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We convince ourselves that life will be better after we get 
married, have a baby, then another. Then we are fhistrated that 
the kids aren't old enough and we'll be more content when they 
are. After that, we're fhistrated that we have teenagers to deal 
with. We will certainly be happy when they are out of that stage. 
We tell ourselves that our life will be complete when our spouse 
gets his or her act together, when we get a nicer car, are able to 
go on a nice vacation, when we retire. 

The truth is, there's no better time to be happy than right 
now. If not now, when? Your life will always be filled with 
challenges. It's best to admit this to yourself and decide to be 
happy anyway. This perspective has helped me to see that there 
is no way to happiness. Happiness is the way. So, treasure every 
moment that you have and treasure it more because you shared it 
with someone special, special enough to spend your time... and 
remember that time waits for no one. 

So, stop waiting until you finish school, until you go back 
to school, until you lose ten pounds, until you gain ten pounds, 
until you have kids, until your kids leave the house, until you 
start work, until you retire, until you get married, until you get 
divorced, until Friday night or Sunday morning, until you get a 
new car or home, until your car or home is paid off, until spring, 
until summer, until fall, until winter, until you are off welfare, 
until the first or fifteenth, until your song comes on, until you've 
had a drink, until you've sobered up, or until you die to decide 
that there is no better time than right now to be happy. 
Happiness is a journey, not a destination. Work like you don't 
need money. Love like you've never been hurt. And dance like no 
one's watching. 
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ABSTRACT 

Volumetric phase portraits are mathematical primitives that describe vector 

field topology in a concise representation surrounding included critical points using 

a set of coupled differential equations. Phase portraits are classified into one of seven 

canonical forms depending on the phase portrait eigenvalues, and Jordan form. In 

addition, the dynamic behavior of these models is defined in terms of their index 

and signatxire functions. Relevant volumetric linear and nonlinear phase portrait 

models for both compressible and incompressible flow are discussed and classified, 

including their allowable topologies and characteristics. Volumetric phase portrait 

models are a compact descriptor of smoothly varying vector fields and are used to 

analyze, compress, and reconstruct vector fields. In addition to their application 

to vector fields, linear and nonlinear volumetric phase portraits may be used ef

fectively in digital video and volumetric images. Two methods for reconstructing 

a vector field from its component phase portraits are presented, depending on the 

complexity of the flow and its boundary behavior. The first method uses a weighted 

superposition of phase portraits surrounding internal critical points to reconstruct 

vector fields consisting of non-turbulent, continuous flow and containing a finite 

number of spatially isolated critical points. For vector fields that violate the nec

essary assmnptions for superposition based reconstruction, a discontinuous block 

processing method is used. Phase portraits are robust descriptors of field topology 

and are insensitive to additive noise. Also, an octave tree decomposition and sub

sequent merge algorithm is presented that models field topology with appropriately 

scaled phase portrait models. Vector field compression is demonstrated at a com

pression ratio of 156:1. Other applications include digital video compression, digital 

video scene and shot transition detection, and volumetric image classifications. 
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CHAPTER 1 

INTRODUCTION 

Within the computational fluid dynamics commiinity there is a substantial need 

for mathematical primitives that can be used as qualitative descriptors of volimiet-

ric flow field topology. This body of work describes, defines, and characterizes 

linear and nonlinear three-dimensional phase portraits to fulfill this need. These 

descriptors use the flow field Jacobian to determine a finite set of canonical forms 

based on the eigenvalues and the Jordan forms of the estimated phase portraits. 

These phase portraits are useful as a means of analyzing vector fields. In addition, 

three-dimensional linear and nonlinear phase portraits can serve as a language for 

communicating relevant features of topology. 

Novel algorithms are presented for analysis and compression of vector fields. Re

constructions are performed using several methods including weighted linear super

positions of phase portraits surrounding internal critical points, partitioned phase 

portrait segment models, continuous phase portrait representations, and a linear 

and nonlinear octave tree decomposition method. In addition to being apphcable 

to the large three-dimensional volumetric vector fields generated by experimental 

and computational fluid dynamics, three dimensional phase portraits have useful 

novel applications in both digital video and medical imaging. 

By abstracting vector fields to include color vectors, it is possible to apply phase 

portrait analysis techniques to fields related to color imagery. In particular, by 

treating a video sequence of frames as a volumetric representation, it is possible to 

represent and compress digital video. Also, since three-dimensional phase portraits 

applied to digital video contain a dimension related to the fi-ame index it is possible 

to extrapolate the relevant firame features forward and backward in the frame index. 
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This extrapolation of image frames is useful in detecting both abrupt and continuous 

scene and shot transitions in digital video. 

Another appUcation of linear and nonUnear phase portrait models to color im

agery consists of representing volumetric color images. Since phase portraits capn 

ture relevant characteristics of vector field topology, these models may be used to 

analysis and describe simple color vector topology. The characteristic distributions 

of color vectors for varying volumetric imatomical tissue are used to segment im

ages from the Visible Human Project®. These color vector topology descriptors 

are then used to segment the volumetric data into tissue types that may then be 

rendered. 

1.1 Statement of the Problem 

Electromagnetic and fluid dynamic experimentation and computational simulation 

have created a need for visualization and compression techniques that are specific to 

volumetric vector data. The inherent stnicture present in a volumetric data set may 

be difficult to determine and visualize. Techniques such as streakline and streamline 

analysis aie useful in attempting to determine flow field topology; however, these 

teclmiques are best used for simplistic flows. Mathematical primitives that can 

capture and describe vector flow topology are required. These advanced descriptors 

can then be apphed as a language for understanding, communicating, and analyzing 

vector field topologies. In addition, mathematical quahtative descriptors can be 

used as a means of compressing vector field information. 

For a set of mathematical primitives to be useful they must exist in a limited 

number of canonical forms that capture the relevant information and topology of the 

vector field. Once mathematical primitives have been found and characterized, it 

is possible to apply them to the problems that are common within large volumetric 

vector fields such as topology analjrsis, compression, and reconstruction. In addition 

to being applicable to vector fields, the three-dimensional linear and nonlinear phase 

portrait models discussed herein are applied to problems related to video scene 

transition detection and anatomical tissue classification. 
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Within digital video, a shot is a continuous sequence of frames imaged from 

one camera without interruption and is the fundamental unit of video understand

ing. These continuous series of time frames represent continuous action in time 

and space. Shot transition detection is the process of determining the boundaries 

between uninterrupted camera shots. It is performed by analyzing time-varying 

characteristics of the frames. Generally speaking, there are two kinds of shot tran

sitions: abrupt shot transitions, including cut transitions, and gradual continuous 

shot transitions, including fades, dissolves and wipes. Phase portraits are applicable 

in detecting difficult transitions associated with special effects that existing video 

segmentation algorithms have problems in detecting. 

In addition to acting as a primitive for digital video, phase portraits are applica

ble in volumetric segmentation and visualization. As large volumetric data sets 

become more commonplace, segmentation, and visualization tools must become 

available that de-emphasize the technical aspects of visualization thus allowing the 

common user to explore the content of the data set without interference. Given 

that segmentation is a tedious manual operation, the availability of a method for 

visuahzing volumetric data sets without the need for user interaction would present 

a significant advantage. With respect to the medical imaging field, a new audience 

of users, including medical professionals and students, must be able to search vol

umetric data sets for subtle features that may be difficult to segment based on 

traditional rendering. 

Common techniques for volumetric dataset segmentation include edge detec

tion, active contour, and region based segmentation. Automatic segmentation has 

proven robust for high contrast anatomical structures, however, accurate classifi

cation of soft tissues often characterized by low contrast is stiU an evolving field. 

Segmentation and edge detection in the context of biological images is a subtle 

problem since boundaries in biological images tend not to be clearly defined. Also, 

the spatial resolution of biological images is rather low with regard to most anatom

ical structures imder analysis and contiguous anatomical structures often assume 

highly similar intensities or color vectors. 
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A related problem in three-dimensional segmentation is maintaining the connec

tivity of homogeneous regions represented by multiple isolated regions in different 

slices of volumetric data. At the level of a single two dimensional cross-section 

connected volumes may appear as non-connected ones. An example in the human 

cranium is the mandible bone. As this bone progresses higher in the cranium it 

bifurcates into a U-shaped form. 

1.2 Previous Work 

The use of phase portraits and critical point concepts in the analysis of flow fields 

and oriented patterns has grown in recent years. Pioneering work relating phase 

portrait representations and dynamical system analysis to fluid flow was performed 

by Perry et al. [48] [46] [47], who categorized the different classes of 2-D phase 

portraits and used them in the analysis of planar images. Qualitative equivalence 

and critical point analysis were used as a language for describing and comparing 

complex flow fields. Vector field topology was successfully visualized in the work 

of Hesselink and coworkers [26] [27] using critical points and critical point behavior. 

The individual phase portraits are interconnected by studying the insets and outsets 

of the phase portraits. Displaying only the essential features of flow topology results 

in an effective means of data visualization. 

Dynamical system analysis and the geometric theory of differential equations 

have also been used to characterize oriented texture for flow-like patterns, semi

conductor wafer inspection, and lumber inspection by Rao and Jain. Their work 

involves signal-to-symbol transformation to identify the visual aspects of oriented 

texture. Texture is identified by a non-linear, least squares estimation technique 

where the flow in the region surrounding a planar critical point is calculated by 

means of a 2 x 2 A matrix [53] [54] [56]. This method works on strongly oriented 

texture patterns that exhibit a flow-type behavior. 

In addition, phase portraits have novel applications in analyzing the topology 

of magnetically-induced molecular current distributions [33]. Keith and Bader used 

phase portrait techniques to analyze the topology of the first order current density 
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induced in a molecule by an applied magnetic field. Studying the current density 

requires that restrictions be placed on the types of allowed phase portraits. Clas

sification is introduced based on the rank, multiplicity, and signature function of 

the coefl[icients matrix. The divergenceless field typical of these problems may be 

modeled in a manner analogous to an incompressible fiow field. 

Complex two-dimensional flow fields are decomposed into simple linear phase 

portrait primitives based on local critical point behavior in the work of Ford and 

Strickland [15][14l[16][17]. Models were created for two-dimensional flow images 

that allow compression ratios of up to 100:1 using classification based on eigenvalues 

of associated A matrices. The synthesis of such linear phase portrait representations 

is demonstrated using a linear superposition for incompressible low friction flows 

and a nonlinear tecluiique for fairly simple non-turbulent flow. Calculated models 

are used to compress scalar flow images and achieve high amounts of compression 

because individual phase portraits are relatively uncorrelated with their neighbors. 

In my earlier research, a set of Unear 3-D phase portrait primitives applicable to 

vector flow fields was presented [49|[51], thereby extending the planar analysis and 

synthesis process demonstrated in the work of Ford and Strickland. The approach 

was premised on identification of critical points, computation of the phase portraits, 

and then reconstruction of the vector field by a superposition of phase portrait and 

critical point primitives. Three-dimensional phase portraits were created from com

binations of 2-D planar phase portraits. Using a similarity transform, the infinite 

set of phase portraits that are achievable from arbitrary flow fields are classified 

into seven unique forms. These forms provide insight into the dynamical behavior 

of the flow field as well as the time-domain mathematical solutions. The generalized 

solutions and topologies of the seven forms were presented for both compressible 

and incompressible vector fields. 

Additionally, a procedure for detecting critical points in three dimensions was 

presented that used the combination of two different discrete accumulator matrices 

for an initial estimate of the critical point location. These accimaulators were then 

iterated to detect critical point location using qualitative parameters based on the 
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definition of critical points. Reconstruction was achieved using both a weighted 

superposition of linear phase portraits and using a partitioned block processing 

algorithm. Both reconstruction procedures were evaluated using defined error met

rics. Examples of each decomposition and reconstruction were presented along with 

the strengths and limitations of each of the methods. The examples include a com

pressible electrostatic field that demonstrates critical point beha\'ior, as well as an 

incompressible fluid flow with no included critical points. 

In the last few years significant techniques regarding shot transition detections 

have been developed by researchers [62] [44] [67] [65] [34] [63] [23] [64]. Among those, 

histogram differencing, frame differencing, motion vector analysis and compression 

differencing are the most widely used for abrupt transitions. The most exoteric 

technique involves normalized color histogram differencing. In this method a quan

tized color histogram is generated for each frame and these histograms are then 

pairwise compared. This has been shown to be a satisfactory measure of frame 

dissimilarity, even when colors are quantized into a limited number of bins [34] [63]. 

Histogram-based methods are less sensitive to camera or object changes but are 

increasingly sensitive to brightness changes. 

A more computationally intensive method is provided by Han who proposes a 

video segmentation algorithm based on principle component analj^is of a decimated 

frame [23]. In this work, frames are projected onto the principle eigenvalues of a 

user defined set of frames. Shot transitions are detected in a pairwise comparison 

of the principle values from one frame to the next. Limitations of eigen-image 

based segmentation are related to choosing how many frames to use in generating 

the covariance matrix from which the eigenvectors are calculated. In yet another 

approach, Yu and Wolf describe a scene and shot transition analysis based on a 

multiresolution decomposition using the wavelet transform [64]. 

In addition to scene transition detection techniques based on uncoded digital 

video, techniques exist that detect transitions from the coded N'IPEG video stream. 

A usefiii technique is based on the pairwise comparisons of the DCT components of 

the coded MPEG video [67]. A statistical method for automatic selection of global 
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thresholds is also presented; however, the performance of these methods is also 

adversely affected by illmnination variations. To overcome the false alarms present 

in the statistical threshold method, various computational intensive methods are 

available to compute the thesholds [44]. 

Past efforts in volumetric anatomical rendering have included projecting rays 

from a desired perspective tiirough the volumetric data set. Pelizzari and Drebin 

use methods where each voxel is assigned an opacity based on an initial assumption 

regarding tissue classification [45][12|. By assigning a nonlinear opacity function to 

the initial gray levels, soft tissues are rendered transparent. Rays are attenuated 

until they may be considered opaque. This method maintains an active z buffer 

which is beneficial for surgical planning. 

A hybrid method of edge detection and region classification was presented by 

Liang and Rodriguez to segment volumetric data sets of MR data using a procedure 

based on the watershed algorithm and unsupervised fuzzy clustering analysis [38]. 

In related work, Rodriguez and Lee apply the difference of gaussian filter to limited 

volumetric regions of MR axial slices producing closed regions [36]. The resulting 

closed regions are statistically classified into various tissues and then heuristics are 

used to correct misclassifications. 

An alternative strategy to region classification is locating surface boundaries 

of which active contour methods are especially noteworthy. These methods rely 

primarily on image gradients for segmentation of structures. One of the most 

generic and popular methods of boundary detection is the active contours or snakes 

approach presented by Kass and Witkin [31] [32]. One concern regarding the snakes 

method is that a close initial seed must be provided to achieve good final results. 

Similar to this method, a balloon model using outward pressure forces was 

introduced as a means to generalize the snake method [7][8|. This technique is 

applied to both two-dimensional and three-dimensional images but still requires 

each user to initialize an active contour near each object. The work of Tek involves 

a 3-D variation of these methods where new contours grow, shrink, merge, spUt, 

and disappear starting from random seeds [60]. Reconstruction of gross anatomical 
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structures is possible by varying the parameters of a diffusion based surface equation 

to bridge small gaps caused by noise. 

A novel approach utilizing anatomical information is presented by Zeng using 

information regarding two coupled surfaces to improve the detection and segmenta

tion of the surfaces [66]. This method is effectively appUed to both central nervous 

system tissue, using the coupling between the wliite and gray matter surface, and 

the cerebrospinal fluid to gray matter interface as well as to cardiac tissue. 

1.3 Proposed Approach 

This work applies hnear and nonlinear volumetric phase portrait models, which 

are common dynamic system analysis representations, as primitives for signal and 

image processing. Novel apphcations of these models include vector field and digital 

video compression, digital video scene and shot transition detection, and volumetric 

image segmentation. While previous work has been performed on these aspects of 

signal and image processing, phase portraits offer significant contributions to the 

performance of these applications due to their ability to represent the qualitative 

nature of three-dimensional data topology. 

Previous work has used these hnear models to effectively analyze and represent 

the topology and internal critical points of vector flow fields. Linear phase portraits 

are derived from a truncation of the Taylor Series expansion of the original vector 

field maintaining only linear terms. This assumption allows the Unear phase por

traits to be characterized using a similarity transform into seven canonical forms. 

Typical vector fields are often fundamentally nonlinear, and are therefore mod

eled poorly with hnear phase portraits. For this reason, the hnear phase portrait 

models are extended to include nonhnearity. Increasing three-dimensional phase 

portraits to include nonlinear terms increases modeling flexibility but also allows 

for variations in critical point behavior and extreme parameter sensitivity. This pa

rameter sensitivity is explored within the scope of three-dimensional phase portrait 

models and an example is developed that demonstrates chaotic behavior and the 

period doubling route to chaos. Nonlinear three-dimensional phase portraits gen
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eralize critical point behavior to include closed trajectories with nonzero velocities. 

In addition, critical points may exist with non-integer dimensions. 

The three-dimensional linear phase portrait analysis and reconstruction of vec

tor flow fields in earlier work is extended using a novel octave-tree implementation 

of 3D phase portrait models. The octave-tree implementation allows large homo

geneous subregions witliin the data volume to be modeled by large-scale phase 

portraits facihtating higher compression. Increasingly complex regions are further 

partitioned into subregions and modeled using a smaller, scaled and translated 

phase portrait. In addition to the linear models previously used, nonlinear phase 

portrait models are employed to increase the compression and fidelity of the rep

resentation as an alternative to partitioning. This octave decomposition algorithm 

is combined with a subsequent merging algoritlim that uses adjacent phase por

trait similarity to represent smaller volumes using a single larger representation. 

Examples of these reconstructions along with the drawbacks, benefits, and noise 

sensitivity are examined in Chapter 5. 

Some of the apparent drawbacks of the partitioned octave tree decomposition 

method are addressed by relaxing initial modeling assumptions pertaining to block 

estimation size and translations. Relaxing these assumptions allows a continuous 

phase portrait modeling procedure to be implemented [50|. This novel application 

transforms a vector field into a 12 dimensional phase portrait parameter space. This 

new representation allows a voxel-by-voxel classification using phase portraits. Ad

ditionally, this highly redundant space may be compressed using common transfor

mations including the discrete cosine transform and the discrete wavelet transform. 

This procedure is beneficial for determining flow fleld topology for individual voxels. 

In addition to representing vector flow topology, linear and nonlinear phase 

portraits may be used as a representation of digital video or a time series of color 

images. A novel application of these dynamical system analysis representations to 

multispectral images is explored in Chapter 6. Phase portrait models are beneficial 

to multispectral images by their ability to vary the amoimts of spatial and tempo

ral smoothing. In this application, linear and nonlinear phase portraits are used 



32 

for image compression and analysis. Previous techniques are augmented with the 

spherical variance of the color space topology to enhance the higher frequency con

tent of the modeled region, thereby preserving inhomogeneous color vectors. Phase 

portraits are useful in this context due to their ability to capture large smoothly 

varying image volumes that exist spatially and temporally within a single model. 

Related to this work, linear phase portrait models are applicable to video scene 

and shot detection. Past research in video scene transition detection involved pair-

wise comparisons of frame related metrics, such as color histograms and principle 

component comparisons. This work presents a novel application of phase portrait 

representations to scene transition detection. In the digital video representation, 

one of the dimensions of the phase portrait model corresponds to the temporal 

dimension. By extrapolating the phase portrait model beyond its initial estimation 

boimdary, it is possible to generate both forward and backward predictions of im

age frames. These forward and backward predictions may be compared with the 

actual modeled frames to determine scene discontinuities. The errors associated 

with these comparisons are indicative of a change of scene or a change of camera 

angle. This method demonstrates a performance improvement in identifying slow 

fades between scenes that are difficult to detect using pair wise comparisons of 

color histograms or principal components. The slowly varying nature of the linear 

phase portraits allows the fundamental scene content to be represented and thus 

compared. Phase portrait representation, as applied to scene and shot detection 

is also beneficial due to its ability to search for detections at various scales corre

sponding to different estimation sizes. By assuming that scene and shot detections 

are stable over various scales, it is possible to determine the number of scene and 

shot detections by examining the histograms of detections as a function of scale 

and threshold. 

One final novel appUcation that is noteworthy of three-dimensional phase por

trait models is representing and segmenting volumetric image databases. Databases 

such as the Visible Hmnan Project® contain high-resolution color imagery along a 

rectilinear grid. By treating color vectors as flow field vectors it is possible to apply 
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phase portrait techniques. Using phase portraits it is possible to determine, in a 

statistical sense, applicable tissue models based on the characteristic distribution of 

color vectors. Tissue models are generated using the seven canonical forms of the 

linear phase portrait. Phase portrait tissue models are created for six volumetrically 

significant tissues of the cranium. Limited segmentation is examined as a function 

of tlireshold parameters and the false positive and false negative misclassifications 

dependence examined. Using the resulting phase portrait tissue models, a simple 

three-dimensional rendering of the myelinated axons of the central nervous system 

is created. This application performs classification based on the three dimensional 

color vector topology, a method which has not been attempted previously. 

1.4 Description of Data 

1.4.1 Flow Field Data 

Analysis and synthesis methods are tested on data sets consisting of 3D velocity 

vectors dispersed throughout a rectilineiu: 3-D space. Three flow fields are decom

posed and reconstructed as a means of introducing and discussing the features of 

phase portrait representation. 

Data Set I is a 30 x 30 x 30 array describing the electric field intensity arising 

from an electrostatic field created by a group of discrete point charges. The electric 

field intensity is divergent, therefore this model contains attractors and repeUers as 

well as vortices and saddles. The electrostatic model shown in Fig. 1.1 exhibits 

critical point behavior surrounding and between the point charges and also contains 

regions of near-homogeneous behavior. 

In contrast to the divergent electrostatic model. Data Set II and Data Set III 

are 30 x 30 x 30 sections of incompressible fluid flow in a stratified wake (Fig. 1.1) 

contributed from Dave Chambers at Lawrence Livermore National Laboratories. 

While the planar dynamics of Data Set II contain critical points, the volumetric 

dynamics exclude critical points, a behavior which is frequently observed in volu

metric fluid dynamics. Data Set III consists of a vector field with more complex 



34 

dynamics then Data Set II. 

The compressible electrostatic model and two incompressible fluid models differ 

in the number of included critical points as well as in the fundamental nature of the 

included phase portraits, thus allowing a meaningful discussion of the properties of 

analysis and synthesis by phase portrait modeling. 

1.4.2 Digital Video 

Digital video in both compressed and uncompressed formats have been used in 

this dissertation. Representation of a sequence of correlated images as a three-

dimensional phase portrait and the subsequent processing requires image frames 

without storage imposed artifacts. This initial work was performed on image frames 

digitized from various continuous sources such as video and television using an ATI 

AGP Rage II digitizing board on a Pentium II 450 MHz PC. The frames acquired 

using the digitizing board were stored in a raw format with no compression. Frames 

of sizes varying from 320x240 up to 640 x 480 resolution were acquired at frame 

rates of 30 fps. It is important for the phase portrait representation application that 

no compression be used in the initial storage. With this requirement it is possible 

to identify artifacts within the reconstructed digital video stream as belonging to 

the phase portrait compression itself. 

While uncompressed images are required to properly identify any artifacts caused 

by phase portrait representations it is possible to use compressed digital formats 

for phase portrait scene and shot detection. This algorithm uses a phase portrait 

representation of a compressed or uncompressed video stream and identifies scene 

and shot changes as differences between actual modeled frames and forward and 

backward predictions of those same frames. In this application movie trailers stored 

in MPEG or AVI format have been used. These movie trailers, which are publicly 

distributed, typically contfihi many combinations of professional scene transitions. 

For this reason, movie trailers are an excellent source of digital video for scene 

transition detection. In addition, the short duration of the movie trailer, often only 

lasting one or two minutes, provide an opportimity to study several scene and shot 
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transitions within a limited nmnber of frames. For example, a two minute movie 

trailer can easily contain 20 different scenes within 3600 frames. 

1.4.3 Volumetric Anatomy Data 

Anatomy of the human body has always been performed by dissection and 

rendering. Historically, this rendering process has involved photographs or artistic 

drawings of the dissection. Beginning with the Vesalius project, which undertook 

the conversion of two dimensional artistic drawings into three dimensional computer 

graphic images, a new age in anatomy is now underway. Modern rendering is 

performed on volumetric dissection data to generate three-dimensional anatomical 

structures from the actual dissected tissue. 

The Visible Human Project® was created in 1988 to create a volumetric data

base of the dissection of a complete male and a complete female. These dissections 

would be performed on suitable cadavers that were from subjects between the ages 

of 21 and 60 that met specific physical standards required for the dissection process. 

In 1993 a Texas state death row inmate named Joseph Paul Jernigan was executed 

by lethal injection and liis body donated to medical science. The nature of his ex

ecution left his body and his organs unsuitable for transplant procedures yet ideal 

for the Visible Human Project®. 

In addition to the anatomical images the Visible Human Project® database is 

augmented with images from common radiological procedures such as x-rays, CTs, 

MRI, ultrasomid, and positive emission tomography. The cadaver was frozen in a 

gelatin mix (Alpha Cradle AC660) at -94 degrees Celsius and dissected into one mm 

coronal sections using a cyromacrotome. The resulting sections were photographed 

digitally at a resolution of 2048 x 1216 and a color depth of 24 bits, resulting 

in 1871 high resolution colored digital images that, in total, constituted 15 GB of 

information. The database was augmented with data from a 59 year old anonymous 

woman who died from a blockage to the heart [59]. 

The genius of the Visible Human Project® is that the anatomy generated is not 

an interpretation by a medical illustrator, but rather accurate human data. This 
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data is accurate in terms of the spatial relationships of organs and structm^es and 

how these structures appear in an actual living individual and does not suffer from 

the decomposition of the anatomical structure during the time period required for 

the dissection. 

Two hundred and twenty eight high-resolution decimated images (730 x 1200) 

that represent the anatomy of the head and neck from the Visible Human Project® 

have been obtained and used for phase portrait segmentation and classification an 

example of which is shown in Fig. 1.2. This data set has been correlated using 

registration marks frozen in the gelatin for any possible spatial misalignments. 

The voliunetric image data can be expressed in a phase portrait representation as 

discussed in Chapter 7. 
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Figure 1.1; Topology of data sets used in testing the analysis/synthesis algoritlims. 
The traces shown depicted indicate streamlines found by integrating the vector 
field using a random set of starting points. The streamhnes are shown in a 3-D 
volume in the left column and as planar projections on the right. Above - Data Set 
I compressible electrostatic model including four primary critical points. Middle -
Data Set II Incompressible fluid flow model, no critical points. Below - Data Set 
III a more complex case of incompressible flow. 
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Figure 1.2: Axial cross-section of a human male cadaver from the Visible Human 
Project. 
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CHAPTER 2 

MATHEMATICAL BACKGROUND: THREE 
DIMENSIONAL PHASE PORTRAITS 

2.1 Geometrical Theory of Differential Equations 

The analysis of three-dimensional velocity flow data may be performed using the 

principles of geometrical theory and dynamic system analysis. Dynamically, a set 

of differential equations may be interpreted as encoding and describing the velocity 

of a point in a region. These mathematical models are used to provide a qualitative 

description of the global topology of a particular system. By determining the loca

tion of the critical points within the flow, and describing the qualitative behavior 

of the vector field within this local neighborhood, the topology of the field may be 

communicated, recorded or reconstructed. 

The time domain solution to a set of coupled differential equations defines a 

solution curve as the parameter t (time) is allowed to vary. Provided that the 

differential equations are continuous, these solution curves fill the entire region, and 

each and every point that is an element of the region must lie on a particular solution 

curve. The set of different solution curves creates a family of curves that describes 

the vector flow. If both the differential equation and the temporal derivative of the 

differential equation consist of continuous functions, then the solution curves are 

unique [4]. Modeling a vector flow field by a set of coupled differential equations 

that describe specialized regions of the flow is the basic premise of dynamic system 

analysis and decomposition. 

Qualitatively, the decomposition may be indifferent to the exact shape of the 

flow path, the dimensions of the closed paths, or a variety of other properties in the 

data set. However, the qualitative structure contains highly important character

istics of the dynamic behavior [3]. Using the principle of qualitative equivalence. 
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the flow behavior is classified into linear phase portraits. Qualitative equivalence 

is the underlying concept that allows flow fields to be grouped together when the 

two individual flows consist of similar topology such as insets, outsets, vorticity, 

and directions. The inset is defined as the set of dimensions where flow vectors are 

attracted to and flow towards the critical point. Similarly, a vector field outset is 

the set of dimensions corresponding to diverging vector field trajectories. It is not 

required that two mathematical functions be identical for their solution curves to 

describe the same family of curves. For example, the function x = —f and the func

tion X = — produce very similar solution curves even though the functional 

representations are different. For this reason, these two curves may be considered 

to be qualitatively equivalent [4]. 

If there exists a limited number of fixed critical points, there can only exist a 

finite number of phase portraits with distinct assignments of insets and outsets [4]. 

By placing a linear constraint on the allowable dififerential equations, the practi

cally uncountable number of unique coupled differential equations may be reduced 

to seven distinct classifications. The flow behavior around the critical point solely 

determines the nature of the phase portrait, and thus various mathematical func

tions may be grouped effectively into a limited number of qualitatively unique phase 

portraits. 

The principles of geometrical theory and dynamical system analysis may be used 

to find mathematical primitives for representing an arbitrary velocity field V(x). 

The vector field V(x) is assumed to be a three dimensional vector field defined on 

a discrete grid where x = xi + yj -f- zk and {x, y,z E Z'^} correspond to the indices 

of the data matrbc. We express V(x) as a Taylor series about the point x* = [a:* 

y* z*Y' as 

V(x) = 

u(x, y, z) 

v { x , y , z )  

w { x , y , z )  

(2.1) 
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" |x* + (a: - X*) l^lx* +  { y  -  y ' )  ̂ \x- + (2 - z') IjIx- + O  

+  ( y - y * ) g l x .  +  ( ^ - 2 - ) g | x . + o  i;|x. + (a:-x*)g|x. 

w\^. + (x - X')  t l x .  + (y -  y ' )  ̂ I x -  +  -  z ' )  t I x .  +  o 

This model assimies the velocity components are smoothly varying ftinctions with 

a continuous derivative. By truncating the higher order terms O and retaining only 

the linear terms, and also assimiing that there exists an x* such that 

u { x \ y ' , z ' ]  

V ( x ' ) =  v ( x \ y % z ' )  = 0 .  (2.2) 

u j ( x ' , y \ z ' )  

the vector field can be approximated in a local neighborhood surrounding x*. 

Definition 1 Critical or singular point x*; An equilibrium point in the vector field 

topology where V(x*) = 0 and the directional coherence is a local minimum. 

Applying the above assumptions to (2.1), the vector field model can be simplified 

to 

V(x) = 

i/(x, ;</, z) 

i'(x, y, z) 

w { x ,  y ,  z )  

(2.3) 

3u 
dx 

du 
dy X X* +  2 / * t l x - + ^ ' S l x -

= dv 
dx 

dv dv 
d: y  — 

X* +  J / * S l x - + ^ * S l x -

1 

dw 
Qy 

dw 
9: X" 

r ~*dw 
Ix '  

where [ ]^. denotes that every element is evaluated at x*. This approximation can 

be written in phase portrait form as a set of linear autonomous differential equations 

V(x) = 
d t  

u { x ,  y ,  z )  ' An A I 2  ^13 X ' f tx '  

= x = v { x , y , z )  = A21 A-n •^23 y  + 

_ u;(x, y, z) •^31 •^32 ^33 z 

= Ax + b, 

(2.4) 
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where A is the 3x3 Jacobian matrix evaluated at x* , and b is a constant 3x1 

column vector representing translation of the point x* from the origin, with bx = 

—and by and defined similarly. 

The time domain solution { x  =  p { t ) ,  y  =  i p { t ) ,  z  =  < p { t ) }  of this coupled set of 

differential equations defines a solution ciorve in phase space as the parameter t 

(time) varies. The family of solution curves generated in phase space, also known 

as the phase portrait, describes the vector flow field, and every x fulfills an initial 

condition and must lie on a particular solution curve. A is a compact descriptor of 

the flow in the vicinity of a critical point, whose eigenvalues classify a flow pattern 

into one of seven categories. This classification has the important property of being 

invariant to changes in scale, translation, and rotation. 

2.2 Linear Systems and Three Dimensional Phase Portraits 

Flow trajectories may be described qualitatively using a family of curves where 

each individual streamline consists of a single unique solution associated with a 

particular initial value. In the absence of initial values the solution set of a distinct 

group of coupled differential equations yield a generalized family of curves. If time 

does not explicitly appear within the equations as a parameter, then the trajec

tories described by the family of curves will not intersect [48], and the system is 

autonomous. These curves provide a representation that may be used to accurately 

describe a smoothly varying continuous flow field. Thus, any set of ordinary dif

ferential equations may be written as a set of coupled first-order equations. Since 

there exists an infinite number of qualitatively different solution curves that contain 

a single critical point in their domain, it is necessary to restrict the allowable set of 

coupled differential equations to contain solely linear terms. By placing this Umi-

tation upon the differential equations used to describe the flow field, it is possible 

to deal with a smaller finite number of solutions that exhibit different qualitative 

behavior [55]. This restriction of retaining only the linear terms will be relaxed in 

the phase portrait models of chapter 3. 
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Definition 2 Streamline: A curve that is tangent everywhere to the instantaneous 

direction of the flow field velocity. 

Definition 3 Strealdine: The locus of all points that lie on a curve that intersects 

a fixed point 

Definition 4 Directional Coherence: The amount of homogeneity present in a set 

of vectors. A directional coherence value of 1 represents a set of identical vectors 

and a 0 represents a set of random uncorrelated vectors. 

The solution set of coupled linear differential equations creates a family of curves 

that describes a complete set of flow trajectories. Given an initial value vector x 

a particular solution is selected from among the family of curves. A specific curve 

describes the evolution of the system over time similar to a streamline or a streakline 

demonstrating the evolution of a particle over time. In this respect, a Unear flow 

field may be encoded in the coefficients and in the form of a coupled set of differential 

equations as shown in the phase portrait representation (2.4). Note that the term 

•'encoded" was used to describe the representation of a flow field by a system of 

differential equations because it is actually the solution of the differential equations 

that describes the flow. The solutions of the coupled equations are known and are 

functions of the eigenvalues of the describing matrix A. 

Definition 5 Affine Transformation: Any transformation preserving collinearity 

(i.e. all points lying on a line initially still lie on a line after the transformation) 

and ratios of distances (i.e. the midpoint of a line segment remains the midpoint 

after the transformation of the form F(x) = Ax + b [20j. 

The affine transformation in (2.4) shifts the linear family of curves to the location 

of the critical point [55] [20). The critical point (2.2) occurs at 

Xo = -A ^b. (2.5) 
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It is possible to convert the affine transformation to a linear transformation by a 

change of variables. The substitution of y = x — Xo and the critical point location 

(2.5) into the phase portrait representation (2.4) gives a linear system that has been 

shifted so that the critical point is at the origin 

The concept of encoding a vector field using the qualitative properties of a set 

of coupled diflFerential equations is not a complete quantitative identification of 

the field. Rather, it is an attempt to capture the relevant characteristics of the 

dynamic system in a global sense. The qualitative properties may be defined as 

the properties of paths and trajectories which remain preserved under an arbitrary 

topological mapping of the region [55j. Therefore, the properties that do not depend 

strictly on the position would continue to exist in a region that might be deformed 

by stretching or squeezing, but without tearing or folding. In this sense, a phase 

portrait is a form of data compression. Unfortunately, the original data cannot be 

reconstructed perfectly. 

While A, which is used to classify the flow field for three-dimensional Euclidean 

space, is a 3 X 3 matrix with nine coefficients, it is possible to reduce practically all 

matrixes to a diagonal form. The diagonal and near-diagonal equivalents may be 

calculated using a similarity transformation and will allow the classification of the 

qualitatively different types of phase portraits by the limited number of possible 

configurations. Using a 3 x 3 constant coefficient matrix M the linear mapping in 

(2.6) may be converted to a similar linear mapping with a new variable y: 

The problem is identical to the linear mapping with a change of variables. The 

two matrixes A and A are similar in that they share the same traces, determinants, 

eigenvalues, and eigenvectors [5] [35]. If the original A matrix has a set of three linear 

independent eigenvalues, then a matrix M can be found such that the resulting 

= Ay . (2.6) 

Jjy = M ^AMy = Ay . (2.7) 
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matrix is diagonal 

/ 
A i  0  • • •  0  

\ 

A = 0 A2 
(2.8) 

\ 
0 

When a diagonal matrix camiot be found, it is still possible to find a matrix 

that is almost diagonal. This situation may occur if the resulting solution set of the 

differential equations are of the form te^^. which carmot be found from a diagonal 

matrix. 

The Jordan canonical form is an almost diagonal form that has the eigenvalues 

along the diagonal and may contain either ones or zeros on the superdiagonal. This 

form is the result of repeated eigenvalues and Unear dependent eigenvectors. The 

phase portrait matrix A is related to its Jordan canonical form by the similarity 

transformation 

where J is the Jordan form and M is the modal matrix [14]. The matrices A and J 

share the same eigenvalues [35]. In the three-dimensional case the only possibilities 

are Jordan blocks of size 1 x I. 2 x 2, and 3x3. If A has r linearly independent 

eigenvectors, then the Jordan form has 3 — r ones above the diagonal. Regardless 

of A that describes the flow field, it is always possible to generate the Jordan form 

Having found the Jordan form which best fits the vector field it is necessary to 

calculate the eigenvalues of A. The eigenvalues are the roots of the characteristic 

equation det (A — AI) = 0. The eigenvalues and the associated eigenplanes deter

mine the planes of symmetry of the flow field and the field directions and strengths 

By describing the vector flow field as a set of coupled diflFerential equations, it 

is possible to extract the relevant qualitative properties of the field. The coupled 

equations may be written in the form of an affine transformation and A reduced to 

A = MJM-'. (2.9) 

(5|. 

(47|. 
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its Jordan canonical form using a suitable similarity transform (2.7). This phase 

portrait representation while not recording the field in an exact manner does cap

ture the properties of the trajectories within the flow field and may be used as a 

primitive. 

2.3 General Solutions for A Matrix 

Two-dimensional phase portraits have been used to visualize, characterize and com

press flow field data successfully in two dimensions. Six different primitives exist 

in two dimensions: the node, star node, saddle, improper node, center and spiral, 

it is from the two-dimensional linear phase portraits that the three-dimensional 

equivalents are defined as combinations of the planar portraits. 

The construction of a three-dimensional phase portrait may be performed by 

combining a planar two dimensional phase portrait with a linear one-dimensional 

phase portrait. The two dimensional phase portrait used may be one of any of the 

canonical forms shown in Fig. 2.1. Trajectories which lie neither on the plane of 

the node nor on the axis defined by the one dimensional phase portrait approach 

the solutions asymptotically. This combined three-dimensional phase portrait is 

defined partially by the index and also by the eigenvalues of A that may be plotted 

on the real-complex axis. 

Definition 6 Index rj of A: The number of dimensions that contain diverging 

trajectories or outsets of a critical point. The index equals the number of positive 

eigenvalues. Complex conjugate eigenvalues may be classified by the sign of the real 

component [ij. 

In a 3-D geometry the allowable index values are the set of integers = 

{0,1,2,3}[1]. These indices classify phase portraits as attractors, repellers, and 

saddles. Attractors are phase portraits with all flow trajectories converging to

ward the critical point; hence they lack diverging trajectories (outsets), and r/ = 0. 

The attractors represent a global system minimum and the critical point is sta

ble. Indices of value 1 and 2 are indicative of volumetric phase portraits with a 
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Figure 2.1: Two dimensional canonical phase portraits are classified by the eigen
values and the associated Jordan form of the matrix. 
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combination of both converging and diverging trajectories. This behavior defines a 

three dimensional saddle, which contains eigenvalues located on both halves of the 

real axis, similar to a two-dimensional saddle which is defined by the opposite signs 

of its eigenvalues. A repeller is an unstable phase portrait and has a 3-D outset 

corresponding to an index rj = 3, with all trajectories diverging from the critical 

point. The eigenvalues for a repeller are all positive and may contain complex con

jugates providing the real part of the complex values is positive. Examples of the 

four classes of phase portraits are available along with the corresponding eigenvalue 

plots [51]. 

An attractor is a stable system, since all the integral curves lead to the critical 

or singular point and terminate there. Using the same argument, a repellor is 

inherently unstable since all trajectories diverge from this point. A system will be 

stable providing the eigenvalues lie on the left half of the complex plane. Thus, 

the only system that is stable in the strict sense is that of an attractor since all 

eigenvalues are negative. Due to the fact that no eigenvalues exist on the right side 

of the plane, the phase portrait does not have an outset. Therefore, all saddle-like 

behavior and repelling behavior is inherently unstable. 

Classification of A and the associated phase portrait into one of seven canon

ical forms depends on the eigenvalues of A, and the diagonal and near diagonal 

equivalents of the phase portrait model, its Jordan form. In addition to the seven 

forms which describe the time domain solution set. it is possible to further define 

the dynamic behavior of volumetric phase portraits by the index of A. 

2.3.1 Reeil, Distinct Eigenvalues 

Class 1, which we term the generalized volumetric node, is the most common and 

occurs when the eigenvalues are real and distinct, and there exists a set of linear 

independent eigenvectors such that A may be diagonalized into the form 

J = 
Ai  0  0  

0 Aa 0 

0 0 A3 

(2.10) 
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Figure 2.2: Class 1 phase portrait (Generalized Volumetric). Classified by the 
three distinct eigenvalues, index x'alues rmige from 0 -3. Example shows iui index 
2 saddle. 

Solving the corresponding set of differential equations yields 

x  =  p { t ) = C , e ^ ^ '  

,j ^ ^,{t) = (2.11) 

z  =  A t ) = C ; e ' ' ' .  

The constants Ci.Co, and C3 allow a particular integral curve to be selected 

from among the family of curves shown in (2.11) by the inclusion of an initial 

value vector. Using the three distinct eigenvectors of A. three orthogonal planes 

can be found which contain the planar solution trajectories of the two dimensional 

cases. Trajectories are not restricted to these planes and may simply approach 

them asjrmptotically. Since the eigenvalues are real and distinct, the index of this 

class consists of the set {0,1,2,3}. therefore the djTiamic behavior may consist of 

attractors, saddles, and repellers. The eigenvalues of the generalized volumetric 

node are not restricted in any manner other then the fact that repeated eigenvalues 

are not allowed. Included below in Fig. 2.2 is a plot of the generalized volumetric 

phase portrait both as a streamline plot within a three dimensional region and as 
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Figure 2.3: CUiss 2 phase portrait (complex volmnetric node): chissification is by 
the two complex conjugated eigenvalues that cause vorticity. Index values are 0-3. 
Example shows an index 2 complex saddle. 

three individual projections of the region onto three pliuuu: surfaces, corresponding 

to the xy. xz. yz phuies. 

2.3.2 Complex Eigenvalues 

The complex uolumetric node phase portrait (Class 2) is characterized by a complex 

conjugate pair of eigenvalues. Ai = a -I- 3i and A j = a — 3i- with system matrix 

a —3 0 

J = 3 a 0 (2.12) 

0 0 A3 

Qualitatively the complex conjugate pair of eigenvalues cause the phase portrait 

to spiral around the critical point. The complex volumetric phase portrait is used 

to represent flow fields with a degree of vorticity present. Since eigenvalues exist 

as complex conjugates the third eigenvalue is real and may be either positive or 

negative without restriction. The representation of J as written in (2.12) may 

not be solved using a simple exponential. Rather, complex conjugate exponentials 
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comprising the solution set may be expressed as 

X  =  p { t )  = {C\ cos(/3i) — C-i sin(/3i)] 

y = ipit) = e°'2 [C\ sin(/3i) — C2 cos(/3i)] (2.13) 

where a describes the radial behavior of the how and l3 describes the amount of 

vorticity present and its direction around the critical point. 

The vorticity present may be expanding on itself or it may be diverging from 

its critical point. The parameter a describes the radial tendencies of the flow while 

13 is a. measure of the amount of vorticity present in the field and also defines the 

direction of the vortex by its sign. It is possible for a vortex to exist if its complex 

eigenvalues are solely imagintuy, since describes the radial trajectory. These special 

cases occur when the integral curves continue to circulate without collapsing closer 

to or expanding further from the critical point. Fig. 2.3 contains an example of a 

typical complex volumetric phase portrait. 

2.3.3 Second Order Eigenvalue 

Two phase portrait configurations exist with an eigenvalue of multiplicity two. 

Dynamically, the existence of two repeated eigenvalues places no restriction on the 

set of allowable index values since the third eigenvalue may have the same sign or 

a different sign as the two repeated eigenvalues. Assuming that A is diagonalizable 

then 

and the resulting phase portrait consists of a planar star node on the plane defined 

by the two eigenvectors associated with Ai. This Class 3 node and its solution set 

Ai  0  0  

J = 0  Ai  0  

0 0 A2 

(2.14) 

x { t )  =  

y { t )  =  

z { t )  =  

(2.15) 
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Figure 2.4: above) Class 3 piiase portrait: classified by the two repeated eigenvalues. 
Index values range from 0-3. Class 3 phase portraits consist of planar star node 
on one of the eigenplanes. below) Class 4 phase portrait (Planar Improper Node): 
classified by two repeated eigenvalues and the two by two Jordan block along with 
the distinct eigenvalue. Index values 0-3. Example shows an index to saddle with 
vorticity present in the xy plane. 
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are similar to the Class 1 phase portrait in that both employ a diagonal form. These 

solutions are identical in form to the solutions of the generahzed volumetric with 

the notable exception that now two eigenvalues are the same. It is still possible 

for a Class 3 phase portrait to take on the dynamics of attractors, repellors, and 

saddles. Differences exist in that one plane of the inset or outset will contain a star 

node, as seen in Fig. 2.4. 

If the diagonal form of A does not exist (since A has only two linearly inde

pendent eigenvectors associated with it) and two eigenvalues are repeated then the 

equivalent Jordan form is the Class 4 planar improper node, whose 

and whose solution curves are shown in Fig. 2.4. The Class 4 matrix or planar 

improper node has a Jordan block of size 2 x 2 in two dimensions and a distinct 

eigenvalue in its third dimension. The presence of the I in the superdiagonal changes 

the solution set of this matrix to 

Dynamically, the additional dependence of time within the solution set causes a 

spiral in the plane which is described by the Jordan block. Since the spiraling is 

constrained to this block and does not depend on the third dimension the phase 

portrait is named a planar improper node. The term planar is included in the name 

to differentiate it from the voliunetric improper node, to be discussed next. 

2.3.4 Third Order Eigenvalue 

Three phase portrait classifications exist when the eigenvalue is of multiplicity three, 

the classification depending on the number of linearly independent eigenvectors 

associated with A. The classifications are the Class 5, or volumetric star node 

A i  1  0  

J = 0 A. 0 (2.16) 

0 0 Ao 

x ( t )  =  { C i - ^ t C . 2 ) e ^ ' '  

y { t )  =  

z { t )  =  C z e ^ ^ '  

(2.17) 
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Figure 2.5: above) Class 5 phase portrait (volumetric star node): Classified by the 
three repeated eigenvalues. Index values are 0 and 3, Class 5 portraits are restricted 
to be attractors and repellers. Middle) Class 6 phase portrait: Classified by the 
three repeated eigenvalues and a two by two Jordan block. Index values are 0 and 3. 
Example shows an index three repeller. Bottom) Class 7 phase portrait (volumetric 
hnproper node): classified by the three by three Jordan block. Index values are 0 
and 3. Ebcample shows an index three repeller. 
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J = 

Ai  0  0  

0 Ai 0  

0  0  Ai  

(2.18) 

with solutions 

x { t )  =  

y { t )  =  ;  

z { t )  =  

Class 6, a variation of the volumetric star node with a 2 x 2 Jordan block 

(2.19) 

with solutions 

J = 
A i  1  0  

0  Ai  0  

0  0  A i  

(2.20) 

x { t )  =  ( C i  +  f C 2 ) e ^ ' '  

y{t) = Coe^'' 

z { t )  =  

improper node 

Ai 1 0 
J = 0 Ai 1 

o
 

o
 

and 

x { t ) ^ { S ^  +  C 2 t  +  C 3 ) e ^ ^ '  

(2.21) 

(2.22) 

(2.23) y { t )  —  [ C i t  +  C 2 ) e ^ ^ ' '  ,  

z { t )  =  

for A with 3, 2, and 1 linearly independent eigenvectors, respectively. Since all 

three eigenvalues have the same sign the indices of these three phase portraits 
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Figure 2.6: Alternative piirametric classification of phiise portrait types based on 
the discriminant curve r/^ + r-. Hyperbolic phcise portraits classes L and 2 are 
separated by the curve. Degenerate phcise portrait, chisses 3 and 4 exist on the 
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are restricted to values of zero or three, corresponding to attractors and repellers, 

respectively. The canonical forms of A and their solution ciurves are shown in Fig. 

2.5. 

2.3.5 Parametric Classification Metliod 

In classifying A an alternative to finding the rank and the modal matrices necessary 

for diagonalization uses the trace, determinant, and minors to define parameters q 

and r as follows: 

<7 = 
.4ii >li2 

i42i A22 
+ 

^11 ^13 

All A33 
+ 

.*122 ^23 

^32 A33 
4rr(Ar (2.24) 

1 

6 
-rr(A) 

All Ai2 

A21 A22 

An Ai3 

A31 A33 

A22 A23 

A32 A33 
+ 31 A| 

1 

(2.25) 
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Region in {q,r} space Phase portrait classes 
9^ -1- P < 0 1; Generalized volmnetric node 
q  ̂+ r'̂  > 0 2: Complex volmnetric node 
qS ^ r} 0 3, 4: Planar star, improper node 
{<7,r} = 0 5, 6, 7; Volumetric star, Volmnetric improper 

Table 2.1: Parametric classification of phase portraits. 

These parameters are inspired by those used for classifying 2-D phase portraits in [3] 

and the parameters P,Q.R which Perry uses for 3-D phase portrait categorization 

[47]. Different phase portrait classes may be identified using the curve + r^, as 

shown in Fig. 2.6 and Table 2.1. 

To summarize: the curve q^+r' provides a simple partition between node/saddle 

and vortex behavior; the classes with second order eigenvalues lie on the curve itself; 

and third order eigenvalues exist only at <7 = r = 0. 

2.4 Restricted Solutions of A Matrix in Incompressible Flow 

During the classification it was demonstrated that several types of the volimietric 

phase portraits consisted either of an index 0 or an index 3, which represents attrac-

tors and repellors. These indexes are both indicative of a dynamic system which 

does not contain any insets in one situation or any outsets in another. More simply, 

these indices indicate that all flow trajectories converge upon the critical point for 

an attractor. However, this is unrealistic from an incompressible flow standpoint. 

Not only are attractors a violation of incompressible flow but repellors are equally 

impossible. Intuitively, incompressible flow cannot converge to or emerge from a 

single point without that point being a source or sink. This does not provide a 

restriction when dealing in two dimensions since the flow field consists of a single 

slice of the volume. Therefore a nodal critical point in two dimensions may actu

ally be a volumetric saddle with the dimension perpendicular to the slice providing 

the system outset. In the mathematical model of three dimensional incompressible 

flow fields it is necessary to limit the primitives which are classified in Section 2.3. 

Phase portraits which consist of three repeated roots are unconditionally discarded 
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due to the fundamental restriction that indexes must be 0 or 3. The remaining 

voliimetric phase portraits may be used in the incompressible flow model provided 

an additional constraint is placed upon the eigenvalues. 

Attractors [t] = 0) and repellers {t} = 3) are impossible in incompressible flows. 

Indeed, the possible phase portraits of such flows must satisfy 

V • V(x) = 0. (2.26) 

Identifying the viable phase portrait classes and under which conditions these 

classes may be applied to an incompressible flow field may be accomplished using 

the index fimction of A. It has been stated that A may be classified on the basis of 

its eigenvalues and eigenvectors. These parameters define the qualitative behavior 

of the phase portrait and the planes which contain solution trajectories. 

Valid incompressible phase portrait types are classifiable using a signature func

tion defined by 

where 'C5 = ±1 or ±3 for systems classified by an A matrix of full rank.' Phase 

portraits with eigenvalues of multiplicity three are unconditionally discarded, thus 

eliminating Classes 5-7. The remaining phase portraits (classes 1-4) with 3 = ±1 

are viable solutions in incompressible flow. This signature function calculates the 

sum of the signs of the eigenvalues defining the system. All systems which are 

classified by a three dimensional matrix A of rank 3 will be converted to one of 

these four values. Placing the restriction of incompressible flow on the types of 

allowed phase portraits may be achieved by restricting primitives to those with 

signature functions of ±1. 

Definition 7 Signature Function: A function that maps the infinite number of 

phase portraits into four possible values by summing the signs of the eigenvalues of 

the diagonal matrix (2.7). The signature functions allows classification of attrac

tors, saddles, and repelling critical points. 

^ If A is singular the three dimensional flow reduces to a two- or one-dimensional flow and may 
be described by phase portraits of the same (reduced) order. 
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In physical terms, an eigenvector with an associated eigenvalue that is negative 

in sign corresponds to a trajectory which converges toward the phase portrait crit

ical point in the time domain, while positive eigenvalues diverge from the critical 

point. All incompressible phase portraits must contain at least one outset dimen

sion (positive eigenvalue) and at least one inset dimension (negative eigenvalue). 

Qualitatively when a single eigenvector has trajectories converging toward a criti

cal point and another eigenvector has trajectories diverging away from the critical 

point the behavior is that of a saddle. Given two eigenvalues of differing sign, a 

saddle eigenplane can be defined using the two associated eigenvectors. 

Assuming that A has three linearly independent eigenvectors, three different 

eigenplanes may be defined by the different combinations of two eigenvectors. The 

three eigenplanes which are generated from A all intersect at the phase portrait 

critical point. Incompressible flow requires that each critical point must have both 

incoming trajectories and diverging trajectories, therefore one of the three possible 

eigenplanes must exhibit saddle behavior. Additionally if one eigenplane behaves 

as a saddle then another eigenplane will be nodal with two inset or two outset 

dimensions and the third eigenplane will be another saddle. The restriction that 

incompressible phase portraits must consist of nodal eigenplanes along with saddle 

eigenplanes is fundamental to the understanding and identification of the flow and 

the dynamic system which is used to describe it. 

While it is necessary to restrict the allowable phase portraits for incompressible 

flow fields, the remainder of the phase portraits are invaluable in general vector field 

modeling. The phase portrait types that contain signature functions other than ±1 

are special cases of the more common types of behavior and must be included as 

primitives, because the mathematical models presented here have applications other 

than incompressible flow. For example in electromagnetic fields a single charge does 

represent a source or a sink depending on the sign of the charge. In this situation 

an attractor or repellor is not only viable but fundamental to the system. 
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2.5 Summary 

Linear phase portraits are mathematical primitives that describe vector field topol

ogy in a concise representation surromiding included critical points using a set of 

coupled differential equations. The associated solution set of the coupled linear 

differential equations creates a family of curves that describes the vector field tra

jectories. In this respect, a linear flow field may be encoded in the coefficients of 

A and in the form of a coupled set of differential equations. By describing the 

vector flow field as a set of coupled differential equations, it is possible to extract 

the relevant qualitative properties of the field. 

While A, which is used to classify the flow field for three-dimensional Euclidean 

space, is a 3 X 3 matrix with nine coefficients, it is possible to reduce practically 

all matrices to a diagonal form. The diagonal and near-diagonal equivalents may 

be calculated using a similarity transformation and allows the classification of the 

qualitatively different types of phase portraits by the hmited number of possible 

configurations. This phase portrait representation, while not recording the field in 

an exact manner, does capture the properties of the trajectories within the flow 

field and may be used as a primitive. Classification of A and the associated phase 

portrait into one of seven canonical forms depends on the eigenvalues of A, and 

the diagonal and near-diagonal equivalents of the phase portrait model, its Jordan 

form. In addition to the seven forms which describe the time domain solution set, 

it is possible to further define the dynamic behavior of volumetric phase portraits 

by the index of A. 

An alternative to finding the rank and the modal matrices necessary for diago-

nalization and classification of A uses the trace, determinant, and minors to define 

two parameters, q and r. Using these parameters, the curve provides a sim

ple partition between node/saddle and vortex behavior. Phase portrait classes with 

second order eigenvalues lie on the curve itself, and third order eigenvalues exist 

only at g = r = 0. 

The relevant phase portrait models for both compressible and incompressible 
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flow are presented. Incompressible flow requires that each critical point must have 

both incoming trajectories and diverging trajectories; therefore, one of the three 

possible eigenplanes must exhibit saddle behavior. Consequently, this restriction 

causes the second eigenplane to be nodal with two inset or two outset dimensions 

and the third eigenplane to be another saddle. A signature function is introduced 

to classify phase portrait models that are applicable for incompressible flow. 

Linear phase portrait models are a compact descriptor of smoothly varying 

vector fields and are used in the subsequent chapters to analyze, compress, and 

reconstruct vector fields. In addition to their application to vector fields, linear 

phase portraits may be used effectively in apphcations regarding digital video and 

volumetric images. However, when the vector field is fimdamentally nonlinear, 

or contains nonlinear critical points such as limit cycles and strange attractors it 

is necessary to increase the order of the phase portrait model to include nonlinear 

terms. The extension of linear phase portraits to model these nonlinear effects along 

with the inlierent instability possible in nonlinear phase portrait will be presented 

in Chapter 3. 
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CHAPTER 3 

DYNAMIC BEHAVIOR OF NONLINEAR THREE 
DIMENSIONAL PHASE PORTRAITS 

While linear models are accurate representations of flow behavior surround

ing critical points (V (x*) = 0) , flow fields are essentially nonlinear in nature. 

Phase portrait modeling fideUty can be improved by expanding the original trun

cation of the Taylor Series approximation (2.1) to include nonlinear terms. This 

modeling improvement coincides with a corresponding decrease in compression and 

also increased computation. The inclusion of nonhnear terms expands the different 

topologies that can be modeled. Critical point behavior is expanded to include limit 

cycles and strange attractors as presented in section 3.1. Unfortunately, the ability 

to model nonlinear vector field trajectories includes an inherent parameter sensi

tivity. Specifically, nonlinear phase portrait models are susceptible to chaos. This 

drawback in nonhnear phase portrait modeling can manifest itself if the phase por

trait model is estimated near or within a chaotic regime. As section 3.2 shows, well 

behaved vector field trajectories can exist within a fundamentally chaotic model. 

Should a phase portrait model be estimated in such a region than any variation 

in its parameters creates dramatically different vector field behavior. This chap

ter presents the extension of hnear phase models to include nonlinear components. 

Also presented are the corresponding extensions of critical point behavior to include 

limit cycles and strange attractors. Finally, starting with a simple physical model 

the extreme parameter sensitivity is demonstrated using the period doubling route 

to chaos. 
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An arbitrary velocity field may be written as 

u(x) /l(x) 

V(x) = "(x) = /2(X) 

_  w  (x) _ 
. 

(3.1) 

where the functions fi (x), fo (x), fz (x) are nonlinear functions of the position vari

ables. The addition of nonlinear terms can greatly change the phase space dynamics 

of the phase portrait model. The beneficial modeling flexibility is coupled with se

rious drawbacks. Some of these drawbacks are the unwieldy size of the nonlinear 

phase portraits and the complex and possibly chaotic behavior that accompanies 

three dimensional nonlinear dynamical systems. 

Again assuming that the velocity field may be expressed in a Taylor series 

expanded about the critical point x' 

V(x) = 

where 

Nu = 

" I x *  +  ( ^  —  - j : * )  ^ | x -  +  { y  ~  y ' )  ̂ I x -  +  —  2 * )  ^ | x *  +  i V u  +  o  

"Ix* + {2: - X*) ^Ix- -f (y - y ' )  ̂ \ x '  +  (2 -  2*) IjIx-  +  N j j  +  O 

w\,. + {x- X') glx. +{y- y') ̂ Ix- + - Z') f I,. + AT^ + O 
(3.2) 

{ x  — x * ) ^  d^u  (2/ ~ y')^ ~ ~ 
2' dx'^ 9! d y ^  2' 2! d x d y  

{ x - x ' ) { z - z * )  d ' ^ u  (2  -  2*)  d'^u 
2! d x d z  2! d y d z  

contains the second order terms and Ny and N^j are defined similarly. It is possible 

to generate a higher fidelity representation with more flexibility by including the 
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second order nonlinear terms 

V(x) = -

r\du r)du r f d u  d^u d^u 
~ dx " d y  ~ d z  5? d z ^  dxdy dxdz d y d z  
i^dv ndv ndv d^v d'^v d^v Sî v d^v 

^ d z  a? dy^ dz^ dxdy dxdz d y d z  
rtdw ndw ndw d^w d^w ( P w  d ^ w  
^ d x  " dz dx^ dz'^ d x d y  dxdz d y d z  

X  

y  

Z  

X X  
2 b ,  

26„ 
y y  

26„ 
y y  

z z  
2b^ 

X* x y  

x z  

y z  

1 

Expressing (3.2) in the form of a standard phase portrait (2.4) yields 

(3.3) 

^11 Ai2 >^13 

V(x) = A21 -^23 

>^31 •^32 ^33 

X '^Ai4  y'A\5 Z ' A i q  x y A n  x z A i s  yzA\^ 

+ X*'/l24 r M ,  -^•^26 xyA27 00 y z A -2Q 

y'A^ x y A s r  x z A z s  yzAzs 

This tliree-dimensional model achieved by truncating the expansion after second 

order terms requires a model containing thirty parameters. This large number of 

model coefficients provides the higher model fidelity at the cost of making the model 

larger. Limited nonlinear phase portrait classification can be performed by solving 

(3.1) for the included critical points by solving fi (x) = /2 (x) = /j (x) = 0. The 

nonlinearity of the system allows for a set x*,X2, • • • ,x^ of critical points rather 

then a single isolated point. 

Linear phase portraits are classified by the Jordan canonical forms of the diag-

onalized A matrix; similarly, a nonlinear phase portrait is classified by evaluating 



65 

the Jacobian matrix at critical points xj, Xj, • • •, where m is the number of in

cluded critical points. Since the distance from the critical point can always be made 

small enough to ignore the second order terms, Unearizing the flow field allows the 

fundamental nature of the flow surrounding x* to be classified according to the 

seven linear classes. However, unlike the hnear case, no canonical nonlinear phase 

portraits exist due to the variety and the chaotic behavior possible in the dynam

ics. and the critical point behavior cannot extrapolate the trajectories further into 

the vector field. Also the linearization only determines local stabiUty, the global 

stability cannot be determined. 

Despite all the difficulty in characterizing nonlinear phase portraits, their sensi

tivity to parameters, fundamental instability to bifurcations, and chaotic behavior, 

they are necessary to phase portrait modeUng because some vectors fields are poorly 

fit by linear models regardless of the block size. For these nonlinear flows extending 

the phase portrait model to include second order terms is the only possible means 

to model them. 

3.1 Extensions of Critical Point Behavior 

Critical points have been defined as single points where the vector field magnitude 

is zero and the directional coherence is a maximum. Since these singularities con

sist of geometric points they do not have an associated length and are defined as 

having a dimension equal to zero. For stable critical points this represents a point 

where all trajectories converge. Unstable critical points contains at least a single 

outset dimension such as in saddles and sources. Whereas a linear phase portrait 

is restricted to contain a single critical point, the presence of nonUnearity in the 

trajectory space allows for multiple critical points to be present within a model. 

Along with these fixed critical points there now exists additional forms of stable 

trajectories with dimensions greater then zero. The allowable trajectories of non

linear phase portraits include critical points that have a non zero velocity, called a 

limit cycle (V(x*) ^ 0), and attractors with non integer dimensions, called strange 

attractors. 
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Figure 3.1: A limit cycle attractor is a closed curve in space with a nonzero velocity. 
Left) When /i < 0 then all initial condition spiral towards the critical point at the 
origin. Right) > 0 all initial condition spiral towiu-ds a Umit cycle at 

3.1.1 Limit Cycles 

In the Hnear phcise space there exists two types of stabihty characterizations. Phase 

portraits are classified as being stable when all trajectories converge to a fixed criti

cal point. Repellers or saddle points, on the other hand, are fundamentally unstable 

since the trajectories diverge. iVonlinear phase space allows for more variations of 

stable trajectories. One such factor to be considered is the limit cycle, a path which 

is stable and attracts trajectories [11]. This stable path is not a single point but 

rather a curve through space when the velocity is not necessarily to equal zero. 

A simple example of a limit cycle may be found in the two dimensional coupled 

equations 

V(x) = 
u(x) y +  / i x(l -X-' - y 

-.(x) 
(3.5) 

Solving for the critical points of this nonlinear phase portrait yields a single solution 

at the origin with the linearization 

(3.6) V(x) = H 1 X 
V(x) = 

-1 M y 
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The associated complex eigenvalues Ai,2 = M i j indicate a two dimensional spiral. 

This linear phase portrait contains a single parameter ix. Solving (3.5) in closed 

form provides the solution curves 

with a parameter Tq representing the initial condition of the phase portrait. This 

simple nonlinear equation demonstrates some remarkable behavior not possible in 

linear phase portraits. When /z < 0 the phase portrait has the dynamics of a 

fixed critical point attractor where all trajectories spiral in towards the center. 

When /i > 0 the classification of the linearized phase portrait changes. Now all 

trajectories spiral towards a circular path at r = ^. This is the behavior of a limit 

cycle. Starting points near the origin spiral outwards towards the circle ^ = j; and 

those outside this ring spiral inwards. This path in two dimensional space is stable 

in that it attracts all trajectories but is not a critical point because its velocity is 

not zero. In dynamics, a bifurcation has occurred whenever the number of solutions 

to a differential equation changes as a result of a parameter variation. Bifurcations 

will be explained in section 3.2.1. 

This example also demonstrates the difficulty in characterizing a nonlinear phase 

portrait based on the critical point behavior. The linearization at the origin (3.6) 

has the eigenvalues of Ai,2 = ^ ± j and an index of 2 when ^ > 0. These values 

classify it as a two dimensional repellor. The diverging trajectories from the origin 

agrees with this classification. However, the dynamics in Fig. 3.1 showing the 

presence of the limit cycle carmot be determined or classified from the linearization. 

3.1.2 Strange Attractors 

The limit cycle shown is an example of an attractor of dimension equal to 2.0. 

Attractors exist with higher dimension and with non-integer dimensions. A straoige 

attractor is an attracting line or surface that has a non-integer dimension. The 

attractor for (3.10) exists as an infinite length set with infinite number of loops 

(3.7) 



68 

that do not intersect and have a cross section with dimension less then one [28]. 

This can be seen in the Poincare section of the Fig. 3.5 where the system in (3.10) 

has been driven to chaos. For a three dimensional system, a strange attractor 

is allowed to have a single dimensional in which close initial conditions diverge 

exponentially. While it is true that chaotic attractors have fractal dimensions it is 

not true that all attractors with fractal dimensions create chaotic behavior [22]. 

3.2 Parameter Sensitivity and Chaotic Behavior 

Chaos can appear in nonlinear systems that contain at least three dimensions. 

Three-dimensional phase portraits satisfy the necessary but not sufficient conditions 

for chaos. In a well behaved dynamical system the critical points are distinct and 

separtices (boimdaries) exist between different fixed points. This topology allows a 

fixed initial condition to progress through the phase space in a continuous manner 

until an attractor is reached. Initial conditions that are similar, in the sense that 

they lie on the same side of the separtices, both lie inside the basin of attraction of 

the same critical point. This distinction is lost the closer to chaos the dynamical 

system is. In a chaotic region two different initial conditions separated by e, where e 

can be vanishingly small, can show dramatically different behavior. The separtices 

are no longer well-defined. 

An example of chaos in three-dimensional phase portraits can be studied by 

examining the dynamical system of a damped driven pendulum [37] 

^ 9  + - - ^ 9  +  s i n 6  =  g c o s { u d t ) .  (3.8) 
at q at 

This second order equation can be rewritten as a set of first order coupled equations 

in {9,uj} 

. (3.9) 
^ = -sin0 - +  g c o s ( u d t )  

While these equations are close to the standard phase portrait form employed m 

(3.4) time appears as a parameter of the system, thus, these equations are not 

autonomous. Autonomous dynamical systems are not dependent on time as an 
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argument, as a result the stream lines do not cross in phase space. To express (3.9) 

as an autonomous system of equations a third parameter 0 = Udt is defined where 

^ = uJd- Rewriting (3.9) using 0 gives the three-dimensional phase portrait model. 

(k) , ,  
dt 

dt 
(3.10) 

u (x) /i (x) 

V(x) = (; (a:) = y 
= /2(X) 

w (x) — sin ^ + 5 pos X 
. 

^ = -sin0 - ̂u; + gcos{(p) 

Now since time does not appear on the right side, this can be written in the form 

of (3.4) and has a three dimensional velocity field 

(3.11) 

This three-dimensional phase portrait exhibits chaotic behavior depending on the 

particular modeling parameters of 7, </. Before the chaotic behavior of this 

phase portrait can be introduced it is first necessary to become familiar with the 

predictable unchaotic behavior of tliis system. Using the values of 9 = 2.0 and uJd = 

2/3 the value of the third parameter g can be varied to provide both predictable 

periodic and unpredictable chaotic behaviors. First let g = 1.38 while maintaining 

the other values constant. For this value of g the system is well behaved and the 

phase portrait shows a periodic behavior that can be seen by plotting the time 

solution of the position variable 2 in Fig. 3.2. The autonomous system repeats the 

same path with a period of approximately 10 sec. 

A better representation of the periodicity is achieved by plotting two of the 

position variables together and removing the time dependence. In Fig. 3.2 it is 

seen that the three dimensional phase portrait dynamics result in a cycle that 

repeats the same path through phase space. A two dimensional plot in y and z is 

sufficient since the velocity in the third dimension u(x) has a constant value that 

was set to 2/3. In this manner we view the system dynamics similarly to looking 

down the axis of a corkscrew. The time domain solutions do not actually cross 

(due to the autonomous nature of the equations). These particular curves show 
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Figure 3.2: Above) The deterministic time series output of a nonlinear three di
mensional phase portrait biised on the damped and thiven pendulimi. The position 
variable z is periodic with a period of 10 sec. Below) Plotting the position variables 
z and y demonstrate the periodic behavior of the system. Note the phase portrait 
position y represents the pendulmn displacement angle imd is plotted from -tt to tt. 

an oscillation under the influence of the periodic driving function of the model, 

g c o s { x ) .  

One final approach to visualizing the system would be to take advantage of the 

periodicity of the trajectory and view the system at specific sampled times. If the 

sampling of the system corresponds with the natural periodicity of the trajectory 

then this will have the effect of representing the above cyclic structure as a single 

point in {y, r) space. This plot is known as the Poincare section of the dynamical 

system. 

Using these three representations the system dynamics and chaos that can re

sult from a three dimensional nonlinear phase portrait can be properly examined. 

Increasing the value of g from 1.38 to 1.42 does not alter the periodic behavior of 
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Figure 3.3: Three dimensional phase portrait of the damped and driven pendulum 
at g=1.43. Above) The times series has experience a period doubUng and the period 
is now 20s. Middle) The period doubling can be seen tis two distinct paths when 
z is plotted against y. Below) the Poincare section of the system shows two points 
corresponding to the period doubling. 

the system. However, increasing this same value to 1.43 causes a bifurcation to 

occur. The difference can be seen by viewing the three representations in Fig. 3.3. 

The period of the time domain trajectories with g = 1.43 has doubled from 10s to 

20s. The two dimensional plot of position variables y and 2 now shows two distinct 

paths that correspond to the period doubling and the Poincare section shows two 

distinct points. The period has been exactly doubled. 

Increasing the value of g further to 1.47 results in another period doubUng and 

the creation of four paths in Fig. 3.4b and four distinct pomts in the Poincare 

section. The amoimt that g had to be increased before the bifurcation occurred in 

each case becomes a smaller and smaller amount, the closer to chaos the system is. 
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Figure 3.4: Three dimensional phase portrait of the damped and driven pendulum 
at g=1.47. Above) The times series has experience a second period doubling and 
the new period is now 40s. Middle) The second period doubling causes four paths 
in pahse space. Below) The Poincare section of the system shows four points 
corresponding to the two period doublings. 

The bifurcations become ever increasingly closer until an infinitely small increase 

in the driving force g causes dramatic and unpredictable behavior. This parameter 

sensitivity is a drawback to nonlinear phase portrait models. Any variations in the 

model parameters can create unpredictable and unexpected model results. A phase 

portrait model that is estimated near a chaotic regime may be unusable due to the 

precision required in its parameters. 

One final case is included in which the driving force g has been increased to 

1.5. The period of the time series has increased to the point where the time series 

in Fig. 3.5 no longer appears periodic. Rather, the time series is indistinguishable 



73 

200 210 220 230 240 250 2(50 270 '280 290 aoo 
lime 

oostttco V 

-1 1 
-I -3 -2 -1 n 1 2 3 4 

Bosilicfi y 

Figure 3.5; Three dimensional phase portrait of the damped and driven pendu
lum at g=1.5. Above) The times series cannot be distinguished from a random 
process. Middle) Phase space shows complex behavior. Below) The Poincare sec
tion shows more structure then random scattered points but less structure then a 
one dimensional line. 

from a random process. The simple model of a damped and driven pendulum is 

now demonstrating chaotic behavior. This is a fascinating development in such a 

simple physical system. In the chaotic regime the Poincare section begins to form a 

continuum. The locus of pouits in Fig. 3.5c axe not randomly scattered but rather 

exist in a very narrow region. This Poincare section has more structure then a 

simple collection of zero dimension points but less structure then a one dimensional 

line. The actual dimension of the Poincare section of a chaotic attractor is a non 

integer dimension. This is true in Fig. 3.5 where the structure of the Poincare 

section is between 0 and 1,which can be measured exactly from the Poincare section 

[43|. 
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Figure 3.6: The bifurcation diagram of the three dimensional phase portrait model 
of the damped and driven pendulum with q=2.0 w=2/3. As the model parameter 
g is varied the system is seen to move from deterministic behavior through a period 
doubling route to chaos in random regimes. The underlying sensitivity of nonlinear 
models to the parameters is demonstrated as chaotic behavior near deterministic 
behavior. 

3.2.1 Bifurcation Diagrams 

The nonlinear three dimensional phase portrait can exhibit chaos depending on the 

choice of the parameters. For some parameter choices the output of the system 

is determinable such as in the case of the Ughtly driven pendulum, whereas other 

parameter values produce seemingly random behavior. Examining the Poincare 

section of a system using the system parameter as the independent variable produces 

a bifurcation diagram. The system in (3.10) produces Fig. 3.6 with the values of 

q = 2.0, w = 2/3 while g is varied. The interpretation of this is very straightforward. 
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The lightly driven system with a small value of driving force produces a single 

location in the Poincare section and appears as a straight line. 

As g is increased suflSciently additional components of increased period are 

added and the Poincare section has two points. On the bifurcation diagram the 

system has now split into two distinct paths where each initial condition leads to 

one of two solutions. This path then splits again into a two additional paths and 

four distinct paths are seen. For certain ranges of the parameter g the position z 

takes on an infinite number of values. This continued splitting of paths into new 

paths is the period doubling route to chaos. Chaos quickly ensues since the number 

of solutions grows exponentially and the difference in the parameters which result 

in a bifurcation decreases exponentially. 

Once the threshold of chaos has been reached the system is not required to 

remain chaotic. Within the chaotic regime there are often regions where simple 

periodic motion occurs. Fig. 3.6 shows that the system is driven through the period 

doubling route into a chaotic motion starting at 5 = 1.07 and continuing until 

approximately 1.29 with small internal sections of periodic behavior, kt g = 1.29 

the system becomes periodic once again until the 1.43 where the period doubling 

route to chaos begin again. Even within a chaotic regime, windows of deterministic 

behavior are exhibited such as when g = 1.27. These regions demonstrate the 

nonlinear phase portrait models extreme sensitivity to model parameters. It is 

possible to create a phase portrait model of a well behaved vector field generating 

a set of model parameters. Very slight deviations of these model parameters can 

have drastic effects on the models' fidelity. 

3.2.2 Chaotic 3D Phase Portrait Examples 

In addition to nonlinear phase portraits providing accurate models of vector fields 

they have been well studied as a means of viewing the dynamics of physical sys

tems. Many physical systems are described by coupled partial differential equation 

systems. One of the earliest three dimensional nonlinear models to show chaos was 

generated by Lorentz [39]. The Lorentz equations 
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V (x) = (3.12) 

X 

y  

z 

—a r r  0  0 0 0 0 0  0  xx 

r —10 0000—10 yy 

0  0  - 6  0 0 0 1 0  0  2 2  

xy 

xz 

J/2 

written into the phase portrait notation of (3.4), were derived as a truncation of a 

partial differential equation for fluid convection. This models a flat fluid layer as it 

is heated from below and cooled from above. 

The dynamics show the characteristic sensitivity to the model parameters (T,  

b, and r, and exist in chaotic regimes where similar initial conditions diverge ex

ponentially. The strange attractor present in the Lorentz equations has a fractal 

dimension between 2 and 3 as would be expected from a three dimensional nonlinear 

phase portrait. 

Another common three dimensional phase portrait that exhibits chaotic behav

ior is derived from the Maxwell-Block equations 

V (x) = 

— K K 0 0 0 0 0 0 

0 -7i 0 0 0 0 0 7i 

0 0 -72 0 0 0 —72A 0 

X 

y  

XX 0 

yy  + 0 

zz  72(A+ 1) ^ 

xy 

XZ 

yz  
(3.13) 
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which describe the time dependence of the electric field E, the mean polarization 

P of the atoms and the population inversion D. These variables are represented 

in vector field notation as x, y, z, respectively. The Maxwell-Block equations are 

derived using a semiclassical model of the laser. This is a relatively simple nonlinear 

equation with only two nonhnear terms and the form of these equations is very 

similar to the Lorentz equation in (3.12) [24]. 

Chaotic behavior may be realized by tuning the cavity length, varying the laser 

gain, tilting one of the cavity mirrors, or adding feedback from an external cavity 

[13]. Time series of laser outputs show varying routes to chaos including period 

doubling demonstrated from three dimensional phase portrait models in section 

3.2. 

3.3 Summary 

Complex vector flow fields are often modeled poorly by simple linear phase por

traits. These models are created from a truncation of the Taylor Series expansion 

of the vector field retaining hnear terms. Linear phase portrait models are accurate 

descriptors of vector fields surrounding critical points. However, arbitrary vector 

fields are nonlinear, and nonlinear phase portraits must be used to model them. 

Expanding the linear phase portrait to include second order terms allows an ex

pansion of the elemental critical point as introduced in Chapter 2. Nonlinear phase 

portraits may contain stable two-dimensional trajectories that act as attractors in 

phase space. These limit cycles have a non-zero velocity and are two-dimensional 

critical points. In addition to the inclusion of Umit cycles, three-dimensional nonlin

ear phase portraits may contain critical point attractors that exist with non-integer 

(fractal) dimensions. While it is possible to characterize linear phase portraits into 

one of seven canonical forms as presented in Chapter 2, nonlinear phase portraits 

cannot be classified as such due to the expanded nature of critical point behavior. 

Classification can be performed roughly by linearizing the phase portrait model 

around isolated critical points; however, the resulting stability cannot be extrapo

lated to the vector field. 
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The improved phase portrait model fidelity and the flexibility to model different 

critical point trajectories is unfortmiately associated with parameter sensitivity. In 

other words, three-dimensional nonhnear phase portraits can exhibit chaos. Ap

plying nonlinear three-dimensional phase portrait models may give varying results 

since any variations in model parameters can cause drastic changes to the phase 

space trajectories. It was shown that predictable models can exist within chaotic 

regimes and that any deviation of the modeling parameters can destroy the fidelity 

of the model. Also presented were two examples of well-studied nonlinear three-

dimensional phase portraits of second order that exhibit this parameter sensitivity. 
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CHAPTER 4 

MODELING 3D FLOW FIELDS USING PHASE 
PORTRAITS 

This chapter presents two methods for reconstructing a three dimensional flow 

field from its component phase portraits. Selecting the best method to use depends 

on the complexity of the flow and its behavior beyond the boundary of the original 

data. For vector fields consisting of non-turbulent, continuous flow and containing a 

finite number of spatially isolated critical points the global behavior is extrapolated 

using a weighted superposition of the phase portraits associated with the included 

system critical points. This provides an estimate which is accurate for simple vector 

fields and may be improved upon by the inclusion of nonlinear models based upon 

the original linear parameters. Vector fields that violate the above assumptions 

are analyzed by imposing a regular partition on the original data and using a 

discontinuous piecewise hnear approximation. Block processing creates smaller, 

more coherent vector field segments, and each block is individually converted into 

the phase portrait representation. 

Examples of weighted linear superposition and of partitioned reconstruction are 

presented in Appendix C. Additionally, error metrics are introduced for the purpose 

of describing the appropriateness of the different models and the error present in 

the reconstruction estimates. Error will be examined as a function of partitioned 

block size and as a histogram to investigate reconstruction precision. 

In each method, the fields are decomposed into representations composed of 

phase portraits. Flow field analysis compresses and visualizes vector fields by re

moving the correlation present between neighboring voxels and by recording the 

dynamics of the system. The spatial location and number of critical points must 

be found, and A estimated firom the surrounding regions. Diagonalizing A and 
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solving the matrix for its eigenvalues allows characterization of the phase portrait 

type as presented in section 2.3. The different phase portraits may then be used to 

synthesize an estimate of the original vector field. The small number of coefficients 

that describe the phase portraits allow for large amounts of compression. Differ

ences between the reconstruction methodologies are examined and the strengths 

and weaknesses of each discussed. 

4.1 Superposition Based Reconstruction 

An estimate of the original vector field may be calculated at each voxel location 

by the superposition of the individual phase portrait contributions provided that 

four fundamental assumptions are valid for the field. The underlying assimaptions 

restricting the coherency, complexity, and external dependency of the data are: 

1. The dynamical behavior surrounding the enclosed critical points is Unear: i.e. 

all high order terms of the Taylor Series expansion (2.1) are negligible. 

2. V(x) and its derivative are continuous. 

3. The global behavior is not affected by external critical points beyond the ad

dition of an average background contribution which affects each voxel identi

cally. 

4. V(x) contains a finite set of spatially isolated critical points: i.e. given two 

critical points xj and Xj the intersection of the critical point neighborhoods 

WN {X\) and WN (Xj) cannot overlap {W^ (x*) H WI^F (Xj) = 0) for xj ^ xj. 

This implies that A is not singular and that critical points appear only as 

points and not as lines or planes. 

A given region containing Ncp critical points has Ncp + 1 contributions to the 

synthesized vector at each location, Ncp firom the included phase portraits and one 

contributed by a constant background flow vector. Each phase portrait contributes 
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a single weighted vector 

Vi(x) = (—^p)(A,x + bi) (4.1) 

where Tj is the relative strength of the zth phase portrait. For every voxel location 

within the region the Ncp -I- 1 vectors are scaled proportionally to the calculated 

weights Fi and inversely proportional to the distance between the current voxel 

location x and the location of the critical point x'. The enture field V(x) is found 

using the weighted superposition of the Ncp contributing phase portrait vectors and 

an additional contribution representing the average background flow field vector as 

outhned in (A. 14). Combining phase portrait contributions in this manner allows 

them to dominate in their local neighborhoods and also extrapolates the global field 

behavior in regions devoid of critical points. 

The vector field behavior in the local regions surroimding the included critical 

points is primarily a function of a single phase portrait. This phase portrait pro

vides an accurate estimate of the original field in this region. It is more difficult 

to extrapolate further from the critical points since the assumption of linear fit 

becomes weaker. 

4.2 Partition Based Reconstruction 

Decomposing the dynamic flow field based on the local behavior of the included 

critical points is an accurate description of the local behavior surrounding those 

points yet does not in general provide a unique description of the global field dy

namics. It is difficult to extrapolate the local behavior of a collection of critical 

points and predict and model how they will interact without outside information. 

It is possible for two extremely different nonlinear systems to exhibit the same crit

ical point behavior and yet still differ in their global behavior [29]. This is caused 

by the fact that the phase portrait description is a non-unique mapping from the 

physical models to the qualitative models. 

For flows which violate the conditions for superposition based reconstruction, a 

variation of the analysis process is introduced. Expanding the vector field V(x) in a 
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Taylor series approximation about an arbitrary point Xo and making no assxmiption 

as in (2.3) a general canonical phase portrait segment can be generated by rewriting 

(2.1) in the form 

V(x) = 

u{x,y ,z )  

v{x ,  y ,  z )  

w{x ,y ,z )  

(4.2) 

1 

du  du  

dz  
X  "Ixo -  r —\  -

® dx '  
U _ r ^1 
y O Q y \ X o  -OQilXo 

= dv  

dx  

dv  dv  

dz  
y  + "Ixo -  X — \  - , ,  ^1 _ r  ^1 yoQy\-Xo •'ogj |Xo 

dw 

dx  

dw 

dy  Xo 1 G X
 r ^1 •^O Q x  IXo .  U  — \  - 2 — 1  yo ay |Xo •'O |Xo 

The phase portrait segment model can still be expressed as Ax -f b but no longer 

contains a critical point at the center Xo. Using this general model the data volume 

is partitioned into non-overlapping sub-blocks, and the A and b phase portrait pa

rameters of each block are estimated. This effectively forces a Unear phase portrait 

model on a sub-block which may or may not contain a critical point, and which is 

likely to contain a fairly simple local flow. The vector field is then reconstructed 

in each sub-block independently. While this modification of the basic method pro

duces a robust estimate of V(x), it suffers firom discontinuities at the partition 

boundaries. 

The data volume is partitioned into subregions by multiplying the original vol

ume by a scaled and translated binary window function 

cube{x) = 
0 < x .y ,  z  < I 

else 
(4.3) 

where x =a;i+yj-|-2k. This function is separable in {x, y ,z}  and is a three dimen

sional counterpart to the one dimensional rect{x) function [19]. The window func

tion partitions a subregion 

'x — t' 
V'(x, t,L) - V(x)cuiie . (4.4) 

from the original volume, where L controls the scale of the window £ind t is a 

vector that translates the window. By varying the translation the different regions 
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of the data volume are selected. Assuming translations of the window function on 

a rectangular lattice a modified translation vector 

t'(a, 6, c ,  M)  =M{a\  + bj  +  ck), (4.5) 

a,b ,c  E Z"*" 

may be used where M defines the lattice spacing. Depending on the relative mag

nitudes of the scale of the cube L and of the lattice spacing M it is possible to 

vary the amount of overlap between neighboring translations of the cube. Substi

tuting t'{a, b, c, M) into (4.4) creates subregions that are dependent on the trans

lations {a, b, c} , the cube scale L, and the translation scale A/, and are denoted by 

V'a6c(x,M, L). The entire data volume must be spanned by the data subregions 

such that 

span < EEE V'^(x,A/, L)  =span{V{x)}  (4.6) 

{eee 
K a b C 

span ZEE V(x)cu6e 
t'(a, b,  c, M) 

=span {V(x)} (4.7) 
L 

where V'aix:(x.-'V/. L)  is the sampled data subvolume associated with a translation 

t'(a, 6, c, M) and cube scale L. Note that while a, 6. c are all positive integers the 

original data volume V(x) is of finite extent, thus not all possible translations are 

required. Once V(x) has been partitioned into the set of {V'a6c(x,M, L)} then 

each subvolume is modeled by a phase portrait. Each subvolume Q 

contains vectors and may be rewritten as sets of simultaneous coupled equa

tions. Singular value decomposition (SVD) is used to minimize the residual error 

in this overdetermined set of equations to generate a set of phase portrait models 

{Aabc, bate} that are a compact representation of the original data. 

Subset V'a6c(x,M, L)  may contain a critical point. If a critical point does fall 

within the region then the solution of the twelve parameters of A and bj will yield a 

solution similar to the superposition method. In the absence of an included critical 

point the resiilting solution is a phase portrait segment that represents a linear best 

f i t  to  that  par t icular  subset  Vabci^ iM,  L) .  
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The modified translation vector can space the windowing fmictions such that the 

resulting subregions are contiguous. Non-overlapping block processing applications 

use a translation vector t (a, b, c, M) with M = L. This maimer of partitioning the 

data suffers from discontinuities at the partition boundaries. Another weakness 

of non-overlapping block processing is that a single phase portrait describes the 

behavior of all the vectors in the subvolunie. As a result the flow field topolog>' (i.e. 

nodes, saddles, critical points) derived from the non-overlapping phase portrait 

model is identical for each voxel. Thus voxel-by-voxel classification of flow field 

behavior and topology is impossible with block processing. 

4.3 Error Metrics 

The amount of angular reconstruction error is proportional to the size or scale of 

the volume to be modeled using a single phase portrait. Consequently, smaller 

scale models result in smaller reconstruction errors, albeit at lower compression 

ratios. Reconstructing a complex fundamentally nonlinear vector field using linear 

phase portraits or phase portrait segments recreates the qualitative behavior of the 

flow although the reconstruction is not lossless. Flow directions and critical point 

behavior are preserved in the calculated three-dimensional vector field, however 

the field which is interpolated remains only a linear estimate. For the purposes of 

communication and comparison it is necessary to include error metrics between the 

original field and reconstructed field. 

The angle between two three dimensional vectors is calculated from the dot 

product using 

quality of the reconstructed vector field is measured using separate normalized rms 

(4.8) 

where V(x) and V(x) are the original and reconstructed vectors, respectively. The 
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magnitude Sm aJ^d rms angle error metrics, defined by 

\ 

E(||V(X)||-||V(X)|1) 

E(l|V(x)||)^ 

\ 
JC 
^data 

(4.9) 

(4.10) 

Notice that Em is a relative error and thus is normaUzed by the total ''energy" of 

the original data. 

The homogeneity present in a collection of three dimensional vectors is also a 

useful metric and may be calculated using the spherical variance S of the vectors 

[42]. The spherical variance of a set of vectors V„ is defined by 

5 = 1 -
Ei iv„ ir  

(4.11) 

The range of values varies from 0 to 1 depending on the amount of correlation 

present in the orientation of the vectors, with a value of 1 being the result of a 

completely random set. and a value of 0 resulting from identical vectors. 

The amoimt of angular reconstruction error is proportional to the size or scale 

of the volume to be modeled using a single phase portrait. Consequently, smaller 

scale models result in smaller reconstruction errors, albeit at lower compression 

ratios. 

4.4 Sensitivity of Phase Portrait Estimation to Additive 
Noise 

Since the linear phase portraits are created by neglecting the higher order terms of 

the Taylor series expansion (2.1), it is expected that the representation attempts to 

fit a continuous linear model to the data. In the situation when the original data is 

corrupted by additive noise, the reconstructed vector field is robust and reduces the 

amount of noise. This reduction is achieved only if the additive noise is spatially 

uncorrelated. 
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To demonstrate the reduction of additive noise by phase portrait estimation it 

is necessary to create a signal in the form of a random phase portrait. A signal 

micorrupted by noise is initially generated from a random phase portrait created 

by selecting the nine A coefficients A^ of (2.4) from a uniform distribution. The 

phase portrait can be expanded into a vector field and corrupted with noise. To 

add random angle noise to a vector field the following procedure was used. First 

two components njand n^^of a noise vector n =nxi + nj + UzV. are generated at 

random from the uniform set [-1,1]. The third component, calculated from the 

inner product relation r • n = 0 to assure that the random vector is perpendicular 

to the original vector r. This procedure is performed for each vector in the original 

vector field. 

Once a perpendicular random vector field has been generated the signal is de

graded with the noise such that the angular deviation of the original vector in the 

random direction is a constant 9. Additionally, the new vector length is scaled to 

the original vector length. In this manner angle noise can be added to a pure signal. 

The next step in this process is to determine the amount which n must be scaled 

to achieve an angular deviation of 6. Applying the tangent relationship for a right 

triangle, n is modified by a constant scalar 

to form the scaled noise perturbation ". Adding the perturbation to the original 

signal results in 

where f is correctly displaced by a constant angle 0 in a random direction relative 

to r. However, the magnitude has been increased to 

The original premise of adding angular noise assumed that the magnitude of the 

vector field would remain constant. The final corrupted signal vector field is created 

(4.13) 

(4.14) 
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Figure 4.1: The sensitivity of linetu: cuad nonUnear phiise portrait estimation as 
a fimction of additive angular error. The mean linear phase portrait estimation 
shown in blue along with the standiurd deviation of 200 rccilizations is shown to be 
less sensitive than the corresponding nonlinear estimation process. 

by normalizing f and scaling it to the original length 

, f |r| {r + n|r| tan(9} n, • \ \ • n (i 
f = 177 |r| = — , —^ = rcos0+n |r| sm0 (4.15) 

Ifl 
rl"^ -f 

thus correcting the magnitude deviation. 

The vector fields with the additive noise component are subject to phase por

trait estimation. Since phase portraits fit a smoothed response it is expected that 

the additive noise should be reduced by the estimation process. Using a sample size 

of 200 random phase portraits, from the compressible and incompressible data sets 

uitroduced in section 1.4.1, for every value of additive angular noise it is possible 

to determine the amoimt of noise reduction by examining the amount of recon

struction error as a function of the additive noise. Figure 4.1 demonstrates the 

mean reconstruction angular error for both linear and nonlinear phase portrait es-
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linear phase portrait 

nonlinear phase portrait 

Figure 4.2: Phase portrait representation demonstrates noise insensitivity by cre
ating reconstructions with very small amomits of angular error when the signal to 
noise ratio is greater than 2. The original signal is corrupted by additive white 
vector noise. 

timation. Included along with the mean values are the standard deviations of the 

200 realizations. The linear estimation process is more robust then the nonlinear 

estimation process although both show insensitivity to additive angle noise. For 

angle noise up to 0.4 radians the reconstruction error is less than 0.05 radians, and 

in the case of extreme input noise with a mean value of 1 radian phase portrait 

estimation yielded 0.12 radians and 0.17 radians using linear and nonlinear phase 

portraits respectively. 

The angular noise described previously deviates the angle of the flow field in 

random directions while maintaining the original vector length. It is useful to 

consider a second source of vector noise comprised of completely random vectors 

that have both variable orientations and magnitudes. The signal to noise ratio is 

an appropriate metric when combining white vector noise with the original phase 
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portrait. The signal to noise ratio is determined by examining the total power 

present in the original signal relative to the total noise power. Again performing 

a statistical analysis using a sample size of 200 phase portraits for each value of 

signal to noise ratio it is possible to determine the mean reconstructed angiilar error 

along with the standard deviations of the experimental outcomes. The mean and 

standard deviation of the error is shown in Figs. 4.2 and 4.3 for SNR in the range 

of 2-10 and 0-2 respectively. In these two figures Unear phase portrait estimation 

again out performs the nonUnear process. This is expected since the nonlinear phase 

portrait models have additional degrees of freedom and are capable of reconstructing 

higher frequency vector field components. In the range of 0 - 2 the amount of 

reconstruction error is very high due to the small signal level relative to the noise 

level. However, the greater the signal to noise ratio the better noise rejection is 

possible. Even at a signal to noise ratio of 2 the linear phase portrait estimation 

yields a modest 0.04 radians and the nonlinear estimation process produces a value 

of 0.06 radians. 

In both experiments with a constant amount of additive angle noise and those 

using the signal to noise ratio, Unear estimation shows less sensitivity to additive 

noise than when nonlinear estimation is used. For most values of noise the phase 

portrait estimation process was able to reduce the additive noise by an order of 

magnitude. These tests were performed using a phase portrait block size of L = 10. 

Obviously, the larger or the block size the less ser^sitive the experiment to noise. 

The larger the phase portrait block size the more signal data is available for the 

singxilar value decomposition estimation process. Repeating the first experiment, 

additive angular noise is used to corrupt original vector fields while the block size L 

is varied. Figures 4.4 and 4.5 show this variation for linear and nonlinear estimation. 

As expected smaller block sizes lead to greater sensitivity to additive noise. The 

block size with L = A contains 64 signal vectors to generate phase portrait from. 

In contrast, a larger block size of L = 10 contains 1000 signal vectors. This is a 

fimdamental trade-off of block size. In representing a three dimensional flow field, 

smaller block sizes lead to greater fidelity, smaller compression and decreased noise 
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Figure 4.3: As the signal to noise ratio falls below 0.5 the amoimt of reconstruction 
error increases exponentiiilly. The original signal is corrupted by additive white 
vector noise. 

rejection. Using a larger block size reduces the reconstruction fidehty but increases 

compression and insensitivity to noise. 

4.5 Summary 

Two methods for reconstructing a vector field from its component phase portraits 

are possible, depending on the complexity of the flow and its boundary behav

ior. The first method uses a weighted superposition of phase portraits surrounding 

internal critical points to reconstruct vector fields consisting of non-turbulent, con

tinuous flow and containing a finite number of spatially isolated critical points. An 

estimate of the original vector field may be calculated at each voxel location by 

the superposition of the individual phase portrait contributions, provided that fun

damental assumptions regarding the smoothness of the vector field are valid. The 
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Figure 4.4: Additive vector noise is reduced in linecU- phcise portrait modeling by 
increasing the blocksize L. As tlie blocksize is decreased the number of equations 
used in parameter modeling is decrecised. which then reduces the models' ability to 
reject the noise. 

vector field behavior in the local regions surrounding the included critical points 

is primarily a fimction of a single phase portrait. This phase portrait provides an 

accurate estimate of the original field in this local region. However, extrapolating 

global trajectories further from the critical points is more difficult since the assump

tion of linear fit becomes weaker. This superposition method provides an estimate 

which is accurate for simple vector fields and may be improved upon by increasing 

the order of the phase portrait model to include nonlinear terms. 

The second method presented improves the modeling of trajectories distinct 

from the internal critical points. While decomposing the flow field based on the 

local behavior of the included critical points is an accurate description of the local 

behavior surrounding those points, it does not in general provide a unique de

scription of the global field trajectories. A discontinuoios block-processing method 

is used for vector fields that violate the necessary assumptions for superposition 



92 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0 

4 nonlinear L=4 

• nonlinear L=6 iv-.- -• ' .'Tf 

• nonlinear L=8 

• nonlinear L=10 

• nonlinear L=8 

• nonlinear L=10 

-

.i'. 

•'•V 

4*^ 

0.2 0.4 0.6 0.8 

Additive Angular Error (rad) 

1.2 

Figure 4.5: The raonhriear phase portraits show the sarne trends with respect to 
noise rejection and phase portrait blocksize as the Uneiu: phase portraits. However, 
the nonlinear phase portrait cannot reject the noise as effectively. Each block size 
shows increased reconstruction noise relative to the linear models. 

bcised reconstruction. Imposing a regular partition on the original data and using 

a discontinuous phase portrait models creates smaller, more coherent vector field 

segments, and no extrapolation is required. The data volume is partitioned into 

subregions by multiplying the original volume by a scaled and translated binary 

window function. Each subvolume may be rewritten as sets of simultaneous 

coupled equations, and is then modeled by a unique phase portrait. 

The insensitivity to additive white angle noise is then studied for these two 

methods. When the original data is corrupted by the addition of spatially imcorre-

lated angle noise, the reconstructed vector field is robust and reduces the amount 

of noise. For the two procedures, the linear estimation process is more robust than 

the nonlinear estimation process, although both show an insensitivity to additive 

angle noise. Adding angle noise of 0.4 radians yields a reconstruction error of less 
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than 0.05 radians, and in the case of extreme input noise with a mean value of 1 

radian, phase portrait estimation yielded 0.12 radians and 0.17 radians using linear 

and nonlinear phase portraits respectively. 

In addition to being insensitive to angle noise, the superposition and partitioned 

processing methods reject additive white noise with random orientations and mag

nitudes. Examining the reconstructions in terms of signal to noise energy-, linear 

phase portrait estimation again outperforms the nonlinear process. Signal to noise 

ratios in the range of 0 - 2 cause high amoimts of error due to the small signal 

level relative to the noise level. However, the greater the signal to noise ratio, the 

better noise rejection is possible. Even at a signal to noise ratio of 2. the Unear 

phase portrait estimation yields a modest 0.04 radians and the nonlinear estimation 

process produces a value of 0.06 radians. These figiires are based on a phase por

trait estimation size oi L = 10. Smaller block sizes lead to greater fidelity, smaller 

compression and decreased noise rejection, while using larger block sizes reduces 

the reconstruction fideUty, but increases compression and insensitivity to noise. 

Using the Unear and nonlinear phase portrait models which were introduced in 

Chapters 2 and 3, weighted linear superposition and partition based analysis and 

reconstruction are applied to vector field analysis, compression and reconstruction. 

Digital video scene and shot segmentation uses an implementation where parti

tioned phase portraits are employed to generate a forward and backward firame in 

the video sequence. These phase portrait extrapolations are compared with the 

actual modeled frames to create a likelihood of scene transitions. 
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CHAPTER 5 

PHASE PORTRAIT IMPLEMENTATIONS FOR DATA 
COMPRESSION 

Decomposing and reconstructing a vector field as a weighted superposition of 

the included critical points and their associated phase portraits offer some benefits 

that are not present in the partition and block process method. VVhen the phase 

portrait estimation is performed in a windowed sub-region V'(x, t,L) created using 

(4.4) and centered on an included critical point the resulting phase portrait very 

accurately describes the behavior in that region. The eigenvalues of the block reflect 

the behavior surrounding the critical points and the flow may be classified into one 

of the seven individual portrait types from section 2.3. 

It is exactly the decomposition of a field into the included critical points and 

phase portraits that is useful in visualizing the dynamics of the flow behavior. 

Visualizing a block is possible once A and b are calculated surrounding the critical 

point. In situations where the critical point behavior is paramount this type of 

representation is more descriptive of the flow. Additionally, the classification of 

the critical point is more robust than in the partition method since partitions are 

placed without regard to the topology of the included critical points. 

However, a weakness of any method based on the inclusion of critical points is 

its inability to decompose and reconstruct fields that are devoid of critical points. A 

critical point or a singular point is by definition where the vector field magnitude is 

zero and the field coherency tends to zero while the spherical variance [42] tends to 

be a maximum. A subset of the set of all possible vector fields contains fields where 

the flow does not contain detectable critical points. In these flows, the streamlines 

may interact in a nonlinear manner. Whereas a critical point has a dimension 

of zero, critical lines or critical sheets with dimensions of 2 or 3 respectively that 
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Figure 5.1: Two flow fields that show identical critical point behavior in the 
bounded region. The vector field behavior of the left and right vector fields differ 
in the upper right hand corner due to the presence of an excluded critical point 
outside of the bounded region. 

exhibit the properties of tm isolated point are possible. In addition, nonhnear 

phase portriiits may be associated with critical points that are strange attractors 

and have fractal dimensions [28|. Superposition is not a viable technique under 

these conditions. 

Other circumstances may occur which also adversely affect a reconstruction 

based on a linear weighted superposition. Linear superposition is based on the as-

smnption that the phase portrait local behaviors may be extrapolated to generate 

global behavior. However, it is possible for several different nonlinear global behav

iors to exhibit similar critical points and local behaviors. Although the strength 

estimates will minimize the reconstruction error by weighting phase portraits sep

arately, accm-ate global behavior is difficult to achieve[29]. 

The global behavior may be further complicated by the existence of extraneous 

critical points that are excluded from the vector field yet affect the original flow 

dynamics. Since such critical points are not present in the decomposed vector field 

their contribution must be accounted for. The included example illustrates how 

excluded critical points may alter the qualitative behavior of the flow field. The 
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behavior in the upper right comer of the field in Fig. 5.1 is altered by the presence 

of an additional excluded critical point not present in the first flow field frame. 

The linear superposition used to reconstruct the electromagnetic model uses an 

average vector as a contributing vector in an attempt to correct for the excluded 

contributions. The average vector is a crude estimate of the complex behavior 

that affects and modifies the global behavior yet does not alter the local behavior 

significantly. Many of the limitations of the weighted linear superposition method 

are corrected by using a partitioned vector space reconstruction. 

Three assimiptions imderlie the Unear superposition method of field reconstruc

tion. Fu-st, the flow must be smoothly varying so that it can be sufficiently sampled 

to accurately capture the qualitative nature of the critical points. Second the global 

dynamics of the flow must consist of a linear combination of the included phase 

portraits. The final assimiption is that the global field behavior is not strongly 

affected by critical points occurring outside boundaries of the given vector field. 

While it has been shown that reconstruction is possible within the limitations of 

these assimiptions, partitioning the original array V(x) and block processing the 

sub-regions V'(x, t.L) removes the latter two restrictions. By operating without 

these assumptions the method may represent a greater share of the set of all vector 

fields. 

Block processing of the data corrects the shortcomings of the Unear superpo

sition reconstruction method. After the region V(x) has been partitioned then 

each partitioned subvolume V'(x,t,L) is transformed into a phase portrait seg

ment b(x,t,L)}- This resulting segment represents a transformation of the 

qualitative behavior to a linear coupled set of differential equations and provides 

the smallest residue of the overdetermined set of equations generated by sampling 

the field within V'(x,t,L). The phase portrait segment is used exclusively to re

construct the vector field within V'(x, t,L). Herein Ues the correction for the short

comings of the above mentioned assumptions. Since the phase portrait segment was 

calculated from the elements of that subvolume and in turn is used to reconstruct 

that subvolume no extrapolation is required during the reconstruction. 
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It is not required that the included phase portraits combine in a weighted linear 

fashion because each subvolume of V(x) is modeled separately. Each partitioned 

block is modeled separately and the resulting portrait segments represent the mini-

mmn least squares error possible with Unear models. Therefore, the reconstruction 

error is a measure of the correctness of the fit between the linear phase portrait 

models and the vector data themselves. Not only does this method account for 

a nonlinear combination of linear phase portraits but also for excluded critical 

points. Since the models are based simply on the vector information included in 

V'(x, t,Z/), no distinction is made between effects from critical points inside the 

region and those outside the region. The linear superposition method extrapolates 

the vector field away from the included critical points based on the strengths of 

those phase portraits. This method contains no provision for a significant phase 

portrait outside of the region which changes the system dynamics. 

Representing a vector field by a linear phase portrait model does require the 

vector field to vary smootlily. This restriction removes inhomogeneous vectors from 

V(x). Since the phase portrait is estimated from an overdetermined set of equa

tions (A.25), singular voxel errors are smoothed if the remaining voxels indicate a 

coherent flow pattern. Moreover, as shown in section 4.4 the process of decompos

ing the region into its phase portrait segment reduces the amoimt of additive white 

angular noise and white vector noise by an order of magnitude. 

There are associated disadvantages of partitioned block proc^ing. For exam

ple, decomposition of the vector field into the partitioned phase portrait segments 

is premised by the ability to model the fiow by a linear set of coupled differential 

equations. In situations where the subset being modeled does not fall into this 

category then accurate modeUng is not possible and the phase portrait segment 

yields a mean angtilar error which is not consistent with the other blocks. To cor

rect for this error the order of the model must be increased and nonlinear phase 

portraits employed or the block must further be partitioned imtil it can be accu

rately modeled by linear phase portraits. Both solutions result in a reduction in 

the compression of that particular block. 
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Figure 5.2: The difference in the spherical variance between the original and recon
structed fields. Higher amounts of discontinuity appear as strips or bands which 
match the periodicity of the partition. 

Another disadvantage is the "blocking effect" artifact generated by partitioning 

the region into V'(x.t.Z,) and reconstructing the individual regions firora {A(x.t.i:), 

b(x.t,i:)} wthout smoothing from one reconstructed region to the next. The block

ing effect may be described as a rectangular region which visually or mathemat

ically differs from non-overlapping neighboring rectangular regions as a result of 

partitioning, processing, and quantizing. These artifacts are present in high com

pression JPEG reconstruction or from resampling using a nearest neighbor inter

polation. Reconstruction of non overlapping regions from phase portraits segments 

do not provide smooth transitions across subvolume boundaries. Figure 5.2 shows 

the difference in the spherical variance between the original vector field and the 

reconstructed vector field for data set II using a phase portrait estimation size of 

L = 5. The spherical variance of a vector field changes throughout the field and is 

a function of the coherency of each neighborhood. Changes in the spherical vari

ance from the original to the reconstructed are indicative of discontinuity across 
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partition boundaries. 

It can be seen that there is a difference between the reconstructed field and 

the original field along planes which match the periodicity of the partitioned sub-

regions. This weakness may be avoided by the use of overlapping regions or by an 

interpolation or blending function. Figure 5.2 demonstrates the discontinuity across 

partitions. The difference in the spherical variance gives a striate appearance that 

matches the blocking partition. The spherical variance difference is of the order 

0.001 and higher amounts of error appear as the darker bands. 

5.1 Reconstruction Error Variation 

Partitioning the original vector field V{x) into the non-overlapping cubes V'(x, t,L) 

of voxels affects the amount of angular reconstruction error. Larger cubes result 

in higher amounts of data compression, and higher error. The absolute error in 

a partitioned reconstruction remains ultimately a function of the topology of the 

vector field. 

Error is also caused by blocks with low coherency, that is, blocks with complex 

dynamic behavior. These cases are a violation of the smoothness assumption in

herent in linear phase portrait modeling. Incoherent or fundamentally nonhnear 

behavior cannot be modeled with linear phase portraits without some residual er

ror. Additionally, an arbitrary partition may enclose more then a single critical 

point. Partitions that contain multiple critical points or dynamics that depend on 

multiple critical points are not modeled as accurately as blocks which are more 

homogeneous. 

Calculation of the linear phase portrait coefficients depends on solving the 

overdetermined set of equations (A.25) created by sampling within the partition. 

The solution set represents the minimum least square error. While the coefficients 

provide the best compromise to the different equations and their corresponding 

vectors it will impose a smooth solution. 
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Figure 5.3: Angular error histograms of the partitioned block processing of Data 
Sets 1-3 using block sizes L=4-8. The reconstructions have unique minimum re
construction errors that are data topology dependent. Each data distribution is 
approximately Raleigh with long positive tails and corresponding large positive 
values of skew. 



101 

Figure 5.4: The cumulative density functions of the linear partitioned block process
ing demonstrates that the majority of blocks are modeled by a small amount of 
angular reconstruction error. This trend appears for all three data sets and at each 
block partition size. 
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5.2 Octave Tree Decomposition 

Common sense dictates that partitioning the vector field without regard to the 

topology will cause the reconstruction fidelity to varying greatly from block to 

block. Regardless of the size of partitioning imposed over the region there will exist 

a distribution of angular error within the subvolumes. Some partitioned blocks will 

be modeled very precisely using linear phase portraits and other blocks may demon

strate an increase in the residual error. Experimentally this is verified by examining 

the histograms of the block wise reconstructions. This analysis is performed for the 

three data sets previously reconstructed using partitioned block processing. The 

results are presented as histograms of the angular error for the different block sizes 

in Fig. 5.3. 

There are several similarities in the angiilar error histograms for the three differ

ent data sets. Most notably, the data tends to have a Raleigh shaped distribution 

where the majority of values are clustered close to the minimum value. The dis

tributions also have the characteristic long tails at higher values of error caused 

by subvolumes that are poorly modeled by the linear phase portraits. Examining 

the cumulative density functions of the reconstruction error in Fig. 5.4 shows that 

sixty percent of the blocks are modeled near their minimum reconstruction errors 

before the curves begin to show saturation. Due to the large clustering of values 

near the minimum reconstruction error value the mean for each block size is slightly 

greater then the minimum values. In this respect, the long tails of the histograms 

distributions represent subvolumes that are greater then one standard deviation 

from the mean. Relevant statistical values are presented in Table 5.1. Other sig

nificant trends include the increase in both the minimum reconstruction and the 

mean reconstruction error value as the block size L is increased. 

In addition to the low minimum values and associated low means for the data 

sets, the histograms all contain a fairly large value of skew. The skew of the 

distribution characterizes the degree of asynmietry about the mean. The large 

positive values of skew indicates distributions with an asynametric tail extending to 
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Data Set 1 L mean std dev min skew 
4 0.025 0.038 0.0022 4.094 
5 0.037 0.046 0.0035 2.811 
6 0.052 0.060 0.0055 2.273 
7 0.073 0.079 0.0084 1.746 
8 0.088 0.099 0.0132 1.809 

Data Set 2 
4 0.016 0.005 0.0074 2.485 
5 0.019 0.007 0.0103 1.569 
6 0.023 0.008 0.0129 1.333 
7 0.026 0.008 0.0158 1.573 
8 0.029 0.011 0.0184 1.873 

Data Set 3 
4 0.354 0.141 0.164 1.297 
5 0.326 0.118 0.136 0.818 
6 0.337 0.093 0.201 0.310 
7 0.381 0.085 0.229 0.365 
8 0.364 0.107 0.217 0.510 

Table 5.1; Statistical data of partitioned phase portrait blocks demonstrates large 
values of positive skew. The variation present in partitioned blocks support an 
octave-tree decomposition. 

more positive values. The blocks that have high errors and are outliers of the density 

function are not correctly modeled. These blocks should either be re-partitioned 

into a smaller size or should be modeled using nonUnear phase portraits. 

5.2.1 Linear Octave-Tree Implementation 

Since the reconstruction error of a given block depends on the amoimt of nonlin-

earity present in the local vector field, and also on the complexity and relative 

smoothness of the data, a scheme is used that benefits from the large compression 

found by increasing L and the fidelity improvement found in reducing L. The tails 

of the angular error histograms correspond to blocks that are not well modeled 

by linear phase portraits. These blocks must be either re-partitioned into smaller 

subvolimies or else modeled using nonlinear phase portraits. 
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The distribution of angular error is shown in the previous section to demonstrate 

the feasibility of a variable block size implementation. It is advantageous to model 

regions of homogenous, slowly varying linear flow using larger blocks. However, 

not all regions can be modeled accurately by a particular block size. Subvolume 

reconstructions V'(x, t,L) of scale L that exhibit a high reconstruction error must 

be partitioned and modeled by smaller subregions. Using the three dimensional 

cube function defined in (4.3) of scale L' the smaller subregion is defined by sampUng 

V(x) such that  the  se t  of  cube{^)  fu l ly  descr ibes  the  region cu6e(^)  wi th  L'  < L.  

An implementation based on cubic regions of size L = 2" is adopted, giving the 

window fionction 

(n = 0.1.2,3, . . . ) .  (5.1)  

This windowing function is applied to the complete data volume V(x) to select a 

block of data in a manner analogous to (4.4) 

S(x,t,I,)=V(x)cu6e(^) , (5.2) 

the sampled data being decomposed into a phase portrait model as previously 

described. This octave-tree implementation generates phase portrait models of size 

2" X 2" X 2". Assuming that a phase portrait model of size n = 3 (consisting of 

Ndata = 512 voxels) yields a reconstruction error 

\ 
" > fir (5.3) 
Ndata 

which exceeds a user specified error Cr, then the order of the block must be decre

mented to a lower order n' = n — I and eight subregions Y{x)cube (^) must be 

used to describe the space V(x)cu6e such that 

V(x)cw6e^^^ = Y. V(x)cw6e 
X —t'  ̂ a ,  6,c,2"') 

¥' 
(5.4) 

a,6,c=:0 

The decomposition of a single scale block into eight subregions at smaller scales 

provides the premise of the octave-tree implementation. 
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5.2.2 Similarity Metrics and Merge Algorithms 

The topology of a vector field may be such that it camiot be represented by a phase 

portrait model of order n. The octave tree decomposition method segments this 

subvolume into eight smaller subvolumes of decimated order. It is possible that a 

smaller subset of the eight subvolumes contains vector fields that are homogeneous 

enough to be modeled by the original order n even if the remaining subvoliunes 

cannot. The decomposition of the original order to the decimated order should be 

followed by a merge algorithm that identifies subvolimies that are similar enough to 

be described with the original order. This procedure allows a small inhomogeneous 

vector field region to be described using the reduced order without retaining needless 

phase portrait coefficients. 

Individual phase portraits are determined to be similar if one phase portrait 

AiX + bi can be extrapolated into the region of the second phase portrait A2X + b2 

while still satisfying the requirement that the reconstruction error be less than 

the user defined threshold. Assuming AiX + bi can be extrapolated and provide 

identical results to a second phase portrait A^x + ba then the vector fields will be 

identical 

Ai (x-j-c)  + bi  = A2X + bs,  (5.5)  

where c is a constant vector that describes the displacement from the origin of Ai 

to the origin of A2. Expanding this expression yields 

AiX -  A2X + Ajc + bi  -  b2 = 0.  (5.6)  

This identity contains only a single variable x, all other vectors and matrices being 

predetermined. Grouping together the constants in the equation and the matrix 

that describes the dependence on position 

{Ai-A2}x + {AiC + bi-b2}=0,  (5.7)  

the final result is written in the form of the standard linear phase portrait 
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+ b' = 0. (5.8) 

The vector that results from this equation has two components. The first compo

nent describes the spatial variation of the phase portrait and is comprised of 

the difference between Ai and A2. Since the position x is not restricted to other 

than being normegative definite by convention this requires that ^ be identically 

equal to zero for identical phase portraits. Since there is in general a difference 

in the two phase portraits the equality is not met. The condition in 5.8 will be 

minimized using the triangle inequality 

0 = l^x + b'll < ||4'x|| 4-||b'||, (5.9) 

to separate the spatially varying component from the constant vector. This measure 

of similarity is greater in magnitude then the original, and only in the case where 

the two vector components are colinear-linear will equaUty hold. Similarity between 

two phase portraits is determined by minimizing the individual components 

min||4'x|| = min ||Ai - A2IIX (5.10) 

mm = min ||AiC + bi - b2||. 

In the extreme case where the phase portraits themselves are identical yet shifted 

the spatially varying component will be identically equal to zero. 

One final measure of similarity is achieved by first reshaping the 3 x 3 A 

matrix into a 12 x 1 vector 

a = [  i 4 i i  Ai2 ^13 ^21 -^22 -^23 -^31 -^32 ^33 ]^- (5-11) 

In this form (4.11) can be used to determine the amount of similarity present in a 

set of {aj. This means of determining similarity in a large set of phase portraits 

will have application in Chapter 8 where biological tissue classification is discussed. 

5.2.3 Nonlinear Octave Tree Implementation 

Phase portrait models are computed using linear first order (eq2.3) and nonlinear 

second order (3.4) phase portrait models. Larger order models are conceivable yet 
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Coefficient Reduction 

Figure 5.5: Compiurison of the compression vs angular error properties of linear and 
nonlinear phase portrait models. 

result in enormous numbers of coefficients and thus provide only a marginal increase 

in representation fidehty at the cost of a severe increase in model complexity and 

decrease in coefficient compression. 

The trade-off between compression and angular error realized using Unear 

and nonhnear phase portrait models is presented in Fig 5.5. This plot compares 

the amount of angular reconstruction error as a function of coefficient compression 

for block partitioned processing using hnear first order and nonlinear second order 

phase portraits. Clearly, a nonhnear model (shown as points) cannot achieve the 

same amount of compression as the linear model. The benefit of the nonlinear 

phase portrait is that for a given block size (ra 6 Z'^) the resulting reconstruction 

error £ is lower, as seen in Fig. 5.6. 

The reduction in angular error for a given phase portrait model order suggests 

a linear/nonlinear phase portrait implementation. Modehng begins with larger or

der i.e. n = 3. First, a Unear model is attempted and the reconstruction error 
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Figure 5.6: The angular error present after compressing the vector field using a 
fixed block size for linear and nonlinetu: models. 

compared with the user defined error threshold Should the linear model accu

rately represent the data V(x) within the prescribed error, the model is retained. If 

the linear phase portrait fails to meet the error threshold, a nonlinear model of order 

n. = 3 is computed. In the event that the nonlinear model of order 3 corresponding 

to an 8 X 8 X 8 model at a coefficient reduction of 50:1 is still insufficient to resolve 

the data, then the order is reduced to an order 2 and eight smaller models are used 

to cover the 3D volume. The process is repeated on the smaller eight subvolumes; 

first Unear and then nonlinear phase portraits are used to model the subvolumes. 

If the reconstruction error remains above the threshold for both models the order 

is again reduced and the process repeated. 

In this manner the representation is applied to the data volume using the 

largest order models possible, both linear and nonlinear, without compromising the 

user defined error threshold. 

The improvement in the nonlinear octave tree decomposition algorithm is to 
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follow the decomposition steps with a merging algorithm. Using the similarity 

metrics (5.10) partitioned sub-blocks are compared for their amount of sunilarity. 

Phase portrait models that can be extrapolated to describe a neighboring subvolume 

are merged to increase the amount of coefficient reduction while still maintaining 

the error threshold. 

5.2.4 Octave Tree Results 

The standard block processing method described in Section 4.2 operates by im

posing a regular partition boundary on the original data volume and converting 

each block into a linear or nonlinear phase portrait model. The model effectively 

reduces the amount of correlation present by encoding the dependency and rela

tionships that exist between the vector data and the spatial basis, thus allowing a 

more efficient representation. 

The linear octave-tree implementation is an improvement over the standard 

block processing method in that the user may specify the maximum amount of 

acceptable loss. Homogeneous subregions are modeled with a larger scale model and 

local complex regions are modeled using a small scale phase portrait. For a linear 

octave-tree, the coefficient reduction ranges from 2:1 at an angular reconstruction 

error of 0.01 radians up to 110:1 at an error of 0.052 radians. The variation in 

coefficient compression is shown in Fig. 5.7 for the linear and nonlinear octave tree 

algorithms. This diagram is generated by selecting random 16 x 16 x 16 sections 

from a database containing volumetric data fields of varying topology and modelling 

each random selection with both a linear and nonlinear octave tree decomposition. 

The Unear results are presented in yellow while the nonlinear results are in red. Due 

to the variety of field topologies the range of coefficient reduction can vary greatly. 

For example, using an error threshold of 0.06 radians the coefficient reduction can 

range from 1.05:1 to 400:1 for linear and nonlinear models respectively. 

Nonlinear models unprove the coefficient compression of the linear octave-

tree at a particular angular error. Coefficient reduction achieved is 80:1 at an 

angular reconstruction error of 0.03 radians. While the nonlineiu: model cannot 
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Figure 5.7: Compression achieveable using linear and nonlinear oct-tree implemen-
t at ions. 

match the compression available by the linear model, the resulting compression is 

higher than would have been achieved by reducing the modeling scale. The low 

error threshold performance of the nonlinear model closely approximates the linear 

method: however at higher thresholds the nonlinear model does in general boost 

the compression factor. The improvement in compression between the linear and 

nonlinear octave tree algorithms is graphed as a scattergram in Fig. 5.8 where the 

boundaries of the improvement are approximately logarithmic. 

The nonlinear octave tree decomposition along with the subsequent merg

ing algorithm offers an additional improvement over the standard nonlinear octave 

algorithm. The coefficient reduction improvement is smaller then that observed 

between the linear and nonlinear implementations. Whereas the nonlinear algo

rithm could improve the compression up to 200:1, adding the merging algorithm 
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Figure 5.8: The improvement in coefficient compression of the nonlinear octave 
tree decomposition over the lineiir implementations. The data varies due to the 
random selection of data set field topologies and is meant to demonstrate the range 
of improvement possible. 

can improve the compression an additional 40:1 as seen in Fig. 5.9. Although the 

improvement shown using the merging cilgorithm still contains a large variance it 

has a more predictable outcome then the nonlinear improvement as demonstrated 

by its narrower width at each value of allowable error. 

5.3 Continuous Coefficient Phase Portrait Models 

It was previously assumed in section 4.2 that the lattice spacing M and the win

dow cube scale L were identical (A/ = L) by convention. Relaxing this requirement, 

M ^ L, the translation differs from the window scale and phase portrait represen

tations can be calculated with various amounts of overlap. In particular, a constant 
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Figure 5.9: The addition of a subsequent merging algoritiim onto the nonlinear 
octave tree decomposition improves the coefficient compression up to 40:1. 

value of M = 1 allows for a continuous phase portrait model to be generated. The 

term "continuous" is used to signify that a unique phase portrait model is created at 

each voxel location, tis opposed to the case where non-overlapping block processing 

is used. The subvolume in this continuous Ciise is 

'x - (ai -f- 6j + ck) 
V'(x, t'. L) = V (x) cube (5.12) 

As in the non-overlapping block implementation, each translation generates a phase 

portrait model A(t ' ,Z. )  and b(t / ) .  The linear phase portrait model of (2.4) can 

be rewritten in a single matrix form bv introducing a modified position vector 
lT 

X' = X y z I , The new representation for the vector field is 

V(x',t',L) = 

Aii(tM) Auit'.L) Anit'.L) 6i(t') 

- ^ 2 1  ( f .  L )  A 2 2  ( f ,  L )  A 2 3  ( f .  L )  6 2  ( f )  

•^31 (f, L) A32 (f, L) >133 (f. L) 63 (t') 

X, (5.13) 
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where A has been augmented by b. The vector field V (x) is described using the 

set of models {A(t',L)} where the underlying phase portrait dependence on the 

vector X is assumed. If the translation vector parameter M is equal to one, then a 

unique phase portrait is available at each voxel such that 

The set of phase portrait models {A(t',L)} consists of twelve coefficients, 

each of which is a function of the translation vector t'. Conceptually these twelve 

parameters may be thought of as a set of twelve independent scalar volumetric 

fields that exist in the domain of the original vector field V (x). The benefit of 

treating each of the parameters independently is that for a particular coefficient 

the volumetric scalar values are highly correlated and slowly varying. An example 

of a phase portrait modeling coefficient is shown in Fig. 5.10. This data corresponds 

to a two dimensional slice of the volmnetric scalar field. 

Two transformations are used to compress the twelve scalar fields, the dis

crete cosine transform, and the wavelet transform. The extension of the discrete 

cosine transform into the three dimensional discrete cosine transform (3DDCT) is 

performed by taking the cartesian product of the one dimensional basis vectors. 

The scalar fields are projected onto the 3DDCT scalar basis fields using an irmer 

product operation. It is also possible to decompose a three dimensional scalar func

tion using a wavelet transform. A three dimensional wavelet transform (3DWav) 

is implemented which decomposes the original signal into eight components (LLL, 

LLH, LHL, LHH, HLL, HLH, HHL, HHH) by convolving the signal with perfect 

reconstruction paraunitary scaling and wavelet functions at each octave [6] 

V (x,t,L) = A(t,L)x. (5.14) 

T 
^29(1) = 0.3326 0.8069 0.4599 -0.135 -0.085 0.035 (5.15) 

T 
\/2g{l) = 0.035 -0.085 -0.135 0.4599 0.8069 0.3326 

T 
V2h{l) = 0.035 0.085 -0.135 -0.4599 0.8069 -0.3326 

T 
>/2h{l) = -0.3326 0.8069 -0.4599 -0.135 0.085 0.035 
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Figure 5.10: Two dimensional slice of arbitrary volumetric scalar field top: original 
scalar slice top-middle: reconstruction of scalar field retaining 100 terms of 3DDCT 
bottom-middle: reconstruction of scalar field retaining 50 terms of 3DDCT bottom: 
reconstruction of scalar field retaining 25 terms. 
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Compression 

Figure 5.11: Angular reconstruction error tis a function of compression factor for 
different subvolume sizes using 3DDCT. 

where g { l )  is the lowpass filter and f i { l )  is the highpass filter. With these methods 

it is possible to generate a detailed continuous phase portrait model for each voxel 

in the original vector field V (x) using a Umited number of retained transform 

coefficients. 

Reconstruction of the original vector field is performed using the continuous 

phase portrait model. At each voxel location the twelve scalar volumetric fields are 

sampled and an estimate of the original vector field is calculated 

'  Anit ' .L)  i i2( t ' .L)  Ai3(t ' ,L)  6 i ( t ' ) '  

V(x')= A2i(t',L) A22it',L) A23{t',L) kit') x'. (5.16) 

_i3i( tM) A ,2{t \L)  A , s{t \L)  63 ( f )  

The continuous nature of the phase portrait model eliminates any discontinuity 

that would exist across a partition boundary as well as providing an accurate phase 

portrait at each voxel. 
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Figiire 5.12: Angular error as a function of the number of 3DDCT coefficients used 
in the scalar field reconstruction for different subvolume sizes. 

5.3.1 Continuous Coefficient Phase Portrait Results 

Continuous phase portrait modehng was performed on an arbitrary 25 x 25 x 25 

velocity vector field. Figure 5.10 (top) contains a slice from an arbitrary scalar 

field; included in this figure are the scalar fields reconstructed from a limited set of 

3DDCT coefficients. Below the original are three subsequent reconstructions that 

correspond to 100. 50. and 25 retained terms, respectively. Each reconstruction 

shows a slightly greater amount of smoothing, which is expected due to the removal 

of the higher frequency components. However, it can be seen that the reconstruction 

from 25 terms contains much of the same information as the original yet at a 

compression of 156:1. 

The slowly varying nature of both the flow field and the resulting phase por

trait scalar fields allows the 3DDCT and the 3DWav transform to compress most 
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Figure 5.13: Angular reconstruction error iis a function of field compression using 
a three dimensional wavelet decomposition. The curves correspond to the number 
of octaves computed during the decomposition. 

of the signal energy into very few components. For the case of the 3DDCT, the 

projection of the sccilar field onto slowly varying cosine functions dominate over 

the higher frequency cosine functions. Similarly, in the 3DWav decomposition, the 

LLL component of each octave contains more energy then the other seven compo

nents. Wavelet decompositions cu:e performed sequentially on the LLL component 

of the previous octave, which results in a smaller number of LLL coefficients for 

each additional octave. It is then expected that a four octave decomposition would 

provide a better reconstruction than a two octave decomposition, given a limited 

number of retained coefficients. 

For the 3DDCT the achievable compression of the data volume is shown in Fig. 

5.11 and varies firom 2:1 up to 130:1. The compression data was generated using 

four values of the subvolume estimation scale L. It is obvious from Fig. 5.12 that 

small subvolume estimation sizes are beneficial for a high fidelity reconstruction 
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Figure 5.14: Aiigular reconstruction error as a function of the number of retained 
3DWav coefficients used in the scalar field reconstruction. The ciurves correspond 
to the number of octaves computed during the decomposition. 

at low compression rates. However, if the desired compression range is greater 

then 40:1 then larger subvolume estimation sizes provide a better reconstruction. 

For a large number of retained coefficients the amount of angular error reaches a 

lower asymptotic threshold which depends on L. This is caused by the smoothing 

inherent in the phase portrait models. Additional retained terms do not cause a 

significant improvement once these saturation levels are reached. 

It is expected that a larger number of octaves in the 3DWav decomposition 

will result in a lower amount of angular reconstruction error, Figs. 5.13 and 5.14 

show this behavior for a low number of retained coefficients corresponding to a 

higher amount of compression. However, in the situation where more of the wavelet 

coefiicients are retained, a higher fidelity estimate of the flow field is possible using 

fewer octaves. The inversely proportionality between angular error and retained 

terms for a small number of retained terms reverses itself for a larger number of 
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retained terms. In this region the relationship becomes directly proportional and 

lower amounts of reconstruction error result from calculating fewer octaves. 

5.4 Summary 

Using a linear partitioned based analysis and reconstruction procedure results in 

different subvolumes being modeled with varying amounts of fideUty depending on 

the subvolume topology. Some partitioned blocks will be modeled very precisely 

using linear phase portraits and other blocks may demonstrate an increase in the 

residual error. Therefore, a distribution of angular error exists which can be rep

resented as a histogram of the number of subvolumes modeled at each level of 

reconstruction error. This histogram has a Raleigh shaped distribution with the 

majority of values clustered close to the minimum value, characteristic long tails, 

and large values of positive skew. 

This histogram data supports an algorithm based on variable size phase por

traits. It is advantageous to model regions of homogenous, slowly varying linear 

flow using larger blocks. However, not all subvolumes can be modeled accurately 

by a particular block size and complex topological subvolumes must be partitioned 

and modeled by smaller subregions. The octave tree decomposition method seg

ments an original volume into eight smaller subvolumes. The decomposition of the 

original volinne to the subvolumes is followed by a merge algorithm that identifies 

subvolumes that are similar enough to be described with the original order. 

Another method to increase the reconstruction fidelity of a linear phase por

trait is to expand the model to include nonlinearity. Nonlinear phase portraits 

cannot achieve the same amount of compression as the linear model; however, for a 

given block size the resulting reconstruction error is lower. A linear and nonlinear 

phase portrait octave tree decomposition method is used where a linear model is 

first attempted. Provided that a reconstruction error threshold is not exceeded, 

the linear model is retained. Should the error threshold be exceeded, then a non

linear phase portrait model is attempted. In the event that the nonlinear model is 

still insufficient to resolve the data, eight smaller models are used to cover the 3D 
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volume. 

For the linear octave tree decomposition algorithm, the coefficient reduction 

ranges from 2:1 at an angiilar reconstruction error of 0.01 radians up to 110:1 at 

an error of 0.052 radians, the large range being caused by variations of field topolo

gies. Ebcpanding the algorithm to include nonlinear models improves the coefficient 

compression of the linear octave tree at a particular angular error. Coefficient re

duction achieved is 80:1 at an angular reconstruction error of 0.03 radians. The 

nonlinear octave tree decomposition, along with the subsequent merging algorithm 

offers an additional improvement over the standard nonlinear octave algorithm, and 

the compression is improved by an additional 40:1 

Linear and nonlinear octave tree decomposition uses estimation window trans

lations and scales which prevent window overlap. Relaxing this requirement, the 

translation differs from the window scale, and phase portrait representations can 

be calculated with various amounts of redundancy. In particular, the maximum 

amount of redundancy allows a phase portrait to be estimated continuously such 

that unique phase portrait information is available at each voxel. Each of the phase 

portrait model parameters are highly correlated and slowly varying. This method 

removes any artifacts present over partition boundaries and allows for voxel by voxel 

classification. This continuous coefficient phase portrait modeUng is applicable for 

classification of biological tissues as explained in Chapter 7. 

Two transformations are used to compress the twelve scalar fields of the con

tinuous coefficient phase portrait model, the discrete cosine transform, and the 

wavelet transform. It is shown that the reconstruction of a single phase portrait 

model coefficient from 25 terms of the discrete cosine transform contains much of 

the same information as the original, yet at a compression of 156:1. For the 3DDCT 

the achievable compression of the data volume varies from 2:1 up to 130:1. For a 

large number of retained coefficients, the amount of angular error reaches a lower 

asymptotic threshold due to the smoothing inherent in the phase portrait mod

els. Continuous coefficient phase portrait modeling also exhibits saturation, once 

additional retained terms cannot significantly improve the coefficient estimate. 
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CHAPTER 6 

APPLICATIONS OF PHASE PORTRAITS TO 
MULTIDIMENSIONAL IMAGERY 

In recent years there has been growing interest in compact representations 

of video streams. The large amount of data required for a time series of images 

necessitates that the data be compressed. Along with the need for data compression 

automatic segmentation of the data streams for detecting scene and shot boundaries 

is needed. Three dimensional phase portraits are useful representations for time 

series of images. The phase portrait coefficients represent the dependence and 

distribution of color on the orthogonal basis. In this representation it is possible to 

create forward and backward predicted frames of the time series. Comparing these 

predicted frames to the actual or modeled frames also provides a determination of 

frame to frame discontinuities which can be then used to detect scene and shot 

transitions. 

Phase portrait based video segmentation is performed at varying levels of 

phase portrait estimation size. Edges and transitions that are present and prevalent 

at differing scales represent the actual scene and shot transitions. Most multiscale 

detectors smooth the signals at varying levels of scale and then detect transitions 

based on the maxima of the first derivative or zero crossings of the second derivative. 

In this manner, phase portrait segmentation is a multiscale transition detector. The 

phase portrait block estimation size and shape determine the effective scale at which 

transitions can be detected. 

Phase portrait scene segmentation demonstrates detection stability over vary

ing levels of error threshold and over varying estimation scales. A histogram based 

method of automatically determining the nimaber of transitions is presented, which 

assumes that actual scene and shot detections exhibit similarly stability. The actual 
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number of scene and shots are determined by examining the detections over phase 

portrait scales. 

6.1 Phase Portrait Representations of Digital Video 

Volumetric vector data V(x) is defined on a discrete grid where x = xi + i/j + 2k 

and {x. y, z ^ Z'^} are the grid coordinates. Typically derived from computational 

fluid dynamics or electromagnetics, each grid location is comprised of three orthog

onal vector field directions u(x, j/,2), v{x,y,z), w{x,y,z). An abstraction of the 

interpretation of a vector field would be to treat it as a color image. Specifically, 

the red, green and blue color dimensions correspond to the u, v, and w directions 

of the vector field. Using this concept a single plane of a volumetric vector field 

may be viewed using a color image, or conversely a two dimensional color image 

may be represented as a slice of vector field data 

r { x , y )  dr dr 
dx &y T 

<
 

H II g i ^ ^ y )  dq dq 

dx dy 

db db 

.ax dy ^ X 

JL 

y 

^£lx+l/ | |x  

^^\x + y^\x 

•^^1* 

(6.1) 

Figure 6.1 shows a digital image of 320 x 240 pbcels which is represented as a single 

planar vector field V(x). 

By stacking successive time frames of digital video (Fig. 6.2), the planar 

vector fields become volumetric vector fields 

V(xrf„)  =  

r(Xd„) 

g{xdv) 

H ^ v )  

(6.2) 

dr dr dr 
Px dpr dpy dtf Px 

da_ ag. 
Py dpr dpy dtf Py 

db db db 

. dpy dtf . X . 

and volimietric phase portrait models may be applied. In this application, the 

regular grid x = xi + yj + 2k of the three dimensional volimietric vector field is 
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Figure 6.1: Volumetric vector fields can be created using sequential frames of color 
images. The red, green, tmd blue color components can be related to the three 
orthogonal cartesian dimensions. Here the field magnitudes u.v, and w are created 
from the color vectors. 

modified to Xdv = Pii + Pyj +  t f k t o  account for the two spatial dimensions of pixel 

c o o r d i n a t e s  { P x - P y )  a n d  t h e  s i n g l e  t e m p o r a l  d i m e n s i o n  o f  d i s t i n c t  t i m e  f r a m e s  { t f ) .  

In this marmer the volumetric techniques discussed and presented up to this point 

may be successfully applied to color image data. 

There are some notable problems in representing <uid compressing this type of 

digital video information within a phase portrait framework. The most noteworthy 

difficulty arises from the smoothly varying nature assumption inherent in phase 

portraits. Equation (2.1) describes the Taylor series expansion of the arbitrary 

vector field V(x). Linear and nonlinear phase portraits are created by a truncation 

of the higher order terms, thus assuming that neighboring vectors, from one voxel 

to an adjacent voxel, have a degree of continuity or correlation. In image data this 

slowly varying assumption is no longer valid; the color vector at one position may 

not necessarily be correlated to its neighbor in the two spatial dimensions. This 

discontinuity is evident in the edge pixels of objects. 
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Figure 6.2: Planar color images are two dimensional vector fields. By adding a 
temporal dimension, volumetric principles may be applied. Therefore, a 3-D vector 
field can be thought of as a stack of sequential color images. 

However, it is a reasonable assmnption that a high degree of correlation exists 

between a voxel in one time friime tf = i and the corresponding voxel in the next 

time frame tf = i + I. In the absence of a shot or scene change the temporal 

dimension should exliibit a liigh degree of correlation. Typically the difference in 

adjacent time frames is accomited for by camera angle changes or by object motion. 

In the situation where a temporal continuity break is present, the effect of a phase 

portrait model would be to blend the images into each other. 

Block processing of image data requires a segmentation step where a partition 

is imposed upon the original data volume. Details of the segmentation method

ology are presented in Section 4.2. The partition that spans the entire original 

volume is created using a movable binary window (4.3). The subvolume generated 

V'(X(ivt',L) is dependent on both the translation vector t and a single scale pa

rameter L. The amomit of smoothing produced in an image is dependent on the 

windowing function used to partition the data. Since a single value L determines 

the length of the windowing function in the Px, Py, and tf dimensions, and the win

dow length in a particular dimension determines the amount of spatial smoothing 

along that dimension, all three dimensions are smoothed equally. This application 

uses two spatial dimensions and a temporal dimension, it is desirable to vary the 

window sizes to generate an adequate amount of compression without an unneces
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sary amount of blurring of the image content. The original definition of the cube 

function is expanded in use by using a scaling parameter vector 

Lr 

L = 
•ipx 

•'py 

' t f  

rather than a scalar. This modification to the partitioned sampling 

(6.3) 

allows the temporal and spatial dimensions to be separated for varying amounts 

of smoothness in each direction. For example the images ui Fig. 6.3 are com

prised of different size windows in the spatial dimensions. Figure 6.3b shows 

the original image represented as a phase portrait model using the scaling vec

tor L =[ 2 2 16 ]^- The remaining two parts c,d of the figure show larger model 

sizes at L = [ 4 4 16 pand L = [ 8 8 16 Irrespectively. As the spatial window 

size decreases there is an increase in the resolution of the images. It is important 

to note that the amoimt of temporal smoothing is the same in the four different 

images. 

While it is possible to apply phase portrait modeling concepts to digital video 

images the models cannot be applied without caution. Smoothly varying phase 

portraits do not contain vectors that are radically different fi*om their siuroundings 

(except in turbulent or highly nonlinear flow); in a vector field, these vectors would 

be considered inhomogeneous. An inhomogeneous vector is defined as a vector that 

stands out firom the standard vectors in the field as being distinct in its orientation. 

It is important to maintain the information content of the vectors in an image 

context. Two techniques that are presented next maintain the integrity of these 

images. 

6.2 Spherical Variance Enlianced Phase Portraits 

Recall that the spherical variance S(x) (4.11) of a vector field is a measure of the 

homogeneity of a local vector field neighborhood H^(x). A value of 0 is calculated in 
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Figure 6.3: This 320 by 240 image was taken from a digitized video source, it con
tains low frequency sections such as the sky and wave, along with edges and liigh 
frequency signal content. The original image is shown along with three reconstruc
tions corresponding to phase portrait model sizes of 1=2. 4 and 8 for images a, b. 
and c respectively. These phase portrait models reduce the number of coefficients 
by 16:1. 64:1 and 256:1. 

the local neighborhood of identical vectors, and a value of 1 for a set of completely 

random vector directions. The spherical variance S(x) is strictly a measure of angle 

coherency. Applying this concept to a set of images encoded as vector fields the 

spherical variance becomes a metric of the color coherency present in a local neigh

borhood l'r(x). Regions of identical color are comprised of identical color vectors. 

Shown below (Fig. 6.4) are the spherical variance slices taken firom the image in 

Fig. 6.3. The first imtige uses W^lxdv) defined by cu6e(^), this neighborhood 

is centered at X(/„ and varies one pixel in each of the three directions creating a 

subregion 3x3x3 voxels in size. 

The second image in Fig. 6.3 uses H^5(x<iti) defined by cube{^). The higher 

values of the spherical variance lie along edges consisting of inhomogeneous color 
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Figure 6.4: These two images show the variation of the spherical variance for differ
ent sections of the image. High spatial frequency causes an increase in the spherical 
variance, left- the spherical variance generated from VVl neighborhood, right- a 
smoother spherical variiuice caused by a VV2 neighborhood. 

vectors. It is these particular values that we wish to maintain to preserve image 

quality and edge information. 

The spherical variance of a voxel is introduced into the calculation of the 

phase portrait coefficients as a cost function. The cost matrix 

C = 

5(xdvi)  0  0  

0 5(xdv2) 0 

0 0 S{xdvz) 

0 

0 

0 

0 

S { X d Y i ^ )  

(6.4) 

contains the spherical variance of neighborhood voxels along the diagonal. This 
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cost matrix is introduced into (A.25) yielding 

(6.5) 

prior to the computation of the phase portrait. 

Applying C to both sides of the system of equations before the computation 

of the inverse matrix using SVD has the effect of promoting a solution that favors 

the vector with a higher spherical variance over a vector with a lower spherical vari

ance. Since homogeneous patches consist of vectors with similar spherical variances 

the vectors in these neighborhoods receive no special treatment. In other words, 

homogeneous neighborhoods tend to have a similar value of spherical variance for 

each vector resulting in a similar weight applied to each. 

Vectors in a neighborhood that contain a unique object or edge voxels will have 

higher spherical variance due to the difference in color vectors. The weight applied 

to the equations generated by these vectors is higher. Singular value decomposition 

solves overdetermined solutions for the smallest residual error in a mean square 

sense. By premultiplying the equations by unique weights linked to their varying 

amounts of spherical variance, the solution vector tends to promote these vectors. 

By weighting inhomogeneous color vectors higher in the phase portrait calcu

lation, using the cost function, the integrity of those vectors is preserved. As the 

numerical value of the weights mcrease the solution set reduces the error of the 

inhomogeneous vectors but at a penalty of the surrounding vectors. An experiment 

to demonstrate this principle is shown below in Fig. 6.5 for a smooth continuous 

vector that contains a single inhomogeneous high frequency vector. This vector 

field carmot be modeled by a linear phase portrait without some smoothing. The 

original phase portrait model without spherical variance cost functions (Fig. 6.5 

top right) does not contain the unique vector. The linear model has smoothed 

this information since the neighboring vectors supported a different solution. The 

Xx 2/1 1 

Xo 2/2 2-2 1 

c ^3 2/3 23 1 

•^Af UN 1 

An 

A x2 

>ll3 
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U (X(ii, 1) 

U 

U{-Kdvz) 

U- (X(/t,jv) 



129 

Figiire 6.5: A smoothly varying vector field containing a Umited number of distinct 
rogue vectors is modeled by a linear phase portrait with and without a cost function 
applied to the unique vector. Top Left- The original vector field. Top Right- The 
original phase portrait model with no spherical variance added to the model com
putation. Bottom Left- The addition of a spherical variance cost function modifies 
the vector field in favor of the distinct pixel. Bottom Right- Increasing the cost 
fimction improves the reconstruction of the unique vector but induces distortion in 
the neighboring pixels. 

bottom of this same figure shows the solution curves when the spherical variance 

is introduced. By increasing the relative cost of the individual vector the solution 

set is modified to accommodate that one vector. Note that the remaining vectors 

are distorted by this process. 

The benefits and problems of this method are straightforward. First, it is not 

possible for a Unear phase portrait to accommodate a high firequency signal in the 

image, regardless of the cost fimction applied to it. Additionally, the surrounding 

pixels are distorted from their color orientation. The benefit is that although the 

unique color vector in this case has effectively distorted its neighborhood color 

vectors, its color orientation has not been lost. Phase portrait modeling did not 

remove the patch of color, or single pixel of unique color. Since the image content 
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depends on unique pixels, retaining those pixels is preferential to simply removing 

them from the image, albeit at a distortion of the surroimding coherent pixels from 

then: color orientation. 

6.3 Maintaining High Frequency Regions with Octave De
composition 

If the frequency content of the subblock of the original image is too high to be 

effectively modeled using a standard hnear phase portrait implementation then two 

possibilities for phase portrait modeling exist. The first method is to increase the 

order of the phase portrait. By including nonlinear terms the higher frequencies 

are more effectively modeled. The addition of increasing numbers of phase portrait 

terms is slower, more computationally inefficient, and requires the storage of those 

terms reducing the compression. In addition, nonlinear phase portraits may have 

extreme amounts of parameter sensitivity near chaotic regions. Another choice 

would be to use a smaller block size to model the vector field. 

Smaller block sizes model the included vectors more precisely because each 

vector has a larger effect on the final residual value then in large blocks containing 

more vectors. Since the residual error is smaller, the phase portrait model is more 

exact. In the situation when the spherical variance cost function is applied to 

maintain an inhomogeneous vector the effect on neighboring pixels is to blur the 

inhomogeneous vector into the local neighborhood. Smaller phase portrait models 

limit the size of the local neighborhood into which the inhomogeneous vector may 

be blurred. 

The premise of the octave-tree implementation as presented in section 5.2 is 

to attempt to model a block using a large phase portrait model such as 16 x 16 x 16. 

If the maximum angular error associated with that representation is lower then a 

predetermined error threshold then that model is retained and recorded. When the 

representation error exceeds the threshold, then that block is subdivided into eight 

smaller blocks and another modeling attempt is performed using a smaller window 

function. This process continues until the angular error threshold is achieved or 
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Figure 6.6; The model size map shown demonstrates the effective phase portrait 
size that was used to describe this image using a maximum allowable color angle 
deviation of 0.0015 radians. The subimages below are the reconstructions from 
phase portrait sizes of L=2.4 and 8 respectively. 

until the voxels are simply recorded. The recording of voxel values occurs solely 

in chaotic subregions which caimot be represented by linear models, even on the 

smallest phase portrait scale. 

Applying this methodology to digital video compression follows the same im

plementation. If a particular window size, and corresponding phase portrait model, 

cannot model a section of the digital video, then the window is modified. The 

modification can consist of reducing the value of the scaling parameters for the 

scalar dimensions while maintaining the temporal length, alternately, the tempo

ral length may be shortened to reduce temporal smoothing. Sections of the image 

that contain very high frequency are recorded to maintain fidelity. Observe in Fig. 



Figure 6.7: Reconstruction of the test image using a linear oct tree implementation 
and a maximum allowable error of 0.0015 radians. 

6.6 the reconstruction map for the octave tree processed image in Fig. 6.7. This 

image was generated by specifying a color vector angular error maximum of 0.0015 

radians to every voxel in the time series of images. Figure 6.6 shows the collection 

of different size models that were effectively used to record and reconstruct the 

image ranging in size from 16 x 16 x 16 to simply recorded voxels. The colorbar 

on the side indicates the model size used. The small number of voxels that are 

recorded using a model size of 1 could not be modeled by Unear phase portraits 

within the prescribed amount of error. These patches contain random uncorrected 

color vectors and the values were recorded to meet the image integrity requirement. 

By changing the value of the allowable error the distribution of model sizes would 

change accordingly. Figiure 6.7 shows the final image that was reconstructed in this 

application of octave-tree processing to sequential time frames of color imagery. 

The premise of determining compression rates as a function of reconstruction 

error is fundamentally ill-posed for the compression of digital video because the 

performance of a compression scheme intended for human viewing is subjective. The 

angular color deviation is a quantitative error metric that is uncorrelated to how 

the image appears to the human observer. Additionally, the compression scheme 
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Figure 6.8: Compression rates available using a standard oct-tree phase portrait 
representation. 

is intended for sequences of images played as video rather then single frames, yet 

only single frames are printed. Changes such cis modifying the temporal window 

function have the effect of distorting the image temporally, however, viewing an 

image shce does not portray tliis change accurately. The following plot (Fig. 6.8) of 

image compression vs maximum allowable angular error is computed for a standard 

octave-tree implementation in which a block of dimension 2" x 2" x 2" is broken 

into eight subvolumes each of size 2""^ x 2""^ x 2"~^. No attempt has been made 

to quantize, assign symbols, or create an alphabet for channel coding. 

The compression factor ranges from 2:1 up to approximately 20:1. Saturation 

is present at low compression corresponding to user defined amounts of threshold 

error below the minimum amount of phase portrait reconstruction error for any 

phase portrait model size. Additionally, the compression curve saturates at the 

high compression end. The asymptotic limit to compression occurs when all blocks 

are modeled by the largest order phase portrait. The compression is performed on 

16 consecutive time frames of digital video, limiting the maximum video block size 
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to L = [ 16 16 16 ]^- Higher amounts of compression are available by modifying 

the windowing kernel to include more time frames. 

6.4 Scene Segmentation 

Films are comprised of a varying number of different scenes each of which contains 

several possible camera angles or shots. Automatic segmentation is performed by 

identifying frames in which scene transitions occur or frames where the camera 

drastically changes its position and a different viewpoint into the same scene is 

offered. Difficulty arises when a scene transition occurs using a slow fade. In this 

case one scene does not end abruptly, rather, one scene becomes slowly translucent 

while the following scene becomes slowly opaque. This scene transition is diflBcult 

to detect using pair-wise frame comparisons due to the slowly varying nature of the 

transition. 

Phase portrait models offer a novel approach for automatic video scene seg

mentation. Scene segmentation is based on the extrapolation of the phase portrait 

models to generate a forward and backward prediction of the video frames images. 

Examining the number of shot and scene detections that persist and are preva

lent at varying levels of threshold and varying phase portrait estimation sizes, it is 

possible to determine the scene and shot information. 

A phase portrait is a three dimensional color distribution where the A matrix 

describes the relationship between the spatial variables and the color. Increasing 

Px, Py, or tf beyond the border of the original estimation is an extrapolation of the 

model and generates an estimate of the extrapolated region. When representing a 

sequence of frames with phase portraits, increasing px or py performs spatial extrap

olation and increasing tf is a. temporal extrapolation. Phase portrait segmentation 

uses phase portraits to generate an estimate of the next frame in a video sequence. 

This forward prediction is then compared with the actual modeled frame. 

Given two phase portrait models. 

Ai(Xd„)- l -bi  X d v ^ W i L  (6.6) 
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which is estimated according to appendix A from V(xd„) in the region Wni^v), 

bomided by the vectors x^vo = [ Pxo Pyo tand Xrf„o + L — I, and a second 

phase portrait model 

A.2{x.dv) + bj xju € W2L (6-7) 

estimated from the temporally adjacent region 1^2/:(xdu) bounded by the vectors 

0 0 0 

x<iuo + 0 0 0 L (6.8) 

^ 0 0 1  

and 
1 0 0 

Xd„ -t- 0 1 0 L -1, (6.9) 

0 0 2 

where both phase portraits are modeled using a phase portrait size L and I rep

resents the identity matrix. Extrapolating the r^odel Ai one frame into the video 

sequence is performed by letting the reconstruction variable tf exceed the model 

boundary by one frame. Setting tf to the constant tf = tfo + L. generates a one 

frame prediction 

V+l(Pi,Py) = Al + bl .  (6.10) 

PI 

Py 

tfo + Lz 

The spatial parameters p, and py are allowed to varying within the ranges \pxo,Pxo + 

Lx — 1] and \pyo,Pyo + Ly — I] respectively. These ranges represent the Px and 

Py boundaries of the original SVD estimation of Ai. Since the two models are 

temporally adjacent, the estimate of the video frame V+i(pi,pj,) is now overlapped 

with the frame modeled by phase portrait A2. The extrapolated frame y+i{Px,Py) 

can thus be compared with the modeled frame 

V(Px,Pi;) = A2 

Px 

Py 

tfo + Lz 

+ bo (6.11) 
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using either the angular mean square error (4.10) or the spherical variance (4.11) 

to determine the difference between the extrapolation and actual modeled frame. 

Assimiing that no scene or shot transition is present between these two tem

porally adjacent models the amount of error generated is related to the goodness of 

fit of the hnear phase portraits and should be maintained at a nominally low value. 

WTicn a scenc transition does occur, the forward extrapolated frame V^i{px,py) 

should be a poor match to the actual frame and a large error generated. This in

crease in the difference between the actual and predicted frames is used to identify 

a transition. 

In addition to the forward prediction of frames, it is possible to generate a 

backward prediction of phase portrait models by one frame V_i(pi,py) by allowing 

the t f estimation parameter of model A2 to be less then the phase portrait boundary 

t f  =  t f o  +  L ,  —  I ,  

This frame extrapolation is overlapped with the phase portrait model Ai. The error 

generated by the difference with the forward prediction s+ican be combined with 

the error generated by the backward prediction c_i resulting in a combined error 

£1 = While this error is an excellent means of detecting scene transitions 

it can also be further enhanced by introducing additional forward and backward 

predictions into the estimations. Using an identical premise as with the one step 

forward prediction an n step forward prediction error can be generated from 

Px 

V_l(Px,Py) = A2 py + b2. (6.12) 

t j o  + L. — I 

Px 

+n{Px-:Py) ~ -A-i Py + bi. (6.13) 

t f o  +  L ~  - h  T l  —  I  
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or an additional backward n frame prediction error created with 

PI 

V_„(x, j / )=A2 py + bo (6.14) 

t fo  + L; — n 

To increase the robustness of the phase portrait segmentation algorithm n 

different forward and backward predictions and compares can be combined 

and used to determine the transition error which is indicative of scene transitions. 

As an example, this algorithm was appUed using a single forward and backward 

prediction to detect the transitions in a film trailer. This quick video segment was 

used due to the large number of shot and scene transitions and the professional 

quality of the shot and scene transitions. The film trailer contains 23 scenes in 

26 shots as recorded in Table 6.1. The results of the algorithm are presented for 

different phase portrait estimation sizes in Fig. 6.9. Also included in table 6.1 are 

the detected end of scene transitions. Note that the scenes that are terminated in 

slow fades such as scene 1, 4, and 16 have an increased standard deviation in there 

measurements. 

Previous work in the area of video segmentation has been related to pair-wise 

frame comparisons or the comparison of frame metrics. These algorithms have 

difficulty detecting sophisticated scene transitions associated with special effects 

due to the slowly varying nature of the transitions. One such method is premised 

on detecting differences in the color histograms from one frame to the next [34] [63]. 

Another popular method compares the principle components of the video frames 

Common scene and shot detection algorithntis such as those presented by 

Kender or Yeung use differences in frame to frame quantized color histograms 

n 

— n (6.15) 

[23]. 

b 

(6.16) 
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Figure 6.9: Automatic scene transition detection using phase portrait segmentation 
with a single forward and backward frame prediction. Phase portrait estimation is 
performed using block sizes of L=3, 4 and 6. Detectiosn based on color histograms 
are included for comparison. 
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Scene Frames Detected Scene Frames Detected 

1 
j  1-76 
[ 77-127 

144.5 ± 12.6 13 386-404 403.7 ± 1.2 

2 152-159 162.3 ± 1.2 14 405-418 419.3 ±2.1 
3 162-189 190.7 ± 0.7 15 423-436 439.6 ± 1.9 
4 193-211 219.0 ± 3.2 16 443-463 466.3 ± 2.8 
5 227-241 245.3 ± 1.5 17 472-486 486.3 ± 1.2 
6 246-259 268.5 ± 6.0 18 487-498 499.7 ±1.2 
7 271-278 277.0 ± 0.0 19 502-520 523.0 ± 2.3 
8 279-301 301.0 ±0.0 20 529-542 542.0 ± 1.7 
9 303-317 318.3 ± 1.2 21 543-559 562.4 ± 2.6 
10 318-334 

r 335-340 
334.7 ±2.1 22 565-584 584.7 ± 1.5 

11 1 341-348 
[ 349-357 

356.7 ± 1.5 23 585-611 

12 358-384 385.0 ± 0.0 

Table 6.1: The scenes and shots of the example movie trailer. Included along with 
the frames are the detected end of scene transistions. Fading between different 
scenes is seen to increase the standard deviation of the transition detection. 

where hi is the frame histogram and N is the total number of pbcels, to detect the 

boundaries of scenes and shots. Quantized color histogram comparison is shown 

in Fig. 6.9 in yellow along with the phase portrait segmentation results. While 

there is good agreement between the two methods the phase portrait segmentation 

algorithm produces smoother results and detects many scene and shot transitions 

overlooked by the color histogram method. 

Color histogram differencing is based on the premise that different scenes 

or shots have different distributions of colors. While this assiunption is generally 

true for scene transitions, it may be insufficient or ill-posed for shot transitions. 

Different shots have differing viewpoints, yet, the background and characters might 

be constant. These constants in the scene may very well maintain identical color 

histograms. It is difficult to detect shot changes if there is no drastic change in the 

color histograms. This is evident in scene eleven of the trailer. Here the scene is 

split into three different camera angles shown in Fig. 6.10. Note from Fig. 6.11 

that each of these three frames contains roughly the same palette of colors. 
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Figure 6.10: Scene eleven of the movie trailer consists of thi'ee different shots. The 
unique viewpoints into the scene are difficult to distinguish based on color histogram 
or principle value comparisons due to the similarity of the content and palette. 

Examining the frames of scene eleven in closer detail and comparing the phase 

portrait segmentation results to the color histogram based method it can be seen in 

Fig. 6.11 that phase portraits could detect the shot changes with better definition 

than the histogram comparisons. This example also demonstrates another principle 

of the phase portraits: since the models ture each associated with a unique scale. 

Icurger models may miss subtle quick scene changes. The shot changes in scene eleven 

are very quick and phase portrait estimation sizes of 4 and 6 produce a doublet and 

a singlet respectively. Only the phase portrait models of scale L = 3 are able to 

distinguish all of the transitions, resulting a quartet (four peaked detection) in the 

error distribution. 

Another difficulty of color histogram comparison methods arises when slow 

scene fades are present since there is no sharp discontinuities in the color histograms. 

An example of this is the transition between scene 4 and scene 5, occurring over 

frames 211 and 227. These two frames slowly dissolve and fade into each other over 

these 16 frames. The slow transition of the color histograms makes distinguishing 

this segment difiicult by pair-wise histogram comparison. Examining Fig 6.12 the 

highlighted regions contain regions of scene fading. Within the frames 211-227 

the phase portrait based scene segmentation identifies a discontinuity where the 

histogram comparison does not. Since phase portrait based scene segmentation 

generates a forward and backward prediction of the digital frames it is very sensitive 

to regions in which a trend is changed or reversed. This trend reversal exists when 
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Figure 6.11: This scene is comprised of three distinct camera angles that are difficult 
to distinguish using color histogram comparison due to the simihix distribution and 
palette of colors. Phase portrait segmentation detects the three shots at the scale 
L=3. Block sizes of L = 4 and 6 show a detection doublet and singlet respectively. 

fading one scene to black and then from black back into the next scene. Under 

these conditions, when a scene is gradually getting darker the forward prediction 

would estimate that the next frame should continue the trend. If the actual video 

sequence begins to brighten into the next scene the difference can be detected as a 

discontinuity. 

A second common technique for video scene segmentation is based on the 

principle components of a set of video frames. This aigoritlmi assumes that a scene 

discontinuity can be determined by comparing a feature vector comprised of the 

principle components of one frame to its' adjacent frame. To initially determine the 

principle components the original image is downsampled along the x and y pixel 

dimensions. Using the procedure and notation of Han [23], the decimated image of 

X xY pixels is reshaped into an XY x Icolumn vector fj. Beginning with the first 
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Figure 6.12: Highlighted regions contain fading segments of the movie trailer. Slow 
fades are difficult to detect using frame by frame pairwise comparisons due to the 
slowly varying nature of the transitions. Phase portrait segmentation can detect 
fade transitions due to the time frame trend reversal. 

image frame. M of these column vectors are grouped together into a set. Using 

fj, as the mean column vector the mean can be removed from the set of vectors 

(l)j = fj — /z. The covariance matrix of the window is found 

(6-17) 

and then the primary k eigenvectors of s are used as a basis. The projection of 

fj onto the k principle components of the M frames is used as a feature vector. 

Comparisons of these feature vectors in terms of distance and angle is used as a 

means of detecting a scene segmentation. When a scene transition is detected by the 

distance and angle measurements rising above a threshold a new window of M frame 

vectors is created starting from the discontinuity and the process of determining 
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Figure 6.13: Scene segmentation based on feature vectors using the principle com
ponents as a basis are compiured to the color histogram algorithm and phase portrait 
segmentation technique. Principle component detection is dependent on the proper 
choice of threshold and frame grouping parameter M. 

the empirical covariance matrix cUid solving for the eigenvalues is repeated. This 

algorithm was performed on the example movie trailer and compared to the phase 

portrait and color histogram segmentation algorithms in Fig. 6.13. 

The principle component segmentation algorithm shown in red is correlated 

with the color histogram and phase portrait methods. This method properly detects 

the shot transition at frame 75 that was undetected by simple pairwise comparison 

of the color histograms. VVTiile this method provides good detection of scene tran

sitions its detection abiUty is dependent on the choices of the threshold and M, the 

frame grouping parameter. Since subsequent windows only begin when a transi

tion is detected the resulting principle components are dependent on the threshold. 

Likewise, the grouping parameter M determines which frames are included in com

puting the covariance matrix which in turn effects the eigenvectors and principle 

components. When the set of M frames contains more then a single scene or shot 
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the principle components cannot provide accurate results. 

Phase portrait scene and shot transition detection is a computationally ex

tensive implementation in that an overdetermined set of equations must be solved 

to compute the associated phase portraits. The computed phase portraits are than 

used to estimate forward and backward frame predications. Finally, the predicted 

frames must be compared with the actual modeled frames to determine the likeli

hood of a transition. Phase portrait scene transition detection is less computation

ally efficient then the pairwise comparisons of quantized histograms. Performing 

pairwise color histogram comparison on a 320 x 240 pixel digital video requires 

1.97 X 10^ floating point operations per frame. The floating point operation totals 

required for the phase portrait implementation are 2.4 x 10^, 2.6 x 10^ and 5.4 x 10^ 

operations for phase portrait sizes of £ = 6, L = 4, and Z, = 3, respectively. These 

phase portrait computations correspond to an increased computation of 20%, 32%, 

and 73% for the different estimation sizes relative to the required computations of 

the pairwise color histogram comparison method. 

Although phase portrait scene transition detect is more computationally in

tensive than the color histogram based method, it is more computationally effi

cient than the pairwise comparison of principle component vectors, which requires 

1.5 X 10® floating point computations per frame. Relative to the principle com

ponent method, phase portrait implementation performs only 17%, 18%, and 38% 

of the principle component comparison calculations for estimation sizes of £ = 6, 

L = 4, and L = 3 respectively. The large number of operations required for the 

pairwise comparison of principle component vectors results from the calculations 

required to determine the covariance matrices and the corresponding eigenvalues. 

Pairwise comparison of principle component vectors is additionally hindered com

putationally by the short scene lengths. An average of sixty frames are used in 

computing the covariance matrix [23]. Once a detection occurs, than a new co-

variance matrix must be estimated. In the situation where the scene lengths are 

shorter than the average number of frames used to construct the covariance matrix, 

a large amoxmt of computational redundancy exists and the pairwise comparison 
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of principle components becomes extremely computationally intensive. 

6.5 Stability of Scene and Shot Detections 

Once the video stream has been processed the number of scenes and shots need 

to be determined. The varying niunbers of different peaks that exist at varying 

scales can make this determination difficult. A method based on the persistence of 

peaks at different threshold levels and also at different phase portrait model sizes is 

adopted. A true scene change should produce a detection peak which is pronounced 

at different levels of threshold, and exists at different scales. This principle is similar 

to the argument used by Witkin in edge detection, where edges are found to be 

persistent at varying scales [61]. It is expected that scene changes will be detected 

at all phase portrait estimation sizes. However, shot transitions are expected to be 

harder to detect and present in only a subset of the phase portrait model sizes that 

detect scene changes. 

By assuming that the number of peaks corresponding to the actual number 

of scene and shot changes will be stable as a function of phase portrait scale and 

error threshold it is possible to determine these recurring number of detections by 

examining the number of peaks that rise above a threshold Npp{t,L) as a function 

of the threshold t  and the phase portrait  estimation size L. The histogram f{Npp) 

of Npp{t,L) shown in Fig. 6.14 contains two distinctive peaks. The primary peak 

is at 23 detections, corresponding to the actual number of scene transitions in the 

example video. A secondary peak that is still pronoimced at different thresholds 

and phase portrait sizes at 26 transitions. The peak at 26 transitions is created 

by the differing shots in the sequence. The shot segmentation is not present in all 

phase portrait sizes or thresholds and has a reduced value to the number of scene 

detections found. 

This method of determining the number of scene and shot detections works 

well due to the slowly varying nature of the phase portrait segmentation. Since 

comparisons of predicted frames with actual frames occurs at the phase portrait 

boundaries frame by frame noise is suppressed. Whereas the algorithms based 
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Figure 6.14; The number of scene and shot segmentations of the phase portrait 
based segmentation algorithm shown as a histogram. Data is originally generated 
by varying the tlireshold from 0.2 up to 4.0 in steps of 0.2 and using phase portrait 
estimation sizes of 3,4.and 6. The number of scene and shot detections are assiuned 
to be persistant over varying thresholds and at varying phase portrait sizes. 

on pairwise comparisons of histograms or of principle component vectors vary at 

the frame by frame level the phase portrait segmentation often produces smoothly 

varying peaks. This can be seen in the transition from scene six to seven in the 

frames 259-271 of Fig. 6.9 where the transition contains a single phase portrait 

detection and multiple detections using the other popular methods. 

Using the same assiunption as previously mentioned the number of detections 

Nch{t) as a function of threshold t is examined for the pairwise comparison of color 

histogram algorithm. The stability of the correct number of scenes is still present 

in Fig 6.15; however it is difficult to determine the actual nimiber of scenes since 

many of the detections give rise to multiple peaks. Equally stable scene and shot 

transition detections exist in the detection peak histogram f{Nch) over the range of 

[17,37]. Similarly it is difficult to determine the correct number of scene and shot 

transitions when examining the principle components differences as a function of 
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Figure 6.15: Color liistogram and principle component based algorithms do not 
show the stability of scene detections present in phase portrait segmentation. These 
techniques do not have the advantage of examining the video stream at varying 
scales. 

threshold. This method has ten primary peaks that are prevalent over a range of 

thresholds. The actual number of scene and shot transitions does not even appear 

as a stable peak using this algorithm. 

This detection difficulty in the principle components detection algorithm may 

be caused by the use of a static value of M when grouping frames together in cre

ating the covariance matrix. VVlien M is larger then the actual number of frames 

then the covariance matrix and the resulting eigenvalues contains information from 

more then a single scene. The feature vectors from both scenes, created by pro

jecting the frames onto the principle eigenvectors, may not be able to discriminate 

between the scenes. 
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6.6 Summary 

In addition to vector fields, three dimensional phase portraits are useful repre

sentations for time series of images. The phase portrait coefficients represent the 

dependence and distribution of color on the orthogonal basis. An abstraction of the 

interpretation of a vector field would be to treat it as a color image where the red, 

green and blue color dimensions correspond to the orthogonal flow directions of the 

vector field. Using this concept, a two dimensional color image may be represented 

as a sUce of vector field data and the previously presented algorithms for vector 

field compression and analysis applied to digital video. 

One difficulty is the inhomogeneous natiore of color vectors within a single 

image frame. This may be overcome somewhat by applying the spherical variance, 

a measure of color vector coherency, as a weight in the phase portrait estimation 

process. By premultiplying the estimation equations by unique weights linked to 

their varying amounts of spherical variance, the solution vector tends to promote 

these inhomogeneous vectors. By weighting inhomogeneous color vectors higher in 

the phase portrait estimation process, the integrity of those vectors is preserved. 

Octave tree decomposition can be applied to digital video compression follow

ing the same implementation as with vector fields. If a particular phase portrait 

representation cannot model a section of the digital video, then the window is mod

ified. The modification can consist of reducing the phase portrait scale for the two 

image dimensions while maintaining the temporal length; alternately, the temporal 

length may be shortened to reduce temporal smoothing. Compression factors for 

the test video range from 2:1 up to approximately 20:1, with saturation present at 

low and high amounts of compression. The low compression saturation corresponds 

to user defined amounts of threshold error below the minimum amoimt of phase 

portrait reconstruction error for any phase portrait model size. Additionally, the 

high compression saturatation occurs when all blocks are modeled by the largest 

order phase portrait. 

Phase portrait models also ofier a novel approach for automatic video scene 
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segmentation. Scene segmentation is based on the extrapolation of the phase por

trait models to generate a forward and backward prediction of the video image. 

Comparing these predicted frames to the actual or modeled frames provides a de

termination of frame-to-frame discontinuities which can then be used to detect 

scene and shot transitions. The phase portrait scene detection is compared with 

two popular methods, one that is premised on detecting differences in the color 

histograms from one frame to the next, and another that compares the principle 

components of the video frames. Both methods use a pair-wise comparison that 

has difficulty with slow transitions. Also, principle component comparisons depend 

on the choices of the threshold and the frame grouping parameter. 

Assuming that the actual scene and shot transitions are present and prevalent 

at differing scales, a histogram-based method of automatically determining the 

number of transitions is presented. The actual number of scene and shots are 

determined by examining the phase portrait detections over varying estimation 

sizes. Phase portrait segmentation shows a robustness and stabiUty of the actual 

niunber of scene and shot transitions that is absent with either of the pair-wise 

methods. 
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CHAPTER 7 

BIOLOGICAL ANATOMICAL MODELS 

7.1 Axial Slices as Three-Dimensional Vectors 

Volumetric data sets, such as the Visible Human Project® of the National Library 

of Medicine are now commonplace in the biological and medical sciences, and have 

created a need for compact descriptors to represent and classify volumetric data. 

The Visible Human Project® has collected volumetric anatomy data through the 

cryosectioning of both male and female cadavers shortly after death. In addition 

to the Visible Human Project, technologies such as magnetic resonance (MR), X-

ray computed tomography (CT), and positron emission tomography (PET) also 

create similar large collections of volumetric data. These technologies have proven 

invaluable for research, diagnosis, and surgical planning. 

The large volume of data requires a representation that can segment different 

tissue types based on the properties of the tissues. Tissues can be segmented and 

classified by the spatial relationships to other tissues, characteristic shape, tissue 

color or distribution of colors. Phase portraits are well suited for segmentation 

using these last two properties. Three-dimensional phase portrait models describe 

both the characteristic color of the particular tissue as well as the spatial variation 

of the color within the tissue. In addition, phase portrait models offer a means of 

adjusting the model scale by modifying the estimation size, shape, and distribution. 

In a manner analogous to representing a two-dimensional vector field as a color 

image, a volumetric image database can be represented as a three-dimensional vec

tor field. The vector flow components V(x) =u{x)t+ u(x)j-l- w{x)k are associated 

with the color vector components V(x) =r(x)?-l- 5(x)j-l- 6(x)k of a color image as 

previously described by (6.1). The previous application of phase portraits to color 
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imagery involved a time sequence of images that comprised digital video. Rep

resenting video in this manner uses two dimensions of pixel coordinates {px,py) 

and a single dimension which indexes the particular time frame tf. Representing 

the Visible Human Project® within the scope of phase portraits, the time frame 

dimension tf is substituted with a third pixel dimension Pz that corresponds to 

the axial slices of the cadaver dissection. Therefore, the image pixel dimensions 

Pi, Py, and p, correspond to the previous x. y, and z coordinates of the flow field 

V(xu/ip) = V{px,py,p,) where x^/ip = pj + Pyj + Pik for the volumetric image 

database. 

Using this modification a volumetric image can be written in the form of a 

linear phase portrait segment (4.2) centered at Xo = Pxo i+Pyoj+Pioki 

^{^vhp) di^hp) 

^{^^hp) 

dr dr dr 

dpx dpy dpt 
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In this phase portrait model, information regarding the distribution of color or 

texture of the tissue is present in A„/ip, the Jacobian of the color distribution. Phase 

portraits applied to vector flow fields describe the distribution of vectors throughout 

the modeled volume. Similarly phase portrait models appUed to volumetric color 

imagery describe the linear distribution of color throughout a limited section of the 

volumetric database. The vector b„/,p is related to the translation of the model 

with respect to the critical point as described in Chapter 2, and contains within it 

the color vector of phase portrait model at Xo. Using this information, the phase 

portrait model can be used to classify imknown voxels based on the distribution of 

the colors within the particular tissue. 
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7.2 Classification of Biological Tissues 

A three-dimensional phase portrait can be a compact representation of a three-

dimensional distribution of color. This is useful in classifying and segmenting vol

umetric image databases where the different tissues are not distinguishable based 

solely on color or intensity. Many different tissues generate pixels of indetermi

nate or common color within the Visible Himian Project® database. Although 

color segmentation has more information available for classification then intensity 

images, it can be a poor feature vector to use for segmentation. For example, 

the color of spongy bone is similar to the color of striated muscle tissue. This 

similarity is caused by the erythrocyte production in the bone interstitial space. 

The large myoglobin concentration of this tissue and the similarly large myoglobin 

concentration of striated muscle cause the characteristic red color. Improper classi

fication would classify this tissue as a combination of tissues rather then identifying 

it properly as spongy bone. However, the three-dimensional color distribution of 

spongy bone is uniquely different than the striated muscle tissue. Segmentation us

ing three-dimensional phase portraits is well suited to correctly classifying tissues 

based on the characteristic color distribution. 

In addition to overcoming problems associated with different tissues contain

ing similar color or gray level components, phase portrait estimation is robust in 

that a volumetric region is examined for each classification. Classifying a volu

metric dataset as individual two-dimensional images is difficult in that while a 

structure may be prevalent in one sUce, this same structure may contain only a 

limited nimiber of pixels in another sUce. Segmentation is improved by considering 

a collection of sUces as a whole volumetric region, rather than classifying each image 

individu£illy [36]. 

To generate characteristic phase portrait tissue models, first a training region 

of the volumetric database for each tissue type is required. This step is performed by 

manually segregating sections that are homogeneous for a single tissue type. These 

homogeneous tissue regions are used to compute the phase portrait parameters 
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using a variation of the procedure described in Appendix A. 

Phase portraits are generated using SVD to estimate the parameters. The 

overdetermined set of equations is formed by sampUng within an L x L x L neigh

borhood — p) centered on voxel p = Xpi + j/pj + Zpk and uses the absolute 

voxel coordinates = Xii + yj + Zik : Xi € Wi{x — p) in constructing the matrix 

to be inverted 
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Note that the color vector components have been substituted for the flow field com

ponents. The information being supplied to the estimation process are the color 

vectors V(x„^p) = r{xyhp)i + g{Xvhp)} + u;(xt,/,p)k. Inherent in the phase portrait 

models generated by inverting (7.2) is a dependence on the global coordinates of 

Wi{x - p) within the vector field V(x) or within the Visible Human Project® 

database ^{x^^p) inclusion of Xj = Xii -I-1/J -I- Zjk. 

To assure that the resulting phase portrait model can be translated and ap

plied to regions of different coordinates within the database the phase portrait 

dependence on the global coordinates must be removed. The global coordinate 

system can be expressed in terms of the origin of the estimation window p and the 

relative vector Xr as 

Xvhp = p + Xr. (7.3) 
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The phase portrait estimation (7.2) can be rewritten in terms of the relative coor

dinates as 
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(7.4) 

The estimation procedure now contains relative voxel coordinates within the neigh

borhood Wi{Xvhp — p) without any reference to the global estimation window co

ordinates p. This modification allows the resulting phase portrait to be compared 

dkectly with another phase portrait generated by sampling within a different esti

mation window. 

Once homogeneous tissue training regions are found it is necessary to de

termine the proper estimation size L of the model based on the similarity of the 

resulting models. Different size phase portrait models describe textiire information 

at different scales. To properly and efficiently classify tissue using three dimensional 

texture it is necessary to use a model size that is appropriate for each tissue. This 

model size is determined by estimating the phase portraits from a large sampling 

of N estimation windows within the training regions. Sampling is accomplished 

by choosing random origins p for the estimation window Wi{x. — p) resulting in a 

set of N phase portrait models {A„/,p, b„/,p}. Expressing the phase portrait models 

as a set of AT 12 X 1 linear vectors {a„/,p} using (5.11), it is possible to determine 
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Figiire 7.1: Proper phase portrait estimation size is related to a minimmn in the 
splierical variance of a large set of resulting phase portraits. Phase portrait sizes 
with the smallest amount of spherical variance are used as tissue models. The 
different tissues striated muscle shown in red imd spongy bone shown in green, 
have appropriate estimation sizes of L=13 and L=8 respectively. 

the estimation size L by a characteristic minimum in the spherical variance S{a^hp) 

as shown in Fig. 7.1 for striated muscle and spongy bone tissue. The striated 

muscle phase portrait models have the most coherency using an initial estimation 

neighborhood of H'i3(x — p) which is a relatively large neighborhood. The spongy 

bone however,  has i ts most coherent phase portrait  t issue models when L = S. 

This variation in the spherical variance is collected in Table 7.1 for tissue types 

that are volumetrically significant in the human cranium. The estimation size L 

that produces a minimum in the spherical variance corresponds to the set of phase 

portrait models that are the most homogeneous. It is those phase portraits that 

are associated with this estimation size L that are the most indicative of the actual 

tissue texture and consistent in describing that texture. 
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Estimation Size L 
3 4 5 6 7 8 9 10 11 12 13 

striated muscle 101 87 83 81 62 67 61 58 36 23 18 
compact bone 38 42 51 
spongy bone 129 111 109 104 72 47 61 78 87 71 62 
adipose tissue 87 84 78 83 65 41 32 43 55 61 67 
grey matter 63 51 45 48 49 64 73 87 76 65 63 
white matter 34 29 23 21 26 27 31 41 39 46 48 

Table 7.1: Spherical variance (xlO"^) of phase portrait models as a function of 
phase portrait estimation size L. Bold values represent the minimums of the spher
ical variance and the appropriate phase portrait tissue estimation size. 

7.2.1 Tissue Histology 

The cranium consists of six tissue types in large volumetric quantities not including 

metabolic fluids. The structure and support of the cranium is derived from the flat 

bones of the skull and the cervical vertebra. Volumetrically, these bones have a 

relatively thin cortex containing a porous amorphous interstitial space filled with 

bone marrow. Movement of the head and tissues is provided by coimective tissues 

of which striated muscle dominates. In addition to these tissues, the majority of 

the volume of the cranium corresponds to tissues of the central nervous system that 

are neutrally buoyant in cerebral spinal fluid (CSF). These internal structures are 

surrounded by varying depositions of adipose tissue and skin. 

Biological tissues have a macroscopic appearance that is a function of the 

cellular structure. Phase portrait model segmentation is premised on the fact that 

an anatomical tissue has a characteristic spatial distribution of the color vectors that 

can be recorded in three-dimensional phase portraits. Precise classification based 

solely on color vector is difficult to achieve due to the similar color of different 

tissues. 

One volumetric contributing tissue is striated muscle. The filaments of stri

ated muscle are collected into regular aligned regions called sarcomeres that are 

comprised of isotropic and anisotropic bands. Muscle tissue appears red in color 

due to the large content of myoglobin. This monomeric protein has a greater affinity 
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for O2 than does the tetrameric protein hemoglobin and acts as an oxygen reserve 

in the muscle tissue. High myoglobin content is also characteristic of bone marrow 

which is the site of hematopoiesis or blood cell synthesis [18]. Due to the similarity 

in the concentration of myoglobin and the characteristic color vector of this pro

tein, muscle and bone marrow can be difficult to distinguish. An example of the 

similarity in the mean color of these two tissues is included in Fig. 7.2. Notice that 

the spatial color distribution is the primary difference between the striated muscle 

and the spongy bone. 

Bone exterior consists of a hardened cortex of compact bone that contains 

within it a porous tissue called spongy bone. As the name implies compact bone 

is hard and dense while spongy bone is a disorganized structure with spicules of 

bone surrounding marrow containing cavities [21]. Within the spongy bone interior 

is the red and yellow marrow that correspond to the site of erythropoiesis (red 

blood cell formation) and lipid storage respectively. Spongy bone is present in the 

shafts or diaphysis of the long bones of the axial skeletal system and within the 

flat bones such as the scapula, the ribs and the bones of the skull. Within the 

cranium, spongy bone and the accompanying red and yellow bone marrows solely 

reside within the cranial flat bones of the skull and within the cervical vertebra. 

The appearance of bone in the Visible Human Project® database is dependent 

on the specific bone, imaging location, and bone type. Figiore 7.2 contains a cross 

section of spongy and compact bone from a cervical vertebra. The interior spongy 

bone has a dramatically different appearance than the exterior cortex of compact 

bone. 

Another tissue present in the cranial cavity in substantial volumetric quanti

ties is the white and gray matter of the central nervous system. The cortex of the 

cerebrum is a convoluted surface of gray matter that is comprised of the trillions of 

dendrites and somas of the central nervous system nerve cells. These nerve cells are 

insulated with myelin along their axons. White matter underUes the gray matter 

and is comprised of the myelinated nerve axons that interconnect the nerve somas 

[21]. The high concentration of lipids present in the myelin molecules imparts a 
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Figure 7.2: Tissue axial cross-sections of volumetrically significant cranial tissues. 
Top Left) Striated muscle tissue from the sternocleidomastoid. Top Right) Cross-
section of a cervical vertebra. The interior of this bone is an amorphous spongy 
bone surrounded by a hardened cortex. Middle Left) Gray cortex covering the 
white myehnated nerve axons of the CNS. Middle Right) Amorphous structure of 
the lipid containing adipose tissue. Bottom) Spinal cord cross section showing white 
and gray matter. Note the similarities in the Upid and myoglobin containing tissues. 
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tissue type A, (Tj L type 

striated muscle 
Ai = 0.853 
A2 = 0.124 

A3 = -1.298 

a^x^ = 0,034 
/TAJ = 0.051 
(7^3 = 0.097 

13 
index 2 
saddle 

spongy bone 
Ai = -1.377 

A2 = 0.345 
A3 = 0.089 

0.171 
= 0.012 

fTA3 = 0.019 
8 

index 2 
saddle 

compact bone 
Ai = -0.381 
A2 = -0.927 
A3 = -1.086 

fT,. =0.181 
fTx^ = 0.325 
<7A3 = 0.208 

3 
index 0 
node 

adipose tissue 
Ai = -0.769 

A2 = 0.337 
A3 = -0.071 

fTxi = 0.039 
fTx^ = 0.017 
^ta3 = 0.032 

9 
index 1 
saddle 

grey matter 
Ai = 0.187 
A2 = 0.321 
A3 = 1.745 

fTxi = 0.023 
(Tx^ = 0.065 
<7^3 = 0.103 

5 
index 3 
node 

white matter 
Ai = -0.078 
A2 = -0.418 

A3 = 0.157 

ax, = 0.045 
(Tx^ = 0.019 

(7x3 — 0.062 
6 

index 1 
saddle 

Table 7.2: Final phase portrait tissue models for the volumetrically significant 
tissues of the cranium. 

characteristic white color. 

Since the myelinated axons derive from hydrophobic Upids it is expected that 

other tissues with high lipid concentrations would have a similar appearance. Figure 

7.2 contains an example that confirms tliis assumption. The subcutaneous adipose 

or fat tissue contains a substantial quantity of lipids and is similar in color to the 

myelinated white matter. The central nervous system tissue is not solely contained 

within the cranial cavity. White and gray matter volumetrically comprise the hind-

brain as well as the spinal cord which passes through the center of the vertebra. 

Figure 7.2 shows that the spinal cord has an appearance of white and gray matter 

which is intermixed somas and myelinated axons. 

The final volumetric contributor is adipose tissue. The distribution of this 

Upid containing tissue varies although it can collect in great abundance within the 

subcutaneous tissue, especially around the abdomen, kidneys, or the surface of 

the heart. Adipose tissue consists of approximately spherical lipid filled vesicles of 
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varying sizes. The large concentration of lipid causes a characteristic gray or whitish 

color in these tissues. The tissues are very amorphous and are held together with 

a network of capillary blood-vessels [21]. Within the cranium the largest deposits 

of adipose tissue exist surroimding the musculature of the neck. 

7.2.2 Phase Portrait Tissue Models 

Automatic tissue segmentation requires that a set of three dimensional phase por

traits that are representative of the actual tissue types be generated. These models 

are compared with the phase portraits generated from tissue yet to be classified. 

Tissue models are generated using the set of N phase portrait models created from 

the color vectors within a region partitioned using Wi{'x^hp — p) in accordance to 

(4.4). Using N such windows Wi{Xvhp - p) within a homogeneous training vol

ume for tissue j, N different subvolumes V'(x. p. L) are partitioned. Estimating a 

phase portrait model from each of the N subvolumes creates N phase portrait mod

els {Aj, bj} i 6 [1, -V] each of which has associated with it a 3 x 1 eigenvalue 

vector \ j = [Ai A2 i e [1. AT], j 6 [1,6] comprised of the eigenvalues of 

the diagonal matrix (2.8). Tissue models are determined from the set of N phase 

portraits using the sample mean eigenvalue 

as a means of determining the phase portrait type and class that is indicative of 

tissue j. The resulting three eigenvalues are considered as a new feature for feature 

vector segmentation. These three eigenvalues are compact descriptors of the color 

space topology. This topology is used to classify the unclassified volumes based 

on their color distribution. Along with the mean eigenvalues the sample standard 

deviation of the set of eigenvalues is determined as 

A3 

(7.5) 

(7.6) 
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These values are collected in Table 7.2 for the primary volumetric contributing 

tissues of the neck and head. 

Each of the six volumetric contributors is found to have a characteristic phase 

portrait tissue model. The phase portrait models are classified into their respec

tive canonical forms in accordance with Chapter 2. Topologically the model types 

contain both attractors and repellers, with indices varying from 0 to 3. Only the 

compact bone phase portrait model seems to be inappropriate. 

The compact bone phase portrait tissue model uses an estimation size of L = 3 

due to the thin characteristic nature of this tissue. Phase portrait models applied 

to compact bone may be ill posed due to bone's sheet-like topology which does 

not lend itself to volumetric modeling. Table 7.1 shows that training sizes for this 

tissue were limited to a maximum value of Z- = 5, due to difficulties in segmenting 

proper homogeneous training regions. As a result, the sample standard deviation 

of this representation is the largest among the generated tissue models. 

7.2.3 Anatomic Voxel Classification 

The phase portrait tissue models fire comprised of 3 x 1 feature vectors that rep)-

resent the eigenvalues of the diagonal matrix (2.8) and the associated topology of 

the tissues. Along with each 3x1 mean eigenvalue vector Xi, there is an associated 

standard deviation vector trj. It is possible to assign each voxel in an unclassified 

volume to one of the j different tissue models by using a nearest neighbor classi

fication. An unclassified voxel is classified by first determining its phase portrait 

using a size estimation window as determined in Table 7.1. This window function 

is used to partition the original volume into a subvolume V'(x, p, L) that is then 

sampled as outlined in Appendix A to yield the phase portrait parameters. The 

eigenvalues X^n and thus the topology of this estimation window are determined 

from the phase portrait parameters. The unclassified volume is determined to be 

of tissue type j providing 

A„„ - Aj < Aun - AJ V (7.7) 
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This approach is attractive due to its simpUcity. However, since only those tissue 

types that represent significant voliunetric contributions have been modeled, and 

since the actual number of human tissues far exceeds those classified, this method 

is inappropriate. The nearest neighbor method is ill-posed because it classifies each 

voxel into one of the different tissue models regardless of the appropriateness of this 

classification. 

Since a voxel should only be classified as a known tissue providing its phase 

portrait topology is similar to the tissue topology, a better method of assigning 

unknown voxels to a particular tissue should be based on a user defined threshold. 

An unclassified volume with a eigenvalue feature vector Au„ is classified as tissue j  

when its three eigenvalue components satisfy 

•^uni ^Ij — 

•^unj ^2j ^ I (^•^) 

Aun3 — ^3 < 

where a is a user defined parameter. Restricting a = 0 classifies volumes whose 

phase portrait eigenvalues X^n match the tissue eigenvalue vector model Xj iden

tically. Increasing q > 0 allows a generaUzation of the model and allows unknown 

volumes to be classified as tissue j providing their eigenvalues Xun similar to 

the model. Using this dynamic parameter it is possible to segment voxels either 

in a very restrictive manner by keeping a small or broadly by increasing the value 

of a. An additional benefit of this scaled standard deviation procedure is that it 

decouples the different tissue models. It is possible to classify an unknown volume 

as a single tissue or not without regard to the other tissues. This fiexibihty is not 

possible with (7.7). 

These classification procedures are based on the local information of the voxels 

and the associated tissue models. It is possible to improve the accuracy of the 

algorithms by including a priori information regarding the tissue distributions into 

the classification. Assimie that within each axial section of the volumetric image 

database pz it is possible to determine the probability of occurrence /(Pz, j ) of tissue 
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j  relative to the other tissues such that 

(7-9) 
J 

This information is available for known databases such as the Visible Human 

Project® or can be approximated for image modaUties such as MR based on the 

scarming region. The probability of occurrence information can be incorporated into 

the classification procedure by modifying the scaling parameter a'p^ j = f{p2,j)a. 

The unclassified volimae can then be determined to be comprised of tissue j if 

Aij < f iPzJ) \oc(Txj\  

•^unj X2j < f iPzJ) \a(T2j\  (7.10) 

- A3 < f i P z J )  Iqtsj I .  

This modification allows the model of tissue j  to be applied more generally than 

the other tissue models, providing that tissue j is more prevalent in that partic

ular anatomical slice. Tissues that are absent for an axial cross-section are given 

no standard deviation for classification. These tissues must match the phase por

trait tissue eigenvalue model exactly in order to be assigned. This segmentation 

procedure is a means of introducing structure and anatomical information into the 

classification process. 

Another method to introduce structure information is to couple the segmen

tation of different tissues and use predictable relationships to reduce classification 

errors. Such a method is used by Zeng et al. in the segmentation of volimietric 

anatomical data [66]. Zeng uses anatomical information such as the mean white 

matter to cortex distance in the cerebrum to improve brain matter segmentation. 

7.2.4 Continuous Phase Portrait Tissue Classification 

The phase portrait estimation process outlined in section 7.2.2 partitions the origi

nal volumetric dataset into subblocks V'(x, p, £) based on the size of the estimation 

window L and the amount of overlap. Non-overlapping phase portrait modeling was 
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Figure 7.3: Comparison of phase portrait tissue segmentation using both non-
overlapping and continuous estimation windows. Tissue is classified as striated 
muscle using a scaled standard deviation procedure with alpha=1.2. The continuous 
case estimates a phase portrait for each voxel. 

originally performed using an estimation size L that was matched to the transla

tion vector p in section 4.2. For accurate tissue segmentation and classification it 

is beneficial to use the methodology of continuous phase portrait modeling rather 

than the non-overlapping ptirtitioned procedure. By relaxing the condition that 

the estimation window is translated by integer values of its dimension L, it is pos

sible to introduce overlap in the estimation and redundancy to the phase portrait 

representation. 

The maximum amount of estimation window overlap occurs when a new es

timation window is used for each voxel. This procedure was used in section 5.3 for 

vector flow fields. Generating an individual phase portrait for each voxel allows a 

voxel by voxel classification. An example of this continuous phase portrait mod

eling as applied to volumetric image data is shown in Fig. 7.3. In this example 

volumetric data from the Visible Human Project® is classified using the striated 

muscle tissue model firom Table 7.2 and using the scaled standard deviation thresh

old procedure (7.10) with q = 1.2. Striated muscle was chosen due to the size of the 

estimation window required. The phase portrait tissue model for striated muscle 

has a topology of an index 2 saddle. 

The partition method with no estimation window overlap provides a classifi-
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Figure 7.4: Phase portrait tissue model classification of volumetrically significant 
cranial tissue as white matter (yellow), gray matter (green), striated muscle (pur
ple), spongy bone (orange), compact bone (red), and adipose tissue (blue). Clas
sification was performed using continuous phase portrait modeling with M=l, al-
pha=0.5, and L dependent on the tissue type. 
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cation on a block by block level that loses anatomy detail. Also included in this 

figure is the continuous phase portrait classification of the volume on a voxel by 

voxel basis. E^stimating a phase portrait for each voxel preserves the anatomical 

structure at the expense of increased computation and slow processing. 

Continuous phase portrait classification of tissues was performed on the tissues 

that were considered volumetric contributors using the scaled standard deviation 

as a threshold with a = 0.5. Due to the computation required for a voxel by voxel 

classification this is a slow process with computation time of several hours on a 

Pentium II 450. The results are shown for all six tissue types in Fig. 7.4. This 

axial slice of the craniiun was chosen because it contains all six of the volumetric 

contributors in differing quantities. The small value of a was chosen to limit the 

number of false positive (FP) misclassifications although Umiting the FP causes an 

associated rise in false negative (FN) misclassifications. 

The most prominent tissue in this axial section is the myelinated nerve axons 

of the white matter. Classified In yellow in Fig. 7.4, this tissue has a high con

centration of lipids and thus has a similar appearance to adipose tissue (shown in 

blue). While the color vectors of these tissues are similar the color distributions are 

unique. Phase portrait segmentation differentiates between these tissues providing 

a is maintained at a small value. 

In addition to the white matter and the adipose tissue, compact bone has an 

off-white appearance. Phase portrait segmentation identifies a limited number of 

voxels as compact bone (shown in red). Mis-identification of this tissue is a weakness 

of the phase portrait volumetric classification due to the thin sheet-like topology 

of the tissue and the small model size, which cannot discriminate accurately. This 

tissue has the poorest discrimination and the highest amount of FP error for the 

six tissues modeled. 

The inability of the phase portrait models to segment compact bone is offset 

by the ability to discriminate spongy bone (shown in orange) firom striated muscle 

(shown in purple). These tissues have a high concentration of myoglobin which is 

associated with a red color vector. The striated muscle voxels have a good sepa
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ration from the spongy bone and a low rate of FN misclassifications. The spongy 

bone identification appears very disjoint at this particular value of a. Increasing a 

corresponds to a rise in mis-classified voxels of spongy bone as striated muscle. 

Each of the six tissue types has a varying amount of FP and FN misclassi

fications as a function of the user defined thresholds. As the standard deviation 

scaling parameter a increases from zero, the number of FN misclassifications de

creases. This decrease in FNs is associated with a rise in FP misclassifications. 

Using manually segmented voxels as truth data it is possible to examine the mis

classifications of each tissue model, this dependence on a is shown in Fig. 7.5. 

It is observed that striated muscle shows the best performance in terms of FP 

and FN misclassifications. Using an a = 0.85 yields a 2% error which is balanced 

between FPs and FNs. In addition to the striated muscle, white matter can be 

classified at a minimum error of 10% and gray matter at 13%. Spongy bone and 

compact bone show the largest amounts of classification error with minima at 20% 

and 37% error respectively. Coupled with the large amount of misclassifications 

error compact bone has a significant amount of FN errors even with a low scaling 

value a. This is caused by the poor discrimination of the L = 3 model and the 

associated large amounts of standard deviation in the model. 

7.3 Anatomical Reconstructions from Phase Portraits 

Three dimensional rendering of anatomical information has excellent applica

tions for leaning the relationships between different anatomical structures. Learning 

complex anatomy is based on learning the spatial relationships of different tissues 

and structures. Digital rendering from actual cryosections of cadavers are an ex

cellent tool because the models can actually be viewed in their three dimensional 

structures relative to each other. While these techniques are very effective in an 

academic setting they are of reduced value in a clinical setting. The problem is that 

rendering a three dimensional object involves many parameters related to object 

and Ughting position, tissue transparency and at which level to view the struc

tures. Clinical diagnosis of images are typically viewed as a mosaic of axial slices 



168 

I •* wnit* mailar fata* pesit^a 
: » vwftif mmttmr falaa rwqatN* 

-XI 

'ID 

SO 

•iO 

'a 

III 4 ) i 4  

' Qfay mattar falsa pa«4iva , 
>- gray mattf fat— naoativ L 

A 
•% 

\ 

) 
4 ) 

I 

t *• straitaij muacla tala« po«<iv« 
; • «tfiaia^ muacta fal— naoatv 

t t 
le 
1« 

• apongy bofia fal— poaitfva • 
_• aponqy bona fat— nagaOvi 

1) 4 

J 

> adipeaa falaa peailiv* 
I- ad^oaa fal— oaqatlva 

I] 
u  e  
0 9 
U 4 

0 2 

g 

} 
1 !•. I 4 1 

O » 
C M 
O 
c e  
n n 

« eompacl bona faiaa p«a4tv« 
•- compact bona faiaa nagaltva 

4 

O 2 
O ' 

O J J a 
alpha 

Figiire 7.5: Misclassification of Visible Human Project voxels using continuous 
phase portrait segmentation of volumetric contributing tissues of the cranium. 
Misclassification dependence on the standard deviation scaling parameter alpha 
is shown. 
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Figure 7.6: Three dimensional rendering of the central nervous system white matter 
using continuous phase portrait segmentation. Three views from top to bottom 
represent the top, right, and front orthogonal views respectively. 
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due to the rendering complexity and variables [57] [45]. In other words, rendering a 

anatomical structure requires an a priori knowledge of what you are attempting to 

render. Clinical diagnosis seeks rather to identify unknown differences that might 

be indicative of a particular pathology. 

In addition to the large number of unknown parameters that complicate the 

rendering process it is difficult to compare unique regions of a database once they 

are rendered. For example a common diagnostic tool involves comparing the left and 

right halves of the cranial cavity in CT scans. Since himaan anatomy is bilaterally 

symmetric any asymmetries are considered pathological. These comparisons are 

hindered once a three dimensional rendering is performed. 

Using continuous phase portrait classification of white matter tissue with a 

standard deviation threshold parameter a. = 0.6, the white matter is segmented 

within the original volume. The initial segmentation was followed by a 3 x 3 x 

3 moving average filter to smooth the discontinuities present due to the limited 

number of axial slices. The Matlab rendering function equisurf was used to render 

this three dimensional structure in Fig. 7.6. Shown are the three orthogonal views 

of the white matter. This anatomical structure has a very convoluted surface that 

can be difficult to visualize. The convoluted surface can be best viewed using the 

top and right orthogonal projections. Two user defined parameters were selected to 

generate this rendering. First the choice of standard deviation scaling threshold a to 

establish a classification region in feature space and a rendering parameter within 

the equisurf routine regarding what level to visualize. The rendering parameter 

was set to 85% of the segmented voxel value prior to low pass filtering. This 

value allowed a degree of smoothing to be present between adjacent axial slices and 

improved the rendering considerably. 

7.4 Strengths and Weaknesses of Phase Portrait Segmen
tation 

Continuous phase portrait classification uses qualitative equivalence present in color 

distributions of volumetric data to segment voxels into established tissue types. 
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This procediare is beneficial in that the neighborhood surrounding each voxel is 

sampled and used for classification using an overdetermined estimation process 

that determines color topology. Since phase portraut models represent a Taylor 

Series trimcation the original data is smoothed relative to a precise representation. 

This allows the fundamental variations to be represented. 

These benefits are apparent in the accurate segmentation of tissue with similar 

color vectors, the aforementioned myoglobin and lipid containing tissue are two such 

examples. Striated muscle especially provides accurate segmentation with a small 

amount of false positive misclassifications. In the sense that many tissues provide 

similar colors, tissue segmentation using color information as a feature is a difficult 

process. While separating striated muscle firom tissues of the central nervous system 

is straightforward, accurate segmentation of compact bone, firom myeUnated axons 

or adipose tissue is difficult due to the common appearance and lack of contrast. 

Better segmentation may be possible using imaging modalities that can separate 

based on more unique features such as density or magnetic properties [45]. 

An additional problem with using phase portraits to segment and classify the 

tissue is that it does not work well for very thin tissues. Because phase portrait 

segmentation is premised on volumetric descriptors, tissues such as compact bone 

are different to describe with anything but the smallest phase portrait model. Un

fortunately, in small phase portrait models information regarding the distribution 

of color is lost. Also, a substantial amount of volumetric data is needed for the 

homogeneous training regions and also for the tissues to be classified. Thin tissues 

that have a smaller volume then the phase portrait model cannot be classified be

cause there is always more than a single tissue included in the estimation window. 

Classification using small models is as unreliable as using color to discriminate 

between tissues. 

One final drawback to this method is the computation required for each voxel. 

Performing continuous coefficient phase portrait segmentation which allows for a 

voxel by voxel classification of the voliunetric data requires a singular value de

composition estimation for each voxel. Once the phase portrait is generated then 
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it must be compared with all the possible models. This is very computationally 

inefficient. 

7.5 Summary 

In addition to volumetric phase portraits representing times series of images, it 

is also possible to model volumetric color databases such as the Visible Hmnan 

Project. Three-dimensional phase portrait models describe both the characteristic 

color of the particiilar tissue as well as the spatial variation of the color within 

the tissue. In this representation, information regarding the distribution of color 

or texture of the tissue is present in the coefficients of the Jacobian of the color 

distribution. 

Using this information, the phase portrait model can be used to classify un

known voxels based on the distribution of the colors within the particular tissue. 

This is useful in classifying and segmenting volumetric image databases where the 

different tissues are not distinguishable based solely on color or intensity since dif

ferent tissues generate pixels of indeterminate or common color. In addition, phase 

portrait estimation is robust in that a volmnetric region is examined for each clas

sification. Classifying a volumetric dataset as individual two-dimensional images is 

difficult in that while a structure may be prevalent in one sUce, this same structure 

may contain only a limited number of pixels in another slice. 

Characteristic phase portrait tissue models are generated using a training 

region homogeneous for a single tissue type. To assure that the resulting phase 

portrait model can be translated and apphed to regions of different coordinates 

within the database the phase portrait dependence on the global coordinates is 

removed. Not only must the phase portrait be expressed in relative coordinates, 

but the estimation size must match the scale of the texture. It is those phase 

portraits that are associated with this estimation size that are the most consistent 

in describing that textiire. 

Phase portrait models are generated for each of the six volumetric contributors 

within the craniimi and then classified into their respective canonical forms. The 
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resulting three eigenvalues are compact descriptors of the color space topology and 

are used to classify the unclassified volimies based on their color distribution. Using 

continuous phase portrait modeUng, a voxel is classified as a known tissue providing 

its phase portrait topology is similar to the tissue topology. 

The varying amount of false positive (FP) and false negative (FN) misclassi-

fications as a function of the user-defined threshold is examined for each of the six 

tissue types. As the standard deviation scaling parameter increases from zero, the 

number of false negative misclassifications decreases, corresponding to a rise in FP 

misclassifications. It is observed that striated muscle shows the best performance in 

terms of FP and FN misclassifications, yielding a 2% minimum error. In addition to 

the striated muscle, white matter can be classified at a minimima error of 10% and 

gray matter at 13%. Spongy bone and compact bone show the largest amounts of 

classification error with minima at 20% and 37% error respectively. Coupled with 

the large amount of misclassifications error, compact bone has a significant amount 

of FN errors. This is caused by the poor discrimination of the small model and the 

associated large amounts of standard deviation in the model. 

Phase portrait segmentation can also be used to generate volumetric ren

derings of anatomical structures. Using continuous phase portrait classification of 

white matter tissue, the white matter is segmented within the original volume. The 

initial segmentation was followed by a moving average filter to smooth the discon

tinuities present due to the limited number of axial slices. Benefits of these models 

include accurate segmentation of tissue with similar color vectors, such as myo

globin and lipid. Striated muscle especially provides accurate segmentation with a 

small amount of false positive misclassifications. However volimietric segmentation 

fails to segment and classify thin tissue. Because phase portrait segmentation is 

premised on volumetric descriptors, tissues such as compact bone are difficult to 

describe with anjrthing but the smallest phase portrait model. One final drawback 

to phase portrait segmentation is the computation required for each voxel. 
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CHAPTER 8 

SUMMARY 

Linear phase portraits are mathematical primitives that describe vector field 

topology in a concise representation surromiding included critical points using a 

set of coupled differential equations. The associated solution set of the coupled 

linear differential equations creates a family of curves that describes the vector field 

trajectories. In this respect, a Unear flow field may be encoded in the coefficients 

of A and in the form of a coupled set of differential equations. By describing the 

vector flow field as a set of coupled differential equations, it is possible to extract 

the relevant quaUtative properties of the field. 

While A, which is used to classify the flow fleld for three-dimensional Euclid

ean space, is a 3 X 3 matrix with nine coefficients, it is possible to reduce practically 

all matrices to a diagonal form. The diagonal and near-diagonal equivalents may 

be calculated using a similarity transformation and allows the classification of the 

qualitatively different t^-pes of phase portraits by the limited number of possible 

configurations. This phase portrait representation, while not recording the field in 

an exact manner, does capture the properties of the trajectories within the flow 

field and may be used as a primitive. Classification of A and the associated phase 

portrait into one of seven canonical forms depends on the eigenvalues of A, and 

the diagonal and near-diagonal equivalents of the phase portrait model, its Jordan 

form. In addition to the seven forms which describe the time domain solution set, 

it is possible to further define the dynamic behavior of volimietric phase portraits 

by the index of A. 

An alternative to finding the rank and the modal matrices necessary for diago-

nalization and classification of A uses the trace, determinant, and minors to define 

two parameters, q and r. Using these parameters, the curve -t- provides a 



175 

simple paxtition between node/saddle and vortex behavior. Phase portrait classes 

with second-order eigenvalues lie on the curve itself, and third-order eigenvalues 

exist only at 9 = r = 0. 

The relevant phase portrait models for both compressible and incompressible 

flow are presented. Incompressible flow requires that each critical point must have 

both incoming trajectories and diverging trajectories; therefore, one of the three 

possible eigenplanes must exhibit saddle behavior. Consequently, this restriction 

causes the second eigenplane to be nodal with two inset or two outset dimensions 

and the third eigenplane to be another saddle. A signatiire function is introduced 

to classify phase portrait models that are applicable for incompressible flow. 

Complex vector flow fields are often modeled poorly by simple linear phase 

portraits. These models are created from a truncation of the Taylor series expansion 

of the vector field retaining linear terms. Linear phase portrait models are accurate 

descriptors of vector fields sturounding critical points. However, arbitrary vector 

fields are nonlinear and nonlinear phase portraits must be used to model them. 

Expanding the linear phase portrait to include second order terms allows an 

expansion of the elemental critical point. Nonlinear phase portraits may contain 

stable two dimensional trajectories that act as attractors in phase space. These 

limit cycles have a non-zero velocity and are two-dimensional critical points. In ad

dition to the inclusion of Umit cycles, three-dimensional nonlinear phase portraits 

may contain critical point attractors that exist with non-integer (fractal) dimen

sions. While it is possible to characterize linear phase portraits into one of seven 

canonical forms, nonlinear phase portraits cannot be classified as such due to the 

expanded nature of critical point behavior. Classification can be performed roughly 

by linearizing the phase portrait model around isolated critical points; however, the 

resulting stability cannot be extrapolated to the vector field. 

The improved phase portrait model fidelity and the flexibility to model dif

ferent critical point trajectories is, unfortimately, associated with parameter sen

sitivity. Three-dimensional nonlinear phase portraits can exhibit chaos. Applying 

nonlinear three-dimensional phase portrait models may give varying results since 
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any variations in model parameters can cause drastic changes to the phase space 

trajectories. It was demonstrated that predictable models can exist within chaotic 

regimes and that any deviation of the modeling parameters can destroy the fideUty 

of the model. 

Two methods for reconstructing a vector field from its component phase por

traits are possible, depending on the complexity of the flow and its boundary behav

ior. The first method uses a weighted superposition of phase portraits surrounding 

internal critical points to reconstruct vector fields consisting of non-turbiilent, con

tinuous flow and containing a finite number of spatially-isolated critical points. An 

estimate of the original vector field may be calculated at each voxel location by 

the superposition of the individual phase portrait contributions, provided that fun

damental assumptions regrading the smoothness of the vector field are valid. The 

vector field behavior in the local regions surroimding the included critical points 

is primarily a function of a single phase portrait. This phase portrait provides an 

accurate estimate of the original field in this local region. However, extrapolating 

global trajectories further from the critical points is more difficult since the assump

tion of linear fit becomes weaker. This superposition method provides an estimate 

which is accurate for simple vector fields and may be improved upon by increasing 

the order of the phase portrait model to include nonlinear terms. 

The second method presented improves the modeUng of trajectories distinct 

from the internal critical points. While decomposing the flow field based on the local 

behavior of the included critical points is an accurate description of the local be

havior surrounding those points, it does not generally provide a unique description 

of the global field trajectories. A discontinuous block processing method is used for 

vector fields that violate the necessary assumptions for superposition based recon

struction. Imposing a regular partition on the original data and using discontinuous 

phase portrait models creates smaller, more coherent vector field segments, and no 

extrapolation is required. The data volume is partitioned into subregions by mul

tiplying the original volume by a scaled and translated binary window function. 

Each subvolimie may be rewritten as sets of simultaneous coupled equations 
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and is then modeled by a unique phase portrait. 

When the original data is corrupted by additive, spatially-iincorrelated angle 

noise, the reconstructed vector field is robust and reduces the amount of noise. For 

the two procedures, the linear estimation process is more robust than the nonlmear 

estimation process, although both show an insensitivity to additive angle noise. 

Adding angle noise of 0.4 radians fields a reconstruction error of less than 0.05 

radians, and in the case of extreme input noise with a mean value of 1 radian, 

phase portrait estimation yielded 0.12 radians and 0.17 radians using linear and 

nonlinear phase portraits respectively. 

In addition to being insensitive to angle noise, the superposition and par

titioned processing methods reject additive white noise with random orientations 

and magnitudes. Examining the reconstructions in terms of signal to noise energy, 

linear phase portrait estimation again outperforms the nonlinear process. Signal-

to-noise ratios in the range of 0 - 2 cause high amounts of error due to the small 

signal level relative to the noise level. However, the greater the signal-to-noise ratio, 

the better noise rejection is possible. Even at a signal-to-noise ratio of 2, the linear 

phase portrait estimation yields a modest 0.04 radians and the nonlinear estimation 

process produces a value of 0.06 radians. These figures are based on a phase por

trait estimation size of L = 10. Smaller block sizes lead to greater fidelity, smaller 

compression and decreased noise rejection, while using larger block sizes reduces 

the reconstruction fidelity but increases compression and insensitivity to noise. 

Using a linear, partitioned-based analysis and reconstruction procedure results 

in different subvolumes modeled with varying amounts of fidelity depending on the 

subvoliune topology. Some partitioned blocks will be modeled very precisely using 

linear phase portraits and other blocks may demonstrate an increase in the residual 

error. Therefore, a distribution of angular error exists which can be represented as 

a histogram of the number of subvolumes modeled at each level of reconstruction 

error. This histogram has a Raleigh-shaped distribution with the majority of values 

clustered close to the minimum value, characteristic long tails, and large values of 

positive skew. 
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This histogram data supports an algorittmi based on variable size phase por

traits. It is advantageous to model regions of homogenous, slowly varying linear 

flow using larger blocks. However, not all subvolumes can be modeled accurately 

by a particular block size and complex topological subvoliunes must be partitioned 

and modeled by smaller subregions. The octave tree decomposition method seg

ments an original volume into eight smaller subvolumes. The decomposition of the 

original volume into subvolumes is followed by a merge algorithm that identifies 

subvolumes similar enough to be described with the original order. 

Another method to increase the reconstruction fideUty of a linear phase por

trait is to expand the model to include nonlinearity. Nonlinear phase portraits 

cannot achieve the same amount of compression as the linear model; however, for a 

given block size, the resulting reconstruction error is lower. A linear and nonlinear 

phase portrait octave tree decomposition method is used where a linear model is 

first attempted. Provided that a reconstruction error threshold is not exceeded, 

the linear model is retained. Should the error threshold be exceeded, a nonlinear 

phase portrait model is attempted. In the event that the nonlinear model is still 

insufficient to resolve the data, then eight smaller models are used to cover the 3D 

volume. 

For the linear octave-tree decomposition algorithm, the coefficient reduction 

ranges from 2:1 at an angular reconstruction error of 0.01 radians up to 110:1 at 

an error of 0.052 radians; this large range is caused by variations of field topolo

gies. Expanding the algorithm to include nonlinear models improves the coefficient 

compression of the linear octave-tree at a particular angular error. Coefficient re

duction achieved is 80:1 at an angular reconstruction error of 0.03 radians. The 

nonlinear octave tree decomposition along with the subsequent merging algorithm 

offers an additional improvement over the standard nonlinear octave algorithm, and 

the compression is improved by an additional 40:1 

Linear and nonlinear octave tree decomposition uses estimation window trans

lations and scales that prevent window overlap. Relaxing this requirement, the 

translation differs from the window scale, and phase portrait representations can 
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be calculated with various amounts of redundancy. In particular, the maximum 

amount of redundancy allows a phase portrait to be estimated continuously such 

that imique phase portrait information is available at each voxel. Each of the phase 

portrait model parameters are highly correlated and slowly varying. This method 

removes any artifacts present over partition boundaries and allows for voxel-by-

voxel classification. 

Two transformations are used to compress the twelve scalar fields of the con

tinuous coefficient phase portrait model, the discrete cosine transform and the 

wavelet transform. It is shown that the reconstruction of a single phase portrait 

model coefficient from 25 terms of the discrete cosine transform contains much 

of the same information as the original, yet at a compression of 156:1. For the 

three-dimensional discrete cosine transform, the achievable compression of the data 

volume varies from 2:1 up to 130:1. For a large number of retained coefficients, the 

amount of angular error reaches a lower asymptotic threshold due to the smoothing 

inherent in the phase portrait models. Continuous coefficient phase portrait mod-

ehng also exhibits saturation once additional retained terms cannot significantly 

improve the coefficient estimate. 

Using the hnear and nonlinear phase portrait models, weighted linear super

position and partition based analysis and reconstruction are applied to vector field 

analysis, compression and reconstruction. Digital video scene and shot segmen

tation uses an implementation where partitioned phase portraits are employed to 

generate a forward and backward frame in the video sequence. These phase portrait 

extrapolations are compared with the actual modeled frames to create a likehhood 

of scene transitions. 

In addition to vector fields, three-dimensional phase portraits are useful rep

resentations for time series of images. The phase portrait coefficients represent the 

dependence and distribution of color on the orthogonal basis. An abstraction of the 

interpretation of a vector field would be to treat it as a color image where the red, 

green and blue color dimensions correspond to the orthogonal flow directions of the 

vector field. Using this concept, a two-dimensional color image may be represented 
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as a slice of vector field data and the previoiisly presented algorithms for vector 

field compression and analysis applied to digital video. 

One difficulty is the inhomogeneous nature of color vectors within a single 

image frame. This may be overcome somewhat by applying the spherical variance, 

a measure of color vector coherency, as a weight in the phase portrait estimation 

process. By premultiplying the estimation equations by unique weights linked to 

their varying amounts of spherical variance, the solution vector tends to promote 

these inhomogeneous vectors. By weighting inhomogeneous color vectors higher in 

the phase portrait estimation process, the integrity of those vectors is preserved. 

Octave tree decomposition can be appUed to digital video compression follow

ing the same implementation as with vector fields. If a particular phase portrait 

representation caimot model a section of the digital video, then the window is mod

ified. The modification can consist of reducing the phase portrait scale for the two 

image dimensions while maintaining the temporal length; alternately, the temporal 

length may be shortened to reduce temporal smoothing. Compression factors for 

the test video range from 2:1 up to approximately 20:1, with saturation present 

at low and high amounts of compression. The low compression saturation corre

sponds to user-defined amounts of threshold error below the minimum amount of 

phase portrait reconstruction error for any phase portrait model size. Additionally, 

the high compression saturatation occurs when all blocks are modeled by the largest 

order phase portrait. 

Phase portrait models also offer a novel approach for automatic video scene 

segmentation. Scene segmentation is based on the extrapolation of the phase por

trait models to generate a forward and backward prediction of the video image. 

Comparing these predicted frames to the actual or modeled frames provides a de

termination of frame to frame discontinuities which can then be used to detect 

scene and shot transitions. The phase portrait scene detection is compared with 

two popular methods, one that detects differences in the color histograms from 

one frame to the next, and another that compares the principle components of the 

video frames. Both methods use a pair-wise comparison that has difficultly with 
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slow transitions. Also, principle component comparisons depend on the choices of 

the threshold and the frame grouping parameter. 

Assuming that the actual scene and shot transitions are present and prevalent 

at differing scales, a histogram-based method of automatically determining the 

number of transitions is presented. The actual number of scene and shots are 

determined by examining the phase portrait detections over varying estimation 

sizes. Phase portrait segmentation shows a robustness and stability of the actual 

number of scene and shot transitions that is absent with either of the pair-wise 

methods. 

In addition to volumetric phase portraits representing times series of images, 

it is also possible to model volumetric color databases such as the Visible Human 

Project. Three-dimensional phase portrait models describe both the characteristic 

color of the particular tissue as well as the spatial variation of the color within 

the tissue. In this representation, information regarding the distribution of color 

or texture of the tissue is present in the coefficients of the Jacobian of the color 

distribution. 

Using this information, the phase portrait model can be used to classify un

known voxels based on the distribution of the colors within the particular tissue. 

This is useful in classifying and segmenting volumetric image databases where the 

different tissues are not distinguishable based solely on color or intensity since dif

ferent tissues generate pixels of indeterminate or common color. In addition, phase 

portrait estimation is robust in that a volumetric region is examined for each clas

sification. Classifying a volumetric dataset as individual two-dimensional images is 

difficult in that while a structure may be prevalent in one slice, this same structure 

may contain only a Umited number of pixels in another slice. 

Characteristic phase portrait tissue models are generated using a training 

region homogeneous for a single tissue type. To assure that the resulting phase 

portrait model can be translated and applied to regions of different coordinates 

within the database, the phase portrait dependence on the global coordinates is 

removed. Not only must the phase portrait be expressed in relative coordinates but 
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the estimation size must match the scale of the texture. It is those phase portraits 

associated with this estimation size that are the most consistent in describing that 

textxire. 

Phase portrait models are generated for each of the six volumetric contributors 

within the cranium and then classified into their respective canonical forms. The 

resulting three eigen\'alues are compact descriptors of the color space topologj' and 

are used to classify the unclassified volxmies based on their color distribution. Using 

continuous phase portrait modeling, a voxel is classified as a known tissue providing 

its phase portrait topology is similar to the tissue topology. 

The varying amount of false positive (FP) and false negative (FN) misclassi-

fications as a function of the user-defined threshold is examined for each of the six 

tissue types. As the standard deviation scaling parameter increases firom zero, the 

number of false negative misclassifications decreases, corresponding to a rise in FP 

misclassifications. It is observed that striated muscle shows the best performance in 

terms of FP and FN misclassifications yielding a 2% minimum error. In addition to 

the striated muscle, white matter can be classified at a minimum error of 10% and 

gray matter at 13%. Spongy bone and compact bone show the largest amounts of 

classification error with minima at 20% and 37% error respectively. Coupled with 

the large amount of misclassifications error, compact bone has a significant amount 

of FN errors. This is caused by the poor discrimination of the small model and the 

associated large amounts of standard deviation in the model. 

Phase portrait segmentation can also be used to generate volumetric ren

derings of anatomical structures. Using continuous phase portrait classification of 

white matter tissue, the white matter is segmented within the original voliune. The 

initial segmentation was followed by a moving average filter to smooth the discon

tinuities present due to the limited number of axial slices. Benefits of these models 

include accurate segmentation of tissue with similar color vectors such as myo

globin and lipid. Striated muscle especially provides accurate segmentation with a 

small amount of false positive misclassifications. However volvmietric segmentation 

fails to segment and classify thin tissue. Because phase portrait segmentation is 
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premised on volvmietric descriptors, tissues such as compact bone axe difficult to 

describe with anything but the smallest phase portrait model. One final drawback 

to phase portrait segmentation is the computation required for each voxel. 
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APPENDIX A 

COMPUTING PHASE PORTRAITS 

Our goal is to create compact representations of 3-D vector fields that support 

a model-based compression, and in turn reconstruction and visuaUzation of the 

flow. First, any average or mean flow field component present is removed, then 

the critical points of the flow are detected. Phase portraits are then estimated at 

these locations, and the flow classified based on the eigenvalues. These constitute 

the steps to analyze, or decompose, complex flows as described in the following 

sections. 

Increasing the dimensions of an orientation field from two to three dimensions 

requires a change in the analysis algorithms. While two dimensional orientation 

fields are inherently different from three dimensional vector fields, the fundamen

tal premises of phase portrait analysis and decomposition and the corresponding 

synthesis process remain valid and basically unchanged. Asstuning the vector field 

is known it is necessary to determine the voxel locations of the critical points and 

then to estimate A about each location. Once A is known the phase portrait type 

is classified by the resulting matrix eigenvalues and the relative strengths of the 

different portraits may be calculated. An increased level of complexity is required 

in the algorithms which perform the individual steps of the analysis due to the 

additional dimension of the data sets and the fundamental difference in the voxel 

data values. 

A primary difference exists between the voxel values in a three dimensional 

vector field and the pixel values in a two dimensional orientation field, since al

though two dimensional orientation fields are the perceived angles of a texture or a 

flow within an image, the actual direction and magnitude of the underlying vector 

field are inherently ambiguous. In a two dimensional image an oriented pattern 
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may be present in the images due to the motion of dyes or particles. This concept 

of an ambiguous direction may be extended into three dimensions by assimiing that 

while the trajectory line may be calculated the actual flow direction could be any 

vector along that line. The problems which arise due to the directional and mag

nitude ambiguity are not present in numerically computed synthetic data since the 

vector field is known. 

The calculation of the critical points of three dimensional vector fields is per

formed by noting those voxel locations which exhibit a high probabiUty of being 

both a nodal critical point and a vortex or saddle critical point. Metrics such as 

directional ambiguity and the magnitude of the vector field also aid in the determi

nation of the critical points. The number and location of the critical points within 

the region fulfills the first step in the phase portrait decomposition and allows the 

behavior to be estimated in local regions. 

A.l Critical Point Detection 

Work has been performed in the past for determining the location of a planar 

critical point. Methods of planar detection include isotangents or isoclines [58], 

Hough transform techniques [41], and calculations based on the vector field index 

[29]. Although the field index method works well on a plane, it becomes undefined 

for a volume when the additional constraint of incompressible flow is imposed. For 

this reason we use a method based on the characteristic signature of a volumetric, 

incompressible phase portrait. Since these portraits are constrained to be composed 

of node-saddle combinations, we shall use a synthesis of two methods to provide 

the initial possible locations. 

By definition, a critical point is a location within a vector field where the 

magnitude of the field is zero and the orientation of the vector becomes indeter

minate. In addition to the above defining characteristics of the critical point, it 

can be considered a position where the vector directional variation firom voxel to 

voxel becomes a local maximum and the velocity field tends at the same spatial 

location towards zero. Using the defining characteristics of the three dimensional 
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phase portraits of incompressible flow and the qualitative arguments above, it is 

possible to create metrics that are specifically designed to calculate the voxel within 

a quantized vector field that exhibits the critical flow behavior. Initial classifica

tion probabilities are found by measuring the mutual spatial occurrence of nodal 

and vortex critical points. These are then iterated into convergence using metrics 

such as directional coherency and vector field strength. Although the initial solu

tion of the probabilities provides a robust technique of three dimensional critical 

point detection, iterating to convergence ensures the best solution among possible 

neighboring voxels. 

A.2 Calculating Critical Points in Incompressible Flow 

Critical points in a 3-D geometry exist at the intersection of three eigenplanes 

defined using the eigenvectors of A. When the flow is incompressible one eigenplane 

must exhibit saddle behavior and another eigenplane must exhibit nodal or vortex 

behavior. This condition provides at least one inset and one outset dimension. 

Thus, the location of a tlu-ee dimensional critical point may be found by determining 

spatial occurrences of nodal and saddle or vortex critical point maps. Voxels that 

show a high probabiUty of being a nodal critical point and a simultaneously high 

probability of being a vortex or saddle critical point become a likely candidate for a 

three dimensional critical point. Therefore two Hough-like algorithms are presented 

here: one that solves for saddle and vortex critical points and one that solves for 

nodal critical points in a 3-D discrete vector field. The resulting probabilities are 

merged to provide a combined estimate. Note that it is possible for a flow to 

degenerate into a two dimensional flow within a three dimensional region. In this 

case, the rank of the resulting matrix A is less than three and the flow is a better 

fit to a two dimensional phase portrait. 

A novel method for detecting saddles and vortices is similar to the 2-D a{>-

proach suggested in [58], which finds critical points at the intersections of lines 

projected orthogonally from each sampled vector in the flow field. Two dimen

sional vectors have straight lines as orthogonal projections which intersect at the 
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system critical point for all saddle and vortex phase portraits. For three dimen

sional vectors the orthogonal projection to a vector is a plane, therefore, we seek 

a set of voxels which approximate a continuous plane. Given an arbitrary voxel 

location Xo = Xoi + yj + Zok in the discrete matrix and the corresponding 3-D 

velocity vector V (Xo) we calculate {x} which approximates 

V (Xo) • (x - Xo) = 0, (A.I) 

which may be expanded as 

u (xo) (x - Xo) + If (xo) (y - yo) + u} (Xo) (2 - Zo) = 0. (A.2) 

It should be noted that x = li -I- yj -I- 2k is the position vector within the matrix 

and is only defined at discrete points, with x, (/, 2 being integers. 

Assume that the norm of the projection of V (xo) onto the 2 axis is greater 

then the norm of the projections on to the x or y axis. Then a discrete approxi

mation for a plane can be calculated by calculating a continuous value for 2 which 

satisfies integer values of x and y using 

"  (*o) /  ^ "  (*o) /  X ,  /  A 0^ 
2 = —Axo -x) + ——-{yo -y) + Zo. (A.3) 

IV (Xo) W (Xo) 

The continuous 2 value may then be approximated by the closest integer. Repeating 

this procedure for every x and y combination approximates a continuous plane by a 

countable set of voxels in the matrix. To determine the intersections of the discrete 

plane approximations a 3-D quantized accumiilator map Ay (x) is incremented at 

each voxel location x which approximates the continuoiis plane. This is performed 

for each voxel Xo in the original data. Larger values in the (x) accumulator 

correspond to probable locations of vortex or saddle critical points. 

Similar to the premise that vortex critical points are foimd at the intersections 

of orthogonal projections, nodal critical points are located at the intersections of 

lines tangent with the vector orientation. It is necessary to calculate the set of 

voxels which forms a discrete approximation to a continuous line tangent with 
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the 3-D vector. This isotangent line is defined by the set of voxels located at 

x' = I'i + y'j + z'k which approximates 

V (xo) X (x'-xo) = 0 (A.4) 

or 
(x - x„) {y - y„) (.-• - z,) 

u{Xo) v{Xo) w{Xo) 

for every vector V (Xo) at position Xo = Xo'i+yoj + Zok. Using the scalar parametric 

equations for a continuous line 

X  =  X o  +  u { X o ) t  (A.6) 

y = yo + ''(xo)« 

Z  =  Z o +  w{ X o )t, 

a continuous Une is generated by varying the independent variable t. The discrete 

approximation is found from the set of all voxels crossed by this continuous line. 

The desired nodal critical point map is created by incrementing a second 3-D ac

cumulator map An (x) for each voxel location x along the discrete approximation 

of the continuous tangent line. Again, this procedure is repeated at every V (Xo). 

The two accumulators An (x) and Av (x), having been incremented for every 

vector V (Xo), are then normalized such that (x)= 1 and (x)= 1. If we 
X X 

define the statistical events Xi and X2 as any elemental voxel in X or as a set of 

voxels in x then An(x) and Av(x) fulfill the three axioms of a discrete probability 

space 

I ^ 0 

II >ln(5) = l , (A.7) 

III if X1X2 = {0} then Anixi  + X2) =  ̂ "(Xi) + An{x2) 

and similarly for A„, where S represents the entire accimiulator matrix. The nor

malized accumulators provide a likelihood function where the value at each voxel is 

indicative of the likelihood that the corresponding voxel is an intersection of either 

orthogonal or tangent projections. The voxels with the highest accimiulator values 
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(orthogonal intersections) are considered to be candidates for critical points within 

the flow field , examples of which are presented as isosurfaces in [51]. 

Although the nodal and vortex critical point accumulators have been com

puted independently of each other, it is their combination that is necessary to 

estimate the location of the critical point. As previously mentioned, a three di

mensional phase portrait consists of planes that exhibit nodal, saddle, and vortex 

behavior. To satisfy the conditions of incompressible flow, saddle or vortex planes 

must coincide with nodal planes, otherwise the index function r/ not constrained to 

be ±las it must be. The volumetric critical point exists on each of the individual 

planes as a two-dimensional critical point. Thus, the mutual spatial occurrence of a 

nodal critical point with a saddle or vortex critical point provide the initial measure 

of the position of the critical point. 

The nodal and vortex/saddle critical point maps are combined to yield an 

initial estimate of the critical point locations. The element-by-element product 

of these two maps results in a measure of the spatial coincidence of nodal and 

saddle/vortex behavior. The discrete likelihood of a critical point located at x is 

generated by 

jQ I \ Cn-Afi (x) -t" CyAy (x) -h CfiyAji (x) Afj (x) ^ A 8^ 
^ ~ Z [CnAn (x) -H CyAy (x) + C^yAj, (x) Ay (x)]' 

X 

where the weights c„, Cu and c„„ can be adjusted according to the flow type. For 

example, when solving exclusively for critical points in incompressible flow the 

weights Cn and Cy are set to zero, since critical points must occur as a combination 

of nodal eigenplanes and saddle eigenplanes. All three terms in the numerator of 

(A.8) are applicable to compressible flows. 

To improve the confidence in the initial estimate two parameters are used 

which support a global convergence to the true critical point. Introducing W^3(x) 

as the 3x3x3 neighborhood of voxels surrounding the voxel at x, the first parameter 
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is equal to the spherical variance of VF3(x) [42] and is defined as 

Qi(x) = 5 = 1-

EV(y) 
yeWsCx) 

E |V(y)r 
yeWaix)  

(A.9) 

The spherical variance produces a value of one when the orientation of the vectors in 

VV3(x) are completely incoherent and a value of zero if the vectors are all identical. 

Since the critical point represents a converging of several different trajectories it is 

expected that the spherical variance surrounding a critical point would approach 

the value of one. A second qualitative parameter 

( E |V(y)|| 
Q2(x) = L (A.10) 

E E |V(y)|l 
« Ly€W3(z) J 

supports voxels which are a local minimum in the vector field magnitude. Averaging 

the two parameters yields 

Q(x) = ^{Qi(X) + <?2(X)}. (A.ll) 

While it is true that incompressible critical points in a three dimensional geometry 

exist at the intersections of nodal and vortex or saddle critical points, an iterative 

process is proposed to remove any artifacts or noise present in (x) by using 

the additional information present in the qualitative parameters <5i(x) and QaC*)-

Additionally, the iterative process allows a single voxel to be selected fi-om a small 

region of candidate voxels providing the selected voxel has a larger spherical variance 

and a lower vector field magnitude then its neighbors. Therefore, the critical point 

likelihood (x) is iterated towards convergence using 

/P+i _ •/^(x)+c,JP(x)Q(x) 
E^Mx)[1+c,Q(X)]' 
X 

where c, controls the rate of convergence with the initial (x) defined in (A.8). 

Equation (A. 12) continually updates the probability density fimction until one voxel 

exceeds a user defined threshold. 
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The threshold of the system must be chosen to reflect the number of critical 

points present within the volume. For example, two identical critical points within 

a region would theoretically have similar initial probabilities and also similar Q (x) 

values. In this situation it is impossible to expect a single critical point to dominate 

over the other for any realistic number of iterations. Rather, the iterative proba

bilities of both spatial locations would tend toward 50% for each. In this respect, 

the algorithm can indicate the number of critical points present within the volume 

and cannot be used blindly in an attempt to solve for a single point when more are 

present. The iterative process may, in this situation, be spUt and the region of in

terest segmented about each probable point. Once segmented, the iterative method 

will continue updating the probabilities until an arbitrary threshold is reached. 

An example of the initial critical point estimate and of convergence using the 

qualitative parameters is shown in Fig. A.l. The three frames in this figure corre

spond to the critical point maps showing the regions with the highest probabiUty 

of critical points as isosurfaces. The first frame is the original combined estimate 

(x) without iteration, the two subsequent maps (x) and 7®° (x) consist of a 

refinement of the initial probabiUty after 20 iterations and again after 60 iterations. 

A.3 Computing Relative Strengths of Phase Portraits 

The strength parameter associated with eadi phase portrait determines its overall 

contribution to the vector flow field. It is the interplay of the eigenvalues, locations 

and relative strengths of the component phase portraits that determines the form 

of the flow pattern. Using the average or mean background component vector 

the global vector field V (x) containing Ncp critical points x* is modeled by 

v „5= V  ( X ) ,  
voxels * voxels X 

(A.13) 

r V ava ^ i avg ^ avg if x = x; 
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Figure A.l: Critical point estimation using electrostatic data set (Data Set I). Above 

- Initial estimate. The isosurface corresponds to a discrete probabiUty density 
of 0.001. Middle - After 20 iterations the probabiUty is 0.01. Below - At 60 
iterations the isosurface value is 0.1. Algorithm is converging to the two primary 
attractors(cp-l,2) and a single repeller(cp-5) of Table 2. These three critical points 
are dominant within the flow field dynamics; consequently they converge before the 
remaining attractor and saddle points. 
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where Fj is the unknown relative weight of the i"* phase portrait primitive AjX + bj, 

and X—X* is the vector connecting the estimated voxel location to the location of the 

ith critical point x*. The relative strength parameters are computed by minimizing 

the cost function 

2 

x#x,* 

•Vc 

1=1 

r. 
I X - X 7  

«ll2 AiX + bj - r V »• avg ^ avg + /,(f), (A. 15) 

which includes a nonlinear penalty term 

u (f) = --c 
Nc 

5;[riy(-n)| +r„,y{-r„,) 
1 = 1  

(A.16) 

where U () is the unit step function and « is a positive constant. The penalty 

function (A.16) restricts the computed relative strengths to be positive. A negative 

strength would reverse the direction of the phase portrait components and inac

curately model the flow field. The cost fimction in (A.16) is minimized using the 

Levenberg-Marquardt nonlinear least-squares algorithm [52]. 

A.4 Phase Portrait Estimation 

The second step in flow field analysis is to estimate the A and b parameters of a 

3-D phase portrait centered about each detected critical point. Although flow is 

generally nonhnear, the behavior in a limited region surrounding a critical point 

may be accurately described firom the nine coefficients of the 3x3 matrix A and 

the three coefficients of the 3x1 vector b. Phase portrait estimation is performed 

by sampling the velocity field within a region defined by its proximity. By using 

singular value decomposition techniques, the system of over-determined equations 

may be solved in a least squares sense. 

In two dimensions it is possible to create a constraint equation that would 

involve all of the parameters firom A and b using the relationship based on the arc 

tangent trigonometric function. This relationship is unambiguous in two dimensions 

and can be found solely firom the orientation field. Once the dimensionality of the 
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data is expanded into three dimensions, it is no longer possible to deal with a 

single angle. As a result, it is necessary to change from a single constraint equation 

defined on a single plane to three constraint equations 

representing the three dimensional flow vector projected onto three orthogonal 

planes. Equation (A. 17) represents a projection onto the xy plane; likewise, (A. 18) 

and (A. 19) are projections onto the xz plane and yz planes, respectively. The above 

three relationships may be rewritten as 

yAx iX  +  yAi iU  +  +  V^x  -  iA2 ix  -  xA-nV  - XA22Z - xby = 0 (A.20) 

xA^ix + xA^-xy + XA313Z •+• xbz — zAiix - zAi2y — ZA13Z — zbx = 0(A.21) 

yAziX + yA'iiy + yA^^z + yb. — zA^ix — zA22y — 2A23Z — zby = 0.(A.22) 

Since the equalities in (A.20)-(A.22) are not generally true due to noise in the 

vector field, or the fundamental nonlinear behavior of complex flow, or smoothing 

imposed by estimation algorithms, the solution that will be determined is the best 

linear, least squares fit. It is possible to construct an error metric that combines 

the above three equations into a single expression by making the error equal to the 

simi of the individual squared errors. Since the equalities each add to zero in the 

ideal case, the sum of the expressions would also be ideally zero. In constructing 

the combined error metric, however, it would be necessary to perform a nonlinear 

estimation. It is possible to reconstruct the parameters without the additional 

complexity of nonlinear terms by performing a sequence of minimizations. 

To achieve a nontrivial result from a minimization of the equalities (A.20)-

(A.22) it is necessary to provide an additional constraint. By assuming that an 

y _ (.<421^ + A22y + >^23^ + by) 

X  ( - ^u^  +  Ai2y  + A13Z  - t -  bx )  
(A.17) 

£ _ (Aiix + Ai2y  + >113.2: + bx )  

2  {A31X  +  Az2yA^sz  +  b , )  

y  ^  {A21X +  A22y  +  >123^  +  by)  

Z (>l31^ + A22y + A23Z + b,) 
(A.19) 

(A. 18) 
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arbitrary parameter is equal to a constant value, the system of equations will con

verge to a solution. Setting A coefficient to I allows any one of the plane 

projections containing that specific value to be written in the form 

The estimation of all the coefficients needed to define the character of the 

system must be performed in two distinct steps since each constraint equation con

tains at most eight of the twelve unknown parameters. The first stage of estimation 

defined in (A.23) estimates seven of the required coefficients and constrains one, 

resulting in eight estimated parameters. Like the method used in solving the pri

mary estimation, the second stage of estimation calculates the four coefficients that 

remain unsolved by constraining the estimation using four parameters previously 

estimated in the first stage of estimation. The relationship used for the second 

stage of estimation is derived from (A.21) 

A similar relation could have been found using (A.22) by constraining it using a 

different subset of the coefficients determined in the primary stage of estimation. 

This method provides a means of calculating the phase portrait parameters in the 

presence of fundamental directional ambiguity. Since the flow field information 

which is used to estimate the phase portrait is the vectors planar projections only 

the orientation information is required. 

-^13 

A21 

( -yy -yz ix xy xz -y X ) A22 = yx- (A.23) 

-^23 

bx 

\ ) 
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If the original data set does not contain any orientation ambiguity then the 

phase portrait may be fomid more directly. The expression 

yi 

0 • 

0 • 
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0 . . . 

Xi J/I 2i 0 

0 Xi yi 

X2 1/2 22 0 • • • 

0 • 0 Xo i/o Z2 0 

0 • • • • 0 X2 y2 

-1 

0 

^2 

1 0 0 

0 1 0 

0 0 1 

1 0 0 

0 1 0 

0 0 1 

-•4u 

AI 2 

•^13 u ( x i )  

•^21 v ( x i )  

•^22 w ( x i )  

•^23 u(X2) 

•^31 r (X2) 

•^32 W  ( X 2 )  

•^33 

6x _ u;(x/v3) 

by 

b. 

0 x^3 y[\/3 Zi\[3 0 0 1 

(A.25) 

represents an overdetermined set of equations formed by solving (2.4) over the 

N X N X N neighborhood W[^(x') centered on the critical point x*. The data 

being supplied to {A.25) are vectors V (x,) = u (xi) i + t; (Xj) j + w (xj) k and 

their voxel coordinates (x^ = + yj + ^ik : x, € 

Solving (A.25) using singular value decomposition yields a least squares solu

tion for the coefficients of A and b. The SVD of a matrix is a transformation that 

converts a single matrix into the product of three matrixes 

/ \ 

U 

/ IVn 

0 

0 

^^22 

0 \ 

0 

0 

0 Wnn 

( \ 
/ \ 

v * "  

(A.26) 
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regardless of the singularity of the original matrix. The singular value decompo

sition constructs an orthogonal basis for both the range and null space within the 

system of equations. Although the matrix generated from sampling the flow field 

over the entire region surrounding the critical point typically is not singular it is 

over-determined. Singular value decomposition also has the property that when a 

system of equations is over-determined then the solution reached will be a mini

mization of the error in the least squares sense. Therefore the SVD solution will 

minimize the residual error [52] given by 

Since the columns of U and V are orthogonal, the matrix inverses are identical to 

the matrix transposes. Solving (A.26) for x 

re s idua l  = r = |A x — b| .  (A.27) 

(A.28) 

yields the desired parameters. 
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APPENDIX B 

TRANSFORM CODING 

Transformations that map a signal x{ t )  into new representation are performed 

by projecting the signal using a suitable projection operator. In the space of square 

integratable fimctions L'^{R) this projection is accomplished using the inner product 

operation 

where y is the projection of x{ t )  onto the fimction e{ t ) .  When the functions e{ t )  are 

linear dependent and contain redundancy they form a frame. Redundancy allows 

one function ei{t) to be written into a linear combination of the remaining functions 

ej{t) j 7^ i. Placing the restriction that the functions ei{t) are orthonormal 

where 6ij is the kronecker delta function, the restricted fimctions ei{t) form a tight 

frame and the redundancy is not present. Under this restriction the functions ei{t) 

form a basis and are linearly independent. Orthogonal basis vectors by definition 

are completely uncorrelated. In this respect, transforming the signal onto the basis 

vectors performs decorrelation. Providing that the basis functions form a complete 

set then every vector can be uniquely described with a linear combination of basis 

functions, and the set of basis functions spans the entire signal space. 

B.l Three Dimensional Wavelet Processing 

It is not within the scope of this work to present a rigorous treatment of wavelet 

processing; these topics are well covered in [6][10|. Rather, the relevant principles 

from wavelet transform theory and the filter bank implementation of multiresolution 

(B.l) 

{e i { t ) , e j { t ) )  =  8 i j ,  (B.2) 
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analysis (MRA) are presented. This material provides the necessary mathematical 

background for chapter 6 which uses this technique as a means of compressing 

continuous phase portrait coefficients. 

Whereas the Fourier Transform (FT) decomposes a signal onto basis fimctions 

comprised of complex exponentials, the continuous wavelet transform (CWT) uses 

a mother kernel that is scaled and translated. The resulting wavelet representation 

is a mapping from a one dimensional space into a two dimensional space over scale 

a and translation r. One fundamental difference between these two transforms 

is that the basic wavelet of the CWT has approximately compact support and 

provides localized information of the original signal. The complex exponentials 

used as the kernel of the FT do not have compact support and reconstruct the 

signal using cancellation of the resulting sinusoids. Using the notation of Chen [6], 

the continuous wavelet transform of x{t) is defined as 

CWT{a.T)^  j  =  (8.3) 

where 0(i) is the basic or mother wavelet. Many different basic wavelets have 

been reported that have varying benefits for different applications. The continuous 

wavelet representation depends on the choice of this basic wavelet. This operation 

computes the inner product of the signal x{t) and a scaled and translated basic 

wavelet ip{t) and projects x{t) onto the basic wavelet function. 

Depending on the choice of wavelet and the set of {a, r} used in reconstruction, 

the frame, which is a measure of redundancy, may be tight in which case the 

wavelet basis will be orthonormal. This is not a requirement for signal analysis 

and redundancy may be present similar to a continuous variable signal that is 

oversampled relative to the Nyquist rate. Obviously redundancy would allow for 

perfect reconstruction of x{t) from only a subset of the CWT{a, r) terms providing 

minimum conditions are met. 

In order to achieve a complete orthonormal basis from the redundant amount 

of information in the continuous wavelet frame it is necessary to discretize the 

scale and translation parameters and use a subset of all the possible values. There 
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ffh(l) ffh(l) 

Figure B.l: The rnultiresolution analysis of a sampled signal s(n). Each stage in 
the analysis consists of a low pass g(n) and a high pass h(n) filtering along with a 
subsequent dyadic decimation. The low frequency component of this stage is acted 
upon in an identical manner with the lowpass and highpass filters. 

exists a set of discrete {a. such that the frame formed by the CWT{a , T )  func

tions are orthonormal. Therefore, for a given wavelet, a threshold exists related to 

the coarseness of the sampling. Sampling above this threshold allows for perfect 

reconstruction. The construction of the wavelets and the choice of scales and trans

lations that result in a tight frame are not trivial. One set of apphcable wavelets 

were generated by Daubechies [9] using recursion. Daubechies demonstrated that 

the choice of scale and translation determines the reconstruction ability of the in

verse transformation and proved the formal reconstruction requirements to achieve 

a tight frame [10] [25]. 

Fast digital implementations of the wavelet transform are possible using a 

discrete parameters of scale and translation. Using dyadic scaling and translation 

creates an eflfective transformation of multiresolution. At the heart of the mul-
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Figure B.2: The nested subspaces present in the multiresolution algorithm. Each 
subspace contains within it a lower frequency subspace. 

tiresolution dgorithins lies the decomposition of a vector space Vq onto mutually 

orthogonal subspaces 

v'o = w \ w - 2  ~ ~ w „  e K.. 

Decomposing a signal onto a wavelet basis of settle a  transforms the signal into 

the subspace Vm- A subspace of coarser resolution Kn+i is contained inside the 

subspace of finer resolution as shown in Fig. B.2. The coarser subspace Vm+2 

contains within it even coarser subspaces. The multiresolution approximation is 

given by a nested sequence of subspaces 

• • • Kn+2 C Kn+l C C Kn-1 C Kn-2 " " ' (B.4) 

that is bounded at the finest resolution by the space of L ' ' {R)  and on the coarsest 

level by the null set [40], such that 

U K .  = L-{R)  (B.5) 

nv; = {0} 
n ^ ' 

and 

f i x )  e  v; f{2x )  e Vn+l .  (B.6) 
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ffh(l) 

di; dji d  ̂

Figuie B.3: The subbnnci components generated from the multiresolution analysis 
teclinique can be used to regenerate the original signal s(n). The correct choice of 
analysis and synthesis filters allows for lossless reconstruction. 

The orthonormal basis of is the set of scaled and translated functions 

(p"(x) = 2^(p{2''x - 7"). (B.7) 

The spectrum of the subspaces is represented by Fig. B.2. As the figure shows the 

highest frequency spectrum Vm is divided at each octave into a lower resolution 

subspace Vm+i and the orthogonal complement between the two spaces Wm+i-

Similarly to the orthonormal basis that spans Vm there also exists a basis for 

which is the basic wavelet 

= 22 0(2"a- — r). (B.8) 

The multiresolution scheme shown in Fig. B.l is identical to Mallat's mul

tiresolution algorithm [40] and uses decimation by 2 after each subsequent filtering 

steps. This decimation is eqmvalent to increasing the scale of the previous step 

wavelet basis function. The processing in chapter 6 uses multiresolution analysis 
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Figure B.4; A single stage of the tiiree dimeiisioual uiultiresolution analysis. Sub
sequent stages act on the output LLL. 

to compress the phase portrait coefficient signal energy into a smaller set of coeffi

cients using a multiresolution analysis and synthesis scheme that is extended from 

the analysis presented by Mallat [40|. Mallats" MRA decomposes the original signal 

x{n.) into components of scale a = 2""*. Using a high pass filter h{n) and a low 

pass filter g{n.) along with dyadic decimation the one dimensional signal can be 

decomposed into subband components and [6], where dj^ represents 

the highest frequency components of the sampled signal x(t). The decomposition 

is followed by an appropriate synthesis, shown in Fig. B.3. 

Using paraunitary filters allows for lossless reconstruction. The impulse re

sponses of the filters are required to be orthogonal to each other [6]. Applying this 

to the reconstruction filters yields the condition 

h ( n )  =  ( - l ) " g ( p - l - n )  

g ( n )  =  g ( p - l - n ) .  

(B.9) 
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The discussion and mathematical treatment up to this point pertains to one dimen

sional signals and spectra. The multiresolution analysis discussed can be extended 

to more than one dimension using a simple extension [30]. A three dimensional im

plementation involves decomposition into eight sub spaces { LLL LLH LHL LHH 

HLL HLH HHL HHH} at each octave as shown in Fig. B.4. This is followed by an 

analogoias synthesis. 

B.2 Three Dimensional DCT transform 

The discrete cosine transform is a popular means for removing correlation from a 

sampled signal. The signal is projected onto basis functions which are orthogonal. 

This transformation is fmidamental to the compression of JPEG, which segments 

the image into eight by eight blocks and then performs a discrete cosine transform 

on these subimages. The benefit of the discrete cosine transform is that the basis 

functions of spatial frequencies are uncorrelated. Since the human visual system 

responds differently to different spatial frequencies, weights may be applied to the 

different frequency bands to match the response of our visual response curve. In this 

manner, frequencies which elicit little or no high response from the visual system 

may be removed from the image, or encoded with very few bits of precision. If the 

frequencies lie above the viewers liighest observable frequency than the loss of this 

information cannot be noticed [2]. 

The original discrete cosine transform 
7 

y^. s(j)e(x, u) 
j=0 

7 

{u )e{x ,u ) ,  (B.IO) 
u=0 

where the basis functions e{x ,  u )  are defined as 

16 J 
(B.ll) 

with 

(B.12) 
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were initially presented for one dimensional signals. The basis functions are orthog

onal 

C { u )  ^ C ( u )  
L~^cos 
x=0 

V l/TT 
( 2 x + l ) ^  cos (23: + I) 

U TT 
= 6 {u ,  u  j  (B.13) 

so no redimdancy exists in the representation. Extending this function into two or 

more dimensions is possible by taking the Cartesian product of the one dimensional 

functions. The three dimensional discrete cosine transform used along with the 

phase portrait models are of the form 

7 

S{u . v .w)  =  ^  s{x , y , z ) e {x .u )e {y ,u ' ) e { z ,u" )  (B.14) 
x,i/,i=0 

7 

s {x , y , z )  =  ^  S{u , iKw)e{x ,u )e {y ,u ' ) e { z ,u" ) .  
u,u'.u"=0 

The discrete cosine transform coefficients are found by projecting the image onto 

the basis function using the discrete irmer product (B.l ). The orthogonal nature of 

the basis functions is maintained by producing the three dimensional basis functions 

in this maimer. 
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APPENDIX C 

PHASE PORTRAIT VECTOR FIELD 
RECONSTRUCTION EXAMPLES 

Three examples of phase portrait modehng are presented. For each example 

the streamline plots are shown along with the planar projections for the original field 

as well as for the reconstructed field. The error associated with the reconstruction 

is given as a three dimensional isosurface representing the highest values and spatial 

locations of the angular error. The first example shown uses the electromagnetic 

compressible flow model and reconstruction is achieved using a weighted linear 

superposition reconstruction. Presented in this example are the flow field dynamics, 

angular error isosurfaces, included critical points, and included phase portraits 

calculated during the analysis and synthesis process. The second example provides 

an estimate of the electromagnetic flow fleld using a partitioned decomposition and 

a 4 X 4 X 4 block size. Finally a third reconstruction example is presented using 

an incompressible flow field from Lawrence Livermore National Labs of a section of 

stratified wake. This flow field does not contain any included critical points. 

The original flow topology of the sets is shown in Fig. 1.1. Providing that a 

flow field meets the four basic assmnptions of weighted linear superposition recon

struction it is possible to decompose a vector field into the included phase portraits. 

An example of such a decomposition involves a vector field which represents the 

electric field component of an electromagnetic field in the presence of spatially 

varying point charges. The two additional data sets contain field topology's which 

make them better suited for partitioned phase portrait modeling rather than su

perposition based modeling due to the nonlinear nature of the flows and the lack 

of included critical points. 
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Figiire C.l: Dynamic analysis of electrostatic model detected five critical points: 
three attractors(cp-l,2,3), a saddle point{cp-4), and a repeller(cp-5). These five 
are weighted and combined to generate an estimate of the original field dynam
ics. Quantitative data on these five critical points including A matrix solutions, 
classification, position, indices, and associated eigenvalues are presented in Table 
2. 
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C.l Reconstruction Example One Data Set I 

An example of analysis and synthesis using weighted superposition is shown using 

the electrostatic field model which meets the four fundamental assumptions neces

sary for superposition. Qualitatively this flow field possesses two strong attractors, 

a saddle point, and a repelling point. The critical point detection algorithm found 

five critical points. In addition to the two strong attractors, a spurious third, much 

weaker attractor with an index of three was located along with an index one sad

dle and an index three repelling point. The streamlines of the original flow field, 

detected critical points, and corresponding canonical phase portraits are shown in 

Fig. C.l. The associated A matrix time domain solutions, eigenvalues, index func

tions, and dynamic classifications are presented in Table 2. Given the local phase 

portrait behavior smrounding these critical points and using the strength parame

ters, the global dynamics are then extrapolated. An estimate of the original global 

flow field behavior is generated from the local phase portraits by weighting them 

according to their relative strengths and inverse proportionally to the distance from 

the singular points A. 14. Qualitatively the original and reconstructed fields share a 

similar dynamic behavior, with the lowest amount of error surrounding the system 

critical points and increasing amounts of error in the regions furthest away from 

the critical points. The rms angle error for the reconstruction is Sa =12.86° and 

the normalized rms magnitude error Em = 12%. The reconstructed field is shown 

along with the angular error in Fig. C.2. 

The distributed error demonstrates the spatial locations of the angular error. 

The highest angular errors correspond to 15.5. While high angular errors do exist 

scattered through the vector field the highest concentration exists isolated from 

the included critical points, where without the presence of a local critical point the 

flow must be extrapolated. This region of higher angular error is indicative of the 

difficulty of generating global information in the presence of separate local phase 

portraits. The angular error is greatest at spatieii regions furthest away from the 

critical points, where the linear flow approximation is least appropriate. 
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The reconstructioa fidelity of the weighted linear superposition can be im

proved by imposing a partition of 4 x 4 x 4 on the original data and using a 

discontinuous piecewise linear model (4.2) for each block. This method yields a 

reconstruction with an rms angle error of Sa =2.62° and a normalized rms magni

tude error of Sm = 3.6%. The reconstructed vector field and spatially distributed 

angular error are shown in Fig. C.3. The angiilar error is greatest near the sys

tem critical points, due to the increased complexity of the flow topology in these 

regions. The premise of applying linear phase portraits to model a flow field is that 

the higher order terms present in the Taylor series expansion of the flow field are 

negUgible. This assumption implies that one phase portrait can contain at most 

a single included critical point. The regular partitioning of the original data does 

not consider the possibility of multiple critical points within a single sub block. In 

this situation the higher order terms may not be neglected and a nonlinear phase 

portrait should be used. 

C.2 Reconstruction Example Two Data Set II 

Another example of region partitioning and phase portrait block processing is pre

sented by using incompressible flow data (Data set II). This vector field is generated 

by mathematical simulation and was contributed by Dave Chambers at Lawrence 

Livermore National Labs. The incompressible flow model is a 30 x 30 x 30 segment 

of a stratified wake. In this case, even after removing the average flow vector, this 

field results in no critical points. The absence of critical points in the data precludes 

the use of superposition modeling, hence analysis and synthesis are performed by 

field partitioning with a 4 x 4 x 4 block. The reconstruction shown in Fig. C.4 is 

achieved with an rms angle error of £„ = 0.95° and a normalized rms magnitude 

error of Em = 0.48%. The angular reconstruction error occurs in a periodic pattern 

matching the periodicity of the superimposed partition. 



210 

C.3 Reconstruction Example Three Data Set III 

Again, this vector field does not contain any detectable critical points, making 

partitioning the only option. The reconstruction and analysis is performed with 

a partitioned block size of 4 x 4 x 4. The dynamics, while more complex than 

previous examples, are still well suited to linear phase portrait modeUng. Upon 

reconstruction the rms angle error is £„ = 3.18° and the normalized rms magnitude 

error is = 4.1%. It should be noted that the spatial rendering of the angiilar 

error is well distributed throughout the volume and that the increasing complex 

dynamics cause an overall increase in the reconstruction errors. 
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Figure C.2: Above - Reconstruction of electrostatic data using weighted linear 
superposition. The spatial distribution of the angiilar error indicates that extrapo
lating the global behavior from the local flow behavior is a source of reconstruction 
error in regions isolated from the included critical points. The rms angle error for 
the reconstruction is 12.86 and the normalized rms magnitude error is 12%. Below 
- Distributed angular error visuahzed as a volume and as planar projections. 
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Figure C.3: Reconstruction of electrostatic model (Data Set I) using a 4x4 x 
4 partitioned phase portrait model. Below) The distrubted angular error of the 
reconstruction. 
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Figure C.4: Reconstruction of Data Set II using partitioned reconstruction with a 
block size of 4x4x4. This vector field lacks critical points thus superposition based 
reconstruction is not viable. Above - The streamlines of the estimated flow field 
Below- The spatial distribution of angle error, showing periodic error matching 
partition boundaries. The rms angle error is Sa =0.95° and the normaHzed rms 
magnitude error is =0.48%. 
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Figvire C.5: Above- Reconstruction of Data Set III using partitioned reconstruction 
with a blodc size of 4x4x4. Below- Distributed angle error showing a dispersed, 
fairly uncorrelated error space. The rms angle reconstruction error £a =3.18°, and 
the normalized rms magnitude error =4.1%. 
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