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ABSTRACT 

Discrete controlled Markov chains with finite action space and bounded cost per stage 

are studied in this dissertation. The performance index function, the exponential 

average cost (EAC), models risk-sensithity by means of an exponential (dis)utility 

function. First, for the finite state space model, the EAC corresponding to a fixed 

stationary (deterministic) policy is characterized in terms of the spectral radii of ma

trices associated to irreducible communicating classes of both recurrent and transient 

states. This result generalizes a well known theorem of Howard and Matheson, which 

treats the particular case in which the ~larkov cost chain has only one closed class of 

states. Then. it is shown that under strong recurrence conditions, the risk-sensitive 

model approaches the risk-null model when the risk-sensitivity coefficient is small. 

However, it is proved and also illustrated by means of examples, that in general, fun

damental differences arise between both models, e.g., the EAC may depend on the 

cost structure at the transient states. In particular, the behavior of the EAC for large 

risk-sensitivity is also analized. After showing that an exponential average optimality 

equation holds for the countable state space model, a proof of the existence of solu

tions to that equation for the finite model under a simultaneous Doeblin condition 

is provided, which is simpler than that given in recent work of Cavazos-Cadena and 

Femandez-Gaucherand. The adverse impact of "large risk-sensitivity'' on recently 

obtained conditions for the e.'<istence of soLutions to an optimality inequality is il

lustrated by means of an example. Finally, a counterexample is included to show 

that, unlike previous results for finite models~ a controlled ~.farkov chain with infinite 

state space may not have ultimately stationary optimal policies in the risk-sensitive 

(exponential} discounted cost case, in general. Moreover, a simultaneous Doeblin con

dition is satisfied in our example, an asumption that enables the vanishing discount 

approach in the risk-null case, thus further suggesting that more restrictive condi-
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tions than those commonly used in the risk neutral context are needed to develop the 

mentioned approach for risk-sensitive criteria. 



CONTROLLED ~!ARKOV CHAINS WITH RISK-SENSITIVE AVERAGE 

COST CRITERION 

Agustin Brau Rojas, Ph.D. 
The University of Arizona, 1998 

Director: Emmanuel Femcindez-Gaucherand 

Discrete controlled Markov chains with finite action space and bounded cost per 

stage are studied in this dissertation. The performance index function, the exponen

tial average cost (EAC), models risk-sensitivity by means of an exponential (dis )utility 

function. First, for the finite state space model, the EAC corresponding to a fixed 

stationary (deterministic) policy is characterized in terms of the spectral radii of ma

trices associated to irreducible communicating classes of both recurrent and transient 

states. This result generalizes a well known theorem of Howard and Matheson, which 

treats the particular case in which the Markov cost chain has only one closed class of 

states. Then, it is shown that under strong recurrence conditions, the risk-sensitive 

model approaches the risk-null model when the risk-sensitivity coefficient is small. 

However, it is proved and also illustrated by means of examples. that in general, fun

damental differences arise between both models, e.g., the EAC may depend on the 

cost structure at the transient states. In particular, the behavior of the EAC for large 

risk-sensitivity is also analized. After showing that an exponential average optimality 
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(exponential} discounted cost case, in general. l\1oreover, a simultaneous Doeblin con

dition is satisfied in our example, an asumption that enables the vanishing discount 

approach in the risk-null case. thus further suggesting that more restrictive condi

tions than those commonly used in the risk neutral context are needed to develop the 

mentioned approach for risk-sensitive criteria. 



1.1 Motivation 

Chapter 1 

INTRODUCTION 

10 

The most popular optimality criteria for controlled Markov chains with an infinite 

horizon are the total discetmted cost (DC) and the (long-nm) average cost (AC); 

[1, 7. 45}. However, several non-standard criteria have been developed for modeling 

situations where the DC and the AC are tmderselective or inadequate (see for example 

[22. 23, 50} and references therein.) A remarkable deficiency of the DC and the AC 

is that they do not include risk/variability considerations: randomness is resolved by 

taking the expected value of the (random) costs involved. without considering, e.g., 

the \·ariance. This dissertation corcems with some of the optimality criteria intended 

to ameliorate the aforementioned shortcoming. 

Clearly, the complexity of the models is bound to increase if risk/variability sen

sitiYe criteria are to be used. The first attempts to accomplish the latter were done 

in the early 70's (Sobel (50} and vVhite (51] provide good overviews up ro 1988) 

but a conspicuous paucity of results followed. likely due to the mentioned added 

complexity. For several reasons (engineering applications, development of new math

ematical and computational tools, relations to other mathematical problems) a rekin

dled interest has been observed in the subject in the last decade; see for example, 

(5, 10, 13, 12, 11, 15, 21, 24, 25, 27, 28, 29. 49, 52}. In particular, this disserta

tion is closely related to the papers of Cavazos-Cadena and Femandez-Gaucherand 

[10, 13, 12, 11}, where some of the results in this work and other important contribu

tions are proved for the more general setting of a countable state space and a Borel 

action space. 

The great majority of the risk/variability sensitive criteria developed so far are 
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either mean-variance tradeoff or expected utility criteria. As their name indicate, 

mean-variance tradeoff criteria use tradeoffs between the mean and the variance of 

the involved random variables to impose restrictions on the ''variability'' of the cost 

process. Most of them are formulated via limiting frequencies of (expected) state

action pairs and they reduce the optimization problem to a mathematical quadratic 

programm in terms of those frequencies. First, a notion of variability adequate for the 

standard criterion under consideration is defined (some alternative options are consid

ered.) Then the standard optimization problem is reformulated by either introducing 

a constraint of the form "variability~ ,\" or penalizing the original objective function 

with the term ",\ x variability" . In both cases, the parameter ,\ allows for adjusting 

of the degree of variability rejection: see (5, 14, 15. 25, 38, 45, 51]. 

The e.xpected utility approach assumes that sensitivity to risk is described by 

means of an order relation -< among probability distributions on JR. That order 

relation is of course interpreted as a 'preference· relation ('Q -< P' is read as 'P 

is prefered over Q), and it must satisfy the von Neuman-Morgestem ''rationality 

axioms"; see [26, 41, 18]. According to the fundamental theorem of e.xpected utility 

theory, -< satisfies those axioms if and only if there exists a utility nmction U : IR -

R such that for any probability measures P, Q on :R, 

Thus, if risk-sensitivity is modeled by a utility function U in the terms described 

above, and policies are to be assesed according to their performance with respect 

to a global (nonnegative) random cost function Z. then the preference relation for 

policies 1r is obtained by comparing the projections of the probabilities prr toR by 

means of -Z: 1r-< 1r' ('lr' is prefered to 1r) if and only En-[U(-Z}] < E,r[U(-Z)] 

(we have considered -Z because Z is a cost.) In other words, expected utility 

criteria use (von Neuman-Morgestem) utility functions to rescale the cost function 

so that it reflects the desired risk-sensitivity. The increasing exponential functions 
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U..,(x) := -sgn('y)e-1:r. 'Y =/= 0, have been the most employed utility functions in the 

context of CMC's, due to the fact that the nice properties of the exponential func

tion renders the resulting optimal control problem susceptible of analysis by means 

of dynamic programming techniques. For twice continuously differentiable utility 

functions U such that U'(x) > 0 'r:/x, Pratt (44] defined the risk aversion coefficient 

r(x) := -~;:f;{ and showed that it may be reasonably interpreted as a local measure 

of risk aversion. The exponential utilities U.,, ; # 0, are the unique functions (up 

to a positive affine transformation) with a nonzero constant risk aversion r(x) ="f. 

Moreover, the functions U.,, 'Y # 0, cover the whole qualitative spectrum of be

haviours toward risk. It is easy to check that if Z is a nondegenerate real random 

variable, then 'Y > 0 implies E[U..,(Z)] < U..,(E[ZJ). Intuitevely, the latter inequality 

means that the controller prefers the e.xpected value E[ Z] for certain to the proba

bility distribution of Z , that is, he is risk averse. On the contrary, "( < 0 implies 

U., ( E[ Z]) < E[U., ( Z)], which in turn means that U, represents a risk prone attitude. 

Risk neutrality or zero risk aversion (r(x) = 0), is described by utility functions of 

the form U(x) =ax+ b, a> 0, bE JR. 

In this dissertation we study controlled i\Iarkov chains (CMC's) using as perfor

mance measure an exponential utility version of the standard average cost introduced 

by Howard and Matheson [32]; see also [10, 13, 12, 11, 27. 28, 42] for other recent 

results in this subject. Also, we will marginally discuss the exponential utility version 

of the DC introduced by Jaquette (35]. We will consider both the risk-aversion and 

the risk-prone models. For brevity, we will refer to Howard-Matheson's and Jaque

tte's criteria. respectiYely, as the exponential average cost (EAC), and the exponential 

discounted cost (EDC) after the (dis)utility function employed to define them. 
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1.2 Summary of Results and Plan 

The content of the dissertation is organized as follows. In Chapter 2, the basic model 

and the standard optimality criteria are introduced. In Chapter 3, we present some 

basic notions of utility theory, relevant to our discussion of utility based criteria for 

controlled l\Iarkov chains. That chapter includes also some results related to small 

risk-sensitivity in general. In Chapter 4, risk-sensitive criteria are introduced. First, 

risk-sensitive non-utility based criteria are briefly discussed. Then, the exponential 

utility formulations of the standard average and discounted cost are introduced. In 

particular, we examine three alternative ways of defining a risk-sensitive version of 

the standard (risk-neutral) a\'erage cost via U., ( ·), including that proposed by Howard 

and Matheson. and discuss why the latter is the most widely accepted. Chapter 5 

is devoted to a comprehensive discussion of the exponential average cost correspond

ing to a fixed (but otherwise arbitrary) stationary deterministic policy / 00
, in finite 

state space models. First, in Section 1, we study the case in which the transition 

probability matrix P induced by foe is irreducible. We show that the risk-sensitive 

model approaches the risk-null one as the risk-sensitivity coefficient 'Y goes to zero, 

and determine the limiting \'alues of the EAC as -y increases to infinity. Then, the 

general case, with arbitrary (not necessarily irreducible) P is analized in Section 2. 

The main result of that section, Theorem 2, characterizes the EAC in terms of the 

spectral radii of suitable submatrices of P, the so-called disutility matrix, thus gen

eralizing Howard-Matheson's characterization for the particular case in which P is 

primitive. Using Theorem 2, we discuss how the behavior of the EAC departs from 

that of the standard average cost when P is not irreducible. By means of two exam

ples we illustrate two peculiar features of the EAC when the initial state is transient: 

1) The EAC is not affected by the probability of entering an irreducible closed class 

but only by the EAC on that class, and 2) The EAC may depend on the cost structure 

at the transient states. In Chapter 6, we first present an optimality equation for the 
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EAC similar to the average optimality equation of the risk-null model. Then, for the 

finite state space model, we show that, under strong recurrence conditions and for 

small enough values of the risk-sensitivity coefficient, a solution to the e."q>onential 

average optimality equation exists. Our result is a particular case of that obtained by 

Cavazos-Cadena and Femandez-Gaucherand [10, 11, 12] for a countable state space 

CMC. The proof we present here, relies on the results obtained in the previous chapter 

and is much simpler than that in the references just mentioned, as it corresponds to 

the finite state space case. Also, other consequences regarding the relation between 

the optimal standard and the optimal e.xponential average costs, and between the re

spective optimal policies, are derived from the results in the previous chapter. Section 

2 of Chapter 6 includes an example that shows the impact of risk-sensitivity on weak 

conditions (recently obtained in [29]) for the e.xistence of solutions to an optimality 

inequality (for the role played by the optimality inequality in the risk-neutral model, 

see (IJ and references therein.) The example ilustrates how the mentioned result is 

significantly weakened when large values of the risk-sensitivity coefficient "'i are con

sidered. Finally, in Chapter 7, we provide an example of a CMC with infinite state 

space for which the exponential discounted cost control problem does not haYe optimal 

policies which are ·ultimately stationary. i.e., which apply the same decision function 

after a fixed. determined stage. This (catmter) example shows that Jaquette's result, 

existence of ultimately stationary optimal policies for the finite state space model, 

does not hold in the infinite case. Taking into account the stationary nature of the 

optimal control problem corresponding to the EAC (under certain recurrence condi

tions), the example strongly suggests that applying a vanishing discount approach 

in the risk-sensitive models, might be even harder than what Jaquette's result had 

already indicated. Moreover, the CMC in our e.xample satisfies a simultaneous Doe

blin condition, an assumption that enables the vanishing discount approach in the 

risk-null models. 
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Chapter 2 

PRELIMINARIES 

2.1 Controlled Markov Chains 

Definition 1. A controlled Markov chain (CJ!C} is defined by a four tuple 

(X, A, {A( i) : i E X}, P, c), where: 

a} X, the state space, is a discrete set. We will take X = {1, 2, ... , N} when X is 

finite and X= {1, 2, ... } in the infinite case. 

b} A, the action or control space, is a finite set. 

c) A(i), the set of admissible actions (or controls) at i, is a subset of A. The set of 

admissible state-action pairs is defined as [{ := { ( i, a) : i E X, a E A( i)}. 

d) P = {P(·I i,a): (i,a) E IK}, is a transition probability on IK x 2x, where 2x is the 

family of all subsets of X. For brevity, sometimes we will write P(j I i, a) or Pii(a) 

instead of P({j} I x,a). 

e) c: IK- IRis the one-stage cost function. ~Ve will assume that c is bounded with 

K :=max{! c(i,a) 1: (i,a) E IK}. fVithout loss of generality, as we will see in the 

next section. we will also assume that c is nonnegative. 

The above defined Cl\IC represents a stochastic dynamic system observed at times 

(events or stages) t E N0 := {0, 1.2 .... }. The eYolution of the system is as follows. 

At each stage t, after the system has been observed to occupy the state Xt = i E X, an 

admissible action (or control) At = a E A( i) is chosen with the following consequences: 

(i) a cost c(i,a) is incurred, and (ii) the system evolves to a new state Xt+l at the 

next stage, according to the probability distribution P(· I i,a). Once the transition 

into the new state has ocurred, a new action is chosen, and the process is repeated. 
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For each t E N0 , the (admissible) history space up to timet is defined by 

lHio :=X and IHit := oct X X = IK X Ht-1 

for t = 1, 2, · · ·, and the space of infinite horizon (admissible) histories is defined 

by lBioo := IK00
• The canonical sample space is the measurable space (0, F) , where 

n := (X X A)00 and F is the product (j-algebra (2XxA)oc. Note that if we identify 

the history spaces IHI1, t < oo, with the spaces IHit x X x A x · · ·, respectively, then 

lBit E F, t = 0, l, · · · . :xJ. \Ve will model the state and action processes respectively, 

by means of the (measurable) coordinate mappings Xt, At : n - X, t = 0, 1, · · ·, 

which are defined by 

for each w = (i0 ,a0 .it.a1• • • ·) E n. See [1. 30, 45}, for more information about 

general CMC's. 

2.1.1 Policies 

CMC's model sequential control (or sequential decision making) by assuming that 

the actions applied at all stages are chosen according to a plan or policy determined 

at the beginning of the system evolution, that is, prior to the first observation. 

Definition 2. An (admissible) policy 1r is given by a sequence 1r = {qt: t = 0, 1, · · ·} 

of probability kernels (or transition probabilities) qt on A given IHit such that 

for every ht = (io, ao. · · · , it) E IHit, and t = 0, 1, · · ·; see {1]. 

Intuitively, the plan determined by 1r = {qt : t = 0.1, · · ·} is: whenever the 

history at time t is ht. choose the action to apply at that time according to a random 

mechanism with law Qt (. 1 he). The set of a11 admissible polices will be denoted by n. 
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We will be specially interested in the following classes of policies. A policy 1r = { qt} 

is said to be deterministic if qt(·l ht) is degenerate, i.e., concentrated on one action, 

for every ht E !Hit and t E No. Thus, a deterministic policy can and will be seen 

as a sequence {!t : t E No} of functions ft : !Hit -- A such that ft(ht) E A(it) for 

every ht = (i0 , a0 , • • • , it) E !f.lt and t E N0 • The class of deterministic policies will 

be denoted by II0 • Non deterministic policies are often called randomized or relaxed 

policies. A policy 1r = {qt} is said to be Markovian if each qt depends only on the 

current state it = Xt(ht) and not on the whole history ht. More formally, 1r = {qt} 

is Markovian if there exists a sequence {tit} of probability kernels on A given X such 

that 

for every ht = ('i0 , a0 , • • • , it) E IHrt and t E No. Thus, Markovian policies will be 

always considered to be given by a kernels on A given X. The class of Markovian 

policies will be denoted by Ilu. Let us denote by IF the set of admissible decision 

functions, that is, 

IF:={/: X- A : f(i) E A(i) 'ViE X}. 

Then, following similar com·entions as those USed for fiM and flo, a }.lfarkovian 

deterministic policy, i.e., a policy 7r E nM 0 := IIM n IIo will be given by a sequence 

{ft : t E No} of functions in IF. In the particular case in which ft = f for every t E No, 

then the policy is called stationary (deterministic) and it is denoted also by / 00
• The 

class of stationary deterministic policies is denoted by llsD· 

Each policy 1r E ll induces a probabilistic structure on (n, .F). According to a 

well known theorem of Ionescu-Tulcea [43J, for each (initial) distribution JL on X and 
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policy 1r E II, there exists a unique probability measure p1r on (!l,:F) such that 

P~ [Xo = io, Ao = ao, · · · 1 At-1 = at-t. Xt =it] 

for eyery (io, ao, ... , it) E IHrt. The corresponding expectation operator will be denoted 

by E;. When p. is concentrated at i E X, we simply write Pf and Ef instead of the 

corresponding symbols. !\foreover, when rr = f':IO we simply write P{ and E[. 
A very important fact about the probability structure induced by a policy is given 

in the following lemma: for a proof. see [30]. 

Lemma 1. If the policy rr = { qt} is A£ arkovian. then the state process { Xt : t E No} 

is also Markovian. That is, 

Pf[Xt+l = j I Xo = io, · · · ,Xt-1 = it-trXt = i] = Pf[Xt+l = j I Xt = iJ 

= L q(a I i)P(j I i, a). 
aEA(i) 

for every io, · · · , it-11i EX and t E No. Moreover. if rr = f 00 E Ilso, then {Xt : t E 

N0 } is a !vlarkov process with stationary transztion probabilities 

Pf [Xt+l = j I Xt = iJ = P(j I i, f(i)) I 

for every i,j EX and t E No. Sometimes we will denote the term in right-hand side 

of the equation above by Pt(i,j). 

2.1.2 Standard Performance Criteria 

To determine an optimal control problem within the framework described above, it 

is necessary to specify a criterion to measure the performance (concerning costs) of 

the system under each policy. The most popular criteria in the literature for CMC's 

with infinite horizon are the following; see [lJ. 
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Definition 3 (Discounted Cost (DC)). For a discount factor {3 E (0, 1], the dis

counted cost incurred by a policy 1r E II when the initial state is i E X is defined 

as 

.J;(i) := E7 [f: {3tct] , 
t=O 

(2.2) 

where we denote C, := c(Xt, At), t E N0 • Then. the optimal DC value function is 

given by 

J~(i) := inf .J;(i), i EX. 
:ren 

Definition 4 (Average Cost (AC)). The (long-run) average cost for a policy 1r E II 

when the initial state is i E X is defined as 

[

n-L l 
Y(i) :=lim sup .!.g; L Ct . 

. n-oo n t=O 
(2.3) 

Then, the optimal A C value function is given by 

r(i) := inf Y(-i), i EX. 
:ren 

We will refer to the above defined criteria as standard or risk-null criteria. 

The optimal control problem for each of the above defined criteria is to compute 

the optimal value functions and to find policies at which those values are attained, 

respectively. 
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In this chapter, we collect some fundamental notions and results of utility theory 

which are relevant for the study of e.."q>ected utility based criteria for CMC's; for the 

most part we follow [39, 44}. We also derive some results about stochastic orders of 

random variables which will be useful in the analysis of the optimal control problems 

corresponding to the aforementioned criteria. Throughout this section, we adopt the 

decision theoretic jargon to refer to the elements of a control modeL In that way, we 

speak of decisions instead of actions, of a decision maker (DM) instead of a controller, 

etc .. 

3.1 Utility Functions 

The basic scheme of the sequential decision making problems we are concerned with 

in this work. can be described as follows. An individual, which we will call the 

decision maker ( D M). has to choose one among a set II of alternatives (decisions. 

actions, strategies.) Each alternative iT E II randomly generates an outcome o E 0 

according to a known probability distribution p1r. Since it is the result in 0 what 

matters to the DM. he does not discriminate between two alternatives 1r1 and 1r2 for 

which P7r1 = p1r2 , so that we can think of { p1r : 1r E II } as the set of alternatives he 

chooses from. It is assumed that the OM's attitude toward risk and his preferences 

among outcomes in 0 determine a preference pattern for the probability distributions 

in 0, and that it is in this pattern that he will base his decisions on. Thus, another 

element of our model is an order relation~ in Po, the set of probability measures on 

0. It is through the study of the structure of these preference relations that Expected 

Utility Theory takes its place into Decision Theory Under Uncertainty. The structure 
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of those preference relations are the object of study of expected utility theory. The 

fundamental result of expected utility theory, von Neumann-Morgenstem theorem, 

determines the conditions under which the relation~ in Po has a unique numerical 

representation in the following sense: 

i) There exists a Utility Function U : 0-+ IR such that for every P, Q E Po, 

(3.1) 

ii) If U1 and U2 satisfy (3.1) then there e."<ist numbers a > 0 and b such that U1 = 

aU2 +b. 

The hypothesis of von Neumann-Morgenstern theorem call for consistency and 

coherence in the preference pattern of the OM: what has been called a "rational" 

attitude of the D:rvL After the first axiomatic development of Utility Theory given by 

von Neuman and Morgestern in the 50's, various similar sets of axioms assuring the 

existence of a utility function have been proposed in the literature. For the case in 

which the set of outcomes is finite, 0 = {o1, o2, ••• , on}, and Po is the space of all 

probability measures in 0, one set of "rationality" axioms for ~ is the following; see 

for example, [6. Chapter 1] and [41]: 

A.l The relation ~ is complete and transitive. 

A.2 If P1 - P2 then for all a E [0, 1] and all P E Po 

aPt + (1- a)P - a.P2 + (1- a)P. (3.2) 

A.3 If P1 ~ P2 then for all a E (0, 1] and all P E Po 

aPt ~ ( 1- a.)P ~ a.P2 + (1 - a.)P. (3.3) 

(3.4) 
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As usual, for P,Q E Po, we write P- Q if P ~ Q and Q ~ P, and P--( Q 

if P ~ Q but not Q ~ P. The operation of ''mixture" of probability measures 

aP + (1- a)Q in (3.2), (3.3) and (3.4). is defined pointwise in a natural way as: 

(aP + (1-a}Q)({oi}) = aP({oi}) + (1-a)Q({oi}) (3.5) 

This operation of probability measures. plays a central role in utility theory and may 

be intuitively interpreted as a 'composition' of corresponding lotteries: We first use 

a random mechanism (a lottery) to choose between P and Q and then we play the 

lottery \vith the chosen law. Incidentally. the utility hypothesis (i) can be restated in 

terms of this operation in the following way. 

(i') There exists a utility fi.mction U: Po -- IR that is order preserving and 'linear': 

P --( Q <==> U(P) < U(Q) (3.6) 

and 

U (aP + (1- a)Q) = aU (P) + (1- a)U (Q) (3.7) 

There is much controversy about the empirical support of the''rationality' axioms. 

Even transitivity is subject to criticism on that grounds, since intransitivity of the 

indiference relation ,....... arises sistematically in many situations. In the same sense, the 

continuity requirement is objected to because it rules out "infinitely bad" or ·infinitely 

good" outcomes that might arise in real-life problems. An often mentioned monetary 

example to ilustrate this situation is that in which the set outcomes is 0 = {Ott 02, OJ}, 

where o1=death, o2 = $1 and OJ= $1,000. \Ve can clearly assume that o1 ~ o2--( OJ. 

However, a controversy arises in that some people may argue that one cannot charge 

an individual with being irrational if there is no a E (0, 1) for which he is indiferent 

between o2 and ao1 + (1- a)aa. An extensive discussion of the arguments above can 

be found in [26} and [41J. 
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For the more general situation in which 0 is infinite, we need to include in the 

model a cr-algebra A of subsets of the set of outcomes 0 on which the probability 

measures are going to be defined. Then, to assure (i) and (ii), we need some additional 

rather technical axioms; see for example, [18, 26}, and references therein. To mention 

just one, observe for e.xample that for (3.1) to make sense, U must be a measurable 

function. This property can be obtained from the assumption 

A.6 For any o1, o2, o3 E 0 and a, ,3 E [0,1}, it must be true that 

{ o : ao + (1- a)o1 ~ f3o2 + (1- .B)o3} E A 

In the problems of interest to us, the final consequences of decisions will be real 

numbers. Consequently, we will consider only utility functions U : JR. -- JR. repre

senting order relations in (JR, B(IR.)), where B(IR.) is the cr-algebra of Borel sets. 

To follow a common usage in the area, throughout this section we will refer to real 

random variables (or to their induced probability measures) as lotteries. According to 

(i') above, we define the expected utility of a lottery X as the number E(U(X)]. Note 

that this definition is consistent with the fact that when a lottery X is degenerate. 

i.e .. P((X = x]) = 1 for some x E IR. then E(U(X)j = U(x). 

3.2 Utility and Risk Sensitivity 

The simplest attitude toward risk is that of a DM who is always indifferent between 

taking the risks associated to a lottery X and receiving the expected value of that 

lottery with certainty. For such a risk neutral DM, the utility of any lottery X is 

equal to the utility of the lottery concentrated atE [U(X)J, that is, 

E [U(X)J = U (E[X}) . (3.8) 

It is easy to see that (3.8) holds if and only if U is an affine function. 
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Two other typical attitudes are risk aversion and risk proneness. ADM is called 

risk averse if he prefers the e."q)ected value of any non degenerate lottery to that 

lottery, that is, 

U (E[X]) > E [U(X)l, (3.9) 

for every non degenerate X. The opposite behavior, 

U (E[X]) < E[U(X)}, (3.10) 

for every non degenerate X, defines a risk prone DM. 

The proposition below characterizes the attitudes described above in terms of the 

form ofU. 

Proposition 1. .4 DM is risk averse (prone) if and only if his utility function is 

strictly concave (convex.) 

Proof. sufficiency follows directly from Jensen's inequality for strictly concave func

tions. To check necessity, take arbitrary a, bE JR, a< b, and a E (0, 1), and consider 

the nondegenerate lottery X given by 

X"' a(a) + (1- o:)(b). 

Then, 

aU( a)+ (1- a)U(b) = E[U(X)J < U(E[X]) = U(aa + (1- a)b), 

that is, U(aa + (1- a)b) for arbitrary a, bE IR, a E (0, 1). Thus, U is concave. 0 

When the utility function is increasing, there is an equivalent way of expressing 

the inequalities (3.9) and (3.10) by means of the following key concepts. 

Definition 5. The certainty equivalent of a lottery X with respect to an increasing 

utility function U is the number E[U, X} such that 

U(E[U,X)J = E[U(X)J, (3.11) 



that is, 

E[U,X} :=U-1(E[U(X)l). 

The risk premium of a lottery X is the number R[U, X} such that 

U ( E[X} - R[U, X}) = E[U(X) ], 

that is, R[U,X} := E[X}- E[U.X}. 
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(3.12) 

(3.13) 

Intuitevely, the certainty equivalent of a lottery X is the amount such that the 

DM is indifferent between that amount (with certainty) and the lottery; and the risk 

premium of a lottery X is the amount that the DM is willing to forego, in addition 

to E(X), to avoid the risks associated to the lottery. 

It follows directly from these definitions that a DM (with utility function U is 

risk averse [prone] if and only if E[(U), X} < E[X] [E[(U), X} > E[X}} for every 

nondegenerate lottery X, or equivalently, if and only if R[U, X} > 0 [< 0} for every 

nondegenerate lottery X. 

Consider, for example, two risk averse OM's such that the risk premium of one of 

them for any specified lottery is greater than that of the other one. In that situation, 

it is reasonable to say that the first D.M is more risk averse than the second one. In 

that sense, the risk premium functional provides a direct but rather complicated way 

of measuring risk sensitivity. 

For a twice continuosly differentiable utility function U , proposition ( 1) implies 

that U corresponds to a D M who is risk averse (neutral, prone) according to whether 

U" is respectively negative (zero. positive). This seems to suggest that the magnitude 

of U" could be used as a measure of risk sensitivity. Nevertheless, it is enough to 

observe that we may have unx) F U2(x) Vx for two equivalent utility fimctions 

U1 and U2 to rule out that idea. However, since the sign of U" does play a role 

regarding risk sensitivity, it seems reasonable to take U" into account in some way 
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in the definition of a measure of risk sensith"ity. Pratt [44] found that the function 

given by the ratio 

U"(x) 
r(x) = - U'(x), 

which is clearly invariant under positive affine transformations of U, has properties 

that make it acceptable for our purposes. Let's first obtain, following Pratt (44], an 

intuitive interpretation of that risk sensitivity coefficient r. 

Let x be an interior point of the interval of definition of U and X a small-ranged, 

fair lottery (E[X]=O and I X I< 6 for 6 small enough.) By definition of risk premium 

we have 

U(x- R[U,X + x]) = E[U(x +X)]. (3.14) 

Now, assuming further regularity conditions (U smooth enough), let's take the 

Taylor expansion of U around x in both sides of (3.14) to obtain 

U(x- R[U,X +x]) =U(x)- R[U,X +x]U'(x) +o(R[U,X +x]), (3.15) 

and 

E[U(x +X)]= E[U(x) + XU'(x) + ~!"X'2 U''(x) +o(X2
)]. (3.16) 

Then, by neglecting terms of higher order in (3.15) and (3.16) and equating, we 

obtain 

that is, 

R[U,X +x] ~ -~uir(x), (3.17) 

where ui is the variance of X. Therefore, we see that the risk premium of a lottery 

with small variance and expected value x is~ up to first order, proportional to half 

the variance of X and that the factor of proportionality is r(x). 
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Notice that if r > 0 [r < 0], U is concave [convex] and the OM is risk averse [prone]. 

It is also immediate that, up to equivalence, we can retrieve a utility function from 

its risk-sensitivity coefficient: 

r(x) = ![logU'(x)} => J efr(:ridzdx =aU+ b. 

3.3 Monotonic and constant Risk-sensitivity 

Another important categorization of attitudes toward risk is related to the following 

question. Given any specified lottery X, how does the risk premium R[U,X + xJ 
behaves when the reference amatmt x (that could be interpreted as a "current or 

fixed" cost) increases?. Three typical attitudes that arise in many situations are 

those for which R[U, X + x] is an increasing, decreasing or constant function of x. 

The next proposition ([44]) shows that they can be characterized in terms of the 

risk-sensitivity coefficient; for a proof, see (44]. 

Proposition 2. The risk-sensitivity coefficient r( ·) is increasing {decreasing, con

stant/ if and only if the risk premium R[U, X+ .r: is an increasing {decreasing, con

stant/ function of x for every lottery X. 

Naturally, a DM is called increasingly, decreasingly or constant risk-sensitive if his 

risk coefficient r( ·) has the corresponding property. 

Utility ftmctions with monotonic risk sensitivity coefficient are particularly impor

tant in financial applications. They have found to adequately express the preferences 

of many D1I's faced with real-world investment problems; see (39] and references 

therein. Moreover, nice theoretical results have been obtained for problems in that 

context with some classes of monotonic utility functions. One example is the classical 

portfolio selection problem [7], where an investor must decide the allocation of his 

wealth Xo among n risky assets with corresponding random rates of return e1, ..• , en 
and a riskless asset with sure rate of returns. The objective is to maximize the utility 
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of his final wealth, that is, denoting by ui the amount invested in the i-th risky asset, 

to maximize 

{3.18) 

over u1, •••• ·lln· It is shown in [7} that if the risk-sensitivity coefficient of U is of the 

form r(x) = az~b (decreasing [increasing} for a > O[a < 0}, and constant for a= 0) 

then the optimal portfolio { ui ( x0 ), • • • , u~ ( x0)} is separated, i.e., 

(3.19} 

for some ai E JR, i = 1, . . . , n, so that the ratios of amotmts invested in the risky 

assets do not depend on the initial wealth: 

Moreover, if J(x0 ) is the optimal value of (3.18} then the form of the utility is 

preserved in the sense that 

J"(xo) _ 1 . 

J'(xo) ~ + axo' 

see [7} and references therein for more details. 

In the sequel, we are going to be concerned only with constant risk sensitivity. 

This model. besides providing a close local approximation to the description of many 

OMs' preferences, is mathematically more tractable than that provided by the rest 

of nonlinear monotonic utility functions. 

Notice that the defining condition of constant risk-sensitivity: "R[U, X + xJ is a 

constant function of x', is equivalent to the condition "E[U.x+X] = x+E[U, X] Vx." 

This is the so called ~-property ([32}): If all the outcomes of a lottery are augmented 

by a constant amount, then the certainty equivalent is augmented by that same 

constant amount. 
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It is easily seen from the definition of r( ·) that 

{ 

x! for 'Y = 0 (risk neutrality), 
r(x) = 'Y => U(x) = -e--r:r, for 'Y > 0 (constant risk aversion), 

e --r:r, for 'Y < 0 (constant risk proneness), 
(3.20) 

up to a posith·e affine transformation of U. The functions defined above for 'Y =/: 0 

are called the exponential utility functions. 

Since the exponential utility functions -sgn( 'Y )e-'"Yx are increasing, then the ex

pected utility of a positive random cost Z must be defined as -sgn('Y}E[e-'"Y(-Z)], 

i.e., -sgn( 'Y) E [ e-r(Z)] . Rather than maximizing that utility (over a set of Z's), we are 

going to minimize sgn('Y)E[e1(Z)]. If we define the exponential disutility functions by 

U,(x) := sgn('Y)e1x, 

for"( =I 0, then the expected disutilityof a (random) cost Z will be given by E[U.,(Z)J = 

sgn( 'Y) E [ e1z]. vVe will denote the certainty equivalent of Z with respect to U., by 

E['Y, Z], so that 

3.4 Small risk-sensitivity 

First, for a random variable X. let us define cpx : lR - [0, oo] by 

so that E[U.,(X)J =sgn("f)cpx(·y) and! for1 =f:O, E('Y,XJ = ~logcpx('Y). It is easy to 

check that if we denote 

A+:= sup{ 'Y: E[e7x+I < +oo}, 

A- : =sup{ 'Y : E[e7x-] < +oo }, 
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and 

rx: = {-y: E[e-yXJ <+co}, 

where x+ and x- are as usual the positive and the negative parts of X, respectively, 

then 

Note that if X ~ 0, then ,.\- = +oo In the following proposition we stablish a property 

of <px that will be put to good use throughout the rest of this dissertation. 

Proposition 3. Let X be a random variable. If r X I= 0' then r.p X is analytic in rx 1 

the (topological) interior of r X. In particular. 'if X is bounded, <px is analytic in JR. 

Proof. For each mEN. define the f1mction c;m: C- C by 

'Pm := 1 e:r dPx(x). 
(-m.mj 

As a first step, we will show that the complex functions 'Pm are entire for every mEN. 

Substituting e=z for its power series in the definition of 'Pm , we obtain 

1 1 
00 znxn 

'Pm(z) = en dPx(x) = L -
1 

dPx(x) 
(-m,m[ [-m.mj n=O n. 

= f: ~t [1. xndPx(x)] zn 
n=O [-m,mj 

with an = ~! ft-m,m[ xndPx(x). Observe that the interchange of summation and 

integration above is valid because 

~Ln,mfjzj~~J" dPx(x) ._ ~~Jzj:~· 
= efz[m < 00. 
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Thus, IPm is an entire function. Now, as in the discussion preceding the statement 

of this proposition, let us denote rx = ( .,\ +, .,\-). Observe that - >.- < !R( z) < .,\ + 

implies e->.-x < lezXI < e>.+X, and therefore cpx is a well defined complex function 

in - .,\- < !R( z) < .,\ +. We will prove that cp x is in fact analytic in that region. To 

that end, fix arbitrary ['"Y1t'Y2} C (->.-,>.+). First. we have that 

and 

cpx(z) = IPm(z) + r eZ% dPx(x), 
J.s.\[-m,mi 

I 
f ez: dPx(x)l ~ f e!R(z): dPx(x) 

JR\[-m,mj }'3.\(-m,mj 

~ 1 e>.-:z: dPx(x) 
(-oc,-m) 

+ f e>.+:r dPx(x) - 0. 
J(m.+oc.) m-oe 

Then, cpm(z)- cpx(z) as m-oo uniformly on-.,\-< !R(z) <>.+.Therefore cpx is 

analytic in { z : !R( z) < ;o}. Finally, if X is bounded, then cp x = IPm for some m large 

enough and the conclusion of the theorem follows. Observe that for every X ~ 0, the 

region where :px(T) is finite and analytic contains the interval ( -oo, 0). 0 

Remark 1. It follows from the preceding proposition that for a nonnegative r. v. X 

which satisfies cpx(To) < oo for a ; 0 > 0~ the disutility E[U,(X)} and the certainty 

equivalent Eb, X} are analytic functions of "'f in the region ( -oo, O) U (0, ;o). Jllfore

overr from L rHospitaFs rule we obtain 

limE[;, X}= dd (logE[e..,xJ)I ... =o = E[XJ. ..,_o 
1 

, (3.21) 

Thereforer by defining E[O, XJ := E[XJr E[1, XJ turns out to be analytic at 1 = Or 

and consequently in the whole interval ( -oo, '"Yo) • 

As an important consequence of the above proposition, we prove below that the 

relative ranking of any two given lotteries is the same for all OM's who are a "little 

bit" risk averse (or risk prone). 
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Proposition 4. If X and Y are two lotteries on IR , then there exists 'Yo > 0 such 

that one {and only one) of the following statements is true: 

i) c,oxh) -c,oy(r) > 0, for every "Y E (O,"'fo); 

ii) c,oxh)- cpy("'f) < 0 for every 'Y E (O,"'fo); 

iii) c,o x ('Y) - cpy ("Y) = 0 for every "Y E ( 0, "Yo) ; 

Proof. : Assume that there exists .-\0 such that (0, .-\0 ) c rx n ry (if this condition is 

not satisfied, then either lc,oxh)l =+co 'V"Y > 0 or jc,oy(r)l =+co 'V''f > 0, or both, and 

the proposition is clealy true.) Now, suppose that the "Yo of the proposition does not 

exist. Then, for every ; > 0 there e."<i.st "Yl! "'(2 E (0, "Y) such that c,oxhd - cpy('Yt) > 0 

and c,oxb2) - cpy("Y2) < 0. Thus, from the continuity of 'Px - cpy, we deduce that 

there exists .,\ E (0, "Y) such that c,ox(.A) - cpy(A) = 0. Then, we can find a sequence 

{.An} converging to zero such that c,ox(.An) - <py(.-\n) = 0 Vn E N. Since C,Ox- C,Oy is 

analytic in (0, oo) by Proposition 3, we conclude that it must be identically zero in 

that interval, contradicting our initial hypothesis. 0 

Remark 2. A property similar to that in Proposition 4 holds for risk-prone DM's. 

!vi ore precisely, Proposition 4 is also valid if we take ( -A·o, 0} instead of (0, "Yo) in 

i)-iii). 

Clearly, Proposition 4 can be extended to a finite number of r.v.'s: Given the 

random variables X 11 ••• ,Xk, there exists "Yo > 0 such that ;;xi ( "Y) - c,oxi ( 'Y) does not 

change sign or is identically equal to zero in ( 0, "Yo) for eYery i, k E { i, ... , k}. As 

expected, such "Yo no longer exists in general for an infinite number or r.v.'s. The 

following example illustrates the aforementioned fact. 

Example 1. Consider a set of r.v. 's {Xk : k = 0, 1, ... } such that Xk "' N(Jlk, u~). 

Then, for 1 > 0 and kEN, 
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(incidentally, note that E['y, Xi} = 1f + J.li). Thus, if we take cr~ = 2crg for every 

kEN, and P.o = Jl.k + 1/k, then, for 'Y > 0 and kEN, 

"(0'2 1 
'Pxob)- YXA:b) > (=)0 iff T < (=)k. 

Therefore, for arbitrary 'Yo > 0 and k large enough, there exist"(, i E (0, 'Yo) such 

that cpxob) -~;?xkb) > 0 and :;'xob') -!pxk('Y') < 0. 

In Chapter 6, we will use a similar idea (for a set of finitely distributed r. v. 's.} 

to see that the exponential discounted cost control problem may not have ultimately 

stationary optimal policies. 

Now, we will formally define two stochastic orders related to "little bit" risk

aversion and risk-proneness as discussed in Proposition 4. 

First, for 'Y =/: 0, let --<-y denote the weak order induced by the disutility U., on the 

space of r.v.'s, that is, for any r.v.'s X and Y, 

X --<-r Y iff E[Uy(Y)] < E[U.,(X)]. 

Definition 6. The relation ~o- on the space of r, v, 's is defined by 

X --<o+ Y iff =~·0 > 0 such that Y --<.., X \f"( E ( 0, 'Yo). 

Similarly, --<o- is defined by 

X --<o- Y iff ::~;o > 0 such that Y --<~, X 'V"( E (0, ~to). 

Lemma 2. The relations --<o+ and --<o- are asymetric and negatively transitive, i.e., 

they are weak orders. 

Proof. Follows directly from Proposition (4). 0 

Next, after some preliminary definitions, an interesting characterization of the 

stochastic order --<o+ essentially due to Jaquette [34}, is presented here in a more 

general context. A similar characterization holds for the risk prone situation as well. 
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Definition 1. For non negative bounded r.r.v. 's X andY, X ~L Y iff there exists 

kEN such that E[Xr] = E[YrJ for r = 0,1, ... , k- l, and E[Xk] > E[YkJ. 

Remark 3. Let X "'L Y denote, as usual, :x ft.L Y and X ft.L Y ', that is, B[Xi] = 

E[Yi} 'Vi E N '. Since the 'moment problem 'for bounded r. r. v. 's is 'determinate ', i.e., 

the distributions of X and Y are completely determined by their respective sequences 

of moments (see {17/}, then X "'L Y iff Px = Py. 

Proposition 5. On the set of bounded r.r.v. 's, the order relations ~0+ and ~L are 

equivalent, that is, if X andY are bounded r.r.v. 's, 

X ~0+ Y iff X ~L Y. (3.22) 

Proof. Taking the series expansion of the exponential in e7x and e7Y, we have that 

X ~O+ Y iff for every "'I > 0 

but that happens iff there is a first k > 0 for which E[XkJ > E[Yk], that is. iff 

X ~L Y. 0 
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Chapter 4 

RISK SENSITIVE CRITERIA 

There often arises in applications the need of modeling situations where the standard 

DC and AC are underselective or inadequate (see for example [22, 23, 50] and refer

ences therein.) In this work we are particularly interested in the following limitation 

of the standard criteria. In practice, a DM who employs the the discounted and the 

average cost as optimality criteria. is actually concerned with the outcomes of the 

random returns 

oo N-L 

D := L.Btc(Xt, At) and SN := ~ L c(Xt, At) for large N, (4.1) 
t=O t=O 

respectively. Those random returns may exhibit radically different variability behav

iors for policies yielding the same value functions. This fact is not taken into account 

in the definition of the DC and the AC, since randomness in ( 4.1) is resolved in those 

criteria just by taking expected values and without considering, e.g., variance. In 

this chapter. we present some of the non-standard criteria that have been developed 

to surmount the mentioned shortcoming. \Ve will call those criteria risk-sensitive, 

in contrast to the description of the standard AC and the DC as risk-null criteria. 

Although this dissertation focuses on utility-based criteria, for the sake of comparison 

we present first a brief summary of other important risk-sensitive criteria. 

4.1 Mean-Variance Tradeoffs Criteria 

. In this section we will briefly summarize the basic ideas and methods of Markov de

cision models that employ mean-variance tradeoffs in the definition of their optimality 

criteria. The underlying basic notion in these models is that of variance of a random 
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variable as a measure of dispersion. Based on that concept, various authors have pro

posed different notions of ''variabilitY' of a CMC. Risk aversion is then understood 

as rejection of such "Yariability'' , and it is incorporated to the model by means of a 

tradeoff between the standard objective function and the amount of ''variability''. 

4.1.1 Measures of Variability for the AC Criterion 

. Let's first address the issue of measuring ''variability" of a CMC in the context of this 

criterion. To begin with, observe that the average cost induced by a policy 1r cannot 

be expressed as the e~-pected value of some random variable, in general. Thus, we do 

not have the intuitiYely natural option of defining the "amount of variability'' due to 

a policy 1r as the variance (with respect to p1r of that random variable. Nevertheless, 

this possibility would be available if we restricted the optimization problem to the set 

of policies for which the limit 

1 T 
lim T ~Ct 

T-oo L
t=l 

(4.2) 

exists P1r-a.s .. For those policies! we have J7r(i) = Ef[lim ~ f:'{=1 Ct}, so that it would 

be meaningful to define 

(4.3) 

Filar et al. 's definition. Filar et al. [25} point out that the variability from stage 

to stage in the stream of costs {Ct}~1 might not be detected by (4.3). Of course, 

that "limitation" comes from the very nature of the definition of Vi, which captures 

the variability of (4.2) among different sample paths of the cost process {Ct}~1 • The 

following (deterministic) example, given in [25}, ilustrates the previous remark and 

shows how the variability (from stage to stage) may not even have a probabilistic 

source. 
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Example 2. Take IK = {(1, a12), (1. a13), (2, a21), (3, a31)}, as the state-action space, 

the transition probabilities defined by Pr2(a12) = P13(a13) = P21(a21) = P31(a3r) = 1, 

and finally the cost per stage function given by c(1, a12) = c(l, a13) = 0, c(2, a2t) = 
100, and c(3, a3t) = -100. 

For this decision process there are only two policies 1r1 and 1r2 in llsD, respectively 

determined by the decision functions ft(1) =au and !2(1) = a22- For those policies 

we have Vr(rr1, 1) = Vi.(1r2, 1) = 0, whereas the respective streams of costs {0, 0, 0, ... } 

and {100, -100, ... }, have radically different fluctuations. 

Motivated by the previous considerations, Filar et al. ([25]) propose the following 

measure of variability they call the "long run variance". 

Let {3 = {/30 • {311 ••• , f3N} be an arbitrary initial state distribution. For any 1r E II 

define the expected average state-action frequencies in the first T stages by 

T 

x]a(1r) = ~ L L /3iP%(Xt = j, At =a), 
t=l. i 

(4.4) 

for all (j, a) E IK. Now, let II1 be the set of policies for which the limit (as T goes to 

oo) of (4.4) exists for every (j.a) ElK. It is not hard to see that llsR C IT1, so that, 

in particular, IT1 is not empty. \Ve can also check that for 1r E IT 1 the limit defining 

the average cost. limt-oo ~ L:=l EjCt, exists and is equal to 

Y(/3) = L X;a(rr)c(j, a), (4.5) 
j,a 

where X;11(7r) := limr-oo xfa(rr). 

The fact that x(1r) ..:. {x;a(:r) : (j,a) E IK} defines a probability measure on [{ 

(that can be interpreted as the long-run probability distribution on OC induced by rr), 

and ( 4.5) leads Filar et al. to define the long-run variance of a policy 1r by 

V2( 1r, {3) := 2)c(j, a) - J(/3, 1r) }2x;a( 1r). (4.6) 
j,a 
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Remark 4. Observe that in Example {2), \12(11'"1, 1) = 0 and V2(1r2 , 1) = 1002, so that 

V2 ade([Uately reflects the behavior of the cost streams under those policies. 

Remark 5. Concerning the suitability of V2 for the AC criterion, we think that it 

is not natural, in principle, that a DM concerned with long-run averages should be 

sensitive to a "variability" that might vanish in that long-run averaging (as it happens 

in the same example above.) Nevertheless, it may be possible that in a particular 

physical decision model, V2 has a meaningful interpretation. 

Baykal-Giirsoy and Ross' variability \Ve turn our attention to an alternative 

notion of variability introduced by Baykal-Giirsoy and Ross [5]. First, we need the 

following preliminaires. 

It can be easily checked that for 1r E II1 

1 T 
V2(1r,,B} = lim T ~ EJ[(Ct- .r(,B))2

]; 
T-.oo L-

t=l 

moreover, it is also tme that 

where J!}(,B) = ~ L'f=l Eff[Ct}. 

(4.7) 

(4.8) 

Regarding the order in which probabilistic and time averagings are taken in ( 4.7) 

and (4.8), V2 may be described as a time-average expected variability. By reversing 

the two different kinds of averaging involved! Baykal-Gursoy and Ross [5] introduce 

the expected time-average variability. \Ve \\ill denote the latter by \13, and firstly 

define it for an especial kind of policies. 

For (i, a) E OC, define the state-action fre([Uencies up to time T as the random 

variables 

T 

ZT(j, a) = ~ L 1[Xt = j, At= a}. 
t=l 

(4.9) 
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Let no be the class of policies for which {ZTU: a) }r=l converges to a random variable 

Z(j,a) Pf-a.s. for all (j,a) E OC. First, note that II0 is not empty, since nsR C n°. 
However, a direct computation using Lebesgue dominated convergence theorem shows 

that no is a smaller class than n1• 

It is not hard to see ( (36}) that for a policy 1r E no, the following limit of time

average deviations costs exists: 

(4.10) 

where Ct = f l:~=l Cn. Therefore, it makes sense to define the expected time-average 

variability due to a policy 1r E II0 (with fixed initial state i) by taking the expected 

value of (4.10}. In symbols 

V,(rr, i) := E7 [r'!.~ { ~ t E;(C,- 6,)2
}] , (4.11) 

The fact that V3 is defined as the expected value of a random variable, makes it 

suitable for a utility based criterion. For that reason, from our point of view , V3 is 

more appealing than \'z. However~ as Sobel (50} points out, the algorithms that arise 

from ( 4.11) in the corresponding optimization problem seems to be harder than those 

corresponding to ( 4.6). 

4.1.2 Mean-Variance Tradeoffs for the AC Criterion. 

Having briefly described the various measures of variability in a CMC related to 

the AC criterion, let us now see how this measures are employed to formulate risk 

sensitive optimality criteria. Two closely related models have been studied in the 

area's literature: 

•The Variance Penalized Model. In this model. the standard objective function 

is penalized with a constant factor .A > 0 of the '\-ariance due to the policy' . The 
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optimization criterion is then 

minimize Y(i) - ..\V(1r, i); 
li'Ell 

( 4.12) 

• The Constrained Models. In these models, one of the objective functions Y(i) 

or V(1r, i) is optimized while constraining the range of the other one. They are 

a) 

{

minimize V(1r, i) 
li'Ell 

subject to .r ( i) ~ ..\; 
(4.13) 

b) 

{

minimize J7r(i) 
li'EIT 

subject to V(1r, i) ~ ..\. 
(4.14) 

In principle, either definition (4.3), {4.6), (4.11) of variability could be used in 

the place of V above. Nevertheless. for the constrained models, only V2 was utilized 

in [14, 38, 49, 51}. For the variance penalized model, Filar et al. (25} used l/2, and 

Baykal-Gursoy and Ross [5} use a generalized form of both V2 and Vj. 

4.1.3 Variance Penalized AC Criterion 

As a consequence of their definition of variability, Filar et al. restricts the optimization 

problem {4.12) to IT1• Then, they relate the restricted problem to a mathematical 

program with convex quadratic objective function and linear constraints. They prove 

that there exists an optimal policy in llsD, although that policy may not always be 

obtained from the optimal solution of the mathematical program. However, they give 

a condition, which the unichain model meets in particular. for the latter limitation 

to vanish (see also [45}.) 
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Baykal-Gursoy and Ross [5! introduce performance functions that are defined for 

all1r E II. For an arbitrary continuous function h: IR2 -+IR, they define 

1 T 1 T 
¢1(1r, i) = £7[liminf T ~ h(Rt,-~ Rm)] 

T-oo L- m L-
t=l m=l 

( 4.15) 

and 

1 T 1 T 

¢2(7r, i) = liminf T L Ef[h(Rt, T L Ef[Rm)])] 
T-oo 

t=l m=l 

(4.16) 

and pose the corresponding optimization problems 

minimize ¢t(Tr, i). 
li'EIT 

(4.17) 

and 

(4.18) 

For a general function h, only existence of €-optimal policies is given in [5}. How

ever, a more complete analysis is given for the case h(x, y) = x- ).(x-y)2• Therefore, 

we will just mention the results related to that choice of h. 

First, it is easy to check that for 1r E II1, ( 4.16) can be written 

cpt(rr, i) = Y(i) - ).V2(7r, i), (4.19) 

so that minimizing ¢2 over II1 is equivalent to Filar et al.'s problem. Moreover, since 

a minimizing deterministic stationary policy (i.e., in IIsn C II1) is shown to exist for 

(4.17) (see [5}), that problem and Filar et al.'s problem turn out to be equivalent. 

Like in Filar et al. [25}, besides direct e."'<amination of every policy in IIsD, no 

general algorithm is given in [5} for locating a stationary deterministic optimal policy. 

However, they show that for unichain and communicating CMC's, the latter policy 

can be obtained from the solution of a parametric linear program. 
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For the utility type criterion ( 4.18), [5] gives also the existence of an optimal policy 

in IlsD· By means of the sample path and decomposition techniques of Ross and 

Varadarajan [46], they develop an algorithm (which involves the solution of a number 

of parametric linear programs) for locating a stationary deterministic optimal policy 

for the general multichain case. Again, for unichain and communicating CMC's, it is 

shov.n in [5} that an optimal policy in IIsD can be directly obtained from the solutions 

of a parametric linear program. In fact, for that case, the latter policy is also optimal 

for (4.17). 

4.1.4 Constrained Models for the AC Criterion 

We will be concerned with criterion ( 4.13) only, because it is by far the most studied 

of both. The prevalence of (4.13) in the literature might be due to the fact that, as 

Puterman [45] points out, "In applications, a DM may prefer this approach because 

the average reward is a tangible and directly interpretable quantity." 

The majority of works about criterion ( 4.13) deal with the unichain case, and all of 

them. as we already mentioned, use V2 as the measure of variability. The optimization 

problem is often reduced to ITsR (15, 38. 511 or even to ITsD [49]. As in the ,·ariance 

penalized model, the optimization problem is related, via the expected long-run state 

action frequencies, to the following mathematical problem with linear constraints and 

quadratic objective: 

Q: {mi~k'Rize L;,ac(j,a)
2
x(j,a)- ('L;,ac(j,a)x(j,a))

2 

(4.20) 

subject to L;,a c(j, a)x(j~ a) ~ .-\. 

A crown result (see for example, [45, pp. 408-4111) is that there exists an optimal 

stationary policy, possibly non-deterministic, that can be obtained from an optimal 

solution to Q. Also, by means of a parametric analysis of linear programs derived 

from Q, Pareto-optimal stationary policies are obtained, [15, 49]. Here, a policy 1r• 
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is Pareto-optimal (in ITsR for example) if there exists no policy 1r E ITsR for which a) 

J(i,1r) ~ J(i, 1r•) and b) V2(i, 1r) ~ V2(i, 7r*) with strict inequality in a) or b). 

4.1.5 Mean-Variance Tradeoffs in the Discounted Cost Criterion 

Unlike the AC criterion, the DC is defined as the expected value of a random vari

able, namely, D := E t = 000 r;tc ( xt' At). Thus, for this criterion, the variance of D 

(with respect to P{) provides a natural measure of variability (due to a policy 1r and 

initial state i). Unforttmately, as Sobel [48} and Filar et al. [25] remark, it seems 

that the corresponding variance penalized optimization problem is not tractable with 

the standard DP techniques. Regarding that point. after giving a formula (a system 

of linear equations) for computing the variance of D with respect to P{, hereinthere 

denoted by Varlf(D), Sobel [48} shows by means of a simple example that Varlf lacks 

a monotonicity property that the standard index ftmtion JfJ does have: if 1r and rr' 

are such that Jff ( i) ~ Ja' ( i) for every i E 

bbx, then J$rr(i) ~ J$rr' (i) for every i E Sand every decision function 8. That prop

erty, strongly related to the optimality principle, has been employed, as Sobel ([48]) 

remarks, to prove the existence of an optimal stationary policy and the convergence 

of a policy improvement algorithm to that optimal policy in the standard case. 

In the rest of this section we will summarize the main ideas and results obtained 

by Filar et al. ([25]) for two alternative notions of variability for the DC criterion 

and the corresponding optimization problems. 

The two mentioned definitions of variability are: 

a) The stagewise variance due to a policy 1r and initial state i, 

OCI 

Vf(7r,i) = Er;t-tvar,f[Ct], (4.21) 
t=l 

where, as before, we denote Ct := C(Xtt At}, t E S. 
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b) The discount nonnalized variance due to a policy 1r and initial distribution Po, 

00 

Vf(rr,po) = L,at-l~ [(Ct- (1- ,B)J;(po))2
] (4.22) 

t=l 

where EQ is short for £;a . 

The discount normalized variance-penalized criterion. The variance penal

ized optimization problem corresponding to ( 4.22) is to locate a policy 1r• E II that 

attains 

(4.23) 

where .X~ 0 is the penalization factor. Observe that in the above equation we omited 

the superscript ,B in the index function V2. Since the discount factor has one fixed 

value through all this section, for brevity of notation we will keep doing so. 

The analysis and results obtained by Filar et al. [25) for this problem are similar 

to those they give for the long-mn variance penalized problem. As in the latter 

problem, a key fact is the posibility of expressing V2, and hence the objective function 

Jrr(Po) - .XV2(1r,p0 ), in terms of limiting frequencies, in this case the discounted, 

expected, state-action frequencies {xia(rr,po) : (i.a) E IK} defined by 

00 

x;a(rr,po) :=La; L,at-lpr[xt =j,At =a], 
jES t=l 

where a; =Po( {j} ), j E S. 

Using ( 4.24) we can write 

and 

Jff(po) = L c(i,a)xia(Tr,p0 ) 

(i,a)EK 

V2(Tr,po) = L [c(i,a)- (1- ,B)Jff(po)]
2 

Xia(rr,po). 
(i,a)EK 

(4.24) 
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The above expressions for J and V2 allow to relate the minimization problem 

( 4.23) to the mathematical quadratic program 

max {4= c(i,a)xia- ..\ L c(i,a)2Xia + ..\(1- [3) (L:c(i,a)Xia) 

2

} 

K K K 

subject to { Xia} (i,a) EKE X(po), 

where X(po) is the feasible region of the linear programming formulation of the stan

dard discounted cost problem: 

X(Po) = {{xu.}: :>;(6;;- {ip;;(a))x;. = <>;, x;. ;;>. 0}. 

Specifically, an optimal rr· E IIsD is obtained from an optimal solution of the 

above program which is an extreme point of X (Po) (for example, one computed by 

means of the simplex method.) Moreover, that rr• is also Pareto optimal for the two 

objective functions lff(Po) and V2(rr,po)-

The stagewise variance penalized criterion. The variance penalized optimiza

tion problem corresponding to l4.21) is to locate a policy rr• E IT that attains 

~ { .J;(po)- ..\Vi(rr,po)} 1 .. en 
(4.25) 

where..\ ~ 0 is the penalization factor. Again, we have omited the superscript {3 in 

the index function Vi. 

The technique used by Filar et al. (25} to analize problem ( 4.25) is reminiscent of 

the so called coupling method. They consider the "product'' CMC r := (X, A,.A, P ,c) 1 

where 



( 

X= X x X, A = Ax A, A: X---+ A is given by A(i,j) := A(i)A(j), 

P(ii')(jJ')(a, a')= Pij(a)Pi'J'(a'), and c: OC---+ JR is defined by 

c((i,i') , (j,j')) = c(i,a) + c(i',a')- >.[c(i,a)- c(i' ,a')] 2
, where 

OC = {(2 , a) : i EX, a E A(i)}. 
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The state and action random variables at timet are Xt = (Xt, xn and At= (At, A~). 

For a distribution p on X, let p denote the product distribution p( i, j) = p( i)p(j) on 

X. Similarly, if 1r E llM(r) (i.e. , 1r is a Markov policy for the CMC r) , let ir := 1r x 1r 

denote the Markov policy in ll ( r) defined by 

With those definitions, the random processes {(Xt, At)} and {(X;, A~)} (defined 

in the obvious way) are independent and identically distributed, so that the same is 

true of {c(Xt, At)} and {c(X;, A~)}. Therefore 

E; ( Ct) - -\var!; ( Ct) = E; ( Ct) - -\var!Z ( Ct) 

= ~E%[C, + c;]- ~AE%[(C,- C;) 2
] 

1 - A A 

= 2 E;[c(Xt , At)], 

and consequently 

00 

t=l 

= ~ f o'-1 E%[C(X,, A,)] 
t=l 

= ~}$(P) 

After using a compactness argument to show that the minimum in ( 4.25) is at

tained at a Markov policy, Filar et al. [25] use the last equalities above to transform 
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the former problem to the problem 

. . . 1 ~- • 
ID!DIIDJZe ;;.Jff(fi), 

JrEll,\! -

where 7T- = r. x rr as above. 

Finally, based on this last result, Filar et al. [25} formulate a mathematical prcr 

gram, similar to that of the discount normalized variance, whose optimal solution 

determines an optimal solution of the restriction of (4.25) to UsD· Nevertheless, as 

Filar el al. point out in the same work, an example given in [40} shows that the former 

restriction may involve a loss of optimality. 

4.2 Exponential Utility Criteria 

4.2.1 The Exponential Discounted Cost 

Since the DC is given by the expected value of the random variable 

OQ 

D := L .Btc(Xt, At), 
t=O 

it is natural to define its exponential (dis)utility version as the expected (dis)utility or 

the certainty equivalent of that r.v. D. That is. corresponding to rr En and i EX. 

the performance indexes 

.f$(;, i) := EJ7[~(D)J, (4.26) 

or Ef([·"f, DJ) may be equivalently considered as the exponential (dis)utility versions 

of Ef[DJ. Herein, we will consider the option given by (4.26) and will refer to it as 

the exponential discounted cost (EDC). This criterion was first studied by Jaquette 

(34, 35}, Chung and Sobel [16} and \Vhittle [52}. 

The optimal control problem for the EDC is, of course, to compute 
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-the ( 'Y, ,B)-optimal \-alue functions-, and to find a policy ;or• -a ( 'Y, ,B)-optimal policy

at which the infimum above is attained. As for any other expected utility criteria 

(i.e., given by the expected value of a r.r.v.), it can be proved that a deterministic 

( 'Y, ,B)-optimal policy exists; see [20} for a general proof. That property can also be 

deduced from the optimality equation result that we state below; for a proof, see [4}. 

Proposition 6. The optimal value functions J;('Y,at, ·), t = 0, 1, ... , satisfy the equa

tions 

Jj(-y,Bt, i) = a~n{i){ e·,c(i,a) L pii(a)J;(·:3t+l, i) }, 
iEX 

i E X, t = 0, 1, .... . vloreover, the deterministic policy 1r• = {/0, fi, ... ,} determined 

by the actions at which the minimums are attained in the above equations, is optimal. 

J aquette (34} showed that, unlike the risk-neutral case. the ( 'Y, ,B)-optimal control 

problem does not have stationary optimal policies, in general. However, he showed 

that for the finite state space case, there exist (deterministic) ultimately stationary 

optimal policies,(35]. To do that, he first proved that in the finite state space model, 

for 'Y small enough and arbitrary ,B, the (! . .B)-optimal control problem does have 

stationary optimal policies. In Chapter 7 we provide a (counter) example to show 

that this result is not valid for the countable state space model. 

4.2.2 The Exponential Average Cost 

As opposed to the DC, the AC is not an expected utility criterion, that is, it can 

not be expressed as the expected value of a r.r.v., in generaL Thus, the point arises 

here as how to replace the linear disutility U0(x) = x by the disutility function U., 

in the definition of dJrr to obtain its exponential risk-sensitive version. Taking into 

account that the numerical sequence ~.Ef [:E::01 Ct} in (2.3) may also be written 

as Ef [~ L;:-; Ct J, one can initially think of the following three index functions as 
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alternative candidates for the exponential risk-sensitive version of the standard risk

null average cost (2.3). 

(a) The {long-run} average of the expected utilities (of the partial costs): 

(4.27) 

However, this inde."{ function does not discriminate among policies in many in

teresting situations. First, for 'Y < 0 we have trivially that J7r(i,'Y) = 0 for every 

1r E II. For 'Y > 0, consider an arbitrary policy 1r E II for which ¢7r ( i) = a > 0. 

For such a policy there exists a sequence of positive integers {nk} T oo such that 

;,. E~!01 Ef[Ct] >!a. Thus, we have 

which implies that 

lim sup ~ exp ('Y E[ [E Ct] ) = oo. 
n-+oo n t=O 

Now, by Jensen's inequality, 

and we conclude that J7r('Y, i) = oo. Thus, clearly 1r t-+ Jrr is not a viable alternative. 

(b )The limiting certainty equivalent of the average costs: 

Y('Y,i) :=limsupu.;-1 (£[ [Uy(~ Ect)]) 
n-oo n t=O 

= lim sup !.log (£[ [exp{'Y.!:. E Ct)] ) . 
n-+oo "( n t=O 

(4.28) 
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To gain some insight into the nature of (4.28), consider the following situation. Sup

pose that we have a policy 1r E II and an initial state i E X for which lim* E~:01 Ct 
exists and is equal to a random variable D ( P{ -a. e.). Then, applying the dominated 

convergence theorem, we see that J-;r('Y, i) is equal to£'[("(, D), the certainty equiva

lent of D with respect to U,. An important and well known example of the previously 

described situation occurs when the state space is finite and a stationary determin

istic policy tr = f'XJ under which {Xt : t = 0, 1, ... } is irreducible and aperiodic is 

considered. Under those recurrence conditions, Dis P{-a.s. constant, say D = c, for 

every i EX, and J-;r("f, i) = c = ¢>1r(i) Vi and 't/"f, a fact which is intuitively consistent 

with the eventual ''vanishing of randomness" in this ergodic model. The reduction of 

]1r to the risk-neutral average cost under such commonly used recurrence assumption 

strongly suggests that this candidate is little promising. 

(c) The (long-run) average of the certainty equivalent {of the finite hori

zon costs): 

.r('Y, i) :=lim sup !.u.;-1 (e: [u,cE Ct)]) 
n-oc n t=O 

= lim sup !.!.log (Ef [exp ('Y E Ct)] ) . 
n-oc n"( t=O 

(4.29) 

We will call J1r the exponential average cost (EAC). This criterion was introduced 

by Howard and Matheson [32J in the particular context of a finite state-action model 

where every stationary deterministic policy induces an aperiodic and irreducible tran

sition probability matrix -the so called ergodic model [45]. The EAC ( 4.29) has 

been widely accepted in the literature as the exponential risk-sensitive average cost 

[27, 33, 42, 47}. Recently, it has been also studied in connection with robust control 

theory and dynamic games [27, 28, 42}. A very appealing property of (4.29) is that 

useful optimality equations can be obtained. That result as well as other properties 

and consequences of using ( 4.29} are the main object of study of this dissertation and 

will be discussed in the following sections. 
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Remark 6. {1} Observe that if we assume -K ~ c(i,a) ~ K instead ofO ~ c(i,a) ~ 

K, we obtain an equivalent model. Indeed, suppose that - K ~ c( i, a) ~ J( and define 

c(i, a) := c(i, a)+ K 'V(i, a) E II{. Then 0 ~ c(i, a) ~ 2K and 

lim sup !..!:.tog (Ef [exp ('Y I: Ct)] ) 
n-oc n 'Y t=O 

= lim sup ..!:. ..!:. log (e -rnK Ef [exp ('Y I: Ct) ] ) 
n-oo n"( t=O 

= K +lim sup.!:_.!:_ log (Ef [exp ('Y E Ct)]) , 
n-oo n'Y t=O 

where Ct is defined similarly as Ct. 

(2) Notice that we did not consider the limiting expected utility of the average costs 

(that is, the index function obtained by removing u:;1 in the definition of jrr ). The 

reason to omit that posibility is that index function obtained in that way, induces the 

same order relation among policies as jrr, because U, is increasing. 
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Chapter 5 

MARKOV COST CHAINS WITH EXPONENTIAL AVERAGE 

COST 

In this chapter, we restrict our attention to CMC's with finite state space. We study 

the EAC corresponding to a (fixed) stationary deterministic policy p:)O as a function 

of 'Y, the risk-sensitivity coefficient. Consequently, the dependance on f is omited 

and a simplified model, known as a Markov cost chain (MCC), is considered. The 

elements of such MCC are then: the state space X= {1, ... , N}, a stochastic matrix 

P = (~i)f,;= 1 , and a cost vector c = (c(1), ... ,c(N)) with nonnegative components. 

Then, the exponential average cost for the MCC is given by 

[ 

n-1 l 
J("f, i) :=lim sup~ Ei "(, L c(Xt) 

n-oo n t=O 

=lim sup .!..!.log {Ei [exp ('Y E c(Xt))] } , 
n-oo n"( t=O 

(5.1) 

where Ei and ~ are, respectively, the expectation and the certainty equivalent op

erators on (X, 2x)oo induced by the transition probability matrix P and the initial 

state i EX. For the finite state space model we are treating in this chapter, a useful 

matrix expresion of the EAC can be obtained. If we denote the disutility incurred by 

the cost chain up to time n - 1 by 

forn = 1,2, .... , and U0('Y,j) = sgn("f), then it is not hard to prove that the following 

fundamental recursion formula holds true: 

N 

Un+l("f, i) = L ~ie'Yc(i)UnC"f,j), 
j=l 
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n = 0, 1, ... ; see [7, 32, 45]. Now, if we define the disutility matrix P('y) by P('y) := 

(P(i,j)e'Yc(i)) (sometimes we will write just P instead of P('Y)) and denote Un('y) := 

(Un(1, "f), ... , Un(N, 'Y))T, then the above recursion formula can be written in vector 

form as Un+IC'Y) = P('Y)Un('y), n = 0, 1, ... , where U0 := sgn('Y)(1, ... , 1)T. Thus 

Un = FmU0, n = 0, 1, ... , and the announced alternative expression of the EAC 

follows: 

J('Y,i)=limsup--log LPn(i,j) . 11 (N _ ) 
n-oo n 'Y . 1 

J= 

5.1 The Irreducible Case 

(5.2) 

In this section, we examine the behavior of the EAC, for both small and large values of 

the risk-sensitivity coefficient 'Y, when the transition probability matrix of the MCC is 

irreducible. To do that, we use the following characterization of the EAC in terms of 

the spectral radius of the disutility matrix P, which (under the additional assumption 

that Pis aperiodic) was firstly proved by Howard and Matheson [32]; see also [27]. 

Theorem 1. If P is irreducible, then the averages ~ Ei ( 'Y, E:;~ c(Xt)) converge 

and 

J("(,i) := lim -Ei 'Y, ~ c(Xt) =-log .A=: J('Y), 1 [ n-
1 l 1 

n-oon L..J 'Y 
t=O 

for every i E X, where A is the dominant eigenvalue of the {irreducible) disutility 

matrix P('y). Moreover, if w = (w(1), ... , w(N)) is the (unique) eigenvector cor

responding to .A such that w(N) = sgn(i), and H(i,i) := U:;1(w(j)), j EX, then 

( J( 'Y), H('y, ·)) is the unique solution of the equation 

with H(i,N) = 0. 

N 
e'Y[J(-y)+H('Y,i)l = e-yc(i) ~ p, ·e-yH(-y,j) 

L..J '1 ' 
i=l 

(5.3) 
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Proof. It is a well known fact that if B = (B(i,j))~=l is an irreducible nonnegative 

matrix, then 

lim ..!:.log (~ Bn( i, j)) = log p( B) 
n-+oo n L-

i=l 

for i = 1, ... , N, where p(B) is the dominant eigenvalue of B; see, for example, 

Theorem 3.l.l(e) in [19]. The first part of the theorem follows immediately from that 

result. For the second part of the theorem, observe that A and w( ·), being respectively 

an eigenvalue and a corresponding eigenvector of P( 'Y), satisfy the equation 

N 

Aw(i) = L Pii('Y)w(j) 
j=l 

for every i E X. It readily follows from the above equation that ( J ('Y), H ('Y, ·)) sat

isfies (5.3). Finally, the uniqueness assertion is obtained from the Perron-Frobenius 

Theorem, which asserts that A, as the dominant eigenvalue of P, has algebraic (thus 

geometric) multiplicity one and a corresponding eigenvector with positive campo-

nents. 0 

As we can see, the result above establishes that, similarly as in the risk-null model, 

the EAC does not depend on the initial state when the transition probability matrix 

is irreducible. Moreover, we can observe that there is a clear resemblance between 

(5.3) and the value equation for the risk-neutral average cost 

N 

J(i) + h(i) = c(i) + L Piih(j), (5.4) 
i=I 

where J(i) and h(·) are, respectively, the (risk-neutral) average cost and relative 

value function [1, 7, 30, 45]). In fact, the following lemma shows that, as one would 

expect, the risk-sensitive model approaches the risk-null model as the risk-sensitivity 

coefficient decreases to zero, whenever P is irreducible. In particular, if we define 

J(O, i) := ¢> 'Vi E X, then J( · , i) turns out to be continuous at 'Y = 0 for every i E X. 

This result was predicted in [32], but a proof was not provided. 
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Lemma 3. If P is irreducible, then 

lim J("Y) = 4> and lim H("Y, i) = h(i). 
7-o 7-o 

(5.5) 

Proof. For each 'Y E R\ {0}, let .A("Y) and w("Y) = (w1("Y), ...... , wN("Y)) respectively 

denote the dominant eigenvalue and the corresponding eigenvector with wN('Y) = 

sgn('Y) of the matrix P("Y). Let Ui('Y) := (sgn"()wi('Y), i E X, so that in particular 

-un('y) = 1. Since the entries of P('y) are analytic functions of"(, and;\ is an eigenvalue 

of algebraic multiplicity one, then ;\ and 'Ui are also analytic functions of')'; see [37, 

Ch.II]. In particular, lim.,-o .A('Y) = .A(O) = 1 and lim.,-o Uib) = 'Ui(O) = 1, i EX. 

Since w("Y) is an eigenvector of P('Y) corresponding to .A('y), then 

N 

.A('y)wi("Y) = L Pi;e7 c(i}w;('y) 
j=l 

for every i E X. By multiplying by sgn( 'Y) and later differentiating (with respect to 

'Y) both sides of the equation above, we obtain 

N 

.A'("Y)Ui("Y) + .A('y)u~('Y) = L ~;[uj('Y) + u;("Y)c(i)Je7c(i); 
j=l 

and letting 'Y --. 0 yields 

lim.A'('Y) +limu~('Y) = ~ ~i [limuj("Y)l +c(i). 
7-o 7-o ~ 1-o 

J=l 

(5.6) 

Since uN("Y) = 0 and the solution (4>, h) with h(N) = 0 of the value equation (5.4) 

is unique [1}, we deduce from (5.6) that 

4> =lim .A' {"f) and h(i) =lim u~('Y). 
1-o 7-o 

Finally, the lemma follows by observing that, from L'Hospitals rule and Theorem 1, 
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and 

0 

Remark 7. Since J ( "() = ~ log A ('Y) is analytic in lR \ { 0} and lim..,_.o "( J ('Y) = 0 (by 

the continuity of J at zero) then J is in fact analytic at zero. 

To end this section, we analize the behavior of the EAC for "large risk-sensitivity'' 

under the present asssumption that P is irreducible. First, we recall some basic 

notation from the theory of probability and non-negative matrices. For i,j EX, we 

write i __. j and say that i leads to j (or j is accesible from i), when pn(i,j) = 

P(Xn = j I X 0 = i) > 0 for some n ~ 1 (observe that with this definition it may 

happen that i ..,... i, in which case we say that i is an irrelevant state.) Also, ·i +-+ j, 

which is read "i and j communicate", means that i __. j and j __. i. Similarly, for 

C c X, i __. C ('the class C is accesible from i') means that i __. j for some j E C. 

A class of states C C X is called self-communicating if: a) i +-+ j for every i,j E C, 

and b) there does not exist a subclass C' C X and containing C such that (a) holds 

for C'. A finite directed P-path (or simply a P-path) from state i to state ik is a finite 

ordered sequence of states {i, it, ... , i~,:}, k ~ 1, such that 

The length of a P-path {i, it, ... , ik} is the number k of states following the initial 

state i. Thus, a P-path of length k from ito j exists if and only if Pk(i,j) > 0. A 

P-cycle at state i, which we will denote as ri, is a P-path which begins and ends at 

i, and such that i occurs exactly twice in the path. A P-cycle of length 1 is called a 

P-loop. For the sake of brevity, we introduce the following additional notation. If ri 

is a P-cycle, then A(ri) will denote the arithmetic average of the costs in the cycle. 
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That is, if ri is a P-loop then A(ri) = c(i), and if ri = {i, i 17 ••• , i~c, i} with k ~ 1, 

then 

A(r") = -k 
1 

(c(i) + c(il) + · · · + c(i~c)). 
+1 

Also, we denote P(ri) = P(i, i)e-yc(i) if r, is a P-loop, and 

if ri = {i, i1, ... , i~c, i} with k ~ 1. 

The following lemma shows that for (infinitely) large risk-aversion, the EAC is 

given by the worst average cost that can occur (with positive probability) in the long 

run . Heuristically, we might say that the attitude toward risk of a decision maker 

with "infinitely large" risk-aversion is as pessimistic as can be. 

Lemma 4. If P is irreducible then 

lim J('Y) = max{A(ri) : ri is a P-cycle}. -y-++oo 
(5.7) 

Proof. Let's denote by a the right hand side of (5.7). First, observe that if ri is any 

P-cycle of length k (k ~ 1), then the positive number P(r,) is one of the summands 

in the ( i, i)-entry of the matrix p~c. Thus, if we define the matrix 11il := ( t[il ( k, l) L 
with t[ij(i, i) = F(ri) and t[ij(k, l) = 0 otherwise, then p(F(r))k = p(P('Y)k) ~ p(T(if), 

which yields 

1 - ) 1 -logp(P('Y) ~ -k logp + A(ri), 
'Y 'Y 

for some 0 < p ~ 1. Therefore, 

and consequently liminf-y-ooo J('Y) ~a, since ri was an arbitrary cycle. 
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Now, we will obtain the converse inequality. As a first step we will determine an 

upper bound for the entries of the matrix Pn('y) in terms of a. To that end, observe 

that any P-path { i0 , ir, ... , in} of length n > N must contain at least one P-cycle. If 

that cycle is of length r, then we have 

e.., [c(io)+c(it)+··+c(in-t}] ::::;; e ..,[c(io)+c(it)+··-+c(in-r-1}] e;ra' 

where { io, j 1, ••• , in-r-1, in} is a P-path from io to in of length n- r contained in the 

original P-path. By applying the previous argument as many times as necessary, we 

see that there must exist a path {io, k1, ... , k8 _ 1, in} with s::::;; N, such that 

Moreover, since each state xis contained at least in one P-cycle (because P is irre

ducible), then c(x) ::::;; Na. Taking into account the last observation, inequality (5.8) 

yields 

(5.9) 

Hence, it follows from (5.9) that, for arbitrary n >Nand i,j E {1, ... , N}, we have 

P-n( · ·) !( pn( · ·) -y(n+N2 )a Z,J ~ Z1 J e 1 

and we have accomplished our first step. The right above inequality is in fact rather 

rough, yet it will be sufficient for our purposes. From the just obtained inequality it 

follows immediately that fin::::;; e7(n+N'l)ap Vn EN. Thus, 

and applying the function ~~log(·) to both extremes of this inequality yields 

1 - Nl+n 
-logp(P('y)) ~ a, VnEN. 
"Y n 
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Dince the right above inequality holds for every n E N, we obtain that J('y) ~ a. 

Therefore lim sup..., ...... +oo J( "'() ~ a 

Finally, taking limsup in this last inequality, we obtain , and the proof of the 

lemma is complete. 0 

Remark 8. Observe that it is not necessary to consider the set of all the P-cycles 

when taking the maximum in (5. 7). If P(i, i) > 0 for every i EX, for example, then 

lim J("Y) = max{c(1), ... ,c(N)}. 
"'f--+00 

As another example, take 

Then 

(
0 1 0) 

P= t 0 t . 
- 0 -2 2 

lim J("Y) = max{c(3), ~[c(1) + c(2)J}. 
"'f--+00 -

As opposed to what happens with "large" risk aversion, the attitude toward risk 

of a decision maker with "large" risk proneness may be described as highly optimistic. 

The rigorous statement, whose proof is similar to that of Lemma 4, is given below. 

Lemma 5. If Pis irreducible then 

lim J("Y) = min{A(ri) : ri is a P-cycle}. 
"'(--+-00 

(5.10) 

5.2 The general (non-irreducible) case 

In this section, we will carry out the analysis of the EAC for the general case of an 

arbitrary (not necessarily irreducible) transition matrix P. The main result of this 

section, Theorem (2), provides a representation of the EAC in terms of the dominant 
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eigenvalues of suitable submatrices of P, for an arbitrary (not necessarily irreducible) 

transition probability matrix P. We employ that representation to examine two 

examples which illustrate the effect of risk-sensitivity when P is not irreducible. Fi

nally, a corollary to Theorem (2) characterizes the behavior of the EAC for 'little 

risk-sensitivity'. 

In the sequel, the spectral radius (or dominant eigenvalue) of a nonnegative square 

matrix A will be denoted by p(A). The following elementary result of nonnegative 

matrix theory (cf. [31]) will be used in the proof of Theorem (2) below. 

Proposition 7. If a non-negative square matrix A is in the block triangular form 

Au 0 0 0 
A21 A22 0 0 

A= 

Am-1,1 Am-1,2 Am-1,m-1 0 
Am1 Am2 Am,m-1 Amm 

(where the diagonal blocks ~i are square matrices), then 

p(A) = max{p(~i): 1 ~ i ~ m} (5.11) 

The following elementary result, which is a similar to the Varadhan-Laplace 

Lemma, see (19], plays a key role in the proof of Lemma (7) below. 

Proposition 8. Assume X is finite and let J.L be an arbitrary measure on (X, 2x). 

If Z and Zn, n = 1, 2, . . . are nonnegative random variables defined on X such that 

lim sup z~ln = z, then 

l 

lim sup (/ Zn dp.) "= ess sup ( Z). 
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Proof. Without loss of generality, assume that p.( i) > 0 for every i E X, and let us 

denote M := esssup (Z) = max{Z(i) : i EX}. First, for arbitrary e > 0 and i EX 

there exist an infinite number of n's for which 
1 

(/ ZndP.) n ~ [Zn(i)p.(i)J1/n ~ (Z(i)- e) p.(i)lfn. 

Since the last term of the above inequality converges to Z(i) -e, and e was arbitrary, 

we obtain 
1 

lim sup (/ Zn dp.) ;; ~ M. 

To get the converse inequality, consider again arbitrary e > 0 and takeN EN such 

that z~ln(i) < Z(i) + e: for n ~Nand every i EX. Then 

for n ~ N. The desired inequality follows by taking limsup in both sides of the 

inequality above, and the proof of the proposition is complete. 0 

Remark 9. It can be proved similarly as above that the proposition also holds with 

lim sup replaced by lim inf everywhere. Consequently, the proposition is true as well 

if we take lim instead oflimsup everywhere. Observe that if we do so (replace limsup 

by lim}, then the resultant proposition is a slight generalization of the following well 

known result: 

t 

J!...~ (J zq dp.) ;; = ess sup( Z). 

Before proceeding to the main result, we prove two auxiliary propositions which 

are important on their own. 

Lemma 6. For i,j EX, i--+ j => sgn('Y) J(1, i) ~ sgn('Y) J(1,j). 
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Proof. Since the inequality trivially holds true for i = j, let us assume that i =f: j. 

Consider first the case 'Y > 0. Take r ~ 1 such that pr ( i, j) > 0. Then for n ~ r we 

have 

Ei [exp('YSn)] ~ P(i,j)Ei [e.xp('YSn) I X,.= j] 

[ 

n-1 l 
~ pr(i,j)Ei exp(r ~ c(Xt)) I X,.= j 

= pr(i,j)Ej [exp('YSn-r-t)}. 

Thus 

.!..!.log(Ei [exp({Sn)J) ~ .!..!.log(P,.(i1 j)Ei [exp(iSn-r-dJ) 
n'Y n; 

= .!. .!. log pr ( i, j) + .!. .!. log Ej [ exp ( 'Y Bn-r- r)} 1 

n; n1· 

(5.12) 

and the claim follows by taking limsup as n --+ oo in the extremes of (5.12), since 

limn-oo ~~log P'(i,j) = 0. For the case;< 0, if we taker and n as above then, by 

taking into account that c( ·) ~ K, we have 

Since limn-oo ~~ log(P'(i,j)e..,.K) = 0 as well, we can proceed similarly as in the case 

; > 0 to obtain J(;, i) ~ J(; 1 j) 1 and the proof is complete. 0 

Remark 10. (a) It follows from Lemma 6 that J(; I i) = J(; 1 j) when i ._. j, that is, 

the EAC is constant within a self-communicating class. 

{b) Note that the arguments in the proof of Lemma 6 are valid even if the state space 

X is infinite. 

We will prove the results in the rest of this section only for the case ; > 0. The 

proofs for the case ; < 0 can be obtained by making changes similar as those made 

in the proof of Lemma 6 for the same purpose. 
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Lemma 7. The EAC satisfies the equation 

Proof. Assume 'Y > 0. Let us denote by a( i) the righthand side term of the above 

equation. From Lemma 6 it follows that J('Y, i) ~ a(i). Now, for 0 < r ~ Nand 

n > r we have 

Ei(exp('YSn)] = :L Ei[exp('YSn) I Xr = j) P(i,j) 

~ e11K LEi [exp("YSn-r-d} pr(i, j), 

where the sums in the above expression are taken over the set of j's such that 

P(i,j) > 0. Therefore 

lim sup .!:..!:.log Ei [exp('YSn)] 
n-oo n"( 

~lim sup .!:..!:.log (er;K :L E; [exp("YSn-r-d] pr(i, j)) 
n-oo n"( . 

] 

=~ax {lim sup .!:..!:.log Ei [exp('YSn-r-d]}, 
JEX n-oo n"( 

where the equality follows from Proposition 8, by taking p.(j) = P(i,j)er-rK and 

Zn(j) = Ei [exp("fSn-r-1)]. Thus, 

J('Y, i) ~max {J("(,j) : P(i,j) > 0}. 

Since for each j accesible from i there exists 0 < r ~ N such that P(i,j) > 0, then 

J ( 'Y, i) ~ a ( i) and the proof is complete. 0 

Let us assume now that the transition probability matrix P is put in its irreducible 

canonical form (cf. (31]): 

pl 0 0 0 
0 p2 0 0 

P= (5.13) 
0 0 Pm 0 

Wt w2 Wm T 
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In (5.13), the matrices Pr, r = 1, ... , m are the irreducible transition probability 

matrices corresponding to the closed and irreducible classes Cr, r = 1, ... , m. The 

entries of the matrices Wi, r = 1, ... , m, are the one step transition probabilities from 

transient to recurrent states. The matrix T whose entries are the one-step transition 

probabilities among transient states, is in turn assumed to be in the form 

Pm+l 0 0 0 
G21 Pm+2 0 0 

T= (5.14) 

Gl-1-m,l Gl-l-m,2 li-t 0 
Gl-m,l Gl-m,2 Gl-m,l-m-1 pl 

where each matrix Pr, r = m + 1, ... ,l, is irreducible or equal to the one by one 

zero matrix. If Pr =/= (0) for some r = m + 1, .. . ,l, then the entries of Pr =/= (0) are 

the transition probabilities among states in a self-communicating class Cr of transient 

states. If Pr = (Pii) = (0), we say that Cr = {j} is an irrelevant class. 

Next, we state the main theorem of this section, which provides a method for com

puting the EAC via the classification of states into self-communicating and irrelevant 

classes. 

Theorem 2. If the probability matrix P is expressed in its canonical form according 

to (5.13} and {5.14}, then for each i EX we have 

(5.15) 

Proof. Again, we carry out the proof only for 'Y > 0. If i is a recurrent state, that 

is, if i E Cs for some s E {1, ... , m}, then (5.15) clearly follows from the equality 

N 

E Fn(i:j) = E ?:(i,j), 
j=l jECa 



and in this case we have 

1 -J('Y,i) = -logp(P5 ). 

'Y 
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Assume now that i is a transient state. More specifically, assume that i E Cs for some 

s E {m + 1, ... , l}. Let a(i) denote the right hand side of equation {5.15). First, if i 

is not irrelevant, it is clear that 'E'f=1 fm(i,j) ~ 'E;ec.(Fs)n(i,j). Thus, in that case 

J('Y,i) = limsup .!..!.log (tf:>n(i,j)) ~ lim .!..!.log (L(Fs)n(i,j)) 
n-oo n 'Y . n-+oo n 'Y . 

;=l ec, 
1 -

= -logp(Ps)-
'Y 

On the other hand, if£ is irrelevant, the inequality J ( 'Y, i) ~ ~ log p( Ps) is trivial since 

p(Fs) = 0. 

Now, if i- Cr and j E Cr, then by Lemma 7 and the above inequality we have 

1 -
J('Y,i) ~ J("(,j) ~ -logp(Pr)-

'Y 

Thus, we have proved that J("(,i) ~ a(i). 

To obtain the opposite inequality, let's assume first that i - i and denote by 

P(i) the matrix obtained by removing from P both the j-th column and the j-row 

whenever i ~ j. Then, it is clear that 'E'f=1 Fm(i,j) = 'E;eC.(i) f(i>(i,j), where 

.C(i) = {j : i - j}. Therefore 

lim sup ~.!.log (t f:>n(i,j)) =lim sup ~.!.log ( L P[:,(i,j)) 
n-+oc 'Y . 1 n-+oo 'Y . "( .) J= JE.r.. l 

~ lim .!.logl!i{~)ll 11n= .!.logp(~i)) 
n-+OO 'Y 'Y 

= a(i), 

where [I • II denotes the matrix norm given by II ( lti;) II = maJCi E; lti;, and the last 

equality follows from (7). The case i ~ i can be handled similarly with minor 

modifications. Thus, the proof of the theorem is complete. 0 
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Remark 11. Two remarkable differences between the risk-sensitive and the risk

neutral model become apparent from Theorem 2: 

{1) The EAC when beginning at a transient state is not a typical average of the 

EAC 1s over the closed classes that are accesible from the initial state; and 

(2) The EAC may depend on the cost structure at the transient states. 

Remark 12. Observe that for"'< 0, equation (5.15} can also be written as 

J("t, i) =min {~log p(Pr) : i ~ Cr} 
Remark 13. Notice that the proofs of the last three results are still valid if we substi

tute lim sup by lim inf wherever the first one appears. We deduce from that observation 

that, for the finite state space model, the limit exists in the definition (4.29) or {5.2) 

of the EAC. 

Next, we give an example that demonstrates how characteristic (1) in the above 

remark may cause J(· ,x) not to be continuous at zero, i.e., that (5.5) does not hold 

in general. The example considers a model with a transient state x which leads to 

more than one closed class. 

Example 1. Consider the MCC with state space X= {1, 2, 3}, transition probability 

matrix 

p = (~ ~ ~)' 
p 1-p 0 

and cost vector c = (1, 3, 5). In this case we have that 

( 

e"Yc(l) 0 0) 
P = 0 e"Yc(2) 0 , 

pe"Yc(3) (1 - p)e-yc(3) 0 

and state 3 leads to the classes C1 = {1} and C2 = {2}. Thus, from Theorem 2 we 

see that 
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so that 

On the other hand, it is easy to check that ¢>(3) = pc(1) + (1- p)c(2) = 3- 2p. Thus, 

J( · 1 3) is neither left nor right continuous at zero. 

Remark 14. Note that J(· 1 3) does not depend on the probabilities p and 1- p of 

going from the transient state 3 to the closed classes {1} and {2} respectively, as long 

as p and 1 - p are both positive. 

It is a well known fact that if a Markov cost chain has a unichain structure, i.e. 

only one irreducible closed class and possibly some transient states, then the standard 

(risk-neutral) average cost does not depend on the initial state. The following example 

shows how feature (2) in Remark (11) determines that property not to be true in 

general for the EAC, when the risk-sensitivity coefficient is large enough. 

Example 2. Consider the MCC with state space X= {1, 2}, transition matrix 

P = (r ~P ~)I 
and cost vector c = (c(1L c(2)) such that c(l) < c(2). In this case we have P1 = (e1c(l)) 

and P2 = (pe"Yc(2)) corresponding to the self-communicating classes C1 = {1} and 

c2 = {2}. Thus, from Theorem 2 we have that J(;l 1) = c(1) for every;, and 

that is 

for;> 0, 

for;< 0, 

J( 2) = {c(l) if; < c({)!:(2)' 
;, ( ) 11 if logp • c 2 + :y ogp ; ~ c(l)-c(2) 

Thus, if ; > c(i)!:(2), then the EAC does depend on the initial state. On the other 

hand, we can observe that the EAC is better behaved for small values of;: J(;, 1) = 
J( ;, 2) for; ~ ccf)!:(2). 
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The following corollary to Theorem 2 shows that, when 'Y is close enough to 

zero, the EAC is completely determined by the long-run behavior of the underlying 

stochastic process, that is, the cost structure at the transient states does not influence 

the EAC. 

Corollary 1. Assume that P is expressed in its irreducible canonical form (as in 

Theorem 2.) Then there exists 'Yo > 0 such that for every transient state i and 

'Y E (--yo, 'Yo), 

1 { - } J ( "(, i) = :y max log p( Pr) : i --. Cr and Cr is closed and irreducible . 

Proof. As annmmced earlier, we prove the corollary only for the case 'Y > 0. Take 

any of the blocks Ps in (5.14) conesponding to a class of transient states, that is, with 

m+1 ~ s ~ l. Sincep(Ps) < 1 (cf. Putterman [45]), logp(Ps) < 0. Now, Ps ~ e-,Kps 

implies that p(Ps) ~ e'YK p(P11 ), that is, 

1 - 1 
-log(Ps) ~ K + -log(p(Ps)). 
'Y 'Y 

Therefore, 

On the other hand, if Ps is a block corresponding to an irreducible class of recurrent 

states, and L = min{c~i) : i EX}, then Ps ~ e'YLps· Thus p(Ps) ~ e'YLp(Ps) = e'YL, 

because p(Ps) = 1, and the inequality ~log(Fs) ~ 0 follows. Therefore 

1 -
lim -log p(Ps) ~ 0, 

-, ...... 0+ 'Y 

and the claim of the corollary follows from Theorem 2 and the fact that there is only 

a finite number of transient states. 0 
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Remark 15. It follows from the corollary that1 if there is only one closed and irre

ducible class1 then the EAC does not depend on the initial state for 11'1 small enough. 

Nlore precisely1 if P1 is the disutility matrix corresponding to the unique closed and 

irreducible class1 then for 11'1 small enough 

1 -
J(l'r i) = -log p(Pt) 

"'( 

for every i EX. Therefore1 similarly as in the irreducible case1 the EAC converges to 

the risk-neutral average cost when /' goes to zero. 
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Chapter 6 

THE EXPONENTIAL AVERAGE OPTIMALITY EQUATION 

A typical result in optimal control problems associated to CMC's, is the characteriza

tion of their optimal value functions as solutions of functional equations (inequalities) 

frequently known as optimality equations {inequalities). The importance of the opti

mality equation (inequalities) can not be overstated: among other applications, they 

constitute the main tool to construct algorithms for computing the optimal value 

functions and locating optimal policies. An optimality equation result holds for the 

risk-sensitive model that we are discussing: the solutions of an exponential average 

optimality equation (EAOE), when they exist, determine the optimal exponential 

average cost and one (or more) optimal policies [3, 9]. Thus, as in the risk-neutral 

case (see [1] and references therein), an important research problem is that of seeking 

necessary and/ or sufficient conditions for the existence of solutions to the optimality 

equation. For the finite state space model, we show here that, under strong recurrence 

conditions and for small enough values of the risk-sensitivity coefficient, solutions to 

the exponential average optimality equation exist. Our result is a particular case 

of that obtained by Cavazos-Cadena and Fernandez-Gaucherand [10, 11, 12] for a 

countable state space CMC. The proof we present here, relies on the results obtained 

in the previous chapter and is simpler than that in [10, 11, 12], as it corresponds to 

the finite state space case. Also, other consequences regarding the relation between 

the optimal standard and the optimal exponential average costs, and between the 

respective optimal policies, are derived from the results in the previous chapter. Fi

nally, we present a (counter) example that addresses a result recently obtained in [29] 

about sufficient conditions for the existence of solutions to a risk-sensitive optimality 

inequality. The example illustrates the influence that large risk-sensitivity may have 
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on the solutions of the mentioned inequality. 

6.1 The Exponential Average Optimality Equation 

The following theorem shows that an Exponential Average Optimality Equation 

(EAOE) exists playing a similar role as the average optimality equation in the stan

dard model, i.e., solutions to this equation, when they exist, provide the optimal EAC 

and also determine stationary optimal policies. 

Theorem 3. Assume that there exist a> 0 and a function w: X--+ [K1, K2], with 

Kt > 0, such that 

sgn("y)aw(i) =min { sgn(;)e-rc(i,a) ~ ~;(a)w(j) }, 
aEA L_-

jEX 

for every i E X. Then 

for every i EX. Furthermore, if for each i, f*(i} attains the minimum on the right 

hand side of the above equation, then the policy rr* = (!*, f*, ... ) E IIsD is optimal, 

that is, 

for every i E X. 

Proof. Assume that the pair (a, w) satisfies the average optimality equation. Let 

1r E II be an arbitrary policy and denote Sa = 0, Sn = E~1 Ct for n = 1, 2, .... 

First, we will prove that 

(6.1) 

for every i E :X, by induction on n. 
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The validity of (6.1) for n = 0 is clear. Now, from the optimality equation we 

obtain that 

where Fn is the u-algebra generated by {Xo, Ao, ... , Xn-1! An-1! Xn}, n = 0, 1, .... 

Indeed, observe that for any n EN and arbitrary 'admissible history' hn = (i0 ,a0 , ••• , 

in_1, tzn_1, in) (that is, such that (ik, ak) E IK and in E X for k = 0, ... , n- 1), we 

have 

sgn("Y)E'f [ e1c"w(Xn+1)1Xo = io, Ao = ao, ... , An-1 = lln-1, Xn =in] 

=sgn('y)E'f [e-yC(in,An)w(Xn+l)IXo =io,Ao =ao, ... , 

· · · , An-1 = lZn-11 Xn =in] 

a' i 

x Pt (An= a', Xn+l = iiXo = io, Ao = ao, ... , 

· • • , An-1 = lZn-r,Xn =in) 

= L 7r(a'lh.n)sgn("Y) L e-rc(in,a')w(j)P(jlin, a') 
a' i 

~ L sgn("Y)aw(in)7r(a'lhn) = sgn("Y)aw(in)· 
a' 

Therefore, 

Ef [Ef [sgn('y)e15"w(Xn) IFn-d]] = Ef [e15"-tsgn("Y)Ef [e-rCn-tw(Xn) I Fn-rJ] 

~ Ef [e15
"-1sgn(;)aw(Xn-d] 

= asgn(;).E; [e15
n-

1w(Xn-t)] ~ sgn(;) anw(i), 

where the last inequality follows from the induction hypothesis, and the proof of ( 6.1) 

is complete. 
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Next, by taking the logarithm and dividing by n-y both sides of (6.1) we obtain 

.!:.log a+ ..!:...!:.logw(i) ~ ..!:...!:.logEf[w(Xn)e75nJ, 
'Y n-y n-y 

which yields, after taking lim sup (as n - oo) in both sides of the inequality, 

.!:.log a~ limsup ..!:..!:.log Ef[w(Xn)e75"]. 
'Y n-+oo n-y 

Now, it is clear that K1 ~ w(Xn) ~ K2 'Vn implies that 

lim sup ..!:..!:.tog { Ef [e75"w(Xn)]} =lim sup ..!:..!:.log { Ef [e..,s"]}. 
n-+oo n 'Y n-+OQ n 'Y 

Thus, (6.2} yields 

and therefore 

.!:.tog a ~ .r ( 'Y, i}, 
'Y 

.!:.toga~ inf {.r(-y, i)}. 
"( li'EIT 

(6.2} 

(6.3} 

To prove the equality in the above equation and the second part of the theorem, let 

f* be the decision rule that attains the minimum in the optimality equation. By 

replacing An with J*(Xn}, a similar argument as before shows that the equality is 

valid in (6.1}. Thus, 

.!:.toga= Jf" (-y, i), 'Vi, 
'Y 

which together with (6.3} ) implies that 

Jf" ('Y, i) = inf { .r('Y, i)}. 
li'EIT 

Therefore, 7r* = (f* t r' ... ) is optimal. 0 

Remark 16. Notice that a solution (a, w) to {3}, if it exists, is unique up to constant 

factor ofw. 
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6.2 EAOE: Existence of Solutions 

Before stablishing the existence result announced in this chapter's introduction, we 

prove the following existence lemma by using an argument essentially contained in 

Howard-Matheson's algorithm for finding a policy optimal within 1180 , see [32]. 

Lemma 8. If a finite state CM C -is irreducible, i.e., P f = (Pi; (J ( i)) is irreducible for 

every t)(J E 1180 , then the (exponential) average optimality equation has a solution 

(a,w). 

Proof. Take / 00 E Ilso such that Jf = min{J9 : g00 E Ils0 }. Let p(f) and Wf 

respectively be the dominant eigenvalue and corresponding eigenvector of P1 as in 

Proposition 1, so that J f = ~ log p(f) and 

N 

p(J)w,(i) = L P,(i,j)wt(j). 
i=l 

We claim that (p(f), w 1) is a solution of the optimality equation. Assume to the 

contrary that there exists g E IF such that 

N 

sgn("f)p(J)w,(i) ~ sgn('Y) L P9(i,j)w,(j), 
j=l 

for every i E X, with strict inequality for at least one of them. Then, taking into 

account that w1 = (w1(1), · · · , w,(N)) is a positive vector we have 

Now, since p(g) is the dominant eigenvalue of P9 , the righthand term of the above 

inequality is greater than or equal to p(g) (cf. [31, Ch. VIII}). Thus we arrive to 

p(f) > p(g), which contradicts the way we chose/, since clearly Jf ~ Jg implies 

~~~· 0 
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Remark 17. (a) It is clear that under the irreducibility assumption of Lemma 8, a 

stationary deterministic policy exists which is optimal within Us 0 , because that class 

of policies is finite. What the lemma guarantees, via Theorem 3, is that such policy 

will be optimal within the whole n as well. 

(b) The smoothness {with respect to 'Y} of the EAC for a model as in the lemma 

above, has simple yet remarkable implications for the variation of the optimal policies 

with respect to 'Y. First, consider arbitrary f, g E lis 0 . If q/ > ¢9 then, from the 

continuity of the value functions J f ( ·) and J9 ( ·) at 'Y = 0 we obtain that J f ( 'Y) > 

J9 ( 'Y) for every 'Y in a neighborhood of zero. Now, if q/ = ¢9, then the analytic 

character of the value functions implies that for some 'Yo > 0, IJ'('Y)- J9 ('Y)I > 0, 

for every I'YI < "fo, or IJ1('Y)- J9 ('Y)I = 0 for every I'YI <'YO· It follows at once from 

the previous observations that there exists 'Yo > 0 and decision functions f, g E IF 

(possibly equal} such that f 00 is 'Y average optimal for every 'Y E (0, 'Yo) and 900 

is "(-ave·rage optimal for every 'Y E ( -"(o, 0). kloreover, f 00 and g00 are risk-null 

average optimal. Consequently, if there is only one risk-null average optimal policy (an 

unlikely scenario), that policy must be also 'Y -average optimal for every 'Y E (-'Yo, 'Yo). 

Now we show that the lemma above can be extended by requiring a less strong 

recurrent assumption in the hypothesis. 

Lemma 9. If a finite state CMC satisfies a simultaneous Doeblin condition, i.e., if 

there exists an state io such that for any f E IF, i -. io for every i E X, then the 

exponential average optimality equation has a solution whenever 'Y is small enough. 

Proof. As we have done before, we will prove the lemma only for 'Y > 0 since the 

proof for the opposite case is similar. Let us denote by C" Tj and P" the class of 

recurrent states, the class of transient states and the disutility matrix, respectively, 

corresponding to the transition probability matrix P1 induced by f E IF. Observe 

that i 0 E Ct for every f E IF. Moreover, assume that for every f E IF, Pt and P, are 
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put in their irreducible canonical form 

-IQI 0 I PI- WI Tf, (6.4) 

as in Theorem (2). Since IF is finite, from Corollary 1 we deduce the existence of 

"Yo > 0 such that if "Y E (0, "Yo), then 

p(Q1) = p(P1) := p(J) and JI("Y,i) = !p(Q1) := Jl, 
"Y 

for every i EX and f E IF. As in Lemma 8, take f* E IF such that Jr = min{J9 : 

g E IF} and denote by wr a nonnegative eigenvector of Pr corresponding to p(f*). 

To prove that (p(f*), w r) is a solution of the optimality equation exactly as we did 

in Lemma 8, all we need to check is that w r is in fact a positive vector. To that 

end, relabel X so that Cr = {1, · · · , k} and 7f· = {k + 1, · · · , N}. Since we are 

assuming that p(f*) is also the dominant eigenvalue of Qr, which is irreducible, and 

(wr(1),· ·· ,wr(k)) is a corresponding nonnegative eigenvector, then that eigenvec

tor must be positive, that is, we have wr(i) > 0 fori E c1 •. Consider now i E 'If· 
and a positive integer n such that P;. (i, i0) > 0. From the eigenvalue equation 

fj.wr = p(f*)nwr we obtain the equality 

p(f*)nwr(i) = L Pj.(i,j)wrU) + L Pj.(i,j)wrU), 
jECr jETr 

Now, fj. (i, i0) > 0 and wr (io) > 0 imply that the first sum in the right hand side of 

the above equality is positive and consequently, w r ( i) > 0. Thus, as we noted before, 

we can now proceed as in Lemma 8 to complete the proof of the present Lemma. 0 

Remark 18. Observe that the remarks to Lemma 8 are still valid in the context of 

Lemma 9. 

6.3 A (Counter) Example for an Optimality Inequality 

When the strong recurrence conditions of Lemma 9 are not met, the ''pathological 

behavior'' of the EAC for large values of 'Y will have relevant consequences on the 
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conditions for existence of solutions to the optimality equation. A simple demonstra

tion of that fact is given by Example 2 in the previous section. As was firstly noted 

in [10, 12, 11], the mentioned example shows that, unlike the risk-neutral model, not 

even a simultaneous Doeblin condition guarantees the existence of solutions to the 

optimality equation (for large values of 'Y.) In this section, we present an example 

that shows the effect of large risk-sensitivity for a result similar to Theorem 3. The 

mentioned result (Theorem 4.1, [29]) establishes weak sufficient conditions for the 

existence of solutions to an optimality inequality. 

The assumption used in [29] is the following: 

Assumption A 

(a) There exists a stationary policy g00 such that 

JY("f, i) =: p 

is finite and independent of i. 

(b) The following inequality holds 

liminf min C(i, a) > p. 
i-+oo aEA(i) 

According to [29, Theorem 4.1}, if Assumption A is satisfied then there exist a 

number p• and a (possibly extended) function w on X such that for all i E X 

e"Y(p•+w(i)) ~ inf. {e'YC(i,a) ~ e'Y'W(i) P(jli, a)} ' (6.5) 
aEA(t) LJ 

jEX 

and the set H = {i E X : w(i) is finite} is not empty. Moreover, whenever the 

initial state i belongs to H the decision function r that attains the infimum in (6.5) 

provides an optimal policy, and 
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As announced, the following example will illustrate the weakness of the above result 

for large values of 'Y. 

Example 3. Consider the CMC given by the state space X= {1, 2, ... }, the sets of 

admissible actions A(2) ={a, a} and A(i) ={a} fori# 2, the transition probabilities 

P(ll1,a) = P(112,a) = P(212,a) = 1, and 

P(ili,a)=pi, P(2li,a)=1-pi i=3,4, ... , 

where Pi# Pi fori# j and a< Pi< {3, i = 3, 4, ... for some a, {3 E (0, 1), and finally 

a nonnegative cost per stage function C such that 

C(2, a) < C(1, a) < C(i, a) = 1\1/ < oo, ·i = 3, 4,... . (6.6) 

Let us choose the risk-sensitivity coefficient 'Y > 0 in such a way that 

1 
C(2, a) < M +-log pi < C(l, a), 

'Y 
(6.7) 

fori = 3, 4, ... (we are assuming that the interval [a, {3} is short enough for the above 

choice of 'Y to be possible.) 

Clearly, there are only two decision functions, f and g, which are determined by 

/(2) = a and g(2) =a. Fori E {3, 4, ... }, it follows from Theorem 2 and (6.7) that 

Jf('Y,i) =max{C(1,a), M +.!:_logpi} = C(l,a). 
'Y 

Since obviously Jf('Y, 1) = Jf('Y, 2) = C(1, a), then whe have Jf('y, i) = C(1, a) for 

every i EX. Now, again from Theorem 2 and (6.7), fori E {3, 4, ... } we have 

J9 ('Y, i) = max{C(2, a), 1\lf +.!:_log pi} 
'Y 

1 
=M +-logpi 

'Y 

Also, it is immediate that J9 ("f, 1) = C(l,a) and J9 ("f,2) = C(2,a). Therefore, as we 

can check by inspection, g is an optimal policy, that is 

{

C(1,a) ifi = 1, 

P('Y,i):=¥Y('Y,i)= C(2,a) ifi=2, 

M +~logpi ifi ~ 3. 
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We can observe that part (a) of Assumption A is satisfied by the policy / 0
'\ 

and part (b) follows from (6.6). Hence Assumption A is satisfied in this model. 

Nevertheless, since J* ( "Y, i) =/: J* ( "'(, j) for i =/: j, the conclusion of Theorem 4.1 in [29] 

can hold only in the trivial way, that is, by taking either p* = C(1, a) and w(i) = oo 

fori =f: 1, or p* = C(2, a) and w(i) = oo fori =f: 2. Thus, in this example, the average 

optimality inequality (6.5) determines the optimal EAC only in one out of an infinite 

number of states. 
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Chapter 7 

THE VANISHING DISCOUNT APPROACH: A (COUNTER) 

EXAMPLE 

Motivated by well stablished results in the risk-neutral literature, it is natural to ask 

whether a vanishing discount approach is possible or not in the risk-sensitive case: 

the idea is to obtain the EAC from the exponential ,8-discounted cost 

Jff('Y, i) := Ef[Uy(D)], (7.1) 

as ,8 j 1; see [1] for the risk-null case. Jaquette [35] showed that the optimal policies of 

the control problem corresponding to the performance function v~ are not stationary 

in general. More precisely, he gave an example of an irreducible CMC with finite 

state space for which the optimal policy is not stationary. On the other hand, as we 

have already seen, stationary optimal policies can be obtained from the (exponential) 

average cost optimality equation for that kind of models. The previously mentioned 

facts strongly suggest that the conditions under which a vanishing discount approach 

is :valid for exponential criteria, must be more restrictive than those in the risk-null 

model; see [13]. In this section we present an example that further supports that 

belief, as we explain right now. In Jaquette's example, although not stationary, the 

optimal policy -with respect to ( 4.26)- is ultimately stationary, i.e., it is of the form 

1r = {/1, /2, ... } with fk = fk+l = · · · for some k E N. In fact, Jaquette proves 

that for any CMC with finite state space the optimal policy must be ultimately 

stationary. Our example shows that assertion not to be true for CMC's with infinite 

state space. Moreover, the CMC in the example satisfies a simultaneous Doeblin 

condition, an assumption commonly used to apply the vanishing disc01.mt scheme in 

the risk-null framework. Thus, we may say that the exponential discounted optimal 

control problem is even ''more non-stationary'' for the infinite state space model than 
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it is for the finite case. As a consequence, a vanishing discount method is perhaps 

harder to obtain in the infinite case 

In the sequel, we will refer to ( 4.26) as the ( 'Y, ,B)-exponential discounted cost 

corresponding to the policy 1r and the initial state i. We will use a similar terminology 

whenever we need to specify the dependance on the parameters 'Y and ,B of other 

quantities of interest. For the rest of this section we will restrict our attention to the 

risk-averse case, i.e., we will assume 'Y > 0. 

Remark 19. The optimality statements in Jaquette 's results are confined to the class 

of lvlarkovian determistic policies. It can be shown that they are in fact valid with 

respect to the entire set of admissible policies II; see {2]. 

First, let us observe that the stochastic order~.., induced by the (dis)utility func

tion U, is not homogeneous, i.e., for some /3 > 0 and random variables X, Y, we may 

have X~.., Y and /3X >-.., {3Y (where>-.., means "not~..,".) The key idea in the design 

of the example is to use the non-homogeneity of ~.., to define real random variables 

Z, Wi, i = 2, 3, . . . and a sequence of integers {ti : i = 2, 3, ... } C {2, 3, ... } such 

that ti roo, 

(7.2) 

and 

(7.3) 

The first step is to take independent real random variables Z and Yn, n = 1, 2, ... 

with distributions given by 

2 1 1 1 1 
Z- 3(o) + 3(3) and Yn- 2(o) + 2(2 + n). 

Now, if we define for each n E N the function Gn : [0, oo) ---+ R by 
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then the following proposition holds. 

Proposition 9. There exists a sequence of positive numbers {An: n ~ 2} decreasing 

to 0 such that 

(7.4) 

forn ~ 2. 

Proof. From the definition of Gn we have 

Gn(A): = (~ + ~e(2+~)A) - (~ + ~e3A) 
= e3A (!e-(1-~ )A _ !) _ ! 

2 3, 6" 

It is clear from the last term in the equalities (7) that Gn(A) < 0 for n ~ 2 and A 

large enough. On the other hand, from 

G~(A) = ( 1 + 2~) e<2+~)A- e3A, 

we see that there exists a sequence of positive numbers {an : n ~ 2} such that 

{

=0 if A= ltn 1 

G~(A) > 0 if A< ltn 1 

< 0 if A> ltn. 

Since Gn(O) = 0, we deduce that for each n = 2, 3, ... there exists An E (0, oo) which 

satisfies (7 .4) . 

Finally, let's show that the sequence {An} converges to zero. If a is limit point 

of the sequence, then there exists a subsequence {c5k} := {An,. of {An} such that 

limk-oo c5k = a. Thus 

e36,. [~e-(I-n~)6,. _ ~] _ ~ =0 

e3
a [!e-a - !] - ! = 0 (by letting k -+ oo) 

2 3 6 

3e2a - 2e3
a - 1 = 0 ===> a = 0; 
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where the laat implication follows by taking x = ea and noting that 1 is the only 

positive root of the polynomial 3x2 - 2x3 - 1. Therefore, limn-oo An = 0. 0 

Now, let us define the subsequence {"Yk} := {AnA:} of {An} recursively by "Yl = 

max{An: An< ,B} and "fk = max{An: An< ,Bk, An< "Yk-t} fork~ 2. Then, it is easy 

to verify that Z and the sequences "Wi := Yn,, ti = max{t: ,Bt ~ "(i} satisfy (7.2) and 

(7.3). We are now prepared to construct the announced example. 

Example 4. Consider the CMC defined by 

X:= N, A:= {a1,a2}, A(l) ={at}, and A(i) =A, , 
1 

P(lll,at) = P(ll i,at) = 1, P(i I i,a2) = P(ll i,a2) = 2' 

c(i, at) "' Z, c(l, at) "' Z and c(i, a2) "' "Wi, 

fori ~ 2, where Z and ~~~ i = 1, 2, ... are the random variables defined above, and 

the random variables c(l, at), c(i, at), and c(i, a2 ), i = 1,2, ... , are independent. 

Now, set "Y = 1. By the way in which the random variables Z and "Wi were defined, 

it is clear that 

for t ~ (> )ti. Since the random variables c(1, at), c(i, at), and c(i, a2), i = 1, 2, ... , 

are independent, the non-ultimately stationary policy 11"* = {It : t = 1, 2, ... } given 

by 

is optimal. Moreover, no ultimately stationary policy can be optimal, since tit oo as 

it 00. 

Remark 20. Note that the optimal policy 11"* is ultimately stationary for each initial 

state i fixed. Using the same method as above, we think that a similar (but more 



84 

technically involved} example can be constructed, where ultimately stationary optimal· 

policies do not exist even for a fixed initial state. 
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Chapter 8 

SUMMARY AND SUGGESTIONS FOR FURTHER RESEARCH 

8.1 Summary 

In this thesis we have studied controlled Markov chains with the exponential average 

cost as performance criterion. We have extended the main results of Howard and 

Matheson ([32] from the irreducible case to models with more general state accesibil

ity pattern: 1) Theorem 2 extends Howard-Matheson's characterization of the EAC 

in terms of the spectral radius of the disutility matrix from the irreducible to the 

general (nonirreducible) case, 2) Sufficient recurrence conditions for the existence of 

solutions to the exponential average optimality equation (EAOE) are given in Lemma 

9, which are less restrictive than those required by Howard and Matheson. Theorem 3, 

which states the EAOE and its properties, is a significant generalization to the count

able state space model of a similar result implicitly contained in Howard-Matheson's 

policy iteration procedure for the finite state space case. The previouly mentioned 

results allowed us to analize and illustrate by means of examples the behavior of the 

optimal EAC for both small and large values of the risk-sensitivity coefficient. In 

particular, we have verified that for small risk-sensitivity and under strong recurrence 

conditions the risk-sensitive model behaves similarly to the risk-neutral model. On 

the contrary, for large risk-sensitivity and general probability chain structure, the 

behavior of the EAC departs significantly from that of the standard average cost. To 

further illustrate the last point, we have included Example 6 to examine the possible 

impact of large risk-sensitivity on weak conditions (recently obtained in [29]) for the 

existence of solutions to an optimality inequality. Finally, in Chapter 7, we construct 

an example of a c~rc with infinite state space for which the exponential discounted 

cost control problem does not have optimal policies which are ultimately stationary, 
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i.e., which apply the same decision function after a fixed, determined stage. This 

(counter) example shows that Jaquette's results for finite CMC's, existence of ulti

mately stationary optimal policies in general and existence of a stationary policies for 

small enough risk-sensitivity, do not hold in the infinite case. Taking into account the 

stationary nature of the optimal control problem corresponding to the EAC (under 

certain recurrence conditions, which are met by the example), our example strongly 

suggests that applying a vanishing discount approach in the risk-sensitive models, 

might be even harder than what Jaquette's result had already indicated. 

8.2 Further Research 

For small risk-sensitivity, exponential average cost criterion, like the standard average 

cost, yields a constant (independent of the initial state) optimal value and stationary 

optimal policies under certain recurrence conditions. Further investigation may show 

additional correspondences between these two criteria, under the specified or other 

conditions. For example, it would be useful to know if (exponential) optimality equa

tions and policy and value iteration results for the multichain model exist, analog to 

those of the standard model. Also of interest would be the study of typical structured 

models under the EAC criterion. In particular, our future research plans include the 

analisis of an inventory control problem, similar to that done by 0. Vega-Anaya 0, 
Sethi 0 and Bouakis and Sobel [8} for other nonstandard average cost criteria. 
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