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ABSTRACT 

Super-resolution is the ability of a restoration algorithm to restore meaningful 

spatial frequency content beyond the diffraction limit of the imaging system. The 

Gerchberg-Papoulis (GP) algorithm is one of the most celebrated algorithms for 

super-resolution. The GP algorithm is conceptually simple and demonstrates 

the importance of using a priori information in the formation of the the object 

estimate. In the first part of this dissertation the continuous GP algorithm is 

discussed in detail and shown to be a projection on convex sets algorithm. The 

discrete GP algorithm is shown to converge in the exactly-, over- and under-

determined cases. A direct formula for the computation of the estimate at the A:"* 

iteration and at convergence is given. 

This analysis of the discrete GP algorithm sets the stage to connect super-

resolution to error-correction codes. Reed-Solomon codes are used for error-

correction in magnetic recording devices, compact disk players and by NASA 

for space communications. Reed-Solomon codes have a very simple description 

when analyzed with the Fourier transform. This signal processing approach to 

error-correction codes allows the error-correction problem to be compared with 

the super-resolution problem. The GP algorithm for super-resolution is shown 

to be equivalent to the correction of errors with a Reed-Solomon code over an 

erasure channel. 

The Restoration from Magnitude (RFM) problem seeks to recover a signal 

from the magnitude of the spectrum. This problem has applications to imag

ing through a turbulent atmosphere. The turbulent atmosphere causes localized 
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changes in the index of refraction and introduces different phase delays in the data 

collected. Synthetic aperture radar (SAR) and h3T)erspectral imaging systems are 

capable of simultaneously recording multiple images of different polarizations or 

wavelengths. Each of these images will experience the same turbulent atmosphere 

and have a common phase distortion. A projection based restoration algorithm 

for the simultaneous restoration of pairs of images experiencing a common phase 

distortion is presented. 
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CHAPTER 1 

Introduction 

The process of forming an image through an optical system inherently intro

duces errors in the measured image. Image restoration attempts to mitigate these 

defects introduced by the image formation process. There can be many sources 

of errors including thermal noise in the electronic readout device, scattering noise 

from imaging through a turbulent atmosphere, and the low-pass blurs from the 

band-limited imaging system, to mention a few. 

Mathematically the image restoration problem is known as an inverse problem. 

The goal of the problem is to determine the input to the imaging system (the 

object) given the output from the imaging system (the image). To be able to 

invert the erroneous imaging process we need to understand the forward process. 

The forward process is to determine the output of the imaging system given an 

input. The image formation process is discussed briefly in section 1.1. In section 

1.2 the linear inverse problem will be formally introduced along with some of the 

issues that must be addressed when solving inverse problems. After discussing 

the image formation process and the inverse problem the dissertation will focus 

on the image restoration process. We close this chapter with the organization of 

this dissertation. 
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1.1 The Image Formation Process 

(the forward problem) 

Image formation is the process of forming an estimate of an object through 

an imaging system. A 2-dimensional object /(^, T]) in the object plane has an 

associated radiant energy distribution that is transmitted through the optical 

medium to the imaging system. This energy is transmitted through the imaging 

system which captures some of the energy and forms an estimate of the object in 

the image plane. 

Figure 1.1: Example of an imaging system. Light from the object plane enters 
the camera which forms an image on the film (the image plane). 

An example of an imaging system is a camera. Light reflected from an object 

enters the lens of the camera which focuses the light on the film (the image plane). 

When developed the exposed film produces an estimate of the object. See Figure 

There is a mapping between the object and the image characterizing the imag

ing system. The operator that transforms the object in the object plane into the 

image is denoted by £. An object /(^, rj) is associated to the image g{x, y) via 

image 

X 

1.1. 
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the operator £ by 

g { x , y ) = C { f  (1.1) 

The additive nature of radiant energy leads to optical imaging systems that 

obey the super-position principle [1]. Systems that obey the super-position prin

ciple can be modeled mathematically as linear systems. If the object /i(^, r/) 

has an associated image gi{x,y) and the object f2{^,v) associated image 

g 2 { x ,  y )  then by super-position 

Thus, if a complicated object can be decomposed into the sum of simple functions, 

the output of the linear system is the weighted sum of outputs of the simple 

functions. An arbitrary object distribution can be expressed as a continuously 

weighted sum of Dirac delta functions: 

This representation of an arbitrary object distribution allows us to characterize 

the imaging system by the Point Spread Function (PSF) of the system. The PSF 

is the response of the system to a point source in the object plane. Using the 

super-position principle the image can be expressed as 

g { x , y )  =  £ { c i / i ( ^ , r / ) + C 2 / 2 ( ^ , r / ) }  

= ci£{/i(^,r / )}+C2£{/2(^,T7)} 

= Ci5i(x, y) 4-C2<72(a^,y)-

(1.2) 

T/; - T])dQdil). (1.3) 

(1.4) 
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where h{x, y\i]) is the PSF of the imaging system. The description of the PSF 

with all four variables is the most general. In many optical systems the PSF 

can be simplified to a function of the difference in locations between (x, y) and 

(^,7/). In this case, the PSF is called a Space Invariant Point Spread Function 

(SIPSF)[2], and the image is given by the convolution integral 

In this dissertation we will restrict our attention to imaging systems with SIPSF. 

An imaging system is characterized by its PSF. The PSF is physically related 

to the aperture function of the imaging system. As a normal incident plane 

wave passes through an aperture the wave emerges as a diverging spherical wave. 

Because some of the wave is blocked by the opaque portion of the aperture the 

wave is modified as it passes through the aperture. The effect of the aperture on 

the wave is known as diffraction. Imaging in which the only source of defects in 

the image is diffraction is known as diffraction limited imaging. 

An imaging system can be represented by an effective lens with aperture size 

A and a focal length /. The minimum resolvable spot in the image plane is 

w = (1.6) 

where A is the wavelength of light, A: is a constant of proportionality determined 

by the shape of the aperture, and the only source of error is diffraction [3], as 

seen in Figure 1.2. The imaging system can be described by an effective aperture 

function which is one inside the aperture and zero outside the aperture. 

(1.5) 

= (ft »/)(!.!/)• 
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A 

Figure 1.2: Imaging system represented by an effective aperture and the associ
ated minimum resolvable spot w. 

Coherent imaging systems are linear in complex electric field amplitude [3]. 

The image is obtained from the object by 

where the PSF h{x, y) is the Fourier transform (scaled appropriately) of the aper

ture function of the imaging system [3]. The spatial frequency domain description 

of the imaging equation is given by the amplitude transfer function which is the 

Fourier transform of the PSF. The amplitude transfer function of the imaging 

system is the aperture function. The imaging equation becomes 

where G{u, v), H{u, v), F{u, v) are the Fourier transforms of g { x ,  y ) ,  h { x ,  y ) ,  and 

f { x ,  y )  r e s p e c t i v e l y ,  a n d  u  a n d  v  a r e  s p a t i a l  f r e q u e n c i e s  c o r r e s p o n d i n g  t o  x  a n d  y  

respectively. The amplitude transfer function H{u, v) is just the effective aperture 

function of the imaging system. 

Incoherent imaging systems are linear in the intensity of the complex electric 

field [3]. The image intensity distribution is obtained from the object intensity 

(1.7) 

G { u , v )  =  H ( u , v ) F ( u , v ) ,  (1.8) 
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distribution by 

9 { x , y )  =  J  J  \ h { x - ^ , y - ' n ) \ ^ f i ^ , T i ) d ^ d r ]  (1.9) 
R2 

=  J  J  H x  -  ̂, y  -  v ) f { ^ , v ) d ^ d ' v  (1-10) 

R2 

where the PSF h { x ,  y )  is the magnitude squared of the coherent PSF. The OTF 

for an incoherent imaging system is the autocorrelation of the aperture function 

[4]. 

In both the coherent and incoherent imaging systems the OTF of the imaging 

system is related to the aperture function of the imaging system. Since the 

aperture function has finite extent there is a cut-off in the spatial frequencies 

that the imaging system is capable of capturing. This cut-off corresponds to the 

minimum resolvable spot size and is known as the diffraction limit of the imaging 

system. 

In real imaging systems diffraction is not the only source of errors in the image. 

Random noise from the electronic readout device introduces an additional source 

of errors in practical imaging systems. 

1.2 Image Restoration 

(the inverse problem) 

Imaging systems are low-pass and have a blurring effect on the image. The loss 

of high spatial frequency information during the image formation process causes 

this blurring effect. Additionally spatial frequencies within the passband of the 

imaging system get attenuated by the OTF. Classical linear image restoration 
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attempts to reverse the attenuation of spatial frequencies within the pass band of 

the imaging system. Super-resolving algorithms additionally recover meaningful 

spatial frequency information outside of the pass-band of the imaging system. 

The linear inverse (image restoration) problem can be most generally formu

lated in the setting of Hilbert spaces. Let X and y be Hilbert spaces and £ a 

l i n e a r  m a p p i n g  f r o m  X  t o y - .  

c . x - ^ y .  

The inverse problem can be stated as: given g ^y find f € X such that 

g  =  C { f } .  (1.11) 

For the inverse problem to be well-posed in the sense of Hadamard the solution 

must exist for all g ^y, he unique and depend continuously on the data g [5, 6]. 

A well-posed problem in not necessarily robust against noise. Stability is 

robustness to noise and is measured in terms of the condition number of the 

operator C. The condition number [7] of a continuous linear operator C [8] is 

defined to be 

a = ||£l|||£-^||. (1.12) 

When a is large the problem is said to be ill-conditioned and is sensitive to 

numerical error. The linear inverse problem is in general ill-conditioned [9]. 

Since optical imaging systems act as a low-pass filter [10] with a cut-off fre

quency /c the range of C is the set of bandlimited functions with bandwidth 2/c 

[11]. The range of £ is a proper closed subspace of y and C has a non-trivial null 

space. Elements of the null space are objects that are invisible to the imaging 
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system. Any object that only has spatial frequencies outside of the cut-off fre

quency of the imaging system will produce the zero image (an image of ail zeros). 

These objects go by many different names including: null functions, null objects, 

ghost objects, or invisible objects [10]. The inverse problem is ill-posed due to 

the fact that C has a non-trivial null space and therefore C is not injective. 

The presence of noise can cause the measurement data to fall outside of the 

range of C. In all practical situations this discrepancy between the measured data 

and the exact data is an issue. The linear imaging equation in the presence of 

noise is given by 

g  =  C { f ) Q n ,  (1.13) 

where n is the noise process and © is a point-wise operation. The exact point-wise 

operation is dependent on the nature of the noise. 

Despite the ill-posed and ill-conditioned nature of the image restoration prob

lem many algorithms have been developed for image restoration. Most linear 

restoration algorithms focus on inverting the operator C. The optimal linear 

inverse is given by the Moore-Penrose pseudo inverse or minimum norm least 

squares solution in the absence of noise. Some image restoration algorithms are 

able to provide meaningful spatial frequency content at spatial frequencies for 

which the OTF is zero. Such a restoration algorithm is said to achieve super-

resolution. 
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1.3 Super-Resolution 

Super-resolution is the ability to resolve objects beyond the classical diffraction 

limit of an optical system. Nadar [10] defines super-resolution as 

Super-resolution is defined as the ability to algorithmically or physical

ly form an image with meaningful spatial frequency content at spatial 

frequencies for which the optical instrument has an Optical Transfer 

Function (OTF) equal to zero. 

Nadar's definition is the most general definition of super-resolution because it 

takes into account the possibility of zeros within the pass-band of the OTF. In 

imaging systems with dilute apertures there is the possibility of "holes" within 

the pass-band of the imaging system where the OTF is zero [12]. 

Super-resolution is impossible from a linear shift invariant system point of view 

without the incorporation of a priori information into the restoration algorithm. 

This process was believed to be hopeless, and many researchers believed super-

resolving algorithms to be a fallacy [1]. Sementilli et. al. showed that not only 

is super-resolution possible, but gave bounds on the amount of super-resolution 

that is possible for a certain class of objects [13]. The two most common forms 

of a priori knowledge are: 

1. A limited region of support for the object of interest which is smaller than 

the image extent. 

2. Positivity based on the physical nature of light (for incoherent imaging). 
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The mathematical basis for super-resolution is the analytic continuation the

orem of complex analysis [14]. The analytic continuation theorem states that 

an analytic function which is known a connected subset of C can be uniquely 

extended to the entire complex plane. The analytic continuation theorem is dis

cussed in detail in Appendix A. The use of the analytic continuation theorem for 

super-resolution comes from the fact that the Fourier transform of an image with 

compact support is analytic. 

The idea of extending image restoration beyond the difFraction limit goes back 

to the work of Toraldo di Francia in 1955 [15] in which he concluded that infi

nite a priori information was necessary for perfect signal recovery. Harris [16] 

proposed a method for super-resolution based on the sampling theorem which is 

discussed briefly in Appendix A. Barnes [17] proposed a super-resolution tech

nique based on prolate-spheroidal wave functions for coherent imaging in 1966 

and Frieden [18] developed a similar technique for incoherent imaging in 1967. 

The Gerchberg-Papoulis (GP) algorithm achieves exact signal recovery in the 

absence of noise. Gerchberg [19] proposed the algorithm as a space limited spec

tral extrapolation problem in 1974. Independently, Papoulis [20] proposed the 

algorithm as a bandlimited signal extrapolation technique in 1975. 

The astronomy community has developed several super-resolving algorithms 

based on Bayesian image restoration. The Richardson-Lucy algorithm was pro

posed independently by Richardson [21] in 1972 and Lucy [22] in 1974. The 

Maximum Entropy Method [23, 24, 25, 26, 27] is a super-resolving method based 

on the assumption that the estimate of an object should satisfy the constraints 
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but have as little predictive power as possible [28]. Hunt and Sementilli [29] de

veloped the PMAP algorithm which gives the Bayesian MAP estimate for Poisson 

statistics [9]. For a complete history of the super-resolution problem see Hunt's 

recent survey on super-resolution algorithms [30]. 

1.4 Image Restoration by the Method of Projections 

Many image restoration algorithm can be shown to be a successive projection 

algorithm, and the GP algorithm is a projection based restoration algorithm that 

achieves super-resolution. Image restoration by the method of projections seeks 

to Bnd an image that satisfies a set of constraints that is closest to the observed 

data. The constraint sets are determined by the the physical characteristics of 

the object to be imaged. Two typical constraints are support and positivity. For 

the support constraint the set consists of all objects f{x,y) that have a given 

support 5. For the positivity constraint the set consists of all objects f{x, y) that 

have /(x, y) > 0 for all (x, y) € 5, where S is the support of /. The constraint 

sets should have a non-empty intersection because at least the true object can 

satisfy all the constraints. When the constraints are derived from the data (as in 

the restoration from magnitude problem) the presence of measurement noise can 

cause the intersection of the constraint sets to be empty. 

There are several different types of projection based image restoration algo

rithms each exploiting a different structure in the constraint sets. In general, pro

jection based image restoration can be classified as either successive projections or 

parallel projections. Successive projection algorithms are sequential in nature and 

are not efficiently implemented on parallel processing computer systems. Also, 
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for noise impaired data the constraint sets might be inconsistent. Parallel projec

tion based image restoration was proposed by Combettes [31] to overcome these 

limitations of the method of successive projections. For a complete treatment of 

projection based image restoration techniques see Nadar's dissertation [10]. 

The method of Projection On Convex Sets (POCS) is a successive projection 

algorithm used extensively in image reconstruction [32], image coding [33] and 

inverse half-toning [34]. The basic idea behind this method is to find as many 

convex constraints that the object should have a priori to the image formation 

process. The POCS algorithm seeks to find the point in the intersection of the 

constraint sets which is closest to the observed data. 

Definition 1.5 Given a Hilbert space H, a subset C CH is convex if for every 

x ,  y  t h e  c o n v e x  c o m b i n a t i o n  A x  +  ( 1  —  X ) y ,  A  G ( 0 , 1 )  i s  a l s o  a n  e l e m e n t  o f C .  

A convex set has the geometric property that for any two points f , g  e C  the 

line segment connecting / and g lies completely in C. Figure 1.3 shows some 

examples of convex and non-convex sets. 

The projection operation is uniquely defined for convex subsets [8] of a Hilbert 

space. The projection operator, Pc onto the set C acting on x 6 "H produces the 

point in C that is closest to x. 

Definition 1.6 The projection of the point x onto a closed convex subset C of a 

Hilbert space H is the point Pcix) € C, such that 

l |x-Pc(x)||  = min l lx -  y||. 
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(a) convex (b) convex 

(c) non-convex (d) non-convex 

Figure 1.3: Examples of convex and non-convex sets. 

The POCS Algorithm: Given m constraint sets Ci,C2 • • - Cm and an initial 

point g° 6 H, the sequence {5"} generated by 

g'*' = PiP2---P„g" n = l,2, (1.14) 

converges weakly to a point in the intersection set C — fl^i The proof can 

be found in [35, 36] 

The POCS algorithm converges as long as the intersection of the constraint 

sets in non-empty. If the intersection is empty the POCS algorithm will reach a 
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limit cycle. If the initial point is not in C, the intersection of the constraint sets, 

the algorithm will converge to a point on the boundary of C. 

1.7 Overview of the Dissertation 

The remainder of the dissertation is organized as the following: In chapter 2 

the Gerchberg-Papoulis algorithm is developed in detail and direct closed form 

solutions at convergence and at the A:"* iteration are presented. In chapter 3 the 

connection between the Gerchberg-Papoulis algorithm and Reed-Solomon codes 

is made. In chapter 4 the Multiple Image Restoration from Magnitude (MI-RFM) 

problem is developed. The Projection on Generalized Sets (POGS) algorithm is 

applied to the MI-RFM problem, and simulation results are presented. In chapter 

5 conclusions are presented. Appendix A presents topics in complex analysis 

that are relevant to super-resolution. Appendix B develops background material 

on Galois Fields necessary to understand error correction codes. Appendix C 

presents calculation details from Chapter 4. 
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CHAPTER 2 

The Gerchberg Papoulis Algorithm for Super-Resolution 

2.1 Introduction 

In this chapter we address the problem of restoring a set of samples of a 

finite time or space domain vector /, given a-priori knowledge of a portion of its 

discrete frequency spectrum (DFT) F. In some applications, additional a-priori 

information (typically in the form of constraints such as non-negativity) can be 

imposed on the solution. Here we assume that no such additional information 

exists. Hence, the restoration must be based solely upon the known values of a 

subset of time and frequency samples. This type of restoration problem occurs 

in several important applications. Particular examples include coherent imaging 

applications such as magnetic imaging [37] and radar, where the object to be 

restored is generally complex in both the space and frequency domains. 

Previous research on this signal restoration problem has produced both it

erative and non-iterative solution techniques. One of the earliest and perhaps 

best known of the iterative techniques is the Gerchberg-Papoulis (GP) algorithm 

[19, 20]. The GP algorithm alternates between the time and frequency domains, 

replacing the known time and frequency samples into their respective locations 

at each iteration. Although its convergence rate can be very slow, the GP algo

rithm is conceptually simple and no other technique has been shown to provide 

a consistently better restoration (given the limited constraints considered here). 
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The discrete GP algorithm (defined in Section 2.3) is equiveilent to iterations 

of the form 

Xr = SXr-\ + h, (2.1) 

where Xr is the solution to the unknown time domain samples produced at the r"* 

iteration and his a vector dependent on the known time and frequency samples. 

The re  i s  po t en t i a l  fo r  i nc reased  speed  due  to  the  f ac t  t ha t  t he  i t e r a t i on  ma t r ix  S  

has dimension n x n, where n is the number of unknown time samples. If n is small 

compared to the total signal length, iV, equation (2.1) may require significantly 

fewer computations than one iteration of the GP algorithm. 

The formulation of (2.1) appeared in [38], and the use of a relaxation param

eter to improve the convergence rate of alternating projection-based restoration 

algorithms was proposed in [36]. The form of (2.1) with a relaxation parameter 

is 

Xr = inS + {1 - n) I) Xr-l + fih. (2.2) 

To date, rigorous analysis of convergence for the iterative techniques has been 

limited to cases where the number of samples in one domain is greater than or 

equal to the number of unknown samples in the other domain [39, 40, 38, 41]. 

Direct (non-iterative) solutions to the signal restoration problem have also been 

proposed. These direct solutions are based on solving a set of linear equations 

Ax = d, (2.3) 

where x is an n x 1 vector of unknown time domain samples, d is an m x 1 vector 

dependent on the known time and frequency samples, and A is the m x n sub-

matrix of the iV-point DFT matrix which relates the known frequency samples to 
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the unknown tinae domain samples. In the exactly-determined case (n = m, and 

rank (A) = n), A is invertible and the unique solution for x can be computed as 

= A-^d. (2.4) 

In the over-determined case {rank (.4) = n < m), the unique least squares solu

tion can be computed. It appears that a number of researchers have reached this 

result independently [37, 39, 40, 41, 42]. It can also be shown that the formu

lation of (2.3) is equivalent to the problem formulation for MNLS extrapolation 

[43], given that the sampled signal is known to be periodic. Finally, it has been 

shown that in the exactly- and over-determined cases, the GP algorithm and the 

general class of iterative algorithms defined by (2.1) converge to the least squares 

solution [41, 40]. 

In cases where the matrix A is ill-conditioned, the least squares solution may 

be hopelessly corrupted by the effects of noise or other errors in the measurement 

vector d. In these cases some form of regularization is essential. Early termina

tion of an iterative restoration algorithm has been shown to be an effective form 

of regularization [20, 41, 44]. Although regularized least squares solutions have 

been proposed for direct implementation [41, 43, 45], the regularization effects 

are generally different from those obtained through early termination of an iter

ative algorithm. Given the continued popularity of iterative solution techniques, 

it is of interest to develop exact, non-iterative implementations of the iterative 

restoration algorithms. 

In this chapter we show that the GP algorithm can always be implemented 

directly. Specifically we show that in the under-determined case, the solution to 

which the iterative algorithm converges is unique and can be computed directly. 



30 

Further, we show that the exact solution given by the iterative procedure after 

any finite number of iterations, Xr, can also be determined directly. The solution 

technique proposed here can be viewed as a generalization of the SVD-based 

solution in [41, 42]. Here the SVD-based solution is extended to include the under-

determined case and the weights of the orthogonal components in the solution are 

chosen to match the results which would occur at a given number of iterations 

using an iterative algorithm. A comparison of computational requirements is 

included. 

2.2 The Continuous Gerchberg-Papoulis Algorithm 

Many algorithms have been proposed for the analytic continuation of a spec

trum segment of a time limited object. Perhaps the most famous of these is the 

Gerchberg-Papoulis (GP) algorithm. The GP algorithm uses the Fourier trans

form to iteratively reduce the error energy in the spectrum. The GP algorithm 

converges to the true spectrum in the absence of noise, but magnifies high frequen

cy noise. There is a trade off between reducing the error energy and magnifying 

the noise. 

2.2.1 The Gerchberg-Papoulis Algorithm 

The algorithm starts with a portion of the spectrum (after it has passed 

through an ideal low-pass filter), and the support of the object in the time (s-

pace) domain which is known to be bounded. Let Go be the known portion of the 

spectrum, and F be the support of GQ. Also let S be the support of the object 

in the time domain, which is a bounded set. 
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The first step in the algorithm is to transform GQ back to the time domain. 

Then the resulting function is restricted to S to produce the first iterate in the 

time domain. Next, gi is transformed to the frequency domain. The spectrum 

on F is then corrected to the values of the known portion of the spectrum Go, to 

produce GI. The iterative procedure starting with GQ is given by; 

91 = :F-'iGo)Is (2.5) 

GI = J- (^i) Ipc + Go 

9r = ^ ̂(Gr_i)/s 

Gr  =  ^  {gr )  +  Go  

where IS and IPC are indicator functions on the sets S and the complement 

of F. This can be seen schematically in figure 2.1. 

Known 
Spectrum 

Known 
object 

extent 

Estimated object 

restricted to the 

known object extent 

Estimated 
spectrum reset 
on the known 
spectrum 

Figure 2.1: Schematic of the GP algorithm. 

The stopping criterion for the iterative procedure is based on the error energy. 

The bandlimited spectrum is considered to be the true spectrum plus an error 

spectrum. The procedure iterates until the object energy outside the known 
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support is sufficiently small, or the correction energy between the known spectrum 

and the estimated spectrum is below some threshold. 

2.2.2 Convergence of the Gerchberg-Papoulis Algorithm 

Rather than trying to extend the band-limit of the spectrum, the GP algorithm 

seeks to reduce the energy of the error. Each iteration reduces the error energy, 

and in the limit, the error energy becomes zero. The convergence hinges on 

the fact that the algorithm is linear; the linearity allows us to analyze the error 

independently of the object. 

If we consider the known spectrum GQ to be the true spectrum G plus an error 

spectrum E, then the error spectrum is equal and opposite to G on and zero 

on F. To see that the energy of the error spectrum is reduced at each iteration, 

consider the effect of transforming G + Er^ The true spectrum is analytic, and 

the object has support S so 

9r = {9 + Cr)  h= 9 + eris (2 .6)  

The true object function is unaffected by the multiplication of the indicator func

tion (as g is zero outside of S). The error spectrum is zero where the true spectrum 

is known exactly, so it cannot be an analytic function (see appendix A). If is 

not an analjrtic spectrum then the error function e does not have bounded sup

port. Multiplying by the indicator function must reduce the energy of the error 

function. By Parseval's theorem the energy of the error spectrum is the same 

as the energy of the error function. When the truncated error function is trans

formed back to the frequency domain, the new error spectrum is analytic and 
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therefore must have some support within F, the support of GO- Resetting the 

spectrum to the known values within F will once again reduce the error spectrum 

energy. Thus at each iteration of the algorithm the error energy is reduced. Thus, 

the error energy is a monotonically decreasing sequence of real numbers bounded 

below by zero and therefore converges (not necessarily to zero). 

To show that the error energy does in fact converge to zero we will show that 

the GP algorithm is a projection on convex sets (POCS) algorithm. Youla and 

Webb [36] applied the POCS algorithm of Gubin et al. [35] to image processing. 

They showed that given a finite number of convex sets with non-zero intersection 

the POCS algorithm given by 

f ku  =  PiP2- - -Pn fk ,  (2.7) 

where Pj, i = 1,2, • • • ,n is the projection operator on to set i, converges weakly 

to a point in the intersection of the convex sets [36]. The GP algorithm can 

be shown to be equivalent to (2.7). The first constraint set Ci is the set of all 

functions with support 5. The second constraint set Co is the set of functions 

with spectrum GO on F. The projection operator Pi onto set Ci acting on a 

function h restricts the support of h to S. The projection Pz onto the set C2 

acting on a function H sets H equal to GQ on F. The GP algorithm can now be 

stated as 

9k+i = PiP29k, (2.8) 

which is the POCS algorithm shown to converge by Youla and Webb [36]. The 

POCS algorithm is guaranteed to converge to an element in the intersection of 

Ci and C2. Since every element of Ci has compact support they all have analytic 
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spectra (see appendix A). The analytic continuation theorem tells us that there 

is a unique analytic function with values Go on F, therefore the intersection of 

Ci and C2 is the unique function g and the GP algorithm converges to it. 

The convergence rate is affected by the size of 5, the support of the object in 

the time domain. If the true object extent is used then the convergence will be 

optimum. Overestimation of the object extent will slow down the convergence 

rate, and underestimation of the object extent will destroy the convergence. At 

first the rate of convergence is very fast, but the rate slows down as the algorithm 

continues, as seen in figure 2.5. 

2.2.3 The Gerchberg-Papoulis Algorithm in the Presence of Noise 

The presence of noise is troublesome for all of the super-resolution algorithms. 

The GP algorithm will increase the energy of the noise, but will decrease the 

energy of the error. At first the rate at which the noise increases is slower than 

the rate at which the error decreases, and the overall effect is a reduction of the 

total mean square error (MSE). After sufficient iterations the increase in the noise 

starts to dominate and the MSE begins to increase. 

The known portion of the spectrum can be thought of as the true spectrum 

plus the noise spectrum plus the error spectrum. The noise spectrum, N, is only 

non-zero on F, the support of Go, and the error spectrum, E, is only non-zero on 

the complement of F. So the initial known portion of the spectrum is 

Go =  G +  N +  E (2.9) 
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By the linearity of the GP algorithm we can look at what happens to the true 

spectrum, error spectrum, and noise spectrum independently. The true spectrum 

is unaffected by the GP algorithm. As was stated above the error spectrum 

converges to zero, and now we will see the effect of the GP algorithm on the 

noise. 

If the noise spectrum is analytic in F, then the noise plus the true spectrum is 

also analytic in F, and the GP algorithm will converge to the analytic continuation 

of the sum. In this case at convergence the error energy will be increased. This is 

not very likely and we will ignore this case. More likely is the case in which the 

noise is not analytic, and the GP algorithm will not converge. 

Assuming that the noise is not analytic in F it can be shown that the GP 

algorithm will increase the noise energy. When the noise is transformed into the 

time domain it will be an analytic function (since the support in the frequency 

domain is compact) so restricting the noise back to the known extent of the object 

will necessarily reduce the noise energy. Now the noise function has compact 

support, so transforming back to the frequency domain produces an analytic 

function. The noise will now have energy outside of the support of the true 

spectrum so, resetting the known (noisy) portion of the spectrum will actually 

increase the noise energy, because all of the original noise is present and now 

there is noise outside of the original known spectrum. Thus each iteration of the 

algorithm will increase the noise energy. 

In the following example we use a discretely sampled function and implement 

the algorithm discussed above. The sampled function is used to allow numerical 

simulation. The example is presented in this section as opposed to the section on 
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the discrete GP algorithm because there is no attempt to enhance the efficiency 

of the algorithm by reducing the size of the iteration matrix, as in the discrete 

GP algorithm. The algorithm is implemented exactly as in the continuous case, 

but on sampled data. 

Example 2.2.1 Consider the one-dimensional function with compact support: 

1 - |t| if 1^1 < 1 

5  W = S \t\-l if I < W < 2 

0  i f  \ t \>2  

The original vector g(n) is of length 256 and is the sampled version of g (t), 

sampled with a sampling interval of At = 0.05. Transforming g into the frequency 

domain,  and truncating the spectrum to 10 pixels gives the fi l tered spectrum GQ.  

Inverse transforming gives the bandlimited object go. After 500 iterations of the 

algorithm much of the shape of the original object has been restored. The orig

inal, bandlimited, and reconstructed objects are shown in Figure 2.2, and in the 

frequency domain in Figure 2.3. 

"f 
1 ash 

(a) Initial object 

1 a« 

•2 0 2 

(b) Bandlimited object (c) Restored object 

Figure 2.2: Spatial objects: true object, bandlimited object, and restored object 
after 500 iterations of the GP algorithm. 
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(a) Initial spectrum (b) Band-limited spec- (c) Restored spectrum 
trum 

Figure 2.3: Frequency domain: true spectrum, bandlimited spectrum, and restored 
spectrum after 500 iterations of the GP algorithm 

The signal to noise ratio (SNR) of the bandlimited object is 3.79 dB, and after 

500 iterations the SNR has been increased to 13.98 dB, where the SNR is defined 

to be: 

SNR = 20logio (2.10) 

In the presence of additive white Gaussian signal independent noise, the shape 

of the object is still restored for a small number of iterations as seen in Figure 

2.4(b). If the algorithm is allowed to continue past some threshold the noise will 

completely destroy the convergence, as seen in Figure 2.4(c). In this example 

additive white Gaussian noise with mean /i = 0 and variance = 0.16 is added 

to the object. The noise is smoothed out but the algorithm increases the energy of 

the noise. After approximately 10-60 iterations the rate at which the error energy 

is reduced is overwhelmed by the rate at which the noise energy is increased. By 

100-1000 iterations the MSE has exceeded the original MSE before applying the 

GP algorithm. 
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\l 

(a) Noisy object (b) Restored objec- (c) Restored objec-
t after 50 iterations t after 500 iterations 

Figure 2-4: The GP algorithm in the presence of AWGN at an SNR of 20 dB 

It is obvious that the algorithm has destroyed the object shape and that the 

optimal stopping time is around 50 iterations (for this specific noise realization). 

Figure 2.5 shows the SNR vs iteration for the restoration processes. The starting 

SNR is 3.36 dB, after 50 iterations the SNR is 8.90 dB, as seen in Figure 2.5(b). 

Figure 2.5(c) shows that after 500 iterations the SNR is down to 2.9 dB. The 

algorithm begins to fit the noise which causes the amplification of the noise energy. 

2.3 The Discrete GP Algorithm 

When this problem is discretized it can be restated in terms of known and 

unknown samples in the time and frequency domains (i.e. given part of a time 

vector and part of the associated frequency vector determine the unknown time 

and frequency samples). The known time samples are often taken to be zero 

(compact support) but they can in general be anything and in any location in the 

time vector. The known frequency samples can also be anywhere in the frequency 

vector. The continuous problem seeks to find the analytic continuation of the 
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1 

(a) Noise free object. 

I 

(b) Noisy object, 50 iterations. 

I 

(c) Noisy object, 500 iterations 

Figure 2.5: SNR vs. iteration. 
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bandlimited spectrum, while the discrete problem seeks to solve a (non-square) 

matrix equation. 

Consider the unitary N x N DFT matrix Q as 

n« = ^exp 
•27r,, 

(2.11) 

The inverse DFT matrix is the adjoint and an arbitrary iV-point time domain 

vector / and its discrete frequency spectrum F are related by 

F = Qf  and / = Q^F.  (2.12) 

By re-arranging the rows and columns of f], we may collect the known and un

known samples as 

1 
n 

•
 1 

B 

1 
H 

1 1 
o

 

1 
Q

 XF* 
(2 .13)  

or equivalently as 

X A^ C7t be 

Xq fit Dt b 
(2.14) 

where x e C" and Xc € are the unknown and known time samples (from /), 

and b G and be € C" are the unknown and known frequency samples (from 

F), respectively. Expanding (2.13) for Ax gives the matrix equation 

Ax  =  br  — BXr  (2.15) 

which defines a set of m linear equations with n unknowns (as equation in 2.3). 

Unfortunately the matrix A might not have full rank (i.e., rank{A) < min(n, m)). 
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FYom (2.14), the unknown time domain samples at the r"' iteration of the GP 

algorithm are given by 

Xr — A^bc + C^br-

From (2.13), br = Cxr-i + Dxc- Substitution into (2.16) yields 

Xr = C^CXr-i  + A^bc + C^DXc. 

This can be further simplified by expanding 

(2.16) 

(2.17) 

.4^ Ct A B 

1 
O

 

i 

1 

Q
 

03 
C D 0 / 

(2.18) 

for C^C and CW : 

C^C = I- A^A (2.19) 

(2.20) C^D =  -A^B .  

Substituting into (2.17) yields an iterative algorithm of the form shown in (2.1): 

Xr = {I - A^A) Xr-I + {be - BXc) (2-21) 

= {I  -  A^A)Xr - l  +  AU,  

where d= {be  — Bxc )  depends only on the known data. 

Equation (2.21) is a special case of Landweber Iteration [46, 47] which is known 

to converge to the MNLS solution of (2.15), when (/ — A^A) is non-negative 

definite [48, 49, 50]. Landweber iteration is a general technique for finding the 

least squares solution to the operator equation Ax = d, where A is an operator 
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on a Hilbert space. In what follows, we re-derive this result using the SVD for the 

specific case of the GP algorithm, in which the operator is the Fourier transform 

over C". This approach allows us to give a closed form solution for the r"* iteration 

of (2.21), which can be used as a regularization technique in the presence of noise 

[44, 51]. 

For the non-iterative implementation of (2.21) to be universally applicable, we 

must show that for arbitrary values of m, n, d, and xq, the solution to which the 

iterative algorithm converges can be computed directly. Also we must show that 

the result produced by the iterative algorithm after any finite number of iterations 

can also be computed directly (for regularization purposes). 

2.3.1 Convergence in the Exactly- and Over-Determined Cases 

In [40], a simple proof was used to show that in the exactly- and over-determined 

cases the iterative algorithm converges to a unique result which can be determined 

directly. In the interest of completeness, we have included a similar proof here. 

Assume rank (-4M) = n. At convergence, Xr = Xr-i = a:, which implies 

x =  { I -  A ^ A )  X  +  A ^ d  (2.22) 

or 

A^Ax = AU. (2.23) 

Since the rank of A^A is n, we may write 

x = {A^A)~^ A^d. (2.24) 

This last expression is recognized as the least squares solution to (2.15). 
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2.3.2 Convergence in the Under-Determined Case 

The technique used above to determine the solution of the iterative algorithm 

at convergence is not applicable when rank (A) = k < n, because the matrix 

-4^.4 is rank deficient and therefore not invertible. Fortunately, by recursively 

substituting (2.21) into itself, we may write 

where xq  is the initial estimate of the unknown time samples. Evaluation of Xj .  

then requires evaluation of 

r—1 

[I -A^AYXO and [ I  -  A^A]^  A^d .  (2.26) 
/=o 

The solution at convergence can be obtained by taking the limit of as r —^ oo. 

2.3.2.1 Evaluation of [/ - ̂^.4]'^Xo 

To evaluate the expressions in (2.26), we expand the m xn matrix A into its 

singular value decomposition (SVD) 

r-1 

X, = [/ - Xo + 51 ~ (2.25) 
l=Q 

(2.27) 

where 
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(^Ai 

0 

(2.28) 
0 

0 

0 
mxn 

The columns of U are an orthonormal set of eigenvectors for AA\ the columns 

of V are an orthonormal set of eigenvectors for A^A, and the cr^/s (the singular 

values of >1) are the square roots of the eigenvalues of A^A. All of the non-zero 

singular values satisfy 0 < a a, < 1- We order them so that 0 < < • • • < (^Ai-

The last n—k singular values of A are zero because the rank of A is k. Substituting 

(2.27) into (/ — .4^.4) *^3:0 gives: 

(2.29) 

VH^V^xo ,  

where E is the diagonal matrix 

0 

S = . (2.30) 
1 

nxn 

0 1 
nxn 
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Partitioning V into columns allows us to write (2.29) as 

n 
(I-A^yxo = VE''V^xo = ^<T^vjvtxo (2.31) 

i=i 

k r ^ 

J=l j=k+l 

where Vi is the z"' column of V. Since 0 < (1 — (t^J) < 1, the coefficients in the 

first sum converge to zero as r oo and (2.29) becomes 

n 
l im ( /— ^  VjvjxQ. (2 .32)  

j=k+l 

This allows computation of (2.29) at the r"* iteration and at convergence. 

2.3.2.2 Evaluation of (/ - A)' A^d 

To evaluate 

r  
"^{I-A^A^AU, (2.33) 
1=0 

notice that each term in the sum can be expressed as: 

(/ - A^4)' A^d = VT}V^A^d = V^^EAU^d, (2.34) 

where S and are the diagonal matrices defined in (2.30) and (2.28) respectively. 

The product E'S.4 is also a diagonal matrix with elements 

Substituting this into (2.34) simplifies each term in (2.33) to 

if i = j and i < k 
' ' ~ (2.35) 

0 otherwise. 

k k f 

(/ - A U ) '  A ^ d  =  ^ ( l  "  (^AjVju]d, (2.36) 
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where Uj is the column of U. Combining (2.33) and (2.36) jdelds: 

r k 
(/ - AUy A^d = ^ (i - <yAiVju]d 

1=0 1=0 j=l 
(2.37) 

k 

= E 
i=i .1=0 

,Vju]d.  

The terra in brackets is recognized as the partial sum of a geometric series, so 

r+l 

E(i -<) '  = 
/=o 

1 
(2.38) 

Therefore 

<=0 j=l 

In the limit as r -> oo this becomes 

r+P 

VJUJD. (2.39) 

oo k 

S (^ - -4^-4)' A^d = ^ Vju]d. 
1=0 j=i ^ '  

(2.40) 

2.3.2.3 Results at Convergence 

Now (2.32) and (2.40) can be used to evaluate (2.25) in the limit as r —^ oo to 

get the solution at convergence. 

>-i 
X = Um \^{I- A^d + (/ - AU)*"xo (2.41) 

11=0 

= ^ v j v ]xo .  
j=l j=k+l 

Thus, the iterative algorithm converges to a solution that is dependent on the 

known data (the first term) and on the initial conditions (the second term). 
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2.3.2.4 Interpretation 

Since the minimum norm solution to the original problem of (2.15) is given by 

we see that the first term in x is the minimum norm solution to (2.15). Also, 

note that the second term is the sum of the components of xq which lie in the 

null space of .4. We conclude that in the under-determined case, if the initial 

values of the unknown samples (xq) are set to zero, the iterative algorithm will 

converge to the minimum norm solution which can be computed directly. If XQ is 

not zero, then the solution to which the iterative algorithm converges can still be 

computed directly via (2.41). 

2.3.3 Evaluation at Early Termination 

The expression given in (2.25) is exact in the under-, exactly-, and over-

determined cases. We may write this expression in closed form using (2.31) and 

(2.39). Thus (2.25) may be written as 

From a practical perspective, the result produced by the iterative algorithm at 

the r"* iteration may be computed by determining the SVD of A and computing 

(2.44). For methods of choosing a stopping criterion see [52, 51, 44]. 

= .4^(^.4^) ^ d ,  (2.42) 

and it can be shown that 

(2.43) 
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2.3.4 Computational Requirements 

Computation of the SVD (on the order of operations) comprises the vast ma

jority of the total computations in (2.41) or (2.44). Thus, direct implementation 

requires a high initial overhead computation as a trade-off for minimizing com

putational dependence on r. In contrast, iterative implementations will require 

negligible initial overhead computation, and on the order of 2N log N operations 

per iteration using an FFT implementation, or operations per iteration using 

an n-dimensional iteration matrix. Thus, for a given application, a rough com

par i son  o f  compu ta t iona l  r equ i r emen t s  can  be  made  by  compar ing  n^ ,  2rNlogN,  

and rn^. 

A notable exception to the above analysis occurs in applications where the 

locations of the known and unknown samples are fixed, and only the measured 

data vector d changes from one realization to the next. Such applications include 

non-invasive imaging of space-limited objects whose boundaries are known and 

fixed. Given these fixed boundaries, the spatial frequency measurements can be 

selected in an optimal fashion [37]. In such cases the matrix A is fixed, and 

its SVD only needs to be computed once and stored. Thus, each restoration will 

only require the computation of (2.41) or (2.44), which will almost always provide 

larger computational savings over an iterative implementation. 
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CHAPTER 3 

Reed-Solomon Codes and Super-Resolution 

3.1 Introduction 

The advent of digital image processing was quickly associated with the ap

plication of computer processing to the mitigation of defects in an image caused 

by the image formation process. The early efforts in this area were often distin

guished between the topics of image restoration and image super-resolution [1]. 

Restoration usually has been chosen as the general term for all techniques for 

mitigation of image formation effects, whereas the specific term super-resolution 

was intended to denote the specific cases where attempts were being made to 

recover object detail not in the image due to the band-limiting effects of diffrac

tion. Super-resolution was initially a controversial topic, and various positions on 

the impossibility of recovering information from beyond the diffraction limit were 

debated in the literature(e.g., [1]), with the debate being set against the demon

strated results of various algorithms, such as that of Gerchberg [19]. It is now 

appreciated that super-resolution is possible, and there are available general anal

ysis that predict the amount of object detail recoverable from any super-resolution 

processing algorithm [13]. 

Super-resolution of imagery is possible because of the constraints that exist in 

the various descriptions of an image. That is, the nature of the relationship be

tween object and image data is such that the object is not completely ambiguous, 
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but can be specified (in a way that is limited by system noise) from the ban-

dlimited image data. The constraints that aid the recovery of object data from 

beyond the difltaction limit can usually be expressed in terms of two different 

domains for the image and object data. This was the insight first set forward by 

Gerchberg in his initial algorithm. Knowledge of certain values of the image in 

the space domain and the Fourier spatial frequency domain are the basis of the 

Gerchberg algorithm. Similar elements of knowledge are also at the heart of the 

analysis that make it possible to predict the amount of object detail recoverable 

by super-resolution by any algorithm. 

It should be not surprising that the practical workability of super-resolution, 

as relying on information in two domains, has a broader meaning itself. Indeed, 

the same viewpoint and analysis is actually found in one of the most successful 

applications of information theory, the construction of various codes that detect 

and correct errors in the transmission and storage of information. The purpose 

of this chapter is to set forth this relationship between the information theoretic 

basis of error detecting and correcting (EDAC) codes and the super-resolution of 

diffraction limited imagery. 

There are strong ties between information theory and signal processing. Blahut 

has shown that error control codes can be analyzed with signal processing tech

niques, using the Fourier transform [53]. The Fourier transform is, of course, 

also the major tool utilized in the analysis of imaging systems. It is often the 

case that the only difference between a signal processing problem and an infor

mation theory problem is the manner in which the problem is formulated. The 

algorithmic technique for solving a particular problem is often independent of the 
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manner in which it is defined, and the algorithm can be useful when the problem 

is reformulated in a different way. In this work we show that the problem of cor

recting channel erasures with a Reed-Solomon code is equivalent to the discrete 

Gerchberg algorithm for super-resolution. 

The discrete Gerchberg algorithm restores a set of samples of a finite time 

vector /, given a-priori knowledge of a portion of its discrete frequency spectrum 

F. Equivalently, the Gerchberg algorithm can be thought of as restoring missing 

(or lost) samples in the Fourier domain given prior knowledge of the location of 

zero samples in the time domain. The problem of using Reed-Solomon codes over 

an erasure channel assumes that the received symbols are correct, but that some 

samples are not received. The Reed-Solomon codes are naturally described by 

the fact that the codewords have zero samples in the first 2t positions of their 

Fourier transform. In this case, the Fourier transform is defined over a finite 

field as described later in this chapter. In both cases, the problem reduces to 

restoring missing samples (symbols) in one domain given the location of known 

zero samples (symbols) in the other domain. The main difference between the 

two problems is the field over which the vector spaces are defined. 

A field is a set of numbers which are closed under addition and multiplication 

(see Appendix B for more details). Common fields are the real numbers, com

plex numbers, rational numbers, and the binary field GF{2) (the field with two 

elements {0,1}). Vector spaces always have an associated field which define the 

scalars by which the vectors can be multiplied. The Gerchberg problem is defined 

over the complex field and the Reed-Solomon codes are defined over the Galois 

field GF(2"»). 
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3.2 Reed-Solomon Codes 

Reed-Solomon codes are used for error correction in compact disk players and 

other recording devices. Reed-Solomon codes take k user symbols and produce 

n = 2"* — 1 code symbols, where 2t = n — k > 0. We refer to this as an 

(n, k) Reed-Solomon code. Such a code can correct up to [<J errors or up to 2t 

erasures. The user symbols and the code symbols are elements of GF(2"*) (if 

m = 3, the codewords are elements of GF{8) which can be represented as bytes 

in a computer). For a summary of Galois fields see Appendix B. 

A Reed-Solomon code can be characterized by the spectral nulls (zeros of the 

Fourier transform) of the codewords. In a i error correcting Reed-Solomon code 

over GF{2^) every codeword has spectral nulls in the first 2t components of the 

spectrum. 

If 5 is an Ti dimensional vector space over GF{N) ,  then the Fourier transform 

of a vector u € S is defined hy V = Qv, where Qki = a*' (A:, / = 0, • • • , n — 1): 

(3 .1)  

and a is an element of GF{N)  with order n  (i.e. a" = 1 and no other smaller 

power of a equals 1). In the "usual" Fourier transform over the complex field, 

a = exp [—An element of a GF{N) having order n is essentially an n"* 

root of unity. 

a" a" a" 

n = 
a" a ,n—I 
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It is not possible to define a Fourier transform on all vector spaces over GF{N) ,  

because there does not always exist an n"* root of unity (a € GF{N) of order n) 

for all n. This is not a problem over the complex field because 

x" = 1 (3.2) 

always has a solution over the complex numbers. For vector spaces over GF{N) ,  

if the dimension, n, of the vector space S divides N — 1, then there exists an 

element a of order n, and thus a Fourier transform on S. Reed-Solomon codes 

over GF{2^) have a block length of n = 2"* — 1, and the Fourier transform can 

always be defined. 

Example 3.2.1 Consider the field GF{5) = {0,1,2,3,4}, with addition and mul

tiplication defined modulo 5. A vector space with dimension 1,2 or 4 will have a 

Fourier transform over GF (5) because the dimension is a factor of 4, therefore 

there exists an element of GF(5) with order equal to the dimension of the space. 

For example, 4 € GF(5) has order 2, i.e. 4^ = 1, and can be used to define the 

Fourier transform over a vector space of dimension 2. However, a vector space 

of dimension 3 will not have a Fourier transform over GF (5) because there is 

no a G GF (5) that has order 3. The Fourier transform of block length 3 can be 

defined over the extension field GF (5^) because 3 divides iV — 1 = 24. This is 

analogous to defining a complex Fourier transform for a real valued function. The 

field GF (5^) is an extension field ofGF (5) and the complex field is an extension 

of the real field. 

The Fourier transform of block length 4 over GF{5) can be defined in terms of 

the element a = 2 because 2''mod 5 = 1. This Fourier transform is given by 



2°  2°  2°  2°  1 1 1 1  

2°  2^ 2^ 2^ 12  4 3  

2° 2^ 2'* 2® 14  14  

2° 2^ 2® 2® 13  4 2  

and the inverse transform is given by: 

2—0 9—0 2"*'^ 2"" 

2-0 2-2 2"^ 2"® 

2-0 2-3 2"® 2~® 

0
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 0
 

C
O

 0
 

C
O

 0
 

C
O

 

4 4  4  4  

3°  3^ 32  3^ 4  2  13  

30 32 34 36  4  14  1 

30 33  36  39 4 3  12  

because 2 ^mod 5 = 3 and 4 ^mod 5 = 4. The spectrum of the vector 



55 

is given by 

V = Civ = 

1 1 1 1  

1 1 
o

 

12  4 3  to
 

4 

14  14  C
O

 

C
O

 

13 4 2 4^
 

i 1 to
 

(3 .6)  

and the original vector can be recovered using the inverse transform. 

For an erasure channel the locations of the missing symbols are known and the 

decoding algorithm can use the Fourier transform to establish a linear relationship 

between the unknown (erased) symbols and the known (non-erased) symbols and 

the known spectral values {2t zeros). Rearranging the Fourier transform so that 

the erased symbols are grouped together: 

n'c' = 

1 1 1 1 
o
 

r 

t
o
 A-n 

1 

<?
 

•
 

b 
(3.7) 

where Q! is the rearranged Fourier transform, Cg is a vector of erased symbols, 

Co is a vector of known symbols, 0 is a vector of 2t zeros, and 6 is a vector of 

unknown spectrum values. Assuming the number of erased symbols is no greater 

than 2t, equation (3.7) can be solved for : 

AnCe = —AijCfl. (3.8) 

If I symbols were erased, this is a set of 2t equations in I unknowns. Because 

the transmitted vector was a codeword, there exists a solution to these equations. 

The solution without any component in the null space of A can be obtained by 

solving 

(3-9) 
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where is the adjoint of An. The solution of (3.9) is given by 

Ce = — A|iAi2CO, (3.10) 

which is correct and unique for the exactly-determined case (Z = 2 t )  and the 

over-determined case (Z <2t). If Z > 2t, the matrix AjiAn is singular and there 

is no way to choose the component of the null space of Au that yields the correct 

codeword. This is to be expected since the minimum distance of the code is 

dmm = + 1, and the code can only correct up to 2t erasures. 

Example 3.2.2 Consider the RS code over GF{8), which takes 4 user symbols 

and maps them to 7 code symbols, and has three spectral nulls in each codeword. 

This code can be used to correct up to three erasures. The user data vector 

1 

X f i  — 

2 

3 

1 

(3.11) 

can be coded by solving for the parity check symbols that will produce the desired 

spectral nulls. Partitioning the Fourier transform gives 

0 0 0 0 0 0 0 

0 1 2 3 4 5 6 

0 2 4 6 13 5 

0 3 6 2 5 14 

0 4 1 5 2 6 3 

0 5 3 16 4 2 

0 6 5 4 3 2 1 

1 

2 

3 

1 

Pi 

P2 

P3 

0 

0 

0 

Xo 

^2 

^3 

(3.12) 
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which can be solved for the parity symbols. The resulting codeword is 

c = 

1 1  

2  2  

3  3  

1  = 1 

Pi -1  

P2 3 

2  

(3 .13)  

I f  C i ,  C i ,  and  C5  a re  de l e t ed  i n  t ransmis s ion  t hey  can  be  recovered  by  so l v ing  t he  

3x3 system of equations which define the spectral nulls: 

or 

(3 .14)  

P 1 - r 1 Co P 

0 0  0  Cl 0 0  0  0  0  
C2 

1 4  5  C4 + 0 2  3  6  = 0 
C3 

2 1  3  C5 0 4  6  5  0  

. . 

0 0  0  Cl 5 

1  4  5  C4 = 0 

2  1  3  C5 3 

(3 .15)  

The erased symbols can be recovered by solving (3.15), which gives 

Cl 2 

C4 — -1  

C5 3 

(3 .16)  

as expected. If the number of erased symbols, I, is less than 2t, then only the first 

I spectral nulls need to be used. 
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This technique can be extended to noisy channels (with location of errors 

unknown) using the Berlekamp-Massey algorithm [54, 55, 56]. The Berlekamp-

Massey algorithm will locate up to t errors. Once these errors have been located 

the decoding can proceed as before. The spectral nulls put 2t conditions (parity 

symbols) on the codeword, the Berlekamp-Massey algorithm uses these to locate 

up to t  errors. If the error locations are known (erasure channel) then all 2t 

conditions can be used to correct the errors. 

3.2.1 Extension to BCH codes 

Reed-Solomon codes are a special class of the Bose-Chaudhuri-Hocquenghem 

(BCH) codes. The BCH codes are a generalization of the Hamming codes for 

multiple error correction [57]. A {n,k) BCH code over GF{2"^) has codewords 

with 2t = n — k consecutive spectral nulls, where the Fourier transform is defined 

over some extension field of GF (2"'). The BCH codes do not have the restrictions 

on codeword length, n, that the Reed-Solomon codes have and thus the Fourier 

transform of length n might not exist over GF (2^). The Fourier transform is 

defined instead over some extension field GF(2""^). The Reed-Solomon codes are 

BCH codes with block length n = 2"* — 1 and the spectral nulls in the first 2t 

components of the Fourier transform. 

To use this procedure with BCH codes there are only minor modifications to 

be made to the algorithm. The first modification to be made is to define an appro

priate Fourier transform. The Fourier transform is defined in the extension field 

GF{2^'^), where c is chosen to be the smallest integer such that n divides 2""^ — 1, 

see [58]. Next, the BCH codes have 2t consecutive spectral nulls, but they do not 
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necessarily occur in the first 2t positions of the spectrum. By rearranging both 

rows and columns of the Fourier transform the spectral nulls can be moved to the 

first 2t positions and the erased symbols grouped together. With these modifi

cations the extension from Reed-Solomon codes to BCH codes is straightforward 

and the algorithm works as before. 

3.3 The Gerchberg Algorithm 

The Gerchberg algorithm was one of the first super-resolution algorithms. The 

original Gerchberg algorithm [19, 20] was an iterative algorithm formulated for 

continuous signals. Given a finite segment from the spectrum of a duration limited 

signal, there is a unique analytic continuation of the spectrum for all frequencies, 

as discussed in chapter 2. Conversely, given a finite segment of a bandlimited 

signal, there is a unique analytic continuation of the signal for all time. In what 

follows, we focus on this latter case. 

The Gerchberg algorithm extends a finite segment of a bandlimited signal by 

iterating between the time and frequency domains, enforcing the known conditions 

in each domain (exact knowledge of the signal for the given time segment and 

support in the frequency domain). When this problem is discretized it can be 

restated in terms of known and unknown samples in the time and frequency 

domains (i.e., given part of a time vector and part of the associated frequency 

vector, determine the unknown time and frequency samples). Implementation of 

the Gerchberg algorithm is done in discrete math on computers, so it is natural to 

analyze the discrete version of the problem. There are iterative solutions to the 
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discrete Gerchberg problem and there are also direct solutions. In the following 

we analyze the direct solution. 

The discrete Gerchberg algorithm [41] solves the equation 

Ax = b, (3.17) 

where part of the vector x is known and part of the vector b is known. Here, the 

vector X is the time domain vector, the vector b is the frequency domain vector 

(or spectrum), and A is the discrete Fourier transform. By rearranging row and 

columns of (3.17) the unknown time components and the unknown frequency 

components can be grouped together: 

(3.18) 

where Xc and Xo are the known and unknown portions of x, respectively, be is the 

unknown portion of the spectrum, and 0 is the known portion of the spectrum 

(due to band-limitedness). Solving for Xoi 

1
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Xo 
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0
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0
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i 

be 

AllXg Ai2^C- (3.19) 

The system of equations in (3.19) is in general a non-square system and can be 

solved with a generalized inverse. The normal equations for this system are given 

by: 

where is the adjoint of An. Equation (3.20) is solved by: 

(3.20) 

(3.21) 
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when (3.19) is exactly-determined or over-determined, and by singular value de

composition when (3.19) is under-determined. The discrete Gerchberg algorithm 

gives the least squares solution in the over-determined case, the unique solution 

in the exactly determined case, and the minimum norm solution in the under-

determined case [41]. It is important to note that if the system is consistently 

over determined (as would be the case with no measurement noise), then the 

least squares solution is the unique solution (zero error) and can be obtained by 

eliminating dependent equations. 

3.4 The Connection between Reed-Solomon Codes and The Discrete 

Gerchberg Papoulis algorithm 

Decoding Reed-Solomon codes over erasure channels is equivalent to the Dis

crete Gerchberg problem. In the Gerchberg problem, equation (3.18) is equivalent 

to equation (3.7) in the Reed-Solomon problem. Both of these equations define 

a linear system of equations of the form Ax = b in which some of the vector x 

is known and some of the vector b is known, and A is a portion of the discrete 

Fourier transform. For the Reed-Solomon problem, knowledge of a portion of x 

comes from the model of an erasure channel, and the knowledge of b comes from 

choosing the parity bits so that the code word has prescribed zeros in its Fourier 

transform. For the Gerchberg problem, knowledge of a portion of x is assumed in 

the problem statement and knowledge of a portion of 6 comes from the bandlimit-

ed nature of the spectrum (known support). Furthermore, in the over-determined 

and exactly-determined cases the solution to the Reed-Solomon problem, given 

by equation (3.10), and the solution to the discrete Gerchberg problem, given by 
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equation (3.21), have exactly the same form. In the over-determined and exactly-

determined cases both of these problems are solved by the Moore-Penrose pseudo 

inverse. In the under-determined case the Reed-Solomon problem does not have 

a meaningful solution, but the Gerchberg problem can be solved by regulariz

ing the problem. Using the SVD, equation (3.19) can be solved by forming the 

generalized inverse with the non-zero singular values. 

3.5 Conclusion 

Although Reed-Solomon codes and the discrete Gerchberg algorithm were de

veloped independently we see that they solve essentially the same problem over 

different fields. The Fourier transform is the common tool that links the infor

mation theoretic analysis of EDAC codes to the reconstruction of information 

beyond the diffraction limit in image processing. There are, of course, differences 

in the fields of numbers on which the computations are carried-out, Galois fields in 

the EDAC case and the complex number field in the optical imaging case. These 

differences mean that there may not be a complete complementary relationship 

between the available techniques in each problem domain. Specifically, consider 

the under-determined case. 

The analogy between the Reed-Solomon codes and the discrete Gerchberg al

gorithm breaks down in the under-determined case. For the Gerchberg problem, 

the complex field is complete, and minimizing the Euclidean norm is an appro

priate method of choosing Xnuii- In this way a solution for the under-determined 

Gerchberg problem can be computed. For Reed-Solomon codes in the under-

determined case there is no Euclidean norm and there is no reason to believe that 
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^nuii = 0 will give the correct codeword, and no readily available rationale by 

which to correct this deficiency. 

Except for the under-determined case, the analogy between EDAC codes and 

the recovery of object information by super-resolution of imagery is direct. We 

believe that our exposition of these analogies may lead to recognition of other 

analogies in the way that these two different applications share and can benefit 

from common techniques. 
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CHAPTER 4 

Simultaneous Projection-Based Restoration of Multiple 

Images with Common Phase Distortion 

4.1 Introduction 

The formation of an image is subject to a number of physical limitations. The 

nature of image formation is to always render the image as a distortion of the 

object. That is, the image formed is never a faithful rendition of the object that 

was in the field of view of the system. In the classical study of the processes 

and properties of image formation it was always assumed that the distortions of 

image formation were irrevocable. Since the advent of high performance digital 

computers, however, there has been substantial research to mitigate the effects 

of image formation by processing of the image with a suitably programmed com

puter. Research in this area, usually referred to as image restoration or image 

reconstruction, has been particularly robust in the development and demonstra

tion of algorithms with an increasingly wide area of applicability [1, 59]. 

One of the most difficult problems in image restoration has been the problem of 

restoration of images subject to corruption of the phase of the underlying image. 

The nature of this problem can be explained through the most useful tool of image 

analysis, the Fourier transform and the Fourier theory of image formation. For 

image formation devices operating as shift invariant linear systems, the relation 

between image and object can be expressed in the spatial frequency domain as: 

G{u,v) = H{u,v)F{u,v), (4.1) 
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where F is the object Fourier transform, G is the image Fourier transform, and 

H is the optical transfer function (OTF) [3]. This equation describes the nature 

of image formation in its most succinct form. Obviously, the properties of H 

determine the transmission of information from the object to the image. The 

goal of image restoration is to remove, as much as possible, the effects of H in 

order to obtain a better estimate of the underljdng object. 

Imaging through atmospheric turbulence causes one of the most difficult image 

restoration problems. Such problems arise when the propagation of energy from 

object to the image formation system encounters a substantial length of air subject 

to differentials in temperature and flow. The microstructure of such conditions 

causes many localized variations in the index of refraction. The variations cause 

a planar wavefront propagating through the atmosphere to be distorted into a 

non-planar shape, i.e., a wavefront with local variations in shape and curvature. 

The resulting distortions in the image can be quite severe. In the case of a single 

point source of light, such as a star, the image of the star deteriorates into a 

splatter of light across the image plane. Such an image is often referred to as a 

speckle pattern, and the problems of imaging through the turbulent atmosphere 

are often referred to as speckle imaging [60]. 

The mathematical description of imaging through turbulence is a simple mod

ification of the basic imaging equation in (4.1) above. In its simplest form we 

have: 

G{u, v) = Ht{u, v) exp(f^t(«, v))F{u, v).  (4.2) 

In equation (4.2) the additional term represents the errors in the wavefront in

duced by the localized variations in the index of refraction. The effects of the 
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phase errors from the turbulence can also alter the OTF, and we signify these 

alterations by the subscript t on the OTF. This model explicitly separates the 

phase effects of turbulence from alteration of the OTF so that we can concentrate 

on the phase effects. It is common to assume that the phase errors are sufficiently 

small so that the alterations of the OTF are minor and can be neglected. In such 

a case, Ht = H. This leaves the effects of the phase errors from the turbulence 

to be the major source of distortion in the image. 

The difficulty in the problem presented in equation (4.2) is that the actual 

phase errors are unknown. Thus, the phase component of the object F is irrevo

cably corrupted, and the only secure knowledge of the object is the amplitude, 

which can be computed by a quotient of the amplitude of the image and the 

amplitude of the OTF. This leads to a complete loss of the phase information of 

the object. Stated another way, the Fourier phase information of the object is 

not well correlated to the object. This is equivalent, of course, to knowing only 

the autocorrelation function of the object and being required to reconstruct the 

missing object phase information. Whether posed as a problem in phase recon

struction or recovery from an autocorrelation, there have emerged a number of 

methods for this problem [59]. 

Herein we present a more complex version of the basic problem discussed above. 

The problem is motivated by several recent developments in modem imaging sys

tems. Specifically, there is a trend to form images in a diverse set of channels. 

For example, the current developments in hyperspectral imaging add new com

plexity to images through turbulence. For example, the same object could appear 
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substantially different in two different hyperspectral wavebands, yet if the hyper-

spectral images were near in frequency they would be subject to the same phase 

distortion due to turbulence. Or consider the use of polarization diversity in a 

synthetic aperture radar (SAR) system. If the operating frequency is low enough 

(e.g., VHF) and the platform is high enough, then turbulence in the ionosphere 

will induce a common phase distortion on each of the polarization images. 

Without further belaboring the variety of imaging scenarios, we state the prob

lem of interest in this paper: to restore two different images subject to the same 

common phase distortion. In the following we describe the algorithm and present 

simulation results. 

4.2 Background 

Image restoration is in general an ill-posed problem and some form of regular-

ization is required. Many restoration algorithms try to force compliance with a 

priori knowledge while maintaining fidelity to the data. If the object is known a 

priori to satisfy n constraints, then there exist n sets C, consisting of all objects 

that satisfy constraint i, i = 1,2,• • • ,n, and the true object must belong to the 

intersection of all the constraint sets; 

A solution to the restoration problem is then an estimate of the object /e 6 

C which agrees with the data. Usually there is no object that has complete 

agreement with the data and the restoration problem reduces to choosing one of 

the elements of C based on agreement with the data. One approach is to measure 

n 
(4.3) 

1=1 



68 

the agreement with the data by the distance of the restored image to the data. 

Thus, the restoration would be the point /e € C that is closest to the data. 

There are many algorithms that seek to find the projection of the data onto a 

constraint set. In 1979, Youla showed that a large class of linear restoration algo

rithms reduced to a projection based technique he called alternating orthogonal 

projection. The Gerchberg-Papoulis algorithm can be shown to be a projection 

onto convex sets (POCS) algorithm. The POCS algorithm goes back to the work 

of Gubin et al. [35], in which they showed very general conditions for the conver

gence of an algorithm for finding a common point to a set of convex constraint sets. 

Later Youla and Webb studied this algorithm in the context of image restoration 

[36, 61], and since then many other restoration algorithms have been based on 

POCS [62, 63, 64]. The POCS restoration algorithm takes on the form 

where fk is the estimate of the object at iteration k, and Pi is the projection oper

ator onto set C,. The POCS algorithm can have very slow convergence properties 

and the relaxed form of the POCS algorithm can help to speed up the convergence 

[62]. The relaxed projection operator replaces the projection operator in (4.4): 

where Aj is a constant called the relaxation parameter, and I is the identity 

operator. The relaxed POCS algorithm is given by 

fk+l = P1P2 • • • Pn-\Pnfk^ (4.4) 

Ti = / + Ai(Pi-/), (4.5) 

/*+i = • • • Tjt-iTnfit- (4.6) 
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Youla showed that the restoration algorithm given by (4.6) converges weakly to 

f ^C, provided that the constraint sets are all closed and convex, and 0 < A, < 2 

for all i = 1,2, • • •, n [36]. 

Figure 4.1: Geometrically the relaxed projection of go is on the dashed line seg
ment. If A = 1 the relaxed projection is on the boundary of the constraint set, 
A < 1 is an under-projection and A > 1 is an over projection. 

Geometrically the relaxed projection operator gives a point on the line con

necting the data point and the projection, as seen in Figure 4.1. For A = 0, the 

relaxed projection operator is the identity operator, for A = 1 the relaxed projec

tion operator is the true projection operator, and for A = 2 the relaxed projection 

operator over projects into the constraint set. Figure 4.2 shows how a large value 

of A can help speed up the convergence. 

Gerchberg and Saxton developed an algorithm based on error-energy reduc

tion for the restoration from magnitude (RFM) problem [65, 66]. Their model 

assumes a compactly supported real positive image in the spatial domain and 

known magnitude in the frequency domain. The algorithm iterates between the 
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Figure 4.2: The choice of relaxation parameter can speed up the convergence 
rate. The solid lines are the true projections and the dashed lines are the relaxed 
projections with A > 1. 

spatial and frequency domains enforcing the known constraints in each domain. 

At each step in the algorithm the distance to the set of images satisfying both 

constraints is reduced. Fienup refers to this property as error-reduction [67]. 

Levi and Stark extended the POCS restoration algorithm given by (4.6) to 

allow non-coni/ex constraint sets [59]. They applied this projection on generalized 

sets (POGS) algorithm to the restoration from magnitude problem. When the 

relaxation parameter A, = 1 for i = 1,2, in the restoration from magnitude 

problem the POGS algorithm reduces to the Gerchberg-Saxton algorithm. 

The POGS algorithm is a general algorithm for finding a point in the inter

section of two sets (possibly non-convex). The algorithm does not necessarily 

converge to a point in the intersection, but will find a local minimimi of the 
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summed distance error (SDE) defined below. This yields a point that is closer to 

the intersection of the two sets than the original data. The convergence depends 

on the error-reduction property which breaks down for more than two constraint 

sets. The POGS restoration algorithm is also given by (4.6) but allows the use of 

non-convex sets with the following restrictions: 

1. There are only two constraint sets Ci,C2-

2. Each constraint set has a projection operator denoted, Pi,P2. 

The projection operator must satisfy 

For non-convex sets there may be more than one point x, € Ci that satisfies (4.7). 

In practice we can find a procedure to choose one of these points. 

The minimization criterion employed in the POGS algorithm is the summed-

distance error (SDE), 

Xi = PiX = min ||3: — . 
!/€Ci 

(4.7) 

(4.8) 

Note that J(/n) > 0 with equality if and only if /„ 6 Ci H Ca. 

Theorem 4.2.1 The iterative restoration scheme given by 

fn+l = TiT2fni (4.9) 

will reduce the summed-distance error: 

H U i )  <  J { T 2 f n )  <  J { f n )  (4.10) 
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for every Ai and X2 that satisfy 

where 

and 

n ̂  \ ̂  + /It A n II \ 

J A \\PlT2fn ^2/nll ,r»\ 

- IIW„-T,A|| 

. A \\P2fn /nil / . 

A (Pa^a/n-Ta/n,^^2/0 — Ta/n) i,n 

D A {Plfn /niPa/n /n) 
^ = l|/',/n-/n|| • 

The full proof can be found in [59]. We provide a very simple proof here for the 

special case when A = 1. 

In the case of A = 1 the relaxed projection operators in the POGS algorithm 

become true projection operators. Figure 4.3 shows a sequence of projections 

between two sets. By the definition of a projection di < ^2, and likewise ^2 < <^3-

At the end of each iteration the new estimate is in the first constraint set and the 

SDE reduces to the distance to the second constraint set. Thus, the sequence of 

errors would be rfi, da, ds, • • • which is a monotone decreasing sequence bounded 

below by zero and therefore converges to inffcd2ik+i> not necessarily zero. This 

proves convergence of the SDE to a local minimum. The convergence is to a local 

minimum because of the non-convex nature of the constraint sets. Notice that 
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Figure 4.3: Geometric view of projecting between two sets 

the SDE can converge to a local minimum without the data reaching a fixed point 

(i.e., it could go to a cycle). 

Like the POCS algorithm, the POGS algorithm can be plagued with slow con

vergence properties. A tunnel occurs when the two constraint sets are nearly 

parallel, as seen in Figure 4.4(a). The convergence in a tunnel becomes exponen

tially slow. Because of the non-convex nature of the constraint sets the possibility 

of traps exists. A trap is defined to be a fixed point of the operator T1T2 that 

is not a fixed point of Ti and T2 individually. If the algorithm converges to a 

trap the SDE reaches a local minimum, but the solution /e will not be in the 
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intersection of the constraint sets. An example of trap is shown in Figure 4.4(b). 

For a detailed discussion of tunnels and traps see [59]. 

(a) An example of a tunnel. (b) An example of a trap. 

Figure 4.4: Examples of geometries that can lead to slow convergence of the POGS 
algorithm or convergence to a local minimum in the SDE where the estimate does 
not satisfy all of the constraints. 

4.3 Multiple Image Restoration from Magnitude with Differential 

Phase 

In what follows, we assume the data g = [giix,y),92{x,y)] is a pair of images 

that have experienced a common phase distortion as in (4.2). The correspond

ing images without phase distortion are denoted g = [gi{x,y),g2{x,y)]. Thus, in 
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the frequency domain, 

Gi{u,v) = Hi{u,v)Fi{u,v)exp{i<l)t{u,v)) (4-16) 

= |Gi(u,i;)|exp[i(<^i(u,u) + (^t(u,u))] 

= Gi{u,v)exp{i(l)t{u,v)) 

G2{U.,v) = H2iu,v)F2{u,v)exp{i(l)t{u,v)) (4.17) 

= \G2{u,v)\exp[i{(l)2{u,v) + <f>t{u,v))] 

= G2{u,v)exii{i(f)t{u,v)),  

where G{u,v) = ^Gi(u,u),G2(w, t;)j and G{u,v) = [C?i(u, u),G2(w,w)] are the 

Fourier transforms with and without phase distortion respectively. 

The multiple image restoration from magnitude (MI-RFM) problem is then to 

remove the unknown phase distortion exp{i(f>t{u,v)). A perfect restoration would 

b e  t o  r e c o v e r  G i { u , v )  =  H i { u , v ) F i { u ,  v )  =  | G i ( u , a n d  G 2 { u , v )  =  

H2{U,V)F2{U,V) = |(j2("i^^)| from (4.16) and (4.17). In the work reported 

here, we make no attempt to recover the objects Fi{u,v) and F2{u,v). Equiva-

lently, we seek to restore the phase of Gi and G2 from the known magnitudes and 

differential phase. The differential phase is obtained by forming the point-wise 

product 

GI{U ,V )G2{U ,  V )  =  l G i ( w , t ; ) |  | G 2(u,u)|exp[iX<^i(u,t;)- ( ^ 2 ( ^ , 1 ; ) ) ]  (4.18) 

= |Gi(M,U)| |G2(u,u)|exp[i0d(u,t;)], 

where * denotes complex conjugation and (t>d{u, v) is the differential phase. Notice 

that the conjugation has caused the common phase distortion to cancel. Thus, 
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from the data we are able to obtain the magnitude of each image and the dif

ferential phase between the images. If the images are identical then there is no 

differential phase and this reduces to the restoration from magnitude problem 

studied by Gerchberg and Saxton [66, 65] and later by Levi and Stark [59]. When 

the two images are not identical the differential phase gives another constraint 

that can be exploited in the restoration process. 

For the MI-RFM problem we have the two constraint sets, a frequency domain 

constraint and a spatial domain constraint. The frequency domain constraint is 

given by 

Cjr is the set of pairs of images {gi{x, y),g2{x,y)) such that |.F(5i)| = 

|Gil, 1:^(52)1= G2, and :f (50:^(52)* = G'2 

This constraint characterizes the MI-RPM problem and is the same for both 

coherent and incoherent imaging systems. On the other hand, the spatial domain 

constraint can change depending on the imaging system. If the imaging system 

is coherent then the spatial images will be complex and if the imaging system is 

incoherent then the spatial images will be real and positive. We assume a known 

support which gives the constraint for the coherent imaging system. For the 

incoherent images we can strengthen the constraint to include only real positive 

images. In some incoherent imaging systems we will be able to add an upper and 

lower bound on pixel intensity. The spatial constraint sets considered here are: 

1. Cc is the set of pairs of complex valued images g = {gi{x,y),g2ix,y)) such 

that gi{x,y) has compact support and g2{x,y) has compact support 82-
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2. Cr is the set of pairs of real positive valued images g = igi{x,y),g2{x,y)) 

such that gi{x, y) has compact support S\, and g^ix, y) has compact support 

Sa. 

3. Cb is the set of pairs of real bounded images g = {gi{x,y),g2{x,y)) such 

that 5i(x, y) has compact support Si,  and g2{x, y) has compact support S2. 

Also, for each {x, y) 6 Si the intensity value is bounded by a < gi{x, y) < b, 

and for each {x,y) € S2 the intensity value is bounded by a < g2{x, y) < b. 

Other spatial constraints could also be considered, as long as the constraint pro

duces a set of images that has a well-defined projection operator. 

The projection operators. Pi, acting on g will minimize the squared Euclidean 

distance between g = (<71,1/2) and €{. 

d'^{9a,gb) = \\9a-9bf (4.19) 

9ai 9bi) 9ai 9bi ^ gai 56?) 9a2 9b2 ^ 

~  ^ igai Jgbi) d, {gaiigbi)^ 

where < •, • > represents the inner-product on 

These spatial constraint sets are convex and have uniquely defined projection 

operators. The spatial constraint sets do not couple the components gi{x,y) and 

92ix,y) of g. Therefore, the minimization of d^{f,g) can be done on each com

ponent independently. Because of the symmetry in the constraint sets between 

the first and second component the projection operators for each component will 

have the same form. The projection of the first component of / onto Cc is given 
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by: 

Pcfiix, y) = fi{x, y)/si(rr, y),  (4.20) 

where Isi{x,y) is the indicator function on Si. The projection onto the second 

component is given by: 

Pcf2ix, y) = /2(x, y)Is2{x, y),  (4.21) 

where I s n { x , y )  is the indicator function on S o .  

The following sets will be useful in defining the projection of / = y), /2(x, y)) 

onto Cr and Cb'. 

1. 5i+ = {{x,y) e Si : Re[/i(x,y)] > 0} 

2. 52+ = {ix,y) 6 52 : Re[/2(2r,y)] > 0} 

3. Si^_ = {(x,j/) € 5i : Re[/i(a:, i/)] < a} 

4. 52^_ = {{x,y) e 52 : Re[f2{x,y)] < a} 

5. 5i^+ = {{x,y) € 5i : Re[/i(x, y)] > 6} 

6. 52^+ = {{x,y) e 52 : Re[/2(x, y)] > b} 

7- 5i„, = [{x,y) G 5i : a < Re[/i(x,y)] < 6} 

8- = {(^.y) e 52 : a < Re[/2(x,y)] < b} 

Notice that all of these sets are defined in terms of the estimate / and change at 

each iteration of the algorithm. 
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The projection of the first component of / onto Cr is given by: 

P r f i { x , y )  = Re[/i(x,y)]/5j^(x,y), (4.22) 

and the projection of the second component is given by 

P r f 2 i x ,  y )  = Re[/2(x, y)]/s2^.(a:, y ) ,  (4.23) 

The projection of the first component of / onto Cb is given by: 

P b f i { x , y )  =  R e [ f l { x , y ) ] I s ^ ^ ^ { x , y ) - \ - a I s ^ ^ _ i x , y ) - i ^ b I s ^ ^ ^ { x , y ) ,  (4.24) 

and the projection onto the second component is given by: 

Pbf2{x, y) = Re[/2(x, y)]Isj^^ {x, y) + als^^_ {x, y) + {x, y). (4.25) 

The frequency constraint set Cp is a non-convex set, but the projection oper

ator is uniquely defined except on a set of measure zero. Since the constraint set 

CJ/r is naturally described in the frequency domain we will derive the projection 

operator in that domain. The constraint set can be characterized in the frequency 

domain by 

Cf = {(Gi(u,t.),G2(u,f)):|Gi| = |Gi|, (4.26) 

IG2I = IG2I, and (f)Ci — 4>G2 = 

From the definition of the set C p  it is clear that the only free variables are the 

phase of each component, and that the minimization can be done on a point by 

point basis. Thus, we consider only a single point (u,v), and drop the dependence 

on  (u ,v)  fo r  readab i l i ty .  The  prob lem of  p ro jec t ing  a  Four ie r  pa i r ,  say  (X,  Y ) ,  
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onto Cyr reduces to choosing (Gi, G2) to minimize 

d\{X,Y),{G„G2)) = \\X-Gif + \\Y-G2f (4.27) 

= (|X|cos«^x - IGilcosflici)^ (4.28) 

+ (|X|sin(^x - IGilsin^ici)^ 

+ (|F|COS<^K - |G2|cOSfliG2)^ 

+ (|y|sin0v - IGalsinf^Ca)^ 

constrained to |Gi| = IGij, IG2I = IG2I, and ^GI - <f>G2 = <l>d - This can be solved 

using the method of Lagrange multipliers yielding: 

= arctan -'»•') + 29) 
|X||G,| cos(,;>jr - W + IVIIGil cos(W 

0Ci = 0c/ + 0Gj- (4.30) 

This projection gives us a unique answer unless l-Yj = 0 and |F| = 0 in which 

case we can arbitrarily set = 0. There is an inherent ambiguity in the arctan 

function because the tangent function is not one-to-one. Another valid angle for 

0G2 is 

= arctan + |K|fe|sin(^) ^ ̂  3 
|A-||G,|cos(^x - « + IKIIGjIcosWk) 

Both answers solve the Lagrange multiplier problem, one gives the maximum and 

the other gives the minimum. 

This minimization problem can be viewed geometrically as having to choose 

a point Gy on a circle of radius |Gi| and a point G2 on a circle of radius IG2I, 

where the angle between the points is fixed at <f>d. This gives a wedge which can 

be rotated around the circle. We wish to find the position of the wedge that 
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minimizes the sum of the squared distances from Gi to X and from G2 to Y. 

Figure 4.5 shows this geometrical interpretation of the problem. 

Figure 4.5: Geometric view of the minimization problem in (4.28), where di is 
the distance from X to Gi and is the distance from Y to G2. The goal is to 
find the position of the wedge that minimizes + 

The answer given in equations (4.29) and (4.30) makes intuitive sense when 

viewed geometrically. If the radius of both circles are equal the dependence on Gi 

and G2 should be symmetric. In fact, the dependence on Gi and G2 completely 

falls out of equation (4.29) if they are equal. If the magnitude of X and Y are 

also equal there is no reason to favor moving one point over the other and you 

expect a symmetric answer. In this case, equations (4.29) and (4.30) reduce to 

(4.32) 

fc, = (4.33) 

In other words, adjust each phase by half of the distance that needs to be moved. 

Two other interesting cases to consider are Gi » G2 and G2 2> Gi. When one of 
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the circles has a much larger radius than the other you would expect that most of 

the adjustment to the phase would be done on the smaller circle. This is exactly 

what happens, and when Gi » G2 the solution is given by 

4>G2  ̂ <l>x — <l>d, (4-34) 

0G, « 0A'- (4.35) 

Likewise, when G2 2> Gi the answer approximately reduces to adjusting <f>i and 

leaving 02 alone. 

4.4 Simulation Results 

In this section we consider the MI-RFM problem with four different images 

paired for the different components. We use two distinct aerial images of urban 

areas (urban 1 and urban 2) and two modified versions of urban 1. We modified 

image urban 1 by adjusting the intensity values of regions within the image to pro

duce a new distinct (but similar) image to simulate the similarities that might be 

expected from multiple polarizations in SAR imaging or hyper-spectral imaging. 

Urban la has been visibly modified to produce this effect. Urban lb was produced 

from urban 1 by modifying only the intensity of the central pixel. Urban lb is 

not shown in the ground truth images, Figure 4.6, because it is not noticeably 

different from urban 1. The images are 256 x 256 pixels which are embedded in 

a sea of zeros to form 512 x 512 pixel images. Only the central 256 x 256 pixels 

are shown. For both the coherent and incoherent imaging systems we restore 

the images distorted by a common phase noise distributed Gaussian with zero 

mean and variance Additionally the images are corrupted by additive white 
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Gaussian noise (AWGN) added to the real and imaginary part of the images in 

the frequency domain. For the restoration of a pair of images (component 1 and 

component 2) we will use the notation [component 1, component 2] to refer to 

the simulation inputs. In other words, [urbanl, urban 2] will refer to 

We will consider the simulation [urban 1, urban 2] for all of the parameter values 

and all of the imaging systems. Then we will consider one case for each [urban 1, 

urban la] and [urban 1, urban lb] and discuss how the algorithm performs with 

similar images in each channel. For [urban 1, urban 2] we fixed = pi/A and 

varied the signal to noise ratio (SNR) of the AWGN, where we define SNR to be 

We considered SNR's of 10 dB, 20 dB, and 30 dB. Next we fixed the SNR of the 

AWGN at 20 dB and varied the variance of the phase noise from | to | to see 

how the algorithm responds to different variances of the phase noise. 

The convergence characteristics of the POGS algorithm are determined by the 

SDE (4.8), and the quality of the restoration is measured by the mean square 

error (MSE) between the restoration and the true images. We report the SDE 

and the MSE as signal to noise ratios. To avoid confusion with the SNR of the 

AWGN defined in equation (4.38) above, we introduce the term signal to summed 

distance error ratio (SSDER) as the ratio of the variance of the (true) image to 

urban 1 = gi{x,y) 

urban 2 = g2{x,y) 

(4.36) 

(4.37) 

noise 
(4.38) 
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the SDE of the restoration measured in dB: 

SSDER(^A:) = lOlogio dB, (4.39) 
-dl^fc - + ll^fc — TiQkWf. 

and the signal to restored noise ratio as the ratio of the variance of the (true) 

image to the MSE of the restoration measured in dB: 

„2 
S R N R  ( g k )  =  l O l o g i o  

• Ik -5|| . 
dB. (4.40) 

(a) urban 1 (b) urban la (c) urban 2 

Figure 4.6: Ground Truth Images. Urban la is the modified version of Urban 1 
which simulates a different polarization in a SAR system, or a different wavelength 
in a hyperspectral system. 

4.4.1 Coherent Imaging systems 

Coherent imaging systems produce complex valued images and we simulate 

these images by adding a uniformly distributed phase (in the image plane) to the 

intensity images discussed above. These complex images are then distorted in 

the frequency domain by the common phase noise and then by the AWGN (not 

common between the images). The POGS algorithm is then used to restore the 
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Initial SSDER Final SSDER Initial SRNR Final SRNR 
JT 
6 6.9063 29.0452 8.1502 25.9708 
n 
4 8.6871 29.0360 6.6768 25.8383 
TT 
3 7.9301 28.9907 5.7006 25.5076 
TT 
2 

7.0745 28.5124 4.459 23.3439 

Table 4.1; Simulation results for [urban 1, urban 2] with complex images and 
AWGN at an SNR of 20dB. The SSDER and SRNR are in dB. 

complex images. The results after 50 iterations of the restoration of [urban 1, 

urban 2] with complex images, and AWGN at an SNR of 20 dB are shown in 

Table 4.1. The restoration of complex images [urban 1, urban 2] and a phase 

variance of ^ are shown in Table 4.2. The images are shown in Figure 4.7 

for cr^ = f and AWGN at a SNR of 30 dB. Plots of SSDER vs. iteration and 

SRNR vs. iteration for the [urban 1, urban 2] simulation are shown for all of the 

various parameter values in Figure 4.8. 

Figure 4.8 shows the convergence of the POGS algorithm for the complex 

images [urban 1, urban 2]. The MSE follows the SDE as seen by comparing 

Figures 4.8(a) and 4.8(c) or Figures 4.8(b) and 4.8(d). Although the MSE is not 

guaranteed to converge monotonically like the SDE it is our experience that the 

MSE follows the SDE. Figure 4.8(c) shows that the POGS algorithm performs 

well at various phase noise variances. The variance of the phase noise affects the 

convergence rate, but the algorithm still performs well across a large range of 

phase noise variances. The effect of the AWGN is much more severe than that 

of the phase noise variance. This is not surprising since the algorithm does not 

account for the AWGN and at each iteration there is a small error made when 

correcting the magnitude of each pixel in the frequency domain. Figure 4.8(d) 

shows that the POGS algorithm is robust against AWGN nonetheless. 
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SNR Initial SSDER Final SSDER Initial SRNR Final SRNR 

lOdB 8.1769 19.1415 6.2453 15.9273 
20dB 8.6871 29.0360 6.6768 25.8383 
30dB 8.7407 38.8911 6.7233 33.8725 
No AVVGN 8.7475 54.0124 6.7284 38.0029 

Table 4.2: Simulation results for complex images [urban 1, urban 2] with the 
variance of the phase noise fixed at = |. The SSDER and SRNR are in dB. 

4.4.2 Incoherent Imaging Systems 

We consider two different incoherent imaging systems. First we consider imag

ing systems that produce real positive images, and second we consider imaging 

systems that produce real intensity images with known bounds on the image in

tensity. For both of these applications we do not need to make any modifications 

to the images in Figure 4.6. For the bounded images we use the fact that the 

images are gray scale images with 8 bits per pixel. This gives a lower bound on 

pixel intensity of zero and an upper bound of 255. The results of the [urban 1, 

urban 2] simulation are shown in Table 4.3 for the real positive images and Table 

4.4 for the real bounded images. 

SNR Initial SSDER Final SSDER Initial SRNR Final SRNR 

lOdB 7.9122 19.8620 6.8001 15.8561 
20dB 7.8457 28.9666 6.5373 25.8876 
30dB 8.2505 38.2225 7.0417 36.3035 
No AWGN 5.3974 61.8647 4.2211 50.4744 

Table 4.3: Simulation results for the real positive images [urban 1, urban 2] with 
the variance of the phase noise fixed at = |. The SSDER and SRNR are in 
dB. 
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SNR Initial SSDER Final SSDER Initial SRNR Final SRNR 

lOdB 7.6889 19.8620 6.5108 15.8584 
20dB 8.1863 28.9665 6.9679 25.8946 
30dB 7.2347 38.2256 6.0868 36.3186 
No AWGN 9.8972 64.8050 8.5608 53.8273 

Table 4.4: Simulation results for the real bounded images [urban 1, urban 2] with 
with the variance of the phase noise fixed at = f. The SSDER and SRNR are 
in dB. 

4.4.3 Simulated polarizations 

The POGS algorithm uses the differential phase information to strengthen the 

frequency domain constraint in the restoration from magnitude problem. If there 

is no differential phase (i.e., = 52) then the POGS algorithm reduces to the 

Gerchberg Saxton algorithm. The POGS algorithm outperforms the Gerchberg 

Saxton algorithm because the differences between the two components imposes 

an additional constraint on the restored image. Even a minor change between g\ 

and g2 (i.e., a change in 1 pixel) is sufficient to produce an exploitable differential 

phase, because a small change in gi{x,y) will have a non-localized effect on the 

phase of the spectrum Gi{u,v). Urban la was drastically modified to produce 

a visual difference while maintaining a strong correlation to the original image. 

Urban lb was only modified in a single pixel, but the Fourier transform of the 

image is different in every pixel and therefore the differential phase strengthens 

the frequency domain constraint. As seen in Table 4.5 and Figure 4.9 the POGS 

algorithm is able to restore the images even when the two components are very 

similar. 
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Image 1 Image 2 Initial SDE Final SDE Initial MSB Final MSE 

urban 1 urban 2 8.6871 29.0360 6.6768 25.8383 
urban 1 urban la 8.2646 29.2868 6.0354 25.8148 
urban 1 urban lb 8.2960 29.3183 6.0670 25.8143 

Table 4.5: Simulation results for complex images. The variance of the phase noise 
= 7r/4 and AWGN at an SNR level of 20dB. The SSDER and SRNR are in 

dB. 

4.4.4 Comparison of Imaging Systems 

If we look at how the algorithm performs across the different imaging systems 

we see that in the absence of the AWGN a stronger spatial domain constraint 

gives a better reconstruction. The incoherent imaging systems gives the weakest 

constraint of support, while the coherent imaging system strengthens the spatial 

domain constraint by adding the additional restrictions that the image be real 

and positive. The strongest spatial constraint considered is that of real positive 

bounded images. We compare [urban 1, urban 2] with a phase noise variance 

of ^ and AWGN at an SNR of 20 dB across the imaging systems. The 

results are given in Table 4.6. The presence of the AWGN causes the frequency 

constraint set to have errors (as it is derived from the data). As the SNR of the 

AWGN goes down the performance of the POGS algorithm is comparable for all 

of the imaging systems. Enforcing a strong constraint that contains errors can be 

worse than enforcing a weak constraint that has errors. Thus, in the presence of 

noise, stronger constraints do not always produce better reconstructions. In the 

absence of the AWGN the stronger constraint does give a better reconstruction. 

If the differential phase is ignored, the algorithm reduces to restoring each 

image independently with the Gerchberg-Saxton algorithm. Figure 4.10 shows 
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Image type Initial SSDER Final SSDER Initial SRNR Final SRNR 

complex 8.6871 29.0360 6.6768 25.8383 
real positive 7.8457 28.9666 6.5373 25.8876 
real bounded 8.1863 28.9665 6.9679 25.8946 

Table 4.6: Simulation results comparing imaging systems with inputs [urban 1, 
urban 2] with the variance of the phase noise fixed at cr- = 7r/4 and AWGN at a 
level of 20 dB. Both SSDER and SRNR are in dB. 

the MSE verses iteration of the POGS algorithm with differential phase and 

the GS algorithm with out differential phase. Figure 4.11 shows the restored 

images after 50 iterations. The POGS algorithm gives a better restoration with 

an improvement of 10 dB in SRNR after fifty iterations. 

4.5 Conclusion 

The MI-RFM problem has applications in SAR imaging and hyperspectral 

imaging. The POGS algorithm presented here is a robust method for solving 

the MI-RFM problem. The algorithm performs well at a large range of phase 

noise variance and at various AWGN SNR levels. We have considered three 

different spatial constraint sets for the MI-RFM problem. The POGS algorithm 

is also general enough to handle other constraint sets (spatial and frequency) 

as long as a projection operator can be defined on the constraints. Although 

the algorithm only guarantees convergence to a local minimum of the SDE, the 

algorithm gives a good improvement in the MSE between the estimated and 

the true images. Most of the convergence comes in the first few iterations and 

not many steps are required to achieve a good restoration. At each iteration 

in the algorithm 2 forward FFTs and two inverse FFTs comprise the bulk of 
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the computational requirements. This projection based restoration algorithm 

provides a fast powerful method for the removal of phase noise from multiple 

images that have been corrupted by a common distortion. 
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(a) noisy urban 1 (b) noisy urban 2 

(c) restored urban 1 (d) restored urban 2 

Figure 4.7: Simulation results with complex images [lurban 1, urban 2] with = 
7r/4 and AWGN at a SNR of 30 dB. The magnitude of the (complex) images is 
shown here. 
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anSNRof20dB. 

Figure 4.8: Error vs. Iteration on a logarithmic scale of complex images [urban 
1, urban 2] with various noise parameters. 



(a) noisy urban 1 (b) noisy urban 2 

(d) restored urban 2 (c) restored urban 1 

Figure 4.9: Simulation results with urban 1 and urban 2 with = 7r/4 and 
AWGN at a SNR of 20dB. 
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ijj 
CO 

GS 

iteration 

Figure 4.10: Comparison of the Gerchberg-Saxton algorithm and the POGS al
gorithm. 

(b) POGS (a) Gerchberg-Saxton 

Figure 4.11: Comparison of Gerchberg-Saxton and POGS on [urban 1, urban 2] 
with 0^ = 7r/4 and AWGN at a SNR of 30dB. Urban 2 is shown for comparison. 
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CHAPTER 5 

Conclusion 

This dissertation has explored some projection based image restoration algo

rithms. The GP algorithm was shown to be a super-resolving algorithm, and 

in the discrete case a closed form solution was given for the object estimate at 

convergence and at the iteration for the exactly-, over- and under-determined 

cases. The expression for the fc"* iteration allows for regularization in the presence 

of noise. 

A connection between super-resolution and error correction codes was made 

in chapter 3. Error correction codes use the knowledge of the encoding scheme 

to correct errors in the received data. The encoding of the data introduces re

dundancies in the data which allow errors in the received data to be corrected. 

Super-resolution uses a priori information about the object to recover spatial fre

quency information beyond the support of the OTF. In both cases, knowledge of 

redundancies in the received data allowed for the recovery of information beyond 

what would be possible by simply applying an inverse operator. 

Chapter 4 investigated an extension to the RFM problem. The POGS algo

rithm was applied to the simultaneous restoration of multiple images that have 

experienced a common phase distortion. The MI-RFM problem has applications 

to SAR imaging and hyperspectral imaging. The POGS algorithm is only guar

anteed to converge to a local minimum in SDE because of the non-convex nature 

of the constraints. The work done in Chapter 4 is limited to the removal of the 

phase noise. Future work on the MI-RFM problem includes joint phase noise 
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removal and object estimation, and extending the algorithm to more than two 

components. Also, a mulitgrid implementation of the POGS algorithm could 

speed up the convergence. 
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Appendix A 

Complex Analysis 

Super-resolution is built on some concepts of complex analysis: analytic func

tions, analytic continuation, and properties of the Fourier transforms of analytic 

functions. Analyticity of complex functions is similar to differentiability of re

al functions. Analyticity is actually more restrictive because analytic functions 

must satisfy the Cauchy-Riemann equations. In this appendix, these concepts of 

complex analysis will be discussed. 

A.l Analytic Functions 

Definition A.2 A function f of a complex variable z = x + iy is analytic at 

a point ZQ if its derivative exists not only at ZQ but also at every point in some 

neighborhood of ZQ. 

The function / is said to be analytic in a domain D if it is analytic at ev

ery point in D. The function / [x, y) can be expressed in terms of its real and 

imaginary parts: 

f { z ) = f  { x ,  y ) = u  { x ,  y )  +  j v  { x ,  y ) .  (A.l) 

A necessary and sufficient condition for / to be analytic is that v is a harmonic 

conjugate of u. In other words u and v are harmonic functions and they satisfy 
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the Cauchy-Riemann equations 

i -1-
du _ dv 

dy dx' 

If two functions are analytic in a domain D then their sum, difference and product 

are also analytic in D. An analytic function can also be represented by a Taylor 

series, which implies that the roots of an analytic function are either isolated, or 

the function is identically zero. 

A.3 Analytic Continuation 

If a function is analytic on a domain D and known in some connected domain 

S C D, then it is uniquely determined on the entire domain D. This is known 

as analytic continuation. Complex analysis ensures the existence of a unique 

continuation of the analytic function but does not help us find it. To prove that 

there is a unique analytic continuation, we will use the properties of analytic 

functions stated above. 

If two functions / and g are analytic in some domain D, and are equal in some 

d o m a i n  S  C  D ,  t h e n  t h e i r  d i f f e r e n c e  f — g  i s  a l s o  a n a l y t i c  i n  D .  T h e  f u n c t i o n  f — g  

is identically zero in S and therefore has non-isolated zeros. The only analytic 

function with non-isolated zeros is the zero function. Therefore 

f - g  =  0  

on all of D, or 

f = 9 
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on all of D. Therefore, there is a unique analytic function which takes on the 

values of / in S. 

A.4 Fourier transforms of functions with compact support 

The Fourier transform of an object with compact support is analytic. To show 

this we need to show that the real and imaginary parts of the Fourier transform 

s a t i s f y  t h e  C a u c h y  R i e m a n n  e q u a t i o n s .  T h e  F o u r i e r  t r a n s f o r m  o f  a  f u n c t i o n  x  { t )  

is 

X  i f )  =  [  ^  ( * )  exp [ - j 2 ' j c f t ]  d t  (A.3) 
J —00 

If we consider the frequency to be a complex variable^ f = a + y/3, then we can 

rewrite (A.3) as 

X { f )  =  X ( a , / 3 ) = f  x { t ) e \ p [ - j 2 T r { a + j p ) t \ d t  (A.4) 
J —00 

/

CO 

X  ( t )  exp [-j2irat] exp [2ir0t] dt 
'OO 

/

OO 

X  { t )  (cos {2nai) — j sin {2TToct)) exp [27r|5f] dt 
-OO 

/

OO poo 

X  ( t )  cos (27ra<) exp [27r^t] d t  —  j  I  x  { t )  sin (27rQ:i) exp [2TrPt] dt 
•OO J —00 

=  u  { a ,  P )  +  j v  { a ,  P )  

The Cauchy-Riemann equations (A.2) for the Fourier transform of f { t )  are: 

 ̂ /.oo d r°° 
—  /  x { t )  c o s  ( 2 7 r a t )  exp [27r/3f] dt = I —x {t) sin (27rat) exp [2x/9t] d t  

J —oo J—00 

complex frequency for the Fourier transform is equivalent to looking at the Laplace 
transform. The two-sided Laplace transform when restricted to the imaginary axis gives the 
Fourier transform. We actually show that the Laplace transform of a compactly supported 
fimction is analjrtic, and thus the restriction to the imaginary axis (the Fourier transform) is 
also analytic. 
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and 

d r°° d f°° 
—  I  x { t )  cos {2TTat) exp [2T:Pt] dt = I —x {t) sin {2Trat) exp [2n^t\ dt 
dp J—00 J —00 

(A.5) 

If X  ( t )  has compact support (—a, a )  then all of the integrals above can be rewritten 

as finite integrals. By Lebesgue dominated convergence, the derivatives can then 

be brought inside of the integrals: 

r d r d 
/  — { x { t ) c o s { 2 7 r a t ) e x p [ 2 T : 0 t ] ) d t  =  /  — { - x { t ) s m { 2 z Q t ) e x i > [ 2 i T 0 t ] ) d t  

J — a  J  — a  d p  

/

a  p a  

t x { t ) s i n { 2 T r a t ) e x p [ 2 T r P t ] d t  =  — 27r /  t x { t ) s i n { 2 i v a t ) e x p [ 2 T r ^ t ] d t  
• a  J  —a 

and 

/

a d  p a  Q  

— (x i t )  cos [2-Kat) exp [27r/3i]) dt = — I — {-x {t) sin (27rai) exp [27r/3t]) d t  
• a  J — a  d O i  

/

a  r a  

t x  { t )  COS {2-KOLt) exp [27r/34] dt = 2ir I tx (t) cos {2irat) exp [2Tr/3t] dt, 
• a  J  — a  

and the Cauchy-Riemann equations are satisfied. To show that both u{a, p) and 

u(a, /3) are harmonic calculate the Laplacian of each function of each function. 

^ = - A T r H ^ u { a , p ) ,  (A.6) 

^ = 4TrH^u{a,p), (A.7) 

— = -Airh'^via, 13), (A.8) 

^ = 47r¥t;(a,/3), (A.9) 

(A. 10) 

From equations (A.6-A.9) it is clear that both u{a, fi) and v{a, /9) are harmonic, 

and therefore the Fourier transform of a function with compact support is analytic. 
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A.5 Analytic Continuation with the Sampling Theorem 

There have been several methods proposed for the analytic continuation of the 

spectrum of an object with finite extent in the time domain. Two of these are 

Harris' method which uses the sampling theorem and the G-P algorithm which 

uses reduction of error energy. The G-P algorithm is presented in detail in chapter 

2, and Harris' method will be discussed here, briefly. 

Harris' method views the duration limited object as the object convolved with 

an impulse train and then multiplied by a rectangle function. Given the function 

g (t) such that 

<((!) = 0 /or |t|>^ (A.11) 

and 

00 

(A.12) 

rect {t) = < 
1 if I'l 

(A.13) 
0 else 

then g  { t )  can be written as 

(A.14) 

where 

T I< T 2 <  Ta, 
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as illustrated if figure (A.l). Now transform g  ( t )  into the frequency domain: 

G { f )  =  [ G { f ) n c a m b { T 3 f ) ] * T 2 s m c { T 2 f )  (A.15) 

0 ( J ) n  Y ,  H n j - n )  * Tasinc (Ta/) 

= TaTa H G (r) 5 {T^r - n) sine {T2 {f - r)) dr 
n=—oo 

00 

= T3T.^G(^)siac[T.( / -^)^ 

T, T, Tj 

Figure A.l: Filtering of the spectrum to recover the signal from its samples. 

Harris showed that truncating this series gives a good approximation to the 

true spectrum. Harris did not consider the case with noise, but it is reasonable to 

believe that this algorithm would suffer a great loss of performance in the presence 

of noise [19]. 
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Appendix B 

Galois Fields 

A field is a set of numbers that is closed under addition, subtraction, mul

tiplication and division (with the exception of division by zero). Addition and 

multiplication must satisfy the commutative, associative, and distributive laws. 

Examples of fields are: the real numbers, the complex numbers, the rational 

numbers, and the binary field. A Galois or finite field, is a field that has a finite 

number of elements. For a complete treatment of fields see [57, 68, 69, 58]. The 

order of a Galois field is the number of elements in the field, and a Galois field 

with n elements is denoted by GF{n). Galois fields do not exist with arbitrary 

order; the number of elements of a Galois field must be a prime number or a 

prime power. It can be shown that all the Galois fields with a given order are 

isomorphic, thus we consider all Galois fields with a given order to be the same. 

The structure of the additive and multiplicative operations changes depending on 

whether the order is a prime or a prime power. First we will consider Galois field-

s of prime order and their representations, then we consider Galois fields which 

have an order of a prime power. 

Galois fields of a prime order are the easiest to describe. The field G F { n ) ,  n  

prime, is denote by the set {0,1, • • • , n — 1}. All of the addition and multiplication 

is done modulo the order, n. Two elements of GF (n) can be added by taking 

their integer sum modulo n. To multiply two elements of GF (n) take the integer 

product of the two elements modulo n. 
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For Galois fields with an order of a prime power m {m = n'', n prime), the 

elements are represented as polynomials of degree less than k with coefficients 

in GF{n). The field GF{n) is called the base field and GF [n'') is called an 

extension field of GF{n). Addition is defined as polynomial addition where all 

of the coefficients are added in the base field, GF{n). Multiplication is defined 

via an irreducible polynomial g{x). To multiply two elements of GF (n*^) mul

tiply the polynomials modulo g{x), with all of the addition and multiplication 

of coefficients performed in GF{n). Notice that the operations of addition and 

multiplication as defined will always produce a polynomial of degree less than k 

with coefficients in the base field GF{n), In this notation the addition is easily 

performed but the multiplication is difficult. Different choices of the irreducible 

polynomial g (x) will result in a permutation of the field elements. 

Another useful notation for the field GF (n'') is in terms of a generating el

ement. All of the non-zero elements of GF (n*^) can be produced by repetitive 

multiplications of a generating element. The order of an element a of GF 

is the smallest number j such that a-' = 1. Any element of GF (n*^) with order 

— 1 can be used as our generating element. The field GF (n*) can then be 

expressed as 

GF (n*^) = {o, a°, • • • , . (B.l) 

The cyclic notation denotes each non-zero element, o^, by the exponent j. The 

zero element is denoted by —1, because it cannot be denoted by a power of the 
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Cyclic notation Polynomial notation 

-1 0 
0 1 
1 X 

2 x  ̂

3 x + l 

4 -t-x 
5 + x + 1 
6 x  ̂+ \ 

Table B.l: Elements ofGF{8) given in both the cyclic notation and the polynomial 
notation. 

generating element, a. Thus 

GF(n '=)  =  {- l ,0 , l , - - - ,n '=-2}.  (B.2)  

In this notation the multiplication of two non-zero elements becomes addition (of 

exponents) modulo n'' — 1. Multiplication of any element by —1 is defined to be 

-1. Addition in this notation is done via a look up table. The look up table 

is generated by converting the cyclic notation back to the polynomial notation, 

doing the addition, and then converting back to the cyclic notation. In either 

notation one of the operations is diflBcult and the other is easy. 

Example B.0.1 Consider the Galois field GF{8) = GF (2^). In the polynomial 

representation the elements are quadratic polynomials and the irreducible polyno

mial is g(x) — 1 + x -t The elements of this field can be expressed in table 

B.l. 
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Adding the elements 3 = a; + 1 and 4 = +x is done by polynomial addition 

over the binary field: 

Cyclic notation Polynomial notation 

3 + 4 = 6 (x + 1) + (x^ + x) = + 1 

Multiplying the elements 4 = x^ +x and 5 = x^ + x +1 is accomplished as follows: 

Cyclic notation 

4 * 5 = (4 + 5) mod 7 = 2 

Polynomial notation 

(x^ + x) * (x^ + X + l) = (x"* + x) mod (x^ + x + l) 

2 2 = X = a . 

For small Galois fields it is easy to have lookup tables for the addition or 

multiplication. Here are the addition and multiplication tables for GF (8) given 

in the cyclic notation: 
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-1 0 1 2 3 4 5 6 

-1 0 1 2 3 4 5 

0 - 1 3 6 1 5 4  

1 3 -1 4 0 2 6 

6  4 - 1 5 1 3  2 

3 

4 

5 

6 

1 0  5 - 1 6 2  

5 2 16 

4 6 3 2 

2 5 0 4 

6 

2 

5 

0 

4 

3 -1 0 

0 -1 1 

3 1 -1 

-1 

0 

1 

2 

3 

4 

5 

6 

-1 0 1 2 3 4 5 6 

-1 -1 -1 -1 -1 -1 

-1 0 

-1 1 

-1 2 

-1 3 

-1 4 

-1 5 

-1 6 

1 

2 

3 

4 

5 

6 

2 

3 

4 

5 

6 

3 4 5 

4 5 6 

5 6 0 

6 0 1 

0 1 2 

0 12 3 

0 12 3 4 

6 

0 

1 

2 

3 

4 

5 

The addition table was generated using the polynomial notation and the multi

plication table is straight forward to produce. A list of common Galois fields can 

be found in the appendix of [57], along with the irreducible polynomials, and the 

conversion between the cyclic notation and the polynomial notation. 
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Appendix C 

Frequency Domain Projection Operator 

The derivation of the frequency domain projection operator requires the min

imization of = df + dj, as seen in Figure 4.5. The cost function cP can be 

rewritten in term of the free variables as: 

=  | |X-Gi1 |2  +  | |K-G2| |2  (C. l )  

= (|A'|cos<^x - |Gi|cos0g,)^ (C.2) 

+ ( |X|s in(^x -  |Gi |s in0G,)^ 

+ {\Y\ cos <j)Y-\G2\cos 

+ (|r|sin(^r - |G2|sin(/»Gj^. 

The constraint function is 

^"(0011 <^Cn) = 0Gi - <t>Gi = <l>d- (C.3) 

The function dP constrained to C = will only have an extrema if 

V {S {<f>Gu M + AC {<I>GU M) = 0. (C.4) 

Breaking the vector equation into a system of scalar equations leads to the fol

lowing system of equations: 

2|X||Gi| (cos0xsin(^Gi-sin0xcos0ci) = A (C.5) 

2|y||G2| (cos0vsin<^c,-sin^ycos^Gj) = -A (C.6) 

<^Gi — <f>G2 = 01/ (C.7) 
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Using the trigonometric identity 

s i n { A ± B )  = sin ̂  cos B ± cos A sin S, (C.8) 

simplifies the system of equations (C.5)-(C.7) to 

2\X\\Gr\sin{4>x + M = A (C.9) 

2\Y\\G2\sini((>y + M = -A (C.IO) 

<^Ci - <t>G2 = <f>d (C.ll) 

Solving equation (C.ll) for 4>GX ^Jid substituting into equation (C.9) yields: 

2\X\\Gi\sm{(f>x + (l>d + M = A (C.12) 

2\Y\\G2\sin{<i>Y + cf>c,) = -A (C.13) 

Adding equations (C.12) and (C.13) gives: 

2|J\r||Gi|sin (<^x + + ^Gj) + 2|yi|G2| sin (0y + (^Gj) = 0 (C.14) 

Expand the sine functions: 

2|A'||Gi| (sin { ( f ) x  + 4>d) cos (^Cj) + cos (0x + <Pd) sin (0Ci)) (C.15) 

+21F1IG2I (sin (f)Y cos <f)c2 + cos ((>y sin (^Ca) = 0 

Simplifying: 

(|X||Gi|cos((^jc+ <^(/) + |y||G2lcos0y)sin0Gj = (C.16) 

(ir||G2| sin(^y + IXjlGil sin{<(>x + (f>d)) cos^icj. (C.17) 

where we have used the fact that cosine is an even function to adjust the sign of 

the right hand side. Dividing both side of the equation by cos <^g2 gives: 

, (1^11^2! sin+ |X|[Gi| sin(0x + <f>d)) 
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Thus, the projection operator is 

= + {C.19) 
IXIIGil  cos(^x -  «  + IKIIGjIcosWk)  

4>Gi = <^d + <^C2- (C.20) 

up to the factor of TT discussed in section 4.3. 
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