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ABSTRACT 

We propose a new method for the solution of stochastic unsaturated flow problems 

in randomly heterogeneous soils which avoids linearizing the governing flow equa

tions or the soil constitutive relations, and places no theoretical limit on the variance 

of constitutive parameters. The proposed method applies to a broad class of soils 

with flow properties that scale according to a linearly separable model provided the 

dimensionless pressure head ip has a near-Gaussian distribution. Upon treating ip 

as a multivariate Gaussian function, we obtain a closed system of coupled nonlinear 

differential equations for the first and second moments of pressure head. We apply 

this Gaussian closure to one-dimensional steady state, transient, and two-dimensional 

unsaturated flow through randomly stratified soils with hydraulic conductivity that 

varies exponentially with Q'0 where 0 = is dimensional pressure head and a is a 

random field with given statistical properties. For flow in a one-dimensional steady 

state medium, we obtain good agreement between Gaussian closure and Monte Carlo 

results for the mean and variance of i/* over a wide range of parameters provided that 

the spatial variability of a is small. Our solution provides considerable insight into 

the analytical behavior of the stochastic flow problem. 

For transient flow in a one-dimensional unsaturated medium with randomly ho

mogeneous soil, Gaussian closure and Monte Carlo results for mean dimensionless 

pressure are in excellent agreement. However, Gaussian closure and Monte Carlo re

sults for variance, although qualitatively acceptable, are only quantitatively accurate 

for large times or for early times when the variance of the log hydraulic conductiv

ity is small. Finally, we develop a finite element framework with which to solve the 

two-dimensional steady state Gaussian closure moment equations. 
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Chapter 1 

INTRODUCTION 

1.1 Unsaturated Flow in Porous Media 

The ground below us is composed of an intricate system of grains and pores, of rocks 

and fractures. It is through the network of pores and fractures that water travels 

underground. The soil below us is classified into the saturated and unsaturated 

zones. The saturated zone is often the bottom, or deeper zone. It is a region in 

which ail of the pores in the medium are saturated with water, as in Figure 1.1. 

The unsaturated zone is a region in which the pores are full of both water and air. 

as in Figure 1.2. The boundary between the two zones is called the water table. 

.Although we typically think of the saturated zone as being below the water table 

and the unsaturated zones as being above the water table, there are also perched 

saturated zones which lie well above the water table, and are often due to heavy 

rain or irrigation. The equations describing flow in the saturated zone are linear and 

relatively simple. However, because there are two phases, namely air and water, in 

the unsaturated zone, the flow dynamics are much more complex. 

in 
FIGURE 1.1. Grains 
in a Saturated 
Medium. 

FIGURE 1.2. Grains 
in an Unsaturated 
Medium. 
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Flow in unsaturated porous media is typically described by the continuity equa

tion, 

dd{:̂  = - V • q(x, i) -h /(x, i), (1.1) 

and Darcy's law, 

q(x,i) = -K{x,'ip)V{i' + X3), (1.2) 

where 6 is volumetric water content, q is volumetric flux, / is a source term, K is 

hydraulic conductivity, is pressure head, x is a vector of cartesian coordinates, j'a 

is the vertical coordinate and t is time. 

Combining (1.1) and (1.2) leads to Richard's equation, 

= V • [ATCi, i )V{ i  +1-3)1 + /(X, (). (1.3) 

Richard's equation is typically solved subject to the initial and boundary conditions. 

i^(x,0) = ^o(x), (1.4) 

^(x,t) = 4'(x), xeTc, (1.5) 

g(x,<) •n(x) =Q(x), x G T n , (1.6) 

where To is a Dirichlet boundary, Fjv is a Neumann boundary, and n(x) is a unit 

outer normal to the boundary. Sometimes the water table, where hydrologist most 

often choose the reference pressure head to be zero (i^(x, f) =0), is taken as to be 

the Dirichlet boundary. 

From a fluid dynamics perspective, Darcy's law takes the role of the Navier-Stokes 

equations. Darcy's Law, derived experimentally by Henri Darcy in the mid nineteenth 

century, states that the velocity of a fluid is proportional to minus the hydraulic head 

gradient; e.g. hydraulic head decreases in the direction of the flow. Note that the 

conservation of mass equation is derived by conserving the amount of mass in a small 

volume of porous medium. 
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The water content 6 is the fraction of the medium that is full of water and therefor 

ranges from zero, when the ground is completely dry, to the porosity 0 (volume of 

pores/total volume) when the medium is saturated. It has been shown by experiment 

that there is a functional relationship between water content and pressure head. 

The hydraulic conductivity of the porous medium K, describing how well the 

medium conducts water, varies with water content. In fact, the higher the water con

tent, the more easily water will flow through the medium. Combining the relationship 

between 9 and ^ with the relationship between K and 6 we see that the functional 

relationship between conductivity and pressure head in Richard's equation (1.3) and 

Figure 1.3 is nonlinear. 

-V K 

0 V 

FIGURE 1.3. The Water Content 0, left, and hydraulic conductivity K. right, are 
nonlinear functions of the dimensionless pressure head ip. 

We assume that A'(x, i^) and 0{k, ip) are separable in x  and t p  according to the 

linearly separable model of Vogel et al. [21]. That is, 

K{x , ip )  =aK{x)K ' { ip ) ,  (1.7) 

0(x,^) = flr(x) + a0{-x.)[9'{ip) - (1.8) 

i) = a,„{x)ip, (1.9) 

where ij; is the dimensionless pressure head (i^ = where is a dimensional 

scaling constant); Qk(x), atf(x) and a^Cx) are random parameter fields; 0r(x) is 
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a random field of residual water contents; 6* is a deterministic reference residual 

wa te r  con ten t ;  and  K*{ tp ) ,  9*{ ip )  a re  de te rmin i s t i c  func t ions  o f  t he  r andom f ie ld  v j .  

Supporting evidence for this model is discussed in Neuman et. al, [15]. 

Often aK-(x) is taken to be Ks{x), the saturated hydraulic conductivity. Kg is 

the conductivity of the medium if it were saturated with water and it is an easily ob

tained experimental quantity. One commenly used constitutive relation for hydraulic 

conductivity is Gardner's model, K{x, ip) = Ks{'^)e^, where 0 = aH), and a is the 

porous material parameter. 

1.2 The Need for a Stochastic Model 

The need for studying the flow problem in a stochastic framework becomes clear when 

we consider the typical data for the saturated hydraulic conductivity, and their 

strong influence on the behavior of the flow. Soil composition is very complex, and is 

often a layering of many different types of media e.g. clay, sand, rocks, etc. Indeed, 

one thin layer of sand in a mostly clay medium can have a drastic effect on the flow. 

Zones of low conductivity will often have a dominating effect on the flow patterns. 

Data measurements of Kg from boreholes show that Ks can vary at least from 10~^ 

to 10~-m/s in space, or more. Figure 1.4 reproduced from [8] shows measurement 

of permeability, the product of a constant and hydraulic conductivity, that were 

obtained from the Mt. Simon aquifer borehole data. "These data indicate a 4 order 

of magnitude variation of permeability within this relatively homogeneous sandstone 

unit. As a consequence of the variable processes involved in the genesis of permeable 

earth materials, it seems that such complex heterogeneity will be omnipresent" Gelhar 

p. 135s [8]. 

In media where AT, is so variable it is not adequetly described by a linear inter-

polant between data points, as such an interpolant may be ignoring regions of very 

high or low conductivity that dominate the flow. In these highly variable media, we 
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FIGURE 1.4. The permeability vs. depth for the Mt. Simon aquifer borehole, repro
duced from [8]. Permeability is ^ where /x is the dynamic viscosity and 7 is the 
fluid specific weight. Here permeability is shown on a logarithmic scale illustrating 
the high degree of variability over relatively short distances. . 

take K, to be a random function which varies between realizations. That is, there 

FIGURE 1.5. The interpolant between the data points (•) is not unique in this plot 
of different realizations of log hydraulic conductivity vs. depth. 

is a whole class of iifj's that satisfy the data and a given statistical description: e.g. 

probability distribution, mean and variance. In such a framework we choose to con

sider the ensemble of all possible rather than any one sample K^. For ever\-

realization/sample of hydraulic conductivity, Kt{x,u), where uj indexes the sample 

space, there is a corresponding solution i^(x, t, u). To understand how the fluid flows 

in unsaturated porous media, we do not need to solve for the solution for 
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each particular realization of K^. Rather, we would like to solve for the average of 

7^(x, t,u}) over the ensemble of cj's. 

1.3 Stochastic Approaches 

Since stochastic models entered the field of groundwater hydrology in the 1970's. 

there have been two main categories of stochastic groundwater flow analyses: Monte 

Carlo simulations and direct approximation of the moment equations. 

1.3.1 Monte Carlo Simulations 

The most prevalent technique is that of Monte Carlo simulations, based on the law 

of large numbers. This approach requires that the distribution of random input 

parameters be known apriori. It solves for mean, covariance, and higher moments 

of pressure head by generating Nsim realizations of random input parameters, e.g. 

Ks, solving the groundwater flow equations for each of these realizations, and then 

performing statistical analysis to obtain the mean and variance of the Nsim solutions. 

Of course, as N,im —^ oo the solution is exact, save computational errors, but the 

Monte Carlo simulation technique asserts that for large enough iVstms the statistics 

for mean and variance are approximately the value of the true mean and variance. The 

benefit of this technique is its straightforward nature, but the drawbacks are that there 

are no rigorous and general pre-existing convergence criteria, and the technique is 

computationally demanding. Despite its faults, Monte Carlo simulations are still the 

most trusted technique for two reasons. Most importantly, the Monte Carlo technique 

does not make any simplifying assumptions with regard to the input parameters; it 

does not for example assume that the variances of input parameters are small in cases 

when they are clearly not. Secondly, looking at the Monte Carlo solutions plotted vs. 

Nairn we can determine to what degree the approach is accurate by looking at how 

much the solutions fluctuate between simulations. 



1.3.2 Moment Equation Models 

An alternative approach is to derive and solve the moment equations for the mean 

and vEiriance of pressure head and/or fluid velocity. This technique is illustrated in 

the next section for the case of separable constitutive relations. The idea behind 

this approach is that rather than solving the flow equation Naim times and then 

averaging as in Monte Carlo simulations, we average the flow equation itself to obtain 

an equation for the mean pressure head, or mean velocity. The new resulting mean 

flow equation will be a function of the mean pressure head, and higher order moments 

of pressure head. Therefore we need to also derive an equation for the variance or 

covariance, and the other higher order moments in order to solve for the mean pressure 

head. The problem persists, as the equation for each moment will be dependent on yet 

higher order moments. In the Monte Carlo simulation technique, the solution to this 

closure problem (representing an infinite number of realizations) was to truncate the 

number of simulations at some large Naim- The most common solution of the closure 

problem in the moment equation approach is to derive and truncate a perturbation 

expansion. This approach assumes that the variance of random parameters is small 

( 1) and then expands the equations using these small random fluctuations as 

expansion parameters. 

The moment equation approach has been well explored for saturated flow where 

the governing equations are linear, but less is known of its applicability to the non

linear equations of unsaturated flow. Some innovative examples of moment equation 

models for unsaturated flow are seen in Harter and Yeh, 1998 [9], Zhang and Winter 

1998 [28], and Tartakovsky et al. 1999 [19]. Harter and Yeh use the Gardner-Russo 

model for the constitutive relations. Upon introducing randomness into the flow 

equations, they approximate log conductivity by Taylor series expanding nonlinear 

random terms of pressure head, saturated hydraulic conductivity and porous medium 

parameter, and tnmcating the resulting conductivity at second order in cry. The re-
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suiting log conductivity is linear with respect to all random terms. The authors then 

proceed to derive and numerically solve moment equations. Zhang and Winter use 

the Brooks-Corey model [2] for conductivity and water content and like [9] linearize 

the log conductivity with respect to the random functions in the problem, including 

the pressure head. They also linearize by +ip'), at which point they 

derive moment equations and solve numerically. 

Both of these methods linearize the randomness in the constitutive relations and 

use o-y as a perturbation parameter. As the flow is governed by these nonlinear 

processes, much can be lost in such an approximation, especially when ay > 1 in 

highly variable media. 

Tartakovsky et al. [19] have found a way to avoid linearizing the constitutive 

relation for conductivity in the case of steady state flow where conductivity is given by 

Gardner's model. Using the Kirchhoff transformation they linearize the flow equations 

without introducing any approximations of the conductivity, Kse°^. However, they do 

use the perturbation approach for deriving the mean flow equations. .Assuming that 

^ expand in terms of ay and solve the resulting zeroth and second order 

equations, analytically for a special one dimensional case, and numerically otherwise. 

In this paper they also show that their perturbation analysis theoretically should hold 

for Oy < 2. 

This dissertation presents a new closure approach, in Section 1.5, to the unsatu

rated flow problem which does not require linearizing the constitutive relations, and 

does not require a priori bound on the variance of random parameters. It however 

assumes that pressure head is either multivariate Gaussian or a function of a multi

variate Gaussian, e.g. log-Gaussian. We pursue the first option. 
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1.4 Moment Equations 

Taking the ensemble mean of equations (1.3)-(1.6), considering (1.7)-(1.9), yields the 

first moment equations 

= + (1.10) 

(q(x,t)) = -(aK(x)/C*(0)V(av , (x)^) )  -  {aK{±)K\iij))Vx3, (1.11) 

{ i i ) { x , 0 )  = (^>o(x), (1-12) 

=  ( ^ ) ( x , f ) ,  XC T D, (1.13) 

{q{ ic , i ) )  •  n {x , i )  = (Q(x)), xeT^v- (1-14) 

Multiplying equations (1.1)-(1.2) and (1.4)-(1.6) by 0'(y, s )  = ^(y, s )  -  {ip{y ,  .5)). the 

mean zero fluctuation about ip, and averaging the result in sample space yields the 

second moment equations, 

^  _ v .  W y , i ) q ( x , t ) )  +  W ( x , < ) ) ,  ( U o )  

{tp'{y,s)q{x,t)) = -(a/f(x)K*(^(x,i))i/)'(y,s)V(a^(x)i/;(x,0)) 

-{aK{x)K'(tp{x,i))ij'{yJ))Vx3, (1.16) 

Cn,{x , y ,0 , s )  = (V;'(y, s)^oW), (1-1") 

C,(,ix,y,i,s) = (^'(y,s)$'(x,i)), xeTo, (1.18) 

(^'(y, s)q(x, f)) • n(x, i) = (^'(y, s)Q(x)), xeT^. (1.19) 

In order to extract the mean, variance, and covariance of pressure head from the 

first and second moment equations one must know the functional forms of A'*( t') 

and d'iip) and the statistical nature of the parameter fields Q/C, ag and Q^. TO then 

obtain a system of partial differential equations for the first and second moments of 

ip, one must introduce a closure approxiniation. 
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1.5 Gaussian Closure 

The Gaussian closure approximation assumes that the dimensionless pressure head, 

w has either Gaussian distribution, or is a function of a random field with Gaussian 

distribution. It can only solve flow problems in which all random parameters are 

normal, or functions of normal variables, e.g. log normal. 

By assuming that ip is normal, we can compute all higher order moments of tp 

in terms of (i/)), and/or C^, as the moments of a normal random variable can 

be defined in terms of the random variable's mean and variance or covariance. In 

particular, the mean of any function of a normal random variable A. f{A) is given 

by, 

1 p  -(g-U))*' 
{ f { A ) )  =  - ^  f { a ) e  

\/2Tr(Ti J 
da. (1.20) 

We can express all high order mixed moments of and other Gaussian random 

variables 81,82,... in terms of (ip), {8i), a^, C^, a\^, Cb,, {Bi8j) and the first 

mixed moment. (0'B,') for i,j = I ...N. This stems from the fact that any n mean 

zero random variables -4i... An with joint Gaussian distribution, have mixed mo

ments which are functions of only the variances, and the covariances. 

(•^1^2)) (^1-^3). • • • I (^n-i^n)) via the joint Gaussian distribution, 

a i ) . . . f n { a n ) )  =  j  j  /i(ai)-/n(an)e"^^"^dairfa2...rfa„, (1.21) 

where. 

7 

\ 
0.2 

( 

r = 

Ml { a 1 a 2 )  
{ m m )  

{ a i a n )  

' m  

{ M M )  ^  
{ M M )  

/ 

(1.22) 

\ On / 

Fristedt and Gray, p.237 [6]. 

We saw in the previous section that in order to solve for the mean and covariance 
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we needed to calculate the mixed moments 

{ae{ -x . )6 ' { tp) ) ,  

(ai,(x)/r*(^)V(a^(x)^)), 

(qk(X)A'*(0)), 

{ a b { x ) i p ' { y j ) d ' i i p { x , i ) ) ) ,  

(A/F (x)A'*('0(x, i))xl)'{y, S)V(Q:^(X)^(X, i))), 

{ a K i x ) K * { i p { x ,  i ) ) i p ' { y ,  s ) ) .  

If we know that ae, and are either deterministic, normal, or functions of 

normal fields, then the assumption that ^|J is normal allows us to calculate via (1.21) 

all of these mixed moments in terms of the means, variances, and covariances of w 

and the normal input parameters. Therefore, to obtain a closed system under the 

Gaussian assumption, we must in addition to deriving equations for ((/;) and Ct.(c. c). 

derive equations for ... (0'B^) where are the normally distributed 

parameters in the flow problem. We need not derive equations for the (Bi)'s. o-g 's, 

and as these quantities are known from the data. Therefore for a flow 

problem with two Gaussian parameters, this closure technique produces a system of 

four coupled partial diflferential equations for the first and second moments of pressure 

head, and for the two mixed moments {tp'Bl) and 

For flow in saturate media, Nachabe and Morel-Seytoux [13] and [12] have com

pared Gaussian closure to other asymptotic closure approximations, but not to Monte 

Carlo simulations. As Monte Carlo simulations produce the most accurate results for 

the mean and covariance of ip, it is hard to asses the usefulness of the Gaussian closure 

assumption in a saturated media. 

The aim of this dissertation is to asses the accuracy of the Gaussian closure ap

proximation for the sample problem discussed below. We will derive PDE's for {ip), 

and {ip'B[)... {ip'B^). We will then compare the solutions to these PDE's with 
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Monte Carlo simulation results which we take to represent the "true" values for the 

moments of interest. 

1.6 Sample Problem 

The Gaussian closure approach does not place a formal restriction on the type of 

constitutive parameters used to describe hydraulic conductivity and water content 

aside from their being separable. However, in order to check the validity of the 

Gaussian closure technique we look at the case when the hydraulic conductivity is 

described by Gardner's model, = A's(x)e°'^, Gardner, [7], Although there 

are other constitutive relations for conductivity that are known to better model data. 

Gardner's model is widely used [25], [26], [9], [19] and is a good starting point for 

exploring new techniques due to it's simple form. 

There is evidence, Russo et al. [18], White and Sulley [24], Ragab and Cooper 

[16], to suggest that in certain media, both AT, and q are log normal with .4 = ln{a). 

so that = e~-^. and y = In(A'i). This corresponds to Si = a and bo = in the 

previous section. We will conduct our analysis for these types of media, specifying in 

the derivations where these assumptions are used. 

The final restriction we apply to the sample problem is that Kg and a are random 

constants on sub-regions Clr of our domain = ^Qr- Physically this corresponds 

to looking at flow in a medium that is comprised of different materials. Within each 

material, Ks and a are uniform random variables. The sub-regions of the domain 

correspond to regions made up of one uniform material. This limitation is necessary 

to apply the simplest form of the Gaussian closure approximation. Now. for each 

realization, ui, Kg and a take on different constant values on each Q^. The sub-regions 

can have any shape, but in the one-dimensional problem, they correspond to intervals 

or layers, see Figure 2.1. Since there are many realistic geologic formations that can 

be divided into sub-regions of distinct materials, we do not relax the assumption 
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FIGURE 1.6. Two possible profiles for the log hydraulic conductivity v  in a one 
dimensional medium. The upper graph describes a layered medium. The lower graph 
shows a layered medium approximation for a medium in which y varies continuously. 

that Ka and a are random constants on sub-regions of the domain, even though the 

Gaussian closure method is capable of such an extension. Additionally, the geologic 

formations in which Ks and a vary continuously can be modeled by many very small 

sub-domains on which and a are constant. That is, we can view the continuous 

parameters as being modeled by a continuum limit of ever smaller layers. Figure 

1.6 shows an example of distinct layering, in the upper graph, and an example of a 

continuously varying medium modeled by a layered medium, in the lower graph. 

Using Gardner's model for hydraulic conductivity, we obtain the flow equation for 

continuously varying Kg and a, 

+ (1.23) 

^(x,0) = ^o, X6f2, (1.24) 

i^(x,t)=^, xeTo, (1-25) 

-K,e'^V{iP + X3)-n = Q, x e (1-26) 

I I I I I • • • • 

L 

t6 18 20 12 2 14 4 
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where 'jo, ^ and Q can be either random or deterministic. Non-dimensionaiizing as 

in Appendix C, this reduces to, 

i/;(x,0) = <fo, X 6 (1-28) 

i/;(x,i) = ^', xeFo (1-29) 

^ •" = (I) • ^ 

Here and ^ = Q^. Therefore, if the dimensional initial and Dirichlet 

boundary conditions were deterministic, the dimensionless and ^ will be random, 

unless of course = 0 and ^ = 0. For media in which both Ks and are log 

normal with Kg = and = e"'* we obtain: 

^  ^ V - ^ e ' ' ' V ( e ~ ' ^ 0  +  ,  ( 1 . 3 1 )  

i/'(x,0) = X G Qr, (1-32) 

ip{x , t )  =  ̂ ,  x e F o ,  ( 1 . 3 3 )  

-  ^ ^ X 3 ^  •  n  =  x  €  F / v ,  ( 1 . 3 4 )  

as {a^) = and {Kg) = 

If we approximate continuously varying Y and A by, 

Y{x)  = {y;, xefirVr}, (1.35) 

A(x) = a: e fir Vr}, (1.36) 

where Yr and are constants, then on each fir flow is governed by, 

d e  f  - a -  .  
— =e '- 2 2 v - \ e ^ v { e  " i p  +  e  2 x 3 )  
at  \  

0(x,O) = ^o, xGfir, (1-38) 

i/;(x,i)='^, xeFonfir, (1.39) 
2 2 2 2 

+ e^xa) • n = x 6 Fyv n Or, (1.40) 

V xea, (1.37) 
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as = e where A is the zero mean fluctuation of ^4. Additionally, we impose 

continuity of normal fluxes between material interfaces, Fr and r^, 
2 2 

= (1.41) 
2 2 

^ y , + ( a , )  ^2^ 13) • iij, 

and continuity of pressure head across material boundaries. It is not essential to 

assume that Y and A are constants here. It will however be essential for calculating 

mixed moments, as will be explained in Chapters 2, 3, and 4. 

We will use this equation to derive four coupled PDE's for the mean (ip), covariance 

C^{z,z), and mixed moments ip = {i^'V) and 77 = {tfj'A'). This is accomplished by 

first taking the ensemble mean of equations (1.37)- (1.40) to obtain the equation for 

{w). Next, the equation for 0^(2,2) is obtained by multiplying equations (1.37)-

(1.40) by 0' = t/;'(x, s) and then taking the ensemble mean of the resulting equation. 

Similarly the equations for f and q are derived by multiplying equations (1.37) -

(1.40) by Y' and A' respectively and then taking the ensemble mean. 

1.7 Scope of Dissertation 

The aim of this dissertation is to explore the effectiveness of the Gaussian closure 

approximation under different flow conditions. We compare the Gaussian closure 

derived results to Monte Carlo simulation results for mean and variance of yj in order 

to establish accuracy. The bulk of the dissertation is devoted to exploring the one 

dimensional steady state problem. This is thoroughly explored in Chapter 2. giving 

us insight with which to explore more complex and realistic flow configurations. We 

thoroughly explore the behavior of the mean and variance of ip first in one and then in 

5 statistically homogeneous layers. We find that the Gaussian closure approximation 

works very well over a realistic range of parameters when we do not assume that lu 

and A are uncorrelated. Additionally, we derive analytically asymptotic results for 

the mean and variance of tjj at high elevations. 
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Chapter 3 explores the effectiveness of the Gaussian closure approximation under 

transient conditions in a one dimensional layer where v and .4 are random variables. 

Here the accuracy of the variance of ^ is limited to a much smaller range of parameter 

values and times. 

Finally, Chapter 4 gives a blueprint of a finite element method for solving the 

two-dimensional steady state problem in a medium composed of regions of constant 

conductivity and porous material parameter a. 
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Chapter 2 

STEADY STATE FLOW IN ONE-DIMENSIONAL 
RANDOMLY LAYERED MEDIA 

In this chapter we show how the Gaussian closure approximation is used to find the 

mean and variance of dimensionlesss pressure head ip in a one dimensional unsaturated 

randomly layered medium (see Figure 2.1). We will be looking for solutions under 

steady state conditions with no forcing, and a hydraulic conductivity described by 

Gardner's model, K{z,ip) = where z indicates elevation {z = xz from 

previous section), Ks{z) is the saturated hydraulic conductivity and a(S) is the porous 

material parameter. We take /Cs(2) and a{z) to be random constants, K^n and Q:„. on 

any given layer n, but allow their values between layers to be cross-correlated. Under 

such conditions, the flow in the n'th layer is described by 

+ i) (2.1) 

^ { z )  =  2  =  z n  { ' 2 : 2 )  

=Q, f = (2.3) 

where K, = {K,n,z € (^n.^n+i)}, " = e (2n,2rn-i)}, and Zn and Zn+i  are 

the lower and upper boundaries, respectively, of the n'th layer. On the Dirichlet 

boundary, z = zq, we take tpizo) = 4'o to be deterministic, and on the Neumann 

boundary, z = zn, Q is taken to be deterministic. Taking = i/'n-i(^„) in (2.2) 

on the interfaces between layers satisfies the continuity of pressure head condition 

mentioned in Section 1.6. Additionally, equation (2.1) dictates that flux is constant 

throughout the medium and therefore the continuity of flux interface condition at the 

Zn's is automatically satisfied. 

In Section 2.1 we investigate the effectiveness of Gaussianity when i), the dimen-
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FIGURE 2.1. One Dimensional Layered Medium: Kn is the hydraulic conductivity 
on the n'th layer, in is the elevation of the lowest point of the n'th layer. 

sionless pressure head, and a, the parameter in Gardner's model are assumed to be 

uncorrelated. In Section 2.2 we incorporate the correlation between t and a into our 

model and see what is to be gained. 

2.1 Results for Uncorrelated i f )  and a 

In order to derive an expression for the average pressure head 0 we first non - di-

mensionalize (see Appendix C) and then integrate equations (2.1)-(2.3), to obtain our 

new dimensionless governing equations for the n'th layer. 

n = -e"^-
dz  

[a^i l } {z )  +  {a^)z] ,  (2.4) 

(2.5) ( l j { z n )  = 'I'n, 

where dimensionless pressure tp = a^}, = ^, U. = •^, and by the continuity of 

pressure head condition, for n > 0, and the prescribed pressure head 

given on the Dirichlet boundary for n = 0. These equations have an analytic solution 

given by, 

il}{z) = in •2 £ (•^ni ^n+l) * (2.6) 
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This equation will be used to perform Monte Carlo simulations in which Nsijn real

izations of parameters and a will be generated, and the corresponding solutions 

given by equation (2.6) will be averaged for mean and variance. 

Averaging equations (2.4) and (2.5) and solving for assuming (for the present) 

that (/.' and are independent, and tp is Gaussian [Appendix A.l] gives 

^ = -{n)e-«*l+'+' - 1 - (2.7) 
dz  2  dz  

(0(^„)) = (^„). (2.8) 

Multiplying equations (2.4) and (2.5) by ij}', averaging, and applying the Gaussianity 

assumption (as is done in Appendix A) we find that the variance of ip, is given 

by, 

^ = 2(n)(4 - (2.9) 

(2.10) 

To deal with the mixed moment (T/JTI) we note that {ip'U) = where 

V = In(A's) is normal and Q is deterministic. From equation B.5 we find that 
2 2 

{xp'e'"^') = —{Y'ip')e A similar derivation shows that {Y'e^) = {Y'^')e'^. Com-

bining the two, you find that {•0'e~^') = —e~^e ^{Y'e'"'). Therefore. (v'Tl) = 
^2 2 

—(n)e""^{Y'e"^), as (H) = Q{e~^) = The expression for (i/jTI) can then 
2̂ 

be written as —which will prove to be a more useful form. 

Multiplying equation (2.4) by Y' and averaging, we obtain 

{ U Y ' )  = -  { Y ' e ' ^ ) ,  (2.11) 
dz  

(X'i>{Zr.)) = (2.12) 

Taking to be log normal and recalling that 11 = Qe~^, we can rewrite (nV) = 

Qe~^^^Y'e~^') = —= —a^(n). (Iiy) is constant on each layer since q 

is constant throughout the medium, and (Y) and (Ty constant on each layer. With 



35 

this in mind we see that equation (2.11) is simply a first order differential equation 

for  u =  {Y'e^) ,  

~ - u  =  - 4 ( n ) ,  (2.13) 

u{z,) = (re*-), (2.14) 

whose solution is given by 

u{z)  = ((re*") - + (n)^. (2.15) 

The mixed moment (K'e*"), depending only on the constants Y and 'Pn is a constant. 

Hence, the mean and variance of tp in the n'th layer are completely described by the 

following equations, 

^ = -(n)(l + 4 + u(2)e-(W+^^)e-«^>+^) - 1, (2.16) 

= 2{Y[){a l  +  n ( 2 ) e - ( W + - ^ ) ) e - ( W + - f ( 2 . 1 7 )  
dz  

{xD{Zn)) = (^„). (2.18) 

aliz^) = (^'„^'„), (2.19) 

which constitute a closed system. 

Replacing the functions 11 and Y with their constant values on each layer, and 

using the continuity conditions to describe the boundary values, we can re-write the 

governing equations for the mean and variance of 0 over N layers as, 

= -{UnHl + - 1, (2.20) 

^ = 2(n„)(ffJ, + „„(j)e-«'->-^^>)e-«''->+^', (2.21) 

u^iz) = (Ke*') - (n,)4.)e-"-''' + (n„)4., (2.22) 

(fc(2„)) = (fc-i(2»)). (2.23) 

ff5„(2n) =<4..,(Zn). (2.24) 
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which we refer to as the Gaussian closure ordinary differential equation (GCODE). 

Here, mean and variance of log hydraulic conductivities are given by (VQ), ..., (VV) and 

ctyq,—,(^Yk respectively, dimensionless parameters are (Ho),(11^^), deterministic 

layer lengths are Lq,...,Ln and each layers' bottom point given by ^o,...,^yv• VVe 

now take Y and a to be piecewise constant stationary random fields and Q to be 

deterministic with (y„) = (F), = o-^, (n„) = (11), (a„) = {a), = Cq- We also 

assume that the layers have equal thickness, = L, in which case, zq^ = (n ~ 1)L. 

If we assume (for the present) that the V^'s in different layers are independent 

of each other, then (F^e^^o) = 0 since (V'^e*''o) = for Y'n independent 

of Yji-u Pn-iizoJ depends only on Y^_i and is therefore independent of ( this 

condition will later be relaxed). Under these circumstances, the mean and variance 

of w on each layer are approximated by, 

= -(n)(l + al + (n)4(l - - 1. (2.25) 
az 

^ = 2(n)(<T5. + <n)4(l - (2.26) 
(JLZ 

{^n{Zn)) = (^n-l(2n)), (2.27) 

=4„-i(^n)- (2.28) 

The analytic solution for a single realization of n and on the n'th layer is given by 

equation (2.6) where 'fn = ipn-iizn)-

2.1.1 Correlation of Conductivities Between Layers 

In the section above we addressed the case when Y values on different layers were 

independent. Now we incorporate the correlation of Y values between layers when Y 

is a stationary random field. 

Consider the case where neighboring layers are correlated according to the corre-
/y'y/ \ 

lation coefficient p = in the following manner, 

y/ = pK,+'rrVl-l>'Z, (2-29) 
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where Z is an independent Gaussian variable of zero mean and unit variance. Looking 

at this form recursively we see that for i > j, 

Cov(i -  j )  =  ( V / Y J )  =  (2.30) 

therefore, the covariance of K's a distance r apart is given by, 

C(r) = 4p^il, (2.31) 

where L is the layer length, r = 0 at the bottom of the first layer, and the [J operator 

rounds down e.g. for r = 2.5L, [f J = 2 implying that C{2.oL) = Cov{2) = a'yp- as 

we would expect from (2.30) when looking at the correlation between V's two layers 

apart. Notice that the form of our covariance function C{r) is equivalent to a discrete 

version of the classical exponential covariance model, 

Cc(r) = (2.32) 

- r  when we take the correlation length scale l y  = or equivalently p  =  .  

The only term in the GCODE which will be affected by a correlation of V between 

layers is the term which appears in Un{z) in equation (2.22). 

Assuming that we have the correlation structure described above, = 

{{pYn-i + ay-v/l - = pw„_i(z„). Therefore, u„(r) 

is given by, 

U„(2) = (^_I(2„) - (N)4)E-'^-'"L + (N)4. (2.33) 

Two extreme cases of the correlation behavior are when p  =  0  and p = 1 in which 

case Un{z) is given by equations (2.34) and (2.35) respectively. When p = 0, Un{z) 

depends on n in that 2„ is different in each layer. Notice that for p = 0, Un{z) is zero 

at the bottom of the layer (u„(2„) = 0) and it„(2n +L) = (n)(7^(l - e"^) at the top 

of the layer. This reflects the fact that initially there is no correlation between and 

Yn since when p = 0, Vn(-^n) is determined/dependent on Yn-i which is independent 
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of Yn- However, past the boundary, tpn{z) becomes more and more dependent on Y'n 

resul t ing in  a  maximal  correlat ion and value of  Un{z)  at  the boundary,  z  =  Zn +  L,  

When p = 1, or equivalently when Y has an infinite correlation length scale />= oc, 

u„(c) does not depend on n, implying that the solution to the mean and variance 

over iV layers of a stationary field will be the same as the solution over one layer. 

2.1.2 Analytic Behavior of Mean and Variance 

For a single layer with a deterministic boundary condition at z=0, equations (2.25)-

(2.28) simplify to. 

M^) = (n>4(i-e-(-^")) p = o, 

Un{z)  =  {Y[ ) (Ty{1  -  e~-)  p = l. 

(2.34) 

(2.35) 

^ = -(n)(l + <72 + (n)a^(l - e-^)e-<'^>-^)e-<^>-^ - 1, 
ijlz 

^ = 2 { n ) { a l  + (n)4(l - e-^)e-<'^>-^)e-W-^, 

(^(0)) = 0. 

a 2 ( 0 ) = 0 .  (2.39) 

(2.36) 

(2.37) 

(2.38) 

Adding equation (2.36) and one half times equation (2.37) yields 

Next, multiplying by gives. 

(2.40) 

dz  
(2.41) 

whose solution is 2 = (1+(11) )e~-—(11). This implies that for large 

-(ri) and equations (2.36)-(2.37) become,to first order, 

e(v)+^ 

(2.42) 

-5^ =-2(^-4), (2.43) 
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The solution of equation (2.43) is = cqc + a^r, implying that for very large 2, 
2 

cr^ ss cTy and therefor (ip) « ln(-(n)) - This says that in a Gaussian pressure 

head field ip, the variance of ^ tends towards ay and mean pressure tends towards 
2 

ln(—(n)) — ^ as 2 becomes large. Now, what can be said about the analytic behavior 

of the mean and variance of ip over many layers? 

Should we expect changes in the variance of 0 at the interface between layers? 

If so, will the variance of 0 increase or decrease? These questions can be answered 
2 2 

by determining the sign of B - Un{z]e~^^'^^ 1°" as ^ B. 

When sign{B) is positive the variance will increase and when sign{B) is negative 

will decrease. At the bottom of each layer Un{Zn) = ptin-i(-^n) so that if the l"s 

on each layer are independently determined, then p = 0, Un{Zn) = 0 and therefore 

B = -cr^^ < 0. This implies, that at the bottom part of each layer there will be an 

initial decrease in correlation. 

2.1.3 Accuracy of Gaussian Approximation 

To test the validity of the Gaussianity assumption we compare the mean and variance 

it produced by the GCODE, (2.20)-(2.24), with those obtained from standard .VIonte 

Carlo simulations. This assumes that the Monte Carlo technique provides an accurate 

description of true mean and variance. Upon studying the convergence properties of 

Monte Carlo simulations at different elevations we find that the simulations converge 

slower for higher elevations. This is understandable upon looking at the variance of 

•ip in Figures 2.4-2.7. In these figures you will see that the variability of ti> is larger 

at higher elevations. We also find that the larger the variance of Y and .4, the larger 

the fluctuations in mean and variance between simulations. Therefor to demonstrate 

the convergence properties of the Monte Carlo simulations we show in Figure 2.2 that 

the simulations at high elevations approach convergence near 4000 simulations for 

(Y) = 3, cTy = 1.0 and = 0.001; similar results are obtained for larger variances in 
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o\. To be cautious we apply closure to the Monte Carlo method at 5000 simulations. 

x=8 x=1S 

-7.3 <Y>=3, VarY=1.0. VarA=0.001 

-7.4 

-7.S 

-7.6 

-7.7 

4000 2000 6000 

-6.8 <Y>=3. VarY=1.0, VarA=0.001 

-6.85 

S -6.9 

® -6.95 

4000 
*Slin 

2000 6000 

1.05 

0.95 

0.9 

0.85 

4000 2000 6000 

0.42 

0.36 

a 0.34 

0.32 

4000 
#Slm 

2000 6000 

FIGURE 2.2. Monte Carlo mean and variance values vs. number of simulations at 
X = 8, left graphs, and x = 15, right grahps, for {Y) = Z, Cy = 1.0, (t\ = 0.001. 
Notice that fluctuations die down by around 4000 simulations. 

Through our dimensional analysis (Appendix C) we saw that the parameter n = 

^ captures all of the critical behavior in the random problem, and that (a^) deter

mines the length scale. Hence, our investigation will be complete when we see how 

the solutions to our Gaussian closure ODE vary from Monte Carlo simulations as the 

values (IT), cr^, (a^) and al^ vary. 

This comparison is illustrated in the case where pressure head and flux are fully 

determined (i.e. deterministic) respectively on the Neumann and Dirichlet bound

aries. In particular, we compare the GCODE results with Monte Carlo simulations 

for ip{z = 0) = 0 and q{z = Z/,) = —0.01, where z = 0 indicates the water table and 

z = Zi 'is the top of the highest layer. 
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Since Q is deterministic, varying (11) and is equivalent to varying (Y) and ay, 
2 2 

as (n) = and — 1). Based on field data presented 

in [20] and [16] we take the mean log hydraulic conductivity to be in the range 

(Y) e [-0.33,5.36] and the corresponding variance in the range ay € [0.12,0.99]. 

There is evidence [18],[24], [16] to suggest that a is log normal with .4 = ln{a) 

so that = e~^, (a^) = and a^^ = - 1). Hence, varying 

the mean and variance of is equivalent to varying the mean and variance of .4. 

Equation (2.6) shows that Monte Carlo simulations depend only on a\ and not on 

(.4) because The highest value of a\ found in experiments conducted 

by [16] is a\ = 1.1 and the lowest found in [20] was a\ = 0.045. Russo found a'\ to 

be on the order of 0.4. We consider the range a\ e [0.001,0.4]. 

In Figure 2.3 we show the Monte Carlo simulated mean pressure head (solid curve), 

along with two possible realizations of tp on one layer with Nsim = 1000, (Y) - 3. 

(7y. = 1, and 0*4 = 0.0001. In the two realizaions, Y = 2.6 (djished curve) and Y = 3.9 

(dotted curve). You see that although the Y values are two possible realizations of the 

same random field, they offer two very different pressure profiles. As both pressure 

profiles are likely, it seems unreasonable to choose one over the other as the "true'' 

pressure profile. Indeed, we see that the mean pressure head is somewhere between 

the two realizations. 

To begin our exploration of how the Gaussian assumption approximates this 'av

eraged" behavior, we look at one layer and compare, in Figure 2.4, values of mean 

and variance obtained by Monte Carlo simulation with those derived by solving the 

GCODE, equations (2.16)-(2.19), for (Y) = 3, a\ = 0.001, and three values of ay. 

We see that both the mean and the variance agree very well even for relatively large 

ay. Though error in the mean {ip) increases with cr^, it remains within the standard 

deviation of the Monte Carlo simulated {tp) values. 

Figure 2.5 depicts similar comparisons for three values of (V) ranging from -0.2 to 

6 {Ks e [e"°"^, e®]), ay = 0.3 and a\ = 0.001. Whereas the means match very well in 
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- Mean Pressure Head 

Rrst Realization of Pressure Head. Y=2.6 

... Second Realization of Pressure Head, Y=3.9 -

-9 
20 0 5 10 IS 

z 

FIGURE 2.3. Plot of pressure head for Y = 2.6 and Y = 3.9 two different 

realizations of normal log conductivity Y and mean pressure head (-) vs. depth with, 
(Y) = 3 and a\ = 1. 

all three cases, the ODE variance deteriorates at small values of ^ as (!') increases. 

Figure 2.6 illustrates what happens in a single layer when (V) = 3. af- =0.1. and 

varies between 0.001 and 0.4. Whereas the mean solutions agree very well in ail 

cases, the match between variances becomes poor at small values of 2 as a\ increases. 

The variance of A has a major influence on that of 0. The moment equations derived 

in this section are independent of both the mean and the variance of .4. As a result, 

our ODE solutions in Figure 2.6 do not vary with a\. The mismatch between Monte 

Carlo and moment equation derived mean and variance here, may be the result of two 

sources, our neglect of cross-correlations between a and ijj, or the assumption that p 

is Gaussian. This question is explored in the next section. 

It is interesting to notice that for large z, the Monte Carlo simulation and GCODE 

results are again equivalent. As the GCODE predicts, the large-z behavior of in 

all figures is This shows us that the long term behavior of cr^ is dependent 
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ODE vs. MCsim ODE vs. MCsim ODE vs. MCsim 
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FIGURE 2.4. Mean and Variance Profiles in One Layer vs. Depth. Monte 
Carlo Simulation solutions are dashed curves, and Gaussian Closure ODE solutions 
are solid curves. Here (Y) =Z, a\ = 0.001 and ay takes on values 0.2,0.6,1.1 from 
left to right. There is a good match for all parameters. 

ODE vs. MCsim ODE vs. MCsim ODE vs. MCsim 
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FIGURE 2.5. Mean and Variance Profiles in One Layer vs. Depth. Monte 
Carlo Simulation solutions are dashed curves, and Gaussian Closure ODE solutions 

are solid curves. Here Oy = = 0.001 and {Y) takes on values -0.2,3,6 from 

left to right. The match for the variance begins to deteriorate for (Y) = 6. 
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OOE vs. MCsim ODE vs. MCsim ODE vs. MCsim ODE vs. MCsim 
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FIGURE 2.6. Mean and Variance Profiles in One Layer vs. Depth. Monte 
Carlo Simulation solutions are dashed curves, and Gaussian Closure ODE solutions 
are solid curves. Here (Y) = 3, ay = 0.1, and takes on values 0.001,0.01,0.1,0.4 
from left to right. Here the match for the variance of is very poor for > 0.001. 

ODE vs. MCsim ODE vs. MCsim ODE vs. MCsim ODE vs. MCsim 

FIGURE 2.7. Mean and Variance Profiles in One Layer vs. Depth. Monte 
Carlo Simulation solutions are dashed curves, and Gaussian Closure ODE solutions 
are solid curves. Here {Y) =Z, Oy ~ takes on values 0.001,0.01,0.1,0.4 
from left to right Notice that when the ratio ofay/^A larger, the match is better 
for higher variances in a\. 
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more on the variance of Y than on the variance of A, In fact, the larger the variance 

Y, the less apparent the effect of the variance of A. We have illustrated this in Figure 

2.7 where we have taken (K) = 3, (Ty = 1 and varied cr\ from 0.001 to 0.4. Field data 

indicate that the relationship between and ay vary with the medium. While [18] 

shows that cry > [16] find that ay < therefore the techniques effectiveness 

will vary with the medium. 

0 

- Mean Pressure Head 

Rrst Realization of Pressure Head 

... Second Realization of Pressure Head 

•1 

•2 

-3 •o 

-5 

7 

•9 
0 

z 

FIGURE 2.8. Mean pressure head (-), and two possible realizations of pressure head. 
and (...), corresponding to two different realizations ofY and .4 all plotted vs. 

depth. Here (Y) = 3, = I, = 0.0001 and N^im = 1000. 

!^ext we examine how the pressure head behaves in a multi-layered media. Figure 

2.8 shows how the pressure head varies over 5 layers which are each statistically 

homogeneous, each have the same length, and each have the same mean and variance 

for log conductivity Y and parameter A. We see in this figure the mean pressure 

head generated by 1000 Monte Carlo simulations (the solid curve) plotted against 

two realizations of the pressure head (the dotted and dashed curves) corresponding 

to different realizations of the parameter values. Although (Y), {A), ay, and a\ are 
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the same on all layers, the values of Y and A on each layer vary between simulations. 

Noticing the high degree of variation at the media interfaces (at z = 5,10,15,20), we 

expect the variance of the pressure head to be high at these interfaces. 

Figures 2.9-2.11 show what happens for the same parameters used in Figures 2.4-

2.6 when the number of layers increases from 1 to 5 and V is a stationary random 

field, piecewise constant and prescribed independently on each layer. In this case, the 

GCODE is given by equations (2.25)-(2.28). The means agree very well in all cases, 

as do the variances at large values of z. At small values of z, large discrepancies in 

variance are observed as was the case in a single layer. These discrepancies are limited 

to the bottom layers, and are slightly smaller in magnitude than the discrepancies 

in one layer. Notice also the initial decline in variance at the bottom of each layer. 
d(t^ 

This behavior was predicted analytically by exploring the sign of-jf- in the GCODE, 

section 3.3. 

Finally, Figure 2.12 explores the effect of varying p, the neighboring layer cor

relation coefficient, from 0.1 to 0.9 or equivalently varying the correlation length 

scale ly from 1.3 to 28.5 where the layer thickness L = 3, (V) = 3. cry = 0.13 and 

cr^ = 0.001. As the correlation coefficient increases, the variance profile from both 

Monte Carlo simulations and the Gaussian closure approximation become smoother 

and smoother, tending towards the behavior we observed in one layer. Therefore, the 

Monte Carlo simulated variance is acting precisely as the GCODE predicted, going 

from the roughest profile when p = 0 to the smoothest profile when p = 1. 

2.1.4 Summary of Results for Uncorrelated ip and a 

In summary, we have created a framework for finding the mean and variance of 

pressure head in an unsaturated medium under the assumptions that hydraulic con

ductivity and water content are separable in x and and that the pressure head 

</; has a Gaussian distribution. These assumptions allow us to derive deterministic 
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ODE vs. MCsim OOE vs. MCsim ODE vs. MCsim 

FIGURE 2.9. Mean and Variance Profiles on 5 Layers vs. Depth. Monte 
Carlo Simulation solutions are dashed curves, and Gaussian Closure ODE solutions 
are solid curves. Here (Y) =Z, a\= 0.001 and Oy takes on values 0.2,0.6,1.1 from 

left to right. Match is similar to the one layer case. 
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FIGURE 2.10. Mean and Variance Profiles on 5 Layers vs. Depth. Monte 
Carlo Simulation solutions are dashed curves, and Gaussian Closure ODE solutions 
are solid curves. Here ay = 0.3, (t\ = 0.001 and {Y) takes on values -0.2,3,6 from 

left to right Match is improved from one layer case. 
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ODE vs. MCsim ODE vs. MCsim ODE vs. MCsim ODE vs. MCsim 
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FIGURE 2.11. Mean and Variance Profiles on 5 Layers vs. Depth. Monte 
Carlo Simulation solutions are dashed curves, and Gaussian Closure ODE solutions 
are solid curves. Here (Y) =3, cTy = 0.1, and cr^ takes on values 0.001,0.01,0.1,0.4 
from left to right. 
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FIGURE 2.12. ODE and Monte Carlo solutions for Mean and Variance of w 
vs. Depth. Correlation coefficient changes from left to right from p = 0.1,0.4.0.9, 
or equivalently ly = 1.3,3.27,28.5 and layer thickness 1=5. Notice that as the 
correlation coefficient increases, the multpie layer solution approaches a one layer 
solution. 
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equations for the mean and variance of ^ under the Gaussian closure approxima

tion without linearizing the constitutive relations K{i)) and 0(^), or the stochastic 

flow equations. Additionally, the Gaussian closure approximation, does not assume 

a priori limit on the variance of constitutive parameters, but we do find that the 

approximation's accuracy is limited to a specific range of parameter values. 

We illustrate the application and effectiveness of the Gaussian closure approxima

tion on a one-dimensional unsaturated randomly layered medium under steady state 

conditions. The GCODE describing {i)) and in this medium is used to predict 

the behavior of the mean and variance of xjj under different circumstances. Analysis 

of the GCODE predicted that 1. {^) and tend asymptotically to ln(-(n)) -

and Oy respectively. 2. For small enough correlations between Y's on neighboring 

layers, will experience an initial decline at the bottom part of each layer. 3. .\s 

the correlation between neighboring V"s increases from 0 to 1, the variance of u; 

will smoothly transform from the jagged n independent layer solution to the smooth 

one layer solution. Each of these predictions was observed over the entire range of 

parameter values in the Monte Carlo simulations. 

In addition, our numerical analysis of the problem revealed the range of param

eters over which the Gaussian approximation is effective i.e. matches Monte Carlo 

simulations. Although our technique places no theoretical limit on the variance of 

parameter values we must verify that for large variance in parameter values, the so

lution does not become less Gaussian making the approximation less effective. We 

found that the mean pressure head (^) was accurately approximated over the entire 

domain for an arbitrary number of layers, and the entire range of parameter values. 

(F) G (-0.2,6.0), Oy € (0.2,1.1) and a\ € (0.001,0.4) . The variance of i} for large 

z values was also accurately modeled by the Gaussian closure approximation over 

all parameter values. However, for small z values, there were major discrepancies 

between the Monte Carlo simulation and GCODE values when a\ > 0.005. 

The GCODE could not predict the changes in due to increasing because it 
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was derived a<!snming independence of a and i f j .  Only upon including this correlation 

will we be able to know if the deviation of the GCODE from the Monte Carlo sim

ulations is due to a lack of Gaussianity or simply the assumption that %i and a are 

uncorrelated. 

In conclusion, our analysis has shown that the Gaussian closure approximation is 

an effective technique for finding the mean and variance of in a one-dimensional 

unsaturated steady state randomly layered medium over a moderate range of param

eter values. Reducing a stochastic system to a system of two deterministic ODE's. 

the Gaussian closure approximation provides a conceptual understanding of the mean 

flow properties, as well as greatly reducing the computational time 

2.2 Results for Correlated iij and a 

In this section we seek to enhance the understanding gained in section 2.1 by removing 

the assumption that a and ip are uncorrelated. 

There is evidence ([18], [24], [16]) to suggest that a^i, is log normal. Additionally, 

these studies found Kg to be log normal with a correlation to depending on the 

material. Taking to be log normal we rewrite where .4 = -ln[a^) is 

a normal random variable. Nondimensionalizing and rewriting in the governing 

equations (2.7)-(2.8) in terms of A, and fl in terms of Q and Kj, we have, 

—e 

0(2N) = (2.45) 

^+K+<A)-4-A -t- =Q,z = 2„+I, (2.46) 

because (e =e 

Averaging equations (2.44)-(2.46) and solving for while treating tl; as Gaus
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sian, gives the following nonlinear differential equations for (^) (Appendix A.2), 

^ + (2.47) 
dz  ^  cLz  dz  dz  

{iPizt)) = {«„(Jo)), (2--18) 

^2 

where q = {ip'A') and 71 = From this we see that the 

mean pressure head depends on both the variance and the mixed moments y and 

77. The next step is to obtain equations for these and related mixed moments. 

The equation for the covsiriance of 0, C^{z, i), is obtained upon multiplying equa

tions (2.44)-(2.46) by ip'iz), averaging, and applying the Gaussianity assumption (as 

is done in Appendix A.2). This process shows that C^{z,z) is governed by, 

= 7ie-<'«-^-'«({(3)(^-^ + C,(2,l))-W^')), (2.49) 

CV,{ZN,Z) = (^'„(2„)'0'{2)),2 = 20: (2-50) 

where = ^p{z) and t )  = t ] { z ) .  Note that the derivative of C^{z, z) corresponds to 

dC^{z,z) ^ d{ip'{z)^'{z)) ^ 4ip'{z)^ 

dz dz dz ' 

so that 

dC^{z,z) ,rfi/;'(2) dip'{z) , idal 
hm = hm{—^tlj'{z)) = (—7—^ {z)) = (2.o2) 
z-+r az  z-»2  uz  dz  L CLZ 

Taking the limit of equations (2.49)-(2.50) as 2 ^ 2 yields the following equations for 

the variance of the pressure head, 

1 d(j^{z) ^ {{Q){^ - T} + al) - {Qi}')) (2.53) 
2 dz 

(2.54) 

In order to develop differential equations for mixed moments of the form {B'lp'), 

where B is normal (e.g., {Y'lp')), one 1) multiplies the governing stochastic equations 
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(2.44)-(2.46) by B'; 2) takes the ensemble mean of the results; 3) eliminates derivatives 

under the ensemble mean signs () (e.g., for constant F, 4) 

integrates the resulting equations using the Neumann boundary condition; and 5) 

uses the Gaussian distribution function to compute all higher order mixed moments 

(Appendix B). This reduces the governing equation for {B'ljj') to a first order ordinary 

differential equation (ODE) of the form, 

= /«B>'),(i/;),a;,(T|,...). (2.55) 

In particular, we show in Appendix A.2 that, 

^ = •r,e-<*^-'i-'*-{{Q)(ifi + 4-{Y'A'))-{QY')) (2.56) 

± («)('! + (>"'*')-'^5)-(<3/1')) (2.57) 

(2.38) 

n{z„) = iKMA'). (2.59) 

Substituting (2.53) and (2.56)-(2.57) into (2.47) allows us to rewrite ^ as, 

^ _ (QV") + (Q.4') (2.60) 
dz 

+ { Q ) { ^ ^  - 2 T ]  +  a l + a ^  +  -  2 { Y ' A ' )  - I - 1 ) )  

Replacing the functions Y  and A  with their constant values on each layer, and 

using the continuity conditions to describe the boundary values, we can write the 

governing equations for the mean and variance of ipn^ the solution of ip on the n'th 

layer. We will take the parameter values on the iV + 1 layers to be, (VQ), ..., (IAT); 

- deterministic layer lengths L o, . . . , L n and 

layer bottom elevations zq, ..., 
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For each layer, one obtains a system of four coupled ODE's which are identical 

to (2.53), (2.56), (2.57) and (2.60) with all quantities replaced by their subscripted 

counterparts, e.g. (^) by (tpn)- We refer to this new set of equations as the full Gaus

sian closure ordinary differential equations (FGCODE), as it incorporates correlation 

of -0 to all parameters. 

Taking Y  and .4 to be piecewise constant stationary random fields, and all layers 

t o  h a v e  e q u a l  t h i c k n e s s ,  w e  h a v e  ( F „ )  =  { Y ) ,  a y ^  =  a y ,  ( . 4 „ )  =  ( A ) ,  

{Y'A!)n = (V'A'), 7i„ = 7i, Ln = L and if 2o = 0, = (n-l)I. If Q is deterministic, 

then = {QY') = {QA') = 0 and the FGCODE simplifies to, 

{2ipn - 2T}n + + a\ (2.61) 

-2(r.4') + 1) + e''"+<^'-'^'>(r/n + {Y'A') + a\ - 1), 

+ 0 (2.62) 

^ = 7i(<3)e-<^''>-^-^"+''"((p„ + 4-<F'.4')) (2.63) 

iVniZn)) = (^0„(2n)) = (•0n-l(2n)), (2.65) 

= {%A^n)%„{Zn)) =(^l,.,{Zn), (2.66) 

^niZn) = = (^;-l(^n)K), (2-67) 

VniZn) = (^L(^n)^0 = «-l(^n)O. (2.68) 

These are the equations we solve in this paper. As there is no known way to 

find a simple analytic solution for the FGCODE in the general case (see Section 

2.1.2), we solve this system numerically for the mean, variance, and mixed moments 

of dimensionless pressure head. Finally, we determine the covariance, C^{z,z), by 
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solving equations (2.49) -(2.50) for each z of interest. 

2.2.1 Correlation of Conductivities Between Layers 

In this section we analyze the eflfect of correlation between Y and A across layers when 

Y and .4 are homogeneous random fields. We take the correlation of neighboring layers 

to be given by, 

= PYY:,_,+GYSII^YZY. (2.69) 

-4^ = \J^~ P^A^A, (2.70) 

(y'v ) ) 
with correlation coeflBcients oy = * r' and pa = "' , Zy and Z\ being inde-Uy 

pendent Gaussian variables of zero mean and unit variance. For i  > j ,  

Cavy{i - j) = (Y^Y;) = (2.71) 

CavAii  -  j) = (A'.Ar) = o\p'-\  (2.72) 

so that, for V's and .4's a distance r apart, 

Cy(r) = CTypl^^ and CA{r)=o\p^^K (2.73) 

where L is layer length, r = 0 at the bottom of the first layer, and the [J operator 

r o u n d s  d o w n ,  e . g . ,  f o r  r  =  2 . 5 L ,  =  2  i m p l y i n g  t h a t  C k ( 2 . 5 I )  =  o - y - p y  =  C O V Y { 2 )  

as given by (2.71) for i = j+2. Notice that our covariance functions Cv(r) and C4(r) 

are equivalent to a discrete version of the classical exponential covariance model, 

Cc{r) = , (2.74) 

r 
when one sets the correlation length scale ly = or equivalently p = e'y . 

In the FGCODE, the only terms affected by correlations of F's and .4's across 

layers are the interface terms ipn{zn) = (^n-i(-2n)K) Vn{zn) = (^^_i(z„).4^). 

With the above correlation structure, 

= «-,fe)(*vK-. +<'rV'l - *^2v)). (2 '5) 
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which, since Zy is an independent random variable, equals PYWn-i{~n)Yn-i)- Hence 

V?n{2n) = PVfn-lM and r]n{Zn) = pAnn~\{Zn)-

When Py = Pa = Y and A are uncorrelated and tp and rj are zero on the bottom 

interfaces, 

This reflects the fact that there is no correlation between ipn and y„ or between uv, 

and An at since ^„(2„) = ipn-i{zn) is dependent only on V'„_i and both of 

which are independent oi Pn- Past the boundary, however, Wn{") depends more and 

more on and .4„. 

When Py = Pa = 1, or equivalently when Y and A have infinite correlation length 

scales /y = Ia = oo, the interface conditions are simply the final values of if and 77 on 

the previous layer, 

Therefore, the solution over N layers is the equivalent of the solution over just one 

layer. 

2.2.2 Accuracy of Gaussian Approximation 

So far we have developed equations for the mean, variance, covariance and mixed 

moments of t/; under the hypothesis that it has a near Gaussian distribution. We now 

test this hypothesis by comparing FGCODE solutions with Monte Carlo simulated 

results for the first and second moments of ip. This assumes that the Monte Carlo 

technique provides accurate values of mean, variance and covariance of xjj. 

Monte Carlo solutions to mean and variance of pressure head in our sample prob

lem converge slower for high than for low elevations. This is understandable in light 

of Figures 2.13-2.21 which show that the variability of ijj generally increase with ele-

(2.76) 

Py = Pa = 1- (2.77) 
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Parameter Range of Values Source 
(0.045, 0.112) [20] 

(0.3, 1.1) [16] 
{Y) (-0.34, 0.27) [20] 
(Y) (3.03, 4.5) [16] 

al (0.391, 0.960) [20] 

4 (0.127, 0.999) [16] 

TABLE 2.1. Range of Parameter Values found in Literature 

vation. Additionally, the larger the variance of Y and .4, the larger the fluctuations 

in mean and variance of ip between simulations. 

In Section 2.1.3, Figure 2.2, we saw that 5000 Monte Carlo simulations gave an 

accurate description of the mean and variance of w. 

dimensional analysis shows that ip can be characterized in terms of the dimen-

sionless parameter n = ^ = Qe~^ and the length scale {a^,) (Appendix C). The 

parameters of interest are therefore (H), and 

For illustration purposes, we take pressure head and flux to be fully determined 

(deterministic) on the Dirichiet and Neumann boundaries, respectively. In particular. 

0(z = 0) = 0 and Q{z = Zi) = -0.01, where 2 = 0 corresponds to the water table 

and z = Zl to the top of the upper layer. 

.A.S (n) = - 1), and Q is deterministic, varying 
2 

(ri) and (Tn is equivalent to varying (Y) and ay- Likewise, as (a^) = varying 

the mean of is equivalent to varying the mean and variance of .4 = - ln(Q^,). In 

fact, we need only vary (t\ because (.4) appears neither in the stochastic equation (2.6) 
2 

that we analyze by Monte Carlo simulations (^^ = nor in the FGCODE 

(2.61)-(2.68). 

Based on field data summarized in Table 2.1, we take the mean log hydraulic 

conductivity to vary over the range (Y) € [—0.5,6], the log hydraulic conductivity 

variance over ay 6 [0.1,3] and the variance of A over € [0.01,1.5]. 

Figure 2.13 shows profiles of mean and variance obtained by Monte Carlo simu-
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FIGURE 2.13. Mean and Variance Profiles in One Layer versus Depth. Monte 
Carlo Simulation (dashed), and FGCODE (solid) with (Y) =3, a\ = 0.01 and ay = 

0.1,1,3 (from left to right). Notice that here is larger than in the corresponding 

Figure 2.4, and there is still a good match for all parameters values. 
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FIGURE 2.14. Mean and Variance Profiles in One Layer vs. Deptli. Monte 
Carlo Simulation (dashed), and FGCODE (solid) with ay = 0.4, cr\ = 0.01 and {Y) 
= —0.5,3,6 (from left to right). Again, and excellent match over a much wider range 

of parameters than in Section 2.1. 
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<i> 0.4 

o 0.2 

FIGURE 2.15. Mean and Variance Profiles in One Layer vs. Depth. Monte 
Carlo Simulation (dashed), and FGCODE (solid) with {Y) = 3, CRY- = 0.4, and a\ = 

0.01,0.2,0.7 (fTom left to right). Here the match begins to deteriorate for > 0.2 as 

opposed to a\ > 0.001 in Section 2.1. 

lation (dashed) and FGCODE (2.61)-(2.68) (solid), in a single layer with (V) = 3. 

0-2 = 0.01, and three values of Oy between 0.1 and 3.0. We see that both the mean 

and the variance agree very well, even for large Oy. Furthermore, the match in both 

mean and variance of ip is better than that obtained earlier in Section 2.1 upon ignor

ing correlation between a and ip. Figure 2.14 depicts similar comparisons for three 

values of (F) ranging from -0.5 to 6, ay = 0.4 {{Ks) = 6 e®-^]) and 

<j\ = 0.01. The agreement is very good, but the accuracy of the variance deteriorates 

slightly as (Y) increases. In addition, at small 2 the FGCODE and Monte Carlo 

solutions are much closer to one another than in Section 2.1 

Figure 2.15 illustrates what happens in a single layer when (F) = 3, ay = 0.4, 

and varies between 0.01 and 0.7. The FGCODE and Monte Carlo solutions agree 

well for < 0.1, over the entire domain. However, for > 0.1 at intermediate 2 

values the match is poor. Indeed, Figure 2.16 shows that •0 deviates from normality 

when a\ is large, explaining the inaccuracy of the FGCODE results in Figure 2.15. 
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FIGURE 2.16. Normality test for ip in a single layer with {Y) = 3, ay = 0.4, a'\ 

and depth values as indicated on the graph. Deviations from straight lines indicate 

deviations from normality. 

Nevertheless, comparing the results in Figures 2.13-2.15 with those in Section 2.1 

shows that incorporating correlation between a and renders the FGCODE solu

tions accurate for cr\ values that are an order of magnitude higher than when this 

correlation is neglected. 

It is interesting to note that, regardless of whether FGCODE and Monte Carlo 

simulations agree or disagree at small and intermediate z, they generally agree at 

large z. We saw that for uncorrelated ^ and A, tends theoretically toward o-y as z 

increases. We now see that the same appears to be true when ijj and A are correlated. 

This suggests that the behavior of at large z depends more on the variance of Y 

than on that of A. 
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FIGURE 2.17. Covariance of Pressure Head in One Layer versus Elevation 
for (Y) = 3, = 0.4, and a\ = 0.01. Notice that the covariance obtains its 

maximum on the diagonal, which corresponds to the variance. 
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FIGURE 2.18. Profiles of Pressure Head Covariance i) in One Layer 
versus Elevation at I = 8.1 and t = 16 when {Y) =3, ay = 0.4, and = 0.01. 
It is interesting that although the covariance's maximum is obtained for z = z, there 

is higher deviations between Gaussian closure and Monte Carlo simulation results for 

C^{z,8.1). 
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FIGURE 2.19. Mean and Variance Profiles on 5 Layers vs. Depth. Monte 
Carlo Simulation (dashed), and FGCODE (solid) with {Y) = Z, o\= 0.001 and ay 
= 0.1,1,3 (from left to right). Excellent match except for ay > 3. 

Figure 2.17 shows the covariance of C,^(2, i), obtained from the FGCODE for 

(Y) = 3, ay = 0.4, = 0.01. Note that the maximum value of the covariance is 

found on the diagonal where 2 = 2 ,i.e., > C^(2,2). In Figure 2.18 we compare 

cross sections of FGCODE and Monte Carlo simulated covariances C,(;(2,8.1) and 

C^{z, 16). In both cases there is good agreement between the two sets of results for 

2 < 8. For 2 = 16 there is excellent agreement over the entire domain. 

Figures 2.19-2.21 show what happens for the same parameters as those in Figures 

2.13-2.15 when the number of layers increases from 1 to 5, and V is a homogeneous 

random field, piecewise constant and prescribed independently on each layer. The 

means and variances agree very well in all cases, except for very large values of (t\. 

Notice the initial decline in variance at the bottom of each layer. This behavior was 

predicted by us analytically. It is also interesting to note that when Y and A are 

uncorrelated across layers, the FGCODE results are much closer to the Monte Carlo 

solutions than in the single layer case. It seems that the lack of correlation across 

layers brings down the overall variance of ip, reducing the system's small 2 sensitivity 



63 

FIGURE 2.20. Mean and Variance Profiles on 5 Layers vs. Depth. Monte 
Carlo Simulation (dashed), and FGCODE (solid) with ay — ~ 0-001 (^ ) 
— —0.2,3,6 (from left to right). Excellent match. 
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FIGURE 2.21. Mean and Variance Profiles on 5 Layers vs. Depth. Monte 

Carlo Simulation (dashed), and FGCODE (solid) with (Y) = 3, ay = 0.1, and a\ = 

0.01,0.2,0.7 (from left to right). Here there is a poor match for a\ > 0.2, but results 

are better than corresponding one-layer case, Figure 2.15. 



64 

5 0.2 o 0.2 

FIGURE 2.22. Mean and Variance Profiles of T/* on 5 Layers vs. Depth. Monte 
Carlo Simulation (dashed), and FGCODE (solid). Correlation coefficient ofY takes 
on values py = 0.1,0.5,1.0 from left to right. Equivalently lyy = 2.17,7.21, oo, pa = 0. 
Notice that as the correlation coefficient of Y appoaches 1, the solution approaches a 

one layer solution, except for small z. 

to the variance of A. 

Finally, Figures 2.22-2.24 explore the effect of varying pY and the nearest 

neighbor correlation coeflRcients of Y and A, respectively, from 0.1 to 1.0 or equiv

alently, the correlation length scale ly from 2.17 to infinity when L = 5, (F) = 3, 

cTy = 0.4 and = 0.01. As the correlation coefficient increases, the variance pro

file becomes gradually smoother, tending toward a behavior observed in one layer. 

The Monte Carlo simulated variance behaves as predicted by our theory, exhibiting 

a rough profile when py = Pa =0 and a smooth profile when py = Pa = '^- We note 

also that the mean and variance are much more sensitive to changes in py than to 

changes in pa-
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FIGURE 2.23. Mean and Variance Profiles of ^ on 5 Layers vs. Depth. 
Monte Carlo Simulation (dashed), and FGCODE (solid). Correlation coefficient of 
.4 takes on values = 0.1,0.5,1.0 from left to right. Equivalently ly^ = 2.17,7.21, oc, 
PY = 0. The correlation coefficient of A has less of an effect on the multiple layer 

solution. 

FIGURE 2.24. Mean and Variance Profiles of ̂  on 5 Layers vs. Depth. Monte 

Carlo Simulation (dashed), and FGCODE (solid). Correlation coefficients take on 

values Py = 0.1,0.5,1.0, PA = 0.1,0.5,1.0 from left to right. With the correlation 
coefficients of both Y and A approaching 1, the multiple layer solution converges to 
the one layer solution over the entire domain. 
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2.2.3 Summary of Results for Correlated i/; and a 

Our analysis demonstrates that Gaussian closure works well, for a realistic range of 

statistical parameters describing the spatial variability of a randomly stratified soil, 

under steady state unsaturated flow. The method holds promise for multidimensional 

and transient unsaturated flow regimes. A major advantage of Gaussian closure i.s 

that it applies to any soil constitutive relations, which satisfy certain separability 

criteria, and avoids the need to linearize either these relations or the governing flow 

equations. In the one-dimensional steady state case with Gardner's constitutive re

lation, Gaussian closure leads to a system of ordinary diffierential equations for the 

mean, variance and covariance of pressure head. These equations are easy to solve 

numerically and the solution compares favorably with Monte Carlo results over a 

range of parameters. The comparison is especially good for mean pressure head, and 

less satisfactory for the variance when spatial variability is pronounced. Monte Carlo 

results confirm theoretically predicted asymptotic behaviors of pressure head mean 

and variance. 
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Chapter 3 

TRANSIENT FLOW IN ONE-DIMENSIONAL 
RANDOMLY LAYERED MEDIA 

3.1 Introduction 

In this chapter we examine transient flow in a one dimensional randomly heteroge

neous medium where hydraulic conductivity is given by Gardner's model, and A's(x) 

and Q^(x) are log normal random constants with /<", = and a-^ = It is further 

assumed that water content is given by, 

0 = + (3.1) 

where dr is the residual moisture content and 6^ is the saturated moisture content. 

The residual water content is the fraction of water that remains in the medium after 

all the water that could be removed by pressure has been removed. It represents 

the quantity of water that sticks onto the grains in the porous medium and will only 

move via evaporation. The saturated moisture content 9, is the fraction of water 

in the medium when it is fully saturated. 0, may be less that (p. the porosity, if 

there are air bubbles present. The residual and saturated water contents, assuming 

that the amount of air bubbles is constant, are not time dependent. Therefore we 

have, ^ = (^j - ̂ r)^- The form of water content described above is used in 

[1], [26], and [3]. Bumb et al. 1988 [3] introduces a related form of water content. 

9 = 9r + {6s - 9r)e^'^'^, where c is a curve fitting parameter. They compare this 

form of water content with data from Brooks-Corey [2], and show that the match is 

quite good everywhere, except when the medium is very close to saturation. Basha 

explains that although the use of Gardner's model and the form of water content given 

in (3.1) "do not fit most of the experimental data very well over the entire range of 
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0 observed, they are applicable to field situations when the moisture variations are 

relatively small such as in the case of high-frequency irrigation[Warrick, 1974]." 

Letting Q = 63 — Or, equations (1.37)-(L40) become: 

de'^ 
* ty + e^xa)^ , (3.2) 

0(x,O) = ^o, X € N, (3.3) 

T/;(X, i) = ^, X 6 To, (3.4) 

+ 6^x3) • n = XG T / V, (3.5) 

where 'I'o, ^ and Q can be either random or deterministic. 

3.2 Moment Equations for Transient 2D Flow 

Rewriting 0, Y and A in terms of a mean plus a mean zero fluctuation, e.g. w = 

{w) + 0', within the governing equations gives, 

= e-^-^V.(e'^'+^'e<^>V(e-'^'(0) +e--''0' + e4x3)^ . (3.6) 

(i/')(x,O) + 0'(x,O) = (^0)+ 'I'o, xef^, (3.7) 

(t/;)(x,t)+0'(x,i) = xeTo, (3.8) 

_gi"+W+0'-^-4 v(e-'*'(0) + e-'^V'+ 

e^X3)-n = ((Q) + Q')e-<^^"^. x € Tv • (3.9) 
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Averaging equations (3.6)-(3.9), while treating V as Gaussian and 0 as either deter

ministic, or independent of V, V and A, yields 

Assuming that 0 is deterministic may be the more realitic of the two assumptions, 

as both 6t and (9, vary much less that Y. This is in fact the assumption we make in 

our analysis. Assuming that a random 0 is independent of ip, Y and .4 is making 

an assumption you know to be false, as we see from (3.6) that 0 is dependent of 0. 

Furthermore, there is a clear connection between © and hydraulic conductivity, for 

the greater the saturated moisture content, the more easily the medium will conduct 

water. Therefore, if data indicate that 0 is random, the best thing to do is to 

incorporate the correlation between 0 and ip, Y and A into the formulation. This 

would force us to derive an extra moment equation for (0'©'), an extra complication 

we do not wish to pursue here. 

Utilizing the fact that Y and A are constants, we can simplify " to 

simplifies equations (3.10) and (3.13) to: 

(gV'+l")g-^3.3^ . Q _ (Q)g-<V)--f ^ xer^^. (3.13) 

By Gaussianity, 
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_ ^gVi'+K' A''jgV+{y'-'^') -t where ip = (ip'Y'), rj = {ijj'A'). It will now prove 

beneficial to switch to dependent variables, 

C = v + {Y'A'). 

Applying Gaussianity and making this change of variables, (3.14) and (3.15) become. 

(0)^ = 

-e ^ ^ ̂ e^"'""^V(^e'''~^) + • n = x e F.v (3.17) 

Developing the initial condition, and Dirichlet boundary condition for ^ and sim

plifying equations (3.16) and (3.17) we obtain the governing PDE for the moment 

(e> ^ = V ( V K e « - < ) ( 3 . 1 8 )  

'in 
e(x,0) = xen, (3.19) 

^(x,f) xeVo, (3.20) 
2 

-(v(^e^-<^) +ee%) - n = (Q)e-<^>-^, x € T^. (3.21) 

In order to obtain a closed system we must now derive equations for the mixed 

moments on which ^ depends, namely tp and C-

To develop differential equations for these mixed moments which are of the form 

{B where B is normal (e.g., {Y'tp')), we follow the process outlined in Section 2.2 

by 1) multiplying the governing stochastic equations (3.6)-(3.9) by B'; 2) taking the 

ensemble mean of the results; 3) eliminating derivatives from within expectations (e.g.. 

for constant Y, and 4) utilizing the Gaussian distribution of 

Y and A to compute all higher order mixed moments (Appendix B). This reduces 

the governing equation for {B'lp') to a partial differential equation of the form, 

=/({BV'>,W,<'J,V{B 'V'),VW,V<iJ,A(BY')...)- (3.22) 

j. (3.16) 
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Applying steps 1-2 for constants B = Y and B = A yields, 

(3.23) 

+(re^'+^'-^'Vi^') + (F'e'^'+^V^xs)^, 

(yy)(x,0) = (V"^o), xGfi, (3.24) 

(r0')(x,i) = (ri'), x e T o ,  (3.25) 

(3.26) 

+(y'e'^'+^')e^X3) • n = x 6 T.v. 

and 

= e-^-^V-^e<^>((.4'e"^'^^'-'^')V(^) (3.27) 

2 2 

(>iy)(x,0) = (.4'4'o). xen, (3.28) 

(>iy)(x,i) = (-4'v&), xeTo, (3.29) 

((A'e'^'+^'-^')V(V') + (3.30) 

+(.4'e^'+^")e^X3) - n = (.4'Q)e-<^>"-^. x € T.v. 

Performing step 3 we reduce equations (3.23), (3.26), (3.27), (3.30) to, 

= e-^-^V-(v(e<'^>(y"e'^'+^'---'')) (3.31) 

+e^^)(Y'e^'^^")e'-^ky 

(V(e<^>(y'e'^+^'-'^')) + eW(re'^'+^')e^Z3) • n 

= (rQ)e-<^^-^, xGr,v, (3.32) 

-fH-Ll I -e » 2 
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and 

= e-^-^V- (v(e<^>(A'e^'+'"-'^')) (3.33) 

-e-^-^(v(e<'^>(A'e^'+^'-'^')) +e<^>(A'e'^'+^')e^Z3) -n 

= (A'Q)e-<^>-^, X 6 r,v, (3.34) 

respectively. By Gaussianity (see Appendix B, Table B.l), 

(y/gV^'+V) = (<^ + 4)(e'^'+^'-*^')e'^-^. 

eM(y'e^') = 

(A'e'^'-^^') = C(e'^'-^^'-'^')e^-^. 

eW(^'eV') = ^(c-(r,4')), 

Hence, step 4 yields, the governing PDEs for the moments (f and C, 

(0)^ = V-(V((<^ + 4 - {Y'A'))^e^-^) + {^ + 4)^6%), (3.35) 

<^(x,0) = (y'^o), x€n. (3.36) 

V?(x,t) = (y'^), x e T o ,  (3.37) 

-(v((<^ + 4 - {y'A'))^ef-^) + (<p + 4)ee%) -n (3.38) 

= (rQ)e-<^^-^, xer^v, 
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and 

= V-(V((C - +ae%), (3.39) 

C(x,0) = (>l'^o) + (V"A'), x€a (3.40) 

C(x,i) = + {Y'A'), X 6 To, (3.41) 
•> 

- (v ((C-<'j)?e'"'^) + «e«'«3) n = (A'Q)e-<>'>-^, x € r»,  (3.42) 

respectively. Equations (3.18)-(3.21), (3.35)-(3.38) and (3.39)-(3.42) comprise a sys

tem of three coupled nonlinear PDE's for ip and C which must be solved simul

taneously. This however will only give us three out of the four moments we would 
(T' 

like to obtain, as solving for ^ only gives us the sum (ip) + In order to separate 

the mean pressure results from the variance results, both contained in I now de

rive the governing equation for C^(x, x, s) = {ip'{x,t)w'{x,s)). Taking the limit of 

C^ix.x.t. s) as (x, s) -> {x,t) will then yield the variance of pressure head, al{x.t). 

The equation for the covariance of 0, C,(,(x,x, s), is obtained upon multiplying 

equations (3.6)-(3.9) by i)' = i/;'(x,s), averaging, and applying the Gaussianity as

sumption. As •0'{x,s) does not vary with {x,t), we can derive the equation for the 

covariance in a manner identical to that used to derive the equations for ip and C-

Performing steps 1-3 on the interior, and on the Neumann boundary yields, 

= e-^-^V- (v(e<'^>(^'e'^'+^'--^')) (3.43) 

e'"' 

-n (3.44) 

=  x e r ^ v .  

By Gaussianity (see Appendix B, Table B.l), 

= eC«, 
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where (p = s)y"(x)) and C = s)>l'(x)) + (i^'(x)^'(x)). If x € Qt and x is 

in a different sub-region, fij, we would need to use the correlation structure of V and 

.4, derived from data, in order to express (p and f\ in terms of (/3(x, s), 7;(x, s), and/or 

i^(x, s), ri{x, s). For Y and A constant on all of Q, or for x,x 6 Qr on which Y and A 

are constant, (p and C simplify to (p = (p{x, s) and ^ = C(x, s) + (Y'A'). For now we 

only consider the later two possibilities. By applying Gaussian closure we find that 

C,/,(x. x,t.s) is governed by, 

(e)^ = V- (v((c, + •?-( + (yu'))?e--<) + (Ct + . (3.45) 

C0(x,x,O,s) = (^o(x)-0'(x,s)), XGQ, (3.46) 

C,I,(x,x,t,s) = (^(x,t)i/;'(x,s)}. XEFD. (3.47) 

-(V((C^ + - C + (Y'A'))^e''-<) + (C^ + • n (3.48) 

=  x e T v .  

3.3 Covariance Computational Considerations 

Equations (3.45)-(3.48) describe the covariance between pressure head at a specific 

point, (x. 5), and pressure head at any x and t. In other words, solving equations 

(3.45)-(3.48) for a particular (x, s) yields a solution to C0(x,x, t, s) for all x € Q and 

t 6 (0, Tend)- In order to know the covariance of if) for all (x, s) we must solve equations 

(3.45)-(3.48) for each (x, s) in the domain. From a numerical standpoint this is 

computationally intensive. Fortunately, with the solutions to equations (3.18)-(3.21). 

(3.35)-(3.38) and (3.39)-(3.42) known, the governing equations for the covariance, 

(3.45)-(3.48) are linear in which will greatly increase computational efficiency. 

To calculate the covariance of t/* at different spatial locations at the same time 

t = ti, we need to solve equation (3.45) N times by, 

i) Solving equations (3.18)-(3.21), (3.35)-(3.38) and (3.39)-(3.42) for^, tp and q at 

time ti, yielding ^(x„, ti), (p{xn, ti), and i7(x„, t,) forn = 1... iV. 
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ii) For each node in the spatial domain, x„: 

iia) Solve equations (3.45)-(3.48) with input constants ^pc = V3(x„, U) and qc — 

T]{Xn, ti) obtained in step i), yielding C^{xj, Xk, U) (or j,k = 1... N. 

This gives the covariance of i/; at x,x e {xi,x2,. ..x^} and t = U. Analytically, we 

can reach the same results by taking the limit of equations (3.45)-(3.48) as s t. 

Doing this to the right hand side of equation (3.45) we simply obtain, 

V-(V((Q + ¥'(X,0 - C(X,^) + {Y'A'))^E^-^) (3.49) 

However, special care must be given to the limit on the left hand side, 

9^C^(x,x,i,s) ,c,\fcv dC^{x,x,t,s) d^ \ 
di = at -H^C^(x,x.f)j, (3.o0) 

where C^{x,x,t) = {tp'{x, t) tp'{x, t)). 

3C,(x x.M) ^ 3(,/(x.y(x.s)) ^ 

^ a(z/;'(x,f)^'(x,t)) _ , dn}'{x,t) 

dt at ' 
dC^(x,x,t} d{'il}'{x,t)ti>'{x,s)) 

= lim . 
dt s-»£ dt 

Here. (-^n be obtained by switching x's to x's and vice versa in equation 

(3.45), i.e. 

(e)(C<,(x, X, t, + ;(x) '•'')= (3.32) 
(71 at 

V(V((C^(X, X, i, s) + »>(x, s) - C(x, s) + {Y'A')m, 

+(C«(x, X, t, s) + fix, s))f (x, . 

Taking the limit as s i in the expression above yields, 

{e)(C,(x,x,()^ = (3.33) 

V-(V((C<,(X, X, t) + *>(x, t) - C(x,!) + (r A'))?(x, fje"""''!-"* '!) 

+(Cf(i, X, t) + ip{x, ())?(x, ()e»<'''"i3). 
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Therefore, taking the limit as s i in equation (3.45), and combining that informa

tion with (3.51) and (3.53) we obtain the following equation for C^(x, x, t): 

dC^{x,x,t) _ C^{x,x,t)d^{jc) Cn,{x,x,t)d^{x) 

dt e(x) dt e(x) dt ^ ' 

+^Qj^V.(v((C,(x, X, () + v(x, 1) - C(x, t) + {J"/l'))?(x, 

+(C,(x, X, () + jj(x, t))f(x, f)e''"''">3) 

+ ™|j^v{v((C»(x, X, () + »>(x, t) - C(x, i) + {r.4'))«x, 

+(C<(x, X, () + c^(x, ())?(x, 

In both the analytic and the numeric approach, we double the spatial dimension of 

the problem. 

The ideal next step would be to take the limit of this equation as x -> x to 

obtain an equation of the problem's original spatial dimension, for the variance of 

pressure head. Unfortunately, we do not know how to make this step. The challenge 

lies in computing limjt_»x In section 2.2 I showed how to calculate limx-,x 

in one dimension; the extension to higher dimensions is straightforward. In order to 

calculate the limit of the second order derivative of covariance, consider the following, 

lim AC^ = lim A('0'(x, i)i/''(x, t)) = lim {ip'{x, t)Atl)'{x, t)) 
X-fX X-^X x-^x 

= (ip'{x,t)Aip'{x,t)) = - {Vp' • Vtu'). (3.55) 

.\s we know neither the distribution of Ap nor of Vip, we can proceed no further 

without making a further assumption. Until this problem is resolved, there is no 

choice but to solve the larger problem discussed above. 

3.4 Sample Problem 

With the moment equations for transient flow on a multi-dimensional domain, on 

which Y and A are constants, derived, we proceed to test the Gaussian closure as

sumption on a specific problem. We focus on one-dimensional transient flow in one 
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layer. We let the values of pressure head and flux, on the Dirichlet and Neumann 

boundaries, respectively be deterministic quantities. As we are looking at a one di

mensional example we use a spatial variable z for elevation, rather than x. The 

Dirichlet boundary Tq becomes z =• zi and the Neumann boundary, becomes 

2 = 22- Specifically, the Dirichlet boundary is at 2 = 0 with ^(0) = 0, and the 

Neumann boundary is at 2 = 20 with Q = —0.01. Additionally, we look at a case 

where Y and A are uncorrelated. This makes {Y'A') = 0 and consequently, C = q. 

We take an initial condition to the stochastic problem of, 

= ln(A:32^ — 4OA32 + 1), (3.56) 

where ^3 = This makes the initial conditions for the moment equations. 

^0 = (^3)2' - 40(^3)2 + 1, (3.57) 

-  4O2) ,n-o\  

~ 400((A:3)22 -40(A:3)2 + 1)' 
7/0(2) = 0, (3.59) 

C^(2,2,0,s)  400((A:3>22-40(^:3)2 + 1) '  ^ ^ ^ 

-(y>+4^ 
with (A:3) = . I choose this particular initial condition for 'to because 

it is consistent with the boundary conditions, providing greater numerical stability. 

The initial conditions for the moments were obtained by averaging the stochastic 

initial condition. Specifically, the initial condition for ^ was obtained by taking 

the exponential of ^0 and averaging, as ^0 = (e*")- The initial condition for ^ 
il> 

was obtained by taking the ensemble average, {Y'e*°) = 2 = <fo^o 

and utilizing the Gaussian distribution of Y to compute (Y'ks). The initial con

dition for Tf is zero because ^0 depends only on Y, and we are looking at a case 

where Y and A are uncorrelated. Finally, the initial condition for the covariance, 

C,/,(z, z,0,s) is derived in a manner similar to (fio'- by taking the ensemble average, 
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FIGURE 3.1. Initial condition for pressure head which satisfies both Dirichlet and 
Neuman boundary conditions. 

= C,^(2,5,0,s)^O(-)T and utilizing the 

joint Gaussian distribution of tlj'{z,s) and Y to compute {tp'{z,s)k3). 

3.5 Numerical Method 

To asses the accuracy of the Gaussian closure approximation, we compare the solu

tions it produces for the mean and variance of the pressure head, with those generated 

by Monte Carlo simulations. We perform this comparison by first solving the ensem

ble of random PDE's (3.2)-(3.5) Njim (« 1000) times, and averaging the results to 

obtain the mean and covariance. We then compare these results with Gaussian do-
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du v-'.ir.iA, 2 

sure solutions for the mean and covariance, obtained by solving (3.18)-(3.21), (3.35)-

(3.38). (3.39)-(3.42), and (3.45)-(3.48). Numerically, we solve all of these PDE's by 

the method of lines that solves discrete-space continuous-time equations along lines 

in time. The PDE is discretized in space by second order centered finite differencing 

and the system of coupled discretized equations is integrated in time by a 4th order 

Runge-Kutta scheme. PDEUM, a partial differential equation solver develped in Los 

Alamos National Lab by Mac Hyman and Martin Staley, [11] was used to solve the 

discretized equations. 

Monte Carlo simulations are performed by first transforming equations (3.2)-(3.5) 

into linear equations by making a change of variables to u = e'^. 

^ V - V u - I - ,  ( 3 . 6 1 )  

u(x, 0) = e*" = kzz^ - + I. 2 € (0,20), (3.62) 

tt(x, i) = e* = 1, 2 = 0, (3.63) 

-e^' ^~"^(e~''*'Vu + e'^uiz) • n = 2 = 20. (3.64) 

where is = VX3. Next we analyse the stability of this discretization and estimate how 

many simulations are needed for the Monte Carlo simulations to converge. 

3.5.1 Stability Analysis 

We analyse the stability for periodic boundary conditions when A is deterministic 

i.e. A' = 0 and = 0. Applying this assumption to the one dimensional problem, 

defining 7 = ^ q , transforms equation (3.61) into the simple advection diffusion 

equation, 

ut =-f {uzz + u^), (3.65) 

where subscripts denote derivatives. Although in the actual problem we use a fourth 

order Runge-Kutta integration scheme in time, here we analyze a forward Euler time 
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integration scheme to estimate the time step needed for stability. The stability region 

for the Runge Kutta method includes the stability region for Forward Euler, justifying 

this approach. 

The forward Euler second-order, central space (FECS) discretization to (3.65) is 

,k _ o,.k I ,,k _ .,k — U j  f  U  
—^ = 

(Aar)2 2Ax 
(3.66) 

or, 

We perform a Von Neumann analysis to determine the stability of the FECS scheme. 

T h i s  e n t a i l s  l o o k i n g  a t  t h e  d i s c r e t i z a t i o n ,  U j = ^ =  o f  
m=—00 

00 ^ 
advection diffusion equation solution, u = verifying 

m=-oo 
that the numerical solution does not blow up in time. As 

we need to show that < 1 in order to show that the initial condi

tions do not blow up in time. By substituting one mode of the discretized solution, 

c^e^^U'^^+ykAt)g-im'kAt^ for Uj in equation (3.67) we find that the numerical scheme 

produces an amplification value of, 

^ 1 ̂  _ 2 + g-imAz) + _ g-.mAz) (3 gg) 
(Ax)2'' 2 Ax 

= 1 -h ^^(cos(mAz) - 1) + ^^^sin(mA2). (3.69) 

Therefore, showing that the numerical amplification factor is less than one is equivi-

lant to showing, 

1 > + ^^(cos(mA2) - 1)^ + ^(Ax)^ sin^(mAz), (3.70) 

where the right hand side is the absolute value of (3.69). The largest the right hand 

side of (3.70) can be is when sin(mA2) = 0 and cos{mAz) = -1, reducing (3.70) to. 

_ 47Aty 

V (Ax)^; • 
1  >  1 - ^  .  ( 3 - 7 1 )  
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Therefore, for stability, we must satisfy — 1 < 1 — implying that 

jAt 1 

(A^F ^ 2 
(3.72) 

is our stability requirement. Therefore if we fix our spatial grid, we know that the 

time step must satisfy. 

At < 
27 

(3.73) 

For a spatial domain of length 20, discretized to 129 points, with 7 = 3.42. this tells 

us that At < 0.003. In fact, we take At = 0.001 in most of our calculations to account 

for the fact that in the actual problem, A is random, and the boundary conditions 

are not periodic, factors ignored in this stability analysis. 

3.5.2 Monte Carlo Simulation Convergence 

»7 « 1 0  

0.07 1 16 

0.06 \ 14 

0.05 V\ 12 

10 
0.04 

8 

0.03 6 

0.02 4 

SO too ISO 200 
i Sim 

SO too 150 200 SO too ISO 200 

xlO *10 X to 

50 100 ISO 200 
tSim 

SO 100 150 200 SO 100 ISO 200 

A. 

FIGURE 3.2. Monte Carlo Simulation Convergence Test for: ay = <^a 
0.01, (Y) = 3, (A) = -1.77, t = 8 for = 5,10,..., 200. 
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FIGURE 3.3. Monte Carlo Simulation Convergence Test for: a'y = 0.4. = 
0.01, (V) = 3, (.4) = -1.77, i = 8 for = 100,200,..., 5000. 

In order to asses the Monte Carlo convergence properties, we solve equations 

( 3.61)-(3.64) 5,000 times, and evaluate the approximate mean and variance of w on 

subsets of those 5,000 simulations, i.e. perform statistics on the first 50,100.150,... .5.000. 

Then, we plot the values of mean and variance at particular elevations versus the num

ber of simulations. In fact, to get a true feeling for the nature of the Monte Carlo 

simulation convergence, we show two plots. The first shows the mean and variance 

values at different elevations versus number of simulations, where the number of sim

ulations we perform averaging over ranges from 5 to 200, i.e. N^im takes on values 

5,10,15,... , 200. These results are shown in Figure 3.2 for t = 1, ay = 0.4 and 

= 0.01 at elevations 2, 7 and 12. Here we see that the greatest variation occurs 

in the first 100 simulations. After that, (tp) values only vary at most 0.02 between 

simulations. values vary at most 0.004 between simulations. 

In Figure 3.3, we plot mean and variance versus Ngim, where Nsim takes on values 

50,100,150,..., 5,000 for the same parameter values as in Figure 3.2. We see that there 
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is even less deviation here between simulations, (i/;) values vary at most 0.01 and 

values vary at most 0.0025 between simulations. Neither of these variations could be 

detected when visually comparing mean and variance of ip for different numbers of 

simulations, when the number of simulations was above 200. Hence, to be on the safe 

side, all of our Monte Carlo simulations will be done for Nsim = 1000. 

3.6 Accuracy 

We test the accuracy of the Gaussian closure assumption in the transient flow regime 

much the same way we did for the steady state flow problem discussed in Chapter 

2. That is. we compare Monte Carlo simulations and GCPDE results for mean and 

variance of li) over a range of realistic parameter values. 

.\s we showed in Appendix C, the parameters that govern the dynamics of this 

problem are the dimensionless parameter 11 = the length scale (a^) and the 

time scale As (/l) vanishes from the flow equations once they have been made 

dimensionless, we fix it at {A) = —1.77. We then fix the boundary flux at Q = 

-0.01 and examine the effectiveness of the Gaussian approximation over the range of 

parameters, (Y) G (—0.5,3), ay € (0.1,3) and 6 (0.0001,0.1), a realistic subset 

of parameter values from Table 2.1. The difference between our analysis here and 

that done in the steady state case is that we must make comparisons over a range of 

times. Plotting the GCPDE and Monte Carlo simulation solutions for the moment ^ 

versus time, in Figure 3.4, we identify several time values of interest. Figure 3.4 shows 

that for (Ty = 0.4, a\ = 0.01, (Y) = 3, (>l) = —1.77 there is a significant difference 

between Monte Carlo and Gaussian closure results over a range of time values. The 

moments we are most concerned with accurately modeling are the mean and variance 

of ip. In Figure 3.4 we can only asses the behavior of log(^) which is equal to {ip) + 

When we see a difference between Monte Carlo and Gaussian closure values for log(^) 

we are driven to determine if this difference is due to deviations from the true mean. 
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45 ts 25 90 35 20 40 S to I 
2 

FIGURE 3.4. log(^) = (•0) + ^ Plotted vs. Time; Monte Carlo simulated ^ is 
dashed curve and Gaussian Closuer solution for ^ is solid curve. Here x = 10 for 
(jI = Q.A,a\ = 0.01, (V) = 3, (>l) = -1.77. 

or from the true variance. Therefore, to test our Gaussianity hypothesis, we pick 

the time values over which there is the greatest deviation of Gaussian closure derived 

log(^) from Monte Carlo simulated log(^). In Figure 3.4, these time values are in 

the range of times t G (8,32). Since obtaining and analyzing the variance over a 

continuum of time values is extremely computationally cumbersome, we will instead 

pick four time slices, t = 8,16,24,32 at which to analyze the validity of the Gaussian 

closure assumption. For other values of cTy,(T^, and (V) these slices in time will be 

slightly different, but as the values cry = 0.4,cr4 = 0.01, and (V) = 3 used in Figure 

3.4 are in the middle of the range of parameter values tested in this chapter, they 

provide a good starting point. 

We will also look at the early time behavior of the mean and variance of (/;. As 

things are often changing most rapidly at early times, we would like to see how/when 

the Gaussian closure approximation for (^) and deviate from Monte Carlo simula

tions at early times. Here we are interested in the evolution of the first two moments 

in time, and how this early time evolution differs from that of the Monte Carlo sim-
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FIGURE 3.5. Mean and Variance Profiles in One Layer vs. Depth. Monte 
Carlo Simulation (dashed), and GCPDE (solid) with ffy = — 0.0001, (V) = 3, 
(.4) = —1.77 at t=1.5, 3, 4-5, 6, from left to right. 

ulated moments. 

When looking at the following Figures, 3.5-3.15, notice that the scale of the vertical 

axis in the plots for both mean and variance of are different at each time slice. 

In Figures 3.5 and 3.6 we compare the mean and variance of pressure head for 

Cy = 0.1, cr\ = 0.0001, (Y) = 3, and (^4) = -1.77 at t=1.5, 3, 4.5, 6 and t=8. 

16, 24. 32 respectively. We see an excellent match between Gaussian closure and 

Monte Carlo generated mean pressure head over the entire range of times. For the 

variance of ijj however, the Gaussian closure approximation is only accurate for large 

time values, t > 24. The match is adequate for i > 8, but only near the boundaries. 

Raising the variance of Y and keeping all other parameters the same, we see in Figure 

3.7 that the evolution of the flow is somewhat slower, and therefore, rather than also 

looking at the early time behavior, we will examine the long time behavior for this 

set of parameters, in Figure 3.8. Again the Gaussian closure approximation of mean 
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FIGURE 3.6. Mean and Variance Profiles in One Layer vs. Depth. Monte 
Carlo Simulation (dashed), and GCPDE (solid) with a\ = 0.1, = 0.0001, (V') = 3, 
(.4) = —1.77 at t=8, 16, 24, 32, from left to right. 

pressure head is excellent over the entire range of times, but the variance only becomes 

accurate for time t > 40. Increasing the variance of Y to 1 in Figure 3.9. we see a 

yet slower evolution of the flow equations. Looking at one realization of the Monte 

Carlo problem in equations (3.61) and (3.64), we see that the magnitude of the time 
V" _ derivative depends on the factor e s a , and the flux at the Neumann boundary 

is dependent on the positive value —^ . Similarly, the flux at the Neumann 
2 

boundary for ^ in equation (3.21) is dependent on the value Therefore 

it seems that the smaller —Qe~^^^~ a is, the slower the evolution of the flow is. As 

the flux term » is the only forcing in the problem, it makes sense that it 

should govern the dynamics in this way i.e. the less flux, the less/slower the dynamics. 

We therefore expect that the larger the variance of Y and the smaller the mean of 

Y, the slower the evolution of our system will be in time. In Figure 3.9, the mean of 

the pressure head is not as accurately modeled, but is still reasonable. The variance 
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FIGURE 3.7. Mean and Variance Profiles in One Layer vs. Depth. Monte 
Carlo Simulation (dashed), and GCPDE (solid) withoy = 0.4, a\ = 0.0001, (!') = 3. 
(.4) = -1.77 at t=8, 16, 24, 32, from left to right. 

is accurate near the bottom boundary, but otherwise is far from the Monte Carlo 

simulated results. 

In Figures 3.10 and 3.11 we compare the mean and variance of pressure head 

for cTy = 0.4, <74 = 0.0001, {Y) = -0.5, and (.4) = -1.77 at t=1.5, 3, 4.5, 6 and 

t=8, 16, 24, 32 respectively. Here the evolution of the flow contours occurs more 

quickly than for the previous parameters, which could again be predicted by the time 

scaling factor. There is an excellent match between Gaussian closure and Monte Carlo 

generated mean pressure head over the entire range of times. The Gaussian closure 

approximation for the variance of ^ is accurate for time values, t >8. The match is 

adequate near the boundaries for i > 4.5. 

In Figures 3.12 and 3.13 we compare the mean and variance of pressure head for 

(Ty = 0.1, a\ = 0.01, (Y) = 3, and (A) = —1.77 at t=1.5, 3, 4.5, 6 and t=8, 16, 24, 

32 respectively. The match in the mean is excellent over the entire time range. For 
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early time values shown in Figure 3.12 the match in variance is very poor, but for 

time t>8 the match is quite good, in fact the best in the parameters we have looked 

at thus far. 

Finally, Figures 3.14 and 3.15 compare the mean and variance of pressure head 

for a'y = 0.1, = 0.1, (F) = 3, and (A) = —1.77 at t=1.5, 3, 4.5, 6 and t=8, 16, 

24, 32 respectively. Here the mean pressure head is modeled well for early time, but 

begins to show deviations for time t > 24. The variance seems to be modeled well 

for very early times, but quickly deteriorates for time values t > 1.5. For large time 

values, the variance is well approximated near the boundaries, but not for 2's in the 

range of (5,15). 

By performing Quantile-Quantile normality plots, [23] p. 39, we found that the 

cause for the large deviations between Gaussian closure and Monte Carlo simulated 

variances lies in the non-normality of the random pressure head at certain time values. 

The Quantile-Quantile normality plots compare the distribution of tp, as generated 

by Monte Carlo simulations, with the normal distribution. Figures 3.16-3.19 show 

Quantile-Quantile normality plots over a range of parameters. Deviations from the 

straight lines in each plot indicate deviations from normality. In particular we find 

that the times and parameters where has largest deviations from normality are for 

ay = 0.1, cr^ = 0.0001, (Y) = 3 at f < 24. For ay = 0.4, = 0.0001, (V) = -0.5 

at f < 16. For ay = 0.1, = 0.01, (Y) = 3 at f < 24, and finally forcr^ = 0.1. 

<7^ = 0.1, (Y) = 3 at alH except t = 8. In fact, for all parameter values tested, p 

also has near Gaussian distribution at i = 8. For t > 8 it digresses away from the 

normal distribution, and then approaches normality again for large t values. 

It is important to note that the Gaussian closure analysis can also be applied 

when ij; is not gaussian, but rather, a function of a gaussian random variable, i.e. 

= g[p) where /3 is a normal random variable. If we can find such a function g{P) 

for early time transient flow where ^ is clearly not Gaussian, we may be able to derive 

a more accurate approximation. Although we do not develop this idea here, we show 
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in Figures 3.20-3.23 that at early times, ^ does appear to be more log normal than 

normal. However, ^ only appears to be very close to log normal for ay < 0.4 and 

t > 1.5. Figures 3.24 and 3.25 reconfirm this assesment, plotting the histograms of 

•ip and log(—at times t = 1.5,3,4.5,6 for ay = 0.1, cr^ = 0.0001, (V) = 1, and 

(Ty = 0.4, = 0.0001, (y) = -0.5, respectively. 

3.7 Summary of Transient Flow Results 

Looking at Figures 3.5-3.15 together we see first of all, that the Gaussian closure 

approximation does an excellent job of modeling the mean of 0 at all time values 

and for all parameters examined. The deviations in mean seen in Figures 3.7, 3.9, 

and 3.15 were all minor and acceptable from a practical perspective. Second, we see 

that larger values of ay contribute to larger early time deviations from Monte Carlo 

generated variances. Increasing the variance of A seems to have more of an effect on 

the long time deviations from Monte Carlo variance, as we also saw in Chapter 2. 

Smaller values of {Y) had the effect of quickening the evolution of the flow equations, 

and lessening the effect of larger ay values on the GCPDE solution for variance. 

We found that the cause for the large deviations between Gaussian closure and 

Monte Carlo simulated variances lies in the non-normality of the random pressure 

head at the particular parameter and time values. Further we saw that at early 

times, ip is more log-normal, than normal, giving a fairly simple way to extend this 

work making it more accurate for early time flow. 
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FIGURE 3.8. Mean and Variance Profiles in One Layer vs. Depth. Monte 
Carlo Simulation (dashed), and GCPDE (solid) with ay = 0-4, = 0.0001, {¥) = 3, 
{A) = —1.77 at t=40, 80, from left to right. 
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FIGURE 3.9. Mean and Variance Profiles in One Layer vs. Depth. Monte 
Carlo Simulation (dashed), and GCPDE (solid) with CR^ = 1, = 0.0001, (Y) = 3, 
(A) = -1.77 at t=8, 16, 24, 32, from left to right. 
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FIGURE 3.10. Mean and Variance Profiles in One Layer vs. Depth. Monte 
Carlo Simulation (dashed), and GCPDE (solid) with a\ = 0.4, = 0.0001, (>') = 
-0.5, (-4) = -1.77 at U =1.5, 3, 4-5, 6, from left to right. 

POEvt.MCMn POEvt.UCMn POEv«.MCaim POE V*. UCMTI , 
-0.S i toO -0.8 i hil8 -0.5 t>24 -0.5 i tB32 

.1 \ \ -1 \ <l̂ *0.4 -t \ 0 -̂0.4 

•t fi \ o^>0.000t -IS \ <i^>aoooi -15 \ d^aOOOOl -IS \ <]̂ >0.000t 

i  
'IS \«Y>^S 

-2 
•2.5 

\ <Y>^0.5 
-2 

\ «YM .̂S 
•2 

•IS \ «Y> .̂5 

db^t.77 >0 ViAv t̂.TT -3 \<A> Î.77 \  «A>^1 T7 
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FIGURE 3.11. Mean and Variance Profiles in One Layer vs. Depth. Monte 

Carlo Simulation (dashed), and GCPDE (solid) with a\ = 0.4, a\ = 0.0001, (F) = 
-0.5, (A) = —1.77 at t=8, 16, 24, 32, from left to right 
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FIGURE 3.12. Mean and Variance Profiles in One Layer vs. Depth. Monte 
Carlo Simulation (dashed), and GCPDE (solid) with cry — 0-1' (^ ) — ^.O. 
(.4) = —1.77 at t=1.5, 3, 4-5, 6, from left to right. 
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FIGURE 3.13. Mean and Variance Profiles in One Layer vs. Depth. Monte 

Carlo Simulation (dashed), and GCPDE (solid) with Oy = 0.1, a\ = 0.01, (F) = 3.0, 
(A) = -1.77 at t=8, 16, 24, 32, from left to right. 
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FIGURE 3.14. Mean and Variance Profiles in One Layer vs. Depth. Monte 
Carlo Simulation (dashed), and GCPDE (solid) with a'y = 0.1, = 0.1, (F) = 3.0, 
(.4) = —1.77, and Nnjn.=170, at t=1.5, 3, 4-5, 6, from left to right. 

POEvt. MC«im POE v«. MCwn 

\ *** 
\ 0^*0.1 

«Y%3 

«Ax»-Ui7 

\ t«ia 
\ 
\ 

\Y>^ 
<i^t.77 

y l>24 
\ «J»0.1 

\ 

n 
V 

V - -  -  - .  

POE««.MCWn POE ̂  MC««n 

0 S 10 ts 0 S 10 IS 

FIGURE 3.15. Mean and Variance Profiles in One Layer vs. Depth. Monte 
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B. 

FIGURE 3.16. Normality test for:CRY = 0.1, A\ = 0.0001, (F) = 3, (.4) = -1.77 
at A) t=1.5, 3, 4-5, 6 and B) t=8, 16, 24, 32. Deviations from straight lines indicate 

deviations from normality. 
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FIGURE 3.17. Normality test for:ay = 0.4, = 0.0001, (V) = -0.5, (.4) = 
—1.77 at A) t=L5, 3, 4-5, 6 and B) t=8, 16, 24, 32. Deviations from straight lines 

indicate deviations from normality. 
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FIGURE 3.18. Normality test foria^ = 0.1, = 0.01, (V) = 3, (A) = -1.77 at 
A) t=1.5, 3, 4-5, 6 and B) t=8, 16, 24, 32. Deviations from straight lines indicate 

deviations from normality. 

FIGURE 3.19. Normality test for:CR^ = 0.1, a\ = 0.1, {Y) = 3, (.4) = -1.77 at 

A) t=1.5, 3, 4-5, 6 and B) t=8, 16, 24, 32. Deviations from straight lines indicate 

deviations from normality. 
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FIGURE 3.20. Normality test for log(—= 0.1, = 0.0001, (V) = 3, 
(.4) = —1.77 at AJ t=1.5, 3, 4-5, 6. Deviations from straight lines indicate deviations 

from normality. 
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FIGURE 3.21. Normality test for LOG(-^):TT^ = 0.4, = 0.0001, (V) = -0.5, 
{A) = —1.77 at A) t=1.5, 3, 4-5, 6. Deviations from straight lines indicate deviations 

from normality. 
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FIGURE 3.22. Normality test for LOG(-(/J):O'F = 0.1, = 0.01, {¥) = 3, {A) = 

—1.77 at A) t=1.5, 3, 4-5, 6 . Deviations from straight lines indicate deviations from 

normality. 
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FIGURE 3.23. Normality test for log{-ip):a^ = 0.1, = 0.1, (Y) = 3, (A) = 

—1.77 at A) t=l.5, 3, 4-5, 6 . Deviations from straight lines indicate deviations from 

normality. 
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FIGURE 3.24. Histogram for A) if) and B) Iog(-'^/;): at t = 1.5,3,4.5 and 6 
(clockwise from top left) when dy = 0.1, CR^ = 0.0001, (V) = 3, {A) = —1.77. Here 

it seems that the distribution is closer to log normal. 
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FIGURE 3.25. Histogram for A) il) and B) log(—0): at t = 1.5,3,4.5 and 6 
(clockwise from top left) when cTy = 0.4, a\ — 0.0001, (F) = —0.5, {A) = —1.77. 
Here neither figure shows a clear distribution for ip. 
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Chapter 4 

STEADY STATE FLOW IN 2D MEDIA 

4.1 Introduction 

We have seen from Chapters 2 and 3 that in a one dimensional randomly heteroge

neous medium, the Gaussian closure assumption works best for steady state flow. It 

is therefore in this chapter that we outline a way to solve the two-dimensional steady 

state problem numerically, so that we can see how well the Gaussian closure assump

tion works in more realistic two-dimensional flow domains. We begin by discussing 

which types of media we will address and then proceed to derive a finite element 

framework under which the two-dimensional steady state problem could be solved. 

FIGURE 4.1. Examples of Two Dimensional Geologic Formations 

4.2 Types of Media Method Addresses 

To obtain a system of closed equations for {•$), {tp'Y'), and {w'A') using the 

simplest form of the Gaussian closure approximation, we must assume that Y and 

A are random constants in every sub-region of the domain. The reason for this is 
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FIGURE 4.2. Two Dimensional Checkered Domain 

seen in the derivation of the moment equations. In deriving the equations for 

(p'y), and (0'.4') we must find ways to express mixed moments such as {Y'e'^'Viv') 

in terms of the elementary mixed moments C^(x,x), {ip'Y'), and {vj'A'). Because 

we do not wish to make any assumptions as to the distribution of V0', we must 

somehow extract the gradient from within the expectation in order to evaluate it. 

We can re-write the troublesome expression as (VVe"''), but if we assume that V" 

is constant, we can take the gradient out of the expectation. We could also take 

{We'"') = limx_»x This however, adds an extra degree (literally) of 

complication which we would not like to contend with at this point. The simplest 

thing to do is to assume that both Y and A are constant on sub-regions of our 

domain. This assumption allows us to write {Y'Ve'"') = V{Y'e'"') = V{{il)'Y')e'i ) 
'I 

and similarly {A'Ve^') = V{A'e^') = V{{tp'A')e 2 ). But, without the ability to 

capture spatial variability on scales smaller than each uniform unit. However, we 

should be able to use a checkered domain with smaller grid cells, as in Figure 4.2 to 

resolve more variable cases than those shown in Figure 4.1. 

The implication of this assumption is that we c£in now only apply the Gaussian 

closure approximation to media where there is a distinct layering or mixture of dif

ferent media. Such examples are abundant in natural geology. Schematic examples 

of these t3rpes of formations are given in Figure 4.1. As the derivation does not place 
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any requirement on the shape of the regions on which V and A must be constant, we 

can use this approach for rather complex and realistic types of layering, such as that 

shown in the right of Figure 4.1. 

4.3 Numerical Framework for Two-Dimensional Flow 

In order to solve the partial differential equations describing flow in these types of 

media, we must find a numerical scheme that will not be sensitive to sharp mateiial 

interfaces in the domain. Our aim is to solve for the mean and variance/covariance of 

lii, assuiiiing that ifj has near normal distribution, over a domain made up of regions 

which have different homogeneous and constant Y and A values. We therefore propose 

to use a finite element method which obtains a discretization by integrating the flow 

equations against a test function for each node in the domain. 

For Y and A varying discontinuously across material interfaces, we must consider 

the governing flow equation (4.1) in a weak sense, as the derivatives of Y and A across 

material interfaces do not exist. 

0 = (4.1) 

i/;(x,i) = 4', xeFc (4.2) 

— ^X3^ n = Q, x € F^, (4.3) 

Here we think of Y and A as, 

Y(x) = {Fr, X € fir Vr} (4.4) 

.4(x) = {.4r, X 6 fir Vr} (4.5) 

where Yr and Ar are constants and the domain Q = Uf_j fir, the union of domains 

on which the two material properties are constant. 

Physically we impose that across material boundaries there is 1) continuity of 

pressure head and 2) continuity of flux normal to the boundary. Therefore equation 
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(4.1) only holds on material interiors, On the interface between two regions Qr 

and Frs, we follow 

_f,Yr+{AT) 4^-h xs) • nr = (4.6) 
2 2 

and impose continuity of pressure head. 

The Gaussian Closure moment equations will be obtained by first integrating the 

appropriate equation multiplied by a deterministic test function, and then taking 

the ensemble mean. That is, we are taking the average over each realization of the 

weak formulation of the stochastic flow problem. This distinction is critical in that 

it allows us to first average in physical space, smoothing out the discontinuities, and 

then average in sample space, to obtain moment equations. 

We seek a finite element method that solves our problem in a weak sense according 

to (4.1) on material interiors and (4.6) on material interfaces. Such a discretization 

for the first of our four moment equations is derived by integrating the product of 

equation (4.1) and the deterministic test function 0„ over the domain n. splitting the 

integral into S sub-domains on which Y and A are constants, and taking the ensemble 

mean, yielding, 

s t 

i 

Next, applying Green's identity, rewriting ip as (ip)ij;', and V as (V) + Y'. equation 

(4.7) becomes 

0  =  —  ̂  f  ( i p ) - \ - e ~ ^ X 3 ) ) - V < f > n d Q .  (4.8) 
r=l Clr 

+ 53 f (ip) + + e~^X3)) • ndT. 
r=l rnfir 

Here we don't see the sum of integrals over the material interfaces because the con

tinuity of flux condition makes the sum of these terms zero. 
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As Y and .4 are constants, {e^'^^'V{e {ip) + e + e~^xz)) becomes 

(e'^'+^'-^')V(i/)) + + (e'^'+^V^za. (4.9) 
,2 

2 2 „ 

By Gaussianity of ip, Y and A, and {e'"''^^') = 

+ Y ' A ' )  f - ^  where 

al = (^'(x)i/)'(x)), if = {ip'{x)Y'{x)), T] = (i/)'(x)-4'(x)), 

see Appendix B. 

By defining 

p = eW(e0'+v"-.4') 

C = r, + (V".4'), 

the expression inside the integrals in equation (4.8), 

(4.10) 

becomes 

Vp + pe''Z3 (4.11) 

and equation (4.8) simplifies to 

0 = j'{Vp + pe%)-V<l)ndn (4.12) 
'•=1 i 

s f 
+ / 0^(Vp pgC^-^). nrfr. 

*•-' rnfir 
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Applying the boundary conditions equation (4.12) becomes 

(4.13) 

Tflnnr Tflnnr 

+ ̂  j  0„Pe(>">i'W.4'),i3.ndr 

Ponnr 
s 

where We now have an equation with (t)n, p and (,'• To obtain a 

finite element differencing scheme, we approximate p and C by linear combinations 

of the test functions 0i... (/»iv. The end result being a system of 2xN equations for p 

and C's N test function coefficients. 

In order to develop this discretization scheme, approximate p and C by 

,v 
P^ = '^Pm0m (4.14) 

m=l 

N 
= (4.15) 

m=l 

where Pm and Cm are constants. Under this approximation, equation (4.13) becomes 

0 = - '"'^"'•«3)-V(Z)„c/fi! 

XYr)HAr)-cr\ 

(4.16) 

r onnr 

r^v^nr 
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Taking advantage of the fact that pm and Cm are constants the above becomes 

s iV 

1 ^_i •/ r=l m=l 

S iV 

+ 1^ y ^„v<^^-ndr (4.17) 

ronfJr 

Tonnr 

^ /. 
<?>nQ rfr 

r.vnnr 

Choosing the class of test functions, and computing the integrals in equation (4.17) 

leads directly to a set of N discretized equations for pi.. .p^- The coefficients of Pm 

in these equations can be obtained analytically and will depend on both the type of 

test functions used, and the value of the Ci.. .Cv coefficients. The equations for the 

Pm values will be nonlinear in their coupling with the Cm values. Therefore, in order 

to solve for the pm values, we must derive an equation for the Cm values and solve the 

two sets of equations simultaneously by some iterative method that will address the 

nonlinearities. 

In deriving a discretization scheme for Ct we multiply equation (4.1) by .4' and 

the test function 0„, integrate over the entire domain, split up the integral into S 

sub-domains on which Y and A are constants, and take the ensemble mean. 

0 = y"(.4'V-^e^+<^)-^e'^V(e-V + e-<'^>+^X3)^)(Pnrfn (4.18) 

'•=^ ilr 

Applying Green's identity yields 

0 = f e<^>(A'e'^'+^'V(e-'^'(V') +e-'^>' + e^X3))-V(^„df2 (4.19) 
-•=1 i 

s *> 
+  ̂  e(v.)+Mr>-<r2^ J 0„e<'^>(A'e^+i"V(e-'^'(t/;)+e-^>'-he^X3))-ndr. 

rnOr 
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Distributing the expectation in 

(e"'^'(•0) + e~^ tl}' + X3)) (4.20) 

inside the integrals above, gives 

e(«'>( 4'g0'+i"-.4')y(^) ^ ^ (4.21) 

The Gaussianity of 0, Y and A tells us that = (e'^'"^^'""^')(C — cr'j^) and 
^2 

{ A ' e ' " ' ^ .  T h e r e f o r e ,  e q u a t i o n  ( 4 . 1 9 )  r e d u c e s  t o ,  

5 
0 = - ̂  f (V(p(C - cx\)) + p^e%) • V^dQ (4.22) 

-1 i 

^ r 
+ ̂  elM+M-l-i, / ^„(V(p(C-<7j))+pCe«i,)-ii<ir. 

rnnr 

Simplifying, and applying the boundary conditions obtained by multiplying equations 

(4.2) and (4.3) by .4' and averaging (see Appendix D), we obtain 

s 
0 = j{VpQ-a\Vp + pQe^Vi)-V(t>ndQ (4.23) 

-I i 

^ r 
+ / 0„(VpC - (^a'^p) • ndT 

'•=' roncir 

Tonnr 
5 .2 

f MA'Q)dr. 
r=l  n "Lr^ TiVnUr 

Applying the approximations for p and Q in (4.14) and (4.15) respectively we will 
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obtain our second moment equation finite element discretization. 

S N 

0 = (4.24) 
-• «=' i 

N  p  N  p  
^ PiCj / • V(t)ndnj 

.=l I i,j=l I 

+ ̂  p,Ci [ «pn V0i0j • n(ir 

ronOr 
Af -

'=^ Ponnr 

4- J2 f (j,^P{{A'^') + • ndT 

Vonnr 

j 0„(,4'Q)dr. 

'•=^ T/vnnr 

Given a class of linear or bilinear test functions, the integrals in equation (4.24) 

can be calculated analytically in terms of the unknown values Cj's- This however, 

yields an equation for the Cm's which is more strongly nonlinear than the equation for 

the Pm's. Luckily, the equations for the pjn and the Cm coefficients are only coupled to 

each other and can be solved independently of the other moment equations. Solving 

the two nonlinear, coupled systems of equations for the pm and Cm values, we will 

simplify the solution for the remaining moments. Let us now proceed by deriving 

discretization schemes for the third and fourth moment equations. The derivation of 

the finite element discretizations for ip and C,^(x,x) are similar to that done for 

The equations for ip and C,^(x,x) are derived by multipling equation (4.1) by 

Y' and •ib' = i/''(x) respectively, integrating against a test function 0„, averaging in 

ensemble space, and using Green's identity. Appendix D. Doing so yields equations 
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(4.25) and (4.26) respectively. 

0 = /(V(e<^>(re^'+^'--'^')) + eW(re'^'+^')e^i3)-V<p„rffi (4.25) 
r = l  f i r  

+ ̂ 2 f (^„(V(e<'^)(re'^'+^'-'^'))+e<'^>(re'^''+^")e^Z3)-ndr 
r = i  r n n r  

0 = - f(V(e<^>(0'e«''+^'---^')) + e<'^>(-0'e'^'+^>^i3)-VM^ (4.26) 

I 

e(v-r)+Mr)-<r=, f 0„(V(e<^>(^'e'^'+^'-'''))+e<'^>(0'e'^'^^")e^i3)-ndr. 

**— !• n/-*r* 

5 

rnnr 

Using the Gaussianity assumption to express higher order moments in terms of p, C-

if and C,/,(x, x) we get, 

0 = - f; e(V>+(-i)-<^^ f(V(p(^ + 4 - (V'A')))-i-p(^ + 4)e%)-V0ndn (4.27) 
r = l  n r  

+1; e(Vr)-^<.4r)-< J </,„(V(p(¥' + 4-(y".4')))+p(^ + a2)eS)-ndr. 
r = i  r n n r  

and 

^ r 
0 = -J^e<m<A>-.^ /(V(p(C^(x,x) + ̂ -7?)) (4.28) 

j{ 

+p(C0(x,x) +(^)e^i3)-V(pnc'J^ 

/• 

+ ̂  J <i„(V(p(C7»(x,x) + i5-fl) 

+p(C,/,(x,x) + <p)€''i3) • ndr, 

rnnr 

for and C0(x,x) respectively, where ip  = ( ip ' (x}V ' (x )}  and r j  = (w'(x).4'(x)). 

AppendLx D.  For  x ,x  € f i r ,  these become ^  = (p(x)  and f j  =  q{x)  =  C (x)  — 

(l''(x).4'(x)). Otherwise, we must use the correlation structure of Y and .4 between 

different  regions to  determine what  and f j  are  in  terms of  </ j (x)  and C{x) .  

Notice that with p and C known from the solution of (4.17) and (4.24), equations 

(4.27) and (4.28) are linear in ip and Cri,{x, x) respectively. Furthermore, we can avoid 
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solving the remaining two equations as a coupled system simply by solving equation 

(4.27) first, as it does not depend on C,/,(x,x) directly. With its solution know, we 

can solve equation (4.28) simply. 

The final step in our derivation is to approximate 9 and C^(x, x) by linear com

binations of test functions, (p„'s, 

to obtain a system of equations for ifm and Cmrh respectively, where Cmm = 

Substituting in this representation of and C^(x,x) into equations 

(4.27) and (4.28) respectively, we obtain the n'th discretized equation for 

(4.29) 
m=l 

iV 
(4.30) 

0 = - X) Z) V'mf -/(0mVp + pV0m+ P0me'^i3)-V0„dn (4.31) 
r=l  171=1 ^  f i r  

+ / 0„(<;£»mVp4-pV(pm+P0me^i3)-n£ir 
rnfip 

+ £ e(V>+<A>-cr^ / _ _ (rV4'))Vp + 4pe<i3)-
P=l ^ Qr 

+ / 4>n{{(JY-  Vp + (J^pe^U)  •  ndT 
rnflr 

and the n'th discretized equation for C^(x,x), 

0 = - E - /(0^Vp + pV0^ +p0^e^Z3)-V<Z)„£/n (4.32) 
r=l m=l ^ fir 

rnrir 

+ - f {^{pi'P - ̂)) + (ppe^iz)-V(i)ndQ 
r=l ^ Or 

rnnr 
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4.3.1 Summary of Finite Element Formulation Results 

The beauty of the finite element formulation above is that with the solutions for 

and obtained independently of and the discretization equations for ^ is 

linear in ipm- Subsequently with the solution to known, the discretization equa

tions for the covariance of 0 also becomes linear in Cmm's. Therefor we concentrate 

the nonlinearity of the problem into two equations, the equations for and 

These equations must be solved iteratively. but compared to Monte Carlo simula

tions, we solve two nonlinear equations rather than solving Nsim nonlinear equations, 

where N^im is the number of Monte Carlo simulations needed for convergence. 

The burden of the Gaussian closure technique comes from solving the covariance 

equation. This equation must be solved for each value of x. Therefore, if we are 

discretizing x by Xi.. .x^v, we must solve the equation for the covariance N times. 

Fortunately, this equation is linear, and solving N linear equations is far faster than 

solving N nonlinear equations. Additionally, we may not need to solve the covariance 

equation the full N times. Although we may need many cell blocks to accurately 

solve the GCPDE, we may not need as many to simply resolve the covariance. That 

is, we may be able to scale up to a coarser grid size of x^ values. For each Xm 

value, we will solve the covariance equation over the fine grid, Xi.. .X;v, but we will 

only solve this equation for a subset of Ncm Xt's values, which are enough to give 

the required resolution, e.g. X^ € {XI,XIO,X2O...XL;V/IOJ} and Ncov — 

Computationally it must be determined whether solving this linear equation Ncov 

times is faster than solving the nonlinear flow equation Ngim times. If ^cov ^sim 

then there is a clear advantage to the Gaussian closure approach. If not, we must 

compare the burden of solving Naijn nonlinear equations with that of solving Ncov 

linear equations. 
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Chapter 5 

CONCLUSIONS 

5.1 Conclusions 

This dissertation has proposed a method of closure which applies to a relatively broad 

range of constitutive relations, does not require linearizing these relations, and can 

admit log conductivities with relatively large variance. The approach required only 

that constitutive relations scale according to the linearly separable model of [21], and 

that the statistical distribution of pressure heads be not far from Gaussian. The 

Gaussian closure (GC) assumption or approximation has allowed us to develop a 

closed system of nonlinear differential equations for the mean, variance, and mixed 

moments of pressure head. 

We described the Gaussian method of closure within a general setting and use it to 

solve analytically unsaturated flow, first in a randomly stratified medium under steady 

state, then in a randomly homogeneous medium under transient flow conditions. 

Finally, we developed a numerical finite element framework for solving the Gaussian 

closure moment equations in a randomly heterogeneous steady state medium. 

To illustrate the accuracy of Gaussian closure for one-dimensional transient and 

steady state flow regimes, we compare graphically our analytical solution with Monte 

Carlo results, which do not require a Gaussian closure assumption. We showed that in 

steady state, that the Gaussian closure solution for mean pressure head was accurate, 

regardless of the correlation between dimensionless pressure head ij; and the porous 

material parameter a. However, the Gaussian closure solutions for the variance of 

pressure head was only accurate when we accounted for the correlation between ^ 

and Q and when the spatial variability of a was not pronounced. Additionally we 

found that for uncorrelated and a we could obtain asymptotic results for the high 
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elevation behavior of the mean and variance of pressure head. Although we did 

not show these results held analytically for the case where ip and Q are correlated, 

numerical simulations in this case indicated that the same asymptotic results should 

hold. 

For transient flow in a one-dimensional unsaturated randomly homogeneous soil. 

Gaussian closure and Monte Carlo results for mean dimensionless pressure were in 

excellent agreement over the entire range of time and parameter values. Gaussian 

closure and Monte Carlo results for variance, although qualitatively similar through

out, were only quantitatively similar for large times, or for early times when the 

variance of the log hydraulic conductivity is small. We showed that the difference 

between Gaussian closure PDE results and Monte Carlo results in variance is most 

likely due to the fact that i/)'s distribution is far from Gaussian at early times. As the 

flow evolves, so does the distribution of iIj. We found that for small times, ip often 

behaved more like a log-normally distributed random variable, and for large times, it 

behaved more like a normally distributed random variable, accounting for our great 

success in the steady state case. 

Finally, we developed a finite element framework with which to solve the two-

dimensional steady state Gaussian closure moment equations. The formulation is 

convenient in that it focuses all of the nonlinearity into two of the four moment 

equations, reducing the computational burden of the technique. 

In both the one-dimensional transient and two-dimensional steady state cases we 

found that a great deal of computational burden was involved in solving for the 

covariance of the dimensionless pressure head. The degree of this burden is yet to be 

determined, and will be a factor in determining the ultimate benefit of this technique 

over Monte Carlo simulations. 
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Appendix A 

AVERAGING EQUATIONS 

A.l Averaging One-Dimensional Steady State Equations 
with Uncorrelated ij) and a 

We start by rewriting all random terms as a sum of their mean and mean zero fluctu

ation. i.e. if a{x) = (a(x)) + a'(x) where (a'(x)) = 0. Equations (2.4) and (2.5) then 

cake the form 

+ = (A.1) 

{^{Zn)) + 0iZn) = (*J'n) + 't'L (A.2) 

Taking the expectation of (A.l) and (A.2) yields 

(n) = -eW (A.S) 
^ dz QtZ UiZ ctz J 

{ i v { Z n ) )  = (*I'„)(A.4) 

If and 0 are statistically independent then equations (A.3) and (A.4) simplify to 

(A.5) and (A.6). 

(n> = + (E'')) (A.3) 

{^.(2„)) = {*„) (A.6) 

Due to the fact that the order of expected values and derivatives is interchangeable. 

(^) = equation (A.5) can be simplified into equation (A.7) which would 

provide a workable equation for the mean pressure head if we could calculate the 

higher moment, (e*^ ) in the equation. This is the first point at which we need to use 

our Gaussian closure approximation. Without knowing the probability distribution 

function of the pressure head, computing the moment (e*"') is impossible. However, 
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if we make the assumption that the pressure head is Gaussian in probability space, 

we can compute (e'''') explicitly in terms of the variance of 0. First we rewrite (A.5) 

as 

+ + (A.-) 

Recall that for a mean zero Gaussian random field (p, the expected value of /(©) 

is given by 

im) = j f(a)e^da (A.8) 

where is the variance of 0. Therefore, if ip{z) is Gaussian at each 2, then the 
•y 

moment {e'^) — e~ by the derivation below, 

1 r 
(e^') = 7= / e^e^da (A.9) 

a^s/l-K J 

_ / e da 
cr^v27r J 

p -(••-"i)- ,2 

(T^V^ 
1 f -IT-r- --Jt. —p=. I e * e 'i da 

J 

i e 2 
= / e'""' da = e 2 (1) 
2zJ 

It. = e 2 

This is the standard technique for computing Gaussian integrals. Analogous deriva-
<r^ ^2 

tions show that (e~^') = e~^ and {tp'e''"') = a^e~^ Substituting the value of (e*"') 

derived above into (A.7) and simplifying leads directly to the following equation for 

the mean of 0, 

^ = -(n)e-(W+^' - 1 - (A.IO) 
dz ^ ' 2 dz ^ 

{^{Zn)) = i^n) (A.11) 
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The equation for variance of i) is obtained by first multiplying equations (A.l) 

and (A.2) by xl)' and then averaging the resulting equation to yield 

{^'n> = 

(^'(^n)-0'(^n)) = (KK) (A-13) 

Assuming again that and ip are statistically independent, equations (A.12) and 

(A.13) simplify to (A.14) and (A.15), 

(i/;'n) = ^(0'e^')^ + + {w'e"')^ (A.l-l) 

{w'iznWizn)) = (A.15) 

Recognizing that that {tp'e''"') = cr^e"^ and that the moment {tp'e'^'^) can be 

re-wri t ten as  a  l inear  combinat ions of  der ivat ives  of  the moments ,  (e" '  )  and {w'e '^ ' ' ) .  

we can rewrite equation (A.14) strictly in terms of (ip) and a^. 

Applying these relation we obtain equations (2.9)-(2.10) for the variance of f. 

A.2 Averaging One-Dimensional Steady State Equations 
with Correlated ip and a 

Rewriting all random terms as a sum of their mean and mean zero fluctuation, i.e.. 

a(x) = (a(x)) +a'{x) where (a'(z)) = 0, equations (2.44) and (2.46) can be rewritten 
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as 

dz V 

(•0) + ;/; = + %, z = zn (A.18) 

_eW+<v->+(A)-4-e^'+v"^ / 19) 
dz \ 

^-(A)-A'^f + 2^ = (Q) +Q ' , Z  =  Z n + I  

Upon taking the expectation of (A.17)-(A.19), integrating once, making use of the 

boundary condition at 2 = 2n+i, and utilizing the fact that A and V have been taken 

to be constant on any given layer, we obtain 

_eWHY)-4 (/eV'+v'-A'^M + .^q) 
\ dz dz 

= (Q) 

itM) = (*„) (A.21) 

Since t(j', V and A' are mean zero Gaussian, we find that (Appendix B) 

^g«;'+V"-A'^ _ g^+v7-„g^ + ̂ -(V'.4'> _ (A.22) 

where if = (0'V'') and q = {0'A'). Therefore, 

,,.23) 

(A.24) 

Substituting into (A.20) and solving for ^ yields (2.47). 

To obtain equations for the covariance of the dimensionless pressure head, C^{z, z), 

we first multiply (A.17)-(A.19) by 0 = ip{z). Since ^ is not a function of z, it can 
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" = 5; 

move under the derivatives. After averaging we obtain 

\ dz 

dz dz ) 

Q(Z„,5) = = -n (A.26) 

^ (A.27) 
\ dz 

ctz 

= {Qv').z = 

Considering that A and V are not functions of z, and integrating (A.25) subject to 

(A.27), yields 

+ e^(0'e^'+^") (A.28) 
az dz 

Using Table B.l. (A.28) reduces to 

(vj(2) - riiz) + C^{z, 2)) + n — + 

{ip{z)- T ){z)+C^{z,z))^ 

+{^iz) + C^[z, 2))^e''+<^''^'> = (A.29) 

Next, we collect all terms with the common coefficient {(p(z)+C^{z, 2)) and recognize 

that the sum + e~^pL can, by virtue of (A.20) and (A.22), be replaced by 

— D o i n g  a  s i m i l a r  m a n i p u l a t i o n  o n  t e r m s  w i t h  c o m m o n  c o e f f i c i e n t  

r]{z) we obtain 

- Mz) + C,(z, i)) (® + 

-viz) (A.30) 



118 

Finally using the relations in equations (A.22) and (A.24) allows us to express the 

covariance of the pressure head in its final form, (2.49)-(2.50). 

Following the first four steps of the procedure for deriving mixed moment equations 

outlined in Section 2.2, assuming that A and Y are constemt, we find that I/J = {Y'u^') 

and T) = {A'lp') are given by 

\ dz dz 

e^{Y'e*'^^')^ = {QY') 

<p{zn) = (^„y") 

y clz dz 

= (QA') 

Vizr.) = 

(A.31) 

(A.32) 

(A.33) 

(A.34) 

respectively. Using Table B.l from Appendix C to perform step 5. and simplifying 

equations (A.31)-(.^.34), the governing equations become 

,{<p) 

dz 
. _ e -(V')+V((5y-') 

(p(.-„) = J") 

iv + {r 'A') -  "D (, 
• ^('^) 1^1 + — + Me 

dz dz 

dr] 

dz 

rjiz^) = ('P;(zn).4'). 

(A.35) 

(A.36) 

(A.37) 

(A.38) 

Isolating ^ in (A.35) and ^ in (A.37) on the left hand side, and utilizing (A.20) 

and (A.22), yields equations (2.56) and (2.57) for ip and rj, respectively. Combining 
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equations (2.53), (2.56) and (2.57) we close the problem by rewriting the sum of the 

derivatives as 

{-{Qi, ')  -  {QV) + iQA') (A.39) 
2 dz dz dz 

+(Q)(2(p — 2T] + a^ + aY+a\ — 2(F'.4'))) 

-e'^+<y'A'){T^ + {Y'A!)+a\). 

This allows us to express as a function of (^), v? and rj .  
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Appendix B 

CALCULATION OF MIXED MOMENTS 

Consider the product f{A)g{B) of two functions, where A and B are normally dis

tributed mean zero random variables. The mean of this product is given by the 

definition in [6], p. 237. 

(/{.4)s(B)> = j j f{a)g{b)e^=^dadb (B.l) 

'"'F ) LN=̂ XS-(.«)̂  (B.2) 

7^R-W = (B.3) 

Using this definition we now provide an example of how such mixed moments are 

calculated. Define new variables a = dtJB, b = -^ and b' = b + aB and note that <TB 

1 /• . I a'(r%^2abiAB)'hP<T\ 
(Ae-^) = 7= / ae-*'e" —^ dadb (B.4) 

2T^\J 

= ;= I —s-e ® e ^ ^ dadb 
2T^\J 0% 

= = / e / ae = dadb 
2TaBy/\r\J J 

1 r ^ k l>- f la-(AB)b)-
= T== / e ® 2 / ae • dadb 

2TaBy/\r\J J 

= ^-p= f e-'^^^''^^''e'-i-{AB)b\/^y/\r\db 
2x0-3 ̂ /iri J 

= f 4e-3<»+'.)'rf), 
( tbv^  j  

{AB)e^ 

(TbV^ 
[{b'- (TB)e-^''"db' = (0 - crB)V^ 

J aBw2T 

= -{AB)e-^ 
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ij'Y' 

V 

gw'+r-.v 

H{(p{z) -T]{z) + C,i;{z,z)) 

- iX'A') + cp) 

y-'g(ij'+V" (cTy 4- ^ 
Y'lgip'+V-A' niiY'A') - a'i + 77) 

{{Y'A') 

TABLE B.l. Mixed Moments of Interest 

This immediately allows us to construct Table B.l. which lists all mixed moments of 

interest. 



122 

Appendix C 

DIMENSIONAL ANALYSIS 

To render Richard's equation dimensionless in space, one must identify appropriate 

length scales by which to nondimensionalize the pressure head 0 and the space vari

able The physical quantity in Richard's equation with dimensions of length is 

= 1, so Q0 is a natural length scale to try. We choose to work with the following 

dimensionless variables (checked variables are dimensional), 

•0 = —•0, -0 = Q^i/; (C.l) 
Oc^ 

z = 7^2, Z = {a^)z- (C.2) 
(a^) 

.\ote that whereas pressure head is scaled by a^, z is scaled by (a^). This is 

appropriate because w is a random field and can thus be scaled by a random variable, 

wheras c is a deterministic variable and must be scaled by a deterministic quantity. 

Under these transformations equations (1.23)-(1.26) reduce to 

0(x,O) = 'I'o, xefir {C.4) 

=  X G T D  ( C . 5 )  

{a^ip + {a,i,)x3) • n = Q, x 6 (C.6) 

Setting Ks = yields (4.1)-(4.3). 

In Chapter 3 we will be solving the transient problem in a one dimensional 

medium. We therefore need to find an appropriate deterministic time scale with 

which to nondimensionalize time. In the sample transient flow problem we solve in 

Section 3.4, the deterministic dimensionless parameters are {Ks), Q, (a^), and 2„+i, 
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the length of the physical domain. Therefore, the possible time scales are 

and As we do not change the domain length, or the boundary flux in our 

analysis, we choose to use Therefore, define dimensionless variable t, 

where i  is the dimensional time variable. Looking at the one-dimensional problem, 

and dividing equation (C.6) by (A's), transforms equations (C.3)-(C.6) to their di

mensionless, one-dimensional form, 

0(x,O) = 'I'O) X G fir (C.9) 

i j j { x , t )  =  ̂ ,  x e T o  (C.IO) 

6""^ {a^ip + {a^)x3)-11=-T^rr, (C.ll) 
{a^){K,) ^ {K,y 

C.l Dimensionless Parameters 

E.xamining equations (C.8)-(C.ll) we can see that the dimensionless parameters at 

play in both the steady state and transient problems are FIi = ITa = and 

ris = As the average of Ila and lis are equal to one and therefore do not 

have an effect on the moment equations, we will ignore the later two dimensionless 

parameters, and focus the effect of varying Hi. 
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Appendix D 

FINITE ELEMENT DERIVATION DETAILS 

D.l Boundary Integrals 

In order to apply the boundary conditions (4.2)-(4.3) on T = r.^nro, to the boundary 

integral from equation (4.22), 

e(V)+<.4)-<r^ I 0„(V(p(C-a2))+pCe^z3)-nrfr, (D.l) 

rnfir 

we multiply equations (4.2) and (4.3) by .4' and average. This leads to 

=  x e T o  ( D . 2 )  

_e<K)+<A>-^g(,/,>^^/g^'+v"y(g-.4^^g-M)+4-a;3)) - n = (A'Q), x € r.y, (D.3) 

Adding {Y'A') to both sides of (D.2) and recalling that = (0'.4') + {Y'A') yield the 

boundary condition for C on the Dirichlet boundary, 

C = (^.4'> + (y".4'), xgTd (D.4) 

Looking at sub-regions of the Neumann boundary, F/v H fir, where Y and A are 

constants, and distributing the expectation in (D.3), we obtain, 

+eW(A'e'^'+^')e^X3) • n = {A'Q), x 6 n fi,. 

Using the fact that Y and A are constants to take the gradient out of the expectation . 

{A'e^''^^'~-'^'Vip') = and then combining the first two terms in (D.5), 

the boundary condition is simplified to 

_e<^)-4 (v(e<^> (A'e^'+^'-^')) (D.6) 

• n = (A'Q), x e Tyv n fi,. 
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As Gaussianity of Y and A tells us that {A'e^'^^' = p(C — cr\) and 
„2 

g{v;)( 4'g(f'+v") _ p^^gC the Neumann boundary condition is reduced to, 

_e(>'>-4(v(p(C-a2))+pCe^ •n = (>l'Q), xer.vn^. (D.T) 

Substituting this identity, and the identity in equation (D.4), into equation (4.22), 

yields equation (4.23). 

D.2 Finite Element Derivation for (p and C,/,(x, x) 

In deriving a discretization scheme for ^p, we multiply equation (4.1) by Y' and the 

test function (p„, integrate over the entire domain, and take the ensemble mean. 

0 = y"e<-^'-^(V"V-^e^+<-^>-^e'"V(e-'^0 + e-<--^>+^X3)^)0nrfJ^ (D.8) 

n 

First splitting the integral into sub-regions on which Y and .4 are constant, and then 

applying Green's identity yields 

0 = - f; / e<'^>(re'^'+^'V(e---^'(0) + e-*'0' + e4x3))-Vc)„c/n (D.9) 
r=l rir 

+ £ e(y)+iA)-c\ J 0„eW(y'e'^'+^'V(e-^'(i/;) + + 6^x3)) • nrfF. 
r=i rnrir 

Distributing the expectation in 

2 

e('^>(y"e'^'+^'V(e-^'(^) +e--'V' + e^i3)) (D.IO) 

inside the integrals above, gives 

Taking advantage of the fact that Y and A are constants, one can take the gradient 

out of {Y'e^'^^'~^'Vip'), and rewrite it as Now we can combine the 

first two terms in (D.ll) into one gradient and substitute the expression into (D.9). 

yielding equation (4.25). 
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Similarly, we derive a discretization scheme for C^(x,x) by multiplying equation 

(4.1) by ijj' and the test function 0„, integrating over the entire domain, and taking 

the ensemble mean. 

0 = + (0.12) 

n 

First splitting the integral into sub-regions on which K and .4 are constant, and then 

applying Green's identity yields 

0 = - f eW(t/;'e'^'+^'V(e-^'(0) + + e^X3))-V<p„dfi(D.13) 
r=l  Qr 

+ ̂  e(V)+(A>-<,^ J  0„e<'^}(^'e'^'+y'V(e-^'(p) + e-^'w' + e^xj)) • ndF. 
r=i  rnf i r  

Distributing the expectation in 

2 

e^'^^(ip'e'''''^^'V(e~-'^'(ip) + X3)) (D.14) 

inside the integrals above, gives 

Taking advantage of the fact that V and A are constants, and 0' is a function of x. 

one can take the gradient out of and rewrite it as 

Now we can combine the first two terms in (D.I5) into one gradient and substitute 

the expression into (D.13), yielding equation (4.26). 

Because i j j ,  Y  and .4 are Gaussian, we can compute the moments 

e(v)(y''eif'+v')^ in terms ofp, C. ^ and C,y(x. x). By 

results shown in Appendix ??, 

eW(y'e^'+v"-4') = p{^ + - {Y'A')) 

eW{Y'e^'^^') = p{ip + a^)e^-^ 

=  p(C^(x, i ) + ( p - f j )  

= p(C^(x,x)+(^)e^"i^, 
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which when substituted into equations (4.25) and (4.26) yield equations (4.27) and 

(4.28) for ^ and C^(x,x) respectively. 
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