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ABSTRACT

Freund [1961] introduced a bivariate extension of the exponential distribution that
provides a model in which the exponential residual lifetime of one component depends
on the working status of another component. We define and study an extension of
the Freund distribution in this dissertation.

In the first chapter we define some basic concepts that are needed for later devel-
opments. We give the definition of the multivariate conditional hazard rate functions
of a nonnegative absolutely continuous random vector and study a characterization
of these functions in Section 1.1. Then we study some notions of aging: an increas-
ing failure rate (IFR) distribution. a decreasing failure rate (DFR) distribution. an
increasing failure rate average (IFRA) distribution. and a decreasing failure rate av-
erage (DFRA) distribution in Section 1.2. In Section 1.3 we study two concepts of
multivariate dependence: association and positive quadrant dependence.

In Chapter 2 we construct a shock model and the new bivariate distribution is
the joint distribution of the resulting lifetimes. We explicitly compute the density
function. survival function. moment generating function. marginal density functions
and marginal survival functions. Also in this chapter. we study the correlation coeffi-
cient and other senses of positive dependence of the two random variables of the new
bivariate distribution. Then we extend the new distribution to multivariate case.

In Chapter 3 we study some aging properties. We obtain two results about thenew
distribution in n dimensions. The first result says that the marginal distributions of
the new multivariate distribution have decreasing failure rate if the conditional hazard
rates are decreasing and bounded above by 1. The second one concerns an (n - 1)-
out-of-n system such that the joint distribution of the lifetimes of each component
is the new distribution in n dimensions. It gives conditions on the parameters under

which the system has an [FRA distribution.



In Chapter 4 we develop some estimation procedure for the parameters of the new
bivariate distribution. We apply the method of moments and the maximum likeli-
hood principle to estimate the parameters. We prove that the method of moments
estimator is a consistent asymptotically normal estimator. Then we use Mathematica
to run simulation and compare the method of moments estimator with the maximum
likelihood estimator. We also compute the 95% confidence interval for the parameters
from the method of moments estimator.

In the last chapter we study a stochastic ordering problem. We have two nonneg-
ative n dimensional random vectors X and Y. We assume that X and Y have the
same conditional hazard rates up to a certain level. We give a condition under which

the two vectors X and Y are stochastically ordered.
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Chapter 1

PRELIMINARIES

For any absolutely continuous nonnegative random variable T" with distribution func-

tion F. survival function F. and hazard function .\ = —log F. define the hazard rate

function at time ¢ by

i fy _d
A(t) = FIrST = Fi) = M. 0S¢ (1.1)

where f(t) = (d/dt)F(t) is the density function of T. If T is the lifetime of a device
then A(t) can be thought of as the instantaneous failure rate of the device at time ¢.
It is well known that any absolutely continuous life distribution can be characterized
by the hazard rate function. that is, F determines A and vice versa. Indeed. if £ is an
absolutely continuous distribution function with support on [0.oc) and hazard rate

function A. then
F(t)y=1—e ko= vy > 0.

A similar characterization (see Cox [1972]. Cox and Lewis [1972]. and Shaked
and Shanthikumar [1986]) holds in the multivariate case. That is. any multivari-
ate absolutely continuous distribution with support in [0.c)" determines a system
of conditional hazard rate functions (to be defined in Section 1.1) from which the
distribution function can be reconstructed. We present this result in Section 1.1.

In Section 1.2 we study some notions of aging of a nonnegative random variable
T'. We give the definitions of an increasing failure rate (IFR) distribution and a
decreasing failure rate (DFR) distribution. If T is absolutely continuous. then aging
can be conveniently studied in terms of the hazard rate function. A(t) in (1.1). In
this case. we use the hazard rate function to describe the notions of IFR and DFR.

This is presented in Theorem 1.2.3.
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Although IFR is a very useful concept in reliability theory. it is not closed under
the formation of a coherent system with independent components. This leads to the
study of an increasing failure rate average (IFRA) distribution. We also study the
contrast. a decreasing failure rate average (DFRA) distribution. We present some
closure properties of IFRA. DFR. and DFRA in Section [.2.

In a great many reliability situations. the random variables of interest are not
independent. but rather are “associated™. As an example. consider structures in which
components share the load. so that failure of one component results in increased load
on each of the remaining components.

In Section 1.3 we formulate a definition of association appropriate to reliability
situations. We also discuss an alternative notion of multivariate dependence and
study the relationship between this notion and association. At the end of Section 1.3.
we give some applications of association.

Throughout this dissertation. “increasing”™ and “decreasing” mean. respectively.

“nondecreasing”™ and “nonincreasing”.

1.1 Multivariate Conditional Hazard Rate Functions

In the following we define the multivariate conditional hazard rate functions of a
nonnegative absolutely continuous random vector. The development follows the works
of Shaked and Shanthikumar [1986. 1987].

For I = {ij.i5.--- .ix} C {1.2.--- .n}. let t{ denote (¢,,.¢,,.--- .t,). The com-
plement of I will be denoted by I = {1,2.--- .n}—=Tand if I = {j;.j2. - . jn—t} then
ty = (tj,.t;,.--- .t;,_.). Let e=(1,1.--- .1). The dimensicn of e will vary from one
formula to another. but it will always be possible to determine it from the expression
in which e appears.

Let T = (T,.T5.--- .T,) be a nonnegative random vector with absolutely con-

tinuous distribution function. It is beneficial to think about T,.T,.--- . T, as the
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lifetimes of n components 1.2.--- .n that make up some system. Suppose that an
observer observes the system continuously in time and records the failure times and
the identities of the components that fail as time passes. Thus. a typical ~history”

that the observer has observed by time ¢t > 0 is of the form
he={Ti=t1.Tr>te}, Oe<ty<te. IC{l.2.---.n}. (1.2)

In (1.2). I is the set of components that are still alive at time ¢ and I is the set of
components that have already failed by time ¢.
Given the history h, as in (1.2), let { € I be a component that is still alive at time

t. Its multivariate conditional hazard rate at time ¢ is defined as follows:

1
Aqiltltg) = lim — P{¢ AT = ti. . .
where. of course. 0e < t; < te. and I C {1.2.--- .n}. The absolute continuity of

T ensures that this limit exists. For I = o. A1 is called the initial hazard rate.
For [Il = 1. Ay is called the conditional hazard rate. For I = 2. Ayt is called
the second order conditional hazard rate. In general. A;j is called the A-th order
conditional hazard rate when |I| = k. The following notation is in force throughout
this dissertation. If I = & then the conditional hazard rate Ai is denoted by A.. If
I={ji.--- .jx} and i ¢ L. then the )\;j is denoted by X, ... ,,-

Let us study first the special case n = 2. We denote by F and F the joint

distribution and the survival function of T. Then (1.3) reduces to
_ (a/atl)F(tl- t2)l(t|.22)=(t.l)

At) = Fi.) . t€e{s: F(s.s)>0}. i=1.2. (1.4)
. f(t~t2) __i' .
Ar2(t]t2) = G/ F L) te{s>t:: PTA F(s.t;) > 0}.
ts € {s: F(s.s) > 0}. (1.3)
and
. f(tl't) ___;a_’
Azll(tltl)_—(a/dtl)f_’(tl.t)' te{SZtl : atlp(t13)>0}.

t, € {s: F(s,s) >0}, (1.6)
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where f denotes the joint density function of T} and T,. In (1.4). A;(t) is called the
initial hazard rate of T; at time ¢. In (1.5). Ay2(t|t2) is called the conditional hazard
rate of 7} at time ¢t under the conditions that Ty > t > ¢, and T, = ¢,. Similarly.
A2n(t|t1). in (1.6). is called the conditional hazard rate of T, at time ¢ under the
conditions that T, > ¢t > ¢, and Ty = t;. The following result is from Lemma 1.1

(page 439) of Shaked and Shanthikumar [1986].

Theorem 1.1.1. Let Fi(¢t,[tx) = P{T; > t,|Ts-, = t+} be the conditional survival
function fori,j. k€ {1.2}. Then

- 2(t2]t1) -
f(tl.tg)z{F(tl't) () B (). if 0S4

<
F(ta.t2)A (fz)::t:z;::;;f\uz (tilt2). of 0<t2 <ty

Applying (1.4). (1.5), and (1.6). we have the following corollary.

Corollary 1.1.2.

<t
<

Flloty) = e~ Jot u@rexade ) (4 e S Nl oty if 0 <t
3
€ {.

~ ROy (1) S Nrliay L (t1ty). i 0 <t

This corollary is applied in next chapter. From this corollary. the joint density
function of T can be computed if the initial hazard rate and the conditional hazard
rate functions of T are known. Theorem 1.1.1 can be extended to the general case
as follows. For more detail. see Lemma 2.1 (page 441) of Shaked and Shanthikumar

[1936].

Theorem 1.1.3. Let f be the joint density function of T = (1,.T5.--- .T,). Then

Jor0<t; Sty <o <t

fltrotae--- L ty)
= M{t)F (it )
- Fiivtoom(tiooo L Ti =t . Tisg = tiy) J
x /\,‘ PR T €171 L S PRI F3 =
H [ B I)E.iﬂ.--..n(fi_x.'“ Ty =t Toy =t_y)

=2



I

where

E.i+l.---.n(tis' o -ti‘Tl = tls"' -n—l = ti—l)

=P{T{>t,’."’ .Tn>t,‘IT1 =t1."' -Tx—l :t;—l}

is the conditional survival function. Similar expression is valid when 0 < t ) <--- <

t-(y for any permutation = of (1.2.--- .n).

Schechner [1984] studied a load-sharing model and he derived a similar formula
from which the joint density function can be reconstructed from the conditional haz-

ard rate functions as follows (see Theorem 2.1. page 139. of Schechner [1934]).

Corollary 1.1.4. For0<t;, <--- <t,. we have

flbg tae--- . ta)

_}! n A(t)dt 7 —’ f zi: .\J” Y F I FTURE S Y
= Mi(t)e 0= Aifl et (Bilty oo Lty )e Tt T _
=2
Similar erpression is valid when 0 <ty < --- < t_(ny for any permutation = of
(I.2.--- .n).

In Chapter 5 we study the stochastic order between two nonnegative absolutely
continuous random vectors through their conditional hazard rates. The definition of

the stochastic order is as follows.

Definition 1.1.5. Let X and Y be two n dimensional random vectors. Then X is

said to be smaller in the stochastic order than Y. denote by X <,, Y. if
Efo(X)] < E[o(Y)] (1.7)

for all increasing (in the componentwise ordering in R™) function o for which the

expectations in (1.7) exist.



1.2 Notions of Aging

We first give the definitions and some properties of an increasing failure rate (IFR)
distribution and a decreasing failure rate (DFR) distribution. Then we study the
notions of increasing failure rate average (IFRA) and decreasing failure rate average
(DFRA). All the definitions and properties presented here are studied in Barlow and
Proschan [1973].

Throughout this section. let T be a nonnegative random variable with distribution

function F.

Definition 1.2.1. T is said to possess an increasing failure rate (IFR) distribution

if
F(t +r)
F(t)

for all £ > 0. where F is the survival function of T. If

is decreasing in ¢ > 0.

F(t+ )
F(t)

for all x > 0. then T is said to possess a decreasing failure rate (DFR) distribution.

iIs increasing in t > 0.

Example 1.2.2. Let F(¢t) =1 —e . for t > 0. be an exponential distribution with
rate o > 0. Then
F(t + r)
F(t)

which is independent of ¢. Hence F'is an IFR distribution and also a DFR distribution.

—ar

That is. an exponential distribution is both IFR and DFR distributions.

If T is absolutely continuous with hazard rate function A(t¢) (see (1.1)) then we

have the following result.
Theorem 1.2.3. The absolutely continuous random variable T possesses an [FR dis-
tribution if and only if A(t) is increasing. Similarly. T possesses a DFR distribution

if and only if A(t) is decreasing.
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Example 1.2.4. Let F(t) = 1 — =7 for t > 0. be a Weibull distribution with

parameters a > 0 and 3 > 0. Then
A(t) = a3(Bt)°"t. Vi>0.
Thus FisIFR fora > 1 and DFR for 0 <a < 1.

In Section 3.2 we study some aging properties of a k-out-of-n system of similar
components. A k-out-of-n system is a system with n components that functions if
and only if at least k of the n components function. For & = L. it is called a parallel
system. From above. a parallel system functions if and only if at least one component
functions. For k = n. it is called a series system and it functions if and only if all
components function. These are special cases of a coherent system. For details about
coherent system. see Section 1.2 of Barlow and Proschan [1975].

The following example (see Example 2.1. page 83. of Barlow and Proschan [1975])
shows that IFR is not closed under the formation of a coherent system with indepen-

dent components.

Example 1.2.5. Let F be the distribution of the lifetime of a parallel syvstem of two
independent components having respective life distributions Fi(t) = 1 — e™t" and

F(t) =1 — €722, Then

F(t)y=1—(1 —e™ t*)(1 —e°2*).

so that

ale—alt + Q2e—azt _ (al + az)e—(al-i»oz)z
e—o1t 4 e—o2t _ e—(o1+e2)t

A(t) =

It is easy to verify that A(t) is increasing on [0.¢o) and is decreasing on (to. ). where

to 1s a constant depending on a; and a;. Hence F is not IFR.

In the above example. F is the life distribution of a parallel system with two

independent components. The two independent components are both having an IFR
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distribution. But F is not IFR. This leads to the study of a class of life distributions

which is broader than [FR and which is closed under the formation of a coherent

svstemn with independent components.

Definition 1.2.6. A nonnegative random variable T is said to possess an increasing
failure rate average (IFRA) if —$log F{t) is increasing in ¢ > 0. where F is the
survival function of T'. Similarly. T is said to possess a decreasing failure rate average

(DFRA) if —1 log F(t) is decreasing in t > 0.

Remark. It is obvious that an [FRA (DFRA) distribution F is characterized by
F'*(t) | (1) on [0.oc). Hence F is [FRA (DFRA) if and only if F(at) > (<)F*(t)

forall0<a<1landt>0.
Theorem 1.2.7. [FR=IFRA.

Proof. From Lemma 4.2. page 27. of Barlow and Proschan [1996]. we have F'/¢(t)

is decreasing in t if F is IFR. Hence F' is [FRA. |

The class of all [FRA distributions possesses the following desirable closure prop-

erty (see Theorem 2.6. page 83. of Barlow and Proschan [19753]).

Theorem 1.2.8. Suppose each of the independent components of a coherent system

has an IFRA life distribution. Then the system itself has an IFRA life distribution.

There is another class of distributions, new better than used (NBU). which is even

broader then IFRA. It is defined as follows:
Definition 1.2.9. A distribution F is NBU if
F(r+y) < F(z)F(y). VYr.y>0. (1.8)

This is equivalent to stating that F(z + y)/F(z), the conditional survival proba-
bility of a unit of age r, is less then F(y), the corresponding survival probability of a

new unit. Equality in (1.8) holds if and only if F'is an exponential distribution.



Theorem 1.2.10. /[FRA=NB('.

Proof. If one of z and y is 0. then we have F(r +y) = F(r)F(y). Now suppose that

0<y<rand y=azr with 0 < a < 1. Since F is IFRA. we have

—log F(z + y) > — log F(r)

r+y I
that is.
log F(zr+y) < ijlogF(r)
This is equivalent to
F(z +y) < FU'™)(z)

= F(z)F°(z)

< F(r)F(ar) (IFRA)

= F(r)F(y).
Hence F is NBU. 8

Note that if F is not NBU. then F is not IFRA. In Section 3.1.1 we apply this to
conclude that the marginal distributions of the new bivariate distribution. defined in
Chapter 2. is not [FRA.

For the set. say D,;. of all DFR distributions and the set. say D,. of all DFRA

distributions. we have the following closure property.

Theorem 1.2.11. D, and D, are closed under mizture. That is. if F is a mirture of
some DFR (or DFRA) distributions then F is also a DFR (or DFRA) distribution.

\We apply this result in Chapter 3 to prove one of the main theorems there.
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1.3 Association of Random Variables

We define the notion of association between random variables in this section. We also
discuss an alternative notion of multivariate dependence and study the relationship
between this notion and association. Then. we give some applications of association.

The development of this section follows the works of Barlow and Proschan [1975].
and Esary. Proschan. and Walkup [1967].
Let T=(T).T5.--- . T3).

Definition 1.3.1. We say that random variables T,.T,.--- . T, are associated if
Cor[f(T).g(T)] =0
for all increasing functions f and g for which Ef(T). Eg(T). and E f(T)g(T) exist.

Association of random variables satisfies the following desirable multivariate prop-

erties.

(Py) Any subset of associated random variables are associated.

(P;) The set consisting of a single random variable is associated.

(P3) Increasing functions of associated random variables are associated.

(Py) If two sets of associated random variables are independent of one another. then

their union is a set of associated random variables.
Properties P; and P; immediately imply the following theorem.
Theorem 1.3.2. Independent random variables are associated.

The notion of association among random variables is just one among many no-
tions of multivariate dependence. In the following we describe the notion of positive
quadrant dependence and study the relationship between this notion and association.

The notion of positive quadrant dependence is introducted by Lehmann [1966].
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Definition 1.3.3. Given random variables S and T. we say that S and T are posi-

tively quadrant dependent (PQD) if
P{S <s.T <t} > P{S<s}P{T <t}. Vs.t (1.9)
We write PQD(S.T).

Remark. It can be easily checked that the condition (1.9) is equivalent to

F(s.t) > Fs(s)Fr(t). Vs.t. (1.10)

where F is the joint survival function of § and T. Fs is the survival function of S.
and Fr is the survival function of T. Thus. we can check (1.10) instead of (1.9) in

order to check whether two random variables are PQD or not.

The following theorem states the relationship between positively quadrant depen-
dent and association. For more detail. see Theorem 4.2. page 143. of Barlow and

Proschan [1973].
Theorem 1.3.4. A(S.T)= PQD(S.T).

The notation A(S.T) signifies that S and T are associated random variables. One
application of this theorem is that if S and T are not PQD. then 5 and T are not

associated.
Finally. some interesting applications may be obtained as a consequence of the

following theorem. See Esary. Proschan. and Walkup [1967].

Theorem 1.3.5. Let T,.--- ., T, be associated, S; = fi(T\.--- .T,) be increasing.
i =1.2..- k. Then

k
P{Si < s1--- .Sk < s} 2 [ PLS: < s}

=1



and

k
P{S1 > s1.--- .Sk > si} ZHP{S,' > s}

=1

for all sy.--- .sg.

For a series system (with lifetime min7;) and a parallel svstem (with lifetime

max 7, ). we have the following application.

Corollary 1.3.6 (Bounds on System Reliability). If T\.--- . T, are associated. then

P{min T: > t} > [ P{T. > ¢}
=1

1<i<n

and
P{lrgias.:T} >t} < I:]l:P{T, >t}

where [[1_;ri =1 — [T, (1 — ;).
The following is an application to the order statistics of a random sample.

Corollary 1.3.7. Let S; < --- < S, be the order statistics in a random sample
Ty.--- . Tn. Then

and

k
P{S, >si.-+ .S > s} 2 [[ PLS, > s}

=1

Jor all choice of 1 < i1 <--- <tz <nands; <---<s,,.

Proof. Since S;.--- .S, are increasing functions of T;.--- . T,. the result follows from

property P; and Theorem 1.3.5. =



Chapter 2

THE MODEL AND BASIC PROPERTIES

Exponential distributions play a central role in life testing. reliability. and other fields
of application. Though the assumption of independence can often be used to obtain
joint distributions. sometimes such an assumption is questionable or clearly false.
Thus. an understanding of multivariate exponential distribution is desirable.

A number of such distributions have been studied in the literature. Marshall and

Olkin [1967] proposed a bivariate exponential distribution (BV'E)
P{X > s.Y >t} =¢e Momtimtamaxdst) gy 150, (2.1)
This distribution has the following desirable properties:
(a) The marginal distributions are exponentials.
(b)
P{X >s1+t.Y >s,+t}=P{X >5.Y >s}P{X >t Y >t} (2.2)
for all s,. s2. t > 0.
The univariate exponential distribution is characterized by
F(s+1t)= F(s)F(t). Vs.t>0. {2.3)

(2.2) can be thought of as an extension of (2.3). Although BV'E has properties (a)
and (b). it is not absolutely continuous.

Freund [1961] introduced a bivariate extension of the exponential distribution
which is absolutely continuous and the conditional hazard rate functions are constant.

It applies. in particular. to two component systems. which can function even if one
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of the components has failed. In this chapter we study an extension of the Freund
distribution.

We first describe a new bivariate shock model and we explicitly derive the joint
density function of the associated lifetimes. Having the joint density function. we
compute the survival and the moment generating functions. Then some moments of
this new density are presented; they are needed for the statistical analyvsis in Chapter
4. We also compute the marginal density functions and survival functions. [n Section
2.2 we study the correlation coefficient between the two lifetimes of this new bivariate
density. We explicitly describe the parameters for which the correlation coefficient
is positive or negative and we use a graph to summarize the result. We also study
the notions of association and of positive quadrant dependent(PQD) between the two
lifetimes of this new bivariate density. In Section 2.3 we extend this new model to

the multivariate case.

2.1 The Model

In this section we use a shock model to construct a new bivariate distribution function.

Consider a two component model such that each component is subjected to shocks
occurring randomly in time as events in two point processes .V, and .V, respectively.
The shocks are fatal. that is. for 1 = 1.2, at the time of the first occurrence of an
event in the process N; the component : fails. We suppose that initially .V and .V,
behave as independent Poisson processes with rate 1. Let .X'| be the first occurrence
of an event in either V) or :V,. It follows that X, is exponentially distributed with
rate 2. Suppose that component i (: =1 or { = 2) is killed at time X,. We assume
that if the first shock happens early. X; = z; < a. for some fixed a > 0. then the time
X of the second shock (from source 3 — 1) has the property that X, — r, conditioned
on X; =z, < a and X; > z; also follows an exponential distribution with failure

rate 1. If the first shock happens late, X; = r; > a. then X, — z,; conditioned on
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X, = r; > aand X; > 1, follows an exponential distribution with rate b which may
be different from 1. From the construction. it is seen that the lifetimes of component
one and two are not independent. They are associated in the sense that the time of
failure of one component will affect the hazard rate of the residual life of the other
component. Also. the two components have the same stochastic behavior. That is to
sayv. the joint density and survival functions are symmetric with respect to the line
Iy = ry. Scarsini and Shaked [1999] studied a special case (a = | and b = 2) of this

new distribution. See Counterexample 3.3. page 51. of Scarsini and Shaked [199Y].

2.1.1 The joint density function

Now let us derive the joint density function of the resulting lifetimes. Let T\ and T,
denote the lifetime of component one and two. respectively. Thus the initial hazard
rates {see (1.4} in Section 1.1) of both 7| and T, are 1. And under the condition
that T} > T, = t, the conditional hazard rate of T} — tois 1 if ta < aorbift, > a
(see (1.5) in Section 1.1). Similarly. the conditional hazard rate of T, — ¢, (see (1.6}
in Section 1.1) under the condition that T, > Ty = ¢t; is 1 if ¢, K aor bift, > a.
Let A; and A,j; denote the initial hazard rate and the conditional hazard rate of 7).
respectively. and Az and Ay, denote the initial and the conditional hazard rate of T5.

respectively. Then

I. iftz < a.
A tita) = - 2.5
12(tlt2) {b. if1, > a. (2.5)
for all £ > t, > 0; and
1. lftl < a.
A tt;) = - 2.6
2 (tlta) {b. ift, > a. (2:6)

forallt >t > 0.



Let f(¢,.t2) and F(t,.t2) denote the joint density and survival functions of T, and

T,. We have by Corollary 1.1.2 of Section 1.1 that

flt. t2) = €™ o (Al Xa (et (4. e el Aanttin)dr, Az (talty) (2.

(V]
~1

for all {, > ¢; > 0. and

£

f(t1.ty) =€~ B2 (A (t)+22(t))dt Az(ts) - 6_-[‘2 Appa(elea)de | Auz(hifz) (2.8

for all t; > ¢, > 0.

From (2.4). (2.3). (2.6). (2.7). and (2.8). the joint density function f(¢,.¢;) has

the form
6_"-t2. if ty S a or to S a
fti.ty) = § be~(2=0a=bu if ¢, > ¢, > a: (2.9)
be~(2-b)i-b2  if t, > ¢t >a

The following figure (Figure 2.1) gives a geometric view of the joint density.

2.1.2 The joint survival function

Through the joint density function f(¢,.t2) we can compute the survival function

Fity.ty). Fortsa > i, » a.

_ t2 x x 2 Y
F(t,.t3) =/ / be‘(z"b)r’bydyd1'+/ / be~ (20 =bvqydr
t t2 t2 T
+ / / be=2=00v=bdydz
ts t2

—be 6—(‘2—6):1 - 6-—(2—6)(2 6—2!2 6-212 be—'lfg
= e~ "2 + + _—
2-b 2 2—-b 2(2-0b)
6—6!2—(2—6)11 e—2t2 be—2t2
="%-p T3~ 2(2 = b)

i G o )
2-b '




tr

be-(?—b)t; —bt;

be“'z‘b)”‘b‘l

FIGURE 2.1. The joint density function

For ¢, > a > t,.

[23 e t2 <
Fit . ty) = / / e " Vdydxr + / / be=C=9==%ydr
t 2 a 2
X o~ [ ) X
+/ / be‘u"b)r_bydydl'-%-/ / be= == T dydr
ta T ta to

~bt2—(2—b)a 6—212 —2t3 -2t

€ € €

b6—2t2

=e (e —€e%) + +

6—2:—3(6(2—6)(‘2—0) +1 - b)
2-b '

=e (e —e™) +

For « >ty > 1.

F(t;.tz)=/ / e"'ydyd:t-i-/ / e Vdydr
ty ta a ta
+‘/‘ / be‘(z'b)r'bydydx+/ / be"(z'b)y'brdydr

56 3= T 2 Ta3aZgs”

2(2 = b)



~2a —~2a ~2a
€ € be
— g2 1 __ _-a —a( _~ta _ ay _
€ %(e e %)+ e (e e %)+ 3 +')-b 2 —b)
—-2a —~2a ~2a
— e 172 _ g2 4 € + € _ be
2 2—-b6 2122-0b)
= e~ 17tz
Therefore the survival function F(t,.t;) has the form
-2t (2=b)(ty=1ty) -
( ¢ 2(e — 141 b). tg > tl S a.
o=2%p ((2=b}(c2—a} | _;
e72(e™ —e7?) + ¢ e 2_: 22ty >a >t
Fti.ty) = § e7n77, a>t.ty (2.10)
—2ty [ (2=b)(e] =22} 31 _
- He 2_; 2+l b). ty 2t2>(1.
- — _ —2!1( (2=0b)(t} ~a) ¢ l—b)
| € tl(e t2_ea)+€ € - + . t1>02t3.

Again. we have a figure (Figure 2.2) to represent the survival function.

ta
e—2t2 (8(2-6)(12—:1 )41 _b/

- - —- 2-%

€ 12(6 ty —€ a)

, e-zxz(e(z—a)(:z-a)+1_b)

! 2-b

e~2t1 (el2=bMti—t2) 4] )
a 2-b
e—ll(e-—tz — e—a)
e_tl‘t2 e~2t1 (e(2=b){t1 ~a) L] _p)
2-b6
t

0 a

FIGURE 2.2. The joint survival function



2.1.3 The moment generating function and some moments

Next we compute the moment generating function m(s.t).

m(s.t)://e”“yf(r.y)dydr
=/ / e”*‘ye"r—ydyd:r-{-/ / e e T Vdydr
/ / sr+tyb€-—(2 byy— brdydl‘"-/ / sr?tybe—(l b)r—cyd dr

1 — e—(l s)a —-(l—s)a(l - 6—(l t)a 6-{7_5_,)3
_ <4
ST U—su-pt T a-s-0 TB-nz-s-1
he—(2—s—t)a be—(2—s—t)a
T e 00-s) (C=b-D2-s—1)
1 — e—('l—s-—t)a be—(2—s-—!)a be—(‘z—s—t)a
ST E-nE-s-0 T 2-b-00b-9
be—(2—-s—t)a.

2-b-t)2—-s—1t)
By differentiating the moment generating function in the above. we obtain

-2 L, e L be® 1

ET1=1—€_2°(G+1)+6) (a + ; ) ’—b(a+b) m(av’-;)

1-06
_ ~2a .
=1l+e (26 ): {
1 —2a, @ €% a? a 1 e a? a 1
EET12=1_62(2+0+1)+ B) (T'f';"r'z)'*‘)_b(?'f-g"rﬁj
be~?  q? a 1
-5z 3ty
e2(1—b) a 3b+2
SRR T T
and therefore
3b+2
ET? =2+ (1 = b)(F + —5)
=2+ 4%L150a+3+3r
TOTe T TR

v
[y 4



e €% 1 a 1 a a ,
ET\T,=1—€e(1+a+a+1+a*)+ 5 (%+E+§+§T§+a-)
+€_2a( L
] e a
2-bb(2—-06) 2-b b
be~?%* l a 1 a a
T5a-6)'32-f s 2 3ty
1-56
—_ -2z 9 R 5 1+
=1+¢€e " T )(2a +1): (2.13)
1 —2a a’ a’ , a* a' &
IETIZT'.E’:l—E2(1+7+0+a+.—2'+a'+?+T+§')
2 2 3

+e"2° 1+a2+a 3+a+a+a'|a+a16
a2 T T T T T % T3 % 16

b(2—5b) 26 4 ' 2
be~2a ( 1 + a? + a 3 a
22 —b)\4(2—b)2 " 22 =b)2  2A2—b)2  S(2-05)  12—b)
. a 4 a? . a? N al 6
22—=0) ' 22-—b)  42-5b)  2(2—0b) 16
+3a'3a+a2+£+a2 a3+a3‘a“
S TS TS TS TRt T TTTY
1—b a?(2+5b) a(2+5b) 2+ 5b
— —-2a 3
e (et —Fp— = )
and therefore
. o 1—b 2245 2+5b6) 245
ETT? =4 + f_za(l )(2a° + & ( ;—ab) 4 a( :')b) . .)b')b): (2.14)

b
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—ET2T2=1—6_2“(1+a+a+a + -
e~ 1 +a
7 ‘it

—2a

, €
*>—b%%)—m b(2 — b)
be—%e 1 + a
BECEDRCEDRE
3a%(1 — b)  af

1b 152

+

3
s 2
+

— 1 +6—2d(

+

and therefore

ET?T, =2+

2.1.4 The marginal density functions and survival functions

Next. we compute the marginal density functions and survival functions. Let f; and

F) denote the marginal density and survival functions of component one. respectively.

H(t) = / e Tdt; = e
0
for t < a and

a t "
fi(¢) =/ et dt, +/ be—(3-8)a~bt 4y, +/ be(3bh=btz gy
(4] a t

-2t

From (2.9). we have

=eH(l—€e")+ c ——(e270)Nt=e) _ 1) 4 7

2—-b
for t > a. Therefore

R =4 Hes o (2.16)
T el — ety + (e ) L e ift > a. —
Let t; =0 in (2.10). We obtain
_ e~ ’. ift <a.
Fi(t) = _2¢ - 2.17
(1) {e-%1-e-a)4-%5%(eﬂ—wu—a)+.1-by ift > a. (10

Let f, and F, denote the marginal density and survival functions of component two.

respectively. Then f, = f; and F,=F,.
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2.2 Correlation Coefficient

In this section we study the correlation between T; and T,. By applying the results
from Section 2.1, we express the covariance of T; and T; as a function of « and
b. We then derive the conditions on a and b under which 7T} and T, are positive
correlated (respectively. negative correlated). We also make a graph to illustrate
these conditions. This section ends with the study of the notions of association and

positively quadrant dependence between 7; and T>.

Definition 2.2.1. Let X and Y be two random variables defined on the same prob-

ability space (Q.§. P). The covariance of X and Y is defined as follows
Cov(X.Y)= EXY —~ EXFEY.

where E denotes the expectation. If Cov(X.Y) > 0 then X and Y are said to be

positive correlated. If Cov(X.Y) < 0 then .X and Y} are said to be negative

correlated.

Theorem 2.2.2.

1 S
§<a.m<b<l.
1

COl‘(Tl-T'z) >0 lf GQp<a< %. l<b< a1y s 1" (2,18}
O<a<ag |l <b.

where ag satisfies the equation 2(2a — 1)e** + 1 =0. Also

0<a<ag b< 1.
COv(Tl.Tz) <0 t:f ag < a. b<rnin{1.2(7_—ll)ega—+l}. (2.19)
ao < a. b > max{l. smj=g7}-

Proof. From Section 2.1, T, and T, are identically distributed. Then

CO’U(TI,TQ) = ET]T2 - E2T1.



Using (2.13) and (2.11). we have

COU(Tl.TQ) = ET[Tz - E2T1

= [1+e-2°( 2—6 )(2a+1)] - [1+e"2“(12—bb)]-
_ 3, — 2,.—2a
- e-2°[(1 6)2(;“ ) _d (;b)): ] (2.20)

Then Cov(T;.T7) > 0 if and only if

(1 =b6)(2a—1) (1 — b)%e~2e
2b (2b)?

> 0.

Casel:%<a.0<b<l. Then

) (1 =056)(2a—1) (1—2b)%c?
Cov(T,. T2) >0 < 2% — 252 >0
. (1 —b)e
— 2a -1 > —r
1
= > sm e
Therefore. Cov(T,.T5) > 0 if % < a and 2—(2a—-—ll)e2°_-;—l- <b< 1.
Case? :a < % I < b. Then
(1-b)(2a—1) (1~ b)2e~2
Cov(T,. T5) >0 <— % — (362 >0
[ =9 (b—1)e~2
— —2a > —T
= %>2(2a—1)62“+1.

Let ag be such that 2(2ag —1)e??° +1 = 0. Then Cov(T1.T2) >0if0 <a <ay. 1 < b

1 S S—
or ao < a < 3.1 < b < ==y

Combining these two cases, we have

1 1
2 < a. 2(2a—1)e2%+1 <b<l.

. . 1 1
Cov(T\.T5) >0 if a@<a<jz 1<b< 2as1)eP 51"

0<a<ag 1 <b.
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This proves (2.18).
From (2.20), we have Cov(7T,.T7) < 0 if and only if

(1 =bj)(2a —1) (L —b)2e 2

2 - @y <%
Casel :a < 3. b < 1. Then Cov(T;.T3) < 0.
Case2 : 3 <a.1<b. Then Cov(T;.T2) < 0.
Case3 : 3 <a.0<b< 1. Then
. (1 =b)(2a~-1) (1 —b)e 2
Cov(T). Th) <0 <— T — (25) <0
<~ b !
2(2a —1)e22 +1°
Casef :a < % 1 < b. Then

(1 =b6)(2a—1) (1—b)2e >

Cov(T).T7) <0 <= % - e <0
= b> !
2(2a — 1)e?* +1°
Combining these.
0<a<ay b<l.
C"O‘L‘(Tl. Tg) <0 if apg<a. b min{l imjll)e?—aﬂ}'
apg < a. b> max{l. m}.
This completes the proof. a

The following graph (Figure 2.3) illustrates these conditions.

From above, we have that Cov(T;,72) > 0 if the point (a.b) locates in an appropri-
ate region. The property Cov(T;.T2) > 0 is very close to the concept of association
(see Section 1.3). This leads to the following question: are 7, and T, associated?
From Theorem 1.3.4. if T} and 7> are not positively quadrant dependent. then they
are not associated. We apply (1.10) to answer this question.

Claim: T, and T, are not PQD for any a and b.
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1
5 2(2a-1)e*+1
Cov>0 \ Cov<0Q

LT,

Cov <0 \ Cov>0

a4

029

FIGURE 2.3. Regions for positive and negative correlated

Proof. From (2.10) and (2.17), we have

Flti.t;) >0
-2t

— b(e(z—b)(ez—a) +1—b)

= e (e —e7%) +

6—222
—eh (e"2(1 ~€%) + 3 b(e(z-")“?‘“’ +1- b)) >0
(2-b)(t2—a) —b
= (1 — e (T — ) 2 0
(2—-6)(t2—a) -
— & +1-6 (w0 5 (2.21)

2-b
for all t, > a > ¢;. Also

F(t;.t;) >0

2t3 2
> e - (e"’(l —e%) + —f b(e”-b)“z-“) +1- b)) >0

-2t

6—222 (e*-tz(:) _ e"“) + :_ b(e(Q—b)(lz—ﬂ) +1- b)>

(2-b)(t2=a) L ] _p
(tz—a) _ € +
x (e 7% )=0




e(2=0)(t2=a) 1 | _p

(tz=a) _ 2.22

— elt2 — >0 (2.22)

for all ¢t = t; > a. By comparing (2.21) and (2.22). we have that T, and T; are not
PQD. .

Hence T; and 7, are not associated.

2.3 Generalization

To fix ideas. consider first an extension of the model of Section 2.1 to a three compo-
nent model.

Let N7. .V,. and N3 be three point processes that govern the occurrence of shocks
fatal to component one. two, and three. respectively. Assume that at first theyv behave
as independent Poisson processes with rate 1. Let X, denote the first occurrence of
an event among N;. N,, and N3. Then X, is exponentially distributed with rate 3.
Without loss of generality. assume that component one is killed at time X;. Suppose
that after time X;. .V, and N3 still behave as independent Poisson processes but the
rate may be different from the initial one. Explicitly. if X| = r; < q,. for some
fixed @¢; > 0. then .V, and V3 both have failure rate 1. If X; = z; > a; then they
have failure rate b, which may be different from 1. Let X, denote the time of second
shock (from N5 or V3). Assume that then X; — r; conditioned on X; = r; < a, and
X, > r, follows an exponential distribution with rate 2 and X, — r, conditioned on
X) =z, > a; and X3 > 1, is exponentially distributed with rate 26;. Without loss of
generality. let us assume that component two is killed at time X,. We further assume
that after time X,, N3 still behaves as a Poisson process. The rate of V3 could be
[. 6,. or by: b may be different from 1 and b,. Explicitly. we assume that if the rate
after the first shock is 1 then the rate after second shock is still 1 if X7 = 75 < as.
for some fixed a; > a,. or change to b, if X; = z2 > a;. While if the rate after the

first shock is b, then the above rate stays at b, or become b, depending on whether
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X2 =15, < a; or X3 = 15 > ay. Let X3 denote the time of third shock (from .V3).
From above, X3 is exponentially distributed with rate 1. 6,. or b; depending on the
rate of V3 being 1. b,. or b;. By time X3 all three components have failed.

From the construction above, component one. two. and three behave stochastically
the same. They all have initial hazard rate being 1. conditional hazard rate being
1 or b;. and second order conditional hazard rate being 1. b;. or b,. Let A. A,
and A;, . denote the initial hazard rate. the conditional hazard rate. and the second
order conditional hazard rate. respectively. Refer to (1.3) in Section 1.1 for the
corresponding definitions. Let [, denote the indicator function of set .A. that is.

[ix)y=1ifz€ Aand I4(z)=0if ¢ A. Then
)\g = 1.

for all i = 1.2.3.

1. ¢t <ay:
Aus(tlta) = {b; t:>al
. I-

forallt >¢t, >0and 1 <:#j <3. and

L. an:l [(Gm.’_\‘.l)(tm) O
Apaltltitz) = Sbie 32 Lanoe)(tm) = L
b. Z?n:l liap)(tm) = 2.

forallt >t, >t >20and {i.j.k} = {1.2.3}.

Let T\, T,, and T3 denote the life length of component one. two. and three. re-
spectively. The joint density for T;, T,. and T3 can be computed through the initial
hazard rates. conditional hazard rates. and second order conditional hazard rates (see

Theorem 1.1.3 of Section 1.1). For ¢; < ¢; < t3, we have

76—21-22—13‘ iftl S a;. tz S as.
ble—tl-(z“bl )12—6123, lftl S a. t'.) > a,.
f(tl~t27 t3) = 4 b%e—(3—2bl)tl"bl12—5123’ ifal <t < as. t2 < ay. (223)

blbzﬁ—(s-Zbl)zl_(2b1—b2)‘2-b2t3. ifal < tl S aj. t2 < asj.

ort; > as.
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Because the three marginals are identically distributed. the joint density can be de-
fined symmetrically for all the other orders of ¢;. t,. and 3. Next we can compute
the marginal density from the joint density. Let f; denote the marginal density. By

simple calculation, we have
Hlty=€"*

for t < a,.

2be=bt—(B=blar 4 3(] — b)e™¥
3-%

fit) =€ (1 —e %) +
for a, <t < a,. and

-t -a —t—az Qbe-bl‘(i’-—b)az -
Ht)y= (e (1 +e77%)—2e 2 ——— (1 —e77)

2-b
" 4(1 _ b)e—'lt(l _ e—al) N 2be—bt(e-—(3—b)a1 _ e—-(3—b)a2)
2-b 3-0b
bc(e—ct—(2b—c)a2 _ C-th) 6—(3—26)(11 _ 6—(3—25)62
9 —-2bt __ —bt—baz] .

+2 % —c FbeT —be ] 32

3¢ -zbc(e—ct-—(:!—c)az _ e—3t) 4b(b _ C)(e—th—(3—2b)a2 . 6—-32)

(26—c)(3 — o) (26— ¢)(3 — 2b)
for ay < t.

In a similar fashion. we can describe the general case. Consider an n component
system such that the initial hazard rate of each component is 1. We assume that after
the time of first failure. the conditional hazard rates of the other alive components
are 1 or b,. If the first failure happens early. before a;, then they remain one. If
the first failure happens late. after a;. then they become b;,. The conditional hazard
rates stay unchanged between failures. At the time of next failure. if it happens
early. before a,, then the second order conditional hazard rates of the other alive
components stay the same. If it happens late. after a,. then the rates change to
next b,. So. every time there is a failure which happens early. before «,. then the

conditional hazard rates remain the same. If it happens late. after a,. then the rates
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change. We call (a,.az.--- ,a,—;) the time parameter. Let ¢, denote the time of the
ith failure among the n components. Then the conditional hazard rate after time ¢,
will change if and only if ¢, > a,. Let A, i =1.---.n. Ay,. 1 < ¢ # j < n. and
Miroeoe- 1 <1 # 1 #--- # Ji < n. denote the initial hazard rate. the conditional
hazard rate. and the k-th order conditional hazard rate. respectively. Formally. we

can define the hazard rates as

L ifij _<_al.
by ift, > a.

Aij(tlt;) = {

forallt >t,.1 <i# j<n.and

(1 if ko) Lamx)(tm) = 0.

by if 5 Nan o) (tm) = 1

A,‘ l_..._ktt."’.t- =<: R .

T e4 131 k) b if E;:l Lo mey(tm) = i.

(b if 3% ) Lo ney(tm) = K.

forall2 <k <n-1l.{)<---<tpg<tand 1 <i#j #F % <n.

Given all the hazard rates as the above., we can derive the joint density now.
Let T,.T,.--- . T, denote the life length of component one. two. to n. respectively.
and {;.1 = 1.2.--- _n. denote the time at which the :-th component fails. From
the construction. this new model has a density function which is invariant under
any permutation of all the components. Under this observation. we can compute
f(ty. ta.--- . t,). the joint density function, with ¢; < ¢, < --- <t,. For all the other
orders of ty.t3.--- .t,. it can be defined symmetrically. The joint density can be

computed through the following formula (see Corollary 1.1.4 of Section 1.1):

fltita. oo Ltn)

- e—n_];;‘ /\l(t)thl(tl)

x HTL e—(n_m+l) f::—l '\mll. - .m—l(t‘tl""-tm—l)th

m=2 mlI.---.m—l(tm“ly"' ~tm—l)



n

— e’n‘l H e-(n-m-{-l),\m“_.._,,,_,(!mltl.m.zm-l)(tm-lm-x)/\

m=2

Since the joint density function is invariant under any permutation of #;.--- .

marginal density function f,(¢,;) can be computed by

fl(t1)=/ / fltita -~ to)dtn - - dtsdts
t;=0 Jt2=0 tn=0

=(n—1)5/' / / b1 tae-- ta)dtn---ditsdts.
ta=0 Jty=t> tn=tn—1

m|l.---.m—l(tm|tl- Tt
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Chapter 3

AGING PROPERTIES

[n reliability theory. we often encounter the question: does the distribution or system
possess any aging property such as [FR. [FRA? Or any anti-aging property such as
DFR. DFRA? In this chapter we identify situations in which the new multivariate
distribution described in previous chapter possesses some aging properties. In the
first section we show that the marginal density is DFR if the conditional hazard rates
are decreasing and bounded above by 1. To prove this we show that the marginal
density is a mixture of DFR distributions. Then the result follows from the closure
property of DFR distributions. In Section 3.2 we focus on an (n — 1)-out-of-n svstem
such that the joint density function of all component lifetime is the new one described
in previous chapter. We find a necessary and sufficient condition under which the life

time of the system is IFRA.

3.1 DFR of marginal density

Recall that an absolutely continuous distribution function F of a nonnegative random
variable X is called a decreasing failure rate (DFR) distribution if the hazard rate
function of X is a decreasing function. The main result of this section is the following

theorem:

Theorem 3.1.1. Let f, denote the marginal density function of the new n dimen-
stonal distribution constructed in Section 2.3. Then f; 1s DFR f0 < b,—y <b,_, <

< b <L

The proof of this theorem is based on Theorem 1.2.11 of Section 1.2. It says that

the class of DFR distributions is closed under mixture. Therefore it suffices to show
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that f, is a mixture of some DFR distributions. We study the bivariate system. the

three component system. and the general case separately. In each case. we show that

the marginal distribution or density function is a mixture of some DFR distributions.
Proof of Theorem 3.1.1 in the bivariate case.

In this case we have 0 < b < 1. Define
Also define

if 0 < a <a. and

t > a.
when a > a. Clearly. g is the density function of an exponential distribution with

rate | and the hazard rate A, of H, has the form that

if 0 < a <a. and

b. t>a.

Ao(t) = {1. t < a:

when @ > a. Therefore H, is DFR for all a > 0 since b < 1.

[t suffices to prove the following equation

Fi(t) =/ . (t)g(a)da
0]

for all t > 0. For t < a we have

/- t)g(a)da =
0



For t > a we have

/'H da—/H(tg(ada /H / gla)da
(a]
=/ —-t —ada+/ —a=b(t—a) ~od0+/
0 e

~bt—(2-b)a
—t —a € — €
=e (l—€7?)+ 575
= Fy(t).
This completes the proof. a

Proof of Theorem 3.1.1 in the 3 dimensional case.

In this case we have 0 < b, < b; < 1. Let g(a. 3) denote the joint density function

of the new bivariate distribution as in Section 2.1. That is.

e~o3, a<a or 3<a:
gla.3) = { be=(3-02=83 3> 4 >a:
be=(2=b)5—te 5 > 3 > a.

Define
has(t) =€~'. Vt>0.

fora<3<a,ora<a <3< a, and

et if t<3:
has(t) = {ble_g_bl(t—ﬁ)_ if t> 3.

for a < a, < a; < J. and

o et if t<a:
0.3( ) = ble-o—bl(t—a)_ if t>a.

for a; < a < 3 < ay, and

e_t? if ¢ < a:
hops(t) = { bje~o—bilt=a) if a<t<3:
bpe—a—b1(B=a)=ba(t=8)  f 3 < ¢,
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for ay < a €< a; < 3ora; <a< 3. For 3 < a.we can define A, 3 svmmetrically.

Let )\, ; be the hazard rate of h, 3. By simple calculation. we have
Ao_a =1

fora<3<aq ora<a; <3 <a. and

1. < 3:;
O
1- 3J.

for a < a; < a; < 3. and

1. t<a:
’\Q.S(t)z{b > a
1- .

for ay < a < 3 < a,. and

1. t<a:
’\a.B(t) = bl. a <t S 3:
bg. I <t

fora, < a<a, <« 3ora; <a <3 Therefore h, ;is DFR foralla >0 and >0
since 0 < b, < by < 1. Let f, denote the marginal density function of the three

component syvstem.

Again. it suffices to show that

fl(t)=/- / hs 3(t)g(a.3)d3da
o Jo

for all 1 > 0. The idea of this proof is simply to perform the integration. Since h, _;
is defined symmetrically for J < a. we only compute the integration over the region

that J > a and then multiply it by 2. For t < a; we have

/0°° /0°° has(t)g(c, 3)d3da

- ></ﬁ° /“ ho.3<t>g(a.3)d5da)
0 a



= 2(/01 /00 ha s(t)g(a, 3)dBda + /oo /@5 h,.3(t)g(a. .3)d;3do>
0 a ay a
= e—t

= fi(t).

For a; < t < a, we have

/0°° /w has(t)g(a. 3)d3da

2(/ / ha.s(t)g(a. 3)d3da)

2</ / has(t 03)d3da-L-// I
//haﬁ(tg(a 3)d3da)

( — ’ﬂl)+ -bl e—b;t (3=b61)ay + 3(1 ﬁbl)e—:it

3-5, 3 -5
= fi(t)-

H

For a; < t we have

/ / ha.s(t)g(a. 3)d3da = 2(/oc /cc ho_g(t)g(aJ)djda)
Q 0 0 a

where R,. R,. and Rj are subsets of {(a.3)|a < 3} such that

ha.ﬁ(t) = e_t V(Q3) € Rl.

hos(t) = bie (=2 or pe=8-0(t=3) v(q 3)€ R,.

and

hog(t) = bpe™@P1(8=e)=balt=8)  v(q 3) e Ry,

2(// +// +// hobd(l)g(a.j)djda).
R, R; R

14



Then

[ [ heattrgta. s1dsde
R,
= /al /az has(t)g(a. 3)d3da + /t11 /® ha.s(t)g(a. 3)d3da
/ / ha5(t)g(a.3)d3da

1_ e—2a1 Y -3t
=T () — e TRl — ) b e H (L — e ) +

// ho.3(t)g(a. 3)d3da
R;
=/ I/ ho,_g(t)g(a.3)d'3da+/ 2/ 2ha_3(t)g(a..3)d.)'do
/ / h, 3(t)g(a. 3)d3da

—b1t (2—-5;})az — —2t)(1 _ e—Ql) bl(e—bll_(3—bl yar _ f—blt—(s—'bl)a:)
= +
2-b 3—-b
bl(e—blt-bxaz-(S—Zbl)ax - 6—61!-(3—6;)&2) ' bl(E—ngt—(3—'Zb;)a1 _ (_—15.”
- +
3—2b 3 = 2b,

// hos(t)g(a.3)d3da
Ra
/ / a.3(t)gla. 3)d3da+/ / hqa3(t)gla. 3)d3da

5 —(251-52)0” - —(2bx—b*)f e—(3=2b1)ay __ e—(3—2b!)02
= bybye "2 )
(- 3%, = b, ) 3,
blbze—bzf e—B=b2)az __ —(3-b2)t b1b26-2bxl e—(3—2b1)az _ —(3-25)1
26, — b, 3—-b, ) 2b, — b, ( 3 — 25, )-

By simple comparison, we have

fit) = (//Rl //Rz //R ha 5(t)g(a. 3)d3do)

From above. we have that f; is a mixture of some DFR distributions if 0 < b, < b; < 1.

This completes the proof. |
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Proof of Theorem 3.1.1 in the general case.

In this case. we have n nonnegative random variables. Ty.--- .T,. and time
parameter (a,.--- .a,_;) where 0 < a; < a; < --- < an—;. If the i-th failure
among T;.--- .T, happens at time ¢; then the hazard rates of all alive components

could stay unchanged if ¢; < a; or change to some b, if ¢, > a,. We assume that
0<bp1 <bp<---<b < 1.

Let g(s;.- - .5,-,) be the joint density of (n — 1) component model with time
parameter (a;,--- .@n-2). Fix (s;.--- .s.-1). Without loss of generality. we assume
that s; < --- < sn_;. Letk = ::ll [(a, 00)(si). If & = 0 then define A, ... 5,_ (t) = €7
forall t > 0. When &k > 1 let j,. m =1.--- . k. be such that [, .)(s,.) =1 for all
m = 1.--- k. Define

(et Yt

ble—s)l—bl(l—s’l)- vt E

h e t = : -
sy, .s.—...x( ) 4 b‘.e“sn"z"mllb"‘"lm-ﬂ"‘lm)"b‘(t"h). = (SJ,~

Lbke-’h - b’"("lmu"’lrn)_b"“—slk). Yt € (Sj._. x).

For all the other orders of s;.--- .sn_1. hg,.....s,,_, can be defined symmetrically. By

simple computation. we have

/ Ry smen ()t = 1.
0]

Thus h,, ... s,_, is a density function and has the hazard rate A;, ... 5,_, as
(1. Yte (0.s,]:
bi. YVt e (s).5,):
Aspmesn, (1) = ¢ (3.1)

b,‘, vVt € (SJ'..SJ'.“]:

br. Yt € (sj,.oc).

\



So hs,...s,_, is a DFR since 0 < b,_; < --- < b < 1. Let f, denote the marginal
density of the general n component system.

Again. we show that the following equation holds

=< ~c
=/ "'/ hsxw-'.sn-l(tl)g(slﬁ"' "Sn‘l)d‘s"—l seedsy
3 =0 Sn—1=0

for all t{, > 0. The idea of the proof is to perform the integration. Although the
joint density function and A, ... s,_, are quite complicated. we can use the fact the
the hazard rates are constant between failures. This makes the computation possible

and easy. Fix £;. From the permutation symmetry of g and A. it follows

o~ 0
/ / Ry sni (81)g(S14-7 o Sny)dSnoy -+~ dsy
s1=0 Sp—1=0
= (n—1) / [ [ eonn(0)g(51 o smot My - disy,
51—0 S2=S1 Sn-l=Sn-2

From Section 2.3.

Silty) —/ / / flticte -+ (tp)dt, - - - dizdt;
t2=0 Jt3=0 tn=0
= (n —1)!/ / / Fltita -+ tn)dtn - - - dtsdts
t2=0 tz=ty th=tn_1

where f(t,.--- .t,) is the joint density of the system. Therefore it suffices to prove

that

[
t,=0 Jty=ty tn=tln—-1
o o (=)
=/ / / hoy sy (11)g(s1- - -+ cSnot)snoy - -dsy. (3.2]
51 =0 Js2=35, Sn—1=Sn-2

We can rewrite the left hand side of of (3.2) as a summation of 2 integrations. One
is over the region that ¢, < ¢; and the other is over the region that 0 < ¢, < ¢4
Similarly. the right hand side of (3.2) is a summation of 2 integrations that one is

over the region ¢; < s; and the other is over the region 0 < s; < ¢;. We show that

/~ / / fltr, - ta)dtn
t2=t; Jitz=ty tn=tn—1
=/ / / Royomotnoy (81)g(S10 -+ - Snot)dsnoy -~ dsy (3.3)
s} =t Js2=s, Sn—1=5n-2



and that

t oC e @)
/ / / fltyo--- tn)dty ---dty
=0 Jiy3=ty In=tn-1
/ / "'/ h,l_...'sn_l(tl)g(sl-"' -sn—l)d‘sn—l"’d*’;l- (3~4)
$1=0 Jsr=s Sn—1=Sn-2

Then (3.2) follows.
We prove (3.3) first. From Section 2.3 we have the general formula for the

joint density function f({,.---.t{,) and we know that the conditional hazard rate

Mt me1(Emlti-- -+ .tm—y) does not depend on t,, (once t,.--- .tn_; are determined).

In fact. it is a constant b; for some i. Then

% o oc
[ [ e e
L=t Jt3=t tn=tn—1

>
/ / —’ul "’e-‘\n“' 'n(lnltl'm't"—l)t"’\nll.---.n(tnltb'" -tn—l)dtn"'dt‘.’

/ / )
th1=ln=2

€™M L. =2 . n—2(tacritiesdtaog)ta y
n

EETTUEPY § SEPS | POREEIN SR ¥ /SRR

l >
m/ e—ﬂlxe-(n-l)«\zn(‘21‘1)(12—f1)/\2“(12“1)dtz
2) J,

—nt,

2=t
€

(n—1)"

Similarly. we have

—nt,

e g >~ €
T hs snp (T1)g(S1, - - cSno)dsp_y - ds) = ——.
~/51=11 [2=51 /Sn—1=sn—2 l x (n —1)!

This shows (3.3).
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Now we show that (3.4) holds. The left hand side of (3.4) can be written as

/ / / fltra--- cta)dty - - - dty
to=0 Jta=t, tn=tn—1

—_—Z/ flty.--+ tn)dty---dts
=2 A

ty ty t
+/ / "‘/ f(t[."'.tn)dtn"'dtg
t2=0 ty=t3 ta=ln_1

with A, = {6, <tz3 <--- <t, <t < tiy1 £--- < t,}. The right hand side of (3.4}

can be written as

/ / / sn-l(tl) 1o0 " Snoy )dsay - dsy
51=0 J s2=5; Sn—1=Sn-2

n=2
= Z/"’/ hsl.---.sn..l(tl)g(sl-"' -sn—l)dsn—l "'(151
=1 B,

1 51 ty t
+/ / / hs|.---.sn_1(tl)g(sl-"' ~~5n—l)d~5n—l "’d~5l
51 =0 Js2=3, Sn—1=Sn~2

with B; = {s) < s2 <+ <s5; <t; < 841 < -+ < 5n-1}- Thus it suffices to show

/ f(£1<"'-tn)dtn"'dt2
/ / sat(B)g(S1.c - Lsay)dsny - dsy (3.5)

foralli=2.3.--- .n—1 and

/ / / e t)dl - - di
t2=0 Jta=t, tn_—’tn—l
= / / / Psyoosnoa (E1)g(S1. 7+ cSpor)dsp_y -+ dsi. (3.6)
51=0 Jsa=s; Sn—1=Sn-=2

We prove (3.5) first. By (2.24) and the fact that the conditional hazard rate A,y ... m-i

that



is independent of {,,. we have

/ fti ta)dtn -~ dts
A,

ty t ty
— / / / e~ (n—(n=1)A3p(talt2))ta—=(n—t+ 1)\ L(trft2et)tn o

to=0 t3=ty ty=t,1

Azi(tslt2) - - Ayp i(trlta. - ti)dtidt, oy - - - diy

- // hgy e suy (t1)g(s1. - cSnot)dsnoy - dsy
Bl—l

This shows (3.5). To prove (3.6). note that on the set {t; < t3 < --- <, <t} we

have
f(tl"" -,tn) = htg.u-.tn(tl)g(l?-"' -tn)

Hence

ty t t
/ / / flt.--- Ltp)dty - - - dts
to=0 Jta=t> th=tn—1
t 13 t
=/ / / Py (B1)g(s1. -+ csnoy)dsay - - dsy.
51=0 Js2=5; Sn—1=Sn—2

This proves (3.6). Then the proof of (3.4) is complete. Combing (3.3) and (3.4). we

complete the proof. u
Remarks
1. For the case n = 2 we may imagine a Poisson process (rate 1) which inflicts

shocks on component two. If the first shock of that process occurs at time o
(< a) then the failure rate of component one is alwayvs 1. If the first shock
of that process occurs at time a (> a) then the failure rate of component one
from time point a onward (provided component one is alive at time a) changes
from 1 to b. The distribution g(a) = e~ is not the marginal distribution of
component two. Nor is H, the conditional distribution of component one given

that component two died at time .



2. Could the marginal distribution be IFR or IFRA when 1 < 67 No. It suffices
to study the case n = 2. From (2.17) of Section 2.1.4. we have
Fi(z)Fi(y) — Fi(z + y)

=TT (1 — e7) = (P T £ 1 )

(],')— eb )[e_r(e(g_b)(:-a) +1— b) + e—y(e(’.’—b)(y—a) +1 - b)]
+ —(.f_rby)z—<e<2-b><r-a) +1 - b)(e®707 + 1 — b))

for z.y > a. If z and y are sufficiently large then

Fi(z)Fi(y) - Fi(z +y)
e1-0)(z+y)—a(2~6) e~TY(1 = b)

2-b

=e T { -]l —€e7%) —

1 —e® . . B .
+ ( 5 _eb ) [e(x—b)r—a(z-b) + e-z(l _ b} + e(l—b)y—a(- b) +e€ y(l - b)J
1 .
(1-6)z—2(2-b) -r (1-b)y—a(2-5) -
+_(‘2—-b)2 e +e 7 (1 —b)] [elr 0 +e7¥(1 - b)]}
<0

since 1 < b. This implies that the marginal distribution is not NBU. Hence it

could not be IFR or IFRA. (See Theorems 1.2.7 and 1.2.10 in Section 1.2.)

3. When we derive the new distribution in Section 2.3. we proceed “forward in
time”. That is. if we know that there are / failures at time ¢ and we know ik =
> i=1 l(ar.>)(t:) where t; denotes the time of {-th failure. then we can determine
the hazard rate of all live components until next failure happens. From the new
representation of the marginal distribution. a mixture of some distributions.
we have a different view point. It is going “backward in time”. That is. if
we know the times t,, - - - , ¢, of failure of component two to component n then
we can determine the hazard rate of component one completely. For example.

suppose f; < f3 < --- < t,. Furthermore, we assume that only components



(W]}
8V}

J1 < Jj2 < --- < ji are such that tj, > a;. Then the hazard rate r of component

one is
k-1
r(t) = Lo, () + D bl 0, 1(8) + bilie,, 50 (2)
=1
which is (3.1) with s,,--- .s,-; substituted by ¢,.--- .{,.

3.2 TIFRA of an (n-1)-out-of-n system

We study an (n — 1)-out-of-n svstem in this section. Assume that the joint density
function of all the component lifetimes is the new one described in the previous
chapter. We study the necessary and sufficient conditions under which the lifetime T
of this system possesses an IFRA distribution. Let Fr denote the survival function
of T. To prove the main result. we simply compute —1In Fr and show that it is
increasing. Once again. we start with the bivariate case. the three component case.
and then finish with the general case. Throughout this section. we assume that ¢; > 0

and b, > 1.

3.2.1 1-out-of-2 System

In the bivariate case. we have a parallel system and its lifetime T is the maximum
of T\ and T, where T, and T, represent the lifetimes of component one and two.
respectively. We assume that the joint density of T} and T, is given in (2.9). By
conditioning on the time t; of the first failure among T; and T,. we can compute the

density function fr of T. We have

t
fr(t) =/ Qe e~ ("t gy,
)

for t < a. and

a t
f—r(t)=/ ze-2fxf-(‘-‘x>dzl+/ 2e™21 et~ dt,
0 a



for t > a. Therefore

2e7H(1 —e7t). t <a: o
fT(t) Bl 1 —a Dheo—bt [t . —(2-b)t (3.0
2e 1 — €7%) + 2be fae tdt;. t > a.

We will consider the two cases when b # 2 and b = 2 separately.
Casel : b # 2.

From (3.7). we have

2e7(1 — €7). t < a:
t) = ) =
fT( ) {26-—1(1 _ c——n} + %(6(2—6)“—-4) —1). t>a.
then
- 2e™ — 7, if t<a:
F t) = -2t . N
rtt) {2(1 — 7)™t 4+ T (260 _ by if > a.
For t < a.
| 1 1 [f2e7F =27 1 [f 2
——lnFr(t)=—-InRe" ~e)== | ————dr=- [ (2- dr.
[n r(t) t n(2e ) t Jo 26"—6‘21({1 t 0( 2—6":)1
Since 0 < (2 — 2_3_,) 1s increasing in z. fot('2 - —2_§_z)dr is a star-shaped function.

Hence —11n Fr(t) is increasing in ¢t on (0.a]. For t > a.

_lln FT(t) = —lln 0(1 — f—a)e" + i(.)6(2—b)(t—a) _ b)
t t o\ | 256"

e )

1
=1- ?In (2(1 —€_a)+

Therefore
—t

2—-b

——i—ln Fr(t)t < %m (2(1 —€7%) + (2¢(2=0N=a) _ b)) L.

Claim : L1n (2(1 — €7°) + £=-(2e(2=8¢=3) _ b)) is decreasing in ¢ on (a. <) if and
t 2-5

only if a > In2.

Proof. First let us assume that a > In2. The idea of the proof is based on a

simple fact from calculus: A differentiable function is decreasing if and only if its first



derivative is less than or equal to 0. Clearly,

d [1 e”! .
il Nl 2Ll —e~° — (2 (2-b)(t—a) __ b
dt[tln(( € )+2_b(e ))]

1 [ $5(2(1 — b)e?=0Mt=2) 1 p)t

12|21 — e=2) + 5(2e2-0t=2) — p)

—— (2270 b)) ]

—In (2(1 — )+ 53—

This is less than or equal to O if and only if
_ S0 = b)) 1 by
2(1 — €72) + £ (2e(2-8)t=) — p)

<In (2(1 —e™%) + : b(ze”-b)“-“’ - b)) = R.

[t suffices to find an upper bound for L and a lower bound for R and
the upper bound for L is less than or equal to the lower bound for R.

5 (2€#70)=2) _ p) > 0 for all t > a since 1 < b # 2. Then

——(2e203) ) > L —e?) > 1

2(1—e'°)+.)_b

on {a.>) since a > In2. This implies that

6—[

2-b

2(1—b)el2—blt—a) 1p
2-b

R=In (2(1 _ e—n) + (26(2—5)(l—a) _ b)) >0

on [a.oc). Now let us examine

(3.8)

show that

Note that

(part of the numerator of L). When

2(1_b)8(?—b](:—ul+h

{ = a. it has value 1. If 5 > 2. then e{2-%)(

=2 3 0ast — oc. Then T <

0 for t sufficiently large. If b < 2. then e®?=®M!=2) _ oc as t — oc. Thus. again.

21 —b)el2=0)t~a} 1 p
25

< 0 for t sufficiently large since 1 < 6. That is.

>0, t€(a to(b)):
=0. t=to(b):
<0. t€ (to(b). ).

21 — b)e2-b)e=a) 4
2-b

for some to(b) € (a.o<). Then

_ 3201 - b)j“-"”'-“’ ot
2(1 — e7?) 4 §55(2e2-0)e=a) — p) T

(19)
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[el}

for all t > to(b). Therefore

L<O0<L R on [to(b). o). (3.10)

Now we show that L < R also holds on the interval (a.t5(b)). Note.

1.

[}

If f(t) =te* on [0.0c) then f'(¢) = (1 — t)e~* which is positive on [0.1) and
negative on (l.oc). Therefore f is increasing on [0.1) and decreasing on (1. x |.

This implies that f achieves its maximum at ¢ = 1. that is.

t
— <= vt>o0. (3.11)
et

o | o=

If f(t) = 2(1"’)"(:::)“—“)“ on [a.oc) then f(t) = 2(1 — b)e?~2=2) < 0 since

1 < b. Then f(t) is decreasing on (a.oc) and in particular on (a.te(d)). So

P

0< 5% < 1. Vt€ (a.tolb)). (3.12)

since f(a) =1 and f(to(d)) =0 (from (3.9)).

Since

d [ et 2 bl 21 — b)el2=0t—a) 4 p
o (2=b)(z—a) _ _ -t >

on (a.to(b)) from (3.12). £=5(2e(®~9)=a) _ ) in increasing on (a.to(b)). Then

2(1 —e %) + O—_—Z(Qe(z_b)“_“) —b)>2(1 —€e %) +¢e* (witht=a)
=2—€"
3 .
23 (sincea > In2)

on (a.to(b)). That is,

2-b

(2e(2-0)(t=a) _ gy > Yt € (a.to(b)). (3.13)

[V A
B

21 —e™?) +



All these imply

[ - £ (2(1 — b)e(2=0t=2)  p)¢
T 21 — e71) + S5 (2e(2-b)t=a) _ p)

2(1—b)jel2-bNe—al 4p |
< 2-6 < (from (3.11))

T 2(1 — e7?) + £5(2e(@-0)t=a) — p)

1
e

(from (3.12))

IA

2(1 —e%) + ;:;(26(2“’)(““) — b)

IA

D
— (from (3.13))
3e

on (a.fy(b)) and
—t

2-b

R =In (2(1 - e-Q) + (26('2—-6)(t—a) . b))

> ln(g) (from (3.13))

> 3; (by numerical computation)
3e

on (a.to(b)). Therefore we get an inequality
2
L< 3e < R on (a.to(b)). (3.14)

Together with (3.10). we have (3.8). This completes the proof that

1 €
p —-a 5.(2-b)(t—a) . -
7 In (3(1 —e %)+ 3 b(Ze ¢ —b)) {3.15)

is decreasing in t on (a.>c) if a > In2.
Next. let us assume that a < In2. We show that (3.15) is not decreasing in f on

(a.o><). If a < In2 then
0<2(l—e®) <. (3.16)

Since we assume b > 1. we have

et 1
9 (2-b)(t—a) _ —
S =575

(2e10)=(2=8a _pe=ty L0 as t—oc. (3.17)
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Therefore (3.16) and (3.17) imply

%m (2(1 — €7 + 51— P (2627007 — b)) <0

for t sufficiently large. Also

€

-t
b(26(2'b)("’“) — b)) —0 as t— .

Lo (- -a
—t-ln(l(l—e )+._)

e—t

This means that 1 In ('2(1 — €7%) + S5 (2270 b))can not be decreasing in ¢ on

(a.><). This completes the proof. [
From the above. we have the following lemma.
Lemma 3.2.1. Let 1 <b#2. T is I[FRA if and only ifa > In2.

Case2 : b= 2.

In this situation. we have

and

_ et — 72, if t<a:
Frity=4>° 7°¢ oon b= (3.19)
20l —e%)e t + (2t —2a+ 1)e” . if t>a.

For ¢ < a the survival function is exactly the same as in case 1. This implies that
1 - .. ..
—?ln Fr(t) is increasing in ¢ on (0.a].
[f{>a. then
1 = 1 - 3 -2t
—?lnFT(t)-:—?ln 2l —e™)e™" + (2t —2a + l)e

I
=1-7ln <~z(1 —e™) + (2t —2a+ l)e“)
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which is increasing in ¢ on (a.oc) if and only if
%ln (‘2(1 — € )+ (2t —2a + l)e—')

is decreasing in f on (a.>c).
Claim: !In (:2(1 —€7%) 4+ (2t —2a + l)e") is decreasing in { on (a.oc) if and only

ifa > In2.

Proof. Same idea as in previous subsection. we show that the first derivative is less

than or equal to 0 if @ > In 2. Clearly.

d [l In (2(1 —e)+ (2t —2a+ l)e">]

dt |t
l (1 +2a —2t)e™'t " _ 3 »
== —lIn{2(1 —¢® 2 —2
t2[2(1—6'°)+(2t—2a+1)e-‘ l“(“ e™") +( a+1)e
1
= L -]

where

_ (I +2a —2t)e~ 't
T2l —eme) + (2t —2a + 1)e-t

and R=1In (2(1 — €7 %)+ (2t = 2a + l)e").

Still. we try to find an upper bound for L and a lower bound for R and show that

the upper bound for L is less than or equal to the lower bound for R. Since
(l +2a—2t)e™t<0. (2t—2a+1)e " >0. and 2(1 —e @) >1

for all t > a + §, we have

. (1 +2a — 2t)e™ 't
Tl —e) + (2t —2a + 1)et

[SVE
.

<0 on [a+
Also.

R=In ('2(1 —e )+ (2t —2a + l)e") >In2(1 —€7%) >0
on [a + 3.c0) since @ > In2. Then

.oc). (3.20)

| -

L<O0LR on [a+
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Now we focus on the interval (a.a + 3) and prove that L < R still holds over there.

Note

p—

. e 't<1/eforall t >0 from (3.11).

(V]

. Obviously.

1
01l +2a-2t< 1. \/té(a.a-&-;). (3.21)

3. Since £ ((2t —2a + 1)e™") = (1 + 2a — 2t)e™* which is positive on (a.a + ).
(2t — 2a + 1)e~* is increasing on (a.a + %). This implies that the lower bound

is located at t = a. Hence

1
(2t —2a+1)e"" > €% Vi€ [a.a+ 5)- i3.22)

Therefore

(1 +2a — 2t)e~ "t

L =
L —e=) + (2t —2a + L)
1 +2¢— 2t 1
< 2 (from (3.11
S i)+ —2axi)e—re \romBAY
1

—_ 3.2
NI et (A =2ag e (romB2D)

L1 (from (3.22))
2—e"%e¢

IA

)
< — (froma >1In2).
3e

Again. by (3.22) and ¢ > In?2

; 2
R =In (2(1 —€e7 %)+ (2t —2a + 1)e"> >In(2—-€77%) > ln(é) > 3
Therefore
2 1
L<—<R on (a.a+ <). (3.23)
e 2
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From (3.23) and (3.20). we have shown that the first derivative is less than or equal
to 0 on (a.>) if @ > In2. This completes the first part of the proof.
Now let us assume that a < In2. Under this assumption. we have 2(1 —e7™?) < |

and (2t —2a+1)e " 5> 0ast— oc. Then
%ln (‘2(1 —€™?)+ (2t —2a + l)e"'> — In2(1l —e™%) < 0.
This implies
i _ —t
?ln 201 —€e™%) + (2t — 2a + 1)e <0
for t sufficiently large and
1 —a ~t
?ln 20l — e ™)+ (2t — 2a + 1)e -— 0
as t — oc. Therefore
1 —-a —t
?ln 20l —e™®) + (2t —2a + 1)e
can not be decreasing in ¢t on (a.oc). This completes the proof. [ |
From the above. we have the following lemma.

Lemma 3.2.2. Letb=2. T is I[FRA if and only if a > In2.

Theorem 3.2.3. Fora>0andb>1.T is [FRA if and only ifa > In2.

Remark 1: Could T be IFR? From (3.18) and (3.19). we have

fr(t) 2¢7H(1 —e™%) + 4e~%(t — a)

Fr(t)  2e-t(1 —e=°) + e~2(2t — 2a + 1)

for t > a. Then

fr(t) | (2t —2a — 1)e™*
Fr(t) =it el — e %) + €% (2t — 2a + 1)
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for t > a. By simple calculus. 2e—¢(1-(?—:?:—1;5;22::-2‘;“) is not increasing in t. Hence T
could not be [FR.

Remark 2: Could T be DFR or DFRA? Again. from (3.18) and (3.19). we have

fr(t)  2e7(1—e™) 1

=1 -

Fr(t)  2et —e-2 2et — 1

for t < a. This is an increasing function of t. Hence T could not be DFR or DFRA.

3.2.2 2-out-of-3 System

Let T,. Ty. T5. and T denote the life time of component one. two. three. and the
whole system. respectively. Then T is the second order statistics of T,. T,. and T5.
By conditioning on f;. time to the first failure among 7. 7>. and 75. the density
function fr of T can be computed by using the hazard rates of T\. T,. and 75. We

have
t
fr(t) = / e 3122ttt = Ge~H(1 — ) (3.24)
(o]
for t < a;. and

ay t
fr(l)=/ 36’3“26'2("“’dt1+/ 3e312b e (gt
0

aj
t

=6e (1 —e™) + 6616_2b"/ e~ 3=t gy
ay

for t > a;. Using the density function. we can compute the survival function Fr of

T. Then.

3(1l —e ™ )e % + €733t —3a; +1). t > a.

~ : =2t __ 9.3t .
Fr(t) = 3¢ e B i t <ap: (3.25)
3(1 — e )e™ + F5-(3eC7200e) —2b). > aqy.
for b # %, and
_ 3 =2t __ 2 —31' t < .
(t) = { € © = (3.26)
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for b, = % The survival function of T has two parameters. a; and b,. This is same
as the l-out-of-2 system in the previous section. Therefore we expect that the [FRA
property still holds in our present system.

From (3.24). (3.23), and (3.26). we have

frit) _6e(1l—e™) 2
Fr(t) =~ 3e~2 —2e-3 7 3¢t -2’

for 0 < ¢ < a;. which is increasing in ¢t. This implies that T has increasing failure
rate property on {0.a;] which is stronger than [FRA. Therefore in order to prove that

T 1s [IFRA. we need to show that

1 _
—-71n Fr(t)T in t

W

for t > a;. We study this separately for b; # % and b, =

Casel : 3 —2b, £ 0.
Lemma 3.2.4. —%ln Fr(t) is increasing in t on (a,.>) if and only if a; > In %

Proof. From (3.25). we have

-3t

1 —ayy _—2t € (3—26,)(t—ay) _ -
__t_1n<3(1—e e +m(3e - 2b)

-t

€
3 — 2b,

—%ln FT(t)

1 .
=2--ln (3(1 —e) + (3e3-20)6=a1) _ ap, )) :

for t > a;. which is increasing in ¢ if and only if
-t

€
3—2b,

1
i In (3(1 —e %) + (3eB3-2biti=a1) _ 9p, )) (3.27)

is decreasing in t. First. let us assume that a; > In =;’- Let
~t

€
3 —2b,

m(t) = (3e3~2ulltmar) _ 9p,)

be defined on (a,.oc). Then m(t) > 0 and

m(t) = (362(1—61)t—(3—2b|)a1 _ :‘)-ble-t) -0 as t—oc (3.28)

3 -2b
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since b, > 1. Therefore

e—-t

3 —2b

i—ln (3(1 —e )+ (3eB3=2bu)t—ar) _ 261)) > %m 3(1l —e ™) >0

since a; > In % Thus

e_t -a B
In (3(1 — e+ 37 T (3el3-200)tman) ZbI))

is a positive function. Therefore. if m(t) is decreasing in ¢ then

e’ .
In (3(1 —e) 3o (3e3=21)tman) _ 9p, ))

is decreasing in ¢ and then (3.27) is decreasing in ¢ and this will complete the proof.

To see whether m(¢t) is decreasing. we check its first derivative. Clearly

d L (3(1 = by )eB32e=an) 4 p,
3 — 2b, '

Note
. e7* > 0 for all ¢.

2. eB3=20)(t=a1) 4 e if 3 —2b; > 0 and eB-201)t-e1) 5 0 if 3 — 26, < 0. In both

3(1=b;)el3-201}t—ay]) L,
3—2b;

cases. we have < 0 for t sufficiently large since | < b,.

3 3(1=by)el3—2b1)r—a1) 45,

T has value 1 at ¢t = a;.

From above. we have dd—’:‘ > 0 on (a;,to(by)). ‘id—';‘ = 0 at (f{o(b;)). and %’:—‘ < 0 on
(to(b)). o) for some to(by) € (a;,0c). Therefore m(t) is increasing on (a;.to(by)) and
decreasing on [fo(by). >c). This shows that (3.27) is decreasing on [ty(b;). ). Now
we have to show that (3.27) is decreasing in ¢ on (a;.to(b;)). Still. we check its first
derivative. If it is less than or equal to 0 then the result follows. By calculus. the
first derivative has the form

1 [ 2e70(3(1 — by )e-Bill=a) 4 b))y
2

e—t

3(1 — e™2) + 3555-(3e(3=2br)(t=a1) — 2p,)

-t

—In (3(1 _ e—al) + (36(3—261)(t—a1) — 25, )) ] (3.29)

_¢
3 - Zbl
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Let us denote by -‘%(L — R). where

2 (3(1 = by)eC=20(=2) 4 by )y

= (1 —e2) + 3f_‘2;1 (3e(3=261)(t=a1) — 2b)

and
-t

€
3 —2b

R=1In (3(1 —e %) + (3e(3-200—a1) _ 9p, )) i

It suffices to find an upper bound for L which is also a lower bound for R. Recall

that

1. £ < iforallt>0 from (3.11).

2. Since
d 3(1 _ bl )6(3-'261)(‘-“1) + bl (3—=2b1)(t—ay)
c—E( 3%, )~3(1—bl)e <0
3(1=b)ef3—2b1Mt~ay) 41 p, . . .
on (u;.tg(by))- T is a decreasing function. Hence
3(1 — b, )6(3—261)“-41) + b,
0< < (3.30
- 3 — 26, = (3.59)
3. Since m(t) is increasing on (a;.tg(b;)). we have m(t) > m(a,) = €% on
(ay.to(b1)). Then
-t
(1 —e™) + - (3eB3—2ut=ar) _9p ) > 3 — 2e71, (3.31)
3 - 25,
So
I
(1 —e—ur) + 33'2; (3e(3=2b1)(t~a1) — 2p,)
2(3(1—by)el3 =201} (t—a1) 4p,) |
< ; < (from (3.11))
(1l —e )+ BT (3e(3-2b1)(t=a1) _ 2p,)
91
< (from (3.30))

<

(1l —ea1) + 31‘2; (3e(3=2b1)(t=a1) — 2p,)
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< 3 2= (from (3.31))
< —_6— (from a; > ln?—)
5e 2

and

~t

R=1In(3(l —e ) + (36(3—261)(!—m) —2by))

3 - 2b
> In(3 —2e™") (from (3.31))
5 3
>In 3 (froma; > In 5)
> :—e(by numerical computation)
>L

This shows that the first derivative. (3.29). is less than or equal to 0 on (a;.ta(b,)).

This completes the proof that
e—t

3 — 2b,

-i—ln (3(1 —e )+

(3el3-2b1)le=a1) _ 9p )) {3.32)

is decreasing in t on (ay.oc) if a; > In %
Next. we show this is not the case if a; < In % We have 3(1 — e} < | under
the assumption. Since m(t) — 0 from (3.28).

e—l

3 —2b,

In (3(1 —eT) + (3eB3-21)t=an) _ 261)> — In3(1 —e™™) < 0.

Then

e—t

3 —2b,

%In (3(1 —e )+

(36(3—251)(1—01) — 2b, )> <0

for ¢ sufficiently large. But it also approaches to 0 as ¢t approaching oc. This shows
that

~t

1 ) —ay €
-—ln(3(1—e )+3——261-

- (36(3—'251)(1—a1) — 2bl)

can not be decreasing in t if a; < In % |
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Case2 :3 —2b, =0.

In this case. we have
1 _ 1 ) _ —t . ‘
——t-lnFT(t)=2———t-ln<3(1—e )+ € (3t--}a1+1)).

for t > a; from (3.26). It suffices to show that

%ln (3(1 —e M)+ e Y3t - 3a; + 1))

is decreasing in ¢t on (a;.oc).

Lemma 3.2.5. %ln (3(1 —€e7) + €73t — 3a; + 1)) is decreasing in t on (¢;.x)

if and only if a; > In2.

Proof. The structure of the proof is very similar to the previous one. First. let us
assume that a; > In % Then 3(1 —e™2') > 1. Let m(t) = ¢~ *(3t — 3a; + 1) be defined

on (a;.oc). Then m(t) > 0 and m(¢) — 0 as t = oc. Therefore

%ln (3(1 —€e %) + e (3t —3a, + 1)) > :—ln3(1 —e7%) 20

since a; > In % Thus In (3(1 — €M)+ e (3t - 3a; + 1)) is a positive function.

Therefore. if m(t) is a decreasing function then In { 3(1 —e™®') +€e7%(3¢t — 3a; + l)) is
a decreasing function and the result follows. We compute the first derivative of mit)

to determine the monotonicity. Since

dm

- = € (2 + 3a; — 3t).

dd—':’ >0on (a;.a; + %), dd—’;‘ =0 at (a;.a; + %). and %"5 < 0Oon (a; + %oc) Then m(t)

is increasing on (a;.a; + %) and decreasing on (a; + %.oc). This shows that

1
?ln (3(1 —e %)+ e (3t — 3a;, + 1))
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is decreasing in ¢ on [a; + %.x). Now we show that this property also holds on

(a;.a, + ). Once again. we prove that the first derivative is less than or equal to 0.

Indeed.
4 lln 3(1—e™ )+ e (3t —3a; + 1)>
dt |t o
1 e~t(2 + 3a; — 3t)t ( _ e i )J
= — —In{3(1 —e™ 3t — 3a; + 1)
2 [3(1—e‘“1)+e“(3t-—3a1+1) n (3 =) e “
=Li-n.
t-
where
[ = e~ (2 + 3a, — 3¢)t
T3l —e) +et(3t —3a, + 1)
and
R=1In (3(1 —€e )+ e Y3t - 3a, + 1)).
Note
1. £ < iforalltfrom (3.11).
2. Obviously.
9
0<2+3a —3t<2. Vte(al.al+§). i3.33)

3. Since m(t) is increasing on (a;.a; + %) we have m(t) > €7* on (a;.a; + -'5:)

Then

9
Jl—€e ) +e"(t—-3a,+1) >3 -2, Vi€ (a.a1 + %). (3.34)

So

e~'(2 + 3a, — 3t)t
3(1 —e )+ e (3t — 3a; + 1)
< 2(2+ 3a, — 3t)
= 3(1 —e-1) + (3t — 3a, + 1)

L=

(from (3.11))



(L

2

S = e ) T e 3t —3a, 1) (rem(3:33))
< 3_22% (from (3.34))
< 56—6 (from a; > In :5)
and
R=1In (3(1 —e )+ e (3t — 3a; + 1))
>1n3 -2 (from (3.34))
> In—?— (froma; > In 3)
> % (by numerical computation)
>L

for all t € (a1.a, + %). Hence the first derivative is less than or equal to 0 on that
interval. This completes the proof that 1 In (3(1 — €7M) + e7Y3t — 3a, + l)) is
decreasing in f on (a;.o0) if a; > In %

Next. if ay < ln% then 3(1 — e ™) < 1. Then
In (3(1 —e )+ e 3t — 3a; + 1)) — In3(1 — ™) < 0.
So
1 _ .
—t-ln Hl—e™)+e (3t —=3a;,+1)) <0
for t sufficiently large and
1
?ln (3(1 —e™ )+ e (3t — 3a, + 1)) — 0
as t - oc. Hence
1 —a —t
-t-ln 3(l—e*)+e (3t —3a; +1)

can not be decreasing if a; < In % This completes the proof. a
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Combining with Lemma 3.2.4. we have the following theorem:

Theorem 3.2.6. Fora; >0 and b, > 1. T is [FRA if and only if a; > In 3.

3.2.3 (n-1)-out-of-n System

Let T, denote the lifetime of component i. i = 1.--- .n. and T denote the lifetime
of the (n — l)-out-of-n system. We assume here that 7). T,. ---. T, have the joint
density described in (2.24). Then T is the second order statistic of 7). T5. ---. T,.
By conditioning on the time ¢; of the first failure among 1. T5. ---. T,. the density
function fr of T can be computed by using the initial and conditional hazard rates

of T\. T5. ---. T,. We have
t
fr(t) = / ne " (n — 1)e~n=t)dt = n(n — e "D — €7
0
for t < a,. and

fr(t)
ai t
= / ne " (n — l)e~mHe=tgy o+ / ne " (n — 1)be n-nli-nl gy
0 3]

t
= n(n — 1)6-(71-1):(1 _ e—a;) + n(n _ l)ble-{nnl)bu/ e—(n-—(n-l)bx)r,dtl
a,

for t > a;. Therefore. for 1 < b; # 2 we have

s n(n— 1)e= ("1} — 1), t <a: .
t = —nt n—(n— t—a :.3-
T( ) n(n _ l) [e-(""l)'(l _ e_“‘) + bre (e(n-((n-xil;:l( 1)_1)] . t>a. ( J)
and for b, = 27 we have
n(n — 1)e~ (=] _ ¢=t), t < a: v )
fr(t) = » _l(z _) o : (3.36)
n(n— 1) [em=DY(] — e ) + bre ™ (t —a))] . > a;.

We study these two cases separately.

Casel : b # —=.

n-1
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The survival function Fr of T can be computed through the density function
(3.33). Indeed.
Frt)

ne~{(n=t _(n —1)e ™. t < ay:
= —nt —a ,
n(l ——e"'“)e"("_”'+M(ne("'(“‘”b‘)“ D (n—=1)b). t>a.

Lemma 3.2.7. T is IFRA if and only if a; > In Z5.

Proof. We need to show that —% In Fr(t) is increasing in t if and only if @) > In =5.

From the survival function of T. we have

— 20 Fr{t) = (n = 1) = In(n — (n = L)e™)

=(n—1)—l/ (n —1)e™” dr
0

¢ n—(n-—1)e*

t -r
=l/(n—1)— (n—1le? 40
t Jo n

—(n—1)e~~*

(n—1)e™*
n—-(n—1)e—*

function. This implies that —%ln Fr(t) is increasing in ¢ for ¢t < a,. For t > a,.

for t < ay. Since0 < (n—1)— 1s increasing in . —% In Fr(t)is a star-shaped

- %ln FT(t)
1 e’
- — - = — eTat —_ (n=(n-1)b1)(t~-ay) __ _ )
(n—-1) . In [n(l € )+n—-(n——1)bl (ne (n 1}61)}
Then —+1In Fr(t) is increasing in ¢ if and only if
lln n(l —e ™) + <’ (ne(r=(r=1ba)(t=a1) _ (n — 1)b;)
t n—(n—1)

is decreasing in t for t > a;. Let

e—t

n——(n—l)bl

m(t) = (ner=(r=Nb)lt=er) _ (5 _ 1)b,)

be defined on (a;,o00). Then m > 0 for all ¢ > a; no matter b, > =7 or b < 2.

Also

1
n—(n-—1)y

m(t) = (ner(t=tt=e1) _(n — 1)be™").



Thus m(t) — 0 as t — oc because 1 < b;. If a; < In 25 then n(1 —e™*') < 1. This

implies that

-t

%ln [n(l — €M)+ € % (ne("'("‘”b”(‘_“" —(n — l)bl>} <0
1

n—(n-1

for t sufficiently large because m(t) — 0. But

-t

1 €
-2y (n=(n—1)b1)(t—ay} _ —1)b — 0
tln [n(l e™) + ( D I(ne (n ) 1):!

as t — oc(again. m(t) — 0). Therefore

—t

;ln [n(l —€e )+ c %, (ne("—(“'”b‘)“‘“‘) —(n — l)bl>:|

n—{n-—1

n
n=1"

is not decreasing in t. This means that T is not [FRA if a; <In
Now let us assume that a; > In Z5. We show that

—t

1
?ln [n(l —€e ")+ < o, (ne(""("_”b‘)“—“‘) —(n — I)bl)]

n—(n-—1

is decreasing in t. Since a; > In -2+. we have n(1 —e™?') > 1. Also m(¢) > 0 for all

t > a;. Then

-t

In [rz(l —€7%) + c T (ne("’(“_”b‘)“_“‘) —(n—~ 1)b1>]

n—(n-—1
>lnn(l —e ) >0

for all ¢ > a;. If we can show that m(¢) is decreasing in ¢ then

e—t

1
~1 ] —e™ ™ (n—(n—-1)by)(t—ay) ( b
7 n[n( € )+n i = b, (ne (n — 1)b,

is a positive and decreasing function and then the result will follow. Clearly.

d _ (n—=1)e” (n=(n=1)b1)(t=a1)
dtm(t)—-n—(n—l)bl (n(l b)e +b; ).

Note

1. €7 >0 for all ¢.
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9 n(l=by)eln—tn=1101){t—a1) 1,

= PRy has value 1 at t = a,.

3. eln—(n=)b1)(t-a1} 5 s as t = oc if by < —2+. Under this situation.

n(l J— bl)e(n_(n-l)bl,(t—al) + bl
n — (Tl - 1)b1

<0

for ¢ sufficiently large since 1 < b;. Or elr=(n-Dbt=21) 5 as ¢ — o if

b > e In this case. still.

n(l — by )e(r=(n=Db1)t=21) 4 p,

<0
n—(n-—1)b
for t sufficiently large since b, > =+. Hence
1—6 (n—(n—=1)b1}(t—ay) b
n( 1)€ + 0y <0

n—{(n—1)b

for ¢ sufficiently large no matter b, < %5 or b, > =5
From above. £m > 0 on (a1.to(by)). £m = 0 at tg(by). and 5m < 0 on ({o(by). x)
for some to(b,) € (a;.oc). Therefore m(t) is increasing in t on the interval (a;.ty(b1))
and decreasing in ¢ on the interval [tg(b1), >c). This means that
—t

1 €
—ay (n=(n—-1}b1)(t—a;) ‘n — 1)b
7 In [n(l—e )+n ( )b, (ne (n ) l)]

is decreasing in ¢ on the interval [to(b;).oc). Now we show that this also holds for
a; < t < to(by). We accomplish this task by showing that the first derivative is

negative. Clearly.

-t

1

dt \ t
_ l[ g (R(L = byeln—ntinltie) 4 by )t
2 n(l —e-=1) + ﬁ(ndn—(n—nmu—m —(n— 1)b)
—~t
- — e—t1 ¢ (n=(n=1)b1)(t=a1) _ (, — 1b:) | 337
In(n(l — € )+n—(n—1)bl (ne (n )b1) (3.37)

Let us denote the left hand side of (3.37) by FD(t). We show that D(t) < 0 on

(aj.to(by)) and this will complete the proof.



Claim: D(t) < 0 on (a;.to(b1)).
We show that the first derivative of D is negative and this implies D is decreasing.

Also. we show that D(a;) < 0. Combining these. we have D < 0. Indeed.

Ln=be (n(1 — by )e(m—(rmNb)t=21) 4 )

d n—(n-—

_D(t) = — (n—1)b; et PP R TP

dt n(l_e_al)-f'm(nen n 1 N —(n—l)bl)
(n— 1)6"71(1 — b[)e(n—("—l)bx)(t-ax)t

+ e=*? (ne(n—(n—l)bl)(z.—u” —(n — 1}by

n(l —e) + —f 5

-1 -t -— - - .
A (n(L = by Jetn =R by

n(l —e-9) + n__(;_‘_‘l)Tl(ne(n—(n—UM(r—m —(n—1)by)

—t

Note

1. The denominator of the first two fraction is positive since
e (n—(n=1)by )(t—a1)
n(l —e™@) + ne!nTnT U= n—1)b
( ) n—-(n——l)bl( ( )l)
=n(l —e™*)+m(t) > 0.

2. The numerator of the first term is exactly f;m and %m > 0 on {a;.to(by)).

3. The numerator of the second term is negative since | < b,.

From above. we have %D < 0. Now we show that D(a,) <0 for all ¢y > In 2. It
“—) < 0 for

suffices to show that as a function of a;. D(a,) is decreasing and D(ln 25
all n > 2. Clearly.

(n —1)e™%a,
n—(n-—1)e =

(n—1)a, —a;
nen —(n—1) —In(n —(n —1)e™®).

—In(n —(n—1)e )

D(a,) =

and
n{n — 1)a,e*!

(e —(n =1 ="

D'(a;) = —



Therefore D(a;) is a decreasing function in a,. Now we show that D(ln -27) < 0 for

all n > 2. Since

we have D(In -2-) < 0 for n = 2.3. We still have to prove this is also true for all

n—1

n > 4. Let E(r) be defined as

for all z > 3. So E(r) = D(In -Z). We show that E(r) < 0 for all x > 3. This will
complete the proof. Clearly E(3) < 0. By calculus.

d 2r(zr = 1)In & 1 2r(z = )In 5 — (20 — 1)

dz~ =~ (2z-12?  2z-1 (27 — 1)2
Then %E<Oifand only if 2z(z ~1)In -2 — (22 ~1) < 0. Since In Z; = ln(l%-r—il)

is an analytic function on (0, oc). we can apply the Tavlor Theorem and it shows that

for all + > 3. This implies that

I 3—r
2; -1 — (2r — —_—<
r(r )lnr__1 (2r l)<3(r—l)-’—0

for all r > 3. Thus ﬁE < 0. Then E' is a decreasing function of z. Hence E(r) < 0

for all z < 3. This proves that D(ln -2-) < 0 for all n > 3. This completes the

n—1/

proof. a

Case2: b, = =

n—1

In this case. we have

Fr(t) = ne~ ("=l _ (n — 1)e™. t < ay:
= n(l —e % )e ("~ e n(nt —na, +1). t> a.

Under this situation. we still have the IFRA property for T.
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Lemma 3.2.8. T is [FRA if and only if a) > In =5

Proof. We show that —% In Fr(t) is increasing in ¢ if and only if a; > In —. From
the previous subsection. we know that —% In Fir(¢) is increasing in ¢ on the interval

(0.a;].Also
1 _ 1 _ e
—t—lnFT(t) =(n-1)-— t—ln [n(l —e %) + e (nt —na, + 1)] .
Hence it suffices to show that
1
?ln [n(l —€e )+ e Y (nt — na, + 1)]

is decreasing in t on (a;.>) if and only if @, > In Z5. The structure of the proof

is similar to the one in previous case. Let m(t) = e~f(nt — an, + 1) be defined on
{aj.o>c). Then m > 0 and m(f) =+ 0 ast = oc. If a; < In 25 then n(l —€e™%') < L.
This implies that

1 .

?ln [n(l —€e™ )+ e (nt —na;+1)] <0
for t sufficiently large since m(t) — 0 as { — oc. But

1

?In [n(l — ™)+ e Ynt —na; + 1)] — 0
as t — o (again. m(t) — 0). This shows that

tlln [n(l — e ) + e (nt — na; + 1)]

is not decreasing in t. Therefore T is not I[FRA if a; < In Z5.
Now let us assume that a@; > In 2. Then n(1 — €¢7*!) > 1. Since m(¢) > 0 for all

t > a;. we have
In [n(l — € ) + €7 (nt - na, + l)] >lnn(l —e @) > 0.
[f we can show that m(t) is decreasing in ¢ then

1
't—ln [n(1 —€e™®) + e (nt — na; + 1)]



is a positive and decreasing function of t and then the result follows. Indeed.
>0. Vte (a,.a + l;'—l):

= 0. t=a1+"—:1.

).
n‘.x). Hence

n—

n—1
-

<0. Vte (a; +

Em(t) =€e"(n -1+ na, —nt)

n—1
n

) and decreases on [a; +

So €ef(nt —na; +1) increases on (a;.a; +

4

+ e Y(nf — na, + 1)]

we need to show that
1 -
~In [n(l — e~ %)

is decreasing on (a;.a; + "Tl) To achieve this aim. we show that the first derivative

is negative. By calculus.

d [1 . -
- |7in{n(l—e™) +e7'(nt — nay +1)
1 e (n — 1+ na, —nt)t
T2 ~In{n(l-e™)+e'(nt —na; + :

[n(1-€‘°‘)+€“‘(nt—nal+1) n\n(l—-e™)+e(nt —nra+1)
This is negative if and only if the term inside the bracket is negative. Let us denote

t2
) —In (n(l — ") + e (nt — na, + 1)).

it by D(t). that is.
e~ (n — 1+ na; —nt)t

Dit) =
n(l —e=*1)+ e Y(nt —na; +1
To show D(t) < 0 it suffices to show that D’(¢t) < 0 and D(a,) < 0. Once again. by

applyving calculus
(e7f(n — 1 + na, — nt))%
(n(l —e—a1) +e~*(nt — na, +1))?

D'(t)
e~ '(n — 1+ na; —nt)t + e 'nt
n(l —e=2) + e~ t(nt — na, + 1)

< 0.
—In(n — (n — 1)e~*'). This is exactly the same as the one

(n~1)a,
ne®l —(n-—1)

Also. D(a,) =
in previous case. Therefore D(a;) < 0. This completes the proof.

Combining Lemmas 3.2.7 and 3.2.8, we have the following theorem:

Theorem 3.2.9. Fora; >0 and by > 1. T is IFRA if and only if ay > In Z5.



Chapter 4

STATISTICAL ANALYSIS

In this chapter. we study the method of moments estimator (MME) and the maximum
likelihood estimator (MLE) for (a. b) from the new bivariate distribution with density
e~ itz t1<a or t, <a.
fty.ty) = { be—2D=br2 g 4, < ¢,
be—(2=b)a=bty 4 4, < ¢,.
First. we apply the method of moments to derive the estimator. (a@.b). and then we
prove that it is a consistent asymptotically normal (CAN) estimator. In the second
section. we derive the maximum likelihood estimator. We start with a sample of
2 observations. For this case. we use a graph to illustrate how to determine the
maximum likelihood estimator. Then we compute the general rule. In Section 4.3.
we use the software Mathematica to do some numerical analvsis. We compare the

MME with the MLE. We also compute the 95% confidence interval from the MME.

4.1 Method of Moments and CAN Estimator

[n this section we study the following questions: how to estimate a and b from the new
bivariate distribution of Chapter 2 and what property do the estimators possess? First
we apply the method of moments to get estimators @ and b for a and b. respectively.
Then we prove that (@.5) is a CAN estimator.

From Section 2.1, we have

1

1—b> and ET\T,=1+¢% <—%b> (2a + 1). (4.1)

2b

-~

ET, =1+e‘2°(

Solving a and b from these 2 equations, we get

_ ET1T2—1 _

1 1
T 2AET,-1) 2

and b= (BT, D+ 1

a



o

Thus. we estimate a and b by

1 n
&n = n i=1 Ti.lﬂ'z — 1 — £ (-1.2)
2(%{2?:1 Ti-l—l) 2
and
- 1
= —— (4.3
2e2n (L5 T —1)+1 )
where (T1.1.T1.2). (T21.T51)- -+ .(Tn1.Tn2) are a sample of size n from the new hi-

variate distribution.

In the following we prove that (@n.b,) is 2 CAN estimator.

Definition 4.1.1. A 2-dimensional random vector X is said to have a 2-dimensional
normal distribution if and only if for any vector u the random variable u”X has a

normal distribution.

Definition 4.1.2. Anestimator (a,. 5,,) for (a. b) is called a consistent asvmptotically
normal (CAN) estimator if and only if \/n(a, — a. b, — b) converges in distribution to
a 2-dimensional normal random vector with mean 0 and variance (of(a.b).03(a.b))

for some positive functions o, and o».

To prove that (@,.b,) is a CAN estimator. we need the following theorems. These
three theorems are from Dudewicz and Mishra (1988) Corollary 6.3.13(iv).p.323.

Corollary 6.3.14(iii).p.323. and Theorem 6.3.15(i)(iv)(v).p.324. respectively.
Theorem 4.1.3. If X, £+ X and g is a continuous function. then g(X,.) — g(N).

Theorem 4.1.4. I[f X, 25 7 and Y, i y for some constants r and y # 0. then

N./ Y, 2 r/y.
Theorem 4.1.5. (a) If Xn —= X and X, — Y, -2+ 0. then Y, - X

(b) If Xo =%+ X and ¥, -5 0. then X, ¥, -5 0.
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(¢) If Xn =% X and Y, 2+ ¢ for some constant ¢ # 0. then X./Y, <+ X/c.

Remark: No independence relationship between X, and Y, is needed in all these

three theorems.

Now we can apply these three theorems. the Law of Large Numbers. and the

Central Limit Theorem to prove the main result of this section.
Theorem 4.1.6. (a,.b,) is a CAN estimator.

Proof. Let (u;.u;) be any vector in R% From Definitions 4.1.1 and 4.1.2. it suffices
to show that /n(u,(a, — a) + us(bn — b)) converges in distribution to a normal

distribution. From (4.2) and (4.3). we have

leTll'z.lz 1 1
e T ) 2
_ Zmlule g (9 4 1)(Z=le ) (4.4
- ‘)(Z!"IT:I 1) s
and
- 1
bn_bz n "b
')ezan(;lEL?.'_'l 1)+1
(l—l))—7be22“"(—'—-1——l 1) .
ST (1.9}
2e%n (=it 1) 4+ ]
Then

u, (Z“___ :;.1T:.2 _ 1 _ (20 + 1)(2:1:"' T.1 _ 1))
= n[ ¢ Zn= Tl.l
(==l 1)
uz (1= b) — 2be?on( BTt _ 1))
+ n
De2an(Ze=r Tt _ 1) 4 ]

n



.\.nz\/ﬁ[ul (M—l—(?_a-{»l)( i:[ﬂ.l_l))
n n
% (2625,,( Z.‘:r; T., 1)+ 1)

. ST ~ T, .
+u2((1—b)—2662“"(—L'1—1))-2(-2—:2———'-1——1)] (1.6)

n n

and

n n
_, T ; . T -
D,=2(&=b0 ) (2en (==l ) + 1) (4.7)
n n

From Theorem 4.1.5(c). if we can show that: 1. \, converges in distribution to
some normal random variable and: 2. D, converges in probability to some nonzero

constant then the result follows. We prove these two statements separately in two

lemmas.
Lemma 4.1.7. N\, I for some normal variable \ .

Proof. The idea of this proof is as follow. We rewrite .\V,, as a summation of six sums
of random variables. Then we show that four of them converge in probability to 0 and
the summation of the other two converges in distribution to a normal distribution.
These together with Theorem 4.1.5(a) imply that .V, converges to a normal variable
in distribution.

Indeed. from (4.6). we have

ST
x (2e2dn( &=ttt "—1)+1)

n

+u ((1 —b) — 2662&"(% — 1)) .2 <Z?=1 T 1)]

n



uj Z?zl (TinTi2— 1 —(2a + INT:, - 1))
Jn

o L 9a " T. '
+ Vnu, ((1 —b) —2bez“(;f,;—" —~ 1)+ 2b(e* — c—“">(z—‘-;——‘ — 1))

(BB ) e (5]

_ Uy Z?:l (ﬂ.lTi.Z e (2(1 + 1)(T 1= 1)) [762&,,( ?:l Ti-l _ 1) + 1 = l]

vn n b

(+4.3)

ujg Z?:l (ToaTiz—1—(2a+ 1 )(T,; —- 1)) . l 14

+ NG b )

Cwa X (L=b—2e*(Ta =) [ T, Ty a0 l—b "

+ \/;L- 2( n 1) —e (—b ) (4.10)
n Y S 2a AU —

+ ugzizx(l b 2be (’111 l)) -6—2a (1 b) (1.11)
n b

. e n - n 9e, L —b
- 26112(620 — eZa.n) (Z:=(\];;; l)> [2(— =1 T‘_'l — 1) - 6—23(—1) ):’ (4.12)
n

+ 2bu, (e — '“")(z L — 1) )-6‘2“ (1————b> . (4.13)
vn b

Therefore .V, is a summation of six sums of random variables. We show that (4.8).

(4.10). (4.12). and (4.13) all converge in probability to 0. This implies the summa-
tion of these four series still converges in probability to 0. We also show that the
summation of (4.9) and (4.11) converges in distribution to a normal variable. This
completes the proof.

From the Law of Large Numbers, we have

n -b
Zizm Dl e, 1+e 2 (1 ) (4.14)

n 2b
and

n
i=1 n.l Ti,?

n

Py | 4 o (_1_):'();‘_) (2a + 1). (4.15)
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Applving Theorems 4.1.3 and 4.1.4. (4.14) and (4.15) imply

'\= Tt Tl

_oEmmmog
a, = —~ - - = > d
Q(ZEJ_E - 1) 2
and this combining with Theorem 4.1.3 shows
e2in 2, g2 (4.16)
From Section 1.1. we have
} ) €"23(1 —=b) . ) 2 -
ET} =2+ 5 (2a+3+5). (4.17)
—-2a D274 - K 9, = . -
22 _ 4, € %1 —=0b) 3, 2a*(2+5b)  2a(2+53b6) 2+5b .
and
—2a R = . -
2 5, ET(L=0)( 5  a(2+5b) 2+5b

Combining with (4.1). these imply that T, T\T> and linear combination of 7, and

T, T, all have finite mean and variance then we can apply the Central Limit Theorem

iCLT).

By (4.14). (4.15). (4.16). and CLT. we show that (4.8). (4.10). (4.12). and (4.13)

all converge in probability to 0 in the following.

1.

From (4.1). T\T, — 1 — (2a + 1)(T, — 1) has mean 0 and finite variance. Then

uy Y o (TinTia—1—=R2a+1)(Tin—1)) 4
NG

» some normal variable

by CLT. Also
. T T, 1 1-56 1
5 2dn i=1 44,1 P. 5 _2a —-2a =

Then the product of these two converges to 0 in probability. That is. (4.8)

converges to 0 in probability from Theorem 4.1.5(b).



2. From (4.1). 1 — b — 2be?*(T, — 1) has mean 0 and finite variance. Then

n — h — Ihe2a L
uz iy (1 — b — 2be™(Ti — 1)) —24 some normal variable
vn

by CLT. Also
Y _ 1-b p o, L =b o, 1 — b
9 =1 .1 _ 2a 2. 2a _ 2a = 0.
_(———n 1) € <—b ) — 2-€ (——2[) ) — e 5 )

Then the product of these two converges to 0 in probability. That is. (4.10)

converges to 0 in probability from Theorem 4.1.5(b}.

3. From (4.1). Ty — 1 has mean 6‘2“(1—2:,’9) and finite variance. Then
(T — 1)
vn

d .
— some normal variable

by CLT. Also

2buy(e® — €%n) [2 (LT‘ — 1) — e (1;—6)] 25 0. (from(4.16))

n
Then the product of these two converges to 0 in probability. That is. (4.12)

converges to 0 in probability from Theorem 4.1.5(b).

4. From (4.1). Ty — 1 has mean 5‘2“(12:5) and finite variance. Then
(Tiy—1) 4
vn

» some normal variable

by CLT. Also
: 2a 24 —2a 1 -5 p
2bu, (€ — €%")e —— ) 0. (from(4.16))

Then the product of these two converges to 0 in probability. That is. (4.13)

converges to 0 in probability from Theorem 4.1.5(b).

Now we show that the summation of (4.9) and (4.11) converges in distribution to

a normal variable. The summation is

ur Yy o (TiaTia—1—=Qa+1)(Tiy~-1)) 1
v 33

Uz Z?:[ (1 —-b- 26626(7‘{‘1 —_ 1)) —2a 1 —b
i vn € (T)
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,—

= ‘—IFZ [ll'(Ti.lTi.z -1 —=(2a+ INT.; - 1))
n & b

\/ =1
—-2a l—b & 2a P g .
Let X be defined as
. uy _a 1—5b6 2
N=F (M= - Qa+1)(Ti= 1)) +upe™ ( —— ) (1-b=26e*(Ty = 1) ).

We use (4.1). (4.17). (4.18). and (4.19) to show that X has mean 0 and finite variance.
Therefore (4.20) is convergent in distribution to some normal variable by C'LT.
Indeed.

X = ﬂ(TLTz —1—=(2a+1)T, — 1)) + uze”? (%’) (1 ~b— 2be** (T, — 1))

—b
b
u,e~%3(1 — b)?

U u 173
=FIT1T2—T1—TI(2a+1)(T1——1)+ 57 —2uy(l = b)(Ty = 1)
_ u—bl'TlTZ _ up(2a + I)-Z‘.Zugb(l —b)Tl N 2uia + 2uzb(l —bb)-:- use=2(1 —b}-"

+ 2112(]. - b))




(02]
(B}

Thus the variance of X is equal to £EX? and

EX?
p 9 2
- (ﬂ) ET?T? + (“‘(++” + 2ug(l — b)) ET?

; -2a I AY: 2
o[ (-0 =)

—2U[(ul(2a+1)4_) (l_b)>ET2T2
T oU 1

b b
2u, 2 —2a(] _ p)2
+ Tl[ au +uz(-z(1 —b>+f—(b—))]mn
) 2 —22(] — b)? .
(et =) 22 s (21— )+ O
b b b
(2a + 1)? 4a? da(2a + 1)
= [B;ETsz + o ETE + —52—+—ET1T,— kT,
_(_(;)'*'_I)E]ﬂ]i,]
42a + 1)(1—b I —b
+U1UQ[ ( a b) )ET —ba'( (l—b) —"(b—')—>
9 —2“ —
) _
_2@2a+1) “b“)()(l —b)+ ( — b )En _ ——b“(lb o) ETI]

+ u [4(1 —b)’ET? + (2(1 —b) + iz(t)—_—b)—)

—4(1 —b)(:z(l —b)+ #b)—z) ETl].

We compute the coefficients of u?. u,u,. and u3 separately.



First. the coefficient of u? is

(2 a+l) 2 4a? 4a(2a + 1) 2(2a + 1) 2
b_ZETsz ———b——ET + ‘b—z" ‘B?ETsz ‘-—b2-—ETl - —b2_—-ET1 T,

L[, aefL=b\(, 5 2a%(2+5b)  2a(2+5b) 2+5b
—b—z[-l+e (26 >(4a+ > + ; + =

22a +1) [ o fLl=b\[., , a(2+5b) 2+5b
T TR [Z*E (‘Zb )(‘3"+ 5 T2
1

—af1—0 a?(2 +56) | 2a(2+5b6) 2+ 5b
2a <
+e€ ( 35 )[4(1 + = A + 5 . 5

) 245 2+ 56
+(2a+ 1)*(2¢ +3+ 7) ~ 6a*(2a + 1) — 2(2a + ”(a( -be) v -)bj )]
b)

2a(2 + 5b)

1 1—b 2a2(2 + 5
9 —~2a w3 _
1’)2(4a +2) +e ( 55 )[ 8a 5 5

9
+(2a +1)%(2a +3 + i) —6a2]
_4a®+2 +e_2a<1—b)[_8 s 2a3(2+5b)  2a(2 + 5b)

b? 263
2

+2(20+1)2+8a3+14a2+14a+3]

4a2+2 . (1—b ia ,  Ha
e f (zbs)[’T-“’ —p e

2(4a? + 4
4 20a +ba+1)+14a2+14a+3]

4a®+2 L, (1-b 2 L, ddi+da+2
= b2 + € (2T> [40 +4a-1-3+—-b—— .




-1

o8]

Second. the coefficient of u;u, is

4 2a + 1)(1 - b) ET2 4a (_)(1 b) . e—za(l — b)2> S(l(l _ b) ET
4 - T - 1

b b b b
2 “22(1 — b)? 2(2a + 1 “(1—b)?
+E(‘2(1-b)+f—(—b—))ET1T2——(—ab—)<2(1—b)+e—(—b—))ET1
_4(1b—b)ET3T2
= 4(2a+2)(l —9 [2+e"2“(1_)_l)b) (2a+3+2)>}
daf e=22(1 — b)2\  8a(l —b) . (1—b
e L | D)
¢ —2a — h)2
+§(2(1—b)+e—(1b——[3)—) [1+e'2“( > 7a+1}
YD -2a — h)2
__£(_2a+_1)<2(1_b)+u> [1+ -th< )]
b b
HL=b)[, _ufl-=06\/. a(2 + 3b) 2+jb
T [z‘"fz(zb)('}“z+ bt )]
C4Ra+1)(1-b) 41—=b) e P(1=b)[42a+1)(1=b) 2
_8a(l—b) 4(1=b)(,, a(2+3b)  2+3b
5 b (3“+ 5 T T3 )}
_8a(l—b)  e%(1—b)[4(2a+ 1)(1 —b)(2ab+3b+2) Sa(l —b)
5 T 2% b2 T
4(1 — b)(6a*b + 2a(2 + 3b) + 2 + 5b)
B 2b2
_ -2a(] _
=80(Ib o, € iél’z b)[8(2a+1)(1—b)(?.ab+3b+2)—16ab(1—b)

— 4(1 — b)(6a®b + 2a(2 + 5b) + 2 + 5b)]
Sa(l —b) e7*(1 —b)

[4(1 —b)(2+ b+ 2a%b+ da + 'Zab)]

b ‘ 4b°
S8a(l — b —2a(] —b)? 2
= a(b )+c (63 ) [‘2+4a—6a'+8a2b+b+2ab].



Third. the coefficient of u? is

4(1 — b)’ET? + (2(1 —b)+ 7

—4(1—b)<2(1—b)+ ;

1 —
_ 21 -2a
=4(1 — b) [2+e ( 5

—4(1—6)('2(1—b)+ -

e~22(1 — b)?

(o2
o

e~3(1 —b)2>2

)ETI

b) <2a+3+%>] + (2(1 — b+ 6_"“(11)—b)')’
—2a _ 2 _

M) l:l + e-2a<l.)bb)]

-2a B —4a 4
2 =8 2oy g 2yl —b)
=4(1 — b)2 + 41 =b(2a+ 1+ 7) =
2e72e(] — b)3 2 el —b)?
= — h? 9 )y —
41 —b)* + 5 (-a+1+b) 52

From above. we have

4a®+2 . (1-b
2 T 253

EX? = uf[

4a® +da +2
><4a2+4a+3+—a ba )]

6—2:1(1 _ b)2

S8a(l — b
+U1U2[ a( )+

b b3

—_ b)3

. 2em22(1
+u§[4(1—b)-+ < (b

(2 +4a — 6a® + 3a*b+ b + 2@)]

: 2, el -b) .
(2a+1+3)__T—:| (4.21)

which is finite. Therefore (4.20) is convergent to a normal variable with mean 0 and

variance EX?Z.

Hence .\, converges in distribution to a normal variable with mean 0 and variance

EX?2. that is.

. d
N, —

This completes the proof.

Lemma 4.1.8.

D, =2 (————;1 Tr _ 1> <ze2&n (
n

N(0, EX?). (4.

[N
[§)
_—

n
1 tFi.l

1=

~b
Tl ) ar) e (22).
n 2
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Proof. By (4.14). (4.15). and (4.16).

2(Zmli_g) 2ypem 2

n 2b
and
. n : —b
2620." Zx:l T‘-l —1}+1 _p) 2. 623 i 6—20 i l + 1.
n 2b
But
1—56 1 -5 1 -6
—2a 2a —2a — .—2a
2-¢ 5 (26 € 55 +1)_e (bz)
Hence
2 ( t=1 71.1 I) (.-)626.-, ( i=1 Tx.l _ 1) + 1) _p__> 6—2a (1 —2' b)
n n b
that is.
p 1—0
Dn—>62ab2. (4.2:3)
This completes the proof. ]

Back to the proof of Theorem 4.1.6.

From (4.22). (4.23). and Theorem 4.1.5(c). ‘B—" converges in distribution to a nor-

n

mal variable. that is.

) N, .
Vrluilan — a) + ua(b, — b)) = D——‘;.\ (0.04) (4.24)
with
4ab4
O'u=E_\’2'(1%b)2‘. (42")’

This completes the proof of Theorem 4.1.6. [ ]
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Remark From the above, (i) if u; = 1 and u, = 0. then /n(a, — a) has mean 0.

variance o2. with

2 4a% + 2 saf 1 —0 2 4a2+4a+’2> eteb? .
< = ' —ea + . —————— e e . . 4-26\
o, [ oz T € ( 253 ) 4a° 4+ 4a + 3 + 5 TE ( )

(applving u; = 1 and u; = 0 to (4.21) and combing with (4.25)) and
Vi(@n — a) = A7(0.02). (4.27)

(ii) If u, = 0 and uy = 1. then \/7(b, — b) has mean 0 and variance o2. with

2, 2e7(1 0P 2 el —b)] et
= [H =0 0 7) = : : 23
[4(1 b)* + - (2a+1+7) = L ANTEN
(applving u; = 0 and u; = 1 to (4.21) and combing with (4.25)) and
Vb, — b) = A'(0.02). (4.29]

(iii) Let u; = up = 1. Together with (i) and (ii). the variance of \/n((a, —a)+ (b, —b))
is equal to the summation of o2%. of. and twice the covariance ., of \/n(a, — a) and

\/5(5,1 — b). Applying (4.21) with u; = u; = 1. (4.25). (4.26). and (4.28). we have

1[8a(l -5 —2a(] — p)? dapi
Uab=3[ a(b )-{~-6 (b3 ) <2+4a—6az+8a2b-+-b-+-:2ab>:l-(16 RER
(4.30)
From (i). (ii). and (iii). V/R((@n — a). (b, — b))T converges in distribution to a two-

dimensional normal random vector with mean 0 and variance matrix ¥ where

2
« O, Ogp
- 2
Uab O’b

with o2, 2. and o4 from (4.26), (4.28). and (4.30). respectively.

4.2 Maximum Likelihood Estimators

In contrast to Section 4.1. we give the maximum likelihood estimators (MLE) of a and

b in this section. Maximum likelihood method is one of the oldest known methods of
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estimation. It is based on choosing as an estimator that value of which maximizes
the probability joint density of the sample.

To reduce complexity. we study a sample of size 2 first. This special case has the
advantage of easy computation and still possesses enough information to show how
the general case. a sample of size n. will look like.

Let (Ty;.Ty2) and (7T3;.Ts,) be 2 observations from the new bivariate distribution

e~ t;1<a or t, < a:

f(t1.tz) =  be~(@B=btz g <4, < t,:
be—(2=b)2=bty g <ty < .

The likelihood function L is defined as
L= f(T1.1~ T1.2) . f(T'Z.l- Tz.z)-

Since (T;.1.T12) and (T,,.T,2) are sample values. L is a function of ¢ and b. The
objective is then to find values of @ and b that maximize L. Without loss of generality.
let us assume that Ty, < Ty,. Ty < Ta4.and T, < T1,. Since the new bivariate

distribution is obviously continuous. we may assume that 7, » 5 7>;. Then

e~Tu-Ti2-Tau-T2z2_ Ty, < T2 <a:
L(a.b) = e~ Tea-T2z2 | he—(2-0)T; 2-bTh Ty <a< T
b2e— (20T 2+ T2 )=8(Ta+T22) 4 < To1 < Tho,.

By calculus. be=(2=9712=¢Tw1 js maximized by b = T_;_x_-l-TT and the maximum value

. —1-2Ty 2 .
is %1_—7.“ That is.

-1=-2T) 2
be-('l—b)Tl,z—le.x < ¢

- Tl.l - Tl.2

; 2.-(2-0)(Th 24 T2, )=b0(T1a+T2.2) imi b = 2
Also. b’e 1s maximized by b = F——F i o5,y and the

. . ~2-2(Ty 2+7T2,1) .
qe » .

ax 7 . N

maximuim value 1S [(Tx.x Ti2) 4+ (Ta.1-T22)12 That 1S

46—2-2(71.2+Tz.1)

2 _—(2=-b)(Th24T2,1)=-0(Ty 1 +T22)
b°e < >
(Tii—Th2) + (T2a — Ta2)]



Thus.
6°T1.1—Tx,2—72.1—7'2.2. Ty < T, < a:
- - =127y 2 .
La.b) < {e Tl eepm. Ty <a< T (4.31)

qe—2— AT 24T 1)
UTia-Th2)+(T2.~T22)]*"

a< Tz < T,

Next. we find the value of @ that maximizes L. From (4.31). it is enough to find the

maximum among the right hand side of (4.31).

Claim:
e—Tx.x—Tx.z—Tz.x—lz.z < e—Tl.z*Tz.z A )
Tl.l - Tl.2
Indeed.
6-!-2T12
€°T11—712—sz—722 < 6—712—722 A
Tll - le

e~ Tu-T

e(Tyy — Ti2)
+==0<e" —exr. VO<r (sincel\,<T,)

— 1<

Let g(x) = ¢* — ex. Then ¢g’(r) = ¢* — €. Therefore ¢ < 0 on (0.1). ¢ =0 at r = |.
and ¢’ >0 on (l.oc). Hence g(z) > g(1) = 0. that is, g(z) > 0. This shows that

—_—] -2
e~ 12T

e-Tx.x—Tx.z—Tz.x—T:.: < e~Ta-Taz | ]
Tl.l - T1.2

From the above. the MLE & should be in one of the 2 intervals (0.7,;) and

[T>.,.T\2) depending upon whether

e—1-2Th2 4e— 22T 2+T2.)

<
Tvy—T2 ~ [(Tl.l ~Ti2)+ (T2 — T2.2)12

6—72.1—72.2 .

or not.
By simple computation.
e~ 12T < 4e=2-AT12+T2.1)
T'. -T2 ~ [(Tha—=Ti2) + (T2q — T22)]?
= e(Tii—Ti2+ Tos — To,)? < 4(Thy — Ti2)e22 T2, (4.32)

e—Tz.x—Tz.z )
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Hence the MLE is
9

- )
Tvi—Tia+ T2 — T2,

(a.b) = (t'.

where t' € (0.Ts,). if (T1.,.T12) and (T3,1.T ;) satisfy (4.32). Note that a is not

unique. This follows from (4.31) since for any @ € (0.7,;) L is bounded above by

T ?:_T:z):l(;:,ri:r)n)]z If (Ty,.T:.2) and (T,,.T,,) do not satisfy (4.32) then

l

3.b) = (' ————
(a.8)={ Ti,—-T

)

where t’ € [T2.,,.T,2). Again. a is not unique.

\We summarize these in the following theorem.

Theorem 4.2.1. Let (T, ,.T12) and (T,.,1.T>5) be 2 observations.

I. If min(Ty1.T,5) > min(T2,,.T22) and (4.32) is satisfied. then

2

a.b) = (t'. - ) 1.33)
(@.6) = T -T2+ T, — 1oy ! &
with t' being any value in (0.7,,).
2. [fmin(T,;.T,2) > min(T2,.T22) and (4.32) is not satisfied. then
- 1
(a.b) = ) (4341

t———
Ty - T

with t' being any value in [T2,.T)2).

Remark Let r = |T, ;= T, 2| and y = [T2,; — T>2|. Then (4.32) could be rewritten

as
e(z + y)* < 4zrev.

The graph of this region, say I, is as follow (Figure 4.1).
Therefore. if (|T; — T1.2|.|T2.1 — T2.2]) € I. then (4.33) gives the MLE for (a.b).
If (|Tha — Th2|.|T2q — T22|) ¢ I. then (4.34) gives MLE for (a.b).
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FIGURE 4.1. MLFE of 2 observations

Following the same idea. we study the general case now. Let (71,,.T)2). (T54. T2.2)-
-+ . (Th,.T,2) be a sample of size n from the new bivariate distribution. By rear-

ranging the n observations. we can assume that
min(Ty . Th2) < ---min(T2,1.T22) < min(Ty,;. Th.2).

Once again. we may assume that any two consecutive numbers in the above are not
equal since they come from an absolutely continuous distribution. Let min(7,,.7T; .} =

t,.i=1.---.n. Then t, < ---t; < t,. Define t,4, = 0. Thus

4 2
e‘z::;x ZJ:X T‘-l’ tl < a:

L(a. b) = { ble~ it Z?:l T, ,—(2~b) £i_, min(Ti.1 T2)-b 0, max(7,.1.7.2) tier <a <t

bne—(z_b) Z?:l Miﬂ(T-.x.T-.z)"bz.';x max(Tn.l-Tn.l).‘ a < tn-
By calculus.

ble=(2-8) Eicy min(To1.T2)=b Tl max(T1. T 2)



is maximized by b = Z‘—I'Fl___zi and the maximum value is
=1 t, 1~ 4,
I !
( ) e~i-2 S, min(T.,.T.2)
; .
Yot [ Tia — Tial
Therefore
(e~ T T Ty t < a:
! ) -
o ! —1—2% min(T 1. To2) -0 T .
L‘.a.b] g < (z::l lTl.l—T£.2|> e ' 1 : al l J. tl+l S “ < (l.
n —n=-23%  min(T,1.T.2)
L (Z?:x(T..x— c.2|> ¢ ' l ? ) a < tn.
(4.35)
Similar to the case of 2 observations, we can easily prove that
1
T STy o 1\ —teminT T -, T T
~ \UTha — T2
This leads to the following theorem.
Theorem 4.2.2. The MLE for (a.b) is
R [
(a.b) = (u. , )
Zg:[ ITLI - 7"!.2’
with t' being any value in [ti4.t;), for some | € {1.2.--- .n}. The marimum value
of L(a.b) is
!
<Zl |Tl T |> 6_1_2 Z::l min(T’-l'T'-z)_Z:;ny Zf=1 T"J . (436)
i=1 .1 — 442

This is an "operational™ theorem. That is, we compute all the expressions except
the first one on the right hand side of (4.35). Then we can determine the maximum
value among them. Then we can determine the MLE. Once again. a is not unique.

Remark. Let s; = |T,, — T;,|. { = 1.2.--- .n. Since t, = min(T,;.T,2). 1 =

1.2.--- .n. we rewrite {4.36) as

! {
<_ll—__) e~ im2 i =T (2tts) (_I_l____> P NS D BRI SR N
Z lsf Z S¢

1= =1
(4.37)
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[n practice. we only have to compute

{
(le ) e T WI=1.2.--- .n.
—1 Si

1=

to determine the MLE.

4.3 Data analysis

[n this section. we use software Mathematica to generate a random sample from the
new bivariate distribution with @ = 0.1 and b = 1.8. Then we compute the MME and
MLE and we make a table to compare these two estimators. Then we compute the
95% confidence interval from MME.

From the construction of the new bivariate distribution of (7;.75). we know that
min(T,. T>) possesses an exponential distribution with A = 2 (Ezp(2)) and E[T,|T, >
T, = t] (or E[T,|T, > T = t]) possesses an exponential distribution with A = 1
(Erp(l)) or A = b (Ezp(b)) depending upon ¢ < a or a < t. Therefore we need to

generate an Erp(2) first then use it to generate another Exzp(l) or Erp(b). For this

purpose. we need the following theorem.

Theorem 4.3.1. Let ' be a random variable with the uniform distribution on (0.1).

Let F be and Ezp()). Then —log(l — U')/A = F.

Proof. Since ['(Q) = (0.1). (—log(l = U')/A)(Q) = (0.o<c). For any r € (0.¢). we

have
P(—log(l—-U)/A<z)=PU <l —e")=1—¢"".
This completes the proof. [ ]

Using Mathematica. we can generate a random variable that is uniformly dis-
tributed on (0.1). Then the above theorem enables us to generate an Exp(2). Once

min(T;.T;) is generated, we compare it with a. If min(7),72) < a. then we generate
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an Erp(l). Otherwise. we generate an Ezrp(b). Therefore. we have min(7;.T,) and

|T} — T| been generated. Next, we generate a random variable X such that

P(X=1)=P(X=2) =

) —

and use it to determine T; > 7, (when X = l)or T, < T, (when X = 2). The
random variable X could be generated by Mathematica. Hence we have (7,.7,). By
repeating this process. we have (T1;.712).--- .(Tn1.T,2). Now applying (4.2) and
{4.3}. we have the MME.

For the MLE. we have to sort (T 1.7T12). -+ .(Tn.1.Tn2) such that

min(7Trh,.Th2) < --- < min(T2,.T22) < min(71,.Th.).

Then we apply Theorem 4.2.2. That is. we compute
!
v = ( i : ) 6_-[—2;‘ Ta-T2l gy =1.2.--- .n.
Zx:[ ITl.l - 7"!.2'
Then find ! such that v; = max(vy.--- .v,) and the MLE is (¢. _‘_17‘—-7!, for some

=1

t = [t;ix1-t;). The following is the actual code that we run on Mathematica.

a=0.1;
b=1.8;
f{{x_,y_}/;x<=a] :=-Logl[i-y]
fl{x_,y_}/;x>a] :=-Logli-yl/b
gl{x_,y_,z_}/;2<=1.5] :={x,x+y}
gl{x_,y_,z_}/;2>1.5] :={x+y,x}
Dol
s=1000%*3i;
s1=330+1;
s2=430+1;
s3=530+1;



SeedRandom[s1];

datai=Table[Random(],{j,1,s,1}];

SeedRandom[s2] ;

data2=Table[Random[],{j,1,s,1}];

SeedRandom[s3] ;
id=Table[Random[Integer],{j,1,s,1}]1+1;
firstf=-Log[1-data1l/2;

firstf=-Sort[-firstf];
data3=Table[{firstf[[j]],data2(([31]1},{j.1,s.1}];
secondf=Map[f,data3];
data4=Table[{firstf[[j]],secondf[[j1],id[[j11},{j,1,s,1}];
life=Map(g,datad];

mean=Apply[Plus,life]/s;
tit2=Table[life[[j,1]1*1ifel(j,2]1]1,{j,1,s,1}];
meant1t2=Apply[Plus,t1t2]/s;
A=(meant1t2-1)/(2*(mean[[1]]-1))-0.5;
B=1/(Exp[2*A]*2*(mean[[1]]-1)+1);

temp=FoldList [Plus,0,secondf];
L=Table[Exp[-j+temp[[j+1]]1]1*((j/temp[[j+1]1)"j),{j,1,s,1}];
pos=-Sort[-L];
p=Table[Position([L,pos[[j]1],{j,1,s,1}];
p=Level[p,{3}];

mleA=firstf([[pl([1]]1];

mleB=p[[1]]/temp[[p[[1]1]+1]];

Print["Size",s,": ",A," , ",B," , ",mleA," , ",mleB],
{i,1,4,1}]
Dol

s=1000%3;
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s1=110+1;

s2=210+1;

s3=310+1;

SeedRandom([s1];
datai=Table[Random{],{j,1,s,1}];
SeedRandom[s2] ;
data2=Table[Random[],{j,1,s,1}];
SeedRandom[s3] ;
id=Table[Random[Integer],{j,1,s,1}]1+1;
firstf=-Log[1-datal]/2;

firstf=-Sort[-firstf];
data3=Table[{firstf[[j]],data2[[j]]1},{j,1,s,1}];
secondf=Map [f ,data3];
data4=Table[{firstf[[jJ]],secondf[[j]],1d([j11},{j.1,s,1}];
life=Map[g,datad];

mean=Apply[Plus,lifel/s;
ti1t2=Table[lifel[[j,1]]*1ife((j,21]1,{j.1,s,1}];
meant1t2=Apply[Plus,t1t2]/s;
A=(meant1t2-1)/(2*(mean[[1]]-1))-0.5;
B=1/(Exp[2*A]*2*(mean[[1]]1-1)+1);
Print["Size",s,": ",A," , ",B],

{i,5,10,1}]

The results are given in the following table (Table 4.1)



MME MLE
sample size | a, b, an b,
1000 -0.0601104 | 1.4781 | 0.0979948 | 1.89022
2000 0.160453 2.1548 | 0.100429 1.84433
3000 0.0717392 | 1.70921 | 0.0995225 | 1.78585
4000 0.0927433 | 1.78522 | 0.0977703 | 1.83881
5000 0.0656966 | 1.693
6000 0.120798 1.97606
7000 0.132387 1.86748
8000 0.115897 1.80265
9000 0.139199 1.8394
10000 0.0737492 | 1.81137
TAaBLE 4.1. MME and MLE
Comparison:

100

l. The MLE is more accurate than the MME. The following table (Table 1.2}

i)

shows the error from both estimators.

MME MLE
sample size | |a, — a |6, — b | |an — a |6, — b]
1000 0.1601104 | 0.3219 | 0.0020052 | 0.09022
2000 0.060453 | 0.3548 | 0.000429 0.04433
3000 0.0282408 | 0.09079 | 0.0004775 | 0.01415
4000 0.0072567 | 0.01478 | 0.0022297 | 0.03881 |

TABLE 4.2. Error from both MME and MLE

time consuming.

The advantage of MME is easy computation. By comparing (4.2) and (4.3) to

why we do not compute MLE for sample size 5000 to 10000. It is too much

In the following. we compute the 95% confidence intervals from MME. From (.27}
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and (4.29). we have
V(i — a) = N(0.07)
and
Vb, — b) - A(0.07)
where o2 and o? are from (4.26) and (4.28). respectively. Then

pYlan —al ) g6y~ 0.05

Oq¢

and

P(@l‘———b—' < 1.96) ~ 0.95.

Ty

With @ = 0.1 and b = 1.8. the 95% confidence intervals are

3.3403 . 8.5891
d |b, —bl <
s " | < vn

0]

lén_a! S

We have the following table.

sample size | (@, — 322 4, + 83003 | (p, — 538918 }, o 228918,
1000 (-0.3238504.0.2036296) (1.20649.1.74971)
2000 (-0.026037.0.346943) (1.96274.2.34636)
3000 (-0.0805108,0.2240292) (1.5524.1.86602)
4000 (-0.0391267.0.2246133) (1.64941.1.92103)
5000 (-0.0522534.0.1836466) (1.57153.1.81447)
6000 (0.013108,0.228488) (1.86517.2.08695)
7000 (0.032697.0.232077) (1.76482.1.97014)
8000 (0.022647,0.209147) (1.70662.1.89868)
9000 (0.051289.0.227109) (1.74886.1.92994)
10000 | (-0.0096508.0.1571492) | (1.725478.1.897262)

TABLE 4.3. 95% confidence intervals



Chapter 5

STOCHASTIC COMPARISON BETWEEN 2 RANDOM
VECTORS OF LIFETIMES

We study the following question in this chapter. Let X and Y be two n-dimensional
nonnegative random vectors such that X = (X;.--- . X,)and Y = (Yi.--- .}, ). We
can assume that X,.--- .X, are lifetimes of n components that make up some system
and Yj.--- .Y, are also lifetimes of another n components that make up another
svstem. Assume that X and Y behave the same stochastically until there are & < n
components failed in each of them. The question is how can we compare the whole
of X and Y stochastically? That is. under what condition can we say that X <,, Y~
This question is originated from Scarsini and Shaked (1999). In that paper. they
considered the special case when n = 2 and k£ = 1. We extend the result to the
general situation here.

In the first section. we have n = 3 and assume that X and Y have the same initial
hazard rates. We give a condition under which X <;, Y. In Section 5.2. we still have
n = 3 and assume that X and Y have the same initial hazard rates and first order
conditional hazard rates. We then give a condition under which X <;, Y. In the last
section. we consider the general case that X = (X;.--- . X;jand Y = (Y,.--- . Yq).
We assume that X and Y have the same conditional hazard rates up to certain level.
say k. We prove that if the residual lifetimes after & failures of these two random
vectors are stochastically ordered then X and Y are comparable in the same stochastic

order.
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5.1 Initial hazard rates

Let X = (X,.X,.X3) and Y = (};.Y5.}3) be two nonnegative random vectors.
We assume that X and Y both have absolutely continuous distribution functions £
and (. respectively. We denote by F and G the survival functions and by AX_AY.
¢ = 1.2.3. the initial hazard rates of X and Y. respectively. For the definition of

the initial hazard rate. see (1.3) in Section 1.1. The following assumption is in force

throughout this section.

Assumption 1. The random vectors X and Y satisfy
Ay =AY ().

for all t and i = 1.2.3.

[f we think of both X and Y as the lifetime vectors of 3 devices. then Assumption
I says that X and Y behave the same stochastically before the first failure. That is.
there is no stochastic difference between X and Y before there is a failure. Under

this assumption we have the following theorem.
Theorem 5.1.1. Suppose that Assumption 1 holds. If

[(‘\'j“\’k)l‘\’i = t.-YJ >t Xy > f]

st (Y. YR)Yi=t. Y, > £ Y > ¢] (5.1)
forallt. {i.j. k} = {1.2.3} then
(X1 X2, X3) <o (Y1.Y2. Y3).

Let X(;) = min(X;.X;.X3) and Y{;) = min(},.Y,.Y3). These are the first failure
times associated with X;. X7, X3, and Y1, Y, Y3, respectively. Theorem 5.1.1 says that
under Assumption 1 if we know the first failure time and its identity.say X, = X, =

and Y(;) = ¥} = t. then X and Y are stochastically ordered if the residual lives of
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X,. X3 and Y5.Y3 are ordered. We need the following 2 lemmas to prove Theorem

5.1.1.
Lemma 5.1.2. Under Assumption 1.

P(Xu) =Xi) = P(Yy =Y)
foralli=1.2.3.

Proof. The hazard rates for X, and Y{;, are AX + AX + AX and AY + \Y + \Y.
(1) (1) 1 2 3 1 2 3

respectively. and they are equal. Therefore X ;) =5 Y(;). Also. we have

Y AR AX(t)
Pl =Nl =1 =55 )+,\x(t)+,\§‘(t)
AY(¢) ) o
(6) = P(Yy) = YiYy, = ¢t).

MY (¢ )+AY +AY (1)

These imply

P(Xy =X,) = /P(X(l) = XX = t)dF x,, (1)

= /,\f‘( ) exp ( /Z’\x t)dt)d
= /,\‘Y( ) exp ( / Z/\Y t)dt)d

- /P(m) — ¥il¥i) = )dFy,, (1)
= P(Y(” =Y.

This completes the proof. [
Lemma 5.1.3. Under Assumption I,
[Xi| X = Xi] = [¥i]Ya) = Y]

forallt =1.2.3.



Proof. For any ¢t > 0 and i = 1.2.3. we have
P(Xy=Xi>1t)
P(Xy = X))

P(_X{ > tl-Y(l) = ‘\’i) =
From Lemma 5.1.2 we have
P(Xu) = Xi) = P(Yyy =Y.).
So we only have to prove that
P(Xiy=Xi>t)=P(Yy, =Y. >1t).
Similar to the proof of Lemma 5.1.2. we have
P(Xoy=Xi>0) = [ PNy = X0 > tlXey = 9)dFx,, (0
= / P(Xn = Xi[ X4 = y)dFx , (y)
TN(t.oc)
- / P(}(l) = ‘;IIHI) = y)dFYm(y)
N(t.oc)
= [ POy = ¥ilvy = n)dPy, )
= P(Y, =Y. >t).
This completes the proof. [

Proof of Theorem 5.1.1

From Lemma 5.1.2 it follows that for any function ¢ we have

3
E[o(X)] = > aiE[o(X)| X0 = Xi].

=1

and

3
E[6(Y)] = ) aiE[6(Y)|Yy) = Y.

=1
where a, = P( Xy = X:) = P(Yy =Y:).1=1.2.3.

Now write

E[O(x)‘-x(l) = -xl] = /E[é(t,.Xg,.\’3)l.X(1) = -\'1 = t] dF[Xll-f\'(u=X1](t)'
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and
Elo(Y)|Yy =T} = /E[,O’(t-yz-, Y3)[Yuy = Y = t] dFpy v, =1 ().

where Fix,x,,=x,] and Fpy,jy,, =y,] are. respectively. the distribution functions of
X1X() = X1] and [Y1]Y(y) = Yi]. The expressions E{o(X)|X;) = X.]. 1 = 2.3. and
ElotY)|Y, = Y.]. £ = 2.3 can be written in a similar manner.

From Lemma 5.1.3 it follows that Fix,|x,,=x,] = Fpy,y;,,=11]- Let o be an increas-
ing function on R3. Then. for each ¢. we have that o(t.zr + .y + ¢) is increasing on

R2. Therefore from (5.1) we get

Elo(t. X5. X3)| X1, = X, = ¢
= Efo(t. (X —t) +t.(Xa—t) + t)| Xy = X| ={]
< Elo(t. (Yo —t)+t.(Ys =)+ 1)|Y,) =Y = ¢]
= Elo(t.Y2. ¥3)|Yu, =Y =t]. t € 7.

Hence we have

Elo(X)| X)) = Xi] € E[o(Y)[Yn) = Yi].

Similarly.

E[o(X){Xu) = X2] £ Elo(Y)|Yy) = Y3l
and

Elo(X)| X1y = Xa] £ E[o(Y)|Yy) = Y3].
Then

(X1 X2. A3) <o (F1. Y20 Y3 )

This completes the proof. ]
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5.2 Conditional hazard rates

Let X. Y. AX. and AY be the same as in Section 5.1. In previous section. we assumed
that X and Y have the same behavior before the first failure. In this section we

further assume the following

Assumption 2. In addition to Assumption 1. assume also that X and Y satisfy

AN (Llt5) = AY;(tlt,).

il
for all t > t; > 0 and for all 7.7 € {1.2.3} with i # j. where /\"fj and )\I are the

conditional hazard rates of X and Y, respectively. See (1.3) in Section 1.1 for the

definition.

Under Assumptions 1 and 2. we know that the two random vectors have the
same behavior up to the first two failures. Then we should have a stochastic order
if the remaining ones are.ordered. In the proof of the following theorem. we need
the following notation. Let X(;) = the second failure within X;. X,. and X3. that is.

N2 = X, if Xi < X, < Xi. Y|z is defined in a similar way.
Theorem 5.2.1. [U'nder Assumptions | and 2. if

[,\'kl_\’,' =t.X; = tj,.\,k > max(ti,tj)}

[l
(2]

<selYilY:i =t Y, = ¢;. Y > max(¢t,.t,)]. (:
then
(‘Xl', L ’2'-X3) Sst (}-l~ }.2~ )’E}).

That is. there are two failures at time ¢; and ¢; and the identities are devices :
and Jj. If the residual lives of device & from both X and Y are stochastically ordered

then X and Y will be comparable in the same order.



Proof. We have to show that
Elo(X)] £ Elo(Y)]

for any increasing function o on R3. Similar to the proof of Theorem 5.1.1. we have

Efo(X)]
= Y P(Xu =Xy Xy = Xo)E[6(X)| Xy = X, Xy = X,
1< #i2<3
and
E[o(Y)]
= ) POy =YY =Y,)ELY)Yy =Y, Yoy =YL
1< #12<3

[t suffices to show that
P(X4)=Xi. X2 =X2)= P(Yy =Y. Yo = 12)

and

Elo(X)|X1) = X1. Xy = X2] < E[o(Y)[Y1) = Yi. Y2y = Y3 .
For the equality. we have

P(X) = X1.Xg) = X3) = P(Xq) = X)P(Xq) = X[ Xy = X}

and

P(Yy)y = Y1.Yg =Y2) = P(Yy) = 11)P(Yp = Ya|Yu) = 11).

From Section 5.1. we have that P(X(;) = X1) = P(Y{;) = Y1). Therefore. we have to
prove that P(X(2) = X2|X(1) = X1) = P(Y{2) = Y2[Y 1) = 11).
Since X and Y have the same conditional hazard rates, we have
A1 (221)
’\;ﬁl(blt) + /\g,(“( ta|t)

P(Xg =Xo| Xy = X1 =t. X(g =t2) =

- el = P(Y = Yal|Yy, = Y1 = t. Y = t2)
AX (tat) + A, (22]2) 2) = Yo[Yy = Y1 = L. Y = to).
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Also [X(2)|X (1) = X1 = t] and [Y(2){¥(1) = Y1 = t] have the same hazard rates. since
AX (alt) + A% (t2]0) = Ay (t20t) + /\;"'l(tglt). this implies

(X2l Xa) = X1 =t] = [Yolto =11 =]
Therefore.

[P(-\’(z) = Xo| X)) = X1 =t. X(g) = 2)dFx,,1x,,,=x,=¢({2)

[ Pt = ¥alYy = ¥i = t.¥ia) = 0)dFpiq iy =ri=a(l2)
This means that

P(X2) = 2| Xy = Xi =t) = P(Yg = YalYy = i = 1)

Hence by Lemma 5.1.3 we have
P(X) = X2| X1y = X))
=/P(-\'(2) = X3|X(1) = X = 8)dF[x,|x,,,=x,(t)

=/P(y;2, — YlYi = Y = ¢
= P(Y =Y2|Yy) = 1)

Next. we will show that

JdF 1y, 1y, =11 ()

E[O(X)l.\’(l) = .\’ \(2) = .\'7] < E[ Y)“’(l) = } }(o = }2}
Indeed.

Elo(X)|1 X, = X1. X = Xa

/E X)Xy = Xy = 4. Xg) = X = 2]dF(x, 5518, =81 X5y = X2 ({1 £2)
an

E[o(Y)|Y(1) = Y1. Yoy = Y3

/E[O(Y)ml) = Y] = t1.Y2) = Yo = ]dF v, 5)1v,, =10 .Y, =12 ] (L1 T2)
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For anyv fixed t; < t;. &(t,.t2.t) is an increasing function of {. By (5.2). we have
E[O(X)[X(” = .X'l = tl..\’(g) = .\’2 = tg] S E[O(Y)I)’Zl) = )’-1 = tl-}-('Z) = }3 = f_)].
The result will follow if we can prove that
(X1 X2)| X1y = X1 X2y = Xo] = [(Y1.Y2)[Y() = V1. Y{g) = Y2l
From above. we have P(X(1) = Xi. X2y = X2) = P(Y1), = V1. Y3y = Y2). Therefore.
we only have to show that
PIXy=X1=6t. X =Xo=86)=PYy =Y =t1.Y g =Y =)
for any fixed t; < ¢;. Now we write
P(Xg) =Xy =t. Xg = X2 = tg)
= P(- ’(2) = Xzf-\’(l) = Xl = 11-.-\’(2) = tz)P(X(l) =X, = tln\'(z) = t2)
= P(Xp) = X2| X)) = Xy = . X2) = £2) P(X(2) = 2| X)) = X1 = &)
X P(.\’(” = -\’1 = tl).
Similarly
PYyy =Y =t.Y 9 =Y, =1¢)
=P(Yyy =22l y=Y1=t.Y =6L)P(Y ), =Y =t.Y, =t,)
= P(¥g = ¥3l¥iy = Yi = t1. Yy = 2) P(Yig) = talYp) = ¥i = 1)
x P(Yy =Y =t).

From Assumption 2. we have

P(X() = Xo| X)) = X) =11. Xg) = t2)
_ ’\ﬁl(hltl)
AT + A% (t2]t)
AY,(talth)
AR AN
= P(Yy = Ya[Y) = Y1 = t1. Yy = £2).
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Next. from above we have
(X)X = Xi = ta] =a [Yio[¥Y0y = 11 = 1]
Hence
P(X(2) = t2| Xy = Xy = 1)) = P(Y(g) = |y = Y1 = 4).
Finally. from Lemmas 5.1.2 and 5.1.3 we have
P(Xyy=X1=t)=P(Y,y =Y = 4.

This completes the proof. [

5.3 The general case

In this section. we generalize the ideas of Theorems 5.1.1 and 5.2.1 to n dimensional

random vectors. In the followings. we have k € {0.1.--- .n —1}.
Assumption 3. Let X and Y be such that

AN(tity) = ANi(¢itp)
for all e < t; < te.and I C {1.---.n} with |I| < k.

From Assumption 3. we know X and Y have the same behavior before there are
k devices failed. Hence. if the residual lives of the other devices are stochastically

ordered. it is reasonable to expect that X <, Y.
Theorem 5.3.1. Under Assumption 3. if
[X[lXi = ti, X1 > te] <st [YIlYi =t;. Y1 > te]

for all0e <ty <te.and I C {1..... n} with [I| = k. then X <,, Y.



Proof. By applving mathematical induction to n. we will show that this theorem
holds for all n-dimensional random vectors X and Y that satisfv the given conditions.
From Sections 5.1 and 5.2. we have that the theorem holds for n = 3.

Now suppose that it holds for n = m and let n = m + 1. We will show that

E[6(X)] < E[6(Y)]

for anv increasing function o in R™*L

Same as before. we can write

m+1
Elo(X)] = Y aiE[o(X)| X1y = X].
=1
and
m+1
Elo(Y)] = > aiE[o(Y)|¥y = Yil.
=1
where a; = P(X(1) = X;) = P(Y{;) = Y:). from Section 5.1. forall i =1.--- .m + 1.
(1) (1)

Therefore. if we can prove that E[¢(X)|X(1) = X.] € Elo(Y)|Y{1) = Y.} for all /
then the result follows.

Clearly. for any : we have

Elo(X)| Xy = X,] = / Elo(X:t)[ X1y = X, = t.]dF x5, =x.j(L)-

and

Elo(Y)|Yy, =Y] = / Elo(Y:t)|Yq) = Y = t.]dFy, v, =v;)(L0)-

From Section 5.1. [Xi{ X1, = Xi] =« [YilYy), = ¥i|. Also (X:¢,) and (Y:¢,) are
random vectors with both i-th coordinate being fixed and equal to t;. This means
they are m-dimensional random vectors. With i-th coordinate being fixed and equal

to ;. © is an increasing function in R™. By induction assumption. we have

Elo(X:t)| Xy = X; = ;] < E[o(Y:4,)|Yy, = ¥, = ..
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This implies

This completes the proof. =
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