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ABSTRACT 

Aspects of the self consistent acceleration and transport of cosmic rays in astrophysical 

fluid flows and associated numerical methods are studied. Problems investigated are: 

(i) magnetohydrodynamic (MHD) wave interactions and instabilities in two-fluid 

models of cosmic ray modified shocks and flows; 

(ii) two dimensional, self consistent models of cosmic ray acceleration by the first 

order Fermi mechanism in supernova remnant shocks; 

(iii) new Riemann solver for the two-dimensional Euler equations and adaptive mesh 

refinement scheme for the coupled MHD and cosmic ray transport equations. 

The interaction of short wavelength MHD waves and instabilities in cosmic ray 

modified flows are investigated using asymptotic analysis and numerical simulations, 

with application to cosmic ray driven squeezing instabilities in supernova remnant 

shocks. In the linear wave regime, the waves are coupled by wave mixing due to gra

dients in the background flow; cosmic-ray squeezing instability effects, and damping 

due to the diffusing cosmic-rays. Numerical solutions of the fully nonlinear two-fluid 

cosmic ray MHD equations are compared with solutions of the wave mixing equations 

for oblique, cosmic ray modified shocks. 

A two-dimensional, self-consistent, adaptive mesh refinement numerical algorithm 

is developed for the solution of the ideal magnetohydrodynamic equations coupled to 

the kinetic transport equation for energetic charged particles. The method is used 

to simulate the evolution of the momentum distribution function of the cosmic rays 

accelerated at supernova remnant shocks. 

The numerical methods were tested on a variety of fluid dynamics and MHD 

problems, and previous models of cosmic ray modified supernova remnant shocks. 
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A Riemann solver based on two-dimensional multi-state Eliemann problems was de

veloped. The scheme generalizes the traditional one-dimensional flux calculation to 

include contributions to the flux through the cell edges of the waves originating at 

cell corners. The multidimensional flux corrections increase the accuracy and stability 

of the scheme. An adaptive mesh refinement technique was used to study the Von 

.N'eumann paradox associated with the formation of three shocks, when a low Mach 

number, supersonic flow impinges on a thin wedge. For the first time, the region near 

the triple point has been resolved in a numerical solution of the Euler equations. 
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Chapter 1 

INTRODUCTION 

Cosmic rays are high energy charged particles permeating the Galaxy and continually 

bombarding the Earth. At energies 10®-10® eV approximately one particle crosses one 

square centimeter area per second at the top of the atmosphere [128]. The present 

study concerns aspects of cosmic ray acceleration and transport in astrophysical shock 

waves, and associated wave interactions and instabilities in cosmic ray modified flows. 

In this chapter we first give a brief overview of the kinetic transport equation for 

cosmic rays in bulk plasma flows, initially derived by Krymskii [104] and Parker [127] 

to describe transport of cosmic rays in the Solar Wind (section 1.1). This equation has 

been used extensively, since its original derivation, to describe the eleven year solar 

cycle modulation of galactic cosmic rays and the transport of solar cosmic rays. More 

recently, the same equation has been used to describe the diffusive shock acceleration 

of cosmic rays by the first order Fermi mechanism at astrophysical shocks (see e.g. 

reviews by Toptygin [150]; .A.xford [7]; Drury [49]; Forman and Webb [65], Blandford 

and Eichler [26], Berezhko and Krymskii [19] and Jones and Ellison [96]). Section 

1.2 gives a brief overview of diffusive shock acceleration theory. An outline of the 

dissertation is given in section 1.3. The first part of the dissertation consists of a 

study of wave interactions and instabilities in magnetohydrodynamic (MHD), two-

fluid models of cosmic ray modified shocks (chapter 2). Numerical, two-dimensional, 

self-consistent models of cosmic ray acceleration by the first order Fermi mechanism 

in supernova remnant shocks are investigated in chapter 3. Chapters 4-6 describe the 

development and validation of the numerical methods used in the thesis. 
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1.1 Energetic particle transport equation 

The transport theory for energetic charged particles in irregular, non-stationar\' mag

netic fields has been widely used to interpret observed spectra of cosmic rays for the 

energie -  ag ing  from 10^ eV to  10^^ eV.  

The derivation of diffusive transport equations for cosmic rays is based on the 

physical processes of scattering of energetic particles by turbulent plasma wave fields 

on the scales of the order of the particle gyroradius. If the scattering of the parti

cles keeps the phase space density close to isotropic in momentum space, the parti

cle distribution can be described by the isotropic part of the distribution function, 

f{t.T,p). Consequently, the diffusive-convective particle transport equation has been 

formulated by Krymskii [104] and Parker [127]. This equation can be written in the 

following form: 

dN'  d  (v '  \  
^ -h V • (uAT- - K . VN')  -  — - uj = 0, (1.1) 

where ^V*(i, r,p') = 47rp'^/(t, r,p') is the differential number density of cosmic-rays 

with respect to momentum p' in the fluid frame, at position r in a fixed frame, and time 

u is a fluid velocity and « is the diffusion tensor. In the transport equation (I.l), 

it is assumed that the background plasma speed, it, is much greater than effective 

speed of the waves 14; scattering the particles (i.e. u » Vu,), and that the effects of 

the second order Fermi acceleration due to backward and forward propagating waves 

can be neglected (e.g. Skilling [142]). 

The large-scale motion of the magnetic irregularities, that act as scattering cen

ters, results in the advection term in the equation (1.1). The adiabatic changes in 

the particle momenta are due to the divergence of the large-scale motion of these 

scattering centers and the rate of change of particle momenta is (Parker [127]): 

< dp' /d t  >=—^p'V • u .  (1.2) 
<5 
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In equation (1.1) 

S ' = uN ' - k  V N ' ,  (1.3) 

is the streaming flux of particles with momentum p'  as measured in scattering frame 

or fluid frame, across a surface in the fixed inertial frame (e.g. Jokipii and Parker 

[88], Webb and Gleeson [154]). 

The particle number density in the fixed frame N(t , T , p )  is related to N'{ t . T , p ' )  

by 

N{t , T , p )  =  N ' { t , T , p ' ) i l  +  Oi5) ) ,  (1.4) 

where S =  [pv? /v '^)d \o%N/dp  and v  is the speed of the particle. For the small values 

of parameter 6, when u « v, the transport equation in the fixed frame becomes: 

| ^ + V . ( u . V - . . V ^ ) - | ( | ^ V . u ) = 0 .  ( 1 . 0 )  

The transport equation (1.5) can also be written in the form 

dN d  
- ^  +  V - S  +  — ( < p > i V ) = 0 ,  ( 1 . 6 )  

where 

S  =CuN -  K VN,  (1.7) 

< p > = ^ u - V N ,  (1.8) 

are the particle current and momentum change rate in the fixed frame, and 

3 N  d p  ~  3 f d p '  ^  ^  

is the Compton-Getting factor. The form of the particle current (1.7) was first ob

tained by Gleeson and Axford [70], [71]. An equivalent form for the fixed frame 

particle current was also derived by Dolginov and Toptygin [44]. The formula (1.8) 
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for the particle momentum changes in the fixed frame was written down in Glee-

son and Webb [72]. When integrated over all particle momenta, the energy change 

formula (1.8) yields the result 

for the net energy transfer rate from the background plasma to the cosmic rays, where 

Pc is the cosmic ray pressure (Jokipii and Parker [87]). 

The diffusion tensor in (1.5) can be calculated from kinetic theory bzised on the 

Lorentz force on particles in a collisionless pleisma. In the quasilinear theory the dif

fusion coefficient is calculated by taking, in the first approximation, helical particle 

orbits about average magnetic field (Jokipii [89]). The diffusion tensor includes effects 

of scattering along and perpendicular to the average magnetic field. Diffusion parallel 

to the field is determined by resonant scattering of the particles on magnetic irregu

larities, whereas diffusion perpendicular to the field is determined by both resonant 

scattering and non-resonant process of the random walk of the field lines .Jokipii [89]. 

The anti-symmetric components of the tensor k describe the curvature and gradient 

drifts of the particles. The drift velocity of particles due to gradient and curvature 

drifs is VD = V x {ka^b) where ka is the antisymmetric component of the diffusion 

tensor [90]. 

In terms of the distribution function f { t , T , p )  the transport equation (1.6) can be 

written in the form 

where V/? is the particle drift velocity and is the symmetric part of the diffusion 

tensor due to diffusion parallel and perpendicular to the magnetic field. In models of 

diffusive shock acceleration Q represents injection of particles from the thermal pool 

into the shock acceleration process (chapter 3). 

Other derivations and generalizations of the transport equation were obtained 

by Dolginov and Toptygin [44], Gleeson and Axford [70]; Jokipii and Parker [88]; 

(1.10) 

1^ + (u + VO) • V/ - V(k"1V/) - HV • = Q. (1.11) 
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Berezhko and Krymskii [17], Webb and Gleeson [154], Williams and Jokipii [166] and 

Webb [156],[159]. In particular, Skilling [142] includes the effect of second order Fermi 

acceleration of the particles due to Alfven waves propagating backward and forward 

along the background magnetic field. Berezhko and Krymskii [17], Williams and 

Jokipii [166] and Webb [159] include energization terms due to cosmic ray viscosity 

associated with shear in the background flow, and accelerating reference frame effects. 

Kirk et al. [102] and Webb [156],[159] derive transport equations for cosmic rays in 

relativistic flows. 

1.2 Diffusive acceleration at shocks 

The acceleration of energetic charged particles by the first order Fermi mechanism was 

originally investigated by Axford et al. [6], Krymskii [105], Bell [16] and Blandford 

and Ostriker [25]. The first-order Fermi mechanism of particle acceleration at shocks 

has been invoked as the source of the galactic cosmic rays in a number of studies, 

(e.g. Axford [7], Blandford and Eichler[26], Berezhko and Krymskii [19] and Jones 

and Ellison [96]). This mechanism takes into account the normal presence of MHD 

wave turbulence in collisionless plasmas and interactions of energetic particles with 

waves. By scattering on the waves on either side of the shock, particles are energized 

by the background thermal plasma compression at the shock transition. Due to the 

jump across the shock in the velocity of the scattering centers moving with the plasma, 

each crossing cycle increases the energy of the particle. The net momentum change 

per scattering cycle is 

< S p > = ^ p —  (1.12) 
3 V 

where ui and U2 are the upstream and downstream wave frame velocity components 

normal to the shock. The particles repeatedly cross the shock before escaping down

stream. Owing to the probabilistic nature of the scattering processes, some particles 

can achieve very high energies. 
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For the case of a plane shock with no particle losses and without particle back-

reaction on the flow (test particle limit), the distribution function of the accelerated 

particles downstream of the shock is of the form / ~ with a = 3ui/{ui — U2). 

The mean acceleration time for particles to be accelerated from momentum po up 

to momentum p, in a steady plane shock without losses, is given by the formula: 

where Knn = «:|| cos^ + k±_ sin^ 0B„ is the effective diffusion coefficient normal to 

the shock; 9b„ is the angle between the magnetic field and the shock normal n, and 

Ki\ and K± are the diffusion coefficients parallel and perpendicular to the magnetic 

field: and the subscripts 1 and 2 refer to the upstream and downstream regions (e.g. 

Drury [49], Webb et al. [160]). The result (1.13) can be obtained by using either 

microscopic probabilistic arguments, or by solving the transport equation with ap

propriate boundary conditions and a step function velocity profile corresponding to 

a plane shock. The formula (1.13) implicitly zissumes that the diffusion coefficients 

are constant on both sides of the shock, and a more general formula applies if Knn is 

a function of position (Drurj' [51]). 

In the test particle theory, the amount of energy transfered from the plasma to the 

energetic particles is not limited by any physical process. The non-linear acceleration 

theories include particle backreaction in the form of a pressure gradient force exerted 

by the energetic particles on the flow. Energy transfer from the plasma to the energetic 

particles modifies the flow near the shock and limits the efficiency of the acceleration, 

leading to modification of the particle momentum spectra (Axford et al. [8], Drury 

and Volk [48], Jones and Ellison [96]). 

Models of particle acceleration that also include waves generated by the streaming 

particles via resonant scattering processes, were constructed (e.g. McKenzie and Volk 

[123], Lee [108],[108], Bell [16]). The diffusive shock acceleration theory has been 

applied with good accuracy to the modeling of ion acceleration at the Earth's bow 

(1.13) 
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shock and to particles and waves observed at interplanetary shocks. 

1.3 Outline of the dissertation 

The objective of the dissertation is to study the interactions and instabilities of short 

wavelength waves in cosmic ray modified cistrophysical fluid flows; to investigate en

ergetic charged particle acceleration in supernova remnant shocks; and to develop 

numerical methods for the efficient and accurate solution of the model equations. 

The study follows a procedure of theoretical modeling and numerical simulations. 

In chapter 2, wave mixing and instabilities of short wavelength waves in cosmic ray 

modified shocks are investigated by using the wave interaction equations for sound 

waves and entropy waves developed by Webb et al. [161], Webb, Brio and Zank [162], 

and Webb. Zakharian and Zank [163], as well as MHD wave interaction equations con

sidered by Webb, Zakharian, Brio, and Zank [165]. We present calculations of wave 

interactions and instabilities in a non-uniform background flow by using numerical 

solutions of the wave mixing equations and their comparison to the fully non-linear 

equations of cosmic-ray hydrodynamics and magnetohydrodynamics. Wave propaga

tion problems in cosmic ray modified shocks are studied with application to cosmic 

ray squeezing instabilities in supernova remnant shocks. 

Chapter 3 discusses a two dimensional, self consistent model of cosmic ray modified 

supernova remnant (SNR) shocks, in which the cosmic-rays are accelerated at the 

shock by the first order Fermi mechanism, and modify the background flow by their 

pressure gradient. The energetic particle distribution function / in the model, satisfies 

the transport equation (1.11). The remaining equations of the model consist of the 

equations of ideal MHD in which the background plasma flow is modified by the 

cosmic ray pressure gradient. We study the evolution of the shock structure; and 

the dependence of the particle acceleration efficiency on the shock obliquity and the 

diffusion coefficients /C|| and KX used in the model. Solutions obtained for the cases 
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of a pre-existing population of energetic particles upstream of the shock and particle 

injection at the shock are discussed. The drift effects for magnetic field configurations 

with non-zero azimuthal component are investigated. 

Chapter 4 describes development and validation of the numerical procedure used 

to solve the system of ideal MHD equations coupled to the particle transport equa

tion. The numerical difficulties associated with strong multidimensional shocks and 

maintaining divergence free magnetic fields are discussed. The method is extended to 

incorporate adaptive mesh refinement technique which enables improved resolution 

in the regions of the flow with large gradients. Results of tests of the method are 

presented for several problems in Cartesian (x, y) and spherical polar (r, Q) coordinate 

systems. 

In the chapter 5 a Riemann solver based on two-dimensional linear wave contribu

tions to the numerical flux is constructed for the Euler equations of fluid dynamics. 

The numerical flux contributions are computed using multidimensional waves orig

inating from the corners of the computational cell and evaluated using multi-state 

linear Riemann solver, plus the one dimensional waves resulting from the discontinu

ity across the cell boundary, generalizing 1-D Roe construction. Numerical examples 

illustrating performance of the method are presented. 

The final chapter 6 investigates the performance of the adaptive mesh refinement 

technique employed in chapter 4 on a difficult unresolved problem of Mach reflection 

of weak shocks in inviscid fluid dynamics. The problem is known as "triple point" 

or von N'eumann paradox. Numerical solution of the Euler equations are presented 

for this problem, with resolved region near the triple point. The results are com

pared to the theoretical predictions and previously obtained numerical solutions of 

the corresponding asymptotic problem [84]. 
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Chapter 2 

WAVE INTERACTIONS IN COSMIC-RAY MODIFIED FLOWS 

2.1 Introduction 

Two fluid hydrodynamical models of diffusive shock acceleration were developed by 

Axford, Leer and Skadron [6], Drury and Volk [48] and Axford, Leer and McKenzie 

[8] in order to account for the back reaction of the energetic particles on the flow. An 

alternative, nonlinear model that takes into account the energetic particle momen

tum spectrum and the modification of the flow by the energetic particles has been 

developed by Ellison [56, 57], (see, the review by Jones and Ellison [96]). 

Drury and Falle [50] and Zank and McKenzie [172] investigated in detail a short 

wavelength instability for backward propagating sound waves upstream of a cosmic 

ray modified shock, in which the gas density perturbations were amplified by the 

cosmic ray pressure gradient (see also Berezhko [18], Chalov [32], Webb [159], Kang 

et al. [100]). McKenzie and Volk [123] and Volk, Drury and McKenzie [152] developed 

an .A.lfvenic two fluid model, in which the Alfven waves scattering the cosmic rays, 

and the cosmic-ray streaming instability were included as integral components. The 

cosmic ray generated Alfven waves in this model were shown by McKenzie and Webb 

[124], Zank [173], Begelman and Zweibel [15] and Ko and Jeng [103] to drive one of the 

modified slow magneto-acoustic waves unstable. More general analyses of instabilities 

of obliquely propagating magnetosonic modes in cosmic ray modified flows have been 

investigated by Zank, Axford and McKenzie [174] who showed that the waves could 

be destabilized by squeezing and stratification effects and by particle drifts. 

Webb, Brio, Zank and Story [161] considered the role of wave-wave interactions 

between the short wavelength entropy wave, and the backward and forward sound 

waves in cosmic ray modified flows and shocks in one Cartesian space dimension. 
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In the linear wave regime, the waves are coupled via gradients in the large scale 

background flow, and also by cosmic ray diffusive effects. The equations are similar 

in form to the wave mixing equations for Alfven waves and Alfvenic turbulence in the 

Solar Wind (e.g. Heinemann and Olbert [79] Zhou and Matthaeus [178]). In the WKB 

limit the waves are decoupled, and the equations reduce to those derived by Drur\- and 

Falle [50], and Zank and McKenzie [172], for WKB sound waves in cosmic ray shocks. 

Webb et al. [161] also considered weakly nonlinear wave interactions, namely the 

Burgers self wave interactions for sound waves and three wave resonant interactions 

in which a sound wave is resonantly scattered off an entropy wave disturbance to 

produce a reverse sound wave. 

The aim of this chapter is to investigate wave mixing and instabilities of short 

wavelength waves in cosmic ray modified shocks by using the wave interaction equa

tions for sound waves and entropy waves developed by Webb et al. [161], Webb, 

Brio and Zank [162], and Webb, Zakharian and Zank [163], as well as magnetohydro-

dynamic (MHD) wave mode interactions considered by Webb, Zakharian, Brio, and 

Zank [165]. It is important at the outset to note the physical limitations of using 

a fluid dynamical description, rather than a collisionless, kinetic plasma description. 

In particular, the model does not incorporate Landau damping of magnetoacoustic 

modes due to wave particle interactions (e.g. Barnes [13, 14]). The damping rates 

(uj)(uj is the wave frequency) of the magnetoacoustic waves in general 

increase with the plasma beta (see e.g. Figure 4 of Barnes [14] where is plotted 

as a function of the angle 6 between the wave vector k and the background magnetic 

field B for the cases 0 = 1 and /? = 5). The Landau damping for the fast mode 

wave exhibits two peaks associated with stochastic heating of the thermal protons 

(0 ~ 10°) and heating of the electrons (0 ~ 85 — 90°) in /? ~ 1 plasmas. For perpen

dicular propagation {6 = 90°) there is no linear Landau damping of the fast mode 

(this corresponds to waves propagating normal to the shock in a perpendicular, cos

mic ray modified shock). In collisionless plasma theory, the entropy wave like modes 
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with 3f?(u;) = 0 are Landau damped [14]. 

Despite the abovementioned shortcomings, the fluid dynamical or MHD descrip

tion provides a quantitative mechanism that allows one to incorporate wave interac

tion processes into the analysis. Previous models did not include wave coupling due 

to the non-uniform background flow, even although it is known that wave coupling 

modifies the wave power spectrum. 

We present calculations of wave interactions and instabilities in a non-uniform 

background flow by using a spectral code to solve the wave mixing equations and 

by solving the fully non-linear equations of cosmic-ray hydrodynamics and magne-

tohydrodynamics. Wave propagation problems in cosmic ray modified shocks are 

studied. 

Section 2.2 presents the model and equations. The wave coupling equations for 

short wavelength waves in the two-fluid MHD model are derived in section 2.3. These 

equations describe the interaction of the different eigenmodes due to the non-uniform 

background flow; instability and damping terms due to the cosmic rays; and non

linear interaction effects. 

Section 2.4 considers the form of the wave coupling equations for sound waves 

and entropy waves in cosmic ray modified flows. This model applies both for the 

cases where the background magnetic field is weak {B ~ 0) and also for the case of a 

parallel shock B = (BX,0,0)^. A WKB analysis of the wave coupHng equations for 

sound waves and the entropy wave reveals that in the limit of ujT —> OO (A; is the wave 

frequency and T is the time scale of the background flow), the different wave modes 

decouple. The WKB analysis shows the lowest order coupling of the different wave 

modes in the limit UT >>1, where the wave coupling is governed by the perturbation 

parameter e = l/(u;T). 

Section 2.5 presents the form of the wave mixing coefficients {A,j : 1 < z, j < 7}. 

governing the interaction of the MHD wave modes in cosmic ray modified flows in 

one Cartesian space dimension. The special form of the wave mixing equations for 
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planar MHD flows, in which the magnetic field B and fluid velocity u are coplanar, 

is then discussed. In this case there is no interaction between Alfven waves and the 

other MHD wave modes. The form of the wave interaction equations for the Alfven 

waves in this type of flow is related to the wave mixing equations for the Alfvenic 

turbulence in the Solar Wind derived by Heinemann and Olbert [79] and Zhou and 

and Matthaeus [178]. 

Section 2.6 presents examples of wave interactions in MHD cosmic ray modified 

shocks. Fully non-linear solutions of the two fluid MHD equations, using the ZEUS2D 

MHD code (Stone and Norman [145]) modified to include effects of cosmic rays on the 

background flow, are compared with numerical solutions of the wave mixing equations 

in steady cosmic ray modified shocks. Applications of these ideas to cosmic ray 

squeezing instabilities in supernova remnant shocks (SNR) are presented in section 

2.7. Section 2.8 presents a summary and overview. 

2.2 Model and equations 

We use the MHD, two fluid model for cosmic ray modified flows of Webb [155] and 

Webb et al. [157]. The cosmic-rays are assumed to be a hot gas with a substantial 

pressure pc, but with negligible mass flux and momentum density compared to the 

thermal gas. The cosmic-rays are scattered by waves or turbulence in the background 

flow, and the phase velocity of the waves is assumed negligible compared to the fluid 

speed (see also [6, 8, 48], for further discussion of the two-fluid model for the non-

magnetized case). 

For a model in which the physical variables depend only on the position coordi

nate x, of a rectangular Cartesian coordinate system (x, y, z) and on the time t, the 

equations governing the system of cosmic-rays, thermal gas and magnetic field B may 
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be written in the form: 

P^x^y  

pUxU 

dp  d  X o  
m ̂  
d ,  . a / , (2.2) 

(2.1) 

(2.3) 

(2.4) 

(2.5) 

d  B  d  
~W ̂  ~ ^zBx) = 0, 

4(P5) + ̂ (p5«x) = 0, (2.7) 

(2.6) 

(2.8) 

In the above equations p, u, pg and S denote the thermal gas density, fluid velocity, 

pressure and entropy respectively; Pc, 7c and k. denote the cosmic ray pressure, adi-

abatic index, and hydrodynamic diflFusion coefficient; B denotes the magnetic field 

induction, and ^ is the magnetic permeability. For an ideal gas, the g£is entropy 5 

has the form 

where C„ is the specific heat at constant volume and 7^ = CpjCv is the ratio of 

specific heats for the thermal gas. 

Equations (2.1)-(2.9) can be combined to yield the total energy equation for the 

system: 

(2.9) 

(2.10) 

where 

W = Eg + Ec -'r 
52 

(2.11) 
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is the total energy density, and 

F = {\(m'' + Eg+pg)n + -[B^n - (u • B)B] + F ,̂ (2.12) 
P-

is the total energy' flux. In (2.11) and (2.12) 

Eg = E, = -^,  (2.13) 
7g - 1 7c - 1 

riF 
FE = U(EC+PJ-K-^, (2.14) 

define the internal energy densities Eg and Ec for the thermal and cosmic ray gases; 

K is the cosmic ray diffusion tensor (note k. = Kn) and Fc is the cosmic ray energy* 

flux. 

Note that equations (2.1)-(2.7) are in conservative form. The system of equations 

(2.1)-(2.8) can be written in the form: 

. = 1(1)7. (2.15) 
d t  dx  dx  

dpc  , Mx dpc  
d t  p  dx  

where M = pu is the momentum density of the thermal gas, and 

= (p, Mi, M y ,  M-, B y ,  B : ,  a ,  P c V ,  a  =  p S ,  (2.17) 

defines the state vector of the system, and the MHD state vector is defined by 

^ = (p, Mx, My, M„ By, B„ af.  (2.18) 

The fluxes {F' : i  = 1(1)7} in (2.15) are: 

F' = F^ =  ̂ +p ,  +  lbHBl+Bl ) ,  

F3 = F* =  -  blB .B . ,  
P P 

p-5 MxBy  — MyBx MxBz  — M~Bx ^7 _ Mxcr 
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where bo = /j. Wn (2.19). 

Equations (2.15)-(2.19) may also be written in terms of the dimensionless variables 

P — p !Po ,  = pU./(/7o^o)r Pg ~ Pg/PgQ'. Pc — Pc/PgO-. 

B  =  B / B o ,  K  =  k / { V ^ L ) ,  S  =  S / C y ,  a  =  S p ,  

x ^ x j L ,  i  =  t / T .  (2.20) 

The characteristic length { L )  and time (T) scales, and characteristic wave speed VQ 

are chosen so that 

M  =  l ,  V o = ( ^ y .  ( 2 . 2 1 )  
L \PQ J 

Equations (2.15)-(2.19) also have the same form in the dimensionless variables (2.20), 

provided we choose 

In (2.21) Vo is the isothermal sound speed. 

The cosmic rays may be scattered both by resonant wave particle interactions, 

and by random walk of the field lines (e.g., Jokipii [89]). The general form of the 

energetic particle diffusion coefficient fcxi, in the kinetic transport equation for cosmic 

rays (e.g., Krymsky [104], Parker [127], Skilling [142]) is of the form 

kxx  =  « | |  cos^ ̂ Bn +  sin^ 0Bn,  (2.23) 

where «:|| and KX are the particle diffusion coefficients parallel and perpendicular 

to the background magnetic field B, and Osn is the angle between the background 

magnetic field, and the x-axis, or shock normal. The parallel diffusion coefficient 

K|| is determined by resonant wave particle interactions, whereas the perpendicular 

diffusion coefficient k±_ is determined both by resonant wave particle interactions, 

and by random walk of the field lines. For slab turbulence, in which the magnetic 
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fluctuations are perpendicular to B, /cx is determined by random walk of the field 

lines. In this case, one finds Ky oc 1/Pu,, where = {6BY/{S'k) is the Alfven wave 

pressure, whereas the perpendicular diffusion coefficient KX is proportional to the 

power at zero frequency. The hydrodynamically averaged diffusion coefficient k is 

an average of kxx over the energetic particle momentum spectrum (see e.g., Drury 

and \'61k [48]). Drur>^ and Falle [50] note that if resonant, wave particle interactions 

are the main scattering mechanism, then the hydrodynamically averaged diffusion 

coefficient k, OC \IPw From the compression of pre-existing Alfven waves in the 
3 

highly supersonic flow upstream of a cosmic modified shock, P^, oc pz, suggesting 
3 

K oc  p~^  for the case where kn  is dominated by /C||. However, Alfven wave excitation 

by the resonant streaming instability will also contribute to P^ (e.g., McKenzie and 

Volk [123]). 

On the other hand, in a quasi-perpendicular shock, kn ~ {Obt i  ~ JTT in (2.23)). 

If Kj_ is dominated by random walk of the field lines (Jokipii [89], equation (65)) one 

can show that kj_ OC {SB/B)"^. From the wave mixing equations for Alfven waves (e.g. 

Zhou and Matthaeus [178]) one can show that SB oc p in a quasi-perpendicular shock. 

Because both SB oc p and J3 oc p, it follows that k ~ const, in a quasi-perpendicular 

shock. 

These arguments suggest, that 

K =  K{P) ,  (2.24) 

is a function of the background density p .  It turns out, that the squeezing instability 

for short wavelength sound waves in cosmic ray modified shocks first investigated 

in detail in [50], is sensitive to the form of /c(p). More specifically, the squeezing 

instability depends on the value of the parameter 

C = (2.25) 
amp 

The instability growth rate also depends on the cosmic ray pressure gradient, and 
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is substantially enhanced for a low temperature background thermal gas. This is 

discussed in further detail in the following analysis. 

In the following analysis, we take the hydrodynamic, cosmic ray diffusion coef

ficient k = k{p), and we use the dimensionless variables (2.20), but in an abuse of 

notation we omit the over-bars on the dimensionless variables. 

2.3 Wave coupling equations 

In this section, we follow Webb et al. [165] and use the method of multiple scales 

to derive equations describing weakly nonlinear wave interactions, and linear wave 

mixing for short wavelength waves in a non-uniform, large scale background fiow. A 

similar study of wave propagation for the two-fluid cosmic ray model, without MHD 

effects was carried out by Webb et al. [161]. We emphasize that wave interactions 

for the pure MHD case are obtained by simply dropping the cosmic ray terms in the 

equations. At lowest order in the perturbation analysis, one finds that cosmic ray 

pressure perturbations play no role in the analysis. At the next order, one obtains the 

standard eigenvalues and eigenvector solutions of ideal MHD. .^t the following order, 

one obtains wave evolution equations describing linear wave mixing of the different 

eigenmodes due to the non-uniform background flow; instability and damping terms 

due to the cosmic rays; and nonlinear interaction effects. 

For wave propagation in one Cartesian space dimension, the basic MHD wave 

modes consist of the backward and forward propagating fast and slow magnetoa-

coustic waves; the backward and fon,vard .Alfven waves and the entropy wave. The 

eigenvelocities for the waves {Aj : 1 < j < 7}, in increzising order are: 

Aj — '^2 — A3 — ? A4 

A5 — Ux "I" Ag — Ux bx ,  A7 — Ux "f" Cy. (2.26) 

In (2.26) Cf and denote the fast and slow magneto-acoustic speeds, which satisfy 
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the magneto-acoustic dispersion equation: 

- (a^ + 62)c2 + a'^bl = 0, (2.27) 

where a is the gas sound speed, bx is the Alfven wave phase speed along the x-axis 

and b is the total Alfven speed: 

"(?) 
1/2 n n 

A discussion of the MHD wave modes is given in the Appendix A. 

From (2.15) and (2.16), the equations governing the system can be written in the 

matrix form: 

where the matrix 

= kS\S\ ,  (2.30) 

represents the effects of cosmic ray diffusion. As discussed in (2.24) et seq., we take 

K = R{p) in the following analysis. The 8x8 matrix A in (2.29) has components: 

A'8=C'=(r2, Z = 1(1)7, 

,4®^ = j  = 1(1)8, (2.31) 

where 

C = (0,1,0,0,0,0,0)^, 

D = { -a^Ux,  a l ,  0,0,0,0,0, u^) ,  (2.32) 

and 

a .  = I ? 
P J 

(2.33) 
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defines the 'cosmic ray sound speed' Oc-

The Jacobian matrix A in (2.31) contains the MHD effects in the model. The MHD 

eigenvectors of the matrix A are given in Appendix A. These play an important role 

in the following analysis. 

2.3.1 The perturbation expansion 

Consider the evolution of weakly nonlinear, short wavelength waves, with length scale 

Li and time scale Ti in a large scale background flow^, w^ith length and time scales L 

and T, where L >> Li and T >> Ti- We develop a weakly nonlinear, geometrical 

optics expansion for the waves in the perturbation parameter 

=  ( 0 < C « 1 ) ,  ( 2 . 3 4 )  

of the form 

= ^(0) + ^ ^ (2.35) 

where the background state f) depends on the slow variables {x . t )  

whereas the wave perturbations {^('^(x, f; r) : i > 1} depend on both the slow 

variables x and f, and on the fast variables: 

X i  
e = -, T = -- (2.36) 

The normalized diffusion coefficient k ~ 0(1) in (2.20). Using the derivative trans

formations 

d i  d i^  edr '  dx  dx  ̂  e  
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and the perturbation expansion (2.35) in (2.29) yields the equations: 

(^- + + [Ao + (e^(') + £2^(2) ^ 

+ i(evlr(i) + €^^(2) ^ ̂ 2^(2) . V«V«A + ...]• 

-  ( ^ n | )  { +  •  • •  +  • ]  ( I  +  i l ) }  
(vlr( o )  + ê (i) -I- ̂ 2̂ (2) ̂   ̂0. (2.38) 

.\s in Webb et al. [161], the 0(l/e^) balance of terms in (2.38) is automatically 

satisfied, since is independent of The 0(l/e) balance in (2.38) requires = 

0, and since we require p]. to be sublinear in ^ for a uniform expansion, it follows that 

Pc = 0, (2.39) 

is the appropriate solution for p ] . .  The balance equations at 0(1) may be split up 

into the equations: 

a^(0) Q^m Q / a^(0)\ 
+ Ao— ( Kq- ) = 0, 

o x  o x  \  o x  J  
(2.40) 

d t  

for the non-uniform background state and the 0(1) balance for the wave per

turbations: 

r r f U  \  1  5,Ir(l) Q 

= 0. (2.41) 

Taking into account the form of the diffusion term in (2.29), and introducing the 

state vector 

^ = (p, Mx, My, M,, By, B^, a-)^, (2.42) 

for the MHD background thermal fluid, the first seven equations in (2.41) reduce to: 

a*|r(l) a^(l) 
= (2.43) 
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where the matrix The eighth equation in (2.41): 

_Qdu^ (_  d'^p l  , dKdp^dp° \  ^  

aT" aF•" a? 

couples the second order cosmic ray perturbation pi to u^. 

Following the approach of Majda and Rosales [119], and Webb et al. [161], the so

lutions for and are expanded in terms of the eigenvector solutions associated 

with the matrix A of the form 
7 

(2.45) 
5=1 

7 

= 5^6,(x,i,0„r)R„ (2.46) 
5=1 

where {qs} and {6^} determine the wave amplitudes; and 

dg = kg^ ^sT-i A5 = uJg/kg, (2.4/) 

are the phase and phase speed of the s th  wave mode. The phase velocities (As : 5 = 

1(1)7} in (2.47) are the MHD wave eigen-velocities listed in 2.26. Appendix A gives 

expressions for the right eigenvectors {Rj} and left eigenvectors {Lj} of the matrix 

A. 

At 0{e ) ,  the first seven equations in (2.38) yield the matrix equation: 

a4r(2) d^{2)  
_  +  ̂ . _ + G = 0 ,  ( 2 . 4 8 )  

where 
5^(1) 

G = . a«<'> „dp i  fdirr^sp; 5,1, _ , /a*"" 
a t  " - s r ) -

(2.49) 

The eighth equation in (2.38) at 0(e) is: 

dPc  
d r  ^ X a T ^ - ^ ) ^  * (-aF + TT) 

AdKdpl \  
dx  \  dp dx  )  

[•(S * f) -''IS - ('•S * i"'>'SS)l 
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The vectors C and D in (2.49) and (2.50) are defined in (2.32). 

Substituting the solution ansatz (2.45) and (2.46) for and in (2.48), and 

multiplying (2.48) on the left by the left eigenvector Lj yields the system of equations: 

+ = j  =  1(1)7 ,  (2.51) 

where d /dr j  =  (d /dr j f f f j .  As  in [119, 161], we require b j {Oj ,T) fT  —>• 0 as r oc  in 

order that the perturbation expansion remain uniform for times r ~ 0(l/e). Using 

this latter condition, and integrating (2.51) with respect to r, with 6j held fixed, 

yields the averaged evolution equations: 

<LjG>j=0 ,  i = 1(1)7, (2.52) 

governing the short wavelength wave modes on the long time scale. The averaging 

operator in (2.52) is defined by 

< /  > j=  lim - f  f \ e ,dT' ,  (2.53) 
r  JQ '  

(i.e., the average defined in (2.52) is carried out with Oj held fixed). The averaged 

wave equations (2.52) are integro-differential evolution equations of the type obtained 

by Majda and Rosales [119] describing three wave resonant interactions for weakly 

nonlinear hyperbolic waves. 

2.3.2 Wave mixing equations in a nonuniform flow 

The wave evolution equations prior to averaging, may be written in the form 

= 0 ,  7  =  1 ( 1 ) 7 ,  ( 2 . 5 4 )  
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where 

+«<.).V,>,.^), (2.55) 

= Lj (2.56) 

Next note from (2.44) that 

dp^c^ _ P^C 1 C 5Pc 1 _ V 

i=:l 

where C = d \nK, /d \x ip  (see (2.25)), and denotes the j th  component of R^. Using 

(2.57) and the eigen-expansion (2.45) for in (2.55) we obtain 

i;'" = ̂  + S (2.58) 
5=1 

for the linear wave mixing term (2.55), where 

+R..V,CM + c - ..fll) - ̂ §Rl)l (2.59) 

are the wave mixing coefficients. 

The nonlinear wave-wave interaction term (2.56) may be written in the form 

7 7 

(2.60) 
p=l q=l 

where the interaction coefficients Fjpq are given by: 

= L_,-(R,-V«>l-Rp). (2.61) 

Noting that the MHD fluxes F"' in (2.19) have continuous second partial derivatives, 

and using A°^ = dF'^(2.31), one finds that the nonlinear interaction coefficients 
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Tjpq in (2.60) and (2.61), are symmetric in the indices pq .  The Fjp, are in general 

asymmetric, if one does not use the conserved densities state vector (2.18) in the 

perturbation analysis. In particular, the wave interaction coefficients Fjpq obtained 

in [161], are non-symmetric in the last two indices p and q. However, after averaging 

(2.51) to obtain (2.52), many of the nonlinear terms have a zero average, and the 

remaining terms can be described by wave interaction coefficients which are 

symmetric in the last two indices p and q. One can show that the non-linear wave 

interaction terms in (2.54) and (2.62) when averaged over the short time scale r, 

keeping 6j fixed, yield weakly nonlinear evolution equations for the wave amplitudes, 

describing coherent three-wave resonant interactions and Burgers self-wave steepening 

for the MHD waves (Webb et al. [165]). These nonlinear effects are ignored in the 

following analysis. This is justified if the wave amplitudes are sufficiently small. 

Using the fact that = dF^fd^^, the term involving in (2.59) may be 

written in the form: 

= -giS'. + (A. - (2.62) 

Using (2.62) and noting C = (see (2.31)), in (2.59) results in the expressions: 

A. = L,- (fi + A,§i)  + L] { iRl -  i , (2.63) 

for the wave mixing coefficients. The relatively simple form of the wave mixing 

coefficients in (2.63), is a consequence of using the conserved densities state vector 

vector ^ of (2.18). 

For linear wave propagation in inhomogeneous media in which nonlinear and sec

ond order terms are negligible, (2.54) and (2.58), yield the linear wave mixing equa

tions: 

^ + ̂ {V>) + IlA^,a, =0, J = 1(1)7, (2.64) 
5=1 
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describing the interaction of the waves with each other owing to the inhomogeneous, 

large scale background flow. The formulae (2.63) are used to determine the wave 

mixing coefficients in the following subsections. 

2.4 Hydrodynamic limit 

First we consider the cosmic ray two fluid model with B = (jB^, 0,0)^, which only 

applies to shocks in which the background magnetic field plays no dynamical role. 

Effects of the magnetic field in oblique MHD shocks are described in section 2.5. 

From Webb et al. [161], linear short wavelength waves in the two fluid model 

propagating through a non-uniform background medium satisfy linear wave evolution 

equations of the form 

d  d  ^ 
(AiPi) +  ̂  " ^ijPj =0, i  = 1, 2, 3, (2.65) 

j=i 

where the (p, : z = 1, 2,3} are the density perturbations for the backward sound 

wave (pi), entropy wave (P2), and forward sound wave (pa) respectively. The phase 

speeds of the waves are: 

Xi  =  u  — ag ,  X2  =  u ,  A3 = u 4- t t g ,  (2.66) 

where Og = {igPg!is the thermal gas sound speed. The density perturbations pi, 

P2 and p3 may be expressed in terms of the perturbations pS and of the gas 

density, velocity and entropy, by the equations: 

1 f , pS^ pS^ 1 / . pS^ 

The velocity perturbations for the sound waves are v i  = —Ugpi fp  and vz  = Ugpzfp .  

The entropy wave has zero velocity perturbation. Note that p^ = Pi + P2 + Ps and 

=  a g { p 3  -  P i ) / p .  
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In the applications of the wave mixing equations (2.65) to cosmic-ray modified 

shocks, we adopt the convention that x oo far upstream (x —>• —oo far down

stream). In the upstream reference frame u —0 as x —>• oo. The forward propagating 

sound wave has velocity Vp3 = (u -f- ag)ex and propagates into the upstream medium 

away from the shock, whereas the backward sound wave in the upstream medium has 

phase velocity Vpi = {u — ag)e3: and propagates in the negative x-direction toward 

the advancing shock. 

The wave interaction coefficients depend on the gradients of the non-uniform back

ground flow and have the form 

• " 2 V 2 ^ (7s - 1)C„ « ^ pag dxj-

\ = ^ - RZ OgSx I ^ ^ - 1 C dpc 
' 2 \ 2 Ig i lg  ~  pctg  dx )  ̂  2ag  d t  2pag  dx '  

^ l/7g-3 , (7g-2)ag5x Q +  ldpc  a l \  
'  2  \  2  '  7 f f (7s  -  l)C'u  pag  dx  k J  '  

A21 — —.A.23 — ; A22 — 0, 

^ 1 /7g - 3 + _ (7g - 2)agSx  _  c + 1 apc _ 
' 2 V 2 ^Ygi lg  — pag  dx  K J  '  
A32 = —A 12, 

^ 1 /^3 - 7g Qg5x a l  C + 1 ̂ Pc\ 
- 33 2 V 2 ^ (7g - l)<^v « pag dx J ' 

(2.68) 

where the parameter C is defined in (2.25), du/d t  — du jd t+udufdx  is the acceleration 

vector of the fluid and 

= u±  (2.69) 
7 9 - 1  

are the Riemann invariants of isentropic gas dynamics. The coefficients {Asj : j  = 

1,2,3} for the forward sound wave are obtained by making the substitutions 1 <-> 3 

and Cg <r-> —ttg in the backward sound wave coefficients {Aij} (note R~ <r-^ under 

this transformation). The wave mixing coefficients {A,j} in (2.68) are slightly more 
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general than those presented in Webb et al. [161, 162, 163] where the coefficients 

were given for the case of a constant diffusion coeflBcient with ^ = 51nK/51np = 0. 

The terms involving dpc/dx in (2.68) correspond to the cosmic ray squeezing 

instability investigated by Dorfi and Drury [45], Drury and Falle [50] and Zank and 

McKenzie [172]. Note that the character of the instability depends on whether C, < 

— 1, C = orC > —1; where = d\nK/d\xip. Note also that the squeezing 

instability terms are proportional to dpcldx/{pag). Hence the instability is enhanced, 

if dpcjdx is large, or if the thermal gas temperature is small, so that is small. The 

a\lK terms correspond to damping of the sound waves by the diffusing cosmic rays, 

where Qc = (7cPc//5)^ is the 'cosmic ray sound speed'. 

Using (2.1)-(2.2), (2.7)-(2.8) R~ and satisfy the equations 

dR-  Qg dS  _  1 ̂  
d t  ^ dx  d t  ^  dx  Igk lg  — l )C 'u  dx  p  dx '  

For isentropic gas flows (with no cosmic rays) the Riemann invariant R~ is constant 

on the backward sound wave characteristic, whereas R'^ is constant on the forward 

sound wave characteristic. In an R'^ simple wave background flow in the absence of 

cosmic rays R'^ = cons t ,  and S =  cons t ,  and An = A21 = .'Vai = 0. An /?"*" simple 

wave is a backward moving nonlinear sound wave in which du = —agdpjp and R'^ is 

constant. In such a flow the backward linear sound perturbation does not interact 

with the other wave modes. 

2.4.1 WKB analysis 

In this section, we develop a WKB analysis of the wave mixing equations applicable 

to steady background flows and cosmic ray modified shocks. We extend the work of 

Webb et al. [161] on WKB analyses of wave mixing in cosmic ray modified flows and 

shocks. 

The form of the wave mixing equations, for waves of a single frequency, a;, in a 

steady background flow is considered. A WKB analysis of the wave mixing equations 
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is developed based on a differential equations approach. At lowest order, the VVKB 

analysis shows that the short wavelength sound waves and entropy wave propagate 

independent of each other in the non-uniform background flow. A higher order VVKB 

analysis of the wave mixing equations (2.65) given below, shows the lowest order 

coupling of the waves to each other due to the non-uniform background flow. The 

perturbation parameter in the analysis is e = 1/{ujT). The pure WKB results are 

obtained in the limit asa;—>ooorase—>0. 

From Webb, Brio, Zank and Story [161] the wave mixing equations (2.65) for 

steady, isentropic, background flows may be reduced to the equations 

^ + ̂ ("P2) = 0, (2.71) 
f  r  

+ = Ai(i/ii/+ 1/12/^2 + (2.72) 

dq  dq  
= ^3(1/31/ + f32P2 + (2.73) 

where the variables / and g:  

/  =  ^ - A .  '  p „  
{ag /pY-

{ag /pY  

describe the backward (/) and forward (^) sound waves. In (2.71)-(2.73) the interac

tion coefficients are given by 

9 = 7^ ̂ >3 (^) '/.3. (2.74) 

1/11 = ]_ C + 1 
2Ai  \  /c pag  dx  J  '  

1 du uu^ 
1^12 — 1^32 — 

1^33 = 

2(agp) '2  d t  2 {agp)2  

J_ _ C + l^Pc\ 

2A3 V po-g J ' 
d ip  d ip  

1^13 — -5 1^335 l^3\ — h  Ui i ,  
OX OX 



42 

and Ai = u — ag ,  and A3 = u  Ug denote the speeds of the backward and forward 

sound waves. For w^aves of a single frequencj'^ u, (2.71)-(2.73) have solutions of the 

form: 

77 = 5i{^exp(-zu;i)}, (2.76) 

where 3?(2) denotes the real part of the complex number 2, and rj represents a wave 

perturbation quantity (e.g. /, g, and P2). Equations (2.71)-(2.73) in Fourier space 

reduce to: 

u = 0, (2.77) 
ax  \dx  )  

4-i/ii^/ — i^i2p2 + 1^139, (2-78) 

c(£ 
dx  

^^ + 1^33^^ — 1^31 f  + 1^32 P2- (2-79) 

The entropy wave equation (2.77) has the explicit solution: 

uq dx '  
^{x,uj) = ^o{u)—\exp{iuj<f>2): 02 = / -TTT- (2.80) 

u{x)  u (x ' )  

Thus, (2.77)-(2.79) reduce to two first order differential equations (2.78) and (2.79) 

for the sound waves, in which the entropy wave solution p2 appears as a source term. 

Introducing auxiliary functions F(x,uj) and G{x,u;) for the backward and forward 

sound waves: 

F{x ,u j )  =  f  exp( - iu j ( f ) i  -  7 i ) ,  G{x ,u)  =  gexp{ - iu j< t )3  -  73), (2.81) 

where 

dx' 
<pj  =  / —, 7i = / ui idx ' ,  73 = / i ' 33dx ' .  (2.82) 

J  XO ^3 J  XQ J  Xo 

and using the notation: 

0 = 03-01, 7 = 73-71, (2.83) 
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(2.78) and (2.79) may be written in the form 

^ = AG +  Qu (2.84) 

dO 
— = BF +  Qs ,  (2.85) 

where 

.4 = f/i3exp(5), B = 1/31 exp(—5), S = + 7, 

Qi =  i'i2exp(-zu;©i - 7i)^, Q3 =//32 exp(-za;03 - 73)^. (2.86) 

Equations (2.84) and (2.85) may be combined to yield second order differential equa

t ions  for  F and G:  

F^:o-D^( lnA)F^-ABF =  Sf, (2.87) 

G^^-  D^i lnB)G^-  ABG =  Sc, (2.88) 

where 

Sp =  Qix ~  Dx{ \n  A)Qi  - I -  .4Q3,  

Sg  =  Qzx  ~~ B )Qz  +  BQ\ ,  (2.89) 

are the source terms in (2.87)-(2.88). The source terms Sp and Sg depend on the 

presence of entropy waves in the flow. The second order differential equations (2.87)-

(2.88) formed the basis of the WKB analysis of wave mixing by Webb et al. [161]. It 

is of interest to note that the differential equations (2.84) and (2.85), may be cast in 

Hamiltonian form, in which F and G are the canonical variables (Webb et al. [161]). 

2.4.2 Sound Waves in the Absence of Entropy Waves 

In the absence of entropy waves, (2.84) and (2.85) describing the backward and for

ward sound waves reduce to 

^ = AG,  ^  = BF.  (2.90) 
dx dx 
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Equations (2.90) may be combined to yield the homogeneous, second order differential 

equations (2.87) and (2.88) with zero entropy wave source terms Sp and Sc- The 

homogeneous equations (2.87) and (2.88) have approximate VVKB solutions of the 

form: 

F = exp I -
\ n=0 

G = exp 
-OFI-'-) 

(2.91) 

where, for high frequency waves, the perturbation parameter e = l/u. Substitution 

of the expansions (2.91) in the homogeneous form of (2.87) and (2.88), and equating 

powers of e, yields a set of ordinary differential equations for the {5„} and {T^}. 

The general solution of the homogeneous differential equations (2.87) and (2.88) 

for F and G may be written as: 

F =  c iFi {x ,u)  +  C2F2{X,U) ,  G  =  d iGi {x ,u i )  +  d2G2{x ,u) .  

-Approximate WKB solutions for Fx and F2, from Webb et al. [161], are: 

Fx{x ,l j ) = expf- / 
Jx, 

^ J XI 

xo  
dy 

"Pi 
f J ' 3 i {y )dy  +  •  • - y  

F2{x ,uj ) = exp|za;<2i> + ̂ i3(x) —/zi3(xo) 

+ - (  
UJ \ 4>x{^Q)  - r  •J Xo (t>y 

, 1 (\i^\z{y)i^zi{y) 1 (My)V 1 n ( 
4>l 2 \ 6y ) ) 

(2.92) 

(2.93) 

f */XQ 

I  
t'i3(y)«^3i(i/) / 

y=^ 

y=xo  

^^\zi.y)d•y^ H— (2.94) 

where 

Mia = In exp(7)^ , /i3i = In exp(-7)^ , (2.95) 
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and the primed superscripts on /xi3(x) and in (2.93) and (2.94) denote deriva

tives with respect to x .  The operator Dy in (2.94) denotes differentiation with respect 

to y. Similarly, the approximate, WKB solutions for Gi{x,lj) and G2{x,ui) are given 

by the formulae: 

Gi(x,a;) = expl / d y  
^ ^  J TO 

Jxo  (P t  ^  'XQ 

G2ix,cu) = exp|-za;0 +/x3i(x) -/Z3i(2:o) 

i 
+ 

y = x  

y=xq 

i//4i(fo) _ r Uiz{y)uzi{y) \ 
^  ̂  0i(^o) J  xq 

1 /r^i3(y)t^3i(y) i/^M3i(y)y ( f^3 i {y ) \  
2^ ,  y <f>y  <Py  J  

+  ( . t o ) + • • • } .  ( 2 . 9 7 )  

Note that the formulae for Gi and G2 in (2.96)-(2.97) may be obtained from the 

formulae (2.93) and (2.94) for /\ and F2 by making the replacements 0 —o and 

1 "«-> 3. 

Now consider solutions for F and G of (2.90), satisfying the initial conditions 

F(xo) = Fo, G{xo) = Go, (2.98) 

at X = XQ. This is equivalent to finding the constants ci, C2, di and 62 that insure 

F and G satisfy the coupled, first order differential equations (2.90), and the initial 

conditions (2.98). One can obtain the required solution for F, by solving the equiv

alent initial value problem for F in which F{XQ) = Fo and F'{XQ) = Fg' at x = XQ 

where Fq = .4oGo and Aq = .4(xo). In this way we find 

^(A.F)o _ Pr(A,F)o 

W^(A,A)o' W{F2,F,W 
^ WiG2,G), WjO^.G), 

W{G2,G,)O'  ' W{G2,G,W ^ ^ 
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where 

W^(yi,y2) = yiy2 - y2y'i, (2.100) 

denotes the VVronskian of y i (x )  and y2(^) ,  and the subscript 0 in (2.99) denotes 

evaluation at x = aro-

Using the results (2.99)-(2.100) in (2.92) yields the WKB solutions: 

+ - F,OA{I,W)|, (2.101) 
lV{F2 ,Fi )o  

<5 = W(G2°GI)Q ~ ^)] 

+ ^ lG«Gi (x ,u , )  -  GI„G2(I,U;)1, (2.102) 
W (Cr2, Cri jo 

for F and G. Note that the parameters .4o = A{xo)  = and Bq = 1/31(2:0) in 

(2.101) and (2.102) describe the coupling of the backward and forward sound waves. 

Using the transformations (2.74) and (2.81), the solutions for pi and pa, for a single 

frequency wave, are given by the equations: 

^ 3t{exp[2a;((;6i - Q + 7i]^} 

i ag /p )^Xi  

_ _ «{exp[ia;(0 - 0 + 73]G} .0 
P3 - ——XT ' (i.lOJj 

{ag /p )2  A3  

where F and G are given by (2.101) and (2.102) and ^{z}  denotes the real part of 

the complex number z. The results (2.101)-(2.103) are useful in determining fairly 

accurate WKB solutions. 

In [164] it is shown that in the absence of entropy waves, one can use, alternative 

integral equation solutions for F and G. Then the transformations (2.74) and (2.81) 
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yield high frequency solutions for and pz in (x, i)-space in the form: 

Pi = - ^ , ? H ^ F o e x p [ - i u j i t - ( p i ) + -  f  
\ i (ag /p )2  ^ \  ^ Jxo /  

exp[-^^'(^ - 03) + 73] - exp[-2u;(^ - 0i) + 71]^ }. 

(2.104) 

P3 = exp[-ta;(< - <2^3) + Ts] (l - - f 
A3(ag/p)2 \ Vio <?>y / 

A / ̂ 31(3^) exp[-za7(i - 0i) + 7i] - exp[-fa;(i - (^^3) + 73]) }• 
^ V 01 4^x\^Q) / ^ 

(2.105) 

If for example Fq =  1 and Go = 0, then the solution (2.104) may be regarded as the 

primary wave, and the solution (2.105) for p^ represents the generated wave. Note 

however, that both pi and pz have generated wave components, which have amplitude 

0{l/cj) that of the primary wave. Near x = xq the solution for p^ has a phase shift 

of ~ —7r/2 relative to that of the primary wave solution for pi. The above solutions 

consist of a primary wave, plus wakes produced by wave-wave interactions, which 

is reminiscent of the solutions of wave mixing equations with a uniform background 

state and with Dirac delta initial conditions [164]. 
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2.5 Magnetohydrodynamic effects 

Next we consider the linear interaction coefficients of short-wavelength waves in non

uniform background for cosmic ray modified MHD flow. In the MHD case, the wave 

mixing equations (2.64) describe the interaction of the backward and forward fast 

and slow magneto-acoustic waves; the backward and forward Alfven waves and the 

entropy wave. The characteristic eigenvelocities for the waves are listed in (2.26). 

Using the formulae for the left and right eigenvectors {Lj} and {Rj} from Appendix 

-A in (2.63) yields the wave mixing coefficients for the backward, fast mode wave 

equation of (2.64) in the form: 

 ̂ _ 1 J Qsa/Cf duj: a]cs ̂  
-^13 — rs 5—~rr—5-Px-2 1 dts or 

[6xB V X B — iBiB V X u], 

r fux  asOLfCfCs  d  
1 -7^ T- In 

dt^ cfi dt^ 

g^Q/ dS  a ja jCfCs  fa; 
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Ais — 
1 f Qja 

21  a  

ocfCf  du  
d t  

du i  agOLfCfCs  
a'' 

+ 

d t s  

(a^  -  CfCs)  

d t s  

a-' 

OisOLf^dS ^ a^a/C/Cj 

L « 

Q/a, 
d t s  \ a f  7 

C 

A16 — 

fg dt^ Ct 

bop^Qsia - c,) 

2Bla^ ( dta dt 

pCs dx 

dB, 

6 ) 
I}-

_ bap^as ia  — Cg)  
2Bla^ 

[BiB-V X u + 6iB V X B], 

Ai7 — n 
1 j a jc fdux  d lna  _ ^  ^  x (  \  , ocsO l jCs .  
21 a2 dty dt-! a2 

1 )  
dux 
d t - j  

a j  dS  
-• --T-dt j  

4. 

K pcf dx 
(2.106) 

In (2.106), we have provided two alternative forms for A12 and Ais. The expressions 

for A12 and Ais involving B-V x u and B-V x B are obtained by using Faraday's law 

(2.o)-(2.6) to eliminate time derivatives. The parameters aj and a, are defined in 

.Appendix A. 

In order to assess the role of cosmic ray squeezing instabilities (e.g. [50, 45, 172]) it 

is useful to eliminate the duxfdtj terms in the {Ays} by using the normal momentum 

equation (2.2). Thus, for example the expression for An in (2.106) can be written in 

the form: 

All = X = 

2[ a2 
— + 

C + l^Pc] ^ 
K pCf dx j 

+ J_A 
pCf dx (-f) + 

dux  
dx 

d , r. d , f a \ OL̂ f dS a.CkfC.  ̂ dui ] 
(2.107) 

For steady flows, we may replace d /d t i  by X^djdx in (2.107). Expression (2.107) for 

yVii suggests that if the cosmic ray pressure gradient dpddx is sufficiently large and 
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negative, i.e.. 

<•2 , C + (2.108) 
K pCf dx 

the backward, fast mode wave can be driven unstable. Similar instability criteria 

were obtained in [50, 45, 172], for short wavelength sound waves in the supersonic 

flow upstream of a cosmic ray modified shock. 

The wave mixing coefficients {A2j} for the backward Alfven wave in (2.64) are 

given by the formulae: 

Aoi — 
1 r I-. /1-. r-. d.u~ \ \ / r, dBy  _ dB.  \  
; \afB±_ ( Bz—r^ — By—^ ) + Q:s(a + Cj) ( B,-;-^ — By—^ ) 

2bop^Bl^ ^ V dU ""dtj - dt, 

——j—\[afbj:b± -as{a + C5)C/]B-V x B 
2bop2Bi '• 

-[as(a 4- Cs)Bx - Q;/fixC/]B-V x u|, 

, 1 dlnp 1 ^ \ 
~ 4~5IR ~ 

Ao.-} 
1 r I-. I-. duy _ du, \ , ^ dBy _ dB~ \ 

; \asBx .  I B.—^ — By—— I — a/(a + cr )  I Bz-r-^ — ^ ) 
2bQp^B^ L \  dtz  d t^)  \  dt^ d t^  J  

= \ r,9 I+ af{a + c/)C5]B-V X B 
2bop^Bj^ *• 

-[a^Cs^x + af(a + c/)J5i]B-V x u|, 

A , ,  =  -  B , ^ )  ̂ X  B ,  
2bop^B^ \  dt  ^  d t  J  2p tBx  

„ / „ „ duz \ , ^ f ^ dBy „ dBz  \  
\ 'Ih ~ ~ V ~ ) 

A25 
2boP^Bl  

——^—{[^sbxbi. + OLfCsicf - a)]B-V x B 
2bop2Bj^ *• 

+[asCsBi_ 4- ocf{cf — a)5x]B-V x u|. 

1 dlnp _ 1 5 , , 
A26 — ~T~J7— = "*• 2^1)> 

4 aig 4 Ox 
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, 1 r n Z' n n d.U-\ , > / r> n  ̂" 

" 2b„piBl ["' •" ( -'^7 " "'''' ( -• di7 " '~dh). 

= —4-=;7|[q;/6i6x+05(0-C,)c/]B-V X B 
Ibop^Bj^ *• 

+[q/C/5x + 0:5(0 — Cs)Bi]B-V X u|. (2.109) 

In (2.109), the wave mixing coefficients Hnking the Alfven wave to the entropy wave 

and the magnetoacoustic waves are in general non-zero if the background flow has 

non-zero field aligned current (B-V x B 0) and/or non-zero field aligned vorticity 

(B-V x  u  ̂  0) .  For  pure ly  one  d imens iona l  f low,  dependent  on  {x , t ) ,  

B.V X B = B.V X u = -  B ,^ .  (2.110) 

For planar MHD flows in which the background magnetic field B = (jBx,By,0)^ 

and fluid velocity u = (ui, uy, 0)^ are restricted to the xy-plane, B V x B = 0 and 

B-V x u = 0. For such flows, the Alfven wave evolution equations in (2.64) are 

decoupled from the magnetoacoustic and entropy waves. Webb [155] and Webb et al. 

[157] used a planar MHD model to describe cosmic ray modified shocks. 

For pure MHD flows (with no cosmic rays), one of the simplest background flows, 

that has non-zero field aligned current and vorticity is an Alfven simple wave. It 

is of interest to note that the magnetoacoustic simple waves are characterized by 

zero field aligned current and vorticity. This suggests that a study of wave mixing 

phenomena in which the background flow consists of an MHD simple wave should 

provide further insight into the wave mixing process. One can in fact show that the 

wave mixing equations with an Alfven simple wave as background flow describe the 

so called parametric instabilities for Alfven waves in the MHD limit. It should be 

emphasized, that there are other MHD flows, and equilibria besides the Alfven simple 

waves that have non-zero field aligned current and vorticity. 

The wave mixing coefficients {Ass} for the backward, slow magnetoacoustic wave 
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are given by the equations: 

Aai — — 
1 r a^a 
2|~ a2 dti 

O/C/ dux a,Q/C/c 
——p±—n r -

a" dti 
W f i A l n  f  S l \  
a2 d h  \ c s j  
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A36 — 
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A37 = -
1 f 
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dux ocgOcfCfCs d 
d t j  dty \Cs J 

•OLsOLf 
d t r ^ " { p i )  

+ 
(g^ - c,c/) 

asOcf dS ocsOifCfCs \a\ _ C dpc ] (2.111) 
7 g  d t j  L « ;  p C f  d x  

The above formulae for {As^} are similar in form to those for the backward, fast 



53 

magnetoacoustic wave, {Ai,} in (2.106) (see also (2.112) et seq. for a discussion of a 

map between the {Ai,} and the { A 3 5 } ) .  

The wave mixing coefficients for the entropy wave, {A4s} are given by: 

cuf dS _  O L f C f  dS ^ 0 . 3  dS _ ocsCs dS 

^g dt> I g dt"^ fg dx 

ctg dS OC3C3 dS ocf dS OLfCf dS 

'  "(g dts ~ Jg dx'  * 73 dtr "fg dx'  

A42 = A44 = A46 = 0. (2.112) 

Thus the entropy wave is modified by the magnetoacoustic waves, only if dSjdx  ̂  0. 

Note that the entropy wave is not affected by the Alfven waves because A42 = A46 = 0. 

2.5.1 Planar MHD flows 

In this sub-section we consider the form of the wave mixing equations for the case 

of planar MHD flows, in which B = {Bx, By,0)^ and u = (tXx,Uy,0)^. In this case 

B-V X B = 0, and B-V x u = 0, and the Alfven wave mixing equations in (2.64) 

decouple from the mixing equations for the magnetoacoustic and entropy waves. We 

consider the non-degenerate case where all the eigenvalues are distinct {Bx 7^ 0, 

By 7^ 0). The degenerate eigenvalue cases: (a) k || B, where B = (JBi,0, 0)^ and 

u = (ux,0,0)^, and (b) k ± B where B = (0, By,0)^ and u = (ui,0.0)^. are 

considered in detail in [165]. 

When Bj: ^ 0 and By ^ 0, the magnetosonic and entropy waves satisfy the wave 

mixing equations: 

4- ^(Aja,) ^ Kjsas =0, 3 = 1,3,4,5,7, (2.113) 
s#2,6 

where the sum over 5 in (2.113) is for s = 1,3,4,5,7 corresponding to the magne

tosonic and entropy waves. 
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The Alfven waves satisfy the separate wave mixing equations: 

dcL d 
+ —(A2a2) + ̂ -220,2 + A26a6 = 0, (2.114) 

dci d 
+ -^2&0'2 + AgeOe = 0: (2.115) 

where 

A22 = —\Dx{ u x  —  26i), A26 = \Dx{ u x  + 261), 

A62 = \Dx{ux — 26i), Age = —\Dx{ux + 'i.bx), (2.116) 

and D x  =  d j d x .  

Using the right eigenvectors yields the equations 

a-i = -isgn(Bj,) 1 B\ + J = -sgn(Bj,)B2;, 

(•• - i-) ae = -^sgniBy) = -sgn(5j,)B6;, (2.117) 

for the Alfven wave amplitudes 02 and a^, in terms of the total magnetic and velocity 

fluctuations Bl and ui. In (2.117), 82- and Be- are related to the corresponding 

velocity fluctuations U2z and uq, by the eigenequations: 

U2z = bop~^B2z, U6z = -bop'^Bez- (2.118) 

Using the alternative notation 

SB~ = B2Z, SU~ = U2z, SB^ = Bez, = UGZ, (2.119) 

the Alfven wave mixing equations (2.114)-(2.115) may be written in the more compact 

form: 

^ bx)SB'^] ± \Dx(ux - 2bx)SB- T \Dxiux + 26,)(JB+ = 0, 

(2.120) 
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where = (0,0, and the superscripts — and + refer to the backward and 

forward Alfven waves respectively. 

It is of interest to compare the evolution equations (2.120) with the transport 

equations; 

— + (u T V.4)-VZ^ + iV-(u ± 2V.4)Z^ 

+ I Vu ± - iIV-(u ± 2V^) ) -Z^ = Q^, (2.121) 
V [attp) = j 

for .A.lfvenic turbulence in the Solar Wind obtained by Zhou and Matthaeus [178], 

where 

=Su±^^, 6o = (47r)-=, (2.122) 
P2 

define the Els^ser variables Z"^; are nonlinear source terms for the short scale 

turbulent fluctuations, and = B/(47rp)5 is the Alfven velocity. The transport 

equations (2.121) for planar MHD flows, with = 0, reduce to 

dz^ . ^ .dz^ , 
+ ("» T 6i)— + ± 26,)Z± - \DAn, ± 26.)Z'^ = 0. (2.123) 

where Z^ = (0, 0, Z*)^ in the present case. Using the eigenrelations (2.118), it is 

straightforward to verify that the wave mixing equations (2.120) are equivalent to the 

Elsasser variable wave mixing equations (2.123). 

2.5.2 Canonical energy equation for Alfven waves 

Consider the form of the Alfven wave mixing equations (2.120) for the special case 

of a steady background flow. In this case the mass continuity equation, and the fact 

that Bx is constant, yield the results 

u, = Uroj, 6x = 6xo(^y, (2.124) 
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relating the x-component of the fluid velocity Ux, and the Alfven speed 6i to the 

density p (note, pq, and b^o are constants). Following the approach of Heinemann 

and Olbert [79], the Alfven wave mixing equations (2.120) may be written in the form 

^ + («x - 6x)^ = (Ur - 6i)^x5; (2.125) 

^ + (u^ + bx)^ = (Wr + 6i)^r/, (2.126) 

where 

f  =  6B~{uj :  -  bj )p '* ,  g  =  +  ,  ' i j j  =  \ \np .  (2.127) 

Equations (2.125)-(2.127) show that the backward and forward waves are coupled due 

to the gradients in the background flow. 

The wave mixing equations (2.125)-(2.126) may be combined to yield the canonical 

wave energj^ equation, for both backward and forward Alfven waves in the form: 

dt  

Equation (2.128) maj' be written in the more suggestive form: 

d  d  
— ^ [("x - + ("i + 6i)u;+>l+] = 0, (2.129) 

where the equations 

— u)'^ = :tkbx, u± = k{Ux ± bx), (2.130) 
u;± 

define the Alfven wave action densities in terms of the physical wave energy-

densities: 

EI = (2.131) 

and uj'^ and u;± denote the wave frequencies measured in the fluid frame and the fixed 

frame respectively. In a quantum mechanical interpretation of (2.129), correspond 
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to the number densities of wave quzisi-particles for the backward and forward Aifven 

waves, and hu:±A'^ are the corresponding canonical wave energy densities, where 

h = h/{2~), and h is Planck's constant (see also the discussion in Heinemann and 

Olbert [79]). The canonical wave energy equation, or generalized wave action equation 

(2.129) can be generalized to the case of a time dependent background flow, but in 

that case there are further terms on the righthand side of the equation, dependent on 

time derivatives of the background variables. 
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2.6 Numerical examples 

In this section we present numerical examples of the interaction of short wavelength 

waves in cosmic ray modified flows. In particular, wave mixing and instabilities in 

cosmic ray modified shocks are considered. We compare numerical solutions of the 

linear wave mixing equations (2.64) obtained using spectral method (Appendix B). 

with fully non-linear numerical solutions of the two-fluid model equations (2.1)-(2.8) 

with the same initial conditions. 

The basic strategy in solving the initial value problem for the time dependent 

equations (2.1)-(2.8) consists of two steps: (a) solve the cosmic ray energy equation 

(2.8) for Pc for a given flow velocity profile (e.g. by using an implicit Crank-N'icholson 

scheme, or by using an explicit scheme with sub-cycling), and (b) solve equations 

(2.1)-(2.7) using an explicit finite difference Eulerian MHD code (ZEUS2D), suitably 

modified by the inclusion of an extra force term in the fluid momentum equation (2.2) 

due to the cosmic ray pressure gradient. 

It is important to note, that the linear wave mixing equations (2.64) do not con

tain the effects of nonlinear wave interactions. Webb et al. [161], [165] derived weakly 

nonlinear versions of the wave mixing equations (2.64), which contain further nonlin

ear terms describing (a) Burgers self-wave steepening terms for the sound waves: (b) 

mean wave field interaction terms; and (c) three wave resonant interaction terms in 

which a sound wave resonantly interacts with an entropy wave to produce a reverse 

sound wave, provided the conditions for three-wave resonant interactions are satisfied. 

2.6.1 Parallel shock case 

To illustrate wave interactions and instabilities in cosmic ray modified shocks, we 

first obtain in this section numerical solutions of the equations in the limit of B = 

(Bx,o,o)r 

Figure 2.1 shows a sample calculation of the density perturbations for sound waves 
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and entropy waves in a smoothed cosmic ray modified shock. The diffusion coefficient 

in Figure 2.1 has the form 

where the subscript 0 denotes the values of physical quantities far upstream. This 

corresponds to the expected dependence of k arising from the compression of a pre

existing Alfven wave field upstream of a quasi-parallel shock. In the left panels, a 

backward sound wave (pi) is initially specified far upstream. In the right panels the 

initial wave perturbations specified far upstream correspond to a forward sound wave 

To insure that the initial data corresponds to a backward propagating sound wave, 

the thermal gas pressure variations are specified by using the isentropic form of the 

adiabatic gas law, and by requiring the velocity and density variations and satisfy 

the appropriate eigen-relation = —pu^fag. The initial amplitude of the velocity 

fluctuations is taken to be one tenth the sound speed. The distance x is measured in 

units of the diffusion length scale kq/uq. AS initial conditions for the background flow 

we used a steady-state shock structure profile obtained by integrating the steady state 

shock structure equation [8], in which the upstream long wavelength Mach number 

iV/fo = uo/(ago + = 18.26, and Pco/Pgo = 1-0 and kq = 1 far upstream (x —> oc). 

The adiabatic indices for the cosmic rays and the thermal gas are taken as 7c = 4/3 

and 7g = 5/3. The figure shows a snapshot of the density profile p and the density 

perturbations pi , p2 and ps at time t = lOr^, where = kq/uq is the diffusion time 

scale. 

The initial backward propagating sound wave (pi) is damped (left panels of Figure 

2.1), but in the process generates the forward sound wave (pa) via wave coupling. As 

the sound waves enter the shock precursor the forward wave undergoes substantial 

growth, and regenerates the backward wave. Pure WKB theory would predict damp

ing of Pi with no coupling to p3 and p2. In the present linear theory the entropy waves 

3 

(2.132) 

(Ps)-
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FIGURE 2.1. The density perturbations for the backward (pi), and forward (PA) sound 
waves and entropy wave (P2) in a smooth, steady-state cosmic ray modified shock. In 
the left panels, a backward sound wave is initially incident upon the shock from far 
upstream, whereas a forward sound wave is initially incident in the right panels. The 
upstream, long wavelength Mach number Miq = 18.26 and PcajPgo = 1 as x —> cx3. 
The diffusion coefficient k = kq(p/pq)~2 , where kq = const, (in computational units 
kq = 1). The density profile p, and the perturbations pi, p2 and PA are shown at time 
t  =  IOKQ /UQ .  
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are generated only if there is a non-zero background entropy gradient Sx ( note that 

Sx is zero for the steady state smooth shock transition used in the initial conditions 

for the background flow). 

The right panels of Figure 2.1 show the evolution of the waves, when the forward 

sound wave (ps) is initially specified far upstream of the shock. The forward sound 

wave is driven unstable due to the cosmic-ray squeezing instability. Wave coupling 

leads to the generation of the backward sound wave. The amplitude of the forward 

wave in the middle of the shock (x ~ 5.5) is ~ 3 times that of the backward sound 

wave. The generation of the entropy wave occurs in the region where the cosmic ray 

pressure gradient is large (x ~ 5.5), and the sound waves become nonlinear. 

The entropy waves in Figures 2.1 are only generated when the backward sound 

wave becomes sufficiently large in amplitude, suggesting entropy waves are generated 

when the sound waves steepen into shocklets, or are generated by nonlinear coupling 

effects (Webb et al. [161]). Substantially larger wave growth occurs for the the case 

where only forward sound waves are present initially (right panels of Figure 2.1), than 

for the backward sound wave initial conditions case (left panels in Figure 2.1). Far 

downstream the large pressure of the accelerated cosmic rays and large damping rate 

a^/(2«:) leads to an effective quenching of the waves. 

Figure 2.2 shows the corresponding results when only entropy waves are initially 

present. Both backward and forward sound waves are generated via wave mixing. As 

the waves progress through the shock, the sound waves grow owing to the the cosmic 

ray squeezing instability for the forward sound wave, and due to wave coupling. 

The sound waves are strongly damped due to the large damping rate a^/(2K) far 

downstream. 

Similar results are obtained in [164] from the interaction of sound waves and en

tropy waves with a cosmic-ray ray modified shock with the same upstream conditions 
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FIGURE 2.2. The density perturbations for the backward and forward sound waves 
(pi and Pa) and entropy wave {p^) for the smoothed, cosmic-ray modified shock of 
Figure 2.1, for the case where an entropy wave is initially specified upstream of the 
shock. 
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as in Figures 2.1 and 2.2, except that the hydrodynamical diffusion coefficient 

K = kq, (2.133) 

is taken to be constant throughout the shock structure (KO = 1 in the units used in the 

computations). A constant value of k is consistent with a perpendicular, cosmic-ray 

modified shock configuration, in which particle diffusion across the magnetic field is 

due to random walk of the field lines (Jokipii [89]). In this case the backward sound 

wave is now driven unstable due to the cosmic-ray squeezing instability, whereas the 

forward sound wave is damped. This difference in the behavior of the sound waves is in 

accord with the wave mixing coefficient formulae (2.68), which show that the cosmic-

r a y  s q u e e z i n g  i n s t a b i l i t y  t e r m s  d e p e n d  o n  ( ( ^ - r l ) d p c / d x / ( p a g ) ,  w h e r e  C  =  d l u K / d l n p  

(see also [50] for a discussion of the dependence of the squeezing instability on C for 

the case of WKB sound waves). 

It is important to note, that more refined kinetic theory models of cosmic ray 

modified shocks (e.g. Jones and Ellison [96]) predict that there are no totally smoothed 

solutions. Figures 2.3 and 2.4 show examples of wave interactions in a cosmic ray 

modified shock with an embedded subshock for the case (2.133) where K = KQ = 1, 

corresponding to a diffusion coefficient appropriate for a quasi-perpendicular shock. 

The initial conditions correspond to the cases of (a) a backward sound wave incident 

upon the shock from far upstream (left panels), and (b) a forward sound wave incident 

upon the shock (right panels). The upstream flow parameters are: Mto = 5.48 and 

P c o / P g o  =  1  ( x  — > •  o o ) ,  7 c  =  4 / 3  a n d  7 ^  =  5 / 3 .  T h e  d e n s i t y  p e r t u r b a t i o n s  p i ,  p ^  

and pz of the sound waves and the entropy wave, and the density profile p{x, t) are 

shown at times i = 0.1 = O.lllrd (Figure 2.3), and at time t = 0.6 = 0.6667^ (Figure 

2.4), where = kq/uq is the diffusive time scale. At the earlier time (Figure 2.3), 

the wave profiles of the initial wave (pi in the left panels, and pa in the right panels) 

behave as one would expect from the squeezing instability predictions of WKB theory. 

The generated forward sound wave profile p^ on the left, grows as one approaches the 
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FIGURE 2.3. The density perturbations for the backward and forward sound waves 
(pi and ps), and the entropy wave (p2) in a cosmic ray modified shock, with an 
embedded subshock. The upstream long wavelength Mach number M(q = 5.48, Pco — 
Pgo = 1 far upstream {x oo), and /c = 1. The wave amplitudes are shown at 
time t = 0.1. The left panels correspond to the case where a backward sound wave 
is initially incident upon the shock from far upstream, whereas in the right panels a 
forward sound wave is initially specified far upstream. 
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shock, as one would perhaps expect since it is slaved to the larger amplitude backward 

wave which grows with decreasing x. Note that the generated waves (pa on the left, 

and Pi on the right) are about an order of magnitude smaller than the initial wave. 

The entropy wave fluctuations are negligible compared to the amplitudes pi and P3 

for the sound waves. The waves in Figure 2.3 behave as one would expect from linear 

wave mixing theory. 

Now consider the wave profiles at the later time (< = 0.6) in Figure 2.4. For 

the case on the left, the backward wave shows moderate growth due to the squeez

ing instability. The wave has steepened due to self wave interaction (Burgers wave 

steepening) into a sequence of shocklets, with an N-wave profile (for a discussion of 

nonlinear versions of the wave mixing equations (2.65), see Webb et al. [161]). The 

corresponding generated forward sound wave (pa) has a cusped profile, in which the 

the cusps appear at the shocklet locations for the backward wave (pi). There is a jump 

in the wave amplitudes at the subshock (x ~ 6), and entropy waves are generated 

downstream of the subshock. The structure of the subshock, which is not obvious in 

the figure, is determined by numerical viscosity which spreads the jump across sev

eral grid points. The generation, transmission, and reflection of sound waves, entropy 

waves and vorticity waves at gas dynamical shocks hzis been studied by McKenzie and 

VVestphal [121] and McKenzie and Bornatici [122]. These effects are clearly evident 

in the figure, where there are jumps in the wave amplitudes across the subshock. 

For the incident forward sound wave case (right panels), the forward sound wave 

is damped by the squeezing instability and generates the backward wave (/?i) by 

wave mixing. Wave steepening results in the formation of shocklets in the forward 

wave profile (pz), with corresponding jumps in the entropy wave profile {pi) at the 

shocklets. Note that there is a sharp jump in the pa amplitude at x ~ 6.5. This 

corresponds to the trailing edge of the initial forward sound wave with phase speed 

A3 = u + Cg, which has not yet been overtaken by the subshock. 

Next we compare the results obtained using numerical solutions of the linear wave 
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mixing equations (2.64) and the nonlinear simulations. Figure 2.5 shows a comparison 

of spectral code solutions of the linear wave mixing equations (2.65) (dashed curves), 

and numerical solutions of the fully nonlinear two-fluid equations (2.1)-(2.8), with 

B = (5x,0,0)^, for the smooth transition shock, in which k = 1, Mto = 18.26, 

Pco/Pgo = 1, 7g = 5/3 and 7c = 4/3. Figure 2.5 shows the density perturbations pi, 

P2 and p3 at two time instants t = t2 = 0.06 and t = tz = 0.09 that result when a 

forward sound wave train {pz) is initially specified far upstream at time t = tx = 0. 

The numerical solutions of the two-fluid equations for pi and pz are shown by the 

solid curves. Note that the entropy wave density perturbation p2 = 0 in both the fully 

nonlinear solutions, and the spectral code solutions. In the present example, linear 

wave mixing theory predicts that /?2 = 0, since the entropy S of the background 

flow is constant (i.e. 5z = 0). In this case the wave mixing coeflicients A21 and A23 

linking the entropy wave to the sound waves are both zero, and no entropy wave 

perturbations can be generated from the initial sound wave train. The figure shows 

that there is excellent agreement between the spectral code solutions of the wave 

mixing equations (2.64) and the fully nonlinear numerical solutions of the two-fluid 

equations (2.1)-(2.8), with B = (B^.O, 0)^. The agreement between the two sets of 

solutions is expected, since the amplitude of the initial sound wave is sufficiently small 

for linear theory to apply. One expects linear theory to break down at large times, 

when the sound waves steepen and become nonlinear. 

2.6.2 Perpendicular MHD shock case 

In this section we present examples of wave interactions in a perpendicular, cosmic 

ray modified MHD shock. A typical steady, smooth transition, perpendicular cosmic 

ray modified shock is depicted in Figure 2.6. It shows the variation of (p, u, B, Pg, pc)^ 

in the shock frame, for a shock transition in which the long wavelength Mach number 

Meo = iixo /(a50 + Pco = Pgo = Po = 1 far upstream (x ^ 00 
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FIGURE 2.5. A comparison between spectral code solutions of the wave mixing 
equations (2.64) (dashed curves), and numerical solutions of the two-fluid equations 
(2.1)-(2.8) (solid and dotted curves), for the smooth transition cosmic ray shock, with 
B = 0, MFO = 18.26, Pco/Pgo = 1, 7^ = 5/3, 7c = 4/3, and k = 1. A forward sound 
wave is initially specified far upstream at time ti = 0. The two lower panels show the 
solutions at times <2 = 0.06 and tz = 0.09. 
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far upstream). The adiabatic indices of the cosmic ray and thermal gases, 7c = 1.5 

and 7g = 5/3, and the hydrodynamically averaged diffusion coefficient k = I was 

assumed. Note that a constant diffusion coefficient is appropriate for a perpendicular 

shock configuration, when the particle diffusive transport across the magnetic field 

is due to random walk of the field lines (see (2.23) et seq.). The shock transition 

in Figure 2.6 was obtained by solving the steady-state shock structure equation for 

cosmic ray modified shocks (e.g. [155, 157]). Note that uy = u- = 0 and = 

B: = 0 throughout the shock transition. We study how a single wave mode, initially 

present in the upstream medium, generates, and interacts with the other wave modes. 

The waves are assumed to have their wave vectors k = {kx, 0,0)^ along the x-axis, 

which are perpendicular to the background magnetic field B = (0, By, 0)^. For this 

configuration, the slow magnetoacoustic phase speed c, = 0 and the Alfven phase 

speed 6x = 0, but the corresponding group velocities, V55 = ±a6/(a^ +6^)^66 for the 

slow modes, and VgA = for the Alfven modes are non-zero, where Cb is the unit 

vector along the magnetic field. 

For the smooth transition shock in Figure 2.6, the gas entropy 5 is constant 

throughout the structure. In this case, the wave mixing equations (2.64) split up into 

four decoupled subsystems, namely the Alfven wave interaction, slow magnetoacoustic 

subsystem, the entropy wave equation and the fast mode equations [165]. 

Figure 2.7 shows an example of a spectral code solution of the Alfven wave mixing 

equations, for the case where SB~ = B2Z is initially specified at time t = 0 as a sine 

wave profile far upstream of the shock of Figure 2.6 (top panel). The solutions for 

822 and Bq. are shown at two later times (lower two panels) <2 = 0.03 = 17.24^^ and 

tz = 0.09 = bl.lltd where id = is the convection diffusion time scale and Ush 

is the shock speed, or upstream flow speed relative to the shock frame. The lower 

panels show the interaction of the fonvard Alfven wave B%z with the backward wave 

B2Z due to wave mixing. The amplitudes of both waves increase, and the wavelengths 

decrease as the waves pass through the shock transition into the downstream region. 
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FIGURE 2.6. A steady state, smooth transition, perpendicular cosmic ray modified 
shock in which the fluid velocity u = (u^, 0,0)^ and magnetic field induction B = 
(0, By, 0)^ are perpendicular to each other throughout the shock transition. The figure 
shows the profiles of (p, u, B,Pj,Pc) throughout the shock. The diffusion coefficient 
K = 1, = |, and 7c = 1.5. Far upstream the long wavelength Mach number 
A/fQ = 10, and Pco = Pgo =  1 are the values of Pc and Pg far upstream as x oc. 
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Far downstream (bottom panel) both backward and forward waves have constant 

wave amplitude and wavelength, and are advected downstream with the flow. 

From [165] the ratio of the wave amplitudes far downstream of the shock is given 

by 

where Tc = Pd!Pu is the shock compression ratio, and the subscripts u and d refer 

to the upstream and downstream states. For the shock in Figures 2.6-2.7. dB^d = 

0.0336. = 0.0124 and the ratio 53'^^ = 2.71. The shock compression ratio 

Tc = 4.74. Hence the spectral code solutions yield a value for SB'JSB'^^ which agrees 

with the analytic solution result (2.134). The local 'ength scale of the sinusoidally 

varying profile is given by £ = 6~^ = ux/uj, and hence 

gives the downstream scale length id in terms of the upstream scale length £„ and 

the shock compression ratio Tc- The ratio id/^u = 0.21 from (2.135), is in reasonable 

agreement with the spectral code solution results (£rf = 0.0215 and = 0.105). The 

decrease in the wavelength as the fluid compresses is apparent in the spectral code 

solutions in Figure 2.7. 

The spectral code solutions of the wave mixing equations in this case were also 

compared with numerical solutions of the two fluid, iMHD cosmic ray model equations 

(2.1)-(2.8). The numerical solutions are also plotted in Figure 2.7, but the differences 

between the two solutions are very small and are not apparent in the figure. 

Figure 2.8 shows spectral code solutions of the wave mixing equations for the case 

where the initial data consists of a backward slow mode wave train far upstream of the 

shock in Figure 2.6. The left panels show the density perturbations >93 and p^ for the 

backward and forward slow mode waves at times t2 = 0.03 and = 0.06, whereeis the 

right panels show the fast mode wave density perturbations p\ and pr that have been 

SB^^ Tc 4- 1 
(2.134) 

(2.135) 



72 

0.02 

0.00 

-

®2z r 

; 

\ r\ r\ A 1 
- f \  A A \y V/ V/ V/ • 

-0.01 -

-0.02 
0.0 

0.04 

0.02 

0.00 

-0.02 

0.5 1.0 1.5 

^ I 
i  ,  

-  T -  '  1  

1a ^ 
: fl 

1  1 . 1 ,  -0.04 
( 

0.04 
0.0 0.5 1.0 1.5 

0.02 -

0.02 r 
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of the shock of Figure 2.6 (top panel). The magnetic field perturbations B2- and 
Bq: for the backward and forward Alfven waves are shown at times t2 = 0.03 and 
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initial conditions yield solutions for B^z and Bgz which are indistinguishable from the 
spectral code solutions. 
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generated by wave mixing. The wave coupling coefficients [165] for the backward fast 

mode wave (pi), and the corresponding coefficients for the forward feist mode wave 

(PT), indicate that fast mode waves generated from the slow mode waves are subject 

to the cosmic ray squeezing instability, wave damping due to the diffusing cosmic 

rays, and are modified by MHD wave mixing effects. The backward fast mode wave 

is amplified due to the cosmic ray squeezing instability, which is similar to the results 

obtained by Webb, Zakharian and Zank [164], for the case of backward propagating 

sound waves upstream of a cosmic ray modified shock, in which the magnetic field 

plays no dynamical role, and for which K = const. Note that the forward fast mode 

solution p7 is approximately ^tt out of phase with backward fast mode solution pi. 

The slow mode solutions pa and p^ in Figure 2.8 are similar to the Alfven wave 

solutions depicted in Figure 2.7. One can show that the solutions of the slow mode 

wave mixing equations for the wave density perturbations pz and p^ have the form: 
3 3 

PZ = (AS{E)P^ + B,{0)P-'A, P5 = {AS{E)P^ - B,{9)P-'A, (2.136) 

where .45(0) and Bs{9) are arbitrary functions of 0. Thus, the slow mode solutions 

(2.136), and the solutions for p^ and ps in Figure 2.8, have similar wave forms to the 

Alfven wave solutions in Figure 2.8. 

Figure 2.9 shows spectral code solutions of the wave mixing equations, for the case 

where a forward fast mode wave (pr) is initially specified upstream of the shock (top 

panel). The two lower panels show the spectral code solutions (solid lines) at two 

later time instants <2 = 0.03 and ia = 0.06. The dashed curves show for comparison, 

solutions of the fully nonlinear two fluid equations (2.1)-(2.8) with the same initial 

conditions. The fully nonlinear solutions follow the wave mixing solutions fairly well, 

except at late times {t = ta), where there is some discrepancy between the solutions 

in the region x > 0.7. There is a significant wave growth due to the steep cosmic 

ray pressure gradient in the middle of the shock transition. At late times t = <3, the 

generated backward wave is more dominant than the forward wave. Far downstream 
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both waves are strongly damped due to the a^//c terms in the wave mixing coefficients. 

2.6.3 Oblique MHD shock case 

Unlike the perpendicular shock case, in the oblique shock the slow mode phase speed 

Cj in not zero, and the wave mixing coefficients (2.106) contain terms proportional to 

the Csduy/dx. An example of slow and fast wave interactions in such a case is given 

in [170]. Below we consider Alfven wave coupling. 

Figure 2.10 shows a continuous cosmic-ray modified oblique MHD shock in which 

jg = 5/3, '•ic = 3/2 and diffusion coefficient k = 0.1. Far upstream p = 1.0, Pg = 

0.25. Pc = 6.5, = 5.5, Uy = 0.0, = 0.52, By = 0.9, resulting in an .A.lfven 

Mach number Ma = Ux/6i=10.6. The shock transition is obtained numerically. 

Figure 2.11 shows an example of the numerical solution of Alfven wave mixing 

equations using spectral collocation method and with a shock wave from Figure 2.10 

as a background. Dashed lines show for comparison wave amplitudes obtained by 

solving the nonlinear equations (2.1)-(2.8) with the same initial conditions. .\t time 

io = 0 a forvvard Alfven wave packet SB^ is specified far upstream. The solutions for 

both forward and backward waves are shown at a later time ti =0.1. The backward 

.A.Ifven wave SB~ is generated and the amplitudes of both waves increase, while the 

wavelengths decrease as they pass through the shock into the downstream region. 

Once the backward mode is generated, the waves separate, as they travel at speeds 

differing by Ag — A2 = 26x) whereas in the case of the perpendicular shock (61 = 0) 

both 02 and ag travel at the speed of the background flow (Figure 2.7). 
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2.7 Application to SNR shocks 

Now consider the possible application of the results in 2.6 to wave instabilities in cos

mic ray modified supernova remnant (SNR) shocks. A useful discussion of constraints 

on particle acceleration in supernova remnant shocks is given by Axford [7]. In partic

ular, Axford argues that in order to preserve the spectral form of the secondarv* nuclei, 

the bulk of energetic particle acceleration must occur in the hot interstellar medium, 

and that the primaries are accelerated in relatively strong SNR shocks which occupy 

less than a few percent of the galactic confining volume. Since the particle acceler

ation time and confinement time in the galaxy depend on the cosmic ray diffusion 

tensor K. this implies numerical constraints on K. 

Next we discuss diffusion coefficient estimates, which are used to estimate growth 

rates, and wave mixing rates in cosmic ray modified SNR shocks. 

2.7.1 Diffusion coefficient estimates 

The magnetohydrodynamic turbulence and waves surrounding supernova remnant 

s hocks, which determines the energetic particle diffusion coefficient K{T,P) (r = po

sition, p = energetic particle momentum) is not well known. Some authors (e.g. 

Berezhko and Volk [21]) use a modified form of the Bohm diffusion coefficient of the 

form 

V T  
K = kb{PsIP), (2.137) 

where k b  is the Bohm diffusion coefficient: v  is the particle speed; V g  =  p c j i Z e B )  is 

the energetic particle gyro-radius; and Ps denotes the value of the density p at the 

shock. For a T = 1 Gev proton in a galactic magnetic field of B = 10~® Gauss, 

(2.137) yields 

k.b{T = iGev) = 4.95 x 10^^ cm^s~\ Vg = 5.65 x 10^^ cm, (2.138) 
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as a typical value for the Bohm diffusion coefficient and gyro-radius Tg. 

The value of the diffusion coefficient parallel to the background magnetic field 

B = BqG: in quasilinear theory (e.g. Jokipii [89], Fisk et al. [62]), depends sensitively 

on the correlation length Lc of the turbulence; the particle momentum p: the am

plitude of the turbulence (i.e., SBjB where (SB)^ is the mean square magnetic field 

fluctuation) and the vvavenumber (A:) dependence of the turbulent power spectrum. 

The localized turbulence upstream of a supernova remnant shock, which should be 

due in part to cosmic ray generated waves in front of the shock, will have significantly 

different characteristics than the diffuse, large scale turbulence present in the inter

stellar medium. Below, we estimate the diffusion coefficient (Kfs), associated with 

the  d i f fuse  in te r s te l l a r  tu rbu lence ,  and  the  more  re levan t  d i f fus ion  coef f ic ien t  Ks . \r  

upstream of a supernova remnant shock. 

Using the results of Jokipii [89], a crude estimate of the diffusion coefficient K\i 

parallel to the background magnetic field B = BoBz, due to resonant, wave particle 

interactions (cyclotron resonance) is: 

In (2.137) V is the particle speed; Vg is the particle gyro-radius; A|| is the particle 

mean free path parallel to B; kb = \vrg is the Bohm diffusion coefficient; H{x) is the 

Heaviside step function; and is a normalization constant given below. In (2.137), 

the power spectrum Pxx{k) of the turbulence has the form Pxx{k) = A{k/kc)~^ for 

k > kc, and Pxx{k) = A {A = const.) for k < kc, where kc = 1/Lc is the wavenumber 

corresponding to the correlation length Lc- Equation (2.139) is based on equations 

(46) and (57) of Jokipii [89], and the normalization constant N and SB in (2.139) are 

given by the equations: 

^•|l = ^ = (^) . (2.139) 

(2.140) 
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(note the equation for 53"^ in (2.140) is consequence of the definition of P^xik) used 

by Jokipii [89]). 

As parameters characterizing the diffuse interstellar turbulence, we take 

Lc = 10^^ cm, = 0.3, n = ^, (2.141) 
B 3 

which yields 

K = K,s  =  6.4 X 10^® cm^s"', A,, = 7.31 x 10^® cm = 2.37 pc, (2.142) 

as typical values for K and A|| for T = 1 Gev protons in a B = 10~® Gauss magnetic 

field (note n = f corresponds to Kolmogorov turbulence). For Tg < Lc, K oc vpK 

but K oc vp^ for > Lc- It is of interest to note that a diffusion coefficient of 

K ~ 10^® cm^s"^ is also required to explain the abundance of secondary nuclei (e.g. 

Be and B) in the galactic cosmic rays (Berezinskii et al. [22]). 

Taking Lc = 5.65 x lO^^cm, and 5B/B =  0.3 for the localized turbulence in the 

vicinity of a supernova remnant shock, (2.139) yields 

/ ^ l l  = =  4 . 4  x  l O ^ - *  c m ^  s - \  A | |  =  5 . 0 3  x  1 0 ^ "  c m ,  ( 2 . 1 4 3 )  

for the diffusion coefficient Ksnr and mean free path A|| for T = 1 GeV protons 

in a S = 10~® Gauss magnetic field upstream of the shock. This value of K is 

intermediate between the Bohm diffusion value for K in (2.138), and the value of 

K = 10^® cm?s~^ at T = iGeV and K oc used by Kang and Jones [99] in their 

numerical study of of diffusive particle acceleration at supernova remnant shocks. The 

diffusion coefficient Ksnr in (2.143) is about four orders of magnitude smaller than 

the diffusion coefficient Kis in (2.142) associated with large scale transport of cosmic 

rays in the galaxy. It is important to note that it is difficult to constrain the values 

of K\\ and X\\ upstream of supernova remnant shocks without detailed observations 

of individual supernova remnants. For example, Spangler et al. [143] find from low 

frequency observations of the radio source 1503 + 467, that an upper limit on the 
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thickness of the foreshock region AR of the supernova remnant HB9 is less than 3.5% 

of  the  shock  rad ius  R =  22pc ( i . e . ,  AR < 0.77pc) .  

2.7.2 Wave mixing and instability growth rates 

In order to assess the role of wave mixing and instabilities in supernova remnant 

shocks, we first rewrite the wave mixing equations with B = 0 in the form 

and the are given in (2.68). The coefficients have the dimensions of 

[ t ime \~^ .  The coefficients fin and Q33 are associated with WKB growth rates of the 

backward and forward sound waves due to the squeezing instability. For the case of a 

steady background flow, the wave mixing equations (2.65) may be combined to yield 

the wave action like equation 

(2.144) 

where 

^ii = -A„ - Qi j  =  -A i j ,  (z ^  j ) ,  (2.145) 

—{uj iA- i  + + A3a;3.43) 

MPiP3 

(2.146) 

where 

(2.147) 

are the growth rates for the wave action densities Ai and A3 : 

(2.148) 
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FIGURE 2.12. Wave mixing coefficients {Qi j  : j  = 1,2,3} and wave action growth 
rate (left panels), for the backward sound wave, and the corresponding rates 
{^3; : j = 1,2,3} and ^.43 for the forward sound wave (right panels) for the smooth 
transition, cosmic ray modified shock in Figure 2.1. 

for the backward (>li) and forward {As)  sound waves, and du/dt  =  Ut  +  uux is the 

acceleration vector for the background flow, and C = dlnn/dlnp. In (2.146)-(2.148). 

= AtiAi and a-'s = are the dispersion equations for the backward and forward 

sound waves. Equation (2.146) generalizes the WKB wave action equations: 

? A  +  ± ( x a ) - ^  ; - 1 3  (2.149) 

obtained by Drury and Falle [50] and Zank and McKenzie [172], describing sound 

wave instabilities in cosmic ray modified flows. Alternative expressions for and 

for steady shocks are: 

K> 
r X 3 '  =  - ^ + a , ( C + l ) ( A / 2 - l )  

d\np 
dx 
(2.150) 
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where M  = \u / a g \  is the sonic Mach number of the flow in the shock frame. The 

results (2.150) are a consequence of the steady-state shock structure equations [8]. 

The results (2.150) emphasize the role of the sonic Mach number on the instability 

growth rates. 

The wave mixing coefficients } and {^3; }, j  = 1,2,3, and wave action growth 

rates and for the smooth transition cosmic ray modified shock of Figure 2.1 are 

displayed in Figure 2.12.  The diffusion coefficient has the form (2.64) (i .e. ,  a c  o c  p ~ ^ ) .  

which is probably a reasonable form for the dependence of k for a quasi-parallel 

shock .  The  cor responding  resu l t s  fo r  the  the  same shock ,  bu t  wi th  k = kq = const . ,  

thought to be appropriate for a quasi-perpendicular shock, are shown in Figure 2.13. 

The figures show how the dimensionless wave mixing coefficients = Tdflij and 

and wave action growth rates f^j = vary throughout the shock 

structure, where Ta = kq/uq is the diffusive time scale, and uq is the shock speed. 

The wave action growth rates have approximately twice the amplitudes of the wave 

interaction coefficients {fiij }, which are of order in the present examples. 

In Figure 2.12, the coefficients : j  = 1,2,3}, and wave action growth rate 

for the backward sound wave in the left panels of Figure 2.12 are negative in 

the upstream shock precursor, where dpcfdx is significant. The coefficients are all of 

the same order of magnitude, and are dominated by the cosmic ray pressure gradient 

contributions in the centers of the profiles. Far upstream and downstream of the 

shock, where the gradients are negligible, fin — ^33 = —a'^/2K and ^13 ~ Q31 = 

a^f2K. and fii2 = ^32 — 0, where Cc is the cosmic ray sound speed. Similar results 

are obtained for the forward sound wave (the right panels of Figure 2.12), except 

that the wave mixing coefficients just upstream of the shock are now positive. This 

implies that a forward sound wave upstream of the shock is driven unstable owing to 

the cosmic ray squeezing instability. 

The corresponding results for k = kq = const . ,  Figure 2.13, appropriate for a 

perpendicular shock, show that the backward wave upstream of the shock is driven 
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FIGURE 2.13. same as Figure 2.12, except for the cosmic ray modified shock with 
K = 1, in computational units. Far upstream M/o = 18.26 and Pco/Pgo = 1-

unstable, whereas a forward sound wave upstream of the shock is damped. This is 

opposite to the predictions for a quasi-parallel shock (Figure 2.12), where the forward 

sound wave is unstable, and the backward sound wave is damped. The difference 

between the results in Figures 2.12 and 2.13, is due solely to the difference in the 

density dependence of the diffusion coefficient k in the two cases. 

As an application of the above results, consider the propagation of a cosmic ray 

modified SNR shock in the warm interstellar medium with 

r = 10^ °K, n  =  0.2 cm-^ B  =  10"® Gauss. « = Ksnr (— 
\ P o  

(2.151) 

where T  and n  denote the temperature and number density of the thermal gas far 

upstream of the shock and Ksnr = 4.4 x lO^"* cm^ as in (2.143). Using the 

above parameters as typical of the upstream medium and assuming pco = Pgo- we 

obtain pco = Pgo = 5.52 x 10~^^dynes/crri^ upstream of the shock. The cosmic 
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ray sound speed Cco, gas sound speed a^o, and Alfven speed V^io have the values 

Oco = 14.84 km/s, Ugo = 15.84 km/s and V^q = 6.3 km/s. Although the two fluid 

model in this paper does not include the role of the magnetic field, a rough estimate 

of its effect can be obtained by using the modified long wavelength sound speed 

a.o  =  (a^o  +  the  presen t  case  a.Q ~ 22.6  km/s .  

For the shock in Figure 2.1. with long wavelength Mach number Mio = 18.26, 

we obtain uq = 413 km/s as the shock speed. The convection diffusion time scale 

~d = «o/"o, length scale id = kq/uq and cosmic ray damping time Tcr = then 

have the values: 

Td ~ 8.184 X 10^ years, ~ 0.0345 pc, Tct  ~ 6.16 x 10"* years. (2.152) 

The maximum growth rate in Figure 2.12 is — 1.6r^^ Using the estimate for 

Trf in (2.152), this implies ^33 < 1.97 x 10"^ year~^, or a minimum growth time of 

^33 = 1/^^33 ~ 50.9 years. Note that this growth time is approximately 10^ times 

smaller than Tcr, indicating vigorous wave growth in the upstream shock precursor. 

Now consider a shock with M^o = 5.48, the above values for Pco and pgo and for a 

diffusion coefficient and upstream parameters as in (2.151). In this case we obtain 

uq ~ 123.8 km s~\ = 9.06 x 10^ years, £</ ~ 0.115 pc. (2.153) 

The maximum growth rate in this case is Q33 ~ 0.6rJ^ = 6.69 x 10""' year"', which 

corresponds to a minimum growth time T33 ~ 1.49 x 10^ years. This growth rate is 

substantially smaller than the the growth rates for the higher Mach number shock 

with A/fo = 18.26 of Figures 2.1 and 2.12. A summary of these results is given in 

Table 2.1. 

It is of interest to compare the instability characteristics in Table 2.1 for the warm 

ISM model (2.151), with the growth rates expected if the shocks were propagating 

through the hot interstellar medium (HISM). Characteristic parameters that we adopt 
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TABLE 2.1. Instability growth rates and characteristics of the cosmic ray modified 
shock in Figure 2.1 and for a shock with Miq = 5.48 (2.153), in which the diffusion 
coefficient k oc p~^ for the warm ISM model (2.151). The maximum growth rate 
(^33) and minimum growth time for the backward sound wave are given in the 
last two columns. 

Mm uo{km s  ' )  Td(yr)  id ipc)  ^33iyr~^)  Tzz iyr )  
18.26 413 81.84 3.45 x 10-"^ 1.97 X 10-'^ 50.9 
5.48 124 906.0 0.115 6.69 X lO-' 1.495 X 10^ 

TABLE 2.2. same as Table 2.1, except for the hot ISM model (2.154). 

MIQ UQ{km s  ' )  Td{yr)  id ipc)  f^33(yr-') Tzz iyr)  
18.26 3475 1.155 4.1 X 10-^ 1.386 0.722 
5.48 1043 12.82 1.36 X 10-2 4.69 X 10-2 21.34 

for the HISM [7] are: 

T = 7 X 10^ °K, n = 3 X 10"^ cm'^ 

B = 10~® Gauss, k = Ksnr cm^s"^ (2.154) 

where Ksnr  = 4-4 x 10^'' cm^ s~^ Taking pco = Pgo far upstream of the shock, 

we obtain Pco = Pgo = 5.8 x I0~^^dyne cm~^. This corresponds to the values 

Ggo = 139 km/s, ttco = 124 km/s, Vao = 39.85 km/s and a.o = 190.3 km/s for 

the characteristic wave speeds upstream of the shock. Because the shock speeds 

(uo = 3475 km/s for Miq = 18.26, and uq = 1043 km/s for Miq = 5.48) are larger 

than for the warm ISM model (2.151) by a factor of order 10, rj and id are roughly 

smaller by factors of 10"^ and 10"' respectively compared to the warm ISM model 

values in Table 2.1. The characteristics of the instability for the HISM model (2.154) 

are summarized in Table 2.2. It is worth noting that for the case of a very cold 

upstream gas, the instability growth rate ^33 can be many times (see e.g., Webb 

[159], where examples with ^33 ~ lOOr^^ were obtained). 
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2.8 Summary 

The main aim of this chapter has been a study of wave interactions in cosmic ray 

modified magnetohydrodynamic shocks. 

The method of multiple scales was used to obtain equations describing the in

teraction of weakly nonlinear, short wavelength MHD waves in a non-uniform, large 

scale background flow. The linear terms in the equations describe the interaction 

of the waves due to gradients, and time dependence of the background flow (w^ave 

mixing); wave damping due to the diffusing cosmic rays, and squeezing instability 

terms associated with the large scale cosmic ray pressure gradient. 

For linear wave propagation in inhomogeneous media, one obtains wave mixing 

equations of the form (2.64), namely 

= 0, J = 1(1)7, (2.155) 

where the {a_,} denote the wave amplitudes and Vpj = XjB^ is the characteristic 

eigen-velocity of the jth wave mode along the x-axis. The wave mixing coefficients 

{Aj^} in (2.155) depend on the gradients in the background flow, and cosmic ray 

coupling effects due to the large scale cosmic-ray pressure gradient, and damping of 

the waves due to the diffusing cosmic rays. The character of the cosmic-ray squeezing 

instability depends on the large scale cosmic ray pressure gradient and also on the 

parameter C = d\nK/d\NP where K = K{P) is the effective hydrodynamical cosmic 

ray diffusion coefficient, and p is the density of the thermal gas. 

In the case of MHD wave propagation in the absence of cosmic rays, the wave 

mixing coefficients {Ajj} coupling the different wave modes have the simple form: 

A_,5 = 1 < i < 7, 1 < s < 7. (2.156) 

In (2.156), the {Lj} and {Rs} are the left and right eigenvectors for the MHD equa

tions, for the case where the conserved densities ^ = (p, p\x, By, Bz, pS)^ are used as 
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the state vector, and d/d ts  = djd tX^djdx is the time derivative along the s"* wave 

mode characteristic. For MHD wave propagation in one Cartesian space dimension, 

there are forty-nine wave interaction coefficients in (2.156). The detailed expressions 

for the {Ajs} in (2.106)-(2.112), reveal that the Alfven waves are decoupled from the 

magnetoacoustic and entropy waves for flows in which B-V x u = B-V x B = 0. 

In particular, for planar MHD flows in which B = {Bx, By,Q)^ and u = (itx, Uy,0)^, 

the Alfven wave equations are a special case of the wave mixing equations for .A.lfven 

waves, and Alfvenic turbulence in the Solar Wind (e.g., Heinemann and Olbert [79]; 

Zhou and Matthaeus [178]). The general form of the { A,,} for MHD cosmic ray 

modified flows are given by (2.63), and more explicitly by (2.106)-(2.112). 

In the high frequency limit {uj —> cxi), the WKB results for the squeezing instability 

are obtained for the hydrodynamic flows. In this limit, the waves are decoupled, and 

the instability results of Drury and Falle [50], Dorfl and Drury [45] and Zank and 

McKenzie [172] are obtained. 

Numerical simulations of wave interactions in cosmic-ray modified shocks with 

both smooth and subshock transitions were investigated in section 2.6. The diff'usion 
3 

coefficient case k . = «o(p/po)~^ was considered. This case corresponds to a quasi-

parallel shock configuration in which k oc 1/Pu,, where the Alfven wave pressure, P^], 

of the scattering wave field in the upstream medium varies as (x. pi. The character 

of the cosmic ray squeezing instability depends on the density dependence of K{P), 

via the parameter C = dXrLKfdXnp. For cases where C < —1 (e.g. Figure 2.1, where 
3 

K OC /3~2), the forward sound wave upstream of a cosmic ray modified shock is driven 

unstable by the squeezing instability, whereas the backward sound wave is damped. 
3 

.A. forward sound wave initially incident upstream of the shock in Figure 2.1 {k  OC p~^,  

right panel), is amplified by the squeezing instability, and the backward sound wave 

is generated by wave mixing. If there is no large scale entropy gradient, the linear 

theory predicts that entropy waves cannot be generated from the sound waves by wave 

mixing. This result is verified by the numerical simulations. However, if the sound 
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waves become nonlinear, entropy wave disturbances are generated. In tiie case wiiere 

a backward sound wave is initially present in the upstream medium and k oc p~^, the 

initial sound wave is damped by the squeezing instability, and generates a forward 

sound wave by wave mixing. The forward sound wave is subsequently driven unstable 

by the squeezing instability. 

Nonlinear wave steepening in the subshock examples (Figs. 2.3 and 2.4) leads to 

iV-wave type profiles for the initial sound wave, and distorted, cusped wave profiles 

for the generated waves. 

Numerical simulations of the fully nonlinear two-fluid MHD equations (2.1)-(2.8) 

were compared with spectral code solutions of the wave mixing equations (2.64) for 

the case of a steady-state, oblique, cosmic ray modified shock. The wave profiles 

corresponding to the initial data for small amplitude waves are in excellent agreement 

with the fully nonlinear simulations. 

An assessment of the role of wave mixing and the cosmic ray squeezing instablity in 

supernova remnant shocks was carried out (Section 2.7). The wave mixing coefficients 

and wave action growth rates (Figure 2.12-2.13), were of order (r^ = ko/uI is 

the convection diffusion time associated with the cosmic ray modified shock, where 

Ko is the hydrodynamical cosmic ray diffusion coefficient far upstream of the shock 

and uq is the shock speed), for model parameters thought to be appropriate for the 

warm interstellar medium (WISM) and the hot interstellar medium (HISM). The 

main results of interest are summarized in Tables 2.1 and 2.2. Typical values of the 

minimum instability growth times for shocks in the HISM are T33 ~ 0.72 years for 

the high Mach number shock example (uo = 3475 km M^o = 18.26 where iV/^o 

is the long wavelength Mach number of the shock), and raa ~ 21 years for a lower 

Mach number shock (uq = 1043 km and M^o = 5.48). Larger growth times (~10 

times the above growth times) were obtained for shocks with the same values for 

A/fo propagating through the warm interstellar medium. These results depend on the 

value of k used in the analysis. The diffusion coefficient k = ksnr associated with 



90 

turbulence in the vicinity of supernova remnant shocks, is much smaller than the 

diffusion coefficient describing the large scale transport of cosmic rays in the galaxy, 

which is associated with the diffuse, large scale turbulence in the interstellar medium 

(e.g. Armstrong et al. [4]; Spangler et al. [143]). In the examples, we assumed a value 

of «SA'/i ~ 4-4 X cm} s~^ upstream of the shock, which is intermediate between 

the values of ~ 10^^ — 10^^ cm^ s~^ for Bohm diffusion for protons with T = 1 GeV 

energ\-, and k ~ 10^® cm? at T = 1 GeV, based on quasilinear theory for cosmic 

ray diffusion (Jokipii [89]), and observations of the diffuse interstellar turbulence 

(Armstrong et al. [4]). From radio observations, Spangler et al. [143], provide an 

upper limit for the thickness of the foreshock Ai?, of the supernova remnant HB9 of 

3.5% of the shock radius R (/2 = 22 pc and = 0.77 pc). The thickness of the 

foreshock in our examples can be identified with the precursor scale length upstream 

of the shock, id = kqIuq. These measurements help to delimit the range of acceptable 

diffusion coefficients kq upstream of SNR shocks. 
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Chapter 3 

PARTICLE ACCELERATION IN SUPERNOVA REMNANT 
SHOCKS 

3.1 Introduction 

The main aim of this chapter is to develop a two dimensional, self consistent model 

of cosmic ray modified supernova remnant (SNR) shocks, in which the cosmic-rays 

are accelerated at the shock by the first order Fermi mechanism, and modify the 

background flow by their pressure gradient. The isotropic energetic particle distri

bution function f{T,p,t) of particles at position r, with momentum p at time t in 

the model, satisfies the diffusive transport equation obtained by Krymskii [104] and 

Parker [127] which describes the convection, anisotropic diffusion, drift and adiabatic 

energy changes of cosmic rays in a bulk background plasma flow. The remaining equa

tions of the model consist of the equations of ideal MHD in which the background 

plasma flow is modified by the pressure gradient Vpc of the cosmic-rays. The model 

equations also take into account the injection of energetic particles from the thermal 

pool into the diff"usive shock acceleration process, and the corresponding modification 

of the thermal gas energy equation due to injection. 

The relatively high efficiency of the acceleration and large total energy input from 

supernova explosions into the interstellar medium made the diffusive shock accel

eration idea attractive for the explanation of the observed features of the galactic 

component of the cosmic ray spectra. The earlier numerical work on this used a 

one-dimensional fluid model description of the cosmic rays (Jones and Kang [98], 

Dorfi [47]) and simplified transport equation models that used either plane shock 

(Falle and Giddings [59]) or test-particle approximation. These and other numerous 

studies, suggested that diff'usive shock acceleration could convert around 10-15% of 
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the SNR kinetic energy into cosmic ray energy and, despite limitations due to the 

simplifying assumptions, have been constructive for understanding the effects of par

ticle back-reaction on the shock wave and the physics of cosmic ray induced plasma 

instabilities. 

More physically realistic models have been used in the numerical investigation of 

diffusive particle acceleration in spherical SNR shocks by Kang and Jones [99] and 

Berezhko [20]. Direct numerical solution of the transport equation with constant and 

weakly momentum dependent (K ~ diffusion coefficient models in [99] suggested 

that cosmic rays can absorb as much as 30% of the explosion kinetic energ\', and 

indicated that a power law with slope ~ 4.3 may be established up to the energies 

of 10^"^ eV. Berezhko [20] investigated the problem with the momentum dependent 

diffusion coefficient /c ~ p which corresponds to the Bohm limit for high energy 

particles. This regime is characterized by small diffusion coefficients at low energies, 

when the mean free path of the particle is comparable to the gyroradius, and can be 

expected if the region near the shock front is highly turbulent. It has been shown by 

Berezhko [20] that in this case diffusive particle acceleration can produce a cosmic 

ray energ>' spectrum similar to the experimentally observed one for particles with 

energies up to 10^'^ — 10^^ eV. Depending on the injection rate, 20-50% of total blast 

energy can be transfered to cosmic rays. 

.Accurate solution of the particle transport equation requires resolution of the 

small diffusion scales associated with the lowest energy particles. The advantage of 

having a locally refined grid near the shock was recognized by Dorfi and Drury [46] 

in a work that used a 1-D two-fluid, cosmic-ray hydrodynamical model to compute 

the evolution of a spherical supernova remnant shock. Their approach used a partial 

differential equation to evolve the grid point distribution according to the gradients in 

the flow. Duffy [52] used a local grid refinement to compute evolution of the cosmic-

ray distribution function for 1-D planar shocks, and for a similar model Kang and 

Jones [101] used adaptive block refinement and a shock tracking method to capture 
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the shock wave without intermediate transition points. 

Previous studies considered one-dimensional, planar or spherical hydrodynamic 

shocks, with an inherent assumption that the turbulence scattering the particles was 

sufficiently strong that an isotropic diffusion model could be used. We use a new 

self-consistent, coupled MHD and particle transport code, described in Chapter 4. 

to follow the evolution of cosmic ray modified shocks. Multi-level solution adaptive 

mesh refinement provides enhanced resolution around the shocks. This allows us to 

consider particle transport both parallel and perpendicular to the field lines. 

Our model incorporates anisotropic diffusion of the cosmic-rays, in which the dif

fusion coefficient Ky, parallel to the background magnetic field B, is greater than the 

diffusion coefficient K±, perpendicular to B. For the case of an initially uniform back

ground magnetic field, the anisotropic diffusion of cosmic-rays leads to an anisotropic 

distribution of thermal plasma, cosmic rays and magnetic field. The shock in the 

model is a quasi-parallel shock over the poles (9 = 0°) and a quasi-perpendicular 

shock near the equator (0 = 90°), where 0 = 0° corresponds to the initially uniform 

magnetic field direction. A similar, test particle model of cosmic-ray acceleration in 

SNR shocks in which the cosmic rays do not modify the background flow, has been 

developed by Jokipii and Ko [94]. They pointed out that the energetic particle accel

eration rate for the queisi-perpendicular shock configuration is much higher than for 

the quasi-parallel shock if «;|| >> kj_. These effects are found in the present model, 

except that the cosmic-rays and thermal plasma are coupled self-consistently, thus, 

assuring the total conservation of mass, momentum and energy for the system. We 

also explore magnetic field configurations for which cosmic-ray drifts are possible. 

The results show, that drifts are not dynamically important, but can possibly play a 

role in the transport of the very high energy particles. 

Section 3.2 describes the model and equations, and discusses the cosmic ray trans

port coefficients. 

In section 3.3 we use Green's formula for the diffusive transport equation (Glee-
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son and Webb [73]) to discuss the injection problem and the initial value data needed 

in solving the energetic particle transport. This also includes a discussion of kine

matic constraints on the energetic particles in order that the particles can be diffu

sively accelerated at the shock front. The role of perpendicular diffusion at quasi-

perpendicular shocks is also discussed. 

Section 3.4 first presents numerical solutions of the model equations describing 

the acceleration of cosmic-rays at a supernova remnant shock, for the case where 

there is a pre-existing population of energetic particles and no injection at the shock. 

The equations are solved using initial data for the thermal plzisma characteristic of 

a Sedov blast wave solution early in its evolution. The background magnetic field is 

assumed to be uniform. The solutions are used to illustrate the modification of the 

remnant dynamics due to anisotropic diffusion of the cosmic-rays. These results are 

compared to examples of cosmic-ray modified shocks in which particles are injected 

at the shock and in which there is no pre-existing distribution of energetic particles. 

3.2 Cosmic ray transport in 2-D MHD shocks 

To investigate diffusive acceleration of particles in two-dimensional supernova shocks, 

we model the plasma dynamics using the ideal MHD equations coupled to the diffu

sive cosmic ray transport equation. The cosmic rays are assumed to be a hot, low 

density gas with a significant pressure, but with a negligible mass flux. The isotropic 

distribution function /(r,p, t) for the cosmic rays at position r, momentum p at time 

t satisfies the diffusive cosmic ray transport equation (Krymskii [104], Parker [127], 

Skilling [142]): 

I + („ + V.) . V/ - V(.V/) - iv . = Q, (3.1) 

where u is background plasma velocity; k is symmetric energetic particle diffusion 

tensor including the effects of anisotropic diffusion parallel and perpendicular to the 
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background magnetic field B, and 

V<i = V X , (3.2) 

is the effective drift velocity of the particles, where is the antisymmetric compo

nent of the diffusion tensor (in the weak scattering limit = vrg/3, where v and 

are particle speed and gyroradius). The term Q on the right hand side of (3.1) repre

sents injection of particles from thermal pool. It is sufficient to consider distribution 

function that describes only protons, the dominant species of the ionized component 

in the interstellar medium. The dynamical role of electrons is less important. It is 

assumed in (3.1) that the fluid speed u is much greater than the speed of the waves, 

Uu.., scattering the cosmic rays. More general forms of the transport equation, that 

take into account the finite speed of the scattering wave field (assumed to be Alfven 

waves) and second order Fermi acceleration, are given by Skilling [142]. Accelerating 

reference frame and cosmic ray viscosity effects (e.g. Webb [159]) are also omitted 

in (3.1). Models incorporating the scattering wave field as a significant dynamical 

component may also be constructed (McKenzie and Volk [123]), but these models 

will not be considered here. 

The cosmic rays in the model are coupled self-consistently with the equations for 

the background plasma flow: 

 ̂+ V • (pu) = 0, (3.3) 

d u  _ V(p„ +Pc) (V X B) X B , , 
— 4- u • Vu = —̂— + , (3.4 
a t  p  f j , p  

dj}  
- I -U-VP3 +  79P9V-U=- (7^ -1)5 ,  (3 .5 )  

= V X (u X B), (3.6) 

V • B = 0. (3.7) 

The above equations consist of: the mass continuity equation for the thermal gzis 

(3.3); the total momentum equation for the system (3.4), in which the cosmic rays 
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modify the background flow by their pressure gradient —Vpc, the co-moving gas 

energy equation (3.5) is written in terms of the gas pressure pg and gas adiabatic 

index 7^, and the loss term S on the right hand side of (3.5) represents the loss of 

energ\' of the thermal gas to the cosmic rays due to injection (see section 3.3 for a 

detailed description); Maxwell's equations in the MHD limit, namely Faradey's law 

(3.6) and Gauss's equation (3.7) governing the magnetic field induction B. In (3.4), 

the cosmic ray pressure Pc is related to the energetic particle distribution function by 

the equation 

=  ̂  Tdp ,  " ' f  , (3.8) 
3 J Pi y/p"^ + 

where pi  is a lower boundary in momentum space defining the cosmic ray gas. Particles 

with momentum p > pi are regarded as cosmic-ray particles satisfying the diffusive 

transport equation (3.1), whereeis particles with momentap < p[ comprise the thermal 

picisma. 

3.2.1 The diffusion tensor 

In the equation (3.2) ka is the antisymmetric component of the diffusion tensor 

(Axford [5], Parker [127]) 

VTg uj^T^ pc  qB 
1 2 2' ^3 — D' ^ — ' (3-9) 3 1+ " qB mc 

where v ,  m and q are the velocity, mass and charge of the particle, c is the speed of 

light. In the isotropic, hard sphere scattering models r in (3.9) is the mean collision 

time. In the kinetic theory model of Forman et al. [64] the parameter r in (3.9) is the 

collision time for particle scattering perpendicular to B (i.e. R = T± in (3.9)). Also 

in the model of Forman et al. [64] the perpendicular diffusion coefficient k±_ depends 

on Tx, but the parallel diffusion coefficient ac|| = depends on the collision time 

for scattering along B. 
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The transport equation is physically valid for particles with random velocities 

much larger than the fluid velocity u and for the medium in which scattering processes 

keep the distribution function almost isotropic in momentum space. The symmetric 

diffusion tensor k, describes particle scattering along and normal to the local magnetic 

field lines (Jokipii [91, 95]), and can be written as, 

Diffusive transport parallel to the mean magnetic field B arises from resonant 

pitch-angle scattering (Jokipii [89]). Achterberg and Ball [2] showed that perpendic

ular diffusion is due to resonant particle scattering by waves with wavevector com

ponent perpendicular to B, as well as from the non-resonant process of random walk 

of the field lines, Jokipii [89]. Diffusion tensor components were obtained in the 

framework of the quasi-linear theory for weak slab turbulence by Forman et al. [64] 

assuming that all wavevectors are parallel to B. Numerical determination of the diffu

sion coefficients was undertaken by Giacalone and Jokipii [66] using three-dimensional 

non-slab turbulence. In this work we use results from a BGK Boltzmann description, 

or the hard sphere scattering model. This model predicts, that the diffusion coeffi

cient in the direction perpendicular to the background magnetic field, k^, is smaller 

than the diffusion coefficient K|| along the field lines, and is given by the formula 

where A|| is the particle mean free path parallel to the field. For Ay/r^ >> 1, it can 

be expected that the acceleration rate at the perpendicular shocks can be higher. 

3.3 The injection problem 

Diffusive shock acceleration theory does not deal directly with the problem of thermal 

particle injection into acceleration process. The proper treatment of this problem 

Kij  = Kj^Si j  +  
(«il - K^)BiBj 

52 
(3.10) 

- 1 + (Vr,)3 = """• (3.11) 
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requires taking into account the anisotropy in the particle distribution at the shock 

and self-consistent models of pitch angle scattering and wave excitation. Scholer et 

al. [141] give a survey of the current approaches to the injection problem. Particle 

transport at injection energies has been addressed analytically by Malkov and Volk 

[120] for quasi-parallel shocks, but currently no commonly accepted theory exists for 

the prediction of the injection rate of thermal particles into acceleration process at 

oblique coilisionless shocks. 

Edmiston et al. [53] suggested that the seed population for diffusive shock acceler

ation at the Earth's bow shock could be due to hot ions downstream of the shock that 

penetrate into upstream medium. Their analysis showed that this mechanism effec

tively cuts off at magnetic field obliquities of ©B„ > 50°. Other sources for the seed 

population could arise from ions reflected off the magnetic overshoot at quasi-parallel 

shocks (e.g. Zank et al. [177]). Similarly, at oblique MHD shocks, upstream particles 

that have pitch angles close to 0 = 90°, can reflect off the shock (this is essentially the 

shock drift mechanism, e.g. Armstrong et al. [3]) and off the upstream turbulence, 

Zank et al. [177]. Fisk [63] discusses second-order Fermi type mechanisms which 

could provide seed particles for the first order Fermi mechanism at shocks. Ma and 

Summers [118] have suggested that stochastic acceleration by whistler mode waves 

and Coulomb collisions could give rise to generalized Lorentzian or kappa distribu

tions (these distributions are Maxwellian at thermal particle speeds, v = Vih, and 

power law in velocity at v » vth)- Since kappa distributions have a power law tail, 

they can provide enhanced injection efficiencies into the first order Fermi mechanism 

compared to Maxwellian distributions. 

A number of studies indicate that the quasi-parallel shocks are more efficient injec

tors of energetic particles (Giacalone et al. [67]), whereas the Monte Carlo simulations 

of test particle acceleration at quasi-perpendicular shocks (Baring et al. [12]) show 

that injection effectively shuts off for high Mach number shocks when upstream mag

netic field angle with the shock normal is larger than ~ 30°. The primary limitation 
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of these results comes from ignoring scattering normal to the field lines. 

In general, it is expected that the injection efficiency at the quasi perpendicular 

shocks will be reduced compared to the parallel shocks, but will depend on the details 

of the particle transport across the field lines, which can help accelerate a fraction of 

the incident particles to suprathermal energies. 

In a diffusive description of particle transport the anisotropy in the fluid frame 

3K • V/ 5 =  
vf  

(3.12) 

should have magnitude |5| << 1 (e.g. Giacalone and Ellison [68]). For a one dimen

sional steady-state solution of the particle transport equation, / ~ exp(/J 

upstream of the shock one obtains the estimate 

37Xx («L + 

^ Urdl  

i^l = 
V 

3ui 
V 

K,  

1 -i-
/  ka sin pbn \ 

\ '^nn J 
+ 

(K|| - COS^ Obu sin^ 0Bn 

Ki  

1/2 

(3.13) 

for the magnitude of S. The requirement that |(5| << 1 in a perpendicular shock from 

(3.13) yields 

-2 \ 1/2 
V >> 3u, (-1) (3.14) 

For the case of billiard ball scattering (3.14) yields 

1/2 

V >> 3ux 

More generally, |5| << 1 if 

^ ^ / Ka sin Obti N ^ 

V «nn / 

(S) (3.15) 

V > 3ux 
(« l |  -  kj_y cos^ obti  s in^ obu 

Kt  

1/2 

(3.16) 

.•\t parallel shocks (0B„ = 0), the constraint (3.16) requires v  >  Svsh,  whereas at 

a perpendicular shock (©an = 7r/2), (3.15) reduces to U > 3v3h. (K||/KX) • Since, 
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in general K|| >> «x! the injection speed for diffusive shock acceleration, Vinji. = 

2>Vsh{K'\\/at a perpendicular shock is substantially larger than the injection 

speed Vinji. = for the parallel shock case. For kx of the form (3.11) Umjx ~ 

3i;5/i[l + (A||/rg)^]^/^, or fmix ~ -^11 ^9' which is the injection speed 

constraint obtained by Jokipii [93]. 

In most of the previous work on diffusive particle acceleration in parallel shocks 

the injection process has been parametrized by the source function that describes the 

rate at which particles are removed from the thermal plasma population to contribute 

to the accelerating energetic particle distribution. In our injection model for diffusive 

shock acceleration at supernova remnant shocks, we use the billiard ball scattering 

model for the diffusion tensor and consider the thermal particle distribution to be a 

Maxwellian up to the injection speed 

where ^ is a parameter of order unity (^ = 3 in the c£ise (3.15) ). A formula of the 

form (3.17) for the injection speed has also been derived by Ostrowski [125], Jones et 

al.[97], Baring et al. [12] and Webb et al. [160] based on the average particle speed in 

one hemisphere (either the backward or forward hemisphere) in velocity space. These 

authors obtain ^ = 2. 

By using Green's formula for the transport equation, we show below, that the 

effective injection rate from the thermal gas into the shock acceleration process, Qo, 

is of the form 

where < p >= —pinj^ • u/3 is the adiabatic momentum change rate (e.g. Parker 

[127]). If there is a pre-injection mechanism, f{r,pinj,t) could be substantially en

hanced above the value expected from a Maxwellian distribution at pinj = rnvinj (e.g., 

the distribution at low energies could possibly be modeled by a kappa distribution, 

(3.17) 

Qo = 47rp?„j/(r,pi„_,, t)< p  > ,  (3.18) 
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with a power law tail: / = >1(1 + v'^/{{k + where Vth is the thermal 

speed). 

There are two equivalent ways in which to specify the injection. Either, one solves 

the  t ranspor t  equa t ion  (3 .1 )  fo r  the  d i f fe ren t ia l  pa r t i c le  number  dens i ty  N = 

L { N )  = ^ + V • (uiV - K • ViV) - ̂  (|iVV - u) = Qp, (3.19) 

where 

Qp =  Qo(r, t )6{p  -  pinj )  (3.20) 

is the injection source term, and with appropriate initial data and spatial boundary 

conditions. In (3.19) the drift velocity is incorporated into an antisymmetric part 

of the diffusion tensor. Alternatively, one can solve (3.19) with zero source term, 

and specify / = /{r.pinj.t) at the lower momentum boundary p = Pinj- To prove 

the equivalence of these two boundary-initial value problems we make use of Green's 

formula for the cosmic-ray transport equation (3.19) (e.g. Gleeson and Webb [73]). 

From Gleeson and Webb [73], Green's formula gives the solution of the transport 

equation (3.19), with given initial and boundary value data, and source term Qp in 

terms of the adjoint Green's function r(x,x), which satisfies the adjoint transport 

equation 

^  • " )  = ( 3 " )  

In (3.21) M is the adjoint of the transport equation operator L in (3.19); x = (r,p, f) 

and kT is the transpose of the diffusion tensor. 

The adjoint equation M { f )  = 0 can be considered as the time reversed equation 

L{N) = 0 and reduces to it with the replacements t —> —t, u —u and k —> k^, the 

last transformation corresponding to the reversal of the drift velocity vector. 

From a differential Green's theorem applied to operators L  and M ,  and using 
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Gauss' divergence theorem in phase space, we have Green's formula [73]; 

.V(x) = f  d i  f  d p  f  (/^fr(x, x)Q(x) — 
ti ** pi Jr. 

—  f  d t  f  d p  /" (fS • ([uA/'(x) — K • VA''(x)]r(x, x) + [k^ • Vr(x, x)]iV(x)) 
J t i  J  Pi  JT,  

-  [  d p  f  d V [ A / ' ( x ) r ( x , x ) ] [ =  
j  Pi  j  r  

+  f '  d i  f  d ' f  r^V • uiV(x)r(x,x)l'"'. (3.22) 
j t i  j r  ' - < 5  - i p z  

If we denote the solution of the transport equation with non-zero source term as 

and the solution of the equivalent problem with zero source term, but with 

/ = f{r,pinj,t), as N^-\ then we require and and must satisfy 

the same spatial boundary and initial conditions. For the sake of simplicity, we let 

^2 —> oc and Pu —>• 0 in (3.22) and can assume that these terms do not contribute to 

the solution for A''(x). Using (3.22) we require that 

=  f  d i  f  d p d ^ f  r(x, x)(5p(x) —  f  d i  f  d ^ f  [^V - uA/'(x)r(x, x) 
Jti J Pi Jti Jr L3 Jp, 

(3.23) 

be identically zero. In (3.23) Q p  = Qo { T , p )6 { p  —  P i n j )  and N { p i ) = 0  for but 

Qp = 0 and N'(p/) = NiPinj)  for By requiring = 0, in (3.22), we 

obtain 

Q o  =  t ) V  •  u, 

for the appropriate injection rate for the solution for 

The shape of the distribution function /(r, p, t )  in the range between thermal 

energies and Pinj can be expected to influence significantly the effective injection 

rate. The various mechanisms responsible for the preacceleration of thermal particles 

should be included self-consistently in order to properly describe this region. In the 

"thermal leakage" models of Kang and Jones [101] the distribution function below a 
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certain momentum pi < Pinj is forced to maintain a Maocweilian form consistent with 

the plasma state, while particles with momenta pi < p < pi^j evolve according to the 

equation (3.19), but they are not included in the calculation of the energetic particle 

pressure. For small diffusion coefficient values near the thermal momentum, the 

energy- changes in the range pi < p < Pi^j will be dominated by the adiabatic effects, 

and Pi can be used as a free parameter that controls the shape of the distribution 

function near the Pinj-

It is of interest to note that the hydrodynamical cosmic-ray energy equation can 

be obtained by multiplying the transport equation (3.1) with Q = 0, by the particle 

kinetic energy T, and integrating with respect to p from p = Pinj to p = oo, to obtain 

the equation 

dE,  
dt 

where the parameter 

+ V • {vlEc + Fd) + PcV • u = -aV • u, (3.24) 

47r 
®  —  2  P i n f  1  P i n j  1  t )  (3.25) 

governs the injection rate, e.g. Zank [175]. In (3.24) 
poo 

Ec = 47r j dp p^T/, 
J D. . 'Pinj 

i*00 
Fd = —47r f dp p^Tk • V/, 

Jpinj  
define the cosmic-ray energy density E, and diffusive energy flux Fd respectively. To 

ensure total energy- conservation, one can show that the fluid frame energj' equation 

for the thermal gas, analogous to (3.24), is 

-I- V • {nEg) + PgV • u = aV • u, (3.26) 

where Eg = pgjipig — 1) is the thermal gas internal energy density. Equation (3.26) 

shows that the effective source term due to injection in the thermal gas energy equa

tion (3.5) is 

S  = -aV • u. (3.27) 
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One can relate the above results for Qp in (3.20) and the corresponding injection 

term aV • u in (3.24) to the injection term used in the work by Falle and Giddings 

[59]. Their treatment effectively assumes that the contributions from the injection 

terms are negligible, except at the gas subshock. This is equivalent to setting V • u = 

(ui — U2)<5(r — Ts) in the above formula, where r, denotes the location of the shock 

and Ml and U2 are the upstream and downstream plasma velocity components normal 

to the shock. 

Using Green's formula, we have 

Q = tuAUr - (3.28) 
m (47rp2)  

and carrying out integration over f, we obtain relation between injection rate defined 

by dimensionless constant e and the the distribution function 

t( Po e 
f Pinj 1 i) — 1^3* 

r c - l m  47rpf„j 

The corresponding rate of energy transfer form thermal plasma to cosmic rays is 

= )  c^PoUsSir  -  r , ) .  
2 \ mc /  
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3.4 Numerical results 

3.4.1 Test particle vs self-consistent model 

In the interpretation of the numerical results in this section it is useful to recall some 

of the basic features of shock acceleration theory in the test particle limit discussed in 

section 1.2. For steady plane shocks without losses, and without backreaction on the 

flow, the distribution of accelerated particles downstream of the shock is of the form 

/ ~ with a = Ztc/(rc — 1), where Tc is the shock compression ratio. For finite size 

shocks or curved shocks, the spectrum of accelerated particles is, in general, softer 

than this idealized plane shock limit (i.e. d\n f /dlnp = —5, with 6 > a), since for 

finite size shocks, particles can escape off the side of the shock. From (1.13), particles 

injected into the diffusive shock acceleration process in a plane shock without losses 

w i th  momen tum po  a t  t ime  Iq ,  a r e  acce l e r a t ed  on  ave rage  up  to  momen tum p  =  P m { i )  

at time i, where 

d Ui  — U2 1 
^Pm — Pm ~ ~f  w (3.29) 
dt  3 '^nnl (pm)/^2 

In (3.29), Knn = «i! cos^ +/c_L sin^ Ob ,^ is the effective diffusion coefficient normal to 

the shock and the subscripts 1 and 2 denote the upstream and downstream regions. 

The integral of (3.29) with P m i t o )  = P o  yields the required solution for Pm{t). 

In the numerical examples below the initial condition for the plasma state is 

specified as a self-similar spherical Sedov blast wave (Landau and Lifshitz [106]), for 

which shock radius and velocity are given by, 

We use the same parameters and scaling as in [99], 7 = 5/3 and = 1-17. The 

energy of explosion is taken to be = 10^^ erg, and the interstellar density and 

pressure are set to po = 7 x 10"^^ g cm~^ and Pgo = 10"^^ dyne cm~^ respectively. 

The solution is initialized at the time corresponding to the onset of the Sedov-Taylor 
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phase, to = 6.1 x 10^ yrs ,  when the shock wave has expanded to the distance of 

To = 28.5 pc. The magnetic field strength upstream of the shock is chosen to be 

Bo =  o f j .G.  

The initial condition for the distribution function is /(r,p, 0) = 0 for the models 

which use particle injection at the shock. Alternatively, instead of injecting particles 

at the shock, we specify upstream a soft particle distribution (/ ~ p~®) that has a 

cosmic ray pressure smaller than the thermal plasma pressure, PcolPgo = 0.5. This 

approach is convenient for identifying effects due to the diffusion tensor dependence 

on the magnetic field. Its comparison to the models with parametrized injection is 

discussed below. 

Computations were carried out on an adaptively refined grid. Figure 3.1 illustrates 

the evolution of grid points in the vicinity of the shock, at three time instances 

t/to = 1.0, 4.5 and 8.0 {to = 6.1 x 10^ years) in the expansion of a supernova remnant 

shock. Fig. 3.2 shows the corresponding evolution of the plasma density and magnetic 

field induction in the test particle limit. In the present example, the initially uniform 

magnetic field upstream of the shock (Bo = 5 fiG) is not dynamically important at 

early times {t/to < 4.5), when the evolution of the SNR shock wave is dominated 

by the flow kinetic energy. The angle between the shock normal and the upstream 

magnetic field B, increases continuously from pole {0 = 0) to equator {0 = ^/2). 

and therefore the magnetic field pressure downstream is largest at the equator, for 

the perpendicular shock configuration. By the time 4.88 x lO'' yr {t/to = 8.0) the 

remnant reaches ~ 75 pc, and magnetic stresses become strong enough to influence 

flow dynamics. This leads to a difference Ar = 1.8 pc between shock position at the 

equator and the pole, and a larger shock compression ratio at the pole: cTp = 3.4, 

(Tg = 2.9. 

Figure 3.3 shows estimates of the particle kinetic energy T calculated from equa

tion (3.29) using test particle model and ratio of diffusion coefficients k±/ki\ = 0.2. 

Part ic les  are  injected at  the  shock at  t ime t  =  to  with kinet ic  energy Tinj  = lO'^ eV.  



107 

FIGURE 3.1. AMR grid structure evolution, t j tQ = 1.0, 4.5, 8.0. 

P/Po 

0  1 2  3  
r/ro 

FIGURE 3.2. Density (contour lines) and magnetic field (vectors) at the SNR shock 
expanding into ISM with uniform magnetic field (t/<o = 1-0, 4.5, 8.0). 
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FIGURE 3.3. Particle energy T vs time. The test particle limit. Left column corre
sponds to momentum independent diffusion coefficient, right column - to KH ~ p. 
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FIGURE 3.4. Distribution function downstream of the shock for angles 6  =  0  and 
0 = 7r/2 at times ti/to = 1.75, <2/^0 = 2.5 and tz/to = 4.0. 77 = 0.2. Uniform injection 
model. 
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FIGURE 3.5. Normalized density, thermal pressure and cosmic ray pressure as func
tions of radial distance at i/to = 4.0 and 9 = 0 (left panel) and ^ = f (right panel). 
Dashed lines correspond to the test-particle case. 77 = 0.5. 
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FIGURE 3.6. Thermal pressure (contour lines) and magnetic field (vectors) in SNR 
shock at tjtQ = 2.0 and 5.0. Test-particle limit, 77 = 0.2. 

The particle kinetic energy T{t ) ,  was obtained by integrating the diffusive shock ac

ce lerat ion rate  (3 .29)  to  f ind p{ t )  =p^(i ) ,  and hence  T{t ) .  The lef t  panel  shows T{t )  

as a function of time t, for a diffusion coefficient model in which /cy and are both 

independent of the particle energy and with r/ = KX/«|| = 0.2, and KH = KOBO/|B|. 

The two curves show the acceleration rate both at the equator {6 = 90°) and at 

the pole {0 = 0°). The figure illustrates the point that, if /cx << /C||, the parti

cle acceleration rate is much faster in quasi-perpendicular shocks {6 = 90°) than in 

quasi-parallel shocks {6 = 0°) (see also Jokipii [93]). The right panel in Fig. 3.3 

shows T{t) at both the equator and the pole for a diffusion coefficient model in which 

^11 = (p/Po)«o^o/|B| and 77 = 0.2, po = 8mc. At large momenta, the effective dif

fusion coefficients Knni and /c„„2 are much greater in the right panel than in the left 

panel, and this explains the less effective acceleration in the model with K ~ p. 

The evolution of the particle distribution function computed with a self-consistent 
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FIGURE 3.7. Thermal pressure (contour lines) and magnetic field (vectors) in SNR 
shock at t/tQ = 2.0 and 5.0. Self-consistent case, r] = 0.2. 

model and injection term according to equation (3.28) with e = 10"^, is shown in 

Figure 3.4. The injection momentum was calculated based on the local value of the 

sound speed downstream of the shock [59], p,„j = 2C52/C, independent of the magnetic 

field. This model produces cosmic ray momentum distribution with amplitude slowly-

varying with 0 at low energies, but harder spectral index at the equator, compared 

to the pole, where acceleration time tacc is longer. 

When the cosmic ray back-reaction on the thermal component of the plasma is 

taken into account, the shock wave structure is modified. The effect is strongest at 

the equator, where the shock normal is perpendicular to the magnetic field lines and 

diffusion in the radial direction is governed by k±. 

Figure 3.5 shows the radial variation of the gas density p, and the gas and cosmic 

ray pressures, Pg and Pc, for a diffusion coefficient model with /cx and /C|| independent 

of p, both at the pole (left panel) and the equator (right panel). The figure shows 
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the distributions both for the test particle case (dashed curves) and for the cosmic 

ray modified case (solid curves). Note that Pg and Pc are both substantially larger in 

the test particle case. At the pole, Pg > pc downstream of the shock, whereas at the 

equator {d = irf 2), pc > Pg just downstream of the shock. This behaviour is due to 

the more effective acceleration at quasi-perpendicular shocks than at qu£isi-parallel 

shocks. 

Figure 3.6 shows contour sof pg and the vector field B (arrows) in the test particle 

case for KX/«^II = 0-2. Figure 3.7 shows the corresponding plot for the self-consistent 

case. The shock transition is preceded by a wide precursor of plasma decelerated 

by the high energy cosmic rays that diffuse upstream of the shock. At the pole the 

shock is less modified, owing to a larger value of the /C||, and the spatial extent of the 

precursor region is larger than at the equator. 

3.4.2 DiflTusion coefficient models 

The maximum energy of particles accelerated at a supernova shock is limited by the 

finite lifetime of the shock wave. If on average the interstellar magnetic field has a 

constant direction, the smaller acceleration times in the regions where shock is quasi-

perpendicular will increase the upper limit on the energy of the accelerated particles. 

The rate of energj' gain is however bounded by the finite extent of the shock surface 

in the transverse direction, and by the requirement that diffusion approximation must 

remain valid (Jokipii [93]). This constrains the value of particle mean free path along 

the field, and hence the ratio of 77 = /cj./kii-

To study the effect of changes in 77 on the spatial anisotropy of the particle dis

tribution, we consider particle acceleration models with three different values of 77: 

771 = 0.5, 772 = 0.2, 773 = 0.1. While smaller values of 77 are possible, this set allows 

one to clearly identify the trend. 

Figures 3.7-3.11 show the evolution of the plasma and cosmic ray pressure at the 
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FIGURE 3.8. Thermal pressure (contour lines) and magnetic field (vectors) in SNR 
shock at i/io = 2.0 and 5.0. Self-consistent case, 77 = 0.5. 

shock for different values of the r;. The shock modification becomes more pronounced 

with decreasing ratio of the perpendicular to parallel components of the diffusion 

coefficient. The increasing cosmic-ray pressure in the equatorial region results in 

smaller thermal pressure downstream of the shock. 

Figure 3.12 shows the radial variation of Pg and Pc at the pole (left panels) and 

at the equator (right panel). The precursor length, proportional to k^/us near the 

equator, is significantly reduced compared to the polar region. 

Plots of the distribution function versus particle momentum for different values 

of the 77, downstream of the shock, are shown in Figure 3.13. The initial distribution 

upstream of the shock is / ~ p~®. The distributions show that the particles are accel

erated into a hard spectrum, below the cut-off momentum Pm- At large momenta, the 

distributions have / ~ p~®, and increase in amplitude with time. This is most likely 

due to the advection of the particles into the shock from the upstream region. These 
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FIGURE 3.9. Cosmic ray pressure (contour lines) and velocity field (vectors) in SNR 
shock at t/tQ = 2.0 and 5.0. Self-consistent case, 77 = 0.5. 

particles have not been accelerated at the shock, since they have original spectral 

form with / ~ As expected, the particles are more effectively accelerated in the 

equatorial region where the shock is quasi-perpendicular. 

The direct evidence for the diffusive cosmic ray acceleration at SNR shocks and the 

level of cosmic ray intensity can be inferred in principle from gamma ray observations. 

Most of the 7-rays above 100 MeV are due to the decay of neutral pions 7r°, that are 

created by collisions of high energy (2-30 GeV) protons with particles at thermal 

energies. Then, 7-ray flux can be calculated as (Higdon and Lingenfelter [83]) 

„ f sin0 dO f pEcr^dr (3.30) 
2mpd,  JQ JQ 

where = 1.4 x 10"^^ cm^ ergs~^ s~^ is the yield factor for the production of the 

7-ra3'S above 100 MeV by 7r°-decay, rup is proton mass, d and r, denote distance to the 

remnant and shock radius, p is plasma density and Ec is cosmic ray energy density. 
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FIGURE 3.10. Thermal pressure (contour lines) and magnetic field (vectors) in SNR 
shock at tjtQ = 1.75 and 4.0. Self-consistent case, r] — 0.1. 

The variation with polar angle of the integrand in the equation (3.30) will contribute 

to the anisotropy in the distribution of the gamma ray flux F~,. 

Observations of many SNR shocks in synchrotron and radio emission reveal well 

defined outer boundaries of the remnant and spectral index of the radiation about 0.5, 

consistent with an electron population accelerated at strong shocks. Also, a notable 

feature of many SNR's is the intense emission concentrated in the equatorial region 

of the remnant, with polar regions having reduced emission index. Under certain 

simplifying assumptions Ratkiewicz et al. [131] constructed similarity solutions for 

the spherical SNR shock expanding into an interstellar medium with uniform magnetic 

field. Based on the latitudinal variation of the magnetic field only, they calculated 

synchrotron intensities from SNR shocks with small cosmic pressure and for cosmic ray 

dominated shocks. For the latter case a significant angular anisotropy can be obtained 

in the synchrotron intensity distribution, attributed to a higher shock compression 
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FIGURE 3.11. Cosmic ray pressure (contour lines) and velocity field (vectors) in SNR 
shock at tjtQ = 1.75 and 4.0. Self-consistent case, t] = 0.1. 

ratio and accordingly a larger magnetic field strength at the equator. 

3.4.3 Effects of drifts 

For the magnetic field configuration B = {Br,Be,Q) used so far, the drift velocity 

(3.2) contribution to the particle transport was identically zero due to the azimuthal 

symmetry of the problem. If a non-vanishing component of the magnetic field is 

present, as may be the case for the SNR shock propagating through a pre-existing 

stellar wind associated with the supernova progenitor, the drift velocity components 

will contribute to the transport in the radial and latitudinal directions. To evaluate 

the magnitude of the effect, we consider the same SNR shock model as in the pre

vious section, but with the magnetic field that has a latitude dependent azimuthal 

component, B = {Br, Bg, Bosin0), Bq =2 fxG. This field geometry has a numerically 

desirable property of a finite current and drift velocity close to the pole. 

log (pypc) 
—i ^ 1  j -
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FIGURE 3.12. Cosmic-ray and thermal pressure at I/IO = 4.0 for models with rj = 0.5 
(solid line), 77 = 0.2 (dashed line), 77 = 0.1 (dotted line). Left panel corresponds to 
9 = 0, right panel - to 0 = |. 
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FIGURE 3.13. Distribution function downstream of the shock for 77 = 0.5 and 77 = 0.1 
near the pole (6 = 0) and equator (6 = 7r/2). Times shown correspond to ti = l.Oto, 
t2 - - 1.75^0, and = 4.0<o-
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FIGURE 3.14. Density contours and drift velocity vector field VQ, normalized as 
discussed in the text. 

In the test particle limit, the field component compresses across the shock, 

similar to the Bq component. Figure 3.14 shows the drift velocity vector field nor

mal ized  as  VD / IVD I^ '^ '* ,  t o  reduce  the  contras t  in  ve loc i ty  magni tude .  Due  to  the  0 

dependence of the field, the drift velocity is largest near the equator at the shock, 

where gradient drift is dominant. The sign of the velocity changes for 0 < when 

curvature drift becomes important. The dominant Vog component of the velocity, is 

two orders of magnitude larger near the shock, than in the upstream region. 

However, the dynamical effect of particle drifts along the shock surface is small. 

This is due to a large shock radius, which leads to a relatively small drift velocity, 

compared to the background plasma flow velocity, for all but very high energj- particles 

(p/mc ~ 10"'). 
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3.4.4 Injection case 

To evaluate effects of the magnetic field dependent injection model for diffusive shock 

acceleration at supernova remnant shocks, we consider the thermal particle distribu

tion to be a Majcwellian up to the injection speed 

where we set ^ = 1. This estimate can be considered as a lower limit on the injection 

rate, that neglects pre-acceleration processes, which can enhance particle distribution 

at low energies above the value expected from a Maxwellian distribution. 

Figure 3.15 shows the distribution function as a function of a particle momen

tum for polar angles 9 = 0 and 6 = 7r/2. Comparison with figure 3.4 (in which 

magnetic field independent injection was used) shows, that amplitude of the distri

bution function is smaller by order of magnitude at the equator, as a consequence of 

a higher injection momentum for the perpendicular shock and assumed Maxwellian 

distribution at low energies. 

The smaller injection rate at the equator results in a smaller cosmic ray pressure 

close to the equator. The Figure 3.16 shows pg contours and the magnetic field vectors 

B for a field dependent injection model, in which the injection speed u,nj is given by 

3.31. The corresponding cosmic ray pressure contours and velocity field are shown 

in 3.17. The thermal pressure shown in Figure 3.16 has a minimum at 0 ~ 37° and, 

in contrast to the case with the pre-existing cosmic rays in the upstream region, the 

shock wave is essentially not modified near the equator. 

(3.31) 
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FIGURE 3.15. Distribution function downstream of the shock for angles 0 =  0  and 
9 = ~/2 at times ti/to = 1.75, t2/TQ = 2.5 and ts/to = 4.0. t] = 0.2. Non-uniform 
injection model. 
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FIGURE 3.16. Thermal pressure contours and magnetic field for the SNR shock with 
field dependent injection model at i/to = 1-75 and 4.0. 
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FIGURE 3.17. Cosmic ray pressure and velocity field for the SNR shock in Fig. 3.16. 
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Chapter 4 

NUMERICAL METHOD FOR THE COUPLED MHD AND 
PARTICLE TRANSPORT EQUATIONS 

In this chapter we describe numerical procedure for the solution of the energetic 

particle transport equation coupled with the equations of the ideal magnetohydrody-

namics. The scheme with solution adaptive grid is designed for applications in two 

spatial dimensions. Results of tests of the method are presented for several problems 

in Cartesian (x, y) and spherical polar (r, 0) coordinate systems. 

4.1 Discretization of the MHD equations 

To solve the cosmic ray modified system (3.3-3.7) we use the operator splitting tech

nique. Let k = At be the time step used to evolve solution U" from time t" to 

on the grid with step size h = Ax. Denote by If(k) the solution operator for the 

hyperbolic MHD equations and by S(k) - the source terms due to geometric factors 

and cosmic ray pressure. Then the fractional step method over one time step can be 

written as 

= H{k)V 

= S(A:)U"+^ 

Although formally this procedure is only first order accurate in time, in practice it 

produces results identical to the second-order Strang splitting since the difference 

between the two can be accounted for by modifying only the first and the last time 

updates. The formulation of the equations of ideal MHD as a hyperbolic system of 

conservation laws leads to the construction of high resolution Godunov-type finite 

difference schemes. These schemes use wave decomposition at cell boundaries by 
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solving local Riemann problems, thus allowing flux computation in an upwind manner. 

The higher order accuracy is achieved by piecewise interpolation of field variables in 

space. Section 5.1 gives general description of Godunov-type schemes for the system 

of conservation laws. 

Since the introduction of the second-order upwind TVD MHD Riemann solver by 

Brio and Wu [28], there have been several approaches to the design of high resolu

tion schemes for ideal MHD equations (e.g. Zachary and Colella [168] and Dai and 

Woodward [38]). Ryu et al. [139] and Tanaka [149] extended their approach to mul

tidimensional flow. Zachary et al. [169] devised a high order Godunov-type scheme 

based on an operator splitting technique. The MHD eigensystem has seven waves 

and the cost of solving MHD Riemann problem iteratively is considerable [37]. Effi

cient approximate Riemann solvers that use solution of the locally linearized Riemann 

problems are discussed by Dai and Woodward [39] and Balsara [9, 10]. 

Liu and Lax [116, 107] constructed a class of general second-order accurate Rie

mann solvers based on the positivity principle formulated for multidimensional sys

tems of conservation laws, with application to the inviscid fluid dynamics equations. 

We adapt their approach to the ideal MHD system. To simplify the discussion we 

consider solution strategy for one space dimension, since multiple dimensions can be 

handled using directional Strang splitting. The time update equation can be written 

using space and time centered fluxes as 

From [107], the Z-th component of the numerical flux vector Fj_i/2 at the interface 

between the j — 1-th and j-th. zones, takes the form 

TTTi+l TTTi ^ /•rfn+l /2  i-,n+l/2\ (4.1) 

(4.2) 
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where 

ai. = -i[a|A'l(l - 0S(9')) + " «»'(«'))1(L' • (UJ - UJ_,)) 

L *  • (U?, - U°,_,) i f A ' > 0  
L*^ • (U" — U"_i) ' \ J + 1 otherwise 

A^'. and denote the eigenvalue, and normalized left and right eigenvectors cor

responding to the k-th eigenmode of the solution of the linearized MHD Riemann 

problem between zones j — I and j. The state vector required at the half grid point 

j — 1/2 is evaluated using arithmetic average of the states at the two neighboring 

points j — 1 and j for the density, velocity, magnetic field and pressure. Alternatively, 

a Roe [133] averaged state can be used (see e.g. [28, 9] for MHD version), with an 

added advantage of representing stationary grid aligned shocks as an exact solution. 

The MHD equations form a non-strictly hyperbolic system, since depending on the 

direction and magnitude of the magnetic field, the wave speeds of different eigen-

modes can coincide. To have a complete set of well defined eigenvectors, a proper 

normalization must be used in each of the possible six cases in which the eigensystem 

is indeterminate or degenerate [28, 136]. 

Parameters a and 3 satisfy 0 < a < 1 and a+ (3  > 1, //* > |A*^|. 0o(^^) is minmod 

limiter and is an arbitrary limiter function applied to the characteristic projec

tions of the discontinuity at the cell interface onto the eigenvector space. In practice 

we use monotonized central-difference limiter (MC-limiter) for all wave amplitudes 

(1 < A: < 7) and = max(|A^|, |A^|). For or = 1 and /3 = 0 the equation (4.2) reduces 

to the second-order Roe scheme which accepts entropy violating solutions due to the 

vanishing of the diffusion term —^alA'^l at zero eigenvalue A*^ = 0. As noted in [107], 

with the appropriate choice of non-zero (3 and a controlled amount of dissipation 

can be introduced into the scheme to prevent such entropy violating solutions. 

In several situations involving slowly moving multidimensional strong shocks a 

need arises for artificial viscosity [130] . In hydrodynamics HLLE Riemann solver 

(Einfeldt [54]) can be used near strong shocks to introduce enough dissipation to 
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avoid unphysical solutions. For MHD calculations Balsara [10] constructed artificial 

viscosity formulation that is aimed at preserving TVD property of a scheme. 

In some problems (as in the test case from Section 4.4) initial transient conditions 

may result in unphysical solutions of the linearized Riemann problem, e.g. intermedi

ate states may have small negative pressure. In such cases we use solution suggested 

by Einfeldt et al. [55] for hydrodynamics and used by Balsara for MHD [9], which 

replaces six intermediate states of the MHD Riemann problem by a single state based 

on the extreme left and right-going waves, and A^. 

Another difficulty in the MHD calculations is the requirement of the divergence 

free field, V B = 0. Violating this constraint results in the loss of momentum and en

ergy- conservation, as well as allows fictitious forces to develop parallel to the magnetic 

field lines. One common approach to maintaining the divergence-free condition is to 

project the numerical B field onto the space of divergence-free vector fields (Hodge 

projection). The procedure is based on decomposition of the B field into a sum of 

gradient and curl components, 

B = V0 + V X A 

for some cp and A. Then B — V0 field is divergence free, and 0 can be computed by 

solving Poisson problem 

= V • B. (4.3) 

However, this method requires solution of the elliptic problem (4.3) together with 

appropriate boundary conditions every few time steps and the most efficient strate

gies for the solution of such problems may not always work for different boundary 

conditions. 

Another approach to keeping magnetic field divergence-free is to use more general 

form of MHD equations that does not assume V • B = 0. This introduces terms 

proportional to the V • B = 0 into equations and an additional eighth wave mode into 
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MHD eigensystem [129]. The new characteristic field corresponds to the advection of 

V • B. This method combined with occasional divergence cleaning is useful for the 

problems with open boundaries, through which numerically generated field divergence 

can be advected out of the computational domain. 

The third way of minimizing effects of the non-zero divergence is to use a staggered 

grid in which field components are stored at the edges rather than the center of the 

computational cell [42]. Integral form of Faraday's law then can be used to update B 
field in a conservative manner, maintaining V • B = 0 to machine precision. Evans and 

Hawley [58] introduced interpolation of zone averaged variables from the zone center 

to zone edges to construct electric field components (see also Dai and Woodward [40]). 

In [145] their approach was modified to use upwinded variables in the interpolation 

for .A.Ifven mode, to handle properly Alfven wave propagation in 2-D. 

We use in our implementation the approach suggested by Balsara [11], who argued 

that instead of reconstructing electric field components E = {Ex, Ey, E.) at cell edges 

from zone averages, the upwinded magnetic fluxes can be used to determine E. The 

method starts with all variables at the zone centers and B" at the zone faces. Then 

B" is interpolated to the zone center to obtain B" and the higher order Godunov 

scheme is applied to update solution at the zone center. This step produces time 

and space centered magnetic field fluxes at the zone faces, which are combined and 

averaged to yield electric field at the zone edges (see for details [11]). The face centered 

magnetic field then is updated conservatively using this E field in the discretization 

of the integral form of Faradey's law. The updated magnetic field B""^^ at zone faces 

can be averaged to obtain a new representation of the B"^^ at the zone center. The 

modification of the total energy density E then is required for consistency 

E = £ + - (b;+')'] /8T. 

This procedure for divergence free evolution of the magnetic field performs well on 

stringent test problems and is simple to implement, at the same time being compu
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tationally not expensive. 

4.2 Discretization of the transport equation 

The transport equation (3.1) can be written in terms of the new variable g = fp^ as: 

I + u . Vs - V(KVS) - iv . U - 4j) = (4.4) 

Equation (4.4) is solved numerically using a fractional step method 

= R{k)g^ 

= A{k)r^\  

where R is the solution operator for the diffusion equation with source terms, 

g t  =  V  • { K V g { T , p ) ) - A u p g  +  Q p ^ ,  (4.5) 

applied for each value of the momentum, p. .4 is the solution operator for the advec-

tion equation in the three dimensional phase space (r,p) 

^ t  +  u  - +  = 0 ,  ( 4 . 6 )  

where Up = —V • u/3 is the advection velocity in momentum coordinate In p. 

We use Alternating Direction Implicit (ADI) implicit scheme to obtain second 

order accurate in both space and time solution of the equation (4.5). In particular 

we implemented the Peaceman-Rachford algorithm suitably modified to account for 

the space and time dependent coefficients, source terms and mixed derivative terms 

[147]. 

To solve the advection equation (4.6), we employ upwind wave-propagation al

gorithm [111]. The second order accurate version of the method for advection with 

velocity u in single space dimension can be written as 

9 j * ' = 9 j  -  ̂ ( n i a x ( t i j . i / 2 , 0 ) ( 9 " + m i n ( u y + i / 2 , 0 ) ( s y , . i  -  s " ) )  
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FIGURE 4.1. Adaptive mesh refinement grid hierarchy. 

where Fj is a second order correction "flux" limited by limiter 0, 

= \w , -m\  (i - ° 

Multidimensional update is done similarly using directional sweeps [146]. The overall 

accuracy of the scheme in time is limited by the integration of the source terms in 

both MHD and transport equations, for which we choose first order accurate forward 

Euler's method. Thus, the resulting method is only first order accurate in time and 

second order accurate in space. Second order accuracy in time can be easily achieved 

by using multi-step time integration procedure, but we find that in many cases it is 

more important to reduce the dominant spatial discretization errors. 

The time step for two-dimensional problems is determined dynamically by 

Ai = p ^ 
h"ax(|uj:|+Cr/) , maxduyl+Cy/) max(|up|) | 

Ulcus.  ̂ f ' Alnp J 

where C is CFL number, and Ci/, Cyf are MHD fast speeds in two coordinate direc

tions. 
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4.3 Formulation on the solution adaptive grid 

The numerical method developed in the previous sections can be combined with the 

solution adaptive mesh refinement (AMR) strategj- of the type described in [23, 24]. 

This approach uses a collection of logically rectangular meshes to recursively refine 

regions where the desired level of accuracy of the numerical solution must be achieved. 

Fig. 4.1 illustrates this with grids that are refined by the refinement ratio of 2 in 

each coordinate direction and time, starting with the coarsest grid at level I — 0. 

The resulting multi-grid structure is updated to follow solution in time. For the 

systems of conservation laws such £is MHD equation, the flux function can be used to 

coordinate solutions at neighboring grid levels. The solution is first obtained on the 

coarse grid for time Then, the boundary conditions for the overlapping refined 

grids are computed using space-time interpolation from the coarse grid, followed by 

the two-step update of the solution on the fine grids to time with time step 

At/'2. .A^s a result of this update, "fine" fluxes at times and become 

available and are averaged to represent a better approximation to the "coarse" flux 

function at time This value of the flux is used to replace "coarse" fluxes of 

the parent grid, and correct the coarse grid zone centered variables. The correction 

is applied to the cells that share edges with the cells of the refined grid and therefore 

achieves global conservation property when integrating across the grid hierarchy, since 

the same numerical flux function is used for both coarse and fine grid updates. The 

generalization of the above method to the systems of hyperbolic equations in non-

conservative form is given in [24] in terms of the wave propagation algorithms [111]. 

The later is suitable for the spatial part of the advection operator in equation (4.6). 

On fine grids, the boundaries, interpolated in space-time from the coarse grid, are 

used in the ADI scheme applied to the equation (4.5) (see e.g. Johansen and Colella 

[85] and references therein for the discussion of spatial interpolation at the coarse-fine 

interface). At the end of a single time step on the coarse grid, in the regions of the 
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overlap with fine grids the values of the coarse grid cells are replaced by the average 

of the corresponding cells of the fine grids. Thus, the overall solution is constructed 

from the most accurate parts across the grid hierarchy. 

If the maximum allowable number of refinement levels is limited, so that the grid 

size does not satisfy desired accuracy requirements, or when the nested refinement 

levels are located too close spatially, the determining factor for the accuracy of the 

solution is the rate of error propagation from coarse to fine regions. This issue is 

investigated through numerical experiments in Chapter 6. 

4.4 Validation of the scheme 

The first test that we consider is the MHD blast problem. This very stringent problem 

with initial pressure jump of pi/po = lO"* has been considered in [11]. It involves 

multidimensional shock waves propagating across the grid lines and serves as a good 

test of shock capturing and monotonicity preservation properties of the scheme. The 

problem is specified in the Cartesian x x y coordinate system. A 200 x 200 uniform 

grid is used on the computational domain of size [0,1] x [0,1]. The initial condition 

consists of a pressure enhancement pi = 10^ inside the circle of radius r = 0.1 located 

in the center of the computational domain. The ambient pressure is set to po =0.1, 

density is constant p = 1 everywhere, and fluid velocity is zero. The ratio of specific 

heats  i s  taken to  be  7  =  1.4 .  A magnet ic  f ie ld  B = (100,0 ,0)  i s  spec i f ied  a long the  x-

direction, so that the plzisma (3 is very small outside the circle with the initial pressure 

pulse. Figure 4.2 shows contour lines of density, pressure, magnitude of the velocity, 

and magnetic pressure J3^/47r at t = 0.01 computed with a divergence free scheme. 

.A.11 the waves and shocks have correct positions and there are no spurious oscillations 

at the discontinuities. We obtained similar results when using the scheme with zone 

centered variables and without any divergence cleaning. Balsara et al. [11] note the 

same effect, which they attribute to the fact, that strong shocks moving rapidly with 
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FIGURE 4.2. The results of the MHD blast wave test problem at time t  = 0.01. 

respect to the computational grid do not contribute significantly to the creation of 

magnetic monopoles due to longer times typically required for accumulation of this 

types of local errors. 

W'e also performed convergence tests using Orzag-Tang MHD vortex problem. We 

have found that enforcing V • B = 0 condition is important for this case, and that 

accurate results are obtained using procedure described above. 

To test the MHD solver coupled with the adaptive mesh refinement procedure 

in spherical polar coordinates, we employ one of the exact self-similar solutions of 

MHD constructed by B.C. Low [117], To compute this problem we add a point 

mass gravitational force term —pGMf/r'^ to the RHS of the momentum equation. 

Numerically it is treated as a source term, in operator splitting form, exactly like the 

force due to the cosmic ray pressure. 

The problem described bellow was solved analytically in [117] to model the solar 

coronal transient phenomena. The flow consists of a dynamically consistent spher



134 

ically symmetric atmosphere of a star with mass M .  The ratio of specific heats is 

7 = 4/3. Initially, at 4 = io, coinciding in position spherical gas-dynamic shock and 

contact discontinuity are specified at some distance from the inner boundary located 

at Rq. Velocity is zero upstream of the shock and is given by u = rf/t ever\-where 

downstream. 

The density p, pressure p  and poloidal magnetic field 

$ = C = r/^, constitute solution below the contact surface, where 77, <^0 = 

Exact formulae for Ps, Ps upstream and in the region between shock and contact (see 

Low [117]) complete the solution. As the flow evolves, the shock wave separates from 

the contact surface which is followed by an expanding axisymmetric MHD flow given 

by eq. (4.7). For C, » Co the magnetic field is potential and dipolar, and the flow 

becomes spherically symmetric for large C-

We compare exact and numerical solutions of this problem for the set of parameter 

values given in Table 4.1. The initial condition is specified using exact solution [117] 

at f = io on a coarse 100 x 100 grid on a domain (r, 6) G [iJo? 5i2o] x [0, tt]. In addition, 

47rr-»(Co' + C2)5/2 0 

8a + 28CoV + 35C'>Co"̂ o 
47rGMr3(Co2 + 

2Aq COS 6 . Aq sin 6 
f  -  n  ^. o 

A q  are constants and />, and p, correspond to spherically symmetric 

gas-dynamic part of the solution: 
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h Ho ^0 M V u 

sec cm cm^G 9 
—2 sec ^ 

9 X 10^ 10" 1.5 X 10^1 2 X 10^^ 5.24 X 10-« 2.42 X 10'^° 

TABLE 4.1. Parameters for the coronal transient problem of B.C. Low [117]. 
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FIGURE 4.3. Normalized density contours, (P — ps)fPs, and magnetic field for the 
coronal transient test problem at time ti = 2.7 x lO'^sec. 

there are two levels of grid refinement placed at small r, where magnetic fields are 

strongest. We choose to center both grids at r = 2/2o don't use the solution based 

grid adaptation to follow the shock or contact discontinuity, since at the final time 

t = ti of the computation both of this waves are in the region where flow is almost 

spherically symmetric and magnetic pressure is small. Physical boundary conditions 

at 0 = 0 and Q — TX are specified as axis of symmetry. At r = boundary exact 

time dependent solution is used, while at the outer radius we employ the first order 

outflow condition. 

Figure 4.3 shows contour lines of the density and magnetic vector field on grid 

level / = 1. Comparison of exact (eq. (4.7)) and numerical solutions is given in 

Figure 4.4 which shows Br{2Ro,d) and Bg{2Ro,6) at times to = 9 x lO^sec and 

ti = 2.7 X lO'^sec. There is a very good agreement between analytic (solid line) and 

computed (symbols) solutions everywhere and no spurious wave generation at the 
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FIGURE 4.4. Radial and latitudinal field components at time t o  =  9 x  10^ sec (dzished 
line) and ti = 2.7 x 10'*sec (solid line - exact, symbols - numerical solution). 

coarse-fine grid boundaries. 

Finally, we consider time-dependent diffusive particle acceleration problem in 

spherically symmetric SNR shocks. This test validates consistency and convergence 

properties of the combined fluid dynamics and particle transport scheme. VVe use 

AMR procedure to obtain numerical solution of the particle acceleration problem for 

the set of parameters corresponding to model H6 computed by Kang and Jones [99]. 

The main difficulty of this calculation is the requirement placed on the spatial reso

lution by the value of the diffusion coefficient, which determines the diffusion length 

scale, Td = Ac/uj. Numerical tests indicate that solutions converge when the diffusion 

length scale is well resolved, i.e. Ar/r^ < 0.04. 

The constant value of the diffusion coefficient k  = 5 x 10""' and grid step Ar/ro = 

1.74 X 10""*, linearly increasing with distance from r/R = I.O, were used in [99] to 

follow solution to the final time t/to = 4.0. We use the same value of k and AMR grid 
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hierarchy is chosen to obtain similar resolution on the finest grid. We specify uniform 

coarse grid (/ = 0) of 800 points on the domain of size r 6 [1.0,2.1] and three levels 

of refinement {I = 1, 2,3), each with 80 points. Thus, the grid step on the finest level 

is Ara = 1.71875 x 10""*. The gradient in density is monitored for adapting grids to 

the solution, so that the shock is nearly centered on each grid at all times. The grid 

at level 1 = 0 also moves with respect to the absolute coordinate frame to minimize 

dynamically required domain size. To check preservation of the symmetrv- by the 

scheme, computations were performed by a 2-D solver with spherically symmetric 

initial condition corresponding to a 1-D problem. Figure 4.5 shows time evolution of 

the density p, gas pressure pg, and cosmic ray pressure Pc as functions of radial distance 

r. Solid lines correspond to the initial condition at t/to = 1.0 with f{r,p, to) = 0 and 

Pcif, io) = 0. The distribution function g = fp^ immediately downstream of the 

shock is shown as function of the particle momentum, p. The post shock values 

of the fluid state vector, particle pressure pc, distribution of g(p), as well as shock 

position at t/to — 4.0, are in agreement with the results by Kang and Jones [99] 

(their Figures 4a and 6 at final time t/to = 4.0). We followed the evolution of this 

model to time t/to = 8.0 and verified a decrease of the ratio of post-shock CR to 

gas pressure similar to the results from the two-fluid models computed by Kang and 

Jones [98]. The momentum dependence of the distribution function at late times is 

closer to the power law with slope less than ~ 4.2 — 4.3 at all energies. As discussed 

in the previous chapter, this is in agreement with the decreasing compression ratio 

and lower injection energies at late time. 
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Chapter 5 

2-D RIEMANN SOLVER FOR INVISCID COMPRESSIBLE 
FLOW 

5.1 Statement of the problem 

A number of accurate, high resolution methods are available for modeling compress

ible flow in multiple space dimensions based on the exact or approximate solution of 

the Riemann problem. This is the solution of the hyperbolic system of equations with 

piecewise constant initial data separated by a discontinuity. To illustrate the method 

consider for simplicity two-dimensional hyperbolic system of conservation laws 

+/(W)L +Y(U)Y = 0. (5.1) 

On a uniform Cartesian grid with spacing A x  =  A y ,  a finite volume discretization 

takes the form 

+ Gfj+i - GT.,). (5-2) 

where UPj represents approximation to the cell averages 

1 rvi+i 
J  u { x , y , t n )  (5.3) 

and { F ,  G )  is an approximation to the true flux. For example flux through the left 

boundary of the cell is 

1 /''"+1 fVi + l 
J  f { u { x i , y , t ) )  d y  d t .  (5.4) 

The approach to calculating flux as F - j  =  f { u ) ,  where u  is solution at the boundary-

for t + At to the Riemann problem with Ui-ij and as initial left and right 

states, was introduced by Godunov [75] for one-dimensional Euler equations and was 
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modified subsequently, producing a number of numerical methods, such as the class 

of total variation diminishing [167] or essentially non-oscillatory schemes [77]. Roe 

[133] suggested solver which uses 1-D linear Riemann problem as a building block, 

therefore simplifying the problem significantly, since analytic solution to the linear 

problem is readily available. The drawback of this approach is that it treats transonic 

rarefactions as an expansion shock, producing physically irrelevant solutions. This 

problem has been addressed in a number of studies [33], [78] and can be remedied, so 

in practice linear Riemann solvers proved to be very efficient and accurate. 

In two and three dimensions most Riemann problem based solvers employ some 

form of dimensional splitting, where the one-dimensional operator of the equations 

projected on the normals to the control cell is used. In the multiplicative version of 

this approach, one applies 1-D operator successively to each coordinate direction, 

(5.5) 

where and C/" denote solution at time t  +  A t  and i, and 5^ is a numerical ap

proximation to the exact 1-D solution operator S  with time step k  =  A t .  For systems 

of linear equations and non-linear equations, such as Euler's equations, the operators 

for each coordinate direction usually do not commute, and using Taylor series expan

sion the truncation error in the modified equation can be shown to be 0(Ai), leading 

to the first-order accurate scheme. Using a different product of operators suggested 

by Strang [146], 

(5.6) 

gives a splitting which has truncation error O(Ai^). For smooth solutions, if each of 

the methods 5^ is second order accurate, then formally so is the split method. 

In the case of additive splitting the computation uses the same 1-D operator as in 

the multiplicative version, but the value in the cell is updated simultaneously, that 

is, §1 and are connected additively. The advantage of using direction splitting 
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is in the relative simplicity of the underlying one-dimensional solution operator and 

existence of analytic solution to the Riemann problem for the case of the Euler equa

tions and some other non-linear systems. But both of these methods do not account 

for physically relevant directions of propagation which may lead to difficulties such as 

numerical diffusion for shocks traveling at the angle to the grid lines, anisotropic wave 

propagation and numerical instabilities, which will ultimately restrict maximum al

lowed time step or CFL number. The main reason for this is that the multidimensional 

form of the equations, unlike 1-D case, has infinitely many propagation directions. 

In the last decade there were numerous investigations of the use of one-dimensional 

linear solvers to account for multidimensional nature of the hyperbolic problems, in 

particular, the adaptation of one-dimensional solvers in preferred direction [41], [134], 

[112], [138]. Roe [135] modified the flux difference splitting idea for the multidimen

sional case on a cell vertex based grid. When this approach is applied to systems of 

equations, wave models are necessar>' to decompose fluctuations and distribute them 

in a physical way [126], [137]. 

Colella [34] used corner transport upwinding method based on the predictor-

corrector time integration in which predictor and corrector steps use different coordi

nate directions. For example, to compute flux through the left boundary of i-th cell in 

this method first the approximations u~ and to the value u(x,, -f-Ay/2, tn + k/l) 

a t  t h e  c e l l  b o u n d a r y  a r e  c o m p u t e d  u s i n g  T a y l o r  s e r i e s  e x p a n s i o n  o f  u { x , y j , t ) ,  

+  g { u ) y ) ,  (5.7) 

where U t  = — f { u ) x  —  g { u ) y  and /(u)i = f ' ( u ) u x  were used. Then and f ' { u ) u x  

are approximated in turn using the x-slope together with the Jacobian matrix and a 

characteristic extrapolation scheme, while g{u)y is computed as a difference of fluxes 

in y-direction. Finally the flux at the left boundary is defined as resulting Godunov 

flux using state which is the solution of the Riemann problem with u~ and 

Another approach, the generalization of the Lax-Wendroff method to include the 
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cross derivative terms that are in turn discretized by using one-dimensional solver, 

was done by LeVeque [111]- In this method a Riemann problem is first solved in 

x-direction at the cell interfaces based on the the data tZ/Lij and U^j, on the left and 

right side of the boundary. The resulting waves from this solution are used to define 

approximations to the slope from each wave family. Then these waves are used to 

solve additional Riemann problems in the y-direction resulting in the modification of 

the fluxes through upper and lower cell boundaries, thus incorporating the necessarj' 

information from the cross derivative terms. 

Recently the Method of Transport that does not make use of a Riemann problem 

was introduced by Fey in [60]. It generalizes one-dimensional flux vector splitting idea 

and relies on the assumption that flux contributions due to separate waves can be de

coupled, using multidimensional waves transported from infinitely many propagation 

directions. Genuine two-dimensional solvers were originated in [1] using self-similar 

form of the Euler equations, leading to a mixed hyperbolic-elliptic problem, while in 

[69] the formulae for a linear Riemann problem with nonzero initial data in the first 

quadrant were worked out. 

In this chapter we construct a Riemann solver beised on two-dimensional linear 

wave contributions to the numerical flux. The resulting numerical flux can be viewed 

as a one-dimensional flux normal to the cell boundaries plus the correction terms 

due to the waves emanating from the corners, computed using a multi-state linear 

Riemann solver. The formulae generalize results obtained in [69] for arbitrary angles 

and all the waves. For small CFL numbers the contributions of one-dimensional waves 

dominate the flux and that explains a good performance of direction-split solvers in 

practice. The multidimensional flux corrections increase the stability, allowing for 

large time step, and accuracy. 
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FIGURE 5.1. Control volume of a dual Delaunay-Voronoi hexagonal mesh. 

5.2 The finite volume flux computation 

In this section linear 3-state Fliemann solver is used in a cell-centered finite volume 

method on a hexagonal grid. An example of such a grid, a regular Delaunay-Voronoi 

dual mesh, is shown in Figure 5.1. This choice of a grid is made to simplify a 

discussion, since it allows three states in a 2-D Fliemann problem, which is a minimum 

number required to generalize two-state 1-D problem. 

5.2.1 First-order accurate method 

Consider an integral form of a system of hyperbolic conservation laws 

 ̂ f u  d S  -F- f { • n  d l  =  0 ,  (5.8) 
d t  J A JT 

where u  is one of the conserved variables, f is a flux vector and A  and F represent 

the volume and the boundary of the control region. Integrating in time and over the 

computational cell, shown in Figure 5.1, gives the following finite volume approxima-
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xO. 

FIGURE 5.2. Flux computation using three-state Riemann problems. 

tion. 

U:*' = U?i -f̂ ' dt t • n dl, (5.9) 

where Uij represents the cell average and is the edge of the computational cell. 

Denoting approximation to the flux through the fc-th edge by we have 

u^*'= UTj - (5.10) 
k  

The cell averages are assumed to be given, while the fluxes are approximated 

using the values on the edge computed as solutions to the three and two-state linear 

Riemann problems. 

The initial data needed to determine the values of the flux density f = [ F . G )  

along one of the edges consists of four states, as shown in Figure 5.2. The circles in 

this figure represent the position of a sonic wave front based on the average sound 

speed of the three surrounding states. The centers of the sonic circles are shifted by 

the position vector —uAt to account for the advection with average velocity u. Thus, 



145 

the numerical flux across the sections of the edge, denoted by Ci, 63, results from 

multidimensional waves originating from the corners. These fluxes are approximated 

using solutions to the 3-state linear FUemann problems. For example, in Figure 5.2, 

the flux across the section ei is computed as f(u'(x,y,t)), where u'(x,y,t) is the 

solution of the 3-state Riemann problem with the initial data from the cells Oi, O2, 

and O3. The flux across the section 62 is determined only by the states Oi and O2 

and can be computed using 1-D Riemann solver. The resulting numerical flux can be 

viewed as a one-dimensional flux across the cell boundaries plus the corrections due 

to the waves emanating from the corners. 

The linear system that is solved in the linearization cell, shown in Figure 5.2 in 

dashed lines, is of the form 

Ut -l- AUx "I" BUy = 0, (5.11) 

where the matrices A  and B  are the Jacobian matrices of the physical fluxes F  and G .  

They are evaluated at an intermediate state U. This state [7 is a convex combination 

of the surrounding states shown in Figure 5.2, 

U = wiUi -f- W2U2 + w^Uz, (5.12) 

with 0 < < 1, i = 1, 2,3, such that wi + •W2 + Wz = 0. 

.\ote, that the flux density in each section can be accurately integrated by any 

polynomial type quadrature. In practice the midpoint quadrature rule has been found 

adequate. 

5.2.2 Extension to the second-order 

The procedure for the flux computation outlined above, in which the neighboring 

states are taken to be constant, results in the scheme that is only first order accurate 

in space and time. To extend the scheme to second order a MUSCL-type [151] 
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approach is employed, in particular the variant of the two-dimensional van Leer-

Hancock scheme as described in [74]. The idea is to use piecewise linear instead of 

piecewise constant data in each cell. First the gradients in each cell are estimated 

a n d  v a l u e s  o f  p r i m i t i v e  v a r i a b l e s  U p  =  ( p ,  u ,  v , p )  a r e  r e c o n s t r u c t e d  a s  U p { x ,  y )  =  U p  +  

Vup dr at cell boundaries to be used in Riemann problem computations. Prediction 

of the gradients Vup = (Vupi, Vupy) in each cell can be done using the discretization 

of the Green's formula 

where summation over e includes edges on a cell boundary and we take, as illustrated 

in 5.1. 

If the full gradient were used in reconstructing the values at cell boundaries, the 

predicted value could fall outside the bounds of data used in the sum, resulting in 

oscillatory solution. To avoid this it is necessary to properly restrict the slopes, and 

to this end gradients are multiplied by the limiter defined as [43]: 

Here index k  runs over the components of the Up, so there is one limiter for all 

variables, though this restriction can be relaxed. The minimum and maximum over 

the path are found by examining the values used in the gradient evaluation sum; the 

maximum and minimum over the cell are found by using the gradient to reconstruct 

Up at ceil corners. Thus, this minmod-type limiter acts to insure that the predicted 

values in the cell are bounded by the values used in the gradient calculation. 

For the configuration shown in Figure 5.2 predicted values are calculated at the 

cell face center for the 1-D Riemann problem, and at the cell corners for 3-state 2-D 

(5.13) 

r 1 

(j) = mm |ut-maXc,H(ufc)| 

min, 



147 

Riemann problems. For the second-order accurate time integration, first the solution 

is updated at time t-k- ^ using first order scheme 

= (5.15) 

Then this values are used in the prediction and limitation procedure described above. 

The final solution is obtained using fluxes computed from the Riemann problems 

based on these predicted values, 

U?*' =  ̂E (516) 

5.3 The approximate Riemann solver 

Consider linearized two-dimensional Euler equations with a constant background 

state, U = {p, u, P), where the corresponding variables denote density, velocit}' 

u  =  { u .  v ) ,  a n d  p r e s s u r e  o f  t h e  g a s  i n  a  m o v i n g  f r a m e  x '  =  x  —  u t ,  y '  =  y  —  v t .  

The linearized Euler equations can be written as (dropping the primes): 

P t  +  p V  • u  =  0 ,  

Ut + VP/ p = 0, (5.17) 

P t +  p  Cj V - u = 0, 

where Cs denotes the background sound speed. 

The solution can be thought in Fourier space in terms of the eigenvalues and the 

eigenvectors of the matrix iki[ikiA-\-ik2B], ki and k2 being the dual Fourier variables, 

or directly in physical space using well-known solution to the two-dimensional wave 

equation. Here we describe the later approach. 

Eliminating the velocity from the last two equations of the system (1) shows that 
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the pressure satisfies the wave equation, 

Ptt - ciAP = 0, 

P { x , y , 0 )  =  P o { x , y ) ,  

P t { x ,  y ,  0) = -p V • u(x, y ,  0). 

The solution is given as a convolution of the initial data with the two-dimensional 

free space Green's function for the wave equation, 

Q  
P { x . y , t )  = — [ G { x , y , t )  *  P o { x , y ) ] - \ - G { x , y , t )  *  P t { x , y , 0 )  (2), (5.18) 

where 

= (5.19) 
27rc, ^(c2i2 _ _ ^2) 

and H  denotes the Heaviside function. 

The first integral in equation (2) gives an expression for the pressure perturbation 

due to the initial piecewise constant pressure distribution. It is evaluated explicitly 

in the next section. The resulting expression depends on the number of crossings of 

the sonic circle, centered at the point of evaluation (x, y), with the discontinuity lines 

in the initial data as shown in Figure 5.3. The second integral gives an expression for 

the pressure perturbation due to initial divergence of the piecewise constant velocity 

field. Note, that the divergence at the origin, point O in Figure 5.3, is zero since the 

\-elocity jumps stay finite across the discontinuity lines, while the surrounding area 

shrinks to zero. 

Once the pressure is determined, density can be computed noting that the first 

and the last equations of the system (1) imply 

p{x., y, t) = p q  + (P(X, y ,  t )  -  P q ) /  c ] .  (5.20) 

The first term represents the advection of the initial density due to the entropy wave, 

while the second term is due to the acoustic waves. 



149 

FIGURE 5.3. Structure of a linear three-state 2-D Riemann problem. 

Finally, the second equation in (2) implies that the velocity can be computed by 

taking distributional gradient of the pressure followed by integration in time, 

u(x, y ,  t )  = u(x, y, 0) - f V P d t  /  p .  
J o  

(5.21) 

The resulting formula is 

u ( x , y , t )  = u(x, y,0) - 4 
P 

V G i x ,  y ,  t )  *  P(x, y , 0 ) +  f VG(x, y ,  t )  *  P t { x ,  y ,  0) d t  
J o  

(5.22) 

The first term corresponds to the advection of the vorticity mode represented by 

a divergence-free component of the initial velocity. The second term in the above 

expression is due to the pressure gradient in the initial data, while the third term 

results from a curl-free component of the initial velocity. Both terms in the square 

bracket represent the acoustic mode. 

To get back to the original frame of reference, x  and y in the above formulae need 

to be replaced by x — ut and y — vt, respectively. 
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5.4 Linear multistate 2-D Riemann problem 

In this section solution of a linear multistate Riemann problem is described in more 

detail. In particular, the integrals in the expression for the pressure, p, are evaluated, 

since %-elocity field can be handled similarly. 

Figure 5.3 shows configuration for the 3-state piecewise constant initial data. Since 

the problem is linear, solution can be written as superposition of data concentrated 

in a single wedge of arbitrary angle. Therefore it is sufficient to work out the formulae 

for one of the wedges. Without loss of generality one can put average velocity to zero 

and consider the problem in the moving frame. 

First we note, that for the regions Si and S2 solution to the initial value problem 

can be written as a sum of the solutions of the one-dimensional wave equation: 

where summation is over the lines that intersect the sonic circle, Ap, = p^+i — pi, and 

Au, = u,+i — Uj. Position vector r = (x, y) refers to the origin at the point O, is 

t h e  u n i t  n o r m a l  t o  t h e  i  —  t h  l i n e  U .  

For pressure, solution to the wave equation can be formally written as: 

where integration is over the area (x —— (y — v)^ ^ Consider the first integral 

p ( t ,  t )  = p(r, 0) + (p(r, t )  -  p(r, 0 ) ) / c 1 ,  

u(r,t) = u(r,0) + ^ 4-sign[sin(0 - 0i)](ni • Au^) , 
2^--' pc. 

P 

(5.24) 

(5.23) 
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in the expression above, converted to polar coordinates, 

I  d  f  r  P o { ^ , n )  

u. drj = 
27rc- d t  _  ̂ )2 _ ( ^ y _  n ) 2  

27rc- d t  y, ^^^2 _ _ ̂ )2 _ (j/ _ r j ) 2  

1 a ^27r 
/ Apo (</>') 

J o  J o  
dr'd<t>' 

2ttCs dt Jq ' Vo \/—r'^ + 2 cos(0' — <;D)rr' + 

where r^. = rcos(0' — 0) + \/^t^ — sin^(<?S> — 0'))- Integration with respect to r' 

gives 

f J o  \J—r'^ + 2 cos{4/ — (f>)rr' + ̂ t^ — 
dr' = 

= y/^t^ — r^ + rcos{<f)' — 0) ( ^ + arctan 
rcos(0' — 0) 

>/c?«2 _ ^2 y 

Dropping the term that is independent of the time and integrating with respect 

to <j' we get, 

^v/c^«2 _ J.2 + (r cos((^>' - 4>)) arctan d ( t > '  = 

= r sin(0 — 0') arctan 
r cos(0' — 4>) 

+ 

+ Cji arctan ( y 1 ~ ~ 
01+1 

The second term is discontinuous at 0 — 0' = ±| and therefore this Hne from each 

side may contribute to the definite integral |, if it is within the limits of integration. 

Finally, taking time derivative and summing over all initial states the integral in 

equation (1.2) becomes 

1 
p(r,i) = p(r,0) + —^ApiFi 

i=l 
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The integral (1.3) in the expression for the pressure is a line integral along each of 1, 

and can be computed as follows 

f f V • Up d̂ dri 
2 -  -  { x -  ̂ ) 2  -  ( y -  7 7 ) 2  

^Au / , ^ dr' = 
27r Jq  y j —r'2 -i- 2 cos(0, — 0)rr' + _ 7-2 

^ Au + arctan = ^AuGi 
27r \^2 p y 27r 

TT 
F. = 2 sign[cos((^j - (j))]) sign[sin(0 - 0.)] 

r 2  
arctan ( \/l - ̂ ^tan(0 - 0i) 

G, = arctan f-^Ji=L=) +E 

Wix = (iij • Au,)fi + ̂ -Gi 
PCs 

Wij, = (n. • Au.) log 
Cst + - r2y 

Summation over all states shows that in the region Sz solution is obtained as a 

superposition of contributions from jumps at each line: 

p { T , t )  =  /9(r,0) + (p(r,i)-p(r,0))/c2, 

u(r,() = u{r,0) + if;(^';^; ), 
j=l ^ ' 

- TTl 771 
p(r, t )  =  p(r, 0) + —^ApiFi + ̂ ^(nj • Aui)Gi 

t=i t=i 
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5.5 Numerical examples 

In this section, through numerical experiments, we illustrate the performance of the 

proposed method and compare it with other schemes. Experiments are done both on a 

regular grid with hexagonal control volume shown in Figure 5.1, and on a conventional 

rectangular grid. The flux integrals in (5.9) were approximated using the midpoint 

rule that requires single evaluation of the integrand. Ratio of specific heats, 7 = 1.4, 

is used in all examples. 

The first example, also considered in [111], is a radially symmetric Riemann prob

lem in the form of a dense, high pressure circle of gas with zero initial velocity, 

We have used second-order scheme with the minmod-type limiter as outlined in sec

tion two. Figure 5.4 shows contour plots of the density at i = 0.13 computed using 

two-state linear solver on an 80 x 80 rectangular grid. The Courant number in this 

example is 0.7, which is the maximum for the two-state solver. Figure 5.5 shows 

the solution to the same problem computed using multi-state solver with CFL=0.7 

(maximum CFL in this case is 1.0). It shows that the solution is more isotropic, and 

radius of curvature of the shock at angles not aligned with grid lines is more uniform. 

The second example is a two-dimensional Riemann problem consisting of two weak 

shocks and two slip lines. 

This case was analyzed in [60] where it W2is demonstrated that the Van Leer flux 

vector splitting method may produce a curved shock connected with two other shocks, 

resembling regular shock reflection, while the multidimensional solver proposed in 

{ /? = 2, p = 15 if r < 0.13 
p = 1, p = 1 otherwise 

p  = 0.5313, p = 0.4, u  =  0.0, V  = 0.0, if x > 0, y > 0 

p  =  1.0, p = 1.0, u  = 0.0, V  = 0.7276, if x > 0, y < 0 

p  = 1.0, p = 1.0, u  = 0.7276, V  = 0.0, if x < 0, y > 0 

p  = 0.8, p = 1.0, u  = 0.0, V  = 0.0, if X < 0, y < 0 
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FIGURE 5.4. Density plot for the radially symmetric Riemann problem, 80x80 rect
angular grid, 1-D solver, t=0.13. 

FIGURE 5.5. Density plot for the radially symmetric Riemann problem, 80x80 rect
angular grid, 2-D wave solver, t=0.13. 
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[60] is able to resolve the solution as a Mach reflection using the same number of grid 

points. 

We compare solutions obtained using solver based on one-dimensional Riemann 

problems (2-state solver) computed in the directions normal to the cell edges and the 

solver based on the multi-state Riemann problem. The difference between the two 

becomes more visible with increasing CFL number. The two-state solver is stable up 

to CFL=0.6, while the multi-state solver can be run with CFL up to 1.0. Figures 

5.6 and 5.7 show first order solutions obtained using each method at time t = 0.52 

in the region of the shock intersection. Computations were done on the rectangular 

grid of size 400 x 400 on the domain [0,2] x [0, 2]. The solution on Figure 5.7 along 

the line from the center to the shock intersection point is better resolved and closer 

to the solution obtained using second-order accurate schemes. The same result, an 

improved resolution, was observed when first-order scheme on a hexagonal grid of 

size 400 X 400 was used. In this case the difference was less pronounced. This can 

be attributed to larger corrections from four-state linear Riemann problems at the 

cell corners on the rectangular grid as opposed to the three-state configuration of a 

hexagonal case. 

The next example is a two-dimensional Riemann problem that produces double 

Mach reflection and a shock propagating at the angle to the grid lines. Initial data 

in the four quadrants is given by 

p  =  1.5, p  =  1.5, u  =  0.0, V  = 0.0, if X > 0, y > 0 

p  =  0.5323, p  =  0.3, u  = 0.0, v  =  1.206, if x > 0, y < 0 

p  = 0.5323, p  = 0.3, u  = 1.206, v  = 0.0, if a: < 0, y > 0 

p  = 0.1379, p  =  0.029, u  =  1.206, v  = 1.206, if a; < 0, y < 0 

Solutions for this case were computed on a 400 x 400 rectangular grid to time 

t = 0.6 using second-order accurate scheme and CFL=0.5. Figures 5.8 and 5.9 demon

strate the difference in the resolution and position of the mushroom cap that forms 
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due to the interaction of the dense streaming from the direction of the first quadrant 

and post-shock flow behind the oblique shock. 

The solution obtained using the multi-state solver is closer to the high-resolution 

solutions in [111] computed with the less diffusive monotonized central-difference and 

superbee limiters. Note, that for the second order scheme the change in the amount of 

the numerical diffusion due to different limiters may be comparable to the difference 

between the methods with and without 2-D wave corrections. 

5.6 Summary 

In this chapter we have obtained an exact solution of the multi-state Riemann problem 

in two dimensions for the linearized Euler equations of gas dynamics and have utilized 

it in the construction of a numerical scheme. 

The numerical flux in our scheme generalizes the one-dimensional flux by intro

ducing multidimensional wave contributions from the corners of the computational 

cell. These waves are computed using a multi-state linearized Riemann problem and 

the formulae are suitable for finite volume applications on arbitrary grids. 

The numerical experiments demonstrate that the additional information improves 

stability and reduces numerical diffusion of the scheme. The effect becomes more 

pronounced for large CFL numbers. The method also reduces anisotropy of the 

numerical diffusion and the grid alignment of the numerical solution. 
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FIGURE 5.6. Density, 400x400 rectangular grid, CFL=0.6, 1-D solver, t=0.52 
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FIGURE 5.7. Density, 400x400 rectangular grid, CFL=1.0, 2-D wave solver, t=0.52 
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FIGURE 5.8. Density, double Mach reflection problem, 400x400 rectangular grid, 1-D 
solver, t=0.6 

.0 

0.8 

.« 

.4 

0.2 

.0 

0. O.S 0.2 

FIGURE 5.9. Density, double Mach reflection problem, 400x400 rectangular grid, 2-D 
wave solver, t=0.6 
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Chapter 6 

TEST OF AMR ON A TRIPLE SHOCK PROBLEM: 
VON NEUMANN PARADOX IN WEAK SHOCK REFLECTION 

6.1 Statement of the problem 

In this chapter we determine the region of the parameter space that optimizes the rate 

of convergence of the adaptive mesh refinement based numerical method described in 

section 4.3. The test case is a diflBcult unresolved problem of Mach reflection of weak 

shocks in inviscid fluid dynamics, known as "triple point" or von Neumann paradox. 

The von Neumann paradox is a discrepancy between the theory and experimental 

observations of weak shock reflection. In particular, results of previous experiments 

and numerical solutions closely resemble a single Mach reflection that contains a 

triple point. The theoretical analysis, however, shows that a standard triple point 

configuration, in which three plane shocks and a plane contact discontinuity separated 

by constant states meet at a point, is impossible for sufficiently weak shocks [27, 81]. 

.A number of ways to resolve this apparent "triple point paradox" have been sug

gested over the last fifty years: there could be an additional, unobserved wave at 

the triple point, such as an expansion fan [27, 36, 76, 144] or a fourth shock [80]: 

there could be a singularity in the solution behind the triple point [30, 132, 148], 

or a singularity in the reflected shock curvature [144], so that a local approximation 

of the solution by plane waves separated by constant states is invalid. None of the 

above possibilities was shown to actually satisfy the Euler equations locally. Colella 

and Henderson [35] obtained numerical solution to the global initial boundary value 

problem using a shock tracking method and one level of mesh refinement, but their 

grid spacing was too coarse to resolve the structure of the solution near the triple 

point. 
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FIGURE 6.1. Schematic of a weak shock reflection problem. 

Recently, an asymptotic problem which describes the Mach reflection of weak 

shocks off thin wedges was solved numerically [84]. In this problem, the compress

ible Euler equations are replaced by a two-dimensional generalization of the inviscid 

Burgers equation, the unsteady transonic small disturbance equation. The solution 

was justified by considering the self-similar solutions of the asymptotic equations in 

the class of shocks and expansion waves. 

Numerical solution presented in the following sections is for an oblique shock 

reflection in a half-space bounded by a solid wall. The simple half-space geometry' 

enables us to obtain high resolution numerical solutions that are not contaminated 

by numerical noise generated at the incident shock or the boundary. The results 

indicate, that the incident, reflected, and Mach shocks meet at a triple point, and 

there is a supersonic region behind the incident and reflected shocks. This solution is 

similar to the numerical solution of the 2-D Burgers equation obtained in [84] using 

an asymptotic description for the same problem. A theoretical analysis supports an 

expansion fan at the triple point, in addition to the three shocks. The supersonic patch 
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is extremely small, and this work is the first time it has been resolved numerically by 

solving the inviscid fluid dynamics equations. 

To resolve the region near the triple point, adaptive mesh refinement is used. Since 

the solution involves very weak shocks and the expansion wave is small in both size 

and amplitude, this problem serves as a good test of the sensitivity of the results to 

the details of the numerical procedure. 

6.2 Model and initial conditions 

The fluid density p, velocity u, and energy density e satisfy the compressible Euler 

equations, 

pi + V • (pu) = 0, 

(pu)j-t-V • (pu ® u + p/) = 0, (6.1) 

{f (f ^ " + P") = 0' 

and we use an ideal gas equation of state, 

e(p,p) = 
7 - Ip 

with 7, the ratio of specific heats, taken to be 5/3. 

When a weak vertical shock impinges on a wedge of small angle, a pattern re

sembling Mach reflection may arise. Mach reflection contains three shocks coming 

together - the incident, reflected and a Mach stem, as depicted in Figure 6.1. There 

are two main parameters in the shock reflection problem, 

M = Mach number of the incident shock, 

= wedge angle. 

Lighthill [115] studied the reflection of a strong shock by a thin wedge, when 

with M > 1 fixed. 
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In this limit, Mach reflection always occurs. Lighthill's analysis leads to linearized 

equations behind the incident shock, and it does not provide a detailed description 

of the solution near the triple point, where nonlinear effects play a crucial role. The 

transition from regular to Mach reflection for weak shocks occurs for thin wedges 

when the shock strength and the wedge angle are related by 

M — 1 = O(0u,^), as 0^ —> 0. 

This limit allows for a competition between the effects of weak nonlinezirity and 

diffraction. The numerical solution and theoretical explanation of flow structure for 

the asymptotic problem were recently obtained in [84]. In the present work, we 

consider the same problem, but using the two-dimensional fluid equations for the 

numerical solution. 

6.3 Numerical method 

To solve the shock reflection problem numerically, it is convenient to change coordi

nate system to the reference frame moving with the incident shock in the x direction. 

Second order accurate in space and time finite volume formulation of Roe approxi

mate Riemann solver is used. To remove numerical dispersion error at the shocks, a 

monotonized central-difference flux limiter is applied to wave amplitudes through-out 

the domain. 

The choice of the reference frame, in addition to minimizing the required com

putational domain size, allows representation of the incident shock as a single point 

transition, since the Roe scheme admits stationary grid aligned shocks as its exact 

solution. This exact representation of the incident shock on the grid eliminates small 

initial waves as well as the limiter produced oscillations that propagate downstream 

and may contaminate the region of interest. 

Alignment of the incident shock with the grid lines on a rectangular domain would 

require implementation of more complicated boundary conditions to simulate the sur
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face of the wedge, since the wedge then would not be grid aligned. To address this 

problem the grid is slanted in the direction of the x Eixis by the angle 0u,. The com

putational cell is a parallelogram and Riemann problems are solved in the directions 

normal to the cell edges. 

In order to resolve the small region around the triple point, we have used the block 

adaptive grid refinement technique, [23]. It would be computationally expensive 

to refine regions near all three shocks throughout the domain. Refining only the 

region around the triple point causes shocks to cross the grid interfaces, which act 

as boundaries between domains with different numerical viscosity. Special care is 

required to eliminate diffusion waves and oscillations at discontinuities emanating 

from these boundaries. 

We use the fact that the incident shock is grid aligned, to represent it as an exact 

solution at all grid levels to avoid any disturbances at upper grid boundaries. The 

reflected shock is represented by a traveling wave that becomes a linear diffraction 

wave away from the triple point. Therefore it is sensitive to the numerical diffusion 

that propagates from coarse to fine levels. The distance between boundaries of suc

cessively refined regions was taken large enough to reduce this source of errors to an 

acceptable level. 

The Mach stem, on the other hand, becomes stronger as one moves awaj' from the 

triple point towards the wedge. To remove wave reflections at the grid interfaces, we 

use a limiter at the lower grid boundary to reduce the second order space interpolation 

from coarse to fine grids, to first order. 

In addition, since the stem is a slowly moving shock, numerical diffusion is drasti

cally decreased and small oscillations are generated by the limiter in the region where 

the stem is at a significant angle to the grid lines. However, this does not present a 

problem, since it happens far from the triple point. 

Initially at i = 0 all grids have their lower boundary located at the tip of the wedge, 

which is illustrated in Figure 6.2. When the triple point forms and propagates up 
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FIGURE 6.2. Evolution of the adaptive grid structure with time. Grid levels I = 0-3. 
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P  u  V  P  
left 1.060 -1.295 -0.015 1.102 

right 1.00 -1.37 0.00 1.00 

TABLE 6.1. Initial conditions for the density p, x-velocity U, Y-velocity v ,  and pressure 
p to the left and right of the incident shock. The initial location of the shock is 
X = {X.a.nd^)y with 9-^ = 11.46°. 

along the incident shock, the refined grids move independently to keep the triple point 

centered. Starting and keeping the triple point embedded into the finest refinement 

region at all time is crucial. If we would start on a coarse mesh and refine later we 

would just get a highly resolved coarse solution. 

The validation of the code was done by studying self-similarity of the solution, 

convergence study using various time and space mesh sizes and comparisons with the 

previous computations [35]. 

The results are remarkably close to the resolved computation of the asymptotic 

equations. The only common feature of these quite different methods is the use of 

artificial numerical diffusion implicitly embedded into the flux limiters. With the grid 

refinement, corresponding to the reduction of the numerical diffusion, the supersonic 

patch becomes larger, not smaller, and therefore cannot be created by numerical 

diffusion alone. 

6.4 Numerical results 

We consider a shock with Mach number M = 1.04, incident on the wedge with angle 

0m = 11.46°. Table 6.1 gives initial values of the fluid state vector in the reference 

frame described in the previous section. 

Figure 6.3 shows a numerical solution of equations (6.1) and gives an overall 

picture of the irregular reflection. For clarity, boundaries of only the first three out 

of total six refined grids are shown. The coarse level (/ = 0) consists of 400 x 400 

points on a parallelogram domain with edges 0.2 x 0.4. The subsequent refined levels 
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(/ = 1 to 6) each have 120 x 240 points and refinement ratio of two in each dimension, 

starting with grid at level / = 1 of size 0.03 x 0.12. 

The density, velocity and pressure contours, are in qualitative agreement with 

those of experimentally observed shock reflections (see Fig. 18 in [27], for example). 

The solution closely resembles a single Mach reflection. The triple point location is 

y % 0.1882 at time t = 1.6. The reflected shock is much weaker than the incident 

shock, with a Mach number of approximately 1.01 on the reflected shock near the 

triple point. Figure 6.4 shows a contour plot of p on the three finest refinement levels. 

From the self-similar form of the equations (6.1) the characteristic manifold is 

given by (e.g. [171]) 

dT]fd^ = tan(arcsin(^Ca/\/C/2 + V'^) -f-arctan(V/C/)), (6.2) 

where Cs is the sound speed, ^ = x f c Q t ,  r/ = y/coi, U  =  ~  x j t  and V  =  V y  —  y i t .  

The sonic line is defined as the locus of points where 

- c2 = 0. (6.3) 

From equation (6.2) it follows that self-similar system becomes locally elliptic when 

yi _ < 0. The dashed line on Figure 6.5 is the numerically computed location 

of the sonic line where the self-similar equations change type. The sonic line bends 

back into the reflected wave and there is a very small supersonic patch behind the 

triple point. The supersonic patch is approximately 0.00018 wide in x and 0.0008 

high in y. This height is approximately 0.4% of the height of the Mach shock. The 

supersonic patch is part of the smooth self-similar solution globally represented by 

curved contour lines. According to Henderson and Menikoff" [82] any intersection 

of three shocks should also contain a slip line. Therefore we conjecture the local 

structure consisting of a slip line and an expansion fan originating at the triple point. 

This structure is the same as local solution proposed in different problems involving 

triple point [76, 27, 113, 84]. We would like to emphasize that the nature of the 
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global smooth self-similar solution, obtained numerically, is different from the centered 

Prantdl-Meyer expansion fan. 

In the hyperbolic region > 0) the self-similar equations have two 

families of characteristics. Figures 6.6 and 6.7 show the numerically computed char

acteristic vector fields of eq. (6.2), for the solution inside the supersonic patch at the 

finest grid level. The minus characteristics cross the shocks, while plus characteristics 

converge on all three shocks. The plus characteristics that originate at the sonic line 

influence the patch, the supersonic parts of the reflected shock and the Mach stem. 

.A.S noted in [84], this is in agreement with the domain of dependence arguments that 

imph^ that curvature in the incident and reflected shocks cannot form in the region 

where both families of characteristics can be traced through the hyperbolic region 

to the infinity. The reflected shock overtakes the incident shock at the triple point, 

resulting in the supersonic patch. 

The main effect of increasing the numerical resolution is that the dip of the density 

contours and the sonic line towards the triple point becomes more pronounced. The 

width of the shocks shrinks with increeising resolution, but the width of the supersonic 

patch remains the same. 

6.5 Summary 

In this chapter we presented numerical solution to a weak shock reflection problem 

for the case of a von Neumann (or triple point) paradox. The solution was obtained 

using adaptive grid refinement technique [23]. It has an overall structure similar 

to that obtained by Colella and Henderson [35] on a full set of Euler equation as 

well as solution obtained by Tabak and Resales [148] using aisymptotic 2D Burgers 

equations. Even though these previous computations are not fully resolved, the onset 

of the diffraction wave coming out of the triple point can be seen once it is compared 

with the current computation. 
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Our numerical result is in complete agreement with the numerical solutions of 

Hunter and Brio [84] of an asymptotic shock reflection problem for the unsteady 

transonic small disturbance equation using a uniform grid. 

For a shock with Mach number 1.04 at an angle of incidence of 11.46° in an ideal 

gas with 7 = 5/3, the height of the supersonic patch is approximately 0.5% of the 

height of the Mach stem, and its width is 4-5 times smaller. The patch is embedded 

inside a diffracted wave pattern which is about five times larger than the patch itself. 

Now that the parameters and the size of the physical region in question are better 

known, we hope that an experimental observation of the patch will be possible. 
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Appendix A 

THE MHD EIGENSYSTEM 

In this appendix we give expressions for the left and right eigenvectors of the Jacobian 

matrix A defined by equation (2.31). The corresponding conserved densities state 

vector is given by the equation (2.18). The MHD eigensystem consists of the backward 

and forward propagating fast and slow magnetoacoustic waves; the backward and 

forward .A.lfven waves and the entropy wave. The eigenvalues for the waves {Aj : 1 < 

J < 7}. in increasing order are listed in equation (2.26). Using sound speed a. fast 

and slow magneto-acoustic speeds c/ and c, (eq. 2.28), we define parameters a/, 

by the equations 

The conserved densities eigenvectors for the fast mode can be written in the form 

(Webb et al. [165]): 

(A. l )  

O C f C f U x  Q!sCjSgn(6x) 

a  7 j J  
(A.3) 

(A.2) 

where and Uj. are given by (A.4) and (A.5), 

(A.4) 
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Uj. = U y B y  +  U z G ~ .  ( A . 5) 

Similarly, the slow mode eigenvectors have the form 

Rf = QjCwx ± Cj), asUy ± a/C/sgn(6x)/3y, a,": ± a/C/sgn(6i)/3j, 

(̂ .6, 
12 y I ' 

bop2 bop^ 

Lf = J i  f i  _  £ )  T  ̂  T  
2L V 7s/ 

_^Q^/C/sgn(6x)^ _j_Q/C/Sgn(6x) ̂  

a a jg 

The Alfven eigenvectors are: 

= (^0,0, T6oP^/5z,±6opMy,/5i,-/?y,o) , (A.8) 

^ L Oop2 bop2 bop2 
(A.9) 

The entropy wave eigenvectors are: 

Re = (l,Ux,Wy,W:,0,0,5-73)^, (A.10) 

L e  =  - ( 5 , 0 , 0 . 0 , 0 , 0 , - 1 ) .  (A.ll) 
% 

The above eigenvectors are in general well defined as Bj_ —>• 0 (parallel propaga

tion limit) provided we specify the manner in which By and tend to zero. The 

eigenvectors (A.2)-(A.ll) satisfy the orthonormality relations 

L j  •  R a  =  S j s ,  1  <  j , s  <  7 ,  (A. 12) 

where Sjs is the Kronecker delta symbol. The alternative notation 

R y  =  R i ,  R ^  =  R 2 ,  R j  =  R 3 ,  R e  =  R 4 1  

R^ = Rs) = Rej R/ = R-7, 

has been used to label the right eigenvectors. The same notation has been used to 

label the left eigenvectors. 



176 

Appendix B 

THE FOURIER COLLOCATION METHOD 

This appendix describes discretization of the wave-mixing equations (2.64) using spec

tral Fourier collocation method (Canuto et al. [31]). First, we rewrite (2.64) in the 

form: 

ddj) dcijj % ^ dXs r \ ^ 
+  P = l ( l ) ^ -  ( B . l )  

S=l 

We look for a solution of (B.l) which is periodic in space on the interval (0,27r), with 

an initial condition 

ap(x, 0) = a p o { x ) ,  p  =  1(1)7. (B.2) 

To simplify notation, we consider one of the functions Op, which we denote u. For the 

set of N points (Fourier nodes) Xj = 2irj/N, j = 0,..., N — 1, the solution u can be 

written in terms of its discrete Fourier coefficients as: 

N / 2 - l  

j  = Q , . . . , N  -  I ,  (B.3) 
k = - N / 2  

where coefficients Uk are given by the discrete Fourier transform: 

1 
iifc =  —  ̂  u(a;_,)e-'*^^,  - N / 2  < k <  N / 2 - 1 .  (B.4) 

i=o 

The Fourier collocation discretization requires that equation (B.l) be satisfied at the 

points Xj. Denoting the numerical approximation to the solution by u^, from eq. 

(B.l) we have conditions: 

du'"  ̂ . du  ̂
+ a:^ + 5(0 

d t  d x  
= 0, u^{xj) =UQ{xj), J =0, ...,iV-1, (B.5) 
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where S  corresponds to the right hand side of the equation (B.l). At the Fourier 

nodes the spatial derivative in the equation (B.5) can be evaluated in the transform 

space using the Fourier collocation derivative operator: 

iV/2-l N - l  

{V^u)i= Yi = j = 0,iV - 1. (B.6) 
k = - N / 2  j = 0  

The system (B.5) then represents N  ordinary differential equations that are integrated 

using Runge-Kutta method. 
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