,e) + Tj„, (3.42) 

are drawn. In the case where the noise is i.i.d. Gaussian, it is easy to show the ML 

estimator of 6 is 
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OML{y) = arccos • (3.43) 
V m=/ y 

There is an inherent 2k ambiguity here. There can only be one consistent estimator of 9q 

that Q is unidentiHable and only cos{d) is directly estimable. 

3A.3 Efficiency and the maximum-likelihood estimator. 

Prior to considering properties 2 and 3, a point alluded to in the discussion above 

should be made clear at this time. In chapter 2, it was shown that, in order for an efficient 

estimator to exist, the log-likelihood function has to satisfy 

where L is the log-likelihood function, the function A{6) does not depend on the 

unknown parameter we wish to estimate, bi the deHm'tion of the ML estimator, 

yet there is no means of deciding which value of + n2K is consistent. We state 

(3.44) 

measured data or observations y, the estimator is r(y) and r{0) is the function of the 

dL 
(3.45) 
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Therefore, if we combine the results in (3.44) and (3.45), we get 

#AfL)['(y)-T(9Ml)]=l'- (3.46) 

We reject the solution = 0 as the function A does not depend on the 

observations. Therefore, the accepted solution is 

>MLh) = A^ML)- (3.47) 

This very important result states that if an efficient estimator exists, it is the 

maximum-likelihood estimator and the variance of the error of the estimate is given by 

the Cramer-Rao lower bound. 

The motivation for using the ML estimator is quite clear from the results derived 

above. However, if the ML estimator is not efficient, there is still some motivation for 

using the ML estimator because, as we will now show, the ML estimator is 

asymptotically Gaussian and efficient, satisfying Fisher's criterion of efficiency. 

Let us assume the first two derivatives of the log-likelihood function exist. From 

the derivation of the Cramer-Rao lower bound in chapter 2 we have that 
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s>-| 1 dp(y\0y 

p(y|0) dd ^ 
p(y|0) = O. (3.48) 

We will then deflne R^(0) where 

R^{8) = (l^l ) = -(^ 
dd ,dd^ 

(3.49) 

Using Taylor's Theorem, we can write 

dQ e=e ml dd e=en dd' 
+..., 

e=6 
(3.50) 

where is the ML estimate, the true value is 0^ and d* is some value between ^ML 

and $0. From the deHnition of the ML estimate in (3.6), the left-hand side of (3.50) must 

be zero. For the right-hand side, we again use the Strong Law of Large Numbers. Since 

both expressions are sums of identical independent variates, both converge to their 

expectation value in the limit as M approaches infinity, 
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Urn 
A/—>00 

dL 

de 
=0. 

e=en 
(3.51) 

Urn 
M —)oo 

d^L 
dd^ 6=e*. 

#0. (3.52) 

The result in (3.52) does not converge to zero since, by definition, R^{d) > 0 for all 0. 

Therefore, in order for the equality to hold in (3.50) in the limit as M approaches infinity. 

lim = 
Af — 

(3.53) 

Thus, di^i^ is a consistent estimator under our assumptions. 

If we rewrite (3.50) in a more usable form, we obtain. 

/ dL 

e=en 

1 d^L 

R\eo)de^ 

(3.54) 

In the limit as M approaches infinity, the denominator on the right-hand side converges to 
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unity by our consistency criterion and the definition in (3.49), 

Urn prob-
M—^oo 

d^L 

de' 
=-R'(Go) 

e=e 
= /, (3.55) 

The numerator is the ratio of M independent and identical variates over the 

constant /?(%), 

«(%) 

' 

J ^ 

m=l 0=00. 

(3.56) 

By the Central Limit Theorem, 

Um 
Af—>oo 

=N(o.i^{eb)). (3.57) 
m=I 6=e, 'oi 

where the normal distribution has zero mean by (3.48) and a variance of given by 

from (3.49). The left-hand side of (3.54) must therefore obey a normal distribution with a 

mean given by 6^ and a variance of if in the limit as M approaches infiniQr, 
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Urn e^L 
M — R 

(3.58) 

mmmm  ̂

Thus, the ML estimator is asymptotically efficient and normally distributed. 

A rigorous proof of asymptotic efficiency is presented in Cramer (1951), Gurland 

(1954) and Kulldorff (1957). Each restricts the behavior of the second derivative, 

however. Neyman (1949) and Lecam (1955) prove the asymptotic efficiency of best 

asymptotically normal (BAN) estimates in their argument that ML estimates are only one 

of several estimators with optimal asymptotic properties. Neyman credits Doob (1934) 

and Hotelling (1930) with the proof of asymptotic efficiency for ML estimators. Bahadur 

(1960) considers large-sample estimation, showing asymptotically efficient estimates 

exist under fairly general conditions. However, common to all these proofs is that they 

assume regularity conditions on the second derivative of the likelihood function. Daniels 

(1961) relaxes the regularity conditions on the second derivative at the expense of a more 

restrictive condition on the first derivative of the log-likelihood function. Linnik (1961), 

Huber (1967) and Lecam (1970) generalize the results under less restrictive conditions to 

include more general estimation problems. In particular, regularity conditions do not 

involve second and higher-order derivatives of the likelihood fiinction. 
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3AA Si^ciency and the maximum-likelihood estimator. 

In the proof of asjnnptotic efRciency, we showed the distribution of the ML 

estimator is asymptotically normal with a variance equal to the Cramer-Rao lower bound, 

thereby implying the ML estimator was asymptotically efHcient. An interesting corollary 

is that the ML estimator must also be asymptotically sufRcient since an efficient estimator 

is a function of a sufficient statistic. 

In the discussion of sufficiency in chapter 2, we showed that an estimator /(y), of 

some function of the parameter x{d), will achieve the Cram6r-Rao lower bound if and 

only if there is a sufficient statistic. Furthermore, the estimator is necessarily a function of 

the sufficient statistic. In the example problem where we wish to estimate an unknown, 

deterministic parameter corrupted by additive i.i.d. Gaussian noise, we showed in chapter 

2 that the mean value of the observations was a sufficient statistic. We then showed the 

ML estimator was also the mean of the observations. Therefore, in this example, the ML 

estimator was equivalent to the sufficient statistic. We concluded our example problem 

by showing the ML estimator was efficient. 

It is easy to show that if a single sufficient statistic exists for the unknown 

parameter d, the ML estimator must be a function of it. Sufficiency of the statistic r(y) 

for 6 implies the likelihood function can be factorized into the form 

(3.59) 



no 

where the function fc(y) is independent of the unknown parameter Q. The choice of 

to maximize the likelihood function p(y|0) necessarily maximizes ^(/|0) and thus 

must be a function of the sufficient statistic t alone. 

From the criterion of sufHciency, we showed the derivative of the log-likelihood 

function L satisfies 

dL <//»(s(<|e)) 
M de~-

This is a less restrictive condition on the log-likelihood function than the requirement of 

efficiency where 

^  =  A {e) [ ; ( y ) - x {e)]. (3.61) 

We can now show that if an efficient estimator f (y) exists for x{0) and the log-

likelihood equation (3.6) has a solution , then the solution df^i 

is unique. 

When a single sufficient statistic exists, the log-likelihood function satisfies 

(3.61). The solution to the log-likelihood equation is then of the form, 
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^ML(y) = '^iPMl)' (3-62) 

If we differentiate (3.61) with respect to 6 again, we get 

(3.63, 
de^ dd ^ ^ de 

We can substitute for the second term on the right-hand side using the result in (2.36) 

where 

and we fmd that 

0=^['(y)-'(e)]-A^(0)<'4). (3.65) 

At 6 = djv/L • right-hand side must be zero by de^nition of the 

maximum-likelihood estimator. Therefore, we get 



d^L 

de 

112 

(3.66) 

The result shows that every solution of the log-likelihood equation is a maximum 

since the second derivative is necessarily negative in sign. Under the regularity conditions 

which we have assumed throughout this discussion, there must be a minimum between 

successive maxima. But (3.66) shows there cannot be a minimum since a minimum 

requires a positive second derivative. Therefore, the ML estimator is unique where a 

single sufHcient statistic exists. A more rigorous proof appears in Huzurbazar (1948) 

who showed that the maximum is a stationary value (under regularity conditions) or a 

terminal maximum, depending on whether the range of the likelihood function depends 

on the unknown parameter 9. 

It follows that all the optimum properties of single sufficient statistics are 

conferred upon ML estimators, since ML estimators are one-to-one functions of them. 

Furthermore, one needs only to solve the likelihood equation and find the function of the 

solution which is unbiased for the parameter of interest. From the sufHciency criterion, 

this is the unique minimum-variance estimator, although there is no guarantee that this is 

the lower bound predicted by the Cram€r-Rao biequality. 
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3.5 Summary of Chapter 3. 

We have considered some of the properties and characteristics which make 

maximum-likelihood estimators a powerful method in estimation theory. We have shown 

that if an efficient estimator exists, it must be the maximum-likelihood estimator and 

therefore, the variance of the error of the estimate is given by the Cramer-Rao lower 

bound. If no efficient estimator exists, the ML estimator is still a useful technique due to 

its asymptotic consistency and asymptotic efficiency under very general restrictions. 

We have also shown that if a single sufficient statistic exists, the ML estimator is 

necessarily a function of it. Furthermore, there will be some estimator f (y) of the 

function of the unknown parameter t{6) which will attain the minimum-variance bound 

derived from the Cramer-Rao Inequality Theorem. This function f(y) is necessarily a 

function of the single sufficient statistic. 

Our attention has so far been restricted to single parameter estimation problems. 

In chapter 4, we will extend these same properties to multiparameter problems. We will 

also derive the very important Cramer-Rao lower bound for the multiparameter case to 

complete our brief look at estimation theory. 
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CHAPTER 4 

MULTIPARAMETER MAXIMUM-LIKELraOOD 

ESTIMATION THEORY 

We have considered some of the properties and characteristics that malce 

maximum-likelihood estimators a powerful method in estimation theory. Our attention 

has so far been restricted to single-parameter estimation problems. In this chapter, we will 

extend these same properties to the multiparameter case. We will also derive the very 

important Cramer-Rao lower bound for the multiparameter case to complete our look at 

estimation theory. 

4.1 Maximum-Likelihood Estimator. 

We need to restate the problem to be clear on what we mean regarding the term 

multiparameter. We make Mobservations, y = yj,  ̂ 2»—»yM»which depend on the S 

parameters, 0 , according to some prescribed relationship. The parameter 

vector 0 may be random or deterministic, we again assume each measurement is 

statistically independent and identically distributed, the likelihood function is then the 

product of Af probabilities on each measurement. 



115 

M 

KyW=nH>'m|o)- (4.1) 
m=/ 

In this case, the probability on each measurement is conditional upon the parameter 

vector. The log-likelihood function is then given by 

where we are using L  to denote the log-likelihood function once again. 

We would like to Hnd the parameter vector that maximizes the log-likelihood 

function in (4.2). We are assuming the regularity conditions listed in 3.4.1 apply to our 

multiparameter likelihood function. The only caveat would be that the conditions on the 

derivatives apply to all the partial derivatives and higher-order partial derivatives. Under 

these regularity conditions, a necessary requirement for the maximum is that the gradient 

is equal to zero, which yields the log-likelihood equation, 

M 

(4.2) 

m=/ 

ML 

(4.3) 
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The result is a system of 5 equations, 

= 0, s-l,2,.. . ,S, (4.4) 

. m=I 

which must be solved simultaneously. A sufficient condition for the solution to be a 

maximum is that the Hessian matrix or matrix of second partial derivatives be negative 

definite. 

As an example, we will consider the case where we want to estimate the mean and 

variance from a random sample of the normal law. 

Here, 6j is the mean and 62 is the variance. We can consider this an extension of our 

previous example where an unknown deterministic parameter was corrupted by additive 

Gaussian noise except in this case, the variance of the noise distribution is unknown and 

we would like to estimate it. 

We form the log-likelihood function and take the derivative with respect to each 

of the parameters. We set the results equal to zero to obtain our system of two equations. 

m=I  ̂  ̂

(4.5) 
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M 
dlnp(^di,d2) 

do J d6j 
m-l 

• E :  

In 
' / 

202 

M 

S 
m=l 

IMZH.-
ez 

= 0 ,  

(4.6) 

M 
dlnp(y\ej,02) d 

902 I 
m=/ 

962 
In 
' I ^ 

202 

M 

1 I 
2A^\02 

m=l 

-I ^JYM-OL) 

Oi' 
= 0. 

(4.7) 

If we solve the equations simultaneously, we find for our ML estimators, 

/ ^ 

m=/ 

• (4.9) 
m=l 

4.2 Properties of the Multiparameter Maximum-Likelihood Estimator. 

In chapter 3, we presented some of the properties that make the ML estimator a 

useful choice in any scalar estimation problem. Di this section, we will derive the same 

properties for the multiparameter ML estimator. As we will see, the properties are a 
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simple extension of the proofs for the scalar case. 

4.2A Consistency. 

In the general case where we do not necessarily have S sufHcient statistics for the 

S unknown parameters, the asymptotic properties of the maximum-likelihood estimator 

derived for the single parameter case in chapter 3 hold in the multiparameter case. We 

shall only briefly consider them here and leave rigorous proofs to the interested reader. 

The proof of consistency is easily extended to the multiparameter case since we 

can replace the scalar parameter 6 with the equivalent vector parameter 0 everywhere in 

the proof. Under general conditions, the ML estimators converge in probability to the true 

set of parameter values as the number of observations approaches infinity. 

Although the ML estimator is asymptotically consistent under the conditions 

stated in the proof, it is not generally unbiased. In the multiparameter case, we can 

consider each estimator individually with regards to bias, and the deHnitions given in 

chapter 2 apply to each parameter. In fact, one estimator may be unbiased while another 

exhibits bias. As an example, consider the above problem where we would like to 

estimate the mean and variance from a random sample drawn from a normal distribution. 

The estimator of the mean is given in (4.8) while the estimator of the vanance is given by 

(4.9). We can calculate the bias by evaluating the expected value. For the estimate of the 

mean, the expectation value is given by 
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(®'«l)=j -j7Z>". I pCyW"^- c'®' 

-oo m=I __ 

The integral is easily evaluated, and the result is 

1  M . 

m=I 

The ML estimator of the mean is unbiased, where the expectation value is equal to the 

true value dj. 

We can repeat this for the ML estimator of the variance ft . We have ML 

/ f ^ 2 

• m-I 

We can change the order of sunmiation and integration to get 
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M " 

m=l _o. 

(4.13) 

Substituting for 0/^^, we get 

~ J I fn'=/ J "1=/ _QO 

Ky|®)^y (4.14) 

We can expand the term in the integral to get 

ff (ym) 2  p ( y ^ ) ^ y -
J V m'=l  ̂m'=l 

m=l _oo 

(4.15) 

We assume each observation is statistically independent. Therefore, we can write 

m=l 
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The result in (4.16) can be simplified to yield 

m=l 

If we evaluate the summation over all M terms, we get 

=  C ' S )  

The result is clearly biased, but (4.18) illustrates the statement that an estimator 

can be biased but asymptotically consistent. If we take the limit as M approaches infinity, 

we find, using L'Hopital's Rule, 

Af_»oo\ M) 

Thus the ML estimator on the variance approaches the true value and is therefore 

asymptotically consistent. 
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4.2.2 Efficiency. 

A generalization of the proof provided for asymptotic efficiency for the scalar 

estimation problem shows that the joint ML estimators tend to a multivariate normal 

distribution with a covariance matrix . The inverse of is the Fisher Information 

matrix whose components are 

, d^L \ fdL dL\ 

The simplified proof we provide here appears in Kendall and Stuart (1973), while a more 

rigorous proof can be found in Wald (1943). 

The multidimensional analogue of the Taylor series expansion in equation (3.S0) 

is 

dL 

d Q f .  

dL 

e=e ml 
dd. 0=e« 

d ^ L  

s=I 

+..., r=/,2 5. (4.21) 
e=e 

Once again, 0* converges to SQ , the true value, and the second derivatives converge in 

probability to their expectations. Since the left-hand side must be zero by definition of the 

ML estimator, we can rewrite (4.21) as 
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dL 

ddr e-9 ®-®o ^ e=e 
,r-1,2,..., S. (4.22) 

Under these assumptions, we can rewrite (4.22) in vector notation as 

Leo (4.23) 

where we have defined as an 5 x I column vector of the derivatives of the log-

likelihood function with respect to each parameter, evaluated at the true value of the 

particular parameter. 

dL 

d d j  

II
 

dL 

962 ^2=^2o 

dL 

dds II
 

(4.24) 

The row vector z is an 5 x 1 vector, 
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t-

^MLs -^So 

(4.25) 

and the 5 X 5 matrix J whose elements are defined in (4.20). 

By the multivariate Central Limit Theorem (Bienayme, 18S2; Johnson and Kotz, 

I 
1972; Adams, 1974; Hald, 1998), the vector will tend to a multinormai distribution 

with zero mean if (2.17) holds for each 6^. By uransformation of variables, the 

f 

distribution on z must also be multivariate normal. The covariance matnx of is J so 

the exponent of its multinormai distribution will be - j j where the 

superscript / denotes the transpose operation. The transformation will yield the quadratic 

form for z, - jz'jz, so the covariance maoix is simply . Each estimator By. 

asymptotically attains the variance given by the inverse of which we will show is the 

minimum variance on the error of the estimate. 

4.3 Cram€r-Rao Lower Bounds in the Multiparameter Case. 

In chapter 2 we derived the Cram6r-Rao lower bound on the variance of the error 

o f  t he estimate for the very general case where we are estimating some fimction t($) of 

the unknown parameter 6. bi this section we will extend this idea to the multiparameter 
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case where we are estimating Q functions T^(0). Each may be a function of one or 

several of the unknown parameters, 0 = 0;,02,...,61s. The estimators are denoted once 

again by f^(y) and are assumed unbiased functions of the minimal set of 5 sufHcient 

statistics where Q<S. The methodology may be found in Van Trees (1968) and Kendall 

and Stuart (1973). A rigorous proof can be found in Rao (1945,1947). 

For the general function T^(y), we will deHne a (5 + 1) x 1 vector x where 

X = 

iL 
ddi 
BL 

dL 

dds 

(4.26) 

The covariance matrix is the expectation value of the outer product of x with its transpose 
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(4.27) 

where we have simplified the notation by omitting the dependence of the terms on the 

variables. The first element Is simply the variance of the error of the estimate, <T; ^. We 

can simplify the notation further by evaluating the general term, 

We can use the identity in (2.15) again to rewrite (4.28) as 

»oo 

(4-29) 
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Expanding the expression and simplifying, we get 

(9p(y|0) 
dy - \'̂ q dy . (4.30) 

We can interchange the order of operations since the integral is over measurement space 

while the derivative is with respect to parameter space, 

oo oo 

The second expression on the right-hand side is easily seen to be zero. The Hrst 

expression is the derivative of the expectation value of the estimator. But we are 

assuming the estimator is unbiased, so the result is. 

/ d L  d L \  
The expression ( ^ ) is the rs component of the Fisher Information matrix 



128 

which we will denote as /„. We can rewrite the covariance matrix as 

(Tf 2 
w 

d Q j  

302 

L 
dds 

d O j  dd2 

J l l  Jl2 hs 

-^21 J 22 

•^25 hs 

(4.33) 

Because (4.33) is a covariance matrix, it is nonnegative deHnite. This implies the 

determinant is greater than or equal to zero (Papoulis, 1984). 

Let us return to our example problem where we are estimating the mean and 

variance from a random sample drawn from a normal distribution. In this case we would 

like to derive the Cramer-Rao lower bounds for the two parameters we wish to estimate. 

The method is readily extended to the general case we derived in (4.33). 

The covariance matrix for our simplified example is 

(»')= 

2 dx 

ddi dSi 
dx 

W, 
dx 

5% 

(4.34) 
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The determinant must be greater than or equal to zero. We can evaluate this determinant 

using cofactors. The result is 

(«') = <T;^ 
hi hi 

hi hi 

3x 
hi 

3x 
3x 30, hi 3x 301 
30J 3x 

hi 
^392 3x 

302 hi 302 

Jii 

Jii 

>0.  (4.35) 

The first term is simply the desired variance times the determinant of the Fisher 

Information matrix. We can easily evaluate the second and third terms and rewrite the 

expression to get 

( y f >  
3x 3x 

301 301 
' 22  dr dt 

. 1J| J ddi 302 

-J 12 dx dx 
. |J| J 302 d9i 

-J 21 
L IJI J 

+ 
dx dx 

d&2 302 
hi 

L U I J  
. (4.36) 

The expressions involving J in brackets are the inverse Fisher Information matrix 

components, 

2^ 3x 3x r I ] 3x 3x r • i 3x 3x r i 3x 3x r i 
~3dj30j^ ^^^^301 362^- 302 302^ 

(4.37) 

We can write the result in final form as 
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r~l s—l 

(4.38) 

The result in (4.38) generalizes to Q functions of S parameters readily, and the result is 

simply, for each function T^(0), 

dx„ dx„ 

IS ddr dd, 
r—l s=l 

J rs (4.39) 

If we consider the simplified case where the functions to be estimated are the 

unknown parameters themselves, the result is 

s s  

T-l S=l 

In this case, the lower bound on the variance of the parameter is simply the q''' 

diagonal element of the inverse Fisher Monnation matrix. 

As in the scalar case, we can find a general expression for when the equality holds 

in (4.39) and (4.40). Stated without proof, we have for the result. 
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S 

'g(y) - Tg(0) = (®)' (4.41) 

j=/ 

for all values of t(6) and y. The function k is independent of the observations. The 

estimation error is a linear combination of the partial derivatives with respect to each of 

the parameters. This is the multiparameter extension of the result found in (3.44) for the 

scalar estimation problem. 

4.4 An Example of the Cramer-Rao Lower Bounds for the Multiparameter Case. 

As an example, we return to the problem where we wish to estimate the mean and 

variance from a random sample drawn from a normal distribution. In this case, we are 

estimating the parameters themselves so we can use (4.40) to compute our lower bounds. 

In order to calculate the Fisher Information matrix we need to evaluate 

(4.42) 

We can reduce the complexity of the problem by evaluating 
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where we have used the identity in (4.20). Using the intermediate results in (4.6) and 

(4.7), we have 

M 
lnp[y\di.e2) / 

de,^ I 
m-l 

(4.44) 

In p(y^i,62)^9^ In p(y|e/.^^  ym-^i 

d d ] d d 2  9 6 2 ^ 6 1  $ 2 ^  
m=l 

(4.45) 

Inp(y\ei,62) 

962^ I 
m=I 

_ i  {ym-^i f  

2B^ $2^ 
(4.46) 

We can evaluate the expectation value of each term and the result is that the Fisher 

Information matrix is 

J = 
0 

0 

JL 
2(7'* J 

(4.47) 

The inverse is easily computed and the resulting lower bounds on the variance are the 
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diagonal elements. 

0 

0 
(4.48) 

M 

The estimates on the mean and variance are asymptotically normal and 

independently distributed with a mean equal to the true value and a variance given by the 

diagonal elements of (4.48). The interesting result is that this holds for any number of 

measurements M in regards to the estimate on the mean. The above statement only holds 

in the limit as M approaches inflnity when we consider the variance. In fact, the estimator 

on the variance obeys a chi-squared distribution with M-1 degrees of freedom (Kendall 

and Stuart, 1973). For Hnite observations M, the variance on the estimate of the variance 

is given by 

4.5 Sufficiency. 

The criterion of sufficiency is easily extended to the multiparameter case. By the 

same argument as in chapter 3, if there exists a set of Q statistics, t = which 

are jointly sufficient for the S parameters, 6 65, the ML estimators 

(4.49) 
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a  ̂ A A 
® AF£ = ' ^ M L  ^ functions of the sufficient statistics. The ML 

estimators need not be one-to-one functions of the sufficient statistics and do not 

necessarily form a sufficient set themselves. We can then recast (3.59) into the 

multiparameter equivalent, 

p (y|e) = g («|8)t(y), (4.50) 

where the function ^(y) is independent of the unknown parameter vector 

0 = 0;,^,...,05. 

In chapter 3 we showed that if an efficient estimator f (y) exists for x{d) and the 

log-likelihood equation has a solution then f^£,(y) = solution 

A 

d^L is unique. We will now show how the uniqueness of the solution in the presence of 

sufficiency extends to the multiparameter case. We assume only regularity and that Q = 

S. That is, the number of sufficient statistics is equal to the number of unknown 

parameters. The complete proof is given by Huzurbarar (1949). We will adopt a more 

heuristic approach. 

Under regularity conditions, the general form for a distribution to possess Q 

jointly sufficient statistics for S parameters yields a log-likelihood function of the form 
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Q M M 

(4.51) 

q-l m=l m=I 

where we have generalized the results in (2.54) to the multiparameter case, as found in 

Darmois (1935), Pitman (1936) and Koopman (1936). A general discussion of the results 

is found in Barankin and Maitra (1963). 

The log-likelihood equation is then given by 

Q M 
BL V / X o!D(e) 

q=l m-l 

and the solution 0^/1 = ^ maximum if the terms 

d ^ L  

ddrde, e=e ml 
1 
q=I 

dOyddg 
®=®MZ, m=/ 

M 

+ M 
d^D{%) 

ddrde^ 
(4.53) 

e=e ml 

form a negative-definite matrix. 
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Referring to chapter 2, we have for the multiparameter case, 

^ d d r .  1 
q=l 

M 
/ v\ dD(Q) 

=  r = l . 2  S, 
dOf. 

\m=I dOr 
(4.54) 

and 

d ^ L  
id 

1 ^dd^dd^ j ddfdd, 
q=l 

I I  \  < 9 ^ D ( 0 )  
r . s = l . 2  s. 

\m=l ddrde. 
(4.55) 

Solving for ( (4-54) and substituting into (4.55), we find the same 
\m=/ 

M 

solution as solving for in (4.52) and substituting into (4.53). The result is 
m=l 

d ^ l n p { y ^ )  

ddrde^ e=e 

^<9^/np(y|e)^ 

ddrde. 
(4.56) 

ML 
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From the result in (2.20), we can generalize to the multiparameter case, 

^^hp(y|e) 

d d f d d g  

d l n p ( y ^ ) d l n p ( y ] f i )  

dOr <905 
(4.57) 

The right-hand side of (4.57) is the covariance matrix which is non-negative definite. If 

we rule out any linear dependence among the variates, the matrix is positive definite and 

the left-hand side of (4.57) is negative definite. By the equality in (4.56), the matrix 

whose components are given by 

is also negative definite and thus, any solution of (4.52) must be a maximum. Once again, 

under regularity conditions, there must be a minimum between any two successive 

maxima which contradicts the above derivation. Therefore, under regularity conditions, 

joint sufficiency ensures the likelihood equation has a unique solution, the maximum. 

We return to our example of estimating the mean and variance of samples drawn 

from a normal distribution. In chapter 2 we showed how the sample mean was a 

sufficient statistic and the maximum-likelihood estimator of the mean was the sample 

mean itself. By a similar consideration, we can find that the joint distribution of the 

(4.58) 
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sample mean and variance is given by (Kendall and Stuart, 1973) 

202 
exp 

-M f _  

202 
{y-e,Y (4.59) 

The sample mean and sample variance, y and s , are jointly sufficient for the mean and 

variance, 0; and $2, respectively. In this case, the ML estimators are the sufficient 

statistics themselves. 

These last three chapters have provided some insight on maximum-likelihood 

estimation theory. The aim was to provide enough relevant theory to better understand the 

power of this estimation technique. In the following chapters, we will shift our focus to 

interferometry, speciHcally how the theory of maximum-likelihood estimation can be 

applied to both conventional interferometry and a novel interferometer, capable of 

measuring the conventional proHle as well as the complex index of refraction of the test 

surface. 
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CHAPTERS 

PHASE-SmFTING INTERFEROMETER MODEL 

In this chapter, we will consider the phase-shifting interferometer modeled in the 

computer simulations. The purpose is to provide an in-depth analysis of how the three 

parameters of interest - the surface proflle parameter^, the real part of the complex index 

of refraction n and the imaginary part of the complex index of refraction k - relate to the 

measured irradiance at the detector. We will derive the necessary equations here which 

we will use in the computer simulations in the followmg chapters. 

5.1 The Proposed Model. 

The system under consideration is based on a classical Twyman-Green 

interferometer. Figure 5.1 shows a schematic of the system modeled. The 

monochromatic, extended source is imaged onto the test surface which is then imaged 

onto the detector. The same holds for the reference arm, and the result in the detector 

plane is a fringe pattern resulting from the coherent addition of light, fo this analysis, we 

will be concerned only with the on-axis source point and consequently, the on-axis 

surface point. We assume the parameters of interest are slowly varying and constant over 
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one detector pixel. We will also assume the surface under test is optically smooth. We 

can therefore neglect any effects due to the scattering of light. 

REFERENCE ARM 

EXTENDED 
SOURCE 

TEST 
ARM 

PUPIL 
MASK 

tl ̂  • 

OBJECTIVE 

IMAGING LENS 

CCD DETECTOR 

Figure S.l. The Twyman-Green interferometer model under consideration. 
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The test arm includes a proposed pupil transmission mask. This modification is 

designed to control the angle of incidence onto the test surface. Figure 5.2 shows the 

pupil transmission mask which is characterized by two transparent sectors. The sectors 

are symmetric about the optical axis and are defined by a minimum radius r min , a 

maximum radius rmax and the half-angle of the opening a0 • Although not shown in Fig. 

5.1, a similar mask may be incorporated in the reference arm with the defining parameters 

independently controlled. We will consider how this pupil transmission mask is used to 

control the angles of incidence once we have arrived at an expression for theE-field in 

the pupil. 

y 

X 

Figure 5.2. Pupil mask. 
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5.2 Fourier Analysis of Proposed Interferometer. 

In order to analyze the propagation of the E-field in an arm of the interferometer, 

we must first unfold the system. Figure 5.3 shows the particular system we will analyze. 

A superscript (-) indicates the E-field prwr to the plane while a superscript (+) indicates 

the E-field immediately c^er the plane. Throughout this analysis, we will assume 

Cartesian coordinates. The coordinates are subscripted by conventional numerals which 

correspond to the roman numeral denoting the particular plane as diagrammed in figure 

5.3. 

I n m IV V 

PUPIL 
MASK 

TEST 
SURFACE 

PUPIL 
MASK 

y OBJECTIVE 
LENS 

to 

OBJECTIVE 
LENS 

r. 

Figure 5.3. Unfolded arm of the interferometer 

Assuming the incident E-field is uniform across the pupil transmission mask, we 

can write the E-field inmiediately after the mask as 
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(5.1) 

where we assume the incident E-fleld is constant and uniform over the pupil mask. 

The transmission function we have denoted as t. The result is then propagated the 

distance to plane H using the conventional Fresnel approximation to the Rayleigh-

Sommerfeld scalar diffraction integral. 

£//(t2.y2) = j j ' ixidyiEotf{xi,yi)e e ,  (5.2) 

where X is the wavelength of the monochromatic source and x: is the propagation 

constant defined as 2kfX. The E-fleld inmiediately after the lens in plane n is the 

product of this E-field prior to the lens and the transmission function of the lens, 

Eu[x2'y2) = Ell[x2'y2V • (5-3) 

The E-fleld at plane m is then the propagation of Efi{x2,y2) the distance , 
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~ " - * / 2 2\ -2Jt, » . e"f/og ' rr '"iVI-fa+>2 ) -'7^-»3*2+W2) 
^///(•fi.yj) = jĵ  ĵdx2dy2Eu{x2,y2)e f̂'> e , (5.4) 

or, if we substitute (5.3) into (5.4), the quadratic term in the integral cancels, leaving 

/ X f f -/ .-^Tri^s^z+ysyi) 
^mix3-y3) = -p^e \ \ Eii(x2,y2)e dx2dy2- (5.5) 

We can substitute (5.2) into (5.5) and rearrange the integrals to obtain 

^lll W>>3) = Y g J J dxjdyiEotf (x,. y/)e 

f f , . ';^(^2'+y2^) 
X I I dx2dy2e e 

+y2^) +-fi)-<c2 +(y/+yi)y2) 
(5.6) 

The second integral in (5.6) can be regarded as either the two-dimensional Fourier 

transform of a Gaussian function, or we can regard each coordinate individually, and 

make use of the well-known identity for the one-dimensional case. 
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oo 

J (5.7) 

Here, and q = 4~{xi + xj). The results are similar for the variable y2 
O 0 

We can substitute this into the identity in (5.7) and we get 

00 

1 dx2e e exp 
2 n { x j + x 3 y  

. ^ f o  . 
' - 4  

m 

^ f o  

(5.8) 

which we can simplify to obtain 

\clx2e ^<> e =yJi^fo « " ^ " (5.9) 

—oo 

The same holds for the variable yi, and our final result for the second integral in (5.6) is 

simply 
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f f 'i^(*2^+y2^) -ij^ii^t+^s)^2+{y]+y3)y2) 
I I dxidyî  « 

(5.10) 

We can substitute this into (S.6) and cancel the quadratic terms. The result for the 

E-Held at plane m simpliHes to 

which is the Fourier transform of the pupil function. 

At plane m, we have to multiply by the "transmission function" of the surface 

under test. This is the reflectivity function we will call p. The function p is complex but 

we are making no assumptions in our derivation based on this fact. The only assumption 

being made is that the reflectivity is solely a function of the pupil coordinates in plane I 

and the focal length of the objective lens . Rigorously, the angle of incidence will also 

depend upon the position on the test surface. However, we are assuming the surface under 

test is small and we neglect this dependence. Of course, for this system where we are 

investigating only the on-axis point, this assumption is completely valid. 

oo oo 

g ^ J o  (5.11) 

•oo oo 
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We will therefore denote the reflectivity as p { x j , y j )  and treat it as a transmission 

function in the analysis here. The E-field inmiediately after plane HI is then given by 

%/(-*3.3'j) = \ \dxidyiEoti(xi,yi)e fo (5.12) 

->oo~oo 

We must now propagate to plane IV and multiply by the transmission function of 

the objective lens once again. This yields the E-field immediately after the objective lens, 

Eiv{x4'y4) = ̂ ^ \ \dx3dy3Eiii{x3.y3)e . (5.13) 

—oo^oo 

The field at plane V is then £]y (x^, y^) propagated the distance fg, 

£v^{*J.y5)= J jdx4dy4E[y{x4.y4)e e 
—oe ̂oe 

(5.14) 

If we substitute (5.13) into (5.14) and rearrange the integrals, we have 



148 

Ev fo. yj) = J J ^3dy3Eiii(x3. yj)« 

—oo—eo 

+>4^) +*5)jf4 +{y3-^y5)y4)  
dx4dy4e^^'> e (5.15) 

—eo—>oo 

We can once again use the identity in (5.7) to evaluate the second integral and we get 

'^y4^) ~'ir((-*J +Xs)x4 +(yj+y5)y^) f f ) "'17 
I I dx4dy4e e 

r  ' i r \  -^ (^s^ j+ysy j )  
= ( iXfo)e^Jo  e^ fo  , (515) 

We then substitute (5.16) into (5.15) and cancel appropriately to obtain 

f  .  gf^Kfo  I* f -—(xjxs+ysys) 
^v{x5'y5) = ̂ j^ \ \dx3dysE[ii{x3,y3)e . (5.17) 

We now substitute (5.12) into (5.17) and upon rearranging terms, we obtain 
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oo oo 

^v(x5' ys) = ^ J 

«oo»oo 

oo oo 

JJ X I I dxsdy^ e 

-i2JC 

^ fo  
((xy+X5)xj+(>';+y5)>'j) 

(5.18) 

—OO^OO 

The second integral is readily evaluated and the result is a scaled two-dimensional delta 

function, 

-HK i  
if ((^/•>-^sh+(y/+ys)yj) 

dx^dy^e^" =d 

OO oo 

II 
->oo~oo 

Substituting this back into (5.18), we get 

[x i -^xs)  {y j  +  ysY 

^ fo  '  ^ fo  ,  
. (5.19) 

oo oo 

Ev(x5.yj) = J 
^ i+xs  y i  + ys  

. ^fo ' '^fo 
(5.20) 

The integral is relatively straightforward, provided one uses caution with the scaled delta 

function (Gaskill, 1978). The tesult is 
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(X5.«) = |V„pr,(-^5.-w). 
V^fo)  

(5.21) 

The final result is (5.21) multiplied by the pupil transmission function. In this 

design, the mapping from plane I to plane V is one-to-one and the system is symmetric 

about the optical axis. We can therefore recast our parameters in terms of the original 

pupil coordinates at plane I and we get 

y i )  =  Eo p(xhyi ) t i ( -x j -y i ) t [ (x i .y j ) ,  (5.22) 
I 

or, since we assumed the pupil is synmietric about the optical axis, 

Eo p(xi.yi)ti{xi,yi) r/(x/, y/). (5.23) 

Sununarizing, the E-field in the pupil after reflection is equal to the E-Held 

incident at the symmetric poim, multiplied by the reflectiviQr, which is also a function of 

the position in the pupil. 
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5.3 Fourier Analysis of Imaging System. 

The final component of the system involves imaging the pupil onto the detector 

plane. Figure 5.4 shows the simple configuration we must consider. We define the 

distance ftom the pupil to the imaging system lens as d and the focal length of the 

system as /. The CCD detector, or final image plane, is located at the focal plane. 

The derivation is analogous to the procedure described above where we propagate 

to the lens, multiply by the lens function and propagate to the final image plane. The 

intermediate steps will be omitted and we will only state the final result. The reader is 

referred to Goodman (1968) for a detailed discussion of this configuration. 

PUPIL 
MASK 

CCD 
DETECTOR 

d f 
IMAGING 

LENS 
z 

Figure 5.4. Lna^g system. 
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The E-field at the detector plane is given by 

^det(x, y) =  J  J  dxidyjE^(xi.yj)e^^ 
(xx j+yyi )  

. (5.24) 

For our evaluation, we can consider the the on-axis point. We can set jc = y = 0 and the 

result is 

oo oo 
giKd^iKf r /• 

^det(P.0) = —Tj^—  J  J  dxjdyjEv{xj,yj). (5.25) 

We substitute our final expression for the E-field in the pupil plane and we get 

Ei„(OP) = -— 11 dx,dy,p{x,,y,). (5.26) 

pupil 

where the pupil transmission function parameters are now incorporated into the integral 

limits. 

The final result for the E-Held from either arm of the interferometer is simply the 
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integral of the reflectivity function over the pupil, multiplied by constant phase functions. 

From here on, it is considerably easier in this analysis to consider a polar coordinate 

system, and we can rewrite our expression by making the appropriate change of variables, 

E gi4Kfo jKd iKf fP 
EdaiOiO) = —2 — II rdrdap(r,a). (5.27) 

pupil 

In order to evaluate (5.27) further, we need to determine the relationship between 

the reflectivity function p and the pupil coordinates. Figure 5.5 shows the relationship 

between the pupil coordinate and the angle of incidence ^ onto the surface. It is more 

instructive to consider the yz-plane cross-section of this conHguration. Figure 5.6a shows 

a representative point in the pupil mask which we will use in our evaluation. Figure 5.6b 

shows the cross-section of interest. 

The arbitrary point chosen is characterized by a radial coordinate r and the angular 

coordinate a. The angle of incidence on the surface is while an arbitrary tilt of the 

surface is deflned as 9. The surface tilt is the angle of the surface normal n deHned 

relative to the optical axis and is presumed positive for counter-clockwise rotations. We 

are considering the case where the tilt is exclusively in the >'z-plane or about the x-axis. 

The origin is arbitrarily defined at the intersection of the test surface with the optical axis 

and the pupil/objective lens combination is located a distance - fg from the origin. 
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PUPIL 
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Figure 5.5. General dependence of angle of incidence on pupil coordinates. 

154 



pupil 
y 

(a) 

pupil surface 

(b) 

Figure 5.6. Relationship of pupil coordinate to angle of incidence. 
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(a) representative point in pupil mask and (b) cross-sectional view showing yz-plane. 

In order to find ¢, we can consider the unit normal vector to the test surface, fi , 

and the vector from the origin to the arbitrary point in the pupil, which we will denote as 

v. For this coordinate system, we can write the vectors in terms of their individual 

components, 

n =Ox+(- sin8)y + (- cos8)z, (5.28) 

v = (rsina)x +(rcosa)y +(- fo)z. (5.29) 
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The angle of incidence can be found from the dot-product relationship. 

n* vs;|n||v|co50. (5.30) 

Substituting the expressions for the surface normal and the vector to the arbitrary point 

into (5.30), we obtain our necessary relationship, 

5.4 The Reflectivity Function. 

Having found the angle of incidence for our general system, we are now in the 

position to define the reflectivity function p(r,a). Ultimately we are interested in how 

the measured data depend on the three parameters n, k and h. To examine the relationship 

to n and k, the complex reflectivity p{r,a) must be written out explicitly by use of the 

Fresnel reflectivity expressions. 

fo cosd-rcosasind 
(5.31) 

„ cos^-{n-\-ik)cos^' 

cos(p^(.n+ik)cosil>" 
(5-32) 
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/ \ {n+ik)cos(j>-cosilt' 
(5.33) 

where the relationship between the angle of incidence ^and the pupil coordinates is seen 

in (5.31). Throughout this work, the incident medium is assumed to be air, no= 1.0. The 

angle of refraction is denoted by^'. 

The relationship is further complicated by the necessity to calculate the angle of 

refraction 0'. Using Snell's Law, 

Hg sin<lt = , (5.34) 

and trigonometric identities, we can write 

(5.35) 

Using (5.31), we can substitute for ^ and we get 

(r^ +/o )-(/o cosd-rsindcosa^ 
(5.36) 
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We can substitute our expressions for cos^ and cos(^' into the reflectivity 

coefficient expressions to get our Hnal answer for the reflectivi^ as a function of pupil 

coordinates. 

The results for both TE and TM polarized light must be integrated over the pupil 

coordinates r and a. Unfortunately, no analytic solution to this problem has been found 

nor has a suitable approximation. These integrals must be performed numerically in the 

simulation. Therefore, the E-field at the detector plane from either arm of the 

interferometer is left in its most general form. 

+f^^-{ fgcosd-rcosas ind)^  fo cosd - rcosa sind 

- rcosasinO)^ fo cosO-rcosa sinO 

(5.37) 

(r^ + cosd-rcosa sind)^ /o cosd—rcosa sind 

{r^ + /o ) ~ (/o ~ ''COSa sin d]^ fo cosd — rcosa sind 

(5.38) 
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^det (0-0) =  —  J  J  rdrdapir.a). (5.39) 

pupil 

5.5 Irradiance at the Detector Plane. 

5.5.1 The reference arm. 

In order to find the expression for the irradiance at the detector, we need to 

consider each arm individually. The reference arm is straightforward and includes the 

phase-shift term exp[imA], 

J4Kfo  iKd iKf  . ̂  ff 

^ J  J  rdrdapr^(r,a), (5.40) 

pupil 

where the phase-shift is denoted by ^, the multiplicative term m is an integer where m = 

0,1,2,..., M -1, and M is the total number of phase-shift measurements made. The on-

axis value is implied from here on, and the result is subscripted by r^ to indicate this is 

the reference arm result. The incident E-field Eg and the reflectivity p(r,a) are also 

subscripted in order to generaUze our results and allow for different incident E-Helds in 

each arm, as well as for different materials in each arm. 

The integral of the reflectivi^ fimction over the pupil remains because the 

reference arm can contain any material in general. Presumably, the complex index of the 
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material is icnown and in a simulation, the integral can be evaluated once for any 

conflguration. The result will depend on the polarization, the complex index of the 

material and the pupil parameters. In general, we can express this complex value in terms 

of an amplitude and phase. We can therefore write for our reference arm E-field, 

J4Kfo iKd iKf . . iw 

5.5.2 The test arm. 

The test arm must include the phase term associated with the surface profile 

parameter h. The phase contribution arises due to the optical path difference between the 

reference mirror and the test surface at a given point on the surface. The reference is 

assumed optically flat and the sole contribution to this optical path difference is the 

surface proHle parameter h. This difference in the optical path between the reference arm 

and test arm results in a difference of phase between the two E-fields. For a double-pass 

interferometer, the optical path is traversed twice. The phase term associated with h is 

therefore given by exp\t47th/X] and is included in the test arm E-field expression, 

HKf iKd iKf ff = o? JJ 
pupil 
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Without any Icnowledge of the complex index of refraction, or an analytic form for 

the integral of the reflectivity over the pupil parameters, we are forced to use this as our 

general result for the test-arm E-field. 

5.5.3 The final irradiance expression. 

The irradiance is proportional to sum of the electric fields from both arms, 

modulus squared. 

gi'fkfagikdgikf 

iXf 
4 

.'fx. 

Jnf Onf JJ 
pupil 

rdrdapj^^^{r,tt) 

(5.43) 

where the irradiance is shown as a function of the three parameters of interest. The 

common phase terms cancel and we are left with our final expression for the irradiance at 

the detector plane. 

£• E tr ^ 'T' 

A/ Xf 
jjrdrdapj^ir.a) 

pupil 

(5.44) 
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S.6 Circularly Symmetric Approximation to the Lrradiance Equation. 

The relationship between the reflectivity coefficients and the pupil coordinates is 

simplified considerably in the circularly symmetric model where there is no tilt of the 

surface. In this case, 0 is 0 and the angle of incidence is independent of the pupil 

coordinate a. Therefore, we have for our reflectivity coefficients. 

I 1° -in+ik) \l—r^ f 
- ,, V' +/o i (<• +/«)(''+'*) 
Pte('-) = W "4 . (5.45) 

( t t+ik)  - I-
(r^+f iYn + iky  

(n+ik) - fo 
(5.46) 

/-

ylr^ +fo V P + fo )(^+ 

The expression for the E-field at the detector also simplifies as a result. The E-

field is given by 



E^,m= 

" w 

Of JJ "''• ' 'W-
~̂ o ""min 
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(5.47) 

The factor of 2 arises from the symmetry of the pupil mask. We need to consider only one 

transparent region of the mask in our evaluation and the result is equivalent for the 

symmetric transparent region. The final result is simply the E-field of one region 

multiplied by 2. 

The integral over the angular pupil coordinate is trivial and the result is, for either 

arm, 

We can incorporate this simpliHcation into the Hnal irradiance expression (5.44) and get 

J rdrp{r) (5.48) 

2 

i jminXh)  = 
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5.6.1 An analytic solution to reflectivity integrals. 

For the case where the surface normal is parallel to the optical axis, an analytic 

solution to the integral over the radial coordinate r exists. We will only present the results 

here; the derivation appears in appendix A. The result for TE polarized light is 

'mm 

rdr^{r) = 

sin <p{cos<f> - N cos<^') + N^(p +tan ' 
- sin ((> 

N cos ̂  

l -N '  
, (5.50) 

rmm 

where N is the complex index of the surface, n + ik, the angle of incidence ^ is defined by 

p = tan -I 
r 

Jo A 
(5.51) 

and is the angle of refraction where cos(^' is defined by (5.36). 

The expression for TM polarized light is somewhat more involved. The result is 

'mo* 

I rdrPTM^r)^ 

tan'^ 
^ ~sin(l> ^ 

^Ncos^^  
+2N^ln  

N cos (p + sinip 

N{cos<lt'+sinifi) 

N^-1 
,(5.52) 
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with the parameters similarly defined as in the TE case. The analytic solution to the 

reflectivity integrals reduces computation time considerably, as will be shown in the 

simulations. 

5.7 The ̂ -only Investigation. 

The general result for the irradiance at the detector in (5.44) and the circularly 

symmetric case in (5.49) apply to the case where we are interested in the surface profile 

parameter h, the real part of the complex index n and the imaginary part of the complex 

index k, all pertaining to the surface under test. In the ^-only case, the complex index of 

refraction of the test surface is presumed known and we are interested solely in the 

surface profile parameter h. We can therefore write our integral of the reflectivity over the 

pupil in the test arm as an amplitude and phase, similar to the reference arm, where the 

evaluation of the integral is performed only once in the simulation. The irradiance 

expression is then given by 

ijM = + (5.53) 
A/ A/ 
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We can simplify the expression by combining all the amplitude terms in each arm. 

Jref  Jtest  (5.54) 

where we have defined 

I 4(x 
^Jref ~ ^oref ' ̂Jus, ~ ^Jtest ^Oust ' 

The expression can be further simplified by carrying out the modulus-squared operation. 

The final result is then 

~ ^rtf "*• ^test •*"co^mA —h+j. (5.56) 

The terms and Ifg^t refer to the irradiance from the individual arms of the 

interferometer and are equal to modulus squared of the E-field for each arm. The variable 

Yj refers to the constant phase difference associated with the phase terms from the 

integral of the complex index of refraction over the pupil in both arms and is given by 
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5.8 The Derivatives of the Lrradiance. 

5.8.1 The general expressions under consideration. 

As we will see in the upcoming chapters, it will be necessary to evaluate the first 

and second partial derivatives of the irradiance expression in (5.44). In the spirit of this 

chapter, we will derive the results here. 

The general expression we must evaluate for the first derivative can be written as 

where ^ is the general expression for the parameter of interest n, k and h. In order to 

obtain expressions for the necessary derivatives, as well as for the sake of clarity, let us 

make the following substitutions. 

rdrdapj^^Jr.a) 

pupil 
\ 

(5.57) 

(5.58) 

^TEST - jj Pj^ ('•'«)' 

pupil 

(5.59) 
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such that our expression for the first partial derivatives becomes 

12\ d 

Since the reference arm is independent of the unknown parameters, (5.60) is readily 

simplified to 

dl jminXh)  

dOi 
=[^ref + ̂ test] ^Etest 

ddi 
(5.61) 

We can use the result in (5.61) to derive the general expression for partial second 

derivatives, 

dBiddi' <90/' 
\eref + ^TESr]^ +[^R£F + etest] 

dB TEST 

ddi 

(5.62) 

We again realize that the reference arm is independent of the unknown 

parameters, and we obtain for our final general form, 
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9^ lj„(n.k.h) ETESri^^ ] +[£MF+£7ESTrf^^^®^ 
aaaft. ' ae,9e,' ^1"*^ ^''rasrj ggs0 

V ' ' y V ' ' ; (5 63) 

^SETEST^ ^EJEST r, '^dEjEST 
* 

'SETEST I J I iSi- J de, J 

The results in (5.61) and (5.63) are used extensively in the simulations. We are now ready 

to consider the speci^c forms. 

5.8.2 The first partial derivatives. 

We will initially consider the easiest of the three first derivatives, the derivative 

with respect to h. In this case, we readily find that 

.4tt 
t—ft 

^^TEST" ff • ...» / 
~ W ~ ~  I f  J  J '  

pupil 

The partial derivatives with respect to n and k are much more involved. For these 

two partial derivatives we have 

dOi dSi 

Ate 
i—h 

E„ e ^ 

A/ JJ 
pupil 

rdrdapj^{r.a) 

i—h 
Eq ^ ^ f f ^Pr C'''®) 

pupil 

(5.65) 
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where we have made use of the Fundamental Theorem of Integral Calculus and 

interchanged the order of the derivative and the integral. We are now left with the task of 

Hnding the partial derivatives of the Fresnel reflectivity expressions. Let us first consider 

the partial derivative with respect to n of the TE expression. 

^Pte{^) d 

dn dn 

cos^- N cos(^ 

cos<t> + N cosip' 
(5.66) 

where N=n + ik. Both N and cos<p' are functions of n. However the derivative of N with 

respect to n is simply I so we can write 

dn 
= ^cos(f) + N cos <!>')+{cos (l>~N cos (f>')y 

-cos^'-N 
, Bcos^' 

dn 

{cos<l> + Ncos<ft') • 

(5.67) 

We can simplify (5.67) by multiplying out the numerator. The final result is 

TEM 
dn 

-2coj0 
a2 

cos^' + N 
dcos^' 

dn 
(5.68) 

The derivative of cos<p' can be evaluated and is given by 
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dcos{ij>') d 

dn dn^' 

sm{(l>) 

n + ik 

\2 
-r  

cos\ (n + ik)^ 

sin^{(f>) 

005(0') 
(5.69) 

We will refrain from substimting this result into (5.68). In a computer simulation, it is 

wise to dissect complicated expressions into more manageable forms. Furthermore, the 

integrals we are ultimately going to evaluate numerically require for-next loops which 

should be kept at a computational minimum. 

An analogous approach is taken with the TM reflectivity coefficient. 

d f Ncos(f>-cosil>'^ 

dn dn N cos(ft + costp' 
(5.70) 

We will omit the intermediate results and state the final form of the equation, 

2cos^ 

dn a2 {N cos 0 +cos ̂ ') 
cos(f>' -N 

dcos(^' 

dn 
(5.71) 

where the derivative of cos(p' is given in (5.69). 

At flrst glance, we need to repeat the procedure for the partial derivatives with 

respect to the parameter k. However, we can see that the derivative of bf with respect to k 

is simply i, so the derivative of cosip' with respect to k is 
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dcos{<p') (-2\ f \ 
I -sin^{(p) ism^{(f>) dcos{(ilt') 

d k  " U J  |^C05(^')> ^{n + ik)^ ^ cos{<t>') dn 
(5.72) 

With this in mind, we can return to (5.67) and make the appropriate substitutions to find 

{cos (ft + N cosp'Y dk 
(5.73) 

The final result is 

^P teM 
dk 

r \ 
— 2icosip 

{cos(l> + Ncos<lt')^ 
cos^' + N 

dcos(j>' 

dn 
= f ,^P te(^)  

dn 
(5.74) 

Similarly, the partial derivative with respect to k of the TM Fresnel reflectivity 

coefficient is 

^P tmM 

dk 

2icos(j> 

(ATcoj^+coy^') 
cos (ft' —N 

dcos^' 

dn 

.^PTMW = 1-
dn 

(5.75) 
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These results greatly reduce the computation time in the simulation as we need to 

only evaluate the partial derivatives numerically with respect to n for both polarizations. 

5.8.3 The second partial derivatives. 

In the simulations, it is necessary to evaluate the Hessian or 3 x 3 matrix of 

second partial derivatives of (S.44). This computationally intensive and daunting task is 

greatly simplified by the same relationship between dl/dn and dl/dk seen in the first 

partial derivatives. The result is that we will need to calculate only the second partial 

derivative with respect to n for both polarizations. 

We can begin with by restating the general expression for the second partial 

derivative of the irradiance we derived earlier, 

r _  „  " i E tFST „  T 
dBiddi' ^ 

. (5.76) 

^ETEST Êtest 
f, 

^EfEST 
« 

dEfEST 

I J [ I dOr J I dBi J 

Since we have already computed the first partial derivatives, our task is half complete.We 

are left with only the second partial derivatives of the test arm electric field, given by 
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Alt. i—h 
^TEST _ ^ 

dBiBQi' Xf 

^ Pi,...M 
\\rdrda" ''J'"' 
J J d Old di 

(5.77) 

pupil 

We must find the second partial derivatives of the Fresnel reflectivity coefficients. Once 

again, we will first consider the TE expression, 

^ Pte{^ . fcos^-Ncos(^ ' )  

cos^ + J^cos^'J 
(5.78) 

Using the result in (S.68), we can write 

PTEi'P) B 

dn^ Bn 

f \ 
-2cosi^ 

A2 

A 
{cos<f> + Ncos<f>') 

cos(f>' + N 
Bcos^' 

Bn 
(5.79) 

Evaluating the partial derivative, we Hnd 
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dn' 

— 2 cos (ft 

{cos<t>-i'Ncos(p') 
/^2 

dcos0' cos(p' dN dcos<ft' 

dn ^ dn^ ^ dn 

4cos0 

{cos(^-irN cos^') 

^^dcos<l>' 
N— i-COSijt 

dn 

r \ 
dcos^' dN 

(5.80) 

N-
dn 

+ -^COS0' 

In its simplest form, we have 

PTEW 

dn' 

-2 cos (ft 

{cos(f>-^N cos(jt')^ 
< 

4cos(j> 

[cosijt + N cos(lt'y 

f 2 ^ 
^dcosd' cos6' 
2—t-^+N J— 

dn dn 

(5.81) 

f / ipL^cosr  
dn 

^^dcos t f t '  
N +cosd 

dn 

The only new term is the second partial derivative with respect to n of the angle of 

refraction coj0' which we can evaluate. 

-sin d^ cos{(j>') 

dn? COS{̂ ')N  ̂COS{̂ ') 
-'W dcosUtl dN 

dn 
+ 3N ——cos(^') 

an 
. (5.82) 

We can simplify this to obtain our ̂ nal result. 
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cos\ sin 'W I 

dn^ co^(p') ̂  

N dcos{(t>') ^ 

cos(6') dn dn 
(5.83) 

cos{((t') ^ 1 dcos{^') 

dn^ N dn 

^ N dcos{(ji') ^ 
+ 3 

cos\ (0') dn 
(5.84) 

We must repeat this procedure for TM polarized light. The expression we need to 

evaluate is 

P tmM 

dn' 

2 • V 
d \ Ncos(^-cos^' 

d n ^  \  N  c o s ^  + c o s J  
(5.85) 

Using the result in (5.71), we can write 

2cos(j> 

dn' dn [N cos (ft + cos ip') 
>\2 cos(j>^-N 

dcos<lt' 

dn 
(5.86) 

Evaluating the partial derivative, we Hnd 
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PmM 

dn' 

2cos<^ 

{n cos ̂ +cos^')^ 
< 

4cos<(> 

{N cos (f>+cos 

dcos^' cos<b' dN dcos^' 

Btr Bn 

. (5.87) 

\^dcos<l>' 
N — r  c o s A  

an 

dcosd' dN 
1—-—cos 6 

dn 

which simplifles to the Hnal form, 

P tmM 

dn' 

4cosp 

{N cos <(» +cos (j>') an 

dcos(j>' 

dn 
+ COS0 

- 2 N  c o s 0  COS0' 

[N cos <t> + cos 0')^ 

(5.88) 

Having derived these two results, we can now formulate all the necessary partial 

second derivatives. As an example, consider 

PteM d 
dkdn dk 

-2cos^ 

{cos cos a2 
cos^'-^-N 

A 

dcos<l>' 

dn 
(5.89) 
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Written out, we have for our result. 

dkdn  

-2cos^ 

{cos ̂ -^-N cos 

4cos<f> 

d cos 6' cos6' BN d cos0' 
+N ^ 

{cos<j> + Ncos(f>')' 

" dkdn ' dn 

\,dcos^' 
N— +COS0 

dn 

f \ 

^,dcos6' dN 
N — + -:r—COS0 

dk 

(5.90) 

We need to evaluate the second partial derivative of cos^' with respect to n and 

k. The intermediate result is 

- sm d^ cos{0') 

dkdn  cos{(p ' )N^  co5(^ ' )  

^ 3 dcosid') -) dN , \ 
(3.91) 

We can substitute the result that the derivative of N with respect to k is simply i, and the 

partial derivative of cos(p' with respect to k is related to the partial derivative with 

respect to n by a factor of i to get 

d^ cos(0' — ism 

dkdn cos{<I>')N^ cos{(jii' 

^ idcosC^') 2 ,  ̂  

dn ^ 

d^ cosCp') 
= / , 2 • (5.92) 

dn^ 
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With these substitutions, (5.90) becomes 

^ P teM 
dkdn 

-2cos(^ 

{cos<l> + N cos^'Y 

4cos<p 

f 
,Bcos^' cos6' .dcosp' 
I r + iN (-1 

dn^ 

\f 
\ 

{cos(l> + Ncos0') 

.^^dcosib' 
iN +icos<f> 

dn 

dn 

^ dcos<^' 

(5.93) 

N-
dn 

+ cos(t>' 

Factoring the i term, we And 

)2  X  pte(^) ^ 
= < — 

2 s 
PreW 

dkdn dn' 
(5.94) 

By a similar approach, we can derive the symmetry relationship. That is. 

d PreW 

dndk 

d_ 

dn 

^dpTsi^Y ^dpTE{(l>)\ d^ PteM 

dk 
= I 

dn dn dkdn 
(5.95) 

and 

PTE 

dk^ dk 
.^PreW 

dn 

^dp  7E(0) PteM 
dn dn' 

(5.96) 
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The same relationships hold for TM polarized light which we will state without 

derivation. 

dkdn  dndk  
= r 

dn' 
(5.97) 

PtmM 

dk' dn' 
(5.98) 

Up to this point, we have not discussed the second partial derivatives with respect 

to the parameter h. These are much less involved than what we have seen so far. In 

general, 

^ ^TEST ^ 
d didh ddf 

An, 

An ^ 
A kf JJ 

pupil 

_ . 47t dEj£ST 

' A ddi 
(5.99) 

Similarly, we Hnd 
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^ ^TEST 
dhdBi dh 

An 

'•'test 

Xf jj 
pupil 

rdrda-
ddi 

. 4n dEjEST 
' A ddi 

(5.100) 

Finally, perhaps the simplest result. 

^ . 4n dEf^sT 

dh^  " 'a.  dh  
W) 

> 
^r£ST- (5.101) 

5.9 Summary of Chapter 5. 

The results derived in the preceding sections are of fundamental importance to 

this dissertation. The simulated data, maximum-likelihood estimates from the numerical 

minimization technique and Cram6r-Rao lower bounds all depend on evaluating the 

irradiance, partial derivatives of the irradiance and the second partial derivatives. The 

results derived in this chapter are summarized here. The analytic solutions for the speciHc 

case where there is no tilt in the test surface, are presented in appendix A. 

For the general case where we are making no assumptions regarding the test-

surface tilt, the reference-arm pupil configuration or the complex index of refraction, the 

irradiance is 

(5.102) 
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where we have for and Ejest • 

Eref = II '^'it'lapj^ (r.a) = . (5.103) 

pupil 

An 
i—h 

E ^ ^ ^o,. ® 
EnsT=^^ jjrdrJapj^Jr.a). (5.104) 

pupil 

The partial derivatives are given by 

Slj^in.k.h) 

ddi 
= [^/i£F + ̂ rEST]|—^^j -^[^REF + ^TESt] ^ j' (5.105) 

where and Ej-^^ are given above and 

(5.107) 
dk dn 
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dB TEST 

Alt i—h 
E„ e ^ 

— "tat 
dn A/ 

pupil 

rdrda 
^Pj.Jr.a) 

dn 
(5.108) 

The second partial derivatives are given by 

d^ l jm(n .k ,h )  . r 
deide-,. +Er£srJ(^ I +l£R£F + £r£STj 

^ '^TEST 
, dBidOi' J 

—icji  
[ dSi' A J 

SETEST 
* 

dEjEST 
Mf J [ 

(5.109) 

where Ej-^ and the partial derivatives are given above and we have the 

relationships, 

2 2  
^ ETEST ^ ETEST jTCdEjEST 

dhd6i ddidh ' X dOi 

^TEST EJEST i'̂
K

, 

^TEST 
dkdn  dndk  dn' 

(5.110) 

(5.111) 
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Ejest ^TEST 

dk^ dn^ 
(5.112) 

l—rn 

dn !!• 
pupil 

ETEST ^Otest^ ^ 
dn' 

(5.113) 

There are three integrals to evaluate for each polarization, for a total of six. The 

Fresnel reflectivity expressions are 

~ (^\ - ~ ̂  - (^\ _ f^cos(^—cosip' 

cos<f>+Ncos<j>'' ' Ncos0+cos<p" 
(5.114) 

where 

N = n+ik. (5.115) 

and 

cosU') = -hj/-
^ sin((p)^^ 

n+ik 
\ / 

(5.116) 



The partial derivative with respect to n is 

teM 
dn 

—2cos^ 

{cos (^^-N cos 

dcos^' 
cosift +N 

dn 

^PfAfW 
dn 

2cos^ 

(N COSijt + COSiff') a2 
cos^ -N 

dn 

and 

dcos{(t>') sin^{<l>) 

cos{(I>') 

For the second partial derivatives, we have 

PteM 

dn^ 

—2cos<^ 

{cos (^-^N cos a2 
^dcosd '  ^dcos6 '  

dn dn^ 

4cos(ft 

{cos^ + N cos ift'^ ^ dn 

,^dcos0' 
N ^+ 

dn 
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dn' 

4cos<jt 

{n cos^+cos<^') |v 

— 2N cos^ d ^ cos<p' 

(at cos <j>+cosift'Y dn^ 

Ni^-cosr 
dcosijt' 

dn 
+ cos (ft 

(5.121) 

where 

cos(0') _ / dcos{<l>') ^ N d cos{(p') 

N  dn  (^co5  ( f )  
•+3 (5.122) 

At this point we have all the equations we need to build our simulations. We will 

now turn our attention to the case where we are estimating only the surface height 

parameter h. 
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CHAPTER 6 

MAXIMUM-LIKELIHOOD ESTIMATION OF SURFACE HEIGHT IN 

CONVENTIONAL PHASE-SHIFTING INTERFEROMETRY: 

MATHEMATICAL CONSIDERATIONS 

In the preceding chapters, we focused our attention on the theory behind 

maximum-likelihood estimation and the properties that make ML estimators an attractive 

choice in any estimation problem. We then considered how the measured irradiance in a 

Twyman-Green interferometer depended on the three parameters of interest n, k and h. In 

this chapter we will show how ML estimation theory can be applied to conventional 

phase-shifting interferometry. We will first consider the problem of estimating the surface 

profile parameter h from M noisy measurements. We will initially assume the noise is 

signal-independent, obeying Gaussian statistics. We will then consider the case where the 

noise is signal-dependent, obeyuig Poisson statistics. Finally, we will consider the case 

where the noise in the measurements is attributable to phase-shift uncertainty. 
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6.1 General Considerations. 

From chapter 5, the irradiance at the final image plane as a function of the 

parameter h can be written as 

where, once again, I^gf is the irradiance from the reference arm and is the 

irradiance from the test arm. The integer m denotes a particular phase-shift measurement, 

and A is the phase-shift between consecutive measurements. The true value of the 

surface proHle parameter is hg, and yfj is the constant phase difference between the arms 

of the interferometer. Since we assume only one polarization throughout this chapter, we 

have dropped the subscript j. The bar over lm{h) denotes the mean value, as in the 

discussion of estimation theory in chapters 2-4. 

We can consider the irradiance as the sum of an incoherent term, 

= ^ref ^test' ^ interference term whose coefficient is = 2^ I^gf I test - The 

simplified expression for the irradiance which we will consider is then 

(6.1) 

(6.2) 
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6.2 Gaussian Noise (Signal-Independent). 

6.2.1 Log-likelihood equation and maximum-likelihood estimator. 

Equation (6.2) represents the measured irradiance at a detector pixel in the 

absence of any noise. In the case of additive noise, we can write that our measured 

irradiance is the sum of the true or mean value given by (6.2) and a noise term, 

where the dependence on the parameter h is implicit from here on. 

The amount of noise corrupting each measurement is unknown, but the noise 

obeys a known probabiliQr density function. In this case, we will assume the noise is 

identically and independently distributed (i.i.d.), obeying a normal distribution with zero 

(6.3) 

mean and a known variance denoted by <T^, 

(6.4) 

We can solve for t\^ in (6.3) and substitute into (6.4) to obtain the probability of 

obtaining the measured irradiance conditional upon the unknown parameter h. 
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'(/».W= exp 
-/ 

l2 ( j ^  
(/„-/„(/.)) (6.5) 

Since the noise is presumed i.i.d., the probability of obtaining M measurements, or 

the Af X 1 data vector I, is the product of the individual probabilities. 

PiAh) = Y[ p(^mW = ~ ^ ^ 
m=0 ni=0 

The data vector I is comprised of the individual phase-shift measurements, where the 

th 
m component is 

We can simplify (6.6) by taking the natural logarithm to obtain the log-likelihood 

function, 

M-l ,  

£ = h[p(l|/i)] = ^j-;n[V25<r]-^(/„ - 7„(A)) ^ [. (6.7) 

m=0 

From the discussion in chapter 3, the maximum-likelihood estimate is that value 

of h that maximizes (6.7). Under regiilarity conditions and assuming the maximum-

likelihood estimate occurs at an interior point of an arbitrarily allowed range of h, a 

necessary condition at a maximum is that the derivative of the log-likelihood 
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function with respect the parameter of interest must be equal to zero. In this case, we get 

M-I  

dh h=h ml 

('„-/«(*)) d7„(A) 

dh 
= 0. (6.8) 

m=0 

We can substitute for the mean value using (6.2) and cancel the constant 

multiplicative terms, to get the Hnal form of the log-likelihood equation. 

li 
m=0 

^m-^a-hcos  
4k hui ^ 

mA r^+V^ sin 

f A \ 

4k 
mA = 0. 

(6.9) 

5.2.2 Cramer-Rao lower bound. 

In order to calculate the Cramer-Rao lower bound, we need to first evaluate the 

Fisher Information. From chapter 2, this is found by evaluating 

•my (6.10) 
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ff we substitute (6.7) into (6.10) we can write, 

— oo 

(6.11) 

This can be simplified by pulling the derivatives out of the integral since they do not 

depend on the observations. Rearranging the terms, we get 

J  =  

M-lM-l  
i - Y V  
a ̂  ^ ̂  

m=0 nC=0 

J -'"("'Xv -'«•('•)) p(m«' M l  

(6.12) 

The integral is the definition of covariance which evaluates to 

J (/„ - /„(A)XV - Imih)) p(l|e) d"l = c's^-, (6.13) 

since the noise is presumed i.i.d. Substituting the integral result into (6.12), we get 
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7 ^  Z j I A ^  sr" ̂ ""T 
m=0 m'=0 

which simplifies to the final result for the Fisher Information, 

m=0 

The Cramer-Rao lower bound on estimating the parameter A is therefore. 

M-I  -I 

a f  > c ^ i  
h 

dlm{h)\ 

dh 
(6.16) 

. m=0 

If we substitute for the derivative of the mean value, the final expression for the Cramer-

Rao lower bound is given by 

(f) 

(6-17) 

4k h 

fflsO 



194 

6.2.3 Analytical solution to the log-likelihood equation. 

While the lower bound in (6.17) is simple to evaluate for any number of 

measurements M with phase shift A, we cannot solve for analytically using (6.9). 

Instead, a numerical means of maximizing the likelihood function can be implemented 

which we will discuss in chapter 7. However, one case which merits attention is where M 

measurements with phase shifts of ^ = 2;r / A/ are used. We can expand the log-

likelihood equation out to get 

[ h  - h - h  )]5m()3 )+[/ /-  /fl  -  lb cos{a )]«>i(4 +P ) 

+ [/2 -Ia~h co42A + P )]:n>i(2zl +p) +... 

+ [^M-I-la-hcos{{M-I)A+P )]«n((M-!)A+P) = 0, (6.18) 

A 

4 7t h 
where p ^ simplify the notation. 

In order to satisfy the criterion of sufficiency, the ML estimator must be a function 

of the observed data vector ordy. Therefore, the terms which depend on and If, in 

(6.18) must drop out as these terms are functions of the irradiance from each arm 

individually and therefore not directly measured. Our objective is to determine what 

value(s) of die phase-shift A lead to coefficients of and that are identically zero. 

This is not a requirement for the maximum-likelihood estimator to exist. It is a condition 
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placed on the phase-shift A to allow for an analytical solution for the maximum-

likelihood estimator to exist. 

If we consider the terms first, we have 

-la\sin[p ) + sin{A + P ) + sin{2A+P )+ ... + «>i((Af-7)4 + )3 )] = 0. (6.19) 

We can cancel the term, expand each of the sine terms and rearrange the result to get 

our Hnal relationship, 

sin [p )[ 7 + cos (4 ) + cos (2^ ) +... + cos ((M -1)A )] 

+COS [P )[o+ sin (4 ) + sin (2A ) + ... + sin ((Af—l)A )] = 0. (6.20) 

We can reject any solution involving ft. This would imply an analytical solution exists 

conditional upon h/^[^. Therefore, we must satisfy 

M-1 M-I  
^sin [mA ) = ^^cos[mA ) = 0. (6.21) 
m=0 m=0 

rn order to solve (6.21), we can rewrite the summations as 
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M-1 
^^sin{mA ) = 
m=0 

s iny^Ayin[^A 

™(f) 
(6.22) 

M-I sm 
^cos(mzl) = — 
m=0 

(M \ 
-Ayos 

M - l  

""If; 

(6.23) 

The values of A which satisfy (6.21) are, using (6.22), 

A=0, 2Nn 2Nk 
M ' M-r 

(6.24) 

and, using (6.23), 

A = 2Nk 2{2N-^I)n 
M M' l  

(6.25) 

In both cases, is an integer. Note that ^ = 0 is not a solution for the cosine series 

since LHopital's rule shows that, in the limit as A approaches 0, the summation is equal 

to M. Therefore, the only common solution is zl = 2NnlM. 
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The coefficients for the term are somewhat more complicated. We can write 

them as 

sin[p )cos{p ) + sin{d + p )cos[A + P ) + sin{2A + p )cos[2A + P ) 

+... + sin{iM-I)A + p )cos(iM-l)A+p )=0. (6.26) 

If we consider one representative pair from the above series, we can rewrite the 

expression by expanding the terms with trigonometric identities, 

sin (mA + p) cos {mA+P) = sin {mA) cos (,mA) cos {2p) + sin (P) cos {P)cos (2mA). 

(6.27) 

By making use of the double angle identities, we can rewrite this as 

sin {mA +p)cos {mA+p) = ̂ sin {2mA) cos (2j8) + ̂ sin {2p)cos {2mA). (6.28) 

If we use this identiQr in (6.26), we get 



.m=0 

M-I  

+COS (2)3* ^^smi2mA) 
.m=0 

In order to satisfy this equation, we must solve 

M-l M-l 

^ sin {2mA) = ^ cos {2 mA} = 0. 
m=0 m-0 

We know, using the identities shown in (6.22) and (6.23), that 

M-l 

^^sin{2mA) = 
m=0 

sin ( ma) sin ((Af - 1)A) 
sin {A) 

sin{MA)cos{{M-I)A) 
cos {2mA) tttv • 

sin (A) 
m=0 

The solution to the sin summation in (6.30), using the result in (6.31), i 

N X N K 
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and the solution to the cos summation in (6.30), using the result in (6.32), is 

r 

where N is any integer. Thus, for the coefficient of the term to be identically zero, the 

phase-shift must satisfy A = N njld . 

I f 
Since N  and N  are integers, we can arbitrarily define N  = 2 N .  The only 

solution for the phase-shift which satisfies the requirement that both the coefficient of 

and Iff be zero is 

4 = ^ .  ( 6 . 3 5 )  

We can choose iV = 1 as a solution, and the result is 

a= f. (6.36) 

Under the above condition on the phase-shift, (6.18) simplifies to 

Iq sin{p)+// sin{A+0)+l2 sin{2A+j8)+...+/^_/ sm((,M -1)A+P) = 0. (6.37) 
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We can expand each of the sine tenns to get 

Iq sm{p)+ Ij[sin iA)cos {p)+cos iA)sin (^)]+ /2[«n {2A)cos {p)+cos {2A)sm (jS)] 

+...+/nf-j\sm ((M — l)A)cos {p)+cos ((Af — I)A)sin (^)] = 0. (6.38) 

We can isolate all the sm{p) terms on one side and all the cos{p) on the other side to get 

\Iq +1 i cos (a)+12 cos {2A)+. . cos ((Af -l)A)\sin(fi) = 

-[/; sin {A) +12 sin (24)+..sin ((Af - I)A)]cos{P) . (6.39) 

We can solve for ft, and we obtain for our final result. 

P = -
4 K huT _/ 

M-I  

-  ̂ImSin irnA)  
m=0 
M 

^r„cosimA) 
m=0 

(6.40) 

We can consider the Cramer-Rao lower bound under the above condition. From 

(6.17), we need to evaluate the summation in the denominator. 
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m=Q 

We can rewrite the sine-squared term in terms of cos. 

M-I  
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^̂ sin . (6.41) 

^Ucos(2mA^2^) \  

m=0 

The terms in the sununation can be evaluated individually, and the cosine term can be 

rewritten using the cosine sum identity to get 

- -J ^ [cos {2mA) cos (2 j3) - sin {2mA) sin (2)3)]. (6.43) 

M-l  

2 2 m=0 

Upon rewriting, we find the summation terms evaluate to zero under the condition on the 

phase-shift derived above. The result is 

, , A/-/ , . M-l 
M cos(2B)\^ , , sin(2B)y^ , , M 

2^cos{2mA) +— {2mA) =—. (6.44) 

m=0 m=0 
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The Cramer-Rao lower bound is therefore 

(6.45) 

6.2.4 Analytical solution example for Gaussian noise scenario. 

An example of the analytic solution derived above would be to consider the four-

step phase-shifting technique. For Af = 4, the phase shift is ;r/2 from (6.36). Substituting 

into (6.40), we find that 

4 7C fiMr _/ 
:r^+\lf = tan ' 

-[Qsin(0)-ljsin ^-l2sin{7t)-l^sin ^ 

IQ cos (O) + // cos +12 cos {it) + /j cos 
(6.46) 

or, upon simplifying, we have 

hML=-^W-tan -I 
I 3 - I 1  

In-l 
(6.47) 

2Jj  



203 

Remarkably, this is equivalent to the conventional algorithm derived for the four-step 

method. 

6.3 Poisson Noise (Signal-Dependent). 

6.3.1 Log-likelihood equation and maximum-likelihood estimator. 

In order to consider the case where the noise is signal-dependent, we need to 

restate the problem. In this case, the measured data can be written as 

where is the irradiance, is the measured data in terms of photons per square area 

and / is a constant which converts from irradiance units to units of photons. The mean 

number of photons for a given measurement is then 

where is the mean uradiance given by (6.2). The probability of g„ conditional upon 

the unknown parameter h is given by 

gm=r^m' (6.48) 

Sm ~Y (6.49) 

(6.50) 
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We assume each measurement is statistically independent, in which case the probability 

of obtaining data vector g is the product of the individual probabilities, 

M-J 

8m • 
(6.51) 

m=0 

To simplify, we can take the natural log of both sides, and we obtain the log-likelihood 

function. 

M-I  

L = //j[/7(g|li)] = ^ {- InXh) + ln[g„] - ln[g„ /]}. (6.52) 

m=0 

In order to find the maximum-likelihood estimator of h, we take the derivative of 

the log-likelihood function with respect to h and set the result equal to 0, as we did in the 

Gaussian noise case. The result is 

dh 

M-I 

X { d g M  8 m  

I dh gjji) dh ^ 
m=0 

= 0. (6.53) 

h=h ml 
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We can rewrite this as 

dh h=h ml 

M-1 

S 
m-O 

Sm ^m(^) 

8m(h) dh J 
= 0. (6.54) 

If we substitute for and using (6.48) and (6.49) respectively, we get the log-

likelihood equation in terms of the measured irradiance vector I, 

dh ml 

M-l  

•111 = 0. (6.55) 

m=0 ft=/i ML 

5.5.2 Cramer-Rao lower bound. 

In order to calculate the Cram6r-Rao lower bound for the signal-dependent case, 

we first evaluate the Fisher Information / by substituting in for the log-likelihood 

function L in (6.10). The result is 

M-I  r  .  _  .  _  .M- l  .  _ 
r(lm -Imih)] dlnt{h) I y[im'-Im'jh)) dln'{h) 

-Qo m-O 
lm{h) dh El m'=0 

tmih) dh 
(6.56) 
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where p{}\h) = Yp{i\h). We can rewrite (6.56) by interchanging the summations with the 

integral and pulling all terms which do not depend on / out of the integral. The result is 

M-l  M- l  

'•SS 
m=0 m'=0 

ImiMm'ih) ^ lm'{h))p{l\h)d 
M: 

(6.57) 

The integral is simply the variance and, once again, if the measurements are statistically 

independent, the result of the integral is 

00 

1 (/» - 'mWXV - V(A)) pil\h)d"l = a„^S^.. (6.58) 

where the variance is now dependent upon the measurement m. Substituting the result 

into (6.57), we get 

M-I  M-I  
•  V V f  r  d iMdr„-(h)_  2.  1 

dh dh '^'1' 
(6.59) 

m=0 m'=0 
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which we can simplify to 

y = I 
m=0 (/mWf 

2" 

dh 
(6.60) 

The variance is equal to the mean for Poisson statistics. Therefore, the Hnal expression 

for the Fisher Information is 

/ = 

M-l 

Sk 
m=0 

2_ 
m(^) dh 

(6.61) 

and the Cramer-Rao lower bound on estimating h is 

M-l -1 

( n 

dh 

2\ 
(6.62) 

m=0 

6.3.3 Analytical solution to the log-likelihood equation. 

At this time there is no analytical solution for the maximum-likelihood estimator 

that maximizes the Poisson log-likelihood expression. 
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M-l 

L = /"[pCrW] = ̂  {- gjh) + ln[g„]- ln[g„ /]}. (6.63) 

m=0 

However, we can make some simplifications for the minimization numerical search. The 

function we wish to minimize is simply the negative of the log-likelihood function, 

We have eliminated the natural log of the factorial expression. This term is constant for a 

given realization of noisy data and serves no purpose in the minimization algorithm. We 

also rewrote the analytical expression in terms of the irradiance. This is simply out of 

convenience as the minimization algorithm was developed using irradiances, although it 

is irrelevant to the algorithm whether it uses irradiance values or the scaled equivalent 

photon values. 

The first derivative with respect to h of our minimization function / brings up a 

potential problem we may encounter, namely divide by zero. The function is 

M-l 

(6.64) 

m=0 
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21 
M-I 

dh~ dh /«(/») ') dh 
|m WmW (6.65) 

m=0 

The second derivative with respect to h also has this problem, 

m=0 

The computer will rarely ever return identically zero for a computed value of . Rather, 

it returns a finite, albeit very small, value. In which case, the above divide by zero 

potential errors may not be problematic. 

Perhaps of more concern is the calculation of the Cramdr-Rao lower bound for the 

case where one of the measured values attains zero. The expression for the Fisher 

Information was derived earlier with the final result. 

m=0 

(6.67) 

The expression for /„ is again 
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^m(^) ~ ^ref ^test ^•^^refhest CO^l/n4 — ^ hg+yfj, (6.68) 

When the argument of the cos term goes to ;r, the value of 7„ approaches 0. In which 

case, the evaluation of the Fisher Information, as thus the Cramer-Rao lower bound, 

becomes problematic. In this particular case, we are assuming the irradiances from each 

arm are equal, - I test • 

To circumvent this problem, we need to evaluate the limit of the Fisher 

Information term as the argument goes to n. How the argument attains k is irrelevant 

and should certainly bear no consequence on our result. In that spirit, we will choose a 

somewhat simple case where mA = n and P-*0, where is deHned as 

i3 = — (6.69) 

We have for the irradiance 

(6.70) 

and the derivative with respect to h is simply 
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dl{h) _ 8n r—— . , 
dfl ~ test 

(6.71) 

Therefore, we have to evaluate the limit as ^->0, 

Urn J = Urn 
P—iO 

64lt^ ^refhest 

Iref hest ^^^ref^test P) 
(6.72) 

The result is 0/0 which allows us to use L'Hdpital's Rule. Taking the derivative with 

respect to /3 of both numerator and denominator, we have 

, 64n^ 2lr^l,gs,sin{n-¥p)cos(K+0) 
lim J =y—= . . -r—. 
p^o Ar -2^Irefttest sin(7C+p) 

(6.73) 

This readily simplifies to our final result, 

= -r^^^jlr^Jtest cos(n+p) = 7 • (6.74) 

The limit as the argument of the cos term goes to ;r is a finite value which depends on 

the system parameters. 
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6.3 A Analytical solution example for Poisson noise scenario. 

While no analytic solution has been found for Poisson noise scenario at the time 

of this writing, we can consider the simple case of a four-step phase-shifting 

interferometer where the phase shift is 7t/2. The hope is to perhaps motivate future 

considerations and provide a framework for the solution, if one exists. 

The equation we need to solve is the log-likelihood equation. 

dh 

M-1 

El 
m=0 

Sm 

JmW 

\ ,7 

-Y dh 
= 0. (6.75) 

where once again, g„ is the given noisy data, the constant of proportionality is / and the 

mean irradiance is given by (6.68). To simplify the notation , we will again set 

Iq — + J test' P — ^ ^ ^ml!• The simplified 

expression for the irradiance which we will consider is then 

(6.76) 

where m^O, 1,2 and 3. The Hrst derivative with respect to h can also be written in this 

simplifed form, and the result is 
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4Klb 
dh 

sin (6.77) 

The result we must evaluate is then 

Amd 1 cos[mKl2 + P) 
m=0 

• = 0. (6.78) 

We can write out the terms in the summation and simplify the trigonometric 

expressions to get 

la - lb sm 

- cos{p) 

W 

(6J9) 

We will consider two terms at a time. First, the terms involving sin{fi). By 

multiplying each term appropriately and getting a common denominator, we can cancel 

several terms. We shall omit the intermediate algebra steps and state the final result. 
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sm{p] 
so{la-lbcos{p))-g2(la cos (m 

(la + lb cos{fi)\la - lb cos(p)) 
(6.80) 

We can perform the same simplification with the terms involving coj(j3). The result is 

JSli^a + h MP))-83(U - h MP)) 

1 (fa-^hMP)tfa-fbMP)) 
(6.81) 

We can rewrite these results to get 

Sim (P) 
fgiso -82)-hCO!{P\SO 82) 

[la + lb cos(p)){la - lb cos{p)) 

^ / J^aisi -83) + hMPhi gj) 

1 [la + fb sin{p)ila - lb sin(P)) 
= 0. (6.82) 

Finally, our result can be written as 

la{83-8i)-IbMPhl-^83) ,g3 

^a(8o-82)-hcos{0igO + g2) (l^-Ib sin^(p)) 
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The transcendental equation can be simplified under one more assumption, that 

the arms have equal irradiance. In this case, /^ = /^ = 2/ and the final result simplifies 

to 

isj-glh'i^Phl+Sj) 

We can cancel the tan{p) on the left-hand side and rewrite our final expression. 

r ,(n\ iso-82)-Mfiho + 82) tan[P) = V TT-w - r. (6.85) 
Ui-«/ + 

While simplified, this result has no analytical solution. 

6.4 Phase-Shift Uncertainty. 

The preceding sections have considered noise in the detection process, both 

signal-dependent and signal-independent. In this section, the measurements will be 

plagued by noise due to phase-shift uncertainty. That is, the phase-shift is not exactly A 

for each measurement. Rather, A obeys a known probability distribution whose mean is 

the desired phase-shift between consecutive measurements, and the variance or 

fluctuation about this mean value is assumed known. For our model, we will assume the 
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uncertainty is described by a normal distribution, and each measurement is statistically 

independent. This may not be entirely accurate as the error in phase-shift will compound 

itself with every relative phase-shift and measurement. However, this will serve as a 

starting point for future phase-shift error considerations. 

6.4.1 Log-likelihood equation and maximum-likelihood estimator. 

We first need to rewrite (6.2) to account for phase-shift error. We will assume 

that for each measurement, the phase-shift d is deterministic and known but corrupted by 

a small amount , where obeys a Gaussian probability distribution. 

(6.86) 

The equation for the measured irradiance is then 

(6.87) 

In order to find the probability of obtaining the measured irradiance , we must 

solve for e„ in (6.87) and substitute into (6.86) using the appropriate transformation of 

variables. Solving for €„, we obtain 
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En = cos -I Im-O 
{• -I (6.88) 

Because the transformation is from e„ to , we need to find de^/dl^ since 

p(^m) = p(«in) 
de, •m 
dl, m 

(6.89) 

Using (6.88) and the identity for the derivative of the inverse cosine, we find 

dl^ 
m 

m 
(6.90) 

We substitute (6.88) into (6.86) and use the aix)ve result for 
de. m 

dl m 
to obtain the 

conditional probability on 

W-i'm-Iaf 

-exp 
- 1  

2a 
cos -I Im- lg  

K h J 

 ̂ 4ith 
mA— 

(6.91) 
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The probability of obtaining data vector 1 is the product of the individual 

probabilities. We can then take the natural logarithm to obtain the log-likelihood function 

L, 

M-1 

cos 'I 

V J 

( ^ 4nh ^ 
-U4-— 

m=0 

M-I 

m=0 

The result in (6.92) is the function we would like to maximize with respect to the 

unknown parameter h. We can simplify matters somewhat by realizing that the entire 

second summation term is independent of the parameter h. Therefore, this term remains 

constant in any algorithm or numerical search routine, and the derivative with respect to h 

is identically zero. We can drop this term and our function to maximize is simply 

L = 4 P ( I | / . ) ] - I F  (6.93) 

m=0 

We can take the derivative with respect to h and set the result equal to zero to obtain the 
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log-likelihood equation, 

dh h^h ml 

4k 

I 
m=0 

cos -1 
-I \ ( *in *a 

h J 
mA - + \jf • = 0. (6.94) 

If we return to (6.93), we can rewrite the derivative of the log-Iikelihood function 

by separating the terms in the summation, 

dL 4n 

dh 

M-l 

I 
m=0 

cos -I (£)'- (6.95) 

If we simplify by pulling out the factors in front of h, we find 

dL l6n^M 

dh }?a ^ 

-k 

4kM 

M-l 

li 
m=0 

cos -1 ——^1 - {mA + yf) 
k 

-h (6.96) 

This is precisely the condition required to satisfy the criterion of efficiency discussed in 

chapter 3. We have that the maximum-likelihood estimator of h is given by 
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(6.97) 

m=0 

and the Cramer-Rao lower bound is 

32^2 
2 ^ ^ ^ 

6A.2 Unbiased maximum-likelihood estimator. 

We have shown that the ML estimator on h in (6.97) is efficient by virtue of the 

fact that it satisfies the linearity relationship in (6.96). In this section, we will show that 

the ML estimator is unbiased. 

The expected value of the estimator is given by 

00 

(6.99) 

If we substitute (6.97) into the integral, we have 
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4kM 

It M-l 

12 
^ m=0 

cos -I im-I' 

\ *b 
7-®- -M+v^) p{l)d^I. (6.100) 

We can make the following substitution. For the value we have 

= cos ^ 
h J 

-{mA+y/}. (6.101) 

We can solve for /„, and get 

tm = ta+ h cos(mA++4). (6.102) 

Upon taking the derivative with respect to the parameter h, we get 

= -h • (6.103) 

Substituting the results into the expression for {Iiml) > t^^ve, after simplifying. 
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m=0 m=0 
A J de',n (6.104) 

This formidable expression is simply the mean of each , summed over all M terms. 

M-1 
If \ X X ^ 4jch 

(6-105) 

m=0 

The result is then 

/- \ X M4nh 

which completes the proof that the mean of the ML estimator is equal to the true value. 

6.4.3 Cramer-Rao lower bound. 

In order to calculate the Cramer-Rao lower bound for the signal-dependent case, 

we Hrst evaluate the Fisher Information / by substituting in for the log-likelihood 

function L in (6.10). Using the expression for the derivative of the log-likelihood function 

found in (6.94), we find 
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M-l 

f f .  4KhML 1 
7 y icos —-— mA r 

I '6 J I i j. 
m=0 

Therefore, the Fisher Information is given by 

/ M-l M-l 

\ m=0 m'=0 

Under the assumption that the noise is i.i.d. Gaussian, the expectation value is 

identically zero for all m^m', and for m = m'. We have for our result. 

. M-l 
4k ^ 

(6.107) 
m=0 

(6.108) 

M-l 

, I6n^ 2 16Mk^ ^ ^ 

m=0 

and the Cramer-Rao lower bound on the estimate of h is 
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which is precisely what we arrived at in (6.98). 

The interesting point to be made is that the lower bound is independent of all 

parameters and measurements except for the total number of measurements M. This 

implies for any configuration employing M phase-shifts, the uncertainty remains constant, 

regardless of the actual phase-shifts A used. Of course, this is under the assumption of the 

noise or uncertainty model proposed here. We need to investigate diis further in the 

Monte Carlo simulations. 

6.5 Summary of Chapter 6. 

In this chapter, we have considered die scalar estimation problem where the 

unknown parameter to be estimated is the surface profile h. We considered three speciHc 

noise examples, two of which involved the noise in the detection process and the third 

considered noise in the phase-shift process. In all three cases, we derived the log-

likelihood function which is maximized by the ML estimator. We also derived an 

expression for the Cram6r-Rao lower bound for each case. 

The three cases presented also show how under certain conditions, an analytical 

expression for the ML estimator can be derived as in the signal-independent Gaussian 

noise case when the phase-shifts corresponded to 2ff/M. We can also, under certain 

circumstances, obtain an analytical expression for the ML estimator and show it is 

unbiased and efficient, as we did in the phase-shift error scenario. 
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In the next chapter, we will use the results derived here in the Monte Carlo 

computer simulations. Optimization routines numerically find the ML estimate, for a 

given data set, using the results derived here. Di the case where an analytical solution 

exists, the results are compared to the numerically found estimate. Furthermore, by 

repeating the process on a large number of data sets, we can determine whether the ML 

estimator is unbiased and efficient by evaluating the mean and variance of the estimates 

and comparing the results to the true value used for the parameter and the calculated 

Cramer-Rao lower bound, respectively. 
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CHAPTER? 

MAXIMUM-LIKELIHOOD ESTIMATION OF SURFACE HEIGHT IN 

CONVENTIONAL PHASE-SHIFTING INTERFEROMETRY: 

MONTE CARLO SIMULATIONS RESULTS 

In this chapter we will continue our investigation on how ML estimation theory 

can be applied to conventional phase-shifting interferometry. In the preceding chapter we 

showed how ML estimation could be implemented for the problem of estimating the 

surface proHle parameter h from M noisy measurements, for three distinct noise models. 

Under certain circumstances, an analytical solution for the ML estimator was found. In 

other cases, we were left with no analytical solution but only the log-likelihood function, 

which we must numerically minimize in order to Hnd the ML estimator. As a means of 

assessing the performance of our ML estimate, we derived an expression for the Cramer-

Rao lower bounds for each of the noise models. 

In this chapter, we will consider the computer simulation model. We will first 

discuss the minimization technique used to minimize the log-likelihood equation and 

thereby find the ML estimator numerically. We will then discuss the concept of 

jackknifing, a tool used to assess statistical parameters and data. Finally, we will present 

the results from several simulations and try to convince the reader of the usefiilness of 
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this statistical approach to assessing and comparing different systems' performance at a 

given task, in this case, the task of estimating the surface height parameter h. 

7.1 Computer Simulation. 

7.1.1 System definition. 

To study the maximum-likelihood approach to surface height reconstruction, we 

developed a C++ computer simulation of a conventional Twyman-Green phase-shifting 

interferometer. The complete analysis of the system and the relationship between the 

irradiance at the detector plane and the parameters n, k and h was derived in chapter S 

with the final result. 

An 
'T" 

\\rdrdapj^^^{r,a) 

pupil 

(7.1) 

For this investigation where the only parameter to be estimated is h, we can 

evaluate the integral of the Fresnel reflectivity function in the test arm and express it as an 

amplitude and phase, as we did in the reference arm. We are also considering one 

polarization here so we can drop the j subscript. Our Hnal equation can then be written as 
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4 ref^t 
,imAjWref 

An 
i—:rh 

Oref''"' ^ ^testEo,,„e ^ e'l"'"' 

¥ H 
(7.2) 

The result in (7.2) is the fundamental equation in the two programs developed for 

this investigation; the Cramer-Rao calculator and the Monte Carlo experiment simulator. 

In both coses, the user must specify the system parameters. The parameter list is quite 

extensive but that serves to make these programs flexible to handle any simulation. 

The programs require we enter the total number of phase-shifts M and the phase-

shift value A. We must specify the index of refraction of both the reference and the test 

arm surfaces as well as the pupil employed in each arm. These specifications are a 

minimum radius, a maximum radius and the angular extent. The focal length of the object 

lens is also entered for each arm of the interferometer. Any surface tilt must also be input. 

These values are then used to compute the amplitude, |, and phase, y/, due to reflection 

from the reference arm and the test arm, appropriately subscripted in (7.2). 

We also specify the incident electric Helds into each arm of the interferometer. 

We can control the visibility of the Mnges with the incident E-field parameters. We can 

also maintain a constant irradiance despite system design changes. These changes include 

varying the material under test, varying the system/number and varying the pupil's radial 

and angular specifications. 
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We assume the source is monochromatic, and we must specify the wavelength A. 

For completeness, we also enter the imaging system focal length/, although this term 

serves only as a scaling term of the irradiance. The Hnal parameter to be specifled is the 

true value of the parameter to be estimated, Hq . With the system defined, we can 

calculate the required irradiances according to (7.2) as well as the Hrst and second 

derivatives with respect to h, of the irradiance, as specified in chapter 6. 

7.7.2 Cramer-Rao lower bound calculator. 

The Cram6r-Rao Lower Bound program is a relatively straightforward 

application. Once the system parameters are defined, the M irradiance values and their 

derivatives with respect to h can be calculated, and the Cram€r-Rao lower bound can be 

evaluated according to the equations derived in chapter 6, depending on the noise model 

under investigation. 

7.1.3 Monte Carlo experiment simulator. 

The Monte Carlo program is somewhat more involved. In the Monte Carlo 

experiment, the Af mean or true measurements Imih) are initially calculated with the 

user-specified true value of h. For each trial, Poisson or Gaussian noise is added to each 

true value, depending on the noise model under investigation. In the case of phase-shift 

error, the noise is built-into the irradiance expression, as discussed in chs^ter 6. The ML 

estimate is then found through numerical means by finding the value of h that maximizes 



the value of the log-likelihood function p(llA). This is accomplished through a search 

algorithm which minimizes f{h) = -p(ll/i). This was done to take advantage of the 

minimization algorithms and programs discussed in Numerical Recipes for C (Press et 

aL, 1992), Finally, if any analytical algorithms are applicable, the noisy data is used in the 

A 

algorithms and the A are obtained. 

7.1.3.1 minimization algorithm. 

The minimization scheme attempts to And that value of h that minimizes the 

negative of the log-likelihood function. The most efHcient method developed involves 

two steps. The first step brackets the minimum by simply evaluating fih) = -p{l\h) at a 

particular value of h, call it . A small change in h. Ah, is made and f{h) is 

recalculated at the new point, hi,. If /{hf,) is less than f{ha), the algorithm evaluates 

f{h(.) where hf. - hi, + dh.U f{hi,) is greater than f{ha), the algorithm reverses 

direction and evaluates f{hf.) where h^^ hg - Ah. At this point, the program continues 

evaluating f{h) for hg. ~ hi,±Ah, where the sign depends on the direction chosen, each 

time comparing f{hc) and f {hi,), If f{hf.) is less than f{hi,), the loop continues, 

assigning hg - hi,, hi, = hf. and hf. hi, ± Ah. U f{hc) is greater than , the 

algorithm stops, having found a region where a minimum exists. The minimum h„i„ is 

temporarily assigned to hi,, and the function minimum is temporarily assigned 
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to f(h[,). 

The second step of the inininiizatica algorithm utilizes a modified Newton-

Raphson technique and the condition that at the minimum, the derivative with respect to 

the parameter h must be 0. Once again we are assuming the log-likelihood function is 

well-behaved and obeys the regularity conditions. 

At the purported minimum, the computer calculates 

If we solve for Ah in (7.4), we obtain a new estimate of the minimum value h„i„, where 

(7.3) 

and we make the linear assumption that 

f '+Ahf"=0. (7.4) 

(7.5) 

and = h^ from the bracketing scheme above. 

The process is repeated at the new until some prescribed tolerance condition 
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is met. In tliis case, the condition is that the difference in the Hrst derivatives has to be 

less than 10''^, 

The minimum, function value, derivative and the simulated data are all written to a file. 

The entire process is then repeated for a user-deHned iV times with new, simulated data 

sets. 

While it may seem rather tedious, this two-step approach has proven itself quite 

robust. Keep in mind that with each new h evaluated, the program must recalculate the 

irradiance values, as well as the derivatives. This is not so much an issue here where the 

integrals of the Fresnel reflectivity are not functions of the unknown parameters. As such, 

they are evaluated only once, at the onset of the Monte Carlo experiment. In general, the 

program is capable of doing one-million trials for a given experiment in under 30 minutes 

on a 166MHz Pentium PC. 

7.1.32 random number generator. 

Random numbers and a random-number generator (RNG) play an integral role in 

the Monte Carlo simulation. While a complete discussion of the ideology and algorithms 

behind computer-generated random numbers is beyond the scope of this dissertation, it 

(7.6) 
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would not be complete without a summary look into the three algorithms investigated. 

The tot RNG employed was the random function rand and seed function srand 

from the Borland C/C++ 5.0 run-time library. The function rand uses a multiplicative 

congruential RNG whose period is 2^^ and whose range is from 0 to RANDJidAX, a 

constant whose value was defined as OxTFFFh in the standard library header Hie. 

In general, the multiplicative congruential RNG performs quite well and passes 

several theoretical tests. As such, it is often defined as the mim'mal standard (Park and 

Miller, 1988). By minimal standard it is meant that if a better generator exists, use it. Two 

such RNGs, which qualify as better, are described in Numerical Recipes for C (Press et 

aL, 1992). The function rani utilizes the multiplicative congruential RNG for the random 

value but shuffles the output to remove any low-order serial correlations (Knuth, 1981). 

Its only drawback is a period of 10^. 

For applications that require a longer period or perhaps simply for peace of mind, 

the function rani provides a period of approximately 2.3 x lO'^. It essentially combines 

two RNGs (L'Ecuyer, 1988) and shuffles the output as in rani. This RNG was adopted as 

the standard and it was used throughout the simulations in this dissertation. 

Generally, the output of any RNG is a uniform deviate from 0 to 1. This is the 

case for the three RNDs discussed above. We need random deviates drawn from a 

Gaussian distribution for the signal-independent simulation and a Poisson distribution for 

the signal-dependent case. 
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The easiest of the two would be the Gaussian case. Using two random numbers 

yi and yi, each drawn from a uniform distribution, we can generate a random number 

X, drawn from a Gaussian distribution, whose mean and standard deviation are denoted 

by {a) and a respectively, by the relationship 

The result follows from the transformation of two random variables (Frieden, 1991). It is 

both analytic and exact. 

Drawing a random variable from a Poisson distribution is somewhat more 

daunting a task. The method employed is called the rejection method and is detailed 

extensively in Numerical Recipes for C (Press et al, 1992). Its appeal resides in the fact 

that the cumulative distribution function and its inverse are not required. Only the desired 

probability distribution function must be known and computable. A uniform RNG is 

required as well. The entire methodology is discussed in Numerical Recipes, and we 

won't dwell on it any further. 

7.1.4 Data reduction and analysis. 

The Monte Carlo experiment produces N data sets. From these data, we wish to 

estimate the bias and variance of the estimate on the parameter in question, h. A C-H-

program utilizing the jackknifing technique was developed to do so. The jackknife 

(7.7) 
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technique is credited to Quenouille (1949) as a means of bias reduction. Tukey (1958) 

later showed how this technique may be employed to estimate a particular statistic as well 

as the mean-square-error on the estimate of this statistic. This mean-square error can be 

viewed as an assessment of how well the sample size estimates the statistic of interest. 

Numerous texts (Efron, 1982; Wolter, 1985; Mostellar and Tukey, 1977) appear on the 

subject of jackknifing, and only a brief outline of the method will be described here. 

The statistics we wish to estimate are the mean and variance of the estimate of h 

found in the Monte Carlo simulation. 

These statistics assess the performance of our system at the task at hand, estimating h. 

The N data values are read in from the Monte Carlo file, and the first statistic of 

interest f is calculated firom the entire sample. The statistic of interest is then 

recomputed from N-l data values where one data value, which we will call A , has been 

(7.8) 

left out. The result is labeled . The pseudovalue is then computed according to 

(7.9) 

The result is a total of N pseudovalues. 
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The jackknife estimate of the statistic in question is the mean of the pseudovalues. 

and the mean-square error on the statistic estimate is given by 

^JK -Ar(jv^-7)Z(^r • 
>=/ 

(7.11) 

If the statistic to estimate is the mean value, it is easy to show that the jacklcnife 

estimate is exactly the sample mean and the mean-square error is simply the sample 

variance divided by N, the total number of data points. The algorithm remains the same 

A 

for the case where the parameter to estimate is the variance ^. 

7.2 Gaussian Noise Investigation. 

7.2J Fourmeasurementsat90". 

In our first series of investigations, we will assume the measured irradiances are 

comipted by independent and identically distributed Gaussian noise. Furthermore we will 

start with perhaps the most well-known scenario, four measurements at 90° phase-shifts. 
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Since this satisHes the criterion A = litjM, we have for our analytical solution. 

= ~ ~  

47C 
tan -I 'hzlt] 

h-h) 
(7.12) 

In this simulation, we will vary the incident E-field into each arm such that ratio 

of the irradiance from the test arm to the irradiance firom the reference arm will be 

controlled while maintaining a constant incoherent sum. The results are therefore 

independent of the test-surface index of refraction but can be examined as a function of 

fringe visibility. First, we will assume the irradiance from each arm is equal for a 

visibility of 1. The true value of the surface height h is O.Onm and the system operates at a 

v/avelength of 589.3nm. The standard deviation of the noise is initially 1% of the 

incoherent sum, . In this case, = /. Under these conditions, we can 

simplify the Cramer-Rao lower bound inequality, 

2 2a^ X^(pj01x2lf OJOOOIX^ 
af>-—^ =—^ -> -> = 5 • (7.13) 

The result for Af=4 is then > 0.33l6nm. 

Five independent Monte Carlo experiments were performed, each with one-
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million trials. Table 7.1 shows the estimates of the mean and standard deviation, as well 

as the root mean-square error for each, for the Hve independent experiments. 

The results show excellent agreement, suggesting the maximum-likelihood 

A 

estimate is unbiased and efHcient. Furthermore, the from the search algorithm and 

A 

the from (7.12) were identical to double precision for each trial. This confirmed the 

analytical expression derived for the maximum-likelihood estimator hi^i did maximize 

the likelihood function p(ll/i). Figures 7.1 and 7.2 show plots of the results. 
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Figure 7.L Estimate of the mean value, {Uml) , for five Monte Carlo experiments. 

xlO' 
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Experiment# 

1 
2 
3 
4 
5 

Monte Carlo Experimental Results 

</i>(nm) 

7.l85e-4 ± 3.313e-4 
-2.902e-4 ± 3.3l6e-4 
1.266e-4 ± 3.316e-4 
6.320e-4 ± 3.3l3e-4 

-l.690e-4 ± 3.3l6e-4 

<T-(nm) 

0.3313 ± 2.342e-4 
0.3316 ± 2.349e-4 
0.3316 ± 2.344e-4 
0.3313 ± 2.341e-4 
0.3316 ± 2.342e-4 

Table 7.1. Monte Carlo experiments results, 4-step, 90° phase-shift interferometer. 

0.3325 

0.3315 

0.3305 

Experiment* 

A 

Figure 7.2. Estimate of the standard deviation of hi^i, 

, for five Monte Carlo experiments. 
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With the same system under investigation, the experiment was repeated for 

different noise variances. The values chosen were <j = 0.1%, 0.5%, 1%, 5% and 10% of 

die incoherent irradiance on the detector, . Table 7.2 summarizes the results 

for varying noise levels. The theoretical Cramer-Rao lower bounds are shown along with 

the Monte Carlo results. We can infer fi-om the Monte Carlo experiment results that the 

maximum-likelihood estimator is unbiased, with a mean value equal to die true value, and 

efficient, with a variance of error equal to the predicted Cramer-Rao lower bound for the 

varying noise levels. 

Added noise Monte Carlo Cramer-Rao 
std. deviation Experimental Results Lower Bound 

a 
A. 

<A>(nm) a-, (nm) <T-(nm) 

0.1% 7.202e-5 ± 3.3l3e-5 0.0331 ± 2.342e-5 0.0331 
0.5% 3.597e-4 ± l.657e-4 0.1657 ± 1.171e-4 0.1658 
1.0% 7.I85e-4 ± 3.313e-4 0.3313 ± 2.342e-4 0.3316 
5.0% 3.557e-3 ± 1.657e-3 1.657 ± 1.173e-3 1.658 
10% 7.036e-3 ± 3.32le-3 3.321 ± 2.360e-3 3.316 

Table 7.2. Monte Carlo experiment results and Cram€r-Rao lower bounds as a function of 

varying noise level where Onoise -  ̂  {jr^ test)-

The final simulations of the four-step, 90** model investigated different irradiance 

ratios, , while maintaining a constant noise level of <r= 1% of (+ ligsi). 

The aim was to examine how fringe visibility affects the performance of the phase-

shifting interferometer. The results from the irradiance ratio experiment appear in table 

7.3. 
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testAref Monte Carlo Results Cramer-Rao Lower Bound 
<T^(nm) 

0.05 0.7780 ±5.501e-4 0.7785 
0.1 0.5763 ± 4.074e-4 0.5767 
0.2 0.4445 ± 3.143e-4 0.4449 
0.5 0.3514 ± 2.484e-4 0.3517 
1.0 0.3313 ± 2.342e-4 0.3316 
2.0 0.3514 ± 2.484e-4 0.3517 
5.0 0.4445 ± 3.143e-4 0.4449 
10.0 0.5763 ± 4.074e-4 0.5767 
20.0 0.7780 ± 5.501e.4 0.7785 

Table 7.3. as a function of irradiance ratio. 

The results confirm the best performance of the system can be expected at a ratio 

of test arm irradiance to reference arm irradiance of 1,0. However, the standard deviation 

of the error of the estimate does signiflcantly increase. At a ratio of 20 to I,<t^ = 

0.7785nm, 2,35 times the best performance at a ratio of 1.0 where (T^= 0.3316nm. The 

fringe visibility does have an adverse affect on the performance of a phase-shifting 

interferometer. The symmetry in the plot is due to arbitrariness in deHning one arm of the 

interferometer as the "reference" and the other as the "test". 

Figure 7.3 shows the plot of the expected performance and the theoretical Cramer-

Rao lower bound, both as a function of the irradiance ratio. The Monte Carlo results are 

denoted by the "x" while the solid curve is the theoretical Cram6r-Rao lower bound. The 

errors on the Monte Carlo results are too small for the scale shown and error bars are not 

shown. 
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Figure 7.3. Cramer-Rao lower bounds as a function of irradiance ratio. 

7.2.2 M measurements. 

In this subsection, we will consider several examples where we have M 

measurements corrupted by additive Gaussian noise. Under the condition that the phase-

shift satis^es the relationship A = Inj M, we have an analytical solution for the ML 

estimate of h. The final expression from the derivation in chapter 6 is 

M-J j M 

. m=0 m=0 

(7.14) 
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The Cramer-Rao lower bound is then given by 

2 ODOOl}? 
^i-TTTT' 

where we have assumed maximum visibility and a constant noise level of cr = 

0.01( + /fg^j) as before. Under these assumptions, die Cram€r-Rao lower bound is 

independent of all parameters except the number of phase-shift measurements M and the 

wavelength X. 

We are not restricted to using solely phase-shifts which satisfy A  =  2 n f M .  

Rather, we can use any phase-shift value we choose. These cases, however, require the 

ML estimate onhhe found numerically and the Cramdr-Rao lower bound be evaluated 

according to the general result for additive Gaussian noise, 

2 ^ <T| a . (7.16) 

4jt 

\ A j 
T 2^^ ' 2( A 1 

m=0 

Table 7.4 shows the numerical results for the trials where the analytical form for 

t h e  M L  e s t i m a t o r  g i v e n  b y  ( 7 . 1 4 )  w a s  i n v e s t i g a t e d .  T h e  p h a s e  s h i f t  w a s  A  -  2 k f M ,  
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where the values of Af were from 3 to 10. The true value of h was set to O.Onm 

(equivalent to any integer multiple of half wavelengths). The analytical results were 

identical to the results found from the numerical search for each trial, in each system 

evaluated. This indicates the analytical expression derived in (7.14) did maximize the log-

likelihood function p{l\h). The results also suggest the ML estimator is unbiased for the 

values of M investigated. Furthermore, the standard deviation of the error of the estimate 

is consistent with the theoretical minimum uncertainty, indicating the ML estimator is 

efficient. The calculated Cram6r-Rao lower bound, or theoretical minimum uncertainty, is 

also consistent with the derived relationship in (7.13). As expected, the results improve 

with increasing number of measurements Af. 

M a 

(degrees) (nm) 

Cramer-Rao lower bound 

(nm) (ran) 

3 120 2.178e-4±3.827e-4 0.3827 ± 0.0003 
4 90 7.185e-4±3.313e-4 0.3313 ± 0.0002 
5 72 -2.406e-4±2.966e-4 0.2966±0.0002 
6 60 -8.526e-4±2.705e-4 0.2705±0.0002 
7 51.429 -2.996e-4±2.506e-4 0.2506± 0.0002 
8 45 -8.825e-5±2.343e-4 0.2343 ±0.0002 
9 40 -6.466e-6±2.2I0e-4 0.2210±0.0002 
10 36 -1.780e-5± 2.097e-4 0.2097±0.0001 

0.3829 
0.3316 
0.2966 
0.2707 
0.2507 
0.2345 
0.2211 
0.2097 

Table 7.4. Monte Carlo results for analytic ML estimators. 
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7.2.3 Comparison of algorithms. 

For the first comparison, we considered the Carre algorithm (Carre, 1966) which 

requires phase shifts of -3Ll, -Ll, L1 and 3Ll. At L1 = 45°, this algorithm reduces to the ML 

estimator with a 135° phase offset. Figure 7.4 shows the Monte Carlo results for both the 

Carre algorithm and the ML estimator as a function of the phase shift used. The solid line 

is the theoretical Cramer-Rao lower bound in this and all the figures in this chapter. 
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Figure 7 .4. Carre algorithm and ML Estimator comparison of a iz . The open circles are 

the Monte Carlo results using the Carre algorithm, the asterisks are the Monte Carlo 

results using the ¥L estimator. The solid line is the Cramer Rao lower bound. 



246 

The results suggest the ML estimator is efficient for all phase shifts while the Carre 

algorithm is only efficient at 4 = 45° which is consistent with the above statement that 

the Carre algorithm is equivalent to the ML estimator at ^ = 4S°. 

The results clearly show the value of using a task-based assessment approach. For 

all values of the phase-shift A examined, the Monte carlo simulation results suggest the 

ML estimator was unbiased and efficient, achieving the Cramer-Rao lower bound. The 

same cannot be said for the Can€ algorithm. To know how well it is performing, you 

would have to perform a Monte Carlo simulation, whereas for the ML estimator you 

would only need to calculate the Cram6r-Rao lower bound. 

For the second comparison, we considered the five-step algorithm developed by 

Hariharan et al. (1987) where the five phase shifts obey -2J, -A 0, A and 2A, The 

estimator on the phase is then 

P = tan ' 2 sin A 
2/2-/4-/0 J 

(7.17) 

Figure 7.5 shows the Monte Carlo results for both Hariharan's algorithm and the ML 

estimator as a function of the phase-shift used. At ^ - 90**, the two methods produce 

similar uncertainties on the estimate of the surface profile h. While the ML estimator 

remains efficient for all phase-shift values, Hariharan's algorithm fails to achieve the 

lower bound away from 90° phase-shifts. Once again we see the value of using this 
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Figure 7.5. Hariharan algorithm and ML Estimator comparison of a h . The open circles 

are the Monte Carlo results using Hariharan's algorithm, the asterisks are the Monte Carlo 

results using the ML estimator. The solid line is the Cramer Rao lower bound. 

technique to quantitatively assess how well a system and/or an algorithm is performing 

the specific task at hand. 

Figure 7.6 shows the variation in the uncertainty as a function of the true value of 

h, for L1 = goo. Again, the error on the estimate for both algorithms is a function of the 

true value h. While the results from both algorithms suggest both are unbiased for all h, 

only the ML estimator is efficient for all h. Hariharan's algorithm fails to achieve the 

lower bound except at h = N A/ 8 , where N is an integer. This lower bound is the 
l 

consistent with the four-step, goo phase-shift lower bound found in tables 7.1 and 7 .4. 
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Figure 7.6. Comparison of ah for the Hariharan algorithm and the ML Estimator, as a 

function of the true value of h, for 90° phase-shifts. The open circles are the Monte Carlo 

results using Hariharan's algorithm, the asterisks are the Monte Carlo results using the 

ML estimator. The solid line is the Cramer Rao lower bound. 

Figure 7.7 shows the Monte Carlo results for the case where .1 = 72°. The results 

suggest the ML estimator is unbiased and efficient and independent of the parameter h. 

The figure also shows the Cramer-Rao lower bound is independent of the surface profile 

parameter h, consistent with the result derived in (7.15). The results from Hariharan's 

algorithm are also unbiased. However, the resulting standard deviations are greater than 

f 

the Cramer-Rao lower bound and continue to exhibit a dependence on the true value of h. 
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Figure 7.7. Comparison of for the Hariharan algorithm and the ML Estimator, as a 

function of the true value of h, for IT phase-shifts. The open circles are the Monte Carlo 

results using Hariharan's algorithm, the asterisks are the Monte Carlo results using the 

ML estimator. The solid line is the Cramer Rao lower bound. 

7.2.4 Summary of Gaussian noise investigation. 

In this subsection, we have shown how maximum-likelihood estimation theory 

can be used in conventional interferometry to estimate the surface proflle parameter h 

under the assumption of additive Gaussian noise. An analytical expression can be derived 

when the phase shift A is equal to InjM, where M is the number of measurements 

made. In this case, the ML estimator was shown to be unbiased, ef^cient and 
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independent of h, for Af = 3,4,..., 10. Furthermore, we showed how the ML estimator 

outperformed two conventional algorithms in terms of the variance of the error of the 

estimate on h. 

It should be mentioned that these comparisons were made under the assumption 

that the predominant source of uncertainty in the measurements was additive Gaussian 

noise. Hariharan's algorithm is insensitive to phase-shift calibration errors when the phase 

shift is njl. The Carr^ algorithm also minimizes the effect of phase-shift variations. 

Without further investigation, we cannot say the same thing for the ML estimator and 

therefore, it would be imprudent to unequivocally state which algorithm outperforms 

others overall. Our aim was to simply show how a statistical tool can be used to assess 

and compare the performance of estimators quantitatively, under the same assumption of 

additive Gaussian noise. 

7.3 Poisson Noise Investigation. 

We will now shift our attention to the case where the noise is assumed to be 

signal-dependent and obey Poisson statistics. Briefly, we can review the results from the 

derivations in chapter 6. The function we wish to minimize with respect to the unknown 

parameter h is the negative of the log-likelihood function, 

M-I 

/(A) = -£=-/nKg|A)]=-]^{-|„(A)+«„fa[?„(A)]-fa[if„/]}. (7.18) 
m=0 
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Once again, g„ is the measured number of photons per unit area. It is related to the 

measured irradiance by a multiplicative constant Y, 7lm • 

We can simplify the minimization function / by dropping the natural log of the 

factorial term. This term remains constant in any minimization over the parameter h and 

its calculation is computationally expensive. We are left with our minimization function 

result, 

Since the minimization algorithm requires the first and second derivatives, we can 

evaluate the derivatives with respect to h of the minimization function above. The Hnal 

results are 

M-I 

(7.19) 
m=0 

M-I 

(7.20) 

m=0 

M-I 

dh' 
y ^ _ WW I 

'J dh ) 

]d%{h) g„ (dlMf 
(7.21) 

m=0 
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These equations are readily incorporated into the minimization algorithm. 

For the Cramer-Rao lower bound, we need to evaluate the Fisher Information. 

From chapter 6, we have as our result for the Fisher Information, 

/ = 

M-I 

1 
m=0 

iM dh 
(7.22) 

and the Cramer-Rao lower bound on estimating h is 

M-1 

II 
m=0 

Y (diM 
dh 

2^ 
-I 

(7.23) 

7.3.1 Four measurements at 90 ®. 

With these results in mind, we can proceed with our Hrst simulation, the classic 

four-step phase-shifting interferometer. The phase-shifts are 90°, and we assume there is 

no initial phase difference between the arms of the interferometer. With identical 

materials for each mirror, this leads to maximum visibility. Furthermore, we will assume 

a true value for h of O.Onm. The operating wavelength is assumed to be S89.3nm. 
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The first investigation concerns the parameter y. We investigated four different 

values of 7 which were chosen based on the desired average number of photons over all 

measurements, y - (g)/(I). Although perhaps unrealistic, this defining rule simply 

serves as means to control and investigate the mean number of photons. It also ties in 

with the Gaussian noise case since the noise was defined as a function of the average over 

all the measured irradiances. In any case, the average number of photons chosen was 100, 

1000, 10,000 and 100,000. The Cramer-Rao lower bound was evaluated for each, and a 

Monte Carlo simulation performed. In these cases, the number of trials performed for 

each simulation was 100,000. The results are shown in table 7.S. 

(«> 

100 
1000 

10,000 
100,000 

(nm) 

2.183e-7 -2.250e-3±7.017e-3 
2.183e-6 -2.170e-3±2.217e-3 
2.183e-5 -5.461e-4± 7.005e-4 
2.183e-4 -9.402e-5±2.218e-4 

(nm) 

2.2189±0.0050 
0.7011 ±0.0016 
0.2215 ± 0.0005 
0.0701 ±0.0002 

Cramer-Rao 

lower bound(nm) 

2.3448 
0.7415 
0.2345 
0.0741 

Table 7.5. Cramer-Rao lower bounds and Monte Carlo results for varying y. 

The results are somewhat disconcerting. In each case, we have beaten the Cramer-

Rao lower bound for what we can infer is an unbiased estimator. At this point it is wise to 

consider a representative plot showing the minimization function / as a function of the 

parameter h. We will consider the case where the average number of photons is 10,000. 
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For one realization of data, the result is shown in figure 7.8. 

41 1 1 I I r r I 
0 SO 100 ISO 200 250 300 

R (ntn) 

Figure 7.8. Representative plot of minimization function / for one realization of data. 

Two inmiediate results are apparent from this plot. First, there are local minima. 

The local minima are a result of values of h where the fiinction / goes to infinity. The 

finite values exhibited in the plot are a result of the sampling chosen. Secondly, while not 

shown in figure 7.8, we do observe the curve repeating every half wavelength. For a 

double-pass system this is expected, and it poses little concern. 

The discontinuities are easily identified by examining the minimization function 

in (7.19). For any measurement m, if the mean value is equal to zero for a given value 

of h, the natural log is minus infinity. While we may expect a similar cusp to appear at or 



255 

near the trae value (^ = 0.0 in figure 7.8), we need to evaluate the limit as ijih) tends 

to 0 of /(A), where = 0.0. We can invoke a well-known limit in mathematics that 

says lint xlnx = 0. Applying this result here, we have 
x~*0 

r/ff lUm=0)xl4rUh)]-rT„(h)} = 0. (7.24) 

This explains why we see no discontinuity or cusp at or near the ML estimate. The term 

that causes problems in the log-likelihood function is equal to 0, in the limit as 

^ • 

Some insight may be gained by examining the transcendental equation arrived at 

in chapter 6 for this experimental configuration. In our effort to arrive at an analytical 

solution for the ML estimator in the four-step, 90° phase-shift scenario, we found that 

i80 - 82)-MPho-*'g2) 
tan[J}) = - 7  r — ^ ,  ( 7 . 2 5 )  

where = -47ch/X. Using the same realization of data as in figure 7.8 , we can plot the 

left-hand side (LHS) and right-hand side (RHS) of (7.25) as functions of h. The results 

are shown in figure 7.9. Each curve is labeled accordingly. 

The plot shows one period of the two fiinctions. The curves repeat every half 
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wavelength, as expected. The intersection points agree with the results found in the 

minimization program and the minimums shown in figure 7.8. The appearance of local 

minimums is not a concern, provided the minimization program does not become trapped 

in a local minimum at the expense of finding the global minimum, which is by definition 

the ML estimate. By suitably sampling each half wavelength period and repeating the 

minimization program at new starting points for the same data set, we can find all the 

minimums. A check on the actual log-likelihood function value then reveals which is the 

global minimum and hence, the ML estimate. 

RHS 

-2 
LHS 

LHS 

RHS 

ISO 200 100 
h (nm) 

Figure 7.9. Transcendental equation results for one realization of data. 
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This leads us back to our original concern; the Monte Carlo results beat the 

Cramer-Rao lower bounds. A representative minimization fimction plot and the 

corresponding transcendental equation plot offered little explanation. Despite the 

appearance of local minima and despite the discontinuities, the minimization function 

appears rather well-behaved at and near the maximum-likelihood value. We have to now 

take a somewhat more theoretical approach to this anomaly. 

In chapter 3, we discussed the generally assumed conditions that make the 

maximum-likelihood estimator the best choice under most circumstances. This includes 

the fact that if an efficient estimator exists, it is the maximum-likelihood estimator. We 

can restate the conditions here and investigate our present situation. The regularity 

conditions restated are that 

must exist for every h&il and for almost all /. The parameter space is deHned by £2 and 

is presumed to be an open, non-degenerate interval. Similarly, for every hsQ, 

d In p(1|A) In p{\\h) In p(l|A) 

dh ' dh^ ' dh^ 
(7.26) 

(7.27) 
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— oo < 

oo 

I d^p{l\h) 

dl^ 
p(l\h)dl<0. (7.28) 

The key is in the deHnition of the parameter space 12 and in the definition of a Poisson 

distribution (Denny, 1999). The Poisson distribution is defined as 

P„= —.n=0,l,2 . . . . ,  {129) 
n! 

where n > 0 .  The mean value is defined on the open interval n  e (0,oo). This is the key 

to our anomaly. 

From one point of view, the estimation task here is to estimate the mean of the 

Poisson distribution 1^, which is an invertible function of the unknown parameter h. As 

shown in chapter 3, the maximum-likelihood estimator of a function is the function 

evaluated at the maximum-likelihood estimate of the unknown parameter, provided the 

function is invertible and everywhere defined for the unknown parameter. In the case 

where the true value of h yields = 0 in a given system model, we not only violate the 

definition of the Poisson distribution but also the requirement of the regularity conditions 

which states that the parameter space must be an open interval of which the true 

parameter value is an interior point (Lehmann, 1983). 
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Furthennote, for non-regular cases (the regularity conditions are not met), "it is 

often possible to find non-biased estimates of 'abnormally high' precision, i.e. such that 

the variance is smaller than the lower linut...for regular estimates." (Cramer, 1951). 

It should be pointed out that this applies to any combination of true value of h, 

phase-shift and initial phase offset that lead to a measurement of zero mean. We 

investigated one possible scenario where the true value of h was O.Onm, the phase-shift 

was 90° and the initial phase offset was O*'. For the purposes of this dissertation, it is 

sufHcient to say that the discrepancy between the Monte Carlo results and the Cramer-

Rao lower bound is caused by the violation of the regularity conditions, in particular the 

boundary requirements, and the statement by Cramer. We can now proceed with our 

simulations. 

7.3.2 Four measurements at 90°: true value ofh variation. 

The next simulation again involves the classic four-step design as before. This 

time we will vary the true value of h while keeping all other design parameters constant. 

We have maximum visibility with equal irradiance in each arm, a wavelength of 589.3nm 

and no initial phase offset between the arms. The true values of h chosen for the Monte 

Carlo experiments were Hq -[0,±0.01X,±0.05X,±0JX,±0J25X,±0.2X, ±0.25X 

, ± 0.3X, ± 0.375A, ± 0.4X and ± 0.5A]. fa each case, 100,000 trials were run and the 

jackknife analysis performed on the resulting data. It should be noted we are assuming a 

mean value of 10,000 photons throughout this investigation. Therefore the parameter 7 
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is constant. 

Figure 7.10 show the standard deviation results and error bars. The Cramer-Rao 

lower bound is shown as a solid line, and it was calculated to be 0.234Snm. As in the 

Gaussian noise case, it is constant with respect to the true value of h. Unlike the Gaussian 

case, we have no formal derivation of this result for the Poisson case. The results suggest 

that for those true values of h that did not lead to a zero mean value in the measurements, 

the ML estimator is efficient and the uncertainty is given by the Cramer-Rao lower 

bound. 

Of considerable interest is the fact that for when ho is an integer multiple of Af 8, 

we surpass the lower bound slightly. This is due to the zero-mean measurement that 

results from this phase-shift, as in the case detailed above when ho s 0. 

Figure 7.11 shows the calculated mean values from these same simulations. The 

solid line represents the true values used while the asterisks represent {fiMi) calculated 

for each trial. Based on these results, we can infer that the ML estimator is unbiased, 

although a rigorous proof has not been done. 

As a comparison to the ML estimator, we can choose the conventional algorithm 

associated with the 4-step phase-shifting interferometer. 

hMi=-—tan -I 
4k 

hzh 
h - h \  

(7.30) 
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Figure 7.10. Four measurements at 90° phase-shifts: <jr results. The asterisks are the 
ML 

Monte Carlo results using the ML estimator, complete with error bars. The solid line is 

the Cramer Rao lower bound. The results that surpass the Cramer-Rao lower bound occur 

at ^ = integer multiples of X/8. 
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Figure 7 .11. Four measurements at 90° phase-shifts : ( h ML) results. The asterisks are the 

Monte Carlo results using the ML estimator. The solid line denotes the true value of h 

used in the simulation. The error bars are too small for the scale shown. 
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The implementation was straightforward enough. The algorithm was used at the 

conclusion of the minimization routine, and the value was stored along with the ML 

result. The results were analyzed in the jackknife routine as well. 

Figure 7.12 shows the resulting (h^ for the analytical expression. The results are 

shown as open circles, while the results for the {h^i) are shown again as asterisks. Once 

again we can infer that both the ML estimator and the conventional four-step analytical 

expression are unbiased. We also see the inherent ambiguity associated with the inverse 

tangent operation. In all fairness, the ML estimate also exhibits this ambiguity. The 

difference is that the minimization program was started near the true value for each 

simulation. While this is not a requirement for the minimization algorithm to work, it 

does ensure the resulting estimate is not subject to any A/2 ambiguity. 

The resulting standard deviation for each simulation using the conventional 

algorithm (open circles) and the ML estimator (asterisks) are shown in figure 7.13. The 

conventional algorithm does not achieve the Cramdr-Rao lower bound although the 

results do suggest it is also independent of the true value of the surface parameter h. The 

conventional algorithm does not exhibit the "super-efficiency" at integer multiples of 

X I 8 .  

The uncertainty using the conventional algorithm is along the same value as that 

calculated in the additive Gaussian noise investigation. From our calculation and the 

results in Table 7.1 we have for the Cram6r-Rao lower bound, <T> = 0.3316nm. 
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Figure 7 .12. Four measurements at 90° phase-shifts : Comparison of (it) . The open 

circles are the Monte Carlo results using the conventional four-step algorithm, the 

asterisks are the Monte Carlo results using the ML estimator. The solid line is the true 

value of h used in the simulation. 
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Figure 7.13. Four measurements at 90° phase-shifts : Comparison of ah. The open 

circles are the Monte Carlo results using the conventional four-step algorithm, the 

300 

asterisks are the Monte Carlo results using the ML estimator. The solid line is the Cramer 

Rao lower bound. The results that surpass the Cramer-Rao lower bound occur at ho = 

integer multiples of A-/ 8 . 
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Table 7.6 shows the results from the Monte Carlo simulation for both the ML 

estimator and the conventional algorithm. 

Table 7.6. Monte Carlo results for ML estimator and conventional 4-step algorithm. 

For the Poisson ML estimator, we see very good agreement with the Cramer-Rao 

lower bound, s 0.234Snm, apart from the expected problems at true values of h 

which are integer multiples of X/8. For the conventional algorithm, there is excellent 

fk) 

(nm) (nm) 

-294.70 
-235.70 
-221.00 
-176.80 
-147.30 
-117.90 
-73.70 
-58.90 
-29.50 

-5.90 
0.00 
5.90 

29.50 
58.90 
73.70 

117.90 
147.30 
176.80 
221.00 
235.70 
294.70 

0.22153 ±0.00050 0.33226 ± 0.00074 
0.23485 ±0.00052 0.33284±0.00075 
0.22155 ±0.00050 0,33230 ± 0.00075 
0.23448 ± 0.00053 0.33171 ± 0.00074 
0.22155± 0.00050 0.33230 ±0.00075 
0.23459 ± 0.00053 0.33117 ± 0.00074 
0.22153 ± 0.00050 0.33226 ± 0.00074 
0.23481 ±0.00053 0.33212 ± 0.00074 
0.23423 ± 0.00052 0.33277 ± 0.00075 
0.23460 ±0.00052 0.33172±0.00074 
0.22153 ±0.00050 0.33226 ± 0.00074 
0.23432 ± 0.00053 0.33130 ±0.00074 
0.23494± 0.00053 0.33131 ±0.00074 
0.23485 ±0.00052 0.33284 ± 0.00075 
0.22155 ± 0.00050 0.33230 ± 0.00075 
0.23448 ± 0.00053 0.33171 ± 0.00074 
0.22155 ± 0.00050 0.33230 ± 0.00075 
0.23459 ± 0.00053 0.33117 ± 0.00074 
0.22153 ±0.00050 0.33226 ±0.00074 
0.23481 ±0.00053 0.33212 ±0.00074 
0.22153 ±0.00050 0.33226 ±0.00074 
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agreement between the Monte Carlo results and the Cramer-Rao lower bound calculated 

for the four-step design in the Gaussian noise investigation, = 0.3316nm. 
ML 

We can see why this is the case if we consider how the noise was defined for the 

Gaussian case. There, we defined the standard deviation of the noise as being 1% of the 

incoherent sum of irradiances from each arm. For this particular conHguration, that is 

precisely 1% of the average of all four measurements. Here, we defined gamma such that 

the average over all four measurements was 10,000 photons. In the Poisson model, the 

mean equals the variance so the standard deviation of the noise is equal to the square root 

of the mean or 100. A simple calculation reveals that the standard deviation of the noise 

is precisely 1% of the average over all four measurements. 

It should be made clear the noise models are not identical in that the Gaussian 

case assumed the noise was signal-independent. The Gaussian distribution assumed for 

the noise was identical for each measurement. In the Poisson model, the noise is signal-

dependent. That is, the mean is equal to the calculated true irradiance value for the 

particular measurement. The difference in this case appears not to significantly alter the 

expected performance 

7.3.3 Five measurements at 90 

The next series of simulations involved five measurements. The system 

parameters remained the same as in the four-step case above, and the same series of urue 
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values of h was investigated. The phase-shift between measurements remained 90°. The 

purpose was to examine how the expected performance changed with the inclusion of a 

Hfth measurement. Also included for comparison was Hariharan's algorithm as given in 

(7.17). The value of gamma remained constant, y = 2.183 x 10"̂  a result from the four-

step investigation above where we set the average number of photons to 10,000. 

For a true value of h of O.Onm, the calculated Cramer-Rao lower bound was 

> 0.2345nm. This wasn't surprising since the fifth measurement in this scenario is 

nothing more than a repeat of the first measured irradiance. In that sense, there is no new 

information, hence the Cramdr-Rao lower bound remains the same. In equation (7.23) we 

have shown how the Cramer-Rao lower bound is a function of the derivative of the 

irradiance. In this particular case, the fifth measurement is a maximum value where the 

derivative is zero. In this case, the fifth measurement does nothing to improve the 

Cramer-Rao lower bound. 

The interesting result comes when the true value of h changes. Table 7.7 shows 

the results from the Monte Carlo simulations for both the ML estimate and the analytical 

result from Hariharan's algorithm, as functions of the true value of h. For companson, the 

calculated Cramer-Rao lower bound is also included. 

Figure 7.14 presents these results in graphical form, fo this and all the following 

figures, we will use a solid line again to depict the theoretical Cramer-Rao lower bound, 

while the asterisks denote the Monte Carlo results for the ML estimator. The open circles 

denote the Monte Carlo results from Hariharan's algorithm. 
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at Cramer-Rao 
"HarUuum 

(nm) (nm) (nm) (nm) 

-294.65 0.22147 ± 0.00049 0.33220 ±0.00074 0.23448 
-235.72 0.21667± 0.00048 0.27820±0.00062 0.21652 
-220.99 0.20350 ± 0.00046 0.28792 ±0.00064 0.20972 
-176.79 0.19484 ± 0.00043 0.32887 ±0.00074 0.19457 
-147.32 0.16599 ± 0.00037 0.33201 ±0.00074 0.19145 
-117.86 0.19465 ±0.00044 0.32796 ±0.00074 0.19457 
-73.66 0.20383 ±0.00045 0.28768 ± 0.00064 0.20972 
-58.93 0.21650 ± 0.00049 0.27785 ± 0.00062 0.21652 
-29.46 0.22904 ± 0.00051 0.30518±0.00068 0.22907 
-5.89 0.23430± 0.00052 0.33033 ±0.00074 0.23424 
0.00 0.22147 ± 0.00049 0.33220± 0.00074 0.23448 
5.89 0.23463 ± 0.00052 0.32975 ± 0.00074 0.23424 

29.46 0.22925 ±0.00051 0.30519 ± 0.00068 0.22907 
58.93 0.21667 ± 0.00048 0.27820 ± 0.00062 0.21652 
73.66 0.20350 ± 0.00046 0.28792 ±0.00064 0.20972 

117.86 0.19484 ±0.00043 0.32887 ± 0.00074 0.19457 
147.32 0.16599 ± 0.00037 0.33201 ±0.00074 0.19145 
176.79 0.19465 ±0.00044 0.32796 ± 0.00074 0.19457 
220.99 0.20383 ±0.00045 0.28768 ± 0.00064 0.20972 
235.72 0.21650± 0.00049 0.27785 ±0.00062 0.21652 
294.65 0.22147 ± 0.00049 0.33220± 0.00074 0.23448 

Table 7.7. Cramer-Rao lower bounds and Monte Carlo results for ML estimator and 
Hariharan's algorithm: 90** phase-shifts. 

The most obvious result is the dependence on the true value of h exhibited in the 

theoretical Cramdr-Rao lower bound as well as both estimators. The results suggest the 

ML estimator is efficient, attaining the Cramer-Rao lower bound with the notable 

exception again ath = integer multiples of X/8. For these configurations, we have a zero 

value in the measured irradiances. The results show that Hariharan's algorithm fails to 

achieve the Cramer-Rao lower bound. 
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Figure 7.14. Five measurements at 90° phase-shifts: Comparison of a;;,. The 

open circles are the Monte Carlo results using the Hariharan five-step algorithm, the 

asterisks are the Monte Carlo results using the ML estimator. The solid line is the Cramer 

Rao lower bound. The results that surpass the Cramer-Rao lower bound occur at h0 = 

integer multiples of A/ 8 . 

For completeness, figure 7.15 shows the mean of the estimates over the 100,000 

trials. The solid line indicates the true values of h curve. For both, the results suggest the 

estimators are unbiased. The offset seen in the results for Hariharan's algorithm are due to 
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Figure 7.15. Five measurements at 90° phase-shifts : Comparison of (h .̂ The open 

circles are the Monte Carlo results using the Hariharan five-step algorithm, the asterisks 

are the Monte Carlo results using the ML estimator. The solid line is the true value of h 

used in the simulation. 

the fact that Hariharan's algorithm assumes a n phase offset between the arms of the 

interferometer. The system modeled here did not include any phase offset. 
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7.3A Five measurements at 72 ° 

From our derivation and results in the Gaussian noise investigation, we found that 

when the phase-shift A is equal to InjM, where M is the total number of 

measurements, an analytical solution for the ML estimator was found. Furthermore, we 

found the Cramer-Rao lower bound did not depend upon the true value of h. While a 

similar derivation and analytic result were not found in the Poisson case, we can still 

investigate the behavior through Monte Carlo simulations. In this investigation, the 

system parameters remain unchanged. The value of gamma was held at y = 2.183 x 10'̂  

Hariharan's algorithm was again used for comparison purposes. We are interested in the 

behavior of the estimates and the Cram€r-Rao lower bound as a function of the true value 

h. The values investigated are the same as in the previous simulations. The only change is 

the phase-shift implemented, A =72° 

The results from the simulation appear in table 7.8 and graphically in Hgure 7.16. 

As in the Gaussian noise case, the Cram6r-Rao lower bound is independent of the true 

value of h. The results also suggest the ML estimator is efRctent. We note however, that 

the problem of "super-efficiency" again arises at ho = ±0J05X and ±025X. In these 

cases, a zero in the measured value is obtained. Conversely, Hariharan's estimator fails to 

achieve the lower bound for all true values investigated. Furthermore, there is a 

dependence on the uncertainty with ho, as in the Gaussian noise investigation. 

From the results plotted in figure 7.17 we can infer that the estimators are 

unbiased. The offset seen in the Hariharan estimators are once again due to the system 
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Figure 7.16. Five measurements at 72° phase-shifts: Comparison of arz. The 

open circles are the Monte Carlo results using the Hariharan five-step algorithm, the 

asterisks are the Monte Carlo results using the ML estimator. The solid line is the Cramer 

Rao lower bound. The results that surpass the Cramer-Rao lower bound occur at ho = 

integer multiples of A/ 8 . 
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Figure 7.17. Five measurements at 72 o phase-shifts : Comparison of (h) . The open 

circles are the Monte Carlo results using the Hariharan five-step algorithm, the asterisks 

are the Monte Carlo results using the ML estimator. The solid line is the true value of h 

used in the simulation 
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fk) 
^HarUiaran 

Cramer-Rao 

(nm) (nm) (nm) (nm) 

-294.65 0.21023 ±0.21023 0.28978 ± 0.00065 0.20972 
-235.72 0.21021+0.21021 0.34023 ± 0.00076 0.20972 
-220.99 0.20966±0.20966 0.36121 ±0.00081 0.20972 
-176.79 0.20998 ±0.20998 0.40012 ± 0.00089 0.20972 
-147.32 0.20326 ±0.20326 0.38267 ± 0.00086 0.20972 
-117.86 0.21006 ±0.21006 0.34053 ±0.00076 0.20972 
-73.66 0.21040 ±0.21040 0.29200 ± 0.00066 0.20972 
-58.93 0.21023 ±0.21023 0.28987 ± 0.00065 0.20972 
-29.46 0.20331 ±0.20331 0.29025 ± 0.00065 0.20972 
-5.89 0.21002 ±0.21002 0.28959 ± 0.00064 0.20972 
0.00 0.21023 ±0.21023 0.28978 ±0.00065 0.20972 
5.89 0.20946 ±0.20946 0.28882 ± 0.00065 0.20972 

29.46 0.20337 ± 0.20337 0.30150±0.00067 0.20972 
58.93 0.21021 ±0.21021 0.34023 ± 0.00076 0.20972 
73.66 0.20966 ± 0.20966 0.36121 ±0.00081 0.20972 

117.86 0.20998 ±0.20998 0.40012±0.00089 0.20972 
147.32 0.20326 ± 0.20326 0.38267 ± 0.00086 0.20972 
176.79 0.21006 ±0.21006 0.34053 ±0.00076 0.20972 
220.99 0.21040 ±0.21040 0.29200 ±0.00066 0.20972 
235.72 0.21023 ±0.21023 0.28987 ±0.00065 0.20972 
294.65 0.21023 ±0.21023 0.28978 ±0.00065 0.20972 

Table 7.8. Cramdr-Rao lower bounds and Monte Carlo results for ML estimator and 
Hariharan's algorithm: 72° phase-shifts. 

model. We did not incorporate any phase offset between the interferometer arms as 

assumed in Hariharan's algorithm. 

7.3.5 Summary ofPoisson noise investigation. 

We have briefly investigated how maximum-likelihood estimation theory could be 

used in conventional interferometry to estimate the surface profile parameter h under the 
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assumption of signal-dependent Poisson noise. While no general analytical expression 

was derived for this model, we did show how a transcendental equation could be used in 

one specific case where the phase shift A was equal to 90° 

In the cases investigated, the ML estimator was shown to be unbiased, efficient 

and independent of h, when the phase-shift A was equal to iKj Af, for M = 4 and 5. 

Furthermore, we showed how the ML estimator outperformed two conventional 

algorithms, in terms of the variance of the error of the estimate on h, in all the cases 

investigated. Once again we have to keep in mind these comparisons are made under the 

assumption that the uncertainty in the measurements is predominantly due to Poisson 

noise. 

Perhaps of most interest is the super-efficiency observed for the ML estimate. 

This occurred only under certain circumstances where the mean value of a given 

measurement was zero. The reason for this was the violation of open-interval boundary 

requirement for the regularity conditions. It is better to be super-efficient than not to be 

efficient at all. 

7.4 Phase-Shift Uncertainty Investigation. 

In chapter 6 we considered the case where the phase-shift was plagued by additive 

Gaussian noise. The mean was equal to the desired phase-shift but an uncertainty was 

added to each measurement. The uncertainty was characterized by a Gaussian distribution 

with a mean equal to 0 and a user-defined standard deviation. Under this assumption we 
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derived the log-likelihood function and thus, the minimization function necessary for the 

Monte Carlo simulation. 

M~1 

cos -I 
 ̂  ̂ 4nh ' 
mA——+\ir 

\ a ) 
, (7.31) 

m=0 

where the parameters are as defined in the previous models. From the likelihood function, 

we derived an analytical expression for the maximum-likelihood estimator. 

I 
m=0 

cos -1 

\ J 
-(mA+yr)^. (7.32) 

Of considerable interest was the final result for the Cram6r-Rao lower bound, 

2 .  (7.33) 

which is independent of all parameters except the number of phase-shift measurements M 

and the noise variance (T . It is independent of the actual phase-shift employed for the 

particular model under investigation. 
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While theoretically the results are well-behaved, it should be readily apparent that 

a computer simulation will have some problems due to the ambiguous nature of the acos 

function. The function acos is defined for the finite interval [-1,1], and the value 

returned is in the finite interval [0, n]. Let's consider the simple case where we have 

maximum visibility such diat Ia=Ib- 2. Furthermore, we will assume the true value of h 

is 0 and there is no phase offset between the arms, yr ~0. 

If we consider the conventional 4-step, 90° phase-shift model and consider the 

final measurement at 270°, we have I3 - 2. Let us assume no noise for the moment. The 

result in (7.31) is 

1 f f t  4Kh 
-  — +  •  (7.34) 

The component of the mininuzation function is a minimum not at the required /t = 0 but 

rather at h = X/8. Individually this is not a concern but when considered with the other 

components, this leads to inconsistencies and incorrect results. The same is true for the 

analytical result for the ML estimator in (7.32). 

The solution employed here was to reconsider the second term in the summation 

in (7.31). By first taking the cos of the expression, then the acos of the result, we would 

force the term into the region [0, k\. Our new minimization function is then 
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M-l 

•. (7.35) 

m-0 

Since tlie Cramer-Rao expression does not involve any acos expression, we do not need 

to make any modifications to (7.33). 

In the scarch algorithm, the first and second derivatives of / with respect to h 

must also be modified to reflect the new minimization function. For the first derivative 

the result is 

where P = -4nhlk + yf. The multiplicative term cannot be simplified to I since its sign 

depends on the numerator. The second derivative is then 

m=0 

M-I 

(7.37) 

m=0 



which is constant with respect to the parameter h. 

There is another point which should be mentioned concerning the derived 

expressions. The results for the minimization function in (7.31) and its derivative with 

A 

respect to h, as well as the analytical expression for hf^i in (7.32), depend on the 

parameters and . We defined these earlier as 1^= -litest h - ̂ 'J^ref^test 

simply for the sake of clarity in the equations. These are never actually measured but 

calculated. One can make the argument that an expression for the ML estimator must be a 

function solely of the measured data. However, we can argue that the individual 

irradiances can be measured and thus, and If, can be calculated. These are subject to 

the same noise considerations as the actual phase-shifted measurements. In this case, 

where the uncertainty is primarily due to phase-shift errors, the individual irradiances 

from each arm are not subject to phase-shifts and in that sense, error-free. As this is an 

introductory look at phase-shift errors, we will neglect this point, and the simulations will 

utilize the calculated values of and If,. 

7.4.1 Four measurements at 90°. 

With the above modifications, we can proceed with our computer simulations. 

First, we will consider the classic four-step, 90" phase-shift model. Once again, we will 

assume the irradiances are equal from each arm of the interferometer. We will consider 

the case where the true value of h is O.Onm and there is no phase offset between the arms. 

The standard deviation of the phase-shift uncertainty is 1". We will also implement the 
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conventional algorithm. 

r A _y 
h -—-tan ' 

4k \ h ~ h j  
(7.38) 

on the same data for comparison purposes. A total of 100,000 trials was performed 

The Cramer-Rao lower bound for this model is 0.4092nm, The results from the 

jackknife analysis of the ML estimates are = 02135nm±0.0016 and = 

0J102nm±0.00ll. The conventional algorithm results are l^h) = OJOOllnm±O.OOl8 and 

= 0.5786nm±0.0013. While we can infer the conventional algorithm is unbiased, we 

cannot say the same for the ML estimator. Both estimators fail to achieve the lower 

bound. 

Before we make any rash decisions regarding the usefulness of the ML estimator, 

we need to look into the results somewhat to determine what the problem may be. Figure 

7.18 shows histograms from the 100,000 Monte Carlo simulation. While the histogram 

appears normally distributed for the conventional algorithm, as we would expect, the 

resulting ML estimator histogram is unusual to say the least. It suggests the minimization 

function has local minima which may be corrupting our results, meaning the numerical 

search is forced into a local minimum at the expense of finding the ML estimate. We 

need to examine the minimization function for a particular realization of data. 
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Figure 7.18. Histograms of Monte Carlo results, 
(a) ML estimator (b) Conventional algorithm. 
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Figure 7.19. The minimization function/, as a function of the estimate h, for two 
realizations of data, (a) Trial 1 (b) Trial 2. 
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Figure 7.19 shows/as a function of the parameter h. The curve shown in (a) 

appears as a simple, continuous and differentiable function with one global minimum. 

The numerical minimization algorithm has no problem finding the minimum for this 

realization of data. 

Of more interest is the result in figure 7.19(b). Quite clearly we have the 

appearance of a local minimum. We can find the local minimum, depending on the 

direction the minimization algorithm proceeds. The question is why does this local 

minimum appear for some data and not others, a difference seen in these two examples. 

We can explore this further by examining the individual components of the 

minimization function / as seen in figure 7.19(b). Figure 7.20 shows the individual 

functions plotted versus h. Form = 0 and 2, we see two minima appear. The reason 

for this should now be apparent. The mean value for die phase-shift in these 

measurements results in a maximum and in a minimum, respectively. There is an 

A 

ambiguity as to the sign of which minimizes the function value 

To perhaps better illustrate this, we'll consider a simple example where the 

function of interest is 

(7.39) 
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Figure 7.20. Individual components of the minimization function / in figure 7.19(b). 

Assuming h'is 0 and considering m = 0 initially, we have that the maximum value is 4. If 

the phase-shift is plagued by noise, the measured value must be less than this. Arbitrarily, 

we can choose lo = 3.955. The question then is what value of h fits the curve to the data? 

A straightforward calculation shows that h' = 9.67 is the solution. Unfortunately, so is h' 

= -9.67. The curves are plotted in figure 7.21 

Figure 7.22 shows the results for our example when m s 1. In this case, there is no 

ambiguity. The curve for h' - -9.67 does not cross the data point, whereas the curve for h' 

= 9.67 nts the data. In this case, the component of the minimization function^=/ has a 

single minimum at A' = 9.67. 
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Figure 7.21. An example of the ambiguity in the m = 0 measurement. 
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Figure 7.22. An example of the ambiguity in the m = 1 measurement. 
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The results seen in Hgure 7.18 and the example of the ambiguity shown in Hgure 

7.21 suggest one possible solution would be to consider multiple starting points in the 

numerical minimization algorithm. We can search over a half wavelength period for all 

the possible local minima, then we can compare the function values at these minima and 

choose the global minimum. The value of h which yields the global minimum is the ML 

estimate. 

The system parameters remained identical to the previous run but the multi-

solution algorithm was implemented. The results are somewhat interesting. Rather than a 

single, Gaussian shaped distribution, we see two distinct modes in Hgure 7.23. The results 

from the analysis of the data are {Hmi) = 0.0007nm±0.0019 and = 

0.6 lOOnm ± 0.0008. 

At this point we will consider three cases that do not involve any measurements 

near an extreme of the minimization function components /„. First, we will add a 

constant phase offset of 45° between the interferometer arms. With all other parameters 

remaining the same, the results from this simulation are {Hmi) - -0.000lnm±0.0013 

and <Jr = 0.4098nm±0.0009. The Cramer-Rao lower bound for this case is again 
"AO, 

0.4092nm. The results suggest the ML estimator is unbiased and efScient for this 

scenario. The histogram of the results appears in figure 7.24. 

For the next case, we can set the true value of the parameter h to one-tenth of a 

wave, 58.93nm. We return the phase offset to 0 and all other parameters remain the same 
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as in the original four-step, 90° phase-shift case. The results for the ML estimator are 

\itML) = 58.9299nm± 0.0013 and ahML = 0.4098nm± 0.0009. For the conventional 

four-step algorithm we have (it)= 58.9306nm±0.0017 and ah = 0.5275nm±0.0012. 

The histogram of the results appears in figure 7 .25. 
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Figure 7 .23. Histogram of Monte Carlo results for multisolution investigation. 
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Figure 7 .24. Histogram of Monte Carlo results for 45° phase offset investigation. 
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Figure 7.25. Histogram of Monte Carlo results for hrrue = 58.93nm investigation. 
(a) ML Estimator. (b) Conventional Algorithm. 
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The interesting result is that the conventional algorithm is performing better than 

in the case where the true value of the parameter h was O.Onm, suggesting there is a 

dependence on the true value of h. The conventional algorithm showed a constant 

performance in the previous noise models. 

For the final simulation of this particular noise model, we thought we would put 

the Cramer-Rao lower bound to the test. The equation in (7.33) is independent of all 

parameters except the number of phase-shift measurements and the standard deviation of 

the phase-shift uncertainty. In this simulation we set the phase-shift to 50® and the phase 

offset to 20®. The true value of h remained 58.93nm. 

0.4063nm± 0.0009. These results suggest that the ML estimator is unbiased and efficient 

with a standard deviation consistent with the Cramer-Rao lower bound of0.4092nm. The 

lower bound did not change with the change in the phase-shift parameter as predicted in 

the expression for the Cramer-Rao lower bound in (7.33). The histogram for these results 

appears in Hgure 7.26. 

7A.2 Summary of phase-shift error investigation. 

In this section we took a preliminary look at maximum-likelihood estimation 

theory for the case where there is phase-shift uncertainty. We found that a theoretical 

derivation required a minor modification in the log-likelihood function in order to be 

implemented in practice. The problem steimned from the range of the function acos. 

The results for this simulation are = 58.9333nm±0.0013 and <Tj 
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Figure 7 .26. Histogram of Monte Carlo results for hrrue = 58.93nm investigation. 
Four measurements at a 50° phase-shift and a 20° phase offset. 

An analytic expression for the ML estimator of h was theoretically derived but its 

implementation was complicated by this same acos range problem. We need to pursue 

this further to determine if an analytic expression is to be derived using the modified form 

of the likelihood function 

An inherent ambiguity in measurements near an extremum further complicated 

simulations. The rFsulting histogram of 100,000 results showed the ML estimates were 

distributed in a bimodal distribution. This ambiguity was not present in simulations where 
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the measurements were not near the extremum of the irradiance. In these cases, the ML 

estimate was unbiased and efficient, as suggested by the results. We need to examine this 

further before we draw any conclusions as to the viability of ML estimation for phase-

shift error analysis. 

In the following chapters we will turn our attention to implementing these same 

techniques of estimation to the case where there are three test-surface parameters to 

e s t i m a t e ,  t h e  s u r f a c e  p r o f i l e  p a r a m e t e r  h  a n d  t h e  c o m p l e x  i n d e x  o f  r e f r a c t i o n  n  +  i k .  
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CHAPTERS 

PHASE-SMMNG INTERFEROMETER/ELLIPSOMETER: 

INVESTIGATION OF CONVENTIONAL DESIGN 

In the preceding chapters, we focused our attention on how maximum-likelihood 

(ML) estimation theory could be applied to conventional phase-shifting interferometry to 

extract the unknown surface profile parameter h. Furthermore, we showed how Cramer-

Rao lower bounds could be used to access the performance of a particular system design 

in this task. 

In the next phase of this dissertation, we will show how a simple modification of a 

classic four-step phase-shifting interferometer can be used to evaluate both the real and 

imaginary components of the complex refractive index, n and k, respectively, and h of the 

test surface, thereby combining the function of a profilometer with that of a 

microellipsometer. The final results of such a system are maps of the surface profile as 

well as maps of the real and imaginary parts of the complex index of refraction. 

The proposed technique utilizes both TE and TM polarized light to obtain a total 

of eight measurements of the test surface. The measured irradiance was shown to be a 

complicated, nonlinear function of the parameters in question in chapter 5. As such, no 

analytical solution exists for this task. Instead, the parameters in question are extracted 
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from the data using ML estimation theory. The result, 0 , is that value of 6 at which 

the likelihood function is a maximum. In this chapter, 0 refers to the parameter vector 

[n k /{], 6 refers to parameter estimate vector [/i k h\ and I refers to the measured 

irradiance data vector. A Monte Carlo experiment where 0 is found for N  data 

realizations or trials, is performed and the bias and variance of the resulting ML estimates 

are computed and compared to the true values used in the model and the Cramer-Rao 

lower bounds, respectively. 

We are assuming throughout this discussion that the measured irradiance is 

corrupted by independent and identically distributed Gaussian noise. In this chapter we 

will consider one particular system, a four-step, 90** phase-shift model with an F/1.0 

objective and no test-surface tilt. We will investigate the application of ML estimation 

theory and Cramer-Rao lower bounds to this particular system, as well as the tools 

developed for an in-depth analysis of the Monte Carlo results. Chapter 9 will then focus 

on the optimization of the performance through modifying system parameters. 

8.1 The Phase-Shifting Interferometer Model. 

In chapter 5, we considered the phase-shifting interferometer computer model 

rather exhaustively. We will present the final results here to lay the foundation for our 

discussion. 
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The irradiance at the detector plane, as a function of the three parameters of 

interest, is given by 

where 

E /./. I E 
fjrdrdc,pjjr.a}='"' ""T , (8.2) 

pupil 

Alt 
E 

^TEST = JJ 
pupil 

We are making no assumptions regarding the test surface tilt, the reference arm pupil 

configuration or the complex index of refraction. In equation (8.1), the subscript j denotes 

polarization while m denotes the particular phase-shift measurement. In the equations for 

the electric Helds, the parameter Eg refers to the mcident electric Held into the respective 

arm. In the reference arm expression we have included the phase-shift term A and the 

measurement m. The test arm expression contains the unknown parameter h in the phase 

term for a double-pass system, exp{i47chlX). 
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Both anns include the integral over the pupil of the complex Fresnel reflectivity 

function Pj{r,a), which is a function of the complex index of refraction, the polarization 

and the angle of incidence, 

( , ,  , N c o s ^ - c o s r  
cos(l> + Ncos(t>' ' N cos(^+cos^' 

where N = n + ik. The angle of incidence 0 is related to the pupil radial coordinate r 

and the angular coordinate a by 

(8.5) 

where the surface tilt is denoted by 6, and the focal length of the objective is fo. The 

angle of refraction can be expressed in terms of the parameters above and is given by 

cosl0') = -hjj-
^n+ik^ 

(8.6) 

The only assumption made is that the reference arm material is known and therefore this 

integral can be performed. The result is in general complex, and we can write it as an 
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amplitude and phase, . The test arm, however, has unknown parameters n and 

k, and we will leave the integral in the final expression. 

In the minimization program and the Cram€r-Rao lower bound expression, it is 

necessary to evaluate the partial derivatives with respect to the parameters n, k and h as 

well as the second partial derivatives. The partial derivatives are given by the general 

expression, 

= [^REF + ̂ TESTI 
(dB TEST 

d0i j 
+ [^ii£F + ^TEST] 

^^TEST 
dOi 

, (8.7) 

where and E-pg^r are given in (8.2) and (8.3), respectively. The second partial 

derivatives are given by 

dBiddi' 
= [^REF + ̂ TEST ^test] 

( :^2 
 ̂ t̂est 
ddidBi' ^ 

Be-TEST dE-
\* 

TEST 
BOi' 

dEjEST 
\* 

ddi J dOi' J dBi ^ 

f dE TEST 

(8.8) 

The intermediate expressions, as well as the simplifications, for the partial derivatives 

and the second partial derivatives of the test-arm electric-Held appear in chapter 5. As we 

will see, these results are of fundamental importance to the simulations. 
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8.1.1 Circularly symmetric approximation to the irradiance equation. 

Having given the expressions in their most general form, we will now make one 

simplification which reduces the computation time considerably. For the case where the 

pupil is circularly symmetric and there is no tilt of the test surface, the angle of incidence 

is simplitied to 0 = tan~^{rf f^). The expression for the test-arm E-field also simplifies 

as a result, 

Ak 
2E e>- "f 'T 

ETEST J DA J RDRPJ^ (r). (8.9) 

'^min 

The factor of 2 arises from the symmetry of the pupil mask. We need to consider only one 

transparent region of the mask in our evaluation, and the result is equivalent for the 

symmetric transparent region. 

The integral over the angular pupil coordinate is trivial and the result is, 

Atc 
4a E e ^ 'T 

Ete!̂  j (8.10) 

""mm 

This simplification is incorporated into the final irradiance expression (8.1), the partial 

derivative result (8.7) and the second partial derivative result (8.8). 
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The result in (8.10) is our final expression for the test-arm E-field in the computer 

simulation. It is instructive to consider a simpler and more recognizable expression by 

realizing that the integral of the complex reflectivity over the pupil in the test arm is itself 

complex and may be expressed as an amplitude and phase, as was the case in the 

reference arm, 

We substitute this into our expression for the test-arm E-field (8.10), and we can recast 

the expression for the irradiance in perhaps a more familiar form, 

where and are the irradiance from the reference arm and test arm, respectively. 

The phase term can be written as fij = -4ith[X - yfj, where the subscript j  still 

denotes polarization. A conventional phase-shifting interferometer and algorithm cannot 

discriminate between the phase associated with the surface profile and the phase 

associated with the complex index of refraction of the test surface, tf^both polarizations 

jrdrdapj^Jr) = ̂ j^y^^"« .  (8.11) 

(8.12) 

and we have defined yrj = ~yJust 
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are employed, we would have two sets of data from which we could estimate the phase 

and three unknowns. Therefore, we must find an alternative means of extracting the 

parameters of interest from the measured irradiances. 

8.2 Maximum-Likelihood Estimation Theory. 

The interferometer we are investigating in this chapter utilizes both TE and TM 

polarized light and employs four phase-shift measurements for each polarization, for a 

total of eight measurements. We assume that each irradiance measurement is corrupted by 

independent and identically distributed (i.i.d.) noise obeying Gaussian statistics with a 

known variance of a . The measured irradiance can be written as 

w h e r e  / i s  t h e  m e a s u r e d  d a t a ,  lj^{n,k,h) is the mean value given by (8.1) and rij^ is 

the random noise in the measurement. While the magm'tude of the noise is unknown, rfj^ 

does obey a known probability law p where 

(8.13) 
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Solving for rij^ in (8.14) and substituting into (8.13), we obtain 

p{ljJ^ = n.k.h) = ̂ exp 
2a' 

(8.15) 

The noise is presumed i.i.d., so the probability of obtaining all eight measurements is 

simply the product of the individual probabilities on Ij„ given the parameter vector 0, 

/ 3 

j=0 m=0 
2<T^ 

(8.16) 

The result in (8.16) is called the likelihood function. Often, the natural log is taken 

without loss of generality since the logarithm is a monotonic U'ansformation, and the 

result is the log-likelihood function, 

I 3 

j=0 m=0 

(8.17) 

Given the observed data vector I and the log-likelihood function, the maximum-
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likelihood estimator, >sthe 6 that maximizes /7(l|6). Since //i[p(l|6)] is a well-

behaved, continuous and differentiable function, we have that at the maximum the 

gradient must be equal to 0, under our assumption of regularity conditions. Therefore, we 

differentiate (8.17) with respect to each parameter and set the results equal to 0. 

I 3 

L^Kiie)]} = i ][/> - ?>.(e)]^['>.(e)l =  0 ,  
j=Om=0 

e=0A/L(i) 

(8.18) 

^Wp(«e)l} 

I 3 

j=0m=0^ 

= 0 ,  

e=0A/t(i) 

(8.19) 

I 3 

0=6^1.(1) ^ • 
. 2 X XI d h 

j=0m=0^ ^ 
= 0. 

9=BMLil) 

(8.20) 

These equations must be solved simultaneously. While in certain circumstances 

an analytical solution is possible, as we saw in the A-only case in chapter 6, the 

complicated, nonlinear relationships involved in this application prohibit an analytical 

form of the solution from being readily found. An alternative approach is to solve for the 
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ML estimate numerically by employing a search algorithm to find the value of 6 that 

maximizes (8.17) for a particular realization of data I. 

8.3 Cramer-Rao Lower Bound. 

The motivation for Ending the ML estimator is best understood by considering 

first the variance of any unbiased estimator. The Cram6r-Rao Inequality Theorem for the 

multiparameter case states that, for any unbiased estimator fl(I) of the deterministic 

parameter d,-, the variance of the error of the estimate is 

< = ((a,(i)-e,-f) a (8.21) 

where (tI is the variance of the estimate, and [ / "'1 is the element of the 
«(• I J a 

inverse of the Fisher Information matrix J. The elements of J are given by the general 

expression 

'' J I , 
p(l|e). (8.22) 

The integral is over all phase-shift measurements M and both polarizations. 
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The Cramer-Rao Inequality Theorem gives us a lower bound on the variance of 

the error. In this sense, it may be regarded as a quantitative assessment of the system's 

performance. If the ML estimate is efficient, the variance of the error is given by the 

Cramer-Rao lower bound. If the ML estimate is not efficient, then we do not know how 

good the estimate d is, in general. Furthermore, we do not know the variance of the 

error for any estimate because it was shown that if an efficient estimator exists, it is the 

ML estimator. The proof of this important result is found in chapter 4, complete with 

references. 

In order to calculate the Cramdr-Rao lower bounds, we must evaluate the Fisher 

Information matrix according to (8.22). The general expression for the partial derivative 

of the irradiance is 

(8.23) 

j=0 m=0 

We can substitute (8.23) into (8.22) to get 

oo 

J \ j m ^ j' ni ^ ) 

(8.24) 
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where the dependence of the mean values I„j on the parameter vector 6 is implicit. We 

can reanange this rather daunting integral by interchanging the sununations with the 

integral and by pulling out all the terms that are not functions of the data values 1. The 

result is 

oo 

VHlleV"'/. (8-25) 
^ J m r m' « ^ 

—.OO 

We are assuming the noise is i.i.d. Gaussian. The integral in (8.25) is then 

identically 0 when y * f and , and the noise variance when j = f and 

m = m'. We can write this as 

/ m f m' ® 

which simpUHes to our Hnal result, 

J m ® 
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The resulting Fisher Information Matrix (FIM) for our three-parameter investigation is a 

nonsingular 3x3 matrix. 

FIM = -^ 
nn  ̂nk nh 

J k n   ̂kk - f k h  

^hn  ̂hk J hh 

(8.28) 

To compute the Cramer-Rao lower bounds, we need to invert the 3 x 3 FIM. The 

method employed is through cofactors and is relatively simple to implement for a 3 x 3 

matrix, especially in a computer program. We won't elaborate on the method, but instead 

we refer the interested reader to any particular text on linear algebra (Strang, 1988). The 

diagonal elements of the inverse are the Cramer-Rao lower bounds for the parameters of 

interest. 

8.4 Monte Carlo Experiment. 

In order to evaluate the viability of using ML estimation theory to extract n, k and 

h, a Monte Carlo experiment was performed. The true parameter values for the test 

surface are detined at the onset of the experiment. With these true values, we can 

calculate the mean irradiance values 7j„{n,k,h) according to (8.1). A random-number 

generator is then employed to add Gaussian noise to each, thereby generating a simulated 

data set. The ML estimates are found numerically through the optimized search algorithm 
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described below and stored in a file. The entire process is repeated a user-defined number 

of times, and the resulting data are analyzed with the jackknife technique. The mean and 

variance of the ML estimates are then compared to the true values and the Cramer-Rao 

lower bounds, respectively. The purpose is to see if the estimates are unbiased and 

efficient. 

The programs developed to perform the Monte Carlo simulation are very similar 

to those developed for the ^-only investigation. In fact, the A-only programs are simplified 

versions where the search routine on the parameters n and k is literally turned off. There 

are some important di^erences which must be mentioned and which we will now 

consider. 

8.4.1 Minimization technique. 

In order to find the ML estimates, an efficient minimization technique had to be 

employed to find the minimum of the function 

/(/I, k, h) = -p(lle) = ~ ̂ 2jta 

1 3 

~TZ2 
j'=0 m=0 

(8.29) 

The search algorithm developed uses a combination of several techniques and three 

distinct steps. The first step employs the conjugate gradient algorithm detailed in 

Numerical Recipes for C, 2nd ed. (Press et aL, 1992). The starting point is arbitrarily 
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chosen, and the conjugate gradient method minimizes f{n,k,h) with respect to n and k at 

the Hxed, user-defined initial value of h. The values of n, k and h as well as the function 

value are stored as {na.kQ.hg) and , respectively, and are used as the starting point in 

the bracketing part of the algorithm described next. The conjugate gradient technique is 

employed initially due to its stability and speed of convergence in the n and k at fixed h 

case, regardless of the starting point chosen. 

It's instructive to consider some representative plots at this time. Figure 8.1 shows 

/i) as a function of the parameters n and kforh- -0.5nm, Onm, and 5nm. These 

plots show the functional form of the curve and the minimum found by the conjugate 

gradient algorithm. The figures were generated using a representative data set from the 

F/1.0 system under investigation in this chapter. We will define the parameters in a 

subsequent section, prior to analyzing the results. 

The next step is a bracketing technique where the minimum of f{n,k,h) with 

respect to n and k is found at Hxed values of h. The procedure is to increment ^ by a 

small, Hxed amount Ah and reminimize f{n,k,h) with respect to n and k while h 

remains constant. The minimization method employed here is a modified Newton-

Raphson technique which we will discuss in the next section. Figure 8.2 shows how 

f{n,k,h) behaves as a function of the parameter A. Each point on this curve represents 

the value of f{n,k,h) which has been minimized with respect to n and k for each fixed 

value of h shown. Figure 8.3 shows a 3-d plot of the unique behavior between the values 
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Figure 8.1. J(n,k,h) as a function of nand k for fixed values of h. 
( a) -0.5nm, ( b ) O.Onm and ( c ) 0.5nm. 
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of nand k which minimize J(n,k,h) at fixed values of h. All these plots are for the same 

particular realization of data I. 

This process of incrementing h by a fixed amount and reminimizing J(n,k,h) 

with respect to n and k continues until a minimum value is bracketed. In other words, the 

minimization proceeds by literally "walking" along the curve seen in figure 8.2, 

reminimizing f(n,k,h) with respect ton and kat each step, until a minimum value of 

J(n,k,h) is bracketed. The values of n, k and hat the bracketed minimum are stored as 

the temporary result and serve as the starting point for the final step. 
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Figure 8.2. J(n,k,h) as a function of h. The functionfis minimized with respect ton and 

k for each value of h. 
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Figure 8.3. Minimum values of nand k found as a function of h. The asterisk denotes the 
bracketed minimum for a particular realization of data. 

In the final step, we assume the temporary minimum of J(n,k,h) is near the 

absolute minimum and only a small adjustment in the three parameters is necessary to 

converge to this point. The modified Newton-Raphson technique applied to all three 

parameters is employed to find this small adjustment. The final result is stored in a data 

file, and the entire procedure is repeated N times, with a new data set I each time. 
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8.4.2 The Modified Newton-Raphson Technique. 

In the optimized search algorithm described in 8.4.1, we employ the modified 

Newton-Raphson technique both in the bracketing step, where we are minimizing 

J(n,k,h) with respect ton and kat fixed values of h, and in the final step where we have 

bracketed a value very near the absolute minimum and a final adjustment on all three 

parameters n, k and his required to find this absolute minimum of J(n,k,h). The 

technique developed to accomplish both tasks is based on the Newton-Raphson method 

for finding the roots of a function. 

Under our assumption that the regularity conditions must hold, a necessary 

condition for any extremum is that the gradient must equal zero. We can use this fact to 

develop an iterative process that locates the extremum for any given starting point. At a 

given point, we evaluate the gradient and the second partial derivatives with respect to the 

parameters of interest. We can use the Hessian matrix to find the required change in the 

parameters so the gradient at the new point is equal to zero. This process assumes the 

function J(n,k,h) is well-approximated by a quadratic near the minimum. The process is 

repeated with the new parameter values until a prescribed tolerance condition is met. The 

tolerance may either be on the function value or, as in this case, the gradient itself. 

In the bracketing part of the algorithm, we are interested only in the parameters n 

and k. We can write the above in mathematical form as 
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at(n(l) k(l) h) 2 2 
0 U(n(l) k(l) h) a f (n(l) k(l) h) L1n 

dn ' ' 2 ' ' dndk ' ' dn 
= + 2 2 

(8.30) 

0 a f (n(l) k(l) h) a f (n(l) k(l) h) U(n(l) k(l) h) L1k dk ' ' dkdn ' ' 2 ' ' dk 

where L1n and L1k are the change in n and k, respectively. Solving for the change in 

parameters, we obtain 

L1n 
2 -1 

() f (n(l) k(l) h) () f (n(l) k(l) h) 
dn dk ' ' dn ' ' 

= 2 
U(n(l) k(l) h) 

2 ' ' dk 
() f ( (!) k(l) h) 
dk n ' ' 

(8.31) 

L1k 

The new parameter values are given by 

n(l+1) = n(l) + L1n , k(l+1) = k(l) + L1k. (8.32) 

The process is repeated until the change in the derivative with respect to each parameter 

is less than a defined tolerance, 

df (n(1+1) k(l+1) h)- df (n(l) k(l) h) <JxJo-10 i=l==>n i=2==>k (8.33) 
()(). ' ' ()() . ' ' - ' ' . 

l l 
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The values of the parameters nand kat this minimum of J(n,k,h) for a given, 

fixed value of h then serve as the starting point for the subsequent minimizations in the 

bracketing part of the optimized search algorithm, 

(8.34) 

Upon completing the bracketing part of the optimized search algorithm, it is 

assumed that the found minimum of J(n,k,h) lies very near the absolute minimum of 

interest and only a small adjustment on the three parameters is required to find this 

absolute minimum of J(n,k,h). In this final step, we employ the modified Newton-

Raphson technique again except we must consider all three parameters n, k and h. In this 

case, 

a2t a2J a2J 
-1 

t1n aj 
an2 anak anah an 

t1k 
a2J a2J a2J aj 

(8.35) = ak an ak2 akah ak 

a2J a2J a2t aj 
t1h a han ahak ah2 ah 

The tolerance condition is the same, but it must be met on all three parameters, 
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() f (n(l+l) k(l+l) h)- () f (n(l) k(l) h)< 1e-10 
()(}. , , (}(). , , - ' 

l l 

(8.36) 

i = 1 ~ n, i = 2 ~ k, i = 3 ~h. 

The advantage of the modified Newton-Raphson technique is its speed. For a 

given starting point, this method rapidly converges to the required minimum in both the 

two- and three-parameter applications required in the optimized search algorithm. Its 

disadvantage is obvious from figure 8.1. If the starting point is in the flat region, the 

derivatives and second derivatives are 0 and the program attempts to divide by zero and 

locates the minimum near infinity. The solution to this problem in the bracketing part is 

to ensure that the step size L1h is small enough that the result from the previous 

minimization, ( nmin, kmin, h l) , which serves as the starting point, ( nmin, kmin, h l + L1h) , 

for the current minimization, does not yield a result in the flat regions seen in figures 8.1. 

In the final part, the minimum of J(n,k,h) found in the bracketing scheme presumably 

lies near the absolute minimum and this problem is not a concern. 

The time involved to find one set of solutions depends on several factors, most 

notably the starting point. The time-costly aspect of this search algorithm resides in the 

fact that for every new value of nand/or k, the integrals of the Fresnel reflectivity, as well 

as the first and second partial derivatives, must be recalculated for both polarizations. 

This becomes somewhat trivial when the analytic form of these integrals is used, but that 

applies only to the circularly-symmetric, no-tilt simulations. In other models, these 
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integrals must be evaluated numerically. In general, it takes the simulation approximately 

5-10 seconds, from the time it generates one set of simulated data to when it writes the 

ML estimates to file. 

8.4.3 Random number generator. 

The three methods of generating random numbers discussed in chapter 7 were 

employed here. We won't elaborate on them here other than to say that the process is 

analogous to that described in the h-only Gaussian noise investigation. Two uniformly 

distributed random numbers, y 1 and y2 , are generated and the simulated data is given by 

the analytical solution, 

(8.37) 

In this case, the mean value is the calculated mean irradiance for the particular 

measurement I jm, and the standard deviation is user-defined in terms of percentage of 

the mean value of the measurements. For example, we can choose 1%, 

1 1 3 -
a =O.oix-LLIJm· 

B j=Om=O 

(8.38) 
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8.4.4 Data reduction and analysis. 

The Monte Carlo experiment produces N data sets, with each data set comprised 

of the ML estimates on n, k and h for a given realization of data. From these data, we 

wish to estimate the bias and variance of the estimates on the parameters in question. A 

C++ program utilizing the jackknifing technique was developed to do so. The 

jackknifing algorithm was discussed in detail in chapter 7, and the process is identical 

except now we are operating on three sets of data, each treated independently. 

8.5 System Parameters. 

With the computer simulations developed, we can proceed with our first 

simulation. First we need to specify the system parameters of our four-step, 90° phase

shift model. 

The true values chosen for n, k and h were 0.47, -2.83 and O.Onm, respectively. 

The complex index is for gold at a wavelength of 589 .3nm, the wavelength chosen for 

this simulation. The pupil parameters were arbitrarily set to rmin = O.Omm, rmax = 

25.0mm and a 0 = ± 20°. The overall pupil dimension was R = 25mm. Figure 8.4 shows 

the diagram of the pupil and the parameters defined above. The focal length of the 

objective lens was set to 50mm for an F/1.0 system. Therefore, the minimum angle of 

incidence onto the test surface was 0° and the maximum was 26.57°. 
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Figure 8.4. The pupil mask and its defining parameters. 

In these first simulations, we assumed the reference arm was ideal, meaning the 

reflectivity was unity for all angles of incidence and both polarizations. Furthermore, we 

assumed the pupil in the reference arm was simply a circular pupil of radius R = 25mm. If 

we return for a moment to our expression for the reference-arm reflectivity, we see that 

the integral over the complex reflectivity is now simply the area of the circular pupil A0, 

(8.39) 

The incident electric fields into each arm were determined by an approximation 

technique where we assumed the reflectivity in the test arm was 0.9 for all angles of 
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incidence and both polarizations.We niade no assumptions about the phase. The values 

were derived under the assumption that they would yield equal irradiances from each arm. 

Finally, the standard deviation of the noise was set to 1% of the mean of the eight 

measurements. The total number of data trials in the simulation was 20,000. 

8.6 Simulation Results. 

The first results we will consider are some of the intermediate results from the 

Cramer-Rao lower-bound calculation. For the incident electric fields, we have an 

amplitude of 0.995 for the test arm and 0.0995 for the reference arm. From our definition, 

these are the values for both polarizations. The result of this was a test arm to reference 

arm irradiance ratio of 4.06 for TE polarization and 3.95 for TM polarization. The 

approximation used to calculate the incident electric fields into each arm in order to get 

maximum visibility was not valid but that isn't a concern for the moment. The Monte 

Carlo simulator has the same definitions incorporated in the data generation and 

minimization. The programs are self-consistent, we are just not at maximum visibility 

where we would expect the best results, based on the A-only investigation. 

The Cramdr-Rao lower bounds for this system are - 0.1326, ~ 0.4362 and 

cr^ = 4.668Inm. The lower bound on h is of most interest. It is over an order of 

magnitude worse than in an equivalent four-step, 90° system where h is the only unknown 

parameter to be estimated. 
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Three Monte Carlo simulations were performed, each using a different random 

number generator. The resulting bias and standard deviation for the three parameters of 

interest are shown in table 8.1. The random number generator and its initial seed are seen 

above its respective column. 

The results are most interesting. While the Monte Carlo results suggest the ML 

estimate on h is unbiased and efficient, the results for the ML estimates of n and k are 

biased and inefficient. The results are consistent for the three random number generators 

used. From here on, we will consider only the ran2 random number generator and its 

results. 

random(I) ranl(-10) ran2(-l) 

" m l  

{^ml) 

CTr (nm) 
"ML 

0.5019 ± 0.001173 

0.1659 ± 0.002078 

-2.8895 ± 0.003367 

0.4761 ± 0.003571 

0.0213 ± 0.03296 

4.6617 ± 0.02344 

0.5070 ± 0.001207 

0.1707 ± 0.001956 

-2.9039 ± 0.003437 

0.4861 ± 0.003565 

-0.1058 ± 0.03321 

4.6970 ± 0.02374 

0.5036 ± 0.001170 

0.1654 ± 0.002834 

-2.8955 ± 0.003340 

0.4724 ± 0.003620 

-0.0499 ± 0.03260 

4.6097 ± 0.02303 

Table 8.L Mean and standard deviation of and hj^i^ for three Monte Carlo 

simulations where a different random number generator was used in each experiment. 
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Figure 8.5 shows a plot of the estimates for each data realization plotted as a point 

in 3-D space. We would expect in such a plot to see a 3-D Gaussian distribution, centered 

on the true value with a spread or blur dictated by the Cramer-Rao lower bounds. Instead, 

we have a rather unique distribution which seems to suggest a relationship between the 

ML estimators. 
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Figure 8.S. Scatter plot of ML estimates for Au, hg =O.Onm. 
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It is also instructive to consider the histograms of the results. Figure 8.6 shows the 

histograms for each of three parameters. The histogram of the ML estimates of nand k 

"' show a definite skew. The histogram of hML results, however, shows a normal 

distribution, as we would expect for an unbiased and efficient estimator. These 

histograms are consistent with the numerical results. 
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Figure 8.6. Histograms of the Monte Carlo simulation results for Au, h0 = O.Onm. 

(a) nML, (b) kML and (C) hML. 
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8.7 Analysis of Simulation Results. 

With the results of this simulation, we will now turn our attention to two 

analytical methods developed to both explain the results seen in a simulation as well as 

predict the results of future simulations. The two tools we will consider are the Lorentz 

analyzer and the approximate ML density technique (MLD). The Lorentz analyzer helps 

to explain the relationship between the ML estimates and the scatter plot seen in figure 

8.5. The MLD is useful for predicting the histogram or distribution of ML estimates for a 

given system. 

8.7.1 Lorentz analyzer. 

The resulting scatter plot in figure 8.5 suggest a relationship between the ML 

A 

estimators. In appendix B, we derived a relationship between and as well as 

and . The final results were 

I r ,n 

(1-q) +(gr) (1-g) +[gt) 

where g and t are defined as 

Pt 
(8.41) 
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The assumption was that the integral over the pupil of the Fresnel reflectivity for 

the test surface was reduced to normal incidence. This eliminates the integral and the 

Fresnel reflectivity reduces to a simple expression for the amplitude and phase on 

reflection for both TE and TM polarized light The interesting result is that the dependence 

is solely on the amplitude and phase due to reflection of the test material and the 

wavelength. Of course this is a direct consequence of the normal incidence assumption. 

The name "Lorentz" arises from the derived results. The relationship between 

A 

^ML ^ML typically referred to as the real Lorentz lineshape while the relationship 

A A 

between and hf̂ î is referred to as the imaginary Lorentz lineshape. 

We can evaluate and for our test material and overlay the 

appropriate projection of the 3-D scatter plot in flgure 8.5 onto the curve to compare 

results. For our F/1.0 system under investigation here, the true values chosen for the test 

surface are hq =0.47 and kg =-2.83. The magnitude of the reflectivity for TE polarized 

light at normal incidence is pj- = 0.9029 and the phase is (p-p = 2.4774 radians. The true 

value of the surface proflle parameter Hq is O.Onm and the wavelength is S89.3nm. The 

results appear in flgure 8.7 

The results show excellent agreement between the Monte Carlo results and the 

A A 
theoretically predicted relationships between and hî i. We also gain some 

insight into the numerical results. For the chosen noise variance in this simulation, our 

results lie over nonlinear regions of the curves. This helps to explain why the ML 
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estimate on h was unbiased and efficient while the same could not be said for the ML 

estimates on n and k. 
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Figure 8.7. Scatter-plot projections onto Lorentzian analyzer results for Au, hg =O.Onm. 

A future consideration would have to be what effects the pupil parameters have on 

the Lorentz analyzer results. Under the assumption of only normal incidence, the 

derivation of (8.40) proceeded relatively easily. It would be rather difficult to extract the 

real and imaginary components of integral results as seen in appendix A and repeat the 
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same derivation. Our feeling is that such a derivation would result in similar expressions 

and relationships that are perhaps bounded or restricted to certain values. In such a case, 

you would see the same functional form but restricted to a certain portion of the curves 

seen in figure 8.7. Presumably the Monte Carlo results would lie on these restricted 

portions of the curves. In that respect, this technique would serve as a more useful tool to 

predict the performance of a certain design. At this stage, it is a very interesting result and 

comparison. Despite this, we will continue to present results from Monte Carlo 

simulations overlaid on the Lorentz analyzer results. 

8.7,2 Approximate maximum-likelihood density. 

The second analysis tool developed concerns the histogram seen in figure 8.6. In 

appendix C we have derived a functional form for evaluating the joint ML density 

p(6 j. The motivation for doing so is to explain the unique distributions seen in the 

histograms of the Monte Carlo simulation results. The Hnal result from our investigation 

is 

/ " • I \ r , t 
Py^ML'f^ML'^MLfO'l^O'fh)J = -* —^P\ (8.42) 

where we have the 3 x 8 matrix G defined as 
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G = 

dn 

dk 

dh 

dn dn 

dk dk 

dh dh 

dn 

dk 

^hM4^Ml) 
dh 

and the 8 X I vector As is the difference of the inadiance evaluated at the ML estimates 

and the irradiance at the true values, for the four TE measurements and the four TM 

measurements, 

As = hE4(^ ML) - hE4M 

HMI (® A/L)- (®O) 

/m4 ̂  ML)-fm4 (®o) 

(8.44) 

The projection matrix Pq is defined as Pq = G'jcG'] G. 

By suitably sampling the three-dimensional estimate space, we can numerically 

evaluate (8.42). We can sum over two of the three estimators and obtain the probability 

density function of the third ML estimator, conditional upon the true values. We can 

compare this to the histograms obtained from the Monte Carlo results or use this to 
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predict the expected performance of the system under investigation. 

There are two assumptions in our derivation of (8.42). The first is that the 

nonlinear function under investigation is continuous and differentiable. Secondly, we 

assume the nonlinearity is weak relative to the data variance. Both of these points are 

expanded upon in appendix C. 

For our F/1.0 system with no tilt and the true values hq =0.47, kQ =-2.83 and 

ho = O.Onm, the result are shown in figure 8.8. The histograms from the Monte Carlo 

results are shown now in staircase form to better compare to the results from the ML 

density calculation, shown as a line. For all three parameters, we have excellent 

agreement between the theoretical derivation and the simulation results which confirms 

both the theory and the potential usefulness of this technique to predict the performance 

for this particular system. 

From the results observed here and in the Lorentz analysis, we appear to be in a 

weakly nonlinear region which explains the numerical results observed from the Monte 

A 

Carlo simulation where both riî i and are biased and non-efficient. 

By "nonlinear" we mean the projection of the ML estimates on the Lorentz results 

are distributed over a curved or otherwise nonlinear portion of the results. The result in 

the ML density analysis are skewed distributions for and . 
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Figure 8.8. Comparison of the histograms from the Monte Carlo simulation results and 
the approximate ML density results, shown as a solid line. 

( a ) n ML , ( b ) k ML and ( c ) h ML. 

8.8 Variation of System Parameters. 

In chapter 8, we will consider optimizing the system design to improve 

· performance. Here, we would like to investigate how the fundamental properties of the 

test surface affect the performance. The changes we will consider are the variation of the 

true values of the test-arm surface, n0 , k0 and ho. 

8. 8.1 Gold, ho = -1 OOnm. 

In this first modification, all parameters remain constant with the exception of the 

true value of the surface profile parameter ho. We will arbitrarily choose -1 OOnm for our 
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true value and repeat the analysis and Monte Carlo simulation. Furthermore, we are using 

the exact solutions derived in appendix A in our simulations. We expect a minor variation 

from the previous results where the approximate sampling over the pupil technique was 

used. 

The Cramer-Rao lower bounds for this system are (T/j = 0.1325, = 0.4360, and 

CTf̂  = 4.6652nm. These are consistent with the restilts for the  ̂= O.Onm case and the 

slight variation is due to the exact solution of the integrals. The Cramer-Rao calculation, 

for the case where Hq = O.Onm and the exact integral solutions were employed, produced 

the identical lower bounds. Therefore, this minor variation is not attributable to the 

change in Hq. 

The results from the Monte Carlo simulation are shown in table 8.2 

^ML ^ML ^ML 

mean 0.5045 ± 0.00118 -2.8973 ± 0.00338 -100.058 ± 0.0329 
(7 0.1664 ± 0.00192 0.4776 ± 0.00346 4.6527 ± 0.00233 

A A 

Table 8.2. Mean and standard deviation of ^ML for Au, Hq = -lOOnm. 
Monte Carlo simulation results. 

The scatter plot of the results appears in figure 8.9 and the histograms, overlaid with the 

approximate ML densiQr results are shown in Hgure 8.10. The results are consistent with 

our results from the original investigation where Hq = O.Onm. The results for hf̂ i and 

A A 
k\fi exhibit a bias and are not efficient, while the results on are unbiased and 
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efficient. The restilting distribution and histograms are analogous to those previously seen 

for the  ̂= O.Onm case. We can infer that the true value of h does not affect the 

performance of a system at least not for the particular case where four measurements at 

90° phase-shifts are made for each polarization. 

c-100 

-105>. 

Figure 8.9. Scatter plot of ML estimates for Au, HQ = -lOO.Onm. 
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Figure 8.1 0. Histograms of the Monte Carlo simulation results for Au, ho = -1 OO.Onm. 

( a ) n ML , ( b ) k ML and ( c ) h ML. 

Of considerable interest is what happens to the Lorentz analysis results. Figure 

8.11 shows the Monte Carlo data plotted over the Lorentz analysis results for the true 

value ho = -1 OOnm. Because of the relationship of n ML and k ML to the true value ho, 

we simply see an offset of the theoretical curves to the new true value of ho. Otherwise, 

there is excellent agreement between the theory and the Monte Carlo results. 
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Figure 8.11. Scatter-plot projections onto Lorentzian analyzer results for 
Au, ho = -100nm. 

8.8.2 Aluminum, ho = O.Onm. 
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For the next simulation, we will again maintain our system parameters, but now 

we will replace the test surface with aluminum, whose true values for the complex index 

of refraction are n0 = 1.44 and k0 = -5.23. The value of ho was reset to O.Onm. Since we 

are changing the r~flectivity of the test arm, we expect the average over the eight 



measured irradiance values to change. Therefore the noise variance will change. We will 

remain consistent with our original system definition that the standard deviation of the 

noise is 1% of the mean of the eight measurements. 

The Cram6r-Rao lower bounds for this system are = 0.8003, = 1.3946 and 

= 4.9928nm. While the change in cr̂  is relatively small, the change in <T/i and are 

approximately a factor of 6 and 3, respectively, when compared to the gold results. A 

possible reason for this is the variation in the reflectivity of gold and aluminum. We will 

explore this in more detail later in this chapter. For the moment we will investigate the 

Monte Carlo results. 

The distribution of the 20,000 Monte Carlo results is seen in figure 8.12. From 

this plot alone, we can infer the ML results will be poor in terms of bias and efficiency. 

The results are distributed over a very nonlinear region. The analysis of the data confirms 

this observation and the results are shown in table 8.3. 

^ML ^ML ÂfZ.(nm) 

mean 1.9239 ± 0.01220 -5.5297 ± 0.01095 -0.02933 ± 0.03486 
a 1.7256 ± 0.03553 1.5485 ± 0.01245 4.9294 ± 0.02452 

Table 8.3. Mean and standard deviation of and hi\̂ i for Al, hg = O.Onm. 

Monte Carlo simulation results. 

The results show a definite bias on the ML estimates of n and k. Furthermore, the 

standard deviation is larger than the predicted Cram6r-Rao lower bound, suggesting the 
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estimates are not efficient. The results on the parameter n are comparatively worse by 

these two criteria. Despite the worse performance on n and k, the results suggest the 

estimate of h is unbiased and efGcient, with a lower bound only slightly larger than the 

previous example using gold as the test mirror. 
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Figure 8.12. Scatter plot of ML estimates for Al, = O.Onm. 

The histograms and ML density results aie shown in Hgure 8.13. Of most interest 

is the fact that the ML density results are no longer an accurate representation of the 
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histograms. This suggests that the approximation concerning the noise or data variance in 

the calculation of the approximate ML density is no longer valid. That is, the distribution 

of the data points is large relative to the nol)linearity. This provides some insight as to 

why the results on n and k are so poor in terms of the large bias and non-efficiency. 

"' The results for hML however, show a symmetric Gaussian-type distribution, 

centered on the true value of hand a standard deviation predicted by the Cramer-Rao 

lower bo~nd. The approximate ML density results however, do not correspond with the 

histogram, indicating again that we can assume the approximation that the nonlinearity is 

weak, relative to the noise or data variance, is no longer valid. 
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Figure 8.13. Histograms of the Monte Carlo simulation results for AI, ho = O.Onm. 

(a) nML, (b) kML and (c) hML· 
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Perhaps the best insight as to the Monte Carlo results comes from the Lorentz 

analysis. Figure 8.14 shows the projection of the hî i and Monte Carlo results 

onto the axis. The solid lines are the theoretical results for aluminum computed with 

(8.40). The distribution is over a large range of values and over a very nonlinear portion 

of the curves. We would not expect the estimates on n and to be efHcient in this case 

and this is conflrmed from the analysis of the Monte Carlo results. 
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Figure 8.14. Scatter-plot projections onto Lorentz analyzer results for Al, ^ = Onm. 
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8.8.3 Aluminum, Hq = -lOO.Onm. 

With aluminum in the test arm, we will proceed to vary the true value of h for the 

sake of completeness. Based on our results using gold in the test arm, we expect the 

performance to remain the same, both in terms of the Cramer-Rao lower bounds and the 

Monte Carlo results. 

The Cram€r-Rao lower bounds for this system are <7  ̂ = 0.8003, = 1.3946 and 

(7  ̂ - 4.9928nm. As expected they are the same as in the previous aluminum example. 

The analysis of the Monte Carlo results is shown in table 8.4 

A A 

mean 1.9461 ± 0.01278 -5.5352 ± 0.01101 -100.0322 ± 0.03531 
a 1.8080 ± 0.03686 1.5564 ± 0.01061 4.9931 ± 0.02484 

Table 8.4. Mean and standard deviation of hĵ i, kĵ i and for Al, Hq = -lOO.Onm. 
Monte Carlo simulation results. 

The performance is comparable to our previous example where HQ = O.Onm. The scatter 

plot appears in Hgure 8.15, the projections onto the Lorentz curves in Hgure 8.16 and the 

histograms and ML density results in figure 8.17. As in the case with gold, there is no 

change in the expected performance of this particular system design as a function of the 

true value of the parameter h. 



Figure 8.15. Scatter plot of ML estimates for AI,  ̂= -lOO.Onm. 
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Figure 8.16. Scatter-plot projections onto Lorentz analyzer results for Al,  ̂= -lOOnm. 
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Figure 8.17. Histograms of the Monte Carlo simulation results for AI, ho = -100.0nm. 

( a ) n ML , ( b ) k ML and ( c ) h ML. 

8.8.4 Gallium Arsenide, ho = O.Onm. 

The final example we will consider is gallium arsenide or GaAs. We are also 

going to change to operating wavelength to 632.8nm, the HeNe laser line. The complex 

index of refraction for this material at 632.8nm is n0 = 3.8560 and k0 = -0.196. The 

value of ho was reset to O.Onm. Once again, we are assuming the standard deviation of 

the noise is 1% of the mean irradiance over all 8 measurements. 

The Cramer-Rao lower bounds are an, = 0.0736, ak = 0.6545 and aft = 

4.7670nm. From the analysis of the Monte Carlo results shown in table 8.5, we can infer 

once again that the estimates on n and k exhibit a definite bias while the estimate on h is 
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A 
unbiased. While appears to be efficient, the ML estimate on n continues to exhibit a 

non-efficiency. Of most interest is the fact that is super-efficient, beating the 

Cramer-Rao lower bound. 

"A/L hf4i^{nta) 

mean 3.7489 ± 0.01084 -0.1791 ± 0.04218 0.0036 ± 0.03339 
a 0.1533 ± 0.00152 0.5965 ± 0.00258 4.7219 ± 0.02352 

Table 8.5. Mean and standard deviation of hf̂ i, and forGaAs, Hq = O.Onm. 

Monte Carlo simulation results. 

In chapter 7 we saw a similar result for the case where Poisson noise dominated 

our A-only investigation. In that case, the super-efficiency was a result of a violation of 

the regularity conditions. In this case we have no such violation. Rather, we must 

consider two other qualitative possibilities. First, there is a definite relationship between 

the estimates of the parameters n, k and h. This was proven in the Lorentz analysis in 

appendix B and shown throughout the previous examples. For GaAs, the distribution of 

the ML estimates of n may be over a nonlinear region of the Lorentz curves and at the 

same time, the distribution of the ML estimates of k is restricted to a particular region of 

the Lorentz curve, with respect to k, whose variance is less than the predicted value. 

Figure 8.18 shows the scatter plot of the 20,000 results from the Monte Carlo 

investigation. Once again, we are faced with a rather strange distribution overestimate 

space, suggesting we are indeed operating over a nonlinear region of the Lorentz curves. 
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A second possibility concerns the theory of biased estimators. It can be shown 

(Van Trees, 1968) that the Cramer-Rao lower bound for a biased estimator is expressed 

by the inequality, 

which is analogous to our expression for an unbiased estimator except for the derivative 

of the bias term B{6) with respect to the parameter to be estimated 6. The bias is deHned 

Without knowing the functional form of the bias, we are unable to evaluate the 

above lower bound. We are concemed with unbiased estimators in this dissertation so we 

will conclude this brief discussion of biased estimators with the statement that, depending 

on the functional form of the bias, we can beat the simple Cramer-Rao lower bound, and 

this should not cause us concern. 

{l+dB{d)lde) ,2 

(8.45) 

by 

(8.46) 
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Figure 8.18. Scatter plot of ML estimates for GaAs, ho = O.Onm. 
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Figure 8.19 shows the histograms of the Monte Carlo results and the approximate 

ML density results. This may offer some insight since the ML density theory assumes the 

data variance is small with respect to the nqnlinear relationship between the parameters of 

interest and the measured irradiance results. 

There are distinct discrepancies in all three cases. This confirms our suspicion that 

the noise variance is not necessarily small relative to the nonlinear relationship between 

the parameters n, k and h and the measured irradiance. This can cause unpredictable 

results and figure 8.20 supports this conclusion. This point is graphically illustrated in 

appendix C with an example. 
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Figure 8.19. Histograms of the Monte Carlo simulation results for GaAs, ho = O.Onm. 

( a ) n ML , ( b ) k ML and ( c ) h ML . 
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Figure 8.20. Scatter-plot projections onto Lorentz analyzer results for GaAs, Hq = O.Onm. 

8.9 Fresnel ReflectiviQr Considerations. 

The results so far have shown that an F/1.0 system with no test surface tilt does 

not perform well. The estimates of n and k exhibit bias and are non-efficient. The results 

suggest that the estimate of h is unbiased and efficient but the expected performance, in 

terms of the uncertainty, is an order of magnitude worse than in the case where h is the 

only parameter to be estimated, bi this section we will offer an explanation by considering 
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the Fresnel reflectivity plots for the materials we considered. 

Figure 8.21 shows the amplitude and phase of the reflectivity as a function of 

incident angle for gold. There is nothing out of the ordinary here as these are the expected 

relationships one sees for a typical metal. 

We will restrict our attention to the angles of incidence dictated by our system 

under investigation here, an F/1.0 design. This translates into the range of angles from 0° 

to 26.57®. Figure 8.22 shows the reflectivity amplitude and phase for this region. It is 

apparent that we have very little variation in the amplitude term, both in terms of each 

polarization as well as in the difference between the two. Furthermore, the phase plot 

suggests the phase is relatively constant for each polarization throughout this range. More 

importantly, there is very little departure from a 180° difference between the two 

polarizations. Figures 8.23 and 8.24 show similar results for aluminum and gallium 

arsenide, respectively. 

We can perhaps better understand the impact on our reconstruction of these results 

if we consider the integral over the pupil results for an F/1.0 system and the matenals 

investigated above. Table 8.6 shows the integral results for TE and TM polarized light, in 

terms of the amplitude, phase and the relative difference. The results show there is very 

little difference between the two polarizations in terms of the amplitude reflectivity. 

Furthermore, there is very little departure in the phase difference firom 180°. It is easy to 

show that for any metal, or dielectric for that matter, the phase difference on reflection, 

Ayr - -yffxf, is 180° for normal incidence. 
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Figure 8.21. Fresnel reflectivity curves for gold, 
(a) amplitude (b) phase. 
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Figure 8.22. Fresnel reflectivity curves for gold in an F/1.0 system, 
(a) amplitude (b) phase. 



0.918 

0.916 
PTE 

0.914 

0.912 

0.91 

0.906 

0.904 

0.902 

0.9 

0.898, 

angle of ftiddmce (degrees) 

10 IS 
angle of inddence (degrees) 

(b) 

Figure 8.23. Fresnel reflectivity curves for aluminum in an F/1.0 system. 
(a) amplitude (b) phase. 
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Figure 8.24. Fresnel reflectivity curves for gallium arsenide in an F/1.0 system. 
(a) amplitude (b) phase. 
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TE TM TE-TM 

Material P V^(deg.) P V^(deg.) Ap Ay/id&g.) 

Gold 0.4202 143.3400 0.4167 -39.5274 0.0035 182.8674 

Aluminum 0.4231 160.5214 0.4201 -20.9691 0.0030 181.4905 

Gallium 
Arsenide 

0.2782 178.4400 0.2678 -1.6719 0.0104 180.1119 

Table 8.6. The integral of the Fresnel reflectivity over the F/1.0 pupil for 
Au, A1 and GaAs. 

We are relying on distinct differences in the amplitude reflectivity and in the 

phase difference to characterize the test surface. We do not have that with this given 

system design. In fact, gold and aluminum are virtually identical, in terms of their 

reflectivity, for the indices of refiraction used here. 

In the following chapter, we will attempt to improve the performance by varying 

the system parameters. The goals of this are to first Hnd unbiased and efficient estimators 

for all three parameters of interest. Secondly, we wish to lower the uncertainty, the 

Cramer-Rao lower bound, for /t by an order of magnitude or so such that it is comparable 

to results seen in the A-only investigation. In doing so, we do not want to compromise the 

performance of the ML estimates on n and k. 
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CHAPTER 9 

PHASE-SHIFTING INTERFEROMETER/ELLIPSOMETER: 

OPTIMIZATION OF SYSTEM DESIGN 

In this chapter, we will continue our investigation of the proposed phase-shifting 

interferometer/ellipsometer through Monte Carlo simulations and Cramer-Rao lower 

bounds, begun in Chapter 8. Our primary focus is to achieve unbiased and efficient 

estimators on the three parameters in question - n,k and h. We also would like to 

achieve similar performance on the surface height parameter h, as seen in the ^-only 

investigation earlier. By performance, we mean the estimator must first be unbiased. That 

is, the mean value from the Monte Carlo simulation must reflect the true value used in the 

creation of data. Secondly, the variance of the error of the estimate must be equal to the 

Cramer-Rao lower bound. 

In Chapter 8 we saw how a conventional F/1,0 Twyman-Green interferometer, 

with a modified pupil controlling the angle of the incident light, performed for three 

di^erent materials - gold, aluminum and gallium arsenide. While the performance varied 

with the three materials, they all exhibited biased estimates on n and k while the estimates 

on h were seen to be unbiased. The standard deviation of the error of the estimates was 

also non-efRcient except for GaAs where we noted a super-efGciency. This was best seen 
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in the projection of the maximum-likelihood estimates onto nonlinear regions of the 

theoretical Lorentz curves that we calculated for each of these particular materials. 

Conversely, the estimates on h suggested the maximum-likelihood estimator was 

unbiased and efficient. The Cramer-Rao lower bound, however, was an order of 

magnitude worse than the performance expected for the A-only scenario investigated in 

chapter 7, where we assumed the complex index of refraction was known for both the test 

and reference arm materials. 

In this chapter we will consider gold as the test-arm material and instead focus on 

the performance as a function of several different system parameters. In particular, we are 

interested in what happens when the incident angle range is allowed to vary. 

Except in certain circumstances, we will abandon the maximum-likelihood 

density analysis developed in appendix C and first presented in chapter 8. The ML density 

results require enormous computation times, on the order of the Monte Carlo simulations. 

There is little insight to be gained into the distribution of the estimates when the 

distribution itself is available. This is in no way a criticism of this technique. The 

sampling required in 3-D parameter space simply makes it prohibitive. 

9.1 The Phase-Shifting Interferometer Model. 

In chapter 8 we presented the model used in the simulation in great depth. We also 

showed how maximum-likelihood (ML) estimation theory and the Cramer-Rao lower 

bound theory could be applied to our particular investigation. The Monte Carlo technique 

was also discussed, as well as the data reduction method. We will not dwell on these here. 



Instead, we wish to emphasize the important points investigated here in this chapter. 

We will recap the important points to keep in mind. 
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9.1.1 Irradiance at the detector plane. 

The most general form for the irradiance at the detector plane is given by 

^REFj„ +^TESTj (9.1) 

where the subscript j denotes polarization while m denotes the particular phase-shift 

measurement. The electric field expressions were derived in chapter S, 

EiieFj,= jjrdrdapj^(r,a). (9.2) 

pupil 

E i—h 

^TESTj = ^ JJ 
pupil 

We are making no assumptions regarding the test-surface tilt, the reference-arm pupil 

configuration or the complex index of refraction. The parameter E^ refers to the incident 

electric field into the respective arm. 
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Both arms include the integral over the pupil of the complex Fresnel reflectivity 

function pj{r,a) which is a function of the complex index of refraction, the polarization 

and the angle of incidence. The angle of incidence ^ is related to the pupil radial 

coordinate r and the angular coordinate a by 

facosd-rcosasind 
cos(l> = ^ , (9.4) 

where the surface tilt is denoted by 9 and the focal length of the objective is /q . The 

angle of refraction can be expressed in terms of the parameters above and is given by 

cos(d') = -hJ/-
^n+ik J 

(9.5) 

We assume that the reference arm material is known and therefore the integral in 

(9.2) can be performed. The result is in general complex, and we can write it as an 

if' 
amplitude and phase, ' The test arm however has unknown parameters n and k 

and we will leave the integral in the final expression. 
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jjrdrdapj^^^(r,a) . (9.6) 

pupil 

It is easy to see that the integral over the pupil plays an important role in the Hnal 

expression for the irradiance. 

9.7.2 Circularly-symmetric approximation. 

We will continue to make the approximation introduced in chapter 8 that the angle 

of incidence is independent of the angular pupil coordinate a. While this is true for the 

case of a circularly symmetric pupil and no tilt in the test-arm surface; it becomes an 

approximation for other configiu'ations. As a result of this approximation, the angle of 

incidence is now simply (f> = tan~^[rfffj), and the test-arm electric field can be written as 

(9.7) 

where the integral over the angular pupil coordinate is lOg and Og is the maximum 

angular extent. 
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9.1.3 System parameters. 

The system parameters will remain the same as in chapter 8 unless otherwise 

noted. We will primarily concern ourselves with the true values n - 0.47, k = -2.83 and h 

= O.Onm for the test-arm material. The wavelength is 589.3nm. Once again, we will 

initially assume the reference-arm material is an ideal mirror whose reflectivity is unity 

for all angles of incidence and both polarizations. We will also assume the reference-arm 

pupil is circular with a radius R of 2Smm. The result is that the integral over the pupil of 

the complex reflectivity in the reference arm is simply the area of the circular pupil Aq. 

The angles of incidence on the test-arm surface are controlled either by varying 

the radial extent of the pupil r, the focal length of the objective fg or both. It is through 

these parameters that we will explore various system conflgurations. 

The standard deviation of the additive Gaussian noise corrupting each 

measurement is once again defined as a percentage of the mean value of measurements. 

We are free to choose the incident electric field into each aim, and thereby set the noise 

level to any value we wish, regardless of the system configuration, while still 

maintaining a specific percentage of the mean value. With these parameters in mind, we 

can proceed to our simulations. 

(9.8) 
J=0m=0 
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9.2 Ideal Reference-Arm Mirror. 

The Hrst series of simulations will assume the reference arm contains the ideal 

mirror as in chapter 8. As a reference or standard, the results from the F/1.0 investigation 

for gold are repeated here. The Cramer-Rao lower bounds for this system are fffi = 

0.1326, <T^ = 0.4362 and = 4.668 Inm. The Monte Carlo simulation results are 

> =0.5036 ± 0.001, <icniii> =-2.8955 ± 0.003 and <hn^L^ =-0.0499nra ± 

0.03 for the means, and (T- = 0.1654 ± 0.003, cr.- = 0.4724 ± 0.004 and <Tr = 
"ml h^l 

4.6097nm ± 0.02 for the standard deviations. 

9.2.1 Au, F/1.0: r- [10mm, 20mm]. 

The first simulation we will investigate is one where the test-arm pupil is 

restricted from 10mm to 20mm. With the same objective focal length of 50nmi as before, 

the angles of incidence are now from 11.31° to 21.80®. The purpose was to see how 

eliminating both the near-normal incident angles as well as the largest angles of incidence 

impacted the results. The standard deviation of the noise was 1% of the mean irradiance 

once again. Increasing the incident electric field amplitude allowed us to achieve the same 

noise value as m our original F/1.0 simulation. 

The Cramer-Rao lower-bound results are = 0,6854, = 2.260 and = 

24.l6nm. The expected performance has not improved, but worsened considerably. The 

results of the jackknife analysis of 20,000 trials are shown in table 9.1. 
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«WL ^WL(™n) 

mean 2.0584 ± 0.02853 -2.2164 ± 0.02673 -1.5181 ± 0.16386 
a 4.0347 ± 0.04605 3.7806 ± 0.02806 23.173 ± 0.11169 

Table 9.1. Mean and standard deviation of and hi^i for 
Au, F/l.O system: r = [lOmm, 20mml. 

The performance of this conHguration is quite poor by our standards. The ML estimates 

on all three parameters exhibit bias and are not efHcient. We can examine the distribution 

of the 20,000 trials as shown in Hgure 9.1. 

The scatter plot shows a very broad distribution, exhibiting a very nonlinear 

behavior, which explains the results seen in the data analysis in table 9.1. The results of 

the Lorentz analysis in figure 9.2 show the distribution of estimates over virtually one 

entire period. 

We can see the nonlinear region over which the estimates are distributed in the 

histograms shown in figure 9.3. We would expect that if the estimates were distributed 

over a small, linear portion of the Lorentz curves, the histograms would be normally 

distributed. Instead, figure 9.3 shows a radical departure from a normal distribution, 

particularly for the estimates and . The estimate exhibits only a slight 

skew. 
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Figure 9.1. Scatter plot ofML estimates for Au, F/1.0 system: r = [10mm,20mm]. 



25 

20 

15 

10 
_J 

~ 
<...::.::: 

"'0 
c 5 «1 

_J 

~ 
<C 

0 

-5 

-10 

-15 
-100 

.-. 

-80 -60 -40 -20 
hML (nm) 

0 20 40 

Figure 9 .2. Scatter plot projections onto Lorentz analyzer results for 
Au, F/1.0 system: r = [10mm,20mm]. 
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Figure 9.3. Histograms of the Monte Carlo simulation results for Au, F/1.0 system: 

, r = [10mm,20mm]. (a) nML, (b) kML and (C) hML· 

9.2.2 Au, F/2.8. 

In this simulation, we will restrict the angles of incidence to a narrow cone 

centered about normal incidence. By increasing the focal length of the objective lens to 

140mm while maintaining the pupil radial dimension of 25mm, we now have an F/2.8 

system whose angles of incidence are in the range of 0° to 10.125°. Based on the results 

in section 9.2.1, we do not expect this configuration to perform well. 

Maintaining the same noise level as in the previous configurations, we have for 

the Cramer-Rao lower bounds: an, = 0.9457, O'f = 3.124 and O'iz = 33.34nm. The 
f 

expected performance has indeed worsened. The jackknife analysis of the 20,000 Monte 
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Carlo trials are shown in table 9 .2. Figures 9.4 and 9.5 show the scatter plot and scatter 

plot projections of the Monte Carlo results, respectively. 

mean 
(J 

1.9992 ± 0.02824 
3.9940 ± 0.04497 

-1.5326 ± 0.02830 
4.0020 ± 0.02455 

-3.0661 ± 0.21860 
30.914 ± 0.14313 

Table 9:2. Mean and standard deviation of n ML , k ML and h ML for Au, F/2.8 system. 
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Figure 9.4. Scatter plot of ML estimates for Au, F/2.8 system. 
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Figure 9.5. Scatter plot projections onto Lorentz analyzer results for Au, F/2.8 system. 

The ML estimates exhibit a bias and cannot be considered efficient. The super-

efficiency seen in the ML estimate of h can be attributed to the effect of bias, but more 

than likely it is due to the nonlinear relationship between estimators, as seen in the 

Lorentz results above. 

The histograms appear in figure 9.6 and show a radical departure from the desired 

Gaussian distribution for all three parameters of interest. 
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Figure 9.6. Histograms of the Monte Carlo simulation results for 

Au, F/2.8 system. (a) nML, (b) kML and (c) hML· 

9.2.3 Ag, F/2.8. 

It is instructive at this point to investigate another material in the same F/2.8 

system we investigated in 9.2.2. We saw a material dependence on the performance in 

377 

chapter 8. Perhaps by varying the material here, we'll see a similar change. The material 

under consideration here is silver, Ag, with an index of refraction of n = 0.2 and k = -3.44 

at a wavelength of 589 .3nm. The standard deviation of the noise was held constant. 

The Cramer-Rao lower bounds are arz = 0.4707, ak = 4.375 and ah = 32.07nm. 

The expected per~ormance decreased on the parameter n while increasing on k. The 

Monte Carlo simulation results are shown in table 9.3. 



378 

^ML ^ML 

mean 2.4136 ± 0.06107 -1.7475 ± 0.05989 -2.3232 ± 0.20912 
a 8.6384 ± 0.17071 8.4702 ± 0.07963 29.573 ± 0.13456 

Table 9.3. Mean and standard deviation of and for Ag, F/2.8 system. 

Once again, the performance is very poor, with each estimator exhibiting bias and 

non-efficiency. We can infer from these two simulations that an F/2.8 system with no 

test-arm tilt, is an unsuitable conflgiuration, regardless of the test-arm material. 

Figures 9.7 and 9.8 show the scatter plot and scatter plot projections of the Monte 

Carlo results, respectively. The histograms appear in figure 9.9. 

9.2.4 Au, F/2.8: a - 0.1%. 

So far in our simulations, the standard deviation of the additive Gaussian noise 

has been assumed to be 1% of the mean value of the irradiance. The results shown in the 

scatter plot projections above show a spread about the theoretical solution curves, both in 

terms of around the curve and over a large range. The question we wish to 

investigate here concems what happens when the noise decreases for the given F/2.8 

system. Two possibilities are that, first, the range over which the ML estimates fall 

decreases. Second, the spread about the theoretical curves decreases. In other words, the 

ML estimates fail closer to the curves, bi this simulation we will assume the standard 

deviation of the noise is 0.1% of the mean of the irradiances or one-tenth the value 

studied so far. The system is still at F/2.8 and the test arm material is assumed to be gold. 
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Figure 9.7. Scatter plot of ML estimates for Ag, F/2.8 system. 
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Figure 9.9. Histograms of the Monte Carlo simulation results for 

Ag, F/2.8 system. (a) fiML, (b) kML and (c) hML· 

The Cramer-Rao lower bounds are a;, = 0.0946, ak = 0.3124 and ah = 3.334nm. 

These are precisely one-tenth the values seen in section 9.2.2 which should come as no 

surprise since the Cramer-Rao lower bounds are directly proportional to the standard 

deviation of the noise, all else remaining constant, as in this case. The Monte Carlo 

simulation results are presented in table 9 .4. 

Although the estimates on nand k exhibit a small bias and a standard deviation of 

the error of the estimate which is larger than the Cramer-Rao lower bound, the results are 

much better than in the previous case, in terms of these criteria. From these results , we 
f 

can also infer the ML estimate on h is unbiased and efficient. 
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«A/L ^ML %L(NNI) 

mean 0.4864 ± 0.00074 -2.8634 ± 0.00229 -0.0333 ± 0.02328 
<J 0.1043 ± 0.00088 0.3235 ± 0.00202 3.2922 ± 0.01648 

A A 

Table 9.4. Mean and Standard deviation of and hi^i for 
Au, F/2.8 system: 0.1% noise. 

The scatter plot In Hgure 9.10 and the scatter plot projections in figure 9.11 show 

the distribution of ML estimates is now over a smaller range and much less spread about 

the Lorentz curves. Perhaps this is intuitive. After all, as the noise standard deviation 

decreases to zero, every Monte Carlo trial will return the exact or true values of the 

parameters n, k and h that originally generated the data. We expect the spread about the 

curves as well as over the curves to decrease as noise decreases. 

The histograms of the Monte Carlo results are plotted in figure 9.12. The 

distribution of exhibit a slight skew, consistent with the Monte Carlo 

numerical results in table 9.4 and the scatter-plot projections in Hgure 9.11. We are 

operating in a slightly nonlinear region, based on our Lorentz scatter-plot projection 

A 

results, which leads to our bias and non-efficiency on and . The distribution of 

A 

hf^L appears to be normal with the mean equal to the true value of O.Onm and a standard 

deviation predicted by the Cram6r-Rao lower bound. This is consistent with the 

previously derived asymptotic properties of the ML estimator in chapters 3 and 4. An ML 

estimator is asymptotically normal, unbiased and efficient 
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385 

IML 

•o 

<C 

-5 

-20 -10 

Figure 9.11. Scatter plot projections onto Lorentz analyzer results for 
Au, F/2.8 system: 0.1% noise. 



c 
:::J 
0 
(..) 

c 

150~--~--~~--~--~--~----~--~--~----.---~ 

100 

50 

0'----..__.._.. 
0 0.2 0.4 0.6 0.8 1.2 1.4 1.6 1.8 2 

9.12 (a) 

120~--~--~----~--~--~----.---~--~----.---~ 

100 

80 

5 60 
(..) 

40 

20 

OL_--~--~~~~~w. .. 
-6 -5.5 -5 -4.5 -4 -3.5 -3 -2.5 -2 -1 .5 -1 

kML 

9.12 (b) 

386 



100 

90 

80 

70 

60 

c 
:::::1 50 0 
(.) 

40 

30 

20 

10 

0 
-20 -15 -10 -5 0 5 10 15 20 

tiML (nm) 

9.12 (c) 

Figure 9 .12. Histograms of the Monte Carlo simulation results for 

, Au, F/2.8 system: 0.1% noise. (a) nML, (b) kML and (c) hML· 

9.2.5 Au: Preliminary tilt investigation. 
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In the investigations so far, we have restricted our attention to normal and near-

normal incident angles. The results have proven that these configurations do not yield the 

optimal results in terms of bias and efficiency. An alternative design would center the 

cone of incident angles on some non-normal value. The easiest method of doing so 

involves tilting the test surface. The obvious concern here is that the simulated Twyman-

Green interferometer detailed in chapter 5 would no longer work since the reflected light 

from the test surface would no longer return through the interferometer. In chapter 10 we 

will present a viable design that alleviates this problem. For the time being, we will 
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continue to use the Twyman-Green model. 

In chapter 5 we derived the general relationship between the angle of incidence 

and the tilted test surface for any point in the pupil. Figure 9.13 shows the relationship 

between the angle of incidence from any point in the pupil and the tilted test surface. 

pupil 
y 

(a) 

pupil test surface 

(b) 

Figure 9.13. Relationship between angle of incidence and pupil coordinate. 
( a ) representative point in pupil, ( b ) cross-sectional view showing yz-plane. 

The final equation is 

fo cos()- r cos a sin() 
coscfJ = ~ , 

r2 + !6 
(9.9) 



389 

where ¢ is the angle of incidence, the pupil coordinates are rand a, and the focal length 

of the objective lens is fo . The test surface tilt (} is defined as a rotation about the x-axis 

in figure 9.13 such that the test surface normal lies in the yz-plane. 

It is easy to see that, for pupil angular coordinates a = 0° and 180°, the incident 

angle is given by 

(9.10) 

respectively. Conversely, for a = 90° and 270° we cannot make the same approximation 

and we must use the general result in (9.9). 

The approximation we will make throughout this dissertation is that the test

surface tilt acts uniformly on all angles of incidence regardless of the pupil coordinates. 

That is to say the angle of incidence is independent of the angular pupil coordinate. The 

result is that the angle of incidence is given by (9.10). 

This approximation is valid for pupil designs where the maximum angular extent 

a0 is small. For example, we can consider an F/1.0 design where ao = ± 20°. For a test 

surface tilt of + 45°, the angle of incidence for a = 0° is 71.565°. At ao = ± 20°, we 

have for our angles of incidence 70.409°. For a = 180° the angle of incidence is 18.461 o 

while at the extreme edge, the angle of incidence is 21.626°. This represents an extreme 

case and for larger f numbers, the error is less. 
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At this point we must mention we are also neglecting any polarization dependence 

on pupil coordinates. This approximation is also more accurate for designs where the 

maximum angular extent ao is small and/or the f number is large. 

9.2.6Au, F/1.0: 0~ 15~ 30°and45°tilt. 

For our first series of investigations involving test surface tilt, we will consider 

our F/1.0 system with gold as the test arm material. We will consider tilts of 0°, 15°, 30° 

and 45°. The noise level was once again maintained at a constant value, 1% of the mean 

irradiance. Table 9.5 shows the Cramer-Rao lower bounds for these simulations. 

test surface tilt (J" n (J" 
k a;; (nm) 

oo 0.1326 0.4362 4.668 
15° 0.0846 0.2722 2.933 
30° 0.0429 0.1290 1.425 
45° 0.0266 0.0728 0.8335 

Table 9.5. Cramer-Rao lower bounds for Au, F/1.0 system incorporating tilt. 

The results are very encouraging. All three parameters of interest show 

approximately a factor of 6 improvement between the original 0° tilt case and the 45° tilt 

case. By that we mean the uncertainty or standard deviation of the error of the estimate 

has decreased by approximately a factor of 6. 
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The improvement in the Cramer-Rao lower bounds is only one part of the 

puzzle. We must determine if the ML estimate of each parameter is unbiased and 

efficient. To do so, we will again run a 20,000 trial Monte Carlo simulation for each case 

and analyze the results. The resulting mean values appear in table 9.6 while the standard 

deviations appear in table 9. 7. 

test surface tilt (nML) (fML) (itML) (nm) 

oo 0.5036 ± 0.0012 -2.8955 ± 0.0033 -0.0499 ± 0.0326 
15° 0.4818 ± 0.0006 -2.8529 ± 0.0020 -0.0039 ± 0.0205 
30° 0.4725 ± 0.0003 -2.8343 ± 0.0009 0.0061 ± 0.0100 
45° 0.4708 ± 0.0002 -2.8310± 0.0005 0.0050± 0.0059 

Table 9.6. Monte Carlo results for Au, F/1.0 system incorporating tilt: bias. 

test surface tilt anML (J" 
kML 

a" 
hML 

(nm) 

oo 0.1654± 0.0028 0.4724± 0.0036 4.610 ± 0.0230 
15° 0.0900 ± 0.0006 0.2774± 0.0016 2.900± 0.0145 
30° 0.0431 ± 0.0002 0.1283 ± 0.0007 1.412± 0.0071 
45° 0.0266 ± 0.0001 0.0723 ± 0.0004 0.828 ± 0.0041 

Table 9.7. Monte Carlo results for Au, F/1.0 system incorporating tilt: standard deviation. 

The results suggest that as tilt is incorporated into the design, the ML estimates on 

n, k and h become unbiased and efficient. Furthermore, the standard deviation of the error 

of the ML estimate on h is now the same order of magnitude as in the case where only the 

surface profile parameter h is unknown and estimated. By incorporating tilt, we can 
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expect to achieve the same performance on h as in conventional interferometry, in 

addition to measuring n and k with a predictable level of certainty. 

The graphical results provide some more insight into the behavior of the system as 

a function of tilt. Figure 9.14 shows the 3-D scatter plots for each of the four designs. The 

most notable result is that the "banana-like" distribution characterizing the 0° plot is 

eliminated by the 45° plot. The scatter plot projections onto the Lorentz results are shown 

in figure 9.15. The scale shown is identical for each of the four plots. As tilt is 

incorporated into the design, the distribution of ML estimates falls within a linear portion 

of the theoretical Lorentz curves. 
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Figure 9 .14. Scatter plots of ML estimates for Au, F/1.0 system incorporating tilt. 
( a ) 0°, ( b ) 15°, ( c ) 30° and (d) 45°. 

The histograms of the results appear in figures 9.16 to 9.18. As expected, the 

distributions appear to tend to a normal with a mean given by the true value and a 

standard deviation given by the Cramer-Rao lower bound. 
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Figure 9.15. Scatter plot projections onto Lorentz analyzer results for 
Au, F/1.0 system incorporating tilt. (a) 0°, (b) 15°, (c) 30° and (d) 45°. 
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Figure 9 .16. Histograms of the fi ML Monte Carlo simulation results for 

F/1.0 system incorporating tilt. (a) 0°, (b) 15°, (c) 30° and (d) 45°. 
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Figure 9.17. Histograms of the k ML Monte Carlo simulation results for 

F/1.0 system incorporating tilt. (a) 0°, (b) 15°, (c) 30° and (d) 45°. 
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Figure 9.18. Histograms of the hML Monte Carlo simulation results for 

F/1.0 system incorporating tilt. (a) 0°, (b) 15°, (c) 30° and (d) 45°. 
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9.2. 7 Au, 45 o tilt: F/1.0, F/2.8 and F/5.6. 

The next series of simulations will consider varying the f number of the system 

while maintaining the test surface tilt at 45°. We wish to investigate what happens when 

the cone of incident angles decreases while still centered at 45°. We have not changed our 

pupil design. The maximum angular extent of the transparent region is ± 20°. The radial 

coordinate extends from 0 to 25mm, With a 50mm focal length lens, we have a F/1.0 

system with a range of incident angles from 18.435° to 71.565°. For a 140mm focal 

length lens, we have an F/2.8 system. The range of incident angles now reduces to 

34.875° to 55.125°. At F/5.6, we have a range of 39.898° to 50.102°. For this case, we 

have a 280mm focal length lens. The assumption here is that the pupil design remains the 

same and the focal length of the objective lens is changing. 

Table 9.8 shows the results of the Cramer-Rao calculation and the results from the 

Monte Carlo simulations. The Monte Carlo results suggest the ML estimators are 

unbiased and efficient for all three f numbers investigated. As before, the test arm 

material was gold. What is interesting is the performance on the parameter n improves, in 

terms of a lower standard deviation of the error of the estimate, whereas the performance 

on k and h worsens. The change is small though so it doesn't pose a great concern. 

However, the trend is of considerable interest. We will investigate this further in the next 

section. 

The scatter plots and scatter plot projections appear in figure 9.19. As expected, 

the distributions lie over a small, linear portion of the theoretical Lorentz curves for each 
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case. The histograms of the Monte Carlo results appear in figures 9.20 to 9 .22. They are 

consistent with what we expect for an unbiased and efficient estimator, namely a normal 

distribution centered on the true value with a standard deviation given by the Cramer-Rao 

lower bound. 

F/1.0 F/2.8 F/5.6 

(nMLJ 0.4708 ± 0.0002 0.4709 ± 0.0002 0.4709 ± 0.0002 

(fML) -2.8310± 0.0005 -2.8315 ± 0.0006 -2.8316± 0.0006 

(izML) (nm) 0.0050 ± 0.0059 0.0033 ± 0.0063 0.0031 ± 0.0064 

crncR 0.0266 0.0252 0.0252 

(JnML 0.0266 ± 0.0001 0.0252 ± 0.0001 0.0251 ± 0.0001 

(JA 
kcR 

0.0728 0.0789 0.0801 

(JA 
kML 

0.0723 ± 0.0004 0.0783 ± 0.0004 0.0795 ± 0.0004 

crh (nm) 0.8335 0.8964 0.9074 
CR 

crh (nm) 0.828 ± 0.0041 0.8891 ± 0.0044 0.8999 ± 0.0045 
ML 

Table 9.8 . Cramer-Rao and Monte Carlo results for Au, 45° tilt systems. 
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45° tilt systems. (a) F/1.0, (b) F/2.8 and (c) F/5.6. 
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Figure 9 .20. Histograms of the fi ML Monte Carlo simulation results for 

45° tilt systems. (a) F/1.0, (b) F/2.8 (c) F/5.6. 
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Figure 9 .21. Histograms of the k ML Monte Carlo simulation results for 

45° tilt systems. ( a) F/1.0, (b) F/2.8 (c) F/5.6. 
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Figure 9 .22. Histograms of the h ML Monte Carlo simulation results for 

45° tilt systems. ( a) F/1.0, (b) F/2.8 (c) F/5.6. 

9.2.8 Au, F/2.8 and 45 °tilt system: approximate ML density results. 
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Before concluding this particular section, we would like to revisit the maximum-

likelihood density theory and apply it specifically to the F/2.8 at 45° tilt scenario. The 

theory holds under the approximation that the nonlinearity is weak relative to the data 

variance. As seen in the results above, we can infer this approximation holds true for the 

system under investigation. Figure 9.23 shows the ML density results overlaid with the 

bar plots of the Monte Carlo results. Both data sets are normalized for comparison 

purposes. 
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Figure 9.23. Histograms of the Monte Carlo simulation and ML density results for 

Au, F/2.8 and 45° tilt system. (a) nML' (b) kML and (c) hML· 
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The results show very good agreement. The generation of the ML density results 

was comparatively short with previous calculations performed for the systems 

investigated in chapter 8. This is attributable to narrow region over which we were 

required to sample the estimate space for systems incorporating tilt. Typical times were 

on the order of a few hours. 

Another result which shows the usefulness of the ML density technique is shown 

in figure 9 .24. Here we have the joint distribution of the estimators n ML and k ML 

conditional upon the true values n0 , ko and ho. Due to the nature of the iterations used 

in the ML density program, this result was obtained while obtaining the ML density of 

,.. 
n ML alone, as well as the ML density of k ML alone. 
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Au, F/2.8 and 45° tilt system. 

9.3 Angular Pupil Coordinate Considerations. 
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-3.2 

In the previous simulations involving test surface tilt we neglected the fact that the 

angle of incidence depended on the angular pupil coordinate which we call a . The 



416 

rational was that, for large f numbers or pupil designs with a relatively small angular 

extent, the effect of the angular coordinate on the incident angle was negligible. In this 

section we will consider only the Cram£r-Rao lower bounds and investigate the effect of 

integrating over the angular pupil coordinate on the lower bounds. 

The implementation is simple. The angular extent of the pupil is sampled, and for 

each sample of the pupil radius, we iterate over all the angular samples using the general 

expression for angle of incidence found in (9.9). The remainder of the program is 

identical, and all parameters are consistent with the systems investigated in the previous 

section. The test arm material is once again gold, and the pupil dimensions are a radius r 

from 0 to 25mm and a maximum angular extent of ±20®. The only drawback is the time 

involved to perform one numerical integral over the fully sampled pupil. 

The results from our brief look are presented in table 9.9 where the Cramer-Rao 

lower bounds appear for several system designs and are labeled as "exact". We also 

include the Cram6r-Rao lower bounds from the previous section which are labeled as 

"approx.". 

The results are very interesting in that there is little or no variation between the 

exact results and the approximate results. This seems counter-intuitive. 

Some more insight can be gained by considering the case where the test arm pupil 

is wide-open. That is, a circular aperture whose radius is 25mm. The results from the 

Cram€r-Rao program are in table 9.10. 
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System 

F/l.O.O" 
exact 

approx. 

F/1.0, 15° 
exact 

approx. 

o-n 

0.1326 
0.1326 

0.0846 
0.0846 

0.4362 
0.4362 

0.2724 
0.2722 

4.668 
4.668 

2.934 
2.933 

F/1.0, 30® 
exact 

approx. 
0.0428 
0.0429 

0.1290 
0.1290 

1.426 
1.425 

F/1.0,45" 
exact 

approx. 
0.0264 
0.0266 

0.0727 
0.0728 

0.8323 
0.8335 

F/2.8,45" 
exact 

approx. 

F/5.6,45" 
exact 

approx. 

0.0252 
0.0252 

0.0251 
0.0252 

0.0789 
0.0789 

0.0801 
0.0801 

0.8964 
0.8964 

0.9074 
0.9074 

Table 9.9. Comparison of Cramer-Rao lower bounds for various Au systems. 

System <T^ <7^ (nm) 

F/1.0,45" 
exact 0.0236 0.0696 0.7980 

approx. 0.0251 0.0688 0.7876 

Table 9.10. Comparison of Cramer-Rao lower bounds for 
Au, F/1.0 system: circular pupil. 
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These results are consistent with what we would expect. The approximation 

technique affords mote information since it is assumed we have the same range of 

incident angles for every angular pupil coordinate. The exact solution shows us that as the 

angular pupil coordinate increase to 90°, the range of incident angles decreases until the 

limit given by 

For this F/1.0 configuration, we find 0 s 50.768°. 

Although the Monte Carlo simulations have not been performed with the 

integration over angular pupil coordinate taken into account, we expect that the trend 

observed in the simulations in die previous section to hold. That is, as tilt is introduced, 

the ML estimates become unbiased and efficient. 

9.4 Real Reference Mirror. 

In all the simulations up until this point, we have assumed the arbitrarily defined 

reference arm contains an ideal mirror. By ideal we assumed the reflectivity was unity for 

all angles of incidence and both TE and TM polarizations. In such a case, the complex 

index of refiraction would be 0 - i for all angles of incidence. This yields a reflectivity of 

uniQr and a + 90° phase shift on reflection for TE polarized light and -90° for TM. 

fo cosd 
(9-11) 
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Such a mirror is not feasible. Commercially available mirrors, Melles Griot 

02MLE003 with MAXBRIte™ coating for example, typically are designed for high 

reflectances over a specified wavelength and incident angle range. This is achieved with a 

proprietary, multilayer dielectric and/or metallic coating. The problem with such a mirror 

is that the thin-film coating has a different effective index for different angles of 

incidence. Unless you have that information, you can't use this material as a known 

reference in your set-up. 

The result is that we need to perform simulations where a real, known material 

serves as the reference material. Any metal with a high reflectance for both TE and TM 

light will suffice. The obvious choice from the simulations so far is gold widi its index of 

0.47 - 2.83i at 589.3nm. We will explore the effect on the Cram6r-Rao lower bounds and 

the Monte Carlo simulations in subsequent sections. 

With a known material in the reference arm, the calculations involved in the 

simulations are somewhat different. We first must specify the pupil parameters in the 

reference arm. From here on, the pupil in the reference arm will be identical to the pupil 

in the test arm, unless otherwise noted. With these parameters specified, we must 

compute the reflectivity for both polarizations from the reference arm. This is not as 

involved as the test arm since we know the complex index of reflation. The integral is 

numerically evaluated once and the results stored, much the same way it was performed 

previously. 

It is also assumed that the reference arm surface is tilted along with the test arm 

surface. We are assuming a symmetric design so any tilt incorporated in the test arm must 
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be incorporated into the reference arm. A possible design is shown in Hgure 9.25. 

The spatially incoherent extended source is imaged onto both the reference and 

test surfaces which are then imaged onto the CCD camera. We are making full use of the 

Scheimpflug condition to image the 45° tilted source onto the tilted image planes. With 

the aperture stop located at the focal plane of the lenses, the system is telecentric in 

object/image space. Therefore all points will see the same cone of light. We will consider 

the prototype design in more detail in chapter 10. 

The flnal consideration is the noise. Once again we will define the standard 

deviation of the noise to be 1% of the mean value of the irradiances. By controlling the 

incident electric Held amplitude, we can maintain a constant value for the standard 

deviation of the noise, regardless of the system configuration. 

Extended 
Source 

CCD 
Detector 

Reference Ann 

Test Ann 

Figure 9.25. Possible design incorporating tilt in the test and reference surfaces. 
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9.4.1 Au. F/l.O. O", 15", 30°, 45"and60"tilt. 

With gold in the reference arm and the suitable modifications made, we are now 

ready to proceed with our first investigation, an F/1.0 system with gold in the test arm. 

Once again we will examine the effects of tilt on the performance of the design. Table 

9.11 shows the results for an F/1.0 system incorporating a varying amount of 

reference/test arm tilt. 

Tilt 

0° 
CR 
MC 

15° 
CR 
MC 

30° 
CR 
MC 

45° 
CR 
MC 

60° 

CR 
MC 

(n> [ic) (^)(nra) (T-(nm) 
n 

0.47 -2.83 0.0 0.1068 0.3495 3.7434 
0.4917 -2.8742 -0.0587 0.1222 0.3690 3.7345 

(±0.0009) (±0.0026) (±0.0264) (±0.0014) (±0.0024) (±0.0186) 

0.47 -2.83 0.0 0.0683 0.2173 2.3457 
0.4780 -2.8463 -0.0199 0.0713 0.2209 2.3416 

(±0.0005) (±0.0016) (±0.0166) (±0.0005) (±0.0012) (±0.0117) 

0.47 -2.83 0.0 0.0353 0.1019 1.1373 
0.4718 -2.8335 -0.0051 0.0355 0.1019 1.1358 

(±0.0003) (±0.0007) (±0.0080) (±0.0002) (±0.0005) (±0.0057) 

0.47 -2.83 0.0 0.0221 0.0559 0.6672 
0.4706 -2.8310 -0.0023 0.0221 0.0558 0.6662 

(±0.0002) (±0.0004) (±0.0047) (±0.0001) (±0.0003) (±0.0033) 

0.47 -2.83 0.0 0.0143 0.0422 0.4823 
0.4703 -2.8306 -0.0025 0.0143 0.0420 0.4806 

(±0.0001) (±0.0003) (±0.0034) (±0.0001) (±0.0002) (±0.0024) 

Table 9.11. Monte Carlo simulation results and Cramer-Rao lower bounds for 
Au, F/1.0 system incorporating tilt. 



422 

For each configuration the Cramer-Rao lower bounds are in the "CR" line while 

the Monte Carlo simulation results are in the line labeled "MC". The standard deviation 

of the error of the result firom 20,000 Monte Carlo trials is shown in parenthesis, 

immediately below the parameter in question. 

The results are consistent with what was observed previously in the ideal mirror 

simulations. That is, the ML estimates become unbiased and efficient as tilt is 

incorporated in the system design. The fact that the lower bounds are better or smaller 

than those observed in table 9.7 is easily explained by the fact that we are operating here 

with maximum visibility. As we saw in chapter 6 for the case of ft-only, optimal 

performance occurs for maximum visibility. We can extrapolate this result for the three-

parameter estimation problem here. 

The scatter plot results are presented in figure 9.26, and the scatter-plot 

projections onto the Lorentz curves are presented in figure 9.27. The results show that as 

tilt is introduced, the distribution of Monte Carlo results becomes more confined to a 

linear portion of the theoretical Lorentz curves. The 3-D distribution itself loses its 

"banana-like" shape and can be described as a 3-D Gaussian blur. 

Finally we can see from the histogram plots in figures 9.28 to 9.30 that the 

probability density of the ML estimates takes on a Gaussian shape with the mean equal to 

the true value of the parameter in question, and the standard deviation given by the 

Cramer-Rao lower bound. Since we operating over a fairly weak nonlinear region, the 

ML density curves were generated for all these configurations. Once again they show 

excellent agreement with the Monte Carlo results. 
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9.26(e) 
Figure 9.26. Scatter plots of Monte Carlo simulation results for F/l.O systems 

incorporating tilt. (a) 0°, (b) 15®, (c) 30®, (d) 45° and (e) 60®. 

0 -

>c 

-6 

—8 
-20 -10 -15 -5 10 20 

9.27(a) 



426 

•ML 

s-2 

• c  

-6 

-20 -15 -10 -5 

9.27(b) 

-6 

-20 -10 -5 -15 

9.27(c) 



427 

-6 

-15 -10 -20 -5 

9.27(d) 

'ML 

-6 

~Ao 15 -5 -15 -10 
(VCwn) 

9.27(e) 
Figure 9.27. Scatter plot projections of Monte Carlo simulation results 

onto Lorentz curves for F/1.0 systems incorporating tilt. 
(a)0®,(b) 15°, (c) 30®, (d) 45" and (6)60°. 
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Figure 9.28. Histograms, with ML density results, of the nML Monte Carlo simulation 

results for F/1.0 with tilt. (a) 0°, (b) 15°, (c) 30°, (d) 45° and (e) 60°. 
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Figure 9.29. His~ograms, with ML density results, of the k ML Monte Carlo simulation 

results for F/1.0 with tilt. (a) 0°, (b) 15°, (c) 30°, (d) 45° and (e) 60°. 
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Figure 9.30. Histograms, with ML density results, of the hML Monte Carlo simulation 

results for F/1.0 with tilt. (a) 0°, (b) 15°, (c) 30°, (d) 45° and (e) 60°. 

9.4.2 Au, 45~· F/1.0, F/2.8, F/5.6 and F/11.2. 

For the next series of simulations we will investigate the effect off number on a 

system with 45° tilt. Table 9.12 presents the Cramer-Rae lower bounds and the numerical 

results from the Monte Carlo simulations. Once again, for each configuration the Cramer-

Rao lower bounds are in the "CR" line while the Monte Carlo simulation results are in the 

line labeled "MC". The standard deviation of the error of the result from 20,000 Monte 

Carlo trials is shown in parenthesis, immediately below the parameter in question. 
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Design («> (̂ ) (^)(nm) 
""k 

©•(nm) 

F/1.0 
CR 0.47 -2.83 0.0 0.0221 0.0559 0.6672 
MC 0.4706 -2.8310 -0.0023 0.0221 0.0558 0.6662 

(±0.0002) (±0.0004) (±0.0047) (±0.0001) (±0.0003) (±0.0033) 

F/2.8 
CR 0.47 -2.83 0.0 0.0220 0.0626 0.7279 
MC 0.4707 -2.8314 -0.0037 0.0221 0.0625 0.7270 

(±0.0002) (±0.0004) (±0.0051) (±0.0001) (±0.0003) (±0.0036) 
F/5.6 
CR 0.47 -2.83 0.0 0.0221 0.0638 0.7379 
MC 0.4707 -2.8315 -0.0040 0.0221 0.0637 0.7371 

(±0.0002) (±0.0005) (±0.0052) (±0.0001) (±0.0003) (±0.0037) 
F/11.2 
CR 0.47 -2.83 0.0 0.0221 0.0641 0.7406 
MC 0.4707 -2.8315 -0.0040 0.0221 0.0640 0.7397 

(±0.0002) (±0.0005) (±0.0052) (±0.0001) (±0.0003) (±0.0037) 

Table 9.12. Monte Carlo simulation results and Cramer-Rao lower bounds for 
Au, 45° lilt systems: variation of f number. 

From these results we can infer the ML estimators are unbiased and efficient for 

all f numbers investigated. The most interesting result is that the standard deviation of the 

error of the estimator on n remains constant, unaffected by the increasing f number. The 

parameters k and h, however, exhibit an increase in this same standard deviation. Figure 

9.31 shows the 3-D scatter plots. We are still seeing efGcient estimators except that the 

standard deviations of the error on the estimates is increasing. Figure 9.32 shows the 

projection of these scatter plots onto the Lorentz results. 
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Figure 9.31. Scatter plots of Monte Carlo simulation results for 45° tilt systems. 
( a) F/1.0, ( b) F/2.8. ( c) F/5.6 and ( d) F/11.2. 
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Figure 9.32. Scatter plot projections of Monte Carlo simulation results onto Lorentz 
curves for 45° tilt systems. ( a) F/1.0, (b) F/2.8, ( c) F/5.6 and ( d) F/11.2. 
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In all four systems the 3-D scatter plots can be described as Gaussian clouds, 

while the projections onto the Lorentz results shows the region of interest is a narrow, 

linear portion of both curves. These graphical results are consistent with our assessment 

that the estimators are unbiased and efRcient. Further evidence comes from the 

histograms of the Monte Carlo results seen in figures 9.33,9.34 and 9.35. 

9A.3 Au, theoretical performance as a function of tilt and f number 

In the previous two sections we considered the performance as a function of 

surface tilt and f number. We would like to investigate this further by considering only 

the Cram6r-Rao lower bounds as a function of these two system parameters. We will 

consider four f numbers: F/l.O, F/2.8, F/5.6 and F/11.2 and the range of tilt from 30® to 

60°, the viable region for an F/1.0 cone of light. 

The results for are plotted in Hgure 9.36, in Hgure 9.37 and in figure 

9.38. 

For all three parameters the largest change in performance occurs when we change 

from F/1.0 to F/2.8. The performance for F/5.6 and F/Il.2 are virtually identical for all 

three parameters over the tilt range investigated. The interesting result is that each 

parameter has a point where the F/1.0 performance intercepts the performance of the 

other three designs. For the parameter n, this is near 45°. For k, the intercept point is near 

54°, while for h it is beyond 60°. 
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Figure 9.33. Histpgrams of the nML Monte Carlo simulation results for 45° tilt systems. 
(a) F/1.0, (b) F/2.8, (c) F/5.6 and (d) F/11.2. 
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Figure 9 .34. Histbgrams of the k ML Monte Carlo simulation results for 45° tilt systems. 

(a) F/1.0, (b) F/2.8, (c) F/5.6 and (d) F/11.2. 
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Figure 9.35. Histbgrams of the hML Monte Carlo simulation results for 45° tilt systems. 
(a) F/1.0, (b) F/2.8, (c) F/5.6 and (d) F/11.2. 
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Figure 9.36. Relationship between Cramer-Rao lower bound an and the surface tilt. 



0.14 

0.13 

0.12 

0.11 

0.1 

t5 0.09 

0.08 

0.07 

0.06 

0.05 

0.04 

30 35 40 

449 

45 50 55 60 
tilt (degrees) 

Figure 9.37. Relationship between Cramer-Rao lower bound ak and the surface tilt. 
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Figure 9.38. Relationship between Cramer-Rao lower bound ah and the surface tilt. 

These results and observations are for the Au test material and reference mirror 

pair. In general, we cannot say the same thing for other material combinations. We do 

expect a similar trend though. We cannot say whether these tilt angles and f numbers 

investigated produce unbiased and efficient estimators. Therefore, we cannot say the 

lower bounds will be achieved. The Monte Carlo simulations performed were for all four 

f numbers at 45° and F/1.0 at 60° tilt. In these cases, the results above suggested the 

estimators were unbiased and efficient. 
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The main point here is that there is very little to be gained operating at a small f 

number like F/1.0 with 45® tilt. The difference between the expected performance at F/1.0 

and larger f numbers is minimal. 

9.4.4 Au, variation of pupil radial parameters. 

We are not limited to exclusively varying the angular pupil parameters or focal 

length of the objective lens. One possibility is restrict the pupil parameters and . 

A similar example is the approach taken by Lui et al. (1996) where the pupil used was 4 

small holes at the comers of a square, lying along each axis. In our simulations we will 

consider a narrow ring where the minimum radial parameter r„j„ = 24mm, while the 

maximum radial parameter remains r,^ = 25mm. All other parameters remain the same. 

For the Hrst series of simulations we will consider no tilt in the system and an 

F/1.0 and F/2.8 system. With the radial pupil parameters deHned from 24mm to 25mm, 

the angles of incidence on the test surface were 25.641® to 26.656® for F/1.0 and 9.728° 

to 10.125° for the F/2.8 system. The numerical results of the simulations are found in 

table 9.13, while the graphical results appear in figure 9.39 and the histograms in figures 

9.40 to 9.42. 

From these results we can infer that neither design has unbiased nor efficient 

estimators on n and k. The performance on h is consistent with previous results for full-

aperture designs. Arguably the performance of the F/l.D design is very near unbiased and 

efficient for all three parameters. The scatter plot and scatter plot projection show we are 
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operating over a very nearly linear regions of the theoretical Lorentz curves. Similarly, the 

histogram show slight deviation from normal distributions. 

Design 

F/1.0 
CR 
MC 

(n) {k) (^)(nm) < n̂ 

0.47 -2.83 0.0 
0.4761 -2.8430 -0.0210 

(±0.0004) (±0.0014) (±0.0144) 

0.0587 
0.0607 

(±0.0004) 

<T- (nm) 
n 

0.1897 2.0453 
0.1922 2.0420 

(±0.0010) (±0.0102) 

F/2.8 
CR 
MC 

0.47 -2.83 0.0 0.3967 
1.3626 -3.1919 -0.7223 2.8995 

(±0.0205) (±0.0164) (±0.0976) (±0.0481) 

1.3104 13.988 
2.3117 13.801 

(±0.0267) (±0.0679) 

Table 9.13. Monte Carlo simulation results and Cram6r-Rao lower bounds for 
Au, 0° tilt systems: restricted pupil design. 

9.4.5 Au, variation of pupil radial parameters, 45 "tilt. 

We can investigate the same pupil design in systems incorporating tilt. For this 

series of simulations we will assume the reference and test arm surfaces are tilted at 45°. 

We will consider our four previous f numbers again: F/1.0, F/2.8, F/5.6 and F/11.2. The 

effect of the pupil on these systems is to restrict the angles of incidence to narrow regions 

near the minimum and maximum angles of incidence we considered earlier. Table 9.14 

lists the angle of incidence ranges for each. 
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Figure 9.39. Scatter plot and scatter plot projections for Au, 0° tilt systems: 
restricted pupil design. ( a) F/l.O and ( b) F/2.8. 



140 

120 

100 

80 
c 
:::J 
0 
(.) 

60 

40 

20 

0 
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.1 1.2 

nML 

(a) 

900 

800 

700 

600 

500 c 
:::J 
0 
(.) 

400 

300 

200 

100 

5 10 15 20 25 
nML 

(b) 

Figure 9 .40. Histograms of the n ML Monte Carlo simulation results for 

Au, 0° tilt systems: restricted pupil design. ( a) F/1.0 and ( b ) F/2.8. 
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Figure 9 .41. Histograms of the k ML Monte Carlo simulation results for 

Au, 0° Hlt systems: restricted pupil design. ( a) F/1.0 and ( b ) F/2.8. 
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Figure 9.42. Histograms of the hML Monte Carlo simulation results for 

Au, 0° tilt systems: restricted pupil design. ( a) F/1.0 and ( b ) F/2.8. 
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Design minimum range maximum range 

F/l.O 18.435° - 19.359° 70.641°-71.565° 
F/2.8 34.875° - 35.272° 54.728°-55.125° 
F/5.6 39.898°-40.101° 49.899° - 50.102° 

F/11.2 42.444°-42.546° 47.454°-47.566° 

Table 9.14. Range of incident angles for restricted pupil design and 45° test-surface tilt. 

The results from the Monte Carlo simulations and Cramer-Rao lower bound 

calculations appear in table 9.15. The graphical results appear in figures 9.43 and 9.44. 

The histograms are shown in Hgures 9.45 to 9.47. 

Design 

F/l.O 
CR 
MC 

F/2.8 
CR 
MC 

F/5.6 
CR 
MC 

F/11.2 
CR 
MC 

{«> 

0.47 
0.4706 

(±0.0002) 

{k)  (^)(nm) (T-

-2.83 
-2.8307 

(±0.0004) 

0.0 
-0.0015 

(±0.0044) 

0.0222 
0.0220 

(±0.0001) 

""ic 

0.0513 
0.0512 

(±0.0003) 

<T-(nm) 

0.6236 
0.6224 

(±0.0031) 

0.47 -2.83 0.0 0.0220 0.0613 0.7160 
0.4707 -2.8313 -0.0035 0.0220 0.0612 0.7152 

(±0.0002) (±0.0004) (±0.0051) (±0.0001) (±0.0003) (±0.0036) 

0.47 -2.83 0.0 0.0221 0.0634 0.7347 
0.4707 -2.8315 -0.0039 0.0221 0.0633 0.7339 

(±0.0002) (±0.0004) (±0.0052) (±0.0001) (±0.0003) (±0.0036) 

0.47 -2.83 0.0 0.0221 0.0640 0.7398 
0.4707 -2.8315 -0.0040 0.0221 0.0639 0.7389 

(±0.0002) (±0.0005) (±0.0052) (±0.0001) (±0.0003) (±0.0037) 

Table 9.15. Monte Carlo simulation results and Cramer-Rao lower bounds for 
Au, 45^ tilt systems: restricted pupil design. 
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9.43(c) 

9.43(d) 

Figure 9.43. Scatter plots for Au, 45" tilt systems: restricted pupil design. 
( a) F/I.O, ( b) F/2.8, ( c) F/5.6 and ( d) F/11.2. 



461 

-6 

-20 -15 -10 20 -5 

9.44(a) 

'ML 

-6 

-20 20 15 -15 -10 -5 

9.44(b) 



462 

'ML 

-6 

"-^0 20 -15 -10 -5 

9.44 (c) 

-6 

-20 15 20 -15 -10 -5 

9.44(d) 

Figure 9.44. Scatter plot projections onto Lorentz results for Au, 45° tilt systems: 
restricted pupil design. (a) F/1.0, ( b) F/2.8, (c) F/5.6 and (d) F/11.2. 
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Figure 9.45. Histograms of the fiML Monte Carlo simulation results for Au, 45° tilt 

systems: restricted pupil design. ( a) F/1.0, ( b ) F/2.8, ( c ) F/5.6 and ( d) F/11.2. 
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Figure 9.46. Histograms of the k ML Monte Carlo simulation results for Au, 45° tilt 

systems: restricted pupil design. ( a) F/1.0, ( b ) F/2.8, ( c ) F/5.6 and ( d) F/11.2. 
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Figure 9.47. Histograms of the hML Monte Carlo simulation results for Au, 45° tilt 

systems: restricted pupil design. (a) F/1.0, (b) F/2.8, (c) F/5.6 and (d) F/11.2. 
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In all four simulations the Monte Carlo results suggest the estimators of n, kmdh 

are unbiased and efRcient. The results shown in the scatter plots and the scatter plot 

projections, as well as the histograms, all confirm this conclusion. Furthermore, these 

results are consistent with the previous results where we compared the performance of the 

same systems with an open aperture design. The performance on n does not change with 

increasing f number while the performance on k and h worsens slightly. Once again there 

is very little to be gained by operating at F/1.0 as opposed to F/11.2, even with the 

restricted pupil design. 

9.4.6 Au, F/11.2 and 45 ° tilt system: 632.8nm operating wavelength. 

In all our previous simulations, we assumed the wavelength of light used was 

S89.3nm. In this simulation, we will investigate what happens when the operating 

wavelength is changed to 632.8nm. In our simulation, the incident electric Held is 

adjusted such as to provide the same average irradiance value and thus the same noise 

figure. The system we chose to investigate was the F/11.2,45° tilt system with gold in 

both the reference and test arms. The pupil parameters were reset to their original values 

of = 0mm and = 2Smm. 

The results from the simulation are shown in table 9.16. The Cramer-Rao lower 

bounds are (T/j =0.0221, =0.0641 and =0.7952nm. 
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^ML ^ML ^ML 

mean 0.4707 ± 0.00016 -2.8315 ± 0.00045 -0.0043 ± 0.00562 
a 0.0221 ± 0.00011 0.0640 ± 0.00032 0.7943 ± 0.00395 

A A. 
Table 9.16. Mean and Standard deviation of and hf^i for 

Au, F/11.2 and 45" tilt system: 632.8nm. 

When compared to the same system at 589.3nm, the only change we see is that the 

expected performance on h has worsened slightly. The results suggest that the 

performance on n and k is independent of the wavelength. This is of course under the 

assumption that the irradiance average is constant. 

The scatter plot and scatter plot projection onto the Lorentz results appear in 

figure 9.48 and the histograms appear in figure 9.49. 

9.4.7 Au, F/11.2 and 45° tilt system: Al reference mirror. 

We are not constrained to using a gold mirror. In this simulation we replaced the 

gold mirror in the reference arm with an aluminum surface. The complex index of 

refraction for aluminum is 1.44 - 5.23i at a wavelength of589.3nm. The surface under 

test remained gold. We will again consider the F/11.2 system with a 45° tilt in the 

reference and test surfaces. 

The standard deviation of the noise remained constant. For this system, the 

Cramer-Rao lower bounds are -0.0221, <T| st 0.0641 and =0.7405nm. The 

results from the simulation are shown in table 9.17. 
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Figuie 9.48> Scatter plot and scatter plot projections for 
Au, F/1I.2 and 45** tilt system; 632.8nm. 
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Figure 9.49. Histograms of the Monte Carlo simulation results for 

Au, F/11 .2 and 45° tilt system: 632.8nm. ( a) n ML, ( b ) k ML and ( c ) hML. 

mean 
(j 

0.4707 ± 0.00016 
0.0222 ± 0.00011 

-2.8315 ± 0.00045 
0.0641 ± 0.00032 

" 
hML (nm) 

-0.0040 ± 0.00523 
0.7401 ± 0.00368 

Table 9.17. Mean and standard deviation of fi ML , k ML and h ML for 

Au, F/11.2 and 45° tilt system: AI reference mirror. 
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When compared to the same system at 589 .3nm we see no change in the expected 

performance. This is not surprising since all our system parameters are the same and the 

amplitude of the incident electric field is allowed to vary to achieve the same noise level. 
f 

As a test, we investigated the case where equal electric field amplitudes were defined for 



474 

each arm, for both TE and TM polarized light. In this case, the average irradiance value 

and thereby the noise value, increased slightly. The Cramlr-Rao lower bounds for this 

case are cr^ = 0.0225, cr^ = 0.0644 and = 0.7133nin. The largest change is seen in 

the improvement on the lower bound of h while the lower bounds on n and k worsened 

slightly. In both cases, the Monte Carlo simulations suggest the ML estimators of n, k and 

h are unbiased and efHcient. 

The scatter plot and scatter plot projection onto the Lorentz results appear in 

Hgure 9.50 and the histograms appear in figure 9.51. 
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Figure 9.50. Scatter plot and scatter plot projections for Au, F/11.2 and 
45° tilt system: AI reference mirror. ( a) scatter plot and ( b ) scatter plot projections. 
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Figure 9 .51. Histograms of the Monte Carlo simulation results for Au, F/11.2 and 

45° tilt system: AI reference mirror. (a) nML, (b) kML and (c) hML · 
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9.4.8 Au, F/11.2 and 45 "tilt system: glass reference mirror. 

Perhaps as an extreme example, we will next consider the case where a dielectric 

is used in place of a metal mirror in the reference arm. The index of refraction for the 

reference arm in this case is 1.5 - O.Oi. The Cram6r-Rao lower bounds are = 0.0678, 

= 0.2302 and = 1.945nm. The simulation results are shown in table 9.18. 

A A ^ 

mean 0.4780 ± 0.00050 -2.8463 ± 0.00166 -0.0048 ± 0.01380 
<J 0.0713 ± 0.00044 0.2350 ± 0.00127 1.952 ± 0.00967 

A A 
Table 9.18. Mean and Standard deviation of and for 

Au, F/11.2 and 45° tilt system: glass reference mirror. 

The results are interesting in that the ML estimates on n and k are now biased and 

also no longer efficient. While the performance on h has worsened, it is still unbiased and 

efficient. 

The explanation for this can best be understood by considering the fringe 

visibility. The reflectivity for glass is very near 0 for TM polarized light at an angle of 

incidence of 45°. In fact, for an index of 1.5, the reflectance is 0.85%. For gold, we have a 

reflectance of approximately 75%. These values lead to very poor fringe visibility. In the 

A-only case, we saw how the standard deviation of the enor of the estimate on h varied as 

a fiinction of fiinge visibility. While a similar investigation was not performed for the 

three parameter case here, we can infer the fringe visibility has a similar effect. 
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The scatter plot and scatter plot projection onto the Lorentz results appear in 

figure 9.52 and the histograms appear in figure 9.53. We see the results lie over a 

nonlinear portion of the theoretical Lorentz curves, and the histograms exhibit a definite 

A. 

skew or departure from a normal distribution for and . 

9.5 Summary of Results. 

In this chapter, we presented the results of many simulations. The aim of these 

simulations was to determine what system configuration would yield the best results. By 

best results we mean the ML estimates are unbiased on all three parameters to estimate -

n, k and h. Second, the ML estimators must be efficient. That is, the standard deviation 
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Figure 9 .52. Scatter plot and scatter plot projections for Au, F/11.2 and 
45° tilt system: glass reference mirror. ( a) scatter plot and ( b ) scatter plot projections. 
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Figure 9.53. Histograms of the Monte Carlo simulation results for Au, F/11.2 and 

45° tilt system: glass reference mirror. (a) nML, (b) kML and (c) hML· 
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of the error of the estimate must equal the predicted Cramer-Rao lower bound. For both cases 

where the reference mirror was an ideal surface and a real metal, the best results occurred 

when tilt was incorporated in the design. Not only was there an order of magnitude 

i m p r o v e m e n t  f o r  a l l  t h r e e  p a r a m e t e r s  i n  t e r m s  o f  t h e  l o w e r  b o u n d ,  b u t  t h e  e s t i m a t e s  o n  n  

a n d  k  b e c a m e  u n b i a s e d  a n d  e f f i c i e n t .  W h a t ' s  m o r e ,  w e  s a w  t h e  r e s u l t s  o n  d i e  p a r a m e t e r  n  

were independent of the system f number. The same cannot be said for the estimates on k 

and h which saw a slight degradation in terms of the lower bound. They remained 

unbiased and efficient though. The conclusion to be drawn here is that the loss of 

performance is slight compared to issues involved designing a low f number system. 

We also briefly investigated tiie effect of altering the pupil design by considering 

die effect of using a narrow ring in the pupil as opposed to the fiill sector or wedge design 

previously considered. Both the performance and the trends observed previously were 

also observed here. We cannot conclude that the preponderance of information came from 

the equivalent narrow ring of the open sector. Rather, we can say that the relative amount 

of information remained approximately the same between the two designs. 

The important result to understand here is that performance is tied to information. 

Specifically, by incorporating tilt, we are operating in regions where the amplitude and 

phase reflectivity is unique for materials with a complex index of refraction. At normal 

and near-normal incidence, all metals exhibit similar trends; the amplitude reflectivity for 

TE and TM polarized light is nearly identical and the phase difference is near 180°. That 

is not to say the values are identical for every metal, this were true, we would expect a 

uniform probabili^ of flnding any value dictated by the Lorentz results. That's not the 
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case as we saw from the F/2.8 at 0® tilt results. 

As we depart from normal incidence, the behavior of metals begins to vary. This 

is the region to exploit, where the differences are great. By difference we mean not only 

between TE and TM for a given material but the difference between metals themselves. 

That is why the distribution of estimates from a Monte Carlo simulation was restricted to 

a narrow, linear region as tilt was introduced. The range of viable solutions was 

decreasing. This was best observed in the scatter plot projections onto the theoretical 

Lorentz curves. 

The final simulation investigated the effects of visibility on performance. We saw 

that as the visibility decreased, even for one polarization, the performance decreased to 

the point where the ML estimates on n and k were no longer unbiased nor efficient. The 

ML estimate on h remained unbiased and efficient although the Cram6r-Rao lower bound 

was seen to increase. Further simulations are required to fully discern the impact of 

visibility on the system performance. 

We will now change focus and turn away from simulations and consider instead a 

working prototype. In the next chapter we will consider the issues involved in designing, 

setting up, calibrating and finally, obtaining data from a prototype. Di chapter 11 we will 

present the results from the measured data. 
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CHAPTER 10 

MACH-ZEHNDER PHASE-SMFTING INTERFEROMETER / 

ELLIPSOMETER: PROTOTYPE DESIGN 

Up until this point, we have restricted our attention to a computer simulation of a 

phase-shifting interferometer. We used Cramdr-Rao lower bounds to assess a particular 

design and Monte Carlo simulations to determine whether the estimates on n, k and h 

were unbiased and efficient. In these simulations, the data were created by adding random 

Gaussian noise to the calculated mean values of the inadiance. Now we will shift our 

attention to an actual working prototype. The only difference in the reconstruction 

algorithms is that the data will come from an actual interferometer and not firom a 

computer-generated algorithm. 

In this chapter, we will consider the main issues we encountered in developing a 

working phase-shifting interferometer. We will first consider the design of the Mach-

Zehnder interferometer. We will then consider the individual components more in-depth. 

Specifically, we will look at the illumination system, the piezoelectric transducer (PZT -

while PZT usually stands for Pb(ZrTi)03, we'll use this acronym for piezoelectric 

transducer), the CCD camera and the liquid-crystal polarizer. Finally, we'll consider how 
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the computer controls each of these devices, and the Win95 program we developed to 

integrate the components and obtain a woridng phase-shifting interferometer. 

10.1 Mach-Zehnder Phase-Shifting Interferometer. 

10 J.1 The Mach-Zehnder template. 

The interferometer we chose to develop was a typical Mach-Zehnder 

interferometer. The basic text-book design appears in Hgure 10.1. The reason behind our 

decision is obvious. Inherent in the design is a 45° tilt in the reference and test arm 

mirrors. Simulations showed very promising results, in terms of bias and efficiency, at a 

45° tilt. We cannot easily change this angle in this design so we are constrained to work 

at this one particular angle. 

BeamSpUner Imaging Camera 
Lens 

Beam 
Expander Beamsplitter 

~7ies t  
Surface I LASER ^ 

7 2 
Figure 10.1. Basic Mach-Zehnder design. 
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10.1.2 Modifications to the Mach-Zehnder basic design. 

We would like to make several changes to the basic design. First, we would like 

to consider an extended source. This requires we image the extended source onto both the 

reference and the test surfaces. Secondly, we would like a system which is telecentric in 

image space. This ensures the same cone of light is incident on all test surface points. 

Finally, we would like to maintain a collimated beam propagating through the 

beamsplitters. A convergent or divergent beam through a plane parallel plate introduces 

spherical aberration and astigmatism. We would prefer to minimize the effects of 

aberrations wherever we can. 

The modifications to the basic design appear in figure 1 0.2. 

Extended 
Source 

f 
Beam 

Splitter 

Beam 
Splitter 

f 

Test 
Surface 

Figure 1 0.2. Modified Mach-Zehnder design. 

CCD 
Camera 
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The extended source is imaged onto both the reference and the test surfaces, 

which are then imaged onto the CCD array. Since we are repeating the same basic design 

we can consider only one particular compot;J.ent, as shown in figure 10.3. The imaging 

system is a simple symmetric design incorporating identical lenses, which we are treating 

here as thin lenses. The object and image are located at the front and rear focal points, 

respectively, of the individual lenses. The system itself is afocal with zero power. The 

principal planes of the system, P and P', are therefore at infinity. 

Figure 10.3. Fundamental building block of Mach-Zehnder design. 

With the aperture stop placed at the focal points of the lenses, the entrance and exit pupils 

are at infinity, and the system is telecentric in both object and image space. 

Of most interest is the tilt in the object and image planes. The Scheimpflug 

condition states that for a tilted object plane, the intercept of the object plane with the 

front principal plane P is at unit magnification with the intercept of the image plane and 
f 

the rear principal plane P'. In the system shown in figure 10.3, the image plane is tilted an 
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equal but opposite amount relative to the object plane. The same holds true for the CCD 

camera or final image plane of the Mach-Zehnder interferometer. In order to image our 

extended source onto the reference and test. mirrors, we must rotate the extended source 

45°. Furthermore, in order to image the reference and test mirrors onto the CCD, we must 

rotate the CCD array 45°. 

The system shown in figure 10.3 neglects one important point, the beamsplitter, 

and specifically, the beamsplitter's effect on the image of the aperture stop in image 

space. Figure 10.4 shows the effect of including a plane parallel plate of thickness t and 

index n into the basic component. 

f f 

object lens 

f f 

object lens 

Aperture 
stop 

(a) 

f 

BeamS_plitter 
z Cuf>e 

Aperture 
stop 

(b) 

f 

f 

lens 

f 

lens 

Rigure 10.4. The effect of the beamsplitter in the design. 

image 

image 

( a ) no beamsplitter and ( b ) shift in required aperture stop position with beamsplitter. 
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The required position of the aperture stop is no longer a focal length away from 

the second lens. The shift produced by a plane parallel piece of glass, whose thickness is t 

and index of refraction is n, is given by 

n - l  
z =  1 .  (lO.l) 

n 

With a typical BK7 beamsplitter cube measuring 22mm on a side, we would see a shift of 

7.Smm. This shift is accounted for in the alignment procedure and does not affect our 

previous Scheimpflug considerations. 

10.1.3 Lens requirements. 

So far in our discussion of the proposed Mach-Zehnder design we have neglected 

the actual lenses. We need to determine which lens best suits our application. In order to 

do so we must deHne what we want this lens to do. From this, we can specify its 

parameters. First, we would like a large f number. Our simulations have shown that 

increasing the f number affects the estimate of k and h only slightly, while the 

performance of the estimate on n remains essentially the same, provided we incorporate 

tilt. The system under consideration has the required 45° tilt inherent in the design. A 

large f number also reduces aberrations, which brings us to our second criteria. The lens 

should be a single, off-the-shelf achromatic doublet. Custom optics are both cost and time 
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prohibitive. Multiple elements require precise mounts and alignment techniques. We 

would prefer a single element. 

A doublet is the choice here since it is designed to correct for spherical, coma and 

chromatic axial aberration. We are operating at a single wavelength so chromatic 

aberration correction is not an issue. For our symmetric system, the aberrations coma, 

distortion and lateral color are theoretically zero. Coma is therefore not a concern. We are 

left to consider spherical aberration, field curvature and astigmatism. We would like a 

achromatic doublet whose performance over the field of view is essentially difiraction 

limited. 

The field of view or object size we wish to consider is dictated by our CCD array 

since we have a one-to-one imaging system. According to the manual for our Cohu 

camera, the pickup area is 8.8nun by 6.6nun. We'll consider the CCD camera and its 

operation later. 

10.1A Achromatic doublet investigation. 

With some fundamental requirements in mind, we can determine which lens best 

suits our needs through a simple investigation using CodeV™. This lens design package 

offers standard libraries of off-the-shelf optics from major manufacturers, including 

Newport, Melles-Griot and Edmund. Once the design is created, we can change the lens 

by simply opening a new file. The system is then optimized to obtain the correct 

separations and the final image plane is analyzed. 



The lens we chose was the Edmund Scientific ES32492 achromatic doublet. It is a 

25mm diameter lens with a focal length of 12Smm. With the aperture at lOnwn, the 

system will be operating at F/12.5. The diffraction-limited spot size for an F/12.5 system 

operating at a wavelength of 632.8nm is 19.3 microns. The purpose of using CodeV™ is 

to see if the lens achieves diffraction-limited performance for the proposed set-up. 

The system specifications are shown in table 10.1. Without going into the details, 

we found CodeV^M straightforward in setting up and analyzing the proposed set-up, 

including the tilt requirements on the object and image plane. 

Telecentric System f/12.5 
RDY THI RMD GLA CCY THC GLC 

OBJ: INFINITY 120.967266 100 RED 
XDE 0.000000 YDE: 0.000000 ZDE: 0.000000 DAR 
XDC 100 YDC: 100 ZDC: 100 
ADE 45.000000 BDE: 0.000000 CDE: 0.000000 
ADC 100 BDC: 100 CDC: 100 

I 162.43000 2.400000 SF5_SCH0Tr 100 100 
2 5435000 6.000000 BK7_SCH0Tr 100 100 
3 -76.28000 123.639317 100 100 

STO: INFINITY 83.268823 100 100 
5 INFINITY 22.000000 BK7_SCH0TT 100 100 
6 INFINITY 25.850000 100 0 
7 76.28000 6.000000 BK7_SCH0TT 100 100 
8 -5455000 2.400000 SF5_SCH0Tr 100 100 

> S 1: -162.43000 120.967263 100 PIM 
IMG: INFINITY 0.000000 100 100 

XDE 0.000000 YDE: 0.000000 ZDE: 0.000000 DAR 
XDC 100 YDC: 100 ZDC: 100 
ADE -45.000000 BDE: 0.000000 CDE: 0.000000 
ADC 100 BDC: 100 CDC: 100 

Table 10.1. CodeVrw F/12.5 system specifications. 
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The spot diagrams for the on-axis and four off-axis object points are shown in 

figure 10.5. For the off-axis points we chose object heights of ±2mm along the x and y-

axis. From the scale shown we can conclude the system is operating at diffraction-limited 

performance since the spot diagrams are all within the diffraction-limited spot size of 

19.3 microns. 

FIELD 
FOSITIOtJ 

- I .00 ,  0 .00  
0.000,0.000 DC 

1.00, 0.00 
0.000,0.000 DC 

0 . 0 0 , - 1 . 0 0  
0.000,0.000 DQ 

0.00. 1.00 
0.000,0.000 DC 

tOOE-OI. tot 

0.00,  0 .00  
0.000.0.000 DC 

DEFOCtJSING 0.00000 

Telecentric System - ES32492 f/12.5 BS I 

Figure 10.5. Spot diagrams for F/12.5 system. 
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The design layout is shown in figure 10.6. The position of the beamsplitter has no 

effect on the system aberrations. In fact, the system is optically symmetric which cancels 

third-order coma and distortion. As seen in the spot diagrams, the system is dominated by 

spherical aberration, as well as astigmatism and field curvature. The only important point 

regarding the beamsplitter is that it must not be positioned so as to act as the aperture 

stop. With the design shown in figure 10.6, this is not an issue. 

This brief investigation has confirmed the Edmund 32492 achromat is sufficient 

for our purposes. We can now proceed to designing the layout. 

10.1.5 Interferometer set-up. 

With the lens selected, we can proceed to determine how best to set up this 

interferometer. Edmund Scientific offers a unique line of products called the Integrated 

Optical Mounting Components. These components adhere to two standards: the C-mount 

or 30nm\ diameter banel and the T-mount or 48mm diameter barrel. The components are 

interchangeable and complementary within their format. The product line includes 

beamsplitter mounts, lens holders, extension tubes, variable-focus extension tubes, 

couplers and an iris, integrated within an extension tube. Ring mounts allow the system to 

be mounted to standard 1/4-20 posts and holders. C-to-T adapters allow the two formats 

to be interchanged, should the need arise. Figure 10.7 shows several representative 

components. 



10:57:17 

60.98 MM 

Telecentric System f/12.5 Scale: 0.41 ORA 14-Jul-99 

Figure 10.6. CodeV design layout. 
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These components offer several advantages. Once aligned, the system remains 

aligned. Stray light is reduced since the entire system is enclosed in black-anodized 

aluminum tubes. The system can be mounted to a breadboard, offering some mobility. 

The optics are enclosed and not subject to dirt and dust. It is also aesthetically appealing. 

With these selling points in mind, we opted for this approach. 

Figure 10.8 shows the complete design in 4:1 scale. Also shown is a 1:1 scale of 

the lens mount and adapter. Because the lens we chose was classified as a thick lens with 

a 25mm diameter, the T-mount was required. To complete the assembly, two C-to-T 

adapters were required and a male-to-male adapter. The resulting unit was 51mm long. 

Through measurements and quoted values, we determined the position of the lens in the 

mount. 

While figure 10.8 served as a template for ordering parts and assembling the 

interferometer, we found several problems that became apparent in the process of 

aligning and assembling the protoQrpe. We'll discuss the alignment procedure in a 

subsequent section but the problems merit discussion here. First, the design in figure 10.8 

does not take into account the effect of the beamsplitter in the required position of the 

apermre stop, as shown in figure 10.4. The shift produced by the Edmund beamsplitter 

was approximately 7.Snmi, which translates into variable-focus tube C3 being 7.5mm 

longer, or 50.4mm. This is a problem as the variable tube length is designed to operate 

from 30mm to 50mm. Since one advantage of this design is stability, a variable-focus 

extension tube at this length compromises the overall stability. The solution was the 



Figure 10.7. Integrated Optical Mounting Components. 
( A) 35mm beamsplitter cube holder, 
( B ) variable length extension tube, 
( C ) 1 Omm extension tube, 
( D ) variable stop position iris, 
( E ) male-to-male rotating spacer (shown disassembled), 

495 

(F) male-to-male fixed spacer (48mm diameter, T-Mount standard). 
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insertion of tixed spacers between the beamsplitter mount "B", and the variable-focus 

tube "C3". We inserted ISmm, bring the variable-focus tube to 35.4mm. 

The second issue concerns assembly. Once the alignment of a section is complete, 

it is screwed into the beamsplitter mount. We have three such sections in each 

beamsplitter mount. A tight Ht on one section may mean the 90° female threads are not 

parallel to the table top. In other words, the optical axis is now tilted with respect to the 

input axis. This means inserting the right-angle section is impossible. 

The solution to this problem was to replace the 4mm male-to-male spacer/adapter 

in the lens assembly with a rotating version. The rotating version has two interlocked 

components. When the set screws are loosened, one piece is allowed to rotate within the 

other, without compromising the thickness or length of the assembly. When tightened, the 

individual components do not move. Once screwed to the beamsplitter mount, the 

rotating adapter's set screws could be loosened and the entire assembly rotated until the 

beamsplitter mount was properly oriented. 

This rotating male-to-male adapter component adds approximately 2mm to the 

fixed variety's 4nun. This extra distance must be taken out of the variable focus tube 

lengths. This was done in the alignment procedure and was not an issue other than that 

we had to take apart the prototype to realign each subsection and then reassemble 

everything. 

The final issue was perhaps the most severe, the beamsplitter mount. As currently 

designed, the mount does not allow any adjustment of the beamsplitter cube once the set 
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screws are locked. Even when the set screws are removed, adjustments are made by 

gently pushing the cube with a cotton swab until the desired retroreflections are seen. 

This is hardly adequate for an interferometer. While we did manage to align the Hrst 

beamsplitter well enough, the second beamsplitter eventually had to be removed and 

mounted on a New Focus 9411 prism mount. This excellent mount provides tilt and 

rotation adjustment, exactly what was required in the Hnal stages of alignment. 

In fact, the fmal schematic in Hgure 10.9 shows quite a few mbes and components 

removed, particularly in the test or non-PZT arm. While these tubes and components are 

no doubt excellent for incoherent imaging systems, we found that we just did not have 

enough degrees of freedom to properly align an interferometer. We had to mount the 

beamsplitter and lens assemblies on x-y translation stages as well, something we could 

not do if they were locked into position with the mbes. These components are marked by 

an asterisk in the Hnal design in figure 10.9. Our original design of a completely 

interlocked system was just too idealistic. 

A photo of the final Mach-Zehnder interferometer set-up is shown in figure 10.10. 

In the foreground we can see the extended source plane, and the final image plane (CCD 

camera) appears in the background. The beamsplitter mounted on the New Focus mount 

is visible near the center of the image. 
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Figure 10.1 0. Mach-Zehnder interferometer/ellipsometer prototype. 

1 0.1. 6 Alignment. 

The first step in the set-up and alignment procedure was to insert the lenses into 

the lens holders and attach the clamp holders, post and post holder. The height was 

arbitrarily chosen by aligning a laser parallel to the table top at a particular height. It is 

important that the lenses be mounted correctly within the holders such that the surface 

with more curvature sees a collimated beam. This minimizes spherical aberration. The 

system is symmetric so the lenses must be oriented accordingly. This is best seen in the 
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layouts where the lenses are drawn to scale based on the radii of curvatures provided in 

Edmund Scientific catalog, as well as the general diagram in figure 1 0.4. 

Once inserted, we checked the lens' alignment by examining the back reflection 

on the laser output port. If aligned in the mount correctly, the lens' back reflection should 

align on the laser output port, producing a circular interference pattern. All the lens 

holders performed very well. We performed any necessary adjustments by unfastening the 

retaining ring, reseating the lens and then tightening the retaining ring. 

With all the lenses mounted, we proceeded to align the beamsplitter cubes within 

their mounts. This was accomplished by attaching the lens holder assemblies to the 

beamsplitter mount while the input port remained unattached. The iris was screwed into 

the input port. We could then stop it down to approximately 1 mm in diameter to ensure 

the laser was entering the center of the mount, as well as open it up to 1 Omm to better 

view the back reflections on the laser. This intermediate set-up is shown in figure 10.11. 

''null'' port 

LASER 
iris 

Figure 1 0.11. Beamsplitter alignment technique. 
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The fixed-length extension tubes were also included at this point. Even though 

several tubes were later removed and the second beamsplitter was removed from its 

mount, both beamsplitters were initially aligned this way. 

If the beamsplitter shown in Hgure 10.11 was aligned correctly, the 

backreflections from both lenses would appear on the laser output port, superimposed on 

one another. In addition, spots from the beamsplitter faces would return onto the laser. 

Furthermore, the null port (in reference to the fact that this side of the beamsplitter 

is not used) provides another means of checking alignment. Back reflections from the 

faces of the cube and the lenses appear here as well. The beamsplitter mount has a square, 

black rubber wedge and cover plate for this face. These serve to secure the beamspliiter 

cube and prevent ghost reflections. Once removed, we could observe the back reflections 

and nudge the cube itself into position, provided the set screws were removed. 

With these two observation planes, we managed to align the beamsplitter cubes by 

trial-and-error such that the laser was going through the center of the cube and the back 

reflections all aligned as well as could be expected. The beamsplitter faces were not 

orthogonal to each other. This was obvious from the back reflections of the laser from 

each face. Due to the design of the mount, the beamsplitter would move when the set 

screws were tightened and the cover plate attached. We were nudging the cube repeatedly 

into position with a cotton swab. 

With the beamsplitters aUgned as well as possible and all the fixed extension 

tubes in place, the next step was to align and set the variable length extension tubes and 
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thus, the components would all be set to the lengths dictated by the schematic in figure 

10.8. In theory, we would need to only screw components togedier to get a properly 

aligned system. 

We can make use of the fact that that object, image and the aperture stop all reside 

at focal points of the lenses to set up our components. The idea was to align a laser along 

the optical axis of the component in question, expand and collimate the laser so a 

collimated beam entered the system, then observe the best focus spot and adjust the 

variable-focus extension tube until the plane in question was at its best focus. The plane 

in question was then at the focal point and the variable-focus extension tube's set screw 

could be locked into position. 

We can illustrate this technique best by example. Consider the initial lens. It 

collimates the light from an extended source. The apemire stop is located at its back focal 

point. We'll Hrst consider the aperture stop or iris at the back focal point. Figure 10.12 

illustrates the set-up we used to determine the position of the iris. 

Once the iris is at the back focal point, we can rotate the system 180° and position 

the extended source plane at the focal point much the same way. The only caveat is that 

we need some object at the plane to focus on. A glass reticle with an etched ruler was 

positioned in this plane. The variable tube was adjusted until the reticle was in focus at 

the focal point. We observed the alignment procedure through the threaded female port of 

the 38nmi beamsplitter. The set-up is diagrammed in figure 10.13. It goes without saying 

that many neutral density filters were used to attenuate the light so as to not damage the 

eye. 
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Figure 1 0.12. Iris positioning technique. 
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Figure 10.13. Source object positioning technique. 

The symmetric set-up involved in the imaging of the mirrors onto the CCD 

camera was aligned in the same manner. This left only the beamsplitter assemblies in 

figure 1 0.11. While the sub-assembly is different, the idea is exactly the same. In fact, the 

position of the iris could be checked. Regardless of the lens used, the iris must be at the 

focal point for both lenses. To the best of our subjective observations, this was the case. 
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By subjective, we mean that we are not looking at a point at best focus but rather a 

spot, due to spherical aberration. At the paraxial focal point, we expect to see a sharp 

point within a blurred spot. As the observation plane is moved, the spot comes to focus 

while the former point becomes a blur. Somewhere within this region is the nunimum 

spot size where the effect of spherical aberration has been countered with defocus. We are 

interested in the paraxial focus spot. In general, a positive lens introduces undercorrected 

spherical aberration. This means the rays from the edge of the pupil come to focus nearer 

the lens than the paraxial rays which deHne our paraxial focal point. As one shifts the 

observation plane towards the lens, the Hrst point within a blur is therefore the paraxial 

focal point. 

In order to be sure, we can examine the behavior of the doublet in CodeV^. In 

particular, we would like to see what effect the beamsplitter has on the converging beam. 

After all, we need to position the iris for the beamsplitter sub-assemblies and they contain 

the previously aligned beamsplitter. Furthermore, the orientation of the lens may make a 

significant difference. The layouts from CodeV™ are shown in figure 10.14. 

The object was defined at infinity and a collimated beam was fed into each 

orientation of the doublet. A paraxial image solve was placed on the final thickness. For 

the correct orientation of the lens, the spherical aberration was virtually negligible. The 

third-order coefficient S A3 was -0.009. With the beamsplitter inserted, this dropped to 

-0.005. The negative sign indicates the edge rays are coming to focus prior to, or to the 

left of the paraxial rays. For the opposite orientation, the spherical aberration coefficient 
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increased to -0.32S and -0.321 with the beamsplitter. Once again, the edge rays are 

coming to focus prior to the paraxial rays. 

A simple means of assessing the effect of spherical aberration is to solve for best 

focus. CodeV shifts the image plane to minimize the spot size. For the proper orientation 

this value was on the order of -1 micron. The incorrect orientation resulted in a shift of 

-l.4nmi. 

The conclusion to be drawn from this brief investigation is that, for either 

orientation, as the microscope is moved toward the lens, the first focal point observed is 

the paraxial focal point. In the proper orientation the effect of spherical aberration is 

minimized, so we will observe one best focus. For the incorrect orientation of the lens, we 

will see a point surrounded by a blur, followed by a minimum spot size and finally 

another point within a blur. The paraxial focus is the Hrst point observed as the 

microscope is moved toward the lens. The effect of the beamsplitter is minimal in either 

case. 

At this point we have aligned the subsystems shown in Hgure 10.15 and we must 

attach them to the 38mm beamsplitter holders which serve as our mirror enclosures. 

Notice the fmal image plane sub-assembly has no holder attached. The camera will 

simply be positioned in the correct plane. 

Once assembled, the interferometer produced two images at the final image plane, 

one from each arm, as required. The images were not aligned on top of one another which 

posed a problem since there was no alignment possible. The solution was to remove the 



variable-focus extension tubes, mount the independent components on x-y translation 

stages and mount the beamsplitter on the New Focus stage. With the added degrees of 

freedom, we could align the images to overlap. Only then did we obtain fringes. 
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With the alignment technique and the final set-up done, we can move on to 

consider specific components in the set-up. We'll first consider the illumination system. 

/ 

Figure 10.15. Aligned sub-assemblies. 

10.2 Illumination system. 

Ideally the source would be a monochromatic, spatially-incoherent Lambertian 

source, which would sit at the designed source position. Since nothing like this exists, we 

were left to try a variety of illumination techniques and sources. 
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10.2 A White light and filter. 

The first illumination system was simply an incandescent white light and filter. 

The white light was a variable output source from a WYKO profilometer. The filter was 

the Melles-Griot 03 FIR 004 filter centered at 589.3nm with a FWHM of lOnm, ± 2nm. 

The light was fed into the interferometer through the port of the 38mm enclosure. The 

result was two images and no fringes. 

A calculation of the coherence length for this filter yields, 

Any path difference in the two arms greater than this coherence length will result in the 

incoherent superposition of light and thus, no fringes. Despite the fact that the lenses were 

identical, focus error will cause different path lengths in each arm. The quoted tolerance 

on the focal length is 2% which translates into 2.5mm. We will need a better source in 

terms of the coherence length if we wish to see fringes. 

10.2.2 Mercury and sodium arc lamps. 

The next step was to consider a spectral lamp such as Oriel's 6035 Hg(Ar) lamp. 

These lamps are characterized by narrow-band emissions at discrete wavelengths. 

Typically, low-pressure lamps exhibit Gaussian line broadening due to Doppler shifts of 

the moving emitters (Goodman, 1985). The coheience length of these sources ranges 
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from a few millimeters to several centimeters. With a suitable filter to restrict the output 

to the 546nm line, we observed low-visibility fringes. Furthermore, the throughput was 

very low. These spectral lamps were not adequte sources for our interferometer. 

For more output, we also tried a low-pressure sodium light source, OS-9287A 

from PASCO Scientific. This lamp was rated at 100 Watts, and throughput was no longer 

an issue. The observed fringes were also low visibility despite our best efforts to tweak 

the alignment of the system. 

The sodium lamp is characterized by two lines whose wavelengths are S89nm and 

589.6nm. The center wavelength is 589.3nm. If we assume the spectral lines are equal in 

terms the total flux emitted, and we neglect the finite spectral width of each line, we 

know the visibility of the fringes will go as a cosinusoidal function. The visibility as a 

function of the OPD is plotted in figure 10.16. 

The fringe modulation is zero for an optical path difference of0.2894mm and 

every multiple of O.S79mm thereafter. Of course the finite width at each wavelength 

creates a slowly varying envelope which modulates this cosine function in figure 10.16 

and eventually the visibility falls to zero. Due to sodium's characteristic spectrum, the 

observed path difference, as a result of the focus error, will affect the fringe visibility . 

We need to find a better source not affected by the inherent OPD. 

10.2.3 HeNe laser. 

With a laser for our source, the effects of OPD on fringe visibility are negligible. 

The 632.8nm HeNe line is predominantly characterized by inhomogeneous line 
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broadening. (Siegman, 1985) This is due to a Doppler shift caused by the kinetic motion 
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Figure 10,16. Visibility as a function of OPD for Na spectral lamp. 

of individual radiators. The spectral output and thus coherence length, depend on several 

factors including the cavity design and the spectral purity or frequency stability. 

We can consider a simple example. For a Doppler linewidth of 1500MHz, the 

coherence length is approximately Ax^. = c/Av = 3x 10® / 1500x 10® = 20cm. The 

general rule of thumb is twice the cavity length. The temporal coherence is not an issue 

regarding fringe visibility. 
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10.2A The HeNe laser illumination system. 

With our HeNe laser, we would like to design an illumination system which meets 

two requirements. First, it must produce a spatially incoherent extended source. Second, 

we would like the illumination to be uniform over the region of interest. We'll consider 

the second point first. 

The output from a TEMqq laser has a Gaussian profile. The propagation of a 

Gaussian beam does not alter its fundamental nature. Therefore our approach will be to 

expand the beam and clip it such that the irradiance over the region of interest is 

essentially uniform. The easiest method of accomplishing this task is to focus the beam 

through a microscope objective and obtain a "point" source. A suitable lens, typically an 

achromatic doublet, then collimates the beam. We need to determine which microscope 

objective and lens combination do we choose to suit our purpose. 

This problem is simplified considerably by the first-order approximation that the 

output from the laser is very near planar. The diameter of the output for the Melles-Griot 

OS LHP 111 is quoted at O.S9nun with a divergence angle of 1.3Smrad. Using our 

approximation, we need to design a telescope whose ratio of focal lengths is equal to the 

ratio of the desired diameter to the output diameter of O.S9mm. 

With a limited number of objectives and achromatic doublets on hand, we chose a 

40X 0.8S objective and a S2mm diameter, 220mm focal length achromatic doublet. The 

focal length of die objective, if we assume a 160nmi tube length, is 4mm. The diameter of 

the exiting beam is then found by 
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(l>out 220nim ^ „ 

This is suitable for our purposes The objective and lens were aligned along the optical 

axis of the system and the achromatic doublet was positioned for a collimated output. A 

Melles-Griot shear plate was used for collimation in this and all tasks where a collimated 

beam was required. 

The next step was to somehow destroy the spatial coherence of our newly 

expanded laser beam. The method we chose was a rotating ground glass. The ground 

glass was epoxied to the spindle of a conmion DC motor. A variable power supply 

regulated the speed of rotation. The ground glass was positioned immediately after the 

microscope objective such that the limited extent of the 3" diameter ground glass caught 

the entire diverging wavefiront. At this point, the fmal image through each arm was a 

speckle pattern. By rotating the ground glass, we observed a uniform illumination. 

The simple reason this works can best be seen by considering the electric Held at 

two arbitrary points on the stationary ground glass. We'll call these points Pj and P2, and 

the electric Held at these points we'll call v{Pi,t) and H(/'2>') < respectively. We can 

assume the amplitudes are equal although this is not important. 

The ground glass imparts a random phase at each point due to the different 

thickness of the glass. For a rotating ground glass and a Hxed point, the phase variation is 

a function of time. If we choose an arbitrary observation plane, the irradiance is the sum 
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of the electric fields, modulus squared, from our two arbitrary points. The result can be 

written in the familiar form, 

I = Ip^ +Ip^+ 2^lpjlp^ cos(A0(t)). (10.4) 

The phase difference in the cos term is the difference in phase between the two points at 

any particular instant of time. 

For a rotating ground glass, we must take the time average. The phase difference 

obeys a uniform distribution from 0 to 2;r. The average irradiance is then 

{l) = (^Ipj -^Ip^ +2^IpjIp^ cos(Ad{t)fl. (10.5) 

Since only the cos term depends on the time t, we can pull all the other terms out of the 

average. This yields 

{ / )  =  +  I p ^  + 2 ^ l p j l p 2 ( ^ c o s { A d { t ) ) ) . (10.6) 

The average of cos, as time approaches infinity, is simply zero and we are left with 

(/) = /p^+/p2. (10.7) 
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or the time average of the irradiance is simply the incoherent sum of the irradiance due to 

each arbitrary point. 

The interval of time we choose depends on our observation method. For a RS-170 

camera, we obtain a new field every l/60th of a second. Provided that the rotating glass is 

spinning fast enough, we no longer perceive any speckle. In that sense, we've "destroyed" 

the spatial coherence. We've simply made it imperceivable by adding a random phase at 

each point that is a function of time and averaging over a particular interval of time. 

The Hnal elements to include in our illununation system were the Meadowlark 

LCD polarizer and the neutral density filters. We'll have more to say about the operation 

of the LCD polarizer later in this chapter. The interesting point to be made now is that the 

polarizer was inserted immediately after the laser, prior to the microscope objective. The 

laser itself was oriented at 45°, providing equal amounts of s and p polarized light. The 

set-up, including the rotating ground glass, did not affect the polarization. Linearly 

polarized light going into the illumination set-up, came out linearly polarized in the same 

orientation. We thought there would be some effect due to the objective and rotating 

ground glass, but we did not observe any. 

The LCD polarizer has a 0.7" aperture so it could conceivably be placed after the 

collimating doublet. The problem with this set-up is that the LCD head does not behave 

uniformly over its entire aperture. The result would be a plane wave whose polarization is 

a function of position. This is not acceptable. Therefore the polarizer was placed 

inmiediately after the laser output port. 
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The neutral density filters serve only to attenuate the light, if necessary. The 

maximum output from an arm of the interferometer should not exceed 64 units for an 8bit 

RS-170 camera. The maximum fringe value then cannot exceed 256 and the camera will 

not be saturated. 

A schematic of the set-up is shown in figure 10.17. While it was arrived at in an 

ad hoc, trial-and-error manner, it does meet our two criteria: a spatially incoherent, 

extended source with a sufficiently long coherence length and a reasonably uniform 

illumination over the region of interest. A photo of the illumination system, with the 

components labeled, appears in figure 1 0.18. 
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Figure 10.17. Illumination system. 
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Figure 1 0.18. Illumination system photo. 
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A cross section of the camera signal from one arm of the interferometer is shown 

in figure 10.19. The plot was obtained from the win95 control program developed to 

control all the components and acquire data. W e'lllook at the program more later in this 

chapter but for now we will consider one plot which shows the horizontal cross-section of 

an acquired frame. 

Figure 10.19. Cross-sectional plot example. 
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The cross-section shows the camera signal at row 320 of 480. The horizontal scale 

markings refer to gray levels. The vertical markings denote the region of interest. For the 

purposes of this investigation, we are primarily concerned with the 100x 100 square pixel 

region whose upper left comer is at (290,270). The vertical lines are the ix)undaries of the 

square region. 

The drop off at approximately pixel 600 is due to the orientation of the CCD 

camera and its physical set-up. The camera is rotated at 45° with respect to the optical 

axis. The edge of the CCD sensor housing blocks out a portion of the sensor at this angle. 

In the images this corresponds to a black band. 

Overall we can say that the illumination system provides a uniform level, 

particularly in our region of interest. 

With the illumination system covered we can move on to the other end of the 

system, die CCD camera and frame grabber. 

10.3 The CCD camera and frame grabber. 

The CCD camera and frame grabber form a critical link in the system. They 

connect the fringes in the Hnal image plane of our interferometer with the computer 

reconstruction algorithm, bi this section we will consider each component and its 

features. 
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10.3.1 CCD camera. 

The CCD camera chosen was the Cohu 4812-7000 monochrome, frame-transfer 

CCD camera. The sensor measured 8.8 by 6.6nmi (2/3" format) with 754 by 484 active 

picture elements. The key features of this camera are jumpers to select the automatic gain 

control AGC, an auto or manual black level and jumpers to select a gamma of 0.5 or 1.0. 

A critical aspect of the camera's design was that it was easy to disassemble the 

electronics from the housing. Since most CCD cameras are not intended to be used 

without some sort of c-mount lens, the sensor is typically positioned deep within the 

housing to protect it from potential damage. The Cohu 4812 is no exception. Its design 

allows one to remove the housing, which permits access to the sensor board. Therefore 

this camera can be used in the 45° tilt conflguration required in the design. 

A mounting bracket and posts were machined for the exposed circuit boards and 

the sensor board. The bracket served to fasten the camera to any combination of standard 

mounting components that might be required, as well as to secure all the electronic 

boards. The sensor board was mounted to two machined posts to secure the board, since 

removing it from the camera housing left it dangling from the few wires connecting it to 

the main boards. 

With the sensor exposed to the environment, it was necessary to enclose the 

modiHed camera assembly to protect the sensor from damage, as well as minimize the 

stray light. This was accomplished using black posterboard and black clodi. 

Two photos, Hgure 10.20 and 10.21, show the original camera and the slightly 

modi^ed version used in the set-up, respectively. 
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Figure 10.20. The Cohu 4812 CCD camera. 

Figure 1 0.21. The modified Cohu 4812 CCD camera. 
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The photo in figure 10.21 shows the mounting components used in the camera 

portion of the set-up. The camera was mounted on an x-y translation stage which was 

mounted on a heavy-duty Newport rotary stage, seen in the foreground. The entire 

assembly was mounted on a Newport post which was then mounted on a x-y stage on the 

optical table. 

The purpose of mounting the camera on an x-y translation stage was to adjust the 

CCD sensor position so the center of it was aligned with the axis of rotation of the rotary 

stage. This was accomplished by aligning the center of the CCD with the center of the 

ruled-reticle image and rotating through several degrees. If the image of the center 

moved, the CCD was repositioned with the x-y stage. This wasn't critical and it assumes 

the ruled-reticle was positioned correctly in the extended source plane. It is nice to have a 

fixed point of reference. 

The sensor was then rotated until the ruled-reticle image was in focus across the 

entire field of view. If it became necessary to move the entire camera along the optical 

axis or transverse to it, the x-y stage connecting the entire camera assembly to the optical 

table was adjusted accordingly. This set-up provided all the necessary degrees of freedom 

to properly align the camera in the image plane of the interferometer at the correct 45° 

tilt. A representative image of the ruled-reticle appears in figure 10.22. One arm of the 

interferometer is blocked off. 
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Figure 10.22. The ruled-reticle camera image. The ruled spacing is 0.1mm. 

10.3.2 LC Filter. 

A peculiarity which arose during alignment and in subsequent data acquisition 

was an unknown noise which plagued the camera output signal. The signal from the 

camera was corrupted by what we observed to be a 5MHz noise signal. The source of the 

noise remains a mystery but the LC filter we designed proved to eliminate the noise. 

The theory of LC filters can be found in any elementary book on radio electronics 

or engineering (Myers, 1973; Westman, 1956). The filter is shown in figure 10.23. 



Figure 10.23. LC Filter. 

Schematically, the design we chose is shown in figure 1 0.24. 

L 

:------~~~--=r=~-c-------v--~ 
"in out 

0~---------------==r=-.-----------~ 
Figure 1 0.24. LC Filter schematic. 

For this design we have a low-pass filter. The cutoff frequency fo is given by 

1 
fo = 2n.JLC. 
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(10.8) 



With our choice of a 10nF capacitor and 0.1J..LH inductor, the cutoff frequency is 

5.03MHz. From the table in Westman (1956) the voltage reduction ratio is 0.01 or an 

attenuation of -40dB, which is more than aqequate. 
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This filter proved to be too good, judging from the representative before and after 

photos shown in figure 10.25. The same ruled-reticle image as in figure 10.22, only 

filtered through our LC filter, is seen in figure 10.26. Once again these were obtained 

from the Win95 controller program. The filter has eliminated high-frequency components 

indiscriminately, and the result is an image that appears defocused and astigmatic. The 

solution is to redesign the filter. A better choice would be a band-stop filter centered at 

5MHz. 

128 

18 

278 328 378 

10.25 (a) 
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270 328 370 

10.25 (b) 

Figure 10.25. Representative LC Filter results. 
(a) no niter and (b) Hlter. 

10.3.3 Redesigned LC filter. 

The Hrst step in our redesign of the Hlter is to determine precisely what frequency 

we are trying to remove. The easiest method is to take 256 pixels of an arbitrary cross-

section of the unaltered image as seen in Hgure 10.22 and Fourier transform the array. 

The results are seen in Hgure 10.27 

The time scale was determined from the frame grabber's active pixel clock. The 

framegrabber samples 640 points in S2.1S|as. Therefore the time increment is 81.5nsec. In 

the frequency domain this corresponds to a frequency sample rate of 

A f ^  
256x(8.15xl0"®sec) 

=0.048MHz. (10.9) 
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In figure 10.27 ( b ) the spike corresponds to a frequency of 4.8MHz. So we were close 

with our original assessment of 5MHz from the oscilloscope reading. 

Figure 1 0.26. The ruled-reticle camera image, LC filtered. 
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Figure 10.27. Representative cross-section of unfiltered reticle image. 
( a ) time domain and ( b ) fast Fourier transform result in frequency domain. 
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The next step is to understand the problem with the previous design and Hnd a 

suitable solution. The original design was a low-pass filter. We would like a band-stop or 

notch filter at 4.8MHZ. From Westman (1956), we find a simple band-stop filter is given 

by the design shown in figure 10.28. 

In order to determine the values of the inductors and capacitors necessary for our 

design frequency, we turned to the AADE Filter Design program, version 1.92 (AADE, 

1999). This useful program allows the user to design any filter starting from various 

templates. We chose the Chebyshev design with 2 nodes or poles. By varying the 

frequency values, we obtained several designs. Some designs were more viable than 

others, in terms of available inductors and capacitors. The design we ultimately went with 

was one originally computed from formulas in Westman (1956). The schematic from the 

AADE design program is shown in figure 10.29. 

In order to fine-tune the performance, we first investigated the effects of changing 

the capacitance of Ci. We varied the capacitors first because of the large number of 

capacitors readily available in lab. Through trial-and-error, we found that simply adding 

Figure 10.28. LC band-stop filter schematic. 
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Figure 1 0.30. AADE Filter Design results for fine-tuned LC band-stop filter design. 
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0.35nF of capacitance to C1 brought the two minimums seen in figure 10.29 together. The 

band-stop was centered from 4.7 to 4.8MHz. The schematic is shown in figure 10.30. 

The filer was built and tested using a frequency generator and oscilloscope. The 

filter appears in figure 1 0.31. The frequency generator was limited to a maximum 

frequency of 5MHz and the output frequency was controlled by an uncooperative rotary 

dial. Nevertheless, the output from the test is shown in figure 10.32 

Figure 10.31. New LC Filter. 

The results in figure 10.32 confirm a maximum loss at 4.8MHz. The difference in 

performance with the theoretical curve shown in figure 10.30 can be attributed to non

ideal components. The inductors are not lossless and all components are rated at ± 10% 

the quoted value. The design program assumes ideal components. The general behavior 

of our filter is consistent with what is expected. 
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Figure 10.32. Experimental test results for new LC filter. 

If we consider the fast Fourier transform of an arbitrary horizontal line in the 

image, we see that the noise observed at 4.8MHz is indeed eliminated. The cross-section 

and its transform appears in Hgure 10.33. Ultimately the proof lies in the Hltered image 

which is shown in figure 10.34. We have eliminated the unknown noise without 

compromising the image quality, as we observed in the previous LC filtered result. 



"iii 
c: 
Cl 

"iii 

~ 
Q) 

E 
t1l 
(..) 

Q) 
""C 

~ 
c.. 
E 
t1l 

100 

98 

96 

94 

92 

90 

88 

86 

84 

82 

80~--~--~---L--~--~L_ __ L_ __ J_ __ _L __ _L __ ~~ 

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02 
time (msec) 

(a) 

10n------.-------.-------.------.-------.-----~ 

5 

A 

-5~----~-------L------~------J_------L-----~ 

0 2 3 4 5 6 
frequency (MHz) 

(b) 

Figure 10.33. Representative cross-section of filtered reticle image. 
( a ) time domain and ( b ) fast Fourier transform result in frequency domain. 
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Figure 1 0.34. The ruled-reticle camera image, new LC filter design. 

10.3.4 Framegrabber. 

The frame grabber chosen was a Matrox Pulsar monochrome PCI frame grabber. 

Its key features are a PCI bus master for fast transfers, real-time transfers to system or on

board VGA memory, an integrated display and compatibility with virtually any digital or 

analog camera. For an RS-170 standard analog camera, the resolution is 8bit. Grayscale 

resolutions of 1 Obit are available for digital cameras. 
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Matrox also offers with its frame grabbers a complete set of libraries and 

functions in the MIL-Lite package. We found controlling the frame grabber from a C 

program to be a straightforward and simple task. In addition, Matrox Intellicam software 

allowed quick and simple execution of various control commands, in a simple graphical 

interface. It was easy to determine how certain control parameters affected the camera, 

frame grabber and resulting image. The same MIL commands could then be implemented 

in any C code. 

10.3.5 CCD camera and frame grabber calibration. 

The calibration of the camera and frame grabber involved setting the black 

reference level and ensuring the response from the camera was linear. With the camera 

circuits exposed, we could make the necessary adjustments to the appropriate pot 

controls. 

With the manual for the camera as a reference (Cohu, 1997), we set the jumpers 

for a gamma of 1.0, and the automatic gain control jumpers were set to off. With the 

CCD camera enclosed in a light-proof enclosure, we examined the signal on an 

oscilloscope. The black level was adjusted to 53mV above the blanking voltage. As 

instructed in the manual, we checked and made necessary adjustments to various voltages 

at specified check points. 

With the camera uncovered and positioned in the interferometer, we inserted a 

step filter in the object plane and observed the output on the oscilloscope. For 0.3 density 

steps, the signal was observed to fall off in 50% increments with each successive step. At 
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this point we felt the camera was properly calibrated. 

The frame grabber itself offered control features that allow you to manipulate the 

input RS-170 signal. The digitizer's gain was set to 0.98, (the nearest setting to l.O) and 

the default settings for an RS-170 camera were employed. The only peculiarity was that, 

for a dark camera, the frame grabber would retum an average signal of 18 (out of 255). 

No adjustments to the frame grabber's black reference voltage or voltage swing altered 

this anomaly. We finally determined that setting the black reference level of the digitizer 

affected the output. By trial-and-error, we found that a black reference level of 32 resulted 

in a suitable dark camera signal of approximately 1. 

The output of the step filter experiment from the frame grabber was also observed. 

The results for two different step filters such are shown in figures 10.35 and 10.36. In 

both cases, the first plot shows the raw data from the framegrabber at one particular 

horizontal cross-section, much like the output previously seen in figures 10.19 and 10.25. 

For the second plot, the data was normalized by the maximum value, the logarithm was 

taken and the result multiplied by negative one. Since both filters were assembled from 

0.3ND filter sheets, each step would produce a 50% drop relative to the preceding value 

in the first plots. The normalized plots would show an increase of 0.3 at each step. 

The first filter was comprised of two 0.3ND pieces positioned in a narrow slit 

such that we had no transmission, a 0.6ND component, a 0.3ND component and full 

transmission. The results were in complete agreement with predicted behavior, as seen in 

figure 10.35. 
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Figure 10.35. Step filter 1 results. 
( a ) Raw framegrabber output 
( b ) -log10(normalized output) 
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The second filter was comprised of several 0.3ND slices, superimposed to create 

eight steps across the image plane. The filter was enclosed in a sealed container and index 

matching fluid was added to counter the effects of reflection from each surface. 

The results in Hgure 10.36 show excellent linearity but each step is approximately 

0.26. The reason for this is that the ND filters are designed to work in air. A thin material 

of index 1.5 has a net transmission of 92%. This is equivalent to a neutral density filter of 

0.036. In designing their wratten filters, Kodak took this factor into account. In designing 

our step filter, we didn't. 

The point is moot as this is a linearity test. Whether the each step is a 0.3 or 0.26 

increase is irrelevant. The key is that the second test also con^rms the camera/frame 

grabber component of the system is behaving linearly with incident light. It is important 

to note the frame grabber's black reference level was set to 32 in these tests. 

10.4 The piezoelectric device. 

The piezoelectric transducer (PZT) is probably one of the most critical 

components, if not the critical component, in the design of a phase-shifting 

interferometer. Accurate and repeatable phase-shifts are impossible without a good PZT 

and a good controller. 

10A. I Piezosystem Jena PSH and controller. 

The PZT we selected was the Piezosystem Jena PSH series tilting mirror mount. 
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The device consists of three piezoelectric actuators which provide tilt to the top plate on 3 

axes. Two axes are orthogonal to one another. By applying suitable voltages to all three 

actuators, linear translation along the z-axis is obtained. 

The actuators are preloaded so they are suited for dynamic applications as well as 

applications involving large forces or loads. The voltage range is -10 to 150V, and the 

device is temperature compensated such that changes in the surrounding temperature do 

not affect the performance. The PSH has a linear range of 8^m over the given voltage 

range of 160V. 

For the power supply to drive our PZT, we selected the NV CI PC card power 

supply, also from Piezosystem Jena. This controller plugs into an available ISA slot of 

any PC and is ideally suited for any device requiring up to 150V operating voltage. With 

three available output ports, the NV CI can drive up to three actuators concurrently. 

The output noise is quoted as 3mV which makes it ideal for submicron and 

nanometer positioning. It also offers I4bit resolution. If we combine this with the 8|Am 

total travel quoted for the PSH, we have nunimum output voltage increments of 9.8 mV 

which correspond to 0.49nm steps in the PSH. This must be conHrmed in various 

calibration tests. 

The primary appeal of this combination from Piezosystem Jena is the ease of use 

and programmabiliQr. The PC card comes complete with a library of C commands. A 

demo program which showcases the PSH's capabilities as well as the ease of use of 

program commands is also included. We found the command language provided a 
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smooth integration into the Win95 controller program. 

A photograph of the complete PZT set-up is shown in figure 10.37. The Newport 

MM-2 mount is mounted to a post assembly, and the entire unit sits on an x-y stage. The 

translation provided by the stage and the tilt provided by the MM-2 mount provide 

enough degrees of freedom to properly align the reference mirror. The reference mirror is 

epoxied to a machined post. An adapter mount attaches the post to the PZT device. At 

Figure 10.37. The PZT assembly. 
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four grams, the mirror and adapter mount do not impart enough shear force on the PZT 

top plate to cause any problems operating in this fashion. 

1 0.4.2 Calibration technique. 

With the subassembly in place and the system aligned, we were faced with the 

task of calibrating the PZT. Ideally, the PZT would have a linear response over its input 

voltage range. This is hardly the case, as anyone who is familiar with PZTs knows. The 

hysteresis plot provided by Piezosystem Jena is shown in figure 1 0.38. 
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Figure 10.38. Piezosystem Jena PSH hysteresis curve. 

The hysteresis and nonlinear motion as a function of input voltage are not major concerns 

since we would like a range of approximately lJ.!m and we are not going to be moving 
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in both directions while we aie performing any phase-shifting measurements. 

The goals of this investigation are straightforward. First, we need to Hnd a voltage 

range where the motion is linear with applied voltage. Second, we must ensure that the 

motion is uniform over the entire mirror, or at least over a region of interest. Finally, we 

need to calculate what the motion of the mirror is for a given voltage increment. 

The means of performing the calibration is already available with the 

interferometer. The method is straightforward. We can apply voltage to the PZT and 

observe the behavior of the fringes as a function of applied voltage at speciHed points in 

the image. The results for each observation point is a sinusoidal curve whose period is a 

function of the applied voltage. Using Matlab^, we can plot the data and extract the 

position of a maximum and a minimum in terms of the applied voltage. We Icnow that 

this corresponds to motion of A/2 or, in this case, 316.4nm. We can divide this by the 

change in applied voltage and we have an estimate of the change in position with voltage, 

at this applied voltage value. We can perform this over the entire observed range of 

applied voltages to see how the PZT's behavior changes. 

The controller card allows us the option of outputting the voltage in terms of 

either an integer value or double precision values. Isi the first test we chose to use the 

integers. The results of the investigation are shown in figure 10.39. In this test, we 

observed three points in the image over the entire allowed range of output integer values, 

0 to 16383. For this test, we weighted each channel equally. 

Two results are immediately apparent. First, the motion of the PZT can be taken 
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to be linear over the integer output range of approximately 4500 to 8000. This 

corresponds to a voltage range of 34V to 68 V. Second, the mirror is not moving 

uniformly. One edge is moving more rapidly than the other. 
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Figure 10.39. PZT lineariQr test #1 results. 

We proceeded to restrict our attention to the linear region seen in figure 10.39. 

This means for subsequent tests the PZT was initially positioned with an integer output of 

4500 to each channel. By that we mean the PZT was stepped in small increments, usually 
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1, up to 4500 before we began to acquire data. The aim now was to see how weighting 

each of the 3 channels affected the motion. 

At tlus point we will spare the reader of the hundred or so "lineariQr tests" and 

results that were performed to achieve our goal. Over the course of these tests, we 

abandoned hope of the entire image area moving linearly and uniformly. We restricted 

our attention to a 100x 100 region near the center of the image plane. Weighting each 

channel required we abandon the integer output option of the controller card. Instead, we 

proceeded by using increments of a Hxed voltage. In most cases this was 0.0 IV. We 

could then weight each channel as some percentage of this Hxed increment. 

By weighting each channel differently, we effectively change how much tilt about 

the particular axis is incurred. In theory, the three actuators are identical, so no weighting 

is required to achieve uniform, linear motion. In practice however, we found that the x 

channel was weighted the most at 1.0 times the voltage increment. The y channel was set 

to 0.96 while the z channel was the least at 0.85. We have provided the schematic 

showing the three axes and their positions relative to the top face of the PZT device. 

These weights have consistently resulted in uniform motion over the region of 

interest, a 100x 100 square centered at row 340 and colunm 320. Another region in the 

image plane may require different weights to produce uniform, linear motion. 

Unfortunately, repeated tests using the same parameters have, over the course of 

time, shown that the change in position with a change in voltage does not remain 

constant. For whatever reason, possibly the lab air temperature, the change in position 
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with a change in voltage varies. For this reason, a uniformity and linearity test must be 

performed prior to any data acquisition. 

Figure 10.40. PSH 1z NV schematic showing position of three tilt axes. 
(Modified from the Piezosystem Jena Catalog) 

The tests performed have given way to a method or approach by which the most 

consistent and repeatable performance of the PZT can be attained. Upon initialization, the 

PZT is driven in small voltage increments to 40V , well within the linear motion region 

we found initially. The channels are driven equally in this step. A pause of 100-200msec 

is employed to stabilize the PZT. A brief interval of weighted motion is then employed. 

This seems to stabilize the PZT and improve the uniform motion. 

As an example we have included the results from one uniformity test. In this case 

the PZT was stepped to 40V and then data from 5000 steps of 0.01 V was acquired for 

five different points in the image. Figure 10.41 shows a drawing of the five points 

investigated. Keep in mind that the channels are weighted in the data acquisition region. 
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The Hnal voltage in the x channel was 90V, the y channel was 88V and the z channel was 

82.SV. From this data we can extract the change in position with each voltage increment, 

in this case 0.01 V. The results for the five test points are plotted in figure 10.42. The 

original data for each of the five points is shown in figure 10.43. 
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Figure 10.41. Five test points used in linearity tests. 
( a) {290,270}, ( b) {290,370}, (c) {390,270}, (d) {390,370} and (e ) {340,320}. 
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Figure 10.42. Change in position per 0.01 V increment from the data in figure 10.43. 
(a) {290,270}, (b) {290,370}, (c) {390,270}, ( d) {390,370} and (e) {340,320}. 
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Figure 10.43. Representative test point data from a linearity test. 
(a) {290,270}, ( b) {290,370}, (c) {390,270}, (d) {390,370} and (e) {340,320}. 

From these results we have that the mirror moves uniformly and linearly over the 

voltage range of approximately 40V to 80V at0.53nm per 0.01 V step. The weighting on 

the channels x, y and z is l.0,0.96 and 0.85, respectively. From these results we can 

calculate that we need to apply 2.985V for a 90° phase shift, in this weighted, data 

acquisition region. 

The PZT proved to be the most challenging and frustrating component to 

calibrate. Its operation is complicated by the fact that positioning is a combination of 

unweighted and weighted voltage outputs. From these many tests we were able to deduce 

precisely where we could expect the best linear and uniform motion over the region of 

interest. Despite this, the PZT must be calibrated prior to any data acquisition. 
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10.5 The LCD Polarizer. 

The system requires we utilize s and p polarized light. While the laser output is 

polarized, we cannot rotate the laser. The initial set-up had the laser output axis oriented 

at 45°, providing equal amounts of s and p polarized light. A dichroic polarizer sheet was 

mounted in a rotation stage which was mounted off the optical table to prevent vibrations. 

This set-up required we manual rotate the polarizer's pass axis from stop orientation. 

This proved to be a problem for several reasons. First, the manual positioning introduced 

some uncertainty as to the alignment of the pass axis. Second, the time required to rotate 

the polarizer allowed for drifts in the fringes. These drifts were caused by thermal effects 

as well as the PZT drifting while it was presumably motionless. An alternative means of 

controlling the polarization was required. 

10.5.1 Meadowlark Optics LCD polarizer and controller. 

Meadowlark Optics offers a liquid crystal polarization rotator based on a liquid 

crystal device (LCD) which acts as a variable retarder. The LCD is a solid-state, real

time, continuously tunable waveplate. The nematic liquid crystals are birefringent whose 

effective birefringence is controlled by an applied voltage. This is analogous to a 

conventional waveplate whose effective thickness can be modulated. 

Incorporated into the polarization rotator, the LCD can continuously rotate a 

monochromatic, linearly polarized input beam. The variable retarder is combined with a 

zero-order polymer quarter-wave retarder. The fast axis of the quarter-wave retarder is 

oriented at 45" to the slow axis of the variable retarder. The linearly polarized input is 
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oriented parallel to the quarter-wave retarder slow axis. The schematic in figure 10.44 is 

taken from the Meadowlark Optics catalog. It shows the required orientation between the 

input, quarter-wave retarder and variable retarder. 

Input 
Polarization 

Compensated 
LC Variable 

Retarder 

Figure 1 0.44. Schematic showing the relationship between the various components 
in the LCD polarization rotator (from the Meadowlark Optics catalog). 

The LCD polarizer and controller are shown in figure 10.45. The LCD polarizer 

measures 2" in diameter. The clear aperture is only 0.7" though. The polarization purity is 

quoted at 150: 1 on average. The controller is interfaced to a computer by the parallel port 

and comes with an extensive library of C language commands for its operation. 

There are several caveats to the operation of this device. First, the variable 

retardance is not uniform across the clear aperture. Our incident laser beam is less than 

1mm in diameter, so we do not foresee uniformity as being a problem. Second, the 

retardance depends upon the ambient temperature. Temperature fluctuations in the lab, 

particularly during steam outages, require recalibration which we will discuss shortly. 
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Inherent in the operation of the LCD retarder is the direction of the retardance 

change. If the retardance increases, the response time is due to the mechanical relaxation 

of the molecules. If the retardance decreases, the response time is faster due to the 

response of the molecules to an increased electric field. Typical quoted response times are 

5ms to switch from 112 wave to zero retardance, and 20ms to switch from zero to 112 

wave retardance. 

Figure 10.45. Photo of LCD polarizer and controller. 

The transient nematic effect improves the response times by momentarily spiking 

the voltage when the transition is from low to high voltages, and zeroing the output 
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voltage momentarily when the transition is from high to low voltage. The response times 

are generally halved as a result. The C language functions incorporate the transient 

nematic effect with very little user input required. 

10.5.2 LCD calibration. 

In order to obtain s and p polarized output, the required output voltage to the 

variable retarder must be determined. Meadowlark Optics provides test results from their 

calibration study. This is performed at the speciHed wavelength and at room temperature, 

typically 70*^? unless otherwise noted. The intended use is shown in the schematic in 

Hgure 10.44. The study provides the required output voltage to produce a given rotation 

angle in 10° increments. In addition, the contrast ratio is provided for each rotation angle. 

The calibration set-up we used was the illumination system discussed previously, 

with a minor modification. A Glan-Thompson polarizer was mounted on a stage with a 

black baffle. The baffle served to block all the light except for that passing through a 

I mm square aperture. The Glan-Thompson polarizer was positioned immediately after 

this aperture. Following the polarizer assembly, we placed a Newport 818-SL low-power 

detector. A Newport 1830-C optical power meter was used in conjunction with the 818-

SL. The schematic of the calibration set-up is shown in Hgure 10.46. 

The Glan-Thompson polarizer is two precisely-cut calcite prisms cemented 

together. The result is a linear polarizer whose extinction ratio is typically quoted as being 

greater than 100,000 to 1. With polished flat faces, it serves as an excellent reference. By 
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Figure 10.46. LCD polarizer calibration set-up. 

rotating the polarizer 90°, we can rotate the output polarization 90° as well. To a very 

good extent we can be sure of the polarization of the light incident on the power detector. 

With the incident laser light polarized along the slow-axis of the quarter-wave 

retarder, the calibration procedure was performed, Hrst for the s polarized output, then for 

the p polarized output. If the Glan-Thompson polarizer is oriented to pass strictly p 

polarized light, then the applied voltage which produces zero output must be the s 

polarized output voltage. The converse must also be true. 

The program devised for calibration was a very simple DOS program which 

utilized a for-next loop and user-defined starting and stopping voltages. The increment of 

each step was also user-defined. Although the Newport 1830-C power meter provides for 

a computer interface, the old-fashioned approach of scribing the displayed output in the 

lab notebook was used. As such, a sufficient pause was incorporated after each out 

command to the printer port. The user can specify which appUed voltage values to 

investigate, the increment with which to investigate the region and have suitable time to 

record the power output. 
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The results from the initial calibration investigation are presented here. 

Subsequent runs are performed in the same manner, the Hrst series, the Glan-Thomson 

polarizer was oriented to pass p polarization exclusively. The result is shown in Hgure 

10.47. 

output vottage (Volts) 

Figure 10.47. Initial calibration results forpolarization output. 

Two results are obvious from the plot. First, the output is nonlinear with applied 

voltage. Second, we have two output voltage values for/7 polarized light in our 

configuration. We can examine both regions with greater resolution by restricting our 

voltage range to near the maxima. The results are shown in figure 10.48. 



557 

24.S 

8.23.5 

1.22 1.24 1.26 1.28 1.3 1.32 1.34 1.36 1.38 1.4 
output vonaga(VoHs) 

( a )  

25.65 

25.645 

25.64 

25.635 

25.63 

3 25.625 

25.62 

25.615 

25.61 
3.3 3.35 

output voNaga (VoNi) 
3.4 3.45 3.5 

( b )  

Figure 10.48. The p polarized orientation results. Output voltages forp polarized output. 
( a) first p polarization region and (b) second p polarization region. 
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The results suggest we are better suited to operate in the second p polarization 

region. In addition to the larger output, we have less variation with applied voltage near 

the maximum. This means our margin of error is greater should the LCD polarizer's 

properties change and the applied voltage for a maximum shift as a result. 

Also of interest is the result for s polarization. Figure 10.49 shows the results for 

the minimum output region. The minimum observed output power was approximately 

2nW. This can be attributed, at least in part, to the room lights which were not 

completely dimmed. 
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Figure 10.49. The p polarized orientation results. Output voltages for s polarized output. 
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In addition to the stray light present, the non-zero minimum can be attributed to 

the alignment of the incident polarization. Any deviation from the required parallel to the 

slow axis of the quarter-wave retarder rule results in a decrease in the extinction ratio. To 

determine the extinction ratio, we repeated the above experiment with the Glan-

Thompson polarizer oriented to pass s polarization exclusively. The results appears in 

figure 10.50. The results show two minimums, corresponding to the maxima previously 

observed. These regions are shown in figure 10.51. 
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Figure 10.50. Initial calibration results for s polarization output. 
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Figure 10.51. The s polarized orientation results. Output voltages forp polarized output. 
(a) first p polarization region and ( b) second p polarization region 
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The results are consistent with those previously observed. Based on these results 

we can calculate the extinction coefficient at each p polarized output voltage. For the Hrst 

result, we have approximately 62.5 while at the second p polarization output voltage we 

have approximately 129. The extinction coefficient is another reason to choose the second 

p polarization voltage. A larger extinction ratio is consistent with Meadowlark calibration 

results, although our extinction coefficient is a factor of Hve less than the Meadowlark 

result. We attribute this to the stray light. 

The results for the s polarization are shown in Hgure 10.52. The extinction ratio 

here was approximately 129 again. This value is suitable for our application. 
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Figure 10.52. The s polarized orientation results. Output voltages for s polarized output. 



562 

For subsequent tests we ensured the stray light was minimized by performing the 

calibration in complete darkness. The minimized stray light did result in extinction ratios 

comparable with Meadowlark's quoted values of approximately 500:1 for the s 

polarization output and 600:1 for the second p polarization output. 

Subsequent tests also revealed a fluctuation in the required output voltages. 

Generally the shift to achieve a maximum was on the order of 10 to lOOmV, The cause of 

this fluctuation was attributed to the fluctuating lab temperature which varied anywhere 

from 60°F to 80°F. No voltage as a function of temperature test was ever performed due 

to relative ease of performing this calibration whenever it was necessary. 

10.6 The NKH Controller. 

In the previous sections we considered the optical design and layout of the 

proposed Mach-2^hnder phase-shifting interferometer. We looked at the system as a 

whole, and we considered several individual components in detail, including the CCD 

camera/framegrabber, the PZT and the LCD polarizer. We considered the fundamental 

operation of each as well as the necessary steps to calibrate the component. 

In this final section of chapter 10, we will look at one other conunon feature of 

these components, namely computer control. Specifically, we will consider the Win95 

program developed to integrate the control of all these components. The NKH Controller, 

as it is called, performs the calibrations required for proper operation as well as the 

necessary controls in the ultimate and final application, a working phase-shifting 
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interferometer and ellipsometer (PSIE). 

The building block of a Win95 application can be found in any good book on the 

subject of Win95 programming. Petzold ( 1996) offers a comprehensive yet easy-to-

understand discussion of the basics. Maruzzi ( 1996) and Schildt ( 1995) are excellent 

references on some of the nuances of Win95 programming. They also offer more in-depth 

function descriptions. Finally, the skeleton of the program was taken from course work at 

the University of Arizona (Shoemaker, 1997). The programs developed to fulfill the 

course requirements served as excellent templates. 

10. 6.1 NKH Controller calibration controls. 

Upon program execution, the user is offered several selections from the main 

window's menu. Figure 10.53 shows the main window and its menu bar. 

NKH Controller 

f1:~fd F .:.tr~::<l..lf""' b LI;'r ~:Tr.-rtr'tCII-=1 Lt [rF r'l!l-•·f 11"11::' Flrj--ll1tr T>-1--t•tr>-ltt ~_lrt.-r1-ttr•'r[! loht 

HATROX PULSAR 

UNINITI.ALIZED 

PIEZOSYSTEH JENA 

UNINITIALIZED 

Figure 10.53. The NKH Controller main window and menu. 
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The main window client area is reserved for information regarding the status of 

the framegrabber and PZT. When initially executed, the NKH Controller does not 

initialize either. Hence, the "unitialized" message which appears for both. 

The menu items offer the user control over each of the particular devices as well 

as the operation of both the phase-shifting interferometer and the phase-shifting 

interferometer/ellipsometer. The first to consider is the "Master" menu option. As shown 

in figure 1 0.54, the selection is limited to two options. 

Figure 1 0.54. The NKH Controller "Master" options. 

The first, "FIRE!!!" was intended to be a one-button, do-everything option. This has not 

materialized yet. As such, it does nothing. The second, "Goodbye" exits the user from the 

program. 

Another menu option which we will mention now is the "Image" option shown in 

figure 10.55. The "new" button simply creates a new window to display grabbed images. 

The "save" option saves the current image window as an ASCII file. This is a time

consuming process as it involves two nested for-next loops, and it is generally not used. 
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Figure 10.55. The NKH Controller "Image" options. 

The more useful menu options begin with "FrameGrabber". The available options 

are shown in figure 10.56. 

(a) (b) 

Figure 1 0.56. The NKH Controller "Frame Grabber" options. 
( a) uninitialized and (b) initialized. 

Upon initialization, the framegrabber options become available. An image 

window (not shown) is also initialized for the options "Grab Frame" and "Continuous". 

The frame grabber data is displayed in the image window. The option "Stop" ceases a 

continuous grab and reactivates the frame grabber's options, which are disabled upon the 

start of a continuous grab. 



The only control of the frame grabber offered is under the "Reference Levels" 

option. A dialog box appears which allows the user to define the black and white 

reference levels. The dialog box appears in figure 10.57. 

Figure 10.57. Frame Grabber reference levels dialog box. 
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The "cross-section" option we've already seen. The dialog box that appears offers 

several options. The results appear in figure 1 0.58. The user can specify which row is 

displayed as well as whether the statistics for a certain region are displayed. In this case, 

the computer displays the average pixel value and standard deviation for row 320, from 

pixel 270 to 370. 

The purpose of this option was to facilitate the process of maximizing visibility 

through re-alignment. Prior to this option, we were subjectively assessing the fringes for 

best visibility, grabbing and saving the image, then analyzing the cross-section in 

Matlab™. This offered no real-time alignment. This option does, and it proved to be 

extremely useful. 



(a) (b) 

Figure 10.58. The NKH Controller "Horizontal Cross-Section" dialog box. 
( a ) parameter dialog box ( b ) result window. 
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The next series of options are under the "PZT Controller" menu item. The options 

are shown in figure 10.59. The PZT has been initialized which is why the "Initialize" 

option is grayed. The "De-Initialize" option simply deactivates the PZT. The other three 

options allow for various calibrations to be performed. 

Figure 10.59. The NKH Controller "PZT Controller" options. 
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The "Positioner" dialog box is shown in figure 10.60. It's purpose is to allow the 

user to position the PZT anywhere without grabbing any image or other data. The dialog 

box allows the user to enter a range of unweighted motion followed by a range of 

weighted motion. The channel weighting values are also user-defined. Once the 

parameters are set, "Accept" reads in the values and the "Go!" button is activated. A 

progress bar graphically indicates the progress of the PZT in attaining the final position. 

Upon exit, the position is preserved, at least in theory, until the PZT is de-initialized. 

The point of this option is to simply allow the user to position the PZT and 

observe what changes, if any, to the alignment occurred as a result of moving the PZT. 

Figure 10.60. PZT "PZT Positioner" dialog box. 
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The "Linearity Test" dialog box is shown in figure 1 0.61. The dialog box is 

identical to the "Positioner" dialog box. In fact, the basic operation is the same with one 

notable difference. The "Linearity Test" function grabs a frame after each step in the 

weighted region. Five points are then pulled from the grabbed image and stored in 

individual arrays. Upon completion, the program saves the arrays to disk for analysis in 

Matlab TM. This version does not have provisions for the user to modify which points are 

stored and where they are written to on the hard disk. 

Figure 1 0.61. PZT "Linearity Test" dialog box. 

The final dialog box to mention is the "Stability Test" option's dialog box. While 

the operation is analogous to the previous two, this calibration test has two notable 

differences. First, the motion of the PZT is controlled by one voltage-increment input. 

Second, the PZT repeats the same data acquisition region a user-defined number of times. 
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The dialog box appears in figure 10.62. 

The purpose of this test was to see how well the PZT reproduces its motion. By 

observing fringes, we could see how well the PZT performs. The results were not 

encouraging as hysteresis effects and drift caused noticeable differences in the resulting 

fringe patterns. 

Figure 10.62. PZT "Stability Test" dialog box. 

With the conclusion of the "Frame Grabber" and "PZT Controller" menu options, 

it should be mentioned the main window displays all relevant information pertaining to 

the frame grabber and the PZT. A representative image of the program's main window 

display is shown in figure 10.63. The purpose of the display is to serve as a means of 

checking the parameters prior to running any calibration. 
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Figure 10.63. The NKH Controller main window and menu. 
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The final menu item pertaining to a specific device is the "LCD Polarizer" menu 

item. The pull-down menu appears in figure 10.64. 

Figure 1 0.64. The NKH Controller "LCD Polarizer" options. 

Of the three options, only "Initialize" brings up a dialog box, seen in figure 10.65. 

The dialog box allows the user to input the s and p polarization voltages. There is no 

calibration offered here. One must run the DOS program to determine these voltages. 

The other options are rarely modified. The transient nematic effect parameters are 

displayed, as is the output (parallel) port's hexadecimal address. Once accepted, the 
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values are read in and stored. 

The "s-pol" and "p-pol" options simply output the accepted voltage values to the 

LCD polarizer, thereby obtaining either s or p polarized light, respectively. 

Having considered all the calibration and test options, we can now proceed to 

discuss the primary applications in this program. 

Figure 10.65. LCD polarizer "Initialize" dialog box. 

10.6.2 NKH Controller primary applications. 

The main point of this program was to perform the necessary control of the 

components to phase-shift and obtain four s polarized fringe images and four p polarized 

fringe images. To do that, two menu options in the main window were developed. 
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The first option is "Phase-Shifting Interferometer". The pull-down menu options 

are shown in figure 10.66. 

Figure 1 0.66. The NKH Controller "Phase-Shifting Interferometer" options. 

The only option is "PSI godeg" which brings up the dialog box to perform 

conventional four-step, goo phase-shift interferometry. The option is only available 

provided the devices have been initialized. 

The dialog box for the "PSI godeg" option appears in figure 10.67. The four 

parameters in the upmost row all define the positioning of the PZT to the data region. The 

channel weighting coefficients appear on the bottom of the dialog box and are not 

editable. The second row requires a wavelength, the number of measurements and the 

linearity test results from the PZT calibration. This is critical since without these values, 

we do not know how much of a voltage change produces the required goo phase shift in 

the fringes. 

The next row allows for how many steps are required to reach the next 

measurement. This is user-defined but a minimum of 100 is generally recommended since 

the PZT prefers small incremental motion rather large jumps. The delay option is the 



pause between positioning the PZT and acquiring data. Generally, a delay of 100 to 

200msec stabilized the PZT. 

Figure 10.67. Phase-Shifting Interferometer "PSI 90deg" dialog box. 
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Once the parameters are defined and accepted, the "GO!" button is enabled and 

the process begins. A progress bar indicates the progress of the entire procedure. The data 

is stored on the hard disk. At the time of this writing, no option to define the location of 

the data has been implemented. The program uses its default directory given in the actual 

code. 

The final option to discuss is "PS Interferometer/Ellipsometer". The pull-down 

menu options are shown in figure 1 0.68. At this time, only "PSIE 90deg" performs any 

action. The frame averaging option is under development. The dialog box brought up for 

"PSIE 90deg" is shown in figure 10.69. 

The first three rows of the dialog box are identical to the "PSI 90deg" dialog box 
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Figure 1 0.68. The NKH Controller "PS Interferometer/Ellipsometer" options. 

for conventional phase-shifting interferometry. Their function is the same as well. This 

comes as no surprise since it is the same principle of operation involved here. We need to 

position the PZT in the pre-determined data region, move the PZT an appropriate amount 

to achieve a 90° phase-shift, grab a frame and repeat a user-defined number of times. 

Figure 10.69. PS Interferometer/Ellipsometer "PSIE 90deg" dialog box. 
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In this dialog box, we added the frame grabber's pre-detined operating region. 

Following that, we included the LCD polarizer's s andp polarization voltages. These are 

available for edit in this dialog box. The "TE" and "TM" box were intended to indicate 

the state of the polarizer. With transitions on the order of msec, it seemed pointless to 

pursue this. A progress bar indicates the progress of the entire operation. Once again, the 

data was stored in pre-determined file locations that were defined in the code. 

This concludes this look at the integrated control program developed for this 

prototype. The idea in the development of this program was to simplify the operation as 

much as possible but still provide enough flexibility to make necessary changes without 

having to edit the code and recompile. From the above description it should be obvious 

that the same theme of dialog boxes was used throughout. Dialog box provide a simple 

user-interface to control particular aspects of the phase-shifting interferometer. 

Since one dialog box serves as a template for future dialog boxes, the 

implementation was relatively simple and once the semantics and nuances of Win9S 

programming were understood, we proceeded relatively easily. 

10.7 Summary of Chapter 10. 

In this chapter, we described the development of a working phase-shifting 

interferometer. We considered the necessary steps from desigm'ng the set-up to calibrating 

the system's components. Li the process, we found we needed to revise many ideas. For 

example, we replaced the manually rotated polarizer with the computer-controlled LCD 

polarizer once it became apparent the manual version would not work. The illumination 



system is another example. It went through countless revisions before the system 

described above was Hnalized. 

In the next chapter, we will consider how the prototype works. We will look at 

actual data and the results extracted from the data. We will compare the results to the 

predicted performance and simulation results, thereby bringing together chapters I-10. 
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CHAPTER 11 

MACH-ZEHNDER PHASE-SfflFTING INTERFEROMETER / 

ELLIPSOMETER: PROTOTYPE RESULTS AND ANALYSIS 

The previous chapter described the process by which a Mach-Zehnder phase-

shifting interferometer was designed, aligned and calibrated. We considered some of the 

main problems which arose in the process, ranging from remounting some of the optics in 

better holders, to developing filters to overcome an unknown and unexpected noise 

source. We concluded the chapter by describing the Win95 program developed to control 

the entire system. Throughout this process we assumed the system would perform ideally, 

as we did in the simulations. 

In this chapter, we will consider the data results from the prototype. In doing so, 

we will consider some new issues which emerged, including visibility, phase offset and 

the unequal throughput of TE and TM polarized light through the system. These terms 

and ideas will make more sense later in the cheqpter. For now it is sufficient to say that 

they factor into the performance of the phase-shifting interferometer / ellipsometer. We 

will also see how an 8bit camera affects the performance. 
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1 l.l The Reference and Test Surfaces. 

In our discussion of the system and the set-up so far, we have not considered what 

the reference and test surfaces are going to be. The reference arm would ideally be a 

perfect mirror, reflecting all the incident light at all angles of incidence. This is not 

feasible. Initially, the mirror we chose from Melles Griot had excellent performance for 

the angles of incidence we were interested in. However, this was as a result of the 

proprietary thin Him coating. This imparts a speciHc phase on the reflected light which 

depends on the polarization and incident angle. This is not suitable since our 

reconstruction algorithm makes no provision for that. 

Instead, we decided to use a known material. Something whose properties are 

well-defined and well-behaved. Since we wish to prove the feasibility of this prototype, a 

similar material with known properties will be used in the test arm. We obtained two such 

materials, a l.S" diameter germanium mirror and a 3" silicon wafer. Both have well-

known complex index of refractions (Potter, 1985; Palik, 1985; Edwards, 1985; Van 

Zeghbroeck, 1997). Oespite the references, we felt it necessary to confirm the complex 

index of refraction. 

11, l.l Ellipsometric measurements. 

A commercial ellipsometer was made available to us courtesy of Prof. M. 

Mansuripur at the Optical Sciences Center. The ellipsometer was a reflection type. It 

came with a white-light source and a collection of lOnm-bandwidth wavelength filters to 
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control the wavelength under investigation. 

The operating principle of the ellipsometer is straightforward. Linearly polarized 

light, with a known orientation and at a known angle, is incident upon a test surface. The 

reflected light is elliptically polarized and passes through a variable waveplate. The 

waveplate is tuned to a quarter-wave for the wavelength being used. The orientation of 

the fast and slow axis of the waveplate is rotated until it is along the major and minor axis 

of the elliptically polarized incident light. The result is linearly polarized light which then 

passes through a polarizer that is also rotated until all the light incident on a photodiode is 

extinguished. The procedure is to Hne-tune the result by adjusting the rotation alignment 

of the variable waveplate and the polarizer. The final angles are read off the scale and 

recorded. The process is repeated for a user-deHned number of incident angles. 

The analysis of the data obtained involved a least-squares fit. The code to perform 

this minimization was already available from the nunimization algorithm developed for 

the phase-shifting interferometer/ellipsometer. Some signiflcant modiHcations were 

required though. 

The original program attempts to mininuze the function 

M 2 

(ll.l) 

m=0 j=I 
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where the subscript m refers to the particular phase-shift measurement, and the subscript j 

refers to the polarization state. There are a total of Af phase-shift measurements. The data, 

either simulated or from the prototype, is denoted by / while the computer-calculated 

irradiance is denoted by I. 

The ellipsometer is not concerned with the measured irradiance. As explained 

above, the resulting irradiance is always zero. Rather, we are interested in reconstructing 

n and k from the measured orientation of the quarter-wave plate axes and the orientation 

of the polarizer. Since the reference for this work was the chapter on the optics of metals 

from Bom and Wolf (1987), we will adopt their notation for our consideration here. 

The ratio of the absolute value of the s polarized reflected amplitude to the 

absolute value of the p polarized reflected amplitude is denoted as P and we define 

tan\fr = P. The difference in phase of the reflected components is deftned as 

A = (pp-(ps. The function we wish to minimize can now be written as 

M 

/ = y [(v„+(A„ -4(n,*))^], (11.2) 

rn^l 

where the subscript m refers to a particular angle of incidence for this elUpsometry 

investigation. 

There are two points which arise from this new function. First, the relationship 

between yf and A and the complex index of refraction parameters n and k. Second, the 
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relationship between yf and A with the measured data from the ellipsometer. 

The first point is the simplest to consider. From a straightforward derivation 

(Bom, 1987) we have 

n^-k^  =sm^{e i )  7 + 
tan^ (2 v) - sin^ {lijf) sin^ (24)| 

{l + sm{2\ff)cos{A))^ 
(11.3) 

. . .  sm^ei)tan^{ei)sin{4\ff)sm{A) 
Ink -  — "2 . (1L4) 

[1sin\2\ir)cos{A)) 

These equations are somewhat intimidating but if we realize that we are trying to 

mininuze with respect to n and k in terms of the functions ijf and A, we never need to 

solve for the complex index of refraction. This makes the analysis much simpler. 

In complex form, the reflectivity for each polarization can be written as an 

amplitude and a phase component, = p, exp{i<pg) and tp = Pp exp{i(pp). Once 

calculated, we can immediately find ij/ and A from our definitions above. Furthermore, 

we can calculate the first and second partial derivatives of ijf and A with respect to n and 

k, as functions of the first and second partial derivatives of the reflectivity. These are 

necessary for the minimization algorithm. The machinery for doing so already exists in 

the phase-shifting interferometer/ellipsometer simulation code. We need only to rewrite 
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the function we wish to minimize, along with its derivatives and second partial 

derivatives. 

The second issue posed earlier was somewhat more problematic. The results from 

the ellipsometer were somewhat cryptic. All angles were measured on a circular scale 

which went from 550 to 910. The incident linear polarized light was set to 700 for 

example and an example of typical results from the ellipsometer would be 673.8 for the 

quarter-wave plate and 703.7 for the polarizer. We needed to convert these to usable 

values of and 4. 

The approach we took was to develop a simulation in Matlab^ using Jones 

matrices. Using a known reference, we could calculate the values of y/ and A and 

convert them to ellipsometer readings which could then be checked on the ellipsometer 

available to us. This proved to be a very effective and informative study. The final result 

was 

cos30' \ 

(11.6) 

The quarter-wave plate reading is denoted by QWP while the polarizer reading is 

labeled WLT. Both are functions of the incident angle. The 30** comes from the 
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orientation of the incident linearly polarized light. Similarly, the phase difference of the 

incident linearly polarized light is denoted by 4,-. This value can only be I or -1. For our 

particular configuration, we have -I. 

ILL2  Germanium mirror  resu l t s .  

Table II. 1 shows the data obtained from the ellipsometer for three separate 

experiments using the Ge mirror. The three trials were performed at the same position on 

the Ge mirror. The wavelength chosen was 589.3nm. 

Incident angle Trial #1 Trial #2 Trial#3 
QWP WLT QWP WLT QWP WLT 

37.5® 674.48 672.73 674.53 672.41 674.20 672.08 
40.0® 674.88 672.61 675.06 672.75 674.82 672.35 
45.0° 676.50 673.41 676.51 673.18 676.34 672.87 
50.0° 678.30 674.17 678.37 673.80 678.51 673.90 
55.0° 680.78 675.09 680.88 674.73 680.49 673.39 
60.0° 684.11 676.49 684.25 675.94 684.08 675.75 
65.0° 688.70 677.96 688.93 677.67 688.70 677.42 
70.0° 695.80 681.63 696.44 680.90 695.65 680.41 

Table I I.I. Results from ellipsometry study using the germanium mirror. 

The data was entered into the minimization program developed for the 

ellipsometer and converted into the usable form according to (11.5) and (11.6). The 

program proceeded flawlessly with the final results shown in table 11.2. 
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k 
n 

Trial #1 
5.6544 

-1.5894 

Trial #2 
5.5873 

-1.5910 

Trial#3 
5.6665 

-1.6012 

Table 11.2. The n and k results for the germanium mirror. 

The average values of these trials are n = 5.6361 and k = -1.5939. The typical 

value quoted for Ge at 590.4nm (Potter, 1985) is /i = 5,748 and k = -1.634. Based on our 

results, we feel we have confirmed the material is germanium. More importantly, we have 

confirmed the reconstruction algorithm is working properly. 

As an aside, an interesting result of this investigation was the behavior of the 

minimization algorithm. In the original program, as detailed earlier, the algorithm 

consisted of two steps. First the conjugate-gradient algorithm was employed at a fixed 

value of h. Then a modified version of the Newton-Raphson technique for finding roots 

of a function was used. This was the most robust and efficient algorithm for the task at 

hand, minimizing over the three variables n, k and h. 

Here, we are only interested in minimizing over only two parameters n and k. As 

such, we eliminated the entire Newton-Raphson portion of the algorithm. The conjugate-

gradient algorithm had no problem finding the minimum of our function in (11.2). Figure 

11.1 shows the minimization function (11.2) as a function of the estimates of n and k for 

one realization of Ge data, trial #1 in table ILL Regardless of the initial starting point, 

the conjugate-gradient algorithm had no difficulty finding the minimum value. 
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Figure 11.1. A representative plot of the minimization function vs. n and k 
for one realization of data from the ellipsometer. 

11.1.3 Silicon wafer results. 

The primary intent of this investigation into ellipsometry was to confirm the complex 

586 

0 

index of refraction of both materials. The same tests were performed using the Si wafer in 

the ellipsometer. Three trials were performed for a given position on the wafer. The test 

was repeated for an arbitrary point on the other side of the wafer. The results from the 

minimization program are shown in table 11.3. The wavelength for these tests was again 

589.3nm. 
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Side one Trial #1 Trial #2 Trial#3 

n 3.9618 3.9572 3.9554 
k -0.3989 -0.3995 -0.3966 

Side two Trial #l Trial #2 Trial#3 
n 4.0082 4.0186 4.0162 
k -0.3520 -0.3546 -0.3542 

Table 11.3. The n and k results for the silicon wafer. 

The average for side one was 3.9581 for n and -0.3983 for k. For side two, the 

average was 4.0143 for n and -0.3536 for k. The quoted value for Si at 590.4nm 

(Edwards, 1985) is n- 3.969 and k = -0.030. The results are not consistent with Si. 

In order to accurately determine die complex index of refraction of the wafer, we 

contacted J.A. Woollam Co. in Lincoln, Nebraska. Woollam manufactures commercial 

ellipsometers, and they perform in-house testing of samples for customers. The test report 

(Bungay, 1999) concludes that the wafer is not silicon but gallium arsenide. At 590.4nm 

the complex index of refraction for GaAs is 3.94-0.24i (Palik, 1985). This is more 

consistent with our findings. The discrepancies can be attributed to errors in aligning the 

incident linearly polarized light, and to errors in setting the variable waveplate to the 

correct value for the given wavelength. While no error analysis was performed, we 

observed strong variations, particularly in the reconstructed value of k, with these two 

parameters. The incident linearly polarized light orientation proved to have the most 

signi^cant impact on the reconstructed k value. 
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For the initial investigation, we cut the GaAs wafer into several usable pieces. 

One wafer was inserted into the reference arm, and one was used in the test arm. 

11.2 The Unknown System Parameters. 

In the simulations performed, we made several assumptions about the 

interferometer itself. The first was that a unit amplitude elecuic field was incident into 

both arms. Second, we assumed that the beamsplitters were ideal SO/SO beamsplitters 

where the transmission and reflection were equal for both polarizations. Third and 

perhaps most questionable, we assumed there would be no variation in the amplitude and 

phase due to the system. The only reason for less than ideal visibility or a phase 

difference between TE and TM polanzed light would be because of the material under 

test. 

In practice we found these assumptions were not valid. The result was that the 

three system parameters in the reconstruction algorithm had to be measured or otherwise 

determined, then defined in the algorithm code. These parameters are Level TE, Phase 

Offset and Scale TM. 

IL2J  Uve l  TE.  

Level TE is the easiest to consider. We have an 8 bit, RS-170 camera. As such, it 

has the capability of 256 gray levels. For obvious reasons you do not want to exceed this. 

The procedure was to set the LCD polarizer to TE and close off one arm of the 
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interferometer. Neutral density Hlters were added immediately after the laser output port 

until the illumination was at an appropriate level. Typically a value between 50 and 60 

ensured no saturation while still using almost the full dynamic range of the camera. In our 

initial set-up, the fringe maximum would fall in the 200-240 range while a minimum 

should, in theory, be zero. 

The choice of arms was a moot point in our initial set-up since both arms had a 

GaAs wafer as the reflective surface. If the materials are different, then the arm with the 

material having the greater TE reflectivity must be used. Since each arm involves a 

reflection at a beamsplitter and a transmission at the other beamsplitter, this is not an 

issue in choosing an arm to evaluate either. This assume the beamsplitters are identical. 

We'll have more to say about the beamsplitters shortly. 

The choice of TE polarization is due to the fact that virtually all materials exhibit 

a higher reflectivity forTE polarized light than TM polarized light. Therefore, if the 

signal from the camera is a maximum forTE polarized light, it follows that the TM 

polarized light signal will be less and the fringe pattern for both TE and TM polarized 

light will not saturate the camera. 

The means to evaluate the level are simple with the cross-section option in the 

Win95 program. The average feature can be set over the particular region of interest, and 

we can obtain the average value and the standard deviation. In addition we can check for 

uniform illumination over our region of interest thereby performing two tasks of the 

initial system set up procedure simultaneously. Typical output is shown in figure 11.2 and 

Hgure 11.3. 



(a) 

(b) 

Figure 11.2. Representative cross-sections showing appropriately scaled 
irradiance values for PZT or reference arm of the Mach-Zender interferometer. 

( a ) TE polarization and ( b ) TM polarization. 
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(a) 

(b) 

Figure 11.3. Representative cross-sections showing appropriately scaled 
irradiance values for non-PZT or test arm of the Mach-Zender interferometer. 

( a ) TE polarization and ( b ) TM polarization. 
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From these results, the amount of light getting through the arms of the 

interferometer is essentially the same. The visibility, denned as 

'PM  ̂ (11,7) 

' m a x * m i n  

where =h'^h ^min -h'^h ~^'^hh »therefore 1,0 for each 

polarization. 

What is disturbing about these results is the relative difference between the TE 

output and the TM output. Figure 11.4 shows the plot of reflectance as a function of 

incident angle for GaAs. The complex index of refraction used was the J. A. Woollam 

result, 3.952 - 0.201Si for 632.8nm wavelength light. 

Since we are operating at F/12.5, we can consider the reflectance at 45°. For TE 

polarized light, 48% of the light is reflected. For TM, only 23% is reflected. This is a 

relative difference of 47.9%. Our results above show a relative difference of 

approximately 15% in each arm. This brings us to our next parameter. Scale TM. 

IL22  Sca le  TM.  

From the calibration of the LCD polarizer, we know that equal amounts of TE and 

TM polarized light are entering the system. Therefore we must consider another 
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possibility for the discrepancy we saw between the results in figures 11.2 and 11.3 and 

the reflectance in figure 11.4. The only other possibility is the beamsplitters. 
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Figure 11.4. GaAs reflectance for 632.8nm wavelength light. 

According to Edmund Scientific, the beamsplitters shipped with the beamsplitter 

cube mounts are the non-polarizing, dichroic variety. The transmission as a function of 

wavelength is shown in figure I l.S 

Assuming no loss due to absorption and an operating wavelength of 632.8nm, we 

can determine the reflection and transmission for each polarization. From the plot, the 

transmission for TE polarized light is approximately 67% which yields approximately 

33% from the reflective side. The net throughput for either arm is the product, 22.1%. 



i 
I 
I!! ... 
'# 

fOO.O 

90.0 

80.0 

70.0 

60.0 ... 
\. 

\ 

" 50.0 \ 
\ 

40.0 

3<);0 

20.0 

10.0 

0.0 
~ «< 

~ 00 ~ t-. 
('? ·f? 

' \ 
' ..... 

' 

....... 
.... ·'······-·-········- .. ............ .. ..... ........ ................... .... 

... , ... . .,. ..... .. .. ..... 

' .... 

'------------------------------~--------------------~-

; 
" .-. ~ 

"' -.: .... 
i "'! 411;1· co 

~ 
..,. ..... 

i 
00 ... :l ~ <') 

~ 
0 .. "': ~ ... N 9> g {/:> 

~ "" ,.j II') 

~ ~ i ~ N ~ ~ N N i i i~ i ~ 
c) j ~ ~ ; ; ~ :8 s ~ ~ ... co 

-~ 

Figure 11.5. Edmund Scientific's Tech Spec™ Dichroic Cube 
Beamsplitter transmission plot. 
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For TM polarized light, the transmission from figure 11.5 is 33% which yields 
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67% for the reflection. Again, the result is a net throughput for either arm of 22.1 %. So 

from the Edmund Scientific data, we should see the same throughput for either 

polarization. 

Some simple measurements were made while the mirrors were removed from the 

set-up. A separate HeNe laser was incident on the initial beamsplitter in the set-up. The 

output of the laser was non-polarized so a Glan-Thompson prism was used once again to 
I 
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control the incident polarization. The output power was measured to be 276nW for both 

TE and TM polarized light. 

A power meter was positioned in both the reference mirror position and the test 

mirror position and the output power recorded, fii the reference mirror we recorded 

203nW for TE polarized light and l6.7nW for TM. This translates to a percent 

transmission of approximately 74% for TE and 6% for TM. In the test arm position we 

recorded 69.9nW for TE and 258nW for TM or approximately 25% and 93%, 

respectively. These results are not consistent with the data provided by Edmund for their 

dichroic beamsplitters. In fact, they are more consistent with the results for the polarizing 

variety. 

If we assume both beamsplitters are identical, the relative throughput for either 

arm is 18.5% for TE and 5.6% forTM. This suggests that, for equal amounts of TE and 

TM polarized light incident into the system, the TM throughput is approximately 30% of 

the TE throughput. If we take into account the 50% relative difference due to the GaAs 

reflectance, we expect the TM level to be 15% of the TE level which is indeed consistent 

with the results seen in Hgures 11.2 and 11.3. 

The difference in throughput due to the system is taken into account with a 

parameter called Scale TM. We initially de^ne the Level TE parameter. The square root 

of this value is the amplitude used for the TE calculations. The TM amplitude is the Level 

TE parameter multiplied by the effects of the system on throughput, all square-rooted. In 

this case. Scale TM is approximately 0.30. 
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We are left only with the difference in throughput due to the di^erence in reflectance of 

the material under test. 

/1.2.3 Phase Offset. 

The final system consideration concerns phase difference due to variations in each 

arm. For GaAs at 632.8nm, figure 11.6 shows the phase on reflection for both 

polarizations. 
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Figure 11.6. GaAs phase on reflection for 632.8nm wavelength light. 

we consider the results for 45® incidence, we have 178.9° for TE and -2.3° for 

TM. In an interferometer, Mnges are a result of the phase difference between the arms 

and not the specific value of the phase in one arm. the materials are identical, the phase 
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on reflection will be identical and the net result is a phase difference of 0° or a fringe 

maximum. This holds for either TE or TM polarized light. Furthermore, if we alternate 

between TE and TM polarized light, we should see no difference in the fringe pattems. 

The only difference we expect to see is the maximum value because of the differences in 

throughput as discussed above. If we have different materials in the arms, as we did when 

we used the Melles Griot mirror in the reference arm, we would expect the fringe pattern 

to appear to move as we switched between TE and TM polarized light. We did in fact 

observe this. 

The problem we discovered was that the system was somehow imparting a 

polarization-dependent phase difference between the arms. This was evident in linearity 

tests where several pixels in the region of interest were observed. The pixels of interest 

were stored as the PZT was incremented a predeHned amount. At each step, the polarizer 

was switched between TE and TM. The results at two particular pixels are shown in 

figures 11.7 and 11.8. In this test, the PZT was incremented in 2SmV steps, in the 

previously determined data region. 

The result of interest here is the apparent phase difference or offset between TE 

and TM polarized light. The fringe maximums and minimums should coincide for both 

polarizations. Instead, they are approximately 27 steps or PZT increments off. From these 

same data results, we find the PZT is moving 1.37Snm per 2SmV voltage increment. The 

phase difference between TE and TM polarized light is then found to be 
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Figure 11.7. TE and TM results for pixel (290,270). 
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Figure 11.8. TE and TM results for pixel (390,270). 
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^sysum-
1.375nm 360° 

(11.8) 

The reason for this phase offset is the beamsplitters. Edmund ScientiHc lias a 

proprietary coating on the beamsplitter hypotenuse. The specifications for the coating 

were not divulged to us. In general, a thin film coating, whether metallic or dielectric, will 

impart a phase shift that is dependent upon the polarization and the angle of incidence 

and whether it is used in reflection or transmission. A simple Matlab^ simulation 

confirmed this. If the coating is not symmetric, the orientation and direction of incident 

light produce different results as well. 

This difference is simple to implement in the reconstruction algorithm In the 

initial calculation of the reference arm electric field, the calculated offset is added to the 

phase of the TM expression. 

With the three unknown system parameters measured, we can now perform our 

test. 

11.3 The Data Set and Subsequent Reconstruction Results. 

The system was meticulously aligned to produce maximum visibility fringes. 

Typically this involves adjusting the beamsplitter mounted on the NewFocus™ 

beamsplitter holder and the test arm mirror mount/translation stage assembly. A 

representative fringe image is shown in figure 11.9. We are concemed only with a 
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100 x 100 region within this 640 x 480 image, from rows 290 to 390 and columns 270 to 

370. 

Figure 11.9. A representative complete fringe image. 

The system was calibrated and using the Win95 PSIE option, we obtained four TE 

and 4 TM fringe patterns. The phase shift between consecutive measurements is 90°. The 

eight images are shown in figures 11.10 and 11.11. 
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ll.lO(a) 

ll.lO(b) 
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ll.lO(c) 

ll.lO(d) 
Figure 11.1 0. The four TE fringe images. 

(a) 0°, (b) 90°, (c) 180° and (d) 270° phase shift. 
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11.11 (a) 

11.11 (b) 
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11.11 (c) 

11.11 (d) 
Figure 11.11. The four TM fringe images. 

(a) 0°, (b) 90°, (c) 180° and (d) 270° phase shift. 
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The eight 100 x 100 matrices were converted into one 10,000 x 8 matrix for the 

reconstruction. Each row is comprised of the eight measurements obtained for one 

specific point. The resulting data set was saved to disk. 

The system parameters were set as follows. The TE level was 44, the scale TM 

value was 0.35 and the phase offset was 22.7°. The reconstructions are shown in figures 

11.12 to 11.14. 
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Figure 11.12. Then reconstruction for the system parameters 44, 0.35 and 22.7°. 
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Figure 11.13. The k reconstruction for the system parameters 44, 0.35 and 22.7°. 
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Figure 11.14. The h reconstruction for the system parameters 44, 0.35 and 22.7°. 
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The wrapped results seen in figure 11.14 are a direct consequence of how the data 

matrix was formed and how the reconstruction proceeded. The data matrix was read in 

row after row, from left to right. In the reconstruction, the previous point results were 

used as the starting point for the subsequent point minimization. This resulted in the large 

jump seen in column 1 and the drop in column 100. The diagonal step was a result of the 

attempted solution to this problem. In the reconstruction code, for every multiple of 100 

points, the reconstruction was instructed to use the initial starting point and not the 

previous result. An error in the code forced the reconstruction algorithm to use 101. 
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In order to unwrap our result, we implemented the 2-D phase-unwrapping scheme 

developed by Ghiglia and Romero (1994). The implementation was straightforward. The 

only caveat was that the discrete cosine transform required a 2*^ matrix. The 100 x 100 

matrix was padded with zeros which caused problems in the reconstruction near the 

edges. Instead, we adopted the technique where the im'tial 28 rows were filled with the 

first row of data, row 29. The first 28 columns were then filled with the first column of 

data, column 29. This proved to eliminate the edge problems. (To the credit of Ghiglia 

and Romero, they propose a technique to eliminate these same edge effects. This was 

never implemented by us.) The result of using this phase-unwrapping technique is shown 

in figure 11.15. 

As a comparison, we can perform a similar reconstruction of h using only the TE 

data and the conventional four-step, 90® phase-shift algorithm. We are not restricted to 

using the TE measurements. The TM measurements can also be used. The wrapped and 

unwrapped results appear in figures 11.16 and 11.17. 

The results show excellent agreement with one another, even down to the small 

anomaly appearing near row 20 and column SO. We showed how the conventional 

algorithm was die maximum-likelihood estimator for the four-step, 90® phase-shift case 

where only h was estimated. In this case, the ML estimate technique also produced a map 

of the surface's complex index of refraction. 
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Figure 11.15. The unwrapped h reconstruction for 
the system parameters 44,0.35 and 22.7°. 
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Figure 11.16. The h reconstruction using TE measurements and 
conventional algorithm. ( a ) wrapped and ( b ) unwrapped results. 
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Figure 11.17. The h reconstruction using TM measurements and 
conventional algorithm. ( a) wrapped and ( b ) unwrapped results. 
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An alternative technique of composing the data matrix is to alternate left-to-right 

and right-to-left reading of rows, or a boustrophedonic scan. This facilitates the 

reconstruction since we do not expect a discontinuity each time we finish a row. We can 

use the previous result as a starting point for the current minimization throughout the 

reconstruction. We can also eliminate any provisions for discontinuities in the 

reconstruction code. The results are shown in figures 11.18 to 11.20. In this 

reconstruction, we changed the system parameters to a TE level of 45, a scale TM value 

of 0.40 and the phase offset remained at 22.7®. 

The reconstruction proceeded flawlessly, and the result for h required no 

unwrapping. The difference in the absolute values of the reconstructed results for h are 

attributable to the phase-unwrapping scheme previously used as well as the different 

system parameters used in the two cases. 

11.4 Investigation of System Parameter Effects. 

11.4.1 The ̂ ect on reconstruction for m arbitrary point. 

In the two reconstmctions above, we see that the values chosen for the system 

parameters affect the returned maximum-likelihood result In this section, we will choose 

one arbitrary point and investigate how the system parameters affect the reconstruction in 

an attempt to understand the relationship between the system parameters and the 

unknown parameters to estimate. 
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Figure 11.18. Then reconstruction for the system parameters 45, 0.40 and 22.7°. 
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Figure 11.19. The k reconstruction for the system parameters 45, 0.40 and 22.7°. 
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Figure 11.20. The h reconstruction for the system parameters 45, 0.40 and 22.7°. 
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Figure 11.21 shows the relationship between the parameters to estimate and the 

phase offset and scale TM for a fixed Level TE value of 43. 
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Figure 11.21. The relationship between the estimate results and the system 

parameters Phase Offset and Scale TM for Level TE = 43. 

( a ) ft ML , ( b ) k ML , ( c ) h ML and ( d ) minimization function value. 
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0.5 

The most pronounced effect on n ML and the minimization function value comes 

with the system parameter Scale TM. Conversely, the largest change on k ML and h ML 

comes with the phase offset. Even more interesting results are observed when we 

consider the subsequent results in figures 11.22 through 11.25. 
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Figure 11.22. The relationship between the estimate results and the system 

parameters Phase Offset and Scale TM for Level TE = 44. 

( a ) fi ML , ( b ) k ML , ( c ) h ML and ( d ) minimization function value. 
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Figure 11.23. The relationship between the estimate results and the system 

parameters Phase Offset and Scale TM for Level TE = 45. 

(a) nML, (b) kML, (c) hML and (d) minimization function value. 

623 



3.65 

3.6 

-'3.55 
:::!; 

<C 

....J 
:::!; 

3 .5 

3.45 

3 .4 

25 

Phase Offset (degrees) 

0.2 

0.1 

0 

-0.1 

·~ -0.2 

-0.3 

-0.4 

25 

Phase Offset (degrees) 

624 

0.5 

20 0.3 
ScaleTM 

11.24 (a) 

0.5 

20 0.3 

11.24 (b) 



-222 

E'-224 
-S 

..J 
:::E 

<L: -226 

-228 

25 

Phase Offset (degrees) 

X 10
5 

2.2 
Cl> 
:J 2 co 
> 
c: 1.8 
0 

u 1.6 c: 
.2 
c: 1.4 
0 
-~ 1.2 N .E 
·c: 
.E 

0.8 

25 

Phase Offset (degrees) 

0.5 

20 0.3 

11.24 (c) 

0.5 

20 0.3 
ScaleTM 

11.24 (d) 

Figure 11.24. The relationship between the estimate results and the system 

parameters Phase Offset and Scale TM for Level TE = 46. 

(a) iiML, (b) kML, (c) hML and (d) minimization function value. 
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Figure 11.25. The relationship between the estimate results and the system 

parameters Phase Offset and Scale TM for Level TE = 4 7. 

( a ) ii ML , ( b ) k ML , ( c ) h ML and ( d ) minimization function value. 
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The most obvious change occurs for . As Level TE increases, the relationship 

between the estimate hi^i and the system parameters Scale TM and phase offset remains 

essentially the same but the curve shifts down. The range over which the estimates 

lie remains essentially the same but the values decrease. 

A 
The effect on is somewhat more subtle. The slope of the observed curve 

appears to decrease slightly as the Level TE increases. There appears to be little or no 

A 

e^ect on . The functional form of the curve remains the same and the range over 

which lies remains constant with varying Level TE. The most obvious change in the 

minimization function value is a shift of the minimum saddle point toward higher values 

of Scale TM. 

These results represent only one point from our data set. A different point would 

produce different values for hf^fi, kji^i, hufi and the minimization function value. We 

would expect the functional form of the curves and the behavior as a function of Level 

TE to remain the same though. 

11.4.2 The effect on the Cramer-Rao lower bounds 

We return to our theoretical Cramer-Rao lower bounds calculation for a moment 

and examine what ejects these same system parameters have on the lower bounds for our 

estimates. Once again we will assume system-independent Gaussian noise with zero 

mean and a standard deviation equal to 1% of the average irradiance. 
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We would first like to see what effect the Level TE has on the lower bounds. 

Table 11.4 shows the results for the case where the Scale TM was set to 0.3, the Phase 

Offset was set to 22.7° and the Level TE was varied from 45 to 50. 

Level TE O); (nm) 

45 0.0392 0.2873 2.937 
46 0.0392 0.2873 2.937 
47 0.0392 0.2873 2.937 
48 0.0392 0.2873 2.937 
49 0.0392 0.2873 2.937 
50 0.0392 0.2873 2.937 

Table 11.4. Cram6r-Rao lower bounds as a function of the system parameter Level TE. 

The results show there is no change in the lower bounds as Level TE varies. This 

isn't surprising since Level TE affects all the measurements uniformly. 

Of more interest is the effect of the system parameter Scale TM on die Cramer-

Rao lower bounds. In this series, we fixed Level TE at 47 and Phase Offset at 22.7°. Scale 

TM was varied from 0.2 to 0.5. The results are shown in table 11.5 

The results are not surprising considering our assumption of signal-independent 

noise. As Scale TM increases, the signal-to-noise ratio increases for our TM 

measurements and the expected performance improves. 

As a function of the system parameter Phase Offset, we would expect the Cramer-

Rao lower bounds to remain constant. As we saw in the A-only chapter, varying the 

relative phase difference between the TE and TM measurements has no effect on the 
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Cramer-Rao lower bounds. The signal-to-noise ratio is unaffected by varying the Phase 

Offset. 

Scale TM < n̂ (nm) 

0.20 0.0507 0.4106 4.130 
0.25 0.0436 0.3365 3.410 
0.30 0.0392 0.2873 2.937 
0.35 0.0362 0.2524 2.606 
0.40 0.0341 0.2263 2.363 
0.45 0.0325 0.2062 i.m 
0.50 0.0313 0.1902 2.036 

Table 11.5. Cramer-Rao lower bounds as a function of the system parameter Scale TM. 

Based on assumption of signal-independent Gaussian noise, only the system 

parameter Scale TM has any affect on the Cramdr-Rao lower bounds. We will now 

continue our investigation of the obtained data and tum our attention to the source of 

uncertainty. 

11.5 Source of Uncertainty Considerations. 

/1.5.1 Assessment of noise in prototype. 

The simplest means of studying the noise or source of uncertainty is to acquire 

data firom the camera at two arbitrary points over a finite period of time. One arm of the 

interferometer was blocked and the neutral density filters were removed for this 

investigation. The pixels observed were two of the comer pixels from our region of 
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interest. The coordinates of pixel "A" were (290,270) and pixel "B" was at (290,370). The 

plots of the camera output and corresponding histograms are seen in figures 11.26 and 

11.27. 
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Figure 11.26. The camera output at pixel (290,270). 
( a ) as a function of time and ( b ) histogram. 
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For pixel "A", the mean value is 130.63 and the standard deviation is 1.4137. For 

pixel "B", the mean is 124.49 with a standard deviation of 1.3055. First, we see that our 

illumination is not uniform over our region of interest. Second, we can make the 

argument that we have signal-independent Gaussian noise with a standard deviation of 

approximately 1.3 gray levels. Of course, the output is quantized. We will discuss the 

effects of an 8bit camera and quantization shortly. 

/1.5.2 Monte Carlo analysis. 

In our simulations, we modeled 10,000 or 20,000 trials and analyzed the mean and 

standard deviation of the resulting estimates. We would like to somehow repeat this using 

data from the prototype. The difficulty arises in bow to acquire a large number of trials at 

one point. We could simply repeat the entire PSIE data acquisition scheme in the NKH 

Controller program a large number of times. Tests performed on the PZT indicate this is 

not reliable since the PZT's performance has been seen to vary over several consecutive 

trials. By performance we mean the amount moved with applied voltage. 

An alternative method would be to somehow acquire a large number of data sets 

or trials in one continuous movement of the PZT. We already have this capability in the 

controller program and in fact we have seen the output already in the discussion of the 

Phase Offset system parameter. The program steps the PZT, grabs TE data, rotates the 

polarization of the LCD crystal, grabs TM data, rotates the LCD back to TE and the PZT 

is incremented a known amount. The process is repeated throughout the predetermined 
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linear region of the PZT. 

We know the voltage required to produce a 90® phase shift from previous 

calibrations and we know the voltage inclement we ate using to step through the data 

acquisition region. Therefore, we can calculate the required number of steps to obtain our 

four TE and four TM measurements and pull these values from our acquired data. 

Furthermore, we can start at the next point and repeat this data manipulation to obtain 

another statistically-independent data set. This process can be repeated until the required 

number of data points are obtained. 

As an example, if we know 100 steps for a given voltage increment are required 

for 90° phase shifts and we have acquired SOO total steps, our first data set would be 

points I, lOl, 201 and 301 from the measured TE and TM data arrays. The next data set 

would be 2,102,202 and 302 and the next would be 3,103,203 and 303 etc. We 

continue this up to 100,200,300 and 400 for a total of 100 data trials. The only caveat of 

this technique is the reconstruction of h will have to take into account the linear phase 

variation. That's easy enough since we know the change in phase with each step. To 

continue with our example we would subtract (iV - 1) x 1 .S82nm from each resulting 

a/ w \ 
^ML ' where iV is the trial number. 

The results from the data acquisition are shown in figure 11.28. In this case, the 

measured shift with respect to a voltage increment was 0.48nm per 0.01 V. This translates 

to 3.2958V per 90® phase shift, or 329.6 steps of 0.01 V. Starting with 400, we proceeded 

to make 501 data trials by using the algorithm x, x+330, x+330+329 and x+330+329+330. 
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where x is 400,401,402, etc. up to 900. 
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Figure 11.28. The data for the Monte Carlo analysis. 

For our evaluation, we chose a Scale TM value of 0.4 and the Phase Offset of 22.7°. The 

Level TE parameter we varied firom 45 to SO. The mean and standard deviation results are 

shown in table 11.6 and 11.7, respectively. 
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Level TE {Hmj) [k^j) (%£)(nm) 

45 4.4047 0.8543 -313.90 
46 4.1812 0.7614 -313.90 
47 3.9775 0.6823 -313.90 
48 3.7934 0.6145 -313.90 
49 3.6265 0.5560 -313.90 
50 3.4746 0.5052 -313.90 

Table 11.6. The reconstruction results for the 501 data trials: mean values. 

Level TE 
*ML 

(T,-^Jnm) 

45 0.2758 0.6122 6.2172 
46 0.2368 0.5493 6.2176 
47 0.2054 0.4951 6.2180 
48 0.1798 0.4482 6.2185 
49 0.1588 0.4074 6.2190 
50 0.1414 0.3716 6.2194 

Table 11.7. The reconstruction results for the 501 data trials: standard deviation. 

As expected, the uncertainty decreases with increasing Level TE. We also see the 

same trend we observed in our analysis of the system parameters ejects on the 

reconstruction results in section 11.4.1. That is, the strongest variation occurs for the 

estimate of n while k varies slightly. The estimate on h remains virrually unchanged. 

Representative plots showing the maximum-likelihood estimates for the given data trial 

are shown in Hgure 11.29. We are only showing the results for Level TE = 45. 

Representative histograms of the results for the case where Level TE - 45 and Level TE = 

50 are shown in figures 11.30 through 11.32. 
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Figure 11.29. The maximum-likelihood estimate results as a function of data trial for 

Level TE = 45. (a) nML, (b) kML, (c) hML and (d) hML, bias corrected. 
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Figure 11 .32. The histograms of the maximum-likelihood estimate results: 

h ML . ( a ) Level TE = 45 and ( b ) Level TE = 50. 
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We can compare these results to the theoretical Cram€r-Rao lower bounds. For 

these calculations, we assume the noise is equal to 1.0 gray level and remains constant 

regardless of the average irradiance value. This most closely resembles what we are 

seeing in our camera output. The results are shown in table 11.8. 

Level TE d/j <T^(nm) 

45 0.0635 0.4220 4.4054 
46 0.0622 0.4128 4.3010 
47 0.0608 0.4040 4.2180 
48 0.0596 0.3956 4.1301 
49 0.0584 0.3875 4.0458 
50 0.0572 0.3798 3.9649 

Table 11.8. The Cramer-Rao lower bounds for the 501 data trial analysis. 

The standard deviation for the parameter h is much larger for our data than the 

predicted Cram6r-Rao lower bound. Furthermore, the Cram6r-Rao theoretical calculation 

predicts an improvement as the Level TE parameter increases. We did not observe a 

significant improvement in our data reconstructions. 

The results for n show that the data results are much worse, by a factor of 

approximately 4 for Level TE = 45 to approximately a factor of 3 for Level TE = 50, 

when compared to the Cram€r-Rao results. The improvement in performance was much 

greater in the data reconstructions than predicted by the Cram6r-Rao analysis as well. The 

estimate of it performed much better compared to the calculated Cram€r-Rao lower 

bounds, beating the lower bound for Level TE s 50. 
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This is somewhat a moot point as we are comparing apples and oranges here. The 

noise model in the Cramer-Rao theoretical calculation does not reflect the noise observed 

in the camera output accurately. One noticeable difference is the fact that the camera 

output is quantized over Shits. The Cram6r-Rao lower bound uses double precision 

variables, good to 16 significant flgures. We will take up the issue of quantization in the 

next section. 

11.6 Quantization effects. 

Up until this point we have ignored the effects of the quantized camera output on 

the reconstruction and estimation of the unknown parameters. The Cramer-Rao lower 

bounds and Monte Carlo simulations have all assumed the data was good to double 

precision. For an 8bit RS-170 camera, this is hardly the case. The camera output is 

restricted to an integer value from 0 to 2SS. In this section we will consider how this 

effects the expected performance of a particular design. 

The simplest study is to flrst consider the noise-free case. We can generate data as 

before, quantize it to whatever number of bits we wish and reconstruct using this data. 

We can examine what if any effects there are on the estimates of our three unknown 

parameters. In the ideal case, the values used to create the data are returned exactly. Table 

11.9 shows the results for the case where we have assumed Level TE = SO, Scale TM = 

0.35 and Phase Offset = 22.7**. The true values aren = 3.952, k = -0.2015 and h = O.Onm. 



645 

Bits ^ML 

8 3.945687555506058 
10 3.950777721397175 
12 3.952139528384354 
14 3.951803722728589 
16 3.951976861288510 
18 3.951977908380733 
20 3.952000617517343 
22 3.951999306875928 
24 3.951999844399165 
26 3.951999934321991 
28 3.952000008874086 
30 3.952000000225195 
32 3.951999998945267 
34 3.951999999805808 
36 3.951999998470200 

^ML 

-0.209860447863444 
-0.210468944402426 
-0.200406911354192 
-0.202928128522459 
-0.201848206458315 
-0.201688386435369 
-0.201495985599981 
-0.201505832447351 
-0.201502299472055 
-0.201500435357146 
-0.201499906832734 
-0.201500001056975 
-0.201500010673023 
-0.201500002379995 
-0.201500009933137 

hMLim) 

0.000089089092119 
0.000089277976691 

-0.000010867552384 
0.000014214671081 
0.000003438811094 
0.000001870878524 

-0.000000040026613 
0.000000057932208 
0.000000022712206 
0.000000004339439 

-0.000000000923018 
0.000000000010117 
0.000000000105780 
0.000000000023544 
0.000000000099043 

Table 11.9. The effects of quantization on the estimate of n, k and h in the no-noise 
scenario for Level TE = 50, Scale TM = 0.35 and Phase Offset = 22.7®. 

The entire investigation was repeated for the case where Scale TM was 0.45. 

Level TE remained 50 and Phase Offset was 22.7° again. The results ate shown in table 

11.10. 

In examining the results, we see we require at least 20bits before we can make the 

argument that the results are good to four significant figures. The results are not the same 

for the two different sets of system parameters investigated, which further con^rms the 

dependence of the performance of the prototype on the system parameters. 

It should be noted that the quantization was performed by rounding the irradiance 

to the nearest integer value. Level TE was adjusted according to the number of bits 

desired such that the dynamic range utilized was held constant. For example, in the 8bit 
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case we used 50. For the lObit case we have 200. In general, Level TE for at bits was set 

to 2^"®x50. 

Bits ^ML 

8 3.923936868700185 
10 3.950236573854912 
12 3.951592055186531 
14 3.952182867138660 
16 3.952074850961557 
18 3.951984251969079 
20 3.951998709243919 
22 3.951999820929267 
24 3.951999918841310 
26 3.952000038747264 
28 3.952000027496807 
30 3.951999999389197 
32 3.951999999006713 
34 3.951999999888959 
36 3.951999999311200 

^ML 

-0.349615200799127 
-0.228073205154582 
-0.200843413681481 
-0.200038493599945 
-0.200881723707128 
-0.201602451132985 
-0.201505902043685 
-0.201498253622347 
-0.201500208247179 
-0.201499522983782 
-0.201499764654541 
-0.201500013976779 
-0.201500006341527 
-0.201500000448644 
-0.201500007591520 

hML^rm) 

0.001492535724959 
0.000262344036907 

-0.000005995181090 
-0.000014526279837 
-0.000006142599484 
0.000001021506995 
0.000000059263922 

-0.000000016926226 
0.000000002129763 

-0.000000004718585 
-0.000000002337114 
0.000000000137687 
0.000000000063249 
0.000000000004519 
0.000000000075173 

Table 11.IO. The effects of quantization on the estimates of n, k and h in the no-noise 
scenario for Level TE = 50, Scale TM = 0.45 and Phase Offset = 22.7°. 

The next series of investigations involved Monte Carlo simulations where we now 

added noise to the simulated data. We returned to our prior deHnition of noise where the 

standard deviation is set to 1% of the average irradiance. Noise was first added to the data 

and the result was then quantized. The results above suggest the estimates will be 

unbiased at approximately 20bits. Now we wish to see if we can expect the results to be 

efficient, attaining the Cram£r-Rao lower bounds. All the following results are for an 

F/12.5 system. 
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The results are shown in tables 11.11 and 11.12. We used 10,000 tdals for each 

scenario and the jackknife analysis was performed to obtain the error on the estimates of 

the mean and standard deviation, as we did before in chapters 8 and 9. The system 

parameters initially set to Level TE = 50, Scale TM = 0.35 and Phase Offset = 22.7°. 

Level TE was varied according to the above described method to reflect the number of 

bits used and to maintain the dynamic range. The <»> entry is the case where no 

quantization was employed and the data was good to double precision. 

Bits 

8 
10 
12 
14 
16 
18 
20 
22 
24 
26 
28 
30 
32 
34 
36 

3.9307 ±0.00049 
3.9347 ± 0.00043 
3.9352 ±0.00042 
3.9352 ± 0.00042 
3.9352 ±0.00042 
3.9352 ± 0.00042 
3.9352 ± 0.00042 
3.9349 ± 0.00043 
3.9352 ±0.00042 
3.9352 ±0.00042 
3.9352±0.00042 
3.9349 ±0.00043 
3.9352±0.00042 
3.9352±0.00042 
3.9352±0.00042 
3.9349 ±0.00043 

-0.1970± 0.00276 
-0.2004 ± 0.00250 
-0.1960 ± 0.00247 
-0.1960± 0.00247 
-0.1960±0.00247 
-0.1960±0.00247 
-0.1960±0.00247 
-0.2005 ± 0.00248 
-0.1960±0.00247 
-0.1960± 0.00247 
-0.1960±0.00247 
-0.2005 ±0.00248 
-0.1960±0.00247 
-0.1960±0.00247 
-0.1960± 0.00247 
-0.2005 ±0.00248 

-0.00997 ± 0.02902 
0.01953 ±0.02621 

-0.02867 ±0.02585 
-0.02926 ±0.02583 
-0.02881 ±0.02583 
-0.02880 ±0.02583 
-0.02879 ±0.02583 
0.02049 ± 0.02602 

-0.02879 ±0.02583 
-0.02879 ± 0.02583 
-0.02879 ± 0.02583 
0.02049 ± 0.02602 

-0.02879 ± 0.02583 
-0.02879 ±0.02583 
-0.02879 ± 0.02583 
0.02049 ±0.02602 OO 

Table 11.11. The Monte Carlo results for 10,000 trials and 1% noise: mean. 
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Bits <Tt 
l̂ ML 

(Tr (nm) 

8 0.0492 ± 0.00067 0.2761 ±0.00193 2.9017 ±0.02093 
10 0.0432±0.00049 0.2497 ±0.00173 2.6207 ±0.01849 
12 0.0420 ± 0.00052 0.2469 ±0.00171 2.5851 ±0.01837 
14 0.0419 ± 0.00053 0.2467 ±0.00171 2.5830 ±0.01836 
16 0.0419 ± 0.00053 0.2467±0.00171 2.5829 ±0.01837 
18 0.0419 ± 0.00052 0.2467 ±0.00171 2.5828 ±0.01837 
20 0.0419 ± 0.00052 0.2467 ±0.0017l 2.5828 ±0.01837 
22 0.0428 ± 0.00049 0.2480 ±0.00172 2.6019 ±0.01836 
24 0.0419 ± 0.00052 0.2467 ±0.00171 2.5828 ±0.01837 
26 0.0419 ± 0.00052 0.2467 ±0.00171 2.5828 ±0.01837 
28 0.0419 ± 0.00052 0.2467 ±0.00171 2.5828 ±0.01837 
30 0.0428 ± 0.00049 0.2480±0.00172 2.6019 ±0.01836 
32 0.0419 ±0.00052 0.2467 ±0.00171 2.5828 ±0.01837 
34 0.0419 ± 0.00052 0.2467 ±0.00171 2.5828 ±0.01837 
36 0.0419±0.00052 0.2467 ±0.00171 2.5828 ±0.01837 
OO 0.0428 ±0.00049 0.2480±0.00172 2.6019 ±0.01836 

Table 11,12. The Monte Carlo results for 10,000 trials and 1% noise: standard deviation. 

For our given noise model the results remain consistent after I2bits. It remains to 

be investigated how the number of bits required varies as a function of the noise level. 

The results suggest a bias for all three estimates, albeit very small for each 

parameter, which persists even to the case where we assume no quantization. This is 

somewhat counter-intuitive because the no-noise results above suggest no bias due to 

quantization after 20bits. 

The Cramer-Rao lower bounds are =0.0362, <T^ =0.2524 and = 

2.60S6nm. While the results suggest the estimate on h is efficient after lObits, the results 

also suggest the estimate on n is not efHcient while the estimate on k is super-efficient. 
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beating the lower bound after 8bits. We must consider another explanation for these 

results other than the effects of quantization. It is instructive to consider some of the 

graphical results from these Monte Carlo simulations in order to determine what is the 

cause of these anomalous results. 

Figures II.33 and 11.34 show the scatter plot and scatter plot projections of the 

Monte Carlo results for the 8bit simulation, respectively. The histograms appear in figure 

11.35. 

Figure 11.33. Scatter plot of ML estimates for GaAs, F/12.S system: 8bit. 
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Figure 11.34. Scatter plot projections onto Lorentz analyzer 
results for GaAs, F/12.5 system: 8bit. 
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Figure 11.35. Histograms of the Monte Carlo simulation results for 

GaAs, F/12.5 system: 8bit. (a) nML, (b) kML and (c) hML· 
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The two conclusions we can draw from the graphical results are that the Monte 

Carlo results show definite discretization and they lie over a nonlinear region. We also 

calculated the ML density for each of the estimates and the results appear in the 

histogram plots as overlaid lines. The ML density results for n ML show excellent 

agreement with the Monte Carlo results. The 8bit discretization however leads to the 

,.. 
discrepancy between the Monte Carlo results and the ML density results for k ML and 

h ML. Of most interest is the discrepancy between the Lorentz analyzer results and the 

Monte Carlo simttlation results. 
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We can now consider the results for the 16bit simulation. Figures 11.36 and 11.37 

show the scatter plot and scatter plot projections of the Monte Carlo results, respectively. 

The histograms appear in figure 11.38, complete with the overlaid ML density results. 

Figure 11.36. Scatter plot of ML estimates forGaAs, F/12.S system: 16bit. 
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Figure 11.37. Scatter plot projections onto Lorentz analyzer 
results for GaAs, F/12.S system: I6bit. 
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Figure 11.38. Histograms of the Monte Carlo simulation results for 
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The increase in the number of bits did little to improve the results in terms of the 

region over which they lay. The assumption was that an increase in the number of bits 

would restrict the Monte Carlo results over a linear portion of the Lorentz analyzer 

results. The discrepancy between the Monte Carlo results and the Lorentz analyzer results 

still remains. This suggests that the cause of the nonlinear behavior is some other factor. 

Conversely, the ML density results show excellent agreement with the Monte Carlo 

results. Figure 11.39 shows the scatter plot results for 24, 36 and oo bit simulations. 
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5-

11.39 (c) 

Figure 11.39. Scatter plot of ML estimates for GaAs, F/12.5 system. 
(a) 24bit, (b) 36bit and ( c) no quantization. 

The scatter plot projections of the Monte Carlo results are shown in Hgure 11.40. 

The histogram results appear in Hgures 11.41 through 11.43. The results are consistent 

with the 16bit simulations results. This was expected, considering the results in tables 

ll.ll and 11.12. 
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Figure 11.40. Scatter plot projections onto Lorentz analyzer results for 
GaAs, F/12.5 system. (a) 24bit, (b) 36bit and (c) no quantization. 
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Figure 11.41. The hf^i histograms of the Monte Carlo simulation results for 

GaAs, F/12.5 system. (a) 24bit, ( b) 36bit and (c) no quantization. 
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Figure 11.43. The hML histograms of the Monte Carlo simulation results for 

GaAs, F/12.5 system. ( a ) 24bit, ( b ) 36bit and ( c ) no quantization. 
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11.7 Variation of System F Number. 

In chapter 9 we examined the effect of varying the system f number on the 

maximum-likelihood estimates. We found very little change in the performance on the 

estimation of k and h while a somewhat more signiHcant decrease in performance on the 

estimation of n. It is worthwhile to consider the same simulations here. 

For these simulations we will continue to assume the system parameters are set to 

Level TE = 50, Scale TM = 0.35 and Phase Offset = 22.7®. We will assume there is no 

quantization. We will focus only on varying the aperture diameter to investigate F/I.O, 

F/2.8 and F/5.6. The standard deviation of the noise is again assumed to be 1% of the 

average irradiance and 10,000 trials were performed for each f number investigation. The 

results are found in tables 11.13 and 11.14. 

f number 

F/1.0 3.9386 ± 0.00039 
F/2.8 3.9360± 0.00041 
F/5.6 3.9352 ± 0.00043 
F/12.5 3.9349 ± 0.00043 

-0.1968 ±0.00247 -0.02387 ±0.02101 
-0.1962 ±0.00242 -0.02786 ±0.02496 
-0.2013 ± 0.00247 0.02337 ±0.02581 
-0.2005 ±0.00248 0.02049 ±0.02602 

Table 11.13. The Monte Carlo results for the f number investigation: mean. 

f number «w£. 

F/l.O 0.0386±0.00043 
F/2.8 0.0411 ±0.00051 
F/5.6 0.0429 ±0.00049 
F/12.5 0.0428 ±0.00049 

0.2226±0.00156 
0.2415±0.00168 
0.2471 ±0.00171 
0.2480±0.00172 

2.1011 ±0.01497 
2.4959 ±0.01775 
2.5809 ±0.01812 
2.6019±0.01836 

Table 11.14. The Monte Carlo results for the f number investigation: standard deviation. 
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There is no general trend in the mean values found. We still see a small bias in the 

results for all f numbers investigated. The standard deviation however, shows a deHnite 

improvement, in terms of decreasing in value, as the f number decreases. We can 

compare these results to the Cramdr-Rao lower bounds seen in table 11.15. 

f number Oyj <T^ <T^(nm) 

F/1.0 0.0348 0.2271 2.1196 
F/2.8 0.0358 0.2470 2.5179 
F/5.6 0.0361 0.2512 2.5862 
F/12.5 0.0362 0.2524 2.6056 

Table 11.15. The Cram6r-Rao lower bounds for the f number investigation. 

The trend in the Cramer-Rao lower bounds is consistent with what we observed in 

the Monte Carlo simulations, with the exception of the small drop in performance on the 

parameter n observed here. The maximum-likelihood estimate on n is not efficient at any 

f number. The maximum-likelihood estimate on continues to exhibit super-efficiency 

while on h, the results suggest the maximum-likelihood estimate is efficient. The scatter 

plots and scatter plot projections onto the Lorentz analyzer results are presented in figures 

11.44 and 11.45, respectively. 

In these results we still see a nonlinear distribution of the maximum-likelihood 

estimates. Furthermore, we still see the discrepancy between the Lorentz analyzer results 

and the distribution projections. This indicates that even though we see an improvement 

in the expected performance with decreasing f number, the anomaly is not caused by the 
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system f number. 

The histograms of the results appear in Hgures 11.46 through 11.48. The ML 

density results for the F/12.S case are overlaid to offer a comparison to the original 

system design we investigated. 

11.44(a) 
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11.44(b) 
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11.44(c) 

Figure 11.44. Scatter plot of ML estimates for GaAs, f number investigatioa. 
( a) F/1.0, ( b) F/2.8 and ( c) F/5.6. 
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Figure 11.45. Scatter plot projections onto Lorentz analyzer results for 
GaAs, f number investigation. ( a) F/1.0, (b) F/2.8 and (c) F/5.6. 
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Figure 11.46. The histograms of the Monte Carlo simulation results for 

GaAs, f number investigation. (a) F/l.O, ( b) F/2.8 and (c) F/5.6. 
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Fig~ue 11.4 7. The k ML histograms of the Monte Carlo simulation results for 

GaAs, f number investigation. ( a) F/1.0, ( b ) F/2.8 and ( c ) F/5.6. 
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GaAs, f number investigation. ( a) F/1.0, ( b ) F/2.8 and ( c ) F/5.6. 
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A 
The trend we observe in the results is that the distribution narrows, as 

A 
expected, based on our numerical results. The results for exhibit the same narrowing 

while also exhibiting a slight shift when compared to the F/12.5 results. The distribution 

of the hf^i results, however, continues to exhibit a skew regardless of the f number 

employed in the system, 

11.8 The System Parameter Scale TM Considerations. 

Our Hnal investigation into the cause of the nonlinear results concerns the system 

parameter Scale TM. As you will recall, this parameter comes about because unequal 

amounts of TE and TM polarized light pass through the system. We inferred the cause of 

this was the beamsplitter and its dielectric coating. If we assume independent and 

identically distributed Gaussian noise, as we have in the previous simulations, the signal 

to noise ratio will be much less for the TM measurements than the TE measurements. In 

other words, the TM measurements will be noisier. 

The easiest means of determining whether this is the cause of our anomalous 

results is to repeat the F/12.S simulation but set the Scale TM parameter to 1.0. That is, 

we retum to our original assumption made in chapters 8 and 9 that the system passes 

equal amounts of TE and TM polarized light. Once again we will assume the standard 

deviation of the noise is 1% of the average irradiance and that we have an in^nite number 

of bits or no quantization error is present. The Monte Carlo simulation will once again 

involve 10,000 trials. 
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The Cramer-Rao lower bounds for this system configuration are cr^ = 0.0259, 

= 0.1224 and = l.5l82nm. When compared to our previous results for the same 

system design, we see a signiHcant improvement in all three parameters to be estimated. 

The results from the Monte Carlo simulation arc (n- 3.9477±0.00026, 

=-0.1995 ±0,00121 and =-0.0138 ±0.01510 nm. The standard 

deviations are era = 0.0262 ± 0.00020, at- = 0.1211 ±0.00085 and 

~ While these results suggest a very small bias in the 

estimate of n and k particularly, they also suggest our estimates are now efficient. 

Graphically, the scatter plot appears in Hgure 11.49 and the scatter plot projections on the 

Lorentz analyzer results are shown in figure 11.50. 

These results are consistent with our numerical results. The scatter plot appears to 

be a 3-D Gaussian blur while the projections appear to be distributed about the 

theoretically predicted Lorentz analyzer results. We still appear to be operating over a 

slightly nonlinear region of the Lorentz curves, particularly for n. If we decreased the 

system f number, we would expect both the Cram€r-Rao lower bounds would decrease 

and the small bias observed in our Monte Carlo results to disappear. We would expect the 

estimators to be efficient as well. These simulations were not performed, but based on 

previous results we can reasonably infer the outcome would be as stated above. 

The histograms appear in Hgure 11.51. We have also plotted the ML densiQr 

results from the F/12.5 simulation where Scale TM was 0.35 as a graphical comparison. 
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Figure 11.49. Scatter plot of ML estimates for GaAs, F/12.5 system: Scale TM = l.O. 
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Figure 11.50. Scatter plot projections onto Lorentz analyzer results for 
GaAs, F/12.5 system: Scale TM = l.O. 
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Figure 11.51. Histograms of the Monte Carlo simulation results for 

GaAs, F/12.5 system: Scale TM = 1.0. (a) nML, (b) kML and (c) hML· 

As we would expect based on our numerical results, the distributions seen are 
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15 

now narrower and appear to obey a Gaussian distribution. In particular the distribution of 

n ML no longer exhibits a skew, as seen in the ML density result. It should be noted that 

the ML density calculation accurately predicted the distributions seen previously because 

the system parameters are built in to the calculation much the same way they are built 
j 
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into the Monte Carlo simulation and data reconstruction algorithms. The Lorentz analyzer 

has no such provisions. Regardless, in the case of independent, additive Gaussian noise, 

the anomaly seen in the previous sections results is a direct consequence of the system 

parameter Scale TM. 

11.9 Mininuzation Over System Parameters: An Iterative Algorithm. 

As we have seen in this chapter the choice of system parameters plays a very 

important role in the reconstruction of the surface's complex index of refraction and 

surface profile. Furthermore, we have shown how Scale TM affects the expected 

performance of the system. 

One possible solution to optimizing the choice of system parameter values is to 

perform a minimization using the actual data and reconstructed values of n, k and h for 

several pixels in the image. The minimized values of Level TE, Scale TM and Phase 

Offset are then put back into the reconstruction algorithm and new estimates of n, k and h 

are found for these same pixels. These values are then used to renunimize the three 

system parameters. This iterative process is repeated until the system parameters 

converge to some values. 

The implementation of this algorithm was simple in that the entire minimization 

scheme was already present. All we had to do was redefine the fiinction we wished to 

minimize, as well as the derivatives and second partial derivatives. This can be 

considered a two-part minimization where for the fint part, we wish to minimize the 
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function where 

8 

H 

(11.9) 

This is precisely what we have been minimizing all along. The subscript j refers to 

a particular measurement of the eight obtained at each pixel. The subscript m denotes the 

particular pixel under consideration. The second part accounts for these pixels by 

minimizing over all m = 1,2,M pixels with respect to the system parameters. The 

values of n, k and h are held constant in this minimization. We can write this as 

where the vector 0 represents the values of Level TE, Scale TM and Phase Offset. 

The programs were written and the algorithm checked by simulating noiseless 

data using known values of the system parameters. The true values of n, k and h were 

used in the mininuzation over system parameters. At any arbitrary starting point, the 

algorithm returned the true values of the system parameters in one step or iteration. We 

also found there was no need for modified Newton-Raphson portion of the minimization 

(11.10) 
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algorithm. The conjugate-gradient portion performed flawlessly on this task of 

minimizing over system parameters. 

The problem with this method came about when we tried the algorithm using 

noisy data or values of n, k and h different from the true values with the noiseless data. 

Under these circumstance, the program worked but the change in the system parameters 

was very small. A reminimization as a function of n, k and h for each pixel produced an 

equally small change in the estimates of n, k and h. This iterative process continued with 

miniscule changes occurring at each iteration and no apparent convergence. In order to 

pursue this potential solution to the system parameter problem, we need to better 

understand the relationship between the function we wish to nunimize with respect to n, k 

and h and its relationship with the system parameters Level TE, Scale TM and Phase 

Offset. 

As an example we will consider 10 pixels. We assume there is no noise and create 

our eight measured irradiance values. We will assume the test surface has the true values 

n = 3.952, k = -0.2015 and h ~ O.Onm. We will also assume that the true values for our 

system parameters are Level TE = 50, Scale TM = 0.35 and Phase Offset = 22.7°. For the 

reconstruction we initially chose the values Level TE = 49, Scale TM = 0.363 and Phase 

Offset s 22.2°. The Hrst row in table 11.16, iteration 1, reflects the resulting maximum-

likelihood estimates of n, k and h found using these starting values. The corresponding 

rows in table 11.17 show the resulting minimums found for the system parameters. Each 

entry in table 11.16 is the maximum-likelihood estimate retumed for each of the ten 
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Iteration "aft ^ML Function Value 

1 4.119074337081674 
2 4.119065965841443 
3 4.119058315459529 
4 4.119050666037774 
5 4.119043017572442 
6 4.119035370065755 
7 4.119027723515904 
8 4.119020077922666 
9 4.119012433288010 
10 4.119004789701175 
11 4.118997146977303 
12 4.118989505211618 
13 4.118981864400243 
14 4.118974224549246 
15 4.118966585650393 
16 4.118958947795624 
* 3.95 

3.951999999999983 
3.951999999999981 

-0.318577186749625 
-0.318580181782137 
-0.318578897436832 
-0.318577613256005 
-0.318576329238380 
-0.318575045384151 
-0.318573761692975 
-0.318572478164363 
-0.318571194799654 
-0.3185699U613606 
-0.318568628574052 
-0.318567345698344 
-0.318566062985722 
-0.318564780436183 
-0.318563498049086 
-0.318562215840070 

-0.2015 
-0.201500000000185 
-0.201500000000185 

0.000874457065821 
0.000874536747055 
0.000874536740590 
0.000874536734132 
0.000874536727677 
0.000874536721223 
0.000874536714770 
0.000874536708312 
0.000874536701860 
0.000874536695412 
0.000874536688957 
0.000874536682508 
0.000874536676063 
0.000874536669613 
0.000874536663166 
0.000874536656722 

22.7 
0.000000000000002 
0.000000000000002 

5.147441235993499 
0.000402065448874 
0.000401999907798 
0.000401934382699 
0.000401868873541 
0.000401803380339 
0.000401737903075 
0.000401672441741 
0.000401606996353 
0.000401541567672 
0.000401476154109 
0.000401410756479 
0.000401345374743 
0.000401280008950 
0.000401214659027 
0.000401149325757 

0.000000000000000 
0.000000000000000 

Table 11.16. The maximum-likelihood results forn, k and h returned for each iteration of 
the surface parameter-system parameter iterative minimization algorithm. The asterisk 
denotes the entry was manually changed to examine how the system minimization portion 
of the algorithm performed. 

pixels used. Since there was no noise we have the same result for each. 

The results show the slow speed at which this iterative algorithm converges, if it 

can be said to converge. The asterisk denotes where the values of n, k and h were 

manually changed to die true values originally used to create the data. The subsequent run 

of the system-parameter minimization algorithm returned the true values of Level TE, 

Scale TM and Phase Offset used to create diat same data. Subsequent runs showed no 

further changes were made. 
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Iteratioa "ML 'ML Function Value 

1 49.1537343276962062 
2 49.1537687219457027 
3 49.1538031129453827 
4 49.1538374997874570 
5 49.1538718824651539 
6 49.1539062609870285 
7 49.1539406353589925 
8 49.1539750055509970 
9 49.1540093715926787 

1540437330853024 
1540780908175208 
1541124444009156 
1541467938216243 
1541811390998120 
1542154802235842 

50.0000000000000000 
SO.OOOOOOOOOOOOOOOO 
50.0000000000000000 

10 49, 
11 49, 
12 49, 
13 49, 
14 49, 
15 49, 
16 
* 

0.3439886047465639 
0.3439888518369693 
0.3439890987774797 
0.3439893456882426 
0.3439895925687657 
0.3439898394190536 
0.3439900862385057 
0.3439903330297175 
0.3439905797339208 
0.3439908265167348 
0.3439910732170938 
0.3439913198877694 
0.3439915665269255 
0.3439918131369342 
0.3439920596627141 

22.2007809587688350 
22.2007809590648684 
22.2007809593617083 
22.2007809596576458 
22.2007809599535193 
22.2007809602495243 
22.2007809605480197 
22.2007809608437725 
22.2007809611402180 
22.2007809614363971 
22.2007809617320540 
22.2007809620254832 
22.2007809623219714 
22.2007809626176105 
22.2007809629136474 

0.3500000000000000 22.6999999999989548 
0.3500000000000000 22.6999999999989548 
0.3500000000000000 22.6999999999989548 

0.0040210150830046 
0.0040203267633831 
0.0040196714324044 
0.0040190162611783 
0.0040183612493343 
0.0040177063970260 
0.0040170517040620 
0.0040163971703869 
0.0040157427961468 
0.0040150885889345 
0.0040144345328861 
0.0040137806361352 
0.0040131268983125 
0.0040124733198885 
0.004011819900134? 

0.0000000000000000 
0.0000000000000000 
0.0000000000000000 

Table 11.17. The minimization results for system parameters returned for each iteration 
of the surface parameter/system parameter iterative minimization algorithm. The asterisk 
denotes the entry in the test surface parameters was manually changed to examine how 
the system-parameter minimization portion of the algorithm performed. 

As an interesting look into the minimization program, Hgure 11.52 presents the 

minimization function value as a function of Level TE and Scale TM for a Hxed Phase 

Offset value. The plot reflects the values after iteration IS in tables 11.16 and 11.17. 

The function is well-behaved and we expect the conjugate gradient minimization 

method would have little trouble mininuzing over these two values, for fixed values of 

Phase Offset. However, we are minimizing over three variables. The relationship between 

this minimization function and the three variables needs to be investigated further. 
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Figure 11.52. The minimization function value as a function of Level TE 
and Scale TM after iteration 15 in tables 11.16 and 11.17. 
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CHAPTER 12 

CONCLUSION AND FUTURE CONSIDERATIONS 

In this dissertation, we have shown how estimation theory can be applied to 

phase-shifting interferometry. Specifically, we have investigated how combining 

maximum-likelihood estimation theory and a simple modification to a conventional 

phase-shifting interferometer results in a map of the test surface's complex index of 

refraction and a map of the surface proHle. The modiHcation to the interferometer design 

involves controlling the angles of incidence on the test surface through a modified pupil, 

and allowing for both TE and TM polarized light. 

The resulting IM interferograms, where M is the number of phase-shift 

measurements, contain both the amplitude and phase information associated with the 

reflection of the particularly polarized cone of light incident on the test surface. Since the 

amplimde and phase of the reflected light depend strongly on the material's complex 

index of refraction n + ik, the angle of incidence and the polarization state of the incident 

light, the interferograms and the difference between the TE and TM interferograms can be 

considered almost as unique for materials as fingerprints are to human beings. 

Ideally, we would like to find some analytical expression between the three 

unknown parameters of interest n, k and h and the measured irradiances. The relationship 
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between the resulting interferograms and the test material's complex index of refraction 

and surface profile parameter is a complicated, nonlinear expression, and this precluded 

an analytical solution from being found. Furthermore, the measured irradiance is plagued 

by noise. Under these circumstances and the assumption that the noise is signal-

independent, additive Gaussian noise, we showed how maximum-likelihood estimation 

theory could be employed to form estimates of the three parameters of interest. 

Estimating the parameters is but one part of the task. We also must assess how 

well the particular system performs this task. Through Monte Carlo simulations we 

showed how we could optimize the interferometer design by incorporating tilt in the 

surface under test. Under these circumstances, the results suggested the estimators were 

unbiased where the mean equaled the true value, and efficient where the standard 

deviation of the error of the estimates was equal to the Cram£r-Rao lower bounds. 

The dissertation culminated in the design and development of a Mach-Zehnder 

phase-shifting interferometer prototype. We will defer discussion of the system and its 

results until the conclusion of this chapter. 

The initial three chapters focused on estimation theory, particularly what makes 

the maximum-likelihood estimator an attractive choice. We initially considered the scalar 

estimation problem and then made the simple extension to the multiparameter estimation 

case. 

We first showed how the maximum-likelihood estimator satisHed Fisher's criteria 

of consistency, efHciency and sufRciency. An estimator is consistent if, in the limit as the 

number of observations tends to infinity, the mean value approaches the true value. An 
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estimator is asymptotically efficient when, derived from a large sample, the distribution 

tends to a normal distribution with the least possible variance. In the limit as the number 

of observations approaches inHnity, the variance of the distribution will equal the lowest 

possible variance for an efHcient estimator. For an unbiased estimator, this lower limit is 

the Cramer-Rao lower bound. If an estimator is not efficient then we cannot in general 

determine the variance of the error of the estimator. We then showed that if an efficient 

estimator exists, it is the maximum-likelihood estimator. Furthermore we showed how to 

derive the Cramer-Rao lower bound for the scalar and the multiparameter cases. 

An important point to be made here is that the optimal properties of an estimator 

are not based on a single observation but rather on the distribution of estimates from a 

large number of observations. In certain circumstances it is possible to show 

mathematically that an estimator is unbiased and efficient. Without an analytical 

expression for the estimators, we opted for a Monte Carlo simulation. 

The third criterion is sufficiency. This somewhat theoretical criterion says that an 

estimator should sunmiarize the whole of relevant information supplied by the sample or 

the observations. We showed how if a sufficient statistic existed, the maximum-

likelihood estimator was necessarily a fiinction of it. 

In chapter S we tumed our attention to phase-shifting interferometry. Specifically, 

we showed how the measured irradiance I at the detector plane was a function of the 

complex index of refraction n-^-ik of the test surface, and the surface height or profile 

parameter A. The irradiance is related to these parameters in a complicated, nonlinear 

fashion. The complex index of refraction is buried with the Fresnel reflectivity term, both 
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directly and in the angle of refraction. The Fresnel reflectivity function must then be 

integrated over all angles of incidence, which further complicates the relationship 

between I and the parameters n, k and h. The only case which afforded an analytical 

solution to these integrals was the case of zero test-surface tilt, as shown in appendix A. 

We also laid the groundwork for the partial derivatives and the second partial 

derivatives of the irradiance with respect to the parameters n, k and h. These results were 

fundamenial to the Monte Carlo simulations and the calculation of the Cramer-Rao lower 

bounds. Once again, except for the case in appendix A where the surface normal is 

parallel to the optical axis, no analytical solution for the irradiance was found. 

Chapter 6 and 7 considered the case where we were estimating only the surface 

profile parameter h. We considered three noise models: the signal-independent additive 

Gaussian noise, signal-dependent Poisson noise and phase-shift uncertainty. 

For the Gaussian noise model we showed how, under certain circumstances where 

the phase shift was equal to 27c/M, an analytical solution for the maximum-likelihood 

estimator could be found. Remarkably, the solution is analogous to classical results. Our 

approach was rooted on somewhat more solid statistical footings. Furthermore, we 

showed how the estimator was unbiased and efficient and independent of the true value of 

the parameter h. We also showed how the ML estimator outperformed two conventional 

algorithms under the assumption of additive Gaussian noise. 

While no analytical solution for the maximum-likelihood estimator was found for 

the Poisson case, we did arrive at a transcendental equation for the case of four phase 

shifts. Presumably, similar results can be found for other cases. 
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One of the most interesting results of this particular noise model was the 

appearance of local minimums in the minimization function. This was a direct result of 

the log-likelihood function and the lfT„{h) relationship. The lf7^{h) expression arises 

from the derivation of the log-likelihood function. It is problematic when the mean value 

^m(^) evaluates to zero. A plot of the log-likelihood function as a function of h shows 

cusps where Imih) equals zero. A similar relationship was found in the result for the 

Cramer-Rao lower bound. The result of this was that Monte Carlo simulation results 

which beat the Cramdr-Rao lower bound. The explanation for this was that we were 

violating the regularity conditions, namely that the parameter space must be an open 

interval of which the true parameter value is an interior point. 

For the cases where the mean measurement values did not violate the regularity 

conditions, we showed how Monte Carlo results suggested the maximum-likelihood 

estimator on h was unbiased and efHcient, attaining the Cramer-Rao lower bound. What's 

more, a conventional algorithm was shown to be non-efHcient at the same task. This 

confirms a conclusion drawn by others that has been made repeatedly. The best algorithm 

is dependent on the noise model one assumes. The point here was to show how 

maximum-likelihood estimation theory could be used under different noise models and 

how Cram6r-Rao lower bounds offered a quantitative assessment of how well an 

estimator is performing at the task. 

The Hnal consideration was phase-shift uncertainty. We assumed the phase-shift 

error was statistically independent and obeyed a Gaussian distribution. Under these 
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circumstances we derived an analytical form for the maximum-likelihood estimator and 

the Cramer-Rao lower bound. Remarkably, the Cram6r-Rao lower bound was 

independent of all system parameters except the wavelength and the number of 

measurements. This means that, regardless of the phase-shift used, the Cramer-Rao lower 

bound was dependent solely on the number of measurements made. 

Several caveats appeared in our investigation of phase-shift errors. First, the 

maximum-likelihood estimator was a function of the individual inadiances from the arms 

of the interferometer. We can argue that since we are considering phase-shift error as our 

predominant source of uncertainty and since measuring the irradiance from one arm of 

the interferometer is not subject to any phase-shifting, these measurements are noise-free. 

Secondly, the maximum-likelihood estimator was subject to the ambiguity 

inherent in the evaluation of the acos function. The maximum-likelihood estimator was 

shown to be unbiased and efHcient provided the measurement was not subject to any 

ambiguities. The ambiguity itself resulted in bimodal distributions, as we saw in chapter 

7. Perhaps if the uncertainty could be quantified in the case of these bimodal 

distributions, the maximum-likelihood would prove to be useful. We need to investigate 

this particular noise model fully before any more conclusions can be drawn. 

We returned to our original focus of a phase-shifting interferometer/ellipsometer 

in chapters 8 and 9. biitially, we derived the equations necessary in our Monte Carlo 

simulations. Since no analytical solution for the maximum-likelihood estimators existed, 

we proceeded numerically by mim'mizing the log-likelihood function. 
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The minimization program itself was an integral part of this entire dissertation. It 

was optimized for this particular case where we wish to minimize the log-likelihood 

function in terms of n, k and h. This was achieved by combining a conjugate-gradient 

algonthm which minimized with respect to n and k at fixed values of h, and a bisection 

method which bracketed the minimum with respect toh{ and n and k).A modified 

Newton-Raphson algorithm was employed to tweak the result and find the global 

minimum. 

The conjugate-gradient scheme proved to be quite robust and versatile. By 

modifying the function to be minimized, it was easy to apply this algorithm to other 

problems. For example, a modifled program used data obtained from the ellipsometer to 

return the complex index of refraction of the GaAs wafer. The only problem is that 

certain program Hies need to be modiHed in external function calls which makes it very 

non-portable unless you know specifically where the modiHcations are required. I feel it 

would be very beneficial to rewrite this portion of the code so this remains a useful tool 

for years to come. 

The reason for combining different algorithms was that the conjugate-gradient 

scheme did not work well finding the global minimum alone. The reason for this is 

shown in figure 8.3 in chapter 8. The algorithm would walk along the curved function. I 

believe this is due to the nonlinear relationship best seen in the Lorentz analyzer results. 

We saw this same behavior in the minimization with respect to the system parameters in 

chapter 11. We'll return to this point later in the discussion. 
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The results themselves were interesting. For a conventional design such as a 

Twyman-Green interferometer, the estimates on n and k were biased and non-efficient. 

The distribution seen in the histogram revealed a deHnite skew. Perhaps the best results 

were seen in the overlay of the Monte Carlo results with the Lorentz results. The 

distribution fell over nonlinear portions of the theoretical curves. This was true for the 

three materials investigated and for the different true values of h investigated. The 

estimate of h did appear to be unbiased and efHcient, but the performance was an order of 

magnitude worse than what we saw in the ^-only investigation in chapter 7. 

The reason for these results is best seen in the plots of the reflectivity of gold, 

aluminum and gallium arsenide. For an F/l.O cone we are considering angles of incidence 

from 0° to approximately 26°. For most materials, the difference in the amplitude and 

phase on reflection between TE and TM polarized light is minimal. In fact at 0°, there is 

no difference at all except for a 180° phase difference. That holds for all materials so it 

provides little information as to the unknown material under test. 

The reconstruction proceeds by exploiting the difference in the amplitude and 

phase of the interferograms of the two polarizations. While a lack of difference does not 

mean a lack of information, it does suggest that for our particular noise model the 

maximum-likelihood estimates on n and k will exhibit bias and non-efficiency. 

The solution to this is to use the region of the reflectivity curves where the 

difference between TE and TM polarized light is larger and unique to the material. In 

order to do so, we need to tilt the test surface somehow so the incident cone of light is not 
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centered upon 0°, but at some angle. Chapter 9 discusses this techmque and offers a 

proposed design which incorporates a variable tilt on both the test and reference surfaces. 

Tilt was trivial to incorporate in our computer simulation 

The results showed a considerable improvement in the performance of the 

maximum-likelihood estimators. The estimates on n and k were unbiased and efficient 

and the standard deviation of the error of the estimate on h was an order of magnitude 

better than that observed in the no-tilt case. The ML Density results were consistent with 

the Monte Carlo results and most interesting was the fact that the projections of the 

Monte Carlo results onto the Lorentz results were now over a very narrow and linear 

region. This is consistent with what we expected. 

In these simulations the cone of incident angles is centered about a particular 

angle, say 45° for example. In this region, the reflectivity curves exhibit a larger 

difference between TE and TM polarized light. What's more important though is that each 

material's curves are more unique for larger angles of incidence, approximately 30° to 

75°. An interesting result was that as the f number increased, the performance on n 

remained constant while the performance on k and h worsened slightly. This may be 

material dependent, and we need to investigate this for different materials. 

We also investigated the performance of a system where glass is used in the 

reference mirror position. The purpose was to examine briefly how the performance is 

tied to visibility. We saw that the estimates of n and k were no longer efficient. This is 

interesting because we will see the same effect in our prototype results. 
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Chapters 10 and 11 moved away from computer simulations and considered the 

effort required in simulating a simulation on an optical table. The work was primarily in 

calibrating the devices, namely the Piezosystem Jena PSH PZT and the CCD camera and 

frame-grabber combination. Integrating the control of the devices in a single computer 

program proved to be the simplest task. The lesson learned from the results in chapter 10 

is do not trust a manufacturer's claims without testing them yourself. Most notably the 

beamsplitters fi-om Edmund ScientiHc. While it was claimed the beamsplitters were non-

polanzing, the simple test performed after the system was set up showed this was not the 

case. 

From the results in chapter 11, we have shown that the technique of using 

maximum-likelihood estimation theory in a phase-shifting interferometer/ellipsometer is 

feasible. While the results were not consistent with the Monte Carlo simulations, the 

reasons for this discrepancy is clear. First, the noise model in the simulation was 

inconsistent with the prevalent uncertainty in the prototype's resulting interferograms. We 

investigated the effects of quantization due to an 8bit camera and saw that in the no-noise 

case, a 20bit camera would be required before the bias due to quantization was eliminated 

to at least 4 significant Hgures. In general, the number of bits depends on the noise source 

present. If the bias due to quantization is less than or equal to the standard deviation in the 

estimated parameter, which we can find from the Cram6r-Rao lower bounds, then you 

have the required number of bits. There is little point in worrying about whether the 

estimates exhibit bias in the 4th decimal place when your uncertain^ is in the first or 

second decimal place. A 20bit camera, in this case, is excessive. 
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We also saw how quantization affected the expected uncertainty. In our 

simulations, we found a I2bit camera was sufficient. More bits did not reduce the 

expected uncertainty on the estimates of the parameters n, k and h. This was under the 

assumption of 1% signal-independent noise. It remains to be seen how varying the noise 

level or noise model changes this result. 

The greatest effect came not from the camera but from the system parameters. 

There are three system parameters we found were crucial to the operation of the 

prototype. First, the incident light in the system, called Level TE. Second, the percentage 

of TM polarized light which gets through the system relative to the TE polarized 

throughput. We called this parameter Scale TM. Finally, the phase difference between the 

polarized light due to propagating through different arms of the interferometer. This was 

called Phase Offset. 

The simulation and data analysis presented in chapter 11 showed the effects of 

these parameters on the reconstruction of the n, k and h surface maps. The primary effect 

on the estimate of n came with Level TE while the primary effect on the estimate of k and 

the estimate of h was the Phase Offset parameter. 

It was shown though through simulations that the system parameter Scale TM has 

a pronounced effect on the expected performance of the system. We saw that as Scale TM 

decreased, that is, less TM polarized light got through the system than TE, the estimates 

on n and k became biased and non-efKcient. This is consistent with the results we saw in 

chapter 9 where the reference minor was replaced with glass and far less TM polarized 

light was reflected, thereby reducing the visibility of the TM fringes. 
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Under our assumption of signal-independent noise, the effect of the scaled TM 

throughput is easily understood. The results are worse because the TM interferograms 

have a lower signal-to-noise ratio. We confirmed the effect of this polarization dependent 

throughput by simulating a system where the parameter Scale TM was set to 1.0 (equal 

amounts of TE and TM polarized light make it through the system). The Monte Carlo 

results confirmed an improvement in the performance. The slight bias is attributable to 

the high f number used in the simulation. 

I envision two changes for the system as it is now. First, replace the camera. Even 

a 12bit camera should result in improved performance. Second, replace the beamsplitters. 

The simulations clearly show that the amount of light getting through the system for each 

polarization must be as equal as possible. The beamsplitters I obtained do not perform 

well with regards to that and simple measurements confirmed that. 

The biggest obstacle I see now is the meticulous calibration required. The effect of 

the system parameters was shown in the reconstructions of n, k and h. Arguably if you 

perform one calibration run with a known material in the test arm, you can estimate the 

three system parameters Level TE, Scale TM and the Phase Otfset. These values could be 

used in future measurements. However, these are estimates and subject to the same 

uncertainty as estimates of n, k and A. So you would have to consider what effect the 

uncertainty of estimates of the system parameters has on the estimates of the test surface 

parameters. 

The relationship between the parameters in question and the measured irradiance 

needs to be explored further. I found a solution for the integral of the Fresnel reflectivity 



over the pupil in the case of no test-surface tilt. While this does not provide an analytical 

solution for the maximum-likelihood estimators of n, k and h, it is a start. Ultimately, I 

would like to see an analytical expression for these maximum-likelihood estimators of n, 

k and h. We would like an analytical expression that does not depend upon the system 

parameters but only the measured interferograms, much like the algorithms in 

conventional phase-shifting interferometry. 
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APPENDIX A 

EXACT SOLUTIONS TO FRESNEL INTEGRAL EXPRESSIONS 

In this appendix, we will consider a special case of the phase-shifting 

interferometer modeled in the computer simulations. The assumption we will make here 

is that the test surface normal is parallel to the optical axis, i.e. there is no tilt of the test 

surface. The purpose is to show how the integrals derived in chapter 5 can be solved 

analytically, thereby reducing computation time considerably. 

A.I Fresnel Reflectivity Integrals. 

A.LI TEpolarization. 

We have six integrals to consider. We will first consider the easier of the two 

polarizations, the TE polarized case, where we must evaluate 

pupil 

rdrda^{r,a)-
acosi^-Ncosp'^ 

acosp + Ncosp' ̂  
rdrda. (A.1) 
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The parameter N - n - ¥ i k  and a  is the index of refraction of the incident medium, hi our 

investigation, we assume this is air, a = 1.0. In this appendix we will consider the general 

case which allows for any index of refraction in the incident medium. 

The angle of incidence depends on the integration variables r and a according to 

LcosO—rcosasinO 
cos <f) = 1 . (A.2) 

The angle d is the surface tilt with respect to the optical axis. Under our assumption of no 

tilt, we have 

cos^ = I f . (A.3) 

•i' 

or, using the tangent trigonometric fiinction. 

tan^ = ̂ . (A.4) 
Jo 

Under this assumption, the Fiesnel reflectivity coefHcient is independent of the 

angular pupil coordinate a, and the result of this integral is simply a constant which we 
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will omit from here on in. This leaves us with the somewhat simplified integral. 

'mar 

I acos^ — N cos^'^ 

acos0 + Ncos<lt' J 
rdr. (A.5) 

to evaluate. First, we will substitute for r and dr using (A.4), 

r = fgtanil>, dr = fo 

cos^(p 
(A.6) 

This yields 

^ifmaxlfoi) 

J 
. =f/m ^(i 

acos<^-N cos(^' 

^acos^-^N cos^\ 
fo sin p 

COS^ (l> 
(A.7) 

{fmnlfo) 

We now substitute for cos<^' by using Snell's law and the trigonometric identity 

sin^ (j> -h cos^ 0 = / to get 
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(A.8) 

Substituting for sin0, we get our final form in terms of cos^, 

C O S 0 ' = - a ^ j + a ^  c o s ^  < f > .  (A.9) 

We can now rewrite (A.7) in terms of ^ exclusively. 

^max 

J 
^ntin 

i acos0--J^N^-^J+a^os^ 

^  a  C O S 0 + c o s ^  ^  

fo sin (ft 

cos^ <l> 
(A. 10) 

We will make one more substitution which will simplify matters. Define x such that 

x = cos^, dx = -sin (A. 11) 

and our limits of integration become 
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fo 
^ cos<lf, fo 

(A.12) 

The integral left to evaluate is then 

- fo  

cos^max 

Jl 
">s^min 

ax-^l{N^-a^)+a^x^ 

ax+-J{N^-a^)+a^x^ 

dx 
TT' (A.13) 

The first step is to multiply numerator and denominator by the expression 

ax - -a^)+fl^jc^ , This yields 

- fo  

cos^max 

11 2<^x^ +(N^ -a^)~2ax^{N^ —a^)+a^x^ dx 
(A.14) 

We can separate the integral into three simpler integrals. 

J -2a' 

J?" • J 

2a^(y^ -a^) 

[ N ^ - a ^ y  ] x >  J (AT^-a^), 
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where we have dropped the multiplicative constant term - // for the sake of clarity. We 

will also consider the indefinite form in order to obtain the simplest expression prior to 

evaluating the limits of integration. 

The first two integrals are trivial to evaluate. 

J (n'-a')x (n'-a') 
(A. 16) 

2x 2 • (A. 17) 

The third and Hnal integral is somewhat more involved. We can pull out the constants, 

2a J -dx. (A. 18) 

and make the substitution. 
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x = -a^ 2 . 
tan (p, ax sec <pd(p, (A. 19) 

which yields 

2a^ f ) tan^ <P n—. JT 2 
IZ2 2\ I f~^ 2\—2 \(^ " ) j  [ N " -a jtan (p * 

We can simplify this expression to get our final result, 

2a' J sec^ <p 

tan^ <p 
d<p = 

2a' J dtp 
2 cos(psin (p 

(A.21) 

The solution to this integral is somewhat complicated. 

2a^ f dtp 2a^ {,( [K f 
J—Z rr I 5~~-7"̂ ; H T'^'T -cosec\<p) , (A.22) 
( N ^ - a ^ j J  c o s < p s i n ^ < p  ( i V ^ - a ^ j L l  2 j j  ' ' J  
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but we can make several simplifications. First, the tangent term can be rewritten in terms 

of sine and cosine. 

tan 
n <p 
4'^ 2 

tar^~^ + tan\ 
(A.23) 

Next, we multiply numerator and denominator by co. and simplify, 

cos 
<p 

yj + 

.jf -,»• I 
cosip 

smq) 

cos(p 
(A.24) 

The result in (A.22) is now given by 

2a' J d<p 
2 cos(psin (p 

2a' 
hi 

I + sinq> 

cos<p 
— cosecfp (A.25) 

We can now rewrite this in terms of our variable x. From our defim'tion of x we have 
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sin(p = 
ax 

+aV 
cos(p = 

+aV 
(A.26) 

Substituting into (A.25), we have for our result. 

2a' 
In 
1̂ ) •¥a^x^ +flx 

•Jn'-a' 

2a 4i^'-a'ha'x' 

{ N ' - a ' )  
(A^7) 

We can simplify the natural log expression by factoring out JC and rewriting. 

2a' 

{ N ' - a ' )  
ln{x) + ln 

J(iV^-aM+aV' 
a + - -ta(Viv'-a')-

-a')+a'x' 

ax 

(A.28) 

The eliminated since it is a constant. In a definite integral it 

will cancel out. Therefore, we can drop it from consideration, and we have for our final 

result of the third integral. 

2a' 
ln{x)+ln a+ 

+aV +aV 

ax 
(A.29) 
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The final result is then the sum of our three integrals, 

1 2a 

2x^ ^ N^-a^ 
a In a-\r-

-a^ 
(A.30) 

Keeping in mind our substitution earlier, x = cos<p and 

Ncos^'= -a^)+a^ cos^ 0, we can rewrite our final expression as a function of the 

angle of incidence, the angle of refraction and the complex index of refraction. 

rnUU 

I ~ fo' 
2a 

2cos^ ^ -a^ 
a In a + 

N cos 

costft 

N cos 
cos(^ ^ 

. (A.31) 

where the angle of incidence ^ is a function of the pupil radial coordinate r, 

/ A 
0 = tan -/ 

Jo) 
(A.32) 

A J.2 TE polarization: first partial derivative. 

Having completed the integral of the Fresnel reflectivity coefficient for TE 

polarized light, we can now proceed tc the partial derivative with respect to n, the real 
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part of the complex index of refraction. Rather than integrating a complicated expression, 

we will evaluate the partial derivative with respect to n of our result in (A.30). 

The only parameter that depends on n is N ,  where N - n  +  i k ,  and the partial 

derivative of N with respect to n is simply unity. Furthermore, we can write that 

^Jrrfrfe(r) = |^Jrrfrpre('-)xf-=|;:JrJrfe(r)x/ = ̂ J,rfrpfe(r), 

(A.33) 

We do not need to expand the parameter N in terms of n and in order to proceed with 

the partial derivative. 

We will also need to evaluate the partial derivative with respect to k. However, 

^Jrdrfe(r) = ̂ jrrfrteWx^=^Jnirfe(r)x, = ,-^jrrfrfeW. 

(A.34) 

This simpliHes matters as we have to consider only 

d 

3N 

2a I 

2 x ' ^ N ' - a '  
a In a-i 

-a^ +a^jc^ 
(A.35) 

The same holds true for the TM polarization result derived later and the second partial 
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derivatives, which we will also consider later. To formulate all the partial and second 

partial derivatives with respect to n and k, we need to only consider the partial and second 

partial derivatives with respect to the parameter M 

Proceeding with the derivative, we have 

-i.. 2a 

N ^ - a ^  
a In a+-

(A.36) 

The Hrst term is simply 0 while the second term we can expand, 

2a 

- a ^  d N  
a In a + -

-a^ +a^x^ 

a In aH 
-a^ +a^x^ 

dN 

2a 

N ^ - a ^ .  
(A.37) 

Taking the partial derivative with respect to Nof each expression, we obtain 
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2a 

N ^ - a ^  

aN 

xViV^-?+aV 
a+-

-a^ +a^x^ 
-I 

N 

-a^ +a^x^ 

a In a + -
4N^ -a^ +a^x^ -Jn^-a^ +a^x^ —4aN 

(A.38) 

We multiply the first term by {n^ -a^) and factor out the common terms to 

get 

2aN 

(n'-a')' x^lN'-a'+a'x' 

ax 

.ox+ 
- 1  

-4aN 
a In a + -

—a^ +a^x^ 
(A.39) 

The Hrst expression in the sum can be simplified to 

-2aN {N^-a^) 

( N ' - a ' )  ax+ sN^ -a" ̂ a'^x* ,2 
(A.40) 

We multiply numerator and denominator by ax-sN^ -a^ +a^x^ to get 
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2aN ax--\jN^ +a^jc^ 
^ , (A.41) 

( N ^ - a ^ r  x 

which, when combined with the second tenn in (A.39), is 

2a^N 2aN ViV^-a^+aV 
- + •  

[n ' - a ' y  [ N ' - a ' y  

4a^N 

( N ' - a ' )  
•In 

-a^ +a^x^ 
a A (A.42) 

Upon simplifying, we have 

2aN 
a+- -2a In a + -

y l N ^ - a  2 
. (A.43) 

We can write this in terms of the angle of incidence 0 for our Hnal result. 

rmw 

J -2/0 aN 
dN ^ 

rmm 

Ncos^ ^ , 
a+ 2aln 

cos^ 
a + 

N cos p' 

cos^ 
{ K M )  

-1/ 
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A. 1.3 TE polarization: second partial derivative. 

The result in (A.43) serves as our starting point for second partial derivative of the 

Fresnel reflectivity coefHcient for TE polarized light. Once again, we need concern 

ourselves only with die partial derivative with respect to N, 

B 

dN 
2aN 

a + -
-a^ +a^x^ 

^2aln f l  +• 
-a^ 

(A.45) 

Performing the derivative, we have 

2aN N 

{ n ' - a ' f  cVaT^ -a^ +a^x^ 
/-2a a+ 

2a[-3N^ -a-) 

[ n ' - a ' ) '  
a+-

-a^ +a^x^ 
f 

-lain a+- (A.46) 

The first term can be simplified by Hrst multiplying numerator and denominator by 

[n^ -a^) and rewriting the expression in the brackets, 
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2aN 

{ N ' - a ^ r  

N ( N ^ - a ^ )  

cViV^ -a^ +a^x^ 

^ j N ^ - a  2+aV-ar'* 

iV^-a^+aV +ax^ 
( A M )  

We multiply numerator and denominator by -a^ -ox and we get our final 

result for the first term, 

2aN' -a^ +a^x^ -flxj 

(iV^ - JcViV^-a^+aV 
(A.48) 

The second term is simple if we first multiply b y  N / N  and rewrite the expression 

in the form 

(jA^^ + a ^ )  2aN 

N [ N ^ - a ^ ] ( N 2 . a^'f 

4N^ -a^ ^ , 
a+ 2a In a + -

(A.49) 

But this is simply the result for the partial derivative with respect to N found in (A.43), 

multiplied by a constant coefficient. The final solution can be written as 
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rmax 

J 
.. -2/o^ay (A^ COJ- a cosiflf 

cos^cos^' 

KzflYiM) (A.50) 

TM polarization. 

We need to repeat the above derivation forTM polarized light. The initial integral 

we must evaluate is given by 

pupil 

rdrda^hfir.a) = 

"max 'MO* 

II 
V 

N cos^—acos^' 

N cos<l> + acos<l>' ^ 
rdrda. (A.51) 

Under the same approximations concerning the angular pupil coordinate as in the TE 

case, we can ignore the integral over or and we are left to evaluate 

'max 

J N COS (ft—a COS 

N cos^+acos^*  J  
rdr. (A.52) 
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Using an analogous technique as in the TE case, we can make the same substitutions. The 

final integral we are left to evaluate is 

- f o  J Nx-
h 

-a^)+av 

Nx + i(N' -a^)+a^x^ 
y 

(A.53) 

Our first step toward a more readily solvable form is to multiply numerator and 

denominator by -a^)+a^x^ and simplify the expression. The result is 

C0S4)^ 

i 
atv -2N^ax^{N^ -a^)+av - a^) + av 

dx. (a.54) 

where we have dropped the multiplicative term -fg for clarity's sake. This integral is 

much more complicated than its TE counterpart in (A. 14) but the process by which we 

evaluate it is the same. We can decompose it into two integrals, evaluate each and 

simplify, combine the results and simplify again, if possible. The simplest of the two 

integrals is given by 
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The trick here is to deHne 

flva^ -N^ , avfl^ -N^ 
X = J tan<p, dx = ~ J" <pd(p, (A.56) 

4N^-a"* 

where, upon substitution and simplification, we are left with the trivial integrals. 

1 ~(^ -a ) cos <p r N +a cos<p 
I "57  ̂  ̂ . 3 d<p+ I -rj-z TT—r^dfp. (A.57) J a^[a^-N^) sm^<p J a^(a^-N^) sin(p 

The result is 

{N'-a') I 

a'[a'-N') Isin^tp 
'•^ln{sin<p) 

(N'*+a'') ( V 
(A.58) 

Substituting for sirup, we have for the first mtegral. 
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J IN" . 
2x^ 2a^ 

f 
cviv-a' 

lx'(N'-a')+a'(a'-N')^ 
(A.59) 

Neglecting the constant terms and rewriting the natural log expression, we have for our 

^al solution to the Orst integral, 

/ N'' r^ 2  

2x'^a'(N'-a') 
In (A.60) 

The same approach can be used for the second integral, 

<^os^max 

Jl - 2N^wc^{N'-a^)+a^x^ 

x'((N*-a'y^.(a'-N^y) 
dx. 

COS(p, 

(A.61) 

min 

We will simply state that the Hnal result is 

-2arviv2-a^+av N'* 

ax(N'-a') ''a'(M'-a') 

ax~' +viV' +a 2 , 

ax~' -"Jn" +a 2 , ^2 

N {n^-a^yjn^ +a^ + -a^ +av +a^x 

(N^-a^yjN^ +a^ -a^ +av -a^x 
(A.62) 
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We can combine our results into the final form of the solution in terms of x. 

2x^ a\N^-a^) 1,^ ^ ') 

2NNN^ -a^ +a v ylN^ -a' -ha V _^1_, 

ax(N^-a^) 

ax~' +'^N^ +a^ 

ax 

N' . 
*a'(N'-a') 

-a'yiN'+a' *N'4N'-a'+a'x'+a^x 

(N' -a'yit/'+a' +N'^N'-a'+a'x' -a'x 
(A.63) 

We can substitute according to our previous definitions, x= cos (ft and 

N cos (ft' = , to obtain our final result in terms of the angles of 

incidence and refraction, 

1 2N^ cosp' N' 

2cos^ <l> a{N^ -a^) ^osip _^2 j 
In 

COS^ ip ^ \ 

N' . cos0 

COS^ 

N' 
In 

l/jv^ +a^ 
9 3 

+ iV cos^'-t-a cos (ft 

( f f '  - a ^ )  i/at^ +0^ +cos^' - cos^ 

. (A.64) 
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A. 1.5 TM polarization: first partial derivative. 

From the result in (A.63), we can find an expression for the partial derivative with 

respect to M Algebraically, this is far more tedious than the TE case. To help in our task, 

we will use the following definitions, both in the derivation and in the computer 

simulations. The terms are given here for archival purposes and we won't elaborate on 

them. The purpose is to show how the complicated results can be broken down into 

simpler components. 

TM_ C = Tl^fn + cos^'+a^ cos (ft, TM_D = Tl-Jj2 + cos^'—a^ cos0, 

Tl = N^~a^, T2 = N^+a^. T3= , 
N -a 

COS(l>COSi(f' N cos ̂  cos ^ 

rM_A=-^+^/72. m —Vn, 

d2m_A 

d2m_CD = +—^{2cos*<^'-^5cos^0'-/). (A.65) 
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At this time, we will also define the function LOG as 

LOG = ln(-m_A m_B)-^ln(m_Alm_B)+ln{m_Clm_D). (A.66) 

We can also take the partial derivative with respect to AT to get the result we call dLOG. 

We will state the final result without derivation, 

^dm_A dm_CD dTM_CD dLOG = 2 =—H = = (A61) m_A m_c m_D ' ^ ' 

Finally, the second partial derivative with respect to ^is called dlLOG and is given in 

final form as 

d2LOG = 2 
d2TM_A 

m_A k^TM_A J 

d2m_CD ( 
m_c [ 

dTM_CD^ 
T M C  

d2TM^CD (dTM_CDX 
m_D TM_D 

(A.68) 

With these deHnitions, we can simplify the result in (A.64) to 
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f ? \ f A \ 4>mnr 

J Pnif(0)'0=":; jT—;;—W^~2^ (A.69) 
j 2cosu i j 

rmin "mm 

The expression for the Hrst partial derivative with respect to N is 

j + 2N'TI'T_A - 2N^ • T_A) 
[a-TI 

TI 
dLOG + 

•Tl-2N^\ 

Tl' 
LOG (A.70) 

A. 1.6 TM polarization: second partial derivative. 

The procedure for Hnding the second partial derivative with respect to N is the 

same as in the TE case. We start with result in (A.70) and after much algebra and 

simpliHcation, we can write our final result in terms of the definitions above, 

fmax 

dN^ a 

^2N^ T3^ 
^d2TjL+^[3N^ •^a^]'TjL-2N T3^ dT_A 

ftrun 

•<t2ljOa+^{TI-a')dLOG+^^^{STl'-9N'TI+4N')j, 

(A.71) 
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where the entire result is evaluated at (t>^ and at , which is then subtracted from 

our ipinax result for the Hnal result. 

While these results and the intermediate expressions may seem complicated and 

laborious to evaluate, we found it to be the simplest way to manage the complicated 

integral and derivative results, particularly for the TM case. 

A.2 Summary of Results. 

To recap our results, we wish to evaluate the integral over the pupil of the Fresnel 

reflectivity coefficient for both TE and TM polarized light. The assumption here is that 

the angle of incidence (f> is independent of the pupil angular coordinate and is given by 

where r is the pupil radial coordinate, and^ is the focal length of the imaging system. 

The cosine of the angle of refraction is then given by 

p = tan~' —• , (A.72) 

(A.73) 

where AT is the complex index of refraction, and a is the index of refraction of the incident 
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medium. We also compute three preliminary terms used to simplify our integrals results. 

Tl = N^-a\ T2 = N^-^a\ T3= , . (A.74) 
N -a 

To further simplify the evaluation of the integrals, we deHned several preliminary 

terms which need to be evaluated for both and 0^, 

f2££, cos'f-i 
cosp cos^cos(p Ncos(j>cos (() 

TM_A^-^-^4f2, 7m_b = -^-v72, 
cos<p cosip 

m_C = TI^IU +N^coj^'+a-'COS0, m_D = Tly/n+N^ cos<f>'—a^ cos(t>, 

M 77 , sr2 dm_CD = -i^-¥2N^m + -7+2iV^ cos^', 
v72 cosip 

Jtmr jnn 6N^ +9N^a.^ + O.^ ^ lj.t t\ . 
d2TM_CD = , 1 1 j-—[2cos 0 +5cos 0 —/). (A.75) 

cos'<l>'̂  ' 

The final preliminary step is to compute 
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LOG = ln{-TM_A TM_B)+ln(m_Alm_B) +ln{m_C/TM_D), (A.76) 

dL0G = 2 dm_A dm. CD dm_CD 
m_A 7M_c m_D ' 

(A.77) 

^d2TM_A -d2LOG = 2 ~ 2 
m_A 

dm_A 

v t'aca y 

d2TM_CD 
TM_C 

(dTM^CD^ d2TM,CD fdTM_CD^ 
TM_C J m_D \ TM_D , 

(A.78) 

for both and^^. 

The expressions we have for our necessary integrals are then evaluated. First, the 

Fresnel reflectivity coefficients themselves, 

I 
^min 

fe(^)d^=-//|-_l-+n(<ita(a+r.al-r.a) 
\2cos <p I 

^nuu 

^min 

(A.79) 

^max 

J I 2N^'T_A N'^LOG 

2cos^ ^ a-TI a^'Tl 

^max 

^min 

(A.80) 

fnun 
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Second, the partial derivatives with respect to n. 

îmx 

J dn 

N T3 1 
^(<i+r_A-2a/n[a + r_A])| , (A.81) 

Pnutx 

^Ptm 
dn 

d(t> = -fo\ —^(N'Tl dr_A + 2  ThT_A- 2 N ^  •T_A 
u-rr^ ' 

N^'dLOG 

T1 

4N^Tl-2N^ 
TI2 

LOG 

^max 

(A.82) 

Finally, the second partial derivatives with respect to n. 

rmax 

• 

^ PTEip) 
dn^ 

T3-N {Ncos(p'-acosp) 

TÎ  cos cos 1̂ ' 

2\ (3N^ -a^) 

N'TI 

^nrn 

^PTEiP) 
dn 

dp, 

(A.83) 
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rmoJ 

J -/ 

'
 

TI 
\ 

d2T_A+ )  •  r _A - 2iV • r j ^  • <ir_A 

+-^l iv^ •d2LOG-i-^(Tl-a^)dLOG+^^^^(6'Tl^-9N^ T1+4N-* 
4N 2L0G, 

a'Tl\ Tl TV 

(A.84) 

A.3 Comparison of Analytical and Numerical Integration Techniques. 

While the results for the necessary integrals appear to be quite complicated, the 

alternative is to numerically perform the integration by sampling the pupil appropriately, 

evaluating the expressions p, dpjdn and pfdn^ for both polarizations at each 

sample point, then summing over all samples accordingly. 

We developed a computer program to compare both techniques for a given 

system. We chose for our material parameters n = 0.47 and k = -2.83. The imaging system 

focal length was SOnmi and the diameter of the pupil was SOmm for an F/1.0 system. In 

this case, the minimum angle of incidence is 0° and the maximum angle of incidence is 

26.565°. The time to evaluate the integrals using both the numerical and analytical 

techniques was also recorded. The results of this comparison are shown in table A. I 

which shows a comparison of the p integral results, and tables A.2 and A.3 which show 

the integral of dp jdn and pfdn^ results, respectively. The time to numerically 
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evaluate the integrals for the given number of sample points is also shown. This is based 

on the computer clock and, depending on the activities of the processor at run-time, will 

vary. It is therefore intended solely as a order of magnitude estimate and for comparison 

purposes. 

Number of points time 
(msec) 

101 
501 
1001 
5001 
10001 
50001 
lOOOOl 
500001 
EXACT 

180 
882 
1666 
7144 

12728 
48874 
95681 

472774 
0 

-4.6482 + 
-45913 + 
-4.6056 + 
-4.6018 + 
-4.6004 + 
-4.6009 + 
-4.6008 + 
-4.6008 + 
-4.6008 + 

% Eiror 
(reai.imag) 

\pm 

i 3.3578 
i 3.3197 
i 3.3293 
i 3.3268 
i 3.3258 
i 3.3262 
i 3.3261 
i 3.3261 
i 3.3261 

(1.030, 
(0.206, 
(0.103, 
(0.021, 
(0.010, 
(0.002, 
(0.001, 
(0.000, 

0.958) 
0.192) 
0.096) 
0.019) 
0.010) 
0.002) 
0.001) 
0.000) 

4.3095 • 
4.2603 • 
4.2726-
4.2693 • 
4.2681 -
4.2686 • 
4.2685-
4.2685-
4.2685 -

% Enor 
(reai.imag) 

3.6693 
3.6240 
3.6353 
3.6323 
3.6311 
3.6316 
3.6315 
3.6315 
3.6316 

(0.960, 
(0.192, 
(0.096, 
(0.019, 
(0.010, 
(0.002. 
(0.001. 
(0.000, 

1.039) 
0.208) 
0.104) 
0.021) 
0.010) 
0.002) 
0.001) 
0.000) 

Table A.I. Fresnel reflectivity integral results for F/1.0 system. 

Number of points 

101 
501 
1001 
5001 
lOOOl 
50001 
lOOOOl 
500001 
EXACT 

J 3n 

0.7114-
0.7030-
0.7051 -
0.7045 -
0.7043 -
0.7044-
0.7044-
0.7044-
0.7044-

0.9308 
0.9206 
0.9232 
0.9225 
0.9222 
0.9223 
0.9223 
0.9223 
0.9223 

% Error 
(real,iniag) 

(0.992,0.920) 
(0.196,0.184) 
(0.099,0.092) 
(0.020,0.018) 
(0.010,0.010) 
(0.002,0.002) 
(0.001,0.001) 
(0.000,0.000) 

/ dn 

-0.7078 + 
-0.6995 + 
-0.7016 + 
-0.7010 + 
-0.7008 + 
-0.7009 + 
-0.7009 + 
-0.7009 + 
-0.7009 + 

% Error 
(reai.imag) 

1.1057 
1.0915 
1.0951 
1.0941 
1.0938 
1.0939 
1.0939 
1.0939 
1.0939 

(0.986, 
(0.197, 
(0.099, 
(0.020. 
(0.010, 
(0.002, 
(0.001, 
(0.000, 

1.076) 
0.215) 
0.108) 
0.022) 
0.011) 
0.002) 
0.001) 
0.000) 

Table A.2. Fresnel reflectivity integral results: partial derivatives. 
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Number of points % Error % Error 
J 3n (real.imag) J dn  ̂ (real,iinag) 

101 -0.7134- 0.1406 (0.927, 1.209) 0.8282 + i 0.0563 (1.059,0.156) 
501 -0.7055- 0.1385 (0.186.0.241) 0.8178 + i 0.0562 (0.212,0.033) 
1001 -0.7075- 0.1390 (0.093,0.121) 0.8204 + i 0.0562 (0.106,0.016) 
5001 -0.7070- 0.1389 (0.019,0.024) 0.8197 + i 0.0562 (0.021,0.003) 
10001 -0.7068 - 0.1389 (0.009,0.012) 0.8194 + i 0.0562 (0.011,0.002) 
50001 -0.7069- 0.1389 (0.002,0.002) 0.8195 + i 0.0562 (0.002,0.000) 
100001 -07068 - 0.1389 (0.001,0.001) 0.8195 + i 0.0562 (0.001.0.000) 
500001 -0.7068 - 0.1389 (0.000,0.000) 0.8195 + i 0.0562 (0.000,0.000) 
EXACT -0.7068 - 0.1389 - 0.8195 + i 0.0562 -

Table A.3. Fresnel reflectivity integral results: second partial derivatives. 

The most interesting result is the low percent error, less than or approximately 

equal to 1%, for all integrals even at 101 samples of the pupil. A numerical approach to 

these integrals is rather good by this criteria. However, the time factor is of importance. 

With a simulation perfonning hundreds, even thousands of integrations, we see that the 

numerical approach becomes quite time consuming. Without analytical solutions for the 

case where the test surface is tilted with respect to the optical axis, we have litUe 

alternative. 

Two variations we will investigate here concern the f number of the imaging 

system employed and the material's complex index of refraction. The f number 

determines the range of angles incident on the material and therefore the region of the 

reflectivity curve utilized in the simulation. Li this case, we will again examine gold but 

the focal length is now 625mm, for an F/12.5 imaging system. The angle of incidence 
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range is now from 0° to 2.29®. The results for the reflectivity integrals only are shown in 

Table A.4. 

There are two points to be made regarding the results. First, the time to complete 

each trial varies with the previous ron. This is to be expected with the computer clock 

used in the program. However the order of magnitude is consistent which provides at 

least some insight into the time to evaluate a particular integral. 

The second, perhaps more important point to be made concerns the percent error 

in the numerical results. At flrst, we would expect the results to be better in terms of this 

Number of points time % Enor % Enor 
(msec) (real,imag) (real.imag) 

101 99 -4.4888 + 13.5121 (1.000,1.000) 4.4864- 35143 (1.000, I.CXX)) 
501 426 -4.4354 + i 3.4704 (0.200,0.200) 4.4331 - 3.4725 (0.200,0.200) 
1001 827 -4.4488 -1- i 3.4808 (0.100,0.100) 4.4465 - 3.4830 (0.100,0.100) 
5001 3919 -4.4452 + 13.4781 (0.020,0.020) 4.4429 . 3.4802 (0.020,0.020) 
10001 7418 -4.4439 + i 3.4770 (0.010,0.010) 4.4416- 3.4792 (0.010,0.010) 
50001 39003 -4.4444 + i 3.4774 (0.002,0.002) 4.4421 - 3.4796 (0.002,0.002) 
100001 74601 -4.4443 + i 3.4773 (0.001.0.001) 4.4420 - 3.4795 (0.001.0.001) 
500001 411773 -4.4443 + i 3.4774 (0.000,0.000) 4.4420 - 3.4795 (0.000,0.000) 
EXACT 0 -4.4443 + i 3.4774 - 4.4420 - 3.4795 -

Table A.4. Fresnel reflectivity integral results for F/12.S system. 

criteria, for a narrower cone. Instead the error remains essentially the same and obeys the 

same relationship with the sample sizes. We can explain these results by considering the 

general integral of interest here, 
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(A.85) 

At angles near normal incidence, the reflectiviQr value does dot vary considerably widi 

angle. We can assume this to be true for the materials of interest here. We can therefore 

approximate /(r) as constant and we are left with the integral. 

This approximation holds particularly well when we restrict the angles of incidence to a 

narrow cone near normal incidence, as in the F/12.S case in Table A.4. 

A Matlab script was written to evaluate (A.86) numerically for various sampling 

sizes, and to compare the results to the analytic solution. The results are shown in Table 

A.5. The interval chosen was from r=0 to r = lO.O. The exact solution is simply 50. In 

terms of the percent error, the results are consistent with the Fresnel reflectivity integral 

results in Table A.4. 

To further confirm these flndings, we can keep the system parameters constant 

and change the material under investigation. Table A.6 shows the results for GaAs whose 

index of refraction at S89.3nm is 3.94 • iO.24, and an F/12.S system. While the integral 

values are different, the percent errors are consistent with the previous results. We can 

(A.86) 
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Number of points | rdr % Error 

101 
501 
1001 
5001 

10001 
50001 
100001 
500001 
EXACT 

50.50000 
50.10000 
50.05000 
50.01000 
50.00500 
50.00100 
50.00050 
50.00010 
50.00000 

1.000 
0.200 
O.lOO 
0.020 
0.010 
0.002 
0.001 
0.000 

Table A.5. Comparison of / rdr results. 

then assume that the expected error in the numerical integration technique is material 

independent. 

Ail these Investigations assume there is no tilt in the test material surface. To date, 

no analytical solution for the tilt case has been found. This does not preclude us from 

making an assumption regarding the error in such numerical integration results. For large 

f numbers, we can assume the Fresnel reflectivity coefficients for both TE and TM 

polarized light remain relatively uniform over the narrow cone of incident angles. We 

therefore assume to see the same or at least similar errors as in the results above. For 

example, an error of approximately 0.2% for 501 sample points. 
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Number of points time ( % Error % Enor 
(msec) J Pre (real,imag) J Pm (realjmag) 

101 96 -3.7636 + 1.2385 (1.000,1.000) 3.7621 - 1.2389 (1.000, 1.000) 
501 453 -3.7189 + 1.2238 (0.200,0.200) 3.7174- 1.2242 (0.200,0.200) 
1001 776 -3.7301 + 1.2274 (0.100,0.100) 3.7286- 1.2279 (0.100,0.100) 
5001 4233 -3.7271 + 1.2265 (0.020,0.020) 3.7256- 1.2269 (0.020,0.020) 
lOOOl 7947 -3.7260 + 1.2261 (0.010,0.010) 3.7245 - 1.2265 (O.OlO, 0.010) 
50001 38715 -3.7264 + 1.2262 (0.002,0.002) 3.7249- 1.2267 (0.002,0.002) 
100001 75366 -3.7263 + 1.2262 (0.001,0.001) 3.7248 - 1.2266 (0.001.0.001) 
500001 415971 -3.7263 + 1.2262 (0.000,0.000) 3.7248 - 1.2266 (0.000,0.000) 
EXACT 0 -3.7263 + 1.2262 - 3.7248 - 1.2266 -

Table A.6. Fresnel reflectivity integral results for F/12.5 system: GaAs. 
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appendix b 

derivatton of lorentz analyzer 

In this appendix, we would like to detennine what, if any, relationship exists 

A 
between the ML estimates on n and k and hf^i. The motivation is to explain the unique 

distributions seen in the Monte Carlo scatter plots in chapters 8,9 and II. In this 

derivation, we will Hnd it necessary to make one approximation regarding the integral of 

the Fresnel reflectivity over the pupil. This approximation reduces the integral to the 

equation at normal incidence. The results are relationships that obey the real and 

imaginary Lorentzian lineshapes. Hence the name, Lorentz analyzer. 

B.I General Considerations. 

We can begin with the expression for the mean irradiance for a given 

measurement m and polarization y, 

" \̂ jr ĵt (B.I) 

where we have for and Ej^, 
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JJ rdrdaPj^(r.a)= " (BJ) 

pupil 

rc PJt^o ^ ^ 
JJ rdrdapj^ (r.a) = ^2L_ (B.3) 

pupil 

The subscripts R and T designate to which arm of the interferometer we are referring. The 

reference arm is designated by R and the test arm by T. We will continue to designate 

polarization-dependent terms with the subscript j. In both equations we have expressed 

the integral over the pupil of the complex Fresnel reflectivity function as an amplitude p 

and a phase term 7. It is implicit that both p and 7 are functions of the parameters n 

andk. 

We can recast our expression for the mean inadiance in (B. 1) into the more 

familiar form that we will use in this appendix. 

The phase-shift on reflection Yj is included in the term where yfj^ -YJt 
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The measured data can be described by the equation. 

fjm ("' - Pjg + P/j. fjT +^PjR Pjr (® -5) 

The irradiance as a function of our ML estimates can be similarly written and is given by 

tjm [n,k,i^- pj^ II+ 2pj^ pj^ ̂ r~r~ cos 
 ̂ 4nh  ̂  ̂
mzl+— (B.6) 

B.2 The Problem of Two Equations and Two Unknowns. 

In the case of i.i.d. Gaussian noise, the ML estimator 0 = {n,k,h) minimizes the 

difference between (B.5) and (B.6) in a least-squares sense. We see this involves two 

expressions, pand the argument of the cosine function. We can regard this as a system 

of two equations and two unknowns which we are trying to solve in our minimization. 

A 
Pjj ~PjT* (B.7) 
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We can rewrite (B.8) by realizing that -fjn • The phase associated with the 

reference arm is presumed known and constant. We can therefore disregard this phase 

contribution with the result. 

Henceforth, we will drop the subscript T on the estimate terms. The fact that they are 

estimates of the test-arm parameters is implicit. We are also not subscripting the 

estimators with "ML". The fact that they are the ML estimators is implicit. 

The ML estimates of the magnitude and phase of the reflectivity can be rewritten . 

in terms of real and imaginary components which we will designate by R and J, 

respectively. These are not to be confused with the designation for the reference arm or 

the irradiance. The equations in (B.7) and (B.9) can be rewritten as 

(B.9) 

(B.IO) 

(B.l l)  

Solving (B.ll) for fy, we obtain for our result. 
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I j - R j t a n  
4ic[hQ-h)^ 

<Plr^ a (B.12) 

which we then substitute in (B.IO) to obtain 

1 

P/l Jt (B.13) 

The ML estimates of the real and imaginary parts of the reflectivity are now 

exclusively functions of the magnitude and the phase of the reflectivity in the test arm and 

A 
the ML estimate h. In order to simplify the expressions, we will deHne 

Xj = tan 
4it[ho-h\ 

A 
(B.14) 

and 

(B.15) 
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Our Hnal expressions to solve are then 

Rj = ±gj, (B.16) 

(B.17) 

B.3 Fresnel Reflectivity Simpliflcation and the Final Solution. 

We are not interested in the ML estimates of the real and imaginary parts of the 

reflectivity. Rather, we would like to recast these two equations in terms of the ML 

A 
estimators, n and k. This is problematic since the complex reflectivity is given by 

'mar^mor 

P j =  J jrdrdapj{r,a), (B.18) 

'min ^min 

where the limits of integration are dictated by the pupil design, and py is the complex 

Fresnel reflectivity. At present, no general analytical form for this integral has been found 

with exception of the symmetric, no-tilt case. The solutions derived in appendix A are 

rather complicated and may be considered in the future. 
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We will use another approach and consider only the limiting case of normal 

incidence. We can then write for the complex reflectivity. 

1-N . N-1 

where N = n+ik. Substituting for N, we can rewrite (B.19) in terms of a real and 

imaginary component. 

/ - ( / i^+^2) (_2^) 

-l+{n^+k^) 2k 

-~r,—^2—z2""^'77—^—rr* {l+nr+k^ {l+nr-i-k^ 

We can now substitute the real and imaginary components into our two equations given 

A 
in (B.I6) and (B.17) and solve for n and k. 

We will consider the TE polarization case and start with the imaginary component 

in (B.17), 
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A 

-2k 
(B.22) 

We have also chosen the solution. Note this is equivalent to choosing the TM 

expression and assuming a +g solution since pj£ = -Ptm normal 

incidence. We can also drop the subscript j since we are referring to a speci^c 

polarization state. 

We can rewrite the expression by multiplying out the denominator. 

2k = g{{I+n)^ +gTp, (B.23) 

which we can solve for n to get the intermediate answer, 

a+/i)2 =^-p. (B.24) 

If we now consider the real part, we can rewrite (B. 16), 

( /+/ i)2+p'  
(B.25) 
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which we can multiply out and write as 

=-g{I+n)^  -g ic  C2 (B.26) 

The term can be factored and rewritten as 

( l -n^ )  =  { I -  /i) (y+n)=-{ - l+n){ l  + n) = -(/ + n - 2)(7 + h) , (B.27) 

( l -n^ )  =  - i l+n)^+2{I+n) .  (B.28) 

We can then rewrite (B.26) as 

+g{l+nf  +2{ l+n) -P-gP =0 .  (B.29) 

We can substitute the above result into (B.24) and, canceling terms, we have 

(B.30) 
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We square both sides and simplify to obtain 

P 
(/-rf 

+1 
- 2 - k —  =  0 .  (B.31) 

The two solutions are then 

k  =  0 ,  (B.32) 

and 

k = 2gT 
(B.33) 

We can substitute these results into (B.24) to obtain solutions for n . Choosing k  =  0 , w t  

Hnd h = -l which we immediately reject as a viable solution. Qioosing (B.33), we find 

the Hnal solutions are 

• , e__j£l n ,  ^  I f  jv— ^ 2  r  ^2 (B.34) 
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where g and r are defined as 

pr 
« =  ̂ ^ . t  = «n (Pt + 

4n( h o - h f  
(B.35) 

We won't show it here but it is relatively easy to convince oneself that these 

solutions are polarization independent. The entire derivation can be repeated for the TM 

polarization case and, assuming a. +g solution in (B.16) and (B.17), we would find the 

same solution. 

B.4 Example Calculation. 

As an example, we can choose for the true values n = 0.47 and it = -2.83. The 

magnitude of the reflectivity for TE polarized light at normal incidence is = 0.9029 

and the phase is (pj = 2.4774 radians. The true value of the surface profile parameter hg 

is set to O.Onm and the wavelength is S89.3nm. Using these values, figure B.l shows n 

A A 
and fc as a function of h, according to relationships derived in (B.3S). The relationship 

A 
between h  and h  is commonly referred to as the real Lorentzian lineshape, while the 

relationship between k and h is referred to as the imaginary Lorentzian lineshape. The 

functions are periodic with a period of A/4 due to the tangent function. The discontinuity 
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A 
seen in the k curve is also attributable to the tangent function which is infinity at odd 

multiples of Kjl or h = X/8. 

1 0 -

<c 
'ML 

150 -100 100 -50 

A A 
Figure B.l. The estimates and plotted as a function of 

The interesting result here is that there is no dependence on the reference arm. 

Furthermore, the only dependence on the test arm is in the true value of the complex 

index of reflation of the test arm material. This is less surprising because we assumed 
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only normal incidence in our Fresnel reflectivity term. It would be interesting and it 

remains to be determined how the integral over the pupil of the Fresnel reflectivity affects 

the results. This complicates the derivation considerably since this integral expression 

must be expressed in terms of a teal and imaginary part, both of which are functions of 

the parameters n and k. The analytical expressions derived in appendix A serve as a good 

starting point for this derivation, and this derivation remains a future consideration. 
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APPENDIX C 

APPROXD^TE MAXIMUM-LIKELIHOOD DENSITY 

In this appendix, we are continuing our investigation of the relationships between 

histograms of the Monte Carlo simulation results in chapters 8,9 and 11. The 

approximate ML density theory attempts to do so by formulating the probability density 

function of the joint ML estimates. 

By suitably sampling the three-dimensional estimate space, we can obtain an accurate 

mapping of the ML density. We can then obtain the probability density of one of the 

estimates by integrating over the other two estimators. The final results can then be 

compared to the histograms obtained from the Monte Carlo simulations or used 

themselves as a prediction of the particular system's performance. 

^ A 
^ML ^ML' motivation is to explain the unique distributions seen in the 

(CD 
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In this derivation, we make two assumptions. The first is that the nonlinear 

function under investigation is continuous and differentiable. Second, we assume the 

noniinearity is weak on the scale of the data variance. 

This work was first derived by Craig Abbey (Abbey, 1996) and later expanded 

upon by Eric Clarkson (Clarkson, 1996). A complete discussion can be found in Abbey et 

al. (1998). This appendix will first follow the derivation as done by Abbey and then we 

will show how it is applied to our particular case, the phase-shifting interferometer/ 

ellipsometer. 

C.l General Derivation. 

We know that the data stored in an ^ x 1 vector d are the sum of some 

deterministic function of the true parameter values s(6o) and a stochastic component i). 

A component of the data is then given by the general expression 

=«i(®o)+n,' (C.2) 

The noise elements are modeled as independent normally-distributed random variables 

with a known constant variance and hence the probability density function is the 

standard A^dimensional multivariate normal, where is the total number of 

measurements made. The resulting log-likelihood function for the data is then given by 
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ff 

L ( e | e o ) = .  ( C . 3 )  

i=l 

We maximize (C.3) over the parameters 6 for a particular data vector to give the ML 

estimate. 

For the unimodal, differentiable function in (C.3), the ML estimates 

simultaneously solve the set of P nonlinear equations. 

- 1  

Be, 

N 

de„ 
(C.4) 

«=/ 

where the subscript p  denotes a particular parameter to be estimated, and P  is the total 

number of parameters to estimate. 

Substituting (C.2) and multiplying through by <7^, we can decompose the 

resulting log-likelihood equation into deterministic and stochastic parts, 

N 

= 0. (C.5) 

i-I 
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We can simplify this further by defining two new notational elements. First, the N-

dimensional vector As, where 

(® A/l)-«r(®0) • (C-6) 

Second, we will define a P x JV matrix G of partial derivatives. 

We can now recast our log-likelihood equation in matrix-vector notation, 

Gi1 = GAs. (C8) 

The result in (C.8) is of fundamental importance. While it cannot be used to solve 

for the ML estimates since the noise vector is never known exactly, it demonstrates that 

for a given ML estimate, the noise vector must have solved (C.8). Hence the probability 

density of the ML estimates is exactly the probability density of a noise vector solving 

(C.8), 
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p( o  AfilOo) =  p {Gr\ = GAs). (C.9) 

We can recast this as an expectation over realizations of noise to get 

p(®A/l|®O) = (^P(Gi1-GAs)} , (CIO) 

where 5p  is a P-dimensional delta function. We can write this in integral form as 

I ̂ /%5p(GTl-GAs) 
[2na') J 

e 2a^ . (Cll) 

In order to evalute this integral, we need to make a change of variables. Let us 

deHne the variable n such that 

(C12) 

where we have defined U as an (AT - 2) x dimensional matrix with orthonormai rows 

spanning the orthogonal complement of G. Therefore, UU' is an (A/^ - 2) 2) 
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identity matrix and GU' = 0. We also assume that the matrix GG' is nondegenerate. 

The derivative is then given by 

^<fei(GG') 
(C13) 

Substituting (C.12) and (C.13) into (C.l 1), we have the somewhat complicated 

result, 

p(^ML^o)= I I . 
^det\GG j J p-i 

I 

91 n 

{2m') 
N/2 

exp L-\= ti] ... rip IGGT' 

["p. 

N 

-1^ 
i=P+/ 

(C.14) 

While it may seem difficult, the result can be simplified considerably because the 

/  y\iN-P)/2 
mtegrals over npjf.i,...,nN arc readily evaluated. The result is simply \2na 1 

Furthermore, the delta functions which remain make the rest of the integral relatively easy 

to evaluate, ff we define the ATx N projection matrix Pg = G' [gg' | ̂G, the final result 

IS given as 
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p(®Afz.|®o) = f I : 

(2j[a^ y ^det(GG') 

( C A S )  

C.2 Normalization Correction. 

While the above derivation is correct in principle, an error was discovered in the 

transition from (C.9) to (C.10). We will now address the correction derived by Abbey 

(1996a). 

The argument for the transition is that the noise vector must satisfy several 

constraints in order to have produced the particular ML estimate, namely Gt) = GAs. But 

any noise vector which solves this also solves 

where the matrix B is any arbitrary, invertible P by P matrix. If the derivation is repeated 

with the inclusion of this term B, we have for our result. 

BGn = BGA5, (C.16) 

(C.I7) 
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The dependence on B is solely in the determinant and not in the exponent, a consequence 

of the invertibility of B. The implication then is that = GAs must be properly 

normalized. 

The result in (C.17) suggests a possible solution for the normalization factor. 

Setting B = [gg' | , we have for our density result. 

p(0MLIOO) = L \ r  ̂  ̂

^rf«r|^[GG']~ GG'[GG']~ j 

(C.18) 

(C19) 

p(®a«.|9O)=^. (C.20) 

This is our final result. The projection matrix is still defined by Pq = G'[gG' | G. 

Note that the result is dimensionally consistent for a P-dimensional probability densiQr 

function. 
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C.3 Application to Phase-Shifting biterferometer/Ellipsometer. 

The application to our PSIE model is relatively straightforward. First, we are 

concerned with three parameters to estimate soP-3, and we will consider the case 

where we are making four measurements per polarization for a total of iV = 8. Therefore, 

we have 

The 8 X 1 vector As is the difference of the irradiance evaluated at the ML 

estimates and the irradiance at the true values, for the four TE measurements and the four 

TM measurements. 

(C.22) 

The 3x8 matrix G is defined as 
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G = 

<^^TE;(QA/L) ^fTE4(^ML) 

dn dn dn 

dk ofc dk  ̂

dh dh dh 

^ M L )  

dn 

WL) 
dk 

^hM4{^ •A/L) 
dh 

(C.23) 

The rest of the parameters, including those implicit in the calculation of the irradiances, 

are simply constants wtiich we have deHned previously. 

Implementation of this approximate ML density technique is complicated by the 

nature of problem. First you must define what system you are modeling and all its 

parameters. Second, you have to define the true values of n, k and h and calculate the 

necessary Ite{'^o) This is identical to the Cramer-Rao calculation 

program. These values are stored and used throughout the next step. 

Two consideration must be made. First, the range we wish to examine the ML 

estimate for each of the three parameters. Second, the interval we will use to sample over 

for all three parameters. Once deHned, three loops are set up to iterate over the three 

parameters. The structure of the loops determines which parameters you are integrating 

over in the program. For example, for the loop structure sum 

over all the hj^fi results for each and kg^^ to obtain 'We 

can then sum over all the results to obtain > If we attempted to 

save every point from the particular investigation, we would be faced with an impossibly 
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large data Hie. Distead we need to repeat the particular investigation with a different loop 

structure in place. 

Having set up our desired loops and established what range we are considering 

and at what interval, the program iterates through all the values. At each iteration, it must 

compute the necessary irradiances as well as the derivatives with respect to each 

parameter for each irradiance measurement. We then calculate the vector As. The matrix 

G is calculated along with the transpose and the matrix product GG' . We can evaluate 

the inverse of GG' using the same inversion function developed for the Cramer-Rao 

calculator. Finally, we calculate the projection matrix Pq, the intermediate results are 

assembled and p{nML,kn^L,hMi\nQ,kQ,hQ^ is calculated. The entire process is then 

repeated for the new ML estimate vector 9 ml- • 

As an example of the output, we will consider the preliminary system under 

investigation in chapter 8, an F/1.0 system with no surface tilt, an ideal reference mirror, 

and a test sample whose complex index of refraction is hq =0.47 and kg =-2.83. The 

true value of the surface profile parameter h was chosen to be O.Onm. Figure C.l shows 

the result for p(nMLl®o) > figure C.2 shows the result for p(fcAfL|®o) • 

In these calculations, the range of was from 0.0 to 2.5 at increments of 0.01 

for a total of 251 points. The range of was >7.0 to -1.0 at increments of 0.01 for a 

total of 601 points. Finally, the range of hf^i was •20nm to 20nm at increments of O.lnm 
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for a total of 401 points. The time to calculate these plots was approximately 4.5hrs on 

the l66MHz PC. 

The result for p(ftAfL|®o) F/l.O system appears in figure C.3. Using the 

same range for each of the parameters and the same sampling, we found the time to 

complete this run to be approximately 47 days. The discrepancy in computation time is 

A 
attributed to the fact that for each value of investigated, the program must evaluate 

the Fresnel reflectivity integrals a total of samples times iif^i samples. In this case, 

that is 251 x 601 or 150,851 times. To compute either the ML density on or » 

the computer evaluates the Fresnel reflectivity integrals a total number of times given by 

A 

the number of kf^^i samples or samples, respectively. The reason is that changing 

A 
the value of hf^i does not affect the reflectivity. Therefore there is no need to redo the 

integrals. Since the integrals are performed numerically by sampling the pupil, this saves 

a considerable amount of time. 

To reduce the time to compute p(^Af/:,|6o j to something a bit more feasible, we 

can sample the three-dimensional estimator space at a lower frequency. This produces 

results which are not too useful. Another option is to incorporate the exact solutions for 

the Fresnel reflectivity integrals found in appendix A into the program. With the same 

sampling as in the p(n^£|8o) andp case, the time to compute one value 

was reduced to approximately 90 seconds. The total run took a litde over 10 hours to 
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Hnish with the results seen in Hguie C.3. 

The problem with using this technique as a tool to predict the behavior and 

performance of a particular system lies in the time to evaluate each ML density. The three 

examples here took approximately 20 hours to complete, roughly the same time a Monte 

Carlo simulation requires. Granted the evaluation of the ML density on n and k would be 

reduced considerably if the exact Fresnel reflectivity integral expressions were used. This 
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Figure C>L The ML density result p(njif£,|6o)for the F/1.0 system. 
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Figure C.2. The ML density result for the F/1.0 system. 
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Figure C.3. The ML density result p{hMijfio)foT the F/1.0 system. 

tool does not require any minimization algorithm or generation of data, which 

considerably simplifies it. In fact, the ML density program shares quite a bit of code with 

the Cram6r-Rao lower bound calculation program. In that respect, it is useful for 

understanding the behavior of a particular design. 
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CA Weak Nonlinearity Approximation. 

Another issue with this technique concerns the nonlinear relationship between the 

parameters of interest and the measured data. This approximate ML density technique is 

not valid when the nonlinearity on the scale of the data variance is strong. We can better 

illustrate this by considering a very simple example. Let us assume we have a single 

parameter to estimate, 6. We will consider the case where only two measurements, //(0) 

and l2{0). are made. 

Figure C.4 shows a graphical interpretation of the problem. First we will assume 

the nonlinearity is weak relative to the data variance. In this plot we have shown one 

representative data point plotted on the two-dimensional data space. Superimposed on 

this space is the nonlinear curve showing the relationship between the I and the parameter 

of interest d. The point on the curve represents the function / evaluated at the true value 

6q , /(d^). The gray cloud represents the distribution of data realizations {liJi) ^ 

given data variance. The assumption here is that the cloud obeys a two-dimensional 

Gaussian distribution whose mean is (/(6(j)./(6^)) and whose variance is arbitrary. In 

this case, the variance is small relative to the nonlinearity exhibited in the super-imposed 

/(0) curve. 

Maximum-likelihood estimation theory in the additive Gaussian noise case can be 

graphically interpreted as l{di^i) minimizes the distance between the data and the curve 

of / as a function of the parameter d. We can interpret this as saying that the data point 
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must lie on a line that is normal to the curve. Where this line intercepts the curve is the 

ML estimate I(eML). This is shown in figure C.5. 

1(8) 

Data Pt. 
~ 

II 

Figure C.4. Representative plot for weak nonlinearity. 

Data Pt. 

Figure C.5. Graphical interpretation of ML estimate for weak nonlinearity. 



Figure C.6 shows the case where the nonlinearity is strong relative to the data 

variance. What we see here are multiple possible ML estimates 1( (}ML). Neighboring 
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data points will not necessarily lie on the same portion of the curve. The approximate ML 

density technique will not work in this case. The assumption we made that the probability 

density of the ML estimate is exactly the probability density of a noise vector in (C.8) and 

(C.9), is no longer valid (Clarkson, 1996). 

Data Pt. 

Figure C.6. Graphical interpretation of ML estimate for strong nonlinearity. 
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C.5 Summary. 

In this appendix we have shown how the approximate ML density theory is 

derived and how it can be applied to the estimation task of interest. While this is a useful 

tool for predicting the expected performance of a given system, its drawback is the 

computation time required to generate the desired ML densities. Regardless, the 

approximate ML density technique offers some more insight as to the behavior of the 

estimates on n, k and h in the phase-shifting interferometer/ellipsometer. 
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