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ABSTRACT 

A theoretical analysis is developed for control of wake-airfoil interaction noise by 

the use of actuators on the airfoil surfaces near the leading edge. The objective is 

to eliminate the sound radiation by cancelling the wake-airfoil noise near its source 

(the leading edge). Actuators are mounted on the upper and lower surfaces of the 

airfoil and driven out of phase to match the anti-symmetric nature of the wake-

airfoil noise field. The analysis is based on linearization about a two-dimensional 

compressible subsonic mean flow past a semi-infinite flat-plate airfoil. Asymptotic 

solutions are developed for the unsteady boundary-layer flow over surface-mounted 

actuators which are long compared to the triple-deck scale. 

The analysis shows that boundary layer effects play a significant role in determining 

the acoustic field, and that traditional approaches used to accovmt for acoustically 

thin boundary layers are not always adequate. In addition to the acoustic monopole 

field associated with the actuator volume flvix, acoustic monopole and dipole fields 

are produced at leading order by deflection of the boundary layer into the oncoming 

firee stream. 

For a specifled actuator size and location (relative to the leading edge), the anal

ysis determines the actuator amplitude and phase which minimizes the total sound 

radiation. The cancellation is most eS"ective when the directivity pattern for the con

trol field closely matches that for the waike-airfoil noise field. At low Mach numbers, 
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tliis is achieved by mounting the actuators sufficiently close to the leading edge. At 

high subsonic Mach nimibers, the sound cancellation that can be achieved with a 

single actuator on each surface is limited by mismatch in the directivity patterns. 

However, a match in directivity patterns can be recovered in part by using two ac

tuators on each surface. The use of passive treatment in the leading-edge region to 

locally control wake-airfoil interaction noise is also disciassed. 
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CHAPTER 1 

INTRODUCTION 

Aircraft noise is a problem of continuing concern due to the steadily increasing vol-

imie of air transport, and to increasing stringency in national and international noise 

regulations. In most situations, the propulsion system is the dominemt contributor 

to the total noise level of the aircraft. The three main elements of propulsion system 

noise aure jet noise, combustion noise and turbomachinery noise (including fans and 

propellers). 

One of the most significant trends in the development of propulsion systems for 

subsonic transports is toward higher values of the engine bypass ratio. Higher by

pass ratios are obtained by increasing the fan (or propeller) diameter relative to the 

dimensions of the engine core. This tends to increase the fan noise relative to other 

noise sources in the propulsion system. As the fan diameter is increased, the weight 

and aerodynamic drag of the surrounding nacelle also increases. The nacelle serves as 

a blade containment structure, and allows soimd absorbing materied to be installed 

near the blade tips. Hence, there are significant advantages in retaining the nacelle. 

However, as the fan diameter is increased, it is necessary to shorten the nacelle in 

order to minimize its negative attributes. Thus, the recently proposed Ultra-High 

Bypass engine concept incorporates a large diameter propeller surrounded by a short, 

low-drag nacelle. 

Both the Ultra-High Bypass engine configuration and the turbofan engine have a 



18 

stator row behind the propeller or fan. In turbofan engines, the unsteady interaction 

between the fan blades and stator vanes is an important noise source, particularly 

at the approach operating condition where it is often most difficult to meet noise 

regulations. Currently, sound-absorbing duct liners serve as a primary means of 

reducing engine noise. For the Ultra-High Bypass engine, however, the effectiveness 

of duct liaers is reduced by the shortened nacelle, while the relative importance of 

blade-row interaction noise is increased. Hence, alternative approaches to reducing 

blade-row interaction noise need to be considered. 

The unsteady interactions between blade rows generate noise by two separate mech

anisms: potential field interactions and wake interactions. Each blade row has a 

potential field associated with its steady aerodynamic loading. For a blade row con

sidered in isolation, this potential field is steady in a reference frame attached to the 

blades. However, since the potential field is spatially nonuniform, the relative motion 

between adjacent blade rows causes the potential field of one blade row to appear as 

a time-dependent disturbance in the reference frame of an adjacent blade row. This 

time-dependent disturbance produces an unsteady response, a portion of which may 

propagate away from the blade rows in the form of sound waves. 

The steady potential field of a blade row is periodic in the circumferential direc

tion. Therefore, for subsonic values of the blade relative Mach mmaber, the potential 

field decays exponentially with axial distance from the blade row. (This result can 

be deduced by noting that, upon application of a Prandtl-Glauert transformation, a 

small-disturbance steady potential flow satisfies the Laplace equation.) The strength 

of the potential-field interaction noise is proportional to the disturbance that a blade 
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row experiences due to the potential fields of the neighboring rows. Thus, the level of 

the potential-field interaction noise also exhibits an exponential decrease with spac

ing between blade rows. Due to this exponential dependence, a modest increase in 

spacing between blade rows can lead to a substantial reduction in the potential-field 

interaction noise. 

The second source of blade-row interaction noise arises from the wakes of the 

upstream row impinging on the downstream row. In contrast to the exponential decay 

of the potential-field disturbances, the wake disturbances decay only algebraically 

with axial distance. Hence, increasing the spacing between blade rows is less effective 

in reducing noise due to wake-airfoil interaction. 

For the parameter ranges relevant to commercial aircraft, the noise-generating 

mechanisms associated with wake-airfoil interaction are localized about the leading 

edges of the downstream blades (see Section 1.1). This suggests applying passive 

sound-absorbing liners, or active anti-sound sources near the leading-edges of the 

downstream blades in order to absorb or cancel the sound at its source. A theoretical 

analysis of such leading-edge devices is the subject of this dissertation. 

1.1 Technical Background 

The unsteady interaction of wakes with downostream airfoils has been of interest for 

many years. In analyzing wake-airfoil interaction, the wake is generally assimied to 

be a small disturbance to a uniform upstream flow. At moderate distances from 

the wake-generating blade row, the decay of the wake with downstream distance is 

fairly gradual, and can be neglected in analyzing the interaction of the wake pattern 
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with the downstream blades. In the reference frame of the upstream blade row, the 

wake is a steady, vortical disturbance. In the reference frame of the downstream 

blades, the wake pattern is time dependent due to the relative motion of the blade 

rows, and is represented as a sum of time-periodic disturbances at the blade passing 

frequency and its harmonics. Since the wake is assumed to be a small disturbance, the 

governing equations are linear in the disturbance quantities. Hence, the interaction 

of the downstream blade row with each heumonic can be analyzed separately, and the 

results superposed. For a given frequency w, the wake disturbance takes the form of 

a convected gust with upwash velocity 

where x' and y' are coordinates parallel and perpendicular, respectively, to the uni

form mean flow of speed U^. The transverse wavenumber ky is related to the circum

ferential spacing of the upstream blade row. 

The first study of the interaction of an airfoil with a convected gust was presented 

• by Sears (1938). Ke assiuned that the flow was incompressible, and neglected the 

camber, thickness and mean angle of attack of the airfoil. This analysis produced 

the celebrated Sears function, which describes the unsteady lift on the airfoil as a 

function of the aerodynamic reduced frequency, 

v ; {x \ y \ , f )  =  k ,  =  u /U-^  (1.1) 

k = ub-/U'^, (1.2) 
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where b' is the airfoil semi-chord. Extending this work, Kemp and Sears (1955) 

developed an approximate model for blade-row interactions. 

The ideas of these authors formed the basis for most early analyses of sound gen

eration by blade-row interactions. In pzirticular, most early theories attempted to 

separate the problem into aerodynamic and acoustic components. This approach 

is widely used even today, particularly for calculating noise due to rotation of the 

steady aerodynamic field of a propeller. We shall see below that this separation into 

aerodjTiamic and acoustic components faces severe restrictions when one attempts to 

calculate the sound generated by unsteady interactions between blade rows. 

The influence of compressibility on the interaction of convected gusts with airfoils 

was studied by Adamczyk (1974), Amiet (1976) and Martinez and Widnall (1980). 

These authors also neglected the camber, thickness and mean angle of attack of the 

airfoil. The equation governing the imsteady interaction then reduces to the convected 

wave equation, 

where DfDt '  =  d fd t '  -!- U^d fdx '  is the substantial derivative with respect to the 

uniform mean flow of speed U^, and is the speed of soimd. Their work showed 

that the influence of compressibility on the unsteady interaction is scaled by an aero-

acoustic reduced frequency, 

2 k f ^  = kA fgg / ' y  , (1.4) 
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2 2 
where M^o = U^/c*^ is the mean flow Mach number and 7 = 1 — is the Prandtl-

Glauert factor. 

For small values of fca, the acoustic wavelength is long compared to the airfoil semi-

chord, and singular perturbation (matched asymptotic expansion) concepts reveal 

that a separation of the problem into aerodynamic and acoustic components is valid. 

Essentially, two separate asymptotic regions are present in the limit Atq 1. The 

length scale for the inner region is the airfoil semi-chord 6*. The flow in this inner 

region is incompressible and Sears' (1938) analysis can be used directly. The length 

scale for the outer region is the acoustic wavelength; hence fluid compressibility must 

be considered in this region. However, on the acoustic length scale of the outer 

region, the unsteady aerodynamic interaction can be represented by a concentrated 

singularity. The asymptotic matching of the two regions shows that the sound field 

is a dipole w-hose strength is related to the unsteady hft fluctuation that the airfoil 

applies to the fluid. This general approach, which utilizes the fact that the dimensions 

of the source are small compared to the acoustic wavelength, is often referred to as 

the compact source approximation. 

A general conclusion which can be drawn from the above discussion is that, in the 

compact source hmit, any mechanism that modifies the unsteady lift on the airfoil can 

be utilized to actively control the soimd field. Kerschen (1992) developed a theor>' for 

the sound field due to wake-airfoil interaction in the compact source limit, and for the 

trailing-edge flap motion necessary to actively control this sound field. Time-domain 

results were presented, and concentration was placed on the limit of wake widths 

narrow compared to the airfoil chord. The einalysis for this asymptotic limit provided 
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a remarkably simple formula for the peak region of the sound field, which was found 

to be directly proportional to the time-varying wake upwash impinging on the airfoil 

leading edge. The asymptotic prediction for the sound field in the narrow wake limit 

was also found to very robust; the prediction of the asymptotic formula differs firom 

the fuU numerical result by only 8% for a wake width that is twice the airfoil chord! 

The theoretical predictions for the trailing-edge flap motion required to cancel the 

sound field are in good agreement with the experimental results of Simonich et. al. 

(1993). 

The time-domain analysis of Kerschen (1992) also prox-ided a clear demonstration 

that the sound field is generated by the interaction of the wake with the leading edge 

of the airfoil. No additional soimd is generated when the wsike sweeps by the trailing 

edge of the airfoil. This dominance of the leading-edge region is a feature that is 

specific to wake-airfoil interactions. For example, this observation would not hold 

in general for interactions of airfoils with potential-field disturbances. However, as 

discussed above, walce-airfoil interaction is often the most important noise source in 

blade-row interaction. 

The domingince of the leading-edge region in wake-airfoil interaction is explained 

by two aspects of the physics. First, since vortical gusts (wake disturbances) convect 

at the speed of the mean flow, they do not contain pressure fluctuations (at linear 

order in the gust amplitude). Secondly, the unsteady Kutta condition results in the 

shedding of vorticity firom the airfoil trailing edge. This shed vorticity also convects 

at the speed of the mean flow. Therefore, when the wake sweeps by the trailing edge 

of the airfoil, the bound vorticity in the airfoil is able to blend smoothly with the 
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shed vorticity in the wake of the airfoil without generating pressure fluctuations. 

It should be noted that the above argument does not contradict the theories of 

traiUng-edge noise (Howe 1978). TVailing-edge noise theories consider boimdary layer 

turbulence, which convects at a speed that is a fraction of the free-stream speed U^. 

Thus, in contrast to the convected gust, there are pressure fluctuations associated 

with boundary' layer turbulence, and the interaction of this pressure field with the 

trailing edge leads to noise generation. 

For 0(1) values of ka, the wake-airfoil interaction is non-compact, and solutions to 

(1.3) must be found using numerical methods. However, for the highly non-compact 

case, fca 1, singular perturbation methods can again be used to simplify the prob

lem. In this hmit, the acoustic wavelength is short compared to the airfoil chord. The 

asymptotic structure of the solution then consists of local regions surrounding the air

foil leading and traihng edges, embedded in an outer region. The length scale for the 

local regions is the acoustic wavelength. Compressibility effects must be considered 

in the local regions, but the responses at the leading and trailing edges are decoupled, 

allowing the problems to be simplified. Mathematically, the local regions correspond 

to two-part boundary-value problems that can be solved using the Wiener-Hopf tech

nique (Noble, 1958). The length scale in the outer region is the airfoil semi-chord, 

and the solution in this region corresponds to geometric acoustics. Although not 

discussed explicitly, this general structure was implicitly utilized in the analyses of 

Adamczyk (1974), Amiet (1976) and Martinez and Widnall (1980). The extensions 

necessary to account for airfoil camber and mean angle of attack were developed by 

Myers and Kerschen (1987, 1995, 1997), while the influence of airfoil thickness was 
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investigated by Tsai and Kerschen (1992). Cascade effects were considered by Peake 

and Kerschen (1997). See Kerschen, Tsai and Myers (1993) for additional discussion 

and references. 

The following picture of the physics of wake-airfoil interactions in the large-fca limit 

emerges from the above analyses. The primary sound generation occurs through the 

interaction of the wake with the airfoil leading edge. This local interaction gener

ates a sound field that propagates away from the leading-edge region into the outer 

region. The interaction of the wake with the trailing edge does not generate sound, 

as discussed above. However, two acoustic rays from the local leading-edge region 

propagate along the upper and lower surfaces of the airfoil. Since there are pressure 

fluctuations associated with the acoustic rays, when these reach the traihng edge a 

scattering process takes place which results in additional acoustic rays propagating 

away from the trailing edge into the outer region. The far-field sovmd then consists 

of a primary field corresponding to the direct rays from the leading edge, plus a sec

ondary field corresponding to the scattered rays from the trailing edge. The secondary 

field cancels the radiation directly behind the airfoil, but exerts only a weak influence 

on the total directivity pattern. 

Carrying the scattering process further, two rays from the secondary field generated 

at the trailing edge propagate along the airfoil upper and lower surfaces, and are 

rescattered when they reach the leading edge, generating a tertiary field. This process 

of rescattering continues indefinitely, but it has been foimd that the tertiary and 

higher fields have very small amplitudes. Thus, for practical purposes, one may 

restrict attention to the primary field from the leading edge and the secondary field 
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from the trailing edge. 

For the blade passing frequency (BPF) of current aircraft engines, the acoustic 

frequency parameter ka lies in the range 

l < k a <  3 .  ( 1 . 5 )  

The values of ka for the higher harmonics of the BPF are integer multiples of this 

range. Thus, the compact source results discussed above are not applicable to aero

nautical apphcations, and the separation of the aeroacoustic problem into an aerody

namic and an acoustic component is not valid for the unsteady interactions of blade 

rows in aircraft engines. 

Based on the parameter values given by (1.5), one might suppose that large-Z^a 

asymptotic methods would provide accurate predictions for the harmonics of blade 

passing frequency, but that numerical methods might be required for the BPF tone, 

at least for engines falling in the lower part of the ka range of (1.5). However, com

parisons of asymptotic and niunerical results for model problenas suggest that the 

large-fca asymptotic result is quite robust. For example, Amiet (1976) showed for the 

case of a convected gust interacting with an isolated airfoil that the primary leading-

edge field alone leads to a prediction for the airfoil unsteady hft that is in error by 

only about 10% for ka = 0.8. When the secondary field from the traiUng edge is also 

included, the error is reduced to about 2%. These results suggest that asymptotic so

lutions for Ato ^ 1 are valuable as a supplement to, and in some cases a replacement 

for, numerical methods. Hence, asymptotic methods are implemented in this anal
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ysis of leading-edge de\'ices for active and passive control of wake-airfoil interaction 

noise. 

1.2 Modal cancellation vs. cancellation at the source 

The total sound field due to blade-row interaction is the superposition of sound fields 

generated at the leading edge of each downstream blade. The total field can also be 

represented as an expansion in eigenmodes of the engine duct. One approach to active 

control of blade-row interaction noise involves generating anti-sound with the same 

modal content as the noise, but with the opposite phase. We refer to this approach 

as 'modal cancellation.' Another approach, which is the subject of this dissertation, 

is 'cancellation at the source'— using actuators located near the leading-edge of each 

downstream blade to cancel the wake-airfoil interaction locally. These two approaches 

are compared below. 

Modal cancellation relies on measuring the sound field within the engine-duct at lo

cations sufficiently far firom the blade rows, where only a finite number of propagating 

modes contribute to the total sound field. Thus, the sound field can be determined 

by measurements at a finite number of points. The measured levels are then uti

lized to determine actuator ampUtudes and phases required to produce a cancelling 

anti-sound field. Theoretically, one actuator is required for each propagating mode. 

Thus, in situations where only a few modes propagate within the duct, a small num

ber of actuators could be used to generate the cancelling anti-sound field, and this 

approach looks quite attractive. However, as the niunber of propagating modes in

creases, a larger number of actuators are required. More importantly, the problem of 
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determining the proper amplitude and phase for each actuator becomes much more 

difficult. 

The problem of determining the proper amplitude and phase for each actuator has 

much in common with the modal measurement problem. The modal measurement 

problem is fairly straightforward when only a few modes eu:e propagating in the duct, 

but its complexity increases rapidly as the number of propagating modes increases. 

The matrix inversions involved in the process become much more sensitive to small 

measurement inaccuracies and to the small drifts in operating point that are inevitably 

present. The active control problem appears even more difficult than the modcd 

measurement problem, since it involves not only the decomposition of the pressure 

field into its modal structure, but also the solution of the inverse problem of the 

actuator amplitudes and phases required to generate the cancelling sound field. For 

conditions of interest in actual engines, this appears to be a formidable task. 

At high frequencies, when many propagating duct modes are present and the acous

tic wavelength is short compared to the duct diameter, it is natural to apply a ray-

acoustic representation of the sound field. Thus, the blade-row interaction generates 

acoustic rays which emanate from the local leading-edge region of each downstream 

blade. Some rays propagate away from the stator blade, while others are reflected 

by adjacent blade surfaces or scattered at leading or trailing edges. The modal am

plitudes of the total sound field are determined by the constructive and destructive 

interference between different rays, some of which have imdergone numerous reflec

tions and scatterings. Thus, the complex modal structure at high frequencies is not 

the result of an inherently complex source mechanism, but the result of multiple re
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flections, scatterings, and interference effects. The fundamental difficulty with modal 

cancellation is that it requires 'descrambling' of these reflections and scatterings to 

determine optimvmi actuator amplitudes and phases. 

At high frequencies, the total acoustic field is complicated and difiicult to predict, 

but the individual leading-edge fields are relatively simple. In the high-frequency 

limit, the airfoil chord and the spacing between stator vanes become large relative to 

the acoustic scale. Thus, as a first appro.ximation, incoming rays firom adjacent sxir-

faces and edges can be neglected in the local leading-edge region of each downstream 

blade. That is, each blade of the stator row can be treated as an isolated airfoil. If 

the local leading-edge field is eliminated or diminished at each blade by leading-edge 

devices, then the influence of adjacent surfaces and edges is further reduced. An ad

vantage of cancellation at the source is that optimima actuator amplitudes and phases 

8u:e based on measurements near the leading-edge, avoiding the need to consider the 

complex modal structure of the total field. Essentially, by controlling wake-airfoil 

interaction noise locally, the difliculties associated with multiple reflections and scat

terings are eliminated. 

In this dissertation, we present a theoretical study of leading-edge devices for 

cancellation of wake-airfoil interaction noise at the source. Primary attention is on 

active devices, but the use of passive surface-treatment near the leading-edge to absorb 

or dissipate pressure fluctuations arising firom wake-airfoil interaction Ls also discussed. 

In the next chapter, we develop a model for active control of wake-airfoil interaction 

noise. In Chapter 3, we consider the influence of the viscous boundary layer on 

the performance of leading-edge devices. A study of the influence of various design 
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parameters on the effectiveness of leading-edge actuators is presented in Chapter 4. In 

Chapter 5 we summarize the conclusions of our work and make suggestions regarding 

directions for future research. 
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CHAPTER 2 

A MODEL FOR CONTROL OF WAKE-AIRFOIL INTERACTION NOISE 

The basic concept of the leading-edge actuator is to cancel the sotmd field in 

the vicinity of the source. If the wake-airfoil interaction field is cancelled in the 

local leading-edge region, the complications that would arise firom the subsequent 

propagation through the engine are irrelevant. Thus, the cancellation of the local 

sound field by a leading-edge actuator can be analyzed without considering reflections 

or scatterings by adjacent sdrfoils. Therefore, we consider the interaction of an isolated 

airfoil with a wake. We assume a fiat-plate airfoil of infinite span aligned with a 

uniform mean flow of speed Ul^ and density 

For the parameter ranges relevant to aircraft engine applications, previous analyses 

by Myers and Kerschen (1995,1997) and by Amiet (1976) have sho^Mi that scattering 

by the trailing-edge has only a weak influence on the far-field sound. If active control 

is applied in the leading-edge region, the influence of trailing-edge scattering is further 

diminished, since the active control drEmaaticaUy reduces the level of the soimd field 

that reaches the trailing-edge. Thus, we simplify the analysis further by assimiing 

that the airfoil chord is semi-infinite. The sound field due to the wake-airfoil interac

tion, and the cancelling soimd field produced by the leading-edge actuators can then 

be calculated by applying the Wiener-Hopf technique (Noble, 1958). Utilizing lin

ear theory, the soimd fields due to the wake-airfoil interaction and the leading-edge 

actuators can be analyzed separately and then superposed. 
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2.1 Wake-airfoil interaction 

First consider the sound field produced by wake-airfoil interaction in the absence of 

active control. The geometry and coordinate system is illustrated in Figure 2.1. In 

linear theory, a wake is represented as a superposition of gusts. For a periodic wake 

pattern, the superposition consists of a sximmation over the harmonic order. In the 

present work, we consider a single time-harmonic component, for which the wake 

upwash velocity takes the form 

= (2.1) 

where A* is the gust amplitude. The interaction of the giist with the airfoil produces 

an irrotational field with velocity potential satisfying 

and 

df_ 
dy' 

= ( 2 . 2 b )  
j/*=0, i*>0 

where DjDt'  = dfdt '  + U^d/dx' .  The airfoil chord is assumed to extend to down

stream infinity in the boundary condition (2.2b), and the radiation condition appUes 

at infinity. 

Using the acoustic wavelength as a length scale, we introduce the normzdized 

Prandtl-Glauert coordinates 

= {wx',^wy') (2.3a) 
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Figure 2.1: Geometry and coordinate system for analysis of wake-airfoil interaction. 
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where 7  =  ( 1  — M^y^~ is the Prandtl-Glauert factor and w = is the acoustic 

wavenuraber modified by mean flow effects. Setting 

4>\x\y\ t ' )  = V*"' (2.3b) 
LJ 

where the non-dimensionalization has been chosen in anticipation of introducing a 

control field, the governing equations (2.2a-b) become 

+ ^ + (2.4a) 

d^p 
dy 

=-(7A/oc)e"/''^» (2.4b) 
y=0, x>0 

where c^(x, y) is the modified potential. The solution to (2.4a-b) can be found by a 

standard application of the Wiener-Hopf technique (Noble, 1958). The solution is 

sgn(y) /I - Moo exp{-ikx - \y\Vk^ - 1) 

y_ ik+muvinrr'"' 

where the subscript g has been introduced to denote that (2.5) represents the acoustic 

field due to the interaction of the convected gust with the airfoil. 

The asymptotic behavior of the solution in the acoustic far field can be found by 

the method of steepest descent (Carrier, Krook and Pearson 1966). Introducing polar 

coordinates in the Prandtl-Glauert plane, 

(x, y) = r(cos0,sin0), (2.6) 

the large parameter r appears in the exponent of (2.5), and the dominant contribution 

to the integral comes firom the vicinity of the saddle point at fco = — cos 6, leading to 
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the result 

(2.7) 

The pressure field is related to the velocity potential by 

(2.8) 

Introducing the transformed variables and noting that, in the far field, derivatives 

with respect to the phase dominate those with respect to the amplitude, one finds 

The pressure field generated by the interaction of the convected gust %vith the airfoil 

leading edge is seen to have the cardioid directivity pattern, cos ^6. 

2.2 Control field for compact actuators 

The sound field due to the Wcike-airfoil interaction is antisymmetric in the direction 

normal to the airfoil surface. In order to cancel this sound field, the control field 

must also be antisymmetric. Hence we consider an actuator-pair consisting of an 

actuator on the airfoil upper surface, and an actuator at the same chordwise location 

on the lower surface, which is driven out of phase relative to the upper actuator. 

Each actuator is assumed to produce an imsteady normal velocity of amplitude u* 

p* ~ ip'^Ul^A'g-y 2(1 _ Moo cos 9)(f(x,y)e •iMxX (2.9) 

Thus, the far-field pressure due to the gust interaction is 

(2.10) 
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tlirough the airfoil surface. A possible design concept for such a device consists of 

a piston buried in the airfoil, generating unsteady blowing/suction through a porous 

strip. This concept is illustrated in Figure 2.2. In this section, we develop a model 

for the resulting control field in the compact limit wD' 1, where D' is the width 

of the blowing/suction strip. 

The velocity potential y*, i*) describing the control field satisfies 

In the compact limit, each actuator can be represented by a point singularity, so we 

assume that the actuator-pcdr located at x' = Xq produces a control field satisfying 

d4>'c 
dy 

= ±9*5(x--x5)e-'-" , (2.12) 
y-=0±, x*>0 

where 6 is the Dirac delta function and q* = v^D' is the volume flux generated 

by each actuator. While (2.12) is the physically correct boundary condition in the 

absence of a mean flow, it is not obvious that it accounts for the influence of the mean 

boundary layer. However, we defer discussion of boundary layer eflFects to Chapter 3, 

and proceed with the analysis of this model problem. 

Introducing the transformation (2.3a-b), we obtain 

d(Pc 
dy 

~d^ + Vc = 0 (2.13a) 

= ±-8{x -  (2.13b) 
y=0±, x>0 7 
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porous sheet 

airfoil upper surface buried" piston 

airfoil lower surface 
buried" piston 

porous sheet 

Figure 2.2: Illustration of buried-piston concept. 
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wliere 

Q = q u> 
(2.13c) 

is the normalized actuator amplitude. The solution to (2.13a-b) is obtained by the 

Wiener-Hopf technique. Applying the Fourier transform 

4>{k t , y ) =  r 
J —c 

y)e'''''dx (2.14) 

to (2.13a) gives 

0- ( A : ^ - l ) « = O .  (2.15) 

The form of the boundary condition (2.13b) implies that is an anti-symmetric 

function of y, and thus the appropriate solution to (2.15) is 

^ = sgn(^/)C+(^-)exp ^'-\y\y/k'^ - 1 (2.16) 

where the subscript 4- denotes that C+{k) is analytic in the upper half of the complex 

/:-plane. Applying (2.14) to the boundary condition (2.13b) gives 

dy 
= D-{k) -f-

y=0+ 7 
(2.17) 

where the imknown fvmction D-(k) is analytic in the lower half-plane. From (2.16), 

we also have 

dy 
= -C+(k)y/k^ -  1. 

y=0+ 
(2.18) 
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Equating (2.17) and (2.18), and dividing by y/k — 1 we obteiin 

-C+{k)\/F+l = -5^2= + (2.19) 
V k  -  I  7 vk -  1 

In applying Fourier transform methods to the wave equation, it is useful to intro

duce a small damping terra into the differential equation so that the solution exhibits 

exponential decay at infinity. Following this procedure, we assume that w has a small 

positive imaginary part. The branch points of y/k + 1 and -^k — 1 then he in the 

lower and upper half-planes, respectively, and the branch cuts are taken away from 

the real axis to Tioo, aJong lines parallel to the imaginary axis. The left-hand side of 

(2.19) is then seen to be analytic in the upper half-plane, while the first term on the 

right-hand side is analytic in the lower half-plane. The remaining term on the right-

hand side of (2.19) is also analytic in the lower half-plane, but it grows exponentially 

for k —+ —ioo. 

The Wiener-Hopf technique utilizes an analytic continuation argimient, in conjimc-

tion with Liouville's theorem (Carrier, Krook and Pearson 1%6), which states that 

the only entire function that is boimded at infinity is a constant. To obtain bounded 

behavior at infinity, we write the function 

gifcio 

("0) 

as the sum 

Fik) = F^ik) + F-ik) (2.21) 

where the subscripts indicate the domain of analyticity. Applying the Cauchy integral 
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fonnula, we have 

(2.23) 

(2.22) 

where the integration paths pass above and below the pole aX z  = k, respectively. 

Rearranging (2.19) then gives 

where the left-hand side is analytic for Im(A:) > Im(—iw) and the right-hand side for 

Im(fc) < Im(ty). Both sides are einailytic in am over lapping strip about the real axis, 

and thus each side analytically continues the other side to define an entire function 

The function E{k) is found by examining the edge conditions. In the vicinity of 

the airfoil leading edge, y) behaves locally as an irrotational, incompressible 

flow. Thus, <p^{x,y) oc as x —• O"*", and d(pjdy{x,0) oc as x 0~. 

Then C+{k) oc k~^^^ as k approaches infinity in the upper half-plane, while D-{k) oc 

k~^/^ as k approaches infinity in the lower half-plane. Also, F+{k) and F_(fc) are 

proportional to k~^ at infinity in the respective half-planes. Thus, all terms of (2.24) 

approach zero at infinity, and Liouville's theorem implies E{k) = 0. Hence, 

C+(fc) = (2.25) 
7 vfc +1 

Evaluating F+{k) explicitly, and taking the inverse Fourier transform of (2.16) yields 

-C+(k)Vk+l -  = 
7 

+ ^e'^^-=^°F_(fc) (2.24) 
Vfc - 1 7 

Eik).  
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X exp [-i^'x - it/|V%2^j dk (2.26) 

where erf[z| is the error function. 

The far-field expansion of (2.26) can be found by the method of steepest descent. 

The result is 

erf [e-''/''>/2i^cos {9] ^uxi^xo^-ixocosQ (2.27) 
yJT 

.Applying the operator (2.9) to (2.27), the far-field pressure due to the control actua

tors is given by 

O* U* A* i(r—5r/4) 
p* ~ q °° °f £ ( 1  _ iv/oo cos 9) erf y/2xo cos ^9\ - — —  

v27r7^ y/r 
X g-i(x-xo)A^ocg-ixoCos0p-i.^£ (2 28) 

Severed features of the physics can be recognized firom (2.28). The phase factor 

exp[—ixo COS0] accounts for the difference in distance to a far-field point firom the 

actuator location xo, compared to the distance r firom the leading edge. The factor 

exp[—i (x — xo) A/oo] is the phase shift due to convection by the mean flow. The 

argument of the error function in (2.28) contains the factor cos For small values 

of its argument, erf[2] ~ Izjy/ii. Therefore, at low Mach numbers and small values 

of vjxq. p* is seen to have the same cardioid directivity pattern as the pressure field 

(2.10) due to the gust interaction. Thus, in this Hmit it is possible to simultaneously 
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cancel the sound radiation in all directions with a single actuator pair. However, from 

the argument of the error function, the amplitude of the pressure field generated by 

the actuator pair is seen to be proportional to y/wxQ. Thus, for very small values of 

wxq, cancellation of the gust interaction sound field requires a large actuator volume 

flux q. Essentially, if the actuator pair is located too close to the leading edge, its 

efficiency in generating an anti-soimd field decreases due to short-circuiting of the 

flow around the leading edge. 

The directivity for p* contains a mean-flow amplification factor (1 — Moo cos 6) that 

does not appear in p'^. Thus, for 0(1) Mach numbers, the directivity patterns for the 

gxist interaction and the compact actuator pair are somewhat different, even when 

wxq is very small. This feature limits the amount of sound cancellation that c£m be 

achieved at an 0(1) Mach number with a single, acoustically-compact actuator pair. 

However, it will be shown in Chapter 4 that the detrimental influence of the mean-

flow amplification factor can be reduced significantly by using multiple actuator-pairs 

near the leading edge. 

2,3 Control field for non-compact actuators 

The resiilts of the previous section can be used to find the general control field satis

fying 

M 
dy y-=0±, i->0 

(2.29) 

where the velocity distribution may be non-compact. The subscript eff  has 
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been used in (2.29) to indicate the effective normal velocity perturbation just outside 

of the viscous boundary layer. The solution to (2.11) subject to (2.29) is given by 

r V,giC)g-{x-,y-,f;ndi- (2.30) 
Jo 

where the Green's function g'{x' ,y ' , t ' ;^ ')  satisfies (2.11) and 

= ±(5(x*-e*)e-'-"". (2.31) 
dy' y*=0-, i*>0 

Note that this Green's function can be obtained by setting q = 1 in (2.26), and 

accounting for the transformation (2.3a-b). The integral (2.30) must in general be 

evaluated numerically. 
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CHAPTER 3 

BOUNDARY LAYER EFFECTS RELEVANT TO ACTIVE AND PASSIVE 
LEADING-EDGE DEVICES 

For flow conditions relevant to aircraft engine applications, viscous boundary layers 

on the stator blades are typically very thin compared to the acoustic wavelength. 

.A.coustically-thin boundary layers over fixed, impermeable surfaces can effectively be 

ignored in the analysis of the acoustic field, and the condition of vanishing normal 

\-elocity at the solid surface can be applied directly to the potential flow just outside 

the boundary' layer. An imdscid analysis of this type is used in Section 2.1 to determine 

the wake-airfoil interaction field in the absence of control. With active or passive 

control, however, normal velocity perturbations are introduced at the airfoil surface, 

and the acoustic field is influenced by the imsteady response of the boimdary layer. 

Thus, boundary layer efiects cannot immediately be dismissed as unimportant in the 

analysis of leading-edge devices. 

Leading-edge devices produce unsteady velocity perturbations at the airfoil surface, 

, but the resulting acoustic field is driven by the effective velocity—the normal velocity 

perturbation to the potential flow just outside the viscous boundary layer. For active 

blowing/suction devices, the surface velocity is specified. For passive devices, the 

surface velocity is related to the pressure field through a complex impedance. In both 

cases, a relation between the efiective velocity and the surface velocity is required 

in order to predict the acoustic field. The simplest relation is obtained by enforcing 
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continuity of particle velocity. This approach is taken in the model of Chapter 2, 

where we assvime that the specified velocity at the actuator surface is identical to 

the effective velocity, so that the actuator velocity can be imposed directly on the 

potential flow. Note that, for the wake-airfoil interaction problem of Section 2.1, 

continuity of particle velocity is satisfied trivially since both the surface velocity and 

the effective velocity are zero. 

Continuity of particle velocity implies that; (i) introducing a volume flux through 

an acoustically compact strip produces a two-dimensional acoustic monopole, and 

(ii) the strength of the acoustic monopole is equal to the specified flux. These as

sumptions lead to the boimdary value problem (2.13a-c) used as a model for compact 

blowing/suction actuators. In the presence of a boundary layer, however, it is not 

obv-ious that the monopole strength is conserved. It is conceivable, for example, 

that some of the fluid introduced at the airfoil surface is swept downstream by the 

boundary layer without contributing to the effective monopole strength in the outer 

potential flow above the actuator. Furthermore, it is not obvious that the outer po

tential field must be purely monopole in nature at leading order. In this chapter, we 

address such issues through a detailed analysis of the unsteady boundary-layer flow. 

We show that, in fact, continuity of particle velocity is not satisfied, and that the 

model of Chapter 2 for leading-edge actuators must be refined to properly account 

for the influence of the bovmdary layer. 

3.1 The vortex sheet approximation 

Previous work on the acoustics of non-compact liners in ducts containing a uniform 
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mean flow (see e.g. Nayfeh, et al. 1975 ) has shown that acousticgdly-thin boundary 

layers can be modeled as a vortex sheet. The vortex sheet is assumed to separate 

the uniform mean flow from a thin region immediately adjacent to the no-slip surface 

in which the mean flow is zero. In the mean-flow region, the total unsteady flow 

must remain tangent to the undulating vortex sheet, a condition which applies along 

a time-varying boundary. For a vortex sheet described by y* = r]'{x'A'), linearizing 

about the mean location y* = 0 gives 

< = (3.1a) 

. , t T '  ^  

where y* and vl^ are the normal velocities of fluid particles just below, and just above 

the vortex sheet, respectively, and the uniform mean flow is in the x*-direction with 

speed U^. The fluid-particle velocity is the effective velocity driving the potential 

field. A critical assumption made in order to complete the model is that 

< = t;; (3.2) 

where u* is the normal velocity through the no-slip surface. 

The unsteady term drf I  dt '  in (3.1b) is the normal velocity of the vortex sheet 

observed in the reference frame of the no-slip surface. The second term, U^drj'  Jdx' ,  

is the fluid-particle velocity observed in the reference frame of the undulating vortex 

sheet. This portion of the effective normal velocity arises as the total flow passes 

over any 'himips' where drf fdx' is non-zero. Due to the second term, continuity of 

particle velocity is not satisfied across the boimdary layer. However, continuity of 
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particle displacement is satisfied in the sense that no gaps are allowed to open within 

the fluid about the vortex sheet. Cross-diflferentiating (3.1a) and (3.1b) to eliminate 

and using (3.2) gives 

»•»  

whicli is knowTi as the particle displacement boundary condition. If the surface velocity 

?•* is specified, then (3.3) gives the effective velocity driving the potential field. For 

problems involving passive liners, the surface velocity u* is coupled to the pressure 

field through an impedance condition. 

Whether acoustically-thin boundary layers are correctly represented by imposing 

continuity of particle velocity, or by imposing continuity of particle displacement, has 

been a topic of debate (see e.g. Nayfeh, et al. 1975 ). Eversman and Beckemeyer 

(1972) considered the problem of sound transmission in an acoustically fined duct 

containing a parallel mean flow consisting of a uniform flow surroimded by a constant 

shear boundary-layer region. They showed that, as the thickness of the sheared region 

approached zero, the solution approached the results for a uniform mean flow with 

continuity of particle displacement appUed across the vortex sheet adjacent to the wall. 

Tester (1973) adopted a similar approach, and arrived at the same conclusion. Hence, 

the vortex sheet approximation is generally accepted, and has been used extensively 

in aeroacoustic analyses. 

The analyses of Eversman and Beckemeyer, and Tester consider inviscid flow and 

thus neglect the no-sUp condition. In this dissertation, we adopt an approach which 

relies on a systematic analysis of the boundary layer flow, and takes into account 
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dependence on the Reynolds number. We exploit a simplification in the shear layer 

which was apparently not considered by previous investigators, leading to a much sim

pler and more intuitive derivation of the vortex sheet approximation. Moreover, our 

analysis reveals the range of applicability of the vortex sheet model for acoustically-

thin boundary layers. 

3.2 Active devices 

We begin our investigation of boundary layer efiects by considering blowing/suction 

actuators of the type introduced in Section 2.2. Such actuators produce unsteady 

flow through porous strips on the airfoil upper and lower siirfaces. For purposes of 

analyzing the boundary layer response, v;e can restrict our attention to the upper 

svirface. The geometry and coordinate system used in our analysis is illustrated in 

Figure 3.1. Dimensional quantities are indicated by stfirred variables. The upstream 

edge of the actuator strip is at a distance from the aiirfoil leading edge. The 

downstream edge is at x' = Xq + D', where D* is the width of the blowing/suction 

strip. 

The flow field is assimied to be two-dimensional and compressible but subsonic, 

with streamwise and trsmsverse velocity components denoted by u'{x*,y'.t') and 

v'{x',y',t'), respectively. The velocity components, sound speed, Mach nimiber, 

density, and viscosity of the mean flow are given by U', V*, c', M, p*, and n* 

respectively. For conditions relevant to rotor-stator interaction, the Reynolds nimiber 

Re = pIo^x^o/^ where the subscript oo indicates values far upstream of 
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Boundary layer 

Blowing/suction strip 

Figure 3.1: Geometrj- and coordinate system for Jinalysis of the unsteady boundarj- layer flow. 
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the airfoil leading edge. It is convenient to introduce the small parameter 

e = 1, (3.4) 

appearing also in the triple-deck theory of Stewartson (1969) and Messiter (1970). 

Our analysis of the unsteady boundary-layer flow is based on the method of 

matched asymptotic expansions. We assume that the unsteady velocity through the 

porous strip scales as 

= 0{aU'^) (3.5) 

where or 1, aind develop an expansion about the non-uniform mean flow in powers 

of a and e, neglecting terms of O(a-). The mean flow adjacent to the airfoil surface 

is a compressible, laminar boimdziry layer with thickness of 0(e'*XQ). To the order 

retained in this work, the mean flow outside of the boundary layer is parallel and 

uniform with speed . 

The actuator scale D' is assumed to be long compared to the triple-deck scale 

yet short compared to the distance Xq over which the boundary layer has developed. 

Hence, 

D' = 0{e'^xl) (3.6) 

where 0 < d < 3. This restriction is enforced for all cases considered in this work. 

The frequency is assumed to scale as 

Uixl/Ul^ = S = £ 's (3.7) 
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where i = (9(1) eind —oo < / < 2. It proves convenient to introduce the small 

parameters 

(3.8a) 

and 

<T = (3.8b) 

associated with the actuator length and the frequency, respectively. 

Rearranging the frequency scaling (3.7) and using (3.8b) gives 

U'Ĵ  = (3.9) 

where U^Juj is the hydrodjuamic (gust) wavelength. Note that for cor

responding to f < d, the actuator is hydrodynamically compact 

Similarly, the acoustic wavelength is 

cUuJ = 0{a'-Xo/M^), (3.10) 

and thus the actuator is acoustically compact for A/qo/?^ Note that hydro

dynamically compact actuators are also acoustically compact. For M^o 1, the 

actuator may by acoustically compact, but hydrodynamically non-compact. 

For the values of d and / discussed above, the unsteady flow in the neighborhood 

of the actuator has a multi-layered structure (Figure 3.2) consisting of three asymp

totically distinct regions in the direction normal to the airfoil surface: (i) the main 

layer, with the e*XQ thickness of the mean boundary layer, (ii) the viscous sublayer 
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which is thin compared to the main layer, and (iii) the upper layer with thickness 

e'^XQ. The actuator scale e'^XQ provides a streamwise length scale common to all three 

layers. 

The physics of the unsteady flow about the actuator can be explained as follows. 

The majority of the boimdary layer (main layer) responds inviscidly to the short-

scale perturbation imposed by the actuator, requiring the viscous layer to satisfy the 

no-slip condition at the airfoil surface. The viscous layer, in turn, causes a transverse 

velocity perturbation which is transmitted across the main layer. The transverse 

\-elocit}' perturbation at the outer edge of the main layer gives the effective velocity 

driving the potential field. Understanding the relation between the effective velocity 

and the velocity at the airfoil surface is the principal objective of this chapter. 

In addition to the wavelengths (3.9) and (3.10) associated with the hydrodynamic 

and acoustic motion respectively, it will be seen that a wavelength 

= O(o-^Xo) (3.11) 

can be associated with the viscous layer. Depending on the size of the actuator 

relative to the viscous wavelength (3.11), the unsteady component of the boundary-

layer flow in the viscous layer exhibits one of three distinct types of beha\aor. For 

each of these, the relation between the actuator velocity and the effective velocity is 

significantly different. 

The viscous layer behavior is determined by the dominant balance between the 

unsteady viscous force and the streamwise inertia terms du'fdf, u'du*fdx', and 

v'du'(dy' in the i*-momentum equation. In the limit / = 2d/3, corresponding to 
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d •  e Xq 

Upper Layer 

00 

Main Layer 
€ X 

Viscous Sublayer 

blowing/suction strip 

Figure 3.2; Multi-layered structure of the unsteady boundar>--layer flow* in the distinguished limit. 
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Unsteady triple-deck 

2 --

1  - -CO 

Distinguished limit 
/ = 2^//3 

Decreasing actuator size 

Figure 3.3: An illustration of d- f  parameter space. 

a = 0, the actuator scale is on the order of the viscous wavelength (3.11), and all 

three inertia terms enter the viscous layer at leading order. We refer to this as the 

dis t ingu i shed  l imi t .  As  i l lus t r a t ed  in  F igure  3 .3 ,  t he  d i s t ingu i shed  Umi t  /  =  2d/3  

divides d-f space into two regions. 

In the region 2d/3  < / < 2, corresponding to a ^ 13, the actuator is highly 

non-compact relative to the viscous wavelength, and the viscous force is balanced 

at leading order by du'fdt* and v'du'fdy', while the streamwise convection term 
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u 'du ' jdx '  is sub-dominant. We refer to this as the high- f requency  l imi t .  For frequen

cies satisfying —oo < / < 2d/3, corresponding to <t » /?, the actuator is compact 

relative to the viscous wavelength, and the imsteady term du'jdt' is sub-dominant 

in the viscous layer. In this low-frequency limit, the viscoiis flow in the neighborhood 

of the actuator is quasi-steady. 

As discussed above, the distingmshed limit / = 2<i/3 divides d- f  space into two 

regions which can be characterized by the dominant balance in the \iscous sublayer. 

Similarly, the limit f = d divides d-f space into t>\'o regions which can be charac

terized by the dominant balance in the main layer. For f = d, corresponding to 

cr- = (3^, the actuator scale is on the order of the hydrodynamic wavelength, and 

all three streamwise inertia terms enter the main layer at leading order. For f > d, 

corresponding to cr* 0^, the actuator is highly non-compact relative to the hydro-

dynamic scale, and convection by the streamwise velocity is subdominant. For f < d, 

corresponding to cr^ » /3^, the actuator is hydrodynemiically compact. In this limit, 

the unsteady term du'fdt' is sub-dominant, entering at second order. 

The limits f < d, f = d, and f > d correspond to the hydrodynamically compact, 

non-compact, and highly non-compact limits, respectively. At 0(1) Mach numbers, 

these limits also correspond to the acoustically compact, non-compact, and highly 

non-compact Umits, respectively. Note that for Moo 1) hydrodynaimic compactness 

is sufficient, but not necessary, for acoustic compactness. 

In the remainder of this chapter, we develop asymptotic solutions for the unsteady 

boundary-layer flow in the three major frequency regimes identified above: the dis

tinguished, high-frequency, and low-frequency limits. We first consider the distin
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guished limit / = 2d/3 in which the actuator scale is on the order of the viscous 

wavelength, and is hydrodynamically compact. We next consider the high-frequency 

limit / > 2d/Z in which the actuator is highly non-compact relative to the viscous 

wavelength. In discussing the high-frequency limit, we first address the hydrodynam

ically compact case 2d/Z < f < d, followed by the hydrodj-Tiamically non-compact 

c£ise f = d. The highly non-compact limit f > d is not considered. Finally, we con

sider the low-frequency limit 0 < / < 2(i/3, in which the actuator is compact relative 

to both the hydrodynamic and viscous wavelengths. 

3.3 The Distinguished Limit / = 2d/S  

The asymptotic structure and the governing equations in the distinguished limit / = 

2d/3 (or a = /3) are similcU" in many respects to those of Stewartson and Messiter's 

triple-deck, and we note that for / —+ 2, the unsteady triple-deck scaling wotild 

be recovered. However, we have assumed that D' :» Therefore, imlike the 

classical triple-deck, the pressure gradient induced in the upper layer does not affect 

the dy-namics of the viscous layer at leading order. Hence, the triple-deck structure 

cannot be obteiined as a special case of the distinguished Umit examined here, and 

• the point (d, f) = (3,2) is excluded from the definition of the distinguished limit. 

The non-dimensional frequency in the distinguished limit is written 

s = <T-^S (3.12) 

where S  = 0{ l ) .  Since <t = /? in the distinguished limit, the expansions can be 

developed in terms of the single small parameter a. We introduce the streamwise 
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coordinate X scaled on the actuator length, 

X =  {x ' - x l ) /a^x*o  (3.13) 

which is conunon to the main, viscous and upper layers of the distinguished Umit. In 

the following analysis, overbars, tildes, and hats are used to indicate viscous layer, 

main layer, and upper layer variables respectively. Upper case variables are used in 

the distinguished limit. Lower case variables will be used in the cmalyses of the high-

and low-frequency limits. 

3.3.1 Main Layer 

First consider the main layer of thickness e*XQ which describes the majority of the 

unsteady boundary layer flow. Introducing the transverse coordinate 

V- = y'/e'x'o, (3.14) 

the flow field for X and Y of order unity is expanded as 

u'/U;^ ~ UoiV) + a(T'^e-^[Ui{X,Y)+cjU2{X,Y)\e-''' 

v'/U:, ~ e^VoiY) + ao--i|t4(je,r)+o-K2(X,r)|e--' 

~  aa- ' \P , iX ,Y)+cTP2{X,Y) \e - ' ' '  1 (3.15) 

where t  =  t 'U^ lxQ.  It will be seen that, as in the classical triple-deck, the pressure is 

uniform across the boimdary layer. Hence, the pressure amplitude is set by the upper 

layer, and the scaling in (3.15) has been chosen accordingly. 

For > 0, streamwise gradients of the mean flow can be neglected on the scale 

of the actuator. Analysis of non-parallel mean flow eflfects is beyond the scope of 
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the present effort, and the case { d , f )  = (0,0) is excluded from the definition of the 

distinguished limit. For convenience, the mean velocity components Uo{Y) and Vo{Y) 

are taken as the Blasius solution evjduated at x* = Xq, but extension to a general 

velocity profile is straightforward. 

Three important features of the main layer expansion (3.15) must be noted. First, 

the unsteady streamwise velocity is lzu"ger than the transverse velocity by a factor of 

the main layer aspect ratio e^/e* — a result of balancing the dilatation terms in the 

continuity equation. Second, the transverse velocity is 0(a/cr), which is large com

pared to the 0(q) scaling of the blowing/suction velocity (3.5) at the airfoil surface. 

The 0{a((T) scaling is required to account for the viscous layer. This amplification 

will be seen to have a significant influence on the effectiveness of active and passive 

leading-edge devices. Third, we note that for M^c = 0(1), cr is on the order of wD' so 

that the main layer expansion proceeds in powers of the actuator compactness ratio 

wD' .  

Upon substituting (3.15) into the full governing equations and collecting leading 

order terms, the continuity equation takes the form 

dUi dVi 
+ = 0 (3.16a) 

dX dY  ^  '  

and the streamwise and transverse momentum equations become, respectively 

^0-^ + ^ (3.16b) 

dPi 
^=0. (3.16c) 

The leading-order equations (3.16a—c) are identical to those of the classical triple 
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deck, and their solution has the familiar form 

U, = (3.17a) 

V, = Uo(Y)^, (3.17b) 
aX 

representing quasi-steady flow along streamlines that are displaced from the parallel 

streamlines of the mean flow by an amount proportional to Ai{X). The boundary 

layer displacement function Ai{X) is unknown at this stage, and is determined by 

asymptotic matching with the viscous layer. 

The second-order perturbations in the main layer are governed by 

dUo dVo 
^-h—J- = 0 (3.18a) 
dX dY  '  

dUo - dUo 
(3.18b) 

dP2 
= 0 (3-18C) 

where unsteady effects axe seen to enter (3.18b) as an inhomogeneity. The solution 

is 

W-J = (3.19a) 
oY 

V2 = -i5yli(X) -h Uo{Y)^ (3.19b) 
aX 

where A2{X)  is a higher-order analogue of Ai{X) ,  and —i5Ai(X) accounts for time-

dependence in the quasi-steady streamline displacement described by (3.17a,b). The 

displacement functions Ai{X) and A2(X) are determined by matching with the vis

cous sublayer. Note that, in contrast to the second-order equations governing the 
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main deck of the classical triple-deck, (3.18b) does not involve the streaxnwise pres

sure gradient, and (3.18a) does not involve compressibility. 

3.3.2 Viscous Layer 

Since the equations governing the imsteady flow in the main layer are inviscid, the 

solutions (3.17a,b) and (3.19a,b) violate the no-slip boundary condition. Hence we 

consider a sublayer of thickness in which viscous effects are found to enter at 

leading order. Introducing the transverse coordinate 

where A = C/o(0), and A' = V^"(0)/2. 

Upon substituting (3.21) into the governing equations and collecting leading order 

terms, the continuity, streamwise momentum, and transverse momentum equations 

take the forms 

y = r/<T (3.20) 

the flow field for X  and V  of order unity is expanded as 

u'lUU 
y ' fu ; ,  

p'/p'ooU:^ 

(TXY_ -t- acT^e-'^Ui{X,Y)e-"' ' 
eV^A'r^ -i- aVi{X,Y)e-''" (3.21) 

aa-^P^{X ,, 

(3.22b) 

(3.22a) 

(3.22c) 

where = p'(xq,0)/pI^ and fx^. = /i*(x5,0)//x^. In contrast to triple-deck theory. 
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Pi does not enter in the X-momentum equation. At the airfoil surface, we apply the 

no-slip condition 

C7i(A:,0)=0 (3.22d) 

and specify the actuator blowing/suction velocity as 

Vi{X ,0 )  =  K{X)  (3.22e) 

where the downstream edge of the actuator is assumed to be X = D, and thus Vs(X) 

is zero outside of X G [0, D]. The unsteady streamwise velocity of the viscous layer 

must match asymptotically with the slip velocity implied by (3.17a), and thus we 

require 

Ui{X,Y)  -XAr iX) ,  Y  ^oc .  (3.22f) 

The slip velocity due to U2 is ehminated at higher order in the viscous layer, smd will 

not be considered here. 

To remove the mean flow parameters and A from the governing equations, 

we introduce the affine transformation 

X = -1/4 /iw -j,-3/4 -1/2 
P»- X, 

Y =  1/4 /iw -y-1/4 -1/2 
P^-

P i i xS )  =  X- ' / '  /*w ^-3/4 1/2 p^: P iX) ,  
A i {X)  =  A-3/2 -1/2 /iw ^-1/2 A{X) ,  

S  =  A^^2 1/2 f lw  ^1/2 s ,  
Ui (X ,Y)  = A-^/2 yLvf ^-1/2 mx,Y) ,  
V i iX ,Y)  = ViX .Y) ,  

(3.23a-g) 

where 7 is included in anticipation of simplifying the pressure-displacement relation 
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(3.136). Upon applying (3.23a-g), the viscous layer equations take the canonical 

form 

-iSU + I'll + V = (3,24b) 

with the wall boundeiry conditions 

UiX,  0) = 0 (3.24c) 

V{XO)  = K(X) (3.24d) 

and the main layer matching condition 

U{X,oo)  =  -A iX) .  (3.24e) 

Introducing the Fourier transform 

T{k)= r FiXy'^^dX (3.25) 
j  — OO 

with respect to the canonical streamwise coordinate {X  i-+ k ) ,  the equations governing 

the viscous flow become 

-ikU{k, Y )  +  V Y { K Y ) = 0  (3.26a) 

-\SU{k ,  Y )  -  \kYU{k ,  Y )  +  V{k ,  Y )  =  Uyy{K Y) (3.26b) 
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with the boundary conditions 

U{_k ,  0) = 0 (3.26c) 

V(A: 0) = V^(k )dX/dX (3.26d) 

U{k ,  oo) = -A{k )  (3.26e) 

where 

k = -yy* pi!"" k (3.27) 

and Vs(fc) is the Fourier transform of l^(X) with respect to the non-canonical stream-

wise  coord ina te  {X  k ) .  

The above system of equations is solved by first differentiating the X-momentiun 

equation (3.26b) with respect to Y, and using the continuity equation (3.26a) to 

obtain 

- (iS + i kY)  Ur ik ,  Y )  =  Uyyv ik ,  Y ) .  (3.28a) 

Redefining the independent variable as 

ccr) = + C„(fc) (3.28b) 

where 

Co(fc) = -i5(-iA:)-2/3 = (3.28c) 
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and UTiting 

Ur{k ,Y)=W{0 ,  (3.28d) 

(3.28a) becomes 

w" - cw  = o  (3.28e) 

wth solutions given by the Airy functions Ai(C) and Bi(C)- The solution cannot grow 

exponentially with Y for real k, and thus Bi((^) is excluded. Furthermore, to assure 

that Ai(C) does not grow exponentially for complex k, the branch cut of k^^^ is taken 

along the negative-imaginary axis. Integrating l^l^(C) with respect to Y. and enforcing 

the no-slip condition, we find 

Substituting (3.29a) into the continuity equation (3.26a), integrating with respect to 

Y, and utilizing the boundary condition (3.26d), the transverse velocity in the viscous 

layer is given by 

V(fc, Y)  = i kC{k)  f  r  M [C(77)] dT)d^  +  V^{k )dX/dX.  (3.29b) 
Jo  Jo  

To complete the solution, the constants C{k)  and A(k)  must be determined. Using 

(3.29a) in the main layer matching condition (3.26e) gives 

Uik ,  Y )  =  C{k)[  Ai [C(^)] 
Jo  

(3.29a) 

(3.30a) 
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where 

F(Co)= r^iOd^. (3.30b) 
JQo 

To determine the leading-order displacement function >l(fc), we first evaluate the 

momentimi equation (3.26b) at V = 0, and use (3.29a) to obtain 

V(fc,0) =C(fc)(-iA-)"W(C„). (3.31) 

Then, using (3.30a) in (3.31) to eUminate C{k) ,  and accounting for the canonization 

(3.23a-g), we obtain 

-iSA(fc) =G(fc)H(it) (3.32a) 

where >li(fc) is the Fourier transform of Ai (X)  with respect to X and 

- - Ai'(CoW) 

where k  and k  £u:e related through (3.27). Equation (3.32a) is the desired result, 

providing a relation, in transform space, between the surface velocity Vs{X) and the 

resulting displacement Ai (X) of the main layer. 

As a consistency check, it can be show-n (Appendix A) that (3.30a) and (3.31) 

imply 

V i ( X , f ) ~ A K | i i - i S / l , ( X ) ,  Y - ' O O  
oX 

(3.33) 
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where the first term is 0(cr~^)  on  the scale of the main layer, and is seen to match 

asymptotically with (3.17b). The second term matches with the unsteady component 

of (3.19b). The quasi-steady component of (3.19b) is O(acr) for V = 0(1), and 

thus enters only at higher order in matching with the viscous layer expansion of the 

transverse velocity. 

Taking the inverse transform of (3.32a) yields 

where the inversion contour is the real axis. To determine the asymptotic properties of 

r G(m(k) 
j  — oc 

(3.34) 

Ai  (X), we must consider the singularities of the transfer function G(k) .  As illustrated 

in Figure 3.4, G{k) is smalytic in the upper half of the complex ^-plane. A branch cut 

associated with extends along the negative-imaginary axis, emd a line of poles, 

accumula t ing  a t  the  o r ig in ,  ex tends  a long  the  ray  Arg(^ )  =  5- /4 .  For  k  —* oc  

GCk) / { - iS )  ~  gook-"" / '  (3.35a) 

where 

(3.35b) 

For fc —> 0 we find (Appendix C), 

OO 

G(k)  ~  
n=0 

(3.35c) 
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for Arg(^-) e {—TV 12,5-^1 A), where 

^0 = 1 (3.35d) 

9i  = (3.35e) 

9i  = i9/x».A2/4p^.5^. (3.35f) 

Despite the accumulation point of poles at = 0, and the branch cut along the 

negative-imaginary axis, G(fc) is locally well-behaved along the real axis. 

The transfer function G(jk) is analytic in the upper half-plane, and thus /li(X) = 0 

for X < 0. Using (3.35a), it is easily shown that for blowing/suction profiles with a 

step discontinuity at X = 0, the boundary layer displacement behaves as Ai{X) oc 

A'-/^ for X —^ O"*". To determine the downstream behavior, the integral (3.34) can be 

treated as a sum of the hedf-range integrals, each of which can be expanded for X —> oo 

using integration by parts. Along the real axis, G{k) is locally indistinguishable 

from an analytic function, and thus the end-point contributions from each half-range 

integral cancel. Hence, we conclude that Ai(X) decays exponentially for X —• oc. 

Finally, we note that G(0) = 1, and thus (3.32a) imphes 

-iS f Ai{X)dX =  r  K(X)dX =  Q (3.36) 
J  — oo J—oo 

where Q is the normalized volume flux produced by the actuator. This relation will 

be seen to play an important role in the analysis of the upper layer. 

3.3.3 Upper Layer 

The upper layer describes the unsteady flow outside of the mean boundary layer. 
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Figure 3.4: Singularities of the transfer function G{k) .  
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The relevant length scale in this region is o^Xq in both the streamwise and trauisverse 

directions. Introducing 

r = y'/a^x'o, (3.37) 

the flow field for X and Y of order unity is expanded as 

U-/UI, ~ 1 + aa-^ Uri{X,Y) + aU2{X,Y)\e-"' 

v'fU'^ ~ a^-i|Kx(X,V')+<7K2(X,F)|e--' 

p'/p'ooU'^ ~ IA(i",Y)  + ctA(X,Y) \e--' 

(3.38) 

where the scaling of v'jU^ is dictated by the transverse velocity of the main layer. 

The scaling of u'/U^^ and p'fp'^U^ then follows from the dominant balances in the 

continuity and momentum equations. The upper layer is irrotational, and thus we 

express the unsteady perturbations in terms of the velocity potentiaJ (p*(x*,y*,f*), 

expanded as 

~ y) + Y)]e-''' (3.39) 

where V4>j = { U j , V j ) .  

The leading-order potential is governed by the Prandtl-Glauert equation 

7-^4 + = 0 (3.40a) 
dX^  dY^  

and the pressure satisfies 

(3.40b) 

Matching the transverse velocity of the main and upper layers in the limits Y —>• 00 
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and Y 0  leads to the boundary condition 

dY 
= (3.40c) 

>>=0 

representing the quasi-steady effect produced as the flow in the upper layer accom

modates the 'himip' produced by the displaced streamlines of the mean boimdary 

layer. 

The boundary value problem for 4>i is solved by taking Fomrier transforms in the 

streamwise coordinate. Introducing polar coordinates in Prandtl-Glauert space 

{X  , -yY)  =  R{cos6 , sm6)  (3.41) 

we find 

^i{X,Y) = -^l^ J ^^^J^exp ^ ^V^sin^-i-ifccos^^ j dfc (3.42) 

where Ai{k )  is given by (3.32a), and = y /k  — iO'^x/fc — iO~ with the branch cuts 

taken firom the origin to infinity along the positive and negative imaginary axes of 

the fc-plane, respectively. 

The second-order potential of the upper layer is governed by 

7 —^ ^ = -2iSMl,—^ (3.43a) 
dX^  dY^  ° °dX  

with the main layer matching condition 

= -iSAi + (3.43b) 
dY 

The first term on the right-hand-side of (3.43b) accounts for time dependence in the 
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leading-order strezimline displacement, and the second terra is a quasi-steady effect 

analogous to that described by the solution (3.17a,b). 

It is easy to see that 

»̂2p = (3.44) 

is a particular solution of (3.43a). The second-order potential of the upper layer is 

then given by 

4»2 = 4>2C + ^2p (3.45) 

where the complementary solution 4»2c satisfies 

1 ~—r— H :— = 0 (3.46a) 
dX^  dY^  '  

with 

dY 
=  - \S  (a i -  ̂ X^ )  +  ̂  (3.46b) 

V dx J dx y=o 

To determine the acoustic field produced by the actuator, we require the far-field 

{R 1) behavior of and 4>2. The integral (3.42) defining can be expanded by 

the method of Appendix B. We find 

f Q \ cos 6 ^ 

and thus in the far-field behaves as a dipole oriented in the streamwise direction. 

Tliis result can be understood by considering the boundary condition (3.40c). To

ward the upstream half of the blowing/suction region, a positive transverse velocity 
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perturbation is required on K = 0 in order for the flow in the upper layer to pass over 

the displaced streamlines of the mean boundary layer. A negative perturbation is re

quired toward the downstream half of the blowing/suction region as A\{X) decays 

to zero with downstream distance. The positive and negative contributions cancel, 

producing a dipole, but no net monopole eflfect. 

Next consider the far-field behavior of l>2- The asjTnptotic behavior of ^2p is 

known from (3.47). The monopole term of 4>2c can be determined by considering the 

flux through Y = 0. Upon applying a Prandtl-Glauert transformation, it is easy to 

see that 

^2c ~ R-^oo (3.48a) 
TTJ  

where 

d^2c = f 
j  —c dY 

dX (3.48b) 
^=0 

and R is the Prandtl-Glauert coordinate (3.41). Hence the effective monopole strength 

Qeff is found by integrating the boundary condition (3.46b). The integral of —i5>li 

follows immediately from (3.36), and represents the monopole effect produced by 

the unsteady displacement of the mean boundary layer streamlines. As indicated by 

(3.36), the strength of this monopole is equal to the volume flux introduced through 

the airfoil surface. An additional contribution to the monopole field arises from the 

integral of XdAildX, which can be evaluated using integration by parts in conjunc

tion with (3.36). The third term in (3.46b) produces a dipole effect analogous to that 

produced by dAi/dX, and does not contribute to the monopole field. The effective 
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monopole strength for 4»2c is found to be 

Q'ff = Q + Qp (3.49a) 

where Q is the normalized volume flux (3.36) produced by the actuator, and 

Qp = QM^/7' (3.49b) 

arises from the inhomogeneity in (3.43a). Hence, in addition to the monopole field 

associated directly with the actuator flux Q, a monopole is produced as the pressure 

field Pi compresses and rcurefies the flow in the upper layer. 

3.3.4 Outer Region 

The upper layer expansion (3.39) can be used to determine the acoustic field produced 

by a compact actuator pciir of the type introduced in Section 2.2. In the outer 

(acoustic) region, the velocity potential is governed by the convected 

wave equation 

We define outer coordinates (x, y )  normalized by the acoustic wavelength 

(a^i y )  = {wx ' ,  - ywy ' )  (3.51) 

and assume an outer expansion of the form 

4>'/x'oU;,^ae^4>i{x,y)e-'"' (3.52) 
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where p is to be determined in the comrse of the anedysis. The Prandtl-Glauert factor 

7 has been introduced in (3.51) for convenience. 

The leading order outer potential (x, y )  is determined by asymptotic matching 

with the upper layer expansion (3.39), repeated here for convenience: 

07x5c/;, ~ a(T2  | 4x (X ,  Y )  +  c t^2{X ,  r)} e--'. (3.53) 

In the present context, we will refer to (3.53) as the 'inner' expansion. As shown 

above, 4>i exhibits dipole behavior in the far-field of the upper layer, while «i>2 exhibits 

monopole behavior. The dipole field 4»i is dominant on the scale of the actuator, but 

is less efficient than the monopole $2 at generating an acoustic field. On the outer 

scale, the dipole strength is diminished by a factor of the compactness ratio (t, and 

thus both terms in (3.53) contribute equally to the acoustic field. 

For the outer problem, we consider the geometry examined in Chapter 2, with 

an acoustically compact actuator on each surface of the airfoil, driven out of phase 

in order to match the antisymmetric nature of the gust interaction sound field. Ac

cordingly, we look for an outer solution consisting of wave-monopole and wave-dipole 

components satisfying 

d<Pi 

y=0±^>0 
= ± |co(5(x — Xo)-f-Ci(5'(x — xo)| (3.54) 

where xq is the actuator location. The outer solution satisfying (3.50) and (3.54) is 

easily obtained fi-om (2.26) as 

Q 
01 = CoA(x, y; Xo) - Ci — A(x, y \xq) (3.55a) 
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where 

A(x ,y , xc )  2x7  J_^  v 'STTT 

X exp [—iA:(i — zo) — |j| — l] dk. (3.55b) 

The coefficients cq and ci appearing in the outer expansion are determined by 

as^Tnptotic matcliing with the imier expansion (3.53). For purposes of matciiing we 

introduce polar outer coordinates with origin at the actuator location xq, 

(x — xo ,y )  =  ro(cos0,sin0). (3.56) 

The inner coordinates are given by 

(X , ' yV)  =  R(cos0 , smd)  (3.57) 

and we note that 

To = aSM^R/'y^. (3.58) 

Letting and represent the inner and outer expansions of the normalized 

velocity potential 4>'IxqU^ tnmcated beyond the n''' term, we have 

<P^olt = (3.59a) 

0^^ =  { d x ( X ,  Y )  +  ̂$2(X, Y ) ]  .  (3.59b) 

Writing 4>^̂ t ill terms of inner coordinates {R . ,6 )  and expaaiding to m terms with 

iimer coordinates assmned 0(1) produces a well-defined expression which we denote 
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by Similarly, denotes the n-term inner expansion written in terms of 

outer coordinates (ro, 9)  and expanded to m terms with outer coordinates assumed 

0(1). Van Dyke's (1975) matching principle asserts that 

(3-60) 

where the comparison is made in terms of the same variables, tq or Ft. 

Taking the inner limit of the outer expansion and reverting to outer coordinates 

in anticipation of (3.60) gives 

= — |ci (1 - iMoo(x - xo)) + (co - iA/ooCi) log ro + c| (3.61) 

where terms differing by powers of log(e) have been treated as being of like order. 

The constant C is known in terms of cq, ci, xq and Moo, and is related to acoustic 

feedback from the airfoil leading edge. Taking the outer limit of the inner expansion 

we obtain 

I (1 - iA'-^oo(x - xo)) + Q^ff[\og ro - log a) | . (3.62) 
TT-y (^7 ^0 J 

Upon comparing (3.61) and (3.62) it is easy to see that Van Dyke's rule (3.60) re

quires 

P =  3//2 

ci = iQMocIl^ 

Co iA/ t joCx  — Qef f  

(3.63a) 

(3.63b) 

(3.63c) 
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and thus 

co  =  Q.  (3.63d) 

Note however that contains a term of 0(log e) which has no coimterpart in ^ -

Similarly the constant C is not matched. To resolve these discrepancies, the inner 

expansion (3.53) must be modified to take the form 

ct>'/xlU'^ ~ Y)+ct [4>2iX, Y) + 4»2i loge + 622] } (3.64) 

where ^21 2ind $22 are suitably chosen constant eigensolutions of the Prandtl-Glauert 

operator. These terms represent a secondary influence of the outer field on the upper 

layer, and do not influence the acoustic field at leading order. 

We conclude, therefore, that the acoustic field (3.52) with (3.55a,b), (3.63a) and 

(3.63d) is the appropriate outer solution corresponding to the inner expansion (3.53), 

suitably modified as in (3.64). In particular, we note that the assumption (2.12) — 

namely, that the acoustic field is a wave monopole of strength equal to the actua

tor flux — does not properly accoimt for the influence of the mean boundary layer. 

It is interesting to note, however, that the acoustic monopole strength co is simply 

the actuator source strength Q, and does not include the contribution fi:om Qp. This 

apparent discrepancy can be understood by noting that the acoustic dipole field pro

portional to Ci has a monopole component which accounts for the effect of Qp. Hence, 

although the 'dipole' field is not associated with a net flux through the botmdary 

y' = 0, it produces a monopole within the flow field. 
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Introducing polar coordinates originating at the airfoil leading edge, 

(x, y )  = r(cos O,  sin 6)  

the coordinate r appears in the exponent of (3.55b), and the behavior of the outer 

solution (3.52) in the acoustic far-field r » 1 cein be found by the method of steepest 

descent. The results can be written 

0-^ (3.65a) 
UJ 

where 

w/ \ (1 —Moo cos 0) / X 
( 2 ; ,  y )  =  : ^ 2  y )  ~  ^ ^ ^  ^  

and 

' = (3.650 

is the actuator volume flux normalized by the product of the gust wavelength and 

the gust amplitude. Note that 

q '  = (3.65d) 

where Q is the dimensionless volume flux defined by (3.36). The modified poten

tial (p^{x,y), given by (2.27), corresponds to the result obtained by neglecting the 

boundary layer. The factor multiplying the first term in (3.65b) accounts for the 

additional monopole source Qp, which is seen to be in phase with the volume flux 

produced by the actuator. The term cos 9 is the primary dipole field pro
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duced by the quasi-steady flow about the displaced streamlines of the mean boundary 

layer. This term becomes more important as the Mach number is increased. Scat

tering of this primary field by the airfoil leading edge produces the second term in 

(3.65b), which is seen to have the cardioid directivity pattern of the gust-airfoil inter

action field. The influence of the boundary layer on the eflfectiveness of leading-edge 

actuators for active noise control is investigated numerically in Chapter 4. 

3.4 The high-frequency limit 

Next we develop asymptotic solutions for the unsteady boimdary layer flow in the 

high-frequency limit / > 2d/Z (or 0^ :§> a^) in which the actuator is highly non-

compact relative to the viscous wavelength (3.11). This region of d-f space is illus

trated in Figure 3.3. 

The asymptotic structure of the high-frequency limit is illustrated in Figure 3.5. 

In the high-frequency limit, the scaling of the actuator length is decoupled from the 

frequency scaling. However, the distinguished-limit scaling d = 3//2 reappears in 

local regions at the edges of the actuator. Therefore, we reserve the variable X for 

analysis of the local regions, and introduce a new streamwise variable scaled on the 

actuator length, 

x  =  {x '  - x l ) /0^x1  (3.66) 

The asymptotic structure for x  = 0(1) is similar to that for the distingiiished limit, 

in that it consists of an inviscid but rotational main layer, a viscous sublayer, and an 

irrotational upper layer. In contrast to the distinguished limit, at high frequencies 
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u'du' Idx' is subdominant in the majority of the viscous layer, resulting in consider

able simplification of the governing equations. Near the leading and trailing edges of 

the actuator, however, the bovmdary layer exhibits rapid streamwise adjustment on 

the distinguished scale o^Xq for which neglect of u'du' J dx* is not justified. Hence, 

to obtain a uniformly valid solution at high frequencies, the expansion for x = 0(1) 

must be supplemented by local expansions about the edges of the actuator. 

In the following analysis, we first restrict our attention to the hydrodynamically 

compact portion of the high-fi:equency limit 2<i/3 < f < d (or <Si ^ <§:. a^). The 

hydrodynamically non-compact limit f = d {or 0^ = a^) is considered in Section 

3.4.5. 

3.4.1 Viscous Layer 

First consider the viscous layer for x  — 0(1). At high frequencies, unsteady ef

fects remain in the leading-order balance with viscosity. Hence, the viscous coor

dinate Y, defined by (3.20), and chosen to balance unsteady and viscous terms in the 

distinguished-limit analysis, is also appropriate in the high-frequency limit. Consider

ation of the balance of terms in the continuity and streamwise momentimi equations 

• leads to the expansions 

u ' fU^  ~ ctX Y  •+• aâ e~̂  {u i {x , Y )  +  o^/0^u2{x, Y ) }  " j  
v'/U;, ~ -H a{v^{x,Y)^a^/l3^V2{x,Y)}e-'''*- I (3.67) 
P'I{Pi [ i ,  y )  +  Y ) }  e-"' J 

where 10^ 1 is the ratio of the distingtiished scale to the actuator scale. Note 

that the leading-order scaling of u'lU^ and v' jUl^, which has arisen from a balance 

of imsteady and viscous terms, is identical to that in (3.21). In contrast with (3.21), 



81 

d  *  
€ Xq 

4+//2 

blowing/suction strip 

Figure 3.5: As>-mptotic structure of the unsteady boundary' layer flow in the high-frequenc>- limit. 
Dashed lines illustrate local upstream-edge region. DouTistream-edge region not shown. 
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however, second order terms axe retained in (3.67) for reasons that will become clear 

later. 

Upon substituting (3.67) into the governing equations and collecting leading-order 

terms, the continuity, streamwise momentum, and transverse momentum equations 

take the forms 

= 0 (3.68a) 

^2 — 
Pw (-i5t£i + Avi) = (3.68b) 

^ = 0 (3.68c) 

where, in contrast with (3.22b), convection by the streamwise velocity does not enter 

(3.68b). At the airfoil surface, we apply the no-slip condition 

ui (x, 0) = U2{x, 0) = 0 (3.68d) 

and specify the blowing/suction velocity as 

^i(^,0) = i's(x) (3.68e) 

t;2(x,0)=0 (3.68f) 

where the downstream edge of the actuator is i = D, and thus Vs{x) is zero outside 

of X e [0, D]. 

The boimdary condition (3.68e) and the continuity equation (3.68a) imply 

= Vs{x) (3.69a) 
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and thus in this case at leading order the surface velocity is transmitted through the 

viscous layer without modification. This is in marked contrast to the analogous result 

(3.29b) obtained in the distinguished limit. The solution to (3.68b) is a simple Stokes 

wave driven by Vs{x), 

u,{x, Y) = (e-'^^ - l) (3.69b) 

where fC . 

The second-order perturbations in the viscous layer are governed by 

dv2 _ dui 
dY dx (3.70a) 

Pw (^-iSu2 + Xvt) - ^ (3.70b) 

dpi 
^ = 0 (3.70c) 

where duildx appears as an inhomogeneity in both (3.70a) and (3.70b). Integrating 

the continuity equation (3.70a), and enforcing (3.68e) gives 

Y) = (l-fCY- e-'^^) . (3.71a) 

Thus, the streamwise gradients of the first-order velocity Hi induce a second-order 

velocity V2 which grows linearly with Y for large Y. This feature will be seen to have 

an important influence on the structure of the unsteady flow. 

Using (3.69b) and (3.71a), (3.70b) can be expressed as an inhomogeneous second-

order differential equation 
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and it is easy to see that 

ui ~ —\^v'^{x)fK.S^ + e.s.t. , F —> oo (3.71c) 

where e.s.t. indicates exponentially small terms. 

3.4.2 Main Layer 

Writing the viscous layer solutions in terms of the main layer coordinate 

Y = aY (3.72) 

and taking cr —> 0 with Y = 0(1) reveals that vi{x, Y) and V2{x, Y) induce transverse 

velocity perturbations in the main layer of 0{a) and O{aa^/0^), respectively. Recall 

that, in the present context, we have restricted our attention to the hydrodynamically 

compact limit / < for which the parameter group is lai-ge compared to 

unity. Hence, the main layer perturbation induced by V2{x,Y) is seen to dominate 

the perturbation due to vi{x, Y), and the leading-order contribution to the unsteady 

transverse velocity in the main layer is of 0(q<t^//3^). Higher-order corrections arise 

from two sources. The viscous layer expansion contains the smsdl parameter 10^, 

so that higher terms of this relative order arise in the main layer as well. Second, 

the leading-order term Vi{x, Y) of the viscous layer induces a term in the main layer 

of relative order These considerations suggest a main layer expansion of the 
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form 

WI Ul, ~ Uo{Y) + iui (x, Y) + aV/?^t22„(i, Y) + (3^ l<T^U2b{x, Y)\ e"-' 

v'/U:, ~ eVo(f) + QO-V/?3 {z;i(x,r) +<T3//?^t;2a(x,f) +i^/<T2i;2b(l 

~ c^cryp^ {pi(x, y) + ^//3^^„(x, K) + /3^l<J^P2b{x, K)} e"-'. 

(3.73) 

In common with the distinguished-limit case (3.13), the first-order terms (iti,t'i,Pi) 

in the main layer expansion (3.73) are induced by the linear growth of v' across the 

viscous layer. 

The relative importance of the correction terms Ooa and ()26 depends on the loca

tion within the high-frequency parameter space. The following three subsets of the 

hydrodynamically compact high-frequency limit must be considered: (i) 2dj3 < f < 

4d/5 for which a^l/3^ ^ 0^I(ii) / = 4<i/5 for which a^/0^ = 0^Icr^ and (iii) 

4rf/5 < f < diov which j0 /5^/c^-

Substituting the expansion (3.73) into the governing equations, the leading-order 

perturbations are seen to be governed by inviscid, incompressible, quasi-steady equa

tions of the form (3.16), and thus 

(3.74a) 

= Voixf-̂  (3.74b) 

where ai(x) is the boimdary layer displacement, analogous to Ai{X). It is easy to see 
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that matching with the viscous layer gives 

-i5ai(x) = Vs(x) (3.75) 

implying that the shape of the bomidary-layer displacement at leading order is simply 

the surface velocity Vs(x). This is in marked contrast to the analogous result (3.32a) 

obtained in the distinguished limit. 

We next consider the higher-order corrections to the unsteady field in the main 

layer, for the three subsets of the high-frequency Umit identified above. We first 

consider the case / = 4d/5, for which 10^ = 0^Ja^. In this case there is no 

distinction between the terms ()2a and ()26, and we combine these in a single term 

Oo. The second-order perturbations are governed by the unsteady, inhomogeneous 

equations 

duo dvo „ 
dx dY 

(3.76a) 

dY 

(3.76b) 

(3.76c) 

and thus 

(3.77a) 

V2 = -\Sax{x) + Uo{Y)^ (3.77b) 

where matching with the viscous layer requires 

02 (x) = Xv'^{x) /  K,S^. (3.78) 
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Note that (3.75) implies that the first term in is simply the surface velocity Vs{x), 

as required for consistency with the viscous layer solution (3.69a). 

Taking K —> oo in the main layer expansion of the transverse velocity gives the 

effective velocity perturbation driving the potential field, 

~  ̂  ̂ + U-Ĵ ) } e-. (3.79) 

Upon introducing the physical boundary layer displacement 

r}'{x', t ') = qct^Xq {ai(i) + 0^/cr a2(i)} , (3.80) 

the effective velocity can be written in the form (3.1b) of the vortex sheet approxi

mation 

dr]' Or}' 
~ sF "*• ""dP-

Substituting (3.75) in (3.80) then gives 

dn' 
= aU:^v.(x) + O(a0'U'^) (3.82) 

which is equivalent at leading order to the assumption (3.2) made in the vortex sheet 

model. Hence we see that, for / = 4d/5, the vortex sheet model can be used to 

calculate the bovmdary layer displacement and eflfective velocity to leading order. 

At second order, has a contribution firom 02(1) which involves viscous effects, 

and cannot be predicted by the vortex sheet model. For purposes of calculating 

the leading-order acoustic field, however, this deficiency can be tolerated, since the 

contribution firom azix) is a dipole, and is dominated by the contributions firom 
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—iSU^ai(x) and U^dai/dx. 

Next consider hydrodynamically compact actuators at stiU higher frequencies in 

the range Ad/5 < f < d, for which 0^I<t~ cr^/0^. The terms ()26 are governed by 

the range 4d/5 < f < d Eire obtained from the solutions iu2,V2,P2) for / = Ad/o by 

setting 

Hence we see that, for 4d/5 < f < d, the vortex sheet model gives to first and 

second order. 

Finally, consider the case 2d/3 < / < 4d/5, for which cr^//3^ :§> 0^/cr^. The 

contributions ()2a then dominate over ()26. Unsteady effects do not enter the governing 

equations until terms of relative order l^/cr- are considered, and thus (u2a, i'2arP2a) 

satisfy the same equations as (ui, vi.pi)- The solutions are then 

the same equations as those governing ()2 for the case / = 4d/5. However, since 

is small compao-ed to ^ for / > 4(i/5, consistency with the streamwise velocity 

ui{x, Y) in the viscous layer requires U2b{i, Y) = 0. The solutions for {u^b, V2b,p2b) in 

a2(x) = 0. (3.83) 

(3.84a) 

- u a 2 t  
V2a = ̂ 0{Y) — (3.84b) 

where matching with the viscous layer shows that 

a2a{i) = Xvl{x)/fCS^. (3.85) 
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The perturbations satisfy (3.76a,b), and the solution has the form 

(3.86a) 

V21, = -i5ai(x) + Uo(Y)^. (3.86b) 

Determining the displacement a^bix) requires a higher-order analysis of the viscous 

layer, and is not pursued here. 

For 2d/3 < f < 4<//5, the effective velocity is given by 

Note that viscous effects enter at 0{oLa^ jthrough and thus we see that in 

this case the vortex sheet approximation introduces a relative error of 0{acr^/0^) in 

the effective velocity. This error is large compared to the error introduced in the limit 

/ = 4<i/5. Hence, the accuracy of the vortex sheet approximation decreases as the 

frequency is lowered. However, we have shown that for high frequencies corresponding 

to 4(i/5 < f < d, the approximation is correct to leading and second order, and gives 

Kff  t o  0(a) .  

3.4.3 Local Edge Regions 

We assume that Vs(x) has finite jumps at the actuator edges x = 0 and x = D, but 

that it is otherwise smooth. Hence 

(3.87) 

v^(x) ~ t;s(0"^) + i'I(0'^)x 

Vs{x) ~ v^{D~) + v'^{D~) (x — D) (3.88b) 

(3.88a) 
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fori —• O"*" and x —>• D~ respectively. For non-zero values of VsCO"*") and Vs( D ~ ) ,  

the displacement ai{x) and the streamwise velocity tli(x, V) are discontinuous at the 

actuator edges. These singularities are indicative of non-uniformity resulting from the 

neglect of u'du'fdx' in the viscous layer. Near the edges, the unsteady flow adjusts on 

the distinguished length scale (t^Xq for which the neglect of u'du'fdx' is not justified. 

Hence, to resolve the edge discontinuities, and to obtain a uniformly valid solution 

at high frequencies, we consider local upstream- auid local downstream-edge regions 

where 

X = 0(1) and X d  =  { x ' - { x o  +  D ' ) ) / ( t ^ x ' o  =  0 { 1 )  (3.89) 

respectively. The unsteady flow in these regions has the distinguished-limit structure 

developed in Section 3.3. 

For X  = 0(1), the local msdn, viscous, and upper layer expansions are given by 

(3.15), (3.21) and (3.38). The IOCEJ blo\ving/suction profile at leading order is a step 

function of amplitude t;s(0'^). Setting 

K(^) =i^s(0")i/(A:) (3.90) 

where H { X )  is the Heaviside function, and using the general solution (3.32a), the 

local boimdary layer displacement is given by 

o '>•+ 

where k+ = fc-f-iO"^. Taking the inversion contour along the real axis, the displacement 
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can be wTitten as 

{£ 
where the first integral decays for X —* oo, and the second integral is a representation 

of —27ri/f(X), implying 

-i5>li(X) ~ t;,(0+), X oo. (3.93) 

The downstream behavior (3.93) is consistent with the behavior of (3.75) in the limit 

i —+ O"*". resolving the discontinuity in ai{x) at x = 0. To resolve the discontinuity 

associated with non-zero values of t;s(0''"), terms of relative order 10^ must be 

retained in (3.21). However, these terms have only a higher-order effect on the acoustic 

field, and will not be pursued here. 

The potential flow outside of the boundary layer for X = 0(1) has the expansion 

(3.39), repeated here for completeness 

I~ c^cr^^iiX, Y)e-'"' (3.94) 

where is given by (3.42) with (3.32a). Differentiating 4>i with respect to the 

Preindtl-Glauert radius ft gives 

^ ~ ^ ^sin0 J G{k)exp iArcosd^j dk -f-

6 J ^ ̂ y/^sinO + ifccos^^j (3.95) 

dR 

cos 

which can be expanded in the far-field H :§> I by the method of Appendix B. Formally 
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integrating with respect to R then yields 

^ + (3.96) 
7^7 L R ) 

where gi is given by (3.33e), and we have used (3.75) to eliminate t;s(0"^). Hence, 

the local response of the boundary layer produces a monopole field of strength equal 

to the leading-order displacement jump at x = 0. The dipole component of 4>i is 

oriented in the streamwise direction, implying 

dAildX = 0{X-^), X ^oo (3.97) 

and thus the transverse velocity Vi{X, Y) induces terms of relative order {cr^//3^)^ in 

(3.73), which can be neglected for our purposes. 

Next consider the local downstream-edge region. The local main, viscous and 

upper layer expansions for Xd = 0(1) are obtained by formally replacing X with Xd 

in (3.15), (3.21) and (3.38) respectively. Setting 

K( A' d )  =  v ,{D-)H{-Xd )  (3.98) 

the general solution (3.32a) gives 

= -ipm (3.99) 

where = fc-hiO , and the subscript ()d has been added to indicate that (3.91) is 

the local boundary layer displacement about x = D. Taking the inversion contour 
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along the real axis, we can write 

where the first integral decays for Xd —* ioc, and the second integral is a represen

tation of 2-\H{—Xd), implying 

-iSAiiXo) ~ v^(D-), Xd -oo. (3.101) 

The upstream behavior (3.101) is consistent vsith the behavior of (3.75) in the limit 

X —* D~, and thus the local solution (3.100) resolves the discontinuity in ai(x) at 

X = D. 

In the upper layer for Xq = 0(1), 

'P'/^oU'oo ~ aa^^i^iXo, Y)e-''' (3.102) 

where is given by (3.42) with >4l(^-) replaced by Ah^ik), and R replaced by Rd-

Proceeding as in the case for X = 0(1), the far-field Rd ^ 1 expansion is found as 

~ ^ (log^D + - (3.103) 
''^1 L Rd J 

Hence, for irs(£) ) = Us(0"''), the local upstream and downstream edge regions produce 

monopoles of equal magnitude, but opposite sign. 
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3.4.4 Upper Layer 

In the upper layer for x = 0(1), we introduce the transverse coordinate 

y = y'10^ ̂ 'o- (3.104) 

For X and y of order unity, the velocity potential 4>*{x',y' , t ') is expanded as 

~ aa^ y) + 0^Iy)} e 

where the perturbation potentials are governed by 

9x2 5^2 

7' + ^ = -2i5A/2 ^ 901 
dx^ dip- dx 

with the main layer matching conditions 

Q4>x 
dy y=0 

dai 
dx 

d^2 
dy 

= —iSai{x) -h 
y=0 

da2 
dx ' 

(3.105) 

(3.106a) 

(3.106b) 

(3.106c) 

(3.106d) 

The above expansion applies in the limit 4<i/5 < / < d. In the limit 2d/Z < f < 4d/5, 

(3.105) must be modified by making the substitution 

01 (^.y) ^ 4>iai^,y) + <r^/0^^ibi^,y)- (3.107) 

Since unsteady effects do not enter until terms of relative order P^/are considered, 

the additional term ^ibix, y) is governed by the homogeneous Prandtl-Glauert equa
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tion (3.106a), subject to a main layer matching condition analogous to (3.106c), with 

Oi replaced by an,. In the following analysis, we first restrict our attention to the case 

for wliich (3.105) applies without modification, and then disciiss how the results are 

affected by (3.107). 

To illustrate the influence of the local edge regions, we write the blowing/suction 

velocity as 

Va(x) = v{x) {H{x) — H{x — D)} (3.108) 

where v{x) is assumed to be differentiable. Using (3.75), and differentiating ai(x) in 

the sense of distributions, the boundary condition (3.106c) takes the form 

d^i 
dy 

IV ( 
—— {H{x) -  H{x — D)} + vioc(i) (3.109a) 

y=0 

where 

vioc(i) = ai(0 )6(x) -  ai(D )S(x — D). (3.109b) 

The contribution to firom vioc{x) is 

01/oc = — {ai(0"^)logr - ax{D~) logr^} (3.110) 
TT'y 

where f = y/x^ + {ivY and fo = \/(x — DY + (7y)^. Upon comparing (3.110) with 

the far-field behavior (3.96) and (3.103) of the potential in the local edge regions, it 

is apparent that ^uoc is an eigensolution required for consistency with the flow about 

the actuator edges. We can conclude, therefore, that the physically correct result is 

obtained by differentiating the discontinuous displacement of the boundary layer in 
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the sense of distributions. Proceeding in this fashion, we find 

cos 6 
~ (^) 

r-*oo (3.111) 
TT'fr 

which is equivalent to the result (3.47) found in the distinguished limit. 

The equations governing analogous to those governing ^2) tliiis the 

asymptotic behavior of (p2 for f —* oo can be found as described in the ansJysis of 

the upper layer for the distinguished limit (Section 3.3.3). Writing the upper layer 

expansion (3.105) in terms of outer coordinates (3.56) amd expanding to leading order 

then yields 

^ ~ iMoc(a: - xq)) + Qeff(}ogr -  log(/3^/cr2))| (3.112) 

where 

Q = f Vs{x)dx (3.113) 
Jo 

and Qeff is given by (3.49a) with (3.49b). Comparing (3.112) with (3.62), and recalling 

that = e'^ in the distinguished Umit, we find that the outer limit of the upper 

layer expansion at high firequencies is essentially identical to that of the distinguished 

limit. Hence, despite differences in the local character of the boundary layer response, 

the distinguished-limit result (3.65a,b) also gives the acoustic field, correct to leading 

order in the high-fi:equency limit 4d/5 < f < d. Moreover, it is easy to see that, in the 

special case 2<i/3 < / < 4<i/5, both and exhibit dipole behavior for f —• oo. 

The dipole due to does not contribute to the leading-order acoustic field, however, 

and thus the solution (3.65a,b) is valid throughout the acoustically compact portion 
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of the high-frequency limit. 

3.4.5 The non-compact limit d = f 

The above discussion has focussed on the hydrodynan:iically compact limit d > f. 

Next consider the limit d = /, in which the actuator scale is on the order of the 

gust wavelength. For Moo = ^^(1), this limit is also acoustically non-compact. The 

coordinates introduced in the above analysis apply here without modification. 

The main layer expansion for x = 0(1) is found to take the form 

p-/PUU'J 

UQ {Y) + aa^e ^ui{x,Y)e 
e^'VoCY) + ai}i(i,r)e-"' (3.114) 

apilx,Y)e-'"'^ . 

where the perturbations are governed by the unsteady equations 

dui dvi 
'di ~d9 

(3.115a) 

(3.115b) 

dY 
(3.115c) 

The solution is 

(3.116a) 

V, = -iS7,,(x) + C/o(n^ (3.116b) 

where t ]i{x ) is the unknown displacement function. Two important features of the 

main layer for d = f must be noted. First, the pressure and transverse velocity 

both scale as q, in contrast with the main layer expansion (3.73) in which they are 
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amplified relative to a. This is a result of unsteady effects entering at leading order. 

Second, the flow is incompressible at leading order, irrespective of the Mach number 

regime. This simplifying feature results from amplification of the stre£imwise velocity 

in the main layer relative to the 0{a) acoustic velocity, a feature arising firom the 

shear of the base flow profile Uo{Y). 

In the viscous layer, 

u'/U^ ~ crXY + acr^e~'^ui(x,Y)e~'"^ 
v'/U;^ ~ + av,{x,Y)e-''' } (3.117) 
P'IPIoU^ ~ apilx,Y)e~'"^ J 

where the perturbations are governed by (3.68a—c). The streamwise velocity is given 

by (3.69b), and the transverse velocity is 

vi{x,Y) = v^{x). (3.118) 

Asymptotic matching of the transverse velocity in the main and viscous layers requires 

-iS77i(x) = t;s(x) (3.119) 

_ which is identical to (3.75). The pressure in the main and viscous layers is independent 

of the transverse coordinate, and is therefore given by the pressure of the potentiad 

flow outside of the boundary layer. 

Talking y —• cx) in (3.116b) gives the effective velocity perturbation driving the 

potential field in the limit d = f, 

"Iff ~ aUt, |-iSi7i(i) + (3.120) 
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Reverting to physical vciriables, the effective velocity can be written as 

(3.121a) 

where 

= aa^xlr]^{x)e (3.121b) 

Using (3.119) in (3.121b) and reverting to physical variables, we find 

(3.121c) 

Note that (3.121a) and (3.121c) £ire equivalent to the vortex sheet model. 

3.5 The low-frequency limit 

The third frequency regime to be considered is the low-frequency Umit / < 2d/3, 

{3^ <§: cr^), in which the actuator is compact relative to the viscous wavelength (3.11). 

This region lies below the distinguished-limit Une in Figure 3.3. The streamwise 

coordinate x, normalized by is 

where /3 is given by (3.8a). Note that at low frequencies, the actuator is also hydro-

dynamicgdly compact. 

The asymptotic structiu-e of the low-frequency limit is illustrated in Figure 3.6. As 

in the distinguished- and high-frequency limits, the asymptotic structure for x = 0(1) 

consists of an inviscid but rotational main layer, a viscous sublayer, and an irrotational 

x  =  { x '  -  x o ) / 0 ^ x o  (3.122) 
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upper layer. At low frequencies, unsteady effects can be neglected at leading order in 

all three layers. It emerges that the upper layer for x = 0{1) can not be matched to 

the acoustic field. It is found that the required transition is through an intermediate 

region X = 0(I), corresponding to the distinguished limit, in which the boundarj' 

layer responds on a viscously non-compact streamwise scale, and unsteady effects 

balance the viscous force at leading order. 

3.5.1 Loc£d device region 

First consider the main, \TSCOUS and upper layers in the local device region x = 0{1). 

In the main layer, the unsteady flow has the expansion 

u'/Ul, ~ Uo{V) + a/?2e-'«ux(i,r)e-' ' '  ] 
v'/U;^ ~  e^Vo{Y) + ap-' 'vi{x,Y)e-"' 
P'/p'ooU^ ~  a/3~^Pilx,Y)e-' '^'-

(3.123) 

corresponding to (3.15) with a replaced by f3. The velocity perturbations are governed 

by inviscid, incompressible, quasi-steady equations of the form (3.16a-b) and the 

pressure satisfies dpifdY = 0. The solution has the familiar structure 

o r  f o  

til = -ai(i)^, = UoiY)^ (3.124) 
oY ox 

where ai (i) is the local boundary layer displacement. 

Viscous effects enter in a sublayer of thickness /3e'*x5. Accordingly, we introduce 

y = V//3 (3.125) 
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Figure 3.6: AsjTnptotic structure of the unsteady boundary layer flow in the low-frequency limit. 
Dashed lines illustrate the global transition region. 
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where the role of /? is analogous to that of a in (3.20). For x and y of order unity 

u'lUl, ~ 0Xy + a0^e~*ui{x,y)e~^'^ 
~ e"*/3^A'y2 + avi{x,y)e~''"' 

P'h'ooU  ̂ ~ OL0-^pi{x,y)e-'"^ ^ 
(3.126) 

where the perturbations 8ire governed by 

dui dvi _ 
dx dy 

f \ - d u i  \  d ' ^ u i  
aF + j = "-W 

dpi 
dy 

= 0 

subject to the wall boundary conditions 

(3.127a) 

(3.127b) 

(3.127c) 

ui(x,0) = 0 

i;i(x,0) = v^{x) 

(3.127d) 

(3.127e) 

and the main layer matching condition 

Ui{x,y)—*—\ai{x) as y—* oo. (3.127f) 

The downstream edge of the actuator is assumed to be x = D, and thus Vs{x) is zero 

outside of X e [0, D]. 

The system (3.l27a-f) corresponds to the steady form of (3.22a-f), and the solution 

can be obtained by setting 5 = 0 in (3.34). We find 

ai(x) = G£(fc)V,(fc)e-'^^dfc (3.128a) 
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where Vs{k) is the transform of Vs(x) with respect to x, and 

G,(k) = G(i)/(-i5) I. = 
Is—O 

(3.128b) 

where goo is given by (3.35b), and the branch cut of extends along the negative-

imaginary axis. 

The local displacement ai{x) behaves as 

. ... s..C?r{l/3){l+e"/=) 
"•W 

where r(x) is the Gamma function, and 

Q= v^(x)dx 
Jo 

(3.129a) 

(3.129b) 

is the normalized actuator flux. Note that the downstream decay of the boundary 

layer displacement at low frequencies is quite weak as compared to the exponential 

decay exhibited in the distinguished limit. 

In the upper layer we introduce the transverse coordinate 

y = y'I (3.130) 

and the expansions 

Vtu-̂  
p-IPUU£ 

1 + oifi ^ux{x,y)e 
a/3~^{;i(x, y)e~"'^ 
a/3"^pi(i,y)e-"' 

The corresponding velocity potential 0'(x*,y*,f") is expanded as 

(3.131) 

4>'I~ Q:/?2<^i(x,y)e-"ISt (3.132a) 
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where <j>i is governed by the Prandtl-Glauert equation 

2^ 
^ 9x2 ^ 

(3.132b) 

subject to the main layer matching condition 

dy y=0 

da\ 
dx 

(3.132c) 

The boundary Vcilue problem for is solved by talking Fourier transforms in the 

streamwise coordinate. The solution is 

= 7^ f -^^T^^exp —y/^'yy — ikx]dk (3.133) 
2^1-7 y_oo VT2 L J 

where >li(^) is the transform of ai(x), and "v/^ is interpreted as in (3.42). Applying 

the pressure operator 

Pi = 
dx 

(3.134) 

and setting y = 0 yields 

v/F -
Vi{k,0) =-—A,{k) (3.135) 

where A(fc, 0) is the transform of j5i(X,0). In terms of canonical variables (3.23a-g) 

which remove the mean flow parameters and A from the governing equations, 

we have 

Vik) = -y/J?A{k) (3.136) 
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where P(A:) and A{k) are transforms of P{X) and A{X), respectively. The canonical 

pressure-displacement relation (3.136) will be used in the analysis of passive leading-

edge devices. 

3.5.2 Global transition region 

Using the asymptotic behavior (3.129a) in the boundary condition (3.132c) reveals 

that the transverse velocity at the outer edge of the boundary layer decays as 

Such beha\'ior is inconsistent with multipole solutions of the wave equation, which ex

hibit local singularities of integral powers. Hence, the potential can not be matched 

to an outer solution of the form (3.55a,b), or to amy combination of multipoles, despite 

the compact scale of the actuator. We proceed to show that the required transition 

from the local device region to the acoustic field is through an eigensolution of the 

distinguished limit region X = 0(1) in which unsteady effects balsmce the viscous 

force at leading order in the viscous layer. 

The main, viscous and upper layer expansions in the transition region X = 0(1) 

are given by (3.15), (3.21), and (3.38) respectively, with a replaced by em effective 

amplitude ae^, to be determined by matching with the local device region. Hence, 

in the main layer of the transition region 

P'lPloU'̂  

Uo(Y) + a, 

e^VoiY) + i 

(3.137) 

where the leading-order velocity perturbations are given in terms of the global dis
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placement function Ai{X), 

U, = -MX)^ (3.138) 

Vi (3.139) 
aX 

and the second-order terms are given by (3.19a,b). 

On the scale of the transition region, the actuator shrinks to a point, and thus we 

look for an eigensolution satisfying 

K.{X) = Q6{X) (3.140) 

where 6 { X )  is the Dirac delta function. Using (3.140) in the general solution (3.34), 

we obtain 

Ai{X) = 2^ G{k)e-''^dL (3.141) 

The local behavior of Ai{X), 

A^{X) ~ ^°cQ^^(l/3)(l-f e-/3) Q+ (3.142) 
27riXi/3 ^ '' 

is consistent with the downstream behavior (3.129a) of ai(x), and the main layer 

expansions (3.137) and (3.123) are found to match for 

= a{l3/cf. (3.143) 

We conclude that at low frequencies, unsteady blowing/suction induces a boundary 

layer response on the distinguished scale = ct^XQ. Hence, the unsteady velocity 
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perturbation at the airfoil surface is distributed by the boundary layer, producing 

an effective velocity perturbation that persists many actuator widths downstream 

of x' = D*. This is in marked contrast to the high-frequency result, where the 

boundary layer response is sharply localized about the region of blowing/suction, and 

the effective velocity is essentially zero for x' > D'. 

Replacing a in (3.65a-d) with oceff, the acoustic field at low frequencies is given by 

(3.65a-d) with (3.65d) replaced by 

Although the effective velocity is distributed over many actuator \vidths, the effec

tive amplitude oteff is smaller than the blowing/suction parameter a by a factor of 

{0/cr)^— the ratio of the actuator scale 0^Xq to the distinguished scale — so 

that the effective volume flux remains equal to the actuator flux. Hence, despite a 

marked change in the character of the boundarj'^ layer response at low frequencies, 

the effective source strength (3.144) is simply 

which is the volume flux produced by the actuator. 

We have shown that as the frequency decreases below the critical value = 

(9(g-2rf/3) boundary layer responds on the distinguished scale At 0(1) 

Mach numbers, the acoustic wavelength scales as e^XQ, and thus the effective com

pactness ratio for a low-frequency device is = 0(cr). For / = 0 (cr = 0(1)) 

the boundary layer responds on the non-compact streamwise scale Xq. In this limit. 

g' = aeffU^cr^XoQ. (3.144) 

q- = aU'̂ (3^xlQ (3.145) 
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the influence of the diverging mean flow cannot be neglected in the transition re

gion. Hence, a proper treatment of compact actuators in the frequency limit / = 0 

is beyond the scope of the present eflfort. 

3.6 Pcissive devices 

Thus far we have considered active leading-edge devices for controlling wake-airfoil 

interaction noise. An alternative approach is to apply passive surface treatment in the 

leading-edge region to locally absorb or dissipate the pressure fluctuations arising from 

wake-airfoil interaction. Passive control requires no moving parts, sensors or control 

systems, and in this respect is easier to implement than active control. However, 

passive devices cannot adjust to changing operating conditions, and must therefore 

be designed for optimum effiectiveness over a range of conditions. Due to the large 

parameter space, determining the optimum surface properties by experimental means 

is likely to be costly, and therefore a theoretical model for passive leading-edge devices 

would provide a valuable design tool. 

Passive sound absorbing material commonly used to line engine ducts consists of 

two elements: an array of backing cavities providing an acoustic capacitance, and a 

porous face sheet which covers the cavities and creates an acoustic resistance. The 

capacitance, governed by the cavity depth, allows the unsteady pressure field to most 

effectively generate flow through the porous face sheet. Soimd absorbing material of 

this type can be characterized by the impedance boundary condition; 

(3.146) 
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where 0"^) is the unsteady transverse velocity through the surface, andp*(x*, O"*") 

is the local pressure fluctuation just above the surface. The complex-valued impedance 

r* is assiuned to depend only on the characteristics of the face sheet and the backing 

cavity. 

Impedance material of this type can be applied near the leading-edges of sta

ter vanes to control wake-airfoil interaction noise. For optimum effectiveness, the 

impedance characteristics of the airfoil must be sjTnmetric with respect to the upper 

and lower surfaces. Accordingly, we consider two impedance surfaces with equivalent 

properties running parallel to the airfoil span — one on the airfoil upper surface, and 

one on the lower surface — at the same chordwise location. We envision a design 

in which the baking cavities lie parallel to the chord-line, allowing sufficient space to 

optimize the acoustic capacitance. 

In analyzing the boundary layer response, we can restrict our attention to the 

upper surface of the airfoil. The geometry and coordinate system (Figure 3.1) is 

identical to that used in the analysis of active devices. Note that the only conceptual 

difference between the active and passive cases is that the surface velocity distribution 

is not known a priori in the latter case, but must be determined in the course of the 

analysis. The response of the boimdfuy layer to a given surface-velocity distribution 

is independent of whether the flow is forced, or generated passively. Hence, the 

asymptotic structure developed in the context of active devices is also valid for passive 

devices, and the problem formulation in the passive case follows from the results for 

active devices wth only minor modifications. 

As shown in Section 3.3, the boundary layer has an important effiect in that it pro
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duces additional monopole and dipole fields not predicted by the model of Chapter 

2. For blowing/suction through an acoustically compact strip {wD' 1), differences 

between the low-fi:equency, high-fi:equency and distinguished limits can be ignored for 

purposes of determining the leading-order acoustic field (provided that the stream-

wise scale of the boundary-layer response is also acoustically compact). In contrast, 

the volume flux through an impedance surface is coupled to the local pressure field 

through (3.146). Thus, the amplitude and phase of the voltune flux depends strongly 

on the local pressme field, which depends on the character of the boimdary layer 

response, and thus on the firequency regime. Hence, differences between the three 

frequency regimes must be considered in developing a theoretical model for passive 

devices. 

It is shown in Chapter 4 that optimum effectiveness is obtained for leading-edge 

devices located within the region wxq = 0(1). Rearranging the firequency scaUng 

(3.7) yields 

wxq = 0(e--^A/oc) (3.147) 

and thus the boimdary layer response under optimal operating conditions exhibits the 

low-fi:equency structure, except at Mach numbers on the order of or small compared 

to At 0{1) Mach numbers, optimal operating conditions correspond to / = 0, 

a special case of the low-firequency limit in which the boimdary layer response is 

non-compact, even if the device scale is compact. Because the high-firequency aind 

distinguished limits correspond to optimal operating conditions only for exceedingly 

small Mach numbers, we restrict our attention to the low-fi-equency hmit. 
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3.6.1 The low-frequency limit 

Passive leading-edge devices respond to the pressure field produced by the interaction 

of the gust with the airfoil. Hence, the asymptotic structure about the device must be 

modified to include the local representation of the pressure field associated with (2.5). 

In the low-frequency limit, the streamwise and transverse coordinates normalized by 

are given by (3.122) and (3.130) respectively. The device scale is necessarily 

compact in this limit, and thus for z and y of order unity, the gust pressure has an 

expansion of the form 

P; ~ PjW, 0, (•) = a,pl,U£p,e"" (3.148) 

where 

a, = A'JU'̂  1 (3.149) 

and Pg is an 0(1) constant. Accordingly, the upper layer expansion (3.131) is modified 

to take the form 

viui, 
P'/Pl.U'2 

1 + a(3~^ui(x,y)e~"^ 
a/3~^vi{x,y)e~'"^ 

{ap -^P i ( ^x , y )  -h  agpg}  e  —ist 

(3.150) 

where the surface-velocity parameter a is to be determined. Similarly, the main and 

viscous layer expansions eire written as 

~  Uo{Y)  -h  

P'lP'ooU'̂  

Q/32e-''wi(x,y)e-"' 
(*Vo{Y) + afi~^vi{x,Y)e~"'-

(X ,  Y )  -I -  OLgPg^  
(3.151) 
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and 

P'/ploU^ ~ 

v ' fUU €*(3^\'y^ + 
0>^y a0^t ^u\{x,y)e 

{q / 3 - ^ Pi (x ,  y )  +  agpg}  ^ 
(3.152) 

respectively. Addition of the uniform pressure field ctgpg does not affect the boundary 

layer dynamics. Hence, the main layer solution is given by (3.124), the upper layer 

solution is given by (3.133), and the pressure field pi(x, j/) is given by (3.134). The 

pressure pi(x, y) and the unknown displacement ai(x) satisfy (3.135), and (3.128a) 

gives ai(x) in terms of the unknown surface velocity. 

Applying the impedance boundary condition (3.146) yields 

It can be argued that a must correspond to that distinguished scaling for which the 

leading-order solution is not merely an eigensolution. From a physical standpoint, 

th i s  i s  a  requ i r emen t  t ha t  t he  so lu t ion  be  a  re sponse  t o  the  inhomogene i ty  pg .  Fo r  z  

of order imity, this argument impUes that 

- z v i {x ,Q)  =p i {x ,0 )  +  a  ^ag0pg  +  . . .  (3.153) 

where 

z = z-l3lp-^U'^. (3.154) 

a = ag0. (3.155) 

For z 1, the dominant baleince must involve pi(x, 0), aaid again we conclude (3.155). 

For 2^1, and a agP the pressure field pi(x, 0) is subdominant so that the 

passive device is ineffective in reducing the soimd field. Using (3.155), the impedance 
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boundary condition for small and 0(1) values of 2 takes the form 

—zvi{x ,  0) = p i {x ,  0) +Pg, £ e [0, b] (3.156) 

where x  =  D \ s  the downstream edge of the impedance strip. 

Upon introducing the canonical transformation (3.23a-g), the impedance condition 

(3.156) becomes 

-ZV{X ,  0) = P{X)  +  Pg ,  X e [0, D]  (3.157) 

where 

Z = 73/4 

is the canonical impedance, and X =  D corresponds to x = D.  Taking the Fourier 

transform of (3.157) with respect to X yields 

-ZV{k ,  0) = e^ ' ^ ^dX  (3.159) 

where 'P(^) is the transform of the canonical presstu-e. The flux through the impedance 

surface is proportional to V(0,0), and thus we proceed to derive an integral equation 

governing V(fc,0). To this end, we first combine (3.128a) and (3.136) to eliminate the 

displacement function, obtaining 

V{k)  = L(fc)V(fc,0) (3.160) 
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where 

e'"^F(0)VP 
' ' Ai'(O) *:2/3- (3.161) 

Using (3.160), and exchanging the order of integration, (3.159) becomes 

V(fc,0) = r Ki^,kM^,0)d^ + f{k) (3.162) 
J — oo 

where the kernel is given by 

k) = (3.163) 

and the forcing term is 

f{k) = -^ ^dX. (3.164) 

The integral equation (3.162) is a formidable problem. However, conclusions re

garding the effectiveness of passive devices in the low-frequency limit can be obtained 

by considering the scaling (3.155). For our purposes, it is sufficient to note that 

(3.155) implies 

q' = O{a,0U'^e''xl) (3.165) 

and thus 

q  =  OiPe^ - f )  (3.166) 

where q  is the volume flux q*  normalized by the product of the gust amplitude and 
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the gust wavelength U^lu. Recall that the ratio of the device scale 0^XQ to the gvist 

wavelength scales as , and that the ratio of the surface-velocity ampUtude 

ocUla to the gust velocity ocgU^ scales as (see 3.155) 

It will be shown in Chapter 4 that optimal control of gust-airfoil interaction noise 

requires q = 0{l). In the low-frequency limit, the device scale is asymptotically short 

compared to the gust wavelength, and therefore optimvun control requires a surface 

velocity large compared to the gust ampUtude. At low frequencies, however, the 

boundary layer behaves as a high-impedance surface, in the sense that a surface-

velocity of 0{aU^) is associated with a pressure fluctuation of O{ap^U^/0), where 

0 <§:. 1. Essentially, deflection of the boundziry layer into the oncoming stream pro

duces a high pressure which tends to resist transverse motion of the boundary layer. 

Consequently, interaction of the giist-pressure with the impedance surface wUl at 

best produce a surface velocity smaller than the gust amplitude by a factor of /3, 

implying that a sufficiently strong volume flux cannot be generated passively in the 

low-frequency limit. 

The ineffectiveness of passive devices in the low-frequency limit results from two 

factors: (i) the short scale of the impedance svuface as compared to the gust wave

length and (ii) the high-impedance character of the boundary layer. These factors 

also limit the effectiveness of passive devices in the distinguished limit, and in the 

compact portion (d > f) of the high-frequency limit. In the latter two limits, the 

scaling of the volume flux is obtained by formally replacing /? in (3.166) with <r or 

0^ IcP- respectively. 
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3.6.2 The non-compact limit d  =  f  

Next consider passive devices in the limit d = / for which the device scale is on the 

order of the gxist wavelength. Note that for 0(1) Mach numbers, this limit is non-

compact. The high impedance of the boundary layer in the low-frequency limit is 

associated with the quasi-steadiness of the main layer. For d = f, however, imsteady 

effects enter the main layer at leading order. As a result, the transverse velocity scales 

as Q in both the main layer and the viscous layer, implying that a surface velocity 

of 0{Ag) can be produced passively by the 0{agp'^U^) pressure arising from the 

gust-airfoil interaction. Since the device scade is on the order of the gvist wavelength 

in this limit, an 0(Ap surface velocity is sufficient to achieve q = 0(1). 

For d  =  f  and d > 0, the device scale is on the order of the gust wavelength, 

but short compared to the distance xj over which the boundary layer has developed. 

Therefore, the device location is many gust wavelengths from the airfoil leading edge. 

At 0(1) Mach numbers, this is equivalent to wxq ^ 1, which is well outside of the 

local leading-edge region where active and passive devices can achieve appreciable 

reduction in the gust-airfoil interaction field. Hence, the limit d = f, d > 0 applies to 

leading-edge devices imder optimal operating conditions only for Mach numbers on 

the order of As shown in Section 3.4.5, the boundary layer in this limit exhibits 

vortex sheet behavior. 

The scaJing (3.147) implies that for 0(1) Mach numbers, optimal operating con

ditions correspond to / = 0. Hence, in order to simultaneously satisfy d — /, we 

must consider d = 0. The structure of the boimdary layer flow for d = / = 0 dif

fe r s  f rom tha t  o f  t he  l imi t  d  >  0  in  two  impor t an t  r e spec t s .  F i r s t ,  because  D* ~  Xq 
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the non-parallel mean flow must be hicluded at leading order. Second, unsteady vis

cous effects are important throughout the entire boundary layer, whereas for d > 0, 

unsteady viscous effiects 2u:e important only in a thin sublayer. 

The unsteady boxmdary layer flow for d = / = 0 is described by the full, unsteady 

boundary layer equations. For sufficiently small surface-velocity perturbations, the 

equations can be linearized about the diverging mean flow. A detailed analysis of 

the limit d = / = 0 is beyond the scope of the present effort. However, because the 

scaling of the transverse velocity is uniform throughout the entire boimdary layer, 

there is no reason, based on scaling arguments, to suspect that passive devices would 

not be effiective in controlling wake-jiirfoil interaction noise in this Umit. 
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CHAPTER 4 

NUMERICAL RESULTS AND DISCUSSION 

In this chapter we present numerical results for control of wake-airfoil interaction 

noise by leading-edge actuators. In Section 4.1 we calculate the optimiun amplitude 

and phase for a single actuator-pair, and investigate the parametric influences of ac

tuator location, actuator size, and Mach number, while neglecting boimdary-layer 

effects. These results are then generalized to investigate leading-edge devices consist

ing of multiple, independent actuator-pairs. Finally, in Section 4.2, we discuss the 

influence of the boimdary layer. 

4.1 Optimum actuator smiplitude and phase 

The modified potential of the total acoustic field is 

where (p^{x , y )  is the control field, and <Pg{ x , y )  is the airfoil-gust interaction field 

(2.5). The sound intensity in a uniformly moving medium is given by 

(Goldstein, 1976), where p '  is the acoustic pressure and u* is the acoustic velocity 

with x'-component it*. Utilizing far-field relations, the time-averaged intensity (I) 

y )  =  y )  +  y )  (4.1) 

(4.2) 
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can be expressed in terms of the modified potential as 

2 

(I) 
1 f A'U* \ 

( ^ °̂° ) ['Y COS 0 + sin B Bj,] (4.3) 

where Bx and are iinit vectors and the over-bar denotes the complex conjugate. The 

total acoustic power is calculated by integrating over a large circle in Prandtl-Glauert 

space, corresponding to an ellipse in physical space. Accounting for symmetry with 

respect to y, the total radiated power is given by 

V = 2 ni)-e^ds{e). (4.4) 
Jo  

Substituting (4.3) into (4.4), noting that er = cos^e^ +sin0ey, and introducing the 

difFerenticil element of surface area ds = (cos^O + sindy^'^(r/w'y)dd, we obtain 

^ (4.5) 

where 

h(d )  = (7 cos^ 0 + sin^ 0) (cos^ 6 + sin 6)^ . (4.6) 

The control field produced by an effective actuator velocity satisfies 

d^(Pc d^<Pc 
- + +^0 = ^ (4.7a) 

dx^ dy^ 

dy  
= (4.7b) 

y=0^, x>0 ^ 
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where 

9 oo •/ 0 

is the normalized actuator strength, and 

v ' f r ( x ' )  
^effix) = roc (4.9) 

In generzil, v'^g{x') may be non-compact. 

In the acoustic far-field, the control field takes the form 

gi(r-jr/4) 

¥'c' q^c 7=— (4.10) 
y / r  

where 

/•OO _ _ J erf [e-''^/" ̂ ^cos (4.11) 

Similarly, the gust-airfoil interaction field can be written 

gi(r-jr/4) 

'^9 ~ -^-7 ^ (4.12) 

where 

7 I Moo cos 5̂  
V̂ V 1 + Moo 1-MooCOS0" 

The total power can then be expressed as 

p  = / 9 ; , c ; , t / ; 7 ' £  i ^ s  +  q ^ c ) { ^ 7 ^ r ^ h i e ) d e .  ( 4 . i 4 )  
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IVeating (4.14) as a function of q  and q ,  it is easily shown that the power V radiated 

to the far-field is minimized for the normaUzed actuator amplitude 

Qopi = (4.15) 

The ratio Ropt, of minimum power to the power in the absence of control, is given by 

^ = 1 - it (4.16) 
^lq=0 -'a-'c 

where the integrals appearing in (4.15) and (4.16) are defined as 

Ig= f ^g^gh{e)de, (4.17) 
Jo 

f ^c^Md)de, (4.18) 
Jo 

igc^ f ^g^Me)de. (4.19) 
Jo 

The optimum source strength q^pt and power ratio Ropt are functions of the Mach 

number Moo, and the effective actuator velocity v\g{x*). 

4.1.1 The simple piston 

First consider the actuator concept introduced in Chapter 2 — a piston recessed 

within the airfoil, producing unsteady blowing/suction through porous strips on the 

airfoil upper and lower surfaces. The resulting surface velocity can be written 

".•(l") = -  Xo)  -  H(x -  -  i;)l (4.20) 

where H{x ' )  is the Heaviside fimction, and u* is the piston velocity amphtude. We 
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begin by neglecting bonndaxy layer effects, and assume that the effective normal 

velocity is equivalent to the surface velocity 

(4.21) 

In the compact limit, w(a: 1 ^o) ^ (4.21) takes the form 

= q'^(x' - xl) (4.22) 

where q '  =  v*{x \  — arj) is the volume flux. 

To illustrate the parametric influences on Ropt and qopt for the effective velocity 

distributions (4.21) and (4.22) we present results for three values of the Mach number. 

The case Moo = 0.1 is chosen to illustrate low Mach nimiber behavior. We also 

consider the cases Moo — 0.5 and Moo = 0.7 corresponding to typical mean flow 

conditions (including swirl) at the fan stator row for an aircraft engine at approach 

and takeoff operating conditions, respectively. 

We first present results for simple pistons, defined by (4.20), where r* is a constant. 

Results for Moo =0.1 are presented in Figtores 4.1 and 4.2. In Figure 4.1, the minimum 

power ratio Ropt is plotted for three values of the actuator width D' = x\ — XQ as 

a function of the mid-point location wXq + wD* 12. The power ratio is nearly zero 

at small values of wxq and rises steadily with wXq to a maximum of nearly one at 

10x5 + yjD'f2 = TT. Beyond this value of wxq, the power ratio exhibits a damped 

oscillatory pattern, peaking at integer multiples of tt. The actuator width wD' is 

seen to have a negligible effect on the minimum power ratio for the range of values 

presented in Figure 4.1. In particiilar, note that the result for wD' = 2.0 is well-
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approximated b>' the result for wD' 1. Hav\'e\-er, for an actuator of width D'. its 

center can be no closer to the leading edge than wD' 12. This feature limits the sovmd 

power cancellation that can be achieved for the larger actuator widths. 

The normalized actuator amplitude \qopt\ required for optimum cancellation of the 

wake-airfoil interaction noise for the case M^c = 0.1 is plotted in Figure 4.2. The 

square-root singularity of \qopt\ at wxq = 0. discussed foUo'^ing (2.28), can be seen 

in the plot. However, the required values of \qopt\ drop rapidly as wxq increases. 

The source strength approaches zero near wxq -f- wD' 12 — corresponding with the 

maximum in the plot of R^pt in Figure 4.1. Damped oscillatorj^ behavior is found at 

larger values of wxq. The actuator phase Asg[qopt] required for optimima control of 

the wake-airfoil interaction noise is equal to 3-/4 in the hmit wxq —* 0. The phase 

has not been plotted, since it exhibits only slight variations for normadized actuator 

locations less than 2. 

Next consider the case Moo = 0.5, corresponding to the approach operating con

dition. Results for this case are presented in Figures 4.3-5. The minimum power 

ratio Ropt is plotted as a function of the normalized actuator location in Figure 4.3. 

The general behavior of Ropt for M^c = 0.5 is similar to that found in Figure 4.1 

for Moo = 0.1, with a notable exception. The minimum power ratio for Moo = 0.5 

asymptotes to a VcJue of 0.07 as the leading edge is approached, compared to an 

asymptote of 0.002 for the case Moo = 0.1. This limitation on the minimum attain

able power ratio for M^o = 0.5 arises from the influence of the mean-flow amplification 

factor (1 — Moo cos 0) in the pressure field (2.28) for the control actuators. This fac

tor does not appear in the pressure field (2.10) for the wake interaction. Thus, at a 
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Figxire 4.1: The sound power ratio Ropt as a function of actuator location wxq + wD' jl for 
optimum control of wake-airfoil interaction noise by a blowing/suction actuator. Boundary layer 
effects are neglected. wD' <g: 1 (dotted), xvD' = 1.0 (dashed) and wD' = 2.0 (solid). M = 0.1 
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Figure 4.2: The normalized actuator amplitude \qopt\ as a function of actuator location 
wxq + wD' 12 for optimum control of wake-airfoil interaction noise by a blowing/suction actua
tor. Boundarj- layer efiFects are neglected. wD' <g; 1 (dotted), wD' = 1.0 (dashed) and wD' = 2.0 
(solid). M = 0.1 
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finite Macli number, the directivity patterns differ by this factor, even in the limit 

{wxq, wD*) <§: 1, and perfect cancellation of the wake interaction sound field can not 

be achieved with a single actuator pair. 

The normalized actuator amplitude \qopt\ required for optimum cancellation of the 

wake-airfoil interaction noise for the case M^o = 0-5 is plotted in Figure 4.4. The 

general pattern is similar to that foxmd previously for M^o =0.1, but the amplitude 

for Moo = 0.5 is larger by approximately a factor of two. The actuator phase Axg[9opt] 

required for optimiun control is plotted in Figure 4.5. As in the case Moo = 0.1, the 

phase asymptotes to a vaJue 37r/4 in the limit {wXq, wD') 1. However, significant 

variations of Arg[gopt] occur as a function of the actuator location due to the stronger 

influence of convection at the higher Mach number. 

Results for the case Moo = 0.7, corresponding to the takeoff operating condition, 

are presented in Figures 4.6-8. The minimum power ratio is plotted in Figure 4.6 as 

a function of the actuator location. Due to the greater influence of the mean flow 

amplification factor at this higher Mach nimiber, Ropt asymptotes to a value of 0.18 as 

{•WXQ, wD*) —>• 0. The corresponding values of the actuator source strength \qopt\ are 

plotted in Figure 4.7. The general trends are similar to those for Moo = 0.5, except 

that the influence of the actuator size wD' is slightly stronger. The optimimi actuator 

phase Arg[gopt] is plotted in Figure 4.8. For normalized actuator locations less than 

1, the phase variations for Moo = 0.7 are somewhat stronger than for Moo = 0.5. 

4.1.2 The exponentially damped piston 

The above results illustrate that, in the absence of boundary layer effects, a single 
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Figure 4.3; The sound power ratio Ropt as a function of actuator location wxq + wD'/2 for 
optimum control of wake-airfoil interaction noise by a blowing/suction actuator. Boundary layer 
effects are neglected. wD' ^ 1 (dotted), wD' = 1.0 (dashed) and wD' = 2.0 (solid). AI = 0.5 
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Figure 4.4; The normalized actuator amplitude [qoptl as a function of actuator location 
wxq + wD'/2 for optimum control of ^vake-airfoil interaction noise by a blowing/suction actua
tor. Boundarj- layer effects are neglected. wD' 1 (dotted), wD' = 1.0 (dashed) and wD' = 2.0 
(solid). M = 0.5 
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Figiire 4.5: The actuator Arg(goj>«) as a function of actuator location wxq + wD' 12 for optimum 
control of wake-airfoil interaction noise by a bloi^Tng/suction actuator. Boundary layer eflFects are 
neglected. wD' ^ 1 (dotted), wD' = 1.0 (dashed) and wD' = 2.0 (solid). M = 0.5 
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Figure 4.6: The sound power ratio /Zopt as a function of actuator location wxq + wD'12 for 
optimum control of wake-airfoil interaction noise by a blowing/suction actuator, ^undary layer 
effects are neglected. wD' 1 (dotted), wD' = 1.0 (dashed) and wD' = 2.0 (solid). M = 0.7 
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Figure 4.7: The normalized actuator amplitude \qopt\ as a function of actuator location 
wxq + wD' /2 for optimimi control of wake-airfoil interaction noise by a blo^^-ing/suction actua
tor. Boimdary layer effects are neglected. wD' 1 (dotted), wD' = 1.0 (dashed) and wD' = 2.0 
(soUd). M = 0.7 
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Figure 4.8: The actuator Arg(qopt) as a functioa of actuator location, wxq + wD'/2 for optimum 
control of wake-airfoil interaction noise by a blowing/suction actuator. Boundary la>'er effects are 
neglected. wD' 1 (dotted), wD' = 1.0 (dashed) and wD' = 2.0 (solid). M = 0.7 
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actuator pair (consisting of an actuator on each surface of the airfoil) can be very 

effective in cancelling wake-airfoil interaction noise at low Mach numbers. However, as 

the Mach niunber increases, a limitation arises due to the difference in the directivity 

pattern for the w^ake-airfoil interaction noise and that for a uniform-velocity actuator-

pair. The difference in directivity is related to the convected phase of the gust upwash 

velocity, which varies with downstream distance according to . Due to the 

convected phase, the mecui-flow amplification factor (1 — Moo cos 9) does not appear 

in the directivity for the wake-airfoil interaction pressure field (2.10). Thus, one 

might anticipate that a better match to the directivity pattern for the wake-airfoil 

interaction, and consequently a smaller value of Ropt, could be achieved by introducing 

a convected phase into the actuator velocity distribution. 

To explore this possibihty, consider an effective velocity distribution with a con

vected phase and an exponentizdly-damped ampUtude 

= v; (4 23) 

where 6 is a normalized decay rate for the velocity amplitude £ind v* is a constant. 

The resulting control field is 

- ^ (4 24) 
v/5F \A'J y/B + Moc{B- MOO COS 0) ^ 

for r ^ 1, where B =  l-f-i&7^. 

For Vp = Ag and 6 = 0, the actuator velocity distribution (4.23) cancels the 

wake upwash (2.1) exactly. Since the sound source for the wake-airfoil interaction is 

concentrated in the leading-edge region, consider the case v* = Ag and 6 > 0. The 
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actuator velocity then cancels the wake upwash in the vicinity of the leading edge, 

wliile smoothly decaying with downstream distance. The power ratio R for this case 

is plotted in Figure 4.9 as a function of the decay rate b for a Mach nimiber of 0.7. 

As anticipated, the power ratio vanishes as b approaches zero. Values of i? < 0.1 are 

obtained for values of the decay rate 6 < 0.23. 

However, it turns out that significantly smaller values of the power ratio can be 

obtained if the constant t;* in (4.23) is chosen to minimize at a fixed value of the 

decay rate b. Results for R obtained in this manner are plotted in Figure 4.10. For 

the optimimi t;* £uid b = 0.23, the power ratio is R^pt = 0.005, a factor of 20 reduction 

relative to the value obtained by setting v* = Agl Using the optimimi values of v*, 

values of 6 < 1.75 produce power ratios smaller than 0.1. Thus, significantly larger 

decay rates can be used when the amplitude u* is optimized. The corresponding 

values of the normalized actuator amplitude are plotted in Figure 4.11. The 

significantly improved cancellation of the wake-airfoil interaction noise is seen to be 

achieved \vith modest increases in the actuator ampUtude. 

4.1.3 Multiple actuator-pairs 

The velocity distribution for an actuator in the form of an exponentially-damped 

convected gust is plotted in Figure 4.12 for the case of optimiun control with 6 = 1 

and M = 0.7. The wake upwash velocity distribution is shown for comparison. The 

actuator velocity has essentially two lobes — a main lobe near the leading edge and a 

weaker, secondary lobe of opposite sign downstream. The absence of additionad lobes 

in the pattern suggests that the exponentially-damped convected gust pattern might 
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Figiire 4.9: The sound power ratio Ras a fimction of the {implitude decay factor b for an effective 
actuator \'eiocity in the form of an exponentially-damped convected gust with u* = Ag. M = 0.7 
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Figure 4.10: The miniinum sound power ratio Ropt as a function of the amplitude decay factor 
b for an effective actuator velocity in the form of an exponentially-damped convected gust with 
optimum amplitude u* (solid line). The corresponding result for u* = Ag is shown for reference 
(dashed line). M = 0.7 
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Figure 4.11: The normalized actuator amplitude |t;*/j4*| required for optimum control of 
wake-airfoil interaction noise by an effective actuator \'e]ocity in the form of an exponentially-damped 
convected gust. M = 0.7 
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be approximated reasonably well using two actuator-pairs near the leading edge. To 

explore this possibility, we have extended the analysis to this case. The solution can 

be found by superposition, the field for each actuator pair being given by (4.11). The 

final expression for the total sound power V contains a normalized actuator amplitude 

(4.8) for each actuator pair, say qi and q^- Upon minimizing V with respect to qi and 

(?2, expressions similar to (4.15) and (4.16) are obtained for the optimum amplitudes 

qxopt and q2opt and the minimum power ratio Ropt-

First consider two actuator-pairs, located inunediately adjacent to each other, and 

consisting of simple pistons of width wD' = 1.0. Results for this configuration at a 

Mach number of 0.7 are presented in Figures 4.13-15. In Figure 4.13, the minimnm 

power ratio is plotted as a function of the location wXQ-\- wD'. The corresponding 

result for a single actuator-pair is also plotted for comparison. The power ratio for 

the dual actuator-pairs is seen to be significantly lower than that for the single pair. 

With multiple actuator-pairs, power ratios smaller than 0.1 are obtained for wxq+ 

wD' < 2. This result is in strong contrast to the case of a single pair, where it is 

not possible to obtain power ratios smaller than 0.2. The corresponding values of 

the normalized actuator velocities are plotted in Figure 4.14. For the value 'wxq+ 

wD' = 2 corresponding to Ropt = -1, the ampUtudes of the leading and trailing 

actuator-pairs axe approximately 1.4 and 1.0 respectively. These values are of the 

same order as the amplitude required for the single pair at wxq + wD'f2 = 0.5, for 

which the power ratio is twice as high. 

Finally, consider a device comprised of two actuator-pairs, each of width wD' = 

1.0, with spacing S' between midpoints of each pair. Results for M = 0.7 are pre-
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Figure 4.12: A plot of the actuator velocity for optimum control of wake-airfoil interaction noise 
by an actuator in the form of an exponentially-damped com-ected giist (solid). The gust upwash is 
shown for reference (dashed), v' = — 0.7, b = 1. 
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Figure 4.13; The sound power ratio Ropt as a function of wxq + wD' for optimum control of 
wake-airfoil interaction noise by two adjacent actuator-pairs (solid line). Boundary layer effects are 
neglected. The result for a single actuator-pair is shown for comparison (dashed line). wD' = 1.0, 
M = 0.7 
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Figure 4.14: The normalized velocity amplitude |u*//l*| of the leading actuator-pair (solid line) 
and trailing pair (dashed) required for optimum control of wake-airfoil interaction noise by t\\-o 
adjacent actuator-pairs. Result for single actuator-pair shov^-n for comparison (dotted). wD' = 1.0, 
Af = 0.7 
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Figure 4.15: The actuator phase Arg[u*] of the leading actuator-pair (solid line) and trailing 
pair (dashed) required for optimiun control of wake-airfoil interaction noise by two adjacent actua
tor-pairs. Result for single actuator-pair shown for comparison (dotted). wD* = 1.0, M = 0.7 
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sented in Figures 4.16 and 4.17. In Figure 4.16, the minimum power ratio is plotted as 

a function of the normalized spacing for three values of the location wXQ of the leading 

actuator-pair. The corresponding values of normalized velocity for the leading pair 

are plotted in Figure 4.17. In general, as the spacing is increased for a fixed value of 

WXQ, the minimum power ratio increases while the required piston velocity decreases. 

Similarly, as wxq is increased at a fixed value of the spacing wS', the minimiim pov/er 

ratio again increases and the required piston velocity decreases. It should be noted 

that the ordinate in Figure 4.16 is an expanded scale. All values of the power ratio 

plotted are less than 0.1. A comparison of the results in Figure 4.16 and Figure 4.13 

shows that, for a desired value of the power ratio, the required actuator amplitudes 

can be reduced by introducing a spacing S' between the actuator-pairs. 

4.2 Boundary-layer effects 

Next we discuss boundary layer effects relevant to leading-edge actuators. We begin 

\v-ith a qualitative overview of the various frequency regimes analyzed in Chapter 3, 

and then present numericid results for actuator configurations discussed in Section 

The upstream edge of the actuator is at a distance XQ from the leading-edge, and 

the width of the actuator is D'. Recall that we assume 

4.1. 

D- = o(£''i;) (4.25) 

and 

= 0(e'x;). (4.26) 



144 

0.08 

0.06 

0.04 

0.02 

1.0 1.5 2.0 2.5 

Actuator Spacing 

Figiu-e 4.16; The minimum sound power ratio i2opt as a function of actuator spacing wS' for 
wxq 1 (solid line), wxq = .25 (dashed), and wxq = .5 (dotted). wD' = 1.0, M = 0.7 
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Figure 4.17: The normalized velocity of the leading actuator-psur for optimum control as a function 
of actuator spacing. (Two actuators on each surface.) wD' = 1.0, AT = 0.7 



146 

Hence, d characterizes the actuator scale, and / characterizes the gust wavelength. 

Our discussion of the unsteady boundary layer flow is restricted to 0 < d < 3 and 

0 < / < 2. 

The distinguished limit / = 2<f/3 divides d-f  space in two regions as illustrated in 

Figure 4.18. These regions can be characterized by the dominant balance in the vis

cous sublayer. In the distinguished limit, all three streamwise inertia terms du' jdt', 

u'du'Idx', and v'du' fdy* enter the viscous layer at leading order. Below / = 2d/3, 

the viscous force is balanced at leading order by u'du* jdx' and v'du' fdy', while the 

unsteady term du'fdt' is subdominant. This is defined as the low-frequency limit. 

Above / = 2dfZ, the unsteady term du'fdt* enters at leading order, while u'du'fdx' 

is subdominant. This is defined as the high-frequency limit. Actuators in both the 

distinguished- and low-frequency limits are short compared to the gust wavelength of 

0{€^XQ), and are therefore acoustically compact. 

Similarly, the limit f  =  d divides d-f  space in two regions which can be charac

terized by the dominant balance in the main layer. For f = d, D' is on the order of 

the gust wavelength, and all three streamwise inertia terms du'/dt', u'du'/dx', and 

v'du'fdy' enter at leading order in the main layer. Below f = d, the imsteady term 

du'fdt' is sub-dominant, while above f = d, u'du'fdx* is subdominant. Note that 

the actuator is acoustically non-compact for d = f unless M^o 1-

For purposes of discussing the distinguished-, high- and low-frequency limits, con

sider the operating points A, B, and C illustrated in Figure 4.18. Assuming all other 

parameters are fixed, these points represent a given actuator operating over a range 

of frequencies. 
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Figure 4.18: An illustration of d-f parameter space. 
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At point A,  corresponding to the limit f  — d ,  the misteady boimdary layer flow 

can be modeled using the vortex sheet approximation, as shown in Section 3.4.5. The 

effective velocity driving the acoustic field is then 

= (4.27) 

where the boundeiry layer displacement tj' is related to the surface velocity by 

^ = <• (4.28) 

Note that the shape of the boimdary layer displacement in this limit is given by the 

shape of the surface-velocity profile. At points where changes rapidly relative to 

the scale £)*, the boundary layer responds on a local length scale 

corresponding to the point A' on the distinguished-limit line, as illustrated in Figure 

4.18 . Analysis of this local structure reveals that for step changes in uj, the physically 

correct result for v^ff is obtained by applying (4.27) and (4.28) with drf jdx" evaluated 

in the sense of distributions. 

Assuming that v* is continuous, except perhaps at the edges of the actuator, we 

can write 

= v: (x ' )  [Mix-  -  x'o)  -  H{x'  -  xl) ]  e-^'* (4.29) 

where V^*(a:*) is continuous, and H(x*)  is the Heaviside function. Applying the vortex 

sheet model then gives the effective velocity as 

Kff = (4.30) 
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where 

v;, = {dv:Idx' {H{x' - x'o) - Mix' - xl)] 

+V:ix') [6{x- - x'o) - Six' - xj)]} e-^'*. (4.31) 

The effective velocity is seen to consist of the surface velocity i;*, plus the contri

bution v^i which accounts for boiuidary layer effects. 

In the particular case of uniform blowing/suction (4.30) becomes 

vlg = v; [H(x- - x-„) - H{x- - iD) e-"'' 

+ [<(i- - iS) - 6(x- - i;)] e—"• (4.32) 

where u* is the blowing/suction ampUtude. The boundary layer displacement is 

uniform (i.e. drf jdx* = 0) over the central portion of the actuator, but adjusts 

rapidly to step changes in vj at the actuator edges, producing a 'topnhat' profile. The 

response of the outer potential flow to the rapid boundary layer adjustment produces 

the concentrated monopoles appearing in (4.32). Hence, for uniform blowing/suction 

in the limit d = f, boundary layer effects are localized about the actuator edges. In 

the compact Umit, the edge monopoles combine to produce an acoustic dipole. Over 

the central portion of the actuator, the effective velocity is simply f*, which produces 

an acoustic monopole of strength equal to the volimie flux through the airfoil surface. 

As the frequency is decreased to the distinguished limit B,  the convection term 

u'du'fdx' enters the leading-order balance in the viscous sublayer. In this limit, the 

vortex sheet model breaks down in the sense that the surface velocity and boundary 



150 

layer displacement do not satisfy (4.28). In the case of uniform blowing/suction, for 

example, the step changes in v* at the actuator edges are smoothed by the viscous 

layer, and the boundary layer displacement does not exhibit the top-hat profile found 

in the high-frequency limit. Hence, the localized edge monopoles appearing in (4.32) 

are absent in the distinguished limit. Because D* is acoustically compact, however, 

such differences in the boxmdary layer behavior between the distinguished- and high-

frequency limits do not affect the acoustic field at leading order in wD'. Consequently, 

the vortex sheet model can be applied in the distinguished limit if the surface velocity 

is known, as in the case of active devices. For passive devices, however, the surface 

velocity is not known a priori, but is coupled to the local unsteady pressure field. In 

this case, then, the flow on the scale D' must be acciu-ately resolved, and differences 

in the boundary layer response between the distinguished- and high-frequency limits 

would need to be considered. 

As the frequency is further decreased to the low-frequency limit C, the local field 

on the actuator scale ^XQ induces a response in the boundary layer on the distin

guished length scale corresponding to the point C", as illustrated in Figure 4.. 

In this limit, then, the region of non-zero boimdary layer displacement extends many 

actuator-widths downstream of xj. As point C is allowed to approach / = 0, C' ap

proaches the line f = d, and thus the streamwise scale of the boundary layer response 

becomes comparable to the gust wavelength e^XQ. Hence, for 0(1) Mach nmnbers, an 

acoustically compact actuator operating in the limit / = 0 (i.e. XQ ~ U^/u;), pro

duces a non-compact effective velocity distribution. This is in marked contrast to 

the high-frequency limit, where the boimdary layer adjusts immediately to the step 
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changes in v' at the edges, and the region of non-zero boundary layer displacement is 

sharply localized about the actuator. However, despite such differences in the bound

ary layer behavior, formally applying the high-frequency vortex sheet model to active 

devices at low frequencies gives the correct leading-order acoustic field, provided that 

the streamwise scale of the boundary layer response is acoustically compact. 

Next we quantify the influence of the boundary layer. We present numerical results 

for three values of the Mach number. The case Moo = 0.1 is chosen to illustrate 

low Mach number behavior. We also consider the cases Moo = 0.5 and Moo = 0.7 

corresponding to typical mean flow conditions (including swirl) at the fan stator row 

for an aircraft engine at approach and takeoflf operating conditions, respectively. 

4.2.1 Resiilts for Moo 1 

First consider the low Mach niunber case. The numerical results obtained by neglect

ing the boundary layer suggest that, for optimum effectiveness, leading-edge devices 

must be located in the region vjXQ = 0(1). Rearranging the frequency scaling (4.26), 

gives 

and thus optimal operating conditions for low Mach nimibers correspond to / > 0. 

Combining (4.33) and (4.25), we obtain 

wxq = 0{e ^Moo), (4.33) 

wD' = 0{^-^Moo). (4.34) 

Hence, we see that, depending on the scaling of wD' and Moo with e, any of the three 
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frequency regimes may apply at optimal operating conditions. Strictly speaking, the 

vortex sheet model is valid only in the high frequency limit (/ > 2d/3), corresponding 

to wD' » e^/^Moo- For a given surface velocity, however, differences in the bound-

auiy layer response between the distinguished-, high- and low-frequency limits can be 

neglected in calcvilating the acoustic field as long as the boimdary layer response re

mains acoustically compact. Hence, acoustic results obtmned using the vortex sheet 

model are also valid for actuators in the distinguished- and low-frequency limits, and 

we restrict our attention to the high-frequency limit. 

For a uniform blowing/suction actuator, the vortex sheet model gives 

- ̂o) - - ̂i)] 

+ iu:,v;/u [Six- - x'o) - 5{x' - xl)] e-^'' (4.35) 

where u* is the blowing/suction amplitude, and D' = x[ — xq. Results obtained 

using (4.35) for Moo = 0.1 are shown in Figures 4.19 and 4.20. In Figure 4.19, the 

minimum power ratio Ropt is plotted for three values of wD' as a function of the 

mid-point location wxq -I- wD'f2. The corresponding normalized amplitude \qopt\ is 

plotted in Figiire 4.20. Comparisons with the analogous results obtained in Section 

4.1 (Figures 4.1 and 4.2) reveal that the boundary layer has a negligible influence on 

actuator performance for Moo 1-

It is easy to see that the second term in (4.35), which accounts for boimdary 

layer effects, is of relative order Moo- Hence, at low Mach numbers, the leading-order 

acoustic field due to active devices operating in any of the three frequency regimes 
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Figiire 4.19: The sound power ratio as a function of actuator location wxq + wD'{2 for 
optimum control of wake-airfoil interaction noise by a blowing/suction actuator. Boundary layer 
effects are included. wD' <Si 1 (dotted), wD' = 1 (dashed) and wD' = 2 (solid). M = 0.1 
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Figure 4.20: The normalized actuator amplitude \qopt\ as a function of actuator location 
wxq + wD' 12 for optimum control of wake-airfoil interaction noise by a blowing/suction actua
tor. Boundary layer effects are included. wD' <?C 1 (dotted), wD' = 1 (dashed) and wD' = 2 
(soUd). M = 0.1 
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can be calculated by neglecting the boundary layer, and assuming 

Kff = (4-36) 

For passive devices, however, differences between the frequency regimes must be taken 

into accoimt, even at low Mach numbers. To illustrate this, we use the distinguished 

limit as an example. 

In the distinguished limit, the maiin-layer expansion of the transverse velocity is 

v'/U'^ ~ eVo(y) + atr-i Y) + crV^iX, K)} e""'. (4.37) 

As discussed in Chapter 3, the leading-order term Vi accovmts for quasi-steady deflec

tion of the free-stream velocity by the boundary layer, and produces a dipole. The 

second-order term V2 arises from imsteady effects, and produces a monopole. On the 

acoustic scale, the term involving V\ is reduced in strength by a factor of wD' due to 

the inefficiency of dipole radiation. Hence, recaUing that 

<7 = 0{wD'/M^), (4.38) 

we see that for M^o 1 the monopole radiation due to V2 dominates the radiation 

due to Vi. The effective volimae flux produced by V2 is equal to the volume flux 

through the airfoil surface, despite the presence of the boundary layer. Hence, if the 

volume flux through the airfoil surface is specified, the leading-order acoustic field is 

readily determined. 

In the case of a passive device, however, the amplitude and phase of the surface 

volume flux is not known a priori^ but is determined by the response of the passive 
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device to the local pressure field induced by Hence, although the acoustic radiation 

from Ki can be neglected, its local influence can not be neglected. The relation 

between the surface velocity and Vi is strongly dependent on the frequency regime, 

and therefore differences between the various frequency regimes must be considered 

in modeling passive devices. 

4.2.2 Results for A/oo = 0{\) 

At (9(1) Mach numbers, the optimal operating condition wXQ = 0(1) corresponds to 

the limit / = 0. For non-compact actuators in this limit, D' is on the order of a:o-

Hence, the mean flow cannot be regarded as locally parallel on the actuator scale. For 

/ = 0, non-parallel effects also play a role in the compact limit wD* 1 — despite 

the locally parallel mean flow — since the boundary layer responds on a non-compact 

streamwise sczile. Analysis of non-parallel mean-flow effects is beyond the scope of 

the present effort. However, the effect of the boundary layer at 0(1) Mach numbers 

can be estimated without such analysis, as discussed below. 

A relation between the boundary layer displacement r/" and the actuator velocity 

v* for optimal operating conditions at 0(1) Mach nimibers is not available. However, 

the relation (4.27) between 17* aoid the effective velocity is valid to leading order in 

e and a, irrespective of the Mach nimiber and frequency regime. In Figures 4.21-24, 

we apply (4.27) to compare the effect of two significantly different boundary layer 

displacement profiles: 

r/* = A" [H{x' - x'o) - H{x' - x^)] sin (e"^^' (4.39) 
\ — XQJ 
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and 

77* = A' [H(x' - xS) - ff(x- - xj)] e--'* (4.40) 

where the amplitude A' has been optimized in each case. The minimimi power ratio 

Ropi is plotted in Figure 4.21 for Moo = 0.7 and — 1.0, where = x* — xj is 

the effective actuator width. The volume flux (4.8) required for optimum control is 

plotted in Figure 4. 22. Results for = 2.0 are shown in Figvu-es 4.23 and 4.24. 

It is seen that for a given and xj, the power ratio is governed primarily by the 

integrated quantity 

while the particular shape function describing t}' has little influence, even in the highly 

non-compact case. 

Numerical experiments have shown that, in general, details in the shape of t}' have 

little influence on the power ratio R. Hence, despite our lack of a rigorous relation 

between 77* and w*, R can be estimated for a given XQ, and q by assuming a 

shape function for 77*. Results obtained by assuming the top-hat shape (4.40) are 

shown in Figxires 4.25-30. The optimimi power ratio Ropt is plotted in Figure 4.25 

for Moo = 0.5 and three values of The general behavior of Ropt is similar to 

that seen in Figure 4.3, where boundary layer effects are neglected. With boundary 

layer effects included, the minimvmi power ratio asymptotes to a value of 0.09 as the 

leading-edge is approached — only slightly higher than the value of .07, as predicted 

when boundary layer effects are ignored. However, the boundary la}^ increases the 

(4.41) 
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Figure 4.21: Comparison of soimd power ratio Ropt for a siniisoidal blowing/suction velocity 
profile (dotted line) and a uniform velocity profile (solid line). Boundary layer effects are included. 
wD' = 1.0, M = 0.7 
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Figure 4.22: Comparison of normalized actuator amplitude \qopt \ for a sinusoidal blowing/suction 
velocity profile (dotted line) and a uniform velocity profile (solid line). Boundary layer effects are 
included. wD' = 1.0, M = 0.7 
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Figure 4.23: Comparison of soimd power ratio R^pt for a sinusoidal blowing/suction velocity 
profile (dotted line) and a uniform velocity profile (solid line). Boimdary layer effects are included. 
wD' = 2.0, M = 0.7 



161 

0 

0.80 

0.60 

0.40 

0.20 

0.0 

0.0 1.0 2.0 3.0 4.0 5.0 6.0 

Actuator Location 

Figure 4.24: Comparison of normalized actuator amplitude \qopt I for a sinusoidal blowing/suction 
velocity profile (dotted line) and a uniform velocity profile (solid line). Boundary laj-er effects are 
included. xvD' = 2.0, M = 0.7 
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Figure 4.25: The sound power ratio Ropt as a function of actuator location wxq + wD'12 for 
optimum control of \t.'ake-sdrfoii interaction noise by a blowing/suction actuator. Boundary layer 
effects are included. wD' 1 (dotted), wD' = 1.0 (dashed) and wD' = 2.0 (solid). M = 0.5 



163 

0 

0.80 

0.60 

0.40 

0.20 

0.0 

0.0 2.0 3.0 4.0 5.0 1.0 6.0 

Actuator Location 

Figure 4.26: The normalized actuator amplitude \qopt\ as a function of actuator location 
wxq + wD' 12 for optimum control of wake-airfoil interaction noise by a blo\\'ing/suction actua
tor. Boundary layer effects are included. wD' 1 (dotted), wD' = 1.0 (dashed) and wD' = 2.0 
(solid). M = 0.5 



164 

Actuator Location 

Figure 4.27: The actuator Arg(qopt) as a function of actuator location wxq + wD'/2 for optimum 
control of wake-airfoil interaction noise by a blowing/suction actuator. Boundary layer effects are 
included. wD' <IC 1 (dotted), wD' = 1.0 (dashed) and wD' = 2.0 (solid). M = 0.7 
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rate at which Ropt grows with distance from the leading edge. For actuator locations 

less than 1.0, the power ratio curves are concave-up in Figure 4.25, but concave-down 

in Figure 4.3. Consequently, the minimum power ratio for = 1.0 asymptotes 

to a value of 0.25 with boundary layer effects included, compared to an asymptote of 

0.125 when the boundary layer is ignored. Results for Ropt at Moo = 0.7 are plotted 

in Figure 4.28. In this case the minimum power ratio asymptotes to a value of 0.20 

as the leading edge is approached, which is comparable to the asymptote predicted 

with the boundary layer ignored. As in the Moo = 0.5 case, however, boundary 

layer effects increase the rate at which Ropt grows with distance from the leading 

edge. This detrimental effect of the bovmdary layer is seen to be more pronoimced at 

the higher Mach nxmiber. For Moo = 0.7,the minimum power ratio for = 1.0 

asymptotes to a value of 0.40, compared to a value of 0.23 when boimdary layer effects 

are neglected. 

The amplitude \qopt\ required for optimimi cancellation of the gust-airfoil interac

tion field is plotted in Figures 4.26 and 4.29. Our analysis of parallel mean flows has 

shown that the boundary layer conserves the actuator volume flux. We assxmie that 

this also holds for non-peirallel flows, so that 

Hence, Qopt is equivalent to the normalized volimie flux produced by the actuator. 

The general behavior of \qopt\ is similar to that seen in Figures 4.4 and 4.7, where 

boimdary layer effects are neglected. Overall, boundary layer effects reduce the opti-

miun amplitude, consistent with the reduced actuator effectiveness. 

(4.42) 
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Figure 4.28: The sound power ratio Rt^t as a function of actuator location wxq + wD'f2 for 
optiraum control of wake-airfoil interaction noise by a blowing/suction actuator. Boundary layer 
effects are included. wD' 1 (dotted), wD' = 1.0 (dashed) and wD' = 2.0 (solid). M = 0.7 
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Figure 4.29: The normzilized actuator amplitude \qopt\ as a fimction of actuator location 
wxq + wD'f2 for optimimi control of wake-airfoil interaction noise by a blowng/suction actua
tor. Boundary layer effects are included. wD' 1 (dotted), wD' = 1.0 (dashed) and wD' = 2.0 
(solid). M = 0.7 
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Figure 4.30: The actuator Arg(9opt) a function of actuator location wxq+wD' /2 for optimum 
control of wake-airfoil interaction noise by a blowing/suction actuator. Boimdary laj-er effects are 
included. wD' «: 1 (dotted), wD' = 1.0 (dashed) and wD' = 2.0 (solid). M = 0.7 
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It is interesting to note, however, that for small values of the boundary 

layer has a negligible effect on Ropt for actuator locations very near the leading edge, 

while the effect on \qopt\ is quite dramatic. When the boundary layer is neglected, 

jgoptl rapidly exceeds unity as the leading-edge is approached (see e.g. Figure 4.7). 

In contrast, when boundary layer effects are included, \qopt\ reaches a maximum, and 

then decreases near the leading-edge (Figure 4.29). The source of this behavior can 

be identified by considering the control field for a blowing/suction actuator in the 

distinguished limit: 

0- wx' g-wf 43^ 
uj 

where 

w (1-Moocos0) ei(«n---:r/4) 
Vc = -2 - 9 /rrrr cos ̂ 6 . (4.44) 

7^ T-y^y/wxQ ^ y/wr' 

In the absence of boimdary layer effects, (4.44) reduces to The term in (4.44) 

proportional to Moo cos 0 is the primary dipole field produced by deflection of the 

on-coming firee stream. The term proportional to q accounts for scattering of the 

dipole field by the leading edge, and is seen to be singular as wxq approaches zero. 

This singularity, which results firom boundary layer effects, accounts for the decrease 

of q near the leading edge. 

At 0(1) Mach nimabers, compact actuators operating in the region wxq = (9(1) 

produce a non-compact Thus, the results shown above for <§; 1 may not 

physically attainable. A more accurate assessment of compact actuators at 0(1) Mach 

mmabers might therefore be provided by the results for = 0(1). The results for 
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wDlff = 1.0 suggests that a single compact actuator pair can at best achieve power 

ratios of 0.25 and 0.40 at Mach numbers of 0.5 and 0.7, respectively, compared to 

power ratios of 0.07 and 0.17, as predicted with boundary-layer efiects ignored. 

The above estimate for compact actuators is betsed on the assumption that the 

boundary layer displacement r]' takes the form (4.40), where the phase of r)' is in

dependent of X*. This is a reasonable assumption for uniform blowing/suction in 

the non-compact Umit, where D'ff ^ D*. However, in the compact limit, where 

Dlff :» D*, it is conceivable that rj* is not everywhere in phase with the actuator 

velocity v^. 

In order to investigate the effect of x*-dependence in the phase of tj', we next 

assume the displacement profile 

T)- = Al [H{x' - xS) - H{x' - X*)] -J- AJ [if(x* - xj) - H{x' - x^)] 
(4.45) 

where the complex amplitudes Al and A2 can be selected independently to minimize 

the total sound power. The displacement (4.45) is a superposition of two displacement 

functions of the form (4.40). Resiilts using (4.45) and (4.27) are shown in Figures 

4.31 and 4.32. We assimae that the two imiform-phase regions are equal in size, so 

that 

Xi — Xq = X2 — X| = D'ff. 

The minimum power ratio Ropt for Moo = 0.7 and = 1.0 and is plotted in 

Figure 4.31 as a function of wxq + wD^ff. The corresponding result for a single 

actuator-pair is plotted for comparison. Using two actuator-pairs, a power ratio of 
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0.14 is achieved, compared to 0.40 with a single actuator-pair. The analogous results 

obtained by neglecting the boundary layer are shown in Figure 4.13; a power ratio of 

0.05 is achieved using two actuator-pairs, compared to a power ratio of 0.20 with a 

single actuator-pair. The normalized velocity amphtude 

\v-/Al\ = \u^A\IA-,\ (4.46) 

is shown in Figure 4.32. The required amphtudes are somew^hat lower than in the case 

where boundary layer effects are neglected (Figure 4.14), consistent with the reduced 

effectiveness. 

The above results indicate that the effectiveness of leading-edge actuators is sig

nificantly enhanced if the resulting boundary layer displacement rj' has non-imiform 

phase. Such phase variation can be induced actively by using multiple actuator-pairs, 

but might also be induced by the natural, non-compact response of the boundary layer 

to compact forcing by a single actuator. Hence, it may be possible to exploit the low-

frequency natinre of the boundary layer response to achieve the effect of multiple 

actuator-pairs, without the added mechanical complexity. A single acoustically com

pact actuator-pair at 0(1) Mach nimibers may therefore attain a power ratio closer 

to that calculated by assiuning (4.45). A rigorous assessment of this concept would 

require non-parallel mean flow effects to be incorporated in the analysis. 

This completes our parametric study of the effectiveness of leading-edge actuators 

for controlling gust-airfoil interaction noise. The most important conclusions, and 

suggestions for extensions of this work are siunmarized in the next chapter. 
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Figure 4.31: The sound power ratio Ropt as a function of wxq + wD' for optimum control of 
wake-airfoil interaction noise by two adjacent actuator-pairs (solid line). Boimdary layer effects are 
included. The result for a single actuator-pair is shown for comparison (dotted line). wD' = 1.0, 
M = 0.7 
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Figure 4.32: The normalized velocity amplitude \vQ/Ag\ of the leading actuator-pair (solid line) 
and trailing pair (dashed) required for optimum control of wake-airfoii interaction noise by two 
adjacent actuator-pairs. Boundary layer effects are included. Result for single actuator-pair shown 
for comparison (dotted). wD' = 1.0, A/ = 0.7 
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CHAPTERS 

CONCLUSIONS 

A theoretical study of active and passive leading-edge devices for control of wake-

airfoil interaction noise has been presented. Whereas previous studies of active and 

passive control of wake-airfoil interaction noise have focused on the modal structure 

of the sound field away from the blade row, the approach investigated herein aims to 

cancel the sound at the source, i.e, in the vicinity of each leading edge. This approach 

is best suited to high aerodynamic reduced frequencies {k = ujhJU^ 1), where the 

sound source is concentrated in the vicinity of the leading edge and the modal pattern 

is often quite complicated. Here, w is the frequency, b is the airfoil chord, and 

is the mean flow speed far from the airfoil. Actuators are mounted on the upper 

and lower surfaces of the airfoil and driven out of phase to match the anti-symmetric 

nature of the wake-airfoil noise field. 

Our results have shown that leading-edge actuators can achieve appreciable noise 

reduction. For passive control, results indicate that acoustically compact leading-edge 

surface treatment can not achieve significant noise reduction at 0(1) Mach nimibers. 

In order to fuUy assess the efiectiveness of non-compact surface treatment, and to 

optimize such treatment, further research is needed. However, our results so far 

suggest that non-compact leading-edge surface treatment could be significantly more 

effective than active control. 

Our analysis of the imsteady flow is based on linearization about a two-dimensional 
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compressible subsonic mean flow past a semi-infinire flat plate. Previous aeroacoiostic 

analyses involving acoustically-thin viscous boimdary layers have typically either ig

nored the boundary layer, or have used a vortex sheet model. In this study, we have 

used an approach which relies on a systematic analysis of the unsteady boundary 

layer flow. A singiilar perturbation approach involving the small parameter 

e = (5.1) 

was utilized, where Re is the Reynolds nimiber based on the streamwise length scale 

arj of the mean boundziry layer. Asymptotic solutions were developed for flow over 

surface-mounted devices of streamwise extent ^Xq. It was assumed that > 3, so 

that only devices which are long compared to the triple-deck scale ^Xq have been 

considered. The unsteady boundary layer flow was found to have a multi-layered 

structure consisting of three asymptotically distinct regions in the direction normal 

to the airfoil surface: (i) the main layer, with the c'^XQ thickness of the mean boundary 

layer, (ii) the viscous sublayer which is thin compared to the main layer, and (iii) the 

upper layer with thickness ^Xq. The actuator scale provides a streamwise length 

scale common to all three layers. 

Our solution revealed that the boundary layer has a significant effect on the perfor

mance of active and passive leading-edge devices. Moreover, our analysis reveals how 

the vortex sheet approximation for acoustically thin boundary layers arises as a limit 

of the full governing equations. Previous derivations of the vortex sheet model have 

considered inviscid flow, and thus neglect the no-slip condition, whereas the derivation 

presented here includes viscous effects. Our analysis has revealed the range of appli
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cability of the vortex sheet model for acoustically-thin boundary layers, and shows 

that the model is not valid for the frequency regimes relevant to active and passive 

control using leading-edge devices. 

The leading-actuators were assiuned to create a normal velocity component through 

the airfoil surface, as would be produced, for example, by pistons recessed within the 

airfoil, generating flow through porous face-sheets. Our analysis determined the ac

tuator amplitude and phase required for optimum cancellation of wake-airfoil interac

tion noise as a function of the relevant parameters. A single actuator-pair, consisting 

of an actuator on each surface of the airfoil, was foimd to be very eflFective in can

celling weike-airfoil interaction noise at low Mach niunbers. A single actuator-pair is 

not as effective at high subsonic Mach numbers, however, due to a mismatch in the 

directivity patterns of the noise and control fields. 

The mismatch in directivity patterns at higher Mach numbers is related to the 

convected phase of the gust upwash velocity. Because the simple-piston actuators 

produce surface velocities wth constant phase in the streamwise direction, the direc

t i v i t y  p a t t e r n  o f  t h e  c o n t r o l  f i e l d  a n d  t h e  n o i s e  f i e l d  d i f l F e r  b y  t h e  f a c t o r  ( 1  —  M  c o s  0 ) ,  

the effect of which is more significant at higher Mach numbers. Our anaJysis demon

strated, however, that this limitation can be overcome by utilizing two independent 

actuator-pairs to approximately reproduce the convected phase of the gust-airfoil in

teraction. 

Neglecting boundary layer effects, our theory predicts that at M = 0.5 the single 

acoustically non-compact actuator-pair can reduce the soimd power level by a factor 

of 10. However, at M = 0.7 the single actuator-pair can only reduce the soimd power 
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level by a factor of 5. Using two actuator-pairs, the sound power level can be reduced 

by a factor of 20. In all cases, the required actuator velocity amplitudes are comparable 

to the gust amplitude. 

If boundary layer effects are included, our theory predicts that at M = 0.5 the 

single non-compact actuator-pair can reduce the soimd power level by a factor of 5. 

At A/ = 0.7, the single non-compact actuator-pair can reduce the sound power level 

by a factor of 3. Using two actuator-pairs, the sound power level can be reduced by a 

factor of 7. Hence, the boundary layer is seen to have a significant detrimental effect 

on the performance of leading-edge actuators. Despite this, however, appreciable 

noise reduction is attainable. 

A particularly interesting conclxosion resulting from this work is that for 0(1) Mach 

numbers, an acoustically compact actuator operating in the local leading-edge region 

(i.e. x5 ~ U^/u), produces a non-compact region of boundary layer displacement. 

Hence, the boundary layer in this case increases the "effective" actuator size. Since the 

phase of the effective actuator velocity outside the region of forced blowing/suction 

may differ significantly from the phase of the actuator, this boundary layer effect 

raises the possibiHty that, using a compact actuator, boundary layer effects could 

be exploited to produce phase variations similar to the convected phase of the gust 

upwash. Hence, significant improvement over the sound-power reductions quoted 

above may be attainable. Exploration of this concept is beyond the scope of the 

present study, as non-parallel mean flow effects would need to be considered. 
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APPENDIX A 

LARGE-r EXPANSIO N  O F  V ( A : ,  Y )  

The displacement function >li(X) of the distinguished limit was determined by 

matching the streamwise velocity in the msdn and viscous layers. As a consistency 

check, it is useful to verify that the resulting matching condition also implies a match 

of the transverse velocity. In Fourier space, the cemonical transverse velocity in the 

viscous layer is given by 

V(A:, Y)  =  ikCik )  r  r  Ai [CCr?)] dr jd^  + V(fc, 0) (A.l) 
Jo  Jo  

where 

C i v )  = + Co> 

Co = -i5(-ifc)-2/3 

(A.2) 

(A.3) 

and =e In this appendix, we derive the large-V expansion of (A.l). 

Integrating by parts to eliminate the double integral in (A.l) yields 

V ( k , Y ) = i k C ( , k ) ^ Y  £  £ ( A i [ i ; ( O ] d ( \  +  V ( k , 0 ) .  (A.4) 
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Then, transforming the variable of integration from ^ to C we obtain 

, f 
v(k, y) = ikC(/i')(-tk)-'/^ I y y Ai (0 dc-

rcvn 1 
jf (C-Co) Ai(C)rfC> + V(fc.O). (A.5) 

raY) 
j  Ai (C) rfC ~ ̂ (Co) + e . s . t . ,  Y  o o  (A.6) 

Jc,. 

The first integral in (A.5) behaves as 

r<(V) 

'Co 

where F(Co) is given by (3.30b). Using the Airy equation CAi(C) = Ai"((^), the 

second integral in (A.5) can be written as 

ray) raY) 
/ (C - Co) Ai (C) dQ = Ai' [C(r)] - Ai' (Co) - Co / Ai (C) dQ (A.7) 

JCo JCo 

which has the expansion 

raY) 

'Co 

Substituting the expansions (A.6) and (A.8) in (A.5) we obtain 

raY) 
/ (C-Co)Ai(C)rfC~-Ai'(Co)-Co^(Co)+e-^-^-> (A.8) 

JCn 

V{k ,Y)  ~  -C{k ) i - i k )^ /^YFiCo)  -  C{k) ( - iky / 'CoFi<:o )  +  

{V(fc,0) - C i k ) { - i k ) ^ ^ ^ A i '  (Co)} + e . s . t . ,  Y  - * o o .  (A.9) 

The main layer matching condition is 
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and the momentum equation evaluated at V = 0 implies 

V(i,0) =C(A)(-i<:)"»Ai'(C„). (A.11) 

Hence, the expansion of V(A:, Y )  takes the form 

V { k ,  Y )  ~  - \ k A { k ) Y  -  i S A { k )  +  e . s . t ,  Y  ̂  o o  (A.12) 

where we have used (A.3) to eliminate <^o-Taking the inverse transform of (A.12) and 

reverting to non-canonical variables, we obtain 

^ A 
V ( X , Y ) ^ X Y ^ - i S o A i ( X ) ,  Y - ^ o o .  (A.13) 

o X  
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APPENDIX B 

FAR-FIELD EXPANSION OF THE UPPER-LAYER POTENTIAL 

For purposes of determining the outer acoustic field we require the far-field (i? :» 1) 

behavior of the upper layer potential, involving an integral of the form 

I { R , e ) =  P (B.l) 

where (/2,6) are the polar coordinates, and the integration contour is the real axis. 

Locally, 

F { k )  = a ^  +  b - k  -i- c ^ k  log k  +  0 { k ^ ,  k ^  log k ) ,  k - *  0=^ (B.2) 

where the (+) sign indicates that the origin is approached along the real axis through 

positive values, and the (—) sign indicates approach through negative values. The 

branch cut of log k is along the positive-imaginary axis. 

To determine the large-i2 behavior of (B.l), we begin by writing the integral as 

the sum of the half-range integrals 

I { R , e )  =  I ^ { R , 0 )  +  I _ { R , 9 )  (B.3) 
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where 

I+{R,e)= n  F{k)^-^^^*dk (B.4) 
Jo 

fO 
/_(/?, 0)= / F{k)e''^'^-dk (B.5) 

J —OO 

and 

G+ = sin 6 + i cos 0 = ie (B.6) 

G- = sin^ — icos0 = —ie'®. (B-7) 

First consider I+{R,6) .  We write 

lAR.e) = l (_).«= (B.8) 

and integrate by parts to obtain 

r f 
Because of the logarithmic singularity in dF/dk ,  subsequent terms in the expansion 

of I+{R, 0) can not be obtained in this way. Hence, we isolate the logarithmic behavior 

by writing 

+ (B IO) 

where 

/*oo 

L+iR,  e)  = ̂  log k e-'^«^+e-'=<fA:. (B.ll) 
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The integral in (B.IO) can be integrated by parts to give 

U ( R , e )  =  ̂  +  +  o ( R - ' ) .  (B.12) 

Applying the same procedure to I - { R , 6 )  yields, 

(B13) 

where 

L - { R . e )  = ̂ y° logfc (B.14) 

Next consider the logarithmic integrals L+ and L-. In (B.14) we deform the 

integration contour from the real axis to the ray 

k  =  5 g (-00,0] (B.15) 

so that (B.14) becomes 

r O  

L - { R , e )  =  ^ / log gi5(cos0-isinfl) (g-lG) 
J —00 

Removing the theta-dependence from the logarithm and applying Laplace's method 

yields 

L.(R. e) = ^ oiR-'). (B.17) 

The integral defining L+ is expanded in a similar fashion. We deform the integration 
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contour in (B.ll) onto 

k = , s € [0, oo), (B. 18) 

and find that 

L^(R,e) = e-'^ds + 0(R-^). (B.19) 

Noting that 

r log is) e-^ds= r log(-s) e^d5 =-(r + logi2)/i2, 
J Q  J —CO 

where F = .57721, and combining that above results for 1+ and /_ gives 

I{R^e) = - —e-'®") + + 
R \ a+ J \ 6+ + c+ J 

[(« - ̂ /2y" + ̂ (« + T/2)e- + 

c+(r + logi?) / „2ie _-2i 
H2 

(B.20) 

(e^'® - + OiR-^) (B.21) 

which is the desired result. 
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APPENDIX C 

EX P A N S I O N  O F  G{k)  

In this appendix we develop the asymptotic expansion of the transfer function 

CoWFiUk)) 
A-' tr fi.\\ (C.la) 
Ai (Co(*^)) 

for k  0 ,  where 

F(Co)= /^AiC^K, (C.lb) 

Co(A:) = (C.lc) 

k  =  7^/'' k  , (C.ld) 

and Ai(C) is the Airy function. The branch cut of is taken along the negative 

imaginary axis. 

Using the Airy equation, we write 

(Co) = r AiK)</e = r (C.2) 
Jco JCo ^ 

Integrating by parts twice gives 

F (Co) = + 2 r (C.3) 
'»0 t,0 JCo ? 

Using the Airy equation to write the integrand in (C.3) in terms of Ai "(^), and 
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integrating by parts two more times gives 

(C.4) 

Thus, 

-Co^-Ko) A , 1 Ai(C„)\ , ( 2  8  Ai{C„)\ 

where 

R = r (C-6) 
Al (Co) JCo ^ 

This process can be repeated indefinitely to produce an expansion of the form 

-Co-^ (Co) - f ^ ^(Co) \ ^ .. /p 

For |arg(Co)| < tt", Ai(Co)/ Ai' (Co) has an expansion of the form 

~ C„-"= E e„Co-'""̂  Co - oc (C-8) 
vCoJ ^=0 

where cq = — 1 and Ci = 1/4. Using (C.8) in (C.7), we see that the expansion (C.7) 

consists of terms containing 

Co'" and ^-3''-3('n+i)/2 

where n and m are integers. Hence, we see that the small-fc expansion of G{k) ,  

obtained by substituting (C.lc) for Co in (C.7) and (C.8), contains only integral 
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powers of k. We find 

G{k)  -
nssO 

0 (C.9) 

where 

^0 = 1 

/ o -o\ ̂ 2 
= -e-' • /PWS^J 

92 = i9/z,.A^/4p^.S^. 

(C.IO) 

(C.ll) 

(C.12) 

Note, however, that the expansion (C.8) requires |arg(Co)| < Hence, the result (C.9) 

does not apply in the sector 57r/4 < arg(fc) < 37r/2. For arg(fc) = 5rr/4, corresponding 

to arg(Co) = -TT, 

i ^ ( C o ) ~ l ,  I C o l - o o  

and G { k )  has an accumulation point of poles as 

of Ai (Co) ^he negative real axis in the Co'Pl^G. 

(C.13) 

0, corresponding to the zeros 
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