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ABSTRACT 

The angular dependence of the differential scattering cross section is typically 

represented as a truncated Legendre series expansion. If the scattering cross section is highly 

anisotropic, these expansions may result in negative regions in the -1 ̂  ^ 1 interval, 

thus representing the cross section by negative values. These negative regions may cause 

negative components in the discrete ordinates scattering source, which are non-physical and 

which may adversely affect the iterative convergence of the exponential discontinuous spatial 

discretization scheme. 

Two methods are presented which produce a positive representation of the scattering 

cross section, and are designed to calculate a stricdy positive scattering source. The first 

method constructs a scattering matrix from the exponential representation of the cross 

section derived from maximum entropy. Accuracy of these matrices is further improved by 

the application of SMART scattering theory. The second method adjusts the Legendre cross 

section moments with a constrained least squares algorithm. The adjustment is subject to 

constraints that the zeroth and first moment remain unchanged and that the resulting 

expansion is positive on all scattering angle cosines derived from a standard S^ quadrature 

set. Extra moments from the maximum entropy representation of the cross section are also 

used to decrease the relative error of the modified moments. 

Numerical transport calculations using these two methods demonstrate consistent 

results with those using the standard truncated Legendre expansion of the cross section. The 

exponential discontinuous spatial scheme is shown to iteratively converged when these two 

methods are used. A comparison of these methods with results from multigroup and 

continuous energy Monte Carlo calculations are also shown to be consistent 
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nSITRODUCnON 

The engineering design of systems which depend on the distribution of sub-atomic 

particles has been an important field of study since the beginning of the atomic age. The 

design of a nuclear power reactor or the shielding of a space craft from solar and cosmic 

radiation require an understanding of and the ability to predict the behavior of nuclear 

particle distributions. On both mathematical and physical grounds the distribution of 

many of these particles may generally be characterized by the Linear Boltzmann 

Transport equation'. 

The solution to this integro-differential equation is non-trivial, and only a few 

analytical solutions exist for specialized cases". For this reason, one usually finds 

solutions using numerical techniques on modem computers. These techniques are 

divided into two classes: probabilistic or stochastic, referring to Monte Carlo methods, 

and deterministic, which include spherical harmonic and discrete ordinate methods. This 

work focuses on one type of deterministic solution, namely the discrete ordinates method, 

abbreviated . 

Carlson' first gave the name to a finite difference approximation of the 

oansport equation where the angular variable was represented by piecewise continuous 

linear segments. Discrete ordinates, however, which was first suggested by Wick^, and 

developed by Chandrasekhar^, treats the angular variable as a discrete set of beams, or 

angular directions. Over the years Carlson developed an improved general geometry 
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discrete ordinate system, and kept the name, which continues today^. 

Numerical solutions to the transport equation require that representations be made 

of the continuous variables and physical data'. This is clearly seen in the case of the 

physical data if one considers the large amount of information that would be required to 

describe the complex energy dependence of neutron cross sections in detail, especially for 

fissile and fertile isotopes'. Oifferential scattering cross sections'-^' also may contain a 

strong coupled energy-angle dependence, especially when the continuous energy variable 

of the transport equation is approximated by the multigroup approximation'-^'. While in 

most situations a particular approximation chosen to represent a continuous variable or 

physical data provide adequate results, there are situations where the approximation 

breaks down and non-physical results occur. This work examines the approximations 

used to evaluate the discrete ordinate scattering source, and details where non-physical 

negative values arise. Methods are then proposed which allow the scattering source to 

remain strictly positive. 

1.1 Negative Scattering Sources and Legendre Expansions 

In regimes of shielding and nuclear reactor applications, the angular distribution 

of the particle on nucleus scattering interaction is commonly described as a rotationally 

invariant function of the cosine of the angle between the incoming and outgoing neutron 

directions'*^'. This cosine is commonly denoted as jIq- Because of the addition theorem®, 

a convenient approximate representation of this scattering cross section is a series 

expansion in Legendre polynomials. The domain of this set of basis functions is the same 
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as the range of the cosine, [-1:1], and their orthogonal properties and their decomposition 

into spherical harmonics via the addition theorem afford signiflcant mathematical 

conveniences. However, given an arbitrary degree of anisotropy, or how strongly the 

cross section depends on angle, a prohibitive number of terms in the Legendre expansion 

may be required for an accurate representation. Storage and use of all the Legendre 

scattering cross section moments required for a converged expansion may prove too 

unwieldy in today's computational environment. It has been shown that in many cases 

where angular averaged quantities are desired, using the first few terms of the expansion 

are adequate^. This may be the reason that many of the cross section libraries available to 

the discrete ordinate transport code user, such as the Bugle'® and Sailor'' multigroup cross 

section libraries, contain truncated Legendre expansions of differential scattering cross 

sections. 

Truncation of a highly anisotropic scattering cross section may produce 

undesirable oscillations in the cross section expansion, and lead to regions where the 

cross section expansion becomes negative and therefore non-physical'. Such anisotropy 

exists with light nuclei and nuclei at high energies. While such negativity does not pose a 

problem for many types of deterministic calculations, there are cases where these negative 

cross section regions can lead to a scattering source which has non-physical negative 

angular components. This negative source will result in non-physical negative angular 

fluxes upon inversion of the transport operator. In discrete ordinate calculations, 

solutions are typically found by an iteration scheme, termed source iteration. Negative 

components in the scattering source may even prevent convergence of the source iteration 
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scheme. For example, if the exponential discontinuous approximation is used for the 

spatial discretization, negative components in the scattering source will compromise 

convergence". 

Historically, several methods have been developed to address the problem of 

negative scattering sources. Ward" developed a method of representing the Compton 

differential scattering cross section with a modifled Legendre expansion. This method 

defined Legendre scattering moments that are valid for a subset of the interval [-1,1]. 

Ward used the fact that in the multigroup approximation, the allowable range of jiq for the 

transfer of the incident particle from energy group g to energy group g' may not include 

the entire jIq interval. Bounds are defined where the cross section is non-zero, and a 

modified Legendre expansion of the cross section is calculated within those bounds. The 

implementation of this method however requires special cross section data and modified 

transport codes. 

A method which uses an analytical differential scattering cross section rather than 

Legendre expansions was introduced by Odom and Shultis''*'*^. The cross sections are 

evaluated using the analytical multigroup representation for elastic scattering. The 

resulting cross section can be implemented directly in discrete ordinate transport codes 

without modification if the code evaluates the scattering source using the scattering 

matrix algorithm, or with slight modification if the spherical harmonic algorithm is 

employed. The drawback is that point cross section data, such as the data contained in 

ENDF/B'^ files, is required to evaluate the analytical representation, to which the user 

may not have access. 
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A simple repair of negative components in the discrete ordinate scattering source 

due to truncated Legendre cross sections was developed by Emmett, et. al.'^ ". This 

method makes use of existing truncated Legendre cross section libraries, does not require 

special treatment in transport codes, and has been implemented in the Oak Ridge TORT'* 

transport code. The method arbitrarily sets to zero all directions of the scattering source 

which have a negative value. A search is then conducted to zero out remaining small 

values of the scattering source starting from the smallest and proceeding in ascending 

order until particle balance is somewhat restored, or the zeroth moment of the scattering 

source is nearly preserved. An economy mode is also available which only sets the 

negative components to zero, with the consequence of not maintaining the zeroth 

scattering source moment. In either case, this method does not preserve the first order or 

higher order scattering source moments, which results in a loss of momentum 

conservation. 

1.2 The Proposed Methods 

In ±is dissertation, two methods are introduced to address the negative scattering 

source issue. Both methods strive to express the differential scattering cross section in 

terms of a finite expansion. When used in conjunction with positive angular fluxes and 

quadrature weights, they result in the evaluation of a positive discrete ordinate scattering 

source. It is desirable that these methods have the following properties: 

I. The scattering source evaluated from these cross section expansions is 

strictly positive. 
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2. These expansions can be generated from existing truncated Legendre cross 

section libraries. 

3. The zeroth and first Legendre cross section moments are preserved. 

The first of these properties fulfills the overall goal of this work, obtaining a strictly 

positive scattering source. The second property allows the general user of a transport 

code who does not have access to large cross section data files, such as the ENDF/B 

library, to eliminate the effects of negative scattering sources. The preservation of the 

zeroth and flrst cross section moments maintains overall particle balance and momentum 

of the scattering interaction. 

The first method makes use of an exponential form of the differential scattering 

cross section. First developed by Moskalev", this positive form of the cross section 

allows one to create an equiprobable step function with an arbitrary number of intervals 

for use in Monte Carlo calculations. Moskalev combined maximum entropy and 

information theory to define an exponentiated finite Legendre expansion, the coefficients 

of which can be found by the solution of a set of coupled non-linear equations. Baker^° 

used this representation to calculate equal-probable bins of the scattering cross section for 

use in multigroup Monte Carlo applications. 

Here the maximum entropy exponential cross section representation is applied 

directly in discrete ordinate transport codes. This can be done with almost no change to 

existing codes if the code utilizes the scattering matrix algorithm. The use of the 

exponential cross sections does give rise to some integration issues, however. In the 

discrete ordinate approximation, the angular integrals are evaluated by numerical 
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quadrature, which is primarily designed to integrate polynomials. Since cross sections of 

this form are not polynomials, various numerical integration techniques to evaluate the 

scattering source are explored. Finally Filippone's^' SMART scattering matrices are 

formulated here for neutral particles, and applied to the integration of the downscatter 

source. This is done in an effort to improve the accuracy of the angular integration of the 

scattering source when the exponential cross section representation exhibits very sharp 

variations in Ho-

The second method utilizes a least squares minimization of the Legendre 

scattering cross section moments in order to generate a positive expansion. Least squares 

minimization has previously been explored by Slavik et. al.^ as well as Landesman and 

MoreP. Slavik presented the CLEM program, a computer code that performed a least 

squares fit of the cross section moments such that the Legendre expansion was positive 

over the entire Ho interval. However, to gain positivity, the first Legendre cross section 

moment was often required to be modified, especially in the case where the anisotropy 

was pronounced. By redefining the first cross section moments, the average cosine of the 

scattering angle becomes altered. 

Landesman and Morel's least squares method adjusted the moments of the angular 

Fokker-Planck operator. The method imposed the following constraints on the least 

squares algorithm: the one-dimensional Galerkin scattering matrix remains positive and 

the zeroth and first cross section moments remain fixed. They demonstrated that a 

Legendre expansion could be found which was positive in all quadrature directions 

without changing the first cross section moment. 
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This work proposes that a modification to the Landesman and Morel method be 

made for multidimensional applications. The following constraints in determining the 

least squares solution are exercised. First, like Landesman and Morel, the requirement 

that the zeroth and Hrst cross section moments remain unchanged is made. Second, the 

scattering cross section must be positive for all possible cosines of the scattering angle 

obtained from the use of a given standard multidimensional quadrature set. The 

resulting cross section moments can be utilized in existing discrete ordinate transport 

codes without modification. 

Each of the methods presented exhibit the desired properties which have been 

previously stated at the beginning of this section. Both methods have been implemented 

into the discrete ordinate transport code PARTISN" ( PARallel Time-dependant SN). 

1.2 Overview of the Thesis 

Chapter EL introduces the continuous Boltzmann transport equation for general 

geometries. A short description of the scattering cross section is provided with an 

explanation of its dependence on the cosine of the scattering angle. Then the method of 

discrete ordinates is summarized, with some of the approximations utilized to solve the 

transport equation in a deterministic fashion. Next, the scattering matrix algorithm and 

the spherical harmonic expansion method commonly used to calculate the discrete 

ordinate scattering source are derived. This is followed by an exploration into how 

negative regions of the Legendre scattering cross section expansion can cause negative 

elements in the scattering source. 
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Chapter IH begins with the derivation of the exponential representation of the 

scattering cross section using maximam entropy. Also examined are varioas methods to 

perform the angular integral of the scattering source in a discrete ordinates setting. 

Comparison of these methods with three idealized test cross sections are presented. To 

help improve the accuracy of the scattering source integration, SMART scattering for 

neutral particles is developed and applied in the calculation of the downscatter source. 

The result is a strictly positive scattering matrix which preserves the Legendre scattering 

cross section moments. 

The least squares minimization method is developed in chapter IV. An extension 

of the Landesman and Morel least squares method to multidimensional geometry is 

shown to give undesirable results. The least squares method utilizing standard 

multidimensional Sn quadrature is presented and comparisons of the error of the least 

squares modified moments to the original unmodified moments are made. A method to 

reduce the error of the least squares modified moments by extracting additional moments 

from the exponential representation of the scattering cross section is introduced. 

Examples of the this error reduction when applied to actual cross sections are also shown. 

Chapter V presents numerical results obtained from the implementation of the 

exponential representation and least squares minimization of the cross section into the 

transport code PARTISN. Comparisons of these results with those obtained by the source 

fixup methods proposed by Emmet, et. al. are made. Transport calculations utilizing the 

exponential discontinuous spatial scheme are demonstrated to iteratively converge with 

anisotropic scattering when both the maximum entropy and least squares modified cross 



section are employed. Finally, a comparison of results obtained by the Monte Carlo code 

MCNP™ * ̂  using multigroup and continuous energy cross sections and the proposed 

methods on a problem consisting of a highly anisotropic Hxed source is shown. 

This thesis concludes in chapter VI, with a summary of this woric, some final 

conclusions, and suggestions of possible future work. 

"MCNP is a trademark of the Reagent of the University of California 
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CHAPTERn 

THE DISCRETE ORDINATE SCATTERING SOURCE 

The solution of the integro-differential linear Boltzmann transport equation is, in 

general, non-trivial, especially since there has yet to be found a general closed form 

analytic solution. The equation, however, can be solved in a deterministic fashion using 

numerical techniques on modem computers. These solutions require approximations 

such that the continuous independent variables can be represented on a finite word digital 

computer. However, these approximations usually have a limited range of applicability, 

and reasonable solutions may not be found when applied outside that range. 

This chapter introduces the time independent continuous neutral particle transport 

equation, and presents a few of the approximations that are utilized to solve the equation 

in a deterministic fashion for the angular flux. In general, each of the mathematical 

operations on the continuous variables, i.e. space, energy, and direction, are discretized in 

some approximate fashion suitable for programming on a digital computer. This work is 

concerned with the discrete ordinate approximation with regard to the angular variable 

The discrete ordinate approximation is therefore developed, and then the scattering source 

is explored to determine under what circumstances its evaluation results in non-physical 

negative components. 

This chapter is organized in the following manner. The continuous transport 

equation is presented in section 2.1. In section 2.2 a brief explanation of the scattering 

cross section is presented. Section 2.3 develops some of the various discrete ordinate 



approximations to the continuous transport equation. This includes the development of 

the approximation for discretization of the angular variable, and the multigroup 

approximation for the energy. The multigroup approximation becomes important since it 

affects the anisotropy of the scattering cross section. Also described is the source 

iteration solution method used to solve the S^, equations. Section 2.4 focuses on the 

scattering source term, and discusses its approximation using a scattering matrix as well 

as the method of expansion into spherical harmonics. Finally, the condition under which 

these approximations generate a non-physical negative scattering source is detailed. 

2.1 The Linear Boltzmann Transport Equation 

Consider an arbitrary spatial volume V with a non-reentrant surface, shown in 

figure 2.1, where the distribution of neutral particles is to be described. For steady state, 

this distribution is given by the time independent linear Boltzmann transport equation, 

ao 

0 4jc 

The independent variables comprise a six dimensional phase space, three in the spatial 

position vector r, two in the particle direction Ci, and one in the energy variable E. The 

following quantities are defined: 
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Figure 2.1: Arbitrary spatial volume with surface 65 and outward normal n 

= angular flux. 

a^(r,E) = total macroscopic cross section. 

a^ir,d'-'Cl,E'-'E) = macroscopic differential scattering cross section. 

Q{r,Cl,E) = angular source. 

The transport equation describes a balance between the rate of particle loss from leakage 

or removal by collision out of the phase space element dfdQdE about (r,^,£), and the 

rate of particle gain by addition into the phase space element through an external source 

or by scattering collisions from all directions D'and energies E 

The description of the problem is completed by providing boundary conditions 

along the surface of the volume. The is done by prescribing the incident angular flux on 

the surface boundary as 
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ijr(r,^,£) = i|r^(r,^,E), re65, /i-O<0 (2.2) 

where n is the outward normal to the surface. 

2.2 Approximation of the Differential Scattering Cross Section 

The physics of particle interactions are brought into the transport equation through 

cross sections which contain the physical interaction information concerning particular 

materials. Cross sections describe the probability of interactions for the particles of 

interest with respect to the nuclei encountered, such as absorption, fission, and scattering. 

For an example, figure 2.2 presents a simplistic view of a scattering cross section. The 

incoming neutron traveling in direction D' interacts with the nucleus and scatters at an 

Q 

Q' 

neutron 

nucleus 

Figure 2.2: Simplistic view of scattering interaction 
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angle 0 into direction ^. The shaded area represents the effective cross sectional area of 

the nucleus which the neutron "sees." The angular dependence of scattering is typically 

represented by the cosine of the angle 0, which is conveniently represented by the dot 

product of the two unit direction vectors. This dependence on the cosine of the scattering 

angle is a consequence of the invariance of the scattering cross section with respect to the 

direction of the incident particle. This assumption is justified in a medium that is 

composed of randomly oriented nuclei, and any directional dependence in that medium 

would be averaged out'. A medium with this property is said to be isotropic^. The 

scattering cross section can then be written as 

a^ind'-Cl^E'-E) . (2.3) 

It is convenient and numerically advantageous to represent the angulzu* 

dependence of the differential scattering cross section as a series of Legendre 

polynomials'"', 

a(rA'- Ci,E'-E) = a (r,E'-£) PxCl'- Cl) . (2.4) 
U 47t 

The advantage will become evident when the spherical harmonic expansion of the 

discrete ordinate scattering source is further explored. The Legendre moment is 

determined by projecting the cross section over the Legendre polynomial as follows, 

a^j{f,E'-'E) = Ja^(r,Cl' Cl,E'-'E)Pi{Ci' Cl)dQ' . 
4lC 
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Typically the infinite series is truncated at L terms, where L is usually three to five^ 

However, if the scattering cross section contains a high order of anisotropy, i.e. it varies 

sharply with the cosine of the scattering angle, then a truncated Legendre cross section 

expansion may result in non-physical oscillations and negative values. 

2.3 Discretization of the Transport Equation - The Discrete Ordinate Approximation 

To solve the transport equation in a deterministic fashion on a computer, each of 

the independent variables of the phase space are discretized in some way. The method of 

discrete ordinates is one such discretization technique. In this approach, the angular flux 

is represented by values at discrete points of the phase space. The following subsections 

briefly describe how the phase space variables are discretized. 

2.3.1 Angular Discretization - The Approximation 

In this section a common discretization scheme of the angular variable, the Sn 

approximation^ is introduced. In the method the angular flux is evaluated at a Hnite 

set of discrete directions. Thus it is possible, in principle, to obtain as accurate of a 

solution as required by increasing the number of angular directions^, subject to computer 

memory limitations or runtime constraints. 

The discrete ordinate equations may be obtained in the following manner. First, 

the angular integral of the scattering source term on the right hand side of the transport 

equation is approximated by numerical quadramre. 
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«• Af 

0 " 

where is the m"' quadrature direction, is an appropriately chosen quadrature 

weight for , and M is the total number of discrete directions. For the set of 

quadrature directions , the transport equation is written for each direction, in the 

follower manner, 

f E <',(KI^„.-a„.E--E)<lr(r.a„..E')<o^.dE' * S(r.Q^.E) • 
J  m ' = I  

The result is a set of Af coupled equations for the angular flux. 

2.3.2 Energy Discretization - The Multigroup Approximation 

Next a discrete approximation to the continuous energy variable is considered. 

This is accomplished by discretizing the energy dependence of the angular flux by a mesh 

of G intervals or bins, illustrated in figure 2.3. The boundaries of the mesh are defined 

such that £(^=0 for group G, and Eg is large enough such that particles of higher energy 

need not be considered. Each of these intervals need not be the same size. The angular 

flux is then integrated over each set of bin boundaries. 
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E„ E g g-i 

Figure 2.3: Example of Energy Discretization Meshing 

(2.8) 

resulting in a group averaged quantity. The integral of the angular flux over all energies 

is then reconstructed as 

G  

J^(rXl,E:)dE = 53 - (2.9) 
0 

The external source term, Q(f,Ci,E) is also discretized over energy in a like manner. 

S u c h  a  d i s c r e t i z a t i o n  i s  a n  e s s e n t i a l  e l e m e n t  o f  t h e  M u l t i g r o u p  a p p r o x i m a t i o n T h e  

multigroup equations are formulated by integrating the transport equation over each 
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energy bin. 

G M (2.10) 

*' = l m' 

where an appropriate specification of the group constants, or group averaged cross 

sections, has yet to be determined. 

The difficulty in defining the group averaged cross sections can be seen from 

examining the total collision rate term on the left hand side of the transport equation. The 

group averaged total cross section, which is weighted by the angular flux, is defined as 

where the group average total cross section now has an angular dependence. To 

circumvent this difficulty, the energy dependence of the angular flux is assumed 

separable, e.g. = i(r(r,^i)/(£), for some energy weighting function /(£)'- This 

assumption constitutes the multigroup approximation. The group angular flux for energy 

group g is then defined as 

B 

(2.11) 

E. 
s 

E. E. 

i|;^(r,^) = I W^^,E')dE' = i|r(r,j:i) |f{E')dE' , (2.12) 
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which is the integral of the angular flux over energy bin g. Using this approximation and 

estimating the energy weight function, the group averaged total cross section becomes 

I o{r,E)f{E)dE 

= —E ' (2.13) 
Vi 
/ RE)dE 

which removes the angular dependence. This approximation also applies to the 

multigroup differential scattering cross section, 

I I aJJ',Cl'-Cl^'-'E)f{E')dE'dE 

• (2.14) 
e ' - l  

/ RE')dE' 

Other methods have been devised which do not require the separability 

assumption of the angular flux. Bell", et. al., has shown that by allowing one to use the 

Legendre moments of the angular flux spectrum, a more realistic weighting of the 

multigroup constants can be obtained. The derivation is performed on the one-

dimensional transport equation, but is rather lengthy and not included here. However, the 

results are applicable to multidimensional transport, and are known as the consistent 

and extended transport approximations. 

One important point must be made about the potentially strong correlation 
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between the multigroup approximation and the anisotropy of the differential scattering 

cross section. Brockmann' explains that there are two origins of anisotropy for 

multigroup scattering cross sections. First, the angular distribution in the center of mass 

frame is highly anisotropic, and the energy-angular coupling is unimportant This occurs 

in interactions with heavy nuclei and at high neutron energies. For example, the energy 

loss for a neutron after a collision with a heavy nucleus is small, and only those collisions 

at angles where the most energy is lost results in a transfer of the neutron to the next 

energy group. The angular distribution in the lab frame may be further distorted by 

kinematics. The second case results from a strong correlation between the Hnal neutron 

energy and the angle at which the collision occurs. This is most pronounced with light 

nuclei and fine energy group structure. Even if the angular distribution is isotropic in the 

center of mass frame, kinematics dictates the angular distribution of the scattered neutron 

within a given range of initial and final energies. This often results in a typical transfer 

cross section being non-zero over only a small portion of the [-1,1] interval. In such 

cases, many terms in a Legendre expanded cross section may be required for an accurate 

representation. 

2.3.3. Spatial Discretization and Source Iteration 

Many schemes have been derived to discretize the spatial variable, r, found in the 

multigroup discrete ordinate equations. Space is discretized into mesh ceils and an 

approximation is applied for the variation of each angle of the flux within that cell which 

allows the direct inversion of the left hand side of the transport equation. For example. 
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there are schemes like step methods which assume that the angular flux is spatially 

constant within a mesh cell. More commonly there are linear spatial schemes like 

diamond difference'-^'-^ and linear discontinuous^^, and more complex schemes like 

exponential characteristic^-" and exponential discontinuous'^'. These schemes will not 

be derived here, but the reader is referred to their derivation in the literature. 

With all independent variables discretized, a method of solution is described. 

Because of the angular and group coupling of the source, an iteration procedure is used to 

find the solution to the multigroup S^, equations. This is illustrated by writing 

M (2.15) 

m' 

where is an iteration index. Here the scattering source contribution from other energy 

groups is assumed known, and has been lumped with the external source, denoted as 

where 

= E E ^ • (2.16) 
g' = \ n' 
g''g 

The solution procedure is broken up into an inner and outer iteration. The inner iteration 

begins by assuming a starting value for each i|;°(r,D^) and evaluating the scattering 

source for each direction m. The left hand side of equation (2.15) is then inverted for 

each angular direction, obtaining which is then used to calculate a new 

scattering source. The procedure continues until convergence. 
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When the angular flux has been obtained for each group, is updated 

using the previously converged inner iteration angular fluxes, and the procedure 

continues. This is the outer iteration. Outer iteration is only required if upscatter or 

fission are present in the problem. For problems that contain only downscatter, or 

scattering flx}m a higher energy group to a lower one, which is the case in many shielding 

type applications, only convergence of the inner iteration is required. 

Convergence is obtained if a certain criterion is met. The most common 

criterion^ for the inner iteration compares the relative error of the pointwise scalar flux 

with its previous pointwise iterate. 

max! 
f <t>J(F) 

^6 , (2.17) 

where e is typically of the order of 10"*, and the scalar flux is the angular flux integrated 

over all angles, 

<l>/n ' f%(r .£i)dSi .  p,18) 

4ti 

For the outer iteration, one may compare the change of fission or upscatter source from 

the previous iteration'. 

2.4 The Discrete Ordinates Scattering Source 

The focus now switches to the scattering source. For simplicity, the scattering 
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source from the right hand side of the multigroup discrete ordinates transport equation, 

equation (2.10), is rewritten as 

SiCiJ =E ' (2-19) 
m*= [  

where the group indexing and spatial variables have been dropped. The purpose is to 

analyze under what conditions negative components of the scattering source may arise. 

Two scattering source algorithms will be examined, the scattering matrix method, and the 

expansion of the scattering source into spherical harmonics. In both cases the following 

assumptions are made: 

b) The angular fluxes are positive. 

c) The angular quadrature weights are positive. 

d) The scattering cross section is of the form of a finite Legendre polynomial. 

2.4.1 The Scattering Matrix Formulation 

The scattering matrix formulation is derived directly from the discrete ordinate 

scattering source equation. Equation (2.19) can be written in matrix form as 

= E , (2.20) 
Wl'= t 

where each element in the scattering matrix is defined as 
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(2.21) 

and 

(2.22) 

is the angular flux in direction m. This algorithm requires that the angular flux for every 

spatial cell be stored for use during the source iteration procedure. Replacing the 

differential scattering cross section with its finite Legendre expansion and inserting it into 

the definition of the scattering matrix gives 

The conditions under which a negative scattering source component may arise are 

evident If both the quadrature weights and the angular fluxes are positive, as have been 

assimied, then negativity can only arise if there exists negative regions of the Legendre 

expansion for the differential scattering cross section. Truncated Legendre expansions of 

highly anisotropic scattering cross sections often exhibit oscillations around zero resulting 

in negative regions in the expanded cross section. 

S . ./'.(ft . 0 )a) . . mm J,/ m m /=0 47C 
(2.23) 

2.4.2 Spherical Harmonic Expansion of Scattering Source 

The most common method of evaluating the discrete ordinates scattering source is 

by expansion into spherical harmonics"'-^. The analysis begins with the discrete ordinate 



equation of the scattering source, equation (2.19) and the insertion of the Legendre 

expansion, resulting in 

• (2.24) 
„'=l i=Q 47t 

Using the addition theorem for spherical harmonics^, to expand the Legendre polynomial 

into a sum of the product of spherical harmonics and their complex conjugates, the 

following form for the scattering source is obtained: 

= E t o , j t  .  (2.25) 
m'=l /=0 «=-/ 

where the spherical harmonic is related to it complex conjugate by 

- (2.26) 

Recognizing that the angular integral now projects the angular flux with respect to the 

spherical harmonic, as 

I",., • E • (2.27) 
m' = l  

and results in angular flux moments for a spherical harmonic expansion, the source 

becomes 
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= E t . (2-28) 
1=0 n=-l 

where \|f^^ is the appropriate flux moment for the spherical harmonic. An 

advantage of this formulation is that an transport code only requires the angular flux 

moments be stored for fiiture use, instead of pointwise angular fluxes as required by the 

scattering matrix algorithm. The nimiber of angular flux moments required is determined 

by the Legendre order of the scattering cross section, which for three dimensional 

calculations results in (L + I moments being stored for each spatial mesh, as opposed to 

every angular direction being stored when the scattering matrix formalism is used. 

Another observation is that when the differential scattering cross section is 

approximated by a Legendre expansion, the scattering matrix algorithm is equivalent to 

the spherical harmonic expansion of the scattering source. This is due to the fact that 

there is no approximation made when Legendre polynomials are represented as spherical 

harmonics because of the addition theorem. Therefore, the same conclusion is reached 

concerning the origin of negative components in the discrete ordinate scattering source. 

They arise from the negative regions of a truncated Legendre expanded differential 

scattering cross section. 
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CHAPTER in 

MAXIMUM ENTROPY SCATTERING MATRICES 

This chapter presents the method of maximum entropy to determine a positive 

representation of the differential scattering cross section and its direct application to the 

calculation of the discrete scattering source. Beginning in section 3.1, the exponential 

form of the scattering cross section is derived using information theory and maximum 

entropy. Section 3.2 discusses the implementation of this exponential form into existing 

discrete ordinates transport codes. Due to possible difHculties in evaluating the scattering 

source, section 3.3 explores various strategies to perform the necessary integration of the 

scattering kernel when the exponential cross section function is implemented. Next in 

section 3.4, the method of SMART scattering is presented as a solution to increase the 

accuracy of downscatter scattering matrices which employ the exponential scattering 

cross section function. Finally, The chapter is sununarized in section 3.5. 

3.1 The Method of Maximum Entropy 

As discussed in chapter II, the main driving force of negative scattering sources in 

discrete ordinate calculations is a non-converged Hnite Legendre expansion of the angular 

component of the differential scattering cross section. Typically, however, the cross 

section sets that are available to the user of discrete ordinate transport codes do not 

contain converged Legendre cross section data for every energy group, but the user has 

little choice and must use the data available. 

These negative regions of truncated Legendre multigroup cross sections are 
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problematic for multigroup Monte Carlo calculations, where positive probability 

distribution functions are required. There have been a variety of methods introduced to 

alleviate the effects of negative Legendre expansions in Monte Carlo calculations'-^^-^', 

including an approach where maximum entropy is used to find a positive representation 

of the scattering cross section. This representation is then used to generate an arbitrary 

number of equiprobable angular scattering bins^. It is this positive representation that is 

implemented in a discrete ordinate calculation. 

Using information theory and the theory of maximum entropy, Moskalev" 

showed that a probability distribution function in the form of a finite Legendre expansion 

can be recast in the form of an exponentiated finite Legendre expansion. This 

representation naturally has the property of positivity and can be made to preserve the 

original given Legendre moments. This is highly desirable since the physics of the 

scattering interaction is contained within the Legendre cross section moments. To 

illustrate Moskalev's results, the derivation presented by Baker^ is reproduced. 

First, the finite Legendre expansion of a scattering cross section is normalized as 

/(M) • (3.1) 
1=0 4K 1=0 4ti: (j" 

s 

which may contain undesirable negative regions in the interval of -1 ̂  s +1. This 

function can be considered a probability distribution function ( PDF) in angle for the 

scattering event. Since, in general, only a small amount of information is known about 

the function to be expanded, namely its first L +1 Legendre moments, information 
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theory^*^^ suggests that a probability distribution should be chosen that maximizes 

entropy, which Kullback and Leibler^ defined as 

I 
5 = j*/(^)In/(^)^^ . (3.2) 

Here S is entropy and/(n) is the function of interest to approximate. Equation (3.2) is 

viewed as an optimization problem to tind /. The following constraints, 

I 
0 P,iix)dn =0 / = 0,1,..X (3.3) 

-1 

are set to require that the information available, i.e. the first L+\ moments of the 

scattering cross section, be preserved. For an fi\i) which is assumed expandable as a 

Legendre series, the unknown PDF is represented exactly as an infinite Legendre 

expansion in the usual way, 

/(M) = E ) • (3-4) 
/'=o 2 

Next the derivative of S and © with respect to /,, is found, which results in 

'IS' [T, ̂ ^'',.(M)[In/(M) - iWdf, (3.5) 
. , ' '  = 0  ^  

for the derivative of entropy and 
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(3.6) 
r =0 2 

for the derivative of the constraints. If equation (3.5) is set to zero, which is the condition 

that maximizes entropy with regard to the moments of /(|i), and Lagrange multipliers are 

used, the following expression can be written, 

L 
d S  ^ ^ X i d e i = 0 .  (3.7) 

1=0 

Substituting equations (3.5) and (3.6) into (3.7) the solution for /(p) becomes 

/((I) = ex p[e 
\'=o 

(3.8) 

To find the A^'s, the L+1 coupled non-linear equations implied from the constraint 

condition, equation (3.3), are solved. Baker^ has developed a code package, the XREP 

module, to solve these non-linear equations and produce equiprobable bins of the 

scattering PDF's for use with Monte Carlo methods. It has been successfully applied in 

the Monte Carlo solver of TWODANT/MC", as well as the CRSRD^* code, which 

converts cross sections into a format suitable for the Monte Carlo code MCNP^. 

The numerical algorithm used to solve the L+l coupled non-linear equations may 

not be able to find a solution. This may happen when the scattering cross section 

resembles a delta function, and occurs mostly in group to group downscattering. In these 
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cases XREP abandons its search for an exponential representation of the scattering cross 

section. This issue will be addressed later in section 3.4 when SMART scattering for 

neutral particles is developed. 

The exponential representation of the scattering cross section has the following 

desirable properties: it is strictly positive, the original cross section moments are 

preserved, and it can be found from a given truncated Legendre cross section data library. 

There are some difHculties however if one wishes to implement this form of the 

scattering cross section into a discrete ordinate transport code. For example, it cannot be 

used with the spherical harmonic expansion formulation of the scattering source found in 

typical Sn codes. There are also difficulties in numerically integrating the scattering 

source term when the Legendre expansion has been replaced by an exponential function. 

These drawbacks are considered in the next two sections, and suggestions are provided 

for their resolution. 

3.2 Implementation of the Exponential Cross Section in the Calculation of the 

Discrete Ordinates Scattering Source 

As already stated, the exponential representation of the scattering cross section 

does not lend itself to the spherical harmonic expansion formulation of the scattering 

source found in many S^ codes. If one takes the multigroup discrete ordinate 

approximation of the scattering source integral. 
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C M 
S (r,fi ) = o . (r,D )tl; (r,ii ,)w g "t J.Jf * "• m' ~' m ^ I (3.9) 

and substitutes the exponential representation of the cross section. 

one sees that the addition theorem of spherical harmonics no longer gives a distinct 

simplification. Therefore the exponential scattering cross section is applied in the 

scattering matrix formulation. 

The scattering matrix formulation requires a greater amount of computer storage than the 

spherical harmonic method. Both the angular flux in every direction in every spatial cell 

as well as the scattering matrix for each material must be stored. However, since the 

scattering matrix is strictly positive, if one has positive pointwise angular fluxes, one is 

guaranteed a positive pointwise angular scattering source. The change to existing 

G M 

g'=l m'=l  
(3.11) 

where S , , is the scattering matrix defined by g gmm ° •' 

(3-12) 
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spherical harmonic expansion algorithms found in many codes is minimal, and can be 

added as an additional method that the user can select. 

3.3 Integration of the Exponential Cross Section 

One artifact of the exponential cross section is that it may vary rapidly over a short 

range of the cosine of the scattering angle. These sharp variations are due to the 

energy angle coupling of the multigroup approximation as mentioned previously. 

Substimting the exponential form of the cross section into the scattering source integral 

and integrating, one can see that accurate numerical integration may become difficult to 

obtain. For example, using a low order numerical quadrature rule to evaluate the 

scattering source integral which contains an exponential function with a sharply varying 

peak often gives poor results. Inaccurate integration of the scattering source destroys 

conservation of the source moments and a loss of particle balance in the discrete ordinate 

transport calculation. In contrast, if a high order quadramre set is chosen, one must 

remember that every point in the quadrature set corresponds to an angular direction. Each 

direction must be solved in the transport sweep and stored for future use, increasing 

calculational time and memory requirements, especially for three dimensional 

calculations. It is with this in mind that an investigation was undertaken to evaluate the 

scattering source integral using numerical means other than the numerical quadrature 

employed by standard discrete ordinate codes. 

In the following subsections, two methods to perform the numerical integration of 

the scattering source are described. In section 3.3.1 a scattering matrix is created where 
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each element corresponds to the integration of the scattering cross section over its 

corresponding angular bin. A second method, described in section 3.3.2, shows the 

evaluation of the scattering source integral by integrating a piecewise Hermite polynomial 

interpolate of the scattering source integrand, calculated with positivity and monotonicity 

constraints. Finally, in section 3.3.3, these methods are compared to the standard 

numerical quadrature integration found in most discrete ordinates codes. 

3.3.1 Creation of a Scattering Matrix by Integration Over Angular Bins 

The angular directions one uses in a discrete ordinates transport calculation are 

comprised of abscissas of the quadrature set used to integrate the scattering source. Since 

the angular flux is found in these directions, common integrated quantities like the scalar 

flux and leakages are efficiently calculated, and may only require a low order quadrature. 

However, if the scattering kernel contains a rapidly varying exponential cross section, the 

integration of the scattering source with a low order quadrature may become inaccurate 

and inefficient. In this section, a method to create a scattering matrix by utilizing the 

angular directions of a low order numerical quadrature is examined. 

To begin, with the group index removed, the scattering source for direction ^ is 

written as 

S ( C ^ )  =  J ' a ( C > ' - 0 ) \ l r ( C ^ ' ) d Q '  . 
4it 

In discrete ordinates, this is approximated by a numerical quadrature rule for the 
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integration, written as 

«0„) = E • (314) 
m' = l  

Using the scattering matrix notation, the scattering source can be expressed as 

= t (3.15) 
f n ' ~ \  

where each element in the scattering matrix is deflned as 

• (3.16) 

Taking just the scattering matrix and summing one row gives 

This is recognized as just the integral of the scattering cross section over the unit sphere, 

resulting in the zeroth Legendre moment of the cross section. The integral over the unit 

sphere is rewritten as a sum of integrals, each over a portion of the unit sphere, , 

such that the entire range of 4ii is covered. If the number of piecewise integrals is equal 

to the number of directions in the quadrature set, the integral over the entire sphere is 

written as 
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M M 

m'=l  m'=l  - i  
(3.18) 

where each element in the scattering matrix is required to be defined as follows. 

and each is the area of the unit sphere associated with direction m'. Each element 

of the scattering matrix is then found by the integration over its corresponding area of the 

unit sphere. This may be done as accurately as one may desire using any numerical 

integration rule deemed appropriate. 

The task now shifts to how the angular bins are calculated such that each 

quadrature direction will have a consistent area of the unit sphere associated with it. This 

is accomplished by deflning the bin boundaries such that the area they enclose are equal 

to the quadrature weight associated with the original given quadrature direction. 

This method was implemented using a computer code written in Fortran to find 

the angular bins for a given quadrature set, and then integrate the exponential 

representation of a finite Legendre cross section over each bin. The time required to 

create a scattering matrix was much greater than for the method involving normal 

numerical quadrature. These results are presented in section 3.3.3. 

(3.19) 



3.3.2 Hermite Polynomial Interpolation of the Scattering Source Integrand 

Another possible integration method investigated involves Hnding a constrained 

Hermite polynomial interpolation of the product of the exponential cross section and the 

angular flux, then integrating the result. Piecewise Hermite polynomials are determined 

by their values and the values of one or more derivatives at both ends of the interval of 

interest. Hyman^'''® developed a method of constraining the interpolate derivatives 

which allow the Hermite interpolant to preserve local positivity and monotonicity. Once 

a data set is fit to a piecewise Hermite interpolant, it is integrated employing rules 

appropriate for the particular order of the Hermite polynomial used. Hyman has written a 

set of Fortran routines that find the piecewise Hermite interpolate of a two dimensional 

data set and then integrates the interpolant on a non-uniform tensor product grid. These 

routines were used to determine the feasibility of this method for the calculation of the 

discrete ordinate scattering source. It is noted that this method does not employ a 

scattering matrix to integrate the scattering source integral, but instead attempts to 

evaluate each direction of the scattering source in each direction explicitly. 

To test this approach, a Fortran computer code was written to integrate the 

scattering source where the exponential form of the cross section was inserted. 

/ L 
(3.20) 

For this study, the angular flux was assigned a constant value so that the effects of just the 

variation in the cross section could be analyzed. The data points used for the 
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interpolation of the Hermite polynomials were taken from the square Legendre-

Tchebychev quadrature sets'*'. The points from a standard numerical quadrature was 

chosen because of the desire to efficiently integrate the resulting angular flux after a 

spatial sweep to find the scalar flux and currents for every spatial mesh cell, and it was 

not desired to change existing algorithms for these calculations. Results from this study 

are presented in section 3.3.3. 

To carry out the two dimensional integration over dQ, which is explicitly written 

as 

the endpoints of the range must be included in the interpolant. Normally quadrature sets 

do not include these points, therefore we add them to the data set with zero weight. The 

square Legendre-Tchebychev two angle quadrature set contains (iV/2)^x8 abscissas and 

weights, where N is the quadrature order. In order to add endpoints to this data set, 

(4x^ + (2xA0 + 4 extra points are required. To illustrate, figure 3.1 shows the two 

dimensional tensor product grid of a S4 quadrature with hollow circles indicating the 

original quadrature points and solid circles indicating the required extra points. It is 

important to note that since the angular flux must be known at these points in order to 

calculate the Hermite polynomial interpolant, these extra points must be included in the 

transport sweep, adding greater complexity to the transport calculation. Fortunately the 

added directions located at the poles are degenerate. For example all directions added to 

(3.21) 
- I  0  
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Figure 3.1 - Quadrature and added points on 2-D tensor product grid 

the quadrature set where the cosine of the polar angle is equal to -1 are in actuality all the 

same data point, and such is the case for all quadrature points where the polar angle is 

equal to 1. Similarly, all added directions when the azimuthal angle is equal to 0 or 2K 

are equivalent for each fixed polar angle. This results in + 2 extra angular directions 

that actually must be included in the transport sweep. These extra angular directions are 

kept from making contributions to scalar flux and cell current evaluations by the 

assignment of a quadramre weight of zero. The additional cost of these extra directions 

may still prove to be excessive if many source iterations are required for a converged the 

transport solution. 
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3.3.3 Comparison of Source Integration Methods 

In the previous two subsections, two alternative methods were presented in an 

attempt to integrate the scattering source using the abscissas from a low order quadrature 

set. The angular bin method defined a scattering matrix where each element was found 

from integration over a portion of the unit sphere. The second method integrated the 

scattering source kernel for each direction using a constrained Hermite polynomial 

interpolate. Each of these methods are compared to the standard quadrature integration. 

To compare the accuracy of the conventional standard quadrature and the angular 

bin integration methods, the respective resulting scattering matrices are checked for the 

preservation of the zeroth and first cross section moments. The zeroth moment is 

preserved if a„ where 

M 
a , = E S , , - c r o ,  / =  l . J V f  ,  ( 3 . 2 2 )  

7 = 1 

is equal to zero. The zeroth moment must be preserved if overall particle balance is to be 

maintained. The first scattering cross section moment is preserved if where 

M 
P, =ES,yM,-a,|i, = (3.23) 

7 = 1 

is equal to zero, which indicates that the momentum in the scattering kernel has been 

conserved. In each of these equations, M is the total number of quadrature directions, 

thus M checks can be made for all M rows in the scattering matrix. 
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For the method that integrates the scattering source with Hermite polynomial 

interpolation, checks are also made to determine if the zeroth and first scattering cross 

section moments are conserved- First the angular flux is set to a value of unity. The 

integration is then equivalent to the integral of the scattering cross section over all 

directions. Replacing the quadrature integral and rewriting a^. as 

a. = IdQ'aiCi'- Cl.) - , / = I.JW , 24) 
4K 

the same comparison as with the standard quadrature and angular bin methods can be 

used. An equivalent form for to check if the Hermite polynomial method preserves the 

first moment can also be written. By allowing the angular flux to be a function of one of 

the directional cosines, and replacing the quadrature integral, becomes 

P, = IdQ'a(Ci'- Q.)^' - a,n., i = I.M . ^5) 
47C 

Presented here are the results of two test cases, case one, where the cross section 

is smooth over its entire domain, and case 2, where the cross section exhibits a sharp peak 

over a very small range of The Legendre moments for these cross sections are shown 

in table 3.1. For each case an exponential representation of the cross section was 

generated using the XREP module, and the values of the A.'s are also presented in table 

3.1. In figure 3.2, we note that the Legendre expansion of the cross section for test case 

one is positive, and its exponential representation is nearly identical. The Legendre 
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expansion of the cross section for test case two, figure 3.3, has negative regions over a 

large part of the (Jq range. 

Order Case 1 Cross 
Section Moments 

Case 2 Cross 
Section Moments 

Case I 
X's 

Case 2 
X's 

0 1.0 1.0 -1.205 -5.193 

1 0.5 0.95 1.648 3.786 

2 0.2 0.9 0.632 0.027 

3 0.005 0.85 -0.761 -0.796 

4 0.001 0.8 0.270 6.167 

Table 3.1: Legendre moments and exponential A,'s for test cases 
I and 2 

2.0 

Max Ent 
P4 Legendre 1.5 

5: 1.0 

0.5 

0.0 

-0.5 0.0 0.5 1.0 1.0 

Figure 3.2: Test case one cross section 
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Figure 3.3: Test case two cross section 

Test results for each of the methods are presented in table 3.2 for test case one 

with varying Sn orders. Reported are the absolute values a, divided by the original zeroth 

cross section moment. This is equivalent to the of relative error for each method for the 

calculated zeroth cross section moment. Table 3.3 presents this same relative errors for 

test case two, which has a much more anisotropic cross section. 

For both cases, the angular bin method preserved the zeroth cross section moment 

with great accuracy. The standard numerical quadrature method also preserved the zeroth 

moment as long as the quadramre order was sufficiently high. However, the Hermite 

polynomial method does not preserve the zeroth cross section moment with any greater 

accuracy than (10 "), even with 512 interpolation points as is the case with the S,6 square 
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Standard Angular Bin Hermite 
Polynomial 

S4 0.1153E-2 0.1070E-8 0.06475 

Ss 0.2533E-5 0.5993E-8 0.03268 

Sio 0.6955E-7 0.3465E-8 0.02513 

S,2 0.3215E-8 0.4256E-9 0.01987 

S16 0.3747E-8 0.6607E-10 0.01321 

Table 3.2: Relative error of the zeroth cross section moment for test case one 

Standard Angular Bin Hermite 
Polynomial 

S4 1.480 0.7175E-8 0.69497 

^8 0.1626 0.7869E-8 0.03385 

Sio 0.5394E-1 0.71I2E-8 0.00727 

S,. 0.I549E-1 0.7112E-8 0.01399 

S,6 0.8631E-3 0.7004E-8 0.01149 

Table 3.3: Relative error of the zeroth cross section moment for test case two 

Legendre-Tchebychev quadrature. 

Table 3.4 shows the values for P, for each of the three methods for test case one. 

Table 3.5 lists the same results for test case two. These results give an indication of the 

error of each method with regard to the calculated first cross section moment. For each 

Sn order, the first moment is best preserved by the standard quadrature method, is 

somewhat preserved by the Hermite polynomial interpolation integration method, and not 

preserved at all by the angular bin method. Both the angular bin and Hermite polynomial 
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Quadrature 
Order 

Standard Angular Bin Hermite 
Polynomial 

S4 0.2505E-2 0.2353 0.1718E-I 

Sg 0.7523E-5 0.2151 0.2517E-2 

Sio 0.4408E-6 0.2090 0.I458E-2 

S12 0.1678E-7 0.2048 0.8618E-3 

S.6 0.2312E-9 0.1992 0.3095E-3 

Table 3.4: Values of P, for test case one 

Quadrature 
Order 

Standard Angular Bin Hermite 
Polynomial 

S4 1.548 0.6626 0.3586 

Sg 0.1014 0.2112 0.2076E-1 

Sio 0.1283E-1 0.2169 0.1180E-2 

S,2 0.3934E-2 0.2159 0.8020E-2 

S16 0.364 lE-3 0.2104 0.5729E-2 

Table 3.5: Values of P, for test case two 

interpolation integration methods are piecewise polynomial interpolants, and there is no 

guarantee that each interpolant function is equivalent to the function approximated by the 

original Legendre expansion of the cross section. The standard quadrature integration 

method however preserved the first moment to a much better degree. The exponential 

representation of the cross section preserves the original L+l set of Legendre moments, 

plus contains additional information, which can be put in terms of Legendre moments of 

order greater than L+1. In other words, to represent the exponential cross section exacdy 

as a Legendre expansion, an infinite number of moments are required. Quadrature 
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integration rules are designed to integrate polynomials of a finite order, such as Gauss 

quadrature of n* order which can exactly integrate a polynomial of order 2n-l. Therefore, 

one cannot expect to integrate an exponential fiinction exactly with a finite order 

quadrature. The fact that standard quadrature appears to integrate the exponential cross 

section with the most accuracy is a credit to the robusmess of the method. 

As one final comparison, table 3.6 lists the computer time in seconds per 

quadrature order required to calculate the scattering matrix, or in the case of the Hermite 

polynomial interpolation method, the angular source, on a Cray T94 supercomputer. 

Each time includes the non-linear solve to find the exponential representation of the cross 

section. The standard quadrature and angular bin test codes also include a matrix 

multiply to simulate calculating the scattering source. This table demonstrates that the 

time required by the angular bin or Hermite polynomial methods are prohibitively long 

for use in routine transport calculations. 

Quadrature 
Order 

Gauss Angular Bin Hermite 
Polynomial 

S4 0.47 11.6 1.4 

Sg 0.62 112 9.7 

Sio 0.86 267 18.9 

S,2 1.2 750 33.1 

S,6 3.0 2056 79.9 

Table 3.6: Computer Times (sec) for each quadrature order 

3.4 SMART Scattering Theory and the Exponential Scattering Cross Section 
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Another dilemma brought about by the rapidly varying exponential cross section 

is that at times a solution to the L+I coupled non-linear equations cannot be found. This 

case is usually rare, and happens when the cross section strongly resembles a delta 

function which has a peak somewhere in the middle of the -1 ̂  p s +1 interval. More 

often, the non-linear solver succeeds in finding an appropriate exponential function, but it 

is so sharply peaked that one would be hard pressed to integrate it without a very high 

order quadrature. 

With this thought, SMART scattering theory is introduced as a method to rectify 

this difficulty. SMART scattering is a particular mathematical formulation of the discrete 

ordinate scattering matrix. Essentially, this formulation permits the search for the 

exponential representation on a smoother fiinction , then constructs the scattering matrix 

while preserving the original scattering cross section moments. This method differs from 

the well known transport corrected schemes", for it does not subtract a delta fiinction 

from the truncated Legendre scattering cross section. Appendix A has been included for 

the interested reader who wishes a detailed description of SMART scattering theory. 

SMART scattering matrices are defined for the infinite medium problem, and then 

are applied to problems of finite size. This is done since material properties are not 

dependent on the geometry. The SMART scattering matrices, and are defined 

such that the equations for an infinite medium yield the exact flux in group g from an 

arbitrary source in group g, and the exact flux in groups' (provided particles enter group 

g' only by direct down scatter from group g). The S^ equations for an infinite medium, 

written in matrix form, become 
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M 
I m 5 , m' m 

"A ' I. ^ IK (3.26) 

for group g and 

M M 
a .Uf" = y  S , ,  ,11; '", '  + y  S . .ilf '" '  
^ Tjf ggmm Tjf ggmm ^g 

m' = l m' = l 
g'g'mm' ^g' (3.27) 

for group g' (.g*g'). The variables are defined as follows: 

is the angular flux in group g along direction m, 

is the total macroscopic cross section for group g, 

is the fixed angular source in group g along direction m, 

M is the total number of discrete directions, and 

^g'gmm' element of the SMART scattering matrix for groups g-g 

The ingroup SMART scattering matrices can be rewritten as 

(3.; 

for the self-scatter of group g to group g, where is defined as 

(3.29) 

For scattering from group g down to group g',  the SMART downscattering matrix is 

expressed as 



S  ,  = S  ,  , F  ,  S  .  
gg gg gg gg 
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(3.30) 

In both equations (3.29) and (3.30) the F matrices are found by solving for the Green's 

function of the infinite medium (space independent) transport equation with a delta 

function external source, shown in appendix A. Each matrix element in and F^^^^ 

become 

F (3.31) 
/=o a  ( a  - a  )  

g^ g g'g' 

and 

= t ̂ ^ T" • (3.32) 
'•0 (o,.-ai.,,)(a,-a;_,) 

The matrix I in equation (3.31) is the identity matrix. 

Since each matrix element is a Legendre expansion, the theory of maximum 

entropy is now applied to the equations for the F matrices, formulating a positive 

exponential representation for the Legendre expansion contained within. Therefore we 

write equation (3.31) and (3.32) as 

F 
ggmm 

'-g 
• = — I + expj X, ^/(^_." ^^_) 

Q l,g^g m m-' 
(3-33) 
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and 

g'gmm' 
(3.34) 

where the X,'s are found in like manner as for the cross sections. 

As is evident from equation (3.29) and (3.30), to find the downscatter SMART 

scattering matrix, one would have to undergo two matrix inversions, one for and one 

for . , to find the primed self scattering matrices. This can be costly to compute, 

especially for large matrices, and ill conditioning in the inversion process may yield 

negative matrix elements. Instead, the ingroup SMART scattering matrix in equation 

(3.28) is replaced by the ingroup scattering matrix found from maximum entropy. 

macroscopic total cross section from the diagonal elements of the ingroup scattering 

matrix. We note that the exponential scattering matrix preserves the scattering cross 

section moments, just as the normal Legendrc expanded scattering matrix and regular 

SMART scattering matrix, however it is strictly positive. As such, the down scatter 

matrix then becomes 

(3.35) 

Equation (3.28) in then solved for S'^^- This merely requires subtracting the 

(3.36) 
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which requires two matrix multiplies and no matrix inversions, yet still preserves the 

scattering moments of the cross section. 

For an example of using SMART scattering to calculate a positive downscattering 

matrix, presented in table 3.7 is the Legendre scattering moments and associated A.,'s for 

hydrogen scattering from group 18 to group 22 firom the 30 group MENDFS"*^ cross 

section library at Los Alamos National Laboratory. In figure 3.4, we show the Legendre 

P4 expansion, and the corresponding exponential representation for this cross section. 

The Legendre expansion has a large negative region between -0.9 < |i < -0.5. The 

exponential representation from maximum entropy is essentially zero except for a very 

sharp peak located approximately from 0.1 < n < 0.25. The resulting scattering matrix 

from this exponential function using a S,o Legendre-Tchebychev square quadrature set 

does not preserve the scattering cross section moments. However, when the same cross 

preserves the scattering cross section moments to a much higher degree. This is 

illustrated in table 3.8, where the relative error of the zeroth and first moments for the 

Order Legendre 
Moment 

0 0.37248 -413.85 

I 0.05706 873.72 

2 -1.72029 -835.18 

3 -0.08190 414.39 

4 0.10697 -51.960 

Table 3.7: Hydrogen 18-22 cross section moments 
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Figure 3-4: Hydrogen 18-22 differential scattering cross section 

calculated scattering matrix are listed. For a further comparison, the cross sections 

moments from test cases one and two were also used to create a SMART downscattering 

matrix of the same quadrature order. The relative errors of the zeroth and first moments 

for these cross section are also shown in table 3.8. 

To fiirther illustrate the advantage of the SMART scattering matrix formulation. 

Case I Case 2 Case 3 

Moment Standard 
EXP 

SMART 
Matrix 

Standard 
EXP 

SMART 
matrix 

Standard 
EXP 

SMART 
Matrix 

PC 0.6955E-7 0.4056E-8 0.5394E-1 0.1167E-3 0.18723 0.12501E-4 

PI 0.4408E-6 0.947 IE-10 0.1283E-1 0.I597E-3 0.01573 0.29835E-4 

Table 3.8: Relative error of scattering matrix moments 

Max Ent 
Legendre 



65 

and to explain why this scattering matrix preserves moments better, the following plots 

are presented. Figures 3.5 and 3.6 present the ingroup exponential scattering cross 

section for groups 18 and 22 respectively. Figure 3.7 shows a plot of the exponential 

function for Fig.jj- Each of these functions are smoother than the original exponential 

downscatter cross section, as is evident in the plots by having less severe peaks. These 

smoother functions can be integrated more efficiently with a low order quadrature than 

the sharply varying exponential cross section representations. This is manifested in table 

3.8 by the resulting SMART downscattering matrix preserving the cross section moments 

to a better degree. 

40 -

30 -

-1.0 -0.5 0.0 0.5 1.0 

Figure 3.5: Hydrogen 18-18 exponential scattering cross section 



50 

40 

30 

20 (A 

b 

10 -

-1.0 -0.5 0.0 0-5 1.0 

Figure 3.6: Hydrogen 22-22 exponential scattering cross section 
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Figure 3.7: Exponential representation of SMART ^22,18 matrix for hydrogen 
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3.5 Summary 

In this chapter the theory of maximum entropy and its application to determine a 

positive representation of the differential scattering cross section has been presented. The 

resulting exponential representation can be implemented directly into a discrete ordinate 

transport code which employs the scattering matrix algorithm to calculate the scattering 

source. 

Because of possible difficulties related to integrating the scattering source with an 

exponential scattering kernel, several numerical integration methods have been 

investigated. The angular bin method produced a scattering matrix which preserved the 

zeroth Legendre moment of the cross section, but failed to preserve the first Legendre 

moment. The method of integrating a piecewise Hermite polynomial interpolation of the 

scattering source kernel also could not preserve the Legendre cross section moments. The 

computer time associated with these two methods are also prohibitive. It was found that 

standard quadrature, even though a relatively high order may be required, provided the 

most efficient numerical integration method. 

Finally SMART scattering theory for neutral particles was introduced. This 

method improves the accuracy of a resulting scattering matrix. A scattering matrix 

employing a rapidly varying exponential downscatter cross section was shown to preserve 

the Legendre cross section moments to a much better degree when calculated by the 

SMART method, when compared to the standard scattenng matrix approach. Based on 

the results presented, in the remainder of this dissertation, only scattering matrices 

utilizing die exponential cross section from maximum entropy and which have been 
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processed with SMART scattering theory will be used. This process is referred to as the 

MaxEnt SM method. 

As explained in section 3.2, implementation of the exponential cross section 

requires the scattering source to be calculated by the scattering matrix formalism. This 

will require changes to existing discrete ordinates transport codes if the spherical 

harmonic expansion of the scattering source algorithm is used. If there is no desire to 

make this change, then the next chapter presents a least squares method which attempts to 

define a positive tmncated Legendre cross section expansion. 
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CHAPTER IV 

THE METHOD OF LEAST SQUARES TO ACHIEVE POSITIVE CROSS SECTIONS 

In the previous chapter the method of maximum entropy was presented to find a 

positive representation of the scattering cross section. This resulted in the exponential 

representation of the cross section which has the properties of conserving a specified 

number of Legendre moments while being strictly positive. The resulting expression, 

however, cannot be used in the spherical harmonic expansion of the scattering source, 

which is conunonly implemented in discrete ordinate transport codes. If one wishes to 

keep the spherical harmonic expansion algorithm unchanged in these codes, an alternate 

method must be found. This chapter develops a method using least squares which can be 

used to find a positive cross section from a truncated Legendre expansion. 

4.1 Least Squares and Legendre Cross Section Functions 

One of the first instances that a least squares method has been applied to Legendre 

cross section ftinction expansions is in the code CLEM^, which used least squares 

minimization to adjust the Legendre moments in an attempt to gain a positive function 

expansion. The CLEM code minimized the following expression, 

101 101 

Aa = ^ [a. - a/]- + Cj] [o/ - \a.\]- (4.1) 
1 = 1  i=l 

where 
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a^. = 0(^1.) = i* point value of the original angular distribution to be fit, 

a- = a'(M,) = i* point value for the approximate angular distribution, and 

C = input quantity. 

The angular domain is discretized on an equally spaced 101 point fixed mesh. Positivity 

is checked by testing the Legendre expansion of the approximate moments for negativity 

at each of the 101 mesh points, i.e., 

= E ^ 0 . (4.2) 
1=0 4-7C 

If the evaluation of a- is negative, the second summation in equation (4.1) comes into 

play. This term is known as a "penalty function," and effectively increases the value 

of Aa if the approximate function becomes negative. The input value C is used to 

determine how strong the "penalty" of negativity will be. If the procedure is successful, 

the resulting approximate Legendre cross section function should be positive at the 101 

mesh points. It may however be negative elsewhere. 

The authors of CLEM state that a disadvantage of their procedure is that the first 

moment of the cross section will be changed, affecting the transport calculation and the 

resulting flux. They have adapted CLEM to hold the first moment constant, but conunent 

that it would most often then be impossible to find an approximate nonnegative truncated 

Legendre series in most cases. 

Another least squares method has been proposed by Landesman and MoreP 

which adjusts the Legendre moments of the one dimensional angular Fokker-Planck 
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operator. They begin by writing the scattering matrix in terms of the three fundamental 

matrices from Morel's Collocation-Galerkin'*' quadrature method, 

S = MSD , (4.3) 

where in one dimension. 

2/+1 
, (4.4) 

S = diag{aQ,a^,...,a^ , L^N-\, (4.5) 

and 

D,j = Pf,\y)w. (4.6) 

Here w, indicates the Gauss-Legendre quadrature weight, and j, i=l.JV. Notice that this is 

equivalent to the standard one dimension formulation of the scattering matrix when 

full range Gauss- Legendre quadrature is employed. This equivalence is true only for the 

one-dimensional Gauss-Legendre quadrature sets, other Galerkin quadrature sets, i.e., two 

and three-dimensional sets, do not enjoy this property. 

To impose positivity on the truncated Legendre cross section expansion, 

Landesman and Morel minimized the following functional, 

L 
Aa, = 5^(0/-a/, (4.7) 

1=0 



which was subject to the following constraints. 
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(4.8) 

a'l = a, , (4.9) 

and that every element in the one dimensional Galerkin scattering matrix using the least 

squares adjusted moments is positive, i.e., 

Sj ' i^O, j , i = l , N .  (4.10) 

The • indicates the moments that have been adjusted by the least squares minimization. 

Here, the Legendre expansion of the cross section is only required to be positive at the 

quadrature points, which for most one-dimensional calculations are considerably less in 

number than the 101 mesh points required by the CLEM program. The first two 

constraints, equations (4.8) and (4.9), preserve the conservation and momentum transfer 

properties of the scattering cross section. The result is N-l Legendre moments which are 

unique to its particular quadrature set. In other words, other than the zeroth and first 

moments, different moments will be calculated for different quadramre sets. 

4.2 Least Squares with Multidimensional Galerkin Quadrature 

It is natural to ask if Landesman and Morel's least squares method can be 

extended to multidimensional Galerkin quadrature sets. To examine this, we explain 

more about Galerkin quadrature. As discussed in the previous section, a Galerkin 



73 

scattering matrix is constructed from three fundamental matrices. These three matrices 

are; 

1. A discrete to moment matrix. 

2. A diagonal cross section moment matrix. 

3. A moment to discrete matrix. 

The discrete to moment matrix maps the discrete values of the angular flux to angular 

flux moments. The cross section matrix maps the angular flux moments to angular 

scattering source moments. Finally, the moment to discrete matrix maps the scattering 

source moments to discrete angular source values. This sequence is illustrated as follows: 

({) = Dt, (4.11) 

^ = S(J) = SDTjf , (4.12) 

5 = = MSDilf . (4.13) 

The Galerkin approximation is deflned so that the trial space elements obtained by 

interpolating the discrete scattering source have the same moments as those of equation 

(4.12). This implies that 

D5 = SDT(f.  (4.14) 

Then, solving for the discrete angular source, one arrives at 

5 = D-'SDilr . (4.15) 
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We wish equations (4.13) and (4.15) to be equivalent, and therefore write the difference 

of the two as 

[D 'SD-MSDlilr  =0 .  (4.16) 

For an arbitrary discrete angular flux, this relation is zero if and only if 

M =D-'  .  (4.17) 

To construct the matrix M for multidimensional Galerkin quadrature, a subset of 

spherical harmonics for the trial and weighting space is utilized. For three dimensions. 

Morel has found ±e following subset of spherical harmonics, when used in conjunction 

with the triangular Legendre-Tchebychev multidimensional quadrature, produce an 

invertible M matrix of the form 

M, 
2/+1 

nuiljc) 471 (/ + liH)! 
' A )  •  (4.18) 

The limits on I and k in equation (4.18) are; 

1 = 0, N-1, k = -l,l, 

and I = M, k < 0, 

and I  =  N ,  k > 0  odd, 

and 1 = N + 1, fc<0even. 

Here m is the m"* quadrature direction and N is the quadrature or order. This means 

that N + 1 Legendre cross sections moments may be utilized in three-dimensional 
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Galericin quadrature. 

The effort now endeavors to extend Landesman and Morel's least squares method 

to multidimensional quadrature, which will be referred to as the Least Squares Galerkin 

Quadrature method, or LSGQ. A Fortran code was written which creates the three 

dimensional Galerkin quadrature matrices, then attempts a least squares adjustment of the 

Legendre scattering cross section moments subject to the constraints from equations (4.8) 

through (4.10). We have used Hansen and Haskell's constrained least squares 

routine from the SLATEC® subroutine library. SLATEC is publicly available on the 

world wide web and was also used by Landesman and Morel. 

For test data we use the three P4 test cases which we tested the MaxEnt SM 

method developed in chapter HI. The Legendre expansion for test case one was stricly 

positive. Test case two was a forward peaked cross section which has large negative 

regions in its Legendre expansion. The third case was a downscatter cross section of 

hydrogen, scattering from group 18 to group 30, from the Los Alamos MENDF5 30 

group cross section library, and is sharply peaked in the middle of the (Iq interval. 

Table 4.1 lists the scattering cross section moments of test case one, and the 

resulting moments from the LSGQ method for Snorders S,o, S,2, and S,g. The code 

calculated eleven Legendre moments for S,o, thirteen for S,,, and seventeen for Sig which 

is the maximum number of moments contained within the diagonal matrix S for the 

three-dimensional Galerkin quadrature formulation. The relative eaor for the least 

squares modified moments compared to the original Legendre moments of orders two 

through four are also reported. This is also plotted in figure 4.1, allowing a quick 
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Sio S,2 S,6 

Moment 
Order 

Original Least 
Squares 

Rel. 
Error 

Least 
Squares 

Rel. 
Error 

Least 
Squares 

ReL 
Error 

0 1.0 1.0 0.0 I.O 0.0 1.0 0.0 

1 0.5 0.5 0.0 0.5 0.0 0.5 0.0 

2 0.2 0.2 0.0 0.1976 0.012 1.521E-1 0.239 

3 0.005 0.005 0.0 7.38 lE-3 0.563 2.742E-2 4.489 

4 0.001 0.001 0.0 1.265E-3 0.265 1.760E-2 16.60 

5 0.0 0.0 7.667E-4 1.523E-2 

6 0.0 0.0 5.126E-3 9.782E-3 

7 0.0 0.0 3.61 lE-4 -2.303E-3 

8 0.0 0.0 -1.349E-3 6.418E-4 

9 0.0 0.0 -1.885E-4 I.838E-3 

10 0.0 -1.887E-3 5.624E-5 

11 0.0 8.118E-4 -1.081E-3 

12 0.0 -1.697E-3 -9.872E-4 

13 0.0 -2.317E-3 -1.292E-3 

14 -1.363E-3 

15 4.457E-4 

16 -9.989E-4 

17 2.764E-3 

Table 4.1: LSGQ modified Legendre moments of test case one for varying orders 

determination of the magnitude of the relative error. 

It is noted from table 4.1 that none of the cross section moments are changed for 

quadrature order 10. This was also the case if lower quadrature orders were used, such as 
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0 1 

Figure 4.1: 
Moment Order 

Relative error of LSGQ modified moments for test case one 

Sg. A change is not expected since the cross section expansion in this case is positive 

everywhere. However, for the S,^ quadrature, the least squares algorithm adjusted the 

second through fourth order moments as much as 50 percent. The least squares algorithm 

modifies the Legendre moments only if an element of the multidimensional Galerkin 

scattering matrix is negative, which is a constraint that has been placed on the system. 

This indicates that the three-dimensional Galerkin scattering matrix is not positive, even 

though the Legendre expansion of the scattering cross section is positive everywhere. In 

this case, it is not clear how much the modified moments will change the shape of the 

original P4 cross section expansion. The expansions using the LSGQ modified moments 

for S,2 and S,6 Galerkin quadrature are plotted in figure 4.2. Even though there is up to a 

50 percent error in the second through fourth ordered moments, the expansion of the S,2 
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Figure 4.2: Legendre expansion of LSGQ modified moments for test case one 

LSGQ modified moments is nearly identical to the original expansion. However, the S,6 

LSGQ modified moments expansion starts to vary from the original expansion. Though 

not shown, further tests indicate that when even higher ordered Galerkin scattering 

matrices are used, the resulting LSGQ modiHed moment expansion differ further and 

further from the original positive cross section. 

Table 4.2 lists the scattering cross section moments for test case two, the resulting 

moments, and their relative errors from the LSGQ method for orders Sg, 5,0, and 5,2-

The relative error of the modified moments is plotted in figure 4.3. Figure 4.3 indicates 

that the relative error for the LSGQ second through fourth order modified moments tend 

to increase with increased quadrature order. This is the opposite effect than desired, 

namely that as more moments are added to the Legendre expansion, the LSGQ modified 
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Sg ^10 Si2 

Moment 
Order 

Original Least 
Squares 

Rel. 
Error 

Least 
Squares 

Rel. 
Error 

Least 
Squares 

Rel. 
Error 

0 1.0 1.0 0.0 1.0 0.0 I.O 0.0 

I 0.95 0.95 0.0 0.95 0.0 0.95 0.0 

2 0.90 0.9028 0.003 0.9142 0.016 0.9098 0.011 

3 0.85 0.8790 0.034 0.8936 0.051 0.8942 0.052 

4 0.80 0.8693 0.087 0.8756 0.095 0.8870 0.109 

5 0.0 0.8658 0.8676 0.8832 

6 0.0 0.8642 0.8683 0.8827 

7 0.0 0.8635 0.8684 0.8828 

8 0.0 0.8635 0.8686 0.8825 

9 0.0 0.8635 0.8690 0.8823 

10 0.0 0.8688 0.8824 

11 0.0 0.8691 0.8823 

12 0.0 0.8824 

13 0.0 0.8826 

Table 4.2: LSGQ modified Legendre moments of test case two for varying Sp, orders 

moments of order two tiirough four would approach their original values. Examination of 

the LSGQ modified moments above order four in table 4.2 shows that they approach 

approximately the same value, and do not appear to be converging, which is characteristic 

of a Legendre expansion of a straight ahead delta function cross section, e.g., 

a^(|i) = a^6(|i - 1). Galerkin quadrature is designed to treat this type of scattering 

exactly, and is evident in the fact that the M and D matrices are inverses of each other. It 
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Figure 4.3: Relative error of LSGQ modified moments for test case two 

may be that for the three-dimensional Galerkin scattering matrix to be positive with a 

forward peaked cross section function, as with test case two, the best least squares 

solution for a positive matrix is a straight ahead delta function. 

Table 4.3, which lists the LSGQ modified moments and their relative error for the 

third test cross section with varying orders, indicates a large relative error for the upper 

cross section moments. Again, the relative errors for moments of order two through four 

tend to increase when a higher ordered Galerkin scattering matrix is used in the least 

squares calculation, as demonstrated in figure 4.4. The errors in the LSGQ modified 

moments are large enough to bring the method into question. 

To summarize, we have demonstrated some peculiar behavior of the LSGQ 

method. When the original Legendre cross section expansion is inherently positive, the 

LSGQ method modifies the original moments as higher ordered Galerkin quadrature 
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Ss SlO S,2 

Moment 
Order 

Original Least 
Squares 

Rel. 
Error 

Least 
Squares 

Rel. 
Error 

Least 
Squares 

Rel. 
Error 

0 0.37248 0.37248 0.0 0.37248 0.0 0.37248 0.0 

1 0.05706 0.05706 0.0 0.05706 0.0 0.05706 0.0 

2 -0.17203 -9.619E-2 0.441 -8.866E-2 0.485 -8.653E-2 0.497 

3 -0.08190 -5.003e-2 0.389 -5.499E-2 0.329 -3.930E-2 0.520 

4 0.10697 1.851E-2 0.827 2.013E-2 0.812 9.530E-3 0.911 

5 0.0 2.598E-2 2.038E-2 9.513E-3 

6 0.0 2.886E-3 8.353E^ 3.132E-3 

7 0.0 -3.409E-3 5.430E-4 4.104E-3 

8 0.0 -1.508E-3 1.936E-3 1.526E-3 

9 0.0 -2-442E-3 -2.873E-3 -6.572E^ 

10 0.0 -4.004E-3 -I.516E-3 

11 0.0 1.977E-3 -1.261E-3 

12 0.0 -1.413E-3 

13 0.0 -1.653E-3 

Table 4.3: LSGQ modified Legendre moments of test case three for varying Sn orders 

scattering matrices are used, which indicates that the elements of the Galerkin scattering 

matrix are not positive. A possible cause may be ill-conditioning introduced in the 

matrixinversion process. The condition number of the Galerkin moment to discrete 

matrix, M, increases as the quadrature order is increased, as illustrated in table 4.4. This 

may result in the numerical inversion of M having increased roundoff error and possibly 

introducing small negative components in the Galerkin scattering matrix. 



82 

Figure 4.4: 
Moment Order 

Relative error of LSGQ modified moments for test case three 

Order of M Condition Number 

^10 2830 

^12 22697 

S,6 680939 

Table 4.4: Condition number of Galerkin 
moment to discrete matrix 

The relative errors of the LSGQ modified moments appear to increase as the 

Galerkin quadrature is increased. A higher quadrature order allows the least squares 

algorithm to use more Legendre moments in its search for a positive Galerkin scattering 

matrix. It is reasonable, and desirable, that the errors should decrease as more Legendre 

moments are used to represent a scattering cross section, but this is not the case with the 



LSGQ method. 

Test case three also resulted in modified cross section moments that had rather 

large relative errors. Such error in the cross section moments may affect the results of a 

transport calculation, especially if the angular flux moments of order two or greater are 

relatively large in magnitude. For this reason, the LSGQ method is de-selected as a 

viable method for the generation of a positive scattering source. 

4.3 Least Squares Modified Cross Section Moments with Standard S^ Quadrature 

As shown in chapter H, each element of the standard S^ scattering matrix, 

= E ' (4-19) 
1 = 0 

is guaranteed to be positive if the quadrature weights are positive and the Legendre 

expansion of the cross section function has a positive value at each combination of 

Cl^). To find a positive truncated Legendre expansion of the scattering cross 

section, we propose a variation of LSGQ method. Using standard Sj, quadrature, the 

following functional is minimized, 

(a,-a/)(ao-la,l) 
2 

(4.20) 

subject to the following constraints. 
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^0 ' (4.21) 

a, a, ,  (4.22) 

and. 

E "/•  ̂0 
1 = 0 

(4.23) 

These constraints state that the zeroth and first Legendre moments remain fixed and that 

the expanded Legendre cross section is positive for every distinct combination of 

(Cl^r Cl^). The first and second constraints ensure particle balance and momentum 

conservation. The third constraint ensures a positive representation of the scattering cross 

section at all points where the cross section function will be evaluated. This differs from 

the functional which is minimized by the LSGQ method by the addition of the weight, 

(ao - la^) 
. (4.24) 

as evident in equation (4.20). The purpose of this weight is to allow more freedom of 

adjustment for moments which are small in magnitude. If a cross section moment is 

small compared to the zeroth moment, it is less likely to make a large contribution to the 

cross section expansion, and therefore have little effect on the results of a transport 

calculation. This method is known as least squares with quadrature, or (LSSN). 
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A Fortran code has been written to calculate the LSSN modified cross section 

moments. This code takes the original cross section moments as input, and then outputs 

the least squares solution of an order requested by the user. If the least squares solver 

cannot satisfy the constraints with the requested output Legendre order, it aborts the 

procedure, and indicates that a higher Legendre order is required for a positive solution. 

The dependence of positivity on the final order of the LSSN modified Legendre 

expansion is shown in figure 4.5. Here, the average cosine of the scattering angle, p, is 

plotted against the number of moments required for a positive expansion. The required 

order is only a function of fi since only the zeroth and first cross section moments are 

fixed, while the upper moments can be modified in the least squares sense. 

60 T 
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40 -
•a 
O 35 -

0 I 1 1 1 1 1 1 1 1 ' 

-I.O -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 l.O 

Figure 4.5: Required Legendre order for positive LSSN modified expansion 
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Test cases one through three were used to analyze this method. For these 

calculations, the code performed the LSSN method on the P4 Legendre cross section 

moments, and returned Legendre moments of order one less that the user requested 

quadrature order, i.e., a 13* order expansion was returned when an 8,4 quadrature was 

used. 

The Legendre expansion of test case one is strictly positive, and the LSSN method 

returned cross section moments that matched the original moments exactly, regardless of 

order requested. This behavior is expected since the original Legendre expansion does 

not need to be modified for the cross section to be nonnegative. Unlike the LSGQ 

method, as the S^, and Legendre order was increased, the LSSN method did not need to 

change the cross section moments, and cross section moments above order four were 

always zero. 

Table 4.5 lists the moments of test case two, the calculated moments using the 

LSSN method, and the relative error of the moments of order two through four for 

quadramres of S14, S,6, and S,g. We begin with an S,4 quadrature since a P,3 expansion 

was required in order for the LSSN method to result in a positive Legendre expansion. A 

graphical representation of the relative error of the LSSN modified moments for each 

quadrature and Legendre order for this test case are presented in figure 4.6. 

All of the results in table 4.5 show that the LSSN modified Legendre moments 

result in a converging Legendre expansion, unlike the non-convergent series exhibited by 

the LSGQ method. The relative error is also much smaller using the LSSN method 

compared with the LSGQ method. Figure 4.5 clearly indicates that the relative error of 
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Pl3 " ^14 P|5 • Pl7" 

Order Original LSSN Rel Error LSSN Rel Error LSSN Rel Error 

0 I.O 1.0 0.0 1-0 0.0 1.0 0.0 

I 0.95 0.95 0.0 0.95 0.0 0.95 0.0 

2 0.90 0.8801 0.0221 0.8975 2.7I9E-3 0.8996 3.926E-4 

3 0.85 0.7837 0.0779 0.8065 0.05165 0.8065 0.05108 

4 0.80 0.6745 0.157 0.7128 0.1090 0.7170 0.1038 

5 0.5558 0.5934 0.5945 

6 0.4400 0.4872 0.4917 

7 0.3308 0.3776 0.3785 

8 0.2357 0.2835 0.2893 

9 0-1569 0.1988 0.1997 

10 0.0959 0.1348 0.1392 

11 0.0524 0.0847 0.0851 

12 0.0240 0.0482 0.0521 

13 0.0080 0.0251 0.0248 

14 0.0113 0.0131 

15 0.0044 0.0040 

16 0.0012 

17 -0.0007 

Table 4.5: LSSN moments comparison for test case two 

the LSSN modified moments of order two through four are reduced as the output 

Legendre order is increased. This indicates that the LSSN modified moments appear to 

approach the original cross section moments as the number of moments in the least 

squares search is increased. 
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Figure 4.6: Relative error of LSSN modified moments for test case two 

Table 4.6 lists the original moments for test case three, the calculated moments 

using the LSSN method, and the relative error of the moments of order two through four 

for quadratures of though S ,0- These data begin with S^ since the LSSN method 

calculated a positive cross section expansion with only a P5 expansion. The relative error 

of the cross section moments is much lower than the relative error that for the LSGQ 

method. Also, the relative error decreases as the output Legendre order is increased. This 

is also illustrated in figure 4.7. 

To summarize, the LSSN method produces modified Legendre moments which 

are better behaved than the LSGQ method. The relative error of the modified moments 

for each test case is less than those of the LSGQ method, and they decrease with 
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S6 Sg Sto 

Order Original LSSN Rel Error LSSN Rel 
Error 

LSSN Rel 
Error 

0 0.3727 0.3727 0.0 0.3727 0.0 0.3727 0.0 

1 0.05707 0.05707 0.0 0.05707 0.0 0.05707 0.0 

2 -0.1728 -0.1190 .3081 -0.1355 0.2124 -0.1451 0.1564 

3 -0.08191 -0.04113 0.4978 -0-05614 0.3145 -0.06480 0.2088 

4 0.1069 0.04167 0.6105 0.05593 0.4771 0-06166 0.4235 

5 0.02449 0.03683 0.04578 

6 -0.01252 -0.01805 

7 -0.01462 -0.02201 

8 0.00242 

9 0.00619 

Table 4.6: LSSN modified moment comparison for test case three 

increasing Legendre order. Each test case also produces a set of Legendre moments 

which appear to approach the original moments as the requested Legendre order is 

increased. 
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Figure 4.7: Relative error of LSSN modified moments for test case three 

4.4 The Role of Maximum Entropy with the LSSN Method 

In an effort to reduce the relative error of the LSSN modified cross section 

moments further, we have implemented an algorithm which utilizes the method of 

maximum entropy. The LSSN method described in the previous section uses the given 

cross section moments ( up to order L) as input, which is often of order less than required 

for a positive cross section representation. The higher cross section moments, of order 

L+I and greater, which are required for positivity, are set to zero, resulting in a truncated 

expansion which may exhibit large negative oscillations. This truncated series is 

considered as an initial guess for the LSSN algorithm. It is proposed that if the least 

squares solver had a higher order expansion, and hence a more positive series, from 
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which to work, less of a change to the original Legendre moments of order two or greater 

would be observed. 

This is accomplished by using the exponential representation of the scattering 

cross section found from the maximum entropy technique. By projecting the exponential 

representation over Legendre polynomials of order greater than that given in the cross 

section library, as shown here. 

estimated Legendre moments of order L+1 and greater can be calculated. Thus, if an N-1 

order expansion is requested using the LSSN method with an quadrature or order N, it 

can use these additional moments as an initial guess for moments of order L+I to N-1. 

This method is denoted as LSSN/ME, where the ME is an abbreviation for maximum 

entropy. If the exponential representation is not available, then the LSSN/ME algorithm 

can revert to using the original moments up to order L. 

This proposal was analyzed using the LSSN Fortran program presented 

previously. The program used N-l input moments as the initial expansion, where the L+1 

to N-l upper moments were calculated from the cross section's exponential 

representation. If an exponential representation of the cross section cannot be found, then 

the original L moments from the cross section library are utilized and a value of zero, as 

before, is used for the moments of order L+I and greater. If the cross section expansion 

is strictly positive, as is the case for test case one, then no least squares modification is 

L<l<N (4.25) 
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required. Table 4.7 lists the original moments and calculated L+1 and greater moments 

from maximum entropy, the resulting LSSN/ME modified moments, and the relative 

error for moments of order two through four for test case two. The results presented here 

are for a IS* order Legendre expansion with an S,5 quadrature. The relative error of the 

P,5 - S,<5 from Pi5 
(LSSN/ME) 

P,5-S,6 from P4 
(LSSN) 

Order Original LSSN/ME Rel Error Rel Error 

0 1.0 1.0 0.0 0.0 

1 0.95 0.95 0.0 0.0 

2 0.90 0.8930 7.558E-3 2.719E-3 

3 0.85 0.8175 0.03817 0.05165 

4 0.80 0.7354 0.08068 0.1090 

5* 0.7200 0.6436 

6* 0.6378 0.5507 

1* 0.5563 0.4566 

8» 0.4864 0.3681 

9* 0.4115 0.2853 

10* 0.3435 0.2121 

11* 0.2812 0.1491 

12* 0.2311 0.09792 

13* 0.1851 0.05814 

14* 0.1468 0.02898 

15* 0.1140 0.01035 

* denotes moments calculated from exponential expansion 

Table 4.7: LSSN/ME modified moments comparison for test case two 



93 

second order moment is greater than the case when the LSSN algorithm is used. 

However, the relative error of the third and fourth order moments have improved. This is 

illustrated in figure 4.8 where the relative errors from both methods are plotted. 

Table 4.8 lists the results of the LSSN/ME algorithm for test case three. A 

seventh order Legendre expansion and Sg quadrature was used to generate the data. The 

relative error for the second and third order moments are slightly greater than when the 

LSSN method is used. The relative error for the fourth order moment however has 

slightly improved over the LSSN method. 
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Figure 4.8: Relative error of LSSN ans LSSN/ME modified moments 
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P7 - Sg from P7 
(LSSN/ME) 

P7- Sg from P4 
(LSSN) 

Order Original LSSN/ME Rel Error Rel Error 

0 0.3727 0.3727 0.0 0.0 

1 0.05707 0.05707 0.0 0.0 

2 -0.1728 -0.1304 0.2417 0.2124 

3 -0.08191 -0.04971 0.3931 0.3145 

4 0.1069 0.06162 0.4240 0.4771 

5* 0.09440 0.03943 

6* -0.06194 -0.01868 

1* -0-09756 -0.01928 

* denotes moments calculated from exponential expansion 

Table 4.8: LSSN/EM modified moment comparison for test case three 

4.5 Further Cross Section Examples Utilizing the LSSN and LSSN/ME Methods 

In this section, further examples comparing the LSSN and LSSN/ME least squares 

methods are presented. To make these examples more meaningful, the scattering cross 

section moments from the Los Alamos MENDF5 P4 cross section library are used. For 

each cross section example, two figures are presented. The first plots the P4 Legendre 

expansion of the cross section, its maximum entropy exponential representation, the P^.! 

expansion for an Sn quadrature using the LSSN method, and the P^.! expansion for an S^ 

quadrature using the LSSN/ME method. The second figure shows the relative error of the 

second through fourth order modified moments from both the LSSN and LSSN/ME 

methods. 
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The Cross sections of three materials were chosen for these examples; hydrogen, 

water, and uranium. Figures 4.9 and 4.10 plot the self scattering cross section and 

relative error of the Legendre moments for hydrogen in energy group one. Figures 4.11 -

4.12, 4.13 - 4.14 are the plots for hydrogen scattering from group one to group two, and 

group one to group ten respectively. The same plots for water scattering from group one 

to group one, group one to group two, and group one to group ten are found in figures 

4.15- 4.16,4.17-4.18, and 4.19-4.20 respectively. Uranium scattering cross sections 

for scattering from group one to group one and from group one to group two are 

presented in figures 4.21 - 4.22 and 4.23 - 4.24. 

The LSSN and LSSN/ME cross section expansion order for each cross section is 

the lowest possible for a positive representation. For example, in plot 4.8, which depicts 

the differential self scattering cross section of hydrogen for group one, a expansion 

was required for positivity. For consistency, the other hydrogen LSSN and LSSN/ME 

cross section expansions presented are also of 23"* order. The water and uranium cross 

sections only required a F, expansion for the LSSN and LSSN/ME expansion to be 

positive, and is reflected in the plots. 

These data indicate that the LSSN/ME method produces modified moments with 

similar or significantly lower relative errors the those from the LSSN method alone. It is 

therefore recommended that the LSSN/ME method be used over the LSSN method when 

the approximated moments from maximum entropy are available. If the extra moments 

are not available, then the LSSN method is recommended to modify the scattering cross 

section moments for use in the spherical harmonic expansion of the scattering source. 
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Figure 4.9: Hydrogen group I to group 1 scattering cross section 
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Figure 4.10: Relative error of cross section moments for hydrogen groups 1 to 1 
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Figure 4.13: Hydrogen group 1 to group 10 scattering cross section 
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Figure 4.14: Relative error of cross section moments for hydrogen group 1 to 10 
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Figure 4.16: Relative error of cross section moments for water group I to I 
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Figure 4.18: Relative error on cross section moments for water group 1 to 2 



106 

0.05 

S 0.02 -(U 
CO 

C/3 f/i 0.01 

(30 

•g 0.00-

-0.01 

-0.02 

0 I 1 

Figure 4.19: Water group I to group 10 scattering cross section 



0.06 

— L S S N P ^ - P ,  

o- LSSN/MEP,-P, 
0.05 -

0.04 -

tg 0.03 -
u 
> 

M 0.02 -0 
01 

0.01 -

0.00 0-

2 3 1 4 0 

Moment Order 

Figure 4.20: Relative error of cross section moments for water group I to 10 
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CHAPTER V 

TRANSPORT SOLUTIONS 

The MaxEnt scattering matrix (MaxEnt SM) and LSSN/ME methods developed 

in chapters HI and IV have been implemented into a test version of the Los Alamos 

transport code PARTISN (PARallel Time-dependant S^, )^. In this chapter, examples are 

presented of transport solutions to various fixed source problems using these methods. 

As a comparison, the source repair schemes proposed by Ennmett, et. al., have also 

been implemented in the modified version of PARTISN. The repair schemes, which were 

described in section 1.1 of chapter one, are referred to here as the economy fixup (EF) 

and the nearly conservative source fixup (NCSF) schemes. In essence these schemes 

merely zero out the negative components of the discrete ordinate scattering source, while 

neither conserving balance nor momentum (EF, NCSF). 

For each fixed source problem, we compare resulting leakages and scalar fluxes 

using the following scattering cross section representations or source fixup methods: 

1. The standard S^ scattering source using a truncated Legendre expansion 

for the cross sections (SS^) 

2. The MaxEnt SM method 

3. The LSSN/ME method 

4. The economy source fixup scheme (EF) 

5. The nearly conservative source fixup scheme (NCSF). 

Also shown is how these methods affect the source iteration procedure and their effect on 
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the averall particle balance of a transport calculation. 

5.1 Example Problems 

To study the viability of the MaxEnt SM and LSSN/ME positive scattering source 

methods, the following set of problems has been devised. Each problem consists of the 

same physical geometry, an 1 Ix 11x11 cm cube. Each spatial mesh cell is one centimeter 

on a side, resulting in a spatial mesh of 11x11x11. 

The material in the problems is represented by a fictitious two group set of 

multigroup cross sections. The scattering cross sections are listed in table 5.1. All of the 

scattering cross sections have the same shape, with only their magnitude differing, and 

contain a large negative region when expanded in its Legendre series. A plot of the 

expanded Legendre series of the self-scatter cross section for group one can be found in 

figure 5.1. The total cross section for each energy group has a magnitude of I.O, resulting 

in a scattering ratio for each energy group of 0.5. 

Cross Section 
Moment 

Group 1-1 Group 1-2 Group 2-2 

<Js.O 0.50 0.45 0.50 

OS, I 0.45 0.405 0.45 

0.40 0.36 0.40 

0.35 0.315 0.35 

Os.4 0.30 0.27 0.30 

Table 5.1: Scattering cross section moments for example 
problems 
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Figure 5.1: Group I-l differential scattering cross section for case study 
problems 

Each problem is varied by changing the location and anisotropy of the fixed 

source. Three surface source configurations have been chosen, an isotropic surface source 

placed on one entire face of the medium, an isotropic surface source placed at the center 

of a face, and a surface source consisting of a subset of S^, directions placed at the center 

of a face. These different source configurations provide a variety of anisotropy in the 

resulting angular flux, and allow one to study how that anisotropy coupled with the 

representation of the scattering source affects the transport solution. 

Each problem was run with a S,6 Legendre-Tchebychev angular quadrature 

arranged in a triangular fashion. While PARTISN employs the diffusion synthetic 

acceleration method to accelerate the source iteration scheme, this was disabled for the 

following tests. The fixed source is located in the first energy group, thus any source 
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provided to the second energy group is directly from the scattering source. The pointwise 

convergence criteria for the scalar fluxes was set at l.OE-4. All problems were run on an 

SGI Origin 2000, utilizing eight processors. For solutions using the LSSN/ME method, 

the least squares algorithm was allowed to compute P,o scattering cross section moments. 

Presented are the transport solutions for each problem using two spatial discretization 

schemes. This was done to assess the performance of each method relative to different 

spatial discretization schemes. The chosen schemes are the linear discontinuous scheme 

(LD) and the exponential discontinuous scheme (ED). The LD scheme assumes a linear 

representation of the angular flux and source in the spatial mesh cell, while allowing 

these quantities to be discontinuous at the cell boundaries. The ED scheme is similar 

except that the angular flux and source are represented by an exponential function. 

5.1.1 Isotropic Surface Source on Entire z = 0 Face ( FACEZI) 

Problem FACEZI consists of an isotropic surface source on the entire z = 0 face. 

We begin by listing in table 5.2 the number of source iterations required for each group to 

obtain convergence for both spatial schemes utilizing-each of the scattering source 

methods. We also provide the final integral particle balance. In PARTISN, a reported 

particle balance close to zero indicates conservation of particles. For the LD spatial 

scheme, this table shows that, as expected, particle balance is somewhat lost when the EF 

method is employed. This is due to the fact that with this method no effort is made to 

preserve the zeroth moment of the scattering source. The NCSF method does 

demonstrate particle-balance, but requires slightly more source iterations than the other 
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Linear EMscontinuous Exponential Discontinuous 

Scattering 
Source 
Method 

Source Iterations Particle 
Balance 

Source Iterations Particle 
Balance 

Scattering 
Source 
Method Group 1 Group 2 

Particle 
Balance 

Group 1 Group 2 

Particle 
Balance 

SS^P, 19 17 4.265E-7 300* 300* N/A 

MaxEnt SM 19 17 1.096E-5 19 17 1.096E-5 

LSSN/ME 19 17 5.309E-7 19 17 5.306E-7 

EF 19 17 -1.661E-3 300* 300* N/A 

NCSF 22 19 1.537E-6 22 300* N/A 

•did not converge 

Table 5.2: Source iterations and particle balance for problem FACEZT 

positive scattering source methods. With the ED spatial scheme, convergence is not 

achieved for three of the methods, the SS^ method, and both the EF and NCSF methods. 

The NCSF method was able to converge in the first energy group however. 

The computer time required calculate the scattering source during the inner 

iteration is listed in table 5.3. The MaxEnt SM method requires the most time, since for 

this method the entire angular flux is multiplied by the scattering matrix. The EF and 

NCSF schemes are slightly more time consuming than that of the SS^ P4, due to the 

search for negative scattering source components. 

SSNP4 MaxEnt SM LSSN/ME EF NCSF 

Time (sec) 3.08 249.5 14.48 3.36 8.54 

Table 5.3: Time required to calculate scattering source 
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Table 5.4 lists the leakages out of three faces of the medium for the LD spatial 

discretization scheme, and table 5.5 lists the same leakage when the ED spatial scheme is 

used. The faces are the right face, located at then x = 11 plane, the front face, located at 

the z = 0 plane, and the back face, located at the z = 11 plane. Figure 5.2 depicts the 

orientation of the faces for three dimensional Cartesian geometry as implemented in 

Scattering 
Source 
Method 

Group 1 Group 2 Scattering 
Source 
Method Right Back Front Right Back Front 

SS^P,  3.566E-2 2.477E-4 1.503E-2 2.844E-2 1.233E-3 2.546E-2 

MaxEnt SM 3.572E-2 IMIE-A  I.458E-2 2.857E-2 1.227E-3 2.459E-2 

LSSN/ME 3.568E-2 2.439E-4 1.478E-2 2.849E-2 1.2I8E-3 2.509E-2 

EF 3.571E-2 2.497E-4 I.5I8E-2 2.852E-2 1.241E-3 2.574E-2 

NCSF 3.562E-2 2.483E-4 1.508E-2 2.843E-2 1.233E-3 2.551 E-2 

Table 5.4: Problem FACEZI leakages using the LD spatial scheme 

Scattering 
Source 
Method 

Group I Group 2 Scattering 
Source 
Method Right Back Front Right Back Front 

SSnP4 NC NC NC NC NC NC 

MaxEnt SM 3.569E-2 2.523E-4 1.545E-2 2.853E-2 I.243E-3 2.52 lE-2 

LSSN/ME 3.564E-2 2-492E-4 I.582E-2 2.844E-2 1.233E-3 2.577E-2 

EF NC NC NC NC NC NC 

NCSF 3.562E-2 2.526E-4 I.640E-2 NC NC NC 

NC - Not converged 

Table 5.5: Problem FACEZI leakages using ±e ED spatial scheme 
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Figure 5.2: Orientation of faces 

PARTISN. Leakages are not reported for energy groups where the source iteration did 

not converge. Most of the reported leakages are within a few percent of each other. 

The scalar flux presented is located along the cells bordering the back face, 

holding the sixth x mesh cell constant and plotting along the y direction. This location is 

shown as the shaded area in figure 5.3. Figure 5.4 and 5.5 plots this scalar flux using the 

LD spatial scheme for energy groups one and two respectively. All scattering source 

methods produce the same result to within a few percent. 

Finally, figures 5.6 and 5.7 plot the scalar flux with the ED spatial scheme for 

energy groups one and two. Results are not reported for the scattering source methods 

which caused the ED scheme to not converge. It is noted that the ED scheme appears to 

require additional properties from the scattering source other than mere positivity for 

iterative convergence. 



Figure 5.3: Location on z = II level for scalar flux 
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For example, the economy source fixup method is strictly positive, but the source 

iterations for ED do not converge for either energy group when this method is used. The 

NCSF method also is positive, but the source iterations for ED do not converge for the 

second energy group. Both of these methods zero out negative components of the 

discrete ordinate scattering source, resulting in an effective change of the scattering 

source moments. This change in the scattering source moments will differ from one 

source iteration to the next, and has the same effect as using a different set of scattering 

cross section moments for each source iteration, and causes the non-linear Newton-

Raphson root solver employed by the exponential discontinuous spatial scheme'^ to go 

awry. 
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5.1.2 Isotropic Surface Source On Z = 0 Face at the Center Mesh Cell (FACEZI-1) 

The isotropic surface source for problem FACEZI-1 is located on the z = 0 face at 

the X = 6 and y = 6 mesh cell. This problem reduces the overall source in an effort to 

increase the importance of the scattering source in each spatial mesh cell. The number of 

source iterations and particle balance for each of the scattering source methods using both 

the LD and ED spatial schemes are listed in table 5.6. For the LD spatial scheme, the EF 

method resulted in a much degraded particle balance, and the source iterations did not 

converge for the first energy group. The conservative source fixup method again required 

more source iterations than the conventional Legendre expansion, and suffered a 

degradation in the particle balance. The ED spatial scheme did not converge when used 

with the SSn and EF methods. 

The computer time required to calculate the scattering source during the inner 

Linear Discontinuous Exponential Discontinuous 

Scattering 
Source 
Method 

Source Iterations Particle 
Balance 

Source Iterations Particle 
Balance 

Scattering 
Source 
Method Group I Group 2 

Particle 
Balance 

Group 1 Group 2 

Particle 
Balance 

SSnP4 20 17 -1.689E-7 300* 300* N/A 

MaxEnt SM 20 17 4.679E-6 20 17 1.096E-5 

LSSN/ME 20 17 -1.263E-7 20 17 5.306E-7 

EF 300* 17 -9.672E-2 300* 300* N/A 

NCSF 22 19 1.879E-3 23 21 9.458E-4 

*did not converge 

Table 5.6: Source iterations and particle balance for problem FACEZI-1 
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iteration for each method is shown in table 5.7. The time required for the EF method is 

not reported since the spatial convergence was not achieved. Again, the MaxEnt SM 

method requires the most time since it requires the most calculations. We note a 

significant increase in the time required when the NCSF method is used when compared 

to the time required for problem FACEZI. This is due to the greater amount of negative 

sources which must be repaired. 

SSNP4 MaxEnt SM LSSN/ME EF NCSF 

Time (sec) 3.16 254.48 14.90 N/A 17.67 

Table 5.7: Time required to calculate scattering source 

Leakages out of the right, back and front faces are listed in tables 5.8 and 5.9 for 

the LX) and ED spatial schemes. Again only leakages for each energy group where the 

spatial scheme successfully converged are reported. For each spatial scheme, the reported 

leakages are within a few percent of each other. 

Figures 5.8 and 5.9 show a plot of the scalar flux using each of the scattering 

source methods and the LD spatial scheme for groups one and two respectively. The 

scalar flux for group one is markedly jagged, and at first glance may appear to be due to 

ray effects^®. The group two scalar flux is smoother, as a result of the particles firom 

scattering which have undergone at least several collisions. 

In an effort to understand the oscillations in the group one scalar flux, we increase 
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Scattering 
Source 
Method 

Group 1 Group 2 Scattering 
Source 
Method Right Back Front Right Back Front 

3.566E-3 3.649E-4 1.804E-2 1.I06E-2 1.809E-3 3.193E-2 

MaxEnt SM 3.594E-3 3.645E-4 1.754E-2 I.II3E-2 I.808E-3 3.103E-2 

LSSN/ME 3.595E-3 3.624E-4 1.776E-2 1.113E-2 1.806E-3 3.153E-2 

EF NC NC NC NC NC NC 

NCSF 3.636E-3 3.766E-4 1.580E-2 I.132E-2 I.874E-3 2.739E-2 
NC - Not converged 

Table 5.8: Problem FACEZI-1 leakages using the LD spatial scheme 

Scattering 
Source 
Method 

Group I Group 2 Scattering 
Source 
Method Right Back Front Right Back Front 

SS^P,  NC NC NC NC NC NC 

MaxEnt SM 3.744E-3 3.837E-4 1.886E-2 1.131E-2 1.877E-3 3.202E-2 

LSSN/ME 3.740E-3 3.811E-4 1.931E-2 1.130E-2 1.872E-3 3.262E-2 

EF NC NC NC NC NC NC 

NCSF 3.808E-3 4.062E-4 1.927E-2 1.144E-2 I.980E-3 3.253E-2 

NC - Not converged 

Table 5.9: Problem FACEZI-1 leakages using the ED spatial scheme 
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the mesh by a factor of two and recalculated the problem. This will help to determine if 

the mesh cells for this problem with the current source conHguration are too large. 

Figures 5.10 and 5. II show the resulting scalar flux for problem FACEZI-I on a 

22x22x22 mesh for energy groups one and two. Here most of the apparent spatial 

oscillation in the scalar flux is removed, and can therefore be attributed to discretization 

error of the LD spatial scheme. The NCSF method results in a scalar flux which is of 

higher magnitude, while the other methods are in better agreement with each other. In the 

NCSF method no attempt is made to preserve any scattering source moments greater than 

the zeroth, and the adverse affect is shown here. 

Figures 5.12 and 5.13 display the scalar flux on the back face of problem 

FACEZI-I when run with the ED spatial scheme. These results are on the original 
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11x1 Ix11 mesh. Scalar fluxes using the SS^, and FE methods are not reported since the 

ED scheme with these methods did not iteratively converge. The MaxEnt SM and 

LSSN/ME methods produced scalar fluxes which are in good agreement with each other, 

while the NCSF method resulted in a scalar of higher magnitude. This problem 

demonstrates an advantage of the exponential discontinuous discretization scheme, 

namely that reasonable results may be obtained with coarser meshing than with other 

spatial discretization schemes'^. 

5.1.3 Angular Surface Source On z = 0 Face at the Center Mesh Cell (FACEZA-1) 

Problem FACEZA-1 replaces the isotropic surface source of problem FACEZI-1 

with an angular dependent surface source. A triangular S,5 Legendre-Tchebychev 
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quadrature contains 288 directions, 144 of which that can be directed into a surface 

boundary. PARTKN allows the user to input the magnitude of each incoming angle on a 

surface. For this problem we input a magnitude of I.O for direction one, 2.0 for direction 

two, 3.0 for direction three, continuing in like manner until direction 18. We then set the 

magnitude of direction 19 at 16.0, direction 20 at 15.0, direction 21 at 14.0, and continue 

until direction 36 is assigned a magnitude of 1.0. All other incoming angular source 

directions for the front face are set to zero. For the triangular Legendre-Tchebychev S,g 

quadrature, the first 36 directions on the front face represent the octant on the unit sphere 

pointing toward the back face into the medium and directed toward the left and bottom 

faces. 

Table 5.10 lists the number of source iterations required for convergence of the 

ED spatial scheme for each scattering source method, as well as the final particle balance 

Scattering 
Source 
Method 

Exponential Discontinuous 
Scattering 

Source 
Method 

Source Iterations Particle 
Balance 

Scattering 
Source 
Method Group I Group 2 

Particle 
Balance 

SS^P, 300* 300* N/A 

MaxEnt SM 22 19 1.138E-5 

LSSN/ME 22 19 3.205E-6 

EF 300* 300* N/A 

NCSF 22 21 1.474E-3 

•did not converge 

Table 5.10: Source iterations and particle balance for 
problem FACEZA-1 
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if iterative convergence was achieved. The NCSF method final particle balance is 

somewhat degraded, and the number of source iterations performed is slightly higher in 

the second group than with the MaxEnt SM and LSSN/ME methods. Both the SS,., and 

EF method caused the ED scheme not to converge. Results using the LD spatial scheme 

are not shown since the mesh is too coarse for the scheme to provide positive angular 

fluxes with this fixed source configuration, even though a positive scattering source is 

provided. The possibility of calculating inaccurate and even negative fluxes on optically 

thick spatial cells is a characteristic of linear spatial discretization schemes^'^. 

Table 5.11 lists the required computer time to calculate the scattering source 

during the inner iteration procedure. A time is not reported of convergence of the spatial 

schemes was not achieved. The results are similar to those reported in the previous 

problems. 

SSNP4 MaxEnt SM LSSN/ME EF NCSF 

Time (sec) N/A 289.5 16.49 N/A 18.68 

Table 5.11: Time required to calculate scattering source 

Leakages on the right, back, and front faces are listed in table 5.12. The largest 

difference is seen by comparing the leakages out the right face for energy group one. 

Because of the direction of the angular source, all particles that leak out of this face have 

undergone a scattering event. The NCSF method resulted in a leakage roughly an order 

of magnitude smaller than that produced by using either the MaxEnt SM or LSSN/ME 

methods. The LSSN/ME method resulted in a right face leakage that differs from the 
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Scattering 
Source 
Method 

Group 1 Group 2 Scattering 
Source 
Method Right Back Front Right Back Front 

NC NC NC NC NC NC 

MaxEnt SM 2.5I3E-4 2.678E-4 2.034E-2 I.099E-3 I.258E-3 3.5I3E-2 

LSSN/ME I.843E-4 2.557E-4 I.995E-2 8.602E-4 1.323E-3 3.579E-2 

EF NC NC NC NC NC NC 

NCSF 9.88 lE-5 2.767E-4 1.848E-2 5.904E-4 1.356E-3 3.432E-2 

NC - Not converged 

Table 5.12: Problem FACEZA-1 leakages with the ED spatial scheme 

results obtained using the MaxEnt SM method by approximately 27 percent. 

The scalar flux for group one on the back face is shown in figure 5.14. The scalar 

flux for group two is presented in figure 5.15. In both cases the NCSF method produced 

a scalar flux of lower magnitude in the y direction between y = 5 and y = 11. The 

MaxEnt SM and LSSN/ME method produced scalar fluxes within a few percent. 
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5.2 A Sample Problem in Carbon 

In this section, the results of an example problem consisting of a cube of natural 

carbon are presented. The atom density of the carbon is shown in table 5.13. The cube is 

55 cm on a side, with a spatial mesh of 11 x 11 x 11 in the x, y, and z directions 

respectively. The cross sections used are from the Los Alamos MENDF 30 group P4 

cross section set. Only the first two groups of the cross section set were used for this 

example problem, since most anisotropy occurs in the upper energy groups. These groups 

represent neutron energies from 17 Mev to 12 Mev. The scattering cross sections at these 

energies are forward peaked and their P4 Legendre expansions exhibit negative regions in 

the interval from -1 ̂  Hq < +1. The mean free path of neutrons in the first energy group is 

on the order of 5 cm, thus the carbon cube is approximately 11 mean free paths in the x, 

y, and z directions. The scattering ratio in each group is approximately 0.35 for each 

energy group, making the problem somewhat similar to the sample problems in the 

previous section. 

Each problem was run with a Legendre-Tchebychev S,g quadrature. This 

quadrature was chosen such that its order would be large enough to integrate the 

exponential representation of the cross section effectively. The exponential 

discontinuous scheme was chosen for the spatial discretization, since the LD spatial 

Material Atom Density 

Carbon 0.1314 bams/cm-

Table 5.13: Composition of carborf in example problem 
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scheme was inadequate at this meshing. All other parameters, such as convergence 

criteria and no acceleration of the source iteration scheme, are the same as the example 

problems of the previous section. 

The Hxed angular surface source was placed at the same location as problem 

FACEZA-1, namely on the center mesh cell on the z = 0 face. Only one angular direction 

was given a non-zero value, resulting in a beam along one quadrature direction. The 

direction cosines for this direction are |J = -0.1026789, T| = -0.1026789, and ^ = 

0.9894009, which correspond to the direction which is closest to normal on the front face. 

As in the previous problems, the fixed source was only allowed in group one. 

Table 5.14 lists the number of source iterations per group and resulting particle 

balance when the MaxEnt SM, LSSN/ME, and NCSF scattering source methods are used. 

The SSn and EF methods caused ED to fail to converge and are therefore not reported. 

The source iterations converged quickly for both the MaxEnt SM and LSSN/ME 

Scattering 
Source 
Method 

Exponential Discontinuous 
Scattering 

Source 
Method 

Source Iterations Particle 
Balance 

Scattering 
Source 
Method Group I Group 2 

Particle 
Balance 

MaxEnt SM 17 17 -1.620E-5 

LSSN/ME 17 14 -7.200E-8 

NCSF 19 300* N/A 

*did not converge 

Table 5.14: Source iterations and particle balance for 
sample carbon problem 
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methods. With the NCSF method, iterative convergence was obtained for the first energy 

group, but failed for the second energy group. 

The resulting leakage out of the right, back, and front faces when each scattering 

source method is used are listed in table 5. IS. Also included are the results from a 

MCNP Monte Carlo calculation. The cross sections used in the MCNP calculation are 

also firom the Los Alamos MENDF 30 group cross section library, which have been 

processed with CRSRD using the maximum entropy technique and divided into 30 

equiprobable angular bins, using Baker's XREP moduleThe MCNP calculation used 5 

Scattering 
Source 
Method 

Group I Scattering 
Source 
Method Right MC Error Back MC Error Front MC Error 

MaxEnt SM 1.189E-4 N/A 4.347E-4 N/A I.OOOE-4 N/A 

LSSN/ME LI43E-4 N/A 4.280E-4 N/A 1.444E-4 N/A 

NCSF 8.I97E-5 N/A 4.236E-4 N/A 1.459E-4 N/A 

MCNP 1.127E-4 0.0367 4.310E-4 0.0195 5.855E-5 0.0513 

Scattering 
Source 
Method 

Group 2 Scattering 
Source 
Method Right MC Error Back MC Error Front MC Error 

MaxEnt SM 7.723E-4 N/A 5.962E-4 N/A 2.449E-3 N/A 

LSSN/ME 7.725E-4 N/A 5.935E-4 N/A 2.410E-3 N/A 

NCSF NC N/A NC N/A NC N/A 

MCNP 7.716E^ 0.0142 5.784E-4 0.0161 1.988E-3 0.0092 

NC - Not converged 

Table 5.15: Sample carbon problem leakages 
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million histories, and the reported statistical error for each quantity is the standard 

deviation divided by that quantity. 

In figures 5.16 and 5.17, the scalar flux is presented for energy groups one and 

two along the back face as done with the example problems in the previous section. Also 

included is the scalar flux from the Monte Carlo solution. The discrete ordinates 

solutions agree within two standard deviations of the Monte Carlo results, and are within 

one standard deviation for most data points. 

In an attempt to gain better agreement, the problem was recalculated. The number 

of particle histories was increased to 20 million for the MCNP calculation. For the 

PARTISN calculation, the spatial mesh was increased by a factor of two along each 

direction, resulting in a 22x22x22 mesh. All other parameters was held constant. The 

scalar flux was volume averaged over the appropriate spatial cells to recover a cell 
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Group I scalar flux for sample carbon problem 
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Figure 5.17: Group 2 scalar flux for sample carbon problem 

averaged quantity equivalent to the coarser meshing. 

Figure 5.18 and 5.19 present the resulting scalar fluxes on the fine mesh 

calculation for groups one and two respectively. The SN calculation using the NCSF 

method did not converge, thus is not reported here. Agreement of the scalar fluxes has 

improved over the coarse mesh calculation. The solutions using the MaxEnt SM and 

LSSN/ME scattering source method result are approximately the same and appear to be 

approaching the multigroup Monte Carlo solution. 
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Figure 5.18: Group 1 scalar flux from fine mesh sample carbon problem 
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It is of interest to compare the resulting scalar flux obtained from the MaxEnt SM 

and LSSN/ME methods with Monte Carlo solutions using continuous energy cross 

sections. For this comparison, the sample carbon problem was recalculated using the 

BUGLE-80 cross section library, since this library is better suited for shielding type 

calculations. The 47 neutron group BUGLE-80 cross section library is based on the 

ENDF/B-IV evaluated data set and employs a group structure which represents the typical 

energy spectrum found in light water reactor shielding problems'". 

For the Monte Carlo solution, the MCNP code was again used. The continuous 

energy cross section data used is from the ENDF/B-V evaluated data. The affect of the 

assumed weighting function used in multigroup cross section libraries was taken into 

account by assuming an energy distribution of the fixed source. Table 5.16 list the group 

one energy spectrum used to calculate the BUGLE-80 multigroup cross sections. This 

data was used to create the energy distribution of the continuous energy fixed source for 

Fine Energy 
Meshing 

Energy (MeV) Flux 

I 17.33299 30870 

2 16.487 59800 

3 15.683 41630 

4 14.918 58560 

5 14.55 76310 

6 14.191 94750 

Table 5:16: Group 1 BUGLE-80 energy 
spectrum 
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the MCNP coarse mesh calculation. Figures 5.20 through 5.22 show the resulting scalar 

fluxes at the same location as the previous carbon problem for energy groups one, two 

and five respectively. The two S^, solutions vary most at the peak, which is the cell 

closest to the path of the beam source, by approximately 15 percent for group one, 11 

percent for group two, and seven percent for group five. Agreement is much better for 

the other flux data points. This behavior is not unexpected since in the area of the beam, 

the angular flux is anisotropic, thus the upper moments (of order greater than one ) of the 

scattering cross section cross play an increasingly important role in the scattering source. 

The resulting scalar flux from the Monte Carlo solution using the continuous 

energy ENDF/B-V cross section data is also consistent with the discrete ordinate 

solutions. The maximum difference occurs within the group five data, however, the 

solutions are generally within three standard deviations of the Monte Carlo solution. 
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Figure 5.20: Group I scalar flux for carbon problem (BUGLE-80and ENDF/B-V) 
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Figure 5.21: Group 2 scalar flux for carbon problem (BUGLE-SO and ENDF/B-V) 
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Figure 5.22: Group 5 scalar flux for carbon problem (BUGLE-80 and ENDF/B-V) 

5.3 Summary of Transport Results 

The MaxEnt SM and LSSN/ME scattering source methods performed well for all 

test problems. In each case, these methods did not affect the source iteration scheme and 

spati£il convergence was achieved. This was not the case with the source fixup schemes 

proposed by Emmett, et. al., especially when used in conjunction with the exponential 

discontinuous spatial discretization scheme. However, the ED scheme converged quickly 

with the MaxEnt SM and LSSN/ME scattering source methods, even for a highly 

anisotropic fixed source. 

Particle balance was also preserved when the MaxEnt SM and LSSN/ME methods 

were employed, while particle balance was often degraded with the EF and NCSF 
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methods. The MaxEnt SM and LSSN/ME leakages and scalar fluxes were consistent 

with the results using the standard truncated Legendre cross section, when results from 

the latter were available. The carbon example problem also demonstrated that the 

MaxEnt and LSSN/ME method produced results which were consistent for multigroup or 

continuous energy Monte Carlo calculations on a highly anisotropic problem which is 

often difficult for S^, calculations. 
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CHAPTER rV 

CONCLUSIONS AND FUTURE WORK 

Numerical solutions to the Boltzmann transport equation require many 

approximations. In the case of the scattering cross section, the typical representation is a 

truncated Legendre series expansion. If the scattering cross section is highly anisotropic, 

these expansions may result in negative regions in the -1 ̂  ^ +1 interval. The negative 

regions in turn may cause negative components in the discrete ordinates scattering source, 

which are non-physical and may have a negative affect on the iterative convergence of the 

exponential discontinuous spatial discretization scheme. 

In this work, two methods were proposed to produce a positive representation of 

the scattering cross section. In the first method, a scattering matrix is constructed using 

the exponential representation of the scattering cross section found from maximum 

entropy. For downscattering, the scattering matrix is fiirther processed with SMART 

scattering theory. The method is referred to as MaxEnt SM. The second method, or 

LSSN/ME method, adjusts the Legendre cross section moments with a constrained least 

squares algorithm. The adjustment is subject to constraints that the zeroth and first 

moment remain unchanged and that the resulting expansion is positive on all scattering 

angle cosines derived from a standard S^ quadrature set. Extra moments from the 

maximum entropy representation of the cross section are available to be used to decrease 

the relative error of the modified moments of order two or higher. Each method exhibits 

the following properties: 

1. The scattering source evaluated from these cross section expansions is 
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strictly positive. 

2. These expansions can be generated from existing truncated Legendre cross 

section libraries. 

3. The zeroth and first Legendre cross section moments are preserved. 

6.1 Summary and Conclusions 

The MaxEnt SM method replaces the truncated Legendre expansion of the 

differential scattering cross section with its exponential form derived from the theory of 

maximum entropy. This exponential cross section is then directly applied to the standard 

discrete ordinates scattering matrix. The MaxEnt SM method can be readily 

implemented in discrete ordinate codes which use the scattering matrix formalism for the 

calculation of the scattering source. 

The possible difficulties related to integrating the scattering source with an 

exponential scattering kernel have also been addressed. In this case, two numerical 

integration methods have been investigated. The angular bin method produced a 

scattering matrix which preserved the zeroth Legendre moment of the cross section, but 

failed to preserve the first Legendre moment. The second method created a piecewise 

Hermite polynomial interpolate of the scattering source kernel. This interpolate is then 

integrated using mles appropriate for the order of the interpolant, resulting in the 

evaluation of the scatting source. Tests however also demonstrated that this method did 

not preserve the Legendre cross section moments. It was found that standard quadrature, 

even though a relatively high order may be required, provided the most efficient 
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numerical integration method. 

In an effort to decease the integration error of sharply varying exponential 

downscatter cross sections, SMART scattering theory for neutral particles was developed 

and applied to the exponential scattering matrix. This method improves the accuracy of a 

resulting scattering matrix. A scattering matrix employing a rapidly varying exponential 

downscatter cross section was shown to preserve the Legendre cross section moments to a 

much higher degree when calculated by the SMART method, as compared to using 

standard numerical quadrature. 

Many discrete ordinates transport codes evaluate the scattering source using a 

spherical harmonic expansion of the scattering source. Implementation of the MaxEnt 

SM method in these codes would require a change to that algorithm. If there is no desire 

to make this change, then the second method, the LSSN/ME method, may be used. 

The LSSN/ME method is related to the least squares method proposed by 

Landesman and Morel. First, an attempt was made to extend Landesman and Morel's 

method to multidimensional Galeridn quadrature, which was termed as the LSGQ 

method. The LSGQ method performs a least squares adjustment of the Legendre cross 

section moments subject to the constrains that the zeroth and first cross section are not 

changed, and that every element in the Galeridn scattering matrix is positive. It was 

shown that the LSGQ method modified the moments in an undesirable manner, and 

produced large errors in the" modified moments of order two and greater as compared to 

the original moments. The error in the modified moments also increased as the order of 

the Galerkin quadrature increased. 
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The LSSN method was developed next. This method also adjusted the cross 

section moments in a constrained least squares fashion. As with the LSGQ method, the 

zeroth and first cross section moments are required to remain unchanged, but the 

expansion of the moments must be positive for all possible cosines of the scattering angle 

obtained from a given multidimensional standard St., quadrature set. This method resulted 

in modified moments of order two and greater with a lower relative error than those of the 

LSGQ method. More importantly, the relative error of these moments decreased as the 

quadrature order and Legendre order increased. The resulting cross section moments can 

be used in existing discrete ordinate transport codes without modification. 

In an effort to decrease the error of the LSSN modified moments, the maximum 

entropy cross section was used. Rrst additional cross section moments are calculated by 

projecting the exponential representation of the cross section over Legendre polynomials 

of order greater than that of the original cross section expansion. The least squares 

adjustment is then performed on this new expansion, which is termed the LSSN/ME 

method. Using actual cross sections from the Los Alamos 30 group P4 MENDF5 cross 

section library, this method was shown to further decrease the relative error of the 

modified moments for a sample of different materials. It is therefore recommend that 

when the maximum entropy representation of the cross section moments are available, 

that the LSSN/ME method be used over all the other least squares methods. 

The MaxEnt SM and LSSN/ME scattering source methods have been 

implemented into the discrete ordinate code PARTISN. Various transport calculations 

were performed on problems with varying surface source anisotropics. Both the MaxEnt 



148 

SM and LSSN/ME produced consistent results for all test problems. In each case, these 

methods did not affect the source iteration scheme and spatial convergence was achieved. 

This was not the case for the source repair schemes proposed by Emmett, eL al., which 

often caused the iterative convergence of the exponential discontinuous spatial 

discretization scheme to fail. However, the ED scheme iteratively converged quickly 

with the MaxEnt SM and LSSN/ME scattering source methods. 

The transport calculations also demonstrated that particle balance was not affected 

by the MaxEnt SM and LSSN/ME methods, while, particle balance was often degraded 

with the source repair methods. The MaxEnt SM and LSSN/ME leakages and scalar 

fluxes were consistent with the results using the standard truncated Legendre cross 

section, when results from the latter were available. The carbon example problem also 

demonstrated that the MaxEnt and LSSN/ME method produced results which were 

consistent with multigroup and continuous energy Monte Carlo calculations on a highly 

anisotropic problem, which are often difficult for the S^ method 

6.2 Future Work 

As with almost any work, there are a few issues that may be addressed for future 

study. Some suggestions are: 

1. The MaxEnt method requires a rather high order numerical quadrature to 

integrate the exponential cross section efficiently. There may exist, or it 

may be possible to derive a low order numerical quadrature to integrate 

these exponential functions with increased accuracy compared to those in 
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use today. 

2. An investigation into the reasons why the least squares method with 

Gaierkin quadrature, (the LSGQ method), failed to produce usable 

moments could be conducted. Gaierkin quadrature has the property of 

accurately calculating angular flux moments, which is especially 

important in electron transport. Possibly a more accurate method of 

numerically inverting the Gaierkin moment to discrete matrix is all that 

would be needed, but fiirther investigation is warranted. 

3. Discrete ordinate codes now exist which discretize the spatial variable on 

unstructured grids. The MaxEnt SM and LSSN/ME methods could be 

implemented into codes using these spatial discretization schemes and 

their performance could be assessed. 

4. The LSSN/ME may require a high order in order for the cross section to 

become positive. This occurs mostly in the upper energy groups. Cross 

sections from lower energy groups may not require such a high P^ order. 

To take advantage of this, the feasibility of a group dependent P^ transport 

algorithm could be investigated. 
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APPENDIX A 

MULTIGROUP SMART SCATTERING MATRICES FOR NEUTRAL PARTICLES 

SMART scattering, as originally developed by Filippone^', defined a scattering 

matrix for a discrete ordinates solution to the Spencer Lewis equation for electrons. The 

acronym SMART stands for Simulating Many Accumulative Rutherford Trajectories. 

However in application to neutron problems, the acronym takes on a different meaning. 

The name SMART applies to a particular mathematical formulation of the discrete 

ordinate scattering matrix. In other words, if the test and basis functions, which shall be 

defined later, are positive, we say that the scattering matrix is SMART. In this appendix 

the SMART scattering matrices from multigroup Legendre scattering cross sections are 

developed. 

A. 1 Assumptions for SMART Scattering Matrices 

The derivation of the SMART scattering matrices for self scattering in energy 

group g and the transfer from any energy group g to any lower energy group g' (denoted 

as and ), uses the space independent multigroup S^, equations as the starting 

point. Then, instead of solving for the fluxes, one replaces the fluxes by their exact 

(continuous angle) counterparts and solves for the scattering matrices. Using this 

procedure it is possible to define the scattering matrices such that the S^ equations will 

yield the exact (space independent) infinite medium flux for an arbitrary fixed source 

distribution. Without further simplification, such a derivation may be unnecessarily 
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complex and would lead to scattering matrices that are somewhat non-physical, or 

mathematically rigged. For an example, the down scatter matrix from energy group four 

to energy group two, would depend, although weakly, on the down scatter cross 

sections a^^^,and 02_j. 

Instead one defines that the SMART scattering matrices, and should 

depend on the scattering cross sections a , a . , and o . , ,but no others. This 
r t  S  A O  o  o  

means that the scattering source in energy group g depends only on the self scattering 

cross section for group g and any external source to group g. Also, the scattering source 

to group g 'from group g only depends on the scattering cross section from ^ to ^ 'and the 

self scattering cross section in group g' Here the external source in group g 'has been set 

equal to zero since it should have no bearing on . To impose this condition one 

simply sets all o _ = 0, where g" and g'" refer to any group, except for a , , 
S A  O  rt A 

and in the space independent Sn equations. Thus, in the previous example, 

would depend only on and This model is based on the physical grounds 

that the scattering contribution to group four from group two is independent of what 

scatters to other energy groups from group two. 

A.2 Derivation of SMART Scattering Matrices 

With the previous simplifications, and are defined such that the Sp, 

equations yield the exact flux in group g from an arbitrary source in group g, and the 

exact flux in group g', provided particles enter group g' only by direct downscatter from 

group g. The S^ equations for an infinite medium become 
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M 

o d)" = y S .<|)T + a "• 
g^g iC-f ggmm ^g ^g 

(A. I) 

for group g and 

M M 

a .d)" = V S , , .d)'",' + Y S , .(b"*' 
g ^ gginm ^g ^ ggmm ^g 

n i ' = l  m '  =  I  
(A.2) 

for group g' i . g * g ' ) ,  where the variables are deHned as follows: 

(|)J is the angular flux in group g along direction m, 

is the total macroscopic cross section for group g ,  

is the fixed angular source in group g  along direction m ,  

M is the total number of discrete directions, and 

element of the SMART scattering matrix for energy groups 

These two equations in matrix form become 

S d) = -o 
gg ^g ^g 

(A.3) 

and 

S . = -S , 6 
g g  ^ g  g  g ^ g  

(A.4) 

with the defmition 
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S,„=S„-aI  (A.5)  
gg ga g 

where and are the flux and source vectors respectively, and g'  g in equation 

(A.4). One then defines the solution for the exact flux in an inflnite medium as 

(A.6) 
gg^g ' 

for group g and 

(()'"""= F .q^ (A.7) 
^ g  g g ^ g  

for group g', for some F, which will be defined later. Inserting these deflnitions for the 

flux vectors into equations (A.3) and (A.4) provide the following relations: 

S F q =-q (A.8) 
gg Kg^X ^g 

and 

Since q^ , the external source in group g, is arbitrary, the SMART scattering matrices can 

be defined as 

for the self scattering matrix and 
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for the group to group down scattering matrix. 

A.3 The F Matrix 

To find an expression for the F^^and matrices, one uses a Green's function 

approach. Let • ii) be the flux in group g" from the source 8(^ • in group g 

ig" e{g,g'}), the exact continuous angle flux in group g" can be written as 

4tc 

The continuous angle source, is defined in terms of the discretized source by 

means of a set of basis functions. Using these basis functions, the continuous angle 

source is written as 

M 

qg{Cl) = '£qg"B'^(.Cl) (A. 13) 
m-i 

where the basis functions have the property 

fi "• (^i) = If • (A. 14) 
[0, otherwise j 

Next the discrete ordinates interpretation of the continuous angle flux, (^), 
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is found by the use of a set of test functions, which are delta functions. Thus, the discrete 

angle exact flux is written as 

(J)^r m ^ = IT'"iCi)i^iCi)dQ (A. 15) 
47C 

where 

=6(<C^-Cr) . (A. 16) 

Substituting equations (A. 12) and (A. 13) into (A. 15), the exact flux at the discrete angles 

becomes 

^ E «;• [  f .  (A.17) 
m'=l  J  "  

4K 4IZ 

Using this result and the relations from equations (A.6) and (A.7), the elements of the 

matrix F . are then defined as 
X X 

(A. 18) 
47t 47t 

where the^.^X^" ^ 'eft to be determined. 
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A.4 The/Function 

Now an expression is found for the fg-jSi. • ii) function, by writing the following 

statements. is the solution to 

4K 

w h i l e i s  t h e  s o l u t i o n  t o  

= fcXg,,gX(^ C^)fg,g(C^ Ci^dQ' -

4ic 4is 

+ 

4K 

(A. 19) 

(A.20) 

First is split into its uncollided and collided parts 

= f g 7 ^ ' ^ o )  •  (A.21) 

The uncollided part satisfies the equation 

= • (A.22) 

The collided part satisfies 

4it 
(A.23) 
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is not separated into collided and uncollided parts because the flux in group 

g' is dependent only on the scatter from group g, and therefore only contains a collided 

part. Expanding equations (A.20), (A.22) and (A.23) with spherical harmonics, and 

employing a Legendre expansion for the scattering kernel, the expressions for 

• Oo)and /g'g(Ci • are 

/ja • <• i ̂,A.24) 

and 

^ A , )  •  ( A . 2 5 )  

Taking these expressions, substituting them into equation (A. 18), and simplifying, the 

expression for the matrix elements of F,,,^ becomes 

= —I - E I ^ )B" (Cl >da ,A.26) J-I <• V fPi((i°'-^ )B"'(Cl >da' 
t o  4,1 " A "jjV g 47C 

2Uld 

F , . 
g gmm . ,A.27) 

,.0 4,. (o,,-o;...)(a,-aU)i 

In these equations, the superscript I on the cross sections denotes the / 'th Legendre 
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moment. 

A.5 Particle Conservation 

The condition that ensures that the SMART scattering matrices conserve particles 

is now defined. This is done indirectly by writing a particle balance equation for the 

F and F , matrices. If the F and F , matrices obey this condition, then the SMART 
gg gg Kg X g •' 

scattering matrices will automatically conserve particles. Writing, for any group g",  the 

exact scalar flux as 

and substituting in equation (A. 12) for the angular flux, the exact scalar flux is now 

written as 

(A.28) 

(A.29) 

It can also be shown from (A.24) that 

(A.30) 

while from (A.25) 
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/ 
0 

f {Cl Ci:)dQ = ^ . (A.31) 
4ir ^ g g -g g g~g' 

Using (A.30) and (A.31), one can rewrite the scalar flux in a more convenient form as 

« €XOCt ^ V 

= T* (A.32) 
o - a 

g jf-jf 

and 

.  q  
o ' '  '  0 (A.33) 

where the total source for group g  is defined as 

q ^ =  .  (^ 34) 
47t 

If one notes that s is the removal cross section for group g ,  equation (A.32) 

implies that removal equals source. This is the particle balance requirement for group g .  

It can also be shown that this is the case for group g' from equation (A.32) and (A-33) 

noting that  ̂ orthe source for group g'. 

These particle balance statements must also be satisfied in the approximation. 

That is, the equations 
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M , M 

E j^exact m I ^ 
% "m = — ^ "<« (A.35) 

and 

Efr'""™-— ^——E <!:<-, (A.36) 

must be satisfied. Substimting relations (A.6) and (A.7), it can be shown that (A.35) and 

(A.36) are satisfied if 

^ O)^, 
53 q (A.37) 
m=i  a - a 

g JI'S 

and 

a ~ . (o , 

E = o",,"' 0 , • (A.38) 
"1=1 (o ,  -a , .)(a -a ) 

^ jf g -g g g~g' 

These become the particle balance conditions for and F^,^, and can be used to check 

the accuracy of the matrix calculation. 

In section A.2, the SMART scattering matrices, equations (A. 10) and (A. 11), 

have been defined in terms of the counterparts for the angular flux, Fg„g. The elements 

ofFg„g were solved for by using a Green's function approach as shown in sections A.3 

and A.4. Finally, the particle balance relations which have been described must hold if 
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the Sn calculation using SMART scattering matrices are to preserve number of particles. 
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